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Abstract

We develop a general framework for the sensitivity and backward perturbation analysis of

linear and polynomial MEPs. For a general norm on the space of MEPs, we define the

condition number cond(λ,W) of a simple eigenvalue λ of an MEPW and derive three equivalent

representations of cond(λ,W).We also analyze holomorphic perturbation of a simple eigenvalue

of W. Further, we define the backward error η(λ,W) of an approximate eigenvalue λ of W. We

determine η(λ,W) and construct an optimal perturbation ∆W such that λ ∈ σ(W+∆W) and

|||∆W||| = η(λ,W). We also define the backward error η(λ, x,W) of an approximate eigenpair

(λ, x := x1 ⊗ · · · ⊗ xm) ∈ Cm × (Cn1 ⊗ · · · ⊗Cnm). We determine η(λ, x,W) and construct an

optimal perturbation ∆W such that W(λ)x+∆W(λ)x = 0 and |||∆W||| = η(λ, x,W).

We define and analyze two vector spaces, namely, the right ansatz space and the left

ansatz space of potential linearizations of a two-parameter matrix polynomial of the form

P (λ, µ) :=
∑k

i=0

∑k−i
j=0 λ

iµjAij. We also analyze conditions under which a pencil in the ansatz

spaces is a linearization of P (λ, µ).

We consider structured linear MEPs and define structured backward error ηS(λ, x,W) of

an approximate eigenpair (λ, x := x1 ⊗ · · · ⊗ xm). We determine ηS(λ, x,W) and construct

an optimal structured perturbation ∆W such that W(λ)x + ∆W(λ)x = 0 and |||∆W||| =

ηS(λ, x,W).
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1
Introduction

Multiparameter eigenvalue problems (MEPs) arise in many applications and have been

analyzed extensively over the years. A finite dimensional linear nonhomogeneous MEP

is defined as follows. Let W : Cm −→∏m
j=1C

nj×nj be an affine map given by

W(z) := (W1(z), . . . ,Wm(z), where Wi(z) := Ai +
m∑

j=1

zjBij (1.1)

andAi, Bij ∈ Cni×ni for i, j = 1, · · · , m. We say thatW is regular if
∏m

j=1 det(Wj(z)) 6= 0

for some z ∈ Cm. For x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we define

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and x∗W(z) := (x∗
1W1(z), . . . , x

∗
mWm(z)).

Suppose that W is regular. Let λ ∈ Cm and x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be

a nonzero decomposable tensor. Then λ is said to be an eigenvalue of W and x is said

to be a right eigenvector of W corresponding to λ if W(λ)x = 0. Similarly, a nonzero

decomposable tensor y := y1⊗· · ·⊗ ym ∈ Cn1 ⊗· · ·⊗Cnm is said to be a left eigenvector

of W corresponding to λ if y∗W(λ) = 0. The multiparameter eigenvalue problem is to

solve the problems

W(λ)x = 0 and y∗W(λ) = 0

for λ ∈ Cm and nonzero decomposable tensors x and y in Cn1 ⊗ · · · ⊗ Cnm. We refer to

the tuple W as a nonhomogeneous MEP.

The origin of multiparameter eigenvalue problems can be traced back to mathemat-

ical physics (for details, see [11, 13]). For example, the vibration of a fixed membrane

1
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CHAPTER 1. Introduction 2

is governed by the differential equation ∆u + k2u = 0 in R2. For a rectangular mem-

brane, the seperation of variables technique leads to two parameter (Sturm-Liouville)

eigenvalue problem [52]

y′′1(x1) + λ1y1(x1) = 0

y′′2(x2) + λ2y2(x2) = 0.



 (1.2)

On the other hand, for a circular membrane, the angular and radial equation in polar

coordinates form leads to the MEP [52]

φ′′ + λ1φ = 0

r−1(rR′)′ + (λ2 − λ1r
−2)R = 0.



 (1.3)

More generally, the separation of variables technique for solving a partial differential

equation leads to multiparameter Sturm-Liouville eigenvalue problems with various

boundary conditions. For example, considering the m intervals [ar, br] for r = 1, · · · , m,

we have the following multiparameter Sturm-Liouville eigenvalue problem in m param-

eters

y′′r (xr)− qr(xr)yr(xr) +
∑m

s=1 λsprs(xr)yr(xr) = 0, xr ∈ [ar, br]

yr(ar) cosαr = y′r(ar) sinαr, 0 ≤ αr < π

yr(br) cos βr = y′r(br) sin βr, 0 < βr ≤ π,





(1.4)

where prs(xr), qr(xr) are real valued continuous functions on [ar, br] for all r, s = 1, · · · , m.

A scalar tuple (λ1, · · · , λm) ∈ Cm for which a non-trivial solutions exist in (1.4) is an

eigenvalue of the MEP (1.4).

Multiparameter spectral theory has applications in various fields and is an impor-

tant area of research. R. D. Carmichael indicated the vast area awaiting investiga-

tion and suggested a possible line of attack in [20, 21, 22]. F.V.Atkinson [12] revived

the theory back in 1960s. Given a linear MEP W, he defined operator determinants

∆i associated with W for i = 0, · · · , m. A linear homogeneous MEP W is said to

be nonsingular if ∆ :=
∑m

i=1 αi∆i is invertible for some scalars α0, · · · , αm. On the

other hand, a linear nonhomogeneous MEP W is said to be nonsingular if ∆0 is in-

vertible. Atkinson [12] proved that a homogeneous MEP W is equivalent to the m

coupled generalized eigenproblems ∆iz = ∆z for i = 1, · · · , m. On the other hand,

a nonhomogeneous MEP W is equivalent to the m coupled generalized eigenproblems

TH-1902_9612307



CHAPTER 1. Introduction 3

∆iz = ∆0z for i = 1, · · · , m. Based on Atkinson’s approach multiparameter spectral

theory has been studied extensively in literature [14, 19, 28, 29, 37, 38, 39, 46]. Root

subspaces associated with nonderogatory eigenvalues of a finite dimensional MEP is

analyzed in [28, 37, 46]. Also a version of the Cayley-Hamilton theorem for MEP is

proved in [39]. Structured MEPs such as hermitian, and left and right definite MEPs

are analyzed in [12, 13, 14, 15, 16, 17, 18, 19, 52].

The development of numerical methods for computing eigenvalues and eigenvectors

of MEP is an active area of research. A Jacobi-Davidson type method for the two-

parameter eigenvalue problem is discussed in [30, 32]. Harmonic and refined extraction

methods for an MEP is studied in [33]. Also several numerical methods are discussed

in [43, 47] for a polynomial MEP.

The sensitivity and backward error analysis plays in important role in analyzing

the accuracy of computed eigenvalues and eigenvectors. The condition number of an

eigenvalue measures its sensitivity to small perturbations in the coefficient matrices.

The condition number of an eigenvalue and backward error of an approximate eigenpair

of an MEP are discussed in [31] for a specific choice of weighted norm on the space of

MEPs. For A ∈ Cm×m and θ := (θ1, · · · , θm)T ∈ Cm, the θ-weighted norm is defined as

||A||θ := max{||Az||2 : z = (z1, · · · , zm)T ∈ Cm and |zi| = |θi| for i = 1, · · · , m}.

Then for a simple eigenvalue λ of W and an associated eigenvector x = x1 ⊗ · · · ⊗ xm,

the condition number of λ is defined as

κ(λ,W) := lim sup
ε→0

{
||∆λ||2

ε
:

(
(Ai +∆Ai) +

m∑

j=1

(λj +∆λj)(Bij +∆Bij)

)
(xi +∆xi) = 0,

||∆Ai||2 ≤ ε||Ei||2 and ||∆Bij ||2 ≤ ε||Fij ||2 for i, j = 1, · · · , m
}
.

It is shown in [31] that κ(λ,W) = ||B−1
0 ||θ, where θi := ||Ei||2 +

∑m
j=1 |λj | ||Fij||2 for

i = 1, · · · , m and B0 := [y∗iBijxi]m×m.

On the other hand, considering (λ, x) with λ ∈ Cm and x = x1 ⊗ · · · ⊗ xm ∈
Cn1 ⊗ · · · ⊗ Cnm as an approximate eigenpair of W, the backward error of (λ, x) is

TH-1902_9612307



CHAPTER 1. Introduction 4

defined as

η(x, λ) := min{ε : W(λ)x+∆W(λ)x = 0, ||∆Ai||2 ≤ ε||Ei||2

and ||∆Bij||2 ≤ ε||Fij ||2 for i, j = 1, · · · , m}.

It is shown in [31] that η(x, λ) = max
i=1,··· ,m

||ri||2
θ̃i

, where ri := Wi(λ)xi and θ̃i := ||Ei||2 +
∑m

j=1 |λj| ||Fij||2 for i = 1, · · · , m. Minimizing η(λ, x) over ‖xi‖2 = 1, i = 1, . . . , m,

yields backward error of λ.

Linearization is a standard method for solving polynomial eigenvalue problems. A

process that transforms a polynomial eigenvalue problem to an equivalent generalized

eigenvalue problem of larger size is called a linearization. Linearizations for quadratic

two-parameter eigenvalue problems are considered in [34, 44] and a linearization for a

two-parameter matrix polynomial of degree k is considered in [44]. A vector space of

potential linearizations of a quadratic two-parameter eigenvalue problem is developed

and analyzed in [1].

Our main aim in this thesis is two-fold. First, to develop a general framework for the

sensitivity and backward perturbation analysis of linear and polynomial MEPs. Second,

to develop and analyze two vector spaces of potential linearizations of two parameter

polynomial eigenvalue problems. The thesis is organized as follows.

The remainder of Chapter 1 is devoted to basic results for ready reference. In

Chapter 2, we undertake the sensitivity and backward perturbation analysis of nonho-

mogeneous MEPs. We develop a general framework for the spectral analysis of nonho-

mogeneous MEPs. For a general norm on the space of MEPs, we define the condition

number cond(λ,W) of a simple eigenvalue λ of an MEP W and derive three equivalent

representations of cond(λ,W). We also analyze holomorphic perturbation of a simple

eigenvalue of W. Further, we define the backward error of an approximate eigenvalue λ

of W by

η(λ,W) := inf{|||∆W||| : λ ∈ σ(W+∆W)},

where σ(W) denotes the spectrum ofW.We determine η(λ,W) and construct an optimal

perturbation ∆W such that λ ∈ σ(W + ∆W) and |||∆W||| = η(λ,W). Furthermore,

we define the backward error of an approximate eigenpair (λ, x := x1 ⊗ · · · ⊗ xm) ∈

TH-1902_9612307



CHAPTER 1. Introduction 5

Cm × (Cn1 ⊗ · · · ⊗ Cnm) by

η(λ, x,W) := inf{|||∆W||| : W(λ)x+∆W(λ)x = 0}.

We determine η(λ, x,W) and construct an optimal perturbation ∆W such that W(λ)x+

∆W(λ)x = 0 and |||∆W||| = η(λ, x,W).

Chapter 3 is devoted to the sensitivity and backward perturbation analysis of two-

parameter polynomial eigenvalue problems (PEPs). We extend the results in Chapter 2

to the case of two parameter PEPs.

In Chapter 4, we develop a general framework for spectral analysis of linear homo-

geneous MEPs. We introduce condition number cond(λ,W) of a simple eigenvalue λ of

a homogeneous MEP W and derive three equivalent representations of cond(λ,W). We

also determine backward errors of approximate eigenvalues and approximate eigenpairs

of W and construct optimal perturbations.

In Chapter 5, we analyze linearizations of two parameter polynomial eigenvalue

problems of degree k. We consider a two-parameter matrix polynomial of the form

P (λ, µ) :=
k∑

i=0

k−i∑

j=0

λiµjAij , (1.5)

where Aij ∈ Cn×n for all i = 0, · · · , k and j = 0, · · · , k − i. Then an ln × ln two-

parameter matrix pencil L(λ, µ) := A+ λX+ µY is said to be a linearization of P (λ, µ)

if there exist unimodular matrix polynomials E(λ, µ) and F (λ, µ) (i.e., determinants of

E(λ, µ) and F (λ, µ) are non-zero constants) such that

F (λ, µ)L(λ, µ)E(λ, µ) =


 P (λ, µ) 0

0 I(l−1)n


 .

We define and analyze two vector spaces, namely, the right ansatz space and the left

ansatz space of potential linearizations of P (λ, µ) and analyze conditions under which

a pencil in the ansatz spaces is a linearization of P (λ, µ).

Finally, in Chapter 6, we consider structured linear MEPs and analyze structured

backward errors and structured backward perturbations. We denote the space of struc-

tured MEPs by S and define structured backward error of an approximate eigenpair

TH-1902_9612307



CHAPTER 1. Introduction 6

(λ, x := x1 ⊗ · · · ⊗ xm) by

ηS(λ, x,W) := inf{|||∆W||| : ∆W ∈ S and W(λ)x+∆W(λ)x = 0}.

We determine ηS(λ, x,W) and construct an optimal structured perturbation ∆W such

that W(λ)x+∆W(λ)x = 0 and |||∆W||| = ηS(λ, x,W).

1.1 Preliminaries

Throughout this thesis, we use Cn to denote the vector space of column vectors

(x1, · · · , xn)
T , where xi ∈ C and Cm×n to denote the vector space of m-by-n matrices

with entries from C. We denote the n × n identity matrix by In and the n × n zero

matrix by 0n.

Kernel and range of a matrix. Let A ∈ Cm×n. Then the kernel of A is defined

by ker(A) := {x ∈ Cn : Ax = 0}. We denote the dimension of the kernel of A by

dim ker(A). The range of A is defined by range(A) := {Ax : x ∈ Cn}. The dimension

of range(A) is called the rank of A and is denoted by rank(A).

Unitary matrix. Let A = [aij] ∈ Cm×n. Then AT = [aji] ∈ Cn×m denotes the

transpose of A and A∗ = [aji] ∈ Cn×m denotes the conjugate transpose of A. A matrix

A ∈ Cn×n is said to be unitary if AA∗ = A∗A = In.

Spectrum of a matrix. Let A ∈ Cn×n. Then λ ∈ C is said to be an eigenvalue of

A if det(A − λIn) = 0. The set of all eigenvalues of A is called the spectrum of A and

is denoted by σ(A).

Let λ ∈ σ(A). Then x ∈ Cn and y ∈ Cn are said to be right and left eigenvectors of

A corresponding to λ if Ax = 0 and y∗A = 0, respectively. The geometric multiplicity

of λ is given by dim ker(A − λIn) and the algebraic multiplicity of λ is its multiplicity

as a root of the characteristic polynomial p(z) = det(A− zIn). Note that the algebraic

multiplicity of an eigenvalue is always greater than or equal to the geometric multiplicity

of that eigenvalue.

Singular value decomposition (SVD). Let A ∈ Cm×n be such that rank(A) = r.

Then the SVD of A is given by A = UΣV ∗, where U ∈ Cm×m and V ∈ Cn×n are unitary

and Σ = diag(σ1, · · · , σr, 0, · · · , 0) ∈ Cm×n is a diagonal matrix with σ1 ≥ · · · ≥ σr > 0,

where σ1, σ2, · · · , σr are the nonzero singular values ofA. We denote the smallest nonzero

TH-1902_9612307



CHAPTER 1. Introduction 7

singular value of a matrix A by σmin(A).

Adjugate of a matrix. Let A ∈ Cn×n. Then the (i, j)th minor of A is the deter-

minant of the (n− 1)× (n− 1) matrix that results from deleting ith row and jth column

of A. The (i, j)th minor of A is denoted by Mij. Then the matrix [(−1)i+jMij ] is called

the cofactor matrix of A and is denoted by C. The adjugate matrix of A is denoted by

adj(A) and is defined by the transpose of the cofactor matrix of A, i.e., adj(A) = CT .

It is well known that

A · adj(A) = adj(A) · A = det(A) · In.

Proposition 1.1.1. [10] Let A ∈ Cn×n and rank(A) = n − 1. Then adj(A) = vu∗ for

some nonzero vectors u and v such that Av = 0 and u∗A = 0.

Trace of a matrix. The trace of an square matrix A is defined by the sum of the

diagonal entries of A and is denoted by tr(A). Suppose that A = [aij ] ∈ Cn×n. Then

tr(A) = a11 + a22 + · · ·+ ann =
∑n

i=1 aii.

Jacobi’s formula. In subsequent development, we use the Jacobi’s formula which

expresses the derivative of the determinant of a matrix.

Proposition 1.1.2. [35] The determinant map det : Cn×n → C, A 7→ det(A) is differ-

entiable and

ddet(A) = tr(adj(A) · dA), (1.6)

where dA denotes the differential of A.

Kronecker product of matrices. The Kronecker product of matrices is defined

as follows.

Definition 1.1.1. [49] Let A = [aij ] ∈ Cm×n, B ∈ Cp×q. Then the Kronecker product

(tensor product) of A and B is defined by

A⊗B :=




a11B · · · a1nB
...

am1B · · · amnB


 ∈ Cmp×nq.

Some properties of the kronecker product are as follows [49]:
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(i) Let A ∈ Cm×n, B ∈ Cr×s, C ∈ Cn×p and D ∈ Cs×t. Then

(A⊗ B)(C ⊗D) = AC ⊗BD ∈ Cmr×pt.

(ii) For all A and B, (A⊗B)T = AT ⊗ BT and (A⊗ B)∗ = A∗ ⊗ B∗.

(iii) If A ∈ Cn×n and B ∈ Cp×p are nonsingular then (A⊗ B)−1 = A−1 ⊗ B−1.

Norm. Norm plays an important role in perturbation analysis. We briefly consider

vector and matrix norms to be used to define general norms on the space of MEPs.

Definition 1.1.2. (Vector norm) A function || · || : Cn → R is said to be a norm (vector

norm) on Cn if it satisfies the following conditions:

(i) ||x|| = 0 ⇔ x = 0.

(ii) ||αx|| = |α| ||x|| for α ∈ C and x ∈ Cn.

(iii) ||x+ y|| ≤ ||x||+ ||y|| for x, y ∈ Cn.

The p-norm || · ||p on Cn is given by

||x||p :=





(
∑n

i=1 |xi|p)
1
p 1 ≤ p < ∞

max
i=1,··· ,n

|xi| p = ∞

for x = (x1, · · · , xn)
T ∈ Cn.

Definition 1.1.3. (Monotone norm) A norm || · || on Cn is said to be a monotone norm

if |x| ≤ |y| implies that ||x|| ≤ ||y||, where |x| ≤ |y| means |xj| ≤ |yj| for j = 1, · · · , n.

It is easy to see that the p-norm || · ||p is a monotone norm on Cn.

Next we consider matrix norm on Cn×n. Let || · || be vector norm on Cn. Define

|| · || : Cn×n → R by ||A|| := sup {||Ax|| : x ∈ Cn and ||x|| = 1}. Then || · || is a norm on

Cn×n and we refer to it as the induced operator norm or the subordinate matrix norm.

The subordinate matrix norm induced by the 2-norm || · ||2 on Cn is denoted by ||A||2.
We refer to || · ||2 as the the spectral norm on Cn×n. The Frobenius norm on Cn×n is

defined as ||A||F := tr (A∗A)
1
2 . The spectral and Frobenius norms satisfy the followings:
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(i) ||Ux|| = ||x|| for an unitary matrix U .

(ii) ||UAV ∗|| = ||A|| for unitary matrices U and V .

(iii) ||A⊗ B|| = ||A|| ||B|| for A ∈ Rn×n and B ∈ Rm×m.

The following result shows that the spectral norm of adj(A) is the product of the singular

values of A.

Lemma 1.1.1. [48] Let A be a n × n matrix. Then ||adj(A)||2 =
∏n−1

i=1 σi(A), where

σ1(A) ≥ · · · ≥ σn(A) are the singular values of A.

Inner Product. Let V be a finite dimensional vector space over a field F. Then

〈·, ·〉 : V × V → F is said to be an inner product if the following conditions hold.

(i) 〈v, v〉 ≥ 0 for all v ∈ V .

(ii) 〈v, v〉 = 0 if and only if v = 0.

(iii) 〈u+ v, w〉 = 〈u, w〉+ 〈v, w〉 for all u, v, w ∈ V .

(iv) 〈av, w〉 = a〈v, w〉 for all v, w ∈ V and a ∈ F.

(v) 〈v, w〉 = 〈w, v〉 for all v, w ∈ V .

Note that 〈x, y〉 = y∗x for all x, y ∈ Cn defines an inner product on Cn. It is also easy

to see that an inner product on Cn×n is given by 〈A,B〉 = tr(B∗A) for all A,B ∈ Cn×n.

Dual Norm. Let H be a finite dimensional inner product space with an inner product

〈·, ·〉. Let || · || be a norm on H . Then

||h||∗ := sup{|〈h, g〉 : ||g|| = 1}

defines a norm on H and the norm || · ||∗ is called the dual norm of || · || relative to the

inner product 〈·, ·〉. Note that |〈x, y〉| ≤ ||x|| ||y||∗ for all x, y ∈ H . It is easy to see that

the dual of the Hölder’s p-norm || · ||p is the Hölder’s q-norm || · ||q, where p−1+ q−1 = 1.

Subdifferential. The subdifferential of the map y 7→ ||y|| at x is given by

∂||x|| := {y ∈ H : 〈x, y〉 = ||x|| and ||y||∗ = 1}.

In case of the p-norm || · ||p on Cn, we have the following result.
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Proposition 1.1.3. [8] Let x = (x1, · · · , xn)
T ∈ Cn be nonzero. Consider the p-norm

|| · ||p on Cn for 1 ≤ p ≤ ∞. For z ∈ C, define sign(z) := z
|z| if z 6= 0 and sign(0) := 0.

Then we have the followings.

(a) For 1 < p < ∞, we have

∂||x||p = {y = (y1, · · · , yn)T ∈ Cn : yi := sign(xi)|xi|p−1||x||1−p
p }.

(b) We have

∂||x||1 = {y ∈ Cn : yi := sign(xi) if xi 6= 0 else |yi| ≤ 1 is arbitrary}.

(c) If ||x||∞ = |xi| for some i ∈ {1, · · · , n} and |xj | < |xi| for all j 6= i then

∂||x||∞ = {y ∈ Cn : yi = sign(xi) and yj = 0, for j 6= i}.

If ||x||∞ = |xi1 | = · · · = |xim | for some i1, · · · , im ∈ {1, · · · , n} and |xj | < |xik | for
j /∈ {i1, · · · , im}, then

∂||x||∞ = {y ∈ Cn : yr =
sign(xr)

m
for r = i1, · · · , im and yr = 0, otherwise}.

1.1.1 Vector space of linearizations of matrix polynomial

Now we briefly review the vector spaces of linearizations of a matrix polynomial of

degree k.

Definition 1.1.4. [27] Let P (λ) be a matrix polynomial of degree k. Then a linear

matrix polynomial L(λ) = λX + Y with X, Y ∈ Ckn×kn is said to be a linearization of

P if there exist kn× kn unimodular matrix polynomials E(λ) and F (λ) (i.e., det(E(λ))

and det(F (λ)) are nonzero constants, independent of λ) such that

E(λ)L(λ)F (λ) =


 P (λ) 0

0 I(k−1)n


 .
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Let P (λ) :=
∑k

j=0 λ
jAj . Then the matrix pencils

C1(λ) := λ




Ak

In
. . .

In



+




Ak−1 Ak−2 · · · A0

−In
. . .

−In




and

C2(λ) := λ




Ak

In
. . .

In



+




Ak−1 −In

Ak−2
. . .

... −In

A0



,

are known as the first and second companion form of P (λ), respectively. Generalizing

the companion forms, the following two classes of vector spaces of linearizations were

developed in [42]:

L1(P ) := {L(λ) : L(λ) · (Λ⊗ In) = v ⊗ P (λ), v ∈ Ck},

L2(P ) := {L(λ) : (ΛT ⊗ In) · L(λ) = wT ⊗ P (λ), w ∈ Ck},

where L(λ) ∈ Ckn×kn linear matrix polynomial and Λ := (λk−1, λk−2, · · · , λ, 1)T . L1(P )

and L2(P ) are called the right and left ansatz space, respectively. The vector v is called

the right ansatz vector for L(λ) ∈ L1(P ) and the vector w is called the left ansatz vector

for L(λ) ∈ L2(P ).

Theorem 1.1.1. [42](Eigenvector recovery property) Let P (λ) be a regular matrix poly-

nomial of degree k and L ∈ L1(P ) with non-zero right ansatz vector v. Then x ∈ Cn

is a right eigenvector of P corresponding to the finite eigenvalue λ ∈ C if and only if

Λ ⊗ x is an eigenvector of L corresponding to the eigenvalue λ. In fact, every right

eigenvector of L with finite eigenvalue λ is of the form Λ⊗ x for some eigenvector x of

P corresponding to λ.

Similarly, if L ∈ L2(P ) with nonzero left ansatz vector w then y ∈ Cn is a left

eigenvector of P corresponding to the finite eigenvalue λ ∈ C if and only if Λ ⊗ y is a

left eigenvector of L corresponding to the eigenvalue λ. In fact, every left eigenvector
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of L with finite eigenvalue λ is of the form Λ ⊗ y for some left eigenvector y of P

corresponding to λ.

The right and left ansatz space provide a wide class of matrix pencils corresponding

to a given matrix polynomial. It is shown in [42] that all the matrix pencils in the

right and left ansatz space are not linearizations of the given matrix polynomial. The

following result gives the linearization condition for L ∈ L1(P ) corresponding to the

nonzero right ansatz vector αe1, where 0 6= α ∈ C.

Theorem 1.1.2. [42] Let P (λ) =
∑k

j=0 λ
jAj be a matrix polynomial of degree k. Sup-

pose that L ∈ L1(P ) with nonzero right ansatz vector v = αe1. Then

L(λ) = λ


 αAk X

0 −Z


+


 Y αA0

Z 0


 ,

where X, Y ∈ Cn×(k−1)n and Z ∈ C(k−1)n×(k−1)n. If Z is nonsingular then L(λ) is a

linearization of P (λ).

Procedure to determine the linearization condition for a pencil in L1(P )[42]

(1) Let P (λ) be a matrix polynomial of degree k and L(λ) = λX + Y ∈ L1(P )

corresponding to the nonzero right ansatz vector v ∈ Ck.

(2) Select a nonsingular matrix M such that Mv = αe1, where 0 6= α ∈ C.

(3) Consider L̃(λ) := (M ⊗ In)L(λ). Then

L̃(λ) = λ


 X̃11 X̃12

0 −Z


+


 Ỹ11 Ỹ12

0 0


 .

(4) Extract det(Z) 6= 0, the linearization condition for L(λ).

1.1.2 Nonsingular MEP

Now we review some results on MEP.

Let W : Cm+1 −→
∏m

j=1C
nj×nj be given by

W(z) := (W1(z), . . . ,Wm(z), where Wi(z) := z0Ai +

m∑

j=1

zjBij (1.7)
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and Ai, Bij ∈ Cni×ni for i, j = 1, · · · , m. We refer to W as a homogeneous MEP. Note

that, W is regular if
∏m

j=1 det(Wj(z)) 6= 0 for some z ∈ Cm. Suppose that W is regular.

For x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we define

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and x∗W(z) := (x∗
1W1(z), . . . , x

∗
mWm(z)).

Then λ ∈ Cm+1 \{0} is called an eigenvalue of W if det(Wi(λ)) = 0 for all i = 1, · · · , m.

And a nonzero x := x1 ⊗ · · · ⊗ xm ∈ Cn1⊗···⊗Cnm
is called a right eigenvector of W

corresponding to λ ifW(λ)x = 0. Similarly, a nonzero y := y1⊗· · ·⊗ym ∈ Cn1⊗· · ·⊗Cnm

is called a left eigenvector of W corresponding to λ if y∗W(λ) = 0.

Let B†
ij : C

n1 ⊗ · · · ⊗ Cnm → Cn1 ⊗ · · · ⊗ Cnm be the map induced by Bij and given

by

B†
ij(x1 ⊗ · · · ⊗ xm) = x1 ⊗ · · · ⊗Bijxi ⊗ · · · ⊗ xm

for i, j = 1, · · · , m. Similarly define the maps A†
i : C

n1 ⊗ · · · ⊗ Cnm → Cn1 ⊗ · · · ⊗ Cnm

given by

A†
i (x1 ⊗ · · · ⊗ xm) = x1 ⊗ · · · ⊗Aixi ⊗ · · · ⊗ xm, (1.8)

for i = 1, · · · , m. Define the operator determinants ∆i : C
n1⊗· · ·⊗Cnm → Cn1⊗· · ·⊗Cnm

by

∆0 := det







B†
11 B†

12 · · · B†
1m

B†
21 B†

22 · · · B†
2m

...
...

...

B†
m1 B†

m2 · · · B†
mm







(1.9)

and

∆i = det







B†
11 · · · B†

1,i−1 A†
1 B†

1i · · · B†
1m

B†
21 · · · B†

2,i−1 A†
2 B†

2i · · · B†
2m

...
...

...
...

...

B†
m1 · · · B†

m,i−1 A†
m B†

mi · · · B†
mm







(1.10)
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for i = 1, · · · , m. For a decomposable tensor x = x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm

∆0x =
∑

σ∈Sm

(−1)sgn(σ)B1σ(1)x1 ⊗ · · · ⊗Bmσ(m)xm

= det







B11x1 B12x1 · · · B1mx1

B21x2 B22x2 · · · B2mx2

...
...

...

Bm1xm Bm2xm · · · Bmmxm







, (1.11)

where Sm is the set of all permutations of the set {1, 2, · · · , m} and sgn(σ) is the sign

of a permutation σ ∈ Πm. These operator determinants satisfy the following.

Lemma 1.1.2. [12] The operators ∆0 and ∆i given in (1.9) and (1.10) have the fol-

lowing properties.

(i) If two columns are interchanged, the sign of the determinant is reversed.

(ii) If two columns are identical, the determinant vanishes.

(iii) The value of the determinant is unchanged if a scalar multiple of one column is

added to another column.

Atkinson [12] used the operator determinants to define nonsingular MEP.

Definition 1.1.5. [12] Let W be as given in (1.7). Then W is said to be nonsingular

if there exists scalars µ0, · · · , µm such that

∆ :=
m∑

s=0

µs∆s = det







µ0 µ1 · · · µm

A†
1 B†

11 · · · B†
1m

...
...

...

A†
m B†

m1 · · · B†
mm







defines an isomorphism.

Let W be nonsingular. Define Si := ∆−1∆i for i = 1, · · · , m. It is shown in [12] that

these operators are commutative, i.e., SiSj = SjSi. The commuting tuple of operators

S = (S1, · · · , Sm) is said to be the associated system of the homogeneous MEP W. Next

we recall the definition of the spectrum of a commuting tuple of operators.
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Definition 1.1.6. [37] Let T = (T1, · · · ,Tm) be a commuting tuple of operators. Then

λ = (λ1, · · · , λm)
T ∈ Cm is said to be an eigenvalue of T if

⋂
ker(λiI −Ti) 6= {0}. The

set of all eigenvalues of T is said to be the spectrum of T and is denoted by σ(T).

Atkinson[12] proved that the spectrum of a nonsingular homogeneous MEP is same

as the spectrum of the corresponding associated system of the MEP. In fact, a nonsin-

gular homogeneous MEP is equivalent to the following system of generalized eigenvalue

problem

∆ix = λi∆x i = 0, 1, · · · , m.

Theorem 1.1.3. [12] Let W be as given in (1.7). Let λ = (λ0, · · · , λm) ∈ σ(W) and

S = (S1, · · · , Sm) be the associated system of W. Then the eigensubspace associated to

λ is same as
⋂m

i=0 ker(Si − λiI). Furthermore, σ(W ) = σ(T ) and

ker(S− λI) = ker(W1(λ))⊗ · · · ⊗ ker(Wm(λ)). (1.12)

Consider a nonhomogeneous MEP W as given in (1.1). Then W is said to be non-

singular if the corresponding operator determinant ∆0 given in (1.9) is invertible. A

nonsingular nonhomogeneous MEP is equivalent to the system of generalized eigenvalue

problem

∆ix = λi∆0x i = 1, · · · , m.

In this case the operators Ti := ∆−1
0 ∆i for i = 1, · · · , m, are commutative, i.e., TiTj =

TjTi. The commuting tuple T = (T1, · · · , Tm) is said to be the associated system of the

nonsingular nonhoogeneous MEP W.

Definition 1.1.7. [31] Let W as given in (1.1) be nonsingular and T = (T1, · · · , Tm) be

the corresponding associated system. Let λ = (λ1, · · · , λm) ∈ σ(W). Then the algebraic

multiplicity of λ is given by

m(λ) = dim




⋂

j1+···+jm=N

j1,··· ,jm≥0

ker[(T1 − λ1I)
j1 · · · (Tm − λmI)

jm]


 , (1.13)

where N =
∏m

i=1 ni. The geometric multiplicity of λ is given by

g(λ) = dim

(
m⋂

i=1

ker(Ti − λiI)

)
. (1.14)
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An eigenvalue λ ∈ σ(W) is said to be algebraically simple if m(λ) = 1 and is geometri-

cally simple if g(λ) = 1.

Let λ ∈ σ(W) and y = y1⊗· · ·⊗ ym, x = x1⊗· · ·⊗xm be left and right eigenvectors

of W corresponding to λ, respectively. Define

B0 =




y∗1B11x1 · · · y∗1B1mx1

...

y∗mBm1xm · · · y∗mBmmxm


 , (1.15)

Then the following result holds.

Corollary 1.1.4. [37] Let W as given in (1.1) be nonsingular and T = (T1, · · · , Tm) be

the associated system of W. Let λ ∈ σ(W) be geometrically simple and y = y1 ⊗ · · · ⊗
ym, x = x1⊗· · ·⊗xm be left and right eigenvectors of W corresponding to λ, respectively.

Then

dim ker(λI − T )2 = 1 + dim ker B0, (1.16)

where B0 is given in (1.15) and

ker(λI − T )2 =

m⋂

i=1

m⋂

j=1

ker[(λiI − Ti)(λjI − Tj)].
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2
Sensitivity and Backward Perturbation Analysis of

Nonhomogeneous MEP

2.1 Introduction

Nonhomogeneous MEPs arise in various applications, see [23, 32, 41, 45]. Various

numerical methods have been proposed in the literature for solving a linear nonsingular

nonhomogeneous MEP, for details, see [32, 33]. In this chapter we undertake sensitivity

and backward perturbation analysis for a regular linear nonhomogeneous MEP.

First we develop a framework for sensitivity and backward perturbation analysis of

a regular nonhomogeneous MEP. For a general norm on the space of linear MEPs, we

define the condition number of an eigenvalue λ of a regular nonhomogeneous MEP W

by cond(λ,W) := lim sup
|||∆W|||→0

dist(λ,σ(W+∆W))
|||∆W||| . For a simple eigenvalue λW of W, we show

that

cond(λW,W) ≤ ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ max
i

||(adj(Wi(λW)))∗||∗.

Further we derive cond(λW,W) explicitly for various choice of norms.

Given λ ∈ Cm and 0 6= x = x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm , we define the

backward error of (λ, x) as an approximate eigenpair of W by η(λ, x,W) = inf {|||∆W||| :
W(λ)x + ∆W(λ)x = 0} and the backward error of λ as an approximate eigenvalue of

W by η(λ,W) = inf {|||∆W||| : λ ∈ σ(W+∆W)} and determine η(λ, x,W) and η(λ,W).

17
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2.2 Nonhomogeneous MEP

Let W : Cm −→
∏m

j=1C
nj×nj be given by

W(z) := (W1(z), · · · ,Wm(z)), where Wi(z) := Ai +

m∑

j=1

zjBij, (2.1)

z := (z1, · · · , zm)T ∈ Cm and Ai, Bij ∈ Cni×ni for all i, j = 1, · · · , m. We refer to W as

an MEP. We denote the space of all nonhomogeneous MEPs by MEP(n1, · · · , nm). For

x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we define

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and x∗W(z) := (x∗
1W1(z), . . . , x

∗
mWm(z)).

Definition 2.2.1. (Regular MEP) Let W ∈ MEP(n1, · · · , nm) be given by W(z) =

(W1(z), · · · ,Wm(z)). Then W is said to be regular if
∏m

j=1 det(Wj(z)) 6= 0 for some

z ∈ Cm.

Throughout the chapter, we consider regular MEPs. Next we define

det :

m∏

j=1

Cnj×nj → Cm, A 7→ (det(A1), · · · , det(Am))
T , (2.2)

where A = (A1, · · · , Am) ∈
∏m

j=1C
nj×nj and det(Ai) denotes the determinant of Ai for

i = 1, · · · , m. Note that W(z) ∈
∏m

j=1C
nj×nj and thus

det(W(z)) = (det(W1(z)), · · · , det(Wm(z)))
T .

Now we use det function to define the spectrum of a regular nonhomogeneous MEP.

Definition 2.2.2. (Spectrum) Let W ∈ MEP(n1, · · · , nm) be regular. Then λ ∈ Cm

is said to be an eigenvalue of W if det(W(λ)) = 0. The set of all eigenvalues of W

is called the spectrum of W and is denoted by σ(W). Let λ ∈ σ(W). Then 0 6= x :=

x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm is called a right eigenvector of W corresponding to

λ if W(λ)x = 0. Similarly 0 6= y := y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm is called a left

eigenvector of W corresponding to λ if y∗W(λ) = 0.
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Let W ∈ MEP(n1, · · · , nm) be given by (2.1) and λ ∈ σ(W). Let x = x1 ⊗ · · · ⊗ xm

and y = y1⊗· · ·⊗ym be right and left eigenvectors ofW corresponding to λ, respectively.

Define

JW(λ; y, x) :=




y∗1B11x1 · · · y∗1B1mx1

...

y∗mBm1xm · · · y∗mBmmxm


 . (2.3)

Next we define geometric multiplicity of an eigenvalue of a regular nonhomogeneous

MEP.

Definition 2.2.3. (Geometric multiplicity of an eigenvalue) LetW ∈ MEP(n1, · · · , nm)

given by W(z) = (W1(z), · · · ,Wm(z)) be regular and λ ∈ σ(W). Then the geometric

multiplicity of λ is defined by gW(λ) =
∏m

i=1 dim ker(Wi(λ)). If gW(λ) = 1, then λ is

said to be geometrically simple.

Given W ∈ MEP(n1, · · · , nm), consider the differentiable function Cm → Cm given

by z 7→ det(W(z)) for z ∈ Cm. To define an algebraically simple eigenvalue of W, we

use the Jacobian matrix of this function at z which we denote by JW(z).

Proposition 2.2.1. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular. Then the

Jacobian matrix JW(z) of the map Cm → Cm, z 7→ det(W(z)), is given by

JW(z) =




tr(adj(W1(z))B11) · · · tr(adj(W1(z))B1m)
...

...

tr(adj(Wm(z))Bm1) · · · tr(adj(Wm(z))Bmm)


 . (2.4)

In particular, if λ ∈ σ(W) is geometrically simple then there exist left and right eigen-

vectors u := u1 ⊗ · · · ⊗ um and v := v1 ⊗ · · ·⊗ vm of W corresponding to λ, respectively,

such that

JW(λ) =




u∗
1B11v1 · · · u∗

1B1mv1
...

...

u∗
mBm1vm · · · u∗

mBmmvm


 = JW(λ; u, v). (2.5)

Proof. Note that JW(z) =
[

∂
∂zj

(det(Wi(z)))
]
m×m

. By Jacobi’s formula stated in Proposi-

tion 1.1.2, we have ∂
∂zj

(det(Wi(z))) = tr
(
adj(Wi(z)) · ∂

∂zj
(Wi(z))

)
= tr (adj(Wi(z))Bij),

which yeilds (2.4).

TH-1902_9612307



CHAPTER 2. Sensitivity and Backward Perturbation Analysis of

Nonhomogeneous MEP 20

If λ ∈ σ(W) is geometrically simple then it follows from Definition 2.2.3 that

rank(Wi(λ)) = ni − 1 for all i = 1, · · · , m. So by Proposition 1.1.1 there exist nonzero

vectors ui, vi ∈ Cni such that adj(Wi(λ)) = viu
∗
i , where Wi(λ)vi = 0 and u∗

iWi(λ) = 0

for all i = 1, · · · , m. Thus we have tr(adj(Wi(λ))Bij) = tr(viu
∗
iBij) = u∗

iBijvi, which

proves (2.5).

Now we use JW(λ) to define an algebraically simple eigenvalue λ ∈ σ(W).

Definition 2.2.4. (Algebraically simple eigenvalue) Let W ∈ MEP(n1, · · · , nm) be reg-

ular and λ ∈ σ(W). Then λ is said to be algebraically simple if rank(JW(λ)) = m. If

rank(JW(λ)) < m then λ is said to be a multiple eigenvalue of W.

We refer to algebraically simple eigenvalue as the simple eigenvalue. The following

result shows that a simple eigenvalue is also geometrically simple.

Proposition 2.2.2. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular and λ ∈ σ(W)

be simple. Then λ is geometrically simple.

Proof. Let λ ∈ σ(W) be simple. If possible, suppose that λ is not geometrically sim-

ple, i.e., dim(ker(Wi(λ))) > 1 for some i ∈ {1, · · · , m}. Then adj(Wi(λ)) = 0. It

follows from (2.4) that the ith row of JW(λ) is a zero row. So rank(JW(λ)) < m which

contradicts that λ is simple. Hence dim(ker(Wi(λ))) = 1 for all i = 1, · · · , m and

gW(λ) =
∏m

i=1 dim(ker(Wi(λ))) = 1, i.e., λ is geometrically simple.

The next result characterizes multiple eigenvalues.

Theorem 2.2.1. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular and λ ∈ σ(W).

Then λ is a multiple eigenvalue if and only if there exists left and right eigenvectors y

and x of W corresponding to λ, respectively, such that JW(λ; y, x) is singular.

Proof. Let λ ∈ σ(W) be multiple. Then by Definition 2.2.4, JW(λ) is singular.

If λ is geometrically simple, i.e., dim(ker(Wi(λ))) = 1 for all i = 1, · · · , m, then by

Proposition 2.2.1, there exist left and right eigenvectors u and v of W corresponding to

λ, respectively, such that JW(λ) = JW(λ; u, v). Thus JW(λ; u, v) is singular as JW(λ) is

singular.
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If λ is not geometrically simple, then dim(ker(Wk(λ))) > 1 for some k ∈ {1, · · · , m}.
Let y := y1 ⊗ · · ·⊗ ym ∈ Cn1 ⊗ · · ·⊗Cnm be a left eigenvector of W corresponding to λ.

Consider xi ∈ Cni such that Wi(λ)xi = 0 for all i = 1, · · · , k − 1, k + 1, · · · , m. Define

the linear functional f : ker(Wk(λ)) → C given by f(zk) = det (JW(λ; y, z)), where

z = x1⊗· · ·⊗xk−1⊗zk⊗xk+1⊗· · ·⊗xm is a right eigenvector of W corresponding to λ.

Now by the Rank - Nullity Theorem, we have dim ker(f) = dim(ker(Wk(λ))) − 1 > 0.

So there exists 0 6= xk ∈ ker(Wk(λ)) such that f(xk) = det (JW(λ; y, x)) = 0, where

0 6= x = x1 ⊗ · · · ⊗ xk−1 ⊗ xk ⊗ xk+1 ⊗ · · ·xm. Note that x is a right eigenvector of W

corresponding to λ such that JW(λ; y, x) is singular.

Conversely, suppose that there are left and right eigenvectors y and x of W corre-

sponding to λ, respectively, such that JW(λ; y, x) is singular.

If λ is not geometrically simple, then dim(ker(Wk(λ))) > 1 for some k ∈ {1, · · · , m}.
Then adj(Wk(λ)) = 0 and thus it follows from (2.4) that the kth row of JW(λ) is a zero

row. So JW(λ) is singular and λ is an multiple eigenvalue.

If λ is geometrically simple then by Proposition 2.2.1, there exist left and right

eigenvectors u = u1⊗· · ·⊗um and v = v1⊗· · ·⊗vm ofW corresponding to λ, respectively,

such that JW(λ) = JW(λ; u, v). Since dim(ker(Wi(λ))) = 1 for all i = 1, · · · , m, there

exists nonzero scalars αi, βi such that ui = αiyi and vi = βixi for all i = 1, · · · , m. Then

u∗
iBijvi = (αiyi)

∗Bij(βixi) = αiβiy
∗
iBijxi for all i, j = 1, · · · , m. So we have

JW(λ; u, v) =




α1β1y
∗
1B11x1 · · · α1β1y

∗
1B1mx1

...
...

αmβmy
∗
mBm1xm · · · αmβmy

∗
mBmmxm


 =




α1β1

. . .

αmβm


 JW(λ; y, x).

Therefore JW(λ; y, x) is singular implies that JW(λ; u, v) is singular and thus JW(λ) is

singular. Hence λ is a multiple eigenvalue.

The next result shows that Definition 1.1.7 and Definition 2.2.4 are equivalent.

Theorem 2.2.2. Let W ∈ MEP(n1, · · · , nm) be a regular nonsingular nonhomogeneous

MEP and T = (T1, · · · , Tm) be its associated system. Let λ ∈ σ(W). Then m(λ) = 1 if

and only if rank(JW(λ)) = m.

TH-1902_9612307



CHAPTER 2. Sensitivity and Backward Perturbation Analysis of

Nonhomogeneous MEP 22

Proof. Suppose that m(λ) = 1. Then it follows from Definition 1.1.7 that dim ker(T−
λI)2 = 1. By Corollary 1.1.4 we have dim ker(JW(λ)) = 1− dim ker(T− λI)2 = 0, i.e.,

rank(JW(λ)) = m.

Conversely suppose that rank(JW(λ)) = m. Then by Proposition 2.2.2, dim ker(Wi(λ)) =

1 for all i = 1, · · · , m and it follows from (1.12) that dim ker(T−λI) =
∏m

i=1 dim ker(Wi(λ)) =

1. Again by Corollary 1.1.4, we have dim ker(T − λI)2 = 1 − dim ker(JW(λ)) = 1 =

dim ker(T− λI) and thus m(λ) = 1.

2.2.1 Norms on MEP(n1, · · · , nm)

Let W ∈ MEP(n1, · · · , nm) be as given in (2.1). Consider a monotone norm || · ||V
on Cm+1 and a matrix norm || · || on Cni×ni for all i = 1, · · · , m. Define ||Wi||V :=

||(||Ai||, ||Bi1||, · · · , ||Bim||)||V for i = 1, · · · , m and

|||W|||V := ||(||W1||V , · · · , ||Wm||V )||V . (2.6)

It is easy to see that |||·|||V is a norm on MEP(n1, · · · , nm). In particular replacing the

monotone norm || · ||V by the usual Hölder p-norm || · ||p on Cm+1 for 1 ≤ p ≤ ∞, we

define |||·|||p on MEP(n1, · · · , nm) by |||W|||p = ||(||W1||p, · · · , ||Wm||p)||p, where ||Wi||p =
||(||Ai||, ||Bi1||, · · · , ||Bim||)||p for i = 1, · · · , m. We refer to |||·|||p as the Hölder p-norm

on MEP(n1, · · · , nm).

Next we define weighted norms onMEP(n1, · · · , nm). Consider R
m
+ := {(x1, · · · , xm)

T ∈
Rm : xi > 0} and define the map Rm

+×MEP(n1, · · · , nm) → MEP(n1, · · · , nm), (w,W) 7→
w�W by (w�W)(z) := (w1W1(z), · · · , wmWm(z)), where W(z) = (W1(z), · · · ,Wm(z))

and w = (w1, · · · , wm)
T ∈ Rm

+ .

Given a norm |||·||| on MEP(n1, · · · , nm) and a weight w ∈ Rm
+ , we define a weighted

norm |||·|||w by |||W|||w := |||w �W|||. For the norm |||·|||V given in (2.6)

|||W|||w,V := ||(w1||W1||V , · · · , wm||Wm||V )||V

defines a weighted norm on MEP(n1, · · · , nm). The weighted Hölder p-norm is given by

|||W|||w,p := ||(w1||W1||p, · · · , wm||Wm||p)||p, where 1 ≤ p ≤ ∞.

Inner Product. Now we define an inner product on MEP(n1, · · · , nm). Let X,Y ∈
MEP(n1, · · · , nm) be such thatX(z) = (X1(z), · · · , Xm(z)) and Y(z) = (Y1(z), · · · , Ym(z)),
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where Xi(z) := Âi+
∑m

j=1 zjB̂ij and Yi(z) := Ãi+
∑m

j=1 zjB̃ij for all i = 1, · · · , m. Con-

sider the usual inner product 〈·, ·〉 on the space of matrices, i.e., 〈A,B〉 = tr(B∗A), for

all A,B ∈ Cm×m. Define 〈Xi, Yi〉 := 〈Âi, Ãi〉+
∑m

j=1〈B̂ij , B̃ij〉 for all i = 1, · · · , m. Then

〈X,Y〉 := 〈X1, Y1〉+ · · ·+ 〈Xm, Ym〉 =
m∑

i=1

(
〈Âi, Ãi〉+

m∑

j=1

〈B̂ij, B̃ij〉
)

(2.7)

defines an inner product on MEP(n1, · · · , nm).

Dual Norm. The dual norm |||·|||∗ of a norm |||·||| on MEP(n1, · · · , nm) relative to

the inner product 〈·, ·〉 in (2.7) is given by |||W|||∗ = sup {|〈X,W〉| : |||X||| = 1}. Note that
|〈X,Y〉| ≤ |||X||||||Y|||∗ for all X,Y ∈ MEP(n1, · · · , nm).

Remark 2.2.1. (Compatibility of norms) Let W ∈ MEP(n1, · · · , nm) be given by

(2.1). Consider a monotone norm || · ||V on Cm+1 and a matrix norm || · || on Cni×ni.

Then for i = 1, · · · , m, we have,

||Wi(λ)|| = ||Ai +
m∑

j=1

λjBij|| ≤ ||Ai||+
m∑

j=1

|λj| ||Bij||

= 〈(||Ai||, ||Bi1||, · · · , ||Bim||) , (1, |λ1|, · · · , |λm|)〉

≤ ||(||Ai||, ||Bi1||, · · · , ||Bim||)||V ||(1, |λ1|, · · · , |λm|)||V,∗
= ||Wi||V ||(1, λ∗)||V,∗, (2.8)

where || · ||V,∗ is the dual norm of the monotone norm || · ||V .

Finally we have the following result.

Proposition 2.2.3. Let MEP(n1, · · · , nm) be equipped with the |||·|||V norm and W ∈
MEP(n1, · · · , nm) be given by (2.1). Then |||W|||V,∗ = ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗ and

||Wi||V,∗ = ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗ for i = 1, · · · , m, where || · ||∗ is the dual

norm of the matrix norm || · ||.

Proof. First note that

|〈X,W〉| = |〈X1,W1〉+ · · · 〈Xm,Wm〉| ≤ |〈X1,W1〉|+ · · ·+ |〈Xm,Wm〉|

≤ ||X1||V ||W1||V,∗ + · · ·+ ||Xm||V ||Wm||V,∗

= 〈(||X1||V , · · · , ||Xm||V ), (||W1||V,∗, · · · , ||Wm||V,∗)〉

≤ ||(||X1||V , · · · , ||Xm||V )||V ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗

= |||X|||V ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗
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for all X ∈ MEP(n1, · · · , nm). Then |||W|||V,∗ ≤ ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗.
Let Yi ∈ ∂||Wi||V,∗ for all i = 1, · · · , m and (t1, · · · , tm) ∈ ∂ ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗.

Then ||Yi||V = 1 and 〈Yi,Wi〉 = ||Wi||V,∗, for all i = 1, · · · , m. Also ||(t1, · · · , tm)||V = 1

and 〈(t1, · · · , tm), (||W1||V,∗, · · · , ||Wm||V,∗)〉 = ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗.
Consider Y ∈ MEP(n1, · · · , nm) such that Y(z) := (t1Y1(z), · · · , tmYm(z)) for all

z ∈ Cm. Then |||Y|||V = ||(|t1| ||Y1||V , · · · , |tm| ||Ym||V )||V = ||(t1, · · · , tm)||V = 1 and

〈Y,W〉 = t1〈Y1,W1〉+ · · ·+ tm〈Ym,Wm〉 = t1||W1||V,∗ + · · ·+ tm||Wm||V,∗

= 〈(t1, · · · , tm), (||W1||V,∗, · · · , ||Wm||V,∗)〉 = ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗.

Hence |||W|||V,∗ = ||(||W1||V,∗, · · · , ||Wm||V,∗)||V,∗.
Now we derive ||Wi||V,∗. Let Xi(z) := Âi +

∑m
j=1 zjB̂ij. Then we have

|〈Xi,Wi〉| =

∣∣∣∣∣〈Âi, Ai〉+
m∑

j=1

〈B̂ij , Bij〉
∣∣∣∣∣ ≤ |〈Âi, Ai〉|+

m∑

j=1

|〈B̂ii, Bij〉|

≤ ||Âi|| ||Ai||∗ +
m∑

j=1

||B̂ij|| ||Bij||∗

= 〈(||Âi||, ||B̂i1||, · · · , ||B̂im||), (||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)〉

≤ ||(||Âi||, ||B̂i1||, · · · , ||B̂im||)||V ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗

= ||Xi||V ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗.

So ||Wi||V,∗ ≤ ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗.
To show the equality, let Ãi ∈ ∂||Ai||∗, B̃ij ∈ ∂||Bij||∗ for all j = 1, · · · , m and

(u0, u1, · · · , um)
T ∈ ∂||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗. Define Ci := u0Ãi and Dij :=

ujB̃ij for all j = 1, · · · , m and consider X̃i(z) := Ci +
∑m

j=1 zjDij . Then ||X̃i||V =

||(|u0| ||Ãi||, |u1| ||B̃i1||, · · · , |um| ||B̃im||)||V = 1 and

〈X̃i,Wi〉 = 〈u0Ãi, Ai〉+
m∑

j=1

〈ujB̃ij , Bij〉 = u0||Ai||∗ + u1||Bi1||∗ + · · ·+ um||Bim||∗

= ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗.

Therefore ||Wi||V,∗ = ||(||Ai||∗, ||Bi1||∗, · · · , ||Bim||∗)||V,∗. This completes the proof.
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2.3 Sensitivity analysis of simple eigenvalues

Now we undertake the sensitivity analysis of a simple eigenvalue of a regular non-

homogeneous MEP. First we define the condition number of an eigenvalue of a regular

nonhomogeneous MEP as follows.

Definition 2.3.1. (Condition number) Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈
σ(W). Then we define the condition number of λ by

cond(λ,W) := lim sup
|||∆W|||→0

dist(λ, σ(W+∆W))

|||∆W||| ,

where ∆W ∈ MEP(n1, · · · , nm) and dist(λ, σ(W+∆W)) := min{||λ−µ||2 : µ ∈ σ(W+

∆W)}.

For a simple eigenvalue λW ∈ σ(W), we prove the existence of an open neighborhood

nbd(W) containing W and a smooth map λ : nbd(W) → Cm such that λ(W) = λW and

λ(X) ∈ σ(X) is algebraically simple for all X ∈ nbd(W). We also derive the derivative

of this map in the following result.

Theorem 2.3.1. Let W ∈ MEP(n1, · · · , nm) be regular and λW ∈ σ(W) be a simple

eigenvalue of W. Then there is an open neighborhood nbd(W) ⊂ MEP(n1, · · · , nm)

containing W and a smooth function λ : nbd(W) → Cm such that λ(W) = λW and λ(X)

is a simple eigenvalue of X for all X ∈ nbd(W). Further, for X ∈ nbd(W) such that

X(z) = (X1(z), · · · , Xm(z)), the derivative Dλ(X) : MEP(n1, · · · , nm) → Cm is given

by

Dλ(X)H = −(JX(λ(X)))
−1




tr(adj(X1(λ(X)))H1(λ(X)))
...

tr(adj(Xm(λ(X)))Hm(λ(X)))


 (2.9)

for all H ∈ MEP(n1, · · · , nm) such that H(z) = (H1(z), · · · , Hm(z)).

Proof. Define φ : MEP(n1, · · · , nm) × Cm → Cm, (Y, z) 7→ det(Y(z)) and consider

V(φ) := {(Y, z) ∈ MEP(n1, · · · , nm)× Cm : φ(Y, z) = 0}. It is obvious that (W, λW) ∈
V(φ) and ∂λφ(W, λW) = JW(λW) is nonsingular by Theorem 2.2.1. Hence by the Implicit

function theorem there is an open neighborhood nbd(W) containing W and a smooth
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function λ : nbd(W) → Cm such that λ(W) = λW and V(φ) ∩ (nbd(W) × Cm) =

{(X, λ(X)) : X ∈ nbd(W)} is the graph of the function X 7→ λ(X) for all X ∈ nbd(W).

So φ(X, λ(X)) = 0, i.e.,λ(X) ∈ σ(X), for all X ∈ nbd(W). In order to show that λ(X)

is simple for all X ∈ nbd(W), if possible let λ(X̂) is an multiple eigenvalue of X̂, for

some X̂ ∈ nbd(W). Then the eigenvalue λW and an eigenvalue µW 6= λW of the MEP

W must move and coalesce at λ(X̂) when X varies from W to X̂. But the intersection

of the eigenvalue paths (X, λ(X)) with λ(W) = λW and (X, µ(X)) with µ(W) = µW at

(X̂, λ(X̂)) would contradict that V(φ) ∩ (nbd(W)×Cm) = {(X, λ(X)) : X ∈ nbd(W)} is

the graph of the map X 7→ λ(X) for all X ∈ nbd(W). Hence λ(X) ∈ σ(X) is simple for

all X ∈ nbd(W).

For the remaining part, differentiating φ(X, λ(X)) = 0 with respect to X we have

∂λφ(X, λ(X))Dλ(X)H+ ∂Xφ(X, λ(X))H = 0 (2.10)

for all H ∈ MEP(n1, · · · , nm). Note that ∂λφ(X, λ(X)) = JX(λ(X)) is nonsingular and

∂Xφ(X, λ(X)) : MEP(n1, · · · , nm) → Cm is given by

∂Xφ(X, λ(X))H =
[
tr(adj(X1(λ(X)))H1(λ(X))), · · · , tr(adj(Xm(λ(X)))Hm(λ(X)))

]T
.

Therefore by (2.10), we have

Dλ(X)H = −(JX(λ(X)))
−1




tr(adj(X1(λ(X)))H1(λ(X)))
...

tr(adj(Xm(λ(X)))Hm(λ(X)))


 ,

which proves (2.9).

The following result is immediate from Definition 2.3.1.

Proposition 2.3.1. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ σ(W) be simple.

Then cond(λ,W) = ||Dλ(W)||V , where || · ||V is the matrix norm induced by the mono-

tone vector norm || · ||V .

Theorem 2.3.2. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular and λW ∈ σ(W)

be a simple eigenvalue. Let x := x1 ⊗ · · · ⊗ xm and y := y1 ⊗ · · · ⊗ ym be right and left
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eigenvector of W corresponding to λW, respectively. Then there is an open neighborhood

nbd(W) ⊂ MEP(n1, · · · , nm) containing W and a smooth function λ : nbd(W) → Cm

such that λ(W) = λW and λ(X) is a simple eigenvalue of X for all X ∈ nbd(W). Further,

the derivative Dλ(W) : MEP(n1, · · · , nm) → Cm is given by

Dλ(W)H = −(JW(λW))
−1




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 (2.11)

= −(JW(λW; y, x))
−1




y∗1H1(λW)x1

...

y∗mHm(λW)xm


 (2.12)

for all H ∈ MEP(n1, · · · , nm) such that H(z) = (H1(z), · · · , Hm(z)), where JW(λW; y, x)

is given in (2.3).

a) The condition number cond(λW,W) is given by

cond(λW,W) ≤ ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ max
i

||(adj(Wi(λW)))
∗||∗. (2.13)

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ max
i

ni−1∏

k=1

σk(Wi(λW)), (2.14)

where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are the singular values of Wi(λW) for

i = 1, · · · , m.

b) Also we have

cond(λW,W) ≤ ||(JW(λW; y, x))−1||V ||(1, λ∗
W)||V,∗ max

i
||yix∗

i ||∗. (2.15)

For a subordinate matrix norm || · || on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||V ||(1, λ∗

W)||V,∗ max
i

||yi||∗||xi||. (2.16)

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||V ||(1, λ∗

W)||V,∗ max
i

||yi||2||xi||2. (2.17)
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Proof. By Theorem 2.3.1 the derivative Dλ(W) : MEP(n1, · · · , nm) → Cm of λ at W is

given by

Dλ(W)H = −(JW(λW))
−1




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 ,

which yields (2.11).

Since λW ∈ σ(W) is simple, so by Proposition 2.2.2, it follows that λW is geometrically

simple. Then by Proposition 2.2.1, there exist left and right eigenvectors u = u1⊗· · ·⊗um

and v = v1⊗· · ·⊗ vm of W corresponding to λW, respectively, such that adj(Wi(λW)) =

uiv
∗
i for all i = 1, · · · , m and JW(λW) = JW(λW; u, v). Also there exist nonzero scalars

αi, βi such that ui = αiyi and vi = βixi for all i = 1, · · · , m. Consequently, we have

JW(λW) = JW(λW; u, v) =




α1β1

. . .

αmβm


 JW(λW; y, x).

So

(JW(λW))
−1 = (JW(λW; y, x))−1




α1β1

. . .

αmβm




−1

.

For i = 1, · · · , m, we have

tr(adj(Wi(λW))Hi(λW)) = 〈Hi(λW), adj(Wi(λW))∗〉 = 〈Hi(λW), uiv
∗
i 〉

= u∗
iHi(λW)vi = (αiyi)

∗Hi(λW)(βixi) = αiβiy
∗
iHi(λW)xi.

Consequently,



tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 =




α1β1

. . .

αmβm







y∗1H1(λW)x1

...

y∗mHm(λW)xm


 .

Hence by (2.11), we have

Dλ(W)H = −(JW(λW; y, x))
−1




y∗1H1(λW)x1

...

y∗mHm(λW)xm


 ,
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which proves (2.12).

SinceDλ(W) : MEP(n1, · · · , nm) → Cm is linear, so ||Dλ(W)||V = sup
|||H|||V =1

||Dλ(W)H||V .

From (2.11) we have

||Dλ(W)H||V ≤ ||(JW(λW))
−1||V

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))




∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
V

. (2.18)

It is easy to see that

|tr(adj(Wi(λW))Hi(λW))| = |〈Hi(λW), (adj(Wi(λW)))
∗〉| ≤ ||Hi(λW)|| ||(adj(Wi(λW)))∗||∗

≤ ||Hi(λW)|| max
i

||(adj(Wi(λW)))
∗||∗

for all i = 1, · · · , m. By (2.8) we have ||Hi(λW)|| ≤ ||(1, λ∗
W)||V,∗ ||Hi||V for i = 1, · · · , m.

This shows that |tr(adj(Wi(λW))Hi(λW))| ≤ ||(1, λ∗
W)||V,∗ max

i
||(adj(Wi(λW)))

∗||∗ ||Hi||V
for all i = 1, · · · , m. Since || · ||V is a monotone norm, we have
∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))




∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
V

≤ ||(1, λ∗
W)||V,∗ max

i
||(adj(Wi(λW)))

∗||∗ |||H|||V .

Now by (2.18) we have

||Dλ(W)H||V ≤ ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ max
i

||(adj(Wi(λW)))
∗||∗ |||H|||V .

Therefore

cond(λW,W) = ||Dλ(W)||V ≤ ||(JW(λW))−1||V ||(1, λ∗
W)||V,∗ max

i
||(adj(Wi(λW)))

∗||∗,

which proves (2.13). By Lemma 1.1.1, we have ||adj(Wi(λ))||2 =
∏ni−1

k=1 σk(Wi(λ)) for

all i = 1, · · · , m and thus (2.14) follows. Similarly, by (2.12), we have

||Dλ(W)H||V ≤ ||(JW(λW; y, x))−1||V ||(1, λ∗
W)||V,∗ max

i
||yix∗

i ||∗ |||H|||V ,

which proves (2.15). Also note that for a subordinate matrix norm ||yix∗
i ||∗ = ||yi||∗||xi||

and, in particular, for the spectral or Frobenius norm, ||yix∗
i ||2 = ||yi||2||xi||2 for all

i = 1, · · · , m. Hence (2.16) and (2.17) follow.
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For Hölder p-norm on MEP(n1, · · · , nm), we have the following result.

Corollary 2.3.3. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular and λW ∈ σ(W)

be a simple eigenvalue. Let x := x1 ⊗ · · · ⊗ xm and y := y1 ⊗ · · · ⊗ ym be right and left

eigenvector of W corresponding to λW, respectively.

a) Then we have

cond(λW,W) ≤ ||(JW(λW))
−1||p ||(1, λ∗

W)||q max
i

||(adj(Wi(λW)))
∗||∗,

where p−1 + q−1 = 1.

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW))
−1||p ||(1, λ∗

W)||q max
i

ni−1∏

k=1

σk(Wi(λW)),

where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are singular values of Wi(λW) for i =

1, · · · , m.

b) Also we have

cond(λW,W) ≤ ||(JW(λW; y, x))−1||p ||(1, λ∗
W)||q max

i
||yix∗

i ||∗.

For a subordinate matrix norm || · || on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||p ||(1, λ∗

W)||q max
i

||yi||∗||xi||.

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||p ||(1, λ∗

W)||q max
i

||yi||2||xi||2.

Remark 2.3.1. When m = 1, the regular nonhomogeneous MEP reduces to a regular

matrix pencil W(z) := A + zB, where z ∈ C and A,B ∈ Cn1×n1. Then for a simple

eigenvalue λW of the regular matrix pencil W, we have JW(λW) = tr(adj(W (λW))B) 6= 0

and (JW(λW))−1 = 1
tr(adj(W (λW))B)

. So it follows from (2.13) that

cond(λW,W) ≤ ||(1, λW)||V,∗ ||(adj(W(λW)))
∗||∗

|tr(adj(W(λW))B)| . (2.19)
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It is shown in [7] that the equality holds in (2.19). We, therefore, consider

cond(λW,W) = ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ max
j

||(adj(Wj(λW)))∗||∗

to be the condition number of a simple eigenvalue λW of a regular nonhomogeneous

MEP W. Equivalently, if x := x1 ⊗ · · · ⊗ xm and y := y1 ⊗ · · · ⊗ ym are right and left

eigenvectors of W corresponding to λW, respectively, then we have

cond(λW,W) = ||(JW(λW; y, x))−1||V ||(1, λ∗
W)||V,∗ max

i
||yix∗

i ||∗.

When MEP(n1, · · · , nm) is equipped with the weighted norm with nonzero positive

weights, we have the following result.

Theorem 2.3.4. Let W ∈ MEP(n1, · · · , nm) given by (2.1) be regular and λW ∈
σ(W) be simple. Consider the weighted norm |||·|||w,V on MEP(n1, · · · , nm) with nonzero

positive weights wi := ||(adj(Wi(λW)))∗||∗ for i = 1, · · · , m. Then cond(λW,W) =

||(JW(λW))−1||V ||(1, λ∗
W)||V,∗. In particular, for the weighted Hölder p-norm |||·|||w,p

on MEP(n1, · · · , nm) with nonzero positive weights wi := ||(adj(Wi(λW)))∗||∗ for i =

1, · · · , m, we have cond(λW,W) = ||(JW(λW))
−1||p ||(1, λ∗

W)||q, where p−1 + q−1 = 1.

Proof. By (2.8), we have

|tr(adj(Wi(λW))Hi(λW))| ≤ ||(1, λ∗
W)||V,∗||(adj(Wi(λW)))

∗||∗||Hi||V = wi||(1, λ∗
W)||V,∗||Hi||V .

Thus we have ||Dλ(W)H||V ≤ ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ |||H|||w,V .

To prove the equality, consider Y ∈ MEP(n1, · · · , nm) such thatY(z) = (Y1(z), · · · , Ym(z))

and ||Yi||V = 1, tr(adj(Wi(λW))Yi(λW)) = 〈Yi, (1, λ
∗
W)⊗adj(Wi(λW))

∗〉 = wi||(1, λ∗
W)||V,∗,

where (1, λ∗
W)⊗ adj(Wi(λW))

∗ : Cm → Cni×ni is given by ((1, λ∗
W)⊗ adj(Wi(λW))∗)(z) =

(1 + λ∗
Wz)adj(Wi(λW))

∗ for i = 1, · · · , m. Let u = (u1, · · · , um)
T ∈ Cm be such that

||u||V = 1 and ||(JW(λW))−1u||V = ||(JW(λW))
−1||V . Construct X ∈ MEP(n1, · · · , nm)

such that X(z) :=
(

u1

w1
Y1(z), · · · , um

wm
Ym(z)

)
for all z ∈ Cm. Then we have

|||X|||w,V =

∣∣∣∣
∣∣∣∣
(
w1|u1|
w1

||Y1||V , · · · ,
wm|um|
wm

||Ym||V
)∣∣∣∣
∣∣∣∣
V

= ||u||V = 1
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and by (2.11), we have

||Dλ(W)X||V =

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
−(JW(λW))−1




tr(adj(W1(λW))
u1

w1
Y1(z))

...

tr(adj(Wm(λW))
um

wm
Ym(z))




∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
V

=

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
−(JW(λW))−1




u1

w1
· w1 · ||(1, λ∗

W)||V,∗
...

um

wm
· wm · ||(1, λ∗

W)||V,∗




∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
V

= ||(JW(λW))
−1u||V ||(1, λ∗

W)||V,∗ = ||(JW(λW))−1||V ||(1, λ∗
W)||V,∗.

So cond(λW,W) = ||Dλ(W)||V = ||(JW(λW))−1||V ||(1, λ∗
W)||V,∗. This completes the

proof.

Next we define fast perturbation ∆W ∈ MEP(n1, · · · , nm) for a simple eigenvalue of

a regular nonhomogeneous MEP.

Definition 2.3.2. Let W ∈ MEP(n1, · · · , nm) be regular and λW ∈ σ(W) be simple.

Then ∆W ∈ MEP(n1, · · · , nm) is said to be a fast perturbation for λW if ||Dλ(W)∆W||V =

||Dλ(W)|||||∆W|||V .

When MEP(n1, · · · , nm) is equipped with a weighted norm |||·|||w,V , we can construct

a fast perturbation for a simple eigenvalue λW ∈ σ(W) as follows.

Proposition 2.3.2. (Fast Perturbation) Let W ∈ MEP(n1, · · · , nm) be regular and

λW ∈ σ(W) be simple. Let MEP(n1, · · · , nm) be equipped with the weighted norm |||·|||w,V

with nonzero positive weights wj := ||(adj(Wj(λW)))
∗||∗ for j = 1, · · · , m. Let y =

(y1, · · · , ym)T ∈ Cm be such that ||y||V = 1 and ||(JW(λW))
−1 y||V = ||(JW(λW))−1||V .

Let Y ∈ MEP(n1, · · · , nm) be such that Y(z) := (Y1(z), · · · , Ym(z)) and ||Yi||V = 1,

tr(adj(Wi(λW))Yi(λW)) = 〈Yi, (1, λ
∗
W)⊗adj(Wi(λW))∗〉 = wi||(1, λ∗

W)||V,∗, where (1, λ∗
W)⊗

adj(Wi(λW))∗ : Cm → Cni×ni is given by ((1, λ∗
W)⊗adj(Wi(λW))∗)(z) = (1+λ∗

Wz)adj(Wi(λW))
∗

for i = 1, · · · , m. Define∆W ∈ MEP(n1, · · · , nm) by ∆W(z) :=
(

y1
w1
Y1(z), · · · , ym

wm
Ym(z)

)
.

Then ∆W is a fast perturbation for λW, i.e., ||Dλ(W)∆W||V = ||Dλ(W)|||||∆W|||V .
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Proof. First note that |||∆W|||w,V =
∣∣∣
∣∣∣
(
w1

|y1|
w1

, · · · , wm
|ym|
wm

)∣∣∣
∣∣∣
V

= ||y||V = 1. Again it

follows from (2.11) that

Dλ(W)∆W = −(JW(λW))
−1




tr
(
adj(W1(λW))

y1Y1(λW)
w1

)

...

tr
(
adj(Wm(λW))ymYm(λW)

wm

)




= −(JW(λW))
−1




||(1, λ∗
W)||V,∗ y1
...

||(1, λ∗
W)||V,∗ ym


 = −||(1, λ∗

W)||V,∗(JW(λW))
−1y.

Therefore ||Dλ(W)∆W||V = ||(JW(λW))
−1||V ||(1, λ∗

W)||V,∗ = ||Dλ(W)|| |||∆W|||w,V . Hence

by Definition 2.3.2, ∆W is a fast perturbation for λW.

2.4 Holomorphic perturbations

Next we discuss holomorphic evolution of a simple eigenvalue of a regular nonhomo-

geneous MEP. Let W : Cp → MEP(n1, · · · , nm) be a holomorphic map. Then W(t) ∈
MEP(n1, · · · , nm) for t ∈ Cp. We write W(t)(z) as W(t, z) := (W1(t, z), · · · ,Wm(t, z)).

Then W(t, z) is said to be regular if for each t ∈ Cp there is a z ∈ Cm such that
∏m

i=1 det(Wi(t, z)) 6= 0. Define F(t, z) := det(W(t, z)) = (det(W1(t, z)), · · · , det(Wm(t, z)))
T .

Recall that, λ ∈ Cm is said to be an eigenvalue of W(t, z) if F(t, λ) = 0. We re-

fer to x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm as a

right and left eigenvectors of W(t, z) corresponding to an eigenvalue λ, respectively,

if Wi(t, λ)xi = 0 = y∗iWi(t, λ) for all i = 1, · · · , m. An eigenvalue λ of W(t, z) is

said to be geometrically simple if
∏m

j=1 dim ker(Wj(t, λ)) = 1. Further to define alge-

braically simple eigenvalue, consider the differentiable function Cm → Cm, z 7→ F(t, z)

for t ∈ Cp. An eigenvalue λ of W(t, z) is said to be simple if the Jacobian matrix

JW(t,λ)(λ) :=
[
tr(adj(Wi(t, λ))∂λj

(Wi(t, λ)))
]
m×m

is nonsingular, where ∂λj
(Wi(t, λ)) is

the partial derivative of Wi(t, λ) with respect to λj . For left and right eigenvectors

y := y1 ⊗ · · · ⊗ ym and x := x1 ⊗ · · · ⊗ xm of W(t, z) corresponding to λ, respectively,

define JW(t,λ)(t, λ; y, x) :=
[
y∗i ∂λj

(Wi(t, λ))xi

]
m×m

.
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Proposition 2.4.1. Let W : Cp → MEP(n1, · · · , nm) be a holomorphic map such that

W(t, z) is regular for all t ∈ Cp. Let λ be a geometrically simple eigenvalue of W(t, z).

Then there exist left and right eigenvectors u := u1 ⊗ · · · ⊗ um and v := v1 ⊗ · · · ⊗ vm

corresponding to λ, respectively, such that JW(t,λ)(λ) = JW(t,λ)(t, λ; u, v).

Proof. Since λ is geometrically simple so rank(Wi(t, λ)) = ni − 1. Then by Proposi-

tion 1.1.1 there exist nonzero vectors ui, vi ∈ Cni such that adj(Wi(λ)) = uiv
∗
i , where

Wi(λ)vi = 0 and u∗
iWi(λ) = 0 for all i = 1, · · · , m. The rest of the proof is similar to

that of Proposition 2.2.1.

Next we have the following result.

Theorem 2.4.1. Let W : Cp → MEP(n1, · · · , nm) be a holomorphic map such that

W(t, z) is regular for all t ∈ Cp. Let λ̂ ∈ Cm be a simple eigenvalue of W(t̂, z) for some

t̂ ∈ Cp. Let x := x1⊗· · ·⊗xm and y := y1⊗· · ·⊗ym be right and left eigenvector of W(t̂, z)

corresponding to the eigenvalue λ̂, respectively. Then there is an open neighborhood

nbd(t̂) ⊂ Cp containing t̂ and a holomorphic function λ : nbd(t̂) → Cm such that

λ(t̂) = λ̂ and λ(t) is a simple eigenvalue of W(t, z) for all t ∈ nbd(t̂). Further for all

t ∈ nbd(t̂), we have λ(t + h) = λ(t) + Dλ(t)h + O(||h||22), for sufficiently small ||h||2,
where Dλ(t) : Cp → Cm is given by

Dλ(t)h = −
(
JW(t,λ(t))(λ(t))

)−1




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj




(2.20)

for all h = (h1, · · · , hp)
T ∈ Cp, ∂tj (Wi(t, λ(t)) is the partial derivative of Wi(t, λ(t)) with

respect to tj. In particular, we have

∂λ(t̂)

∂tj
= −

(
JW(t̂,λ̂)(λ̂)

)−1




tr
(
adj(W1(t̂, λ̂))∂t1(W1(t̂, λ̂))

)

...

tr
(
adj(Wm(t̂, λ̂))∂tm(W1(t̂, λ̂))

)


 (2.21)
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and

∂λ(t̂)

∂tj
= −

(
JW(t,λ)

(
t̂, λ̂; y, x

))−1




y∗1∂t1(W1(t̂, λ̂))x1

...

y∗m∂tm(W1(t̂, λ̂))xm


 . (2.22)

Proof. Define φ : Cp × Cm → Cm, (t, z) 7→ F(t, z). Note that φ(t̂, λ̂) = 0 and

∂λ(φ(t̂, λ̂)) = JW(t̂,λ̂)(λ̂) is nonsingular since λ̂ is a simple eigenvalue of W(t̂, z). Hence by

Implicit Function Theorem there exist an open neighborhood nbd(t̂) ⊂ Cp containing t̂

and a holomorphic function λ : nbd(t̂) → Cm such that λ(t̂) = λ̂ and φ(t, λ(t)) = 0, for

all t ∈ nbd(t̂). Now by the similar arguments as those in the proof of Theorem 2.3.1 it

follows that λ(t) is a simple eigenvalue of W(t, z), for all t ∈ nbd(t̂). For the remaining

part, differentiating φ(λ(t), t) = 0 with respect to t we have

∂λ(φ(λ(t), t))Dλ(t)h+ ∂t(φ(λ(t), t))h = 0 (2.23)

for all h ∈ Cp. Note that ∂λ(φ(λ(t), t)) = JW(t,λ(t))(λ(t)) is nonsingular and ∂t(φ(λ(t), t)) :

Cp → Cm is given by

∂t(φ(λ(t), t))h =




tr(adj(W1(t, λ(t)))DW1(t, λ(t))h)
...

tr(adj(Wm(t, λ(t)))DWm(t, λ(t))h)




=




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj


 ,

since DWi(t, λ(t))h =
∑p

j=1 ∂tj (Wi(t, λ(t)))hj for all i = 1, · · · , m. By (2.23), we have

Dλ(t)h = (∂λ(φ(λ(t), t)))
−1∂t(φ(λ(t), t))h

= −
(
JW(t,λ(t))(λ(t))

)−1




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj


 ,

which proves (2.20). Finally (2.21) and (2.22) follow from (2.20).
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2.5 Backward perturbation analysis

In this section, we analyze backward errors of approximate eigenelements of an MEP

W.

Definition 2.5.1. Let W ∈ MEP(n1, · · · , nm) be regular. Let λ ∈ Cm and 0 6= x :=

x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm. Then the backward error of (λ, x) as an approximate

eigenpair of W is defined by

η(λ, x,W) = inf {|||∆W|||V : W(λ)x+∆W(λ)x = 0}

and the backward error of λ as an approximate eigenvalue of W is defined by

η(λ,W) = inf {|||∆W|||V : λ ∈ σ(W+∆W)}.

First we prove the following result.

Proposition 2.5.1. Let Wk : Cm → Cnk×nk be given by Wk(z) := Ak +
∑m

j=1 zjBkj,

where Ak, Bkj ∈ Cnk×nk for all j = 1, · · · , m. Let λ ∈ Cm and 0 6= xk ∈ Cnk . Define

η(λ, xk,Wk) := inf {||∆Wk||V : Wk(λ)xk +∆Wk(λ)xk = 0}. (2.24)

Then for a subordinate matrix norm on Cnk×nk , we have η(λ, xk,Wk) =
1

||(1,λ∗)||V,∗

||rk||
||xk|| ,

where rk = Wk(λ)xk.

Let yk ∈ ∂||xk|| and t := (t0, · · · , tm)T ∈ ∂||(1, λ∗)||V,∗. Define

∆Ak := − t0
||(1, λ∗)||V,∗

rky
∗
k

||xk||
, ∆Bkj := − tj

||(1, λ∗)||V,∗
rky

∗
k

||xk||

for j = 1, · · · , m and consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj. Then Wk(λ)xk +

∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ, xk,Wk).

Proof. Let ∆Xk be such that Wk(λ)xk +∆Xk(λ)xk = 0. Then ||rk|| = ||∆Xk(λ)xk|| ≤
||∆Xk(λ)|| ||xk||. By (2.8), we have ||∆Xk(λ)|| ≤ ||∆Xk||V ||(1, λ∗)||V,∗. Thus ||rk|| ≤
||∆Xk||V ||(1, λ)||V,∗||xk||, i.e., ||∆Xk||V ≥ 1

||(1,λ∗)||V,∗

||rk||
||xk|| . Therefore η(λ, xk,Wk) ≥

1
||(1,λ∗)||V,∗

||rk||
||xk|| .
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Again we have ∆Wk(λ)xk = − t0+
∑m

j=1 λjtj

||(1,λ∗)||V,∗

rky
∗
k
xk

||xk|| = −rk, i.e., Wk(λ)xk+∆Wk(λ)xk =

0. Since ||rky∗k|| = ||rk|| ||yk||∗ = ||rk||, so we have ||∆Ak|| = |t0|
||(1,λ∗)||V,∗

||rk||
||xk|| and

||∆Bkj|| = |tj |
||(1,λ∗)||V,∗

||rk||
||xk|| for all j = 1, · · · , m. Therefore

||∆Wk||V =

∣∣∣∣
∣∣∣∣
( |t0|
||(1, λ∗)||V,∗

||rk||
||xk||

,
|t1|

||(1, λ∗)||V,∗
||rk||
||xk||

, · · · , |tm|
||(1, λ∗)||V,∗

||rk||
||xk||

)∣∣∣∣
∣∣∣∣
V

=
||t||V

||(1, λ∗)||V,∗
||rk||
||xk||

=
1

||(1, λ∗)||V,∗
||rk||
||xk||

.

So η(λ, xk,Wk) =
1

||(1,λ∗)||V,∗

||rk||
||xk|| . This completes the proof.

Now we use the above result to derive η(λ, x,W).

Theorem 2.5.1. Let W ∈ MEP(n1, · · · , nm) be regular, λ ∈ Cm and 0 6= x := x1 ⊗
· · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm. Consider rk := Wk(λ)xk for all k = 1, · · · , m. Then for a

subordinate matrix norm on Cnk×nk , we have

η(λ, x,W) = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V =
1

||(1, λ∗)||V,∗

∣∣∣∣
∣∣∣∣
( ||r1||
||x1||

, · · · , ||rm||||xm||

)∣∣∣∣
∣∣∣∣
V

,

(2.25)

η(λ, xk,Wk) is as defined in (2.24) for all k = 1, · · · , m. In particular, for the Hölder p-

norm on MEP(n1, · · · , nm), we have η(λ, x,W) = 1
||(1,λ∗)||q

∣∣∣
∣∣∣
(

||r1||
||x1|| , · · · ,

||rm||
||xm||

)∣∣∣
∣∣∣
p
, where

p−1 + q−1 = 1.

Let yk ∈ ∂||xk|| and t := (t0, · · · , tm)T ∈ ∂||(1, λ∗)||V,∗. Define

∆Ak := − t0
||(1, λ∗)||V,∗

rky
∗
k

||xk||
, ∆Bkj := − tj

||(1, λ∗)||V,∗
rky

∗
k

||xk||

for j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then W(λ)x + ∆W(λ)x = 0 and |||∆W|||V =

η(λ, x,W).

Proof. Let ∆X ∈ MEP(n1, · · · , nm) be such that ∆X(z) = (∆X1(z), · · · ,∆Xm(z)) for

z ∈ Cm and Wk(λ)xk +∆Xk(λ)xk = 0 for all k = 1, · · · , m. Then it is easy to see that

||∆Xk||V ≥ η(λ, xk,Wk), where η(λ, xk,Wk) is as defined in (2.24) for all k = 1, · · · , m.

Since || · ||V is a monotone norm, we have |||∆X|||V ≥ ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V
and thus η(λ, x,W) ≥ ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V .
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Again it follows from Proposition 2.5.1 thatWk(λ)xk+∆Wk(λ)xk = 0 and ||∆Wk||V =

η(λ, xk,Wk) for all k = 1, · · · , m. Then |||∆W|||V = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V .
So η(λ, x,W) = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V . Therefore (2.25) follows by Propo-

sition 2.5.1.

Next we derive η(λ,W).

Proposition 2.5.2. Let Wk : Cm → Cnk×nk be given by Wk(z) := Ak +
∑m

j=1 zjBkj,

where Ak, Bkj ∈ Cnk×nk for all j = 1, · · · , m. Let λ ∈ Cm and define

η(λ,Wk) = inf {||∆Wk||V : rank(Wk(λ) + ∆Wk(λ)) < nk}. (2.26)

Then for a subordinate matrix norm on Cnk×nk , we have η(λ,Wk) = rk
||(1,λ∗)||V,∗

, where

rk = min
||xk||=1

{||Wk(λ)xk|| : xk ∈ Cnk}.
Let xk ∈ Cnk be such that ||xk|| = 1 and rk = ||Wk(λ)xk||. Let yk ∈ ∂||xk|| and

t := (t0, · · · , tm)T ∈ ∂||(1, λ∗)||V,∗. Define

∆Ak := − t0
||(1, λ∗)||V,∗

Wk(λ)xky
∗
k, ∆Bkj := − tj

||(1, λ∗)||V,∗
Wk(λ)xky

∗
k

for j = 1, · · · , m and consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj. Then Wk(λ)xk +

∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ,Wk).

Proof. Let ∆Xk be such that rank(Wk(λ) +∆Xk(λ)) < nk. Then there exists x̂k ∈ Cnk

such that ||x̂k|| = 1 and Wk(λ)x̂k + ∆Xk(λ)x̂k = 0. So ||Wk(λ)x̂k|| = ||∆Xk(λ)x̂k|| ≤
||∆Xk(λ)|| ≤ ||∆Xk||V ||(1, λ∗)||V,∗. This shows that ||∆Xk||V ≥ ||Wk(λ)x̂k ||

||(1,λ∗)||V,∗
and thus

η(λ,Wk) ≥ rk
||(1,λ∗)||V,∗

.

Next note that ∆Wk(λ)xk = − t0+
∑m

j=1 λjtj

||(1,λ∗)||V,∗
Wk(λ)xky

∗
kxk = −Wk(λ)xk, i.e., (Wk(λ)+

∆Wk(λ))xk = 0 and thus rank(Wk(λ) + ∆Wk(λ)) < nk. Also we have ||Wk(λ)xky
∗
k|| =

||Wk(λ)xk|| ||yk||∗ = ||Wk(λ)xk|| = rk. Consequently,

||∆Ak|| =
|t0| rk

||(1, λ∗)||V,∗
and ||∆Bkj|| =

|tj| rk
||(1, λ∗)||V,∗

.

Then

||∆Wk||V =

∣∣∣∣
∣∣∣∣
( |t0| rk
||(1, λ∗)||V,∗

,
|t1| rk

||(1, λ∗)||V,∗
, · · · , |tm| rk

||(1, λ∗)||V,∗

)∣∣∣∣
∣∣∣∣
V

=
||t||V rk

||(1, λ∗)||V,∗
=

rk
||(1, λ∗)||V,∗

.

Hence η(λ,Wk) =
rk

||(1,λ∗)||V,∗
. This completes the proof.
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We now derive η(λ,W) considering a subordinate matrix norm on Cni×ni.

Theorem 2.5.2. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm. Consider rk :=

min
||xk||=1

{||Wk(λ)xk|| : xk ∈ Cnk} for k = 1, · · · , m. Then for a subordinate matrix norm

on Cnk×nk , we have

η(λ,W) = ||(η(λ,W1), · · · , η(λ,Wm))||V =
1

||(1, λ∗)||V,∗
||(r1, · · · , rm)||V ,

where η(λ,Wk) is as defined in (2.26) for all k = 1, · · · , m. In particular, for the Hölder

p-norm on MEP(n1, · · · , nm), η(λ,W) = 1
||(1,λ∗)||q ||(r1, · · · , rm)||p, where p−1 + q−1 = 1.

Let xk ∈ Cnk be such that ||xk|| = 1 and rk = ||Wk(λ)xk||. Let yk ∈ ∂||xk|| and
t := (t0, · · · , tm)T ∈ ∂||(1, λ∗)||V,∗. Define

∆Ak := − t0
||(1, λ∗)||V,∗

Wk(λ)xky
∗
k, ∆Bkj := − tj

||(1, λ∗)||V,∗
Wk(λ)xky

∗
k

for j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) = (∆W1(z), · · · ,∆Wm(z)). Then λ ∈ σ(W+∆W) and |||∆W|||V = η(λ,W).

Proof. Let ∆X ∈ MEP(n1, · · · , nm) be such that ∆X(z) = (∆X1(z), · · · ,∆Xm(z)) and

rank(Wk +∆Xk) < nk for all k = 1, · · · , m. Then there exists 0 6= x̂k ∈ Cnk such that

Wk(λ)x̂k+∆Xk(λ)x̂k = 0 for all k = 1, · · · , m. So λ ∈ σ(W+∆X). It is easy to see that

||∆Xk||V ≥ η(λ,Wk) for all k = 1, · · · , m. Then |||∆X|||V ≥ ||(η(λ,W1), · · · , η(λ,Wm))||V
as || · ||V is a monotone norm and thus η(λ,W) ≥ ||(η(λ,W1), · · · , η(λ,Wm))||V .

By Proposition 2.5.2, we have Wk(λ)xk +∆Wk(λ)xk = 0 and ||∆Wk||V = rk
||(1,λ∗)||V,∗

for all k = 1, · · · , m. So λ ∈ σ(W+∆W) and |||∆W|||V = ||(η(λ,W1), · · · , η(λ,Wm))||V .
Thus η(λ,W) = ||(η(λ,W1), · · · , η(λ,Wm))||V . Hence by Proposition 2.5.2, we have

η(λ,W) = 1
||(1,λ∗)||V,∗

||(r1, · · · , rm)||V .

For the spectral or Frobenious norm on Cni×ni, we have the following result.

Theorem 2.5.3. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm. Then for the

spectral or Frobenious norm on Cni×ni, we have

η(λ,W) =
1

||(1, λ∗)||V,∗
||(σmin(W1(λ)), · · · , σmin(Wm(λ)))||V , (2.27)
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where σmin(Wk(λ)) is the smallest singular value of Wk(λ) for all k = 1, · · · , m. In

particular, for the Hölder p-norm on MEP(n1, · · · , nm) we have

η(λ,W) =
1

||(1, λ∗)||q
||(σmin(W1(λ)), · · · , σmin(Wm(λ)))||p ,

where p−1 + q−1 = 1.

Let t = (t0, · · · , tm)T ∈ ∂||(1, λ∗)||V,∗. Consider the SVD Wk(λ) = UkΣkVk and set

uk := Uk(:, nk) and vk := Vk(:, nk) for k = 1, · · · , m.

Define

∆Ak := − t0
||(1, λ∗)||V,∗

σmin(Wk(λ))ukv
∗
k and ∆Bkj := − tj

||(1, λ∗)||V,∗
σmin(Wk(λ))ukv

∗
k

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then λ ∈ σ(W+∆W) and |||∆W|||V = η(λ,W).

Proof. In this case, min
||xk||=1

||Wk(λ)xk||2 = σmin(Wk(λ)) = ||Wk(λ)vk||2 for all k = 1, · · · , m
and thus (2.27) follows by Theorem 2.5.2. Further, note that

∆Wk(λ)vk = −
t0 +

∑m
j=1 λjtj

||(1, λ∗)||V,∗
σmin(Wk(λ))uk = −σmin(Wk(λ))uk = −Wk(λ)vk,

i.e., (Wk(λ) + ∆Wk(λ))vk = 0 and thus rank(Wk(λ) + ∆Wk(λ)) < nk. Since ||ukv
∗
k||2 =

||ukv
∗
k||F = ||uk||2||vk||2 = 1, so we have

||∆Ak||2 = ||∆Ak||F =
|t0|

||(1, λ∗)||V,∗
σmin(Wk(λ)),

||∆Bkj||2 = ||∆Bkj||F =
|tj|

||(1, λ∗)||V,∗
σmin(Wk(λ))

for all j = 1, · · · , m. Then ||∆Wk||V = ||t||V
||(1,λ∗)||V,∗

σmin(Wk(λ)) =
1

||(1,λ∗)||V,∗
σmin(Wk(λ)).

Hence |||∆W|||V = 1
||(1,λ∗)||V,∗

||(σmin(W1(λ)), · · · , σmin(Wm(λ)))||V = η(λ,W). This com-

pletes the proof.
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3
Polynomial MEP

3.1 Introduction

Polynomial MEP arises in many applications [36, 43]. For example, the delay differ-

ential equation (DDE)
∑m

k=0Bkẋ(t − τk) =
∑m

k=0Akx(t − τk) with m delays leads to

the following two-parameter polynomial eigenvalue problem:

A0x = λ
m∑

k=0

µkBkx−
m∑

k=1

µkAkx

−A∗
my = λ

m∑

k=0

B∗
m−ky +

m∑

k=1

µkA∗
m−ky.

Numerical methods to solve a nonhomogeneous polynomial MEP have been proposed

in [47]. In this chapter, we undertake sensitivity and backward perturbation analysis of

a two-parameter polynomial eigenvalue problem of degree k. Let W be a two-parameter

polynomial eigenvalue problem of degree k. We develop a framework for sensitivity and

backward perturbation analysis of W. For a simple eigenvalue λ, we define the condition

number cond(λ,W) by

cond(λ,W) := lim sup
|||∆W|||→0

dist(λ, σ(W+∆W))

|||∆W|||
and derive various expressions for cond(λ,W). Given λ ∈ C2 and 0 6= x := x1 ⊗ x2,

we determine the backward error η(λ, x,W) of (λ, x) as an approximate eigenpair of

W. We also derive an optimal perturbation ∆W such that W(λ)x+ ∆W(λ)x = 0 and

|||∆W|||V = η(λ, x,W). Further we compute similar results for an approximate eigenpair

λ of W.

41
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3.2 Polynomial MEP

Consider N0 := N
⋃
{0}, where N denotes the set of natural numbers. For α :=

(α1, · · · , αm) ∈ Nm
0 , define |α| := α1 + · · · + αm. For z = (z1, · · · , zm)T ∈ Cm, define

zα :=
∏m

j=1 z
αj

j ∈ C. Let W : Cm →
∏m

j=1C
nj×nj be given by

W(z) = (W1(z), · · · ,Wm(z)), where Wi(z) :=
∑

|α|≤k

A(i)
α zα, (3.1)

z ∈ Cm, α ∈ Nm
0 , A

(i)
α ∈ Cni×ni for all i = 1, · · · , m and k > 1 is a positive inte-

ger. Then we refer to W as a polynomial MEP of degree k. We denote the space of

polynomial MEPs of degree k by PMEP(k;n1, · · · , nm). In particular, when m = 2,

W ∈ PMEP(k;n1, n2) is given by

W(z) = (W1(z),W2(z)), where Wi(z) :=

k∑

m=0

k−m∑

n=0

A(i)
mnz

m
1 zn2 , (3.2)

z = (z1, z2) ∈ C2 and A
(i)
mn ∈ Cni×ni for i = 1, 2, m = 0, · · · , k, n = 0, · · · , k − m. We

refer to W as a two-parameter polynomial eigenvalue problem.

Given λ := (λ1, λ2) ∈ C2, define

Λj(λ1, λ2) :=




λj
1

λj−1λ2

...

λ1λ
j−1
2

λj
2




∈ Cj+1 for j = 0, · · · , k and Λ :=




Λk(λ1, λ2)
...

Λ0(λ1, λ2)


 ∈ C

(k+1)(k+2)
2 .

(3.3)

In particular when k = 2, we have Λ = (λ2
1, λ1λ2, λ

2
2, λ1, λ2, 1)

T
.

Definition 3.2.1. LetW ∈ PMEP(k;n1, · · · , nm) be given byW(z) = (W1(z), · · · ,Wm(z)).

Then W is said to be regular if
∏m

j=1 det(Wj(z)) 6= 0 for some z ∈ Cm.

Throughout this chapter we consider regular polynomial MEPs. For x := x1 ⊗ · · · ⊗
xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we define

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and x∗W(z) := (x∗
1W1(z), . . . , x

∗
mWm(z)).
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Theorem 3.2.1. (BézoutsTheorem[24]) Let f(x, y) = g(x, y) = 0 be a system of two

polynomial equations in two unknowns. If it has only finitely many common complex

zeros (x, y) ∈ C× C, then the number of those zeros is at most degree(f) · degree(g).

Next we define the spectrum of a regular polynomial MEP. Recall that the det

function is defined in (2.2).

Definition 3.2.2. (Spectrum) Let W ∈ PMEP(k;n1, · · · , nm) be regular. Then λ ∈ Cm

is said to be an eigenvalue of W if det(W(λ)) = 0. The set of all eigenvalues of W

is called the spectrum of W and is denoted by σ(W). Let λ ∈ σ(W). Then 0 6= x :=

x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗Cnm is called a right eigenvector of W corresponding to λ if

W(λ)x = 0. Similarly 0 6= y := y1⊗· · ·⊗y2 ∈ Cn1 ⊗· · ·⊗Cnm is called a left eigenvector

of W corresponding to λ if y∗W(λ) = 0.

Next we define geometric multiplicity of an eigenvalue of a regular polynomial MEP

of degree k.

Definition 3.2.3. (Geometric multiplicity) Let W ∈ PMEP(k;n1, · · · , nm) given by

W(z) = (W1(z), · · · ,Wm(z)) be regular and λ ∈ σ(W). Then the geometric multiplicity

of λ is defined by gW(λ) =
∏m

i=1 dim ker(Wi(λ)). If gW(λ) = 1 then λ is said to be

geometrically simple.

Let W : Cm →
∏m

j=1C
nj×nj given by W(z) = (W1(z), · · · ,Wm(z)) be differentiable,

where Wi : C
m → Cni×ni is a nonlinear function for i = 1, · · · , m. Then λ ∈ Cm is said

to be an eigenvalue of W if det(W(λ)) = 0. The set of all eigenvalues of W is called the

spectrum of W and is denoted by σ(W). Then 0 6= x := x1⊗· · ·⊗xm ∈ Cn1 ⊗· · ·⊗Cnm

is called a right eigenvector of W corresponding to λ if W(λ)x = 0. Similarly 0 6=
y := y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm is called a left eigenvector of W corresponding

to λ if y∗W(λ) = 0. An eigenvalue λ ∈ σ(W) is said to be geometrically simple if
∏m

i=1 dim ker(Wi(λ)) = 1. Let λ ∈ σ(W) and x = x1 ⊗ · · · ⊗ xm and y = y1 ⊗ · · · ⊗ ym

be right and left eigenvector of W corresponding to the eigenvalue λ, respectively. Then
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we define

JW(λ; y, x) :=




y∗1
∂

∂λ1
(W1(λ))x1 · · · y∗1

∂
∂λm

(W1(λ))x1

...

y∗m
∂

∂λ1
(Wm(λ))xm · · · y∗m

∂
∂λm

(Wm(λ))xm


 . (3.4)

We denote the Jacobian of the map Cm → Cm, z 7→ det(W(z)) by JW(z). Then we have

the following result.

Proposition 3.2.1. Let W : Cm → ∏m
j=1C

nj×nj given by W(z) = (W1(z), · · · ,Wm(z))

be differentiable, where Wi : Cm → Cni×ni is a nonlinear function for i = 1, · · · , m.

Then

JW(z) =




tr
(
adj(W1(z))

∂
∂z1

(W1(z))
)

· · · tr
(
adj(W1(z))

∂
∂zm

(W1(z))
)

...

tr
(
adj(Wm(z))

∂
∂z1

(Wm(z))
)

· · · tr
(
adj(Wm(z))

∂
∂zm

(Wm(z))
)


 . (3.5)

In particular, if λ = (λ1, · · · , λm)
T ∈ σ(W) is geometrically simple then there exist left

and right eigenvectors u := u1 ⊗ · · · ⊗ um and v := v1 ⊗ · · · ⊗ vm of W corresponding to

λ, respectively, such that

JW(λ) =




u∗
1

∂
∂λ1

(W1(λ))v1 · · · u∗
1

∂
∂λm

(W1(λ))v1
...

u∗
m

∂
∂λ1

(Wm(λ))vm · · · u∗
m

∂
∂λm

(Wm(λ))vm


 = JW(λ; u, v). (3.6)

Proof. Note that JW(z) =
[

∂
∂zj

(det(Wi(z)))
]
m×m

. By Jacobi’s formula given in Propo-

sition 1.1.2, it follows that ∂
∂zj

(det(Wi(z))) = tr
(
adj(Wi(z))

∂
∂zj

(Wi(z))
)

for all i, j =

1, · · · , m. This proves (3.5).

If λ ∈ σ(W) is geometrically simple then rank(Wi(λ)) = ni − 1 for all i = 1, · · · , m.

So by Proposition 1.1.1, there exist nonzero vectors ui, vi ∈ Cni such that adj(Wi(λ)) =

viu
∗
i , where Wi(λ)vi = 0 and u∗

iWi(λ) = 0 for all i = 1, · · · , m. Hence the desired result

follows.

Definition 3.2.4. (Algebraically simple eigenvalue) Let W ∈ PMEP(k;n1, · · · , nm) be

regular and λ ∈ σ(W). Then λ is said to be algebraically simple if rank(JW(λ)) = m. If

rank(JW(λ)) < m then λ is said to be a multiple eigenvalue of W.
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Throughout this chapter we refer to algebraically simple eigenvalue as simple eigen-

value.

Proposition 3.2.2. Let W ∈ PMEP(k;n1, · · · , nm) be regular and λ ∈ σ(W) be simple.

Then λ is geometrically simple.

Proof. If dim ker(Wi(λ)) > 1 for some i ∈ {1, · · · , m} then the ith row of JW(λ) is

a zero row as we have seen in the proof of Proposition 2.2.2. But this is not possi-

ble since λ is simple. Hence dim ker(Wi(λ)) = 1 for all i = 1, · · · , m and gW(λ) =
∏m

i=1 dim ker(Wi(λ)) = 1, i.e., λ is geometrically simple.

The following result characterizes a multiple eigenvalue.

Theorem 3.2.2. Let W ∈ PMEP(k;n1, · · · , nm) be regular and λ ∈ σ(W). Then λ is

multiple if and only if there exist left and right eigenvectors y and x of W corresponding

to λ, respectively, such that JW(λ; y, x) is singular.

Proof. Let λ ∈ σ(W) be multiple. Then by similar arguments as those in Theorem 2.2.1,

it follows that there exist left and right eigenvectors y and x of W corresponding to λ,

respectively, such that JW(λ; y, x) is singular.

Conversely, suppose that there exist left and right eigenvectors y and x of W corre-

sponding to λ, respectively, such that JW(λ; y, x) is singular. If λ is not geometrically

simple then dim ker(Wi(λ)) > 1 for some k ∈ {1, · · · , m} and adj(Wk(λ)) = 0. Thus

it follows from (3.5) that the kth row of JW(λ) is a zero row and rank(JW(λ)) < m.

Therefore λ is multiple.

If λ is geometrically simple then by Proposition 3.2.1, there exist left and right eigen-

vectors u and v of W corresponding to λ, respectively, such that JW(λ) = JW(λ; u, v).

By similar arguments as those in the proof of Theorem 2.2.1, it follows that there exist

nonzero scalars αi, βi for all i = 1, · · · , m such that

JW(λ; u, v) =




α1β1

. . .

αmβm


 JW(λ; y, x).

Hence the desired conclusion follows.
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3.2.1 Norms on PMEP(k;n1, n2)

For perturbation analysis of a regular two-parameter polynomial eigenvalue problem of

degree k, we define norms, inner product and dual norms on PMEP(k;n1, n2) as follows.

Norm. Let W ∈ PMEP(k;n1, n2) be as given in (3.2). Consider a matrix norm || · ||
on Cni×ni and a monotone vector norm ||·||V on Cd. Define ||Wi||V := ||(M (i)

k , · · · ,M (i)
0 )||V ,

where M
(i)
j = (||A(i)

j,0||, ||A
(i)
j−1,1||, · · · , ||A

(i)
0,j||) ∈ Cj+1 for i = 1, 2 and j = 0, · · · , k. Then

|||W|||V = ||(||W1||V , ||W2||V )||V . (3.7)

defines a norm on PMEP(k;n1, n2). In particular, replacing the monotone norm || · ||V
by the usual Hölder p-norm || · ||p for 1 ≤ p ≤ ∞, we define |||·|||p on PMEP(k;n1, n2)

by |||W|||p := ||(||W1||p, ||W2||p)||p, where ||Wi||p = ||(M (i)
k , · · · ,M (i)

0 )||p for i = 1, 2. We

refer to |||·|||p as the Hölder p-norm on PMEP(k;n1, n2).

Next we define weighted norms on PMEP(k;n1, n2). Consider R2
+ := {(x1, x2)

T ∈
R2 : xi > 0} and define the map R2

+ × PMEP(k;n1, n2) → PMEP(k;n1, n2), (w,W) 7→
w � W, by (w � W)(z) := (w1W1(z), w2W2(z)), where W(z) = (W1(z),W2(z)) and

w = (w1, w2)
T ∈ R2

+. Given a norm |||·||| on PMEP(k;n1, n2), we define the weighted

norm |||·|||w by |||W|||w := |||w �W|||. For the norm |||·|||V given in (3.7), |||W|||w,V :=

||(w1||W1||V , w2||W2||V )||V defines a weighted norm on PMEP(k;n1, n2). The weighted

Hölder p-norm on PMEP(k;n1, n2) is given by |||W|||w,p := ||(w1||W1||p, w2||W2||p)||p for

1 ≤ p ≤ ∞.

Inner Product. Next we define inner product on PMEP(k;n1, n2). Let X,Y ∈
PMEP(k;n1, n2) be such that X(z) = (X1(z), X2(z)) and Y(z) = (Y1(z), Y2(z)), where

Xi(z) =
∑k

m=0

∑k−m
n=0 A

(i)
mnzm1 zn2 and Yi(z) =

∑k
m=0

∑k−m
n=0 B

(i)
mnzm1 zn2 for i = 1, 2. Con-

sider the usual inner product 〈·, ·〉 on the space of matrices, i.e., 〈A,B〉 := tr(B∗A).

Define 〈Xi, Yi〉 :=
∑k

m=0

∑k−m
n=0

〈
A

(i)
mn, B

(i)
mn

〉
for i = 1, 2. Then

〈X,Y〉 := 〈X1, Y1〉+ 〈X2, Y2〉 =
2∑

i=1

k∑

m=0

k−m∑

n=0

〈
A(i)

mn, B
(i)
mn

〉
(3.8)

defines an inner product on PMEP(k;n1, n2).

Dual Norm. Given a norm |||·||| on PMEP(k;n1, n2), we define the dual norm |||·|||∗
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relative to the inner product 〈·, ·〉 given in (3.8) by |||W|||∗ = sup {|〈W,X〉| : |||X||| = 1}.
It follows that |〈X,Y〉| ≤ |||X||||||Y|||∗ for all X,Y ∈ PMEP(k;n1, n2).

Remark 3.2.1. (Compatibility of norms) Let W ∈ PMEP(k;n1, n2) be as given

in (3.2). Consider a monotone vector norm || · ||V and a matrix norm || · || on Cni×ni.

Then

||Wi(λ)|| =
∣∣∣∣∣

∣∣∣∣∣
k∑

m=0

k−m∑

n=0

A(i)
mnλ

m
1 λ

n
2

∣∣∣∣∣

∣∣∣∣∣ ≤
k∑

m=0

k−m∑

n=0

∣∣∣∣A(i)
mn

∣∣∣∣ |λm
1 λ

n
2 | =

∣∣∣
〈
(M

(i)
k , · · · ,M (i)

0 ),Λ
〉∣∣∣

≤ ||(M (i)
k , · · · ,M (i)

0 )||V ||Λ||V,∗ = ||Wi||V ||Λ||V,∗, (3.9)

where Λ is as given in (3.3).

3.3 Sensitivity analysis of a simple eigenvalue

Now we analyze the sensitivity of a simple eigenvalue of a regular polynomial MEP.

Definition 3.3.1. (Condition number) Let W ∈ PMEP(k;n1, · · · , nm) be regular and

λ ∈ σ(W). Then we define the condition number of λ by

cond(λ,W) := lim sup
|||∆W|||→0

dist(λ, σ(W+∆W))

|||∆W||| ,

where ∆W ∈ PMEP(k;n1, n2) and dist(λ, σ(W +∆W)) := min{||λ− µ||2 : µ ∈ σ(W+

∆W)}.

We show that given a simple eigenvalue λW ∈ σ(W), there exists an open neigh-

borhood nbd(W) containing W and a smooth function λ : nbd(W) → Cm such that

λ(W) = λW and λ(X) ∈ σ(X) is a simple eigenvalue for all X ∈ nbd(W).

Theorem 3.3.1. Let W ∈ PMEP(k;n1, · · · , nm) be regular and λW ∈ σ(W) be a simple

eigenvalue. Then there is an open neighborhood nbd(W) ⊂ PMEP(k;n1, · · · , nm) and

a smooth function λ : nbd(W) → Cm such that λ(W) = λW and λ(X) is a simple

eigenvalue of X for all X ∈ nbd(W). Further, for X ∈ nbd(W) such that X(z) =

(X1(z), · · · , Xm(z)), the derivative Dλ(X) : PMEP(k;n1, · · · , nm) → Cm of λ at X is

given by

Dλ(X)H = −(JX(λ(X)))
−1




tr(adj(X1(λ(X)))H1(λ(X)))
...

tr(adj(Xm(λ(X)))Hm(λ(X)))


 (3.10)
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for all H ∈ PMEP(k;n1, · · · , nm) such that H(z) = (H1(z), · · · , H2(z)).

Proof. Define φ : PMEP(k;n1, · · · , nm) × Cm → Cm given by φ(Y, z) = det(Y(z)).

Then by the similar arguments as those in the proof of Theorem 2.3.1, it follows that

there is an open neighborhood nbd(W) ⊂ PMEP(k;n1, · · · , nm) and a smooth function

λ : nbd(W) → Cm such that λ(W) = λW and λ(X) is a simple eigenvalue of X for all

X ∈ nbd(W). Finally differentiating φ(X, λ(X)) = 0 with respect to X, we obtain (3.10)

as we have done in the proof of Theorem 2.3.1.

Now we determine cond(λW,W) when W ∈ PMEP(k;n1, n2) and λW ∈ σ(W) is

simple.

Theorem 3.3.2. Let W ∈ PMEP(k;n1, n2) be regular and λW ∈ σ(W) be simple.

Let x := x1 ⊗ x2 and y := y1 ⊗ y2 be right and left eigenvectors of W corresponding

to λW, respectively. Then there is an open neighborhood nbd(W) ⊂ PMEP(k;n1, n2)

containing W and a smooth function λ : nbd(W) → C2 such that λ(W) = λW and

λ(X) is a simple eigenvalue of X for all X ∈ nbd(W). Further, the derivative Dλ(W) :

PMEP(k;n1, n2) → C2 is given by

Dλ(W)H = −(JW(λW))
−1


 tr(adj(W1(λW))H1(λW))

tr(adj(W2(λW))H2(λW))


 (3.11)

= −(JW(λW; y, x))
−1


 y∗1H1(λW)x1

y∗2H2(λW)x2


 (3.12)

for all H ∈ PMEP(k;n1, n2) such that H(z) = (H1(z), H2(z)).

a) The condition number cond(λW,W) is given by

cond(λW,W) ≤ ||(JW(λW))−1||V ||ΛW||V,∗ max
i

||(adj(Wi(λW)))
∗||∗,

where ΛW be the column vector as defined in (3.3) corresponding to λW.

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW))
−1||V ||ΛW||V,∗ max

i

ni−1∏

k=1

σk(Wi(λW)),

where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are the singular values of Wi(λW) for

i = 1, 2.
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b) Also we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||V ||ΛW||V,∗ max

i
||yix∗

i ||∗.

For a subordinate matrix norm || · || on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||V ||ΛW||V,∗ max

i
||yi||∗||xi||.

In particular, for the spectral or Frobenius matrix norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))−1||V ||ΛW||V,∗ max
i

||yi||2||xi||2.

Proof. By Theorem 3.3.1, it follows that there is an open neighborhood nbd(W) ⊂
PMEP(k;n1, n2) containing W and a smooth function λ : nbd(W) → C2 such that

λ(W) = λW and λ(X) is a simple eigenvalue of X for all X ∈ nbd(W). Further,

(3.11) follows from (3.10). By Theorem 2.3.2, it follows that there exist nonzero scalar

α1, α2, β1, β2 such that

JW(λW) =


 α1β1

α2β2


 JW(λ; y, x)

and tr(adj(Wi(λW))Hi(λW)) = αiβiy
∗
iHi(λW)xi for i = 1, 2. Then by (3.11), we obtain

(3.12). The rest of the proof is similar to that of Theorem 2.3.2.

When PMEP(k;n1, n2) is equipped with the Hölder p-norm |||·|||p for 1 ≤ p ≤ ∞, we

have the following result.

Corollary 3.3.3. Let W ∈ PMEP(k;n1, n2) be regular and λW ∈ σ(W) be a simple

eigenvalue of W. Let x := x1 ⊗ x2 and y := y1 ⊗ y2 be right and left eigenvectors of W

corresponding to λW, respectively.

a) Then we have

cond(λW,W) ≤ ||(JW(λW))
−1||p ||ΛW||q max

i
||(adj(Wi(λW)))

∗||∗,

where p−1 + q−1 = 1. In particular, for the spectral or Frobenius norm on Cni×ni,

we have

cond(λW,W) ≤ ||(JW(λW))
−1||p ||ΛW||q max

i

ni−1∏

k=1

σk(Wi(λW)),
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where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are the singular values of Wi(λW) for

i = 1, 2.

b) Also we have

cond(λW,W) ≤ ||(JW(λW; y, x))−1||p ||ΛW||q max
i

||yix∗
i ||∗. (3.13)

For a subordinate matrix norm || · || on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))
−1||p ||ΛW||q max

i
||yi||∗||xi||. (3.14)

In particular, for the spectral or Frobenius matrix norm on Cni×ni, we have

cond(λW,W) ≤ ||(JW(λW; y, x))−1||p ||ΛW||q max
i

||yi||2||xi||2. (3.15)

Remark 3.3.1. The regular two-parameter nonhomogeneous polynomial MEP of degree

k reduces to a regular matrix polynomial W(z) :=
∑k

j=0 z
jAj , z ∈ C, Aj ∈ Cn1×n1, of

degree k when i = 1. In this case, we have ΛW = (λk
W, λ

k−1
W , · · · , λW, 1)

T and

JW(λW) = tr

(
adj(W(λW))

∂

∂λ
(W(λW))

)
6= 0 ⇒ (JW(λW))−1 =

1

tr
(
adj(W(λW))

∂
∂λ
(W(λW))

) .

It follows from Theorem 3.3.2 that

cond(λW,W) ≤ ||ΛW||V,∗∣∣tr(adj(W(λW)) · ∂
∂λ
(W(λW)))

∣∣ ||(adj(W(λW)))
∗||∗. (3.16)

It is shown in [7] that the equality holds in (3.16). So we consider

cond(λW,W) = ||(JW(λW))
−1||V ||ΛW||V,∗ max

i
||(adj(Wi(λW)))∗||∗

to be the condition number of a simple eigenvalue λW of a regular polynomial MEP

W ∈ PMEP(k;n1, n2). Further if x := x1 ⊗ x2 and y := y1 ⊗ y2 be right and left

eigenvectors of W corresponding to λW, respectively, then we have

cond(λW,W) = ||(JW(λW; y, x))
−1||V ||ΛW||V,∗ max

i
||yix∗

i ||∗.

When PMEP(k;n1, n2) is equipped with the weighted norm |||·|||w,V with nonzero

positive weights, we have the following result.
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Theorem 3.3.4. Let W ∈ PMEP(k;n1, n2) be regular and λW ∈ σ(W) be simple. Con-

sider the weighted norm |||·|||w,V on PMEP(k;n1, n2) with nonzero positive weights wi :=

||(adj(Wi(λW)))
∗||∗ for i = 1, 2. Then cond(λW,W) = ||(JW(λW))−1||V ||ΛW||V,∗. In

particular, for the weighted Hölder p-norm |||·|||w,p on PMEP(k;n1, n2) with nonzero pos-

itive weights wi := ||(adj(Wi(λW)))
∗||∗, we have cond(λW,W) = ||(JW(λW))−1||p ||ΛW||q,

where p−1 + q−1 = 1.

Proof. By (3.9), we have

|tr(adj(Wi(λW))Hi(λW))| ≤ ||Hi(λW)|| ||(adj(Wi(λW)))∗||∗ ≤ wi||ΛW||V,∗||Hi||V

for i = 1, 2. Then by (3.11), we have ||Dλ(W)H||V ≤ ||(JW(λW))−1||V ||ΛW||V,∗|||H|||w,V .

Now to show the equality, consider Y ∈ PMEP(k;n1, n2) such that Y(z) = (Y1(z), Y2(z)),

||Yi||V = 1 and 〈Yi,Λ
∗
W ⊗ adj(Wi(λW))

∗〉 = wi||Λ∗
W||V,∗, where Λ∗

W ⊗ adj(Wi(λW))∗ :

C2 → Cni×ni is given by (Λ∗
W ⊗ adj(Wi(λW))∗)(z) = (Λ∗

WΛz)adj(Wi(λW))∗ for i = 1, 2

and ΛW,Λz ∈ C
(k+1)(k+2)

2 are given by (3.3) corresponding to λW, z respectively. Let

u = (u1, u2)
T ∈ C2 be such that ||u||V = 1 and ||(JW(λW))

−1u||V = ||(JW(λW))−1||V .
Construct X ∈ MEP(n1, · · · , nm) such that X(z) :=

(
u1

w1
Y1(z),

u2

w2
Y2(z)

)
. By simi-

lar arguments as those in the proof of Theorem 2.3.4, it follows that |||X|||w,V = 1 and

||Dλ(W)X||V = ||(JW(λW))−1||V ||Λ∗
W||V,∗. Hence ||Dλ(W)||V = ||(JW(λW))−1||V ||ΛW||V,∗

and the desired result follows.

The fast perturbation for a simple eigenvalue is defined as follows.

Definition 3.3.2. Let W ∈ PMEP(k;n1, n2) be regular and λW ∈ σ(W) be simple. Then

∆W ∈ PMEP(k;n1, n2) is said to be a fast perturbation for λW if ||Dλ(W)∆W||V =

||Dλ(W)|||||∆W|||V .

Considering a weighted norm |||·|||w,V on PMEP(k;n1, n2), we construct a fast pertur-

bation for a simple eigenvalue λW ∈ σ(W).

Proposition 3.3.1. (Fast Perturbation) Let W ∈ PMEP(k;n1, n2) be regular and λW ∈
σ(W) be simple. Consider a weighted norm |||·|||w,V on PMEP(k;n1, n2) with nonzero pos-

itive weights wi := ||(adj(Wi(λW)))
∗||∗ for i = 1, 2. Let y = (y1, y2)

T ∈ C2 be such that
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||y||V = 1 and ||(JW(λW))
−1 y||V = ||(JW(λW))−1||V . Let Y ∈ PMEP(k;n1, n2) be such

that Y(z) := (Y1(z), Y2(z)), ||Yi||V = 1 and 〈Yi,Λ
∗
W⊗adj(Wi(λW))∗〉 = wi||ΛW||V,∗ where

Λ∗
W⊗adj(Wi(λW))∗ : C2 → Cni×ni is given by (Λ∗

W⊗adj(Wi(λW))∗)(z) = (Λ∗
WΛz)adj(Wi(λW))

∗

for i = 1, 2 and ΛW,Λz ∈ C
(k+1)(k+2)

2 are given by (3.3) corresponding to λW, z respec-

tively. Define ∆W ∈ PMEP(k;n1, n2) by ∆W(z) :=
(

y1
w1
Y1(z),

y2
w2
Y2(z)

)
. Then ∆W is

a fast perturbation for λW, i.e., ||Dλ(W)∆W||V = ||Dλ(W)|||||∆W|||V .

Proof. First note that |||∆W|||w,V =
∣∣∣
∣∣∣
(
w1

|y1|
w1

||Y1||V , w2
|y2|
w2

||Y2||V
)∣∣∣
∣∣∣
V
= ||y||V = 1. Also

by (3.11), we haveDλ(W)∆W = −(JW(λW))−1


 ||ΛW||V,∗y1

||ΛW||V,∗y2


 = −||ΛW||V,∗(JW(λW))

−1y.

So ||Dλ(W)∆W||V = ||ΛW||V,∗||(JW(λW))
−1y||V = ||(JW(λW))

−1||V ||ΛW||V,∗.

3.4 Holomorphic perturbations

Next we consider the effect of holomorphic perturbations on a simple eigenvalue

of a regular nonhomogeneous polynomial MEP. Let W : Cp → PMEP(k;n1, · · · , nm)

be a holomorphic map. Then W(t) ∈ PMEP(k;n1, · · · , nm) for t ∈ Cp. We write

W(t)(z) as W(t, z) := (W1(t, z), · · · ,Wm(t, z)). Then W(t, z) is said to be regular if

for each t ∈ Cp there is a z ∈ Cm such that
∏m

i=1 det(Wi(t, z)) 6= 0. Define F(t, z) :=

(det(W1(t, z)), · · · , det(Wm(t, z)))
T . Recall that λ ∈ Cm is said to be an eigenvalue of

W(t, z) if F(t, λ) = 0. We refer to 0 6= x := x1⊗· · ·⊗xm ∈ Cn1⊗· · ·⊗Cnm and 0 6= y :=

y1⊗· · ·⊗ym ∈ Cn1⊗· · ·⊗Cnm as right and left eigenvectors ofW(t, z) corresponding to an

eigenvalue λ, respectively, ifW(t, λ)x = 0 = y∗W(t, λ). An eigenvalue λ ofW(t, z) is said

to be geometrically simple if
∏m

j=1 dim ker(Wj(t, λ)) = 1. An eigenvalue λ of W(t, z) is

said to be simple if the Jacobian matrix JW(t,λ)(λ) of the function Cm → Cm, z 7→ F(t, z)

at λ, given by JW(t,λ)(λ) :=
[
tr(adj(Wi(t, λ))∂λj

(W1(t, λ(t))))
]
m×m

is nonsingular, where

∂λj
(Wi(t, λ)) is the partial derivative of Wi(t, λ) with respect to λj for all i, j = 1, · · · , m.

For the left and right eigenvectors y := y1 ⊗ · · · ⊗ ym and x := x1 ⊗ · · · ⊗ xm of W(t, z)

corresponding to λ, respectively, define JW(t,λ)(t, λ; y, x) :=
[
y∗i ∂λj

(Wi(t, λ))xi

]
m×m

.

Proposition 3.4.1. Let W : Cp → PMEP(k;n1, · · · , nm) be holomorphic such that

W(t, z) ∈ PMEP(k;n1, · · · , nm) is regular for t ∈ Cp. Let λ be a geometrically simple
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eigenvalue of W(t, z). Then there exist left and right eigenvectors u := u1⊗· · ·⊗um and

v := v1⊗· · ·⊗vm corresponding to λ, respectively, such that JW(t,λ)(λ) = JW(t,λ)(t, λ; u, v).

Proof. Since λ is geometrically simple so rank(Wi(t, λ)) = ni − 1. Then by Proposi-

tion 1.1.1, there exist nonzero vectors ui, vi ∈ Cni such that adj(Wi(λ)) = viu
∗
i , where

Wi(λ)vi = 0 and u∗
iWi(λ) = 0 for all i = 1, · · · , m. Then

tr(adj(Wi(t, λ))∂λj
(W1(t, λ(t)))) = y∗i ∂λj

(Wi(t, λ))xi

for i, j = 1, · · · , m, which gives the desired result.

Next we have the following result.

Theorem 3.4.1. Let W : Cp → PMEP(k;n1, · · · , nm) be holomorphic such that W(t, z)

is regular for t ∈ Cp. Let λ̂ ∈ Cm be a simple eigenvalue of W(t̂, z). Let x1⊗· · ·⊗xm and

y1 ⊗ · · · ⊗ ym be right and left eigenvectors of W(t̂, z) corresponding to the eigenvalue

λ̂, respectively. Then there is an open neighborhood nbd(t̂) ⊂ Cp containing t̂ and

a holomorphic function λ : nbd(t̂) → Cm such that λ(t̂) = λ̂ and λ(t) is a simple

eigenvalue of W(t, z) for all t ∈ nbd(t̂). Further for t ∈ nbd(t̂), we have λ(t + h) =

λ(t)+Dλ(t)h+O(||h||22) for sufficiently small ||h||2 and the derivative Dλ(t) : Cp → Cm

is given by

Dλ(t)h = −
(
JW(t,λ(t))(λ(t))

)−1




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj




(3.17)

for all h = (h1, · · · , hp)
T ∈ Cp, where ∂tj (Wi(t, λ(t)) is the partial derivative ofWi(t, λ(t))

with respect to tj for i = 1, · · · , m and j = 1, · · · , p. In particular, we have

∂λ(t̂)

∂tj
= −

(
JW(t̂,λ̂)(λ̂)

)−1




tr
(
adj(W1(t̂, λ̂))∂tj (W1(t̂, λ̂))

)

...

tr
(
adj(Wm(t̂, λ̂))∂tj (W1(t̂, λ̂))

)


 (3.18)

= −
(
JW(t̂,λ̂)(t̂, λ̂; y, x)

)−1




y∗1∂tj (W1(t̂, λ̂))x1

...

y∗m∂tj (Wm(t̂, λ̂))xm


 . (3.19)
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Proof. Define φ : Cp×Cm → Cm, (t, z) 7→ det(W(t, z)). Then by the similar arguments

as those given in the proof of Theorem 2.4.1, it follows that there is an open neighborhood

nbd(t̂) ⊂ Cp containing t̂ and a holomorphic function λ : nbd(t̂) → Cm such that λ(t̂) =

λ̂ and λ(t) is a simple eigenvalue of W(t, z) for all t ∈ nbd(t̂). Further, differentiating

φ(λ(t), t) = 0 with respect to t, we obtain (3.17). It is easy to see that (3.18) follows

from (3.17).

Since λ̂ ∈ Cm is a simple eigenvalue of W(t̂, z), so λ̂ is geometrically simple, i.e.,

dim ker(Wj(t̂, λ̂)) = 1 for all j = 1, · · · , m. Then there exist left and right eigenvectors

u := u1 ⊗ · · · ⊗ um and v := v1 ⊗ · · · ⊗ vm corresponding to λ̂, respectively, such

that adj(Wj(t̂, λ̂)) = vju
∗
j and JW(t̂,λ̂)(λ̂) = JW(t̂,λ̂)(t̂, λ̂; u, v) = [u∗

i ∂λj
(Wi(t̂, λ̂))vi]m×m.

Further there exist nonzero scalars αj , βj such that uj = αjyj and vj = βjxj . Now it is

easy to see that u∗
i∂λj

(Wi(t̂, λ̂))vi = αiβiy
∗
i ∂λj

(Wi(t̂, λ̂))xi and thus

JW(t̂,λ̂)(t̂, λ̂; u, v) =




α1β1

. . .

αmβm


 JW(t̂,λ̂)(t̂, λ̂; y, x).

Also we have tr
(
adj(Wi(t̂, λ̂))∂tj (W1(t̂, λ̂))

)
= u∗

i∂tj (Wm(t̂, λ̂))vi = αiβiy
∗
i ∂tj (Wm(t̂, λ̂))xi

for all i, j = 1, · · · , m. Hence by (3.18) we have

∂λ(t̂)

∂tj
= −

(
JW(t̂,λ̂)(t̂, λ̂; y, x)

)−1




y∗1∂tj (W1(t̂, λ̂))x1

...

y∗m∂tj (Wm(t̂, λ̂))xm


 ,

which yields (3.19).

3.5 Backward perturbation analysis

Now we undertake backward perturbation analysis of approximate eigenelements of

a regular two-parameter polynomial eigenvalue problem of degree k.

Definition 3.5.1. Let W ∈ PMEP(k;n1, n2) be regular. Let λ ∈ C2 and 0 6= x :=

x1 ⊗ x2 ∈ Cn1 ⊗ Cn2. Then the backward error of (λ, x) as an approximate eigenpair

of W is defined by η(λ, x,W) := inf {|||∆W|||V : W(λ)x+∆W(λ)x = 0}. The backward
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error of λ as an approximate eigenvalue of W is defined by η(λ,W) := inf {|||∆W|||V :

λ ∈ σ(W+∆W)}.

First we prove the following result.

Proposition 3.5.1. Let Wi : C
2 → Cni×ni be given by Wi(z) :=

∑k
m=0

∑k−m
n=0 A

(i)
mnzm1 zn2 ,

where z = (z1, z2)
T ∈ C2, A

(i)
mn ∈ Cni×ni. Let λ = (λ1, λ2)

T ∈ C2 and 0 6= xi ∈ Cni.

Define η(λ, xi,Wi) := inf {||∆Wi||V : Wi(λ)xi+∆Wi(λ)xi = 0}. Then for a subordinate

matrix norm on Cni×ni, we have η(λ, xi,Wi) =
1

||Λ||V,∗

||ri||
||xi|| , where ri = Wi(λ)xi.

Let t := (tk,0, tk−1,1, · · · , t0,k, tk−1,0, tk−2,1, · · · , t0,k−1, · · · , t1,0, t0,1, t0,0)T ∈ C
(k+1)(k+2)

2

be such that t ∈ ∂||Λ||V,∗ and yi ∈ ∂||xi||. Define ∆A
(i)
mn := − tm,n

||Λ||V,∗

riy∗i
||xi|| for m =

0, · · · , k and n = 0, · · · , k − m. Consider ∆Wi(z) :=
∑k

m=0

∑k−m
n=0 ∆A

(i)
mnzm1 zn2 . Then

Wi(λ)xi +∆Wi(λ)xi = 0 and ||∆Wi||V = η(λ, xi,Wi).

Proof. By similar arguments as those in the proof of Proposition 2.5.1, we have η(λ, xi,Wi) ≥
1

||Λ||V,∗

||ri||
||xi|| . Again note that, ∆Wi(λ)xi = −

∑k
m=0

∑k−m
n=0

tm,n λm
1 λn

2

||Λ||V,∗

riy∗i x

||xi|| = − 〈Λ,t〉
||Λ||V,∗

ri =

−ri. So Wi(λ)xi + ∆Wi(λ)xi = 0. Also we have ||∆A
(i)
mn|| = |tm,n|

||Λ||V,∗

||ri||
||xi|| and thus

||∆Wi||V = ||t||V
||Λ||V,∗

||ri||
||xi|| =

1
||Λ||V,∗

||ri||
||xi|| . Therefore η(λ, xi,Wi) =

1
||Λ||V,∗

||ri||
||xi|| .

Next we use the above result to derive η(λ, x,W).

Theorem 3.5.1. Let W ∈ PMEP(k;n1, n2) be regular, λ = (λ1, λ2)
T ∈ C2 and 0 6= x :=

x1⊗x2 ∈ Cn1 ⊗Cn2. Consider ri = Wi(λ)xi for i = 1, 2. Then for a subordinate matrix

norm on Cni×ni, we have

η(λ, x,W) = ||(η(λ, x1,W1), η(λ, x2,W2))||V =
1

||Λ||V,∗

∣∣∣∣
∣∣∣∣
( ||r1||
||x1||

,
||r2||
||x2||

)∣∣∣∣
∣∣∣∣
V

,

where η(λ, xi,Wi) is as defined in Proposition 3.5.1. In particular, for the Hölder p-norm

on PMEP(k;n1, n2), we have η(λ, x,W) = 1
||Λ||q

∣∣∣
∣∣∣
(

||r1||
||x1|| ,

||r2||
||x2||

)∣∣∣
∣∣∣
p
, where p−1 + q−1 = 1.

Let t := (tk,0, tk−1,1, · · · , t0,k, tk−1,0, tk−2,1, · · · , t0,k−1, · · · , t1,0, t0,1, t0,0)T ∈ C
(k+1)(k+2)

2

be such that t ∈ ∂||Λ||V,∗ and yi ∈ ∂||xi|| for i = 1, 2. Define ∆A
(i)
mn := − tm,n

||Λ||V,∗

riy∗i
||xi||

for m = 0, · · · , k, n = 0, · · · , k −m and ∆Wi(z) :=
∑k

m=0

∑k−m
n=0 ∆A

(i)
mnzm1 zn2 . Consider

∆W(z) := (∆W1(z),∆W2(z)). Then W(λ)x+∆W(λ)x = 0 and |||∆W|||V = η(λ, x,W).

Proof. It follows from the similar arguments as those in the proof of Theorem 2.5.1 that

η(λ, x,W) ≥ ||(η(λ, x1,W1), η(λ, x2,W2))||V . By Proposition 3.5.1, we have Wi(λ)xi +
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∆Wi(λ)xi = 0 and ||∆Wi||V = η(λ, xi,Wi). So |||∆W|||V = ||(η(λ, x1,W1), η(λ, x2,W2))||V .
Hence by Proposition 3.5.1, we have η(λ, x,W) = ||(η(λ, x1,W1), η(λ, x2,W2))||V =

1
||Λ||V,∗

∣∣∣
∣∣∣
(

||r1||
||x1|| ,

||r2||
||x2||

)∣∣∣
∣∣∣
V
.

Next we derive backward error of an approximate eigenvalue λ ∈ Cm of W ∈
PMEP(k;n1, n2).

Proposition 3.5.2. Let Wi : C
2 → Cni×ni be given by

∑k
m=0

∑k−m
n=0 A

(i)
mnzm1 zn2 , where

z = (z1, z2)
T ∈ C2, A

(i)
mn ∈ Cni×ni. Let λ = (λ1, λ2)

T ∈ C2 and define η(λ,Wi) :=

inf {||∆Wi||V : rank(Wi(λ) + ∆Wi(λ)) < ni}. Then for a subordinate matrix norm on

Cni×ni, we have η(λ,Wi) =
ri

||Λ||V,∗
, where ri = min

||xi||=1
{||Wi(λ)xi|| : xi ∈ Cni}.

Let xi ∈ Cni be such that ||xi|| = 1 and ri = ||Wi(λ)xi||. Let yi ∈ ∂||xi|| and

t := (tk,0, tk−1,1, · · · , t0,k, tk−1,0, tk−2,1, · · · , t0,k−1, · · · , t1,0, t0,1, t0,0)T ∈ C
(k+1)(k+2)

2 be such

that t ∈ ∂||Λ||V,∗. Define ∆A
(i)
mn := − tm,n

||Λ||V,∗

riy∗i
||xi|| for m = 0, · · · , k and n = 0, · · · , k −m.

Consider ∆Wi(z) :=
∑k

m=0

∑k−m
n=0 ∆A

(i)
mnzm1 zn2 . Then rank(Wi(λ) + ∆Wi(λ)) < ni and

||∆Wi||V = η(λ,Wi).

Proof. By similar arguments as those in the proof of Proposition 2.5.2, we have η(λ,Wi) ≥
ri

||Λ||V,∗
. It is also easy to see that Wi(λ)xi+∆Wi(λ)xi = 0, i.e., rank(Wi(λ)+∆Wi(λ)) <

ni and ||∆A
(i)
mn|| = |tm,n|

||Λ||V,∗

||ri||
||xi|| . Consequently, we have ||∆Wi||V = ri

||Λ||V,∗
and η(λ,Wi) =

ri
||Λ||V,∗

.

Now we derive η(λ,W) considering subordinate matrix norm on Cni×ni.

Theorem 3.5.2. Let W ∈ PMEP(k;n1, n2) be regular and λ = (λ1, λ2)
T ∈ C2. Consider

ri := min
||xi||=1

{||Wi(λ)xi|| : xi ∈ Cni} for i = 1, 2. Then for a subordinate matrix norm on

Cnk×nk , we have

η(λ,W) = ||(η(λ,W1), η(λ,W2))||V =
1

||Λ||V,∗
||(r1, r2)||V ,

where η(λ,Wi) is as defined in Proposition 3.5.2. In particular, for the Hölder p-norm

on MEP(n1, · · · , nm), η(λ,W) = 1
||Λ||q ||(r1, r2)||p, where p−1 + q−1 = 1.

Let xi ∈ Cni be such that ||xi|| = 1 and ri = ||Wi(λ)xi|| for i = 1, 2. Let yi ∈ ∂||xi||
and t := (tk,0, tk−1,1, · · · , t0,k, tk−1,0, tk−2,1, · · · , t0,k−1, · · · , t1,0, t0,1, t0,0)T ∈ C

(k+1)(k+2)
2 be
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such that t ∈ ∂||Λ||V,∗. Define ∆A
(i)
mn := − tm,n

||Λ||V,∗

riy
∗
i

||xi|| for m = 0, · · · , k, n = 0, · · · , k−m

and ∆Wi(z) :=
∑k

m=0

∑k−m
n=0 ∆A

(i)
mnzm1 zn2 . Consider ∆W(z) = (∆W1(z),∆W2(z)). Then

λ ∈ σ(W+∆W) and |||∆W|||V = η(λ,W).

Proof. By similar arguments as those in the proof of Theorem 2.5.2, it follows that

η(λ,W) ≥ ||(η(λ,W1), η(λ,W2))||V . Again by Proposition 3.5.2, we have rank(Wi(λ) +

∆Wi(λ)) < ni for i = 1, 2, i.e., λ ∈ σ(W+∆W) and ||∆Wi||V = η(λ,Wi). So |||∆W|||V =

||(η(λ,W1), η(λ,W2))||V . Hence the desired result follows.

For the spectral or Frobenious norm on Cni×ni, we have the following result.

Theorem 3.5.3. Let W ∈ PMEP(k;n1, n2) be regular and λ ∈ C2. Then

η(λ,W) =
1

||Λ||V,∗
||(σmin(W1(λ)), σmin(W2(λ)))||V ,

where σmin(Wj(λ)) denotes the smallest singular value of Wj(λ) for all j = 1, 2. In

particular, for the Hölder p-norm on MEP(n1, · · · , nm) we have

η(λ,W) =
1

||Λ||q
||(σmin(W1(λ)), σmin(W2(λ)))||p.

Let t := (tk,0, tk−1,1, · · · , t0,k, tk−1,0, tk−2,1, · · · , t0,k−1, · · · , t1,0, t0,1, t0,0)T ∈ C
(k+1)(k+2)

2 be

such that t ∈ ∂||Λ||V,∗. Consider the SVD Wi(λ) = UiΣiVi and set ui := Ui(:, ni), vi :=

Vi(:, ni) for i = 1, 2. Define ∆A
(j)
mn := − tm,n

||Λ||V,∗
σmin(Wj(λ))ujv

∗
j for m = 0, · · · , k, n =

0, · · · , k−m and∆Wi(z) :=
∑k

m=0

∑k−m
n=0 ∆A

(i)
mnzm1 zn2 . Consider∆W(z) := (∆W1(z),∆W2(z)).

Then λ ∈ σ(W+∆W) and |||∆W|||V = η(λ,W).

Proof. Proof is similar to Theorem 2.5.3.
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4
Sensitivity and Backward Perturbation Analysis of

Homogeneous MEP

4.1 Introduction

In this chapter we develop a framework for sensitivity and backward perturbation

analysis of a regular homogeneous MEP W. More precisely, we define condition num-

ber cond(λ,W) of a simple eigenvalue λ of W and derive various representations of

cond(λ,W). We also define the backward error η(λ,W) of λ as an approximate eigen-

value of W and determine η(λ,W) as well as an optimal perturbation ∆W such that

λ ∈ σ(W +∆W) and |||∆W||| = η(λ,W). We also derive similar results for an approxi-

mate eigenpair (λ, x = x1 ⊗ · · · ⊗ xm) of W.

4.2 Homogeneous MEP

Let W : Cm+1 −→∏m
j=1C

nj×nj be a linear map given by

W(z) := (W1(z), · · · ,Wm(z)), where Wi(z) = z0Ai +
m∑

j=1

zjBij, (4.1)

z := (z0, · · · , zm)T ∈ Cm+1 and Ai, Bij ∈ Cni×ni for all i, j = 1, · · · , m. We re-

fer to W as homogeneous MEP. We denote the space of all homogeneous MEPs by

MEP(n1, · · · , nm). For x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we define

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and x∗W(z) := (x∗
1W1(z), . . . , x

∗
mWm(z)).

59
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Definition 4.2.1. Let W ∈ MEP(n1, · · · , nm) be given by W(z) = (W1(z), · · · ,Wm(z)).

Then W is said to be regular if
∏m

j=1 det(Wj(z)) 6= 0 for some z ∈ Cm+1.

Throughout the chapter, we consider regular homogeneous MEPs. Next we define

the spectrum of a regular homogeneous MEP. Recall that the det function is defined in

(2.2).

Definition 4.2.2. (Spectrum) LetW ∈ MEP(n1, · · · , nm) be regular. Then λ ∈ Cm+1\{0}
is said to be an eigenvalue of W if det(W(λ)) = 0. The set of all eigenvalues of W

is called the spectrum of W and is denoted by σ(W). Let λ ∈ σ(W). Then 0 6= x :=

x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm is called a right eigenvector of W corresponding to

λ if W(λ)x = 0. Similarly 0 6= y := y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm is called a left

eigenvector of W corresponding to λ if y∗W(λ) = 0.

Let W ∈ MEP(n1, · · · , nm) be a regular homogeneous MEP as given in (4.1) and

λ ∈ σ(W). Let x = x1 ⊗ · · · ⊗ xm and y = y1 ⊗ · · · ⊗ ym be right and left eigenvector of

W corresponding to λ, respectively. Then we define

JW(λ; y, x) :=




y∗1A1x1 y∗1B11x1 · · · y∗1B1mx1

...
...

...

y∗mAmxm y∗mBm1xm · · · y∗mBmmxm


 . (4.2)

Next we define geometric multiplicity of an eigenvalue of an MEP.

Definition 4.2.3. (Geometric multiplicity) LetW ∈ MEP(n1, · · · , nm) given byW(z) =

(W1(z), · · · ,Wm(z)) be regular and λ ∈ σ(W). Then the geometric multiplicity of λ is

defined by gW(λ) =
∏m

i=1 dim ker(Wi(λ)). If gW(λ) = 1, then λ is said to be geometri-

cally simple.

Let JW(z) denote the Jacobian of the differentiable function Cm+1 → Cm, z 7→
det(W(z)), at z. Note that JW(z) is a rectangular m× (m+ 1) matrix.

Proposition 4.2.1. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular. Then we
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have

JW(z) =




tr(adj(W1(z))A1) tr(adj(W1(z))B11) · · · tr(adj(W1(z))B1m)
...

...
...

tr(adj(Wm(z))Am) tr(adj(Wm(z))Bm1) · · · tr(adj(Wm(z))Bmm)




(4.3)

for all z ∈ Cm+1. In particular, if λ ∈ σ(W) is geometrically simple then there exist left

and right eigenvectors û := û1 ⊗ · · · ⊗ ûm and v̂ := v̂1 ⊗ · · · ⊗ v̂m of W corresponding to

λ, respectively, such that

JW(λ) =




û∗
1A1v̂1 û∗

1B11v̂1 · · · û∗
1B1mv̂1

...
...

...

û∗
mAmv̂m û∗

mBm1v̂m · · · û∗
mBmmv̂m


 = JW(λ; û, v̂). (4.4)

Proof. Note that JW(z) =
[

∂
∂zj

(det(Wi(z)))
]
m×(m+1)

. By Jacobi’s formula stated in

Proposition 1.1.2, it follows that

∂

∂zj
(det(Wi(z))) =





tr (adj(Wi(z))Ai) for j = 0

tr (adj(Wi(z))Bij) for j = 1, · · · , m,

which yeilds (4.3).

If λ ∈ σ(W) is geometrically simple then rank(Wi(λ)) = ni − 1 for all i = 1, · · · , m.

Thus by Proposition 1.1.1 there exist nonzero vectors ui, vi ∈ Cni such that adj(Wi(λ)) =

viu
∗
i , where Wi(λ)vi = 0 and u∗

iWi(λ) = 0 for all i = 1, · · · , m. Hence the desired result

in (4.4) follows.

Remark 4.2.1. Let W : Cm+1 →
∏m

j=1C
nj×nj given by W(z) = (W1(z), · · · ,Wm(z))

be differentiable. Then the Jacobian matrix of the map Cm+1 → Cm, z 7→ det(W(z)) is

given by

JW(z) =




tr
(
adj(W1(z)) · ∂

∂z0
(W1(z))

)
· · · tr

(
adj(W1(z)) · ∂

∂zm
(W1(z))

)

...
...

tr
(
adj(Wm(z)) · ∂

∂z0
(Wm(z))

)
· · · tr

(
adj(Wm(z)) · ∂

∂zm
(Wm(z))

)




for all z = (z0, z1, · · · , zm)T ∈ Cm+1.
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Now we define an algebraically simple eigenvalue of a regular homogeneous MEP.

Definition 4.2.4. (Algebraic simplicity) Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈
σ(W). Then λ is said to be algebraically simple if rank(JW(λ)) = m. If rank(JW(λ)) < m

then λ is said to be a multiple eigenvalue of W.

Throughout the chapter, we refer to algebraically simple eigenvalues as simple eigen-

values. As expected, a simple eigenvalue is geometrically simple.

Proposition 4.2.2. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular and λ ∈ σ(W)

be simple. Then λ is geometrically simple.

Proof. If dim(ker(Wi(λ))) > 1 for some i ∈ {1, · · · , m} then adj(Wi(λ)) = 0. Thus it fol-

lows from (4.3) that the ith row of JW(λ) is a zero row which contradicts that λ is simple.

Hence dim(ker(Wi(λ))) = 1 for all i = 1, · · · , m and gW(λ) =
∏m

i=1 dim(ker(Wi(λ))) = 1,

i.e., λ is geometrically simple.

Given λ ∈ Cm+1, define Gλ : Cm+1 → Cm+1 by

Gλ(x) =


 det(W(x))

〈x− λ, λ〉


 , x ∈ Cm+1, (4.5)

where 〈·, ·〉 is the usual inner product on Cm+1. It is easy to see that Gλ is a differentiable

function. We derive the derivative DGλ(x) of Gλ(x) with respect to x in the following

result.

Proposition 4.2.3. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular and λ ∈ Cm+1.

Consider the differentiable function Gλ given in (4.5). Then

DGλ(x) =


 JW(x)

λ∗


 (4.6)

for all x ∈ Cm+1.

Proof. It follows from Proposition 4.2.1 that
[

∂
∂xj

(det(Wi(x)))
]
m×(m+1)

= JW(x). Again

∂
∂xj

(〈x− λ, λ〉) = λj. Thus (4.6) follows.
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It follows from (4.5) that λ ∈ σ(W) ⇔ Gλ(λ) = 0. We now show that λ ∈ σ(W)

is simple ⇔ λ is a simple zero of Gλ(z). Note that by simple zero of Gλ(z) we mean a

solution of Gλ(z) = 0 at which the derivative DGλ(z) is nonsingular.

Theorem 4.2.1. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular and λ ∈ σ(W).

Then λ is simple if and only if λ is a simple zero of Gλ, i.e., if and only if Gλ(λ) = 0

and rank(DGλ(λ)) = m+ 1.

Proof. Let λ be a simple eigenvalue of W, i.e., rank(JW(λ)) = m. If possible, suppose

that λ is not a simple zero of Gλ, i.e., rank(DGλ(λ)) < m + 1. Then there exists

0 6= α ∈ Cm such that λ∗ = αTJW(λ). Since λ ∈ σ(W), it is easy to see that

JW(λ)λ =




tr(adj(W1(z))A1) tr(adj(W1(z))B11) · · · tr(adj(W1(z))B1m)
...

...
...

tr(adj(Wm(z))Am) tr(adj(Wm(z))Bm1) · · · tr(adj(Wm(z))Bmm)







λ0

...

λm




=




tr(adj(W1(λ)) ·W1(λ))
...

tr(adj(Wm(λ)) ·Wm(λ))


 =




tr(det(W1(λ))In1)
...

tr(det(Wm(λ))Inm
)


 = 0.

Then λ∗λ = αTJW(λ)λ = 0, i.e., ||λ||22 = 0, which is not possible since λ ∈ σ(W). Thus

rank(DGλ(λ)) = m+ 1 and λ is a simple zero of Gλ.

Conversely let λ be a simple zero of Gλ, i.e., rank(DGλ(λ)) = m+1. Since the rows

of JW(λ) are the first m rows of DGλ(λ) so it follows that rank (JW(λ))) = m. Hence λ

is a simple eigenvalue of W.

Next we define normal derivative and normal Jacobian matrix of the function x 7→
det(W(x)) at some nonzero z ∈ Cm+1.

Definition 4.2.5. Let W ∈ MEP(n1, · · · , nm) be regular and z ∈ Cm+1 be nonzero.

Consider the hyperplane {z}⊥ := {y ∈ Cm+1 : 〈z, y〉 = 0} in Cm+1. Then we de-

fine Dz⊥det(W(z)) : {z}⊥ → Cm by u 7→ JW(z)u for all u ∈ {z}⊥ and we refer to

Dz⊥det(W(z)) as the normal derivative of the function x 7→ det(W(x)) at z.

Let U :=
[
u1 · · · um

]
be a basis of {z}⊥. Then NW(z) := JW(z) · U denotes

the matrix representation of Dz⊥det(W(z)) with respect to the basis U of {z}⊥ and the
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standard basis of Cm. We refer to NW(z) as the normal Jacobian matrix of the function

x 7→ det(W(x)) at z.

Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ σ(W). Let x = x1 ⊗ · · · ⊗ xm and

y = y1 ⊗ · · · ⊗ ym be right and left eigenvector of W corresponding to λ, respectively.

Let U :=
[
u1 · · · um

]
be a basis of {λ}⊥.Then we define

NW(λ; y, x) :=




y∗1W1(u1)x1 · · · y∗1W1(um)x1

...

y∗mWm(u1)xm · · · y∗mWm(um)xm


 . (4.7)

Proposition 4.2.4. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm+1 be nonzero.

Let U :=
[
u1 · · · um

]
be a basis of {λ}⊥. Then

NW(λ) =




tr(adj(W1(λ)) ·W1(u1)) · · · tr(adj(W1(λ)) ·W1(um))
...

...

tr(adj(Wm(λ)) ·Wm(u1)) · · · tr(adj(Wm(λ)) ·Wm(um))


 . (4.8)

In particular, if λ ∈ σ(W) is geometrically simple then there exist left and right eigen-

vectors û := û1 ⊗ · · · ⊗ ûm and v̂ := v̂1 ⊗ · · ·⊗ v̂m of W corresponding to λ, respectively,

such that

NW(λ) =




û∗
1W1(u1)v̂1 · · · û∗

1W1(um)v̂1
...

...

û∗
mWm(u1)v̂m · · · û∗

mWm(um)v̂m


 = NW(λ; û, v̂). (4.9)

Proof. We have NW(λ) = JW(λ) · U =
[
JW(λ)u1 · · · JW(λ)um

]
. Now

JW(λ)ui =




tr(adj(W1(λ))A1) tr(adj(W1(λ))B11) · · · tr(adj(W1(λ))B1m)
...

...
...

tr(adj(Wm(λ))Am) tr(adj(Wm(λ))Bm1) · · · tr(adj(Wm(λ))Bmm)


 · ui

=




tr(adj(W1(λ)) ·W1(ui))
...

tr(adj(Wm(λ)) ·Wm(ui))


 for i = 1, · · · , m.
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This proves (4.8).

If λ ∈ σ(W) is geometrically simple then it follows from Definition 4.2.3 that

rank(Wi(λ)) = ni − 1 for all i = 1, · · · , m. So by Proposition 1.1.1, there exist nonzero

vectors ûi, v̂i ∈ Cni such that adj(Wi(λ)) = v̂iû
∗
i , where Wi(λ)v̂i = 0 and û∗

iWi(λ) = 0 for

all i = 1, · · · , m. Thus we have tr(adj(Wi(λ))Wi(uj)) = tr(v̂iû
∗
iWi(uj)) = û∗

iWi(uj)v̂i,

which yields (4.11).

Consider a special case when λ := (λ0, · · · , λm)
T ∈ Cm+1 is such that λ0 6= 0. Define

uj := λje0 − λ0ej for j = 1, · · · , m. Then U =
[
u1 · · · um

]
is a basis of {λ}⊥ and

as an immediate consequence of Proposition 4.2.4, we have the following result.

Corollary 4.2.2. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular and λ :=

(λ0, · · · , λm)
T ∈ Cm+1 be such that λ0 6= 0. Consider the basis U =

[
u1 · · · um

]
of

{λ}⊥, where uj := λje0 − λ0ej for j = 1, · · · , m. Then

NW(λ) =




tr(adj(W1(λ)) · (λ1A1 − λ0B11)) · · · tr(adj(W1(λ)) · (λmA1 − λ0B1m))
...

...

tr(adj(Wm(λ)) · (λ1Am − λ0Bm1)) · · · tr(adj(Wm(λ)) · (λmAm − λ0Bmm))


 .

(4.10)

In particular, if λ ∈ σ(W) is geometrically simple then there exist left and right eigen-

vectors û := û1 ⊗ · · · ⊗ ûm and v̂ := v̂1 ⊗ · · ·⊗ v̂m of W corresponding to λ, respectively,

such that

NW(λ) =




û∗
1(λ1A1 − λ0B11)v̂1 · · · û∗

1(λmA1 − λ0B1m)v̂1
...

...

û∗
m(λ1Am − λ0Bm1)v̂m · · · û∗

m(λmAm − λ0Bmm)v̂m


 . (4.11)

Proof. Note that Wi(uj) = λjAi − λ0Bij for all i, j = 1, · · · , m. Hence the proof follows

from Proposition 4.2.4.

Next we characterize a simple eigenvalue λ ∈ σ(W).

Theorem 4.2.3. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ σ(W). Then λ is

simple if and only if NW(λ) is nonsingular.
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Proof. Let U :=
[
u1 · · · um

]
be a basis of {λ}⊥.

(⇒) Let λ ∈ σ(W) be simple. Suppose that NW(λ)α = 0 for some α ∈ Cm. By (4.6)

we have

DGλ(λ)Uα =


 JW(λ)Uα

λ∗Uα


 =


 NW(λ)α

0


 = 0.

Now by Theorem 4.2.1, DGλ(λ) is nonsingular since λ is simple. So DGλ(λ)Uα = 0

implies that Uα = 0 ⇒ α = 0. Hence NW(λ) is nonsingular.

(⇐) Let NW(λ) be nonsingular. Suppose that DGλ(λ)z = 0 for some z ∈ Cm+1.

Note that there exist β ∈ C and γ ∈ Cm such that z = Uγ + βλ. Since JW(λ)λ = 0 as

λ ∈ σ(W) it follows from (4.6) that

DGλ(λ)z =


 JW(λ)(Uγ + βλ)

λ∗(Uγ + βλ)


 =


 JW(λ)Uγ

β||λ||22


 =


 NW(λ)γ

β||λ||22


 = 0.

Since λ 6= 0, β||λ||22 = 0 implies that β = 0. Again nonsingularity of NW(λ) implies

that γ = 0. So z = 0 and thus DGλ(λ) is nonsingular. Therefore by Theorem 4.2.1, it

follows that λ is simple.

The following result also characterizes simple eigenvalues.

Theorem 4.2.4. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm+1 be nonzero. Let

U :=
[
u1 · · · um

]
be a basis of {λ}⊥. Then the following conditions are equivalent:

(i) λ is simple.

(ii) λ is a simple zero of the function Gλ which is defined in (4.5).

(iii) NW(λ) is nonsingular.

(iv) NW(λ; y, x) is nonsingular for all left and right eigenvectors y, x of W correspond-

ing to λ, respectively.

Proof. Note that (i) ⇒ (ii) follows by Theorem 4.2.1 and (ii) ⇒ (iii) follows by Theo-

rem 4.2.3.

Next we show (iii) ⇒ (iv). Suppose that NW(λ) is nonsingular. If dim ker(Wk(λ))) >

1 for some k ∈ {1, · · · , m}, then adj(Wk(λ)) = 0. Then it follows from (4.8) that the
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kth row of NW(λ) is a zero row which contradicts that NW(λ) is nonsingular. Therefore

dim ker(Wi(λ))) = 1 for all i = 1, · · · , m, i.e., λ is geometrically simple. Now by

Proposition 4.2.4, there exist left and right eigenvectors û and v̂ of W corresponding to

λ, respectively, such that NW(λ) = NW(λ; û, v̂). Note that NW(λ; û, v̂) is nonsingular

as NW(λ) is nonsingular. Since dim ker(Wi(λ))) = 1 for all i = 1, · · · , m, there exists

nonzero scalars αi and βi such that ûi = αiyi and v̂i = βixi for all i = 1, · · · , m. Then

û∗
iWi(uj)v̂i = (αiyi)

∗Wi(uj)(βixi) = αiβiy
∗
iWi(uj)xi. So we have

NW(λ; û, v̂) =




α1β1y
∗
1W1(u1)x1 · · · α1β1y

∗
1W1(um)x1

...
...

αmβmy
∗
mWm(u1)xm · · · αmβmy

∗
mWm(um)xm




=




α1β1

. . .

αmβm


NW(λ; y, x).

Therefore NW(λ; y, x) is nonsingular since NW(λ; û, v̂) is nonsingular.

Finally we prove (iv) ⇒ (i). Suppose that NW(λ; y, x) is nonsingular for all left and

right eigenvectors y and x ofW corresponding to λ, respectively. If possible, suppose that

dim ker(Wk(λ)) > 1 for some k ∈ {1, · · · , m}. Let y := y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · ·⊗Cnm

be a left eigenvector of W corresponding to λ. Consider xi ∈ Cni such that Wi(λ)xi = 0

for all i = 1, · · · , k − 1, k + 1, · · · , m. Define the linear functional g : ker(Wk(λ)) → C

given by g(zk) = det(NW(λ; y, z)), where z = x1 ⊗ · · · ⊗ xk−1 ⊗ zk ⊗ xk+1 ⊗ · · · ⊗ xm is

a right eigenvector of W corresponding to λ. Now by the Rank - Nullity Theorem, we

have dim ker(g) = dim(ker(Wk(λ)))− 1 > 0. So there exists xk ∈ ker(Wk(λ)) such that

g(xk) = det(NW(λ; y, x)) = 0, where x = x1⊗· · ·⊗xk−1⊗xk ⊗xk+1⊗· · ·⊗xm is a right

eigenvector of W corresponding to λ. This contradicts the assumption that NW(λ; y, x)

is nonsingular for all left and right eigenvectors y and x of W corresponding to λ,

respectively. Therefore dim ker(Wi(λ)) = 1 for all i = 1, · · · , m, i.e., λ is geometrically

simple. Again by Proposition 4.2.4, there exist left and right eigenvectors û and v̂

of W corresponding to λ, respectively, such that NW(λ) = NW(λ; û, v̂). So NW(λ) is

nonsingular and by Theorem 4.2.3, λ is simple.
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4.3 Sensitivity analysis of simple eigenvalues

In this section we undertake sensitivity analysis of an algebraically simple eigenvalue

of a regular homogeneous MEP and derive condition number of a simple eigenvalue.

First we define the condition number of an eigenvalue of a regular homogeneous MEP.

Definition 4.3.1. (Condition number) Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈
σ(W). Then we define the condition number of λ by

cond(λ,W) := lim sup
|||∆W|||→0

dist(λ, σ(W+∆W))

|||∆W||| ,

where ∆W ∈ MEP(n1, · · · , nm) and dist(λ, σ(W+∆W)) := min{||λ−µ||2 : µ ∈ σ(W+

∆W)}.

Let W ∈ MEP(n1, · · · , nm) be as given in (4.1). Recall that given a monotone norm

|| · ||V on Cm+1 and a matrix norm || · || on Cni×ni for i = 1, · · · , m, the norm |||·|||V
on MEP(n1, · · · , nm) is given by |||W|||V = ||(||W1||V , · · · , ||Wm||V )||V , where ||Wi||V =

||(||Ai||, ||Bi1||, · · · , ||Bim||)||V for i = 1, · · · , m. We define Hölder p-norm |||·|||p on

MEP(n1, · · · , nm) by |||W|||p = ||(||W1||p, · · · , ||Wm||p)||p, where ||Wi||p is given by ||Wi||p =
||(||Ai||, ||Bi1||, · · · , ||Bim||)||p for 1 ≤ p ≤ ∞.

Theorem 4.3.1. Let W ∈ MEP(n1, · · · , nm) given by (4.1) be regular and λW ∈ σ(W)

be simple. Let y := y1⊗· · ·⊗ ym and x := x1⊗· · ·⊗xm be left and right eigenvectors of

W corresponding to λW, respectively. Let U =
[
u1 · · · um

]
be a basis of {λW}⊥ and

NW(λW) be the normal Jacobian matrix of the function z 7→ det(W(z)) at λW. Then

there is an open neighborhood nbd(W) ⊂ MEP(n1, · · · , nm) containing W and a smooth

function λ : nbd(W) → Cm+1 such that λ(W) = λW and λ(X) is a simple eigenvalue of

X for all X ∈ nbd(W). Further the derivative Dλ(W) : MEP(n1, · · · , nm) → Cm+1 of λ
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at W is given by

Dλ(W)H = −U(NW(λW))
−1




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 (4.12)

= −U(NW(λW; y, x))
−1




y∗1H1(λW)x1

...

y∗mHm(λW)xm


 (4.13)

for all H ∈ MEP(n1, · · · , nm) such that H(z) = (H1(z), · · · , Hm(z)).

a) The condition number cond(λW,W) is given by

cond(λW,W) ≤ ||U(NW(λW))
−1||V ||λ∗

W||V,∗ max
i

||(adj(Wi(λW)))
∗||∗.

In particular, for the spectral or Frobenius norm on Cni×ni, we have

cond(λW,W) ≤ ||U(NW(λW))
−1||V ||λ∗

W||V,∗ max
i

ni−1∏

k=1

σk(Wi(λW)),

where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are the singular values of Wi(λW) for

i = 1, · · · , m.

b) Also we have

cond(λW,W) ≤ ||U(NW(λW; y, x))
−1||V ||λ∗

W||V,∗ max
i

||yix∗
i ||∗.

For a subordinate matrix norm || · || on Cni×ni, we have,

cond(λW,W) ≤ ||U(NW(λW; y, x))
−1||V ||λ∗

W||V,∗ max
i

||yi||∗||xi||.

In particular, for the spectral or Frobenius matrix norm on Cni×ni, we have,

cond(λW,W) ≤ ||U(NW(λW; y, x))
−1||V ||λ∗

W||V,∗ max
i

||yi||2||xi||2.

Proof. Define φ : MEP(n1, · · · , nm) × Cm+1 → Cm+1 by φ(Y, z) =


 det(Y(z))

〈z − λW, λW〉


.

Consider V(φ) := {(Y, z) ∈ MEP(n1, · · · , nm)× Cm+1 : φ(Y, z) = 0}. It is obvious that
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(W, λW) ∈ V(φ) and ∂λφ(W, λW) = DGλW
(λW) which is nonsingular by Theorem 4.2.1

since λW is simple. Hence by the Implicit function theorem there is an open neigh-

borhood nbd(W) containing W and a smooth function λ : nbd(W) → Cm+1 such that

λ(W) = λW and V(φ) ∩ (nbd(W)× Cm+1) = {(X, λ(X)) : X ∈ nbd(W)} is the graph of

the function X 7→ λ(X) for all X ∈ nbd(W). So φ(X, λ(X)) = 0 for all X ∈ nbd(W), i.e.,

λ(X) ∈ σ(X) for all X ∈ nbd(W). By similar arguments as given in Theorem 2.3.1, it

follows that λ(X) ∈ σ(X) is simple for all X ∈ nbd(W).

Now differentiating φ(X, λ(X)) = 0 with respect to X at W we have

∂λφ(λW,W)Dλ(W)H+ ∂Xφ(λW,W)H = 0 (4.14)

for all H ∈ MEP(n1, · · · , nm). Note that ∂λφ(λW,W) = DGλW
(λW) and ∂Xφ(λW,W) :

MEP(n1, · · · , nm) → Cm+1 is given by

∂Xφ(λW,W)H =
[
tr(adj(W1(λW))H1(λ(λW))), · · · , tr(adj(Wm(λW))Hm(λW)), 0

]T
.

Therefore by (4.14), we have

Dλ(W)H = −(DGλW
(λW))

−1




tr(adj(W1(λW))H1(λW))
...

tr(adj(Xm(λW))Hm(λW))

0




= −(DGλW
(λW))

−1(:, 1 : m)




tr(adj(W1(λW))H1(λW))
...

tr(adj(Xm(λW))Hm(λW))


 . (4.15)

Note that B =
[
U λW

]
is a basis of Cm+1. By (4.6) we have

(DGλW
(λW)) · B =


 JW(λW)

λ∗
W



[
U λW

]
=


 NW(λW) 0

0 ||λW||22


 .
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Consequently, we have

B−1(DGλW
(λW))−1 =


 (NW(λW))

−1 0

0 1
||λW||22




⇒ (DGλW
(λW))

−1 =
[
U λW

]

 (NW(λW))−1 0

0 1
||λW||22




⇒ (DGλW
(λW))

−1(:, 1 : m) = U(NW(λW))−1.

Hence by (4.15) we have

Dλ(W)H = −U(NW(λW))−1




tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 ,

which proves (4.12).

Since λW ∈ σ(W) is simple, by Proposition 4.2.2, it follows that λW is geometrically

simple. Then by Proposition 4.2.4, there exists left and right eigenvectors û = û1 ⊗
· · · ⊗ ûm and v̂ = v̂1 ⊗ · · · ⊗ v̂m of W corresponding to λW, respectively, such that

adj(Wi(λW)) = v̂iû
∗
i for all i = 1, · · · , m and NW(λW) = NW(λW; û, v̂). Also there exist

nonzero scalars αi, βi such that ûi = αiyi and v̂i = βixii for i = 1, · · · , m. As we have

seen in the proof of Theorem 4.2.4, we have

NW(λW) = NW(λW; û, v̂) =




α1β1

. . .

αmβm


NW(λ; y, x)

which gives

(NW(λW))
−1 = (NW(λW; y, x))−1




α1β1

. . .

αmβm




−1

.

Again note that

tr(adj(Wi(λW))Hi(λW)) = 〈Hi(λW), adj(Wi(λW))
∗〉 = 〈Hi(λW), uiv

∗
i 〉

= u∗
iHi(λW)vi = (αiyi)

∗Hi(λW)(βixi) = αiβiy
∗
iHi(λW)xi
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for all i = 1, · · · , m. Thus we have



tr(adj(W1(λW))H1(λW))
...

tr(adj(Wm(λW))Hm(λW))


 =




α1β1

. . .

αmβm







y∗1H1(λW)x1

...

y∗mHm(λW)xm


 .

Therefore by (4.12), we have

Dλ(W)H = −U(NW(λW; y, x))−1




y∗1H1(λW)x1

...

y∗mHm(λW)xm


 ,

which proves (4.13). The rest of the proof is similar to that of Theorem 2.3.2.

When MEP(n1, · · · , nm) is equipped with the Hölder p-norm |||·|||p, we have the fol-

lowing result.

Corollary 4.3.2. Let W ∈ MEP(n1, · · · , nm) be regular and λW ∈ σ(W) be a simple

eigenvalue of W. Let x := x1 ⊗ · · · ⊗ xm and y := y1 ⊗ · · · ⊗ ym be right and left

eigenvectors of W corresponding to λW, respectively.

a) Then

cond(λW,W) ≤ ||U(NW(λW))
−1||p ||λ∗

W||q max
i

||(adj(Wi(λW)))
∗||∗,

where p−1 + q−1 = 1. In particular, for the spectral or Frobenius norm on Cni×ni,

we have

cond(λW,W) ≤ ||U(NW(λW))−1||p ||λ∗
W||q max

i

ni−1∏

k=1

σk(Wi(λW)),

where σ1(Wi(λW)) ≥ · · · ≥ σni
(Wi(λW)) are singular values of Wi(λW) for i =

1, · · · , m.

b) Also we have

cond(λW,W) ≤ ||U(NW(λW; y, x))
−1||p ||λ∗

W||q max
i

||yix∗
i ||∗.

For a subordinate matrix norm || · || on Cni×ni, we have

cond(λW,W) ≤ ||U(NW(λW; y, x))−1||p ||λ∗
W||q max

i
||yi||∗||xi||.
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In particular, for the spectral or Frobenius matrix norm on Cni×ni, we have

cond(λW,W) ≤ ||U(NW(λW; y, x))
−1||p ||λ∗

W||q max
i

||yi||2||xi||2.

Remark 4.3.1. When m = 1, the regular homogeneous MEP reduces to a regular ho-

mogenous matrix pencil W(z) := z1A+z2B, where z = (z1, z2)
T ∈ C2 and A,B ∈ Cn1×n1.

For a simple eigenvalue λW = (λ1, λ2)
T of W, consider u =

(
λ2

||(λ2,−λ1)||V
, −λ1

||(λ2,−λ1)||V

)T
.

Then U = [u] is a basis of {λW}⊥. Note that

NW(λW) = tr(adj(W (λW))W(u)) 6= 0 and (NW(λW))−1 =
1

tr(adj(W (λW))W(u))
.

Then ||U(NW(λW))−1||V = 1
|tr(adj(W (λW))W(u))| ||u||V = 1

|tr(adj(W (λW))W(u))| . So it follows

from Theorem 4.3.1 that

cond(λW,W) ≤ ||λW||V,∗ ||(adj(W(λW)))
∗||∗

|tr(adj(W(λW))W(u))| . (4.16)

It is shown in [7] that the equality holds in (4.16). We, therefore, consider

cond(λW,W) = ||U(NW(λW))
−1||V ||λ∗

W||V,∗ max
i

||(adj(Wi(λW)))∗||∗

to be the condition number of a simple eigenvalue λW of a regular nonhomogeneous MEP

W. Equivalently if x := x1⊗· · ·⊗xm and y := y1⊗· · ·⊗ym are right and left eigenvectors

of W corresponding to λW, respectively, then we have

cond(λW,W) = ||U(NW(λW; y, x))
−1||V ||λ∗

W||V,∗ max
i

||yix∗
i ||∗.

Considering the weighted norm |||·|||w,V on MEP(n1, · · · , nm), we have the following

result.

Theorem 4.3.3. Let W ∈ MEP(n1, · · · , nm) be regular and λW ∈ σ(W) be simple. Con-

sider the weighted norm |||·|||w,V on MEP(n1, · · · , nm) with nonzero positive weights wi :=

||(adj(Wi(λW)))
∗||∗ for i = 1, · · · , m. Then cond(λW,W) = ||U(NW(λW))

−1||V ||λ∗
W||V,∗.

In particular, for the weighted Hölder p-norm |||·|||w,p on MEP(n1, · · · , nm) with nonzero

positive weights wi := ||(adj(Wi(λW)))
∗||∗ for i = 1, · · · , m, we have cond(λW,W) =

||U(NW(λW))−1||p ||λ∗
W||q, where p−1 + q−1 = 1.
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Proof. By similar arguments as those in the proof of Theorem 2.3.4, it follows from

(4.12) that ||Dλ(W)H||V ≤ ||U(NW(λW))−1||V ||λ∗
W||V,∗ |||H|||w,V . To prove the equality,

consider Y ∈ MEP(n1, · · · , nm) such that Y(z) = (Y1(z), · · · , Ym(z)), ||Yi||V = 1 and

〈Yi, λ
∗
W ⊗ adj(Wi(λW))

∗〉 = tr(adj(Wi(λW))Yi(λW)) = wi||λ∗
W||V,∗,

where λ∗
W ⊗ adj(Wi(λW))

∗ : Cm+1 → Cni×ni is given by (λ∗
W ⊗ adj(Wi(λW))

∗)(z) =

(λ∗
Wz)adj(Wi(λW))

∗ for i = 1, · · · , m. Let u = (u1, · · · , um)
T ∈ Cm be such that ||u||V =

1 and ||U(NW(λW))
−1u||V = ||U(NW(λW))

−1||V . Construct X ∈ MEP(n1, · · · , nm) such

that X(z) :=
(

u1

w1
Y1(z), · · · , um

wm
Ym(z)

)
. Then it is easy to see that |||X|||w,V = 1.

Also by (4.12), we have Dλ(W)X = ||λ∗
W||V,∗ U(NW(λW))−1u and ||Dλ(W)X||V =

||U(NW(λW))
−1||V ||λ∗

W||V,∗. Hence cond(λW,W) = ||Dλ(W)||V = ||U(NW(λW))
−1||V ||λ∗

W||V,∗.
This completes the proof.

Next we define fast perturbation for a regular homogeneous MEP.

Definition 4.3.2. Let W ∈ MEP(n1, · · · , nm) be regular and λW ∈ σ(W) be simple.

Then ∆W ∈ MEP(n1, · · · , nm) is said to be a fast perturbation for λW if ||Dλ(W)∆W||V =

||Dλ(W)|||||∆W|||V .

Now we construct a fast perturbation for a simple eigenvalue of a homogeneous MEP

considering a weighted norm on MEP(n1, · · · , nm).

Proposition 4.3.1. (Fast Perturbation) Let W ∈ MEP(n1, · · · , nm) be regular and

λW ∈ σ(W) be simple. Consider the weighted norm |||·|||w,V on MEP(n1, · · · , nm) with

nonzero positive weights wi = ||(adj(Wi(λW)))∗||∗ for i = 1, · · · , m. Let y = (y1, · · · , ym)T ∈
Cm be such that ||y||V = 1 and ||U(NW(λW))

−1 y||V = ||U(NW(λW))−1||V . Let Y ∈
MEP(n1, · · · , nm) be such that Y(z) := (Y1(z), · · · , Ym(z)), ||Yi||V = 1 and

tr(adj(Wi(λW))Yi(λW)) = 〈Yi, λ
∗
W ⊗ adj(Wi(λW))∗〉 = wi||λ∗

W||V,∗,

where λ∗
W ⊗ adj(Wi(λW))∗ : Cm+1 → Cni×ni is given by (λ∗

W ⊗ adj(Wi(λW))∗)(z) =

(λ∗
Wz)adj(Wi(λW))

∗ for i = 1, · · · , m. Consider ∆W ∈ MEP(n1, · · · , nm) such that

∆W(z) :=
(

y1
w1
Y1(z), · · · , ym

wm
Ym(z)

)
. Then ∆W is a fast perturbation for λW.
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Proof. First note that |||∆W|||w,V =
∣∣∣
∣∣∣
(
w1

|y1|
w1

||Y1||V , · · · , wm
|ym|
wm

||Ym||V
)∣∣∣
∣∣∣
V
= ||y||V = 1.

Also by (4.12), we haveDλ(W)∆W = ||λ∗||V,∗U(NW(λW))
−1y. Therefore ||Dλ(W)∆W||V =

||λ∗||V,∗||U(NW(λW))−1||V . Hence the proof completes.

4.4 Holomorphic perturbations

Let W : Cp → MEP(n1, · · · , nm) be holomorphic. Then W(t) ∈ MEP(n1, · · · , nm)

for t ∈ Cp. We write W(t)(z) as W(t, z) := (W1(t, z), · · · ,Wm(t, z)). Then W(t, z) is

said to be regular if for each t ∈ Cp there is a z ∈ Cm+1 such that
∏m

i=1 det(Wi(t, z)) 6= 0.

We refer to W(t, z) as a regular holomorphic MEP. Define F : Cp × Cm+1 → Cm by

F(t, z) := (det(W1(t, z)), · · · , det(Wm(t, z)))
T . Recall that a nonzero λ ∈ Cm+1 is said to

be an eigenvalue of W(t, z) if F(t, λ) = 0. Then x1⊗· · ·⊗xm ∈ Cn1⊗· · ·⊗Cnm is said to

be a right eigenvector ofW(t, z) corresponding to λ if Wi(t, λ)xi = 0 for all i = 1, · · · , m.

Similarly y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm is said to be a right eigenvector of W(t, z)

corresponding to λ if y∗iWi(t, λ) = 0 for all i = 1, · · · , m. An eigenvalue λ of W(t, z) is

said to be geometrically simple if
∏m

i=1 dim ker(Wj(t, λ)) = 1. An eigenvalue λ ofW(t, z)

is said to be simple if the Jacobian matrix JW(t,λ)(λ) of the map Cm+1 → Cm, z 7→ F(t, z)

given by JW(t,λ)(λ) :=
[
tr(adj(Wi(t, λ))∂λj

(Wi(t, λ(t))))
]
m×(m+1)

is a full-rank matrix.

Let λ ∈ Cm+1 be an eigenvalue of W(t, z). Let U :=
[
u1 · · · um

]
be a basis of

{λ}⊥. Define NW(t,λ)(λ) := JW(t,λ)(λ)U . We refer to NW(t,λ)(λ) as the normal Jacobian

matrix of the map {λ}⊥ → Cm, u 7→ JW(t,λ)(λ)U . For left and right eigenvectors y :=

y1 ⊗ · · · ⊗ ym and x := x1 ⊗ · · · ⊗ xm corresponding to an eigenvalue λ, respectively,

define NW(t,λ)(t, λ; y, x) := [y∗iWi(t, uj))xi]m×m.

Proposition 4.4.1. Let W : Cp → MEP(n1, · · · , nm) be holomorphic such that W(t, z)

is regular for all t ∈ Cp. Let λ be a geometrically simple eigenvalue of W(t, z). Then

there exist left and right eigenvectors û := û1 ⊗ · · · ⊗ ûm and v̂ := v̂1 ⊗ · · · ⊗ v̂m

corresponding to λ, respectively, such that NW(t,λ)(λ) = NW(t,λ)(t, λ; û, v̂).

Proof. Since rank(Wi(t, λ)) = ni − 1 for all i = 1, · · · , m, by Proposition 1.1.1 there

exist nonzero vectors ûi, v̂i ∈ Cni such that adj(Wi(t, λ)) = v̂iû
∗
i , where Wi(λ)v̂i = 0

and û∗
iWi(λ) = 0 for all i = 1, · · · , m. The rest of the proof is similar to that of

Proposition 2.2.1.
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Next we have the following result.

Theorem 4.4.1. Let W : Cp → MEP(n1, · · · , nm) be a holomorphic map such that

W(t, z) is regular for all t ∈ Cp. Let λ̂ be a simple eigenvalue of W(t̂, z) for some t̂ ∈ Cp.

Let x := x1 ⊗ · · · ⊗ xm and y := y1 ⊗ · · · ⊗ ym be right and left eigenvector of W(t̂, z)

corresponding to the eigenvalue λ̂, respectively. Then there is an open neighborhood

nbd(t̂) ⊂ Cp containing t̂ and a holomorphic function λ : nbd(t̂) → Cm+1 such that

λ(t̂) = λ̂ and λ(t) is a simple eigenvalue of W(t, z) for all t ∈ nbd(t̂). Further, let U(t)

be a basis of {λ(t)}⊥ and NW(t,λ(t))(λ(t)) := JW(t,λ)(λ) · U(t) be the normal Jacobian

matrix of the function z 7→ F(t, z) at λ(t) for all t ∈ nbd(t̂). Then λ(t + h) = λ(t) +

Dλ(t)h+O(||h||22) for sufficiently small ||h||2, where

Dλ(t)h = −U(t)(NW(t,λ(t))(λ(t)))
−1




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj


 ,

(4.17)

for all h = (h1, · · · , hp)
T ∈ Cp. In particular, we have

∂λ(t̂)

∂tj
= −U(t̂)(NW(t̂,λ̂)(λ̂))

−1




tr
(
adj(W1(t̂, λ̂))∂tj (W1(t̂, λ̂))

)

...

tr
(
adj(Wm(t̂, λ̂))∂tj (W1(t̂, λ̂))

)


 (4.18)

= −U(t̂)(NW(t̂,λ̂)(t̂, λ̂; y, x))
−1




y∗1∂tj (W1(t̂, λ̂))x1

...

y∗m∂tj (W1(t̂, λ̂))xm


 . (4.19)

Proof. Define φ : Cp × Cm+1 → Cm+1 by φ(t, z) =


 F(t, z)

〈z − λ̂, λ̂〉


 for t ∈ Cp and z ∈

Cm+1. Note that φ(t̂, λ̂) = 0 and ∂λ̂(φ(t̂), λ̂) = DGλ̂(λ̂) is nonsingular by Theorem 4.2.1

since λ̂ is a simple eigenvalue ofW(t̂, z). Hence by Implicit Function Theorem there is an

open neighborhood nbd(t̂) containing t̂ and a holomorphic function λ : nbd(t̂) → Cm+1

such that λ(t̂) = λ̂ and φ(t, λ(t)) = 0 for all t ∈ nbd(t̂). By similar arguments as those

in the proof of Theorem 4.3.1 it follows that λ(t) is a simple eigenvalue of W(t, z) for
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all t ∈ nbd(t̂). Now differentiating φ(λ(t), t) = 0 with respect to t we have

∂λ(φ(λ(t), t))Dλ(t)h+ ∂t(φ(λ(t), t))h = 0 (4.20)

for all h = (h1, · · · , hp)
T ∈ Cp. Note that ∂λ(φ(λ(t), t)) = DGλ(t)(λ(t)) is nonsingular

and using DWi(t, λ(t))h =
∑p

j=1 ∂tj (Wi(t, λ(t)))hj , we have ∂t(φ(λ(t), t)) : C
p → Cm+1

given by

∂t(φ(λ(t), t))h =




tr(adj(W1(t, λ(t)))DW1(t, λ(t))h)
...

tr(adj(Wm(t, λ(t)))DWm(t, λ(t))h)

0




=




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj

0



.

So by (4.20), we have

Dλ(t)h = (DGλ(t)(λ(t)))
−1




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj

0




= (DGλ(t)(λ(t)))
−1(:, 1 : m)




∑p
j=1 tr

(
adj(W1(t, λ(t)))∂tj (W1(t, λ(t)))

)
hj

...
∑p

j=1 tr
(
adj(Wm(t, λ(t)))∂tj (Wm(t, λ(t)))

)
hj


 .

By similar arguments as those in the proof of Theorem 4.3.1, we have (DGλ(t)(λ(t)))
−1(:

, 1 : m) = U(t)(NW(t,λ(t))(λ(t)))
−1, which proves (4.17). Then (4.18) and (4.19) follow

from (4.17).

4.5 Backward perturbation analysis

We now derive backward error of an approximate eigenpair and an approximate

eigenvalue of a regular homogeneous MEP.
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Definition 4.5.1. Let W ∈ MEP(n1, · · · , nm) be regular. Let λ ∈ Cm+1 \ {0} and

0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm. Then the backward error of (λ, x) as an

approximate eigenpair of W is defined by

η(λ, x,W) = inf {|||∆W|||V : W(λ)x+∆W(λ)x = 0}

and the backward error of λ as an approximate eigenvalue of W is defined by

η(λ,W) = inf {|||∆W|||V : λ ∈ σ(W+∆W)}.

First we prove the following result.

Proposition 4.5.1. Let Wk : C
m+1 → Cnk×nk be given by Wk(z) := z0Ak+

∑m
j=1 zjBkj,

where Ak, Bkj ∈ Cnk×nk for all j = 1, · · · , m. Let λ ∈ Cm+1 \ {0} and 0 6= xk ∈ Cnk .

Define

η(λ, xk,Wk) = inf {||∆Wk||V : Wk(λ)xk +∆Wk(λ)xk = 0}. (4.21)

Then for a subordinate matrix norm on Cnk×nk , we have η(λ, xk,Wk) =
1

||λ||V,∗

||rk||
||xk|| , where

rk = Wk(λ)xk.

Let yk ∈ ∂||xk|| and t := (t0, · · · , tm)T ∈ ∂||λ||V,∗. Define

∆Ak := − t0
||λ||V,∗

rky
∗
k

||xk||
, ∆Bkj := − tj

||λ||V,∗
rky

∗
k

||xk||
for j = 1, · · · , m and consider ∆Wk(z) := z0∆Ak +

∑m
j=1 zj∆Bkj. Then Wk(λ)xk +

∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ, xk,Wk).

Proof. By similar arguments as those in the proof of Proposition 2.5.1, we have η(λ, xk,Wk) ≥
1

||λ||V,∗

||rk||
||xk|| . Note that ∆Wk(λ)xk = −

∑m
j=1 λjtj

||λ||V,∗

rky
∗
k
xk

||xk|| = −rk, i.e., Wk(λ)xk+∆Wk(λ)xk =

0 and ||∆Ak|| = |t0|
||λ||V,∗

||rk||
||xk|| , ||∆Bkj|| = |tj |

||λ||V,∗

||rk||
||xk|| for j = 1, · · · , m. Now ||∆Wk||V =

||t||V
||λ||V,∗

||rk||
||xk|| =

1
||λ||V,∗

||rk||
||xk|| shows that η(λ, xk,Wk) =

1
||λ||V,∗

||rk||
||xk|| .

Next we derive η(λ, x,W) by considering a subordinate matrix norm on Cni×ni.

Theorem 4.5.1. Let W ∈ MEP(n1, · · · , nm) be regular, λ ∈ Cm+1 \ {0} and 0 6= x :=

x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm. Consider rk := Wk(λ)xk for all k = 1, · · · , m. Then

for a subordinate matrix norm on Cnk×nk , we have

η(λ, x,W) = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V =
1

||λ||V,∗

∣∣∣∣
∣∣∣∣
( ||r1||
||x1||

, · · · , ||rm||||xm||

)∣∣∣∣
∣∣∣∣
V

,

(4.22)
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where η(λ, xk,Wk) is as defined in (4.21) for all k = 1, · · · , m. In particular, for the

Hölder p-norm on MEP(n1, · · · , nm), we have η(λ, x,W) = 1
||λ||q

∣∣∣
∣∣∣
(

||r1||
||x1|| , · · · ,

||rm||
||xm||

)∣∣∣
∣∣∣
p
,

where p−1 + q−1 = 1.

Let yk ∈ ∂||xk|| and t := (t0, · · · , tm)T ∈ ∂||λ||V,∗. Define

∆Ak := − t0
||λ||V,∗

rky
∗
k

||xk||
, ∆Bkj := − tj

||λ||V,∗
rky

∗
k

||xk||

for j = 1, · · · , m. Consider ∆Wk(z) := z0∆Ak +
∑m

j=1 zj∆Bkj for all k = 1, · · · , m
and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then W(λ)x + ∆W(λ)x = 0 and |||∆W|||V =

η(λ, x,W).

Proof. By similar arguments, as those in the proof of Theorem 2.5.1, we have η(λ, x,W) ≥
||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V . Again by Proposition 4.5.1, it follows thatWk(λ)xk+

∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ, xk,Wk) for all k = 1, · · · , m. This shows that

|||∆W|||V = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V . Hence

η(λ, x,W) = ||(η(λ, x1,W1), · · · , η(λ, xm,Wm))||V

and the last equality in (4.22) follows from Proposition 4.5.1.

Next we derive backward error corresponding to an approximate eigenvalue.

Proposition 4.5.2. Let Wk : C
m+1 → Cnk×nk be given by Wk(z) := z0Ak+

∑m
j=1 zjBkj,

where Ak, Bkj ∈ Cnk×nk for all j = 1, · · · , m. Let λ ∈ Cm+1 \ {0} and define

η(λ,Wk) = inf {||∆Wk||V : rank(Wk(λ) + ∆Wk(λ)) < nk}. (4.23)

Then for a subordinate matrix norm on Cnk×nk , we have η(λ,Wk) =
rk

||λ||V,∗
, where rk =

min
||xk||=1

{||Wk(λ)xk|| : xk ∈ Cnk}.
Let xk ∈ Cnk be such that ||xk|| = 1 and rk = ||Wk(λ)xk||. Let yk ∈ ∂||xk|| and

t := (t0, · · · , tm)T ∈ ∂||λ||V,∗. Define

∆Ak := − t0
||λ||V,∗

Wk(λ)xky
∗
k, ∆Bkj := − tj

||λ||V,∗
Wk(λ)xky

∗
k

for j = 1, · · · , m and consider ∆Wk(z) := z0∆Ak +
∑m

j=1 zj∆Bkj. Then Wk(λ)xk +

∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ,Wk).
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Proof. By Proposition 2.5.2, we have η(λ,Wk) ≥ rk
||λ||V,∗

. It is also easy to see that

(Wk(λ) + ∆Wk(λ))xk = 0, i.e, rank(Wk(λ) + ∆Wk(λ)) < nk and ||∆Ak|| = |t0| rk
||λ||V,∗

,

||∆Bkj|| =
|tj | rk
||λ||V,∗

for j = 1, · · · , m. Consequently, we have ||∆Wk||V = rk
||λ∗||V,∗

and

hence η(λ,Wk) =
rk

||λ∗||V,∗
.

Now we derive η(λ,W).

Theorem 4.5.2. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm+1 \ {0}. Consider

rk := min
||xk||=1

{||Wk(λ)xk|| : xk ∈ Cnk} for k = 1, · · · , m. Then for a subordinate matrix

norm on Cnk×nk , we have

η(λ,W) = ||(η(λ,W1), · · · , η(λ,Wm))||V =
1

||λ||V,∗
||(r1, · · · , rm)||V ,

where η(λ,Wk) is as defined in (4.23) for all k = 1, · · · , m. In particular, for the Hölder

p-norm on MEP(n1, · · · , nm), η(λ,W) = 1
||λ||q ||(r1, · · · , rm)||p, where p−1 + q−1 = 1.

Let xk ∈ Cnk be such that ||xk|| = 1 and rk = ||Wk(λ)xk||. Let yk ∈ ∂||xk|| and
t := (t0, · · · , tm)T ∈ ∂||λ||V,∗. Define

∆Ak := − t0
||λ||V,∗

Wk(λ)xky
∗
k, ∆Bkj := − tj

||λ||V,∗
Wk(λ)xky

∗
k

for j = 1, · · · , m. Consider ∆Wk(z) := z0∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) = (∆W1(z), · · · ,∆Wm(z)). Then Wk(λ)xk+∆Wk(λ)xk = 0 for all k = 1, · · · , m
and |||∆W|||V = η(λ,W).

Proof. By Theorem 2.5.2, we have η(λ,W) ≥ ||(η(λ,W1), · · · , η(λ,Wm))||V . Further by
Proposition 4.5.2, it follows that Wk(λ)xk+∆Wk(λ)xk = 0 and ||∆Wk||V = η(λ,Wk) for

all k = 1, · · · , m. Hence |||∆W|||V = ||(η(λ,W1), · · · , η(λ,Wm))||V . By Proposition 4.5.2,

we have η(λ,W) = ||(η(λ,W1), · · · , η(λ,Wm))||V = 1
||λ||V,∗

||(r1, · · · , rm)||V .

For the spectral or Frobenious norm on Cnk×nk , we have the following result.

Theorem 4.5.3. Let W ∈ MEP(n1, · · · , nm) be regular and λ ∈ Cm+1 \ {0}. Then for

the spectral or Frobenious norm on Cni×ni, we have

η(λ,W) =
1

||λ||V,∗
||(σmin(W1(λ)), · · · , σmin(Wm(λ)))||V ,
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where σmin(Wk(λ)) is the smallest singular value of Wk(λ) for all k = 1, · · · , m. In

particular, for the Hölder p-norm on MEP(n1, · · · , nm) we have

η(λ,W) =
1

||λ||q
||(σmin(W1(λ)), · · · , σmin(Wm(λ)))||p ,

where p−1 + q−1 = 1.

Let t = (t0, · · · , tm)T ∈ ∂||λ||V,∗. Consider the SVD Wk(λ) = UkΣkVk and set

uk := Uk(:, nk) and vk := Vk(:, nk) for k = 1, · · · , m. Define

∆Ak := − t0
||λ||V,∗

σmin(Wk(λ))ukv
∗
k, ∆Bkj := − tj

||λ||V,∗
σmin(Wk(λ))ukv

∗
k

for all k, j = 1, · · · , m. Consider ∆Wk(z) := z0∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m
and ∆W ∈ MEP(n1, · · · , nm) such that ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then λ ∈
σ(W+∆W) and |||∆W|||V = η(λ,W).

Proof. The proof is similar to that of Theorem 2.5.3.
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5
Vector Space of Linearizations of a two-parameter

PEP

5.1 Introduction

Linearization is a standard method for solving a polynomial eigenvalue problem

(PEP). Linearization is a process which transforms a polynomial eigenvalue problem to

a generalized eigenvalue problem of larger size.

Let P (λ) =
∑k

j=0Ajλ
j , where Aj ∈ Cn×n for j = 0, · · · , k, be a matrix polynomial

of degree k. Then the matrix pencils

C1(λ) := λ




Ak

In
. . .

In



+




Ak−1 Ak−2 · · · A0

−In
. . .

−In




C2(λ) := λ




Ak

In
. . .

In



+




Ak−1 −In

Ak−2
. . .

... −In

A0



,

known as the first and second companion form of P (λ), respectively, are linearization

of P (λ). Generalizing the companion forms, the following two classes of vector spaces

83
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of linearizations were characterized in [42]:

L1(P ) := {L(λ) : L(λ) · (Λ⊗ In) = v ⊗ P (λ), v ∈ Ck},

L2(P ) := {L(λ) : (ΛT ⊗ In) · L(λ) = wT ⊗ P (λ), w ∈ Ck},

where Λ := (λk−1, λk−2, · · · , λ, 1)T . For a two-parameter polynomial eigenvalue problem,

a few linearizations are proposed in [34, 44]. Also a vector space of linearizations for

a two-parameter quadratic eigenvalue problem is provided in [1]. In this chapter, our

main objective is to construct linearizations of a two-parameter polynomial eigenvalue

problem. Consider the two-parameter matrix polynomial P (λ, µ) given by

P (λ, µ) :=

k∑

i=0

k−i∑

j=0

λiµjAij , where Aij ∈ Cn×n.

Define

Kij(λ, µ) := Aij for i+ j < k − 1,

Kij(λ, µ) := Aij + λAi+1,j for i+ j = k − 1, i 6= 0,

K0,k−1(λ, µ) := A0,k−1 + λA1,k−1 + µA0,k,

Kr :=
[
Kr0 Kr−1,1 · · · K1,r−1 K0r

]
for r = 0, · · · , k,

Tr :=




λIn
. . .

λIn

µIn




for r = 1, · · · , k.

Then it is proved in [44] that

L(λ, µ) :=




K0 K1 · · · Kk

T1 −I2n
. . .

. . .

Tk −Ikn




is a linearization of P (λ, µ). For the two-parameter quadratic matrix polynomialQ(λ, µ) =

λ2A20 + λµA11 + µ2A02 + λA10 + µA01 + A00, the linearization proposed in [1] is given

TH-1902_9612307



CHAPTER 5. Vector Space of Linearizations of a two-parameter PEP 85

by

λ




A20 A11 0n

0n 0n 0n

0n 0n In


+ µ




0n A02 0n

0n 0n In

0n 0n 0n


+




A10 A01 A00

0n −In 0n

−In 0n 0n


 (5.1)

and the linearization proposed in [44] is given by

λ




0n A20 A11

In 0n 0n

0n 0n 0n


+ µ




0n 0n A02

0n 0n 0n

In 0n 0n


+




A00 A10 A01

0n −In 0n

0n 0n −In


 . (5.2)

In this chapter, we characterize the following two vector spaces of linear two-parameter

matrix polynomials of the foem L(λ, µ) = λA + µB + C:

L1(P ) :=
{
L(λ, µ) : L(λ, µ) · (Λ⊗ In) = v ⊗ P (λ, µ), v ∈ C

k(k+1)
2

}
,

L2(P ) :=
{
L(λ, µ) : (ΛT ⊗ In) · L(λ, µ) = wT ⊗ P (λ, µ), w ∈ C

k(k+1)
2

}
.

We refer to L1(P ) and L2(P ) as the right ansatz space and left ansatz space, respectively.

We derive the linearization conditions for an element in the right or left ansatz space.

5.2 Ansatz spaces for two-parameter polynomials

Consider a two-parameter matrix polynomial P (λ, µ) of degree k given by

P (λ, µ) :=

k∑

i=0

k−i∑

j=0

λiµjAij =

k∑

j=0

Pj(λ, µ), (5.3)

where Aij ∈ Cn×n and Pj(λ, µ) is a homogeneous matrix polynomial of degree j given

by Pj(λ, µ) :=
∑j

l=0 λ
j−lµlAjl for j = 0, · · · , k. In particular when k = 2, we consider a

two-parameter quadratic matrix polynomial given by

Q(λ, µ) = λ2A20 + λµA11 + µ2A02 + λA10 + µA01 + A00. (5.4)

First we recall the definition of linearization.

Definition 5.2.1. [44] A ln× ln two-parameter matrix pencil L(λ, µ) = λX + µY + Z

is a linearization of an n × n two-parameter matrix polynomial P (λ, µ) if there exist
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unimodular matrix polynomials E(λ, µ) and F (λ, µ) (i.e.,determinants of E(λ, µ) and

F (λ, µ) are non-zero constant independent of λ and µ) such that

F (λ, µ)L(λ, µ)E(λ, µ) =


 P (λ, µ) 0

0 I(l−1)n


 .

Next we recall the definition of block-transpose of a block matrix.

Definition 5.2.2. [42] Let A =
∑

i,j(Eij⊗Bij) be a k× l block matrix with m×n blocks

Bij. Then the block-transpose of A is AB :=
∑

i,j(E
T
ij ⊗ Bij), a l × k block matrix also

with m× n blocks.

For the rest of the chapter, we define p := k(k+1)
2

and q := (k+1)(k+2)
2

.

Let P (λ, µ) be a two-parameter matrix polynomial of degree k as given in (5.3).

Define the block matrices

S :=
[
Ak0 Ak−1,1 · · · A1,k−1

]
(5.5)

T :=
[
0 · · · 0 A0k

]
, (5.6)

Aj :=
[
Aj0 Aj−1,1 · · · A1,j−1 A0j

]
, j = 0, · · · , k (5.7)

Ij :=


 Ij ⊗ In

0n×jn


 ∈ C(j+1)n×jn, j = 1, · · · , k − 1 (5.8)

Dj :=


 0j×(j−1) 0j×1

01×(j−1) 1


 ∈ C(j+1)×j , and Jj := Dj ⊗ In ∈ C(j+1)n×jn (5.9)

for j = 1, · · · , k − 1. Also define

Λj(λ, µ) :=




λj

λj−1µ
...

λµj−1

µj




∈ Cj+1, j = 0, · · · , k−1 and Λ :=




Λk−1(λ, µ)
...

Λ0(λ, µ)


 ∈ Cp. (5.10)

In particular, when k = 2, Λ = (λ, µ, 1)T ∈ C3. Throughout the chapter, we use the

notations given in (5.5)-(5.10).
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It is easy to see that (λS+µT )·(Λk−1(λ, µ)⊗In) = Pk(λ, µ) and Aj ·(Λj(λ, µ)⊗In) =

Pj(λ, µ) for j = 0, · · · , k− 1. Thus we can rewrite P (λ, µ)x = 0 for some 0 6= x ∈ Cn as

(λS + µT ) · (Λk−1(λ, µ)⊗ x) +
k−1∑

j=0

Aj · (Λj(λ, µ)⊗ x) = 0

and consequently we have




λ




S
Ik−1

. . .

I1




︸ ︷︷ ︸
=S

+µ




T
Jk−1

. . .

J1




︸ ︷︷ ︸
=T

+




Ak−1 · · · A1 A0

−Ikn
. . .

−I2n




︸ ︷︷ ︸
=A




·







Λk−1(λ, µ)
...

Λ0(λ, µ)


⊗ x


 = 0. (5.11)

Define a two-parameter matrix pencil

L1(λ, µ) := λS+ µT+ A, (5.12)

where S,T,A are as defined in (5.11). Next we show that L1(λ, µ) is a linearization of

P (λ, µ).

Theorem 5.2.1. Let P (λ, µ) be as given in (5.3) and L1(λ, µ) be as defined in (5.12).

Then L1(λ, µ) is a linearization of P (λ, µ).

Proof. Consider a p× p block matrix

E(λ, µ) :=




Λk−1(λ, µ)⊗ In −Ik ⊗ In −(λIk−1 + µJk−1)

...
. . . . . .

Λ2(λ, µ)⊗ In −I3 ⊗ In −(λI2 + µJ2)

Λ1(λ, µ)⊗ In −I2 ⊗ In

Λ0(λ, µ)⊗ In




.
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Since (λS+µT ) ·(Λk−1(λ, µ)⊗In)+
∑k−1

j=0 Aj ·(Λj(λ, µ)⊗In) =
∑k

j=0 Pj(λ, µ) = P (λ, µ)

and

(λIj+µJj)·(Λj−1⊗In) =




λIn
. . .

λIn

µIn







λj−1In

λj−2µIn
...

λµj−2In

µj−1In




=




λjIn

λj−1µIn
...

λµj−1In

µjIn




= Λj(λ, µ)⊗In

for j = 1, · · · , k − 1, we have

L1(λ, µ)E(λ, µ) =




P (λ, µ) Mk(λ, µ) · · · M2(λ, µ)

Ik ⊗ In
. . .

I2 ⊗ In



∈ Cpn×pn,

where Mk(λ, µ) = −(λS + µT + Ak−1),Mk−1(λ, µ) = −(λS + µT + Ak−1) · (λIk−1 +

µJk−1)−Ak−2 and Mj(λ, µ) = −Aj(λIj + µJj)−Aj−1 for j = 2, · · · , k − 2.

Now to complete the proof, construct p× p block matrix

F (λ, µ) :=




In −Mk(λ, µ) · · · −M2(λ, µ)

Ik ⊗ In
. . .

I2 ⊗ In




and then we have

F (λ, µ)L1(λ, µ)E(λ, µ) =




P (λ, µ)

Ik ⊗ In
. . .

I2 ⊗ In



=


 P (λ, µ)

Ip−1 ⊗ In


 .
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It follows that

det(E(λ, µ)) = det(Λ0(λ, µ)⊗ In)

·det







−Ik ⊗ In −(λIk−1 + µJk−1)
. . .

. . .

−I3 ⊗ In −(λI2 + µJ2)

−I2 ⊗ In







= det(In) ·
k∏

j=2

det(−Ij ⊗ In)

and

det(F (λ, µ)) = det







In −Mk(λ, µ) · · · −M2(λ, µ)

Ik ⊗ In
. . .

I2 ⊗ In







=

k∏

j=1

det(Ij ⊗ In) = 1.

Therefore E(λ, µ) and F (λ, µ) are unimodular and hence L1(λ, µ) is a linearization of

P (λ, µ).

We refer to L1(λ, µ) as the first standard form of P (λ, µ). In particular, when k = 2,

the first standard form of the two-parameter quadratic matrix polynomial Q(λ, µ) given

in (5.4) is given by

L1(λ, µ) = λ




A20 A11 0n

0n 0n In

0n 0n 0n


+ µ




0n A02 0n

0n 0n 0n

0n 0n In


+




A10 A01 A00

−In 0n 0n

0n −In 0n


 . (5.13)

Note that the first standard form given in (5.13) is permutationally equivalent to the

linearizations (5.1) and (5.2).
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Next consider the two-parameter matrix pencil

L2(λ, µ) := λSB + µTB + AB

= λ




SB

IB
k−1

. . .

IB
1



+ µ




T B

J B
k−1

. . .

J B
1




+




AB
k−1 −Ik ⊗ In
...

. . .

AB
1 −I2 ⊗ In

AB
0



, (5.14)

where SB, T B,AB
j , IB

j ,J B
j denotes the block transpose of the block matrices S, T ,Aj, Ij,Jj

respectively and the zero blocks are block transposed in proper order. In the following

result, we show that L2(λ, µ) is also a linearization of P (λ, µ).

Theorem 5.2.2. Let P (λ, µ) be as given in (5.3) and L2(λ, µ) be as defined in (5.14).

Then L2(λ, µ) is a linearization of P (λ, µ)

Proof. Consider the p× p block matrix

E(λ, µ) :=




ΛT
k−1(λ, µ)⊗ In · · · ΛT

2 (λ, µ)⊗ In ΛT
1 (λ, µ)⊗ In ΛT

0 (λ, µ)⊗ In

−Ik ⊗ In

−(λIB
k−1 + µJ B

k−1)
. . .

. . . −I3 ⊗ In

−(λIB
2 + µJ B

2 ) −I2 ⊗ In




,

where ΛT
j (λ, µ) denotes the transpose of the Λj(λ, µ), for all j = 0, · · · , k−1. Note that

(ΛT
k−1(λ, µ)⊗In)·(λSB+µT B) =

[
λk−1In λk−2µIn · · · µk−1In

]
·




λAk0

λAk−1,1

...

λA1,k−1

µA0k




= Pk(λ, µ)

(5.15)
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and

(ΛT
j (λ, µ)⊗In) ·AB

j =
[
λj−1In λj−2µIn · · · µj−1In

]
·




Aj0

Aj−1,1

...

A1,j−1

A0j




= Pj(λ, µ), (5.16)

for j = 0, · · · , k − 1. Also we have

(ΛT
j−1(λ, µ)⊗ In) · (λIB

j + µJ B
j ) =

[
λj−1In λj−2µIn · · · µj−1In

]



λIn
. . .

λIn µIn




=
[
λjIn λj−1µIn · · · µjIn

]
= ΛT

j (λ, µ)⊗ In (5.17)

for j = 1, · · · , k − 1. Then by (5.15)-(5.17) we have

E(λ, µ)L2(λ, µ) =




P (λ, µ)

M̂k(λ, µ) Ik ⊗ In
...

. . .

M̂2(λ, µ) I2 ⊗ In



,

where M̂k(λ, µ) = −(λSB + µT B + AB
k−1),M̂k−1(λ, µ) = −(λIB

k−1 + µJ B
k−1) · (λSB +

µT B +AB
k−1) and M̂j(λ, µ) = −(λIB

j + µJ B
j ) · AB

j −AB
j−1 for j = 2, · · · , k − 2.

To conclude the proof, consider the p× p block matrix

F (λ, µ) :=




In

−M̂k(λ, µ) Ik ⊗ In
...

. . .

−M̂2(λ, µ) I2 ⊗ In



.

Then we have

E(λ, µ)L2(λ, µ)F (λ, µ) =




P (λ, µ)

Ik ⊗ In
. . .

I2 ⊗ In



=


 P (λ, µ)

Ip−1 ⊗ In


 .
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It is easy to see that E(λ, µ) and F (λ, µ) are unimodular. Hence L2(λ, µ) is a lineariza-

tion of P (λ, µ).

We refer to L2(λ, µ) as the second standard form of P (λ, µ). The second standard

form of two-parameter quadratic matrix polynomial Q(λ, µ) given in (5.4) is given by

L2(λ, µ) = λ




A20 0 0

A11 0 0

0 In 0


+ µ




0 0 0

A02 0 0

0 0 In


+




A10 −In 0

A01 0 −In

A00 0 0


 .

5.2.1 Right and left ansatz spaces

Let P (λ, µ) be a two-parameter matrix polynomial of degree k given in (5.3). Recall the

first standard form L1(λ, µ) given in (5.12). It is straightforward to see that L1(λ, µ) ·
(Λ ⊗ In) = e1 ⊗ P (λ, µ), where e1 ∈ Cp is the first column of the identity matrix Ip.

This motivates us to concentrate on two-parameter matrix pencils L(λ, µ) such that

L(λ, µ) · (Λ⊗ In) = v⊗P (λ, µ) for some v ∈ Cp. Consider VP := {v ⊗ P (λ, µ) : v ∈ Cp}
and define the space

L1(P ) := {L(λ, µ) := λX + µY + Z : L(λ, µ) · (Λ⊗ In) ∈ VP} .

Note that L1(P ) is nonempty as the first standard form L1(λ, µ) ∈ L1(P ). Also it is

easy to check that L1(P ) is a vector space. We refer to the space L1(P ) as the right

ansatz space. If L(λ, µ) ∈ L1(P ) is such that L(λ, µ) · (Λ ⊗ In) = v ⊗ P (λ, µ) for some

v ∈ Cp then we refer v as the right ansatz vector.

To characterize a two-parameter matrix pencil L(λ, µ) ∈ L1(P ), we define a column

shifted sum of block matrices. For the rest of this chapter, we follow the convention

that A(i, j) is the (i, j)th block of A whenever A is a block matrix with each block being

an n× n matrix.

Definition 5.2.3. (Column shifted sum) Let X, Y, Z be p× p block matrices with each
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blocks being an n× n matrix. Then we define the column shifted sum by

X � Y � Z

=
[
X(:, 1 : k) 0 X(:, k + 1 : 2k − 1) 0 · · · 0 X(:, p− 2 : p− 1) 0 X(:, p) 0 0

]

+
[
0 Y (:, 1 : k) 0 Y (:, k + 1 : 2k − 1) 0 · · · 0 Y (:, p− 2 : p− 1) 0 Y (:, p) 0

]

+

[
0 · · · 0︸ ︷︷ ︸

(k+1) block columns

Z(:, 1) · · · Z(:, p)

]
,

where 0 denotes a zero block column with n × n zero matrices and ‘+’ denotes usual

matrix addition.

For example, when k = 2, consider the 3×3 block matricesX =
[
X1 X2 X3

]
, Y =[

Y1 Y2 Y3

]
, Z =

[
Z1 Z2 Z3

]
, where Xj , Yj, Zj are block columns with each

blocks being an n× n matrix. Then we have

X � Y � Z =
[
X(:, 1 : 2) 0 X(: 3) 0 0

]
+
[
0 Y (:, 1 : 2) 0 Y (:, 3) 0

]

+
[
0 0 0 Z(:, 1) Z(:, 2) Z(:, 3)

]

=
[
X1 X2 + Y1 Y2 X3 + Z1 Y3 + Z2 Z3

]
,

which is same as the “box addition” defined in [1].

Also, when k = 3, consider the 6 × 6 block matrices X =
[
X1 · · · X6

]
, Y =[

Y1 · · · Y6

]
, Z =

[
Z1 · · · Z6

]
, where Xj, Yj, Zj are block columns with each

blocks being an n× n matrix. Then we have

X � Y � Z =
[
X(:, 1 : 3) 0 X(: 4 : 5) 0 X(:, 6) 0 0

]

+
[
0 Y (:, 1 : 3) 0 Y (:, 4 : 5) 0 Y (:, 6) 0

]

+
[
0 0 0 0 Z(:, 1) · · · Z(:, 6)

]
.

The column shifted sum of three p× p block matrices is a p× q block matrix which

we characterize in the next result.

Lemma 5.2.1. Let X, Y, Z be p × p block matrices with each block being an n × n

matrix. Let S be a p × q block matrix with each blocks being an n × n matrix be such

that X � Y � Z = S. Then

S(:, 1) = X(:, 1), S(:, k + 1) = Y (:, k), S(:, q) = Z(:, p),
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S(:, j) = X(:, j) + Y (:, j − 1) for j = 2, · · · , k,

S

(
:,
j

2
(2k − j + 3) + 1

)
= X

(
:,
j

2
(2k − j + 1) + 1

)
+ Z

(
:,
j − 1

2
(2k − j + 2) + 1

)

for j = 1, · · · , k − 1,

S

(
:,
j + 1

2
(2k − j + 2)

)
= Y

(
:,
j + 1

2
(2k − j)

)
+ Z

(
:,
j

2
(2k − j + 1)

)

for j = 1, · · · , k − 1,

S

(
:,
j

2
(2k − j + 3) + (r + 1)

)
= X

(
:,
j

2
(2k − j + 1) + (r + 1)

)
+ Y

(
:,
j

2
(2k − j + 1) + r

)

+Z

(
:,
j − 1

2
(2k − j + 2) + (r + 1)

)

for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1.

Proof. The proof is computational and follows from Definition 5.2.3.

Next we derive the column shifted sum of the coefficient matrices of the first standard

form L1(λ, µ).

Proposition 5.2.1. Let P (λ, µ) be as given in (5.3). Consider the first standard form

L1(λ, µ) := λS+ µT+ A given in (5.12). Then S� T� A = e1 ⊗
[
Ak · · · A0

]
.

Proof. Let S = S� T� A. Now by Lemma 5.2.1, we have

S(:, 1) = S(:, 1) =




Ak0

0
...

0



, S(:, k+1) = T(:, k) =




A0k

0
...

0



, S(:, q) = A(:, p) =




A0

0
...

0



,

(5.18)

S(:, j) = S(:, j) + T(:, j − 1) =




Ak−j+1,j−1

0
...

0



+




0

0
...

0



=




Ak−j+1,j−1

0
...

0




(5.19)
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for j = 2, · · · , k,

S

(
:,
j

2
(2k − j + 3) + 1

)
= S

(
:,
j

2
(2k − j + 1) + 1

)
+ A

(
:,
j − 1

2
(2k − j + 2) + 1

)

=




0

In

0
...

0




+




Ak−j,0

−In

0
...

0




=




Ak−j,0

0
...

0




(5.20)

for j = 1, · · · , k − 1,

S

(
:,
j + 1

2
(2k − j + 2)

)
= T

(
:,
j + 1

2
(2k − j)

)
+ A

(
:,
j

2
(2k − j + 1)

)

=




0

0
...

0

−In




+




A0,k−j

0
...

0

In




=




A0,k−j

0
...

0




(5.21)

for j = 1, · · · , k − 1,

S

(
:,
j

2
(2k − j + 3) + (r + 1)

)
= S

(
:,
j

2
(2k − j + 1) + (r + 1)

)
+ T

(
:,
j

2
(2k − j + 1) + r

)

+A

(
:,
j − 1

2
(2k − j + 2) + (r + 1)

)

=


 0

e j−1
2

(2k−j+2)+(r+1) ⊗ In


+




0
...

0




+


 Ak−j−r,r

−e j−1
2

(2k−j+2)+(r+1) ⊗ In


 =




Ak−j−r,r

0
...

0




(5.22)

for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1.

TH-1902_9612307



CHAPTER 5. Vector Space of Linearizations of a two-parameter PEP 96

By (5.18)-(5.22), we have

S(:, 1 : k + 1) =




Ak0 Ak−1,1 · · · A1,k−1 A0k

0 0 · · · 0 0
...

0 0 · · · 0 0



=




Ak

0
...

0



, S(:, q) =




A0

0
...

0



,

S

(
:,
j

2
(2k − j + 3) + 1 :

j + 1

2
(2k − j + 2)

)
=




Ak−j,0 Ak−j−1,1 · · · A1,k−j−1 A0,k−j

0 0 · · · 0 0
...

0 0 · · · 0 0




=




Ak−j

0
...

0




for j = 1, · · · , k − 1.

Therefore, we have

S� T� A =




Ak · · · A0

0 · · · 0
...

0 · · · 0



= e1 ⊗

[
Ak · · · A0

]
.

In particular, for a two-parameter quadratic matrix polynomial, we have the follow-

ing result which is proved in [1].

Corollary 5.2.3. [1] Let Q(λ, µ) be as given in (5.4). Consider the first standard form

L1(λ, µ) given in (5.13). Then the column shifted sum of the coefficient matrices of

L1(λ, µ) is e1 ⊗
[
A20 A11 A02 A10 A01 A00

]
.

Recall that the first standard form L1(λ, µ) = λS+µT+A ∈ L1(P ) with right ansatz

vector e1 and by Proposition 5.2.1, S� T�A = e1 ⊗
[
Ak · · · A0

]
. The next result

characterizes L(λ, µ) ∈ L1(P ) via column shifted sum.
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Lemma 5.2.2. Let P (λ, µ) be as given in (5.3). Let L(λ, µ) = λX + µY + Z be a

two-parameter matrix pencil, where X, Y, Z are p× p block matrices with n× n blocks.

Then L(λ, µ) ∈ L1(P ) with right ansatz vector v ∈ Cp if and only if X � Y � Z =

v ⊗
[
Ak · · · A0

]
.

Proof. First note that (L(λ, µ) · (Λ⊗ In))

= λkX(:, 1) + µkY (:, k) + Z(:, p) +
k∑

j=2

λk−j+1µj−1 (X(:, j) + Y (:, j − 1))

+
k−1∑

j=1

λk−j

(
X

(
:,
j

2
(2k − j + 1) + 1

)
+ Z

(
:,
j − 1

2
(2k − j + 2) + 1

))

+
k−1∑

j=1

µk−j

(
Y

(
:,
j + 1

2
(2k − j)

)
+ Z

(
:,
j

2
(2k − j + 1)

))

+
k−2∑

j=1

k−j−1∑

r=1

λk−j−rµr

(
X

(
:,
j

2
(2k − j + 1) + (r + 1)

)
+ Y

(
:,
j

2
(2k − j + 1) + r

)

+Z

(
:,
j − 1

2
(2k − j + 2) + (r + 1)

))
. (5.23)

Now L(λ, µ) ∈ L1(P ) with right ansatz vector v ∈ Cp if and only if

L(λ, µ) · (Λ⊗ In) = v ⊗ P (λ, µ) =
k∑

i=0

k−i∑

j=0

λiµj (v ⊗ Aij) . (5.24)

Then comparing the coefficient for the respective powers in (5.23) and (5.24) we have,

X(:, 1) = v ⊗ Ak0, Y (:, k) = v ⊗ A0k, Z(:, p) = v ⊗A00, (5.25)

X(:, j) + Y (:, j − 1) = v ⊗Ak−j+1,j−1 for j = 2, · · · , k, (5.26)

X

(
:,
j

2
(2k − j + 1) + 1

)
+ Z

(
:,
j − 1

2
(2k − j + 2) + 1

)
= v ⊗Ak−j,0 (5.27)

for j = 1, · · · , k − 1,

Y

(
:,
j + 1

2
(2k − j)

)
+ Z

(
:,
j

2
(2k − j + 1)

)
= v ⊗ A0,k−j (5.28)

for j = 1, · · · , k − 1 and

X

(
:,
j

2
(2k − j + 1) + (r + 1)

)
+ Y

(
:,
j

2
(2k − j + 1) + r

)

+Z

(
:,
j − 1

2
(2k − j + 2) + (r + 1)

)
= v ⊗ Ak−j−r,r (5.29)
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for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1. Now by Lemma 5.2.1 and (5.25)-(5.29) it

follows that

(X � Y � Z)(:, 1 : k + 1) =
[
v ⊗ Ak0 v ⊗ Ak−1,1 · · · v ⊗A1,k−1 v ⊗ A0k

]
= v ⊗Ak,

(X � Y � Z)

(
:,
j

2
(2k − j + 3) + 1 :

j + 1

2
(2k − j + 2)

)

=
[
v ⊗ Ak−j,0 v ⊗ Ak−j−1,1 · · · v ⊗ A1,k−j−1 v ⊗A0,k−j

]
= v ⊗Ak−j

for j = 1, · · · , k − 1, and (X � Y � Z)(:, q) = v ⊗ A00 = v ⊗A0.

Hence X � Y � Z = v ⊗
[
Ak · · · A0

]
. This completes the proof.

For a quadratic two-parameter matrix polynomial we have the following result which

is proved in [1].

Corollary 5.2.4. [1] Let Q(λ, µ) be as given in (5.4). Let L(λ, µ) = λX +µY +Z be a

two-parameter matrix pencil such that X =
[
X1 X2 X3

]
, Y =

[
Y1 Y2 Y3

]
, Z =[

Z1 Z2 Z3

]
, where Xj, Yj, Zj are block columns with n× n matrices for j = 1, 2, 3.

Then L(λ, µ) ∈ L1(Q) with right ansatz vector v ∈ C3 if and only if

X � Y � Z = v ⊗
[
A20 A11 A02 A10 A01 A00

]
.

Now using Lemma 5.2.2 we characterize a linear two-parameter matrix polynomial

L(λ, µ) ∈ L1(P ) with right ansatz vector v ∈ Cp.

Theorem 5.2.5. Let P (λ, µ) be as given in (5.3) and L(λ, µ) ∈ L1(P ) with right ansatz

vector v ∈ Cp. Then

L(λ, µ) = λ
([

v ⊗ S 0 · · · 0
]
+X

)
+ µ

([
v ⊗ T 0 · · · 0

]
+ Y

)

+
[
v ⊗Ak−1 · · · v ⊗A0

]
+ Z,

where S, T ,Aj are as defined in (5.5)-(5.7) and X, Y, Z are p × p block matrices with

n× n blocks such that X � Y � Z = 0.

Proof. Define a linear map M : L1(P ) → VP given by L(λ, µ) 7→ L(λ, µ) · (Λ⊗ In). We

first show that M is surjective. Let v ⊗ P (λ, µ) ∈ VP for some v ∈ Cp. Consider a

two-parameter matrix pencil

L̂(λ, µ) := λ
[
v ⊗ S 0 · · · 0

]
+µ
[
v ⊗ T 0 · · · 0

]
+
[
v ⊗Ak−1 · · · v ⊗A0

]
.
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Then

[
v ⊗ S 0 · · · 0

]
�

[
v ⊗ T 0 · · · 0

]
�

[
v ⊗Ak−1 · · · v ⊗A0

]
= v⊗

[
Ak · · · A0

]
.

Thus by Lemma 5.2.2, it follows that L̂(λ, µ)·(Λ⊗In) = v⊗P (λ, µ). SoM is a surjective

map. Therefore the set of all M-preimages of v⊗P (λ, µ) is L̂(λ, µ)+ker M. Note that

ker M = {L(λ, µ) = λX + µY + Z ∈ L1(P ) : L(λ, µ) · (Λ⊗ In) = 0}. By Lemma 5.2.2

it follows that, if (λX + µY + Z) · (Λ⊗ In) = 0 then X � Y � Z = 0. So the set of all

M-preimages of v ⊗ P (λ, µ) is

L(λ, µ) = λ
([

v ⊗ S 0 · · · 0
]
+X

)
+ µ

([
v ⊗ T 0 · · · 0

]
+ Y

)

+
[
v ⊗Ak−1 · · · v ⊗A0

]
+ Z,

where X � Y � Z = 0. This completes the proof.

For L(λ, µ) ∈ L1(Q), we have the following result.

Corollary 5.2.6. Let Q(λ, µ) be as given in (5.4) and L(λ, µ) ∈ L1(Q) with right ansatz

vector v ∈ C3. Then

L(λ, µ) = λ
[
v ⊗ A20 v ⊗A11 − Y1 −Z1

]
+ µ

[
Y1 v ⊗ A02 −Z2

]

+
[
v ⊗ A10 + Z1 v ⊗ A01 + Z2 v ⊗ A00

]
,

where Y1, Z1, Z2 are arbitrary block columns and each block being an n× n matrix.

Next we derive the dimension of the right ansatz space.

Proposition 5.2.2. Let P (λ, µ) be as given in (5.3). Then

dim(L1(P )) =
k(k + 1)

2
(k2 − 1)n2 +

k(k + 1)

2
.

Proof. Recall the linear map M : L1(P ) → VP , L(λ, µ) 7→ L(λ, µ) · (Λ ⊗ In) defined

in the proof of Theorem 5.2.5. Since M is surjective, so dim(L1(P )) = dim ker M +

dim VP . Now dim VP = p = k(k+1)
2

. To obtain dim ker M, first note that ker M =

{L(λ, µ) = λX + µY + Z ∈ L1(P ) : X � Y � Z = 0}. By Proposition 5.2.1, if L(λ, µ) =

λX + µY + Z ∈ ker M then we have

X(:, 1) = Y (:, k) = Z(:, p) = 0, (5.30)
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X(:, j) = −Y (:, j − 1) for j = 2, · · · , k, (5.31)

X

(
:,
j

2
(2k − j + 1) + 1

)
= −Z

(
:,
j − 1

2
(2k − j + 2) + 1

)
(5.32)

for j = 1, · · · , k − 1,

X

(
:,
j

2
(2k − j + 1) + (r + 1)

)
= −Y

(
:,
j

2
(2k − j + 1) + r

)

−Z

(
:,
j − 1

2
(2k − j + 2) + (r + 1)

)
(5.33)

for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1,

Y

(
:,
j + 1

2
(2k − j)

)
= −Z

(
:,
j

2
(2k − j + 1)

)
for j = 1, · · · , k − 1, (5.34)

Y
(
:, j−1

2
(2k − j + 2) + 1

)
, · · · , Y

(
:, j−1

2
(2k − j + 2) + (k − j)

)
are arbitrary block columns

for j = 1, · · · , k − 1, and Z(:, j) is arbitrary block column for j = 1, · · · , p − 1. So it

follows from (5.30)-(5.34) that dim ker M = k(k+1)
2

(k2 − 1)n2. Therefore dim(L1(P )) =

k(k+1)
2

(k2 − 1)n2 + k(k+1)
2

.

In particular when k = 2, it follows from Proposition 5.2.2 that dim(L1(Q)) = 9n2+3,

which is proved in [1].

Let x ∈ ker(P (λ, µ)) and L(λ, µ) ∈ L1(P ) with a nonzero right ansatz vector v ∈ Cp.

Then L(λ, µ)(Λ⊗ x) = L(λ, µ)(Λ⊗ In)x = v ⊗ P (λ, µ)x = 0. So Λ⊗ x ∈ ker(L(λ, µ)).

Proposition 5.2.3. Let P (λ, µ) be as given in (5.3) and L(λ, µ) ∈ L1(P ) with nonzero

right ansatz vector v ∈ Cp. Then 0 6= x ∈ ker(P (λ, µ)) if and only if Λ⊗x ∈ ker(L(λ, µ)).

Proof. Define g : ker(P (λ, µ)) → ker(L(λ, µ)) given by x 7→ Λ⊗ x. It is easy to see that

g defines an isomorphism.

Next consider the second standard form L2(λ, µ) given in (5.14) and note that (ΛT ⊗
In) · L2(λ, µ) = eT1 ⊗ P (λ, µ). This motivates us to analyze two-parameter matrix

pencils L(λ, µ) such that (ΛT ⊗ In) · L(λ, µ) = wT ⊗ P (λ, µ) for w ∈ Cp. Let WP :=

{wT ⊗ P (λ, µ) : w ∈ Cp} and define the space

L2(P ) := {L(λ, µ) := λX + µY + Z : (ΛT ⊗ In) · L(λ, µ) ∈ WP}.
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We call L2(P ) as the left ansatz space. If L(λ, µ) ∈ L2(P ) satisfies (ΛT ⊗ In) ·L(λ, µ) =
wT ⊗P (λ, µ) for some w ∈ Cp then we call w as the left ansatz vector. Left ansatz space

is nonempty as the second standard form L2(λ, µ) ∈ L2(P ). Also it is easy to check that

L2(P ) is a vector space. To characterize the left ansatz space, we define row shifted sum

as follows.

Definition 5.2.4. (row shifted sum) Let X, Y, Z be p × p block matrices with n × n

matrices as blocks. Then we define the row shifted sum by

X � Y � Z =




X(1 : k, :)

0

X(k + 1 : 2k − 1, :)

0
...

0

X(p− 2 : p− 1, :)

0

X(p, :)

0

0




+




0

Y (1 : k, :)

0

Y (k + 1 : 2k − 1, :)

0
...

0

Y (p− 2 : p− 1, :)

0

Y (p, :)

0




+




0
...

0

Z(1, :)
...

Z(p, :)




,

where X(j, :), Y (j, :), Z(j, :) denote the jth block row of X, Y, Z, respectively, 0 denotes

a zero block row with n× n zero matrices and ‘+’ denotes usual matrix addition.

For example, when k = 2, consider the 3× 3 block matrices

X =




X1

X2

X3


 , Y =




Y1

Y2

Y3


 , Z =




Z1

Z2

Z3


 ,
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where Xj , Yj, Zj are block rows with each blocks being an n× n matrix. Then

X � Y � Z =




X(1 : 2, :)

0

X(3, :)

0

0




+




0

Y (1 : 2, :)

0

Y (3, :)

0




+




0

0

0

Z(1, :)

Z(2, :)

Z(3, :)




=




X1

X2 + Y1

Y2

X3 + Z1

Y3 + Z2

Z3




.

Also, when k = 3, consider the 6× 6 block matrices

X =




X1

...

X6


 , Y =




Y1

...

Y6


 , Z =




Z1

...

Z6


 ,

where Xj , Yj, Zj are block rows with each blocks being an n× n matrix. Then

X � Y � Z =




X(1 : 3, :)

0

X(4 : 5, :)

0

X(6, :)

0

0




+




0

Y (1 : 3, :)

0

Y (4 : 5, :)

0

Y (6, :)

0




+




0

0

0

0

Z(1, :)
...

Z(6, :)




=




X1

X2 + Y1

X3 + Y2

Y3

X4 + Z1

X5 + Y4 + Z2

Y5 + Z3

X6 + Z4

Y6 + Z5

Z6




.

The row shifted sum of three p× p block matrices is a q × p block matrix which we

characterize in the next result.

Lemma 5.2.3. Let X, Y, Z be p× p block matrices with n× n matrices. Let T be q× p

block matrix with n× n matrices be such that X � Y � Z = T . Then

T (1, :) = X(1, :), T (k + 1, :) = Y (k, :), T (q, :) = Z(p, :),
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T (j, :) = X(j, :) + Y (j − 1, :) for j = 2, · · · , k,

T

(
j

2
(2k − j + 3) + 1, :

)
= X

(
j

2
(2k − j + 1) + 1, :

)
+ Z

(
j − 1

2
(2k − j + 2) + 1, :

)

for j = 1, · · · , k − 1,

T

(
j + 1

2
(2k − j + 2), :

)
= Y

(
j + 1

2
(2k − j), :

)
+ Z

(
j

2
(2k − j + 1), :

)

for j = 1, · · · , k − 1,

T

(
j

2
(2k − j + 3) + (r + 1), :

)
= X

(
j

2
(2k − j + 1) + (r + 1), :

)
+ Y

(
j

2
(2k − j + 1) + r, :

)

+Z

(
j − 1

2
(2k − j + 2) + (r + 1), :

)

for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1.

Proof. The proof is computational and follows from Definition 5.2.4.

Next we derive the row shifted sum of the coefficient matrices of the second standard

form given in (5.14).

Proposition 5.2.4. Let P (λ, µ) be as given in (5.3). Consider the second standard

from L2(λ, µ) = λSB + µTB +AB given in (5.14). Then SB
� TB

�AB = eT1 ⊗




AB
k

...

AB
0


.

Proof. Proof is similar to the proof of the Proposition 5.2.1.

For a two-parameter quadratic matrix polynomial, we have the following result.

Corollary 5.2.7. Let Q(λ, µ) be as given in (5.4). Let L2(λ, µ) be the second standard

form as given in (5.2). Then the row shifted sum of the coefficient matrices of L2(λ, µ)

is eT1 ⊗
[
A20 A11 A02 A10 A01 A00

]B
.

Next we characterize a two-parameter matrix pencil L(λ, µ) ∈ L2(P ) with left ansatz

vector w via row shifted sum of the coefficient matrices of L(λ, µ).

Lemma 5.2.4. Let P (λ, µ) be as given in (5.3). Let L(λ, µ) = λX + µY + Z be

a two-parameter matrix pencil such that X, Y, Z are p × p block matrices with n × n
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matrices as blocks. Then L(λ, µ) ∈ L2(P ) with left ansatz vector w ∈ Cp if and only if

X � Y � Z = wT ⊗




AB
k

...

AB
0


.

Proof. Note that (ΛT ⊗ In) · (L(λ, µ))

= λkX(1 :, ) + µkY (k, :) + Z(p, :) +

k∑

j=2

λk−j+1µj−1 (X(j, :) + Y (j − 1, :))

+

k−1∑

j=1

λk−j

(
X

(
j

2
(2k − j + 1) + 1, :

)
+ Z

(
j − 1

2
(2k − j + 2) + 1, :

))

+

k−1∑

j=1

µk−j

(
Y

(
j + 1

2
(2k − j), :

)
+ Z

(
j

2
(2k − j + 1)

))

+

k−2∑

j=1

k−j−1∑

r=1

λk−j−rµr

(
X

(
j

2
(2k − j + 1) + (r + 1), :

)
+ Y

(
j

2
(2k − j + 1) + r, :

)

+Z

(
j − 1

2
(2k − j + 2) + (r + 1), :

))
. (5.35)

Now L(λ, µ) ∈ L2(P ) with left ansatz vector w ∈ Cp if and only if

(ΛT ⊗ In) · L(λ, µ) = wT ⊗ P (λ, µ) =
k∑

i=0

k−i∑

j=0

λiµj
(
wT ⊗Aij

)
. (5.36)

Then comparing the coefficient for the respective powers in (5.35) and (5.36) we have,

X(1, :) = wT ⊗Ak0, Y (k, :) = wT ⊗A0k, Z(p, :) = wT ⊗A00, (5.37)

X(j, :) + Y (j − 1, :) = wT ⊗ Ak−j+1,j−1 for j = 2, · · · , k, (5.38)

X

(
j

2
(2k − j + 1) + 1, :

)
+ Z

(
j − 1

2
(2k − j + 2) + 1, :

)
= wT ⊗ Ak−j,0 (5.39)

for j = 1, · · · , k − 1,

Y

(
j + 1

2
(2k − j), :

)
+ Z

(
j

2
(2k − j + 1), :

)
= wT ⊗ A0,k−j (5.40)

for j = 1, · · · , k − 1,

X

(
j

2
(2k − j + 1) + (r + 1), :

)
+ Y

(
j

2
(2k − j + 1) + r, :

)

+Z

(
j − 1

2
(2k − j + 2) + (r + 1), :

)
= wT ⊗ Ak−j−r,r (5.41)
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for j = 1, · · · , k − 2, r = 1, · · · , k − j − 1.

Now by Lemma 5.2.3 and (5.37)-(5.41) it follows that

(X � Y � Z)(1 : k + 1, :) =




wT ⊗ Ak0

wT ⊗ Ak−1,1

...

wT ⊗ A1,k−1

wT ⊗ A0k




= wT ⊗AB
k ,

(X�Y�Z)

(
j

2
(2k − j + 3) + 1 :

j + 1

2
(2k − j + 2), :

)
=




wT ⊗Ak−j,0

wT ⊗Ak−j−1,1

...

wT ⊗A1,k−j−1

wT ⊗ A0,k−j




= wT⊗AB
k−j

for j = 1, · · · , k − 1, and (X � Y � Z)(q, :) = wT ⊗ A00 = wT ⊗AB
0 .

Hence we have X � Y � Z = wT ⊗




AB
k

...

AB
0


.

In particular, for a quadratic two-parameter matrix polynomial we have the following

result.

Corollary 5.2.8. Let Q(λ, µ) be as given in (5.4). Let L(λ, µ) = λX + µY + Z be a

two-parameter matrix pencil such that X, Y, Z are 3× 3 block matrices with each blocks

being n× n matrix. Then L(λ, µ) ∈ L2(Q) with left ansatz vector w ∈ C3 if and only if

X � Y � Z = wT ⊗
[
A20 A11 A02 A10 A01 A00

]B
.

Now we use Lemma 5.2.4 to characterize a two-parameter matrix pencil in L2(P ).

Theorem 5.2.9. Let P (λ, µ) be as given in (5.3) and L(λ, µ) ∈ L2(P ) with left ansatz

vector w ∈ Cp. Then

L(λ, µ) = λ







wT ⊗ SB

0
...

0



+X




+ µ







wT ⊗ T B

0
...

0



+ Y




+




wT ⊗AB
k−1

...

wT ⊗AB
0


+ Z,

(5.42)
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where X, Y, Z are p× p block matrices with n× n blocks such that X � Y � Z = 0.

Proof. Define a linear map M : L2(P ) → WP by L(λ, µ) 7→ (ΛT ⊗ In) · L(λ, µ). First

to show that M is surjective, let wT ⊗ P (λ, µ) ∈ WP for some w ∈ Cp. Consider the

linear two-parameter matrix pencil

L̂(λ, µ) := λ




wT ⊗ SB

0
...

0



+ µ




wT ⊗ T B

0
...

0



+




wT ⊗AB
k−1

...

wT ⊗AB
0




Note that



wT ⊗ SB

0
...

0



�




wT ⊗ T B

0
...

0



�




wT ⊗AB
k−1

...

wT ⊗AB
0


 = wT ⊗




AB
k

...

AB
0


 .

and thus by Lemma 5.2.4 we have (ΛT ⊗ In) · L̂(λ, µ) = wT ⊗ P (λ, µ). Therefore M is

a surjective map. Now the set of all M-preimages of wT ⊗ P (λ, µ) is L̂(λ, µ) + ker M.

Note that ker M =
{
L(λ, µ) = λX + µY + Z ∈ L2(P ) : (ΛT ⊗ In) · L(λ, µ) = 0

}
. By

Lemma 5.2.4 it follows that, if (ΛT ⊗ In) · (λX + µY + Z) = 0 then X � Y � Z = 0.

Hence (5.42) follows.

For a two-parameter quadratic matrix polynomial, we have the following result.

Corollary 5.2.10. Let Q(λ, µ) be as given in (5.4) and L(λ, µ) ∈ L2(Q) with left ansatz

vector w ∈ C3. Then

L(λ, µ) = λ




wT ⊗ A20

wT ⊗ A11 − Y1

−Z1


+ µ




Y1

wT ⊗ A02

−Z2


+




wT ⊗A10 + Z1

wT ⊗A01 + Z2

wT ⊗A00


 ,

where Y1, Z1, Z2 are arbitrary block rows with n× n matrices as blocks.

Next we compute the dimension of L2(P ).
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Proposition 5.2.5. Let P (λ, µ) be as given in (5.3). Then

dim L2(P ) =
k(k + 1)

2
(k2 − 1)n2 +

k(k + 1)

2
.

Proof. The proof is similar to that of Proposition 5.2.2.

Note that the dimensions of the right and left ansatz space are same. In particular

for k = 2, we have dim(L1(Q)) = dim(L2(Q)) = 9n2 + 3.

Proposition 5.2.6. Let P (λ, µ) be as given in (5.3). Then L2(P ) = [L1(P
T )]T , where

[L1(P
T )]T :=

{
(L(λ, µ))T : L(λ, µ) ∈ L1(P

T )
}
.

Proof. Let L(λ, µ) ∈ L2(P ) with left ansatz vector w ∈ Cp, i.e., (ΛT ⊗ In) · L(λ, µ) =
wT ⊗ P (λ, µ). Taking transpose on both sides we have (L(λ, µ))T · (Λ ⊗ In) = w ⊗
(P (λ, µ))T which implies that (L(λ, µ))T ∈ L1(P

T ) with right ansatz vector w. So

L2(P ) ⊆ [L1(P
T )]T . The other inclusion, i.e., [L1(P

T )]T ⊆ L2(P ) follows similarly.

Let y ∈ ker(P (λ, µ)) and L(λ, µ) ∈ L2(P ) with a nonzero right ansatz vector w ∈ Cp.

Then (Λ⊗y)∗L(λ, µ) = y∗(ΛT⊗In)L(λ, µ) = y∗(wT⊗P (λ, µ)) = wT ⊗y∗P (λ, µ) = 0. So

Λ⊗y ∈ ker(L(λ, µ)). In fact, it is easy to see that the map ker(P (λ)) → ker(L(λ)), y 7→
Λ⊗ y is an isomorphism.

Proposition 5.2.7. Let P (λ, µ) be a two-parameter matrix polynomial of degree k as

given in (5.3) and L(λ, µ) ∈ L2(P ) with nonzero left ansatz vector w ∈ Cp. Then

0 6= y ∈ ker(P (λ, µ)) if and only if Λ⊗ y ∈ ker(L(λ, µ)).

5.2.2 Linearizations in L1(P )

Let P (λ, µ) be a two-parameter matrix polynomial of degree k given by (5.3). We

have constructed ansatz space of P (λ, µ). Now the question is whether L(λ, µ) ∈
L1(P )

⋃
L2(P ) is a linearization of P (λ, µ) or not. It is straightforward to see that

L(λ, µ) ∈ L1(P ) with right ansatz vector 0 is not a linearization of P (λ, µ). So not all

elements in L1(P ) or L2(P ) are linearizations of P (λ, µ). Thus it is necessary to derive

conditions for L(λ, µ) ∈ L1(P )
⋃
L2(P ).

First we derive a linearization condition for L(λ, µ) ∈ L1(P ) with right ansatz vector

αe1 ∈ Cp, for some 0 6= α ∈ C.
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Theorem 5.2.11. Let P (λ, µ) be as given in (5.3). Let L(λ, µ) ∈ L1(P ) with right

ansatz vector αe1 ∈ Cp, for some 0 6= α ∈ C, be given by

L(λ, µ) = λ
([

αe1 ⊗ S 0 · · · 0
]
+X

)
+ µ

([
αe1 ⊗ T 0 · · · 0

]
+ Y

)

+
[
αe1 ⊗Ak−1 · · · αe1 ⊗A0

]
+ Z,

where X = [Xij ], Y = [Yij], Z = [Zij ] are p × p block matrices with n × n matrices as

blocks such that X � Y � Z = 0. Further, suppose that the following conditions hold:

(i) Yi, j−1
2

(2k−j+2)+r = 0, for i = 2, · · · , p, j = 1, · · · , k − 1, r = 1, · · · , k − j,

(ii) Z :=




Z21 · · · Z2,p−1

...

Zp1 · · · Zp,p−1


 is nonsingular.

Then L(λ, µ) is a linearization of P (λ, µ).

Proof. First note that L(λ, µ) = L̂(λ, µ) + (λX + µY + Z), where

L̂(λ, µ) = λ
([

αe1 ⊗ S 0 · · · 0
])

+ µ
([

αe1 ⊗ T 0 · · · 0
])

+
[
αe1 ⊗Ak−1 · · · αe1 ⊗A0

]
.

Define the (k − i+ 1)× (k − i− j + 1) block matrix

Rij(λ, µ) :=


 λjI(k−i−j) ⊗ In

Λj(λ, µ)⊗ In




for i = 1, · · · , k − 2, j = 1, · · · , k − i− 1 and consider the p× p block matrix

E(λ, µ) :=




1
α
Λk−1(λ, µ)⊗ In Ik ⊗ In R11(λ, µ) R12(λ, µ) · · · R1,k−2(λ, µ)

1
α
Λk−2(λ, µ)⊗ In Ik−1 ⊗ In R21(λ, µ) · · · R2,k−3(λ, µ)

...
. . . . . . ...

1
α
Λ2(λ, µ)⊗ In I3 ⊗ In Rk−2,1(λ, µ)

1
α
Λ1(λ, µ)⊗ In I2 ⊗ In

1
α
Λ0(λ, µ)⊗ In




.
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Now we have

L̂(λ, µ)·




1
α
Λk−1(λ, µ)⊗ In

1
α
Λk−2(λ, µ)⊗ In

...

1
α
Λ1(λ, µ)⊗ In

1
α
Λ0(λ, µ)⊗ In




=
1

α
L̂(λ, µ)·(Λ(λ, µ)⊗In) =

1

α
·αe1⊗P (λ, µ) = e1⊗P (λ, µ).

A little calculation shows that

L̂(λ, µ) · E(λ, µ) =




P (λ, µ) M1(λ, µ) · · · Mk−1(λ, µ)

0 0 · · · 0
...

...

0 0 · · · 0




(5.43)

for some Mj(λ, µ) ∈ Cn×(k+1−j)n for j = 1, · · · , k − 1. Since X � Y � Z = 0, by

Lemma 5.2.2 we have

(λX + µY + Z) ·




1
α
Λk−1(λ, µ)⊗ In

1
α
Λk−2(λ, µ)⊗ In

...

1
α
Λ1(λ, µ)⊗ In

1
α
Λ0(λ, µ)⊗ In




=
1

α
(λX + µY + Z) · (Λ(λ, µ)⊗ In) = 0.

By the condition given in (i) and using the fact that X � Y � Z = 0, we have

λX + µY + Z =


 ∗ ∗ · · · ∗

Ẑ1(λ, µ) Ẑ2(λ, µ) · · · Ẑk(λ, µ)


 ,

where

Ẑ1(λ, µ) :=




Z21 · · · Z2k

...

Zp1 · · · Zpk


 ,

Ẑ2(λ, µ) := −




λZ21 · · · λZ2,k−2 λZ2,k−1 + µZ2,k

...
...

...

λZp1 · · · λZp,k−2 λZp,k−1 + µZp,k


+




Z2,k+1 · · · Z2,k+(k−1)

...

Zp,k+1 · · · Zp,k+(k−1)


 ,
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Ẑ3(λ, µ) := −




λZ2,k+1 · · · λZ2,k+(k−3) λZ2,k+(k−2) + µZ2,k+(k−1)

...
...

...

λZp,k+1 · · · λZp,k+(k−3) λZp,k+(k−2) + µZp,k+(k−1)




+




Z2,k+(k−1)+1 · · · Z2,k+(k−1)+(k−3)

...

Z2,k+(k−1)+1 · · · Z2,k+(k−1)+(k−3)


 ,

so on and Ẑk(λ, µ) := −




λZ2,p−2 + µZ2,p−1

...

λZp,p−2 + µZp,p−1


 . Note that Ẑ1(λ, µ)·(Ik⊗In) = Ẑ1(λ, µ).

Further, we have

Ẑ1(λ, µ) ·R11(λ, µ) =




Z21 · · · Z2k

...

Zp1 · · · Zpk


 ·




λIk−2 ⊗ In

λIn

µIn




=




λZ21 · · · λZ2,k−2 λZ2,k−1 + µZ2,k

...
...

...

λZp1 · · · λZp,k−2 λZp,k−1 + µZp,k


 .

So we have

(Ẑ1(λ, µ) · R11(λ, µ)) + (Ẑ2(λ, µ) · (Ik−1 ⊗ In))

=




λZ21 · · · λZ2,k−2 λZ2,k−1 + µZ2,k

...
...

...

λZp1 · · · λZp,k−2 λZp,k−1 + µZp,k


−




λZ21 · · · λZ2,k−2 λZ2,k−1 + µZ2,k

...
...

...

λZp1 · · · λZp,k−2 λZp,k−1 + µZp,k




+




Z2,k+1 · · · Z2,k+(k−1)

...

Zp,k+1 · · · Zp,k+(k−1)


 =




Z2,k+1 · · · Z2,k+(k−1)

...

Zp,k+1 · · · Zp,k+(k−1)


 .

Continuing this way, we obtain that

(λX + µY + Z) · E(λ, µ) =




0 M̂1(λ, µ) · · · M̂k−1(λ, µ)

0 Z21 · · · Z2,p−1

...
...

0 Zp1 · · · Zp,p−1




(5.44)
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for some M̂j(λ, µ) ∈ Cn×(k+1−j)n for j = 1, · · · , k − 1. Finally combining (5.43) and

(5.44), we have

L(λ, µ) · E(λ, µ) =


 P (λ, µ) M(λ, µ)

Z


 ,

where

M(λ, µ) =
[
M1(λ, µ) + M̂1(λ, µ) · · · Mk−1(λ, µ) + M̂k−1(λ, µ)

]
.

By the condition given in (ii), Z is nonsingular. Consider

F (λ, µ) :=


 In −M(λ, µ)Z−1

Z−1


 .

Then

F (λ, µ) · L(λ, µ) · E(λ, µ) =


 In −M(λ, µ)Z−1

Z−1


 ·


 P (λ, µ) M(λ, µ)

Z




=


 P (λ, µ)

I(p−1)n


 .

It is easy to see that det(E(λ, µ)) and det(F (λ, µ)) are independent of λ, µ. Hence

L(λ, µ) is a linearization of P (λ, µ).

For a two-parameter quadratic matrix polynomial we have the following result.

Corollary 5.2.12. Let Q(λ, µ) be as given in (5.4). Let L(λ, µ) ∈ L1(Q) with nonzero

right ansatz vector v = αe1, for some 0 6= α ∈ C, be given by

L(λ, µ) = λ
[
αe1 ⊗ A20 αe1 ⊗ A11 − Y1 −Z1

]
+ µ

[
Y1 αe1 ⊗ A02 −Z2

]

+
[
αe1 ⊗ A10 + Z1 αe1 ⊗ A01 + Z2 αe1 ⊗A00

]
,

where

Y1 =




Y11

Y21

Y31


 , Z1 =




Z11

Z21

Z31


 , Z2 =




Z12

Z22

Z32




are 3× 3 block matrices with n× n blocks such that
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(i) Y21 = Y31 = 0,

(ii) Z =


 Z21 Z22

Z31 Z32


 is nonsingular.

Then L(λ, µ) is a linearization of Q(λ, µ).

Next we use Theorem 5.2.11 to determine linearization condition of L(λ, µ) ∈ L1(P )

with right ansatz vector 0 6= v ∈ Cp.

Procedure to determine the linearization condition for a two-parameter

matrix pencil in L1(P ):

(1) Let L(λ, µ) ∈ L1(P ) corresponding to a nonzero right ansatz vector v ∈ Cp be

given by

L(λ, µ) = λ
([

v ⊗ S 0 · · · 0
]
+X

)
+ µ

([
v ⊗ T 0 · · · 0

]
+ Y

)

+
[
v ⊗Ak−1 · · · v ⊗A0

]
+ Z,

where X = [Xij ], Y = [Yij], Z = [Zij ] are such that X � Y � Z = 0.

(2) Consider a nonsingular matrix M = [mij ] ∈ Cp×p such that Mv = αe1 ∈ Cp,

where 0 6= α ∈ C.

(3) Apply the corresponding block transformation M ⊗ In to L(λ, µ). Then we have

L̃(λ, µ) = (M ⊗ In) · L(λ, µ)

= λ
([

αe1 ⊗ S 0 · · · 0
]
+ X̃

)
+ µ

([
αe1 ⊗ T 0 · · · 0

]
+ Ỹ

)

+
[
αe1 ⊗Ak−1 · · · αe1 ⊗A0

]
+ Z̃,

where X̃ = [X̃ij ], Ỹ = [Ỹij], Z̃ = [Z̃ij ] are given by X̃ij =
∑p

l=1milXlj, Ỹij =
∑p

l=1milYlj, Z̃ij =
∑p

l=1milZlj for all i, j = 1, · · · , p. Note that L̃(λ, µ) ∈ L1(P )

corresponding to the nonzero right ansatz vector αe1.

(4) (Linearization Condition)

(i) Ỹi, j−1
2

(2k−j+2)+r = 0 for i = 2, · · · , p, j = 1, · · · , k − 1 and r = 1, · · · , k − j.
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(ii) Z̃ :=




Z̃21 · · · Z̃2,p−1

...

Z̃p1 · · · Z̃p,p−1


 is nonsingular.

Example 5.1. Let Q(λ, µ) be a two-parameter quadratic matrix polynomial given in

(5.4) and L(λ, µ) ∈ L1(Q) with right ansatz vector v = (1, 2, 3)T . Then it follows from

Corollary 5.2.10 that

L(λ, µ) = λ




A20 A11 − Y11 −Z11

2A20 2A11 − Y21 −Z21

3A20 3A11 − Y31 −Z31


+ µ




Y11 A02 −Z12

Y21 2A02 −Z22

Y31 3A02 −Z32




+




A10 + Z11 A01 + Z12 A00

2A10 + Z21 2A01 + Z22 2A00

3A10 + Z31 3A01 + Z32 3A00


 ,

where Yij, Zij ∈ Cn×n are arbitrary matrices. Consider M =




1 0 0

−2 1 0

−3 0 1


 and note

that Mv = e1. Let L̃(λ, µ) := (M ⊗ In) · L(λ, µ). Then

(M ⊗ In) ·




Y11

Y21

Y31


 =




In 0 0

−2In In 0

−3In 0 In







Y11

Y21

Y31


 =




Y11

Y21 − 2Y11

Y31 − 3Y11




and

(M⊗In)·




Z11 Z12

Z21 Z22

Z31 Z32


 =




In 0 0

−2In In 0

−3In 0 In







Z11 Z12

Z21 Z22

Z31 Z32


 =




Z11 Z12

Z21 − 2Z11 Z22 − 2Z12

Z31 − 3Z11 Z32 − 3Z12




Hence the linearization conditions are:

(i) Y21 − 2Y11 = 0 = Y31 − 3Y11, i.e., Y21 = 2Y11 and Y31 = 3Y11,

(ii)


 Z21 − 2Z11 Z22 − 2Z12

Z31 − 3Z11 Z31 − 3Z12


 is nonsingular.
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5.2.3 Double ansatz space

Let Q(λ, µ) be a two-parameter quadratic matrix polynomial given in (5.4). Then we

define the double ansatz space by DL(Q) := L1(Q)
⋂
L2(Q). It is easy to see that

L(λ, µ) ∈ DL(Q) ⇔ L(λ, µ) · (Λ ⊗ In) = v ⊗Q(λ, µ) and (ΛT ⊗ In) · L(λ, µ) = vT ⊗ In

for some v ∈ C3. Lemma 5.2.2 and Lemma 5.2.4 can be used to characterize DL(Q).

Consider

L(λ, µ) := λ




0 0 αA20

0 0 αA11 + Z

αA20 −Z αA10


+ µ




0 0 −Z

0 0 αA02

αA11 + Z αA02 αA01




+




−αA20 Z 0

−αA11 − Z −αA02 0

0 0 αA00


 , (5.45)

where 0 6= α ∈ C and Z ∈ Cn×n is an arbitrary matrix. Then it is easy to see that

L(λ, µ)·(Λ⊗In) = v⊗Q(λ, µ) and (ΛT⊗In)·L(λ, µ) = vT⊗In, where v = (0, 0, α)T ∈ C3

and Λ = (λ, µ, 1)T ∈ C3. So L(λ, µ) ∈ DL(Q).

Theorem 5.2.13. Let Q(λ, µ) be as given in (5.4) and L(λ, µ) be as given in (5.45).

Then L(λ, µ) is a linearization of Q(λ, µ) if Ẑ =


 Z −αA20

−αA02 −αA11 − Z


 is nonsingu-

lar.

Proof. Consider E(λ, µ) =




1
α
λIn 0 In

1
α
µIn In 0

1
α
In 0 0


 and note that

L(λ, µ) · E(λ, µ) =




0 Z −αA20

0 −αA02 −αA11 − Z

Q(λ, µ) −λZ + µαA02 λαA20 + µαA11 + µZ




=


 0 Ẑ

Q(λ, µ) M(λ, µ)


 ,

where M(λ, µ) :=
[
−λZ + µαA02 λαA20 + µαA11 + µZ

]
.
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Next construct F (λ, µ) :=


 −M(λ, µ)Ẑ−1 In

Ẑ−1 0


. Then we have

F (λ, µ)·L(λ, µ)·E(λ, µ) =


 −M(λ, µ)Ẑ−1 In

Ẑ−1 0




 0 Ẑ

Q(λ, µ) M(λ, µ)


 =


 Q(λ, µ) 0

0 I2n


 .

Note that det(E(λ, µ)) and det(F (λ, µ)) are independent of λ and µ and hence L(λ, µ)

is a linearization of Q(λ, µ).

We mention that L(λ, µ) given in (5.45) is the only pencil in DL(Q) which is a

linearization of Q(λ, µ).

5.3 Linearizations of a two-parameter PEP

Let W ∈ PMEP(k;n1, n2) be a two-parameter PEP of degree k given by

W(λ, µ) := (W1(λ, µ),W2(λ, µ)) and Wi(λ, µ) :=
k∑

m=0

k−m∑

n=0

A(i)
mnλ

mµn, (5.46)

where (λ, µ) ∈ C2, A
(i)
mn ∈ Cni×ni for i = 1, 2, m = 0, · · · , k and n = 0, · · · , k −m.

First we recall the definition of the linearization of a two-parameter polynomial MEP.

Definition 5.3.1. [1] Let W ∈ PMEP(k;n1, n2) be a two-parameter nonhomogeneous

polynomial MEP of degree k such thatW(λ, µ) := (W1(λ, µ),W2(λ, µ)) and L ∈ MEP(pn1, pn2)

be a two-parameter linear MEP such that L(λ, µ) := (L1(λ, µ), L2(λ, µ)). Then L is said

to be a linearization of W if Li(λ, µ) is a linearization of Wi(λ, µ) for i = 1, 2.

Let W ∈ PMEP(k;n1, n2) be as given in (5.46). Let Li(λ, µ) be the first stan-

dard form of Wi(λ, µ) for i = 1, 2. Consider L̂ ∈ MEP(pn1, pn2) such that L̂(λ, µ) :=

(L1(λ, µ), L2(λ, µ)). Then L̂ is a linearization of W. We refer to the linearization L̂ as

the first standard form of W given in (5.46). We define the right ansatz space of W by

L1(W) := {L ∈ MEP(pn1, pn2) : L(λ, µ) := (L1(λ, µ), L2(λ, µ)) and

Li(λ, µ) · (Λ⊗ Ini
) = vi ⊗Wi(λ, µ), vi ∈ Cp for i = 1, 2} ,

where Λ as given in (5.10). We refer to
[
v1 v2

]
∈ Cp×2 as the right ansatz matrix.

Note that, the first standard form L̂ ∈ L1(W) corresponding to the right ansatz matrix[
e1 e1

]
.
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Next consider L̃ ∈ MEP(pn1, pn2) such that L̃(λ, µ) := (L1(λ, µ), L2(λ, µ)), where

Li(λ, µ) is the second standard form ofWi(λ, µ) for i = 1, 2. Then L̃ is also a linearization

of W. We refer to the linearization L̃ as the second standard form of W. Now we define

the left ansatz space of W by

L2(W) := {L ∈ MEP(pn1, pn2) : L(λ, µ) := (L1(λ, µ), L2(λ, µ)) and

(ΛT ⊗ Ini
) · Li(λ, µ) = wT

i ⊗Wi(λ, µ), wi ∈ Cp for i = 1, 2
}
.

We refer to
[
w1 w2

]
∈ Cp×2 as the left ansatz matrix. It is easy to see that L̃ ∈ L2(W)

corresponding to the left ansatz matrix
[
e1 e1

]
.

Theorem 5.3.1. (Eigenvector Recovery Property) Let W ∈ PMEP(k;n1, n2) be as

given in (5.46).

Let L ∈ L1(W) be a linearization of W with right ansatz matrix
[
v1 v2

]
, where

0 6= vi ∈ Cp for i = 1, 2. Then 0 6= x1 ⊗ x2 ∈ Cn1 ⊗ Cn2 is a right eigenvector of

W corresponding to an eigenvalue (λ, µ) if and only if (Λ ⊗ x1) ⊗ (Λ ⊗ x2) is a right

eigenvector of L corresponding to an eigenvalue (λ, µ).

Let L ∈ L2(W) be a linearization of W with left ansatz matrix
[
w1 w2

]
, where

0 6= wi ∈ Cp for i = 1, 2. Then 0 6= y1 ⊗ y2 ∈ Cn1 ⊗ Cn2 is a left eigenvector of W

corresponding to an eigenvalue (λ, µ) if and only if (Λ⊗y1)⊗(Λ⊗y2) is a left eigenvector

of L corresponding to an eigenvalue (λ, µ).

Proof. The proof follows from Proposition 5.2.3 and Proposition 5.2.7.
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6
Structured Backward Perturbation Analysis of MEP

6.1 Introduction

Consider a regular MEPW ∈ MEP(n1, · · · , nm) given byW(z) := (W1(z), · · · ,Wm(z))

with Wk(z) := Ak +
∑m

j=1 zjBkj and z = (z1, · · · , zm)T ∈ Cm, where Ak, Bkj ∈ Cnk×nk

for all k, j = 1, · · · , m. Then W is said to be Hermitian if all the coefficient matrices of

W are Hermitian. Hermitian and right definite MEPs have been analyzed in [12, 52].

Since structured MEPs arise in many applications, in this chapter, we undertake struc-

tured backward perturbation analysis of structured MEPs. Throughout the chapter, we

denote the conjugate tranpose of a given matrix A by AH .

We consider twelve special structured MEPs, namely T -symmetric, T -skew sym-

metric, T -even, T -odd, T -even alternating, T -odd alternating, H-Hermitian, H-skew

Hermitian, H-even, H-odd, H-even alternating and H-odd alternating. These struc-

tures are defined in the next section. We denote the set of the structured MEPs by S.

Let W ∈ S, λ ∈ Cm and 0 6= x = x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm. Then we define the

structured backward error of (λ, x) as an approximate eigenpair of W by

ηSp(λ, x,W) := inf{|||∆W|||p : ∆W ∈ S and W(λ)x+∆W(λ)x = 0},

where 1 ≤ p ≤ ∞. We show that there exists ∆W ∈ S such that W(λ)x +∆W(λ)x =

0. Therefore ηSp(λ, x,W) < ∞. For the Frobenius and spectral norm on Cnk×nk , we

determine ηSp(λ, x,W) and construct ∆W such thatW(λ)x+∆W(λ)x = 0 and |||∆W|||p =
ηSp(λ, x,W).

117
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6.2 Structured MEPs

Let W ∈ MEP(n1, · · · , nm) be given by

W(z) := (W1(z), · · · ,Wm(z)),where Wk(z) := Ak +
m∑

j=1

zjBkj, (6.1)

z = (z1, · · · , zm)T ∈ Cm and Ak, Bkj ∈ Cnk×nk for all k, j = 1, · · · , m. Recall that W

is said to be regular if
∏m

j=1 det(Wj(z)) 6= 0 for some z ∈ Cm. Also recall that, for

x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and z ∈ Cm, we have

W(z)x := (W1(z)x1, . . . ,Wm(z)xm) and xHW(z) := (xH
1 W1(z), . . . , x

H
mWm(z)).

Let S be a (real or complex) linear subspace of MEP(n1, · · · , nm). We refer to the MEPs

in S as the structured MEPs. We consider the following structures:

• T -symmetric: (Wk(z))
T = Wk(z), i.e., A

T
k = Ak and BT

kj = Bkj for all k, j =

1, · · · , m.

• T -skew-symmetric: (Wk(z))
T = −Wk(z), i.e., A

T
k = −Ak and BT

kj = −Bkj for

all k, j = 1, · · · , m.

• T -even: (Wk(z))
T = Wk(−z), i.e., AT

k = Ak and BT
kj = −Bkj for all k, j =

1, · · · , m.

• T -odd: (Wk(z))
T = −Wk(−z), i.e., AT

k = −Ak and BT
kj = Bkj for all k, j =

1, · · · , m.

• T -even alternating: AT
k = Ak, B

T
kj = (−1)jBkj for all k, j = 1, · · · , m.

• T -odd alternating: AT
k = −Ak, B

T
kj = (−1)j+1Bkj for all k, j = 1, · · · , m.

• H-Hermitian: (Wk(z))
H = Wk(z), i.e., A

H
k = Ak and BH

kj = Bkj for all k, j =

1, · · · , m.

• H-skew-Hermitian: (Wk(z))
H = −Wk(z), i.e., A

H
k = −Ak and BH

kj = −Bkj for

all k, j = 1, · · · , m.
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• H-even: (Wk(z))
H = Wk(−z), i.e., AH

k = Ak and BH
kj = −Bkj for all k, j =

1, · · · , m.

• H-odd: (Wk(z))
H = −Wk(−z), i.e., AH

k = −Ak and BH
kj = Bkj for all k, j =

1, · · · , m.

• H-even alternating: AH
k = Ak, B

H
kj = (−1)jBkj for all k, j = 1, · · · , m.

• H-odd alternating: AH
k = −Ak, B

H
kj = (−1)j+1Bkj for all k, j = 1, · · · , m.

We consider

S ∈ {T -symmetric, T -skew-symmetric, T -even, T -odd, T -even alternating,

T -odd alternating, H-Hermitian, H-skew-Hermitian, H-even, H-odd,

H-even alternating, H-odd alternating} .

Let W ∈ S be regular. Let λ ∈ Cm, 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm and

0 6= y := y1 ⊗ · · · ⊗ ym ∈ Cn1 ⊗ · · · ⊗ Cnm . Then (λ, x, y) is an eigentriple of W if λ is

an eigenvalue of W and x and y are right and left eigenvectors of W corresponding to λ

respectively, i.e., W(λ)x = 0 and yHW(λ) = 0.

Theorem 6.2.1. Let W ∈ S as given in (6.1) be regular. Then we have the followings:

S eigenvalue pairing eigentriple

T -symmetric/ λ (λ, x = x1 ⊗ · · · ⊗ xm, x = x1 ⊗ · · · ⊗ xm)

T -skew-symmetric

T -even/ (λ,−λ) (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym) ,

T -odd (−λ, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm)

T -even alternating/ (λ, λ̂), (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym)

T -odd alternating where λ̂j = (−1)jλj (λ̂, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm)

H-Hermitian / (λ, λ) (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym)

H-skew-Hermitian (λ, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm)

H-even/ (λ,−λ) (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym)

H-odd (−λ, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm)

H-even alternating/ (λ, λ̂), (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym)

H-odd alternating where λ̂j = (−1)jλj (λ̂, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm)
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Proof. LetW be T -symmetric. Using (Wk(λ))
T = Wk(λ), we obatin that ifWk(λ)xk = 0

then xH
k Wk(λ) = 0 for all k = 1, · · · , m. So (λ, x = x1 ⊗ · · · ⊗ xm, x = x1 ⊗ · · · ⊗ xm) is

an eigentriple of W. Proof is similar when W is T -skew symmetric.

Let W be T -even. BY (Wk(λ))
T = Wk(−λ), it follows that if Wk(λ)xk = 0 =

Wk(−λ)yk then we have xH
k Wk(−λ) = 0 = yHk Wk(λ) for all k = 1, · · · , m. This shows

that (λ,−λ) pairing of eigenvalues and (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym) and

(−λ, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm) are eigentriples of W. Proof is similar when

W is T -odd.

Let W be T -even alternating. It follows from the definition of T -even alternating

MEP that (Wk(λ))
T = Ak +

∑m
j=1(−1)jλjBkj = Wk(λ̂) for all k = 1, · · · , m. Then it

follows that if Wk(λ)xk = 0 = Wk(λ̂)yk then xH
k Wk(λ̂) = 0 = yHk Wk(λ) = 0 for all k =

1, · · · , m. Thus (λ, λ̂) pairing of eigenvalues and (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym)

and (λ̂, y = y1⊗· · ·⊗ym, x = x1⊗· · ·⊗xm) are eigentriples of W. Proof is similar when

W is T -odd alternating.

Let W be H-Hermitian. In this case using (Wk(λ))
H = Wk(λ), we observe that if

Wk(λ)xk = 0 = Wk(λ)yk = 0 then xH
k Wk(λ) = 0 = yHk Wk(λ) for all k = 1, · · · , m.

Thus (λ, λ) pairing of eigenvalues and (λ, x = x1 ⊗ · · · ⊗ xm, y = y1 ⊗ · · · ⊗ ym) and

(λ, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · · ⊗ xm) are eigentriples of W. Proof is similar when W

is H-skew-Hermitian.

Let W be H-even. Then by (Wk(λ))
H = Wk(−λ), it follows that if Wk(λ)xk = 0 =

Wk(−λ)yk then xH
k Wk(−λ) = 0 = yHk Mk(λ) for all k = 1, · · · , m. So (λ,−λ) are pairing

of eigenvalues and (λ, x = x1⊗· · ·⊗xm, y = y1⊗· · ·⊗ym) and (−λ, y = y1⊗· · ·⊗ym, x =

x1 ⊗ · · · ⊗ xm) are eigentriples of W. Proof is similar when W is H-odd.

Let W be H-even alternating. By definition (Wk(λ))
H = Ak +

∑m
j=1(−1)jλjBkj =

Wk(λ̂) and it follows that if Wk(λ)xk = 0 = Wk(λ̂)yk then xH
k Wk(λ̂) = 0 = yHk Wk(λ)

for all k = 1, · · · , m. So (λ, λ̂) are pairing of eigenvalues and (λ, x = x1 ⊗ · · · ⊗ xm, y =

y1 ⊗ · · ·⊗ ym) and (λ̂, y = y1 ⊗ · · · ⊗ ym, x = x1 ⊗ · · ·⊗ xm) are eigentriples of W. Proof

is similar when W is H-odd alternating.

Next we show that givenW ∈ S, λ ∈ Cm and 0 6= x := x1⊗· · ·⊗xm ∈ Cn1⊗· · ·⊗Cnm

there exists ∆W ∈ S such that (λ, x) is an eigenpair of W+∆W.
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Theorem 6.2.2. Let W ∈ S given in (6.1) be regular. Let λ ∈ Cm, 0 6= x := x1 ⊗
· · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that xH

k xk = 1 and set rk := −Wk(λ)xk for all

k = 1, · · · , m. Let y = (y0, · · · , ym)T ∈ ∂||(1, λ)||q, where p−1 + q−1 = 1. Define

∆Ak :=





−xkx
T
kAkxkx

H
k + y0

||(1,λ)||q [xkr
T
k + rkx

H
k − 2(xT

k rk)xkx
H
k ] if Ak = AT

k

y0
||(1,λ)||q [rkx

H
k − xkr

T
k ] if Ak = −AT

k

∆Bkj :=





−xkx
T
kBkjxkx

H
k +

yj
||(1,λ)||q [xkr

T
k + rkx

H
k − 2(xT

k rk)xkx
H
k ] if Bkj = BT

kj

yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] if Bkj = −BT

kj

and

∆Ak :=





1
||(1,λ)||q [y0xkr

H
k (Ink

− xkx
H
k ) + y0(Ink

− xkx
H
k )rkx

H
k ]

−xkx
H
k Akxkx

H
k if Ak = AH

k

− 1
||(1,λ)||q [y0xkr

H
k (Ink

− xkx
H
k )− y0(Ink

− xkx
H
k )rkx

H
k ]

−xkx
H
k Akxkx

H
k if Ak = −AH

k ,

∆Bkj :=





1
||(1,λ)||q [yjxkr

H
k (Ink

− xkx
H
k ) + yj(Ink

− xkx
H
k )rkx

H
k ]

−xkx
H
k Bkjxkx

H
k if Bkj = BH

kj

− 1
||(1,λ)||q [yjxkr

H
k (Ink

− xkx
H
k )− yj(Ink

− xkx
H
k )rkx

H
k ]

−xkx
H
k Bkjxkx

H
k if Bkj = −BH

kj

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W ∈ S and W(λ)x+∆W(λ)x = 0.

Proof. By the construction of ∆Ak and ∆Bkj , we have

(∆Ak)
T =





∆Ak if Ak is symmetric

−∆Ak if Ak is skew symmetric
, (6.2)

(∆Bkj)
T =





∆Bkj if Bkj is symmetric

−∆Bkj if Bkj is skew symmetric
(6.3)

and

(∆Ak)
H =





∆Ak if Ak is hermitian

−∆Ak if Ak is skew hermitian
, (6.4)
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(∆Bkj)
H =





∆Bkj if Bkj is hermitian

−∆Bkj if Bkj is skew hermitian
(6.5)

for all k, j = 1, · · · , m. By (6.2)-(6.5) it follows that if W ∈ S then ∆W ∈ S.

Suppose that S = {T -symmetric} and W ∈ S. Then it follows that

∆Wk(λ)xk = −xkx
T
kWk(λ)xk +

y0 +
∑m

j=1 λjyj

||(1, λ)||q
[rk − (xT

k rk)xk]

= (xT
k rk)xk + rk − (xT

k rk)xk (since y ∈ ∂||(1, λ)||q)

= rk = −Wk(λ)xk for all k = 1, · · · , m.

So W(λ)x+∆W(λ)x = 0. The proof is similar for T -skew symmetric MEPs.

Next suppose that S = {T -even} and W ∈ S. Note that xT
kBkjxk = 0 since Bkj is

skew symmetric for k, j = 1, · · · , m and thus xT
k rk = −xT

kAkxk. Now we have,

∆Wk(λ)xk = −(xT
kAkxk)xk +

y0 +
∑m

j=1 λjyj

||(1, λ)||q
[rk − (xT

k rk)xk]

= (xT
k rk)xk + rk − (xT

k rk)xk = rk = −Wk(λ)xk for all k = 1, · · · , m.

Then W(λ)x+∆W(λ)x = 0. The proof is similar for T -odd MEPs.

Let S = {T -even alternating} and W ∈ S. Note that in this case xT
kBkjxk = 0 when

j is odd and thus it follows that xT
k rk = −xT

kAkxk −
∑

j even

xT
kBkjxk, for all k = 1, · · · , m.

Then we have

∆Wk(λ)xk = −(xT
kAkxk +

∑

j even

xT
kBkjxk)xk +

y0 +
∑m

j=1 λjyj

||(1, λ)||q
[rk − (xT

k rk)xk]

= (xT
k rk)xk + rk − (xT

k rk)xk = rk = −Wk(λ)xk for all k = 1, · · · , m.

Thus W(λ)x+∆W(λ)x = 0. The proof is similar for T -odd alternating MEPs.

Let S = {H-Hermitian} and W ∈ S. In this case we have,

∆Wk(λ)xk = −xkx
H
k (Ak +

m∑

j=1

λjBkj)xk +
y0 +

∑m
j=1 λjyj

||(1, λ)||q
(xkr

H
k xk − xkr

H
k xk)

+
y0 +

∑m
j=1 λjyj

||(1, λ)||q
(rk − xkx

H
k rk)

= xkx
H
k rk + rk − xkx

H
k rk = rk = −Wk(λ)xk for all k = 1, · · · , m.

So W(λ)x+∆W(λ)x = 0. The proof is similar for H-skew Hermitian MEPs.
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Let S = {H-even} and W ∈ S. Then we have,

∆Wk(λ)xk = −xkx
H
k (Ak +

m∑

j=1

λjBkj)xk +
y0 −

∑m
j=1 λjyj

||(1, λ)||q
(xkr

H
k xk − xkr

H
k xk)

+
y0 +

∑m
j=1 λjyj

||(1, λ)||q
(rk − xkx

H
k rk)

= xkx
H
k rk + rk − xkx

H
k rk = rk = −Wk(λ)xk for all k = 1, · · · , m.

Thus W(λ)x+∆W(λ)x = 0. The proof is similar for H-odd MEPs.

Let S = {H-even alternating} and W ∈ S. Now we have,

∆Wk(λ)xk = −xkx
H
k (Ak +

m∑

j=1

λjBkj)xk +
y0 +

∑m
j=1 λjyj

||(1, λ)||q
(rk − xkx

H
k rk)

+

y0 −
∑

j odd

λjyj +
∑

j even

λjyj

||(1, λ)||q
(xkr

H
k xk − xkr

H
k xk)

= xkx
H
k rk + rk − xkx

H
k rk = rk = −Wk(λ)xk for all k = 1, · · · , m

and W(λ)x+∆W(λ)x = 0. The proof is similar for H-odd alternating MEPs.

Next we define structured backward error.

Definition 6.2.1. Let W ∈ S be regular. Let λ ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈
Cn1⊗· · ·⊗Cnm. Then the structured backward error of (λ, x) as an approximate eigenpair

of W is defined by

ηSp(λ, x,W) := inf{|||∆W|||p : ∆W ∈ S and W(λ)x+∆W(λ)x = 0},

where 1 ≤ p ≤ ∞.

Note that by Theorem 6.2.2, it follows that ηSp(λ, x,W) < ∞. We prove the following

result regarding the smallest p-norm solutions of a system of linear equations which we

will use in the sequel.

Lemma 6.2.1. Let a, b1, · · · , bm, c ∈ Cn. Consider the following minimization problem

minimize ||(||a||p, ||b1||p, · · · , ||bm||p)||p
subject to a+ λ1b1 + · · ·+ λmbm = c,



 (6.6)
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where λ = (λ1, · · · , λm)
T ∈ Cm. Then the solutions of (6.6) are given by â = y0

||(1,λ)||q c

and b̂j =
yj

||(1,λ)||q c for all j = 1, · · · , m, where (y0, · · · , ym)T ∈ ∂||(1, λ)||q, 1 ≤ p ≤ ∞
and p−1 + q−1 = 1.

Proof. First note that, â+
∑m

j=1 λj b̂j =
y0+

∑m
j=1 λjyj

||(1,λ)||q c = c. Now

∣∣∣∣
∣∣∣∣
(
||â||p ,

∣∣∣
∣∣∣̂b1
∣∣∣
∣∣∣
p
, · · · ,

∣∣∣
∣∣∣̂bm
∣∣∣
∣∣∣
p

)∣∣∣∣
∣∣∣∣
p

=
||y||p

||(1, λ)||q
||c||p =

||c||p
||(1, λ)||q

.

Again by Hölder’s inequality, we have

||c||p =
∣∣∣∣∣

∣∣∣∣∣a +
m∑

j=1

λjbj

∣∣∣∣∣

∣∣∣∣∣
p

≤ ||(||a||p, ||b1||p, · · · , ||bm||p)||p ||(1, λ)||q

and thus ||(||a||p, ||b1||p, · · · , ||bm||p)||p ≥ ||c||p
||(1,λ)||q =

∣∣∣∣
∣∣∣∣
(
||â||p ,

∣∣∣
∣∣∣̂b1
∣∣∣
∣∣∣
p
, · · · ,

∣∣∣
∣∣∣̂bm
∣∣∣
∣∣∣
p

)∣∣∣∣
∣∣∣∣
p

.

This completes the proof.

We refer to â, b̂1, · · · b̂m as the smallest p-norm solution of a+
∑m

j=1 λjbj = c.

6.3 Frobenious norm structured backward error

In this section we derive structured backward errors of structured MEP by consid-

ering Frobenious norm on Cnk×nk for all k = 1, · · · , m.

Theorem 6.3.1. Let S be the space of all T -symmetric MEPs. Let W ∈ S be as given

in (6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be

such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then

ηSp(λ, x,W) =
1

||(1, λ)||q

∣∣∣
∣∣∣
((

2||r1||22 − |xT
1 r1|2

) 1
2 , · · · ,

(
2||rm||22 − |xT

mrm|2
) 1

2

)∣∣∣
∣∣∣
p
, (6.7)

where p−1 + q−1 = 1.

Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q. Define

∆Ak =
y0

||(1, λ)||q

[
xkr

T
k +rkx

H
k −(rTk xk)xkx

H
k

]
,∆Bkj =

yj
||(1, λ)||q

[
xkr

T
k+rkx

H
k −(rTk xk)xkx

H
k

]

(6.8)

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -symmetric, W(λ)x+∆W(λ)x = 0

and |||∆W|||p = ηSp(λ, x,W).
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Proof. It follows from Theorem 6.2.2 that there exists ∆W ∈ S such that W(λ)x +

∆W(λ)x = 0. Choose Q(k) ∈ Cnk×(nk−1) such that Qk =
[
xk Q(k)

]
is unitary for all

k = 1, · · · , m. Define

∆̃Ak := QT
k ∆Ak Qk =


 ak (âk)

T

âk Âk


 , ∆̃Bkj := QT

k ∆Bkj Qk =


 bkj (̂bkj)

T

b̂kj B̂kj


 ,

(6.9)

where ak, bkj ∈ C, âk, b̂kj ∈ Cnk−1 and Âk, B̂kj ∈ C(nk−1)×(nk−1) are symmetric matrices,

for all k, j = 1, · · · , m. Since Qk is unitary and QH
k xk = e1, the first column of the

identity matrix, we have

∆Wk(λ)xk = rk ⇒
(
QT

k∆Wk(λ)Qk

)
QH

k xk = QT
k rk ⇒

(
∆̃Ak +

m∑

j=1

λj∆̃Bkj

)
e1 = QT

k rk.

(6.10)

By (6.9) we have

 ak +

∑m
j=1 λjbkj

âk +
∑m

j=1 λj b̂kj


 =


 xT

k rk

Q(k)T rk


 for all k = 1, · · · , m.

Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q. It follows from Lemma 6.2.1 that the smallest p-norm

solution of ak +
∑m

j=1 λjbkj = xT
k rk is given by ak = y0

||(1,λ)||qx
T
k rk, bkj =

yj
||(1,λ)||qx

T
k rk for

k, j = 1, · · · , m. The minimal p-norm solution of âk +
∑m

j=1 λj b̂kj = Q(k)T rk is given by

âk =
y0

||(1,λ)||qQ
(k)T rk, b̂kj =

yj
||(1,λ)||qQ

(k)T rk for k, j = 1, · · · , m. Thus we have

∆̃Ak =




y0
||(1,λ)||qx

T
k rk

y0
||(1,λ)||q (Q

(k)T rk)
T

y0
||(1,λ)||qQ

(k)T rk Âk


 (6.11)

∆̃Bkj =




yj
||(1,λ)||qx

T
k rk

yj
||(1,λ)||q (Q

(k)T rk)
T

yj
||(1,λ)||qQ

(k)T rk B̂kj


 . (6.12)

Note that ||∆̃Ak||F and ||∆̃Bkj||F are minimized when Âk = B̂kj = 0. So setting

Âk = B̂kj = 0 we have

||∆Ak||F = ||∆̃Ak||F =
|y0|

||(1, λ)||q

(
|xT

k rk|2 + 2||Q(k)T rk||22
) 1

2

||∆Bkj||F = ||∆̃Bkj||F =
|yj|

||(1, λ)||q

(
|xT

k rk|2 + 2||Q(k)T rk||22
) 1

2

.
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Since QkQ
H
k = Ink

, we have

[
xk Q(k)

]

 xH

k

Q(k)H


 = Ink

⇒ Q(k)Q(k)H = Ink
− xkx

H
k ⇒ Q(k)Q(k)T = Ink

− xkx
T
k .

Consequently,

||Q(k)T rk||22 = ||Q(k)Q(k)T rk||22 = ||(Ink
− xkx

T
k )rk||22 = ||rk||22 − |xT

k rk|2. (6.13)

Thus

||∆Ak||F =
|y0|

||(1, λ)||q

(
2||rk||22−|xT

k rk|2
) 1

2

and ||∆Bkj||F =
|yj|

||(1, λ)||q

(
2||rk||22−|xT

k rk|2
) 1

2

.

Hence

||∆Wk||p =
||y||p

||(1, λ)||q
(2||rk||22 − |xT

k rk|2)
1
2 =

1

||(1, λ)||q
(2||rk||22 − |xT

k rk|2)
1
2

and

|||∆W|||p =
1

||(1, λ)||q

∣∣∣
∣∣∣
((

2||r1||22 − |xT
1 r1|2

) 1
2 , · · · ,

(
2||rm||22 − |xT

mrm|2
) 1

2

)∣∣∣
∣∣∣
p
,

which yields (6.7).

Using Q(k)Q(k)T = Ink
− xkx

T
k , by (6.11) and (6.12), we have

∆Ak = Qk∆̃AkQ
H
k =

[
xk Q(k)

]



y0
||(1,λ)||qx

T
k rk

y0
||(1,λ)||q (Q

(k)T rk)
T

y0
||(1,λ)||qQ

(k)T rk Âk




 xH

k

Q(k)H




=
y0

||(1, λ)||q

[
xkx

T
k rkx

H
k +Q(k)QT

k rkx
H
k + xkr

T
k Q

(k)Q(k)H
]
+Q(k)ÂkQ

(k)H

=
y0

||(1, λ)||q

[
xkr

T
k + rkx

H
k − (xT

k rk)xkx
H
k

]
+Q(k)ÂkQ

(k)H (6.14)

and

∆Bkj = Qk∆̃BkjQ
H
k =

[
xk Q(k)

]



yj
||(1,λ)||qx

T
k rk

yj
||(1,λ)||q (Q

(k)T rk)
T

yj
||(1,λ)||q B̂kj




 xH

k

Q(k)H




=
yj

||(1, λ)||q

[
xkx

T
k rkx

H
k +Q(k)Q(k)T rkx

H
k + xkr

T
k Q

(k)Q(k)H
]
+Q(k)B̂kjQ

(k)H

=
yj

||(1, λ)||q

[
xkr

T
k + rkx

H
k − (xT

k rk)xkx
H
k

]
+Q(k)B̂kjQ

(k)H (6.15)

for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0 for all k, j = 1, · · · , m in (6.14) and (6.15),

we obtain the desired ∆Ak and ∆Bkj given in (6.8). This completes the proof.
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Next we consider T -skew symmetric MEPs.

Theorem 6.3.2. Let S be the space of all T -skew symmetric MEPs. Let W ∈ S be as

given in (6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm

be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then

ηSp(λ, x,W) =

√
2

||(1, λ)||q
||(||r1||2, · · · , ||rm||2)||p,

where p−1 + q−1 = 1. Further, for the T -skew symmetric MEP ∆W given in Theo-

rem 6.2.2, we have W(λ)x+∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. In this case, the coefficient matrices are all skew symmetric. So by similar argu-

ments as given in the proof of Theorem 6.3.1, we have

∆̃Ak := QT
k ∆Ak Qk =


 0 −(âk)

T

âk Âk


 and ∆̃Bkj := QT

k ∆Bkj Qk =


 0 −(̂bkj)

T

b̂kj B̂kj


 ,

(6.16)

where âk, b̂kj ∈ Cnk−1 and Âk, B̂kj ∈ C(nk−1)×(nk−1) are skew-symmetric matrices for all

k, j = 1, · · · , m. Consequently, we have


 0

âk +
∑m

j=1 λj b̂kj


 =


 xT

k rk

Q(k)T rk


 for all k = 1, · · · , m.

Note that xT
k rk = 0 and the smallest p-norm solution of âk +

∑m
j=1 λj b̂kj = Q(k)T rk is

given by âk =
y0

||(1,λ)||qQ
(k)T rk, b̂kj =

yj
||(1,λ)||qQ

(k)T rk for k, j = 1, · · · , m. Then

∆̃Ak =


 0 − y0

||(1,λ)||q (Q
(k)T rk)

T

y0
||(1,λ)||qQ

(k)T rk Âk


 , (6.17)

∆̃Bkj =


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


 . (6.18)

Setting Âk = B̂kj = 0 and using ||Q(k)T rk||22 = ||rk||22 − |xT
k rk|2 = ||rk||22, we obtain

||∆Ak||F =
√
2 |y0|

||(1,λ)||q ||rk||2 and ||∆Bkj||F =
√
2 |yj |

||(1,λ)||q ||rk||2. So ||∆Wk||p =
√
2 ||y||p

||(1,λ)||q ||rk||2 =
√
2

||(1,λ)||q ||rk||2 and ηSp(λ, x,W) = |||∆W|||p =
√
2

||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p.
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Using Q(k)Q(k)T = Ink
− xkx

T
k and by further simplifications it follows from (6.17)

and (6.18) that

∆Ak =
y0

||(1, λ)||q
(rkx

H
k −xkr

T
k )+Q(k)ÂkQ

(k)H ,∆Bkj =
yj

||(1, λ)||q
(rkx

H
k −xkr

T
k )+Q(k)B̂kjQ

(k)H

for all k, j = 1, · · · , m. Finally setting Âk = B̂kj = 0, we obtain the T -skew symmetric

MEP given in Theorem 6.2.2.

Next we derive the structured backward error of an approximate eigenpair of T -even

MEPs.

Theorem 6.3.3. Let S be the space of all T -even MEPs. Let W ∈ S be as given

in (6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗

Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let

(y0, · · · , ym)T ∈ ∂||(1, λ)||q for p−1+q−1 = 1. Then ηSp(λ, x,W) = ||(c1, · · · , cm)||p,where
ck = ||(ak, bk1, · · · , bkm)||p and

ak =

(
|xT

kAkxk|2 +
2 |y0|2

||(1, λ)||2q
[
||rk||22 − |xT

kAkxk|2
]) 1

2

, bkj =

√
2|yj|

||(1, λ)||q
(
||rk||22 − |xT

kAkxk|2
) 1

2

for all k, j = 1, · · · , m. In particular, for p = 2, we have

ηS2(λ, x,W) =

(
m∑

k=1

(
|xT

kAkxk|2 +
2

||(1, λ)||22
(||rk||22 − |xT

kAkxk|2)
)) 1

2

.

Let ∆W ∈ S be as given in Theorem 6.2.2. Then W(λ)x+∆W(λ)x = 0 and |||∆W|||p =
ηSp(λ, x,W).

Proof. Note that Ak is symmetric and Bkj is skew-symmetric for all k, j = 1, · · · , m.

Consider the unitary matrices Qk :=
[
xk Q(k)

]
, where Q(k) ∈ Cnk×(nk−1) for all

k = 1, · · · , m. Define

∆̃Ak := QT
k∆AkQk =


 ak (âk)

T

âk Âk


 , ∆̃Bkj := QT

k ∆Bkj Qk =


 0 −(̂bkj)

T

b̂kj B̂kj


 ,

where ak ∈ C, âk, b̂kj ∈ Cnk−1, Âk ∈ C(nk−1)×(nk−1) is symmetric and B̂kj ∈ C(nk−1)×(nk−1)

are skew-symmetric matrices for all k, j = 1, · · · , m. Now (∆̃Ak +
∑m

j=1 λj∆̃Bkj)e1 =
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QT
k rk implies that


 ak

âk +
∑m

j=1 λj b̂kj


 =


 xT

k rk

Q(k)T rk


 for all k = 1, · · · , m. Note

that ak = xT
k rk = −xT

kAkxk. By Lemma 6.2.1 the smallest p-norm solution of âk +
∑m

j=1 λj b̂kj = Q(k)T rk is given by âk = y0
||(1,λ)||qQ

(k)T rk, b̂kj =
yj

||(1,λ)||qQ
(k)T rk. So we have

∆̃Ak =


 −xT

kAkxk
y0

||(1,λ)||q (Q
(k)T rk)

T

y0
||(1,λ)||qQ

(k)T rk Âk


 (6.19)

∆̃Bkj =


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


 (6.20)

for k, j = 1, · · · , m. Setting Âk = B̂kj = 0 and noting that ||Q(k)T rk ||22 = ||rk||22 −
|xT

kAkxk|2, we have ||∆Ak||F =
(
|xT

kAkxk|2 + 2 |y0|2
||(1,λ)||2q

[
||rk||22|xT

kAkxk|2
]) 1

2
= ak and

||∆Bkj||F =
√
2|yj |

||(1,λ)||q
(
||rk||22 − |xT

kAkxk|2
) 1

2 = bkj . Therefore ||∆Wk||p = ||(ak, bk1, · · · , bkm)||p =
ck and thus ηSp(λ, x,W) = |||∆W|||p = ||(c1, · · · , cm)||p.

Using Q(k)Q(k)T = Ink
− xkx

T
k and simplifying the expressions, it follows from (6.19)

and (6.20) that

∆Ak = −xkx
T
kAkxkx

H
k +

y0
||(1, λ)||q

[
rkx

H
k + xkr

T
k − 2(xT

kAkxk)xkx
H
k

]
+Q(k)ÂkQ

(k)H

∆Bkj =
yj

||(1, λ)||q
(
rkx

H
k − xkr

T
k

)
+Q(k)B̂kjQ

(k)H .

Setting Âk = B̂kj = 0 we obtain the desired ∆W given in Theorem 6.2.2.

Now we consider the T -odd MEPs. In this case interchanging the role of symmetric

and skew-symmetric matrices, the proof follows by similar arguments as those given in

Theorem 6.3.3.

Theorem 6.3.4. Let S be the space of all T -odd MEPs. Let W ∈ S be as given in

(6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such

that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let (y0, · · · , ym)T ∈

∂||(1, λ)||q and (z1, · · · , zm)T ∈ ∂||λ||q, where p−1 + q−1 = 1. Then

ηSp(λ, x,W) =





||(c1, · · · , cm)||p when λ 6= 0
√
2 ||(||r1||2, · · · , ||rm||2)||p when λ = 0,
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where ck = ||(ak, bk1, · · · , bkm)||p and

ak =
√
2

|y0|
||(1, λ)||q

(
||rk||22 − |xT

k rk|2
) 1

2 , bkj =

( |zj|2
||λ||2q

|xT
k rk|2 + 2

|yj|2
||(1, λ)||2q

(||rk||22 − |xT
k rk|2)

) 1
2

for all k, j = 1, · · · , m. In particular, for p = 2, we have

ηS2(λ, x,W) =





(∑m
k=1

(
1

||λ||22
|xT

k rk|2 + 2
||(1,λ)||22

(||rk||22 − |xT
k rk|2)

)) 1
2

when λ 6= 0

√
2 ||(||r1||2, · · · , ||rm||2)||2 when λ = 0.

(6.21)

Let ∆W ∈ S be as given in Theorem 6.2.2. Then W(λ)x+∆W(λ)x = 0 and |||∆W|||p =
ηSp(λ, x,W).

Next we consider T -even alternating and T -odd alternating MEPs. For that purpose

we define even coefficient projector Π(e) : C
n → Cn as

z 7→





[0, z2, · · · , 0, zn−2, 0, zn]
T if n is even

[0, z2, · · · , 0, zn−3, 0, zn−1, 0]
T if n is odd

for all z = (z1, · · · , zn)T ∈ Cn. Also the odd coefficient projector Π(o) is defined analo-

gously and it satisfies Π(o)(z) = z − Π(e)(z) for all z ∈ Cn.

Theorem 6.3.5. Let S be the space of all T -even alternating MEPs. Let W ∈ S be

as given in (6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗

· · · ⊗ Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let

(y0, · · · , ym)T ∈ ∂||(1, λ)||q and (z0, · · · , zm)T ∈ ∂||(1,Π(e)(λ))||q, where p−1 + q−1 = 1.

Then ηSp(λ, x,W) = ||(c1, · · · , cm)||p, where ck = ||(ak, bk1, · · · , bkm)||p and

ak =

( |z0|2
||(1,Π(e)(λ))||2q

|xT
k rk|2 +

2|y0|2
||(1, λ)||2q

(||rk||22 − |xT
k rk|2)

) 1
2

bkj =





(
|zj |2

||(1,Π(e)(λ))||2q
|xT

k rk|2 +
2|yj |2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2
when j is even

√
2|yj |

||(1,λ)||q (||rk||
2
2 − |xT

k rk|2)
1
2 when j is odd

for all k, j = 1, · · · , m. In particular, when p = 2, we have

ηS2(λ, x,W) =

(
m∑

k=1

(
1

||(1,Π(e)(λ))||22
|xT

k rk|2 +
2

||(1, λ)||22
(||rk||22 − |xT

k rk|2)
)) 1

2

.
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Define

∆Ak :=
y0

||(1, λ)||q
[rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ] +

z0
||(1,Π(e)(λ))||q

(xT
k rk)xkx

H
k , (6.22)

∆Bkj :=





yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ]

+
zj

||(1,Π(e)(λ))||q (x
T
k rk)xkx

H
k when j is even

yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is odd

(6.23)

for all k, j = 1, · · · , m and ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m. Con-

sider ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -even alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. In this case, Ak is symmetric, Bkj is symmetric when j is even and Bkj is skew-

symmetric when j is odd for all k, j = 1, · · · , m. Consider the unitary matrices Qk :=[
xk Q(k)

]
, where Q(k) ∈ Cnk×(nk−1) for all k = 1, · · · , m. Define

∆̃Ak := QT
k ∆Ak Qk =


 ak (âk)

T

âk Âk


 ,

∆̃Bkj := QT
k ∆Bkj Qk =






 bkj (̂bkj)

T

b̂kj B̂kj


 when j is even


 0 −(̂bkj)

T

b̂kj B̂kj


 when j is odd,

where ak, bkj ∈ C, âk, b̂kj ∈ Cnk−1, Âk ∈ C(nk−1)×(nk−1) is symmetric and B̂kj ∈
C(nk−1)×(nk−1) are such that (B̂kj)

T = (−1)jB̂kj for all k, j = 1, · · · , m. Since (∆̃Ak +

∑m
j=1 λj∆̃Bkj)e1 = QT

k rk, we have




ak +
∑

j even

λjbkj

âk +
∑m

j=1 λj b̂kj


 =


 xT

k rk

Q(k)T rk


 for all k =

1, · · · , m. By Lemma 6.2.1, the smallest p-norm solution for ak +
∑

j even

λjbkj = xT
k rk is

ak =
z0

||(1,Π(e)(λ))||qx
T
k rk, bkj =

zj
||(1,Π(e)(λ))||qx

T
k rk when j is even and bkj = 0 otherwise. Also

the smallest p-norm solution for âk +
∑m

j=1 λj b̂kj = Q(k)T rk is âk = y0
||(1,λ)||qQ

(k)T rk and
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b̂kj =
yj

||(1,λ)||qQ
(k)T rk. Then we have

∆̃Ak =




z0
||(1,Π(e)(λ))||qx

T
k rk

y0
||(1,λ)||q (Q

(k)T rk)
T

y0
||(1,λ)||qQ

(k)T rk Âk


 , (6.24)

∆̃Bkj =








zj
||(1,Π(e)(λ))||qx

T
k rk

yj
||(1,λ)||q (Q

(k)T rk)
T

yj
||(1,λ)||qQ

(k)T rk B̂kj


 when j is even


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


 when j is odd.

(6.25)

Therefore setting Âk = B̂kj = 0 and noting that ||Q(k)T rk||22 = ||rk||22 − |xT
k rk|2, we have

||∆Ak||F =
(

|z0|2
||(1,Π(e)(λ))||2q

|xT
k rk|2 + 2|y0|2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2

= ak and

||∆Bkj||F =





(
|zj |2

||(1,Π(e)(λ))||2q
|xT

k rk|2 +
2|yj |2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2
when j is even

√
2|yj |

||(1,λ)||q (||rk||
2
2 − |xT

k rk|2)
1
2 when j is odd

= bkj

for all k, j = 1, · · · , m. So we have ||∆Wk||p = ||(ak, bk1, · · · , bkm)||p = ck and hence

ηSp(λ, x,W) = |||∆W|||p = ||(c1, · · · , cm)||p.
By (6.24) and (6.25), it follows that

∆Ak =
z0

||(1,Π(e)(λ))||q
(xT

k rk)xkx
H
k +

y0
||(1, λ)||q

[rkx
H
k +xkr

T
k −2(xT

k rk)xkx
H
k ]+Q(k)ÂkQ

(k)H

(6.26)

and

∆Bkj =





zj
||(1,Π(e)(λ))||q (x

T
k rk)xkx

H
k +Q(k)B̂kjQ

(k)H

+
yj

||(1,λ)||q [rkx
H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ] when j is even

yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] + Q(k)B̂kjQ

(k)H when j is odd

(6.27)

for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0 in (6.26) and (6.27) we obtain the desired

perturbations given in (6.22) and (6.23) respectively.

We next consider T -odd alternating MEPs.
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Theorem 6.3.6. Let S be the space of all T -odd alternating MEPs. Let W ∈ S be as

given in (6.1), λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm

be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let y :=

(y0, · · · , ym)T ∈ ∂||(1, λ)||q and (z1, · · · , zm)T ∈ ∂||Π(o)(λ)||q, where p−1 + q−1 = 1.

Then

ηSp(λ, x,W) =





||(c1, · · · , cm)||p when Π(o)(λ) 6= 0
√
2 ||Π(o)(y)||p
||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p when Π(o)(λ) = 0,

where ck = ||(ak, bk1, · · · , bkm)||p, ak =
√
2|y0|

||(1,λ)||q (||rk||
2
2 − |xT

k rk|2)
1
2 and

bkj =





√
2|yj |

||(1,λ)||q (||rk||
2
2 − |xT

k rk|2)
1
2 when j is even

(
|zj |2

||Π(o)(λ)||2q
|xT

k rk|2 +
2|yj |2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2

when j is odd

for all k, j = 1, · · · , m. In particular when p = 2, we have

ηS2(λ, x,W) =





(∑m
k=1

(
1

||Π(o)(λ)||22
|xT

k rk|2 + 2
||(1,λ)||22

(||rk||22 − |xT
k rk|)

)) 1
2

when Π(o)(λ) 6= 0
√
2 ||(||r1||2, · · · , ||rm||2)||2 when Π(o)(λ) = 0.

Define ∆Ak := y0
||(1,λ)||q [rkx

H
k − xkr

T
k ] and

∆Bkj =





yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is even

yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ]

+
zj

||Π(o)(λ)||q (x
T
k rk)xkx

H
k when j is odd

for all k, j = 1, · · · , m and ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m. Con-

sider ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -odd alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. Proof follows by the similar arguments as those given in the proof of Theo-

rem 6.3.5.

Now we derive structured backward errors in case of H-structures. Suppose that

w ∈ C andW ∈ S. Define wW such that wW(z) := (wW1(z), · · · , wWm(z)) and consider

Sw := {wW : w ∈ C such that |w| = 1 and W ∈ S}. Then ηSp(λ, x,W) = ηSwp (λ, x, wW).
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Note that, for aH-Hermitian MEP, all the coefficient matrices are Hermitian whereas

all the coefficient matrices are skew-Hermitian for a H-skew-Hermitian MEP. Now a

matrix A ∈ Cn×n is Hermitian if and only if iA is skew-Hermitian. Then note that

W as given in (6.1) is H-Hermitian

⇔ Ak, Bkj are Hermitian for all k, j = 1, · · · , m

⇔ iAk, iBkj are skew-Hermitian for all k, j = 1, · · · , m

⇔ iW such that iW(z) := (iW1(z), · · · , iWm(z)) is H-skew-Hermitian.

Thus it follows that the maps H-Hermitian → H-skew-Hermitian given by W 7→ iW

and H-skew-Hermitian → H-Hermitian given by X 7→ iX are isometric isomorphisms.

Combining these facts, it follows that the structured backward error of (λ, x) as an

approximate eigenpair of a skew-Hermitian MEP can be obtained from the structured

backward error of (λ, x) as an approximate eigenpair of a Hermitian MEP and vice-versa.

By similar arguments, further we can show that the structured backward error of (λ, x)

as an approximate eigenpair of a H-odd MEP (H-odd alternating, respectively) can be

obtained from the structured backward error of (λ, x) as an approximate eigenpair of

a H-even MEP (H-even alternating, respectively) and vice-versa. Now we derive the

structured backward error of (λ, x) as an approximate eigenpair ofH-Hermitian, H-even

and H-even alternating MEPs considering Hölder 2-norm |||·|||2 over MEP(n1, · · · , nm).

We consider the H-Hermitian MEPs in the following.

Theorem 6.3.7. Let S be the space of all H-Hermitian MEPs and W ∈ S be as given

in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj for all j = 1, · · · , m,

where i =
√
−1 and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that xH

k xk = 1.

Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2

(∑m
k=1

(
2||rk||22 − |xH

k rk|2
)) 1

2 when λ ∈ Rm

(∑m
k=1

(∑m
j=0 |skj|2 + 2

||(1,λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2
when λ ∈ Cm \ Rm,

(6.28)
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where



sk0

sk1
...

skm



=


 1 α1 · · · αm

0 β1 · · · βm




† 
 Re(xH

k rk)

Im(xH
k rk)


 for k = 1, · · · , m.

When λ ∈ Rm, define

∆Ak :=
1

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)

∆Bkj :=
λj

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)

and when λ ∈ Cm \ Rm, define

∆Ak := xksk0x
H
k + 1

||(1,λ)||22

[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]

∆Bkj := xkskjx
H
k + 1

||(1,λ)||22

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k + λjxkr

H
k

(
Ink

− xkx
H
k

)]

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-Hermitian, W(λ)x+∆W(λ)x = 0

and |||∆W|||2 = ηS2(λ, x,W).

Proof. By Theorem 6.2.2 it follows that there exists ∆W ∈ S such that W(λ)x +

∆W(λ)x = 0. Choose Q(k) ∈ Cnk×(nk−1) such that Qk =
[
xk Q(k)

]
is unitary for

all k = 1, · · · , m. Define

∆̃Ak := QH
k ∆AkQk =


 ak (âk)

H

âk Âk


 , ∆̃Bkj := QH

k ∆BkjQk =


 bkj (̂bkj)

H

b̂kj B̂kj


 ,

where ak, bkj ∈ R, âk, b̂kj ∈ Cnk−1, Âk, B̂kj ∈ C(nk−1)×(nk−1) are hermitian matrices, for

all k, j = 1, · · · , m. SinceQk is unitary andQH
k xk = e1, we have

(
QH

k ∆Wk(λ)Qk

)
QH

k xk =

QH
k rk ⇒

(
∆̃Ak +

∑m
j=1 λj∆̃Bkj

)
e1 = QH

k rk ⇒


 ak +

∑m
j=1 λjbkj

âk +
∑m

j=1 λj b̂kj


 =


 xH

k rk

Q(k)H rk




for all k = 1, · · · , m.

Case I: Suppose that λ ∈ Rm. Then the minimum norm solution of ak+
∑m

j=1 λjbkj =

xH
k rk is given by ak = 1

||(1,λ)||22
xH
k rk, bkj =

λj

||(1,λ)||22
xH
k rk and the minimum norm solution

of âk +
∑m

j=1 λj b̂kj = Q(k)H rk is given by âk = 1
||(1,λ)||22

Q(k)Hrk, b̂kj =
λj

||(1,λ)||22
Q(k)H rk for
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k, j = 1, · · · , m. Therefore we have

∆̃Ak =




1
||(1,λ)||22

xH
k rk

1
||(1,λ)||22

(Q(k)Hrk)
H

1
||(1,λ)||22

Q(k)Hrk Âk


 , ∆̃Bkj =




λj

||(1,λ)||22
xH
k rk

λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj




(6.29)

for all k, j = 1, · · · , m. To derive ||∆̃Ak||F and ||∆̃Bkj||F , now we need to compute

||Q(k)Hrk||2. For that purpose note that QkQ
H
k = Ink

⇒ Q(k)Q(k)H = Ink
− xkx

H
k and

thus we have ||Q(k)Hrk||22 = ||QkQ
H
k rk||22 = ||(Ink

− xkx
H
k )rk||22 = ||rk||22 − |xH

k rk|2. Now

setting Âk = B̂kj = 0, we have ||∆Ak||F = ||∆̃Ak||F = 1
||(1,λ)||22

(
2||rk||22 − |xH

k rk|2
) 1

2

and ||∆Bkj||F = ||∆̃Bkj||F =
|λj |

||(1,λ)||22

(
2||rk||22 − |xH

k rk|2
) 1

2 for k, j = 1, · · · , m. There-

fore ||∆Wk||2 = 1
||(1,λ)||2

(
2||rk||22 − |xH

k rk|2
) 1

2 for all k = 1, · · · , m and ηS2(λ, x,W) =

|||∆W|||2 = 1
||(1,λ)||2

(∑m
k=1

(
2||rk||22 − |xH

k rk|2
)) 1

2 .

Case II: Suppose that λ ∈ Cm \ Rm. By Lemma 6.2.1 it follows that the mini-

mum norm solution of âk +
∑m

j=1 λj b̂kj = Q(k)H rk is given by âk = 1
||(1,λ)||2Q

(k)H rk, b̂kj =

λj

||(1,λ)||22
Q(k)H rk. Now to obtain the real minimum norm solution of ak +

∑m
j=1 λjbkj =

xH
k rk, we rewrite it as


 1 α1 · · · αm

0 β1 · · · βm







ak

bk1
...

bkm



=


 Re(xH

k rk)

Im(xH
k rk)


 and then its min-

imum norm solution is




ak

bk1
...

bkm




=


 1 α1 · · · αm

0 β1 · · · βm




† 
 Re(xH

k rk)

Im(xH
k rk)


. Therefore we

have

∆̃Ak =


 sk0

1
||(1,λ)||22

(Q(k)H rk)
H

1
||(1,λ)||22

Q(k)H rk Âk


 (6.30)

∆̃Bkj =


 skj

λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


 , (6.31)
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for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0, we have

||∆Ak||F =

(
|sk0|2 +

2

||(1, λ)||42
(||rk||22 − |xH

k rk|2)
) 1

2

||∆Bkj||F =

(
|skj|2 +

2|λj|2
||(1, λ)||42

(||rk||22 − |xH
k rk|2)

) 1
2

,

Therefore ||∆Wk||2 =
(∑m

j=0 |skj|2 + 2
||(1,λ)||22

(||rk||22 − |xH
k rk|2)

) 1
2
for all k = 1, · · · , m

and finally ηS2(λ, xk,Wk) = |||∆W|||2 =
(∑m

k=1

(∑m
j=0 |skj|2 + 2

||(1,λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2
.

This proves (6.28).

When λ ∈ Rm, using Q(k)Q(k)H = Ink
−xkx

H
k and by further simplifications it follows

from (6.29) that

∆Ak =
1

||(1, λ)||22
(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
+Q(k)B̂kjQ

(k)H

∆Bkj =
λj

||(1, λ)||22
(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
+Q(k)B̂kjQ

(k)H .

When λ ∈ Cm \ Rm, by (6.30) and (6.31), we have,

∆Ak = xksk0x
H
k +

1

||(1, λ)||22
[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]
+Q(k)ÂkjQ

(k)H

∆Bkj = xkskjx
H
k +

1

||(1, λ)||2
[
λj

(
Ink

− xkx
H
k

)
rkx

H
k + λjxkr

H
k

(
Ink

− xkx
H
k

)]
+Q(k)B̂kjQ

(k)H .

Setting Âk = B̂kj = 0 we obtain the desired perturbation.

Now we consider an H-even MEP.

Theorem 6.3.8. Let S be the space of all H-even MEPs and W ∈ S be as given in

(6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj for all j = 1, · · · , m,

where i =
√
−1 and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that xH

k xk = 1.

Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2

(∑m
k=1

(
2||rk||22 − |xH

k rk|2
)) 1

2 when λ ∈ iRm

(∑m
k=1

(∑m
j=0 |skj|2 + 2

||(1,λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2
when λ ∈ Cm \ iRm,

(6.32)
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where 


sk0

sk1
...

skm



=


 1 −β1 · · · −βm

0 α1 · · · αm




† 
 Re(xH

k rk)

Im(xH
k rk)




for all k = 1, · · · , m.

When λ ∈ iRm, define

∆Ak :=
1

||(1, λ)||22
(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
,∆Bkj :=

λj

||(1, λ)||22
(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)

and when λ ∈ Cm \ iRm, define

∆Ak := sk0xkx
H
k + 1

||(1,λ)||22

[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]

∆Bkj := iskjxkx
H
k + 1

||(1,λ)||22

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k − λjxkr

H
k

(
Ink

− xkx
H
k

)]

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-even, W(λ)x + ∆W(λ)x = 0 and

|||∆W|||2 = ηS2(λ, x,W).

Proof. Note that Ak is Hermitian and Bkj is skew-Hermitian for k, j = 1, · · · , m. Choose

Q(k) ∈ Cnk×(nk−1) such that Qk =
[
xk Q(k)

]
is unitary for all k = 1, · · · , m and define

∆̃Ak := QH
k ∆Ak Qk =


 ak âk

H

âk Âk


 and ∆̃Bkj := QH

k ∆Bkj Qk =


 ibkj −b̂kj

H

b̂kj B̂kj


 ,

where ak, bkj ∈ R, âk, b̂kj ∈ Cnk−1 and Âk, B̂kj ∈ C(nk−1)×(nk−1) be such that Âk

H
= Âk

and B̂kj

H
= −B̂kj for all k, j = 1, · · · , m. Consequently, we have


 ak +

∑m
j=1 iλjbkj

âk +
∑m

j=1 λj b̂kj


 =


 xH

k rk

Q(k)H rk


 for all k = 1, · · · , m. The minimal 2-norm solution of âk +

∑m
j=1 λj b̂kj =

Q(k)H rk is given by âk = 1
||(1,λ)||22

Q(k)H rk and b̂kj =
λj

||(1,λ)||22
Q(k)H rk.

Case I: Suppose that λ ∈ iRm. In this case note that λj = iβj for all j = 1, · · · , m.

Then we can rewrite ak +
∑m

j=1 iλjbkj = xH
k rk as ak −∑m

j=1 βjbkj = xH
k rk. Now by
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Lemma 6.2.1, the minimum norm solution of ak −
∑m

j=1 βjbkj = xH
k rk is given by ak =

1
||(1,λ)||22

xH
k rk and bkj =

iλj

||(1,λ)||22
xH
k rk. Then

∆̃Ak =




1
||(1,λ)||22

xH
k rk

1
||(1,λ)||22

(Q(k)Hrk)
H

1
||(1,λ)||22

Q(k)Hrk Âk


 , ∆̃Bkj =




λj

||(1,λ)||22
xH
k rk − λj

||(1,λ)||22
(Q(k)Hrk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj




(6.33)

for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0 and noting that ||Q(k)Hrk||22 = ||rk||22 −
|xH

k rk|2 we have

||∆Ak||F =
1

||(1, λ)||22
(
2||rk||22 − |xH

k rk|2
) 1

2 , ||∆Bkj||F =
|λj|

||(1, λ)||22
(
2||rk||22 − |xH

k rk|2
) 1

2 .

So ||∆Wk||2 = 1
||(1,λ)||2

(
2||rk||22 − |xH

k rk|2
) 1

2 and thus

ηS2(λ, x,W) = |||∆W|||2 =
1

||(1, λ)||2

(
m∑

k=1

(
2||rk||22 − |xH

k rk|2
)
) 1

2

.

Case II: Suppose that λ ∈ Cm \ iRm. To obtain the real minimal 2-norm solution

of ak +
∑m

j=1 iλjbkj = xH
k rk, we can rewrite it as


 1 −β1 · · · −βm

0 α1 · · · αm







ak

bk1
...

bkm



=


 Re(xH

k rk)

Im(xH
k rk)




and the minimum 2-norm solution is given by



ak

bk1
...

bkm



=


 1 −β1 · · · −βm

0 α1 · · · αm




† 
 Re(xH

k rk)

Im(xH
k rk)


 .

So

∆̃Ak =


 sk0

1
||(1,λ)||22

(Q(k)H rk)
H

1
||(1,λ)||22

Q(k)H rk Âk




∆̃Bkj =


 iskj − λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)Hrk B̂kj








(6.34)
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for all k, j = 1, · · · , m. Then setting Âk = B̂kj = 0 and noting that ||Q(k)Hrk||22 =

||rk||22−|xH
k rk|2 we have ||∆Ak||F =

(
|sk0|2 + 2

||(1,λ)||42
(||rk||22 − |xH

k rk|2)
) 1

2
and ||∆Bkj||F =

(
|skj|2 + 2|λj |2

||(1,λ)||42
(||rk||22 − |xH

k rk|2)
) 1

2

for all k, j = 1, · · · , m. Therefore ||∆Wk||2 =
(∑m

j=0 |skj|2 + 2
||(1,λ)||22

(||rk||22 − |xH
k rk|2)

) 1
2
and

ηS2(λ, x,W) = |||∆W|||2 =
(

m∑

k=1

(
m∑

j=0

|skj|2 +
2

||(1, λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2

,

which proves (6.32).

Simplifying the expressions, when λ ∈ iRm, by (6.33), it follows that

∆Ak = 1
||(1,λ)||22

[
xkr

H
k + rkx

H
k − (xH

k rk)xkx
H
k

]
+Q(k)ÂkQ

(k)H

∆Bkj =
λj

||(1,λ)||22

[
rkx

H
k − xkr

H
k + (xH

k rk)xkx
H
k

]
+Q(k)B̂kjQ

(k)H

and when λ ∈ Cm \ iRm, by (6.34), we have

∆Ak = xksk0x
H
k + 1

||(1,λ)||22

[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]
+Q(k)ÂkQ

(k)H

∆Bkj = ixkskjx
H
k + 1

||(1,λ)||22

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k − λjxkr

H
k

(
Ink

− xkx
H
k

)]
+Q(k)B̂kjQ

(k)H

for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0 we obtain the desired perturbation.

Finally we derive structured backward error of a H-even alternating MEP in the

following result.

Theorem 6.3.9. Let S be the space of all H-even alternating MEPs and W ∈ S be

as given in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj for all

j = 1, · · · , m, where i =
√
−1 and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such

that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2

(∑m
k=1

(
2||rk||22 − |xH

k rk|2
)) 1

2 when λ ∈ iRm

(∑m
k=1

(∑m
j=0 |skj|2 + 2

||(1,λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2
when λ ∈ Cm \ iRm,

(6.35)

where 


sk0

sk1
...

skm



=


 1 Π(e)(α)−Π(o)(β)

0 Π(o)(α) + Π(e)(β)




† 
 Re(xH

k rk)

Im(xH
k rk)


 for k = 1, · · · , m
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and α := (α1, · · · , αm)
T , β := (β1, · · · , βm)

T .

When λ ∈ iRm, define

∆Ak =
1

||(1, λ)||22
[
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

]

∆Bkj =
λj

||(1, λ)||22
[
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

]

and when λ ∈ Cm \ iRm, define

∆Ak = xksk0x
H
k +

1

||(1, λ)||2
[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]

∆Bkj =





1
||(1,λ)||2

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k + λjxkr

H
k

(
Ink

− xkx
H
k

)]

+xkskjx
H
k when j is even

1
||(1,λ)||2

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k − λjxkr

H
k

(
Ink

− xkx
H
k

)]

+ixkskjx
H
k when j is odd

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m
and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-even alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||2 = ηS2(λ, x,W).

Proof. Consider Q(k) ∈ Cnk×(nk−1) such that Qk =
[
xk Q(k)

]
is unitary for all k =

1, · · · , m. Define

∆̃Ak :=


 ak âk

H

âk Âk


 , ∆̃Bkj :=






 bkj b̂kj

H

b̂kj B̂kj


 when j is even


 ibkj −b̂kj

H

b̂kj B̂kj


 when j is odd,

where ak, bkj ∈ R, âk, b̂kj ∈ Cnk−1 and Âk, B̂kj ∈ C(nk−1)×(nk−1) be such that Âk

H
= Âk

and B̂kj

H
= (−1)jB̂kj for all k, j = 1, · · · , m. Consequently, we have




ak +
∑

j even

λjbkj +
∑
j odd

iλjbkj

âk +
∑m

j=1 λj b̂kj


 =


 xH

k rk

Q(k)H rk


 .

The minimum norm solution of âk+
∑m

j=1 λj b̂kj = Q(k)H rk is given by âk = 1
||(1,λ)||22

Q(k)H rk

and b̂kj =
λj

||(1,λ)||22
Q(k)Hrk for k, j = 1, · · · , m.
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Case I: Suppose that λ ∈ iRm. In this case, the minimal 2-norm solution of ak +
∑

j even

λjbkj +
∑

j odd

iλjbkj = xH
k rk is given by ak = 1

||(1,λ)||22
xH
k rk, bkj =

λj

||(1,λ)||22
xH
k rk when j

is even and bkj = − iλj

||(1,λ)||22
xH
k rk when j is odd. Then

∆̃Ak =




1
||(1,λ)||22

xH
k rk

1
||(1,λ)||22

(Q(k)H rk)
H

1
||(1,λ)||22

Q(k)H rk Âk


 (6.36)

∆̃Bkj =








λj

||(1,λ)||22
xH
k rk

λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


 when j is even




λj

||(1,λ)||22
xH
k rk − λj

||(1,λ)||22
(Q(k)Hrk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


 when j is odd

(6.37)

for all k, j = 1, · · · , m. Setting Âk = B̂kj = 0 and noting that ||Q(k)Hrk||22 = ||rk||22 −
|xH

k rk|2 we have

||∆Ak||F =
1

||(1, λ)||22
(
2||rk||22 − |xH

k rk|2
) 1

2 and ||∆Bkj||F =
|λj|

||(1, λ)||22
(
2||rk||22 − |xH

k rk|2
) 1

2 .

Therefore ||∆Wk||2 = 1
||(1,λ)||2

(
2||rk||22 − |xH

k rk|2
) 1

2 and thus

ηS2(λ, x,W) = |||∆W|||2 =
1

||(1, λ)||2

(
m∑

k=1

(
2||rk||22 − |xH

k rk|2
)
) 1

2

.

Case II: Suppose that λ ∈ Cm\iRm. In this case, ak+
∑

j even

λjbkj+
∑
j odd

iλjbkj = xH
k rk

can be written as


 1 Π(e)(α)− Π(o)(β)

0 Π(o)(α) + Π(e)(β)







ak

bk1
...

bkm



=


 Re(xH

k rk)

Im(xH
k rk)




and thus the required minimum norm solution is given by



ak

bk1
...

bkm



=


 1 Π(e)(α)− Π(o)(β)

0 Π(o)(α) + Π(e)(β)




† 
 Re(xH

k rk)

Im(xH
k rk)


 .
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Therefore we have

∆̃Ak =


 sk0

1
||(1,λ)||22

(Q(k)H rk)
H

1
||(1,λ)||22

Q(k)H rk Âk


 , (6.38)

∆̃Bkj =






 skj

λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


 when j is even


 iskj − λj

||(1,λ)||22
(Q(k)Hrk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


 when j is odd

(6.39)

for all k, j = 1, · · · , m. Again setting Âk = B̂kj = 0, it follows that ||∆Ak||F =(
|sk0|2 + 2

||(1,λ)||42
(||rk||22 − |xH

k rk|2)
) 1

2
and ||∆Bkj||F =

(
|skj|2 + 2|λj |2

||(1,λ)||42
(||rk||22 − |xH

k rk|2)
) 1

2
.

So ||∆Wk||2 =
(∑m

j=0 |skj|2 + 2
||(1,λ)||22

(||rk||22 − |xH
k rk|2)

) 1
2

and hence

ηS2(λ, x,W) = |||∆W|||2 =
(

m∑

k=1

(
m∑

j=0

|skj|2 +
2

||(1, λ)||22
(||rk||22 − |xH

k rk|2)
)) 1

2

.

Therefore, we obtain (6.35).

When λ ∈ iRm, by further simplifications, it follows from (6.36) and (6.37) that

∆Ak =
1

||(1, λ)||22
[
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

]
+Q(k)ÂkQ

(k)H

∆Bkj =
λj

||(1, λ)||22
[
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

]
+Q(k)ÂkQ

(k)H

and when λ ∈ Cm \ iRm, it follows from (6.38) and (6.39) that

∆Ak = xksk0x
H
k +

1

||(1, λ)||2
[(
Ink

− xkx
H
k

)
rkx

H
k + xkr

H
k

(
Ink

− xkx
H
k

)]
+Q(k)ÂkQ

(k)H ,

∆Bkj =





1
||(1,λ)||2

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k + λjxkr

H
k

(
Ink

− xkx
H
k

)]

+xkskjx
H
k +Q(k)B̂kjQ

(k)H when j is even

1
||(1,λ)||2

[
λj

(
Ink

− xkx
H
k

)
rkx

H
k − λjxkr

H
k

(
Ink

− xkx
H
k

)]

+ixkskjx
H
k +Q(k)B̂kjQ

(k)H when j is odd.

Hence setting Âk = B̂kj = 0 we obtain the desired perturbation.
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6.4 Spectral norm structured backward error

In this section we derive structured backward errors by considering the Spectral

norm on Cnk×nk for all k = 1, · · · , m. The following result will play an important role

in deriving the structured backward errors.

Theorem 6.4.1. (Davis-Kahan-Weinberger, [25]) Let A,B,C be given matrices such

that ∣∣∣∣∣∣

∣∣∣∣∣∣


 A

B



∣∣∣∣∣∣

∣∣∣∣∣∣
2

= µ =
∣∣∣
∣∣∣
[
A C

]∣∣∣
∣∣∣
2
.

Then there exists D such that
∣∣∣∣∣∣

∣∣∣∣∣∣


 A C

B D



∣∣∣∣∣∣

∣∣∣∣∣∣
2

= µ.

Indeed, those D which have this property are exactly those of the form

D = −KAHL+ µ(I −KKH)
1
2Z(I − LHL)

1
2 ,

where KH := (µ2I −AHA)−
1
2BH , L := (µ2I −AAH)−

1
2C and Z is an arbitrary contrac-

tion, that is, ||Z||2 ≤ 1.

First we consider T -symmetric MEPs.

Theorem 6.4.2. Let S be the space of all T -symmetric MEPs and W ∈ S be as given in

(6.1). Let λ = (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1⊗· · ·⊗xm ∈ Cn1⊗· · ·⊗Cnm be such

that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Then ηSp(λ, x,W) =

1
||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p, where p−1 + q−1 = 1.

Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q. When ||rk||2 6= |xT
k rk| for some k ∈ {1, · · · , m}

define

∆Ak :=
y0

||(1, λ)||q

[
xkr

T
k + rkx

H
k − (rTk xk)xkx

H
k − xT

k rk(Ink
− xkx

T
k )rkr

T
k (Ink

− xkx
H
k )

||rk||22 − |xT
k rk|2

]
,

∆Bkj :=
yj

||(1, λ)||q

[
xkr

T
k + rkx

H
k − (rTk xk)xkx

H
k − xT

k rk(Ink
− xkx

T
k )rkr

T
k (Ink

− xkx
H
k )

||rk||22 − |xT
k rk|2

]

and when ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m}, define ∆Ak := y0

||(1,λ)||qxkr
T
k =

y0
||(1,λ)||q rkx

H
k , ∆Bkj :=

yj
||(1,λ)||qxkr

T
k =

yj
||(1,λ)||q rkx

H
k for all j = 1, · · · , m. Consider
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∆Wk(z) := ∆Ak+
∑m

j=1 zj∆Bkj for k = 1, · · · , m and∆W(z) := (∆W1(z), · · · ,∆Wm(z)).

Then ∆W is T -symmetric, W(λ)x+∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. Recall from the proof of Theorem 6.3.1 that

∆Ak = Qk




y0
||(1,λ)||qx

T
k rk

y0
||(1,λ)||q (Q

(k)T rk)
T

y0
||(1,λ)||qQ

(k)T rk Âk


QH

k ,

∆Bkj = Qk




yj
||(1,λ)||qx

T
k rk

yj
||(1,λ)||q (Q

(k)T rk)
T

yj
||(1,λ)||q B̂kj


QH

k .

satisfies that Wk(λ)xk+∆Wk(λ)xk = 0. When ||rk||2 6= |xT
k rk|, for µ∆Ak

:= |y0|
||(1,λ)||q ||rk||2

and µ∆Bkj
:=

|yj |
||(1,λ)||q ||rk||2, by Theorem 6.4.1, we have

Âk = −y0 xT
k rk(Q

(k)T rk)(Q
(k)T rk)

T

||(1, λ)||q(||rk||22 − |xT
k rk|2)

and B̂kj = −yj x
T
k rk(Q

(k)T rk)(Q
(k)T rk)

T

||(1, λ)||q(||rk||22 − |xT
k rk|2)

. (6.40)

When ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m} then note that ||Q(k)T rk||2 = (||rk||22 −

|xT
k rk|2)

1
2 = 0, i.e., Q(k)T rk = 0. So we have

∆Ak = Qk




y0
||(1,λ)||qx

T
k rk 0

0 Âk


QH

k , ∆Bkj = Qk




yj
||(1,λ)||qx

T
k rk 0

0 B̂kj


QH

k .

For µ∆Ak
:= |y0|

||(1,λ)||q |x
T
k rk| = |y0|

||(1,λ)||q ||rk||2 and µ∆Bkj
:=

|yj |
||(1,λ)||q ||rk||2, by Theorem 6.4.1,

we have Âk = B̂kj = 0. So ||∆Wk||p = ||y||p
||(1,λ)||q ||rk||2 = 1

||(1,λ)||q ||rk||2. Therefore

ηSp(λ, x,W) = |||∆W|||p = 1
||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p.

When ||rk||2 6= |xT
k rk|, substituting Âk and B̂kj as given in (6.40) in (6.14) and (6.15),

respectively, and when ||rk||2 = |xT
k rk|, setting Âk = B̂kj = 0, in (6.14) and (6.15) we

obtain the desired perturbation.

Next we consider T -skew symmetric MEPs.

Theorem 6.4.3. Let S be the space of all T -skew symmetric MEPs and W ∈ S be

as given in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈

Cn1 ⊗· · ·⊗Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m.

Then ηSp(λ, x,W) = 1
||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p, where p−1 + q−1 = 1.
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Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q. Define ∆Ak = y0
||(1,λ)||q (rkx

H
k − xkr

T
k ) and ∆Bkj =

yj
||(1,λ)||q (rkx

H
k −xkr

T
k ) for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak+

∑m
j=1 zj∆Bkj

for k = 1, · · · , m and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -skew sym-

metric, W(λ)x+∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. Recall from the proof of Theorem 6.3.2 that in this case we have

∆Ak = Qk


 0 − y0

||(1,λ)||q (Q
(k)T rk)

T

y0
||(1,λ)||qQ

(k)T rk Âk


QH

k ,

∆Bkj = Qk


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


QH

k .

such that Wk(λ)xk + ∆Wk(λ)xk = 0. Now for µ∆Ak
:= |y0|

||(1,λ)||q ||rk||2 and µ∆Bkj
:=

|yj |
||(1,λ)||q ||rk||2 by Theorem 6.4.1, we have Âk = B̂kj = 0. Then ηSp(λ, xk,Wk) =

||y||p
||(1,λ)||q ||rk||2 =

1
||(1,λ)||q ||rk||2 and thus we have ηSp(λ, x,W) = 1

||(1,λ)||q ||(||r1||2, · · · , ||rm||2)||p. Further

simplifying ∆Ak and ∆Bkj, we have

∆Ak =
y0

||(1, λ)||q
(rkx

H
k −xkr

T
k )+Q(k)ÂkQ

(k)H ,∆Bkj =
yj

||(1, λ)||q
(rkx

H
k −xkr

T
k )+Q(k)B̂kjQ

(k)H .

Setting Âk = B̂kj = 0, we obtain the desired optimal perturbation.

Now we derive ηSp(λ, x,W) for a T -even MEP.

Theorem 6.4.4. Let S be the space of all T -even MEPs and W ∈ S be as given in

(6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗

Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let

(y0, · · · , ym)T ∈ ∂||(1, λ)||q, for p−1 + q−1 = 1. Then ηSp(λ, x,W) = ||(c1, · · · , cm)||p,

where ck = ||(ak, bk1, · · · , bkm)||p, ak =
(
|xT

kAkxk|2 + |y0|2
||(1,λ)||2q

[
||rk||22 − |xT

kAkxk|2
]) 1

2
and

bkj =
|yj |

||(1,λ)||q
(
||rk||22 − |xT

kAkxk|2
) 1

2 for all k, j = 1, · · · , m. In particular, when p = 2,

we have ηS2(λ, x,W) =
(∑m

k=1

(
|xT

kAkxk|2 + 1
||(1,λ)||22

(
||rk||22 − |xT

kAkxk|2
))) 1

2
.
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When ||rk||2 6= |xT
kAkxk|, define

∆Ak := −xkx
T
kAkxkx

H
k +

y0
||(1, λ)||q

[
rkx

H
k + xkr

T
k − 2(xT

kAkxk)xkx
H
k

]

−y0
2 xT

kAkxk(Ink
− xkx

T
k )rkr

T
k (Ink

− xkx
H
k )

|y0|2 (||rk||22 − |xT
kAkxk|2)

,

∆Bkj :=
yj

||(1, λ)||q
(
rkx

H
k − xkr

T
k

)

and when ||rk||2 = |xT
kAkxk|, define

∆Ak := −xkx
T
kAkxkx

H
k +

y0
||(1, λ)||q

[
rkx

H
k + xkr

T
k − 2(xT

kAkxk)xkx
H
k

]
,

∆Bkj :=
yj

||(1, λ)||q
(
rkx

H
k − xkr

T
k

)

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -even, W(λ)x + ∆W(λ)x = 0 and

|||∆W|||p = ηSp(λ, x,W).

Proof. It follows from the proof of Theorem 6.3.3 that we have

∆Ak = Qk


 −xT

kAkxk
y0

||(1,λ)||q (Q
(k)T rk)

T

y0
||(1,λ)||qQ

(k)T rk Âk


QH

k ,

∆Bkj = Qk


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


QH

k

such that Wk(λ)xk +∆Wk(λ)xk = 0. When ||rk||2 6= |xT
kAkxk| for some k ∈ {1, · · · , m}

for µ∆Ak
= ak and µ∆Bkj

= bkj , by Theorem 6.4.1, we have

Âk = −y0
2 xT

kAkxk(Q
(k)T rk)(Q

(k)T rk)
T

|y0|2 (||rk||22 − |xT
kAkxk|2)

1
2

and B̂kj = 0. (6.41)

When ||rk||2 = |xT
kAkxk| for some k ∈ {1, · · · , m}, note that Q(k)T rk = 0 and thus

∆Ak = Qk


 −xT

kAkxk 0

0 Âk


QH

k and ∆Bkj = Qk


 0 0

0 B̂kj


QH

k . Again for µ∆Ak
=

ak and µ∆Bkj
= bkj, by Theorem 6.4.1, we have Âk = B̂kj = 0. Then ||∆Wk||2 =
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||(ak, bk1, · · · , bkm)||p = ck and therefore ηSp(λ, x,W) = |||∆W|||p = ||(c1, · · · , cm)||p. Fur-

ther simplifying ∆Ak and ∆Bkj, we have

∆Ak = −xkx
T
kAkxkx

H
k +

y0
||(1, λ)||q

[
rkx

H
k + xkr

T
k − 2(xT

kAkxk)xkx
H
k

]
+Q(k)ÂkQ

(k)H

∆Bkj =
yj

||(1, λ)||q
(
rkx

H
k − xkr

T
k

)
+Q(k)B̂kjQ

(k)H .

When ||rk||2 6= |xT
kAkxk| for some k ∈ {1, · · · , m}, setting Âk and B̂kj as given in (6.41)

and when ||rk||2 = |xT
kAkxk| for some k ∈ {1, · · · , m}, setting Âk = B̂kj = 0, the desired

perturbation follows.

In case of a T -odd MEP, we have the following result.

Theorem 6.4.5. Let S be the space of all T -odd MEPs and W ∈ S be as given in (6.1).

Let λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such

that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m. Let (y0, · · · , ym)T ∈

∂||(1, λ)||q and (z1, · · · , zm)T ∈ ∂||λ||q, for p−1 + q−1 = 1. Then

ηSp(λ, x,W) =





||(c1, · · · , cm)||p when λ 6= 0

||(||r1||2, · · · , ||rm||2)||p when λ = 0,

where ck = ||(ak, bk1, · · · , bkm)||p and

ak =
|y0|

||(1, λ)||q
(||rk||22−|xT

k rk|2)
1
2 and bkj =

( |zj |2
||λ||2q

|xT
k rk|2 +

|yj|2
||(1, λ)||2q

(||rk||22 − |xT
k rk|2)

) 1
2

for all k, j = 1, · · · , m. In particular, when p = 2, we have

ηS2(λ, x,W) =





(∑m
k=1

(
1

||λ||22
|xT

k rk|2 + 1
||(1,λ)||22

(
||rk||22 − |xT

kAkxk|2
))) 1

2

when λ 6= 0

||(||r1||2, · · · , ||rm||2)||2 when λ = 0.

When ||rk||2 6= |xT
k rk| for some k ∈ {1, · · · , m}, define

∆Ak :=
y0

||(1, λ)||q
(rkx

H
k − xkr

T
k )

∆Bkj :=
zj

||λ||q
(xT

k rk)xkx
H
k +

yj
||(1, λ)||q

(rkx
H
k + xkr

T
k − 2(xT

k rk)xkx
H
k )

−yj
2 zj xT

k rk(Ink
− xkx

T
k )rkr

T
k (Ink

− xkx
H
k )

||λ||q |yj|2 (||rk||22 − |xT
k rk|2)
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and when ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m}, define

∆Ak :=
y0

||(1, λ)||q
(rkx

H
k − xkr

T
k ),

∆Bkj :=
zj

||λ||q
(xT

k rk)xkx
H
k +

yj
||(1, λ)||q

(rkx
H
k + xkr

T
k − 2(xT

k rk)xkx
H
k )

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -odd, W(λ)x + ∆W(λ)x = 0 and

|||∆W|||p = ηSp(λ, x,W).

Now we consider T -even alternating MEPs.

Theorem 6.4.6. Let S be the space of all T -even alternating MEPs and W ∈ S be

as given in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈

Cn1 ⊗· · ·⊗Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk for all k = 1, · · · , m.

Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q and (z0, · · · , zm)T ∈ ∂||(1,Π(e)(λ)||q for p−1 + q−1 = 1.

Then ηSp(λ, x,W) = ||(c1, · · · , cm)||p, where ck = ||(ak, bk1, · · · , bkm)||p and

ak =

( |z0|2
||(1,Λ(e)(λ))||2q

|xT
k rk|2 +

|y0|2
||(1, λ)||2q

(||rk||22 − |xT
k rk|2)

) 1
2

bkj =





(
|zj |2

||(1,Λ(e)(λ))||2q
|xT

k rk|2 +
|yj |2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2
when j is even

|yj |
||(1,λ)||q (||rk||

2
2 − |xT

k rk|2)
1
2 when j is odd

for all k, j = 1, · · · , m. In particular, for p = 2, we have

ηS2(λ, x,W) =

(
m∑

k=1

(
1

||(1,Λ(e)(λ))||22
|xT

k rk|2 +
1

||(1, λ)||22
(
||rk||22 − |xT

k rk|2
))
) 1

2

.

When ||rk||2 6= |xT
k rk| for some k ∈ {1, · · · , m}, define

∆Ak :=
z0

||(1,Λ(e)(λ))||q
(xT

k rk)xkx
H
k +

y0
||(1, λ)||q

[rkx
H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ]

−y0
2z0xT

k rk(Ink
− xkx

T
k )rkr

T
k (Ink

− xkx
H
k )

|y0|2(||rk||22 − |xT
k rk|2)||(1,Λ(e)(λ))||q

,

∆Bkj :=





zj
||(1,Λ(e)(λ))||q (x

T
k rk)xkx

H
k +

yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ]

− yj
2zjxT

k
rk

|yj |2(||rk||22−|xT
k
rk|2)||(1,Λ(e)(λ))||q (Ink

− xkx
T
k )rkr

T
k (Ink

− xkx
H
k ) when j is even

yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is odd
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and when ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m}, define

∆Ak :=
z0

||(1,Λ(e)(λ))||q
(xT

k rk)xkx
H
k +

y0
||(1, λ)||q

[rkx
H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ],

∆Bkj :=





zj
||(1,Λ(e)(λ))||q (x

T
k rk)xkx

H
k +

yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ] when j is even

yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is odd

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m
and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -even alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).

Proof. Recall from the proof of Theorem 6.3.5 that

∆Ak = Qk




z0
||(1,Π(e)(λ))||qx

T
k rk

y0
||(1,λ)||q (Q

(k)T rk)
T

y0
||(1,λ)||qQ

(k)T rk Âk


QH

k ,

∆Bkj =





Qk




zj
||(1,Π(e)(λ))||qx

T
k rk

yj
||(1,λ)||q (Q

(k)T rk)
T

yj
||(1,λ)||qQ

(k)T rk B̂kj


QH

k when j is even

Qk


 0 − yj

||(1,λ)||q (Q
(k)T rk)

T

yj
||(1,λ)||qQ

(k)T rk B̂kj


QH

k when j is odd

for all k, j = 1, · · · , m. When ||rk||2 6= |xT
k rk| for some k ∈ {1, · · · , m}, for µ∆Ak

= ak

and µ∆Bkj
= bkj, by Theorem 6.4.1, we have

Âk = − y0
2z0x

T
k rk

|y0|2(||rk||22 − |xT
k rk|2)||(1,Π(e)(λ))||q

(Q(k)T rk)(Q
(k)T rk)

T ,

B̂kj =





− yj
2zjxT

k
rk

|yj |2(||rk||22−|xT
k
rk|2)||(1,Π(e)(λ))||q

(Q(k)T rk)(Q
(k)T rk)

T when j is even

0 when j is odd.

When ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m} then noting that Q(k)T rk = 0 we have

∆Ak = Qk




z0
||(1,Π(e)(λ))||qx

T
k rk 0

0 Âk


QH

k , ∆Bkj = Qk




zj
||λ||qx

T
k rk 0

0 B̂kj


QH

k when j is

even and ∆Bkj = Qk


 0 0

0 B̂kj


QH

k when j is odd. Again for µ∆Ak
= ak and µ∆Bkj

=
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bkj, by Theorem 6.4.1, we have Âk = B̂kj = 0. So ||∆Wk||p = ||(ak, bk1, · · · , bkm)||p = ck

and hence ηSp(λ, x,W) = |||∆W|||p = ||(c1, · · · , cm)||p. Simplifying ∆Ak and ∆Bkj, the

desired perturbation follows.

Similarly we have the following result for a T -odd alternating MEP.

Theorem 6.4.7. Let S be the space of all T -odd alternating MEPs and W ∈ S be

as given in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm and 0 6= x := x1 ⊗ · · · ⊗ xm ∈

Cn1 ⊗· · ·⊗Cnm be such that xH
k xk = 1. Consider rk := −Wk(λ)xk, for all k = 1, · · · , m.

Let (y0, · · · , ym)T ∈ ∂||(1, λ)||q and (z1, · · · , zm)T ∈ ∂||Π(o)(λ)||q for p−1+q−1 = 1. Then

ηSp(λ, x,W) =





||(c1, · · · , cm)||p when Π(o)(λ) 6= 0

1
||(1,λ)||q ||(||r1||2, · · · , ||rm||)||p when Π(o)(λ) = 0,

where ck = ||(ak, bk1, · · · , bkm)||p, ak = |y0|
||(1,λ)||q (||rk||

2
2 − |xT

k rk|2)
1
2 and

bkj =





|yj |
||(1,λ)||q (||rk||

2
2 − |xT

k rk|2)
1
2 when j is even

(
|zj |2

||Λ(o)(λ)||2q
|xT

k rk|2 +
|yj |2

||(1,λ)||2q
(||rk||22 − |xT

k rk|2)
) 1

2
when j is odd

for all k, j = 1, · · · , m. In particular, for p = 2, we have

ηS2(λ, x,W) =





(∑m
k=1

(
1

||Λ(o)(λ))||22
|xT

k rk|2 + 1
||(1,λ)||22

(
||rk||22 − |xT

k rk|2
))) 1

2
when Π(o)(λ) 6= 0

1
||(1,λ)||2 ||(||r1||2, · · · , ||rm||)||2 when Π(o)(λ) = 0.

When ||rk||2 6= |xT
k rk| for some k ∈ {1, · · · , m}, define ∆Ak :=

y0
||(1,λ)||q [rkx

H
k −xkr

T
k ],

∆Bkj :=





yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is even

zj
||Λ(o)(λ)||q (x

T
k rk)xkx

H
k +

yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ]

− yj2zjxT
k
rk

|yj |2(||rk||22−|xT
k
rk|2)||Λ(e)(λ)||q (Ink

− xkx
T
k )rkr

T
k (Ink

− xkx
H
k ) when j is odd

and when ||rk||2 = |xT
k rk| for some k ∈ {1, · · · , m}, define ∆Ak :=

y0
||(1,λ)||q [rkx

H
k −xkr

T
k ],

∆Bkj :=





yj
||(1,λ)||q [rkx

H
k − xkr

T
k ] when j is even

zj
||Λ(o)(λ)||q (x

T
k rk)xkx

H
k +

yj
||(1,λ)||q [rkx

H
k + xkr

T
k − 2(xT

k rk)xkx
H
k ] when j is odd,

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m
and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is T -odd alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||p = ηSp(λ, x,W).
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Now we derive the structured backward error for the H-structures by considering

Hölder 2-norm |||·|||2 on MEP(n1, · · · , nm).

Theorem 6.4.8. Let S be the space of all H-Hermitian MEPs and W ∈ S be as given

in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj for all j = 1, · · · , m,

where i =
√
−1 and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that xH

k xk = 1.

Consider rk := −Wk(λ)xk and Pk = Ink
− xkx

H
k for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2 ||(||r1||2 , · · · , ||rm||2)|| when λ ∈ Rm

(∑m
k=1

(∑m
j=0 |skj|2 + 1

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
))) 1

2
when λ ∈ Cm \ Rm,

where skj is as defined in Theorem 6.3.7.

When ||rk||2 6= |xH
k rk|, for some k ∈ {1, · · · , m}, define

∆Ak =





1
||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
− xH

k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

when λ ∈ Rm

sk0xkx
H
k + 1

||(1,λ)||22

[
Pkrkx

H
k + xkr

H
k Pk

]
− sk0Pkrkr

H
k
Pk

||rk||22−|xH
k
rk|2

when λ ∈ Cm \ Rm,

∆Bkj =





λj

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
− λjxH

k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

when λ ∈ Rm

skjxkx
H
k + 1

||(1,λ)||22

[
λjPkrkx

H
k + λjxkr

H
k Pk

]
− skjPkrkr

H
k
Pk

||rk||22−|xH
k
rk|2

when λ ∈ Cm \ Rm

and when ||rk||2 6= |xH
k rk|, for some k ∈ {1, · · · , m}, define

∆Ak =





1
||(1,λ)||22

(xH
k rk)xkx

H
k = 1

||(1,λ)||22
rkx

H
k when λ ∈ Rm

xksk0x
H
k when λ ∈ Cm \ Rm,

∆Bkj =





λj

||(1,λ)||22
(xH

k rk)xkx
H
k =

λj

||(1,λ)||22
rkx

H
k when λ ∈ Rm

xkskjx
H
k when λ ∈ Cm \ Rm,

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-Hermitian, W(λ)x+∆W(λ)x = 0

and |||∆W|||2 = ηS2(λ, x,W).

Proof. When λ ∈ Cm \ Rm, recall from Theorem 6.3.7 that

∆Ak = Qk


 sk0

1
||(1,λ)||2 (Q

(k)Hrk)
H

1
||(1,λ)||2Q

(k)Hrk Âk


QH

k ,

∆Bkj = Qk


 skj

λj

||(1,λ)||2 (Q
(k)Hrk)

H

λj

||(1,λ)||2Q
(k)Hrk B̂kj


QH

k
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for all j = 1, · · · , m. So for µ∆Ak
:=
(
|sk0|2 + 1

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
)) 1

2
and µ∆Bkj

:=
(
|skj|2 + |λj |2

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
)) 1

2
by Theorem 6.4.1, we have Âk = −sk0(Q

(k)H rk)(Q
(k)H rk)

H

||rk||22−|xH
k
rk|2

and B̂kj = −skj(Q
(k)H rk)(Q

(k)H rk)
H

||rk||22−|xH
k
rk|2 . When ||rk||2 = |xH

k rk| for some k ∈ {1, · · · , m}
then note that ||Q(k)Hrk||2 = (||rk||22 − |xH

k rk|2)
1
2 = 0, i.e., Q(k)H rk = 0. So we have

∆Ak = Qk


 sk0 0

0 Âk


QH

k and ∆Bkj = Qk


 skj 0

0 B̂kj


QH

k . For µ∆Ak
= |sk0| and

µ∆Bkj
= |skj|, again by Theorem 6.4.1, we have Âk = B̂kj = 0. Hence ||∆Wk||2 =

(∑m
j=0 |skj|2 + ||rk||22 − |xH

k rk|2
) 1

2
and

ηS2(λ, x,W) = |||∆W|||2 =
(

m∑

k=1

(
m∑

j=0

|skj|2 + ||rk||22 − |xH
k rk|2

)) 1
2

.

When λ ∈ Rm, recall from Theorem 6.3.7 that

∆Ak = Qk




1
||(1,λ)||22

xH
k rk

1
||(1,λ)||22

(Q(k)Hrk)
H

1
||(1,λ)||22

Q(k)Hrk Âk


QH

k ,

∆Bkj = Qk




λj

||(1,λ)||22
xH
k rk

λj

||(1,λ)||22
(Q(k)Hrk)

H

λj

||(1,λ)||22
Q(k)Hrk B̂kj


QH

k

for all j = 1, · · · , m. When ||rk||2 6= |xH
k rk| for µ∆Ak

= 1
||(1,λ)||22

||rk||2 and µ∆Bkj
=

|λj |
||(1,λ)||22

||rk||2 by Theorem 6.4.1, we have

Âk = −xH
k rk(Q

(k)H rk)(Q
(k)H rk)

H

||rk||22 − |xH
k rk|2

and B̂kj = −λj x
H
k rk(Q

(k)Hrk)(Q
(k)Hrk)

H

||rk||22 − |xH
k rk|2

.

Finally when ||rk||2 = |xH
k rk| for some k ∈ {1, · · · , m} then ∆Ak = Qk




1
||(1,λ)||22

xH
k rk 0

0 Âk


QH

k

and ∆Bkj = Qk




λj

||(1,λ)||22
xH
k rk 0

0 B̂kj


QH

k . For µ∆Ak
= 1

||(1,λ)||22
||rk||2 and µ∆Bkj

=

|λj |
||(1,λ)||22

||rk||2 by Theorem 6.4.1, we have Âk = B̂kj = 0. Therefore ||∆Wk||2 = 1
||(1,λ)||2 ||rk||2

and and ηS2(λ, x,W) = |||∆W|||2 = 1
||(1,λ)||2 ||(||r1||2, · · · , ||rm||2)||2. The desired optimal

perturbations follow by simplifying ∆Ak and ∆Bkj .

Next we derive ηS2(λ, x,W) for H-even MEP.
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Theorem 6.4.9. Let S be the space of all H-even MEPs and W ∈ S be as given in

(6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj,for all j = 1, · · · , m,

where i =
√
−1 and 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that xH

k xk = 1.

Consider rk := −Wk(λ)xk and Pk := Ink
− xkx

H
k for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2 ||(||r1||2, · · · , ||rm||2)||2 when λ ∈ iRm

(∑m
k=1

(∑m
j=0 |skj|2 + 1

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
))) 1

2

when λ ∈ Cm \ iRm

where skj are as given in Theorem 6.3.8.

When ||rk||2 6= |xH
k rk|, for some k ∈ {1, · · · , m}, define

∆Ak :=





1
||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
− xH

k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

λ ∈ iRm

sk0xkx
H
k + 1

||(1,λ)||22

[
Pkrkx

H
k + xkr

H
k Pk

]
− sk0Pkrkr

H
k
Pk

||rk||22−|xH
k
rk|2

λ ∈ Cm \ iRm,

∆Bkj :=





λj

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
++

iskjPkrkr
H
k
Pk

||rk||22−|xH
k
rk|2

λ ∈ iRm

iskjxkx
H
k + 1

||(1,λ)||22

[
λjPkrkx

H
k − λjxkr

H
k Pk

]
+

iskjPkrkr
H
k
Pk

||rk||22−|xH
k
rk|2

λ ∈ Cm \ iRm

When ||rk||2 = |xH
k rk| for some k ∈ {1, · · · , m}, define

∆Ak :=





1
||(1,λ)||22

rkx
H
k λ ∈ iRm

sk0xkx
H
k λ ∈ Cm \ iRm,

∆Bkj :=





λj

||(1,λ)||22
rkx

H
k λ ∈ iRm

iskjxkx
H
k λ ∈ Cm \ iRm

for all k, j = 1, · · · , m. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m and

∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-even, W(λ)x + ∆W(λ)x = 0 and

|||∆W|||2 = ηS2(λ, x,W).

Proof. When λ ∈ iRm, recall from the proof of Theorem 6.3.8 that

∆Ak = Qk




1
||(1,λ)||22

xH
k rk

1
||(1,λ)||22

(Q(k)Hrk)
H

1
||(1,λ)||22

Q(k)Hrk Âk


QH

k ,

∆Bkj = Qk




λj

||(1,λ)||22
xH
k rk − λj

||(1,λ)||22
(Q(k)H rk)

H

λj

||(1,λ)||22
Q(k)Hrk B̂kj


QH

k

for all j = 1, · · · , m. When ||rk||2 6= |xH
k rk| for µ∆Ak

= 1
||(1,λ)||22

||rk||2 and µ∆Bkj
=

|λj |
||(1,λ)||22

||rk||2, by Theorem 6.4.1, we have Âk = −xH
k
rk(Q

(k)H rk)(Q
(k)H rk)

H

||(1,λ)||22(||rk||22−|xH
k
rk|2)

and B̂kj =
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λjxH
k
rk(Q

(k)H rk)(Q
(k)H rk)

H

||(1,λ)||22(||rk||22−|xH
k
rk|2)

. When ||rk||2 = |xH
k rk| for some k ∈ {1, · · · , m}, we have

Q(k)Hrk = 0. Hence

∆Ak = Qk




1
||(1,λ)||22

xH
k rk 0

0 Âk


QH

k and ∆Bkj = Qk




λj

||(1,λ)||22
xH
k rk 0

0 B̂kj


QH

k .

Again for µ∆Ak
= 1

||(1,λ)||22
||rk||2 and µ∆Bkj

=
|λj |

||(1,λ)||22
||rk||2 by Theorem 6.4.1, we have

Âk = B̂kj = 0. So ||∆Wk||2 = 1
||(1,λ)||2 ||rk||2 and therefore ηS2(λ, x,W) = |||∆W|||2 =

1
||(1,λ)||2 ||(||r1||2, · · · , ||rm||2)||2.

When λ ∈ Cm \ iRm, recall from Theorem 6.3.8 that

∆Ak = Qk


 sk0

1
||(1,λ)||22

(Q(k)H rk)
H

1
||(1,λ)||22

Q(k)H rk Âk


QH

k ,

∆Bkj = Qk


 iskj − λj

||(1,λ)||22
(Q(k)Hrk)

H

λj

||(1,λ)||22
Q(k)H rk B̂kj


QH

k ,

for all j = 1, · · · , m. When ||rk||2 6= |xH
k rk| for some k ∈ {1, · · · , m}, for µ∆Ak

=(
|sk0|2 + 1

||(1,λ)||42

(
||rk||22 − |xH

k rk|2
)) 1

2

and µ∆Bkj
=
(
|skj|2 + |λj |2

||(1,λ)||42

(
||rk||22 − |xH

k rk|2
)) 1

2

by Theorem 6.4.1, we have Âk = −sk0(Q
(k)H rk)(Q

(k)H rk)
H

||rk||22−|xH
k
rk|2

and B̂kj =
iskj(Q

(k)H rk)(Q
(k)H rk)

H

||rk||22−|xH
k
rk|2

.

When ||rk||2 = |xH
k rk| for some k ∈ {1, · · · , m} then we have ∆Ak = Qk


 sk0 0

0 Âk


QH

k

and ∆Bkj = Qk


 iskj 0

0 B̂kj


QH

k . For µ∆Ak
= |sk0| and µ∆Bkj

= |skj|, by Theo-

rem 6.4.1, we have Âk = B̂kj = 0. Therefore ||∆Wk||2 =
(∑m

j=0 |skj|2 + 1
||(1,λ)||22

(
||rk||22 − |xH

k rk|2
)) 1

2

and thus ηS2(λ, x,W) = |||∆W|||2 =
(∑m

k=1

(∑m
j=0 |skj|2 + 1

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
))) 1

2

.

Simplifying Âk and B̂kj, we obtain the desired optimal perturbations.

In a similar way, in case of a H-even alternating MEP, we have the following result.

Theorem 6.4.10. Let S be the space of all H-even alternating MEPs and W ∈ S be

as given in (6.1). Let λ := (λ1, · · · , λm)
T ∈ Cm be such that λj := αj + iβj for all

j = 1, · · · , m, where i =
√
−1, 0 6= x := x1 ⊗ · · · ⊗ xm ∈ Cn1 ⊗ · · · ⊗ Cnm be such that
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xH
k xk = 1. Consider rk := −Wk(λ)xk and Pk := Ink

− xkx
H
k for all k = 1, · · · , m. Then

ηS2(λ, x,W) =





1
||(1,λ)||2 ||(||r1||2, · · · , ||rm||2)||2 when λ ∈ iRm

(∑m
k=1

(∑m
j=0 |skj|2 + 1

||(1,λ)||22

(
||rk||22 − |xH

k rk|2
))) 1

2
when λ ∈ Cm \ iRm

where skj are as given in Theorem 6.3.9.

When ||rk||2 6= |xH
k rk|, for some k ∈ {1, · · · , m}, define

∆Ak :=





1
||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
− xH

k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

when λ ∈ iRm

sk0xkx
H
k + 1

||(1,λ)||22

[
Pkrkx

H
k + xkr

H
k Pk

]
− sk0Pkrkr

H
k
Pk

||rk||22−|xH
k
rk|2

when λ ∈ Cm \ iRm

∆Bkj :=





λj

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
− λjxH

k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

when λ ∈ iRm

sk0xkx
H
k + 1

||(1,λ)||22

[
Pkrkx

H
k + xkr

H
k Pk

]
− skjPkrkr

H
k
Pk

||rk||22−|xH
k
rk|2

when λ ∈ Cm \ iRm

when j is even and

∆Bkj :=





λj

||(1,λ)||22

(
rkx

H
k + xkr

H
k − (rHk xk)xkx

H
k

)
+

λjxH
k
rkPkrkr

H
k
Pk

||(1,λ)||22(||rk||22−|xH
k
rk|2)

when λ ∈ iRm

iskjxkx
H
k + 1

||(1,λ)||22

[
λjPkrkx

H
k − λjxkr

H
k Pk

]
+

iskjPkrkr
H
k
Pk

||rk||22−|xH
k
rk|2

when λ ∈ Cm \ iRm

When ||rk||2 = |xH
k rk| for some k ∈ {1, · · · , m} define ∆Ak := 1

||(1,λ)||22
rkx

H
k , ∆Bkj :=

λj

||(1,λ)||22
rkx

H
k when λ ∈ iRm and∆Ak := sk0xkx

H
k , ∆Bkj :=





skjxkx
H
k when j is even

iskjxkx
H
k when j is odd,

when λ ∈ Cm \ iRm. Consider ∆Wk(z) := ∆Ak +
∑m

j=1 zj∆Bkj for k = 1, · · · , m
and ∆W(z) := (∆W1(z), · · · ,∆Wm(z)). Then ∆W is H-even alternating, W(λ)x +

∆W(λ)x = 0 and |||∆W|||2 = ηS2(λ, x,W).
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7
Summary

We have developed a general framework for the spectral analysis of nonhomogeneous

MEPs. For a general norm on the space of MEPs, we have defined the condition number

cond(λ,W) of a simple eigenvalue λ of an MEP W by

cond(λ,W) := lim sup
|||∆W|||→0

dist(λ, σ(W+∆W))

|||∆W||| ,

where ∆W is an MEP and dist(λ, σ(W+∆W)) := min{||λ− µ||2 : µ ∈ σ(W+∆W)}.
Given a simple eigenvalue λW of W, we have shown that there is an open neighborhood

nbd(W) containing W and a smooth function λ such that λ(W) = λW and λ(X) is a

simple eigenvalue of X for all X ∈ nbd(W). We have determined the derivative Dλ(W)

and used it to derive three equivalent representations of cond(λ,W). Also, we have

constructed a fast perturbation for λW considering a weighted norm on the space of

MEPs. We have defined the backward error of an approximate eigenvalue λ of W by

η(λ,W) := inf{|||∆W||| : λ ∈ σ(W+∆W)}.

We have derived η(λ,W) and constructed an optimal perturbation ∆W such that

λ ∈ σ(W + ∆W) and |||∆W||| = η(λ,W). Also, for an approximate eigenpair (λ, x :=

x1 ⊗ · · · ⊗ xm) ∈ Cm × (Cn1 ⊗ · · · ⊗ Cnm), we have defined the backward error by

η(λ, x,W) := inf{|||∆W||| : W(λ)x + ∆W(λ)x = 0}. We have derived η(λ, x,W) and

constructed optimal perturbation ∆W for (λ, x) such that W(λ)x + ∆W(λ)x = 0 and

|||∆W||| = η(λ, x,W). We have extended the results to the case of two parameter PEPs.

Further we have developed a general framework for spectral analysis of linear homoge-

neous MEPs. We have introduced condition number cond(λ,W) of a simple eigenvalue λ

157
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of a homogeneous MEP W and derived cond(λ,W). We have also determined backward

errors of approximate eigenvalues and approximate eigenpairs of W and constructed

optimal perturbations.

We have defined and analyzed two vector spaces of potential linearizations of two-

parameter polynomial of degree k. Considering a two-parameter matrix polynomial of

the form

P (λ, µ) :=
k∑

i=0

k−i∑

j=0

λiµjAij ,

where Aij ∈ Cn×n for all i = 0, · · · , k and j = 0, · · · , k−i, we have defined and analyzed

two vector spaces, namely, the right ansatz space and the left ansatz space of potential

linearizations of P (λ, µ). We have also analyzed conditions under which a pencil in the

ansatz spaces is a linearization of P (λ, µ).

Finally, we have considered structured linear MEPs and analyzed structured back-

ward errors and structured backward perturbations. We have denoted the space of

structured MEPs by S and defined structured backward error of an approximate eigen-

pair (λ, x := x1 ⊗ · · · ⊗ xm) by

ηS(λ, x,W) := inf{|||∆W||| : ∆W ∈ S and W(λ)x+∆W(λ)x = 0}.

We have determined ηS(λ, x,W) and constructed an optimal structured perturbation

∆W such that W(λ)x+∆W(λ)x = 0 and |||∆W||| = ηS(λ, x,W).
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