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Abstract

We develop a general framework for the sensitivity and backward perturbation analysis of
linear and polynomial MEPs. For a general norm on the space of MEPs, we define the
condition number cond (A, W) of a simple eigenvalue A of an MEP W and derive three equivalent
representations of cond(A, W). We also analyze holomorphic perturbation of a simple eigenvalue
of W. Further, we define the backward error n(\, W) of an approximate eigenvalue A of W. We
determine n(A, W) and construct an optimal perturbation AW such that A\ € o(W+ AW) and
AW = n(A, W). We also define the backward error n(\, z, W) of an approximate eigenpair
N =21® Q) €C"x (C" ®---®C"). We determine n(A, z, W) and construct an
optimal perturbation AW such that W(A)x + AW(N)z = 0 and ||AW| = n(A, z, W).

We define and analyze two vector spaces, namely, the right ansatz space and the left
ansatz space of potential linearizations of a two-parameter matrix polynomial of the form
P\ p) = Z?:o Z?;é N A;;. We also analyze conditions under which a pencil in the ansatz
spaces is a linearization of P(A, u).

We consider structured linear MEPs and define structured backward error 7°(\, z, W) of
an approximate eigenpair (A\,z = 1 ® - -+ ® ;). We determine n°(\, z, W) and construct
an optimal structured perturbation AW such that W(A\)z + AW(N)z = 0 and [|[AW| =
(N, z, W).
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Introduction

Multiparameter eigenvalue problems (MEPs) arise in many applications and have been
analyzed extensively over the years. A finite dimensional linear nonhomogeneous MEP

is defined as follows. Let W : C™ — H?q’zl C"i*" be an affine map given by
W(z) = (Wi(2),..., Wn(2), where Wi(2) := A; + > 2 Bj; (1.1)
j=1

and A;, B;; € C*™ ford, j =1, ,m. Wesay that W is reqular if [[/_, det(W;(z)) # 0

for some z € C™. Forz =2 ® -+ @z, EC" ®---®C" and z € C™, we define
W(z)x := (Wi(2)x1, ..., Wp(2)zm) and *W(2) = (21Wi(2), ..., 25, Wn(2)).

Suppose that W is regular. Let A\ e C" and v =11 ® -z, E C" ®---® C" be
a nonzero decomposable tensor. Then A is said to be an eigenvalue of W and z is said
to be a right eigenvector of W corresponding to A if W(A)z = 0. Similarly, a nonzero
decomposable tensor y :=y; ® - - Qy,, € C" ®---®C™ is said to be a left eigenvector
of W corresponding to A if y*W(\) = 0. The multiparameter eigenvalue problem is to
solve the problems

WAz =0 and y*W(A\) =0

for A € C™ and nonzero decomposable tensors x and y in C" ® - - - ® C™". We refer to

the tuple W as a nonhomogeneous MEP.

The origin of multiparameter eigenvalue problems can be traced back to mathemat-

ical physics (for details, see [11} [13]). For example, the vibration of a fixed membrane
1
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CHAPTER 1. Introduction 2

is governed by the differential equation Au + k?u = 0 in R?. For a rectangular mem-
brane, the seperation of variables technique leads to two parameter (Sturm-Liouville)
eigenvalue problem [52]

Yy (w1) + Myi(z1) =0

Yz (22) + Aoya(w2) = 0.

On the other hand, for a circular membrane, the angular and radial equation in polar

(1.2)

coordinates form leads to the MEP [52]

"+XMop=0
¢ 10 (1.3)
T_l(TR,)/ + ()\2 = )\17”_2)R =0.
More generally, the separation of variables technique for solving a partial differential
equation leads to multiparameter Sturm-Liouville eigenvalue problems with various

boundary conditions. For example, considering the m intervals [a,, b,| for r = 1,---  m,

we have the following multiparameter Sturm-Liouville eigenvalue problem in m param-

eters
Y (@) = @ (2 )y () + 3000 Asrs(@n)yr () = 0, @ € [ar, by]
yr(a,) cosa, = y.(a,)sine,., 0<a,<m (1.4)
yr(br) cos By = y,(by) sin By, 0 <, <,
where p,s(z,), ¢-(z,) are real valued continuous functions on [a,, b,] forallr,s = 1,--- ,m.
A scalar tuple (A1, -+, \;,) € C™ for which a non-trivial solutions exist in (L4]) is an

eigenvalue of the MEP ([ 4)).

Multiparameter spectral theory has applications in various fields and is an impor-
tant area of research. R. D. Carmichael indicated the vast area awaiting investiga-
tion and suggested a possible line of attack in [20, 21 22]. F.V.Atkinson [12] revived
the theory back in 1960s. Given a linear MEP W, he defined operator determinants
A; associated with W for ¢ = 0,--- ,m. A linear homogeneous MEP W is said to
be nonsingular if A := Z:L a;A; is invertible for some scalars aq, - -, a,,. On the
other hand, a linear nonhomogeneous MEP W is said to be nonsingular if Ag is in-
vertible. Atkinson [I2] proved that a homogeneous MEP W is equivalent to the m
coupled generalized eigenproblems A;z = Az for i = 1,---,m. On the other hand,

a nonhomogeneous MEP W is equivalent to the m coupled generalized eigenproblems

TH-1902_9612307



CHAPTER 1. Introduction 3

A,z = Aoz fori=1,---,m. Based on Atkinson’s approach multiparameter spectral
theory has been studied extensively in literature [14 19] 28] 29, 37, 38 [39] [46]. Root
subspaces associated with nonderogatory eigenvalues of a finite dimensional MEP is
analyzed in [28, 37, [46]. Also a version of the Cayley-Hamilton theorem for MEP is
proved in [39]. Structured MEPs such as hermitian, and left and right definite MEPs
are analyzed in [12, [13| [14], [15] 16, 17, 18, 19, 52].

The development of numerical methods for computing eigenvalues and eigenvectors
of MEP is an active area of research. A Jacobi-Davidson type method for the two-
parameter eigenvalue problem is discussed in [30, [32]. Harmonic and refined extraction
methods for an MEP is studied in [33]. Also several numerical methods are discussed
in [43] 47] for a polynomial MEP.

The sensitivity and backward error analysis plays in important role in analyzing
the accuracy of computed eigenvalues and eigenvectors. The condition number of an
eigenvalue measures its sensitivity to small perturbations in the coefficient matrices.
The condition number of an eigenvalue and backward error of an approximate eigenpair
of an MEP are discussed in [31] for a specific choice of weighted norm on the space of

MEPs. For A € C™™ and 0 := (61,--- ,0,,)7 € C™, the f-weighted norm is defined as
|Allg := max{||Az||2: 2 = (21, , 2m)’ € C™ and |z;| = |6;] for i = 1,--- ,m}.

Then for a simple eigenvalue A\ of W and an associated eigenvector xr = r1 ® - - - ® x,p,

the condition number of A is defined as

| A

e—0 €

k(A W) = lim sup{ : ( (A, + AA;) + Z (Aj + AN (Bij + ABz‘j)) (x; + Az;) =0,
7=1

[[AA;]]2 < €]|Eill2 and |[AB;;l2 < || Fijl|2 fori,j =1, - 7m}-

It is shown in [31] that x(X\, W) = ||By|ls, where 8; = ||Eil|l2 + Y27, [N [|Fyll2 for
1= 1, e, and B() = [’y:BmZL’Z]me
On the other hand, considering (A\,z) with A € C"™ and z = 71 ® -+ @ x,, €

C" ® ---® C" as an approximate eigenpair of W, the backward error of (A, z) is

TH-1902_9612307



CHAPTER 1. Introduction 4

defined as

n(x, A) = min{e: WAz + AWN)z = 0,||AA4;]]2 < €||Ei|2

and ||A Bl < €| Fy|2 for 4,5 =1,--- ,m}.

It is shown in [31] that n(z, \) = i:r?.qhxm”%i‘b, where r; := W;(\)z; and 6; := || Ej||» +
>y N Figlle for i =1, m. M;nimizing n(\ z) over ||zl = 1,4 = 1,...,m,
yields backward error of \.

Linearization is a standard method for solving polynomial eigenvalue problems. A
process that transforms a polynomial eigenvalue problem to an equivalent generalized
eigenvalue problem of larger size is called a linearization. Linearizations for quadratic
two-parameter eigenvalue problems are considered in [34] [44] and a linearization for a
two-parameter matrix polynomial of degree k is considered in [44]. A vector space of

potential linearizations of a quadratic two-parameter eigenvalue problem is developed

and analyzed in [IJ.

Our main aim in this thesis is two-fold. First, to develop a general framework for the
sensitivity and backward perturbation analysis of linear and polynomial MEPs. Second,
to develop and analyze two vector spaces of potential linearizations of two parameter

polynomial eigenvalue problems. The thesis is organized as follows.

The remainder of Chapter 1 is devoted to basic results for ready reference. In
Chapter 2, we undertake the sensitivity and backward perturbation analysis of nonho-
mogeneous MEPs. We develop a general framework for the spectral analysis of nonho-
mogeneous MEPs. For a general norm on the space of MEPs, we define the condition
number cond(\, W) of a simple eigenvalue A of an MEP W and derive three equivalent
representations of cond(A, W). We also analyze holomorphic perturbation of a simple
eigenvalue of W. Further, we define the backward error of an approximate eigenvalue A
of W by

NN, W) = imf{JAW] : A € o(W + AW)},

where o(W) denotes the spectrum of W. We determine n(A, W) and construct an optimal
perturbation AW such that A € o(W + AW) and |[AW| = n(A\, W). Furthermore,

we define the backward error of an approximate eigenpair (\,z == 71 ® -+ ® x,,) €

TH-1902_9612307



CHAPTER 1. Introduction 5

C"x (C"®---®@C") by
n(\, 2, W) .= inf{||AW| : W(N)z + AW(\)z = 0}.

We determine n(A, z, W) and construct an optimal perturbation AW such that W(\)z+
AWMz = 0 and ||AW| = n(A, z, W).

Chapter 3 is devoted to the sensitivity and backward perturbation analysis of two-
parameter polynomial eigenvalue problems (PEPs). We extend the results in Chapter 2

to the case of two parameter PEPs.

In Chapter 4, we develop a general framework for spectral analysis of linear homo-
geneous MEPs. We introduce condition number cond(A, W) of a simple eigenvalue A of
a homogeneous MEP W and derive three equivalent representations of cond(A, W). We
also determine backward errors of approximate eigenvalues and approximate eigenpairs

of W and construct optimal perturbations.

In Chapter 5, we analyze linearizations of two parameter polynomial eigenvalue

problems of degree k. We consider a two-parameter matrix polynomial of the form

k  k—i
PO )= > Nl Ay, (15)
i=0 j=0
where A;; € C*" for all « = 0,---,k and j = 0,--- ,k — ¢ Then an In X In two-

parameter matrix pencil L(\, p) := A + A X+ 1Y is said to be a linearization of P(\, u)
if there exist unimodular matrix polynomials F(\, u) and F'(\, u) (i.e., determinants of

E(X\, ) and F(X, p) are non-zero constants) such that

P\ p) 0
0 Tg—1yn

FA ) LA, ) E(X 1) =

We define and analyze two vector spaces, namely, the right ansatz space and the left
ansatz space of potential linearizations of P(\, u) and analyze conditions under which

a pencil in the ansatz spaces is a linearization of P(\, p).

Finally, in Chapter 6, we consider structured linear MEPs and analyze structured
backward errors and structured backward perturbations. We denote the space of struc-

tured MEPs by S and define structured backward error of an approximate eigenpair

TH-1902_9612307



CHAPTER 1. Introduction 6

Nr:=21® - ®x,) by
P\, 2, W) := inf{|AW|| : AW € S and W(\)z + AW(\)z = 0}.

We determine 7°(\, z, W) and construct an optimal structured perturbation AW such

that W(\)z + AWMz = 0 and [|AW]| = n°(\, 2, W).
1.1 Preliminaries

Throughout this thesis, we use C" to denote the vector space of column vectors
(w1, ,1,)T, where x; € C and C™*" to denote the vector space of m-by-n matrices
with entries from C. We denote the n x n identity matrix by I, and the n x n zero
matrix by 0,.

Kernel and range of a matrix. Let A € C"™*". Then the kernel of A is defined
by ker(A) := {x € C* : Az = 0}. We denote the dimension of the kernel of A by
dim ker(A). The range of A is defined by range(A) := {Az : € C"}. The dimension

of range(A) is called the rank of A and is denoted by rank(A).

Unitary matrix. Let A = [a;] € C™". Then AT = [a;;] € C™*™ denotes the
transpose of A and A* = [@;;] € C"*™ denotes the conjugate transpose of A. A matrix
A € C™™ is said to be unitary if AA* = A*A = 1,.

Spectrum of a matrix. Let A € C"*". Then A € C is said to be an eigenvalue of
A if det(A — AI,) = 0. The set of all eigenvalues of A is called the spectrum of A and
is denoted by o(A).

Let A € 0(A). Then z € C" and y € C™ are said to be right and left eigenvectors of
A corresponding to A if Az =0 and y*A = 0, respectively. The geometric multiplicity
of X is given by dim ker(A — Al,,) and the algebraic multiplicity of A is its multiplicity
as a root of the characteristic polynomial p(z) = det(A — zI,,). Note that the algebraic
multiplicity of an eigenvalue is always greater than or equal to the geometric multiplicity

of that eigenvalue.

Singular value decomposition (SVD). Let A € C™*™ be such that rank(A) = r.
Then the SVD of A is given by A = UXV™*, where U € C™*™ and V' € C™*" are unitary
and ¥ = diag(oy,- -+ ,0.,0,---,0) € C™" is a diagonal matrix with oy > -+ > 0, > 0,

where 01, 09, - - - , 0, are the nonzero singular values of A. We denote the smallest nonzero

TH-1902_9612307



CHAPTER 1. Introduction 7

singular value of a matrix A by opin(A).

Adjugate of a matrix. Let A € C**". Then the (i, ;)" minor of A is the deter-
minant of the (n — 1) x (n — 1) matrix that results from deleting i*® row and j** column
of A. The (4, 7)™ minor of A is denoted by M;;. Then the matrix [(—1)"7M;;] is called
the cofactor matrix of A and is denoted by C. The adjugate matrix of A is denoted by
adj(A) and is defined by the transpose of the cofactor matrix of A, i.e., adj(A) = CT.

It is well known that
A-adj(A) =adj(A) - A =det(A) - I,.

Proposition 1.1.1. [10] Let A € C™" and rank(A) = n — 1. Then adj(A) = vu* for

some nonzero vectors u and v such that Av =0 and uv*A = 0.

Trace of a matrix. The trace of an square matrix A is defined by the sum of the
diagonal entries of A and is denoted by tr(A). Suppose that A = [a;;] € C"*". Then
tr(A) = ap +an + -+ QG = Y0y Qi

Jacobi’s formula. In subsequent development, we use the Jacobi’s formula which

expresses the derivative of the determinant of a matrix.

Proposition 1.1.2. [35] The determinant map det : C™*™ — C, A > det(A) is differ-
entiable and

ddet(A) = tr(adj(A) - dA), (1.6)
where dA denotes the differential of A.

Kronecker product of matrices. The Kronecker product of matrices is defined

as follows.

Definition 1.1.1. [{Y] Let A = [a;j] € C™*", B € CP*9. Then the Kronecker product
(tensor product) of A and B is defined by

CLHB ce alnB
A®B:= : e CmPrm,

amlB amnB

Some properties of the kronecker product are as follows [49]:

TH-1902_9612307



CHAPTER 1. Introduction 8

(i) Let A € C™" B € C™*,C € C™ and D € C***. Then

(A® B)(C @ D) = AC @ BD € C"™™7".

(ii) For all A and B, (A® B)T = AT ® BT and (A® B)* = A* @ B*.
(iii) If A € C™™ and B € CP*P are nonsingular then (A® B)™' = A~ @ B~

Norm. Norm plays an important role in perturbation analysis. We briefly consider

vector and matrix norms to be used to define general norms on the space of MEPs.

Definition 1.1.2. (Vector norm) A function ||-|| : C* — R is said to be a norm (vector

norm) on C" if it satisfies the following conditions:
(i) ||z|| =0< x=0.
(ii) ||ax|| = || ||z|| for « € C and x € C™.
(1) ||z +yl| < ||+ [lyl| for z,y € C".
The p-norm || - ||, on C" is given by

(0, )P 1< p<oo

||z[lp =
max |z p = 00
=1, n

for x = (21, ,2,)" € C™.
Definition 1.1.3. (Monotone norm) A norm ||-|| on C" is said to be a monotone norm
if |z < |yl implies that ||x]| < |[|y||, where |z| < |y| means |x;| < |y;| for j=1,---,n.

It is easy to see that the p-norm || - ||, is a monotone norm on C".

Next we consider matrix norm on C™*". Let || - || be vector norm on C". Define

||| : C*™ — R by ||A]| :==sup {||Az|| : z € C" and ||z|| = 1}. Then || - || is a norm on
C™*™ and we refer to it as the induced operator norm or the subordinate matrix norm.
The subordinate matrix norm induced by the 2-norm || - ||z on C" is denoted by ||A||s.
We refer to || - || as the the spectral norm on C"*". The Frobenius norm on C™*" is

defined as || Al|p := tr (A*A)%. The spectral and Frobenius norms satisfy the followings:

TH-1902_9612307



CHAPTER 1. Introduction 9

(i) ||Ux|| = ||z|| for an unitary matrix U.
(ii) |[[UAV*|| = ||A]| for unitary matrices U and V.

(iii) ||A® B|| = ||A]| ||B]| for A € R™" and B € R™*™m,

The following result shows that the spectral norm of adj(A) is the product of the singular

values of A.

Lemma 1.1.1. 48] Let A be a n x n matriz. Then ||adj(A)||s = [[\= 0:(A), where

01(A) > -+ > 0,(A) are the singular values of A.

Inner Product. Let V be a finite dimensional vector space over a field F. Then

(-,-) : V xV — F is said to be an inner product if the following conditions hold.
(i) (v,v) >0forallvelV.
(ii) (v,v) =0 if and only if v = 0.
(iil) (u+v,w) = (u,w) + (v, w) for all u,v,w € V.
(iv) (av,w) = a{v,w) for all v,w € V and a € F.
(v) (v,w) = (w,v) for all v,w € V.

Note that (z,y) = y*x for all x,y € C" defines an inner product on C". It is also easy
to see that an inner product on C™*" is given by (A, B) = tr(B*A) for all A, B € C"*™.
Dual Norm. Let H be a finite dimensional inner product space with an inner product

(-,-). Let || - || be a norm on H. Then

1Al := sup{[(h, g) - [lg]] = 1}

defines a norm on H and the norm || - || is called the dual norm of || - || relative to the
inner product (-, -). Note that [(x,y)| < ||z|| ||y||« for all z,y € H. It is easy to see that

the dual of the Holder’s p-norm || - ||, is the Holder’s g-norm || - ||,, where p~' +¢~! = 1.
Subdifferential. The subdifferential of the map y +— ||y|| at = is given by

Ol :=A{y € H : (z,y) = ||| and [[y][. = 1}.

In case of the p-norm || - ||, on C", we have the following result.
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Proposition 1.1.3. [§/ Let x = (z1,--- ,x,)" € C" be nonzero. Consider the p-norm

|- ||, on C* for 1 <p < oco. For z € C, define sign(z) := I # 0 and sign(0) := 0.

Then we have the followings.

(a) Forl < p < oo, we have
Ollelly = {y = (yr, -+, yn)" € C" vy, o= sign ()|~ ]| [, 7"}

(b) We have

J||z||y ={y € C" : y; := sign(z;) if x; # 0 else |y;| < 1 is arbitrary}.

(¢) If ||z||oc = |2i| for some i € {1,--- n} and |z;| < |x;| for all j # i then
Ollefloo = {y € "+ s = sign(z) and y; = 0, for j # i},

Ifl|z||le = |ziy| = - - - = |4y, | for some @y, - - - iy, € {1, ,n} and |z;| < |2;,| for
Jj & {in, - yim}, then

_ sign(z,)

|zl ={y € C" : y» for r =4y, i, and y, = 0, otherwise}.

1.1.1 Vector space of linearizations of matrix polynomial

Now we briefly review the vector spaces of linearizations of a matrix polynomial of

degree k.

Definition 1.1.4. [27] Let P(\) be a matriz polynomial of degree k. Then a linear
matriz polynomial L(\) = AX +Y with X, Y € CF** js said to be a linearization of
P if there exist kn X kn unimodular matriz polynomials E(\) and F(\) (i.e., det(E()\))
and det(F'(X\)) are nonzero constants, independent of ) such that
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Let P(A) := Z?:o N A;. Then the matrix pencils

A Apr Ap—a -+ | Ao
In _In
Ci(N\) == A +
In _]n
and ) ) ) )
Ak Ak—l _In
I, A
Co(\) =\ + | ,
: -1,
1, A

are known as the first and second companion form of P()), respectively. Generalizing

the companion forms, the following two classes of vector spaces of linearizations were

developed in [42]:

L, (P) {LO): L) -(A® L) =v® P(\),v € C*},

Ly(P) = {L(\):(AT®L,) -L(\) = w’ ® P(\),w € C},

where L(\) € CF"* Jinear matrix polynomial and A := (A*=1 \*=2... A 1)T. L,(P)
and LLy(P) are called the right and left ansatz space, respectively. The vector v is called

the right ansatz vector for L(\) € L;(P) and the vector w is called the left ansatz vector
for L(X\) € Ly(P).

Theorem 1.1.1. [Z/(Eigenvector recovery property) Let P(\) be a reqular matriz poly-
nomial of degree k and L € 1Ly (P) with non-zero right ansatz vector v. Then x € C"
is a right eigenvector of P corresponding to the finite eigenvalue A € C if and only if
A ® x 1s an eigenvector of L corresponding to the eigenvalue \. In fact, every right
eigenvector of L with finite eigenvalue X is of the form A ® x for some eigenvector x of

P corresponding to .
Similarly, if L € Lo(P) with nonzero left ansatz vector w then y € C" is a left

eigenvector of P corresponding to the finite eigenvalue A\ € C if and only if A ® vy is a

left eigenvector of L corresponding to the eigenvalue X\. In fact, every left eigenvector

TH-1902_9612307



CHAPTER 1. Introduction 12

of L with finite eigenvalue X is of the form A ® y for some left eigenvector y of P

corresponding to \.

The right and left ansatz space provide a wide class of matrix pencils corresponding
to a given matrix polynomial. It is shown in [42] that all the matrix pencils in the
right and left ansatz space are not linearizations of the given matrix polynomial. The
following result gives the linearization condition for L € IL;(P) corresponding to the
nonzero right ansatz vector aey, where 0 # o € C.

Theorem 1.1.2. [/2] Let P(\) = 2520 N A; be a matriz polynomial of degree k. Sup-

pose that L € Ly(P) with nonzero right ansatz vector v = aey. Then

aAp | X Y | aAy
LA =) IF ,
0 | —Z Z| 0

where X, Y € C™>¢=Un gnd 7 € Ch=Vmxk=bn  [f 7 s nonsingular then L(\) is a

linearization of P(\).
Procedure to determine the linearization condition for a pencil in L, (P)[42]

(1) Let P(X\) be a matrix polynomial of degree k and L(\) = AX +Y € Li(P)

corresponding to the nonzero right ansatz vector v € C*.
(2) Select a nonsingular matrix M such that Mv = ae;, where 0 # a € C.
(3) Consider L(\) := (M ® I,)L()\). Then

Foy 2 X[ Ko | [ T | P
0 ‘—Z 0 ‘ 0

(4) Extract det(Z) # 0, the linearization condition for L(\).

1.1.2 Nonsingular MEP

Now we review some results on MEP.
Let W: C™*" — [/, C"*™ be given by

W(z2) := (Wi (2),..., Wn(2), where Wi(2) := zA; + Z 2By (1.7)

TH-1902_9612307



CHAPTER 1. Introduction

13

and A;, B;; € C"*™ for 1,5 = 1,--- ,m. We refer to W as a homogeneous MEP. Note

that, W is regular if [T_, det(W;(2)) # 0 for some z € C™. Suppose that W is regular.

Forzr =51 ® - ®2, eC""®---®C" and z € C™, we define

W(z)x := (Wi(2)x1, ..., Wy(2)zy) and *W(2) = (2i1Wi(2), ..., 25, Wn(2)).

Then A € C™1\ {0} is called an eigenvalue of W if det(W;(A\)) =0 foralli =1,--- ,m.

And a nonzero 7 = 7, ® - ® x,, € Cm® "™ ig called a right eigenvector of W

corresponding to A if W(A)z = 0. Similarly, a nonzero y := 11 ®- - -®y,, € C"®- - -C"

is called a left eigenvector of W corresponding to A if y*W(X) = 0.
Let BZ-TJ- M- @Cm = C"®---®C" be the map induced by B;; and given

by

Bjj(xl®"'®xm):$1®"'®Bijxi®"'®xm

for i,7 = 1,---,m. Similarly define the maps AZT " - C'"" -C"®---@C'™

given by

AI($1®"‘®$m):x1®"'®Ai$i®"‘®1’m,

(1.8)

fori =1,---,m. Define the operator determinants A; : C"®- - -QC"" — C"®- - -QC"

by '
Bl, B
Bl, Bl
Ag = det .21 .22
| Bha Bl
and _
BIl BI,@—l AJ{
A = det Bgl B;,i—l AE
B, Bl Al

B,
B},
Bl
Bjm B;rnm

(1.9)

(1.10)
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fort=1,---,m. For a decomposable tensor r =11 ® -- - ®x, € C" ® --- ® C"
AO':E = Z (_1)sgn(o)Bla(1)$1 Q- Bma(m)xm
oESm
Buxy Bry o+ Bipt
= det 32.1$2 B2.2$2 o B27.nx2 , (1.11)
Bmlxm BmQIm e Bmmxm
where S,, is the set of all permutations of the set {1,2,--- ,m} and sgn(o) is the sign

of a permutation o € II,,,. These operator determinants satisfy the following.

Lemma 1.1.2. [13] The operators Ao and A; given in (I.9) and (II0) have the fol-

lowing properties.

(i) If two columns are interchanged, the sign of the determinant is reversed.
(i) If two columns are identical, the determinant vanishes.

(iii) The value of the determinant is unchanged if a scalar multiple of one column is

added to another column.
Atkinson [12] used the operator determinants to define nonsingular MEP.

Definition 1.1.5. [12] Let W be as given in (I.7). Then W is said to be nonsingular

if there exists scalars i, -, py Such that
Mo M1 - M
m Al Bt ... Bf
A= "pA, = det b .
s=0
Al, Bl - Bl

defines an isomorphism.

Let W be nonsingular. Define S; := A™'A,; for i = 1,--- ,m. It is shown in [12] that
these operators are commutative, i.e., S;S; = 5;5;. The commuting tuple of operators
S = (51, ,Sn) is said to be the associated system of the homogeneous MEP W. Next

we recall the definition of the spectrum of a commuting tuple of operators.
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Definition 1.1.6. [37] Let T = (Ty,--- ,Ty,) be a commuting tuple of operators. Then
A= (A1, -, Ap)T € C™ is said to be an eigenvalue of T if (\ker(\;I — T;) # {0}. The
set of all eigenvalues of T is said to be the spectrum of T and is denoted by o(T).

Atkinson[12] proved that the spectrum of a nonsingular homogeneous MEP is same
as the spectrum of the corresponding associated system of the MEP. In fact, a nonsin-
gular homogeneous MEP is equivalent to the following system of generalized eigenvalue
problem

AZI:)\ZACL’ i:O,l,-~-,m.

Theorem 1.1.3. [12] Let W be as given in (I.7). Let X\ = (o, , Am) € 0(W) and
S = (51, ,Sn) be the associated system of W. Then the eigensubspace associated to
A is same as (o, ker(S; — NI). Furthermore, o(W) = o(T) and

ker(S — AI) =ker(W;(N)) ® - - - ® ker(W,,,(N)). (1.12)

Consider a nonhomogeneous MEP W as given in (ILT). Then W is said to be non-
singular if the corresponding operator determinant A, given in (.9) is invertible. A
nonsingular nonhomogeneous MEP is equivalent to the system of generalized eigenvalue
problem

AZLL':)\ZA()%' ’L:1, ,m.

In this case the operators Tj := Aj'A; for i = 1,--- ,m, are commutative, i.e., T;T; =
T;T;. The commuting tuple T = (13, --- ,T},) is said to be the associated system of the

nonsingular nonhoogeneous MEP W.

Definition 1.1.7. [31] Let W as given in (I1) be nonsingular and T = (T, --- ,T,,) be
the corresponding associated system. Let A = (A1, -+, An) € o(W). Then the algebraic
multiplicity of X is given by

m(\) = dim () ker[(Ty = MYt (T = And)™] | (1.13)

j1+etim=N
1 dm>0

where N = [[", n;. The geometric multiplicity of X is given by

g(\) = dim <ﬁ ker (T} — M)) . (1.14)

i=1
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An eigenvalue N € (W) is said to be algebraically simple if m(\) = 1 and is geometri-

cally simple if g(\) = 1.

Let A€ o(W)andy =11 ® - - Q Y, & = 21 Q- - - ® T, be left and right eigenvectors
of W corresponding to A, respectively. Define

yiBuzri -+ yiBimm

Then the following result holds.

Corollary 1.1.4. |37] Let W as given in ({I.1)) be nonsingular and T = (T4, --- ,T,,) be
the associated system of W. Let A € (W) be geometrically simple and y = 13 ® - -+ ®
Ym, T = T1 R+ -Rx,y, be left and right eigenvectors of W corresponding to A, respectively.
Then

dim ker(A — T')*> = 1 + dim ker By, (1.16)

where By is giwen in (I.13) and

ker(A — T)? = ﬁ ﬁ ker[(NiI —T3) (AN I — T7)].

i=1j=1
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Sensitivity and Backward Perturbation Analysis of

Nonhomogeneous MEP

2.1 Introduction

Nonhomogeneous MEPs arise in various applications, see [23], 32l [41] [45]. Various
numerical methods have been proposed in the literature for solving a linear nonsingular
nonhomogeneous MEP, for details, see [32, 33]. In this chapter we undertake sensitivity

and backward perturbation analysis for a regular linear nonhomogeneous MEP.

First we develop a framework for sensitivity and backward perturbation analysis of
a regular nonhomogeneous MEP. For a general norm on the space of linear MEPs, we
define the condition number of an eigenvalue \ of a regular nonhomogeneous MEP W
by cond(\, W) := lim sup W. For a simple eigenvalue \w of W, we show
lAw]—o0
that

cond (Avr, W) < | ()~ v [1(1, Ayl lvze maix] | (adj (Wi (Aww))) "]

Further we derive cond(Aw, W) explicitly for various choice of norms.

Given A e C"and 0 # 2 =2, - ®ux, € (" ®- .- ® C" we define the
backward error of (A, z) as an approximate eigenpair of W by n(\, z, W) = inf {||AW|| :
WAz + AW(A)x = 0} and the backward error of A as an approximate eigenvalue of
W by n(A, W) = inf {JJAW| : A € o(W + AW)} and determine n(A, z, W) and n(\, W).

17
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2.2 Nonhomogeneous MEP

Let W: C™ — [;~, C"*™ be given by
W(z) = (Wi(2),- -, Win(2)), where Wi(z) :== A; + Y _ 2By, (2.1)
j=1

z:= (21, ,2m)T € C™ and A;, B;; € C"*™ for all 4,5 = 1,--- ,m. We refer to W as
an MEP. We denote the space of all nonhomogeneous MEPs by MEP(n, - - - ,n,,). For
r=r1® - QRr, EC"®---®C" and z € C™, we define

W(2)x := (Wi(2)z1, ..., Wp(2)zy) and *W(z) := (2iWi(z),..., x5, Wi(2)).

Definition 2.2.1. (Regular MEP) Let W € MEP(n4,---,n,,) be given by W(z) =
(Wi(2),- -+ ,Wn(2)). Then W is said to be regular if []'~, det(W;(2)) # 0 for some

‘7:
z e C™,

Throughout the chapter, we consider regular MEPs. Next we define
det : [JC™ — C™, A (det(Ay),- -, det(Ay,))", (2.2)
j=1
where A = (A, -+, Ay) € [}, C"*™ and det(4;) denotes the determinant of A, for
i=1,---,m. Note that W(z) € [T}, C"*" and thus

det(W(z)) = (det(W(2)), - -, det(W,,.(2)))".

Now we use det function to define the spectrum of a regular nonhomogeneous MEP.

Definition 2.2.2. (Spectrum) Let W € MEP(ny, - -- ,n,,) be reqgular. Then A € C™
is said to be an eigenvalue of W if det(W (X)) = 0. The set of all eigenvalues of W
is called the spectrum of W and is denoted by o(W). Let A € o(W). Then 0 # x :=
1R - Rxy, €CME---®C" s called a right eigenvector of W corresponding to
Aif W)z = 0. Similarly 0 #y =11 @ -+ QY € C" @ --- @ C™ s called a left
eigenvector of W corresponding to A if y*W(A) = 0.
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Let W € MEP(nq, -+ ,n,) be given by 1) and A € o(W). Let x =21 ® - - - @ 7,
and y = Y1 ®- - -®y,, be right and left eigenvectors of W corresponding to A, respectively.

Define
y’{Bum yikBlmxl

Jw (A y, x) = : : (2.3)

y:n,Bmlxm y;Bmmxm

Next we define geometric multiplicity of an eigenvalue of a regular nonhomogeneous

MEP.

Definition 2.2.3. (Geometric multiplicity of an eigenvalue) Let W € MEP(nq, -+ ,n,,)
given by W(z) = (Wi (2), -, Wn(z)) be regular and X € o(W). Then the geometric
multiplicity of X is defined by gw(N) = [[-, dim ker(W;(X\)). If gw(X) = 1, then X is

said to be geometrically simple.

Given W € MEP(ny, -+ ,n,,), consider the differentiable function C™ — C™ given
by z — det(W(z)) for z € C™. To define an algebraically simple eigenvalue of W, we

use the Jacobian matrix of this function at z which we denote by Jw/(2).

Proposition 2.2.1. Let W € MEP(ny,: - ,n,) given by (21) be regular. Then the
Jacobian matriz Jw(z) of the map C™ — C™, z — det(W(z)), is given by

tr(adj(Wi(2))B11) -+ tr(adj(Wi(2))Bim)
tr(adj(Wm(2))Bm1) -+ tr(adj(Win(2)) Bam)

In particular, if X € a(W) is geometrically simple then there exist left and right eigen-
vectors u i=u1 @ -+ Q@ Uy, and v := 101 @ - - - @ vy, of W corresponding to A\, respectively,

such that
UTBIIUI e ufBlmvl

Jw(N) = : : = Jw(A;u,v). (2.5)

* *
umBmlvm e umBmmUm

Proof. Note that Jw(z) = [%(det(Wi(z)))} . By Jacobi’s formula stated in Proposi-

mXxXm

tion [T we have 52 (det(Wi(2))) = tr (adj(Wi(z)) : %(Wi(z))) = tr (adj(Wi(2))By;),
which yeilds (2.4)).

TH-1902_9612307



CHAPTER 2. Sensitivity and Backward Perturbation Analysis of
Nonhomogeneous MEP 20

If A € o(W) is geometrically simple then it follows from Definition 223 that
rank(W;(A\)) =n; — 1 for all i = 1,--- ;m. So by Proposition [[LT.T] there exist nonzero
vectors u;, v; € C™ such that adj(W;(\)) = vuf, where W;(A\)v; = 0 and u;W;(A) =0
for all ¢ = 1,---,m. Thus we have tr(adj(W;(\))B;;) = tr(viu} B;;) = w} B;;v;, which
proves (2.5). O

Now we use Jw(\) to define an algebraically simple eigenvalue A € o(W).

Definition 2.2.4. (Algebraically simple eigenvalue) Let W € MEP(ny, - -- ,n,,) be reg-
ular and A € o(W). Then X is said to be algebraically simple if rank(Jw(\)) = m. If
rank(Jw (X)) < m then X is said to be a multiple eigenvalue of W.

We refer to algebraically simple eigenvalue as the simple eigenvalue. The following

result shows that a simple eigenvalue is also geometrically simple.

Proposition 2.2.2. Let W € MEP(ny, - -+ , n,,) given by (2.1) be reqular and \ € o(W)

be simple. Then X\ is geometrically simple.

Proof. Let A € (W) be simple. If possible, suppose that A is not geometrically sim-
ple, i.e., dim(ker(W;(\))) > 1 for some i € {1,---,m}. Then adj(W;(\)) = 0. It
follows from (2.4)) that the i® row of Jw(\) is a zero row. So rank(Jw()\)) < m which
contradicts that A is simple. Hence dim(ker(W;(\))) = 1 for all i = 1,--- ,m and
gw(A) = [~ dim(ker(W;(X\))) = 1, i.e., A is geometrically simple. O

The next result characterizes multiple eigenvalues.

Theorem 2.2.1. Let W € MEP(ny, - -+ ,n,,) given by (21) be reqular and X\ € o(W).
Then X is a multiple eigenvalue if and only if there exists left and right eigenvectors y

and x of W corresponding to A, respectively, such that Jw(X\;y, ) is singular.

Proof. Let A\ € (W) be multiple. Then by Definition 2.2.4 Jyw(\) is singular.

If A is geometrically simple, i.e., dim(ker(W;(\))) =1 for all ¢ = 1,--- ,m, then by
Proposition 2.2.1] there exist left and right eigenvectors u and v of W corresponding to
A, respectively, such that Jw(\) = Jw(A;u,v). Thus Jw(\;u,v) is singular as Jy(\) is

singular.
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If A is not geometrically simple, then dim(ker(Wy(X))) > 1 for some k € {1,---,m}.
Lety =11 ® - Qym € C""®---®C"™ be a left eigenvector of W corresponding to A.
Consider z; € C™ such that W;(A\)z; =0 foralli=1,---  k—1,k+1,--- ,m. Define
the linear functional f : ker(Wy(\)) — C given by f(zx) = det (Jw(\;y, 2)), where
2=21R QT 1 Q2 QTpr1 X - QT is a right eigenvector of W corresponding to A.
Now by the Rank - Nullity Theorem, we have dim ker(f) = dim(ker(Wy(\))) —1 > 0.
So there exists 0 # x € ker(Wy())) such that f(zg) = det (Jw(A;y,2)) = 0, where
0#4r=01® - QT 1 QT @ Tpy1 -+ -T,,. Note that x is a right eigenvector of W

corresponding to A such that Jw(\;y, x) is singular.

Conversely, suppose that there are left and right eigenvectors y and x of W corre-
sponding to A, respectively, such that Jw(A;y,z) is singular.

If X is not geometrically simple, then dim(ker(Wj(A))) > 1 for some k € {1,---,m}.
Then adj(Wy(A)) = 0 and thus it follows from (2.4)) that the &' row of Jyw()\) is a zero

row. So Jw(A) is singular and A is an multiple eigenvalue.

If )\ is geometrically simple then by Proposition 2.2.1l there exist left and right
eigenvectors u = 41 ®- - -Qu,, and v = V1 ®- - -Qu,, of W corresponding to A, respectively,
such that Jw(\) = Jw(A;u,v). Since dim(ker(WW;(A\))) =1 for all ¢ = 1,--- ,m, there
exists nonzero scalars «;, §; such that u; = a;y; and v; = Gyx; for alli = 1,--- ,m. Then
ufBijv; = (0uy;)* Bij(Bixi) = aufiy; Bijx; for all i, 7 =1,--- ,m. So we have

aifry;Burr - by BimT a1
Jw(\;u,v) = : : — Jw(Ay, ).
AnBmYmBm1Tm =+ By Brm@m QB

Therefore Jw(A;y, z) is singular implies that Jw(A; u,v) is singular and thus Jy(\) is
singular. Hence A is a multiple eigenvalue. O

The next result shows that Definition [LI.7 and Definition [2.2.4] are equivalent.

Theorem 2.2.2. Let W € MEP(ny, -+ ,n,) be a reqular nonsingular nonhomogeneous
MEP and T = (Ty,--- ,T,,) be its associated system. Let X\ € o(W). Then m(\) =1 if
and only if rank(Jw(\)) = m.
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Proof. Suppose that m(\) = 1. Then it follows from Definition [[T.7 that dim ker(T —
A )% = 1. By Corollary [LT.4] we have dim ker(Jyw(\)) = 1 — dim ker(T — A)? =0, i.e.,
rank(Jw(A)) = m.

Conversely suppose that rank(Jw(A)) = m. Then by Proposition2.2.2] dim ker(W;(\)) =
Lforalli =1,---,mand it follows from (LI2) that dim ker(T—AI) = [[}~, dim ker(W;(X\)) =
1. Again by Corollary [LT.4] we have dim ker(T — A )? = 1 — dim ker(Jw(\)) = 1 =

dim ker(T — AI) and thus m(\) = 1. O
2.2.1 Norms on MEP(ny, -, n,)
Let W € MEP(n4,---,n,,) be as given in (21I). Consider a monotone norm || - ||y
on C™™! and a matrix norm || - || on C"*™ for all i = 1,---,m. Define ||W;||y :=
(AL Baall, - -+ [ Baml )|y for @ =1,- -+, m and

Wil == 1WAy, - Wl [v)] - (2.6)
It is easy to see that ||-||y is a norm on MEP(n4, - - ,n,,). In particular replacing the
monotone norm || - ||y by the usual Holder p-norm || - ||, on C™*! for 1 < p < oo, we
define ||-l, on MEP(ny, - - ;) by [[Wll, = [|([[Wallp, - - [IWanllp)[lp, where [[Will, =
(AL [ Ball, -« 5 | Biml|)|p for @ = 1, -+ ,m. We refer to ||-||, as the Hélder p-norm
on MEP(ny, -+, ny).

Next we define weighted norms on MEP(ny, - - - , n,,). Consider R := {(z1,- -+ ,z,)" €

R™ : z; > 0} and define the map R xMEP(n4, - - - , n,,) = MEP(nq, -+, ny,), (w, W) —
wOW by (wOW)(2) = (w1 Wi(2),- -, w,Wp(2)), where W(2) = (Wy(2),- -, Wy, (2))
and w = (wy, -, wn,)" € RT.

Given a norm ||-|| on MEP(ny,--- ,n,) and a weight w € R}, we define a weighted

norm |-[lu, by [[Wil, := [Jw © W]l For the norm |-l given in (2.6)

[Wilw.v := (i [Willv, - - wm| [Wanl[v) v

defines a weighted norm on MEP(n4, - -+ ,n,,). The weighted Holder p-norm is given by
Wil p == [[(wr[ WA llp, - - wa| [Winl[p)|[p, where 1 < p < oc.

Inner Product. Now we define an inner product on MIEP(ny, -+ ,n,,). Let X, Y €
MEP(ny, - -, n,) be such that X(2) = (X1(2),- -+, Xin(2)) and Y(2) = (Yi(2), -+, Yiu(2)),
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where X;(z) := A+ Z;n:l ZjEij and Y;(z) := A+ Z;”:l zjgij foralli=1,---,m. Con-
sider the usual inner product (-,-) on the space of matrices, i.e., (A, B) = tr(B*A), for

all A, B € C™*™. Define (X;,Y;) = </A1“2L>+Z§”:1<§W§”> foralli =1,---,m. Then

(X,Y) i= (X1, V) + -+ (X, Vi) = i <<,&-,,&-> + i@ij, Eij>> (2.7)

i=1 =1
defines an inner product on MEP(nq, -, n,,).
Dual Norm. The dual norm |||, of a norm ||| on MEP(n,,--- ,n,,) relative to

the inner product (-, -) in (2.7 is given by |[W||. = sup {|(X, W)|: |X]|| = 1}. Note that
(XY < IXNNY - for all X, Y € MEP(ny, - -« 7).

Remark 2.2.1. (Compatibility of norms) Let W € MEP(ny,--- ,n,,) be given by

(21). Consider a monotone norm || - ||y on C™*' and a matriz norm || - || on C"*™i,
Then fori=1,---,m, we have,
IWIl = 114+ D NBill < AL+ D 1Al 1Byl
J=1 j=1

= (U4l 11Ball, -+ 11 Biml 1), (L Al -+ 5 [Am]))
< AL Ball -« Bl DIy L (AL - [AmD]
= [IWillvII(, A)lv.s, (2.8)
where || - ||v.« is the dual norm of the monotone norm || - ||y.
Finally we have the following result.
Proposition 2.2.3. Let MEP(ny, - ,n,,) be equipped with the ||-||y norm and W €
MEP(n1, - -, nm) be given by (Z1). Then [[Wlv.. = [[([IWallvse, - - [IWllv)llvie and
[Willvae = [ Al [[Balls, -5 [1Biml [ )| [vs for i =1, -+ m, where || - ||+ is the dual
norm of the matriz norm || - ||.
Proof. First note that
W] = (X0, ) = X, W] < 10, W)+ [ (X Wi
< XallvWallvie + - + Xl v [[Wnl v,
= ((IXallv, - Xl ), (WAllvie, - (Wl lvie))
< Xl - Xl ) Tl v - Wl v v

= Xl WAl -5 Wl v lvis
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for all X € MEP(nq, -+ ,ny). Then [Wlve < [[(IWillvie - Wil v Vs

LetY; € 0||Wi||vsforalli =1,--- jmand (t1,- - ,tm) € O |([IWillva, - - s |Wanl v v
Then ||Y;||v =1 and (Y;, W) = ||[Wi||vs, forall i =1,--- ;m. Also ||(t1,--- ,tm)||v =1
and (1, - 5 tw), (IWAllvies -5 [[Wanllvie)) = WAl v -5 Wl v v

Consider Y € MEP(ny,---,n,,) such that Y(z) := (t,;Y1(2), -+ ,tmYm(z)) for all
z € C™. Then ||[Y[ly = [[(|ta]| [Yillv, -, [tml| [Yonllv)llv = [|(t1, -+ s tm)|lv = 1 and

<Y7W> = t1<}/17W1> + - +tm<Ym7Wm> =1 tl”WlHV,* + - _'_thWmHV,*
= ((t1, - stm), (WAl - (Wl lv)) = HTUWAL v - Wl lva) v

Hence [[Wllv.. = [[([IWillv.s, - -+ s [Wanl[v) [l e
Now we derive ||W;||v.,. Let X;(z) := A; + > i1 2;B;;. Then we have

[(Xi, W)l = )+ > (Bij, Biy)| < {Ai, A) |+Z|BmBu>\

J=1 j=1

< Al ||Ai||*+ZI|BijII |1Bill+

j=1
= (VAN N1 Baalls= 5 1Bl s (Ao 11 By || Biml|1))
< (AL 1Bl -« s Bon DIVAIIA s Bl s+ 1| Bamll) v
= X[l Al [1Blls, == 5 [ Bim| b vie-
So [[Willvie < [1([1Aills 1Bl - 1 Biml [l lvze-

To show the equality, let A; € 0||A;||., Bij € 0||Bij||« for all j = 1,---,m and
(g, g, - s um)T € A (| Aillss || Bitlls - - - > || Bimlls)||v. Define C; := upA; and Dy; =
ujéij for all j = 1,---,m and consider X;(z) := C; + > iy 2iDij. Then 1 Xi|lv =
[[(laol 11441, Jual [|Batll, -+ s | | Bom|Dllv = 1 and

(Xi, Wi) = (uoA;, Ay) +Z Bij, Bij) = wol[Aill« +w||Bills + - + wml| Bim |«
7=1
= A 1Balles - [ Biml L) v

Therefore ||W;||v. = ||(||Aills, || Balls, - - 5 || Biml|«)||v.«- This completes the proof. O
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2.3 Sensitivity analysis of simple eigenvalues

Now we undertake the sensitivity analysis of a simple eigenvalue of a regular non-
homogeneous MEP. First we define the condition number of an eigenvalue of a regular

nonhomogeneous MEP as follows.

Definition 2.3.1. (Condition number) Let W € MEP(n4, - - - ,n,,) be reqular and \ €
o(W). Then we define the condition number of A by

_ dist(\, (W + AW))
cond(A, W) := lim sup :
JAW]—0 |AW]|

where AW € MEP(ny, - -+ ,n,,) and dist(A, o(W + AW)) := min{ ||\ — ul|2 : p € o(W +
AW)}.

For a simple eigenvalue Ay € o(W), we prove the existence of an open neighborhood
nbd(W) containing W and a smooth map A : nbd(W) — C™ such that A(W) = Ay and
A(X) € o(X) is algebraically simple for all X € nbd(W). We also derive the derivative

of this map in the following result.

Theorem 2.3.1. Let W € MEP(ny,- - ,ny) be reqular and Ay € o(W) be a simple
eigenvalue of W. Then there is an open neighborhood nbd(W) C MEP(nq,--- ,n,;,)
containing W and a smooth function X : nbd(W) — C™ such that A(W) = Aw and \(X)
is a simple eigenvalue of X for all X € nbd(W). Further, for X € nbd(W) such that
X(2) = (X1(2), -+, Xin(2)), the derivative DA(X) : MEP(nq, -« - ,n,,) — C™ is given
by
tr(adj(X:1 (A(X))) Hi(A(X)))
DAX)H = —(Jx(A(X)))™! : (2.9)
tr(adj(Xm (A(X))) Hm(A(X)))
for all H € MEP(ny, - -+ ,ny,) such that H(z) = (Hi(2),- -+, Hn(2)).

Proof. Define ¢ : MEP(ny,---,n,) x C" — C™ (Y,2) — det(Y(z)) and consider
V(g) :={(Y, z) € MEP(nq,- - ,nm) X C™: (Y, z) = 0}. It is obvious that (W, \w) €
V(¢) and 0xp(W, Aw) = Jw(Aw) is nonsingular by Theorem 221l Hence by the Implicit

function theorem there is an open neighborhood nbd(W) containing W and a smooth
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function A : nbd(W) — C™ such that A(W) = Aw and V(¢) N (nbd(W) x C™) =
{(X,; A(X)) : X € nbd(W)} is the graph of the function X — A(X) for all X € nbd(W).
So ¢(X, A(X)) = 0, i.e., A\(X) € o(X), for all X € nbd(W). In order to show that A\(X)
is simple for all X € nbd(W), if possible let )\(X) is an multiple eigenvalue of §§, for
some X € nbd(W). Then the eigenvalue A\w and an eigenvalue pw # Aw of the MEP
W must move and coalesce at )\(X) when X varies from W to X. But the intersection
of the eigenvalue paths (X, A\(X)) with A(W) = Ay and (X, (X)) with u(W) = pw at
(X, A(X)) would contradict that V(¢) N (nbd(W) x C™) = {(X, (X)) : X € nbd(W)} is
the graph of the map X — A\(X) for all X € nbd(W). Hence \(X) € ¢(X) is simple for

all X € nbd(W).
For the remaining part, differentiating ¢(X, A\(X)) = 0 with respect to X we have

A (X, M(X)) DA(X)H + 85 (X, A(X))H = 0 (2.10)

for all H € MIEP(ny, - -+ ,nm,). Note that 0\é(X, A(X)) = Jx(A(X)) is nonsingular and
Oxo(X, A(X)) : MEP(ny, - - - ,n,,) — C™ is given by

36 (X MENH = [ r(adi G AENHAE)), -, r(adi(Xn AN ELAX)) | -
Therefore by (2.10), we have

tr(adj(X1 (A(X))) H1(A(X)))
DAX)H = —(JKx((\(X)))™ 5 :
tr(adj( X (A(X))) Hm(A(X)))

which proves (2.9). O
The following result is immediate from Definition 2.3.1]

Proposition 2.3.1. Let W € MEP(ny, - ,n,,) be reqular and X € o(W) be simple.
Then cond(\, W) = || DAX(W)||y, where || - ||v is the matriz norm induced by the mono-

tone vector norm || - ||v.

Theorem 2.3.2. Let W € MEP(ny, -+ ,n,,) given by (21) be reqular and \w € o(W)
be a simple eigenvalue. Let x == 21 @ -+ - @ x,, and y :=y; @ - - Q Yy, be right and left
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eigenvector of W corresponding to Ay, respectively. Then there is an open neighborhood
nbd(W) € MEP(ny, - -+ ,nm,) containing W and a smooth function A : nbd(W) — C™
such that \(W) = A\w and \(X) is a simple eigenvalue of X for all X € nbd(W). Further,
the deriwative DA(W) : MEP(nq, - -+ ,n,,) — C™ is given by

tr(adj(Wi(Aw)) Hi(Aw))

DAXWH = —(Jw(w))™* : (2.11)
tr(adj(Win (Aw)) Hyn (Aw))
yiHi(Aw)z
= —(JwQwsy, ) : (2.12)
YmHm (Aw) 2,

for all L € MEP(nq, - - - ,ny) such that H(z) = (Hy(2), -+, Hyn(2)), where Jyw(Aw; y, x)
is given in (2.3).

a) The condition number cond(Aw, W) is given by
cond(Avr, W) < [|(Jwr(Aw)) ™l [1(L, X59) v max]|(@dj(Wi(Aw)))* [l (2.13)

In particular, for the spectral or Frobenius norm on C"*™ we have

n;—1

cond(Aw, W) < [|(Fw(hw)) "l 112, M) llve max [T on(Wi(hw)),  (2.14)

where o1 (Wi(Aw)) > -+ > 0, (Wi(Aw)) are the singular values of W;(Aw) for

i=1,---,m.

b) Also we have

cond (A, W) < [|(Jw (s y, )~ v [1(1, M)l lv.e mase| |y . (2.15)
For a subordinate matriz norm || - || on C"*™  we have
cond(Awr, W) < [|(Jw(Aws v, 2) " Hlv 1(1 Ajy) v ma|fysl[L [l (2.16)

In particular, for the spectral or Frobenius norm on C"*™ we have

cond(Aw, W) < [|(Jw (A y, ) " v (11 M) [lve maxlfyil ol [zl (217)
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Proof. By Theorem 23] the derivative DA(W) : MEP(ny, - -+ ,n,,) — C™ of X at W is
given by
tr(adj(Wi(Aw)) H1(Aw))
DNW)H = —(Jw(Aw)) ™" : )
tr(adj(Win (Aw)) Hpn (Aw))

which yields (2.11).
Since \w € o(W) is simple, so by Proposition2.2.2] it follows that Aw is geometrically

simple. Then by Proposition2.2.1], there exist left and right eigenvectors u = u1®- - -®,,
and v = v; ® - - - @ vy, of W corresponding to Ay, respectively, such that adj(W;(Aw)) =

wvl for all i = 1,--- ;m and Jw(Aw) = Jw(Aw; u,v). Also there exist nonzero scalars
a;, B; such that u; = o;y; and v; = Byx; for alli = 1,--- ,m. Consequently, we have
o B
Jw(Aw) = Jw(Aw; u,v) = v (Aw; y, ).
e
So
-1
o B

(JwAw)) ™! = (Jw(Awiy, )~

QB

Fori=1,---,m, we have
tr(adj(Wi(Aw)) Hi(Aw)) = (Hi(Aw), adj(Wi(Aw))") = (Hi(Aw), uivf)

= U:Hi(AW)Uz’ = (uy:)" Hi(Aw) (Biwi) = @@?J:Hi()\w)%-

Consequently;,
tr(adj(Wi(Aw))Hi(Aw)) a1 By yiHy(Aw)
tr(adj(Wi (Aw)) Hpn (Aw)) W Brm Y Hon (Aw) T

Hence by (2.I1), we have

?fle()\w)%

y:nHm(AW>xm
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which proves ([Z12)).
Since DA(W) : MEP(n4, - - - ,n,,) — C™islinear, so ||[DA(W)||y = sup |[[DAN(W)H]|y .

]y =1
From (2.I1]) we have

tr(adj(W1(Aw)) Hi(Aw))
IDAW)H]| |y < [|(Jw(Aw)) " |v : : (2.18)

tr(adj(Win (Aw)) Hm(Aw)) | ||,

It is easy to see that

|tr(adj(Wi(Aw)) Hi(Aw))| = [(Hi(Aw), (adj(Wi(Aw))) )| < [[Hi(Aw)]] 1 (adj(Wi(Aw))) "]«
< [[Hi(Aw)|| max||(adj(W;(Aw)))"[[.
foralli =1,---,m. By ([2.8)) we have ||H;(Aw)|| < [|(1, Xiy)|lve || Hil|v fori=1,--- ,m

This shows that [tr(adj(Wi(Aw)) Hi(Aw))| < [[(L, Ay)[lv.. max]|(adj(Wi(Aw)))* (| || Hillv

foralli=1,---,m. Since || - ||y is a monotone norm, we have

tr(adj(W1(Aw)) Hi(Aw))
: < [|(1, i) max[(adj(Wi(Aw)))" [« [[E v -
tr(adj(Wm()\W))Hm()\W))

Now by (2.I8)) we have

\%

I DACW)HIly < [](Jw (A)) ™ v T A v max] | (adj (W3 (Aw))) [ TE -
Therefore
cond(Awr, W) = || DA(W)|ly < [[(Jwr(Aw) v [1(L, Afp) vz max] | (adj (Wi (Aw)))* |,

which proves (ZI3). By Lemma LTI, we have ||adj(W;(\)||2 = [115" ox(W;i(N)) for
alli=1,---,m and thus (2.I4) follows. Similarly, by (2.12]), we have

IDAW)H] [y < [| (A (A, 2)) = HIv L A v maxllysa[]. [EH] v,

which proves (ZI5]). Also note that for a subordinate matrix norm ||y;z} ||« = ||yi||«||%:]]
and, in particular, for the spectral or Frobenius norm, ||y;x}|la = ||yill2||x:]|2 for all
i=1,---,m. Hence (2.I6]) and (2.1I7) follow. O
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For Holder p-norm on MEP(n4, - - - ,n,,), we have the following result.

Corollary 2.3.3. Let W € MEP(n4, - - - ,n,,) given by (21]) be reqular and Ay € (W)
be a simple eigenvalue. Let v == 21 ® -+ Q@ x,, and y := y1 @ - - @ y,, be right and left

eigenvector of W corresponding to A\w, respectively.

a) Then we have
cond (Avr, W) < | (i (X)) =l [1(1, Ayl lq max]| (adj (Wi (Aw))) "]

where p~t 4+ ¢ 1 = 1.

In particular, for the spectral or Frobenius norm on C"*™ we have

n;—1

cond(Aw, W) < [|(Jiar(hw)) "Iy [1(L Xp)llg max [T o (W),
k=1

where o1(W;(Aw)) > -+ = 0,,(Wi(Aw)) are singular values of W;(Aw) for i =

1, m.
b) Also we have
cond(Avy, W) < [|(Fw(Aws v, 2)) I [1(1, Al maxfy ||
For a subordinate matriz norm || - || on C"" ™ we have
cond(Aw, W) < [|(Jwr (w1, 2)) ™o 11(L, M)l g max] gl ||
In particular, for the spectral or Frobenius norm on C"*™ we have

cond (A, W) < [|(Fw (A 4, ) lp 11, A3l max] [y la ][

Remark 2.3.1. When m = 1, the regular nonhomogeneous MEP reduces to a reqular
matriz pencil W(z) := A+ zB, where z € C and A, B € C"*™ . Then for a simple
eigenvalue \yy of the reqular matriz pencil W, we have Jw(Aw) = tr(adj(W (Aw))B) # 0
and (Jw(Aw)) ™t = m. So it follows from (2.13) that

L Aw) v [[(adi (W (Aw))) "]+
|tr(adj(W(Aw)) B)| '

cond( Ay, W) < (2.19)
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It is shown in [7] that the equality holds in (2.19). We, therefore, consider
cond (A, W) = [| (o ()~ Hlv 1CL, Az max]| (acj (W (Ar)))

to be the condition number of a simple eigenvalue \w of a regular nonhomogeneous
MEP W. FEquiwalently, if v .= 21 ® --- Q@ x,, and y := y1 @ - - - @ y,, are right and left

eigenvectors of W corresponding to Ay, respectively, then we have

cond(Aw, W) = [[(Jw (Aw: v, 2)) v 11, A) Iy max][ysa]]..

When MEP(n,, - -+ ,n,,) is equipped with the weighted norm with nonzero positive

weights, we have the following result.

Theorem 2.3.4. Let W € MEP(nq,:-- ,n,) giwven by (21]) be reqular and Ay €
(W) be simple. Consider the weighted norm ||-||wv on MEP(ny, -+ -, n,,) with nonzero
positive weights w; = ||(adj(W;(Aw)))*||« for i = 1,--- ,m. Then cond(Aw, W) =
| (JwAw) v 11 X)) ve-  In particular, for the weighted Holder p-norm ||-|lw,p
on MEP(ny, -+ ,n,,) with nonzero positive weights w; = |[(adj(W;(Aw)))*||« for i =
1, ,m, we have cond(Aw, W) = ||(Jw(Aw)) I, [1(1, Np)]lg, where p=t +¢7 1 = 1.

Proof. By (2.8), we have
[t (adj (Wi (Aw)) Hi(Aw )| < 11T, M) v | [ @dj (W3 (Aw))) el [H [y = w3l [ (L, Agy) v [ -

Thus we have |[DAW)E[y < [|(Jw (X))~ v 111 A5 e [E ],y

To prove the equality, consider Y € MEP(ny, - - - , n,,) such that Y(2) = (Y1(2), -+, Yiu(2))
and ||Y[lv = 1, tr(adj(Wi(Aw))Yi(Aw)) = (Y5, (1, Ayy) @adj(Wi(Aw))*) = wil[(1, Aj)llvis,
where (1, \yy) ® adj(W;(Aw))* : C™ — C™*™ is given by ((1, \y) ® adj(W;(Aw))*)(2) =
(1 + Nyy2)adj(W;(Aw))* for i = 1,-+- . m. Let u = (uy, -+ ,uy,). € C™ be such that
l|u|ly = 1 and ||(Jw(Aw)) ullv = ||(Jw(Aw)) " |v. Construct X € MEP(ny, - -+, n,,)
such that X(z) := (g—llYl(z), s Z—ZYm(z)> for all z € C™. Then we have

= |lullv =1

w1 |u w. u
X[y = H(—‘ Dy, -l ||Ym||v)
w1 w Vv

m
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and by (2.I1]), we have

[ tr(adj (W3 () 223 (2))
IDAW)X|ly = ||=(Jw(hw)) ™ :
| tr(adj (Wi () 2 Y (2)) ||,
[ (125 v
= ||=(Fw(dw)) ™
gy, ]](1, Nl

— 1))l 1101 Nl = 1 o)™l 1101, X e

So cond(Ayw, W) = [|[DAW)|lv = [|(JwAw)) H|v [|(1, Ay)|lv«. This completes the
proof. O

Next we define fast perturbation AW € MEEP(ny, - - - , n,,) for a simple eigenvalue of

a regular nonhomogeneous MEP.

Definition 2.3.2. Let W € MEP(ny, - - ,n,,) be reqular and A\w € o(W) be simple.
Then AW € MEP(ny, - - -, nm) is said to be a fast perturbation for Ay if || DA(W)AW]||y =
[IDAW)[[[AW]y .

When MEP(ny, - - -, n,,) is equipped with a weighted norm ||-||.,.v, we can construct

a fast perturbation for a simple eigenvalue Ay € o(W) as follows.

Proposition 2.3.2. (Fast Perturbation) Let W € MEP(ny,--- ,ny,) be reqular and

Aw € a(W) be simple. Let MEP(ny, - - - ,n,,) be equipped with the weighted norm ||-||w.v

with nonzero positive weights w; = ||(adj(W;(Aw)))*||« for j = 1,--- ,m. Lety =
(Y1, ym)" € C™ be such that ||ylly = 1 and ||(Jw(w)) ™ yllv = [[(Jw(Aw)) v

Let Y € MEP(ny,--- ,nm) be such that Y(z) = (Yi(2), -, Yn(2)) and ||Yi]|lv = 1,
tr(adj(Wi(Aw))Yi(Aw)) = (i, (1, Ay) @adj(Wi(Aw))*) = wil[(1, Afy)[lv.e, where (1, Afy) ®
adj(Wi ()" : € — Cms s given by (1, Xy)@adi (Wi ()*) (2) = (13 2)adj (Wi (o))
fori=1,---,m. Define AW € MEP(ny, - - , ) by AW(2) := (g—llxq(z),.-. MYm(z))

7 wm

Then AW is a fast perturbation for Ay, i.e., |[DAN(W)AW||y = || DAX(W)||[|AW]|y .
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Proof. First note that ||[AW|, = H(wl‘i—lll,--- ,wm%ﬂ) = |ly|lv = 1. Again it
m V
follows from (2.I1) that

w1

tr (adj(Wl()\w))ilel(AWU
DAW)AW = —(Jyw(w)) ™ '

i tr (adj (W (Aw)) mem(AW)>

Wm

(1, A5 [[ve 01
= —(Jw(Ow)) ™! : = — (1, M) | [ (S (Awr)) ™y

H(lv )‘{W)HV,* Ym

Therefore || DACW)AW| |y = [|(Jw(Aw)) ™ v [I(1, X[, = [[DAW)|| J[AW|,1. Hence
by Definition 2.3.2] AW is a fast perturbation for Ayy. O

2.4 Holomorphic perturbations

Next we discuss holomorphic evolution of a simple eigenvalue of a regular nonhomo-
geneous MEP. Let W : C» — MEP(n, - - - ,n,,) be a holomorphic map. Then W(¢) €
MEP(ny, - -+ ,n,,) for t € CP. We write W(t)(z) as W(t,2) := (Wi(t, 2),-- -, Wi(t, 2)).
Then W(t, 2) is said to be regular if for each ¢ € CP there is a z € C™ such that
[T, det(W;(t, 2)) # 0. Define F(t, z) := det(W(¢,2)) = (det(Wi(t,2)), - - ,det(W,, (¢, 2)))".
Recall that, A € C™ is said to be an eigenvalue of W(¢,z) if F(t,\) = 0. We re-
fertor;® - ®x, eC"R---C™ and 1 ® - Ry, €E C*"®--- R C" as a
right and left eigenvectors of W(¢, z) corresponding to an eigenvalue A, respectively,
if Wi(t,Nz; = 0 = yiWi(t,\) for all i = 1,--- ,m. An eigenvalue X\ of W(t,z2) is
said to be geometrically simple if [}, dim ker(W;(t, A)) = 1. Further to define alge-
braically simple eigenvalue, consider the differentiable function C™ — C™, z — F(t, z)
for t € CP. An eigenvalue \ of W(t, z) is said to be simple if the Jacobian matrix
Jwany(A) = [tr(adj(W;(t, X))oy, (Wi(t, )‘)))]me is nonsingular, where 0y, (W;(t, \)) is
the partial derivative of W;(t,\) with respect to A;. For left and right eigenvectors
Y=y - QYyand x := 1 ® -+ - ® ,,, of W(t, 2) corresponding to A, respectively,
define Jwe (8, ANy, ) = [y;-*@Aj(VV,-(t, )\))93,}

mxm’
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Proposition 2.4.1. Let W : C? — MEP(ny,- -+ ,n,,) be a holomorphic map such that
W(t, z) is reqular for all t € CP. Let X be a geometrically simple eigenvalue of W(t, z).
Then there exist left and right eigenvectors u := u1 ® -+ @ Uy, and v := V1 @ + -+ @ Uy,

corresponding to A, respectively, such that Jw ) (A) = Jwen (t, A u,v).

Proof. Since A is geometrically simple so rank(W;(¢,\)) = n; — 1. Then by Proposi-
tion [Tl there exist nonzero vectors u;,v; € C™ such that adj(W;(\)) = uv}, where

Wi(AN)v; = 0 and ufW;(A) = 0 for all i = 1,--- ,m. The rest of the proof is similar to
that of Proposition 2.2.1] O

Next we have the following result.

Theorem 2.4.1. Let W : C» — MEP(ny,--- ,n,) be a holomorphic map such that
W(t, z) is reqular for all t € CP. Let AeC™ be a simple eigenvalue of W(L, z) for some
teCl. Letx = 2,® Q& andy = 1 &- - -QYpm be right and left eigenvector ofW(tA, z)
corresponding to the eigenvalue X, respectively. Then there is an open neighborhood
nbd(t) C CP containing t and a holomorphic function X\ : nbd(?) — C™ such that
A1) = X and \(t) is a simple eigenvalue of W(t,z) for all t € nbd(t). Further for all
t € nbd(t), we have Nt + h) = A(t) + DXtk + O(||h|2), for sufficiently small ||h|s,
where DA(t) : CP — C™ is given by

Pt (adj (W3 (8, A())3y, (Wi (8, A1) Ry
DX(t)h = — (JW(t)\(t))()‘(t)))_l :

Pt (adj(Wo (£, M)y (Wan (£, A1) 1y
(2.20)

for allh = (hy,- -+, hy)" € CP, 0, (Wi(t,\(t)) is the partial derivative of W;(t, A(t)) with

respect to t;. In particular, we have
tr (adi(Wi ()9 (W1 E)))

D_ (@) 5 221
tr (adj (Wi (£, 1), (W2 (2, 3)) )
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and
o7 1 Y10, (Wi(E, X)),
13 ~2 - )
atj = — (JW(t,)\) (t, )\, Y, JJ)) : . (222)

Y0 (Wi (5, )T

Proof. Define ¢ : C* x C™ — C™,(t,z) — F(t,z). Note that ¢(, X) = 0 and
n(o(EN) = Ty (A) is nonsingular since A is a simple eigenvalue of W(Z, z). Hence by
Implicit Function Theorem there exist an open neighborhood nbd(t) € CP containing #
and a holomorphic function X : nbd(¢) — C™ such that () = X and o(t, A(t)) =0, for
all t € nbd(tA). Now by the similar arguments as those in the proof of Theorem [2.3.1] it
follows that A(t) is a simple eigenvalue of W(t, z), for all ¢ € nbd(t). For the remaining
part, differentiating ¢(A(t),¢) = 0 with respect to ¢ we have

(@A), 1)) DAE)h + B (¢(A(E), 1)) = O (2.23)

for all h € CP. Note that dx(¢(A(t),1)) = Jweaw)(A(t)) is nonsingular and 0y (¢(A(t), 1)) :
CP — C™ is given by

tr(adj(Wi(t, A($)) DWa(t, A#))h)
Oi(d(A(1), 1))k = :
| tr(adj (Wi (£, A(£)) DWin (£, A1) )

P tr (adj(Wat, A(2)))3,, (Wi (t, A1) By

foa tr (adj(Win (8, A(0))) 0y, (Win(t, A(1)))) hy

since DW;(t, A(t))h = > 20—, Oy, (Wilt, A(t)))h; for all i = 1,- -+ ,m. By [2.23), we have
DAt = (On(@(A(t), 1)) "' 0u(d(A(). )R

G tr (adj (W (8, A(£))) 0y, (Wi (8, A(1)))) hy

= - (JW(t,A(t))()‘(t)))_l : ’
Pt (adj(Win (£, A(£))h, (Win (£, A(£)))) hy

which proves (220). Finally (221)) and (2.22) follow from (2.20). O
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2.5 Backward perturbation analysis

In this section, we analyze backward errors of approximate eigenelements of an MEP

W.

Definition 2.5.1. Let W € MEP(ny,--- ,n,,) be reqular. Let A € C™ and 0 # x =
1R Ry €CM®---®C". Then the backward error of (A, x) as an approximate

eigenpair of W is defined by
n(A, 2, W) = inf {JAW]ly : W(A)z + AW(N)z = 0}
and the backward error of \ as an approximate eigenvalue of W is defined by
n(A, W) = inf {[AW[ly : A € o(W + AW)}.

First we prove the following result.

Proposition 2.5.1. Let W, : C™ — C™*™ be given by Wi(z) := A, + X771, 2By,
where Ay, By; € C*™ forall j =1,--- ,m. Let A\ € C™ and 0 # x, € C™. Define

7]()\, Tk, Wk) := inf {||AWkHV : Wk()\)xk + AWk()\)xk — 0} (224)
Then for a subordinate matriz norm on C™ " we have n(\, xg, Wi) = T /\1)”‘/* \‘\‘;IZ'I'I’

where ry = Wi(\)zg.
Let yi € O||xi|| and t := (o, -+ ,tm)" € AI|(1, \*)||v«. Define
Adym - T ap o b T
LA v [k ! LX) v |zl
for j = 1,---,m and consider AWy(2) = AA, + 377", 2jABy;.  Then Wi(\)wy +

Proof. Let AXj, be such that Wi (AN)xr + AXi(AN)xp = 0. Then ||rg|| = [|[AXe(N)zi|] <
AX (M [Jzxl]. By @2.8), we have [[AXp(A)|| < [|AXk[[v [[(1, A7)[|ve. Thus [Jrg]] <

IAX Iy I llvllanll, ies 1AX Y 2 prsbp {2 Therefore n(h, 24, Wi) >

1 &l
[IER IR
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Again we have AWk()\)JJk = —toll—i(_%;hifj Tﬁi’iﬁk = —Tg, i.e., Wk()\)l’k—i-AWk()\)l’k =

0. Since [[riyill = llrell [lyelle = [Irsll, so we have [[AA]| = pr—{=] and
||ABy;|| = WHZ’ZM for all j =1,---,m. Therefore
tol  ]7ll Gl el tml Il
lawille = ||(r S
1A vie Hael U 1A v lll ] T A v [
] Y S S |1
1 X T el 11 X v ]
So n(A\, xg, W) = W“‘ . This completes the proof. a

Now we use the above result to derive n(A, z, W).

Theorem 2.5.1. Let W € MEP(ny,--- ,n,) be reqular, X € C™ and 0 # = := 1 ®
Ry ECM @@ C'™. Consider ry := Wi(N)zg for allk =1,--- ,m. Then for a

subordinate matriz norm on C"*" we have

1 [|74]] |7
Az, W) = [[(n(A, 21, Wh), -+ (A, T, W) ||y = 1L, M) <||x1||”||x I )
) * m Vv
(2.25)
(A, xg, Wi) is as defined in (2.24) for allk =1,--- ,m. In particular, for the Holder p-
norm on MEP(ny, -+ ,ny,), we have n(\, z, W) = Tien /\*)Ilq (||||;11||||, cee ||||;::||||>’ ) where

pttgt=1.

Let yi € O||zi|| and t := (to, - ,tm)" € O||(1, \*)||vs. Define

to kY, t kY,
L A v |l L A v [l
for 3 = 1,--- m. Consider AWy(z) = AA; + Z;ﬂ:l 2;ABy; for k = 1,--- ,m and
AW(z) == (AWi(2), - ,AWn(z)). Then W(N)x + AW(N)z = 0 and |AW|y =
n\, z, W).

AAk b — AB}W = —

Proof. Let AX € MEP(ny,---,n,,) be such that AX(2) = (AX(z),--- ,AXn(z)) for
z € C™ and Wi( M)z + AXp(AN)zy =0 for all k =1,--- ,m. Then it is easy to see that
[|AX ||y > n(\, z, W), where n(\, z, Wy,) is as defined in (2.24)) for all k =1,--- ,m
Since || - ||y is a monotone norm, we have ||AX|y > [[(n(A, z1, Wh), -+, n(A, 2o, W)l |v

and thus 77()‘7 va) > ||(77()‘7 xl,Wl)a e 777()‘7 Lms Wm))HV
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Again it follows from Proposition 25 T1that Wi (A2 +AWi(A)z, = 0 and || AW, ||y =
N\, xg, W) for all k =1,--- ,m. Then [|[AW|y = [[(n(A, 21 W1), -+, (X, @y Win)) ||y
Son(A, z, W) = [|(n(\, z1,W1), -+ ,n(A, T, Win))||lv. Therefore (2.25]) follows by Propo-
sition 2.5.11 O

Next we derive n(A, W).

Proposition 2.5.2. Let W, : C™ — C™*" be given by Wi(z) = Aj, + Z;n:l 2; By,
where Ay, By; € C™*™ forall j =1,--- ,m. Let A € C™ and define

Then for a subordinate matriz norm on C™*™ we have n(\, Wy) =

T = IIminl{HWk( Yog|| : xp € Ce )

Let xp, € C™ be such that ||zg|| = 1 and v, = |[[Wi(N)axk||. Let yp € O||xk|| and
t:=(to, - ,tm)" € I||(1,\*)||v«. Define

0 5
(L, A v (L, M) via
for j = 1,--- . m and consider AWy (z) := AA; + Z;nzl 2;ABy;. Then Wi(N)zy +

Tk
T, where

AAk = — Wk()\)xky,:, ABk] = = Wk()\)xkyz

Proof. Let AXy be such that rank(Wy(\) + AXk(A)) < ng. Then there exists 7 € C"*
such that ||Zg|| = 1 and Wi (A\)Zx + AXp (AT = 0. So [[Wi(N)Zk|| = ||[AX(N)Zk]| <
IAXL(N)] < [|AXE|v][(X, A)]|vs. This shows that ||[AX||y > W and thus
A Wie) 2 s .
Next note that AW (\)zy, = —% Wi N zryixr = —Wi(N)ag, e, (Wi(X) +

AWi(A)z, = 0 and thus rank(Wy(A) + AW (X)) < ng. Also we have ||[Wi(N)zryil| =
Wk (N)zil[ [[yell« = [[We(N)ag|| = ri. Consequently,

ltol 5] &
A= e oy, 2 128l = 1 ey

Then

lto] & t1] 7k | T

8wl = || S T a9 y
ltllv e T
LA ve LX) v

Hence n(A, Wy) = W This completes the proof. O
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We now derive n(\, W) considering a subordinate matrix norm on C"*™i.

Theorem 2.5.2. Let W € MEP(ny,--- ,n,,) be reqular and A € C™. Consider ry :=
||m\i\n1{||Wk()\)ka cxp € C} for k= 1,---,m. Then for a subordinate matriz norm
zk||=

on C™ ™ e have

1

n(A W) = [[(n(A\, W), -« n(A, W) [lv = T 3 v [(re, ) [lv,
) V%
where n(\, Wy,) is as defined in (2.28) for allk = 1,--- ;m. In particular, for the Holder
p-norm on MEP(nb e anm)7 77()\>W) = m ||(Tla | >Tm)||p; where p_l +q_1 =1.

Let x, € C™ be such that ||zk|| = 1 and rp = ||Wi(N)zg||. Let yp € O||zk|| and
t:=(to,  ,tm)" € ||(1, \)||v.s. Define

Ay __ %
(L, A v LA v

for j = 1,--- ;m. Consider AWy(z) := AAy + Y72, 2jABy; for k = 1,--- ,m and

AW(z) = (AW (2), -, AWpn(2)). Then A € (W + AW) and || AW|ly = n(A, W).

Proof. Let AX € MEP(ny, - -+ ,n,) be such that AX(z2) = (AXy(2),---,AX,,(2)) and
rank(Wy, + AXy) < ny for all £ = 1,--- ,m. Then there exists 0 # T € C" such that
Wi (AT + AXp(N)xp =0forallk =1,--- ,m. So A € o(W+ AX). It is easy to see that
IAXK]lv = n(X, Wi) forall k=1, - -, m. Then [|AX[ly = [[(n(X, Wa), - - -, n(A, Win))[lv
as || - ||v is @ monotone norm and thus n(A, W) > |[(n(A, W1),- - ,n(A, W)llv.

By Proposition 252, we have Wi (X)zg + AWy (N)zg = 0 and ||AW||y = W
forall k =1,--- ,m. So A € a(W+ AW) and |[|AW|y = ||(n(A, WA), -, n(\, W) ||y
Thus n(A, W) = ||(n(\, W), ,n(X\, Wi))||ly. Hence by Proposition 2.5.2] we have
nAW) = rossms 10 ) lv. O

v,

For the spectral or Frobenious norm on C™"*"™ we have the following result.

Theorem 2.5.3. Let W € MEP(ny,--- ,n,,) be reqular and X € C™. Then for the

spectral or Frobenious norm on C"*™  we have

1

1) = T

[ (Tmin(W1(A)), -+ Omin (Wi (M) (2.27)
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where oumin(Wik(X)) is the smallest singular value of Wi(\) for all k = 1,--- ,m. In

particular, for the Holder p-norm on MEP(n4, - -+ ,n,,) we have
1
ML) = e omin (W), uia WMD)
(L, A1l

where p~1 + ¢! = 1.

Let t = (to, - ,tm)T € O||(1,\*)||v«. Consider the SVD Wi(\) = UpXi Vi and set
ug = Uk(:,ng) and v = Vi(:,ng) fork=1,---  m.

Define

tj

AAk = 7717 von1 - 9min
LA v«

T
0 T Tmnin (Wi (X)) ugv and ABy; := — (Wie(A))ug

I )

forallk,j=1,--- ,m. Consider AWy(2) :== AAy+> 7", 2jABy; fork=1,--- ,m and
AW(z) == (AW (2), -+ , AW, (2)). Then A € a(W + AW) and ||AW||y = n(A, W).

Proof. In this case, mlir_11||Wk(>\)xk||2 = Omin(Wi(\)) = [[Wi(MN)vgl|z forallk = 1,--- ,m

[kl
and thus (Z27)) follows by Theorem [25.2] Further, note that
to+ > 01 Aty
AW, (N)vp = — T AJ* )|1le 2 Gmin(Wie(A)) e = —min (Wi (M) e = — Wi (A,

e, (Wi(A) + AW (N))ve = 0 and thus rank(Wj(X) + AWg(X)) < ng. Since ||ugvi|e =

|lurvi] | P = ||ukl|2||v]|2 = 1, so we have
o]
[|AALll2 = [|AALl|F ———0min(Wi(})),
? (1, A%) v
1t
|ABkjlla = [[ABrillr = 7 ~mm—min(Wk(2))
¥ 4 (1, A) |y

for all j =1,---,m. Then [|[AWy|lv = rii— owin(We(A) = o Tmin(We(A).
Hence AWy = oo 1(@min(Wi(N), -+, Gwin (Wi (M))Ily, = (A, W). This com-

pletes the proof. O
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Polynomial MEP

3.1 Introduction

Polynomial MEP arises in many applications [36, 43]. For example, the delay differ-
ential equation (DDE) > " ( Byi(t — 7k) = Y -, Agx(t — 7k) with m delays leads to

the following two-parameter polynomial eigenvalue problem:

Apx = A Z ukByr — Z ukApz
k=0 k=1

ALy = A Z B _wy+ Z prAL L.
k=0 k=1

Numerical methods to solve a nonhomogeneous polynomial MEP have been proposed
in [47]. In this chapter, we undertake sensitivity and backward perturbation analysis of
a two-parameter polynomial eigenvalue problem of degree k. Let W be a two-parameter
polynomial eigenvalue problem of degree k. We develop a framework for sensitivity and
backward perturbation analysis of W. For a simple eigenvalue )\, we define the condition

number cond(\, W) by

, dist(\, (W + AW))
cond(\, W) := lim sup
Jaw]—0 lAW]

and derive various expressions for cond(\, W). Given A € C? and 0 # z 1= 7, ® 2o,
we determine the backward error n(\, x, W) of (A, z) as an approximate eigenpair of
W. We also derive an optimal perturbation AW such that W(\)z + AW(M)x = 0 and
AWy = n(A, 2, W). Further we compute similar results for an approximate eigenpair

A of W.
41
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3.2 Polynomial MEP

Consider Ny := N|J{0}, where N denotes the set of natural numbers. For « :=
(a1, -+, ) € NI define |a| := ay + -+ + ap. For 2z = (21, -+, 2,)T € C™, define

2=, 2’ € C. Let W:C™ — []}, C"*" be given by

W(z) = (Wi(2), -+, Win(2)), where W(z) := Y ALz, (3.1)
o<k
z € C", a e N, AY e cromi for all § = 1,--- ;m and k£ > 1 is a positive inte-

ger. Then we refer to W as a polynomial MEP of degree k. We denote the space of
polynomial MEPs of degree k& by PMEP(k;ny,- -+ ,n,,). In particular, when m = 2,
W e PMEP(k; ny,ng) is given by

k k—m
W(z2) = (Wi(2), Wa(2)), where Wi(z) =Y > AW 21ap, (3.2)
m=0 n=0
2z = (21,2) € C? and A e croma for § = ,2,m=20,---,k,n=0, k—m. We
refer to W as a two-parameter polynomial eigenvalue problem.
Given A := (A, \g) € C?, define
M
PYAED Y Ap(Ag, Ag)
Aj (A1, \g) = : €T/t forj=0,--- kand A := S
M Ao(A1, A2)
| %
(3.3)

In particular when k& = 2, we have A = (A2, \; Ao, A2, \j, Ao, l)T.

Definition 3.2.1. Let W € PMEP(k;ny, - -, ny) be given by W(z) = (Wy(2),- -+, Wi(2)).
Then W is said to be reqular if [[;_, det(W;(2)) # 0 for some » € C™.

Throughout this chapter we consider regular polynomial MEPs. Forz :== 2, ® --- ®
Tym €EC"M®---®C" and z € C™, we define

W(2)x := Wi(2)z1, ..., Wi(2)z,) and *W(z2) := (27Wi(2), ..., 25 Wh(2)).
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Theorem 3.2.1. (BézoutsTheorem[2]]) Let f(z,y) = g(x,y) = 0 be a system of two
polynomial equations in two unknowns. If it has only finitely many common complex

zeros (x,y) € C x C, then the number of those zeros is at most degree(f) - degree(g).

Next we define the spectrum of a regular polynomial MEP. Recall that the det
function is defined in (2.2).

Definition 3.2.2. (Spectrum) Let W € PMEP(k;ny, - -+ ,ny,) be regular. Then A € C™
is said to be an eigenvalue of W if det(W(X)) = 0. The set of all eigenvalues of W
is called the spectrum of W and is denoted by o(W). Let A\ € o(W). Then 0 # x :=
1R Ry, € CM®---®C™ s called a right eigenvector of W corresponding to X\ if
WAz = 0. Similarly0 # y =11 Q-+ - Qya € C" ®---@C" is called a left eigenvector
of W corresponding to X\ if y*W(X) = 0.

Next we define geometric multiplicity of an eigenvalue of a regular polynomial MEP

of degree k.

Definition 3.2.3. (Geometric multiplicity) Let W € PMEP(k;nq,--- ,n,) given by
W(z) = (Wi(z),- -+, Wi(2)) be regular and X\ € o(W). Then the geometric multiplicity
of X is defined by gw(\) = [[-, dim ker(W;(\)). If gw(X) = 1 then X is said to be

geometrically simple.

Let W: C™ — [[;L, C"*" given by W(2) = (Wy(2),- -+, Wi(2)) be differentiable,
where W,; : C"™ — C™*"™ is a nonlinear function for ¢ = 1,--- ;m. Then A € C™ is said
to be an eigenvalue of W if det(W(\)) = 0. The set of all eigenvalues of W is called the
spectrum of W and is denoted by o(W). Then 0 #z =1, ® - @z, e C"®---C"
is called a right eigenvector of W corresponding to A if W(A\)x = 0. Similarly 0 #
Yy =R Quy, € C"®---® C" is called a left eigenvector of W corresponding
to A if y*W(A) = 0. An eigenvalue A € (W) is said to be geometrically simple if
[[%, dim ker(W;(A\)) =1. Let \e (W) and z =21 ® - Qapy and y = 41 @ -+ @ Yy

be right and left eigenvector of W corresponding to the eigenvalue A, respectively. Then
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we define
Yo W)z - g5 (Wi(A)z
Jw(Ny, x) = : : (3.4)
We denote the Jacobian of the map C™ — C™, z — det(W(z)) by Jw(z). Then we have

the following result.

Proposition 3.2.1. Let W : C™ — [[[L, C"*" given by W(z2) = (Wi(2),- -+, Wn(2))

be differentiable, where W; : C™ — C"*™ 4s a nonlinear function for i = 1,--- ,m.
Then
tr (adi(Wi(2) 2 (Wi(2))) o tr (adi(Wa(2)5% (Wa(2)))
Jw(z) = z . (35)
tr (adj(Won(2)) 2 (Win(2))) =+t (adi(Win(2)) 52 (Win(2)))

In particular, if X = (A, -+, A\n)? € 0(W) is geometrically simple then there exist left
and right eigenvectors u = u; Q@+ -+ Q@ Uy, and v 1= v Q + - - Q vy, of W corresponding to

A, respectively, such that

s (WaA))or -+ uiz=(Wa(A))v
Ja()) = ' — Jwu0). | (3.6)
u:za;il(wm()‘))vm U:ma)(?m (Wi (A)) v,
Proof. Note that Jw(z) = %(det(Wi(z)))] . By Jacobi’s formula given in Propo-

sition T2 it follows that ;2 (det(Wi(2))) = tr (adj(ﬂ@(z))%(ﬂ@(z))) for all 4,j =
1,---,m. This proves (3.0).

If A € 0(W) is geometrically simple then rank(W;(\)) =n; — 1 for alli=1,--- m.
So by Proposition [Tl there exist nonzero vectors u;, v; € C™ such that adj(W;(\)) =
viuf, where Wi(A)v; = 0 and w;W;(A) =0 for all i = 1,--- ,m. Hence the desired result
follows. O

Definition 3.2.4. (Algebraically simple eigenvalue) Let W € PMEP(k;nq,- -+ ,n,,) be
regular and A € o(W). Then X is said to be algebraically simple if rank(Jw(X)) = m. If

rank(Jyw (X)) < m then X is said to be a multiple eigenvalue of W.
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Throughout this chapter we refer to algebraically simple eigenvalue as simple eigen-

value.

Proposition 3.2.2. Let W € PMEP(k;ny, -+, ny,) be reqular and A € o(W) be simple.

Then X\ is geometrically simple.

Proof. If dim ker(W;(\)) > 1 for some i € {1,---,m} then the i*" row of Jyw()\) is
a zero row as we have seen in the proof of Proposition 2.2.21 But this is not possi-
ble since A is simple. Hence dim ker(W;(\)) = 1 for all i = 1,--- ,m and gw(\) =
[T, dim ker(W;(X)) = 1, i.e., A is geometrically simple. O

The following result characterizes a multiple eigenvalue.

Theorem 3.2.2. Let W € PMEP(k;ny,- -+ ,ny,) be reqular and A € o(W). Then \ is
multiple if and only if there exist left and right eigenvectors y and x of W corresponding

to A\, respectively, such that Jw(X;y,x) is singular.

Proof. Let A € 0(W) be multiple. Then by similar arguments as those in Theorem 2.2.1]
it follows that there exist left and right eigenvectors y and x of W corresponding to A,

respectively, such that Jyw(\;y,x) is singular.

Conversely, suppose that there exist left and right eigenvectors y and = of W corre-
sponding to A, respectively, such that Jw(\;y,x) is singular. If A is not geometrically
simple then dim ker(W;(\)) > 1 for some k € {1,--- m} and adj(Wg(\)) = 0. Thus
it follows from (B.5) that the k™ row of Jw(\) is a zero row and rank(Jw()\)) < m.

Therefore A is multiple.
If X is geometrically simple then by Proposition B.2.1] there exist left and right eigen-

vectors u and v of W corresponding to A, respectively, such that Jw(\) = Jw(A;u,v).

By similar arguments as those in the proof of Theorem 2.2.1] it follows that there exist

nonzero scalars «;, 3; for all 7 = 1,--- , m such that
a5
Jw(\;u,v) = Jw( Ny, ).
a7’I’L£;7’I’L
Hence the desired conclusion follows. O
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3.2.1 Norms on PMEP(k;nq,ns)

For perturbation analysis of a regular two-parameter polynomial eigenvalue problem of

degree k, we define norms, inner product and dual norms on PMEP(k; nq, ny) as follows.

Norm. Let W € PMEP(k; ny,n2) be as given in (3.2]). Consider a matrix norm || - ||

on C"*™ and a monotone vector norm |||y on C¢. Define ||[W||y := ||(M,§Z), e ,Méi))||v,

where M = ([JAQ], 1|AY L[], [|[AD]) € C7*' for i = 1,2 and j =0, , k. Then
Wil = (WAl [Wel[v)l v (3.7)

defines a norm on PMEP(k;nq,ny). In particular, replacing the monotone norm || - ||y

by the usual Hélder p-norm || - ||, for 1 < p < oo, we define ||-||, on PMEP(k;ny, no)
by W, = Il (1IWilly, Wallp)l |, where [[Willy = [[(M;”, - Mgl for i = 1,2, We
refer to ||-||, as the Hélder p-norm on PMEP(k; nq, na).

Next we define weighted norms on PMEP(k; ny, ny). Consider R? := {(z1,22)" €

R? : z; > 0} and define the map R% x PMEP(k; nq,ne) — PMEP(k; ny, no), (w, W) —
w W, by (wo W)(z) = (wiWi(2),wsWs(z)), where W(z) = (W;(z), Wa(z)) and
w = (wy,wy)’ € RE. Given a norm ||-|| on PMEP(k;n,ny), we define the weighted
norm |-l by [[Wllw := fJw©W][.  For the norm [-[ly given in @B7), [[Wl.v :=
|| (w1 ||Wh ||y, wa||[Wally)||v defines a weighted norm on PMEP(k; ny,ns). The weighted
Hoélder p-norm on PMEP(k; ny,ne) is given by [|[W/|y,, == [|(w1||WA||,, wa|[Wal|p)]|, for
1 <p<oo.

Inner Product. Next we define inner product on PMEP(k;nq,ns). Let XY €
PMEP(k; nq,n2) be such that X(z) = (X;(2), Xa(2)) and Y(z) = (Yi(2), Y2(2)), where
Xi(z) = 3k _ S mAg,fmzl 25 and Yi(z) = 32F _ S0EC mB,(qﬁ,nz1 28 for i = 1,2. Con-
sider the usual inner product (-,-) on the space of matrices, i.e., (A, B) := tr(B*A).
Define (X;,Y;) == S2F _ 02 <A£,Zm,an> for i = 1,2. Then

[\

k—m

(X,Y) = (X3, V1) + (Xo, Ya) = Y > > (AL B (3.8)

i=1 m=0 n=0

defines an inner product on PMEP(k;ny, ng).

Dual Norm. Given a norm |-|| on PMEP(k;ny, ny), we define the dual norm ||-||.
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relative to the inner product (-,-) given in [B.8)) by [|[W]|. = sup {|(W,X)|: |X]| = 1}.
It follows that |(X, Y)| < | X|[[Y][l. for all X,Y € PMEP(k;nq,ns).

Remark 3.2.1. (Compatibility of norms) Let W € PMEP(k;ny,ns) be as given

in (32). Consider a monotone vector norm || - || and a matriz norm || - || on C™*™.
Then
k k—m k k—m . .
Wl = (130" ADarxg|| < S0 ST [JAD]] sl = ({0, M), )|
m=0 n=0 m 0

IN

where A is as given in (3.3).

Méi)’ 2

MED VAl = (Wil V] Al vz, (3.9)

3.3 Sensitivity analysis of a simple eigenvalue

Now we analyze the sensitivity of a simple eigenvalue of a regular polynomial MEP.

Definition 3.3.1. (Condition number) Let W € PMEP(k;ny,--- ,ny,) be reqular and

A€ a(W).

cond(\, W) := lim sup
IAW]—0

Then we define the condition number of \ by

dist(X, (W + AW))
IAW]| ’

where AW € PMEP(k; ny, ng) and dist(A, o(W + AW)) := min{ ||\ — pl|2 : p € o(W +

AW)}.

We show that given a simple eigenvalue Ay € (W), there exists an open neigh-
borhood nbd(W) containing W and a smooth function A : nbd(W) — C™ such that
A(W) = Aw and A(X) € ¢(X) is a simple eigenvalue for all X € nbd(W).

Theorem 3.3.1. Let W € PMEP(k;ny, - - -
eigenvalue. Then there is an open neighborhood nbd(W) C PMEP(k; ny, - - -

, ) be regular and Aw € o(W) be a simple

M) and

a smooth function A : nbd(W) — C™ such that A(W) = Aw and A\(X) is a simple

eigenvalue of X for all X € nbd(W).

given by

Further, for X € nbd(W) such that X(z) =
(X1(2), -+, Xim(2)), the derivative DA(X) : PMEP(k;nq, - - -

M) — C™ of X at X is

tr(adj(X1 (A(X))) Hi(A(X)))
: (3.10)
tr(adj(Xn (A(X))) Hin (A(X)))
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for all H € PMEP(k;ny, - - ,ny) such that H(z) = (Hy(2),- -+, Ha(2)).

Proof. Define ¢ : PMEP(k;nq, -+ ,n,) x C™ — C™ given by ¢(Y,z) = det(Y(z)).
Then by the similar arguments as those in the proof of Theorem [2.3.1], it follows that
there is an open neighborhood nbd(W) C PMEP(k;ny,- -+ ,n,,) and a smooth function
A nbd(W) — C™ such that A(W) = Ay and \(X) is a simple eigenvalue of X for all
X € nbd(W). Finally differentiating ¢(X, \(X)) = 0 with respect to X, we obtain (3.10)
as we have done in the proof of Theorem [2.3.1] O

Now we determine cond(Aw, W) when W € PMEP(k;ny,no) and Ay € o(W) is
simple.

Theorem 3.3.2. Let W € PMEP(k;ni,ns) be regular and A\w € o(W) be simple.
Let © := 21 ® 29 and y := y1 ® yo be right and left eigenvectors of W corresponding
to Aw, respectively. Then there is an open neighborhood nbd(W) C PMEP(k; ny, no)
containing W and a smooth function X : nbd(W) — C? such that \(W) = \w and
AX) is a simple eigenvalue of X for all X € nbd(W). Further, the derivative DA(W) :
PMEP(k; ny,ny) — C? is given by

DXW)H = —(Jw(\w))™"

a) The condition number cond( Ay, W) is given by
cond (A, W) < [|(Jw(Aw)) Hlv [ Aw]lv.. max||(adj(Wi (Aw)))" |,

where Aw be the column vector as defined in (3.3) corresponding to Aw.

In particular, for the spectral or Frobenius norm on C"*™ we have

ni—l

cond(Aw, W) < [|(Jwr(hw)) "Iy [|Awllv,e max [T on(Wi(hw)),
k=1

where o1 (Wi(Aw)) > -+ > 0, (Wi(Aw)) are the singular values of Wi(Aw) for
i=1,2.
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b) Also we have
cond (v, W) < [|(Jwr(Aws v, 2)) " Hlv 1| Aswllvze max [y .
For a subordinate matriz norm || - || on C"*™ we have
cond (A, W) < [|(Fw (N y, ) v [ Aww vz ]yl [|:]
In particular, for the spectral or Frobenius matriz norm on C"*™  we have

cond (A, W) < [[(we (A y, )l (| Aww vz mafysll2]|z:]]2.

Proof. By Theorem [B.3.1] it follows that there is an open neighborhood nbd(W) C
PMEP(k; ny,ng) containing W and a smooth function A : nbd(W) — C? such that
AW) = Ay and A(X) is a simple eigenvalue of X for all X € nbd(W). Further,
(B11) follows from (BI0). By Theorem 2:3.2] it follows that there exist nonzero scalar
a1, Q, B, B2 such that

a3yt

Jw(Aw) = Jw(A;y, z)
Q25
and tr(adj(W;(A\w))H;(Aw)) = @,y Hi(Aw)z; for @ = 1,2. Then by (BI1)), we obtain
(BI12). The rest of the proof is similar to that of Theorem O

When PMEP(k; ny, no) is equipped with the Holder p-norm ||-||, for 1 < p < oo, we

have the following result.

Corollary 3.3.3. Let W € PMEP(k;ny,ns) be reqgular and Ay € o(W) be a simple
eigenvalue of W. Let © := 11 ® k9 and y := y; ® ys be right and left eigenvectors of W

corresponding to \w, respectively.

a) Then we have
cond (A, W) < [ (v (M) ™[, [|Awllq max]|(adi(Wi(Aw))) "]

where p~t + ¢~ = 1. In particular, for the spectral or Frobenius norm on C"*™i,

we have

n;—1

cond (A, W) < [|(Jir(Aw)) "Iy [|Awllg max [T o (W),

k=1
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where o1 (Wi(Aw)) > -+ > 0,,(Wi(Aw)) are the singular values of Wi(Aw) for
i=1,2.

b) Also we have

cond(Aw, W) < [|(w (A y, ) Iy [1Awlly max|lyia]].. (3.13)
For a subordinate matriz norm || - || on C"*™  we have
cond(Awr, W) < [|(Jw (A y, 7)) ™l [ Awlly ][y ][] (3.14)

In particular, for the spectral or Frobenius matriz norm on C"*™ we have

cond (A, W) < [|(Jw (s y, )l [ Awwlly masx|fyi[2 ]2 (3.15)

Remark 3.3.1. The reqular two-parameter nonhomogeneous polynomial MEP of degree

k reduces to a reqular matriz polynomial W(z) := Z;C:o Az € C,A; € Cxm of

degree k when i = 1. In this case, we have Ay = (A, )\]{W_l, - Aw, DT and
Jw(Aw) = tr (ad'(W(A ))Q(W(A ))) #0 = (Jw(hw)) ™ = :
H I e S P (adi (W Ow) & (WOw)))
It follows from Theorem [3.3.2 that
A E : X
cond (A, W) < [[Avwllv || (adj(W(Aw))) "] (3.16)

= Jer(adj(W(hw)) - Z(WOw))))|

It is shown in [7] that the equality holds in (3.18). So we consider
cond(Aw, W) = [[(Jw(Aw)) ™ v [|Awllv.. max]|(adj(W;(Aw)))"|l+

to be the condition number of a simple eigenvalue A\w of a reqular polynomial MEP
W € PMEP(k;ni,ns). Further if x == 11 @ 3 and y := y; Q@ yo be right and left

eigenvectors of W corresponding to A\w, respectively, then we have

cond(Aw, W) = [|(Jw (Awi v, 2)) " lv [|Awllv.. max||y:a7|l..

When PMEP(k;ny,ns) is equipped with the weighted norm |||,y with nonzero

positive weights, we have the following result.
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Theorem 3.3.4. Let W € PMEP(k; ny,n2) be reqular and A\w € o(W) be simple. Con-
sider the weighted norm ||-||w,v on PMEP(k;ny,ne) with nonzero positive weights w; :=
|| (adj(Wi(Aw)))*[|« for i = 1,2. Then cond(Aw, W) = [|(Jw(Aw))"Hlv [[Awllve. In
particular, for the weighted Holder p-norm |||, on PMEP(k; ny, ngy) with nonzero pos-
itive weights w; == ||(adj(W;(Aw)))*||«, we have cond(Aw, W) = ||(Jw(Aw)) [, [|Awllqs
where p~1 4+ q71 = 1.

Proof. By (89), we have
[tr(adj(Wi (Aw)) Hi(Aw))| < [ Q)| 11 @dj(Wi(Aw))* [l < wil [Aw|lv.a] | Hil[v

for i = 1,2. Then by BII)), we have |[DAX(W)H||y < [|(JwAw)) v || Aw] v | H|w.v-
Now to show the equality, consider Y € PMIEP(k; nq, no) such that Y(z) = (Yi(2), Y2(2)),
IYilly = 1 and (i, Ajy @ adj(Wi(dw))") = wil|Ajy[lv.., where Afy @ adj(Wi(Aw))"
C? — Cmixmi s given by (A ® adj(W;(Aw))*)(2) = (AyAL)adj(W;(Aw))* for i = 1,2
and Aw, A, € CHH are given by (B.3]) corresponding to Aw, z respectively. Let
u = (up,uz)t € C? be such that ||ully = 1 and ||(JwAw)) " ullv = [|(JwAw)) 7 |v-
Construct X € MEP(ny, -+ ,ny) such that X(z) := (%n(z),%n(z)). By simi-
lar arguments as those in the proof of Theorem 2.3.4] it follows that ||X||, v = 1 and
IDAW)X| v = ||(JwOw) "M || Ayl [y Hence [[DAW) |y = [|(FwOow) "M lv [|Awl| v

and the desired result follows. O
The fast perturbation for a simple eigenvalue is defined as follows.

Definition 3.3.2. Let W € PMEP(k; ny,ny) be reqular and Ay € o(W) be simple. Then
AW € PMEP(k;ny,no) is said to be a fast perturbation for Aw if ||[DA(W)AW||, =
[IDACW)[[[[AW]]y .

Considering a weighted norm ||-||,,,v on PMEP(k; ny,ns), we construct a fast pertur-

bation for a simple eigenvalue Ay € o(W).

Proposition 3.3.1. (Fast Perturbation) Let W € PMEP(k; ny, ns) be reqgular and Ay €
(W) be simple. Consider a weighted norm ||-||w.v on PMEP(k; ny, ne) with nonzero pos-

itive weights w; = ||(adj(W;(Aw)))*||« for i = 1,2. Let y = (y1,y2)" € C? be such that
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lyllv = 1 and ||(JwOw) ™" yllv = ||(JwAw) " v Let Y € PMEP(k;ny,ny) be such
that Y (z) := (Y1(2), Y2(2)), [|Yillv =1 and (Y;, Ay @ adj(Wi(Aw))™) = wil|[Aw||v,. where

Ay @adj(Wi(Aw))* : C* — C">™ ds given by (A @adj(W;(Aw))*)(2) = (AfyA.)adj(Wi(Aw))*
for i =1,2 and Aw, A\, € cH
tively. Define AW € PMEP(k; 1, ns) by AW(z) := (g—llm(z), 5—2‘253(2)). Then AW is
a fast perturbation for Aw, i.e., ||[DAW)AW]||y = [|[DA(W)]||[|AW]|y .

are given by (3.3) corresponding to Aw, z respec-

Proof. First note that [|AW[J,.y = H(wl‘i—i'llmv,w2'5—§||1@||v)HV — llyllv = 1. Also

| Awllvn o
by (BI1), we have DA(W)AW = —(Jyy(\w)) = —[[Aw] v« (Jw (Aw)) "y
|| Aww|lv.2
So [[DAW)AW] |y = [[Awl|v.el| (Fw(Aw)) " llv = (1w Aw) vl [ Aw v -

3.4 Holomorphic perturbations

Next we consider the effect of holomorphic perturbations on a simple eigenvalue
of a regular nonhomogeneous polynomial MEP. Let W : C?» — PMEP(k;nq,--- ,npy)
be a holomorphic map. Then W(t) € PMEP(k;n,,--- ,n,,) for t € CP. We write
W(t)(z) as W(t,2) := (Wi(t, 2),--- ,Wn(t,2z)). Then W(t,z2) is said to be regular if
for each t € CP there is a z € C™ such that [[", det(W;(¢, z)) # 0. Define F(t,z) :=
(det(Wy(t, 2)), -+, det(W,,(¢, 2)))T. Recall that A € C™ is said to be an eigenvalue of
Wi(t, z) if F(t,A\) =0. Wereferto0 # o =2, ®---®2, € C"®@---@C" and 0 # y :=
YR @Yy, € C"®---C™ asright and left eigenvectors of W(t, ) corresponding to an
eigenvalue \, respectively, if W(t, \)x = 0 = y*W(¢, A). An eigenvalue A of W (%, z) is said
to be geometrically simple if [T/, dim ker(W;(t,\)) = 1. An eigenvalue A of W(t, 2) is
said to be simple if the Jacobian matrix Jy x)(A) of the function C™ — C™, z — F(t, 2)
at A, given by Jue ) (A) := [tr(adj(Wi(t, A) O, (Wit A(1))))]
O, (Wi(t, X)) is the partial derivative of Wj(t, A) with respect to A; for allé,j =1,--- ,m.

s 18 nONsingular, where
For the left and right eigenvectors y :=y; ® -+ - Q@ Yy, and z := 21 @ + - - @ x,, of W(¢, 2)
corresponding to A, respectively, define Jy (2, Ay, x) := [y;ka,\j(Wi(t, )\))ml}

mxm’

Proposition 3.4.1. Let W : C? — PMEP(k;ny,- - ,n,) be holomorphic such that
W(t,z) € PMEP(k;nq, -« ,ny) is reqular for t € CP. Let X be a geometrically simple
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eigenvalue of W(t, z). Then there exist left and right eigenvectors u = u1 ®- + - @y, and
V= 1@ QU corresponding to A, respectively, such that Jwx)(A) = Jwen (t, A u,v).

Proof. Since A is geometrically simple so rank(W;(¢,A)) = n; — 1. Then by Proposi-
tion [LTI] there exist nonzero vectors u;, v; € C™ such that adj(W;(\)) = v;uf, where
W;(MNv; =0 and ufW;(A\) =0 for alli =1,--- ,m. Then

tr(adj(Wi(t, )0, (Wi (£, A(2)))) = i Ox, (Wilt, A)) i
fori,j =1,--- ,m, which gives the desired result. O

Next we have the following result.

Theorem 3.4.1. Let W : C? — PMEP(k;nq, - -, ny,) be holomorphic such that W(t, z)
1s reqular fort € CP. Let X € C™ be a simple eigenvalue ofW(%\, 2). Let t1®- - -Qxy, and
Y1 @ -+ @y be right and left eigenvectors of W(t, z) corresponding to the eigenvalue
X, respectively. Then there is an open meighborhood nbd(tA) C CP containing t and
a holomorphic function X : nbd(t) — C™ such that A\(t) = X and A(t) is a simple
eigenvalue of W(t,z) for all t € nbd(t). Further for t € nbd(t), we have A(t + h) =
AE)+DX()h+O(||h||3) for sufficiently small ||h||o and the derivative DA(t) : CP — C™

s given by
L tr (adj (WA (t, X))y, (Wi (t, A(1)))) h;
DA(t)h = — (Jw(t,x(t))O‘(t)))_l :

Pt (adj(Win (8, A(6))h, (Win(£, A1) By
(3.17)

forallh = (hy,---  hy)" € CP, where &, (W;(t, A(t)) is the partial derivative of Wi (t, A(t))

with respect to t; fori=1,--- ,mand j =1,---,p. In particular, we have

o [ (ptim @R, (9 3)))
% = " (™) s (3.18)

o G R0) z . (3.19)
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Proof. Define ¢ : CP x C™ — C™, (t, z) — det(W(t, z)). Then by the similar arguments
as those given in the proof of Theorem [2.4.1], it follows that there is an open neighborhood
nbd(?) € C? containing ¢ and a holomorphic function A : nbd(#) — C™ such that \(t) =
X and A(t) is a simple eigenvalue of W(t, z) for all ¢ € nbd(Z). Further, differentiating
d(A(t),t) = 0 with respect to ¢, we obtain (B.I7). It is easy to see that (B.I8) follows

from (B.17).

Since A € C™ is a simple eigenvalue of W(t, z), so N is geometrically simple, i.e.,
dim ker(W;(t, X)) =1forall j =1,---,m. Then there exist left and right eigenvectors
U= U ® -+ Uy and v = v; ® - -+ ® v, corresponding to X, respectively, such
that adj(W;(t, 1)) = vjuj and ez, (A) = JyazyE A, v) = [0y, (Wit A)vi]msm.

Further there exist nonzero scalars «;, 3; such that u; = a;y; and v; = ;2;. Now it is

easy to see that uj@,\j(Wi(tA, N); = aiﬁiy;*(?,\j(Wi(tA, A))z; and thus

a1

a'l’)’L/B'I’)’L

Also we have tr (adj(WZ- & X)d, (WA (&, X))) = w20y, (Wi (£, N)vs = @i Biy 0y, (Win (B, V)2

ox® 1 Y10, (Wi (5 X))y
t ~ - )
YOt (Won (£, V)
which yields (3.19). O

3.5 Backward perturbation analysis

Now we undertake backward perturbation analysis of approximate eigenelements of

a regular two-parameter polynomial eigenvalue problem of degree k.

Definition 3.5.1. Let W € PMEP(k;ny,no) be reqular. Let A € C? and 0 # x :=
r1 ® 9 € C" @ C". Then the backward error of (A, x) as an approximate eigenpair

of W is defined by n(\, x, W) := inf {||AW||y : W(N)x + AW(N)x = 0}. The backward
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error of X\ as an approzimate eigenvalue of W is defined by n(A, W) := inf {||AW||y :
A€ o(W+ AW)}.

First we prove the following result.
Proposition 3.5.1. Let W; : C2 — C"*" be given by Wy(z) := Sk _ S2F” mAT(fm 22y,
where z = (21, z)T € C?, AD e crixni Let A = (A, )T € C% and 0 # x; € C™i.
Define n(A, z;, W;) := inf {||AW;||y : Wi(N)x; + AW;(N)x; = 0}. Then for a subordinate

matriz norm on C"*" we have n(\, z;, W;) = IIA\I\V “;f“, where r; = Wi(N)x;.
A (et 1) (k2)
Let t := (tkostr—115" s toks k1,05 k2.1, = s to k1, * s t1,0, to1, o)) € C 2
be such that t € O||A|lv. and y; € 8||z;||. Define AAY), = Hf\"""’; ﬁ;yn for m =

kandn =0, -k —m. Consider AW;(z) == 3¢ _ SF~ mAA(anl 2. Then

Proof. By similar arguments as those in the proof of Proposition 251l we have n(\, z;, W;) >

L |l ' - hem T PN rgte (A

TRl Tt Again note that, AWi(Na; = — 35 o 3,0y S (o = —paysri =

—ri. So Wi(Na; + AWi(\)z; = 0. Also we have ||AAD|| = IIXYILIC‘ \‘\‘Z“ and thus
e il Dl 1 il oy 1 Il

IAWillv = s e = Tames e Lherefore n(X, zi, Wi) = ez D

Next we use the above result to derive n(\, x, W).

Theorem 3.5.1. Let W € PMEP(k; ny, ny) be reqular, X\ = (A1, \o)T € C? and 0 # x :=

1 Qa9 € C @C™. Consider r; = W;(N)z; for i =1,2. Then for a subordinate matrix
norm on C"*™ we have
1

<||T1|| ||7“2||>
ATV I ] 2]

where n(\, z;, W;) is as defined in Proposition[351. In particular, for the Holder p-norm

7]()‘73:7W) =7 H(n()‘vxlaW1)777()\7x27w2))||v =

)

on PMEP(k; ny,ns), we have n(A, z, W) = H/\lllq (H;i“, ||||Z||||> , where p~ ' + ¢! = 1.
P .
Let t := (tro,to—1,15" " > toks 1,0, tho2,15 =+ s tos—1, -+ 1,0, to,1, top)” € cHE
be such that t € O||A||v.. and y; € ||z;|| for i = 1,2. Define AAY), = —Hm %

form=0,--- k,n=0,--- k—m and AW;(z) .= 3¢ _ S~ mAAgfmzl 2. Consider
AW (z) := (AW (z), AWs(2)). Then W(A)x + AWMz = 0 and ||AW|y = n(A, 2, W).

Proof. 1t follows from the similar arguments as those in the proof of Theorem 2.5.1] that
n(A, x, W) > |[(n(X, z1, W1),n(A, 2, Wa))||v. By Proposition B.5l we have W;(\)x; +
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AW;(A)z; = 0 and [[AWi][y = n(A, z;, Wi). So [[AW]ly = [[(n(A, 21, W1), n(A, 22, Wa))|lv.

Hence by Proposition B.5.1l we have n(A, z, W) = ||(n(\, z1, W1),n(\, zo, W2)) ||y =
rall  lre]|

(Het- )] =

Next we derive backward error of an approximate eigenvalue A\ € C™ of W €

]P)ME]P)(]{,’7 ny, ng).

1
AV«

Proposition 3.5.2. Let W; : C2 — C™*™ be given by S35 _ SKTm AW 2mzn where
2= (21,2)7 € €2, A, € Crxmi. Let A = (A, \o)T € C2 and define n(\,W;) =
inf {||AW;||v : rank(W;(\) + AW;(X)) < n;}. Then for a subordinate matriz norm on
Cmixmi - we have n(\, W;) = HAII -, where r; = min {[|W;(Nw]| : z; € C" ]

||»’C||—
Let z; € C™ be such that ||:)3,|| =1 and r; = |[[W;(Nx;||. Let y; € 0||zi|| and

(k:+1)(k+2)

t = (tro, th1.1s "+ s boks 1,0, tk—21, " * s Eok—1, " s 10, T01,%00)" € C be such
that t € O||Al|v.«. Define AAY, = — IIf\WILI:/L ﬁ;yq form = Jkandn=0,---  k—m.

Consider AW;(z) == 3¢ _ STkC mAA(anl 2. Then rank(VVi()\) + AW;(N)) < n; and
1AWy = n(A, W;).

Proof. By similar arguments as those in the proof of Proposition[2.5.2] we have n(\, W;) >
IIAH . It is also easy to see that W;(\)x; + AW;(N)z; = 0, i.e., rank(W;(A) + AW;(N)) <
n; and IAAD|| = ‘tm”| Il - Consequently, we have [|AW;]]y = and n(\, W) =

[lv,« |zill*

r;
1AV«

O

1Ay«

Now we derive n(\, W) considering subordinate matrix norm on C"*™:.

Theorem 3.5.2. Let W € PMEP(k; ny, ng) be reqular and A = (Mg, \a)T € C%. Consider

= HHI‘I‘H {|IWi(N)z4|| : z; € C™} fori=1,2. Then for a subordinate matriz norm on

Crexme e have

VW) = [ (00 W), (A, Wa)) |y = mummuv,

where n(\, W;) is as defined in Proposition[3.5.2. In particular, for the Holder p-norm

on MEP(”D e 7nm)7 n<)‘7w) ‘ ||(T17 T2>||p7 where p_l + q_l =1.
Let x; € C™ be such that ||x2|| =1 and r; = |[|[W;(N)z;|| fori=1,2. Let y; € 0|z
(k1) (k+2)
and t = (tr,0,th—11, " s Lok th—1,0, Tk—2,1, " s Tok—1," " > T1,05t0.1, to0)” € C 2 be
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such that t € O||A||v,.. Define AAD, = — HXYILIC ﬁ;y;' form = Jkyn = L k—m
and AW;(z) == 2% _ Ozk mAAmnzl 2. Consider AW(z) = (AWl(z),AW2(z)). Then

A€ a(W+AW) and |AW|y = n(A\, W).

Proof. By similar arguments as those in the proof of Theorem 2.5.2] it follows that
n(A, W) > ||(n(A, Wi),n(X, Wa))||v. Again by Proposition B.5.2, we have rank(W;(\) +
AW (X)) < n; fori=1,2,ie, X € o(W+AW) and |[|[AW;||y = n(A\, W;). So |[AW|y =
[|(n(X\, W1),n(A, W3))||v. Hence the desired result follows. O

For the spectral or Frobenious norm on C"*"i we have the following result.

Theorem 3.5.3. Let W € PMEP(k; ny, ny) be reqular and A € C*. Then

1
[[A ]y«

where omin(W;(X)) denotes the smallest singular value of W;(X) for all j = 1,2. In

()‘ W) ||(Omin(W1()‘))>Umin(WZ()‘)))HVa

particular, for the Holder p-norm on MEP(nq, - -« ,n,,) we have
n(A, W) = ||A|| [[(Omin (W1(A)), Omin (W2 (X)) [p-
q
Let t == (tpo,th—11," " »toss the1,0, th=2,1, - - * s tok—1, "+ > t1,0, L1, to0)” € CH T be
such that t € 0||Al|lv.«. Consider the SVD W;(\) = U;X;V; and set u; == U;(:,n;),v; 1=
Vi(:,m;) fori =1,2. Define AAY) = —% Omin(Wj(A))usv; for m =0,--- k,n =

0, k—m and AW;(2) == S8 _ SETMAAY 2man . Consider AW(z) == (AW, (2), AW, (2)).
Then A € o(W + AW) and ||AW||y, = n(A, W).

Proof. Proof is similar to Theorem ]
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Sensitivity and Backward Perturbation Analysis of

Homogeneous MEP

4.1 Introduction

In this chapter we develop a framework for sensitivity and backward perturbation
analysis of a regular homogeneous MEP W. More precisely, we define condition num-
ber cond(A, W) of a simple eigenvalue A of W and derive various representations of
cond(A, W). We also define the backward error n(\, W) of A as an approximate eigen-
value of W and determine n(\, W) as well as an optimal perturbation AW such that
A€ o(W+ AW) and [[AW]| = n(A, W). We also derive similar results for an approxi-
mate eigenpair (A, =71 ® - - - ® x,,) of W.

4.2 Homogeneous MEP

Let W: C™*' — [["_, C%*™ be a linear map given by
W(z) = (Wi(z), -, Wn(z)), where W;(z2) = 20A; + Z 2;Byj, (4.1)
j=1

z = (20, ,2m)" € C™ and A;, B;; € C" " for all i,j = 1,---,m. We re-
fer to W as homogeneous MEP. We denote the space of all homogeneous MEPs by
MEP(ny, -« ,np). Forz =2 ® - @z, € C" ®-.--®@ C" and z € C™, we define

W(z)z = Wi(2)xy, ..., Wp(2)x,) and 2*W(z) := (2]Wi(2),..., 2 W, (2)).

59
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Definition 4.2.1. Let W € MEP(ny, - - - ,n,y,) be given by W(z) = (Wi(2),- -+, Wpn(2)).
Then W is said to be regular if [['L, det(W;(2)) # 0 for some z € C™*'.

Throughout the chapter, we consider regular homogeneous MEPs. Next we define

the spectrum of a regular homogeneous MEP. Recall that the det function is defined in
2.2).

Definition 4.2.2. (Spectrum) Let W € MEP(ny, - - - ,n,,) be reqular. Then A € C™1\{0}
is said to be an eigenvalue of W if det(W(\)) = 0. The set of all eigenvalues of W
is called the spectrum of W and is denoted by o(W). Let A € o(W). Then 0 # x :=
R Qx, € C"®---® C" s called a right eigenvector of W corresponding to
X if WAz = 0. Similarly 0 £ y = y1 @+ @ Yy € C" @ -+ @ C™ is called a left
eigenvector of W corresponding to A if y*W(A) = 0.

Let W € MEP(ny,--- ,n.,) be a regular homogeneous MEP as given in (£1)) and
Aeo(W). Letz =21 ® - Qx, and y = 41 ® - - - ® y,, be right and left eigenvector of

W corresponding to A, respectively. Then we define
yiAizr  yiBum - yiBinm
Jw( Ny, x) = : : : . (4.2)
YnAnZTm YpBmiTm - Y BmmTm
Next we define geometric multiplicity of an eigenvalue of an MEP.
Definition 4.2.3. (Geometric multiplicity) Let W € MEP(nq, - - - , n,,) given by W(z) =
(Wi(z),-- , Win(z)) be regular and X\ € a(W). Then the geometric multiplicity of X\ is

defined by gw(\) = [\~ dim ker(W;(X)). If gw(X) = 1, then X is said to be geometri-

cally simple.

Let Jw(z) denote the Jacobian of the differentiable function C™*' — C™, z

det(W(z)), at z. Note that Jw(z) is a rectangular m x (m + 1) matrix.

Proposition 4.2.1. Let W € MEP(ny,--- ,ny,) given by ({{.1) be regular. Then we
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have
tr(adj(Wi(2))A1)  tr(adj(Wyi(2))By1) -+ tr(adj(Wi(2))Bim)
T(z) = ) . )
tr(adj(Win(2))Am)  tr(adj(Wn(2))Bmi) -+ tr(adj(Win(2)) Bum)
(4.3)

for all z € C™L. In particular, if X\ € o(W) is geometrically simple then there exist left
and right eigenvectors U = U1 Q + -+ @ Uy, and V: =01 @ + - - @ U,, of W corresponding to

A, respectively, such that

aTAng\l ﬂ’{BHﬁl s ﬂ’{Blmﬁl
Jw(A) = : : : = Jw(\; u,v). (4.4)
U AmOm Uiy BiOm -+ U, Brum U,
Proof. Note that Jw(z) = [%(det(ﬂ/}(z))) o By Jacobi’s formula stated in
mx(m+1

Proposition [LT.2] it follows that

d tr (adj(W;(z))A;) for j=0
0z (detUPS tr (adj(W;(2))B;;) forj=1,---,m,
which yeilds (4.3)).
If A € o(W) is geometrically simple then rank(W;(A)) =n; — 1 foralli=1,--- m.
Thus by Proposition LTIl there exist nonzero vectors u;, v; € C™ such that adj(W;(\)) =
viul, where W;(A)v; = 0 and u;W;(\) =0 for all i = 1,--- ,m. Hence the desired result

in (4.4) follows. O

Remark 4.2.1. Let W : C™*' — [T/, €™ given by W(z) = (Wi(2),---, Wpn(2))
be differentiable. Then the Jacobian matriz of the map C™™ — C™, z — det(W(z)) is

given by
tr (adi(W1(2) - Z(Wi(=)) -+ tr (adj(Wi(2)) - 52 (WA (2)
tr (adj(Win(2)) - 2 (Wn(2))) -+ tr (adj(Win(2)) - 52 (Win(2)))
for all z = (29,21, , 2m)" € C™L,
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Now we define an algebraically simple eigenvalue of a regular homogeneous MEP.

Definition 4.2.4. (Algebraic simplicity) Let W € MEP(nq, - -+ ,n,,) be reqular and \ €
a(W). Then X is said to be algebraically simple if rank(Jw(\)) = m. Ifrank(Jw(N)) < m

then X\ 1s said to be a multiple eigenvalue of W.

Throughout the chapter, we refer to algebraically simple eigenvalues as simple eigen-

values. As expected, a simple eigenvalue is geometrically simple.

Proposition 4.2.2. Let W € MEP(ny, - - -, n,,) given by ({{.1) be reqular and A € o(W)

be simple. Then X\ is geometrically simple.

Proof. 1f dim(ker(W;(X))) > 1 for some i € {1,--- ,m} then adj(W;(\)) = 0. Thus it fol-
lows from (Z.3)) that the i*® row of Jyw()\) is a zero row which contradicts that X is simple.
Hence dim(ker(W;()\))) = 1foralli =1,--- ,mand gw(\) = [}, dim(ker(W;(N))) = 1,

i.e., A is geometrically simple. O
Given A € C™*!, define G, : C™*t — C™*! by

det(W(z
Gi(z) = (W) , xeCmt (4.5)
(x — A N)
where (-, -) is the usual inner product on C™*1. Tt is easy to see that G is a differentiable

function. We derive the derivative DG\ (z) of G\(x) with respect to z in the following

result.

Proposition 4.2.3. Let W € MEP(ny, - - - ,n,,) given by ({{-1) be regular and A € C™1.
Consider the differentiable function Gy given in ({{.5). Then

Jw(x
DG = | (10
A*
for all z € C™*1,
Proof. Tt follows from Proposition E.2.1] that [%(det(m(z)))] i) Jw(z). Again
J mX(m-+
%((1' — M\ A)) = A;. Thus (48] follows. 0
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It follows from (L) that A € (W) < GA(A) = 0. We now show that A € o(W)
is simple < A is a simple zero of G(z). Note that by simple zero of G,(z) we mean a

solution of G\(z) = 0 at which the derivative DG\(2) is nonsingular.

Theorem 4.2.1. Let W € MEP(ny,--- ,n,) given by ({{-1) be regular and A € o(W).
Then X is simple if and only if X is a simple zero of Gy, i.e., if and only if Gx\(A) =0
and rank(DGy(\)) = m + 1.

Proof. Let A be a simple eigenvalue of W, i.e., rank(Jyw(\)) = m. If possible, suppose
that A is not a simple zero of G, i.e., rank(DG\(\)) < m + 1. Then there exists
0 # o € C™ such that \* = o Jw()). Since A € o(W), it is easy to see that

tr(adj(Wi(z)) A1) tr(adj(Wi(2))Bii) -+ tr(adj(Wi(z))Bim) Ao
TN = : : : :
i tr(adj(Wim(2))Am) tr(adj(Wn(2))Bm1) -+ tr(adj(Wn(2))Bum) Am
tr(adj(Wi(A)) - Wi(A)) tr(det(Wi(A))1n,)
= : = - = 0.
| tr(adj(Win (X)) - Win(N)) tr(det(Win (X)) I, )

Then M*X = af Jw(A)A = 0, i.e., ||\||3 = 0, which is not possible since A € o(W). Thus
rank(DGx(N)) = m + 1 and A is a simple zero of G,.

Conversely let A be a simple zero of G, i.e., rank(DGy(\)) = m + 1. Since the rows
of Jw(A) are the first m rows of DG () so it follows that rank (Jw(A))) = m. Hence A

is a simple eigenvalue of W. O

Next we define normal derivative and normal Jacobian matrix of the function z —

det(W(z)) at some nonzero z € C™*L.

Definition 4.2.5. Let W € MEP(ny,--- ,n,,) be regular and z € C™ be nonzero.
Consider the hyperplane {z}* = {y € C™™ : (z,y) = 0} in C™"'. Then we de-
fine D,1det(W(z)) : {z}+ — C™ by u — Jw(2)u for all u € {z}* and we refer to
D, det(W(z)) as the normal derivative of the function x — det(W(z)) at z.

Let U := [ w, - u, | be a basis of {z}*+. Then Nw(z) := Jw(z) - U denotes
the matriz representation of D,1det(W(z)) with respect to the basis U of {z}* and the
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standard basis of C™. We refer to Nw(z) as the normal Jacobian matriz of the function

x +— det(W(x)) at z.

Let W € MEP(ny,--- ,nm,) be regular and A € o(W). Let 2 = 2, ® - - - ® x,,, and
Yy =1y & - Xy, be right and left eigenvector of W corresponding to A, respectively.

Let U := [ w; -+ u, | beabasisof {A\}*.Then we define
yiWilu)zy - yiWilum)o
Nw(Ajy, ) = : : (4.7)
YW ()T =+ Yy W () Ty
Proposition 4.2.4. Let W € MEP(ny, - -+ ,n,,) be reqular and A\ € C™* be nonzero.
Let U = [ UL U, ] be a basis of {\}*. Then
tr(adj(Wi(A)) - Wailua)) -+ tr(adj(Wi(A)) - Wi(um))
Nw(\) = : : . (4.8)
tr(adj(Wm(A) - Win(u)) -+ tr(adj(Win (X)) - Won(um))

In particular, if X € (W) is geometrically simple then there exist left and right eigen-

vectors U = U1 ® -+ @ Up, and V=01 Q@ - - - @ Uy, of W corresponding to \, respectively,

such that
ﬂ’{Wl (UlﬁJ\l - ﬂ’{Wl(um)@l
U W (w0, - W, W (U ) U,
Proof. We have Ny(A) = Ja(\)+ U= | Ju(Nur - Ju(Nup, |- Now
[ tr(adj(W1(A\)Ay)  tr(adj(Wi(AN))Bi1) -+ tr(adj(Wi (M) Bim)
Jw(Nu; = : : : _—
i tr(adj(Wm(A\)Am)  tr(adj(Wi(A)Bpni) -+ tr(adj(Win (X)) Bam)

tr(adj(Wi(A)) - Wi (u,))
_ : fori=1,---,m.

tr(adj(Wn(A)) - Wi (1))
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This proves (4.8).
If A € o(W) is geometrically simple then it follows from Definition E2.3 that

rank(W;(A)) =mn; — 1 for all i = 1,--- ,m. So by Proposition [[.T.T] there exist nonzero
vectors u;, v; € C™ such that adj(W;(\)) = viuf, where W;(A\)v; = 0 and ufW;(\) = 0 for
all i = 1,---,m. Thus we have tr(adj(W;(\))W;(u;)) = tr(v;u;Wi(u;)) = uiWi(u;)v;,
which yields (Z.11)). O

Consider a special case when X := (X, -+, Ap)T € C™ s such that Ay # 0. Define
uj = Ajeg — Aoej for j=1,--- m. Then U = | o, -+ u,, ] is a basis of {\}* and

as an immediate consequence of Proposition [£.2.4] we have the following result.

Corollary 4.2.2. Let W € MEP(ny,--- ,n,) given by (4.1) be regular and X\ :=
Moy -+ s Am)T € C™FL be such that \g # 0. Consider the basis U = [ e u ] of
{\}, where uj == Njeg — Xge; for j =1, ,m. Then

tr(adj(Wi(A) - (Mdr = AoBu)) -+ tr(adi(Wi (V) - (A As = Ao Buim))

Nyw(N) = : '
tr(adj(Wn(A) - (MAm = XoBm1)) -+ tr(adj(Win(Y)) - AmAm = Ao Bium))
(4.10)

In particular, if X\ € (W) is geometrically simple then there exist left and right eigen-

vectors U i=U1 Q- Q@ Uy, and V := 0, @ - - - @ 0,, of W corresponding to \, respectively,

such that
Ui(MAL —XoBu)or -+ U (AmAL — AoBin)0y
Ny () = E : : (4.11)

Proof. Note that W;(u;) = N\;A; — X\gB; for all 4,5 = 1,--- ,m. Hence the proof follows
from Proposition [4.2.4 O

Next we characterize a simple eigenvalue A € o(W).

Theorem 4.2.3. Let W € MEP(ny,- - ,n,,) be reqgular and A € o(W). Then X is

simple if and only if Nw(\) is nonsingular.
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Proof. Let U := [ Uy e Uy, ] be a basis of {\}*.
(=) Let A € o(W) be simple. Suppose that Ny(\)a = 0 for some o € C™. By (4.6])
we have
Jw(N)Ua Nyy(N)a
DGA\(\)Ua = w(d) e
MU« 0

Now by Theorem B2, DG, (A) is nonsingular since A is simple. So DG(A\)Ua = 0

implies that Uae = 0 = a = 0. Hence Nw(\) is nonsingular.
(<) Let Nw(A\) be nonsingular. Suppose that DG,(\)z = 0 for some z € C™!,

Note that there exist § € C and v € C™ such that z = Uy + SA. Since Jw(AM)A =0 as
A € a(W) it follows from (4.6]) that

DGy(): = JwN(Uy +BA) | _ | FaNUY | _ | Nw(A)y >
MUy + BA) Bl Bl

Since A # 0, B||A||3 = 0 implies that 8 = 0. Again nonsingularity of Ny(\) implies
that v = 0. So z = 0 and thus DG,(\) is nonsingular. Therefore by Theorem [4.2.1] it
follows that A is simple. O

The following result also characterizes simple eigenvalues.

Theorem 4.2.4. Let W € MEP(ny, -+ ,n,,) be reqular and X € C™"* be nonzero. Let

Ui=|wu - up ] be a basis of {\}*+. Then the following conditions are equivalent:
(i) X\ is simple.

(ii) X is a simple zero of the function G\ which is defined in ({{.5).

(iii) Nw()\) is nonsingular.

(iv) Nw(X;y,z) is nonsingular for all left and right eigenvectors y,x of W correspond-

ing to X\, respectively.

Proof. Note that (i) = (ii) follows by Theorem 2.1l and (ii) = (iii) follows by Theo-

rem 423
Next we show (iii) = (iv). Suppose that Ny () is nonsingular. If dim ker(Wy(\))) >

1 for some k € {1,---,m}, then adj(W(\)) = 0. Then it follows from (4.8) that the
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k™ row of Ny()) is a zero row which contradicts that Ny/(\) is nonsingular. Therefore
dim ker(W;(A))) = 1 for all ¢ = 1,---,m, i.e, X is geometrically simple. Now by
Proposition [£.2.4] there exist left and right eigenvectors u and v of W corresponding to
A, respectively, such that Nw(\) = Nw(A;u,v). Note that Ny(\;@,?) is nonsingular
as Nw(A) is nonsingular. Since dim ker(W;(A))) = 1 for all i = 1,--- ,m, there exists
nonzero scalars «; and ; such that u; = «o;y; and v; = S;x; for all i = 1,--- ,m. Then

afryiWi(u)ey -+ arfryi Wi (um)xy
| Wﬁmy;zwm(ul)xm Tt mﬁmy;Wm(um)xm
oy
= Nw (X y, x).
O B

Therefore Ny (A;y, ) is nonsingular since Ny (\; W, ) is nonsingular.

Finally we prove (iv) = (i). Suppose that Nyw(X\;y, x) is nonsingular for all left and
right eigenvectors y and x of W corresponding to A, respectively. If possible, suppose that
dim ker(Wx(A)) > 1 for some k € {1,--- ,m}. Lety =11 ® - - Quy, e C" ®@--- @ C"
be a left eigenvector of W corresponding to A. Consider x; € C™ such that W;(A)z; =0
foralli=1,--- /k—1k+1,---,m. Define the linear functional g : ker(Wy(\)) — C
given by g(zx) = det(Nw(X\;y, 2)), where z =21 ®@ -+ @ T 1 ® 2, @ Tpr1 ® +++ @ Ty, 1S
a right eigenvector of W corresponding to A. Now by the Rank - Nullity Theorem, we
have dim ker(g) = dim(ker(Wx(A))) — 1 > 0. So there exists x; € ker(W}()\)) such that
g(zr) = det(Nw(X\;y,x)) =0, where z = 21 ® -+ - Qa1 QX @ Ty 1 @ -+ - QT 18 a right
eigenvector of W corresponding to A. This contradicts the assumption that Nyw(A;y,x)
is nonsingular for all left and right eigenvectors y and x of W corresponding to A,
respectively. Therefore dim ker(W;(A)) =1 forall i =1,--- ,m, i.e., A is geometrically
simple. Again by Proposition [£.2.4] there exist left and right eigenvectors u and v
of W corresponding to A, respectively, such that Nw(\) = Nw(A\;@,v). So Nw(A) is
nonsingular and by Theorem [£.2.3] X is simple. O
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4.3 Sensitivity analysis of simple eigenvalues

In this section we undertake sensitivity analysis of an algebraically simple eigenvalue
of a regular homogeneous MEP and derive condition number of a simple eigenvalue.

First we define the condition number of an eigenvalue of a regular homogeneous MEP.

Definition 4.3.1. (Condition number) Let W € MEP(ny, - -+ ,n,,) be reqular and X €
o(W). Then we define the condition number of A by

: dist(A, o (W + AW))
cond(A, W) := lim sup 4
AWl -0 IAW]|

where AW € MEP(ny, - -+ ,ny,) and dist(A, o(W + AW)) := min{||A — ul|2 : p € o(W +
AW)}.

Let W € MEP(ny,--- ,n,,) be as given in (4.1I]). Recall that given a monotone norm
|| - |l on C™*! and a matrix norm || - || on C"*" for ¢ = 1,---,m, the norm |||y
on MEP(ny, - -+, nm) is given by [[Wily = [[(I[Wallv, -, [[Wel[v)[lv, where [[Wi[ly =
(AL [ Ball, - -« s | Biml|)||v for ¢ = 1,---,m. We define Holder p-norm |||, on
MEP(ns, - ) by Wl = [11Wallys <+, Wl where |[Willy is given by [[Will, =
(AL 1 Balls - - [ Biml D] for 1 < p < o0

Theorem 4.3.1. Let W € MEP(ny, - - ,n,) given by ({4.1) be regular and Ay € o(W)
be simple. Let y :=1y1 Q- QY and © := 21 X - - - @ x,,, be left and right eigenvectors of
W corresponding to w srespedtively. Let U — [ woe ] be @ basis of {Dw}t and
Nw(Aw) be the normal Jacobian matriz of the function z — det(W(z)) at A\w. Then
there is an open neighborhood nbd(W) C MEP(ny, - - - ,n,,) containing W and a smooth
function X : nbd(W) — C™ such that (W) = Ay and A\(X) is a simple eigenvalue of
X for all X € nbd(W). Further the derivative DA(W) : MEP(ny, - -+ ,n,) — C™ of A
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at W is given by

tr(adj(Wi(Aw)) Hi(Aw))

DAWH = —U(Nw(Aw))™ : (4.12)
tr(adj(Win (Aw)) Hpn (Aw))
yiHi(Aw)a
= —U(Nw(w;y, )" : (4.13)
Y (Aw) T,

for all H € MEP(ny, - ,ny,) such that H(z) = (Hy(2),-- -, Hn(2)).
a) The condition number cond(Aw, W) is given by
cond(Aw, W) < [|U (Nw(hw) " [lv [[Allv.. max|(@dj(W;(Aw))) |-

In particular, for the spectral or Frobenius norm on C™"*™  we have

n;—1

cond (A, W) < [|U(Nw(Aw)) ™l [\l lve meax [ ] ou(Wi(hw)),
k=1

where oy (W;(Aw)) = -+ > 0,,(Wi(Aw)) are the singular values of Wi(Aw) for

1=1,---,m.
b) Also we have
cond(Awr, W) < U (Now (hwr; y, 2)) "Iy (145w mae] [y
For a subordinate matriz norm || - || on C"*™  we have,
cond(Aw, W) < [[U(Nw(w; g, 2)) v 1INy vie ma| [y ][]
In particular, for the spectral or Frobenius matriz norm on C"*"  we have,

cond(Aw, W) < [[U(Nar(Awwi y, )~ v [Ny vis mas]fyil o] 2.

det(Y(2))

(2 = Aw, Aw)
Consider V(¢) := {(Y, 2) € MEP(ny,- -+ ,n,) x C™: ¢(Y, 2) = 0}. It is obvious that

Proof. Define ¢ : MEP(ny, -+ ,n,,) x C"H — C™! by ¢(Y, 2) =
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(W, Aw) € V(¢) and 0r\¢p(W, Aw) = DG\, (Aw) which is nonsingular by Theorem F.2.1]
since Ay is simple. Hence by the Implicit function theorem there is an open neigh-
borhood nbd(W) containing W and a smooth function A : nbd(W) — C™"! such that
AW) = A\ and V(¢) N (nbd(W) x C™*) = {(X, \(X)) : X € nbd(W)} is the graph of
the function X — A(X) for all X € nbd(W). So ¢(X, \(X)) = 0 for all X € nbd(W), i.e.,
AX) € o(X) for all X € nbd(W). By similar arguments as given in Theorem 2.3.1] it

follows that A\(X) € o(X) is simple for all X € nbd(W).
Now differentiating ¢(X, A(X)) = 0 with respect to X at W we have

G (A, W) DA(W)H + Ox¢(Aw, W)H = 0 (4.14)

for all H € MEP(ny,--- ,nm). Note that Ox¢(Aw, W) = DG, (Aw) and Oxd(Aw, W) :
MEP(nq, - -+, n,) — C™* is given by

00 (o, W = [ tr(adi(Wi ) HuANw))): -+ e adiWonhi)) s Bi)), 0]

Therefore by (AI4]), we have

tr(adj(W1(Aw)) Hi(Aw))

DAW)H = —(DGy,(Aw))™"

tr(adj(Xm (Aw)) Hpm (Aw))
0

tr(adj(Wi(Aw))Hi(Aw))
= —(DGx,(Mw)) " (:,1:m) : . (4.15)
tr(adj( X, (Aw)) Hm(Aw))

Note that B = [ U \w ] is a basis of C™1. By ({.6) we have

Jw(Aw)

A

(DG () - B = [ v o] =

Nw(Aw) 0
0 [PAwll3
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Consequently, we have

BT DGy, (Aw)) ™" = Al

0 T3
NoOw))~! 0
= (DGAW(AW))*:[U AW] ( (o ) )
Tl

= (DG, ()~ (1 :m) = U(Nw(Aw))
Hence by (415 we have
tr(adj(Wa(Aw)) H1(Aw))
DX(W)H = —U (N (Aw)) ™" 5 ,
tr(adj(W (Aw)) Hin(Aw))
which proves (4.12).

Since A\w € o(W) is simple, by Proposition [£.2.2] it follows that Ay is geometrically
simple. Then by Proposition .2.4], there exists left and right eigenvectors u = u; ®
@ Up and UV = U] ® -+ ® U, of W corresponding to Aw, respectively, such that
adj(W;(Aw)) = vyu; for all i = 1,--- ,m and Nyw(Aw) = Nw(Aw; @, V). Also there exist
nonzero scalars «;, 3; such that u; = ayy; and v; = Bia;0 for i = 1,--- ,m. As we have

seen in the proof of Theorem [4.2.4, we have

i

Nw(Aw) = Nw(Aw; w,v) = Nw(X\;y, z)
=,
which gives
[agyest
(Nw()\w))_l = (NW()\W;?J7$))_1

B

Again note that

tr(adj(W;(Aw)) Hi(Aw)) = (H;(Aw), adj(W;(Aw))™) = (Hi(Aw), wivy)
ui Hy(Aw)vi = ()" Hi(Aw) (Birs) = @By Hi(Aw) s
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forall i =1,---,m. Thus we have
tr(adj(Wi(Aw))Hi(Aw)) aif Yy Hi(Aw)z1
tr(adj(Wa (Aw)) Him (Aw)) @B | | Y (Aw) T,

Therefore by (£12)), we have

Y1 Hy(Aw) s
DAW)H = —U(Nw(Aw; y, )" 5 :
YmHm (Aw) T,
which proves (4.I3]). The rest of the proof is similar to that of Theorem 2.3.2] 0O

When MEP(ny, - -+ ,ny,) is equipped with the Hélder p-norm ||-|,, we have the fol-

lowing result.

Corollary 4.3.2. Let W € MEP(ny, - ,n,) be reqular and A\wy € o(W) be a simple
eigenvalue of W. Let v == 21 ® ++- Q@ Ty, and y := y1 ® -+ @ Y, be right and left

eigenvectors of W corresponding to Ay, respectively.

a) Then
cond (A, W) < [[U(Nwr(Aw)) "l 1Al max]|(adi(Wi (Aw )|+,
where p~! + ¢~ = 1. In particular, for the spectral or Frobenius norm on C"*™,
we have

n;—1

cond(Aw, W) < [[U(Nw(hw)) ™Iy 11Nl max [T on(WiCAw)),
k=1

where o1(W;(Aw)) > -+ > 0,,(Wi(Aw)) are singular values of Wi(Aw) for i =

1, m.
b) Also we have
cond(Aw, W) < [[U(Noy (A g, 2)) 7|1, 11\l max [yiarf 1.
For a subordinate matriz norm || - || on C"*™  we have

cond(Aw, W) < [|U(Nw(Awi y, )~ lp [INyllg maxfys| ]|z
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In particular, for the spectral or Frobenius matriz norm on C"*™  we have

cond (A, W) < [|U(Nw (M g, 7)) "l [1N]lq max[yilla]]]2.

Remark 4.3.1. When m = 1, the regular homogeneous MEP reduces to a regular ho-

mogenous matriz pencil W(z) := 21 A+z B, where z = (21, 2)T € C? and A, B € Cm>*™,

_ — T
' : _ T ' _ X2 Y
For a simple eigenvalue \yy = (A1, \o)" of W, consider u = (H(/\_z,—/\_l)llv’ \\(/\_2,—/\_1)\\v) .

Then U = [u] is a basis of {\w}*. Note that

1

Ny () = r(adj (W (hon) W) 7 0 and. (V)™ = e

Then [|U(Nw(Aw)) " lv =
from Theorem [].3.1) that

1 - 1 .
[t (adj (W Ovw))W(w))] |ullvy = e (ad) OV O YW )] - So it follows

vallvee N (WOl
cond(w, W) < o B (WOW)W(w))]

(4.16)
It is shown in [7] that the equality holds in (4.16). We, therefore, consider
cond (v, W) = [|U (Nw(Aw)) = lv [ Xllv.. max]|(adi(Wi(Aw)))"|l+

to be the condition number of a simple eigenvalue Aw of a reqular nonhomogeneous MEP
W. Equivalently if v := 21 ®- - @z, and y := 11 Q- - -Qyy, are right and left eigenvectors

of W corresponding to A\w, respectively, then we have
cond( vy, W) = [|U (Nw(Aw; v, 2)) v [Nyl v max] [gsaf ..

Considering the weighted norm |||,y on MIEEP(ny, - -, n,,), we have the following

result.

Theorem 4.3.3. Let W € MEP(ny, - - - ,n,,) be reqular and Ayy € o(W) be simple. Con-

sider the weighted norm ||-||w,y on MEP(ny, - - - ,n,,) with nonzero positive weights w; :=
|| (adj(Wi(Aw)))* || for i =1,---,m. Then cond(Aw, W) = ||U(Nw(Aw)) v [[Ajyllv.s-
In particular, for the weighted Holder p-norm ||-||w,p on MIEP(ny, - - - , ny,) with nonzero

positive weights w; = ||(adj(W;(Aw)))*||s for i = 1,---,m, we have cond( Ay, W) =
U (N (M)~ Hlp [[Awllg, where p=" + ¢~ = 1.
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Proof. By similar arguments as those in the proof of Theorem 234 it follows from
(@12) that ||[DA(W)H]||y < [|[U(NwAw)) v [INyllvie |H]lwv. To prove the equality,
consider Y € MEEP(ny, - - - ,n,,) such that Y(2) = (Y1(2), -+, Y(2)), ||Yilly =1 and

(Yi, Ay © adj(Wi(Aw))™) = tr(adj(Wi(dw))Yi(Aw)) = wil | Ay lv.s,

where Ay ® adj(W;(Aw))* : C™T1 — C"*"i is given by (A ® adj(W;(Aw))*)(z) =
(Ny2)adj(W;(Aw))* fori =1,--+ ;m. Let u = (uy,- -+ ,u,)T € C™ be such that ||u]|y =
1 and ||U(Nw(Aw)) tully = ||U(Nw(Aw)) ||y, Construct X € MEP(n4, - - - ,n,,) such
that X(z) := (Z—llYl(z),-~- ,Z—zYm(z)). Then it is easy to see that || X,y = 1.
Also by [EI2), we have DA(W)X = [|Ayllve UNw(Aw)) " u and |[|[DA(W)X]|y =
1T (N o))l [yl .0 Fence cond (v, W) = [[DAC) [y = ([T )~ v [Nl
This completes the proof. O

Next we define fast perturbation for a regular homogeneous MEP.

Definition 4.3.2. Let W € MEP(ny, -+ ,n,,) be reqgular and A\w € o(W) be simple.
Then AW € MEP(ny, - - - ,n,,) is said to be a fast perturbation for Ay if || DA(W)AW]||y, =
I DAW) [l AW]y -

Now we construct a fast perturbation for a simple eigenvalue of a homogeneous MEP

considering a weighted norm on MEP(nq, -+, ny,).

Proposition 4.3.1. (Fast Perturbation) Let W € MEP(nq,--- ,n,,) be regular and
Aw € o(W) be simple. Consider the weighted norm ||-|lw,v on MEP(ny, - -- ,n,,) with
nonzero positive weights w; = ||(adj(W;(Aw)))*||« fori =1, ,m. Lety = (y1, -+ ,ym)" €
C™ be such that |lyllv = 1 and |[U(Nw(Aw))~! yllv = [[UNwAw)) " Hlv. Let Y €
MEP(ny, - -+, nm) be such that Y(z) :== (Yi(2), -+, Y (2)), ||Yillv =1 and

tr(adj(Wi(Aw))Yi(Aw)) = (Vi, Ay @ adj(Wi(Aw))") = wil [ Xy lv.s,

where Ny, @ adj(W;(Aw))* : C™1 — C™*™ s given by (Ay @ adj(W;(A\w))*)(2) =
(Myz)adj(Wi(Aw))* fori = 1,--- ,m. Consider AW € MEP(ny,---,ny,) such that
AW(z) := (i—llYl(z), e ,i—’;Ym(z)). Then AW is a fast perturbation for Aw.
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Proof. First note that |AWy = || (w2 ¥illv, - w22 Vallv )| =Tyl = 1.
Also by [I2), we have DA(W)AW = ||X*||y,.U(Nw(Aw))~'y. Therefore || DA(W)AW/||y, =

AV |U (N (Aw)) 7 ||v- Hence the proof completes. O

4.4 Holomorphic perturbations

Let W : C? — MEP(ny,--- ,n,,) be holomorphic. Then W(t) € MEP(ny,--- ,n,,)
for t € CP. We write W(t)(z) as W(t, z) := (Wi(t, 2), -+, Wp(t,2)). Then W(t, z) is
said to be regular if for each t € CP there is a 2 € C™! such that [}, det(W;(¢, 2)) # 0.
We refer to W(t, 2) as a regular holomorphic MEP. Define F : C? x C™™! — C™ by
F(t, 2) == (det(Wy(t,2)), -+ ,det(W,.(t,2)))T. Recall that a nonzero A € C™*! is said to
be an eigenvalue of W(¢, z) if F(t,\) = 0. Then ; ®---®x,, € C"®---QC" is said to
be a right eigenvector of W(t, z) corresponding to A if W;(¢, \)z; = 0 for alli =1,---  m.
Similarly y; ® -+ @ y,, € C" ® --- ® C" is said to be a right eigenvector of W(t, 2)
corresponding to A if yfW;(¢t,\) =0 for all i = 1,--- ,m. An eigenvalue X of W(t, z) is
said to be geometrically simple if [T, dim ker(W;(¢,A)) = 1. An eigenvalue X of W(¢, z)
is said to be simple if the Jacobian matrix Jy ) () of the map C™* — C™, z +— F(t, 2)
given by Jy) () = [tr(adj(W;(t, X)), (Wi(t, )\(t))))}mx(mﬂ) is a full-rank matrix.

Let A € C™™! be an eigenvalue of W(¢, 2). Let U := [ wy --- u,, | be a basis of
{A}+. Define Ny (A) := Jwen) (A)U. We refer to Ny x)(A) as the normal Jacobian
matrix of the map {A}+ — C™, u — Jywi ) (A)U. For left and right eigenvectors y :=
P ® - RyYy and  := 1 ® - -+ ® x,, corresponding to an eigenvalue A, respectively,
define Ny (t, Ay, @) = [yi Wit uj))z], o, -

Proposition 4.4.1. Let W : C* — MEP(n4, - - ,n,,) be holomorphic such that W(t, z)
is reqular for all t € CP. Let A be a geometrically simple eigenvalue of W(t, z). Then
there exist left and right eigenvectors U := U1 @ -+ Q@ Uy, and UV := U] ® +++ @ Uy,
corresponding to A, respectively, such that Ny ) (A) = Nwe (t, AU, 0).

Proof. Since rank(W;(t,\)) = n; — 1 for all i = 1,--- ,m, by Proposition [[L.T.1] there
exist nonzero vectors u;,v; € C" such that adj(W;(t,\)) = v;u;, where W;(A\)v; = 0
and w;W;(A) = 0 for all ¢ = 1,--- ,m. The rest of the proof is similar to that of
Proposition 2.2.11 O
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Next we have the following result.

Theorem 4.4.1. Let W : C? — MEP(nq,--- ,n,,) be a holomorphic map such that
W(t, z) is reqular for all t € CP. Let X be a simple eigenvalue of W(t, 2) for somet € CP.
Let 1 =2, @ @&y, and y := 1y, @ - - - @ Y be right and left eigenvector of W(t, z)
corresponding to the eigenvalue X, respectively. Then there is an open neighborhood
nbd(t) € CP containing t and a holomorphic function \ : nbd(t) — C™ such that
AE) =X and A(t) is a simple eigenvalue of W(t,z) for all t € nbd(?). Further, let U(t)
be a basis of {\t)} and Nwurw) (A1) == Jwer(A) - U(t) be the normal Jacobian
matriz of the function z — F(t,z) at A(t) for all t € nbd(t). Then Xt +h) = \(t) +
DA(t)h+ O(||h||3) for sufficiently small ||h]|2, where

et (adj (Wi (t, A(1))) Dy, (Wi (t, A(1)))) hy

DA(t)h = =U (1) (Nygeawmy (A1)~ : :
Ut (adj(Win (8, A())) 8y, (Wi (t, A(2)))) by

=il
(4.17)
for all h = (hy,-+- ,h,)T € CP. In particular, we have
( tr (adj (W1 (2, X)), (Wi (£, 3) )
O(t ~ S :
e = U ) : (4.18)
tr (adj(Wu (2, 3)3, (W3 (. 3)) )
yﬁt](Wl(tA, X))%
= _U(%\)(NW(EX)(E Ay, x) f : (4.19)
YOy (Wi (6, X)) 21,
F(t, z)
Proof. Define ¢ : CP x C™1 — C™! by ¢(t, z) = | fort e CPand 2z €
<Z - )‘7 )‘>

C™+!. Note that ¢(£, \) = 0 and o5 (6(1), \) = DGX(X) is nonsingular by Theorem .2.1]
since A is a simple eigenvalue of W(t, z). Hence by Implicit Function Theorem there is an
open neighborhood nbd(%) containing ¢ and a holomorphic function A : nbd(#) — C™*!
such that A(f) = A and ¢(t, A(t)) = 0 for all ¢ € nbd (7). By similar arguments as those
in the proof of Theorem .31l it follows that A(t) is a simple eigenvalue of W(t, z) for
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all t € nbd(%). Now differentiating ¢(\(t),t) = 0 with respect to t we have
On(G(L), 1)) DA()h + D (d(A (L), 8))h =0 (4.20)

for all h = (hy,---,h,)T € CP. Note that d)(¢(A(t),t)) = DG (A(t)) is nonsingular
and using DW;(t, \(t))h = 30, O, (Wilt, A()))hy, we have 9y (d(A(t),1)) : CP — C™*!

given by

tr(adj(W (£, A(£))) DW (£, A(£))h)

tr(adj(Wi, (t, A(2))) DW,,. (¢, A(t))h)
0

T tr (adi (Wt A()))0,, (Wit A(1)))) By

j=1

§ tr (adj(Win (£, A(8)))g (Win(t, A1) by
0

So by (d.20), we have

P tr (adj(WA (£, A(1)))8s, (Wi (£ (1)) hy

= (DG - .
DA(t)h (DG (A(2))) Pt (adj(Wo (£, M) 8y, (Won (£, M(1)))) Ry

0

Dyt (adi(Wa (8, A1) 0y, (Wi (2, A(1)))) Ry
= (DGrop(M1))) (5,1 :m) :
Dy tr (adj (W (t, M) 0, (Wi (t, A(#)))) Ry

By similar arguments as those in the proof of Theorem EZEI] we have (DG (A(£))) (-
1 s m) = Ut)(Nora (M), which proves @I7). Then @IR) and @II) follow

from (417). O

4.5 Backward perturbation analysis

We now derive backward error of an approximate eigenpair and an approximate

eigenvalue of a regular homogeneous MEP.
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Definition 4.5.1. Let W € MEP(ny,--- ,n,,) be reqgular. Let A € C™'\ {0} and
04z =21® - Qz, € C"Q---®C". Then the backward error of (\,x) as an
approximate eigenpair of W is defined by

n(\, z, W) = inf {||]AW|y : WAz + AW(N)z = 0}
and the backward error of X\ as an approximate eigenvalue of W is defined by
n(A, W) = inf {|JAW][y : A € (W + AW)}.
First we prove the following result.
Proposition 4.5.1. Let W, : C™L — C™*™ be given by Wi(z) == z0Ax + 200 % Bijs
where Ay, Bg; € C"*™ for all j = 1,--- ,m. Let A\ € C™"\ {0} and 0 # x;, € C™,
Define

1 el

where
A, 2kl ]2

Then for a subordinate matriz norm on C™ " we have n(\, zx, W) =
Let yy, € Ol|xx|| and t := (tg, -+ ,tm)T € O||A||vs. Define

to 1y t;  TEYE

A = — ! ki = —
A v [ ] ’ [[Alvis (||
for j =1,--- ,m and consider AWy(2) := 20AA; + > 7", 2jABy;. Then Wi(N)zy +
AWi(Nzp = 0 and [|AWy[|v = (A, 2, Wi).

Proof. By similar arguments as those in the proof of Proposition2.5.1], we have n(\, xx, Wy) >
LIl Note that AW,(N)zy = XNl ek —1g, Le, WAz + AW (N g, =

T Tzl v Tkl
_ il Il Tl el e s _

0 and ||AA]] = ppys iz 188wl = pifz e ford =1, m. Now ||AWi|lv =

Uy el — 1 il _ 1 |l

v leall = T Tl Shows that n(X, 2, W) = =iy =

Next we derive n(\, z, W) by considering a subordinate matrix norm on C™*":,

Theorem 4.5.1. Let W € MEP(ny,--- ,n,,) be reqular, A € C™\ {0} and 0 # z :=
TR QT €ECMR---@C". Consider ry, := Wi(N)zy for all k =1,--- ,m. Then

<||7“1|| ||rm||)
™ Tl

(4.22)

for a subordinate matriz norm on C"*™ we have

1
ALV

n()‘7m7w) = H(n(AVIth)a e 77]()\7xm7Wm))||V =

)
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where N(\, xg, Wy) is as defined in (-21) for all k = 1,---,m. In particular, for the

Holder p-norm on MEP(ny,- - ,n,,), we have n(\, x, W) = II/\lHq (||||;11||||, e ||||;::||||>

’
p

where p~1 4+ ¢~ = 1.
Let yi € O||zi|| and t :== (to, -+ ,tm)? € O||\||vs. Define

for j = 1,--- m. Consider AWy(2) 1= 2AA, + >0, 2jABy; for allk = 1,--- ,m
and AW (z) == (AW (2), -+ ,AW,,(2)). Then W(N)x + AW(N)z = 0 and ||AW|y =
N\, z, W).

Proof. By similar arguments, as those in the proof of Theorem 2.5.1], we have n(\, z, W) >
1 (n(A, 21, Wh), - s n(\, Ty Win))|lv. Again by Proposition @511 it follows that Wi (A\)x,+
AWp(N)z, = 0 and ||AWk||v = n(A, 2, W) for all & = 1,---  m. This shows that
AWy = [[(n(A, 21, W1), -, n(A; m, Win))[[v. Hence

n()‘7x7w) = ||(n()‘7'rl,Wl)7 e 77](>\7 L, Wm))HV

and the last equality in (4.22) follows from Proposition 5.1l O
Next we derive backward error corresponding to an approximate eigenvalue.

Proposition 4.5.2. Let W, : C™FL — C*" be given by Wi(2) := 20 Ay + > 0m1 % Brjs
where Ay, By € C"*" for all j =1,--- ,m. Let A € C™*\ {0} and define

77()\, Wk) = inf {||AWk||V : rank(Wk()\) + AWk()\)) < nk} (423)
Then for a subordinate matriz norm on C"*" we have n(X, Wy) = Hﬁ#’ where r, =

llzk||=1

Let xp € C™ be such that ||xg|| = 1 and r, = ||Wi(N)axg||. Let yx € O||zi|| and
t:=(to, - ,tm)" € O||N||v«. Define
5 5
Al vs ALy
for j =1,---,m and consider AW, (2) 1= 2AAx + 372, zjABy;. Then Wi(N)zy +
AW (N)zr = 0 and ||[AWi||v = n(\, Wy).

AAk = - Wk()\)l’kyz, AB]W = - Wk()\)l’kyz
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Proof. By Proposition 2532, we have n(\, W) > W It is also easy to see that
(Wi(X) + AWi(\)ay = 0, ie, rank(Wi(A) + AW(N)) < mi and [[AA|| = fo-ls,
||ABy,|| = ‘|‘ti|||;‘i for j = 1,--- ,m. Consequently, we have |[AWi||y = W and
hence n(A\, Wy) = W O

Now we derive n(A, W).

Theorem 4.5.2. Let W € MEP(ny,- - ,n,,) be reqgular and X € C™*\ {0}. Consider

Tk = H:rn|i|n {{IWr(N) || : zx € C™} for k =1,--- ,m. Then for a subordinate matriz
Tk =1

norm on C™*™ we have

1
[V

where n(A, Wy,) is as defined in (4.23) for allk =1,--- ,m. In particular, for the Holder

n(A W) = [l(n(A, Wa), -+, n(A, Wan))llv = Cras )y,

p-norm on MEP(ny, -+, n,), n(A, W) = mH(rl, oo )| |p, where pTt g7t = 1.

Let x), € C™ be such that ||zx|| = 1 and ry = ||Wi(N)zg||. Let yp € 9||zk|| and
t:=(to, - ,tm)" € 9||N|v«. Define
il ety By =~
for j =1,--- m. Consider AWy(2) := 2AA, + > 7 2ADBy; fork = 1,--- ,m and
AW(2) = (AWy(2), -+, AWin(2)). Then Wi(N)ap+AWi(Nag = 0 for allk = 1,--- ,m
and [[AW[ly = n(A, W).

Ay = — Wi(A)zeyy

Proof. By Theorem [2.5.2] we have n(A, W) > ||(n(A, W1), -+ ,n(\, W,,))||v. Further by
Proposition 5.2 it follows that Wi (A)z, + AWy (N)z, = 0 and || AW, ||y = n(\, W) for
all k =1,---,m. Hence |AW|y = |[(n(\, W1),--- ,n(A\, Wn))||v. By Proposition 4.5.2]
we have (A, W) = [|(n(X, W1), -+, n(A, W)y = (s rm)llv [

1
IRV

For the spectral or Frobenious norm on C"*" we have the following result.

Theorem 4.5.3. Let W € MEP(ny, -+ ,n,,) be reqular and A € C™\ {0}. Then for

the spectral or Frobenious norm on C" ™ we have

1
[IAl]v.s

77()‘>W) = ||(Umin(W1()‘))>"' aUmin(Wm()‘)))HV»
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where omin(Wi(X)) is the smallest singular value of Wi(X) for all k = 1,---,m. In

particular, for the Holder p-norm on MEP(n4, --- ,n,,) we have

1
[1Alg

n()‘7w) = ||(Umin(Wl()‘))v"' 7Umin(Wm()‘)))||pv

where p~t + ¢! = 1.
Let t = (to,  + ,tm)" € O||\||vs. Consider the SVD Wi(\) = UpXiVi and set

ug = Ur(:,ng) and vy, == Vi(:,ng) for k=1,---  m. Define

_||)\t[0’v,* Tmin(Wr(A))ukvy, ABy; = _H;’ﬁ
for all k,j =1,---,m. Consider AW(2) = 208Ay + 3252, 2jABy; for k= 1,---,m
and AW € MEP(ny, - -+ ,n,,) such that AW(z) := (AW (2), -+, AWy, (2)). Then X €
o(W 4+ AW) and ||AW||y = n(A, W).

AAk = O'min<Wk()‘>>ukUZ

Proof. The proof is similar to that of Theorem 2.5.3] O
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Vector Space of Linearizations of a two-parameter

5.1 Introduction

PEP

Linearization is a standard method for solving a polynomial eigenvalue problem

(PEP). Linearization is a process which transforms a polynomial eigenvalue problem to

a generalized eigenvalue problem of larger size.

Let P(\) = Zf:o AjN | where A; € C™" for j =0, -+, k, be a matrix polynomial

of degree k. Then the matrix pencils

Ay A1 Ap—o Ao
In _In
Cl()\) = A
]n _In
-Ak 1 -Ak—l 7, |
I A
(V) == A e )
I, Ay

known as the first and second companion form of P()), respectively, are linearization

of P(\). Generalizing the companion forms, the following two classes of vector spaces
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of linearizations were characterized in [42]:

Li(P) = {L\):L\)-(A®1L,) =v®P\),vecC},
Ly(P) = {L(\):(AT®1,)-L(\) =w’ ® P(\),w € C},

where A := (A\F=1 M\¥=2 ... "X\ 1)T. For a two-parameter polynomial eigenvalue problem,
a few linearizations are proposed in [34] [44]. Also a vector space of linearizations for
a two-parameter quadratic eigenvalue problem is provided in [1]. In this chapter, our
main objective is to construct linearizations of a two-parameter polynomial eigenvalue
problem. Consider the two-parameter matrix polynomial P(\, i) given by

k—i

k
P\ p) == Z Z Nl Ay, where A;; € C™™.
i=0 j=
Define
KZJ()\,/,L) L= AU for ¢ +] <k-— 1,

Kij(Ap) = Ay+ My, fori+j=k—1,i#0,

Kop—1(\ p) = Aog—1+ M1+ pAok,

K, = Koo Kro1q -0 K21 Ko forr=0,---,k,
M,
T 3= . forr=1,--- k.
M,
pln

Then it is proved in [44] that

KO K o Ky

Ty, —Iin

is a linearization of P(A, u). For the two-parameter quadratic matrix polynomial Q(\, u) =

N2 Agy + AAqy + p?Age + Mg + Aoy + Ago, the linearization proposed in [1] is given
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by
Ay A 0y 0, Az O A Ao Aoo
A0 0 O, |+n|o0, 0, I,]|+ 0, —-I, 0, (5.1)
0, 0, I, 0, 0, 0, —-I, 0, 0,

and the linearization proposed in [44] is given by

Op Az An On 0n Ao A A Ao
0, 0, 0, L, 0, 0, 0, 0, -—I,

In this chapter, we characterize the following two vector spaces of linear two-parameter

matrix polynomials of the foem L(\, u) = A+ uB + C":

Li(P) = {L0um): L) - (A® L) = v e P, p),ve €5
Lo(P) = {L(A, w: (AT L,) L p) =w" @ PO\, p),w € CM} ,

We refer to Ly (P) and LLy(P) as the right ansatz space and left ansatz space, respectively.

We derive the linearization conditions for an element in the right or left ansatz space.
5.2 Ansatz spaces for two-parameter polynomials

Consider a two-parameter matrix polynomial P(\, u) of degree k given by

P\ p) = Z

e

=i

k
=0

k
Npd Ay = Py(A ), (5.3)
=0

<
Il
=)

where A;; € C"*" and P;(\, p) is a homogeneous matrix polynomial of degree j given
by Pj(\, p) := {:0 N7t Ay for 5 =0,--+ k. In particular when k = 2, we consider a

two-parameter quadratic matrix polynomial given by
Q()\, ,u) = )\21420 + )\,MAH + ,u2A02 + )\AIO + ,UAOI + Aoo. (54)

First we recall the definition of linearization.

Definition 5.2.1. [/ A In X In two-parameter matriz pencil L(A\, p) = AX +pY + 72

is a linearization of an n X n two-parameter matriz polynomial P(X, u) if there exist
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unimodular matriz polynomials E(\, ) and F (X, ) (i.e.,determinants of E(\, ) and
F (X, 1) are non-zero constant independent of A and u) such that

PAp) 0
0 Tg—1yn

F()‘a M)L()U M)E()‘a :u) =

Next we recall the definition of block-transpose of a block matrix.

Definition 5.2.2. [/2] Let A =}, .(Ei; ® By;) be a k x 1 block matriz with m xn blocks
Bi;. Then the block-transpose of A is AP := Z”(EZ ® Bij), al x k block matriz also
with m x n blocks.

(4D g ¢ := (HD0+2)
e

For the rest of the chapter, we define p := kT
Let P(\, 1) be a two-parameter matrix polynomial of degree k as given in (B.3)).

Define the block matrices

§ = [Ako Ak—l,l Al,k—1:| (5'5)
T o= [0 0 Ax] (5.6)
A = [Ajo Aj_yp e Ay iy Aoj}, J=0,---,k (5.7)
[ eI, ] o
7, = E(C(Hl)nmn’ j=1,--- k-1 (5.8)
Onxjn

O, . 0.
D, = Jx(i—=1) | Yix1 e(c(jﬂ)xj7 — %::Dj@)fne(c(j-‘rl)nxjn (5.9)

| Oixg-p | 1

for j=1,---,k—1. Also define

L
N~y Ap—1(A, 1)
A\ p) = : eC™ j=0,--- ,k—land A := : c CP. (5.10)
Apd Ao(A, 1)
1

In particular, when k = 2, A = (\, 1, 1)T € C3. Throughout the chapter, we use the

notations given in (5.5)-(5.10).
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It is easy to see that (AS+uT)- (A1 (A, ) ®1,) = Pp(A\, p) and A;- (A;(A\, ) ®1,) =
P\, p) for j =0,---,k— 1. Thus we can rewrite P(\, u)x = 0 for some 0 # z € C" as

k—1

AS +uT) - (A (h ) @) + > A= (A(\ p) @) =0

5=0
and consequently we have
S * A1 A Ao
Ty Jio=1 — I
A +p . +
i yA I T —1I, |
=s =T Y
A1 (A, 1)
: @z | =0. (5.11)
A0(>\7 M)
Define a two-parameter matrix pencil
Ly(A, ) == AS + uT + A, (5.12)

where S, T, A are as defined in (5.11]). Next we show that L;(\, i) is a linearization of

P\, p).

Theorem 5.2.1. Let P(\, i) be as given in ([5.3) and Ly (A, 1) be as defined in (5.12).
Then Li(\, p) is a linearization of P(\, p).

Proof. Consider a p x p block matrix

Ak—l()\u ,u) ® ITL

Iy ® 1, —(ATp—1 + ptTk-1)

Ao\, 1) ® 1, eI, —(A+ pde)
Al()\, ,u) (%9 In _IZ X ]n
A(]()\? ) & In
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Since (AS+4T) - (Mi (A 1) ® L)+ 20 Ay (A (A ) @1,) = Sy (A 1) = P\, )

and
- . N NI,
A, , :
N=2ul, N,
(AZj+pT;) (Aj®1,) = I ' = ' =N\ @1,
Y. A
wly, , .
- RS I,
for j=1,---,k—1, we have
Iy ®I,
Li(A ) B\, ) = i € g,
LI,

where Mk()\, ,u) = —()\8 + LLT—F Ak_l), Mk_l()\,u) = —()\8 == ,UT—F Ak_l) . ()\Ik—l +
1Tk-1) — Ap—g and M;(\, ) = —A;(NZ; + pJ;) — Aj_y for j =2,k —2.

Now to complete the proof, construct p x p block matrix

F(A\ p) =
IQ ® In
and then we have
P(A, )
I, ® I, P(A, 1)
Ip—l & In
IQ ® In
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It follows that

det(BOL ) = det(Ro(h ) 1)
I, ® I, —(ALp—1 + ptTi-1)

-det
—I;®1, —(A\y+ pd)
_]2 & In
k
= det(L,) - [[ det(~1; ® L,,)
j=2
and
ITL _Mk()‘vlu’) U _M2()‘7/~L)
I, ® I, k
det(F (X, p)) = det * ' = [T det(; ® £,) = 1.
. B
I2 ® In

Therefore E(A, 1) and F(A, p) are unimodular and hence Ly (A, 1) is a linearization of
P(A, ). O
We refer to Ly (A, p) as the first standard form of P(\, p). In particular, when k = 2,

the first standard form of the two-parameter quadratic matrix polynomial Q(\, i) given

in (5.4 is given by

Ay A 0, 0n, Aoz 0, A Aot Ao
0, 0, 0, 0, 0, I, 0, -1, 0,

Note that the first standard form given in (5.13) is permutationally equivalent to the

linearizations (5.1]) and (5.2)).
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Next consider the two-parameter matrix pencil

LQ()\, ,u) =

ASE + uT? + AP

B
Ik—l

+p

_I2 ® In

TB

SB
- 2\
[ Az,
_|_
AP
| AS

(5.14)

where S5, 75, Af , If , \7]5 denotes the block transpose of the block matrices S, T, A;,Z;, J;

respectively and the zero blocks are block transposed in proper order. In the following

result, we show that Lo(A, i) is also a linearization of P(\, u).

Theorem 5.2.2. Let P(\, i) be as given in (5.3) and La(X, ) be as defined in (5-17).
Then Lo(A, i) is a linearization of P(\, i)

Proof. Consider the p x p block matrix

A%—l()‘v :U/) ® In

E()\v ,U) = —()\Ig_l a ,uj]f_l)

—I;®I1,
—()\If + NJQB)

—L®I,

where A'f(}\, ) denotes the transpose of the A;(\, ), for all j =0,- -, k—1. Note that

(A (A ) ®L,)-(ASP+uTP) =

)\k—lIn )\k_2ufn

Iuk—ljn

Ao
M1

AAL g1

Aok

(5.15)
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and
Ao
Aj_1a
(AT )@ L) - AP = | M=, N=2pl, - 7Y, ] : : = P;(\, 1), (5.16)
Arj
- AOJ -
for j =0,--- ,k—1. Also we have
A,
AL ) @ L) - OZF + pTf) = [ N1, M=2ul, - @', |
M, | pl,
= [ NI, NI, - @il } = A;F()\,,u) ® I, (5.17)
for j =1,--- ,k — 1. Then by (5.I5)-(5.11) we have
P(X, p)
M\k()\, ,u) Ik (029) In
B L) = | T8 | ,
i Mo(X, 1) el |

Where ./\//Yk()\,/l) — _()\SB + MTB + Af—l)’ -K/l\k;_l()\,/«b) == _()\‘,Z’.]?—l + MjkB_l) * ()\SB _|—
pTB 4+ AB_ ) and M;(\, p) = —(AZP + pJP) - A8 — AB for j=2,-- k-2,

To conclude the proof, consider the p x p block matrix

I,
POy —ﬂ/l\k.(A,u) L®I,
| —Mu(\, ) L, |

Then we have

| PO\1) '
B Lo\ ) FO\ 1) = et - P@wﬂl ®]].

. el
i L®l, |
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It is easy to see that E(\, p) and F'(A, 1) are unimodular. Hence Lo(\, i) is a lineariza-
tion of P(A, p). O

We refer to Lo(\, p) as the second standard form of P(X, ). The second standard

form of two-parameter quadratic matrix polynomial Q (A, u) given in (5.4) is given by

Apg 0 0 0 0 0 Ay -1, 0
LoQhp)=A| Ay 0 0| +p| A 0 0 |+ | Any 0 —I,
0 I, 0 0 0 I, Aw O 0

5.2.1 Right and left ansatz spaces

Let P(\, 1) be a two-parameter matrix polynomial of degree k given in (5.3)). Recall the
first standard form L (A, ) given in (5.12). It is straightforward to see that Li(\, u) -
(A® 1,) = e1 ® P(A\,u), where e; € CP is the first column of the identity matrix ,,.
This motivates us to concentrate on two-parameter matrix pencils L(\, ) such that
LA\ p)-(A®1L,) =v® P(\, u) for some v € CP. Consider Vp :={v® P(\, pu) : v € CP}

and define the space
Li(P) = {L(A ) i= AX + uY + Z : L\ 1) - (A® ) € i}

Note that L;(P) is nonempty as the first standard form L;(\, u) € L;(P). Also it is
easy to check that LL;(P) is a vector space. We refer to the space L;(P) as the right
ansatz space. If L(A\, ) € Li(P) is such that L(A, p) - (A® I,,) = v ® P(\, p) for some

v € CP then we refer v as the right ansatz vector.

To characterize a two-parameter matrix pencil L(A, i) € Ly (P), we define a column
shifted sum of block matrices. For the rest of this chapter, we follow the convention
that A(i, 7) is the (i, 7)™ block of A whenever A is a block matrix with each block being

an n X n matrix.

Definition 5.2.3. (Column shifted sum) Let X,Y, Z be p X p block matrices with each
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blocks being an n X n matriz. Then we define the column shifted sum by

XBYHZ
= [ XG1:k) 0 X(k+1:26-1) 0 -+ 0 X(p-2:p—1) 0 X(p) 0 0|
+ |0 Y(,1:k) O Y(e,k+1:2k—-1) 0 --- 0 Y(;,p—2:p—1) 0 Y(,p) O]
i 0---0 Z(,1) - Z(:,p)]’

L (k+1) block columns

where 0 denotes a zero block column with n X n zero matrices and ‘“+’ denotes usual

matrixz addition.
For example, when k£ = 2, consider the 3 x3 block matrices X = [ X, X X; } Y =
[ Y, YV, Y, } L o= [ Z, Zy Zj }, where X;, Y}, Z; are block columns with each
blocks being an n X n matrix. Then we have
XBYBZ = | X(:,1:2) 0 X(:3) 0 0|+[0 Y(,1:2) 0 Y(3) 0]
+ 000 2¢1) 2(,2) 23]
= | X X% Y% Xtz Y42 2,

which is same as the “box addition” defined in [I].

Also, when k = 3, consider the 6 x 6 block matrices X = [ Xy TT=Xg ] Y =
[ 1T 7 } A [ R ], where X;,Y;, Z; are block columns with each

blocks being an n x n matrix. Then we have
XBYBZ = | X(1:3) 0 X(:4:5) 0 X(:6) 0 0]
+ [0 ¥(,1:3) 0 Y(:4:5) 0 Y(:6) 0]
+ 0000 261 - 266) ]
The column shifted sum of three p x p block matrices is a p x ¢ block matrix which
we characterize in the next result.

Lemma 5.2.1. Let X, Y, Z be p x p block matrices with each block being an n x n
matriz. Let S be a p x q block matriz with each blocks being an n x n matriz be such

that XBBY BZ =S. Then
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S(.) = X () + V(i = 1)
S(:,%(Qk—j+3)+1) zx(;,%(zk—jﬂ)ﬁ)+Z<:,%(zk—j+2)+1)
forg=1,--- k-1,

S(:,j%l(2k—j+2)) :Y(:,%(zk—j))+z(:, '(zk—jﬂ))

fOszl,"‘,k—l,

for j=2,--- K,

DO |

s(adei-g+3+0+0) = x(sd@i—j 0+ ern) 4y (Wdeh- 0 +0)

N |

+Z (:,‘%(2k—j+2)+(r+1))

forg=1,--- k—=2r=1,--- k—j—1.
Proof. The proof is computational and follows from Definition [5.2.3] O

Next we derive the column shifted sum of the coefficient matrices of the first standard

form Lyi(A, p).

Proposition 5.2.1. Let P(\, p) be as given in (2.3). Consider the first standard form
Li(\ p) := XS+ uT + A given in (512). Then SBTBA=e1® | A, --- A

Proof. Let S =SHTHA. Now by Lemma [5.2.1] we have

Aro Aok Ao
0 0 0
S(:,1) =8(:,1) ,S(k+1) = T(:, k) = ,S(q) = A, p) :
0 0 0
- SO " (5.18)
Ap—jt15-1 0 Ap—jt1,5-1
, 4 0 0 0
S(,7)=S(7)+T(j-1) = + (5.19)
0 0 0
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for j =2,k

S(:,%(2k—j+3)+1) = S(:,%(2k—j+1)+1)+A(:,j;—1(2k—j+2)+1>

0 Ak—j0 r 1
Ak—jo
In _In
0
= |lo|+|] o |= _ (5.20)
0
0 0 ’ -

2 2
0 AO,k—] B T
AOJc—j
0 0
0
= : + . = _ (5.21)
0 0 '
0
—I, I, - »

D

0
0
= + |
L (2k—j+2)+(r+1) ® I,

0
Ak—j—rr
Ap_ipr 0
+ I - ' (5.22)
—€i=1 (9h—j+2)+(r+1) @ Iy :
0

fory=1,---  k—2,r=1,--- k—j5—1.
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By (GBI8)-([E22), we have

Ao Ap—11 - Ak Aok Ay Ao
0 0 e 0 0 0 0
S(vlk_l—l): . = . 75(:7Q): )
0 0 0 0 0 0
Ak—jo Ax—j—11 Avp—jo1 Aog—j
j =+ 1 0 0 e 0 0
S(:,%(Qk—j+3)+1:‘%(2k—j+2)) - _
0 0 0 0
o
0
| for j=1,---,k—1.
0
Therefore, we have
A, - A
0 ... 0
SEHTHA = . —a®| A, - Ao]-
0 0

O

In particular, for a two-parameter quadratic matrix polynomial, we have the follow-

ing result which is proved in [1].

Corollary 5.2.3. [1] Let Q(X, ) be as given in (5.4)). Consider the first standard form
Li(\, ) given in (Z13). Then the column shifted sum of the coefficient matrices of
Li(Ap)iser®@ | Ay A Ap A An Ao }

Recall that the first standard form L; (A, u) = AS+uT+A € L, (P) with right ansatz
vector e; and by Proposition b.2.1]l SHTHA =e; ® [ Ar -+ Ay |- The next result
characterizes L(\, ) € Ly (P) via column shifted sum.
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Lemma 5.2.2. Let P(\, p) be as given in (53). Let L(A\,pu) = AX +puY +Z be a
two-parameter matriz pencil, where X,Y, Z are p X p block matrices with n X n blocks.

Then L(\, p) € Li(P) with right ansatz vector v € CP if and only if X BY B Z =
(0 [ A -+ A

Proof. First note that (L(\ ) - (A ® L)

= MNX(G D) 44 Yk +ZM =N (X () + Y (55— 1)

+§>\k‘j<X<:,%(2k—j+1)+l)+Z< LSk~ j+2)+ 1))
S () o2 g 0)

k—2 k—j—1

Meeimrr (X (4 Lk —j+1 D) 4y (2 Ler—ja
DIPS i (o (s g@m=qw )+ )+ (nd@k-i 4y )
+Z< 5 I Lok _jvo)+ (7’+1))>. (5.23)
Now L(A, i) € Ly (P) with right ansatz vector v € CP if and only if
ko ki
Lap) - (A®I,)=v® P\ u = ZZ)\’M (v®A;). (5.24)
=0 5=0

Then comparing the coefficient for the respective powers in (5.23)) and (5:24]) we have,
X 1) =v® Ao, Y (5, k) = v ® Aok, Z(:,p) = v ® Ago, (5.25)
XEN+Y(0j—1)=0v® Ag_jp1-1 forj=2,--- k, (5.26)
X <:,%(2k—j+1)+1) +Z< . (2k—j+2)+1) @A (527)
fory=1,---,k—1,
Y( j‘gl(zk— )) +Z<:,%(2k—j+1)) — v ® Aop_ (5.28)
forj=1,---,k—1and

X(ia%(%—ﬁrl)ﬂ%ﬂrl))+Y(:,Z(2k—j+1)+r)

[\)

+7Z ( A 5 (2k —Jj+2)+(r+ 1)) =0® Ap_jrr (5.29)
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forj=1,--- k—2,r=1,---,k—j—1. Now by Lemma B2 and (525)-(5.29) it
follows that

(XBYHBZ)(1:k+1)=| v@Ayw v@ A1 - v® A U®A0k]zv®-’4h>
: 1

(XBHYEEZ)(:,%(2k—j+3)+1:%(2k—j+2))

= [U®Ak—j,0 VO Ap—jo11 o v® Arp—j U®A0,k—j]:U®Ak—j

forj=1,--- k=1, and (XBYHZ)(:q) =v® Ay = v ® Ap.
HenceXEEYEEZzy@[Ak .-+ Ay |- This completes the proof. O

For a quadratic two-parameter matrix polynomial we have the following result which
is proved in [1].
Corollary 5.2.4. [1] Let Q(\, ) be as given in (5.4). Let L(A\, u) = AX +uY + Z be a
two-parameter matriz pencil such that X = [ X Xo X; ] Y = [ Y, V5 Y, } L=
[ Z1 Zy Zs ], where X;,Y;, Z; are block columns with n X n matrices for j = 1,2, 3.
Then L(\, 1) € Li(Q) with right ansatz vector v € C? if and only if

XBHYEEZ:U® |: A20 AH A02 AlO AOI AOO :| '
Now using Lemma we characterize a linear two-parameter matrix polynomial

L(\, ) € Ly(P) with right ansatz vector v € CP.

Theorem 5.2.5. Let P(\, p) be as given in (2.3) and L(\, ) € Ly(P) with right ansatz

vector v € CP. Then
LA\ p) = )\([U@S 0= O]+X>+M([U®T 0 --- 0]+Y)
+[U®Ak_1 U®A0}+Z7

where S, T, A; are as defined in (2.0)-([57) and X,Y,Z are p x p block matrices with
n X n blocks such that X HY H Z = 0.

Proof. Define a linear map M : Ly (P) — Vp given by L(A, p) = L\, p) - (A® 1,,). We
first show that M is surjective. Let v ® P(\, ) € Vp for some v € CP. Consider a

two-parameter matrix pencil

f()\,,u)::)\[u(g)S 0 --- O]—I—,u[v@T 0o - 0:|+|:U®.Ak—1 v A

TH-1902_9612307



CHAPTER 5. Vector Space of Linearizations of a two-parameter PEP 99

Then

[U@)S o .- O]EE[U@)T o .- O}E[U@)Ak_l U®AO}ZU®[A1€

Thus by LemmaB.2.2 it follows that L(, p)-(A®1,) = v®@P(A, ). So M is a surjective
map. Therefore the set of all M-preimages of v ® P(X, ) is L(X, i) +ker M. Note that
ker M = {L(\,pu) =AX+uY +Z e€Ly(P): L\ p)- (A®I,) =0}. By Lemma [(5.2.2]
it follows that, if A X + pY +2)- (A® 1,) =0 then XEBHY B Z = 0. So the set of all
M-preimages of v @ P(A, ) is

L = A[ves o o]+ X)+u([veT 0 - 0]+Y)
+loed, - ved | +2
where X HY H Z = 0. This completes the proof. O

For L(\, ) € L1(Q), we have the following result.

Corollary 5.2.6. Let Q(\, ) be as given in (5.4) and L(\, n) € Ly(Q) with right ansatz

vector v € C®. Then

L\ p) = )‘[U@)Azo v An — Y _ZI:|+M[Y1 v ® Ag2 —Zz]

T [ ’U®A10+Zl U®A01+ZQ U®A00 ] )
where Yy, Z1, Zy are arbitrary block columns and each block being an n x n matriz.

Next we derive the dimension of the right ansatz space.

Proposition 5.2.2. Let P(\, u) be as given in (&2.3). Then

k:(k:2+ 1)(]€2 et 4 k(k2+ 1).

Proof. Recall the linear map M : Ly(P) — Vp, L(A\, p) — L(A\, p) - (A ® I,,) defined
in the proof of Theorem [5.2.5l Since M is surjective, so dim(L;(P)) = dim ker M +
dim Vp. Now dim Vp = p = @ To obtain dim ker M, first note that ker M =
(L0 p) = AX +uY + Z e Ly(P): XBY B Z = 0}. By Proposition 521 if L(\, 1) =

AX + pY + Z € ker M then we have

dim(L (P)) =

X(:,1)=Y(Gk)=2Z(,p) =0, (5.30)
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X(G)=-Y(,j—-1) forj=2---k, (5.31)
X(:,%(Qk—j+l)+1> -7 (:,%(2k—j+2)+1) (5.32)

fory=1,---,k—1,
(-

forj=1,---k—2,r=1,--- ,k—75—1,

(2k—j+1)+ (r+1)) = —Y( 2k—j+1)+ )

—Z( 21(2k—9+2) (r+1)) (5.33)

l\DIh
m. [\g|u

y(]‘glek—g)):—z<:,%<2k—j+1>) for j=1,--- . k=1, (534)

Y (55 2k—j+2)+ 1), Y (555 (2k — j +2) + (k — j)) are arbitrary block columns

for j =1,--- k=1, and Z(:, j) is arbitrary block column for j =1,--- ,p—1. So it

follows from (5.30)-(5.34]) that dim ker M = k+1) (k* —1)n?. Therefore dim(LL,(P)) =
MELL (k2 — 1)n? 4 HEHD, O

In particular when k = 2, it follows from Proposition5.2.2that dim(IL;(Q)) = 9n?+3,
which is proved in [1].

Let = € ker(P(\, p)) and L(\, ) € L;(P) with a nonzero right ansatz vector v € CP.
Then L\, p)(A®@z) = LA, u)(A® I)x =v®@ P\, )z =0. So A®x € ker(L(A, p)).

Proposition 5.2.3. Let P(\, ) be as given in ([5.3) and L(\, u) € Ly (P) with nonzero
right ansatz vectorv € CP. Then 0 # x € ker(P(\, p)) if and only if A®x € ker(L(A, p)).

Proof. Define g : ker(P(\, p)) — ker(L(A, p)) given by x — A ® x. It is easy to see that

g defines an isomorphism. O

Next consider the second standard form Ly(A, i) given in (5.14) and note that (AT @
L) - Ly(A\,p) = el @ P(\, ). This motivates us to analyze two-parameter matrix
pencils L(\, u) such that (AT @ I,) - L(\, u) = wT @ P(\, p) for w € CP. Let Wp =
{w? ® P(\, 1) : w € CP} and define the space

Ly(P) = {L(\p) = AX +puY +Z: (A" ® 1) - L(\, 1) € Wp}.
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We call Ly(P) as the left ansatz space. If L(\, u) € Lo(P) satisfies (AT @ I,) - L(\, 1) =
w? @ P(\, p) for some w € CP then we call w as the left ansatz vector. Left ansatz space
is nonempty as the second standard form Ls(A, p) € Lo(P). Also it is easy to check that
Lo(P) is a vector space. To characterize the left ansatz space, we define row shifted sum

as follows.

Definition 5.2.4. (row shifted sum) Let X,Y,Z be p X p block matrices with n X n

matrices as blocks. Then we define the row shifted sum by

o A e ) 0 ]
0 Y(1: k)
X(k+1:2k—1,) 0 o
0 Y(k+1:2k—1,:)
0
0
XNXYNXZ = 0 + : S )
Z(1,:)
Xp—=2:p—1,:) 0 ,
0 Yp—2:p-1,:)
Z(p,:)
X(p:2) 0 ) -
0 Y(p,:)

where X (4,:),Y (4,:), Z(j,:) denote the j*® block row of X,Y, Z, respectively, 0 denotes

a zero block row with n x n zero matrices and “+’ denotes usual matriz addition.

For example, when k = 2, consider the 3 x 3 block matrices

Xy Y Zy
X=Xy |\ Y=Y |.Z2=]| 27, |,
X3 Y3 Zs3
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where X, Y;, Z; are block rows with each blocks being an n x n matrix. Then

: T . 0 X,
X(1:2,:) 0
0 Xo+Y;
0 Y(1:2,:)
0 Ys
XRYRZ=| X329 |[+| o0 |+ -
Z(l,:) X3+Zl
0 Y (3,:)
Z(27 ) YE’»"'ZZ
0 0
- - S AEW Zy

X5 Y3 Z

Xg Ys Zg

where X, Y;, Z; are block rows with each blocks being an n X n matrix. Then

X4
: 1T T : X, + i
X(1:3,:) 0 0
X3 +Ys
0 Y(1:3,:) 0
Y3
X(4:5,:) 0 0
Xa+ 24
XNYNZ= 0 +|v@:5) |+ o |=
Xs+Y,+ 2
X(6,:) 0 Z(1,:)
Y5 + Z3
0 Y (6,:)
X6+ 2y
0 0 Z(6,:)
- & v - g - Ye + Zs
Zg

The row shifted sum of three p x p block matrices is a ¢ x p block matrix which we

characterize in the next result.

Lemma 5.2.3. Let X,Y, Z be p X p block matrices with n x n matrices. Let T be g X p
block matriz with n x n matrices be such that X XY X Z =T. Then

T(1,:)=X(1,)),T(k+1,:)=Y(k,:),T(q,:) = Z(p,:),
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T(,)=X({,)+Y(G—-1,:) forj=2,--- k,

. 4 q
T(%(2k—j+3)+1,:):X<%(2k:—j+1)+1,:>+Z<‘7T(2k—j+2)+1,:)
fO’f’jzl,"',k‘—l,

1 1 .

T (%(2k—j+2),:) —y (%(21{—3),:) +Z (%(2k—j+1),:)
fOTj:17"'7k_17
T(%(2k—j+3)+(r+1),:) = X(%(2k—j+1)+(r+1),:)+Y(%(2k—j+1)+r,:)

7—1 .
+Z(T(2k—j+2)+(r+1),:)
forj=1,--- k—2,r=1,--- k—j5—1.
Proof. The proof is computational and follows from Definition [5.2.4] O

Next we derive the row shifted sum of the coefficient matrices of the second standard

form given in (5.14)).
Proposition 5.2.4. Let P(\, 1) be as given in (2.3). Consider the second standard
AR
from Lo(\, 1) = ASB + uTP + AP given in (5.1]). Then SEXTE X AP = el ®
AP
Proof. Proof is similar to the proof of the Proposition 5.2.1l O

For a two-parameter quadratic matrix polynomial, we have the following result.

Corollary 5.2.7. Let Q(\, p) be as given in (5.7). Let Ly(\, p) be the second standard
form as given in (5.2). Then the row shifted sum of the coefficient matrices of La(\, )
B

is ef ® [ Ay A A Ao Aot Aco

Next we characterize a two-parameter matrix pencil L(A, i) € Lo(P) with left ansatz

vector w via row shifted sum of the coefficient matrices of L(A, p).

Lemma 5.2.4. Let P(\, i) be as given in (23). Let L(\,pn) = AX + uY + Z be

a two-parameter matrixz pencil such that X,Y,Z are p X p block matrices with n x n
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matrices as blocks. Then L(\, p) € Lo(P) with left ansatz vector w € CP if and only if
AL
XHRYXRZ=uw'®
Af
Proof. Note that (AT @ I,,) - (L(\, i)
= MNX(1:) +p"Y (k) + Z(p,o) + Xk: NI X (G, + Y (= 1,1))

=2

+Z>\’”< ( 2k —j+1)+1, )+Z< 5 (2k—]+2)+1 ))
+Z ’H( (‘7“(21{:—]) )+Z( (Qk—j—l-l)))

k2k]1

+ Ak—j—TT<X<22k—‘+1+r+1,:)+Y( 2k —j+1)+r )
; Z; z 52k —j+1) +(r+1) (2k—j+1)
+Z< 5 (2k—]+2)+(7‘+1),:)). (5.35)
Now L(A, u) € Ly(P) with left ansatz vector w € CP if and only if
ko ki
A" @ L) L) =w" @ P p) =Y > Xyl (w" ®Ay). (5.36)
=0 j5=0

Then comparing the coefficient for the respective powers in (5.35]) and (5.36]) we have,

X(1,:) = wh ® Ao, Y(k,:) = w' ® Aor, Z(p,:) = w’ & Ago, (5.37)

X, )+Y([G—-1,)=w" @ Ap_ji101 forj=2,--- k, (5.38)

X (%(2k—j+1)+1,:> +Z< 5 (2/{:—]—0—2)—1-1 ) =w' ®@A_jo  (5.39)

fory=1,--- k-1,

Y(J‘gl(zk—]) >+Z< (2k —j + 1), )sz@;Ao,k_j (5.40)
forj=1,---,k—1,

X (%(2k—j+1)+(7’+1),:) +Y ( .(2k—j+1)+r,:)

) —1
+Z (jT(% —j+2)+ (r+ 1), ) =’ ® Ay, (5-41)

N |
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forj=1,---k—2,r=1,--- [k—75—1.
Now by Lemma (.23 and (5.37)- (541 it follows that

wh @ Ago -
wT®Ak—l,1
(XRYRZ)(1:k+1,:)= : =w’ ® A},
U)T®A1,k—1
I w? @ A, |
i w" @ Ar_jo -
wh @ Ap_j_11
(XRYRZ) (%(Qk —j4+3)+1: %(zk —j+2), :) = : = w @A,
wT ® A1 g—j_1
w” @ Agrj
forj=1,-- k—1,and (X XY K Z)(q,:) = w’ ® Ag :_wT®AOB.
AR
Hence we have X XY X Z = w” ® : . O
Aj

In particular, for a quadratic two-parameter matrix polynomial we have the following
result.
Corollary 5.2.8. Let Q(\, ) be as given in (5.4). Let L\, ) = AX + uY + Z be a
two-parameter matrix pencil such that X,Y, Z are 3 x 3 block matrices with each blocks
being n x n matriz. Then L(\, u) € Ly(Q) with left ansatz vector w € C* if and only if
XRYRZ=uw"® [ Ay A Age A Aot Aoo ]B-

Now we use Lemma [5.2.4] to characterize a two-parameter matrix pencil in Ly (P).

Theorem 5.2.9. Let P(\, ) be as given in {5.3) and L(\, u) € Lo(P) with left ansatz

vector w € CP. Then

O O wT®Al]§_1

LOw ) = A | e , Ly |+ : nys
' ' w! ® A8
0 0

(5.42)
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where X, Y, Z are p X p block matrices with n X n blocks such that X XY X Z = 0.

Proof. Define a linear map M : Ly(P) — Wp by LA\, u) — (AT ® I,) - L(\, p1). First
to show that M is surjective, let w? ® P(\, ) € Wp for some w € CP. Consider the

linear two-parameter matrix pencil

U)T ® Ag—l
~ 0 0 )
LA\ p) ==X ‘ + : +
. . wl ® A8
0 0
Note that
w! ® SP w? @ TP
wl @ AR, AB
0 0 - )
X ' X : =w &
w! @ AB AB
0 0 0 0

and thus by Lemma 524 we have (AT ® I,,) - L(\, ) = w” ® P(A, ). Therefore M is
a surjective map. Now the set of all M-preimages of w! @ P(\, u) is E()\, i) + ker M.
Note that ker M = {L(\,pu) = AX + pY + Z € Lo(P) : (AT @ I,,) - L(\, p) = 0}. By
Lemma 524 it follows that, if (AT ® I,,) - (AX +pY + Z) = 0 then X XY K Z = 0.
Hence (5.42]) follows. O

For a two-parameter quadratic matrix polynomial, we have the following result.

Corollary 5.2.10. Let Q(\, ) be as given in (54)) and L(X, u) € Lo(Q) with left ansatz

vector w € C3. Then

w? ® A Y w! @ Ay + Z1
L) =2 wlT@A; Y, | tu| wT@Ap |+ | vl @A+ 2 |,
—7Z —Zy w” @ Ago

where Yy, Zy, Zy are arbitrary block rows with n x n matrices as blocks.

Next we compute the dimension of Ly (P).
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Proposition 5.2.5. Let P(\, i) be as given in [&23). Then

1 1
dim Ly(P) — k(k; )k~ 1yn? + %
Proof. The proof is similar to that of Proposition [5.2.2] O

Note that the dimensions of the right and left ansatz space are same. In particular

for k = 2, we have dim(L;(Q)) = dim(L,(Q)) = 9n* + 3.

Proposition 5.2.6. Let P()\,,u) be as given in (5.3). Then Ly(P) = [Ly(PT)|T, where
Ll PT { L()\,,U)EL:[(PT)}

Proof. Let L(\, ) € Ly(P) with left ansatz vector w € CP, ie., (AT ® I,,) - L(\, p) =
w? @ P(\, u). Taking transpose on both sides we have (L(\, u))T - (A® I,) = w ®
(P(A\, )" which implies that (L(\,u))" € Ly(PT) with right ansatz vector w. So
Ly(P) C [Ly(PT)]T. The other inclusion, i.e., [L;(PT)]T C LLy(P) follows similarly. [

Let y € ker(P(\, ) and L(\, p) € Ly(P) with a nonzero right ansatz vector w € CP.
Then (A®@y)*L(A, 1) = y* (AT @ L)L\, p) = y*(w" @ P(A, 1)) = w' @y*P(A, p1) = 0. So
A®y € ker(L(\, p)). In fact, it is easy to see that the map ker(P(\)) — ker(L(\)),y —

A ® y is an isomorphism.

Proposition 5.2.7. Let P(\, 1) be a two-parameter matriz polynomial of degree k as
giwen in (23) and L(\,p) € Lo(P) with nonzero left ansatz vector w € CP. Then
0#y € ker(P(\, p)) if and only if A ®y € ker(L(\, p)).

5.2.2 Linearizations in L,(P)

Let P(A, ) be a two-parameter matrix polynomial of degree k given by (£.3). We
have constructed ansatz space of P(\ pu). Now the question is whether L(\ pu) €
L;(P)JLy(P) is a linearization of P(\,u) or not. It is straightforward to see that
L(A, p) € Li(P) with right ansatz vector 0 is not a linearization of P(A, ). So not all
elements in IL; (P) or Ly(P) are linearizations of P(A, u). Thus it is necessary to derive
conditions for L(A, u) € Ly(P)JL2(P).

First we derive a linearization condition for L(\, p) € L, (P) with right ansatz vector

ae; € CP, for some 0 # o € C.
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Theorem 5.2.11. Let P(\, p) be as given in ({53). Let L(\, pu) € Ly(P) with right

ansatz vector ae; € CP, for some 0 # o € C, be given by
L) = AM[aaws 0 - 0]+ X)+u([aeT 0 o 0]+Y)
—l—[ozel@Ak_l Oé€1®./40]+27

where X = [X;;],Y = [Y};|, Z = [Zi;] are p x p block matrices with n X n matrices as

blocks such that X BY H Z = 0. Further, suppose that the following conditions hold:

(Z) }/;’%(2]6_]-_’_2)_,’_1“:0, f07’7;:2,"‘ 7p7j:17‘”7k_17r:17”' 7k_j7

Zn o+ Zapa
(ii) Z = : is nonsingular.
Zp1 Zpp-1

Then L(\, i) is a linearization of P(X, p).

Proof. First note that L(\, p) = E()\,,u) + (AX + puY + Z), where

Lo = A ae@s 0 - 0])+u([aceT 0 - 0])
+[Oz€1®¢4k_1 a61®¢40]

Define the (k—i+1) x (k —i — j + 1) block matrix

)\jI(k—i—j) & In

Rz]()‘mu) =
O e,
fori=1,---k—2,75=1,--- .k —14—1 and consider the p x p block matrix
N ) @I, | Iy @ 1, Ru(\p) Ria(\p) - Ry j—o(\, 1)
LA\, 1) ® I, La®L, Ra(A\p) -- Ro —3(A, 1)
E(\ p) = '
éA2()\7 ,LL) & In I3 & In Rk—2,1<)\7 M)
(@I, Lol
i l*AO<)\7 ,U/) & ITL i
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Now we have

~ _ 1~ 1
L()‘mu)' : = EL()\,,U)(A()\,ILL)@]”) = a'ael@P()‘nu) = 61®P()‘mu)'

A little calculation shows that

[ POV | M) o My (Ap) |
B Baw=| e (5.43)
I 0 0 0 f

for some M;(\, ) € C>**+1=0n for j = 1,... 'k — 1. Since XBY B Z = 0, by
Lemma [5.2.2] we have

1
AX 4 uY + Z) - : = SOAX+p¥ +2) - (A p) @ ) = 0.

By the condition given in (i) and using the fact that X HY B Z = 0, we have

A XA4uyY+2Z=] _ N w ,
where
Lo - Lo
2\1()\, ,u) = y
Zy - o
No1 ++ ANyj—o Ngjp—1+ WZay Zojgt1 0 Logt(k—1)
Z(\p) = —| 5 : + :
)\Zpl te )\Zp,k—2 )\Zp,k—l + ,UZp,k Zp,k+1 T Zp,k—i—(k—l)
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Aokg1 0 Aopr(k—3) Aogs(k—2) T U2kt (k—1)
Zs(A\p) = — : : :
Apkit o ANpri-3) Apht(h—2) T Hp ki (k-1)
Zokr(k—1)41 " L2kg(k—1)+(k—3)
+ ;
| Zokr-41 0 D2k (k1) (-3)
Aap—2+ Wlap1
so on and Zy(\, p) = — : . Note that Z; (A, 1) - (Li®1,) = Zy (A, ).
Npp—2+ WZpp-1
Further, we have
Loy v Loy Mo ® I,
2\1<)\7 M) . R11(>\7 :u) =3 ’ )\[n
| Zn o Zne ply |
ANgr -+ Majg—o Nlaj—1+ Zoy
i )\Zpl 000 )\ZpJﬁ_Q )\Zp,k—l aF ,UZp,k
So we have
(Zy(A, ) - RO\ ) + (Zo(As ) - (Iiea @ I,))
MNo1 o+ ANaj—g Nyjp—1+ WZa ANor o+ Aaj—o Ngjp_1+ 1o
)\Zpl s )\Zpk ) )\Zp il 1 uZp k )\Zpl - )\Zp’k_Q >\Zp7k_1 + ,MZpJf
Zojgt1 0 Lojt(k—1) Zojt1 0 Lot (k=1)
_I_ et
Zpktl *° Lpki(k-1) Zpktl **° Lpkt(k-1)

Continuing this way, we obtain that

0| My(A p) My (M, )
0 A Lo
AX + 1Y +2) - E(\ p) = 2 Zrt (5.44)
0| Zn Zypi
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for some ]\/Zj()\,u) € C*+1=in for j = 1,--- k — 1. Finally combining (5.43) and

(5:44)), we have
A, M(A,
L) By = | PO [ MO0 |
|z
where
M\ 1) = [ Mi(X\, ) +J\//71(>\,,u) s My (N ) +M\k—1(>\aﬂ) ] '

By the condition given in (ii), Z is nonsingular. Consider

EX, = L ‘ —M(;,_,;L)Z_l
Then
FO,p)- L p) - EQyp) = Ao ‘ _M?ff)z_l [ pon M(;M)
_ : P ) ‘
5 ‘ I(P—l)n

It is easy to see that det(E(A, u)) and det(F'(\, 1)) are independent of A, u. Hence
L(A, p) is a linearization of P(\, p). O

For a two-parameter quadratic matrix polynomial we have the following result.

Corollary 5.2.12. Let Q(\, ) be as given in ([5.4)). Let L(\, u) € Ly(Q) with nonzero

right ansatz vector v = aey, for some 0 # a € C, be given by

LA p) = )\[0461®A20 ae; ® Ann — Y —Zl]"‘ﬂ[m aey @ Ape —2Zo

+|:Oé€1®A10+Zl O{€1®A01+ZQ 0461®A00:|7

where
Y Zn AP
Yl = Y21 7Z1 = 221 >ZZ = Z22
Ya Z31 Z32

are 3 X 3 block matrices with n x n blocks such that
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(Z) }/21:}/31 :Oi

Ly 24
(i) Z = S P nonsingular.
Zy Zs

Then L(A, p) is a linearization of Q(\, ).

Next we use Theorem 5. 2.1T] to determine linearization condition of L(\, u) € Ly (P)

with right ansatz vector 0 # v € CP.

Procedure to determine the linearization condition for a two-parameter

matrix pencil in L;(P):

(1) Let L(A,u) € Ly(P) corresponding to a nonzero right ansatz vector v € CP be
given by

L\ p) = )\([U@S 0 --- O]+X>+M(|:U®T 0 --- 0}+Y)
oo e vk | 42

where X = [X;],Y = [Y};], Z = [Z;;] are such that X BY H Z = 0.

(2) Consider a nonsingular matrix M = [m;;] € CP*? such that Mv = ae; € C?,

where 0 # a € C.

(3) Apply the corresponding block transformation M & I,, to L(\, pt). Then we have

L p) = (M®1L): L\ p)
= A([aq@S i, . 0]+X>+u([ae1®’r oo . 0]+17)

+|:Oz€1®./4k_1 (]161@./40 ] +Z7

Where 5(: = [)zw],? = [23],2 = [ZZJ] are given by )Zij = Zle milej,i;;j =
S milY}j,Zj =7  myZ; foralli,j = 1,--- p. Note that E()\,u) € Ly(P)

corresponding to the nonzero right ansatz vector ae;.
(4) (Linearization Condition)

(1) Vi iz gpjigyey = O0fori=2,--- pj=1-- k—landr=1- k-]

272
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Zon Zap—1

is nonsingular. 0O

Example 5.1. Let Q(\, p) be a two-parameter quadratic matrix polynomial given in

(54) and L(\, i) € Li(Q) with right ansatz vector v = (1,2,3)T. Then it follows from

Corollary [5.2.10] that
Ay An—Yn —Zy
L()\, N) = A 2490 2A11 —Yn —Zn
3As 3An =Y —Zyn
A+ 211 Ao+ Zio
+ | 2450+ Zn 2An + Zy
3A1w0+ Zs1 3Ao + Zsy

where Y;;, Z;; € C™*" are arbitrary matrices. Consider M =

AOO
2A00
3A00

that Mv = e;. Let LA, p) := (M ® I,,) - L(\, y1). Then

R L, 0 0
ML) | Yy | =| =21, 1, 0
R 31, 0 I,
and
Zin T | L 0 0|/ zs
(M@L)-| Zyy Zw | = | =21, I, 0 || Zan
Zoo Zw | | -8L 0 I, || Za

Hence the linearization conditions are:

A02
2402
3Ap2

_Zl2
_Z22
—Z3

and note

AP
Lyg — 221
L3g — 3212

Loy — 2743
Z31 — 3211

(i) Yo1 —2Y1 = 0 =Y3 — 3Y7y, e, Yy = 2Y7; and Y3 = 3Yy,

Ly — 27211
Z31 — 3Zn

Loy — 271
Z31 — 3712

is nonsingular.

(i)
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5.2.3 Double ansatz space

Let Q(\, i) be a two-parameter quadratic matrix polynomial given in (5.4]). Then we
define the double ansatz space by DL(Q) := L;(Q)[L2(Q). It is easy to see that
L\ p) €eDL(Q) < L p) - (A®I,)=v®Q(\u) and (AT ®I,)- L\, u) =0T @ I,
for some v € C*. Lemma and Lemma [5.2.4] can be used to characterize DL(Q).

Consider
0 0 Ay 0 0 -7
LAp) = Al 0 0 adp+2 |+tp 0 0 adp
aAy —Z aAi aA+ 72 Ay oAy
—a Ay Z 0
+| —adAn—Z —adp 0 |, (5.45)
0 0 aAgo

where 0 # o« € C and Z € C"*" is an arbitrary matrix. Then it is easy to see that
L\ p)-(A®L,) = v®Q(\, u) and (AT®1,)-L(\, p) = vT &1, where v = (0,0,a)” € C?
and A = (\, u, 1) € C3. So L(\, p) € DL(Q).

Theorem 5.2.13. Let Q(A, u) be as given in (5.4]) and L(\, ) be as given in (5.45).
Z —OéAQO

Then L(\, p) is a linearization of Q(\, i) if? = is nonsingu-
—OéAQQ —OéAll - Z
lar.
INL, 0 I,
Proof. Consider E(A\, ) = | 1uI, I, 0 | and note that
i, 0 0
0 VA —aA20
L\ p)-E(\p) = 0 —aAp —aAy -7

Q()\, /J) -\ + MOfAOQ )\O{AQO + /JO(AH + ,MZ

0 ‘ Z
QU.) | M(A. )

Y

where M(A, 1) := | =AZ + padpy AaAy + paAy +pZ |-
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. Then we have

MO\, W Zt I,
Next construct F(\, p) := (A n)
0

7-1
MO\ WZ I, 0 7 A, 0
FOupLO ) B O p) = [0 | _ | etvn
o ][ o | Mo 0 b

Note that det(E(\, 1)) and det(F'(A, p)) are independent of A and p and hence L(\, p)
is a linearization of Q(\, ). O

We mention that L(\, p) given in (5.45]) is the only pencil in DL(Q) which is a
linearization of Q(A, p).

5.3 Linearizations of a two-parameter PEP

Let W € PMEP(k;ny,ns) be a two-parameter PEP of degree k given by

k k—m
WA, 1) := (Wi(\, ), Wa(A, 1)) and WA, ) i= > > AW A, (5.46)

m=0 n=0
where (A, p) € C2, AY), € C<™i for j =1,2, m=0,--- ,kandn =0, ,k —m.

First we recall the definition of the linearization of a two-parameter polynomial MEP.
Definition 5.3.1. [1] Let W € PMEP(k;n;,n2) be a two-parameter nonhomogeneous
polynomial MEP of degree k such that W(\, p) := (Wi (A, p), Wa(\, i) and L. € MEP(pny, pns)
be a two-parameter linear MEP such that IL(X\, 1) := (L1 (A, p), La(A\, p)). Then L is said
to be a linearization of W if L;(\, u) is a linearization of W;(A, u) fori=1,2.

Let W € PMEP(k;nq,n2) be as given in (5.40). Let L;(A\, 1) be the first stan-
dard form of Wi(\, ) for i = 1,2. Consider L € MEP(pny, pns) such that L(), p) :=
(Li(A, 1), La(A, p1)). Then L is a linearization of W. We refer to the linearization L as
the first standard form of W given in (5.46). We define the right ansatz space of W by

L1(W) = {L € MEP(pny,pns) : LA\, p) := (L1(\, 1), La(\, ) and
LZ()\7/’L) ’ (A @ Inz) =10 ® VVZ()‘HM)? v; € CP for 1 = 172} )

where A as given in (5.I0). We refer to [ v Uy } € CP*? as the right ansatz matrix.
Note that, the first standard form L € L1(W) corresponding to the right ansatz matrix

(ool
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Next consider L € MEP(pny, pny) such that L(\, z1) := (Ly(\, 1), La(\, 1)), where
L;(\, ) is the second standard form of W;(\, ) for i = 1,2. Then L is also a linearization
of W. We refer to the linearization L as the second standard form of W. Now we define

the left ansatz space of W by

Lo(W) = {LL € MEP(pny,pns) : LA\, p) := (L1(\, 1), La(\, ) and
(A" ® I,) - Li(A, 1) = w] @ Wi(A, ), w; € CP for i = 1,2}

We refer to [ Wy W } € CP*? as the left ansatz matrix. It is easy to see that = Lo(W)

corresponding to the left ansatz matrix [ epre; }

Theorem 5.3.1. (Eigenvector Recovery Property) Let W € PMEP(k;ni,ns) be as
given in (5.40).

Let . € L1(W) be a linearization of W with right ansatz matrix [ V1 Uy ], where
0 #v; € CPfori=12 Then 0 # 1 @ o € C" ® C™ is a right eigenvector of
W corresponding to an eigenvalue (A, p) if and only if (A ® x1) @ (A ® z3) is a right

eigenvector of I corresponding to an eigenvalue (A, ).

Let . € Lo(W) be a linearization of W with left ansatz matriz [ wy Wy ], where
0# w; € CP fori=1,2. Then 0 # y; ® yo € C™ @ C™ is a left eigenvector of W
corresponding to an eigenvalue (X, i) if and only if (A®y,) @ (A®1ys) is a left eigenvector

of L corresponding to an eigenvalue (\, ).

Proof. The proof follows from Proposition [5.2.3 and Proposition B.2.71 O
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Structured Backward Perturbation Analysis of MEP

6.1 Introduction

Consider a regular MEP W € MEP(ny, - - - ,n,,) given by W(z) := (Wi(z),- -+, W, (2))
with Wy(2) := Ag + Z;ﬂzl zjBy; and z = (21, -+, 2,,)" € C™, where Ay, By; € Cxm
forall k,j =1, ---,m. Then W is said to be Hermitian if all the coefficient matrices of
W are Hermitian. Hermitian and right definite MEPs have been analyzed in [12] [52].
Since structured MEPs arise in many applications, in this chapter, we undertake struc-
tured backward perturbation analysis of structured MEPs. Throughout the chapter, we

denote the conjugate tranpose of a given matrix A by A7,

We consider twelve special structured MEPs, namely T-symmetric, T-skew sym-
metric, T-even, T-odd, T-even alternating, T-odd alternating, H-Hermitian, H-skew
Hermitian, H-even, H-odd, H-even alternating and H-odd alternating. These struc-
tures are defined in the next section. We denote the set of the structured MEPs by S.
Let WeS, A eC"and 0#A2x =01 - @z, € C" Q.- C". Then we define the

structured backward error of (A, x) as an approximate eigenpair of W by
ny (A, 2, W) := inf {] AW, : AW € S and W(A\)z + AW(X)z = 0},

where 1 < p < co. We show that there exists AW € S such that W(A)z + AW(N)z =
0. Therefore nZS,(A,x,W) < 00. For the Frobenius and spectral norm on C™*"  we
determine 7 (A, 2, W) and construct AW such that W(X\)z+AW(X)z = 0 and [[AW]|, =
(N, x, W).
117
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6.2 Structured MEPs

Let W € MEP(ny, - - - ,n,,) be given by

W(z) := (Wi(z), -, Wi(z)), where Wi (2) :== Ay + Z 2; By, (6.1)

j=1
z= (21, ,2m)" € C™ and Ay, By; € C*" for all k,j = 1,---,m. Recall that W
is said to be regular if J[_, det(W;(2)) # 0 for some z € C™. Also recall that, for

r=11® - Rr, EC"T®---®C" and z € C™, we have
W(2)x = (Wi(2)z1, ..., Wn(2)zm) and z7W(z2) = (¥ Wi(2),. .., 25 W,.(2)).
Let S be a (real or complex) linear subspace of MIEP(ny, - - - ,n,,). We refer to the MEPs

in S as the structured MEPs. We consider the following structures:

o T-symmetric: (Wy(2))" = Wi(2), i.e., Al = Ay and B[, = By, for all k,j =

1, ,m.

e T-skew-symmetric: (Wi(2))" = —Wi(2), ie., Al = —A; and B{; = —By; for

all k,j=1,--- ,m.

o T-even: (Wi(2))" = Wi(—2), ie., Al = Ay and B, = —By; for all k,j =

1, ,m.

o T-odd: (Wi(2))" = —Wi(—2), ie., Al = —A; and B]; = By, for all k,j =

1, ,m.
e T-even alternating: Al = A, ng — (=1)/By; forall k,j =1,--- ,m.
e T-odd alternating: A7 = — Ay, B}fj = (=1)7*'By; for all k, j =1, ,m.

e H-Hermitian: (Wy(2))" = Wy(2), ie., Al = Ay and B[} = By; for all k,j =

1,--,m.

o H-skew-Hermitian: (Wy(2))" = —W,(2), i.e., Al = —A; and B} = —By; for
all k,7=1,--- ,m.
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o H-even: (Wi(2))" = Wi(=%), ie, A = Ay and B[l = —By; for all k,j =

1

’.-.’m‘

o H-odd: (Wi(2))! = —Wi(—2), ie., A

1

7~-~’m.

= —A; and Bg = DBy, for all k,j =

e H-even alternating: A’ = Ay, B{l = (=1)'By; for all k,j =1,--- ,m.

e H-odd alternating: Ajl = —A;, Bff = (=1)"'By; forall k,j =1,--- ,m.

We consider

S € {T-symmetric, T-skew-symmetric, T-even, T-odd, T-even alternating,

T-odd alternating, H-Hermitian, H-skew-Hermitian, H-even, H-odd,

H-even alternating, H-odd alternating} .

Let W € S be regular. Let A e C", 04z =21 Q- -z, € C" ®--- ® C" and

04y =11® QUYy €EC"®---®C". Then (A, x,y) is an eigentriple of W if A is

an eigenvalue of W and = and y are right and left eigenvectors of W corresponding to A

respectively, i.e., W(A)z = 0 and y7W()\) = 0.

Theorem 6.2.1. Let W € S as given in (6.1) be reqular. Then we have the followings:

S etgenvalue pairing etgentriple
T-symmetric/ A MNr=21R QT T=T1 R+ Q@ Typ)
T-skew-symmetric
T-even/ (A, =) MNr=21Q@ - T, =71 Q- DT),
T-odd (ANY=11® QY T=T1 R Q@ Typ)
T-even alternating/ (A, :\\), MNrx=21Q QTy, =N X @ Ym)
T-odd alternating where Xj = (—1))\; MYy=y®  QUYm,T=TL® - @ Ty)
H-Hermitian / (A N) MNT=21®  QTiy, Yy =Y1 @ @ Ym)
H-skew-Hermitian MNY=y1@ QU T =21 @ @ Tpy)
H-even/ (A, —X) MNe=11Q® QT Yy =Y1 Q- @ Ym)
H-odd (MY =y1 @ QUn, T =21 R @ Tpy)
H-even alternating/ (A N), MNT=21R QT Yy = Y1 D+ @ Ym)
H-odd alternating | where Xj = (=1}, (X,y =Y R QUYUn, T =21 R+ Tpy)
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Proof. Let W be T-symmetric. Using (W (A))T = W ()), we obatin that if Wj,(A)zy = 0
then ZHWp(\) =0forallk=1,--- . m. So M 2=2, R @ X, T=T, Q-+ QTp,) is
an eigentriple of W. Proof is similar when W is T-skew symmetric.

Let W be T-even. BY (Wi(\)T = Wyi(=)), it follows that if W,(Nzp = 0 =
Wi(=X)yr then we have ZHWi(=)\) = 0 = g Wy (A) for all k = 1,--- ,m. This shows
that (A, —\) pairing of eigenvalues and (\,x =21 ® - @ Tp, T=7; ® -+ ®7,,) and
(“\NY=1n® QYn,T=T1 X Ty, are eigentriples of W. Proof is similar when
W is T-odd.

Let W be T-even alternating. It follows from the definition of T-even alternating
MEP that (Wi(A)T = Ay, + S0 (1) By = Wi(A) for all k = 1, ,m. Then it
follows that if Wi(N)zp =0 = Wk()\)yk then T}, Wk()\) =0=7yW,(\) =0 for all k =
1,---,m. Thus ()\,X) pairing of eigenvaluesand (\,z =21 ® -+ Q2, Y =7, ® - - @ T,,)
and (X, Y= QUYn, T =T, RT,,) are eigentriples of W. Proof is similar when

W is T-odd alternating.
Let W be H-Hermitian. In this case using (Wy(A\))¥ = Wi ()\), we observe that if

WMy = 0 = We(A)yr = 0 then 2ZW,(X) = 0 = yZW,()\) for all k = 1,--- ,m
Thus (A, \) pairing of eigenvalues and (A2 = 2, ® -+ Q@ Ty, Y = Y1 ® -+ @ Y,n) and
NY=191® —QYn, & =2, - @x,) are eigentriples of W. Proof is similar when W
is H-skew-Hermitian.

Let W be H-even. Then by (Wj(\))# = Wi (=X), it follows that if Wy(A)a, = 0 =
Wi(=XN)yr then Wy (=) = 0 =y M(\) forall k = 1,--- ;m. So (X, —\) are pairing
of eigenvalues and (\, 2 = 2,® - @Zp, ¥y = 1@ - -QYy) and (= N,y = Y1 @+ - @Yy, T

1 ® -+ ® x,y,) are eigentriples of W. Proof is similar when W is H-odd.
Let W be H-even alternating. By definition (Wy(A\)" = A + 370 (=1)7X;By; =

Wk(X) and it follows that if Wi( Az, = 0 = Wk()\)yk then x; Wk()\) =0 =y Wir(N)
forall k=1,---,m. So ()\,X) are pairing of eigenvalues and (A, 2 =21 ® - Q@ T, y =
Y1 ® - QYpy,) and (X, Y=Y Q@ QUYn, T =21 Q- Qx,) are eigentriples of W. Proof
is similar when W is H-odd alternating. O

Next we show that given W e S, A€ C" and 0 # 7z := 11 ®- - -Qx,,, € C"®---QC"™
there exists AW € S such that (A, z) is an eigenpair of W + AW.
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Theorem 6.2.2. Let W € S given in (61]) be reqular. Let A € C™, 0 # 1= 11 ®
@ Ty € CM @@ C™ be such that xflxy, = 1 and set vy, == —Wi, (N for all
k=1,--- ,m. Lety = (yo, - ,ym) € 9||(1,N)]|,, where p™* + ¢~ = 1. Define

T H Y[z T H T Yo H] _ AT
—Trry Arxray + m[xkrk + rexy — 2(x )Ty | i Ap = Ay

AAk =
Yo H =1 . o T
AT 75k~ TR if Ay =—A4,
AB _x_kngijkxg + ||(137T;\)||q [l'_k’r’g + ’f’k[ﬁg — Q(xgrk)x_kka] if Bkj = B]Z;
kj = -
T etk = Targ] if By, = — B,
and
(
o Worer i (In, — @katl) + To(In, — way)riay]
—zpri Ayl if Ay = A
AAk =
— s Wkt (I, — zayl) — To Ly, — awzfl)raa]
i —xkkaAkxkka if A, = —A57
|
T Wikt s (o, = 2kayl) + G5y, — w2y )ra]
N —xkkaBijkka if By, = BZ_
kj ‘=
— o Witk (I, — zeayl) = G5 (Lo, — zaf] )raay]
_,Tk$kHBkj.’Ifk.’EkH if Bkj = —Blg

\

forallk,j =1,---,m. Consider AWy(2) := AAy+> 7", 2ABy; fork=1,---,m and
AW(z) := (AW (2), - ;AW (2)). Then AW € S and W(A)z + AW(N)x = 0.

Proof. By the construction of AA;, and ABy;, we have

AA if Ax is symmetric
(AA)T = F ARY , (6.2)
—AA, if Ay is skew symmetric

(AB )T ADBy; if By, is symmetric
ki) =

—ABy,; if By is skew symmetric

and

= AA, if A is hermitian
(AAL)" = : (6.4)
—AA; if A is skew hermitian
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ABy; it By; is hermitian

(ABy)" = (6.5)

—ABy; if By is skew hermitian
forall k,j =1,--- ,m. By ([62)-(G35) it follows that if W € S then AW € S.
Suppose that S = {T-symmetric} and W € S. Then it follows that
o+ e A%

(L, M)l
= (wr) Tk + 1 — (wx7) T (since y € OI[(L, A)]],)

AW, ( Nz, = —:c_kxgwk()\)xk + (1 — (mgrk)x_k]

= r,= —Wk()\)xk forallk=1,---,m.

So W(A)z + AW(AN)z = 0. The proof is similar for T-skew symmetric MEPs.
Next suppose that S = {T-even} and W € S. Note that @} By;z = 0 since By; is

skew symmetric for k,j = 1,--- ,m and thus z} r;, = —2! Ajz;. Now we have,
Yo + Z;nzl )‘jy_j

(L Mg
= (@ re)Te + 1k — (@ r)Te = e = —Wi(A)ay forall k=1,---,m.

Then W(A\)x + AW (A)z = 0. The proof is similar for T-odd MEPs.

Let S = {T-even alternating} and W € S. Note that in this case 2! By;z; = 0 when
7 is odd and thus it follows that a7, = —af Ay, — > af Byjay, forall k=1, ,m.

j even
Then we have

Yo+ 2 i AT

J even ’ d
= (wpre)Th + 15 — (@ r)Tk = 1 = —Wi(\ay forall k=1,---,m.

Thus W(A)z + AW (X)z = 0. The proof is similar for 7-odd alternating MEPs.
Let S = { H-Hermitian} and W € S. In this case we have,

= Yo + D01 Ay
AWk()\)LL’k = —J}kl’kH(Ak + Z )\jBkj)xk + H(l J)\)lu JdJ (xkrka _ l’k’f’]?l’k)
j=1 o
Yo+ 251 AT "
(re — xRy %)
(L, Mg :
= mafry e — vy =1 = —Wi(May forallk=1,--- m.

So W(A)z + AW(A)x = 0. The proof is similar for H-skew Hermitian MEPs.
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Let S = {H-even} and W € S. Then we have,

“ Yo — 2 iy Ay
AWk()\)SL’k = —$k$£(Ak -+ Z )\jBkj).Tk -+ ||(1 j)\)lH 77 (xkrka — .Tk’/’,?l’k)
=1 e
Yo + Z;nzl )‘jy_j H
(re — xRy %)
(L, M)l "
= mafry e — vy =1 = —Wi(May forallk=1,--- m.

Thus W(A)z + AW (X)z = 0. The proof is similar for H-odd MEPs.
Let S = { H-even alternating} and W € S. Now we have,

- Yo+ 20 AT
AW, (N, = —xraf (A + Z A\;Bij)xr + & ])\)1H 2 (ry — xpary)
j=1 i
yw—Z%M%+j2:&%
jo j even H H
+ (xpry T — 287y TR
(L, Mg ’ ’
= mrfre e — iy =1 = WMy forallk=1,---,m
and W(A\)z + AW (A)z = 0. The proof is similar for H-odd alternating MEPs. O

Next we define structured backward error.

Definition 6.2.1. Let W € S be reqular. Let A € C™ and 0 # v =1, ® -+ - ® x,, €
C"®---@C". Then the structured backward error of (A, x) as an approrimate eigenpair

of W is defined by
n?()\,x,W) = inf{||]AW|, : AW € S and W(A)z + AW(\)z = 0},

where 1 < p < o0.

Note that by Theorem [6.2.2] it follows that nIS,()\, x, W) < oco. We prove the following
result regarding the smallest p-norm solutions of a system of linear equations which we

will use in the sequel.
Lemma 6.2.1. Let a,by,--- ,b,,,c € C". Consider the following minimization problem

minimize ||(||al|p, |[b1]lp, - -, ||bm||p)||p

(6.6)
subject to a + A\iby + - - - + A\b = ¢,
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where X\ = (A, -+, A\n)T € C™. Then the solutions of (6.8) are given by a =
and b =
andp™t + ¢t =1.

Yo
c
LR VIP

= o ¢ for all j=1,--- m, where (yo, -~ ,ym)" € I|(LA)|ly; 1 < p < o0

. ~ m N %4‘2?:1&97 -
Proof. First note that, @+ > 7", A\;b; = o ¢ = ¢ Now
g > Myl _lelly
all ]+ [l )| = lellp = |
H( g o/l M 7 M
Again by Holder’s inequality, we have
llellp = a+ZA bl < M(lallp, [1or]lp, =5 oml[p)I1, 111, M1
and thus |(allp, [oillp, < [0l = i = || (1l |[Ba]| o |[Bal] )] -
p = TN ) il
This completes the proof. O

~

We refer to 6,61, -+ +b,, as the smallest p-norm solution of a + Zm Ajbj = c.
6.3 Frobenious norm structured backward error

In this section we derive structured backward errors of structured MEP by consid-

ering Frobenious norm on C™*" for all k =1,---,m.

Theorem 6.3.1. Let S be the space of all T-symmetric MEPs. Let W € S be as given
in @1), N = (M, A) ! €eCmand0#2 =2, 2, €EC"®--- @ C"™ be
such that xfxy, = 1. Consider ry, := —Wy(N)axy, for all k= 1,--- ,m. Then

1
(L Mg

where p~t + ¢t =1.
Let (yo, - ,ym)" € 0||(1, \)]|4- Define

, (6.7)

p

(A 2, W) =

1 1
(CUrIB=loTra?)? .-, @l — el )

Yo
11(L, M]lg

Ti Yj
|:£L'k7°g+7“kl'kH (7% xk):):k:)sk} ADBy; = H(ij

AA,. =
: 1,

[x_kr,{—l—rkka—(r,{xk)x_kka
(6.8)

for allk,j=1,--- ,m. Consider AWy(z) := AA,+3 1", 2jABy; fork =1,--- ,m and

AW (z) = (AW (2),- -+ , AW, (2)). Then AW is T-symmetric, W(A)x + AW(A)z = 0

and AW, = 1, (X, z, W).
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Proof. 1t follows from Theorem [6.22 that there exists AW € S such that W(\)z
AW(N)z = 0. Choose Q) € C™*(~1) such that Q) = [ z, QW ] is unitary for all
k=1,---,m. Define

. a (@) | — be; (bij)”
AAy = Qf AAy Qi = I ABy=Qf ABy Qp=| . ’
a, A bij  DBu;j

(6.9)
where ag, by; € C, 5k,/l;kj € C! and A, gkj e Clrw=Dx(=1) gre symmetric matrices,
for all k,j = 1,---,m. Since @y is unitary and QFz; = ey, the first column of the

identity matrix, we have

AWi(Nzp = e = (QEAWR(N) Q) QF 2 = Qirr = (mk + Z )\jAkaj> e1 = QLry.

7j=1
(6.10)
By (6.9) we have
ar S by B
k Z]_1 JA’W _ ka foralk=1,---,m
ak + Z;nzl )\jbk:j Q(k) TL

Let (Yo, -+ ,ym)? € 9||(1,N)]|4- It follows from Lemma 6211 that the smallest p-norm

solution of ay + 7" A\jbg; = xfry is given by a), = ||(1 STk ks Okj = Ty, Ta Tk for
k,7=1,---,m. The minimal p-norm solution of @ + ijl )\jbkj = Q"W ry is given by
A = ﬁ@wwrk,bm — ||(1 /\ || Q (k)" ry for k, 7 =1,--- ,m. Thus we have
- [ — W0 Ty (Q (k)T ) [
A, — AT %" T (6.11)
% (k)
L @ T A )
- [ o % (QWT )T 1
KBy = |0 A" _ (6.12)
Ui k
| e @Y Bis |

Note that ||AAg|[r and ||Akaij are minimized when A, = Ekj = 0. So setting
ﬁk = Ekj = 0 we have

1

~ Y0l T 2
Y q

o . 3

1ABylle = 18Bylle = 2 (10 4 211097 m2)
TN
Y q
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Since QrLQT = I,,,, we have

H
T -
|: Lk Q(k) ] Q(:)H = Ink = Q(k)Q(k)H = Ink - l'kl']? = Q(k)Q(k)T = ]nk - :):_kxf
Consequently;,
QW 1|12 = |QWQW 1y |2 = [|(L, — Tk )ral3 = ||rl[3 — |2Ere]. (6.13)
Thus
1 1
AA . |y0‘ 2 2 =R 2 . d AB ) I3 ly]‘ 2 2 1,7 2 ?
) q ’ q
Hence
Hpr 2 T 21 1 2 Tl
AW, = m v Cllrellz = (2l %) 2 = s @l |5 = |l ral7)?
TN M - (T, M)]lg A
and
1 1 i
1891, = e || (Al = T ral) o @l = lafrnl?) )|
) q p

which yields (6.7]).
Using QWQW" = I, — 752, by 6.1) and ([G.12), we have

__ %Y T Yo (k‘)T T H
Ad, = QuAAQH = [ 7w QW } T2 TR (@ k) Ty
' ek W w7 1 QW
AR Tk k
= ﬁ [x_kxfrkxf + QWQLrpzy +x_erQ(k)Q(k)H] L QW AW
) q
- B Tert + rprl — (xTr )x_mH + Q(k)A\ Q(k)H (6.14)
I TTEPRN 17 A ¢ -
and
Y W T v (k)T . \T "
ABy = QuABLQF = [ = O } AL k% s, (@ ) Ty
T B (k)
TN, By; Q
- W lmfwf + QEQW ryafl + x—ker(k’Q(’“)H] + QW B,,Q®"
) q
Y | _ — H
R G B R (6.15)
forallk,j=1,---,m. Settingﬁkzﬁ,ﬂ. =0forallk,j=1,---,min (614) and E15),
we obtain the desired AAy and ABy; given in (6.8)). This completes the proof. O
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Next we consider T-skew symmetric MEPs.

Theorem 6.3.2. Let S be the space of all T-skew symmetric MEPs. Let W € S be as
gwen in [@1), X :== (A, Ap)T €C" and 0 #£ 2 =05, ® - Rz, eC"®- .- @C™
be such that x¥ x), = 1. Consider ry, := —Wy(N)xy for allk =1,--- m. Then

S

S
(2, W) = | |(|[r1ll2s - - |7l |2)] ],
p 1), e

where p~t + ¢~ = 1. Further, for the T-skew symmetric MEP AW given in Theo-
rem[6.2.3, we have W(AN)x + AW(N)z = 0 and |AW], = ny (X, z, W).

Proof. In this case, the coefficient matrices are all skew symmetric. So by similar argu-

ments as given in the proof of Theorem [6.3.1l we have

t 0 —(/dk)T — 0 _(/[;k ,)T
AAk = Qg AAk Qk = N b and AB}W = Qg ABk] Qk = Y R / s
ar Ay bej  Bhj

(6.16)

where /dk,/b\kj € C ! and A, Ekj e Crn=Dx(=1) are skew-symmetric matrices for all

k,7=1,---,m. Consequently, we have

0 1757%
N = ; forallk=1,---,m
ay + Z;n:l )\jbkj Q(k) Tk

Note that x{rk = 0 and the smallest p-norm solution of a; + 27;1 )\j/l;kj = Q(k)Trk is
given by a;, = ﬁ@“ﬁ)%k,aﬂj = WQ(’“)TW for k,j=1,---,m. Then

W ()T \T |
AA, = . T, (@ ) (6.17)
L HqQkT A i
N [ 0 I (QW )T |
ABy; = . T . (6.18)
(k)
| Q" By l
Setting Ay = By; = 0 and using ||Q® ri]|2 = [|rkl|2 — [2Zrk|2 = ||r&]|2, we obtain
V2 V2 V2
|AAL|F = o U'yﬁ‘q\\m\b and ||ABy;|[r = U‘yﬁ'q\\m\b So [|[AWL|[, = lly\'\'g’Hr ll2 =
ﬁllrmz and (X, z, W) = [AW]], = mH(Hmllz, o rml]2) -
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Using QWQW" = I, — T2l and by further simplifications it follows from (G.17)
and (G.I8) that

AA, = L(rkka—x_kr,f)jLQ(k);le(k)H, ABy; = L(rkzg_x—krgpr@(mém@(k)”
(L, Mg (L, Mg

for all k,7 =1,---,m. Finally setting ﬁk = Ekj = 0, we obtain the T-skew symmetric

MEP given in Theorem 0

Next we derive the structured backward error of an approximate eigenpair of T-even

MEPs.

Theorem 6.3.3. Let S be the space of all T-even MEPs. Let W € S be as given
in @1), N = M\, )T €Cmand 0 # 2 =1, ® - Qx, € CMR - ®
C™ be such that xfxy = 1. Consider ry == —Wi(Nzy for all k = 1,--+ ,m. Let
Wo, - ym)" €O[(LA)lg forp~'+q71 = 1. Thenny(X, 2, W) = ||(c1, - , &) [, where

cr = ||(ar, br1, -+ b)) ||p and
1
2 |yol? 2 V2y;| 3
T 2 2 T 2 J 2 T 2
ap = |£L’ Akﬂfk[ Bl PRIy ||7’k|| — |l’ Akl’k| , by = —— ||7’k|| — |l’ Akl’k| 2
( g ||(17>\)||?][ 2 ) y ||(1,>\)||q( i B )

forallk,j=1,---,m. In particular, for p = 2, we have

m 2

O\, W) = (Z (|$;€Akxk|2 +

k=1

2
||(1 )\>||2(||rk||g - |ngkxk|2))>
) 2

Let AW € S be as given in Theorem[6.2.2. Then W(A)x + AW(N)z =0 and ||AW||, =
(N, z, W).

Proof. Note that A is symmetric and By; is skew-symmetric for all k,j = 1,---,m.
Consider the unitary matrices Q := [ r, QW }, where Q%) e C™*(=1 for all
k=1,---,m. Define

a)’ | — 0 —(bwy)"
o () , ABy; ZZQ;;F AByj Qr = | (k]>

AA = QIAAQr=| "~ ~
ar A brj By

where q;, € C, ak,ij € Cw1) A, € Crw=Dx(%=1 jg symmetric and Ekj € Clmw—1)x(nk—1)

are skew-symmetric matrices for all k,j5 = 1,--- ;m. Now (ﬂk + Z;”Zl )\jgékj)el =
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ar xlry,
Q%r) implies that R = ) for all kK = 1,---,m. Note
ar, + 300 Ajbij QW ry,
that ay = 2L, = —2F Ay, By Lemma the smallest p-norm solution of @ +

m - o KT . . ~ T T - o 7; 0T
ijl Ajbj = Q( )7y, s given by aj = H(fﬁ@( ) Tk, brj = WQ( )" r.. So we have

. —al Apay, y_io(Q(k)Trk)T

AA, = F - IANa (6.19)
| R @ T A

- [ 0 T QW )T

ABy; = B US4 o (6.20)
| T @ T Br;

for k,j = 1,--- ,m. Setting A, = By; = 0 and noting that ||Q(k)T”||§ = ||r]|3 —

2T Agay, |2, we have ||AAllp = (|xkAka:k|2+ lﬁlly;‘HQ (17| 3|2F A }) = a; and

V2ly; - _
1ABi||r = 2t (Il 3 = |of Ag? ) = biy. Therefore |AWill = |[(ax, bea, - bl =
¢ and thus n5(\, W) = [[AW]l, = [[(c1, - - - , cm)]p-

Using QWQ®)" — Tyt and simplifying the expressions, it follows from (6.19)

and (6.20) that

AAy = —Tpwy Ay + ﬁ [l + Tprd — 2(af Apay)Trall] + QW A,Q®"
q
ABy = B (el — T) + @PBQ
(L, )] lg
Setting fAlk = gkj = 0 we obtain the desired AW given in Theorem [6.2.2] O

Now we consider the T-odd MEPs. In this case interchanging the role of symmetric

and skew-symmetric matrices, the proof follows by similar arguments as those given in

Theorem [6.3.3]

Theorem 6.3.4. Let S be the space of all T-odd MEPs. Let W € S be as given in
@1), N =N\, M) T €C”and0#£z2:=2,Q - @z, €CM @@ C™ be such
that oz, = 1. Consider ry, == —Wip(N)ay, for all k = 1,--- m. Let (yo, * ,Ym)"
|1, Ml and (21, , 2m)T € O||\||g, where p~' 4+ ¢~ = 1. Then

Cly ** ,Cm when A #£ 0
nﬁ()\a%W): H( ' )HP %
V2 (Irill2s - [[rmll2)] ], when A =0,
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where ¢ = ||(ag, b1, - -, bem)||p and
o = VBB (= lafnd?) sy = (et 2 Bl — )
(1, M)]lq [[A[2 (1, A)][2

forallk,j=1,--- m. In particular, for p =2, we have

1

<Ek 1<||AH2|5W"'€|2 ez lrell3 = Imfm\z))>2 when A # 0

\/§||(||7“1||2,"',||7“m||2)||2 when \ = 0.
(6.21)

Let AW € S be as given in Theorem[6.2.2. Then W(AN)x + AW(N)zx =0 and ||AW|, =
(N, z, W).

ns(\, z, W) =

Next we consider T-even alternating and 7T-odd alternating MEPs. For that purpose

we define even coefficient projector Il : C* — C" as

0,29, +,0,2,0,0,2,]7  if mis even
Z = .
0,29, -+,0,2,-3,0,2,-1,0]" if nis odd
for all z = (21, ,2,)T € C". Also the odd coefficient projector 15y is defined analo-

gously and it satisfies II(,)(2) = z — I1¥)(2) for all z € C".

Theorem 6.3.5. Let S be the space of all T-even alternating MEPs. Let W € S be
as given in [@1), X == A, Ap)f €C" and 0 £ 2 =13, ®@ - Rz, € C" ®

® C™ be such that vz, = 1. Consider rj, .= —Wy(N)axy, for all k =1,--- ,m. Let
(o +5m)™ € ALy and (zoy- - 2)" € DII(L, Ty (W)l where pt + g = 1.
Then nS(A, o, W) = [|(c1, -+ -, cm)||p, where ¢ = |[(ag, bers -+ 5 bgm)|[p and

1

o = (i ldnd + T2l - )
[[(1, Ty (N)) |2 (L, 117
1
b (Wukm\z + H(Ql‘yj\ ||2(||7’k||2 |m£rk\2)) * when j is even
H\(Q\%H (|rl3 = |zEry|? )§ when j is odd
forallk,j=1,---,m. In particular, when p =2, we have

N

S\ T = Y L zlr|? L T Ll |?
O, W) @(H(LH gl + Tl = e >)>
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Define
Y 2 — T N\ H 20 T N\ H
AAy = ————[rexy, +Tpry, — 2(z, i) Thxy, | + (xpri)Tray ,  (6.22)
[IEERVI P ’ * A I O *
ﬁ[rkxkfi + Tprf — 2(xfry)TEal
ABy; = —i—m(xfrk)x_kxf when j is even  (6.23)

vj 2 — =
m[rkxk — Ty | when j is odd

for all k,j = 1,--- m and AWy (z) := AA, + >0, 2%ABy; for k = 1,--- ,m. Con-
sider AW(z) = (AWy(2), -+ ,AW,.(2)). Then AW is T-even alternating, W(\)z +
AW(N)z =0 and [|AW||, = 15 (X, =, W).

Proof. In this case, Ay is symmetric, By; is symmetric when j is even and By; is skew-

symmetric when j is odd for all £, 7 = 1,--- ,m. Consider the unitary matrices @y :=

[ . QW }, where Q) € C>*(™=1 for all k = 1,--- ,m. Define

~ AT
AA, = QF A, Q= o (af) ;
ap Ay
( A
bk] (bkj) 2 3
R N when 7 is even
3 N brj B
ABkj oy Q}f ABkj Qr = ~ 7
AO (Ek]) when j is odd,
\ br; By,

where ay,by; € C, 5k,§kj € Cwl A, € Cow=Dx(u—D ig symmetric and Ekj €

Cre=Dx=1) are such that (By;)T = (=1) By, for all k,j = 1,---  m. Since (AA, +

— ar + Z AjOr; xlr),
> AABj)er = Qfry, we have j even = for all k =
a + 2?121 )\j/l;kj Q(k?)T,rk
1,---,m. By Lemma [6.2.1], the smallest p-norm solution for ax + > Ajbg; = xiry is
ay = H(lﬂ(i%x;{rk’ brj = mxfu when j is even and by; ]: 0 otherwise. Also
the smallest p-norm solution for @ + > 7" | )\j/[;kj = QW 'y, is Gy = 7”(13’7;)”(162(1@?% and
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~ 5 T
b; = H(lz,Jixj\)lqu( )" r),. Then we have

=

T on W (ORT . \T
\\(11‘1(;( e Xk Tk AN Q™" 1)

AA;, = e : (6.24)
kT n
| e A
] B ]
Z xTTk Uj (Q(k)TTk)T
TG0 7% A when J s even
. QW r, By
ABy = { = T, ’ - (6.25)
Y; KT T
0 _||<1?‘i>||q(Q() k)

when j is odd.

&7, D
@™ By;

\

Therefore setting A, = By; = 0 and noting that ||Q(k)Trk||§1: |7kl 13 — |2Erg|?, we have

2 2
184l = (rrd s lefrel® + s (1B = [2f7ef?)) " = ay and

1

Pk 2 2 .
AB — (II(1 H‘(J)l(A |2|3U{7“k|2 + \\(1|y§\_||2(||rk||2 |x§frk|2)> when j is even
|ABy;l|r = £
M, ij (rwll3 = lzg el )5 when j is odd
= by
for all k,j = 1,---,m. So we have ||[AWy||, = ||(ak,bk1,- - ,brm)|l, = ¢ and hence

T (A2, W) = AW, = [[(c1, -+, em)ll,.
By (6:24)) and (6:25)), it follows that

R ZO T — H yO H — T T _ H F— v = (k)H

Ady = () Try, + rea 4+ 77T —2(a T Tz ]+ QP A, Q

[[(1, ey (A))]lq % K H(l Mg & k k k
(6.26)
and
Zj — D H
T, (T e Tery + QW By, QW

ABy; = +ﬁ[mxf + Tpri = 2(xfry)Tras!]  when j is even (6.27)

H(lﬁ?m [ — 2T + QW B, QM when j is odd

forall k,j =1,---,m. Setting A, = Ekj = 0 in (6.26)) and (G.27)) we obtain the desired
perturbations given in (6:22) and (6.23)) respectively. O

We next consider T-odd alternating MEPs.
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Theorem 6.3.6. Let S be the space of all T-odd alternating MEPs. Let W € S be as
given in (6.0), X :i= A, A) T €C" and 0 # 2 =2, Q@ @1, ECM ® - ®C'm

be such that xfx, = 1. Consider ry, == —Wy(Nay for all k = 1,--- ,m. Let y =
(Yo, s um)T € AL, N)]g and (21, ,2m)" € Oy (N)|lg, where p~' + ¢~ = 1.
Then
s (e, -5 em)llp when Il)(A) # 0
(A2 W) =9 s gl
ESSIE (Hrill2, -« [lrml2)] |, when I (A) =0,
where ¢ = I1(a by Bem)lls @ = 2L (lrel3 — [2rel?) and
1 . .
\1\(1f‘xyﬂ|q(|'7“k||2 T E when j is even
kj = .

=

2 2 -
(W\xkrkp + ||(1|y>]\)||2(||rk||§ - |${7’k‘2)) when j is odd

forallk,j =1,--- m. In particular when p = 2, we have
1
P
SO W) = (Zies (oo =8l + i lralid = l=Eri)) ) when T (%) # 0
V2 I[(lrallz, - llrml )12 when Il)(A) =0
Define AA, == W[rkka —zprk] and
ﬁ[rkx{j — Tgrl] when j is even
ABy; = T rsafl + Tl = 2(afre) T

+||n7(§A)||q(9ff7“k)$_k$kH when j is odd

for all k,j =1,--- ,m and AWy(z) := AA, + 370, 2ABy; for k= 1,---,m. Con-
sider AW(z) = (AWq(2), - , AW, (2)). Then AW is T-odd alternating, W(\)x +
AW(N)z =0 and AW, = n;(A, 2, W).

Proof. Proof follows by the similar arguments as those given in the proof of Theo-

rem [0.3.9] ]

Now we derive structured backward errors in case of H-structures. Suppose that
w € Cand W € S. Define wW such that wW(z) := (wW;i(z),- - ,wW,,(z)) and consider
Sw = {wW : w € C such that |w| = 1 and W € S}. Then n(\, 2, W) = ny= (X, z, wW).
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Note that, for a H-Hermitian MEP, all the coefficient matrices are Hermitian whereas
all the coefficient matrices are skew-Hermitian for a H-skew-Hermitian MEP. Now a

matrix A € C"*" is Hermitian if and only if ¢A is skew-Hermitian. Then note that

W as given in (6.10) is H-Hermitian
& Ayg, By are Hermitian for all k,j =1,---,m
& 1Ay, 1By  are skew-Hermitian for all k,j =1,--- ,m

< IW such that iW(z) := (iWy(2),- - ,iW,,(2)) is H-skew-Hermitian.

Thus it follows that the maps H-Hermitian — H-skew-Hermitian given by W — W
and H-skew-Hermitian — H-Hermitian given by X — ¢X are isometric isomorphisms.
Combining these facts, it follows that the structured backward error of (A, z) as an
approximate eigenpair of a skew-Hermitian MEP can be obtained from the structured
backward error of (), z) as an approximate eigenpair of a Hermitian MEP and vice-versa.
By similar arguments, further we can show that the structured backward error of (A, z)
as an approximate eigenpair of a H-odd MEP (H-odd alternating, respectively) can be
obtained from the structured backward error of (A, z) as an approximate eigenpair of
a H-even MEP (H-even alternating, respectively) and vice-versa. Now we derive the
structured backward error of (), z) as an approximate eigenpair of H-Hermitian, H-even
and H-even alternating MEPs considering Hélder 2-norm |-||s over MEP(n4, -+ ,n,,).

We consider the H-Hermitian MEPs in the following.

Theorem 6.3.7. Let S be the space of all H-Hermitian MEPs and W € S be as given
in ([@3). Let X\ := (A1, -+, A\n)T € C™ be such that \; := o +iB; for all j=1,---,m,
where i = /~1 and 0 £ 2 =1, Q- @2, € CM" @ -+ ® C"™ be such that iz, = 1.
Consider 1y := —Wy(N)zy for all k =1,--- ,m. Then

S ||(1,1>\)||2 (ZZL (2||7°k||% - |1'/fh[7’l~c|2))§ when A\ € R™
772()‘>wi) = m m 5 ) ) - ) %
(s (o lswsl? + s (lrell3 = l2ffref)) ) when A€ €™\ R™,
(6.28)
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where
Sko
1 T Re(zflry,)
s Qo Qup e(x'r
Mol 2 ! kR fork=1,---,m.
0 51 5m Im(m,frk)
Skm
When A € R™, define
AAy = m (rexf + aprfl — (riag)veafl)
ABy; = H(l/\ij)H% (rizl + merf — (rfxy)zpat!)

and when A € C™ \ R™, define

AAy = xpspor + m [(In, — zpath) rpatl + zprfl (I, — zpafl)]

ABM = xkskjm,f i m [ >\_] (Ink — l’kflka) Tkl’kH + )\jxkrf (Ink — l’kl’][j)}
for allk,j=1,--- ,m. Consider AWy(z) := AAy+3_ 7", 2jABy; fork =1,--- ,m and
AW (z) == (AW (2), -+, AW, (2)). Then AW is H-Hermitian, W(X)z + AW (N)x =0

and [[AW]l; = 73 (A, z, W).

Proof. By Theorem it follows that there exists AW € S such that W(\)x +
AWMz = 0. Choose Q¥ € C™*(=1 guch that Qp = [ . QW } is unitary for
all k =1,--- ,m. Define

_ a @) — by (i)
AAp = QI AAQe=| = 0 |, ABy=QfAByQw=| .7 7 |,
ay Ay brj B

where ay, by; € R, G, b; € C™ 1 Ar, Ekj € Clw=1xm=1) are hermitian matrices, for

allk,j =1,---,m. Since Qy is unitary and Qf z), = €1, we have (QF AW, (N Q) Qff x, =

__ R — ax + Y71 Ajbr; il Ty
QkHrk = (AAk + Zj:l )\jABkj) el = Qg’f’k = R ! R = .
ay + Z;n:l Ajbyj QW ry,

forall k=1,---,m.

Case I: Suppose that A\ € R™. Then the minimum norm solution of ak+2;n:1 Ajbj =

xfry is given by a; = Wm{jrk, brj = Wmfrk and the minimum norm solution
) 2 ) 2
—~ m - o KV H . . ~ 1 KV H - o ;i KV H
of aj + ijl Nibi; = Q™" r, is given by @ = WQ( ) Ty by = mQ( )"y for
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k,j7=1,---,m. Therefore we have
1 H ()H . \NH N (O, \H
. 2Ty T TELSCAREY) _ Z T4 T 2 (Q") 1)
AA, = (LM113 i |12 , ABy, ||§\1 >\)|| i 1(LM13
1 (k) (k)
[EEVIACA Ay Y Bi;
(6.29)
for all k,j = 1,--- ,m. To derive ||AA,||r and ||AkajHF, now we need to compute

||Q(k)Hrk||2. For that purpose note that Q,Q¥ = I, = QWM — I, — xpzf and

thus we have ||QW"ry |3 = [|Qu@f rell3 = ||(1n, — zxxy )il = lIrell3 — [&fre[2. Now

1
setting A, = Bky = 0, we have ||AAy|lr = ||AAk||F = I 1/\)“2 (2Hrk||§— \:ckHrk|2)2
and ||ABy||r = ||ABy|r = n(h‘w (2||7»,€||2 |21 [2)® for k,j = 1,--- ,m. There-

fore ||AWk||s = IR 1/\)“2 (2|7l [3 — |zfry] ) for all k = 1,--- ,m and n5(\,z, W) =
1

AW, = m (X0 @lIrel 3 — l=ffral?))>.
Case II: Suppose that A € C™ \ R™. By Lemma it follows that the mini-

mum norm solution of @ + Z;n:l )\jb/k;\j = QM is given by @, = m@wwm,g@ =

ﬁ@“ﬁ)]{rk. Now to obtain the real minimum norm solution of a; + Z;n:l Ajbr; =
M2

ag
1 oy -+ oy b Re(zfr
i1y, we rewrite it as ' ]:Cl = (i) and then its min-
0 Bi = PBm : Tm(z7 1)
bkm
ag
T
b 1 a - an Re(aHr
imum norm solution is I.ﬂ = ! ( b ¢) . Therefore we
: 0 B - Pm Tm(zfry,)
bkm
have ) {
i 1 (k)2 . \H
__ Sko 2 (Q Tk)
AAk — " H ||(17>‘)||2 R (630)
| \bQ A §
B A (k)H u
N Skj ﬁ(@ Tk)
79 .
| T @ Tk By; ]
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forall k,7=1,---,m. Setting A\k = Ekj = 0, we have

2
A4l = (|sko|2+—<||m||2—|xHrk|2>)
T, oy e =l

N|=

ANE e
1ABullr = <|sk-|2+—ﬂ<||m|| AN
j iy irels =l

Therefore ||AWj||; = (Z] o [swil” + gz (el 3 — |ngrk|2))§ for all k = 1,---,m

and finally 7§ (\, zx, Wi,) = [[AW], = (zkzl (7o lswil? + ey (el — lofirel)) )
This proves (G.28)).

When A € R™, using Q(k)Q(k)H = I, — 2,2 and by further simplifications it follows

from (6.29) that

[N

1
AAy = =g (rkka + zpri — (rf :)sk):):kxk) + QW Bka (k)™
(L, M]3
Aj ~
’ 2

When A € C™ \ R™, by (6.30) and (631)), we have,

1
T wre L

1
ABy; = xksijkH + m W (Ink — xkka) rkka + )\jxkrf (Ink Ty, )] Q(k Bk Q(k

AAk = xkskoka + — .Tk.TkH) kalka F .Tk'f’f (Ink LTy, )] + Q Ak]Q(k

Setting ﬁk = Ekj = (0 we obtain the desired perturbation. O
Now we consider an H-even MEP.

Theorem 6.3.8. Let S be the space of all H-even MEPs and W € S be as given in
(@1). Let X := (A, , Am)T € C™ be such that \; := o +if; for all j = 1,--- ,m,
where i =/—1 and 0 £z =1, @+ @z, € C" @ - ® C" be such that xflx), = 1.
Consider ry, := —Wy(N)zy, for allk =1,--- ,m. Then

1 .
SO0, W) = s (S Il 3 — [ofref?))? when \ c iR
2 ) Ly — N
(Zk:l (Z Lo lskl® + T H2(||7°k||2 |93kH7°k|2)>> * when X\ € C™\ iR™,
(6.32)
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where _ _
Sko
Sk L =61 - —Bm T Re(xflry)
: B 0 o O, Im(ay ry)
| Skm ]
forallk=1,--- m.
When A € iR™, define
AAy = ;2 (rezy + zprf — (rifag)gay!) , AByj = 732 (rezy 4+ zprf — (rfag) vyl
(L, M]3 (L, )12

and when A € C™ \ iR™, define

AAy, = sporpal + ”(1’1)\)“% [(In, — zpatl) rratl + zprll (In, — zeafl)]

ABkj = isijkka + m W (Ink — .’Ifk.’lka) Tk.TkH - )\jl’k’f’f (Ink — xkka)]

for allk,j=1,--- ,m. Consider AWy(2) := AAy+3 7", 2ABy; fork =1,---,m and
AW (z2) := (AW (2),- -+ , AW, (2)). Then AW is H-even, W(A)x + AW(N)z = 0 and

Proof. Note that Ay is Hermitian and By is skew-Hermitian for k, j = 1, - -- ,m. Choose

Q"™ ¢ C*(=1) guch that Q = [ i, QW } is unitary for all K = 1,--- ,m and define

~H . —~H
—_— Qp  Q — Zbk' —bk'
AAk = QkH AAk Qk = N and ABk] = Q]Ij ABk] Qk = /\J /i s
@ Ap bej Bk

—~ o~ —~H —
where ag, bkj c R, @, bkj e C*~! and Ak, Bkj c Clwe—Dx (=1 1o guch that A, = A,
ar + Z;nzl i)\jbkj

—H —
and By; = —DBy,forallk,j=1,---,m. Consequently, we have =
@ + Z;nzl )\jbkj
oy
k N m —~
. for all k = 1,---,m. The minimal 2-norm solution of aj + ijl Ajbrj =
Q(k) Tk

QW™ is given by @, = mQ(k)Hm and by; = WQ(k)Hrk.
Case I: Suppose that A € iR™. In this case note that \; =¢3; forall j =1,--- ,m.

. m . _ H m _ H
Then we can rewrite a + ijlz)\jbkj =z TR as ap — ijl Bibr; = x; r. Now by
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Lemma [6.2.1] the minimum norm solution of a; — ZJ L Bibk; = xfry, is given by aj, =

L kark and by; =

i\j

[[ERVI: TN
1 H 1 (K)H . \H N H Y] (k)
AL = | T %xk T ||<1,A>||§(Q k) AB.—| T@ Ek e e (@
—~ ? J r —
A A @Y By;

for all k,j = 1,---,m. Setting A, = E; = 0 and noting that [|Q® ™ r]|2 = ||r]|2 —
|zHr;|? we have

2Yl
11(1, )13

1
2

1
|AAR|[F = @ll7ell2 — ok rel®) , |1ABl | F = 2llrell2 = l'rel*)? -

1
(L, M3

1
So [|AW,]|, = m (2|re|[3 = |zf'r]?) ® and thus

" m 3
Sz, W) = |[AW], = ——— 2lrells = la'ml?) |
UZ( y L, ) ||| m2 '|(17>‘)||2 Z( HTI'CHZ |'Tlc Tk\ )

k=1
Case II: Suppose that A € C™ \ iR™. To obtain the real minimal 2-norm solution

of ap + 377 i\jbe; = xfry, we can rewrite it as

Qg
1 =B -+ —Bm bra . Re(ZkHTk)
0 ap - ap : Im(zkry,)
bkm
and the minimum 2-norm solution is given by
ag
f H
br1 . L =B - —Bm Re(z; rr)
: 0 a;p - ap Im(zkry)
bkm
So .
1 (k)H . \NH
AT — ok0 ||<1,A>||§(Q k)
QW Ay
AT N g w1 (6.34)
. ISk — e (@ )
ABy; = _ I . II(LA)IIE/\
' k
@Y 7 B )
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for all k,j5 = 1,--- ,m. Then setting ;l; = E;; = 0 and noting that ||Q(k)Hrk||§ =
1
el B—Jaftrf? we have [|AAllr = (1suof? + ey (Il = efref))  and 1By {1 =

1

(Iswl? + el el 3 = Jeffraf))™ for all k,j = 1, ,m. Therefore [|AWl2 =

1

m 2
(o lsil? + ezl 3 = lafmaf))* and

(A z, W) = AWl = <Z (ZIS@I + W(Ilmllz — Jag 7l ))) :

k=1 7=0
which proves (6.32).
Simplifying the expressions, when A € iR™, by (6.33)), it follows that

AAy = 17 1/\)” (it + reafl — (affrp)apef | +Q(k)AkQ(k)H
ABy; = H({\W [rkxk — oprE + (2 rk)xkxk} + QU Bka
and when A € C™ \ i{R™, by (6.34), we have

ABy; = izgspjril + m (N (In, — zpzf) rezll — Njayprf (1, — mpafl)] + QW Bka

forall k,7 =1,--- ,m. Setting ;1; = Ek\] = 0 we obtain the desired perturbation. O

Finally we derive structured backward error of a H-even alternating MEP in the

following result.

Theorem 6.3.9. Let S be the space of all H-even alternating MEPs and W € S be
as gwen in (G1). Let X\ := (A, , An)T € C™ be such that \; := a; +if3; for all
j=1,---,m, wherei=+v—-1and0# 2 =2, - @2, € C"®---®@C" be such
that xf ), = 1. Consider ry, := —Wy(Nzy for allk =1,--- ,m. Then

1 -
S ||(1,1A)||2 (kazl (2||Tk||§ - |5’5kH7’k|2)) : when \ € iR
772 ()\’ - W) - m m 2 2 2 H 2 % .
(s (o lswsl? + ey (lrellg = l2ffref) )* when A € €\ iR™,
(6.35)
where
Sko T
Sk1 1 Hey(a) =) (8) Re(xry)
. = fork=1,---,m
0 Il (a) + e (8) Im (2l ry)
Skm
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and o = (ozl, s ,Ozm)T,ﬁ = (517 T 7ﬁm)T-
When A € iR™, define

AAk = 171 2 Tk«rH+kaH—(THZ’k)Z’kZ’H
T ek i = (il
X
AByy = s [meay +apryl — (i o)z ]
(1, M)]]3

and when A € C™ \ iR™, define

1

AAk = Z’kskol’kH + m [(Ink — Z’kflka) ’/’kl’kH + Z’]ﬁ”f (Ink - Z’kl’kH”

s N (e = @) real + Aol (L — o)

AB +xkskj:ka when j is even
kj =

) _
7“(17)\)“2 [)\J (Ink — l’k$kH) Tk.TkH — )\jxkrf (Ink — l’kl’f)]

; H
+Z.Tk8kjl’k

for all k,j = 1,---,m. Consider AWy(2) := AAy + 370, 2jABy; fork =1,---,m
and AW(z) = (AWy(2), -+ , AW, (2)). Then AW is H-even alternating, W(\)z +
AWMz =0 and |[AW|z = n5 (A, 2, W).

when j is odd

Proof. Consider Q®) € C*(—1) such that Q) = [ i, QW ] is unitary for all k =
1,---,m. Define

( b b/\H
ki Okj )
P when j is even
~H
—~ ap ax — bej By
AAk e s ABk] = - _H
Qy Ak 'Lbk] _bkj o
P when j is odd,
-l bkj Bkj

— )= —~H —
where ag, bkj S R, @, bkj e C™*~! and Ak, Bkj S Cle=Dx(n=1) e guch that A, = A

and Bk\yH = (—1)j§k\j for all k,j =1,---,m. Consequently, we have

ap + Z )\jbkj + Z ’L)\ka]

H
xr
J even J odd — k Tk
Y m — (k.)HT
ax + D5y Ajbr; Q@
.. . ~ ' H . . ~ H
The minimum norm solution of ak+Z;.n:1 by = QW)™ ry is given by @), = Q") "1y,

— [IEBNIIE
T A H .
and by; = WQ(’“) ry for k,j=1,--- ,m.
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Case I: Suppose that A € iR™. In this case, the minimal 2-norm solution of a; +

. _ H . . _ 1 H )\7
20 Ajbes 'del)\jbk;j = @y T 15 given by ax = qoyEas Tk bkj = ka rx when j
J even J O

is even and by; = ||(1§)||2ka7’;€ when j is odd. Then

1 (k)H . \H
AA, = TR g (@ ) (6.36)
1 k)H A,
L H(l,A)H%Q() T A
([ N _.w N QW \H
TS s qaag (@ T when j is even
. J QQ(k)H’/’k Bk;
ABy = { o 0E — (6.37)
j o H N B e 10)) =t
||%A>||%$: Z’“ H(LA)H%Q ") when j is odd
UL @ e B

for all k,j = 1,---,m. Setting Ay, = By; = 0 and noting that ||Q® ™ ry||2 = [|r|2 —

|z r? we have

1 L |\ 1
1AALF = w5 (2lIrxl]3 — [ re®)® and ||ABy||p = 74— (2lIrell3 — [zirel?)
T Clindlz — larl) ille = 1 (el = laiem)
1
Therefore [|AW||2 = 7“2 (2]|7]13 = |2fry]*)* and thus

N

1 m
n§()\,x,W) = [|[AW]l, = m (Z (2||7’k||3 - |$kH7“k|2)>

k=1

Case I1: Suppose that A € C™\iR™. In this case, ax+ Y, Ajbej+ Y. i\by; = 1y,

Jj even j odd
can be written as
- . -
1 T (a) =) (B) ber | Re(zfry)
0 Ip)(a) + 1 (B) f Im(zfry,)
L Dim _

and thus the required minimum norm solution is given by

ay
1
br1 1 Iy(a) — ey () Re(xfry,)
: 0 IIgy(a)+ e (B) Tm(z7'ry)
bkm
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Therefore we have

— 1 (k‘)H H
AA, = k0 o (@ ) (6.38)
_1 kA Ay |
[ T @ T A
) _
Sk W(Q(R)HT’“)H B
_ ) M when j is even
KB - TLATE : " (6.39)
. N (k) H
U8k ||(1,§)||§(Q i) when j is odd
X Ak B..
| L @ B
for all k,5 = 1,---,m. Again settmg A, = Bk] 0, it follows that |[AAg||lr = )

(Istol? + 12y (el = [atfme)) * and | AByglle = (1o

S0 (AWl = (i lsws ? + ez (el = 2 7i)

MO 7, W) = [AW], = (Z (zw e el - |xf3m|2>>>

k=1

Therefore, we obtain (G.35]).

|2 2\>\ |
kj

1l = [2fmf))

NI Cn

and hence

[SIE

When A € iR™, by further simplifications, it follows from (6.36) and (6.37) that

1
Ady = —
= T |

A

AB..: __ 7y
& (1, V2

Tkl’kH +.Tk7’]€{

[rkka =+ :Ekr,f —

(ri ) zrll] + QW A,QW"

and when A € C™ \ iR™, it follows from (6.38) and (6.39) that

1
T LU

H
AAk = TkSkoTy +

H H
- ) TET, + TRy (Ink

—z)!)] + QW AQW”

s N (T = zeadl) ] + Nwri! (L, — zpafl)]
AR tazpsirl + Q(k)Bka(k)H when j is even
kj =
I H
ey (N (In, — zexf) rexfl — Naprf (1n, — ziafl)]
\ tizgsga + Q(k)Bka(k when j is odd.

Hence setting ;1; =

Ek\j = 0 we obtain the desired perturbation.
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6.4 Spectral norm structured backward error

In this section we derive structured backward errors by considering the Spectral
norm on C™*" for all k = 1,---,m. The following result will play an important role

in deriving the structured backward errors.

Theorem 6.4.1. (Davis-Kahan-Weinberger, [2]]) Let A, B,C be given matrices such

that _
A
=p=||[a c]f],
B 2
J1l2
Then there exists D such that
A C
B D
| 2

Indeed, those D which have this property are exvactly those of the form
D=—KA"L+pu(l — KK®22(I — L¥L)z,

where K .= (u2] — A" A)~2 BH L := (42l — AA")~2C and Z is an arbitrary contrac-
tion, that is, || Z||]2 < 1.

First we consider T-symmetric MEPs.

Theorem 6.4.2. Let S be the space of all T-symmetric MEPs and W € S be as given in
(61). Let \= (A,  Ap)T €EC™ and0 # 2 :=1,® Q1 € C'®---@C™ be such
that xf z, = 1. Consider vy, := =Wy(N)xy, for all k = 1,--- ,m. Then ny(A\, 2, W) =
ke rllas - )l where p=t 4 gmt =1,

Let (yo, -+ ,ym)t € O||(L, \|lg- When ||rille # |xiry] for some k € {1,--- ,m}
define

— T ' T\y T H
Yo T H v TR EUny — T )y (I, — 22y)
AA, = 7{@@ + ez — (1) Tr)Trxy, —
(L, )] lg 7xll3 — g e l? ’
— T — T\, T H
Yj T H v i T kU — T )y (I, — Ty)
ABy: = 7[@7’ + ryxy — (1, T ) Teryn —
’ L) 7" : ‘ * 7xl3 — g rsl?
and when ||ri|la = |zfry] for some k € {1,--- ,m}, define AA; = ﬁx_kr}f =
||(17\0)||quka’ ABy; = H(ffj\'qu_kr,f = H(l%/i)Hqux’Ij for all j = 1,--- ,m. Consider
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AWy (2) = AAg+ L 2jABy; fork =1, -+ ;m and AW (2) == (AW, (2), - -, AWy, (2)).
Then AW is T-symmetric, W(N)x + AW(N)z =0 and [|[AW], = n5(A, 2, W).

Proof. Recall from the proof of Theorem [6.3.1] that

Yo T 70 (BT
Ay = Qg | 0Vl Tere a (@ )" Qr
kT ’
o, Q" Ay
[, _ Y (k)T T
ABy = Qg T, k7 H(Limq@ ) QY
J - 2 e .
Yj L
[ TN By;

satisfies that Wi(\)zg + AWk(N) 2k = 0. When ||rg||s # 2L, for piaa, = ﬁHrng
and piap,, = ﬁ“m”m by Theorem [6.4.1], we have

—~ 5o agr(QW ) (W) )" 75 2 (QP ) (QW )"

Ap = — and By, = . (6.40)
1L (Il I3 = lagrel?) o 1L, Mgl 3 = [zirel?)
When ||ry||2 = |2Lrg| for some k € {1,---,m} then note that ||Q®) r||s = (||rx||? —
l2Tr|2)2 = 0, ie., QO 1, = 0. So we have
0Ty T
~— 1, k'k E I YkTk
AA, = O (LA L QkHa ABy; = Qp (1L N QkH
0 A 0 Br)
For pipa, = m|a:,€7°k| = ||(1|y/\‘|| ||r&ll2 and pap,; = ﬁHrng, by Theorem [6.4.T]
we have Ay = Bkj = 0. So |[|[AW||, = I ‘1‘y)|\|"Hq||rk||2 = ||(171/\)||q||7’k||2. Therefore
00, W) = JAW], = o 1l B

When [|ry||» # |#Try|, substituting Ay, and By, as given in (640) in (6.14) and (G15),
respectively, and when ||rg||ls = |z} ry|, setting Ay, = Bkj =0, in (6I4) and (6I5) we
obtain the desired perturbation. O

Next we consider T-skew symmetric MEPs.

Theorem 6.4.3. Let S be the space of all T-skew symmetric MEPs and W € S be
as given in (61). Let X\ == (A, -, An)t € C" and 0 # 2 = 2, @ -+ @ T, €
C"®---@C"™ be such that xf z), = 1. Consider ry, := —Wy(N)zy, for allk=1,--- ,m
Then 13 2, W) = b [[(lIrallas -+ 17l )l where p=t + = 1.
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Let (yo, -+ ,ym)? € 0||(1,N)|lq- Define AA; = W (rextl — Tprd) and ABy; =
||(1y7j\)||q (reay! —=Tpry) for allk,j =1,--- ,m. Consider AWy(z) := AA,+3"", 2 ABy,
fork =1,--- m and AW(z) := (AWi(2), -+ ,AW,.(2)). Then AW is T-skew sym-
metric, WAz + AW(A)z = 0 and AW, = nS (A, 2, W).

Proof. Recall from the proof of Theorem that in this case we have

_ o -
o] 0w
uuq k
aBy = | i (" o
i H(fiiqu(k)TTk By, 1
such that Wi(AN)zg + AWMz, = 0. Now for puaa, = ||(1/\ P |7%|]2 and pap,, =

%HWHQ by Theorem [6.4.1], we have A, = E; = 0. Then (A, zx, W) = ||pr| l|7k||2 =

P ||Tk||2 and thus we have np()\ z, W) = ||(||7‘1||2, “||7mll2)||p-  Further

II(M ||(1/\

simplifying AA; and ABy;, we have

AAk = L(Tk.’lka Z’]ﬁ”k) Q(k AkQ ABk] (Tk.’Ek xkrk )+Q BkJQ
(1, Mg 11(1, )Ilq
Setting z/él\k = Bk\J = 0, we obtain the desired optimal perturbation. O

Now we derive 1 (X, z, W) for a T-even MEP.

Theorem 6.4.4. Let S be the space of all T-even MEPs and W € S be as given in

@1). Let A :== (A, A)T €C™" and 0 # 2 = 3, Q@ Qa,, € CM R Q

Cm be such that xflx, = 1. Consider vy == =W (Nzy for all k = 1,--- ,m. Let

(Yo, -+ ym)" € AN, N)|lg, for p™' + ¢ = 1. Then m,(X, 2, W) = [|(c1,- -, em)llp,
2

2
where ¢, = [|(ag, b1, -+ s bm)||ps = (|%Akfk|2 + T 2 rel3 — ok Awr| D and

brj = ||(| NP (I|rel3 = |2f Apas| ) for all k,j =1,--- ,m. In particular, when p = 2,
1

m 3
we have n§(\ @, W) = (7 (Iof Avanl? + iz (el = 2f Aal?) ) )
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When ||ri||a # |z Arzy|, define

AAy = —Tprl Aprprt + ﬁ [rkka + T — 2(ngkxk)x_kka}
s A)llq
H

W0 wf Apey (L, — Tewg)riri, (In, — o))
[yol? (11713 — |2k Awwe]?) ’
Yj

AB,, = —Z H_ T
4= AT, T

and when ||rg||o = |2 Apzy|, define

Yo

AAy = —Tpa) Apmpry + m [mxf + Ty — 2(fokxk)x_kx,f} ,
) q
Yj - A
ABy; = ———— (rezp — Zgr
’ ||(1>/\)||q( * )

forallk,j=1,--- ,m. Consider AWy(2) := AAy+> 7", 2ABy; fork=1,---,m and
AW (z) == (AW, (2),- -+ ,AWpn(2)). Then AW is T-even, W(X)z + AW(N)z = 0 and
[AW], = (X, 2, W).

Proof. Tt follows from the proof of Theorem that we have

A

_..T 9o (k) T
an TeAete o (@7 TE) H
AAk; = Qk: % Q(k)T,r, ;1\ Qka
L T g &
0 Y (Q(k)T”f‘k)T
A TN T o
ABk] = Qk: = (k)T E\ k
| TR Tk kj

such that Wi(\)xy, + AW (N)z = 0. When ||ry|| # oL Apxy| for some k € {1,--- ,m}
for paa, = ar and HAB,; = bi;, by Theorem [6.4.1] we have

72 T A QW ) (QWT )T __
X = W mAn Q@ )@ ) g B g, (6.41)

[yol? (I1rel[5 — | Are]?)?

When ||ry||; = |z Agay| for some k € {1,---,m}, note that Q¥ r, = 0 and thus

_ —JJ%Akl’k 0 I _
AAk = Qk P Qk and ABkj = Qk A

0 Ay 0 By
ar, and pap,; = byj, by Theorem [6.4.1], we have ;1; = E; = 0. Then |[[AW||s =

A Again for ppa, =
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| (ak, bk1, -+ 5 bem)||p, = ¢ and therefore nf()\,x,W) = |AW|, = |[(c1,- -+, cm)||p. Fur-
ther simplifying AA; and ABy;, we have

Yo
(L, Mg

Yj H —
ABy;, = —=—— (rgx, — Tgr —I—Q ) By, Q
& (L, )] g ( o * k) &

When [|r||2 # |2F Agzy| for some k € {1, m}, setting Ay, and E; as given in ([6.47])

AA, = —Ta] Apapaf + [rkx,f + T — 2(fokxk)at_kxﬂ + Q(k)le;Q(k)H

H

and when ||ry||2 = |z} Agxy| for some k € {1, -+ ,m}, setting Ap, = Ek\] = 0, the desired

perturbation follows. O
In case of a T-odd MEP, we have the following result.

Theorem 6.4.5. Let S be the space of all T-odd MEPs and W € S be as given in (6.1]).
Let \i= (M, d) T €Cmand 0 # 2 =2, ® - @ a2, €EC"®---®@C"™ be such
that 2z, = 1. Consider ry, := —Wi(Nay, for allk = 1,--- ;m. Let (Yo, ,Ym)’
|1, M)]]g and (21, , zm)T € O|A||g, for p™' + ¢ = 1. Then

Cly" " 5 Cm when A # 0
oy = J e el +
[[([lr1ll2, -+ 5 [Irmll2)|l,  when A =0,
where C = ||(ak,bk1,~-~ 7bkm>||p and
ol Bk P :
Yo 2 [T 1272 Zj iF 12 Yj
on = e il lafn?) and by = (lon + o 2 el I
111, Mg AN ! A2 [[(1, A)][2 2 ~J
forallk,j =1,--- m. In particular, when p = 2, we have
1
m L ..T.. |2 1 2 2
oo — 4 (i (el + e (el = o Aunf?) ) ) when A 0

(7l Tl 2)] 2 when A = 0.

When ||rille # |zEry| for some k € {1,--- ,m}, define

AAk = ﬁ(?’%ﬂfg — ,T_k'f’g)
) q
Zs . Y _ _
ABy; = —H)\]Hq(xgrk)mkmk 7“(1 j)\)Hq(rkka + W{ — 2(m£rk)xkka)

y_j2 Zj xgrk(]nk — TpTy, )Tkrk ([nk - ZL’]@L’E)

[Allg Tyl (Hlrel3 = |k rel?)
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and when ||rg||o = |ziry| for some k € {1,--- ,m}, define
Yo _
AAk = m(rkxk{{ — xk'r;g),
» A)llg
= _
ABy; = L (xiry)TRer + Yi — 2 (rl + Tl = 2(alry) Tl
[\l [1(L, M1l

forallk,j =1,--- ,m. Consider AWy(z) := AAy+> 7", 2jABy; fork=1,---,m and
AW (z) = (AW (2),- -+ ,AW(2)). Then AW is T-odd, W(A)z + AW(N)z = 0 and
AW, = 75 (A, 2, W).

Now we consider T-even alternating MEPs.
Theorem 6.4.6. Let S be the space of all T-even alternating MEPs and W € S be
as given in ([61). Let X\ == M\, Ap)t € C" and 0 # 2 = 11 ® -+ @ T, €
C"®---@C"™ be such that xf x;, = 1. Consider rj, := —Wy(N)zy, for allk =1,--- ,m

Let (yo, -+, ym)" € O|[(1, Mg and (20, ,2m)" € O||(1, My (Mlg for p~H +¢7" = 1,
Then nf(A,x,W) = ||(c1, -+, em)||p, where ¢,y = ||(ag, br1, -+ 5 bem) ||, and

ak:( 20 g@ﬁ+iﬂ%wm—mm0
TLADOT T

1

[NIES

(kamp + ”(|7”2(||rk\|2 |x£7’k|2)> when j is even

bi; ‘
||(1y>3\ ||q(||7‘k||2 |wfrg]? )5 when j is odd
forallk,j=1,--- m. In particular, for p = 2, we have
m 1 1 3
S 2 2 T, |2
o = (3 e+ T (Il = )
: 2 zmog o + g (el = beind)
When ||re|la # |ztry| for some k € {1,-++ ,m}, define
AA, = ? (zh ) Tros! + %o — [l Tl — 2wty TRy
(L, A (X)) ]]q 111, Mg
G0 20wk (I, — T )rary (In, — 2xy)
ol *(I7el 13 — |z a1, A M)y
m(xkrk)ikxk + 1 /J\)H [real + zprl — 2(alry)Tral]
ABy; = _|yj\2<||m||§—z|lifzrjzj§;f(1,A<e)(A (L = Tt )rari (Lo, — zeyl) - when j is even

ST P -
T [ker — TRrg] when j is odd
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and when ||ry||a = |xlry| for some k € {1,--- ,m}, define
. 20 T . \e— H Yo H | — T  o( T o H
AA = (X ri)Trxy, + —————[rex), + Ty, — 2(Tp T6) T2y )

[1(1, AL (A)lq (L Mg

Zj

T N H vj H | =T Ty e H s
m(xk "R) Ty + s ek + Tty — 2(2 )Ty ] when j is even

ABy = u e
H(f/ii)uq[rkka — Try ) when j is odd

for all k,j = 1,---,m. Consider AWy (2) := AAy + 7", 2jABy; for k =1,---,m

and AW(z) = (AWi(2),--+ ,AW,(2)). Then AW s T-even alternating, W(\)zx +

AW(N)z = 0 and AW, = n; (A, z, W).
Proof. Recall from the proof of Theorem that

Z0 T Yo (k)T T
||(1,n(e)(x))||qurk H(l,A)IIq(Q T’“)

AAk = @ rF (k)T o kHv
Yo
[y A A
4 Y o o -
| 2T, B QW )T
On (L ey (M)llq [1(LN)]]q QkH whien ; is\@veri
_ Y o®T B..
AB, — : T @ Tk By :
a 0 — B (QF )T
on A . H(LA)HQ/\ Q4  when j is odd
j k
S ey A Brj ]
for all k,j = 1,--- ,m. When ||rg||2 # |xLry| for some k € {1,--- ,m}, for paa, = ax

and pa By = bi;, by Theorem [6.4.1] we have

A= — Yo 202} T (Q(k)Trk)(Q(k)Trk)T
lyol2 (117113 — [z£ el 2|1, Ty ()] g ’
_ R (k)T ®)T,. \T s
B — QAT T 00T, (@ Te) (@ 7%) " when j is even
;=
0 when j is odd.
When ||r||s = |2T7)| for some k € {1,---,m} then noting that Q™" r, = 0 we have
__m___.Te A S
_ k'k — k
AAk — Qk ||(17H(e)()‘))||q . QkH7 ABkg — Qk ||>‘Hq k - QkH Whenj iS
0 A 0 By
_ 10
even and ABy; = Q - QkH when j is odd. Again for puaa, = a, and HAB,, =
0 By,
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bij, by Theorem BT, we have A, = By = 0. So [[AW|l, = ||(ak, brt, -+ - bem)|lp = i
and hence ny(\, 2, W) = AW, = [[(c1, -, cm)||p- Simplifying AAj, and ABy;, the

desired perturbation follows. O

Similarly we have the following result for a T-odd alternating MEP.

Theorem 6.4.7. Let S be the space of all T-odd alternating MEPs and W € S be
as giwen in (G1). Let X := (A, -, )T € C" and 0 # 2 = 2, @ -+ @ x,, €
C"®@---@C"™ be such that xflx), = 1. Consider vy, :== —Wy(N)xy, forallk =1,--- . m
Let (yo, =, ym)T € O||(L,N)|lg and (21, -+, 20)T € O|[Toy(N)||g forp™*+q~* = 1. Then

,OS()\ T W): Il(cl>"' 7C7TL)HP when H(O)()\)#O
D P

o APl -+ DI, when I (A) =0,

1
where ¢y, = ||(ak, bi1, - - - 7bkm)||p7 ak = ||(1|?,J)\O)|||q(||rkH% - \$£Tk|2)2 and
l LY
: H(llyi Hq(||7“k||2 |zh7]?)2 when j is even
ki = b

2 & .
(Wlxkrkp + H(l7||2(||7”k||2 |x£7’k|2)) when j is odd

forallk,j=1,--- m. In particular, for p = 2, we have

1

(Zk 1(||A(0> T SRR (||rk||§_|x£”|2>>)2 when 1l (3) 7 0

(A 2, W) =
o Arallz, - llrml DIz when II(;)(A) = 0.
When ||ri)|2 # |xEry] for some k € {1,---,m}, define AA,, := ﬁ[mxf —Zri],

||(1§)||q [rref — Terf] when j is even

ABy; = m(xkrk)xkxk + 1a ;\)H [rpl + zprd — 2(alry)Tral]
z ZETT — ..

~ o, (e — Tl (T, = zeafl) - when s odd
and when ||ri||a = |xrg| for some k € {1,--+ ,m}, define AAy = ﬁ[rkmf —zprt],

Y[l — T when j is even

A kL KTy J

AB, = 1 T

m(xfrk)x_kxf + ﬁ[rkxf +Tprl — 2(xlr)TRal] when j is odd,
for all'k,j = 1,--- ,m. Consider AWy(z) := AA, + >0, 2jABy; fork = 1,---,m
and AW (z) = (AWy(2), -+ , AWy (2)). Then AW is T-odd alternating, W(\)z +
AWN)z = 0 and |AW], = ny(\, z, W).
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Now we derive the structured backward error for the H-structures by considering

Holder 2-norm ||-||o on MEP(ny, -+, ngy,).

Theorem 6.4.8. Let S be the space of all H-Hermitian MEPs and W € S be as given
in (@1). Let X\ := (A1, -+, A\n)T € C™ be such that \; :== o +iB; forall j=1,---,m,
wherei =+v/—1and 042 =2, Q- @2, € C*'®---® C" be such thatkamk =1.
Consider ry, := —Wi,(Nzy and Py = I,, — xpxil for allk =1,--- ,m. Then

s Nl Il )1 when ) € R”
m (e, W) = 3 i i :

m m 2 m m
(s (o lswsl? + e (el 3 — [of7l?) ) )* when A€ T\ R™,
where si; is as defined in Theorem [6.3.7.

When ||ri|la # |zHry|, for some k € {1,--- ,m}, define
H H
1 a H _(.H HY Ty i Preriry Pr m
AL — ) TONE (rezt! + @il — (rf ) @tll) = [Enigir Borrn When A€ R
p =
H 1 H H skoPrrirt! Pr
SEoLETy, + m [Pkrkxk aF LTy ij| — m when A € C™ \ Rm,
Aj H H _ (.H HY iz T Prriry Pr L5
AR g (i’ + zierid = (TR 2tl) = qaRE gy Vhen A €R
kj =
H Sp; Prrpri P
SkjLrTy, o I, )\ ||2 [)\ P]ﬁ”kxk == Aj GLET Pk} W when A\ € Al \Rm
and when ||ry||a # |xiry|, for some k € {1,--- ,m}, define
1 H m
AA, = ) TONTE o (@ TR)TRey = qrygresk when A€ R
TrSpoTH when A € C™\ R™,
5 (i ry)zpx N aH when ) € R™
AB,; = 11, >\)H k kI >\)|| k
i =
Tpsirl when A € C™\ R™,

for allk,j=1,--- ,m. Consider AWy(z) := AAp+ 31", 2jABy; fork=1,--- ,m and
AW (z) = (AW (2), -+ , AW, (2)). Then AW is H-Hermitian, W(\)z + AW(N)x =0
and AWy = 15 (, 2, W).

Proof. When A € C™ \ R™, recall from Theorem that

i 1 (k)H, \H ]
Sko X (Q Tk)
M = Q o T e
H2Q Tk Ak
[ . N (oW, \H ]
Skj B (Q Tk)
ABy = Q » TN o
| @ e By; l
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forall j=1,---,m. So for uaa, := (|sk0|2 + m (||rxll2 = |mfrk\2)> and piap,, =

[N

1 —~ ~NH H
<|3ka|2 + H(‘ NI (||7°k||2 |$kHTk|2)> > by Theorem BT, we have A, = — 0@ _r(@® n )"

(Il 3=zl

Hmll%—\kaTkIQ When ||ri|ls = |zfry| for some k € {1,---,m}

then note that [|[Q® " rylly = (||rel|2 — |2Hr]?)2 = 0, ie., Q®"r, = 0. So we have
Sko 0 o Skj

| @y and ABy; = Q -
0 A 0 By

paB,, = |skjl, again by Theorem 641 we have A, = E;; = 0. Hence |[|[AW||2 =

1
(7o Iswal? + lirel = lafmel?) * and

(A, W) = [AW]l; = (Z (Z i | + Il 5 = vafrklz» :

k=1 \j=0

AAk = Qk QkH For HAaa, = |Sk0| and

When A € R™, recall from Theorem that

[ 1 . 1 ()2, \H |
T2 Yk Tk B 2(Q %)
AA, = O [1(L,M113 (1,115 - QkHv
| e A
[ A EEVEROSOLINNN
2% Tk X z(QW"ry)
i 7T .
i ||<1,A>||§Q i By \
for all j = 1,---,m. When ||7”kH2 # |zHry| for paa, = erkHz and finp,, =

‘/\ | \2||Tk||2 by Theorem [6.4.1] we have

A L
B = [f P

A 2l (@M r ) (QW )T

and E\ = —
& I3 — |z re]?

0T, A)Hﬂ’f Y

Finally when ||r4||2 = |z ry| for some k € {1,--- ,m} then AA; = Qy e
0 Ay,

Ai o H

oLk Tk 0
and ABy = @ | Ik __ | Q. For paa, = yaypllnlle and pap, =

0 By

ﬁHrng by Theorem 621}, we have A, = Bkj = 0. Therefore [[AW||2 = 57 H2||7°k||2
and and n5(\, 2z, W) = [|[AW|, = mH(Hrng, “+ ||7m||2)||2- The desired optimal
perturbations follow by simplifying AA;, and ABy;. O

Next we derive 15 (\, 2, W) for H-even MEP.
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Theorem 6.4.9. Let S be the space of all H-even MEPs and W € S be as given in
@1). Let X := (A1, , Am)? € C™ be such that \; = a; +if3;,for all j = 1,--- ,m,
where i = /—1 and 0 £ 2 =1, Q-+ @2, € C" @ -+ ® C"™ be such that iz, = 1.
Consider ry :== —Wy(N)xy and Py :=I,, — xxzl for allk =1,--- ,m. Then
Tl ) when \ € (R™

7]§()\,$,W) - m m 2 1 2 H 2 % y
(e (o bswal® + kg (imel B = leffre?)) )™ when A € €\ iR™

where sy; are as gwen in Theorem [6.3.8.

When ||7x||2 # |zHry|, for some k € {1,--+,m}, define
— 1 (T’kl'H + zrd — (erk)xka) — 2l vk D! P A €iR™
2
AA, = [IESVIIE; k k k & N3 (el 3=z r?)
H 1 H H 5,0 Perir sl Py m\ ;m
seotni, + gy [Pernak -+ ok Pe] = ety g ST\ R,
A H H _ (.H H iskj Perr! Py om
Ap . ) o ek ol = el + 4y AR
kj -— ; H
. H 1 H H 185 Prriry Pr m M
1Sk TRT T [ N; Pprrzy — Nz B —eek o Ae C™\ iR
R S TTBV AsPerieil = Amr i) + lIrell3—lof rel? \
When ||rg|la = |ziry| for some k € {1,--- ,m}, define
1 H DM )\_] H DM
T A € IR L or.ry A €IR
AA, = { OBk ABy,; = { TONE kT
SpoTRT A e C™\iR™, Sk TRTE AeCm\iR™

forallk,j=1,--- ,m. Consider AWy(2) :== AAx+ 37", 2jABy; fork =1,--- ,m and
AW(z) = (AW (2), -+ ,AWpn(2)). Then AW is H-even, W(A)z + AW(N)xz = 0 and
[AW]ly = n5(A, 2, W).

Proof. When )\ € iR™, recall from the proof of Theorem that

1 H 1 (&)L ¥H
TRk Tk DY 2(@ Tk)
Ay = O H(l 3 ° TN o
L ||<17A>||%Q() "k A
[ N H N () \H
TRk Tk TA 2 (QY )
ABkj = O \\L ik . I( )Hg/\ QkH
| m @ By;
for all j = 1,---,m. When [|ri|la # |xfry| for paa, = erkHZ and pap,, =

@M ) (@K ) H

I NIB (1l B—lefrl?)

|’\7/\j)‘”§||7’k||2, by Theorem 641 we have A, = and Ek\] _

I,
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Al @ ) @ M
]IT(ICIT;)H%(Hrﬁ%—\wfmrj) . When ||rplls = |zfry| for some k € {1,--- ,m}, we have

QM. = 0. Hence

H
0 A 0 By,
Again for paa, = W\\m\b and pap, = T H ‘2||7‘k||2 by Theorem [(.4.1, we have

Ay = By = 0. So [|[AWill = rkzllrell2 and therefore n$(A, 2, W) = AW, =

\\(1,>\)H2||(||7°1||2> o rml [2)] ]2
When A € C™ \ iR™, recall from Theorem [6.3.8] that

Sko 2(Q(k Tk)H
AAk: = Qk ] (W)H & Q£7
| @ T A
[ - N QW VH
ABy, = O 15ki T (@ k) ol
’ X oW, B a
RNICBVIE g e
for all j = 1,---,m. When [|rg|la # |zr| for some k € {1 <o ,m}, for paa, =
1 1
3

2
(Iswol? + ey (1rellg = lafnnl?) )™ and pam,, = (Iswil? + 7ol (sl 3 - IzkarkF))

T _ 5@ ) (@0 T rpH - sk (@9 ) (@B )
by Theorem [6.4.T], we have A; = [l 13—z |2 and Bk] (T
Sk0
When ||rg||a = |2 7| for some k € {1,--- ,m} then we have AA; = Qy | QF
0 A
iSkj 0 I
and ABy; = Qg | Q. For puaa, = |spo| and pap,, = [sks], by Theo-

0 By

Jun

2

remB41] we have A, = By, = 0. Therefore |[AW, ||, = <Z;”:0 sk > + m (IIrell3 = |x,frk\2))

Y 3
and thus §(\, 2, W) = AW, = (S5, (St sl + gy (1reli3 = leffr?)) )
Simplifying Ak and Bkj, we obtain the desired optimal perturbations. O

In a similar way, in case of a H-even alternating MEP, we have the following result.

Theorem 6.4.10. Let S be the space of all H-even alternating MEPs and W € S be
as given in (G1). Let X\ := (A, , \n)T € C™ be such that \; := «; + if3; for all
j=1,--- m, wherei=+/-1,042 =010 - Qx, € C"® .- C" be such that
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oz, = 1. Consider ry, :== —Wi(N)axy, and Py := I,,, — zpxll for allk =1,--- ,m. Then
mos ULz, = [l )12 when \ € {R™
1, ) ) m
7]§<)\7x7w) = II( :rILIQ m 2 1 2 H 2 % m M
(S (5o bl + g (Il = laffmaf?)) )™ when x € €7\ iR

where si; are as given in Theorem[6.3.9.

When ||7x||2 # |z ry|, for some k € {1,---,m}, define
S (rka + zprH — (erk)xka) - ol i Pyrir P when )\ € iR™
2
AA, = N8Ik k k % B2 1AM (rli3—lafril?)
H skoPkrkrka m Py
SkoTrTy —+ T, )\ H2 [Pk’f’k.ﬁ(}'k + LTy Pk] — W when \ € C \ZR
N (rka + xprH — (erk)xka) _ e Perry P when )\ € iR™
2
AB,; = { VB k k ; & M3 (el 13—z s ?)
j o H
H 1 H H SijkaTk Pk m . m
SEOTET = | Perpx rpry Pl — —Lr when A\ € C™ \ iR
KOTETE T TNTR | Pernail + 2 Fi] lIrell3 =Tz} rl? \

when j is even and

A H H H H Ny i Pariry! P om
i (rix xrry — (rixy)xpx when \ € iR
AB, = { TGN (reail +awrid = (e aa) + NANIB (Il Bl ?)
J . H
ZSijkaTk Pk m N m
iSkjTRTE + T /\ T [)\ Pzl — Njayrf Pk} + T BTl when A € C™ \ iR
=, H 1 H )
When ||rg|la = |x 18| for some k € {1,--- ,m} define AAy = TR "Rk ABy,; =
X skjxxxsl  when j is even

—H ezt when X € iR™ and AAy, = sporpzl, ABy;
TR e Tk K j . " .
1Sk TpTy,  when j is odd,

when A € C™ \ iR™. Consider AWy(z) := AA, + Y770 2jABy; for k = 1,---,m
and AW(z) = (AW (2), -+ , AW, (2)). Then AW is H-even alternating, W(\)x +
AWMz =0 and |AW|y = nS(\, z, W).
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Summary

We have developed a general framework for the spectral analysis of nonhomogeneous
MEPs. For a general norm on the space of MEPs, we have defined the condition number
cond(\, W) of a simple eigenvalue A of an MEP W by

. dist(\, o(W + AW))
cond(\, W) := lim sup ,
Jaw]—0 IAW]|

where AW is an MEP and dist(\, o(W + AW)) := min{||A — u||2 : p € o(W + AW)}.

Given a simple eigenvalue Ay of W, we have shown that there is an open neighborhood
nbd(W) containing W and a smooth function A such that A(W) = Ay and A\(X) is a
simple eigenvalue of X for all X € nbd(W). We have determined the derivative DA(W)
and used it to derive three equivalent representations of cond(A, W). Also, we have
constructed a fast perturbation for Aw considering a weighted norm on the space of

MEPs. We have defined the backward error of an approximate eigenvalue A of W by
n(A, W) := inf{||]AW| : A € a(W + AW)}.

We have derived n(A, W) and constructed an optimal perturbation AW such that
A€ o(W+ AW) and ||[AW|| = n(A, W). Also, for an approximate eigenpair (A, z :=
Q- @y € C"x (C"®---® C"), we have defined the backward error by
N\, z, W) = inf{||AW| : WAz + AW(N)z = 0}. We have derived n(A,z, W) and
constructed optimal perturbation AW for (A, ) such that W(A\)z + AW(A)z = 0 and
IAW]| = (X, z, W). We have extended the results to the case of two parameter PEPs.
Further we have developed a general framework for spectral analysis of linear homoge-

neous MEPs. We have introduced condition number cond(\, W) of a simple eigenvalue A
157
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of a homogeneous MEP W and derived cond(\, W). We have also determined backward
errors of approximate eigenvalues and approximate eigenpairs of W and constructed

optimal perturbations.

We have defined and analyzed two vector spaces of potential linearizations of two-
parameter polynomial of degree k. Considering a two-parameter matrix polynomial of

the form

N
<.

k
=22 N Ay,

=0

<.
Il
o

where A;; € C" " foralli =0,--- ,kand j =0, --- ,k—1%, we have defined and analyzed
two vector spaces, namely, the right ansatz space and the left ansatz space of potential
linearizations of P(A, ). We have also analyzed conditions under which a pencil in the

ansatz spaces is a linearization of P(\, u).

Finally, we have considered structured linear MEPs and analyzed structured back-
ward errors and structured backward perturbations. We have denoted the space of
structured MEPs by S and defined structured backward error of an approximate eigen-

pair (\,z :=2; ® -+ ® x,,) by
(A, z, W) := inf{|] AW|| : AW € S and W(\)z + AW(\)x = 0}.

We have determined 7°(\, 2, W) and constructed an optimal structured perturbation

AW such that W(\)z + AW(\)z = 0 and [|AW]| = n°(\, 2, W).
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