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Abstract

The Dominating Set Problem (DSP) is a classical combinatorial optimization problem that

aims to find the smallest dominating set (DS) in a given graph G = (V,E). Due to its

numerous real-world applications across various domains, such as facility location, social

networks, network design, security, and resource allocation, the dominating set and its

variants have been extensively studied. In this thesis, we explore several variants of the

dominating set, specifically the semi-total dominating set, total dominating set, and total

Roman dominating set. All the problems listed here are NP-hard, and none of them admit

a constant factor approximation algorithm for general graphs unless P = NP . This chal-

lenge motivated us to study these problems within special graph classes. Unit disk graphs

(UDGs) are geometric intersection graphs, where nodes correspond to disks, and there is an

edge between two nodes if their corresponding disks intersect. Exploring domination and

its variants within unit disk graphs (UDGs) is particularly significant due to their pivotal

role as models for wireless communication networks, mobile Ad-Hoc networks (MANETs),

and sensor networks. Given the relation of UDGs with domination theory, we investigate

most of these problems in UDGs and a few of them in grid graphs (GGs), and trees.

Firstly, we study the semi-total dominating set (T2DS) and we are the first to introduce

the semi-total dominating set problem in unit disk graphs. We establish that the T2DS

problem is NP-complete in UDGs and propose a 6-factor approximation algorithm. The

running time of the algorithm is O(n log k), where k is the size of the maximal independent

set. We also propose a 2 + ln (∆ + 1)-factor approximation algorithm for the semi-total

domination problem in general graphs, where ∆ is the degree of the graph. Our proposed

approximation algorithm is an improvement over the approximation factor 2 + 3 ln (∆ + 1)

given in the literature. We have also observed that the problem admits a PTAS with ap-

proximation factor (2 + ϵ).

Secondly, we study the total dominating set (TDS) problem and propose a 7.79-factor

approximation algorithm and a 6.29-factor approximation algorithm for the TDS problem

in UDGs, with running time O(n2) and O(n2m), respectively, where n is the number of

vertices and m is the number of edges of the graph. We have also shown that the TDS

problem is NP-complete when restricted to grid graphs, a subclass of UDGs.
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Next, we study the total Roman dominating set (TRDS), a well-known variant of Roman

domination. We establish that the TRDS problem is NP-complete in UDGs and propose a

10.5-factor approximation algorithm and a 6.15-factor approximation algorithm for the same

with time complexities O(n log k) and O(n2m), respectively, where n is the number of ver-

tices, m is the number of edges and k is the size of the maximal independent set of the graph.

Finally, we delved into the algorithmic aspect of the TRDS problem in trees and introduced

a dynamic programming-based algorithm to yield an optimal solution. Our algorithm op-

erates in linear time, offering an efficient approach to tackle the problem in tree structures.
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Chapter 1
Introduction

The dominating set problem (DSP) is a classical combinatorial optimization problem that

aims to identify the smallest dominating set (DS) in a simple undirected graph G = (V,E).

In G, a dominating set D ⊆ V is defined as a subset of vertices such that every vertex in V is

either included in D or is adjacent to at least one vertex in D. It can also be expressed using

a function f as D = {v ∈ V : f(v) = 1}, where f : V → {0, 1} and each vertex u ∈ V with

f(u) = 0 is adjacent to at least one vertex v ∈ V with f(v) = 1. The concept of domination

was first introduced by C. Berge in the year 1958 [12]. A graph can have multiple DS (refer to

Figure 1.1, where the set of red vertices in each subfigure represents a dominating set of the

given graph G). However, a minimum-size DS is called a minimum dominating set (MDS),

and the MDS cardinality is called the domination number. It is denoted by γ(G). For a

vertex v ∈ V , we denote NG(v) and NG[v] as the open and closed neighborhood of v, respec-

tively, and define them as NG(v) = {u : uv ∈ E} and NG[v] = NG(v)∪{v}. A vertex v ∈ D

dominates itself and its neighbors (i.e., NG[v]), where v is the dominator and the vertices in

NG(v) are the dominatees. In computational complexity theory, the dominating set problem

is a classical NP-complete problem [49]. Along with the domination problem, its variants

are also generally hard in general graphs. Keeping an eye on the theoretical importance,

practical relevance, and rich structure of dominating set and its variants, the researcher

analyzed these problems in various graph classes such as unit disk graphs (UDGs), planar

graphs, trees, etc., and explored them in terms of both theoretical and practical dimensions.
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1. INTRODUCTION

The literature on domination and its variants can be found in [51, 53, 57, 59, 71, 95]. The

domination and its variants have countless real-world applications across various domains.

Some important applications are facility location, social network, network design, security,

resource allocation, etc. [4,46,51]. Out of many such applications, some of them are briefly

discussed below.

A D

B C

(a) (b) (c) (d) (e)

A D

B C

A D

B C

A D

B C

A D

B C

E E E E E

Figure 1.1: (a) Graph G, (b) DS of G, (c) DS of G, (d) DS of G, and (e) MDS of G

In computer networks, dominating sets are used to design efficient routing protocols and

network management algorithms, which in turn help to identify the critical nodes that can

regulate or influence the behavior of the entire network. In the design of wireless sensor

networks, dominating sets are used to determine the optimal placement of sensor nodes so

that the entire network is efficiently monitored. It also reduces redundancy and conserves

energy, as only a few nodes need to be active at any given time. It is also used for floor

planning and layout optimization in the very large scale integration (VLSI) design to ensure

a reduction in the overall area and power consumption of the integrated circuit. The facility

location problem and dominating set are related in the context of optimization and decision

making in network design and infrastructure planning. The purpose of the facility loca-

tion problem is to determine the optimal locations for opening facilities such as hospitals,

warehouses, fire stations, distribution centers, or service centers to serve a set of customers

or clients while minimizing overall cost. In many cases, facilities need to be strategically

located so that they can effectively cover and serve a certain geographic area or population.

Looking into the varied applications, the concept of domination has been the subject of
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extensive research since the 1950s, as evidenced by numerous studies documented in refer-

ences [39, 45,51,52,57,106].

Researchers have explored various forms of domination in graphs to meet specific require-

ments and demands, incorporating additional constraints relevant to different fields. Some

notable variations include total domination, Roman domination, Italian domination, perfect

Roman domination, and perfect Italian domination. [10,19,27,48,58,62,63]. A few of these

are listed below briefly, with their applications.

Given a graph G without any isolated vertex, a subset Dt ⊆ V (G) is said to be a total

dominating set (TDS) of G if (i) Dt is a dominating set of G, and (ii) the vertices in Dt

induce a subgraph with no isolated vertex. We refer to the first property of total domina-

tion as domination property and the second one as total property. The total dominating set

with minimum cardinality is called minimum total dominating set (MTDS), and the size

of the minimum total dominating set is called total domination number, γt(G) (Figure 1.2

illustrates the total dominating sets of the graph G). It is important to note that total dom-

inating sets are not defined for graphs containing isolated vertices. The total dominating
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Figure 1.2: (a) Graph G, (b) TDS of G, (c) TDS of G, (d) TDS of G, and (e) MTDS of G

set properties are useful in networks where every site (including the monitoring devices) is

adjacent to at least one monitoring device. This property enhances the fault tolerance and

reliability of the network [72]. A TDS also helps in planning multiple robot paths to ensure

complete area coverage in robotics.
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A subset Dt2 ⊆ V is said to be a semi-total dominating set (T2DS) of G if (i) Dt2 is a dom-

inating set, and (ii) for each u ∈ Dt2, there exists a vertex v ∈ Dt2 such that d(u, v) ≤ 2,

where d(., .) represents the minimum number of edges connecting two vertices in G. We

refer to the first property of the T2DS as domination property and the second one as semi-

total property. The semi-total dominating set with minimum cardinality is the minimum

semi-total dominating set (MT2DS), and the corresponding cardinality is the semi-total

domination number. We denote the semi-total domination number as γt2(G). Like TDS,

T2DS is also not defined for graphs containing isolated vertices (Figure 1.3 illustrates a few

semi-total dominating sets of the graph G). Among the various applications of the T2DS
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Figure 1.3: (a) Graph G, (b) T2DS of G, (c) T2DS of G, (d) T2DS of G, and (e) MT2DS of G

problem, several notable ones are listed below. T2DS problems are pivotal in designing

robust and fault-tolerant networks. The semi-total property of T2DS ensures that each

node in the dominating set has a neighbor, which is crucial for maintaining communication

paths even if some nodes fail. This property also facilitates efficient broadcasting within

the network, as nodes can receive broadcasted messages directly or through a neighbor, en-

suring message propagation throughout the entire network. In addition to network design,

semi-total domination is instrumental in studying biological networks and robotics. The

interactions among key genes and the connectivity among leading robots can be effectively

analyzed using the semi-total property of the semi-total dominating set. This analysis helps

to understand and enhance the robustness and coordination within these systems. Some of

the applications can be found in [42].
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Among the various forms of domination in graphs, one variant called Roman domination

has recently gained significant popularity. The Roman dominating set (RDS) is an ordered

partition of V , say (V0, V1, V2) induced by a function f : V → {0, 1, 2} called Roman domi-

nating function (RDF) such that (i) Vj = {v ∈ V : f(v) = j}, for j = 0, 1, 2, and (ii) for

each v ∈ V0, there exists at least a vertex u ∈ V2 such that uv ∈ E. The RDF with minimum

weight, f(V ) =
∑

u∈V f(u), is called the Roman domination number, and it is denoted by

γR(G) (Figure 1.4 illustrates a few Roman dominating sets of the graph G). Given a graph
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Figure 1.4: (a) Graph G, (b) RDS of G, (c) RDS of G, (d) RDS of G, and (e) Minimum RDS
of G

G, the Roman domination problem (RDP) aims to find a Roman dominating function of

G of minimum weight. The problem holds both historical and mathematical interests. In

the fourth century A.D., the Roman Emperor Constantine the Great employed a similar

strategy for defending the Roman Empire with limited resources. He ordered each region

without an army platoon to have at least one neighboring region with two army platoons.

This strategy ensured that during a crisis, an unsecured region (with no platoons) could be

protected by transferring a platoon from a neighboring secured region (with two platoons)

without compromising the defense of the secured region. Mathematically, it can be viewed

as a 3-coloring graph problem (with colors 0, 1, and 2) with the additional constraint that

any vertex with color 0 is adjacent to at least one vertex with color 2.

Technically, it was first introduced by Cockayne et al. [28] and was motivated by an ar-

ticle [100], which was based on legion deployment for better security with limited resources.
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RDP is NP-complete for general graphs [38]. It is also NP-complete when restricted to

bipartite graphs, split graphs, and planar graphs [28]. C. Padamutham et al. gave linear

time algorithms for the Roman domination problem in bounded treewidth graphs, chain

graphs, and threshold graphs [92]. The RDP is linear-time solvable in interval graphs and

co-graphs [79]. In [79], authors also gave polynomial-time algorithms for D-octopus graphs

and AT-free graphs. The RDP is also studied on circulant graphs, generalized Peterson

graphs, and Cartesian product graphs [107]. Some other results and variations of Roman

domination can be found in [1, 20, 23, 40, 80, 99, 107]. One of the well-known variants of

Roman domination, namely total Roman domination, is discussed below briefly.

The total Roman dominating set (TRDS) is an ordered partition of V , say (V0, V1, V2)

induced by a function, f : V → {0, 1, 2} called total Roman dominating function (TRDF)

such that (i) f is a Roman dominating function (Roman property), and (ii) the induced

subgraph G[V1 ∪ V2] does not contain any isolated vertex (total property). The TRDF

of minimum weight, f(V ) =
∑

u∈V (G) f(u), is called the total Roman domination number

(Figure 1.5 illustrates a few total Roman dominating sets of the graph G). We define total

Roman domination number γtR(G) as the minimum weight among all TRDFs on G. Like

TDS and T2DS, TRDS is also not defined for graphs containing isolated vertices. The TRDS

problem has several practical applications across various fields, including network security,

social networks, telecommunications, resource allocations, etc. Some references that discuss

the TRDS problem’s applications in various fields are [35,41,88].
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Figure 1.5: (a) Graph G, (b) TRDS of G, (c) TRDS of G, (d) TRDS of G, and (e) Minimum
TRDS of G
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Undecidable problems are the decision problems for which algorithms do not exist. In con-

trast, decidable problems are the decision problems for which algorithms exist, where each

algorithm provides a correct yes or no answer for every input instance in a finite amount of

time. P is the class of all decision problems solvable in polynomial time. NP is the class

of problems for which a polynomial verification algorithm exists for the proposed solution.

NP - complete problems are the most complex problems in NP . These problems are in NP

and as hard as any problem in NP . Unlike NP - complete problems, NP -hard problems

do not have to be present in NP , i.e., these problems may or may not be verifiable in

polynomial time.

Approximation algorithms are used for NP -hard problems and aim to find solutions close

to the optimal solution in polynomial time. An algorithm for an optimization problem

(whether minimization or maximization) is termed a ρ-factor approximation algorithm if,

for every instance of the problem, it produces a feasible solution within a factor ρ of the

optimal solution. It operates in polynomial time relative to the input size. Here, ρ is the

algorithm’s approximation ratio or approximation factor.

• Maximization problem: ρ = |C∗|
|C| , where C∗ is the optimal solution, C is the approxi-

mate solution and 0 < |C| < |C∗|.

• Minimization problem: ρ = |C|
|C∗| , where C∗ is the optimal solution, C is the approxi-

mate solution and 0 < |C∗| < |C|.

A polynomial-time approximation scheme (PTAS) for an optimization problem is a collec-

tion of algorithms that provides a way to get arbitrarily close to the optimal solution within

polynomial time. It takes an additional parameter ϵ > 0 and yields a (1 + ϵ)-factor approx-

imation algorithm. The running time is polynomial in the size of the input instance of the

problem and ϵ.
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An independent set is a set of vertices in which no two vertices in the set are adjacent.

A maximal independent set of a graph G = (V,E) is a set of vertices V ′ ⊆ V such that no

vertices can be added to V ′ without creating an edge within the set. The largest maximal

independent set is called the maximum independent set. It is important to note that a max-

imal independent set may not be a maximum independent set. An independent dominating

set is a dominating set, which is also an independent set.

An intersection graph of objects is a graph, where the vertex set is the set of objects and the

edges connect objects if objects are within a specific distance. A Unit Disk Graph (UDG) is

a special type of intersection graph where the objects are unit disks. In this graph, the cen-

ters of the disks represent the nodes, and an edge exists between two nodes if the Euclidean

distance between their centers is at most 1. For an illustration see Figure 1.6. Exploring

domination and its variants within unit disk graphs (UDGs) is particularly significant due to

their pivotal role as models for wireless communication networks, mobile Ad-Hoc networks

(MANETs), and sensor networks.

Given the importance of domination theory in modeling wireless communication networks,

mobile Ad-Hoc networks, and sensor networks using UDGs, our research aims to investigate

some variants of domination, focusing specifically on semi-total domination, total domina-

tion and total Roman domination within designated graph classes, particularly in UDGs.

(a) (b) (c)

Figure 1.6: (a) A set of unit disks on an Euclidean plane, (b) The UDG correspond to the set of
disks, and (c) UDG
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1.1 Scope of the Thesis

1.1 Scope of the Thesis

The optimization problems such as the semi-total dominating set (T2DS) problem, total

dominating set (TDS) problem, and total Roman dominating set (TRDS) problem are NP-

hard, and none of them admits constant factor approximation algorithm for general graphs,

unless P = NP . This motivated many researchers to investigate the problems for other

graph classes. Looking into the importance of UDGs in modeling wireless communication

networks, mobile Ad-Hoc networks, and sensor networks, we study all these problems, specif-

ically in unit disk graphs, and show that these problems are also NP-hard in UDGs. Next,

we propose constant factor approximation algorithms for these problems. We have also

studied the total dominating set problem in grid graphs and shown that it is NP-complete

when the graph is restricted to grid graphs, a subclass of UDGs. We propose a linear time

algorithm to get an optimal solution for the total Roman domination problem in trees.

1.2 Organization of the Thesis

The thesis contains seven chapters and is organized as follows.

Chapter 2. Literature Review: In this chapter, we detail the existing literature,

outlining key works and their significant findings.

Chapter 3. Semi-total Domination in UDGs and General Graphs:

In this chapter, we discuss the semi-total dominating set. Here, we have shown that the

problem is NP-complete in UDGs and proposed a 6-factor approximation algorithm.

In addition to this, we have also given a 2+ln (∆ + 1)-factor approximation algorithm

for general graphs, where ∆ is the degree of the graph.

Chapter 4. Total Domination in UDGs: In this chapter, we study the total

dominating set problem in unit disk graphs and propose two approximation algorithms

with approximation factors 7.79 and 6.29, which are the improvements over the best

known 8-factor approximation algorithm. The running times of the algorithms are
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O(n2) and O(n2m), respectively, where n is the number of vertices and m is the

number of edges in the graph. In this chapter, we also strengthened the complexity of

the problem by demonstrating its NP-completeness, even in the case of grid graphs.

Chapter 5. Total Roman Domination in UDGs: In this chapter, we focus

on the total Roman dominating set problem in UDGs and show that the problem is

NP-complete. We propose a 10.5-factor and a 6.15-factor approximation algorithm

for the same with time complexities O(n log k) and O(n2m), respectively, where n

is the number vertices, m is the number of edges, and k is the size of the maximal

independent set of the graph.

Chapter 6. Total Roman Domination in Trees: In this chapter, we study

the total Roman dominating set problem in trees and propose an optimal solution using

dynamic programming, demonstrating its efficiency with a linear time complexity.

Chapter 7. Conclusion and Future Work: Finally, in Chapter 7, we discuss

the concluding remarks of the thesis and some open problems for future research

endeavors.

;;=8=<<
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Chapter 2
Literature Review

In this chapter, we begin by reviewing key literature on dominating set (DS), followed by

a discussion of the state-of-the-art results for the problems under consideration: the total

dominating set (TDS), semi-total dominating set (T2DS), and total Roman dominating set

(TRDS). The chapter is divided into three sections. In each section, we first define the

specific problem and then present the existing results.

Dominating Set: Let G = (V,E) be a simple undirected graph. A subset D ⊆ V

is said to be a dominating set (DS) of G if each vertex in V is either present in D or is

adjacent to at least one vertex in D. The dominating set of minimum size is called a min-

imum dominating set (MDS). The cardinality of a minimum dominating set is called the

domination number and is denoted by γ(G). Given graph G, the dominating set problem

aims to find a dominating set of minimum size.

The concept was first introduced in the book “Theory of graphs and its applications” by

C. Berge in the year 1958 [13]. The MDS problem is a classical NP-complete problem.

This means that there is no known polynomial-time algorithm to solve the MDS problem

unless P = NP. Since the problem is NP-complete, most of the solutions are focused on

approximation algorithm. It is important to note that all approximation and inapproxima-

bility results for the set cover problem also apply to the dominating set problem. This is
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because a pair of polynomial-time L-reductions exists between the minimum dominating

set problem and the set cover problem [73]. These reductions imply that an efficient algo-

rithm for the set cover problem would yield an efficient algorithm for the MDS problem and

vice versa. Furthermore, these reductions preserve the approximation ratio: a polynomial-

time ρ-approximation algorithm for set cover problem would provide a polynomial-time ρ-

approximation algorithm for the MDS problem, and vice versa. A simple greedy algorithm

can be used to get a (lnn+ 1)-factor approximation algorithm for the MDS problem [25].

The MDS problem is also NP-hard in many sub-classes of graphs such as: bipartite graph

[78], perfect elimination bipartite graphs [16], UDGs [26] etc. In [93], authors showed that

for any ϵ > 0, the MDS problem does not admit a (1 − ϵ) lnn approximation algorithm

for star-convex bipartite graphs 1 with n vertices unless NP ⊆ DTIME(nO(log logn)). They

also proved that the MDS problem is linear-time solvable for bounded degree star-convex

bipartite graphs. Additionally, they presented polynomial time algorithms to solve the

MDS problem in circular-convex bipartite graphs 2 and triad-convex bipartite graphs 3. P.

Damaschke et al. gave a polynomial time algorithm to find the MDS in a convex bipartite

graph [32] 4. In 1993, J Mark Keil proved that the MDS problem is NP-complete in circle

graphs 5 [75]. In [33], authors gave a 8-factor approximation algorithm and a (2 + ϵ)-factor

approximation scheme for the MDS problem in circle graphs. In [82] Marathe et al. gave

a 5-factor approximation algorithm for the MDS problem in UDG. In 2006, Neiberg and

Hurink presented a PTAS for the MDS problem in UDGs. The running time of the PTAS is

nO( 1
ϵ
log 1

ϵ
). In [31], the authors introduced a 44

9
-factor approximation algorithm for the MDS

problem in UDGs, employing a local improvement technique. This algorithm operates with

1A bipartite graph B = (X ∪ Y,E) is said to be a tree convex bipartite graph if there exists a tree
T = (X,F ), where X is the set of vertices and F is the set of edges such that for each v ∈ Y , the
neighborhood of v induces a sub-tree of T . A tree convex bipartite graph G = (X,Y,E) is a star convex
bipartite if T is a star.

2A bipartite graph G = (X,Y,E) is circular convex if the vertices in X can be circularly ordered such
that for every vertex in y ∈ Y , the neighborhood is an interval of the ordering.

3A tree convex bipartite graph G = (X,Y,E) is triad convex if T is a triad.
4A tree convex bipartite graph G = (X,Y,E) is triad convex if T is a path.
5Circle graphs are the intersection graphs of chords of a circle.
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a running time of O(n log n). Additionally, the authors proposed a 43
9
-factor approximation

algorithm for the MDS problem, which is designed to accept the adjacency list of the graph,

and has a running time O(n2m). In 2013, De et al. introduced several approximation al-

gorithms for the MDS problem in UDGs, achieving approximation factors 12, 4 and 3 with

time complexities O(n log n), O(n8 log n) and O(n15 log n), respectively.

The literature on various other variants of dominating sets, such as efficient domination,

independent dominating sets, k-domination, paired domination, Roman domination, and

secure domination, can be found in sources [7, 11, 15,21,28,50,54,81,89].

2.1 Total Dominating Set

Let G = (V,E) be an undirected graph with no isolated vertex. A subset Dt ⊆ V is a total

dominating set (TDS) if Dt is a dominating set and for each vertex u ∈ Dt, there exists

another vertex v ∈ Dt such that uv ∈ E. The total dominating set of minimum size is called

a minimum total dominating set (MTDS). The cardinality of a minimum total dominating

set is called the total domination number (γt(G)). Given graph G, the total dominating set

problem (TDSP) aims to find a total dominating set of minimum size.

Existing Results: The concept of total dominating set was introduced by Cockayne et

al. [27]. They showed that for any connected graph G with at least 3 vertices (n ≥ 3), the

cardinality of minimum total dominating set is less than 2
3
n i.e. γt ≤ 2

3
n. In [9], Atapour

and Soltankhah showed that for any graph G with no isolated vertex with maximum degree

∆ and n vertices, γt ≤ n−∆+1. They also characterized the bipartite graphs and trees that

achieve this upper bound. In [36], the authors investigated the relationship between the up-

per total domination number (Γt(G)) and the upper paired domination number (Γpr(G)) of a

graph. They showed that for every graph G with no isolated vertex Γt(G) ≥ 1
2
(Γpr(G) + 2),

and also characterized the trees that achieved this bound. In the same paper, they also
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showed that for the family of trees T on at least two vertices, Γt(T ) ≤ Γpr(T ) holds1.

Thomassé and Yeo [102] proved that every graph with minimum degree at least 3 (respec-

tively, 4) has total domination number at most n
2
(respectively, 3n

7
). In [34], DeLaViņa et

al. showed that in a connected graph with n ≥ 1, the total domination number is at least

the radius of the graph (i.e., γt ≥ r)2. They also proved that the total domination number

of any connected graph equals the total domination number of a spanning tree of the same

graph. Another interesting aspect of trees with respect to total domination is that it is pos-

sible to characterize some vertices that are in every total dominating set or not in any total

dominating set [29]. Furthermore, in [55], Haynes and Henning established three equivalent

conditions to have a unique minimum total dominating set in a tree. The authors also gave

a constructive characterization of such trees in the same paper. In [22], Chellali and Haynes

characterized the trees for which γt =
n+2−lf

2
and proved that for a non-trivial tree of order

n with lf leaves the total domination number is at least
n+2−lf

2
. In [37], the authors showed

that planar graphs with diameter 3 and radius 2 have total domination number at most 5.

As far as complexity is concerned, the decision version of total dominating set problem is

NP-complete, even when restricted to bipartite graphs [94]. However, there is a linear-time

algorithm for computing total dominating set of a tree [77]. In [77], the authors also showed

that the problem remains NP-complete in undirected path graphs. For star graphs, com-

plete graphs, binary star graphs, and complete bipartite graphs, total domination number is

2 [6]. In 1993, Keil and Mark proved that the total dominating set problem is NP-complete

in circle graphs. In the same article, they observed that the total domination number can

be obtained in polynomial time for cycles and paths. They have also established a set of

relations between (i) γt and the maximum degree, and (ii) γt and the cut vertices of the

graph. Peter Damaschke et.al. showed that the MTDS problem is polynomially solvable in

chordal bipartite graphs [32]. Recently, in 2021, Jena and Das [72] showed that the TDS

1The maximum cardinality of a minimal total dominating set and a minimal paired-dominating set of
a graph G is the upper total domination number (Γt(G)) and upper paired-domination number (γpr(G)) of
the graph G, respectively.

2Given a graph G, radius is the minimum eccentricity taken over all the vertices of G
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problem in UDGs is NP-complete and gave an 8 -factor approximation algorithm that runs

in O(|V | log |Dt|) time, where |Dt| is the size of the output. In the same paper, the authors

presented a polynomial time approximation scheme (PTAS) that runs in O(k2n2(⌈2
√
2k⌉)2)

time to compute a total dominating set of size at most (1 + 1
k
)2|D∗

t |, where k ≥ 1 and D∗
t

is the minimum TDS. See [6,27,59,71,108] for a detailed survey on the TDS problem. Few

other variants of total domination can be found in sources [60, 68,70,76].

2.2 Semi-total Dominating Set

Let G = (V,E) be an undirected graph with no isolated vertex. A subset Dt2 ⊆ V is a

semi-total dominating set (T2DS) if Dt2 is a dominating set and for each vertex u ∈ Dt2,

there exists another vertex v ∈ Dt2 such that the distance between u and v is within 2. The

semi-total dominating set with minimum size is called a minimum semi-total dominating set

(MT2DS), and the correponding cardinality is the semi-total domination number (γt2(G)).

Given a graph G with no isolated vertices, the semi-total dominating set problem aims to

find a semi-total dominating set of G with minimum cardinality.

Existing Results: The concept of semi-total dominating set was introduced by W. God-

dard et al. in 2014 [44]. Since every semi-total dominating set is a dominating set and

every total dominating set is a semi-total dominating set, the semi-total domination number

is squeezed between the domination number and the total domination number, i.e., for a

given graph G, γ(G) ≤ γt2(G) ≤ γt(G). In [83], authors showed that if G is a connected

graph with n ≥ 4 vertices, then γt2 ≤ n
2
. In the same paper, authors also characterized

trees and graphs of minimum degree 2 achieving the bound and showed that if G is a graph

with n vertices and maximum degree ∆, then γt2 ≥ 2n
2∆+1

. Subsequently, Henning and Mar-

con [64] showed that for a connected graph with at least 2 vertices, γt2(G) ≤ α′(G) + 1,

where α′(G) is the matching number and then characterized the graphs achieving equal-

ity in the bound1. They also showed that in a connected graph with at least 4 vertices

1Given a graph G = (V,E), a set of edges E′ ⊆ E is said to be a matching of G if no two elements of
E′ are adjacent and the matching number is the size of the largest matching.
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(which is not a star), γt2 ≤ α′(G). In [8], Asplund et al. studied the semi-total dom-

ination in cartesian product graphs and established that for any two graphs G and H,

γt2(G□H) ≥ 1
3
γt2(G)γt2(H). They also proved that for any two graphs G1 and G2 without

any isolated vertices, γt2(G1□G2) ≥ ρ(G1)γt2(G2). In [74], Zeliha Kartal and Aysun Ayta

studied the semi-total domination number in Harary graphs 1. In [61], authors established

that if G is a connected graph with minimum degree δ ≥ 1 and of order n ≥ δ + 2, then

γt2(G) ≤ n− δ, and the bound is sharp for every fixed δ ≥ 1. In [43], authors showed that

it is NP-complete to recognize the graphs that satisfy γt2(G) = γt(G) and γ(G) = γt2(G).

In the same paper, the authors showed that the problem is solvable in polynomial time for

the class of graphs of bounded min-width through a reduction to the total dominating set.

They also provided some approximation lower bounds for sub-classes of sub-cubic graphs.

In [65], authors proved that for every connected claw-free cubic graph G of order n (≥ 10),

γt2 ≤ 4n
11
. In [69], authors showed that the semi-total domination problem remains NP-

complete in planar, chordal bipartite, and split graphs. They also gave a polynomial time

algorithm for the semi-total domination problem in interval graphs and a 2 + 3 ln (∆ + 1)-

factor approximation algorithm for general graphs, where ∆ is the degree of G. The authors

showed that the minimum semi-total domination problem cannot be approximated within

(1− ϵ) lnn for any ϵ > 0 unless NP ⊆ DTIME(nO(log logn)). Finally, In the same paper, the

authors also proved that the problem is APX-complete for bipartite graphs with maximum

degree 4. It is also further studied in [24,56,66,67,101].

2.3 Total Roman Dominating Set

Let G = (V,E) be an undirected graph with no isolated vertex. The total Roman dom-

inating set (TRDS) is an ordered partition of V , say (V0, V1, V2) induced by a function,

f : V → {0, 1, 2} called total Roman dominating function (TRDF) such that (i) f is a

Roman dominating function (Roman property), and (ii) the induced subgraph G[V1 ∪ V2]

does not contain any isolated vertex (total property). The TRDF with minimum weight,

1Harary graphs are the k-connected graphs of n vertices with the smallest possible number of edges.
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f(V ) =
∑

u∈V f(u), is called the total Roman domination number and is denoted by γtR(G).

Given graph G, the total Roman dominating set problem aims to find a total Roman domi-

nating set of minimum size.

Existing Results: The concept of a total Roman dominating set (TRDS) is an exten-

sion of the Roman dominating set (RDS) with additional constraints that ensure stronger

coverage and connectivity properties. The concept of a Roman Dominating Set (RDS) was

first introduced by Cockayne et al. [28], motivated by an article by Stewart [100], which

discussed legion deployment for enhanced security using limited resources. Some of the

properties/results of RDS listed in [28] are: (i) for any graph G, γ(G) ≤ γR(G) ≤ 2γ(G),

(ii) For any graph G of order n, γ(G) = γR(G) if and only if G = Kn, (ii) For any non-trivial

connected graph G, γR(G) = min{2γ(G \ P) + |P| : P is a 2 - packing}1. RDS problem is

NP-complete for general graphs [38]. It is also NP-complete when restricted to chordal, bi-

partite graphs, split graphs, and planar graphs, as mentioned in [28]. Additional literature

and variants on the RDS problem can be found in works such as [1, 2, 40,80,96,97] etc.

One variant of the Roman dominating set (RDS) is the total Roman dominating set (TRDS),

which was first introduced by Liu and Chang [80]. They demonstrated that the TRDS

problem is NP-complete in various types of graphs, including bipartite graphs, chordal

graphs, and split graphs. In [3], authors established lower and upper bounds on total Roman

dominating set and related the total Roman domination number (γtR(G)) to domination

parameters such as the domination number (γ(G)), Roman domination number (γR(G)) and

total domination number (γt(G)). They showed that for an isolate-free graph G, γtR(G) ≤
3γ(G). Further, if γtR(G) = 3γ(G), then every minimum dominating set is a packing in G2.

In [85], authors introduced a new lower and upper bound for γtR(G), which was even tighter

than the well known bound, 2γ(G) ≤ γtR(G) ≤ 3γ(G). They proved that for any graph G

with neither isolated vertex nor components isomorphic to K2, γt2(G) + γ(G) ≤ γtR(G) ≤

1A subset S ⊆ V (G) is a 2-packing of G, if for any two distinct vertices u and v, d(u, v) > 2, and the
largest cardinality of a 2 - packing of the graph G is the packing number of G and is denoted by ρ(G).

2A packing in G is a set of vertices that are pairwise at distance at least 3.
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γR(G) + γ(G) holds. Furthermore, they established that in an isolate-free graph G, the

equality γtR(G) = 2γ(G) holds if and only if γtR(G) = γt2(G)+γ(G) and γt2(G) = γ(G). In

2020, A. Poureidi [95] gave a linear-time algorithm to compute the total Roman domination

number for proper interval graphs in O(|V |) time. For general graphs, more results and

variations on TRDS can be found in [5,47,99,104]. Here are some related works specifically

focusing on trees. In [5], the authors observed that if T is a star of order at least 2,

then γtR(T ) < 2γt(T ). Furthermore, they provided a constructive characterization of all

trees satisfying γtR(T ) = 2γt(T ). In a more recent work in 2021, authors in [84] offered a

constructive characterization of trees satisfying γtR(T ) = γt(T ) + γ(T ). It is also further

studied in [18,86,87,90]

;;=8=<<
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Chapter 3
Semi-total Domination in UDGs and General

Graphs

The concept of semi-total dominating set is a significant topic in combinatorial optimization

problems in graph theory, primarily because of its wide range of applications. In this chapter,

we study the semi-total dominating set (T2DS) problem in unit disk graphs (UDGs) and

general graphs.

Definition 1. Given an undirected simple graph G = (V,E) with no isolated vertex. A

subset Dt2 ⊆ V is a semi-total dominating set (T2DS) if Dt2 is a dominating set and for

each vertex u ∈ Dt2, there exists another vertex v ∈ Dt2 such that d(u, v) ≤ 2, where

d(u, v) is the minimum number of edges connecting u with v. The semi-total dominating

set with minimum size is called a minimum semi-total dominating set, and the correponding

cardinality is the semi-total domination number (γt2(G)). Given a graph G, a semi-total

dominating set problem aims to find a semi-total dominating set of minimum size.

Definition 2. (Semi-total dominating set problem in general graphs) Given an

undirected simple graph G = (V,E) with no isolated vertex, find a semi-total dominating set

Dt2 ⊆ V of minimum size.

Definition 3. (Semi-total dominating set problem in UDGs) Given a unit disk graph

G = (V,E) corresponding to a point set P = {p1, p2, . . . , pn} representing the disk centers
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in the plane, find a semi-total dominating set Dt2 ⊆ V of minimum size.

The goals of the chapter are:

• to prove that the semi-total dominating set problem in UDGs is NP-complete

• to obtain a 6-factor approximation algorithm for the semi-total dominating set

problem in UDGs

• to obtain a 2 + ln (∆ + 1)-factor approximation algorithm for the semi-total

dominating set problem in general graphs.

The remainder of the chapter is organized as follows. In Section 3.1, we listed the required

preliminaries. In Section 3.2, we prove the hardness result of the semi-total dominating

set problem in UDGs. Furthermore, in Section 3.3 and Section 3.4, we propose a 6 -factor

and a 2 + ln(∆ + 1) -factor approximation algorithms for the UDGs and general graphs,

respectively, and finally conclude the chapter in Section 3.5.

3.1 Preliminaries

In this section, we introduce the required notations and definitions. Let P = {p1, p2, . . . , pn}
be a set of n points in R2. A graph G = (V,E) is said to be a geometric UDG corresponding

to the point set P if there exists a one-to-one correspondence between each vi ∈ V with

pi ∈ P and vivj ∈ E if and only if δ(pi, pj) ≤ 1, where δ(., .) is the Euclidean distance

between two points in R2. Let U(p) denote the unit disk centered at the point p ∈ P and

U(P ) = {U(p) : p ∈ P}. The set of disks U(P ) is considered independent if for every pair

p, q ∈ P , p /∈ U(q), i.e., δ(p, q) > 1. Here, d(p, q) refers to the number of edges on the

shortest path between p and q. In this chapter, we often refer to a node or vertex as a

‘point’ since we are working within the context of geometry.

Next, we present a compilation of previously established lemmas, theorems, and observa-
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tions that will be useful in Section 3.2, Section 3.3 and Section 3.4.

In [103], L. Valiant addressed the problem of embedding planar graphs into a grid. The

goal of this paper was to map a planar graph onto a grid such that no edges cross and the

area of the grid is minimized. The author presented an algorithm that constructs a planar

embedding of a graph on an integer grid with minimal area. The author demonstrated that

there exist two constants c1, c2 > 0 such that for a planar graph with n vertices, the area A of

the embedding satisfies c1n
2 ≤ A ≤ c2n

2. This implies that the area required for embedding

scales quadratically with the number of vertices. We recreated the corresponding theorem

from [103] and present it here as a lemma relevant to our context.

Lemma 3.1.1. [103] Let G = (V,E) be a planar graph of degree at most 3. The graph

G can be embedded in a grid of area O(|V |2) such that each v ∈ V is positioned at a grid

point with co-ordinates (5i, 5j), where i and j are integers, and each edge e ∈ E is a finite

sequence of consecutive segments, each of length 5 units, aligned along the grid lines.

Lemma 3.1.2. [82] Let P be a unit disk centered at point p and let S be a set of independent

unit disks such that each disk in S contains the point p. Then, |S| ≤ 5.

Proof. Assume, on the contrary, that |S| >= 6. Let ci represent the centers of any 6 circles

in S, where 1 ≤ i ≤ 6. Since each disk in S contains the point p, we have δ(p, ci) ≤ 1 for

1 ≤ i ≤ 6. Let −→pci be the ray from p to ci. With 6 rays originating from p, by pigeon hole

principle, there must exist at least one pair of rays (say, −→pci and −→pcj) such that the angle

formed by them at p is at most π
3
, which implies δ(ci, cj) ≤ 1, meaning the corresponding

disks overlap and are not independent. Thus, |S| ≤ 5.

In [31], authors achieved a 44
9
-factor approximation for theMinimum Dominating Set (MDS)

problem in UDGs. The corresponding algorithm partitions the graph into grid cells of side

length 1
3
to localize the problem. Within each cell, a maximal independent set is computed

to ensure domination in that region. These local solutions are combined and refined to form

a global dominating set while maintaining the domination property across the entire graph.

The algorithm guarantees that the size of the resulting dominating set is at most 44
9
times
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the size of the optimal solution. This algorithm runs in O(n+m) time, where n and m are

the numbers of vertices and edges of the given UDG. We summarize the above algorithm in

the following lemma.

Lemma 3.1.3. [31] Given a UDG G, there exists a 44
9
-approximation algorithm for the

minimum dominating set problem with running time O(n2), where n is the number of vertices

in the given UDG.

Observation 3.1.1. [44] For a given graph G, γ(G) ≤ γt2(G), where γ(G) and γt2(G) are

the domination number and the semi-total domination number of the graph G, respectively.

3.2 NP-completeness Result

In this section, we focus on the hardness result of the semi-total domination problem and

prove that the decision version of the problem is NP-complete in unit disk graphs. We

achieve this by reducing the decision version of the vertex cover problem (VCP) in planer

graphs of degree at most 3 to the decision version of the semi-total dominating set problem

in UDGs. The corresponding decision problems are formally defined as follows:

The decision version of the VC problem in planar graphs of degree at most

3 (D-VC-PGD3): Given a positive integer k and a planar graph G of degree at most 3,

does G have a VC of size at most k?

The decision version of the semi-total dominating set problem in UDGs (D-

T2DS-UDGs): Given a positive integer k and a UDG G, does G have a semi-total domi-

nating set of size at most k?

Lichtenstein and David [78] reduced the planar 3SAT problem to the planar vertex cover

problem and proved that D-VC-PGD3 is NP-complete. We prove the hardness result of

the semi-total dominating set problem in UDGs by showing a polynomial time reduction

from an arbitrary instance of D-VC-PGD3 to an instance of D-T2DS-UDGs. To prove
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this, we embed a planar graph G = (V,E) of degree at most 3 in a grid of cell size 5 × 5

using Lemma 3.1.1.

Lemma 3.2.1. If G = (V,E) is an instance of D-VC-PGD3 without any isolated vertex,

then an instance G′ = (V ′, E ′) of D-T2DS-UDG can be constructed from G in polynomial

time.

P5

P1 P6 P4

P3P2

V2

V1

V5

V6

V3 V4

(a) (b)

Figure 3.1: (a) A planar graph G, and (b) Embedding of G in a grid

Proof. Let V = {v1, v2, . . . , vn} and E = {e1, e2, . . . , em} be the vertex set and edge set

of the given instance G = (V,E), where |V | = n and |E| = m. We construct a graph

G′ = (V ′, E ′) from G by performing the four steps as mentioned below:

Step 1 (Embedding): First, we embed the graph G on a grid of cell size 5 × 5 using
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the algorithm proposed by Biedl et al. in [14]1. In this embedding, each edge e ∈ E is rep-

resented as a consecutive sequence of line segment(s) in the grid, where each segment has

a length of 5 units. Let ℓ denote the total number of line segments used in the embedding.

Each vertex v ∈ V is mapped to a node point located at the grid coordinates (5i, 5j), where

i and j are integers. For each vertex vi ∈ V , the corresponding node point is denoted as pi,

where 1 ≤ i ≤ n. We refer to these node points as embedding nodes. Let N be the set

of these nodes, where |N | = n. Refer to Figure. 3.1(a) and Figure. 3.1(b) for an illustration

of the embedding step.

Step 2 (Inclusion of auxiliary nodes): In this step, we add some auxiliary nodes on

each segment of the graph after the embedding step as given below:

(i) Multiple Segments Edges: For edges represented by multiple segments (length greater

than 5 units), first, we add a node at each grid point along the segments, excluding the node

points (embedding nodes). We refer to these points as grid nodes (see the filled square

points in Figure. 3.2). Next, we place the nodes along the segments as per the criteria

mentioned below. These are reffered as auxiliary nodes.

• If both endpoints of a segment are grid nodes, add four nodes on the segment at

distances of 1, 2, 3, and 4 units from either endpoint, as shown in Figure. 3.3(c).

• If one endpoint is an embedding node pi and the other one is a grid node, add five

nodes on the segment at distances of 1, 1.9, 2.5, 3 and 4 units from pi, as depicted in

Figure. 3.3(b).

(ii) Single Segment Edges: For each edge vivj ∈ E represented by a single segment pipj

(with a length of exactly 5 units), add six nodes at distances 1, 1.3, 2.1, 2.6, 3.2 and 4 units

from either pi or pj as depicted in Figure. 3.3(a).

Let A be the set that represents the auxiliary nodes added in this step, where |A| = 4ℓ+m.

1A planar graph embedding in the Euclidean plane can be constructed by starting with a single vertex
and incrementally adding vertices and their connecting edges along the outer boundary of the structure
developed so far, which avoids edge crossings if done carefully, respecting the planar structure. This approach
ensures that each vertex is placed at a grid point and each edge is represented as a sequence of consecutive
segments along the grid lines. The total number of such segments used in the embedding is ℓ.
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p5

p1 p6 p4

p3p2

Figure 3.2: Inclusion of grid nodes

Step 3 (Inclusion of gadgets): Since each node in the planar graph has degree at most

3 and is embedded within a grid, there is at least one position at each embedding node to

accommodate an extra edge. In this step, we introduce a gadget at each embedding node

pi as shown in Figure. 3.3(d). The gadget at pi contains 4 nodes, namely xi, x
′
i, yi and y′i.

Here, the distances between pi and xi, xi and x′
i, xi and yi, yi and y′i are 0.9, 0.5, 0.9 and

0.5, respectively. Let S be the set of nodes added in this step. Since each gadget introduces

4 new nodes and we add one gadget for each embedding node, the total number of nodes

added in this step is |S| = 4|N | = 4n.

Step 4 (Construction of UDG): Let G′ = (V ′, E ′) be the UDG constructed after apply-

ing Steps 1 - 3 on graph G, where V ′ = N ∪A∪S and E ′ = {uv : u, v ∈ V ′ and δ(u, v) ≤ 1}.
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3
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y′1
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1
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y5 y′5

x′
5

y2 y′2

x2x′
2

41 1.9 32.5pi/pj

41 2 3

(b)

(d) (e)

Figure 3.3: (a) Orientation of six nodes, (b) Orientation of five nodes, (c) Orientation of four
nodes, (d) Gadget, and (e) Graph G′

From Lemma 3.1.1, we conclude that the number of segments ℓ = O(n2). Therefore, the

number of vertices and the number of edges in G′ is O(n2). Hence, G′ can be constructed

from G in polynomial time. For the complete illustration of the construction phases, refer

to Figure. 3.1 and Figure. 3.3.

Theorem 3.2.1. D-T2DS-UDGs belongs to the class NP-complete.

Proof. Let G = (V,E) be a unit disk graph. Given a subset Dt2 ⊆ V and a positive integer

k, we can verify whether Dt2 is a semi-total dominating set of G of size at most k or not in

polynomial time. Therefore, D -T2DS -UDGs ∈ NP .

To prove D -T2DS -UDGs is NP-hard, we perform a polynomial time reduction from
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Figure 3.4: (a) Vertex cover of G, and (b) Semi-total dominating set of G′

D -V C -PGD3 to D -T2DS -UDGs. Using Lemma 3.2.1, We construct an instance G′ =

(V ′, E ′) of D-T2DS-UDGs from an arbitrary instance G = (V,E) of D-VC-PGD3 in poly-

nomial time. From Claim 3.2.1.1, D -T2DS -UDGs ∈ NP -hard.

Therefore, D -T2DS -UDGs ∈ NP - complete.

Claim 3.2.1.1. G has a vertex cover Svc such that |Svc| ≤ k if and only if G′ has a semi-

total dominating set Dt2 such that |Dt2| ≤ k + 2ℓ+ 2n.

Proof. Forward Direction (=⇒): Let Svc be a vertex cover of G such that |Svc| ≤ k. Let

Tvc be the set of vertices in G′ corresponding to the vertices in Svc, i.e., Tvc = {pi ∈ V ′ :

vi ∈ Svc}. Now, we construct two sets Ta ⊆ A and Tg ⊆ S such that Dt2 = Tvc ∪Ta ∪Tg is a

semi-total dominating set with cardinality less than or equal to k + 2ℓ+ 2n. The construc-

tions of Ta and Tg are as follows. Since Svc is a vertex cover of G, at least one endpoint of

every edge in G is inside Svc. Since every edge in G corresponds to a sequence of segments
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in G′, we start from the endpoint, which is inside Tvc. For each pipj in G′ corresponding to

each vivj ∈ E, at least one out of pi and pj is in Tvc. Without loss of generality, let pi ∈ Tvc.

We traverse from pi to pj. During traversal, we skip two vertices next to pi, add a single

vertex to Ta, then skip the next vertex and select the following one for Ta; we repeat this

process until we reach pj. For each vivj ∈ E, we apply this process to the corresponding

pipj in G′ and observe that exactly two points from each segment are in Ta. So |Ta| = 2ℓ,

where ℓ is the number of segments in G′. In Figure. 3.4(b), the red cross points are in Ta.

From each pi ∈ V ′, we choose xi and yi for Tg. So |Tg| = 2n. In Figure. 3.4(b), the red disks

are in Tg.

Now, we are left to show that the set Dt2 is a semi-total dominating set of G′. To demon-

strate this, we need to ensure that each vertex in G′ is either in Dt2 or adjacent to a vertex

in Dt2, and for each vertex u ∈ Dt2 there exists another vertex v such that d(u, v) ≤ 2. To

show this, recall the definitions and properties of the sets involved:

• xi, yi ∈ Tg ⊆ Dt2

• xi and yi dominate themselves, and pi, x
′
i and y′i

• d(xi, yi) ≤ 2 for all i = {1, 2, . . . , n}

• for each pi ∈ Tvc, there exists xi ∈ Tg such that d(pi, xi) ≤ 2

These properties ensure that the sets Tvc and Tg meet the semi-total domination require-

ments for the vertices pi, xi, yi, x
′
i and y′i in G′. Now, we need to show that the remaining

vertices in G′ also satisfy the semi-total domination requirements, and this is done by an-

alyzing each type of segment in G′. There are three types of segment in G′. The types

of segments are as follows: (i) segments with two endpoints as node points (refer to Fig-

ure. 3.3(a)), (ii) segments with one endpoint as node point and another as grid point (refer to

Figure. 3.3(b)), and (iii) segments with two endpoints as grid points (refer to Figure. 3.3(c)).

We have to show that each segment from each segment type requires at least two vertices

in Dt2 for semi-total domination.
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(i) Segments with two endpoints as node points: Let us consider a segment vivj ∈ E,

where at least one of vi and vj is in Svc because Svc is a vertex cover of G. Without loss

of generality, assume vi ∈ Svc. This implies pi ∈ Tvc. The structure of G′ for this type of

segment is such that there are six intermediate points between the node points pi and pj,

which we label as zijt for 1 ≤ t ≤ 6, where t indicates the position of the point from pi. The

specific positions and their domination relationships are as follows:

• pi dominates zij1

• zij3 and zij5 are selected in Ta to ensure that z
ij
3 dominates zij2 and zij4 , and zij5 dominates

zij6

Since d(zij3 , z
ij
5 ) ≤ 2 and d(pi, xi) ≤ 2, the semi-total property is satisfied in pipj. Thus, the

set of vertices {pi, zij3 , z
ij
5 } preserves the semi-total domination properties for the segment

pipj (refer to the segment p4p6 in Figure. 3.4(b)).

(ii) Segments with one endpoint as a node point and other one as a grid point:

To demonstrate this, we analyze the two possible cases: (a) pi ∈ Tvc and (b) pi /∈ Tvc. Let

us break down these cases:

Case (a): pi ∈ Tvc

Given a segment pig
ij where pi is the node point and gij is the grid point. The structure of

G′ for this type of segment is such that there are five intermediate points. Let the points

are zij1 , z
ij
2 , z

ij
3 , z

ij
4 and zij5 , where zijt represents the point present at tth position from pi.

The specific position of the points and their domination relationships are as follows:

• pi dominates zij1 .

• selecting zij3 and zij5 in Ta ensures that zij3 dominates zij2 and zij4 , z
ij
5 dominates gij.

• the distance d(zij3 , z
ij
5 ) ≤ 2 ensures the semi-total property along the segment.

Thus, the set of vertices {pi, zij3 , z
ij
5 } is a semi-total dominating set for the segment pig

ij.

Case (b): pi /∈ Tvc
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If pi /∈ Tvc, then pj ∈ Tvc because Svc is a vertex cover. The segment pig
ij contains the same

five points zij1 , z
ij
2 , z

ij
3 , z

ij
4 and zij5 , and the domination relationship among the points are as

follows.

• Since pj ∈ Tvc, there exists a point on the segment with gij as one of the endpoints

that dominates gij (evident from Case (a)).

• Selecting zij2 and zij4 in Ta ensures that zij2 dominates zij1 and zij3 , z
ij
4 dominates zij5 .

• The distance d(zij2 , z
ij
4 ) ≤ 2 ensures the semi-total property along the segment.

This configuration similarly ensures that the set of vertices {zij2 , z
ij
4 } is a semi-total domi-

nating set for the segment pig
ij.

(iii) Segments with two endpoints as grid points: Let us consider a segment gijb g
ij
b+1,

where gijb and gijb+1 are two grid points (endpoints). The structure of G′ for this type of

segment is such that there are four intermediate points between the two grid points, which

we label as z
b(b+1)
t for 1 ≤ t ≤ 4, where t indicates the position of the point from gijb . Given

that at least one of pi or pj is in Tvc because Svc is a vertex cover, at least one grid point is

dominated by a point in the other segment connected either to gijb or gijb+1 as evident from

Case (a) of (ii). Without loss of generality, assume gijb+1 is the grid point which is dominated

by a point present on the segment connected to the segment gijb g
ij
b+1. Then the domination

relationship among the points on the segment is given below.

• Selecting z
b(b+1)
2 and z

b(b+1)
4 in Ta ensures that z

b(b+1)
2 dominates z

b(b+1)
1 and z

b(b+1)
3 ,

z
b(b+1)
4 dominates z

b(b+1)
5 .

• The distance d(z
b(b+1)
2 , z

b(b+1)
4 ) ≤ 2 ensures the semi-total property along the segment.

Hence, the set of vertices {zb(b+1)
2 , z

b(b+1)
4 } is a semi-total dominating set for the points

present on the segment gijb g
ij
b+1.

From the above arguments, we conclude that Dt2 = Tvc ∪ Ta ∪ Tg is a semi-total domi-

nating set of G′. Since |Tvc| ≤ k, |Ta| = 2l and |Tg| = 2n, |Dt2| ≤ k + 2ℓ+ 2n.
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Reverse Direction (⇐=): Let Dt2 be a semi-total dominating set of G′ such that |Gt2| ≤
k + 2ℓ + 2n. Then, we will show that G has a vertex cover of size at most k. To achieve

this, we will prove the following observations and use them to construct a vertex cover of

G.

(i) Out of four points in the gadget associated with each pi in G′, at least two points

belong to Dt2.

(ii) Each segment contributes at least two points to Dt2.

(iii) If pi and pj in G′ correspond to the endpoints of an edge vivj ∈ E and neither pi nor

pj is in Dt2, then there exists a segment from which 3 vertices are in Dt2.

Observation (i): Each gadget associated with pi in G′ consists of four points xi, x
′
i, yi,

and y′i. For semi-total domination, at least two of these points must be in Dt2 to ensure

domination of x′
i and y′i (pendant vertices) and the semi-total property. Since x′

i and y′i

are pendant vertices, the selection of any two vertices is sufficient for domination. Hence,

|S ∩Dt2| ≥ 2n, where S is the set of points in all gadgets.

Observation (ii): For a segment in G′ with four intermediate points (excluding the end-

points), at least two points are needed in Dt2 to ensure semi-total domination. For segments

with more points, this observation holds, as domination requires at least two points per seg-

ment. Thus |Dt2 ∩ A| ≥ 2ℓ, where A is the set of auxiliary points, and ℓ is the number of

segments present in G′.

Observation (iii): Let ℓ′ be the number of segments in G′ corresponding to an edge

vivj ∈ E. Since only consecutive points are adjacent, two points can semi-totally dominate

at most 5 points. Therefore, the minimum number of points required to semi-totally domi-

nate 5ℓ′ + 1 points on ℓ′ segments is
⌈
5ℓ′+1

5

⌉
× 2 = 2ℓ′ + 1. Therefore, there exists exactly

one segment among these ℓ′ segments where three of its points are included in Dt2.

Given a semi-total dominating set Dt2 of G′ of size at most k + 2ℓ + 2n, we are left to
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show that by deleting and/or replacing some of the vertices from Dt2, we can obtain a ver-

tex cover Svc of G of size at most k. Let us define a set S ′
vc = Dt2\S, then |S ′

vc| ≤ k+2ℓ (due

to Observation (i)). Then Svc = {vi ∈ V |pi ∈ S ′
vc}. For each edge vivj ∈ E, if vi, vj /∈ Svc,

then there exists a segment on pipj in G′, which has 3 points in Dt2 instead of 2 (refer to

Observation (ii) and (iii)). For each such edge, add vi (or vj) to Svc. Since every segment

contributes at least 2 to Dt2 and there is 2ℓ number of such points (refer to Observation

(ii)), |Svc| ≤ k. Since every edge in G has at least one vertex in Svc, Svc is a vertex cover of

size at most k. This proves D -T2DS -UDGs ∈ NP -hard.

3.3 A 6-factor Approximation Algorithm

In this section, we propose a 6-factor approximation algorithm for the semi-total domination

problem in UDGs.

3.3.1 Algorithm

Given a geometric unit disk graph G = (V,E) with V = {p1, p2, . . . , pn} ⊆ R2 as the set of

disk centers, Algorithm 3.1 finds a semi-total dominating set Dt2 of G. Now, we describe

the procedure for finding the set Dt2. First, we find a maximal independent set D ⊆ V

of G to satisfy the domination property (see Lines 2-6 of Algorithm 3.1). Next, to satisfy

the semi-total property, we choose a set of vertices T ⊆ V such that for each v ∈ D, there

exists a vertex u ∈ D ∪ T such that d(u, v) ≤ 2. To find such a set T , identify each point

u ∈ D that satisfies the semi-total property (see Lines 8-13 of Algorithm 3.1) and next,

segregate the points (set U) that do not satisfy the semi-total property in D (see Line 14 of

Algorithm 3.1) and then for each point u ∈ U, add a point v ∈ NG(u) into T (see Lines 15-

18 of Algorithm 3.1). Finally, report Dt2 = D ∪ T as a semi-total dominating set of G.

Lemma 3.3.1 and Lemma 3.3.2 represent the algorithm’s correctness and time complexity,

respectively.

Lemma 3.3.1. The set Dt2 in Algorithm 3.1 is a semi-total dominating set of G.
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Algorithm 3.1 T2DS-UDG

Input: A unit disk graph, G = (V,E), with known disk centers
Output: A semi-total dominating set Dt2 for G

1: V ′ = V,D = ∅
2: while V ′ ̸= ∅ do
3: choose a vertex v ∈ V ′

4: D = D ∪ {v}
5: V ′ = V ′ \NG[v]
6: end while
7: T = ∅, X = ∅
8: for each u ∈ V do
9: Su = NG(u) ∩D
10: if |Su| > 1 then ▷ each vertex in Su satisfies the semi-total property
11: X = X ∪ Su

12: end if
13: end for
14: U = D \X ▷ vertices in U do not satisfy the semi-total property
15: for each u ∈ U do
16: choose a vertex v ∈ NG(u)
17: T = T ∪ {v}
18: end for
19: Dt2 = D ∪ T
20: return Dt2

Proof. In the first phase, we find amaximal independent set D of G to satisfy the domination

property (see Lines 2-6 in Algorithm 3.1). Next, we segregate the points that do not

satisfy semi-total property in D. Note that for each vertex u ∈ V , the algorithm finds

Su = NG(u) ∩ D. If |Su| > 1, then the vertices in Su satisfy semi-total property, and

hence the vertices in the set X ⊆ D also satisfy semi-total property (see Lines 8-13). Since

U = D \X, the vertices in the set U do not satisfy semi-total property. To address this, we

choose a one-distance neighbor v ∈ V \D for each such u ∈ U and the set T consists of these

corresponding neighbors (see Lines 15-18). Since T includes these one-distance neighbors

of each vertex in D that violate the semi-total property, the inclusion of T in Dt2 along

with D ensures that for each vertex u ∈ D, there exists another vertex v ∈ D ∪ T such

that d(u, v) ≤ 2. Therefore, the combined sets D and T satisfy both the domination and

semi-total properties. Hence, Dt2 is a semi-total dominating set of G.
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Lemma 3.3.2. Algorithm 3.1 runs in O(n log k) time.

Proof. The complexity of Algorithm 3.1 is primarily dominated by the three for loops (see

Lines 2-6, Lines 8-13 and Lines 15-18 of Algorithm 3.1). Let V = {p1, p2, . . . , pn} be the

set of disks’ centers corresponding to graph G = (V,E). Let all the disks lie on a plane’s

rectangular region R. Let the rectangle’s extreme left and bottom arms represent the x-

and y-axis, respectively. Then, we split the plane R so that the region R becomes a grid

with cell size 1× 1. Let [x, y] be the index associated with each cell, where x, y ∈ N ∪ {0}.
If a point p ∈ V is located at co-ordinate (px, py) on R, then the point belongs to a cell with

index [⌊px⌋, ⌊py⌋].

In the first for loop (see Lines 2-6), Algorithm 3.1 constructs a maximal independent dom-

inating set D of the input graph G. To do so efficiently, each non-empty cell maintains a

list that keeps the points of V chosen for inclusion in D located within that cell. While

considering a point p ∈ V as a candidate for the set D, it only probes into the 9 cells

surrounding the cell where p lies. That means if p is located at co-ordinate (px, py), then it

searches in each [i, j] cell, where ⌊px⌋ − 1 ⩽ i ⩽ ⌊px⌋ + 1 and ⌊py⌋ − 1 ⩽ j ⩽ ⌊py⌋ + 1.1 If

there does not exist any point q ∈ D in those 9 cells such that p ∈ U(q), then p is included

in D. A height balance binary tree containing non-empty cells is used to store the points

that are in D. Since each cell of size 1× 1 can contain the centers of at most 3 independent

unit disks (since placing the centers on the boundary maximizes the number of independent

unit disks in a cell and one disk covers more than one edge in a cell), the processing time

to decide whether a point is in D or not requires O(log k) time, where k = |D|. Thus the

time taken to process |V | = n points is O(n log k).

In the second for loop (Lines 8-13), Algorithm 3.1 finds a set X ⊆ D in which each vertex

satisfy the semi-total property. For each point p ∈ V , it only probes in 9 cells surrounding

the cell where p lies, as discussed earlier. It requires O(log k) time. If there exists any point

q ∈ D in those 9 cells such that p ∈ U(q), then p is included in Su. Thus, finding the set X

1Any point outside these 9 cells is independent from p.
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requires O(n log k) time.

Since each vertex u in U does not satisfy semi-total property (i.e., |Su| ≤ 1), we add a

vertex v ∈ NG(u) to T (see Lines 15-18). Thus, in the worst case, the time to construct the

set T is O(k).

Therefore, in worst case, Algorithm 3.1 executes in O(n log k) time.

Lemma 3.3.3. In Algorithm 3.1, |T | ≤ |D∗|, where D∗ is an optimal DS of G.

Proof. On contrary assume that |T | > |D∗|, which implies |U| > |D∗|. This means that at

least one vertex in D∗ would have to dominate two or more vertices in U. However, this

leads to a contradiction, as it implies there exists a vertex v ∈ V that has more than one

neighbor in U. By the construction of U, no vertex can have more than one neighbor in U.

Therefore, |T | ≤ |D∗|.

3.3.2 Analysis

The set Dt2 in Algorithm 3.1 is a semi-total dominating set of G, where Dt2 = D ∪ T (see

Lemma 3.3.1). Let D∗ and D∗
t2 be the optimal dominating set and optimal semi-total domi-

nating set of G, respectively. Since D is a maximal independent set of G, from Lemma 3.1.2,

we have |D| ≤ 5|D∗|. The set T in Algorithm 3.1 ensures semi-total property when added

to the independent set D. Note that from Lemma 3.3.3, we have |T | ≤ |D∗|. Therefore,

using Lemma 3.1.2, Lemma 3.3.1, Lemma 3.3.3 and Observation 3.1.1, we conclude the

approximation factor of Algorithm 3.1 as follows:

|Dt2| = |D ∪ T | ≤ |D|+ |T |

≤ 5|D∗|+ |D∗| ≤ 6× |D∗|

≤ 6× |D∗
t2|

(3.1)

Theorem 3.3.1. The proposed algorithm (T2DS-UDG) gives a 6-factor approximation re-

sult for the semi-total dominating set problem in UDGs. The algorithm runs in O(n log k)
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time, where n is the number of vertices in the given UDG and k is the size of the maximal

independent set.

Proof. The approximation factor and the time complexity result follow from Equation 3.1

and Lemma 3.3.2, respectively.

Corollary 3.3.1. The semi-total domination problem achieves a 53
9
-factor approximation

result in UDGs with running time O(n2), where n is the number of vertices in the given

UDG.

Proof. From Lemma 3.1.3 and Lemma 3.3.3, we have |D| ≤ 44
9
|D∗| and |T | ≤ |D∗|, respec-

tively. Therefore,

|Dt2| = |D ∪ T | ≤ |D|+ |T |

≤ 44

9
|D∗|+ |D∗| = 53

9
|D∗|

≤ 53

9
|D∗

t2|

(3.2)

3.4 A 2 + ln (∆ + 1)-factor Approximation Algorithm

In [69], the authors proposed a 2+3 ln (∆ + 1)-factor approximation algorithm for the semi-

total dominating set problem in general graphs. Here, the authors used two sets, namely D

and T , to find the semi-total dominating set of the given graph G, where D is a DS and T

is a set of vertices such that D ∪ T is a semi-total dominating set. The approximation algo-

rithm for the minimum dominating set (MDS) problem was used to find the set D, and the

approximation algorithm for the minimum set cover (MSC) problem was used to find the

set T . Since the approximation factors for the MDS and MSC problems are 1 + ln (∆ + 1)

and 1 + 2 ln∆, respectively, where ∆ represents the degree of the graph. Hence, the overall

approximation factor of the algorithm in [69] is 2 + 3 ln (∆ + 1).
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However, to improve the approximation factor, we can modify the algorithm in [69] by

selecting the set T as done in Algorithm 3.1 (the selection of the set T requires D to be a

dominating set, not necessarily a maximal independent set) . Then, by Lemma 3.3.3 and

Observation 3.1.1, the approximation factor of the semi-total domination problem in general

graphs is as follows:

|Dt2| = |D ∪ T | ≤ |D|+ |T |

≤ (1 + ln (∆ + 1))|D∗|+ |D∗|

≤ (2 + ln (∆ + 1))|D∗|

≤ (2 + ln (∆ + 1))|D∗
t2|

(3.3)

NOTE: Since there exists a polynomial-time approximation scheme (PTAS) for the dom-

ination problem in UDGs with approximation factor (1 + ϵ) and time nO( 1
ϵ

1
log ϵ

), for any

ϵ > 0 [91]. We have the following corollary.

Corollary 3.4.1. The semi-total dominating set problem in UDGs admits a PTAS with

approximation factor (2 + ϵ) in time nO( 1
ϵ

1
log ϵ

).

3.5 Conclusion

In this chapter, we have introduced the concept of semi-total domination to UDGs and shown

that the semi-total domination problem in UDGs is NP-complete. Then, we proposed a 6-

factor approximation algorithm for the same, with time complexity O(n log k), where k is

the size of the maximal independent set of the given UDG. Using a similar technique, we

improve the approximation factor to 53
9
, but the time complexity of the algorithm is O(n2).

In addition, we also proposed a 2 + ln (∆ + 1)-factor approximation algorithm for general

graphs, where ∆ is the degree of the given graph. We also observed that the semi-total

domination problem in UDGs admits a PTAS with approximation factor (2 + ϵ) in time

nO( 1
ϵ

1
log ϵ

).

;;=8=<<
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Chapter 4
Total Domination in UDGs

In this chapter, we explore the total dominating set (TDS) problem across various graph

subclasses, with a particular focus on UDGs and grid graphs. Consider a set of points

P = {p1, p2, . . . , pn}, where each point pi corresponds to the center of a disk Di for

i = 1, 2, . . . , n. A graph G = (V,E) is defined as a geometric UDG if there is a one-to-

one correspondence between each vi ∈ V and pi, and there exists an edge (vi, vj) ∈ E if and

only if δ(ci, cj) ≤ 1, where δ(ci, cj) is the Euclidean distance between the two points ci and

cj in R2. Given graph G = (V,E), a subset Dt ⊆ V is a total dominating set (TDS) of G

if (i) Dt is a dominating set of G, and (ii) the vertices in Dt induce a subgraph with no

isolated vertex. The total dominating set with minimum cardinality is called the minimum

total dominating set (MTDS), and the size of the minimum total dominating set is called

the total domination number, γt(G). The geometric version of the TDS problem in UDGs

is defined below.

Definition 4. Given a unit disk graph G = (V,E) corresponding to a point set P =

{p1, p2, . . . , pn} in R2, find a total dominating set of minimum size.

For smooth referral, we refer the first property of the total domination as domination prop-

erty and the second one as total property. As far as the TDS problem in UDGs is concerned,
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in 2021, Jena and Das [72] proved that this problem is NP-complete and provided 8-factor

approximation algorithm with running time O(|V | log |Dt|), where |Dt| is the size of the

output. They also presented a polynomial time approximation scheme (PTAS) that runs in

O(k2n2(⌈2
√
2k⌉)2) time to compute a total dominating set of size at most (1 + 1

k
)2|D∗

t |, where
k ≥ 1 and D∗

t is the minimum TDS. Although this scheme can compute a TDS of size at

most 4|D∗
t | in O(n18) time, the time complexity increases significantly for better approxi-

mations. Thus, there is scope for improvements in both the approximation factor and the

running time.

To address these challenges, we achieve the following goals:

• develop a 7.79-factor approximation algorithm for the TDS problem in UDGs

with time complexity O(n2), where n is the number of vertices in the given

UDG.

• develop a 6.29-factor approximation algorithm for the TDS problem in UDGs

with time complexity O(n2m), where n and m are the number of vertices and

edges in the given UDG.

• prove that the TDS problem is NP-complete when restricted to grid graphs, a

subclass of UDGs.

The remainder of the chapter is organized as follows. In Section 4.1, we listed the required

preliminaries. In Section 4.2 and Section 4.3, we propose a 7.79-factor and a 6.29-factor

approximation algorithms for the TDS problem in UDGs with time complexities O(n2) and

O(n2m), respectively. In Section 4.4, we prove the hardness result of the total dominating

set problem in grid graphs, a subclass of UDGs. We conclude the chapter in Section 4.5.
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4.1 Preliminaries

4.1 Preliminaries

In this section, we define some notations and definitions pertinent to the chapter. For the

completeness of the thesis, we revisit some of the already-known facts and properties of the

unit disk graphs (UDGs). Here, we also establish some lemmas that are relevant to the

chapter.

Let U(p) denote a disk of radius 1 centered at a point p ∈ V and U(P ) denote the unit disks

centered at the points in a set P ⊆ V , i.e., U(P ) = {U(p) : p ∈ P}. The set of disks U(P ) is

said to be independent if for any pair p, q ∈ P , p /∈ U(q), i.e., δ(p, q) > 1. We also examine

the impact of an additional restriction on grid graphs, where the grid graph is a UDG with

all disks having a radius of 1 and centers located exclusively at integer coordinates. In a

graph G, we use the symbol x
G
⇝ y to denote a path between x and y consisting of multiple

edges, and we use multiple paths to denote a cycle. For example, the symbol x
G
⇝ y

G
⇝ x

represents a cycle consisting of paths x
G
⇝ y and y

G
⇝ x.

Lemma 4.1.1. [72] Consider two points p, q ∈ R2 such that δ(p, q) ≤ 1. Let S be the set

of independent unit disks such that each disk in S contains the points p and/or q. Then,

|S| ≤ 8.

Lemma 4.1.2. Let C be a unit disk centered at c. Suppose S = {c1, c2, . . . , ct} is a set of

centers of independent disks, where each center ci satisfies 1 < δ(c, ci) ≤ 2 for 1 ≤ i ≤ t.

Then, t ≤ 18.

Proof. Let D and D be the disks of radius 2 and 1, respectively, centered at a single point

c. We have to show that at most 18 independent unit disks exist whose centers lie on the

disk D and are also independent from the disk D. We prove the result in two steps. In

the first step, we show that there exists at most 12 independent unit disks’ centers on the

periphery of D . Let S1 = {c1, c2, . . . , c12} be the set of corresponding disks’ centers such

that δ(c, ci) = 2 for i = 1, 2, . . . , 12. In the second step, we show that if δ(c, ci) = 2 for

i = 1, 2, . . . , 12; then there exists at most 6 independent unit disks, say S2 = {c′1, c′2, . . . , c′6}
such that U(S) is independent where S = S1 ∪ S2 and 1 < δ(c, c′i) < 2 for i = 1, 2, . . . , 6.
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Figure 4.1: Illustration of independent unit disks inside a disk of radius 2

(i) On contrary assume that S1 = {c1, c2, . . . , c13} is the set of 13 points such that δ(c, ci) = 2,

for 1 ≤ i ≤ 13. Let the points c1, c2,. . . , c13 be placed sequentially in clockwise order on

the periphery of the disk D (i.e., δ(c, ci) = 2 for 1 ≤ i ≤ 13). Let cci be the line segment

joining the point c with ci, where 1 ≤ i ≤ 13. Then there exists at least one pair of con-

secutive segments ccj and cck such that ∠cjcck ≤ 2π
13
. Without loss of generality, let the

two segments be cc1 and cc2 such that ∠c1cc2 ≤ 2π
13
. We need to show that the points c1

and c2 are not independent. Let’s consider the triangle △cc1c2 as shown in Figure 4.2. Let

cp be the perpendicular bisector of c1c2. Then |c1c2| = 4 sin( 2π
13×2

) < 1. This leads to the

contradiction that c1 and c2 are independent. This proves that |S1| ≤ 12 (refer to Figure 4.1

for an orientation of 12 independent disks whose centers are placed on the periphery (dotted

line) of the disk D).

(ii) From the first step, it is proved that there can be at most 12 independent unit disks

whose centers lie on the periphery of a disk of radius 2. Let S1 = {c1, c2, . . . , c12} be the set
of disks’ centers that lie on the periphery of D as shown in Figure 4.1. Let D be a unit disk
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Figure 4.2: Measuring distance of c1c2

centered at point c; then there exists a set of 12 regions, say R = D \D \
12⋃
i=1

U(ci) (the 12

regions are shaded in Red colour in Figure 4.1, which are still independent from S1. Now,

we have to show that at most 6 independent unit disk centers can lie in these regions. Let

HD (TUVWXY ) be the hexagon inscribed in disk D as shown in Figure 4.1. Since D is a

unit disk, each arm of the hexagon HD is of unit length. Let us extend the line segments

WX and TY such that they meet at point Z. Now, the △XY Z is an equilateral triangle

with side length of 1 unit. Since each such triangle contains two shaded (red) regions, no

consecutive regions can contain the centers of two independent unit disks (since the max-

imum distance between any two points in an equilateral triangle of side length 1 is upper

bounded by 1). Therefore, 12 regions can contain at most 6 independent unit disks. Let

S2 = {c′1, c′2, . . . , c′6} be the independent unit disks on those 12 regions.

From the first step, we know that there exists at most 12 independent unit disks at a distance

2 from the point c. If these disks move closer to c, their independence decreases, which also

reduces the combined area of the 12 regions. Therefore, placing the centers of the 12 disks

on the periphery ensures the maximum combined area, resulting in |S| = |S1∪S2| ≤ 18.

Observation 4.1.1. [44] Let G be a graph with no isolated vertex. Then, γ(G) ≤ γt(G).

Minimum Set Cover (MSC) problem: The Minimum Set Cover (MSC) problem in-

volves a universal set U = {u1, u2, . . . , un} and a set of subsets S = {S1,S2, . . . ,Sm}, where
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each Si is a subset of U and U =
m⋃
i=1

Si. The goal of the MSC problem is to find the smallest

subset T ⊆ S such that the union of all subsets in T covers U. We denote an instance of the

MSC problem as < U, S >, where U represents a finite set known as the universal set, and

S constitutes a family of subsets of U.

Theorem 4.1.1. [30] The MSC problem can be approximated with an approximation factor

H(max{|Si| : Si ∈ S}) using GreedySetCover(U,S) in time O(n2m), where H(m) is the

m - th harmonic number.

4.2 A 7.79-factor Approximation Algorithm

In this section, we propose an algorithm called TDS-UDG (see Algorithm 4.1 for the pseu-

docode) for the TDS problem in geometric UDGs with an approximation factor 7.79. The

algorithm runs on a graph with no isolated vertex. If the graph is disconnected, each

component can run it to obtain the TDS.

4.2.1 Algorithm

We briefly describe the algorithm for finding a total dominating set (TDS) Dt of the given

geometric UDG G. TDS-UDG algorithm consists of three phases. The first phase segregates

the set of vertices V into k+ 1 subsets, i.e., S = {Si : 0 ≤ i ≤ k} such that V =
k⋃

i=0

Si. The

second phase selects a set of vertices I from Si (where 0 ≤ i ≤ k) such that I satisfies the

domination property of graph G. At the end, the third phase identifies another set of vertices

T ⊆ V that satisfies the total property. Finally, TDS-UDG reports the total dominating set

Dt as the collection of the two sets I and T , i.e., Dt = I ∪ T . Now, we discuss each of the

phases of the algorithm elaborately.

4.2.1.1 Phase I

In phase I, the TDS-UDG algorithm divides the vertex set V into k + 1 subsets named S0,

S1,. . . , Sk. This segregation is achieved by constructing a breadth-first search (BFS) tree
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Algorithm 4.1 TDS-UDG

Require: A unit disk graph G = (V,E) with known disk centers
Ensure: A TDS Dt

1: Choose an arbitrary vertex x ∈ V
2: x.explored = true, x.parent = NIL
3: for each vertex u ∈ V \ {x} do
4: u.explored = false, u.parent = NIL
5: end for
6: I = ∅, T = ∅, Dt = ∅, k = 0, count = 0, Sk = {x}, Ik = {x}
7: while count ̸= |V | do
8: Sk+1 = ∅
9: for each node u ∈ Sk do
10: for each node v ∈ NG(u) do
11: if v.explored = false then
12: v.explored = true, Sk+1 = Sk+1 ∪ {v}
13: v.parent = u
14: end if
15: end for
16: count = count+ 1
17: end for
18: k = k + 1
19: end while
20: k = k − 1
21: if k = 1 then
22: choose any vertex y ∈ N(x)
23: T = T ∪ {y}
24: else
25: for i = 2 to k do
26: Ii = ∅, Ti = ∅
27: while Si ̸= ∅ do
28: Choose a vertex p ∈ Si

29: Ii = Ii ∪ {p}
30: Ti = Ti ∪ {p.parent}
31: Si = Si \NG[p], Si+1 = Si+1 \NG[p]
32: end while
33: I = I ∪ Ii
34: T = T ∪ Ti

35: end for
36: end if
37: Dt = I ∪ T
38: return Dt
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rooted at vertex x. Let Tx denote the BFS tree rooted at x for graph G (see Figure 4.3 and

the corresponding rooted tree Tx in Figure 4.4). In this tree Tx, if a vertex y is at level i,

then y ∈ Si, where x is considered to be at level 0. The level of a vertex in Tx refers to the

number of edges in the path connecting it to the root x. Therefore, Si can be interpreted

as the collection of all the vertices that are at ith level in the tree Tx (see Lines 1-19 of

Algorithm 4.1). This construction ensures that each subset Si corresponds to vertices at

increasing distances from x in Tx, facilitating a structured way to partition V based on BFS

levels.

x

Figure 4.3: G = (V,E)

Observation 4.2.1. Every vertex v ∈ Si has a neighbor in Si−1 for i = 1, 2, . . . k.

Proof. In Tx, i represents the level of a node, and Si is the collection of nodes with level i.

Since Tx is connected, every vertex v ∈ Si has a neighbor in Si−1.

Observation 4.2.2. If Tx is the rooted BFS tree constructed at vertex x of G, then for any

vertex u ∈ Si, there does not exist any vertex v ∈ Si such that uv ∈ E(Tx), where 0 ≤ i ≤ k

and E(Tx) is the set of edges in Tx.

Proof. On the contrary, assume that there exist two vertices u, v ∈ Si such that uv ∈ E(Tx).

Since the vertices u and v are in Si (i.e., at level i in Tx), there exists paths u
Tx⇝ x and
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S3

S2

S1

x

Figure 4.4: Rooted BFS tree Tx at x of G

v
Tx⇝ x in Tx. Now, if uv ∈ E(Tx), then the edge uv forms a cycle x

Tx⇝ u
Tx⇝ v

Tx⇝ x in Tx.

This leads to a contradiction that Tx is a tree.

4.2.1.2 Phase II

In phase II, the TDS-UDG algorithm constructs a set of independent vertices Ii for each

Si such that I =
k⋃

i=0

Ii is a maximal independent set of G. Initially, I0 contains x as

S0 contains the only vertex x (see Line 6 in Algorithm 4.1). Since each vertex in S1 is

adjacent to x, I1 = ∅. For the remaining Si for 2 ≤ i ≤ k, the set Ii is constructed on

an incremental basis, i.e., for 2 ≤ i ≤ k, Ii is incrementally constructed after Ii−1. The

algorithm randomly selects a vertex p ∈ Si as a candidate for Ii. It then deletes the closed

neighborhood of p in G (i.e., NG[p]) from Si and Si+1 (see Line 31 in Algorithm 4.1). This

deletion ensures that subsequent candidates for Ii remain independent from the vertices

already in Ii, maintaining Ii ∪ Ii+1 as an independent set. This process continues until Si is

exhausted. When i reaches k + 1, I becomes a maximal independent set of G (see Line 33

in Algorithm 4.1). Since every maximal independent set of a graph is a dominating set of
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the graph, the maximal independent set I obtained by the algorithm is a dominating set of

G, satisfying the domination property.

4.2.1.3 Phase III

In phase III, the TDS-UDG algorithm finds a set T that satisfies the total property when

taken with the independent set I. Here, T =
k⋃

i=0

Ti, where Ti represents the parent node

corresponding to each vertex selected in Ii (see Line 30 in Algorithm 4.1). The algorithm

maintains a record of the parent vertex for each node present in Si (as indicated by Line 13).

It updates the set T by adding the parent nodes associated with each vertex selected in I

(see Lines 29-30 in Algorithm 4.1). By combining I with T , the algorithm ensures that

the vertices in G[I ∪ T ] remain free from any isolated vertex. This guarantees that the

constructed set I along with T maintains the total property.

Lemma 4.2.1. Algorithm 4.1 returns (Dt) a TDS of the geometric UDG G.

Proof. Since Dt = I ∪ T and from Phase I, Phase II, and Phase III, it is clear that the set

Dt satisfies both the domination and the total properties. Hence, the lemma follows.

Lemma 4.2.2. Algorithm 4.1 runs in O(|V |+ |E|) time.

Proof. The time complexity of the algorithm TDS-UDG (Algorithm 4.1) is primarily dom-

inated by the nested loop used for segregating the set V into k subsets (see Lines 7-19 in

Algorithm 4.1). In the worst case, the algorithm checks each vertex and the corresponding

adjacency list for segregation. Hence, the time complexity of the algorithm TDS-UDG is

O(|V |+ |E|).

Lemma 4.2.3. In Algorithm 4.1, if |I| ≥ 2, then for each vertex u ∈ I, there exists at least

one vertex v ∈ I, such that δ(u, v) ≤ 2.

Proof. Since Algorithm 4.1 constructs a maximal independent set of G on an incremental

basis, i.e., it constructs the maximal independent set Ii of Si only after constructing the

maximal independent set Ii−1 of Si−1, where I =
k⋃

i=0

Ii. So the lemma can be proved using
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induction on k with respect to the rooted tree Tx at x, i.e., the algorithm finds the maximal

independent set of the induced subgraph G[S0 ∪ S1 ∪ · · · ∪ Si] from G[S0 ∪ S1 ∪ · · · ∪ Si−1]

to find a maximal independent set of G since G = G[S0 ∪ S1 ∪ · · · ∪ Sk]. Let P (k) be the

proposition that for each vertex u ∈
k⋃

i=0

Ii, there exists at least one vertex v ∈
k⋃

i=0

Ii such

that δ(u, v) ≤ 2 for k ≥ 2.

Basis step: We have to show that P (2) is true, i.e., when k = 2, for each u ∈
2⋃

i=0

Ii,

there exists at least one vertex v ∈
2⋃

i=0

Ii such that δ(u, v) ≤ 2. Since, I0 = {x} and I1 = ∅

(S1 = ∅, since TDS-UDG removes NG(x) from S1). Let I2 be the maximal independent

set of S2. Since the graph is connected, each vertex v ∈ I2 has at least one vertex w in

S1 (see Observation 4.2.1). This implies δ(v, w) ≤ 1. Since every vertex present in S1

is a neighbor of x, w ∈ NG(x). So δ(x,w) ≤ 1. From the triangle inequality, we have

δ(v, x) ≤ δ(v, w) + δ(w, x) ≤ 2. Hence P (2) is true.

Inductive Hypothesis: When k = m, P (m) is true, i.e., for each u ∈
m⋃
i=0

Ii, there ex-

ists at least one vertex v ∈
m⋃
i=0

Ii such that δ(u, v) ≤ 2.

Inductive Step: We have to show that when k = m + 1, P (m + 1) is true, i.e., for

each u ∈
m+1⋃
i=0

Ii, there exists at least one vertex v ∈
m+1⋃
i=0

Ii such that δ(u, v) ≤ 2. Since P (m)

is true, the following is sufficient to prove the lemma: for each vertex u ∈ Im+1; there exists

at least one vertex v ∈ Im−1 such that δ(u, v) ≤ 2.

Without loss of generality, let us consider a vertex u ∈ Im+1. Then the vertex u has

one neighbor w ∈ Sm (see Observation 4.2.1). Since uw ∈ E, δ(u,w) ≤ 1. u ∈ Im+1 implies

u ∈ Sm+1. u is still in Sm+1 because none of the neighbors of u is in Im; otherwise, u would

have been removed from Sm+1 and hence u should not have appeared as a candidate in Im+1.

Since P (m) is true and w /∈ Im, there exists a vertex v ∈ Im−1 due to which w was removed

from Sm. This implies δ(w, v) ≤ 1. Due to triangle inequality δ(u, v) ≤ δ(u,w)+δ(w, v) ≤ 2.
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Hence, the proposition holds.

Lemma 4.2.4. In the worst case, 19 vertices in I share 18 nodes of T as intermediate

nodes.

Proof. Since I is an independent set and for each node u ∈ I, another node v ∈ I exists,

such as δ(u, v) ≤ 2 (see Lemma 4.2.3). From Lemma 4.1.2, we know that a disk of radius

2 contains at most 19 independent unit disks. So, in the worst case, those 19 vertices can

share 18 nodes of T as intermediate nodes.

Observation 4.2.3. If k = 1, then |Dt| = |D∗
t |, where Dt is the TDS returned by algorithm

TDS-UDG and D∗
t is the optimal TDS of G.

Proof. If k = 1, the rooted tree Tx is a star graph with center vertex x. Hence |Dt| = |D∗
t | =

2.

4.2.2 Analysis

Let D∗
t be the optimal total dominating set of the graph G. The set Dt in TDS-UDG is a

TDS of G, where Dt = I∪T (see Lemma 4.2.1). Since D∗
t is a TDS of G, there is no isolated

vertex in G[D∗
t ]. For each pq ∈ E(G[D∗

t ]), there exists at most 8 independent vertices in I

which contains the vertices p and/or q (see Lemma 4.1.1). Since the 2 vertices of an edge

in G[D∗
t ] dominate 8 vertices of I, the following equation holds.

|I| ≤ 4|D∗
t | (4.1)

The set T in TDS-UDG satisfies the total property when added to the independent set I.

In the worst case, we know that 19 vertices in I share 18 vertices from T as intermediate

nodes (see Lemma 4.2.4). So there are at most 18
19
× 4|D∗

t | vertices in T for 4|D∗
t | number of

vertices in I, i.e.,

|T | ≤ 72

19
|D∗

t | (4.2)
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Therefore, from Lemma 4.2.1,

|Dt| = |I|+ |T |

≤ 4|D∗
t |+

72

19
|D∗

t |

=
148

19
|D∗

t |

≤ 7.79|D∗
t |

(4.3)

Theorem 4.2.1. The proposed algorithm (TDS-UDG) gives a 7.79 -factor approximation

algorithm for the TDS problem in UDGs, which runs in O(|V |+ |E|) time.

Proof. The approximation factor follows from Equation 4.3, and the time complexity result

follows from Lemma 4.2.2.

4.3 A 6.29-factor Approximation Algorithm

In this section, we propose a 6.29-factor approximation algorithm for the TDS problem in

UDGs.

4.3.1 Algorithm

The algorithm aims to find a TDS in a unit disk graphG = (V,E), where V = {p1, p2, . . . , pn}
represents the centers of unit disks in R2. To begin, the algorithm identifies a maximal inde-

pendent set D ⊆ V , which satisfies the domination property (see Lines 2-6 of Algorithm 4.2).

Next, to fulfill the total property, the algorithm selects a subset T ⊆ V such that for each

v ∈ D, there exists a vertex u ∈ V \ D where u is adjacent to v. To find the set T , the

algorithm constructs a set cover instance < D,S >, where D serves as the universal set, and

S consists of subsets Si = NG(ui)∩D for each ui ∈ V \D (see Lines 8-12 of Algorithm 4.2).

Here, NG(ui)∩D represents the neighbors of ui within D. Subsequently, a greedy set cover

algorithm is applied to < D,S > to find a minimal subset S ′ ⊆ S such that
⋃

Si∈S′
Si = D

(see Line 13 of Algorithm 4.2). For each Si ∈ S ′, T contains the corresponding ui of V \D
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(see Line 14 of Algorithm 4.2). Then, it reports Dt = D ∪ T as a TDS of G. A complete

illustration of the scenario is shown by an example in Figure 4.6(a), in which the edges

between the set D and V \D are only shown. Lemma 4.3.2 and Lemma 4.3.3 represent the

algorithm’s correctness and time complexity, respectively.

Algorithm 4.2 TDS-UDG-SC
Input: A unit disk graph, G = (V,E), with known disk centers
Output: A TDS Dt for G

1: V ′ = V,D = ∅, S = ∅
2: while V ′ ̸= ∅ do ▷ domination property of TDS
3: choose a vertex v ∈ V ′

4: D = D ∪ {v}
5: V ′ = V ′ \NG[v]
6: end while
7: i = 1
8: for each u ∈ V \D do
9: Si = NG(u) ∩D

10: i = i+ 1
11: S = S ∪ Si

12: end for
13: S′ = GreedySetCover(D,S)
14: T = {ui|Si ∈ S′} ▷ total property of TDS
15: Dt = D ∪ T
16: return |Dt|

Lemma 4.3.1. Given a maximal independent set D of a geometric unit disk graph G =

(V,E) such that S = {Si}, where Si = D∩NG(ui), for each ui ∈ V \D. If C∗ is an optimal

set cover of the set cover instance < D,S > and D∗ is an optimal dominating set of G, then

|C∗| ≤ |D∗|.

Proof. Given that D is a maximal independent set in the unit disk graph G, for any vertex

v ∈ V \ D, the Lemma 3.1.2 ensures that |NG(v) ∩ D| ≤ 5. Let D∗ denote an optimal

dominating set of G, then either (i) D∗ ⊆ D or (ii) D∗ ⊆ V \D or (iii) D∗ = D∗
D ∪D∗

V \D,

where D∗
D = D∗ ∩D and D∗

V \D = D∗ ∩ (V \D). We need to demonstrate that for each of

the given scenarios |C∗| ≤ |D∗|.
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v1
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u7

u8

u9

u10
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D V \D

s1 = {v1, v2}
s2 = {v3, v4, v7}
s3 = {v5, v6, v7}
s4 = {v1}
s5 = {v4, v7}
s6 = {v7, v8}
s7 = {v3}
s8 = {v3}
s9 = {v3}
s10 = {v5, v7, v8, v9, v10}
s11 = {v10}

Figure 4.5: Illustration of D

(i) D∗ ⊆ D: If D∗ ⊆ D, then D∗ = D; otherwise, there exists at least one vertex v ∈ D,

such that v is not dominated by D∗ (since D is an independent set). This leads to a con-

tradiction that D∗ is a dominating set. Since D is an independent set, in the worst case, D

requires at most |D| number of subsets (i.e., vertices) from S (i.e., V \D) to cover D. If C∗

is an optimal cover of the set cover instance < D,S >, then |C∗| ≤ |D| = |D∗|.

(ii) D∗ ⊆ V \ D: On the contrary, let us assume C∗ > D∗. Since D∗ is a dominating

set, each vertex in D ∪ V \D (i.e., V ) is either in D∗ or is adjacent to at least one vertex

in D∗. If so, a set D′ ⊆ D∗ exists such that D′ dominates D (since D is an independent

set). This implies |D′| number of subsets (i.e., vertices) from S (i.e., V \D) are sufficient to

cover D, which is less than or equal to |C∗|. This leads to a contradiction to the fact that

C∗ is an optimal cover of D.

(iii) D∗ = D∗
D ∪D∗

V \D, where D∗
D = D∗ ∩D and D∗

V \D = D∗ ∩ (V \D) (refer to Figure 4.6

for a pictorial representation): Since D∗
D ⊆ D, D∗

D is an independent set. In the worst case,

at most |D∗
D| number of subsets (vertices) from S are required to cover vertices in D∗

D. Since

D∗
V \D dominates the set D \D∗

D, |D∗
V \D| number of subsets (vertices) are sufficient for the

coverage of remaining vertices in D \D∗
D. Therefore, |C∗| ≤ |D∗

D|+ |D∗
V \D| = |D∗|.
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D V \D
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Figure 4.6: Illustration of V \D

Lemma 4.3.2. The set Dt in Algorithm 4.2 is a TDS of G.

Proof. In the first phase, Algorithm 4.2 finds a maximal independent set D of G to sat-

isfy the domination property (see Lines 2-6 in Algorithm 4.2). Next, the algorithm runs

GreedySetCover(D,S) to find a subset T such that T = {ui|Si ∈ S ′} (see Line 13 and

Line 14 in Algorithm 4.2). The set T ensures that for each vertex v ∈ D, there exists a

vertex u ∈ T such that uv ∈ E. Hence, the set T , when combined with D, confirms that

none of the vertices in D is isolated. Therefore, the nominated points in D and T satisfy

the domination and total properties. Consequently, the set Dt forms a TDS of G.

Lemma 4.3.3. Algorithm 4.2 runs in O(n2m) time, where n and m are the number of

vertices and edges of G, respectively.

Proof. The time complexity of Algorithm 4.1 is primarily dominated by the time taken

by the function GreedySetCover(). Since GreedySetCover() requires O(n2m) time (see

Theorem 4.1.1), the running time of the Algorithm 4.2 is O(n2m).

4.3.2 Analysis

The set Dt in TDS-UDG-SC is a TDS of G, where Dt = D ∪ T (see Lemma 4.3.2). Let

D∗ and D∗
t be an optimal DS and an optimal TDS of G, respectively. Since 2 vertices of
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an edge in G[D∗
t ] dominate at most 8 vertices of D (Lemma 4.1.1), the following equation

holds.

|D| ≤ 4|D∗
t | (4.4)

The set T in TDS-UDG-SC satisfies the total property when added to the independent set

D, where T = {ui|Si ∈ S ′} and S ′ is the set cover of the instance < D,S >. Let C∗ be an

optimal set cover of < D,S >. Then from Lemma 4.3.1, the following equation holds.

|C∗| ≤ |D∗| (4.5)

Therefore, from Lemma 4.3.2, we conclude the following:

|Dt| = |D|+ |T |

≤ 4|D∗
t |+H(5)× |C∗| (refer to Equation 4.4 and Theorem 4.1.1)

≤ 4|D∗
t |+

137

60
× |D∗| (refer to Lemma 4.3.1)

≤ 4|D∗
t |+

137

60
× |D∗

t | (refer to Observation 4.1.1)

=
377

60
× |D∗

t |

≤ 6.29× |D∗
t |

(4.6)

Theorem 4.3.1. Algorithm 4.2 (TDS-UDG-SC) gives a 6.29-factor approximation result

for the TDS problem in UDGs. The algorithm runs in O(n2m) time, where n and m are

the number of vertices and edges in G, respectively.

Proof. The approximation factor and the time complexity result follow from Equation 4.6

and Lemma 4.3.3, respectively.

4.4 NP-completeness Result

In this section, we aim to establish the TDS problem’s hardness result by demonstrating

that its decision version is NP-complete in grid graphs. To achieve this, we employ a reduc-
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tion from the decision version of the vertex cover (VC) problem in planar graphs with degree

at most 3 to the decision version of the TDS problem in grid graphs. Since the reduction

is based on geometry, we often refer to a node or vertex as a ‘point’. Formally, the decision

versions of the above stated problems are as follows:

Decision version of the VC problem in planar graphs of degree at most 3

(D -V C -PGD3): Given a planar graph G of degree at most 3 and a positive integer

K, does G have a VC of size at most K?

Decision version of the TDS problem in grid graphs (D -TDS -GGs): Given a

grid graph G and a positive integer K, does G have a TDS of size at most K?

We prove the hardness result of the TDS problem in grid graphs by making a polynomial

time reduction from an arbitrary instance of D-VC-PGD3 to an instance of D-TDS-

GGs. To demonstrate this assertion, we use the following lemma (Lemma 4.4.1) given by

Valiant.

Lemma 4.4.1. [103] Let G = (V,E) be a planar graph of degree at most 3. The graph

G can be embedded in a grid of area O(|V |2) such that each v ∈ V is positioned at a grid

point with coordinates (10i, 10j), where i and j are integers, and each edge e ∈ E is a finite

sequence of consecutive segments, each of length 10 units, aligned along the grid lines.

Lemma 4.4.2. If G = (V,E) is an instance of D-VC-PGD3 without any isolated vertex,

then an instance G′ = (V ′, E ′) of D-TDS-GGs can be constructed from G in polynomial

time.

Proof. Let V = {v1, v2, . . . , vn} and E = {e1, e2, . . . , em} be the vertex set and edge set of

the instance G. We construct a graph G′ = (V ′, E ′) from G by the four steps as given below:

Step 1 (Embedding): The graph G (refer Figure 4.7(a)) is initially embedded onto a

grid with cells of size 10× 10 (refer Figure 4.8), utilizing Valiant’s algorithm (Lemma 4.4.1)
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v1

v2 v3

v4

(a) (b)

v1

v2 v3

v4 a

b

c

(c)

xi yi zi

wi

pi

(d)

p

q

r

Figure 4.7: (a) G = (V,E), (b) Svc = {v1, v2, v3}, vertex cover of G, (c) path, and (d) gadget

p1 p4

p2

p3

Figure 4.8: Embedding of G on a grid of cell size 10× 10

as outlined in [103]. Each edge e ∈ E is represented as a consecutive sequence of line seg-

ments on the grid, where each segment has a length of 10 units. Let ℓij denote the total

number of line segments in pipj. For every vertex vi ∈ V , a node point is positioned at a

grid coordinate of the form (10i, 10j), where i and j are integers. Let pi represent the node

point located at the grid corresponding to vertex vi ∈ V , where 1 ≤ i ≤ n. We refer these

node points as embedding nodes. Let N be the set of these nodes and |N | = |V | = n.
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Step 2 (Inclusion of auxiliary nodes): In this step, we augment each line segment

pipj with additional auxiliary nodes. Given that each pipj consists of ℓij segments, there

will be 10ℓij − 1 intermediary grid points along pipj (when the cell size 1 × 1), excluding

pi and pj. Consequently, a node is added at each grid point, as illustrated in Figure 4.9.

A modification is made if the count of nodes added along each pipj does not conform to

the pattern 4kij + 1, where kij is an integer. Specifically, three consecutive grid points,

denoted as a, b, and c (excluding those adjacent to either pi or pj), are selected. Sub-

sequently, point b and its incident edges are removed, and three new nodes, p, q, and r,

are introduced to pipj such that the path apqrc is formed (refer to Figure 4.7(c) and Fig-

ure 4.9). This adjustment ensures that the count of grid points on pipj becomes 4kij + 1,

where kij is an integer. Let A be the set representing the auxiliary nodes added in this step.

|A| =
∑

vivj∈E(4kij + 1) = 4
∑

vivj∈E kij + |E| = 4
∑

vivj∈E kij +m.

Step 3 (Inclusion of gadgets): In this stage, considering that each node within the

planar graph has a degree at most 3 and is embedded within a grid, there exists at least

one feasible position at every embedded node to accommodate an additional edge. Conse-

quently, we introduce a special construction called gadget (refer to Figure 4.7(d)), at each

embedded node pi. This gadget at pi comprises four distinct nodes: xi, yi, zi, and wi. Let

S represent the set of nodes added in this process. Given that each gadget comprises four

nodes (excluding node point), it follows that |S| = 4|N | = 4n.

Step 4 (Construction of the grid graph): Let G′ = (V ′, E ′) be the grid graph

constructed after applying the above 3 steps on graph G, where V ′ = N ∪ A ∪ S and

E ′ = {uv : u, v ∈ V ′ and δ(u, v) = 1}, where δ(u, v) is the Euclidean distance between u

and v.

From Lemma 4.4.1, we conclude that the number of segments ℓ =
∑

vivj∈E ℓij = O(n2).

Therefore, the upper bound on the number of vertices and the number of edges in G′ is
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O(n2). Hence, G′ can be constructed from G in polynomial time.

p1 p4

p2

p3

Figure 4.9: Inclusion of auxiliary points

Theorem 4.4.1. D-TDS-GGs belongs to the class NP-complete.

Proof. Let G = (V,E) be a grid graph. Given a subset S ⊆ V and a positive integer k, we

can verify whether S is a TDS of G of size at most k or not in polynomial time. Therefore,

D -TDS -GGs ∈ NP .

To establish the NP-hardness of D -TDS -GGs, we employ a polynomial time reduction

from D-VC-PGD3 to D-TDS-GGs. Utilizing Lemma 4.4.2, we can construct an instance

G′ = (V ′, E ′) of D-TDS-GGs from an arbitrary instance G = (V,E) of D-VC-PGD3 in

polynomial time. From Claim 4.4.2.1, we have D -TDS -GGs ∈ NP -hard. Therefore,

D -TDS -GGs ∈ NP - complete.

Claim 4.4.2.1. G has a vertex cover Svc of size at most K if and only if G′ has a total

dominating set Dt of size at most K + 2n+ 2
∑

vivj∈E kij for some integer kij.
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p1 p4

p2

p3

Figure 4.10: Inclusion of an additional path if needed

Proof. (=⇒) Let Svc be a vertex cover of G such that |Svc| ≤ K, and let Tvc be the set of

vertices in G′ corresponding to the vertices in Svc, i.e., Tvc = {pi ∈ V ′ : vi ∈ Svc}. Now, we
construct two sets Ta ⊆ A and Tg ⊆ S such that Dt = Tvc∪Ta∪Tg forms a total dominating

set with cardinality less than or equal to K + 2n+ 2
∑

vivj∈E kij for some integer kij.

The construction of Ta and Tg proceeds as follows: since Svc is a vertex cover of G (see

Figure 4.7(b)), at least one endpoint of every edge in G is inside Svc. Since every edge in G

corresponds to a sequence of segments in G′, we start from the endpoint inside Tvc. For each

pipj in G′ corresponding to each vivj ∈ E, at least one out of pi and pj is in Tvc. Without

loss of generality, let pi ∈ Tvc (if pi, pj ∈ Tvc, then break the tie by picking anyone). We

traverse from pi towards pj. While traversing, we leave two vertices next to pi, add the

next two vertices to Ta, then leave the next two vertices and select the next two vertices

for Ta again. This process is repeated until we reach pj. For each vivj ∈ E, we apply this

process to the corresponding pipj in G′. Since pipj contains 4kij +1 number of intermediate
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p1 p4

p2

p3

w1

x1 y1z1
w4

x4 y4z4

z2
y2
x2

w2

x3y3z3

w3

Figure 4.11: Inclusion of gadget at each node point

grid points, it requires at least 2kij points from pipj in Ta for total domination. Therefore,

|Ta| = 2
∑

vivj∈E kij, where kij is the integer associated to each vivj ∈ E derived in Step 2

in the proof of Lemma 4.4.2. In Figure 4.12, the red cross points represent Ta.

From each pi ∈ V ′, we choose yi and wi for Tg. Hence, |Tg| = 2n. In Figure 4.12, the

blue circles depict Tg.

Now, we need to demonstrate that the set Dt is a total dominating set (TDS) of G′, satisfy-

ing two conditions: (i) every vertex in G′ is dominated, and (ii) there is no isolated vertex

in G[Dt]. Firstly, since wi and yi from Tg ⊆ Dt dominate wi, xi, yi, zi, and pi, and they

are adjacent vertices, G[Tg] does not have any isolated vertex. Secondly, G[Tg ∪ Tvc] has no

isolated vertex since yiwipi is a path. Now, each pipj correspond to vivj has 4kij vertices

and are dominated by 2kij vertices in Ta since out of 4kij + 1 vertices one vertex is already

dominated by a vertex in Tvc (as Tvc = {pi ∈ V ′ : vi ∈ Svc}). The way the set Ta is con-
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w3

Figure 4.12: G′ = (V ′, E′)

structed, there does not exist any isolated vertex in G[Ta]. Hence, the set Dt = Tvc∪Tg ∪Ta

is indeed a TDS of G′ and if Svc ≤ k, then |Dt| ≤ K + 2n+ 2
∑

vivj∈E kij.

(⇐=) Let Dt be a TDS of G′ such that |Dt| ≤ K + 2n + 2
∑

vivj∈E kij. Then, we will

show that G has a vertex cover Svc of size at most K. To prove this, we prove the following

observations.

(i) Out of four points (i.e., xi, yi, zi, wi) in the gadget associated with each pi in G′, at

least two points belong to Dt.

(ii) If pi and pj in G′ corresponds to the end vertices of an edge vivj ∈ E and none of pi

and pj are in Dt, then at least 2kij + 1 number of vertices from pipj are in Dt.

Observation (i): Correspond to each pi ∈ E ′, there are 4 points (i.e., xi, yi, zi and wi) in

the corresponding gadget. Since xi and zi are pendant vertices, the points yi and wi must

be in the total dominating set Dt. Hence, in G′, |S ∩Dt| ≥ 2n.
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Observation (ii): Since pi, pj /∈ Dt, then there are 4kij + 1 number of points on pipj for

domination. Since two consecutive points can dominate four vertices, 4kij + 1 number of

vertices can be dominated by ⌈4kij+1

4
× 2⌉ = 2kij + 1.

Given a TDS Dt of G
′ with size at most K + 2n + 2

∑
vivj∈E kij, we need to demonstrate

that by deleting and/or replacing some vertices from Dt, we can obtain a vertex cover Svc

of G with size at most K. The vertices of the set S account for 2n vertices in Dt due to

Observation (i). Let’s define a set S ′
vc = Dt \ S and Svc = {vi ∈ V : pi ∈ S ′

vc}. By Observa-

tion (i), we have |S ′
vc| ≤ K+2

∑
vivj∈E kij. Then, for each edge vivj ∈ E, if pi, pj /∈ Svc, then

the corresponding pipj in G′ has 2kij + 1 points in Dt instead of 2kij (refer to Observation

(ii)). For each such edge, we add either vi or vj to Svc. Since every pipj corresponding to

each vivj contributes at least 2kij to Dt, |Dt ∩ Ta| ≥ 2
∑

vivj∈E kij. Therefore, |Svc| ≤ K.

This proves that D -TDS -GGs ∈ NP -hard.

4.5 Conclusion

In this chapter, we have studied the total dominating set problem in UDGs and grid graphs.

We proposed a 7.79-factor and 6.29-factor approximation algorithms for the TDS problem

in UDGs with time complexities O(n2) and O(n2m), respectively. In addition, we have also

shown that the TDS problem is NP-complete in grid graphs, a subclass of UDGs.

;;=8=<<
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Chapter 5
Total Roman Domination in UDGs

In this chapter, we delve into the total Roman dominating set (TRDS) problem in unit disk

graphs (UDGs). Consider a simple undirected graph G = (V,E) with no isolated vertex, a

total Roman dominating set is an ordered partition of V , (say (V0, V1, V2), i.e., for j = 0, 1, 2

Vj = {v ∈ V : f(v) = j}) induced by a function, f : V → {0, 1, 2} such that (i) f is a

Roman dominating function (Roman property), and (ii) the induced subgraph G[V1 ∪ V2]

has no isolated vertex (total property). The weight of the total Roman dominating function

(TRDF) f is the value f(V ) =
∑

u∈V (G) f(u). The minimum weight of a TRDF on a graph

G is referred to as the total Roman domination number and is denoted by γtR(G). The

geometric version of the TRDS problem is defined below.

Definition 5. Given a unit disk graph G = (V,E) with no isolated vertex corresponding to a

point set P = {p1, p2, . . . , pn} in R2, find a total Roman dominating function f of minimum

weight.

A total Roman dominating set of a graph is said to be a connected Roman dominating set

(CRDS) if the induced sub-graph G[V1∪V2] forms a single component. The CRDS problem

is closely related to the TRDS problem, since every CRDS is inherently a TRDS. In [98], the

authors presented a 7.5 -factor approximation algorithm for the CRDS problem in UDGs.

This algorithm uses a distributed approach detailed in [105], which includes additional mes-

sage passing overhead. We have observed that the heuristic proposed in [72] can be adapted
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to achieve a 12-factor approximation algorithm for the TRDS problem in UDG. Therefore,

any constant factor algorithm for the TRDS problem with a factor below 12 and without

message passing overhead would be of significant interest.

To address these challenges, we achieve the following goals:

• prove that the TRDS problem is NP-complete in UDGs.

• develop a 10.5-factor approximation algorithm for the TRDS problem in UDGs

with time complexity O(n log k), where n and k are the sizes of the vertex set

and the maximal independent set of the given UDG, respectively.

• develop a 6.15-factor approximation algorithm for the TRDS problem in UDGs

with time complexity O(n2m), where n and m are the sizes of the vertex set

and edge set of the given UDG, respectively.

The remainder of the chapter is organized as follows. In Section 5.1, we list the required

preliminaries. In Section 5.2, we prove the hardness result of the TRDS problem in UDGs.

In Section 5.3 and Section 5.4, we propose a 10.5-factor and a 6.15-factor approximation

algorithms for the UDGs with time complexities O(n log k) and O(n2m), respectively. We

conclude the chapter in Section 5.5.

5.1 Preliminaries

In this section, we documented several well-known theorems and lemmas. Additionally, we

highlighted key observations derived from these theorems and lemmas that are useful for

analysis.

Lemma 5.1.1. [17] If G = (V,E) is a graph without any isolated vertex, then 2γ(G) ≤
γtR(G) ≤ 3γ(G), where γ(G) and γtR(G) are the domination number and total Roman
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domination number of G, respectively.

Observation 5.1.1. If f = (V0, V1, V2) is a TRDF on G, which attains minimum |V1|, then
the induced subgraph on V1 and V2 i.e., G[V1 ∪ V2] does not contain a path1 of three vertices

with Roman value 1 each.

Proof. Let’s assume that there exists a path of three vertices x, y and z in G[V1 ∪ V2] such

that f(x) = 1, f(y) = 1 and f(z) = 1. If this is the case, we can define another TRDF

f ′ = (V ′
0 , V

′
1 , V

′
2), where V ′

0 = V0 ∪ {x}, V ′
1 = V1 \ {x, y} and V ′

2 = V2 ∪ {y} such that

W (f ′) = W (f) and |V ′
1 | < |V1|. This leads to a contradiction, as it implies that |V1| is not

the minimum.

For a given graph G = (V,E), let F ∗ = {f ∗
1 , f

∗
2 , . . . , f

∗
m′} be the set of all TRDFs with

W (f ∗
i ) = γtR(G) for 1 ⩽ i ⩽ m′. Let f ∗ ∈ F ∗ be a TRDF and let (V ∗

0 , V
∗
1 , V

∗
2 ) be the

ordered partition of V induced by f ∗ such that f ∗ attains minimum |V ∗
1 |. We partition the

set V ∗
1 into subsets V ∗

11 and V ∗
12 such that V ∗

12 is the set of vertices in V ∗
1 which have neighbors

in V ∗
2 and V ∗

11 = V ∗
1 \ V ∗

12. Similarly, we partition V ∗
2 into subsets V ∗

22 and V ∗
21 such that V ∗

21

is the set of vertices in V ∗
2 which have neighbors in V ∗

1 and V ∗
22 = V ∗

2 \ V ∗
21. In Figure 5.1

(respectively, Figure 5.2), 3 rectangles enclosed within solid line represent the sets V ∗
0 , V

∗
1

and V ∗
2 . The dashed lines in Figure 5.1 (respectively, Figure 5.2) segregate V ∗

1 into V ∗
11 and

V ∗
12, and V ∗

2 into V ∗
22 and V ∗

21.

Lemma 5.1.2. [3] If f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) is an optimal TRDF on a graph G = (V,E)

such that f ∗ attains minimum |V ∗
1 |, then either (i) V ∗

2 is a dominating set (DS) of G, or

(ii) G[V ∗
11] = αK2 for some integer α ≥ 1, where K2 represents the complete graph of two

vertices.

From Lemma 5.1.2, the following observations can be noted.

1a sequence of non-repeated vertices connected through edges present in a graph
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V ∗
0

V ∗
2

V ∗
11 V ∗

12

V ∗
1

2

2

2

2

2

2

1

1

1

2

V ∗
22 V ∗

21

Figure 5.1: V ∗
2 is not a DS of G.

V ∗
0

V ∗
2

V ∗
11 V ∗

12

V ∗
1

2

2

2

2

2

2

1

1

1

2

V ∗
22 V ∗

21

Figure 5.2: V ∗
2 is a DS of G.

Observation 5.1.2. If f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) is an optimal TRDF on the graph G = (V,E)

such that f ∗ attains minimum |V ∗
1 |, then for each edge pq ∈ V ∗

11, B({p, q}) ⊆ V ∗
0 (refer to

Figure 5.1), where B({p, q}) is the boundary of the set {p, q}1.

Proof. It is sufficient to prove that there does not exist any vertex v ∈ B({p, q}) such that

1The boundary of a set S ⊆ V (G) is the set B(S) = NG(S) \ S
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f(v) = 1 or f(v) = 2. On the contrary, assume that there exists a vertex v ∈ B({p, q}) with
f(v) = 1. Let vp ∈ E(G). If so, then we define another optimal TRDF f ∗′ = (V ∗′

0 , V ∗′
1 , V ∗′

2 ),

where V ∗′
0 = V ∗

0 ∪{v}, V ∗′
1 = V ∗

1 \ {v, p} and V ∗′
2 = V ∗

2 ∪{p} such that W (f ∗′) = W (f ∗) and

|V ∗′
1 | < |V ∗

1 |. This leads to a contradiction that |V ∗
1 | is the minimum.

To prove the second part, assume that there exists a vertex v ∈ B({p, q}) with f(v) = 2.

Let vp ∈ E(G). If so, then we define another optimal TRDF f ∗′ = (V ∗′
0 , V ∗′

1 , V ∗′
2 ), where

V ∗′
0 = V ∗

0 ∪ {q}, V ∗′
1 = V ∗

1 \ {p, q} and V ∗′
2 = V ∗

2 ∪ {p} such that W (f ∗′) = W (f ∗) and

|V ∗′
1 | < |V ∗

1 |. This leads to a contradiction that |V ∗
1 | is the minimum.

Observation 5.1.3. Let f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) is an optimal TRDF on a graph G = (V,E)

such that f ∗ attains minimum |V ∗
1 |. If V ∗

2 is a DS of G = (V,E), then G[V ∗
1 ∪ V ∗

2 ] does not

contain an edge with Roman value (1, 1), i.e., V ∗
11 = ∅ (refer to Figure 5.2).

Proof. On the contrary, assume V ∗
11 ̸= ∅, i.e., there exists at least one edge pq ∈ E(G[V ∗

11])

(as f ∗ satisfies the total property). Since V ∗
2 is a dominating set of G, each vertex v ∈ V (G)

is either in V ∗
2 or there exists an edge uv ∈ E(G) such that u ∈ V ∗

2 . Since the sets V ∗
2 and

V ∗
11 are mutually exclusive, for each vertex u ∈ V ∗

11, there exists a vertex v ∈ V ∗
2 such that

uv ∈ E[G]. Let s and t dominate p and q, respectively, where s, t ∈ V ∗
2 . If s = t (single

vertex which dominates p and q), then we define another TRDF f ∗′ = (V ∗′
0 , V ∗′

1 , V ∗′
2 ), where

V ∗′
0 = V ∗

0 ∪ {q}, V ∗′
1 = V ∗

1 \ {q} and V ∗′
2 = V ∗

2 such that W (f ∗′) < W (f ∗). This leads to a

contradiction that f ∗ is optimal; otherwise (i.e., s ̸= t), p and q would have been in V ∗
12 not

in V ∗
11.

Observation 5.1.4. Let f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) is an optimal TRDF on a graph G = (V,E)

such that f ∗ attains minimum |V ∗
1 |. If V ∗

2 is not a DS of G, then G[V ∗
1 ∪V ∗

2 ] contains edges

with Roman values (2, 2), (2, 1) and (1, 1).

Proof. It follows from Observation 5.1.2 and Observation 5.1.3.

From Observation 5.1.3 and Observation 5.1.4, we conclude that the induced graph G[V ∗
1 ∪
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V ∗
2 ] can have the following five structures only: (i) 2− 2: an edge with Roman value 2 for

each vertex in the edge, (ii) bouquet of 2− 2: a connected component with Roman value 2

for each vertex in the component, (iii) 2 − 1: an edge with Roman value 2 for one vertex

and Roman value 1 for another vertex, (iv) flower of 2 − 1: a connected component with

a star structure, where the center vertex carries Roman value 1, and the remaining carries

Roman value 2, (v) 1 − 1: an edge with Roman value 1 for each vertex in the edge. Refer

to Figure 5.3 for an illustration of each possible type of structure in the induced graph

G[V ∗
1 ∪ V ∗

2 ].

V ∗0

V ∗11

V ∗12 ∪ V ∗21

V ∗22

1

11

1

1 1

1

1

2

2

2

2 2

2

2 2

2

2
2

2

2

2

2

Figure 5.3: Illustration of G[V ∗
22], G[V ∗

12 ∪ V ∗
21], and G[V ∗

11].
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5.2 NP-completeness result

In this section, our focus is on determining the complexity of the total Roman Dominating

set (TRDS) problem. We aim to show that the decision version of the TRDS problem

belongs to the NP-complete class when the graph is restricted to UDGs. To accomplish

this, we do a reduction from the decision version of the dominating set (DS) problem in grid

graphs (GGs) to the decision version of the TRDS problem in unit disk graphs (UDGs).

Since the reduction is based on geometry, we often refer to a node or vertex as a ‘point’.

Formally, the respective decision versions are defined as follows:

The decision version of the DS problem in grid graphs (D-DS-GGs): Given a

nonzero positive integer k and a grid graph G, does G have a DS of size at most k?

The decision version of the TRDS problem in UDGs (D-TRDS-UDGs): Given a

nonzero positive integer k and a UDG G, does G have a TRDS of weight at most k?

In 1990, Clark et al. [26] showed that D-DS-GGs belongs to the class NP-complete by

doing a reduction from the known NP-complete problem planar dominating set of maxi-

mum degree 3. We prove the hardness result of D-TRDS-UDGs by making a polynomial

time reduction from an arbitrary instance of D-DS-GGs to an instance of D-TRDS-UDGs.

Lemma 5.2.1. If G = (V,E) is an arbitrary instance of D-DS-GGs without any isolated

vertex, then an instance G′ = (V ′, E ′) of D-TRDS-UDGs can be constructed from G in

polynomial time.

Proof. Let G be a grid graph with grid size 1 × 1, where V = {p1, p2, . . . , pn} and E =

{e1, e2, . . . , em} are the vertex set and edge set of G, respectively. We construct a UDG

G′ = (V ′, E ′) from G in two phases as explained below:

In the first phase, for each vertex pi ∈ V , we add a counterpart vertex vi ∈ V ′, where the

distance and orientation between any two vertices vi, vj ∈ V ′ are exactly the same as their
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counterpart vertices pi, pj ∈ V . For each edge pipj ∈ E, we address its counterpart vivj as

a segment in G′. Let N be the set of nodes added in this phase (|N | = |V | = n).

In the second phase, we add some auxiliary nodes in G′. For each segment vivj in G′, we

add one node xij on the grid line of the segment vivj at a distance 0.5 either from vi or

from vj (length of vivj is 1 unit). If pipj is parallel to x-axis and the node xij is at the

coordinate (x, y), then we place another node yij at coordinate (x, y+0.1) (similarly, if pipj

is parallel to y-axis and the node xij is at the coordinate (x, y), then we place the node yij

at coordinate (x+0.1, y)). We refer to each such xijyij as a pendant edge. Let A be the set

of auxiliary nodes added in this phase to G′, i.e., |A| = 2|E| = 2m.

p1

p2

p3
p4 p6

p7

p5

Figure 5.4: G = (V,E)

Now, the graph G′ = (V ′, E ′) with vertex set V ′ = N ∪ A and edge set E ′ = {pq : p, q ∈
V ′ and δ(p, q) ≤ 0.5} is a unit disk graph.

From the preceding steps, it is evident that the UDG G′ can be generated from G within

polynomial time. Figure. 5.4 and Figure. 5.5(a) provide a comprehensive illustration of the

reduction using an example.
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Figure 5.5: (a) G′ = (V ′, E′), and (b) f = (V0, V1, V2)

Lemma 5.2.2. Let f = (V0, V1, V2) be a TRDF of G′, such that |V1| attains minimum value.

If f(vi) = 1, then for each j, f(xij) = 2, where vivj is a segment in G′.

Proof. On the contrary, assume that there exists a segment vivj such that f(vi) = 1 and

f(xij) = 1. If so, then f(yij) = 1. We can always have another TRDF f ′ such that

f ′(vi) = 1, f ′(xij) = 2 and for all other vertices f(v) = f ′(v). This leads to a contradiction

that |V1| attains the minimum value in f .

Theorem 5.2.1. D-TRDS-UDGs is NP-complete.

Proof. Given a positive integer k and a graph G = (V,E) with an ordered partition

f = (V0, V1, V2) of V , we can verify whether f is a TRDF of G and W (f) ≤ k or not

in polynomial time. Hence, D-TRDS-UDGs ∈ NP .

To prove D-TRDS-UDGs is NP-hard, we use a polynomial time reduction from D-DS-GGs

to D-TRDS-UDGs. First, we construct an instance of D-TRDS-UDGs from an arbitrary

instance of D-DS-GGs (i.e., from G = (V,E) to G′ = (V ′, E ′)) using Lemma 5.2.1. Refer

to Figure. 5.4, Figure. 5.5(a) and Figure. 5.5(b) for a complete illustration of the reduc-

73TH-3569_186123015



5. TOTAL ROMAN DOMINATION IN UDGS

tion through an example. From Claim 5.2.2.1, D -TRDS -UDGs ∈ NP -hard, therefore,

D -TRDS -UDGs ∈ NP - complete.

Claim 5.2.2.1. G has a dominating set D of size at most k, if and only if G′ has a total

Roman dominating function f = (V0, V1, V2) of weight at most k + 2m.

Proof. Necessity: To prove this, we consider a TRDF, which attains minimum |V1|; oth-
erwise, for a specific DS of G, there may exist multiple TRDFs for G′.

Let D ⊆ V be a dominating set of the grid graph G such that |D| ≤ k. Now, we assign the

Roman value to each vertex v ∈ V ′ as listed below:

(i) if pi ∈ D, then f(vi) = 1, (ii) if pipj ∈ E and pi(and/or pj) ∈ D, then f(xij) = 2, (iii)

if pipj ∈ E and pi, pj /∈ D, then f(xij) = f(yij) = 1, and (iv) the remaining vertices in G′

carry Roman value 0.

Let (V0, V1, V2) be the ordered partition of V ′ such that Vi = {v ∈ V ′ : f(v) = i}. Now, we
argue that f = (V0, V1, V2) is a TRDF. For each edge pipj ∈ E, there exists a counterpart

segment vivj in G′. Each segment vivj is associated with an edge xijyij, where yij is a

pendant vertex as shown in Figure. 5.5(a). So to Roman dominate the vertices of the edge

xijyij, the required Roman value is exactly 2 (either f(xij) = 2 or f(xij) = f(yij) = 1). If

pi ∈ D, then it dominates each pj in G, where pipj ∈ E. In contrast, in G′, a Roman value 2

to xij ensures the Roman domination of vi, vj and yij, and a Roman value 1 to vi ensures the

total Roman domination of vi, vj and yij. In each edge pipj ∈ E, if pi, pj /∈ D, the vertices

pi and pj are dominated by some other vertices, say pk and pℓ, respectively. Therefore, the

corresponding counterpart vertices vi, vj in G′ are Roman dominated by the vertices xik and

xjℓ (i.e., f(xik) = 2 and f(xjℓ) = 2) and can be total Roman dominated by assigning Roman

value 1 to vk and vl (i.e., f(vk) = 1 and f(vℓ) = 1). Hence, the edge xijyij associated with

the segment vivj needs a Roman value 2 (i.e., f(xij) = 1 and f(yij) = 1) for total Roman

domination. Therefore, each segment requires a Roman value of weight 2 for Roman domi-

nation. Since there is |E| number of edges in G, which is equal to the number of segments in

G′, Roman domination of G′ requires a weight of at least 2|E|, and total Roman domination
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requires an additional weight with value |D|. Hence W (f) = |D| + 2|E| ≤ k + 2m, where

W (f) is the weight associated with the TRDF of G′.

Sufficiency: Let f = (V0, V1, V2) be a TRDF of G′ of weight W (f) ≤ k + 2m. We

prove that G has a dominating set D such that |D| ≤ k.

Given a TRDF f = (V0, V1, V2) of G′ with minimum |V1|, we construct a set D as fol-

lows: if vi ∈ V1, then pi is in D and if xij ∈ V2 and yij ∈ V1, then pj is in D. Now, we show

that the set D is a dominating set of G. If f(vi) = 1, then for each j, f(xij) = 2, where vivj

is a segment in G′ (see Lemma 5.2.2). Since f(xij) = 2 ensures the Roman domination of

each vj in G′, inclusion of pi in D ensures the domination of each pj in G, where pipj ∈ E.

Let S1 be the set containing such pis. Next, we have to show that for each vi ∈ V ′, if

f(vi) = 0, then there exists an edge pipk ∈ E such that pk ∈ D. Since f is a TRDF, if

f(vi) = 0, then in order to satisfy the Roman property, there exists a point xik ∈ V ′ such

that f(xik) = 2. In addition to this, it must have satisfied the total property, therefore,

either f(yik) = 1 or f(vk) = 1. Whatever may be the case, as per the construction of D,

pk ∈ D.

In G′, for any segment vivj, if f(vi) = f(vj) = 0, then f(xij) = 2 and f(yij) = 1, as

xij ensures the Roman domination of vi, vj and xij. However, in G to dominate pi and pj,

the inclusion of exactly one vertex from pi and pj in D is sufficient. So as per the construc-

tion of D, pj ensures the domination of pi and pj, where pipj ∈ E. Let S2 be the set of such

pj’s.

From the above two paragraphs, we conclude that D = S1 ∪ S2 is a dominating set of

G. Now, we are left to show that |D| ≤ k.

Since each pendant edge corresponding to each segment in G′ requires at least a weight

of value 2 for Roman domination, the associated weight for total Roman domination in G′
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is at least 2|E| = 2m (Since the number of segments in G′ is exactly equal to the number of

edges in G). Since W (f) ≤ k + 2m, |D| = |S1 ∪ S2| ≤ k. Therefore, D -TRDS -UDGs ∈
NP -hard.

5.3 A 10.5-factor Approximation Algorithm

In this section, we propose a 10.5-factor approximation algorithm called TRDF-UDG for

the TRDS problem in geometric UDGs. The algorithm runs on a graph without an isolated

vertex. If the graph is disconnected, each component can run it to obtain the TRDF.

5.3.1 Algorithm

Given a UDG G = (V,E), where V = {p1, p2, . . . , pn} ⊆ R2 is the set of disk centers, the

algorithm finds a TRDF f = (V0, V1, V2) of G. First, it finds a maximal independent set

V2 ⊆ V of G to satisfy the Roman property. Next, to satisfy the total property, it chooses

a set of neighboring vertices V1 ⊆ V \ V2 such that for each u ∈ V2, there exists a vertex

u′ ∈ V1 and u′ ∈ U(u). See Algorithm 5.1 (TRDF-UDG) for the pseudocode, Lemma 5.3.1

for the correctness and Lemma 5.3.3 for time complexity analysis/implementation details

of the algorithm.

Lemma 5.3.1. The function f = (V0, V1, V2) in Algorithm 5.1 is a TRDF of G.

Proof. Algorithm 5.1 runs in two phases. In the first phase, it finds a maximal independent

set V2 of G (since every maximal independent set is a dominating set) and then assigns

Roman value 2 to each vertex in V2 (see Lines 2-6 of Algorithm 5.1), which ensures the

Roman property of TRDF. To ensure the total property of TRDF, it finds another set V1

by adding a neighbor vertex for each vertex in V2 and assigns Roman value 1 (see Lines 7-

10 of Algorithm 5.1). The remaining vertices carry Roman value 0 (see Lines 12-14 of

Algorithm 5.1). Therefore, combinedly the nominated points in V2 and V1 satisfies the

Roman and total properties. Hence, the function f = (V0, V1, V2) is a TRDF of G.

Lemma 5.3.2. A cell of size 1×1 contains the centers of at most 3 independent unit disks.
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Algorithm 5.1 TRDF-UDG

Require: A unit disk graph, G = (V,E) with known disk centers
Ensure: A TRDF f = (V0, V1, V2) and the corresponding weight W (f)
1: V0 = ∅, V1 = ∅, V2 = ∅, V ′ = V
2: while V ′ ̸= ∅ do ▷ Roman property of TRDF
3: choose a vertex v ∈ V ′

4: V2 = V2 ∪ {v} and f(v) = 2
5: V ′ = V ′ \NG[v]
6: end while
7: for each u ∈ V2 do ▷ total property of TRDF
8: choose a vertex u′ ∈ NG(u)
9: V1 = V1 ∪ {u′} and f(u′) = 1
10: end for
11: V0 = V \ (V1 ∪ V2)
12: for each u ∈ V0 do
13: f(u) = 0
14: end for
15: return f = (V0, V1, V2) and W (f) = 2× |V2|+ |V1|

Proof. Since the perimeter of a cell is 4 unit, the number of independent unit disks that a

cell can contain is at most 3; otherwise, the disks are no longer independent.

Lemma 5.3.3. Algorithm 5.1 runs in O(|V | log k) time, where k = |V2|.

Proof. Let V = {p1, p2, . . . , pn} be the set of disks’ centers corresponding to graph G =

(V,E). Let R be a rectangular plane containing the set of points V , where the extreme left

and extreme bottom arms of the rectangle represent the x- and y-axis, respectively. Split

the plane R into horizontal strips and then vertical strips of width one unit each, resulting

in a grid of cell size 1 × 1. Let index each cell as [x, y], where x, y ∈ N ∪ {0}. If any point

p ∈ V is located at co-ordinates (px, py) in the given plane, then it belongs to a cell with

index [⌊px⌋, ⌊py⌋].

In phase one, Algorithm 5.1 constructs a maximal independent dominating set V2 of the

input graph G. To do so efficiently, each non-empty cell maintains a list that keeps the

points of V that are chosen for inclusion in V2, and they are located within that cell.

While considering a point p ∈ V as a candidate for the set V2, it only probes into 9 cells.
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That means if p is located at co-ordinate (px, py), then it searches in each [i, j] cell, where

⌊px⌋ − 1 ⩽ i ⩽ ⌊px⌋ + 1 and ⌊py⌋ − 1 ⩽ j ⩽ ⌊py⌋ + 1.1 If there does not exist any point

q ∈ V2 in those 9 cells such that p ∈ U(q), then p is included in V2. A height balance binary

tree containing non-empty cells is used to store the points that are in V2. Since each cell of

size 1 × 1 can contain at most 3 independent unit disks (see Lemma 5.3.2), the processing

time to decide whether a point is in V2 or not requires O(log k) time. Thus the time taken

to process |V | points is O(|V | log k), where k = |V2| (see Lines 2-6 of Algorithm 5.1). In

phase two, it finds a neighboring vertex u′ for each u ∈ V2 and assigns Roman value 1. Let

the set of neighboring vertices be V1. Since, |V1| = |V2| = k, the time taken in phase two

is O(k) (see Lines 7-10 of Algorithm 5.1). Then it assigns Roman value 0 to the remaining

vertices of V (excluding V1 and V2) in O(|V |) time (see lines 12-14 of Algorithm 5.1). So in

total, Algorithm 5.1 runs in O(|V | log k) time.

5.3.2 Analysis

Lemma 5.3.4. Consider two points p, q ∈ R2 such that δ(p, q) ≤ 1. If there exists a point

r ∈ R2 such that either δ(r, p) ≤ 1 and/or δ(r, q) ≤ 1 and S ′ is the set of independent unit

disks that contains at least one point from {p, q, r}, then |S ′| ≤ |S| + 4, where S is the set

of independent unit disks containing p and/or q.

Proof. Without loss of generality, assume that δ(q, r) ≤ 1. Suppose there exists 5 indepen-

dent unit disks that contain r but neither p nor q, i.e., |S ′| = |S|+ 5 . Let c1, c2, c3, c4 and

c5 be the centers of those 5 unit disks. Let ri denote the ray −→rci as depicted in Figure 5.6,

where 1 ≤ i ≤ 5. Without loss of generality, let q lie between the centers c1 and c5. Since,

∠c1rq + ∠c5rq > 2π
3
, so at least one of ∠c1rc2, ∠c2rc3, ∠c3rc4 and ∠c4rc5 is less than π

3
.

This leads to a contradiction of the fact that the disks located at centers c1, c2, c3, c4, and

c5 are independent. Thus, |S ′| ≤ |S|+ 4.

1Any point outside these 9 cells is independent from p
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p q r

c1
c2

c3

c4c5

≤ π
3

Figure 5.6: Illustration of independent disks orientation of a pendant vertex.

Lemma 5.3.5. Consider two points p, q ∈ R2 such that δ(p, q) ≤ 1. Let S be the set of

independent disks of radius 1 such that S contains the points p and/or q. If |S| > 7, then S

contains at least one disk having center in U(p) ∩ U(q).

Proof. It is sufficient to prove that if |S| = 8, then S contains a disk having its center in

U(p) ∩ U(q). Let c1, c2, . . . , c8 be the disk centers in S. On the contrary assume that ci /∈
U(p)∩U(q) for i = 1, 2, . . . , 8. Since U(c1), U(c2), . . . , U(c8) are independent, without loss of

generality, we assume that c1, c2, . . . , c8 lie on the boundary of U(p)\U(q))∪(U(q)\U(p). The

length of the boundary in (U(p) \U(q))∪ (U(q) \U(p)) is at most 8π/3 as δ(p, q) ≤ 1 (refer

to Figure 5.7). Since U(c1), U(c2), . . . , U(c8) are independent, the mutual distance between

any two points among c1, c2, . . . , c8 must exceed π/3, which results in a contradiction.

p q

π
3

A

B

2π
3

4π
3

4π
3

Figure 5.7: Illustration of boundary length of U(p) \ U(q)) ∪ (U(q) \ U(p), when δ(p, q) = 1.

Let f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) be an optimal TRDF with minimum |V ∗

1 | and f = (V0, V1, V2) be the

solution returned by Algorithm 5.1 (TRDF-UDG). From Observation 5.1.3 and Observa-
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tion 5.1.4, we know that each edge pq ∈ E(G[V ∗
1 ∪ V ∗

2 ]) has Roman value either (2, 2) or

(2, 1) or (1, 1). Let (V ∗
11, V

∗
12 ∪ V ∗

21, V
∗
22) be a partition of the set V ∗

1 ∪ V ∗
2 such that V ∗

11, V
∗
12,

V ∗
21 and V ∗

22 are the sets defined earlier in Section 5.1. The inner 3 rectangles in Figure 5.3

represent the sets V ∗
11, V

∗
12 ∪ V ∗

21 and V ∗
22, and the red solid lines in each rectangle illustrate

the corresponding induced graph.1

Lemma 5.3.6. If f ∗ ∈ F ∗ is an optimal TRDF, which attains minimum |V ∗
1 |, then Algo-

rithm 5.1 charges at most weight 24 against an edge pq ∈ E(G[V ∗
22]).

Proof. Let f = (V0, V1, V2) be the TRDF returned by Algorithm 5.1 with weight W (f).

Consider an arbitrary edge pq ∈ E(G[V ∗
22]). From Lemma 4.1.1, there are at most 8 inde-

pendent unit disks in V2 which contain the points p and/or q. To satisfy the Roman property

of TRDF, Algorithm 5.1 assigns Roman value 2 (see line 4 in Algorithm 5.1) to each of the

8 vertices, which are the elements of V2. So, our algorithm may invest 2×8 = 16 from W (f)

to dominate (Roman) both p and q. Next, to satisfy the total property, Algorithm 5.1

chooses a neighbor for each selected vertex in phase one from V1 and assigns Roman value 1

(see line 9 in Algorithm 5.1), which requires an additional 8 investment from W (f). So, in

total, Algorithm 5.1 invests at most 24 from W (f) weight. So for any edge pq ∈ E(G[V ∗
22])

having Roman value (2, 2), f = (V0, V1, V2) dominates (total Roman) p and q by investing

at most 24 weight from W (f).

Lemma 5.3.7. If f ∗ ∈ F ∗ is an optimal TRDF which attains minimum |V ∗
1 |, then TRDF-

UDG charges at most weight 24 against an edge (p, q) ∈ E(G[V ∗
12 ∪ V ∗

21]).

Proof. Proof of the lemma is similar to Lemma 5.3.6.

Lemma 5.3.8. Let f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) be an optimal TRDF, which attains minimum |V ∗

1 |.
Let S be a set of independent unit disks such that each disk in S contains p and/or q, where

pq ∈ E(G[V ∗
11]). Then, |S| ≤ 7.

1In Figure 5.3, the grey-colored (lightly shaded) disks represent the vertices in V ∗
0 and the dotted lines

represent the edges between the set V ∗
0 and V ∗

1 ∪ V ∗
2
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p q
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22

2

2

s′

Figure 5.8: Illustration of Lemma 5.3.8.

Proof. Let |S| ≥ 8. So, by Lemma 5.3.5, there exists at least one disk in S having its center

in U(p)∩U(q). Let the disk’s center be s (see Figure 5.8). From Observation 5.1.2, f ∗(s) = 0.

This implies there exist a vertex s′ ∈ NG(s) such that f ∗(s′) = 2. Now, we define another

optimal TRDF f ∗′ = (V ∗′
0 , V ∗′

1 , V ∗′
2 ), where V ∗′

0 = V ∗
0 \ {s} ∪ {p, q}, V ∗′

1 = V ∗
1 \ {p, q} and

V ∗′
2 = V ∗

2 ∪ {s} such that W (f ∗′) = W (f ∗) and |V ∗′
1 | < |V ∗

1 |. This leads to a contradiction

that |V ∗
1 | is the minimum.

Lemma 5.3.9. If f ∗ ∈ F ∗ is an optimal TRDF which attains minimum |V ∗
1 |, then Algo-

rithm 5.1 charges at most 21 against an edge pq ∈ E(G[V ∗
11]).

Proof. Let f = (V0, V1, V2) be the TRDF returned by Algorithm 5.1 with weight W (f).

Consider an arbitrary edge pq ∈ E(G[V ∗
11]). From Lemma 5.3.8, there are at most 7 inde-

pendent disks that contain p and/or q. So, in the worst case, at most 7 independent disks

in V2 contain the point p and/or q. The Roman value assigned to each vertex in V2 is 2 (see

Line 4 in Algorithm 5.1). So, Algorithm 5.1 may invest 2× 7 = 14 from W (f) to dominate

(Roman) both p and q. Now, to satisfy total property, Algorithm 5.1 further selects a neigh-

bor for each v ∈ V2 from V1 and assigns the Roman value 1 (see Line 9 in Algorithm 5.1),

which requires additional 7 investment from W (f). So, in total, Algorithm 5.1 invests at

most 21 from W (f) weight. So for any edge pq ∈ E(G[V ∗
11]) having Roman value (1, 1),

f = (V0, V1, V2) dominates (total Roman) p and q by investing at most 21 weight from

W (f).
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Lemma 5.3.10. Let A (|A| = l) be the set of vertices in a bouquet/flower (mentioned in

Section 5.1) and S be a set of independent unit disks that contain the vertices in A. Then,

|S| ≤ 4l.

Proof. Consider an edge pq in the bouquet/flower. Then there exists at most 8 independent

unit disks that can contain p and/or q (by Lemma 4.1.1). Now consider another vertex r

attached either to p or q, then at most, 4 independent unit disks can contain only r (by

Lemma 5.3.4). So, at most, 8 + 4 = 12 independent disks can contain p and/or q and/or r.

Let A′ ⊆ A be a set of vertices in the bouquet/flower apart from p and q, i.e., A′ = A\{p, q}.
Note that |A′| = l − 2. So, by Lemma 5.3.4, there exists at most 4 independent disks for

each vertex in A′; thus, at most 8 + 4(l − 2) = 4l independent disks can contain all the

vertices in A.

Let C∗ be a connected component in G[V ∗
1 ∪V ∗

2 ]. For any component C∗, we denote W (C∗)

and W ∗(C∗) as the weights incurred by Algorithm 5.1 and f ∗, respectively.

Lemma 5.3.11. If f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) is an optimal TRDF such that |V ∗

1 | attains minimum

value and f = (V0, V1, V2) is the TRDF returned by Algorithm 5.1, then for each component

C∗ ∈ G[V ∗
1 ∪ V ∗

2 ], W (C∗) ≤ 10.5×W ∗(C∗).

Proof. Let f ∗ = (V ∗
0 , V

∗
1 , V

∗
2 ) be an optimal TRDF which attains minimum |V ∗

1 |. Consider
the ordered partition (V ∗

11, V
∗
12 ∪ V ∗

21, V
∗
22) of the set V

∗
1 ∪ V ∗

2 as defined in Section 5.1. From

Section 5.1, the induced graph G[V ∗
1 ∪ V ∗

2 ] exhibits five different structures only (refer to

Figure 5.3). To make the analysis easier, we consider each of the induced graphs G[V ∗
22],

G[V ∗
12 ∪ V ∗

21] and G[V ∗
11] separately.

Case 1: G[V ∗
22]

By Lemma 5.3.10, there are 4l independent disks that can contain vertices of a bouquet.

So, in the first phase, Algorithm 5.1 can pick at most 4l independent disks. Algorithm 5.1

invests 3× 4l weight from W (f). But in the optimal, 2l weight out of W (f ∗) is required for

the bouquet (since each vertex carries Roman value 2). So, Algorithm 5.1 invests 12l
2l

= 6
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times more if compared to the optimal solution f ∗.

Case 2: G[V ∗
12 ∪ V ∗

21]

By Lemma 5.3.10, There are 4l independent disks that can contain vertices of a flower. So,

in the first phase, Algorithm 5.1 can pick at most 4l independent disks. TRDF-UDG in-

vests 3×4l weight from W (f). But in the optimal, 3+2(l−2) = 2l−1 weight out of W (f ∗)

is required for the flower. Note that 12l
2l−1

is maximum when the flower consists of only l = 2

vertices, and in f ∗, the Roman value assigned to the two vertices are 2 and 1. The more is

the number of vertices in a flower; the less is the value of 12l
2l−1

(since the function 12l
2l−1

is a

monotonically decreasing function). So, at maximum, Algorithm 5.1invests 8 times more if

compared to the optimal solution f ∗.

Case 3: G[V ∗
11]

From Lemma 5.1.2, each component C∗ ∈ G[V ∗
11] is a K2. Algorithm 5.1 invests at most

21 against C∗ by Lemma 5.3.9. Hence, Algorithm 5.1 invests 21
2

= 10.5 times more for

C∗ ∈ G[V ∗
11] in f compared to f ∗.

Lemma 5.3.12. W (f) ≤ 10.5×γtR(G), where W (f) and γtR(G) are the weights associated

with f (in Algorithm 5.1) and f ∗ (optimal TRDF) of G, respectively.

Proof. Since V ∗
11∪(V ∗

12∪V ∗
21)∪V ∗

22 = V ∗
1 ∪V ∗

2 , therefore, the theorem follows from Lemma 5.3.11.

Theorem 5.3.1. The proposed algorithm (Algorithm 5.1) gives a 10.5 -factor approximation

algorithm for the TRDS problem in UDGs, which runs in O(|V | log k) time, where k is the

number of vertices with Roman value 2.

Proof. The approximation factor follows from Lemma 5.3.12, and the result of time com-

plexity follows from Lemma 5.3.3.
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5.4 A 6.15-factor Approximation Algorithm

In this section, we propose a 6.15 - factor approximation algorithm for the TRDS problem

in geometric UDGs.

5.4.1 Algorithm

Now, we describe the procedure for finding a TRDF of a UDG G = (V,E). First, we

find a maximal independent set V2 ⊆ V of G to satisfy the Roman property. Next, to

satisfy the total property, we choose a set of neighboring vertices V1 ⊆ V such that for

each v ∈ V2, there exists at least one vertex u ∈ V \ V2 and u ∈ U(v). The steps of

finding the sets V2 and V1 in this algorithm are similar to those of finding the sets D and

T in Algorithm 4.2, respectively. See Algorithm 5.2 (TRDF-UDG-SC) for the complete

pseudocode, Lemma 5.4.1 for the correctness and Lemma 5.4.2 for the time complexity of

the algorithm.

Algorithm 5.2 TRDF-UDG-SC
Input: A unit disk graph, G = (V,E) with known disk centers
Output: A TRDF f = (V0, V1, V2) and the corresponding weight W (f)

1: V0 = ∅, V1 = ∅, V2 = ∅, V ′ = V
2: while V ′ ̸= ∅ do ▷ Roman property of TRDF
3: choose a vertex v ∈ V ′

4: V2 = V2 ∪ {v}
5: V ′ = V ′ \NG[v]
6: end while
7: i = 1, S = ∅
8: for each ui ∈ V \ V2 do
9: Si = NG(ui) ∩ V2

10: i = i+ 1, S = ∅
11: S = S ∪ Si

12: end for
13: S′ = GreedySetCover(V2, S)
14: V1 = {ui|Si ∈ S′} ▷ total property of TRDF
15: V0 = V \ (V1 ∪ V2)
16: return f = (V0, V1, V2) and W (f) = 2× |V2|+ |V1|

Lemma 5.4.1. The function f = (V0, V1, V2) in Algorithm 5.2 is a TRDF on G.
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Proof. Algorithm 5.2 runs in two phases. In the first phase, it finds a maximal independent

set V2 of G (since every maximal independent set is a dominating set) and then assigns

Roman value 2 to each vertex in V2 (see Lines 2-6 of Algorithm 5.2), which ensures the

Roman property of TRDF. To ensure the total property of TRDF, the algorithm uses a

function GreedySetCover(V2, S) to identify another set V1 in V \ V2 by adding a vertex

ui ∈ V \ V2 corresponding to each Si ∈ S ′ (see Line 13 and Line 14 of Algorithm 5.2).

The remaining vertices in G carry Roman value 0 (see Line 15 of Algorithm 5.2). Thus,

the combination of the vertices in V2 and V1 ensures both the Roman and total properties.

Consequently, the function f = (V0, V1, V2) forms a TRDF on G.

Lemma 5.4.2. Algorithm 5.2 runs in O(n2m) time, where n and m are the number of

vertices and edges in G.

Proof. The proof is similar to Lemma 5.4.2.

5.4.2 Analysis

Let D∗ be an optimal dominating set and f ∗ be an optimal TRDF of G, where W (f ∗) is

the weight associated with f ∗. Let C∗ be an optimal set cover of the set cover instance

< V2, S >. Since V2 is a maximal independent set, from Lemma 3.1.2, we have the following

equation.

|V2| ≤ 5|D∗| (5.1)

From Lemma 5.1.1, we conclude that

2|D∗| ≤ W (f ∗) (5.2)

Since f = (V0, V1, V2) is a TRDF on G (see Lemma 5.4.1), the associated weight W (f) of

the TRDF f is given by:
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W (f) = 2× |V2|+ |V1|

≤ 2× 5|D∗|+H(5)× |C∗| (refer to Equation 5.1 and Theorem 4.1.1)

≤ 5× 2|D∗|+ 137

60
× |D∗| (refer to Equation 4.5 and Lemma 4.3.1 )

≤ 5× 2|D∗|+ 137

120
× 2|D∗|

≤ 5×W (f ∗) +
137

120
×W (f ∗) (refer to Equation 5.2)

=
737

120
×W (f ∗)

≤ 6.15×W (f ∗)

(5.3)

Theorem 5.4.1. The proposed algorithm (TRDF-UDG-SC) gives a 6.15 - factor approxi-

mation result for the TRDF problem in UDGs. The algorithm runs in O(n2m) time, where

n and m are the number of vertices and edges of the graph.

Proof. The approximation factor and the time complexity result follow from Equation 5.3

and Lemma 5.4.2, respectively.

5.5 Conclusion

In this paper, we studied the total Roman dominating set problem in UDGs and proved

that the problem is NP-complete in UDGs. We proposed a 10.5 - factor and a 6.15 - factor

approximation algorithm for the TRDS problem in UDGs with time complexities O(n log k)

and O(n2m), respectively, where n is the number of vertices, m is the number of edges in

G and k is the size of the set V2.

;;=8=<<
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Chapter 6
Total Roman Domination in Trees

In this chapter, we study the total Roman dominating set problem in trees.

Definition 6. Given a tree T = (V,E), find a total Roman dominating function (TRDF)

f of minimum weight.

The objective of this chapter is to design a linear-time algorithm to find the minimum

total Roman dominating set in trees.

The remainder of this chapter is organized as follows. In Section 6.1, we list the required

preliminaries. In Section 6.2, we propose a linear-time algorithm to compute the TRDF of

a tree. Finally, we conclude the chapter in Section 6.3.

6.1 Preliminaries

Let T = (V,E) represent a tree rooted at a vertex r ∈ V , where V and E are the sets of

vertices and edges of the tree T , respectively. In a tree, a parent of a vertex v ∈ V is the

vertex u ∈ V connected to v by an edge on the path to the root. Every vertex has a unique

parent except for the root, which has no parent. A child of a vertex u is a vertex for which

u is the parent. Let C(u) denote the set of children of a vertex u ∈ V .
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6. TOTAL ROMAN DOMINATION IN TREES

6.2 A Linear Time Algorithm

In this section, we use dynamic programming to find the total Roman domination number

of a tree T = (V,E). Let u be a specific vertex in T , and let T ′ = (V ′, E ′) be the subtree

rooted at u. Let f : V ′ → {0, 1, 2} be a TRDF for the subtree T ′. For the vertex u, it holds

that f(u) ∈ {0, 1, 2}. Thus, it is useful to consider the following six subproblems:

(i) dp0[u] = min{ f(V ′) : f(u) = 0 and f(v) ∈ {0, 1, 2} for all v ∈ C(u)}

(ii) dp20[u] = min{ f(V ′) : f(u) = 0, f(v) = 2 for some v ∈ C(u),

and f(x) ∈ {0, 1, 2} , for all x ∈ C(u) \ {v}}

(iii) dp1[u] = min{ f(V ′) : f(u) = 1 and f(v) ∈ {0, 1, 2} for all v ∈ C(u)}

(iv) dp1,21 [u] = min{ f(V ′) : f(u) = 1, f(v) ∈ {1, 2} for some v ∈ C(u),

and f(x) ∈ {0, 1, 2} , for all x ∈ C(u) \ {v}}

(v) dp2[u] = min{ f(V ′) : f(u) = 2 and f(v) ∈ {0, 1, 2} for all v ∈ C(u)}

(vi) dp1,22 [u] = min{ f(V ′) : f(u) = 2, f(v) ∈ {1, 2} for some v ∈ C(u),

and f(x) ∈ {0, 1, 2} for all x ∈ C(u) \ {v}}

In this context, dp0[u] represents the total Roman domination number (TRDN) for the

subtree T ′ when f(u) = 0, where all children of u can take any Roman value from 0, 1, 2

under the TRDF. Similarly, dp1[u] and dp2[u] denote the TRDN for the subtree T ′ when

f(u) = 1 and f(u) = 2, respectively, under TRDF. Moreover, dp20[u] stands for the TRDN

of the subtree T ′ when f(u) = 0, with one child of u assigned the Roman value 2, while

all other children of u can take any Roman value from {0, 1, 2} under TRDF. Note that

in dp20[u], the children meet the first TRDF condition (Roman property). Furthermore,

dp1,21 [u] represents the TRDN for T ′ when f(u) = 1, with one child of u assigned either the

Roman value 1 or 2, and all other children of u allowed any Roman value from {0, 1, 2}
under TRDF. Likewise, dp1,22 [u] stands for the TRDN of T ′ when f(u) = 2, with one child

of u assigned either the Roman value 1 or 2, and the remaining children of u having any
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Roman value from {0, 1, 2} under TRDF. Note that in both dp1,21 [u] and dp1,22 [u], the second

condition of TRDF (total property) is satisfied by the children.

6.2.1 Algorithm

Theorem 6.2.1. Let T = (V,E) be a tree with a root r ∈ V . Let u ∈ V be a non-leaf vertex

of the tree. Then the following statements hold:

(i) dp0[u] =
∑

c∈C(u)

min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}

(ii) dp20[u] = min
c∈C(u)

{dp1,22 [c] +
∑

c′∈C(u)\{c}
min{dp20[c′], dp

1,2
1 [c′], dp1,22 [c′]}}

(iii) dp1[u] = 1 +
∑

c∈C(u)

min{dp20[c], dp1[c], dp2[c]}

(iv) dp1,21 [u] = 1 + min
c∈C(u)

{min{dp1[c], dp2[c]} +
∑

c′∈C(u)\{c}
min{dp20[c′], dp1[c′], dp2[c′]}}

(v) dp2[u] = 2 +
∑

c∈C(u)

min{dp0[c], dp1[c], dp2[c]}

(vi) dp1,22 [u] = 2 + min
c∈C(u)

{min{dp1[c], dp2[c]} +
∑

c′∈C(u)\{c}
min{dp0[c′], dp1[c′], dp2[c′]}}

Proof. The proofs of the above statements are as follows:

(i) In this case, since the vertex u has been designated the Roman value 0 by the TRDF, for

any child c ∈ C(u) if f(c) = 0, it is imperative to fulfill the first condition of total Roman

domination. This necessitates that the TRDF assign at least one child of c the Roman value

2. Conversely, if f(c) = 1 or f(c) = 2, adhering to the second condition of total Roman

domination requires that at least one child of c be assigned the Roman value 1 or 2 by the

TRDF. To address the constraint of dp0, we need to evaluate the minimum for each child

c ∈ C(u), considering the cases where f(c) = 0, f(c) = 1, and f(c) = 2.

(ii) Similar to the previous case, in this case too, as f(u) = 0, if there is a child c ∈ C(u),

such that f(c) = 0, then to satisfy the first condition of Roman domination, one of the
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children of c must be assigned 2 by the RDF. If f(c) = 1 or f(c) = 2, the TRDF must

assign one of the children of c with 1 or 2 to satisfy the second condition of total Roman

domination. Also, from the constraint of dp20, at least one of the children say c ∈ C(u)

of u must be assigned 2 by the TRDF to satisfy the total Roman domination first condi-

tion, one of the children of c must be assigned 1 or 2 by TRDF to satisfy total Roman

domination second condition. Hence, to calculate the total Roman domination number of

the subtree rooted at u, we take the minimum of all the cases in which one child c ∈ C(u)

is assigned f(c) = 2, and the rest of them are assigned any value from {0, 1, 2} by the TRDF.

(iii) In this scenario, vertex u is designated the Roman value 1 by the TRDF. Consequently,

for any child c ∈ C(u), if f(c) = 0, it is necessary to fulfill the first condition of total

Roman domination by assigning one of c’s children the value 2 via the TRDF. Conversely,

if f(c) = 1 or f(c) = 2, since the parent satisfies the second condition of total Roman dom-

ination, c’s children can be assigned any value by the TRDF. Considering the constraint of

dp1, we evaluate the minimum for each child c ∈ C(u) under the cases f(c) = 0, f(c) = 1,

and f(c) = 2.

(iv) Similar to the previous case, in this case too, as f(u) = 1, if there is a child c ∈ C(u),

such that f(c) = 0, then to satisfy the first condition of Roman domination, one of the

children of c must be assigned 2 by the RDF. If f(c) = 1 or f(c) = 2, as the second con-

dition of total Roman domination is satisfied by its parent, children of c can be assigned

any value by the TRDF. Also, from the constraint of dp1,21 , at least one of the children of u

must be assigned 1 or 2 by the TRDF to satisfy the second condition of the total Roman

domination. Hence, to calculate the total Roman domination number of the subtree rooted

at u, we take the minimum of all the cases in which one child c ∈ C(u) is assigned either

f(c) = 1 or f(c) = 2, and the rest of them are assigned any value from {0, 1, 2} by the TRDF.

(v) In this case, as the vertex u is assigned the value 2 by the TRDF, hence, for any

child c ∈ C(u), if f(c) = 0, as the first condition of total Roman domination is satisfied
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by its parent, children of c can be assigned any value by the TRDF else if f(c) = 1 or

f(c) = 2, as the second condition of the total Roman domination is satisfied by its par-

ent, children of c can be assigned any value by the TRDF. From the constraint of dp2, for

each child, c ∈ C(u), we consider the minimum for the cases f(c) = 0, f(c) = 1 and f(c) = 2.

(vi) Similar to the previous case, in this case too, as f(u) = 2, if there is a child c ∈ C(u),

such that f(c) = 0, as the first condition of total Roman domination is satisfied by its

parent, children of c can be assigned any value by the TRDF. If f(c) = 1 or f(c) = 2, as the

second condition of the total Roman domination is satisfied by its parent, children of c can

be assigned any value by the TRDF. Also, from the constraint of dp1,22 , at least one of the

children of u must be assigned 1 or 2 by the TRDF to satisfy the total Roman domination

second condition. Hence, to calculate the total Roman domination number of the subtree

rooted at u, we take the minimum of all the cases in which one child c ∈ C(u) is assigned

f(c) = 1 or f(c) = 2, and the rest of them are assigned any value from {0, 1, 2} by the

TRDF.

The outline of the algorithm is as follows. We first do a depth first search (DFS) traversal

on the given tree T = (V,E), starting from the root r ∈ V . In the DFS traversal, for a

particular vertex, we first visit all the children of the vertex, and then come back to the

vertex. Hence, when we reach a vertex v, then the entries corresponding to the children

of v are already filled in the 6 arrays, dp0, dp1, dp2, dp
2
0, dp

1,2
1 and dp1,22 , and hence, from

these, we can fill in the values of dp0[v], dp1[v], dp2[v], dp
2
0[v], dp

1,2
2 [v], and dp1,22 [v]. After

the traversal is complete, all the entries of the 6 arrays will be filled. Finally, as the root

r can be assigned the values {0, 1, 2} by the TRDF, and if f(r) = 0, then at least one of

the children of r should be assigned 2 to satisfy the TRDF first condition. If f(r) = 1 or

f(r) = 2, then at least one of the children of r should be assigned 1 or 2 to satisfy the

TRDF second condition. Hence we take the min{dp20[r], dp
1,2
1 [r], dp1,22 [r]} to find out the

total Roman domination number for the tree T .
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We make some changes to the formulae of dp20[u], dp
1,2
1 [u] and dp1,22 [u] for computational

efficiency.

Lemma 6.2.1. For a non-leaf vertex u ∈ V , we can write

dp20[u] = α + dp0[u]

where α = min
c∈C(u)

{dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}}

Proof. From Theorem 6.2.1, we can write,

dp20[u] = min
c∈C(u)

{dp1,22 [c] +
∑

c′∈C(u)\c

min{dp20[c′], dp
1,2
1 [c′], dp1,22 [c′]}}

= min
c∈C(u)

{dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}+

∑
c′∈C(u)

min{dp20[c′], dp
1,2
1 [c′], dp1,22 [c′]}}

= min
c∈C(u)

{dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}+ dp0[u]}

= min
c∈C(u)

{dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}}+ dp0[u]

= α + dp0[u]

where α = min
c∈C(u)

{dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}}

Lemma 6.2.2. For a non-leaf vertex u ∈ V , we can write

dp1,21 [u] = β + dp1[u]

where β = min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}}

Proof. From Theorem 6.2.1, we can write,

dp1,21 [u] = 1 + min
c∈C(u)

{min{dp1[c], dp2[c]} +
∑

c′∈C(u)\{c}

min{dp20[c′], dp1[c′], dp2[c′]}}

= 1 + min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}
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+
∑

c′∈C(u)

min{dp20[c′], dp1[c′], dp2[c′]}}

= min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}+ dp1[u]}

= min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}}+ dp1[u]

= β + dp1[u]

where β = min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}}

Lemma 6.2.3. For a non-leaf vertex u ∈ V , we can write

dp1,22 [u] = γ + dp2[u]

where γ = min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}}

Proof. From Theorem 6.2.1, we can write,

dp1,21 [u] = 2 + min
c∈C(u)

{min{dp1[c], dp2[c]} +
∑

c′∈C(u)\{c}

min{dp0[c′], dp1[c′], dp2[c′]}}

= 2 + min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}

+
∑

c′∈C(u)

min{dp0[c′], dp1[c′], dp2[c′]}}

= min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}+ dp2[u]}

= min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}}+ dp2[u]

= γ + dp2[u]

where γ = min
c∈C(u)

{min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}}
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Algorithm 6.1 TRDF-trees

Input A weighted tree T fixed at a root r
Output total Roman domination number γtR of the weighted T

1: function TRD(T ,u)
2: dp0[u]← 0
3: dp20[u]←∞
4: dp1[u]← 1
5: dp1,21 [u]←∞
6: dp2[u]← 2
7: dp1,22 [u]←∞
8: α←∞
9: β ←∞
10: γ ←∞
11: for each c ∈ C(u) do ▷ DFS traversal of T
12: TRD(T,c)
13: dp0[u]← dp0[u] + min{dp20[c], dp

1,2
1 [c], dp1,22 [c]}

14: α← min{α, dp1,22 [c]−min{dp20[c], dp
1,2
1 [c], dp1,22 [c]}

15: dp1[u]← dp1[u] + min{dp20[c], dp1[c], dp2[c]}
16: β ← min{β, min{dp1[c], dp2[c]} −min{dp20[c], dp1[c], dp2[c]}}
17: dp2[u]← dp2[u] + min{dp0[c], dp1[c], dp2[c]}
18: γ ← min{γ, min{dp1[c], dp2[c]} −min{dp0[c], dp1[c], dp2[c]}}
19: end for
20: if u is non-leaf then ▷ All nodes other than leaf
21: dp20[u]← dp0[u] + α
22: dp1,21 [u]← dp1[u] + β
23: dp1,22 [u]← dp2[u] + γ
24: end if
25: end function
26:

27: function Print-TRD(T ,r) ▷ Let r be the root of the tree T
28: TRD(T ,r)
29: return min{dp20[r], dp

1,2
1 [r], dp1,22 [r]}

30: end function
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6.2.2 Time and Space Complexity Analysis

Lemma 6.2.4. For a tree T with n vertices, the time and space complexities of Algorithm 6.1

are O(n) and O(n), respectively.

Proof. The time complexity of Algorithm 6.1 is O(n) as we are using the DFS method to

traverse the tree, which takes O(n) time. We visit each vertex exactly once in the algorithm,

and as the number of vertices is n, the total time complexity is O(n). The space complexity

is also O(n). We create six arrays, dp0, dp
2
0, dp1, dp

1,2
1 , dp2, dp

1,2
2 of size n each, and three

variables, α, β, γ.

6.2.3 Proof of Correctness

Lemma 6.2.5. Algorithm 6.1 computes the minimum total Roman domination number of

a given tree T = (V,E).

Proof. We use induction to prove the correctness of the algorithm. We show that Algo-

rithm 6.1 computes the total Roman domination number correctly for all trees of height

h ∈ Z+.

Base Case: For h = 0, the tree contains a single node. Let us denote it by u. Now,

dp0[u] = 0, dp20[u] =∞, dp1[u] = 1, dp1,21 [u] =∞, dp2[u] = 2, dp1,22 [u] =∞,

γtR = min{dp20[u], dp
1,2
1 [u], dp1,22 [u]} = min{∞,∞,∞} =∞.

Induction Hypothesis: Let the correctness of the algorithm hold on trees of height

h′(< h).

Induction Step: Let T be a tree of height h and let us fix a vertex r to be the root

of T . For all c ∈ C(r), the height of the subtree rooted at c, h′ < h. So, we have optimal

values of dp0[c], dp
2
0[c], dp1[c], dp

1,2
1 [c], dp2[c], dp

1,2
2 [c] for all c ∈ C(r). Using these and the

results from Theorem 6.2.1, we can find the optimal values of dp0[r], dp
2
0[r], dp1[r], dp

1,2
1 [r],

dp2[r], dp
1,2
2 [r].
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Now, the TRDN of the tree is γtR(T ) = min{dp20[r], dp
1,2
1 [r], dp1,22 [r]}. This is because,

from the TRDF, the vertex r can be assigned either 0 or 1 or 2. If f(r) = 0, it is necessary

that for at least one child c ∈ C(r), f(c) = 2 to satisfy the first condition of total Roman

domination, if f(r) = 1 or f(r) = 2, it is necessary that for at least one child c ∈ C(r),

f(c) ∈ {1, 2} to satisfy the total Roman domination second condition, as r doesn’t have any

parent vertex. Hence, the induction hypothesis is true for all trees of height h.

Hence, we see that Algorithm 6.1 computes the total Roman domination number correctly

for all trees of height h ∈ Z+.

6.3 Conclusion

In this chapter, we proposed a linear time algorithm for the TRDS problem in trees. The

space complexity of the proposed algorithm is also linear.

;;=8=<<
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Chapter 7
Conclusions and Future Perspectives

In this thesis, we explored several variants of the domination problem within specific graph

classes. These include the following.

(i) The semi-total dominating set problem in general graphs and UDGs.

(ii) The total dominating set problem in unit disk graphs and grid graphs.

(iii) The total Roman dominating set problem in UDGs and trees.

For the semi-total dominating set problem, we are the first to establish that it is NP-

complete in UDGs. Next, we presented a 6-factor approximation algorithm for the T2DS

problem in unit disk graphs. The running time of the algorithm is O(nk), where n is the

size of the vertex set and k is the size of a maximal independent set of the UDG. Using a

similar technique, we improve the approximation factor to 53
9
. However, this enhancement

increases the time complexity of the algorithm to O(n2). In addition, we also proposed a

2 + ln (∆ + 1)-factor approximation algorithm for general graphs, where ∆ is the degree of

the given graph. We also observed that the semi-total domination problem in UDGs admits

a PTAS with approximation factor (2 + ϵ) in time nO( 1
ϵ

1
log ϵ

).

For the total dominating set problem, we proposed two approximation algorithms for UDGs

with approximation factors 7.79 and 6.29 with running times O(n2) and O(n2m), respec-
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tively, where n and m are the sizes of the vertex set and edge set. We have also shown that

the total dominating set problem is NP-complete in grid graphs, a subclass of UDG.

Finally, We have delved into the total Roman dominating set problem and demonstrated its

NP-completeness in unit disk graphs, like other domination variants. Initially, we devised

a 10.5-factor approximation algorithm, followed by a refinement to achieve a 6.15-factor

approximation algorithm with time complexities O(n log k) and O(n2m), respectively. Ad-

ditionally, we introduced a linear time dynamic algorithm designed specifically for solving

the TRDS problem in trees.

Some of the intriguing areas for further investigation in the near future are as follows.

• designing new algorithms for the aforesaid problems with better approximation factors

and time complexities.

• investigating the previously mentioned challenges in different graph classes such as in

convex bipartite graphs, strongly chordal graphs etc.

• exploring the aforementioned challenges within alternative geometric constructs, such

as rectangles, convex shapes, and non-convex structures.

• studying other variants of dominating set in the context of UDGs.

• inspecting other variants of the Roman dominating set problem in general graphs as

well as in unit disk graphs.

;;=8=<<
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