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Abstract

Cavity optomechanics is a leading platform for precision sensing in which mechanical mo-
tion is read out via its interaction with an electromagnetic cavity field, enabling the detection
of extremely small forces and displacements. In continuous measurements, quantum fluctua-
tions of the probe enforce a trade-off between measurement imprecision and radiation-pressure
backaction, giving rise to the Standard Quantum Limit (SQL) that constrains achievable force
and displacement sensitivities. This thesis investigates coherent quantum noise cancelation

(CQNC) as aroute to surpass SQL by engineering destructive interference of backaction noise.

We develop the theoretical framework of linearized cavity optomechanics, derive the rele-
vant noise spectra, and formulate the matching conditions required for broadband cancelation.
Building on this analysis, we explore and compare multiple hybrid CQNC platforms in which
the mechanical resonator is coupled to an auxiliary degree of freedom (e.g., an additional cav-
ity mode, an effective negative-mass oscillator, or an electromechanical/microwave subsystem).
We further assess how realistic imperfections including optical loss, finite auxiliary bandwidth,
detuning, and parameter mismatch degrade cancelation and set practical limits on achievable
sensitivity.

Overall, this work clarifies design trade-offs and identifies experimentally relevant regimes
for backaction reduction and beyond-SQL force sensing, with potential relevance to precision

metrology applications such as force microscopy and next-generation optomechanical sensors.
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Chapter 1

Introduction

Precision measurement has made significant progress in physics, from tests of fundamental
interactions to the development of modern quantum technologies. Many of the most profound
discoveries in science have emerged not merely from theoretical insight but also from the ability
to measure physical quantities with great accuracy. A recent example would be gravitational-
wave detection, where laser interferometers of many kilometers have achieved displacement
sensitivities far below nuclear length scales and enabled direct observations of compact-binary
mergers [2,[21]. Precision measurement opens up a broad range of applications in areas such as
condensed matter physics, nanoscale metrology, emerging quantum technologies, etc., where
the detection of extremely small forces, displacements, fields, or mass changes can reveal new
quantum phenomena or enable novel quantum devices [29}20].

In sensing whether it is a force, acceleration, pressure, magnetic field, or mass change, the
quantity of interest is ultimately encoded in the dynamics of a mechanical degree of freedom.
Mechanical resonators, therefore, serve as natural transducers between an external physical
signal and a measurable observable. At micro and nanoscales, mechanical oscillators can be
engineered with extremely high quality factors, allowing them to store energy for long periods
of time and respond sensitively to weak perturbations. Their resonant nature provides an in-
herent signal enhancement near the mechanical resonance, where the mechanical susceptibility
is large, while micro- and nano-fabrication enables wide tunability of mass, frequency, and

geometry [4,36].
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To read such small mechanical motions, one requires a probe that is both sensitive and c:
trollable. Optical and microwave fields are suitable for this role because they can couple to the
mechanical motion with minimal dissipation while providing high bandwidth, low noise detec-
tion. For example, in optical interferometry one converts tiny displacements into measurable
phase shifts, and microwave circuits can map this tiny motion to changes in cavity amplitude

or resonance frequency with a near-quantum limited sensitivity [20,62].

An important realization of such an optical readout is provided by cavity optomechanics.
An optomechanical cavity system consisting of a mechanical resonator coupled to an optical
cavity so that the resonance frequency of the cavity depends on the position of the mechanical
oscillator. Therefore, the light that circulates in the cavity reads the mechanical motion and
also imposes forces on it through radiation pressure or dynamical backaction [4} (36} |10]. So,
optomechanics provides a readout mechanism and a control handle that make optomechanics
a versatile framework for converting tiny mechanical motion into measurable electromagnetic
signals with a high degree of control. In addition, by adjusting the detuning of the drive, the
resonator can be cooled to its quantum ground state, change its effective stiffness through the
optical spring effect, or drive it to amplification and self-oscillation [43} 69]. Ground state
cooling has already been demonstrated to establish cavity optomechanics as a leading platform

for quantum limited measurement [62}17].

Despite these remarkable advances, quantum sensing encounters fundamental and practical
limitations imposed by noise. The origin of noise can be either classical or quantum in nature.
In practice, in an optomechanical system, the measurement is affected by thermal fluctuations,
dissipation, environmental vibrations, and technical noise from lasers, electronics, detection
systems, etc. Thermal noise which arises from coupling to a finite temperature environment
can dominate mechanical motion unless the resonator is cooled or engineered for very low dis-
sipation [4,/10]. Additional noises arise from optical absorption heating, laser frequency noise,
and cavity detuning instability, and these can degrade the ideal quantum-limited performance

if not carefully controlled [4,|38].

Beyond technical noise sources, quantum mechanics itself sets fundamental limits on mea-

surement sensitivity. In a continuous measurement, the probe field carries unavoidable quan-
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tum fluctuations, which limit how accurately the signal can be inferred. At the same time,

measurement process disturbs the system being observed. In optomechanical displacement ae-
tection, these two fundamental noise contributions are: (1) measurement imprecision, arising
from photon shot noise in the detected light, and (ii) measurement backaction, arising from
radiation-pressure force fluctuations associated with photon number noise [15}|20}/12]. These
noise sources are not independent; rather, they are linked by quantum uncertainty relations and

by general noise constraints that govern linear quantum detectors [20,|29].

A central illustration of this trade-off is the Standard Quantum Limit (SQL) for continuous
position measurements. The SQL expresses the fact that increasing the probe power reduces
the imprecision noise, since the signal is measured more accurately, but simultaneously en-
hances radiation-pressure fluctuations, which drive the mechanical element more strongly. For
a coherent probe, and in the absence of intentionally engineered quantum correlations, there is
therefore an optimal measurement strength at which the total added noise is minimized. This
minimum defines the SQL and serves as a natural benchmark for precision measurements |15,
12}/20]. For this reason, the SQL plays a central role in optomechanics and gravitational-wave
detection, where it provides a standard reference point for assessing measurement performance
(211135} 29].

Although the SQL represents an important benchmark, it is not an absolute quantum bound-
ary. A variety of quantum-engineering strategies can circumvent it by modifying the balance
between imprecision and backaction, or by introducing useful correlations between them. One
major example is the injection of squeezed light, which reduces shot noise in the measured
quadrature and has become an established technique in large-scale interferometers, improving
sensitivity without requiring excessively high circulating optical power [1,|30}|15}(35]. More
generally, frequency-dependent squeezing and variational readout exploit correlations between
imprecision and backaction in a frequency-selective way, allowing the quantum-noise spectrum
to be reshaped and the SQL to be surpassed over chosen bandwidths [35] 21} 20]. In cavity
optomechanics, related ideas include backaction-evading measurements and two-tone driving
schemes, which enable the readout of a single mechanical quadrature while introducing less

disturbance to the conjugate one [4}20].
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Although these approaches can significantly improve sensitivity, they do not eliminate
fundamental competition between measurement imprecision and radiation-pressure backaction.
In most cases, they work by redistributing quantum noise, exploiting correlations, or reducing
noise in a particular quadrature or frequency window, rather than removing the origin of back-
action itself. This limitation has motivated the development of strategies that aim to suppress
the backaction contribution directly. One of the most important proposals in this direction is

Coherent Quantum Noise Cancellation (CQNC) [64}(70, 44, 3}(58} 44, 56].

The basic idea of CQNC is to introduce an additional dynamical degree of freedom whose
response to the measurement backaction is designed to oppose that of the mechanical oscillator.
More precisely, the auxiliary system is engineered so that the motion it produces in response
to the same backaction force has the same magnitude but opposite sign in to that of the ordi-
nary radiation-pressure-driven mechanical motion. When this matching is achieved, the two
backaction pathways interfere destructively in the detected signal, so that the backaction noise
is canceled at the level of the measurement output rather than merely reduced by modified

readout conditions [64}[20].

Several physical realizations of this idea have been proposed. The auxiliary response may
be provided, for example, by an additional optical mode, a microwave circuit, or an effective
negative-mass oscillator. The essential requirement is that the susceptibility of this auxiliary
system should reproduce the mechanical susceptibility with the opposite sign over the fre-
quency range of interest [64,|20]. In that case, the radiation-pressure backaction acting through

the two channels can ideally cancel.

Under perfect matching conditions, CQNC can strongly suppress radiation-pressure noise
over a broad bandwidth. This is especially attractive because it changes the usual balance be-
tween imprecision and backaction: if the backaction term is canceled, then the probe strength
can in principle be increased to reduce shot-noise-limited imprecision without paying the stan-
dard penalty of enhanced radiation-pressure fluctuations. In this way, CQNC provides a route
to force or displacement sensing beyond the Standard Quantum Limit, while remaining fully

consistent with the general principles of quantum measurement theory [64,20].
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Goal of this thesis. The central aim of this thesis is to investigate optomechanical sens

beyond the Standard Quantum Limit through the framework of coherent quantum noise can-
cellation, with particular emphasis on the role of hybrid auxiliary platforms. The thesis exam-
ines how different hybrid implementations realize CQNC and compares the underlying phys-
ical mechanisms and susceptibility-matching conditions required for cancellation. It further
studies how realistic nonidealities, such as unequal dissipation rates, linewidths, detuning, and
coupling mismatch, constrain performance. By developing this analysis across three distinct
hybrid architectures, the thesis progresses from a first concrete realization of CQNC to its re-
alization in platforms offering different forms of controllability and tunability, and finally to
its robustness under more experimentally relevant conditions. Taken together, these studies
help identify the broader design principles of hybrid backaction cancellation and clarify their

relevance for beyond-SQL sensing[64] 21} 29, 4, 38].

1.1 Basic Concepts of Cavity Optomechanics

The most basic and widely studied setting in optomechanics consists of an optical cavity cou-
pled to a mechanical resonator. This interaction forms the foundation of optomechanical sens-
ing where mechanical motion changes the optical resonance frequency, while the intracavity
light field exerts radiation-pressure forces back on the mechanical element. This mutual in-
teraction is the physical origin of both precision displacement readout and the quantum noise

processes discussed throughout this thesis.

For concreteness, consider a Fabry—Pérot cavity of length L with one movable mirror, or
more generally with an effective mechanical coordinate x that shifts the cavity resonance fre-
quency w,(z). For small displacements, the resonance frequency can be expanded to first order

as
0w,
T Ox’

where G characterizes the cavity-frequency shift per unit displacement.

we(x) ~ w. + G, G (1.1)

The mechanical element is modeled as a harmonic oscillator with effective mass m, reso-

nance frequency w,,, and damping rate ~,,. Its position operator is written in terms of bosonic
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Figure 1.1: Standard cavity optomechanical setup: a Fabry—Pérot cavity with a movable mirror acting
as the mechanical element.

annihilation and creation operators b and b' as

T = Tt (b + b1), Tt = , (1.2)

2mwn,
where ¢+ denotes the zero-point fluctuation amplitude.

Because the cavity frequency depends on x, fluctuations of the mechanical oscillator modu-
late the optical field inside the cavity. Conversely, fluctuations in the intracavity photon number
produce a radiation-pressure force that acts on the mechanical resonator. This bidirectional cou-
pling underlies both the control of mechanical motion, such as cooling and amplification, and

the transduction of displacement into optical signals for sensing applications [4].

1.1.1 Hamiltonian of cavity optomechanics

A quantum description of cavity optomechanics is obtained by quantizing both the optical cav-
ity mode and the mechanical resonator. Let a (a') denote the annihilation (creation) operator of
the cavity mode with resonance frequency w., and let b (b") denote the corresponding operators

for the mechanical mode of frequency w,,. The standard optomechanical Hamiltonian is then
H = hwea'a + hwnb'd — hgoa'a(b + b)) + Haive, (1.3)

where H 4,y describes the coherent driving of the cavity by an external laser field.

The first two terms represent the free energies of the optical and mechanical modes. The

third term describes the radiation-pressure interaction: the intracavity photon number a'a cou-
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ples to the mechanical displacement quadrature (b + b'). Physically, this interaction ari
because the cavity resonance frequency depends on the mirror position. As a result, mechani-
cal motion changes the optical resonance, while fluctuations in the photon number exert a force

on the mechanics.
The coupling strength

go = zepf (14)

is called the single-photon optomechanical coupling. It measures the shift of the cavity res-
onance frequency caused by the mechanical zero-point motion and therefore quantifies the
intrinsic strength of the interaction at the level of a single intracavity photon. In many experi-
mental systems, gy is relatively small. Nevertheless, by strongly driving the cavity and thereby
increasing the intracavity photon number, the effective interaction can be greatly enhanced,

making optomechanical effects observable and useful for precision sensing [4//10].

1.1.2 Linearized optomechanics

In most experiments, the cavity is driven by a strong coherent laser at frequency wy,. It is there-

fore convenient to move to a frame rotating at the drive frequency and introduce the detuning
A =wp — we, (1.5)
where, with this convention, A > 0 corresponds to blue detuning.

Under strong driving, the cavity field acquires a large steady-state coherent amplitude «,
and the mechanical resonator may also acquire a static coherent displacement 3. One therefore

decomposes the operators into steady-state amplitudes and fluctuations,
a = o+ da, b=+ 0b, (1.6)

where da and 0b represent the quantum fluctuations around the classical steady state. In the
following, for notational simplicity, we drop the ¢ and use a and b directly for the fluctuation

operators.

Substituting this decomposition into the full Hamiltonian and retaining only terms up to
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quadratic order in the fluctuations yields the linearized Hamiltonian
Hin ~ —hAd'a + hw,b'b — h (Giwa + Gia®) (b +01), (1.7)
with the drive-enhanced optomechanical coupling
Giin = goa. (1.8)
Constant terms, as well as linear terms in the fluctuations, vanish when the expansion is carried

out about the steady-state solution.

This linearized description forms the standard theoretical framework of quantum optome-
chanics. It is sufficient for describing most phenomena relevant to continuous measurements
and sensing, including dynamical backaction, optomechanical cooling and amplification, and

the emergence of the Standard Quantum Limit [4,|20].

1.1.3 Quantum Langevin equations and susceptibilities

To describe dissipation and fluctuations, the linearized dynamics must be supplemented by
damping and noise terms. This leads to the quantum Langevin equations for the cavity and
mechanical fluctuation operators. For the cavity mode, with energy decay rate «, and the me-

chanical mode, with damping rate ,,, the equations of motion are
&= (m— g) a -+ iGin(b+ b1) + VA ain, (1.9)
b= (—iwm — ) b+ (Gina + Gina') + o bin (1.10)
Here a;, denotes the optical input noise, which may correspond to vacuum noise or more gen-

eral quantum states of light such as squeezed input, while b;,, describes the thermal noise asso-

ciated with the mechanical environment.

These equations are often analyzed most conveniently in the frequency domain, where the
response of each mode can be expressed in terms of a susceptibility. To illustrate the general

idea, consider a linear equation of motion of the form

i = <—iQo—g)u+f(t). (1.11)
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In the frequency domain, the response takes the form

u(w) = x(w)f(w), (1.12)
where
1
x(w) = 72— i ) (1.13)

is the susceptibility, up to the chosen Fourier-transform convention.

For the optical cavity, the corresponding bare cavity susceptibility is

B 1
k)2 —i(w+A)

Xe(w) (1.14)

This quantity characterizes how the intracavity field responds to external driving and fluctua-

tions at frequency w.

For the mechanical resonator, it is often more intuitive to work directly with the displace-

ment x instead of the annihilation operator b. The bare mechanical susceptibility is then

1

m (w2, — w? — iypw)’

Xm(w) = (1.15)

which relates an applied force to the resulting displacement response.

In force detection, this susceptibility provides the linear force-to-displacement relationship

where an external force Fiy(w) produces

(W) = Xm (W) Fext (w) (1.16)

provided optomechanical dynamical backaction is negligible. Once the cavity field is coupled
to the mechanics, however, the radiation-pressure interaction modifies this bare response. The
mechanical oscillator then acquires an effective susceptibility that includes optical spring and
damping effects, and it is precisely this modified response that gives rise to the quantum-noise

trade-offs underlying the Standard Quantum Limit.

1.1.4 Input-output relation and measured quadratures

So far, we have described the internal dynamics of the cavity and mechanical modes in terms
of their susceptibilities and fluctuation operators. To connect this description with an actual

measurement, one must relate the intracavity field to the optical field leaving the cavity, since
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Figure 1.2: Block diagram of an optomechanical sensing chain. An external force drives the mechanical
resonator, whose response is governed by the mechanical susceptibility x,,(w). The resulting motion
modulates the cavity field, characterized by the optical susceptibility y.(w), and the outgoing light is
measured by homodyne detection of the quadrature X§"*. Mechanical bath noise b;, and optical input
noise ay, enter as the principal noise sources.

it is this outgoing field that is experimentally detected.

In the standard input—output formalism, the output field operator is related to the input field

and the intracavity fluctuation operator by

Qout = Ain — \/EC% (117)

where a;, and a., denote the incoming and outgoing optical fields, respectively. This rela-
tion shows that fluctuations of the intracavity field are directly imprinted onto the output light.
Since the intracavity field is itself coupled to the mechanical motion, the output field carries

information about the mechanical displacement and any external force acting on the resonator.

Experimentally, this information is commonly extracted by homodyne detection, in which
the output field is interfered with a strong local oscillator and a chosen field quadrature is

measured. The detected output quadrature is
1
V2

where the local-oscillator phase 6 selects which quadrature is measured. In an ideal homodyne

Xg'(w) = (e"”aout(w) + e“’aim(w)> : (1.18)

setup, the photocurrent is proportional to X§"*(w), up to detector gain and efficiency. The fluc-
tuations of this photocurrent, characterized by its noise spectral density, determine the ultimate
sensitivity of the measurement.

The discussion above establishes how a mechanical signal is transduced into an optical ob-
servable. However, the optomechanical interaction does more than simply transfer information
from mechanics to light. Because the cavity field also exerts radiation-pressure forces on the

resonator, the measurement process modifies the mechanical dynamics themselves. This effect
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is central to both optomechanical control and the quantum limits of sensing, and it is theref

discussed next.

1.2 Optomechanical Dynamics Relevant to Sensing

In an optomechanical device, the optical field serves not only as a probe of mechanical motion
but also as an active dynamical agent. Through radiation pressure, fluctuations of the intracavity
light field feed back onto the mechanical resonator and alter its response. This phenomenon is

known as dynamical backaction and plays a central role in optomechanical sensing.

The physical origin of dynamical backaction is the finite response time of the cavity. When
the cavity is driven off resonance, mechanical motion shifts the cavity frequency and thereby
modulates the intracavity field. Because the cavity reacts with a delay determined by its
linewidth , the resulting radiation-pressure force is generally not exactly in phase with the
motion. This phase lag causes the optical force to act either as an additional damping mecha-

nism or as an amplifying drive, depending on the detuning.

In the resolved-sideband regime, w,, > k, these effects become particularly transparent.
Driving the cavity close to the red sideband, A ~ —w,,, leads to optical cooling, meaning that
the effective mechanical damping is increased. By contrast, driving near the blue sideband,
A ~ +w,,, amplifies the motion and can eventually drive the system into parametric instability
[4].

A compact description of this cavity-induced modification is obtained through the optical
self-energy ¥.(w), which renormalizes the bare mechanical susceptibility [4}20}/43] according
to

Xomiett (@) = Xom (@) + B(w). (1.19)
Here > (w) depends on the drive-enhanced optomechanical coupling Gy, and on the cavity
susceptibility x.(w) . Its real part gives rise to the optical spring effect, namely a shift in the
mechanical resonance frequency, while its imaginary part modifies the effective mechanical
damping.

From the viewpoint of sensing, dynamical backaction has both beneficial and limiting con-
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sequences. On the one hand, optical damping and the optical spring effect can be used

stabilize the resonator, engineer its response, and shape the measurement bandwidth. On the
other hand, the same radiation-pressure interaction also introduces fluctuating forces that act
as measurement backaction noise [14]. Thus, the sensitivity of an optomechanical detector is
determined not only by how efficiently mechanical motion is converted into an optical signal,

but also by how strongly the act of measurement perturbs the mechanical system.

For this reason, a description based only on the equations of motion is not sufficient to assess
sensing performance. What ultimately matters is the competition between signal transduction,
thermal fluctuations, measurement imprecision, and radiation-pressure backaction. This natu-
rally motivates a reformulation of the problem in terms of noise spectra and estimation theory,

which leads directly to the concept of the Standard Quantum Limit.

1.2.1 Displacement and force sensing

In a typical optomechanical sensor, the physical quantity to be measured acts on the mechanical
resonator as an external force, acceleration, or some equivalent perturbation. The resonator
converts this disturbance into a displacement, which is then read out optically and serves as
the observable carrier of the signal. In the frequency domain, the mechanical motion may be
written as

(W) = Xmeft (W) | Frig(w) + Fin(w) + Fra(w) |, (1.20)
where X,er(w) is the effective mechanical susceptibility including dynamical backaction,
Fyq(w) is the external signal force to be estimated, Fij(w) is the thermal Langevin force from
the environment, and F,,(w) denotes the radiation-pressure backaction force arising from op-

tical fluctuations.

The role of the optical cavity is to convert this mechanical displacement into a measurable
optical signal. As discussed in the input—output description, the output quadrature X§"*(w)
carries information about the displacement z(w) through the optomechanical interaction. The
sensing task is therefore to infer either the displacement itself or, equivalently, the external

force that generated it, from the detected optical field.
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A natural linear estimator for the displacement is

1
Test (W) = ngut(W)’ (1.21)

where G(w) is the effective transduction gain, determined by the cavity detuning [12}/15}20],

linewidth, optomechanical coupling, and the chosen homodyne angle. Physically, G(w) quan-

tifies how efficiently mechanical motion is mapped onto the measured optical quadrature.

In an ideal noise-free measurement, the estimator Z.q(w) would reproduce the true dis-
placement exactly. In practice, however, it also contains contributions from optical shot noise,
thermal fluctuations, and radiation-pressure backaction. The sensitivity of the sensor is there-
fore determined not only by the signal response encoded in G(w), but by the total noise referred
back to the displacement or, equivalently, to the applied force. This noise-referred viewpoint
provides the natural framework for quantifying measurement sensitivity and for identifying the
conditions under which the Standard Quantum Limit emerges. The overall sensing chain is
illustrated schematically in Fig. an external signal first drives the mechanical resonator,
whose displacement is then transduced to the optical output phase quadrature, while fluctua-
tions of the optical amplitude generate radiation-pressure backaction on the mechanical element

and feed measurement noise back into the sensing process.

1.2.2 Noise in optomechanical sensing: classical and quantum origins

Because both the mechanical resonator and the optical readout are subject to fluctuations, the
inferred displacement Z.y(w) inevitably contains noise in addition to the true signal. A con-
venient way to characterize this limitation is through the added displacement-noise spectral
density S249(w), or equivalently through the corresponding force-referred noise [70, 20, 4],

gadd () = e (W) () (1.22)
| Xom,efr (W) |2
It 1s useful to distinguish between classical and quantum noise sources. Classical noise
[4l 20} |14,|43]), such as thermal fluctuations of the mechanical environment or technical laser
noise, arises from imperfect isolation and experimental nonidealities. In principle, such noise

can be reduced through improved engineering, cryogenic cooling, or better stabilization. Quan-

tum noise, by contrast, is intrinsic to the measurement process itself and originates from the
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Figure 1.3: Schematic signal and noise pathways in a standard optomechanical measurement. An exter-
nal signal drives the mechanical resonator, whose displacement is transduced to the optical phase output
and used for estimation. At the same time, fluctuations in the optical amplitude quadrature generate
radiation-pressure backaction on the mechanical element, thereby introducing measurement backaction
into the sensing chain.

quantization of the optical and mechanical degrees of freedom. In optomechanical sensing, the

two most important quantum noise contributions are measurement imprecision and radiation-

pressure backaction.

Measurement imprecision: shot noise. Even in the absence of all technical noise, the op-
tical probe field exhibits unavoidable vacuum fluctuations. These fluctuations appear in the
detected output as photon shot noise 9] and limit
how precisely the mechanical displacement can be inferred from the measured optical signal.
In homodyne detection, the measured field quadrature is represented by non-commuting oper-
ators, so a perfectly stable mean field is still accompanied by irreducible fluctuations required
by quantum mechanics. Equivalently, vacuum fluctuations entering the unused port of the de-
tection setup contribute noise that cannot be removed in standard coherent probing
4].

When referred back to the mechanical displacement, these optical fluctuations give rise to

the imprecision-noise contribution S™P(w). For a coherent input state, the vacuum contribution
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to the output quadrature spectrum is approximately flat over the frequency range of interest.

1
S%xe (@) e = 5 (1.23)

2 Y
up to convention-dependent factors such as single-sided versus double-sided spectral densities

and the detector efficiency. Converting this optical noise into an equivalent displacement noise

using the transduction gain G(w) yields

out
SImp () = %9)(;1) (1.24)

This expression makes clear that stronger transduction reduces the imprecision noise. In many
relevant operating regimes, the gain scales approximately as G(w) o /n., where n. is the
intracavity photon number, so that

SImP (1) o L (1.25)

Ne

Thus, shot-noise-limited imprecision decreases as the probe power is increased.

Radiation-pressure backaction. The same optical field that carries information about the
mechanical motion also exerts a fluctuating force on the resonator. Since each intracavity
photon carries momentum, fluctuations in photon number lead to fluctuations in the radiation-
pressure force. These force fluctuations constitute radiation pressure backaction [4, |20, |3,
14} |38| |43, {70! {41} |41} |44||58L (11} |27, |46l |63} [51]]. Like shot noise, this is not a technical
imperfection but a direct consequence of the quantum nature of the electromagnetic field. The
same vacuum fluctuations responsible for shot noise also produce photon-number fluctuations,

which now act back on the mechanics through the amplitude quadrature of the cavity field.

Within the linearized description, the radiation-pressure force operator can be written schemat-
ically as
Foa(w) = WGy Xo(w), (1.26)
where G, = go/nc is the drive-enhanced optomechanical coupling and X denotes the in-
tracavity amplitude quadrature associated with photon-number fluctuations [4,20]. Even for
a perfectly coherent drive, vacuum fluctuations entering the cavity generate fluctuations of Xo

and therefore a stochastic force acting on the mechanical resonator.
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The corresponding backaction force-noise spectral density is

SPa (w) = h2GE, Sx,x,(w). (1.27)

lin
For a coherent vacuum-limited input, the intracavity amplitude fluctuations are determined by

vacuum noise filtered by the cavity susceptibility,
Kk -1
Sxoxa(@) ~ BPe@)f, xelw) =[5 —ia+w)] (1.28)
so that, up to convention-dependent factors of order unity,

SPa(w) o< B2GR, K | xe(w)]? (1.29)

lin
This fluctuating force drives the mechanical resonator through its effective susceptibility, pro-

ducing an equivalent displacement noise
Spa(@) = [Xm,oft () S P (w)- (1.30)

Since G}, x n., one obtains the characteristic scaling

Sha (W) o ne, SP2 (W) o ne, (1.31)

showing that radiation-pressure backaction increases with probe power.

We therefore arrive at a central feature of continuous optomechanical measurement that
the two fundamental quantum-noise contributions scale in opposite ways with measurement
strength. Increasing probe power suppresses the imprecision noise, but at the same time it
enhances radiation-pressure backaction. The competition between these two effects gives rise

to the Standard Quantum Limit [3}|14}/38,|43.|70].

1.2.3 Standard Quantum Limit (SQL)

The Standard Quantum Limit (SQL) arises from the fundamental competition between the two
quantum-noise sources discussed above [3},14}38}/43,|70] i.e. measurement imprecision in the
optical readout and radiation-pressure backaction acting on the mechanical resonator. These
are not independent technical imperfections, but two complementary consequences of the same

underlying quantum fluctuations of the optical field.

Increasing the optical probe power improves the precision of the readout because the rel-
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Figure 1.4: Schematic imprecision-backaction tradeoff as a function of probe power. The shot noise
decreases with increasing power, whereas the backaction contribution increases. Their sum exhibits a
minimum, which defines the SQL operating point in the absence of engineered correlations.

ative contribution of shot noise is reduced. At the same time, however, a stronger intracav-
ity field produces larger photon-number fluctuations and therefore stronger radiation-pressure

force fluctuations acting on the mechanics. As a result, any attempt to suppress one contribution

by increasing the measurement strength necessarily enhances the other.

If no correlations are deliberately engineered between imprecision and backaction, there
exists an optimal probe strength at which the total added noise is minimized. This minimum
defines the SQL for continuous position measurement. The SQL should therefore be under-
stood not as a limitation of experimental quality alone, but as a direct consequence of the

quantum nature of measurement itself.

This viewpoint is particularly important in optomechanics. It shows why simply increas-
ing laser power, improving the cavity finesse, or cooling the mechanical resonator cannot by
themselves eliminate the SQL. To go beyond this limit, one must employ genuinely quantum
strategies, such as creating useful imprecision—backaction correlations or directly suppressing

the backaction contribution.

To make the origin of the SQL more explicit, it is useful to examine the scaling of the

individual noise contributions with measurement strength.
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1.2.4 Origin of the SQL: shot noise-backaction trade-off

In an ideal continuous measurement based on coherent light and without engineered correla-
tions, the two dominant quantum-noise contributions scale oppositely with the optical probe
power P:

SIP (1) o %, Sha (w) o P. (1.32)

The first relation reflects the reduction of shot-noise imprecision at higher probe power, while

the second expresses the increase of radiation-pressure force noise.

The total added displacement noise is therefore
St (W) = SR (W) + [Xm e (@)[* SFp(w), (1.33)

where the second term is the backaction force noise referred to displacement through the effec-

tive mechanical susceptibility.

Because the imprecision contribution decreases with increasing P, while the backaction
contribution increases, their sum possesses a minimum at a finite optimal probe power. This

optimal operating point defines the SQL for continuous displacement measurement.

A widely used heuristic expression for the SQL in displacement sensing is
S (@) ~ B lXm e ()], (1.34)

up to numerical factors that depend on spectral-density conventions and on the precise detection

scheme. For force sensing, the corresponding SQL is often written as

h

~—_— 1.35
|Xm,eff(w)| ( )

Spi (w)

These expressions make clear that the SQL is shaped by the mechanical response itself.
Near the mechanical resonance, the susceptibility becomes large, which enhances the response
to an external force. However, the same large susceptibility also amplifies the displacement pro-
duced by radiation-pressure backaction. In this sense, the SQL reflects a fundamental balance

between signal amplification and measurement-induced disturbance.
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1.2.5 SQL as a practical benchmark in optomechanical sensors

In real optomechanical experiments, approaching the SQL requires much more than optimiz-
ing the nominal measurement strength. Technical noise sources such as laser frequency noise,
amplitude noise, detector noise, and mechanical vibrations must be suppressed to a level below
the fundamental quantum contributions. In addition, the resonator must either be cooled suffi-
ciently or possess a sufficiently large w,, ) product so that thermal noise does not dominate the

measurement band.

The SQL should therefore be regarded not as a single universal number, but as a frequency-
dependent benchmark determined by the mechanical susceptibility, cavity linewidth, detuning,
optical power, and readout method. It represents the best sensitivity achievable with conven-

tional coherent probing in the absence of deliberately engineered quantum correlations.

In this thesis, the SQL serves as the central reference point for evaluating performance. Our
aim is not merely to optimize probe power or cooling, but to investigate strategies that directly
suppress or coherently cancel radiation-pressure backaction while preserving high measure-
ment precision. This viewpoint naturally motivates the study of Coherent Quantum Noise

Cancellation, which forms the central theme of the following chapters.

1.3 Beyond the SQL: Quantum-Enhanced Sensing Strate-
gies

Surpassing the Standard Quantum Limit requires going beyond the simplest measurement
scenario, namely coherent probing in which measurement imprecision and radiation-pressure
backaction remain uncorrelated. A range of quantum-enhanced sensing strategies has been
developed to overcome this limitation, each modifying the measurement noise budget in a dif-
ferent way. Some methods reduce the noise of the measured optical quadrature, others evade
backaction for selected observables, and others engineer correlations or interference pathways
that suppress the backaction contribution itself. In this section, we briefly review the main con-

ceptual routes beyond the SQL and thereby place Coherent Quantum Noise Cancellation in its
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broader context.

1.3.1 Squeezed light injection

One of the most direct ways to improve measurement sensitivity is to replace the coherent
optical probe with a squeezed state of light [8}19}|37,140, 44} 45,167]. In a squeezed state, the
quantum uncertainty of one field quadrature is reduced below the vacuum level at the expense
of enhanced fluctuations in the conjugate quadrature. If the squeezing is aligned with the
measured quadrature, the readout noise can be suppressed below the usual shot-noise floor,

thus reducing the imprecision contribution [15}|20;|44].

In its simplest form, squeezed-light injection improves sensitivity by lowering the optical
readout noise without changing the basic measurement principle. More generally, frequency-
dependent squeezing allows the squeezed quadrature to vary with analysis frequency, mak-
ing it possible to improve performance over a broader bandwidth. Such techniques are now
routinely used in large-scale interferometric detectors and are also highly relevant in cavity-

optomechanical sensing architectures.

1.3.2 Backaction-evading measurements

A conceptually different strategy is provided by backaction-evading (BAE) measurements [27,
46,163, 51]. For a harmonic oscillator, it is possible in an idealized setting to measure a sin-
gle mechanical quadrature that behaves as a quantum non-demolition observable. In such a
scheme, the measurement backaction is redirected into the conjugate quadrature, while the

measured quadrature remains, in principle, undisturbed.

In practice, BAE protocols are often implemented using two-tone driving schemes that
selectively couple the optical field to a single rotating mechanical quadrature. This can strongly
suppress backaction on the measured observable and thereby surpass the usual SQL for that
quadrature. However, the advantage is typically limited to a restricted bandwidth and requires
careful phase control and stable matching of the drives [4]. For this reason, BAE measurements

are highly powerful but often intrinsically narrowband.
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1.3.3 Quantum noise cancellation

A third route is quantum noise cancellation. In contrast to squeezing, which primarily re-
duces measurement imprecision, and backaction-evading schemes, which avoid backaction for
a selected observable, the goal here is to suppress the backaction contribution itself. This is
achieved by engineering destructive interference in the backaction pathway, so that the mea-

surement remains sensitive to the signal while the radiation-pressure noise is canceled.

Among these approaches, Coherent Quantum Noise Cancellation (CQNC) is particularly
appealing (70} 44| |3, 58} 44| 156]. The central idea is to introduce an auxiliary dynamical
pathway that produces an equal-and-opposite response to the measurement backaction, thereby
canceling the radiation-pressure noise coherently at the output [64]. Because this cancellation
can, in principle, be arranged over a broad frequency range, CQNC is especially attractive for
force sensing and broadband displacement sensing in regimes where radiation-pressure noise

is the dominant limitation. For this reason, CQNC forms the central focus of this thesis.

1.4 Coherent Quantum Noise Cancellation (CQNC): A Route

Beyond the SQL

1.4.1 Motivation and core idea

In a standard optomechanical position measurement, radiation-pressure backaction arises be-
cause fluctuations in the intracavity photon number generate a fluctuating force on the mechan-
ical resonator. At the level of the mechanical dynamics, this backaction force is indistinguish-
able from an externally applied signal force as both are filtered by the same mechanical sus-
ceptibility and both are subsequently encoded in the measured optical output. Consequently,
backaction becomes a fundamental limitation precisely in the regime where the mechanical

susceptibility is largest and the sensor is most responsive.

Coherent Quantum Noise Cancellation (CQNC) was proposed as a way to overcome this

limitation by introducing an auxiliary dynamical pathway whose response to the same optical
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fluctuations is equal in magnitude but opposite in sign to the ordinary backaction pathway |

70,/441(3,158}/44,156]. The objective is therefore not merely to reduce measurement noise, but to
cancel the radiation-pressure contribution itself through destructive interference. A key insight
of Tsang and Caves [64] is that such cancellation can be achieved through coherent interactions,
or equivalently coherent feedforward, without relying on measurement-based feedback. Under
suitable matching conditions, this cancellation can in principle persist over a broad frequency

range, which distinguishes CQNC from more narrowband backaction-evading strategies.

1.4.2 Negative-mass oscillator as the canonical auxiliary system

The clearest theoretical realization of CQNC employs an auxiliary oscillator with an effective
negative mass, commonly referred to as a negative-mass oscillator (NMO). The defining prop-
erty of this auxiliary mode is that its susceptibility has the opposite sign to that of an ordinary
positive-mass mechanical oscillator over the frequency range of interest. If the same radiation-
pressure fluctuations couple both to the physical resonator and to this auxiliary mode, then the

resulting responses can interfere destructively in the measurement record.

Radiation-pressure fluctuations drive the mechanical resonator in the usual way. The same
fluctuations also drive the auxiliary negative-mass mode, but because this mode responds with
the opposite sign, its contribution can subtract the backaction-induced motion from the mea-
sured output. If the readout is arranged appropriately, the true external signal remains accessible

while the radiation-pressure-noise contribution is suppressed.

This perspective makes clear that CQNC is neither a post-processing technique nor a rein-
terpretation of the detected data. Rather, it is a modification of the sensor dynamics themselves.
The cancellation occurs because the detector is engineered so that two distinct noise pathways

interfere destructively before they appear in the final measured observable.

1.4.3 CQNC condition and matching requirements

Backaction cancellation in CQNC is not automatic. It requires careful matching of response

functions, coupling strengths, and relative phases between the physical mechanical pathway
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and the auxiliary pathway. In the idealized limit, one seeks conditions under which the back
tion contribution to the displacement estimator g or to the inferred signal force Fsig vanishes

over the frequency band of interest.

Schematically, the measured output quadrature may be written as

XoMw) = G(w)z(w) + Ximp(w) + B(w) Fa(w), (1.36)
S——— —_—
signal transduction imprecision backaction pathway

where G(w) denotes the signal transduction gain, X, (w) is the imprecision noise, and B(w) F,(w)
represents the backaction contribution reaching the output. CQNC seeks to engineer an auxil-

iary contribution X,,x(w) such that

B(w) Fra(w) + Xaux(w) = 0 over the relevant bandwidth. (1.37)

In practice, this requires at least two essential conditions. First, the auxiliary response must
closely match the mechanical response, up to an overall sign, across the frequency range of
interest. Second, the relative phase between the two pathways must be controlled with suffi-
cient precision to maintain destructive interference in the presence of loss, detuning errors, and
parameter drift. These requirements are demanding, and they explain why much of the CQNC
literature focuses not only on the basic principle but also on physically realizable architectures

capable of approximating the required negative-mass response with adequate robustness.

1.44 Beyond-SQL sensing through coherent cancellation

If the backaction pathway is successfully canceled, then the total added noise is no longer
constrained by the usual imprecision—backaction trade-off. Instead, the sensitivity is limited
primarily by the remaining imprecision noise together with residual auxiliary noise, internal
loss, and imperfect matching. In the ideal limit, the probe power can therefore be increased to
reduce imprecision without incurring the standard radiation-pressure penalty, thereby enabling
sensitivity beyond the SQL over the frequency range in which cancellation holds.

Importantly, this does not violate quantum mechanics. CQNC does not eliminate all quan-
tum fluctuations from the measurement. Rather, it modifies the detector dynamics so that a

particular quantum-noise pathway—namely radiation-pressure backaction—is coherently can-
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Noise and anti-noise
path

Additional
system

Figure 1.5: Anti-noise

Figure 1.6: Conceptual illustration of coherent quantum noise cancellation. Radiation-pressure fluctua-
tions reach the detector output through two pathways: the ordinary mechanical pathway and an auxiliary
pathway with opposite response, such as an effective negative-mass oscillator. Under suitable matching
conditions, these two pathways interfere destructively, suppressing the backaction contribution in the
measured signal.

celed by interference with an auxiliary response. The total noise remains subject to general

quantum constraints, but the usual SQL associated with standard coherent probing can be sur-

passed because the measurement architecture itself has been changed.

CQNC was originally introduced by Tsang and Caves as a general coherent-control strat-
egy for optomechanical sensing . Subsequent work has explored more concrete imple-
mentations, including all-optical realizations of effective negative-mass oscillators, cascaded
schemes, and related hybrid platforms designed to approximate the ideal matching conditions
required for broadband cancellation . More recent studies continue to address the main
practical challenges of CQNC, including realistic dissipation, finite bandwidth, detector ineffi-

ciency, and the identification of experimentally feasible auxiliary systems.
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1.5 Scope and Structure of the Thesis

This thesis is organized around the study of coherent quantum noise cancellation in three hybrid
optomechanical platforms. After establishing the general optomechanical and measurement-
theoretic framework in this chapter, the remainder of the thesis examines CQNC in an electro-
optomechanical system, an optomechanical system coupled to an ensemble of quantum dots,
and a hybrid cavity magnomechanical system. These three platforms are considered in order to
examine how the same backaction-cancellation principle can be implemented through different
auxiliary subsystems, each with its own physical advantages and operating constraints. In this
way, the thesis progresses from establishing whether CQNC can be realized in a concrete hybrid
setting to exploring how the mechanism carries over to other platforms with distinct features

such as strong light-matter coupling, tunability, and robustness under realistic imperfections.

The remainder of the thesis is organized as follows.

* Chapter 2 studies coherent quantum noise cancellation in a hybrid electro-optomechanical
system. In this architecture, a superconducting qubit coupled to the mechanical resonator
provides the auxiliary response required for backaction suppression. We show that when
the backaction contribution from the electromechanical subsystem is equal in magnitude
and opposite in sign to that of the optomechanical subsystem, near-perfect backaction

evasion can be achieved, leading to enhanced sensitivity.

» Chapter 3 investigates a hybrid quantum-dot-assisted optomechanical platform, in which
an ensemble of quantum dots is coupled to the intracavity optical mode while an intra-
cavity OPA modifies the optical quadratures. Quantum-dot ensemble provides a solid-
state light-matter auxiliary subsystem with collective optical response, thereby allowing
the backaction-cancellation mechanism to be explored in a hybrid setting different from
the electro-optomechanical case. Our analysis shows that this hybrid architecture can
achieve strong backaction suppression, surpass the SQL over a broad frequency range.
We further analyze the role of the intracavity optical parametric amplifier and show that

increasing the OPA gain allows optimal noise reduction to be reached at lower input laser
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power.

* Chapter 4 considers an OPA-assisted cavity magnomechanical system, where the intra-
cavity optical field is coupled to a magnon mode. This platform is particularly attractive
for CQNC because the magnon mode provides a tunable auxiliary response that can
be used to suppress radiation-pressure backaction beyond the more restrictive setting of
single-quadrature backaction evasion. After deriving the linearized quantum Langevin
equations and transforming them to the frequency domain, we obtain the CQNC condi-
tion and show how the magnon-induced susceptibility can be used to cancel radiation-
pressure backaction. The results demonstrate broadband sub-SQL sensitivity, reduced
optimal operating power with increasing OPA gain, and robustness against realistic im-

perfections such as coupling mismatch and unequal dissipation rates.

* Chapter 5 summarizes the main conclusions of the thesis and discusses the broader
implications, limitations, and possible future directions of hybrid CQNC-based sensing

architectures.
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Chapter 2

Enhanced Force Sensing in an

Electro-Optomechanical Hybrid Syste

2.1 Introduction

In this chapter, we investigate force sensing in the hybrid electro-optomechanical system in-
troduced in Ref. [47], which consists of an optical cavity, a mechanical resonator, and a super-
conducting qubit. This platform is particularly interesting because it provides a direct interface
between optical, mechanical, and electrical degrees of freedom within a single device. In the
proposal of the previous article [47], the system was studied mainly in the context of ground-
state cooling of the mechanical mode. This already indicates that the hybrid architecture offers
a high degree of controllability and can strongly modify the mechanical response through the
auxiliary electromechanical subsystem. Motivated by this, we explore here a different domain,
whether the same platform can be used for precision force sensing beyond the Standard Quan-

tum Limit through coherent quantum noise cancellation.

The system is especially appealing for this purpose because the mechanical resonator cou-
ples simultaneously to two distinct subsystems, the optical cavity, which provides the measure-
ment channel, and the superconducting qubit, which acts as an auxiliary degree of freedom.

The optical cavity allows the external force signal to be transduced into a measurable optical

I'This work is published in Phys. Rev. A 111, 013509 (2025)
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output, while the electromechanical coupling to the qubit introduces an additional respo

pathway. If this auxiliary pathway is engineered appropriately, its response to measurement
backaction can counteract the standard optomechanical backaction. In this way, the hybrid ar-
chitecture provides a natural setting for implementing backaction suppression while retaining

optical readout of the signal.

In addition to the hybrid electromechanical coupling, we include an intracavity optical para-
metric amplifier (OPA), which modifies the optical quadratures and provides an additional han-
dle for reducing the measurement-added noise. We show that the combined action of the aux-
iliary electromechanical subsystem and the OPA can significantly enhance the force sensitivity
of the device. When the effective electromechanical response matches the optomechanical
backaction pathway with opposite sign, the radiation-pressure backaction can be cancelled.
This leads to strong suppression of the added-force noise and enables sensitivity beyond the
Standard Quantum Limit over a broad frequency range. We further find that increasing the
OPA gain shifts the optimal operating point toward lower input laser power, thereby making

low-power, high-sensitivity operation possible within this framework.

The chapter is organized as follows: Section[2.2]introduces the hybrid electro-optomechanical
model and its Hamiltonian. Section[2.3]derives the linearized quantum Langevin equations and
their frequency-domain solution. Section[2.4|formulates the force-sensing protocol and obtains
the condition for coherent backaction cancellation. Section presents the numerical results
for the added-force noise spectral density and compares the hybrid CQNC scheme with the
standard optomechanical case. Finally, Section summarizes the main conclusions of the

chapter.

2.2 The System

We consider a hybrid electro-optomechanical system consisting of an optical cavity, a mechan-
ical resonator, and a superconducting Cooper-pair-box (CPB) qubit, as shown schematically in
Fig. The optical cavity, with resonance frequency w,, is driven by a laser of frequency wy,

and input power Pp, while the mechanical resonator of frequency 2 forms the central element
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of the setup. On the optical side, the cavity field couples to the mechanical motion through

standard radiation-pressure interaction. On the electrical side, the same mechanical resonator
couples to the superconducting qubit through a displacement-dependent capacitance C,(z).
Because the mechanical motion changes this capacitance, it modulates the electrostatic energy

of the CPB circuit and thereby generates an electromechanical interaction.

The mechanical resonator therefore serves as an interface between the optical and electrical
sectors of the hybrid device. This is the key feature of the present system, the optical cavity
provides the readout channel for force detection, whereas the qubit introduces an auxiliary
response pathway through the electromechanical coupling. In addition, an intracavity optical
parametric amplifier (OPA) is included in the cavity in order to modify the optical quadratures

and provide an additional control parameter for reducing the overall measurement-added noise.

X
)
\
j— \ OPA
E,/2,
c, ) |
C, I W,
C(X) We Wy,
&—
VX

Vq
®—
Vy Optomechanical System

Figure 2.1: Schematic diagram of the hybrid electro-optomechanical system. The CPB is biased by
voltages V, and V, and driven by the voltage V. The total capacitance of the qubit is Cx(z) =
2Cy + Cy + Cy(x), where the displacement-dependent capacitance C(x) couples the qubit to the
mechanical resonator.

The dynamics of the hybrid system can then be described by the following Hamiltonian.
H:HOM+HOPA+HL+HQ, 2.1

where the different contributions are described below.

The optomechanical part is
Hon = BQbTD — hAaTa + hgoata (bF + b), (2.2)

which describes the standard cavity-optomechanical interaction. The first term corresponds to
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the mechanical mode, the second to the optical cavity mode, and the third to the radiati
pressure coupling of strength go. Here A, = w; — w, denotes the cavity detuning, while a
(") and b (I;T) are the annihilation (creation) operators of the optical and mechanical modes,

respectively.

The intracavity OPA is described by
Hopa = ihG(a'%e? — a2e™), (2.3)

where G is the parametric gain and 6 is the pump phase [58]. Choosing 6 = 0 simplifies this

term to
Hoppa = ihG(a™? — a?). (2.4)
The coherent cavity drive is represented by

Hp = ihEr(a’ — a), (2.5)

E, = ,/@. (2.6)
th

The electromechanical contribution, written in the drive frame of the qubit and under the

where

rotating-wave approximation, is

A 1 W
Hog=-h—t0, + Shnos + hG(b' + D)o, (2.7)

2
where (), is the qubit drive amplitude, A, is the qubit detuning, and G is the electromechanical
coupling strength. The operators o, and o, are the corresponding Pauli matrices. The Pauli
matrices 0, 0., o and o~ satisfy

l0.,07] =207, 0,07 ] = =207, 0=, 0" =0, (2.8)
witho, =0t +0".

In the low-excitation regime of the qubit [57}|18}|26}|39], one has

o, ~(0,) ~—1, (2.9)

so that 0™ and o~ may be approximated as bosonic operators satisfying

07, 0" =1. (2.10)
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In this limit, one introduces bosonic annihilation and creation operators d and d' through
o_=d, o.=d. (2.11)
The Hamiltonian then takes the form (see Appendix
H=A,d'd+ %Q;E(CZ* +d) + ?@2 +p?)
— hAGTa + hgoa(al + a) Xy, + ihG(al? — a?)
+ Gd Xy(d" + d) + 2GX,d'd + ihEL (0" — a). (2.12)
Here, z and p denote the dimensionless position and momentum quadratures, respectively [4].

Since the cavity is strongly driven and the qubit is only weakly excited, the relevant dy-
namics for force sensing are those of small fluctuations around the classical steady state. The
system can therefore be analyzed within the linearized quantum Langevin framework, which

we develop in the next section.

2.3 Linearized dynamics and frequency-domain solution

In the linearized approach, each system operator is written as a steady-state mean value plus a

small quantum fluctuation,
A=A+ A, (2.13)

where A is the mean-field value and § A denotes the corresponding fluctuation operator. Keep-
ing only terms up to first order in the fluctuations yields a set of linear quantum Langevin

equations.

For convenience, we introduce amplitude and phase quadratures for the optical, mechanical,

and qubit modes,

A+ At At — A
Tp = —7), DA = 1—F=, 2.14
A NG Pa NG (2.14)
where A = 4, l;, d. The corresponding input-noise operators are denoted by
A =g b dm, (2.15)
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and satisfy the standard correlations [66}(7,23,|70]

(ain(8)al, (¢)) = 8(t — 1), (2.16)

(bin ()81, () = 8t — 1), 2.17)

(din(t)dl, (") = 5(t = 1'). (2.18)

Their quadratures are defined as
= MJFTQAMT, pir = i&\/—{w. (2.19)
With these definitions, the linearized quantum Langevin equations are

b= (—g + 2g) Fo+ VEEM, (2.20)

ba = = (5 +20) u — V2900 + VR 2.21)

Ty, = Qpy, (2.22)

ﬁb - _Qj;b - \/590@ i'a - ’Ymﬁb + V ’Ym(fth + fea:t)
—V2Gd iy, (2.23)
. IR .
By = Dgpa+2GTpa— Sha+ VT 2, (2.24)
Pa = —Dgia — 2V2Gd iy — 2GTyig + 2pd 4
r
V2

Here, 7 and d denote the steady-state values, while v,,, x, and I' are the mechanical damping

pa+ VT pin. (2.25)

rate, cavity decay rate, and qubit dephasing rate, respectively. The force f;, represents the
Brownian thermal noise acting on the mechanical mode, whereas f.,; is the external force to

be measured.

To study the linear response of the system [4]], it is convenient to transform the dynamics

from the time domain to the frequency domain using the Fourier convention

O(w) = \/%_7? / dt O(t)e ™" (2.26)

The linearized equations can then be written in terms of frequency-dependent response func-
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tions as

~

p[,((,u)

W A

ﬁXb(w),

Xa (W) = \/E)‘+X;n (w)a

Py(w) = ¢*XmA- A VE X" (w)

- g)‘me\/ Tm (Fth =+ Fext) + gG/Xm)\fXd(w)

+ Ak P,

Xa(w) = Agxala(w) + xaVT 2] (w),

Py(w) = (XaYVT X" + 209G X VN X1
- QCG,V TmXm [Fth(w) + Femt(w>]

+ (G X Xa VT X (w) + VTP

Here, the relevant susceptibilities and effective couplings are

Xd =

Xm

(=

G/

9

Ay =

1
iw—+T/2
Q

T2 — w2 4+ iypw’

1

=/2Gd,

:\/59004,
1
X' —2G
1
Xo' +2G

iw+T/2+ Axq’

1

Xa = iw+K/2

The scaled external force and thermal noise are defined as [3|

and the scaled Brownian thermal noise satisfies

TH-4108_196121002

Fext:

fext
VImw, Y,

(Fr(t)Fr(t)

fth

Fy = ———,
th vV hmw,, Yim

no(t—t),

A~

£(@) = xm { ~9%a0) + v (Fin () + Foaelw)) = G'Xa(w) }

(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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where

KgT
hQ

(2.42)

n =

These frequency-domain expressions make explicit how the external signal, thermal fluc-
tuations, optical vacuum noise, and qubit noise contribute to the optical output. In the next
section, we use them to construct the force estimator and derive the condition for coherent

quantum noise cancellation.

2.4 Force sensing with coherent quantum noise cancellation

When the external force F,; acts on the movable mirror, the mechanical displacement changes
the cavity length and thereby modulates the phase of the output cavity field. Solving the lin-
earized Langevin equations in the frequency domain, the output phase quadrature can be ob-

tained from the standard input—output relation

P = V6P, = P (2.43)
This gives
P =X Ak (9%xm + GxG) 0
+ vk <—QXdX21\/1:)\— + Xd\/l:gG’Xm)\,) a2
Vi (=) (96 A-) (VIC) B
+ (=9XmA -V Tm#) (Fexr + Fin)
+ Ok — 1) pim. (2.44)
Here,
: QO
Xa= XS = o Ty T (245)
Xa = ﬁ (2.46)
Xm = 55 WZQ e (2.47)

The first term of Eq. (2.44) corresponds to the backaction noise [3}44]. For significant noise

reduction, our aim is to eliminate this term completely [64,|70]. In the present hybrid system,
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the additional contribution proportional to G'?x/; arises from the electromechanical subsyste
Under suitable conditions, this term can cancel the ordinary optomechanical backaction term

G%Xm, resulting in complete elimination of the backaction contribution.

The CQNC condition is therefore
9 xm +G?x = 0. (2.48)

The derivation of this condition is given in Appendix Equation (2.48) shows that the cancel-

lation can be achieved when the effective couplings and susceptibilities satisfy
9=G",  Xm=—Xa (2.49)

This implies that: (i) the response of the mechanical oscillator to the backaction noise is exactly
equal and opposite to that of the superconducting qubit, and (ii) the optomechanical coupling

is equal to the electromechanical coupling of the hybrid system.

To satisfy Eq. (2.48), the susceptibilities of the mechanical oscillator and the qubit must

also obey the following matching conditions:

1. the qubit is detuned from the cavity by A, = €2,
2. the qubit dephasing rate matches the mechanical damping rate, I' = ~,,,,

3. |A,| > T, which together with condition (1) implies €2 > T".

These are the requirements for perfect backaction cancellation in the present model.

Under the CQNC condition, the output phase quadrature simplifies to
PM =+ /K <_QXdX:i\/1:/\— + Xd\/ng’xmA_> &y
Vi (=90xa) (96 xmA ) (VIC) i

+ (—gXmA-Tmk) (Feat + Fin)

+ Ak —1)p" (2.50)
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Dividing Eq. (2.50) by the signal transduction factor gives
Py Ak — 1) pir
= Fezt +
(—9XmA—\/TmF) (—9XmA—v/TmF)
vk <_QXdX:1\/f>\_ + xd\/ng’Xm/\_) &y
(—9XmA—\/TmF)

VE(=0xa) (96 xmA-) (VIC) i

(—9XmA—\/TmF) '

We estimate the impressed force on the mechanical oscillator from the output phase quadra-

+

+

ture. Based on Eq. (2.50), the force estimator can be written as
Pout
a

F= = Fupt + Fuaa, (2.51)

(—gXmA—/AmF)
where the added noise is
)\_ - ]_ A . F A .
Foga =Fu — . P+ \/__Pclln
IXmA—/VmhK Y
) T'/2 )

— (%) zin, (2.52)

The force sensitivity is characterized by the power spectral density of the added noise,

defined by (70|

S99 () §(w — o) = ((Fadd(w)ﬁadd(—w» + c.c.) . (2.53)

Using this expression, one obtains

S?;dd:KBT—i—l 1 <A_(w)/4_1>2
A 2 g2 xm (W) [2(ymk)

L le? @y
2 02 '

(2.54)

To focus on the measurement-added noise reduction, the Brownian thermal background
may be neglected [44]|. Minimizing the spectral density then yields the minimum noise spectral

density for the proposed CQNC scheme in the hybrid electro-optomechanical model,

lw? + 02 4+12%/4
Srcone = 3 o / . (2.55)

For comparison, the spectral density of a standard optomechanical system is [4]

KT 1 11 1
e AP (2.56)

S S
r(@) hs2 Jr2%ng2|xl24Jr KYm,

where the first term corresponds to thermal noise, the second to shot noise, and the third to
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radiation-pressure backaction. Neglecting thermal noise and minimizing with respect to

laser power gives the SQL value

1
Srsor = ——. (2.57)
Y[ Xim]
The corresponding optimum occurs at the optomechanical coupling
VK (2.58)

gsoL = ———.
24/ [Xm|

These expressions will be used in the next section to compare the hybrid CQNC scheme with

the standard optomechanical limit.

2.5 Results and Discussion

We now turn to the numerical analysis of the spectral density of the added-force noise, which
provides a direct measure of the sensitivity to force of the device [44]. The added-noise spectral

density is defined as [[70]

SeM(0) 6 (w — w') = % ((Fadd(w)ﬁadd(—w» + c.c.> : (2.59)

Using the force estimator derived in the previous section, the corresponding spectral density of

the added noise is obtained as

S%dd:KBT_|_1 1 ()\_(w)/i—1>2
Q2 g2 xm (W) (mk)

lw? +Q?+T12/4
2 Q2 '

(2.60)

To isolate the measurement-added contribution, the Brownian thermal background may be
neglected [44]. Minimizing the above expression then gives the minimum noise spectral density

for the proposed hybrid electro-optomechanical CQNC scheme,

lw? + 02 4+T12%/4
Srcone = B RE / . (2.61)

For comparison, the spectral density of a standard optomechanical system is [4]

KT 1 11 1
e 4g?—— (2.62)

S - -
r(@) h$2 Jr2%ng?|><l24Jr K'Y

where the first term is the thermal contribution, the second corresponds to shot noise, and

the third represents radiation-pressure backaction. Neglecting the thermal contribution and
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minimizing with respect to the laser power gives the Standard Quantum Limit

1
Srsor = . (2.63)
Yin| Xm |
The corresponding optimum is reached at the optomechanical coupling strength
Vr (2.64)

g = ——.
SQL = 5 Tl

107 1. s5o

SOPA(G/k =0.1)

= = SOPAG/k=0.3 -
105_ i ) —”—
— = GCONC -
F
PR
—__~~ /, ——_——-
L \\~’/ —’——
nn 103— ’/”
_‘~~ /’
~ 7
\\ /
10* A 174

Figure 2.2: Added-force noise power spectral density for the standard optomechanical system, the
hybrid electro-optomechanical system with OPA gain G/x = 0.1 and 0.3, and the hybrid system under
the CQNC condition. The spectral densities are normalized by Amwy, 7y, and are therefore expressed in
units of N2 Hz~!. The parameters are [70,|58]: go = 300 x 27 Hz, Q = 300 x 27 kHz, 7,,, = 30 x 27
Hz, kK = 2w MHz, P = 100 mW, and w;, = 384 x 27 THz.

Figure shows the frequency dependence of the added-force noise spectral density. As
expected, the spectral density exhibits a dip near the mechanical resonance frequency w = (2,
where the mechanical response is strongest. For the standard optomechanical system, this
minimum is determined by the usual competition between shot noise and radiation-pressure
backaction. In the hybrid electro-optomechanical platform, however, the additional electrome-

chanical pathway modifies this balance.

A first important observation is the role of the OPA. When the OPA gain is increased from
G/k = 0.1 to 0.3, the added-force noise is reduced more strongly at off-resonant frequencies,
as seen from the orange and green curves. This shows that parametric amplification provides an

additional handle for suppressing the overall measurement-added noise in the hybrid platform.
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Figure 2.3: Added-force noise power spectral density at resonance, i.e. w = €2, as a function of the
input laser power for the standard optomechanical system and the hybrid electro-optomechanical
system with the CQNC scheme. The blue curve corresponds to the standard optomechanical system,
while the orange and green curves represent the hybrid system with OPA gain G/x = 0.1 and 0.3,
respectively. The remaining parameters are the same as in Fig.

The most significant effect is obtained under the CQNC condition. In this regime, the
added-force noise is suppressed by several orders of magnitude at frequencies away from reso-
nance compared with the standard optomechanical case. This strong reduction reflects the can-
cellation of the radiation-pressure backaction contribution by the electromechanical auxiliary
pathway. Although the CQNC protocol does not necessarily improve the sensitivity exactly at

the resonant point, it leads to substantial noise suppression over a broad off-resonant frequency

range, which is particularly valuable for broadband sensing applications.

The dependence of the spectral density on the input laser power is shown in Fig. Since

the laser driving power is proportional to the square of the effective optomechanical coupling,

2
P, = 2wk (i) , (2.65)
90

the spectral density may be expressed directly as a function of P,. For the standard optome-
chanical system, represented by the blue curve, the noise spectral density initially decreases
with increasing laser power due to the reduction of shot-noise imprecision. However, after

reaching its minimum, it rises again because radiation-pressure backaction becomes dominant
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at high power. This is the familiar SQL tradeoff.

By contrast, for the hybrid CQNC scheme, shown by the orange and green curves, the
added-force noise decreases with increasing laser power and does not show the pronounced
upturn characteristic of the standard optomechanical case. This behavior reflects the cancel-
lation of the backaction contribution at large drive strengths. Moreover, increasing the OPA
gain shifts the minimum of the spectral density to lower laser powers. This indicates that in the
present framework, the inclusion of the OPA allows the device to achieve optimal sensitivity in

a lower-power operating regime.

Taken together, these results show that the hybrid electro-optomechanical architecture com-
bines two useful mechanisms for sensitivity enhancement where the electromechanical subsys-
tem provides the auxiliary pathway needed for coherent backaction cancellation, while the
OPA improves the optical noise properties and lowers the power required to reach the optimal

operating point.

2.6 Conclusion

In this chapter, we investigated force sensing in a hybrid electro-optomechanical system con-
sisting of an optical cavity, a mechanical resonator, and a superconducting qubit, with addi-
tional intracavity optical parametric amplification. The central goal was to determine whether
this hybrid architecture can realize coherent quantum noise cancellation and thereby suppress

the radiation-pressure backaction that limits standard optomechanical force detection.

Our analysis showed that the electromechanical subsystem introduces an additional re-
sponse pathway that can be arranged to counteract the ordinary optomechanical backaction.
When the effective electromechanical and optomechanical responses are matched with opposite
sign, the backaction contribution is canceled, leading to strong suppression of the added-force
noise. In this CQNC regime, the force sensitivity can surpass the Standard Quantum Limit over

a broad off-resonant frequency range.

We further found that the inclusion of an intracavity OPA improves the sensing performance

by reducing the measurement-added noise and shifting the optimal operating point to lower
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input laser power. This low-power operation is particularly attractive from the viewpoint
practical implementations, since it reduces the need for strong optical driving while maintaining
high sensitivity.

Overall, the results establish the hybrid electro-optomechanical system as a promising plat-
form for backaction-suppressed force sensing. More broadly, they illustrate how auxiliary hy-
brid degrees of freedom can be used to engineer interference-based noise cancellation in op-
tomechanical detectors, with possible applications in quantum metrology, weak-force sensing,

quantum information processing, and related quantum technologies.
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Chapter 3

Force Sensing Beyond the Standard
Quantum Limit in an Optomechanical

System coupled to an ensemble of

Quantum Dot

3.1 Introduction

In the previous chapters, coherent quantum noise cancellation (CQNC) was introduced as a
route to overcome the Standard Quantum Limit by engineering destructive interference between
radiation-pressure backaction and an auxiliary response pathway. An important question is how
this idea can be implemented in solid-state hybrid systems with physically distinct auxiliary
degrees of freedom. In this context, cavity quantum electrodynamics with quantum-dot (QD)
ensembles offers a particularly interesting setting, since collective light—matter interactions
in such systems can strongly modify the optical response of the cavity and create additional

interference pathways that are useful for controlling quantum noise.

Recent progress in solid-state cavity QED, especially in QD ensembles embedded in high-

finesse optical cavities, has made such platforms increasingly attractive for quantum sensing

!'This work is accepted in JOSA B.

TH-4108 196121002 42



Optomechanical Sensing Beyond SQL

applications [50,|73}/32}/42,|22}55]]. Experiments have demonstrated robust optical coupling

QDs to microcavities [25]], while strong light—matter coupling has been observed in photonic-
crystal and high-() microcavities [34}28]. These developments suggest that hybrid cavity—QD
systems can serve not only as platforms for controlling optical nonlinearities and dissipation,
but also as promising auxiliary subsystems for implementing CQNC in a solid-state environ-

ment.

Motivated by these developments, in this chapter we investigate weak-force sensing in a
hybrid optomechanical system consisting of an optomechanical cavity coupled to an ensemble
of quantum dots [53]. The central idea is that the QD ensemble modifies the cavity response in a
way that enables an interference pathway capable of suppressing radiation-pressure backaction

at the detector output.

To analyze this mechanism, we employ the quantum Langevin formalism and solve the
linearized dynamics in the frequency domain. From these solutions, we evaluate the output
noise spectra and identify the regime in which radiation-pressure-noise cancellation can be
achieved through suitable tuning of the cavity detuning and the effective exciton-mechanical
coupling. We also examine the effect of imperfect matching, in particular the influence of
decay-rate and coupling mismatches, in order to assess how robust the cancellation remains
under realistic nonideal conditions. In addition, we show that the inclusion of an intracavity
optical parametric amplifier (OPA) [48,|58|] improves the low-frequency response and allows
high sensitivity to be reached at lower drive power, which is advantageous for reducing heating

and related technical limitations.

The results presented in this chapter show that the hybrid cavity—QD platform provides a
promising route to force sensing beyond the Standard Quantum Limit. More broadly, they show
that collective solid state light-matter systems can play the role of effective auxiliary channels
for backaction cancellation, thereby extending the scope of CQNC-based sensing to a new class

of hybrid optomechanical architectures.
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Figure 3.1: Schematic diagram of a hybrid optomechanical system equipped with an ensemble of
quantum dots and an optical parametric amplifier (OPA).

3.2 System

This work analyzes a hybrid optomechanical system consisting of an optical cavity with res-
onance frequency w,, a mechanical oscillator of frequency 2, and an ensemble of quantum
dots (QDs) coupled to the cavity mode. The system is engineered such that the QD ensemble
interacts only with the optical field and remains decoupled from the mechanical oscillator. The
optomechanical cavity is coherently driven by a laser with frequency w;, and input power F;.

A schematic representation of the full system configuration is shown in Fig.

The total Hamiltonian of the system can be written as
H = Howm + Hopa + Hy + Hgp, (3.1)

where each term represents a different subsystem or interaction within the hybrid platform.

The optomechanical Hamiltonian is given by
Hom = hQ'b + hAaTa — hgoata (bt + b), (3.2)

where (2 is the frequency of the mechanical oscillator. This Hamiltonian describes the standard

interaction between the mechanical and optical modes. The first term corresponds to the me-
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chanical mode energy, the second to the optical cavity field, and the third term represents tt
radiation-pressure coupling with strength go. Here, the detuning between the laser and cavity
frequencies is A, = wy — w.. The operators a (") and b (IA)T) are the annihilation (creation)

operators for the cavity and mechanical modes, respectively.

The contribution of the optical parametric amplifier (OPA) is expressed as,
Hopa = ihG (a'?e” — a%e™"), (3.3)

where G is the gain of the OPA and ¢ denotes the pump phase. Setting 6§ = 0 simplifies the
term to

Hopa = ihG (a1 — a?). (3.4)
It is important to emphasize that the OPA does not itself generate the CQNC pathway. The role

of the OPA is instead shift the optimal force-sensing regime toward lower input power.

The Hamiltonian describing the laser drive is given by,
Hy =ihEp(a' — a), (3.5)

where E, represents the amplitude of the external driving field applied to the optical cavity.

Finally, the quantum-dot ensemble Hamiltonian can be expressed as (see Appendix for
details)

Hop = hwge 515 + %ths (a' +a)(ST+ 9), (3.6)
where S (S ) are the collective annihilation (creation) operators representing the excitation
mode of the quantum-dot ensemble. The first term describes the free energy of the QD ensem-
ble with transition frequency wg., while the second term captures the dipole interaction between

the optical field and the collective QD mode, characterized by the coupling strength G'.

Moving to the frame rotating at the drive frequency w;, and dropping the constants, the total
Hamiltonian becomes
H = —hA a4+ hQb'b — hA . STS +ihG (a6 — a%e™1?)

ths
2

+ hgoa'a (b+ b)) + (a+a" (S + 81 (3.7)

+ihEr(a’ — a),

with detunings A, = wy, — w, and Ay = wy, — Wee.
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with detunings A, = w;, — w, and A, = wy, — wg. Here, A, the detuning between
laser frequency and cavity resonance frequency, is treated as an experimentally tunable control
parameter. This plays an important role in establishing the CQNC matching condition. In
order to simplify the analytical expressions and focus on the CQNC mechanism, we assumed
A, = 0. As in other CQNC-based hybrid systems, the required phase matching between the
mechanical and auxiliary responses can only be achieved over a finite frequency range around
the operating point [64} 5} |44].

We note that A,. = wy, — w,. is considered to be the detuning, which corresponds to the
difference between the laser frequency and the transition frequency of the quantum dots. This
detuning parameter characterizes the frequency mismatch between the driving field and the QD

ensemble.

In the linearized description, each system operator is expressed as a steady-state mean value
plus a small quantum fluctuation, A(t) = A + JA(t). Terms higher than first order in the
fluctuations can be neglected. The amplitude and phase quadratures of the optical, mechanical,
and qubit modes can be defined as 4 = Aj/gﬁ, pa = i%, with A = a, l;, Sand A =

o, 3, ag. The corresponding input noise operators are denoted by A™ = ai* pi, S and the

. . . ~in Ain_i_AAinT Ain s AinT_Ain
amplitude and phase of noise terms are introduced as '} = N PR =1

They satisfy the usual Markovian correlations [66}|7,23}|70] as follows

(1) @y (8) = (b (1) DL, (1) = (S () SL(#)) = (¢ — ).
In terms of these fluctuation and noise quadratures, the linearized quantum Langevin equations

can be written as

Ty = Qpy, (3.8)
Do = =y — Yo — GFa + /27m (fin + foxt), (3.9)
fa= (=5 +20) Fat VEdam, (3.10)
R R K N N “

bu = =gy + (=5 = 26) Pu — Gesiis + Vi o, @.11)
i MaBs A )

xrs = _TI‘S — LgePs + vV YgE LS in, (312)
ﬁS = _Gcsfija + Aqe:%S - ,)/qTEﬁS + vV VeE ﬁS,in- (313)
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Here, g = v/2¢goc, with o denoting the steady-state mean value of the cavity field opera
a. fn, represents the Brownian thermal noise and f.,; denotes the external force acting on tne
mechanical oscillator. The mechanical damping rate, cavity decay rate, and dephasing rate of

the QD ensemble are given by 7,,,, x, and 7y, g, respectively.

Here 7, denotes the effective damping of the collective QD mode, which can differ from
individual QD linewidths. The parameters correspond to low-decoherence conditions, with v,z
chosen to approximately satisfy the CQNC matching condition. In our model, v, should be
interpreted as an effective decoherence rate of the cavity-coupled collective excitonic bright
mode, rather than the bare linewidth of an individual quantum dot or of an unfiltered room-
temperature QD ensemble. The smallest values considered here are therefore intended to repre-
sent an idealized low-decoherence regime, potentially achievable only under optimized condi-
tions such as reduced-temperature operation, spectral selection of a narrow cavity-coupled sub-
set, and favorable cavity engineering. In this sense, the present analysis should be viewed pri-
marily as a theoretical study of CQNC-enabled force sensing in a hybrid QD—optomechanical
platform. A detailed experimental assessment of achievable v, values in specific semiconduc-

tor implementations is beyond the scope of the present work.

The linear response of the system is obtained by moving from the time domain to the fre-
quency domain [4]. Using the Fourier transform X (w) = 5= Jdta(t) e, the Langevin

equations in the Fourier domain take the following form:
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£4() = xn(@) [~ 9. Xalw) + V2 (Funl) + Fawa())] (3.14)
Py(w) = % X, (w), (3.15)
Xo(w) = VE A (w) Xoin(w), (3.16)

pa(w) = 92Xm(w))‘* (w))‘+<w)\/EXa,in(w)

— 9 Xm(@)A- (@) /29 (Fin(w) + Fext (@)

— Geh(w) X5(w) + A (@)V5 Pojn(), (3.17)
Xs(w) = = Age xs(w) Ps(w) + x5(w)y/AqE Xsm(w), (3.18)
Ps(w) = = Ges §(w)A 1 (w)VE X (w)—
— X5(W) /g8 Xsin(@) + (W) yTqn Pon(w)- (3.19)
where,
Xl) = gy Yalw) = ———

02 — w2 +iypw’
1
’iw—i‘/qu/Q,

Xo() = = Ay () xs(), Aaw) = (G @) F26)

g = \/590 Q, G/cs = \/iGcs Q.

xs(w) =

Here, A, = wr — Wy is the drive-QD detuning, v,z is the collective QD linewidth, and
a (o) are the steady-state cavity (QD) amplitudes obtained from the linearized steady-state

equations. The external and thermal forces are conveniently expressed in dimensionless form

as Foyq = \/hfn%, Fy = #ﬁ, where f.: and f;, denote the physical external and

thermal forces, respectively [3]. The rescaled thermal Brownian force obeys the correlation
(Fn(t)Fin(t)) = nd(t — t'), with n = %, being the mean thermal phonon number of the

mechanical mode [70].
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3.3 Force sensing with coherent quantum noise cancellatio

When the external force F.,; acts on the movable mirror, it displaces the mechanical oscillator
and thereby changes the cavity length. This modulation of the cavity length imprints a phase
shift on the intracavity and output optical fields. To quantify this effect, we solve the linearized
Langevin equations in the frequency domain and obtain the phase quadrature of the intracavity
field, P,(w) (see Appendix@. The corresponding output phase quadrature is then given by the

standard input—output relation
P (w) = Vi Py(w) = P (w), (3.20)

where k is the cavity decay rate and P."(w) denotes the input phase quadrature. This can be

expressed as,

Then
P;Ut(w) = - ng(w) A (w> V Q’Ym/{ [ﬂh(w) + Fext(w)}_’_
[97Xm (W) + G2 X5 ()] A (WA (W) K g in (w)+
(A= (W)E = 1) Pain(w) — GesA_(w)\/FYqE
s (@) (A5 (@) + 1) isin(w)
+ x’s(w)lf’s,m(w)] . (3.21)
where,
e — {2 3.22
Xs =~ ng_Q2—w2+iquE+7§E/4 (3:22)
1
Xs = m (3.23)
@ (3.24)

Xm =2 2 1 YW
The second term of P?“*(w) corresponds to the back-action noise [3,|44]. For significant noise
reduction, we aim to eliminate the back-action noise completely |64, 70]. Thus complete back-
action cancellation requires

9 xXm(w) + GZXs(w) =0, (3.25)

This is the CQNC condition and it requires that ¢ = G5 and x,(w) = —x’s(w) (ideal match-
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ing). This implies that: (i) the response of the mechanical oscillator to the back-action nois:
exactly equal in magnitude and opposite in sign to that of the QD-ensemble mode in the system,
and (i1) the optomechanical coupling is equal to the effective cavity—QD-ensemble coupling of

the hybrid system.
Under this condition, P?**(w) becomes,
Py (w) = = 9 Xm(W) A= (@) /275 [Fin(@) + Fo(w)]
+ (A= @)k = Dpain(w) = GesA—(w)y/Fp
[s() (BgeXs(@) + 1) Egin ()

+ xg(w)ﬁs,m(w)] . (3.26)

With re-arranging the terms we can write this as follows

7 — —1 sout
FeXt(w) + Fadd<w) - ng<w) N (w> \/m P, (LU), (3.27)

with the added force as

Fraa(w) = Fn(w) A-(w)r = 1

A

a 9 Xm (W) A_ (W) V2V~ Pa,in(w)

ERARN R )
"X ?w) 2 qﬁ [12&3 (Agexs(w) +1)Z5m(w) (3.28)
+pS,in((JJ)i|

Examining the spectral density of the added force provides information about the sensitivity

and overall performance of the system under the CQNC condition.

3.4 Results and Discussions

We now proceed to the numerical analysis of the power spectral density which provides a mea-
sure of the force sensitivity [44]. To evaluate the performance of the proposed CQNC-based
hybrid system, we compare its noise spectral density with that of a standard optomechanical
system, which serves as a natural baseline. Since conventional optomechanical force sensing
is fundamentally limited by radiation-pressure back-action near the SQL, this comparison pro-

vides a direct and physically meaningful way to quantify the noise-suppression advantage of
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the present scheme.

The force sensitivity can be defined as, sp(w) = v Amsym, Sr(w), where, Sp(w) quantifies
the noise spectral density for an equivalent input force, F'. Thus, a lower value of Sr(w)

corresponds directly to an improved force sensitivity.

Following Ref. [70], the spectral density of the added noise for our setup (see Equation (3.28))

is defined as follows.

~

S99 () (w — W) = %(< vaa(W) Frga(—w)) + c.c.) (3.29)

Using this we obtain the expression of spectral density of the added noise as

KBT+1 1 ‘)\_(w)/{—l‘z
Y 287 Xm (WP (2yme) | A= (w)
1w? 4+ Q2 +725/4
2 02

add __
Syt =

(3.30)

To study the CQNC-induced reduction of the quantum measurement noise, we neglect the
Brownian thermal-force background in the main spectral comparison, following the standard
practice in conceptual CQNC analyses [44, |S]. However, we stress that this approximation
is justified only when the effective thermal occupation of the mechanical mode is sufficiently
suppressed, for example by cryogenic operation and sideband or feedback cooling such that
neg < 120} 14}162,(17,|65!49]]. Furthermore, it has been shown that coupling a cavity to a
two-level quantum system can open additional damping channels that supplement radiation-
pressure sideband cooling [65]. Since the QD ensemble can be modeled as a collection of
two-level systems, analogous mechanisms can contribute to effective phonon suppression in
cavity—QD systems [49], although a quantitative estimate for the specific QD platform proposed
here remains a subject of future experimental investigation. The present work therefore focuses
on the quantum-noise-limited regime as a theoretical illustration of the CQNC mechanism,
assuming that n.g < 1 has been achieved by the above means. By minimizing the spectral
density, we obtain the minimum noise spectral density for our proposed scheme in hybrid

optomechanical model as,

1w? + Q% +975/4
Srcone = B RE (3.31)
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We compare the efficiency of our hybrid system under CQNC condition by comparison with
standard optomechanical system. For such standard optomechanical system, the noise spectral

density can be written as [4],

KgT 1k 1 1 1
S R ¥ 3.32
T R R N ER I .
The first term indicates the contribution of the thermal noise, second term represents shot noise
and the third term corresponds to the back-action noise. Minimizing this with respect to the

laser power, we can get the SQL value,

1
'7m|Xm|

SrsoL = (3.33)

Here, the thermal force is considered to be negligibly small. The dip of the noise spectral

density occurs at an optomechanical coupling strength,

NG

gsQL = —  —
N

(3.34)
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Figure 3.2: Noise Power Spectral Density for standard optomechanical system, optomechanical system
with OPA for parametric gain G/ = 0,0.1 and 0.2 and optomechanical hybrid system with CQNC
scheme. The spectral densities are normalized by Amw;,¥,, in order to be represented in units of
N2Hz~!. The different lines in the plot represent the standard optomechanical system (blue curve), the
hybrid electro-optomechanical system with OPA (orange and green curves), and the hybrid system with
the CQNC scheme (the red line at the bottom). The parameters used : go = 10 x 27 Hz, {2 = 10 x 27
MHz, v,, = 100 x 27 Hz, k = 1 x 27 MHz, Py, = 10° pW, wy, = 384 x 27 THz

We first evaluate the noise spectral density at the mechanical resonance, w = (2, where
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Figure 3.3: Noise Power Spectral Density at resonance (i.e., w = (2) as a function of laser driving power
for the standard optomechanical system and the electro-optomechanical hybrid system with the CQNC
scheme. The blue line represents the standard optomechanical system, whereas, the orange and green
curve indicate hybrid system with OPA gain G/x = 0.1 and 0.2 respectively. (Parameters are the same

as in Fig.)

a pronounced dip is observed (Fig. . At resonance, the hybrid system yields nearly the
same sensitivity for both OPA gain values, whether CQNC condition is absent or included.
By contrast, the behavior changes remarkably away from resonance. Increasing the OPA gain
from G = 0.1 to G = 0.3 leads to a clear reduction of the noise spectral density at off-
resonant frequencies when compared with the standard optomechanical system, as reflected
in the corresponding curves. In the presence of CQNC, the suppression becomes even more
prominent and Sy is reduced by several orders of magnitude for frequencies both below and
above w = (). Thus it provides a strong noise reduction over a broad range of off-resonant

frequencies beyond SQL.

We note that while the CQNC condition y,,(w) = —x(w) formally enables complete
cancelation of the back-action in the ideal limit [70, 5], in practice this matching is achieved
only over a finite frequency range due to the frequency dependence of the susceptibilities of the

system.

We next examine how the noise power spectral density (PSD) depends on the input laser

power, as shown in Fig. The laser power is related to the optomechanical coupling via
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Table 3.1: Parameters used in the numerical simulations of the hybrid optomechanical CQNC scher

Parameter Description Value

90 Single-photon optomechanical coupling 10 x 27 Hz
Q Mechanical resonance frequency 10 x 2 MHz
Vm Mechanical damping rate 100 x 27 Hz
K Cavity linewidth (decay rate) 1 x 2w MHz
P Input laser power 108 uW

W, Laser frequency 384 x 27 THz
g OPA gain parameter 0, 0.1k, 0.2k
g Linearized optomechanical coupling 5.6 x 27 kHz
Ges Cavity—QD ensemble coupling 5.6 x 2 kHz
YeE QD ensemble linewidth 100 x 27 Hz
Age QD detuning 10 x 27 MHz

Py = 2hwpk (g%>2 , so that the noise spectral density can be viewed directly as a function
of Pp. For the standard optomechanical system (blue curve), the PSD initially decreases with
increasing laser power, reaches an optimum minimum, and then increases again. In contrast, for
the hybrid system incorporating the OPA (orange and green curves, corresponding to OPA gains
G = 0.1 and G = 0.3, respectively), the PSD decreases with increasing laser power and, after
attaining its minimum value, does not increase again. This behavior is a direct consequence

of the CQNC mechanism, which cancels the back-action contribution even at relatively high

driving powers and thereby prevents the PSD from rising.

Moreover, increasing the OPA gain from G = 0.1 to G = 0.3, shifts the minimum of the
PSD to a lower value of P;. Thus, within our framework, the use of an OPA with higher gain
allows one to reach the minimal spectral density at reduced input power. We note that the role
of the OPA in these figures is not to create the CQNC pathway itself, but rather to reduce the
imprecision contribution and shift the optimum operating point to lower laser power. This is
evident in the power-dependent plots, where increasing the OPA gain moves the minimum of
the added-noise spectrum to smaller Py, thereby allowing the CQNC-enhanced sensitivity to

be reached in a more experimentally favourable low-power regime.

In contrast to conventional optomechanical force sensors, whose performance is ultimately
constrained by measurement back-action near the standard quantum limit (SQL), the present

QD-OPA hybrid platform combines CQNC-based back-action cancellation with OPA-assisted
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quadrature control, thereby enabling enhanced force sensitivity at reduced input laser pov

(64, [24]. Existing hybrid CQNC-based sensing schemes, such as those reported in the hybria
optomechanical systems equipped with atomic ensemble [58) |44] and superconducting qubit
[52] have demonstrated substantial suppression of the added-noise spectral density. In the
present work, we obtain a pronounced reduction of the added noise, together with the advantage

that the optimum sensitivity can be reached in a lower-power operating regime.

To assess the feasibility of the proposed scheme, we note that the parameter regime consid-
ered in our analysis is consistent with existing experimental platforms. In particular, the values
of the cavity linewidth, mechanical frequency and damping, and effective coupling strengths
used in our calculations fall within the typical ranges reported in cavity optomechanics exper-
iments. Semiconductor quantum-dot ensembles strongly coupled to optical cavities have been
demonstrated in photonic crystal and microcavity systems, while high-quality optomechanical
resonators are routinely realized using nanomechanical membranes or optomechanical crys-
tals. Intracavity optical parametric amplification can also be implemented via nonlinear optical

processes within the cavity.

Although these elements are typically realized separately, their combination within a hybrid
platform is compatible with current experimental capabilities. The present work focuses on a
theoretical analysis of such a configuration, assuming experimentally achievable parameter
regimes. This indicates that the predicted CQNC-based noise suppression and enhanced force
sensitivity can, in principle, be realized in current hybrid optomechanical systems (see, e.g., [4,

62,/17]).

3.5 Imperfect Matching

Ideally, perfect back-action noise cancellation requires accurate matching of both the coupling
strengths and the susceptibilities of the relevant modes, as discussed in Sec In practice,
however, achieving exact equality of the decay rates and therefore of the susceptibilities is
extremely challenging, and the coupling strengths can only be tuned with finite precision. Since

some degree of mismatch in both couplings and decay rates is unavoidable, it is essential to

TH-4108_196121002



Optomechanical Sensing Beyond SQL

investigate the performance of the system under imperfect CQNC conditions as well.

() g # Tm

We first consider the situation in which all CQNC conditions are satisfied except for the match-
ing of the decay rates. A small relative mismatch o between the decay rates of the QD ensemble

and the mechanical mode can be introduced as

§ = JeE " Tm (3.35)
Tm

so that v,z # 7m When § # 0. In the presence of this mismatch, the noise spectral density

modifies to

1 w2+QQ+’ygE/4+/\imgQ 2

SrcqQNe = =
° 2 Q2 Tm

Xs
Xm

1+ (3.36)

In this expression, the first term typically dominates over the second. The corresponding noise
spectral densities are plotted in Fig. As seen there, the curves for perfect CQNC (red line)
and for the decay-rate—mismatched case (black dashed curve) are almost indistinguishable.
Thus, even for a moderate mismatch of the decay rates (here, 6 = 0.3), the spectral density

remains very close to the ideal CQNC limit.
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Figure 3.4: Variation of noise spectral density with frequency. The blue solid line represents SQL, the
orange and green dashed lines indicates the noise spectral densities with the hybrid model with OPA
gain 0.1 and 0.2 respectively. The red line is for perfect CQNC and the black dashed line represents the
mismatched CQNC with § = 0.3.
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We now consider the case in which all CQNC conditions are satisfied except for the match
of the coupling strengths. A small relative mismatch e between the effective coupling G’ ana

the optomechanical coupling g is defined as

=89 (3.37)
g

so that G’ # g when € # 0. In the presence of this coupling mismatch, the noise spectral

density takes the form
2

w? + P 42 /4 N M kg?

1 Q"
2 Q? m | F

> (3.38)

Sroqne =

The corresponding spectra are shown in Fig. As illustrated there, the noise spectral
density for perfect CQNC (purple curve) lies below that of the coupling-mismatched case (red
curve), reflecting the presence of a small residual back-action term. Nonetheless, even under
this imperfect condition, the noise level still surpasses the SQL by approximately five orders of

magnitude.
Therefore from Fig.[3.4|and Fig. [3.3]it is evident that even with small deviation from the

perfect CQNC conditions (G' = g and 7,z = 7.»), the hybrid system ensures the possibility of

maintaining the advantage of CQNC scheme in hybrid electro-optomechanical system.
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Figure 3.5: Variation of noise spectral density with frequency. The blue solid line represents SQL, the
orange and green dashed lines indicates the noise spectral densities with the hybrid model with OPA gain
0.1 and 0.2 respectively. The red line is for perfect CQNC and the black line represents the mismatched
CQNC with € = 0.01.
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3.6 Conclusion

In this chapter, we have proposed and analyzed a hybrid cavity—optomechanical platform in
which an ensemble of quantum dots is coupled to the intracavity optical mode, while an optical
parametric amplifier (OPA) modifies the cavity quadratures. Working in the linearized regime,
we derived the corresponding quantum Langevin equations and identified the conditions under
which this system can implement coherent quantum noise cancellation in a solid-state hybrid
setting. We showed that the CQNC scheme allows the force sensitivity to surpass the Standard
Quantum Limit by up to six orders of magnitude over a broad frequency range. We further
found that, as the OPA gain increases, the minimum of the added-noise spectral density is
reached at progressively lower input laser power, indicating that optimal noise suppression can

be achieved in a low-power operating regime.

From an experimental point of view, the realization of ideal CQNC remains challenging
because it requires precise matching of the relevant coupling strengths as well as of the decay
and dephasing rates. We therefore investigated the effect of imperfect parameter matching by
considering both a mismatch between the optomechanical coupling and the effective cavity—
QD-ensemble coupling, and unequal mechanical damping and QD-ensemble dephasing rates.
In both cases, moderate deviations from the ideal matching conditions still lead to a substantial
reduction of the added-noise spectral density compared to a standard optomechanical system

without CQNC, while the SQL remains surpassed by several orders of magnitude.

Overall, these results show that a QD-ensemble-assisted hybrid optomechanical platform,
combined with an intracavity OPA, provides a robust route toward strong backaction suppres-
sion in weak-force detection. More importantly, they show that a collective solid-state light—
matter subsystem can serve as an effective auxiliary channel for coherent noise cancellation. In
this way, the present analysis extends the CQNC framework to a cavity-QED-inspired hybrid
architecture and highlights the broader promise of solid-state auxiliary systems for quantum-

enhanced precision sensing.
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Chapter 4

Quantum Noise Suppression Beyond the
Standard Quantum Limit in a Hybrid
Magnon-Cavity-Mechanical Syste

4.1 Introduction

Hybrid cavity optomechanical systems provide a natural setting for interference-based noise-
cancellation strategies, since additional degrees of freedom can be introduced and engineered to
generate auxiliary response pathways [6,/61,|60//59,72]. In this context, magnon-assisted hy-
brid systems are particularly attractive. Magnon excitations are bosonic collective spin modes
that can act as coherent ancillary degrees of freedom in hybrid quantum platforms [33] [31].
Their spectral selectivity and tunability make them promising candidates for interference-based
control of measurement back-action. Recent progress in cavity optomagnonics has demon-
strated photon—magnon coupling in whispering-gallery-mode and integrated photonic plat-
forms, while related studies have explored microdisk geometries and mode engineering for en-
hancing cavity optomagnonic interactions [74,/16,/71,/68]. These developments make magnon
modes particularly appealing as auxiliary channels for coherent quantum noise cancellation in

force-sensing architectures.

I'This work is under consideration for Phys. Rev. A (arXiv:2604.16136).
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In this chapter, we study a hybrid cavity magnomechanical system in which a single opti
cavity is coupled simultaneously to a mechanical oscillator through radiation pressure and to
a magnon mode, while an intracavity optical parametric amplifier (OPA) is used to further
tailor the measurement-noise spectrum. This system is interesting for two main reasons. First,
the magnon mode provides an additional coherent pathway that can be engineered to interfere
destructively with the usual radiation-pressure back-action channel. Second, the OPA modifies
the cavity quadratures in a phase-sensitive way and can therefore improve sensing performance
in experimentally relevant regimes. Together, these ingredients provide a natural platform for
investigating how CQNC can be implemented in a magnonic hybrid setting and how such a

realization compares with the existing hybrid schemes fo such system.

We show that, by appropriately tuning the cavity detuning, the effective linearized cou-
plings, and the magnon linewidth, the system can realize coherent quantum noise cancellation
[54]. In this regime, the magnon-mediated pathway contributes an equal-and-opposite response
to the measurement back-action, thereby suppressing the added force noise and enabling below-
SQL sensitivity near the mechanical resonance [44} 5| 58} [3/|70]. In this way, the present
system provides a route beyond the more restrictive single-quadrature setting of conventional

backaction-evading strategies.

To analyze this mechanism, we employ a linearized quantum-Langevin treatment and study
the system response in the frequency domain. We derive analytical expressions for the output
field quadratures and for the corresponding added-force noise spectrum, identify the matching
conditions required for ideal CQNC, and examine the effect of realistic imperfections in cou-
pling strengths and dissipation rates. We also analyze the role of the intracavity OPA and show
that phase-sensitive gain reduces the imprecision background and shifts the optimal sensing
regime toward lower input laser power [48, 44,|58|]. Such low-power operation is experimen-
tally attractive because it helps mitigate practical limitations associated with heating, instability,

and technical noise in precision optomechanical measurements [13}52].

Overall, the results presented in this chapter show that the combined action of a magnon
ancilla and intracavity parametric amplification provides a promising route toward back-action-

suppressed, low-power force sensing in hybrid quantum platforms. Compared with the more
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restrictive single-quadrature setting of conventional backaction-evading methods, the pres

CQNC-based architecture offers a broader route to force sensing beyond the SQL through
direct suppression of radiation-pressure back-action. More broadly, this analysis shows that
magnon modes can serve as tunable auxiliary channels for coherent noise cancellation, thereby
extending the scope of CQNC-based sensing to a physically distinct and experimentally rele-

vant class of hybrid systems.

4.2 System
OPA
Q
—) wc
w, I
g Magnon \VM %n
)
¥

Figure 4.1: Schematic diagram of the hybrid cavity magnomechanical platform equipped with a magnon
mode and an optical parametric amplifier (OPA).

We consider a hybrid cavity magnomechanical system consisting of a single cavity mode
of resonance frequency w., a mechanical oscillator of frequency (2, and a magnon mode of
frequency wy,. The cavity field couples to the mechanical oscillator through the standard
radiation-pressure interaction and to the magnon mode through a linearized cavity-magnon
interaction. In addition, the cavity contains an intracavity OPA and is driven coherently by
an external laser of frequency w;, and input power P. A schematic of the setup is shown in

Fig.[A 1

The total Hamiltonian of the system can be written as

H:HOM+HOPA+HL+HM- (41)
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The optomechanical part is
Honm = hQb'b + hw.ata — hgoata (b + bh), 4.2)

where & (a) and b (IA)T) are the annihilation (creation) operators of the cavity and mechanical

modes, respectively, and gy denotes the single-photon optomechanical coupling strength.

The OPA contribution is
Hopa = ihG (ae” — a’e™), (4.3)
where G is the parametric gain and 6 is the pump phase. For simplicity, we take § = 0, so that
Hopa = ihG (a? —a?). (4.4)
The coherent laser drive is described by
Hy, = ihEp(a’ — a), (4.5)

where £, is the amplitude of the driving field.

The magnonic part of the Hamiltonian is written as

Hy = hwy MM + GQOM (a+ah)y (a1 + ), (4.6)

where M (M 1) denotes the annihilation (creation) operator of the magnon mode, and G,y is

the cavity-magnon coupling strength.

Moving to the frame rotating at the drive frequency wy, and dropping constant terms, the
total Hamiltonian becomes

H = —hAata + hQbTo — hAy MM +ihG (a7 — a2e™7)

S A N
~ hgodta(h+ 5) + "GOM 4 1 gyt + NI @)
+ihEL(al — a),
where
AC:wL—wC, AM =W — Wp- (48)

We now linearize the dynamics around the semiclassical steady state by writing each system

operator as

At) = A+ 6A(1), (4.9)
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where A denotes the steady-state mean value and 5/1(1%) represents the corresponding qu
tum fluctuation. Retaining only terms up to first order in the fluctuations yields the linearizea

description of the system.

For each bosonic mode A = a, b, M, we define the amplitude and phase quadratures as

A4 A . At—A

z , =1 4.10
A NG DA 73 (4.10)
Similarly, for the input noise operators flin, we define
Ain + AT AT - Ain
TAm = ——71, DAin = I———n. 4.11
A, 73 Pa, 73 4.11)
The input noises satisfy the Markovian correlations [66}|7,/23,|70]
(am(t)al, (t") = (b (0)b],(t)) = (M () ML () = 6(t — 1), (4.12)
The resulting linearized quantum Langevin equations are
2, = Oy, (4.13)
Do = =&, = Yo — 90 + /27m (Fin + Fext), (4.14)
fa= (=5 +20) #ut vV dom, (4.15)
X - R ~ N ~
ba = =gy + (=5 = 20) u — Gondns + Vi bain: (4.16)
X YM . A “
Tu=— T — Anpa + /Y Tasin,s 4.17)
par = —Gonda + Aprdns — fVTMﬁM + /YM DM in- (4.18)
Here,
g=2g00, (4.19)

with & = (a) denoting the steady-state intracavity field amplitude. The parameters 7,,, x, and
v are the mechanical damping rate, cavity decay rate, and magnon damping rate, respectively.
The terms ﬁ’th and F, denote the Brownian thermal force and the external force acting on the

mechanical oscillator.

To obtain the response functions, we move to the frequency domain using the Fourier trans-

form

~

Ow) = \/% / dt O(t)e ™. (4.20)
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The linearized Langevin equations then take the form

~

2y(@) = xm(®) |9 %al0) + /29 (P () + Fs (@) |

~ W A~
Py(w) = ﬁXb(w),

Pa(w) = gXm (@A (@)A1 (0)V/E Xaju(w)
— 9Xim (WA= (@) v/ 290 (Fin (@) + Fost ()
— GonA— (@) Xu (@) + A (@) Vk Pajn(w),
Xar(w) = =Aarxar (@) Par (@) + xar (@) A Xagn (),
Pur(w) = =Gonr Eur(@) A (W)VE Xon()
— Xar (@) Xntin(@) + Enr(@)v/Ar Parin(@).

Here we have introduced the susceptibilities and auxiliary response functions

@)= s
Xm{@) = 0 — w? 4 iypw’

1
Xolw) = s

1
) = e

-1

eulw) = (iw+ 28+ Ao (@)

X (w) = —An&nr(w)xm (W),
Ae(w) = (xa'(w) F26) "
For later convenience, we also define the effective linearized cavity-magnon coupling
onr = V2Gon o,

where o, = (M ) denotes the steady-state magnon amplitude.

The dimensionless external and thermal forces are defined as

f ext f th

Fex = T F = T
’ vV hmQy,, th vV hmy,,

(4.21)
(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

where f..; and fi, are the corresponding physical forces [3|]. The rescaled Brownian force
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satisfies
(Fun(t) Fn(t)) = no(t — 1), (4.33)
with
n= %, (4.36)
which is the mean thermal phonon number of the mechanical mode in the high-temperature
limit [70].
The above set of equations forms the starting point for our analysis of force transduction,

added-noise spectra, and the conditions required for coherent quantum noise cancellation in the

hybrid cavity magnomechanical system.

4.3 Force sensing with coherent quantum noise cancellation

When a weak external force Fiy; acts on the mechanical resonator, it displaces the movable
mirror and thereby modulates the cavity length. This modulation is imprinted onto the phase
quadrature of the intracavity field and can therefore be detected through the phase quadrature
of the output field. To analyze this transduction process, we solve the linearized quantum
Langevin equations in the frequency domain and obtain the intracavity phase quadrature P, (w)
(see Appendix[E). The corresponding output phase quadrature follows from the standard input-
output relation,
PP (w) = Vi Paw) = Pajn(w), (4.37)
where k is the cavity decay rate and payin(w) denotes the input phase quadrature.
Substituting the frequency-domain solution for Pa(w) into Eq. (4.37), we obtain

Fi(w) = =9 Xm(@) A= (@) v/29m# [Fin (@) + Foa(w)]

+ [QQXm(w) + G%MXGW(W)] A (@A (@) £ Xo (@)

+ [ )k — 1}

— GonA-(w >m[ (@) (Aarxr (@) + 1) Xagin () (4.38)

+XM PMIH :|
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Here,
1

T iw+ /2
with &3/(w) defined in Sec. The first term in Eq. (4.38) contains the transduced signal

X (w) X (W) = —=Anr Enr(w)xm(w), (4.59)
and thermal force contribution, the second term represents the back-action contribution of the
cavity mode, the third term corresponds to the input phase noise, and the final term arises from
the magnon input noise.

The back-action term can be cancelled through destructive interference between the me-
chanical and magnon-mediated pathways. This is the essence of coherent quantum noise can-
cellation (CQNC) [64] 70} (3} 44]. The condition for complete cancellation of the back-action
contribution is therefore

9" Xm (@) + Goarxn(w) = 0. (4.40)
This condition implies that the mechanical response to radiation-pressure back-action is exactly
compensated by the magnon-induced contribution. Physically, it requires both a matching of
susceptibilities and an appropriate balance between the effective optomechanical and cavity-
magnon couplings.

Under the CQNC condition, Eq. reduces to

P (W) = =g Xm(W) A (W) v/29m#s [Fin (@) + Fes(w)]

+ [A-(w)k — 1] Pyin(w)

_ GOMA_(M)WW—M[XM(W) (Anrxas (@) + 1) Xarin(w) (4.41)
Xt (@) Parn()].

It is then convenient to rewrite the output signal in terms of an equivalent added-force

operator. Rearranging Eq. (4.41), we obtain
Py (w)
9 Xm (W) A= (W) V2Ymk

Fr(w) 4 Fraa(w) = — (4.42)
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where the added force noise is given by
- - A(w)k —1 .
Fa = F - Pa in
) = ) = @ @)
Gom/KYm A
ANYS% 1) X afin 4.43
9 Xm(W) V2ymh () (arx() + 1) Ko 349

X (@) Patin()|.

The spectral density associated with Fadd(w) provides a direct measure of the force sensi-
tivity of the system under CQNC conditions [44]. In the following section, we evaluate this
added-force spectrum and compare the sensitivity of the present hybrid cavity magnomechani-

cal scheme with that of conventional optomechanical sensing.

4.4 Results and Discussion

We now turn to a quantitative analysis of the force sensitivity of the proposed hybrid system
through its added-force spectral density [44]. As a force-sensitivity measure, we use the force-

referred noise

sp(w) = V/EmQy, Sp(w), (4.44)

where Sr(w) denotes the dimensionless force-noise spectrum referred to the input force. A
lower value of Sp(w) therefore corresponds to better force sensitivity.

To assess the performance of the present scheme, we compare its force-noise spectrum with

that of a standard optomechanical sensor. The added-force spectrum of the hybrid system is

defined as [70]

171 - .
Si(w) d(w — ) = 3 [< aa(w) Fraga(—w)) + c.c.} . (4.45)
Using Eq. (4.43), the corresponding added-noise power spectral density takes the form
kpT 1 1 A (w)k — 1]
(W) ==+ 5 (4.46)
P50 2 Pl @P@nm | A @)

N 1w+ 0%+43,/4
2 02 '

The first term represents the Brownian thermal contribution, the second term corresponds to
optical imprecision noise, and the last term is the residual contribution associated with the

magnon-assisted CQNC channel.
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Table 4.1: Representative experimentally accessible parameters for the hybrid cavity magnomechanical platfi
with a magnon ancilla.

Parameter Symbol Typical value
Cavity decay rate K 2w X 1 MHz
Mechanical frequency Q 27w X 10 MHz
Mechanical damping rate Ym 27 X 100 Hz
Magnon linewidth Y M 2w X 200 Hz
Single-photon optomechanical coupling g0 2m X 10 Hz
Cavity-magnon coupling Gom 2m X 10 Hz
OPA nonlinear gain g 0.3 K
OPA phase 0 O-m
Laser wavelength AL 1064 nm
Input power Pr, 103 -10° pW

In the following, we focus primarily on the measurement-induced contribution and ne-
glect the Brownian term, as is commonly done in CQNC analyses when assessing the intrin-
sic quantum-limited sensitivity of the scheme [44|5]. Under this approximation, minimizing

Eq. (4.46) yields the CQNC-limited noise floor

1w’ + Q% +95,/4

5 oF (4.47)

Srcqne(w) =

For comparison, the force-noise spectrum of a standard cavity optomechanical sensor is
given by [4]

kgT 1 K 1 1 4g?

R 2 v P xmW)?P 4 Ky

where the three terms arise from thermal noise, imprecision noise, and radiation-pressure back-

SED () : (4.48)

action, respectively. Neglecting thermal noise and optimizing with respect to the drive strength

gives the familiar SQL limit,
1

S 4.49
(@) (+:49)

SrsquL(w) =

which is attained for
N

R/ e

Figure d.2]compares the spectral densities of the standard optomechanical sensor, the OPA-

(4.50)

assisted hybrid configuration, and the CQNC-enabled hybrid system. Around the mechanical
resonance w = (), all spectra exhibit a pronounced minimum. Near resonance, the OPA-

assisted hybrid system already improves the sensitivity relative to the standard optomechanical
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Figure 4.2: Force-referred noise PSD for (i) a standard optomechanical sensor (blue), (ii) an OPA-
assisted hybrid sensor with G/x = 0.1 and 0.3 (orange and green), and (iii) the hybrid CQNC archi-
tecture (red). Spectra are normalized by Amy,,, so that the plotted quantity is expressed in units

of N2Hz L. Parameters are taken from Refs.

(70, [58]: go = 300 x 27 Hz, Q = 300 x 27 kHz,

Ym = 30 X 27 Hz, k = 20 MHz, P = 100 mW, and w;, = 384 x 27w THz.
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Figure 4.3: Resonant force-noise PSD at w = (2 as a function of laser power for the standard optome-
chanical sensor (blue) and the OPA-assisted hybrid scheme for G/x = 0.1 and 0.3 (orange and green).
The remaining parameters are the same as in Fig.

case. Once the CQNC condition is imposed, the suppression of radiation-pressure back-action

becomes much more pronounced, and the resulting noise spectrum lies well below the standard

SQL reference over a broad off-resonant frequency range. This demonstrates that the magnon-

TH-4108_196121002



Optomechanical Sensing Beyond SQL

assisted CQNC channel can significantly extend the beloew-SQL operating bandwidth.

The role of the OPA is further illustrated in Fig. which shows the resonant force-
noise PSD as a function of laser power. For the standard optomechanical sensor, the noise
initially decreases with increasing power because of the reduction of imprecision noise, reaches
an optimum, and then rises again as radiation-pressure back-action becomes dominant. In
contrast, the OPA-assisted hybrid configuration with CQNC maintains a decreasing trend up
to its optimal operating point, without exhibiting the same pronounced back-action-induced
upturn. Moreover, increasing the OPA gain shifts the minimum of the noise curve toward
lower input power. This indicates that strong force sensitivity can be achieved in a lower-power
regime, which is advantageous from an experimental perspective because it reduces the impact

of heating and other power-related limitations [24].

Taken together, these results show that the combined action of the magnon ancilla and
intracavity OPA yields a substantial reduction of the force-noise spectral density compared
with a conventional optomechanical sensor. The proposed hybrid scheme therefore provides a

viable route toward broadband and low-power below-SQL force sensing.

4.5 Imperfect Matching

The ideal CQNC condition requires precise matching of both the relevant susceptibilities and
the effective coupling strengths. In practice, however, exact matching is difficult to achieve
experimentally. The dissipation rates of the mechanical and magnon modes generally cannot be
tuned independently with arbitrary precision, and the effective couplings are likewise subject
to finite control accuracy. It is therefore important to examine the robustness of the scheme

against realistic parameter mismatch.

(i) Decay-rate mismatch: v,; # 7,

We first consider the case in which all CQNC conditions are satisfied except for the matching

of the decay rates. To quantify the deviation from the ideal case, we introduce the relative
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mismatch parameter
5= dm
Tm
When § # 0, the magnon linewidth differs from the mechanical damping rate, and the noise

4.o1)

floor is limited by the CQNC,
1w?+02+43/4

Srcone(w) =3 02 (4.52)
2 / 2
Kg 2 X (W)
+ = | A (w)|* |1+ (4.53)
m Xm(w)
”wW—
107 3 e
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Figure 4.4: Variation of the force-noise spectral density with frequency in the presence of decay-rate
mismatch. The blue solid line denotes the SQL, the orange and green dashed lines show the hybrid
model with OPA gains G/x = 0.1 and 0.2, respectively, the red solid line corresponds to ideal CQNC,
and the black dashed line represents the mismatched CQNC case with § = 0.3.

The corresponding spectra are shown in Fig. The ideal CQNC curve and the spectrum
obtained in the presence of a moderate decay-rate mismatch remain very close to one another,
indicating that the performance degradation is weak. Even for 6 = 0.3, the added-force noise
remains near the ideal CQNC benchmark and stays substantially below the SQL over the rele-
vant frequency range. This shows that the proposed scheme is relatively insensitive to moderate

mismatch in the dissipation rates.
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Figure 4.5: Variation of the force-noise spectral density with frequency in the presence of coupling
mismatch. The blue solid line denotes the SQL, the orange and green dashed lines show the hybrid
model with OPA gains G/x = 0.1 and 0.2, respectively, the red solid line corresponds to ideal CQNC,
and the black solid line represents the mismatched CQNC case with € = 0.01.

(ii) Coupling mismatch: G, # g

We next consider imperfect matching of the effective couplings. Let

/ J—
e— oM 9 (4.54)
g

where G, denotes the effective cavity-magnon coupling introduced in Sec. When € # 0,
the coupling-matching condition is not exactly satisfied, and the force-noise spectrum acquires

a residual back-action contribution. In this case, the CQNC-limited spectrum becomes

_ Gou
92

1 w2+ 02 +~2/4  kg? 2
! T

1
2 Q2 Ym

(4.55)

Srcqne(w) =

The spectra are plotted in Fig.[4.5] As expected, the coupling mismatch introduces a resid-
ual back-action term, so that the imperfectly matched curve lies above the ideal CQNC result.
Nevertheless, even in the presence of this mismatch, the hybrid scheme continues to outper-
form the off-resonant SQL by several orders of magnitude. Thus, although precise coupling
matching is beneficial for optimal performance, moderate deviations do not destroy the main

advantage of the CQNC mechanism.

Overall, Figs.[4.4Jand[4.5]show that the proposed hybrid cavity magnomechanical platform
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retains the principal advantages of CQNC even when the ideal matching conditions are o
approximately satisfied. This robustness strengthens the practical relevance of the scheme tor

experimentally realistic implementations.

4.6 Conclusion

In this work, we have investigated a hybrid cavity magnomechanical system in which the intra-
cavity optical field is coupled simultaneously to a mechanical oscillator and a magnon mode,
with the cavity further assisted by an intracavity optical parametric amplifier (OPA). Within the
linearized regime, we derived the quantum Langevin equations, transformed the dynamics into
the frequency domain, and obtained the corresponding output-field response relevant for force

detection.

Our analysis shows that the magnon-assisted pathway can be used to realize coherent quan-
tum noise cancellation (CQNC), whereby the magnon-induced response destructively interferes
with the radiation-pressure back-action of the mechanical mode. As a result, the added-force
noise can be significantly suppressed, enabling force sensitivity below the Standard Quantum

Limit over a broad frequency range.

We also examined the robustness of the scheme against imperfect parameter matching. In
particular, we showed that moderate mismatch in effective coupling strengths and dissipation
rates does not destroy the main advantage of the CQNC mechanism. Even away from the ideal
matching condition, the hybrid system retains substantial back-action suppression and contin-

ues to operate below the Standard Quantum Limit over an experimentally relevant bandwidth.

Taken together, these results identify the OPA-assisted cavity magnomechanical platform
as a promising setting for back-action-suppressed weak-force detection. More broadly, the
present work shows that magnonic degrees of freedom and phase-sensitive optical control can
be combined within a hybrid architecture to enhance precision sensing and to go beyond the

more restrictive single-quadrature setting of conventional backaction-evading schemes.
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Chapter 5

Conclusion and Future Scope

This thesis has investigated force sensing beyond the Standard Quantum Limit in hybrid op-
tomechanical systems through the framework of coherent quantum noise cancellation. The
main goal has been to understand how an auxiliary hybrid degree of freedom can be used to
suppress radiation-pressure back-action through destructive interference and thereby improve
the sensitivity of continuous force detection. Within this general picture, the thesis has devel-
oped a common theoretical framework for CQNC-based sensing and applied it to three distinct

hybrid platforms.

A central result of this work is that CQNC can be formulated in a unified way in terms of
the output response and the corresponding added-noise spectrum of a hybrid optomechanical
detector. Starting from the linearized description of cavity optomechanics, the analysis shows
how weak external forces are transduced into the measured optical output, how the Standard
Quantum Limit emerges from the usual imprecision and back-action trade-off, and how this
trade-off can be modified when an additional coherent pathway is introduced. In all the sys-
tems studied here, the essential requirement for CQNC is the same: the auxiliary subsystem
must generate a response to the relevant optical fluctuations that matches the ordinary back-
action pathway with opposite sign over the frequency range of interest. When this condition is
approximately satisfied, the radiation-pressure contribution to the added-force noise is strongly

reduced and the sensitivity can go beyond the conventional SQL.

The first hybrid realization considered in the thesis was the electro-optomechanical system
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of Chapter 2, in which a mechanical resonator is coupled simultaneously to an optical cay

and to a superconducting qubit. This system provides a natural setting for implementing CQINC
because it combines optical, mechanical, and electrical degrees of freedom within a single
architecture. The analysis showed that the electromechanical channel can provide the auxiliary
response needed to cancel the ordinary optomechanical back-action. As a result, the force
sensitivity surpasses the Standard Quantum Limit over a broad off-resonant frequency range.
An important feature of this chapter is the role of the intracavity optical parametric amplifier
(OPA). Although the OPA does not itself produce CQNC, it improves the sensing conditions
by lowering the added-noise floor and shifting the optimal operating point toward lower input

laser power.

To study the possibility of further improvement in noise reduction, another hybrid OM
system has been realized in the Chapter 3, which is basically hybrid optomechanical platform
assisted by an ensemble of quantum-dots. In this case, the auxiliary subsystem is provided by a
quantum-dot ensemble coupled to the intracavity optical mode, placing the CQNC problem in
a solid-state cavity-QED setting. The analysis showed that the collective light-matter response
of the QD ensemble can act as an effective auxiliary channel for back-action cancellation.
By solving the linearized quantum Langevin equations and evaluating the force-referred noise
spectrum, the chapter identified the conditions under which destructive interferenc eliminates
the radiation-pressure contribution. The inclusion of an intracavity OPA again improves the
practical operating regime by enhancing the low-frequency response and reducing the drive
power required for optimal performance. This chapter also examined the effect of unequal
dissipation and coupling mismatch, showing that substantial sensitivity improvement remains

possible even when the ideal CQNC condition is only approximately fulfilled.

Then in chapter 4 we extended the work by considering a cavity magnomechanical system,
wherein the optical cavity, in a similar way, couples simultaneously to a mechanical mode and
to a magnon mode. Since we have already seen that the presence of OPA in the intracavity field
reduces the required laser drive power, we again utlize cavity mode assisted by an intracavity
OPA. This extension is especially attractive because magnons are coherent bosonic collective

excitations with tunable spectral properties and controllable linewidth, making them particu-
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larly useful as auxiliary modes for interference-based noise engineering. The analysis show

that the magnon-induced susceptibility can be used to construct the auxiliary response requirea
for CQNC and that, under suitable matching conditions, the magnon-mediated pathway cancels
the ordinary radiation-pressure back-action at the detector output. Among the systems studied
in this thesis, this platform yields the largest sensitivity enhancement, reaching improvement
by up to nine orders of magnitude beyond the SQL in the relevant regime, whereas the systems
with optomechanical system coupled to superconducting qubit and to an ensemble of quantum
dots show noise spectral density approximately 4 orders and 6 orders of magnitude below SQL
respectively. It also provides the clearest picture of robustness under nonideal conditions, since
the influence of unequal dissipation rates and coupling mismatch were examined explicitly.
This clarifies that even when it is not possible to achieve the ideal cancellation perfectly, the

system retains strong performance advantages over experimentally relevant bandwidths.

Taken together, these three platform-specific studies show that the physical implementation
of CQNC can vary widely while the central mechanism remains the same. The electromechan-
ical, QD-ensemble, and magnomechanical systems are therefore not just separate examples,
but three realizations of a similar design principle. In such cases, hybridization of the optome-
chanical system with the subsystem, makes it possible to create an additional coherent pathway
that modifies the detector dynamics and suppresses measurement back-action through interfer-
ence. At the same time, the comparison between these platforms also shows that the practical
form of the auxiliary susceptibility, the available tuning knobs, and the dominant imperfections
strongly depend on the chosen hybrid architecture. Also, we have analyzed and compared the
noise spectral density and therefore the force sensitivity of all three systems. We have realized
that each system has its own benefit. However, the later two systems shows better sensitivity,
especially the magnon cavity-mechanical system emerges out to show the highest sensitivity
among all three platforms. A second broad conclusion concerns the role of intracavity OPA.
In all three systems, the OPA improves the practical usefulness of CQNC by reducing the im-
precision background and moving the optimal sensing regime toward lower input power. This
recurring feature suggests that phase-sensitive optical control is an important companion to

interference-based back-action suppression in realistic hybrid sensing schemes.
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The thesis also makes clear that CQNC is a nontrivial operating condition rather than
automatic consequence of hybrid coupling. The auxiliary response must be matched to tne
mechanical back-action channel with sufficient accuracy, and this matching can be affected by
linewidth, dissipation, detuning, and coupling mismatch. For this reason, the present work has
not been limited to idealized cancellation alone, but has also examined the robustness of the pre-
dicted sensitivity improvement under realistic imperfections. The overall picture that emerges
is encouraging: although perfect cancellation is sensitive to parameter matching, substantial
back-action suppression and beyond-SQL sensitivity can still be retained in experimentally

meaningful regimes.

Beyond the individual systems studied here, the thesis points to a broader view of quantum
sensing. In the usual picture, the SQL appears as the natural consequence of the trade-off
between imprecision noise and measurement back-action in coherent probing. The present
work shows that, once hybrid coherent dynamics are introduced, this trade-off can be reshaped
at the level of the detector itself. From this perspective, hybrid optomechanical systems are
not merely more complicated sensing devices, but flexible architectures in which the flow of

quantum noise can be engineered.

Several directions naturally follow from this work. One important direction is the inclu-
sion of additional technical noise sources, such as finite detection efficiency, laser phase noise,
thermal instability, and material absorption, in order to understand fully how the predicted
SQL-beating performance survives under laboratory conditions. A second direction is the op-
timization of bandwidth, since practical sensing applications often depend not only on the
minimum noise at a single frequency but on performance over a wider spectral window. A
third direction is the study of time-dependent and transient protocols, where coherent cancel-
lation may interplay in nontrivial ways with pulsed driving, switching, or feedback. It would
also be interesting to extend the present framework to other hybrid platforms, including addi-
tional cavity-QED and spin-based systems that may offer favorable coherence and tunability

for auxiliary-channel engineering.

Another promising direction is the combination of CQNC with other quantum-enhanced

sensing techniques. Since the present thesis already shows the usefulness of OPA-assisted
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operation, it is natural to ask how this can be combined with squeezed input fields, frequen
dependent readout, or engineered dissipative channels. Such combinations may not only furtner
improve sensitivity, but also enlarge the parameter window in which cancellation remains stable

against imperfections.

In summary, this thesis has shown that coherent quantum noise cancellation provides a
consistent and versatile route toward force sensing beyond the Standard Quantum Limit in
hybrid optomechanical systems. By applying a common theoretical framework to electro-
optomechanical, quantum-dot-assisted, and magnomechanical platforms, the work demonstrates
that auxiliary hybrid degrees of freedom can be used to engineer effective anti-noise pathways
and that intracavity parametric amplification can make the resulting sensing performance more
experimentally favorable. The overall message is that beyond-SQL sensing need not rely on a
single universal platform. Instead, it can emerge from carefully designed hybrid architectures

in which measurement noise is shaped and suppressed at the dynamical level.
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Appendix A

Hamiltonian

The Hamiltonian of the system without dissipation is given by [47]],

2 [Q_qu(x)]Q 717
H="—"—""""—F;($ 0 + hQb'h
2Cs(2) 7(Pegt)cosO +
— hAata + hgeata (b + b) + an(al + a) (A.1)

where, () = 2¢N with N being the number operator for the transferred Cooper pairs, ), (),
is the gate charge produced by the external gate voltages V, and V;. The total capacitance of
the qubit is Cx(x) = 2C; + C, + C,(z). The effective energy in the two parallel junctions
i8S Ej(¢ert)cosl with energy E;/2 each. Here, 0 is the phase difference between the junctions
and ¢.,; is the external flux.

When the qubit and the optical cavity is driven, we get

~ h
H :%02 + hQrcos(wgt)(o,co8¢ — 0.sing)

+ hg(b' + b)(0,c08¢ — o.sing) + bTbQ

— hAGTa + hgoaTa (bt +b) + An(a" + a) (A2)
Where, tang = ¢/E; and hw, = \/€? + E2.
At symmetyric point, )N ~ 0 which corresponds to sing = 0 and cos¢ = 1. Therefore the

above Hamiltonian after applying RWA takes the form,
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~ hw
H :7(103 + AQdro,

+ hg(bt + b)o, + bTDQ

— hAata + hgoata (bt + b) + an(al + a) (A.3)

The Hamiltonian is then further simplified after making the transformation ¢ = « + da and
b= B+ &b where, o and [ are the respective steady states of cavity and mechanical modes and
da, 0b are the fluctuations around the corresponding mean value. Subsequently the fluctuation
variables are re-expressed as, @ = da and b = 6b. Also rotating wave approximation has

been taken care of. The Hamiltonian takes the form [47],
H=- h%az + %h%% + R(Gb' + G*b)o. + RQb'D

— A ata + h(goad® + goa*a) (bt + b)

+ H, + H, (A.4)
where, H, = hgo(a*a+ aa’)(B + B*) + hn(a + a') — hA.(a*a + aa’) and Hy, = hgo|al?(b+
b) + QBT + 5°b). U = Qr + g(B + B¥)

Here, 0, and o, are Pauli matrices. In the low excitation limit, o, ~ (¢,) ~ —1 and ¢ and
o~ satisfy the bosonic commutation relation [0, | = 1.The bosonic annihilation (creation)

operator ci(aﬁ) are the corresponding to the two level system (qubit). Furthermore, following

the same approach the qubit mode can be written as d=d+dd.
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Appendix B

Derivation of the constraint

The contribution to the back-action noise in the expression of F|;; comes from the term in-
volving x". Solving the Langevin equation, we obtain the expressions for all the quadratures
(X and P) out of which P%* holds the most significance in our calculation. In the expression

of P2, the coefficient of ™ is,

(25" ot =VE(GPXmALA_VE
+ XaCIG XV EALA_gXm ) Y
(B.1)

Here,

1
= _ B.2
C w + g + (Aq + ZG)_( - QQRCZ - 2G’2Xm)Aqu ( )

Also, the modified susceptibility of the electro-mechanical sub-system is given by, x/, =
—A,(xq- To match the susceptibilities of sub-systems, we consider A, = Q then x/;, = —Q(xq.
This gets further simplified for, 2G'y — 2Qrd — 2G"?x,, = 0. Consequently, the expression

can be re-written as,

1
w4+ S+ A2y

(B.3)

Q

o7 rioryre7a- Furthermore, for g*x? = 1,|B.1|finally takes the form

Hence \/, =

TH-4108_196121002 81



Optomechanical Sensing Beyond SQL

VE(G XA AV + QXaC9G X VEN A g Xom ) 2"
= M A_K(g%Xm + G xal) 2™ (B.4)
This has been used in the expression of P2 (Eq. [2.50).

The above mentioned condition, g?x? = 1 provides the constraint equation, which can be

further simplified as,

2002
g€}
=1 B.
(OF — Wi Ty, e

After solving this Eq. symbolically, we obtain frequency,

1/2
wip = £[0F = 12, /2 = PP =409, + 1) 2] (B.6)

1/2
Wy = % [92 — Yo /2 4V (4Q%g2 — 402, + 1)/ 2} (B.7)

When one of the above constraints is satisfied by the parameters €2, v, g, Eq. (B.4) will

hold consequently.
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Appendix C

Collective description of the QD ensemble

We consider an ensemble of NV identical two-level quantum dots (QDs), each with ground state
lg;) and excited state |e;), coupled to the cavity optical mode a. The lowering and raising

operators of the ith QD are defined as
o; =lg)el, o =le){ail. (C.1)

The Hamiltonian describing the QD ensemble and its interaction with the cavity field can

be written as
N

N
Hop = thqea;raf +hg0(&+&T)Z(0; +0;), (C.2)

i=1 =1
where w, is the transition frequency of the quantum dots and g, denotes the single-QD coupling

strength to the cavity field.

It is convenient to introduce collective spin operators for the ensemble using Holstein-

Primakoff [HP] |33] transformation,

1 & 1 &
ST =—=> 07, St=-—12) o, (C.3)
VR v
which describe the symmetric collective excitation of the QDs. In terms of these operators, the

Hamiltonian in (C.2) can be rewritten as

Hap = hwee 5757 + hGs(a + a') (S~ + §%), (C.4)
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Derivation of the cavity phase quadrature

Py(w)

Starting from the linearized quantum Langevin equations in the frequency domain, the relevant

quadrature relations are

Xa(w) = VE A (@) Xon(w), (D.1)

Pow) = 0 X @A (@A (@VE Ko@) — 9 X (@)A- (@) (D2)
X /29 F ()

— Geh- () X5(@) + A (@)VR Pasn(w), (D3)

Xs(w) = ~Agexs(w) Ps(w) + Xs(@) o5 Xsn(w). (D.4)

The remaining relation is

Ps(w) = =Ges @A @)V Xain(w) = X5(@)y/Ta5 Xsin(®)
+ £(W)y/qE Psin(w), (D.5)

where
F(w) = Fin(w) + Fext(w), (D.6)
and

Xs(w) = =Age §(w)xs(w). (D.7)

TH-4108 196121002 84



Optomechanical Sensing Beyond SQL

Substituting into (D.4), we obtain
Xo(w) = =Bgexs(@) | = Gest (@)A1 (@)VE Xon () (D.8)
— Xs(W)y/ Yl Xsin(w) + §(w)y/Ygr Psin(w)
+ X5(W)y/Ver Xsm(w). (D.9)

Using xs(w) = —Ag&(w)xs(w), this simplifies to

X5(w) = —~Gea s (@VE Xagn() + x5(@) [Agxs(@) +1]  (D.10)
X /YqE Xsin(W) + Xs(w)y/7qE Psin(w). (D.11)

Finally, substituting (D.11) into (D.3), we obtain the cavity phase quadrature in the form

Pa() = [05m(w) + GEX5(@) | A (@)X @)V Xoin(w)
= g Xm (W) A~ (W) V/27m F(w)
— GeAo @)y [Xs(w) (Do Xs() + 1) Xisin @)
+ X5(w) Poin(@)] + A @)V Pagn(), (D.12)
Using the standard input—output relation
P (w) = Vi Pa(w) = Pajn(w), (D.13)

(D.12) directly leads to Eq. (21) in the main text.
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Appendix E

Derivation of the cavity phase quadrature

Py(w)

In this appendix, we derive the frequency-domain expression for the intracavity phase quadra-
ture Pa(w), which is used in the main text to obtain the output phase quadrature and the corre-

sponding added-force noise spectrum.

Starting from the linearized quantum Langevin equations in the frequency domain, the rel-

evant quadrature equations are

%) = xXm(@) [~9 Ka(@) + v/20m Pl0)] E.1)
Xa(w) = VE A (W) Xon(w), (E.2)
Po(w) = =g Xm(@) A~ (@) y/29m F(w) + ¢*xm(w) A~ (w) (E3)
* A (W)VE Xoin(@) = GonA— (@) X (@) + A (@)V/r Pain(w), (E.4)
Xnr (@) = =Anrxar (@) Par(w) + xar (@) v/A01 Xagin (), (E.5)
P(w) = —Gonéur (@) A+ (w)VE Xoin(w) = Xy (@) y/Tar Xarin (@) (E.6)
+ & (W) v Pagin(@), (E.7)
where
F(w) = Fu(w) + Faa(w). (E.8)
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The susceptibilities and auxiliary response functions are defined as

Q
Xm (W) = " (E.9)
1
xm(w) = m, (E.10)
-1
Earlw) = (iw+ 55+ M) E11)
Xar(w) = = Eur (W) x (W), (E.12)
A(w) = (xz'(w) F20) . (E.13)

To obtain a closed expression for P, (w), we first substitute Eq. into Eq. (E.5). This
gives
— Gonrbar) A IV Koia()
XM(W) = —Ayxm(w) | — X,M(W)\/'Y_MXM,in(w)
|+ ()T Pasin ()

+ X (W) /a1 Xz in(W). (E.14)

Using the definition
X (@) = =An&ur (W)X (W),

this simplifies to

A

Xt (W) = GonrXh (@) A (W) Ve Ko n(w)
+ X1 (W) [1 4 Aprxh ()] vAar X s (@)
— Xar (@)1 Pagin(w). (E.15)
Substituting Eq. into Eq. (E.4), we obtain
Po(w) = g°Xm (@) A~ (@) A4 (W) VE Ko (@) (E.16)
— 9 Xm(W)A- (@) y/29m F(w)
— GonrA- (@) | Gonrxy (@)As (W) Vi Xoin(®)
+ xar () (1 + Anr X (w)) vAnr Xazin(w)

— X @)V Patin(@)] + A= (@)V/A Pan(). (E17)
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Collecting terms finally yields

A

Pafw) = |95 @) + GHarxar (@) A= (@) (@)VF Xainlw)
— g X (WA (W) V/27m F(w) + A\ (w)V/E Pyjn(w) (E.18)

— GonrA-(@)yAnt [xar(@) (1 + Aarxhs (@) Xngin(@) = Xos (@) Parn()].
Equation (E.18)) is the required expression for the intracavity phase quadrature in terms of

the input noise operators and the total force. Using the standard input-output relation,

A

P (w) = vk By(w) — Pujn(w), (E.19)

one then obtains the output phase quadrature used in the main text to derive the added-force

noise spectrum and the corresponding force-sensing sensitivity.
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