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ABSTRACT

Several chemotherapeutic drugs have been developed that show significant anticancer activities

during the clinical trials; however, their treatment efficacy is limited in practice. The limited ef-

ficacy may be due to the inefficient delivery of chemotherapeutic drugs to the lesion site. It may

be attributed to the lack of knowledge of the interplay between the drug and physicochemical

properties of tissues. Numerous approaches have been employed to improve the penetration

efficacy of drug delivery systems. Still, their strategic development is hindered by the lack of

mechanistic understanding and assessment of drug transport. To optimize the efficiency of a

drug delivery system, a detailed understanding of pharmacokinetics is necessary.

In this thesis, a finite volume heterogeneous multiscale method (FV-HMM) is propounded

to study drug transport into biological tissues by considering cell scale heterogeneity. The

model is improved continuously at several stages. The partition coefficient is incorporated in

the diffusion-based drug transport model as the first objective. A new upscaling technique

is devised to evaluate the effective drug transport at the macro level. It is observed that the

partition coefficient of a drug is an important factor that may affect drug penetration.

Next, the FV-HMM is improvised (to FVHMM-p) to incorporate the passive diffusion

across the cell membrane. The permeable cell membrane treated in the microscale model in-

corporates the solute diffusivity, membrane thickness, and partition coefficient. The microscale

model is apparently a three compartmental model; the first compartment involves the diffu-

sion in the extracellular space, the second one, the transport across the cell membrane, and

the third one, the movement due to diffusion into the intracellular space. For the microscale

model simulation, a novel permeable interface method (PIM) based on the central-type finite

difference discretization is developed. Further, the FVHMM-p is reconstructed to investigate
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the effects of biological cell orientation on the penetration and distribution of a drug in tissues.

The simulation results reveal that the biological cell orientation is an important factor, which

can potentially affect the drug penetration and distribution in the tissues.

In the next objective, the FVHMM-p incorporates the fluid flow and drug metabolism ef-

fects on drug transport. On treating the tissue as a porous medium, Darcy’s law is used for

fluid flow, and the drug metabolism is calculated using the Michaelis-Menten equation. It is

observed that the particles of sizes 10 and 100 nm can penetrate the tissue in fluid flow regions.

Furthermore, local sensitivity analysis is also performed to determine the model response to the

input parameters. It is observed that the parameters such as fluid velocity, extracellular diffu-

sivity, and microscale domain size are the most sensitive to the model outcome. The proposed

model is simulated to determine the impact of biological cell geometry on drug penetration

into the tissue domain. The cell is considered to be of elliptical shape, and the simulations with

different configurations lead to the pronounced effects on drug penetration at the tissue scale.

Finally, the last multiscale model is employed to study the tissue penetration and distribu-

tion efficacy of chemotherapeutic agents, such as fluorouracil, carmustine, cisplatin, methotrex-

ate, doxorubicin, and paclitaxel. The physical properties of drugs are incorporated in the model

to understand the effects under different situations. It is observed that carmustine penetrates

deeper into the tissue, followed by paclitaxel, methotrexate, fluorouracil, doxorubicin, while

cisplatin penetrates least.
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µI , µE Intra- and extra-cellular fluid viscosities, respectively

δx, δy Microscopic spatial-step sizes in x- and y-directions, respectively

δt Microscopic time-step size

εtol Tolerance parameter

ε Cell membrane width

φ Orientation angle of the cell

∆t Macroscopic time-step size

a1, a2 Horizontal and vertical axes lengths of the ellipse, respectively
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C0 Initial macroscopic concentration of the drug

C∞ Concentration in the exterior to the tissue domain
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D Molecular diffusion scalar (at micro level)
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Dm Transmembrane molecular diffusion

Deff Effective molecular diffusion at macroscale
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F Macro flux vector (Fx, Fy)

Fx, Fy Components of the macro flux (F) in x- and y-directions, respectively

h Macroscopic spatial-step size

I Identity matrix

i, j Indices of the microscopic Cartesian spatial grid in x- and y-directions, respectively

J Index set

K Partition coefficient

K Permeability tensor of tissue

kD Darcy’s coefficient

k, l Indices of macroscopic spatial grid in x- and y-directions, respectively

kB Boltzmann’s constant

κ Mass transfer coefficient

L Length scale

Mx,My Number of microscopic grid points in the x- and y-directions, respectively

N Macroscopic grid points in the both x- and y-directions

n Outward unit normal vector to the cell membrane

nt Outward unit normal vector to the tissue domain

P Cell membrane permeability

r Radius of the solute/drug particle

t Time

T Temperature

u, v x- and y-components of the velocity vector (v), respectively

v Velocity vector (u, v)

xxiiTH-2849_176123004



LIST OF TABLES

x Spatial position vector (x, y)

x, y Spatial coordinate variables

Units

µs Microsecond

ms millisecond

s second

fs femtosecond

h hour

nm Nanometre

cm centimetre

M Molar

cP Centipoise
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CHAPTER 1

INTRODUCTION

1.1 Overview: drug delivery

In the human body, disease, defined as the abnormal condition of the organism excluding ex-

ternal injury, is either prevented or cured with the help of therapeutic agents. A therapeutic

agent or a drug is a chemical compound that leads to some specific physiological changes in

the organism upon its administration. A drug is delivered to the infected cells or tissues to

obtain the best possible efficacy with minimum adverse effects to the healthy cells. The de-

livery faces several biophysical barriers such as mucus barrier, blood circulation barrier, and

the cell membrane barrier, to name a few [50]. The situation is more complicated in the case

of tumour tissues, where vasculatures become leaky and tortuous, as compared to that of the

healthy tissues. Elevated tumour interstitial fluid pressure (TIP) has been identified as one of

the culprits that impedes effective cancer treatment. This elevation of TIP can be attributed to

several pathophysiological factors include abnormalities in tumour vasculatures, lack of proper

lymphatic vessels, and rapid proliferation of tumour cells within a confined space [21]. Unlike

normal tissues, cells in tumour proliferate faster than the formation of vasculatures, resulting in

chaotic supply of blood and other important constituents.

Several routes, such as oral, parenteral, topical, and enteral, have been identified for drug

administration. The choice of a route depends on the exposure to the diseased site to get

the best possible treatment efficacy. Thereby drug delivery has become a central theme in

pharmaceutical sciences. As the nanotechnology has been growing, nanoparticles are being

made to achieve the targeted drug delivery by overcoming the biophysical barriers that hinder
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1.1. OVERVIEW: DRUG DELIVERY

the delivery to the lesion site. Pharmacokinetics can be regulated properly by altering drug’s

chemical structure or changing its formulation. Traditionally, formulations are developed to

solubilize medications or increase their bioavailability. Bioavailability of a drug refers to the

fraction of a dose that enters the systemic circulation. Nanoparticle formulations are utilized to

alter the drug absorption, distribution, metabolism, excretion, and toxicity (ADME-Tox). The

term absorption means the drug movement in bloodstream after administration. Metabolism is

a process of reactions of a drug with the enzymes while the elimination is the removal of a drug

from the body. Toxicity is defined as the measure of adverse effects of a drug to the healthy

cells.

Despite the success in nanomedicine, therapeutic effects of a drug are not clearly understood

in chronicle diseases, such as cancer, which has been affecting human lives severely. According

to the data shown in Fig. 1.1, cancer is the second most leading cause of death in the United

States [3]. One of the main reasons is found to be the lack of specific delivery of anticancer

drugs to the tumour site.

Figure 1.1: Leading causes of death in the United States [3].

The efficacy of a drug is often related to its concentration at the site of action. As a result,

the correlations between drug concentrations and their pharmacological responses determine

the patient health condition [47]. A drug is delivered through tumour’s tortuous and leaky

vasculatures, extravasate into the interstitial space, and penetrates multiple layers of cells to

reach the cancer cells in a cytotoxic concentration. Thus, it is worthwhile to monitor drug

distribution into the tissue with a goal of determining penetration into the lesion site. Therefore,

drug penetration and distribution have become pivotal concept of pharmacokinetics and form
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CHAPTER 1. INTRODUCTION

a base for pharmacodynamic or therapeutic effects at a later stage after the delivery of drug.

Pharmacokinetics is the study of what the biological system does to a drug (e.g., absorption,

metabolism, and elimination) while pharmacodynamics is the study of what a drug does to the

biological systems (e.g., therapeutic effects of a drug).

The cytotoxic concentration involves an important factor, drug penetration depth, which

is defined as the depth from a capillary at which the minimum concentration (required for a

treatment) is achieved. Thus, the investigation of drug penetration depth in solid tumours is

important for chemotherapy. The present thesis specifically focuses to explore the penetration

depth of a drug and the biophysics behind the resulting penetration.

Over the years, various methods, such as in vivo, in vitro, and in silico, have been developed

to examine drug delivery. In vitro studies are performed on cells in confined test tubes within

laboratories; whereas, in vivo studies are performed inside the living organisms itself. For

ethical reasons, studies are frequently conducted in in vitro first. In vitro investigations allow

a material to be investigated without exposing humans or animals to their potential adverse

effects or toxicity. Experimental techniques, that include in vitro and in vivo, are the preferred

ones used to determine the penetration and distribution efficacy of a drug in tissues.

In general, the first-stage drug safety and efficacy are determined through the animal pop-

ulations, and it may display variations from one animal to the other [36]. Also, in addition to

the animal tissues, drug testing is performed in human tissues. However, the effects of several

factors such as age, gender, diet, environment, and disease could potentially alter the exper-

imental findings significantly [25, 35]. Though experiments are the fundamental methods to

determine the potent drugs but are extremely expensive, as several experiments are needed to

understand the outcome behaviour. The quantitative understanding of drug delivery can not be

obtained readily from experimental studies. Also, it is difficult to understand how the biophys-

ical and biochemical barriers do affect the drug delivery. Thus, experimental models are not

appropriate, as the primary tool, for the study of penetration and distribution efficacy of a drug

in biological tissues.

1.1.1 Multiscale nature of biological tissue

The biological tissues are heterogeneously complex owing to the involvement of disparate tem-

poral and spatial scales [12, 55]. The homeostasis state of the biological systems is closely cou-

pled with the biophysical and biochemical processes occurring at these scales. Spatial scale,

3TH-2849_176123004



1.2. MATHEMATICAL MODELLING

in the living organism, varies from characteristic length of an atom to that of an organism, and

biochemical interactions occurring at atomic and molecular levels happen in time-scale ranging

from µs to ms.

Atomistic / enzymatical       
        interactions metabolism

  harmonal 
interactions

Biological system 
   development

age

atoms molecules tissuescellsmacromolecules organismsorgans

Time scale     
(in seconds)

Length scale   
 (in meteres)

Figure 1.2: Multiscale nature of an organism [55].

In the reference [55], the authors have distinguished the characteristic length and temporal

scales (depicted in the Fig. 1.2) as follows:

• At the tissue scale, characteristic length and time scales are selected in centimetres and

tens of second, respectively, so that the heterogeneity can be recognized.

• The characteristic length and time scales of the processes at the extracellular space are

measured in millimetres and seconds, respectively.

• The characteristic length and time scales at the cellular level can be considered in mi-

crometres and milliseconds, respectively.

• At the subcellular level, characteristic length and temporal scales are chosen at hundreds

of nanometres and microseconds, respectively.

1.2 Mathematical modelling

Owing to the massive computational tools made available in recent times, mathematical models

become instrumental in describing several situations, which are usually very expensive and take

ample time for the actual experiments. Mathematical models, which complement experimental

studies, have become popular and convenient alternatives. These allow to predict and describe
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the understanding of biological processes in a quantitative way to work out the efficiency of a

treatment as well as the efficacy of a drug with wide range of parameters.

Now-a-days, mathematical models are widely used to study drug delivery [29, 40, 69].

Models, in general, can be categorized as: microscale models, continuum models (at tissue

scale), and the multiscale models. The choice among the models depends on the desired infor-

mation and the scale of interest.

1.2.1 Continuum models

The model at the tissue scale that average out the effects of all the heterogeneities, such as

cells, micro-blood vessels, and extracellular space, can be classified as continuum model. Re-

searchers have developed continuum models in one or other way [29, 54, 62, 64]. The govern-

ing mass-balance equation that models drug transport at the continuum (tissue) level is used as,

∂C(t, x, y)

∂t
= ∇ · (D∇C)−∇ · (Cv(t, x, y))− αC − βC + γ. (1.1)

The left-hand-side represents the local temporal change in drug concentration, C. On the right-

hand-side, the first-term accounts for the molecular diffusion of the drug with diffusivityD, the

second-term accounts for the advection with the Darcy’s velocity v(t, x, y) obtained from Eq.

(1.2), third-term takes care of decay or deactivation of the drug with decaying rate α, the next

one incorporates the cellular uptake with rate β, and the last-term for the rate of supply.

In most of the literature, tissue domain is treated as a porous medium, and the biological

fluid is considered as the Newtonian one. By neglecting momentum exchange between the

fluid phase and solid one (cellular phase), the Darcy’s law used to model fluid flow is defined

as [27, 70],

v = −K
µ
∇P, (1.2)

where v, the fluid velocity, is known as the Darcy’s velocity, µ denotes the dynamic viscosity,

K is a tensor that accounts for the permeability of the porous medium, and P denotes the fluid

pressure. The term
K
µ

is known as the Darcy’s coefficient, denoted by kD.

The Darcy’s law originally established for laminar flow in saturated granular media under

steady-state flow regimes, and the fluid was considered to be homogeneous, isothermal, and in-

compressible [65]. However, owing to the averaging character, the Darcy’s law is used for many

situations other than the basic assumptions. Nevertheless, for complex heterogeneous porous
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media particularly in large domains, determining the Darcy’s coefficient remains a challenge

due to the significant efforts required in generating internal microstructures.

Continuum models are very efficient for drug delivery applications on scales larger than

the cellular scale. However, molecular details can not be traced with this approach as the pa-

rameters are usually taken to be constant and simplified constitutive relations are used. The

coefficients are estimated from the observations, but they are model specific. Also, the estima-

tion of these coefficients to capture the heterogeneity with full-resolution in large domains is

not feasible with the present technology.

1.2.2 Microscale models

The models used to study information at the scales smaller than the tissue scale can be cate-

gorized as the microscale models. The models include, but not limited to, molecular dynamics

(MD), dissipative particle dynamics (DPD), ab-initio quantum mechanics (QM), and coarse-

grained (CG) molecular simulations [26, 71]. Typically, the time-scale for microscale models

ranges from femtoseconds (fs) to milliseconds (ms) while length scale from Angstroms to mil-

limetres.

The QM approaches resolve the atomic and subatomic levels, which hardly matter for

drug delivery investigations at the tissue scale. In the MD, trajectories of individual parti-

cles are traced out, and the time and length scales are limited to tens to hundreds of nanosec-

onds and tens of nanometres, respectively. However, the important biological processes occur

above these length scales (above than that of the membrane width) could not be resolved with

this technique. The coarse-grained simulations are suitable for modelling interactions among

biomolecules, nanoparticles, cell membranes, and extracellular matrix, and reduce the compu-

tational cost significantly by lowering degrees of freedom associated with the force fields. The

scale can be enhanced to 101 fs with CG as compared to that of the 100 fs associated with MD

calculations. DPD method is another choice, which is similar to CG molecular dynamics, and

resolves the mesoscale.

Note that the microscale models offer the possibility of rigorous studies at the cellular

scale and at tumour micro-environment levels. These models have been replacing the real

experiments with great accuracy on advancing the technology. However, these models are

computationally expensive and take enormous time, and thus, are not viable for tissue scale

studies.
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1.3 Multiscale modelling

Majority of the literature are focused to single-scale modelling, which resolves the processes

of that underlying scale only. In some cases, a coarse-scale model (such as the Navier-Stokes

equations and a reaction-diffusion system) can accurately capture the physics of the problem

by using general principles of conservation (e.g., mass, momentum, and energy) closed through

phenomenological constitutive equations. However, in systems, such as non-Newtonian fluid

flow, porous media transport, and neural systems, formulation of explicit closure relations may

be impossible or unfeasible without simplifying assumptions. This motivation led to the goal of

developing a model that can resolve microscopic information to the tissue scale for biological

applications. Furthermore, the thesis aims to develop a model that is accurate as close to the

microscale models and efficient as much as the continuum models.

Multiscale modelling simulates the behaviour of complex systems by coupling several spa-

tial and temporal scales. Many multiscale approaches have been developed in different fields

of research during last three decades to fulfil the above demand [1, 10, 12, 30, 31, 33, 61]. The

strategies can be classified as either continuous or discrete based on the procedure used to in-

tegrate the various scales. Historically, continuous techniques have been used to determine the

exact behaviour of macroscopic systems, such as fluids and solids, subject to physical princi-

ples. The continuum techniques often express the link between system attributes as continuous

mathematical equations, which are solved numerically under a variety of scenarios. Most of

the time, these equations are mean-field approximations that combine the results of lower-level

interactions into a higher-level equation. Unlike the continuum technique, discrete approach

models a complex system by explicitly expressing the discrete units and their interactions at

the lower level, rather than attempting to summarize low level attributes in a continuous func-

tion. The discrete strategy is suitable for complex systems, such as social, financial, economic,

and biological systems, which are made up of diverse units such as persons or cells whose be-

haviours are difficult to link to macro-level results. Agent-based modelling (ABM) is one such

kind of approaches. Both methodologies, continuous or discrete, have advantages and disad-

vantages, and which one to be used is determined by the biological concern being addressed.

The present thesis focuses on drug delivery, which has been explored using the continuum

mass-balance model over the years; so, the continuous approach is a suitable candidate.

The modelling of heterogeneous complex tissues should consider the different relevant

scales (those discussed in Section 1.1.1) to have a realistic and proper idea of the behaviour of
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biological systems [12, 55]. It requires appropriate multiscale algorithms to get the behaviour

at macro level [12]. Some attempts have been made to model the mass transport processes in

the biological tissues incorporating multiscale features [4, 24, 53]. In literature, the models

have considered the cells as solid spheres even though the interior of cells can play a signif-

icant role in the transport of drug into the interstitial space. Ambrosi et al. [4] developed a

bottom-up multiscale approach starting from the micro scale and upscaling to the macro scale

was done through a one-way coupling. The model was used to determine the absorption rate

of nanoparticles by upscaling unit cell drug uptake efficacy to the macroscopic model. Kojic et

al. [30] developed a multiscale molecular dynamic finite element method based on a procedure

known as the numerical homogenization method (NHM). This model is a bottom-up approach

that upscales the microscopic effects to the macroscale through the effective parameters. They

used the NHM to study mass transport into the biological tissues [31].

In most of the available multiscale models, the effective coefficients are calculated from a

single-cell model (termed as Happel’s sphere) and are used directly at the tissue scale model

[4, 53]. Also, the models are problem specific. The literature still lacks robust models that

have incorporated complex biological processes and tissue heterogeneity to provide insights

of microscopic events to the tissue scale [55, 71]. The upscaling techniques that can be used

to exchange the information back and forth among the models at different scales need to be

understood in terms of biological applications.

To model biological processes, multiscale modelling can be employed mainly in two ways:

‘top-down’ and ‘bottom-up’. In a top-down strategy, modelling starts at the macro level, and the

data required for macro model are obtained from the micro scale. In the latter strategy, mathe-

matical modelling starts from the micro model, and the macroscopic behaviour is obtained by

some appropriate averaging of the micro model outcomes. Another growing approach is the

‘middle out’ strategy, which begins with an intermediate scale (typically the biological cell)

and gradually stretched to cover both smaller and larger spatial scales.

The well-known multiscale techniques include the quasi-continuum (QC) method, equation-

free method (EFM), heterogeneous multiscale methods (HMM), and the asymptotic homoge-

nization approach. The QC approach is restricted to the scales smaller than the cellular scale

owing to the atomistic simulations. It can be used to simulate the biological processes of

the mentioned scale, if required. The EFM, HMM, and homogenization are the potential ap-

proaches for drug delivery.
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1.3.1 Equation-free multiscale method

EFM is a multiscale framework that allows macroscopic descriptions that emerge from micro-

scopic descriptions [17]. If the macroscopic evolution equations are not readily available, the

EFM technique can be used. In the EFM, the macroscopic modelling activities, which generate

data over long time scales and large spatial scales, are carried out by making properly initial-

ized calls to the micro simulator for only short time and in small spatial domains. This method

combines the following approaches: coarse time stepper, coarse projective integration (CPI),

gap-tooth scheme, and patch dynamics.

For illustration, consider V and U are the microscopic/detailed and macroscopic fields,

respectively. The procedure coarse time stepper consists of lifting, microscale simulation, and

restriction. Lifting is used to construct the microscopic field from the given macroscopic one

as,

V = CU , (1.3)

where C is a lifting operator.

Once the microscale field is constructed, the microscale simulation is carried out to relax

the system to the equilibrium state, and the results are used to obtain the macroscopic field

using the restriction as,

U = RV , (1.4)

where R is a restriction operator. Then, CPI advances the obtained macroscopic field to the

larger macro-time step.

The gap-tooth scheme (GTS) exploits scale separation. In this scheme, the microscopic

simulations are performed in small boxes that are large enough to capture the heterogeneity;

however, smaller than the macroscopic spatial grid size. The patch dynamics (PD) approach

combines the CPI and GTS techniques to perform numerical simulations of an unavailable

macroscopic equation on macroscopic time and length scales. PD computes microscale dy-

namics on small patches, which are then used to predict the macroscale behaviour. The cal-

culated microscale solution is extended into the buffer region around each patch to define the

patch boundary condition. A patch is a small domain (a “box” or “tooth”), which is created for

a short period of time.
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1.3.2 Heterogeneous multiscale method (HMM)

The HMM, a top-down approach, provides a general framework to construct multiscale algo-

rithms [61]. The general philosophy of the HMM is to solve macroscale model by extracting

the missing data from microscale model. The algorithm starts at the macro scale and uses mi-

croscale models as the supplement for the missing data. The basic algorithm of heterogeneous

multiscale methodology can be outlined as follows:

1. A macroscale model is formulated at the macro level based on the physics of the problem

under consideration. The constructed macroscale model may be incomplete in some

sense (e.g., constitutive relations may be missing) and requires additional data for its

completion. The additional data may be termed as missing information.

2. An appropriate solver is chosen to solve the macroscale model.

3. The missing information is determined in the following two steps:

(a) A microscale model constrained by macroscopic state variables is constructed.

(b) The microscale model simulation results are used for the evaluation of missing in-

formation.

The general framework of the HMM can be described symbolically as follows. Consider

the relation for macroscale model is given as,

F(U ,D) = 0, (1.5)

where U is the macroscopic state variable, and D denotes the unknown data to be determined

for completing the macroscale model. In order to solve macro model, one requires the missing

information D, which is extracted using the microscale model that can be written as,

f(V , d) = 0, d = d(U), (1.6)

where V is the microscopic state variable, and d is the data needed to set-up the microscale

model. The term d(U) denotes that the microscale model is constrained by the macroscopic

state variable U ; in other words, it ensures consistency between the models.

The HMM framework has been used in many applications and found to produce accurate

results [1, 2, 10, 61]. The HMM algorithm was employed to develop finite difference hetero-

geneous multiscale method (FDHMM) to solve parabolic differential equations which involve
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multiscale diffusion coefficient [1]. Later, it was used by Chen and Ren [10] to solve the

Richards’ equation and also to study the transient unsaturated water flow in random porous

structures.

Although, the HMM is widely used, but it has some inherent implementation difficulties.

The HMM is solely based on the presumed macroscale model. So, in case, the macroscale

model is constructed incorrectly, the resulted procedure can produce inaccurate results. The

HMM requires a complete set of macro-state variables as its initial state. At every macroscopic

iteration, it needs back and forth conversion between macro and micro states of the system.

1.3.3 Homogenization techniques

Homogenization techniques are also used to model fluid flow and drug transport in biological

tissues [8, 11, 40, 52]. It helps to develop a computationally tractable macroscale model, which

encompasses the microscale features. The macroscale model is composed of the effective coef-

ficients that are derived from the microscale cell problem resolving the smaller scale processes.

Homogenization techniques rely on local microscopic periodic structures, which are resolved

using the cell problem to derive the macroscopic effective parameters. Scale separation, in the

length scales between the macro and micro levels, is required for asymptotic expansion in the

homogenization procedure.

1.4 A suitable multiscale approach for drug delivery

A good multiscale method relies purely on the micro scale and does not require a priori as-

sumptions about the macroscale model’s structure. Clearly, a possible strategy ought to be

a bottom-up one. On the other hand, the top-down strategy is compromised of idealism and

practicality. Researchers often suggest the top-down approaches for biological applications

[12, 71]. The HMM is one of the top-down strategies, which offers a middle ground between

idealism and actuality. It is, in some ways, the simplest approach to convert the sequential

multiscale strategy to a concurrent one. In this thesis, the HMM framework is adopted to deal

with the proposed problems.
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1.5 Thesis objectives

This thesis aims to study tissue penetration and distribution efficacy of drug nanoparticles. The

transport determinant biological processes such as diffusion, advection, and drug elimination

are considered. As biological tissues consist of large number of cells and the extracellular space

(the space outside the cells), it is difficult to extract tissue’s structural information and apply

a mathematical model to study drug delivery. So, mathematical modelling is proposed in the

HMM framework to include the cellular heterogeneity of the tissue. The objectives of this work

are listed as follows.

• A finite volume heterogeneous multiscale method (FV-HMM) is propounded to model

drug transport by considering cell scale heterogeneity in the biological tissue.

• Firstly, the diffusion process along with the partition coefficient across the cell membrane

are considered in the model to analyse the effects of particle size on tissue penetration

and distribution efficacy of a drug.

• The FV-HMM is extended to incorporate the passive diffusion across the cell membrane

(FVHMM-p). The selective permeability of the membrane is treated in the microscale

model through the permeable interface condition that incorporates the solute diffusivity,

membrane thickness, and the partition coefficient.

• The effects of cell orientation on tissue penetration and distribution of a drug are inves-

tigated. Furthermore, the local sensitivity analysis is performed to determine the most

sensitive input parameter to the model output.

• Further, the FVHMM-p is comprehended with the advection and drug metabolism terms

to analyse the effects of these processes on drug delivery.

• As the subsequent objective, the modified FVHMM-p is employed to study penetration

and distribution efficacy of chemotherapeutic agents, such as fluorouracil, carmustine,

cisplatin, methotrexate, doxorubicin, and paclitaxel.

1.6 Organization of the thesis

The thesis is organized as follows.
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• In Chapter 2, the FV-HMM is propounded for the application of drug delivery. A model

is developed to deal with the transport in microscale model composed of a biological cell.

Numerical experiments are performed with the model problems to test the robustness of

the proposed method.

• In Chapter 3, the FV-HMM is employed to study drug delivery, where the effects of

particle size and partition coefficient on the penetration and distribution efficacy of drug

delivery nanoparticles are studied.

• The FV-HMM is extended in Chapter 4 to the FVHMM-p to incorporate the passive

diffusion of a drug across the cell membrane. The permeable interface method has been

proposed to deal with the mass transfer across the permeable membranes. Numerical

experiments are conducted to understand the effects of particle size, cell membrane per-

meability, and other parameters in the model on drug penetration and distribution efficacy

of drug particles in biological tissues.

• The fluid flow and drug metabolism are also incorporated in the FVHMM-p, and it is

discussed in the Chapter 5. The effects of stated phenomena are analysed on the drug

penetration efficacy of drug particles of different sizes.

• The multiscale method propounded in Chapter 5 is used to study the penetration of

chemotherapeutic drugs in Chapter 6.

• Finally, the thesis is concluded in Chapter 7 with a brief discussion on further develop-

ments in the model to deal with more complex problems in the future.
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CHAPTER 2

FINITE VOLUME HETEROGENEOUS MULTISCALE

METHOD

In this chapter, a novel finite volume heterogeneous multiscale method (FV-HMM) is pro-

pounded based on the HMM framework to study mass transport in biological tissues. There

are two models at different scales that govern the mass transport. One is the macroscale model

that governs the mass balance at the tissue scale. The second one is a microscale model that

determines the mass transport at the cellular scale comprising extracellular matrix and cellu-

lar properties. In the microscale model, diffusion is the mode of drug transport in intra- and

extra-cellular spaces, and the partition coefficient is also included across the cell membrane. In

order to accurately incorporate the cell membrane, an immersed interface method (IIM) based

on the alternating direction implicit (ADI) scheme is proposed. In the FV-HMM, an upscaling

technique is defined to upscale the microscopic effects to the macroscale model. Numerical

convergence and robustness of the FV-HMM and IIM are studied with model problems.

2.1 Model formulation

In order to model mass transport in tissues, a two-dimensional tissue domain, as shown in

Fig. 2.1, is considered. The tissue domain is assumed to be a porous medium consisting of

dispersed cells with extracellular matrix [24]. In a simplified form, the zoomed-version of

tissue at a point P is shown in Fig. 2.1. The intra- and extra-cellular spaces are assumed to be

filled with homogeneous and isotropic fluids. The cells are considered to be permeable and of
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elliptical shape.

P

Zoomed-version
y′

x′

Figure 2.1: Schematic of a tissue domain and a simplified zoomed-version at a point P consists

of dispersed cells.

For elevated tumor interstitial fluid pressure and in the absence of fluid flow, diffusion

becomes the dominating mode of mass transport in biological tissues. In the present work,

diffusion phenomenon and the partition coefficient of drug are considered. Let Ω′ denotes the

tissue domain, and its boundary is denoted by ∂Ω′. The mass-balance relation used at macro

scale (macroscale model) is given as,

∂C ′(t′,x′)

∂t′
= ∇′ · F′ in (0, τ ′]× Ω′, (2.1)

with initial condition

C ′(0,x′) = C ′0(x′) in Ω′, (2.2)

and some prescribed boundary condition on ∂Ω′. In above equations, C ′(t′,x′) denotes the

drug concentration at time t′ at a position x′ = (x′, y′) ∈ Ω′(⊂ R2), where Ω′ is a bounded

domain. ∇′ = ( ∂
∂x′
, ∂
∂y′

) denotes the gradient operator. Here, F′ = (F ′x′ , F
′
y′) is an unknown

flux vector and it may be termed as macro flux. In continuum modelling, a fundamental consti-

tutive relation known as the Fick’s law is used for F′; but here, F′ is a more general unknown

flux vector rather than the Fickian one. F′ is determined by solving microscale model, which

accounts for diffusion and partition coefficient of the drug. Note that the macroscale model is

not complete as F′ is unknown.

Dimensionless macroscale model

Let C̃ (maximum of the initial concentration) be the typical concentration scale in the tissue

domain. Let L̃ (the length of the tissue domain along x′-direction) and D̃ (microscopic molec-

ular diffusivity in extracellular space) are the typical length and diffusivity scales, respectively.
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Then the typical time scale is obtained as, t̃ = L̃2/D̃. Thus, the dimensionless parameters can

be written as,

t =
t′

t̃
, x =

x′

L̃
, y =

y′

L̃
, C =

C ′

C̃
, and F =

F′

C̃L̃/t̃
,

which lead to the dimensionless governing mass-balance equation as,

∂C(t,x)

∂t
= ∇ · F in (0, τ ]× Ω, (2.3)

with initial condition

C(0,x) = C0(x) in Ω. (2.4)

Thus, F = (Fx, Fy) is an unknown dimensionless flux vector.

In order to find concentration distribution in Ω, knowledge of F is required in advance. In

the next section, the FV-HMM method is developed to solve the macroscale model.

2.2 Finite volume heterogeneous multiscale method (FV-HMM)

The macroscale model (Eqs. (2.3)-(2.4)) is solved in the HMM framework that enables to in-

corporate the microscopic heterogeneity. In this section, a full-description of the methodology

is presented.

2.2.1 Choice of macro solver

The macroscale model (Eq. (2.3)) governs the mass conservation law; so, the finite volume

method is chosen for the discretization as it automatically conserves the flux in the entire com-

putational domain [42]. For simplicity, let Ω be a square domain. The domain is discretized in

N×N non-overlapping control volumes with uniform step size h (= 1
N

) in x- and y-directions

and each control volume (CV) is denoted by (k, l), k, l = 1, 2, . . . , N . Let ef , wf , nf , and sf

denote the east, west, north, and south faces of the CV, respectively. Also, assume that the state

variable C is placed at the centre of the CV (k, l), denoted by Ck,l. Integrating Eq. (2.3) on the

CV leads to ∫
CV

∂C(t,x)

∂t
dxdy =

∫
ef

Fxdy +

∫
nf

Fydx−
∫
wf

Fxdy −
∫
sf

Fydx

= Fef + Fnf − Fwf − Fsf ,

(2.5)
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where Fef , Fnf , Fwf , and Fsf are the approximate fluxes on ef , nf , wf , and sf faces, respec-

tively, obtained by prevailing the flux of face centre to the face.

Now, the left-hand-side of Eq. (2.5) can be approximated as,∫
CV

∂C(t,x)

∂t
dxdy ≈ ∂

∂t
(Ck,l(t))h

2. (2.6)

In words, the approximation is obtained by replacing C(t,x) by Ck,l(t), the average value in

the CV (k, l), and it is taken to be at the centre of the CV.

By using (2.6) in Eq. (2.5) and then integrating in time from tn to tn+1, where tn = n∆t for ∆t

to be a time step and n a non-negative integer, a further simplified equation can be obtained as,

Ck,l(tn+1)− Ck,l(tn)

∆t
≈ 1

h2

[
Fef + Fnf − Fwf − Fsf

]
|tn , (2.7)

where |tn denotes the value at time tn. Thus, the macroscopic set of difference equations (for

Cn+1
k,l ) can be written as,

Cn+1
k,l ≈ Cn

k,l +
∆t

h2

[
F n
ef

+ F n
nf
− F n

wf
− F n

sf

]
, (2.8)

where Cn
k,l is the concentration in the CV (k, l) for k, l = 1, 2, . . . , N , and superscript n denotes

the value at time tn.

To advance the macroscopic set of Eqs. (2.8) from time tn to tn+1, unknown fluxes F n
p

for p = ef , nf , wf , sf need to be determined. To fulfil this requirement, a microscale model is

constructed at each face of the CV in the next.

2.2.2 Set-up of microscale model

A schematic representation of the microscale domain centred at each face is shown in Fig.

2.2(a) (assume that the control volume face does not lie on the macroscale domain boundary;

otherwise, the case is discussed in Section 2.2.5). The microscale domain should be sufficiently

large to account the heterogeneity. In general, the size of a microscale domain is chosen to be

larger than the periodicity of macroscale domain or the correlation length [68]. In this thesis,

the microscale domain is chosen to be a square containing an elliptical cell (schematic diagram

is shown in Fig. 2.2(b)).

Consider a microscale domain of side (λ) that contains a cell placed at the centre of it. Let ω

denotes the typical microscale domain, and intra- and extra-cellular spaces are identified by ωI
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CV

(a)

Extracellular space 
 

Cell  
 

(b)

Γ

λ

Figure 2.2: Schematic of (a) a control volume (CV) with microscale domain each of on its face

centre and (b) a typical microscale domain.

and ωE , respectively. The governing (dimensionless) mass-balance equation for the microscale

model is considered as,

∂c(t,x)

∂t
= ∇ · (D∇c) in ω, (2.9)

where D is diffusion tensor, and c is microscopic state variable (microscopic concentration).

The diffusion tensor can be written as D = DI, where I is the identity matrix, and D is a

scalar. The diffusion coefficient D is denoted by DE and DI in extra- and intra-cellular spaces,

respectively. The presented methodology can also be applied to more general D. Note that

DE = D′E/D̃ and DI = D′I/D̃, where D′E and D′I are the dimensional variants of DE and DI ,

respectively. As D̃ is taken to be the extracellular diffusivity, DE = 1. Due to the different

structural complexity of cells and extracellular space, DI andDE can be significantly different;

thus, D may be discontinuous across the cell membrane.

The dimensional form of the above equation can be obtained using the scales defined earlier

for the macroscale model. The microscale model (Eq. (2.9)) is valid in intra- and extra-cellular

spaces (Fig. 2.2(b)). Partition coefficient is incorporated across the cell membrane.

Partition coefficient

The partition coefficient (K) is defined, for unionized solute, at the interface of two immiscible

solvents. As the cell membrane is made up of lipid-bilayer and hydrophobic in nature, the

partition coefficient can be defined as,

K =
cI
cE
, (2.10)
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where cI and cE are the concentrations of a solute in intra- and extra-cellular spaces, respec-

tively, in equilibrium [34].

Interface conditions

Partition coefficient is incorporated through the interface condition at the cell membrane (Γ,

Fig. 2.2(b)). So, the interface conditions (with no source/sink) are considered as,

cI = KcE at Γ, (2.11)[
D
∂c

∂n

]
Γ

= 0, (2.12)

where n is an outward unit normal vector to the interface Γ, and cI and cE are the concentrations

in intra- and extra-cellular spaces, respectively. Eq. (2.12) provides a jump in normal flux

across Γ and is defined in (2.29).

Next, the initial and boundary conditions for the microscale model are evaluated using the

macroscopic state variable (C).

Reconstruction for initial and boundary values (reconstruction operator)

To formulate the multiscale model in HMM framework, microscale models should be con-

strained with the macroscopic state variables. As the concentration gradient is the driving force

for the concentration distribution, it is necessary to constrain the microscale model with the

macroscopic concentration gradient. Also, partition plays a role in the concentration distribu-

tion across the cell membrane. In order to solve microscale model, these constraints should

be used as a reconstruction operator, i.e., to construct appropriate initial and (artificial) bound-

ary conditions. The initial and boundary values for micro state variables are reconstructed by

interpolating macroscopic concentrations, which are obtained from the previous step or initial

values. The reconstruction using linear interpolation of macroscale values can not be used di-

rectly as in literature [1, 61]. The reconstruction should be consistent with the condition in Eq.

(2.11).

First, assume that the control volume’s face does not lie on the macroscale domain boundary

(∂Ω) so that the microscale model can be constructed at the face as shown in Fig. 2.2(a). For

control volume (k, l), whose coordinate is (xk, yl), let the microscale domains situated at east,

west, north, and south faces are denoted by ωef , ωwf , ωnf , and ωsf , respectively, as shown

in Fig. 2.2(a). The positions of the microscale domains ωef and ωnf in Ω are determined as
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follows. An illustration is also depicted in Fig. 2.3 for ωef . Let ε− =
h− λ

2
and ε+ =

h+ λ

2
,

then

ωef =
[
xk + ε−, xk + ε+

]
× [yl − λ/2, yl + λ/2] ,

ωnf = [xk − λ/2, xk + λ/2]×
[
yl + ε−, yl + ε+

]
.

The microscale domain ω is discretized by M ×M Cartesian mesh with step sizes δx and

δy in x- and y-directions, respectively, with δx = δy (= 1
M−1

), and the grid points are denoted

by (i, j), i, j = 1, 2, . . . ,M .

(xk, yl)
ωef

h/2

ε−

ε+ yl − λ/2
xk + ε−

λ/2

y

x

Figure 2.3: An illustration to determine the position of a microscale computational domain

(ωef ) in Ω.

Let cni,j be the numerical microscopic concentration at grid point (i, j) in ω, at time tn. The

schematic for the reconstruction is shown in Fig. 2.4. Reconstruction for ωef is defined as,

cni,j =

C
n
k,l + ξi

Cnk+1,l−C
n
k,l

h
, for j = 1, 2, . . . ,M, and (i, j) falls in ωE,

K
[
Cn
k,l + ξi

Cnk+1,l−C
n
k,l

h

]
, for j = 1, 2, . . . ,M, and (i, j) falls in ωI ,

(2.13)

and ξi = ε− + (i− 1)δx for i = 1, 2, . . . ,M. The reconstruction for ωnf is defined as,

cni,j =

C
n
k,l + ηj

Cnk,l+1−C
n
k,l

h
, for i = 1, 2, . . . ,M, and (i, j) falls in ωE,

K
[
Cn
k,l + ηj

Cnk,l+1−C
n
k,l

h

]
, for i = 1, 2, . . . ,M, and (i, j) falls in ωI ,

(2.14)

and ηj = ε− + (j − 1)δy for j = 1, 2, . . . ,M. The reconstructions for ωwf and ωsf are similar

to that for ωef and ωnf , respectively.

In case the CV is adjacent to the boundary, at least one of its face lies on ∂Ω. Then, the

microscale domain on that face can not taken as depicted in Fig. 2.2(a). So, the discussion for

the microscale model on this type of face is deferred to the Section 2.2.5.

Dirichlet’s boundary condition, obtained from reconstruction, is used in the simulation of

microscale model.
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(k, l) (k + 1, l)

Cn
k,l Cn

k+1,l
c1,j cM,j

y

x

Figure 2.4: A procedure to obtain the boundary condition for the microscale model constructed

at the east face of the CV (k, l).

2.2.3 Simulation of microscale model

Microscale model is evolved for time τmic (where τmic < ∆t) with time step δt, to achieve

quasi-equilibrium state. This microscale evolution does not contribute to the macroscopic time

step advancement. The microscale models are simulated using the method developed in Section

2.3.

The microscale model simulations are carried out to achieve the quasi-equilibrium state in

macro flux. So, a tolerance value εtol is also set to stop the micro time evolution in the FV-HMM

algorithm, i.e., to achieve quasi-equilibrium state

|F n,m+1 − F n,m|
|F n,m+1|

< εtol, (2.15)

where F n,m denotes the macro flux calculated (discussed in Section 2.2.4) after m steps mi-

croscale model evolution in time and n denotes the macroscopic time tn. Eq. (2.15) is used

only if F n,m+1 6= 0; otherwise, the macro flux (F ) is taken to be zero. εtol = 0.1 is chosen for

this study. Next, the estimation of macro flux from microscale simulation results is discussed.

2.2.4 Estimation of macro flux (estimation operator)

The macro flux is calculated from the microscale model simulation results by averaging the

microscale flux [1]. The macro flux in the x-direction is evaluated as,

Fx =
1

λ2

∫
ω

D
∂c

∂x
dxdy. (2.16)

Note that c is obtained from the microscale model simulation results. To estimate the above

integral, a forward differencing is used for ∂c
∂x

. For description, a stencil in the x-direction is

depicted in Fig. 2.5, where the index j (y-direction) is omitted for the sake of brevity. As the

microscale model contains an interface, the stencil involves interface is shown for explanation.
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The intersecting point of grid line with the interface is denoted by i+θ and termed as interfacial

grid point. The concentration c could be discontinuous across the interface, so a different

treatment is needed in the approximation of integral at the grid point, say i, as shown in Fig.

2.5. At the interfacial point, c is defined in limiting sense: c−i+θ and c+
i+θ, the left and right

limiting concentrations, respectively. The formulae to calculate the limiting concentrations at

the interfacial point are given in Section 2.3.2 (Eqs. (2.38) and (2.39)). The integrand of Eq.

(2.16), at such a grid point i, is approximated as,(
D
∂c

∂x

)
i

= Di+θ/2

c−i+θ − ci
xi+θ − xi

, (2.17)(
D
∂c

∂x

)
i+θ

= Di+(1+θ)/2

ci+1 − c+
i+θ

xi+1 − xi+θ
, (2.18)

where xi+θ = xi + θδx for 0 < θ < 1. Di+θ/2 denotes the value at point i + θ/2 which is a

midpoint of i and i+ θ. The index i+ (1 + θ)/2 denotes the value at the midpoint of i+ θ and

i+ 1. The value of diffusivity at the midpoint is used directly as it is known to us.

c

 
c
i-1        

c
i c

i+1

i-1        i   i+1        i+2i+θ

− +

i+θ ci+θ
ci+2

Γ

Figure 2.5: Schematic representation of interfacial point (i+ θ, j), for fix j.

Let J denotes the set of all grid points that are located just left to the interfacial point, then∫
ω

D
∂c

∂x
dxdy =

∑
1≤i,j≤M−1,

(i,j)/∈J

Di+1/2,j (ci+1,j − ci,j) δy

+
∑

1≤i,j≤M−1,
(i,j)∈J

(
Di+θ/2,j

(
c−i+θ,j − ci,j

)
+Di+(1+θ)/2,j

(
ci+1,j − c+

i+θ,j

))
δy, (2.19)

where index i+ 1/2 denotes the value at the midpoint of i and i+ 1.

Similarly, the macro flux in the y-direction is evaluated. For this, let J denote the set of all

grid points that located below to the interface, then y-directional flux is calculated as,

Fy =
1

λ2

∫
ω

D
∂c

∂y
dxdy, (2.20)
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where the integral is determined using the relation∫
ω

D
∂c

∂y
dxdy =

∑
1≤i,j≤M−1,

(i,j)/∈J

Di,j+1/2 (ci,j+1 − ci,j) δx

+
∑

1≤i,j≤M−1,
(i,j)∈J

(
Di,j+θ/2

(
c−i,j+θ − ci,j

)
+Di,j+(1+θ)/2

(
ci,j+1 − c+

i,j+θ

))
δx. (2.21)

2.2.5 Evaluation of boundary flux

In order to find concentration in the CV adjacent to the macroscale boundary, the flux at the

boundary needs to be determined. Though the boundary condition (Neumann or Dirichlet)

is prescribed, the effective diffusion coefficient is not known at the macro scale, the macro

boundary flux can not be approximated using classical interpolation techniques. Microscale

models are constructed at the boundary faces of the CV; the schematic for microscale domains

is shown in Fig. 2.6(a) on a 3 × 3 finite volume mesh. The first thing is the reconstruction

of initial and boundary conditions for microscale models. Let us discuss the case as shown in

Fig. 2.6(b); others can be treated similarly. As there is no control volume on the right of this

CV, one can not directly employ Eq. (2.13). In this case, we introduce a point on the boundary

where the concentration is given to be Cb as pointed in Fig. 2.6(b), and then the reconstruction

is used as (k = N ),

cni,j =

C
n
N,l + ξi

Cb−CnN,l
h/2

, for j = 1, 2, . . . ,M, and (i, j) falls in ωE,

K
[
Cn
N,l + ξi

Cb−CnN,l
h/2

]
, for j = 1, 2, . . . ,M, and (i, j) falls in ωI ,

(2.22)

and ξi = (h/2− λ) + (i− 1)δx for i = 1, 2, . . . ,M.

The macro flux is estimated as discussed in Section 2.2.4.

2.2.6 Evolution of macroscopic equations

Once the macro flux is known at each face of each CV, the macroscopic set of governing

equations (2.8) are solved to obtain concentration at time tn+1. As the system of equations

(2.8) is explicit, so small temporal step is required for stability.

2.2.7 Summary of the FV-HMM algorithm

In summary, the macroscale model is discretized using the finite volume method (Eqs. (2.8)),

and the macro fluxes are estimated from the microscale information. In macroscale model, the
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. .CN,l Cb

Point at 
boundary

h/2

λ

(a) (b)

Figure 2.6: (a) Construction of microscale domains at the boundary faces of respective control

volumes, and (b) an illustration of the reconstruction for the boundary microscale model.

concentration distribution is known at the initial time, t = 0. The algorithm to advance the

macroscopic equations (2.8) from time tn to tn+1 by using FV-HMM is displayed in Fig. 2.7 in

the form of a flow chart.

2.3 Immersed interface method (IIM)

In this section, an alternating direction implicit (ADI) scheme based immersed interface method

is developed for a fixed interface. The scheme is developed for the two-dimensional unsteady

reaction-diffusion problem, which is a more general problem compared to the one defined in

Section 2.2.2.

2.3.1 Model formulation

The physical domain, as shown in Fig. 2.8, is denoted by ω with boundary ∂ω. An interface Γ,

that divides ω into ωE and ωI , is considered to be immersed into the domain. The interface is

given by

Γ :
(x− x0)2

a1
2

+
(y − y0)2

a2
2

= 1, (2.23)

where (x0, y0) is the centre of the ellipse, and a1 and a2 are constants such that 2a1 is the

horizontal axis length and 2a2 is the vertical axis length of the ellipse.

The following two-dimensional parabolic interface problem is considered with fixed Γ:

∂c(t, x, y)

∂t
= ∇ · (a(x, y)∇c) + f(t, x, y), (t, x, y) ∈ (0, τmic]× ω, (2.24)
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Concentation is given at time t
n

Construct microscale model 
on each face of each

control volume (Section 2.2.2)

Determine intial and boundary
 conditions for 

microscale model (Section 2.2.2)

Simulate the microscale model
 using IIM (Section 2.3)

Determine the 
macro flux (Section 2.2.5)

Solve the Eqs. (8) 
to obtain concentration at time t

n+1

Is t
n+1

 > τ?
No

END
Yes

START
with given inital concentration

 at time t
0 
(t = 0)

Figure 2.7: A pictorial summary of the FV-HMM algorithm.

Γ

Figure 2.8: A two-dimensional physical domain with an immersed interface Γ that divides

domain (ω) into two parts: ωE and ωI .

with initial and boundary conditions

c(0, x, y) = c0(x, y), (x, y) ∈ ω, (2.25)

c(t, x, y) = cb, (x, y) ∈ ∂ω, (2.26)
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where f(t, x, y) and a(x, y) are piecewise continuous real-valued functions but may have finite

jump discontinuity across the interface Γ. τmic is the stipulated time frame for the model.

The interface conditions are given by

c−(t, x, y) = Kc+(t, x, y), (x, y) ∈ Γ, (2.27)[
a
∂c

∂n

]
Γ

= 0, (2.28)

where K is a constant. Eq. (2.28) provides jump condition in normal flux at the interface Γ,

and this condition is defined as, [
a
∂c

∂n

]
Γ

= a+∂c
+

∂n
− a−∂c

−

∂n
, (2.29)

where ′+′ and ′−′ signs are denoting the limiting values from ωE and ωI , respectively, at the

interface.

2.3.2 Numerical method

For simplicity, consider ω to be a unit square domain, and it is discretized by Cartesian mesh

with uniform step size δx (= 1
M−1

) in x- and y-directions. The coordinates (xi, yj) for the

Cartesian grid points (i, j) are given by

xi = (i− 1)δx, yj = (j − 1)δx for i, j = 1, 2, . . . ,M. (2.30)

The Cartesian grid points are classified as regular and irregular (depicted in Fig. 2.9). A grid

point is said to be irregular if the standard finite difference approximation involves the stencil

from both sides of the interface. Irregular grid points are further classed into x-irregular and

y-irregular. A Cartesian grid point, which involves points from both sides of the interface in the

finite difference stencil that resulted from the approximation of derivatives along x-direction,

is said to be x-irregular. A Cartesian grid point, which involves points from both sides of

the interface in the finite difference stencil that resulted from the approximation of derivatives

along y-direction, is said to be y-irregular. A grid point can be both x-irregular and y-irregular

simultaneously, and a grid point is said to be regular if it is not irregular.

ADI scheme [58] used at the regular grid points is given as,

c
m+1/2
i,j − cmi,j
δt/2

= (δx (aδxc))
m+1/2
i,j + (δy (aδyc))

m
i,j + f

m+1/2
i,j , (2.31)

cm+1
i,j − c

m+1/2
i,j

δt/2
= (δx (aδxc))

m+1/2
i,j + (δy (aδyc))

m+1
i,j + f

m+1/2
i,j , (2.32)
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(i+ θ, j)(i, j)(i− 1, j) (i+ 1, j)

(i, j + 1)

θδxδx
δy

∗
∗
∗

∗
∗∗∗ − Interfacial

− Irregular
− Regular

y

x

ωI

ωE

Figure 2.9: An illustration of the regular, irregular, and interfacial grid points.

where

(δx (aδxc))
m
i,j =

{
ai+1/2,jc

m
i+1,j − (ai+1/2,j + ai−1/2,j)c

m
i,j + ai−1/2,jc

m
i−1,j

(δx)2

}
and

(δy (aδyc))
m
i,j =

{
ai,j+1/2c

m
i,j+1 − (ai,j+1/2 + ai,j−1/2)cmi,j + ai,j−1/2c

m
i,j−1

(δx)2

}
.

Here, δt is the time step. δx is a central-difference operator in x-direction, which is defined as,

δx(gi) =
gi+1/2 − gi−1/2

δx

for some function g. Similarly, δy is defined in the y-direction. cmi,j denotes the concentration at

grid point (i, j) on time tm(= mδt). cm+1/2
i,j is the concentration at time tm+1/2 = (m+ 1/2)δt.

The index (i+ 1/2) denotes the value at midpoint of i and (i+ 1) grid points. Accordingly, the

indices i− 1/2, j − 1/2, and j + 1/2 are also defined.

As the coefficient (a) can be discontinuous across the interface, the ADI scheme can not be

used directly for irregular grid points. For the treatment of irregular grid points, the interfacial

points are introduced at the interface, which are defined as the intersecting points at the interface

with the Cartesian grid lines (Fig. 2.9).

A zero level set function used to identify the interface is given as,

Φ(x, y) =
(x− x0)2

a2
1

+
(y − y0)2

a2
2

− 1, (x, y) ∈ ω. (2.33)

Thus, Φ > 0 in ωE , Φ < 0 in ωI , and Φ = 0 corresponds to Γ.

Here, we will discuss the modified formula for x-irregular grid point and similarly can be

derived for y-irregular grid point. In order to define the modified formula, the idea is adopted

from the article [38]. As the discussion is for x-direction, the indices m and j are dropped for
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the sake of brevity. The modified difference operator for the x-irregular grid point is defined

as,

(δx (aδxc))i =

{
ai+θ/2

c−i+θ − ci
xi+θ − xi

− ai−1/2
ci − ci−1

xi − xi−1

}/(
xi+θ − xi−1

2

)
, (2.34)

where xi+θ = xi + θδx for some 0 < θ < 1, and c−i+θ is the left limiting concentration at the

interfacial grid point i+ θ.

If the Cartesian grid point falls in between two interfacial grid points, as the case shown in

Fig. 2.10, the modified difference operator is used as,

(δx (aδxc))i =

{
ai+θ1/2

c−i+θ1 − ci
xi+θ1 − xi

− ai−θ2/2
ci − c+

i−θ2
xi − xi−θ2

}/(
xi+θ1 − xi−θ2

2

)
, (2.35)

where xi+θ1 = xi + θ1δx and xi−θ2 = xi − θ2δx for some 0 < θ1, θ2 < 1.

c

 
c
i-2        

c
i-1 c

i

i-2        i-1   i        i+1

+

i+θ1

i-θ2

− +

i-θ2
ci-θ2

cc−
i+θ1

i+θ1

ci+1

Γ

Figure 2.10: Schematic of Cartesian grid point i which falls in between two interfacial points

i+ θ1 and i− θ2, for fixed j and m.

Eqs. (2.34) and (2.35) require left and right interfacial limiting values of the variable at the

interfacial grid point. The interfacial unknowns are determined using Lagrange’s interpolating

polynomials [38]. In this work, linear interpolation is used to find the interfacial values. For

description, consider the case as shown in Fig. 2.5. In this case, c−i+θ and c+
i+θ need to be

determined. The interpolating polynomial using the values ci and c−i+θ can be written as,

L−(x) =
x− xi+θ
xi − xi+θ

ci +
x− xi
xi+θ − xi

c−i+θ. (2.36)

Note that, to determine interpolating polynomial using c−i+θ at point i + θ only left side grid

points should be used namely c−i+θ, ci, ci−1, and so on. Similarly, other side interpolating

polynomial using the points ci+1 and c+
i+θ can be written as

L+(x) =
x− xi+θ
xi+1 − xi+θ

ci+1 +
x− xi+1

xi+θ − xi+1

c+
i+θ. (2.37)
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Now using Eqs. (2.27), (2.28), (2.36), and (2.37), and assuming that the grid point (shown

in Fig. 2.5) lies in ωE ,

c−i+θ =
−a+

i+θci+1(xi − xi+θ) + a−i+θci(xi+1 − xi+θ)
Ka+

i+θ(xi+θ − xi)− a
−
i+θ(xi+θ − xi+1)

, (2.38)

and

c+
i+θ = Kc−i+θ, (2.39)

where ′+′ and ′−′ in the superscript denote the limiting values from the right and left, respec-

tively, at the interfacial point. If the Cartesian grid point falls at the interface, the grid point

is treated as an interfacial point, the value of the unknown can be calculated using the arith-

metic mean of interfacial limiting values [38]. A similar procedure is used to derive the above

expressions for other x-irregular grid points and also for y-irregular grid points.

Here, we have used linear interpolating polynomials, as the microscale model in the FV-

HMM algorithm requires simulation to achieve a quasi-equilibrium state. For this purpose, a

few temporal iterations in the microscale model are sufficient. The presented methodology can

also be used with higher order interpolating polynomials that can increase the order of accuracy

of the method, for details see Ref. [38].

2.4 Numerical validation

Let Ci,j be the numerical approximation to Ĉ(xi, yj) which is exact solution, at Cartesian grid

point (i, j). The maximum error is defined as,

||Eh′||∞ = max
1≤i,j≤nb

∣∣∣Ci,j − Ĉ(xi, yj)∣∣∣ , (2.40)

where nb denotes the mesh size and the corresponding spatial step size is denoted by h′.

2.4.1 IIM

Numerical experiments are presented to examine the accuracy and convergence of IIM. A prob-

lem with discontinuous coefficient is discussed, and another problem with discontinuous coef-

ficient and for K 6= 1 is solved.

The order of convergence is computed as follows:

Order =
log(||Eδx1||∞/||Eδx2||∞)

log(δx1/δx2)
, (2.41)

where δx1 and δx2 are two different spatial step sizes.
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Problem 1. Consider Eqs. (2.24)–(2.28) on solution domain ω = [0, 1] × [0, 1] and time

interval [0, 1] with a = 1 and 2 in ωE and ωI (Fig. 2.8), respectively, and K = 1 is considered.

The interface Γ is defined by (x − 0.5)2 + (y − 0.5)2 = R2 with R = 0.31. Let Z2 =

(x− 0.5)2 + (y − 0.5)2. The source term is defined as,

f(t, x, y) =

exp(−t)(f1(x, y)((R2 − Z2)(−1 + 2π2) + 4) + 4πf2(x, y)), (x, y) ∈ ωE,

0.5 exp(−t)(f1(x, y)((R2 − Z2)(−1 + 4π2) + 8) + 8πf2(x, y)), (x, y) ∈ ωI ,

(2.42)

where f1(x, y) = sin(πx) sin(πy) and f2(x, y) = (y−0.5) sin(πx) cos(πy)+(x−0.5) sin(πy) cos(πx).

The initial and boundary conditions are specified as,

c(0, x, y) =

(R2 − Z2) sin(πx) sin(πy), (x, y) ∈ ωE,

0.5(R2 − Z2) sin(πx) sin(πy), (x, y) ∈ ωI ,
(2.43)

and

c(t, x, y) = 0, (x, y) ∈ ∂ω. (2.44)

Then, the exact solution can be obtained as,

c(t, x, y) =

exp(−t)(R2 − Z2) sin(πx) sin(πy), (x, y) ∈ ωE,

0.5 exp(−t)(R2 − Z2) sin(πx) sin(πy), (x, y) ∈ ωI .
(2.45)

Figure 2.11: Surface plots of (a) numerical solution and (b) the error for Problem 1 at time

t = 1.

In the Problem 1, the coefficient (a) is discontinuous, but both the solution and normal flux

are continuous across the interface. This problem aims to test the method for discontinuous
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coefficient. Table 2.1 shows maximum errors associated with different mesh sizes and the

orders of convergence. The error decreases on mesh refinement. Fig. 2.11 displays the surface

plots of numerical solution and error for δt = δx = 1/25 at t = 1.

Problem 2. Consider Eqs. (2.24)-(2.28) on solution domain ω = [0, 1]×[0, 1] and time interval

[0, 1] with a = 1 and 10 in ωE and ωI (Fig. 2.8), respectively, and K = 0.1 is considered. The

interface Γ is defined by (x− 0.5)2 + (y − 0.5)2 = 0.312. The source term is defined by

f(t, x, y) =

exp(−t)(−1 + 2π2) sin(πx) sin(πy), (x, y) ∈ ωE,

K exp(−t)(−1 + 20π2) sin(πx) sin(πy), (x, y) ∈ ωI .
(2.46)

The initial and boundary conditions are specified as,

c(0, x, y) =

sin(πx) sin(πy), (x, y) ∈ ωE,

K sin(πx) sin(πy), (x, y) ∈ ωI .
(2.47)

and

c(t, x, y) = 0, (x, y) ∈ ∂ω. (2.48)

Then, the exact solution is obtained as,

c(t, x, y) =

exp(−t) sin(πx) sin(πy), (x, y) ∈ ω1,

K exp(−t) sin(πx) sin(πy), (x, y) ∈ ω2.

(2.49)

In Problem 2, coefficient a is discontinuous across the interface but the jump in normal

flux is zero, and the solution satisfies condition (2.27). The numerical errors and orders of

convergence are shown in Table 2.1. The error reduces with mesh refinement. Fig. 2.12

displays the surface plots of numerical solution and error for δt = δx = 1/25 at t = 1.

2.4.2 FV-HMM

The following problem is presented for the validation of overall FV-HMM algorithm.

Problem 3. Consider the macroscale model (Eqs. (2.3) and (2.4)) on solution domain Ω =

[0, 1] × [0, 1] with the associated microscale model (Eq. (2.9)) having DE = DI = 1 and

K = 1.

The initial condition for the macroscale model is specified as,

C(0, x, y) = sin(πx) sin(πy), (x, y) ∈ Ω, (2.50)
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Table 2.1: Error analysis for the IIM (δx = δt = 1/2s).

s
Problem 1 Problem 2

||Eδx||∞ Order ||Eδx||∞ Order

3 8.502× 10−3 – 4.011× 10−2 –

4 3.728× 10−3 1.189 2.099× 10−2 0.933

5 1.509× 10−3 1.304 8.344× 10−3 1.331

6 6.862× 10−4 1.137 3.862× 10−3 1.111

Figure 2.12: Surface plots of (a) numerical solution and (b) the error for Problem 2 at time

t = 1.

and the boundary condition as,

C(t, x, y) = 0, (x, y) ∈ ∂Ω. (2.51)

Then, the exact solution can be obtained as,

C(t, x, y) = exp(−2π2t) sin(πx) sin(πy), (x, y) ∈ Ω. (2.52)

Problem 3 is chosen to test the convergence of the FV-HMM on mesh refinement. λ is

chosen to be 1.0 × 10−3, and a circle placed at the centre of ω is taken of radius 4.1 × 10−4.

ω is discretized with 30 × 30 mesh, and the macroscale model is simulated for t = 1 with

microscopic temporal step δt = 1 × 10−5. Results on macroscopic spatial grid refinement are

shown in Table 2.2, where ∆t is taken to be 1.0× 10−4. The coarse mesh refinement decreases

the maximum error. The surface plots of exact and numerical solutions (on 20×20 macro grid)

are displayed in Fig. 2.13.
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(a) (b)

Figure 2.13: Surface plots of (a) exact and (b) the FV-HMM solutions at time t = 1.

Table 2.2: Maximum error estimates for the FV-HMM (Problem 3).

Mesh size (macro spatial grid) ||Eh||∞

10× 10 3.993× 10−10

20× 20 5.666× 10−11

30× 30 3.831× 10−12

2.5 Conclusions

Single scale continuum models are not sufficiently accurate for biological systems as they in-

volve multiple scales. This motivated to look for a suitable mathematical model in the HMM

framework. In this chapter, a novel finite volume heterogeneous multiscale method (FV-HMM)

is propounded in the HMM framework. In the model, diffusion and partition phenomena are in-

cluded as the main transport processes. The algorithm includes two models at different scales;

macroscale model at tissue scale and microscale model at the cellular scale. The model in-

cludes cell heterogeneity to the tissue scale using macro-micro coupling. An immersed inter-

face method (IIM) based on the ADI scheme is proposed to solve microscale models. Model

problems are solved to test the convergence of the IIM and the overall algorithm, the FV-HMM.

The IIM is found to be first-order accurate asymptotically.
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CHAPTER 3

EFFECTS OF PARTICLE SIZE AND PARTITION

COEFFICIENT ON DRUG DELIVERY

In the advancement of nanotechnology, it is now possible to formulate nanoparticle-based drug

carriers such as lipid vesicles, gold nanoparticles, carbon-based nanoparticles, and DNA. These

nano-constructs are being made for drug delivery into specific tissues or cells by overcoming

the biological barriers. The design of these nanoparticles includes the following key param-

eters: surface, stiffness, shape, and size. In vivo and in vitro experiments have revealed that

the particle size plays an important role in drug delivery [66, 56, 24, 20]. Wong et al. [66]

performed in vitro experiments in collagen gel with 10 and 100 nanometer (nm) particles to

investigate their penetration. Diffusion phenomenon was considered to be the main mode of

transport. Tang et al. [56] performed in vivo experiments with 50 and 200 nm particles. Also,

a spatio-temporal multiscale model was developed by Islam et al. [24] that accounts for dif-

fusion and advection along with particle capturing efficacy. They used Brownian dynamics to

track the individual particle movement in the domain consisting of spherical cells treated each

one as a solid body. The effects of size of nanoparticle on tissue penetration and distribution

efficacy were reported in the above mentioned articles [66, 56, 24]. The smaller size particles

were found to penetrate in the deep as compared to the larger ones. Further developments in the

modelling are required for a better insight at the tissue scale. The biological tissues are hetero-

geneously complex as the biophysical and biochemical processes occur at disparate temporal

and spatial scales [12, 55].

The effects of microscopic structural and biophysical and biochemical processes on the
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penetration efficacy of drug particles have not yet studied at the tissue scale (model). The cell

membrane is made up of lipid bilayer whose middle part is hydrophobic to the water phase,

hence, inhibits the movement of water-soluble molecules across the membrane. It leads to the

partition phenomenon, which is incorporated in the mathematical model as a parameter known

as partition coefficient. The partition coefficient determines how a solute distributes in two

immiscible solvents [34]. It plays a significant role in the movement of biomolecules, nutrients,

and other constituents across the cell membrane. Though, the influence of partition coefficient

on drug penetration efficacy is not well understood. Also, as the cell geometry determines the

tissue’s microscopic structure and varies across the different tissues, it is vital to understand its

impact on drug penetration. As already discussed, particle size is an important parameter that

affects drug penetration, but the effects at tissue scale by combining tissues’ complexity are not

yet understood.

In this chapter, the FV-HMM is employed to study tissue penetration and distribution ef-

ficacy of drug delivery nanoparticles. Several numerical experiments are performed to under-

stand the effects of different parameters such as biological fluid viscosity, nanoparticle size,

partition coefficient, and the shape of cell on penetration efficacy of drug nanoparticles at the

tissue scale.

3.1 Model problem

It is considered that the drug is made of nanometer size particles. So, the ‘drug particles’ and

‘drug nanoparticles’ both retain the same meaning and are used interchangeably in this thesis.

The drug particles are considered to be spherical. So, the diffusion coefficients for the intra-

and extra-cellular spaces are calculated using the Einstein-Stokes equation as follows,

D′ =
kBT

6πµr
, (3.1)

where kB denotes the Boltzmann’s constant, T (310 Kelvin) is temperature, r the radius of

nanoparticle, and µ denotes the viscosity of biological fluid. The viscosity parameter µ is

denoted by µI and µE for the intra- and extra-cellular spaces, respectively.

For the study of drug penetration, the geometrical setup for tissue domain is shown in

Fig. 3.1. The initial and boundary conditions are also displayed in Fig. 3.1. Continuous

infusion of concentration is assumed at the left boundary of Ω′, i.e., a reservoir is assumed to

be fixed therein, which maintains concentration C ′ = 1 M (M – Molar). The upper and lower
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boundaries are assumed to be impermeable
(
∂C′

∂y′
= 0 M cm−1

)
; hence, the normal flux is set

to be zero there, in tissue domain (macroscale model). The horizontal length of the domain is

taken to be large enough so that the drug does not reach the right boundary in the stipulated

time; thus, the right boundary can be set at zero concentration. The domain is assumed to be at

zero concentration initially.

  Drug 
infusion

 penetration

Figure 3.1: The geometrical setup for the problem. The arrow inside the tissue domain shows

the direction of interest for drug penetration.

Other than the drug particle size, fluid viscosity is an important parameter for the calcu-

lation of diffusion coefficient (Eq. (3.1)). To enforce a realistic physiological situation in the

model, literature is consulted for realistic values of the viscosity parameters. It is found that the

cytosolic fluid (the fluid excluding macromolecules in the cell) is 1.2–1.4 times viscous than

the water, where µ ≈ 1 cP (cP – centipoise) for water [15]. However, the intracellular fluid

viscosity is greatly affected by the presence of macromolecules inside it. The present work

has used the intracellular viscosity (µI) ranging in 1–10 cP; whereas, the extracellular fluid

viscosity (µE) is taken to be 1 cP as the default value [63].

The size of Ω′ (macroscale domain) is chosen to be 1 × 1 cm2 by ensuring that the drug

does not reach the right boundary in the stipulated time (t′ = 5 h). The chosen parameters

values and the initial and boundary conditions lead to zero flux along y′-direction, i.e., F ′y′ = 0

M cm h−1 (h – hour) on north and south faces of each control volume. This conclusion is made

by simulating the macroscale model. Thus, the concentration gradient will be occurred along

x′-direction only in the macroscale model. Hence, it is enough to discretize the macroscale

domain along x′-direction. On performing grid independency, it is found that the mesh size

70×1, i.e., 70 control volumes in x′-direction and 1 control volume in y′-direction, is sufficient
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to discretize the macroscale domain. In each simulation, if not stated explicitly, the macroscale

model is simulated for t′ = 5 h with the macroscale time step ∆t = 1.0× 10−4 h. The size of

cell is of order 10−4 cm and varies across the tissues [55]. In the present study, a circular cell

(default shape) of diameter 8.2 × 10−4 cm is chosen to be placed at the centre of microscale

domain (ω). ω is chosen to be a square of edge length 10−3 cm, and it is discretized by 100×100

spatial grid. The microscale time step is chosen to be δt = 1.0× 10−5 h.

3.2 Results and discussion

3.2.1 Validation with the experimental results

The FV-HMM simulation results are used to capture the experimental work of Wong et al. [66].

In their work, nanoparticle penetration was studied in collagen gel. A direct quantitative com-

parison between the model and experimental data is not feasible due to the missing information

on fluid properties (collagen gel viscosity). Here, an attempt is made for qualitative comparison

of nanoparticle penetration. Simulation is carried out on 0.1 × 0.1 cm2 macroscale domain as

the experimental data is available in the range≈ 0–0.08 cm (x′-axis distance that can be seen in

Fig. 3.2). The FV-HMM is simulated for t′ = 12 h with D′ = 6× 10−6 cm2 h−1 to match with

the experimental data. The results are displayed in Fig. 3.2. As the FV-HMM problem is ef-

fectively one-dimensional, the results are also compared with the following analytical solution

[66],

C ′(x′, t′) =
2√
π

∫ ∞
x′/(2

√
D′t′)

exp(s2)ds. (3.2)

It can be seen that the FV-HMM results agree well with the experimental data and analytical

solution (see Fig. 3.2). The open-source application WebPlotDigitizer [45] is used to extract

the Wong’s experimental data, and the integral in (3.2) is evaluated using the function ‘erfc’

available in the MATLAB [37].

3.2.2 Effects of partition coefficient and drug particle size

The partition coefficient is used in pharmaceutical industries for drug formulations. Its impact

on tissue penetration and distribution efficacy of drug nanoparticles is not well-understood.

The FV-HMM is employed to analyze the partitioning effects on nanoparticle transport. In the
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Figure 3.2: Comparison of the FV-HMM results with the experimental results and one-

dimensional analytical solution. Solid line with marker represents the FV-HMM simulation

result, whereas the filled circles and the dashed line represent experimental data from Wong et

al. [66], and analytical solution, respectively.

following, the model discretization and the parameters are chosen to be the same as mentioned

in Section 3.1. The macroscale domain is taken to be 1×1 cm2. In this study, the range of K

is considered to be 0 ≤ K ≤ 1. Numerical experiments are performed with seven different

values of K for 1 and 10 nm particles. Experiments are performed with constant diffusion

coefficient in tissue and also for different diffusion (constant) values in intra- and extra-cellular

spaces. Latter is more realistic as the diffusivity in intra- and extracellular spaces is significantly

different in a real scenario.

Fig. 3.3(a) displays the results for constant viscosity µ = 2.5 cP. Partitioning effects on

penetration are significant in this case as the penetration depths are significantly different for

K = 0.1 and K = 1. Fig. 3.3(b) displays the concentrations for 1 and 10 nm particles with

different viscosity parameter values in intra- and extra-cellular spaces as, µI = 5 cP and µE = 1

cP. For 10 nm particles, partitioning effect on penetration is less significant than that of Fig.

3.3(a). Thus, the results on penetration with constant viscosity can be different from reality.

However, the effects of partitioning are significant for 1 nm size particles even with different

viscosities in intra- and extra-cellular spaces (Fig. 3.3(b)). Thus, it may be concluded that

the tissue penetration efficacy of drug nanoparticles can be affected by the partition coefficient

significantly.

From Fig. 3.3, one can also notice that the penetration depth is sensitive to K in the range

0.1 < K < 1; however, insensitive when K < 0.1 for small as well as for large size nanopar-
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(a) (b)

Figure 3.3: Effects of partition coefficient on drug penetration. (a) For fixed constant diffusion

in tissue for 10 nm particles and (b) for different diffusion coefficients in intra- and extra-

cellular spaces for 1 and 10 nm particles.

ticles. Thus, in the following, K = 0.1 is chosen as a default value for the partitioning and

K = 1 for no partition.

In Fig. 3.3(b), the effects of particle size on drug penetration can also be investigated. It

can be seen that the smaller size particles (1 nm) penetrate in the deep as compared to the larger

ones (10 nm). Moreover, the nanoparticles penetration for three different size particles (1, 10,

and 100 nm) are displayed in Fig. 3.4. In Fig. 3.4(a), results are shown for K = 0.1, and

in Fig. 3.4(b), results are displayed for K = 1. It can be seen that the smaller size particles

penetrate in the deep as compared to the larger ones for each choice of K. The observation can

be explained by Eq. (3.1), where diffusion (D′) is inversely proportional to the particle size (r).

So, for small size particles, there is large diffusivity, and consequently particles penetrate with

more ease.

Next, numerical experiments are conducted for the microscale model to get insights of drug

distribution at the cell scale. The schematic diagram with boundary conditions for the mi-

croscale model is displayed in Fig. 3.5. The results are displayed in Figs. 3.6(a) and (b) with

two different values of K (= 0.1, 1). For K = 0.1, the cell membrane allows ten times lower

concentration into the intracellular space from extracellular one (Fig. 3.6(a)). Fig. 3.6(c) dis-

plays the concentration distribution along the arrows shown in Figs. 3.6(a) and (b). The results

show the heterogeneity in the concentration distribution at the cellular level. The rectangles R1

and R2 (in Fig. 3.6) display the solute accumulation on the cell membrane. This accumula-
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(a) (b)

Figure 3.4: Effects of particle size on drug penetration (a) with partitioning (K = 0.1) and (b)

without partitioning (K = 1).

Figure 3.5: Schematic for the microscale problem to study concentration distribution at cell

scale. The cell is chosen with the parameters a1 = a2 = 3.1× 10−4 cm.

tion contributes to the reduction in penetration at the tissue scale. The accumulation of solute

particles near the cell membrane surface is large in the case of partitioning (K = 0.1). Thus,

these simulation results explain that the reduction in tissue penetration efficacy of nanoparticles

with partitioning is due to the solute accumulation near the cell membrane surface and limited

availability of the main medium of transport, namely extracellular space. Fig. 3.6(d) displays

the ratio of the concentrations at two consecutive grid points: one is in intracellular space and

the other one is in the extracellular space. It can be seen that the quasi-equilibrium state is

achieved at ≈ 10−6 h.
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(a) (b)

(c) (d)

Figure 3.6: Simulation results for a typical microscale model. Results (a) with partitioning

(K = 0.1) and (b) without partitioning (K = 1). (c) The concentration distribution along

the arrows drawn in (a) and (b). (d) The ratio of concentration at first two consecutive x′-

irregular Cartesian grid points (on arrow) vs. time (c′E: concentration at extracellular grid point

(0.000503, 0.000805) and c′I : concentration at intracellular grid point (0.000503, 0.000812)).

The parameters are chosen as: r = 1 nm, µI = 5 cP, µE = 1 cP, and t′ = 10−5 h.

3.2.3 Effects of cell geometry

In literature, continuum models have been used at tissue scale in drug delivery problems. The

models resolve the tissue scale and involve some parameters whose values are used to be con-

stant (are known as one scale models). Some parameters are used to quantify tissue hetero-

geneity, such as extracellular volume. However, different cell geometry can lead to the same

extracellular volume in the tissue domain, making one scale modelling inefficient. In this sec-

tion, the FV-HMM is used to analyze the effects of cell geometry on penetration. Numerical

experiments are performed with three different elliptical cells: the first one is having semi-
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major axis along the x′-axis, the second one is having semi-major axis along y′-axis, and the

last one is having both axes equal, i.e., forming a circular cell. All the experiments are con-

ducted with two different values ofK (= 0.1, 1). The viscosity parameters are chosen as µI = 5

cP and µE = 1 cP, and the experiments are conducted for the penetration of 1 nm particles.

Figs. 3.7(a) and (b) display the results for different elliptical cells having the same area.

Nanoparticles penetration for elliptical cells with semi-major axis along y′-direction is less

than that for semi-major axis along x′-direction. Also, the penetration depths are significantly

different with partitioning (K = 0.1). The findings can be explained as follows. Elliptical

cells having a semi-major axis along y′-direction create a more cell membrane obstruction

(Fig. 3.7(d)) in the direction of concentration gradient. Hence, there is a large accumulation of

solute particles near the cell membrane and results in the reduction of penetration. In order to

quantify the effects of cell geometry further, the results at point x′ = 0.1214 for concentration

versus cell width (a1) are plotted in Fig. 3.7(c). It can be seen that as a1 increases (results

into a2 to decrease) the concentration also increases. This is because, the cell is flatten out

with the increase in a1 and it leads to the large passage area, which subsequently allows more

solute diffusion in deeper into the tissue. In these simulations, as the area occupied by the

cell (in microscale domain) is kept fixed, the extracellular volume does not change; though the

results on drug penetration are significantly affected by the change in cell shape. Thus, the cell

geometry has a significant impact on tissue penetration efficacy of drug delivery nanoparticles.

Next, the numerical experiments are performed by changing the cell height and keeping

cell width fixed, and vice versa. The results are displayed in Fig. 3.8. Fig. 3.8(a) displays the

results for varying a2 (cell height) while keeping a1 (cell width) unchanged. It can be seen that

the cell height affects drug penetration significantly, and the reduction in height results in more

drug penetration. In Fig. 3.8(b), results are displayed for varying cell width (a1) while keeping

a2 fixed. It can be seen that the cell width variation does not affect the penetration significantly.

Thus, it can be concluded that the cell height has a significant impact on drug penetration rather

than its width.

3.2.4 Effects of fluid viscosity

Biological fluid viscosity is a key parameter for the diffusivity of various constituents in tis-

sues. Fluid viscosity varies across healthy to abnormal tissues [51, 19]. Here, the FV-HMM is

employed to analyse the effects of viscosity variation on tissue penetration efficacy of nanopar-
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(a) (b)

(c)

cell height

cell width

cell

(d)

Figure 3.7: Effects of cell geometry on drug penetration (a) with partitioning (K = 0.1) and

(b) without partitioning (K = 1). (c) The concentration at point x′ = 0.1214. (d) Schematic

for the cell height and cell width.

(a) (b)

Figure 3.8: Effects of (a) cell height and (b) cell width with partition coefficient K = 0.1.

ticles. Two types of experiments are performed; one with varying intracellular viscosity and the

other one with varying extracellular viscosity. The experiments are performed with (K = 0.1)
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and without partitioning (K = 1) for 10 nm size particles. Figs. 3.9(a) and (b) display the

effects of intracellular viscosity variation. On increasing intracellular viscosity, penetration

depths are reduced significantly without partitioning (K = 1). However, partitioning shows

no significant difference in penetration. It is because, with partitioning (K = 0.1), transport

mainly happens in the extracellular space. Figs. 3.9(c) and (d) display the effects of extracel-

lular viscosity variation. The change in extracellular viscosity affects the penetration with and

without partitioning. Thus, it is observed that with partitioning, tissue penetration efficacy of

nanoparticles is not affected due to the change in intracellular viscosity; however, extracellular

viscosity may affect.

(a) (b)

(c) (d)

Figure 3.9: Effects of fluid viscosities on drug penetration. Intracellular fluid viscosity variation

(a) with (K = 0.1) and (b) without partitioning (K = 1). Extracellular fluid viscosity variation

(c) with (K = 0.1) and (d) without partitioning (K = 1).
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3.3 Conclusions

In this chapter, the FV-HMM is simulated to analyse the effects of several factors such as

partition coefficient, drug particle size, tissue micro-environment, and the cell geometry effects

on the penetration and distribution efficacy of drug particles in the tissues. The investigations

have revealed that the particle size and partition coefficient can play a significant role in the

penetration of drug nanoparticles. The focus of this work is on 1–100 nm size particles. It

is observed that the smaller size particles penetrate deeper compared to the larger ones. The

partition coefficient can reduce the drug penetration significantly. The effects of cell geometry

on drug penetration are also analyzed. It is observed that the different shapes of cell may lead

to significantly different penetration distances despite the cell volume being kept fixed. The

cell height is found to be a significant obstacle in the path of drug diffusion.

46TH-2849_176123004



CHAPTER 4
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The cell membrane poses a crucial barrier in permeation of drug particles in tissues [67]. The

overall delivery of targeted nanoparticles across the cell membrane can be categorized in two

ways: passive and active targeting [67]. The molecules that are small and moderately polar can

diffuse across the cell membrane passively. However, largely polar and charged molecules do

not permeate passively [67]. Researchers have suggested several numerical techniques to deal

with selectively permeable membrane [18, 22, 39, 60]. In 2009, Huang et al. [22] proposed

a permeable interface method based on the immersed boundary method (IBM) handling the

interface with a smooth delta function. IBM was found to produce less accurate results as the

permeability decreases gradually [49] and unable to handle non-permeable membranes [39].

Miyauchi et al. [39] presented a method using the finite element technique, and it was used for

permeable and non-permeable membranes. In a recent article, Leedale et al. [33] studied the

passive as well as the active mass transport across the membrane at the cell-scale. They used

spherical coordinate system with radial symmetry in their model and analysed a single-cell

model.

In this chapter, the passive diffusion of a drug across the cell membrane is included into the

mass transport model (developed in Chapter 2). Accordingly, the FV-HMM is extended to the

FVHMM-p. The resulted model comprises water-phase into intra- and extra-cellular spaces and

selective permeability of a drug through the cell membrane due to the lipophilic profile. Across

the cell membrane, as the diffusion coefficient may be discontinuous and solute transport takes

place with restrictive permeability, the microscale model could be treated as an interface prob-

lem. This chapter also discusses a novel central-type finite difference based numerical scheme,
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called as permeable interface method (PIM), to deal with the interface conditions. PIM can

be used for permeable as well as non-permeable membrane and also for the irregular interface

presents in the domain. It is found that the PIM produces better results in comparison with the

ones available in literature.

Moreover, the FVHMM-p is employed to determine the penetration and distribution of drug

particles in tissue. Numerical experiments are conducted to study the effects of cell membrane

permeability, drug particle size, and intra- or extra-cellular volume on tissue penetration effi-

cacy of drug particles. Investigations reveal that the cell membrane permeability may affect

drug penetration significantly. The cell is considered to be elliptical, and the simulations with

different configurations lead to pronounced effects on penetration of a drug at tissue scale irre-

spective of the cell membrane permeability.

4.1 Model formulation

The non-dimensional macroscale model is given by Eqs. (2.3)–(2.4), and its discrete version

by (2.8). The macro flux needs to be estimated on each face of the CV (Fig. 4.1).

4.1.1 Microscale model

The microscale domain ω is a square domain and contains an elliptical cell placed at the centre

of it (see Fig. 4.1(b)). The steady-state diffusion equation considered at the micro level is given

as,

∇ · (D∇c(x, y)) = 0 in ω, (4.1)

where c denotes the microscopic concentration.

Cell membrane permeability

In order to study drug distribution in the tissue domain, it is necessary to understand how a drug

gets distributed in the presence of biological cells. Subsequently, how does it penetrate across

the cell membrane? The presence of phospholipids in the cell membrane show the hydrophobic

characteristics to the water-soluble molecules and hence provides a barrier. Several factors

affect the drug transport across the membrane, including passive diffusivity, protein binding,

but the hydrophobicity that leads to the partition phenomenon is the key factor.
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Figure 4.1: The hierarchy of the computational domain to couple the microscale model to the

macroscale one. (a) A typical control volume, (b) a typical microscale domain, and (c) the

zoomed-version of cell membrane of width ε.

The cell membrane width that varies between 5–10 nm, is negligible compared to the cell

scale. Also, the passive diffusion across the cell membrane happens through the channels. So,

the diffusion of solute particles of relatively smaller size (≈ 1 nm) can be modelled as one-

dimensional (in the normal direction) [60], as depicted in Fig. 4.1(c). Thus, the steady-state

one-dimensional diffusion equation along the normal direction (n) is given as,

d

dz

(
Dm

dcm
dz

)
= 0, (4.2)

where Dm is the solute transmembrane diffusion coefficient. As the intra- and extra-cellular

fluids are very different in their properties, like protein contents, the partition coefficient may

be different: one, where solute enters from extracellular space to lipid membrane or vice versa,

and second, when solute moves from lipid membrane to the intracellular fluid or vice versa.

Thus, the partitioning conditions at z = 0 and z = ε (depicted in Fig. 4.1(c)) can be written as,

cm(0) = K1cI and cm(ε) = K2cE, (4.3)

respectively. Now, the equation (4.2) says that

Dm
dcm
dz

= constant = j, (4.4)

which is a transmembrane flux (j). Note that j is a scalar as it is one-dimensional quantity. For

this work, it is assumed that the transmembrane diffusion coefficient is constant. The solution
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of the above differential equation can be written as,

cm =
j

Dm

z + A, (4.5)

for some constant A. Now, the use of (4.3) leads to

j =
Dm

ε
(K2cE −K1cI) . (4.6)

This is a general expression for flux across the cell membrane whose two sides are occupied

with different fluids. In the following, we choose K1 = K2 = K, then

j =
DmK

ε
(cE − cI) . (4.7)

Note that, as ε << λ, ε → 0 compared to the cell scale; the normal flux vector (J) can be

taken as J = jn. Thus, the permeability (P ) of the cell membrane is related to the partition

coefficient (K) as,

P =
DmK

ε
. (4.8)

The cell membrane is taken to be a sharp interface in the computational domain. With this

assumption, diffusion of large size particles can also be studied. However, in practice, there is

negligible passive diffusion of large particles due to the availability of small pores only in the

membrane.

Interface conditions

The metabolism or deactivation of drug across the cell membrane is not considered here, so the

interface conditions are used as [22, 33]:

DE∇cE = DI∇cI = P (cE − cI)n. (4.9)

Here, P is related to the dimensional permeability (P ′) as, P = P ′L̃/D̃.

4.1.2 Simulation of microscale model

The boundary values for the micro state variable (c) are obtained using the linear interpolation

of macroscopic concentrations, as discussed in Chapter 2 (Section 2.2). The microscale models

are solved using the permeable interface method (PIM) presented for permeable membranes

in Section 4.2. The outcomes of the microscale models are used to estimate the macro flux as

discussed in Chapter 2 (Section 2.2.4).
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4.2 Permeable interface method (PIM)

In this section, an interface method is discussed, which is presented in the context of microscale

model in FVHMM-p.

4.2.1 Model formulation

Consider the physical domain ω as shown in Fig. 4.2 and its boundary is denoted by ∂ω. The

interface Γ is given by Eq. (2.23).

ωE

ωI

cE

cI

DI

DE

ω

∂ω

Γ

Figure 4.2: Schematic diagram of ω and the elliptical interface Γ. Here, I is used to showing

the intracellular quantity and E for the extracellular one.

For application in the FVHMM-p (microscale model), the two-dimensional elliptic-type

interface problem is considered as:

∇ · (D(x, y)∇c) = 0, (x, y) ∈ ω, (4.10)

for prescribed boundary condition

c(x, y) = cb, (x, y) ∈ ∂ω, (4.11)

and the interface condition

DE∇cE = DI∇cI = P (cE − cI)n. (4.12)

4.2.2 Numerical method

Without loss of generality, ω is considered a unit square domain. It is discretized as discussed in

Section 2.3. The classification for the grid points predominantly needed for the discretization

of model near the interface are used as discussed in Chapter 2 (Section 2.3, depicted in Fig.

2.9).
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The model (Eq. 4.10) is discretized using the central-difference at regular grid points as,

(δx (Dδxc))i,j + (δy (Dδyc))i,j = 0, (4.13)

where

(δx (Dδxc))i,j =

{
Di+1/2,jci+1,j − (Di+1/2,j +Di−1/2,j)ci,j +Di−1/2,jci−1,j

(δx)2

}
and

(δy (Dδyc))i,j =

{
Di,j+1/2ci,j+1 − (Di,j+1/2 +Di,j−1/2)ci,j +Di,j−1/2ci,j−1

(δy)2

}
.

In the following, difference operators for x-directional derivative are discussed, and the

index j is omitted for the sake of brevity. At the x-irregular grid point i (shown in Figs. 2.9 and

4.3a), the central-type difference operator is used as,

(δx (Dδxc))i =

{
Di+θ/2

c−i+θ − ci
xi+θ − xi

−Di−1/2
ci − ci−1

xi − xi−1

}/(
xi+θ − xi−1

2

)
, (4.14)

where xi+θ = xi + θδx for some 0 < θ < 1. For the case where a Cartesian grid point is

surrounded by two interfacial points (as in Fig. 4.3(b)), the central-type difference operator is

used as,

(δx (Dδxc))i =

{
Di+θ1/2

c−i+θ1 − ci
xi+θ1 − xi

−Di−θ2/2
ci − c+

i−θ2
xi − xi−θ2

}/(
xi+θ1 − xi−θ2

2

)
, (4.15)

where xi+θ1 = xi + θ1δx and xi−θ2 = xi − θ2δx for some 0 < θ1, θ2 < 1.

ci+θ c
i+θ

 ci-1        ci c
i+1

i-1               
i+θ

c
i+2

- +

i i+1 i+2
Γ

(a)

ci+θ1 c
i+θ1

 ci-1        c
i c

i+1

i-1        
i-θ2

- +

i i+1
Γ

i+θ1

c
i-θ2
+ci-θ2

-

(b)

Figure 4.3: Treatment of drug concentration at the interfacial point. (a) Single interfacial point

i+ θ around i and (b) two interfacial points i+ θ1 and i− θ2 surrounds Cartesian grid point i.

In order to make the relation (4.14) well-defined, c−i+θ needs to be evaluated. Limiting

concentrations are obtained using the linear interpolation and the interface conditions. The

interpolating polynomials L−(x) and L+(x) are given by Eqs (2.36) and (2.37), respectively.
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In order to determine c+
i+θ and c−i+θ uniquely, there is a need of two equations. The interface

condition (4.12) is imposed to get the results consistent with the permeable membrane. To rope

in the discretization of derivative along x-direction, the x-component of (4.12) can be taken as,

DI
∂cI
∂x

= DE
∂cE
∂x

= P (cE − cI) cosφ, (4.16)

where φ is the angle made by outward unit normal n.

So, the limiting concentrations are obtained from the equations

DE
∂cE
∂x
−DI

∂cI
∂x

= 0, (4.17)

DI
∂cI
∂x

= P (cE − cI) cosφ. (4.18)

Differentiating L−(x) and L+(x) with respect to x and substituting into equation (4.17) one

gets,

κ+c+
i+θ + κ−c−i+θ = κ+ci+1 + κ−ci, (4.19)

where κ+ =
D+
i+θ

xi+1−xi+θ
and κ− =

D−i+θ
xi+θ−xi

. Note that ∂cI
∂x
≈ ∂L−(x)

∂x

∣∣
x=xi+θ

and ∂cE
∂x
≈ ∂L+(x)

∂x

∣∣
x=xi+θ

for i ∈ ωI , whereas the roles of cI and cE are interchanged for i ∈ ωE . Equation (4.18) can be

written as,

α1c
+
i+θ + α2c

−
i+θ = −κ−ci (4.20)

for some α1 and α2 as discussed below. From (4.19) and (4.20) one can obtain

c−i+θ =
1

X
[β1ci+1 + β2ci] , (4.21)

c+
i+θ =

1

X
[γ1ci+1 + γ2ci] . (4.22)

The parameters X, β1, β2, γ1, and γ2 are given as follows.

If η = P cosφ, then for x-irregular grid point i ∈ ωI ,

α1 = η, α2 = −η − κ−, β1 = κ+η, β2 = κ−
(
κ+ + η

)
,

X = −κ+α2 + κ−η, γ1 = −κ+α2, γ2 = κ−η,

and for x-irregular grid point i ∈ ωE ,

α1 = −η, α2 = η − κ−, β1 = κ+η, β2 = −κ−
(
κ+ − η

)
,

X = κ+α2 + κ−η, γ1 = κ+α2, γ2 = κ−η.
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Similarly, to rope in y-direction discretization, the following equation is used (y-component of

(4.12)),

DI
∂cI
∂y

= DE
∂cE
∂y

= P (cE − cI) sinφ. (4.23)

The procedure to discretize the derivative along y-direction is similar to that for x-direction. In

the case where the Cartesian grid point is same as the interfacial point, the treatment is adopted

as suggested by Mittal and Ray [38].

The resulted system of equations is a sparse five-banded system, and it is solved using

the BiCGSTAB algorithm without preconditioning [46]. In all the simulations in this chap-

ter, BiCGSTAB iterations are terminated when the maximum error between the previous and

updated solution falls below 10−15.

4.3 Numerical experiments: validation and error analysis

The numerical multiscale method, developed in this chapter, consists of two major components.

First, PIM, which is used to discretize the microscale model, and second, the overall multiscale

algorithm (FVHMM-p). Thus, the validation is required for PIM and the FVHMM-p algorithm

separately. In this section, the error analysis and validation are performed for the PIM, and the

validation of results for the FVHMM-p is presented in the Section 4.4.1.

4.3.1 PIM

The PIM is tested on one-dimensional (1D) and two-dimensional (2D) problems. For 1D prob-

lem, an analytical solution is constructed with general parameters and for 2D one, as no ana-

lytical solution is available, results are compared with the existing numerical results [39].

1D problem

Problem 4. In the case of 1D, the interface problem given by Eqs. (4.10)–(4.12) can be stated

as,
d

dx

(
D(x)

dc

dx

)
= 0 (4.24)

with interface conditions (at x = x0),

Dl
dcl
dx

= Dr
dcr
dx

= P (cl − cr), (4.25)
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where the subscripts l and r denote the left and right limiting values, respectively, at the inter-

face x = x0.

For 0 < x < 1, the analytical solution of (4.24)–(4.25) with boundary conditions c(0) = c0

and c(1) = c1 and the diffusion coefficient

D(x) =

Dl, for x ≤ x0,

Dr, for x > x0,

(4.26)

is given by

c(x) =

Ax+ c0, for 0 ≤ x ≤ x0,

F (x− 1) + c1, for x0 < x ≤ 1,

(4.27)

where

F =
−PDl

Dl(P (x0 − 1)−Dr)− PDrx0

and A =
P (F (x0 − 1) + 1)

Dl + Px0

.

(a) (b)

Figure 4.4: Simulation results of PIM and Miyauchi et al. [39] along with the analytical solu-

tion. The parameters are (a) Dl = Dr = 1, P = 0 and (b) Dl = 1, Dr = 0.5, P = 0.1. The

interface is located at x0 = 0.5.

Fig. 4.4 compares the PIM results with the analytical solution and the numerical results

of Miyauchi et al. [39]. First, the cell membrane is taken to be impermeable (P = 0), and

the results are displayed in Fig. 4.4(a). Second, the results are displayed for P = 0.1 in Fig.

4.4(b). In both the cases, the interface is considered at x = 0.5. Four grid points are taken in

the mesh and two of them are interior points. The order of maximum error is around 10−18;

this small error could be due to the contribution from the round off error (machine accuracy).

Whereas, in the article by Miyauchi et al. [39], maximum error was noticed to be of order
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10−16. Despite the very crude mesh and discretization, PIM has produced very accurate results,

even for smaller permeability values.

2D problem

(0,0) (1,0)
∂c
∂y

= 0

c = 0

(1,1)(0,1) ∂c
∂y

= 0

c = 1

A B

0.2

(a)

C

x

y

(b)

(c) (d)

Figure 4.5: (a) Schematic of computational domain. The three-dimensional contour plots; (b)

Miyauchi et al. [39], and (d) present work (PIM). (c) The concentration distribution along the

line AB.

Problem 5. In the case of 2D, the interface problem is given by Eqs (4.10)–(4.12). For valida-

tion, a circular membrane is considered at the centre of ω : 0 ≤ x, y ≤ 1. An illustration of the

computational domain is shown in Fig. 4.5(a) and the boundary conditions are also depicted

there. The cell is assumed to be impermeable (P = 0) and D = 1 in intra- and extra-cellular

spaces. The parameter values and the boundary conditions are chosen in accordance with the

available work [39].

The contour plots from Miyauchi et al. [39] (at 400×400 finite element nodes) and PIM (at

400×400 mesh size) are displayed in Figs. 4.5b and 4.5d, respectively. Also, the concentration
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distribution along the line AB corresponds y = 0.5 (see Fig. 4.5(a)), for both the contours, is

shown in Fig. 4.5(c). By comparing, one can see that the PIM results are in good agreement

with that of Miyauchi et al. [39].

Problem 6. The comparison is also made with the microscale model (IIM) used in the FV-

HMM. If K is taken to be zero (Eq. (2.11)), no solute will be allowed to move across the

interface separating intra- and extra-cellular spaces. The same situation will also arise in the

case of zero permeability (P = 0) in the PIM. Note that, P = 0 can also be obtained by setting

K = 0 in Eq. (4.8). Thus, PIM is comparable with the IIM. For the simulation, a circular cell is

considered at the centre of domain 0 ≤ x, y ≤ 1 with radius 0.31. The concentration is set to be

c = 1 at the left boundary and zero elsewhere, and D = 1 is chosen in intra- and extra-cellular

spaces.

Fig. 4.6 displays the results of IIM at steady-state and of the PIM (on mesh size 400×400).

It shows that there is a good match in the results.

Figure 4.6: A comparison between the PIM (left) and the IIM (right) results.

Error analysis

The error analysis for the PIM is performed for problem 6 with three choices of permeability

values. As the analytical solution is not known, the solution at very fine mesh (1281× 1281) is

used as analytical one to calculate the maximum errors. The order of convergence at the current

mesh size δx is obtained as,

Order =
log(||Eδx′||∞/||Eδx||∞)

log 2
, (4.28)

where δx′ = 2δx. ||Eδx||∞ denotes the maximum error.
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Maximum errors and the orders of accuracy are shown in table 4.1 for various grid sizes.

Clearly, one can see that the solution converges on mesh refinement. The orders of convergence

are similar for P = 0.001, 0.1, and 1. Hence, it is evident that for 2D problem the method does

not loose the convergence rate for smaller values of P . Whereas, in Sherk [49], it was noticed

that the IBM method produces less accurate results for low permeable membranes. However,

PIM has produced results of similar accuracy for any permeability values. Thus, PIM has

additional features compared to the previous methods and hence, it could be a robust approach

for permeable or impermeable interface problems. It is asymptotically first-order accurate;

though, the central-difference discretization is used at the regular grid points. This is because

the central-type scheme used at the irregular grid points is first-order accurate on non-uniform

stencil. Also, the linear Lagrange interpolating polynomials are used to obtain the interfacial

values.

Table 4.1: Maximum error estimates and the orders of convergence for the PIM.

Mx = My

P = 0.001 P = 0.1 P = 1

||Eδx||∞ Order ||Eδx||∞ Order ||Eδx||∞ Order

41 1.046× 10−2 — 1.021× 10−2 — 8.663× 10−3 —

81 4.361× 10−3 1.262 4.270× 10−3 1.257 3.718× 10−3 1.220

161 1.439× 10−3 1.598 1.405× 10−3 1.603 1.203× 10−3 1.627

321 6.814× 10−4 1.079 6.656× 10−4 1.078 5.697× 10−4 1.078

4.4 Results in drug delivery

In this section, the effects of cell membrane permeability, drug particle size, intra- or extra-

cellular volume, and the cell geometry effects on penetration and distribution of drug particles

in tissue are studied. The diffusion coefficient is evaluated from the Stokes-Einstein relation

given by Eq. 3.1. The schematic diagram for the geometry of tissue domain along with initial

and boundary conditions is shown in Fig. 4.7(a). The discretization and parameters are chosen

according to Section 3.1.
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(a)

c′ = 0 M

c′ = 0 M

c′ = 0 M

c′ = 1 M

D D′

4.1× 10−4 cm

10−3 cm

10−3 cm

(b)

Figure 4.7: (a) An illustration of the tissue computational domain and (b) the schematic of a

single-cell computational domain.

4.4.1 The convergence and validation for the FVHMM-p

In this section, convergence of the FVHMM-p for drug delivery problem is discussed, and a

validation with the experimental results is also presented.

Convergence analysis

In the chosen finite volume discretization, grid points do not coincide for different macro-spatial

grid sizes; so, the errors are calculated with the help of cubic spline polynomial. The functions

‘spline’ and ‘ppval’ available in the MATLAB [37] are used for the calculation of concentration

at common points for different mesh sizes. The errors on grid refinement for the FVHMM-p

algorithm with two permeability values P ′ = 0.1 and 0.001 cm/h are depicted in Table 4.2. It

clearly shows that the maximum errors decrease with macro-spatial grid refinement; hence, the

convergence is established for the FVHMM-p.

Table 4.2: Maximum error estimates on macro-spatial grid refinement for the FVHMM-p.

Grid
P ′ = 0.1 P ′ = 0.001

||Eh||∞ ||Eh||∞
(13× 1) vs. (25× 1) 5.400× 10−3 5.500× 10−3

(25× 1) vs. (50× 1) 1.819× 10−4 1.827× 10−4

(50× 1) vs. (100× 1) 4.572× 10−5 4.592× 10−5
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Comparison with the FV-HMM and existing experimental results

Next, the FVHMM-p is validated with the experimental result of Huang et al. [23]. They

studied the nanoparticles penetration and accumulation in the spheroid-on-chip system formed

by fixing multicellular spheroids into a microfluidic chip, an in vitro setup. The comparison is

made with the parametersD′E = 1.8×10−7 cm2/h, D′I = 10−8 cm2/h, and P ′ = 0.1 cm/h. The

calculation of permeability value involves the transmembrane diffusivity, partition coefficient,

and the width of the cell membrane as, 10−9 cm2/h, 15, and 7.5×10−7 cm (7.5 nm), respectively.

The numerical experiments are conducted for t′ = 2 h in the macroscale domain [0, 0.01] ×

[0, 0.01]. Fig. 4.8 shows the numerical results of the FV-HMM and FVHMM-p along with the

experimental result of Huang et al. [23]. One can observe that the FVHMM-p results are in

good agreement with the experimental values; whereas, the FV-HMM overestimates the drug

penetration.

Figure 4.8: Numerical results of the FV-HMM and FVHMM-p along with the experimental

results of Huang et al. [23].

The overestimation in penetration with the FV-HMM can be explained as follows. In the

FV-HMM, the intracellular fluid phase is considered hydrophobic to the water-phase (extracel-

lular fluid), and the partition coefficient is incorporated through the interface condition across

the cell membrane given by Eq. (2.11). However, in physiological conditions, the cell mem-

brane is hydrophobic to the water-phase and the intra- and extra-cellular spaces are filled with

the fluid phase (water-soluble). Also, the selective permeable property of membrane modelled

as the cell membrane permeability in the FVHMM-p is ignored in the FV-HMM. Hence, for

larger K (typically K > 1), the FV-HMM overestimates the drug penetration.
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However, forK = 0, the FVHMM-p results are comparable with the ones of the FV-HMM.

The viscosity parameters are chosen as, µI = 5 cP and µE = 1 cP. Simulations are performed

for two choices of cell: circular and elliptical, for circular, a1 = a2 = 4.1× 10−4 cm while for

elliptical, a1 = 4.1 × 10−4 cm and a2 = 3.1 × 10−4 cm. The results are obtained for t′ = 5

h. Note that, the FVHMM-p and FV-HMM problems are effectively 1D with some effective

diffusion coefficient Deff . The effective diffusion coefficients (Deff ) are chosen as 2.6× 10−3

cm2/h and 4 × 10−3 cm2/h for the case of circular and elliptical cells, respectively. Fig. 4.9

displays the concentration distribution in the tissue domain for the FV-HMM, FVHMM-p, and

the analytical solution (Eq. 3.2). For both the types of cells, there is a very good agreement

among the results.

(a) (b)

Figure 4.9: Comparisons of the FV-HMM (K = 0) and FVHMM-p (for P = 0) results with

the choice of (a) circular and (b) elliptical cells.

4.4.2 Effects of cell membrane permeability

In this section, the effects of cell membrane permeability on the penetration of drug particles are

studied in the context of single-cell model and tissue scale model separately. The computational

domain for the single-cell model is displayed in Fig. 4.7(b). This geometry is also used for

microscale models in tissue scale simulations; however, the boundary conditions are evaluated

in the way as discussed in Section 2.2. With different permeability parameters, numerical

experiments are conducted for r = 1 and 10 nm (nm – nanometre, where 1 nm = 10−7 cm)

particles. The fluid viscosity is chosen in two ways (say cases): in case-I, intra- and extra-

cellular fluid viscosities are taken to be equal (µI = µE = 2.5 cP), while in case-II, µI > µE .
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For case-I, the concentration distribution of 1 nm particles is displayed in Fig. 4.10. Fig.

4.10(a) displays the concentration distribution along the arrow DD′ (see Fig. 4.7(b)) for single-

cell model. It can be seen that the concentration is discontinuous and the jump is large across the

cell membrane for smaller values of P ′ and tends towards continuity as P ′ approaches infinity.

The drug accumulation is large in proximity of the cell membrane (see rectangle R1 in Fig.

4.10(a)) due to the selective permeability. Fig. 4.10(b) displays the concentration distribution

in the tissue domain. The drug penetrations are significantly different for different values of

P ′ (ranging in [0.1, 100]). For larger values of P ′ (≈ 100 cm/h), the solute penetration is

approximately two times deeper than for smaller ones (P ′ ≈ 0.1 cm/h). Thus, for this case, the

cell membrane permeability has a pronounced effect on drug penetration in the tissue domain.

(a) (b)

Figure 4.10: Simulation results of 1 nm particles for equal fluid viscosity (µI = µE = 2.5 cP)

in intra- and extra-cellular spaces. (a) Single-cell model and (b) tissue scale model.

Next, the numerical experiments are conducted for the choice of fluids viscosities according

to the case-II. Two different values are chosen for µI as 5 and 10 cP, and µE = 1 cP. These

choices of intracellular viscosity parameter are realistic, as the intracellular environment is

occupied with macromolecules that hinder the diffusion substantially. Results for the single-

cell model are shown in Fig. 4.11(a). It can be noticed that the concentration is discontinuous

even for the larger values of P ′ than the case-I (Fig. 4.10(a)). Consequently, for case-I, there

are large variations in drug accumulation with permeability (rectangle R1 in Fig. 4.10(a)) but

moderate in the case-II (rectangle R1 in Fig. 4.11(a)).

Fig. 4.11(b) displays the concentration distribution in tissue domain for µI = 5 cP. How-

ever, in Fig. 4.11(c), the concentrations are plotted against the permeability at point x′ = 0.195

for µI = 5 and 10 cP. For µI = 5 cP, there is approximately 0.1 M (10 % of 1 M, the con-
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(a) (b)

(c) (d)

Figure 4.11: Effects of cell permeability on penetration and distribution of 1 and 10 nm drug

particles (fluid viscosity as case-II). (a) A single-cell model and (b) tissue model. (c) Concen-

trations against the permeability at position x′ = 0.195. (d) Concentration distribution for 10

nm size drug particles in the tissue domain.

centration input to the tissue domain) concentration difference in spanning P ′ from 0 to 100

cm/h, while in the case of µI = 10 cP, it is reduced to roughly 0.05 M (5 % of 1 M), almost

half. So, the concentration distribution for µI = 5 cP is significantly different from µI = 10 cP.

It should be noted that the 5 % is also a significant amount, as in general, only small amount

of drug does reach the diseased sites. Thus, in conclusion, permeability has significant effects

on penetration and distribution of drug. Numerical experiments are also obtained for 10 nm

particles, the results are displayed in Fig. 4.11(d).

For each particle size, a range (say R = [Pmin, Pmax]) in permeability P ′ can be identified,

outside which there is no significant difference on drug penetration and distribution on variation

of P ′. The permeability value Pmax leads to the maximum transport, and hence, it can be taken

as the optimal value. From Figs. 4.10(b) and 4.11(b), it can be seen that R = [0.1, 100] for 1
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nm particles, but R = [0.01, 5] for 10 nm particles. Clearly, the range R varies across the drug

particle size since the permeability depends on the transverse membrane diffusion (Eq. (4.8)),

which subsequently depends on the solute particle size.

4.4.3 Effects of drug particle size

To determine the effects of particle size on penetration of a drug, the FVHMM-p is simulated

with three different size particles, r = 1, 10, and 100 nm. In this experiment, permeability

values are selected in two ways. First, experiment is conducted by fixing P ′ = 1 cm/h for each

size of particles, and the results are displayed in Fig. 4.12(a). Second, as the transverse mem-

brane permeability is inversely proportional to the solute particle size, different permeability

values are considered for different size of particles, P ′ = 1 cm/h for 1 nm, P ′ = 0.1 cm/h for

10 nm, and P ′ = 0.01 cm/h for 100 nm size particles. From the results (Fig. 4.12(b)), it can

be noticed that the drug penetration is significantly large for smaller size particles. The 100

nm drug particles show very less penetration (≈ 0.05 cm) in tissue; whereas, 1 nm particles

penetrate almost up to 0.4 cm.

(a) (b)

Figure 4.12: Effects of particle size on penetration. (a) P ′ = 1 cm/h and (b) permeability (in

cm/h) for respective particle is shown in the legend.

4.4.4 Effects of cell geometry

In this section, the effects of cell shape and its size on tissue penetration and distribution of a

drug are investigated. Four different types of experiments are conducted. In the first-type, the

shape of cell is chosen to be circular with varying radius. In the second-type, the experiments
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are performed with elliptical shape by keeping width a1 to be fixed (along the x′-axis) and

varying the height a2 (along the y′-axis). In the third-type, the experiments are conducted with

elliptical shape by maintaining a fixed height (a2) and varying the width (a1). In the last one,

keeping the cell area (hence, the extracellular volume) unchanged, the cell shape is chosen in

three ways. Fig. 3.7(d) displays the schematic representation for the cell height and width.

In the first-type experiments, the cell is assumed to be circular. As the microscale domain

size is fixed, the cell radius variation leads to the change in extracellular volume. The experi-

ments are conducted with cell radii as, 2.1× 10−4, 3.1× 10−4, and 4.1× 10−4 cm for different

permeability values. The results are displayed in Fig. 4.13. One can see that the drug penetra-

tion distances are significantly different for different choices of cell radius (Fig. 4.13(a)). Fig.

4.13(b) shows the drug concentrations at point x′ = 0.195 against the cell radius. Drug concen-

tration decreases with the increase in cell radius. This is because, the extracellular space, which

is the main medium of drug transport into the tissue domain, decreases with the increase in cell

radius, and consequently less amount of drug penetrates the tissue. From Fig. 4.13(b), one can

also notice that with the increase in cell radius, the effect of permeability also increases. For

P ′ = 0.1 cm/h, the concentration is reduced by ≈ 0.2 M when the cell radius increases from

2.1 × 10−4 to 4.1 × 10−4 cm, but for P ′ = 10 cm/h, the concentration difference is ≈ 0.1 M

which is 10 % of 1 M. This is because an increase in cell radius increases the cell membrane

surface area, and hence, the permeability becomes an important factor.

(a) (b)

Figure 4.13: Effects of cell size (or extracellular spatial volume) on drug penetration. (a)

Results in tissue domain for P ′ = 0.1 cm/h and (b) the concentrations at point x′ = 0.195 for

different permeability values.
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In the second-type experiments, the cell semi-minor axis length (a1 = 2.1 × 10−4 cm) is

kept fixed, and the experiments are conducted by changing the semi-major axis length (a2), i.e.,

the height of the cell. The results are displayed in Fig. 4.14. There is a pronounced effect of

cell height on penetration and distribution of drug in the tissue domain. The findings are quite

similar as seen in the case of cell radius variation (Fig. 4.13).

(a) (b)

Figure 4.14: Effects of cell height (a2) on drug penetration. (a) Results in tissue domain for

P ′ = 0.1 cm/h and (b) the concentrations at point x′ = 0.195 for different permeability values

(µI = 5 cP and µE = 1 cP).

(a) (b)

Figure 4.15: Effects of cell width (a1) on penetration. (a) Results in tissue domain for P ′ = 0.1

cm/h. (b) The concentrations at point x′ = 0.195.

In the third-type experiments, the cell height (a2 = 2.1 × 10−4 cm) is kept unchanged

and varying the cell width (a1). The results are displayed in Fig. 4.15. In Fig. 4.15(a), all
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curves are almost overlapping, and hence, cell width has less effect on drug penetration. The

concentrations at point x′ = 0.195 against the cell width (a1) (Fig. 4.15(b)) show that the

curves are apart with a small concentration difference.

To determine the effects of cell shape, the extracellular as well as the intracellular volume

is kept unchanged and the experiments are conducted by varying the shape of the cell. In

the first two experiments, the cell is chosen to be elliptical with its different axis lengths, and

circular in the last experiment. The parameters are chosen as, a1 = 4.57 × 10−4 cm and

a2 = 2.1 × 10−4 cm in the first experiment and a1 = 2.1 × 10−4 cm and a2 = 4.57 × 10−4

cm in the second experiment, while in last one, a1 = a2 = 3.1 × 10−4 cm. Note that all three

cells occupy the same area, and the cell shape changes with different choices of parameters.

The results from numerical experiments are displayed in Fig. 4.16. Clearly, one can see that

the cell shape affects drug penetration (Fig. 4.16(a)). In order to quantify the drug distribution,

the concentrations at point x′ = 0.195 are plotted in Fig. 4.16(b) for different permeability

values. The concentrations are plotted against the cell height a2. It can be seen that the drug

concentration decreases with the increase in cell height, and the effects are large in the case of

low permeable membranes.

(a) (b)

Figure 4.16: Effects of cell geometry on penetration. (a) Results in tissue domain for P ′ = 0.1

cm/h. (b) The concentrations against a2 at point x′ = 0.195.

It can be concluded that the effect of cell width on drug penetration is less in contrast to the

cell height. It is also observed that the height as well as the radius of the cell affects penetration

and distribution of drug in the similar way.
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4.5 Conclusions

This chapter proposes a finite volume heterogeneous multiscale method (FVHMM-p) to study

drug delivery in tissues with passive diffusivity across the cell membrane. The inclusion of

passive diffusivity (cell membrane permeability) in the model is the novelty of this study. The

restrictive passive diffusion across the membrane, that incorporates solute transmembrane dif-

fusivity, membrane thickness, and partition coefficient, is considered in the microscale model

using permeable interface condition. For the microscale model simulation, a novel permeable

interface method (PIM) based on the central-type finite difference discretization is proposed.

The PIM is validated for 1D and 2D problems, and it is found to produce better results com-

pared to the existing ones. PIM produces results of similar accuracy for different permeability

values, and it is found to be of first-order accurate. It can also be used for permeable as well

as for non-permeable membranes. The FVHMM-p results agree well with the experimental

results while the FV-HMM is found to overestimate drug penetration. However, for K = 0, the

FVHMM-p results are comparable with the ones of FV-HMM.

Furthermore, the effects of cell membrane permeability, drug particle size, intra- or extra-

cellular volume, and the cell geometry on penetration and distribution of drug particles in tis-

sues are studied. The following findings are observed from the simulated results.

1. Solute permeability of the cell membrane affects drug penetration and distribution.

2. The effects of permeability vary across the equal (µI = µE) and different fluid viscosity

in the intra- and extra-cellular spaces (where µI > µE).

3. For each particle size, a range R = [Pmin, Pmax] in permeability is identified, outside

which there is no significant difference in the drug penetration and concentration dis-

tribution. Hence, Pmax is an optimal value that leads to maximum transport. For 1 nm

particles, R = [0.1, 100] but for 10 nm particles, R = [0.01, 5] is noticed.

4. Larger size particles penetrate in the deep at a significantly large distance compared to

the smaller ones. The 100 nm drug particles show very slow and less penetration (≈

0.05 cm) in tissue; however, 1 nm particles penetrate in the deep at a significantly larger

distance (≈ 0.4 cm). The penetration depths are obtained by simulating FVHMM-p for

5 h.
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5. The cell is considered to be elliptical, and the simulation with different configurations

lead to the pronounced effects on drug penetration irrespective of the cell membrane

permeability.

6. It is noticed that the cell’s height and radius both affect the drug penetration; whereas,

the cell width has a less effect on drug penetration.

7. It is also observed that the cell shape can affect the drug penetration and distribution

irrespective of the tissue domain’s porosity (extracellular spatial volume).
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CHAPTER 5

EFFECTS OF CELL ORIENTATION ON DRUG DELIVERY

The previous choice of reconstruction operator (presented in Chapter 2) leads to the limited

applicability of the FVHMM-p, which is a concern of the present chapter. In the literature, there

is no study available which has shown the effects of reconstruction operator on macroscopic

physics of the problem. In this chapter, two novel reconstruction operators are proposed for the

application in drug delivery process.

Though some drugs get approval through the clinical trials for future use [6], but their effi-

cacies may not be clearly understood due to the heterogeneity of tissue [55]. The cell geometry

contributes to the tissue’s structure. The shape of cell, which changes during growth, division

and death of cell, determines the tissue morphogenesis [41]. The cell constantly controls the

intracellular activities and remodels the extracellular matrix [7]. As a result, the biological

cells can have different shapes, such as round, elongated, spherical, and spindle shape. The

FVHMM-p considered elliptical cells with axes aligned along the coordinate directions. How-

ever, the spindle cell can have different orientations across the tissues (Fig. 5.1), which also

may affect the drug delivery process. In tissue engineering, it is utmost important to control

the interior structures while creating artificial tissues that closely mimic natural ones [14]. The

knowledge of the effects of cell orientation on drug delivery can provide insights beforehand

for experimental investigations of a drug. So, cell orientation could be a prominent factor in

the drug delivery process. However, in the context of drug delivery, the authors have not come

across any literature where the effects of cell orientation on drug delivery have been studied.

This chapter investigates the effects of cell orientation on drug transport in biological tis-

sues. With the modified FVHMM-p, i.e., using new reconstruction operator, it is possible to
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Figure 5.1: Tissue image [28].

study drug distribution in the tissue domain with the elliptical cells whose axes are no longer

aligned with the coordinate axes. The simulation results reveal that the biological cell orienta-

tion is an important factor, which can affect drug penetration and distribution. Furthermore, the

local sensitivity analysis is performed to determine the most sensitive parameter to the model

response.

5.1 Model formulation

The model considered here is the one discussed in Chapter 4. The macroscale model is given

by Eqs. (2.3)–(2.4), and its discretized version by (2.8). It is assumed that the drug is supplied

through the left boundary and diffuses towards the right one. So, the boundary conditions are

used as,

C(t, 0, y) = Cin, (5.1)

C(t, L, y) = Cout, (5.2)

respectively. Tissue domain is considered to be sufficiently large to ensure that Cout = 0 for the

stipulated time. For drug delivery in tissues, physiological conditions suggest that the fluxes

need to be specified at the lateral boundaries to exhibit a realistic situation of drug transport in

the living organisms. The drug that moves through the lateral boundaries is modelled by the

convection boundary condition, which is defined as,

−F · nt = κ(C − C∞), (5.3)

where C∞ denotes the drug concentration in the exterior of tissue, and it is taken to be zero

in this work. κ denotes the mass transfer coefficient, and nt is the normal vector to the tissue

(boundary). In general, the flux F is defined to be proportional to the concentration gradient
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(Fick’s law), but here, no concrete form is assumed; instead, it is determined by using the mi-

croscopic information. Alternatively, the following relation is useful if the effective diffusivity

(Deff ) is known at the boundary.

−Deff
∂C

∂nt
= κ(C − C∞). (5.4)

The schematic diagram of the tissue domain and boundary conditions are depicted in Fig. 5.2.

Convection boundary 
condition

Figure 5.2: Schematic of problem.

In this chapter, mainly the effects of elliptical cell orientation on drug delivery process are

discussed. The equation for the cell rotated by an angle φ in counter-clockwise direction can

be written as,

Γ :
((x− x0) cosφ+ (y − y0) sinφ)2

a2
1

+
((x− x0) sinφ− (y − y0) cosφ)2

a2
2

= 1,

where (x0, y0) is the centre of the ellipse. a1 and a2 are chosen to be constants. φ = 0 corre-

sponds to an elliptical cell whose axes lie along the coordinate directions.

In order to estimate the macro flux (F), the microscale models are constructed as discussed

in Section 4.1.1. The reconstruction of boundary condition is discussed next.

5.1.1 Reconstruction operator

Note that, in the reconstruction operator used in Chapter 4, the x-directional macroscopic

concentration gradient is imposed in the east and west microscale models to determine the

x-directional fluxes, whereas y-directional macroscopic concentration gradient is used in the

north and south microscale models in order to extract the y-directional fluxes.

New reconstruction operator

It is noticed that the old reconstruction operator does not impose the correct macroscopic con-

centration gradient on the microscale model, although it works fine for the study in previous
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chapters. In the FVHMM-p, the axes of the elliptical cell placed in the microscale domain

are taken to align along the coordinate directions; but if this is not the case, the old operator

may not perform as expected. This is due to the fact that the microscale models placed at the

north and south faces of the CV are constrained by the y-directional concentration gradient that

remains zero throughout the FVHMM-p simulation (Section 4.4).

To use correct macroscopic concentration gradient at the microscopic level, two new recon-

struction operators are proposed in the present study. In the following, the new operators are

classified as type-I and type-II, any one of these can be used to apply the correct macroscopic

concentration gradient on the microscale model. The general idea is to construct an operator

in such a way that it can impose the x-directional as well as the y-directional concentration

gradient simultaneously on each microscale model.

Type-I

Suppose, the CV (k, l) is interior one. For ωef (as in Fig. 5.3), the boundary values (c) on the

left
(
∂ω

ef
1

)
and right

(
∂ω

ef
2

)
boundaries are obtained by using the old reconstruction operator.

At the upper
(
∂ω

ef
4

)
and lower

(
∂ω

ef
3

)
boundaries, the y-directional macroscopic concentration

gradient is imposed using the macroscopic concentrations at the nodes A and B (shown in Fig.

5.3). The macroscopic concentration at node A (Cn
A) is determined by taking the arithmetic

average of concentrations of the CVs surround the node as,

Cn
A =

Cn
k,l + Cn

k+1,l + Cn
k,l+1 + Cn

k+1,l+1

4
.

Similarly, the concentration at node B (Cn
B) is obtained as,

Cn
B =

Cn
k,l + Cn

k+1,l + Cn
k,l−1 + Cn

k+1,l−1

4
.

The concentrations on the upper and lower boundaries of the microscale model are evaluated

as,

ci,j = Cn
B + ξj

Cn
A − Cn

B

h
for i = 2, 3, . . . ,M − 1, and j = 1 and M,

where ξ1 = ε− and ξM = ε+ (the lower and upper boundaries, respectively).

The boundary condition for the microscale model ωnf is obtained as follows. The boundary

values on the upper and lower boundaries are determined using the old reconstruction operator.

For the left and right boundaries, the concentration at node A is already determined and the

concentration (Cn
B′) at node B′ (see Fig. 5.3) is calculated as,

Cn
B′ =

Cn
k,l + Cn

k−1,l + Cn
k,l+1 + Cn

k−1,l+1

4
.
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(k, l + 1)

B

B′ A

(k, l) (k + 1, l)

∂ω
ef
2∂ω

ef
1

∂ω
ef
3

∂ω
ef
4

ωef

ωnf

y

x
Cb1 Cb2

Figure 5.3: Schematic for the implementation of novel reconstruction operators.

The reconstruction is used as

ci,j = Cn
B′ + ξi

Cn
A − Cn

B′

h
for j = 1, 2, . . . ,M, and i = 1 and M,

for ξ1 = ε− and ξM = ε+ (left and right boundaries, respectively).

Consider the CV (k, l) (in Fig. 5.3) is adjacent to the boundary of the macroscale domain

and its lower face coincides with the macroscopic boundary. If the concentration (Dirichlet

condition) is prescribed at the boundary node B, it can be used for reconstruction directly. In

the case of convection boundary condition, the concentration is determined at node B (discussed

in the later part of this section) and then it is used for reconstruction.

Type-II

In the type-II reconstruction, bilinear interpolation is used. Consider the CV (k, l) is an interior

one. Firstly, the reconstruction operator is discussed for the microscale model constructed on

the east face (ωef ) (see Fig. 5.3). Two interpolating functions are determined using the bilinear

interpolation; f1(x, y) using the macroscopic concentrations Ck,l, Ck+1,l, Ck,l+1, and Ck+1,l+1,

and f2(x, y) usingCk,l,Ck+1,l,Ck,l−1, andCk−1,l−1. f1(x, y) is used to evaluate the microscopic

concentration values (ci,j) that lie above the dash-dotted line joining (xk, yl) to (xk+1, yl) (in

Fig. 5.3), while f2(x, y) is used to compute ci,j’s that are below to the line.

The bilinear interpolating function f(x, y) for any four points (x1, y1), (x2, y1), (x1, y2),

and (x2, y2) and their respective functional values f11, f21, f12, and f22, can be written as,

f(x, y) =
(y2 − y) [(x2 − x)f11 + (x− x1)f21] + (y − y1) [(x2 − x)f12 + (x− x1)f22]

(x2 − x1)(y2 − y1)
.
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So, the boundary values for the microscale model are calculated as,

ci,j = f(xi, yj),

where f is either f1 or f2.

For the microscale model (ωnf ), f1(x, y) is determined using Ck,l, Ck+1,l, Ck,l+1, and

Ck+1,l+1, and the second function, (say it) f3(x, y) using Ck−1,l, Ck,l, Ck,l+1, and Ck−1,l+1

concentration values. f1(x, y) is used to evaluate the ci,j’s that lie right to the dash-dotted line

joining points (xk, yl) and (xk, yl+1) while f3(x, y) is used for other side.

For boundary CV, if its face lies in the interior, similar procedure is adopted. However,

as on the boundary there is no macroscopic grid point, two points , b1 and b2 (see Fig. 5.3),

are introduced on the boundary, where the concentrations are Cb1 and Cb2 , respectively. These

macroscopic concentrations are either given by Dirichlet boundary condition or in the case of

convection boundary condition, a discussion is presented in the next.

Now on, for convenience, FVHMM-p is written as FVHMM-p(I) for type-I reconstruction

operator and FVHMM-p(II) for type-2, while FVHMM-p is used for the multiscale method

with old reconstruction operator developed in Chapter 2.

Implementation of convection boundary condition

The convection boundary condition given by expression (5.3) or (5.4) can be incorporated in

the finite volume discretization. The discretization for the CV (k, l), whose south face is on the

boundary of Ω (Fig. 5.3), can be written as,

Cn+1
k,l − Cn

k,l

∆t
≈ 1

h2

[
F n
ef

+ F n
nf
− F n

wf
− κ(Cb1 − C∞)

]
. (5.5)

In this equation, Cb1 needs to be determined. For boundary condition given by (5.3), Cb1 is

obtained from the extrapolation of two consecutive interior grid points as,

Cb1 = Ck,l + (y − yl)
Ck,l+1 − Ck,l

h
. (5.6)

For the case, where convection boundary condition given by (5.4), the concentration at bound-

ary node is determined as,

Cb1 =
Ck,l − kmC∞h/2

1 + kmh/2
,

where km = κ
Deff

.

In type-I reconstruction, the concentration at node B (Fig. 5.3) is calculated as,

CB =
CA

1 + kmh
.
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5.1.2 Estimation of macro flux

The microscale models are simulated using the permeable interface method (PIM), where the

resulting set of equations are solved using BICGSTAB II with SSOR preconditioning for tol-

erance value 10−15. Then, the macro flux is estimated as for the FVHMM-p. For boundary

face, if the Dirichlet boundary condition is specified, the approach suggested in Chapter 2 is

adopted, while if the flux condition is specified, the implementation is similar as for the con-

vection boundary condition (Section 5.1.1).

5.2 Results and discussion

In this section, numerical convergence of the proposed multiscale method is demonstrated with

an example whose analytical solution is available. The results are compared with the ones of

the FV-HMM. Also, the results obtained from FVHMM-p(II) are compared with the ones from

FVHMM-p followed by a grid independency test, and a validation is also performed with the

experimental results. Finally, the effects of cell orientation on drug penetration and distribution

are studied in the tissue domain.

5.2.1 Numerical convergence and comparison with the FV-HMM

To examine the convergence of the FVHMM-p(I) and FVHMM-p(II), Problem 3 is considered

with the cell-free microscale domain.

Table 5.1 displays the maximum error estimates on macro-spatial grid refinement. It shows

that the mesh refinement reduces the errors. On comparison, it can be observed that the results

obtained from the FVHMM-p(II) are of similar accuracy as that of the FV-HMM, however,

more accurate than that from FVHMM-p(I). The better accuracy of the FVHMM-p(II) than

of the FVHMM-p(I) is due to the fact that, for type-I, fixed values are used as the boundary

condition at each side of the microscale boundaries, whereas in the old operator as well as in

the type-2 operator, concentration gradient (linearly varying concentrations) is imposed on the

boundary. From this discussion, it can be concluded that the reconstruction operator can affect

the overall accuracy of the results. In Fig. 5.4, surface plots for the numerical and analytical

solutions on the finite volume mesh of size 20× 20 are displayed. It shows that the numerical

solution is in very good agreement with the analytical one.
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As the type-II is more accurate than the type-I, it is used in rest of the calculations unless

stated explicitly.

Table 5.1: Maximum error estimates (||Eh||∞) for the FVHMM-p with the type I and type II

reconstruction operators and for the FV-HMM.

Mesh size (macro)
FVHMM-p(I) FVHMM-p(II) FV-HMM

||Eh||∞ ||Eh||∞ ||Eh||∞
10× 10 1.349× 10−9 4.059× 10−10 3.993× 10−10

20× 20 1.037× 10−9 5.974× 10−11 5.666× 10−11

30× 30 9.982× 10−10 1.829× 10−12 3.831× 10−12

(a) (b)

Figure 5.4: A comparison between the (a) analytical and (b) numerical (FVHMM-p(II)) solu-

tions on the finite volume mesh of size 20× 20 at t = 1.

5.2.2 Grid independency

Prior to simulate the model, grid independency of the results is ensured. The boundary condi-

tions for the macroscale model are chosen as; C ′in = 1 M (M = molar) (left boundary), C ′out = 0

M (right boundary), zero flux condition on the upper and lower boundaries, i.e., ∂C
′

∂y′
= 0 M/cm,

and the initial condition C ′0 = 0 M in the whole domain. Parameters for the model are chosen

as: a1 = 4.57 µm, a2 = 2.1 µm, µI = 5 cP, µE = 1 cP, r = 1 nm (nm – nanometer and r is the

radius of the cell), and P ′ = 0.1 cm/h. Microscale domain is chosen to be a square domain of
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(a) (b)

(c) (d)

Figure 5.5: Grid independency results for the FVHMM-p(II) on macro-spatial grid (a) 13× 13,

(b) 25 × 25, and (c) 50 × 50. (d) Concentrations along the lines y′ = 0.5 and y′ = 0.97 from

each of the contour.

edge length 10 µm, where the cell is taken to be placed at the centre with φ = π
4
. Numerical

experiments are conducted in 1× 1 cm2 macroscale domain for t′ = 3 h.

For grid independency test, the macroscale model is simulated for three macro-spatial grids:

13× 13, 25× 25, and 50× 50 with ∆t′ = 10−3 h, and the micro-spatial grid is chosen of size

100 × 100. Fig. 5.5 displays the contour plots of concentration distribution for each choice

of macro-spatial grids. Also, the concentrations along the lines y′ = 0.5 and y′ = 0.97 are

displayed in Fig. 5.5(d). It can be seen that the results for the macro-spatial grids 25× 25 and

50× 50 overlap. Thus, the grid size 25× 25 is chosen as the working macro-spatial grid. It is

also tested that further refinement in macro-temporal step size and micro-spatial step size does

not affect the results obtained on 25× 25 macro-spatial grid.
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Figure 5.6: Comparison of the FVHMM-p(II) results with the experimental values of Huang et

al. [23].

5.2.3 Validation with the experimental results

Experimental results of Huang et al. [23] are used to validate the results of the FVHMM-

p(II). They investigated drug penetration in an in vitro setup, which was a spheroid-on-chip

system. Numerical experiment is conducted with the parametersD′E = 1.8×10−7 cm2/h, D′I =

10−8 cm2/h, and P ′ = 0.1 cm/h in the macroscale domain [0, 0.01] × [0, 0.01] for t′ = 2 h.

Results are displayed in Fig. 5.6. One can clearly observe that the results are in very good

agreement.

5.2.4 Convection boundary condition

The correctness of implementation of the convection boundary condition in the multiscale al-

gorithm is assessed by comparing the results with the ones obtained from package ‘pdetool

box’ in the MATLAB [37]. The microscale model is considered to be cell-free. The model pa-

rameters are chosen to be the same as stated in Section 5.2.2. However, at the upper and lower

boundaries, the convection boundary condition is specified with κ′ = 8.174217762 × 10−2

cm/h and D′E = 8.174217762 × 10−3 cm2/h, and D′eff is chosen to be the same as D′E since

the tissue is cell-free. Fig. 5.7 shows the results obtained from MATLAB and also from the

FVHMM-p(II) with two choices of convection boundary conditions given by (5.3) and (5.4).

One can see that all three sets of contour are exactly similar.
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(a) (b)

(c)

Figure 5.7: Contour plots for concentration distribution on application of convection bound-

ary condition on upper and lower boundaries, (a) FVHMM-p(II) along with Eq. (5.4), (b)

FVHMM-p(II) along with Eq. (5.3), and (c) MATLAB solution.

(a) (b)

Figure 5.8: Results for drug transport in tissue using (a) FVHMM-p(I) and (b) FVHMM-p(II)

for φ = π
4
.
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5.2.5 Type-I versus type-II operators

In this section, the results are compared to assess the abilities of type-I and type-II operators

to capture the effects of cell orientation on drug delivery process. Numerical experiments are

conducted with the model parameters as stated in Section 5.2.2. Fig. 5.8 shows the contour

plots of concentration distribution for each of the methods FVHMM-p(I) and FVHMM-p(II)

with φ = π
4
. Similar results are obtained from both the operators, and it can be seen that

the resulted multiscale model can capture the effects that appeared on the boundary due to a

specific orientation of the cells.

5.2.6 Old versus new reconstruction operators

In this section, it is discussed that how does the projection of concentration gradient on the

microscale model, due to the new reconstruction operator (FVHMM-p(II)), lead to the phys-

ically realistic effective concentration distribution in tissues? The experiments are conducted

with the model parameters as mentioned in Section 5.2.2. Experiments are performed for two

situations; first, with the elliptical cell having axes along the coordinate directions, and second,

with the cell rotated by an angle φ = π
4

in the anti-clockwise direction.

Fig. 5.9 shows the concentration variation along the x′-direction. For φ = 0, the concentra-

tion distribution is uniform along y′-direction for both FVHMM-p and FVHMM-p(II), and the

results are shown in Fig. 5.9(a). It can be seen that the results are similar for both the methods.

Hence, the choice of reconstruction operator does not make any difference in perspective of

macroscopic physics when the elliptical cells are aligned along the coordinate axes.

For φ = π
4
, results are shown in Fig. 5.9(b). The concentration is uniform along the y′-

direction for the FVHMM-p; however, for the FVHMM-p(II), the concentration gradient along

y′-direction is non-zero near the upper and lower boundaries (one can see contour plot in Fig.

5.8(b)). So, in the Fig. 5.9(b), concentration distributions along the lines: y′ = 0.02, y′ = 0.5,

and y′ = 0.98 are shown. The results along the line y′ = 0.5 agrees well for both the methods.

However, drug penetration is larger near the upper boundary (y′ = 0.98) whereas lesser in the

vicinity of lower boundary (y′ = 0.02) in the case of the FVHMM-p(II).
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(a) φ = 0. (b) φ = π
4 .

Figure 5.9: Prediction of concentration distribution and penetration using the FVHMM-p and

FVHMM-p(II) for (a) the elliptical cell whose axes lie along with the coordinate directions

(φ = 0) and (b) the elliptical cell is rotated by an angle φ = π
4

anticlockwise.

5.2.7 Effects of cell orientation on drug penetration and distribution

In treating chronicle diseases, it is well known that either the drug does not reach the diseased

site or its efficacy may not be well understood. Biological cells hinder the drug penetration and

ultimately determine the drug distribution in tissues. So, the understanding of drug penetration

and distribution in the presence of cells is paramount. In reality, cells may not be aligned in

some fixed direction. So, it is imperative to study the effects of cell orientation on drug trans-

port. This may help optimize the drug efficacy and predict the drug penetration and distribution

in the tissue domains.

In the following, effects of cell orientation on drug distribution are investigated with the

choice of φ ∈
[
0, π

2

]
, which is chosen as iπ

16
for i = 0, 1, . . . , 8. The other model parameters are

taken to be the same as in Section 5.2.2. The model is simulated for various values of κ′; here,

results are discussed for κ′ = 0.01 and 0.1 cm/h.

For κ′ = 0.01 cm/h, the contour plots are displayed in Figs. 5.10(a)–(e) for different values

of φ. Drug loss (or movement) can be seen across the upper and lower boundaries. This fact

of drug loss is an eventual effect of convection boundary condition. Also, from the figures,

it can be readily seen that the overall drug penetration decreases with the increase in φ. Note

that a1 > a2 for φ = 0. Thus, on cell rotation, i.e. for φ > 0, (shown in Fig. 5.10(f)), the

cell height increases that leads to decrease the penetration. It can be noticed that the overall

extracellular volume is unchanged for any φ, but the drug penetration is affected. Also note
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(a) (b)

(c) (d)

(e)

cell heighta1a2

(f)

Figure 5.10: (a)–(e) Results for drug concentration distribution and penetration for various φ

(κ′ = 0.01). (f) Schematic of the cell height.

that drug achieves maximum penetration for φ = 0 and minimum for φ = π
2
, which is true for

the case where semi-major axis of the elliptical cell (with φ = 0) lies in the x′-direction. Thus,

the cell orientation could be pivotal in drug delivery.
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(a) Line: y′ = 0.05. (b) Line: y′ = 0.49.

(c) Line: y′ = 0.95. (d)

Figure 5.11: Drug concentrations along the lines (a) y′ = 0.05, (b) y′ = 0.49, (c) y′ = 0.95,

and (d) on the selected probes.

In order to further quantify the effects of cell orientation on drug penetration and dis-

tribution, results are analysed along some cross-sections of the tissue domain (Ω), and also

P1 = (0.21, 0.05), P2 = (0.21, 0.49), and P3 = (0.21, 0.95) are selected as the probes for in-

vestigation. Figs. 5.11(a)–(c) display the concentration distribution along the lines, y′ = 0.05,

y′ = 0.49, and y′ = 0.95, respectively, and the concentrations on the probes are shown in Fig.

5.11(d). Along the line y′ = 0.49, drug penetration decreases monotonically with the increase

in φ, and the difference in concentration on the probe P2 is ≈ 0.1 M when φ changes from 0 to
π
2
. The difference in concentration is calculated as, Cmax − Cmin for 0 ≤ φ ≤ π

2
, where Cmax

and Cmin are the maximum and minimum concentrations, respectively.

In the proximity of upper (y′ = 0.95) and lower (y′ = 0.05) boundaries, different patterns

are observed. It is noticed that the drug concentration may not decrease monotonically with the
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(a) (b)

Figure 5.12: Concentration distribution along the cross-section x′ = 0.21. (a) 0 ≤ φ ≤ π
4

and

(b) π
4
≤ φ ≤ π

2
.

increase in φ. For y′ = 0.95, in the first half
(
0 ≤ φ ≤ π

4

)
, the concentration forms a concave

down curve (probe P3, see Fig. 5.11(d)), whereas drug concentration decreases monotonically

as φ increases for π
4
≤ φ ≤ π

2
. It could be the simultaneous effect of two parameters; cell height

and the orientation of cell (φ). The rotation of ellipse causes to increase the drug accumulation

near the upper boundary (see Fig. 5.9(b), the case of impermeable lateral boundaries), while

an increase in φ increases the cell height in the path of drug diffusion. So, there are two factors

that affect drug penetration oppositely. Next, the drug concentration in the proximity of lower

boundary along the line y′ = 0.05 is displayed in Fig. 5.11(a). The concentration decreases

monotonically for the first half of φ (0 ≤ φ ≤ π
4
), while there is a concave up type curve for

the concentration distribution in the second half (π
4
≤ φ ≤ π

2
) (probe P1, see Fig. 5.11(d)).

In all the experiments listed here, the drug concentration difference is approximately 10 % (of

initial input concentration, C ′in = 1 M) on the probes for the selected range of φ. However, the

concentration difference may vary across the tissue domain, but it is found to be a minimum of

nearly 8 % in most of the tissue domain, which is a significant one.

Results are also analysed along the cross-section (x′ = 0.21) in the y′-direction. For dis-

cussion, the values of φ are taken again in two ranges 0 ≤ φ ≤ π
4

and π
4
≤ φ ≤ π

2
. Fig. 5.12

shows the concentration distribution along the line x′ = 0.21 for both the ranges of φ sepa-

rately. It is seen that the drug concentration is largely affected near the lower boundary (where

concentration difference is≈ 7–10 %) as compared to the upper one (≈ 2 %) for the first range

of φ, 0 ≤ φ ≤ π
4

(Fig. 5.12(a)), and for the latter range (π
4
≤ φ ≤ π

2
), drug concentration is
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(a) (b)

(c) (d)

(e)

Figure 5.13: Drug concentration distribution and penetration with κ′ = 0.1 cm/h for various

values of φ.

largely affected at the upper boundary while the effect is less near the lower boundary. One

can also see that for φ ≈ π
4
, drug concentration is more at the upper boundary than that at the

lower one (≈ 8 % concentration difference for x′ = 0.21, see Fig. 5.12) but almost equal as φ

approaches to either π
2

or 0. From this discussion, it can be concluded that φ = π
4

is a critical
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value, as above and below of this value different patterns are noticed.

The results for κ′ = 0.1 cm/h are also investigated. The first observation is that the drug

loss through the tissue’s lateral boundaries is more in this case than that for κ′ = 0.01 cm/h

(see Fig. 5.13). Figs. 5.14(a) and (b) display the drug concentration distributions along the

cross-section in y′-direction, and Fig. 5.14(c) displays concentrations on the selected probes.

All qualitative observations for κ′ = 0.01 cm/h also hold true for κ′ = 0.1 cm/h, however their

quantitative significance are much lesser.

From the discussion, one can conclude that the cell orientation affects drug transport signif-

icantly. The application of the convection boundary condition on the lateral boundaries leads

to different drug distribution patterns in the proximity of the boundary. Hence, the orientation

of the cell will be an important parameter for drug delivery applications in the tissues.

(a) (b)

(c)

Figure 5.14: Drug concentrations along the cross-section x′ = 0.21 for (a) 0 ≤ φ ≤ π
4

and (b)
π
4
≤ φ ≤ π

2
. (c) Drug concentrations against φ on the probes.
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5.2.8 Effects of cell dimensions and cell permeability

Effects of cell dimensions

The dimensions (more precisely, the parameters a1 and a2) of a cell are important and could

be a deciding factor in drug delivery, as examined in Chapters 3 and 4. In order to understand

the effects on cell orientation, the values of a1 and a2 are chosen in such a way that the area

occupied by the cell remains same (a1 = 4.57 µm and a2 = 2.1 µm; call it cell E1) as used

in the above analysis. For another cell (call it cell E2), a1 = 3.84 µm and a2 = 2.5 µm are

chosen. In order to compare the results for the cells E1 and E2, numerical experiments are

conducted keeping values of the other model parameters as stated in Section 5.2.2 except κ′.

Here, κ′ = 0.1 cm/h is considered.

(a) (b)

(c)

Figure 5.15: Drug concentrations for two different elliptical cells on probes (a) P1, (b) P2, and

(c) P3.

Fig. 5.15 displays the concentrations on probes P1, P2, and P3 against the angle of orienta-

89TH-2849_176123004



5.2. RESULTS AND DISCUSSION

tion φ. The trends of the results are similar (or the patterns in drug distribution are observed to

be similar) for E1 and E2. However, the drug concentration is less for E2 with smaller values

of φ, while more in the case of larger values of φ. It is because a2 is larger for E2, and hence,

the cell height leads to less drug penetration for smaller values of φ; however, the cell height

for E1 is greater than that for E2 for larger φ and hence leads to more drug concentration for

E2. The overall concentration difference for E2 is ≈ 4 % for 0 ≤ φ ≤ π
2
, which is significantly

lower than that for the case of E1 (where a minimum of ≈ 8 %).

(a) (0.21, 0.05). (b) (0.21, 0.49).

(c) (0.21, 0.95).

Figure 5.16: Drug concentrations for two different permeability values on probes (a) P1, (b)

P2, and (c) P3.

Effects of cell permeability

As the permeability of cell membrane varies across the different types of cells [43], and also

across the tissues, it is important to study its effects on drug distribution. The experiments

are conducted with the model parameters as stated in Section 5.2.2 with κ′ = 0.1 cm/h for

90TH-2849_176123004



CHAPTER 5. EFFECTS OF CELL ORIENTATION ON DRUG DELIVERY

P ′ = 0.1 and 10 cm/h.

Fig. 5.16 shows drug concentrations against φ on the probes P1, P2, and P3. One can

observe that the drug distribution patterns are qualitatively similar for P ′ = 0.1 and 10 cm/h

as the drug concentration either decreases or increases with φ for both the cases. However,

the drug concentration is higher for P ′ = 10 cm/h, which is expected as the large permeable

membrane will allow more drug to penetrate into the tissue. For these values of P ′, the gap in

the curves of drug concentration increases with φ.

5.3 Sensitivity analysis

The values of the model input parameters are usually obtained from the experiments or esti-

mated by specific mathematical tools, which are prone to uncertainties as the measuring in-

struments are embodied with certain errors. The experimental setup itself may not mimic the

reality and may lead to incorrect findings usually with acceptable errors. Due to the possi-

ble uncertainties in the input parameters, theoretical predictions of a mathematical model may

overestimate the findings. Sensitivity analysis is a useful tool for predicting the effects of vari-

ations in the input parameters on the model output and help in the physical interpretation of the

model.

The normalized sensitivity coefficient (NSC) used for the analysis of sensitivity of the input

parameters to the model response is defined as,

NSC =
X

mean(C ′)

∂C ′

∂X
, (5.7)

where X is an input parameter, and mean(C ′) denotes the mean value of C ′ over the spatial

domain. As the input parameters differ by several orders, normalized values are particularly

useful to compare the sensitivity of different parameters. The nominal values of the parameters

are mentioned in Section 5.2.2, and the NSC is calculated by perturbing the nominal values by

10 %. The results are displayed in Fig. 5.17.

From the figure, one can observe that the highest deviation in NSC value from zero is

obtained for λ′ (edge length of the microscale domain), and hence, λ′ is the most sensitive

model input parameter. The order of importance in terms of sensitivity is as λ′, a1, D′E , φ,

a2, and κ′, so accordingly the amplitude of their curve diminishes to zero. The system is least

sensitive to P ′ and D′I due to the small contribution of cell properties on drug penetration.

The NSC values are positive for some parameters such as λ′ and D′E , since the concentration
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Figure 5.17: Normalized effect of the input parameters on the model output. Results with

‘dashed lines’ are shown for the 10% reduction in the input parameter value while ‘solid lines’

are for the 10% increase. These results are along the line y′ = 0.49.

increases on increasing their values. Whereas, the NSC values are negative for parameters a1,

a2, and φ, as the concentration increases with a decrease in the parameter value. Note that the

NSC values tend to zero for x′ = 0.4 onwards owing to the concentration approaches zero.

These analyses will be advantageous for biological applications. It can be noticed that the

extracellular parameters are more sensitive to the model response compared to the intracellular

parameters.

5.4 Conclusions

In this chapter, the FVHMM-p is improved to accurately simulate the effects of biological

(elliptical) cell orientation on drug penetration and distribution in the tissue domain. As a part

of this improvement, two novel reconstruction operators are proposed to get physically realistic

results. It is observed that the reconstruction operator may affect the macroscopic physics of

the problem. The convection boundary condition is also modelled in the HMM framework to

account for the drug movement through the tissue boundary owing to the realistic physiological

conditions. Numerical results are validated with the experimental results.

The effects of cell orientation on penetration and distribution of drug in the biological tis-

sues are investigated for the first time. The following findings are observed from the simulation

results:

1. The orientation of a cell is a prominent factor that can affect the penetration and distribu-
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tion of a drug in tissues significantly.

2. In the proposed model, drug achieves maximum penetration for (the angle of cell rota-

tion) φ = 0 and minimum for φ = π
2
, which is true for the case where semi-major axis of

the elliptical cell (with φ = 0) lies in the x-direction.

3. The application of the convection boundary condition on the lateral boundaries leads to

different drug distribution patterns in the proximity of the boundary.

4. The drug concentration in the tissue domain can be affected by approximately 8 % on

cell rotation from 0 to π/2, which is a significant one.

5. The angle of cell orientation φ = π
4

is a critical value for φ, above and below of which

different patterns are observed in drug distribution and penetration near the tissue bound-

ary.

6. It is observed that the drug distribution patterns are qualitatively similar for different cell

membrane permeabilities; however, the drug concentration increases for larger perme-

ability values.

7. The local sensitivity analysis is performed to determine the dependency of the model

response on the input parameters. It is observed that the model is most sensitive to the

size of the microscale domain, whereas least sensitive to the cell membrane permeability

and intracellular diffusivity.

8. The parameters related to the extracellular space are more sensitive to the model response

as compared to the ones related to the intracellular space.

Thus, the cell orientation is a vital factor in drug delivery.
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CHAPTER 6

EFFECTS OF FLUID FLOW AND METABOLISM ON DRUG

DELIVERY

Due to the geometrical resistances and increase in interstitial fluid pressure, the effects of ad-

vection is so small that it is neglected in some studies. However, the transport of drugs from

capillary to the interstitial space (tissue) happens through diffusion as well as by advection in

most of the regions [69]. As the advection of a solute merely depends on its size, fluid flow is

specifically helpful for transporting larger constituents in the human body. The role of advec-

tion versus that of diffusion in the extracellular space depends on the molecular weight of solute

and the glycosaminoglycan content [54]. Another biophysical phenomenon, metabolism, al-

ters the drug molecules chemically once they enter the body. Drug metabolism may deactivate

some drugs and increase their water solubility, making elimination easier through the urine or

bile from the body. In general, metabolism decreases the therapeutic efficacy of a drug. The

enzymes responsible for drug metabolism are found extracellularly as well as intracellularly

[57].

The FVHMM-p has considered diffusion phenomenon for the study of drug penetration and

distribution into biological tissue (Chapter 4). The above discussion motivates us to compre-

hend the effects of fluid flow and drug metabolism in the FVHMM-p. It is observed that the

drug penetration and distribution into tissues are affected by the cellular geometry and the cell

membrane permeability in diffusion-based mass transport. Also, the size of the particle may

play a crucial role in the penetration of a drug. The present chapter incorporates the advected

transport and drug metabolism in the FVHMM-p. This improved model is simulated to answer
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the following questions. Does the cell geometry play a significant role in drug delivery into

the tissues where fluid flow has a crucial role in transporting the essential constituents? As the

advective transport of a drug merely depends on the particle size, does the particle size play a

key role in drug penetration? Under what situations fluid flow is more useful than the diffusion

in drug delivery process? Does the permeability of the cell membrane affect drug penetration

into the tissues? What is the significance of metabolism in the penetration and distribution of

a drug into the tissue? The results are analysed with and without fluid flow. It is observed that

drug penetration may be affected by the drug metabolism.

As the proposed model involves several parameters, the understanding of the importance of

input parameters is not readily available. The variations in the parameter values may produce

significant effects on the model output. To address this issue, local sensitivity analysis is also

performed for the model to determine its response owing to the variations in input parameters.

6.1 Model formulation

In order to model drug transport process, the tissue domain (Ω′(⊂ R2)) is considered to be a

two-dimensional cross-section, and the cells are assumed to be dispersed therein. The intra-

and extra-cellular fluids are considered to be isotropic and homogeneous. The model, based on

the HMM framework, involves two scales: tissue (macro) scale and cellular (micro) scale. At

the macroscale, the tissue domain is treated as a porous medium. The diffusion phenomenon

is incorporated through the microscopic level as in Chapter 5, and the transportation due to

advection is implemented at the continuum scale. Assume that the drug is mixed with the

biological fluid, the general mass-balance relation at macro level, which includes the drug

source/sink (S ′), can be written as,

∂C ′(t′, x′, y′)

∂t′
+∇′ · (v′C ′) = ∇′ · F′ + S ′, (t′, x′, y′) ∈ (0, τ ′]× Ω′, (6.1)

with the initial condition

C ′(0, x′, y′) = C ′0(x′, y′), (x′, y′) ∈ Ω′, (6.2)

where C ′ denotes the drug concentration. F′ = (F ′x′ , F
′
y′), the diffusive flux vector, is unknown

at the macroscale and can be determined using the microscopic cellular level information. v′ =

(u′, v′) is a velocity vector. The right-most term (S ′) accounts for the source/sink in the tissue
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domain. It incorporates the drug metabolism in the present study and is defined as [32],

S ′ = − V ′maxC
′

K ′m + C ′
, (6.3)

where V ′max denotes the maximum drug metabolism rate due to the enzymatic reaction, andK ′m

denotes the drug concentration at which metabolism is half maximal. The boundary conditions

at the left and right boundaries are used as,

C ′(t, 0, y) = C ′in, (6.4)

C ′(t, L, y) = C ′out, (6.5)

respectively. The length L is taken to be sufficiently large to ensure that C ′out = 0 for the

stipulated time. At the lateral boundaries, no flux condition is specified.

Consider that the drug is mixed with the biological fluid, and it does not affect the transport

of fluid. Then velocity vector obeys the Darcy’s law, which is defined as,

v′ = K∇′p, (6.6)

where p denotes the pressure and K is Darcy’s coefficient. The inlet velocity is specified as

u′ = u′0 and v′ = 0, and the lateral boundaries are considered as no flux boundaries. Note that

the velocity vector in the tissue domain is given to be v′ = (u′0, 0).

Let C̃ be the typical concentration scale (maximum of initial concentration), L̃ be the typ-

ical length scale (x′-directional length of tissue domain) and Ũ be the typical velocity scale

(inlet velocity). The typical time-scale
(
t̃
)

is obtained as t̃ = L̃/Ũ . Then, the following non-

dimensional parameters are used for the non-dimensionalization of the macroscale model,

x =
x′

L̃
, y =

y′

L̃
, u =

u′

Ũ
, v =

v′

Ũ
, t =

t′

t̃
, C =

C ′

C̃
, and F =

F′

C̃L̃/t̃
,

The non-dimensional macroscale model can be written as,

∂C(t, x, y)

∂t
+∇ · (vC) = ∇ · F + S, (t, x, y) ∈ (0, τ ]× Ω, (6.7)

with the initial condition

C(0, x, y) = C0(x, y), (x, y) ∈ Ω. (6.8)

The term S = − VmaxC
Km+C

, where Vmax = V ′max
L̃
ŨC̃

and Km = K ′m/C̃. F,Ω, and τ are the

dimensionless variants of F′,Ω′, and τ ′, respectively. The model can be defined schematically

as in the Fig. 6.1.
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Figure 6.1: Schematic diagram of the tissue domain and the specified boundary conditions.

6.2 Solution procedure

The FVHMM-p (Chapter 5) is employed for the diffusion part and further the model (FVHMM-

p) is extended to incorporate the advection and metabolism phenomena. The solution procedure

includes the macro-micro coupling of the microscopic cellular phenomenon to the macroscopic

level (schematically shown in Fig. 4.1). The method is briefly explained as follows.

• The finite volume discretization is adopted for the solution of the macroscale model given

in the Eq. (6.7), and the discretized form for a typical CV is obtained as [42],

Cn+1
k,l − Cn

k,l

∆t
+u

Cn
ef
− Cn

wf

h
+v

Cn
nf
− Cn

sf

h
=

1

h2

[
F n
ef

+ F n
nf
− F n

wf
− F n

sf

]
− VmaxCk,l
Km + Ck,l

,

(6.9)

where Cn
k,l denotes the macroscopic concentration in the CV (k, l), k, l = 1, 2, . . . , N ,

at time tn = n∆t, ∆t is the macroscopic time step and n is a non-negative integer. F n
f

and Cn
f denote the diffusion flux and concentration on the face f (= ef , wf , nf , sf ), re-

spectively. The first-order schemes display artificial diffusivity, whereas the second-order

schemes, such as upwind and central difference schemes, develop spurious oscillations

in the results of advection dominated transport processes. A bounded upwind scheme

namely SUPERBEE adopted to approximate the concentration at the face (for advection
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part) is defined as [13],

Cf =



CU , if ĈU /∈ [0, 1] ,

2CU − CR, if 0 ≤ ĈU < 1/3,

1
2
(CD + CU), if 1/3 ≤ ĈU < 1/2,

3
2
CU − 1

2
CR, if 1/2 ≤ ĈU < 2/3,

CD, if 2/3 ≤ ĈU ≤ 1,

(6.10)

where Cf is the concentration on a face of the CV as depicted in Fig. 6.2. CR, CU , and

CD are the concentrations in the three consecutive control volumes as shown in the Fig.

6.2. ĈU is the normalized variable defined as,

Ĉ(t, x, y) =
C(t, x, y)− Cn

R

Cn
D − Cn

R

. (6.11)

• The fluxes are obtained from the microscale models constructed on each face of the CV

as discussed in Section 4.1.1.

Figure 6.2: Stencil for the SUPERBEE upwind scheme.

6.3 Numerical convergence and validation with the experi-

mental results

In this section, the convergence of the method is discussed, and a comparison with experimental

results is also shown.

6.3.1 Convergence of the method

An example is constructed by taking a cell-free domain (i.e., no cell is considered), so that the

analytical solution can be obtained. The macroscale domain is considered to be Ω = (0, 1) ×
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(0, 1). The velocity vector is chosen to be v = (1, 1) and the diffusivity D = 1. The initial and

Dirichlet boundary conditions for the macroscale model (Eq. 6.7) are chosen as,

C0(x, y) = 0, (x, y) ∈ Ω, (6.12)

and

C(t, x, y) = sin(πx) sin(πy), (t, x, y) ∈ (0, 1]× ∂Ω, (6.13)

respectively, and the source term is considered as,

S = exp(−t)
[
π sin(π(x+ y)) + (2π2 − 1) sin(πx) sin(πy)

]
, (t, x, y) ∈ (0, 1]×Ω, (6.14)

to obtain the exact solution

C(t, x, y) = exp (−t) sin(πx) sin(πy), (t, x, y) ∈ (0, 1]× Ω. (6.15)

In the numerical experiments, λ is chosen to be 10−3 and the microscale domain is dis-

cretized by the mesh size 30 × 30. The simulation results are obtained for t = 1 with the

macroscopic temporal step ∆t = 10−4. The convergence results are shown in Table 6.1 where

maximum error estimates obtained at various macro-spatial grids are displayed. It is evident

that the macro-spatial grid refinement decreases the maximum errors; hence, the method con-

verges. Fig. 6.3 shows that the contour plots for analytical and numerical solutions are indis-

tinguishable on a mesh 20× 20.

Table 6.1: Maximum error estimates for the macro-spatial grid refinement.

Mesh size ||Eh||∞
10× 10 3.081× 10−3

20× 20 1.031× 10−3

30× 30 5.112× 10−4

40× 40 3.038× 10−4

6.3.2 Validation with the experimental results

The multiscale method is validated with the experimental results of Huang et al. [23]. They

performed an in vitro experiment on the spheroid-on-chip system where multicellular spheroids
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(a) Analytical solution (b) Numerical solution

Figure 6.3: Contour plots of (a) analytical and (b) numerical results on 20 × 20 finite volume

mesh at time t = 1.

are fixed to mimic the tissue structure. The comparison is made with the fluid velocity v′ =

(0, 0) and V ′max = 0 M/h, and the other parameters are considered as, D′E = 1.8 × 10−7

cm2/h, D′I = 10−8 cm2/h, and P ′ = 0.1 cm/h. The numerical experiment is performed in the

macroscale domain [0, 0.01] × [0, 0.01] for t′ = 2 h. The results are shown in Fig. 6.4, and it

can be seen that the numerical and experimental results are in good agreement.

Figure 6.4: Validation with the experimental results of Huang et al. [23].
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6.4 Effects of fluid flow and drug metabolism on penetration

and distribution of a drug

The intracellular viscosity µI is set to 5 cP [15], and µE is taken to be 1 cP [63]. The numerical

experiments are conducted in 1 × 1 cm2 domain, and the drug delivery is studied at τ ′ = 5

h (h – hour) with ∆t′ = 5 × 10−4 h. The edge length of the microscale domain is taken to

be 10−3 cm, and the default shape of the cell is considered circular of radius 4.1 × 10−4 cm.

The values of other parameters are listed in Table 6.2. Note that the model leads to uniform

concentration distribution along the y′-direction. Hence, the macroscale domain is discretized

along the x′-direction with the mesh size 100× 1 (i.e., 100 control volumes in x′-direction and

one control volume in y′-direction). The microscale domain is discretized by 100 × 100 mesh

size. This discretization results in grid-independent outcomes.

Table 6.2: Values of the physical parameters.

Parameter (units) Values Description (Ref.)

P ′ (cm/h) 0.1 Cell membrane permeability

u′0 (cm/h) 0.036 Darcy’s flow velocity ([33])

µI (cP) 5 Intracellular viscosity ([15])

µE (cP) 1 Extracellular viscosity ([63])

V ′max (M/h) 1.8× 10−2 Maximal drug metabolism rate ([33])

K ′m (M) 10−5 Concentration at which drug metabolism is half maximal ([33])

τ ′ (h) 5 Stipulated simulation time (This work)

r (nm) 1− 100 Drug particle size (This work)

T (Kelvin) 310 Temperature (This work)

6.4.1 Effects of drug particle size

In the Chapters 3 and 4, where the diffusion phenomenon was considered to be the driving

force, it is observed that the size of a drug particle has a strong correlation with its penetration

and distribution efficacy in tissues. This section performs numerical experiments with the drug

particles of sizes 1, 10, and 100 nm and the inlet fluid velocity u′0 = 0.036 cm/h.
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Fig. 6.5 shows the effects of drug particle size on its penetration and distribution efficacy

in tissue. Fig. 6.5(a) displays the results with advection while Fig. 6.5(b) shows the results

where advection is neglected. It can be observed that the concentration of larger size particles

is significantly high near the inlet (up to x′ = 0.2, Fig. 6.5(a)) as advection (fluid flow) helps

the drug particles to move faster into the tissue. The concentration of smaller size particles

is relatively low near the inlet region (for x′ ∈ (0, 0.2)) due to their fast diffusion. The con-

centration decays faster in the order of increasing particle size in the region x′ = 0.2 onwards

(Fig. 6.5(a)). However, without advection (i.e., the case of diffusion only), the concentration

of larger size particles decays sharply as soon as the drug enters the tissue (Fig. 6.5(b)). The

particles of sizes 10 and 100 nm fail to reach the location x′ = 0.2 in the stipulated time (5 h).

Fig. 6.5(c) shows the drug penetration depth, the distance measured from the inlet to the

location where drug concentration reaches 1 % of 1 M (the input concentration). For r = 1

nm, drug penetrates up to a depth x′ = 0.4 without advection (Fig. 6.5(b)), and it reaches to

x′ = 0.6 with advection (Fig. 6.5(a)). Whereas, for r = 10 nm, penetration is almost twice

with advection phenomenon in comparison to the diffusion only and nearly thrice for 100 nm

particles (see Fig. 6.5(c)). So, advection improves the penetration of larger size particles sig-

nificantly. From the results, one can also conclude that the smaller size drug particles penetrate

deeper in fluid flow regions though the advection merely depends on the size of solute particles.

6.4.2 Effects of cell geometry

As the tissue morphology is determined by the cells, it is paramount to understand the impact

of cell geometry on drug delivery. Numerical experiments are conducted in three ways by

varying cell parameters a1 and a2 to incorporate the different scenarios of cellular structure in

the tissue domain. Firstly, the experiments are conducted by varying cell radius (for circular

cell), secondly, the height of the cell is varied by keeping the cell width unchanged, and lastly,

by varying the cell width with fixed cell height.

The experiments are performed with cell radii, 2.1 × 10−4, 3.1 × 10−4, and 4.1 × 10−4

cm. Fig. 6.6 shows the results for particles of sizes 1, 10, and 100 nm. For r = 1 nm,

one can observe that the drug penetration is affected by the change in cell size (Fig. 6.6(a)),

on the other hand, no effect is noticed for r = 100 nm (Fig. 6.6(c)), whereas the moderate

effects are seen for r = 10 nm (Fig. 6.6(b)). Larger size particles (r = 100 nm) show very

small difference in their penetrations for different cell sizes because advection dominates over
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(a) (b)

(c)

Figure 6.5: Effects of drug particle size on its penetration and distribution for (a) u′0 = 0.036

cm/h and (b) u′0 = 0 cm/h. (c) Penetration depths of drugs observed in (a) and (b).

diffusion in their transportation (Fig. 6.6(c) and (d)). While the penetration of 1 nm particles

increases significantly from 0.715 cm to 0.965 cm on decreasing the cell radius from 4.1×10−4

to 2.1 × 10−4 cm (Figs. 6.6(a) and (d)). It is clear that the drug penetration increases on

decreasing the cell size irrespective of drug particle size (Fig. 6.6(d)). Since the microscale

domain (λ) is fixed, a change in cell size increases/decreases the extracellular spatial volume,

which is the main medium of drug transport. A smaller cell leads to more extracellular space

and consequently greater penetration is obtained. From the results, it is easy to conclude that

the smaller size particles take the advantage of extracellular space created in the case of smaller

cells. Thus, the smaller particles are capable to penetrate through the available pores of the

tissue domain.

The other experiment is performed by keeping cell width (a1 = 2.1 × 10−4 cm) fixed and

varying the cell height (a2) as, 2.1 × 10−4, 3.5 × 10−4, and 4.5 × 10−4 cm. Note that the
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(a) (b)

(c) (d)

Figure 6.6: Effects of cell size on dug penetration (u′0 = 0.036 cm/h, V ′max = 0 M/h) for (a)

r = 1 nm, (b) r = 10 nm, and (c) r = 100 nm. (d) Penetration depths of drugs observed in (a),

(b), and (c).

results (Fig. 6.7) are similar to the case where experiments are conducted with different cell

radii (Fig. 6.6). The drug penetration decreases with an increase in cell height (Fig. 6.7(d)). It

can be noticed that an increase in cell height decreases the penetration of smaller size particles

significantly (Fig. 6.7(a)). This is due to inhibition of drug diffusion by the cell height that is

incorporated through the microscopic resolution of cellular phenomena.

In the next one, cell height (a2 = 2.1× 10−4 cm) is kept fixed and the width (a1) varies as,

2.1 × 10−4, 3.5 × 10−4, and 4.5 × 10−4 cm. In contrary to the cell height, the cell width does

not affect the penetration and distribution of drug irrespective of its particle size (Fig. 6.8).
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(a) (b)

(c) (d)

Figure 6.7: Effects of cell height on drug penetration (a1 = 2.1 × 10−4 cm, u′0 = 0.036 cm/h

and V ′max = 0 M/h) for (a) r = 1 nm, (b) r = 10 nm, and (c) r = 100 nm. (d) Penetration

depths of drugs observed in (a), (b), and (c).

6.4.3 Effects of permeability

As the cell membrane permeability (P ′) varies across the tissues, numerical experiments are

performed to investigate the permeability effects on drug penetration and distribution. Fig. 6.9

shows the results for P ′ = 0.1 cm/h and 10 cm/h for different size particles. Drug penetration

depths are shown in Fig. 6.9(b).

Drug penetration increases with the increase in cell membrane permeability (Fig. 6.9(b)).

The effects are significantly large for small particles (r = 1 nm), whereas, results for r = 100

nm are identical for P ′ = 0.1 and 10 cm/h. The effects are in line with the Chapter 4, which

has shown some effects of permeability on drug penetration for each size of particles, where

diffusion phenomenon was the only driving force of drug transport.
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(a) (b)

(c) (d)

Figure 6.8: Effects of cell width on drug penetration (a2 = 2.1 × 10−4 cm, u′0 = 0.036 cm/h,

and V ′max = 0 M/h) for (a) r = 1 nm, (b) r = 10 nm, and (c) r = 100 nm. (d) Penetration

depths of drugs observed in (a), (b), and (c).

6.4.4 Effects of drug metabolism

Drug metabolism is a basic biophysical phenomenon that takes place by enzymatic reactions.

Some drugs may be metabolized during their penetration or before reaching the site of action.

Metabolism may deactivate some drug already entered the body and make it more water-soluble

to excrete easily. Consequently, drug metabolism may affect the penetration and distribution

of drug in the tissues. To understand the effects, numerical experiments are conducted with

and without fluid flow (advection). For drug metabolism, the parameters are chosen as V ′max =

1.8× 10−2 M/h and K ′m = 10−5 M [33].

First, the results are analysed for 1 and 10 nm particles by neglecting advection (u′0 = 0

cm/h). The experiments are conducted with and without drug metabolism, and the results are

shown in Fig. 6.10(a). It can be observed that the drug penetration decreases due to metabolism
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(a) (b)

Figure 6.9: (a) Effects of cell membrane permeability on drug penetration (u′0 = 0.036 cm/h,

V ′max = 0 M/h). Dashed lines ‘- -’ show the results for P ′ = 10 cm/h while solid lines ‘–’

display the results for P ′ = 0.1 cm/h. (b) Penetration depth for each permeability values.

that constantly removes the drug from the tissue. For 1 nm particles, it can be observed that

the penetration difference with and without drug metabolism is ≈ 0.2 cm. The penetration

reduction due to metabolism is significant as the penetration depth is reduced from 0.54 cm to

0.35 cm. Also, for 10 nm particles, penetration reduces from 0.185 cm to 0.125 cm, almost an

1/3rd reduction, due to drug metabolism. Clearly, metabolism can reduce drug penetration in

no flow condition.

Next, to investigate the results in fluid flow regions of tissue (i.e., with advection), the inlet

fluid velocity is considered as u′0 = 0.036 cm/h. Results are shown in Fig. 6.10 (b). The

concentration curves are indistinguishable, concluding that the drug metabolism may not affect

penetration in fluid flow regions. This may be due to the supply of drug that would be sufficient

to surpass the metabolism effects.

6.5 Sensitivity analysis

Sensitivity analysis is performed using the normalized sensitivity coefficient (NSC) as defined

in Section 5.3. The nominal values for some parameters are mentioned in the Table 6.2, and the

others are taken as, λ′ = 10−3 cm, a = 4.1× 10−4 cm (cell radius), D′I = 1.634843552× 10−3

cm/h, and D′E = 8.174217762× 10−3 cm/h. The NSC is calculated by perturbing the nominal

values by 10 %.

In order to better interpret the results, the sensitivity analysis is performed by considering
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(a) (b)

Figure 6.10: Results of metabolism on penetration and distribution of drug (a) with no fluid

flow (u′0 = 0) for 1 and 10 nm drug particles and (b) with fluid flow (u′0 = 0.036) cm/h for 1

nm particles (V ′max = 1.8× 10−2 M/h, K ′m = 10−5 M).

different processes (advection, diffusion, and drug metabolism) in the model separately.

6.5.1 Sensitivity of the parameters without advection

The model accounts for the diffusion and drug metabolism while, firstly, the advection term is

dropped for the sensitivity analysis. The NSC values are shown in Fig. 6.11. The values are

positive for the parameters P ′, λ′, D′I , D
′
E , andK ′m while negative for V ′max and a. The positive

and negative NSC values reflect the positive and negative change in the drug concentration,

respectively on an increase in the parameter value. It can be noticed that the cell radius (a) is

the most sensitive parameter while K ′m is the least one. The order of importance in sensitivity

decreases in the order a, λ′, D′E , V ′max, P ′, D′I , and K ′m. The pattern is similar for each curve,

and each NSC curve retains the same sign throughout the spatial domain. The NSC curves

approach zero nearly x′ = 0.5, which is on account of the drug concentration that reaches zero.

6.5.2 Sensitivity of the parameters with advection

Numerical experiments for sensitivity are conducted with and without drug metabolism term,

and the results are shown in Fig. 6.12. Fig. 6.12(a) displays the NSC curves for each parameter

of the proposed model that accounts for the effects of drug metabolism, whereas Fig. 6.12(b)

displays the NSC curves for the model in which drug metabolism term is neglected. From

the figures, one can observe that qualitatively patterns are similar in both the cases. The NSC
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Figure 6.11: Sensitivity of the input parameters on the model response with no advection term.

The ‘solid lines’ display the results for 10% increase in the nominal values while the ‘dashed

lines’ show the results for 10% reduction.

values are found to be positive for the parameters u′0, D′I , and K ′m (Fig. 6.12(a)). This implies

that on an increase in the mentioned parameter value, the drug concentration also increases.

The negative NSC values for V ′max reflect the negative change in drug concentration due to the

further loss in drug on an increase in drug metabolism rate.

(a) (b)

Figure 6.12: Sensitivity of the input parameters on the model response measured as the NSC

values. (a) Results are depicted for the full proposed model and (b) results for the model with no

drug metabolism term. The inset in (a) shows the zoomed-version of the results in rectangular

box. The ‘solid lines’ display the results for the 10% increase in the nominal values while the

‘dashed lines’ show the results for 10% reduction.
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For the parameters, D′E , λ′, and P ′, the NSC values change the sign from negative to pos-

itive as one traverse in the spatial domain, while for a (the radius of the cell), the NSC value

changes from positive to negative (Fig. 6.12). The results clearly show that the positive change

in a parameter may cause a negative as well as a positive change in solute concentration. The

sign change of the NSC value for a parameter is the effect of advection. However, the variations

near the inlet are smaller than the central ones.

The findings of sensitivity near the inlet can be explained as follows. The NSC value on

a positive change in D′E is negative due to the decrease in drug concentration that takes place

due to larger diffusion. For the parameter P ′, the penetration increases with an increase in

the parameter value. However, near the inlet, the NSC value is negative owing to decrease in

drug concentration on increasing P ′. The behaviour of the results on change in P ′ is similar to

that of D′E . The sensitivity nature for a and λ′ are opposite as these parameters contribute in

accounting the extracellular spacial volume in the model. In the case of the prior one (a), the

extracellular spacial volume increases on increasing the parameter value, while for the latter

one (λ′), extracellular volume decreases on the increase in parameter value.

The sensitivity of the parameters decreases in the order as a, λ′, u′0, D′E , V ′max, P ′, D′I , and

K ′m. The NSC curves diminish to zero x′ = 0.55 onwards as the drug concentration decays

to zero (Fig. 6.12(a)). However, in Fig. 6.12(b), this is true for x′ = 0.7 onwards due to the

larger drug penetration in absence of drug metabolism. Inspections clearly reveal that the cell

size and microscale domain size show larger deviations according to the sensitivity analysis,

as these parameters majorly contribute to assimilate the main medium, the extracellular space,

for drug transport. In fact, fluid velocity shows the visible effects on model response as it has

a direct effect of drug penetration. The parameters P ′ and D′I are least sensitive to the model

outcome as these incorporate the transport across the intracellular space, contributing much

less in drug penetration due to the restrictive cell membrane permeability.

6.6 Conclusions

In this chapter, the FVHMM-p is extended to include the effects of fluid flow and drug metabolism

on the penetration and distribution efficacy of a drug in tissues. In the model, fluid flow and drug

metabolism are incorporated at the continuum scale, whereas the diffusion phenomenon is as-

similated through macro-micro coupling based on the FVHMM-p (Chapter 4). By treating the
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tissue as a porous medium, Darcy’s law is used for fluid flow, and the drug metabolism is calcu-

lated using the Michaelis-Menten equation. The bounded upwind scheme namely SUPERBEE

is used to discretize the advection part of the model as the sharp gradient in concentration may

result in oscillations with unbounded schemes, particularly when the advection dominates over

the diffusion, which is the case in the transport of larger size drug particles in drug delivery.

The model is validated with the experimental results.

The model is simulated to understand the effects of drug particle size, cellular geometry,

and cell membrane permeability on drug penetration and distribution efficacy in tissues. The

effects of metabolism on drug penetration are also analysed. This study of drug penetration and

distribution leads to the following findings.

1. The effects of drug particle size are noticeable in the penetration and distribution of a

drug. Smaller size particles can penetrate deeper.

2. Larger size particles can penetrate in fluid flow regions of a tissue (i.e., with advection);

however, where fluid flow is negligible, such particles may accumulate around the capil-

lary.

3. Smaller size particles are viable to take the advantage of available pores in the extracel-

lular space of tissues.

4. Cell height affects the penetration of smaller size particles (≈ 1 nm), whereas, the larger

size particles (≈ 100 nm) show very less effects. The effects decrease as the particle size

increases. In other words, cell geometry can affect the penetration of drug particles of

size 1 nm.

5. Cell width does not affect the penetration of drug particles.

6. In the fluid flow regions of tissue, drug metabolism may not affect the penetration and

distribution of a drug; the results are similar to those without drug metabolism. How-

ever, in the absence of advection, penetration distances may get reduced significantly,

depending on the intensity of drug metabolism.

7. In the fluid flow regions, cell membrane permeability does not affect the penetration and

distribution of a drug.

112TH-2849_176123004



CHAPTER 6. EFFECTS OF FLUID FLOW AND DRUG METABOLISM

Furthermore, this work is comprehended with the sensitivity analysis of the proposed model.

It is found that the drug concentration is sensitive to the parameters, fluid velocity, microscale

domain cell size, extracellular fluid diffusivity. Note that these parameters model the processes

related to the extracellular space, which is the main medium of drug transport. The model is

least sensitive to the parameters that are related to the transport processes across the intracellu-

lar space, such as the cell membrane permeability and intracellular diffusivity.
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CHAPTER 7

PENETRATION AND DISTRIBUTION OF

CHEMOTHERAPEUTICS

Chemotherapeutic agents are widely used for controlling tumour growth and limiting prolifera-

tion. Over the years, many chemotherapeutic drugs have shown significant anticancer activities

during the clinical trials. These drugs are used either alone or combined with the other drugs

or treatments. Treatment with chemotherapeutics usually needs a balance between the desired

effects and the adverse effects associated with drug accumulation in normal tissues and other

organs. Though several drugs are available for treatment, their efficacy is limited in practice.

This may be due to the inefficient delivery of chemotherapeutics to the lesion site.

The penetration of prominent chemotherapeutic drugs into tumour tissues is not well in-

vestigated in the literature. So, the questions remain, which drug penetrates better and what

are their relative penetration depths. As in an organism, biophysical processes change with

location and also with time, it is circumvented to understand how the variations in transport

processes, such as fluid velocity and drug elimination rate, affect the penetration of chemother-

apeutic drugs into tumour. In this chapter the multiscale algorithm developed in Chapter 6 is

employed on chemotherapeutic drugs. The model incorporates the drug transport due to dif-

fusion, advection, and embodied with the drug elimination due to enzymatic/non-enzymatic

reactions. The effects of cellular microscopic structure on the penetration of several prominent

chemotherapeutic drugs are investigated. The chemotherapeutic drugs selected for this study

are fluorouracil (FU), carmustine (BCNU), cisplatin (CIS), methotrexate (MTX), doxorubicin

(DOX), and paclitaxel (PTX).
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7.1 Model formulation

The model used in this chapter is similar to the one developed in Chapter 6. The two-dimensional

cross-section of a tissue domain (Ω′(⊂ R2)) is considered as shown in the Fig. 6.1. The dimen-

sional mass-transport model considered in this chapter is given in Section 6.1 with S ′ = −k′eC ′.

The dimensionless macroscale model can be written as,

∂C(t, x, y)

∂t
+∇ · (vC) = ∇ · F + S, (t, x, y) ∈ (0, τ ]× Ω, (7.1)

with the initial condition

C(0, x, y) = C0(x, y), (x, y) ∈ Ω. (7.2)

The drug elimination term S = −keC, where ke = k′eL̃/Ũ for its dimensional variant k′e,

the elimination rate of drug due to the degradation/metabolism. The schematic diagram of the

problem is shown in Fig. 6.1. The solution procedure is the same as discussed in Chapter 6.

7.2 Results and discussion

The penetration and distribution of chemotherapeutic drugs, such as FU, BCNU, CIS, MTX,

DOX, and PTX, are studied by considering various physiological situations in tissues. These

drugs are selected due to their potency of treatment and the availability of physical parameters

in the literature. The analyses are performed with and without advection owing to the varying

rate of fluid flow in the living organisms, and the effects of drug elimination on the penetration

of the given chemotherapeutic drugs are determined. The impact of microscopic cellular struc-

ture of different shapes on the penetration of chemotherapeutic agents in tissues is examined.

The parameters related to the selected chemotherapeutics are shown in the Table 7.1 [72].

Generally, fluid velocity in tissues varies in the range 0–0.72 cm/h with the average value

0.216 ± 0.072 cm/h [9]. The higher velocity of fluid can be seen near the vascular regions,

whereas the lower or negligible velocity of fluid is away from the blood vessels. This work

does not focus on the transport across the vessels and nearby interstitium. So, the velocity

is chosen in the range 0–0.06 cm/h. The transport across the cell membrane becomes very

less due to the low permeability of the membrane, P ′ = 0 is considered in this chapter. The

microscale domain edge length is set to 10−3 cm, and a circular cell (default shape) of radius

4.1×10−4 cm is placed at the centre of it. If not prescribed explicitly, the drug penetration study
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is performed for (t′ =)5 h. With these selected parameters, the obtained results are uniform

along the y′-direction; hence, the results are presented for the x′-direction only.

Table 7.1: Values of the parameters for chemotherapeutic drugs.

Parameter FU BCNU CIS MTX DOX PTX

D′E (cm2/h) 4.32× 10−2 5.4× 10−2 9× 10−3 1.9× 10−2 1.23× 10−2 3.24× 10−2

k′e (1/h) 2.016 0.396 2.628 0.54 2.088 2.45× 10−3

An organism is heterogeneously complex, as a result, the dominating role of mass transport

processes vary across different tissues. In order to get insights into the relative importance of

transport processes and their effects on drug penetration, the following dimensionless parame-

ters are used.

Peclet number (Pe) that compares the role of advection versus diffusion in the transport of

drug is defined as,

Pe =
L̃u′0
D′E

. (7.3)

Thiele modulus (Th) number is used to understand the relative importance of diffusion to

the elimination rate, and it is defined as,

Th = L̃

√
k′e
D′E

. (7.4)

As the elimination rate in the transport pathway is high for several drugs, it is empirical to

know how much drug is available to transport for cytotoxicity at the lesion site. The Karlovitz

number (Ka) is used to examine the drug availability for advective transport in the tissue. The

number is defined as,

Ka =
u′0
L̃k′e

. (7.5)

The above numbers (Th and Ka) mainly measure the relative effects of individual transport

processes. However, it can be noticed that the elimination degrades or removes the drug, in

other words, it contributes in the decrement of drug penetration. Whereas, the diffusion and

advection transport the drug into the tissue. Therefore, in this chapter, a novel dimensionless

number (KT) is introduced to measure the relative effects of the combined process of diffusion

and advection of drug to the process of its elimination as,

KT =
Ka
Th2 . (7.6)
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This number is the ratio of time constant of elimination of drug to that of the cumulative trans-

port due to diffusion and advection.

The values for the above dimensionless numbers for each drug are listed in the Table 7.2.

For calculation, u′0 = 0.06 cm/h and L̃ = 2 cm are considered.

Table 7.2: Dimensionless numbers.

Parameter BCNU CIS DOX FU MTX PTX

Th 5.416 34.176 26.122 13.663 10.640 0.550

Ka 0.076 0.011 0.014 0.015 0.056 12.255

Pe 2.22 13.33 9.80 2.78 6.29 3.70

KT 0.00258 0.00001 0.00002 0.00008 0.00049 40.54931

Figure 7.1: Logarithmic plot of the values of the dimensionless numbers.

7.2.1 Validation

The numerical results are validated with the experimental results of Qian et al. [44]. In their

article, in vivo experimental results are presented for the penetration of DOX-containing poly-

mer millirods in the ablated rat livers. The transport process was considered to take place due

to the diffusion phenomenon only. The estimated effective diffusion coefficient (3.96 × 10−4

cm2/h) reported in their article is used for validation. As the reported diffusion coefficient is

effective, the tissue domain is taken to be cell-free for validation. The model is simulated for
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(a) (b)

Figure 7.2: Validation of the present model results with (a) the experimental results of DOX

[44] and (b) the experimental results of PTX [5].

t′ = 4 h, and the results are shown in Fig. 7.2(a). It is evident that both the results are in very

good agreement.

Another comparison is made with the experimental results of PTX reported in the article

of Au et al. [5]. The parameters are taken as, D′E = 8 × 10−3 cm−2/h, k′e = 2.5 1/h, and

u′0 = 0.01 cm/h to fit the simulation results with the experimental ones. The results are shown

in the Fig. 7.2(b), and it can be observed that the proposed model can successfully capture the

experimental concentration distribution qualitatively.

7.2.2 Importance of KT number

In order to investigate the importance of KT number, a new drug (say D) is considered with

the parameters as: u′0 = 0.0601 cm/h, k′e = 2.016 1/h, and D′E = 0.02 cm2/h. The steady-

state results are conducted for FU and D. The relation KaD(= 0.014906) > KaFU(0.014881),

where subscript denotes the drug, suggests that the drug availability to get advected is higher

for drug D as compared to that for the FU. Whereas, ThD(= 20.08) > ThFU(13.663) suggests

that elimination is faster for drug D in comparison to that of FU. So, Ka number suggests that D

can show better penetration due to the availability of more drug to be advected with fluid flow;

but according to the Th number, FU can penetrate deeper due to the lesser elimination factor.

So, in this situation, it is inconclusive to determine which drug penetrates deeper. It is because

of the fact that the Ka number does not account the diffusion process and the Th number does

not consider advection.
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This difficulty can be overcome with the novel KT number, which compares the time-scales

of drug elimination with that of the cumulative time-scale of advection-diffusion processes. The

relation KTFU(= 8 × 10−5) > KTD(= 3.697 × 10−5) suggests that the elimination is slower

for FU or drug transportation takes place faster than the reaction. Hence, FU should penetrate

deeper, which is also reflected in the results of the numerical experiments shown in Fig. 7.3.

Thus, the KT number is a useful parameter to predict the behaviour of advection-diffusion-

reaction processes more precisely.

Figure 7.3: Importance of dimensionless parameter KT.

7.2.3 Effects of fluid flow

In some locations of tissues, fluid flow becomes so slow that its effects are neglected many

times though fluid flow plays a dominant role to extravasate a drug and other important con-

stituents into the interstitial space. So, it is imperative to understand the effects of fluid flow on

the penetration and distribution of chemotherapeutic drugs. In order to identify its effects, nu-

merical experiments are conducted with different inlet fluid velocities as, u′0 = 0, 0.01, 0.036,

and 0.06 cm/h.

Fig. 7.4 shows the results for each prescribed velocity. The profiles of drug concentrations

are shown in Figs. 7.4(a)–(d) while the penetration depths are shown in the Fig. 7.4(e). The

penetration depth is measured as the depth from inlet where concentration falls below 1% of

the infusion concentration. Clearly, an increase in fluid velocity increases the penetration of

each chemotherapeutic drug. On comparison, it can be seen that BCNU penetrates deeper into

the tissue, followed by PTX, MTX, FU, DOX, while CIS penetrates least (in the stipulated time

5 h). The order of penetrations of drugs remains unchanged irrespective of fluid velocity.
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(a) u′0 = 0 (b) u′0 = 0.01

(c) u′0 = 0.036. (d) u′0 = 0.06

(e)

Figure 7.4: Penetration of chemotherapeutic drugs on various fluid velocity. (a) u′0 = 0 cm/h,

(b) u′0 = 0.01 cm/h, (c) u′0 = 0.036 cm/h, and (d) u′0 = 0.06 cm/h. (e) Penetration depths.

The effects of advection on the concentration of PTX can be seen near the inlet and pertain

till the drug reaches zero concentration (Fig. 7.4(d)). This shows that fluid flow affects the

distribution of PTX. The drug concentration of PTX is seen to be higher than that of BCNU;

however, the penetration depth is greater for BCNU (in the stipulated time 5 h). This is due

to the larger diffusion of BCNU. But from steady-state results, it is found that PTX penetrates

deeper owing to its lesser elimination rate that makes the higher availability of drug for pene-
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.5: Comparison of penetration of chemotherapeutics with and without elimination.

Solid lines ‘–’ show the results with elimination while dashed lines ‘- -’ without elimination.

tration, which is reflected by the larger value of KT number.

On comparing penetration depths of FU and MTX (Fig. 7.4(e)), it can be seen that the

penetrations are almost same under no flow condition. However, with the increase in fluid

velocity, the penetration of MTX increases higher than of the FU. This can be explained by

the dimensionless number Ka that has greater value for MTX, showing the dominant effects

of advection. The lower value of Ka for FU shows the dominating elimination effects, which
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Figure 7.6: Penetration depths of drugs with and without advection. Solid lines ‘–’ show the

results with elimination while dashed lines ‘- -’ without elimination.

inhibits the penetration. Though the diffusivity of FU is more than that of the MTX and PTX,

it shows lesser penetration owing to the higher elimination rate. This can be easily explained

by the KT number which has smaller value for FU than for the MTX and PTX. So, the effects

of elimination are more dominating for FU than for the latter drugs.

On comparing dimensionless parameters for CIS and DOX (Table 7.2), some intriguing

facts are observed. Note that the relation PeCIS > PeDOX shows that the advection plays a more

important role in the transportation of CIS; however, it penetrates less. This behaviour is due to

the reaction process, which is not accounted by the Pe number. On comparing the time-scale of

reaction process to that of the combined transport process due to diffusion and advection (using

the KT number), it is confirmed that DOX should penetrate deeper, which is also reflected from

the numerical experiments (Fig. 7.4). Hence, KT is far more efficient for the comparison of

advection-diffusion-reaction processes.

The poor penetration of DOX is consistent with the findings of Tunggal et al. [59], where

they studied the penetration in an in vitro model. Also, the better penetration of FU compared

to that of the DOX is consistent with their findings.

7.2.4 Effects of drug elimination rate

Drug elimination takes place mainly in two ways: (i) direct removal of administered drug in its

original form and (ii) elimination after metabolic bio-transformation [16]. Several factors, such

as drug properties, genetic variation among the individuals, and pathways of drug transportation

in the body, impact the elimination of a drug [16]. So, drug elimination rate can vary across
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the tissues and also individuals. Numerical experiments are carried out in this part to better

understand the impacts of drug elimination on penetration and distribution of chemotherapeutic

drugs. The experiments are conducted with a fluid flow (u′0 = 0.06 cm/h) and without a fluid

flow.

Results for each of the chemotherapeutics are shown in Fig. 7.5. Clearly, there is a large

variation in the effects of drug elimination across the drugs. PTX shows no effect of elimination

on its penetration owing to the lower elimination rate, which provides a favourable condition

for deeper penetration. The largest values of Th and Ka demonstrate the availability of PTX

for diffusion and advection in the tissue; in other words, lesser elimination rate. Also, the KT

number confirms that the elimination effects are least for this drug. So, there is another situation

where KT number can easily explain the outcomes of the processes.

The other chemotherapeutic drugs (excluding PTX) considered in this chapter show sig-

nificant effects of elimination on their penetration. It is evident that due to elimination, drug

penetrations reduce significantly. FU and BCNU show the penetration beyond 1 cm in absence

of elimination; whereas, the penetrations of other drugs does not exceed 1 cm in the stipulated

time. CIS and DOX penetrate least with elimination.

The penetration depths are plotted in Fig. 7.6. Note that the penetration depths are greater

in the case of “no elimination.” Penetration increases significantly for FU, DOX, and CIS. So,

the results explain that the penetration can be improved (increased) significantly if one can po-

tentially reduce the elimination rate of a drug, which can be achieved by suitable formulations.

7.2.5 Effects of cell geometry

Drug transport is greatly affected by the presence of cells and other large molecules in the tissue

domain. In other words, cells are the key determinant of drug distribution across the tissue and

in an organism. The intra- and extra-cellular activities are controlled by the cell owing to their

growth, division and death, and these processes lead to changes in morphogenesis [41]. Cells

can achieve different shapes, such as elongated, spherical, round, and spindle shape [7]. Thus,

the microscopic structure of the tissue is mainly determined by the cellular geometry.

Numerical experiments are conducted to understand the effects of cell geometry on chemother-

apeutic penetration. The conducted numerical experiments are of three types. In the first-type

experiment, the cell volume is kept fixed and the cell parameters (a1, a2) are varied to achieve

different shapes. In the second-type experiment, the cell height is varied while keeping the cell
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.7: Effects of cell geometry on drug penetration (u′0 = 0 cm/h).

width fixed. In the last experiment (third-type), the cell width is varied while the height is kept

unchanged. Results are analysed with and without fluid flow.
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.8: Effects of cell height on drug penetration (u′0 = 0 cm/h, a1 = 2.1× 10−4 cm).

Effects under no flow condition

For the first-type experiment, the cell parameters are selected as, a1 = 2.1 × 10−4 cm and

a2 = 4.57× 10−4 cm, a1 = 3.1× 10−4 cm and a2 = 3.1× 10−4 cm, and a1 = 4.57× 10−4 cm

and a2 = 2.1 × 10−4 cm. Note that as the cell occupy the same area, the extracellular volume
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of tissue domain does not change; however, the microscopic structure of tissue is different for

each choice of the cell. The first choice of a′is leads to an elliptical cell whose semi-major

axis lies along the y′-direction, second one leads to a circular shape while the last one leads

to an elliptical cell with semi-major axis along the x′-direction. Fig. 7.7 shows the results on

penetration and distribution of chemotherapeutics under no flow condition (i.e., u′0 = 0 cm/h).

The penetration depths are shown in the insets of respective figures. It can be seen that the drug

penetrations are significantly different for different choices (or geometry) of cells and decreases

as the semi-major axis along the y′- direction decreases. Even though the extracellular volume

does not change but the choice of cell geometry affects the penetration of drug. Thus, the

microscopic structure of tissue has an impact on penetration of chemotherapeutic drugs.

For the second type experiment, the cell heights are chosen as, a2 = 2.1 × 10−4 cm,

3.5 × 10−4 cm, and 4.5 × 10−4 cm and keeping the cell width fixed (a1 = 2.1 × 10−4 cm).

Fig. 7.8 shows the effects of cell height on penetration of chemotherapeutic drugs. Here, one

can observe that the penetration decreases significantly on increasing the cell height for each

chemotherapeutic drug. This is due to the more obstruction of drug transport on an increase in

cell height as the drug penetrates towards the right boundary from the left one (see Fig. 6.1).

In the last one, the experiments are conducted by varying the cell width (as a1 = 2.1×10−4

cm, 3.5×10−4 cm, and 4.5×10−4 cm) while keeping the cell height fixed (a2 = 2.1×10−4 cm).

Fig. 7.9 shows the effects of cell width on penetration and distribution of chemotherapeutic

drugs. One can observe that the drug penetration does not get affected much due to a change in

the cell width. Note that the drug transport takes place from left to the right direction (see Fig.

6.1); the clear passage for drug does not get disturbed on varying cell width (see Fig. 3.7(d));

hence, the drug penetration is not affected by the cell width.

Effects with fluid flow

Fig. 7.11 shows the effects of cell geometry (first-type experiment) on penetration and dis-

tribution efficacy of chemotherapeutic drugs with the inlet fluid velocity (u′0 = 0.06 cm/h).

Nevertheless, the observations are similar to the case of without fluid flow. The effects of cell

height and cell width are also studied; however, the results are similar to the situations as seen

in the case of no flow.
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.9: Effects of cell width on drug penetration (u′0 = 0 cm/h, a2 = 2.1× 10−4 cm).

7.3 Conclusions

In this chapter, the penetration and distribution of chemotherapeutic drugs, such as carmustine

(BCNU), cisplatin (CIS), doxorubicin (DOX), fluorouracil (FU), methotrexate (MTX), and pa-

clitaxel (PTX), are studied. The model incorporates the multiscale features of the tissue us-
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.10: Effects of cell size on drug penetration (u′0 = 0.06 cm/h).

ing the finite volume heterogeneous multiscale method, where drug diffusivity is accounted

through the macro-micro coupling, and the advection and elimination of a drug are included on

the macroscale. The macro-micro coupling assimilates the transport around the cell; as a re-

sult, the drug concentration at the tissue scale resolves the microscopic effects. The numerical
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(a) BCNU. (b) CIS.

(c) DOX. (d) FU.

(e) MTX. (f) PTX.

Figure 7.11: Effects of cell geometry on drug penetration (u′0 = 0.06 cm/h).

results of the proposed model are in very good agreements with the experimental results.

A novel dimensionless number KT = Ka
Th2 is introduced, where Ka and Th are Karlovitz

and Thiele modulus numbers, respectively. It can be read as the ratio of time-scale of reaction

rate to the cumulative time-scale of advection and diffusion processes. More precisely, it is a

relationship between the elimination process (that decreases the penetration of a drug owing to

either degradation or direct removal from the tissue) and drug transport due to the combined
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effects of diffusion and advection. This parameter (KT) is useful to explain the results obtained

due to the advection-diffusion-reaction processes.

It is found that BCNU penetrates maximum into the tissue, followed by PTX, MTX, FU,

DOX, while CIS penetrates the least in the stipulated time 5 hours. However, on steady-state

simulation, PTX penetrates deeper followed by BCNU and the order remains the same for

other drugs. It is observed that the advection affects drug penetration. An increase in fluid

velocity can increase the drug penetration. It is also noticed that the penetration of most of the

chemotherapeutic drugs can be increased significantly on reducing the effects of elimination.

Whereas, PTX shows negligible effects of elimination on its penetration owing to its lower

elimination rate, which also makes it possible to penetrate deeper into the tissues.

From the numerical experiments, it is studied for the first time that the cell shape can affect

the penetration of a chemotherapeutic drug. The experiment showed that the cell height has

significant effects on penetration of chemotherapeutic drugs. However, the results obtained by

varying the cell width showed very less effects on the penetration of chemotherapeutic drugs.
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CONCLUSIONS AND FUTURE SCOPE

8.1 Conclusions

Until now, single scale continuum models have mostly been used to model biological systems;

however, these models do not accurately imitate the complex biochemical and biophysical pro-

cesses that involve multiple scales. As a result, multiscale models with the ability to resolve

different scales in the study at a particular level are in great demand.

In this thesis, a novel finite volume heterogeneous multiscale method (FV-HMM) is devel-

oped to study drug delivery in biological tissues. The FV-HMM is propounded in the frame-

work of heterogeneous multiscale method (HMM), and it includes diffusion and partition phe-

nomena as the first objective (Chapter 2). The model includes cell heterogeneity into the tissue

scale investigation using a novel macro-micro coupling. In the thesis, the FV-HMM is im-

proved continuously at several stages to incorporate the drug transport processes and employed

to investigate the effects of various parameters such as drug particle size, cell geometry, cell

membrane permeability, and the cell orientation on drug delivery. The effects of fluid flow and

drug elimination on drug penetration and distribution into biological tissues are also studied.

The FV-HMM is improved to the FVHMM-p that incorporates the passive diffusion of a drug

across the cell membrane (Chapter 4). In the Chapter 5, the FVHMM-p is reconstructed to

accurately simulate the effects of (elliptical) cell orientation on penetration and distribution of

a drug in the tissue domain. Finally, advection and drug metabolism are incorporated in the

drug transport model, and accordingly, the FVHMM-p is extended in Chapter 6. The model

is simulated to study the penetration and distribution of several prominent chemotherapeutic
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drugs in the tissue (in Chapter 7).

The following key findings are observed through the numerical investigations using the

proposed models.

• The effects of drug particle size are prominent in drug delivery, and it is noticed that

the smaller size particles penetrate deeper. Larger size particles can penetrate the tissue

in fluid flow regions; however, in absence of advection, such particles may accumulate

around the capillary.

• The partition coefficient of a drug can affect its penetration.

• Numerical investigations reveal that the solute permeability across the cell membrane

affects drug penetration and distribution in tissues. The increase in permeability increases

the penetration.

• The experiments conducted with different configurations of cell shape reveal that the

drug penetration strongly depends on the microscopic structure of the tissue. It has been

observed that despite the cell volume being kept fixed, drug penetration can be different

owing to the cell geometry.

• The effects of cell orientation on penetration and distribution of drug in the biological

tissues are investigated for the first time. It is observed that the orientation of cell is a

prominent factor that can affect the penetration and distribution of drug in tissues signif-

icantly.

• It is found that the drug penetration can be affected by the fluid velocity. An increase in

fluid velocity increases the penetration.

• On reducing the elimination rate, one may increase the penetration of a drug.

• Finally, the penetration and distribution of chemotherapeutic drugs, such as carmustine,

cisplatin, doxorubicin, fluorouracil, methotrexate and paclitaxel, are studied. On compar-

ison, it is found that carmustine penetrates deeper into the tissue, followed by paclitaxel,

methotrexate, fluorouracil, doxorubicin, while cisplatin penetrates least.

• Paclitaxel shows negligible effects of elimination on its penetration owing to lower elim-

ination rate, which also makes it possible to penetrate deeper into the tissues as compared

to its peers.
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From the findings of this thesis, it can be concluded that the penetration of a chemother-

apeutic drug is strongly related to its diffusivity and elimination rate, which may hamper the

desired concentration at the lesion site. Consequently, the treatment may get affected, and ad-

ditionally, the chemotherapeutic drug may impact the healthy cells. The experiments on cell

geometry shows that the tissue microenvironment can affect the drug delivery as well.

Furthermore, this work is comprehended with the sensitivity analysis of the proposed model

to determine the dependency of the model response on the input parameters. It is found that

the drug concentration is most sensitive to the parameters such as: fluid velocity, microscale

domain size, and extracellular fluid diffusivity. Note that these parameters model the processes

related to the extracellular space, which is the main medium of drug transport. The model

is least sensitive to the parameters, such as the cell membrane permeability and intracellular

diffusivity, which are related to the transport processes across the intracellular space.

The proposed model would be useful to identify the optimal strategies for drug penetration

and distribution in the tissues. It may help the experimentalists to choose suitable in vitro

models for drug testing.

8.2 Future scope

The proposed model can be used as the base model for future investigations, and further devel-

opment could be potentially useful in drug delivery. The outcomes of the proposed models will

undoubtedly aid in the evolution of future models by introducing more biological complexities

and different modes of drug administration depending on how closely the objectives of the drug

release phenomena adhere to the real situation. The model may be of interest for the application

of drug delivery into different parts of an organism and personalized treatment.

The present study does not deal with the drug deactivation and immune clearance that can

affect the nanoparticle penetration and distribution. This model does not also account for the

effects arising from the surface charge of the nanoparticles. However, in the biological fluid,

nanoparticles’ interactions with biomolecules can form biocorona [48]; consequently, nanopar-

ticles properties like shape, size, and surface charge can be altered. Further modification in the

proposed model to include drug deactivation, immune clearance, and biocorona formation on

nanoparticle surface will allow to have a more clear insight of drug penetration and distribution.
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