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Abstract

Over the past few years, networked control systems (NCSs) have been very popular

in terms of research as well as industrial applications. Such systems enjoy the merits of

low cost, flexibility, reliability, and ease of maintenance. However, due to the network-

induced constraints, design and implementation of controller communicating with the

system over a network is indeed challenging. These constraints, including but not lim-

ited to induced delays and band-limited channels, may result in data loss consequently

leading to degraded system performance or even instability. In addition to network con-

straints, the presence of unknown parametric uncertainties poses another challenge to

the problem of an effective NCS design. Therefore, this thesis is aimed at designing a

suitable controller that is capable of eliminating the network effects without affecting

the system performance and stability. The emphasis of the design algorithm is laid on

compensating for network delays (induced in the sensor-to-controller and controller-to-

actuator channels) and reducing the resource utilizations (quantified in terms of number

of transmissions and control updates), while still guaranteeing the system stability with

acceptable performance.

This thesis can be divided into two major parts. In the first part, an event-triggered

adaptive backstepping control scheme is proposed for a class of uncertain nonlinear sys-

tems in the presence of network-induced delays. Then, in the second part, the devel-

oped control scheme is applied on a nonholonomic mobile robot and further extended to

multiple mobile robots. To overcome the limitation of channel bandwidth in NCSs, an

event-triggered control scheme is proposed in this work. As compared to the traditional

time-triggered paradigm, the proposed scheme significantly reduces the computational

and communication burden which is highly desirable for NCSs. Unlike conventional fixed

and relative thresholds, an improved triggering condition is proposed, grounded on a Lya-

punov analysis based threshold. The proposed triggering condition is directly obtained

from the derivative of Lyapunov function by ensuring its negative semi-definiteness prop-

erty. It leads to a substantially reduced number of transmissions and exhibits more

efficiency in resource utilization. To deal with the network-induced delays, an auxiliary

compensation system is incorporated to handle the input delay induced in the controller-

vii
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to-actuator channel. Further, a state-predictor is designed to handle the situation when

both state and input delays are induced in the network channels. The convergence of

the predicted states to the actual states is proved using the Lyapunov-Razumikhin the-

orem. Using graph theory concepts, the developed control scheme is further extended to

a leader-follower network with multiple mobile robots.

In addition to simulation and comparison results, the proposed control scheme is val-

idated experimentally on a real mobile robot (PatrolBot). Unlike other studies where

only kinematic model of the robot is considered, the dynamic model of the robot is incor-

porated in this study which is a more practical consideration. To handle the hardware

restrictions, the dynamic model is modified to admit direct velocity commands as control

input which is desirable for commercial mobile robots. The obtained results guarantee

faithful trajectory tracking in the presence of both state and input delays with a sub-

stantial saving of channel bandwidth and computational resources. These results also

substantiate the suitability of the theoretical propositions for practical network-based

applications.

Keywords: Adaptive control, Backstepping, Event-triggered, Mobile robots, Networked

control systems, PatrolBot, State predictor, Uncertainties, Time-delays.
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1. Introduction

1.1 Background

With the ever-increasing demand and requirements of growing industrial applications,

traditional point-to-point based control becomes incompetent in meeting their desired

ambitious objectives. In view of the same, recent years have witnessed a paradigm shift

in the ways feedback controllers interact with the system dynamics [5]. Essentially, con-

trolling systems using feedback with network in the loop emerges to be a competitive

and viable alternative rendering the desired control objectives while satisfying practical

and operational constraints in real-time applications. Such systems, popularly known

as networked control systems (NCSs), enjoy the merits of low cost, flexibility, reliabil-

ity, and ease of maintenance. These merits open the area for many applications, such

as remote-controlled robotics, unmanned aerial vehicles, environment monitoring, and

industrial automation [6]. Albeit all the prolific features of NCSs, ascribed to network

uncertainties; design, analysis, and stability of controller communicating with the system

over a wireless channel is indeed challenging [7, 8]. These network uncertainties, appar-

ently encountered in the form of limits on channel bandwidth, packet loss and disorder

due to congestion and time delay in transmitting information, may result in data loss

consequently leading to degraded system performance or even instability [9].

The topology of a basic networked control system is illustrated in Fig. 1.1, in which

a shared communication channel is employed for data exchange among the components

of the systems. These components (sensors, actuators, and the controller) are located in

different locations and connected via a network channel. The data transmission may be

affected by network-induced delays in the sensor-to-controller and controller-to-actuator

channels (represented by τ1 and τ2, respectively). Moreover, the transmission instants in

traditional NCSs are continuously generated based on a time-triggered paradigm (repre-

sented by timers in Fig. 1.1). In such paradigm, the system states and control commands

are transmitted periodically over the network. These information are continuously trans-

mitted/updated every fixed amount of time (dt) is elapsed, without checking whether such

updates are really required or not. Due to transmitting unnecessary/redundant informa-

tion over the network, the time-triggered mechanism may result in inefficient utilization

of the network resources, viz. channel-bandwidth, energy, and computational efforts.

Instead of a time-triggered mechanism, an alternative and viable competitive strategy,

called an event-triggered mechanism, is proposed recently to reduce excess waste of re-

sources which is highly desirable for network-based applications.

In general, the research on NCSs can be classified into two main research fields, viz.

control of network and control over network. In the field of control of network, the studies

are mainly focused on network protocols, routing strategies, congestion avoidance, etc.
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Plant SensorActuator

Controller

Remote system

Network Channel

u(t− τ2)

x(t− τ1)

e−τ1e−τ2

x(t)

u(t)

Figure 1.1: The topology of traditional time-triggered NCS.

On the other hand, the studies in the field of control over network are mainly involved

in minimizing the effect of network uncertainties on NCSs performance and stability by

exploring different control approaches and techniques. This thesis is aimed at controlling

of systems over a network i.e. designing a suitable controller capable of eliminating the

network effects without affecting the system performance and stability.

1.1.1 Event-triggered Control

Let us consider a system to be controlled over a network. The transmission/update

of the system states or control inputs is called an event. Let k = 1, 2, 3, . . . , 13 be time

instants separated by a fixed time interval (dt). Fig. 1.2 presents an illustrative example

for implementing the time-triggered and event-triggered strategies on a transmitted signal

which may represent the system state or control input.

In time-triggered control (shown in Fig.1.2a), the system states are periodically mea-

sured and transmitted every dt. The control law is then computed based on the received

states and updated over the network to actuate the plant. These transmissions are

occurred at all instances (k = 1, 2, 3, . . . , 13) and are continuously repeated every dt re-

gardless of the system need. It is to be noted that this time interval (dt) is defined a

priori based on the worst scenario such that the system stability is always ensured in all

situations. This will undoubtedly result in inefficient utilization of system resources and,

therefore, it is not suitable for NCSs where the network resources are generally limited.

An alternative control strategy, called event-triggered (ET) mechanism, proved to

be more efficient in terms of resource utilization [10–12] and therefore it has received

considerable attention in recent years (See [13–15] for linear systems and [2, 16–19] for
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(a) Time-triggered control (b) Event-triggered control

Figure 1.2: An illustrative example for time-triggered and event-triggered strategies.

nonlinear systems). In event-triggered control approaches, the system state and control

input are updated/transmitted over the network only when a designed triggering condi-

tion gets violated. Meanwhile, old/last-transmitted data are held constant till the next

triggering event. In Fig. 1.2b, k = 1, 2, 4, 7, 8, 9, 13 represent the time instants when the

triggering condition gets violated and, therefore, only at these seven instants the system

states and control input are updated. As compared to periodic time-triggered control,

event-triggered strategy leads to more efficient utilization of network resources since the

number of updates/transmissions is significantly reduced [2, 20, 21]. Consequently, the

consumed energy and packet losses will also be decreased as a result of this substantial

reduction of transmitted packets over the channel. However, designing a triggering con-

dition that effectively determines the triggering instants in a way that always ensures the

system stability in tandem with a satisfactory performance is of great importance and

indeed challenging.

Another challenge while designing an event-triggered control scheme is the exclusion

of Zeno behavior i.e. the triggering mechanism shall not generate an infinite number of

events within a finite time. Thus, the inter-event time between two consecutive triggering

instants should always be lower bounded for the practical feasibility of the event-triggered

control scheme.

1.1.2 Types of Triggering Condition

Let s(t) be a signal transmitted over a network in an event-triggered fashion. This

signal may represent the system state or the control input. Due to the event-triggered

implementation, there will be a measurement error between the actual signal s(t) and

the received signal sET (t) which is defined as eET (t) := s(t) − sET (t). Based on this

measurement error, several triggering conditions have been developed in the literature

depending on different thresholds.
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• Fixed threshold [22]. The triggering instants, in the triggering conditions that

are based on fixed thresholds, are determined based on a predefined constant as

follows.

t1 = 0,

tk+1 = inf{t > tk | |eET (t)| ≥ %1}, (1.1)

where %1 > 0 is a positive constant. The measurement error in this case is always

bounded by a predefined number. Although such type of triggering conditions

is simple in design and implementation, it may fail to achieve the desired objec-

tives in terms of resource utilization and system performance. In view of the same,

time-varying thresholds is more desirable for network-based applications where per-

formance is a crucial design attribute.

• Relative threshold [16,23,24]. The triggering instants here are determined based

on the magnitude of the transmitted signal as follows.

t1 = 0,

tk+1 = inf{t > tk | |eET (t)| ≥ σ|sET (t)|+ %2}, (1.2)

where 0 < σ < 1 and %2 > 0 are positive constants. The threshold is varying

according to the magnitude of sET (t). As compared to fixed threshold, the relative

one is more flexible and it is expected to achieve better performance. However, such

thresholds may fail in case of excessively large transmitted signals. In such cases,

sudden jump may occur and results in degradation of the system performance.

• Switching threshold [2]. This triggering strategy is proposed by Xing et al.

[2]. They suggested combining the benefits of fixed and relative thresholds. The

triggering instants are now determined based on a switching threshold as follows.

t1 = 0,

tk+1 =

{
inf{t > tk | |eET (t)| ≥ %1} if |sET (t)| ≥ Ω

inf{t > tk | |eET | ≥ σ|sET (t)|+ %2} if |sET (t)| < Ω
(1.3)

where Ω is a user-defined parameter. Other parameters (σ, %1 and %2) are de-

fined earlier. The advantages of fixed and relative thresholds are combined in this

switching mechanism. It is known that a fixed threshold does not depend on the

magnitude of the transmitted signal sET (t) and, therefore, it will be used to avoid

the sudden jump in case of excessively large signals. Based on Ω, the triggering

strategy will be switched between the fixed and relative thresholds.

5
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• Lyapunov-based threshold. Rather than the traditional triggering conditions

based on fixed and relative thresholds, the triggering condition can be directly

derived from the derivative of Lyapunov function. The threshold here is obtained

based on the negative definiteness property of the derivative of Lyapunov function

such that the overall system stability is always maintained under event-triggered

implementation. The triggering instants are determined as follows.

t1 = 0,

tk+1 = inf{t > tk | V̇ ≥ 0}, (1.4)

where V̇ is the time derivative of Lyapunov function. This implies that as long as

V̇ is negative definite, there is no need to update/transmit a new signal over the

network. The last-transmitted signal is basically held. However, this signal should

be updated in case of V̇ ≥ 0 in order to maintain the stability and performance of

the system. It is worth mentioning that all triggering conditions proposed in this

thesis are based on a Lyapunov-based threshold.

1.1.3 Configurations of Event-triggered Mechanism

According to the design requirements of a specific network-based application, the

triggering mechanism might be placed either in the controller-to-actuator channel or in

the sensor-to-controller channel. These two configurations are illustrated in Fig. 1.3 and

discussed below.

• Controller-to-actuator channel. In this configuration, the event-triggered (ET)

condition is evaluated at the controller-side. As shown in Fig. 1.3a, the plant is

now actuated by the event-triggered control signal uET (t) rather than the actual

control input u(t). Between two triggering instants, the last-transmitted signal is

held constant at the plant-side using zero-order-holder (ZOH). The measurement

error is defined between the actual and last-transmitted control signals as eET (t) :=

u(t)−uET (t). A similar event-triggered configuration is reported in [2,4,24,25]. This

configuration is simple in design, analysis, and implementation as the measurement

error appears in the control input only. Therefore, it can be directly incorporated

with any traditional control approaches in a straightforward manner. In addition,

there is no need for smart sensors or extra computational unit at the sensor-side in

this configuration. However, as the actual control law is always required to calculate

the measurement error and check the triggering condition, the computational efforts

cannot be alleviated in such cases. Moreover, the system states are assumed to be

always available on the controller side. In view of these considerations, it seems

6

TH-2556_176102006



1.2 Literature Review

Plant SensorActuator

Controller

ET

Z
O
H

u(t)

uET (t)

x
(t)

x(t)

Network Channel

(a) Controller-to-actuator channel

PlantActuator

Controller

Network Channel

E
T

u(t)

u(t)
x(t)

ZOH

xET (t)

Sensor

Z
O
H

(b) Sensor-to-controller channel

Figure 1.3: Configurations of event-triggered (ET) mechanism.

that this configuration is suitable only for specific applications. Some of them are

mentioned, for example, remote control of a mobile robot [4], attitude tracking of

spacecraft, [24, 26] and vehicle active suspension systems [27]).

• Sensor-to-controller channel. In this configuration, the triggering condition

is evaluated at the sensor-side. The measurement error is defined between the

actual and last-transmitted system states as eET (t) := x(t) − xET (t). In such

configuration, the system states are transmitted over the network only when the

designed triggering condition gets violated, and the control law is then updated

according to the new received states. Therefore, the computational efforts can also

be decreased in this configuration since the control law is not always required to

be computed and transmitted over the network. As a result, the control signal

will also be event-triggered. As shown in Fig. 1.3b, the controller will be designed

based on the event-triggered signal xET (t) rather than the actual system states x(t).

Therefore, incorporating such triggering scheme with traditional control approaches

is not a straightforward as the measurement errors will appear at each state, and

the available controller is to be redesigned based on the event-triggered states.

In addition, this configuration requires smart sensors with computational abilities

or extra computation unit on the sensor-side in order to evaluate the triggering

condition. A similar event-triggered configuration is reported in [19,28,29].

1.2 Literature Review

With the integration of event-triggered strategy with different control approaches,

various improved control schemes have been presented in the literature. Such developed
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control schemes are capable of achieving the desired performance with a significant re-

duction in resource utilization, and therefore, they are suitable for implementation in

network-based applications where the resources are generally limited. In [30] and [31],

control of continuous-time switched systems under state-based relative triggering condi-

tion is investigated. The control scheme presented in [30] considers both state-based and

observer-based control. Different to the relative triggering threshold employed in [30,31],

a Lyapunov-based triggering condition is proposed in [32] and [33] in order to guaran-

tee the system stability with further reductions in the network usage. The derivative of

Lyapunov function is directly employed as a threshold to formulate the triggering con-

dition. However, these aforementioned studies consider linear systems without modeling

uncertainty and external disturbances. In view of the same, various robust and adaptive

control approaches have been addressed with an integrated event-triggered mechanism

to achieve the desired performance in presence of system uncertainties and disturbances

in nonlinear systems (for example, [2, 16, 34, 35] for adaptive backstepping, [1, 20, 36–38]

for sliding model control, [39] for H∞, [17] for neural networks and [18] for fuzzy con-

trol). A passivity-based robust event-triggered controller is designed in [40] which is

applicable to linear and nonlinear systems with external disturbance. In [14], Tripathy

et al. adopted an event-triggered based robust control approach for discrete-time systems

affected by mismatched uncertainties. Yet, the bounds on the uncertainties, in robust

control, have to be exactly known a priori. Further, a global robust SMC is developed for

linear time-invariant systems in [36] and for Lipschitz nonlinear systems in [1] to render

system invariance towards matched modelling uncertainties. In [37], a practical second

order SMC has also been proposed considering matched uncertainties. However, SMC

strategies are generally unable to guarantee robust performance in presence of unmatched

uncertainties. Moreover, the bounds of the disturbance in SMC should also be known

and if unforeseen disturbances are encountered, sliding mode control may not be able

to ensure stability or tracking. Besides, SMC results in, even if we use event-triggered,

more frequent updates of the control and smaller inter-event time which consequently

leads to more transmission energy and bandwidth requirements. In these cases, adaptive

control is considered as a powerful approach used in controller design for systems affected

by unknown parametric uncertainty and external perturbations. Moreover, it does not

require a priori information about the bounds on these uncertainties [41].

In the context of adaptive control synthesis for systems affected by both modeling

and network uncertainties, e.g., loss of information due to bandwidth constraints; very

few results have been reported lately. Xing et al. proposed an event-triggered adaptive

control scheme for uncertain nonlinear systems [2, 25]. In [2], a novel triggering strategy

based on switched threshold is proposed which combines both preselected fixed and rel-
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ative thresholds. An improved Lyapunov-based triggering threshold is developed in [34],

in which adaptive controller was designed based on backstepping approach for a class

of uncertain nonlinear systems. The improved threshold is directly obtained from the

derivative of Lyapunov function and it achieves a better results in terms of resource uti-

lization as compared to [2]. Further, an event-triggered control adaptive output feedback

control scheme has been investigated in [16] for a class of non-linear systems subject to

actuator failures. It is worth mentioning that all the triggering mechanisms developed

in these studies were placed in the controller-to-actuator channel and no restrictions

were considered in the sensor-to-controller channel. Moreover, continuous information

of system states were required at each time instance to evaluate the triggering condi-

tion. Hence, the computational efforts cannot be alleviated. This limitation makes these

frameworks inappropriate for remote applications in which the sensors and controllers are

located in two different locations. In [17–19], a triggering mechanism is developed in the

sensor-to-controller channel for a class of strict-feedback non-linear SISO systems. The

nonlinearities in [17, 18] were approximated using fuzzy/neural networks. This approxi-

mation leads to estimation errors that affect the convergence of the system. Moreover, the

proposed scheme in [19] does not take care of system uncertainties which is not a practical

consideration. In addition, all aforementioned studies assume ideal communications and

do not consider any induced delays in the channels.

Delays are inevitable in any physical transmission. In NCSs, the network-induced

delays may deteriorate the system performance or even result in instability of the overall

closed-loop system [42]. To mitigate the impact of induced delays in NCSs, a great and

significant effort has been devoted to design and analyze different control approaches

and compensation strategies [43–49]. Padé approximation has been largely utilized in

literature to handle the effects of induced delays. In [48, 49], an adaptive backstepping

controller is designed for non-linear systems in strict-feedback form subject to input de-

lay by using of Padé approximation. In [43], P3-DX mobile robot is remotely controlled

via a wireless communication channel subject to constant time delays. These delays are

handled using Padé approximation method which is largely utilized in the literature.

Nevertheless, as this method is based on an approximation of time-delays, it could not

handle large induced delays. In [44, 49], a novel compensation system based on integral

of the input signal is developed to deal with large delays. With the incorporation of the

compensating variable in the delayed system, the overall system is turned into undelayed

one. Thereafter, the controller can be designed for the undelayed system using tradi-

tional control approaches. The design and analysis of the aforementioned compensating

strategies seem to be straightforward and can be directly incorporated with traditional

control approaches. However, such strategies are able to handle input delays only and
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do not deal with state delays. In [46, 47], predictor-based controllers are designed to

deal with both state and input delays for different network-based practical applications

(inverted pendulum in [46] and quadrotor in [47]). The system stability is analyzed using

Lyapunov–Razumikhin method in these studies. However, they are carried out under

traditional time-triggered paradigm and they assume continuous control updates and

signal transmissions over the network which is not practically suitable for NCSs under

limited channel-bandwidth and computational resources. To analyze the stability of time-

delays systems, Lyapunov-Krasovski and Lyapunov-Razumikhin can be employed which

are common approaches largely utilized in literature [45]. It is worth mentioning that

due to differentiating of functionals in Lyapunov-Krasovski method, the stability analy-

sis might be complicated and, therefore, Lyapunov–Razumikhin might be an alternative

simple approach while dealing with functions rather than functionals [50].

Controlling of mobile robots under network circumstances has attracted considerable

attention and has been widely investigated in recent years [4, 43, 51–55]. In view of

their mobility and loading capability, mobile robots have been extensively used in several

applications such as automated transportation [56], autonomous wheelchairs [57], main-

tenance [58], surveillance systems [59] and so on. However, it has been observed that

the majority of these studies are based on time-triggered framework [60–65], and very

few works have been addressed in event-triggered framework [51, 66–68]. Moreover, in

the context of remote control of mobile robots, the unified problem of performance im-

provement in presence of uncertainties and communication channel constraints (induced

delays and bandwidth restrictions) between the remote controller and the system, has

rarely been attempted so far. In [4, 51], an event-triggered strategy is employed to elim-

inate the unnecessary calls and reduce the total number of required transmissions. The

proposed tracking control schemes are validated experimentally on real mobile robots

(Khepera-III in [51] and Pioneer P3-DX in [52]). In these studies, the triggering mech-

anism was placed in the controller-to-robot channel and continuous transmissions were

assumed in the sensor-to-controller channel. On similar lines, a holonomic omnidirec-

tional robot is studied in [66]. A self-triggered controller in the sensor-to-robot channel

is proposed in [68] and the results are then extended to the formation control of multiple

mobile robots in [53]. An event-triggered based model predictive controller for trajec-

tory tracking of nonholonomic mobile robot subject to external disturbances is presented

in [67]. However, the mathematical models of the robot presented in [4, 51, 67, 68] con-

sider the kinematic model only which does not capture the dynamic characteristics of

the robot. Chwa [69] considers both kinematic and dynamic models of the mobile robot

and proposes a tracking controller using feedback linearization. Nevertheless, a certain

robot with known model parameters is considered in the study without considering the
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existence of a communication channel and its underlying issues. The design is indeed the-

oretical considering ideal operating conditions and hence the applicability of their control

algorithm for the robot may not be appreciable under practical scenarios.

From the perspective of experimental validation of the aforementioned control schemes

on real mobile robots, it has been observed that the studies which consider both kine-

matic and dynamic models of the robot are generally restricted to simulation results.

This is due to the hardware restrictions of the commercial mobile robots available in the

market. Such robots have low-level velocity-based PID controllers and they are operated

by direct velocity commands rather than torques or voltages of the motors. To cope with

this hardware restriction, auxiliary velocity-based PD controllers are suggested and incor-

porated with the motors models in [70, 71]. The resultant dynamic model of the mobile

robot is now actuated by linear and angular velocities. Since the parameters of internal

controllers and motors models are generally not provided by manufacturers, an off-line

estimation based on the least-square method is implemented in [72]. It is to be noted

that the proposed control schemes in [70, 71] assume ideal communication and do not

consider any restrictions on data transmissions. They are based on traditional periodic

time-triggered implementation which is not preferable in networked control applications

especially when channel bandwidth is limited.

In addition, recent years have witnessed compelling attention and extensive studies

on multi-agent systems (See [73] for mobile robots, [74] for quad-rotors, and [75] for

smart sensors networks). Consensus problem is the major topic in multi-agent systems

and it is indeed challenging. This consensus can be achieved in two manners namely

leader-follower and leaderless scenario. Due to its wide applications and natural physical

meaning, the leader-follower scenario has been widely attempted by control theorists

and practitioners (See [76–78] for linear agents and [79–81] for nonlinear agents). An

adaptive fuzzy controller was designed for a class of strict-feedback nonlinear multi-agent

systems in [80]. In [79], Zhao et al. proposed an adaptive backstepping sliding mode

control scheme for multi-agent systems. The developed control scheme is applied for

trajectory tracking control problem of multiple mobile robots. The graph theory is widely

employed to represent the communications in the network of multiple mobile robots [82–

84]. Nevertheless, the communications between these agents generally occur periodically

over a shared network that has a limited bandwidth channel. As discussed earlier, these

periodic transmissions undoubtedly lead to inefficient utilization of network resources [85].
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1.3 Research Motivation

Controlling of uncertain systems over a communication network in the feedback loop

emerges to be a fertile research problem [8]. It has provided a new research impetus to

control theorists and practitioners; opening the area for many practical applications such

as remote-controlled robotics, unmanned aerial vehicle, and industrial automation. At

this point, it is worth mentioning that the design and stability analysis of a controller

communicating with an uncertain system over a band-limited wireless channel adher-

ing to desirable performance requirements, is indeed not straightforward [42]. Due to

communication imperfections, all traditional control strategies seem to be incompetent

and some modifications are needed to confront the emerging challenges such as network-

induced delays, packet loss, and limited bandwidth [86]. So far, these foregoing challenges

in the design of efficient and reliable NCSs, have lent enough impetuousness to solve di-

verse problems of networked feedback control synthesis in regards to linear dynamical

systems. However, almost all dynamical systems existing in nature exhibit inherent non-

linear behavior. In addition, the presence of uncertainties in system dynamics makes the

problem much more intractable. In these situations, adaptive control is one of the most

rewarding control methodologies when the problem of control design for uncertain plants

with completely unknown parameters is considered [41]. Moreover, different from control

techniques based on optimization which only reduces the effect of uncertainties, these are

online controllers which adaptively learn/estimate the unknown system parameters ex-

actly for subsequent compensation. Hence, it is not a difficult task to infer that adaptive

control is undoubtedly a potential design technique that can ensure an enhanced output

performance in linear as well as nonlinear systems. However, translating adaptive control

design for nonlinear systems to suit the stringent performance requirements and robust-

ness to network uncertainties in nonlinear networked control systems is not trivial and

has seldom been attempted in the open literature. The network issues further complicate

the design of a stable adaptive controller for nonlinear networked control systems.

Diverting our attention to real-time implementation, applications of existing theory

and methodologies of NCSs to practical robotic systems are of significant engineering

importance. Controlling of mobile robots under network circumstances has been a fer-

tile topic of great research interest in the control and robotic communities and widely

studied in the last few decades [4, 51, 60–66]. In addition, recent years have witnessed

compelling attention and extensive studies on multiple mobile robots. With the coop-

eration of these robots, many practical applications and complex control tasks would

be feasible (for example, large object manipulating [87], search and rescue in large-scale

areas [88], security [89] and many others). To this day, attributed to several constraints

12

TH-2556_176102006



1.4 Contributions of the Thesis

related to communication networks in addition to highly nonlinear dynamics and non-

holonomic constraints, controlling of mobile robots over a network is certainly a promising

research avenue when performance is a major concern. While network constraints, mani-

fested in the form of communication delays, information loss, etc., adversely affect system

stability and convergence, unanticipated and unknown system uncertainties arising due

to changes in mechanical parameters, payload variations, and disturbances due to road

surface irregularities, also substantially contribute to the degradation of system perfor-

mance and stability margins. In view of the same, the kinematic model based controllers

are inadequate and do not provide a full description of robot characteristics. Hence,

it is more practical to consider the dynamic model during controller design and analy-

sis [62, 65, 70–72, 90–95]. However, the conventional dynamic models admit the torques

of the motors as control input which is not suitable for mobile robots available in the

market. Such commercial robots are operated by direct velocity commands rather than

torques or voltages of the motors. Moreover, the internal parameters of the robots are

not provided by manufacturers. Therefore, how to overcome these hardware restrictions

is of great practical importance.

The aforementioned arguments and statements taken at face value definitely reveal

that the problem of controller design for nonlinear uncertain systems under network

circumstances and its applications to practical mobile robots is well motivated and the

field of NCSs is promising and worth exploring.

1.4 Contributions of the Thesis

This thesis is aimed at designing an event-triggered adaptive backstepping controller

for a class of nonlinear uncertain systems with application to mobile robots. In this

work, the plant was controlled over a network subject to band-limited channel and in-

duced delays. In addition, parametric uncertainties encountered in the system model

are also considered, which makes the research problem indeed more challenging. Two

configurations of triggering mechanism, i.e. in the controller-to-actuator channel and in

the sensor-to-controller channel, are first presented in the thesis for a class of nonlinear

systems. The obtained results are then validated on a real mobile robot (PatrolBot). The

main contributions of the thesis can be summarized as follows.

• Event-triggered adaptive control of a class of nonlinear uncertain SISO

systems with input delay and limited communications over the controller-

to-actuator channel.

A Lyapunov-based triggering condition is proposed, that is directly derived based

on the sign of time derivative of Lyapunov function. An auxiliary compensation
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system is also incorporated to handle the effects of input delay. The proposed

event-triggered adaptive control scheme not only guarantees satisfactory system

performance and stability but also achieves a significant improvement in channel

bandwidth utilization. In addition, a comparative study with the relevant bench-

mark robust and adaptive control algorithms is presented which renders the pro-

posed method with an edge over the aforementioned approaches.

• Predictor-based event-triggered adaptive control of a class of nonlinear

uncertain MIMO systems with state/input delays and limited commu-

nications over the sensor-to-controller channel.

A state-predictor is first designed and incorporated to handle the effects of both

state and input delays. The convergence of the predicted states to the actual states

is proved using the Lyapunov-Razumikhin theorem. Thereafter, an event-triggered

backstepping controller is designed based on the predicted states for a class of non-

linear MIMO systems. The triggering mechanism in this configuration is placed

in the sensor-to-controller channel, which results in alleviating the computational

effort of the controller in addition to reducing the communication burden in both

channels.

• Event-triggered adaptive control of commercial mobile robots with lim-

ited communications and network-induced delays.

The developed event-triggered adaptive control schemes are implemented on a real

commercial mobile robot (PatrolBot) considering the network-induced delays. Both

kinematic and dynamic models of the mobile robot are presented assuming unknown

system parameters. To overcome the hardware restriction of commercial mobile

robots that do not accept direct torque inputs, a modified dynamic model is em-

ployed which admits direct velocity commands. The simulation and experimental

results are consistent and guarantee faithful trajectory tracking with a substantial

saving of channel bandwidth and computational resources.

• Event-triggered consensus control of multiple mobile robots.

The obtained results are extended to multi-agent systems using graph theory. The

consensus and formation control problems of a leader-followers network of multiple

mobile robots under limited communication and input delay are considered. All

agents are practically converged to the leader and all system signals are proved to

be bounded.
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1.5 Organization of the Thesis

The thesis contains seven chapters which are organized as follows.

• Chapter 2: This chapter investigates the event-triggered adaptive control problem

of a class of nonlinear uncertain SISO systems subject to input delay and limited

communication over the controller-to-actuator channel. This chapter contains two

major sections. In the first section, the event-triggered adaptive controller is de-

signed based on backstepping without consideration of input delays. An auxiliary

compensation system is then introduced in the second section and the controller is

modified accordingly to handle the effect of input delay. Simulation results on a sin-

gle link manipulator show the effectiveness of the proposed event-triggered control

scheme in terms of resource utilization.

• Chapter 3: This chapter investigates the event-triggered adaptive control problem

of a class of nonlinear uncertain MIMO systems subject to state/input delay and

limited communication over the sensor-to-controller channel. For this purpose, a

state-predictor is designed here to handle the effects of both state and input delays.

This chapter contains two major sections. In the first section, an event-triggered

adaptive controller is designed based on backstepping without consideration for

network-induced delays. A state-predictor is then incorporated in the second sec-

tion to handle such delays. Thereafter, the controller is designed based on the

predicted states. Simulation results on a three-link cylindrical manipulator ensure

a substantial saving in computational and network resources.

• Chapter 4: The theoretical results obtained in Chapter 2 and Chapter 3 are

then employed for the trajectory tracking control problem of a nonholonomic mo-

bile robot in this chapter. The kinematic and dynamic models of the robot are

first presented in this chapter assuming unknown system parameters. Then, two

event-triggered configurations, i.e. the controller-to-robot and robot-to-controller,

are employed for achieving the trajectory tracking control problem with efficient

utilization of computational and channel-bandwidth resources. Simulation results

show that the proposed control scheme successfully ensures faithful trajectory track-

ing with a substantial saving of resources as compared to traditional time-triggered

control approaches.

• Chapter 5: Experimental validation on a real commercial mobile robot (PatrolBot)

is presented in this chapter. First, a modified dynamic model is introduced to

overcome the hardware restrictions of commercial mobile robots. Thereafter, the

event-triggered adaptive control schemes developed in Chapter 4 are implemented
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on the robot. The auxiliary compensation system and state-predictor developed in

Chapter 2 and Chapter 3 are incorporated in this chapter to handle the state and

input delays. Several experiments are conducted in this chapter for different values

of input delays, initial conditions, and the adjustable triggering parameter, which

show a faithful trajectory tracking with a significant saving in computational and

communication resources in presence of state and input delays.

• Chapter 6: In this chapter, the obtained results are extended to multi-agent sys-

tems. The consensus tracking control problem is investigated for a leader-followers

network of multi-robot systems under limited communication and induced delays.

Preliminary on graph theory is first presented. Then, an event-triggered consensus

controller is designed based on backstepping. Two simulation examples on con-

sensus and formation problems of a leader-followers network show that all agents

are practically converged to the leader with less number of transmissions over the

network.

• Chapter 7: This chapter concludes the research work and outlines the scope for

future research.
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2. ETAC of a Class of Nonlinear Uncertain Systems over Controller-to-Actuator
Channel

2.1 Introduction

Although networked control systems (NCSs) provide numerous prolific advantages

over traditional point-to-point architecture, the network-induced constraints and imper-

fections may deteriorate the system performance and even jeopardize the stability of

overall NCSs. Therefore, design and analysis of controller communicating with the sys-

tem over a network is indeed challenging. In addition, the presence of uncertainties in

system dynamics makes the problem much more intractable.

In this chapter1, the network restrictions in the controller-to-actuator channel, which

include the limited bandwidth and input delay, are mainly considered. In the first part of

this chapter, an event-triggered adaptive controller (ETAC) is designed based on back-

stepping approach for a class of nonlinear uncertain networked systems without consider-

ing the input delays. Adaptive backstepping control is one of the most rewarding control

methodologies when the problem of control design for uncertain nonlinear plants with

completely unknown parameters is considered [41]. Moreover, event-triggered strategy is

mainly employed to reduce the communication burden. Then, an auxiliary compensation

system based on the integral of the input signal is introduced in the second part of the

chapter to handle the input delays.

The main contributions of this chapter are summarized as follows. An improved event-

triggered adaptive scheme is developed for a class of uncertain nonlinear systems with non-

Lipschitz nonlinearities. Unlike existing studies based on predefined fixed [22] or relative

[16, 96] thresholds, the proposed triggering mechanism is directly derived based on the

negative semi-definiteness of the derivative of Lyapunov function. It guarantees system

stability and Zeno exclusion with a substantially reduced number of transmissions. An

auxiliary compensation system based on the integral of the input signal is also integrated

with the controller design to deal with the input delays. Simulation results on a network-

based manipulator illustrate the efficacy of the proposed event-triggered adaptive control

scheme in terms of resource utilization. Furthermore, a comparative study with the

relevant benchmark control algorithms is presented, which renders the proposed method

with an edge over the aforementioned approaches.

This chapter is organized as follows. In Section 2.2, the event-triggered adaptive

control scheme is presented without consideration of input delays, for which the problem

is first formulated in Subsection 2.2.1. Then, the adaptive backstepping controller and

event-triggered mechanism are illustrated in Subsections 2.2.2 and 2.2.3, respectively.

In Section 2.3, the input delay is considered and the controller is accordingly modified

1This chapter is based on the article: S. Al Issa, A. Chakravarty, and I. Kar, “Improved event-
triggered adaptive control of non-linear uncertain networked systems,” in IET Control Theory & Appli-
cations, vol. 13, no. 13, pp. 2146–2152, 2019.
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2.2 ETAC of Nonlinear Uncertain Systems with Limited Resources

to handle the delays in the input signal. Simulation results on a single-link networked

manipulator along with the comparison study are presented in Section 2.4. The chapter

is summarized in Section 2.5.

2.2 ETAC of Nonlinear Uncertain Systems with Lim-

ited Resources

2.2.1 Problem formulation

Let us consider a class of nonlinear systems affine in control with unknown parameters

as stated below.

ẋ1 = x2 + ∆1(x1) + ϕT1 (x1)Θ
∗,

ẋ2 = x3 + ∆2(x1, x2) + ϕT2 (x1, x2)Θ
∗,

...

ẋi = xi+1 + ∆i(x̄i) + ϕTi (x̄i)Θ
∗, 3 ≤ i ≤ n− 1 ,

ẋn = uET (t) + ∆n(x̄n) + ϕTn (x̄n)Θ∗ ,

y = x1 , (2.1)

where uET : [0,∞)→ R and y ∈ R denote the event-triggered control input and the sys-

tem output, respectively. The i-th state vector is represented by x̄i = [x1, x2, . . . , xi]
T ∈

Ri, i = 1, . . . , n. The functions ∆i : Ri → R are known nonlinear functions. Further,

ϕi : Ri → Rp is known function which is smooth and not necessarily Lipschitz. Θ∗ ∈ Rp

is a vector of unknown parameters.

Assumption 1. The functions ∆i are assumed to satisfy a linear growth condition.
Hence, we can write

‖∆i(χ1)−∆i(χ2)‖ ≤ Li‖χ1 − χ2‖, ∀ χ1, χ2 ∈ Ri (2.2)

where Li is the Lipschitz constant, and ‖ · ‖ represents the Euclidean norm.

Remark 1. The considered class of systems (2.1), described in a parametric strict feed-
back form, could represent a wide class of uncertain nonlinear systems. In fact, such
structure is powerful enough to describe several practical engineering applications, for
example, mobile robots, industrial manipulators, fan speed control system, jet engine sys-
tems, suspension systems, and many others [41]. All these practical nonlinear systems
could be directly transformed to the considered structure form (2.1).

To reduce the communication burden and circumvent the issue of channel bandwidth

constraints, we resort to the use of an event-triggered controller to economically utilize
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2. ETAC of a Class of Nonlinear Uncertain Systems over Controller-to-Actuator
Channel

the resources to meet the desired control design objectives with respecting the restrictions

of the communication channel. The event-triggered mechanism is formulated as

uET (t) = u(tk), ∀ t ∈ [tk, tk+1)

tk+1 = inf
{
t | t > tk , J(eET , z1, z2, . . . , zn) > 0

}
, (2.3)

where eET (t) = u(t)−uET (t) denotes the measurement error between the actual u(t) and

last-transmitted uET (t) control signals, J(eET , z1, z2, . . . , zn) is the triggering condition

to be designed later. The system configuration studied in this work is shown in Fig. 1.3a.

It is considered that the control signal u(t) is not directly fed to the plant. Instead, the

controller communicates with the plant over a network. Hence, the plant is not actuated

by the exact control input u(t) calculated by the controller, as illustrated in Fig. 1.3a,

owing to the presence of communication channel constraints. Rather, It is actuated

by uET (t) signal which is defined as uET (t) = u(t) − eET (t). The control problem at

this juncture is as follows. Design an event-triggered adaptive tracking control input that

guarantees closed-loop signal boundedness while reducing the usage of network resources.

2.2.2 Adaptive Backstepping Control Design

The proposed control scheme utilizes an adaptive backstepping approach [41] to arrive

at the final control law and is discussed in this section. Let us first define the error

variables as

z1 = x1 − yr , (2.4)

zi = xi − αi−1 − yr(i−1), 2 ≤ i ≤ n , (2.5)

where yr represents the reference trajectory and α1, ..., αn−1 are virtual control laws to

stabilize the subsystems encountered in the backstepping design procedure. The design

is explained in a step-wise manner as follows.

Step 1: The derivative of the first error variable z1 is given as

ż1 = ẋ1 − ẏr
= x2 + ∆1 + ϕT1 Θ∗ − ẏr
= z2 + α1 + ∆1 + ϕT1 Θ∗ . (2.6)

This dynamics forms the first error subsystem to be stabilized by a suitably designed

virtual control law α1. Therefore, let us choose a Lyapunov function candidate as V1 =
1
2
z1

2+ 1
2
Θ̃TΓ−1Θ̃. Differentiating V1 with respect time along the trajectories of the system
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2.2 ETAC of Nonlinear Uncertain Systems with Limited Resources

(2.1) is

V̇1 = z1ż1 − Θ̃TΓ−1
˙̂
Θ . (2.7)

where Θ̃ = Θ∗ − Θ̂ in which Θ̂ is the estimate of the unknown parameter vector Θ and

Γ ∈ Rp×p is a tuning matrix associated with the adaptation law to be chosen by the

designer. By substituting (2.6) into (2.7), one gets

V̇1 = z1z2 + z1α1 + z1∆1 + z1ϕ
T
1 Θ∗ − Θ̃TΓ−1

˙̂
Θ . (2.8)

In order to make V̇1 equal to −c1z12 + z1z2, where c1 is a positive constant, the virtual

control law should be defined as

α1 = −c1z1 − ϕT1 Θ̂−∆1 , (2.9)

By substituting the virtual control law (2.9) into (2.8), it becomes

V̇1 = −c1z12 + z1z2 + Θ̃T
(
ϕ1z1 − Γ−1

˙̂
Θ
)
. (2.10)

By choosing
˙̂
Θ = Γϕ1z1, we have

V̇1 = −c1z12 + z1z2 . (2.11)

Herein if z2 = 0, the V̇1 is negative definite and the stability of z1 is ensured.

Step 2: To stabilize the second error variable z2 derived from (2.4), let us choose the

Lyapunov function candidate as V2 = V1+ 1
2
z2

2 = 1
2
z1

2+ 1
2
z2

2+ 1
2
Θ̃TΓ−1Θ̃. Differentiating

V2 with respect time along the trajectories of the system (2.1) is

V̇2 = −c1z12 + z1z2 + z2ż2 − Θ̃TΓ−1
˙̂
Θ , (2.12)

where ż2 is now expressed as

ż2 = ẋ2 − α̇1 − ÿr
= x3 + ∆2 + ϕT2 Θ∗ − α̇1 − ÿr
= z3 + α2 + ∆2 + ϕT2 Θ∗ − α̇1

= z3 + α2 + ∆2 + ϕT2 Θ∗ − ∂α1

∂x1
ẋ1 −

∂α1

∂yr
ẏr −

∂α1

∂Θ̂

˙̂
Θ .

By substituting ẋ1 from (2.1) and combining Θ∗ terms, one gets

ż2 = z3 + α2 + ∆2 + ψT2 Θ∗ − ∂α1

∂x1
(x2 + ∆1)−

∂α1

∂yr
ẏr −

∂α1

∂Θ̂

˙̂
Θ , (2.13)
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where ψT2 =
(
ϕT2 − ∂α1

∂x1
ϕT1

)
. In order to render V̇2 negative, the virtual control law should

be defined as

α2 = −c2z2 − z1 − ψT2 Θ̂ +
∂α1

∂x1
(x2 + ∆1) +

∂α1

∂yr
ẏr +

∂α1

∂Θ̂

˙̂
Θ−∆2 . (2.14)

Accordingly, we have

V̇2 = −c1z12 − c2z22 + z2z3 + Θ̃T
(
ϕ1z1 + ψ2z2 − Γ−1

˙̂
Θ
)
. (2.15)

By choosing
˙̂
Θ = Γ (ϕ1z1 + ψ2z2), one gets

V̇2 = −c1z12 − c2z22 + z2z3 . (2.16)

Herein if z3 = 0, the V̇2 is negative definite and the stability of z1 and z2 is ensured.

Step i, (i = 3, . . . , n− 1): Using the same procedure as explained in the preceding steps,

the virtual control law is given as follows.

αi = −cizi− zi−1−ψTi Θ̂ +
i−1∑
k=1

∂αi−1
∂xk

(xk+1 + ∆k) +
i−1∑
k=1

∂αi−1
∂yrk−1

yr
k +

∂αi−1

∂Θ̂

˙̂
Θ−∆i (2.17)

The parameter update law is also obtained as

˙̂
Θ = Γ

(
ϕ1z1 +

i−1∑
k=2

ψkzk

)
, (2.18)

where ψk
T =

(
ϕTk −

∑k−1
j=1

∂αk−1

∂xj
ϕTj

)
. Accordingly, one gets

V̇i = −
i∑

j=1

cjzj
2 + zizi+1 . (2.19)

Herein if zn = 0, the V̇n−1 is negative definite and the stability of zi, i = 1, . . . , n − 1

is ensured. However, at the last step of backstepping procedure, the measurement error

will appear in the control signal due to the event-triggered implementation. This will be

handled by deriving a suitable triggering condition as follows.

2.2.3 Event-triggered Condition

It has been mentioned, in Section 2.2.1, that the controller communicates with the

plant through a channel under limited communications, for which the plant is now actu-

ated by uET (t) rather than the actual control signal u(t) where uET (t) = u(t) − eET (t).

22

TH-2556_176102006



2.2 ETAC of Nonlinear Uncertain Systems with Limited Resources

In this section, which represents the last step of backstepping design, the event-triggered

condition is derived based on eET (t) while ensuring the stability of the overall control

system. Let us define the total Lyapunov function candidate as Vn = Vn−1 + 1
2
zn

2, whose

time derivative along the system trajectories (2.1) is given as

V̇n = −
n−1∑
j=1

cjzj
2 + znzn+1 + zn

(
u− eET + ϕTnΘ∗ + ∆n − α̇n−1 − yr(n)

)
. (2.20)

We have α̇n−1 given as

α̇n−1 =
n−1∑
k=1

∂αn−1
∂xk

ẋk +
n−1∑
k=1

∂αn−1
∂yr(k)

yr
(k+1) +

∂αn−1

∂Θ̂

˙̂
Θ

=
n−1∑
k=1

∂αn−1
∂xk

(xk+1 + ∆k) +
n−1∑
k=1

∂αn−1
∂xk

ϕTkΘ∗ +
n−1∑
k=1

∂αn−1
∂yr(k)

yr
(k+1) +

∂αn−1

∂Θ̂

˙̂
Θ .

(2.21)

Then by employing ψTn = ϕTn −
∑n−1

k=1
∂αn−1

∂xk
ϕTk and choosing u as

u = −cnzn − zn−1 − ψTn Θ̂ +
n−1∑
k=1

∂αn−1
∂xk

(xk+1 + ∆k) +
n−1∑
k=1

∂αn−1
∂yr(k)

yr
(k+1)

+
∂αn−1

∂Θ̂

˙̂
Θ + yr

(n) −∆n , (2.22)

the time derivative of the Lyapunov function becomes

V̇n = −
n∑
j=1

cjzj
2 + Θ̃T

(
n∑
j=1

(
ϕn −

∂αj−1
∂xj−1

ϕj−1

)
zj − Γ−1

˙̂
Θ

)
− zneET . (2.23)

Now, let us design the adaptation law as

˙̂
Θ = Γ

(
n∑
j=1

(ϕn −
∂αj−1
∂xj−1

ψj−1)zj

)
. (2.24)

Then, by substituting (2.24) in (2.23) and applying Young inequality yields

V̇n ≤ −
n∑
j=1

cjz
2
j + ‖zn‖‖eET‖

≤ −
n∑
j=1

cjz
2
j +
‖zn‖2

2
+
‖eET‖2

2
(2.25)
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Adding and subtracting the term ζ
∑n

j=1 cjz
2
j , one gets

V̇n ≤ −(1− ζ)
n∑
j=1

cjz
2
j − ζ

n∑
j=1

cjz
2
j +
‖zn‖2

2
+
‖eET‖2

2
(2.26)

where ζ > 0 is an adjustable parameter. Now, if the triggering condition is derived by

ensuring that

‖zn‖2
2

+
‖eET‖2

2
≤ ζ

n∑
j=1

cjz
2
j , (2.27)

the derivative of Lyapunov function becomes

V̇n ≤ −(1− ζ)
n∑
j=1

cjz
2
j (2.28)

By choosing 0 < ζ < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured. From (2.27), the triggering function defined in (2.3) can be written as

J(eET , z1, z2, . . . , zn) = ‖eET‖2 − 2ζ
n∑
j=1

cjzj
2 + ‖zn‖2, (2.29)

Proposition 1. The system dynamics (2.1) under the action of the adaptive controller
(2.22) with the event-triggered scheme (2.3) is stable in the sense of Lyapunov and all
states of closed-loop system are bounded. Furthermore, the error variables converge to
the origin as t → ∞. Moreover, the exclusion of Zeno behavior, i.e., generating infinite
triggering events within a finite time, is also proved under the proposed event-triggered
scheme.

Proof. As shown in Subsection 2.2.3, the triggering condition (2.29) is derived in a way
that renders the time derivative of the Lyapunov function V = 1

2

∑n
i=1 z

2
i + 1

2
Θ̃TΓ−1Θ̃

along the trajectories of system (2.1) negative semi-definite, thus the stability under this
event-triggered scheme is formally guaranteed and all closed-loop signals are bounded.

Using Barbalat lemma [97], the convergence of error variables to the origin can be
proved. From (2.28), we have V̈n = −2(1 − ζ)

∑n
j=1 cjzj żj. Since V̇n is negative semi-

definite, all the closed-loop trajectories are bounded. Hence, z1, . . . , zn, ż1, . . . , żn are
bounded for all time. Then, we can easily conclude that V̈n is also bounded. Thus, V̇n
is uniformly continuous. Now, we can conclude using Barbalat lemma that V̇n → 0 as
t→∞ which implies the convergence of state variables to the origin as t→∞.

To complete the proof, a lower bound of inter-event time should be ensured which
implies the exclusion of Zeno behavior. From the definition of u (2.22), we can conclude
that u̇ is continuous and bounded as u is a function of all bounded signals. Thus, we can
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2.3 ETAC of Nonlinear Uncertain Systems with Input Delay

write |u̇| ≤ ε1 where ε1 is a positive constant. Meanwhile,

|u(tk+1)−u(tk)| =
∣∣∣∣∫ tk+1

tk

u̇(λ)dλ

∣∣∣∣ ≤ ∫ tk+1

tk

|u̇(λ)| dλ ≤
∫ tk+1

tk

ε1dλ = ε1(tk+1− tk) (2.30)

Let eET (tk) = 0 and limt→t−k+1
eET (t) = ε2 where ε2 is a positive constant that depends

on k, then we can write
ε2 ≤ |u(tk+1 − u(tk))| (2.31)

From (2.30) and (2.31), we get

ε2 ≤ |u(tk+1)− u(tk)| ≤ ε1(tk+1 − tk) (2.32)

Accordingly,
(tk+1 − tk) ≥ ε2/ε1, (2.33)

which implies that a lower bound of inter-event time can always be ensured and obtained
as ε2/ε1 [2].

2.3 ETAC of Nonlinear Uncertain Systems with In-

put Delay

In the previous section, the event-triggered adaptive controller was designed assuming

ideal communication without delay. However, the network-induced delay is practically

inevitable, and it significantly affects the system’s performance and stability. In this

section, the input delay is considered while designing the event-triggered controller. An

auxiliary compensation system is incorporated within the error variables to handle such

delays, as will be explained in the sequel.

2.3.1 Problem formulation

Let us consider a class of nonlinear systems affine in control subject to input delay

and unknown parameters. These systems can be described in a parametric strict feedback

form as stated below.

ẋ1 = x2 + ∆1(x1) + ϕT1 (x1)Θ
∗,

ẋ2 = x3 + ∆2(x1, x2) + ϕT2 (x1, x2)Θ
∗,

...

ẋi = xi+1 + ∆i(x̄i) + ϕTi (x̄i)Θ
∗, 3 ≤ i ≤ n− 1 ,

ẋn = uET (t− τ) + ∆n(x̄n) + ϕTn (x̄n)Θ∗ ,

y = x1 , (2.34)
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where uET (t− τ) denote the delayed control input, in which τ represents a constant time

delay. Other variables are defined similar to the problem formulation in Subsection 2.2.1.

An event-triggered mechanism is also employed here in this section to reduce the

communication burden. The triggering mechanism is similarly defined as (2.3). Relative

to Section 2.2, an auxiliary compensation system is introduced in this section to handle

the input delay [49], and it is defined as

η̇i = ηi+1 − κiηi, 1 ≤ i ≤ n− 1 (2.35)

ηn =

∫ t

t−τ
uET (λ)dλ (2.36)

where κi > 0 for i = 1, . . . , n − 1 are positive constants. The new error variables are

accordingly defined as

z1 = x1 + η1 , (2.37)

zi = xi − αi−1 + ηi, 2 ≤ i ≤ n , (2.38)

where ηi, i = 1, . . . , n are the compensating variables and α1, ..., αn−1 are the virtual

control laws to stabilize the subsystems encountered in the backstepping design procedure.

For simplicity, the error variables in this section are defined for a stabilization problem.

Remark 2. In fact, the input delay is eventually handled by the compensating variable
ηn in the last step of the design procedure. This variable separates the delay out from
the input signal. The control law is then designed for an un-delayed system. The other
auxiliary variables ηi for i = 1, . . . , n−1 are introduced to recursively handle the effects of
the compensating variable ηn in the preceding steps of the backstepping design procedure.

The system configuration studied in this section is similar to the one presented in

Fig. 1.3a. However, it is considered here that the control signal u(t) not only experiences

loss of unnecessary information due to event-triggered implementation, but also it suffers

from input-delays in the controller-to-plant channel. Hence, the plant is not actuated by

the exact control input u(t) calculated by the controller. Rather, It is actuated by uET (t−
τ) signal. The control problem at this juncture is as follows. Design an event-triggered

adaptive stabilization controller which guarantees closed-loop signal boundedness under

input delays while reducing the usage of network resources.
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2.3 ETAC of Nonlinear Uncertain Systems with Input Delay

2.3.2 Adaptive Backstepping Compensated Control Design

In this section, the control design is explained in a step-wise manner as follows.

Step 1: The derivative of the first error variable z1 is given as

ż1 = ẋ1 + η̇1

= x2 + ∆1 + ϕT1 Θ∗ + η2 − κ1η1
= z2 + α1 + ∆1 + ϕT1 Θ∗ − κ1η1 . (2.39)

This dynamics forms the first error subsystem to be stabilized by virtual control law

α1. Therefore, let us choose a Lyapunov function candidate as V1 = 1
2
z1

2 + 1
2
Θ̃TΓ−1Θ̃.

Differentiating V1 with respect time along the trajectories of the system (2.34) is

V̇1 = z1ż1 − Θ̃TΓ−1
˙̂
Θ . (2.40)

By substituting (2.39) into (2.40), the time derivative of Lyapunov function becomes

V̇1 = z1z2 + z1α1 + z1∆1 + z1ϕ
T
1 Θ∗ − z1κ1η1 − Θ̃TΓ−1

˙̂
Θ . (2.41)

In order to make V̇1 equal to −c1z12 + z1z2, where c1 is a positive constant, the virtual

control law should be defined as

α1 = −c1z1 − ϕT1 Θ̂−∆1 + κ1η1 , (2.42)

where Θ̂ is the estimation of the unknown parameter vector Θ and Θ̃ = Θ∗ − Θ̂.

By substituting the virtual control law (2.42) into the time derivative of Lyapunov func-

tion (2.41), it becomes

V̇1 = −c1z12 + z1z2 + Θ̃T
(
ϕ1z1 − Γ−1

˙̂
Θ
)
. (2.43)

By choosing
˙̂
Θ = Γϕ1z1, we have

V̇1 = −c1z12 + z1z2 . (2.44)

Herein if z2 = 0, the V̇1 is negative semidefinite and stability of z1 is ensured.

Step 2: To stabilize the second error variable z2 derived from (2.38), let us choose the

Lyapunov function candidate as V2 = V1+ 1
2
z2

2 = 1
2
z1

2+ 1
2
z2

2+ 1
2
Θ̃TΓ−1Θ̃. Differentiating

V2 with respect time along the trajectories of the system (2.34) is

V̇2 = −c1z12 + z1z2 + z2ż2 − Θ̃TΓ−1
˙̂
Θ , (2.45)
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where ż2 is now expressed as

ż2 = ẋ2 − α̇1 + η̇2

= z3 + α2 + ∆2 + ϕT2 Θ∗ − α̇1 − κ2η2
= z3 + α2 + ∆2 + ϕT2 Θ∗ − ∂α1

∂x1
ẋ1 −

∂α1

∂Θ̂

˙̂
Θ− ∂α1

∂η1
η̇1 − κ2η2 . (2.46)

By substituting ẋ1 from (2.34) and combining Θ∗ terms, one gets

ż2 = z3 + α2 + ∆2 + ψT2 Θ∗ − ∂α1

∂x1
(x2 + ∆1)−

∂α1

∂Θ̂

˙̂
Θ− ∂α1

∂η1
η̇1 − κ2η2 , (2.47)

where ψT2 =
(
ϕT2 − ∂α1

∂x1
ϕT1

)
. In order to render V̇2 negative, the virtual control law should

be defined as

α2 = −c2z2 − z1 − ψT2 Θ̂ +
∂α1

∂x1
(x2 + ∆1) +

∂α1

∂Θ̂

˙̂
Θ +

∂α1

∂η1
η̇1 + κ2η2 −∆2 . (2.48)

The time derivative of Lyapunov function V2 becomes

V̇2 = −c1z12 − c2z22 + z2z3 + Θ̃T
(
ϕ1z1 + ψ2z2 − Γ−1

˙̂
Θ
)
. (2.49)

By choosing
˙̂
Θ = Γ (ϕ1z1 + ψ2z2), we get

V̇2 = −c1z12 +−c2z22 + z2z3 . (2.50)

Step i, (i = 3, . . . , n− 1): Using the same procedure as explained in the preceding steps,

the virtual control law is given as follows.

αi = −cizi−zi−1−ψTi Θ̂+
i−1∑
k=1

∂αi−1
∂xk

(xk+1 + ∆k)+
∂αi−1

∂Θ̂

˙̂
Θ+

i−1∑
k=1

∂αi−1
∂ηk

ηk+κiηi−∆i (2.51)

The parameter update law is also obtained as

˙̂
Θ = Γ

(
ϕ1z1 +

i−1∑
k=2

ψkzk

)
, (2.52)

where ψTk =
(
ϕTk −

∑k−1
j=1

∂αk−1

∂xj
ϕTj

)
. Accordingly, the time derivative of Lyapunov func-

tion along with system trajectories (2.34) becomes

V̇i = −
i∑

j=1

cjzj
2 + zizi+1 . (2.53)
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2.3.3 Event-triggered Condition

In this section, which represents the last step of backstepping design, the event-

triggered condition is derived based on measurement error eET (t) between the actual

and actuated control signals while ensuring the stability of the overall control system.

The dynamics of the last error subsystem is given as follows.

żn = ẋn − α̇n−1 + η̇n

= uET (t− τ) + ϕTnΘ∗ + ∆n − α̇n−1 + η̇n (2.54)

From (2.36), we have η̇n = uET (t)− uET (t− τ). Then,

żn = uET (t) + ϕTnΘ∗ + ∆n − α̇n−1 . (2.55)

The total Lyapunov function candidate at the last step is then chosen to be Vn =

Vn−1 + 1
2
zn

2 whose time derivative along with the trajectories of system (2.34) is given as

V̇n = −
n−1∑
j=1

cjzj
2 + znzn+1 + zn

(
u(t)− eET + ϕTnΘ∗ + ∆n − α̇n−1

)
. (2.56)

As the input delays are already handled, the control and adaptation laws can now be

designed similar to previous section as

u = −cnzn − zn−1 − ψTn Θ̂ +
n−1∑
k=1

∂αn−1
∂xk

(xk+1 + ∆k) +
∂αn−1

∂Θ̂

˙̂
Θ +

n−1∑
k=1

∂αn−1
∂ηk

ηk −∆n,

˙̂
Θ = Γ

(
n∑
j=1

(ϕn −
∂αj−1
∂xj−1

ψj−1)zj

)
(2.57)

where ψTn = ϕTn −
∑n−1

k=1
∂αn−1

∂xk
ϕTk . With (2.57), the derivative of the Lyapunov function

becomes

V̇n = −
n∑
j=1

cjz
2
j − zneET

≤ −
n∑
j=1

cjz
2
j +
‖zn‖2

2
+
‖eET‖2

2
. (2.58)

Similar to the analysis presented in Subsection 2.2.3, the triggering condition can be

defined as

J(eET , z1, z2, . . . , zn) = ‖eET‖2 − 2ζ
n∑
j=1

cjzj
2 + ‖zn‖2, (2.59)

which yields the derivative of Lyapunov function with respect time along the system
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trajectories(2.34) as

V̇n ≤ −(1− ζ)
n∑
j=1

cjz
2
j (2.60)

Proposition 2. The system dynamics (2.34) under the action of the adaptive controller
(2.57) with the triggering condition (2.59) is stable and the boundedness of all closed-loop
signals is ensured. Furthermore, the error variables converge to the origin as t → ∞.
Moreover, the Zeno behavior is excluded under the event-triggered scheme.

Proof. The triggering condition (2.59) is derived in a way that renders the time derivative
of the Lyapunov function along with the trajectories of system (2.34) negative semi-
definite; thus the stability in the sense of Lyapunov is ensured under the event-triggered
scheme, and all signals are therefore bounded. The convergence of the error variables
can be directly proved similar to the analysis in Proposition 1 by invoking Barbalat
lemma [97]. Moreover, the proof of Zeno exclusion presented in Proposition 1 is also still
valid and can be directly applied in case of input delays.

2.4 Simulation and Comparative Studies

In this section, a single-link manipulator controlled over a communication network is

considered. In order to illustrate the effectiveness of the proposed event-triggered control

scheme, the obtained results are compared with the existing event-triggered sliding model

control scheme (ETSMC) [1] and event-triggered adaptive control scheme (ETAC) [2].

In [2], fixed, relative and switching triggering conditions are presented. The details of the

ETSMC scheme and selected controller parameters are provided in the Appendix A.1 for

ease of reference.

The dynamics of the manipulator can be modeled as follows [2].

Jq̈(t) +Bq̇(t) +MgaL sin (q(t)) = u(t− τ) , (2.61)

where q and q̇ represent the angle and angular velocity of the rigid link, respectively. J

stands for the total rotation inertia of the motor and B is the overall damping coefficient

that represents the unmatched uncertain term. M is the mass of the link, L is the distance

from the axis of joint to the center of mass, and ga is the gravitational acceleration. In

order to transform the system into the parametric strict feedback form, let x1 = q, x2 = q̇.

Thus,

ẋ1 = x2 ,

ẋ2 = −MgaL

J
sin(x1)−

B

J
x2 + u(t− τ) . (2.62)

The problem is to stabilize the system (2.62) and make the angle position move back

to zero (yr = 0) with a reduced number of transmissions over the network. Then, the
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Figure 2.1: The joint angle position of the manipulator under ETSMC [1], Switching ETAC [2] and
the proposed ETAC.

control law can be found using equations (2.42) and (2.48) as

α1 = −c1z1 + κ1η1 = −c1x1 + κ1η1, (2.63)

u = α2 = −c2z2 − z1 +
MgaL

J
sin(x1) + x2B̂ − c1x2 + κ1η2 − κ21η1, (2.64)

˙̂
B = −Γ

z2x2
J

. (2.65)

The simulations are conducted using MATLAB for a total time of 20s with a sampling

interval T = 0.001s. Similar to [2] and for the purpose of fair comparison, the physical

parameters are given as MgaL = 10, J = 1. The other relevant parameters are chosen as

c1 = 0.5, c2 = 1, Γ = 1, q(0) = 20, q̇(0) = 0, B = 2, B̂(0) = 1.5 and ζ = 0.5. The input

delay is chosen as τ = 0.1 [s]. The parameters of the switching triggering threshold (1.3)

presented in [2] are similarly selected as %1 = 8, %2 = 1, σ = 0.2, and ω = 30.

The obtained results using the proposed event-triggered adaptive controller are given

in Fig. 2.1–2.5. It is evident from the results that, as compared to ETSMC and ETAC, the

proposed triggering rule yields better results in terms of reducing the number of required

transmissions in tandem with acceptable performance. The trajectories of joint angle

position under each control scheme are shown in Fig. 2.1. It is observed that the switching

ETAC [2] achieves lager stabilization error as compared to the other control schemes. On

the other hand, the trajectories under the proposed control scheme for different values of

input delays are presented in Fig. 2.2. It is evident that the proposed control scheme is

31

TH-2556_176102006



2. ETAC of a Class of Nonlinear Uncertain Systems over Controller-to-Actuator
Channel

Figure 2.2: The joint angle position of the manipulator under the proposed control scheme for different
values of input delays.

able to handle the input delays in tandem with an acceptable performance. The controller

perform well for τ < 0.3 second and a degradation is observed for values equal or greater

than τ = 0.3. It is worth mentioning that the scenario of input delays was not considered

in [1, 2], for which the system becomes unstable even for small input delays. Therefore,

it is well understood that ETAC is superior compared to ETSMC [1] and ETAC [2],

and shows promise for NCS applications. The time-triggered and event-triggered control

signals for each control scheme are shown in Fig. 2.3 which shows that all signals are

bounded over time.

On the other hand, the inter-event times and triggering instants are depicted in

Fig. 2.4 and Fig. 2.5, respectively. The required number of events, minimum and max-

imum values of inter-event times are shown in Table 2.1. Moreover, the average value

for each scheme is calculated and found to be 0.07, 0.13, and 0.45 for ETSMC, switching

ETAC and proposed triggering scheme, respectively. It can be observed that the pro-

posed triggering scheme has the least number of triggering events and achieves larger

inter-event times as compared to other schemes, which implies the best performance in

terms of limited resources utilization. It is also evident from Fig. 2.5 that the number of

triggering instants in ETSMC is substantially high as compared to the ETAC schemes.

This is due to the high-frequency action of SMC, for which the issue of chattering cannot

be totally eliminated by using an event-triggered approach. Table 2.1 summarizes the

obtained results. The results of fixed and relative thresholds presented in [2] are also
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Figure 2.3: Control signals for ETSMC [1], Switching ETAC [2] and the proposed ETAC.
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Figure 2.4: Inter-event times for ETSMC [1], Switching ETAC [2] and the proposed ETAC.
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Figure 2.5: Illustration of triggering events, (1) for ETSMC scheme [1], (2) for Switching ETAC
scheme [2] and (3) for the proposed ETAC scheme.

Table 2.1: Comparison of results for ETSMC [1], ETAC [2] with fixed, relative and switching thresholds,
and the proposed ETAC scheme.

ETSMC [1]
ETAC [2] Proposed Scheme

Fixed Relative Switching τ = 0 τ = 0.1 τ = 0.3

#Events/transmissions 273 87 73 85 26 30 48

Stabilization error 0.034 1.190 0.032 0.110 0.035 0.047 0.011

Inter-event time (min) 0.041 0.006 0.002 0.006 0.089 0.153 0.036

Inter-event time (max) 0.148 0.362 0.922 0.910 1.641 1.174 1.154

provided in the table. It is evident that the proposed control scheme exhibits more effi-

ciency in terms of resource utilization characterized by the number of events. It also has

the ability to handle input delays.

2.5 Summary

In this chapter, an improved event-triggered adaptive control scheme has been pro-

posed for a class of nonlinear uncertain systems subject to limited communication and

input delay. Rather than simple and relative thresholds, the triggering condition has been

derived on the basis of negative semi-definiteness of the derivative of Lyapunov function.

Besides, an auxiliary compensation system has been introduced that effectively handled

the input delays. The obtained results were compared with the existing ETSMC [2]

and ETAC [1]. As compared to the ETSMC scheme, the proposed control methodology

achieves invariance to matched and mismatched uncertainties not necessarily Lipschitz
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without any substantial usage of control input. Based on the simulation results, the

proposed triggering scheme results in significantly less number of triggering instants as

compared to fixed, relative, and switching thresholds presented in [2], which is highly

desirable for networked control systems. However, the event-triggered control scheme

presented in this chapter was developed for single-input single-output (SISO) systems,

and it considers the restrictions in the controller-to-actuator channel only. Moreover,

the computational efforts could not be alleviated in this scheme as the actual control

signal was always required for checking the triggering condition at each instance. In the

upcoming chapter, the event-triggered mechanism will be placed on the sensor-side, for

which the restrictions in the sensor-to-controller channel and computational efforts will

be addressed. The results will further be extended to multiple-input multiple-output

(MIMO) systems.
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3. Predictor-based ETAC of a Class of Nonlinear Uncertain Systems over
Sensor-to-Controller Channel

3.1 Introduction

In networked control systems (NCSs), the controller and plant are located in two

different locations and communicated via network channels. Alleviating bandwidth uti-

lization in both sensor-to-controller and controller-to-actuator channels as well as the

computational effort is of great importance for network-based applications wherein the

resources are generally limited. Relative to the previous chapter, the event-triggered

mechanism in this chapter is placed in the sensor-to-controller channel. The previous

results are also extended to a class of multi-input multi-output (MIMO) systems. On the

other hand, the delays in both state and input signals are also considered in this chapter.

For this purpose, a state predictor is first designed. Then, the event-triggered backstep-

ping controller is developed based on the predicted states. It is worth mentioning that

the proposed event-triggered scheme in this chapter has the ability to alleviate the com-

putational costs in tandem with reducing the communication burden in both channels.

Simulation results on a three-link cylindrical robotic arm show that the proposed control

scheme successfully compensates for state and input delays and ensures a substantial

saving in computational and network resources characterized by the number of required

control updates and signal transmissions over the network.

The main contributions of this chapter1 relative to existing studies are highlighted

as follows. As compared to [2, 16, 34] where continuous information of system states are

required from sensors to determine the control law and triggering condition, the pro-

posed triggering scheme is placed in the sensor-to-controller channel in order to reduce

the utilization of computational and channel-bandwidth resources. On the other hand,

the proposed triggering condition is derived by ensuring the existence of Lyapunov func-

tion (negative definiteness of its time derivative) rather than predefined fixed or simple

relative thresholds [16, 22, 96]. It also guarantees the exclusion of Zeno-behavior. Un-

like [3], a predictor-based controller is designed to deal with network-induced delays,

which increases the horizon of the controller.

The chapter is organized as follows. In Section 3.2, the event-triggered adaptive

control scheme is presented without consideration of state and input delays, in which

the problem is first formulated in Subsection 3.2.1 and then the event-triggered adaptive

backstepping controller is presented in Subsection 3.2.2. In Section 3.3, the delays in

both state and input signals are considered and the controller is accordingly modified to

handle these delays. Simulation results on a three-link cylindrical robotic manipulator

are presented in Section 3.4. The chapter is summarized in Section 3.5.

1This chapter is based on the article: S. Al Issa and I. Kar, “Adaptive control of uncertain non-linear
systems over a network under input delay and limited resources,” in International Journal of Dynamics
and Control, pp. 1–8, 2021.
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3.2 ETAC of Nonlinear Uncertain Systems with Lim-

ited Resources

3.2.1 Problem Formulation

In this chapter, we consider a class of multiple-input multiple-output (MIMO) non-

linear systems affected by parameter uncertainties as described below [98].

ẋ1 =x2

ẋ2 =ϕ1(x)TΘ + g11u1(t) + . . .+ g1nun(t)

ẋ3 =x4

ẋ4 =ϕ2(x)TΘ + g21u1(t) + . . .+ g2nun(t)

...

ẋ2n−1 = x2n

ẋ2n =ϕn(x)TΘ + gn1u1(t) + . . .+ gnnun(t) (3.1)

where x = [x1, x2, . . . , x2n]T , u = [u1, u2, . . . , un]T and y = [x1 x3 . . . x2n−1] denote the

systems states, inputs and outputs, respectively. Further, ϕ1, . . . , ϕn ∈ Rd are known

nonlinear functions. The vector Θ ∈ Rd and the matrix G =

g11 . . . g1n
...

...

gn1 . . . gnn

 represent

the unknown parameters. Let X1 = [x1 x3 . . . x2n−1]
T ∈ Rn, X2 = [x2 x4 . . . x2n]T ∈ Rn,

X = [X1 X2]
T , Φ(X) = [ϕ1 ϕ2 . . . ϕn] ∈ Rd×n, then the above equations can be written

as follow

Ẋ1 = X2

Ẋ2 = Φ(X)TΘ +Gu(t) (3.2)

Assumption 2. Each column of Φ(X) is assumed to satisfy a linear growth condition.
Hence, we can write

‖Φ(U1)− Φ(U2)‖ ≤ L‖U1 − U2‖, ∀ U1, U2 ∈ R2n (3.3)

where L is the Lipschitz constant, and ‖ · ‖ represents the Euclidean norm.

Assumption 3. The unknown parameter vector Θ and the elements of input distribution
matrix G belong to known compact sets, i.e. ∃ Θ∗ and G∗ such that ‖Θ‖ < Θ∗ and
‖G‖ < G∗.

Remark 3. The considered system (3.1) represents a wide class of uncertain non-linear
systems. It is worth mentioning that many practical engineering applications can be
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transformed into the form (3.1). For instance, mobile robots, industrial manipulators,
suspension systems, and many others [98].

To deal with the scenario of limited resources (computational and channel-bandwidth),

an event-triggered (ET) mechanism is implemented in the sensor-to-controller channel as

follows.

XET (t) = X(tk) ∀t ∈ [tk, tk+1)

tk+1 = inf{t| t > tk, J(eET , Z1, Z2) > 0} (3.4)

whereX andXET represent the actual and event-triggered states, respectively. J(eET , Z1, Z2)

is the triggering condition in which eET (t) = [eET1 eET2 ]T = X(t) − XET (t) denotes the

measurement error wherein eET1 (t) = X1(t)−XET
1 (t) and eET2 (t) = X2(t)−XET

2 (t). The

system configuration studied in this work is similar to the one presented in Fig. 1.3b. The

states of the plant will be transmitted over the network only when the designed triggering

condition gets violated, and the control law is then updated according to the new received

states. Thus, the channel bandwidth is efficiently utilized, and the computation burden

is further reduced. It is to be noted that the controller is now designed based on the

event-triggered states rather than the actual states, and it will be computed only when

a new update of the states is received.

3.2.2 Event-triggered Adaptive Backstepping Control Design

In this section, the adaptive controller based on the backstepping approach [41] is

designed. The event-triggered condition is derived in the last step of the design procedure

by ensuring the derivative of Lyapunov function to be negative semi-definite. Let us first

define the error variables as

Z1 = X1

Z2 = X2 − α1 (3.5)

where α1 is the virtual control law to be designed in the following steps. The event-

triggered error variables are accordingly defined as ZET
1 = XET

1 , ZET
2 = XET

2 − α1.

Step 1: The dynamics of the first error subsystem is given as

Ż1 = Ẋ1 = X2 = Z2 + α1 (3.6)

The virtual control law α1 is to be designed to stabilize the first subsystem (3.6). For

that, a Lyapunov function candidate is chosen as V1 = 1
2
ZT

1 Z1. Differentiating V1 with
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respect time along the trajectories of the system (3.1) is

V̇1 = ZT
1 Ż1 = ZT

1 (Z2 + α1) (3.7)

Let us choose the virtual control as

α1 = −C1Z
ET
1 (3.8)

where C1 ∈ Rn×n is a gain matrix with positive diagonal elements. It is to be noted that

the virtual controller (3.8) is designed based on the event-triggered error variable ZET
1 (t)

rather than actual error variable Z1(t). With (3.8), adding and subtracting ZT
1 C1Z1 to

(3.7), the time derivative of Lyapunov function (3.7) becomes

V̇1 = ZT
1 Z2 − ZT

1 C1Z1 + ZT
1 C1Z1 − ZT

1 C1Z
ET
1 (3.9)

From (3.5) and the definition of event-triggered measurement error, we have

eET1 (t) = X1(t)−XET
1 (t) = Z1(t)− ZET

1 (t) (3.10)

With (3.10), one gets

V̇1 = ZT
1 Z2 − ZT

1 C1Z1 + ZT
1 C1e

ET
1

≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖ (3.11)

It is worth mentioning that the third term which contains the measurement error will

be handled in the next step while deriving the triggering condition.

Step 2: In this step, the actual control law is designed to stabilize the second error

variable Z2. Therefore, we choose a Lyapunov function candidate as

V2 = V1 +
1

2
ZT

2 Z2 +
1

2
Θ̃TΓ−11 Θ̃ +

1

2
trace

(
G̃TΓ−12 G̃

)
(3.12)

Differentiating V2 with respect time along the trajectories of the system (3.1) is

V̇2 ≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖+ ZT
2 Ż2 − Θ̃TΓ−11

˙̂
Θ− trace

(
G̃TΓ−12

˙̂
G
)

(3.13)

where Θ̃ = Θ−Θ̂ and G̃ = G−Ĝ in which Θ̂ and Ĝ are the estimates of unknowns Θ and

G, respectively. Further, Γ1 ∈ Rd×d and Γ2 ∈ Rn×n are tuning matrices associated with

adaptation laws to be chosen by the designer. It is to be noted that the control signal is

constant between inter-event periods and thus α̇1 = 0. The second error dynamics Ż2 is
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then expressed as

Ż2 = Ẋ2 = ΦT (X)Θ +Gu(t)

= ΦT (X)Θ +Gu(t) + ΦT (XET )Θ− ΦT (XET )Θ (3.14)

Now, the actual control law is chosen as

u = −Ĝ−1
(
C2Z

ET
2 + ZET

1 + ΦT (XET )Θ̂
)
, (3.15)

where C2 ∈ Rn×n is a gain matrix with positive diagonal elements. The time derivative

of Lyapunov function V2 becomes

V̇2 ≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖ − ZT
2 C2Z

ET
2 − ZT

2 Z
ET
1 + ZT

2 G̃u

+ ZT
2

(
ΦT (X)− ΦT (XET )

)
Θ + Θ̃T

(
Φ(XET )Z2 − Γ−11

˙̂
Θ
)
− trace

(
G̃TΓ−12

˙̂
G
)

Adding and subtracting the term ZT
2 C2Z2 + ZT

1 Z2 to (3.16) and using Assumption (2),

one gets

V̇2 ≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C1‖‖Z1‖‖eET1 ‖+ ‖C2‖‖Z2‖‖eET2 ‖+ ‖Z2‖‖eET1 ‖
+ LΘ∗‖Z2‖‖eET2 ‖+ Θ̃T

(
Φ(XET )Z2 − Γ−11

˙̂
Θ
)

+ trace
(
G̃T (Z2u

T − Γ−12
˙̂
G)
)

(3.16)

where eET2 = X2 −XET
2 = Z2 − ZET

2 . As eET = [eET1 , eET2 ]
T

, then we can write ‖eET1 ‖ ≤
‖eET‖. Further, with the adaptation laws designed as

˙̂
Θ = Γ1Φ(XET )ZET

2 and
˙̂
G = Γ2Z

ET
2 uT , (3.17)

one gets,

V̇2 ≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C1‖‖Z1‖‖eET‖+ ‖C2‖‖Z2‖‖eET‖+ ‖Z2‖‖eET‖
+ LΘ∗‖Z2‖‖eET‖+ Θ̃TΦ(XET )eET2 + (eET2 )T G̃u

≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C1‖‖Z1‖‖eET‖+ ‖C2‖‖Z2‖‖eET‖+ ‖Z2‖‖eET‖
+ LΘ∗‖Z2‖‖eET‖+ Θ∗‖Φ(XET )‖‖eET‖+ ‖Θ̂‖‖Φ(XET )‖‖eET‖
+G∗‖u‖‖eET‖+ ‖Ĝ‖‖u‖‖eET‖
≤ −ZT

1 C1Z1 − ZT
2 C2Z2 + γ‖eET‖ (3.18)

where γ = ‖C1‖‖Z1‖+ ‖C2‖‖Z2‖+ ‖Z2‖+LΘ∗‖Z2‖+G∗‖u‖+ ‖Ĝ‖|u‖+ Θ∗‖Φ(XET )‖+

‖Θ̂‖|Φ(XET )‖ in which G∗ and Θ∗ are defined in Assumption (3).
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Using Young inequality on the last term of (3.18), one gets

V̇2 ≤ −ZT
1 C1Z1 − ZT

2 C2Z2 +
‖γ‖2

2
+
‖eET‖2

2
, (3.19)

Adding and subtracting the term ζ(ZT
1 C1Z1 + ZT

2 C2Z2) from (3.19), yields

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2)− ζ(ZT
1 C1Z1 + ZT

2 C2Z2) +
‖γ‖2

2
+
‖eET‖2

2
, (3.20)

where ζ is an adjustable parameter. Now, if the triggering condition is derived by ensuring

that
‖γ‖2

2
+
‖eET‖2

2
≤ ζ(ZT

1 C1Z1 + ZT
2 C2Z2) (3.21)

then the derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2). (3.22)

By choosing 0 < ζ < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured. From (3.21), the triggering function can be written as

J(eET , Z1, Z2) = ‖eET‖2 − 2ζ
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
+ ‖γ‖2 (3.23)

Remark 4. It is worth mentioning that, in the previous analysis, the case between inter-
event times tk < t < tk+1, k ∈ Z+ was considered. Meanwhile, for the case at event-
triggering instants t = tk, k ∈ Z+, the obtained results are verified as follows. It is known
that the measurement error are zero at the triggering instants i.e. eET1 = 0 and eET2 = 0.

Let us now consider the following Lyapunov function candidate:

V =
1

2

(
ZT

1 Z1 + ZT
1 Z1

)
+

1

2

(
ZT

2 Z2 + ZT
2 Z2

)
(3.24)

where Z1 = ZET
1 and Z2 = ZET

2 (this notation is just utilized in this part to further
simplify the expressions). The difference of V in the event-sampled instants is given as

∆V =
1

2

[(
ZT

1 (tk)Z1(tk)− (Z−1 )TZ−1
)

+
(
ZT

2 (tk)Z2(tk)− (Z−2 )TZ−2
)

+
(
ZT

1 (tk)Z1(tk)− (Z−1 )TZ−1
)

+
(
ZT

2 (tk)Z2(tk)− (Z−2 )TZ−2
)]

(3.25)

We have

Z−1 = lim
t→t−k

Z−1 (t) = X1(tk−1) = Z1(tk−1)

Z−2 = lim
t→t−k

Z−2 (t) = X2(tk−1)− α1(X1(tk−1)) = Z2(tk−1) (3.26)
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Then, we can write

∆V =
1

2

[(
ZT

1 (tk)Z1(tk)− (Z−1 )TZ−1
)

+
(
ZT

2 (tk)Z2(tk)− (Z−2 )TZ−2
)

+
(
ZT

1 (tk)Z1(tk)−ZT
1 (tk−1)Z1(tk−1)

)
+
(
ZT

2 (tk)Z2(tk)−ZT
2 (tk−1)Z2(tk−1)

)]
≤ −1

2

(
(Z−1 )TZ−1 + (Z−2 )TZ−2

)
+

1

2

[(
ZT

1 (tk)Z1(tk)−ZT
1 (tk−1)Z1(tk−1)

)
+
(
ZT

2 (tk)Z2(tk)−ZT
2 (tk−1)Z2(tk−1)

)]
+D (3.27)

where D is the bound of ZT
1 (tk)Z1(tk) + ZT

2 (tk)Z2(tk). As long as the following equation
is established

1

2

(
(Z−1 )TZ−1 + (Z−2 )TZ−2

)
+

1

2

[(
ZT

1 (tk)Z1(tk)−ZT
1 (tk−1)Z1(tk−1)

)
+
(
ZT

2 (tk)Z2(tk)−ZT
2 (tk−1)Z2(tk−1)

)]
> D, (3.28)

there is ∆V < 0 which confirms that Z1, Z2, Z1 and Z2 are bounded at the triggering
instants.

Proposition 3. Under the action of control law (3.15), adaptation laws (3.17) and the
triggering condition (3.23), the system dynamics (3.1) is stable and all closed-loop signals
are bounded. Furthermore, the error variables converge to the origin as t→∞. Moreover,
the Zeno phenomenon is excluded in the proposed triggering scheme.

Proof. Let us choose the Lyapunov function candidate as V2 = 1
2

∑2
i=1 Z

T
i Zi+

1
2
Θ̃TΓ−11 Θ̃+

1
2
trace(G̃TΓ−12 G̃). Differentiating this function with respect time along the trajectories

of the system (3.1) is given in (3.22). Then, if the triggering condition is designed as
(3.23), the negative semi-definiteness of V̇2 is ensured. Hence, the overall system with the
proposed triggering scheme is stable in the sense of Lyapunov and all signals are bounded.

Using Barbalat lemma [97], the convergence of the error variables can be proved.

From (3.22), we have V̈2 = −2(1 − ζ)
(
ZT

1 C1Ż1 + ZT
2 C2Ż2

)
. Since V̇2 is negative semi-

definite, all the closed-loop trajectories are bounded. Hence, Z1, Z2, Ż1, Ż2 are bounded
for all time. Then, we can easily conclude that V̈2 is also bounded. Thus, V̇2 is uniformly
continuous. Now, we can conclude using Barbalat lemma that V̇2 → 0 as t → ∞ which
implies that the error variables converge to zero as t→∞.

The existence of a lower bound of inter-event time is required to complete the proof.
We have

ėET1 (t) = Ẋ1(t)− ẊET
1 (t) = Ẋ1(t) = X2

ėET2 (t) = Ẋ2(t)− ẊET
2 (t) = Ẋ2(t) = ΦT (X)Θ +Gu ≤ ΦmΘ∗ +G∗‖u‖ (3.29)

where Φm is the upper bound of Φ as it is a function of all bounded signals as already
proved. Then, the overall error dynamics could be written in the form ėET ≤ ApX + Ωp

where Ap =

[
0n×n In×n

0n×n 0n×n

]
and Ωp = [0n×1,ΦmΘ∗ + G∗‖u‖]T in which 0n×n ∈ Rn×n and
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In×n ∈ Rn×n represent the zero and identity matrices, respectively. Then, we have

‖ėET‖ ≤ ‖Ap‖‖X‖+ ‖Ωp‖ (3.30)

Since eET (tk) = 0 and d
dt
‖eET‖ ≤ ‖ėET‖, we get

‖eET‖ ≤
∫ t

tk

e‖Ap‖(t−τ)‖Ωp‖ dτ

=
‖Ωp‖
‖Ap‖

((eET )‖Ap‖(t−τ) − 1), ∀t ∈ [tk, tk+1) (3.31)

Therefore,

t∗ >
1

‖Ap‖
ln

(‖Ap‖
‖Ωp‖

(‖eET‖+ 1)

)
≥ 0 (3.32)

Hence, the Zeno phenomenon is excluded. This completes the proof.

3.3 Predictor-based Event-triggered Control of Non-

linear Networked Systems with State and Input

Delays

In this section, the delays in both states and input signals are considered, for which

a predictor-based event-triggered controller is designed based on backstepping approach

[41]. First, the Lyapunov-Razumikhin theorem is introduced. Then, the stability analysis

of the overall closed-loop control systems is investigated under time delays.

3.3.1 Preliminary on Lyapunov-Razumikhin Theorem

Theorem 1 (Lyapunov-Razumikhin Theorem [50]). Let us consider the following system
of the form

ẋ = f(t, xt), (3.33)

where x(t) ∈ Rn, f ∈ R × C
(
[−ς, 0],Rn

)
and xt = x(t + s) for −ς ≤ s ≤ 0. Let

W1, W2, W3 : R+ → R+ be continuous functions such that W1(s) > 0, W2(s) >
0,W3(s) > 0 for s > 0 and W1(0) = W2(0) = 0. Then, if there exists a continuous
and differentiable function V : R× Rn → R such that

• W1(‖x‖) ≤ V (t, x) ≤ W2(‖x‖),

• V̇
(
t, x(t)

)
≤ −W3(‖x‖),

• V
(
t+ τ, x(t)

)
≤ pV

(
t, x(t)

)
for τ ∈ [−ς, 0] and p(s) > s for s > 0,

then the solution x = 0 of (3.33) is uniformly asymptotically stable [50].
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3.3.2 Problem Formulation

Let us consider a similar class of MIMO nonlinear systems presented in Subsection

3.3.2. These systems are now considered to be controlled over communication network

subject to state and input delays as

ẋ
τpc
1 =x

τpc
2 , ẋ

τpc
2 = ϕT1 (Xτpc)Θ + g11u

τ
1 + . . .+ g1nu

τ
n

ẋ
τpc
3 =x

τpc
4 , ẋ

τpc
4 = ϕT2 (Xτpc)Θ + g21u

τ
1 + . . .+ g2nu

τ
n

...

ẋ
τpc
2n−1 =x

τpc
2n , ẋ

τpc
2n = ϕTn (Xτpc)Θ + gn1u

τ
1 + . . .+ gnnu

τ
n (3.34)

where Xτpc := X(t−τpc) = [x
τpc
1 , x

τpc
2 , . . . , x

τpc
2n ]T , uτ := u(t−τ) = [uτ1, u

τ
2, . . . , u

τ
n]T and

y = [x1 x3 . . . x2n−1] denote the delayed systems states, inputs and outputs, respectively.

Here, τ = τpc + τcp is the round-trip time delay in which τpc and τcp are the delays in the

plant-to-controller and controller-to-plant channels, respectively. Further, ϕ1, . . . , ϕn ∈
Rd are known nonlinear functions. Different from previous Section 3.2, the vector Θ ∈ Rd

and the matrix G ∈ Rn×n are assumed to be known in this section to further simplify the

controller and predictor design. The system equations (3.34) can be written as

Ẋ
τpc
1 = X

τpc
2

Ẋ
τpc
2 = ΦT (Xτpc)Θ +Guτ (3.35)

where X
τpc
1 = [x

τpc
1 x

τpc
3 . . . x

τpc
2n−1]

T ∈ Rn, X
τpc
2 = [x

τpc
2 x

τpc
4 . . . x

τpc
2n ]T ∈ Rn,

Φ(Xτ
pc) = [ϕ1 ϕ2 . . . ϕn] ∈ Rd×n, and G =

g11 . . . g1n
...

...

gn1 . . . gnn

. Inspired by [46, 47], a state

predictor is incorporated to deal with the network-induced time delays, and it designed

as

˙̂
X1 = X̂2 −K1

(
X̂τ

1 −Xτpc
1

)
(3.36)

˙̂
X2 = ΦT (X̂)Θ +Gu−K2

(
X̂τ

2 −Xτpc
2

)
(3.37)

where K1 ∈ Rn×n and K2 ∈ Rn×n are gain matrices with positive diagonal elements. An

event-triggered scheme is also proposed here to reduce the communication and computa-

tion burden as follows

XET
1 (t) = X1(tk), X

ET
2 (t) = X2(tk), | ∀t ∈ [tk, tk+1) (3.38)
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Plant

Controller

Event
triggered

Predictor

Network channele−τ cp e−τpc

e−τ

X(t) X(tk)

X(tk − τpc)

X̂(t− τ )

X̂(t)

u(t− τ )

u(t)
ZOH

Figure 3.1: Block diagram of the system.

in which

tk+1 = inf{t| t > tk, J(eET , Z1, Z2) > 0} (3.39)

where XET
1 and XET

2 denote the last-received states from the plant and J(eET , Z1, Z2) is

the triggering function. Here, the measurement error is defined as eET = [eET1 eET2 ]T , in

which eET1 (t) = X1(t)−XET
1 (t) and eET2 (t) = X2(t)−XET

2 (t). The block diagram of the

overall system with the predictor and triggering mechanism is illustrated in Fig. 3.1.

3.3.3 State Predictor Design

In this subsection, the error dynamics of the state predictor is analyzed. The conver-

gence of the predicted states to the actual states is also proved.

Let us define the prediction error as

eX1 = X̂τ
1 −Xτpc

1 (3.40)

eX2 = X̂τ
2 −Xτpc

2 (3.41)
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Then, we have

ėX1 = −K1e
τ
X1

+ X̂τ
2 −Xτpc

2

= −K1e
τ
X1

+ eX2

≤ −K1e
τ
X1

+ ‖eX2‖
≤ −K1e

τ
X1

+ ‖eX‖ (3.42)

where X = [X1 X2]
T and eX = X̂τ −Xτpc = [eX1 eX2 ]

T . We also have

ėX2 = −K2e
τ
X2

+ ΦT (X̂τ )Θ +Guτ − ΦT (Xτpc)Θ−Guτ

= −K2e
τ
X2

+ (ΦT (X̂τ )− ΦT (Xτpc))Θ

≤ −K2e
τ
X2

+ ‖ΦT (X̂τ )− ΦT (Xτpc)‖‖Θ‖
≤ −K2e

τ
X2

+ L‖Θ‖‖eX‖ (3.43)

The full error dynamics can be written in the following form

ėX ≤ −KeτX + Ψ (3.44)

where

K =

(
K1 0

0 K2

)
and Ψ =

(
‖eX‖

L‖Θ‖‖eX‖

)
(3.45)

Proposition 4. Let us consider the state predictor (3.36) of the system (3.34) along with
the prediction error dynamics (3.44). If there exists a positive gain matrix (K) for which
the following condition is satisfied

λmin(K)− λmin(K2)
√
qτ − λmin(K)Υτ −Υ > 0 , (3.46)

where λmin(.) denotes the smallest eigenvalues of (.) and Υ = max
(
1, L‖Θ‖

)
in which

L is the Lipschitz constant, then the prediction error e(t)→ 0 as t→∞.

Proof. Let us choose the Lyapunov function candidate as Vp = 1
2
eTXeX whose time deriva-

tive is given as

V̇p = eTX ėX = −eTX(KeτX −Ψ) (3.47)

From Leibnitz’s formula, we have

eτX = eX −
∫ t

t−τ
ėX(ρ)dρ (3.48)
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Substituting (3.48) in (3.47), one gets

V̇p = −eTX
(
KeX +K2

∫ t

t−τ
eX(ρ− τ)dρ+K

∫ t

t−τ
Ψ(ρ)dρ−Ψ

)
(3.49)

≤ −λmin(K)‖eX‖2 − eTXK2

∫ t

t−τ
eX(ρ− τ)dρ− eTXK

∫ t

t−τ
‖Ψ(ρ)‖dρ+ ‖eX‖‖Ψ‖

(3.50)

The norm of the term Ψ can be written as

‖Ψ‖ ≤ ‖eX‖+ L‖Θ‖‖eX‖ ≤ Υ‖eX‖ (3.51)

Using (3.51) and the relation that says Vp
(
eX(t+ γ)

)
≤ qVp

(
eX(t)

)
for −2τ ≤ γ ≤ 0 and

q > 1, one gets

V̇p ≤ −λmin(K)‖eX‖2 + λmin(K2)
√
qτ‖eX‖2 + λmin(K)Υτ‖eX‖2 + Υ‖eX‖2

= −
(
λmin(K)− λmin(K2)

√
qτ − λmin(K)Υτ −Υ

)
‖eX‖2 (3.52)

Herein, if the condition (3.46) is satisfied, V̇p becomes negative definite which implies that
Vp → 0 as t → ∞. As a result, we can conclude that the prediction error e(t) → 0 as
t→∞. This completes the proof.

3.3.4 Predictor-based Event-triggered Control Design

The predictor-based event-triggered controller is now designed based on the predicted

states. The event-triggered condition is consequently derived in the last step of the

design procedure by ensuring the negative semi-definiteness of the derivative of Lyapunov

function. Let us now redefine the error variables based on the predicted states as

Z1 = X̂1

Z2 = X̂2 − α1 (3.53)

where X̂1 and X̂2 are the predicted states, α1 is the virtual control law to be designed

in the following steps. The event-triggered error variables are accordingly defined as

ZET
1 = X̂ET

1 , ZET
2 = X̂ET

2 − α1.

Step 1: The dynamics of the first error subsystem is given as

Ż1 =
˙̂
X1 = X̂2 = Z2 + α1 (3.54)

Similar to Section 3.2.2, the virtual control is chosen as

α1 = −C1Z
ET
1 (3.55)
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where C1 ∈ Rn×n is a gain matrix with positive diagonal elements. However, it is to be

noted here that, unlike Section 3.2.2, the virtual control law (3.55) is designed based on

the predicted states. Differentiating V1 = 1
2
ZT

1 Z1 with respect time along the trajectories

of the system (3.34) is

V̇1 ≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖ (3.56)

Step 2: In this step, the actual control law is designed to stabilize the second error

variable Z2. The Lyapunov function candidate is therefore chosen as V2 = V1 + 1
2
ZT

2 Z2.

Differentiating V2 with respect time is

V̇2 ≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖+ ZT
2 Ż2 (3.57)

It is to be noted that the control signal is constant between inter-event periods. Thus

α̇1 = 0. The second error dynamics Ż2 is then expressed as

Ż2 = ΦT (X̂)Θ + ΦT (X̂ET )Θ− ΦT (X̂ET )Θ +Gu (3.58)

Now, the actual control law is chosen as

u = −G−1(C2Z
ET
2 + ZET

1 + ΦT (X̂ET )Θ), (3.59)

where C2 ∈ Rn×n is a gain matrix with positive diagonal elements. The time derivative

of Lyapunov function V2 becomes

V̇2 ≤ ZT
1 Z2 − ZT

1 C1Z1 + ‖C1‖‖Z1‖‖eET1 ‖ − ZT
2 C2Z

ET
2 − ZT

2 Z
ET
1

+ ZT
2

(
ΦT (X̂)− ΦT (X̂ET )

)
Θ (3.60)

Adding and subtracting the term ZT
2 C2Z2 + ZT

1 Z2 to (3.60) and using Assumption (2),

one gets

V̇2 ≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C1‖‖Z1‖‖eET1 ‖+ ‖C2‖‖Z2‖‖eET2 ‖+ ‖Z2‖‖eET1 ‖+ LΘ‖Z2‖‖eET2 ‖
≤ −ZT

1 C1Z1 − ZT
2 C2Z2 + ‖C1‖‖Z1‖‖eET‖+ ‖C2‖‖Z2‖‖eET‖+ ‖Z2‖‖eET‖+ LΘ‖Z2‖‖eET‖

≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + γ‖eET‖ (3.61)

where eET = [eET1 , eET2 ]
T

and γ = ‖C1‖‖Z1‖+ ‖C2‖‖Z2‖+ ‖Z2‖+ LΘ‖Z2‖.

Based on the results obtained in Subsection 3.2.2, the triggering condition can be

directly designed as

J(eET , Z1, Z2) = ‖eET‖2 − 2ζ
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
+ ‖γ‖2 (3.62)
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where ζ is an adjustable parameter. Accordingly, the derivative of Lyapunov function

becomes

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2). (3.63)

By choosing 0 < ζ < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured. It is worth mentioning that the triggering condition was directly obtained

from the derivative of Lyapunov function. Specifically, the event is triggered only when

V̇2 ≥ 0. In this case, the states are updated over the network and the control input is

consequently computed and updated based on the actual system states. In other cases,

the old control input is held constant as the system stability is maintained.

3.4 Simulation Results

In this section, we consider the stabilization problem of a three-link cylindrical robotic

arm controlled over a network [3]. The dynamics of this system with the state and input

delays can be modeled as

ẋ
τpc
1 = x

τpc
4 ,

ẋ
τpc
2 = x

τpc
5 ,

ẋ
τpc
3 = x

τpc
6 ,

ẋ
τpc
4 =

2

J
m2x

τpc
3 x

τpc
4 x

τpc
6 +

1

J
uτ1,

ẋ
τpc
5 = gx

τpc
3 +

1

m1 +m2

uτ2,

ẋ
τpc
6 = −m2x

τpc
3 x

τpc
4 +

1

m2

uτ3. (3.64)

The state predictor is first designed as

˙̂
X1 = X̂2 −K1

(
X̂τ

1 −Xτpc
1

)
(3.65)

˙̂
X2 = ΦT (X̂)Θ +Gu−K2

(
X̂τ

2 −Xτpc
2

)
(3.66)

Accordingly, the virtual and actual control laws are designed as

α1 = −C1Ẑ1 (3.67)

u = −G−1(C2Ẑ2 + Ẑ1 + ΦT (X̂)Θ), (3.68)

where X̂1 = [x̂1, x̂2, x̂3]
T , X̂2 = [x̂4, x̂5, x̂6]

T , Z1 = X̂1, Z2 = X̂2 − α1,

G = diag( 1
J
, 1
m1+m2

, 1
m2

), Φ = diag(x̂3x̂4x̂6, x̂3,−x̂3x̂4) and Θ = [ 2
J
m2, g,m2]

T .

For the fair of comparison, the physical parameters and initial values are chosen sim-
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Sensor-to-Controller Channel

Figure 3.2: System responses under the proposed control scheme and Huang et al. [3]

.

ilar to Huang et al. [3] where m1 = 3, m2 = 1 and J = 5. The initial states are also

given as X1 = [1,−4, 4]T and X2 = [0, 0, 0]T . The control parameters are chosen as

C1 = diag(4, 4, 4), C2 = diag(1, 1, 1), K1 = diag(2, 2, 2) and K2 = diag(2, 2, 2). Other

parameters are given as ζ = 10−3 and L = 1.

To show the effectiveness of the proposed control scheme in handling the effects of both

unknown parameters and network-induced delays, two simulations are conducted under

two different scenarios in which these effects are mutually deactivated. In the first case,

the scenario of unknown parameters in the system model is considered while assuming

ideal communications (τ = 0). The trajectories of system outputs under the proposed

control scheme and the one presented by Huang et al. [3] are shown in Fig. 3.2. It is

clear that the proposed control scheme achieves better performance in terms of tran-

sient response and convergence rate. On the other hand, the network-induced delays

are considered in the second scenario assuming known parameters. The trajectories of

system outputs for different values of τ is depicted in Fig. 3.3. Here, τ represents the

accumulative network-induced delays in both network channels (plant-to-controller and

controller-to-plant) in which τ = τpc + τcp. It can be observed from the obtained results

that the designed predictor is capable of compensating for induced delays and achieve

accurate tracking. However, as the accumulative delay increases, the system performance

degrades and it may become unstable for larger induced delays. It is worth mentioning

that the induced delays were not considered in [3], for which the system becomes unsta-

ble even for small delays in the communication channels. The event-triggered control

inputs and the triggering events are illustrated in Fig. 3.4 and Fig. 3.5, respectively. In

Fig. 3.5, the time instants when the triggering rule is violated are represented by dots.

At these instants, actual system states are required to be transmitted over the network,

and the control inputs must be updated accordingly in order to guarantee system sta-

bility and performance. The density of triggering dots in this figure indicates how much
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Figure 3.3: System responses under the proposed control scheme for different values of delays.
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the resources are used. It is evident from Fig. 3.5 that the proposed scheme leads to a

significantly less number of triggering events as compared to Huang et al. [3]. Hence,

more saving in channel bandwidth and computational resources. Precisely, 1527 control

updates/transmissions over the network are observed under the event-triggered control

scheme presented in [3]. However, this number is significantly reduced to 128 events under

the proposed triggering condition. In comparison with traditional time-triggered imple-

mentation, 25000 event were occurred in 25 [s] of simulation run under sampling time

dt = 0.001 [s]. This is obvious as the control signal and system states are continuously

updated/transmitted over the network every dt. It is to be noted that the inter-event time

in the time-triggered paradigm is fixed and equals the sampling time. This is heuristically

selected based on the worst-case scenario such that the system stability and performance

are always maintained. On the contrary, the sampling time in event-triggered control is

not constant. Instead, it is dynamic and continuously changing according to the system’s

needs while maintaining the stability of the overall closed-loop system. Under the pro-

posed control scheme, the minimum, maximum, and average inter-event time between

two consecutive triggering events are calculated and found to be 0.02, 1.12, and 0.15 [s],

respectively. This dynamic sampling is undoubtedly more efficient and yields superior

saving in both computational and limited-bandwidth resources, which is highly desirable

for network-based applications.

3.5 Summary

In this chapter, a predictor-based event-triggered adaptive control scheme has been

developed for a class of nonlinear MIMO systems subject to state and input delays. The

event-triggered mechanism was placed in the plant-to-controller channel and, therefore,

it has the ability to alleviate the computational costs and reduce the communication

burden in both channels. The triggering condition was designed by ensuring the negative

semi-definiteness of the derivative of Lyapunov function. On the other hand, the delays

in both states and input signals have been investigated, for which a state predictor was

first designed, and the controller was then designed based on the predicted states. The

convergence of the predicted states was proved using Lyapunov-Razumikhin theorem.

The simulation results show that the proposed control scheme successfully compensates

for state and input delays. It also leads to a significantly less number of triggering events

as compared to other existing control schemes.

54

TH-2556_176102006



4
ETAC of a Mobile Robot over a

Network Subject to Limited
Resources

Contents
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2 Kinematic and Dynamic Models of Nonholonomic Mobile
Robots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 ETAC of a Mobile Robot over Controller-to-Robot Channel 59

4.4 ETAC of a Mobile Robot over Robot-to-Controller Channel 63

4.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

55

TH-2556_176102006



4. ETAC of a Mobile Robot over a Network Subject to Limited Resources

4.1 Introduction

Although inserting the network in the feedback control loop opens an arena with a

multitude of applications of modern control techniques, the issue of limited bandwidth

is a fundamental problem that inhibits their applicability to network-based applications.

Hence, this design issue should be considered in the control design and subsequently

resolved at the design phase to meet the essential requirements of such applications.

In this chapter1, a nonholonomic mobile robot controlled over a communication channel

subject to limited resources is considered. The kinematic and dynamic models of the robot

are first presented. Then the theoretical results obtained in Chapter 2 and Chapter 3 are

applied on the overall mathematical model of the robot. Practically speaking, reducing

the need for communications (decrement in the frequency of transmitting and receiving

information between the remote controller and the robot) is highly desirable. Therefore,

the main design concern in this work is to respect the limitation on the channel bandwidth

while achieving a robust acceptable trajectory tracking by the robot. For clarity, the

event-triggered control scheme is investigated in this chapter without considering the

input and state delays. These network-induced delays will be considered in Chapter 5

along with the experimental validations on a real mobile robot (PatrolBot).

The main results of this chapter are divided into two parts. In the first part, the

communication network is considered only in the controller-to-robot channel. The control

commands are transmitted over a wireless channel with limited bandwidth. However, the

robot states are assumed to be captured using a camera that is directly connected to

the controller via a dedicated wired connection. A similar framework was considered

in [4,51]. On the other hand, the communication network is considered in both channels

in the second part of this chapter, which is a more practical scenario. Here, the states

of the robot are directly received from the robot over the wireless channel without using

the vision system. Two-fold design objectives of tracking performance improvement in

tandem with the minimum usage of resources are accomplished through the proposed

event-triggered adaptive controller.

The contributions of this chapter are summarized as follows. The dynamic model

of the robot assuming unknown system parameters is considered, for which an adaptive

backstepping controller is first designed to compensate for the uncertainties in the model

parameters. Then, a Lyapunov-based triggering condition is proposed and incorporated

to reduce the communication burden in the controller-to-robot channel. As compared to

1This chapter is based on the articles: 1. S. Al Issa, M. Sharma, and I. Kar, “Event-triggered
backstepping control scheme for networked mobile robots,” in Proceedings of the Advances in Robotics
(AIR-2019), Chennai, India, 2019. 2. S. Al Issa, A. Chakravarty, and I. Kar, “Adaptive control of a
networked mobile robot subject to parameter uncertainties and limited communications,” in 2019 Indian
Control Conference (ICC), Hyderabad, India, 2019.

56

TH-2556_176102006



4.2 Kinematic and Dynamic Models of Nonholonomic Mobile Robots

Figure 4.1: The schematic of wheeled mobile robot.

non-adaptive learning based control strategies, the trajectory tracking results obtained

using the proposed control are indeed encouraging and testifies the performance improve-

ment feature of adaptive control. Further, the mobile robot under the action of the

proposed controller exhibits substantially low usage of network resources characterized

by a significantly reduced number of triggering instants. To the best of our knowledge,

the scenario of trajectory tracking control of mobile robots over a band-limited communi-

cation channel, under Lyapunov-based triggering framework and assuming no knowledge

of dynamic model parameters, is yet to be addressed in the literature.

The remainder of this chapter is organized as follows. The mathematical model of the

mobile robot is presented in Section 4.2. After that, the proposed event-triggered control

scheme is discussed for the controller-to-robot and robot-to-controller channels in Section

4.3 and Section 4.4, respectively. Simulation results for tracking a circular trajectory are

presented in Section 4.5. Section 4.6 gives a brief summary of the chapter.

4.2 Kinematic and Dynamic Models of Nonholonomic

Mobile Robots

In this section, the mathematical model of a nonholonomic mobile robot is discussed.

The motion of the robot shown in Fig. 4.1 can be described as

ẋ = v cos θ, ẏ = v sin θ, θ̇ = w, (4.1)

where x and y denote the position of the robot and θ represents its orientation. Further,

v and w are linear and angular velocities of the robot, respectively. These equations can
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be directly written in a matrix form as

q̇ = S(q)ν (4.2)

where q =
[
x y θ

]T
, ν =

[
v w

]T
and

S(q) =

 cos θ 0

sin θ 0

0 1

 . (4.3)

This represents the kinematic model of the mobile robot. On the other hand, the dynamic

model can be derived based on the Euler-Lagrange method as follows.

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= Fq, (4.4)

where Fq = [ Fx Fy τ ]T denotes the generalized force/torque vector, in which

Fx =
1

r
τr cos θ +

1

r
τl cos θ + λ sin θ, (4.5)

Fy =
1

r
τr sin θ +

1

r
τl sin θ − λ cos θ, (4.6)

τ =
1

r
τrb−

1

r
τlb, (4.7)

where r and b represents the radius of wheels and distance between wheel and origin of

body frame, respectively, τr and τl are the torques on right and left wheels. Further, λ

denotes Lagrangian multiplier due to nonholonomic constraints. The Lagrange L can be

written as

L =
1

2
m
(
ẋ2c + ẏ2c

)
+

1

2
Iθ̇2, (4.8)

where xc = x + d cos θ and yc = y + d sin θ, in which d denotes the distance between

center of mass and origin of body frame, m and I represent the robot mass and moment of

inertia, respectively. Putting (4.5–4.8) in (4.4), a conventional dynamic model of mobile

robots could be directly obtained and written as

M(q) q̈ + Cc(q, q̇) q̇ + Fg(q) = E(q) u− ATk (q) λ , (4.9)

where M(q) represents the inertia matrix and Cc(q, q̇) denotes the centripetal and Coriolis

matrix. Moreover, Fg(q) and E(q) represent the gravitational forces and input transfor-

mation matrix, respectively. Further, Ak(q) is the kinematic constraint vector. Here, the

control input u = [ τr τl ]T is represented by the torques on the right and left wheels of
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the robot. These matrices and vectors are given as

M :=

 m 0 −dm sin θ

0 m dm cos θ

−dm sin θ dm cos θ d2m+ I

 ,

Cc :=

 0 0 −dmθ̇ cos θ

0 0 −dmθ̇ sin θ

0 0 0

 ,

E :=
1

r

 cosθ cos θ

sinθ sin θ

b −b

 and ATk :=

 − sin θ

cos θ

0

 (4.10)

Note that Fg(q) = 0 for a nonholonomic planar mobile robot. From kinematic equation

(4.1), we have q̈ = Sν̇ + Ṡν. Further, Equation (4.9) can be converted to unconstrained

form by pre-multiplication both side with ST , wherein STATk = 0. Then, the dynamic

model of the mobile robot can be directly obtained as

ν̇ = −M̄−1C̄ν + M̄−1Ēu(t) , (4.11)

where M̄ = STMS, C̄ = ST (MṠ + CcS) and Ē = STE. Substituting the expressions

of M(·), Cc(·) and E(·) matrices, the dynamics of robot model can further be simplified

and written in the following form

ν̇ = ϕ(ν)Θ +Gu(t) , (4.12)

where

ϕ(ν) :=

[
w2 0

0 −vw

]
, Θ :=

[
d
md

md2+I

]
and G :=

[
1
mr

1
mr

b
d2m+I

−b
d2m+I

]
(4.13)

This represents the dynamic model of the mobile robot, in which Θ and G denote the

unknown parameters.

4.3 ETAC of a Mobile Robot over Controller-to-Robot

Channel

In this section, the event-triggered mechanism is proposed in the controller-to-robot

channel to reduce the communication burden, with no restrictions on the robot-to-

controller channel. In such case, the actual states are assumed to be continuously available

while designing the controller and triggering condition.
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4.3.1 Problem Formulation

Let us consider a nonholonomic mobile robot, affected by parameter uncertainties and

controlled over a communication network. From (4.2) and (4.12), the overall mathemat-

ical model of the mobile robot can be written in the following form (Refer to Section 4.2

for more details).

q̇ = Sν ,

ν̇ = ϕ(ν)Θ +GuET (t) (4.14)

To reduce the communication burden in the controller-to-robot channel, an event-

triggered mechanism is introduced. Thus, the robot is now actuated by the event-

triggered control signal uET rather than actual time-triggered signal u. The triggering

mechanism is defined as

uET (t) = u(tk), ∀ t ∈ [tk, tk+1)

tk+1 = inf
{
t | t > tk , J(eET , Z1, Z2) > 0

}
, (4.15)

where J(eET , Z1, Z2) is the triggering condition to be designed later, in which eET =

u− uET denotes the measurement error.

The configuration of the event-triggered framework considered in this section is simi-

lar to Fig 1.3a. Referring to the kinematic and dynamic descriptions of the mobile robot

(4.14), the control problem is stated as follows. Design an event-triggered adaptive track-

ing controller that guarantees boundedness of the closed-loop signals and ensures faithful

reference trajectory tracking with a significant reduction in communication burden.

4.3.2 Control Design

The procedural steps of the backstepping approach that is utilized to arrive at the

final control law are discussed in this section. Let us define the error variables as

Z1 = q − qr , (4.16)

Z2 = ν − α1 , (4.17)

where qr = [xref yref θref ]
T represents the position and orientation of the reference

trajectory, and α1 is the virtual control law to stabilize the first subsystem encountered

in the backstepping design procedure.
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Step 1:

The derivative of the first error variable Z1 is given as

Ż1 = q̇ − q̇r = Sν − q̇r = S(Z2 + α1)− q̇r (4.18)

The above differential equation forms the first error subsystem to be stabilized by a

suitably designed virtual control α1. Now, let us choose a Lyapunov function candidate

as V1 = 1
2
ZT

1 Z1. Differentiating V1 with respect time along the trajectories of the system

(4.14) is

V̇1 = ZT
1 Ż1 = ZT

1 (SZ2 + Sα1 − q̇r) (4.19)

Let us design α1 such that

Sα1 = −C1Z1 + q̇r (4.20)

where C1 ∈ R3×3 is a gain matrix with positive diagonal elements. Since STS = I2 where

I2 ∈ R2×2 is identity matrix, one gets

α1 = STSα1 = −ST (C1Z1 − q̇r) . (4.21)

Now, the time derivative of Lyapunov function becomes

V̇1 = −ZT
1 C1Z1 + ZT

1 SZ2 (4.22)

Herein if Z2 = 0, V̇1 is negative definite and convergence of Z1 is ensured.

Step 2:

Let us now choose Lyapunov function candidate as

V2 = V1 +
1

2
ZT

2 Z2 +
1

2
Θ̃TΓ−11 Θ̃ + trace

(
1

2
G̃TΓ−12 G̃

)
. (4.23)

where Θ̃ = Θ− Θ̂ and G̃ = G− Ĝ are the estimate errors. Further, Γ1 and Γ2 are tuning

matrices associated with adaptation laws to be chosen by designer. Differentiating V2

with respect time along the trajectories of the system (4.14) is

V̇2 = V̇1 + ZT
2 Ż2 − Θ̃TΓ−11

˙̂
Θ− trace

(
G̃TΓ−12

˙̂
G
)
, (4.24)

where Ż2 is now expressed as

Ż2 = ν̇ − α̇1 = ϕΘ− α̇1 +GuET

= ϕΘ− α̇1 + G̃uET + ĜuET = ϕΘ− α̇1 + G̃uET + Ĝu− ĜeET (4.25)
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where eET = u− uET and

α̇1 = −ṠT (C1Z1 − q̇r)− ST (C1Ż1 − q̈r) = −ṠT (C1Z1 − q̇r)− ST (C1(Sν − q̇r)− q̈r)
(4.26)

Substituting (4.22) and (4.25) in (4.24), the following equality is obtained.

V̇2 = −ZT
1 C1Z1 + ZT

1 SZ2 + ZT
2

(
ϕΘ− α̇1 + G̃uET + Ĝu− ĜeET

)
− Θ̃TΓ−11

˙̂
Θ− trace

(
G̃TΓ−12

˙̂
G
)

(4.27)

Let us design the control law as

u = −Ĝ−1
(
C2Z2 − α̇1 + STZ1 + ϕΘ̂

)
, (4.28)

where C2 ∈ R2×2 is a gain matrix with positive diagonal elements. Substituting (4.28) in

(4.27), the time derivative of Lyapunov function V2 becomes

V̇2 = −ZT
1 C1Z1 − ZT

2 C2Z2 + ZT
2 ϕΘ̃− Θ̃TΓ−1

˙̂
Θ + ZT

2 G̃u
ET − trace

(
G̃TΓ−12

˙̂
G
)
− ZT

2 Ĝe
ET

= −ZT
1 C1Z1 − ZT

2 C2Z2 − ZT
2 Ĝe

ET + Θ̃T
(
ϕTZ2 − Γ−11

˙̂
Θ
)

− trace
(
−G̃TZ2(u

ET )T + G̃TΓ−12
˙̂
G
)

(4.29)

Finally, by choosing the adaptive laws as

˙̂
Θ = Γ1ϕ

TZ2 ,
˙̂
G = Γ2Z2(u

ET )T (4.30)

one obtains

V̇2 = −ZT
1 C1Z1 − ZT

2 C2Z2 − ZT
2 Ĝe

ET

≤ −ZT
1 C1Z1 − ZT

2 C2Z2 +
‖ZT

2 Ĝ‖
2

2
+
‖eET‖2

2
(4.31)

Based on the results obtained in Subsection 3.2.2, the triggering condition J(eET , Z1, Z2)

defined in (4.15) can now be directly obtained as

J(eET , Z1, Z2) = ‖eET‖2 − 2ζ
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
+ ‖‖ZT

2 Ĝ‖
2‖

2

(4.32)

where ζ is an adjustable parameter. Accordingly, the derivative of Lyapunov function

becomes

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2). (4.33)

By choosing 0 < ζ < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured and all closed-loop signals can be proved to be bounded. Similar to
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previous chapters, by invoking Barbalat Lemma [97], the convergence of the tracking

errors to the origin could also be directly proved.

4.4 ETAC of a Mobile Robot over Robot-to-Controller

Channel

In this section, the assumption of continuous availability of the robot’s states is re-

laxed. The communication restriction will be considered in both channels. In view of the

same, both the states and control signals are event-triggered, and therefore the controller

will not be designed based on the actual states. Instead, it will be designed based on the

event-triggered (last-received) states. The control law will be computed just at the trig-

gering instants. This will undoubtedly lead to a significant saving in both computational

efforts and channel bandwidth.

4.4.1 Problem Formulation

Unlike Section 4.3 where the event-triggered mechanism was placed in the controller-

to-robot channel, the devised triggering scheme in this section is placed in the robot-to-

controller channel. In such case, the triggering mechanism is defined as

qET (t) = q(tk), νET (t) = ν(tk) | ∀t ∈ [tk, tk+1) (4.34)

in which

tk+1 = inf{t| t > tk, J(eET , Z1, Z2) > 0} (4.35)

where qET = [xET , yET , θET ]T and νET = [vET , wET ]T denote the last-received states

from the robot, J(eET , Z1, Z2) is the triggering condition. Here, the measurement error is

defined as eET = [eETq eETν ], in which eETq (t) = q(t)− qET (t) and eETν (t) = ν(t)− νET (t).

The triggering function is to be designed later based on the measurement error eET such

that the stability of the overall closed-loop control system are ensured under the event-

triggered implementation.

The configuration of the proposed event-triggered control scheme is similar Fig 1.3b.

The states of the robot are transmitted over the network only when the designed trig-

gering condition gets violated and the control law is then updated according to the

new received states. Referring to kinematic and dynamic descriptions of the mobile

robot (4.14), the control problem is stated as follows. Design an event-triggered adaptive

tracking controller that guarantees boundedness of the closed-loop signals and ensures

faithful reference trajectory tracking with a significant reduction in communication and

computational burden.
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4.4.2 Control Design

The error variables are first defined as

Z1 = q − qr, Z2 = ν − α1 (4.36)

where qr = [xref yref θref ]
T represents the position and orientation of the reference

trajectory, and α1 is the virtual control law to be designed in the first step of design

process. The event-triggered error variables are accordingly defined as

ZET
1 = qET − qr, ZET

2 = qET − α1 (4.37)

where qET and qET are the last-received states at the controller-side.

Step 1

The first error dynamic subsystem is given as

Ż1 = q̇ − q̇r = Sν − q̇r = S (Z2 + α1)− q̇r (4.38)

The Lyapunov function candidate is chosen in this step as V1 = 1
2
ZT

1 Z1. Differentiating

V1 with respect time along the trajectories of the system (4.14) is

V̇1 = ZT
1 Ż1 = ZT

1

(
SZ2 + Sα1 − q̇r + SETα1 − SETα1

)
(4.39)

where SET = S(qET ). Let us now design the virtual controller α1 such as

SETα1 = −C1Z
ET
1 + q̇r (4.40)

where C1 ∈ R3×3 is a gain matrix with positive diagonal elements. Since STS = I2 where

I2 ∈ R2×2 is identity matrix, one gets

α1 = (SET )TSETα1 = −(SET )T (C1Z
ET
1 − q̇r) . (4.41)

Unlike Section 4.3.2, the virtual controller here is designed based on the event-triggered

states rather than the actual states. Accordingly, the time derivative of Lyapunov func-

tion becomes

V̇1 = ZT
1

(
SZ2 + (S(q)− SET )α1 − C1Z

ET
1

)
= −ZT

1 C1Z1 + ZT
1 SZ2 + ZT

1 C1e
ET
q + ZT

1 (S − SET )α1

≤ −ZT
1 C1Z1 + ZT

1 SZ2 + ‖C1‖Z1‖‖eETq ‖+ ‖α1‖Z1‖‖eETq ‖ (4.42)

Let us now add and subtract the term ζZT
1 C1Z1 to (4.42), and then design the first
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triggering condition as

‖eETq ‖ ≤
‖C1‖

‖C1‖+ ‖α1‖
ζ‖Z1‖ (4.43)

With (4.43), the time derivative of Lyapunov function becomes

V̇1 ≤ −(1− ζ)ZT
1 C1Z1 + ZT

1 SZ2 (4.44)

Step 2

Let us choose the Lyapunov function candidate in this step as

V̇2 = V1 +
1

2
ZT

2 Z2 +
1

2
Θ̃TΓ−11 Θ̃ + trace

(
1

2
G̃TΓ−12 G̃

)
, (4.45)

Differentiating V2 with respect time along the trajectories of the system (4.14) is

V̇2 ≤ −(1− ζ)ZT
1 C1Z1 + ZT

1 SZ2 + ZT
2 Ż2 − Θ̃TΓ−11

˙̂
Θ + trace

(
−G̃TΓ−12

˙̂
G
)

(4.46)

The dynamics of the second error variable is given as

Ż2 = ν̇ − α̇1 = ϕΘ +Gu+ ϕET Θ̂− ϕET Θ̂ (4.47)

If the control law is designed as

u = −Ĝ−1(C2Z
ET
2 + SETZET

1 − ϕET Θ̂) (4.48)

where C2 ∈ R2×2 is a gain matrix with positive diagonal elements and ϕET = ϕ(νET ),

the time derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ZT
2 C2e

ET
ν + ZT

1 SZ2 − ZT
2 (SET )TZET

1

+ ZT
2 G̃u+ ZT

2

(
ϕT − (ϕET )T

)
Θ + Θ̃T

(
(ϕET )TZ2 − Γ−11

˙̂
Θ
)
− trace

(
G̃TΓ−12

˙̂
G
)

≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ZT
2 C2e

ET
ν + ZT

1 (S − SET )Z2 − (eETq )T (SET )TZ2

+ ZT
2 (ϕ− ϕET )Θ + Θ̃T

(
(ϕET )TZ2 − Γ−11

˙̂
Θ
)

+ trace
(
G̃T (Z2u

T − Γ−12
˙̂
G)
)

≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C2‖‖Z2‖‖eETν ‖+ ‖Z1‖‖Z2‖‖eETν ‖+ ‖Z2‖‖eETν ‖
+ L‖Θ‖‖Z2‖‖eETν ‖+ Θ̃T ((ϕET )TZ2 − Γ−11

˙̂
Θ) + trace

(
G̃T (Z2u

T − Γ−12
˙̂
G)
)

(4.49)

With the adaptation laws designed as

˙̂
Θ = Γ1(ϕ

ET )TZET
2 and

˙̂
G = Γ2Z

ET
2 uT , (4.50)
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one gets,

V̇2 ≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C2‖‖Z2‖‖eETν ‖+ ‖Z1‖‖Z2‖‖eETν ‖
+ ‖Z2‖‖eETν ‖+ L‖Θ‖‖Z2‖‖eETν ‖+ γ‖eETν ‖ (4.51)

where γ = G∗‖u‖ + ‖Ĝ‖‖u‖ + Θ∗‖(ϕET )T‖ + ‖Θ̂‖|ϕ‖ in which G∗ and Θ∗ were defined

in Assumption (3). Let us add and subtract the term ζZT
2 C2Z2 from (4.51), and then

design the second triggering condition as

‖eETν ‖ ≤
‖C2‖

(‖C2‖+ ‖Z1‖+ L‖Θ‖‖Z2‖+ 1) ‖Z2‖+ γ
ζ‖Z2‖2 (4.52)

With (4.52), the time derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
(4.53)

By choosing 0 < ζ < 1, the negative semi-definiteness of the derivative of Lyapunov

function can be ensured, and therefore, the overall system is stable in the sense of Lya-

punov and all closed-loop signals are bounded. Similar to previous chapters, by invoking

Barbalat Lemma [97], the convergence of the tracking errors to the origin could also be

directly proved.

4.5 Simulation Results

To demonstrate the applicability of the proposed event-triggered adaptive control

scheme, a wheeled mobile robot controller over a network channel subject to paramet-

ric uncertainties and limited communication is considered in this section. The physical

parameters of the robot are given as m = 10 [kg], r = 0.1 [m] and b = 0.5 [m], d = 0.5

[m] and I = 2.5 [kgm2]. The uncertainties in d and I are given as I(t) = I + 0.5 sin(t)

and d(t) = d+ 0.4 sin(2t). We have selected a circular trajectory with radius and angular

speed as rref = 1[m] and wref = 0.5 [rad/s], respectively. The design parameters are

chosen as C1 = diag(0.4, 0.4, 4), C2 = diag(2, 2), ζ = 0.8 and Γ1 = Γ2 = diag(10, 10),

and the initial state is chosen as x1(0) = (0, 1.1, 10)T . The simulation is conducted on

MATLAB for 30 seconds under 0.02 [s] sampling interval.

The obtained results under the designed event-triggered adaptive controller on the

system dynamics (4.14) are illustrated in Fig.4.2–4.6. The performance of tracking a cir-

cular trajectory in X−Y plane in the presence of parametric uncertainties with/without

adaptation is shown in Fig. 4.2. The effect of uncertainties on the system performance can

be clearly recognized, and it can also be observed that the designed adaptive controller

is able to compensate these uncertainties and achieve a faithful tracking performance.
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Figure 4.2: Circular trajectory tracking under the proposed control scheme in the presence of parametric
uncertainties; with adaptation (left) and without adaptation (right).
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Figure 4.3: Performance of the proposed control scheme.
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The trajectories in the x, y and θ directions and the tracking errors are illustrated in Fig.

4.3a and Fig. 4.3b, respectively. It is observed that the error signals converge to a small

set around zero. Furthermore, the event-triggered and time-triggered control signals for

right and left motors are depicted in Fig. 4.4 which are shown to be bounded over time.

With respect to resource utilization, the event-triggered control schemes presented

in Section 4.3 and Section 4.4 are compared along with the traditional time-triggered

control scheme. The comparison results are summarized in Table 4.1. The triggering

instants for each case are illustrated in Fig. 4.5, wherein each dot in the figure represents

the time instance at when the triggering condition is violated. Moreover, the inter-event

times between each two executive triggering instants are also shown in Fig. 4.6. In case

of time-triggered control approaches, it is well-known that the states and control updates

are periodically circulated over the network, in which the inter-event time is constant and

equals the sampling rate (dt). In such approaches, the number of events is always fixed

and equals T/dt. Specifically, 1500 control updates and transmissions over the network

channels have occurred for 30 [s] of simulation run with 0.02 sampling interval. In compar-

ison with periodic time-triggered implementation, the proposed event-triggered schemes

yield a greater saving of network resources in terms of the number of transmissions and

control updates. In the following, the performance of the two triggering mechanisms pre-

sented in this chapter is discussed. In Section 4.3, the triggering mechanism was placed

in the controller-to-robot channel without considering any restriction in the other chan-

nel. Although this configuration was simple in analysis and implementation, it should be

noted that in such case the number of control updates could not be alleviated. Therefore,

the number of control updates and transmissions over the robot-to-controller channel was

1500 similar to the time-triggered paradigm. However, the number of transmissions over

the controller-to-robot channel was significantly reduced (64 and 268 triggering events

in the absence and presence of the parametric uncertainties, respectively). Obviously,

more transmissions are required to handle the effects of uncertainties when they are en-

countered in the robot model. On the other hand, the triggering mechanism presented

in Section 4.4 was placed in the robot-to-controller channel, i.e. both state and control

signals are now event-triggered. Therefore, the number of control updates, as well as the

transmissions over robot-to-controller, are alleviated. However, it is worth mentioning

that such configuration is complicated in analysis and implementation, and it does re-

quire smart sensors with computational abilities for evaluating the triggering condition.

As compared to the configuration presented in 4.3, the number of transmissions over the

robot-to-controller channel as well as control updates are reduced to 681 and 221 for the

cases with and without uncertainties, respectively.
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Figure 4.5: Illustration of triggering instants in the presence of parametric uncertainties.
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Figure 4.6: Inter-event time in the presence of parametric uncertainties.

Table 4.1: Comparison of results for time-triggered and event-triggered strategies presendted in Section
4.3 and Section 4.4.

#Control updates
#Transmissions over Channel

Robot-to-controller Controller-to-robot

Time-triggered 1500 1500 1500

Event-triggered

Section 4.3
without uncertainty 1500 1500 64

with uncertainty 1500 1500 268

Section 4.4
without uncertainty 221 221 221

with uncertainty 681 681 681
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4.6 Summary

In this chapter, the trajectory tracking control problem of a nonholonomic mobile

robot subject to parametric uncertainties has been considered. The robot was controlled

over a communication channel with limited resources. For this purpose, an event-triggered

adaptive controller has been designed based on backstepping to achieve the control task.

Moreover, two different event-triggered configurations have also been presented in the

robot-to-controller and controller-to-robot channels to economically utilize the network

resources. The simulation results show that the designed controller is able to compen-

sate for the uncertainties in the robot model and ensures the desired trajectory to be

tracked with satisfactory performance. As compared to the time-triggered paradigm, the

proposed event-triggered scheme guarantees a significant saving in the system resources.
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5.1 Introduction

5.1 Introduction

In this chapter1, an adaptive tracking controller is designed and implemented on a real

mobile robot in an event-triggered fashion considering some practical challenges such as

limited communications, network-induced delays, and hardware restrictions of commer-

cial mobile robots. Unlike other dynamic models of mobile robots that consider torques

or voltages as control inputs, a modified dynamic model that admits direct commands

of desired linear and angular velocities is first presented. This is highly desirable for

commercial robots available in the market. Due to the unavailability of internal parame-

ters of the robot, an adaptive law is designed to estimate them on-line during the robot

operation. The main results of this chapter are divided into two main parts. In the

first part, an auxiliary compensation system is introduced along with an adjustable trig-

gering condition to deal with the input delay and limited bandwidth restrictions. The

robot states here are assumed to be captured using a camera that is directly connected

to the controller via a dedicated wired connection. Therefore, the communication net-

work is considered in the controller-to-robot channel only. However, in the second part

of this chapter, the communication network is considered in both channels with state

and input delays. For this purpose, a state predictor is first designed to deal with the

induced delays. Thereafter, an event-triggered trajectory tracking controller is designed

using backstepping approach based on the predicted states. The triggering conditions are

directly derived from the derivative of Lyapunov function such that the stability of the

overall control system is always guaranteed under the event-triggered implementation.

The main contributions of this chapter in comparison with existing studies are high-

lighted as follows. As compared to [4,43,51–53,55], both kinematic and dynamic models

of mobile robot are considered in this study. Moreover, the presented dynamic model

admits direct velocity commands rather than torques [62] or voltages of the motors [65].

An on-line adaptive law is also designed to estimate the unavailable model parameters.

Rather than the predefined fixed [22] or relative thresholds [2,23], an adjustable triggering

condition is designed by guaranteeing the existence of an appropriate Lyapunov function.

It also ensures the exclusion of Zeno behavior. Unlike [4, 51] where the event-triggered

mechanism was placed in the controller-to-robot channel only, the devised triggering

scheme in the second part of this chapter is placed in the robot-to-controller channel,

which results in alleviation of computational resources and transmissions over the chan-

nel. Moreover, the designed predictor-based controller is capable to deal with both state

and input delays, which increases the horizon of the controller. Finally, the proposed

1This chapter is based on the article: S. Al Issa and I. Kar, “Design and implementation of event-
triggered adaptive controller for commercial mobile robots subject to input delays and limited commu-
nications”, in Control Engineering Practice, 114, 2021: 104865.
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event-triggered adaptive control schemes are experimentally validated on a commercial

robot (PatrolBot). The obtained results are consistent with simulations and show an

accurate tracking with a significant saving in channel bandwidth and computational re-

sources in presence of state and input delays.

The rest of the chapter is organized as follows. A modified mathematical model for

commercial mobile robots is first derived in Section 5.2. In Section 5.3, the event-triggered

adaptive tracking control problem is investigated in the controller-to-robot channel with

input delay. Subsection 5.3.1 formulates the problem. Thereafter, an ETAC controller is

designed and the triggering rule is also derived in Subsection 5.3.2. Experimental results

of the proposed control scheme on PatrolBot is provided in Subsection 5.3.3. In Section

5.4, the predictor-based event-triggered tracking control problem is investigated in the

robot-to-controller with state and input delays. Subsection 5.4.1 formulates the problem.

In Subsection 5.4.2, the predictor-based event-triggered controller is designed. Further,

experimental results are provided in Subsection 5.4.3. The summary of the chapter is

drawn in Section 5.5.

5.2 A Modified Dynamic Model for Commercial Mo-

bile Robots

In this section, a modified dynamic model of mobile robots is presented, which admits

the linear and angular velocities as control inputs rather than torques or voltages of the

motors. Practically speaking, this is highly desirable for commercial mobile robots that

are generally operated by direct linear and angular velocity commands. In Section 4.2 of

the previous chapter, a conventional dynamic model of mobile robot was obtained based

on the Euler-Lagrange method. By putting (4.5–4.8) and in (4.4), the conventional

dynamic model was directly obtained as

M(q) q̈ + Cc(q, q̇) q̇ + Fg(q) = E(q) u− ATk (q) λ , (5.1)

where the parameters of the model were defined in (4.10). However, the control input

u = [ τr τl ]T was represented by the torques on the right and left wheels of the robot.

It is more appropriate to incorporate the actuator model and consider the motor voltage

as control input as follows [92]

τr = Ka

(
Vr −Kbwr

Ra

)
, τl = Ka

(
Vl −Kbwl

Ra

)
(5.2)

where Ka and Kb are torque constant and back EMF coefficient, respectively. Ra is

the resistance and (wr, wl) denote the angular velocities of right and left motors. The
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control signals are now represented by voltages of the motors (Vr, Vl). Nevertheless, it

is worth mentioning that commercial mobile robots are operated by direct linear and

angular velocity commands. They have their internal velocity-based controllers which

are not accessible [72]. To cope with this restriction, we proceed further to combine two

velocity-based controllers as follows

Vr + Vl
2

= Kv
p (vin − v)−Kv

d (v̇) (5.3)

Vr − Vl
2

= Kw
p (win − w)−Kw

d (ẇ) (5.4)

where

v =
r

2
(wr + wl) , w =

r

d
(wr − wl) (5.5)

and Kv
p , K

v
d , K

w
p , K

w
d are proportional and derivative gains of PD controllers. vin and

win are linear and angular velocities of the robot and they represent the control inputs

in the modified dynamic model. It is to be noted that PD controllers are used in (5.3)

and (5.4) with neglecting v̇in and ẇin terms to further simplify the dynamic model.

With (5.2–5.5), a modified dynamic model of the mobile robot can be written in a

matrix form as

Mq̈ + Ccq̇ + h = E1u+ E2ν + E3ν̇ − ATk λ (5.6)

where

M :=

 m 0 −md sin θ

0 m md cos θ

−md sin θ dm cos θ md2 + I

 , Cc :=

 ṁ 0 c13

0 ṁ c23

−ṁd sin θ ṁd cos θ ṁd2 + 2mdḋ

 ,

h :=

 (ṁḋ+md̈) cos θ

(ṁḋ+md̈) sin θ

0

 , E1 :=

 ς1 cos θ 0

ς1 sin θ 0

0 ς2

 , E2 :=

 −ς3 cos θ 0

−ς3 sin θ 0

0 −ς4

 ,

E3 :=

 −ς5 cos θ 0

−ς5 sin θ 0

0 −ς6

 , and ATk :=
[
− sin θ cos θ 0

]

in which

c13 = −md cos θθ̇ − (ṁd+ 2mḋ) sin θ,

c23 = −md sin θθ̇ + (ṁd+ 2mḋ) cos θ, (5.7)
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and

ς1 =
2KaK

v
p

rRa

, ς2 =
2bKaK

w
p

rRa

ς3 =
2Ka

(
Kv
p +Kb

)
rRa

, ς4 =
bKa

(
2Kw

p + dKb

)
rRa

ς5 =
2KaK

v
d

rRa

, ς6 =
2bKaK

w
d

rRa

.

In the modified dynamic model (5.6), the control input u = [ vin win ]T is now rep-

resented by the linear and angular velocities rather than torques. To convert (5.6) to

unconstrained form, we pre-multiply both side by ST defined in (4.3) as

ST (Mq̈ + Ccq̇) + h̄ = Ē1u+ Ē2ν + Ē3ν̇ (5.8)

where h̄ = [ ṁḋ+md̈ 0 ]T , Ē1 = diag (ς1, ς2), Ē2 = diag (−ς3,−ς4) and Ē3 = diag (−ς5,−ς6) .
The internal parameters (ςi, i = 1, . . . , 6) are unknowns and they represent the internal

parameters of motor models and gains of incorporated PD controllers.

From kinematic equation (4.2), we have q̈ = Sν̇ + Ṡν. Moreover, with simple rear-

rangements of (5.8), the dynamic model of the mobile robot could be written as

M̄ν̇ = Ē1u+ ¯̄Eν − h̄ (5.9)

where

M̄ := STMS − Ē3 =

[
m+ ς5 0

0 md2 + Ic + ς6

]
,

¯̄E := Ē2 − ST (MṠ + CcS) =

[
σ3 mdw

−mdw σ4

]
,

in which,

σ3 = −ς3 − ṁ,
σ4 = −ς4 − ṁd2 − 2mdḋ

With straightforward matrix multiplications, the dynamic model (5.9) of the mobile

robot can be further simplified and finally written as

ν̇ = ϕ(ν)Θ +Gu− h̄ (5.10)
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Figure 5.1: The schematic of PatrolBot wheeled mobile robot

where

ϕ :=

[
−v w2 0 0

0 0 −vw −w

]
,

Θ :=

[
σ3

m+ ς5

md

m+ ς5

−md
md2 + Ic + ς6

σ4
md2 + Ic + ς6

]T
,

G := M̄−1Ē1 =

[
ς1

m+ς5
0

0 ς2
md2+Ic+ς6

]
:=

[
p1 0

0 p2

]
, (5.11)

h̄ :=
[
md̈+ ṁḋ 0

]T
:=
[
p3 0

]T
,

u :=
[
vin win

]T
.

5.3 Design and Implementation of ETAC over Controller-

to-Robot Channel with Input Delay

5.3.1 Problem Formulation

Let us consider a non-holonomic wheeled mobile robot with unknown parameters and

controlled via a time-delayed wireless channel under limited transmission. From (4.2)

and (5.10), the kinematic and dynamic models of the robot can be written as

q̇ = Sν,

ν̇ = ϕ(ν)Θ +GuET (t− τ)− h̄ (5.12)
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To reduce the communication burden, an event-triggered mechanism is introduced in the

controller-to-robot channel. Thus, the robot is now actuated by event-triggered control

signal uET rather than the actual time-triggered signal u where

uET (t) = u(tk), ∀ t ∈ [tk, tk+1)

tk+1 = inf
{
t | t > tk , J(eET , Z1, Z2) > 0

}
, (5.13)

where J(eET , Z1, Z2) is the triggering function to be designed later and eET = u − uET
denotes the measurement error. On the other hand, an auxiliary compensation system is

introduced to deal with input delay and it is defined as

η̇1 = Sη2 − κ1η1,
η̇2 = Ĝ(uET (t)− uET (t− τ)), (5.14)

where κ1 >
1
2

is a positive constant and Ĝ is the estimate of the unknown matrix G.

The compensating variable η2 represents the integral of input signal uET over the interval

[t− τ, t].
The block diagram of the proposed control scheme is illustrated in Fig 5.2. In this

framework, it is assumed that there are no restrictions in the robot-to-controller channel.

The states of the robot are acquired using a vision system in which the camera is di-

rectly connected to the controller using a wire. Referring to the kinematic and dynamic

descriptions of the mobile robot (5.12), the control problem is stated as follows. Design

and implement an event-triggered adaptive tracking controller on a commercial mobile

robot, that guarantees the boundedness of the closed-loop signals in the presence of input

delay and ensures an accurate reference trajectory tracking with a significant reduction

in communication burden.

5.3.2 Event-triggered Adaptive Control Scheme

In this section, an adaptive controller is first designed based on the backstepping

method [41]. The triggering condition is then derived by guaranteeing the existence of

an appropriate Lyapunov function.

5.3.2.1 Adaptive Backstepping Control Design

Let us define the error variables as

Z1 = q − qr + η1 , (5.15)

Z2 = ν − α1 + η2 . (5.16)
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Computer Interface
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q(t), ν(t)

uET (t)

Figure 5.2: The block diagram of the proposed control scheme.

where qr = [xref yref θref ]
T represents the position and orientation of the reference

trajectory, and α1 is the virtual control law to be designed in the first step of design

process.

Step 1: The dynamics of the first error subsystem is given as

Ż1 = q̇ − q̇r + η̇1

= Sν − q̇r + Sη2 − κ1η1
= SZ2 + Sα1 − q̇r − κ1η1 (5.17)

To stabilize the above error subsystem, a suitable virtual control α1 is to be designed.

Let us choose a Lyapunov function candidate as V1 = 1
2
ZT

1 Z1. Differentiating V1 with

respect time along the trajectories of the system (5.12) is

V̇1 = ZT
1 Ż1 = ZT

1 (SZ2 + Sα1 − q̇r − κ1η1) (5.18)

Let us design Sα1 such that

Sα1 = −C1Z1 + q̇r + κ1η1 (5.19)

where C1 ∈ R3×3 is a gain matrix with positive diagonal elements. Then, one gets

V̇1 = −ZT
1 C1Z1 + ZT

1 SZ2 (5.20)
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It is to be noted that STS = I2 where I2 is identity matrix. Thus, we get from (5.19)

α1 = STSα1 = −ST (C1Z1 − q̇r − κ1η1) . (5.21)

From (5.20), V̇1 becomes negative definite if Z2 = 0, and convergence of Z1 is then en-

sured. This will be analyzed in the next step of controller design.

Step 2: Let us now choose Lyapunov function candidate as

V2 = V1 +
1

2
ZT

2 Z2 +
1

2
Θ̃TΓ−11 Θ̃ +

1

2
P̃ TΓ−12 P̃ (5.22)

where Θ̃ = Θ − Θ̂ and P̃ = P − P̂ in which Θ̂ and P̂ are the estimates of unknown

vectors Θ and P , respectively. Further, Γ1 ∈ R4×4 and Γ2 ∈ R3×3 are tuning matrices

associated with adaptation laws to be chosen by the designer. Here, P =
[
p1 p2 p3

]T
where p1, p2 and p3 are defined in (5.11). Differentiating V2 with respect time along the

trajectories of the system (5.12) is

V̇2 = V̇1 + ZT
2 Ż2 − Θ̃TΓ−11

˙̂
Θ− P̃ TΓ−12

˙̂
P , (5.23)

where the derivative of Z2 is expressed as

Ż2 = ν̇ − α̇1 + η̇2 = ϕΘ− h̄− α̇1 +GuET (t− τ) + Ĝ
(
uET (t)− uET (t− τ)

)
= ϕΘ− h̄− α̇1 + G̃uET (t− τ) + Ĝu(t)− ĜeET (t), (5.24)

Substituting (5.20) and (5.24) in (5.23), the following equality is obtained.

V̇2 = −ZT
1 C1Z1 + ZT

1 SZ2 − Θ̃TΓ−11
˙̂
Θ− P̃ TΓ−12

˙̂
P

+ ZT
2

(
ϕΘ− ˆ̄h− ˜̄h− α̇1 + G̃uET (t− τ) + Ĝu− ĜeET

)
(5.25)

where G̃ = G− Ĝ and ˜̄h = h̄− ˆ̄h in which Ĝ and ˆ̄h represent the estimates of unknowns

G and h̄, respectively. Let us now design the control law as

u = −Ĝ−1
(
C2Z2 + ϕΘ̂− ˆ̄h− α̇1 + STZ1

)
(5.26)

where C2 ∈ R2×2 is a gain matrix with positive diagonal elements. Substituting (5.26) in

(5.25), the time derivative of Lyapunov function V2 becomes

V̇2 = −ZT
1 C1Z1 − ZT

2 C2Z2 + ZT
2

(
G̃uET (t− τ)− ˜̄h− ĜeET

)
+ Θ̃T

(
ϕTZ2 − Γ−1

˙̂
Θ
)
− P̃ TΓ−12

˙̂
P (5.27)
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Let us write Z2 = [ Z21 Z22 ]T and simplify the third term in (5.27). Then,

V̇2 = −ZT
1 C1Z1 − ZT

2 C2Z2 − ZT
2 Ĝe

ET + Θ̃T
(
ϕTZ2 − Γ−11

˙̂
Θ
)

+ P̃ T
(
Ψ̄ − Γ−12

˙̂
P
)

(5.28)

where Ψ̄ = [ Z21v
ET
in (t− τ) Z22w

ET
in (t− τ) −Z21 ]T . Now, by choosing adaptive laws

as

˙̂
Θ = Γ1ϕ

TZ2 and
˙̂
P = Γ2Ψ̄ , (5.29)

one obtains

V̇2 = −ZT
1 C1Z1 − ZT

2 C2Z2 − ZT
2 Ĝe

ET (5.30)

In the following subsection, the triggering rule is to be designed in such a way that

guarantees the negative semi-definiteness of V̇2.

5.3.2.2 Proposed Event-triggered Control Scheme

According to the measurement error that is appeared in the last term of (5.30), the

threshold of the triggering condition will be defined in this subsection. Using Young

inequality on the last term of (5.30), one gets

V̇2 ≤ −ZT
1 C1Z1 − ZT

2 C2Z2 + ‖ZT
2 Ĝ‖‖eET‖

≤ −ZT
1 C1Z1 − ZT

2 C2Z2 +
‖ZT

2 Ĝ‖
2

2
+
‖eET‖2

2
, (5.31)

Adding and subtracting the term ζ(ZT
1 C1Z1 + ZT

2 C2Z2) from (5.31), yields

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2)− ζ(ZT
1 C1Z1 + ZT

2 C2Z2) +
‖ZT

2 Ĝ‖
2

2
+
‖eET‖2

2
,

(5.32)

where ζ is an adjustable parameter. Now, if the triggering condition is derived by ensuring

that
‖ZT

2 Ĝ‖
2

2
+
‖eET‖2

2
≤ ζ(ZT

1 C1Z1 + ZT
2 C2Z2) (5.33)

then the derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)(ZT
1 C1Z1 + ZT

2 C2Z2). (5.34)

By choosing 0 < ζ < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured. From (5.33), the triggering function defined in (5.13) can be written as

J(eET , Z1, Z2) = ‖eET‖2 − 2ζ
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
+ ‖ZT

2 Ĝ‖
2

(5.35)
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Proposition 5. Under the action of the designed controller (5.26) and adaptation law
(5.29) with the event-triggered scheme (5.13), the robot dynamics (5.12) is stable in the
sense of Lyapunov and all states of closed-loop system are bounded. Furthermore, the
tracking errors converge to the origin as t → ∞. Moreover, Zeno behavior is excluded
under the proposed ET scheme.

Proof. Based on the previous analysis, the triggering function (5.35) was finally defined
in a way that guarantees the time derivative of Lyapunov function V2 = 1

2

∑n
i=1 Z

T
i Zi +

1
2
Θ̃TΓ−11 Θ̃ + 1

2
P̃ TΓ−12 P̃ to be negative semi-definite. Thus, the stability in the sense of

Lyapunov is ensured under proposed event-triggered scheme and all closed-loop signals
are bounded. On the other hand, the boundedness of the auxiliary compensating system
(5.14) is also required to complete the proof. Let us take Vη = 1

2
ηT1 η1+ 1

2
ηT2 η2 as Lyapunov

function candidate whose derivative is given as

V̇η = −ηT1 κ1η1 + ηT1 Sη2 + ηT2 Ĝu(t)− ηT2 Ĝu(t− τ)

≤ −κ1‖η1‖2 + ‖η1‖‖S‖‖η2‖+ ‖ηT2 Ĝ‖‖u(t)‖+ ‖ηT2 Ĝ‖‖u(t− τ)‖

≤ −(κ1 −
1

2
)‖η1‖2 + Ō (5.36)

where Ō = ‖u(t)‖2
2

+ ‖u(t−τ)‖
2

2
+ ‖η2‖

2

2
+‖Ĝη2‖2. Since the control input (5.26) is a function of

all bounded signals, the term Ō is bounded. Moreover, by choosing κ1 >
1
2
, boundedness

of auxiliary variables is ensured.
The convergence of the tracking errors can be directly proved similar to the analysis in

Proposition 3 by invoking Barbalat lemma [97]. Furthermore, the proof of Zeno exclusion
presented in Proposition 1 is still valid and can be directly applied in this scenario.

5.3.3 Experimental Results

To validate the obtained theoretical results and demonstrate the applicability of the

proposed ETAC scheme, a real-time experimental study is presented in this section for

the trajectory tracking problem of mobile robot (5.12). The experiment setup that is

shown in Fig. 5.3 consists of PatrolBot, on-board computer, remote-center, and camera

(vision system). The PatrolBot is a programmable differential-drive mobile robot man-

ufactured by Adept MobileRobots Inc. for research purposes. It can be programmed

and controlled using ARIA (Advanced Robotics Interface for Applications). The control

algorithm is implemented on a remote-center using MATLAB. The on-board computer

receives the control commands through IEEE 802.11g wireless channel and actuates the

motors using ARIA functions written in C++ language. The communications are based

on client/server architecture. It is worth mentioning that localization (position and ori-

entation) is acquired by the vision system. The camera is directly connected to the

remote-control unit via a wired connection. Hence, no network restrictions in the robot-

to-controller channel.
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Figure 5.3: Experiment setup

A lemniscate path is chosen as a reference trajectory and it is defined as

xref =
aref sin(wref t)

1 + sin2(wref t)
, yref =

aref sin(wref t) cos(wref t)

1 + sin2(wref t)
, (5.37)

where aref = 1.2 and wref = 0.1. The initial position of the robot is mainly chosen as

(0, 0, 10). Other parameters are chosen as C1 = diag(0.8, 0.9, 1.2), C2 = diag(4, 4), κ1 =

6, Γ1 = I4, Γ2 = I3 and τ = 0.1 [s]. Three different values are considered for the ad-

justable parameter of event-triggered condition (ζ = 0.4, 0.6 and 0.8).

The obtained experimental results under proposed controller (5.26), adaptive law

(5.29), and triggering function (5.35) on robot dynamics (5.12) are illustrated in Fig.

5.4–5.9. The tracking performance in the X-Y plane for different values of ζ is shown in

Fig. 5.4. It can be observed that the designed controller is able to compensate for input

delays while achieving accurate tracking. Furthermore, the proposed event-triggered and

time-triggered control signals are illustrated in Fig. 5.5 and Fig. 5.6. To evaluate the

tracking performance under the proposed scheme, the integral square error (ISE) and the

maximum of the absolute tracking errors are provided. Moreover, the L2 norm of the

83

TH-2556_176102006



5. Design and Implementation of ETAC for Commercial Mobile Robots with
Networked-Induced Delays

x [m]

-0.6 -0.4 -0.2 0 0.2 0.4

y
[m

]

-0.4

-0.2

0

0.2

0.4

0.6
Simulation

Experiment (ζ = 0.4)

Experiment (ζ = 0.6)

Experiment (ζ = 0.8)

Figure 5.4: Trajectory tracking in X-Y plane for different values of ζ.

control signal is also provided for each value of ζ. The experiments are repeated 15 times

(5 for each value of ζ) and the average values of the obtained results are summarized in

Table 5.1.

In order to further show the effectiveness of the proposed control scheme in handling

the effects of parametric uncertainties and input delays, several simulations are also con-

ducted under different scenarios where these effects are mutually deactivated. In the

first scenario, the effect of uncertainties in system parameters is evaluated assuming ideal

communications (τ = 0). The parametric uncertainties are defined as Θ(t) = Θ(0) + ∆Θ

wherein ∆Θ = 1
2
Θ(0) sin(t). The system performance under this scenario using the

kinematic controller and dynamic controller with/without adaptation is shown in Figs.

5.7a–5.7c. The tracking performance under different initial conditions is also shown in

Fig. 5.7d and the obtained results are summarized in Table 5.2. On the other hand, the

induced delay is considered in the second scenario assuming known parameters (∆Θ = 0).

The effect of input delay on system performance and stability is illustrated in Fig. 5.8, in

which the trajectories in the X-Y plane with and without the incorporation of the auxil-

iary compensation variables are depicted in Fig. 5.8a and Fig. 5.8b, respectively. It can

be observed from the obtained results that the auxiliary system is capable to compensate

for input delays and achieve accurate tracking. However, as the input delay increases, the

system performance degrades and it may become unstable for larger input delays. From

the zoomed figure, it can also be observed that the overshoot is increasing for the case of
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Figure 5.5: Event-triggered and time-triggered linear velocities for different values of ζ.

τ > 0.3. Moreover, the performance is further degraded and a large tracking error is ob-

tained for the case of τ > 1, which is undesirable for practical applications. On the other

hand, the actual trajectory converges to the desired one comparatively faster in case of

τ < 0.3. Besides, Fig. 5.9 depicts the triggering time instants for each value of ζ where

the actual control is updated/transmitted through the network. It can be observed that,

as the value of ζ increases and approaches 1, the number of triggering/transmissions

decreases. Hence, the communication burden is significantly reduced. However, these

savings in resources are achieved at the cost of tracking accuracy and control efforts. Yet,

a trade-off between the resource utilization in tandem with an acceptable performance

could be achieved by adjusting ζ. The channel usage is calculated as

Channel Usage = Number of Updates× dt

T
× 100 % (5.38)

where dt and T are sampling time and the total time of experiment run, respectively.

As compared to time-triggered (TT) implementation, it is worth mentioning that 3000

control updates/transmissions are needed for 60 seconds of the experiment run under 0.02

sampling interval for the TT scenario. It can be observed that this number is further

decreased under the proposed ET strategy yielding a significant saving in the usage of

network resources.
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Figure 5.6: Event-triggered and time-triggered angular velocities for different values of ζ.

Table 5.1: Comparison of results for different values of the adjustable parameter ζ.

Resource utilizations
Performance metrics

Tracking error

#Control update %Channel usage %Saving ISE
Max Absolute Error L2 norm (u)

[0-T/2] [T/2-T]

ζ = 0.4 1774 59.13 40.87 0.083 0.14 0.036 18.00

ζ = 0.6 726 24.21 75.79 0.095 0.16 0.040 18.38

ζ = 0.8 271 9.04 90.96 0.102 0.17 0.047 19.68

Table 5.2: Comparison of results for different initial conditions.

Resource utilizations
Performance metrics

Initial Tracking error

condition
#Control update %Channel usage %Saving ISE

Max Absolute Error L2 norm (u)

[0-T/2] [T/2-T]

(0.1,0) 231 6.60 93.40 0.09 0.13 0.032 19.96

(-0.4,-0.1) 243 6.95 93.05 0.23 0.41 0.031 20.80

(-0.1,-0.2) 216 6.17 93.83 0.37 0.29 0.032 20.82

(-0.4,0.2) 219 6.26 93.74 0.45 0.41 0.030 20.32
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Figure 5.7: The effect of system uncertainties and different initial conditions.
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Figure 5.8: The effect of input delay.
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Figure 5.9: Illustration of triggering events for different values of ζ in comparison with time-triggered
implementation (TT).
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5.4 Design and Implementation of Predictor-based

Event-triggered Controller over Robot-to-Controller

Channel with State/Input Delays

5.4.1 Problem Formulation

Let us now consider a nonholonomic wheeled mobile robot controlled via a network

channel under limited resources and subject to both state and input delays. The block

diagram of the considered configuration is shown in Fig. 5.10. From Section 5.2, the

combined kinematic and dynamic models of the mobile robot under state and input

delays can be given as

q̇τrc = S(qτrc)ντrc ,

ν̇τrc = ϕ(ντrc)Θ +Gu(t− τ) (5.39)

where qτrc := q(t− τrc) = [xτrc yτrc θτrc ]
T , ντrc = [vτrc wτrc ]

T and S(qτrc) =

 cos θτrc 0

sin θτrc 0

0 1



ϕ(ντrc) =

[
−vτrc w2

τrc 0 0

0 0 −vτrcwτrc −wτrc

]
, and u(t−τ) =

[
vin(t− τ) win(t− τ)

]T
(5.40)

where τ = τrc + τcr is the round-trip time delay, in which τrc and τcr are the de-

lays in the robot-to-controller and controller-to-robot channels, respectively. Let Θ :=

[Θ1 Θ2 Θ3 Θ4]
T and G := diag(g1, g2). Then, the overall mathematical model of the

robot can be written as

ẋτrc = vτrc cos θτrc

ẏτrc = vτrc sin θτrc

θ̇τrc = wτrc (5.41)

v̇τrc = −Θ1vτrc + Θ2w
2
τrc + g1vin(t− τ)

ẇτrc = −Θ3vτrcwτrc −Θ4wτrc + g2win(t− τ)

Relative to Section 5.3.1 of this chapter, the internal and specification parameters of the

robot represented by vector Θ and matrix G are assumed to be known in this section to

further simplify the controller and predictor design. To deal with the network induced
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Robot

Controller

Event
triggered

Predictor

Network channele−τcr e−τrc

e−τ

q, ν(t)

q̂, ν̂(t− τ )

q̂, ν̂

u(t− τ )

u(t)
ZOH

q, ν(tk − τrc)

q, ν(tk)

Figure 5.10: Block diagram of the system.

time delays, a state predictor is incorporated and designed as

˙̂x = v̂ cos θ̂ − k1
(
x̂(t− τ)− x(t− τrc)

)
˙̂y = v̂ sin θ̂ − k2

(
ŷ(t− τ)− y(t− τrc)

)
˙̂
θ = ŵ − k3

(
θ̂(t− τ)− θ(t− τrc)

)
(5.42)

˙̂v = −Θ1v̂ + Θ2ŵ
2 + g1vin(t)− k4

(
v̂(t− τ)− v(t− τrc

)
)

˙̂w = −Θ3v̂ŵ −Θ4ŵ + g2win(t)− k5
(
ŵ(t− τ)− w(t− τrc)

)
Besides, an event-triggered scheme is proposed in the robot-to-controller channel to

reduce the communication and computation burden as follows

qET (t) = q(tk), νET (t) = ν(tk) | ∀t ∈ [tk, tk+1) (5.43)

in which

tk+1 = inf{t| t > tk, J(eET , Z1, Z2) > 0} (5.44)

where qET = [xET , yET , θET ]T and νET = [vET , wET ]T denote the last-received states

from the robot. The triggering function J(eET , Z1, Z2) is to be designed later in a way

that ensures the stability of overall closed-loop control system under the event-triggered
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implementation. Here, the measurement error is defined as eET = [eETq eETν ], in which

eETq (t) = q(t)− qET (t) and eETν (t) = ν(t)− νET (t).

5.4.2 Predictor-based Control Design

5.4.2.1 State Predictor

Let us define the prediction error as

ex = x̂(t− τ)− x(t− τrc) (5.45)

ey = ŷ(t− τ)− y(t− τrc) (5.46)

eθ = θ̂(t− τ)− θ(t− τrc) (5.47)

ev = v̂(t− τ)− v(t− τrc) (5.48)

ew = ŵ(t− τ)− w(t− τrc) (5.49)

Then, we have

ėx = −k1ex(t− τ) + v̂τ cos θ̂τ − vτrc cos θτrc

= −k1ex(t− τ) + ev cos(eθ + θτrc) + vτrc cos(eθ + θτrc)− vτrc cos θτrc (5.50)

The linearized form of (5.50) is given as

ėx = −k1ex(t− τ)− vτrc sin(θτrc)eθ + cos θτrcev (5.51)

Similarly, we get

ėy = −k2ey(t− τ) + vτrc cos(θτrc)eθ + sin θτrcev (5.52)

ėθ = −k3eθ(t− τ) + ew (5.53)

We also have

ėv = −k4ev(t− τ)−Θ1v̂τ + Θ2ŵ
2
τ + Θ1vτrc −Θ2w

2
τrc

= −k4ev(t− τ)−Θ1ev + Θ2(ew + wτrc)
2 −Θ2w

2
τrc

= −k4ev(t− τ)−Θ1ev + Θ2e
2
w + 2Θ2wτrcew (5.54)

and

ėw = −k5ew(t− τ)−Θ3v̂τ ŵτ −Θ4ŵτ + Θ3vτrcwτrc + Θ4wτrc

= −k5ew(t− τ)−Θ3

(
evew + wτrcev + vτrcew

)
−Θ4ew (5.55)
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The linearized form of (5.54) and (5.55) are given as

ėv = −k4ev(t− τ)−Θ1ev + 2Θ2wτrcew (5.56)

ėw = −k5ew(t− τ)−Θ3

(
wτrcev + vτrcew

)
−Θ4ew (5.57)

Let e = [ex ey eθ ev ew]T . The full error dynamics can be written in the following form

ė = −Ke(t− τ) + Ψ (5.58)

where

K =


k1 0 0 0 0

0 k2 0 0 0

0 0 k3 0 0

0 0 0 k4 0

0 0 0 0 k5

 and Ψ =


−vtrc sin(θτrc)eθ + cos(θτrc)ev

vtrc cos(θτrc)eθ + sin(θτrc)ev

ew

−Θ1ev + 2Θ2wτrcew

−Θ3

(
wτrcev + vτrcew

)
−Θ4ew

 (5.59)

Proposition 6. Let us consider the state predictor (5.42) of system (5.41) along with
the prediction error dynamics (5.58). If there exists a positive gain matrix (K) for which
the following condition is satisfied

λmin(K)− λmin(K2)
√
qτ − λmin(K)Υτ −Υ > 0 , (5.60)

where λmin(.) denotes the smallest eigenvalues of (.) and Υ is a positive bound to be
defined later, then, the prediction error e(t)→ 0 as t→∞.

Proof. Let us choose the Lyapunov function candidate as Vp = 1
2
eT e whose time derivative

is given as

V̇p = eT ė = −eT (Ke(t− τ)−Ψ) (5.61)

From Leibnitz’s formula, we have

e(t− τ) = e(t)−
∫ t

t−τ
ė(ρ)dρ (5.62)

Substituting (5.62) in (5.61), one gets

V̇p = −eT
(
Ke(t) +K2

∫ t

t−τ
e(ρ− τ)dρ+K

∫ t

t−τ
Ψ(ρ)dρ−Ψ

)
(5.63)

≤ −λmin(K)‖e‖2 − eTK2

∫ t

t−τ
e(ρ− τ)dρ− eTK

∫ t

t−τ
‖Ψ(ρ)‖dρ+ ‖e‖‖Ψ‖ (5.64)

Under the assumption that the magnitude of linear and angular velocities are bounded,
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the norm of the term Ψ can be written as

‖Ψ‖ ≤ V ∗|eθ|+ |ev|+ V ∗|eθ|+ |ev|+ |ew|+ Θ1|ev|+ 2Θ2W
∗|ew|

+ Θ3W
∗|ev|+ Θ3V

∗|ew|+ Θ4|ew|
≤ Υ‖e‖ (5.65)

where V ∗ = max
(
|vτrc |

)
, W ∗ = max

(
|wτrc |

)
and Υ = max

(
2V ∗, 2 + Θ1 + 2Θ2W

∗, 1 +
2Θ2W

∗ + Θ3V
∗ + Θ4

)
.

Using (5.65) and the relation that says Vp
(
e(t+ γ)

)
≤ qVp

(
e(t)
)

for −2τ ≤ γ ≤ 0 and
q > 1, one gets

V̇p ≤ −λmin(K)‖e‖2 + λmin(K2)
√
qτ‖e‖2 + λmin(K)Υτ‖e‖2 + Υ‖e‖2

= −
(
λmin(K)− λmin(K2)

√
qτ − λmin(K)Υτ −Υ

)
‖e‖2 (5.66)

Herein, if the condition (5.60) is satisfied, V̇p becomes negative definite which implies that
Vp → 0 as t → ∞. As a result, we can conclude that the prediction error e(t) → 0 as
t→∞. This completes the proof.

5.4.2.2 Predictor-based Event-triggered Control Design

The proposed event-triggered controller is designed based on the backstepping ap-

proach that is here composed of two steps. Based on the predicted states, the virtual

controller is designed in the first step. Then, the actual control law is proposed in the sec-

ond step. At each step, a triggering condition is derived by maintaining the derivative of

Lyapunov function to be negative semi-definite. Thus, the overall closed-loop system can

be proved to be stable in the sense of Lyapunov. Let us first defined the error variables

as

Z1 = q̂ − qr, Z2 = ν̂ − α1 (5.67)

where q̂ and ν̂ are the predicted states, qr = [xref yref θref ]
T represents the position and

orientation of the reference trajectory, and α1 is the virtual control law to be designed in

the first step of design process. The event-triggered error variables are then given as

ZET
1 = q̂ET − qr, ZET

2 = ν̂ET − α1 (5.68)

where q̂ET and ν̂ET are the event-triggered of predicted states.

Step 1: The first error dynamic subsystem is given as

Ż1 = ˙̂q − q̇r = Ŝν̂ − q̇r = Ŝ (Z2 + α1)− q̇r (5.69)

where Ŝ = S(q̂). The Lyapunov function candidate is chosen in this step as V1 = 1
2
ZT

1 Z1.
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Differentiating V1 with respect time along the trajectories of the system (5.39) is

V̇1 = ZT
1 Ż1 = ZT

1

(
ŜZ2 + Ŝα1 − q̇r + ŜETα1 − ŜETα1

)
(5.70)

where ŜET = S(q̂ET ). Let us now design the virtual controller α1 such as

ŜETα1 = −C1Z
ET
1 + q̇r (5.71)

where C1 ∈ R3×3 is a gain matrix with positive diagonal elements. Since ŜT Ŝ = I2 where

I2 ∈ R2×2 is identity matrix, one gets

α1 = (ŜET )T ŜETα1 = −(ŜET )T (C1Z
ET
1 − q̇r) . (5.72)

As compared to Subsection 5.3.2, it is to be noted that the virtual controller is designed

here based on the event-triggered predicted states rather than the actual states. Substi-

tuting (5.71) in (5.70), one gets,

V̇1 = ZT
1

(
ŜZ2 + (Ŝ − ŜET )α1 − C1Z

ET
1

)
= −ZT

1 C1Z1 + ZT
1 ŜZ2 + ZT

1 C1e
ET
q + ZT

1 (Ŝ − ŜET )α1

≤ −ZT
1 C1Z1 + ZT

1 ŜZ2 + ‖C1‖Z1‖‖eETq ‖+ ‖α1‖Z1‖‖eETq ‖ (5.73)

Let us now add and subtract the term ζZT
1 C1Z1 from (5.73) and then design the first

triggering condition as

‖eETq ‖ ≤
‖C1‖

‖C1‖+ ‖α1‖
ζ‖Z1‖ (5.74)

With (5.74), the time derivative of Lyapunov function becomes

V̇1 ≤ −(1− ζ)ZT
1 C1Z1 + ZT

1 ŜZ2 (5.75)

Step 2: Let us choose the Lyapunov function candidate in this step as V̇2 = V1 +
1
2
ZT

2 Z2. Differentiating V2 with respect time along the trajectories of the system (5.39) is

V̇2 ≤ −(1− ζ)ZT
1 C1Z1 + ZT

1 ŜZ2 + ZT
2 Ż2 (5.76)

The dynamics of the second error variable is given as

Ż2 = ˙̂ν − α̇1 = ϕ̂Θ +Gu (5.77)

where ϕ̂ = ϕ(ν̂). Here α̇ = 0 as the control signal is constant between inter-event periods.
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If the control law is designed as

u = −G−1(C2Z
ET
2 + ŜETZET

1 − ϕ̂ETΘ) (5.78)

where C2 ∈ R2×2 is a gain matrix with positive diagonal elements and ϕ̂ET = ϕ(ν̂ET ).

The derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ZT
2 C2e

ET
ν + ZT

1 ŜZ2

− ZT
2 (ŜET )TZET

1 + ZT
2 (ϕ̂− ϕ̂ET )Θ

≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C2‖‖Z2‖‖eETν ‖
+ ZT

1 (Ŝ − ŜET )Z2 − (eETq )T (ŜET )TZ2 + ZT
2 (ϕ̂− ϕ̂ET )Θ

≤ −(1− ζ)ZT
1 C1Z1 − ZT

2 C2Z2 + ‖C2‖‖Z2‖‖eETν ‖
+ ‖Z1‖‖Z2‖‖eETν ‖+ ‖Z2‖‖eETν ‖+ L‖Θ‖‖Z2‖‖eETν ‖ (5.79)

Let us now add and subtract the term ζZT
2 C2Z2 from (5.79) and then design the second

triggering condition as

‖eETν ‖ ≤
‖C2‖

‖C2‖+ ‖Z1‖+ L‖Θ‖‖Z2‖+ 1
ζ‖Z2‖ (5.80)

With (5.80), the time derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζ)
(
ZT

1 C1Z1 + ZT
2 C2Z2

)
(5.81)

By choosing 0 < ζ < 1, the negative semi-definite of V̇2 can be ensured, and therefore, the

overall system is stable in the sense of Lyapunov and all closed-loop signals are bounded.

5.4.3 Experimental Results

In this section, the trajectory tracking problem of a commercial mobile robot is pre-

sented. The obtained experimental results demonstrate the applicability of the proposed

control scheme and validate the theoretical results presented in Subsection 5.4.2. The

experiment setup is shown in Fig. 5.3. However, the states in this section are directly

obtained and received from the robot via a wireless channel (IEEE 802.11g) i.e. the

network restrictions are also imposed in the robot-to-controller channel. The on-board

computer also receives the control commands through a wireless channel, and the mo-

tors are then actuated using ARIA functions. A circular reference trajectory is defined

as xref = r sin(wref t) and yref = −r cos(wref t) + r where r = 0.6 [m] and wref = 0.5

[rad/s]. The initial position of the robot is chosen as (0, 0.4). Other parameters are

selected as C1 = diag(0.3, 0.3, 0.1), C2 = diag(6, 4), K = diag(2, 2, 2, 2, 2), ζ = 0.6 and
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Figure 5.11: Trajectory tracking in the X-Y plane.

Figure 5.12: Tracking errors under the predictor-based control scheme.

L = 1. The delay in the robot-to-controller and controller-to-robot channels are chosen

as τrc = τcr = 0.1 [s], i.e. τ = 0.1 + 0.1 = 0.2 [s].

The obtained experimental results under the proposed predictor-based controller and

event-triggered mechanism are illustrated in Fig. 5.11– 5.15. The performance of trajec-

tory tracking in the X-Y plane with and without the designed state-predictor is shown

in Fig. 5.11. Moreover, the tracking errors are depicted in Fig. 5.12. It can be observed

that in spite of the presence of both state and input delays, the tracking errors converge

to small set around zero and the designed predictor-based controller is able to achieve

accurate tracking. Besides, both the time-triggered and the proposed event-triggered

control signals are depicted in Fig. 5.13. It can be observed that the event-triggered

control is held constant till the next triggering instant which is defined according to the

designed triggering condition. This not only reduces the communication burden and

96

TH-2556_176102006



5.4 Design and Implementation of Predictor-based Event-triggered Controller
over Robot-to-Controller Channel with State/Input Delays

(a) Linear velocity

(b) Angular velocity

Figure 5.13: Comparison of event-triggered and time-triggered control signals.

computational efforts, but also helps in protecting the actuators as it eliminates the

unnecessary oscillations in the control input. Furthermore, the triggering instants and

inter-event times are illustrated in Fig. 5.14 and Fig. 5.15, respectively. As compared to

the traditional time-triggered implementation where the data transmissions and control

updates are carried out continuously every fixed sampling time is elapsed, these events

have occurred just at the triggering instants with a dynamic rate in the event-triggered

paradigm. It is evident that the number of triggering (control updates and transmis-

sions) under the proposed event-triggered scheme is drastically decreased which yields a

significant saving in the usage of network resources. From the perspective of resource

utilization, the obtained results are compared to traditional time-triggered paradigm and

event-triggered strategies [2, 4]. The comparison results are presented in Table 5.3, in

which the total saving is calculated as the average of the achieved savings in the compu-

97

TH-2556_176102006



5. Design and Implementation of ETAC for Commercial Mobile Robots with
Networked-Induced Delays

0 1 2 3 4 5 6 7 8 9 10
0

1

2

10 11 12 13 14 15 16 17 18 19 20

T
ri
g
g
er
in
g
in
st
a
n
ts

0

1

2

Time [s]

20 21 22 23 24 25 26 27 28 29 30
0

1

2

Figure 5.14: Illustration of triggering instants.

Figure 5.15: Inter-event times.

Table 5.3: Comparison of results with the time-triggered and event triggered strategies presented in [2]
and [4].

Resource utilizations

#Control update
Channel usage

Saving
Robot-to-controller Controller-to-robot

Time-triggered 1500 100% 100% -

Event-triggered

[2] 1500 100% 20% about 40%

[4] 100 100% 5-10% about 45%

Proposed 230 15% 15% 85%
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tational effort and channel bandwidth in both channels. In the time-triggered approach,

1500 control updates/transmissions are always required for 30 seconds of simulation run

subject to 0.02 sampling time. However, in the proposed triggering scheme, only 230

control updates/transmissions out of 1500 are required to achieve the control task which

represents 15% of resource usage relative to time-triggered implementation. Regarding

the event-triggering mechanisms presented in [2, 4], it is worth mentioning that these

mechanisms are placed in the controller-to-plant channel only and continuous/periodic

transmissions are assumed in the plant-to-controller channel. Therefore, the channel us-

age can be reduced on the controller side only. Moreover, in [2], computing of the actual

control law is always required for evaluating the triggering condition and, therefore, the

number of control updates cannot be reduced. Unlike these studies, the communication

burden in both robot-to-controller and controller-to-robot channels can be reduced under

the proposed control scheme. Furthermore, the number of control updates can also be

decreased. This leads to more efficient utilization of channel bandwidth and computa-

tional resources, which is highly desirable for network-based applications.

Comparison with related works

In view of related studies in the context of trajectory tracking of mobile robots,

it is observed that, due to hardware restrictions and robot operation mode, most of

the studies that validate the theoretical results experimentally are mainly based on the

kinematic model only [4, 43, 51–53, 55]. These works do not consider the dynamic model

of the robot. In [70–72, 95], a modified velocity-based dynamic model is developed to

tackle the hardware restrictions of available commercial mobile robots. However, these

works are based on the traditional time-triggered paradigm and do not consider the

scenario of controlling over a network or any other challenges such as limited resources

or input/state delays. The above-mentioned studies are summarized and compared in

Table 5.4. Relevant to these aforementioned works, the proposed control scheme deals

with the scenario of controlling the mobile robot over the network and combines the

challenges of input/state delays and limited resources scenario in a unified framework

under event-triggered implementation.

5.5 Summary

In this chapter, an adaptive dynamic controller based on the backstepping method

has been designed for the trajectory tracking problem of commercial mobile robots un-
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Table 5.4: Comparison with related studies on mobile robots (K:= Kinematic, D:= Dynamic, TT:=
Time-triggered, ET:= Event-triggered).

Reference
Model Mechanism Time delay Network channel Control

signal
Platform

K D TT ET Input State Sensor Controller

[4, 51] 3 7 – 3 7 7 7 3 Velocity Khepera-III

[52,53] 3 7 – 3 3 3 3 3 Velocity Pioneer P3-DX

[54] 3 7 3 7 7 7 7 7 Velocity QBot2

[55] 3 7 3 7 3 3 3 7 Velocity NetCon-STM32

[62,90,91] 3 3 3 7 7 7 7 7 Torque Simulation

[65, 92] 3 3 3 7 7 7 7 7 Voltage Simulation

[93, 94] 3 3 – 3 7 7 7 3 Torque Simulation

[70–72,95] 3 3 3 7 7 7 7 7 Velocity Pioneer P3-DX

[99] 3 3 – 3 3 7 7 3 Velocity PatrolBot

Proposed 3 3 – 3 3 3 3 3 Velocity PatrolBot

der network-induced delays, limited bandwidth, and hardware restrictions. A modified

dynamic model has been first presented to overcome the hardware restrictions of com-

mercial mobile robots. Thereafter, the event-triggered strategy has been employed to

reduce the control updates and communication burden, in which an adjustable triggering

condition was directly derived based on the derivative of Lyapunov function. To deal

with the network-induced delays, an auxiliary compensation system has been presented

to deal with input delay only. Another solution based on a state-predictor has also been

developed to handle both state and input delays. It has been observed from experimental

results that a significant saving in network resources is achieved under the proposed event-

triggered schemes. Besides, the designed controllers cope with the input/state delays and

ensure effective trajectory tracking.
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6. Event-triggered Consensus Control of Multiple Mobile Robots

6.1 Introduction

Recent years have witnessed compelling attention and extensive studies on multi-agent

systems. Without the cooperation of such agents, many practical applications and com-

plex control tasks would not have been feasible. Consensus problem is a significant topic

in multi-agent systems wherein the states of all agents converge to a common desired

quantity. This states’ agreement can be achieved in two manners, namely leader-follower

and leaderless scenarios. Due to its wide applications and natural physical meaning, the

leader-follower scheme has been widely attempted by control theorists and practitioners

for linear [76–78,100] and nonlinear [79–81] agents. The graph theory is widely employed

to represent the communications in the network of multiple mobile robots [82–84]. Nev-

ertheless, the communications between these agents generally occur periodically over a

shared band-limited network channel. Such periodic communications result in inefficient

utilization of resources, as explained in previous chapters.

In this chapter1, the theoretical results of Chapter 4 are further extended to multi-

agent systems. The consensus problem of a leader-followers network of multiple mobile

robots under limited communication and input delays is attempted. Both kinematic and

dynamic models are considered for mobile robot agents. To deal with limited bandwidth

restrictions, an event-triggered strategy is incorporated at the controller-side resulting

in reducing the communication burden. Besides, an auxiliary compensation system is

also introduced to handle the input delays. Similar to previous chapters, the triggering

instants are determined based on the sign of the derivative of Lyapunov function rather

than employing fixed [22] or relative [96] triggering conditions. It is proved that under

the proposed control scheme, all agents are practically converged to the leader and all

system signals are bounded. Simulation results show the effectiveness of the proposed

event-triggered scheme in terms of resource utilization as compared to traditional time-

triggered control.

The work presented in this chapter represents an initial attempt toward the extension

of the developed event-triggered control scheme to multi-agent systems. For simplicity,

identical agents and an ideal environment with no loss of connections are assumed.

This chapter is organized as follows. A preliminary on graph theory is first introduced

in Section 6.2. The problem is then formulated in Section 6.3. The consensus control

design based on the backstepping approach and the event-triggering mechanism are pre-

sented in Section 6.4 and Section 6.4.1, respectively. Simulation results for two examples

are shown in Section 6.5. The summary of this chapter is presented in Section 6.6.

1This chapter is based on the article: S. Al Issa and I. Kar, “Adaptive Backstepping Control of Mul-
tiple Mobile Robots under Limited Communication; An Event-triggered Approach,” in Communication
and Control for Robotic Systems, Springer, pp. 107-122. Springer, Singapore, 2021.
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6.2 Preliminary on Graph Theory

In this section, some basic concepts of graph theory, which is utilized to represent the

communication between the agents in the network, are briefly presented.

Let G = {V,E} be a directed graph where V and E denote the sets of nodes and

edges, respectively. The edges represent the communication between the agents (nodes).

For example, an edge (i, j) in G implies that the agent j is able to receive information

from agent i via direct communication. This does not imply that agent i can receive

information from agent j in case of a direct graph. The set of neighbors for agent

i are defined as Ni = {Vj| (Vj, Vi) ∈ E, i 6= j}. Let us now define the adjacency

A = [ai,j] ∈ RN×N and augmented B = diag{bi} ∈ RN×N matrices. The adjacency

matrix represent the communications of an agent with its neighbors. The element ai,j of

the adjacency matrix are defined as follows.

ai,j =

{
1 if (Vj, Vi) ∈ E
0 Otherwise

(6.1)

Let us also define the matrix Ā = diag{āi} ∈ RN×N wherein its elements are defined as

āi =
∑

j∈Ni
ai,j. On the other hand, the augmented matrix represents the communication

of an agent with the leader. The elements bi of this matrix are defined as follows.

bi =

{
1 if agent i receives direct information from the leader

0 Otherwise
(6.2)

Example:

Let us consider the following two directed graphs of leader-follower networks shown in

Fig. 6.1. The matrices A, Ā and B for graph-I shown in Fig. 6.1a are given as

A =


0 0 0 0

1 0 0 0

1 0 0 0

0 0 1 0

 , Ā =


0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 , B =


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


Similarly, these matrices can be found for graph-II shown in Fig. 6.1b as

A =



0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 1 0 0

1 0 1 0 1 0

0 1 0 1 0 1

0 1 0 0 1 0


, Ā =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 2 0 0 0

0 0 0 3 0 0

0 0 0 0 3 0

0 0 0 0 0 2


, B =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


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0

1

2 3

4

(a) Graph-I

0

1 2

3 4 5 6

(b) Graph-II

Figure 6.1: Examples of two directed graph of leader-followers networks.

6.3 Problem Formulation

In this work, a multi-mobile robots system is considered which consists of one leader

and N follower agents. From (4.2) and (4.12) of Chapter 4, the overall mathematical

model of the ith follower, shown in Fig. 4.1, can be written in the following form.

q̇i = Si(qi)νi,

ν̇i = ϕi(νi)θi +Giu
ET
i (t− τi) , (6.3)

yi = qi .

where all vectors and matrices were previously defined in Section 4.2. Here, τi represents

a constant delay in the input signal of ith agent. For this, auxiliary compensation systems

are introduced to deal with these input delays and are defined as follows.

η̇i,1 = Siηi,2 − κiηi,1, (6.4)

η̇i,2 = Gi

(
uETi (t)− uETi (t− τi)

)
, (6.5)

where κi >
1
2

are positive constants. It is to be noted from (6.3) that followers are

not actuated by the actual control signal ui. Instead, they are actuated by uETi where
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uETi = ui − eETi . This is due to the incorporation of event-triggered strategy where eETi

represents the measurement error of ith agent. The triggering mechanism is defined as

uETi (t) = ui(tk), ∀ t ∈ [tk, tk+1)

tk+1 = inf
{
t | t > tk , Ji(e

ET
i , Zi,1, Zi,2) > 0

}
, (6.6)

where Ji(e
ET
i , Zi,1, Zi,2) represents the triggering condition to be designed later for ith

agent.

The control problem at this juncture is stated as follows. Design an event-triggered

consensus control scheme for multiple mobile robots such that all agents eventually con-

verge to the leader while ensuring that the over-usage of resources is alleviated.

Assumption 4. It is assumed that the desired trajectory and its time-derivative are
available only for the leader.

6.4 Event-triggered Consensus Control Design

In this section, the controller is designed based on the backstepping method which is

a powerful technique largely utilized in literature for stabilizing nonlinear systems [41].

Besides, the triggering condition is also derived in this section based on the negative

semi-definiteness of the derivative of Lyapunov function. Let us first define the consensus

error variables as

Zi,1 =
∑
j∈Ni

aij(qi − qj + ηi,1) + bi(qi − q0 + ηi,1)

Zi,2 = νi + ηi,2 − αi,1 . (6.7)

where q0 is the position and orientation of the leader and αi,1 for i = 1, . . . , N are the

virtual controllers to be designed in the first step of the design procedure.

Remark 5. In reality, it might be desirable to maintain a fixed distance between agents
rather than converging to the exact quantity. Based on that, the consensus errors defined
in (6.7) could be modified as follows.

Zi,1 =
∑
j∈Ni

aij(qi + ∆i − qj −∆j + ηi,1) + bi(qi + ∆i − q0 + ηi,1)

Zi,2 = νi + ηi,2 − αi,1 , (6.8)

where ∆i and ∆j represent the displacement vectors which define the geometry of the
desired formation.
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Step 1: The dynamics of the first error variable can be written as

Żi,1 = (āi + bi)[Siνi + Siηi,2 − κiηi,1]−
∑
j∈Ni

aij[Sjνj]− biq̇0 (6.9)

The Lyapunov function candidate is chosen at the first step as Vi,1 = 1
2
ZT
i,1Zi,1. Differen-

tiating V1 with respect time along the trajectories of the system (6.3) is

V̇i,1 = ZT
1 Ż1 = ZT

i,1

(
(āi + bi)[SiZi,2 + Siαi,1 − κiηi,1]−

∑
j∈Ni

aij[Sjνj]− biq̇0
)

(6.10)

The virtual control is now designed as

Siαi,1 =
1

āi + bi

(
−Ci,1Zi,1 +

∑
j∈Ni

aij[Sjνj] + biq̇0 + κiηi,1

)
(6.11)

which renders the time derivative of the Lyapunov function as

V̇i,1 = −ZT
i,1Ci,1Zi,1 + (āi + bi)Z

T
i,1SiZi,2 (6.12)

It is to be noted that the negative definiteness of V̇i,1 and convergence of Zi,1 are ensured

if Zi,2 = 0 which will be stabilized in the next step.

Step 2: In this step, the Lyapunov function candidate is chosen as

Vi,2 = Vi,1 +
1

2
ZT
i,2Zi,2 (6.13)

Differentiating V2 with respect time along the trajectories of the system (6.3) is

V̇i,2 = V̇i,1 + ZT
i,2Żi,2

= −ZT
i,1Ci,1Zi,1 + (āi + bi)Z

T
i,1SiZi,2 + ZT

i,2(ϕiΘi +Giu
ET
i (t− τi) + η̇i,2 − α̇i,1)

= −ZT
i,1Ci,1Zi,1 + (āi + bi)Z

T
i,1SiZi,2 + ZT

i,2(ϕiΘi +Giu
ET
i (t− τi)

+Gi(u
ET
i − uETi (t− τi))− α̇i,1)

= −ZT
i,1Ci,1Zi,1 + (āi + bi)Z

T
i,1SiZi,2 + ZT

i,2(ϕiΘi +Giu
ET
i − α̇i,1)

(6.14)

Let us first assume the case when the robot is actuated by the actual control law i.e.

uETi = ui. Thus, in order to render V̇2 negative definite, the control law is now designed

as follows.

ui(t) = G−1i
(
−Ci,2Zi,2 − ϕiΘi + α̇i,1 − (āi + bi)Z

T
i,1SiZi,2

)
(6.15)
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For simplicity, the internal parameters of the robots are assumed to be known in this

chapter. Substituting (6.15) in (6.14), one gets

V̇i,2 = −ZT
i,1Ci,1Zi,1 − ZT

i,2Ci,2Zi,2 (6.16)

6.4.1 Triggering conditions

In the previous analysis, it was assumed that the robot is actuated by the actual

control law that is updated/transmitted periodically i.e. the event-triggered measurement

errors are zero. However, such periodic transmissions result in inefficient utilization of

resources. Instead of that, an event-triggering mechanism is placed now to determine

when it is necessary to update/transmit the control signal. Due to the incorporation of

event-triggered strategy, a new term related to measurement errors will appear in (6.14)

as

V̇i,2 = −ZT
i,1Ci,1Zi,1 + (āi + bi)Z

T
i,1SiZi,2 + ZT

i,2(ϕiΘi +Giui −Gie
ET
i − α̇i,1) (6.17)

With the control law designed as (6.15), one gets

V̇i,2 = −ZT
i,1Ci,1Zi,1 − ZT

i,2Ci,2Zi,2 − ZT
i,2Gie

ET
i

≤ −ZT
i,1Ci,1Zi,1 − ZT

i,2Ci,2Zi,2 + ‖ZT
i,2Gi‖‖eETi ‖

≤ −ZT
i,1Ci,1Zi,1 − ZT

i,2Ci,2Zi,2 +
‖ZT

i,2Gi‖2
2

+
‖eETi ‖2

2
(6.18)

Adding and subtracting the term ζi(Z
T
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) from (6.18), yields

V̇2 ≤ −(1− ζi)(ZT
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2)

− ζi(ZT
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) +
‖ZT

i,2Gi‖2
2

+
‖eETi ‖2

2
, (6.19)

where ζi is an adjustable parameter. Now, if the triggering condition is derived by

ensuring that
‖ZT

i,2Gi‖2
2

+
‖eETi ‖2

2
≤ ζi(Z

T
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) (6.20)

then the derivative of Lyapunov function becomes

V̇2 ≤ −(1− ζi)(ZT
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) (6.21)

By choosing 0 < ζi < 1, the negative semi-definiteness of derivative of Lyapunov function

can be ensured. From (6.20), the triggering function can be written as

J(eETi , Zi,1, Zi,2) = ‖eETi ‖
2 − 2ζi(Z

T
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) + ‖ZT
i,2Gi‖2 (6.22)
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Proposition 7. Under the action of control law (6.15) and triggering conditions (6.22),
all closed-loop signals are bounded and all followers converge to the leader as t → ∞.
Moreover, a minimum inter-event time (tk+1 − tk) is ensured.

Proof. We choose a Lyapunov function candidate as V =
∑N

i=1 Vi,2. From the previous
analysis, the derivative of V with respect time along the trajectories of the system (6.3)
can be directly written as

V̇ ≤ −
N∑
i=1

(1− ζi)(ZT
i,1Ci,1Zi,1 + ZT

i,2Ci,2Zi,2) (6.23)

Thus, the stability in the sense of Lyapunov is ensured under proposed event-triggered
scheme and all closed-loop signals are bounded.

Using Barbalat lemma [97], the convergence of follower to the leader can be proved.

From (6.23), we have V̈ = −2
∑N

i=1(1− ζ)
(
ZT
i,1C1Żi,1 + ZT

i,2C2Żi,2

)
. Since V̇ is negative

semi-definite, all the closed-loop trajectories are bounded. Hence, Zi,1, Zi,2, Żi,1, Żi,2 are
bounded for all time. Then, we can easily conclude that V̈ is also bounded. Thus, V̇
is uniformly continuous. Now, we can conclude using Barbalat lemma that V̇ → 0 as
t→∞ which implies that the error variables converge to zero as t→∞.

To complete the proof, a lower bound of inter-event time (tk+1− tk) should be ensured
which implies the exclusion of Zeno behavior. From the definition of ui (6.15), we can
conclude that u̇i is continuous and bounded as ui is a function of all bounded signals.
Thus, we can write |u̇i| ≤ εi1 where εi1 is a positive constant. Meanwhile,

|ui(tk+1)− ui(tk)| =
∣∣∣∣∫ tk+1

tk

u̇i(λ)dλ

∣∣∣∣
≤
∫ tk+1

tk

|u̇i(λ)| dλ

≤
∫ tk+1

tk

εi1dλ = εi1(tk+1 − tk) (6.24)

Let eETi (tk) = 0 and limt→t−k+1
eETi (t) = εi2 where εi2 is a positive constant that depends

on k, then we can write
εi2 ≤ |ui(tk+1 − ui(tk))| (6.25)

From (6.24) and (6.25), we get

εi2 ≤ |ui(tk+1 − ui(tk))| ≤ εi1(tk+1 − tk) (6.26)

Accordingly,
(tk+1 − tk) ≥ εi2/ε

i
1, (6.27)

which implies that a lower bound of inter-event time can always be ensured and obtained
as εi2/ε

i
1 [2].
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6.5 Simulation Results

To demonstrate the effectiveness of the proposed control scheme, two simulation ex-

amples on leader-follower networks, represented by the graphs shown in Fig. 6.1, have

been carried out in MATLAB. Agent (0) represents the leader. The agents are assumed

to be identical with ideal communications and no loss of connections.

The parameters of the agents are chosen as mi = 10 [kg], ri = 0.1 [m], bi =

0.5 [m], di = 0.5 [m] and Ii = 2.5 [kgm2], for i = 1, . . . , 6. The leader moves in a

circular trajectory with radius Rr = 1 [m] and angular speed Wr = 0.5 [rad/s]. Other

parameters are chosen as κi = 2, ζi = 0.6 and τi = 0.1[s].

Example I: Consensus Control

In this example, the graph shown in Fig. 6.1a, which consists of one leader and

four followers, is considered. The consensus error variables are defined as (6.7). The

position and orientation of the followers are to be exactly converged to the position and

orientation of the leader in this example. The initial position and orientation for each

agent are selected as [xi(0), yi(0), θi(0)] = [−1,−1.2, 10], [−0.2,−1.5, 20], [−0.3,−0.8, 20]

and [−2,−2, 0]. The controller parameters are chosen as Ci,1 = diag(0.5, 0.5, 1) and

Ci,2 = diag(2, 2). The simulation is conducted for a total time T = 30 [s] under sampling

period equals to dt = 0.02 [s].

The trajectories of the followers in X − Y plane are shown in Fig. 6.2. Moreover,

the performance and consensus errors in X, Y , and Θ directions are shown in Fig. 6.3.

It can be observed that the consensus errors are bounded and converge to a small set

around zero. The time-triggered and event-triggered control signals for each agent are

shown in Fig. 6.4. It is to be noted that the agents are now actuated by the event-

triggered control signals rather than the actual time signals. The triggering instants

when the designed conditions are violated are illustrated for each follower in Fig. 6.5.

It is worth mentioning that, under the classical time-triggered paradigm, the number of

transmissions equals T
dt

= 1500 as it is continuously updated every dt. The number of

triggering events for each agent is shown in Table 6.1. It is clear that the number of

transmissions is drastically reduced under the proposed event-triggered mechanism. The

bandwidth usage of each agent is reduced more than 90% compared to the traditional

time-triggered scenario. The bandwidth usage is calculated as

Bandwidth Usage = 100× Number of events× dt

T
(6.28)

The inter-event times between two consecutive triggering instants (tk − tk−1) are also

shown in Fig. 6.6. The average and maximum values of inter-event time are also provided
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Figure 6.2: Trajectories in the X-Y plane for example I.

in Table 6.1. It is observed that agent 1 who is directly connected with the leader achieves

larger inter-event times and less number of triggering events as compared to other agents

who are not directly connected with the leader.

Example II: Formation Scenario

In this example, the graph shown in Fig. 6.1b, which consists of one leader and six

followers, is considered. In reality, it might be desirable to maintain a fixed distance

between the agents rather than converging to the exact quantity. For this purpose, a

displacement-vector ∆i is introduced in this example, and it is defined as follows.

∆i = [
cos(2Π(i− 1))

N
R,

sin(2Π(i− 1))

N
R, 0]T (6.29)

where i = 1, . . . , 6 and R is a positive constant. The consensus error variables in this

example are defined as (6.8). Rather than converging to the actual position of the leader,

the followers are required to converge to a circle with a radius R around the leader.

In our simulation, R is selected equals to Rr. The initial position and orientation for
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Figure 6.4: Time-triggered and event-triggered control signals.

112

TH-2556_176102006



6.5 Simulation Results

Time [s]

0 5 10 15 20 25 30
0

Agent 4

Agent 3

Agent 2

Agent 1
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Table 6.1: Summarization of simulation results for example I.

Number of Events Bandwidth Usage (%)
Inter-event Times (s)

Average Maximum

Agent 1 44 2.9 0.67 2.3

Agent 2 87 5.2 0.38 1.24

Agent 3 91 6.0 0.32 1.76

Agent 4 101 6.7 0.29 1.78

Table 6.2: Summarization of simulation results for example II.

Number of Events Bandwidth Usage (%)
Inter-event Times (s)

Average Maximum

Agent 1 45 3.0 0.64 2.26

Agent 2 44 2.9 0.67 4.18

Agent 3 142 9.5 0.21 1.22

Agent 4 221 14.7 0.13 0.58

Agent 5 321 21.4 0.09 0.40

Agent 6 177 11.8 0.17 0.74

each agent are selected as [xi(0), yi(0), θi(0)] = [−1,−1.2, 10], [−0.5,−2, 20], [0.5,−2, 20],

[1,−1.2, 20], [0.5,−0.3, 20] and [−0.5,−0.3, 0]. The controller parameters are chosen as

Ci,1 = diag(0.5, 0.5, 1) and Ci,2 = diag(2, 2). The simulation is conducted for a total time

T = 30 [s] under sampling period equals to dt = 0.02 [s].

The trajectories of the followers in the X−Y plane are shown in Fig. 6.7. Moreover, the

performance and consensus errors in X, Y , and Θ directions are shown in Fig. 6.8. It can

be observed that the consensus errors are bounded and converge to a small set around the

formation vector ∆. The triggering instants when the designed conditions are violated

are illustrated for each follower in Fig. 6.9. The number of triggering events for each

agent is shown in Table 6.2. It is clear that the number of transmissions is drastically

reduced under the proposed event-triggered mechanism and the bandwidth usage of each

agent is reduced more than 90% as compared to the traditional time-triggered scenario.

Moreover, it can also be observed that, as compared to agents 1 and 2 who are directly

connected to the leader, the agents 3–6 require more triggering events/transmissions to

achieve the formation task. This is expected as these agents are not directly connected to

the leader. The inter-event times between two consecutive triggering instants (tk − tk−1)
are also shown in Fig. 6.10. The average and maximum values of inter-event time are also
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Figure 6.7: Trajectories in the X-Y plane for example II.
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Figure 6.9: Illustration of triggering events for each agent in example II.
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provided in Table 6.2. It can be observed that the agents who are not directly connected

to the leader achieve smaller inter-event times and a larger number of triggering events,

which implies an increase in resource utilization.

6.6 Summary

The consensus tracking control problem has been investigated in this chapter for a

leader-followers network of multi-robot systems under limited communication and input

delays. For that, an event-triggered consensus controller has been designed based on

backstepping while considering both kinematic and dynamic models of mobile robots. A

Lyapunov-based event-triggering condition has been incorporated in the controller design

resulting in a significant saving of channel bandwidth. Two simulation examples for

consensus and formation scenarios have been considered. It is observed from simulations

that all agents are practically converged to the leader with significantly less number of

transmissions over the network.
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7. Conclusion and Scope for Future Work

7.1 Conclusion

This thesis is an attempt to design an event-triggered adaptive control methodology

for a class of nonlinear uncertain systems under network circumstances i.e. induced

delays and band-limited channels. It is also an attempt to implement the developed

control schemes on a real mobile robot, with possible extension to multi-agent systems.

The chapters of the thesis are briefly concluded as follows.

• An event-triggered adaptive control scheme, based on the backstepping technique,

was first developed for a class of nonlinear uncertain systems. In Chapter 2, the

communication restrictions were considered in the controller-to-actuator channel

only. Therefore, the triggering mechanism was placed at the controller-end and

only input delay was considered. For this purpose, an auxiliary system was intro-

duced to handle such induced delays. Then, the triggering condition was derived in

the last step of the backstepping procedure by ensuring the stability of the overall

control system. Although this configuration seems simple in design, analysis, and

implementation, it is not suitable for applications wherein the communication re-

strictions occurred in both channels. In Chapter 3, the communication restrictions

in the sensor-to-controller channel were also considered. Therefore, the triggering

mechanism was placed at the sensor-end, which complicated the controller design

and triggering conditions. A state-predictor was designed in this chapter to handle

the network-induced delays in the state and input signals. The controller was then

designed based on the predicted states.

• To show the real-time applicability, the developed event-triggered adaptive control

schemes were applied on a nonholonomic mobile robot in Chapter 4. The trajec-

tory tracking control problem was formulated with consideration of both kinematic

and dynamic models and assuming unknown parameters of the robot. Simulation

results showed that the proposed control scheme successfully ensured faithful tra-

jectory tracking with a substantial saving of resources characterized by the number

of required control updates and signal transmissions. Furthermore, the developed

control schemes were experimentally validated on a real mobile robot (PatrolBot) in

Chapter 5. To overcome the hardware restriction of commercial mobile robots which

are operated by direct velocity commands rather than torques/voltages of the mo-

tor, a modified dynamic model was first presented. Thereafter, the proposed control

schemes were implemented. The obtained results were consistent with simulations

and showed an accurate tracking with a significant saving in channel bandwidth

and computational resources in presence of state and input delays.
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7.2 Recommendations for Future Work

• Finally, the proposed event-triggered control scheme was extended to multi-agent

systems in Chapter 6. The consensus problem of a leader-followers network of

multiple mobile robots was considered. It was observed from simulations that all

agents were practically converged to the leader with less number of transmissions

over the network.

7.2 Recommendations for Future Work

Future possible directions of research based on the event-triggered adaptive control

scheme developed in this thesis are outlined as follows.

• All event-triggered control schemes proposed in this thesis assume the availability of

all system states. However, this may not be the case in practice. Thus, an observer-

based output feedback controller is worth exploring to relax this assumption.

• In the event-triggered control paradigm, the triggering condition is periodically

evaluated at each instance to decide whether to update the last-transmitted packet

or not. However, this may be inefficient from a computational point of view. This

periodic checking can be relaxed in a self-triggered control paradigm wherein the

next triggering instance is determined a priori. This is an interesting problem worth

exploring.

• There are other challenges in NCSs such as packet loss/dropout and attacks that

may deteriorate the system performance and even jeopardize the stability of the

overall control system. These challenges shall be investigated in the future.

• The thesis is aimed at investigating the deterministic parametric uncertainties in

nonlinear networked systems. However, considering these uncertainties as stochas-

tic would be more realistic and is indeed a promising avenue to research upon.

Moreover, design and analysis for nonlinear systems simultaneously affected by

network perturbation and unknown system uncertainties irrespective of their struc-

ture, type of parametrization, and exogenous temporal disturbances can be further

investigated in the future.

• This thesis is aimed at investigating the nonlinear systems in the continuous do-

main. This can be extended to the discrete domain to enhance the flexibility in

implementation. Moreover, the extension of the developed control schemes with

constraints on system states and outputs is worth exploring due to saturation prob-

lems and safety issues.
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7. Conclusion and Scope for Future Work

• The thesis may be extended to investigate time-varying and stochastic network-

induced delays, which is a more practical scenario.

• This thesis presents an initial attempt towards the extension of the proposed con-

trol scheme to multi-agent systems. It assumes ideal environment with no loss

of connections. This attempt shall be proceeded by investigating different graph

topologies, agent types, and other challenges related to multi-agent systems.
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A. Appendix

A.1 Event-triggered Sliding Mode Control Scheme

(ETSMC) [1]

Here, ETSMC law, event-triggering condition and the relevant parameters used in

the simulation section 2.4 of Chapter 2 for the sake of comparison with the proposed

ETAC are stated. The control law and triggering rule for system (2.62), are given in the

following based on the results reported in [1]. The sliding manifold was designed as

S =
{
x ∈ R2 : s = cTx = 0

}
, (A.1)

where c = [c1 1]T with c1 ∈ R1 and x = [xT1 x2]
T . The sliding mode controller was

derived and found to be as

u = −0.5x2 +
MgL

J
sinx1 +

B

J
x2 −Ksign(s) , (A.2)

with the triggering rule was defined in [1],

L‖c‖‖e‖ < σα , (A.3)

where e(t) signal was defined as e(t) = x(ti)−x(t) for t ∈ [ti, ti+1). The initial states and

system parameters were considered the same for all the three controllers for a justified

comparison of results. Other relevant parameters were chosen as q(0) = 20, q̇(0) = 0, c1 =

0.5, σ = 0.8, α = 0.8, L = 6 and K = 1.
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A.2 PatrolBot (Mobile Robot)

A.2 PatrolBot (Mobile Robot)

The autonomous research PatrolBot (shown in Fig. A.1) is a high-quality, differential-

drive robot designed for research projects that require reliable, continuous duty cycle or

a mid-size payload. The PatrolBot has been designed by Adept MobilerobotsR© to carry

effectors and sensors over all normal indoor surfaces in wheelchair-accessible facilities.

PatrolBot can map buildings and continuously localize within a few centimeters while

traveling in mapped areas. With the proper accessories, the robot is able to speak, play

and hear audio, transmit a mounted camera view, and drive without supervision.

A.2.1 ARIA- Core Software

ARIA provides a framework for controlling and receiving data from all MobileRobots

platforms, as well as most accessories. It includes open source infrastructures and utilities

useful for writing robot control software, support for network sockets, and an extensible

framework for client-server network programming.

A.2.2 Specifications of the Robot

The physical characteristics of PatrolBot are listed in Table A.1.

Figure A.1: PatrolBot by Adept MobileRobots.

125

TH-2556_176102006



A. Appendix

Figure A.2: The dimensions (cm) of PatrolBot by Adept MobileRobots.

Table A.1: The physical characteristics of PatrolBot.

Weight 45 Kg

Payload 12 Kg

Run time 4-6 hrs

Length 59 cm

Width 48 cm

Height 38 cm

Drive Wheel
2 foam-filled rubber;

2 rear-caster balance

Steering Differential

Wheel Diameter 19 cm

Translate Speed Max 2000 mm/sec

Rotational Speed Max 360 degrees/sec

Position Encoder
30,000 ticks per wheel revolution;

195 ticks per mm

126

TH-2556_176102006



References

[1] A. K. Behera and B. Bandyopadhyay, “Event-triggered sliding mode control for a class of
nonlinear systems,” International Journal of Control, vol. 89, no. 9, pp. 1916–1931, 2016.

[2] L. Xing, C. Wen, Z. Liu, H. Su, and J. Cai, “Event-triggered adaptive control for a class
of uncertain nonlinear systems,” IEEE Transactions on Automatic Control, vol. 62, no. 4,
pp. 2071–2076, 2017.

[3] J. Huang and Q.-G. Wang, “Event-triggered adaptive control of a class of nonlinear sys-
tems,” ISA Transactions, vol. 94, pp. 10–16, 2019.

[4] R. Postoyan, M. C. Bragagnolo, E. Galbrun, J. Daafouz, D. Nešić, and E. B. Castelan,
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