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Abstract

Department of Mathematics
IIT GUWAHATI
Doctor of Philosophy

On Units in Group Algebras
by Dishari Chaudhuri

The aim of this thesis is to study the relation between the derived length of the
group of units in a group algebra of a finite group over a field of finite characteristic
and the commutativity of the group. We have mostly studied group algebras with
their unit groups having derived length at most four and proved their commuta-
tivity when the characteristic of the field p > 17. We also prove commutativity of
G when the derived length of U is smaller than [log,(2p)] under certain additional
hypothesis. As the derived length of the group of units is related to the strong Lie
derived length of the group algebra, we have studied group algebras with strong

Lie derived length at most four as well.
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Chapter 1

Introduction

1.1 An Overview

Group algebras are very interesting algebraic structures. At the beginning of the
20th century an algebraic structure consisting of a group and a field appeared in
the works of G. Frobenius which was used for the observation of the representations
of finite groups. Their prominence grew when T. Molien, I. Schur and H. Maschke
also worked considerably on these structures during that time. In the period of
1927-1929, E. Noether and R. Brauer established the importance of these algebraic
constructions by pointing out the central role they play in group representation
theory. E. Noether named this algebraic construction as group algebra in 1930’s.
Group rings in general are involved in the studies of the theory of fields, linear
algebra and algebraic number theory. They are also related to algebraic topology,
homological algebra and algebraic K-Theory. In the last few decades they have
also found applications in algebraic coding theory. Hence, the theory of group
rings provides a subject where many branches of algebra come to a rich interplay.

We denote by KG the group algebra of a group G over a field K.

Group algebras, after 1930’s, were not so much observed for themselves but for the
possibilities of their applications in representation theory and algebraic topology,
etc. Group algebras played a vital role in the works of W. Magnus regarding
lower central series of free groups. Again I. Kaplansky’s works on ring theory
brought group algebras over infinite groups into focus in 1960’s. Newer directions
in research were evolved due to several characterisation theorems proved during

this period. Several survey articles were published which helped in the formation

1
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Chapter 1. Introduction 2

of this new branch of mathematics. The study of the ring theoretical properties
of group algebras is now at the most advanced level. Significant results on their
unit groups are known as well. Many researchers took interest in the units of
group algebras because of their vivid topological applications and then again,
after the description of simple groups in terms of finite p-groups. The study of
modular group algebras , that is, group algebras over fields of finite characteristic
p with the underlying group having at least one element of order p, was started by
S.A. Jennings in 1940’s. But as the solution of every single problem required the
elaboration of a new method, the results came very slowly. In some interesting
cases the unit group has such a high order that even the present day computers

are not capable enough to deal with them.

The structure of a group algebra can be associated to a Lie algebra after introduc-
ing the usual bracket operation. In general it is very difficult to determine a unit in
a group algebra. So finding out its inverse as well as computation of commutators
of the unit group is not an easy task. But investigation of the Lie properties of a
group algebra led to the discovery of certain relations between the underlying unit
group and the associated Lie algebra in 1980’s. The so called Lie commutator of
an element can be determined without the knowledge of the inverse of that ele-
ment. Considering the results connected to the series which are constructed with
the help of Lie commutators we can have conclusions about the corresponding
series of the group of units, for example, derived series, upper and lower central
series, etc. This method was first applied by A.A. Bovdi and I.I. Khripta ([1]) in
1977 who obtained that the unit group of group algebras is solvable if and only if
the group algebra is Lie solvable under the assumptions that the characteristic p
of the field is greater than three and the basic group is nonabelian and if it is a
non-torsion group, then its p-Sylow subgroup is infinite. Lie methods were used by
A.A. Bovdi and J. Kurdics for the investigation of derived length, the nilpotency
class and the Engel length of the group of units ([3],[22],[24]).

The investigation of necessary and sufficient conditions for the solvability of the
group of units independently, that is, without results regarding the correspond-
ing Lie series dates back to the 1970s with the works of J.M.Bateman and D.S.
Passman ([25], [12]). However, Lie properties of group algebras were extensively
used for obtaining these results. A lot of work has been done on this context
with a complete solution of the problem being given by A. Bovdi ([4]) in 2005.

As a consequence we know that for group algebras of finite groups over fields of

TH-1512_10612306



Chapter 1. Introduction 3

characteristic p > 3, the unit group of the group algebra is solvable if and only if
either the underlying group G is abelian or G/O,(G) is abelian, where O,(G) is

the maximal normal p-subgroup of G.

We denote the multiplicative group of units of KG by U(KG) = U. Another
interesting problem is to relate structural properties of G with those of U. The
natural question is to ask about the derived length of U once it is assumed to be
solvable. It seems quite difficult to give a general formula for the derived length
of U. Only a few results have been proved. A. Shalev ([6]), J. Kurdics ([23]), M.
Sahai and H. Chandra ([30],[31],[19] and [20]) have investigated group algebras
with units having derived length at most two and three respectively over fields of
finite characteristic. C. Baginiski [7] showed that if G is a finite nonabelian p-group
such that G’ is cyclic, then the derived length of U is [logz(|G’| + 1)], where [r]
denotes the minimal integer not smaller than r for a real number r. This result
was extended by Z.Balogh and Y.Li for an arbitrary group G with cyclic derived
subgroup of p-power order p > 2 in [36]. From these results it easily followed that
if G is a torsion nilpotent nonabelian group, then the derived length of U is at
least [logs(p+1)]. Finally F. Catino and E. Spinelli characterized group algebras
over any torsion nilpotent group for which this lower bound is attained in [16].
The same for infinite groups was given recently by G.T. Lee, S.K. Sehgal and E.
Spinelli in [18].

The analogous problem of finding the structure of G for a fixed Lie derived length
of KG still remains open. F.Levin and G.Rosenberger in ([17]) have completely
characterised the necessary and sufficient conditions for a group algebra over fields
of finite characteristic to have Lie derived length at most two. M.Sahai in ([29])has
given the full description of the strongly Lie solvable group algebra K G with strong
Lie derived length at most three and shown that strong Lie derived length of the
group algebra is at most three if and only if its Lie derived length is at most three
when the characteristic of the field is greater than or equal to seven. Notable
works on strong Lie derived length were done by T. Juhdsz ([32]), F. Catino and
E. Spinelli ([15]). Eventually the group algebras whose strong Lie derived length is
exactly [loga(p+1)] have been characterised by Z. Balogh and T. Juhdsz ([34],[35]).

We have dealt with the problems of characterising group algebras whose unit
groups are solvable having derived length at most four as well as group algebras
with strong Lie derived length at most four. Let G/, G® and G denote the first,

second and third terms in the derived series of a group G.
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Chapter 1. Introduction 4

Our first problem in Chapter 2 assumes that the unit group U of the group
algebra satisfies the relation (U®),U’) = 1, that is, U belongs to the class of
groups having derived length four. It is well known ([16]) that if G is a torsion
nilpotent abelian group and K is a field of positive characteristic p, then the
derived length of the unit group of the corresponding group algebra is at least
[log,(p + 1)]. Our first result extends this statement for groups of odd order for
the case when characteristic of the field is greater than or equal to seventeen. The
proof of this result is combinatorial in nature and contains ideas that might be

generalised. The result has been published in [9].

The second problem in Chapter 3 deals with the case of units having derived
length four with the most natural conditions, that is, U® = (U®),U®) = 1.
The elements involved are quite large and difficult to compute with. But we have
simplified them as much as possible. In this chapter we resolve it completely for
any G with U of derived length four without any condition on the order of G.
Also the method of the proof followed is much simpler as we avoid combinatorial
argument altogether and this is a much stronger version of our first result in
Chapter 2. We also prove commutativity of G when the derived length of U is
smaller than [log,(2p)] under certain additional hypothesis.

Our third problem in Chapter 4 characterises group algebras with strong Lie
derived length at most four and contains some generalised results too. Though
already generalised version of this exists in works like ([35],[34]), we have given an

independent proof of the strong Lie derived length four case.

Finally Chapter 5 contains problems which can be explored further in the future

based on our work.

Before we proceed with the detailed description of the main results, we give a

short survey of the basic concepts and notations in the next section.

1.2 Preliminaries

Let R be aring. An element u in R is called a unit if there exists an element v € R
such that uv = vu = 1. The set of all units in R form a group under multiplication
and is called the unit group of R. It is denoted by U(R).

TH-1512_10612306
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1.2.1 Some Well-known Group Theoretic results

All groups considered are finite. The following definitions can be found in [28].

Definition 1.1. Given two elements z,y in a group G, the commutator of x

and y is the element (z,y) = z 'y lzy € G.

More generally, a commutator of weight n > 2 is defined inductively by the

rule:

(Il, Zo, ... In) = ((‘Th T2, ... xn—l)a xn)

Given two subsets H and K of a group G, we shall denote by (H, K) the subgroup
of G generated by the set:

{(h,k):he H ke K}.

In particular, the group G’ = (G, G) is called the commutator subgroup or the
derived subgroup of G.

Lemma 1.2. Let H be a normal subgroup of a group G. Then, the factor group
G/H is abelian if and only if G' C H.

Definition 1.3. A group G is called solvable if it contains a chain of subgroups:
{1}:G0CG1C...CGTL:G

such that each subgroup G;_; is normal in G; and the factor groups G;/G;_1, 1 <

1 < n, are abelian.

A chain of subgroups of G with this property is called an abelian subnormal

series of (.

We define inductively:
GO — G, and G — (G(n—1)7g(n—1)>.
Definition 1.4. The decreasing series of subgroups

GO>5agW 5  oaW o .

TH-1512_10612306



Chapter 1. Introduction 6

is called the derived series of the group G. If the series terminates, i.e., if
G™ = {1} for some positive integer n then the smallest such integer is called the
derived length of G.

Theorem 1.5. A group G is solvable if and only if its derived series terminates.

Definition 1.6. The lower central series of a group G is the chain of subgroups
of G defined by:

nG) = G
7i+1(G) = (%u(G),G) Jori>1.

Definition 1.7. A group G is said to be nilpotent if v..;(G) = 1 for some c.

The least such c is the nilpotency class of G.
Theorem 1.8. Finite p-groups are nilpotent.
Definition 1.9. Let G be a group with subgroups H and K. We say that G is a
(internal) semidirect product of H by K and write G = H x K, if we have:
(i) G=HK = KH,
(i) HNK ={1},
(iii) H < G.
We can also construct an external semidirect product of two groups. Let H, K be
groups and assume that there exists a homomorphism f : K — Aut(H), where
Aut(H) denotes the group of automorhisms of H. Given elements h € H and

k € K we have that f(k) is an automorphism of H, so we can compute its value
on the element h € H. We shall denote the image of h under f(k) by h/*),

In the set of ordered pairs G = {(kz, h):he H ke K} we define a product by:

(ky, ha) ko, ha) = (kiks, haf 2 hy)

It is easy to see that G, with the operations above, is a group. This is an important

method of constructing new groups from given ones.

TH-1512_10612306



Chapter 1. Introduction 7

Definition 1.10. Let H, K be groups and assume that there exists a homomor-
phism f : K — Aut(H). Then, the group structure defined above on the set
G ={(k,h):h € H k € K} is called the (external) semidirect product of H
by K.

It is to be noted that H = {(1,h) ch € H} is a normal subgroup of G, K =
{(k,1) : k € K} is a subgroup of G and G = H x K. We shall not distinguish

between internal and external semidirect products.

Example 1.1. Dihedral group of order 2m.

Let H = {(a) be a cyclic group of order m and let K = (b) = {1, b} be a cyclic group
of order 2. To define f : K — Aut(H) we only need to give the value of f(b), so
we define it to be the automorphism of H given by a/® = a='. Then, we define
the dihedral group of order 2m to be the semidirect product D,, = (a) x (b).

Notice that D,, consists of all elements of the form {a't’ : 0 < i <m —1,j =
0, 1} and the following relations are satisfied a™ = 1,0* = 1,ba = a~'b. Clearly
| Dp| = 2m.

Geometrically, D,, can be defined as the group of isometries of the m-sided regular
polygon. In this case, a represents the rotation of angle 27w /m (i.e., the one rotating
each vertex one step to the next one) and b represents a reflection along the line

determined by the centre of the polygon and one of its vertices.

Definition 1.11. Let G be a finite group of order |G| = p"m where p f m. A
subgroup of G of order p” is called a Sylow p-subgroup of G.

Theorem 1.12 (Sylow). Let G be a finite group of order |G| = p™m, where p is

a prime integer which does not divide the positive integer m. Then:

(i) G contains Sylow p-subgroups and, moreover, every p-subgroup of G is con-

tained in a Sylow p-subgroup of G.
(i1) All the Sylow p-subgroups of G are conjugate in G.

(iii) If n, denotes the number of Sylow p-subgroups of G, then

ny, =1 (mod p).

Let O,(G) denote the maximal normal p-subgroup of G. We have the following

result.

TH-1512_10612306
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Lemma 1.13. If G/O,(G) is abelian, then G has a normal Sylow p-subgroup.

Proof. Let P be a Sylow p-subgroup of G such that O,(G) < P. Let z € P and
g € G. Since, G/O,(G) is abelian, we have G’ < O,(G). Therefore, z7 g7 zg €
O,(G), which implies that g~'zg € P for every x € P and g € G. Hence,
P4G. O

Theorem 1.14 (Schur-Zassenhaus). If G is a finite group, and N is a normal
subgroup of G whose order is coprime to the order of the quotient group G/N, then
G is a semidirect product of N and G/N.

The following can be found in ([11]). By a p’-element or a p’-automorphism of a

group G we mean an element or an automorphism of G whose order is not divisible
by p.

Theorem 1.15. If A is a p/-group of automorphisms of the p-group @Q, then
(Q,A,A) =(Q,A). In particular, if (Q, A, A) = {1}, then A = {1}.

Note that (Q, A) = {¢ '0.(¢q) | ¢ € Q and a € A}, where g, denotes the automor-
phism of @ corresponding to a € A.

Definition 1.16. Frattini subgroup of a group G is the intersection of all the
maximal subgroups of G. We denote it by ®(G). It has the following properties:

(i) ®(G) is the set of all non-generators of G.

(ii) ®(G) is a characteristic subgroup of G, that is, it remains invariant under

all automorphisms of G. In particular, it is always a normal subgroup of G.
(iii) If G is finite, then ®(G) is nilpotent.

(iv) The Frattini factor group P/®(P) of a p-group P is elementary abelian.
Furthermore, ®(P) = 1 if and only if P is elementary abelian.
(v) If H and K are finite, then ®(H x K) = ®(H) x ¢(K).

Example 1.2. An example of a group with nontrivial Frattini subgroup is the
cyclic group G of order p*, where p is a prime, generated by a, say. Here, ®(G) =

{a?).

The following is a well known result by Burnside.

Theorem 1.17. Let v be a p'-automorphism of a p-group P, which induces the
identity on P/®(P). Then 1 is the identity automorphism on P.

TH-1512_10612306
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1.2.2 Group Algebras

Next we come to the definition of group algebras which can be found in [32] and
[13].

Definition 1.18. Let G be a group and K a field. Denote by KG all the formal
sums » gseG @9, where only finitely many coefficients o, € K are nonzero. Clearly
two formal sums are equal if and only if all corresponding coefficients of group

elements are equal. Let us define the sum of x = deG agg € KG and y =
degﬁgg € KG as
x—iry:Z(ozg—l—ﬁg)g

geG

and the product of g € K and x as

B-r=z-B=> (Bagg.

geG

Then KG can be considered as a vector space over K and the elements of G form

a K-basis for KG. The multiplication of formal sums are defined as follows:

Ty =) (Z O‘hﬁlrlg)g'

geG  heqG

With these operations KG is an algebra over the field K which is called group
algebra (of the group G over the field K).

In the special case when K is a field of characteristic char(F) = p and G contains

an element of order p, KG is called modular group algebra.

Definition 1.19. Let . = 3
K@G. The subset {g € Glay # 0} of the group G is said to be the support of z.

a,g be a nonzero element of the group algebra

Definition 1.20. The homomorphism ¢ : KG — K given by

(L) =T

geG geG

is called the augmentation mapping of KG and its kernel

AG)={r € KG | e(x) =0}

TH-1512_10612306



Chapter 1. Introduction 10

is called the augmentation ideal of the group algebra KG.

Proposition 1.21. The set {g—1: g € G,g # 1} is a basis of A(G) over K.

Thus, we can write

A(G):{Zag(g—l):geG,g;él,ageK}

geG
where as usual we assume that only finitely many coefficients o, are nonzero.
Recall that an ideal I in a ring is said to be nilpotent if there exists a natural
number k such that I* = {d_z;...7; :2; € [} = 0 and its nilpotency index is

the least positive integer n such that [™ = 0. The following is an important result
by D.B.Coleman.

Theorem 1.22. Let K be a field of characteristic p > 0 and G is an arbitrary
group. Then the augmentation ideal A(G) of KG is nilpotent if and only if p > 0
and G is a finite p-group.

As a corollary of the above theorem we have the following result.

Corollary 1.23. If G has a finite normal p-subgroup P, where p is the character-
istic of K, then A(P)KG is nilpotent.

The next result is a very useful one.

Result 1.24. Let G be a finite p-group of order p*. Then the nilpotency index
of A(G) over a field of characteristic p is p* if and only if G is cyclic. Further, if
G = P, X Py x ...x P, where each P; is a cyclic subgroup of order p', t; € Z, for
i=1,2,...,k, then the nilpotency index of A(G) is (p"* +p2+...+p* —k+1).

Result 1.25. The following are important results concerning ideals in group al-

gebras.

(i) For any normal subgroup H of G the set
JH)={(h—1)z|h € Hyx € KG}
is a two-sided ideal of KG.

(ii) Clearly, J(G) coincides with A(G) and J(H) = A(H)KG.

TH-1512_10612306



Chapter 1. Introduction 11

(iii) Let T(G/H) be a transversal of the normal subgroup H in G. Then all the
elements of the form (h — 1)u, where 1 # h € H and v € T(G/H) form a
basis of the vector space J(H).

(iv) The isomorphism KG/J(H) = K(G/H) is valid, which is called the iso-

morphism theorem of group algebras.

1.2.3 Associated Lie Algebra of Group Algebras

Definition 1.26. Let (L, +) be a vector space over the field K and assume that

a second binary operation [a,b] is defined in L such that the following identities
hold in L for all a,b,c € L and o € K.

(i) ala,b] = [aa,b] = [a, ab];

(ii) [a+b,c] = [a,¢] + [b,c] and [a,b+ c|] = [a, b] + [a, c];
(iii) [a,a] = 0;

(iv) [[a, 0], c] + [[b,c],a] + [[c,a],b] =0
We say that L is a Lie algebra over the field K.

Let A be an associative algebra over the field K and x,y € A. The element
[z, y] = zy — yx will be called the Lie commutator of x and y. Let us introduce
in A the new operation [x,y] = 2y — yx. Then A is a Lie algebra with respect to

the operations + and [, ], which is said to be the associated Lie algebra of A.

For the sequence (z;) of elements of A we define the left n-normed Lie com-

mutator by induction as

[.’13'1,132, s 7xn] = [['rlax% s 7xn71]7xn]-

The following are useful identities:

[z, yz] = [z, 9]z + ylz, 2]; vy, 2] = aly, 2] + [, 2]y (1.1)

For units a, b,

la,b] = ba((a,b) — 1) = ((a_l,b_l) — 1)ba.

TH-1512_10612306
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For the subsets X, Y C A we denote by [X, Y] the additive subgroup generated by
all Lie commutators [z,y] with x € X and y € Y. The following properties hold:

o [X,Y] =V, X]
o [X,Y,Z] C[X,Y]Z+Y[X,Z]

o [XY,Z] C X[Y,Z] + X, Z)Y

for any X,Y, Z C A.

1.2.4 Series in the Associated Lie Algebra

As before let A be an associative algebra over the field K.

Definition 1.27. The Lie central series of A is defined as follows: let /1% (A) =
A and for n € N, n > 0, let y["*1(A) be the additive subgroup of A generated by
all Lie commutators z,y with # € y"/(A4),y € A, that is,

7HIA) = (A), Al (1.2)

Definition 1.28. The Lie derived series of A is defined as follows: let §1°/(A) =
A and for n € N, n > 0, let 6"*1(A) be the additive subgroup of A generated by
all Lie commutators x,y with z,y € §I"(A), that is,

0 HI(A) = [31(A), oM (A)). (1.3)

Clearly,
A=60A)DsMA)D...D0M ) D ... (1.4)

Definition 1.29. The strong Lie derived series of A is introduced: let §(A4) =
A and for n € N, n > 0, let 6"V (A) be the ideal of A generated by 6"*1(A
that is, the ideal of A generated by all Lie commutators [z,y] with z,y € 6 (A
So,

),
).
S (A) = [6™(A), 6™ (A)]A. (1.5)

Evidently,
A=560(4)D6M(A)D...D26MUA)D... (1.6)

TH-1512_10612306
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Note 1.30. It is easy to see that 6"(A) C 6 (A) for any n. But the equality does

not always hold.

Definition 1.31. We say that A is Lie solvable of derived length n , if
s (A) = 0 but §"~1(A) # 0. The Lie derived length is denoted by di.(KG).

A is said to be Lie nilpotent of class c, if y[*T1(A) = 0, but 419(A) # 0.

Similarly, A is said to be strongly Lie solvable of derived length n, if §((A) =
0 but 61 (A) # 0. The strong Lie derived length is denoted by di*(KG).

Note 1.32. Let a,b be elements of the unit group U of A. Then by the equality
(a,b) =1+ a"'b"'a,b], we can see that the m-th term of the derived series of U,
that is, U™, is contained in 14 0™ (A). Thus for the investigation of the derived

length of U, the strong Lie derived series provide an important tool.

TH-1512_10612306



TH-1512_10612306



Chapter 2

Commutativity of Group
Algebras with Units Satisfying
(UG, U =1

2.1 Introduction

An interesting problem is to relate structural properties of G with those of U(KG).
The conditions under which U is solvable was started independently in 1970s by
Motose and Tominaga ([26]) and Bateman ([25]) for finite groups. Further results
were given by Motose and Ninomiya ([27]), Bovdi and Khripta ([2], [1]) and Taylor
([10]). Finally, Passman in [12] gave necessary and sufficient conditions to have
U solvable when G is finite. The classification was completed for finite groups
by Bovdi [4].The complete set of necessary and sufficient conditions for U to be

solvable given by Bovdi are:

Theorem 2.1. Let K be a field of finite characteristic p, and O,(G) a mazimal
normal p-subgroup of the finite group G. Then the group U(KG) is solvable if and

only if one of the following statements holds:

(i) G is abelian.
(i1) G/O,(G) is abelian and K is a field of characteristic p.

(111) |K| = 2 and G/O,(G) is an extension of an elementary abelian 3-group A
by a group (b) of order 2, and bab = a™' for all a € A.
15
TH-1512_10612306
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(w) |K| = 3 and G/O,(G) is an extension of an elementary abelian 2-group A
by a group (b) of order 2.

(v) |K| = 3 and G is an extension of an abelian group A of exponent 4 by a
group (b) of order 2 and bab™ = a™! for all a € A.

(vi) |K| =3 and G/O,(G) is an extension of an abelian group A of exponent 8
by a group (b) of order 2 and bab = a® for all a € A.

(vii) |K| =3 and G/O,(G) is a direct product of the group
(a,bla* = b* =1, (ab)* = 1, (a, ba) = (a,bb) = 1)
of order 32 and an elementary abelian 2-group.

Necessary and sufficient conditions for U(K G) to be solvable have been given by
Bovdi ([4]) when the group G, not necessary finite, contains at least one element
of order p, where p is the characteristic of the field K. The natural question is to
ask about the derived length of U once it is assumed to be solvable. It seems quite
difficult to give a general formula for the derived length of U. Only a few results
have been proved. Shalev ([6]), Kurdics ([23]), Sahai and Chandra ([30],[31],[19]
and [20]) have investigated group algebras with units having derived length at

most two and three respectively over fields of finite characteristic.

Shalev gave the following result in [6].

Theorem 2.2. Let G be a finite group and let K be a field of characteristic p.

(i) If p > 3, then U is meta-abelian, that is, U® = 1, if and only if G is abelian.

(i1) If p =3, then U is meta-abelian if and only if G is either abelian or nilpotent
with |G'| = 3.

The description of finite groups for which U is meta-abelian was completed for
p = 2 by Coleman and Sandling in [8] and independently by Kurdics in [23]. Sahai
under similar assumptions as the result of Shalev, obtained necessary and sufficient
conditions for U to be centrally metabelian, that is, (U®,U) = 1 and U’ to be
nilpotent of class at most two, that is, (U®,U’) = 1 were given in [30] and [31]
respectively for odd characteristic. Finally Sahai and Chandra in [19] gave the
characterization of group algebras with units having derived length three. Their

result was as follows:

TH-1512_10612306
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Theorem 2.3. Let K be a field of characteristic p # 2,3 and let G be a finite non

abelian group. Then the following are equivalent.
(i) U®) =1;

(i1) p and G satisfy the following conditions:

(a) p=7, G = C; and 3(G) = 1;
(b) p =15, G' = Cs and either v3(G) = 1 or v,(G) = G’ for all n > 3 with

29 =z"" for allx € G' and for all g ¢ Ca(G').
The authors also characterized the same for characteristic three in [20].
Baginski in [7] gave the following result:

Theorem 2.4. Let K be a field of characteristic p, p > 2, and let G be a finite
p-group. If the derived subgroup G' of G is cyclic, then the derived length of U is
equal to [loga(|G'| +1)].

This result was extended by Balogh and Li ([36]) for an arbitrary group G with
cyclic derived subgroup G’ of p-power order (and p > 2). An easy consequence of

the theorem is the following result.

Corollary 2.5. Let K be a field of characteristic p, p > 2, and let G be a finite
nonabelian p-group. Then the derived length of U is not smaller than [log2(p+1)].
Finally Catino and Spinelli characterized group algebras over any torsion nilpotent

group in [16]. Their result was:

Theorem 2.6. Let KG be a group algebra of a torsion nilpotent group G over a
field K of positive characteristic p. Then derived length of U is [logy(p + 1)] if
and only if one of the following holds:

(i) G' has order p;

(1) p =2, and G’ is central of order 4 and exponent 2.

In this chapter we consider group algebras with unit group U which satisfies

(U®,U") = 1. Such U is obviously of derived length at most four, that is,

TH-1512_10612306
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U™ = 1. Lie algebraic properties of KG play an important role in our investiga-
tion. As mentioned in Chapter 1, for X, Y C K G, we denote by [X, Y] the additive
subgroup generated by all Lie commutators [x,y] = xy — yx, where z € X and
y € Y. Also, O,(G) stands for the maximal normal p-subgroup of G, and A(G)
denotes the augmentation ideal of the group algebra KG. For any two elements
x,h € G, 2" denotes the conjugation of = by h, that is, h~'zh. We denote the
Frattini subgroup of a group G' by ®(G), which is the intersection of all maximal
subgroups of G. It is well-known that ®(G) is a characteristic subgroup of G.
By a p/-element or a p’-automorphism of a group G' we mean an element or an
automorphism of G whose order is not divisible by p. All groups considered are

finite. Our main result for this chapter is as follows and can be found in [9]:

Theorem 2.7. Let K be a field of characteristic p > 17 and let G be a group of
odd order. Then G is abelian if and only if U satisfies (U®), U') = 1.

2.2 Useful Known Results

In this section we discuss a few important known results which provide useful tools

for the proof of our theorem.

This result can be found in ([33], Theorem 3.5)

Theorem 2.8. Let G be a group of order p®b and (p,b) = 1 and let K be a field
of characteristic p. Assume that G has a normal Sylow p-subgroup P. Then the
Jacobson radical J = J(KG) of KG is J = A(P)KQG.

Hence by the corollary of the theorem by Coleman (1.23) we know that J in the

above case will be nilpotent.

For any two elements =,y in KG, it is easy to observe that
zy—1 = (x—1)(y—1)+(x—-1)+(y—1). (2.1)

Let J be any ideal of KG and let x,y € KG be such that x—1 € J'andy—1 € J
for some 7, j > 0. Then it can be easily established using (2.1) that

(z,y) = 1+ [z,y] (mod JHT). (2.2)

TH-1512_10612306
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2.3

Main Result

Proof of Theorem 2.7

TH-1512_10612306

Necessary conditions:

Let G be a group of odd order. When G is abelian, the result follows trivially.

Sufficient conditions:

Let KG be the group algebra of a finite group G over a field K of charac-
teristic p > 5, such that, the unit group U = U(KG) satisfies the condition
(U®),U") = 1. Then U is solvable and according to Theorem 2.1, G/O,(G)

is abelian.

If G/O,(G) is abelian then O,(G) is a Sylow p-subgroup of G by 1.13. Let
P = O,(G). Now, |P| and [G : P] are relatively prime, hence by Schur-
Zassenhaus Theorem (1.14), we have G = P x H, where H is a p/-prime

subgroup of G. Also, by the above conditions, H is abelian.

Lemma 2.9. Let Char K =p > 11. Let G be a group of odd order. Suppose
that U satisfies (U®),U") = 1. Then G = P x H, where P is a p-group and

H is an abelian p'-group, where p' is odd.

Proof. We know from above that G = P x H, where P is a p-group and H
is an abelian p/-group. Also P < G. Since G is of odd order, we have p’ is
odd. We need to show that (P, H) = 1. We will show that if (P,H) # 1,

then we can construct nontrivial element in (U®), U").

We first assume that P is elementary abelian. Suppose, (P, h) # 1 for some
h € H. Then, h*> # 1, and (P,h) < P (as P < G) and hence (P, h)
is a p-group. Since h induces a p’-automorphism on P, by Theorem 1.15,
(P,h,h) = (P,h). Let L = ((P,h),h). Then L' = (P,h,h) = (P,h) and
(P,h) < L. So on replacing G with L if necessary, we may assume that
P = G = (P,h). By Theorem 2.8, the Jacobson radical J = J(KG) =
A(P)KG. Now, since (P, h) # 1, we can find x € P such that (z,h) # 1. Put
a=xz—1. Then u = 1+hais aunit in KG. Also, (z,h), (z,h)", (z,h?) € P.

By forming commutators of suitable elements in U, we obtain elements in
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U, U® and then in U®). Now consider u; = (u,h) € U’ and v; = (u,r) €
U’. Keeping in mind that x =1 (mod J), we have

= (uv h)

= 1+u'h u,h

= 1+ (1— ha)(ah — ha) (mod J?)
= 1+ah—ha (mod J2)

= 1+ ha((z,h) —1) (mod J?)

1+h((z,h)—1)  (mod J?) (2.3)

As G' = P, we use identity 2.2 to obtain the following:

v = (u,z) =

1+ [u, z] (mod J?)

1+ (z + hazr — x — zha) (mod J?)

1+ {h(x — 1)z — zh(x — 1)} (mod J?)

1+ (hx —zh)(x — 1) (mod J?)

1+ hz(1—(z,h)(z—1) (mod J?)
1—h((z,h)—1)(z—1) (mod J?) (2.4)

Next we consider us = (u1,z) and vy = (v1,x). Asz € P =G C U’, uy and

vy are in U@

ug = (uq, )

TH-1512_10612306

1+ [uq, ] (mod J?)

1+ {z+h((z,h) — 1)z — 2z —zh((z,h) — 1)} (mod J?)
1+ (he — zh)((z,h) — 1) (mod J°)

1+ hz(1 = (z,h))((z,h) — 1) (mod J?)
1—h((z,h)=1)*  (mod J?) (2.5)
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ve = (vy,2) = 1+ [vy, 7] (mod J*)
= 1+ {z—h((z,h) = 1)(z - 1)z
—z+zh((z,h) —1)(z — 1)} (mod J*)
= 1+ (zh— hx)((z,h) —1)(z — 1) (mod J*)
= 1+ ha((z,h) - 1)2(x —1) (mod J*)
1+ h((@,h) = 1) @—1)  (mod J*) (2.6)

Finally we obtain an element w = (ug,vy) in U®). We have

w = (ug,vs)
= 1+ [ug, v9) (mod J°)
= 1+us—Lw—1  (modJ°)
= 1+ {—n((z,h) = 1)°n((z,h) — 1)*(x - 1)
+h((z,h) — 1)@ = Dh((z,h) = 1)*}  (mod J%)
— 1+ h((z,h) = 1)*{(x — Dh = h(z — 1)} ((z,h) = 1)°  (mod J%)

= 1+ h((z,h) - 1) ha((z, h) — 1) (mod J°)
= 1+h((x h) ) ’h((z,h) =1 (mod J°)
= 14+ h*((z,h 1)2( (x, h) — 1) (mod J°) (2.7)

We now show that the element (w,z) in (U®),U’) is nontrivial. It suffices

to show that Vj = (w, z) is nontrivial modulo J*. Now,

i = (w,7)
= 1+ [w,z] (modJ")
= 1+ w—12] (modJ")
= 1 R () = 1) (@)~ 1)

—ah?((e, )" = 1)*((2,h) =)'} (mod J7)
= 1+ (h*z —zh®)((z,h)" — 1)2((35, h) — 1)3 (mod J7)
= 1+h%2(1— (2,h%)((z,h)" — 1)2((x, h) — 1)3 (mod J7)
= 1—h2((z,h%) = 1) ((z, )" = 1)*((z,h) = 1)’ (2.8)

Since P is elementary abelian, let P = P} X P, X ... X P, , where k > 1,
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each P, = C, ,1=1,2,...k and C, is a cyclic group of order p. Let x; be
the generator of P;, for i = 1,2,... k. Let

(.Q?, h2) = x1a1x2a2 c. l’kak
(z, )" = Pt b
(SL’, h) = I161I202 .. .I‘kck

where a;’s, b;’s and ¢;’s are integers such that 1 < a;,b;,¢; < p for every
1 = 1,2,... k, with at least one element in every set of a;’s, b;’s and ¢;’s
being greater than or equal to one but strictly less than p. Then Eq. 2.8 can

be written as:

Vi = (U),.Z') =1- h2($1a1x2a2 . xkak _ 1)($1b1$2b2 - xkbk > 1)2

(219257 .. 2% —1)>  (mod J')  (2.9)

Now by repeated use of identity 2.1 and working modulo J*, Eq.2.9 becomes

Vi =1-R{(@®:™—1)+ (@2 1) +...+ (@™ - 1)}
x{(@% — 1) + (22 — 1) + ... + (™ = 1)}?
X{(21% — 1) + (22 — 1) + ... + (z* — 1)}3 (2.10)

Now, whenever we have d € N, we can write:

2l 1l = (e=1D)(1+z+... +24
= @-D{1+(-D+D)+...+ (" -1 +1)}
= (x—1)(d+ Dy) where D; € A(P) C J
— (e-1D (211)
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If pfd, then D = (d+ D) is a unit in KG. With the help of this technique,
the second term in RHS of Eq.(3.8) can be written as:

x{(zy —1)By + (x5 — 1)By + ... + (x, — 1) By }?

= {(m — DA+ (22 — DAs+ ... + (21, — 1)Ak}

x{zk: z; — 1)2B;? +22 : —1)BiBj}

i=1 i,j=1
i#]

k
(z; = 1°C + 3> (2 —1)%(z; —1)C2Cy +

-

i=1 i,7=1
1#]
k
6 ) (2 — 1)(z; — 1) (2 — 1)C:C5C) (2.12)
i,5,0=1
igé#l

where all the A;’s, B;’s, C;’s, for i = 1,2, ...k, belong to KG with at least
one element in every set of A;’s, B;’s, C;’s, for i = 1,2,...k, is a unit in
KG@G. Now, by Theorem 1.24, nilpotency index of A(P) as well as J in this
case is (kp — k + 1). Let, if possible, Vi =1 (mod J7), that is , let M € J".
Let I ={1,2,...,k}. Let I, = {t € I| A; is a unit}, Iz = {t € I| B; is a unit}
and Ic = {t € I| C} is a unit}. Whenever there is an element ¢ in the in-
tersection of any of these sets, we apply a trick by adjusting the powers of
the element (z; — 1) to get an element contradicting the nilpotency index of

A(P). Now the following mutually exclusive cases may arise:

CASE (I) Ic N Ip # (. We consider the following mutually exclusive subcases:

(a) IcNIgNIqp#0D. Let r € Ic N Ig N I14. We examine the term

k

| (R T8
7
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and find that M € J7 would imply

AB2C? (2 — 1P Hag — 1P (2 — 1P € TR T = (0)

which is a contradiction to the nilpotency index of A(P), as A, B2C?

is a unit in KG.

IcNIgNIy=0. Pickme IoNIgand my € 14, som & I4. We

examine the term

(= 1) (@, =12 [ (@— 12 b

T
i£m,m g

and find that M € J7 would imply

A B2C3 (2 —1)P (2 —1)P7L (2, —1)P € JPF5 J7 = (0)

maA-—"m>~m

which is a contradiction to the nilpotency index of A(P), as A,,, B2 C?

ma~—m>—"m

is a unit in KG.

CASE (II) Ic N 1p = 0. Again, this has the following subcases:

(@) IcNIy#0. Pickl e IoNIyandlp € Ip,s0l & Ig and lp & Ic. We

examine the term

k
(w1 = P2y — 1P [ (@ =1 oM

i=1
i£llp

and find that M € J7 would imply

AB}CP (zy — 1P g — 1P (g, — 1)P € TR T =(0)

which is a contradiction to the nilpotency index of A(P), as 4B} C}

is a unit in KG.

(b) Ic N 14 = 0. This has the following subcases.
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(i) IgNIy # 0. Let n € IgN Iy, and ne € Ig, so n &€ Io and

ng € I, U Ig. We examine the term

k
(20 = 1P Mg =17 ] (ei— 17 M

=1
i#n,nc

and find that M € J7 would imply

AB2C3 (o — 1Pz — 1P (- 1)P € Jhkp—k=6 g7 _ (0)

n~"ngc

which is a contradiction to the nilpotency index of A(P), as A, B2C3

n>~"ng
is a unit in KG.

(ii) IgNIy =0, so that I4, I and I are pairwise disjoint. Let d € I4,
e € Ip and f € Io. Examining the term

k
(2 = 1P (we = Pz — 1P [ (@i= 1P pM
iAde.f
and find that M € J7 would imply

AgB2CE (11— 1)P Nag — 1P (e — 1P € J0 J7 = (0)

which is a contradiction to the nilpotency index of A(P), as AgBZC?

is a unit in KG.

Therefore, V; # 1 (mod J') , which implies that V] is a nontrivial element
in (U®, U") = 1, a contradiction to our given condition. So, when P is

elementary abelian, we get that G = P x H.

Now, let P be any p-group. Assume (P, h) # 1 for some h € H. As the
Frattini subgroup ®(P) is a characteristic subgroup of P, we have h®(P) =
®(P) and hence h induces an automorphism on P/®(P). Now P/®(P) is
elementary abelian (by 1.16). We have already proved that h induces the
identity automorphism on the elementary abelian group P/®(P). Hence by
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Theorem 1.17, h induces the identity automorphism on P as well. Hence we
get, G =P x H.

[]

Proposition 2.10. Let Char K = p > 17 and let G be a finite p-group such
that U satisfies (U®),U’) = 1, then G is abelian.

Proof. A finite p-group is nilpotent and torsion. If GG is non-abelian then by
Result 2.6, the derived length of U for p > 17 is [logy(p + 1)] > [log,(17 +
1)] =~ [4.16] = 5. Thus U can only satisfy (U®), U’) = 1, if G is abelian.

O

e Conclusion:
Combining lemma 2.9 and Proposition 2.10, we find that when CharK > 17
and G is a group of odd order such that U satisfies (U®),U’) = 1, then G is

abelian. Hence, Theorem 2.7 is proved.
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Chapter 3

Derived Length of Units and
Commutativity of a Group
Algebra

3.1 Introduction

In this chapter, we further extend our result obtained in the previous chapter.
Our result extends the result of Catino and Spinelli (Theorem 2.6) from torsion
nilpotent groups to groups for the case when derived length of U = U(KG) is four.
In chapter 2, we discussed a special case when (U®),U’) = 1 and G'is of odd order
using a combinatorial argument after considering several cases and subcases. In
the present chapter we resolve it completely for any G with U of derived length
four without any condition on the order of G. The present argument is far simpler
and in particular, it avoids the combinatorial argument altogether. Our main

result can be stated as follows:

Theorem 3.1. Let K be a field of characteristic p > 17 and let G be finite group.
Then G is abelian if and only if U satisfies UY = 1.

We also prove commutativity of the group G of odd order pm [(p, m) = 1] when
the derived length of the unit group U is small compared to the characteristic p
of the field K.

27
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Theorem 3.2. Let K be a field of characteristic p and G be any group of odd
order pm where m is co-prime to p. If the derived length of U is strictly less than

[log,(2p)], then G must be abelian.

We denote the Frattini subgroup of a group G by ®(G), which is the intersection
of all maximal subgroups of G. It is well-known that ®(G) is a characteristic
subgroup of G. We can easily extend theorem 3.2 to any group G of odd order
p"m with (p,m) = 1 provided the quotient of its p-Sylow subgroup by the Frattini
subgroup is cyclic.

Theorem 3.3. Let K be a field of characteristic p and G be any group of odd
order p"m where m is co-prime to p. Let P be a p-Sylow subgroup and ®(P) be

the Frattini subgroup of P. If the quotient P/®(P) is cyclic and the derived length
of U is strictly less than [log,(2p)], then G must be abelian.

3.2 Key Steps in the Proof of Theorem 3.1

We first consider the simpler case when G is a finite p-group. Then we briefly

outline the key steps that we are going to adopt when G is not a finite p-group.

G is a finite p-group

From the result of Catino and Spinelli we know that, if KG is a non-commutative
group algebra of a torsion nilpotent group G over a field K of positive characteristic
p such that U is solvable, then the derived length of U is at least [log,(p + 1)].
In our case KG is a group algebra such that Char K = p > 17 and G is a finite
p-group such that U satisfies U = 1. A finite p-group is nilpotent and torsion.
If G is non-abelian then by Catino and Spinelli’s result, the derived length of U
for p > 17 is [logy(p+1)] > [logy(17+1)] =~ [4.16] = 5. Thus U can only satisfy
U®W =1, if G is abelian.

G is not a finite p-group

Consider a group G which is not a p-group such that the group U of units in KG
satisfies U = 1 and char(K) = p > 17. We will proceed as follows.
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(i)

(i)

(iii)

(v)

(vi)

3.3

First we will show that G can be written as a semidirect product of P and

H where P is a p-group and H is an abelian p’-group.

Our aim is to then express G as a direct product of P and H. If not,
then there will exist an element A in H that will induce a non-identity p'-

automorphism on P.

When P is elementary abelian, we will show that the non-identity p’- auto-
morphism on P induced by h can be used to construct a non trivial element
in UW.

We will then reduce the argument for general P to the case when P is ele-

mentary abelian by exploiting the Frattini subgroup as follows.

When P is any p-group, let us assume (P, h) # 1 for some h € H. As the
Frattini subgroup ®(P) is a characteristic subgroup of P, we have h®(P) =
®(P) and hence h induces an automorphism on P/®(P). Now P/®(P) is
elementary abelian (by definition 1.16). Now, we have already proved that h
induces the identity automorphism on the elementary abelian group P/®(P).
There is a well known result by Burnside (Theorem 1.17) which states that
if ¢ is a p’-automorphism of a p-group P, which induces the identity on
P/®(P), then v is the identity automorphism on P.

Hence in our case, using the above result we conclude that A induces the

identity automorphism on P as well. Thus we get, G = P x H.

The fact that P will also be abelian now easily follows from the above subcase

regarding p-groups. Thus the sufficient part of the main result is proved.

The necessary part, that is, when G is abelian is a trivial case.

Proof of Theorem 3.1

In this section, we will provide proofs for the steps outlined in §3.2. In the first

subsection, we will show that G is a semi-direct product of a p-group P and an

abelian p/-group H. If that semi-direct product is not a direct product, then we

will construct a non-trivial element in U® = (U®) U®)) in the second subsection.

We may assume P to be elementary abelian as we indicated in §3.2.
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Proof of the fact that G is a semidirect product of a p-group

and an abelian p’-group

Let KG be the group algebra of a finite group G over a field K of characteristic
p > 5, such that, the unit group U = U(KG) satisfies the condition U® = 1.
Then U is solvable and according to Theorem 2.1, G/O,(G) is abelian.

So O,(G) = P, a Sylow p-subgroup. Now, |P| and [G : P] are relatively prime,
hence by Schur-Zassenhaus Theorem (1.14), we have G = P x H, where H is a
p’-prime subgroup of G. Also, by the above conditions, H is abelian.

Proof of the fact that G will be abelian

In this subsection we want to prove that G will be abelian, that is, G will be a
direct product the above p-group and the abelian p/-group. We first prove the

following lemma, which is the most crucial ingredient in establishing theorem 3.1.

Lemma 3.4. Let Char K = p > 17. Let G be a finite group. Suppose that
U = U(KG) satisfies UY = 1. Then G = P x H, where P is a p-group and H is

an abelian p'-group, where p' is odd.

We now outline the strategy for the proof of the above lemma. First observe that
we may assume P to be elementary abelian by 3.2 (iv). We know from the last
paragraph of §3.2 that G = P x H, where P is a p-group and H is an abelian
p/-group. Also P 4 G. We need to show that (P, H) = 1. We will show that if
(P,H) # 1, then we can construct nontrivial element in U®. Clearly it will be

enough to show non-triviality modulo a suitable power of the Jacobson radical J.

Construction of a nontrivial element in U® when (P, H) # 1

Note that by theorem 1.15, (P,H) = (P, H, H) and (P, H) < P as P is normal in

G. If (P,H) = (P,H, H) # 1, then there exists x € (P,H) C G’ and h € H such

that (z,h) # 1. In the rest of this section, we will show that (z,h) # 1 results in

a nontrivial element uy in U®. Let z; denote (m, h,h,... ,h), fori=1,2,....
—

i times
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As z —1 € A(P) is contained in Jacobson radical J, u =1+ h(x — 1) is a unit in

KG. We now proceed to form commutators of suitable elements in U and obtain
elements in U’,U®) U® and finally in U®. We first consider u; = (u,h) € U’

and v; = (u,2) € U’ and construct elements in U using u;, v,  and h. We

also keep track of their behavior modulo a suitable power of the Jacobson radical

J. We begin by observing u; and v; modulo J2.

Uy

As x —1¢€ J,

U1

=1

= 1

=k 1

1

(u,h) =1 +u'h[u, Al

+ (1= h(x—1))((z —1)h—h(z—1)) (mod J?)

+(x = 1)h—h(z—1) (mod J?)

+ ha((z,h) — 1)  (mod J?)

+h(zy — 1) (mod J?) (3.1)

we use identity 2.2 to obtain the following:

(u,2) =1+ [u,7] (mod J?)

1+ (z+h(xr—1)z—2—ah(xr—1)) (modJ?)

1+ (hx —zh)(x —1) (mod J?)

1+ ha(l — (z,h))(x—1) (mod J?)

1—h(x—1)(z1—1) (mod J?) (3.2)

Next we consider uy = (uy,x) and vy = (v, 7). Asz € (P,H) C G’ C U’, up and

vy are in U@, Their residual properties modulo J can be observed as follows.
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U2

= (u,2) =1+ [ug,z] (mod J?)

= 1+{x+h(r;— 1)z —2—2h(r; —1)

= 1+ (hx —xh)(zy —1) (mod J*)

= 1+hx(l—(z,h)(x; —1) (mod J*)

1— h(z; — 1) (mod J?) (3.3)

(vi,2) = 1+ [v, 2] (mod J*)

1—{h(z —1)(z; — 1)z — zh(z — 1)(z; — 1)

1+ (zh — hz)(x — 1)(x; — 1)  (mod J*)

1+ h(zy — 1Dz —1)  (mod J*) (3.4)
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Finally we obtain an element us = (ug,vs) in U®). We have

ug = (ug,v9) =1+ [ug,va] (mod J°)
= 1+{—h(x1 —1)*h(z; — 1)*(x - 1)
+h(zy — 1)* (@ — 1)h(z1 — 1)*} (mod J°)
= 1+4h(z1 —1)*{(z—1)h
—h(z — 1) }(z1 — 1)° (mod J°)
= 14 h(z; — 1)?hz(z; — 1)°  (mod J°)
= 1+ h*(2} - 1)2(1'1 — 1)3 (mod J°) (3.5)

With uy € U® C U’ and = € U’, we obtain wy = (up, ) € (U',U’) = U® and
v3 = (ug, wy) € (UP,UP) = UG, Noting that z, = 1 (mod J), we examine w,

and vz modulo powers of J.

Wy = (Ug,l‘)

1+ [1—h(z, — 1% 2] (mod J*)

= 1—hz(z, — 1)* + zh(z; — 1)* (mod J*)

1+h(z, — 1% (mod J*) (3.6)

vy = (ug2,ws)
= 1+[1l—h(z —1)%1+h(z —1)%] (mod J®)
= 1+h(x; — 1)*h(x; — 1) — h(z; — 1)*h(z; — 1) (mod J®)
= 1+h(x; —1)*{(z1 — Dh—h(z; — D)} (1 — 1)* (mod J°)
= 1+ h(z; — 1)°h((z1,h) — 1) (z1 — 1) (mod J°)
= 14+ h* " = 1)z — 1)(z1 — 1) (mod J°) (3.7)

From us € U®) C U® and uy € U, we obtain wy = (us, ug) € (U, U?) = UG

and view it modulo J&.

wsy = (us,usg)
= 141+l — 1) (2, — 1)1 = h(zy — 1)?
= 1+ h(zy — 1)2R2(2h — 1) (@ — 1) = B2 (2) — 1)* (2 — 1)3h(x1 —1)?
= 1+ {P*(z} = 1)*h(z} — 1)*(z1 — 1) — B*(2} — 1)* (21 — 1)°h} (21 — 1)
= 1+ {h’ o =12 = 12w — 1) = BB — 1)z — 1) g — 1)
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= 1+RmEY - 120" - D)o — 2f (@ — 1)
= 1+ 03 = 1)%(ah —1)%20 (1 — (21, h)) (21 — 1)?
1— 3l — 122 — 1)%(2y — 1) (21 — 1) (3.8)

Finally we construct uy = (vs,ws) in U“ and examine it modulo J'*. Note that
xe =1 (mod J).

ug = (v3,ws) =1+ [vg —1,wz —1]
= 14 B2l = 1) (21— 1) (w5 — 1), =R = 12" = 1221 — 1)* (25 — 1)]
= 1= h2(ah = 1) (2 — 1) (20 — DR — 1)@k — 1) (2 — 1)2(2, — 1)
R (a — 12 — 1) () — 1) (g — DR (2 = 1) (21 — 1) (22 — 1)
= 1= {R3(h = 1)%(x1 — 1) (s — DA (2" = 1)
—h (2} — 12 (2h = 1) (a1 — 1) (w2 — DA} (2] = 1) (@1 — 1) (2 — 1)
= 1 {n(a"" —1)*(a¥” 1?( D(?—U
—h (" = 1)@ — 1) () — 1)}
= 1-{n@E 1)@ —1)%(z
= 1 {B("" — 1)@ —1)*(z
(2" = 1)%(zy — D?(20 — 1
L— W@l — 1) — 1)@} — 1) (2 —1)(e} — 1)@ — 1)°(22 - 1)
(3.9)

— 1)}l = 1)1 — 1) (zz — 1)

1) @k - 2B (@h - D2 - 1) (22— 1)
1) Y2y (2o, h) — 1)B?
)

As 2" is a conjugate of z; and (z;—1) € J — J?, it follows that (z/" —1) € J—J2.
Further, x5 is an element of order p in P as x5 = (x1,h) = (x,h,h) = 1 would
imply 27 = (x, h) = 1 by an obvious application of theorem 1.15 with ) = (z) and
A = (h). We claim zo—1 ¢ J2. Suppose 3 = y{'ys*...y", where y1, ya, ...,y are
independent generators of P; for the elementary abelian group P = Py X Py X+ - - X P,
and e, e, ..., €, are integers such that 1 < e; < p for every 1 = 1,2,..., k, with
at least one e; being greater than or equal to one but strictly less than p. Now,

For any natural number d, we have

~D{I+ (=D +1D+...+ (@ =1)+1)}
1)(d + D) (where Dy € A(P) C J)

(z
= (z -
d(z —1) (mod J?) (3.10)
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With the help of 3.10, we can write zo — 1 = e;(y1 — 1) + ea(yp — 1) + -+ +
er(yr — 1) (mod J?). Without loss of generality, we can take y; to be the
generator such that yi* # 1, that is, 1 < e; < p. Now if we multiply the element
V= (y — 1P 2(yo — 1)P7L . (yr, — 1)P7! with 2o — 1, then we get V x (zy — 1) €
Jp=k=ly 2 = Jkp=k+1 — 10} as the nilpotency index of J is kp—k+1 by theorem
1.24 and corollary 1.23. But V x (zo—1) = ey (y1 —1)P Ny — 1)1 ... (yp—1)P7 =
{0} which contradicts the nilpotency index of A(P). Therefore, it follows that
(ry — 1) € J — J?. By the same argument, (x3 — 1) € J — J2. Therefore the
product on the right hand side in (3.9) belongs to J'* — J'3. Consequently by
(3.9), uy is nontrivial modulo J' which contradicts our assumption that U = 1.
Therefore, we can not have (z, h) # 1 which we have assumed for the construction
of uy. It follows that H must act trivially on P. Therefore, G must be a direct
product of P and H.

3.4 When the Derived Length of U is Smaller
than [log,(2p)]

In this section we will mention how we can prove theorems 3.2 and 3.3. Let p be
the characteristic of the field K and d be the derived length of the units U(KG).
As discussed in the beginning of §3.3, by theorem 2.1, we have G/O,(G) is abelian.
Again if G/0O,(G) is abelian then O,(G) is a Sylow p-subgroup of G by 1.13. Let
P = 0,(G). Now, |P| and |G : P] are relatively prime, hence by Schur-Zassenhaus
Theorem (1.14) we can conclude that G has a normal p-Sylow subgroup P and
G = P x H. Also we have H an abelian p’-subgroup of G. We are going to use
the following result by Balogh and Li (Lemma 2.3, [36]).

Result 3.5. Let G be a group with derived subgroup G’ = (u|u?" = 1), where
p is an odd prime, and let char(K) = p. Assume that the order of G/C, where
C = Cg(G")=centralizer of G’ in G, is divisible by an odd prime ¢ # p. Then the
derived length of U is greater than or equal to [logs(2p™)].

Note that C;(G’) is a normal subgroup of G since it contains G'.
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3.4.1 Proof of Theorem 3.2

Suppose G is of odd order pm where (m,p) = 1. Then the p-Sylow subgroup
P is cyclic of order p. We assume that the derived length d of U(KG) satisfies
d < [logy(2p)]. We want to show that G = P x H, i.e., (P,H) = {1}. If possible,
let (P,H) # 1. As P is normal in G, (P, H) is a subgroup of P and hence
(P,H) = P. Therefore, we have G' = (P, H) = P.

We now apply the result 3.5 to G and G’ = P. Let C be the centralizer of G, i.e.,
C={reG|zy=yx V y € G'}. Then h ¢ C and hC is a non-trivial element of
G/C. Let [ be the order of h, so [ is coprime to p. Then hC' is a nontrivial element
of order dividing [ in G/C and a suitable power of hC' gives an element of prime
order ¢ in G/C. As (I,p) = 1 and the order of G is odd, ¢ must be an odd prime
other than p. By result 3.5, we can conclude that the derived length of U(KG)
must be at least [logy(2p)]. But it contradicts our assumption that the derived
length of U(KG) is smaller than [log,(2p)]. Hence, we can not have (P, H) # 1

and the proof of the theorem is complete.

3.4.2 Proof of theorem 3.3

Assume that G is of odd order p"m, and the derived length d of U(KG) satisfies
d < [log,(2p)]. As before, the p-Sylow subgroup P of G is normal and G = P x H
where H an abelian p’-subgroup of G. By part (iv) of §2.2, it is enough to show
that the induced conjugacy action of H on the group P/®(P) is trivial. Now
P/®(P) is an elementary abelian group which is assumed to be cyclic in addition.
Therefore P/®(P) is cyclic of order p and by theorem 3.2, we know that the
conjugacy action of H on P/®(P) has to be trivial. Hence the conjugacy action
of H on P itself is trivial and G' must be abelian. [J

We conclude by observing that a group G of odd order with a cyclic p-Sylow
subgroup must be abelian if the derived length of U(K G) is smaller than [log,(2p)]
where p is the characteristic of the field K.
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Chapter 4

Strongly Lie Solvable Group
Algebras

Recall the discussions in section 1.2.3. A classical result of Passi, Passman and
Sehgal ([21]) says that when p > 2 and G is a non-abelian group, the group algebra
KG is Lie solvable if and only if KG is strongly Lie solvable. Unfortunately no
general formula to compute the Lie derived length di;(KG) is known, whereas it
is possible to give a more accurate estimate of dI*(K@G). Levin and Rosenberger
in ([17]) have completely characterised K G with dl;(KG) = 2. Sahai in ([29])has
characterised KG with dl,(KG) = 3. In fact as a consequence of results of Sahai
([29]) one has that

[logs (H(G') + 1)] < dI*(KG) < [loga(26(G)], (4.1)

where t(G') is the nilpotency index of the augmentation ideal A(G’). Sahai’s
characterization of KG with dI*(KG) = 3 was as follows:

Theorem 4.1. Let K be a field of characteristic p # 2 and let G be a group. Then
§C(KG) =0 if and only if one of the following holds:

(i) G is abelian.

(it) p="7, G' = C7 and y3(G) = 1.

(i) p = 5, G' = Cs and either v3(G) = 1 or v,(G) = G for all n > 3 with
29 =x"" for all x € G' and for all g ¢ Ca(G').

37
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(iv) p =3, G’ is a group of one of the following types:

(a) G/ = Cg.

(b) G = C3 x Cs and either v3(G) = 1 or 13(G) = Cs, w(G) = 1 or
(G) = G for alln > 3 with 29 = x=' for all x € G’ and for all
g ¢ OG'(G/)

(C) G' = 03 X 03 X 03, "yg(G) =1.

where the centralizer of a subset S of a group G is denoted by Cg(S), that is,
Ca(S)={g€G|sg=ygsVseS}

According to Theorem A of Shalev’s paper([5]), for a field K of characteristic p > 0
and a non-abelian group G, [logs(p + 1)] < diL(KG). Very simple calculations
allow to conclude that this lower bound holds true for the strong Lie derived length
of a group algebra as well ([32],[15]). Along this way, the group algebras whose
strong Lie derived length is exactly [logs(p+1)] have been characterised by Balogh
and Juhasz ([34],[35]). This was also proved independently by Spinelli ([14], [? ]).
The conditions for group algebras to have minimal strong Lie derived length given

by Balogh and Juhész in [35] was as follows:

Theorem 4.2. Let KG be a strongly Lie solvable group algebra of positive char-
acteristic p. Then dI*(KG) = [logs(p + 1)] if and only if one of the following

conditions holds:

(i) p=2 and G' is central elementary abelian subgroup of order 4;

(i1) G' has order p, G/Cq(G") has order 2™p", and the minimal integer d such
that s(d, m) > p satisfies the inequality 22 — 1 < p.

where for m >0, s(l,m) is defined as:

L i 1=0;
S(l’m) - 2S(l_ 1,771)-'-1, Zf 2m‘8(l_ 17m)7

2s(l —1,m), otherwise.

A simple consequence of all these results is:
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e For p > 13, there are no strongly Lie solvable group algebras of strong Lie
derived length 4. (by Shalev’s bounds or simple observation in [15]).

e For p € {11, 13} strongly Lie solvable group algebras of strong Lie derived
length 4 coincide with those of minimal strong Lie derived length (by [34],
[35]).

So the problem is reduced to characteristics p = 3,5, 7.

Now, in this chapter, we have given an independent proof of the characterization
of KG when dI*(KG) < 4 which does not involve Lie derived series of KG for
the cases p > 11. For the cases p = 3,5,7,11, we have given sufficient conditions
for KG to be strongly Lie solvable with strong Lie derived length 4. For p = 7,
we have given the necessary conditions also. Also we have given some generalized

results.

As mentioned in Chapter 1, for subsets X, Y of a group G, we denote by (X, Y) the
subgroup of G generated by all commutators (z,y) = z 'y lzy with z € X and
y € Y. The derived subgroups of G are defined as G = G, GV = G' = (G, G),
and G = (GUY GG-Y) for all i > 0. The lower central chain of G is defined by
M(G) = G, Y11(G) = (7.(G), G) for all n > 1. For any two elements z,h € G,
2" denotes the conjugation of x by h, that is, h='zh. Also, A(G) denotes the aug-
mentation ideal of the group algebra KG. All groups considered are finite. Our
main results in this chapter are as follows, where theorems 4.3 and 4.4 (I), (I1) are
already existing results as mentioned above but proved independently. Theorems
4.4 (I11) and 4.5 are new results.

Theorem 4.3. Let K be a field of characteristic p > 13 and let G be a group.
Then §W(KG) = (0) if and only if one of the following holds:

(i) G is abelian.
(i) p=13, G' = C13 and 3(G) = 1.

Theorem 4.4. Let K be a field of characteristic 7 < p < 11 and let G be a group.
If W (KG) = (0) , then one of the following holds:

(I) G is abelian.
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(II) p =11, G' = Cy1 and either v3(G) = 1 or v,(G) = G’ for all n > 3 with
29 =1 i=1,3,4,59, Vg €q.

(III) p =7, then G’ is any one of the following:
(a) G' =
(b) G'=C7 x C7 = (x) X (y) and one of the following holds:

(1) 13(G) = 1.

(it) 13(G) = C7 with 14(G) = 1.

(iii) v (G) = G', for alln > 3 such that for all g € G\Cs(G’), 29 € (z)
and y? € (y) and also Cg(x) = Ca(y).

Theorem 4.5. Let K be a field of characteristic 3 < p <11 and let G be a group
and any one of the following holds.

(1) G is abelian.

(i) G' is cyclic with |G'| < 11 and y3(G) = 1.
(111) v.(G) = G for all n > 3 such that

(a) G is cyclic with G' = (x), x # 1,
(b) |G'| <11, and

(c) Cq(z) has index 2 in G, i.e., for all g & Ca(G'), 29 = x*, for some fized
i, where 1 < i < o(z),

then 6W(KG) = (0).

4.1 Background

In this section we discuss a few important known results which provide useful
tools for the proof of our theorem. We first state the complete set of necessary
and sufficient conditions for K'G to be Lie solvable, given by Passi, Passman and

Sehgal ([21]). We say a group G is p-abelian, if G’ is a finite p-group.

Theorem 4.6. Let KG be the group algebra of G over the field K with charac-
teristic p > 0. Then
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(i) KG is Lie nilpotent if and only if G is p-abelian and nilpotent;
(i1) for p # 2, KG is Lie solvable if and only if G is p-abelian;

(i11) for p =2, KG is Lie solvable if and only if G has a 2-abelian subgroup of

ndex at most 2.

The following two results were proved by Sahai ([29], Remark 2.1 and Lemma 2.2
and the paragraph before these).

Result 4.7. When Char K > 3, then

(i) 6W(KG) = [KG, KGIKG = A(G"KG.

(i) 6(KG) = [A(G)KG, A(G)KGIKG
= A(G"KG + AG)PKG + Alys(G)A(G)KG + A(G)A(75(G))KG.

(iii) if G" is central, then 0 (KG) = A(G')*KG.
(iv) if 15(G) = &, then 6@(KG) = A(G')2KG.

Result 4.8. For all s > 1, s € N, A(G)*'KG C §®)(KG) C A(G’)Qs_lKG,

The following are very useful identities.

For 517 52,91,92 € KG)

0102 [91,92} = [5191, 5292] - [51, 5292]91 - [51917 52]92 + [51, 52]9192- (4-2)

For g, h € G, we can write

lg7 ' ) =h{(h,g) —1}g7"y  [g.h "] =g{l— (g, h)}n". (4.3)

As for a prime p, (—1)?7°C; =1 (mod p), another useful observation is that

(z—1)Pt=14a+.. . +aP! in F,[z]. (4.4)
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4.2 Main Results

Some Useful Results

We first prove the following propositions:
Proposition 4.9. If (G',G) = 13(G) = G, then for CharK # 2, A(G')KG C
SO(KG).

Proof. By Result 4.7, part (444), when (G', G) = G, then 6®)(KG) = [A(G')?KG,
A(G')?KG]KG. By Result 4.7, A(G")KG = |[KG, KG|KG. Using Eqn. 4.2, for
all 81,0, € A(G")? and gy, g» € G, we have:

A(GYKG = A(G)*A(G)’AGHKG
= AG)A(GYKG,KGKG
C [A(G)’KG,A(G)KG|KG =§%(KG)

Hence, we have, A(G')°KG C 6®)(KQG).

Proposition 4.10. For CharK # 2, A(v3(G))A(G')’KG C §®(KG).
Proof. By Result 4.7, we know that A(13(G))A(GKG, A(G')’KG C §?(KQG).

It is known that A(G')KG = [KG, KG]KG. Using Eqn. 4.2, for all 6, €
A(13(G)A(G), 6, € A(G")? and gy, g2 € G, we have:

A(1s(G)A(G)KG

A((G)AG)AG ) AG)KEG

= A(7s(G)A(GHA(G[KG, KGIKG
[A(3(G)A(GYKG, A(G'KG|KG

§IKQG), 6P (KG)KG =¥ (KG)

(73(G)
(713(G)

N

N

Hence, we have, A(y3(G))A(G')°KG C §®(KG).
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Proposition 4.11. When G’ is central, that is, when (G',G) =1, for CharK #
2, and the nilpotency index t(G') of A(G') greater than n, we have:

[A(G")"KG,A(G)"KG|KG C A(G')*" ™ KG (4.5)

Proof. Let x1,22,...,%0,Y1,Y2,---,Yn € G'. Then for g,h € G, (x; — 1)(xg —
D.ooo(xn =g, (y1 — D(y2— 1) ... (yn — 1)h € A(G')"KG. Now,

(21 = D)(x2 = 1) o (@0 = 1)g, (11 — D(y2 — 1) . (yn — 1)1]

= (@1 = D(x2=1) .. (2 = Dglyr = V(2 — 1) ... (yn — DA
W —D2=1) .. (g = Dh(zr — 1)(z2 = 1)... (z, — 1)g

= (1= 1) (@ =)y =1) ... (g — 1)gh

) (@ =1 —1)...(yo — Dhg

=@ —1)...(x,— D)1 —1)...(yo — 1)(ghg 'h™' = 1)hg

e A(G)KG.

Thus, this result can be extended over the whole group algebra K'G and our desired

result is proved. O

The above proposition can be extended to get the following result.

Lemma 4.12. For CharK # 2, and the nilpotency index t(G') of A(G") greater

than n, we have

[A(G)'KG,A(G)'KG]KG C A(G,G)A(G)*" 'KG +
A(GA(G,G)A(G)"2KG + - - -
-+ AG)TIAG, G)KG
+A(G"MKG + A(G"A(G)" *KG
FA(G)AGA(G) P KG
 REEER + A(GHY*"2A(GMKG.

Proof. Let x1,z2,...,%0,Y1,Y2,---,Yn € G'. Then for g,h € G, (x; — 1)(xg —
D.ooo(xn =g, (y1 — D(y2— 1) ... (yn — 1)h € A(G')"KG. Now,
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(21 = D)(x2 = 1) (20— 1)g, (11 — D(y2 = 1) . (yn — 1)1]

= (21— D(@a— 1) ... (xn — Dglys — D)(ge — 1) (yn — 1)k

— (= D= 1) (g — Dhler = Dz — 1) (2, — D)y
—{ @ =1 @ = Vgl = D= 1) (o — D

(@ =1 (2 — Dy — Dglya — 1) ... (yo — 1A

(= 1) (2 — Dy — Dglya — 1) ... (ya — 1)h

(21— 1) (@ — D = D(ys — 1)g... (yo — Dh

(1= 1) (20— D — 1) . (ynos — Dg(yn — DA
—(xl—1)...($n—1)(y1—1)...(yn—1)gh}

+{@ =1) (o =D — 1) (g — gh
—(xl—l)...(mn—l)(?h—1)...(yn—1)hg}

+{e = 1) = DAGE = 1) (g = 1)g

— (1= 1) .. (2pey — Dh(z, — D@t —1)... (4" = 1)g

+ (21 = 1) .. (2pey — Dh(z, = D =1)... (4" = 1)g

— (21 —1)... (2peg — Dh(zp_1 — D(zn — (" =1)... (" — 1)g
(x1 — Dh(za —1) ... (2, — Dr —1)... (" = 1)g

(@1 = 1) (@ = DL = 1) (W = 1)}

@ =)@ = D = 1) — Dhg

— (T =)@l = D - D =Dy = 1) (g — 1hy
+ (@ =)@ =D - D@ =)~ 1) (g — Dhg

— (@ =)@, - D - D@k = Dl = D (y2 — 1)y — Dhg
P )@ =Dy —1) .. (yn — 1)hg
)@ =D —1) .. (yp — 1)hg

1

=) ot = D = 1) @B = D — (e — 1
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=1 oo = Dl = Dy — Dl =1 (@ = 1)hg
— (= Dy = 1) oo (yn — Dh(xy — (22— 1) ... (2, — 1)g} (4.6)

Now for ¢ = 1,...,n, the first n-pairs of terms of Eqn. 4.6 are of the form:

(21— 1) (e — D — 1) (i — Dglys — 1) ... (yn — DA
— (=1 (@ =Dy —1) . (yimr = Dy — g (Yo — DA
=@ -1 (@ =D —1) . i1 — DIg, 4l (i1 — 1) .. (yn — DA
(@1 = Deelwn = Dl = Degios = Dgwi ((v1:9) = 1) (01 = ey = DA
€ AG)"A(G)TIA(G, G)A(G)"KG (-G'2G,(G,G)DG).

The next one, i.e., the (n+ 1) term: (2, —1)... (2, — ) —1) ... (yn — 1)(gh —
hg) € A(G)*"KG, KGIKG C A(G")*"KG. Again in the same way it can be

shown that the next n-pairs of terms for : = 1,...,n, which are of the form:

(w1 —1)... (o1 — Dh(z; — 1) .. (2, — D= 1) ... (" = 1)g
— (1 —1) .. (e — V(2 — Dz — 1) .. (2 — D) = 1) ... (4" = 1)g
e A(G)TA(G, G)A(G)" " A(GN"KG.

Finally, the last n*-pairs can similarly be shown to be contained in A(G")A(G')*" 2K G
+ A(GHA(GMA(G)*"BKG+...+ A(G)*2A(G")KG using the fact that G” <
G' 9 G. Thus, this element can be extended over the whole group algebra KG

and our desired result is proved.

Proof of Theorem 4.3

§ Necessary conditions:

We have 6 (K G) = (0). As strong Lie solvability implies Lie solvability, therefore,
by Theorem 4.6, we have G’ is a finite p-group as char K # 2. Let |G'| = p’.
Putting n = 4 in Result 4.8, we get A(G")PKG C 0 (KG) = (0) C A(G")*KG.
So we get. A(G")PKG = (0). Hence, the nilpotency index t(G’) of A(G’) is less

than or equal to 15. We consider the following cases:

TH-1512_10612306



Chapter 4. Strongly Lie Solvable Group Algebras 46

Case (i) When Char K=p > 17:
In Theorem 1.24, putting p > 17, we get, 16[ + 1 < ¢t(G’) < 17" But
t(G") < 15. Therefore, [ must be 0. So, for p > 17, |G'| = 1. Hence, G

is abelian.

Case (ii) When Char K=p = 13:
Again, in Theorem 1.24, putting p = 13, we get, 12/ + 1 < #(G") < 13,
As t(G") < 15, we must have [ = 0 or [ = 1. Now, [ = 0 again implies
that G is abelian. When [ = 1, for p = 13, we have |G’| = 13. Hence,
G' = (3.

Now, when G is abelian, we are through. So we discuss the non-abelian case.
Claim: G’ is central, i.e., 13(G) = (G',G) =

Let if possible, (G', G) # 1. Since, G' = C13 and G’ C (G', G), we have (G',G) =
G'. Therefore, by Proposition 4.9, we have A(G')°KG C §®)(KG). Let G' = (),
where o(z), order of z, is 13 and (z—1)'? = 1+z+22+- - -+2'2 = & in KG by (4.4).
Hence, for any g € G, we have, (v —1)°, (z — 1)°¢7! € A(G')°KG C §®(KG).
Hence, [(z —1)%, (z — 1)°¢7'] € [6®(KG),C(KG)|KG = §W(KG) = (0). So,
making use of the fact that for z,y € G, [t —1,¢7'] = [z,¢97'] and (4.3), we have:

0 = [(2~=1)7°(—1)¢"]
= (-1 "= (- 1)59‘1(1’ =)
= (e-D{(z-1g7" —g (= - 1)}
Ha =1 {z-Dlg =gz -}z - 1)
= @-1[r-1Lg "+ @D {@- 1o -1g7"
R CE VR CE Vs TCER I EE )

= (z—1)"[z, g7+ (@@= 1%z, 97 ](z - 1)

+(x — 1)5{(x — 1)z —1,¢97 '] +{(z—1)%g""

g7 (e =1’} - D f (e - 1)

= (z—1)° [x,g_l] + (z —1)® [m,g_l] (x—1)+ (z — 1)7[1,9_1] (x — 1)

e —1)° x {(x — [z —1,g7Y]

HE=Dg " =g - D} -1} x (@ = 1)°
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= (—1)°z, g7+ @@=z, [z = 1)+ (z = 1)z, "] (z — 1)°
+(z =1z, (= 1)’ + (z — 1)° [z, g7 | (z — 1)*
= —a{@=D){(e.9) - g + (o= D¥{(z.9) ~ 1}y M@= 1)
o= 1){(z,9) = 1}g (@ = 1) + (& = D*{(z,9) — 1}~z = 1)°

(o =1 (5,9) ~ 1}~ (= 1)'}
= —a{(@=D){(@.9) = 1} + (@ = D¥{(w,9) ~ 1}(a* - 1)
(o = ) {(@,9) = 1}@* = 1) + (@ = )*{(w,9) — 1}(a* = 1’
(@ = 1){(w,9) ~ 1}a? = )} (4.7)

That is, finally

(2= D*(z,9) =1} + (@ = D*{(z,9) = 1} — 1) + (& = 1) {(2,9) — 1}(2* = 1)*
+ (@ = D)(@,9) —1}@ — 1)’ + (@ = 1)*{(2,9) — 1}(2* = 1)* =0 (4.8)

Now, (z,9) € G' = C3. Let (x,9) = 2%, where k € N; 1 < k < 11, as k = 12
would imply 2 t¢ twg = 2%, ie., g-'lazg = 2! = 1, which means z = 1, a
contradiction to our assumption. Also, #9 = g 'xg = z**!. Substituting (z, g) =

2% and 29 = 28! in Eq. 4.8, we get:

0 = (z—1°" 1)+ (z - 183" — 1) (=" - 1)

= (-0 +z+.. +251
X{l—l—(1+x+...+xk)(2—|—x—|—...+xk)
—i—(l—l—x—l—...—|—:vk)3(2+x—|—...+xk)}
= (-0 +z+... +2*
X{l—i—(1+x—|—...+xk)<1—|—(1—1—33—1—...—I—xk)2)(2—|—x+...—|—xk)}
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Now, multiplying Eq. 4.9 by (z — 1)?, we get:

F(1+x+... +a2Fh

X {1+(1+x—|—...+xk)<1+(1—|—x+...—i—ack)2>(2—|—x+...+a:k)}:0
or, {1+ (k+1)(1+ (k+1)*)(2+k)}& =0

ie., k(k'+5k+10k* +10k+5) =0  in K. (4.10)

Now, there is no k € N such that k* + 53 + 10k% + 10k + 5 is divisible by 13 .
So k = 0. Hence, (z,g9) = 2° = 1. But g was an arbitrary element of G. Hence
(x,g9) = 1 for every g € G. Thus, (G',G) = 1, i.e., G' is central. We have thus
proved that when 6 (KG) = (0), then for any field K with characteristic 13, G’

is central.

§ Sufficient conditions:

Case (i) When G is abelian, then clearly 6 (K G) = (0).

Case (ii) When Char K = 13 and G’ = (43 with 13(G) = (G',G) = 1 and
|G’ = 13, then by Result 4.7(iii), we have /@ (KG) = A(G')*KG.
Thus,
§O(KG) = [6P(KG),6?(KG)KG = [A(G’KG,A(G)KGIKG C
A(GKG. Also, as G' = O3, we get t(G') = 13, and so, A(G)¥KG =

(0). Hence, using Proposition 4.11, we have

SW(KG) = [POKG), P (KG)KG C [AGYKG,AG)KGIKG
C AGBKG = (0)

Hence, for this case too, 0 (K G) = (0).

Hence, Theorem 4.3 is proved.
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Proof of Theorem 4.4

(1)

(1)

TH-1512_10612306

When §®(KG) = (0) and char K = p = 11:

Proceeding in the same way as in the proof of the necessary part of The-
orem 4.3, using Result 4.8 we find that 6¥(KG) = (0) will imply that
A(GYPKG = (0) and so we get t(G') < 15. Suppose |G'| = p'. So
putting, p = 11, in Theorem 1.24, we have 10/ + 1 < #(G’) < 11%. So, we
must have [ = 0 or [ = 1. Now, [ = 0 again implies that G is abelian.
When [ = 1, for p = 11, we have |G’| = 11. Hence, G’ = CY;.

Again, when G is abelian, we are through. So we discuss the non-abelian

case.

Claim: Either G’ is central i.e., y3(G) = 1 or 7,(G) = G’ for all n > 3
with 29 = 2%, i = 1,3,4,5,9, Vg € G.

Let G' = (z), where o(z) is 11. If G’ is not central, then 73(G) = G’
and hence by Proposition 4.9, A(G'°KG C 6®(KG). Let (z,9) = z*,
where k € N; 0 < k<9, as k = 10 would imply 2~ g tag = 29, ie.,
g 'xg = 2" = 1, which means x = 1, a contradiction to our assumption.
If we start with [(z — 1), (z — 1)°97!] = 0 and proceeding exactly as in
the p = 13 case, we get:

{1+ (k+1)(1+(k+1)*)(2+k)} =0
or, k(k*+5k>+10k*+10k+5)=0  in K.
or, k(k—2)(k—-3)(k—4)(k—8) =0  in K. (4.11)

3

This gives k =0 or 2 or 3 or 4 or 8. Thus (z,g9) = 1 or 2% or 23 or z* or

28, That is, 29 = 2%, i = 1,3,4,5,9, Vg € G, as desired.

When 6§ (KG) = (0) and char K =p =T:

Again, we proceed in the same way as the necessary part of Theorem 4.3
and obtain ¢+(G’) < 15. Suppose |G’| = p!. Putting p = 7 in Theorem
1.24, we have 6 + 1 < t(G’) < 7. So, we must have [ = 0 or [ = 1 or
[ = 2. Now, [ = 0 again implies that G is abelian. When [ =1, for p =7,
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we have |G| = 7. Hence, G’ = C7. When [ = 2, t(G’) has to be 13 for
characteristic 7, as a group of order p? is always abelian and the other
choice for a group of order 72 would be Cy9 which will give t(G') > 15.
Hence, G' = C7; x C5.

Claim: G' = C7 or G' = C7 x C7 = (x) x (y) and either 3(G) = 1 or
v3(G) = C; with 74(G) = 1 or 7, (G) = G, for all n > 3 such that for all
g€ G\ Cq(G), 29 € (x) and y? € (y) and also Cg(z) = Ca(y).

(a) We have already seen that G’ can be Cf.

(b) So let us discuss the case when G' = C; x C7. So 73(G) = (G',G)
can be 1 or C7 or G’ = C7 x C7. Now let us discuss these three cases
separately.

(i) When v3(G) = 1, we are through.

(ii) When v3(G) = Cr, let 13(G) = C7 = (2). Let y € G'\3(G). By,
Proposition 4.10, A(y3(G))A(G')°’KG C §®(KG). Therefore,
forallg e G, (z—1)(y—1)°¢g ' and also (2 —1)(z — 1)} (y—1) =
(z—1)°(y — 1) € §®(KQG). So,

0 = [(z=Dy—1)°9"(z—1)°(y = 1)]
= -DE-0¢'-1Fy-1)~(-1%y~-1°%"
= =D -D{q'C-D’F-D)-(-1)’F-1)g"}
= (-1-1°
X3 (y—D(z =1 = (y—1)g (= 1)°

Hy =19 'z —1)° —(y=1)(z - 1)g ' (z — 1)
Hy—D-g (-1 = (y-1)(z - 1)’ (2 = 1)°
Hy -1 -1 (=1 = (y—1)(z = 1)°g (= 1)°
Hy -1 (-1 = (y—D(z =19 (z = 1)
- D=1 -1 = (y = 1)z - 1)}

= (-1 -1

X{y((y,g) —1)(2* =1)"g""

+(y—1Dz((z,9) — 1) (27 — 1)49_1
Hy = 1)(z = De((z.9) = 1) (= = 1)°g"
Hy —1)(z = 1%5((2,9) — 1) (2" = 1)’
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(iii)

+(y—1)(z— 1)32((2,g) — 1) (zg — 1)9‘1
Hy =1z = 1)*2((2,9) - 1)9*1} (Using 4.3.)

Now, (y,9) € (G",G) = 73(G). As, A(y3(G))" = (0), so (2 —
1)((y,9)—1) (z9—1)5 = 0. So the first term of the above equation
becomes zero. As (z,9) = 27129 € 3(G) = Oy, let (z,9) = 2*,
where k € N; 1 < k <5, as k = 6 would imply 27 1g tzg = 25,
i.e., g7'zg = 27 = 1, which means z = 1, a contradiction. Also,
29 = g-lzg = 2**L. Substituting (z,g) = 2* and 29 = 2**1 and
(=1 =2=1+2+...+ 25 in the remaining terms of the

above equation, we are left with:

0 = (y—1)°%z—-152(1+2+... 42"
x{(1+z+...-|-zk)4+(1+z+...+zk)3
+(1+z+...+z’“)2+(1+z+...+z’“)+1}g*1
= (-1 +24+...+25
X{(1+z—|—...+zk)4—|—(1+z+...+zk)3

+(1-I—z-l—...+zk)2+(1+z+...-|—zk)+1}

= (y—D%Z{A+k)*'+Q+k)>+(Q+k)>+(1+Fk) +1}
= k(k*+5k® + 10k* + 10k +5)(y — 1)°(z — 1)°
(4.12)

Now, k* + 5k% + 10k* + 10k +5 # 0 in K for any k € N, as
71 k* +5k% +10k? + 10k + 5. So k = 0. Because if k # 0, then
(y —1)5(2 — 1)5 = 0 which is impossible as nilpotency index of
A(G') in this case is 13, and this is a contradiction to the fact
that y & v3(G). This shows that v3(G) is central, i.e., 74(G) = 1.
When v,(G) = G’ for all n > 3. Let 13(G) = G' = C7 x C7 =
(x) x (y). Let g € G such that g ¢ C(G"). By Proposition 4.9,
A(G'YKG C ¥ (KG). So, (z —1)°, (z — 1)°97" € §O(KQG).

Therefore,
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0 = [(z—1)° (z— 1)
= (@-1)"% " (@ -1’9z - 1)°
= —(z—1)°(a* —1)°g"" [+ (@ =1 =0]

We get, (z — 1)°(z9 — 1) = 0. As t(G') = 15, we must have
x9 € (x) for all g € Ce(G'). Similarly, it can be proved that
y9 € (y) for all g & C(G’) with the help of the elements (y —1)°
and (y—1)°g~t. Now, let g € Cg(x), but g € Ca(y), ie., 29 =x
but y9 # y. Now, (x—1)(y— 1)L, (x—1)*(y—1) € ¥ (KG).

So,

0 = [(z=D—-1" @@= "y~ 1)
= (-Dy-Dig@-D'(y-1)-(z-1)°(y-1)g¢"
= -D-D)'E" -1 ' y-1)—(@=—-1)0°@Fy—-1)0°g"
_ (ZE P 1)5(y - 1)4 [g—l7y} [ x!] — I]
= (e=1°(y—D'((y,9) —1)g™"
= (z—-1%y—1)° [ (y,9) =y 'y € ().

This contradicts the fact that y & (z). So we must have y? = y.
Similarly it can be shown that whenever g € Cg(y), then g €
Ce(y). This shows that Cg(z) = Ca(y).

Hence Theorem 4.4 is proved.

Proof of Theorem 4.5
Case (i) When G is abelian, then clearly 6 (KG) = (0).

Case (ii)) When Char K # 2 and G’ is cyclic with v5(G) = 1 and |G’| < 11, then
by Result 4.7 (iii), we have 6@ (KG) = A(G")}KG. Thus, §®)(KG) =
[6@(KG),6@(KG)KG = [A(G')KG, A(GKGIKG
C A(G")KG@G. Also, as |G| < 11, we get t(G’) < 11, and so, A(G")BKG
= (0). Hence,
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SW(KG) = [P¥(KQG),s®(KG)KG
A(GSKG,A(G")°KG|KG
A(GHYBKG = (0)

N

N

(Using Proposition 4.11.)

Hence, for this case too, 0 (KG) = (0).
Case (iii) We first prove the following proposition.

Proposition 4.13. If (G',G) = 13(G) = G, and G' is cyclic with
G = (z), x # 1 and |G'| > 5 such that Cg(x) has indezx 2 in G, i.e.,
forall g & Cq(G"), x9 = 2, where i is fived and 1 < i < o(x), then for
CharK # 2, §®(KG) = A(G")°KG = (v — 1)°KG.

Proof. By Result 4.7 (iv), we know that when (G',G) = G’, then
§@(KG) = A(G")*KG. Here G’ = (x) where v # 1 and t(G’) > 5. So,
A(G"Y"KG = (z — 1)"KG for positive integer n < 5. So, §®(KG) =
[(z — 1)2KG, (z — 1)2)KG]. Now, for g,h € G\ C(G'), and using the
fact that [a,b — 1] = [a, b] for a,b € G

)
) 1
P’g(x = 1h = (z —1)*gh
)igh = (x = 1)'hg + (x — 1)'hg — (z — 1)’h(z — 1)g
)*h(z —1)g — (z —1)*h(z = 1)
= (x = 1)%[g,2](x = Dh + (z — 1)°[g, 2] + (z — 1)"[g, ]
+ (2 = 1)°[z, hlg + (v — 1)*[2, h)(z — 1)g

— (- 1)4((9—1, ) = 1)hg+ (@ = 1)*((g7,27") = 1)agh

(= 12((g7"a™) = 1)a(e” ~1)gh

3((:1: L h™ 1) ) e 1hg
(0= 12((@n) = 1) (@ = 1)hg (4.13)

Now, let (g7, A7) = 27, where j is a positive integer, 1 < j < o(z),
as it belongs to G’ = (z). So, (¢, h) =1 =2/ =1 = (z — 1)X;,
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say, where X; = 1+ x + ...2771. According to the given conditions,
grg~t = hzh™' =2’ So, (¢ at) —1=gzglat —1=alz' —1=
gt —1=(—-1)Xoand (z7,h!) —l=zhath ' —1l=az27" - 1=
' — 1 = —2'7(x — 1) X5, where i is fixed with 2 < i < o(z), and
Xy =142+ ...2°72. Putting all these in Eqn. 4.13, we get

[(z —1)%g, (& — 1)%A]
= (z— 1)°X1hg + (v — 1)* Xozgh + (z — 1)' Xou (X, + 2" *)gh
— (z = 1)*xXohg — (x — 1)*2X2(Xs + 2" g
= (z = 1)°Xihg + (z — 1)*2Xs(gh — hg)
+ (z — D)* 2 Xo(X5 + 27 (gh — hg)
= (z = 1)°X1hg + (z — 1)° X120 Xohg + (z — 1)° X120 Xo(Xo + 2" )hg
€ (x—1)°KG

So, we get 6@ (KG) C A(G")°KG = (z —1)°KG. The reverse contain-
ment has been proved in Proposition 4.9. Hence, for the above case,
§O(KG) = (z — 1)°KG. O

Now, let us return to proving part (i7i) of Theorem 4.5. Let 7, (G) =
G' = (x) # {1} for all n > 3 with |G’| < 11 and with the condition
if g € Co(G'), then 29 = 2, where i is fixed and 1 < i < o(z). So,
A(GY"KG = (x — 1)™KG, for some positive integer m. First, let us
assume |G’| < 8. Then, by Result 4.8, §(KG) C (z — 1)*KG = (0).
So, (K@) = (0).

Now, let 8 < |G’| < 11. Hence for this case, by Proposition 4.13,
I(KG) = A(G')KG. So, dW(KG) = [A(G')°KG,A(G')°KG]KG.
Let g,h € G\ Ce(G'), then

= (r—1)" )h 1)

4 (o= 1) — 1) — (2 — 1)7g(z — 1

+(z—1)"g(z = 1)°h — (z — 1)°g(z — 1)*h

+ (x — 1)%(x — 1)*h — (z — 1)?g(x — 1)h

+(z - 1)?g9(x — )h — (z — 1)gh + (x — 1)*gh — (z — 1)'°hg
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+(x — 1)3(37}171 —1) 4 (z - 1)4}hg

oz — 1)10((9—1, W) — 1) hg

(4.14)
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Now, let (gfl, hil) = 27, where j is a positive integer, 1 < j < 11, as
it belongs to G' = (z) = C,,, with 8 <m < 11. So, (g7, h™) -1 =
2/ —1 = (x—1)X,, say, where X; = 1 +z+...+ 2771, Hence the term
(x — 1)10((9_1, ) — 1) hg in Eqn. 4.14 becomes (x — 1)" X hg = 0
as 8 < o(x) < 11. According to the given conditions, (gil,xfl) —1=
grglat—l=ar7'—1=z""-1=(z—1)Aand (z7',h7!) - 1=
che'h™ ' —1l=zz7"—1=2""—1=—2"""(z — 1)A, where i is fixed
with 1 < i < o(z), and A = 1 + 2 +...2" 2 Also, (2" — 1)k =
(:139_1 - 1)k = (' — 1)* = (z — 1)* Ay, where A, = (1 + 2+ ... 27k,
where k € N. Putting all these in Eqn. 4.14, we get

(& — 1)°g, (& — 1)°h]
= (z — 1)°Az(z — )*{As + A3 + Ay + A1 + 1} gh
—(z = 1)%Azx(z — 1)*{As+ A3 + Ao+ A + 1} hg
= (z—1)"°X(gh — hg) where X:Ax{A4+A3+A2+A1+1}
= (z — D" XX hg (- 8<t(G) <11)
=0

Thus, we get for the above case, d*(KG) = (0). Hence, Theorem 4.5

is proved.

Thus the question remaining for this problem is what the necessary conditions will
be for a strongly Lie solvable group algebra to have strong Lie derived length 4

over fields of characteristic 3 and 5.
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Chapter 5

Future Work

Based on our work in the thesis, a few problems can be looked into in the future.

The following question is the remaining part of our work in Chapter 3.

» What will be the structure of K G over fields of characteristic p < 17 with units
having derived length four?

» Whether all our results can be extended to any torsion group?

As our work contains ideas for generalizing the problem of characterizing group
algebras having units of derived length n, our ideas can be utilized to answer the

following very important questions.

» What will be the minimum derived length of U for group algebras of any given

finite non-abelian group ?

» Finally complete the above problem by investigating whether the result can be

extended to any infinite group also?
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Appendix A

Publication and Manuscripts

(i) D.Chaudhuri and A.Saikia. On group algebras with unit groups of derived
length at most four. Publ. Math. Debrecen, Vol 86, 39-48, 2015.

(ii) D.Chaudhuri and A.Saikia. On the derived length of units in group algebra.
Czechoslovak Mathematical Journal (To Appear).

(iii) D.Chaudhuri and A.Saikia. On group algebras with strong Lie derived length

at most four (Communicated).

59
TH-1512_10612306



TH-1512_10612306



Bibliography

[1] A.A.Bovdi and I.I.Khripta. Group algebras of periodic groups with solvable
unit groups. Math. Zametki., 22:725-731, 1977.

[2] A.A.Bovdi and I.Khripta. Finite dimensional group algebras having solvable
unit groups. Trans. Science Conf. Uzhgorod State University, 15:227-233,
1974.

[3] A.A.Bovdi and J.Kurdics. Lie properties of the group algebra and the nilpo-
tency class of the group of units. J. Algebra, 212:28-64, 1999.

[4] A.Bovdi. Group Algebras with a solvable group of units. Comm. Algebra,
33:3725-3738, 2005.

[5] A.Shalev. The derived length of Lie soluble group rings I. J. Pure Appl.
Algebra, 78:291-300.

[6] A.Shalev. Meta-abelian unit groups of group algebras are usually abelian. J.
Pure Appl. Algebra, 72:295-302, 1991.

[7] C.Baginiski. A note on the derived length of the unit group of a modular
group algebra. Comm. Algebra, 30:4905-4913, 2002.

[8] D.B.Coleman and R.Sandling. Mod 2 group algebras with metabelian unit
groups. J. Pure Appl. Algebra, 131:25-36, 1998.

[9] D.Chaudhuri and A.Saikia. On group algebras with unit groups of derived
length at most four. Publ. Math. Debrecen, 86:39-48, 2015.

[10] D.E.Taylor. Groups whose modular group rings have soluble unit groups.
Lectures Notes in Mathematics, 573:112-117, 1977.

[11] D.Gorenstein. Finite Groups. Harper and Row, 1989.

61
TH-1512_10612306



Bibliography 62

[12] D.S.Passman. Observations on group rings. Comm. Algebra, 5:1119-1162,
1977.

[13] D.S.Passman. The Algebraic Structure of Group Rings. Wiley-Interscience,
1977.

[14] E.Spinelli. Group Algebras with minimal strong Lie derived length. Canad.
Math. Bull., 51:291-297, 2008.

[15] F.Catino and E.Spinelli. A note on strong Lie derived length of group algebras.
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat., 10:83-86, 2007.

[16] F.Catino and E.Spinelli. On the derived length of the unit group of a group
algebra. J. Group Theory, 13:577-588, 2010.

[17] F.Levin and G.Rosenberger. Lie metabelian group rings. North-Holland Math.
Stud., 126:153-161, 1986.

[18] G.T.Lee, S.K.Sehgal, and E.Spinelli. Group Rings with Solvable Unit Groups
of Minimal Derived Length. Algbr. Represent. Theory, 17:1597-1601, 2014.

[19] H.Chandra and M.Sahai. Group algebras with unit groups of derived length
three. J. Algebra Appl., 9:305-314, 2010.

[20] H.Chandra and M.Sahai. On Group algebras with unit groups of derived
length three in characteristic three. Publ. Math. Debrecen, 82:697-708, 2013.

[21] 1.B.S.Passi, D.S.Passman, and S.K. Sehgal. Lie solvable group rings. Can. J.
Math., 25:748-757, 1973.

[22] J.Kurdics. Engel properties of group algebras. I. Publ. Math. Debrecen,
49:183-192, 1996.

[23] J.Kurdics. On group algebras with metabelian unit groups. Periodica Math-
ematica Hungarica, 32:57-64, 1996.

[24] J.Kurdics. Engel properties of group algebras. II. Ring Theory (Miskolc,
1996).,J. Pure Appl. Algebra, 133:179-196, 1998.

[25] J.M.Bateman. On the solvability of unit groups of group algebra. Trans.
Amer. Math. Soc., 157:73-86, 1971.

TH-1512_10612306



Bibliography 63

[26] K.Motose and H.Tominaga. Group rings with solvable unit groups. J.
Okayama Univ, 15:37-40, 1971.

[27] K.Motose and Y.Ninomiya. On the solvability of the unit groups of group
rings. J. Okayama Univ, 15:209-214, 1972.

[28] C.P. Milies and S.K. Sehgal. An Introduction to Group Rings (Algebras and
Applications). Kluwer Academic Publishers, 2002.

[29] M.Sahai. Lie solvable group algebras of derived length three. Publ. Math.,
39:233-240, 1995.

[30] M.Sahai. Group algebras with centrally metabelian unit groups. Publ. Math.,
40:443-456, 1996.

[31] M.Sahai. On Group algebras KG with U(KG)" Nilpotent of Class at most 2.
Contem. Math., 456:165-173, 2008.

[32] T.Juhész. On the derived length of Lie solvable group algebras. Publ. Math.
Debrecen, 68:243-256, 2006.

[33] W.S. Yoo. The structure of the radical of the non semisimple group rings.
Korean J. Math., 18:97-103, 2010.

[34] Z.Balogh and T.Juhész. Lie derived lengths of group algebras of groups with
cyclic derived subgroup. Comm. Algebra, 36:315-324, 2008.

[35] Z.Balogh and T.Juhdsz. Conditions for groups whose group algebras have
minimal derived length. Annales Mathematicae et Informaticae, 37:13-20,
2010.

[36] Z.Balogh and Y.Li. On the derived length of the group of units of a group
algebra. J. Algebra Appl., 6:991-999, 2007.

TH-1512_10612306



	Declaration of Authorship
	Certificate
	Abstract
	Acknowledgements
	Contents
	Symbols
	1 Introduction
	1.1 An Overview
	1.2 Preliminaries
	1.2.1 Some Well-known Group Theoretic results 
	1.2.2 Group Algebras 
	1.2.3 Associated Lie Algebra of Group Algebras
	1.2.4 Series in the Associated Lie Algebra


	2  Commutativity of Group Algebras with Units Satisfying  (U(3),U')=1
	2.1 Introduction
	2.2 Useful Known Results
	2.3 Main Result

	3 Derived Length of Units and Commutativity of a Group Algebra 
	3.1 Introduction
	3.2 Key Steps in the Proof of Theorem 3.1
	3.3 Proof of Theorem 3.1
	3.4 When the Derived Length of U is Smaller than "4264306 log2(2p)"5265307 
	3.4.1  Proof of Theorem 3.2
	3.4.2 Proof of theorem 3.3


	4 Strongly Lie Solvable Group Algebras
	4.1 Background
	4.2 Main Results

	5 Future Work
	A Publication and Manuscripts
	Bibliography

