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Abstract
Department of Mathematics

IIT GUWAHATI

Doctor of Philosophy

On Units in Group Algebras

by Dishari Chaudhuri

The aim of this thesis is to study the relation between the derived length of the

group of units in a group algebra of a finite group over a field of finite characteristic

and the commutativity of the group. We have mostly studied group algebras with

their unit groups having derived length at most four and proved their commuta-

tivity when the characteristic of the field p ≥ 17. We also prove commutativity of

G when the derived length of U is smaller than dlog2(2p)e under certain additional

hypothesis. As the derived length of the group of units is related to the strong Lie

derived length of the group algebra, we have studied group algebras with strong

Lie derived length at most four as well.
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Chapter 1

Introduction

1.1 An Overview

Group algebras are very interesting algebraic structures. At the beginning of the

20th century an algebraic structure consisting of a group and a field appeared in

the works of G. Frobenius which was used for the observation of the representations

of finite groups. Their prominence grew when T. Molien, I. Schur and H. Maschke

also worked considerably on these structures during that time. In the period of

1927-1929, E. Noether and R. Brauer established the importance of these algebraic

constructions by pointing out the central role they play in group representation

theory. E. Noether named this algebraic construction as group algebra in 1930’s.

Group rings in general are involved in the studies of the theory of fields, linear

algebra and algebraic number theory. They are also related to algebraic topology,

homological algebra and algebraic K-Theory. In the last few decades they have

also found applications in algebraic coding theory. Hence, the theory of group

rings provides a subject where many branches of algebra come to a rich interplay.

We denote by KG the group algebra of a group G over a field K.

Group algebras, after 1930’s, were not so much observed for themselves but for the

possibilities of their applications in representation theory and algebraic topology,

etc. Group algebras played a vital role in the works of W. Magnus regarding

lower central series of free groups. Again I. Kaplansky’s works on ring theory

brought group algebras over infinite groups into focus in 1960’s. Newer directions

in research were evolved due to several characterisation theorems proved during

this period. Several survey articles were published which helped in the formation

1
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Chapter 1. Introduction 2

of this new branch of mathematics. The study of the ring theoretical properties

of group algebras is now at the most advanced level. Significant results on their

unit groups are known as well. Many researchers took interest in the units of

group algebras because of their vivid topological applications and then again,

after the description of simple groups in terms of finite p-groups. The study of

modular group algebras , that is, group algebras over fields of finite characteristic

p with the underlying group having at least one element of order p, was started by

S.A. Jennings in 1940’s. But as the solution of every single problem required the

elaboration of a new method, the results came very slowly. In some interesting

cases the unit group has such a high order that even the present day computers

are not capable enough to deal with them.

The structure of a group algebra can be associated to a Lie algebra after introduc-

ing the usual bracket operation. In general it is very difficult to determine a unit in

a group algebra. So finding out its inverse as well as computation of commutators

of the unit group is not an easy task. But investigation of the Lie properties of a

group algebra led to the discovery of certain relations between the underlying unit

group and the associated Lie algebra in 1980’s. The so called Lie commutator of

an element can be determined without the knowledge of the inverse of that ele-

ment. Considering the results connected to the series which are constructed with

the help of Lie commutators we can have conclusions about the corresponding

series of the group of units, for example, derived series, upper and lower central

series, etc. This method was first applied by A.A. Bovdi and I.I. Khripta ([1]) in

1977 who obtained that the unit group of group algebras is solvable if and only if

the group algebra is Lie solvable under the assumptions that the characteristic p

of the field is greater than three and the basic group is nonabelian and if it is a

non-torsion group, then its p-Sylow subgroup is infinite. Lie methods were used by

A.A. Bovdi and J. Kurdics for the investigation of derived length, the nilpotency

class and the Engel length of the group of units ([3],[22],[24]).

The investigation of necessary and sufficient conditions for the solvability of the

group of units independently, that is, without results regarding the correspond-

ing Lie series dates back to the 1970s with the works of J.M.Bateman and D.S.

Passman ([25], [12]). However, Lie properties of group algebras were extensively

used for obtaining these results. A lot of work has been done on this context

with a complete solution of the problem being given by A. Bovdi ([4]) in 2005.

As a consequence we know that for group algebras of finite groups over fields of

TH-1512_10612306



Chapter 1. Introduction 3

characteristic p > 3, the unit group of the group algebra is solvable if and only if

either the underlying group G is abelian or G/Op(G) is abelian, where Op(G) is

the maximal normal p-subgroup of G.

We denote the multiplicative group of units of KG by U(KG) = U . Another

interesting problem is to relate structural properties of G with those of U . The

natural question is to ask about the derived length of U once it is assumed to be

solvable. It seems quite difficult to give a general formula for the derived length

of U . Only a few results have been proved. A. Shalev ([6]), J. Kurdics ([23]), M.

Sahai and H. Chandra ([30],[31],[19] and [20]) have investigated group algebras

with units having derived length at most two and three respectively over fields of

finite characteristic. C. Bagiński [7] showed that if G is a finite nonabelian p-group

such that G′ is cyclic, then the derived length of U is dlog2(|G′| + 1)e, where dre
denotes the minimal integer not smaller than r for a real number r. This result

was extended by Z.Balogh and Y.Li for an arbitrary group G with cyclic derived

subgroup of p-power order p > 2 in [36]. From these results it easily followed that

if G is a torsion nilpotent nonabelian group, then the derived length of U is at

least dlog2(p+ 1)e. Finally F. Catino and E. Spinelli characterized group algebras

over any torsion nilpotent group for which this lower bound is attained in [16].

The same for infinite groups was given recently by G.T. Lee, S.K. Sehgal and E.

Spinelli in [18].

The analogous problem of finding the structure of G for a fixed Lie derived length

of KG still remains open. F.Levin and G.Rosenberger in ([17]) have completely

characterised the necessary and sufficient conditions for a group algebra over fields

of finite characteristic to have Lie derived length at most two. M.Sahai in ([29])has

given the full description of the strongly Lie solvable group algebra KG with strong

Lie derived length at most three and shown that strong Lie derived length of the

group algebra is at most three if and only if its Lie derived length is at most three

when the characteristic of the field is greater than or equal to seven. Notable

works on strong Lie derived length were done by T. Juhász ([32]), F. Catino and

E. Spinelli ([15]). Eventually the group algebras whose strong Lie derived length is

exactly dlog2(p+1)e have been characterised by Z. Balogh and T. Juhász ([34],[35]).

We have dealt with the problems of characterising group algebras whose unit

groups are solvable having derived length at most four as well as group algebras

with strong Lie derived length at most four. Let G′, G(2) and G(3) denote the first,

second and third terms in the derived series of a group G.

TH-1512_10612306



Chapter 1. Introduction 4

Our first problem in Chapter 2 assumes that the unit group U of the group

algebra satisfies the relation (U (3), U ′) = 1, that is, U belongs to the class of

groups having derived length four. It is well known ([16]) that if G is a torsion

nilpotent abelian group and K is a field of positive characteristic p, then the

derived length of the unit group of the corresponding group algebra is at least

dlog2(p + 1)e. Our first result extends this statement for groups of odd order for

the case when characteristic of the field is greater than or equal to seventeen. The

proof of this result is combinatorial in nature and contains ideas that might be

generalised. The result has been published in [9].

The second problem in Chapter 3 deals with the case of units having derived

length four with the most natural conditions, that is, U (4) = (U (3), U (3)) = 1.

The elements involved are quite large and difficult to compute with. But we have

simplified them as much as possible. In this chapter we resolve it completely for

any G with U of derived length four without any condition on the order of G.

Also the method of the proof followed is much simpler as we avoid combinatorial

argument altogether and this is a much stronger version of our first result in

Chapter 2. We also prove commutativity of G when the derived length of U is

smaller than dlog2(2p)e under certain additional hypothesis.

Our third problem in Chapter 4 characterises group algebras with strong Lie

derived length at most four and contains some generalised results too. Though

already generalised version of this exists in works like ([35],[34]), we have given an

independent proof of the strong Lie derived length four case.

Finally Chapter 5 contains problems which can be explored further in the future

based on our work.

Before we proceed with the detailed description of the main results, we give a

short survey of the basic concepts and notations in the next section.

1.2 Preliminaries

Let R be a ring. An element u in R is called a unit if there exists an element v ∈ R
such that uv = vu = 1. The set of all units in R form a group under multiplication

and is called the unit group of R. It is denoted by U(R).
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1.2.1 Some Well-known Group Theoretic results

All groups considered are finite. The following definitions can be found in [28].

Definition 1.1. Given two elements x, y in a group G, the commutator of x

and y is the element (x, y) = x−1y−1xy ∈ G.

More generally, a commutator of weight n ≥ 2 is defined inductively by the

rule:

(x1, x2, ..., xn) =
(
(x1, x2, ..., xn−1), xn

)
.

Given two subsets H and K of a group G, we shall denote by (H,K) the subgroup

of G generated by the set:

{
(h, k) : h ∈ H, k ∈ K

}
.

In particular, the group G′ = (G,G) is called the commutator subgroup or the

derived subgroup of G.

Lemma 1.2. Let H be a normal subgroup of a group G. Then, the factor group

G/H is abelian if and only if G′ ⊂ H.

Definition 1.3. A group G is called solvable if it contains a chain of subgroups:

{1} = G0 ⊂ G1 ⊂ . . . ⊂ Gn = G

such that each subgroup Gi−1 is normal in Gi and the factor groups Gi/Gi−1, 1 ≤
i ≤ n, are abelian.

A chain of subgroups of G with this property is called an abelian subnormal

series of G.

We define inductively:

G(0) = G, and G(n) =
(
G(n−1), G(n−1)

)
.

Definition 1.4. The decreasing series of subgroups

G(0) ⊃ G(1) ⊃ . . . ⊃ G(n) ⊃ . . .

TH-1512_10612306



Chapter 1. Introduction 6

is called the derived series of the group G. If the series terminates, i.e., if

G(n) = {1} for some positive integer n then the smallest such integer is called the

derived length of G.

Theorem 1.5. A group G is solvable if and only if its derived series terminates.

Definition 1.6. The lower central series of a group G is the chain of subgroups

of G defined by:

γ1(G) = G

γi+1(G) = (γi(G), G) for i ≥ 1.

Definition 1.7. A group G is said to be nilpotent if γc+1(G) = 1 for some c.

The least such c is the nilpotency class of G.

Theorem 1.8. Finite p-groups are nilpotent.

Definition 1.9. Let G be a group with subgroups H and K. We say that G is a

(internal) semidirect product of H by K and write G = H oK, if we have:

(i) G = HK = KH,

(ii) H ∩K = {1},

(iii) H C G.

We can also construct an external semidirect product of two groups. Let H,K be

groups and assume that there exists a homomorphism f : K → Aut(H), where

Aut(H) denotes the group of automorhisms of H. Given elements h ∈ H and

k ∈ K we have that f(k) is an automorphism of H, so we can compute its value

on the element h ∈ H. We shall denote the image of h under f(k) by hf(k).

In the set of ordered pairs G =
{

(k, h) : h ∈ H, k ∈ K
}

we define a product by:

(k1, h1)(k2, h2) = (k1k2, h1
f(k2)h2)

It is easy to see that G, with the operations above, is a group. This is an important

method of constructing new groups from given ones.

TH-1512_10612306



Chapter 1. Introduction 7

Definition 1.10. Let H,K be groups and assume that there exists a homomor-

phism f : K → Aut(H). Then, the group structure defined above on the set

G =
{

(k, h) : h ∈ H, k ∈ K
}

is called the (external) semidirect product of H

by K.

It is to be noted that H =
{

(1, h) : h ∈ H
}

is a normal subgroup of G, K ={
(k, 1) : k ∈ K

}
is a subgroup of G and G = H o K. We shall not distinguish

between internal and external semidirect products.

Example 1.1. Dihedral group of order 2m.

Let H = 〈a〉 be a cyclic group of order m and let K = 〈b〉 = {1, b} be a cyclic group

of order 2. To define f : K → Aut(H) we only need to give the value of f(b), so

we define it to be the automorphism of H given by af(b) = a−1. Then, we define

the dihedral group of order 2m to be the semidirect product Dm = 〈a〉o 〈b〉.

Notice that Dm consists of all elements of the form
{
aibj : 0 ≤ i ≤ m − 1, j =

0, 1
}

and the following relations are satisfied am = 1, b2 = 1, ba = a−1b. Clearly

|Dm| = 2m.

Geometrically, Dm can be defined as the group of isometries of the m-sided regular

polygon. In this case, a represents the rotation of angle 2π/m (i.e., the one rotating

each vertex one step to the next one) and b represents a reflection along the line

determined by the centre of the polygon and one of its vertices.

Definition 1.11. Let G be a finite group of order |G| = pnm where p - m. A

subgroup of G of order pn is called a Sylow p-subgroup of G.

Theorem 1.12 (Sylow). Let G be a finite group of order |G| = pnm, where p is

a prime integer which does not divide the positive integer m. Then:

(i) G contains Sylow p-subgroups and, moreover, every p-subgroup of G is con-

tained in a Sylow p-subgroup of G.

(ii) All the Sylow p-subgroups of G are conjugate in G.

(iii) If np denotes the number of Sylow p-subgroups of G, then

np ≡ 1 (mod p).

Let Op(G) denote the maximal normal p-subgroup of G. We have the following

result.

TH-1512_10612306
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Lemma 1.13. If G/Op(G) is abelian, then G has a normal Sylow p-subgroup.

Proof. Let P be a Sylow p-subgroup of G such that Op(G) ≤ P . Let x ∈ P and

g ∈ G. Since, G/Op(G) is abelian, we have G′ ≤ Op(G). Therefore, x−1g−1xg ∈
Op(G), which implies that g−1xg ∈ P for every x ∈ P and g ∈ G. Hence,

P EG.

Theorem 1.14 (Schur-Zassenhaus). If G is a finite group, and N is a normal

subgroup of G whose order is coprime to the order of the quotient group G/N , then

G is a semidirect product of N and G/N .

The following can be found in ([11]). By a p′-element or a p′-automorphism of a

group G we mean an element or an automorphism of G whose order is not divisible

by p.

Theorem 1.15. If A is a p′-group of automorphisms of the p-group Q, then

(Q,A,A) = (Q,A). In particular, if (Q,A,A) = {1}, then A = {1}.

Note that (Q,A) = {q−1σa(q) | q ∈ Q and a ∈ A}, where σa denotes the automor-

phism of Q corresponding to a ∈ A.

Definition 1.16. Frattini subgroup of a group G is the intersection of all the

maximal subgroups of G. We denote it by Φ(G). It has the following properties:

(i) Φ(G) is the set of all non-generators of G.

(ii) Φ(G) is a characteristic subgroup of G, that is, it remains invariant under

all automorphisms of G. In particular, it is always a normal subgroup of G.

(iii) If G is finite, then Φ(G) is nilpotent.

(iv) The Frattini factor group P/Φ(P ) of a p-group P is elementary abelian.

Furthermore, Φ(P ) = 1 if and only if P is elementary abelian.

(v) If H and K are finite, then Φ(H ×K) = Φ(H)× Φ(K).

Example 1.2. An example of a group with nontrivial Frattini subgroup is the

cyclic group G of order p2, where p is a prime, generated by a, say. Here, Φ(G) =

〈ap〉.

The following is a well known result by Burnside.

Theorem 1.17. Let ψ be a p′-automorphism of a p-group P , which induces the

identity on P/Φ(P ). Then ψ is the identity automorphism on P .
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1.2.2 Group Algebras

Next we come to the definition of group algebras which can be found in [32] and

[13].

Definition 1.18. Let G be a group and K a field. Denote by KG all the formal

sums
∑

g∈G αgg, where only finitely many coefficients αg ∈ K are nonzero. Clearly

two formal sums are equal if and only if all corresponding coefficients of group

elements are equal. Let us define the sum of x =
∑

g∈G αgg ∈ KG and y =∑
g∈G βgg ∈ KG as

x+ y =
∑
g∈G

(
αg + βg

)
g

and the product of β ∈ K and x as

β · x = x · β =
∑
g∈G

(βαg)g.

Then KG can be considered as a vector space over K and the elements of G form

a K-basis for KG. The multiplication of formal sums are defined as follows:

xy =
∑
g∈G

(∑
h∈G

αhβh−1g

)
g.

With these operations KG is an algebra over the field K which is called group

algebra (of the group G over the field K).

In the special case when K is a field of characteristic char(F ) = p and G contains

an element of order p, KG is called modular group algebra.

Definition 1.19. Let x =
∑

g∈G αgg be a nonzero element of the group algebra

KG. The subset {g ∈ G|αg 6= 0} of the group G is said to be the support of x.

Definition 1.20. The homomorphism ε : KG→ K given by

ε
(∑

g∈G

αgg
)

=
∑
g∈G

αg

is called the augmentation mapping of KG and its kernel

∆(G) = {x ∈ KG | ε(x) = 0}

TH-1512_10612306
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is called the augmentation ideal of the group algebra KG.

Proposition 1.21. The set {g − 1 : g ∈ G, g 6= 1} is a basis of ∆(G) over K.

Thus, we can write

∆(G) =
{∑

g∈G

αg(g − 1) : g ∈ G, g 6= 1, αg ∈ K
}

where as usual we assume that only finitely many coefficients αg are nonzero.

Recall that an ideal I in a ring is said to be nilpotent if there exists a natural

number k such that Ik = {
∑
x1 . . . xk : xi ∈ I} = 0 and its nilpotency index is

the least positive integer n such that In = 0. The following is an important result

by D.B.Coleman.

Theorem 1.22. Let K be a field of characteristic p ≥ 0 and G is an arbitrary

group. Then the augmentation ideal ∆(G) of KG is nilpotent if and only if p > 0

and G is a finite p-group.

As a corollary of the above theorem we have the following result.

Corollary 1.23. If G has a finite normal p-subgroup P , where p is the character-

istic of K, then ∆(P )KG is nilpotent.

The next result is a very useful one.

Result 1.24. Let G be a finite p-group of order pk. Then the nilpotency index

of ∆(G) over a field of characteristic p is pk if and only if G is cyclic. Further, if

G = P1×P2× . . .×Pk, where each Pi is a cyclic subgroup of order pti , ti ∈ Z, for

i = 1, 2, . . . , k, then the nilpotency index of ∆(G) is (pt1 + pt2 + . . .+ ptk − k+ 1).

Result 1.25. The following are important results concerning ideals in group al-

gebras.

(i) For any normal subgroup H of G the set

J(H) = {(h− 1)x|h ∈ H, x ∈ KG}

is a two-sided ideal of KG.

(ii) Clearly, J(G) coincides with ∆(G) and J(H) = ∆(H)KG.

TH-1512_10612306
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(iii) Let T (G/H) be a transversal of the normal subgroup H in G. Then all the

elements of the form (h − 1)u, where 1 6= h ∈ H and u ∈ T (G/H) form a

basis of the vector space J(H).

(iv) The isomorphism KG/J(H) ∼= K(G/H) is valid, which is called the iso-

morphism theorem of group algebras.

1.2.3 Associated Lie Algebra of Group Algebras

Definition 1.26. Let (L,+) be a vector space over the field K and assume that

a second binary operation [a, b] is defined in L such that the following identities

hold in L for all a, b, c ∈ L and α ∈ K.

(i) α[a, b] = [αa, b] = [a, αb];

(ii) [a+ b, c] = [a, c] + [b, c] and [a, b+ c] = [a, b] + [a, c];

(iii) [a, a] = 0;

(iv)
[
[a, b], c

]
+
[
[b, c], a

]
+
[
[c, a], b

]
= 0

We say that L is a Lie algebra over the field K.

Let A be an associative algebra over the field K and x, y ∈ A. The element

[x, y] = xy− yx will be called the Lie commutator of x and y. Let us introduce

in A the new operation [x, y] = xy − yx. Then A is a Lie algebra with respect to

the operations + and [, ], which is said to be the associated Lie algebra of A.

For the sequence (xi) of elements of A we define the left n-normed Lie com-

mutator by induction as

[x1, x2, . . . , xn] =
[
[x1, x2, . . . , xn−1], xn

]
.

The following are useful identities:

[x, yz] = [x, y]z + y[x, z]; [xy, z] = x[y, z] + [x, z]y (1.1)

For units a, b,

[a, b] = ba
((
a, b
)
− 1
)

=
((
a−1, b−1

)
− 1
)
ba.
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For the subsets X, Y ⊆ A we denote by [X, Y ] the additive subgroup generated by

all Lie commutators [x, y] with x ∈ X and y ∈ Y . The following properties hold:

• [X, Y ] = [Y,X]

• [X, Y, Z] ⊆ [X, Y ]Z + Y [X,Z]

• [XY,Z] ⊆ X[Y, Z] + [X,Z]Y

for any X, Y, Z ⊆ A.

1.2.4 Series in the Associated Lie Algebra

As before let A be an associative algebra over the field K.

Definition 1.27. The Lie central series of A is defined as follows: let γ[0](A) =

A and for n ∈ N, n ≥ 0, let γ[n+1](A) be the additive subgroup of A generated by

all Lie commutators x, y with x ∈ γ[n](A), y ∈ A, that is,

γ[n+1](A) = [γ[n](A), A]. (1.2)

Definition 1.28. The Lie derived series of A is defined as follows: let δ[0](A) =

A and for n ∈ N, n ≥ 0, let δ[n+1](A) be the additive subgroup of A generated by

all Lie commutators x, y with x, y ∈ δ[n](A), that is,

δ[n+1](A) = [δ[n](A), δ[n](A)]. (1.3)

Clearly,

A = δ[0](A) ⊇ δ[1](A) ⊇ . . . ⊇ δ[m](A) ⊇ . . . (1.4)

Definition 1.29. The strong Lie derived series of A is introduced: let δ(0)(A) =

A and for n ∈ N, n ≥ 0, let δ(n+1)(A) be the ideal of A generated by δ[n+1](A),

that is, the ideal of A generated by all Lie commutators [x, y] with x, y ∈ δ(n)(A).

So,

δ(n+1)(A) = [δ(n)(A), δ(n)(A)]A. (1.5)

Evidently,

A = δ(0)(A) ⊇ δ(1)(A) ⊇ . . . ⊇ δ(m)(A) ⊇ . . . (1.6)
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Note 1.30. It is easy to see that δ[n](A) ⊆ δ(n)(A) for any n. But the equality does

not always hold.

Definition 1.31. We say that A is Lie solvable of derived length n , if

δ[n](A) = 0 but δ[n−1](A) 6= 0. The Lie derived length is denoted by dlL(KG).

A is said to be Lie nilpotent of class c, if γ[c+1](A) = 0, but γ[c](A) 6= 0.

Similarly, A is said to be strongly Lie solvable of derived length n, if δ(n)(A) =

0 but δ(n−1)(A) 6= 0. The strong Lie derived length is denoted by dlL(KG).

Note 1.32. Let a, b be elements of the unit group U of A. Then by the equality

(a, b) = 1 + a−1b−1[a, b], we can see that the m-th term of the derived series of U ,

that is, U (m), is contained in 1 + δ(m)(A). Thus for the investigation of the derived

length of U , the strong Lie derived series provide an important tool.
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Chapter 2

Commutativity of Group

Algebras with Units Satisfying

(U (3), U ′) = 1

2.1 Introduction

An interesting problem is to relate structural properties of G with those of U(KG).

The conditions under which U is solvable was started independently in 1970s by

Motose and Tominaga ([26]) and Bateman ([25]) for finite groups. Further results

were given by Motose and Ninomiya ([27]), Bovdi and Khripta ([2], [1]) and Taylor

([10]). Finally, Passman in [12] gave necessary and sufficient conditions to have

U solvable when G is finite. The classification was completed for finite groups

by Bovdi [4].The complete set of necessary and sufficient conditions for U to be

solvable given by Bovdi are:

Theorem 2.1. Let K be a field of finite characteristic p, and Op(G) a maximal

normal p-subgroup of the finite group G. Then the group U(KG) is solvable if and

only if one of the following statements holds:

(i) G is abelian.

(ii) G/Op(G) is abelian and K is a field of characteristic p.

(iii) |K| = 2 and G/Op(G) is an extension of an elementary abelian 3-group A

by a group 〈b〉 of order 2, and bab = a−1 for all a ∈ A.

15
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(iv) |K| = 3 and G/Op(G) is an extension of an elementary abelian 2-group A

by a group 〈b〉 of order 2.

(v) |K| = 3 and G is an extension of an abelian group A of exponent 4 by a

group 〈b〉 of order 2 and bab−1 = a−1 for all a ∈ A.

(vi) |K| = 3 and G/Op(G) is an extension of an abelian group A of exponent 8

by a group 〈b〉 of order 2 and bab = a3 for all a ∈ A.

(vii) |K| = 3 and G/Op(G) is a direct product of the group

〈a, b|a4 = b4 = 1, (ab)2 = 1, (a, ba) = (a, bb) = 1〉

of order 32 and an elementary abelian 2-group.

Necessary and sufficient conditions for U(KG) to be solvable have been given by

Bovdi ([4]) when the group G, not necessary finite, contains at least one element

of order p, where p is the characteristic of the field K. The natural question is to

ask about the derived length of U once it is assumed to be solvable. It seems quite

difficult to give a general formula for the derived length of U . Only a few results

have been proved. Shalev ([6]), Kurdics ([23]), Sahai and Chandra ([30],[31],[19]

and [20]) have investigated group algebras with units having derived length at

most two and three respectively over fields of finite characteristic.

Shalev gave the following result in [6].

Theorem 2.2. Let G be a finite group and let K be a field of characteristic p.

(i) If p > 3, then U is meta-abelian, that is, U (2) = 1, if and only if G is abelian.

(ii) If p = 3, then U is meta-abelian if and only if G is either abelian or nilpotent

with |G′| = 3.

The description of finite groups for which U is meta-abelian was completed for

p = 2 by Coleman and Sandling in [8] and independently by Kurdics in [23]. Sahai

under similar assumptions as the result of Shalev, obtained necessary and sufficient

conditions for U to be centrally metabelian, that is, (U (2), U) = 1 and U ′ to be

nilpotent of class at most two, that is, (U (2), U ′) = 1 were given in [30] and [31]

respectively for odd characteristic. Finally Sahai and Chandra in [19] gave the

characterization of group algebras with units having derived length three. Their

result was as follows:
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Theorem 2.3. Let K be a field of characteristic p 6= 2, 3 and let G be a finite non

abelian group. Then the following are equivalent.

(i) U (3) = 1;

(ii) p and G satisfy the following conditions:

(a) p = 7, G′ = C7 and γ3(G) = 1;

(b) p = 5, G′ = C5 and either γ3(G) = 1 or γn(G) = G′ for all n ≥ 3 with

xg = x−1 for all x ∈ G′ and for all g /∈ CG(G′).

The authors also characterized the same for characteristic three in [20].

Baginski in [7] gave the following result:

Theorem 2.4. Let K be a field of characteristic p, p > 2, and let G be a finite

p-group. If the derived subgroup G′ of G is cyclic, then the derived length of U is

equal to dlog2(|G′|+ 1)e.

This result was extended by Balogh and Li ([36]) for an arbitrary group G with

cyclic derived subgroup G′ of p-power order (and p > 2). An easy consequence of

the theorem is the following result.

Corollary 2.5. Let K be a field of characteristic p, p > 2, and let G be a finite

nonabelian p-group. Then the derived length of U is not smaller than dlog2(p+1)e.

Finally Catino and Spinelli characterized group algebras over any torsion nilpotent

group in [16]. Their result was:

Theorem 2.6. Let KG be a group algebra of a torsion nilpotent group G over a

field K of positive characteristic p. Then derived length of U is dlog2(p + 1)e if

and only if one of the following holds:

(i) G′ has order p;

(ii) p = 2, and G′ is central of order 4 and exponent 2.

In this chapter we consider group algebras with unit group U which satisfies

(U (3), U ′) = 1. Such U is obviously of derived length at most four, that is,
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U (4) = 1. Lie algebraic properties of KG play an important role in our investiga-

tion. As mentioned in Chapter 1, for X, Y ⊆ KG, we denote by [X, Y ] the additive

subgroup generated by all Lie commutators [x, y] = xy − yx, where x ∈ X and

y ∈ Y . Also, Op(G) stands for the maximal normal p-subgroup of G, and ∆(G)

denotes the augmentation ideal of the group algebra KG. For any two elements

x, h ∈ G, xh denotes the conjugation of x by h, that is, h−1xh. We denote the

Frattini subgroup of a group G by Φ(G), which is the intersection of all maximal

subgroups of G. It is well-known that Φ(G) is a characteristic subgroup of G.

By a p′-element or a p′-automorphism of a group G we mean an element or an

automorphism of G whose order is not divisible by p. All groups considered are

finite. Our main result for this chapter is as follows and can be found in [9]:

Theorem 2.7. Let K be a field of characteristic p ≥ 17 and let G be a group of

odd order. Then G is abelian if and only if U satisfies (U (3), U ′) = 1.

2.2 Useful Known Results

In this section we discuss a few important known results which provide useful tools

for the proof of our theorem.

This result can be found in ([33], Theorem 3.5)

Theorem 2.8. Let G be a group of order pab and (p, b) = 1 and let K be a field

of characteristic p. Assume that G has a normal Sylow p-subgroup P . Then the

Jacobson radical J = J(KG) of KG is J = ∆(P )KG.

Hence by the corollary of the theorem by Coleman (1.23) we know that J in the

above case will be nilpotent.

For any two elements x, y in KG, it is easy to observe that

xy − 1 = (x− 1)(y − 1) + (x− 1) + (y − 1). (2.1)

Let J be any ideal of KG and let x, y ∈ KG be such that x−1 ∈ J i and y−1 ∈ J j

for some i, j > 0. Then it can be easily established using (2.1) that

(x, y) ≡ 1 + [x, y] (mod J i+j+1). (2.2)
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2.3 Main Result

Proof of Theorem 2.7

• Necessary conditions:

Let G be a group of odd order. When G is abelian, the result follows trivially.

• Sufficient conditions:

Let KG be the group algebra of a finite group G over a field K of charac-

teristic p ≥ 5, such that, the unit group U = U(KG) satisfies the condition

(U (3), U ′) = 1. Then U is solvable and according to Theorem 2.1, G/Op(G)

is abelian.

If G/Op(G) is abelian then Op(G) is a Sylow p-subgroup of G by 1.13. Let

P = Op(G). Now, |P | and [G : P ] are relatively prime, hence by Schur-

Zassenhaus Theorem (1.14), we have G = P o H, where H is a p′-prime

subgroup of G. Also, by the above conditions, H is abelian.

Lemma 2.9. Let Char K = p ≥ 11. Let G be a group of odd order. Suppose

that U satisfies (U (3), U ′) = 1. Then G = P ×H, where P is a p-group and

H is an abelian p′-group, where p′ is odd.

Proof. We know from above that G = P oH, where P is a p-group and H

is an abelian p′-group. Also P E G. Since G is of odd order, we have p′ is

odd. We need to show that (P,H) = 1. We will show that if (P,H) 6= 1,

then we can construct nontrivial element in (U (3), U ′).

We first assume that P is elementary abelian. Suppose, (P, h) 6= 1 for some

h ∈ H. Then, h2 6= 1, and (P, h) ≤ P (as P E G) and hence (P, h)

is a p-group. Since h induces a p′-automorphism on P , by Theorem 1.15,

(P, h, h) = (P, h). Let L = 〈(P, h), h〉. Then L′ = (P, h, h) = (P, h) and

(P, h) E L. So on replacing G with L if necessary, we may assume that

P = G′ = (P, h). By Theorem 2.8, the Jacobson radical J = J(KG) =

∆(P )KG. Now, since (P, h) 6= 1, we can find x ∈ P such that (x, h) 6= 1. Put

α = x−1. Then u = 1+hα is a unit in KG. Also, (x, h), (x, h)h, (x, h2) ∈ P .

By forming commutators of suitable elements in U , we obtain elements in
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U ′, U (2) and then in U (3). Now consider u1 = (u, h) ∈ U ′ and v1 = (u, x) ∈
U ′. Keeping in mind that x ≡ 1 (mod J), we have

u1 = (u, h) = 1 + u−1h−1[u, h]

≡ 1 + (1− hα)(αh− hα)
(
mod J2

)
≡ 1 + αh− hα

(
mod J2

)
= 1 + hx

(
(x, h)− 1

) (
mod J2

)
≡ 1 + h

(
(x, h)− 1

)
(mod J2) (2.3)

As G′ = P , we use identity 2.2 to obtain the following:

v1 = (u, x) ≡ 1 + [u, x]
(
mod J3

)
= 1 + (x+ hαx− x− xhα)

(
mod J3

)
= 1 + {h(x− 1)x− xh(x− 1)}

(
mod J3

)
= 1 + (hx− xh)(x− 1)

(
mod J3

)
= 1 + hx

(
1− (x, h)

)
(x− 1)

(
mod J3

)
≡ 1− h

(
(x, h)− 1

)
(x− 1)

(
mod J3

)
(2.4)

Next we consider u2 = (u1, x) and v2 = (v1, x). As x ∈ P = G′ ⊂ U ′, u2 and

v2 are in U (2).

u2 = (u1, x) ≡ 1 + [u1, x]
(
mod J3

)
= 1 +

{
x+ h

(
(x, h)− 1

)
x− x− xh

(
(x, h)− 1

)}
(mod J3)

= 1 + (hx− xh)
(
(x, h)− 1

) (
mod J3

)
= 1 + hx

(
1− (x, h)

)(
(x, h)− 1

) (
mod J3

)
≡ 1− h

(
(x, h)− 1

)2 (
mod J3

)
(2.5)
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v2 = (v1, x) ≡ 1 + [v1, x]
(
mod J4

)
= 1 +

{
x− h

(
(x, h)− 1

)
(x− 1)x

−x+ xh
(
(x, h)− 1

)
(x− 1)

} (
mod J4

)
= 1 + (xh− hx)

(
(x, h)− 1

)
(x− 1)

(
mod J4

)
= 1 + hx

(
(x, h)− 1

)2
(x− 1)

(
mod J4

)
≡ 1 + h

(
(x, h)− 1

)2
(x− 1)

(
mod J4

)
(2.6)

Finally we obtain an element w = (u2, v2) in U (3). We have

w = (u2, v2)

≡ 1 + [u2, v2]
(
mod J6

)
= 1 + [u2 − 1, v2 − 1]

(
mod J6

)
= 1 +

{
− h
(
(x, h)− 1

)2
h
(
(x, h)− 1

)2
(x− 1)

+h
(
(x, h)− 1

)2
(x− 1)h

(
(x, h)− 1

)2} (
mod J6

)
= 1 + h

(
(x, h)− 1

)2{(x− 1)h− h(x− 1)}
(
(x, h)− 1

)2 (
mod J6

)

= 1 + h
(
(x, h)− 1

)2
hx
(
(x, h)− 1

)3 (
mod J6

)
≡ 1 + h

(
(x, h)− 1

)2
h
(
(x, h)− 1)3

(
mod J6

)
= 1 + h2

(
(x, h)h − 1

)2(
(x, h)− 1

)3 (
mod J6

)
(2.7)

We now show that the element (w, x) in (U (3), U ′) is nontrivial. It suffices

to show that V1 = (w, x) is nontrivial modulo J7. Now,

V1 = (w, x)

≡ 1 + [w, x]
(
mod J7

)
= 1 + [w − 1, x]

(
mod J7

)
= 1 +

{
h2
(
(x, h)h − 1

)2(
(x, h)− 1

)3
x

−xh2
(
(x, h)h − 1

)2(
(x, h)− 1

)3} (
mod J7

)
= 1 + (h2x− xh2)

(
(x, h)h − 1

)2(
(x, h)− 1

)3 (
mod J7

)
= 1 + h2x

(
1− (x, h2)

)(
(x, h)h − 1

)2(
(x, h)− 1

)3 (
mod J7

)
≡ 1− h2

(
(x, h2)− 1

)(
(x, h)h − 1

)2(
(x, h)− 1

)3
(2.8)

Since P is elementary abelian, let P = P1 × P2 × . . . × Pk , where k ≥ 1,
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each Pi
∼= Cp , i = 1, 2, . . . k and Cp is a cyclic group of order p. Let xi be

the generator of Pi, for i = 1, 2, . . . , k. Let

(x, h2) = x1
a1x2

a2 . . . xk
ak

(x, h)h = x1
b1x2

b2 . . . xk
bk

(x, h) = x1
c1x2

c2 . . . xk
ck

where ai’s, bi’s and ci’s are integers such that 1 ≤ ai, bi, ci ≤ p for every

i = 1, 2, . . . , k, with at least one element in every set of ai’s, bi’s and ci’s

being greater than or equal to one but strictly less than p. Then Eq. 2.8 can

be written as:

V1 = (w, x) ≡ 1− h2(x1a1x2a2 . . . xkak − 1)(x1
b1x2

b2 . . . xk
bk − 1)2

(x1
c1x2

c2 . . . xk
ck − 1)3 (mod J7) (2.9)

Now by repeated use of identity 2.1 and working modulo J7, Eq.2.9 becomes

V1 ≡ 1− h2{(x1a1 − 1) + (x2
a2 − 1) + . . .+ (xk

ak − 1)}

×{(x1b1 − 1) + (x2
b2 − 1) + . . .+ (xk

bk − 1)}2

×{(x1c1 − 1) + (x2
c2 − 1) + . . .+ (xk

ck − 1)}3 (2.10)

Now, whenever we have d ∈ N, we can write:

∴ xd − 1 = (x− 1)(1 + x+ . . .+ xd−1)

= (x− 1){1 + ((x− 1) + 1) + . . .+ ((xd−1 − 1) + 1)}

= (x− 1)(d+D1) where D1 ∈ ∆(P ) ⊆ J

= (x− 1)D (2.11)
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If p - d, then D = (d+D1) is a unit in KG. With the help of this technique,

the second term in RHS of Eq.(3.8) can be written as:

M = {(x1 − 1)A1 + (x2 − 1)A2 + . . .+ (xk − 1)Ak}

×{(x1 − 1)B1 + (x2 − 1)B2 + . . .+ (xk − 1)Bk}2

×{(x1 − 1)C1 + (x2 − 1)C2 + . . .+ (xk − 1)Ck}3

=

{
(x1 − 1)A1 + (x2 − 1)A2 + . . .+ (xk − 1)Ak

}

×

{
k∑

i=1

(xi − 1)2Bi
2 + 2

k∑
i,j=1
i 6=j

(xi − 1)(xj − 1)BiBj

}

×


k∑

i=1

(xi − 1)3Ci
3 + 3

k∑
i,j=1
i 6=j

(xi − 1)2(xj − 1)Ci
2Cj +

6
k∑

i,j,l=1
i 6=j 6=l

(xi − 1)(xj − 1)(xl − 1)CiCjCl

 (2.12)

where all the Ai’s, Bi’s, Ci’s, for i = 1, 2, . . . , k, belong to KG with at least

one element in every set of Ai’s, Bi’s, Ci’s, for i = 1, 2, . . . , k, is a unit in

KG. Now, by Theorem 1.24, nilpotency index of ∆(P ) as well as J in this

case is (kp− k + 1). Let, if possible, V1 ≡ 1 (mod J7), that is , let M ∈ J7.

Let I = {1, 2, . . . , k}. Let IA = {t ∈ I| At is a unit}, IB = {t ∈ I| Bt is a unit}
and IC = {t ∈ I| Ct is a unit}. Whenever there is an element i in the in-

tersection of any of these sets, we apply a trick by adjusting the powers of

the element (xi− 1) to get an element contradicting the nilpotency index of

∆(P ). Now the following mutually exclusive cases may arise:

CASE (I) IC ∩ IB 6= ∅. We consider the following mutually exclusive subcases:

(a) IC ∩ IB ∩ IA 6= ∅. Let r ∈ IC ∩ IB ∩ IA. We examine the term(xr − 1)p−7
k∏

i=1
i 6=r

(xi − 1)p−1

M,
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and find that M ∈ J7 would imply

ArB
2
rC

3
r (x1 − 1)p−1(x2 − 1)p−1 . . . (xk − 1)p−1 ∈ Jkp−k−6 J7 = (0)

which is a contradiction to the nilpotency index of ∆(P ), asArB
2
rC

3
r

is a unit in KG.

(b) IC ∩ IB ∩ IA = ∅. Pick m ∈ IC ∩ IB and mA ∈ IA, so m 6∈ IA. We

examine the term(xm − 1)p−6(xmA
− 1)p−2

k∏
i=1

i 6=m,mA

(xi − 1)p−1

M
and find that M ∈ J7 would imply

AmA
B2

mC
3
m (x1−1)p−1(x2−1)p−1 . . . (xk−1)p−1 ∈ Jkp−k−6 J7 = (0)

which is a contradiction to the nilpotency index of ∆(P ), asAmA
B2

mC
3
m

is a unit in KG.

CASE (II) IC ∩ IB = ∅. Again, this has the following subcases:

(a) IC ∩ IA 6= ∅. Pick l ∈ IC ∩ IA and lB ∈ IB, so l 6∈ IB and lB 6∈ IC . We

examine the term(xl − 1)p−5(xlB − 1)p−3
k∏

i=1
i 6=l,lB

(xi − 1)p−1

M
and find that M ∈ J7 would imply

AlB
2
lB
C3

l (x1 − 1)p−1(x2 − 1)p−1 . . . (xk − 1)p−1 ∈ Jkp−k−6 J7 = (0)

which is a contradiction to the nilpotency index of ∆(P ), as AlB
2
lB
C3

l

is a unit in KG.

(b) IC ∩ IA = ∅. This has the following subcases.
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(i) IB ∩ IA 6= ∅. Let n ∈ IB ∩ IA, and nC ∈ IC , so n 6∈ IC and

nC 6∈ IA ∪ IB. We examine the term(xn − 1)p−4(xnC
− 1)p−4

k∏
i=1

i 6=n,nC

(xi − 1)p−1

M
and find that M ∈ J7 would imply

AnB
2
nC

3
nC

(x1 − 1)p−1(x2 − 1)p−1 . . . (xk − 1)p−1 ∈ Jkp−k−6 J7 = (0)

which is a contradiction to the nilpotency index of ∆(P ), asAnB
2
nC

3
nC

is a unit in KG.

(ii) IB∩IA = ∅, so that IA, IB and IC are pairwise disjoint. Let d ∈ IA,

e ∈ IB and f ∈ IC . Examining the term(xd − 1)p−2(xe − 1)p−3(xf − 1)p−4
k∏

i=1
i 6=d,e,f

(xi − 1)p−1

M
and find that M ∈ J7 would imply

AdB
2
eC

3
f (x1 − 1)p−1(x2 − 1)p−1 . . . (xk − 1)p−1 ∈ Jkp−k−6 J7 = (0)

which is a contradiction to the nilpotency index of ∆(P ), asAdB
2
eC

3
f

is a unit in KG.

Therefore, V1 6≡ 1 (mod J7) , which implies that V1 is a nontrivial element

in (U (3), U ′) = 1, a contradiction to our given condition. So, when P is

elementary abelian, we get that G = P ×H.

Now, let P be any p-group. Assume (P, h) 6= 1 for some h ∈ H. As the

Frattini subgroup Φ(P ) is a characteristic subgroup of P , we have hΦ(P ) =

Φ(P ) and hence h induces an automorphism on P/Φ(P ). Now P/Φ(P ) is

elementary abelian (by 1.16). We have already proved that h induces the

identity automorphism on the elementary abelian group P/Φ(P ). Hence by
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Theorem 1.17, h induces the identity automorphism on P as well. Hence we

get, G = P ×H.

Proposition 2.10. Let Char K = p ≥ 17 and let G be a finite p-group such

that U satisfies (U (3), U ′) = 1, then G is abelian.

Proof. A finite p-group is nilpotent and torsion. If G is non-abelian then by

Result 2.6, the derived length of U for p ≥ 17 is dlog2(p + 1)e ≥ dlog2(17 +

1)e ≈ d4.16e = 5. Thus U can only satisfy (U (3), U ′) = 1, if G is abelian.

• Conclusion:

Combining lemma 2.9 and Proposition 2.10, we find that when CharK ≥ 17

and G is a group of odd order such that U satisfies (U (3), U ′) = 1, then G is

abelian. Hence, Theorem 2.7 is proved.
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Chapter 3

Derived Length of Units and

Commutativity of a Group

Algebra

3.1 Introduction

In this chapter, we further extend our result obtained in the previous chapter.

Our result extends the result of Catino and Spinelli (Theorem 2.6) from torsion

nilpotent groups to groups for the case when derived length of U = U(KG) is four.

In chapter 2, we discussed a special case when (U (3), U ′) = 1 and G is of odd order

using a combinatorial argument after considering several cases and subcases. In

the present chapter we resolve it completely for any G with U of derived length

four without any condition on the order of G. The present argument is far simpler

and in particular, it avoids the combinatorial argument altogether. Our main

result can be stated as follows:

Theorem 3.1. Let K be a field of characteristic p ≥ 17 and let G be finite group.

Then G is abelian if and only if U satisfies U (4) = 1.

We also prove commutativity of the group G of odd order pm [(p,m) = 1] when

the derived length of the unit group U is small compared to the characteristic p

of the field K.

27
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Theorem 3.2. Let K be a field of characteristic p and G be any group of odd

order pm where m is co-prime to p. If the derived length of U is strictly less than

dlog2(2p)e, then G must be abelian.

We denote the Frattini subgroup of a group G by Φ(G), which is the intersection

of all maximal subgroups of G. It is well-known that Φ(G) is a characteristic

subgroup of G. We can easily extend theorem 3.2 to any group G of odd order

pnm with (p,m) = 1 provided the quotient of its p-Sylow subgroup by the Frattini

subgroup is cyclic.

Theorem 3.3. Let K be a field of characteristic p and G be any group of odd

order pnm where m is co-prime to p. Let P be a p-Sylow subgroup and Φ(P ) be

the Frattini subgroup of P . If the quotient P/Φ(P ) is cyclic and the derived length

of U is strictly less than dlog2(2p)e, then G must be abelian.

3.2 Key Steps in the Proof of Theorem 3.1

We first consider the simpler case when G is a finite p-group. Then we briefly

outline the key steps that we are going to adopt when G is not a finite p-group.

G is a finite p-group

From the result of Catino and Spinelli we know that, if KG is a non-commutative

group algebra of a torsion nilpotent group G over a field K of positive characteristic

p such that U is solvable, then the derived length of U is at least dlog2(p + 1)e.
In our case KG is a group algebra such that Char K = p ≥ 17 and G is a finite

p-group such that U satisfies U (4) = 1. A finite p-group is nilpotent and torsion.

If G is non-abelian then by Catino and Spinelli’s result, the derived length of U

for p ≥ 17 is dlog2(p+ 1)e ≥ dlog2(17 + 1)e ≈ d4.16e = 5. Thus U can only satisfy

U (4) = 1, if G is abelian.

G is not a finite p-group

Consider a group G which is not a p-group such that the group U of units in KG

satisfies U (4) = 1 and char(K) = p ≥ 17. We will proceed as follows.
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(i) First we will show that G can be written as a semidirect product of P and

H where P is a p-group and H is an abelian p′-group.

(ii) Our aim is to then express G as a direct product of P and H. If not,

then there will exist an element h in H that will induce a non-identity p′-

automorphism on P .

(iii) When P is elementary abelian, we will show that the non-identity p′- auto-

morphism on P induced by h can be used to construct a non trivial element

in U (4).

(iv) We will then reduce the argument for general P to the case when P is ele-

mentary abelian by exploiting the Frattini subgroup as follows.

When P is any p-group, let us assume (P, h) 6= 1 for some h ∈ H. As the

Frattini subgroup Φ(P ) is a characteristic subgroup of P , we have hΦ(P ) =

Φ(P ) and hence h induces an automorphism on P/Φ(P ). Now P/Φ(P ) is

elementary abelian (by definition 1.16). Now, we have already proved that h

induces the identity automorphism on the elementary abelian group P/Φ(P ).

There is a well known result by Burnside (Theorem 1.17) which states that

if ψ is a p′-automorphism of a p-group P , which induces the identity on

P/Φ(P ), then ψ is the identity automorphism on P .

Hence in our case, using the above result we conclude that h induces the

identity automorphism on P as well. Thus we get, G = P ×H.

(v) The fact that P will also be abelian now easily follows from the above subcase

regarding p-groups. Thus the sufficient part of the main result is proved.

(vi) The necessary part, that is, when G is abelian is a trivial case.

3.3 Proof of Theorem 3.1

In this section, we will provide proofs for the steps outlined in §3.2. In the first

subsection, we will show that G is a semi-direct product of a p-group P and an

abelian p′-group H. If that semi-direct product is not a direct product, then we

will construct a non-trivial element in U (4) = (U (3), U (3)) in the second subsection.

We may assume P to be elementary abelian as we indicated in §3.2.
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Proof of the fact that G is a semidirect product of a p-group

and an abelian p′-group

Let KG be the group algebra of a finite group G over a field K of characteristic

p ≥ 5, such that, the unit group U = U(KG) satisfies the condition U (4) = 1.

Then U is solvable and according to Theorem 2.1, G/Op(G) is abelian.

So Op(G) = P , a Sylow p-subgroup. Now, |P | and [G : P ] are relatively prime,

hence by Schur-Zassenhaus Theorem (1.14), we have G = P o H, where H is a

p′-prime subgroup of G. Also, by the above conditions, H is abelian.

Proof of the fact that G will be abelian

In this subsection we want to prove that G will be abelian, that is, G will be a

direct product the above p-group and the abelian p′-group. We first prove the

following lemma, which is the most crucial ingredient in establishing theorem 3.1.

Lemma 3.4. Let Char K = p ≥ 17. Let G be a finite group. Suppose that

U = U(KG) satisfies U (4) = 1. Then G = P ×H, where P is a p-group and H is

an abelian p′-group, where p′ is odd.

We now outline the strategy for the proof of the above lemma. First observe that

we may assume P to be elementary abelian by 3.2 (iv). We know from the last

paragraph of §3.2 that G = P o H, where P is a p-group and H is an abelian

p′-group. Also P E G. We need to show that (P,H) = 1. We will show that if

(P,H) 6= 1, then we can construct nontrivial element in U (4). Clearly it will be

enough to show non-triviality modulo a suitable power of the Jacobson radical J .

Construction of a nontrivial element in U (4) when (P,H) 6= 1

Note that by theorem 1.15, (P,H) = (P,H,H) and (P,H) ≤ P as P is normal in

G. If (P,H) = (P,H,H) 6= 1, then there exists x ∈ (P,H) ⊂ G′ and h ∈ H such

that (x, h) 6= 1. In the rest of this section, we will show that (x, h) 6= 1 results in

a nontrivial element u4 in U (4). Let xi denote
(
x, h, h, . . . , h︸ ︷︷ ︸

i times

)
, for i = 1, 2, . . . .
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As x− 1 ∈ ∆(P ) is contained in Jacobson radical J , u = 1 + h(x− 1) is a unit in

KG. We now proceed to form commutators of suitable elements in U and obtain

elements in U ′, U (2), U (3) and finally in U (4). We first consider u1 = (u, h) ∈ U ′

and v1 = (u, x) ∈ U ′ and construct elements in U (2) using u1, v1, x and h. We

also keep track of their behavior modulo a suitable power of the Jacobson radical

J . We begin by observing u1 and v1 modulo J2.

u1 = (u, h) = 1 + u−1h−1[u, h]

≡ 1 + (1− h(x− 1))((x− 1)h− h(x− 1)) (mod J2)

≡ 1 + (x− 1)h− h(x− 1) (mod J2)

= 1 + hx((x, h)− 1) (mod J2)

≡ 1 + h(x1 − 1) (mod J2) (3.1)

As x− 1 ∈ J , we use identity 2.2 to obtain the following:

v1 = (u, x) ≡ 1 + [u, x] (mod J3)

= 1 + (x+ h(x− 1)x− x− xh(x− 1)) (mod J3)

= 1 + (hx− xh)(x− 1) (mod J3)

= 1 + hx(1− (x, h))(x− 1) (mod J3)

≡ 1− h(x− 1)(x1 − 1) (mod J3) (3.2)

Next we consider u2 = (u1, x) and v2 = (v1, x). As x ∈ (P,H) ⊂ G′ ⊂ U ′, u2 and

v2 are in U (2). Their residual properties modulo J can be observed as follows.

u2 = (u1, x) ≡ 1 + [u1, x] (mod J3)

= 1 + {x+ h(x1 − 1)x− x− xh(x1 − 1)

= 1 + (hx− xh)(x1 − 1) (mod J3)

= 1 + hx(1− (x, h))(x1 − 1) (mod J3)

≡ 1− h(x1 − 1)2 (mod J3) (3.3)

v2 = (v1, x) ≡ 1 + [v1, x] (mod J4)

= 1−
{
h(x− 1)(x1 − 1)x− xh(x− 1)(x1 − 1)

= 1 + (xh− hx)(x− 1)(x1 − 1) (mod J4)

≡ 1 + h(x1 − 1)2(x− 1) (mod J4) (3.4)
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Finally we obtain an element u3 = (u2, v2) in U (3). We have

u3 = (u2, v2) ≡ 1 + [u2, v2] (mod J6)

= 1 +
{
− h(x1 − 1)2h(x1 − 1)2(x− 1)

+h(x1 − 1)2(x− 1)h(x1 − 1)2
}

(mod J6)

= 1 + h(x1 − 1)2
{

(x− 1)h

−h(x− 1)
}

(x1 − 1)2 (mod J6)

= 1 + h(x1 − 1)2hx(x1 − 1)3 (mod J6)

≡ 1 + h2
(
xh1 − 1

)2(
x1 − 1

)3
(mod J6) (3.5)

With u2 ∈ U (2) ⊆ U ′ and x ∈ U ′, we obtain w2 = (u2, x) ∈ (U ′, U ′) = U (2) and

v3 = (u2, w2) ∈ (U (2), U (2)) = U (3). Noting that x1 ≡ 1 (mod J), we examine w2

and v3 modulo powers of J .

w2 = (u2, x)

≡ 1 + [1− h(x1 − 1)2, x] (mod J4)

= 1− hx(x1 − 1)2 + xh(x1 − 1)2 (mod J4)

≡ 1 + h(x1 − 1)3 (mod J4) (3.6)

v3 = (u2, w2)

≡ 1 + [1− h(x1 − 1)2, 1 + h(x1 − 1)3] (mod J6)

= 1 + h(x1 − 1)3h(x1 − 1)2 − h(x1 − 1)2h(x1 − 1)3 (mod J6)

= 1 + h(x1 − 1)2{(x1 − 1)h− h(x1 − 1)}(x1 − 1)2 (mod J6)

≡ 1 + h(x1 − 1)2h
(
(x1, h)− 1

)
(x1 − 1)2 (mod J6)

= 1 + h2(xh1 − 1)2(x2 − 1)(x1 − 1)2 (mod J6) (3.7)

From u3 ∈ U (3) ⊆ U (2) and u2 ∈ U (2), we obtain w3 = (u3, u2) ∈ (U (2), U (2)) = U (3)

and view it modulo J8.

w3 = (u3, u2)

≡ 1 + [1 + h2
(
xh1 − 1

)2(
x1 − 1

)3
, 1− h(x1 − 1)2]

= 1 + h(x1 − 1)2h2(xh1 − 1)2(x1 − 1)3 − h2(xh1 − 1)2(x1 − 1)3h(x1 − 1)2

= 1 +
{
h2(xh1 − 1)2h(xh1 − 1)2(x1 − 1)− h2(xh1 − 1)2(x1 − 1)3h

}
(x1 − 1)2

= 1 +
{
h3(xh

2

1 − 1)2(xh1 − 1)2(x1 − 1)− h3(xh2

1 − 1)2(xh1 − 1)3
}

(x1 − 1)2
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= 1 + h3(xh
2

1 − 1)2(xh1 − 1)2{x1 − xh1}(x1 − 1)2

= 1 + h3(xh
2

1 − 1)2(xh1 − 1)2x1
(
1− (x1, h)

)
(x1 − 1)2

≡ 1− h3(xh2

1 − 1)2(xh1 − 1)2(x2 − 1)(x1 − 1)2 (3.8)

Finally we construct u4 = (v3, w3) in U (4) and examine it modulo J13. Note that

x2 ≡ 1 (mod J).

u4 = (v3, w3) ≡ 1 + [v3 − 1, w3 − 1]

≡ 1 + [h2
(
xh1 − 1

)2(
x1 − 1

)2
(x2 − 1),−h3(xh2

1 − 1)2(xh1 − 1)2(x1 − 1)2(x2 − 1)]

= 1− h2
(
xh1 − 1

)2(
x1 − 1

)2
(x2 − 1)h3(xh

2

1 − 1)2(xh1 − 1)2(x1 − 1)2(x2 − 1)

+h3(xh
2

1 − 1)2(xh1 − 1)2(x1 − 1)2(x2 − 1)h2
(
xh1 − 1

)2(
x1 − 1

)2
(x2 − 1)

= 1−
{
h2(xh1 − 1)2(x1 − 1)2(x2 − 1)h3

(
xh

2

1 − 1
)2

−h3(xh2

1 − 1)2(xh1 − 1)2(x1 − 1)2(x2 − 1)h2
}

(xh1 − 1)2(x1 − 1)2(x2 − 1)

= 1−
{
h5(xh

4

1 − 1)2(xh
3

1 − 1)2(xh
3

2 − 1)
(
xh

2

1 − 1
)2

−h5(xh4

1 − 1)2(xh
3

1 − 1)2(xh
2

1 − 1)2(xh
2

2 − 1)
}

(xh1 − 1)2(x1 − 1)2(x2 − 1)

= 1−
{
h5(xh

4

1 − 1)2(xh
3

1 − 1)2
(
xh

2

1 − 1
)2}

(xh
3

2 − xh
2

2 )(xh1 − 1)2(x1 − 1)2(x2 − 1)

= 1−
{
h5(xh

4

1 − 1)2(xh
3

1 − 1)2
(
xh

2

1 − 1
)2}

h−2x2((x2, h)− 1)h2

(xh1 − 1)2(x1 − 1)2(x2 − 1)

≡ 1− h5(xh4

1 − 1)2(xh
3

1 − 1)2(xh
2

1 − 1)2
(
xh

2

3 − 1
)
(xh1 − 1)2(x1 − 1)2(x2 − 1)

(3.9)

As xh
j

1 is a conjugate of x1 and (x1−1) ∈ J−J2, it follows that (xh
j

1 −1) ∈ J−J2.

Further, x2 is an element of order p in P as x2 = (x1, h) = (x, h, h) = 1 would

imply x1 = (x, h) = 1 by an obvious application of theorem 1.15 with Q = 〈x〉 and

A = 〈h〉. We claim x2−1 /∈ J2. Suppose x2 = ye11 y
e2
2 . . . yekk , where y1, y2, . . . , yk are

independent generators of Pi for the elementary abelian group P = P1×P2×· · ·×Pk

and e1, e2, . . . , ek are integers such that 1 ≤ ei ≤ p for every i = 1, 2, . . . , k, with

at least one ei being greater than or equal to one but strictly less than p. Now,

For any natural number d, we have

xd − 1 = (x− 1){1 + ((x− 1) + 1) + . . .+ ((xd−1 − 1) + 1)}

= (x− 1)(d+D1) (where D1 ∈ ∆(P ) ⊆ J)

≡ d(x− 1) (mod J2) (3.10)

TH-1512_10612306



Chapter 3. Derived Length of Units in Group Algebra 34

With the help of 3.10, we can write x2 − 1 ≡ e1(y1 − 1) + e2(y2 − 1) + · · · +
ek(yk − 1) (mod J2). Without loss of generality, we can take y1 to be the

generator such that ye11 6= 1, that is, 1 ≤ e1 < p. Now if we multiply the element

V = (y1 − 1)p−2(y2 − 1)p−1 . . . (yk − 1)p−1 with x2 − 1, then we get V × (x2 − 1) ∈
Jkp−k−1×J2 = Jkp−k+1 = {0} as the nilpotency index of J is kp−k+1 by theorem

1.24 and corollary 1.23. But V ×(x2−1) ≡ e1(y1−1)p−1(y2−1)p−1 . . . (yk−1)p−1 =

{0} which contradicts the nilpotency index of ∆(P ). Therefore, it follows that

(x2 − 1) ∈ J − J2. By the same argument, (x3 − 1) ∈ J − J2. Therefore the

product on the right hand side in (3.9) belongs to J12 − J13. Consequently by

(3.9), u4 is nontrivial modulo J13 which contradicts our assumption that U (4) = 1.

Therefore, we can not have (x, h) 6= 1 which we have assumed for the construction

of u4. It follows that H must act trivially on P . Therefore, G must be a direct

product of P and H.

3.4 When the Derived Length of U is Smaller

than dlog2(2p)e

In this section we will mention how we can prove theorems 3.2 and 3.3. Let p be

the characteristic of the field K and d be the derived length of the units U(KG).

As discussed in the beginning of §3.3, by theorem 2.1, we have G/Op(G) is abelian.

Again if G/Op(G) is abelian then Op(G) is a Sylow p-subgroup of G by 1.13. Let

P = Op(G). Now, |P | and [G : P ] are relatively prime, hence by Schur-Zassenhaus

Theorem (1.14) we can conclude that G has a normal p-Sylow subgroup P and

G = P o H. Also we have H an abelian p′-subgroup of G. We are going to use

the following result by Balogh and Li (Lemma 2.3, [36]).

Result 3.5. Let G be a group with derived subgroup G′ = 〈u|upn = 1〉, where

p is an odd prime, and let char(K) = p. Assume that the order of G/C, where

C = CG(G′)=centralizer of G′ in G, is divisible by an odd prime q 6= p. Then the

derived length of U is greater than or equal to dlog2(2pn)e.

Note that CG(G′) is a normal subgroup of G since it contains G′.
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3.4.1 Proof of Theorem 3.2

Suppose G is of odd order pm where (m, p) = 1. Then the p-Sylow subgroup

P is cyclic of order p. We assume that the derived length d of U(KG) satisfies

d < dlog2(2p)e. We want to show that G = P ×H, i.e., (P,H) = {1}. If possible,

let (P,H) 6= 1. As P is normal in G, (P,H) is a subgroup of P and hence

(P,H) = P . Therefore, we have G′ = (P,H) = P .

We now apply the result 3.5 to G and G′ = P . Let C be the centralizer of G′, i.e.,

C = {x ∈ G | xy = yx ∀ y ∈ G′}. Then h 6∈ C and hC is a non-trivial element of

G/C. Let l be the order of h, so l is coprime to p. Then hC is a nontrivial element

of order dividing l in G/C and a suitable power of hC gives an element of prime

order q in G/C. As (l, p) = 1 and the order of G is odd, q must be an odd prime

other than p. By result 3.5, we can conclude that the derived length of U(KG)

must be at least dlog2(2p)e. But it contradicts our assumption that the derived

length of U(KG) is smaller than dlog2(2p)e. Hence, we can not have (P,H) 6= 1

and the proof of the theorem is complete.

3.4.2 Proof of theorem 3.3

Assume that G is of odd order pnm, and the derived length d of U(KG) satisfies

d < dlog2(2p)e. As before, the p-Sylow subgroup P of G is normal and G = P oH
where H an abelian p′-subgroup of G. By part (iv) of §2.2, it is enough to show

that the induced conjugacy action of H on the group P/Φ(P ) is trivial. Now

P/Φ(P ) is an elementary abelian group which is assumed to be cyclic in addition.

Therefore P/Φ(P ) is cyclic of order p and by theorem 3.2, we know that the

conjugacy action of H on P/Φ(P ) has to be trivial. Hence the conjugacy action

of H on P itself is trivial and G must be abelian. �

We conclude by observing that a group G of odd order with a cyclic p-Sylow

subgroup must be abelian if the derived length of U(KG) is smaller than dlog2(2p)e
where p is the characteristic of the field K.

TH-1512_10612306



TH-1512_10612306



Chapter 4

Strongly Lie Solvable Group

Algebras

Recall the discussions in section 1.2.3. A classical result of Passi, Passman and

Sehgal ([21]) says that when p > 2 and G is a non-abelian group, the group algebra

KG is Lie solvable if and only if KG is strongly Lie solvable. Unfortunately no

general formula to compute the Lie derived length dlL(KG) is known, whereas it

is possible to give a more accurate estimate of dlL(KG). Levin and Rosenberger

in ([17]) have completely characterised KG with dlL(KG) = 2. Sahai in ([29])has

characterised KG with dlL(KG) = 3. In fact as a consequence of results of Sahai

([29]) one has that

dlog2(t(G′) + 1)e ≤ dlL(KG) ≤ dlog2(2t(G′))e, (4.1)

where t(G′) is the nilpotency index of the augmentation ideal ∆(G′). Sahai’s

characterization of KG with dlL(KG) = 3 was as follows:

Theorem 4.1. Let K be a field of characteristic p 6= 2 and let G be a group. Then

δ(3)(KG) = 0 if and only if one of the following holds:

(i) G is abelian.

(ii) p = 7, G′ = C7 and γ3(G) = 1.

(iii) p = 5, G′ = C5 and either γ3(G) = 1 or γn(G) = G′ for all n ≥ 3 with

xg = x−1 for all x ∈ G′ and for all g /∈ CG(G′).

37
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(iv) p = 3, G′ is a group of one of the following types:

(a) G′ = C3.

(b) G′ = C3 × C3 and either γ3(G) = 1 or γ3(G) = C3, γ4(G) = 1 or

γn(G) = G′ for all n ≥ 3 with xg = x−1 for all x ∈ G′ and for all

g /∈ CG(G′).

(c) G′ = C3 × C3 × C3, γ3(G) = 1.

where the centralizer of a subset S of a group G is denoted by CG(S), that is,

CG(S) = {g ∈ G|sg = gs ∀ s ∈ S}.

According to Theorem A of Shalev’s paper([5]), for a field K of characteristic p > 0

and a non-abelian group G, dlog2(p + 1)e ≤ dlL(KG). Very simple calculations

allow to conclude that this lower bound holds true for the strong Lie derived length

of a group algebra as well ([32],[15]). Along this way, the group algebras whose

strong Lie derived length is exactly dlog2(p+1)e have been characterised by Balogh

and Juhász ([34],[35]). This was also proved independently by Spinelli ([14], [? ]).

The conditions for group algebras to have minimal strong Lie derived length given

by Balogh and Juhász in [35] was as follows:

Theorem 4.2. Let KG be a strongly Lie solvable group algebra of positive char-

acteristic p. Then dlL(KG) = dlog2(p + 1)e if and only if one of the following

conditions holds:

(i) p = 2 and G′ is central elementary abelian subgroup of order 4;

(ii) G′ has order p, G/CG(G′) has order 2mpr, and the minimal integer d such

that s(d,m) ≥ p satisfies the inequality 2d − 1 < p.

where for m ≥ 0, s(l,m) is defined as:

s(l,m) =


1, if l = 0;

2s(l − 1,m) + 1, if 2m|s(l − 1,m);

2s(l − 1,m), otherwise.

A simple consequence of all these results is:
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• For p > 13, there are no strongly Lie solvable group algebras of strong Lie

derived length 4. (by Shalev’s bounds or simple observation in [15]).

• For p ∈ {11, 13} strongly Lie solvable group algebras of strong Lie derived

length 4 coincide with those of minimal strong Lie derived length (by [34],

[35]).

So the problem is reduced to characteristics p = 3, 5, 7.

Now, in this chapter, we have given an independent proof of the characterization

of KG when dlL(KG) ≤ 4 which does not involve Lie derived series of KG for

the cases p ≥ 11. For the cases p = 3, 5, 7, 11, we have given sufficient conditions

for KG to be strongly Lie solvable with strong Lie derived length 4. For p = 7,

we have given the necessary conditions also. Also we have given some generalized

results.

As mentioned in Chapter 1, for subsets X, Y of a group G, we denote by (X, Y ) the

subgroup of G generated by all commutators (x, y) = x−1y−1xy with x ∈ X and

y ∈ Y . The derived subgroups of G are defined as G(0) = G, G(1) = G′ = (G,G),

and G(i) = (G(i−1), G(i−1)) for all i > 0. The lower central chain of G is defined by

γ1(G) = G, γn+1(G) = (γn(G), G) for all n ≥ 1. For any two elements x, h ∈ G,

xh denotes the conjugation of x by h, that is, h−1xh. Also, ∆(G) denotes the aug-

mentation ideal of the group algebra KG. All groups considered are finite. Our

main results in this chapter are as follows, where theorems 4.3 and 4.4 (I), (II) are

already existing results as mentioned above but proved independently. Theorems

4.4 (III) and 4.5 are new results.

Theorem 4.3. Let K be a field of characteristic p ≥ 13 and let G be a group.

Then δ(4)(KG) = (0) if and only if one of the following holds:

(i) G is abelian.

(ii) p = 13, G′ = C13 and γ3(G) = 1.

Theorem 4.4. Let K be a field of characteristic 7 ≤ p ≤ 11 and let G be a group.

If δ(4)(KG) = (0) , then one of the following holds:

(I) G is abelian.
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(II) p = 11, G′ = C11 and either γ3(G) = 1 or γn(G) = G′ for all n ≥ 3 with

xg = xi, i = 1, 3, 4, 5, 9, ∀g ∈ G.

(III) p = 7, then G′ is any one of the following:

(a) G′ = C7.

(b) G′ = C7 × C7 = 〈x〉 × 〈y〉 and one of the following holds:

(i) γ3(G) = 1.

(ii) γ3(G) = C7 with γ4(G) = 1.

(iii) γn(G) = G′, for all n ≥ 3 such that for all g ∈ G\CG(G′), xg ∈ 〈x〉
and yg ∈ 〈y〉 and also CG(x) = CG(y).

Theorem 4.5. Let K be a field of characteristic 3 ≤ p ≤ 11 and let G be a group

and any one of the following holds.

(i) G is abelian.

(ii) G′ is cyclic with |G′| ≤ 11 and γ3(G) = 1.

(iii) γn(G) = G′ for all n ≥ 3 such that

(a) G′ is cyclic with G′ = 〈x〉, x 6= 1,

(b) |G′| ≤ 11, and

(c) CG(x) has index 2 in G, i.e., for all g 6∈ CG(G′), xg = xi, for some fixed

i, where 1 < i < ◦(x),

then δ(4)(KG) = (0).

4.1 Background

In this section we discuss a few important known results which provide useful

tools for the proof of our theorem. We first state the complete set of necessary

and sufficient conditions for KG to be Lie solvable, given by Passi, Passman and

Sehgal ([21]). We say a group G is p-abelian, if G′ is a finite p-group.

Theorem 4.6. Let KG be the group algebra of G over the field K with charac-

teristic p ≥ 0. Then
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(i) KG is Lie nilpotent if and only if G is p-abelian and nilpotent;

(ii) for p 6= 2, KG is Lie solvable if and only if G is p-abelian;

(iii) for p = 2, KG is Lie solvable if and only if G has a 2-abelian subgroup of

index at most 2.

The following two results were proved by Sahai ([29], Remark 2.1 and Lemma 2.2

and the paragraph before these).

Result 4.7. When Char K ≥ 3, then

(i) δ(1)(KG) = [KG,KG]KG = ∆(G′)KG.

(ii) δ(2)(KG) = [∆(G′)KG,∆(G′)KG]KG

= ∆(G′′)KG+ ∆(G′)3KG+ ∆(γ3(G))∆(G′)KG+ ∆(G′)∆(γ3(G))KG.

(iii) if G′ is central, then δ(2)(KG) = ∆(G′)3KG.

(iv) if γ3(G) = G′, then δ(2)(KG) = ∆(G′)2KG.

Result 4.8. For all s ≥ 1, s ∈ N, ∆(G′)2
s−1KG ⊆ δ(s)(KG) ⊆ ∆(G′)2

s−1
KG.

The following are very useful identities.

For δ1, δ2, g1, g2 ∈ KG,

δ1δ2[g1, g2] = [δ1g1, δ2g2]− [δ1, δ2g2]g1 − [δ1g1, δ2]g2 + [δ1, δ2]g1g2. (4.2)

For g, h ∈ G, we can write

[g−1, h] = h{(h, g)− 1}g−1; [g, h−1] = g{1− (g, h)}h−1. (4.3)

As for a prime p, (−1)i p−iCi ≡ 1 (mod p), another useful observation is that

(x− 1)p−1 = 1 + x+ . . .+ xp−1 in Fp[x]. (4.4)
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4.2 Main Results

Some Useful Results

We first prove the following propositions:

Proposition 4.9. If (G′, G) = γ3(G) = G′, then for CharK 6= 2, ∆(G′)5KG ⊆
δ(3)(KG).

Proof. By Result 4.7, part (iii), when (G′, G) = G′, then δ(3)(KG) = [∆(G′)2KG,

∆(G′)2KG]KG. By Result 4.7, ∆(G′)KG = [KG,KG]KG. Using Eqn. 4.2, for

all δ1, δ2 ∈ ∆(G′)2 and g1, g2 ∈ G, we have:

∆(G′)5KG = ∆(G′)2∆(G′)2∆(G′)KG

= ∆(G′)2∆(G′)2[KG,KG]KG

⊆
[
∆(G′)2KG,∆(G′)2KG

]
KG = δ(3)(KG)

Hence, we have, ∆(G′)5KG ⊆ δ(3)(KG).

Proposition 4.10. For CharK 6= 2, ∆(γ3(G))∆(G′)5KG ⊆ δ(3)(KG).

Proof. By Result 4.7, we know that ∆(γ3(G))∆(G′)KG, ∆(G′)3KG ⊆ δ(2)(KG).

It is known that ∆(G′)KG = [KG,KG]KG. Using Eqn. 4.2, for all δ1 ∈
∆(γ3(G))∆(G′), δ2 ∈ ∆(G′)3 and g1, g2 ∈ G, we have:

∆(γ3(G))∆(G′)5KG = ∆(γ3(G))∆(G′)∆(G′)3∆(G′)KG

= ∆(γ3(G))∆(G′)∆(G′)3[KG,KG]KG

⊆
[
∆(γ3(G))∆(G′)KG,∆(G′)3KG

]
KG

⊆ [δ(2)(KG), δ(2)(KG)]KG = δ(3)(KG)

Hence, we have, ∆(γ3(G))∆(G′)5KG ⊆ δ(3)(KG).
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Proposition 4.11. When G′ is central, that is, when (G′, G) = 1, for CharK 6=
2, and the nilpotency index t(G′) of ∆(G′) greater than n, we have:

[
∆(G′)nKG,∆(G′)nKG

]
KG ⊆ ∆(G′)2n+1KG (4.5)

Proof. Let x1, x2, . . . , xn, y1, y2, . . . , yn ∈ G′. Then for g, h ∈ G, (x1 − 1)(x2 −
1) . . . (xn − 1)g, (y1 − 1)(y2 − 1) . . . (yn − 1)h ∈ ∆(G′)nKG. Now,

[
(x1 − 1)(x2 − 1) . . . (xn − 1)g, (y1 − 1)(y2 − 1) . . . (yn − 1)h

]
= (x1 − 1)(x2 − 1) . . . (xn − 1)g(y1 − 1)(y2 − 1) . . . (yn − 1)h

− (y1 − 1)(y2 − 1) . . . (yn − 1)h(x1 − 1)(x2 − 1) . . . (xn − 1)g

= (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)gh

− (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)hg

= (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)(ghg−1h−1 − 1)hg

∈ ∆(G′)2n+1KG.

Thus, this result can be extended over the whole group algebra KG and our desired

result is proved.

The above proposition can be extended to get the following result.

Lemma 4.12. For CharK 6= 2, and the nilpotency index t(G′) of ∆(G′) greater

than n, we have

[
∆(G′)nKG,∆(G′)nKG

]
KG ⊆ ∆(G′, G)∆(G′)2n−1KG+

∆(G′)∆(G′, G)∆(G′)2n−2KG+ · · ·

· · ·+ ∆(G′)2n−1∆(G′, G)KG

+∆(G′)2n+1KG+ ∆(G′′)∆(G′)2n−2KG

+∆(G′)∆(G′′)∆(G′)2n−3KG

+ · · · · · ·+ ∆(G′)2n−2∆(G′′)KG.

Proof. Let x1, x2, . . . , xn, y1, y2, . . . , yn ∈ G′. Then for g, h ∈ G, (x1 − 1)(x2 −
1) . . . (xn − 1)g, (y1 − 1)(y2 − 1) . . . (yn − 1)h ∈ ∆(G′)nKG. Now,
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[
(x1 − 1)(x2 − 1) . . . (xn − 1)g, (y1 − 1)(y2 − 1) . . . (yn − 1)h

]
= (x1 − 1)(x2 − 1) . . . (xn − 1)g(y1 − 1)(y2 − 1) . . . (yn − 1)h

− (y1 − 1)(y2 − 1) . . . (yn − 1)h(x1 − 1)(x2 − 1) . . . (xn − 1)g

=
{

(x1 − 1) . . . (xn − 1)g(y1 − 1)(y2 − 1) . . . (yn − 1)h

− (x1 − 1) . . . (xn − 1)(y1 − 1)g(y2 − 1) . . . (yn − 1)h

+ (x1 − 1) . . . (xn − 1)(y1 − 1)g(y2 − 1) . . . (yn − 1)h

− (x1 − 1) . . . (xn − 1)(y1 − 1)(y2 − 1)g . . . (yn − 1)h

+ · · · · · · · · · · · · · · · · · · · · · · · · +

(x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn−1 − 1)g(yn − 1)h

− (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)gh
}

+
{

(x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)gh

− (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yn − 1)hg
}

+
{

(x1 − 1) . . . (xn − 1)h(yh1 − 1) . . . (yhn − 1)g

− (x1 − 1) . . . (xn−1 − 1)h(xn − 1)(yh1 − 1) . . . (yhn − 1)g

+ (x1 − 1) . . . (xn−1 − 1)h(xn − 1)(yh1 − 1) . . . (yhn − 1)g

− (x1 − 1) . . . (xn−2 − 1)h(xn−1 − 1)(xn − 1)(yh1 − 1) . . . (yhn − 1)g

+ · · · · · · · · · · · · · · · · · · · · · · · · +

(x1 − 1)h(x2 − 1) . . . (xn − 1)(yh1 − 1) . . . (yhn − 1)g

− h(x1 − 1) . . . (xn − 1)(yh1 − 1) . . . (yhn − 1)g
}

+
{

(xh
−1

1 − 1) . . . (xh
−1

n − 1)(y1 − 1) . . . (yn − 1)hg

− (xh
−1

1 − 1) . . . (xh
−1

n−1 − 1)(y1 − 1)(xh
−1

n − 1)(y2 − 1) . . . (yn − 1)hg

+ (xh
−1

1 − 1) . . . (xh
−1

n−1 − 1)(y1 − 1)(xh
−1

n − 1)(y2 − 1) . . . (yn − 1)hg

− (xh
−1

1 − 1)...(xh
−1

n−2 − 1)(y1 − 1)(xh
−1

n−1 − 1)(xh
−1

n − 1)(y2 − 1)...(yn − 1)hg

+ · · · · · · · · · · · · · · · · · · · · · · · · +

(xh
−1

1 − 1)(y1 − 1)(xh
−1

2 − 1) . . . (xh
−1

n − 1)(y2 − 1) . . . (yn − 1)hg

− (y1 − 1)(xh
−1

1 − 1) . . . (xh
−1

n − 1)(y2 − 1) . . . (yn − 1)hg

+ · · · · · · · · · · · · · · · · · · · · · · · · +

(y1 − 1) . . . (yn−1 − 1)(xh
−1

1 − 1) . . . (xh
−1

n − 1)(yn − 1)hg

− (y1 − 1) . . . (yn−1 − 1)(xh
−1

1 − 1) . . . (xh
−1

n−1 − 1)(yn − 1)(xh
−1

n − 1)hg

+ · · · · · · · · · · · · · · · · · · · · · · · · +
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+ (y1 − 1) . . . (yn−1 − 1)(xh
−1

1 − 1)(yn − 1)(xh
−1

2 − 1) . . . (xh
−1

n − 1)hg

− (y1 − 1)(y2 − 1) . . . (yn − 1)h(x1 − 1)(x2 − 1) . . . (xn − 1)g
}

(4.6)

Now for i = 1, . . . , n, the first n-pairs of terms of Eqn. 4.6 are of the form:

(x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yi−1 − 1)g(yi − 1) . . . (yn − 1)h

− (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yi−1 − 1)(yi − 1)g . . . (yn − 1)h

= (x1 − 1) . . . (xn − 1)(y1 − 1) . . . (yi−1 − 1)[g, yi](yi+1 − 1) . . . (yn − 1)h

= −(x1 − 1)...(xn − 1)(y1 − 1)...(yi−1 − 1)gyi

((
yi, g

)
− 1
)

(yi+1 − 1)...(yn − 1)h

∈ ∆(G′)n∆(G′)i−1∆(G′, G)∆(G′)n−iKG (∵ G′ EG, (G′, G)EG).

The next one, i.e., the (n+ 1)th term: (x1− 1) . . . (xn− 1)(y1− 1) . . . (yn− 1)(gh−
hg) ∈ ∆(G′)2n[KG,KG]KG ⊆ ∆(G′)2n+1KG. Again in the same way it can be

shown that the next n-pairs of terms for i = 1, . . . , n, which are of the form:

(x1 − 1) . . . (xi−1 − 1)h(xi − 1) . . . (xn − 1)(yh1 − 1) . . . (yhn − 1)g

− (x1 − 1) . . . (xi−1 − 1)(xi − 1)h(xi+1 − 1) . . . (xn − 1)(yh1 − 1) . . . (yhn − 1)g

∈ ∆(G′)i−1∆(G′, G)∆(G′)n−i∆(G′)nKG.

Finally, the last n2-pairs can similarly be shown to be contained in ∆(G′′)∆(G′)2n−2KG

+ ∆(G′)∆(G′′)∆(G′)2n−3KG+ . . .+ ∆(G′)2n−2∆(G′′)KG using the fact that G′′E

G′ E G. Thus, this element can be extended over the whole group algebra KG

and our desired result is proved.

Proof of Theorem 4.3

§ Necessary conditions:

We have δ(4)(KG) = (0). As strong Lie solvability implies Lie solvability, therefore,

by Theorem 4.6, we have G′ is a finite p-group as char K 6= 2. Let |G′| = pl.

Putting n = 4 in Result 4.8, we get ∆(G′)15KG ⊆ δ(4)(KG) = (0) ⊆ ∆(G′)8KG.

So we get. ∆(G′)15KG = (0). Hence, the nilpotency index t(G′) of ∆(G′) is less

than or equal to 15. We consider the following cases:
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Case (i) When Char K= p ≥ 17:

In Theorem 1.24, putting p ≥ 17, we get, 16l + 1 ≤ t(G′) ≤ 17l. But

t(G′) ≤ 15. Therefore, l must be 0. So, for p ≥ 17, |G′| = 1. Hence, G

is abelian.

Case (ii) When Char K= p = 13:

Again, in Theorem 1.24, putting p = 13, we get, 12l+ 1 ≤ t(G′) ≤ 13l.

As t(G′) ≤ 15, we must have l = 0 or l = 1. Now, l = 0 again implies

that G is abelian. When l = 1, for p = 13, we have |G′| = 13. Hence,

G′ = C13.

Now, when G is abelian, we are through. So we discuss the non-abelian case.

Claim: G′ is central, i.e., γ3(G) = (G′, G) = 1.

Let if possible, (G′, G) 6= 1. Since, G′ = C13 and G′ ⊆ (G′, G), we have (G′, G) =

G′. Therefore, by Proposition 4.9, we have ∆(G′)5KG ⊆ δ(3)(KG). Let G′ = 〈x〉,
where ◦(x), order of x, is 13 and (x−1)12 = 1+x+x2+· · ·+x12 = x̂ in KG by (4.4).

Hence, for any g ∈ G, we have, (x − 1)5, (x − 1)5g−1 ∈ ∆(G′)5KG ⊆ δ(3)(KG).

Hence,
[
(x − 1)5, (x − 1)5g−1

]
∈
[
δ(3)(KG), δ(3)(KG)

]
KG = δ(4)(KG) = (0). So,

making use of the fact that for x, y ∈ G, [x− 1, g−1] = [x, g−1] and (4.3), we have:

0 =
[
(x− 1)5, (x− 1)5g−1

]
= (x− 1)10g−1 − (x− 1)5g−1(x− 1)5

= (x− 1)9
{

(x− 1)g−1 − g−1(x− 1)
}

+(x− 1)5
{

(x− 1)4g−1 − g−1(x− 1)4
}

(x− 1)

= (x− 1)9
[
x− 1, g−1

]
+ (x− 1)5

{
(x− 1)3

[
x− 1, g−1

]
+
{

(x− 1)3g−1 − g−1(x− 1)3
}

(x− 1)
}

(x− 1)

= (x− 1)9
[
x, g−1

]
+ (x− 1)8

[
x, g−1

]
(x− 1)

+(x− 1)5
{

(x− 1)2
[
x− 1, g−1

]
+
{

(x− 1)2g−1

−g−1(x− 1)2
}

(x− 1)
}

(x− 1)2

= (x− 1)9
[
x, g−1

]
+ (x− 1)8

[
x, g−1

]
(x− 1) + (x− 1)7

[
x, g−1

]
(x− 1)2

+(x− 1)5 ×
{

(x− 1)
[
x− 1, g−1

]
+
{

(x− 1)g−1 − g−1(x− 1)
}

(x− 1)
}
× (x− 1)3
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= (x− 1)9
[
x, g−1

]
+ (x− 1)8

[
x, g−1

]
(x− 1) + (x− 1)7

[
x, g−1

]
(x− 1)2

+(x− 1)6
[
x, g−1

]
(x− 1)3 + (x− 1)5

[
x, g−1

]
(x− 1)4

= −x
{

(x− 1)9{(x, g)− 1}g−1 + (x− 1)8{(x, g)− 1}g−1(x− 1)

+(x− 1)7{(x, g)− 1}g−1(x− 1)2 + (x− 1)6{(x, g)− 1}g−1(x− 1)3

+(x− 1)5{(x, g)− 1}g−1(x− 1)4
}

= −x
{

(x− 1)9{(x, g)− 1}+ (x− 1)8{(x, g)− 1}(xg − 1)

+(x− 1)7{(x, g)− 1}(xg − 1)2 + (x− 1)6{(x, g)− 1}(xg − 1)3

+(x− 1)5{(x, g)− 1}(xg − 1)4
}
g−1 (4.7)

That is, finally

(x− 1)9{(x, g)− 1}+ (x− 1)8{(x, g)− 1}(xg − 1) + (x− 1)7{(x, g)− 1}(xg − 1)2

+ (x− 1)6{(x, g)− 1}(xg − 1)3 + (x− 1)5{(x, g)− 1}(xg − 1)4 = 0 (4.8)

Now, (x, g) ∈ G′ = C13. Let (x, g) = xk, where k ∈ N; 1 ≤ k ≤ 11, as k = 12

would imply x−1g−1xg = x12, i.e., g−1xg = x13 = 1, which means x = 1, a

contradiction to our assumption. Also, xg = g−1xg = xk+1. Substituting (x, g) =

xk and xg = xk+1 in Eq. 4.8, we get:

0 = (x− 1)9(xk − 1) + (x− 1)8(xk − 1)(xk+1 − 1)

+(x− 1)7(xk − 1)(xk+1 − 1)2 + (x− 1)6(xk+1 − 1)(xk+1 − 1)3

+(x− 1)5(xk − 1)(xk+1 − 1)4

= (x− 1)10(1 + x+ . . .+ xk−1)

+(x− 1)10(1 + x+ . . .+ xk−1)(1 + x+ . . .+ xk)

+(x− 1)10(1 + x+ . . .+ xk−1)(1 + x+ . . .+ xk)2

+(x− 1)10(1 + x+ . . .+ xk−1)(1 + x+ . . .+ xk)3

+(x− 1)10(1 + x+ . . .+ xk−1)(1 + x+ . . .+ xk)4

= (x− 1)10(1 + x+ . . .+ xk−1)

×
{

1 + (1 + x+ . . .+ xk)(2 + x+ . . .+ xk)

+(1 + x+ . . .+ xk)3(2 + x+ . . .+ xk)
}

= (x− 1)10(1 + x+ . . .+ xk−1)

×
{

1 + (1 + x+ . . .+ xk)
(

1 + (1 + x+ . . .+ xk)2
)

(2 + x+ . . .+ xk)
}

(4.9)
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Now, multiplying Eq. 4.9 by (x− 1)2, we get:

x̂(1 + x+ . . .+ xk−1)

×
{

1 + (1 + x+ . . .+ xk)
(

1 + (1 + x+ . . .+ xk)2
)

(2 + x+ . . .+ xk)
}

= 0

or, k
{

1 + (k + 1)
(
1 + (k + 1)2

)
(2 + k)

}
x̂ = 0

i.e., k
(
k4 + 5k3 + 10k2 + 10k + 5

)
= 0 in K. (4.10)

Now, there is no k ∈ N such that k4 + 5k3 + 10k2 + 10k + 5 is divisible by 13 .

So k = 0. Hence, (x, g) = x0 = 1. But g was an arbitrary element of G. Hence

(x, g) = 1 for every g ∈ G. Thus, (G′, G) = 1, i.e., G′ is central. We have thus

proved that when δ(4)(KG) = (0), then for any field K with characteristic 13, G′

is central.

§ Sufficient conditions:

Case (i) When G is abelian, then clearly δ(4)(KG) = (0).

Case (ii) When Char K = 13 and G′ = C13 with γ3(G) = (G′, G) = 1 and

|G′| = 13, then by Result 4.7(iii), we have δ(2)(KG) = ∆(G′)3KG.

Thus,

δ(3)(KG) = [δ(2)(KG), δ(2)(KG)]KG = [∆(G′)3KG,∆(G′)3KG]KG ⊆
∆(G′)6KG. Also, asG′ = C13, we get t(G′) = 13, and so, ∆(G′)13KG =

(0). Hence, using Proposition 4.11, we have

δ(4)(KG) = [δ(3)(KG), δ(3)(KG)]KG ⊆ [∆(G′)6KG,∆(G′)6KG]KG

⊆ ∆(G′)13KG = (0)

Hence, for this case too, δ(4)(KG) = (0).

Hence, Theorem 4.3 is proved.
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Proof of Theorem 4.4

(I) When δ(4)(KG) = (0) and char K = p = 11:

Proceeding in the same way as in the proof of the necessary part of The-

orem 4.3, using Result 4.8 we find that δ(4)(KG) = (0) will imply that

∆(G′)15KG = (0) and so we get t(G′) ≤ 15. Suppose |G′| = pl. So

putting, p = 11, in Theorem 1.24, we have 10l + 1 ≤ t(G′) ≤ 11l. So, we

must have l = 0 or l = 1. Now, l = 0 again implies that G is abelian.

When l = 1, for p = 11, we have |G′| = 11. Hence, G′ = C11.

Again, when G is abelian, we are through. So we discuss the non-abelian

case.

Claim: Either G′ is central i.e., γ3(G) = 1 or γn(G) = G′ for all n ≥ 3

with xg = xi, i = 1, 3, 4, 5, 9, ∀g ∈ G.

Let G′ = 〈x〉, where ◦(x) is 11. If G′ is not central, then γ3(G) = G′

and hence by Proposition 4.9, ∆(G′)5KG ⊆ δ(3)(KG). Let (x, g) = xk,

where k ∈ N; 0 ≤ k ≤ 9, as k = 10 would imply x−1g−1xg = x10, i.e.,

g−1xg = x11 = 1, which means x = 1, a contradiction to our assumption.

If we start with
[
(x − 1)5, (x − 1)5g−1

]
= 0 and proceeding exactly as in

the p = 13 case, we get:

k
{

1 + (k + 1)
(
1 + (k + 1)2

)
(2 + k)

}
= 0

or, k
(
k4 + 5k3 + 10k2 + 10k + 5

)
= 0 in K.

or, k(k − 2)(k − 3)(k − 4)(k − 8) = 0 in K. (4.11)

This gives k = 0 or 2 or 3 or 4 or 8. Thus (x, g) = 1 or x2 or x3 or x4 or

x8. That is, xg = xi, i = 1, 3, 4, 5, 9, ∀g ∈ G, as desired.

(II) When δ(4)(KG) = (0) and char K = p = 7:

Again, we proceed in the same way as the necessary part of Theorem 4.3

and obtain t(G′) ≤ 15. Suppose |G′| = pl. Putting p = 7 in Theorem

1.24, we have 6l + 1 ≤ t(G′) ≤ 7l. So, we must have l = 0 or l = 1 or

l = 2. Now, l = 0 again implies that G is abelian. When l = 1, for p = 7,
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we have |G′| = 7. Hence, G′ = C7. When l = 2, t(G′) has to be 13 for

characteristic 7, as a group of order p2 is always abelian and the other

choice for a group of order 72 would be C49 which will give t(G′) > 15.

Hence, G′ = C7 × C7.

Claim: G′ = C7 or G′ = C7 × C7 = 〈x〉 × 〈y〉 and either γ3(G) = 1 or

γ3(G) = C7 with γ4(G) = 1 or γn(G) = G′, for all n ≥ 3 such that for all

g ∈ G \ CG(G′), xg ∈ 〈x〉 and yg ∈ 〈y〉 and also CG(x) = CG(y).

(a) We have already seen that G′ can be C7.

(b) So let us discuss the case when G′ = C7 × C7. So γ3(G) = (G′, G)

can be 1 or C7 or G′ = C7 × C7. Now let us discuss these three cases

separately.

(i) When γ3(G) = 1, we are through.

(ii) When γ3(G) = C7, let γ3(G) = C7 = 〈z〉. Let y ∈ G′\γ3(G). By,

Proposition 4.10, ∆(γ3(G))∆(G′)5KG ⊆ δ(3)(KG). Therefore,

for all g ∈ G, (z−1)(y−1)5g−1 and also (z−1)(z−1)4(y−1) =

(z − 1)5(y − 1) ∈ δ(3)(KG). So,

0 =
[
(z − 1)(y − 1)5g−1, (z − 1)5(y − 1)

]
= (z − 1)(y − 1)5g−1(z − 1)5(y − 1)− (z − 1)6(y − 1)6g−1

= (z − 1)(y − 1)5
{
g−1(z − 1)5(y − 1)− (z − 1)5(y − 1)g−1

}
= (z − 1)(y − 1)5

×
{
g−1(y − 1)(z − 1)5 − (y − 1)g−1(z − 1)5

+(y − 1)g−1(z − 1)5 − (y − 1)(z − 1)g−1(z − 1)4

+(y − 1)(z − 1)g−1(z − 1)4 − (y − 1)(z − 1)2g−1(z − 1)3

+(y − 1)(z − 1)2g−1(z − 1)3 − (y − 1)(z − 1)3g−1(z − 1)2

+(y − 1)(z − 1)3g−1(z − 1)2 − (y − 1)(z − 1)4g−1(z − 1)

+(y − 1)(z − 1)4g−1(z − 1)− (y − 1)(z − 1)5g−1
}

= (z − 1)(y − 1)5

×
{
y
(
(y, g)− 1

)(
zg − 1

)5
g−1

+(y − 1)z
(
(z, g)− 1

)(
zg − 1

)4
g−1

+(y − 1)(z − 1)z
(
(z, g)− 1

)(
zg − 1

)3
g−1

+(y − 1)(z − 1)2z
(
(z, g)− 1

)(
zg − 1

)2
g−1
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+(y − 1)(z − 1)3z
(
(z, g)− 1

)(
zg − 1

)
g−1

+(y − 1)(z − 1)4z
(
(z, g)− 1

)
g−1
}

(Using 4.3.)

Now, (y, g) ∈ (G′, G) = γ3(G). As, ∆(γ3(G))7 = (0), so (z −
1)
(
(y, g)−1

)(
zg−1

)5
= 0. So the first term of the above equation

becomes zero. As (z, g) = z−1zg ∈ γ3(G) = C7, let (z, g) = zk,

where k ∈ N; 1 ≤ k ≤ 5, as k = 6 would imply z−1g−1zg = z6,

i.e., g−1zg = z7 = 1, which means z = 1, a contradiction. Also,

zg = g−1zg = zk+1. Substituting (z, g) = zk and zg = zk+1 and

(z − 1)6 = ẑ = 1 + z + . . . + z6, in the remaining terms of the

above equation, we are left with:

0 = (y − 1)6(z − 1)6z(1 + z + . . .+ zk−1)

×
{

(1 + z + . . .+ zk)4 + (1 + z + . . .+ zk)3

+(1 + z + . . .+ zk)2 + (1 + z + . . .+ zk) + 1
}
g−1

= (y − 1)6ẑ(1 + z + . . .+ zk−1)

×
{

(1 + z + . . .+ zk)4 + (1 + z + . . .+ zk)3

+(1 + z + . . .+ zk)2 + (1 + z + . . .+ zk) + 1
}

= (y − 1)6ẑk
{

(1 + k)4 + (1 + k)3 + (1 + k)2 + (1 + k) + 1
}

= k
(
k4 + 5k3 + 10k2 + 10k + 5

)
(y − 1)6(z − 1)6

(4.12)

Now, k4 + 5k3 + 10k2 + 10k + 5 6= 0 in K for any k ∈ N, as

7 - k4 + 5k3 + 10k2 + 10k + 5. So k = 0. Because if k 6= 0, then

(y − 1)6(z − 1)6 = 0 which is impossible as nilpotency index of

∆(G′) in this case is 13, and this is a contradiction to the fact

that y 6∈ γ3(G). This shows that γ3(G) is central, i.e., γ4(G) = 1.

(iii) When γn(G) = G′ for all n ≥ 3. Let γ3(G) = G′ = C7 × C7 =

〈x〉 × 〈y〉. Let g ∈ G such that g 6∈ CG(G′). By Proposition 4.9,

∆(G′)5KG ⊆ δ(3)(KG). So, (x − 1)5, (x − 1)5g−1 ∈ δ(3)(KG).

Therefore,
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0 =
[
(x− 1)5, (x− 1)5g−1

]
= (x− 1)10g−1 − (x− 1)5g−1(x− 1)5

= −(x− 1)5(xg − 1)5g−1 [∵ (x− 1)10 = 0]

We get, (x − 1)5(xg − 1)5 = 0. As t(G′) = 15, we must have

xg ∈ 〈x〉 for all g 6∈ CG(G′). Similarly, it can be proved that

yg ∈ 〈y〉 for all g 6∈ CG(G′) with the help of the elements (y−1)5

and (y−1)5g−1. Now, let g ∈ CG(x), but g 6∈ CG(y), i.e., xg = x

but yg 6= y. Now, (x−1)(y−1)4g−1, (x−1)4(y−1) ∈ δ(3)(KG).

So,

0 =
[
(x− 1)(y − 1)4, (x− 1)4(y − 1)

]
= (x− 1)(y − 1)4g−1(x− 1)4(y − 1)− (x− 1)5(y − 1)5g−1

= (x− 1)(y − 1)4(xg − 1)4g−1(y − 1)− (x− 1)5(y − 1)5g−1

= (x− 1)5(y − 1)4
[
g−1, y

]
[∵ xg = x]

= (x− 1)5(y − 1)4y
(
(y, g)− 1

)
g−1

= (x− 1)5(y − 1)5 [∵ (y, g) = y−1yg ∈ 〈y〉].

This contradicts the fact that y 6∈ 〈x〉. So we must have yg = y.

Similarly it can be shown that whenever g ∈ CG(y), then g ∈
CG(y). This shows that CG(x) = CG(y).

Hence Theorem 4.4 is proved.

Proof of Theorem 4.5

Case (i) When G is abelian, then clearly δ(4)(KG) = (0).

Case (ii) When Char K 6= 2 and G′ is cyclic with γ3(G) = 1 and |G′| ≤ 11, then

by Result 4.7 (iii), we have δ(2)(KG) = ∆(G′)3KG. Thus, δ(3)(KG) =

[δ(2)(KG), δ(2)(KG)]KG = [∆(G′)3KG,∆(G′)3KG]KG

⊆ ∆(G′)6KG. Also, as |G′| ≤ 11, we get t(G′) ≤ 11, and so, ∆(G′)13KG

= (0). Hence,
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δ(4)(KG) = [δ(3)(KG), δ(3)(KG)]KG

⊆ [∆(G′)6KG,∆(G′)6KG]KG

⊆ ∆(G′)13KG = (0)

(Using Proposition 4.11.)

Hence, for this case too, δ(4)(KG) = (0).

Case (iii) We first prove the following proposition.

Proposition 4.13. If (G′, G) = γ3(G) = G′, and G′ is cyclic with

G′ = 〈x〉, x 6= 1 and |G′| > 5 such that CG(x) has index 2 in G, i.e.,

for all g 6∈ CG(G′), xg = xi, where i is fixed and 1 < i < ◦(x), then for

CharK 6= 2, δ(3)(KG) = ∆(G′)5KG = (x− 1)5KG.

Proof. By Result 4.7 (iv), we know that when (G′, G) = G′, then

δ(2)(KG) = ∆(G′)2KG. Here G′ = 〈x〉 where x 6= 1 and t(G′) > 5. So,

∆(G′)nKG = (x − 1)nKG for positive integer n ≤ 5. So, δ(3)(KG) =[
(x− 1)2KG, (x− 1)2KG

]
. Now, for g, h ∈ G \ CG(G′), and using the

fact that [a, b− 1] = [a, b] for a, b ∈ G

[
(x− 1)2g, (x− 1)2h

]
= (x− 1)2g(x− 1)2h− (x− 1)2h(x− 1)2g

= (x− 1)2g(x− 1)2h− (x− 1)3g(x− 1)h

+ (x− 1)3g(x− 1)h− (x− 1)4gh

+ (x− 1)4gh− (x− 1)4hg + (x− 1)4hg − (x− 1)3h(x− 1)g

+ (x− 1)3h(x− 1)g − (x− 1)2h(x− 1)2g

= (x− 1)2[g, x](x− 1)h+ (x− 1)3[g, x]h+ (x− 1)4[g, h]

+ (x− 1)3[x, h]g + (x− 1)2[x, h](x− 1)g

= (x− 1)4
((
g−1, h−1

)
− 1
)
hg + (x− 1)3

((
g−1, x−1

)
− 1
)
xgh

+ (x− 1)2
((
g−1, x−1

)
− 1
)
x
(
xg

−1 − 1
)
gh

+ (x− 1)3
((
x−1, h−1

)
− 1
)
xh

−1

hg

+ (x− 1)2
((
x−1, h−1

)
− 1
)
xh

−1(
xh

−1 − 1
)
hg (4.13)

Now, let
(
g−1, h−1

)
= xj, where j is a positive integer, 1 ≤ j ≤ ◦(x),

as it belongs to G′ = 〈x〉. So,
(
g−1, h−1

)
− 1 = xj − 1 = (x − 1)X1,
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say, where X1 = 1 + x + . . . xj−1. According to the given conditions,

gxg−1 = hxh−1 = xi. So,
(
g−1, x−1

)
− 1 = gxg−1x−1− 1 = xix−1− 1 =

xi−1− 1 = (x− 1)X2 and
(
x−1, h−1

)
− 1 = xhx−1h−1− 1 = xx−i− 1 =

x1−i − 1 = −x1−i(x − 1)X2, where i is fixed with 2 ≤ i < ◦(x), and

X2 = 1 + x+ . . . xi−2. Putting all these in Eqn. 4.13, we get

[
(x− 1)2g, (x− 1)2h

]
= (x− 1)5X1hg + (x− 1)4X2xgh+ (x− 1)4X2x(X2 + xi−1)gh

− (x− 1)4xX2hg − (x− 1)4xX2(X2 + xi−1)hg

= (x− 1)5X1hg + (x− 1)4xX2(gh− hg)

+ (x− 1)4xX2(X2 + xi−1)(gh− hg)

= (x− 1)5X1hg + (x− 1)5X1xX2hg + (x− 1)5X1xX2(X2 + xi−1)hg

∈ (x− 1)5KG

So, we get δ(3)(KG) ⊆ ∆(G′)5KG = (x− 1)5KG. The reverse contain-

ment has been proved in Proposition 4.9. Hence, for the above case,

δ(3)(KG) = (x− 1)5KG.

Now, let us return to proving part (iii) of Theorem 4.5. Let γn(G) =

G′ = 〈x〉 6= {1} for all n ≥ 3 with |G′| ≤ 11 and with the condition

if g 6∈ CG(G′), then xg = xi, where i is fixed and 1 < i < ◦(x). So,

∆(G′)mKG = (x − 1)mKG, for some positive integer m. First, let us

assume |G′| ≤ 8. Then, by Result 4.8, δ(4)(KG) ⊆ (x − 1)8KG = (0).

So, δ(4)(KG) = (0).

Now, let 8 < |G′| ≤ 11. Hence for this case, by Proposition 4.13,

δ(3)(KG) = ∆(G′)5KG. So, δ(4)(KG) =
[
∆(G′)5KG,∆(G′)5KG

]
KG.

Let g, h ∈ G \ CG(G′), then

[
(x− 1)5g, (x− 1)5h

]
= (x− 1)5g(x− 1)5h− (x− 1)5h(x− 1)5g

= (x− 1)5g(x− 1)5h− (x− 1)6g(x− 1)4h

+ (x− 1)6g(x− 1)4h− (x− 1)7g(x− 1)3h

+ (x− 1)7g(x− 1)3h− (x− 1)8g(x− 1)2h

+ (x− 1)8g(x− 1)2h− (x− 1)9g(x− 1)h

+ (x− 1)9g(x− 1)h− (x− 1)10gh+ (x− 1)10gh− (x− 1)10hg
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+(x− 1)10hg − (x− 1)9h(x− 1)g

+(x− 1)9h(x− 1)g − (x− 1)8h(x− 1)2g

+(x− 1)8h(x− 1)2g − (x− 1)7h(x− 1)3g

+(x− 1)7h(x− 1)3g − (x− 1)6h(x− 1)4g

+(x− 1)6h(x− 1)4g − (x− 1)5h(x− 1)5g

= (x− 1)5[g, x](x− 1)4h+ (x− 1)6[g, x](x− 1)3h

+(x− 1)7[g, x](x− 1)2h+ (x− 1)8[g, x](x− 1)h

+(x− 1)9[g, x]h+ (x− 1)10[g, h]

+(x− 1)9[x, h]g + (x− 1)8[x, h](x− 1)g

+(x− 1)7[x, h](x− 1)2g + (x− 1)6[x, h](x− 1)3g

+(x− 1)5[x, h](x− 1)4

= (x− 1)5
((
g−1, x−1

)
− 1
)
x
(
xg

−1 − 1
)4
gh

+(x− 1)6
((
g−1, x−1

)
− 1
)
x
(
xg

−1 − 1
)3
gh

+(x− 1)7
((
g−1, x−1

)
− 1
)
x
(
xg

−1 − 1
)2
gh

+(x− 1)8
((
g−1, x−1

)
− 1
)
x
(
xg

−1 − 1
)
gh

+(x− 1)9
((
g−1, x−1

)
− 1
)
xgh

+(x− 1)10
((
g−1, h−1

)
− 1
)
hg

+(x− 1)9
((
x−1, h−1

)
− 1
)
xh

−1

hg

+(x− 1)8
((
x−1, h−1

)
− 1
)
xh

−1(
xh

−1 − 1
)
hg

+(x− 1)7
((
x−1, h−1

)
− 1
)
xh

−1(
xh

−1 − 1
)2
hg

+(x− 1)6
((
x−1, h−1

)
− 1
)
xh

−1(
xh

−1 − 1
)3
hg

+(x− 1)5
((
x−1, h−1

)
− 1
)
xh

−1(
xh

−1 − 1
)4
hg

= (x− 1)5
((
g−1, x−1

)
− 1
)
x

×
{(
xg

−1 − 1
)4

+ (x− 1)
(
xg

−1 − 1
)3

+ (x− 1)2
(
xg

−1 − 1
)2

+(x− 1)3
(
xg

−1 − 1
)

+ (x− 1)4
}
gh

+(x− 1)5
((
x−1, h−1

)
− 1
)
xh

−1

×
{(
xh

−1 − 1
)4

+ (x− 1)
(
xh

−1 − 1
)3

+ (x− 1)2
(
xh

−1 − 1
)2

+(x− 1)3
(
xh

−1 − 1
)

+ (x− 1)4
}
hg

+(x− 1)10
((
g−1, h−1

)
− 1
)
hg

(4.14)
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Now, let
(
g−1, h−1

)
= xj, where j is a positive integer, 1 ≤ j ≤ 11, as

it belongs to G′ = 〈x〉 = Cm, with 8 < m ≤ 11. So,
(
g−1, h−1

)
− 1 =

xj − 1 = (x− 1)X1, say, where X1 = 1 +x+ . . .+xj−1. Hence the term

(x − 1)10
((
g−1, h−1

)
− 1
)
hg in Eqn. 4.14 becomes (x − 1)11X1hg = 0

as 8 < ◦(x) ≤ 11. According to the given conditions,
(
g−1, x−1

)
− 1 =

gxg−1x−1 − 1 = xix−1 − 1 = xi−1 − 1 = (x− 1)A and
(
x−1, h−1

)
− 1 =

xhx−1h−1 − 1 = xx−i − 1 = x1−i − 1 = −x1−i(x− 1)A, where i is fixed

with 1 < i < ◦(x), and A = 1 + x + . . . xi−2. Also,
(
xh

−1 − 1
)k

=(
xg

−1 − 1
)k

= (xi − 1)k = (x − 1)kAk, where Ak = (1 + x + . . . xi−1)k,

where k ∈ N. Putting all these in Eqn. 4.14, we get

[
(x− 1)5g, (x− 1)5h

]
= (x− 1)6Ax(x− 1)4

{
A4 + A3 + A2 + A1 + 1

}
gh

− (x− 1)6Ax(x− 1)4
{
A4 + A3 + A2 + A1 + 1

}
hg

= (x− 1)10X(gh− hg) where X = Ax
{
A4 + A3 + A2 + A1 + 1

}
= (x− 1)11XX1hg (∵ 8 < t(G′) ≤ 11)

= 0

Thus, we get for the above case, δ(4)(KG) = (0). Hence, Theorem 4.5

is proved.

Thus the question remaining for this problem is what the necessary conditions will

be for a strongly Lie solvable group algebra to have strong Lie derived length 4

over fields of characteristic 3 and 5.
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Chapter 5

Future Work

Based on our work in the thesis, a few problems can be looked into in the future.

The following question is the remaining part of our work in Chapter 3.

IWhat will be the structure of KG over fields of characteristic p < 17 with units

having derived length four?

I Whether all our results can be extended to any torsion group?

As our work contains ideas for generalizing the problem of characterizing group

algebras having units of derived length n, our ideas can be utilized to answer the

following very important questions.

I What will be the minimum derived length of U for group algebras of any given

finite non-abelian group ?

I Finally complete the above problem by investigating whether the result can be

extended to any infinite group also?
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Appendix A

Publication and Manuscripts

(i) D.Chaudhuri and A.Saikia. On group algebras with unit groups of derived

length at most four. Publ. Math. Debrecen, Vol 86, 39-48, 2015.

(ii) D.Chaudhuri and A.Saikia. On the derived length of units in group algebra.

Czechoslovak Mathematical Journal (To Appear).

(iii) D.Chaudhuri and A.Saikia. On group algebras with strong Lie derived length

at most four (Communicated).
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