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Abstract

A sign pattern matrix is a matrix with entries from {+, —,0}. The qualitative class of a
matrix A is denoted by Q(A) and is defined by the set of all real matrices with the same sign
pattern as A. A sign pattern matrix A allows a property P if at least one matrix in Q(A)
has the property P, and requires a property P if all matrices in Q(A) have the property P.
In this thesis, we find some sign patterns of algebraically positive, diagonalizable and stable
matrices. We mainly focus on sign pattern matrices associated with trees.

The concept of an algebraically positive matrix was introduced by Kirkland, Qiao, and
Zhan in 2016. A real square matrix A is said to be algebraically positive if there exists a
real polynomial f such that f(A) is a positive matrix. We prove that a real square matrix is
algebraically positive if and only if it commutes with a unique (upto scalar multiplication)
rank one positive matrix. We also show that for a real square matrix A, if adj(A) is alge-
braically positive, then A is also algebraically positive. We characterize all tree sign pattern
matrices that allow algebraic positivity, and all star and path sign pattern matrices that
require algebraic positivity. We also identify all tree sign pattern matrices of order less than
6 requiring algebraic positivity.

We introduce the concept of an essential index for a tree sign pattern matrix. We observe

that a tree sign pattern matrix requires singularity if and only if it has an essential index.

xiii
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xiv

Further, we give a result regarding column spaces of matrices in the qualitative class of a
tree sign pattern matrix. We use this result to obtain a sufficient condition for sign pattern
matrices whose graphs are trees to allow diagonalizability. We also characterize sign pattern
matrices allowing diagonalizability, whose graphs are either star or path. Moreover, we give
a necessary condition for a sign pattern matrix requiring diagonalizability, and describe all
star sign pattern matrices requiring diagonalizability.

A square matrix M is said to be stable if all eigenvalues of M have negative real part,
and a sign pattern matrix A is said to be potentially stable if there exists a stable matrix in
Q(A). A sign pattern matrix A allows a properly signed nest if there exist B € (A) and a
permutation matrix P such that the sign of the k-th leading principal minor of PBPT is (—)"
forall k € {1,2,...,n}. We give some sufficient conditions for tree sign pattern matrices with
all edges negative to allow a properly signed nest. In 1997, Johnson, Maybee, Olesky and van
den Driessche proved that if a sign pattern matrix allows a properly signed nest, then it is
potentially stable. However, the converse is not true, even for tree sign pattern matrices. We
believe that the converse is true for tree sign pattern matrices with negative edges, which we
propose as a conjecture. We prove that this conjecture is true for tree sign pattern matrices
with negative edges of order at most 6. Further, we identify all potentially stable star and
path sign pattern matrices with negative edges, and prove that the conjecture is valid for
these classes. A sign pattern matrix A of order n is a spectrally arbitrary pattern if, for any
given real monic polynomial r(z) of degree n, there is a matrix in (Q(A) with characteristic
polynomial r(z). As a consequence of the results on potentially stable sign pattern matrices
with negative edges, we describe all 5-hy-5 spectrally arbitrary tree sign pattern matrices

with negative edges.
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CHAPTER 1

Introduction

1.1 Preliminaries

The origin of sign pattern matrices can be traced back to the book “Foundations of Economic
Analysis” [47] by Nobel prize winner economist P. A. Samuelson. In this dissertation, we
investigate some problems related to sign pattern matrices associated with trees. Let us

recall some definitions from (3, 8, 26, 30, 48, 49] to be used throughout this dissertation.

e A sign pattern matrix is a matrix with entries from the set {+, —,0}.

e Let M« (R) be the set of all m x n real matrices. If A is an m x n sign pattern matrix,

then the qualitative class of A is denoted by Q(A) and is defined by

Q(A) = {B € M,xn(R) :sign(by;) = a;; for all i € {1,2,...,m},j € {1,2,...,n}}.
e A sign pattern matrix A is said to allow a property P if at least one matrix in its

qualitative class has the property P, and A is said to require a property P if all

matrices in its qualitative class have the property P.
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A subpattern A of a sign pattern matrix A is a sign pattern matrix obtained from A
by replacing some (possibly none) of the nonzero entries of A with 0. In this case, A is

a super-pattern of A.

For products of entries of sign pattern matrices, the rules are that multiplication is

associative, commutative and
(H)H) =+ (D) == (=) =+ O0)+) =0, (0)(=) =0, (0)(0) =0.

A diagonal sign pattern matrix is a square sign pattern matrix with all off-diagonal
entries 0. A signature sign pattern matrix is a diagonal sign pattern matrix with each
diagonal entry + or —. A signature similarity of a square sign pattern matrix A is a

product SAS, where S is a signature sign pattern matrix.

A permutation sign pattern matrix is a square sign pattern matrix with entries from
{0,+}, where the entry + occurs precisely once in each row and each column. A
permutation similarity of a square sign pattern matrix A is a product PT AP, where P

is a permutation sign pattern matrix.

A sign pattern matrix B is equivalent to another sign pattern matrix A if B is obtained

from A by negation and/or permutation similarity and/or signature similarity.

A square sign pattern matrix A = [ay;] is said to be combinatorially symmetric if for

each 4, j, either both a;;, a;; are zero or both a;;, a;; are nonzero.

The minimum rank and maximum rank of a sign pattern matrix A are denoted by mr(A)
and MR(A), respectively, and are defined by mr(A) = min{rank(B) : B € Q(A)} and
MR(A) = max{rank(B) : B € Q(A)}.

Let A be a square matrix of order n. If a, 8 are subsets of {1,2,...,n}, then Ale, 5] de-

notes the submatrix of A with rows, columns corresponding to the indices in «, 8 respectively,

and A(a, ) is the submatrix obtained from A by deleting rows, columns corresponding to

the indices in «a, 3 respectively. Further, A[a] denotes A, o], and A(a) denotes A(a, a).
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Preliminaries 3

A nonzero product of the form v = a;,;,iys, - - - @5, in which the index set {i1,42,...,%}
consists of distinct indices is called a simple cycle of length & (or simple k-cycle) in A. A
composite k-cycle is a product of simple cycles whose total length is &, and whose index sets
are mutually disjoint. The maximum cycle length in A is denoted by ¢(A). A nonzero entry
a;; is a chord of a cycle v (simple or composite), if 4 and j are two vertices of v and a;; is
not in . A cycle v is chordless if v has no chords.

A directed graph D is a triple consisting of a vertex set V(D), an arc set E(D), and a
function assigning each arc to an ordered pair of vertices. An ordered pair (i, j) is an arc from
vertex i to vertex j. If A = [a;;] is a matrix of order n, then the digraph of A, denoted by
D(A), is defined as the directed graph with vertices 1,2, ..., nsuch that D(A) has the arc (4, j)
if and only if a;; # 0. A directed walk from 4, to i is a sequence (ig, i1), (i1,42), . . ., (ik—1,%)
of arcs in D(A). We also denote this walk by 49 — 43 —> 43 — -+ — 4,y —> 4. If the indices
ig, 41, - - -, i, are distinct, then the walk is called a directed path. The digraph D(A) is said
to be strongly connected, if for each 7,5 € {1,2,...,n}, there is a directed path from i to j.

A matrix A of order n is said to be reducible if it is permutationally similar to a matrix

of the form
A O
Az Ay

b

where Aq, Ay are square matrices of order at least 1. If A is not reducible, then it is called

irreducible. From [8, Theorem 3.2.1], we have the following result.

Theorem 1.1 ([8]). Let A be a square matriz of order n. Then A is irreducible if and only
if its digraph D(A) is strongly connected.

An undirected graph G is a triple consisting of a vertex set V(G), an edge set E(G), and
a relation that associates each edge with two vertices (not necessarily distinct). An edge
between two vertices u,v € V(G) is denoted by [u,v], where u, v are called its endpoints. A
loop is an edge whose endpoints are equal, and multiple edges are edges with the same pair of
end vertices. A simple undirected graph is an undirected graph without loops and multiple

edges. If e = [u,v] € E(G), then u,v are adjacent, and e is incident to both u,v. The degree
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4 Introduction

of a vertex u is denoted by deg(u) and is defined by the number of distinct edges incident to
u. If deg(u) = 1 for a vertex u, then u is called pendant. A path between two vertices u, v is a
sequence (¢4 = vy, V1,2, ..., Uk 1,V = v) of distinct vertices such that [v;,_,,v;| € E(G) for
allz € {1,2,...,k}. The paths (v, v1,v9,...,Vk_1,vx) and (vg, vk_1,...,v1, V) are considered
to be identical. Distance between two vertices u, v is denoted by d(u, v) and is defined by the
minimum of lengths of all paths between u,v. A tree is a simple undirected graph 7' such
that for any two vertices u,v € V(T'), T has exactly one path between u,v. A tree T is a
path if it has exactly two pendant vertices, and T is a star if 7" has at most one vertex of
degree > 2.

If A = [a;;] is a matrix of order n, then the graph of A, denoted by G(A), is defined to be
a simple undirected graph with vertices 1,2,...,n, and for each ¢ # j it has the edge [i, 5] if
and only if a;; # 0 or a;; # 0. If this graph is a tree, then the matrix A is irreducible if and
only if a;; # 0, whenever aj; # 0. An irreducible sign pattern matrix whose graph is a tree
is called a tree sign pattern matrix. Therefore a sign pattern matrix A is a tree sign pattern
matrix if A is combinatorially symmetric and G(A) is a tree. In particular, if this graph is
a star or a path, then the sign pattern matrix is called a star sign pattern matrix or a path
sign pattern matrix, respectively.

Eigenvalues of matrices in the qualitative class of a tree sign pattern matrix A depend on
the signs a;; and a;ja;;. Therefore each tree sign pattern matrix can be identified by a signed
tree whose vertices may be signed +, —, 0 and whose edges may be signed 4+, —. Vertex ¢ has
the sign a;, and for i # j, if a;;a; # 0, then the edge between vertices i and j has the sign

a;ja;;. For example, a sign pattern matrix with its signed tree is as follows.

+ 0

o
|
o+ 4+ o

ococ o

0
0
+
0

A tree sign pattern matrix is symmetric if each edge of its signed tree is +, and skew-

symmetric if each edge is —.
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Origin and Progression of Sign Pattern Matrices

A set of edges in an undirected graph ¢ is called a matching if no two edges in that set
have a common end vertex. A perfect matching of a graph & is a matching such that each
vertex of G is an end vertex of an edge in that matching. It is a well known fact that ‘a tree
has a perfect matching if and only if it has a unique perfect matching’. For example, if G is

an undirected graph as follows, then {[1, 2], [3, 6], [4, 5]} is the perfect matching of G.

1 2 3 5

G

1.2 Origin and Progression of Sign Pattern Matrices

Samuelson [47] posed the problem of determining the conditions under which the sign pattern
of the solution vector of a system of linear equations can be determined only from the signs
of the system matrix and the problem of determining the stability of a matrix from its sign
pattern. The linear system in the first problem is called a sign-solvable linear system, formally
defined as follows.

Let A, x,b be sign pattern matrices of order m x n,n x 1,m x 1 respectively. The linear
system Ax = b is said to be sign-solvable if for cach A € Q(A) and b € Q(b), Ax = b is
solvable and {x : there exists A € Q(A) and b € Q(b) with Ax = b} is entirely contained
in one qualitative class.

Lancaster [37] claimed that for a system C'x = 0 with n homogeneous equations and
(n + 1) variables, the necessary and sufficient condition for all the ratios f—; to be signed is
that the system is, or can be brought into CX = 0 by permutation and negation of rows and

columns, where X is related to x by sign changes only and C' has the sign pattern

— + + v —|—
0 — 4+ -+
0 0 —
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or a degenerate version of it. Gorman [24] pointed out that the above condition is not

necessary, and Lancaster [38] mentioned that C' can be partitioned into

ag ag
A O
O A

where a; is a 1 X k matrix, ay is a 1 X (n — k + 1) matrix, A, is a (k — 1) X k& matrix, A,
isa (n— k) x (n—k+ 1) matrix, and either A;, A, are of the above form or they can be
partitioned again.

Let L,, be the vector space generated by n mutually orthogonal oriented axes intersecting
at the origin. Lancaster [39] gave a necessary and sufficient condition for a system Ax =0
to have a unique solution in the positive orthant of L,,, where A is an n x (n-+ 1) sign pattern
matrix.

Bassett, Maybee, and Quirk [2] described sign-solvable linear systems Ax = b, where
A is a square sign pattern matrix of order n. Ax = b is sign solvable if and only if after
transformation into the system A% = b, where X < 0,b > 0 and all diagonal elements of A

are negative, the following conditions are satisfied:
1. every cycle of A is nonpositive, and
2. b; > 0 implies every chain a(j —i,)! in A is nonnegative.
A complete characterization of the sign-solvable linear systems is given in [9].

Theorem 1.2 ([9]). Let A be an m x n matriz and b be an m x 1 vector. Suppose z =

(#1,---,22)T be a solution of Ax =b. Let
B={j:2,#0} and o = {2 : a;; # 0 for some j € B}.
Then Ax = b is sign solvable if and only if the matriz

Al —bla]

is an S*-matriz® and the matriz A(a, 8)7 is an L-matriz®.

Ya(i — j) is the product aj,a;,;, - - - @j,_,;, a;,j, where the indices ¢, j1, ..., jr,j are distinct.
2An nx (n+1) matrix is an S*-matrix if each of the (n+1) submatrices of order n requires nonsingularity.

3 A matrix is an L-matrix provided every matrix in its qualitative class has linearly independent rows.
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Origin and Progression of Sign Pattern Matrices 7

A square matrix A is said to be semi-stable if all eigenvalues of A have nonpositive real
part, and stable if all eigenvalues of A have negative real part. A sign pattern matrix A is
sign semi-stable (sign stable) if all matrices in Q(A) are semi-stable (stable).

Quirk and Ruppert [46] described all sign semi-stable patterns. A sign pattern matrix A

is sign semi-stable if and only if it satisfies the following conditions:
1. a; <0 for all 4
2. ajjaj; <0 for all ¢ # j;
3. @iy Qigiy - - - 05,5, = 0 for each sequence of k(z 3) indices 44,49, . .., .

Jeffries, Klee, and van den Driessche [31] characterized all sign stable patterns, which was
presented later in matrix form by Brualdi and Shader [9]. A sign pattern matrix A is sign

stable if and only if it satisfies the following conditions:
1. a; < 0 for all 4
2. ajja;; <0 for all ¢ # j;
3. The digraph D(A) of A is a doubly directed tree;

4. A does not have an identically zero determinant;

[

. There does not exist a non-empty subset 8 of {1,2,...,n} such that diagonal element
of A[B] is zero, each row of A[S5] contains at least one nonzero entry, and no row of

A[B, B] contains exactly one nonzero entry.

A sign pattern matrix A is said to be potentially stable if there exists a stable matrix in
Q(A). Potentially stable sign pattern matrices are studied in [5, 21, 25, 30, 32, 45].

Sign pattern matrices that require repeated or distinct eigenvalues have been studied
in [16, 17, 34, 40]. Sign pattern matrices allowing diagonalizability have been studied in
[19, 20, 48]. Sign patterns of matrices with some properties related to the leading principal

minors have been studied in [33, 44]. Sign patterns of matrices diagonalizing an irreducible
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8 Introduction

nonnegative matrix, or whose certain powers are nonnegative matrices have been studied in
[10, 15, 35, 50]. Spectrally arbitrary patterns are studied in [1, 4, 13, 14, 22, 23, 43]. Sign
pattern matrices have applications in different disciplines such as Chemistry, Biology, etc.,
which can be found in [6, 12, 28, 41].

Brualdi and Shader [9] summarized some of the above results in this topic in their book
“Matrices of Sign-solvable Linear Systems”. Further, Hall and Li [26] surveyed some of these

works and applications in different disciplines in the book “Handbook of Linear Algebra”.

1.3 A Brief Description of the Progress on the Topics of Research

In this dissertation, we focus on tree sign pattern matrices. We try to find the combinatorial
structures of sign pattern matrices which allow or require algebraic positivity or diagonaliz-
ability. We also try to identify the associated graphs of certain sign pattern matrices which
are potentially stable.

A matrix with each entry positive is said to be a positive matrix. Kirkland, Qiao, and Zhan
[36] introduced the concept of algebraically positive matrices in 2016. A real square matrix is
algebraically positive if there exists a real polynomial f such that f(A) is a positive matrix.
Kirkland, Qiao, and Zhan proved that a real square matrix is algebraically positive il and
only if it has a simple real eigenvalue and corresponding left and right positive eigenvectors.
They defined the index of algebraic positivity of A to be the least degree of a real polynomial
f such that f(A) is a positive matrix.

Let A be a real matrix of order n. If h(z) is the characteristic polynomial of A in x,
then we know by Cayley-Hamilton theorem that h(A) is the zero matrix. Therefore any
polynomial in A can be expressed as a polynomial in A of degree at most n — 1. So it is
enough to consider the real polynomials in A of degree at most n — 1 to check whether A
is algebraically positive. Therefore the index of algebraic positivity of a real square matrix
A of order n is at most n — 1. Kirkland, Qiao, and Zhan proved that for each n, k with
1 < k < n — 1, there exists an algebraically positive matrix of order n whose index of

algebraic positivity is £. They identified all symmetric tridiagonal sign pattern matrices that
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allow algebraic positivity, and all 3 x 3 symmetric tridiagonal sign pattern matrices that
require algebraic positivity.

The problem of characterizing sign pattern matrices allowing diagonalizability emerged
from the study of sign patterns requiring repeated eigenvalues by Eschenbach and Johnson
in [16]. For a sign pattern matrix A of order n, Eschenbach and Johnson [16] proved that if
¢(A) > n — 1, then A allows diagonalizability. They proved that for a sign pattern matrix
A of order n, z(A) < n — mr(A) is necessary for A to allow diagonalizability, where z(A)
denotes the minimum algebraic multiplicity of the eigenvalue 0 occurring among matrices
in Q(A). They also conjectured that this condition is also sufficient. However, Shao and
Gao [48] showed that the conjecture is not true. They proved that if ¢(A) = MR(A) or A is
combinatorially symmetric or A has some chordless k-cycle with mr(A4) < k < MR(A), then
A allows diagonalizability.

It was conjectured by Feng et al. [18] and proved by Choi et al. [11] that if A is an
invertible matrix, then there exists an invertible diagonal matrix D such that AD has distinct
eigenvalues. Feng et al. [19] observed that D can be chosen so that all diagonal entries of
D are positive. Therefore if a sign pattern matrix allows nonsingularity, then it allows
diagonalizability. They also give two characterizations of sign pattern matrices allowing

diagonalizability in terms of other allow problems.

Theorem 1.3 ([19]). An n X n sign pattern matriz A allows diagonalizability if and only if
there exists a real matriz B € Q(A) with rank(B) = k, such that B has a nonsingular k x k

principal submatriz.

Theorem 1.4 ([19]). An n x n sign pattern matriz A allows diagonalizability if and only if
there exists a real malriz B € Q(A) such that rank(B) = rank(B?).

Recently, Feng et al. [20] discussed the problem of sign patterns allowing diagonalizability
with conditions on minimum rank.
Quirk [45] initiated the investigation of potentially stable patterns. He described all 3 x 3

potentially stable sign pattern matrices with nonpositive diagonal entries.
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Let A be a tree sign pattern matrix of order n. The skew-symmetric [actorization of A
is A = S;A;, where S is a signature sign pattern matrix with (1,1) entry + and A, is a
skew- symmetric tree sign pattern matrix. The symmetric factorization of A is A = S, A,
where Sy is a signature sign pattern matrix with (1,1) entry + and A, is a symmetric tree
sign pattern matrix. Let 7, (S) denotes the number of +, and ¢_(S) denotes the number of
— of a signature sign pattern matrix S. Jeffries and Johnson [30] gave the following results

to identify some tree sign pattern matrices that are not potentially stable.

Theorem 1.5 ([30]). Let A = S Ay be the skew-symmetric factorization of an n x n tree

sign pattern matriz A. If no diagonal enlries of Ay are —, then
i (A) < i (S1) and i (A) <i (5)

for all matrices B € Q(A). If no diagonal entries of Ay are +, then
14 (A) <i_(S1) and i_(A) < i (5)

Jfor all matrices B € Q(A).

Theorem 1.6 ([30]). Let A = S3As be the symmetric factorization of an n x n tree sign
pattern matriz A. If A 1is potentially stable, then there is a symmetric matriz By € Q(Az)
such that

i (Ba2) = n —iy(5).

Using these two results, Johnson and Summers [32] listed all potentially stable tree sign
patterns of dimensions less than five. Gao and Li [21] produced a complete description of all
potentially stable star sign pattern matrices. Few methods to construct higher order poten-
tially stable sign pattern matrices from lower order potentially stable sign pattern matrices

are given in [5, 25].

1.4 Thesis Overview

We describe the contents of the remaining part of the thesis briefly as follows.
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Chapter 2. In this chapter, we give an alternate characterization of algebraically positive

matrices, and give a sufficient condition for a matrix to be algebraically positive.

Chapter 3. In this chapter, we focus on the sign patterns of algebraically positive matrices.
We identify all tree sign pattern matrices that allow algebraic positivity, and all star and
path sign pattern matrices that require algebraic positivity. Further, we characterize all sign

pattern matrices of order less than 6 requiring algebraic positivity.

Chapter 4. In this chapter, we define ‘essential index’ for a tree sign pattern matrix and
characterize all tree sign pattern matrices requiring singularity in terms of the existence
of essential indices. Further, we give a result regarding column spaces of matrices in the
qualitative class of a tree sign pattern matrix. Moreover, we give a sufficient condition for a
sign pattern matrix whose graph is a tree to allow diagonalizability in terms of connectivity of
its essential indices. Also, we characterize sign pattern matrices whose associated graphs are
either star or path to allow diagonalizability. Finally, we give a necessary condition for sign
pattern matrices that require diagonalizability, and characterize star sign pattern matrices

requiring diagonalizability.

Chapter 5. In this chapter, we give several sufficient conditions for a tree sign pattern
matrix with negative edges to allow a properly signed nest. Johnson, Maybee, Olesky, and
van den Driessche [33] proved that if a sign pattern matrix allows a properly signed nest,
then it is potentially stable. However, the converse is not true, even for tree sign pattern

matrices. For example,

-3 1 0 0
25 0 1 0
0 =70 0 1
0 0 150 1

has eigenvalues —3.8699, —0.1244, and —0.0029 + 22.79257, and thus is stable, but has no

properly signed nest.
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We believe that the converse is true for tree sign pattern matrices with negative edges,
which we propose as a conjecture. We prove that this conjecture is true for tree sign pattern
matrices with negative edges of order at most 6. Further, we identify all potentially stable
star and path sign pattern matrices with negative edges, and prove that the conjecture is valid
for these classes. Drew et al. [14] introduced the concept of spectrally arbitrary patterns. A
sign pattern matrix A of order n is a spectrally arbitrary pattern if, for any given real monic
polynomial r(z) of degree n, there is a matrix in ()(A) with characteristic polynomial r(z).
As a consequence of the results on potentially stable sign pattern matrices with negative
edges, we describe all 5-by-5 spectrally arbitrary tree sign pattern matrices with negative

edges.

Chapter 6. We conclude with a brief summary of the previous chapters. We also discuss

possible future directions of our research.
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CHAPTER 2

Algebraically Positive Matrices

2.1 Backgrounds

A positive matrix is a matrix all of whose entries are positive real numbers. If A is a positive

matrix, then we write A > 0. Kirkland, Qiao, and Zhan [36] introduced the concept of

algebraic positivity in 2016.

Definition 2.1 ([36]). A square real matriz A is said to be algebraically positive if there

exists a real polynomial [ such that f(A) is a positive matriz.

For example,

x"l =
is algebraically positive, since
300 2
A+A-A2=10 3 0l +{0
0 0 3 —1

0

1

0

4 -2 -1 111
-1 2 0;={11 1} =0
-2 1 2 111

The authors of [36] give the following characterization of algebraic positive matrices.
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Theorem 2.2 ([36], Theorem 1). A real matriz A is algebraically positive if and only if it

has a stmple real eigenvalue and corresponding left and right positive eigenvectors.

The following results are some necessary/sufficient conditions for an algebraically positive

matrix.
Theorem 2.3 ([36]). If A is a real square matriz, then we have the following.
1. If A is algebraically positive, then A is irreducible.
2. If there is a positive integer k such that A* is algebraically positive, then A is alge-
braically positive.
3. If A 1s irreducible and all of its off-diagonal entries are nonnegative (or nonpositive),
then A is algebraically positive.

In the following section, we give an alternative characterization for algebraically positive

matrices, and a suflicient condition for a matrix to be algebraically positive.

2.2 An Alternative Characterization of Algebraically Positive Matrices

Lemma 2.4. Let x,y € R*\ {0}. A real matriz A commutes with xy" if and only if there
exists a A € R such that Ax = Ax and yT A = Ay™.

Proof. Suppose Axy” =xy?" A. Then (x" Ax)(y"y) = (x" x)(y" Ay). Then
x"Ax  y" Ay
x"x yly
Further, Ax(y"y) = x(y" Ay) that is, Ax = Ax, and (x" Ax)y? = (x"x)y" A that is,
vyl A=MyT.

= A, say.

Conversely, assume there exists a A € R such that Ax = Ax and y” A = Ay”. Therefore,

AxyT = xyT =x(\y") =xyT A. O

Let for a square matrix A, the null space, row space and column space be denoted by

N(A),R(A) and C(A) respectively. For a set S C R", we consider

St={yeR":y"x =0 forall xe S}.
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We have the following lemma from [29, pp. 78-80]. However, we give an alternate proof of

this lemma.

Lemma 2.5 ([29]). Let A be a real square matriz and x,y € R"\ {0} such that Ax = Ax
and yT A= py™ for some A\, u € R.

1. If XN # p, then yTx = 0.

2. If X = i and A has geometric multiplicity 1, then its algebraic multiplicity is 1 if and

only if y'x £ 0.
Proof.

1. Since Ax = Ax and y' A = puy”, A\oy"x = y" Ax = py"x. Thus A # p implies
yix=0.

2. Suppose A = p and )\ has geometric multiplicity 1. Since y7 A = Ay7”,

y € N(AT — A = [R(AT — AD)|* = [C(A — AD)]*.

Let the algebraic multiplicity of A be 1. Then N((A—AI)?) = N(A—AI). If y" x =0,
then x € C(A—AT) and thus there exists z € R™ such that x = (A—Al)z. Now Ax = Ax
implies x € N (A — AI). So (A — M)’z = 0 and thus z € N (A — \)? = N(A — \).

Therefore x = 0, a contradiction. Thus algebraic multiplicity of A is 1 implies y” x # 0.

If the algebraic multiplicity of A is greater than 1, then since the geometric multiplicity
of A is equal to 1,
N(A—=AI) ;Ct N((A = AD)?).

So there exists z € R™ such that (A — Al)z # 0 but (A — A)?z = 0, which implies
(A= Az € N(A— A). Since Ax = Ax and the geometric multiplicity of A is 1,
there exists @ # 0 such that (A — Al)z = ax. Further, (A — Al)z € C(A — AI) and
v € [C(A — A+ implies ay?'x = 0 that is, y? x = 0. Therefore y* x # 0 implies
algebraic multiplicity of A is 1. |

TH-2471_ 156123011

35 of 157

26/07/2021, 11:15 AM



Firefox

16 Algebraically Positive Matrices

The following result characterizes all algebraically positive matrices.

Theorem 2.6. A real square matriz A is algebraically positive if and only if it commutes

with a unique (up to scalar multiplication) rank one positive malriz.

Proof. Let A be algebraically positive. Then by Theorem 2.2, there exists A € R and
positive vectors x,y such that Ax = Ax, y’ A = Ay’, and X is a simple eigenvalue of
A. Then by Lemma 2.4, A commutes with xy”, a rank one positive matrix. If there exist
positive vectors u,v such that A commutes with uv”, then by Lemma 2.4, Au = pu and
vIiA = puv?. Since v'x # 0, by Lemma 2.5.1, A = p. Since ) is simple, u,v are scalar
multiples of x, y respectively. Hence the uniqueness follows.

Suppose A commutes with a unique (up to scalar multiplication) rank one positive matrix
xy?. Then by Lemma 2.4, A has an eigenvalue A such that Ax = Ax, y© A = Ay’ and
both x,y are positive vectors. If the geometric multiplicity of A is at least 2, then there
exists a nonzero vector z such that {z,x} is linearly independent and Az = Az. Then there
exists an « # 0 such that x +az is a positive right eigenvector of A and {x +az,x} is lin-
early independent. Again by Lemma 2.4, A commutes with zy”. Therefore A commutes
with (x +az)y”, a rank one positive matrix which is not a scalar multiple of x y”. This
contradicts the uniqueness property. So the geometric multiplicity of A is 1. Therefore from

Lemma 2.5.2 we can conclude that A is simple. Hence the result follows from Theorem 2.2. O

For any square matrix, the following result is quite well known. Nevertheless, for the sake

of completeness, we give a proof of it.

Lemma 2.7. For a square matriz A, adj(A) = (=1)"* (A" 1 4+ ¢, A" 2 .- 4 ¢, 1]), where

cx = (=1)* (sum of all k x k principal minors of A) fork=1,2,...,n— 1.
Proof. Let A be a square matrix of order n. By Cayley-Hamilton theorem we have
A" e A e, At e =0,

where ¢, = (—1)* (sum of all k x k principal minors of A) for k =1,2,... n.
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If A is invertible, then
adj(A) = det(A) - A" = (=1)"cu A = ()" A" T @A™ P - ey,

For every matrix A of order n, there exists a sequence (A;) of invertible matrices of order n
such that (A;) converges to A. Again, adj(A), ¢y, ¢a, ..., ¢, 1 are continuous functions of A.

Therefore for every square matrix A of order n,
adj(A) = (—l)”H(A“_l 4+ A4 cn1l),
where ¢, = (—1)* (sum of all k x k principal minors of A) for k=1,2,...,n— 1. O
Hence if A is a real square matrix, then adj(A) is a real polynomial in A.

Theorem 2.8. If adj(A) is algebraically positive for some real square matriz A, then A is

algebraically positive.

Proof. From Lemma 2.7, adj(A) = p(A) for some real polynomial p. Since adj(A) is al-
gebraically positive, f(adj(A)) is a positive matrix for some real polynomial f. Further,

f(adj(A)) is a real polynomial in A. Hence A is algebraically positive. O

However, the following example shows that the converse of the above result is not valid.

Example 2.9. Let us consider the real matriz

A=

[ —

11
11
11
If we consider the polynomial f(z) = x, then f(A) = A is a positive matriz. Therefore A
is algebraically positive. Bul we see that adj(A) is the zero matriz. So any polynomial in

adj(A) s a scalar multiple of the identity matriz of order 3. Thus adj(A) 4s not algebraically

positive.
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CHAPTER 3

Sign Patterns that Allow or Require Algebraic Positivity

In this chapter, we classify certain sign pattern matrices associated with some graphs that
allow or require algebraically positive matrices. In Section 3.1, we define T-pattern matrices,
and in Section 3.2, we characterize all tree sign pattern matrices allowing algebraic positivity.
In Section 3.3, we characterize all star and path sign pattern matrices requiring algebraic
positivity. We also characterize all 5-by-b tree sign pattern matrices requiring algebraic

positivity.

3.1 T-pattern Matrices

Let T = {+,—,0,+¢, —0,#}. Any matrix with entries from T is said to be a T-pattern
matrix. The qualitative class of a T-pattern matrix A is denoted by Q(A) and is defined
by the set of all real matrices obtained from A replacing +, —, 0, +q, —¢, # by a positive,
negative, zero, nonnegative, nonpositive, and an arbitrary real number, respectively. A T-
pattern matrix A is said to be symmetric if both a;; and a;; have the same sign for all i, 5. A
T-pattern matrix A allows a property P if at least one matrix in (Q(A) satisfies the property

P, and A requires a property P if all matrices in (Q(A) satisfy the property P.

19
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Let F(A) denotes the set of all sign pattern matrices obtained from a T-pattern matrix
A by fixing a possible sign in each entry. It is clear that if a T-pattern matrix A requires a

property P, then all sign pattern matrices in F(A) require the property P.

3.2 Tree Sign Pattern Matrices that Allow Algebraic Positivity

Kirkland, Qiao, and Zhan [36] give the following necessary condition for a sign pattern matrix

to allow algebraic positivity.

Theorem 3.1 ([36]). If a sign pattern matriz allows algebraic positivity, then every row and

column contains a 4, or every row and column contains a —.

Let A be a real square matrix. Let us recall from [27] that a walk W in G(A) is a sequence
(wo, U1, ug, -+ , U1, us) of vertices (need not be distinct) such that u, 1, u, are adjacent in
G(A) for p = 1,2,...,¢. If initial and terminal vertices in a walk are same, then the walk
is called a circuit. If W = (ug, w1, U, ..., ug 1,u¢) is a walk in G(A), then we call the value
of the walk W as the product gy, @u,us ** * Gu, ju,- The following result gives a necessary

condition for a tree sign pattern matrix to allow algebraic positivity.

Theorem 3.2. Let T be a tree sign pattern matrixz of order n. If'T allows algebraic positivity,

then T is a symmetric sign pattern matriz.

Proof. Suppose T is not a symmetric sign pattern matrix and A € Q(T). Since T is a tree
sign pattern matrix, without loss of generality, we may assume that both aqs, a7 are nonzero
and of different signs.

Since G(A) is a tree, for every m > 2,

m—1 m—1
™m . m —
(1‘1 )12 = 12 E Sl,kSQ,m—k—l and (A )21 = a2 E Sl,IcS2,m—k—ls
k=0 k=0

where S; g = Sy0 = 1, and for each j € N, S; ; is the sum of values of the circnits of length

j starting and ending at vertex 1, and S, is the sum of values of the circuits of length j
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starting and ending at vertex 2. So for any oy, oy, ..., a,-1 € R,
n—1 n—1 n-1 i1
(Z ""“‘“) =D o (M) = o} SixSaikr;
i=() 12 i=1 i=1 k=0

n—1 n—1 n—1 i—1
§ : i § i § §

CfiA = Qg (A )21 = a1 ; Sl,kSQ,t'—k—l-
i=0 21 i=1 i=1 k=0

We know that any real polynomial in A can be written as a real polynomial in A of degree
at most n — 1. Since a12 and a9 have different signs, no real polynomial in A is a positive
matrix. Thus A is not algebraically positive. So 7 does not allow algebraic positivity. Hence
the result follows. O

Kirkland, Qiao, and Zhan [36] characterized all irreducible symmetric tridiagonal sign
pattern matrices allowing algebraic positivity. We note that an irreducible tridiagonal sign

pattern matrix is a path sign pattern matrix.

Theorem 3.3 ([36]). Suppose that A is an n x n irreducible symmetric tridiagonal sign
pattern matriz. Then A allows algebraic positivity if and only if every row and column of A

contains a +, or every row and column of A contains a —.

In the following lemma, we show that if an irreducible matrix A has all row sums equal

to 0 such that G(A) is a tree, then 0 is an eigenvalue of A with geometric multiplicity 1.

Lemma 3.4. Let A be an irreducible matriz of order n such that each row sum of A is 0. If

G(A) is a tree and x = (z1,...,2,)" € R" satisfies Ax =0, then t) =19 = -+ = T,.

Proof. We will prove the result by induction on n. For n = 1, the result is true. Suppose
the result is true for any matrix of order n — 1, and let A be of order n.

Let u, v be two vertices in G(A) such that v is pendant and adjacent to v. Now Gy, Gy
are the only nonzero entries in the u-th row of A. So a,, + a,, = 0 and a,,x, + @y .z, = 0.
Therefore x, — z,. Let A be the matrix obtained from A replacing a, by a, + a,, where
@y, Gy are respectively the u-th column and the v-th column of A; and B = /—'"1({&}) be the
principal submatrix of A obtained from A by deleting the u-th row and the u-th column.

Then B is irreducible, each row sum of B is 0, G(B) is a tree, and the order of B is n — 1.
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Let x be the vector obtained from x by deleting the entry x,. Since x, = x, and BXx = 0, by
induction hypothesis z; = z, for all j € {1,2,...,n}\ {u}. Thus z; = z2 = --- = x,,. Hence

the result follows. O
The following result describes all tree sign pattern matrices that allow algebraic positivity.

Theorem 3.5. Lel T be a tree sign pattern matriz. Then T allows algebraic posilivity if and
only if T is a symmetric sign pattern matriz and every row of T contains a +, or every row

of T contains a —.

Proof. Suppose T is a symmetric tree sign pattern matrix and every row of 7 contains a -+,
otherwise every row of —7 contains a +. Suppose ny (i), n_() are respectively the number
of + and the number of — in the i-th row of 7. In the i-th row, replace — by —1 and + by
LoD and let B be the new matrix. Then B € Q(T) and each row sum of B is 1. So B has

ny (i) ?

an eigenvalue 1 with corresponding right eigenvector (1,...,1)". Consider the matrix B — I
and denote it by A. Suppose Ax = 0, where x = (zy,...,,)". Now A is irreducible, each
row sum of A is 0, and G(A) is a tree. So by Lemma 3.4, z; = 23 = --- = z,,, and thus the

geometric multiplicity of 1 as an eigenvalue of B is 1.

Since B € Q(T) and T is a symmetric tree sign pattern matrix, there exists a diagonal
matrix D with positive diagonal entries such that DBD ! is symmetric. Let M = DBD L.
Then M € Q(T) and the geometric multiplicity of 1 as an eigenvalue of M is 1. Further,
M is diagonalizable. Therefore 1 is a simple eigenvalue of M. Let D = diag(dy,...,d,) and
assume u = (d,...,d,)". Then MTu = Mu = u, and u is a positive vector. Therefore by
Theorem 2.2, M is algebraically positive, and hence T allows algebraic positivity.

Proof of the converse part follows from Theorem 3.1 and Theorem 3.2. O

3.3 Tree Sign Pattern Matrices that Require Algebraic Positivity

A characterization of all irreducible 3 X 3 symmetric tridiagonal sign pattern matrices that

require algebraic positivity was given by Kirkland, Qiao, and Zhan [36].
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Theorem 3.6 ([36]). Suppose that A is an irreducible 3 x 3 symmetric tridiagonal sign

pattern matriz. Then A requires algebraic positinity if and only if one of the following holds.
1. All nonzero off-diagonal entries of A are +.
2. All nonzero off-diagonal entries of A are —.

3. A or — A is permutationally similar to some sign patlern matriz from

0 + 0 — 4+ 0 0 4+ 0 - 4+ 0 0 + 0 — 4+ 0
+ 0 — + 0 — + + - + + + - —|, |+ - -
0 - + 0 — + 0o - + 0 — + 0 - + 0 - +
Let A be a real square matrix of order n such that Au = Au, where u = (uy, ..., u,)7 is

a positive vector and A € R. Then D"'AD1 = A1, where D = diag(uy, ..., u,). So using

the proof of Theorem 3.5, we have the following result.

Theorem 3.7. If T is a tree sign pattern matrix, then T requires algebraic positivity if and
only if T s a symmetric sign pattern matriz and every matriz in Q(T) has a positive right

ergenvector.

Now we will find some combinatorial structure for some classes of tree sign pattern ma-

trices requiring algebraic positivity. From Theorem 2.3.3, we have the following lemma.

Lemma 3.8. If all the nonzero off-diagonal entries of an irreducible sign pattern matriz are

of the same sign (+ or —), then that sign pattern matriz requires algebraic positivity.

If a tree sign pattern matrix is symmetric in sign, then each matrix in its qualitative class
is similar to a symmetric matrix through a diagonal matrix with each diagonal entry positive.

So we have the following observation.

Remark 3.9. A symmetric tree sign pattern matriz requires algebraic positivity if and only

if every symmetric matriz in its qualitative class is algebraically positive.
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3.3.1 Star Sign Pattern Matrices Requiring Algebraic Positivity

For each p,q,r € N, let us consider a T-pattern matrix

p times q times r times
[ — = it Sl +1
- ot
fyp.q.:‘ =|1 -
+ _
+ 0
e 0J

where all unspecified entries are zero.
Lemma 3.10. For each p,q,7 € N, &, .. requires algebraic positivity.

Proof. By Remark 3.9, it is enough to show that every symmetric matrix in Q(X,,,) is

algebraically positive. Let

a —b - =b, & - dy e - e
—!r)| [15]
—0b, a,
(!1 —y
Hee | 5
{iq —(.‘q
C1 0
L € 0]

be a symmetric matrix in Q(X,,,), where a;, b;, ¢;, d;, e;8 are positive and a is of arbitrary

sign. The characteristic polynomial of A is given by

f(z) =2"(z —a) H(fﬁ - a;) H(Cﬂ Hig)= T’"be H(T - aj) H(iﬂ +¢j)
=1 =1 =1 ;;;: 7=1
-7 de H(;r: — a;) H(;r +¢;)—z"! Ze? H(:c - a;) H(:r + ;).

=
JFi
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r P q

Now —f(z)|, _, = (—1)**! Z; e? ]_[1 a; H1 ¢j # 0 and 2" is a factor of f(z). So the
i=1 =1 j=

algebraic multiplicity of zero as an eigenvalue of A is r — 1. Without loss of generality we

may assume that a; <ag <+ <ay, <y < -0 < ap Suppose a; = -+ = ay,.

m Y4 a
Now Wf(x)L_al = —ay 3 0[] (a1 —a;) [[(a1 +¢j) # 0 and (z —a;)™ " is
= i=1 j=m+l j=1
a factor of f(x). So the algebraic multiplicity of a; as an eigenvalue of A is m — 1. Now
eigenvalues of A({1}) are ay,...,a,, —c1,...,—¢y, 0 (r times) where a; occurs m times. So
by Cauchy’s interlacing theorem ([29, Theorem 4.3.17]), there exists a simple eigenvalue A
of A such that 0 < A < a;. Now we will show that there is a positive right eigenvector of A

corresponding to this eigenvalue A.

We can rewrite A as

z 0 O O

where x = (by,..., b)),y = (di,....d,)",2 = (e1,...,e.)", Dy = diag(ai, ..., a,) and Dy =
diag(cy, ..., ¢q).
T
Let [a ul V7T WT} be a right eigenvector of A corresponding to the eigenvalue A,

where o € R, u € R?, v € R?, w € R". Then we have

—ax+Du=>u or u=ca(D; - ) "x,
ay —Dyv=2Av or v=a(Ds+Al) "y,

«
OZ = AW O W = —Z.

A

If @ =0, thenu =0,v =0,w = 0. So we can assume o = 1. Then u,v,w are positive
vectors, as A > 0, and Dy — Al, Ds 4+ AT are diagonal matrices with positive diagonal entries,
and x,y,z are positive vectors. Since for a symmetric matrix left and right eigenvectors
corresponding to an eigenvalue are same, A has positive left and right eigenvectors corre-

sponding to the simple eigenvalue A. So A is algebraically positive. O
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For each p,q € N, let us consider the T-pattern matrices Y, , and Z,, as

p times q times p times q times
'3{7—"_ — .. — 4 .. + '# — .. - 4+ .. +]
- + - +
Vg =| _ + Zpq=| +
+ - + 0
|+ — [+ 0

Using similar arguments as in the proof of Lemma 3.10, we can show that the T-pattern
matrices YV, 4, Z,4 (p,q > 1) require algebraic positivity.

Let X par Cpar )c}?qr be the sign pattern matrices obtained from &, ,, by replacing
(1,1) entry with +, —, 0 respectively. Let V., Y, pq, ZY 0 Zpo ZO be the same type
of sign patterns obtained from Y, ;, Z,,. Then we have the following result.

X, XY y

Lemma 3.11. For each p,q,v € N, the sign pattern matrices X, ar Xpars Ypgrs M, o

0 )
p " Zp 0 Zoas Zpg TeQuiTE algebraic positivity.

The following theorem is a characterization of all star sign pattern matrices that require

algebraic positivity.

Theorem 3.12. Let A be a star sign pattern matriz. Then A requires algebraic positivity if

and only if one of the following conditions hold.
1. All nonzero off-diagonal entries of A are +.
2. All nonzero off-diagonal entries of A are —.
3. A or —A is permutationally similar Lo some sign pattern matriz from

zZ

p.g?

Zpa}

0
{ P PQ:""’ Q'-'"’ yPQ’ ypq’ yPQ’ PQ’

for some suitable p,q,r € N.
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Proof. Suppose A requires algebraic positivity. Then A allows algebraic positivity. So by
Theorem 3.5, A is a symmetric sign pattern matrix, and each row of A contains a + or each

row of A contains a —. Let B € Q(A), and

ay; Ca €3 ... O
by a 0 --- 0
B=|bs 0 a3 . :|,
oo 0
b‘u U e 0 g,
where at least one b; > 0 and at least one b; < 0.
Suppose each row of A contains a +. Then b; < 0 implies a; > 0 for i = 2,3, ..., n. Since
B is algebraically positive, let (21, ...,2,)" be a positive right eigenvector of B corresponding
to a real eigenvalue A\. Then
biz1 + a;x; = Ax; fori=2,....n
or, by = (A—a;)z; fori=2,....n.

Then b; > 0 implies A > a;, and b; < 0 implies A < a; for i = 2,...,n. Thus we have
max{a; : b; >0, 2<i<n}<A<min{a; : b <0, 2<i<n}.
Since A requires algebraic positivity, b; > 0 implies a; < 0.
Further, each row of A contains a — implies each row of —A contains a +, and B € Q(A)
is algebraically positive if and only if —B € Q(—A) is algebraically positive. Therefore the
necessary condition is obtained.

Proof of the converse part follows from Lemma 3.8 and Lemma 3.11. O

3.3.2 Path Sign Pattern Matrices Requiring Algebraic Positivity

In this section, we characterize all path sign pattern matrices requiring algebraic positivity.
Since any path sign pattern matrix of order at most 3 is also a star sign pattern matrix, we
characterize all path sign pattern matrices of order at least 4 requiring algebraic positivity.
If all nonzero off-diagonal entries of such a sign pattern matrix have the same sign, then
by Lemma 3.8, that sign pattern matrix requires algebraic positivity. So we consider the
path sign pattern matrices that have both positive and negative off-diagonal entries. Again
by Theorem 3.5, such sign pattern matrices must be sign-symmetric to require algebraic

positivity.
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Lemma 3.13 ([36]). Let A be a sign pattern matriz of order n and P be a permutation

pattern of order n. Then the following conditions hold.

1. A requires algebraic positivity if and only if —A requires algebraic positivity.
2. A requires algebraic positivity if and only if PT AP requires algebraic positivity.

Lemma 3.14. Let A be an irreducible, real square matriz of order n > 2, and A be an
eigenvalue of A corresponding to a positive right eigenvector. Then for each k € {1,2,...,n},

the following conditions hold.
1. If ag; <0 for all i # k, then A < ag.
2. If ag; = 0 for all 1 # k, then A > ay,.

Proof. Suppose A has a positive right eigenvector x = (z1,...,2,)” corresponding to the
eigenvalue A. Then (A — Al)x = 0, which implies
(akk - )\)'I?k + Z Api Ly = 0.

i#k
Since A is irreducible, ay; # 0 for some i # k. Hence the result follows. ([
Lemma 3.15. Suppose A is an irreducible sign pattern matriz of order n, and let s,t be
two indices such thal all nonzero off-diagonal endries in s-th row are + and all nonzero off-
diagonal entries in L-th row are —. If A requires algebraic positivily, then the only possibilities

of the ordered pair (ass, ay) are (—,0), (—,+), (0,+).

Proof. Suppose as; = +. Then we can choose B € (J(A) such that bss > by. Since B is
algebraically positive, let A be an eigenvalue of B corresponding to a positive right eigen-
vector. Since A is irreducible, by Lemma 3.14, by, < A < by, which is a contradiction. So
ass € {—,0}. Since A requires algebraic positivity, by Lemma 3.14, the only possibilities of
the ordered pair (ay, ay) are (—,0), (—,+), (0,4+). O

Let R;(A) denotes the i-th row vector of the matrix A for i = 1,2,... n. Let us recall
from Chapter 2 that A'(A) denotes the null space of a square matrix A. We will use the

following notations throughout this chapter.
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v(+) = 1,v(—) = —1,v(0) =0, and if a is a real number, then

1, if a > 0
sgn(a) =9 —1, ifa<0;
0, it a=0.

Consider a sign pattern matrix of order n > 4 given by

ai by 0 - .. 0

b as b :

0 by az by :
Do L 0 (3.16)
: bo_o ap_1 bp_q

(0 - o 0 by ay |

where a; € {+,—,0} and b; € {+,—} foralli e {1,2,...,n}, j€{1,2,...,n— 1}.

Lemma 3.17. Suppose A is a sign pattern matriz of order n as in (3.16) with by = + and
by = — for some k. If A requires algebraic positivity, then a; cannot be +. Further, if

b,_1 = —, then the only possibilities of the ordered pair (a1, a,) are (—,0), (—,+), (0,+).
Proof. Suppose a; = +. Take B € (Q(A) replacing

e a; by 10, a; by v(a;) for all j € {2,...,n} and

e b; by v(b;) for all j € {1,2,...,n—1}.

If A is the eigenvalue of B corresponding to a positive right eigenvector, then A > 10, by
Lemma 3.14. Then Ry (B — AI) + --- + R,,(B — AI) is a nonzero, nonpositive vector. So
N (B — AI) does not contain any positive vector, which is a contradiction. So a; cannot be
+.

If b, 1 = —, then by Lemma 3.15, we can conclude that the only possibilities of the

ordered pair (aq,ay,) are (—,0), (—,+), (0,+). ]

Lemma 3.18. If A is a sign pattern matriz of order n as in (3.16) with by = +,b, 1 = —,

and A requires algebraic positivity, then n is odd and bpby .« = — for all k.
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Proof. Case I: Suppose b;_1,b; = + and b;b;q = — for2 = 1,...,1 — 2. Then [ is even.
Take B € Q(A) replacing

e a; by v(a;) for all j € {1,2,...,n} and
® by,bs, -+, bi_y by 10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then by
Lemma 3.14, —1 < A < 1. So Ry(B — AI) +---+ R)(B — AI) is a nonzero, nonnegative
vector. So N (B — M) does not contain any positive vector, which is a contradiction. So
there exists no { such that b_,b = + and bb;, = — fori=1,...,1 — 2.

Case II: Similar argument shows that there exist no I such that b,_,,b = — and b;b;, = —
fori=1...,n—2

Case III: So assume b;_1,by = —, b1 = — fore=1,...,1 — 2, and by, b,,11 = + for some

m > I, and b;b;;; = —fori=m+1,...,n—2. Then I,n —m are odd, and by Lemma 3.15,
(a1, @), (a1, 0n), (am1; a2), (Ami1, an) € {(=0), (=, +), (0, +)}.
If at least one of a, a,,4; is 0, then a, = +,a; = +. Take B € Q)(A) replacing
e a, by 10, a; by v(a;) for all the remaining a;s and
® biit,biya, -+, bpoa by 10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then by
Lemma 3.14, 0 < A < 1. So Ry (B — AI) +--- + R,(B — Al) is a nonzero, nonnegative
vector. So N (B — M) does not contain any positive vector, which is a contradiction.

Suppose both ay, a1 are —. Take B € QQ(A) replacing
e a, by —10, a; by v(a;) for all the remaining a;s and
® by, by, -+, bi_y by —10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of 53 corresponding to a positive right eigenvector. Then by
Lemma 3.14, —1 < A < 1. Then Ry(B — M) + --- + (B — Al) is a nonzero, nonpositive
vector. So N (B — AI) does not contain any positive vector, which is a contradiction.

So bybry = — for all k € {1,2,...,n — 2}, and hence n is odd. ]
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Lemma 3.19. Suppose A is a sign pattern malriz of order n as in (3.16) with by = + and
b1 = —. If A requires algebraic positivity, then ax = 0 for all odd k excepl possibly for
k=1,n.

Proof. By Lemma 3.18, n is odd and bgbg,; = — for all k. Since b = +, b = + for all odd
k and b, = — for all even k.

Suppose a, = + for some odd k other than k£ = 1,n. Take B € (Q(A) replacing
e a; by 10, a; by v(a;) for all the remaining a;s and
L bla b3> bﬁ: T, b'n.72 bY 101 bﬂ: b41 bﬁa T b",1 bY —1.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then by
Lemma 3.14, —1 < A < 1. So Ri(B—AI)+---+ Rp(B— A\I) is a nonzero nonnegative vector.
So N(B — M) does not contain any positive vector, which is a contradiction. So a; cannot
be + for any odd k except possibly for & = 1, n.

Suppose a, = — for some odd k other than & = 1,n. Then n — %k + 1 is odd and the
(n — k + 1)-th diagonal entry of PT(—A)P is +, where P is the anti diagonal permutation
sign pattern matrix of order n. Since b, = + for all odd &k and b, = — for all even £k,
off-diagonal entries of both P?(—A)P and A have the same sign pattern. So by Lemma 3.13
and the argument in the previous paragraph, a; cannot be — for any odd k except possibly
for k = 1,n.

Hence ag, = 0 for all odd k except possibly for k = 1, n. O

Lemma 3.20. Suppose A is a sign pattern matriz of order n as in (3.16) with by = + and
b1 = —. If a, =+ and A requires algebraic positivily, then ay cannot be + for any even k

excepl possibly for k = 2.

Proof. By Lemma 3.18, n is odd, by = + for all odd k and by = — for all even k.
Suppose a; = + for some even k other than k = 2. Take B € (Q(A) replacing

® ai,a, by 10, a; by v(a;) for all the remaining a;s and

® b1, brya, s+ bao by 10, b; by v(b;) for all the remaining b;s.
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Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then by
Lemma 3.14, —1 < A < 10. If 2 < X\ < 10, then (B — ) + Ry(B — M) is a nonzero, non-
positive vector. If —1 < A < 2, then Ri(B—A)+---+ R,(B — AI) is a nonzero, nonnegative
vector. So N (B — AI) does not contain any positive vector, which is a contradiction. Thus

ay cannot be + for any even k except possibly for k = 2. O

From Lemma 3.18, Lemma 3.19 and Lemma 3.20, we have the following corollary.

Corollary 3.21. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,
and b, = —, by = — for somer € {2,3,...,n—3}. If A requires algebraic positivity, then

1. bibpysy = — for allk € {1,2,...,r — 1} and thus r s even, and
2 ar =0 forall k€ {3,5,...,7 —1}.
Moreover, if a1 = +, then ay, cannot be + for any k € {4,6,...,r}.

Lemma 3.22. Suppose A is a sign pattern matriz of order n as in (3.16) with by = + and

bo_1 = —. If A requires algebraic positivity, then the following conditions hold.
1. n is odd, by = + for all odd k and by = — for all even k.

2 Ifay,=—,a, =+, then a, = 0 for all k except possibly k =1,2,n — 1,n.

o

. Ifay =0, then a, = +, ax = 0 for all odd k except k = n, and ap cannot be + for any

even k except possibly k = 2.
Proof.
1. It follows from Lemma 3.18.

2. By Lemma 3.19, a;, = 0 for all odd & except possibly for £ = 1,n. Since a,, = +, by
Lemma, 3.20, a;, cannot be + for any even k except possibly for &k = 2. Suppose a; = —
for some even k other than k = n — 1. Since a; = —, the (n — k + 1)-th and n-th
diagonal entries of PT(—A)P are +, where P is the anti-diagonal permutation pattern

of order n. Further, n is odd implies n — & + 1 is even, and b, = + for all odd & and
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b = — for all even k imply that off-diagonal entries of both PT(—A)P and A have
the same sign pattern. So by Lemma 3.13 and Lemma 3.20, a; cannot be — for any
even k except possibly for K = n — 1. Therefore ax = 0 for all k except possibly for

k=1,2,n—1,n.

3. Let a; = 0. Then by Lemma 3.17, a, = +. Hence the other two conclusions [ollows

from Lemma 3.19 and Lemma 3.20, respectively. O

Lemma 3.23. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,by =

—,ay = —. If A requires algebraic positivity, then as cannot be —.

Proof. Case I: Let b,_; = +.
Suppose az = —. Take B € QQ(A) replacing

e a,ay by —10, a; by v(a;) for all the remaining a;s and
e b; by v(b;) for all j € {1,2,...,n—1}.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > —1,
by Lemma 3.14. So Ry (B — M)+ Ra2(B — AI) is a nonzero, nonpositive vector. So N (53— AI)
does not contain any positive vector, which is a contradiction.

Case II: Let b, = —. Then b, 3 = +, by Lemma 3.18.

Suppose a; = —. Take B € Q(A) replacing
® aj,ay by —3, a; by v(a;) for all the remaining a;s and
e b; by v(b;) for all j € {1,2,...,n—1}.

Suppose A be the eigenvalue of B3 corresponding to a positive right eigenvector. Then
—3 < A <1, by Lemma 3.14. If =2 < X < 1, then Ry(B — A) + Ry(B — AI) is a nonzero,
nonpositive vector. If —3 < A < —2, then R, (B — Al) + R,(B — Al) is a nonzero, nonneg-

ative vector. So N'(B—AI) does not contain any positive vector, which is a contradiction. O
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Let M, be the symmetric T-pattern matrix of odd order n defined by
(Mi)a2 = #, Mi)un = +;
(M) =0, if i —gl>1;

0, ifi+#n and i is odd;

(M) =
—p, if ¢+ 2 and i is even;
+, if i is odd;
(M1)iigr =
—, if i is even.
Therefore,
0O + 0 07
+ # -
0o — 0 4
JMJ_ = + — 8 N
— 0 + 0
| —0 —
| 0 0 — +]
Lemma 3.24. M, requires algebraic positivity.
Proof. Let A € Q(M,;) and j < k. Then
k
det(A({j}, {k})) = det(Ala]) - det(A[B]) - T amm-1,
m=j+1

where a = {1,...,j— 1} and B={k+1,...,n}.

Observe the following details. Here n is odd.

(—1)*z, if j is odd;
sgndet(A[a]) =
0, if j is even.

(-1)*3",  if kis odd;
sgndet(A[f]) =

(1) if k is even.

1
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(—1)%, if both of j, k are odd or even;
k
sgn H Umm 1= 4 (=1)"F, i jis odd and k is even;
m=j+1

k—j+1 ip - .

(—=1)~=, ifjis even and & is odd.

Therefore

0, if 7 is even;

sgudet(A({j}, {k})) = { (=1)"2", if j is odd and k is even;

n—1

(—1)=, ifjis odd and k is odd.

Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for each j € {1,3,5,...,n}
and k € {1,2,3,...,n} with j < k, the digraph of adj(A) have both ares (7, k), (k,7). So for

any two distinet 7,k € {1,2,... ,n} with j < k, there is a directed path
1. 5 — kK, if j is odd;
2. j—= 1=k, if jiseven

from j to k in the digraph of adj(A). Since adj(A) is sign-symmetric, there is also a di-
rected path from k to j in the digraph of adj(A). Therefore the digraph of adj(A) is strongly
connected, and hence by Theorem 1.1, adj(A) is irreducible. Again all nonzero off-diagonal
entries of adj(A) are of the same sign. So by Theorem 2.3.3, adj(A) is algebraically positive.
Therefore by Theorem 2.8, A is algebraically positive. Hence the result follows. O

Let My be the symmetric T-pattern matrix of odd order n defined by

(Ma)1n = —, (Ma)a =40, Ma)n1n1=—0, (Ms)un =+;
(Mg)ij = U, if |£ —j| > 1;
(MQ)ii if 7 % 17 2,n — 1,??,;

=0,
+, if 7 is odd;
(M2)c‘,¢+1 =
T

if 7 1s even.
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Therefore,

[— + 0 07

+ +o -

0 — 0

My =
0 + 0

: + —0 -
| 0 0 - 4+

Lemma 3.25. My requires algebraic positivily.

Proof. Let A € Q(M5) and j < k. Then

det(A({j}, {k})) = det(A[a]) - det(A[8]) - [T amm-1,

m=j+1
where a = {1,...,7— 1} and g ={k+1,...,n}.

Observe the following details. Here n is odd.

(—1)z, if j is odd;

sgndet(Afa]) =
(—1)z, if 7 is even.
(—1)"2", if k is odd;
sgndet(A[f]) =
(=1)"2", if kis even.
(—1)2", if both of j, k are odd or even;
k
sgn H Pmm—1 = (—l)k_g_l, if j is odd and k is even;
m=j+1
k—:a+l

(—1)~ =z, if jis even and k is odd.

Therefore
(—1)"%1, if 7 is even and k is odd;
sgndet(A({j}, {k})) = ¢ (-1)"2", if j is odd and k is even;

(=1)"2", if both j, k are odd or even.

TH-2471_ 156123011

56 of 157

ank

26/07/2021, 11:15 AM



Firefox ank

Tree Sign Pattern Matrices that Require Algebraic Positivity 37

Since A is sign-symmetric, adj(A) is also sign-symmetric. Therefore for each j,k €
{1,2,...,n} with j < k, the digraph of adj(A) have both arcs (j, k), (k,j). Therefore the
digraph of adj(A) is strongly connected, and hence by Theorem 1.1, adj(A) is irreducible.
Again all nonzero off-diagonal entries of adj(A) are of the same sign. So by Theorem 2.3.3,
adj(A) is algebraically positive. Therefore by Theorem 2.8, A is algebraically positive. Hence

the result follows. O

Lemma 3.26. Suppose A is a sign pattern matriz of order n as in (3.16) with by = + and
bp_1 = —. Then A requires algebraic positivity if and only if A or —A is permutationally
similar to some sign pattern matriz from F(S), where § € {M;, Ms}.

Proof. Suppose A requires algebraic positivity. Since by = +,b,_1 = —, by Lemma 3.18, n
is odd, by = + for all odd k and b, = — for all even k; and by Lemma 3.17, the possibilities of
the ordered pair (a;,a,) are (0,+),(—,+),(—,0). Now P'(—A)P has same sign pattern on
the off-diagonal as A, where P is the anti-diagonal permutation sign pattern matrix of order
n. So the possibility (0,+) is equivalent to the possibility (—,0), by Lemma 3.13. Hence by
Lemma 3.13, Lemma 3.22 and Lemma 3.23, A or —A is permutationally similar to some sign
pattern matrix from F(S), where § € {M;, Ms}.

The converse part follows from Lemma 3.13, Lemma 3.24 and Lemma 3.25. O

Next we characterize the path sign pattern matrices requiring algebraic positivity, with

bl) bn—l = +.

Lemma 3.27. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,b,_1 =
+,by = — for some k. If A requires algebraic positivily, then there ewvists no k such that

bi, bro1 = + and there exisls atl most one k such that by, by, = —.

Proof. Case I: Let b,,b, ;1 = — for some r € {2,3,...,n—2}.

Using Lemma 3.13 and Corollary 3.21, it can be shown that there is no k& such that
bpbr 1 = + except k = r. So there is no k such that by, by, 1 = + and there is exactly one &
such that by, by 1 = —.

Case II: Assume there is no r such that b,,b,,1 = —, and b, , = —.
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Let b, by1 = + forsome k <n—3and A = {j € {1,2,...,k} : b; = +}. Take B € Q(A)

replacing
e a; by v(a;) for all j € {1,2,...,n} and
e b; by 10 for all j € A, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > —1,
by Lemma 3.14. If A > 3, then R,,_(B — \I) + R, (B — AI) is a nonzero, nonpositive vector.
If =1 < A< 3, then Ri(B — AI)+ --- + Rpy1(B — Al) is a nonzero, nonnegative vector. So
N (B — M) does not contain any positive vector, which is a contradiction.
Case III: Assume there is no r such that b, 6.1 = —, and b, 2 = +.

Then by = — for some k € {2,3,...,n— 3}. Take B € QQ(A) replacing

e a; by v(a;) for all j € {1,2,...,n} and

e b, 1 by 10, b; by v(b;) for all the remaining b;s.
Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > —1,
by Lemma 3.14. If A > 3, then R(B — AI) + --- + Ri(B — AI) is a nonzero, nonpositive
vector. If —1 < A < 3, then R,, (B — Al)+ R,,(B — AI) is a nonzero, nonnegative vector. So

N (B — M) does not contain any positive vector, which is a contradiction. Hence the result

follows. O

Lemma 3.28. Suppose A is a sign pattern matriz of order n as in (3.16) with by, b, 1 = +,
b, = — for some k and A requires algebraic positivity. Then by, by = — for exactly one

ke{2,3,...,n—3} if and only if n is odd and a,,a, = 0.

Proof. Suppose by, bry1 = — for exactly one k € {2,3,...,n — 3}. Using Lemma 3.13 and
Corollary 3.21, it can be shown that bb; = — foralli € {2,3,... ,n—1}\{k+1}. Sonis
odd and k is even. By Lemma 3.15, a4, a, cannot be +.

Suppose a; = —. Take B € Q(A) replacing

e a; by —10, a; by v(a;) for all the remaining a;s and

® by, bg, -, by by —10, b; by v(b;) for all the remaining b;s.
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Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then
—1 < A< 1, by Lemma 3.14. Then R(B—Al)+-- -+ Ri1(B— Al) is a nonzero, nonpositive
vector. So N(B — AI') does not contain any positive vector, which is a contradiction. So
a; = 0. Using similar arguments we can show that a,, = 0.

Conversely if by, by, ; = — does not hold for exactly one k € {2,3,...,n — 3}, then hy

Lemma 3.27, b, = + for all odd k and b, = — for all even k. So n is even, a contradiction. [

From Lemma 3.27 and Lemma 3.28, we have the following corollary.

Corollary 3.29. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,
b, 1 =+ and by, = — for some k. If at least one of a1, a, is nonzero and A requires algebraic

positivity, then by = + for all odd k and by, = — for all even k, and thus n is even.

Lemma 3.30. Suppose A is a sign pattern matriz of order n as in (8.16) with by, b1 = +
and b, = — for some k. If at least one of a,, a, s nonzero and A requires algebraic positivity,
then ay cannot be + for any k excepl possibly k=1,2,n — 1,n.

Proof. By Corollary 3.29, b, = + for all odd k, by = — for all even k and n is even.

Suppose a; = + for some odd k other than & = 1,n — 1. Take B € Q(A) replacing

e a; by 10, a; by v(a;) for all the remaining a;s and

® by, by, -+, br_o by 10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > —1,
by Lemma 3.14. If A > 2, then R,,_ (B — AI) + R, (B — Al) is a nonzero, nonpositive vector.
If =1 < A <2, then Ri(B — AXI) + -+ + Rg(B — AI) is a nonzero, nonnegative vector. So
N (B — M) does not contain any positive vector, which is a contradiction. So aj, cannot be
+ for any odd k except possibly k= 1,n — 1.

Suppose a, = + for some even k other than k = 2, n. Now n, k are even implies (n—k+1) is
odd and (n—k+1)-th diagonal entry of PT AP is +, where P is the anti-diagonal permutation
sign pattern matrix of order n. Since by = + for all odd &, b = — for all even k, off-diagonal
entries of both PTAP and A have the same sign pattern. So by Lemma 3.13 and the
arguments in the previous paragraph, we can conclude that a; cannot be + for any even &

except possibly & = 2, n. J
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If however both aq,a, are zero, then by repeating the proof of the above lemma we get

the following result.

Lemma 3.31. Suppose A s a sign pattern matriz of order n as in (3.16) with by, = + for all
odd k and by = — for all even k. If n is even, ai,a, = 0 and A requires algebraic positivity,

then a;, cannot be + for any k except possibly for k = 2,n — 1.

Lemma 3.32. Suppose A is a sign pattern matriz of order n as in (3.16) with by, b, = +
and by = — for some k. If a1 = — and A requires algebraic positivity, then ay = 0 for all

even k except possibly for k= 2, n.

Proof. By Corollary 3.29, b, = + for all odd k, by = — for all even k and n is even. Again
by Lemma 3.30, a; cannot be + for any even k except possibly k = 2, n.

Suppose a; = — for some even k other than k = 2,n. Take B € QJ(A) replacing

e ay,a; by —10, a; by v(a;) for all the remaining a;s and

® bo, by, -+, br_o by —10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > —1,
by Lemma 3.14. So I(B — M) + --- + Ri(B — M) is a nonzero and nonpositive vector.
So N (B — AI) does not contain any positive vector, which is a contradiction. So ax cannot
be — for any even k except possibly £ = 2,n. Thus a; = 0 for all even k except possibly

k=2,n. O

Lemma 3.33. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,b,_1 =
+ and by, = — for some k. If at least one of ay,a, is nonzero and A requires algebraic

positivity, then the following conditions hold.
1. Ifay = —, a, = —, then a; = 0 for all k except possibly for k =1,2,n—1,n.
2. Ifay = —,a, =0, then

(a) ay cannot be + for any odd k except possibly for k =n — 1, and

(b) ar =0 for all even k except possibly for k = 2.
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Proof.
1. By Corollary 3.29, n is even and by Lemma 3.30, a; cannot be + for any k except

possibly k= 1,2,n — 1,n. Since a; = —, by Lemma 3.32, a; cannot be — for any even

k except possibly for k = 2, n.

Suppose a; = — for some odd k other than £ = 1,7n—1. Now n is even, k is odd implies
the (n — k + 1) is even and (n — k + 1)-th diagonal entry of PTAP is —, where P is
the anti-diagonal permutation sign pattern matrix of order n. Since by Corollary 3.29,
by = + for all odd k and b, = — for all even k, off-diagonal entries of both P” AP and
A have the same sign pattern. So by Lemma 3.13 and Lemma 3.32, we can conclude

that a, cannot be — for any odd k except possibly & = 1,n — 1.

So ar. = 0 for all k except possibly k =1,2,n— 1, n.
2. Tt follows from Lemma 3.30 and Lemma 3.32. O

Lemma 3.34. Suppose A is a sign pattern matriz of order n as in (3.16) with by, b, 1 = +

and by = — for some k. Further assume n is even and a; = 0,a,, = 0. If A requires algebraic

positivity and a, = — for some odd k other than k = 1,n — 1, then a, = 0 for all even r

greater than k.

Proof. Since n is even, by Lemma 3.27 and Lemma 3.28, b, = + for all odd & and b, = —

for all even k. So by Lemma 3.31, a; cannot be + for any even k except possibly k = 2,n—1.
Assume a; = — for some odd k other than k = 1,n — 1. Suppose a, = — for some even

r > k. Take B € (A) replacing

e ai,a, by —10, a; by v(a;) for all the remaining a;s and

® biy1,beys, -, bua by —10, b; by v(b;) for all the remaining b;s.

Suppose A be the eigenvalue of B corresponding to a positive right eigenvector. Then A > 0,
by Lemma 3.14. If A > 2, then Ri(B — Al) + Ro(B — Al) is a nonzero, nonpositive vector.
If 0 < A < 2, then Ri(B — Al) +--- + R,.(B — Al) is a nonzero, nonpositive vector. So
N (B — AI) does not contain any positive vector, which is a contradiction. Thus if a), = —

for some odd k, then a, = 0 for all even r > k. |
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Lemma 3.35. Suppose A is a sign pattern matriz of order n as in (3.16) with by, b, = +
and by = — for some k. Further assume n is odd and a1 = 0,a, = 0. If A requires
algebraic positivity, then there 1s exactly one m such that b,,, b, .1 = —. Moreover m is even,
Amy1 = +, ap = 0 for all odd k except k = m+ 1 and a; cannot be + for any even k except

possibly for k =2,n— 1.

Proof. Since n is odd and a; = 0, a, = 0, from Lemma 3.28, it follows that there is exactly
one m such that b, b, = —. So by Corollary 3.21, m is even, and by Lemma 3.15,

ami1 = +. The other two conclusions follows from Lemma 3.13 and Corollary 3.21. O

Let A be the symmetric T-pattern matrix of even order n defined by

(N1 = — N)az = 40, Nn—1,0-1 = +0, N)pn = —3
N1 =0, ifli—j]> 1,

(M)ii = 0, ifi#A1,2,n—1,n;
if 7 is odd;
-A‘rl)'r. i+1 —
if 7 is even.
Therefore,
[— + 0 07
+ 40 -
o - 0 +
N =
+ 0 = 0
- 40 +
[ 0 0o+ -

Lemma 3.36. N, requires algebraic positivity.

Proof. Let A € Q(N;) and j < k. Then

det(A({j}, {k})) = det(Ala]) - det(A[B]) - ] @mm-1.

m=j+1

where a = {1,...,7—1}and g ={k+1,...,n}.
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Observe the following details. Here n is even.

(—1)%, if jis odd;
sgndet(Ala]) =
(—1)3, if j is even.

(=1)"=",  if kis odd;
sgndet(A[S]) =
(-1, if k is even.

(fl)k_;i, if both of 7, k are odd or even;

k
sgn H Uppym—1 = (—l)kfi’-f', if j is odd and k is even;
m=j+1
(—=1)" 2, ifjiseven and k is odd.

Therefore
(—1)%, if 4 is odd and £ is even;
sgndet(A({7}, {k})) = { (=1)"*, if j is even and k is odd;

(—1)3, if both of j, k are odd or even.

Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for any two distinct
gk € {1,2,...,n} with j < k, the digraph of adj(A) have both arcs (j, k), (k,j). Therefore
the digraph of adj(A) is strongly connected, and hence by Theorem 1.1, adj(A) is irreducible.
Again all nonzero off-diagonal entries of adj(A) are of the same sign. So by Theorem 2.3.3,
adj(A) is algebraically positive. Therefore by Theorem 2.8, A is algebraically positive. Hence

the result follows. O
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Let A5 be the symmetric T-pattern matrix of even order n defined by

(M) = —, (Ma)az = o, (Mo)n1m = 75

(Ma)i if i —j[ > 1;

=0,
—o, ife7# 1,n—1 and 7 is odd;
(N2)ii =
0, ifi# 2 and s even;

+, if ¢ is odd;

(MNa)iit
—, if i is even.
Therefore, i i
— 4+ 0 v o e e e D
+ 4o -
O - = +
D + 0 -
N =
- —o +
+ 0 - 0
: L= # 4
[0 o e 0+ 0

Lemma 3.37. N, requires algebraic positivity.

Proof. Let A € Q(N3) and j < k. Then

det(A({7}, {k})) = det(Aa]) - det(A[]) - [] an

where o = {1,...,j— 1} and S ={k+1,...,n}.

Observe the following details. Here n is even.
(—1)*7, ifj is odd;
sgndet(Afa]) =

(—1), if 7 is even.

0, if k is odd;

n—k

(=1)"z, if kis even.

sgndet(A[F]) =
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(—1)%, if both of j, k are odd or even;
k
sgn H Umm 1= 4 (=1)"F, i jis odd and k is even;
m=j+1

k—j+1 ip - .

(—=1)~=, ifjis even and & is odd.

Therefore

0, if k£ is odd;

sgndet(A({j},{k})) = { (—1)"%", ifj is odd and k is even;
(—-1)7, if both 7, k are even.
Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for each
j€41,2,3,...,n—1}and k € {2,4,6,...,n} with j <k,

the digraph of adj(A) have both arcs (j, k), (k, j). So for any two distinct 5,k € {1,2,...,n}
with 7 < k, there is a directed path

1. j =k, if k is even;

2. j—=2n—k if kis odd

from j to k in the digraph of adj(A). Since adj(A) is sign-symmetric, there is also a di-
rected path from k to j in the digraph of adj(A). Therefore the digraph of adj(A) is strongly
connected, and hence by Theorem 1.1, adj(A) is irreducible. Again all nonzero off-diagonal
entries of adj(A) are of the same sign. So by Theorem 2.3.3, adj(A) is algebraically positive.
Therefore by Theorem 2.8, A is algebraically positive. Hence the result follows. O

Let N3 be the symmetric T-pattern matrix of even order n defined by
(NS)’!Q = #: (Ml)n—l,n—l - #1
(J\/%),;J‘:U, if Itf‘j'|> 1;
(J'V—3)'i'i :01 ifi‘% 21”'_ l;
+, if ¢ is odd;
(Na)iit1 =

—, ifiis even.
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Therefore,

[0 + 0 07

+o# -

0o — 0 +
N3 =
+ 0 =0
# 0+
| 0 R 0 + 0}

Lemma 3.38. N3 requires algebraic positivity.

Proof. Let A € Q(N;) and j < k. Then

k
det(A({7}, {k})) = det(Ala]) - det(A[B]) - [T amm-1,

m=j+1
where a = {1,...,7—1}and g ={k+1,...,n}.
Observe the following details. Here n is even.

(—1)15_1, if § is odd;

sgndet(Ala]) =
0, if 7 is even.

0, if k is odd;
sgndet(A[g]) =
(=1)"", if k is even.

ke

(—1)77, if both of 4, k are odd or even;

k
sgn H Amm—1 = { (=1)"%,  if j is odd and k is even;
m=j+1
(—1)"3", if j is even and k is odd.
Therefore
. 0, if 7 is even or k is odd;
sgndet(A({s}, {k})) =

(=1)"2°, if j is odd and k is even.
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Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for each

je{1,3,5,...,n—1}and k € {2,4,6,...,n} with 7 < k,

the digraph of adj(A) have both arcs (j, k), (k, 7). So for any two distinct 7,k € {1,2,...

with 7 < k, there is a directed path

1. j = n—k, if jis odd and k is odd;

2. =k, if jis odd and k is even;

3. 5> 10—k if jis even and k is odd,;

4. j =1 —k, if j is even and k is even

,n}

from j to k in the digraph of adj(A). Since adj(A) is sign-symmetric, there is also a di-

rected path from k to j in the digraph of adj(A). Therefore the digraph of adj(A) is strongly

connected, and hence by Theorem 1.1, adj(A) is irreducible. Again all nonzero off-diagonal

entries of adj(A) are of the same sign. So by Theorem 2.3.3, adj(A) is algebraically positive.

Therefore by Theorem 2.8, A is algebraically positive. Hence the result follows.

O

For cach odd p € {3,4,...,n — 2}, let N}, be the symmetric T-pattern matrix of even

order n defined by

(N4,P)'22 - #a (N4,p)pp - (M,p)'nfl,nfl =75
0

Nip)ii =0, if [i —j| > 1;

N 0, ifie{l,3,....p—2tU{p+Lp+3,...,n}

4,p)ii =
—o, ie{4,6,...,p—1}U{p+2,p+4,...,n—3}
+, ifiis odd;

(Nap)iirs =
—, ifiis even.
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Therefore,
0 + 0 07
+ # -
o — 0 +
sl
- 0 +
; + — -
.N,;_p: _ 9
+ 0 -
= 0 T
+ 0 - 0
- #
0 0 + 0]

where the symbol ‘=’ on the diagonal is the (p, p)-th entry.
Lemma 3.39. For each odd p € {3,4,...,n— 2}, Na, requires algebraic positivity.

Proof. Let A € Q(Ny,) for some odd p € {3,4,...,n— 2} and j < k. Then

k
det(A({}, {k})) = det(Ala]) - det(A[B]) - [] amm-1,

m=j+1
where a = {1,...,j—1}and 8 ={k+1,...,n}.
Observe the following details. Here n is even.
(—1)z, if j is odd;
sgn det(Aa]) = 0, if § is even and j < p;
(—1)%, if j is even and j > p.
0, if kis odd and k > p;

sgndet(A[B]) = 0 or (—1)* 2", ifkis odd and k < p;

(-1)7=, if k is even.

TH-2471_ 156123011

ank

68 of 157 26/07/2021, 11:15 AM



Firefox ank

Tree Sign Pattern Matrices that Require Algebraic Positivity 49
(—1)%, if both of j, k are odd or even;
k
sgn H Umm 1= 4 (=1)"F, i jis odd and k is even;
m=j+1
k—j+1 ip - .
(—=1)~=, ifjis even and & is odd.
Therefore

( —2
(—1)=, if § is odd and k is even;
0, if j is even and k is odd,

sgndet(A({j},{k})) = {0 or (=1)%, if both j,k are odd and k < p;
(-1)3, if both j, k are even and j > p;

0, otherwise.

Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for each
Jj€e{1,3,5,...,n—1} and k € {2,4,6,...,n} with j <k,

the digraph of adj(A) have both arcs (j, k), (k, 7). So for any two distinct 5,k € {1,2,...,n}

with j < k, there is a directed path
1. 5 > n—k,if jis odd and & is odd;
2. j =k, if j is odd and k is even;
3. j—=1—=n—k, if jis even and k is odd;
4. j =1 =k, if j is even and k is even

from j to k in the digraph of adj(A). Since adj(A) is sign-symmetric, there is also a di-
rected path from k to j in the digraph of adj(A). Therefore the digraph of adj(A) is strongly
connected, and hence by Theorem 1.1, adj(A) is irreducible. Again all nonzero off-diagonal
entries of adj(A) are of the same sign. So by Theorem 2.3.3, adj(A) is algebraically positive.
Therefore by Theorem 2.8, A is algebraically positive. Hence the result follows. O
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For each odd p € {3,4,...,n — 2}, let N5, be the symmetric T-pattern matrix of odd
order n defined by

(Nﬁ,p)ﬂ = #1 (NS,P)WJ =+, (M),p)n—l,n—l = #:

(.N’jr,‘p)ij = U, if ‘?, —_?l > 1;
0, ifi+#pandiisodd;
(A@‘p)ii =
—0, ifi#2,n—1 andiis even.
+, ifee{l,3,...,p—2}U{p+1L,p+3,...,n— 1}
(Mﬁ,p)i,i-}—l -
—, ifie{2,4,...,p—1}U{p,p+2,...,n—2}.
Therefore,
[0 + 0 07
# -
D — 0 «<F
EE 0o -
— 0 =
+ -0 -
J\‘rS.p O = — + —
- —0o T+
+ 0
-0
+ 0 — 0
: - # +
0 0o + 0

where the symbol ‘+’ on the diagonal is the (p, p)-th entry.

Lemma 3.40. For each odd p € {3,4,...,n— 2}, N;, requires algebraic positivity.
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Proof. Let A € Q(N5,) for some odd p € {3,4,...,n— 2} and § < k. Then

det(A({7}, {k})) = det(Ala]) - det(A[B]) - [ amm-r,

m=j+1
wherea ={1,...,j—1}and B ={k+1,...,n}.
Observe the following details. Here n is odd.
(—1)*z, if j is odd;
sgndet(Ala]) = (—1)#, if 7 is even and j > p;

0, otherwise.

(—1)"z",  if kis odd;

sgndet(A[f]) = (—1)”_5_1, if kis even and k < p;

0, otherwise.

(=1)"3",  if both of j, k are odd;

k
sgn H Amm—-1= § (—1) k_:z_l, if 7 is odd, k is even and k < p;

m=j+1
(—1) k_é_l, if 7 is even, k is odd and j > p.

Therefore

(=1)"z", if both of j, k are odd;

0, if both of j, k are even;
. 0, if j is odd, k is even and k > p;
sgndet(A(), (K1) =4
(=1)=, ifjisodd,k is even and k < p;

0, if j is even, k is odd and j < p;

(—1)“T4, if j is even, k is odd and j > p.
Since A is sign-symmetric, adj(A) is also sign-symmetric. Thus for each

gk e {1,3,5,...,n} with j < k,
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the digraph of adj(A) have both arcs (j, k), (k, 7). Again for each k € {2,4,...,p — 1}, the
digraph of adj(A) have both arcs (1, k), (k, 1), and for each j € {p+1,p+3,...,n— 1}, the
digraph of adj(A) have both arcs (j,n), (n,7). So for any two distinct 7,k € {1,2,...,n}

with j < k, there is a directed path
1. j — k, il 7 is odd and k is odd;
2. j—1—=k,if 7 is odd and k is even with k& < p;
3. j—=n—k, il jis odd and k is even with k& > p;
4. 7= 1=k, if j is even and k& is odd with 7 < p;
5 75— n—k, if jiseven and k is odd with 5 > p;
6. 71— 1 — k, if 7 is even and k is even with 7, k < p;
7.7 —=1—>n—=k if jis even and k is even with j < p < k;
8 j—=n—k, if jiseven and k is even with j, k > p

from j to k in the digraph of adj(A). Since adj(A) is sign-symmetric, there is also a directed
path from k to j in the digraph of adj(A). Therefore the digraph of adj(A) is strongly
connected, and hence by Theorem 1.1, adj(A) is irreducible. Again all nonzero off-diagonal
entries of adj(A) are of the same sign. So by Theorem 2.3.3, adj(A) is algebraically positive.
Therefore by Theorem 2.8, A is algebraically positive. Hence the result follows. O

Lemma 3.41. Suppose A is a sign pattern matriz of order n as in (3.16) with by = +,
b1 = + and by = — for some k. If A requires algebraic positivity, then A is permutationally

similar to some sign pattern matriz from F(S), where
S € (N, N, N3} U Ny, Nsp 0 pis odd and 3 < p < n — 2},

Proof. Suppose A requires algebraic positivity. Then a,a, cannot be + by Lemma 3.13

and Lemma 3.17.
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Case I: Suppose at least one of ay,a, is nonzero. Then the possibilities of the ordered pair
(a1, a,) are (—, =), (—,0), (0, —). Now by Corollary 3.29, n is even, by = + for all odd k and
by = — for all even k. Therefore off-diagonal entries of both PTAP and A have the same
sign pattern, where P is the anti-diagonal permutation sign pattern matrix of order n. So
the possibility (0,—) is equivalent to the possibility (—,0), by Lemma 3.13. So by Lemma
3.23 and Lemma 3.33, A is permutationally similar to some sign pattern matrix from F(S),
where § € {N1, N2}.

Case II: Suppose aq,a, =0 and n is even. Then by Lemma 3.27 and Lemma 3.28, b, = +
for all odd & and b = — for all even k. So by Lemma 3.31, a;, cannot be + for any k except
possibly for k= 2,n — 1.

If a, = — for some p other than 1,2,n — 1,n, we can choose p to be the smallest index
such that p is odd and a, = — or to be the largest index such that p is even and a, = —
Then by Lemma 3.13 and Lemma 3.34, A is permutationally similar to some sign pattern
matrix from F (N4,p) for some odd p with 3 <p <n — 2.

If there is no p such that a, = —, then a; = 0 for all k except possibly & = 2,n — L.
Therefore A € F(N3).

Case III: Suppose aq,a, = 0 and n is odd. Therefore by Lemma 3.27 and Lemma 3.35,
A€ F(Ns,p) for some odd p with 3 <p <n—2. J

The following result characterizes all path sign pattern matrices of order at least 4 re-

quiring algebraic positivity.

Theorem 3.42. Let A be a path sign pattern matriz of order at least 4. Then A requires

algebraic positivity if and only if one of the following conditions hold:
1. all nonzero off-diagonal entries of A are +;
2. all nonzero off-diagonal entries of A are —;
3. A or —A is permutationally similar to some sign pattern matriz from F(S), where

S e {My, Mo, N1, No, N3 U Ny, N5t pis odd and 3 < p <n — 2}.
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Proof. Let A be such that it requires algebraic positivity. Then by Theorem 3.2, A is a
symmetric sign pattern matrix. Suppose that the first two conditions do not hold. Then A
or —A is permutationally similar to a sign pattern matrix of the form (3.16) with b; = +
and b, = — for some k.

If by = + and b,_; = —, then by Lemma 3.26, A or —A is permutationally similar to
some sign pattern matrix from F(S), where § € {M;, M»}.

If by,b, 1 = +, then by Lemma 3.41, A or —A is permutationally similar to some sign

pattern matrix from F(S), where
S € {M,Noy N3} U{Ny N5 pisodd and 3 <p <n-—2}.

The converse statement follows from Lemma 3.8, Lemma 3.26, Lemma 3.36, Lemma 3.37,

Lemma 3.38, Lemma 3.39 and Lemma 3.40. O

3.3.3 5-by-5 Tree Sign Pattern Matrices Requiring Algebraic Positivity

Since any tree of order at most four is either a star or a path, all tree sign pattern matrices
of order less than or equal to 4 requiring algebraic positivity are identified in the previous
sections. There is only one tree, with five vertices, which is neither a star nor a path. In this
section, we give a complete description of all tree sign pattern matrices of order 5 requiring
algebraic positivity, which are neither a star nor a path. As earlier, we can assume that
the sign pattern matrix is symmetric and both the symbols 4+ and — appear as off-diagonal

entries. Let us consider the tree sign pattern matrix

a; by by by 0
by az 0 0 0
R=1|by 0 a3 0 0], (3.43)
by 0 0 as by
0 0 0 by as

where ay, ay, a3, as,a5 € {+,—,0}, b1, by, b3 € {+,—}, by = — and at least one of by, by, by is

+.
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Tree Sign Pattern Matrices that Require Algebraic Positivity 35
Lemma 3.44. If R requires algebraic positivity, then by = + and at least one of by, by is —.
Proof. Suppose by = —. Without loss of generality we can assume that b; = +. Consider
the matrix i i

v(a) 1 w(by) -1 0
1 wv(a) 0O 0 0
A= v(b) 0 wvfag) 0 0 | €Q(R).
-1 0 0 wlw) -5
0 0 0 -5 w(as)

Suppose A be an eigenvalue of A corresponding to a positive right eigenvector. Using Lemma
3.14 we can conclude that —1 < XA < 1. Then R4(A—\I)+R5(A—AI) is a nonzero, nonpositive

vector. So N (A — AI) does not contain any positive vector, which is a contradiction. Hence

by = +.
Suppose by, by = +. Consider the matrix
-v(al) 5 1 1 0 |
5 wla) 0 0 0
A= 1 0 w(ag) 0 0 | €Q(R).
1 0 0 v(ag) -1
| 0 0 0 -1 ’U(a5)_

If A be an eigenvalue of A corresponding to a positive right eigenvector, then by Lemma
3.14 we have —1 < XA < 1. So Ry(A — Al) + Ra(A — Al) is a nonzero, nonnegative vector.

Therefore N (A — M) does not contain any positive vector, which is a contradiction. Hence

O

at least one of by, by is —.

So the possible sign pattern matrices of the form R requiring algebraic positivity are

a + — + 0 ag — — + 0
+ ay 0 0 0 — a 0 0 0
Ri=}— 0 a3 0 0 and Ro=|— 0 a3 0 0
+ 0 0 ay - + 0 0 a4 -
0 0 0 — a 0 0 0 — a

where ay, ay, az, a4, a5 € {+, —,0}
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Lemma 3.45. Suppose Ry requires algebraic positivity. Then the following conditions hold.
1. a3 = 0,as = — and as cannot be —.
2. If as = +, then aq cannot be +.

Proof.

1. By Lemma 3.15, ay cannot be + and as, as cannot be —.

Suppose a3 = +. Consider the matrix

-1;(111) 5 -1 1 0 ]
5 w(ay) 0 0 0
A= -1 0 5 0 0 |€QHR).
1 0 0 wv(ag) -1
| 0 0 0 =1 o(as)]

If A be an eigenvalue of A corresponding to a positive right eigenvector, then by Lemma
3.4, -1 < A < 1. So Ry (A— M)+ Ro(A— M) + R3(A— M) is a nonzero, nonnegative
vector. Thus N (A — AI) does not contain any positive vector, which is a contradiction.

Hence a3 = 0. Therefore by Lemma 3.15, ay = —.

2. Suppose a4, a5 = +. Since az = 0, a, = —, consider the matrix
-'v(al) 1 -1 1 0 1
1 -1 0 0 O
A= -1 0 0 0 0] €QHh).
1 0 0 5 -1
| 0 0 0 -1 5 ]

If A be an eigenvalue of A corresponding to a positive right eigenvector, then by Lemma,
3.14, —1 < A < 0. So Ry(A— Al)+ Rs(A— AI) is a nonzero, nonnegative vector. Thus
N(A — AI) does not contain any positive vector, which is a contradiction. Thus if

as = +, then a4 cannot be +. ]
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Lemma 3.46. If Ry requires algebraic positivity, then the following condilions hold.

1. as, as,as cannot be —.

2. If as = +, then a4 cannol be +.

3. If ag, a3 = +, then ay cannot be +.

Proof.
1. Suppose a3 = — and consider the matrix
-'U(al) -1 -1
-1 w(ay) O
A=1 -1 0 -5
1 0 0 w
0 0 0

1
0
0

(aq)
.

0

0

0
-1

v(as)

€ Q(Ry).

If A be an eigenvalue of A corresponding to a positive right eigenvector, then by Lemma

3.14, A < —=5. So R4(A — AI) + R5(A — M) is a nonzero, nonnegative vector. Thus

N (A—AI) does not contain any positive vector, which is a contradiction. So a3 cannot

be —. Similarly ay cannot be —.

Suppose a; = — and consider the matrix
-‘U(Gq) -1 -1
-1 w(a) 0
A= -1 0 wv(ag)
1 0 0
| 0 0 0

1
0
0

v(ay)

—1

-1

—5

€ Q(Ry).

If A be an eigenvalue of A corresponding to a positive right eigenvector, then by Lemma

3.4, A < =5. So Ry(A — M) + Ra(A — M) + R3(A — Al) is a nonzero, nonnegative

vector. Thus N(A — AI) does not contain any positive vector, which is a contradiction.

So a; cannot be —.

2. Tt can be proved using similar arguments as in Lemma 3.45.2.
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3. Suppose a; = +. Consider the matrix

—1

o o O

o o o

€ Q(Ry).

If A be an eigenvalue of A corresponding to a positive right eigenvector, then A < 1,

by Lemma 3.14. So Ry(A — AI) + Ra(A — M) + R3(A — AI) is a nonzero, nonnegative

vector. Thus N'(A— AI) does not contain any positive vector, which is a contradiction.

So aq cannot be +.

([

So any tree sign pattern matrix requiring algebraic positivity of the form R in (3.43) must

be in F(S), where

Se

#

13 o4 |
oo oo |

o+

co o o |

oo+ o |

oo oo |

I = o o+

oo 4

| oo o

=1

oo

+

=+

co o+ |

oo oo |

oo 4+ <o |

coc oo |

| =+

| 3 o o+

| oo o

=]

oo

=+ |

o+ | + 3
oo o | H+

0

o o

ocoo+4+ o |

coco oo |

+ | coo

== ]

coo+ |

oo o | +

Lemma 3.47. The following T-pattern malrices require algebraic positivity.

TH-2471_ 156123011

78 of 157

o O o O

o © o O

o O o O

o o o O

% © o +

co+4+ ol

coc oo |

| 3k oo+

(=]

26/07/2021, 11:15 AM



Firefox

Tree Sign Pattern Matrices that Require Algebraic Positivity 59

Proof. Any matrix in the qualitative class of these patterns is similar (through a diagonal

matrix with positive diagonal entries) to a matrix of the form

¢c - —c¢ ¢ 0
- 0 0 0 0
A=]—¢, 0 0 0 01,
€3 0 0 di —«
(0 0 0 o ds

where ¢y, ¢a,¢3,¢4 > 0,dyds < 0,ds > 0 and ¢ is of arbitrary sign. So it is enough to show

that A is algebraically positive. The characteristic polynomial of A is
(@) = 22 — ){(z — da) (& — d5) — 2} — (& + B)o{ (& — di) (@ — ds) — &} — a(w — d).

Suppose x2 — (dy+ds)z+dsds— 5 = (x—a)(z—B), where a, 8 € R. Then off = dyds—c3 < 0.

Without loss of generality assume o < (0. Eigenvalues of A({1}) are a, 0,0, 3. Now we have

(=)

" = (2 +&3)(cE — duds) # 0 and f(a) = —c3a*(a — d5) # 0.

=0

So using Cauchy’s interlacing theorem, we can conclude that A has exactly two negative
eigenvalues and they are simple. We will show that A has a positive right eigenvector cor-
responding to the eigenvalue A satisfying o < A < 0. Suppose (z1, Ty, T3, 24, z5)" be a right

eigenvector of A corresponding to A\. Then

Cy d4 —C4 T4 T4
—C1x) = ALy, —ery = Axg, and 1 + =A
0 —Cy d.5 Ty I5
From the third matrix equation we have
~1
I A= d4 Cq Cg C3T1 A— dF,
e Q‘;l o
s C4 A— d5 0 (/\ - Q)(/\ - B) —Cyq
If 2y = 0, then 23 = 3 = x4 = x5 = 0. So assume x; = 1. Then s, x3, x4, 25 > 0.

Since for a symmetric matrix left and right eigenvectors corresponding to an eigenvalue are
same, A is algebraically positive. Therefore the given T-pattern matrices require algebraic

positivity. J

TH-2471_ 156123011

79 of 157

ank

26/07/2021, 11:15 AM



Firefox

60 Stgn Patterns that Allow or Require Algebraic Positivity

Theorem 3.48. Let A be a 5% 5 lree sign pattern matrixz such that its graph is neither a star
nor a path. Then A requires algebraic positivity if and only if one of the following conditions

hold:
1. all nonzero off-diagonal entries of A are +;
2. all nonzero off-diagonal entries of A are —;

3. A or —A is permutationally similar to some sign pattern matriz from F(S), where

[# — — + 0] [—o — = + O] [# — — + 0] [-o — = + O
- 0 0 0 0 -+ 0 0 0l |- 00 0 0 + 0 0 0
Se|— 0 + 0 0f,[— 0 4+ 0 0f,|— 0 + 0 0 - 0+ 0 0
+ 0 0 # [ |+ 00 # | |+ 00 — = |+ 0 0 — -
(00 0 — 0 000 — 0 000 — +| [0 00 — +]
(£ — — + 0] [# — — + 0] [# + — + 0] [# + — + 0])
-0 0 0 O0f |- 0 0 0 0| |+ 0 0 0] |+ — 0 0 0
- 00 0 Of,]- 00 O0O|,|[—00 0 O|,|[— 0000
+ 0 0 — —| |+ 0 0 # —| [+ 00 — —| |+ 0 0 # -
00 0 - 000 —0f 000 — +] 000 - 0])

Proof. If A requires algebraic positivity and all nonzero off-diagonal entries of A are not of
the same sign, then by Lemma 3.44, A or —A is permutationally similar to some sign pattern
matrix from R; and Ry. By Lemma 3.45, any sign pattern matrix of the form R; requiring
algebraic positivity must be in F(S8), where § is either the seventh or the eighth in the above
list. By Lemma 3.46, any sign pattern matrix of the form R, requiring algebraic positivity
must be in F(S), where S is one of the first six in the above list.

For the converse part, if all nonzero off-diagonal entries of A have the same sign, then the
result follows from Lemma 3.8. Sign patterns of the off-diagonal entries of the adjugate of
each of the matrices in the qualitative classes of the first, second, third, fourth, seventh and

eighth from the above list are respectively

- = 0 0 0 - = =0 - - 0 0 0
- . - 0 - - . - 0 = - . - -
o - - 0 0f.{=— - -0 —{,10 — - 0 0
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- - - = -0+ 0 0 -0
- - - - 0 + 0 0 0
- - - =, |+ + - + +|. |+ +
- - - - 0 0 + + 0 0
- - - = 00 + + 0 0

0
0

+ 4+ oo

Each of these patterns is irreducible and all the nonzero off-diagonal entries have the same

sign. So by Lemma 3.8, these six patterns require algebraic positivity. Hence by Theorem

2.8, first, second, third, fourth, seventh and eighth from the above list require algebraically

positivity. The remaining two sign pattern matrices require algebraic positivity by Lemma

3.47. Hence the result follows.

(|

Theorem 3.12, Theorem 3.42 and Theorem 3.48 taken together give the set of all tree sign

pattern matrices of order less than 6 requiring algebraic positivity.
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CHAPTER 4

Sign Patterns that Allow or Require Diagonalizability

In this chapter, we discuss about sign pattern matrices that allow or require diagonalizability.
Sign pattern matrices allowing diagonalizability have been studied in [16, 19, 20, 48]. In
Section 4.1, we define essential index for a tree sign pattern matrix, and in Section 4.2, we
use this concept to give necessary and/or sufficient conditions for some class of sign pattern
matrices that allow diagonalizability. Finally, in Section 4.3, we characterize all star sign
pattern matrices requiring diagonalizability.

Throughout this chapter, ¢(A) denotes the maximum cycle length in A and [u, v] denotes
the edge joining two vertices u, v of an undirected graph. We have the following result from
[26, Section 42.6].

Lemma 4.1 ([26]). MR(A) us the mazimum number of nonzero entries of A no two of which

are on the same row or the same column.

4.1 Essential Index
Let A be a tree sign pattern matrix of order n such that V(G(A)) denotes the set of all

vertices in G(A). If S C V(G(A)), then G(A) — S is the graph obtained from G(A) by

deleting all the vertices in S and the edges incident to them. Let

63
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Ly = {S CV(G(A)) : G(A) — S has a perfect matching}
and
In={S€Ly:TCS forsomeT € L, implies T = S}.
Clearly, G(A) has a perfect matching if and only if T4 = {0}.

Let us recall that the standard determinant expansion of a square matrix A = [a;;] is
det A = Z Sgl]((}')(lli] A2, " Upi, (42)

where the summation extends over all permutations o = (iy,14,...,%,) of {1,2,...,n} and
sgn(o) denotes the sign of the permutation 0. We have the following characterization of sign

pattern matrices requiring singularity.

Lemma 4.3 (]9, 26]). If A is a sign pattern matriz of order n, then the following statements

are equivalent.
1. A requires singularily.
2. Bvery term in the standard determinant expansion of A is zero.

3. A has no composite n-cycle.

Theorem 4.4. If A is a tree sign pattern matriz, then A requires singularity if and only if

Iy # {0} and [ ai=0 forall S € I,.

ics
Proof. Suppose A requires singularity. So by Lemma 4.3, A has no composite n-cycle and
thus G(A) has no perfect matching. Therefore I4 # {@}. For the second part, let S € I4

and M be the perfect matching for G(A) — S. Then det A has a term + H ai + ] aiaj
in its expansion as (4.2). Since a;a;; # 0 for all [i, j| € M, by Lemma 4.31:5&]'_[ aﬁ[%:ﬂ%jid
Conversely, suppose 14 # {0} and H a; = 0 for all § € I4. Since A is afri:e sign pattern
matrix, every term in the standard aiierminant expansion of A is of the form + H ;-
Il aija; for some T C V(G(A)), where M is the perfect matching for G(A) — T?GTSﬂince
E]E; {0}, G(A) does not have a perfect matching and thus (} ¢ I4. Further 7" is a super

set of an S € I4 and hence the above term is zero. Therefore by Lemma 4.3, A requires

singularity. ]
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The above theorem asserts that for a tree sign pattern matrix A, singularity depends on

some terms of the form a;;. We call the index of such a term as an ‘essential index’.

Definition 4.5. Let A be o iree sign pattern matriz of order n. An index i is said to be
an essential index of A if there exists S € 14 such that i € S and the sign pattern matriz
A(T' \ {i}) requires singularity for all T C S containing i. All other indices in {1,2,... ,n}

are said to be non-essential indices of A.

Theorem 4.6. Let A be a tree sign pattern matriz. If i is an essential index of A, then

y; = 0.

Proof. Suppose a; # 0 for some index i and S € I4 containing i. If M is the perfect

matching for G(A) — 5, then det A(S '\ {¢}) has a nonzero term +a;; - [[ a;a; in its stan-
lirjleM

dard expansion, and thus by Lemma 4.3, A(S'\ {i}) allows nonsingularity. Therefore i is a

non-essential index of A. Hence if 4 is an essential index of A, then a; = 0. O

The following example illustrates the essential and non-essential indices of a tree sign

pattern matrix and establishes that the converse of Theorem 4.6 is not true.

Example 4.7. Let us consider a tree sign pattern matriz A with its graph G(A) as follows.

00 — 00 0 )
00 + 0 0 0 -
Ao |r -+ 00
00 — — + 0
00 0 + + + . o
00 00 + 0 3 4 z 6

Figure 4.8: A tree sign pattern matrix A with its graph G(A).

From the above figure it is clear that 14 = {{1,2},{1,4},{2,4},{1,6},{2,6}}. Further,
{i:i €S for some S € 14 and a; = 0} = {1,2,6}.

If S = {1,4} € 4, then all T C S containing 1 are {1} and {1,4}. Since both A and
A({4}) require singularity, A(T \ {1}) requires singularity for all T C S containing 1. So 1

is an essential index of A. Similarly, 2 is an essential indez of A.
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All the sets in I4 containing 6 are {1,6} and {2,6}. If S = {1,6}, then for T = S,
A(T'\{6}) = A({1}) allows nonsingularity. If S = {2,6}, then for T = S, A(T \ {6}) =
A({2}) allows nonsingularity. So 6 is a non-essential index of A.

Therefore the essential indices of A are 1,2, and the non-essential indices of A are

3,4,5,6.

Theorem 4.9. If a tree sign pattern matriz A has an essential index, then A requires sin-

gularity.

Proof. Suppose i is an essential index of A. Then there exists S € 14 such that i € S and
the sign pattern matrix A(T'\ {i}) requires singularity for all 7' C S containing ¢. Choosing

T = {i}, we have A requires singularity. O

The converse is also true, which will be proved using the following lemmas.

Lemma 4.10. Let A be a tree sign pattern matriz and G(A) has vertices 1,2 such that 2 is
adjacent to 1 and deg(1) = 1. Then 2 ¢ S for any S € 14 and thus 2 is a non-essential index
of A.

Proof. Suppose there exists S € I4 such that 2 € S. Since G(A) — S has a perfect matching,
S must contain the vertex 1. Then G/(A)—S also has a perfect matching, where § = S\{1,2}.
This is a contradiction to the fact that S € I4. O

Lemma 4.11. Let A be a tree sign pattern matriz. If a; # 0 for all pendant vertices © in

G(A), then A allows nonsingularity.

Proof. Let A be of order n, and r be the number of vertices of degree > 3 in G(A). We prove
the result by induction on r. For r = 0, A is a path sign pattern matrix having pendant
vertices ¢ with a; # 0. So A has a composite n-cycle and thus by Lemma 4.3, A allows
nonsingularity. So the result is true for r = 0. Suppose the result is true for r = k — 1. Let
r = k and A be a tree sign pattern matrix having k vertices of degree > 3. There exists a
vertex in G(A) of degree d > 3, say 1, and d — 1 pendant vertices such that the paths joining

1 and each of the d — 1 pendant vertices contains no vertex of degree > 3 except 1. Since each
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of the principal submatrices of A corresponding to the indices from those paths excluding
1 is a path sign pattern matrix, they allow nonsingularity. Let « be the set of vertices
corresponding to the indices from d — 2 of those paths excluding 1. So Ala] is direct sum
of d — 2 sign pattern matrices allowing nonsingularity and thus A[a] allows nonsingularity.
Further, if we delete all the vertices in a from G(A), then the new graph will have k — 1
vertices of degree > 3 (since 1 now has degree 2) and a; # 0 for all pendant vertices i in the
new graph. So by the induction hypothesis, the principal submatrix of A corresponding to
the new graph, i.e., A(«) allows nonsingularity.

Since both Ala] and A(a) allow nonsingularity, by Lemma 4.3, Ala] has a composite
|ee|]-cycle and A(«) has a composite (n — |a|)-cycle. Since the index sets of those two cycles
are digjoint, the product of those two cycles is a composite n-cycle of A. Therefore by Lemma

4.3, A does not require singularity that is, A allows nonsingularity. O

Therefore if a tree sign pattern matrix A requires singularity, then a; = 0 for at least one

pendant vertex i in G(A).

Lemma 4.12. Suppose A is a tree sign pattern matriz of order n with a,, = 0, and G(A) has
vertices n—2,n—1,n such that n—1 is adjacent to bothn—2,n and deg(n) = 1,deg(n—1) = 2.
Letie {1,2,...,n—2}. Ifi is an essential index of A, then there exists S € 14 containing

i such that n ¢ S and A(T'\ {i}) requires singqularity for all T C S containing i.

Proof. According to the given conditions we can represent G(A) as follows.

n—1 n
Figure 4.13: A representation of G(A).
Since i is an essential index of A, there exists S € I4 containing i such that A(T"\ {i})

requires singularity for all T C S containing i. Ifn € S, then n —2 ¢ S, and thus i <n — 2.
Now S € I implies R = (S\{n})U{n—2} € I4. Let T" C R contains i. If n—2 ¢ T", then
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T' C S. So A(T'\ {i}) requires singularity. If n —2 € 7', let T = (T"\ {n —2})U {n}. Then
T C S and thus A(T\{7}) requires singularity. Since T\{n} = T"\{n—2} C {1,2,...,n—3},
n—2€T,neT and i <n—2, assuming T\ {n} =T"\ {n — 2} = Z we have

0 0
A1(Z\ {i})
AT\ {i}) = 0 0
0 0 lflﬂn—l,fn—l an—Ln
0 0| Guus O
and ~
0 0
A(Z\{i})
_ ' 0 0
AT\ {i}) =
c 0
0 0 d Ap—2n-2 Ap—2pn-1
0 0 0 Ap-1p-2 Ap_1n-1

where A; = A({n — 2,n — 1,n}), and either both ¢, d are zero or both are nonzero.

SO0 —Gp-2n—10n_1,—2 - det A1 (Z \ {i}) is a sum of some terms in the standard expansion
of det A(T' \ {i}). Since A(T \ {i}) requires singularity, by Lemma 4.3, each term in the
standard expansion of det A(T"\ {z}) is zero. Since @251, Gn-1,—2 7 0, each term in the
standard expansion of det A;(Z \ {i}) is zero.

Now each term in the standard expansion of det A(7"\ {i}) is a product of —a,, 1 n@pn 1
and a term in the standard expansion of det A;(Z\ {i}). Therefore each term in the standard
expansion of det A(T" \ {i}) is zero and thus by Lemma 4.3, A(T"\ {i}) requires singularity.

Hence R € 14 containing i is such that n ¢ R and A(T"\ {i}) requires singularity for all

T' C R containing i. O

Lemma 4.14. Suppose A is a tree sign pattern matriz of order n, and G(A) has vertices
n—2,n — 1,n such that n — 1 is adjacent to both n — 2, n and deg(n) = 1,deg(n — 1) = 2.
Let apn = 0, A= A({n —1,n}) and G(A) = G(A) — {n—1,n}. Then we have the following.
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1. n is an essential index of A if and only if n — 2 is an essential index of A.

2. Foreachi € {1,2,...,n—2}, i is an essential index of A if and only if i is an essential

index of A.

Proof. According to the given conditions we can represent G(A) as follows.

G(A)

Figure 4.15: A representation of G(A).

1. Let n — 2 be an essential index of A. Then there exists S € 14 such that n — 2 € S and
A(T\ {n—2}) requires singularity for all 7" C S containing n—2. Let R = (S\{n—2})U{n}.
If M is the perfect matching for G(A) — S, then [n —1,n] € M and thus (M \ {[n—1,n]})U
{[n — 2,n — 1]} is the perfect matching for G(A) — R. Therefore S € I, implies R € [4.
Now S\ {n—2} = R\ {n}. U T" C R, then 7"\ {n} = T\ {n — 2} for some T" C S.
Since A(T"\ {n — 2}) requires singularity for all 7" C S containing n — 2, A(T"\ {n}) requires
singularity for all 7" C R containing n. Therefore n is an essential index of A.
Similarly, if n is an essential index of A, then n — 2 is an essential index of A.

2. Here ay,, = 0. Thus if S € I, such that n —1,n ¢ S, then for each i € {1,2,...,n — 2}
and T C S, we can express A(T\ {i}) as

0 0
AT\ {i}) 0 0
AT\ {i}) = N (4.16)
C
0 --- 0 d Up—1,n—1 Gn-1n
0o --- 0 0 Gpn—1 0

where @y 51, an_1n 7 0, and either both ¢, d are zero or both are nonzero. Thus we have

det A(T'\ {i}) = —an 10@nn 1 - det A(T'\ {i}). (4.17)
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Suppose 1 is an essential index of A for some i < n—1. Then there exists S € T i containing
i such that A(T \ {i}) requires singularity for all T C S containing 7. If M is the perfect
matching for G(A) — S, then MU{[n—1,n]} is the perfect matching for G(A) — S. Therefore
S € I; implies S € I4. Since A(T \ {i}) requires singularity for all T C S containing %, by
(4.17), A(T \ {2}) requires singularity for all 7" C S containing i. Therefore 7 is an essential
index of A.

Conversely, suppose 4 is an essential index of A for some 7 < n — 1. Then there exists
S € 14 containing ¢ such that A(T \ {i}) requires singularity for all 7" C S containing i. By
Lemma 4.12, we may assume without loss of generality that n ¢ S. Then [n — 1,n] is in the
perfect matching of G(A) —S. If M is the perfect matching for G(A)— S, then M\ {[n—1,n]}
is the perfect matching for G(A) — S, and S € I, implies S € I;. Since A(T \ {i}) requires
singularity for all 7" C S containing ¢ and a,_1 ., @n,—1 # 0, from (4.17) we can conclude
that A(T \ {i}) requires singularity for all T C S containing 7. Therefore i is an essential

index of A. O

Lemma 4.18. Suppose A is a tree sign pattern matriz of order n with a,, = 0, and G(A)
has vertices n — 1,n such that n — 1 is adjacent to n and deg(n) = 1,deg(n — 1) > 3. Let
the principal submatrices of A corresponding to the components of G(A) — {n — 1,n} be

Ay, Ao, Ll Ay

1. If for some t € {1,2,...,7}, the vertices of G(Ay) be 1,2,...,k such that k is adjacent

ton — 1, then we have the following.

(a) For each i < k, i is an essential index of Ay if and only if i is an essential index

of A.
(b) If k 1s an essential index of Ay, then both k,n are essential indices of A.

(¢) If k is an essential index of A, then k is an essential index of A,.

2. If n is an essential index of A, then there exists | € {1,2,...,r} such that p is an

essential index of A;, where p is the vertexr in G(A;) adjacent to n — 1.
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Proof. According to the given conditions we can represent G(A) as follows.

G(Ar)

Figure 4.19: A representation of G(A).

Let the vertices of G(A;) be 1,2, ..., k such that k is adjacent ton—1. Let S € 14 be such
that n — 1,n ¢ S, and Sy € I, such that S; = {s € S : s < k}. If§:{365132k+1}
and i € {1,2,...,k}, then for each T'C S, we can write A(T'\ {i}) as

0 0 0 0 0
AT NS\ {i
(TS () 0 0 0ol 0 0
0 0 0 c 0
A 0 -~ 0 0
AT\ = | o , (4.20)
' - AT NS u 0
0 --- 0 d vT Gnin-1 Gnin
[0 0 0 0" T 0

where A = A{k+1,...,n—2}], u,v # 0, and either both ¢, d are zero or both are nonzero.

Therefore

det A(T'\ {i}) = —an 1 nnn 1 - det A(T NS, \ {i}) - det A(T' N S). (4.21)
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If S C T, then
det A(T\ {i}) = —an_10@nn_1 - det A (T N S, \ {i}) - det A(S). (4.22)

1(a). Suppose ¢ is an essential index of A; for some ¢ < k. Then there exists S; € I4,
containing ¢ such that A,(T \ {i}) requires singularity for all T C S, containing i. If S =
SyU---US,, where §; € Iy, for j = 1,...,7, then S € I4. Since a,, = 0 and A(T' \ {i})
requires singularity for all 7' C S; containing i, by (4.21), A(T \ {i}) requires singularity for
all T'C S containing i. Therefore i is an essential index of A.

Conversely, suppose ¢ is an essential index of A for some ¢ < k. Then there exists
S € I containing ¢ such that A(T \ {i}) requires singularity for all T C S containing i.
Proceeding as in the proof of Lemma 4.12, we can assume without loss of generality that
ne¢sS. LetS —{ieS:i<k} NowG(A)— S has a perfect matching, say M. Let
M, = {[p,q] : [p,q] € M and p,q < k}. Then M, is a perfect matching for G(A;) — S,
which together with the fact S € I, implies that S; € I4,. If S; € [, for all j # ¢, then
S=5USU---US,..

Let Ty C S; contains 4, and To, = Ty U (S U---U S, 1)U (S U---US,). Since i is an
essential index of A, A(T, \ {i}) requires singularity. Therefore by Lemma 4.3, each term in
the standard expansion of det A(T5 \ {i}) is zero. If E = {[i,j] € M : 4,5 > k}, then by
(4.22), det Ag(T> N S\ {2}) - [ jjer(—@aizaji) gives the sum of some terms in the standard
expansion of det A(73 \ {i}). So each term in the standard expansion of det A,(T> NS \ {i})
is zero. Therefore by Lemma 4.3, A(T) \ {i}) = A:(T> N S; \ {¢}) requires singularity. Hence
7 1s an essential index of A;.

1(b) . Suppose k is an essential index of A;. Then there exists S; € I4, such that k € S; and
AT\ {k}) requires singularity for all T C S, containing k. Let S = Sy U---US,, where
Sj € Iy, for j=1,...,r. Then S € I4 and G(A) — S has a perfect matching, say M. Let
R = (S\{k})U{n}. Then (M \{[n—1,n]})U{[k,n—1]} is a perfect matching for G(A)— R.
Therefore S € I, implies R € 4. Since a,, = 0 and A,(T'\ {k}) requires singularity for all
T C S, containing k, by (4.21), A(T"\ {k}) requires singularity for all 7" C S containing k.
Now S\ {k} = R\ {n}. fT" C R, then T"\ {n} = T'\ {k} for some 7' C S. Since A(T'\ {k})
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requires singularity for all T C S containing k, A(T"\ {n}) requires singularity for all 7" C R
containing n. Therefore both k,n are essential indices of A.

1(c). Suppose k is an essential index of A. Then by the similar arguments as in the converse
part of 1(a), k is an essential index of A,.

2. Suppose n is an essential index of A. Then there exists S € [4 such that n € S
and A(T \ {n}) requires singularity for all 7" C S containing n. Suppose there exist no
t € {1,2,...,r} such that k, is an essential index of A,, where k; is a vertex of G(A;) adja-
cent ton—1. Since S € Iy andn—1 ¢ S, there exists anl € {1,2,..., 7}, where G(A4;) (after
a relabelling of vertices, if required) has vertices 1,2,...,p with p being adjacent to n — 1
such that [p,n— 1] is in the perfect matching of G(A) —S. If S; = {p}U{i € S :i < p}, then
S € 14 implies S; € 14,. Since p is a non-essential index of A, A/(T\ {p}) allows nonsingu-
larity for some T' C S; containing p. Therefore by (4.21), A(T \ {p}) allows nonsingularity,
where ) = TU{i i€ Sandp < i <n}. U T, = (1) \ {p}) U{n}, then T, C S and
ATy \ {n}) = A(Ty \ {p})- So A(T:\ {n}) allows nonsingularity, which is a contradiction.
Therefore there exists I € {1,2,...,r} such that p is an essential index of A;, where p is the

vertex in G(A;) adjacent to n — 1. O

From Theorem 4.9 and 1(a), 1(c) of Lemma 4.18 we have the following corollary.

Corollary 4.23. Suppose A is a tree sign pattern matriz of order n with a,, =0, and G(A)
has vertices n — 1,n such that n — 1 is adjacent to n and deg(n) = 1,deg(n — 1) > 3. Let the
principal submatrices corresponding to the components of G(A)—{n—1,n} be Ay, Aa, ..., Ay,
and for some t € {1,2,...,r}, let the vertices of G(Ay) be 1,2, ...,k such thal k is adjacent
ton—1. If A allows nonsingularity, then cach index in {1,2,...,k} is a non-essential index

of A.

The following result characterizes tree sign pattern matrices requiring singularity in terms

of essential indices.

Theorem 4.24. A tree sign pattern matriz A of order n requires singularity if and only if i

is an essential index of A for some i € {1,2,...,n}.
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Proof. Suppose A requires singularity. We prove by induction on n that i is an essential

index of A for some i € {1,2,...,n}. If n =3, then A is given by

0 a9 0
A= lay ax @23 | »
0 a32 0

where a9, @z, ass, a32 € {+, —}. Clearly, I, = {{1},{3}}. If S = {1}, then A(S\ {1})=A
requires singularity. Therefore 1 is an essential index of A. Thus the result is true for n = 3.
Suppose the result is true for any k£ < n. Let A be a tree sign pattern matrix of order n
requiring singularity. Then by Lemma 4.11, we can assume without loss of generality that
ann, = 0 and deg(n) = 1 in G(A). Let n be adjacent to n — 1 in G(A).

Case I: deg(n—1)=2. Let A= A({n — 1,n}) and G(A) = G(A) — {n — 1,n}. Then
A is a tree sign pattern matrix of order n — 2 requiring singularity. By induction hypothesis
i is an essential index of A for some i € {1,2,...,n — 2}. Then using Lemma 4.14, we can
conclude that i is an essential index of A.

Case II: deg(n — 1) > 3. Let the principal submatrices of A corresponding to the
components of G(A) — {n — 1,n} be Ay, Aa,..., A,. Then there exists t € {1,2,...,r} such
that A; requires singularity. Let the vertices of G(A;) be 1,2,...,1 such that [ is adjacent to
n—11in G(A). By induction hypothesis i is an essential index of A; for some i € {1,2,...,1}.
Then by Lemma 4.18 we can conclude that i is an essential index of A.

The converse part follows from Theorem 4.9. O

Throughout the following discussions, e; denotes the column vector whose i-th component
is 1 and all other components are zero, 0 denotes the zero column vector, O denotes the zero

matrix, and their orders will be clear from the context.

Lemma 4.25. Suppose A is a tree sign pattern matriz of order n, and G(A) has vertices
n— 2, n— 1,n such that n — 1 is adjacent to both n — 2,n and deg(n) = 1,deg(n — 1) = 2.
Let apn = 0 and A = A({n—1,n}). Ife; € C(B) for some B € Q(A), then e; € C(B) for all
B e Q(A) with B({n — 1,n}) = B. Further, e,_, € C(B) implies e, € C(B).
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Proof. We can rewrite A as

A An—2,n—1€n—2 0
T
A an—l,n—Q €, 2 t7%—1,11.—1 |'3'f'a1,—l,n ’
0’ Ap,n—1 0

where a,—1,-2, Gn—2n-1, Gnn—1, Ap_1,n 7 0.

Let e; € C(B) for some B € Q(A). Then there exists p; € R"? such that Bp; = e;.

Let B € Q(A) such that B({n —1,n}) = B. Then there exist bi9n-1s Op—1n-2, bu—1n-1,
U1y bun—1 € R such that b, 1, b,,-1 # 0 and

-é bn—Q,n—l €p—2 0
B = bn—l,n—? ei‘72 bn—l,n—l bn—l,n

o’ b n—1 0
Therefore

e; Pi

Bm,=| ¢ |, where m;= 0

by 1
0 i el Y

So e; € C(B).

Suppose e, 5 € C(B). Then there exists p,_» € R" 2 such that Bpn,z = e,,_y. Therefore

0 _bn—Z,n—lpn—Z
Bm, , = 0 ; where m,,_» = 1
bﬂ."ﬂ.fl ﬁ (b'nfz,nflbnfl,nfﬁ e;]:_‘z Pn-2 — bnfl,'n.fl)
So e, € C(B). Hence the result follows. O

Lemma 4.26. Suppose A is a tree sign pattern matriz of order n with a,, = 0, and G(A)
has vertices n — 1,n such that n — 1 is adjacent to n and deg(n) = 1,deg(n —1) > 3. Let the
principal submatriz corresponding to one component of G(A)—{n—1,n} be A such that G(A)
has the vertices 1,2, ... k with k being adjacent to n — 1. If e; € C(B) for some B € Q(A),
then for each B € Q(A) with B[{1,...,k}] = B, e; € C(B).
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Proof. According to the given conditions we can express A as

A 0] U n—1€k 0
@) Ala] u 0
A= ,
T T
An—1k ek v Ap_1n—1 Op-1in
0" 0" an.y O

where o = {k+1,k+2,...,n— 2}, u,v # 0 and a,_1 &, Ck,n—1, Gn—1,ny Gnu—1 7 0.

Suppose there exists B € Q(A) such that e; € C(B). Then there exists a vector p; € R

such that E;’pi = e;.

Let § € Q(A[QD1 X € Q(u)1 y € Q(V)1 bk,n—la b’u—l,ka bn—l,n—l: bn—l,'n.u bn,’u—l € R such that

b’u—l,n ?é 0 and

B 0 bkﬁnfl €L 0
0 B X 0 _
B = € Q(A), where B[{l,...,k}|]=B
bnfl,k ek y bnfl,nfl bnfl,n
o’ or bpn—1 0
Then _ -
€; Pi
0 0
Bm; = , Where m; =
0 0
0 L NI L
L bn—l,'n ek pz_

Therefore for cach B € Q(A) with B[{1,...,k}] = B, e; € C(B).

O

In the following theorem, we give some results related to the column spaces of tree sign

pattern matrices requiring singularity.
Theorem 4.27. If a tree sign pattern malriz A of order n requires singularity, then we have
the following.

1. For each M € Q(A), e, & C(M) if k is an essential index of A.

2. For each M € Q(A) with rank(M) = MR(A), er € C(M) if k is a non-essential index
of A.
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Proof. We prove the result by induction on n.
Induction base case. For n = 1, the result is obvious. If n = 2, then A allows nonsingu-

larity. For n = 3, since A requires singularity, A is given hy

0 12 0
A= lay ax 23
0 39 0

Here I4 = {{1},{3}}. Further, the set of all essential indices of A is {1,3}. If M € Q(A),

then

0 mp 0
M = [mg may mos|

0 mayp 0
where mys, Mo, Moz, mas # 0. Clearly ej,e3 ¢ C(M) and e, € C(M) for all M € Q(A).
Further rank(M) = 2 = MR(A). Thus the result is also true for n = 3.
Induction hypothesis. Suppose the result is true for any tree sign pattern matrix of order
less than n.
Induction final step. Let A be a tree sign pattern matrix of order n such that A requires
singularity. Then by Lemma 4.11, there exist vertices in G(A), say n — 1,n, such that n is

adjacent to n — 1, an, = 0 and deg(n) = 1.

Case I: deg(n —1)=2 Let n— 2 be adjacent to n — 1. Then we can rewrite A as

A p—2,n—1 €n—2 0
_ T €
A= Ap—1,n—2 €, o Ap—1,n—1 Ap—1n| » (428)
OT Opn—1 0

where A = A({n—1,n}) and an—10, @Gnn—1,4n—1.51-2, Gn—2n—1 7 0. By Lemma 4.1, MR(A) =
MR(A) + 2.
First Part: Let n be an essential index of A. Then by Lemma 4.14, n — 2 is an essential

index of A and hence by induction hypothesis e, _, ¢ C(M) for all M € Q(A). If e, € C(M)
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for some M € Q(A), then there exist ¢, 1,¢, € R and p € R* 2 such that

0 M Mp—2,5—1 €n—2 0

— T
0] = [mp_1n2e€, o Pt Mp—1,n—1 tCu [Mp_1n|
1 0’ Mpn—1 0

where M = M({n — 1,n}) € Q(A).

Since ¢, 1,Myp 2,1 # 0 and Mp = —Cp 1Mp 25 1€n-2, €4 2 € C(ﬂ:f), which is a
contradiction.

Let i(# n) be an essential index of A. Then by Lemma 4.10, ¢ # n — 1, and by Lemma
4.14, i is an essential index of A, If e; € C(M) for some M € Q(A), then from (4.28) we
can conclude that e; is a linear combination of all but the (n — 1)-th column of M. Then for
some a; € R, e; +a;e,_; is a linear combination of the first n — 2 columns of M and thus
e; € C(M), where M = M({n — 1,n}) € Q(A). This is a contradiction to the induction
hypothesis.

Second Part: Let E be the set of all non-essential indices of A. Then from Lemma 4.14 we
can conclude that the set of all non-essential indices of A is given by either EU{n —1,n} or
EU{n— 1} accordingly asn—2€ Eorn—2¢ F.

Let M € Q(A) such that rank(M) = MR(A) and M = M({n — 1,n}) € Q(A). Then

there exist my_2,—1, Mp—1,n-9, Mn—1,n—1, Mp—1n, Mnpy—1 € R such that

M Mp—2n—1€n—2 0
— i
M= Mp—1n—2€,_o Mp—1,n—1 Mp—1,n ?
T
0 mn,n—l 0

where m, 2,1, My-10-2, Mp-14, Mun-1 7 0. It can be easily verified that rank(M) =
rank(M) — 2 = MR(A) — 2 = MR(A). Therefore by induction hypothesis, e, € C(M) for
all i € E. Hence by Lemma 4.25, ¢; € C(M) for all i € E. Since M e,, = m,,_1,,€,_1 with
Mp-1n 7 0, €1 € C(M).
Suppose n — 2 € E. Then e, 3 € C(M). Therefore by Lemma 4.25, e, € C(M).
Therefore for each M € @Q(A) with rank(M) = MR(A), e; € C(M) for all non-essential

indices 7 of A.
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Case II: deg(n—1)>3 Suppose G(A)—{n—1,n} hasr components. Then A({n—1,n})
is a direct sum of r irreducible components, say Ay, As,..., A,.

First Part: Let n be an essential index of A. Then by Lemma 4.18, there exists ¢t €
{1,2,...,r} such that k is an essential index of A;, where k is the vertex of G(A;) adjacent

to n— 1. By induction hypothesis e, ¢ C(M,) for all M; € Q(A;). Without loss of generality,

let us assume ((A;) has vertices 1,2,..., k. So we can write A as
Ay O Ajn—1 €k 0
O Ala] u 0
A= . . .
An—1 k€ v Apn—1n—-1 Qpn_1n (429)
OT OT Upn—1 0

where @ = {k+1,...,n — 2}, @ 1k, CGkn1,0n 17, 0npn1 7 0 and u,v # 0. If e, € C(M)
for some M € Q(A), then by similar arguments as provided in Case I, e; € C(M,), where
M, = M[{1,2,....k}] € Q(A;). This is a contradiction to the induction hypothesis.

Let i be an essential index of A for some i € {1,2,...,k}. Then by Lemma 4.18, i is an
essential index of A;. If e; € C(M) for some M € Q(A), then from (4.29) we can conclude
that e; is a linear combination of the first £ columns and the n-th column of M. Then
for some a; € R, e; +a;e,_; is a linear combination of the first & columns of M and thus
e; € C(M,), where M; = M[{1,2,...,k}| € Q(A;). This is a contradiction to the induction
hypothesis.

Second Part: Let the vertices of G(A,),...,G(A,) adjacent to n — 1 be ki, ..., k., respec-

tively. Then A can be expressed as

A O - O ]
(f) A, . 0
A=| = - O :
O - 0 A (4.30)
VI Up-1,n-1 Cn-1mn
L 0" Qnn—1 0

where u = ag, 1€y, + -+ AGpp 1€k, V= A1k € + 00+ Ap g, €, for some ay, o,
oV feyy -y Qs Gn1k, 7 0, and ap_1p, @npn1 # 0. Therefore by Lemma 4.1, MR(A) =
MR(A;) + -+ +MR(A4,) + 2.
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Let M € Q(A) be such that rank(M) = MR(A). Then there exist x € Q(u), y € Q(v)

and M, po1, My 10, My p1 € R with my,_y 5, My 51 # 0 such that

My, O --- O
O M, )
: .. 0 .
M = o - 0 M, = y“ Mp—1n—1 Mp_in |1
r {]1 mn,n—l 0
Y mnfl,n*] mn.fl,n
0" My 1 0

where M = M({n — 1,n}) and M, € Q(A,) for t = 1,2,...,r. It can be casily verified that
rank(M) = rank(M) — 2 = MR(A) — 2 = MR(A;) + - - - + MR(A,)
and thus rank(M;) = MR(A,) for t = 1,2,...,r.

If E = {z:41s a non-essential index of A; for some ¢ € {1,2,...,r}}, then the set of all
non-essential indices of A is either EU {n — 1} or EU {n — 1,n}.

If A, allows nonsingularity, then M, is invertible, and thus e; € C(M,) for all indices i of
Ay Further, by Theorem 4.24, each index of A; is non-essential. If A; requires singularity,
then by induction hypothesis e; € C(M;) for all non-essential indices i of A;. Now by Lemma
4.18, all non-essential indices of A; are also non-essential for A. Therefore using Lemma
4.26, we can conclude that e; € C(M) for all non-essential indices i(< n — 1) of A. Further,
M e, = my_1 e,y with m,_,, # 0 implies e, ; € C(M).

If n is a non-essential index of A, then by Lemma 4.18.1(b), ki, ..., k. are non-essential
indices of Ay,..., A, respectively. So by Lemma 4.26, e; € C(M) for i = ki, ke, ..., k..
Since x € Q(u), there exist nonzero my, »1,...,Myg, n—1 such that x = myg, , 1€, +---+
M, n—1 €k,. S0X €C (M). Therefore there exists p € R"? such that Mp = x. Therefore

0 -p
Mm = 0 , where m = f

T
Y P—Mp—1n—1
TMp—1,n

nlﬂm—l

So e, € C(M). Hence for each M € Q(A) with rank(M) = MR(A), e; € C(M) for all

non-essential indices 4 of A. O
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The following example illustrates the necessity of maximum rank in the above theorem.

Example 4.31. Let us consider a tree sign pattern matriz A with its graph G(A) as follows.

0 + + + 0 3
-0 0 0 0
A=+ 0 0 0 0
+ 0 0 - —
00 0 — — 2 1 1 5

Clearly, 14 = {{2},{3}}. Since A requires singularity, both 2,3 are essential indices of
A. The non-essential indices of A are 1,4,5, as they do not belong to S for all S € I4. Let

Then rank(M) = 3 < 4 = MR(A). Further, e,,e5 ¢ C(M).
Since A is combinatorially symmetric, we have the following corollary.

Corollary 4.32. If a tree sign pattern matriz A of order n requires singularity, then we have

the following.
1. For each M € Q(A), ex ¢ R(M) if k is an essential index of A.
2. For each M € Q(A) with rank(M) = MR(A), e, € R(M) if k is a non-essential index

of A.

4.2 Sign Patterns that Allow diagonalizability

The problem of characterizing sign patterns allowing diagonalizability first came up in the
study of sign patterns requiring repeated eigenvalues by Eschenbach and Johnson [16]. Shao
and Gao [48] give the following sufficient condition for a sign pattern matrix to allow diago-

nalizability.
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Theorem 4.33 ([48]). If a sign pattern matriz A is combinatorially symmetric, then A allows

diagonalizability.

In this section, we consider the sign pattern matrices whose graphs are trees, but not
necessarily combinatorially symmetric. We give some combinatorial structures based on
their graphs which are necessary and sufficient for some specific graphs, for example the star
and path to allow diagonalizability. We also give a suflicient condition for a more general
class of sign pattern matrices A for which G(A) is a tree to allow diagonalizability.

Let us recall the following definitions from [3, p. 39]. Let A be a square matrix of order
n. For 1 <14, j < n, we say that i has an access to j if in D(A) there is a path from vertex
7 to vertex 7, and that 4,7 communicate if 4 has an access to j and j has an access to i.
This communication relation between the vertices of D(A) is an equivalence relation, which
partitions {1,2,...,n} into equivalence classes, and each equivalence class will be called a
class. We say a class « has an access to a class 3 if 4 has an access to j for all 7 € @ and for
all j € 8. If G(A) is a tree, then each principal submatrix of A corresponding to a class is a
tree sign pattern matrix.

We find a sufficient condition for sign pattern matrices to allow diagonalizability whose
graphs are trees but not necessarily combinatorially symmetric.

Let A be a real square matrix of order n. Throughout this chapter, z(A) denotes the
algebraic multiplicity of the eigenvalue 0 of A, o(A) denotes the set of all eigenvalues of A,
*(A) denotes the set of all nonzero eigenvalues of A, and P4(z) denotes the characteristic
polynomial of A in z. Further, I denotes the identity matrix, and |S| denotes the cardinality

of a finite set S.

Lemma 4.34. Let R,S be two square matrices such that o*(R) No*(S) = 0. Then for any

X of appropriate order, the matrix

R X
M =
o s

is diagonalizable if and only if rank(M) = rank(R)+rank(S) and both R, S are diagonalizable.
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Proof. Clearly Py (z) = Pg(z)Ps(z). Since o*(R) No*(S) = 0, for all A € o*(R) and
€ o*(S), nullity(M — AI) = nullity(R — Al) and nullity(M — pl) = nullity(S — ul).
Further, rank(M) > rank(R)+rank(S) and z(M) = z(R)+ z(S). Hence M is diagonalizable
if and only if rank(M) = rank(R) + rank(S) and both R, S are diagonalizable. O

From the details of the proof of [48, Theorem 2.6, we have the following result.
Lemma 4.35. If a sign pattern matriz A is combinatorially symmetric, then ¢(A) = MR(A).
The following result was conjectured in [18] and proved in [11].

Theorem 4.36 ([11]). Let A be an n x n invertible matriz. Then there exists an n X n

invertible diagonal D such that AD has n distinct eigenvalues.

By a minor modification to the proof of Theorem 1.1 in [11], the following result was

obtained.

Theorem 4.37 ([19]). Let A be an n x n invertible matriz. Then there exists an n X n

invertible diagonal D with positive diagonal entries such that AD has n distinct eigenvalues.

Since the eigenvalues of a matrix depend continuously on its entries, we have the following

lemma.

Lemma 4.38. If A € M, has an invertible principal submatriz of order k such that all
principal submatrices of higher orders are singular, then there are invertible diagonal matrices
D1, Dy € M, wnth positive diagonal entries such that both DA and ADs have exactly k

distinct nonzero eigenvalues.

Proof. Without loss of generality, we may assume that the leading principal minor of A of

order £ is invertible. Then we can write A as

A Ay
Ay Ay

A=

where A is the leading principal minor of order k. So by Lemma 4.37, there exists a diagonal

matrix /) with positive diagonal entries such that 1) A; has distinct nonzero eigenvalues. Let
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D. = D ®el,_;. Since all principal submatrices of A of order > k are singular, all principal
submatrices of D.A of order > k are singular for all € > 0. Again since the eigenvalues of a
matrix depend continuously on its entries, we can choose € > 0 such that D A has exactly
k distinct nonzero eigenvalues. Thus there is an invertible diagonal matrix Dy € M,, with
positive diagonal entries such that D7 A has exactly k distinct nonzero eigenvalues.
Similarly, there exists an invertible diagonal matrix )y € M, with positive diagonal

entries such that AD; has exactly k distinct nonzero eigenvalues. (|

Lemma 4.39. If a sign pattern matriz A is combinatorially symmetric, then there exists a

diagonalizable matriz B € Q(A) with rank(B) = MR(A).

Proof. We can choose C' € Q(A) such that C' has a nonsingular principal submatrix of
order ¢(A). So ¢(A) < rank(C) < MR(A). Now by Lemma 4.35, ¢(A) = MR(A). Thus
rank(C') = MR(A).

Since C' € Q(A), all principal submatrices of C of order higher than ¢(A) are singular.
Therefore by Lemma 4.38, there exists an invertible diagonal matrix D € M,, with positive
diagonal entries such that DC' has exactly ¢(A) distinct nonzero eigenvalues.

Since rank(DC) = rank(C') = ¢(A) and DC has exactly ¢(A) distinct nonzero eigenval-
ues, DC' is diagonalizable. Again DC € (}(A). Hence the result follows. O

We know that if a sign pattern matrix A allows nonsingularity or A is combinatorially
symmetric, then A allows diagonalizability. The following theorem gives a sufficient condition
for a class of sign pattern matrices (not necessarily combinatorially symmetric) that require

singularity to allow diagonalizability.

Theorem 4.40. Let A be a sign pattern malriz which requires singularity such that G(A) is
a tree. If there are no directed paths in D(A) between the essential indices of the principal
submatrices corresponding to two distinct classes, or if all possible directed paths in D(A)
between the essential indices of the principal submatrices corresponding to two distinct classes
in D(A) contain non-essential indices from those classes, then there exists a diagonalizable

matriz B € Q(A) with rank(B) = MR(A).
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Proof. We prove this by induction on 7, the number of distinet classes in D(A). If r = 1,
then A is combinatorially symmetric and thus by Lemma 4.39, there exists a diagonalizable
matrix B € Q(A) with rank(B) = MR(A). Suppose the theorem is true for any matrix A
with the number of distinct classes in D(A) less than 7.

Let A be a sign pattern matrix satisfying the given conditions such that the number of
distinct classes in D(A) is . Let 1 be a pendant vertex of G(A) and A; be the principal
submatrix of A corresponding to the class in D(A) containing 1. Let A; be of order k with
vertices 1,2,...,k such that k is adjacent to a vertex say k + 1, from a different class.

Case I: k is a non-essential index of A;. Then A can be written as

A Aq
0O Az

A=

where all entries of Ay are zero except the (k, 1)-th entry. Since k is non-essential for A,
by Theorem 4.27, e, € C(1) for all By € Q(A;) with rank(B;) = MR(A,), which implies
MR(A) = MR(A;) + MR(A3). Using induction hypothesis, we can choose By € Q(Aj3)
such that Bj is diagonalizable and rank(Bs;) = MR(A;). By Lemma 4.39, we can choose a
diagonalizable matrix By € Q(A;) with rank(B;) = MR(A;) such that o*(B;) No*(B;) = 0.
Since e, € C(By),

B, B,

O Bs

B =

implies rank(B) = rank(B;) + rank(Bs). Therefore rank(B) = MR(A), and by Lemma 4.34,
B is diagonalizable.

Case II: k is an essential index of A;. Let

A O O
R S R
A=1| A4, . with A=
A 0O As
0

where Aj is the principal submatrix of A corresponding to the class in D(A) containing k+ 1

and all entries of Ay are zero except the (1, k)-th entry.
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Since all possible directed paths in D(A) between the essential indices of the principal
submatrices corresponding to two distinct classes in D(A) contain non-essential indices from
those classes, without loss of generality we may assume that A is of the above form so that
the vertex k + 1 in G(A), a representation of the index 1 for Aj, is non-essential for Aj.

From the induction hypothesis, there exists a diagonalizable matrix B € Q(fi) with
rank(B) = MR(A). Let

- B; By
0 Bs
where By € Q(A3) and Bs € Q(As). Since B is diagonalizable,

2(B) = nullity(B) < nullity(Bs) + nullity(Bs) < z(Bs) + z(Bs) = z(B).

Therefore nullity(B) = nullity(Bs) + nullity(Bs) and thus rank(B) = rank(Bs) + rank(Bs).
Since rank(B) = MR(A) > MR(A3) + MR(A5) > rank(Bs) + rank(Bs), rank(Bs) = MR(Aj).
Therefore by Theorem 4.27, e, € C(B;) and thus e; € C(B). Hence MR(A) = MR(A;) +
MR(A).

By Lemma 4.39, we can choose a diagonalizable matrix B; € Q(A;) with rank(B) =

MR(A,;) such that o*(B;) No*(B) = 0. Let
B, O O
B=1 B,y - € Q(A).
B
@
Since ey € C(B’), rank(B) = rank(3,) + rank(é) = MR(A), and therefore by Lemma 4.34,

B is diagonalizable. O

The following example establishes that the converse of Theorem 4.40 is not true.

Example 4.41. Let us consider the sign pattern

0 +]0|+ 0| +
A
+ 0/0]0 010
A == =
+ 010]0 + 0| A | 0
0 010]0 0 0] 0| A;
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Here G(A) is a tree, and there are three distinct classes in D(A), namely {1,2}, {3}, {4}.

3 1 4

Figure 4.42: A diagram of D(A).

So there is a directed path in D(A) between essential indices of Ay and Az, namely 3 —
1 — 4, containing no other vertex from D(As), D(A3). So A does not satisfy the conditions
of Theorem. 4.40.

Let
0 1/0f1
1 000
B=|——-+—+4+—| €QA).
1 000
0 0/0/0

Then Pp(z) = 2*(2* — 1). So a(B) = {0,1, —1}, where the algebraic multiplicity of 0 is 2.
Further, nullity(B) = 2. Therefore B is diagonalizable.

If we restrict G(A) in Theorem 4.40 to be a path, then the converse is also true.

A matrix of order n, whose graph is a path, is permutationally similar to a matrix of the
form
a; by 0 -0
cy ay by

o . -l .0, (4.43)

where |b;| + |¢;| # 0.
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A path sign pattern matrix requiring singularity is of the form

ag by 0 e e 0
¢ as by
0 e a b , (4.44)
0
Con—1 Q2n  bop
[0 - o 0 o s
where a1 = a3 = --- = a9,41 =0 and bye; # 0 for i = 1,2,...,2n. In this case, the essential

indices are 1,3,5,...,2n + 1.

Theorem 4.45. Let A be a sign pattern matriz such that G(A) is a path. Then A allows
diagonalizability if and only if A allows nonsingularity, or A requires singularity and there
are no directed paths in D(A) between the essential indices of the principal submatrices cor-

responding to any two distinct classes in D(A).

Proof. The ‘if’ part is established by Theorem 4.37 and Theorem 4.40. For the ‘only if’
part, suppose A requires singularity, and there is a directed path in D(A) between essential
indices of two distinct irreducible components in D(A). Suppose A has the form (4.43).

Let M € Q(A) and

X P OO O
Q RO O O

M=|0 B S 0 0],
O 0CTD
0 0 0 E Y|

where XY may be vacuous, R,T are matrices of the form (4.44), S is a tridiagonal ma-
trix such that s;y1; # 0 for all ¢, exactly one of P, () is a zero matrix, exactly one of
D, E is a zero matrix, and b, cin, # 0 and by, ¢;; = 0 for all other ¢,j (assuming that
R, S, T have the orders ny, ny, ng respectively). Characteristic polynomial of M is Py (z) =
Px(x)Pr(x)Ps(z) Pr(z)Py(z). Since both R, T are singular, z(M) > z(X) + 2(Y) + 2.
Further, rank(M) > rank(X) + rank(Y) + n; + ny + ng — 1. Therefore nullity(M) <
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nullity (X)) + nullity(Y) + 1 < 2(X) + 2(Y) + 2 < 2(M). So M is not diagonalizable. Thus
A does not allow diagonalizability. O

If G(A) is a star, then the converse of Theorem 4.40 is not valid, as it is shown in Example
4.41. However, the following result characterizes all sign pattern matrices whose graph is a
star to allow diagonalizability. From [8, p. 294], we note that the Hadamard product of two
m X n matrices A = [a;;] and B = [b;;], denoted by A o B, is defined by A o B = [a;;b;;].

A matrix of order n, whose graph is a star, is permutationally similar to a matrix of the

form ) )
ay by bz - by
ca ag 0 --- 0
s 0 a3 o i, (4.46)
: 0
 Cn 0 0 an |

where |b;| + || # 0.

Theorem 4.47. Let A be a sign pattern matriz of the form (4.46) with n > 2 and P =
{2,3,...,n}. Let S ={ie P:a; =0} andT = {i € P : bjc; # 0}). Then A allows

diagonalizability if and only if one of the following conditions hold.
1. S =0.
2. 840, T=0,a1 #0 and either b; =0 for alli € S orc¢;=0 foralli € S.
3. 8T#0, SNT =0 and either b; =0 forall1 € S orc; =0 foralli € S.

4.8NT #0.

Proof. We first show that if one of the conditions 1,2,3,4 holds, then A allows diagonaliz-
ability.

1. If S = (), then A allows nonsingularity and thus by Theorem 4.37, A allows diagonal-
izability.
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2. Suppose S # 0, T = 0,a; # 0 and either b; = 0 for alli € S or ¢; = 0 for all i € S.

We can choose M € Q(A) such that all nonzero diagonal entries of M are distinct.
Since T' = (), the eigenvalues of M are its diagonal entries. Since a; # 0, z(M) = |S| =
nullity(M). Therefore M is diagonalizable, and thus A allows diagonalizability.

. Suppose S, T # 0, SNT = 0 and cither b; = 0 for all i € Sor ¢; = 0 for all 7 € S.

Then A or AT is permutationally similar to

A(S) B
0O 0

?

which is of the form (4.46). Since T' # (), A(S) allows nonsingularity. So we can choose
M € Q(A) such that all eigenvalues of M (S) are nonzero and distinct. Further, z(M) =
|S| = nullity(M). Therefore M is diagonalizable, and thus A allows diagonalizability.

. Suppose SNT # (. Then A is permutationally similar to

AlT] B
c Dl

which is of the form (4.46) such that B o C?T = O and D is a diagonal sign pattern
matrix. So we can choose M € Q(A) such that all nonzero diagonal entries of M(T)
are distinct, and all nonzero eigenvalues of M|[T| are distinct (by Lemma 4.38) such
that o*(M[T]) No*(M(T)) = 0. Since Bo C" = O, Py(z) = Pyur(z) - Pum)(z)
and thus z(M) = z(M[T]) + 2(M(T)). Since SNT # @, for some i > 1, the i-
th column of each one of M[T], M[T]" is a nonzero scalar multiple of [1 0 --- 0]7.
Therefore rank(M) = rank(M[T]) 4+ rank(M (7). So z(M) = nullity(M). Therefore

M is diagonalizable, and thus A allows diagonalizability.

Now we prove the converse part by contradiction. Suppose none of the conditions 1,2,3,4 are
satisfied. Then either

Case I: A is of the form (4.46) such that S # 0, a; = 0 and b;c; = 0 for all i € P; or
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Case II: A is permutationally similar to

A(S) B
Cc O
which is of the form (4.46) such that B o C* = O and both B, C are nonzero.

In Case I, for any M € Q(A), 2(M) = |S| + 1 and rank(M) = n — |S|. So nullity(M) —
|S] < z(M). Therefore M is not diagonalizable and hence A does not allow diagonalizability.
In Case II, for all M € Q(A), Py(z) = z¥¥1Pys)(x) and thus z2(M) = |S| + 2(M(S)).
Since rank(M) > rank(M(S)) + 1, nullity(M) < 2(M) and thus M is not diagonalizable for
all M € Q(A). Hence A does not allow diagonalizability. O

The following result is a special case of [29, Theorem 2.4.6.1].

Lemma 4.48 ([29]). If T\, Ty are square matrices such that o(1y) No(Ty) = 0, then for any
X of appropriate order,

Tl X . L. T] 0]
is similar to
O Ty O Ty

From Lemma 4.38, we can conclude that if a sign pattern matrix A does not allow
diagonalizability, then z(M) > 2 for all M € Q(A). The following results give the number of
Jordan blocks corresponding to the eigenvalue zero of M, and the index of M corresponding

to the eigenvalue zero for all M € Q(A).

Theorem 4.49. Let A be a sign pattern matriz of the form (4.46) with n > 2 that does not
allow diagonalizability. Let P —{2,3,...,n}, S={i€ P:a; =0}, T = {i € P: bjc; # 0}.
If M € Q(A) and Jo(M) be the number of Jordan blocks corresponding to the eigenvalue zero,

then we have the following.

1 IfS#0,T =0, a =0, and either b; = 0 for alli € S or ¢; =0 for all i € S, then
Jo(M) = |S].

2008 £0,SNT =0, by £ 0 for somei € S and ¢; # 0 for some i € S, then
(M) = || — 1.
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Proof.

1. 540, T = . Suppose a; = 0, and either b; =0 foralli€ Sorc;=0forallie S.

Then rank(M) = n — |S|. Therefore Jo(M) = n — rank(M) = |S|.

2. S#0,SNT = . Suppose b; # 0 for some i € S and ¢; # 0 for some i € S.

Then rank(M) = n — |S| + 1. Therefore Jo(M) = n — rank(M) = |S] — 1. 0O
Theorem 4.50. Let A be a sign pattern matriz of the form (4.46) with n > 2 that does not
allow diagonalizability. Let P = {2,3,...,n}, S={ie P:a; =0}, T = {i € P : bje; # 0}.
If M € Q(A) and Iy(0) be the index of A corresponding to the eigenvelue zero, then we have
the following.

LIfS#0,T=0,a =0, and either b =0 for alli € S or¢; = 0 for all i € S, then

2IfS#0T =0, a #0, b #0 for somei € S and ¢; # 0 for some i € S, then
IM(O)=2

3 IfS# 0T =0,a =0,b #0 for somei € S and ¢; # 0 for some i € S, then
1(0) = 3.

4. If ST # 0,SNT =0, b; # 0 for somei € S and ¢; # 0 for some i € S, then
In(0) = 2(M(S)) + 2.

Proof.

1. S# 0, T = 0. Suppose a; = 0, and either b; = 0 for all i € S or ¢; = 0 for all i € S.
Then rank(M) = n—|S|. Since a; = 0, z(M) = |S|+1 and thus z(M)—nullity(M) = 1.
Therefore Ip(0) = 2.

2. 8§#0,T =0. Suppose a; # 0, b; # 0 for some i € S and ¢; # 0 for some i € S.

Then rank(M) = n—|S|+1. Since a; # 0, 2(M) = |S
Therefore I(0) = 2.

and thus z(M)—nullity(M) = 1.
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3. S#0,T=0. Suppose a; =0, b; # 0 for some i € S and ¢; # 0 for some i € S.

Let S = SU {1}. Then M is permutationally similar to a matrix of the form

M[S] X i
M[3) X
O T 0| o :
o T
Y O T

where T}, Ty are diagonal matrices with nonzero diagonal entries. Since M[S] is nilpo-

tent, o(M[S]) N [¢(T}) U o(T3)] = @. Therefore by Lemma 4.48, first matrix is similar

to
M[S] O O M[S] O 0
O T, O, which again by Lemma 4.48, is similar to O T, O
}/] Tgl TQ O TZI TQ

Further, by Lemma 4.48, second maftrix is similar to

M[S] O
o 1

Now rank(M) = n—|S|+1. Since a; = 0, z2(M) = |S|+1 and thus z(M)—nullity(M) =
2. Therefore, z(M[S]) — nullity(M[S]) = 2. If b, # 0,¢, # 0 for some r,5 € S, then
[(M[S"])Q],, = mamy, # 0. Therefore Ip(0) = 3.

4. ST #0,SNT = (. Suppose b; # 0 for some 7 € S and ¢; # 0 for some 7 € S.

Then M is similar to

M(S) 1 0
00
— | ®©0
00" 0 0
1 o"lo o0
Now rank(M) = n — |S| + 1. Therefore I),(0) = z(M(S)) + 2. O
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4.3 Sign Patterns that Require Diagonalizability

If a sign pattern matrix requires all distinct eigenvalues, then it requires diagonalizability.
Some necessary and/or sufficient conditions for sign patterns to require distinct eigenvalues
can be found in [17, 34, 40]. Lists of sign patterns upto order 4 requiring distinct eigenvalues

are given in [34, 40].
Lemma 4.51 ([48]). If A is a sign pattern matriz, then ¢(A) < MR(A).

In the following result, we give a necessary condition in terms of the maximum cycle

length and the maximum rank for a sign pattern matrix to require diagonalizability.
Theorem 4.52. If a sign pattern matric A requires diagonaelizability, then ¢(A) = MR(A).

Proof. Let A be a sign pattern matrix of order n. By Lemma 4.51, ¢(A) < MR(A). Let
c(A) < MR(A). Let B € Q(A) be such that rank(B) = MR(A). If ¢(A) = k, then E;(B) =0

for all i > k + 1, where E;(B) is the sum of all 4 x i principal minors of B for i = 1,2,...,n.
Then z"F is a factor of Pg(z). So nullity(B) = n — MR(A) < n — k < 2(B). Therefore B
is not diagonalizable. Hence ¢(A) = MR(A). O

The following example shows that the converse of Theorem 4.52 is not true.

Example 4.53. Let us consider the sign pattern malriz
A=
Here ¢(A) = MR(A) = 2. But A does not require diagonalizability, since

1 1
B= € Q(A)
-1 -1

and B is not diagonalizable.

In the above example, all terms in the standard determinant expansion of A have different

signs. When ¢(A) = MR(A), then even the condition “all terms in the standard determinant
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expansion of A have the same sign” does not necessarily imply that A requires diagonaliz-
ability. The following example illustrates this for both reducible and irreducible sign pattern

matrices.
Example 4.54. Let us consider the sign pattern matrices

+ + + +
A = and Ay =

0 + - +
Here ¢(A;) = MR(Ay) = 2 and ¢(As) = MR(Ay) = 2. But neither Ay nor Ay require

diagonalizability, since

11 2 1
B = € Q(Al) and By — € Q(Ag)
01 -1 4

and both By, By are not diagonalizable.

The next few results enable us to reduce the problem of determining star sign pattern
matrices, which require diagonalizability for any arbitrary order n to the same problem for
the matrices of orders less than or equal to 4.

Any star sign pattern matrix of order n is permutation and signature similar to a matrix

of the form - }
a + + - +
by ax 0 0
S=1by 0 a3 - |, (4.55)
0
_bﬂ 0 0 Q|

where ay,...,a, € {+,—,0} and by, ... ,b, € {+,—}.

Lemma 4.56. If a star sign pattern matriz of the form (4.55) requires diagonalizability, then

there s no i,j with i # j and i,j > 2 such that b; # b; and a; = a;.

Proof. Let a star sign pattern matrix S of the form (4.55) be such that b; # b; and a; = a;

for some i # j with 4,5 > 2. Suppose the symbol a; appears multiple times for some i > 2,
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and let {t > 2 : a; = a;} = {i1,42,...,4} such that all the symbols b,,,...,b;, are not the

same. Therefore we can choose

ap 11 1
Ja e 0 0
M= -j:j 0 ay . € QtS)
oo oD
G, 0 o 0 @,
such that B;, + -+ B;, =0 and o, = -+ = @, = «;, say.

The characteristic polynomial of M is

[(z) = H(JZ — o) — Zﬁp H(L — ). (4.57)
- S

Since B;, ++ -+ B;, = 0, (x—;)¥ is a factor of f(x). So a; is an eigenvalue of M with algebraic
multiplicity > k. Further, rank(M — o;/) = n — k+ 1 and thus nullity(M — o;/) =k —1. So

M is not diagonalizable. Hence the result follows. (|

Lemma 4.58. Let M,, My be the matrices given by

o 1 B | ) )

/82 (a7 O fee e e D ¥ 1 see e ]_

0 .o : Bo oy 0 - 0
M, = 5/ Y T : and M, = : 0o . Ce. o ?
Bryr - .oa T B S o 0

: 0 B 0 - 0 a

Li=k+1 i

[jn 0 «vv e vns 0 a

n

where a # «; for alli € {2,3,...,k} and > B; #0. Then My is diagonalizable if and only
i=k+1
if My is diagonalizable.

Proof. Note that Py, (z) = (z — a)" 1Py, (z). If A # a, then
rank(M; — AI) = rank(My — M) +n—k — 1. (4.59)

Further, rank(M; — al) = rank(My — al) = k + 1.
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Suppose M is diagonalizable. If A € o(Ms), then A # a and thus by (4.59), we have
nullity(M; — AI) = nullity(My — AI'). Further, the algebraic multiplicity of A for M; is same
as the algebraic multiplicity of A for M,. Hence M, is diagonalizable.

Suppose M, is diagonalizable. Let A € o(M;). Note that nullity(M; —al) = z(M,—al) =
n—k—1. If X # a, then by (4.59), nullity(M; — AI) = nullity(Ms — AI). Further, the
algebraic multiplicity of A for M, is same as the algebraic multiplicity of A for M,. Hence
M; is diagonalizable. O

Remark 4.60. We use Lemma 4.58 to identify star sign paltern matrices of any order n

which does not require diagonalizabilily by identifying the same for n = 2,3, 4.

We know that if a matrix A belongs to the qualitative class of a symmetric tree sign
pattern matrix, then A is similar to a symmetric matrix. If A belongs to the qualitative
class of a skew-symmetric tree sign pattern matrix with zero diagonal entries, then A is
similar to a skew-symmetric matrix. To identify the star sign pattern matrices that do not
require diagonalizability, we need to consider skew-symmetric star sign patterns with some
nonzero diagonal entries and the star sign pattern matrices those are neither symmetric nor

skew-symimetric.

Lemma 4.61. Any 2x2 skew-symmetric star sign pattern matriz with some nonzero diagonal

entries does not require diagonalizability.

Proof. Non-equivalent skew-symmetric star sign pattern matrices of order 2 with some

nonzero diagonal entries are

None of the above sign pattern matrices require diagonalizability, and examples of non-

diagonalizable matrices in their qualitative classes are respectively
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98 Sign Patterns that Allow or Require Diagonalizability

These are not diagonalizable because their characteristic polynomials are respectively
(x+1)? (z+2)% 2%

whereas all the eigenvalues have geometric multiplicity 1. O

Lemma 4.62. Any 3x3 skew-symmetric star sign pattern matriz with some nonzero diagonal

entries does not require diagonalizability.

Proof. Non-equivalent skew-symmetric star sign pattern matrices of order 3 with some

nonzero diagonal entries are

0 + +| |—= + +| [+ + +| [- +
— — 0|, |- = o|,|- = 0|, |- 0 of,
-0 | |—0 =] -0 < |-00
0 + +| |— + +| [+ + +] [- + +] |0 + +
— — 0| — ol |- — 0|, |- — 0of,|- — 0
— 0 0l |- 0 o0l |- 00 |-0+] |- 0+

None of the first four sign pattern matrices from the above list require diagonalizability
because we can find non-diagonalizable matrices in their qualitative classes using Lemma
4.58 and Lemma 4.61. None of the next five sign pattern matrices from the above list require

diagonalizability, and examples of non-diagonalizable matrices in their qualitative classes are

respectively
0 6 3 -2 1 1 2 9 1 -1 1 1 0 1 1
—4 -9 0,|—2 —4 0],|-3 -8 0f,|—-2 -3 0],|—-2 —2 0
-1 0 0 -2 0 0 -1 0 0 -2 0 1 -2 0 2

These are not diagonalizable because their characteristic polynomials are respectively
(z+3)°% (z+2)?° (z+2)7° (@+1)?° °
whereas all the eigenvalues have geometric multiplicity 1. O

Lemma 4.63. Any 3 x 3 star sign pattern matriz, which is neither symmetric nor skew-

symmetric, does not require diagonalizability.
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Proof. Each matrix in the qualitative class of such a sign pattern matrix is equivalent to a

matrix of the form

X1 1 1
By az 0, (4.64)
P 0 a3

where 3y, 83 > 0 and a4, an, az € R. If the qualitative class of a sign pattern matrix contains
a matrix of this form such that sgn(as) = sgn(as), then by Lemma 4.56, that sign pattern
matrix does not require diagonalizability. Now the remaining non-equivalent sign pattern

matrices of the form (4.64) are

0 + +| [+ + +| |- + +| [0 + +| |- + +| |+ + +
— — o|,|- = ofl.|- = o, |- 0 o],]—= 0 o],|- 0 0f,
+ 0 0| [+ 0 of [+ 0 0 |+ 0 4| [+ 0 +] [+ 0 +
S o I S I N IR
— — o|.|- = o|l.]- -0

+ 0 + + 0 + + 0 +
None of the above sign pattern matrices require diagonalizability, and examples of non-

diagonalizable matrices in their qualitative classes are respectively

0 3 5 1 1 1 -1 1 7 8 -2 9 8 5 11
-8 -1 0|,|-5 -4 0|,[-3 -1 0f.(-9 0 O],|-5 0 Of,]=5 0 Of,
9 0 0 1 0 0 2 0 01 8§ 01 1 0 4

B=N
o

]
—
6o

2 1 1 -1 4 4 0 5 6
-5 -3 0{,|-3 -1 0f,|—-4 12 0
1 0 1 8 0 1 6 0 4

These are not diagonalizable because their characteristic polynomials are respectively
(x+3)2%(x—5), (z+22%(z—-1), (z+2%*zx—2), (@+3)%*(z—-7), (z+3)%x-5),

(x— 2%z —5), z(z+1)? (x+3)%z—5), (z+8)3z—28),

whereas all the eigenvalues have geometric multiplicity 1. J
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Lemma 4.65. Any 4 x4 skew-symmeltric star sign pattern matriz with some nonzero diagonal

entries does not require diagonalizability.

Proof. Each matrix in the qualitative class of such a sign pattern matrix is equivalent to a

matrix of the form

ay 1 1 1
— 0 0
ba oy (4.66)
*ﬂs 0 a3 0
*64 0 0 ay

where s, 83, 81 > 0 and @y, a9, as, ay € R. If the qualitative class of a sign pattern matrix
contains a matrix of this form such that any two of sgn(a.), sgn(as),sgn(as) are equal, then
by Lemma 4.58, Lemma 4.61 and Lemma 4.62, that sign pattern matrix does not require

diagonalizability. Now the remaining non-equivalent sign pattern matrices of the formn (4.66)

arc _ - - -
o+ 4+ o+ o+ o+
—— 00|l |- =00
0 0 0|l |- 00 0
- 0 0 +] |- 0 0 +

None of the above sign pattern matrices require diagonalizability, and examples of non-

diagonalizable matrices in their qualitative classes are respectively

(5 5 5 5| o 10 4 o]
—4 —5V5 0 0 25 —-32 0 0
2 0 0 0| |-3 0 00
-4 0 0 5/5 |-18 0 0 32

These are not diagonalizable because their characteristic polynomials are respectively
(‘7; - S)J(T + 10): (‘T - S)J(T + 24):
whereas all the eigenvalues have geometric multiplicity 1. O

Lemma 4.67. Any 4 X 4 star sign pattern matriz, which is neither symmetric nor skew-

symmetric, does not require diagonalizability.
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Proof. Each matrix in the qualitative class of such a sign pattern matrix is equivalent to a

matrix of the form

Yy
—f2
B3
Ba

1 1 1 oy
(Yo 0 0 — ﬁ 2
or
0 az 0 —f3
0 0 o Ba

1 1 1 ]
a, 0 0

0 a3 0O ’

0 o0 |

where 3y, 33, 84 > 0 and aq, ag, a3, aq € R. If the qualitative class of a sign pattern matrix

contains a matrix of the first form, then we have the following.

1. If sgn(ay) is equal to one of sgn(as),sgn(ay), then by Lemma 4.56, that sign pattern

matrix does not require diagonalizability.

2. If sgn(az) = sgn(ay), then by Lemma 4.58 and Lemma 4.63, that sign pattern matrix

does not require diagonalizability.

Similarly, if the qualitative class of a sign pattern matrix contains a matrix of the second

form, then we have the following.

1. If sgn(ay) is equal to one of sgn(as),sgn(as), then by Lemma 4.56, that sign pattern

maftrix does not require diagonalizability.

2. If sgn(az) = sgn(as), then by Lemma 4.58 and Lemma 4.63, that sign pattern matrix

does not require diagonalizability.

So the remaining non-equivalent sign pattern matrices of the above forms are

[+ o+ 4 4

-~ 00
+ 000
+ 0 0 +
ERE—
— =0 0
~ 0 0 0
+ 0 0 +
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None of the above sign pattern matrices require diagonalizability, and examples of non-

diagonalizable matrices in their qualitative classes are respectively

105 84 21 21 0

36 21 72 21)
81 -84 0 0| |-9 —18 0 o |-30 —54 0 o0
4 0 o0 o| |32 0o o ol |ea o o0 o
16 0 0 63 |14 0 0 18] [42 0 0 54]

10 24 21

12 8 9 2 ]o 16182 |5 5 55
160 0 0 |-12 0 0 0| |42 25 0 0
0 0 20/ |15 0o 208 0o 0ol
(9 00 2 [ 7 0 0 2 |15 0 5
(0 10 109 [-6 6 1209 [4 1 1 1] o 2 22
—9 20 0 0| |-5 18 0 0| |-2 —v3 0 0| |-9 -8 0 0
5 0 00 |-8 0 00 |-2 0 V3ol |-9 0 80
10 0 0 5/ |18 0 06 [3 0o 0 0 [2 0 00

These are not diagonalizable because their characteristic polynomials are respectively
(x+21)%(z — 42)(z — 84), (z+24)*(z — 12)(x — 36), (x + 72)*(x — 72)(z — 36),
(x—4%z+12), (z-3)(z+1)? (z+10)*(z+5)(z— 10),
(z+10)*(z+5)(z—10), (z+12)%*(z+6)(x—12), (z—4)*(z—8)(z+4), (z—4)*(z+4)
and all the eigenvalues have geometric multiplicity 1. O

Theorem 4.68. A star sign pallern malric S requires diagonalizability if and only if S is
a symmelric sign paliern malrz or a skew-symmelric sign pattern matriz with all diagonal

entries zero.

Proof. If S is a symmetric star sign pattern matrix or a skew-symmetric star sign pattern
matrix with all diagonal entries zero, then every matrix in ()(S) is similar to a symmetric or

a skew-symmetric matrix. So S requires diagonalizability.
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For the converse part, suppose S is neither a symmetric sign pattern matrix nor a skew-
symmetric sign pattern matrix with all diagonal entries zero. Suppose S is of the form (4.55).
If there are 4, j with i # j and 4, 7 > 2 such that b; # b; and a; = a;, then by Lemma 4.56, S
does not require diagonalizability. Otherwise, that is if S satisfies the condition that a; = a;
implies b; = b; for all ¢, j > 2, then we can find a non-diagonalizable matrix in (.S) using
Lemma 4.58 and one of Lemma 4.61, Lemma 4.62, Lemma 4.63, Lemma 4.65 and Lemma

4.67. So 8 does not require diagonalizability. O

The following example shows that Theorem 4.68 cannot be extended to the path sign

pattern matrices.

Example 4.69. Let us consider the path sign pattern matriz

(0 + 0 0
— 0 4+ 0
0+ 0 +|
0 0 + 0

which is neither symmetric nor skew-symmelric. Any matriz in its qualilative class is similar

to a matriz of the form

0 100

—a 0 1 0
A= ,

0 & 01

0 0 ¢ O

where a,b,c > 0. The characteristic polynomial of A is z* + (a — b — ¢)z* — ac i.e.,

($2_ b+c—a+\/(b+(:—a)2+4a(:) (222— b+c—a— \/(b—}—c—a,)'z—i—élac)_

2 2

So A has one positive, one negative and two purely imaginary eigenvalues and thus A is

diagonalizable. Hence the above sign pattern matriz requires diagonalizability.
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CHAPTER 5

Potentially Stable Tree Sign Patterns with Negative Edges

In this chapter, we consider only tree sign pattern matrices with negative edges. A square
matrix A is stable, if all eigenvalues of A have negative real part. A sign pattern matrix
A is potentially stable, if there exists a stable matrix B € Q(A). A sign pattern matrix A
allows a properly signed nest if there exist B € Q(A) and a permutation {a;, as, ..., a,} of

{1,2,...,n} such that
sgndet B[{ay, ag,...,ax}] = (=1)* for all k € {1,2,...,n}.

Johnson et al. [33] proved that if a sign pattern matrix allows a properly signed nest, then it
is potentially stable. However, the converse is not true, even for tree sign pattern matrices.

For example, the tree sign pattern matrix

-+ 0 0
+ 0 + 0
A -
0 — 0 +
0 0 + +
is potentially stable, since the matrix
105
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—5 1 0 0
25 0 10
0 —-700 0 1
0 0 150 1

has eigenvalues —3.8699, —0.1244, and —0.0029 + 22.7925¢, and thus is stable. If A allows
a properly signed nest, then there exists B € Q(A) and a permutation {ay,as, a3, a4} of
{1,2,3,4} such that sgndet B[{a1,aa,...,a}] = (—=1)* for all k € {1,2,3,4}. Then a; = 1,
and thus det B[{ay,as}] < 0. This is a contradiction, and therefore A does not allow a
properly signed nest. We try to see if the converse of the above result is true for tree sign
pattern matrices with negative edges. In Section 5.1, we give sufficient conditions for a sign
pattern matrix to allow a properly signed nest. We also characterize potentially stable star
and path sign pattern matrices with negative edges. Finally in Section 5.2, we identify all

5-by-b spectrally arbitrary tree sign pattern matrices with negative edges.

5.1 Potentially Stable Tree Sign Pattern Matrices with all Edges Negative

Characterization of potentially stable sign pattern matrices has been a long standing open
problem. Gao and Li [21] gave a necessary and sufficient condition for potentially stable star
sign pattern matrices. Bone [5] and Grundy et al. [25] gave some methods to construct higher
order potentially stable sign pattern matrices from lower order potentially stable sign pattern
matrices. Johnson et al. [33] introduced the concept of properly signed nest and proved that
a sign pattern matrix allowing a properly signed nest is potentially stable. Olesky et al. [44]
characterized sign pattern matrices allowing a properly signed nest in terms of another allow
problemn.

The following result was given by Johnson et al. [33] in an attempt to obtain a sufficient

condition for a tree sign pattern matrix with negative edges to allow a properly signed nest.

[33, Corollary 3.7]. If A is a tree sign pattern matriz in which at least one diagonal entry
is negative and every edge is negative (except possibly those with both end vertices negative),

and A allows a nonzero determinant, then A allows a properly signed nest.

However, the following example shows that the above result is not true in general.
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Potentially Stable Tree Sign Pattern Matrices with all Edges Negative 107

Example 5.1. Let us consider the tree sign pattern matriz

+ + 0
A= |- - +
0 — +

a 1 0
B=|-d —-b 1],
0 —e ¢

where a,b,c,d, e > 0. If A allows a properly signed nest, then we must have
—b<0, e—bc>0o0rd—ab>0 and ae+ cd—abc <0

for some a,b,c,d, e > 0, which is not possible. So A does not allow a properly signed nest.

We give some sufficient conditions for a sign pattern matrix with all edges negative to
allow a properly signed nest. The following result by Jeffries and Johnson [30] is very useful
in identifying some tree sign pattern matrices which are not potentially stable. Let us recall
from Chapter 1 that for a tree sign pattern matrix A, the symmetric factorization of A is
A = S3A;, where S5 is a signature sign pattern matrix with (1,1) entry + and A, is a
symmetric tree sign pattern matrix. Let i,(5) denotes the number of + of a signature sign

pattern matrix S.

Lemma 5.2 ([30]). Let A = S>A, be the symmetric factorization of an n xn iree sign pattern

matriz A. If A is potentially stable, then there is a symmetric matriz By € QQ(As) such that
i1 (Ba) = n—i(5).

Lemma 5.3. Let T' be a tree with a vertex v such that T'— {v} has a perfect matching. Then
for each vertex u adjacent to v, there is a path (vi,,vi,, ..., v ,,v;) such that deg(v;,) = 1

and deg(v;, ) = 2, where v;, = v and v;, = u.
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Proof. Let u be a vertex adjacent to v. Since T' — {v} has a perfect matching, u is not
pendant. We consider a longest path (v, iy, ..., %, ,, v, ) in T, where v;; = v and v;, = u.
Then v;, must be a pendant vertex. If deg(v;, ,) > 2, then v;,_, must be adjacent to another
pendant vertex, say w. So we have two pendant vertices w, v;, distinct from v such that v;,_|
is adjacent to both w,v;,. Then T'— {v} cannot have a perfect matching, a contradiction.

So deg(v;,_,) = 2. O

If G is an undirected graph with the vertex set V(G) and the edge set E(G), then
the subgraph of G induced by S is the graph having the vertex set S and the edge set
{[z,7] € E(G) : i,j € S}, where S C V(G). We denote this induced subgraph by G(S).
Throughout this chapter, (n) denotes the set {1,2,...,n}.

Lemma 5.4. Let T' be a tree with 2n + 1 vertices and let v be a vertex of T. If T — {v} has
a perfect matching, then we can label the vertices with the numbers from (2n + 1) such that
the vertex v is labelled as 1 and for each s € (2n+ 1), G((s)) has a perfect matching when s

is even, and G({s)) — {1} has a perfect matching when s is odd.

Proof. We prove this by induction on n. For n = 1, T is a tree with three vertices. Since
T — {v} has a perfect matching, v must be pendant. If we label v as 1, the vertex adjacent
to v as 2 and the other vertex as 3, then we get the desired result.

Suppose the required result is true for any tree with 2n — 1 vertices. Let T be a tree with
2n + 1 vertices, and T has a vertex v such that T — {v} has a perfect matching. Then by
Lemma 5.3, there is a path (v;,,vi,, ..., v,_,,v; ) such that deg(v;,) = 1 and deg(v;,_,) = 2,
where v;, = v and v;,_,,v;, # v. So T=T- {vi,_,,vi, } 1 a tree such that T — {v} has a
perfect matching. Further, T'is a tree with 2n — 1 vertices. So by induction hypothesis, we
can label T' such that the vertex v is labelled as 1; and for each s € (2n — 1), G((s)) has a
perfect matching when s is even, and G((s)) — {1} has a perfect matching when s is odd.
If v;,_, be labelled as m in the above labelling, then label v;,_, as m + 1, v;, as m + 2, and
relabel all vertices j(> m) of T as j + 2.

If m is even, then by induction hypothesis, both G({m)) and G({m — 1)) — {1} have
perfect matchings in 7. So G({m + 1)) — {1} has a perfect matching, namely the perfect
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Theorem 5.14. If A is an irreducible tridiagonal sign pattern matriz of order n with all

edges negative, then the following statements are equivalent.

1. A is potentially stable.
2. A allows a properly signed nest.

3. FExactly one of the following statements is true.
(a) n is even and A has a negative diagonal entry.

(b) n is odd and the i-th diagonal entry of A is negative for some odd i.

Proof. Theorem 5.6 and Theorem 5.10 imply 3 = 2. By Lemma 5.12, 2 = 1. Now we show
1=3.

A is potentially stable implies that A has a negative diagonal entry. So 1 = 3 when n is
even. If n is odd, then suppose a; # — for any odd i. Consider a path sign pattern matrix
B of order n such that A is a subpattern of B and (2i — 1)-th diagonal entry of B is positive
for all # with 1 < 4 < "T“ Let B = S38y be the symmetric factorization of B. If B is
potentially stable, then by Lemma 5.2, there exists a symmetric matrix Cy € QQ(B3) such
that i, (Cy) = n —iy(9) = “51. But B, has a principal submatrix, which is a direct sum of
"t [+]s. So by Cauchy’s interlacing theorem for real symmetric matrices, i, (M) > %5 for
all My € Q(B,). Thus B is not potentially stable, and therefore by Lemma 5.13, A is not
potentially stable, which is a contradiction. So A is a potentially stable sign pattern matrix
of order n implies that the i-th diagonal entry of A is negative for some odd 4. Therefore
1=3. O

The following result characterizes all potentially stable star sign pattern matrices with all

edges negative,

Theorem 5.15. If A is a star sign pattern matriz of order n > 2 with all edges negative,

then the following statements are equivalent.

1. A is potentially stable.
2. A allows a properly signed nest.

3. Diagonal entry corresponding to at most one pendant vertex of G(A) is nonnegative.
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Proof. Corollary 5.9 implies that 3 = 2. Again by Lemma 5.12, 2 = 1. Now we show
1= 3.
For n = 2, the potentially stable star sign pattern matrices (upto equivalence) with all

edges negative are one of the following sign pattern matrices.

- + + + -+

Clearly, each of these matrices satisfies condition 3. For n > 3, if the condition 3 is not true,
then at least two diagonal entries corresponding to pendant vertices of G(A) are nonnegative.
Let B be a star sign pattern matrix of order n such that A is a subpattern of B and two
diagonal entries of B corresponding to pendant vertices of G(A) are +. Without loss of
generality we may assume that one of these pendant vertices is labelled as 1. Let B = 5585
be the symmetric factorization of B. Since the number of vertices at even distance from the
vertex 1 including itself is n — 1, i, (S2) =n — 1.

If B is potentially stable, then by Lemma 5.2, there exists a symmetric matrix Cy € Q(B2)
such that i (C) = n—i,(Ss) = 1. But By has a principal submatrix [+]®[+]. So by Cauchy’s
interlacing theorem for real symmetric matrices, i, (Ms) > 2 for all My € Q(By). Thus B is
not potentially stable. So by Lemma 5.13, A is not potentially stable, which is a contradic-

tion. Therefore 1 = 3. l

We get from Lemma 5.12 that if a sign pattern matrix allows a properly signed nest then
it is potentially stable. Since from Theorem 5.14 and Theorem 5.15, we get that for path and
star sign pattern matrices with all edges negative, potential stability implies the existence
of a properly signed nest, we believe that the same is true for all tree sign pattern matrices

with all edges negative.

Conjecture 5.16. A free sign pattern matriz A with all edges negative is polentially stable

if and only if it allows a properly signed nest.

We do not have a complete answer to the above conjecture as yet, however the following

theorem shows that the above conjecture is true for tree sign pattern matrices upto order 6.
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O+ + 4+ 0 0 0 += = += 0 0
- — 0 0 0 0 - + 0 0 0 0
- 0 — 0 0 0 — 0 0 0 0 0
Am=1_"09 0 0 + 0 Au=1_ 9 9 - 4 o
0o o0 0 — 0 4 0 0 0 = 4

0o o0 0 0 — 0 (

Now by Corollary 5.9, Agy, Ag, Agz allow properly signed nests. Further, by Example
5.7, A24({6}) allows a properly signed nest, and thus by Lemma 5.5 and Lemma 5.8,
Asy allows a properly signed nest. Therefore by Lemma 5.5, A is potentially stable

implies A allows a properly signed nest. Hence the result holds true by Lemma 5.12.

3. If G(A) is equivalent to (i3, then we can consider

si + + + 4+ 0]
— s 0O 0 0 0
N 0 s3 0 0 0
Tl = 0 0 s 0 0
— 0 0 0 s —+
|0 0 0 0 — sq)
The symmetric factorization of A is

[+ 0 0 0 0 0] [sy + + + + 0]

0O — 0 0 0 0 + —s9 0 0 0 0
oo =0 0 0|+ 0 —s 0 0 0]
A=10 0 0 - 0 0 + 0 0 —s4 0 0 = 5z4,.

0o o0 0o 0 — 0 + 0 0 0 —s5 —

000 0 0 +]|0 0 0 0 — s

If A is potentially stable, then by Lemma 5.2, there exists a symmetric matrix M, €
(Q)(Az) such that i, (M) = 6 —i4(S2) = 4 and thus i_(M,) < 2. Therefore by Cauchy’s

interlacing theorem and Lemma 5.13, we can conclude the following.

(a) If any three of sy, s3, 84,85 is +, then A and its subpatterns are not potentially

stable.

(b) If any two of so,s3,s4 is + and s¢ = —, then A and its subpatterns are not

potentially stable.
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Further, any two of sg, 3,54 are 0 implies A requires singularity, and thus A is not
potentially stable. Therefore A is potentially stable implies that A is permutation

similar to some super-pattern of one among

0O+ + + + 0 0o+ + + + 0

- =0 0 0 0 -+ 0 0 0 O

-0 =00 0 -0 — 0 0 0
A31 = 1 A32 -

- 0 0 0 0 O — 0 0 0 0 0

- 0 0 0 0 + - 0 0 0 - +

0 0 0 0 — 0 0 0 0 0 — +

Now by Corollary 5.9, Ag; allows a properly signed nest. Further, by Example 5.7,
Az2({3}) allows a properly signed nest, and thus by Lemma 5.5 and Lemma 5.8, A
allows a properly signed nest. Therefore by Lemma 5.5, A is potentially stable implies

A allows a properly signed nest. Hence the result holds true by Lemma 5.12.

4. It G(A) is equivalent to G4, then we can consider

51 + + + 00

— s 0 0 0 0

— 0 s3 0 0 O
A=

- 0 0 S4 + +

0 0 0 — s5 0

0 0 0 — 0 s4

The symmetric factorization of A is

_—|- 0 0 0 0 0_ —81 + + + 0 U_
0 — 0 0 0 O]+ —s2 O 0O 0 0
A 00 —00O0]]+ 0 —s3 0 00 S
00 0 — 0 0|+ 0 0 —s5 — -
00 0 0 + 0f]0 O 0 - 5 0
_U 0 0 0 0 +] _0 0 0 -0 56 |
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