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Abstract

This thesis focuses on the study of the semileptonic B(Bs) meson decays via the neutral

and charged current exchanges. The charged current transitions occur at tree level in the

Standard Model (SM) and the branching fractions of the semileptonic decays of B mesons

to lighter leptons (electron and muon) in the final state as considered in this thesis have

been determined to be mostly SM-like. In such cases, the charged current transitions

provide an important avenue for the clean extraction of the Cabibbo-Kobayashi-Maskawa

(CKM) matrix elements which is very crucial for understanding the CKM structure of

the Standard Model and for precise theoretical predictions of several observables. In

this thesis, we have studied the extraction of the CKM elements |Vub|, |Vcb|, and the

ratio |Vub|/|Vcb| which are relatively less precisely known. It has been observed that the

extracted values of |Vcb| and |Vub| from the inclusive decays are larger as compared to

those extracted from the corresponding exclusive decays (B → D(∗)ℓν and B → πℓν).

The discrepancy between the exclusive and inclusive determinations is more for |Vub|.
Explaining this discrepancy with new physics is difficult as pointed out in some of the

earlier analyses in the literature. These are the long standing puzzles, so far no convincing

arguments addressing these puzzles are available in the literature. This could be due

to our lack of understanding of the non-perturbative unknowns. Also the methodology

adopted by the Heavy Flavor Averaging Group (HFLAV) for the exclusive determination

from B → πℓν decays is not very clean. In this thesis, we have studied the B → πℓν decay

modes reconsidering other possible ways of analyzing the available data and pin-point the

source of the discrepancy as mentioned above. We have utilized the newly available inputs

on the form-factors from Light Cone Sum Rules (LCSR) approach along with the Lattice

QCD computations. It has been found that the BaBar 2011 dataset is in tension with the

other datapoints and it is also influential in the extraction of |Vub|exc and could be the

probable source of discrepancy between the exclusive and inclusive determinations. We

have also considered other exclusive b→ uℓν channels for eg. B → ρ(ω)ℓν for a combined

extraction of |Vub| and the exclusive b → cℓν channels for eg. B(Bs) → D(∗)(D
(∗)
s )ℓν for

combined extraction of |Vcb|. We have obtained the ratio |Vub|/|Vcb| from the experimental

measurements and form factor inputs in the mesonic b→ c(u)lν decays independently and

also after incorporating the ratio BR(Bs → Kµν)/BR(Bs → Dsµν) ∝ |Vub|2/|Vcb|2 in the

two bins of Bs → K momentum transfer measured by LHCb. Our value for |Vub|/|Vcb|
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Chapter 0. Abstract

is consistent with the determination from the ratio of partial rates of baryonic decays

BR(Λb → pµν)/BR(Λb → Λcµν) from LHCb.

Apart from the charged current transitions, we have also studied the Flavor Changing

Neutral Current (FCNC) transitions which being loop-suppressed in the SM are highly

sensitive to new physics (NP) effects at higher energy scales and any deviation of the exper-

imental measurements from the SM predictions signify the possibility of beyond SM (BSM)

particles. Over the last few years, the low-energy experiments in B physics have shown

some anomalous results indicating an indirect hint of new physics. In the neutral current

sector in the B(Bs) → K(∗)(Φ) modes, the various experimental collaborations have mea-

sured several observables, such as the Lepton Flavor Universality Violating observables

RK(∗) = B(B̄ → K(∗)µ+µ−)/B(B̄ → K(∗)e+e−) and a plenty of angular observables, out

of which some have shown deviation from their respective SM expectations. This thesis

addresses this issue by extending the SM framework with dimension six operators in a

model-independent effective field theory approach to find out the operator or sets of op-

erators which can provide plausible explanation to the present data. In general in a NP

model, besides the one-operator scenarios, some multi operator scenarios may also con-

tribute to the processes under study and may provide possible explanation to the observed

anomalous results which necessitates the role of model selection. In this regard, we have

employed Akaike Information Criterion and Cross-Validation to select the best possible

combinations of operators most compatible with the available data in this channel. In ad-

dition to the b→ sℓℓ channels, we have also analysed the exclusive b→ dℓℓ (B → πℓℓ and

B → ρℓℓ) transitions in this thesis which may offer another window to look for beyond SM

phenomenon. The non-vanishing direct CP asymmetry and low branching ratios of these

decay modes in the SM further motivates a systematic analysis of these modes within the

framework of the SM and also in some NP scenarios. We have predicted several observ-

ables in these channels for eg. the branching fractions, direct CP asymmetries, isospin

asymmetry and various angular observables in the SM and also compared the sensitivities

of these observables towards the different NP scenarios. If the future measurements report

a deviation with respect to the SM predictions in these channels, it will be possible to

identify the type of new physics interaction from the pattern of the results.
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Chapter 1

Introduction

Over the years, there have been significant scientific breakthroughs aiming to understand

the fundamental laws of nature that are essential in making up the world we live in.

Human civilization has strived to perceive the microscopic as well as the macroscopic

aspects, from the small-scale structures like atoms and molecules to the universe at a large

scale. The advancement in science proceeds through the parallel progress in experimental

discoveries and theoretical ideas. Any existing theory needs to be substantiated by active

experimentation, or else it is discarded, thus opening the possibilities for newer theories.

A successful theory is the one that can provide possible explanations for the observations

as well as pave the way for future discoveries or give predictions that can be verified in

the experiments.

The Standard Model (SM) of elementary particles has succeeded in explaining many

observations in the high energy experiments [9–11]. The SM theory beautifully accom-

modates the three fundamental forces of nature: strong, electromagnetic and weak forces.

Also, the SM is successful in explaining the classification of all elementary particles. The

experimental confirmation of the existence of quarks led to widespread acceptance of the

Standard Model. It also gave predictions for the Z and W bosons, the charm and the top

quark which were later discovered [12–19]. In the SM, elementary particle’s masses are

obtained via the Higgs mechanism in which the essential ingredient is the Higgs boson.

The experimental validation of the SM was complete with the revelation of the Higgs

boson at the Large Hadron Collider (LHC) in 2012 [20, 21].

Though being a successful theory so far, there are some observed phenomenon which

signify that the SM isn’t the complete theory of nature, for example, the presence of dark

matter [22], the origin of nonzero neutrino masses [23–26], matter-antimatter asymmetry

[27, 28] and accelerating expansion of the universe [29] can’t be explained within the

realm of the SM. Also, there are concerns like the Higgs mass hierarchy problem [30]

and the strong CP problem [31, 32] for which the SM does not have suitable answers.

The radiative correction to the square of the Higgs mass at the first order receives a

quadratically divergent term arising from the contribution of Standard Model fermions in
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the loops, thus resulting in a correction which may be somewhat larger than the mass of

the Higgs Boson in the Standard Model. As it is pretty evident that the SM isn’t the

ultimate theory, it is possible that there might be some more fundamental theory at the

high energy scales with new heavy particles. In such cases, the correction to the mass of

the Higgs can be very large and thus, extreme finetuning cancellation is required between

the large bare mass and large quantum corrections, leaving a result in the same ballpark

as the observed Higgs mass. The strong-CP problem is related to the small value of the θ

parameter associated with an additional term in the QCD Lagrangian, which arises from

one of the redefinitions of the quark fields.

L = θ
g2

16π2
F a
µνF̃

µνa (1.1)

where g is the strong coupling constant, F a
µν represents gluon field strength tensors, F̃µνa

= 1
2ϵ

µνρσF a
ρσ and ϵµνρσ is the anti-symmetric tensor. The above term is CP violating and

can contribute to the neutron electric dipole moment (EDM), but CP violation hasn’t yet

been observed in the experiments involving only strong interactions. The parameter θ <<

10−10 radians from current experimental limits on neutron EDM [33].

Another interesting feature which the SM can’t explain is the hierarchy observed in

the couplings and the quarks’ and leptons’ masses of different generations. These open

problems signify the need to extend the SM further with the inclusion of new particles,

which can either be directly searched at the high-energy colliders or can be indirectly

probed through their virtual effects in low-energy experiments. Though there hasn’t been

any evidence of direct production of beyond Standard Model particles at the colliders so

far, there may be a significant advancement in the direct search for new particles in the

near future with an increase in the luminosity reached and the mass scales probed at the

existing and future colliders. Thus, for the present scenario, one plausible way to study

the New Physics (NP) effects is through the deviations of various precision observables

from their respective predictions in the SM in the ongoing experiments.

In this regard, the decays of the K, D, B and Bs mesons, called flavoured mesons, offer

excellent ground to test the various aspects of the SM and to search for possible signatures

of new physics beyond the SM (BSM). The discovery of the Kaons in 1947 in the cosmic

rays led to the establishment of the theory of quark mixing. Moreover, CP violation was

observed in K0 − K̄0 mixing for the first time in 1964 [34], and direct CP violation was

discovered in the decays of Kaon by Fermilab’s KTeV experiment and CERN’s NA48

experiment in the early 2000s [35]. The charmed mesons (D meson) discovered at the

Stanford Linear Accelerator Center by the Mark I detector in 1976 are the lightest particles

containing charm quarks. The theoretical aspect in these decays is the non-perturbative

QCD affecting predictions in charm physics. In charm decays, CP violation was first

observed by LHCb in 2019 by measuring the nonzero difference in the CP asymmetries
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(time-integrated) of D0 → π+π− and D0 → K+K− decays [36]. Recently, a nonzero

mass difference has been observed in the neutral charm eigenstates by LHCb [37]. The

B meson decays were first fully reconstructed in 1983 by the CLEO collaboration [38].

Measurements of CP violation have been performed in B0−B̄0 oscillations through studies

on the time-dependence of the neutral B-meson decays to charmonium final states [39, 40].

Also, the BaBar and LHCb have measured the direct CP violation in B0 → K+π− [41] and

B0
s → K−π+ [42] decays, respectively. Oscillations are also observed in the Bs systems

[43].

This thesis mostly focuses on the studies of the semileptonic B(Bs)-meson decays.

There is a huge advantage with the b quark: its mass is just right (ΛQCD/mb ∼ 0.2)

to ensure a systematic expansion in 1/mb. Since the B meson has a low transition rate

(lifetime ∼ 10−12 s), its detection is relatively easy in experiments. Thus, the study of

the decays and mixings in the B-hadron systems remains an extensive area of research

both from the experimental and theoretical viewpoints providing further insights into our

understanding of the SM and BSM.

In the subsequent sections of Chapter 1, a brief overview of flavor physics in the SM is

provided (more detailed reviews can be found in refs. [44–46]). The present experimental

status of various observables in the flavor sector is also presented.

1.1 The Standard Model flavor sector

The Standard model consists of these basic ingredients :

• The gauge symmetry of the model: SU(3)C × SU(2)L × U(1)Y with eight gluons,

three weak bosons and a photon. Here, SU(3)C constitutes the strong interactions

of the gluons and quarks, which carry color charges. The SU(2)L and U(1)Y speak

for the weak isospin and hypercharge interactions, respectively.

• Matter representations: The left-handed lepton and quark doublets are represented

by Li
L and Qi

L, respectively. The down-type and up-type quark singlets are diR, u
i
R,

and eiR are the lepton singlets which are right-handed. There is also a complex scalar

Higgs field Φ. In table 1.1, gauge quantum nos. of the SM fields are provided.

• The non-zero value of the vacuum expectation of Φ results in the breaking of

SU(2)L × U(1)Y spontaneously to U(1)EM .

The renormalizable Lagrangian in its most general form in the SM is given below:

LSM = Lkin + LHiggs + LY uk (1.2)

3
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SU(3)C SU(2)L U(1)Y
Qi

L 3 2 1/6
uiR 3 1 2/3
diR 3 1 -1/3
Li
L 1 2 -1/2
eiR 1 1 -1
Φ 1 2 1/2

Table 1.1: The gauge quantum numbers of the SM particle content.

where the different contributions are given as

Lkin =
−1

4

∑
groups

(F a
µν)

2 +
∑
rep′s

ψ̄i /Dψ (1.3)

LHiggs = |DµΦ|2 + µ2Φ†Φ− λ(Φ†Φ)2 (1.4)

LY uk = yeijL̄
iΦejR + ydijQ̄

iΦdjR + yuijQ̄
iΦ̃ujR, (1.5)

where the covariant derivative is

Dµ = ∂µ + igsG
µ
aT

a + igWµ
b L

b + ig′BµY. (1.6)

Here, Gµ
a , W

µ
b , and Bµ are the gluon fields, weak bosons, and the hypercharge boson,

respectively. T as and Lbs are the generators of SU(3)C and SU(2)L, respectively, while

the Y s are U(1)Y charges. The couplings g′, g and gs, correspond to the strengths of each

force mentioned above.

The Lkin in eq. 1.3 represents the kinetic term associated with the gauge fields and

the fermions while the LHiggs in eq. 1.4 describes the Higgs kinetic term and the potential

which plays a vital role in the spontaneous symmetry breaking. Here, µ2 is taken to be

negative in order to induce electroweak symmetry breaking and λ > 0 is chosen to ensure

vacuum stability.

The term LY uk defined in eq. 1.5 refers to the Yukawa part of the Lagrangian, where

Φ̃ = iσ2 Φ†, σ2 being one of the Pauli matrices. Here, yeij and yd,uij represent the lepton

and quark Yukawa couplings, respectively. The first term in eq. 1.5 represents the Lepton

Yukawa term, and the last two terms refer to the quark Yukawa sector. Due to the

spontaneous symmetry breaking, the scalar field Φ gets a vacuum expectation value (vev),

⟨Φ⟩ = (0, v√
2
), which after substituting in eq. 1.5, the masses for the leptons and quarks

are obtained as

mL,q
ij =

v√
2
yL,qij . (1.7)

The Yukawa couplings consist of a large number of free parameters. The quark Yukawa’s

are described by ten physical parameters, six of them represent the masses of the quarks,
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and the rest of the four are essential to parameterize the Cabibbo-Kobayashi-Maskawa

(CKM) Matrix. The structure of the CKM matrix and the relevant phenomenology is

discussed in detail in the following subsection 1.1.1.

1.1.1 The Cabibbo-Kobayashi-Maskawa Matrix

As we discussed in the last section, after the spontaneous symmetry breaking, the Higgs

vev yields the following mass terms for quarks

Lmass = md
ij d̄

i
Ld

j
R +mu

ij ū
i
Lu

j
R (1.8)

where the mass matrices are given in eq. 1.7. The Yukawa matrices and hence the mass

matrices mqs aren’t diagonal in general and contain several unphysical parameters. Thus,

we move to a basis where these mass matrices are diagonal which we call the mass basis.

One can diagonalize the matrices in the flavour basis through a bi-unitary transformation

to remove the unphysical parameters. The two unitary matrices V q
R and V q

L can be chosen

so that

m̂q
ij = (V q

L)ikm
q
kl(V

q†
R )lj , (1.9)

This diagonalization rotates the left chiral and right chiral fields as

qiL = (V q
L)ijq

′j
L , qiR = (V q

R)ijq
′j
R. (1.10)

In the above equations, the left hand side represents the field in the interaction basis,

while the right hand side corresponds to the linear combination of the fields in the mass

basis. Here, we work in the mass basis and drop the prime.

The proportionality between the mass matrices and the Yukawa matrices renders di-

agonal Yukawa interactions in the mass basis whereas the W coupling is off-diagonal. On

transforming to the mass basis from the interaction basis, we have

LWqq = −g
2
Q̄Lγ

µW a
µTaQL + h.c.→ − g√

2
ŪLγ

µ(VuLV
†
dL)DLW

+
µ + h.c, (1.11)

where W±
µ = (W 1

µ ±W 2
µ)/

√
2. In the denominator of eq. 1.11, the factor of

√
2 results

from the normalization of the W± states with respect to the W 1,2 states.

The CKM matrix is identified as

VCKM = VuLV
†
dL (1.12)

Thus, the CKMmatrix arises from a basis rotation and is the only source of flavor-changing

interactions of quarks within the SM. Also, the CKM matrix is unitary i.e VCKMV
†
CKM

= 1.

The unitarity condition of the CKM matrix and redefinition of the quark fields help

5
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Chapter 1. Introduction

to reduce the initial nine complex elements of the CKM matrix to three real numbers (the

three mixing angles) and one phase (the only source of CP-violation within the SM). The

CKM elements are transformed as Vij → ei(a
d
j−aui )Vij under the field redefintions uiL →

eia
u
i uiL and diL → eia

d
i diL. Thus, the moduli of the elements |Vij | and the combinations

VaiV
∗
aj/VbiV

∗
bj are phase-convention independent quantities.

The CKMmatrix can be parameterized in several ways. The Standard Parametrization

is given as [47]:

 c13c12 c13s12 s13e
−iδ

−c23s12 − c12s23s13e
iδ c23c12 − s12s23s13e

iδ c13s23

s23s12 − c12c23s13e
iδ −s23c12 − s12c23s13e

iδ c13c23

 (1.13)

where sij = sinθij and cij = cosθij (i, j = 1,2,3). θijs are the three mixing parameters

and δ is the CKM phase. From experiments, we know that all mixing angles are small and

they follow the hierarchy s13 ≪ s23 ≪ s12 ≪ 1 [48]. The most useful parameterization is

the Wolfenstein parameterization [49], according to which each CKM element is expressed

as an expansion in the parameter, λ = |Vus| ∼ 0.22. We need four independent param-

eters to describe all the elements of a 3 × 3 unitary matrix. According to Wolfenstein,

these parameters are (λ,A, ρ, η), where η is the CP-violating phase. Hence, following this

parametrization, the CKM matrix can be expressed as

 1− λ2

2 λ Aλ3(ρ− iη)

−λ 1− λ2

2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) (1.14)

From the unitarity of the CKM matrix, we obtain the following constraints:∑
m

VmnV
∗
mk = δnk,

∑
n

VmnV
∗
kn = δmk. (1.15)

From these constraints, we will get six vanishing combinations for the off-diagonal el-

ements. These combinations are represented as triangles in the complex ρ − η plane.

Among these relations, the particularly interesting one is given below

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (1.16)

This equation contains the sum of three terms of the same order in the Wolfenstein pa-

rameter λ. It is called “The Unitarity Triangle” as it looks more like a triangle than a line

as represented in fig. 1.1.

In terms of the elements of the CKM matrix, the angles of the unitarity triangle are

6
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1.2 Charged versus neutral currents in the Standard Model

Figure 1.1: Unitarity Triangle in the complex ρ− η plane.

expressed as

α = arg
(
−
V ∗
tbVtd

V ∗
ubVud

)
, β = arg

(
−
V ∗
cbVcd
V ∗
tbVtd

)
, γ = arg

(
−
V ∗
ubVud
V ∗
cbVcd

)
(1.17)

and the length of the sides are given as

Ru =
|V ∗

ubVud|
|V ∗

cbVcd|
=
√
ρ2 + η2, Rt =

|V ∗
tbVtd|

|V ∗
cbVcd|

=
√
(1− ρ)2 + η2 (1.18)

From the normalization, the length of the remaining side will become unity. Constraining

the sides and angles of the unitarity triangle is central to understanding the SM’s funda-

mental aspects and the CP-violating effects. The angles and sides are determined from

different processes, as will be discussed in section 1.3.

1.2 Charged versus neutral currents in the Standard Model

By choosing the mass basis for the quarks, only the W -boson couplings are flavor off-

diagonal i.e. they can couple to different generations of the quark mass eigenstates, whereas

the interactions of neutral bosons are flavor conserving. Thus, in the SM, the flavor-

changing charged current (FCCC) interactions occur at tree level, while flavor-changing

neutral current (FCNC) interactions are prohibited at tree level by having universal or

diagonal couplings in the mass basis. The relevant Standard Model bosons mediating

neutral current interactions are the photon, gluons, the Higgs and the Z boson.

The gluons and photon are protected from tree-level FCNCs as long as QCD and QED

remain unbroken. This is because the gauge symmetry forces the kinetic terms to be

universal. Hence the couplings of the gluons and photon to fermions will be diagonal.

The Higgs couplings are diagonal in the mass basis due to the proportionality between the

Higgs couplings to the fermions and the fermion mass matrices.

For the Z boson, the Lagrangian describing the coupling to up-type quarks,

7
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Chapter 1. Introduction

L =
g

cosθW

[
ūiLγµ

(
1

2
− 2

3
sin2θW

)
uiL + ūjRγµ

(
−2

3
sin2θW

)
ujR

]
Zµ (1.19)

where θW is the Weinberg angle.

From a unitary rotation of the quark fields on moving to the mass basis (only the first

term in the above equation is considered),

L =
g

cosθW

[
ūiLVuLγµ

(
1

2
− 2

3
sin2θW

)
V †
uLu

i
L

]
Zµ (1.20)

Thus, the triviality of the flavor structure

VuLV
†
uL = 1 (1.21)

prevents any tree-level FCNCs.

We have studied the semileptonic decays of B mesons via the charged and neutral

current exchanges which provide two avenues for very interesting phenomenological impli-

cations. The charged current transitions, occurring at tree level in the SM offer important

insights into the structure of the CKM matrix. The extraction of the CKM elements from

the semileptonic and leptonic modes, where the hadronic and leptonic currents factorise is

clean as compared to the hadronic modes which involve the complex and unknown QCD

interactions. The various processes considered in the determinations of the CKM elements

will be discussed in section 1.3. On the other hand, the only way to generate FCNCs in

the SM is through loop-level transitions (involving penguin and box contributions) with

the W bosons and up-type quarks in the loops. The FCNC transitions are thus potential

probes of physics at higher energy scales, and the inconsistency of the measured observ-

ables with respect to the SM predictions signal the presence of new physics. Though the

charged current transitions may also be mediated by new particles in some extensions of

the SM and can probe new dynamics, we haven’t explored this possibility in this thesis.

A detailed discussion on the FCNC processes considered in this thesis will be presented

in section 1.4.

1.3 Determination of the CKM elements

The determination of the CKM elements precisely is necessary for understanding the mech-

anism of quark-mixing in the Standard Model and its implications for CP violation. The

extraction of the CKM elements corresponding to the lighter quarks is attained through

direct measurements involving tree level processes in the SM, whereas those involving top

quark are mostly determined indirectly through loop-level FCNC transitions. Below we

discuss the various processes involved in the measurements of the CKM elements [50, 51]:

• |Vud| - The study of superallowed 0+ → 0+ nuclear beta decays provides the most

8
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1.3 Determination of the CKM elements

precise determination [52]. Other probable channels are neutron and pion β decays

(n→ peν̄ and π+ → π0eν̄), though the pion β decay is phase space suppressed [53].

• |Vus| - Apart from the tree-level semileptonic K → πlν and leptonic K → µν decays

[54], hyperon decays [55, 56] and hadronic τ decays to strange particles also provide

measurement of this element [57, 58].

• |Vcd| - This element is extracted from leptonic D → lν [59, 60] and semileptonic

D → πlν decays [61]. Another method is from neutrino scattering data off a fixed

target composed mostly of u and d quarks. The cross-section for double muon

production by neutrino beams from a charm final state is proportional to |Vcd|2

[62, 63].

• |Vcs| - The direct determination comes from semileptonic D → Klν [64, 65], leptonic

Ds → lν decays [66–68] and also flavor-tagged W+ → cs̄ decay (measured by Delphi

experiment) [69].

• |Vcb| - This element is extracted from exclusive semileptonic decays like B → D(∗)lν

[70, 71] and inclusive decays like B → Xclν [72]. For the inclusive case, the total

semileptonic decay rate is described through the Operator Product Expansion (OPE)

and the non perturbative unknowns are obtained from final state lepton and hadron

energy distributions, whereas the determination from exclusive decays relies on the

calculation of the hadronic form factors.

• |Vub| - The most relevant exclusive decays are B → πlν and B → ρ(ω, η)lν [73–77]

and inclusive decays are B → Xulν [1, 72]. The determination of |Vub| from the

respective inclusive decay is not clean as compared to the extractions of |Vcb| from
B → Xclν decays. The b→ clν decays provide large background which necessitates

experimental cuts to separate the b → u transitions from the background, thus

restricting the phase-space region where the measurement of the decay-rate could be

done. In the allowed phase-space region, usual OPE can’t be applied and one has

to rely on the non-perturbative shape functions, which complicates the theoretical

understanding of this decay. These shape-functions are modeled by various QCD-

approaches, thus rendering the values of |Vub| extracted from these modes model

dependent.

• |Vtb| - This element is extracted from single top production processes or on-shell

decays of top quark to Wb [78, 79]. The top quark is identified by measuring the

invariant mass of the W and b jet [80, 81].

• |Vts| and |Vtd| - These elements are determined by the indirect measurements through

B−B̄ oscillations dominated by top quark box contributions or loop-suppressed rare

B and K decays [50, 82].

9
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The Unitarity Triangle (UT) angles can be constrained by measuring the CP-violating

observables. The most precisely measured angle of the CKM unitarity triangle is β. sin 2β

is obtained from b → cc̄s transitions (Charmonium modes) for which the present world

average from measurements by LHCb [83] and B-factories [84, 85] is: sin 2β = 0.699±0.017

[50]. The least precisely known angle of the CKM unitarity triangle is α which suffers from

larger theory uncertainties as compared to other angles. sin 2α is directly measured from

time-dependent CP asymmetries in b→ uūd transitions. Combining all the measurements

in B → ππ, B → ρπ and B → ρρ decay modes which are related by isospin symmetries, α

= (85.2+4.8
−4.3)

◦ [50, 51]. As seen from eq. 1.17, γ is the only angle independent of the CKM

elements including the top quark and thus can be determined exclusively from tree-level

B decays, B(s) → D(s)K
(∗) and B∓ → D(∗)K(∗)∓ [86–88]. Combining the measurements,

γ = (65.9+3.3
−3.5)

◦ [50]. The UTfit [48] and CKMfitter [89] collaborations perform global

fits of the measurements in various channels for determining the CKM matrix elements

with Wolfenstein parametrization either within the SM framework or in some specific NP

scenarios.

In this thesis, we have focused on the extraction of the CKM elements |Vub| and |Vcb|
from exclusive semileptonic decays of B(Bs) mesons to lighter leptons (ℓ = e, µ) in the final

state. B → π(ρ, ω)ℓν and Bs → Kℓν channels are used to determine |Vub| and B → D(∗)ℓν

and Bs → D
(∗)
s ℓν modes for |Vcb|. In the SM, the differential decay rate w.r.t. the dilepton

invariant mass squared q2 for B meson decaying to pseudoscalar mesons B̄ → Pℓνℓ is a

function of the form factors f+,0(q
2) and the CKM element |Vqb| (q = u, c) and is given as

[90]

dΓ

dq2
=
G2

F |Vqb|2

24π3m2
Bq

4

(
q2 −m2

l

)2 ∣∣p(q2,mB,mP )
∣∣×[(

1 +
m2

l

2q2

)
m2

B

∣∣p(q2,mB,mP )
∣∣2 ∣∣f+ (q2)∣∣2 + 3m2

l

8q2
(
m2

B −m2
P

)2 ∣∣f0 (q2)∣∣2] .
(1.22)

where
∣∣p(q2,mB,mP )

∣∣ = √
λ(q2,mB,mP )/2mB with λ(q2,mB,mP ) = ((mB − mP )

2 −
q2)((mB +mP )

2 − q2). Here, P stands for the final state pseudoscalar meson.

The differential decay width for B meson decaying to vector mesons B̄ → V ℓνℓ is given

as [90].

dΓ

dq2
=
G2

F |Vqb|2

192π3m3
B

q2
√
λ(q2,mB,mV )

(
1−

m2
l

q2

)2

×{[(
1 +

m2
l

2q2

)(
H2

V,+ +H2
V,− +H2

V,0

)
+

3

2

m2
l

q2
H2

V,t

]}
, (1.23)

where the hadronic amplitudes are given as:
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1.4 Flavor-Changing Neutral Current transitions

HV,±(q
2) = (mB +mV )A1(q

2)∓
√
λ(q2)

mB +mV
V (q2) , (1.24a)

HV,0(q
2) =

mB +mV

2mV

√
q2

[
−(m2

B −mV
2 − q2)A1(q

2) +
λ(q2)

(mB +mV )2
A2(q

2)

]
, (1.24b)

HV,t(q
2) = −

√
λ(q2)

q2
A0(q

2) (1.24c)

.

Thus, from the above equations, we observe that the CKM elements can be extracted

from the available data on the partial branching fractions in the respective channels and

the determinations of the form factors from various approaches. Knowing the dependence

of the form factors on the kinematically allowed q2 (or the recoil angle w of the final

state meson) region helps to determine the shape of the decay rate distribution. For the

determination of the form factors, Lattice-QCD (LQCD) calculations provide the most

precise estimates, which are most effective in the high q2 regime. Light-cone sum rules

(LCSR) and QCD factorization/soft-collinear effective theory results are used for the low

q2 region where Lattice QCD results aren’t reliable. Section 2.1.2 contains a detailed

discussion on the form factors.

1.4 Flavor-Changing Neutral Current transitions

As discussed in section 1.2, the flavor changing neutral current transitions occur at loop-

level in the SM and are heavily suppressed in comparison to the charged current processes.

Thus, if in any BSM scenario, such transitions are mediated at tree level, that would

dominate the SM contribution and the virtual effects of new interactions can be observed

in the low energy precision experiments through the deviations of the observables from

their predictions in the SM. The well known formalism to study such processes is the

effective Hamiltonian approach which will be discussed in detail in section 2.1.1.2.

In this thesis, we have studied the exclusive b → sℓℓ and b → dℓℓ transitions. With

the plethora of data available in the b → sℓℓ channels over the last decade and with an

objective to explain the anomalous results observed in the low energy experiments, as will

be discussed in section 1.5, it is very necessary to perform an analysis of the new physics

effects with the currently available data, letting the data to decide the BSM scenario

most compatible with the present data. An analysis with the available experimental data

in these modes has been performed in chapter 3. In similar spirit to b → sℓℓ modes,

b→ dℓℓ decay modes are also FCNC processes but have some interesting features. These
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modes have non-vanishing direct CP asymmetry in the SM as the parts of the amplitude

proportional to λu = VubV
∗
ud and λt = VtbV

∗
td have same order of Cabibbo suppression,

whereas for b→ sℓℓ decay modes, the part of the amplitude proportional to λu = VubV
∗
us is

doubly Cabibbo suppressed and often neglected. Therefore, a relatively large CP violation

may be present in the b → dℓℓ decays within the SM, which further motivates towards a

robust, systematic and precise analysis of these modes within the framework of the SM.

In addition, in the SM, due to the CKM suppression in b → dℓℓ transitions, the decay

rates are suppressed as compared to the b → sℓℓ channels. Therefore, the NP effects in

b→ dℓℓ transitions can be easily discriminated as compared to that in b→ sℓℓ decays. An

involved analysis with the exclusive b→ dℓℓ modes in the SM and some NP scenarios has

been performed in chapter 5. Below we present the expressions for the differential decay

rates w.r.t q2 and the angular observables corresponding to a final state pseudoscalar or

vector meson.

For B meson decay to a pseudoscalar meson B̄ → Pℓℓ, the double differential rate

with respect to q2 and cos θ (θ is the angle between B̄ and ℓ− in the dilepton center of

mass frame) [91] :

d2Γl

dq2dcosθ
= al(q

2) + bl(q
2) cos θ + cl(q

2) cos2 θ, (1.25)

where al, bl and cl are functions of the QCD form factors as given in eq. B.4. Section

2.1.2 contains the details about the form factors.

The angular distribution

dΓl

dcosθ
= Al +Blcosθ + Cl cos

2 θ (1.26)

is written in terms of the q2- integrated coefficients.

Al =

∫ q2max

q2min

dq2al(q
2), Bl =

∫ q2max

q2min

dq2bl(q
2), Cl =

∫ q2max

q2min

dq2cl(q
2) (1.27)

The q2- integrated decay rate Γl, FH and the forward-backward asymmetry AFB of

the dilepton system are written in terms of these q2- integrated coefficients [91]:

Γl = 2(Al +
1

3
Cl), AFB =

Bl

Γl
, FH =

2

Γl
(Al + Cl) (1.28)

The decay distribution for B meson decay to a vector meson B̄ → V̄ (→ M̄1M̄2)l
+l−

can be described in terms of four kinematic variables: q2 and the three angles θV , θl and

ϕ [92]. According to the theory convention [92, 93], θl is measured between V̄ and l−, θV

is the angle between V̄ and M̄1 and ϕ is the angle between the two planes containing the

lepton and hadron pairs.
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1.4 Flavor-Changing Neutral Current transitions

d4Γ

dq2dcosθldcosθV dϕ
=

9

32π
J(q2, θl, θV , ϕ) (1.29)

where,

J(q2, θl, θV , ϕ) = Js
1sin

2θV + Jc
1cos

2θV + (Js
2sin

2θV + Jc
2cos

2θV )cos2θl

+ J3sin
2θV sin

2θlcos2ϕ+ J4sin2θV sin2θlcosϕ

+ J5sin2θV sinθlcosϕ

+ (Js
6sin

2θV + Jc
6cos

2θV )cosθl + J7sin2θV sinθlsinϕ

+ J8sin2θV sin2θlsinϕ+ J9sin
2θV sin

2θlsin2ϕ. (1.30)

The explicit expressions for the angular coefficients (J ’s) given in eqn 1.30 in terms of

the transversity amplitudes corresponding to the decays are given in eq. A.4 and the

transversity amplitudes are expressed as functions of the QCD form factors according to

A.1.

For the CP-conjugated process B → V (→ M1M2)l
+l−, the angular decay rate dis-

tribution is obtained from eq. 1.30 with the replacement Ji → J̃i ≡ ξiJ̄i where, ξi = 1

for i ∈ 1,2,3,4,7 and -1 for i ∈ 5,6,8,9 [92]. Here, the angular coefficients J̃i is formed

from the helicity amplitude ÃH ≡ AH(B̄ → f), on the other hand the J̄i is formed

from ĀH ≡ AH(B̄ → f̄). The definitions for the associated CP-averaged (Si) and CP-

asymmetric (Ai) observables obtained from the decay distributions are given by

Si =
Ji + J̄i

(dΓ + dΓ̄)/dq2
, Ai =

Ji − J̄i
(dΓ + dΓ̄)/dq2

, (1.31)

where
dΓ + dΓ̄

dq2
=

1

4
(6Js

1 + 3Jc
1 − Jc

2 − 2Js
2) +

1

4
(6J̄s

1 + 3J̄c
1 − J̄c

2 − 2J̄s
2) (1.32)

The main source of theoretical uncertainties in these decay modes arise from the

hadronic form factors and other ill known non-perturbative dynamics. Thus, it is very

important to construct observables free from the hadronic uncertainties for precision tests

of the SM. To reduce the theoretical uncertainties, certain ratios of the CP-averaged ob-

servables are defined known as optimized observables [94] for which there is cancellation

of hadronic form factors to first order. The definitions are taken from [95]

P1 =
2S3

1− FL
, P2 =

2

3

AFB

(1− FL)
,

P3 =
−S9

1− FL
, P

′
i=4,5,6,8 =

Sj=4,5,7,8√
FL(1− FL)

(1.33)

For the decays such as B0 → K∗0(→ K+π−)ℓℓ and B± → ρ±(→ π±π0)ℓℓ, the initial

13

TH-3118_176121005



Chapter 1. Introduction

state B meson flavor can be determined from the decay products at both the LHCb and

Belle and the observables corresponding to tagged events can be directly obtained from

1.29.

• The tagged decay rate distribution and the corresponding branching fraction〈
dΓ

dq2

〉Tag

=
1

4
(3Jc

1 + 6Js
1 − Jc

2 − 2Js
2), ⟨BR⟩Tag = τB+

〈
dΓ

dq2

〉Tag

(1.34)

• Optimized observables:

⟨P1⟩Tag =
J3
2J2s

, ⟨P2⟩Tag = − J6s
8J2s

, ⟨P3⟩Tag =
J9
4J2s

,〈
P

′
4

〉Tag
= − J4

2
√

−Jc
2J

s
2

,
〈
P

′
5

〉Tag
=

J5

2
√

−Jc
2J

s
2

,
〈
P

′
6

〉Tag
= − J7

2
√
−Jc

2J
s
2

,〈
P

′
8

〉Tag
=

J8

2
√
−Jc

2J
s
2

, ⟨AFB⟩Tag = −3

4

Js
6〈

dΓ
dq2

〉Tag , ⟨FL⟩Tag = − Jc
2〈

dΓ
dq2

〉Tag
(1.35)

The observables for the CP conjugate mode are obtained by replacing Ji → J̄i in the

above equations.

On the contrary, when the final state is a CP-eigenstate, for eg. Bs → ϕ(→ K+K−)ℓℓ

and B0 → ρ0(→ π+π−)ℓℓ, the same final state is produced from B or B̄ decays resulting

in interference between decay and mixing. In such cases, tagging of the initial state B

meson flavor isn’t possible at the LHCb. In that case, only the observables obtained from

the CP-averaged distribution can be measured at LHCb:

dΓ(B → f) + dΓ(B̄ → f)

dq2dcosθldcosθfdϕ
=
∑
i

[Ji + J̃i]fi(θl, θf , ϕ) =
∑
i

[Ji + ξiJ̄i]fi(θl, θf , ϕ), (1.36)

whereas at Belle, also the observables corresponding to tagged B̄(B) decays as well as

the observables obtained from the CP-asymmetric distribution can be measured.

dΓ(B → f)− dΓ(B̄ → f)

dq2dcosθldcosθfdϕ
=
∑
i

[Ji − J̃i]fi(θl, θf , ϕ) =
∑
i

[Ji − ξiJ̄i]fi(θl, θf , ϕ). (1.37)

Chapter 5 contains a detailed analysis on these modes and the observables that can

be measured at the Belle and LHCb.
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1.5 Experimental status

In this section, we will present the current experimental status of several observables

relevant to the decay modes considered in this thesis. The B-hadron decays have gained

a lot of attention in the recent years with various groundbreaking experiments being

carried out by the experimental collaborations like Belle, BaBar, LHCb, CMS and ATLAS

with the aim of either directly observing the signals of new particles or measuring the

observables precisely predicted in the SM. Over the last few years, some puzzling results

have been observed in the low-energy precision experiments in B physics. In the neutral

current sector, the observables RK(∗) = B(B̄ → K(∗)µ+µ−)/B(B̄ → K(∗)e+e−) [96, 97]

are defined which conserved the Lepton Flavor Universality (LFU) of weak interactions

in the SM. The respective measurements have shown deviation from their respective SM

expectations ∼ 3 σ. A few angular observables in the B → K∗ℓℓ channel have also shown

deviations from their predictions in the SM, the most interesting one among them being the

optimized observable P ′
5 defined in eq. 1.33. Very recently, the LHCb have measured these

observables, where P ′
5 shows a deviation of ∼ 3 σ [98]. The reason for these discrepancies

can be either the presence of poorly understood non-local effects or the presence of one or

more beyond the SM interactions.

Other golden channels for the b → s FCNC transitions are the purely leptonic decay

channel B0
s → µ+µ− [99, 100] which have small branching fractions in the SM and the

radiative decays B(s) → K∗(ϕ)γ [101]. The inclusive B → Xsγ rate (Xs refers to any final

state hadron containing strange quarks) has precise SM prediction, making it an excellent

probe of beyond-SM phenomenon [102]. In the b→ sℓℓ sector, plenty of observables have

been measured by various experimental collaborations [96–98, 103–107], thus providing

a thorough understanding on the ways to handle the hadronic uncertainties and as a

result define observables that are more sensitive to NP. The construction of observables

that either vanish or are strongly suppressed in the SM provide additional avenues to

look for possible new physics effects through their precise non-zero measurements. As

discussed in section 1.4, the b → dℓℓ transitions offer another window to look for BSM

phenomenon due to their low branching fractions in the SM. Till date, there is less amount

of information available on the relevant exclusive decay modes. The LHCb collaboration

has observed the B+ → π+µ+µ− decay for the first time at 5.2 σ [108] and in [109], it has

provided measurements of the partial branching fractions in bins of q2, whereas there is

no data available on B → ρℓℓ decays. Thus, the precise theoretical predictions of various

observables pertaining to these modes is extremely essential which can be further verified

in the future experiments and any deviation from SM predictions will provide possible

hints of new dynamics.

The CKM elements |Vcb| and |Vub| are relatively less precisely known till date as seen

from the entries [50].
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VCKM =

0.97435± 0.00016 0.22500± 0.00067 0.00369± 0.00011

0.22486± 0.00067 0.97349± 0.00016 0.04182+0.00085
−0.00074

0.00857+0.00020
−0.00018 0.04110+0.00083

−0.00072 0.999118+0.000031
−0.000036

 (1.38)

As mentioned in section 1.3, the tree-level semileptonic transitions such as B → πℓνl

and B → D(∗)ℓνl offer cleaner probes for the extraction of the elements |Vub| and |Vcb|,
respectively, and such decays have been extensively studied by the Belle and BaBar collab-

orations [70, 71, 73–76], where the measurements on the binned partial branching fractions

are provided which are proportional to |Vub|2 or |Vcb|2. For the semileptonic decays of B±

or Bq (q = d, s) mesons to a pseudoscalar or vector meson, respectively, the detailed

mathematical expressions for the respective rates dΓ/dq2 are provided in eqs. 1.22 and

1.23. Also, a discrepancy exists for a long time between the inclusive and exclusive de-

terminations for both |Vcb| and |Vub| from semileptonic B-meson decays (known as the

exclusive-inclusive puzzle), which calls for a combined effort from the theoretical and ex-

perimental fronts. The most up-to-date results on the extracted values of |Vub| and |Vcb|
can be seen from the particle data group (PDG) [72]:

|Vub|exclusive = (3.70± 0.16)× 10−3, |Vub|inclusive = (4.25± 0.12+0.15
−0.14)× 10−3,(1.39)

|Vcb|exclusive = (39.5± 0.9)× 10−3, |Vcb|inclusive = (42.2± 0.8)× 10−3, (1.40)

where the errors represent the experimental and theoretical uncertainties. The exclusive

and inclusive values are in mutual disagreement (by ≥ 2.2σ). In chapter 4, we have

analysed the B → πlν channel for extracting |Vub|exc. with the aim to understand the

possible source of discrepancy between the exclusive and inclusive measurements.

Recently, the Belle collaboration has measured the values of |Vub| from inclusive spectra

with hadronic-tagging by four different methods, like Bosch-Lange-Neubert-Paz (BLNP)

[110–112], Dressed Gluon Exponentiation (DGE) [113], Gambino-Giordano-Ossola-Uraltsev

(GGOU) [114], and Aglietti-Di-Ferrera-Ricciardi (ADFR) [115]. From an arithmetic av-

erage of these values, they obtain [1]

|Vub|inclusive = (4.10± 0.28)× 10−3 . (1.41)

This happens to be the most precise determination till date.

As seen from fig 1.1, the side opposite the well determined angle β in the unitarity

triangle is proportional to the ratio |Vub|/|Vcb|. This ratio has been measured from the

partial rates of Λb → pµν normalized to Λb → Λcµν by LHCb [116].

|Vub|
|Vcb|

= (0.83± 0.04exp ± 0.04th)× 10−1 (1.42)
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1.5 Experimental status

The first uncertainty is experimental and the second results from the uncertainty in LQCD

prediction.

Recently, there has also been a measurement of the ratio BR(Bs → Kµν)/BR(Bs →
Dsµν) from LHCb [8] in two bins of the Bs → K momentum transfer, namely q2 < 7

GeV2 and q2 > 7 GeV2 with Bs → Dsµν acting as the normalization channel:

Rlow
BF = (0.166± 0.008(stat)± 0.007(syst)± 0.005(Ds))× 10−2,

Rhigh
BF = (0.325± 0.021(stat)+0.016

−0.017(syst)± 0.009(Ds))× 10−2. (1.43)

Here, the uncertainties are due to the statistical and systematic errors, and due to the

errors associated with the measured value of the branching fraction of D−
s → K+K−π−.

From these branching ratios, the ratio has been obtained in the respective bins.

|Vub|
|Vcb|

(low) = (0.61± 0.02exp ± 0.03th)× 10−1,

|Vub|
|Vcb|

(high) = (0.95± 0.04exp ± 0.07th)× 10−1, (1.44)

where the theoretical uncertainties correspond to the form factor integrals and D−
s branch-

ing fraction and experimental uncertainties are statistical and systematic. In chapter 6,

we have analysed the mesonic b→ c(u)lν modes simultaneously for a combined extraction

of |Vcb|exc and |Vub|exc, also incorporating the measurements on the ratio of the branching

fractions in the two bins given in eq. 1.43 to study the impact of these inputs on the

extracted value of |Vub|/|Vcb|.
In the subsequent chapters, we present a brief outline of the basic theoretical tools

necessary for flavor phenomenology, mainly the concept of effective field theories and the

statistical techniques used in our analysis related to interpreting the experimental data

and discuss about the various contributions to this thesis.
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Chapter 2

Methodology

2.1 Theoretical Framework

2.1.1 Effective Hamiltonian Approach

The Effective field theory (EFT) is an important framework to deal with phenomena that

are spread over a multitude of energy or length scales, such as the electroweak scale deter-

mining flavor-changing transitions of quarks and the scale of strong interactions related

to the formation of hadrons. Every EFT has a scale of validity upto which it is valid.

The scale hierarchy is the fundamental concept behind the idea of EFTs. This theoretical

framework allows the separation of short-distance effects from long-distance QCD in an

effective Hamiltonian approach.

This formalism is based on the Operator Product Expansion in which the effective

Hamiltonian is expressed as a sum over all possible operators multiplied by the corre-

sponding Wilson Coefficients. The amplitude A for any process is given as [117]

A = ⟨Heff⟩ =
∑
i

Ci(µ)Oi(µ) (2.1)

where µ is the renormalization group (RG) scale. Oi are a set of local operators with

dimension di and Ci are the respective Wilson coefficients (WCs). Cis encode the short

distance effects from the Standard Model (W±, Z bosons and the top quark) or the new

physics dynamics.

In an EFT framework, the most important steps involved are the matching between

the full and the effective theory at the relevant scale and renormalization group running

from one scale to another. Considering the Standard Model as the underlying theory,

through the procedure of matching the amplitudes in the full theory with those in the

EFT, the SM contributions to the Wilson coefficients are evaluated at the electroweak

scale µ = mW . The Wilson coefficients are then evolved down to the b-quark mass scale

µ = mb according to their RG equations since it is the relevant scale for all observables

related to the B-hadron decays considered in this thesis.
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2.1 Theoretical Framework

dci(µ)

dlogµ
=
∑
j

1

16π2
γijcj (2.2)

Here γij is the anomalous dimension matrix.

For the contributions from new physics to the process under study, through the match-

ing between the amplitudes in the NP model and the EFT, the WCs are evaluated at a

high-energy scale µ = Λ which are then run down to the electroweak scale and finally

to the mb scale. However, in this thesis, we directly constrain the new physics Wilson

coefficients from experimental data.

Both the Flavor-Changing Charged and Neutral Current transitions can be studied in

this formalism as discussed below.

2.1.1.1 Charged current transitions

The effective Hamiltonian for semileptonic charged current transitions of B mesons with

all possible dimension-six four fermion operators in the absence of right handed neutrinos

is given as [90]:

Heff =
4GF√

2
Vqb[(δlτ + C l

V1
)Ol

V1
+ C l

V2
Ol

V2
+ C l

S1
Ol

S1
+ C l

S2
Ol

S2
+ C l

TOl
T ] (2.3)

where GF is the Fermi constant. The four-Fermi operators are defined by

Ol
V1

= (q̄Lγ
µbL)(l̄LγµνlL),

Ol
V2

= (q̄Rγ
µbR)(l̄LγµνlL),

Ol
S1

= (q̄LbR)(l̄RνlL),

Ol
S2

= (q̄RbL)(l̄RνlL),

Ol
T = (q̄Rσ

µνbL)(l̄RσµννlL) (2.4)

where q = u, c corresponding to b → uℓν or b → cℓν transitions considered in this

thesis. In the SM, only the operator Ol
V1

contributes to the decay width.

2.1.1.2 Neutral current transitions

The effective Hamiltonian for semileptonic FCNC transitions of B mesons for eg. b→ sℓℓ

at the scale µ ∼ mb after integrating out the heavy degrees of freedom is given by [92] :

Heff = −4GF√
2

(
λtH(t)

eff + λuH(u)
eff

)
, (2.5)

where λm = VmbV
∗
ms (m = u, c, t) are the CKM factors. The combination λc = VcbV

∗
cs is

eliminated by using the unitarity relation λu + λc + λt = 0.
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Chapter 2. Methodology

H(t)
eff = C1Oc

1 + C2Oc
2 +

∑
i=3,..,6,S,P

(CiOi + C ′
iO′

i) +
∑

i=7,8,9,10

(C̃iÕi + C̃
′
iÕ

′
i)

H(u)
eff = C1(Oc

1 −Ou
1 ) + C2(Oc

2 −Ou
2 ) . (2.6)

The operator basis is given as [92, 118]:

Op
1 = (s̄LγµT

apL)(p̄Lγ
µT abL),

Op
2 = (s̄LγµpL)(p̄Lγ

µbL),

O3 = (s̄LγµbL)
∑
q

(q̄γµq),

O4 = (s̄LγµT
abL)

∑
q

(q̄γµT aq),

O5 = (s̄Lγµ1γµ2γµ3bL)
∑
q

(q̄γµ1γµ2γµ3q),

O6 = (s̄Lγµ1γµ2γµ3T
abL)

∑
q

(q̄γµ1γµ2γµ3T aq)

Õ7 =
e

g2
mb(s̄σµνPRb)F

µν , Õ′
7 =

e

g2
mb(s̄σµνPLb)F

µν ,

Õ8 =
1

g
mb(s̄σµνT

aPRb)G
µν , Õ′

8 =
1

g
mb(s̄σµνT

aPLb)G
µν ,

Õ9 =
e2

g2
(s̄γµPLb)(l̄γ

µl), Õ′
9 =

e2

g2
(s̄γµPRb)(l̄γ

µl),

Õ10 =
e2

g2
(s̄γµPLb)(l̄γ

µγ5l), Õ′
10 =

e2

g2
(s̄γµPRb)(l̄γ

µγ5l),

OS =
e2

16π2
mb(s̄PRb)(l̄l), O′

S =
e2

16π2
mb(s̄PLb)(l̄l),

OP =
e2

16π2
mb(s̄PRb)(l̄γ5l), O′

P =
e2

16π2
mb(s̄PLb)(l̄γ5l) (2.7)

Here p = u, c and T as are the SU(3)C generators. The effective Hamiltonian and the

operator basis corresponding to b → dℓℓ transitions can be obtained by replacing s → d

in the above equations.

Op
1, Op

2 are the four-quark current-current operators, O3..6 are the quark penguin

operators, Õ7 and Õ8 are the photon dipole and chromomagnetic operators and Õ9,10 are

the semileptonic operators. The primed operators with opposite chirality to the unprimed

ones vanish or are highly suppressed in the SM, as are OS(′),P (′) . We don’t consider the

contributions to operators O′
i for 1 ≤ i ≤ 6. These operators are present in some BSM

scenarios but their impact turns out to be highly constrained.

As discussed in section 2.1.1, the Wilson coefficients encode short-distance physics and
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possible NP effects. The WCs corresponding to new interactions are directly constrained

from data considering them as free parameters and it is one of the main objectives for

the b → sℓℓ transitions considered in this thesis. The SM contributions to the WCs are

calculated at the scale µ =mW up to next-to-next-to leading order (NNLO) and expressed

as a perturbative expansion in the strong coupling constant αs(µW ) [118, 119]. They are

then evolved down to scale µ = mb using renormalization group equations, given in eq.

2.2 which require a calculation of anomalous dimension matrices γ(αs) up to three-loop

accuracy. After incorporating the QCD corrections, the coefficients C9 and C7 modify and

appear as combinations of the other C ′
is. Therefore, it is convenient to define the effective

Wilson coefficients: Ceff
9 and Ceff

7 [92].

Ceff
7 =

4π

αs
C7 −

1

3
C3 −

4

9
C4 −

20

3
C5 −

80

9
C6,

Ceff
9 =

4π

αs
C9 + Y (q2) (2.8)

where Y (q2) is given in [92]. The four-quark current-current operators Op
1, O

p
2 and

quark-penguin operators O3..6 contribute to Ceff
9 which also includes the leading order

(LO) charm-loop effects.

Besides the terms proportional to the form factors, the amplitudes also contain certain

“non-factorizable” effects that are related to the matrix elements of the purely hadronic

operators O1..6 and the chromomagnetic dipole operator O8 with virtual photon emission.

In particular, these effects include the contributions from the “hard” corrections to the

weak vertex, hard-spectator corrections and the contributions from the weak annihilation

(WA) diagrams. There are no such corrections for the semileptonic operators. In the

QCD-factorization (QCDF) approach, one can systematically calculate such effects where

the most general factorization formula for a heavy to light transition amplitude at leading

order in 1/mb reads schematically [120]:

T i
a = Ci

aξP + ϕB ⊗ T i
a ⊗ ϕF , (2.9)

where “a” stands for the polarization of the final state vector meson (a → || or ⊥),

i = u, t, ξP is the “soft” form factor and T i
a is the hard-scattering kernel convoluted with

heavy and light meson light-cone wave functions ϕB and ϕF , respectively. The vertex

corrections to the four-quark operators contribute to Ci
a, which can have factorizable and

non-factorizable parts at order αs:

Ci
a = Ci(0)

a +
αsCF

4π

(
Ci(f)
a + Ci(nf)

a

)
(2.10)

C
i(0)
a is the leading order contribution in αs. Similarly, the contribution from the WA
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diagram will appear in T i
a at the leading order in the expansion of the strong coupling

constant. At order αs there will be factorizable as well as non-factorizable contributions

in T i
a given by T

i(1)
a . T i

a is expanded as

T i
a = T i(0)

a +
αsCF

4π
T i(1)
a (2.11)

As can be seen from [120], in the QCDF framework, the factorizable corrections arise

when the full QCD form factors are expressed in terms of the soft form factors ξP s. Since

we will be using the form factors defined in full QCD in this thesis, we need to add only

the non-factorizable corrections. These contributions are added to the naive factorisation

amplitudes as given in eq. B.2 for decays to pseudoscalar mesons and in eq. A.1 for decays

to vector mesons [92].

∆AQCDF
⊥,L,R =

√
2N

2mb

q2
(m2

B − q2)
(
T (t),WA+nf
⊥ + λ̂uT (u),WA+nf)

⊥
)
,

∆AQCDF
||,L,R = −∆AQCDF

⊥,L,R ,

∆AQCDF
0,L,R =

N(m2
B − q2)2

mVm2
B

√
q2

mb

(
T (t),WA+nf
|| + λ̂uT (u),WA+nf)

||
)
. (2.12)

Here, λ̂u = λu/λt. N is expressed as in eq. A.2.

Information from long-distance physics is encoded in the light-cone distribution am-

plitudes (LCDA), ΦB,± for the B meson and ϕF for the final state mesons. For B meson,

the light-cone distribution amplitudes are written as [121, 122],

ΦB,+(ω) =
ω

ω2
0

e−ω/ω0 , ΦB,−(ω) =
1

ω0
e−ω/ω0 . (2.13)

These enter the decay amplitude through the moments λ−1
B,+(q

2) and λ−1
B,−(q

2) [121, 122]

λ−1
B,+ =

∫ ∞

0
dω

ΦB,+(ω)

ω
= ω−1

0 (2.14)

and

λ−1
B,−(q

2) =

∫ ∞

0
dω

ΦB,−(ω)

ω − q2/MB − iϵ
=
e−q2/(MBω0)

ω0
[−Ei

(
q2/MBω0

)
+ iπ]. (2.15)

Here Ei(z) is the exponential integral function. λ−1
B,− appears via the weak annihilation

term in the decay amplitudes, and the imaginary part in eq. (2.15) acts as an important

source of strong phase which is necessary for CP violation. As can be seen from ref. [123],

at the leading order, the contribution in T (t)
a (q2) and T (u)

a (q2) from the weak annihilation

diagrams is proportional to λ−1
B,−(q

2)T̂
(0,t)
a,− and λ−1

B,−(q
2)T̂

(0,u)
a,− , respectively. The imaginary
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part of λ−1
B,−(q

2) (eq. 2.15) is highly q2 dependent and has large values at low q2 compared

to that at high q2 regions. The contribution in neutral B decays from T̂
(0,u)
a,− is negligible.

However, for charged B decays, numerically T̂
(0,u)
a,− > T̂

(0,t)
a,− since T̂

(0,u)
a,− is proportional to

the WC C2 ∼ 1 whereas T̂
(0,t)
a,− is proportional to a linear combination of C3 ∼ −0.005

and C4 ∼ −0.08. Due to this reasoning, T (u)
a (q2) is more sensitive to the variation of

q2 as compared to T (t)
a (q2) leading to large CP asymmetry for the charged B decays as

compared to the neutral B decays. The CP asymmetry for B0 decays is small, as weak

annihilation is mostly mediated by loop-suppressed QCD penguins.

The light-cone distribution amplitude in the leading twist for light mesons in the final

state is given by [124, 125],

ϕF,a(u) = 6u(1− u)
[
1 + a1,aC

(3/2)
1 (2u− 1) + a2,aC

(3/2)
2 (2u− 1)

]
, (2.16)

where C
(3/2)
n (x) are the Gegenbauer polynomials and an,a are the Gegenbauer moments.

2.1.2 Decay constants and Form Factors

The hadronic matrix elements of the form ⟨0|q̄′Γq|h⟩ or ⟨h′ |q̄′Γq|h⟩ (h and h
′
refer to the

initial and final state hadrons) for the leptonic or semileptonic transitions are expressed in

terms of appropriate decay constants or form factors which are non-perturbative quantities

and serve as dominant sources of uncertainties for the theoretical predictions of several

observables in the flavor sector. These are functions of only Lorentz scalars, q2 which is the

squared four-momentum transferred to the dilepton system in a semileptonic transition.

The hadronic matrix elements for B- decay to a pseudoscalar meson are given as [90],

⟨P (k)|f̄γµb|B(p)⟩ =
[
(p+ k)µ −

m2
B −m2

P

q2
qµ

]
f+(q

2) + qµ
m2

B −m2
P

q2
f0(q

2) , (2.17)

where f+(0) = f0(0) to cancel the divergence at q2 = 0.

⟨P (k)|f̄σµνb|B(p)⟩ = −i(pµkν − kµpν)
2fT (q

2)

mB +mP
(2.18)

The hadronic matrix elements for B decay to a vector meson [90, 126],

⟨V (k)|f̄γµ(1− γ5)b|B(p)⟩ = −iϵ∗µ(mB +mV )A1(q
2) + i(2p− q)µ(ϵ

∗ · q) A2(q
2)

mB +mV

+ iqµ(ϵ
∗ · q) 2mV

q2
[
A3(q

2)−A0(q
2)
]
+ ϵµνρσϵ

∗νpρkσ
2V (q2)

mB +mV
, (2.19)

with A3(q
2) =

mB +mV

2mV
A1(q

2)− mB −mV

2mV
A2(q

2) and A0(0) = A3(0) (2.20)
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⟨V (k)|f̄σµνqν(1 + γ5)b|B(p)⟩ = iϵµνρσϵ
∗νpρkσ 2T1(q

2)

+ T2(q
2)
[
ϵ∗µ(m

2
B −m2

V )− (ϵ∗ · q) (2p− q)µ
]
+ T3(q

2)(ϵ∗ · q)
[
qµ − q2

m2
B −m2

V

(2p− q)µ

]
,

(2.21)

with T1(0) = T2(0). ϵµ is the polarization vector of the final state meson. f represents the

quark in the final state meson in the above equations.

Thus, knowing the variation of the form-factors over the whole q2 region helps to

determine the shape of the decay rate distribution. As discussed in section 1.3, different

approaches are more reliable in different kinematic regions for the estimation of the form

factors. Therefore, in order to extrapolate the information contained in a restricted q2

region to the whole range, it is crucial to have a parametrization of the form-factors

satisfying the general properties of unitarity, analyticity and crossing symmetry. The basic

idea involves a change of variables from q2 to z resulting in a mapping of the semileptonic

region 0 < q2 < t− onto a unit circle in the complex z plane.

z(q2) =

√
t+ − q2 −

√
t+ − t0√

t+ − q2 +
√
t+ − t0

, (2.22)

where t± ≡ (mB ±mF )
2 and t0 ≡ t+(1 −

√
1− t−/t+), where F denotes the final state

meson. t0 is a free parameter that governs the size of z in the semileptonic phase space.

The form factors are analytic functions of q2 except at physical poles and branch cuts

above the production threshold. They can be expanded as a simple power series in z:

Pi(q
2)ϕi(q

2, t0)fi(q
2) =

∞∑
k=0

a
(k)
i (t0)z(q

2, t0)
k (2.23)

Since the absolute value |z| is small in the semileptonic region and the z-expansion

coefficients are constrained to be small by unitarity, only the first few terms suffice to

describe the form factor shape accurately, which leads to a faster convergence of the

series. The Blaschke factors Pi(q
2) are chosen to vanish at any subthreshold poles to

ensure analyticity of fi(q
2) and the outer functions ϕi(q

2, t0) can be any analytic func-

tion of q2. There are several parametrizations in the literature to parametrize the form

factors, Bourrely-Caprini-Lellouch (BCL) [127], Bharucha-Straub-Zwicky (BSZ) [4] and

Boyd-Grinstein-Lebed (BGL) [128], the details are given in the following subsections.

2.1.2.1 BSZ parametrization

According to BSZ, the parametrization of any form-factor reads [4]:

fi(q
2) =

1

1− q2/m2
R,i

N∑
k=0

aik [z(q
2)− z(0)]k , (2.24)
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where mR,i denotes the masses of sub-threshold resonances compatible with the quantum

numbers of the respective form factors, as given in table 2.1 and aiks are the coefficients of

expansion. The advantage with this parametrization is that the value of the form factor

at q2 = 0 is among the fit parameters. Also, in BSZ parametrization, the kinematical

constraint f+(q
2 = 0) = f0(q

2 = 0) directly leads to the relation a+0 = a00 among the

coefficients.

Fi JP m
b→d(u)
R,i (GeV) mb→s

R,i (GeV)

f0 0+ 5.540 5.630
A0 0− 5.279 5.366

f+, fT , T1, V 1− 5.325 5.415
T2, T3, A1, A2 1+ 5.724 5.829

Table 2.1: Masses of resonances of quantum numbers JP for the parameterization of the form
factors fi for b→ d(u) and b→ s transitions.

2.1.2.2 BCL parametrization

According to BCL, f+ and f0 are as follows [127]:

f+(z) =
1

1− q2/m2
B∗

Nz−1∑
n=0

b+n [zn − (−1)n−Nz
n

Nz
zNz ] , (2.25)

f0(z) =

Nz−1∑
n=0

b0nz
n , (2.26)

where mB∗ is the mass of the B∗ resonance. Here, b
0/+
n are the coefficients of the

expansion which are free parameters and they obey the unitarity constraint

Σ(b0/+, Nz) ≡
Nz∑

m,n=0

Bmn b
0/+
m b0/+n ≤ 1 , (2.27)

where the element Bmn satisfies Bmn = Bnm = B0|m−n|, the details for which can be

seen from [127, 129]. This expansion obeys the known asymptotic behaviour near the Bπ

threshold: Im(f+(q
2)) ∼ (q2 − t+)

3/2. Therefore, at q2 = t+ (z = −1), the derivative of

the form factor must satisfy
df+
dz

∣∣
z=−1

= 0. (2.28)

This constraint is used to remove an independent degree of freedom from the series ex-

pansion in z. For the scalar form factor f0 or it’s derivative there are no such constraints

available at any value of z, so a further degree of freedom can’t be removed in the series

expansion of f0(z). In refs. [130, 131], the functional form of f0 does not include the

pole factor 1
1−q2/m2

B∗
as used in the BSZ parametrization, according to the argument that
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the scalar B∗ meson whose mass is expected to be above the Bπ threshold has not been

observed experimentally yet.

2.1.2.3 BGL parametrization

In the BGL method of parametrization, the form factors (f+, f0, g, f, F1, F2) can be ex-

pressed as an expansion in z as [128]

Fi(z) =
1

Pi(z)ϕi(z)

N∑
j=0

aijz
j , (2.29)

where z is related to the recoil variable w (w = vB.vF with vB and vF being the four-

velocities of B meson and the final state meson) as

z =

√
w + 1−

√
2

√
w + 1 +

√
2
. (2.30)

w is related to the momentum transferred (q2) as q2 = m2
B +m2

F − 2mBmFw. The

functions Pi(z), called the Blaschke factors, are given by

Pi(z) =
∏
p

z − zp
1− zzp

, (2.31)

which are used to eliminate the poles at z = zp where,

zp =

√
(mB +mF )2 −m2

P −
√
4mBmF√

(mB +mF )2 −m2
P +

√
4mBmF

. (2.32)

Here mP denotes the pole masses, details are given in [6]. We provide the pole masses

used in B → D(∗) and Bs → D
(∗)
s channels in this thesis in tables 2.2 and 2.3 respectively.

Form factor involved B
(∗)
c pole masses (GeV)

f+ and g 6.32847, 6.91947, 7.030
f and F1 6.73847, 6.750, 7.145, 7.150

F2 6.27447, 6.8712, 7.250
f0 6.70347, 7.122

Table 2.2: Pole masses used in the B → D(∗) modes.

The outer functions ϕi(z) are chosen to be [132]
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Form factor involved B
(∗)
c pole masses (GeV)

f+ 6.32847, 6.91947, 7.030, 7.280
g 6.32847, 6.91947, 7.030, 7.280, 7.365

f and F1 6.73847, 6.750, 7.145, 7.150
F2 6.27447, 6.8712, 7.250
f0 6.70347, 7.122

Table 2.3: Pole masses used in the Bs → D
(∗)
s modes.

ϕf+ =
8r2

mB

√
8nI

3πχ̃T
1−(0)

(1 + z)2(1− z)1/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

5 ,

ϕf0 = r(1− r2)

√
8nI

πχ̃L
0+
(0)

(1− z2)(1− z)1/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

4 (2.33)

for pseudoscalar mesons in the final state and

ϕf =
4r

m2
B

√
nI

6πχT
1+
(0)

(1 + z)(1− z)3/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

4 ,

ϕg = 16r2
√

nI

3πχ̃T
1−(0)

(1 + z)2(1− z)−1/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

4 ,

ϕF1 =
4r

m3
B

√
nI

6πχT
1+
(0)

(1 + z)(1− z)5/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

5 ,

ϕF2 = 8
√
2r2
√

nI

πχ̃L
1+
(0)

(1 + z)2(1− z)−1/2

[(1 + r)(1− z) + 2
√
r(1 + z)]

4 (2.34)

for vector mesons in the final state.

Constants Values

GF 1.166 × 10−5 GeV−2

χT
1− (0) (for g and f+) 5.131 × 10−4 GeV−2

χT
1+ (0) (for f and F1) 3.894 × 10−4 GeV−2

χL
0− (0) (for F2) 1.9421 × 10−2 GeV−2

χL
0+ (0) (for f0) 6.204 × 10−3 GeV−2

Table 2.4: Various inputs relevant to this thesis [6].

Here, r = mF /mB and the other inputs can be found in [6]. The values of the constants

are provided in table 2.4. These coefficients satisfy the following weak unitarity constraints
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:

N∑
j=0

(a
f+
j )2 < 1,

N∑
j=0

(af0j )2 < 1,

N∑
j=0

(agj )
2 < 1,

N∑
j=0

(afj )
2 + (aF1

j )2 < 1,

N∑
j=0

(aF2
j )2 < 1.

(2.35)

Furthermore, the kinematical constraints on the form factors, at zero and maximum recoil

are given as

F1(1) = mB(1− r)f(1), (2.36)

F2(wmax) =
1 + r

m2
B(1 + wmax)(1− r)r

F1(wmax). (2.37)

2.2 Statistical tools

The developments in theoretical physics must go parallel with active experimentation

which is very crucial for validation of the existing hypotheses or building up of new hy-

potheses in compliance with the observed data. Over the last few years, there has been

a significant progress in high energy physics from both the theoretical and experimental

fronts in terms of the precision achieved in the theoretical predictions and the experi-

mental measurements. As discussed in sections 1.3 and 1.4, there are several low energy

observables which can be measured with very good accuracy in different experiments. The

interesting observables are those for which the SM predictions deviate significantly from

their respective measured values, providing hints for some BSM physics. Thus, with the

plenty of data in various decay channels available in the past few years and in the coming

years, the need for statistical methods remains for extracting meaningful information from

the experimental data and verifying the agreement with the model predictions. Statistics

offers a way to interprate the observations, typical tasks include:

• Simulating a physical process - modelling

• Measuring the value and uncertainty of a parameter — point and interval estimation.

• Comparing one hypothesis against another — hypothesis testing.

• Comparing one hypothesis against all others — Goodness of fit.

There has been advancement in High Energy Physics through the interplay of top-down

(theory-guided) and bottom-up (data-driven) approaches. Since the 80’s, the SM has

been a roadmap that led to the discovery of the W and Z bosons, the top quark, and

the Higgs boson (top-down approach), but the experimental observations which the SM

fails to explain necessitates the formulation of competent theories beyond the SM through

the data-driven approach. In the following sub-sections, we discuss the important ideas

of the statistical methods incorporated in this thesis related to parameter estimation and

selection of competent hypotheses compatible with the observed data.
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2.2.1 χ2 Analysis and goodness-of-fit test

In high energy physics, Reduced χ2 analysis is one of the most popular methods for

point and error estimation. Parameters of the theory are obtained by performing a test of

significance (goodness of fit) by defining a χ2 statistic which is a function of the parameters.

For a set of N independent measurements yi at known points xi, we assume that

the measurement yi is Gaussian with mean µ(xi; θ) and variance σ2i . The log-likelihood

function contains the sum of the squares

χ2(θ) = −2lnL(θ) + constant =
N∑
i

(yi − µ(xi; θ))
2

σ2i
(2.38)

The values of the parameters maximizing the likelihood are the same as those which

minimize χ2.

If the yis are not independent but have a covariance matrix Vij = cov[yi, yj ], then χ
2

is defined as

χ2(θ) = (y − µ(θ))TV −1(y − µ(θ)) (2.39)

where y = (y1, ..., yN ) is the (column) vector of measurements, µ(θ) is the corresponding

vector of predicted values.

The objective of χ2 analysis is to minimize the χ2 statistic or maximize the chances of

agreement between the data and the fitted function. Thus, the minimum value of χ2 can

be used for assessing the goodness-of-fit. p-value is a quantity which quantifies how much

the data agrees with a given hypothesis, defined as:

p =

∫ ∞

χ2
min

f(z;nd)dz (2.40)

assuming that the test-statistic follows a χ2 probability distribution function (p.d.f.)

f(z;nd) and nd is the number of degrees of freedom. The mean of the χ2 distribution

equals nd in general, and thus, the quantity χ2/nd defined as reduced χ2 seems to offer a

simple insight in the following ways:

• If χ2
red > 1 for any case, it is treated as a “poor” fit.

• The comparison between competing hypotheses considering a particular set of data

is carried out by analyzing the χ2
red values corresponding to each hypothesis. The

one with the χ2
red value closest to 1 is the best hypothesis.

Keeping aside the simplicity of this technique, there are some serious pitfalls, the

major one being the fact that the value of χ2 obtained is uncertain and subject to the

noise present in the data. This uncertainty should also be reflected in the value of χ2
red, but

is generally neglected. Thus, the method of χ2
red isn’t reliable to assess the convergence or
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compare various hypotheses and this calls for alternative methods. In order to assess the

goodness-of-fit of some model to a given dataset, one should first inspect the distribution of

residuals. The true model with parameter values and a-priori known measurement errors

σi has the normalized residuals [133]

Ri =
(yi − µ(xi; θ))

σi
(2.41)

distributed according to a Gaussian with mean µ = 0 and variance σ2 = 1. For any model,

if the normalized residuals are plotted in a histogram and the histogram shows statistically

significant deviation from the Gaussian, the model is ruled out. If on the other hand,

the difference between the histogram and Gaussian isn’t significant, that would signify

that either the model is the true model or the number of datapoints aren’t sufficient to

discover the deviation. One of the methods to quantify comparison of the residuals to the

Gaussian is Kolmogorov-Smirnov (KS) test where the empirical cumulative distribution

function (CDF) of a sample is compared to a theoretical CDF by quantifying the distance

between the distributions. Under the assumption that the sample is drawn from the given

distribution, this distance (KS-statistic) has a known probability distribution. The KS-

statistic for the particular sample is then compared to its known probability distribution.

Another method to compare the residual distribution to the Gaussian is Shapiro-Wilks

(SW) test [134] which is the first test which detected departures from normality using

skewness and/or kurtosis. Other popular methods are ‘Anderson-Darling’, ‘Cramer-von

Mises’, ‘Jarque-Bera’ etc. In all such tests, the validity of a hypothesis depends on whether

the probability of the goodness of fit test is above or below the significance of 5 %. Among

all the fitted models, the ones with the p-value of the residual distribution above 5 % are

considered as the plausible explanation of the data; the rest are ruled out.

2.2.2 Model selection

As discussed in the previous section, one of the major goals of statistical analysis is to

select the best model out of all the competing hypotheses for a given dataset and this calls

for the role of ’model selection’. Model selection needs to take both goodness of the fit

and the complexity of the competing models into account. According to the concept of

parsimony [135], a model representing the truth is obtained with the minimum possible

number of parameters for efficiently representing the data. If we try to fit the dataset

with a model with fewer parameters, the model doesn’t fit to the given dataset well and

there is the problem of underfitting and high bias. On the other hand, a model with a

large number of parameters can fit the observed data very well, but it suffers from the

possibility of just fitting the noise leading to overfitting and has poor predictive power

for a newer datapoint. Thus, such models have large variance as the model performance

greatly varies between the training and test datasets. The important problem, therefore,
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2.2 Statistical tools

is to optimize the number of parameters required to explain a certain observation. The

best model is the one with the number of parameters just right to have minimum bias and

minimum variance known as the bias-variance trade-off. Several methods are available

in the literature capable of achieving this, we discuss a few of them in the following

subsections.

2.2.2.1 ∆χ2

When the competing models are nested i.e. one is a subset or extension of the other, ∆χ2

test is useful for comparing the models. According to Wilk’s theorem [136], when the

model with fewer free parameters is true and certain conditions are satisfied, the quantity

∆χ2 corresponding to the difference of χ2 between the two models should follow a χ2

distribution with the number of degrees of freedom equal to the difference in the number

of free parameters in the two models. Thus, one can compute the p-value and decide

whether a model be accepted or rejected in favor of the other.

2.2.2.2 Akaike’s Information Criteria

This method is based on the empirical log-likelihood function at its maximum point.

‘Akaike’s information criterion’ (AIC) is defined as [137]:

AIC = χ2
min + 2K (2.42)

where K is the number of estimable parameters and χ2
min is the χ2 value for the fitted

model. The model with the minimum AIC value is considered to be “closest” to the

unknown reality. AIC may perform poorly if the number of parameters is comparable to

the size of the sample. To account for the small sample-size, Sugiura derived a second-order

variant of AIC.

The small sample-corrected Akaike’s Information Criterion (AICc) is defined as [138,

139]

AICc = χ2
min + 2K +

2K(K + 1)

n−K − 1
, (2.43)

where n is the sample-size. In the literature, AICc is preferably used when n/K < 40.

AICc is the likelihood penalized by the degrees of freedom. Thus, AICc accounts for

uncertainty in the data (-2Log(L)) and makes the assumption that more parameters lead

to higher risk of over-fitting (2K). The candidate models are ranked in increasing orders

of ∆AICci = AICci - AICcmin. The best model depicting the truth has minimum AICci

and thus ∆AICci = 0, stating that as the model complexity increases, the chances for it

getting selected in the model selection procedure decreases. In table 2.5, we provide the

level of support for a model corresponding to the value of ∆AICc.
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∆AICci Level of Empirical Support for Model i

0 - 2 Substantial
4 - 7 Considerably Less
> 10 Essentially None

Table 2.5: The values of ∆AICci for analysis of various models.

2.2.2.3 Cross-validation

For model selection, ‘cross-validation’ (CV) is the most generally applicable, powerful and

computationally expensive method [133]. The most straightforward and expensive version

of cross-validation is “leave-one-out cross-validation” (LOOCV). It simultaneously tests

the predictive power of the model as well as minimizes the bias and variance together.

In LOOCV, one of the data points isn’t considered and the remaining sample, called

the training set is optimized for a particular model. Then that result is used to find

the predicted squared error (SE) for the left out data point, which is defined for the ith

observable as given below

SE =
(Oexp

i −Otheory
i )2√

(σ2exp + σ2theory)
, (2.44)

where σexp and σtheory are the experimental and theory errors of the ith observable. This

process is repeated for all data points and a mean-squared-error (MSE) is obtained using

all those residuals. This process is repeated for all models. The models with the least

MSE are the best ones.

2.2.3 Bayesian data analysis

The Bayesian approach has the important characteristic of explicitely using the probabil-

ity for quantifying uncertainty. Considering n measurements of a random variable x, dis-

tributed according to some p.d.f f(x; θ), the likelihood function for the data x = (x1, ...xn)

for a given value of the parameter θ can be written as

L(θ|x) = P (x|θ) = fjoint(x|θ) =
n∏

i=1

f(xi; θ) (2.45)

The interesting quantity to know is the conditional p.d.f. for θ given the data P (θ|x,H)

which is obtained from the Bayes’ theorem:

P (θ|x,H) =
P (x|θ,H)P (θ|H)∫
P (x|θ′, H)P (θ′|H)dθ′

(2.46)

Here H represents the overall hypothesis space, P (θ|H) is the prior probability density

for the parameter θ, signifying the information sbout θ before considering data. P (θ|x,H)

is known as the posterior probability density for the parameter θ in the presence of data.
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In Bayesian statistics, both the observables and the parameters are treated as random

variables. Thus, from the knowledge of the probability distribution function of the data

P (x|θ,H) and prior probabilities for the parameters, we can determine the probability for

the parameter to attain a specific value and can directly determine the parameter spaces

in the presence of observations. Generally, priors are considered to be uniform(flat) : the

posterior density function is proportional to the likelihood function and the parameter

value that maximizes the posterior density is the same as that which maximizes the like-

lihood (in one dimension). Given the observations x0 and assuming L(θ) = P (x0|θ), the
value θ̂ that maximizes Likelihood offers an estimate of the true value of the parameter,

whereas the uncertainty is obtained from the square root of the estimator’s variance.
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Chapter 3

New physics in b → sℓℓ decays with

complex Wilson coefficients

3.1 Introduction

In this chapter1, we have analysed the new physics effects in the exclusive Flavor Changing

Neutral Current b → sℓℓ transitions in a model-independent effective theory approach

with dimension-six operators with the objective of providing a plausible explanation to

the perceived anomalous results in flavor physics, as discussed in section 1.5. The effective

Hamiltonian and the operator basis for the b→ sµ+µ− transitions are discussed in section

2.1.1.2. The analysis has been performed with the most recent data obtained from various

experimental collaborations while comparing the outcome with that from the relatively

old dataset. As a first step, we check whether each of the single-operator scenarios can

independently explain the present data and find that the operator O9 =
e2

g2
(s̄γµPLb)(µ̄γ

µµ)

is the only one-operator scenario for not only real but also complex Wilson coefficient

that can accommodate the present data. It is thus tempting to look for other possible

combinations of these operators with the potential to explain the present data, which is

achieved through the procedure of model selection, as discussed in section 2.2.2.

In section 3.2, we first discuss the theory related to the FCNC transition considered

in this chapter, in section 3.3, we mention about the experimental inputs used in this

analysis. In section 3.4, we provide details of the analysis method considering initially the

one-operator scenarios and subsequently employ state-of-the-art model selection tools to

pick out the best possible combinations of the operators capable of explaining the data.

Finally, in section 3.5, we summarize the main results obtained in this chapter.

1The main results and other contents of this chapter have been published in [140].
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3.2 Theory

As seen in section 2.1.1.2, for a proper organization of the perturbative expansion of the

WCs, a normalization factor 16π2/g2 has been introduced in front of the operators Õ(′)
i

(i = 7, .., 10) [118]. The new WCs are treated as free parameters and fitted directly from

data. Therefore, the discussion on this choices of a proper normalization is more relevant

in the context of the SM operators and the corresponding WCs, in particular, in their

renormalization group evolution equation. For these operators and the corresponding

WCs, it is possible to change the normalization to another commonly used basis [7, 141]:

O(′)
i =

g2

16π2
Õi

(′)
and C

(′)
i =

16π2

g2
C̃i

(′)
. (3.1)

In this chapter, we have considered the NP effects in the following set of operators:

O′
7 =

e

16π2
mb(s̄σµνPLb)F

µν , O9 =
e2

16π2
(s̄γµPLb)(µ̄γ

µµ), O′
9 =

e2

16π2
(s̄γµPRb)(µ̄γ

µµ),

O10 =
e2

16π2
(s̄γµPLb)(µ̄γ

µγ5µ), O′
10 =

e2

16π2
(s̄γµPRb)(µ̄γ

µγ5µ), OS =
e2

16π2
mb(s̄PRb)(µ̄µ),

O′
S =

e2

16π2
mb(s̄PLb)(µ̄µ), OP =

e2

16π2
mb(s̄PRb)(µ̄γ5µ), O′

P =
e2

16π2
mb(s̄PLb)(µ̄γ5µ) .

(3.2)

The relevant WCs are the following: C ′
7, ∆C9, C

′
9, ∆C10, C

′
10, C

(′)
S , and C

(′)
P .

The NP contributions to operators O9,10 are given by ∆C9,10. We have not explored

the possibility of new physics effects in O7 which is tightly constrained from the available

data on inclusive and exclusive radiative decays. However, we have considered new physics

effects in the chirality flipped operator O′
7, the real part of the corresponding WC C ′

7 is

also tightly constrained from the data. Section 2.1.1.2 contains an elaborate discussion on

the theoretical framework relevant to the FCNC transitions and section 1.4 describes the

various observables that can be extracted from the decay distributions corresponding to

pseudoscalar or vector meson in the final state.

3.3 Experimental Inputs

In this section, we categorically present the experimental inputs in our analysis. Our main

analysis is based on the following data sets:

• Likelihood dataset 2020:

(1) Measured values of the angular observables in B0 → K∗0µ+µ− decays in dif-

ferent bins, gathered from ref. [98] (LHCb).
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(2) For B(0,+) → K(0,+)µ+µ− decays, we consider: (i) The LHCb and Belle mea-

surements on the (differential) branching fractions in different bins which are

taken from [142] and [143], respectively. (ii) Isospin asymmetries measured by

Belle [143] and LHCb [142]. (iii) Binned data on the angular observables for

B+ → K+µ+µ− (AFB and FH) obtained from CMS (ref. [104]). (iv) The in-

puts on RK have been taken from refs. [96] (LHCb) and [143] (Belle) where the

Belle results for different bins are also included.

(3) For B → K∗µ+µ− decays, we include: (i) Binned data on the differential

branching fraction from LHCb for B0 → K∗0µ+µ− and B+ → K∗+µ+µ−

decays, taken from ref. [103] and [142], respectively. (ii) The measured values

of the angular observables in B0 → K∗0µ+µ− decays in different bins gathered

from [144] (ATLAS). (iii) The measured values of P ′
4 and P

′
5 for B

0 → K∗0µ+µ−

by Belle in ref. [145]. (iv) Isospin-asymmetry measurements corresponding to

B → K∗µ+µ− from LHCb (ref. [142]). Furthermore, the measured values of

RK∗(+,0) in different bins are taken from refs. [97] and [106], respectively.

(4) Binned data on the differential branching fractions and angular observables

(CP-averaged and asymmetric) for Bs → ϕµ+µ− (LHCb) from ref. [105]. Other

inputs are: (i) BR(B → Xsγ)Eγ>1.6GeV [146], (ii) BR(B+/0 → K∗γ) [147],(iii)

BR(Bs → ϕγ) [148], (iv) Br(Bs → µµ) [149].

For the purpose of comparison we perform our analysis over two other datasets apart from

the set mentioned above, which we call the (i) Moment 2016 dataset, (ii) Likelihood 2016

dataset, which are as given below

• Moments dataset 2016: Values for the angular observables measured by the

“Method of moments” in B0 → K∗0µ+µ− decays in different bins, gathered from

refs. [95] (LHCb).

• Likelihood dataset 2016: Values for the angular observables following “Unbinned

Maximum likelihood” method in B0 → K∗0µ+µ− decays in different bins, gathered

from refs. [95] (LHCb).

The only difference between the datasets mentioned above is subject to the angular

observables in the B0 → K∗0µ+µ− sector due to LHCb. The inputs discussed in items

(2), (3) and (4) of our primary dataset (Likelihood dataset 2020) are included in the

Moments dataset 2016 and Likelihood dataset 2016 as well. Apart from the datasets

discussed above, we have also carried out an analysis without considering the inputs on

CP-asymmetric observables in Bs → ϕµµ channel.

In addition to other inputs (e.g. CKM matrix elements) [150], we have included the

lattice input fBs = 0.2284±0.0037 GeV [151] in all the fits. In [98], LHCb did not update

the measurement on CP-asymmetric observables in B0 → K∗0µ+µ− decays. Therefore,
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Observables LHCb 2016 [95] LHCb 2020 [98] pull wrt LHCb 2016 pull wrt LHCb 2020

A
[0.1,0.98]
FB −0.003 ± 0.058 −0.004 ± 0.04 1.43 2.03

S
[1.1,2.5]
3 −0.077 ± 0.096 −0.107 ± 0.052 −0.82 −2.08

S
[1.1,2.5]
7 −0.219 ± 0.099 −0.107 ± 0.063 −2.31 −1.86

S
[1.1,2.5]
8 −0.098 ± 0.116 −0.174 ± 0.075 −0.9 −2.4

S
[1.1,2.5]
9 −0.119 ± 0.096 −0.112 ± 0.054 −1.25 −2.07

P
[1.1,2.5]
1 −0.451 ± 0.579 −0.617 ± 0.297 −0.8 −2.12

P
[1.1,2.5]
3 0.350 ± 0.292 0.324 ± 0.148 1.2 2.2

P
′ [1.1,2.5]
6 −0.463 ± 0.212 −0.226 ± 0.128 −2.29 −1.94

P
′ [1.1,2.5]
8 −0.208 ± 0.248 −0.366 ± 0.158 −0.89 −2.4

S
[4,6]
5 −0.146 ± 0.078 −0.204 ± 0.053 2.41 2.43

S
[4,6]
7 −0.016 ± 0.081 −0.136 ± 0.053 −0.26 −2.66

P
[4,6]
2 0.042 ± 0.088 0.105 ± 0.069 −2.65 −2.48

P
′ [4,6]
5 −0.300 ± 0.160 −0.439 ± 0.117 2.96 2.85

P
′ [4,6]
6 −0.032 ± 0.167 −0.293 ± 0.117 −0.26 −2.6

S
[1.1,6]
7 −0.077 ± 0.050 −0.09 ± 0.034 −1.69 −2.86

P
′ [1.1,6]
6 −0.166 ± 0.11 −0.197 ± 0.076 −1.66 −2.83

Table 3.1: List of a few observables with pulls > 2 from the ‘Likelihood dataset 2020’ and
‘Likelihood dataset 2016’. The superscripts on the observables indicate the q2 range in GeV2. The
corresponding SM predictions can be seen from [7].

List of few more observables with pull > 2 which are common to all the datasets

Observables Measured values Respective pulls

BR(B0 → K0µ+µ−)[1,6] Belle [143] (3.1± 1.9)× 10−8 −3.9

AI(B → Kµ+µ−)[1,6] Belle [143] −0.52± 0.19 −2.8

P
′

4(B
0 → K∗0µ+µ−)

[4,6]
ATLAS [144] 0.64± 0.38 2.97

S4(B
0 → K∗0µ+µ−)[4,6] ATLAS [144] 0.32± 0.18 2.87

FH(B+ → K+µ+µ−)[2,4.3] CMS [104] 0.85± 0.35 2.34

Table 3.2: The data with pulls > 2 which are common to all the datasets. The superscripts on
the observables indicate the q2 range in GeV2.

to check whether they provide tighter constraints on the complex WCs, we incorporate

those measurements [95] in a different fit along with the dataset defined as Likelihood

dataset 2020. We consider the bins for q2 ≤ 6 GeV2 to avoid any contamination from

the charm resonances.

3.4 Analysis and Results

3.4.1 One-operator scenarios

With a total of 224 observables in the ‘Likelihood dataset 2020’, we perform a frequentist

statistical analysis optimizing a χ2 statistic which is a function of the relevant WCs (real
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Chapter 3. New physics in b→ sℓℓ decays with complex Wilson coefficients

as well as complex) in the one-operator scenarios. Separate covariance matrices are con-

structed for statistical (systematic) uncertainties wherever necessary. In the post-process

for each fit, we obtain the corresponding fit-quality using p-value. For the analysis with

all data, we obtain a very poor quality fit for all the one operator scenarios with the re-

spective p-values << 1% which implies that there must be some data points that are in

tension with the others. We find that O9 is the only one operator scenario in both the

analyses with complex as well as real WCs having a relatively better p-value, though it is

< 1%, whereas in all other one operator scenarios, the fit quality is very poor, with the

respective p-values ≈ 0.

To look for a possibility of improvement in the statistical significance of the fits, we

have computed the pulls of the SM estimates w.r.t the corresponding measured values for

all the observables. The pull corresponding to the ith observable Oi is defined as:

pulli =
Oexp

i −OSM
i

∆Oi
(3.3)

where ∆Oi corresponds to the uncertainty of the measurements, including theoretical

uncertainties. From our analysis, we find a few angular observables (listed in table 3.1)

for the likelihood dataset 2020 whose measured values have pulls greater than 2 w.r.t the

corresponding SM estimates. The table also shows the pulls corresponding to the likelihood

dataset 2016 for the same observables comparing which we find that the current measured

values of a few observables have larger pulls than the corresponding measured values from

the 2016 dataset. The observables measured by other experimental collaborations like

ATLAS, CMS ad Belle having pull > 2 have been listed in table 3.2.

Besides this, using results of the fit to all data, we compare the fitted values (in an NP

scenario ) of each observable to their measured values by defining the pull, which for the

ith observable is given by

pullNP
i =

Oexp
i −Oi(C

NP
k )

∆Oi
. (3.4)

Here, Oi(C
NP
k ) is the predicted value of the ith observable in a new physics scenario with

the best fit value of CNP
k . A few observations from the pull analyses of eq. 3.4 is as

follows:

(1) Apart from O9, in all the other one-operator NP scenarios, the data points listed in

tables 3.1 and 3.2 with a pull > 2 are also selected with a pullNP > 2.

(2) Only for the one-operator scenario O9, the three data points: P
′ [4,6]
5 (LHCb), S

[4,6]
5

(LHCb), and P
[4,6]
2 (LHCb) have pullNP < 2.

(3) Apart from the data points given in table 3.1 and 3.2, the LFUV data points

R
[0.045,1.1]
K∗0 (LHCb), R

[1.1,6]
K∗0 (LHCb), and R

[1.1,6]
K (LHCb) also have pull > 2 com-

pared to their SM estimates. However, in different NP scenarios, the estimates
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Observables in List-1 with the respective pulls in the one-operator scenario O9

BR(B0 → K0µ+µ−)[1,6] (Belle) → -2.92 S
[4,6]
7 (LHCb) → - 2.56

P
′

4(B
0 → K∗0µ+µ−)

[4,6]
(ATLAS) → 2.90 P

′ [4,6]
6 (LHCb) → - 2.50

S4(B
0 → K∗0µ+µ−)[4,6] (ATLAS) → 2.86 BR(B+ → K+µ+µ−)[1,6] (Belle)→ 2.39

AI(B → Kµ+µ−)[1,6] (Belle) → -2.81 dB
dq2 (B

+ → K+µ+µ−)[0.1,0.98] (LHCb)→ 2.18

S
[1.1,6]
7 (LHCb) → - 2.64 S5(B

0 → K∗0µ+µ−)[4,6] (ATLAS)→ 2.10

P
′ [1.1,6]
6 (LHCb) → - 2.61 P

′

5(B
0 → K∗0µ+µ−)[4,6] (ATLAS) → 2.02

Table 3.3: The respective values of pullNP obtained using eq. 3.4 for the observables in List-1
for the one-operator scenario O9 with complex WC. For the scenario with real WC also, these
observables have pullNP > 2. The superscripts on the observables indicate the q2 range in GeV2.

of pullNP for R
[1.1,6]
K∗0 (LHCb) and R

[1.1,6]
K (LHCb) are < 2, though, pullNP > 2

for R
[0.045,1.1]
K∗0 (LHCb) in various NP scenarios including O9. We have included all

these important LFUV observables in our fits. We will use the notation RLow
K∗ and

RCentral
K∗ from now on to represent RK∗ corresponding to q2 ∈ [0.045, 1.1]GeV2 and

[1.1, 6]GeV2, respectively.

(4) In all the NP scenarios, a few additional data points are selected with a pullNP >∼2.

The data points which are common among all of them are the following: P
′
5(B

0 →
K∗0µ+µ−)[4,6] (ATLAS), S5(B

0 → K∗0µ+µ−)[4,6] (ATLAS), dB
dq2

(B+ → K+µ+µ−)[0.1,0.98]

(LHCb) and BR(B+ → K+µ+µ−)[1,6] (Belle).

(5) The data points mentioned in item 4 above (which are common to all other datasets)

are picked up with a pullNP > 2 in the analyses with the Moments 2016 and Likeli-

hood 2016 datasets as well.

Following the above discussion and with the primary intention to get a fit with allowed

p-values, we prepare a list of data as given below which we will drop while fitting,

• List-1: This list is prepared from the Likelihood dataset 2020. It contains the

observables listed in tables 3.1 and 3.2 for the same dataset with a pull > 2.5. As

discussed above, the optimised observable P
′ [4,6]
5 has not been included in this list.

It also includes P
′
5(B

0 → K∗0µ+µ−)[4,6] (ATLAS), S5(B
0 → K∗0µ+µ−)[4,6] (AT-

LAS), dB
dq2

(B+ → K+µ+µ−)[0.1,0.98] (LHCb) and BR(B+ → K+µ+µ−)[1,6] (Belle).

Including all these, the list contains 12 data points for which the respective values of

pullNP are given for the one-operator scenario O9 with complex WCs in table 3.3.

We repeat the fits with one operator after dropping these 12-data points from our

complete list. We have noticed a considerable improvement in the overall fit quality for all

the one-operator scenarios, though still very poor in comparison to O9. For O9 considering

both real and complex W.Cs, we have presented the corresponding results in table 3.4.

We have repeated the fit with the new ‘Likelihood 2020 datasets’ in two more subsets:
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(i) without considering the inputs from the CP-asymmetric observables in Bs → ϕµµ, (ii)

including the inputs from the CP-asymmetric observables in B → K∗µµ from ‘Likelihood

2016 datasets’. For comparison, the results for these different datasets corresponding to

the one-operator scenario O9 are presented in the same table 3.4. The allowed confidence

intervals for Re(∆C9) are consistent with each other for all the three different fits, and

large imaginary contributions are allowed by the present data even after dropping the

CP-asymmetric observables in Bs → ϕµµ and B → K∗µµ from the fit. We have given

the values of the respective χ2
SM and mentioned the corresponding p-values (in SM) for

all the three different scenarios. For all these cases, following ref. [152] we have calculated

PullSM which is defined as

PullSM =
√
2Erf−1[F (∆χ2

SM;ndof)], with ∆χ2
SM = χ2

SM − (χ2
min)NP . (3.5)

Here, F is the χ2 cumulative distribution function and ndof is the associated number of

degrees of freedom. We compare the respective NP scenarios against the SM by defining

PullSM. A large value of this quantity indicates a large deviation from the SM.

Fit scenario: Likelihood dataset 2020

(χ2
SM = 288.9, p-value (%) in SM = 0.035)

χ2
Min/DOF p-value (%) PullSM confidence intervals

206.5/211 57.4 9.1 Re(∆C9) → −1.05± 0.11

202.9/210 62.5 9.0 Re(∆C9) → −1.10± 0.11

Im(∆C9) → 1.27+0.33
−0.43

Fit scenario: Likelihood dataset 2020 without CP-asymmetric observables in Bs → ϕµµ

(χ2
SM = 297.6, p-value (%) in SM = 9× 10−4)

χ2
Min/DOF p-value (%) PullSM confidence intervals

198.2/199 50.2 10 Re(∆C9) → −1.05± 0.11

194.9/198 54.8 9.9 Re(∆C9) → −1.11+0.13
−0.12

Im(∆C9) → −1.36+0.44
−0.34 ∪ [0.84, 1.59]

Fit scenario: Likelihood dataset 2020 + CP-asymmetric observables in B → K∗µµ

from LHCb Likelihood dataset 2016

(χ2
SM = 322.1, p-value (%) in SM = 0.09)

χ2
Min/DOF p-value (%) PullSM confidence intervals

239.8/246 60 9.1 Re(∆C9) → −1.06± 0.11

238.1/245 61.2 8.9 Re(∆C9) → −1.09± 0.11

Im(∆C9) → −1.11+0.62
−0.40

Table 3.4: Fit results for the frequentist analysis in one-operator(O9) scenarios with real and com-
plex WCs after dropping the observables given in List-1. The cases without the CP-asymmetric
observables in Bs → ϕµµ, and including the CP-asymmetric observables in B → K∗µµ are pre-
sented separately. The parameter uncertainties are estimated from profile likelihoods.

The 1-D and 2-D profile likelihoods for the real and imaginary WCs have been depicted

as 1-CL plots in fig. 3.1. The allowed confidence intervals for Re(∆C9) are consistent in
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(a) (b)

(c) (d)

Figure 3.1: One and two-parameter profile-likelihoods corresponding to the single operator sce-
nario O9 with complex WC in different fit scenarios as discussed in table 3.4. (a) and (b) display
the one parameter profile likelihoods for the real and imaginary parts of ∆C9 while fig. (c) displays
the two parameter profile likelihood. The filled, blue contour corresponds to the new “Likelihood
2020 dataset” and the red dashed contour to the same dataset including the CP-asymmetric ob-
servables in B → K∗ from “Likelihood 2016 dataset”, respectively. The black, dot-dashed contour
represents the “Likelihood 2020” data with all the asymmetric observables (due to Bs → ϕµµ
modes) removed. The corresponding legends are shown in figure (d).
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all the three fit scenarios. At 68.3%CL, we note a significant shift in the allowed regions of

Im(∆C9) in the fits with and without the CP-asymmetric observables in B → K∗ modes,

and they are almost mirror images of each other. The fit to the datasets without the CP-

asymmetric observables in B → K∗ modes has a slight preference for positive solutions

for Im(∆C9), whereas the fit to the datasets with all the CP-asymmetric observables in

B → K∗ and Bs → ϕ modes prefers negative solutions for Im(∆C9), though positive

solutions are also allowed. In the fit with all the CP-asymmetric observables dropped,

both positive and negative solutions for Im(∆C9) are allowed and both of them can be

considered favorable. As can be seen from fig. 3.1c, at 68.3%CL we have two disconnected

regions that are almost symmetric w.r.t zero; while at 95%CL we get a zero consistent

solution. In particular, we have checked that the χ2
min for the negative and positive

solutions are 194.93 and 195.03, respectively, signifying the preference for the negative

solution.

These observations can be understood from a study of the dependencies of the CP-

asymmetric and other associated angular observables in B → K∗ and Bs → ϕ decay

modes on Im(∆C9). We have figured out a few CP-asymmetric observables in Bs → ϕµµ

decays, for example, A
[0.1,2]
8 and A

[2,5]
8 for which, at the present level of accuracy, the

current measured values prefer positive values of Im(∆C9). On the other hand, the CP-

asymmetric observables A
[0.1,0.98]
8 , A

[1.1,2.5]
8 , A

[1.1,6]
8 and A

[2.5,4]
8 in B → K∗ modes favor

negative values of Im(∆C9), though positive values are also allowed. The dependence of

these observables on Im(∆C9) for the best fit value of Re(∆C9) are shown in figure 3.2.

The data for the B → K∗ modes being relatively more precise play the dominant role in

choosing the favorable solutions for Im(∆C9) when combined with the CP-asymmetric

observables in Bs → ϕ channel.

In all the three fit scenarios, with and without the CP-asymmetric observables, a

considerable value of Im(∆C9) is allowed and large values of Im(∆C9) are allowed even

when the CP-asymmetric observables in B → K∗ and Bs → ϕ decays are not included

in the fit, though at 95%CL the solutions are consistent with zero. The requirement of a

large Im(∆C9), even in the absence of any CP-asymmetric observables can be understood

by looking at the dependence of some CP-averaged observables on Im(∆C9). In figs. 3.3a,

3.3b, 3.3c and 3.3d, we have shown the variation of FL, AFB, P
′
5 and RK+ in some specific

bins respectively with Im(∆C9) for the allowed values of Re(∆C9) (at 68%CL), as given in

Table 3.4. As is evident from the figures, we require a large non-zero Im(∆C9) to explain

the experimental observations within their 1-σ confidence interval in a few specified q2-

bins. Moreover, the allowed values are symmetric about Im(∆C9) = 0. Though it is too

early to conclude, at the moment it might be hinting towards the possibility of a large

imaginary contribution to ∆C9. However, further assertions and hence solid conclusions

must be subject to more precise data, hopefully in the near future.

As mentioned earlier, we present our results based on the most recent ‘likelihood’
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(a) (b) (c)

(d) (e) (f)

Figure 3.2: Sensitivity of a few CP asymmetric observables in Bs → ϕµµ and B → K∗µµ decays
to the Imaginary part of ∆C9. The grey bands represent the current LHCb bounds.

data (by LHCb). To understand the trend of the data, we carry out a fit using the

old-data (Run-1: Likelihood and moments) on angular observables from LHCb [95] with

complex WCs. The ‘Likelihood datasets 2016’ and ‘Moment datasets 2016’ contain a total

of 259 and 281 data points respectively. For the ‘moment datasets’, including all these

observables, one can fit the one-operator scenario O9 with an allowed p-value. However,

it is difficult to fit the other one-operator scenarios. On the other hand, for ‘Likelihood

datasets 2016’, fit to any NP scenario, including all the observables has a fit-probability

p << 3 %. As discussed earlier, the data points: P
′
5(B

0 → K∗0µ+µ−)[4,6] (ATLAS),

S5(B
0 → K∗0µ+µ−)[4,6] (ATLAS), dB

dq2
(B+ → K+µ+µ−)[0.1,0.98] (LHCb) and BR(B+ →

K+µ+µ−)[1,6] (Belle), and the ones given in table 3.2 are common to all the datasets. To be

consistent with the earlier analyses, we prepare another list consisting of these observables

only:

• List-2: It includes P
′
5(B

0 → K∗0µ+µ−)[4,6] (ATLAS), S5(B
0 → K∗0µ+µ−)[4,6] (AT-

LAS), dB
dq2

(B+ → K+µ+µ−)[0.1,0.98] (LHCb) and BR(B+ → K+µ+µ−)[1,6] (Belle) in

addition to the observables listed in table 3.2 with a pull > 2.5.

For the one-operator scenarios, the comparative results are shown in Table 3.5. We

have dropped the observables given in List-1 for the “Likelihood 2020 datasets” and in

List-2 for the “Likelihood 2016 datasets” and “Moments 2016 datasets”. We find that O9

is the only one operator scenario that can comfortably explain all these data-sets, and a

large value of Im(∆C9) is allowed by the current data. The fit with the “Moment-dataset”

results in appreciable fit probabilities for all the one operator scenarios, as seen from table

3.5. As can be seen from table 3.5, the magnitude of the best fit value of Re(∆C9),
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Dataset χ2/DOF p-val(%) Value χ2/DOF p-val(%) Value

C
′
7 ∆C9

Likelihood 2020 279.5/210 9.4 × 10−2 Re(C
′
7) → -0.039±0.013

Im(C
′
7) → -0.026±0.101

202.89/210 62.5
Re(∆C9) → -1.10±0.11

Im(∆C9) → 1.27±0.37

Likelihood 2016 306.45/249 0.7
Re(C

′
7) → -0.03±0.01

Im(C
′
7) → -0.002±0.025

235.79/249 71.6
Re(∆C9) → -1.21±0.14

Im(∆C9) → -1.25±0.44

Moments 2016 291.85/271 18.4
Re(C

′
7) → -0.031±0.016

Im(C
′
7) → -0.0057±0.0300

241.7/271 89.9
Re(∆C9) → -1.24±0.18

Im(∆C9) → 1.19±0.48

C
′
9 ∆C10

Likelihood 2020 287.9/210 2.9 × 10−2 Re(C
′
9) → -0.077±0.149

Im(C
′
9) → -0.70±0.54

276.17/210 0.15
Re(∆C10) → 0.64±0.18

Im(∆C10) → 1.79±0.29

Likelihood 2016 310.72/249 0.47
Re(C

′
9) → -0.13±0.15

Im(C
′
9) → -0.15±0.71

303.22/249 1.1
Re(∆C10) → 0.39±0.15

Im(∆C10) → 0.45±0.50

Moments 2016 295.4/271 14.8
Re(C

′
9) → -0.060±0.148

Im(C
′
9) → -0.084±0.423

281.7/271 31.5
Re(∆C10) → 0.51±0.14

Im(∆C10) → -0.11±0.68

C
′
10 CS

Likelihood 2020 278.1/210 0.1
Re(C

′
10) → 0.33±0.11

Im(C
′
10) → -0.21±0.81

288.55/210 2.6 × 10−2 Re(CS) → -0.029±0.483

Im(CS) → -0.032±0.440

Likelihood 2016 303.0/249 1.1
Re(C

′
10) → 0.33±0.11

Im(C
′
10) → 0.02±0.28

311.19/249 0.4
Re(CS) → -0.04±0.04

Im(CS) → 0.0017±0.3043

Moments 2016 290.2/271 20.2
Re(C

′
10) → 0.28±0.12

Im(C
′
10) → -0.0030±0.3175

295.4/271 14.8
Re(CS) → -0.027±0.279

Im(CS) → 0.030±0.251

CP C
′
S

Likelihood 2020 288.52/210 2.6 × 10−2 Re(CP ) → -0.0075±0.0135

Im(CP ) → 0.003±0.241
288.51/210 2.6 × 10−2 Re(C

′
S) → -0.044±0.053

Im(C
′
S) → 0.0055±0.3001

Likelihood 2016 311.22/249 0.4
Re(CP ) → -0.0047±0.1564

Im(CP ) → 0.02±0.85
311.22/249 0.4

Re(C
′
S) → -0.04±0.17

Im(C
′
S) → -0.01±0.62

Moments 2016 295.2/271 15
Re(CP ) → 0.26±0.12

Im(CP ) → -0.019±0.847
295.4/271 14.8

Re(C
′
S) → -0.035±0.157

Im(C
′
S) → -0.020±0.263

C
′
P

Likelihood 2020 288.49/210 2.6 × 10−2 Re(C
′
P ) → 0.0078±0.0125

Im(C
′
P ) → -0.002±0.182

Likelihood 2016 311.2/249 0.4
Re(C

′
P ) → 0.007±0.013

Im(C
′
P ) → -0.0027±0.2648

Moments 2016 295.4/271 14.8
Re(C

′
P ) → 0.0061±0.0135

Im(C
′
P ) → 0.0021±0.3384

Table 3.5: Comparitive study of the results obtained from the analysis of different datasets.
The results are presented only for the complex Wilson coefficients (WC). For the ‘Likelihood 2020
datasets’, we have dropped the data points given in List-1, while in the analyses involving the
‘Likelihood 2016 datasets’ and ‘Moments 2016 datasets’, we have dropped the inputs given in
List-2.
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(a) (b) (c)

(d) (e)

Figure 3.3: Sensitivity of a few of CP symmetric observables to the Imaginary part of ∆C9.

corresponding to the new Likelihood (LHCb) dataset reduces by ≈ 10% as compared to

the one obtained from the old Likelihood-dataset.

3.4.2 ∆C9 = −∆C10 scenario

We also carry out the fit for the interesting scenario ∆C9 = −∆C10 which arises in certain

model dependent analyses such as the Leptoquark models. As seen from table 3.6, the

analysis with the ‘Moment datasets’ shows this scenario to be a favorable solution for

the data, which is in agreement with earlier observations ([7, 153]). For the NP scenario

as mentioned above, we have done a comparative study with the different datasets. At

first, we have carried out the fit to this scenario for the “Likelihood 2020 datasets” after

dropping the inputs given in ’List-1’, the p-value for which is ∼ 6%, which is considered

as a marginally significant result. Therefore, to look for a possibility of improvement in

the quality of fit, we have prepared a list with the following observables,

• List-3: It contains all the observable in table 3.2 and the observables from LHCb

likelihood 2020 dataset in table 3.1 with a pull > 2 excluding the following: A
[0.1,0.98]
FB ,

P
′ [4,6]
5 , S

[4,6]
5 , and P

[4,6]
2

2. On top of this, we have dropped few more observables like

P
′
5(B

0 → K∗0µ+µ−)[4,6] (ATLAS), S5(B
0 → K∗0µ+µ−)[4,6] (ATLAS), dB

dq2
(B+ →

K+µ+µ−)[0.1,0.98] (LHCb) and BR(B+ → K+µ+µ−)[1,6] (Belle). Overall, this list

2Note that the only available data on A
[0.1,0.98]
FB is from LHCb; therefore, we keep it in our analysis,

though these measurements have large errors and a pull > 2. Following the earlier discussion, we don’t

drop P
′ [4,6]
5 , S

[4,6]
5 , and P

[4,6]
2 from the analysis.
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contains 19 data points.

The new physics scenario ∆C9 = −∆C10

Fit scenario Data dropped χ2
Min/DOF p-value (%) PullSM Confidence intervals

List-1 243.02/211 6.4 6.8 Re(∆C9) = −Re(∆C10) → −0.55 ± 0.08

Likelihood datasets 2020

χ2
SM = 288.9 242.58/210 6.1 6.5 Re(∆C9) = −Re(∆C10) → −0.59 ± 0.12

pSM = 0.035 % Im(∆C9) = −Im(∆C10) → 0.45 ± 0.49

List-3 209.8/204 37.6 6.8 Re(∆C9) = −Re(∆C10) → −0.54 ± 0.08

χ2
SM = 255.4 209.6/203 36 6.4 Re(∆C9) = −Re(∆C10) → −0.56 ± 0.10

pSM = 0.96 % Im(∆C9) = −Im(∆C10) → 0.27 ± 0.56

Likelihood datasets 2016

List-2 269.15/250 19.3 6.5 Re(∆C9) = −Re(∆C10) → −0.54 ± 0.09

χ2
SM = 311.5 268.84/249 18.5 6.2 Re(∆C9) = −Re(∆C10) → −0.54 ± 0.09

pSM = 0.56 % Im(∆C9) = −Im(∆C10) → −0.16 ± 0.28

Moment datasets 2016

List-2 260.82/272 67.6 5.9 Re(∆C9) = −Re(∆C10) → −0.49 ± 0.09

χ2
SM = 295.6 260.72/271 66.2 5.6 Re(∆C9) = −Re(∆C10) → −0.49 ± 0.09

pSM = 16.6 % Im(∆C9) = −Im(∆C10) → 0.14 ± 0.43

Table 3.6: The case study of new physics scenario ∆C9 = −∆C10 in different fit procedure.

Additional observables in List-3 with the respective pulls in the one-operator scenario O9

S3(B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → - 2.06

S8(B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → - 2.37

S9(B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → - 2.07

P1(B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → - 2.08

P3(B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → 2.20

P
′

8 (B
0 → K∗0µ+µ−)[1.1,2.5] (LHCb) → - 2.36

FH(B+ → K+µ+µ−)[2,4.3] (CMS) → 2.34

Table 3.7: The respective values of pullNP for the additional observables in List-3 for the one-
operator scenario O9 with complex WC. The superscripts on the observables indicate the q2 range
in GeV2.

In table 3.7, the respective pulls for the additional observables in List-3 for the one-

operator scenario O9 is shown. For the scenario ∆C9 = −∆C10 also, these observables

have similar pulls. We repeat the fit for the new physics scenario as mentioned above after

dropping the 19 data points as listed in List-3. The corresponding results are given in

the second row of the table 3.6, which shows improvement in the fit quality in terms of

the respective p-values.

In table 3.8, we have compared the predicted values of the observables from List-3

(or in List-1) in the one operator scenario O9 with the respective measured values from

LHCb and other experiments. The observables P
′
6 , P

′
8 , P1 and P3 are related to S7, S8, S3

and S9, respectively. Therefore, any observed deviations in P
′
6 , P

′
8 , P1 and P3 are related

to those in S7, S8, S3 and S9, respectively. Based on all these and the discussions above,

a few useful remarks about the data points in List-3 or List-1 are as follows:

• We have dropped the two data points BR(B0 → K0µ+µ−)[1,6] and BR(B+ →
K+µ+µ−)[1,6] measured by Belle, which have large errors as compared to LHCb.

As can be seen from table 3.8, the measured values of these branching fractions
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Observables from List-1 or List-3 Other Experiment LHCb NP prediction (O9)

BR(B0 → K0µ+µ−)[1,6] (Belle) (0.31± 0.19)× 10−7 (Belle) (0.92± 0.17)× 10−7 (1.12± 0.21)× 10−7

BR(B+ → K+µ+µ−)[1,6] (Belle) (2.3± 0.4)× 10−7 (Belle) (1.21± 0.07)× 10−7 (1.19± 0.22)× 10−7

AI(B → Kµ+µ−)[1,6] (Belle) −0.52± 0.19 (Belle) N.A. 0.0020± 0.0006

S
[4,6]
4 (ATLAS) 0.32± 0.18 (ATLAS) −0.145± 0.057 −0.21± 0.01

P
′ [4,6]
4 (ATLAS) 0.64± 0.38 (ATLAS) −0.312± 0.116 −0.45± 0.01

P
′ [4,6]
5 (ATLAS) 0.26± 0.39 (ATLAS) −0.439± 0.117 −0.48± 0.05

S
[4,6]
5 (ATLAS) 0.13± 0.20 (ATLAS) −0.204± 0.053 −0.22± 0.03

dB
dq2

(B+ → K+µ+µ−)[0.1,0.98] N.A. (0.33± 0.02)× 10−7 (0.22± 0.05)× 10−7

FH(B+ → K+µ+µ−)[2,4.3] 0.85± 0.35 (CMS) N.A. 0.0225± 0.0005

Table 3.8: The predicted values of the observables listed in List-3 (or in List-1) for the one
operator scenario O9 which are compared with the correspoding measured values by LHCb and a
few other experiments.

by Belle and LHCb are not consistent with each other, at least within their 1-σ

error bars. In the new physics scenario (O9), with the respective parameter spaces

favored by all the analysed data points, the predicted values are in good agreement

with that measured by LHCb while these are in tension with Belle. Also, we have

dropped dB
dq2

(B+ → K+µ+µ−)[0.1,0.98] from LHCb, as can be seen from the table 3.8,

its predicted value is in tension with the measured one, though this data point has

minimal impact on the fit probability (p-value).

• The measured value of AI(B → Kµ+µ−)[1,6] by Belle has large errors and the allowed

NP solution has negligible impact on this observable.

• We have presented our main analyses after dropping the data points P
′[4,6]
4 , P

′[4,6]
5 ,

S
[4,6]
4 and S

[4,6]
5 measured by ATLAS since these data points have large pulls and are

inconsistent with the relatively precise data from LHCb. The allowed NP solution

can easily accommodate these LHCb data points alongside all the other data con-

sidered in the analyses, while the respective ATLAS data largely deviate from the

ones predicted in the allowed NP scenario.

• We have dropped the data points P
′ [1.1,6]
6 , P

′ [4,6]
6 , S

[1.1,6]
7 and S

[4,6]
7 from LHCb. For

the same observables, we include the data points in three other small q2 bins in

the region 0.1 ≤ q2 ≤ 4 GeV 2 . These observables have very low sensitivity to the

variation of ∆C9 [94, 154]. We have observed that it is hard to explain the current

measured values in the above-mentioned bins for the allowed NP solutions.

• CMS has measured FH(B+ → K+µ+µ−)[2,4.3] with an error ≈ 40%. The corre-

sponding prediction in the NP scenario O9, given in table 3.8 is consistent with the

respective SM prediction: (0.0224±0.0004). It is hard to explain the current observa-

tion by CMS in the allowed NP scenario. Similar arguments hold for the observables

P
[1.1,2.5]
1 , P

[1.1,2.5]
3 , P

′ [1.1,2.5]
8 , S

[1.1,2.5]
3 , S

[1.1,2.5]
8 , and S

[1.1,2.5]
9 as these observables are
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Chapter 3. New physics in b→ sℓℓ decays with complex Wilson coefficients

insensitive to ∆C9 [92, 94, 154].

3.4.3 Model selection

As seen above, O9 is the only one-operator scenario that can comfortably explain the

present ‘Likelihood 2020’ dataset. In the future, more precise data might prefer more

complex multi-operator scenarios or models. In this analysis, in order to measure model

performance and select the best model from a set of potential models we use the small-

sample-corrected Akaike’s Information Criterion (AICc), given in eq. 2.43 and the “leave-

one-out cross-validation” (LOOCV) methods discussed in section 2.2.2.3. Although leave-

one-out-cross-validation (LOO-CV) is asymptotically equivalent to AICc, there are differ-

ences between the two. While AICc penalizes the model more with increasing complexity,

Cross-validation (CV) just looks at the test set performance of the model, without any

further assumptions. Thus models with low MSE but not selected by AICc may have more

parameters.

Model ∆AICc MSEX−Val χ2
Min/DOF p-val (%) PullSM Result

585 0. 0.989 189.05/206 79.6 9.0

Re(∆C9) → -1.36±0.24, Im(∆C9) → 2.05±0.36

Re(C′
9

)
→ 0.57±0.23, Im(C′

9

)
→ 0.14±0.25

Re(∆C10) → 0.51±0.22, Im(∆C10) → -0.53±0.46

18 2.015 0.942 199.41/210 68.9 9.2 Re(∆C9) → -1.08±0.099, Re(C′
9

)
→ 0.50±0.18

697 3.506 0.971 188.25/204 77.9 8.7

Re(∆C9) → -1.4±0.24, Im(∆C9) → 1.93±0.49

Re(C′
9

)
→ 0.56±0.23, Im(C′

9

)
→ 0.31±0.5

Re(∆C10) → 0.52±0.22, Im(∆C10) → -0.51±0.41

Re(C′
10

)
→ -0.032±0.177, Im(C′

10

)
→ 0.75±0.82

529 3.791 0.977 197.05/208 69.6 8.9
Re(∆C9) → -1.11±0.11, Im(∆C9) → -0.12±0.46

Re(C′
9

)
→ 0.42±0.23, Im(C′

9

)
→ -1.21±0.41

641 4.946 1.011 189.69/204 75.6 8.6

Re(C′
7

)
→ -0.0075±0.0136, Im(C′

7

)
→ -0.015±0.037

Re(∆C9) → -1.07±0.13, Im(∆C9) → -0.061±0.296

Re(C′
9

)
→ 0.61±0.25, Im(C′

9

)
→ -1.98±0.4

Re(∆C10) → 0.59±0.21, Im(∆C10) → 0.051±1.254

530 5.479 0.993 198.74/208 66.6 8.8
Re(∆C9) → -1.34±0.26, Im(∆C9) → 1.95±0.44

Re(∆C10) → 0.32±0.23, Im(∆C10) → -0.56±0.57

513 5.492 0.98 202.89/210 62.5 9.0 Re(∆C9) → -1.1±0.11, Im(∆C9) → 1.27±0.37

Table 3.9: The selected models pass the criterion of ∆AICc ≤ 6 and MSEX-val < 1.5 for the
Likelihood 2020 dataset after dropping the observables mentioned in List-1. For all the selected
models, we have calculated PullSM, with χ2

SM = 288.9 and p-value of SM = 0.035 %. The parameter
uncertainties are obtained from hessian matrix.

As seen from eq. 3.2, there are 9 operators. Considering all the Wilson Coefficients to

be real, there are
∑

k=1,9(9!/k!(9 − k)!) = 511 possible combinations. If we consider the

WCs to be complex in general, disregarding the combinations with a mixture of real and

complex WCs, there are exactly those many cases where the WCs are complex. In total,

there are 1022 possible combinations where the WCs are either all real or all complex.

Among several competing models, we select the best ones that explain the data by using

the conservative limit of ∆AICc ≤ 6 and with a low value of MSEX-val < 1.5. The idea is

to check that the selected scenarios in AICc should not have a very high MSE score. Out of
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these 1022 possible combinations, only a few are selected by these criteria and are listed in

table 3.9. We rank the selected models according to the value of ∆AICc. We find that O9

with complex WC, though not the best model, is the only one-operator scenario passing

all the selection criteria. Some two, three and four-operator scenarios are selected, and all

of these contain O9 (with real or complex WC) as one of the operators. The best model is

a three-operator scenario: [O9, O
′
9, O10] with complex WCs. As expected, the real parts

of the WCs are large and also a large non-zero contribution to Im(∆C9) is required in

all the selected cases. Note that we have obtained the above results in the absence of the

CP-asymmetric observables from B → K∗ decays.

Model ∆AICc MSEX−val χ2
Min/DOF p-val (%) PullSM Values

18 0. 0.948 232.7/245 70.4 9.2 Re(∆C9) → -1.079±0.099, Re(C′
9

)
→ 0.50±0.18

585 1.466 0.981 225.87/241 75.0 8.8

Re(∆C9) → -1.13±0.11, Im(∆C9) → -0.0073±0.2829

Re(C′
9

)
→ 0.61±0.23, Im(C′

9

)
→ 1.77±0.39

Re(∆C10) → 0.46±0.21, Im(∆C10) → 0.23±0.32

529 2.310 0.977 230.9/243 70.1 8.9
Re(∆C9) → -1.12±0.11, Im(∆C9) → 0.0094±0.4714

Re(C′
9

)
→ 0.46±0.22, Im(C′

9

)
→ 1.03±0.45

697 4.598 0.974 224.74/239 73.7 8.5

Re(∆C9) → -1.25±0.16, Im(∆C9) → -0.098±0.381

Re(C′
9

)
→ 0.59±0.24, Im(C′

9

)
→ 1.78±0.42

Re(∆C10) → 0.44±0.22, Im(∆C10) → 0.52±0.43

Re(C′
10

)
→ -0.063±0.173, Im(C′

10

)
→ 0.26±0.28

2 5.032 0.964 239.77/246 60.0 9.1 Re(∆C9) → -1.06±0.11

513 5.402 0.982 238.1/245 61.2 8.9 Re(∆C9) → -1.09±0.11, Im(∆C9) → -1.11±0.46

641 5.430 0.993 225.58/239 72.4 8.5

Re(C′
7

)
→ -0.0059±0.0134, Im(C′

7

)
→ -0.0094±0.0282

Re(∆C9) → -1.12±0.12, Im(∆C9) → -0.054±0.309

Re(C′
9

)
→ 0.66±0.26, Im(C′

9

)
→ 1.8±0.41

Re(∆C10) → 0.48±0.21, Im(∆C10) → 0.33±0.43

20 5.569 0.967 238.27/245 60.9 8.9 Re(∆C9) → -1.11±0.11, Re(C′
10

)
→ -0.13±0.11

Table 3.10: Same as table 3.9, however, now the inputs from B → K∗ asymmetric observables
from the 2016 Likelihood dataset are included. Here also, PullSM > 8 σ for all the selected models
with χ2

SM = 322.1 and p-value of SM = 0.46 %.

To study the impact of the asymmetric observables from B → K∗ modes on the ranking

of the candidate models, we have carried out a model selection analysis incorporating these

datapoints, the corresponding details are provided in table 3.10. There are a few changes

in the ranking of the respective models as compared to table 3.9. Now in the AICc ranking,

the two operator scenario [O9,O
′
9] with real WCs is slightly ahead of the three operator

scenario [O9,O10,O
′
9] (model-585) with complex WCs. This is due to a slight increase in

the value of χ2
min/DOF for the model-585. Also, the two operator scenario [O9,O

′
10] with

real WCs is now selected by the data with ∆AICc = 5.569 and MSEX−val = 0.967. We

note from table 3.10 that in all the two or more operator scenarios, the two operators O9

and O′
9 are common and Im(C

′
9) has a sizable positive contribution that is not consistent

with zero at 68% confidence interval (CI). However, Im(∆C9) is consistent with zero even

at 68% CI, though it could be large within the allowed interval since the estimated error

is large. The differences in the allowed CIs of Im(∆C9) between the results presented in
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(a)

(b)

Figure 3.4: (a) Predictions of R
(∗)
K and P ′

5 in the different q2 regions in our selected models given
in table 3.9. Shaded regions are corresponding experimental 1σ CLs. (b) Same as fig. 3.4a for the
selected models given in table 3.10.

tables 3.9 and 3.10 could be because a large positive value of Im(∆C9) is not allowed by

the CP-asymmetric data in B → K∗ modes (see Figs. 3.2c, 3.2d, 3.2e and 3.2f).

Fig. 3.4a shows the predictions of R
(∗)
K and P ′

5 in different q2 bins for our selected

models from table 3.9, while comparing them with the corresponding measurements. Here

the correlations between the SM and the NP parameters have been neglected. In all the

models, the predictions are consistent with the measurements of R
(∗)
K by Belle. Our best

model can accommodate all the observed data on R
(∗)
K and P ′

5 at 1-σ CL, except the

Rlow
K∗ (LHCb). In fact, none of the selected models can explain the Rlow

K∗ (LHCb) at 1-σ. At

low-q2 the B → K∗ℓℓ decay rates are dominated by 1/q2 enhanced photon contributions

and as pointed out earlier in several model independent analyses [153, 155, 156], a NP

contact interaction that explains RK and RCen
K∗ affects RLow

K∗ typically by at most 10%.

Also, the possibility of explaining RLow
K∗ with tensor operators has been addressed in ref.

[157], which we are not considering in this analysis (see also [158]). Note that in all the

selected models, the predicted results are consistent with their respective measured values

at 2-σ. Similar predictions/comparisons are provided in Fig. 3.4b for the selected models

in table 3.10.
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3.5 Summary

We have analyzed the new physics effects in b → sℓℓ decays, based on the data available

till date following a model-independent effective field theory approach with dimension-

six operators. We have found that O9 is the only one-operator scenario with both real

and complex WC (with a large non-zero imaginary part), which can provide a plausible

explanation of the given data. This is the case even if all the CP-asymmetric observ-

ables are dropped from the fit. We have pointed out the corresponding CP-averaged and

CP-asymmetric observables which could be the probable source of such large imaginary

contributions. Given the data, we have used the method of model selection incorporating

both AICc and cross-validation to pinpoint the best possible combination of operators

with real and complex WC, which can best explain the data. The scenario with O9 is the

only one-operator scenario which passes the test. However, there are a few two, three and

four-operator scenarios which have passed all the criteria set by the selection methods.

Allowed confidence intervals of the new WCs are shown. For the selected models, we have

provided predictions for various observables and compared them.
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Chapter 4

A closer look at the extraction of

|Vub| from B → πlν.

4.1 Introduction

In this chapter1, we relook into the precision extraction of the CKM element |Vub| from tree

level semileptonic b→ uℓνℓ (ℓ = e, µ) decays incorporating the available experimental data

and the new Lattice and LCSR inputs on the form-factors. In this regard, both exclusive

decays (B → πlν), and inclusive decays (B → Xuℓνℓ) play important roles as discussed in

section 1.5. At present the extracted values are given in eq. 1.39. Apart from the issue

with the inclusive determination of |Vub| as discussed in section 1.3, the extraction from

B → πlν decay modes is also not clean. The methodology adopted by the Heavy Flavor

Averaging Group (HFLAV) involves a two-stage procedure for the extraction of |Vub|exc..
In the first stage, using the available data on the differential B → πlν decay rates from

BaBar(11) [73], Belle(11) [74], BaBar(12) [75], and Belle(13) [76], they obtain an average

squared four-momentum transfer (q2) spectrum from a binned maximum-likelihood fit to

determine the average partial branching fraction in each q2 interval. As presented in their

review [160], the quality of this fit is not good, and the p-value is around 6%. In the second

fit, this average q2 spectrum along with the lattice and LCSR (at q2 = 0) inputs had been

used to extract |Vub| which is a reasonably good fit with p-value ∼ 47% [160]. On repeating

a similar fit mentioned above to obtain the average q2 spectrum, we have arrived at an

even worse quality of fit with a p value < 1 %. A frequentist fit of probability < 5 % is

usually considered to be of negligible significance and any further fit (in the second stage),

using the outcome of this fit may result in biased predictions for |Vub|. It thus becomes

essential to consider other possible ways of analysing the available data and identify the

source of tension in the fits. We discuss the details in the next sections.

In section 4.2, after discussing the motivation behind this work, we provide a com-

1The main results and other contents of this chapter have been published in [159].
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parison with the existing literature and mention about the various inputs (experimental

measurements and form-factor inputs from lattice and LCSR) used in this analysis. In sec-

tion 4.3, we discuss about the analysis technique and present the |Vub|exc. values obtained
in various fit scenarios considered in this work compared to some of the |Vub|inc. deter-
minations. Finally, in section 4.4, we conclude summarizing the main results obtained in

this chapter.

4.2 Motivation

4.2.1 Comparison with existing literature

HFLAV combines all these measurements in the following way:

• At first, a binned maximum-likelihood fit to determine the average partial branch-

ing fraction in each q2 interval is performed. Though different measurements use

different bin-widths, the bin-edges are the same (a small difference is mentioned in

the next paragraph)2.

The total branching fraction is then obtained from the sum of the partial branching

fractions in the average q2 spectrum, taking the correlations between q2 bins into

account. In addition to the systematic and statistical uncertainties and correlations

corresponding to separate measurements, the shared sources of systematic uncer-

tainty of all measurements are included as nuisance parameters in the likelihood

[160].

• In the second stage, the average q2 spectrum is then used to fit |Vub| and the relevant

form-factor parameters (BCL [162] 3 + 1: 3 form factor coefficients b0, b1, b2 and

|Vub|). To constrain the high q2 behavior of the spectrum, they use the FLAG lattice

average [163] of two LQCD calculations [129, 130] and ref. [164] as LCSR inputs for

constraining the low q2 nature of the spectrum.

To obtain the average q2-spectrum, we have repeated the binned maximum-likelihood

fit. The average spectrum is consistent with that from HFLAV within 1σ. However, our

fit quality is about 1 % while that for HFLAV is about 6 %, as given in table 4.1. This

difference in the fit quality could be due to the non-availability of the information on

the shared systematic uncertainties between measurements (like continuum subtraction,

tracking efficiency, etc.) as used by HFLAV in their analysis.

Thus, in order to look for a possibility of improvement, one should carefully inspect all

the datasets. A closer look at the data shows that BaBar(12) untagged analysis [75] of the

2The highest edge of the highest bin in the most recently published Belle Hadronic-tagged result [76] is
quoted to be 26 GeV2, whereas for the other measurements, it is 26.4 GeV2. HFLAV [160, 161] seems to
be using a different highest-bin-result for ∆B than that published by Belle. However, we have consistently
used the published results from ref. [76].
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∆q2
[
GeV 2

] (
∆B

(
B0 → π−ℓ+νℓ

)
/∆q2

)
[10−7]

HFLAV Average Our Average Average (Dropping BaBar(11) [73])

0-2 72.0±7.0 67.0±6.4 64.9± 6.7

2-4 71.4±4.6 67.4±4.7 66.6± 4.8

4-6 67.0±3.9 65.9±3.9 63.7± 4.2

6-8 75.6±4.3 73.7±4.2 69.6± 4.6

8-10 64.4±4.3 60.2±4.4 64.3± 4.7

10-12 71.7±4.6 70.4±4.8 73.4± 5.2

12-14 66.7±4.7 63.0±4.8 64.8± 5.1

14-16 63.3±4.8 61.0±4.8 63.2± 5.1

16-18 62.0±4.4 60.5±4.5 60.5± 4.8

18-20 43.2±4.3 41.5±4.2 40.6± 4.4

20-22 42.5±4.1 39.7±4.1 43.2± 4.3

22-24 34.0±4.2 29.9±4.4 33.5± 4.7

24-26.4 11.7±2.6 10.4±2.7 11.8± 2.7

p-value 6% ≈ 1% 24.8%

Table 4.1: Comparison between our and HFLAV’s average q2 spectrum.

B0,+ modes have much better statistics/yield (almost double) than the one published in

the previous year: BaBar(11) [73]. It also has the following advantages over the BaBar(11)

analysis:

• The event selection has been optimized over the entire fit region instead of the

signal-enhanced region, as was done previously.

• The tighter selections produce a dataset with a better signal to background ratio

and higher purity in the B → πlν decays.

• This analysis uses the full BaBar dataset compared to only a subset used in the

analysis of 2011.

The analysis method in BaBar(11) is considerably different from that of BaBar(12)

and also from the analyses by Belle. Therefore, we drop the BaBar(11) datapoints in 6

q2-bins as a first attempt to look for the possibility of improvement while extracting the

average partial branching fraction in each q2 interval from a binned maximum-likelihood

fit to data, leading to an improvement in the fit quality from 1% to 24.8%. The result has

been shown in the fourth column in table 4.1. The average q2-spectrum generated in this

scenario is consistent with HFLAV and our averages with all data. Figure 4.1 compares

all the three average q2-spectrums as given in table 4.1.

For the BCL fit of the average q2 spectrum in the second stage, we are able to somewhat

reproduce their result for |Vub| and the form-factor parameters (second and third column

of table 4.2), using tables 81 and 82 of ref. [160]. If we use our own averaged q2 spectrum
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Figure 4.1: The comparison of our average q2 spectrum of the partial branching fractions in
B → πℓν decays with the one obtained by HFLAV.

(all data) instead, the fit-probability increases a lot, but the value of |Vub| decreases (i.e.
goes away from the inclusive result) even more (fourth column of table 4.2). However,

from a fit to our q2 average spectrum as obtained without BaBar(11), we get a similar

value of |Vub| as HFLAV and the quality of fit is also good with a p-value of 64% (fifth

column of table 4.2).

Params HFLAV Result Our Result Our Result From our avg

(p-value = 47%) Using HFLAV’s avg Using our avg Without BaBar(11) [73]

(p-value = 48%) (p-value = 80%) (p-value = 64%)

Vub × 103 3.67(15) 3.66(14) 3.60(12) 3.66(13)

b+0 0.418(12) 0.417(12) 0.419(12) 0.420(12)

b+1 -0.399(33) -0.406(31) -0.395(31) -0.410(31)

b+2 -0.578(130) -0.605(148) -0.638(150) -0.740(154)

Table 4.2: Comparison between our and HFLAV’s fit to the average q2 spectrum along with the
inputs from Lattice and LCSR (q2 = 0).

4.2.2 B → πlν rates with |Vub|inc.

The differential decay width w.r.t. q2 for a pseudoscalar to pseudoscalar semileptonic

decay is given in 1.22. For the form-factor parametrization, we have followed two different

approaches i.e. BCL [127] and BSZ [4] parametrizations, as discussed in section 2.1.2 and

compared their results.

As is evident from eqs. 2.25 and 2.26, in the BCL parametrization the kinematic

constraint f+(q
2 = 0) = f0(q

2 = 0) leads to a complex relationship between the expansion
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coefficients:

b03 = 45.70(b+0 − b00)− 12.78b01 − 3.58b02 + 12.85b+1 + 3.44b+2 + 1.21b+3 . (4.1)

Using this equation, we have replaced b03 in terms of the other coefficients in the fit which

helps to reduce one parameter from the fit.

Updated inputs from LCSR are available for the form-factors f+(q
2) and fT (q

2) at

q2 = −15,−10,−5, 0, 5 and for f0(q
2) at q2 = −15,−10,−5, 5 GeV2 [2]. The value of f0

at q2 = 0 is obtained via the QCD relation f+(0) = f0(0). While RBC-UKQCD [130]

provides synthetic data points for f+,0(q
2) with full covariance matrices (both systematic

and statistical) at q2 = 19, 22.6, 25.1 GeV2, Fermilab-MILC [129] only provides the

fit-results for their coefficients. Using the results of the ‘only lattice’ fit, we generate

correlated synthetic data-points at exactly the same q2 values as RBC-UKQCD, with an

extra point for f+ at q2 = 20.5 GeV2.

Armed with 22 data points (9 from LCSR, 13 from Lattice (3 for each of f+,0 from

RBC-UKQCD, 4 for f+ and 3 for f0 from Fermilab-MILC ), the next obvious step would

be to check how the decay distribution fits to the average q2 spectrum i.e. we extract

|Vub| using the average partial branching fractions as given in table 4.1 and the above-

mentioned form-factor inputs. We perform two fits, the results of which are shown in the

last two columns of table 4.3 and it shows that in both the fits the extracted values of |Vub|
have increased from that obtained in table 4.2 (fourth and fifth columns, respectively).

If, instead, we start from the avg. q2 spectrum of the fourth column of table 4.1 (fit

w/o BaBar(11); has a considerable fit-probability of 24.8%), and reintroduce the data

from BaBar(11) during the second fit, along with the new 22 data-points from lattice and

LCSR, we end up with the second column of table 4.3. The parameter space is same as

the third column of table 4.3, but with meaningless significance (∼ 0.8%). This reinforces

the fact that the BaBar(11) dataset is quite at odds with all other data-sets.

To understand the effect of the inconsistency in data on the decay rate distributions,

we have derived the B → πlν decay rate distributions using the form-factors extracted

only from the LCSR and lattice inputs as discussed above in both the BSZ [4] and BCL

[127] expansions. For a stable and conservative estimate of the uncertainties of the form-

factors, we truncate the series at different orders, starting from 0 to 4 for both f+ and f0

and perform a model selection procedure incorporating both AIC and AICc. We conclude

that the optimal description of the synthetic data is obtained when both f0 and f+ are

truncated at N = 3, thus leading to seven parameters (4 for f+ and 3 for f0). The

extracted values of the formfactor parameters in BSZ and BCL expansion are given in

table 4.4.

We have used the latest |Vub|inc. value from Belle given in eqn 1.41 to get the shape

and height of the distribution which will help us understand the reason for the discrepancy

between the inclusive and exclusive determinations. Using the above fit results and |Vub|
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Parameters Our Avg. q2 spec. w/o BaBar(11) Our Avg. q2 spec. Our Avg. q2 spec. w/o BaBar(11)

+ New Lattice & LCSR + New Lattice & LCSR + New Lattice & LCSR

+ BaBar(11) re-introduced

(p value = 0.75%) (p value = 20.9%) (p value = 31%)

Vub × 103 3.78(13) 3.78(13) 3.89(14)

b+0 0.410(12) 0.410(12) 0.408(12)

b+1 −0.526(44) −0.526(44) −0.561(46)

b+2 −0.39(13) −0.39(13) −0.40(13)

b+3 0.59(24) 0.59(24) 0.59(25)

b00 0.540(16) 0.540(16) 0.536(16)

b01 −1.617(66) −1.617(66) −1.647(66)

b02 1.294(146) 1.294(146) 1.257(146)

Table 4.3: The extracted values of |Vub| and the other form-factor parameters using our average q2

spectrum of the partial branching fractions and the new lattice and LCSR inputs. Fourth column
uses the avg. q2 spectrum without BaBar(11) data (last column of table 4.1), while the third uses
that from the third column of table 4.1 (with all data). In the second column of this table, we
repeat the last fit after reintroducing BaBar(11) data again.

BSZ BCL

χ2
min/DOF p-value(%) Parameters Values χ2

min/DOF p-value(%) Parameters Values

4.48/15 99.6 a+0 0.213(22) 12.88/15 61 b+0 0.396(13)

a+1 -0.65(14) b+1 -0.707(70)

a+2 0.263(425) b+2 -0.36(18)

a+3 0.67(31) b+3 0.77(32)

a01 0.41(17) b00 0.521(17)

a02 1.46(51) b01 -1.756(78)

a03 1.78(49) b02 1.15(16)

Table 4.4: Fit results of form factor parameters with only LCSR and lattice input used to create
the plots in figure 4.2.

from different inclusive estimates, if we calculate the theoretical predictions of the binned

branching fractions, then any large deviation of the predictions from the actual measure-

ments could potentially diagnose the source of the apparent tension between |Vub|inc and

|Vub|exc. In figure 4.2, we have compared the theoretical predictions for the binned differ-

ential branching fractions against the existing experimental data.3. We observe that the q2

distribution of the differential branching fraction in both the form-factor parametrizations

can explain almost all the available data except a few which are lying entirely outside of

the theoretical C.I. bands. In section 4.3, we will analyse the impact of these datapoints

on the extracted value of |Vub|.

3Note that in these plots, we do not incorporate the data from the combined mode analysis by BaBar
2012 [75] since they are consistent with the corresponding single-mode analysis.
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(a) (b)

(c)

Figure 4.2: Differential branching fraction plots superposed on experimental data-points, with
form factors fitted from lattice and LCSR, and |Vub| corresponds to that obtained from the latest
Belle Inclusive Measurement [1].

4.3 Main results

We think that instead of extracting |Vub| through a two-stage procedure for which the

first fit is of very poor quality, we should directly use the individual data-points for a

simultaneous extraction of |Vub| and the parameters corresponding to the chosen form-

factor parametrization. This provides us with a single value for the fit probability to

draw our inference from instead of a two stage fit. We follow the same principle of using

individual data-points for the lattice inputs from different collaborations.

To proceed further, we have defined different fit scenarios involving the available ex-

perimental inputs from Belle and BaBar. The following are the lists of those data-sets:

• Fit 1 : B0 decays from Belle (2011) and Belle (2013); B− decays from Belle(2013);

the combined modes from BaBar (2011) and BaBar (2012). We have subdivided

this set further depending on whether or not LCSR inputs are taken into account,

like the following:

(1) Fit 1A: Experimental data (Fit 1) + synthetic Lattice data points,
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Form- Fit
[
B0 → π−

] [
B0 → π−

] [
B0 → π−

] [
B0 → π−

] [
B0 → π−

] [
B0 → π+

] [
B0 → π+

]
Factors Index q2 : 4 − 8 q2 : 20 − 26.4 q2 : 10 − 12 q2 : 20 − 22 q2 : 18 − 20 q2 : 0.0111637 − 2 q2 : 8 − 10

BaBar (11) BaBar (11) BaBar (12) BaBar (12) Belle (11) Belle (13) Belle (13)

BSZ Fit 1A 2.46 −2.30 2.08 − − − −2.42

Fit 1B 2.52 −2.42 2.07 − − − −2.41

Fit 2A − − − − −2.02 − −2.43

Fit 2B − − − − −2.07 − −2.42

Fit 3A 2.40 −2.35 2.00 2.01 − − −2.44

Fit 3B 2.45 −2.46 − − − − −2.43

BCL Fit 1A 2.45 −2.30 2.07 − − − −2.42

Fit 1B 2.59 −2.56 2.07 − − − −2.40

Fit 2A − − − − −2.03 − −2.45

Fit 2B − − − − −2.18 2.00 −2.42

Fit 3A 2.36 −2.36 − 2.00 − − −2.45

Fit 3B 2.48 −2.61 − − − − −2.44

Table 4.5: List of Pulls (> 2 σ) for different fits (with experimental data) in this analysis.

(2) Fit 1B: Experimental data (Fit 1) + synthetic Lattice data points + LCSR.

• Fit 2 : B0 decays from Belle (2011), BaBar (2012), and Belle (2013); B− decays

from BaBar (2012) and Belle(2013). As above we have defined the following sets:

– Fit 2A: Experimental data (Fit 2) + synthetic Lattice data points,

– Fit 2B: Experimental data (Fit 2) + synthetic Lattice data points + LCSR.

• Fit 3 : The combined modes from BaBar (2011) along with the Fit 2 dataset, with

and without LCSR as follows:

– Fit 3A: Experimental data (Fit 3) + synthetic Lattice data points,

– Fit 3B: Experimental data (Fit 3) + synthetic Lattice data points + LCSR.

Fit 1 contains all data-sets other than the inputs from the single-mode analysis of

BaBar(12) [75], though we have considered the combined mode analysis from the same

publication. In Fit 3 we have included the single-mode analysis data of BaBar(12) and

have dropped the combined one. In Fit 2, we have dropped the inputs from BaBar(11)

dataset to understand the impact of BaBar(11) four-mode analysis data on the fit-quality

as well as the value of |Vub|.
For all the fit scenarios we have obtained the respective ‘pulls’ between the data and

the fitted distributions which for the ith data-point is defined as

pulli =
Oexp

i −Ofit
i

σexpi

. (4.2)
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BSZ Parametrization

Run Name Full Dropped Pull > 2

χ2
min/DOF p-value(%) Vub × 103 χ2

min/DOF p-value(%) Vub × 103

Frequentist Bayesian Freq. Bayes

Fit 1A 73.4/56 5.92 3.69(14) 3.67(14) 46.6/52 68.68 3.79(15) 3.77
(
15
16

)
Fit 1B 77./65 14.57 3.74(13) 3.73

(
13
14

)
49.3/61 85.77 3.83(14) 3.82

(
14
16

)
Fit 2A 59.5/61 53.17 3.81(14) 3.79(15) 46./59 89.26 3.86(15) 3.85

(
15
16

)
Fit 2B 62./70 74.23 3.85(14) 3.83

(
13
15

)
48.3/68 96.63 3.91(14) 3.89

(
14
15

)
Fit 3A 82.2/67 9.98 3.70(14) 3.69(14) 53.3/62 77.56 3.76(14) 3.76

(
15
14

)
Fit 3B 85.9/76 20.54 3.75(13) 3.74

(
13
14

)
62./73 81.79 3.84(14) 3.83(14)

BCL Parametrization

Run Name Full Dropped Pull > 2

χ2
min/DOF p-value(%) Vub × 103 χ2

min/DOF p-value(%) Vub × 103

Freq. Bayes Freq. Bayes

Fit 1A 73.5/56 5.84 3.69(14) 3.67
(
13
15

)
46.7/52 68.34 3.79(15) 3.78(15)

Fit 1B 92.1/65 1.51 3.79(13) 3.78
(
14
13

)
63.2/61 39.84 3.89(14) 3.87

(
14
15

)
Fit 2A 60.1/61 50.8 3.81(14) 3.81(15) 46.5/59 88.19 3.87(15) 3.85

(
14
15

)
Fit 2B 75.9/70 29.42 3.91(14) 3.90(15) 58.3/67 76.64 3.96(14) 3.96

(
16
14

)
Fit 3A 82.7/67 9.35 3.70(14) 3.69

(
13
14

)
57.8./63 66.09 3.77(14) 3.76(15)

Fit 3B 101.4/76 2.73 3.80(13) 3.79
(
13
15

)
76.3/73 37.27 3.90(14) 3.89

(
14
15

)
Table 4.6: Freq. and Bayesian

where σexpi is the experimental uncertainty.

In table 4.5, we present the observables for which the pulls are greater than 2. We

find that in all the scenarios, B(B0 → π−)[8,10] from Belle(13), and in all the scenarios

involving BaBar(11), B(B0 → π−)[4,8] and B(B0 → π−)[20,26.4] from BaBar(11) have pulls

greater than 2. In table 4.6, we have shown the extracted values of |Vub| in different fit

scenarios with full datasets and also after dropping the data-points having pulls greater

than 2, shown in the right panel of the same table. We have performed the fit following

both frequentist and Bayesian approaches and compared them.

A few observations are in order here:

• Since the posterior is very nearly of a multi-Gaussian nature, the results obtained in

the frequentist maximum likelihood estimate (MLE) and the medians of the marginal

posteriors from the Bayesian analysis are almost identical; though, in a few cases, we

have obtained slightly asymmetric 1 σ credible intervals (area between the ∼ 0.16 →
0.5, and ∼ 0.5 → 0.84 Quantiles of the marginal posterior) in the Bayesian analysis.

• For the BSZ parametrization, the fit quality improves on including LCSR, whereas

for the BCL case, the fit worsens with the inclusion of LCSR. For Fit 2, the fit-

probability is reasonably good due to the absence of the BaBar 2011 data set.

However, in all the scenarios, the fit quality increases by a considerable amount
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on dropping a few data-points with pull > 2.

• Whenever both Lattice and LCSR data are included, the BCL form factor parametriza-

tion results in a slightly larger |Vub| than that obtained from BSZ, but with reduced

fit-probability. The difference in the best fit values is about 1%, and the results are

extremely consistent with each other. We will comment on this observation at a

later stage.

• In all the fits, the extracted |Vub| increases by ≥ 1% with the inclusion of the new

LCSR inputs.

• We have truncated the BSZ and BCL expansions at N = 3 2.24 and Nz = 4 2.25

respectively, resulting in 4 parameters for f+ and 3 for f0 (due to the kinematic con-

straint). To check the stability of the results, we have analysed the inputs truncating

the series at the next order in both the series expansions, i.e., N = 4 for BSZ and

Nz = 5 for BCL. We find that the extracted values of |Vub| are consistent (within

their errors) with the one presented in table 4.6, however, the newly added higher-

order coefficients of the expansions remain mostly unconstrained at the present level

of precision, and they have negligible impact on the precision extraction of |Vub|.

• Irrespective of the fit scenario, the extracted |Vub| increases on dropping the data-

points with pull > 2. This indicates that the data with large ‘pull’ have an impact

on the extracted values of |Vub| too.

• As shall be seen shortly, the partial rates B(B0 → π−)[20,26.4] (BaBar(11)) and

B(B0 → π−)[18,20] (Belle(11)) are highly sensitive to the extracted value of |Vub|.

In figure 4.3, we have compared the extracted values in different fit scenarios as given

in table 4.6 with the inclusive determinations. We find that our determination for |Vub|exc.

is still not consistent at 1 σ with the values extracted by HFLAV following GGOU and

BLNP, though they are consistent with the new measurement of |Vub|inc. from Belle [1].

Next, we check the deviations of the data with the predictions of differential decay rates

obtained only from the lattice and LCSR inputs with three different values of |Vub|inc. :

|Vub| = (4.10± 0.09± 0.22± 0.15)× 10−3, Belle (New) [1],

|Vub| = (4.32+0.17
−0.18)× 10−3 HFLAV (GGOU ) [160],

|Vub| = (4.44+0.25
−0.26)× 10−3 HFLAV (BLNP)[160]. (4.3)

The deviation corresponding to the ith observable is defined as

devi =
Oexp

i −OSM
i√

(σexpi )2 + (σSMi )2
, (4.4)
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Figure 4.3: Comparison of various |Vub| results obtained in this work with other measurements.

where σSMi contains the uncertainties in the decay rates due to form-factor parameters

and |Vub|inc.. The results of this analysis are shown in table 4.7. As expected, on using

the values of |Vub|inc. from HFLAV, at least four to five data-points have a deviation

> 2. On the other hand, with the new Belle-measurement, it is only the partial rates

B(B0 → π−)[20,26.4] (BaBar(11)) and B(B0 → π+)[0.01,2] (Belle(13)) which have deviation

> 2 (both in BSZ and BCL). However, B(B0 → π+)[0.01,2] (Belle(13)) has a rather minor

effect on |Vub|. The partial decay rates B(B0 → π−)[20,26.4] (BaBar(11)), B(B0 → π−)[18,20]

(Belle(11)) and B(B0 → π−)[8,10] (Belle(13)) are the common data points which have pull

> 2 in the analyses given in tables 4.5 and 4.7, respectively.

Form- Inclusive
[
B0 → π−

] [
B0 → π−

] [
B0 → π−

] [
B+ → π0

] [
B0 → π+

] [
B0 → π+

]
Factors |Vub| q2 : 18 − 20 q2 : 20 − 26.4 q2 : 18 − 20 q2 : 20 − 26.4 q2 : 0.0111637 − 2 q2 : 8 − 10

used Belle (11) BaBar (11) BaBar (12) BaBar (12) Belle (13) Belle (13)

BSZ HFLAV (GGOU) −2.55 −3.54 −2.13 −2.35 − −2.04

HFLAV (BLNP) −2.50 −3.27 −2.14 −2.41 − −2.09

Belle (New) − −2.32 − − 2.22 −

BCL HFLAV (GGOU) −2.32 −3.49 − −2.28 2.30 −

HFLAV (BLNP) −2.32 −3.23 − −2.35 2.07 −

Belle (New) − −2.29 − − 2.54 −

Table 4.7: List of deviations of theoretical predictions from actual experimental data (> 2 σ).
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On the basis of these observations, we define a few additional scenarios:

• Fit 2B-I: Input used in Fit 2B without the data on B(B0 → π−)[18,20] (Belle 2011).

• Fit 3B-I: Input used in Fit 3B without the data on B(B0 → π−)[20,26.4] (BaBar

2011).

• Fit 3B-II: Input used in Fit 3B without the data on B(B0 → π−)[18,20] (Belle 2011)

and B(B0 → π−)[20,26.4] (BaBar 2011).

Fit BSZ BCL

Scenario χ2/DOF p-value(%) Vub × 103 χ2/DOF p-value(%) Vub × 103

Frequentist Bayesian Frequentist Bayesian

F2B-I 55.4/69 88.14 3.90(14) 3.89+0.14
−0.15 68.85/69 48.25 3.96(14) 3.95+0.14

−0.15

F3B-I 78.86/75 35.8 3.83(14) 3.83(13) 93.6/75 7.19 3.89(14) 3.89(14)

F3B-II 72.96/74 51.25 3.88(14) 3.87+0.14
−0.15 87.2/74 13.99 3.94(14) 3.93+0.14

−0.15

Table 4.8: Final table of comparison for |Vub|exc. obtained in this work.

The results in the above-mentioned fit scenarios are given in table 4.8. A comparison

between identical cases, like Fit 2B and Fit 3B, in tables 4.6 and 4.8 shows that one can

extract exactly similar values of |Vub|exc. even by dropping only one or two data-points

mentioned above. This means that even in the presence of other data-points which do not

fit comfortably with other data, the most influential data-points in determining |Vub|exc.

are the partial branching fractions B(B0 → π−)[18,20] (Belle(11)) and B(B0 → π−)[20,26.4]

(BaBar(11)).

Finally, to understand the slight shift (≈ 1%) in the best fit values of |Vub| in BCL and

BSZ expansion of the form factors, we need to compare the form factors obtained from

the two separate expansions. As an example, in figure 4.4 we have compared the form

factors obtained from the fit results in ‘Fit-2B’. Following are a few observations:

• The slight difference in the extracted |Vub| is not due to the form factor f+(q
2), which

provides the leading contributions to the decay rate. We can see from figure 4.4a that

the extracted q2 distributions of f+ in both the parameterizations are completely

consistent with each other. Also, both distributions satisfy all the lattice or LCSR

pseudo data points.

• The difference in the extracted |Vub| between the two formalisms is due to the slight

mismatch in the extracted values of f0(q
2) in a part of the q2 region, which we can

see from figure 4.4b. For 15 ≤ q2 ≤ 23 (in GeV2) the extracted values of f0(q
2) have

a slight mismatch for the two different expansions. However, the extracted values

are in good agreement with lattice or LCSR data points in both the cases.
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(a) (b)

Figure 4.4: Comparison of q2 distributions of the form factors in BSZ and BCL parametrizations.
The lattice inputs and the LCSR pseudo data points at q2 = 0 and 5 GeV2 are also shown in the
figure.

• The observed difference in f0(q
2) is because the BSZ expansion uses the pole due to

B∗ scalar meson while BCL expansion does not as discussed in section 2.1.2.2. Our

conclusion is based on the following observations:

– In the fits, after dropping the LCSR data points at q2 = 5,−5,−10 and −15

GeV2, the extracted values of |Vub| in both the expansions completely match.

This indicates the role of the pole factor 1/(1− q2/M2
B∗) in the fit.

– As a trial, we modified the BCL expansion of f0(z) in 2.26 after multiplying

it by a similar pole factor as used in BSZ expansion and fitted the coefficients

using the inputs given in ‘Fit-2B’. Utilizing this fit result, we have extracted

f0(q
2) and compared it with the BSZ one. The results are shown in figure 4.4b

as BCL (modified), and we find absolute agreement between the two results.

Also, the extracted values of |Vub| in both the fits become identical.

4.4 Summary

We have extracted |Vub| analyzing all the available inputs on the exclusive B → πlν decays.

This includes the data on the partial branching fractions, inputs from lattice and LCSR.

We have commented on some of the issues of the earlier fits done by HFLAV, which relied

upon obtaining an average q2 spectrum of the partial width from all the available data

on the decay rates on B → πlν at the first stage and using these results to extract |Vub|
at the second stage. We have arrived at a fit with very low probability for the average q2

spectrum at the first stage. We have identified BaBar(11) data (at least a part of it) as

64

TH-3118_176121005



4.4 Summary

a probable source of such a bad quality fit. The average q2 spectrum of the decay rates

without that data-set has an appreciable fit-probability. With this q2 averaged spectrum,

in the second stage, we have extracted |Vub| with and without the data from BaBar(11).

The quality of fit is much better without the data from BaBar(11). We have repeated the

same analysis with the new inputs from LCSR and noticed an increase in the best-estimate

of |Vub| by roughly about 6%.

We simultaneously fit all the data (instead of a two-stage fit) after defining different fit

scenarios. In this process, we have identified outliers, i.e. data-points inconsistent with the

others. The goal is to check if some of these outliers are also influential in the extraction

of |Vub|. We found a few data-points that compromise the fit-quality, and at the same

time, influence the extraction of |Vub|. Our best results are the following:

• Without the input from BaBar(11) (full data-set) and B(B0 → π−)[18,20] (Belle(11)),

we obtain |Vub| = (3.95+0.14
−0.15)× 10−3.

• From the full dataset after dropping B(B0 → π−)[18,20] (Belle(11)) and B(B0 →
π−)[20,26.4] (BaBar(11)), the extracted |Vub| = (3.93+0.14

−0.15)× 10−3.

Both the values are consistent with the one extracted from inclusive B → Xuℓνℓ decays

from Belle within 1 σ.
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Chapter 5

Study of the b → dℓℓ transitions in

the Standard Model and test of New

Physics sensitivities.

5.1 Introduction

In this chapter1, we study the exclusive b → dℓℓ transitions introduced in section 1.4.

Unlike the b → sℓℓ modes, there is less amount of information available on the relevant

exclusive decay modes from experiment2 as well as theory, like the non-availability of the

lattice inputs on B → ρ form factors. The exclusive decays corresponding to b → dℓℓ

transition considered in this chapter are B → πℓℓ and B → ρℓℓ. Till date, we do not

have data available on the B → ρℓℓ decays. However, there are some measurements

on the branching fraction (BR) and CP-asymmetry in B± → π±µµ decays reported by

LHCb [109]. Theoretically, the main aspects challenging a precise estimate for these modes

lie in handling the form factors and the long-distance effects arising from the presence of

cc̄ and uū resonant states within the allowed range of the dilepton invariant-mass.

An exclusive neutral current B → πℓℓ transition is characterized by three form factors:

f+,0,T (q
2) which are correlated in the analysis of Fermilab-MILC [129] and also LCSR

analyses. Thus, a combined study of the B → πℓℓ and B → πℓνℓ decay modes using all

the available inputs is relevant and necessary. The situation is a bit grim for the form

factors associated with the B → ρ transitions for which no lattice estimates exist till date.

All these form factors are calculated in the LCSR approach, which are available for a few

values of q2, including the value at q2 = 0 [2, 4], and they are fully correlated. Here also a

simultaneous study of the available inputs in B → ρℓνℓ and B → ρℓℓ decays is important.

In light of the above-mentioned arguments, we look into the exclusive B → π(ρ)ℓνℓ and

1The main results and other contents of this chapter have been arXived with the pre-print number “
2208.14463” [165] and communicated to JHEP for publication.

2This might be due to the low branching ratio of the b → dℓℓ modes.
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5.2 Theoretical Background

B → π(ρ)ℓℓ decay modes incorporating all available lattice, LCSR and experimental

inputs. Both the decay rates Γ(B → πℓνℓ) and Γ(B → ρℓνℓ) are proportional to |Vub|2

which is the only common link between the B → π and B → ρ decay channels we are

considering here.

In section 5.2, we discuss the theoretical framework relevant to the decay modes con-

sidered in this chapter and in section 5.3, we mention about the form factor inputs used

in this work. In section 5.4, we present the analysis method and armed with an estimate

of |Vub| along with the corresponding form factor parameters from the fit, we provide

the SM estimates of several observables subject to the B → π(ρ)ℓℓ decays within the

range 0.1 <∼ q2 <∼ 6 (GeV2) and also test the sensitivities of all these observables towards

new physics in a few well-motivated benchmark NP scenarios. Finally, we summarize the

results obtained in this chapter in section 5.5.

5.2 Theoretical Background

As mentioned earlier, the differential decay rate w.r.t. q2 for B̄ → πℓνℓ decays is given in

eq. 1.22 and for B̄ → ρℓνℓ decays is given in eq. 1.23. Therefore, to extract |Vub|, we need
information on the form-factors at different values of q2.

The effective Hamiltonian for semileptonic b → dℓℓ transitions similar to b → sℓℓ at

the scale µ ∼ mb is given in 2.5 with the operator basis as 2.7. The theoretical approach

is based on the QCDF framework, discussed in section 2.1.1.2.

The amplitude for B → πℓℓ decays reads:

M(B → πℓ+ℓ−) =
GF√
2

αem

π

[(
ℓ̄γµℓ

)
(pµ + p′µ)

(
(λtC

(t)
9,π + λuC

(u)
9,π )f

+
Bπ(q

2)

+
2mb

mB +mπ
λtf

T
Bπ(q

2)Ceff
7

)
+
(
ℓ̄γµγ5ℓ

)
(pµ + p′µ)λtf

+
Bπ(q

2)C10

]
, (5.1)

where the coefficients C
(t)
9,P and C

(u)
9,P include the non-factorizable corrections and they are

defined as

C
(t)
9,π(q

2) = C9 +
2mb

MB

T (t)
π (q2)

ξπ(q2)
, (5.2)

C
(u)
9,π (q

2) =
2mb

MB

T (u)
π (q2)

ξπ(q2)
. (5.3)

T (t,u)
π are defined in eq. 2.9. The factorization scheme in QCDF is such that the

relation ξπ ≡ f+ holds exactly to all orders in perturbation theory. The most general form
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sensitivities.

of the amplitude Tπ is given by [122]

T i
π = ξπ

[
C(0,i)
π +

αsCF

4π

(
C(f,i)
π +C(nf,i)

π

)]
+
π2fBfπ
NcMB

∑
±

∫ ∞

0

dω

ω
ΦB,±(ω)

∫ 1

0
duϕπ(u)T

(i)
π,±(u, ω)

(5.4)

with i = u or t quark. CF = 4/3, Nc = 3 and fB and fπ refer to the B and π

meson decay constants respectively. The distribution amplitudes for the B meson and

light mesons are discussed in section 2.1.1.2.

In eq. 5.4, the leading order contributions to the T (i)
π are defined as

C(0,t)
π =

MB

2mb
Y (q2), C(0,u)

π =
MB

2mb
Y u(q2), (5.5)

where the contributions from the O1,...,6 matrix elements are incorporated in Y (q2). The

detailed mathematical expressions for C
(nf,i)
π , T

(0,i)
π,± (u, ω) (WA contribution), and T

(nf,i)
π,± (u, ω)

are obtained from refs. [122, 123]3. The decay distribution for B → πℓℓ decays w.r.t the

kinematic variables is given in eq. 1.25.

The decay distribution for B → ρℓℓ transitions is given in eq. 1.29. Here also, we need

to add the corresponding non-factorizable corrections to the amplitudes given in eq. 2.12.

Following the QCDF approach, the transversity amplitudes Ta can be written as

Ta = ξa

(
C(0)
a +

αsCF

4π
C(1)
a

)
+
π2fBfρ,a
NcMB

Ξa

∑
±

∫ ∞

0

dω

ω
ΦB,±(ω)

∫ 1

0
duϕρ,a(u)Ta,±(u, ω),

(5.6)

where “a” stands for the polarization of the vector meson in the final state (a→ || or ⊥),

Ξ⊥ = 1, Ξ|| = mρ/E, E = (M2
B − q2)/(2MB) refers to the energy of the final state meson

and ξa refer to the form factors in the heavy quark and high energy limit.

5.3 Inputs

Apart from the Lattice inputs as discussed in section 4.2.2 for the B → π transitions,

we have also used the inputs from the JLQCD collaboration [166] for f+,0(q
2) at three q2

points with full covariance matrices (both systematic and statistical). We have used the

inputs on the form factors obtained by LCSR approaches [2, 3]. The analysis in [3] uses the

two-particle twist-two pion LCDA, and the results are more precise than those obtained

in [2] which is a leading-order (LO) calculation with the ill-known B-meson LCDA. The

inputs in ref. [2] play a sub-dominant role in our fits, since the estimated errors in [2] are

larger as compared to the one obtained in ref. [3].

For B → ρ transitions, the LCSR data points along with the respective covariance

3For the B → P transitions the expressions for the non-factorizable corrections are extracted from
the results of [122, 123] using the following replacement: Cnf

π = −Cnf
|| , T

(0)
π,±(u, ω) = −T

(0)

||,±(u, ω), and

T
(nf)
π,± (u, ω) = −T

(nf)

||,± (u, ω)
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matrix are given in ref. [2] for q2 = −15,−10,−5, 0, 5 GeV2, which we directly use in our

fits. In ref. [4], the fit-results for the coefficients of the z-expansion are given using which,

we generate correlated synthetic data-points for the form factors A1, A2, V , T1 and T3

at q2 = 0,5,10 GeV2 and for A0 and T2 at q2 = 5,10 GeV2 4 respectively. The LCSR

results in ref [4] have been derived up to twist-3 O(αs) using the ρ meson LCDA, and the

extracted values are relatively more precise than the ones obtained in [2]. The computation

of the B → ρ form factors in ref. [2] relies on the narrow-width approximation of the ρ

meson and uses the B-meson LCDA, whereas the computation in ref. [4] goes beyond

the narrow-width approximation. The ρ meson DA is characterized by the longitudinal

and transverse component of the decay constant f
∥
ρ and f⊥ρ , respectively. The inputs on

f
∥
ρ are obtained from the measurements of the decay widths: Γ(e+e− → ρ0(→ ππ)) and

Γ(τ+ → ρ+(ππ)ν) respectively [167]. In these experiments, the ρ-meson is detected as a

Breit-Wigner peak in the invariant mass distribution of produced pions (ρ → ππ), while

the transverse component f⊥ρ is obtained from the lattice estimates of the ratio f
∥
ρ/f⊥ρ .

µb 4.8 GeV fB 190.0 ± 1.3 MeV [168]

αs(µb) 0.214 λ−1
B,+ (3± 1) GeV−1 [122]

αem 1/137 GF 1.166 × 10−5 GeV−2

mc,pole 1.4 GeV mb,pole 4.8 GeV
fπ 130.2 ± 0.8 MeV [168] aπ2 0.116+19

−20 [169]
f⊥ρ 160 ± 7 MeV [4] a⊥2,ρ 0.14 ± 0.06 [4]

f
||
ρ 213 ± 5 MeV [4] a

||
2,ρ 0.17 ± 0.07 [4]

Table 5.1: Inputs used in the analysis.

Other inputs relevant to our analysis are given in table 5.1. The values of the WCs

are taken at µb = 4.8 GeV [92]. We have truncated the BSZ expansion (eq. 2.24) at

N = 3 for B → π transitions and at N = 2 for B → ρ transitions. We have checked

that if we go to the next order N = 3 for B → ρ transition, the newly added higher-

order coefficients remain mostly unconstrained, and they have a negligible impact on the

precision extraction of |Vub| and other related observables which we will discuss in the next

section.

5.4 Analysis and results

We have considered the measurements on the partial branching fractions in bins of dilepton

invariant mass squared (q2) for the exclusive b→ uℓν and b→ dℓℓ transitions as discussed

in section 1.5. The expressions for the differential decay widths for B → πℓν and B → ρℓν

contain |Vub| as the overall normalizing constant as shown in eqs 1.22 and 1.23. As can be

4At q2 = 0, A0 is related to A1 and A2 and T2 is related to T1, thus they aren’t independent. In order
to keep the covariance matrix positive semi-definite, we don’t include the datapoints for A0 and T2 at q2

= 0.
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seen from eq. 2.5, the loop-induced processes B → πℓℓ and B → ρℓℓ are sensitive to the

products of the CKM matrix elements λu = VubV
∗
ud and λt = VtbV

∗
td respectively. Thus, to

make the |Vub| dependence explicit, we define the product of the elements as

VubV
∗
ud = |Vub||Vud|e−iγ , VtbV

∗
td = |Vtb||Vtd|eiβ, (5.7)

where angles are defined in eq. 1.17.

We perform a statistical frequentist analysis utilizing the available experimental inputs

on B → πℓν, B → ρℓν and B → πℓℓ modes [73–76, 109], and the available lattice

and LCSR inputs on the respective form factors in these decays and B → ρℓℓ. We

have extracted the coefficients of the BSZ expansion defined in eq. 2.24 along with the

magnitude of |Vub|. Here, we take the parameters |Vud|cos(γ), |Vud|sin(γ), |Vtb||Vtd|cos(β),
|Vtb||Vtd|sin(β), the product fBfπ (fB and fπ are decay constants of the B and π mesons)

and the inverse moment of B meson (λ−1
B,+) as nuisance parameters in the fits. The inputs

on the CKM parameters are taken from [89]. The fit result is given in table 5.2, using

which we provide predictions for the branching ratios, direct CP asymmetries and isospin

asymmetry for B → πℓℓ and various angular observables for B → ρℓℓ transitions. Apart

from the precise predictions in the SM, we have also tested the NP sensitivities of the

observables. We have considered NP effects in the operators O9, O
′
9, O10 and O′

10 defined

in eq. 3.2 with the corresponding WCs ∆C9, C
′
9, ∆C10, C

′
10.

B → π form factors B → ρ form factors
Parameters Fitted Values Parameters Fitted Values

a
f+
0 0.260±0.008 aA0

1 -0.879±0.153

a
f+
1 -0.639±0.065 aA0

2 1.074±0.951

a
f+
2 -0.067±0.210 aA1

0 0.242±0.013

a
f+
3 0.485±0.160 aA1

1 0.468±0.086

af01 0.301±0.063 aA1
2 0.307±0.281

af02 0.350±0.181 aV0 0.309±0.017

af03 0.354±0.168 aV1 -0.742±0.115

afT0 0.252±0.011 aV2 1.216±0.827

afT1 -0.701±0.101 aA2
0 0.220±0.017

afT2 -0.455±0.396 aA2
1 -0.397±0.096

afT3 -0.015±0.365 aA2
2 0.405±1.002

|Vub| × 103 3.60±0.10 aT1
0 0.262±0.015

VtbVtdcosβ 0.0079±0.0001 aT1
1 -0.643±0.091

VtbVtdsinβ 0.00324±0.00008 aT1
2 0.909±0.645

Vudcosγ 0.404±0.019 aT2
1 0.556±0.084

Vudsinγ 0.887±0.009 aT2
2 0.714±0.336

fBfπ 0.0247±0.00023 aT3
0 0.190±0.014

λ−1
B,+ 2.988±0.999 aT3

1 -0.374±0.081

aT3
2 1.267±0.798

Table 5.2: Fit results using all the available inputs.
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5.4.1 B → πℓℓ transitions

In this section, we study the modes B± → π±ℓℓ and B̄0(B0) → π0ℓℓ for which the q2-

dependent direct CP asymmetries are defined as :

A+
CP (q

2) =
dB(B− → π−ℓℓ)/dq2 − dB(B+ → π+ℓℓ)/dq2

dB(B− → π−ℓℓ)/dq2 + dB(B+ → π+ℓℓ)/dq2
, (5.8)

A0
CP (q

2) =
dB(B̄0 → π0ℓℓ)/dq2 − dB(B0 → π0ℓℓ)/dq2

dB(B̄0 → π0ℓℓ)/dq2 + dB(B0 → π0ℓℓ)/dq2
(5.9)

The definition of the q2-dependent CP-averaged isospin asymmetry corresponds to the

LHCb definition [170] :

AI =
dB(B0 → π0ℓℓ)/dq2 − (τ0/τ+)dB(B+ → π+ℓℓ)/dq2

dB(B0 → π0ℓℓ)/dq2 + (τ0/τ+)dB(B+ → π+ℓℓ)/dq2
, (5.10)

where τ0 and τ+ are B0 and B+ meson lifetimes. Additionally, we have incorporated the

interesting observables:

R±(0)
π =

Γ(B±(0) → π±(0)µµ)

Γ(B±(0) → π±(0)ee)
, (5.11)

which are Lepton Flavour Universality (LFU) conserving in the SM and are potentially

sensitive to new physics.

In table 5.3, we have provided predictions for the various observables in the four q2 bins

using the fit results given in table 5.2. The uncertainty corresponds to the uncertainty in

determining the form factors, CKM elements and the decay constants. The q2-distributions

of the relevant branching fractions and the CP, isospin-asymmetries defined above are

shown in figs. 5.1. In figs. 5.1a, 5.1b, 5.1c, and 5.1d, we have shown the variation of

differential branching fraction with q2 for both B± → π±ℓℓ and B̄(B) → π0ℓℓ modes,

comparing which we notice that the decay spectra for B̄(B) → π0ℓℓ is nearly flat, whereas

for B± → π±ℓℓ is highly q2 dependent which is also reflected in the q2 variations of the

CP and isospin-asymmetries. This is due to the differences in the q2 behaviour of the

weak annihilation contributions in the neutral and charged B decays at the leading order

in αs as discussed in section 2.1.1.2. The dominant contribution in B̄(B) → π0ℓℓ decays

comes from Ct
9 defined in eq. 5.2 and the contribution from Cu

9 is negligible. However, for

B± → π±ℓℓ decays, the contribution from Cu
9 becomes equally important at the low q2

regions since the weak annihilation contribution is proportional to the WC C2 ∼ 1. Due

to the reasoning as presented in section 2.1.1.2, T (u)
π (q2) is more sensitive to the variation

of q2 as compared to T (t)
π (q2). Also, λ−1

B,− acting as a source of strong phase is larger

at the low q2 regions. Thus, the large imaginary contribution of C
(u)
9,P at low q2 for B±

decays results in the large CP asymmetry at low q2. The CP asymmetry for B0 decays is
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small, as weak annihilation is mostly mediated by loop-suppressed QCD penguins. Isospin

asymmetry is also generated by hard-spectator interactions and is more pronounced at low

q2, as shown in fig. 5.1g.

Predictions in a few q2-bins ( GeV2)

Observables

[0.1-1] [1-2] [2-4] [4-6]

B(B0 → π0ℓℓ)× 108 0.0499(28) 0.0503(28) 0.0985(54) 0.0976(51)

B(B̄0 → π0ℓℓ)× 108 0.0283(21) 0.0330(23) 0.0674(44) 0.0696(43)

B(B− → π−ℓℓ)× 108 0.0444(28) 0.0538(43) 0.1308(92) 0.1465(92)

B(B+ → π+ℓℓ)× 108 0.1950(70) 0.1551(65) 0.251(12) 0.223(11)

⟨A0
CP ⟩ -0.276(15) -0.2074(69) -0.1873(56) -0.1681(55)

⟨A+
CP ⟩ -0.629(12) -0.486(16) -0.316(11) -0.2077(72)

⟨AI⟩ -0.479(11) -0.3992(50) -0.3625(23) -0.3445(11)

⟨R̄0
π⟩ 0.99195(13) 1.00007(13) 1.00039(13) 1.00050(12)

⟨R−
π ⟩ 0.99043(34) 1.00022(19) 1.00044(14) 1.00051(13)

Table 5.3: Predictions of observables for B → πℓℓ decays in the SM, obtained using the fit results
given in table 5.2.

We have shown the q2 variations of all the observables mentioned above in the four

specific NP scenarios in fig. 5.1: we have set Re(∆Ci) = Re(C ′
i) = 1 and imaginary

component of the new WCs to 0 or 1, in order to be able to distinguish the sensitivities

of the observables towards the new phase. Following are a few observations from fig. 5.1:

• None of the observables discussed above for B → πℓℓ decays can distinguish the

effects of O9 (O10) from that of O′
9 (O′

10) as the q
2-distributions are the same for O9

(O10) and O′
9 (O′

10).

• For the scenarios with O10 or O′
10, the branching fractions are lower than the cor-

responding SM predictions, while for the scenario with O9 or O′
9, there is increase

in the values of branching fractions from that of the SM. As expected, it is hard to

distinguish the impact of the imaginary WCs in the branching fractions.

• The CP-asymmetries are sensitive only to ∆C10 and C ′
10. The values of the CP-

asymmetric observables predicted in the specified NP scenarios will be lower than

that of the SM for these two WC’s.

• Contrary to the CP-asymmetries, the isospin asymmetry AI is sensitive to ∆C9 and

C ′
9 in the region 2 < q2 < 6 GeV2 and the predicted value will be higher than that

of the SM. In the low q2 regions it will be difficult to see the impact of the NP over

that of the SM.

Once measurements are available, any deviation from the respective SM predictions

will hint towards a particular type of NP scenario since different observables are sensitive
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 5.1: The q2 dependence for the B → πll observables in the SM and the four different NP
scenarios with NP Wilson coefficients ∆C9,10 and C ′

9,10. For the NP scenarios, the plots show the
dependence of the observables on the imaginary parts of the respective NP’s for the benchmark
values of 1 and 0 while the real part is fixed at 1. For details, please see the legend.

73

TH-3118_176121005



Chapter 5. Study of the b→ dℓℓ transitions in the Standard Model and test of New Physics
sensitivities.

to different NP scenarios. For example, the NP scenario with the operator O9 or O′
9 will

show deviations in AI and the respective branching fractions but not in ACP s. On the

other hand, seeing deviations in ACP s but not in AI will be an indication of the scenario

with the operator O10 or O′
10. The predictions of these observables for a few benchmark

points of the new WCs are given in tables C.1 and C.2 respectively, which could be tested

in future experiments. Also, these results clearly indicate the pattern of NP effects in

those observables.

5.4.2 B → ρℓℓ transitions

In section 1.4, we have pointed out the angular observables relevant for theB → ρℓℓ decays.

In the following subsections, we study B± → ρ±(→ π±π0)ℓℓ and B̄(B) → ρ0(→ π+π−)ℓℓ

decay modes. We provide predictions of observables associated with the angular anaylsis

for these channels considering the ππ system in the final state in a P -wave configuration.

5.4.2.1 B± → ρ±ℓℓ transitions

For B± → ρ±ℓℓ decays, ρ+ or ρ− will be reconstructed via the decays ρ+ → π+π0 and

ρ− → π−π0, respectively. The CP-averaged, asymmetric and optimized observables cor-

responding to the untagged decay distribution are given in eqs 1.31 and 1.33 respectively.

Tagging of B+ or B− is possible at both the LHCb and Belle. Hence, it is also possible to

directly probe the angular coefficients corresponding to the B+ or B− decays separately,

the definitions of observables are provided in eqs 1.34 and 1.35.

Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨P−
1 ⟩ 0.0042(33) 0.0030(47) -0.048(21) -0.086(34)

⟨P−
2 ⟩ -0.1262(50) -0.422(13) -0.177(28) 0.241(22)

⟨P−
3 ⟩ 0.00040(25) 0.0024(15) 0.0048(28) 0.0052(28)

⟨P ′

4

−
⟩ -0.117(29) -0.159(19) -0.366(15) -0.474(12)

⟨P ′

5

−
⟩ 0.9343(64) 0.568(32) -0.302(41) -0.744(25)

⟨P ′

6

−
⟩ -0.179(22) -0.078(40) 0.012(46) -0.048(48)

⟨P ′

8

−
⟩ 0.095(16) -0.1176(72) -0.078(14) -0.047(18)

⟨BR−⟩ × 109 2.32(21) 1.004(89) 2.08(19) 2.48(21)

⟨A−
FB⟩ -0.1076(41) -0.206(18) -0.057(11) 0.105(13)

⟨F−
L ⟩ 0.203(19) 0.631(32) 0.765(21) 0.700(24)

⟨R−
ρ ⟩ 0.98067(29) 0.99566(39) 0.99610(38) 0.99683(27)

Table 5.4: SM Predictions of observables for B− → ρ−ℓℓ.

For the charged B decays, we can define the same set of observables for both the LHCb

and Belle. Using the fit results given in table 5.2, we have predicted the angular observ-

ables, the longitudinal polarization fraction FL of the ρ meson, the forward-backward
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asymmetry AFB associated with the B− and B+ decays in a few q2-bins which are pre-

sented in tables 5.4 and 5.5, respectively. In addition, we have predicted the corresponding

branching fractions and the LFU ratios R±
ρ = Γ(B± → ρ±µµ)/Γ(B± → ρ±ee) in the SM.

Also, we have tested the NP sensitivities of all these observables.

Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨P1
+⟩ 0.0038(32) 0.0034(52) -0.048(20) -0.087(34)

⟨P2
+⟩ -0.1219(36) -0.411(12) -0.176(37) 0.291(20)

⟨P3
+⟩ 0.00057(41) 0.0031(21) 0.0059(36) 0.0055(30)

⟨P ′
4
+⟩ 0.347(12) 0.182(15) -0.224(19) -0.448(11)

⟨P ′
5
+⟩ 0.350(15) 0.062(25) -0.495(32) -0.809(21)

⟨P ′
6
+⟩ -0.065(28) -0.168(38) -0.271(38) -0.244(37)

⟨P ′
8
+⟩ -0.153(27) -0.059(31) -0.067(26) -0.082(19)

⟨BR+⟩ × 109 4.11(25) 2.06(14) 2.94(23) 2.78(23)

⟨A+
FB⟩ -0.0634(40) -0.107(11) -0.0412(95) 0.119(14)

⟨F+
L ⟩ 0.448(25) 0.782(18) 0.823(15) 0.716(23)

⟨Rρ
+⟩ 0.98448(36) 0.99768(20) 0.99721(27) 0.99718(24)

Table 5.5: SM Predictions of observables for B+ → ρ+ℓℓ.

Observables NP sensitivities Observables NP sensitivities

A3 Im(C′
9) P1 Re(C′

9), Re(C′
10)

A4 Im(∆C9), Im(C′
9) P2 Re(∆C9)

A5 Im(∆C10), Re(C′
10), Im(C′

10) P3 Re(C′
9)

A6 Im(∆C10) P ′
4 Re(∆C10), Re(C′

10)

A7 Im(∆C10), Im(C′
10) P ′

5 Re(∆C9), Re(C′
10)

A8 Im(∆C9), Im(C′
10), Im(C′

9) P ′
6 Hard to distinguish from SM

A9 Im(C′
9), Im(C′

10) P ′
8 Hard to distinguish from SM

ACP Re(C′
9), Re(C′

10), Re(∆C9), Re(∆C10) P+
2 Re(∆C9)

(limited q2 regions) P−
2 Re(∆C9), Im(∆C10)

AFB Re(∆C9) P+
3 , P−

3 Im(C′
9), Re(C′

9), Im(C′
10)

FL Re(∆C9) (limited q2 regions ), P ′
6
+, P ′

6
− Im(C′

10), Im(∆C10)

hard to probe, need more precision

R(ρ) All the four scenarios, P ′
8
+, P ′

8
− Im(C′

9), Im(C′
10), Im(∆C9)

real and imaginary components

Table 5.6: The observables along with the respective new physics scenarios which affect them
the most. In the NP scenarios, the q2 sensitivity of these observables can be visualized from the
corresponding plots provided in the text.

In the SM, the observables P
−(+)
1 and P

−(+)
3 are negligibly small owing to the smallness

of J3(J̄3) and J9(J̄9) which is due to a partial cancellation between the modulus of the

two transversity amplitudes in J3, whereas J9 ∝ Im(AL
⊥A

L∗

|| ) which is negligibly small

as seen from eq. A.4. In table 5.7, we have shown the predicted values of the CP-

optimized (Pi, P
′
i ) and CP-asymmetric (Ai) observables. The angular coefficients J3 and

J9 are small in the SM, which results in the smallness of A3 and A9. As is evident, apart
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Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨ACP ⟩ -0.280(25) -0.345(18) -0.1728(92) -0.0584(42)

⟨A3⟩ -0.0000018(262) -0.000039(84) 0.000022(127) 0.00044(29)

⟨A4⟩ -0.1017(62) -0.0684(60) -0.0144(25) 0.0043(21)

⟨A5⟩ 0.0259(43) 0.0687(84) 0.0534(80) 0.0315(67)

⟨A6s⟩ 0.0024(20) 0.0056(55) 0.00057(795) -0.018(11)

⟨A7⟩ -0.0056(40) 0.0297(35) 0.0589(47) 0.0470(40)

⟨A8⟩ 0.0502(73) -0.0031(69) 0.0011(33) 0.0093(11)

⟨A9⟩ 0.000043(38) 0.000096(79) 0.000109(76) 0.000085(52)

⟨P1⟩ 0.0027(21) 0.0027(41) -0.043(19) -0.084(33)

⟨P2⟩ -0.0826(26) -0.3472(100) -0.159(23) 0.257(13)

⟨P3⟩ 0.00032(22) 0.0023(15) 0.0048(28) 0.0051(28)

⟨P ′

4⟩ 0.1529(97) 0.048(11) -0.271(15) -0.452(11)

⟨P ′

5⟩ 0.422(11) 0.225(19) -0.386(29) -0.764(21)

⟨P ′

6⟩ -0.080(21) -0.120(34) -0.137(38) -0.148(42)

⟨P ′

8⟩ -0.056(12) -0.072(19) -0.068(19) -0.064(18)

⟨BR⟩ × 109 3.21(22) 1.53(11) 2.51(21) 2.63(22)

⟨FL⟩ 0.360(25) 0.733(22) 0.799(17) 0.708(23)

⟨AFB⟩ -0.0793(40) -0.139(13) -0.0479(86) 0.113(11)

⟨Rρ⟩ 0.98311(36) 0.99702(25) 0.99675(32) 0.99701(25)

Table 5.7: The SM predictions of the CP-averaged and CP-asymmetric observables in B± → ρ±ℓℓ
decays as measurable both at the LHCb and Belle.

from A3 and A9, the other CP-asymmetric observables aren’t suppressed in the SM for

b→ dℓℓ transitions, as happens in the case of b→ sℓℓ, where the term containing the CP-

violating phase is doubly Cabibbo-suppressed. The asymmetric observables are sensitive

to the difference between J and J̄ whereas the optimized observables are proportional

to J (for B−) or J̄ (for B+). Therefore, the pattern of the numerical results for the

asymmetric observables depicted in table 5.7 can be gauged from the corresponding values

for the optimized observables provided in tables 5.4 and 5.5. For eg., among all the CP-

asymmetric observables, ACP and A4 have the maximum values in terms of magnitude,

and is one or two orders enhanced w.r.t the rest of the asymmetric observables for q2 ≤ 2.

These semileptonic decays are sensitive to the weak phases β and γ, respectively, which

change sign between the amplitudes for B+ and B− decays. However, the strong phases

also play an essential role. The large values of A4 and ACP is due to the large difference

between the values of J4(J1c,2c) and J̄4(J̄1c,2c) which are sensitive to the strong phases

in AL,R
0 (eq. A.1) originating from the leading order weak annihilation corrections in

T (u),WA+nf)
|| as given in eq. 2.12. The q2 dependence of the strong phase in λ−1

B,+ will

partially contribute to the q2 variations of AL,R
0 . In fig. 5.2, we show the variations of

the observables listed in table 5.7 with q2 for which the SM predictions are represented

by blue thick regions. Almost similar kinds of q2 variations are obtained for the related
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observables in B± decays defined in eq. 1.35 which we have not shown separately. We

have presented a few of them in fig. 5.3 for which the q2 variations are slightly different

than the corresponding observables obtained from the CP-averaged distributions.

We have also tested the NP sensitivities in the four 1-operator scenarios of all the

observables described above, which are shown in figs. 5.2 and 5.3, respectively. Apart

from a few observables, which are shown in fig. 5.3, the NP sensitivities of the observables

associated with the B+ or B− decays are similar to the one obtained from the CP-averaged

rates; hence we have not shown them separately. The observables like P±
2,3, P

′
6
±, P ′

8
± have

different dependences on a couple of new WCs which are shown in fig. 5.3 which can be

compared with the figs. 5.2j, 5.2k, 5.2n, and 5.2o, respectively. The information contained

in those figures has been summarized in table 5.6. Apart from ACP , rest of the CP-

asymmetric observables are sensitive to the imaginary parts of one or more NP scenarios.

However, ACP is sensitive to all four scenarios, only to the real components, and in a

limited region: 0.5 ≤ q2 ≤ 2 GeV2. Similarly, the LFU ratio Rρ is sensitive to all the NP

scenarios, both to the real and imaginary components. We find that there are observables

sensitive to only a particular type of NP scenario. Hence, any deviations from the SM

predictions in one or more of these observables will indicate the presence of the respective

new interaction. The q2 variations of different observables are different in different NP

scenarios and are very much indicative.

It is difficult to distinguish the contributions of NP from respective SM predictions in

the observables P ′
6 and P ′

8 obtained from the CP-averaged decay rate as seen from figs.

5.2n, and 5.2o. Instead, the observables P ′±
6,8 are sensitive to different new interactions as

shown in figs. 5.3e, 5.3f, 5.3g, and 5.3h, respectively. For both these observables, the NP

dependencies in the B+ and B− channels are opposite; hence, in the observables obtained

from the CP-averaged rates, those dependencies are lost due to a relative cancellation. P3

is sensitive only to Re(C ′
9) while P

±
3 are sensitive to Im(C ′

9,10) in addition to Re(C ′
9). Due

to a relative cancellation between the observables P+
3 and P−

3 , the sensitivities towards the

respective imaginary components are lost in their corresponding CP-average. Like P2, P
+
2

is sensitive to Re(∆C9) and has a little sensitivity to the imaginary part of ∆C10. However,

the predicted value is slightly lower than the corresponding SM predictions, which is hard

to probe. On the other hand, P−
2 is sensitive to both Re(∆C9) and Im(∆C10) and in both

these scenarios, the magnitude of the predicted values is higher than the respective SM

predictions. Here, again due to a relative cancellation the sensitivity towards Im(∆C10)

is lost in P2.

Following the presentation of the NP dependence of the observables for the B → π

sector; we also tabulate the NP dependence of the observables for the B → ρ sector corre-

sponding to the same four q2 bins and for benchmark combinations of the real and imagi-

nary NP WCs. For the charged modes, the observables corresponding to the untagged case

that can be measured at both Belle and LHCb are provided in tables C.3, C.4, C.5, C.6, C.7,
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sensitivities.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

(q) (r) (s) (t) Leg-
end

Figure 5.2: The q2 dependence of the observables in B± → ρ±ll decays, which are measurable
at both the LHCb and Belle. The variations are shown in the SM and in the four different NP
scenarios with NP Wilson coefficients ∆C9,10 and C

′
9,10. For the benchmarks, please see the legend.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.3: The study of the q2 dependencies of a few tagged observables in B+ → ρ+ll and
B− → ρ−ll decays, which are measurable at both the LHCb and Belle. The caption will be similar
to the one given in fig. 5.2; also, we follow the legends of that figure.

C.8,C.9 and C.10. We highlight only those observables for the tagged case which have dif-

ferent NP dependence than the corresponding observables obtained from the CP-averaged

distribution; such observables are displayed in tables C.11, C.12,C.13 and C.14. From a

comparison with the respective SM predictions, one can look for possible deviations which

can be statistically significant. The trend or the pattern of NP effects, which are also

dependent on q2 regions, is apparent in the respective predictions.

5.4.2.2 B0 → ρ0ℓℓ transitions

For B0 → ρ0(→ ππ)ℓℓ decay, the ρ meson is reconstructed via the decay, ρ0 → π+π−, to

a flavor non-specific final state. Therefore, the final state can arise from the decay of both

B0 and B̄0 mesons. The interference between B0 − B̄0 oscillations and decay leads to the

time dependencies in the decay amplitudes which also impact the corresponding angular

coefficients Ji and J̃i which are presented as:

Ji(t) = Ji(AH → AH(t)), J̃i(t) = Ji(AH → ÃH(t)). (5.12)

The time dependencies of the CP-averaged angular coefficients are given by

Ji(t) + J̃i(t) = e−Γt
[
(Ji + J̃i) cosh(yΓt)− hi sinh(yΓt)

]
,

Ji(t)− J̃i(t) = e−Γt
[
(Ji − J̃i) cosh(xΓt)− si sinh(xΓt)

]
, (5.13)

where x = ∆m/Γ and y = ∆Γ/2Γ. ∆Γ = ΓL − ΓH and ∆m = MH − ML are the

lifetime and mass differences between the mass eigenstates. For B0
d decays, the lifetime
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Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨A5⟩ -0.0023(50) 0.0016(75) 0.0071(71) 0.0158(67)

⟨A6s⟩ 0.0028(23) 0.0065(64) 0.00062(854) -0.019(12)

⟨A8⟩ 0.0143(43) 0.0062(39) 0.0033(17) 0.00186(42)

⟨A9⟩ 0.000051(45) 0.000112(91) 0.000117(82) 0.000087(53)

⟨P1⟩ 0.0028(23) 0.0027(42) -0.044(19) -0.084(33)

⟨P ′

4⟩ 0.2044(41) 0.047(11) -0.287(15) -0.457(11)

⟨P ′

6⟩ -0.114(26) -0.163(36) -0.165(39) -0.157(42)

⟨BR⟩ × 109 1.26(10) 0.613(51) 1.083(96) 1.19(10)

⟨FL⟩ 0.278(26) 0.697(26) 0.786(19) 0.701(24)

⟨Rρ⟩ 0.98245(39) 0.99660(29) 0.99652(34) 0.99694(25)

Table 5.8: Predictions of observables, in the SM, for B̄(B) → ρ0ℓℓ decays measurable at LHCb
and Belle.

difference is negligible. The detailed mathematical expression for the si and hi are given

in ref. [171]. The time-integrated CP-averaged rates and CP-asymmetries, as measured at

hadronic machines and B-factories are defined in terms of the modified angular functions

[171]

〈
Ji + J̃i

〉
LHCb

=
1

Γ

[
Ji + J̃i
1− y2

− y

1− y2
× hi

]
,
〈
Ji + J̃i

〉
Belle

=
2

Γ

[
Ji + J̃i
1− y2

]
(5.14)

〈
Ji − J̃i

〉
LHCb

=
1

Γ

[
Ji − J̃i
1 + x2

− x

1 + x2
× si

]
,
〈
Ji − J̃i

〉
Belle

=
2

Γ

[
Ji − J̃i
1 + x2

]
(5.15)

At Belle, the flavour of the decaying B0 meson can be tagged and thus, the corre-

sponding angular coefficients Ji or J̃i can be extracted. Whereas at LHCb, tagging is not

possible for this decay chain. Hence from an untagged measurement of the differential

decay rate, one extracts the CP averaged angular coefficients (Ji + J̃i) defined in eq. 1.36.

Hence, at the LHCb, apart from the branching fraction and LFUV observable Rρ, the

following observables can be measured: A5,6s,8,9, P1, P
′
4,6 and FL. This set of observables

can also be measured at Belle. In the limit y → 0, which is true for the B0 system, the

measured values will be the same in both experiments except the branching fraction, for

which the value measured by Belle will be twice that of the one measured by LHCb5.

However, at Belle, apart from these observables a few additional observables, resulting

from the time average
〈
Ji − J̃i

〉
, can be measured which are the following: ACP , A3,4,7,

P2,3, P
′
5,8, and AFB. The respective predictions in the SM for the observables measuarable

at the LHCb and Belle are given in tables 5.8 and 5.9, respectively.

At Belle, tagging is possible. Hence it is possible to measure the observables defined in

5Note that for the time average, at the LHCb, the integration over time will be over the range 0 ≤ t ≤ ∞
while that for Belle will be −∞ ≤ t ≤ ∞.
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eqs. 1.34 and 1.35 for B0 → ρ0ℓℓ and B̄0 → ρ0ℓℓ decays, for which we have presented the

respective predictions in the SM in tables 5.10 and 5.11, respectively. Unlike the B± →
ρ±ℓℓ decays, the SM predictions for the observables defined for B0 and B̄0 decays are much

consistent with each other. This is due to the fact that the hard-spectator contribution

from the leading order WA diagrams (T (u),WA
|| ) are negligible for B0(B̄0) → ρ0ℓℓ decays

which plays a major role for the differences in the predictions for a few observables in B+

and B− decays. This could be the reason for A4 in neutral B decays being two orders of

magnitude suppressed relative to that in the B± decays.

Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨ACP ⟩ -0.034(12) -0.0325(53) -0.01670(88) -0.0115(20)

⟨A3⟩ 0.0000012(195) -0.000028(62) 0.000015(86) 0.00028(18)

⟨A4⟩ -0.0075(18) -0.0060(23) -0.00048(206) 0.0040(21)

⟨A7⟩ -0.0025(30) -0.0024(26) -0.00020(107) -0.00015(55)

⟨P2⟩ -0.0545(17) -0.2238(64) -0.101(15) 0.1617(83)

⟨P3⟩ 0.00021(13) 0.00148(95) 0.0031(18) 0.0032(18)

⟨P ′

5⟩ 0.3365(43) 0.166(13) -0.241(19) -0.479(13)

⟨P ′

8⟩ -0.0205(69) -0.036(10) -0.040(10) -0.039(10)

⟨AFB⟩ -0.0591(27) -0.1017(95) -0.0324(57) 0.0725(73)

Table 5.9: Predictions of observables, in the SM, for B̄(B) → ρ0ℓℓ decays measurable only at
Belle.

In the SM and in a few new physics scenarios, the respective q2 variations of the

observables listed in tables 5.8 and 5.9 are shown in fig. 5.4. We note that for the neutral

B decays, the variations of CP-asymmetric observables with q2 are less significant than

the charged B decays, particularly in the observables ACP and A4,5,7,8. For the rest of

the observables, the q2 variations are almost similar to that observed for the charged B

decays shown in fig. 5.2. Apart from ACP and A5, the NP sensitivities for the rest of the

observables in the neutral B decays are almost identical to the respective observables in

B± decays shown in table 5.6. For the neutral B decays, ACP is sensitive to Im(∆C9)

and Re(∆C10) whereas A5 is sensitive only to Im(∆C10), the NP sensitivities of the

rest of the observables can be seen from table 5.6. Like the B+ and B− decays, here

also we see that the observables P 0
2,3(P̄

0
2,3) and P ′0

6,8(P̄
′0
6,8) have different NP sensitivities.

We can see from fig. 5.5 that in the specific NP scenarios, significant deviations in the

predictions of P ′0
6,8 and P̄ ′0

6,8 are possible, which are lost due to relative cancellations in the

CP-averaged observables P ′
6,8 shown in figs. 5.4n and 5.4o, respectively. Thus, along with

the observables obtained from the CP-averaged distribution, whenever tagging is possible,

the measurement of the tagged observables is equally important in the context of NP

searches.

In tables C.19, C.20, C.21, C.22, C.23, C.24, C.25, C.26, C.27 and C.28, we provide
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sensitivities.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

(q) (r) (s)

Figure 5.4: The q2 dependence for the CP-averaged and CP-asymmetric observables in B0(B̄0) →
ρ0ll decays in the SM and in the NP scenarios. Among the listed obsevables A5,6s,8,9, P1, P

′
4,6, FL

and Branching ratio are measurable at both the LHCb and Belle and the rest are measurable only
at the Belle. The legends are similar to the one used in fig. 5.2.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.5: The q2 dependence for the P 0
2 (P̄

0
2 ), P

0
3 (P̄

0
3 ), P

′0
6 (P̄ ′0

6 ), P ′0
8 (P̄ ′0

8 ) associated with
B̄(B) → ρ0ll decays measurable only at the Belle.

the predictions in the NP scenarios for the observables associated with the neutral modes.

Also, as discussed in the case of the charged B decays, for the B0 and B̄0 decays we have

given the predictions in the NP scenarios for the tagged observables P 0
2,3(P̄

0
2,3), P

′0
6,8(P̄

′0
6,8) in

tables C.15, C.16, C.17 & C.18. All these predictions can be tested in future measurements.

5.5 Summary

In this chapter, we have analysed the decay modes B → π(ρ)ℓνℓ and B → π(ρ)ℓ+ℓ− using

all the available experimental inputs on the branching fractions, and the lattice and LCSR

inputs on the form factors. We extract the form factor coefficients and the CKM element

|Vub| using all these inputs and the available correlations between them. Using this fit

result for B → πℓℓ decays, we have predicted CP and isospin-asymmetries along with the

respective branching fractions. Also, we have predicted LFU ratios like R
−/0
π . We have

checked the q2 distributions of all these observables and predicted the values, along with

the respective errors, in a few q2-bins. From the angular distribution of B±(0) → ρ±(0)ℓℓ

decays we have obtained the CP-averaged and CP-asymmetric observables along with the

respective branching fractions and R±,0
ρ . Here also we have predicted all these observables

in the SM in a few q2-bins using the fit results for the form factors.

For the charged B decays, the observables are predicted for both the B+ and B− decays

following the tagging method, which can be measured both at the LHCb and Belle. Also,

we have predicted the associated untagged observables. On the contrary, for the neutral

B decays, tagging is possible only at Belle but not at LHCb. Hence, there are observables

measurable both at Belle and LHCb and a few observables measurable only at Belle. We
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Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨P 0
1 ⟩ 0.0039(32) 0.0034(51) -0.048(21) -0.087(34)

⟨P 0
2 ⟩ -0.0787(33) -0.267(14) -0.112(30) 0.197(19)

⟨P 0
3 ⟩ 0.00040(29) 0.0021(15) 0.0040(23) 0.0036(20)

⟨P ′0
4 ⟩ 0.2544(67) 0.063(13) -0.296(16) -0.468(10)

⟨P ′0
5 ⟩ 0.393(11) 0.171(20) -0.267(25) -0.516(17)

⟨P ′0
6 ⟩ -0.125(38) -0.166(45) -0.170(42) -0.157(41)

⟨P ′0
8 ⟩ -0.061(20) -0.052(20) -0.050(15) -0.043(11)

⟨BR0⟩ × 109 2.60(21) 1.27(10) 2.20(19) 2.41(20)

⟨A0
FB⟩ -0.0592(32) -0.103(11) -0.0323(92) 0.086(12)

⟨F 0
L⟩ 0.283(25) 0.698(25) 0.788(18) 0.699(24)

⟨R0
ρ⟩ 0.98257(39) 0.99670(29) 0.99657(33) 0.99697(25)

Table 5.10: Predictions of observables, in the SM, for B0 → ρ0ℓℓ decays, which are measurable
at Belle.

Bin[GeV2
]

[0.1-1] [1-2] [2-4] [4-6]

⟨P̄ 0
1 ⟩ 0.0041(33) 0.0031(49) -0.048(21) -0.086(34)

⟨P̄ 0
2 ⟩ -0.0770(22) -0.2559(41) -0.110(22) 0.137(21)

⟨P̄ 0
3 ⟩ 0.00021(12) 0.00132(81) 0.0028(16) 0.0031(17)

⟨P̄ ′0
4 ⟩ 0.2334(35) 0.037(12) -0.306(17) -0.463(13)

⟨P̄ ′0
5 ⟩ 0.412(10) 0.189(22) -0.238(29) -0.459(21)

⟨P̄ ′0
6 ⟩ -0.148(23) -0.187(33) -0.176(40) -0.163(45)

⟨P̄ ′0
8 ⟩ 0.0143(41) -0.0252(25) -0.0345(69) -0.036(10)

⟨B̄R0⟩ × 109 2.43(21) 1.19(10) 2.13(19) 2.35(20)

⟨Ā0
FB⟩ -0.0589(25) -0.1001(98) -0.0324(79) 0.059(10)

⟨F̄ 0
L⟩ 0.273(26) 0.696(27) 0.784(19) 0.703(24)

⟨R̄0
ρ⟩ 0.98232(39) 0.99650(32) 0.99646(35) 0.99690(25)

Table 5.11: Predictions of observables, in the SM, for B̄0 → ρ0ℓℓ decays measurable at Belle.

separate and predict them in the SM in a few q2-bins.

For all these observables, we have checked the sensitivities towards some NP contri-

butions from a few additional operators beyond the SM. To look for deviations, we have

studied the individual q2 variations of all these observables in the different NP scenar-

ios and compared them with the respective distributions in the SM. Many observables

are sensitive to the NP contributions we have considered, and one can distinguish the

effects from the respective SM predictions. From a comparative study of the respective

NP sensitivities, one can identify the effect of a particular type of scenario from the rest.

Therefore, if we observe deviations in the measured values from the respective SM pre-

dictions, it will be possible to identify the type of NP scenario from the pattern of the

results. Moreover, we have noted that a few observables defined from a tagged analysis
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5.5 Summary

are sensitive to some NP scenarios and the respective sensitivities are lost due to a relative

cancellation while defining the related CP-averaged observables, which could be obtained

from the untagged decay distribution. In the context of NP searches, the measurement of

the tagged observables is equally important as the related CP-averaged observables.
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Chapter 6

Constraining the ratio |Vub|/|Vcb| from
exclusive decays.

6.1 Introduction

In this chapter1, with the objective of determining the least precisely measured ratio

|Vub|/|Vcb|, as discussed in section 1.5, we simultaneously analysis the mesonic b → clν

and b → ulν modes for a combined extraction of |Vcb|exc and |Vub|exc respectively. In

chapter 4, we have analysed the B → πlν decay mode for the exclusive determination

of |Vub| and found that our best results are consistent with the one extracted from the

inclusive B → Xuℓνℓ decays from Belle [1] within 1 σ confidence interval. Apart from

B → πlν decay modes, the decay rates for B → ρ(ω)lν modes also depend on the CKM

matrix element |Vub| and should be considered for a combined extraction of exclusive |Vub|.
In PDG [72], averages are given based on B → D(∗)lν decays for |Vcb|exc. and B → πlν

decays for |Vub|exc. (the values are given in eqs 1.39 and 1.40). The Bs → D
(∗)
s lν modes

also probe |Vcb| and are utilised for the determination of exclusive |Vcb| in this chapter.

In section 6.2, we discuss the theory relevant to the various decay modes considered

in this chapter. In section 6.3, we mention about the available data in the respective

channels along with the Lattice and LCSR inputs. As an initial step, we determine the

ratio independently from the b → clν and b → ulν modes. Next, we incorporate the

measurements on the ratio BR(Bs → Kµν)/BR(Bs → Dsµν) in the two q2-bins, given

in eq 1.43 to understand the role of these inputs on the ratio |Vub|/|Vcb|, the results are

presented in section 6.4. Finally, we summarize the results obtained in this chapter in

section 6.5.

1The main results of this chapter have been taken from a work in progress with A. Biswas and S. Nandi
which will be arXived soon.
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6.2 Theory

6.2 Theory

6.2.1 B decays to pseudoscalar mesons

In this analysis, we consider B(Bs) → π(K)lν (B(Bs) → D(Ds)lν) decays corresponding

to b → u(c) transitions. The differential decay rate for B-decays to pseudoscalar mesons

are function of the form factors f+,0(q
2), as given in eq. 1.22. We parameterize the form

factors corresponding to B(Bs) → π(K)lν and B(Bs) → D(Ds)lν transitions according

to BSZ (eq. 2.24) and BGL (eq. 2.29) parametrizations respectively.

We provide the values of the constants in table 2.4 and pole masses used in B → D(∗)

and Bs → D
(∗)
s channels in tables 2.2 and 2.3 respectively. The outer functions are

expressed as in eq. 2.33.

6.2.2 B decays to vector mesons

6.2.2.1 B → ρ(ω)lν transitions

For these decays, the experimental measurements are given on the partial branching frac-

tions in bins of dilepton invariant mass squared q2, the differential decay distribution is

function of the form factors V (q2), A0(q
2), A1(q

2) and A2(q
2) as seen from eqs. 1.23,1.24.

We follow the BSZ parametrization given in eq. 2.24 to parameterize the respective form

factors.

6.2.2.2 B(Bs) → D∗(D∗
s)lν transitions

For B → D∗lν decays, the experimental measurements are provided for the differential

distributions in the variables w, cosθl, cosθv and χ in 10 bins [70]. The expression for

the four-fold distribution is obtained from [172, 173]. We follow the BGL basis of form

factors (f, g, F1, F2) for these decay modes which are expanded as given in eq. 2.29, with

the values of the pole masses given in tables 2.2 and 2.3 and outer functions given in eq.

2.34.

6.3 Inputs

For B → πlν decay modes, the experimental data, Lattice and LCSR inputs considered in

this analysis are same as those used in chapter 5. For B → ρlν modes, all the inputs are

same as chapter 5 except for an additional LCSR input [5]. For B → ωlν transitions, the

experimental inputs correspond to the measurements on the partial branching fractions

in bins of q2 from BaBar and Belle collaborations [75–77, 174]. No lattice estimates exist

till date on the B → ρ(ω) form factors. In ref [5], the LCSR datapoints for the form

factors are provided at q2 = 0, whereas in ref. [4], the fit-results for the coefficients of the
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Chapter 6. Constraining the ratio |Vub|/|Vcb| from exclusive decays.

z-expansion are given using which we generate correlated synthetic data-points for the

form factors A1, A2 and V at q2 = 0,4,8 GeV2 and for A0 at q2 = 4,8 GeV2 2.

The form factor inputs corresponding to Bs → K− transitions are available from

Lattice QCD collaborations, namely Fermilab-MILC [175] and RBC/UKQCD [130]. Also

the authors of ref. [176] have provided the value of the form factor f+ only at q2 = 0

following the LCSR approach. For Bs → Ds transitions, there are existing results from

Lattice groups, namely Fermilab-MILC [177] and HPQCD [178] where the fit results of the

respective form factor parameters are provided following BGL and BCL parametrizations

respectively. We have generated correlated synthetic datapoints for the form factors f+

and f0 from the MILC analysis at w = 1, 1.08 and 1.16 and from the HPQCD analysis

at w = 1, 1.06 and 1.12. In ref. [179], the correlated form factor inputs are given for

Bs → D
(∗)
s modes using the Light-Cone sum rules with Bs meson distribution amplitude

at q2 = -15, -10, -5 and 0 GeV2, which calls for a combined analysis of Bs → D
(∗)
s µν

transitions. For Bs → D∗
s modes, there is a lattice QCD calculation of the axial vector

form factor at zero recoil [180]. In ref. [181], the values of the form factors A0, A1, A2

and V are given for the first time at non-zero recoil, namely at w = 1, 1.04, 1.08 and

1.12. LHCb has recently provided a measurement of |Vcb| using the Bs → D
(∗)
s µν decay

modes [182]. Using their fit results for the form factor parameters and other relevant

inputs, we have created correlated synthetic datapoints for the partial branching fractions

for Bs → Dslν channel in 6 w-bins and for Bs → D∗
s lν channel in 5 w-bins.

In 2015, the Belle collaboration had analyzed the B → Dlν decay and provided mea-

surements for the differential decay width in 10 w-bins for both the charged and neutral

B decays with electrons and muons in the final state [71]. In 2018, it presented the results

for the differential distributions in w, cosθl, cosθv and χ in 10 bins for the B → D∗lν decay

mode [70]. In addition to these experimental results, we also consider the inputs for the

hadronic form factors available from various sources. For the B → D form factors, we take

lattice inputs from the Fermilab-MILC collaboration [183] and the HPQCD collaboration

[184]. In [183], the form factors f+ and f0 are given at three values of the recoil variable w

= 1, 1.08 and 1.16, whereas in [184], the fit results for the form factor parameters following

BCL expansion are provided, using which we created synthetic data-points for f+ and f0

at w = 1, 1.06 and 1.12. The lattice inputs for the form factors of B → D∗ mode are taken

from the Fermilab-MILC collaboration [185] where the values of the form factors g, f, F1

and F2 are provided for the first time at non-zero values of the recoil, namely w = 1.03,

1.10 and 1.17 respectively. The authors of ref [2] have provided correlated form factors for

B → D(∗) channel at q2 = -15, -10, -5 and 0 GeV2 following the LCSR approach.

2At q2 = 0, A0 is related to A1 and A2, thus it isn’t independent. So, in order to keep the covariance
matrix positive semi-definite, we don’t include the datapoint for A0 at q2 = 0.

88

TH-3118_176121005



6.4 Results

6.4 Results

For the various decay modes sensitive to |Vub| and |Vcb|, we study the impact of the form

factor inputs from the available sources on the extraction of |Vub|exc. and |Vcb|exc.. For

B → πlν modes, we consider the datapoints from each Lattice collaboration separately

along with the experimental measurements with or without the inputs from LCSR analysis

[3] which are relatively more precise as compared to the one obtained in ref [2] and thus

play dominant role in the fits. The fit results are shown in table 6.1 where we also show

the impact of the LCSR inputs on |Vub| extracted from B → ρlν and B → ωlν decay

modes. Finally, we combine all the channels for an exclusive determination of |Vub|. In

table 6.2, we show |Vcb|exc. obtained from the various b → clν transitions separately and

also from a combined analysis. With the result |Vcb| = (40.4 ± 0.6) × 10−3 from the

combined analysis, we have calculated |Vub|/|Vcb| for all the inputs in table 6.1, as shown

in the fifth column. From the combined b → u(c)lν modes, we obtain |Vub|/|Vcb| = 0.088

± 0.003.

Mode Inputs p value (%) |Vub| × 103 |Vub|/|Vcb|

B → πlν Experiment+JLQCD [166] 11.7 3.93 ± 0.41 0.097 ± 0.010

Experiment+JLQCD+LCSR [3] 20.6 3.65 ± 0.24 0.090 ± 0.006

Experiment+MILC [186] 9.9 3.67 ± 0.14 0.091 ± 0.004

Experiment+MILC+LCSR [3] 8.4 3.71 ± 0.13 0.092 ± 0.003

Experiment+RBC/UKQCD [130] 10.3 3.60 ± 0.31 0.089 ± 0.008

Experiment+RBC/UKQCD+LCSR [3] 18.3 3.43 ± 0.22 0.085 ± 0.006

Experiment+ All Lattice [130, 166, 186] 0.18 3.62 ± 0.12 0.090 ± 0.003

Experiment+ All Lattice+LCSR [2, 3] 2.8 3.62 ± 0.11 0.090 ± 0.003

B → ρlν Experiment+LCSR [2] 36 3.66 ± 1.07 0.091 ± 0.027

Experiment+LCSR [4] 6.4 3.08 ± 0.28 0.076 ± 0.007

All combined [2, 4, 5] 86.7 3.22 ± 0.26 0.080 ± 0.007

B → ωlν Experiment+LCSR [4, 5] 89.7 3.09 ± 0.33 0.076 ± 0.008

All modes All inputs combined 22 3.55 ± 0.10 0.088 ± 0.003

Table 6.1: A comparative study of the impact of the form factor inputs for different channels on
the extraction of |Vub|.

Mode Inputs p value (%) |Vcb| × 103

B → Dlν Experiment+Lattice [183, 184]+LCSR [2] 90.2 41.0 ± 1.1

B → D∗lν Experiment+MILC [185] +LCSR [2] 13.7 38.9 ± 0.9

Bs → D
(∗)
s lν Experiment+Lattice [178, 181] +LCSR [179] 99.9 41.9 ± 1.1

All modes All inputs combined 76 40.4 ± 0.6

Table 6.2: A comparative study of the extraction of |Vcb| in different channels.
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Chapter 6. Constraining the ratio |Vub|/|Vcb| from exclusive decays.

Mode Inputs p value (%) |Vub| × 103 |Vcb| × 103 |Vub|/|Vcb|
B → πlν Experiment+Lattice 1 3.56 ± 0.11 40.7 ± 0.6 0.088 ± 0.003

and b→ clν Experiment+Lattice+

LCSR 1.6 3.50 ± 0.10 40.7 ± 0.6 0.086 ± 0.003

Experiment+Lattice+

LCSR (without fBs→K
+ ) 9.8 3.62 ± 0.10 40.3 ± 0.6 0.090 ± 0.003

b→ c(u)lν Experiment+Lattice+

LCSR 10 3.45 ± 0.08 40.7 ± 0.6 0.085 ± 0.002

Experiment+Lattice+

LCSR (without fBs→K
+ ) 28.9 3.55 ± 0.09 40.4 ± 0.6 0.088 ± 0.002

Table 6.3: Extraction of the ratio |Vub|/|Vcb| from combined b→ c(u)lν modes including the ratio

RBF = BR(Bs→Kµν)
BR(Bs→Dsµν)

in the two bins [8].

Next, we incorporate the measurements on the ratio BR(Bs → Kµν)/BR(Bs → Dsµν)

in the two bins in the combined fit to analyse the impact on |Vub|/|Vcb| ratio, the results

are shown in table 6.3. We also separately study the effect of the inputs on the B → πlν

modes along with the b → clν modes (with or without the LCSR inputs on the form

factors) on the ratio since it is the most promising channel in the extraction of |Vub|exc.,
the results are shown in table 6.3. We find that the LCSR input on the form factor f+

at q2 = 0 in the Bs → K channel has influence on the extracted value of |Vub|, dropping
which we get an enhanced value of |Vub|, as shown in the last row of table 6.3. We also

study the effect of the branching fraction ratio in each bin separately on the extracted

value of |Vub|/|Vcb|, the results are shown in table 6.4. We have shown the plots for the

form factors in the B → π(ρ, ω)lν channels in figs. 6.1, 6.2 and 6.3 respectively. From

fig 6.1, we find that the form factors obtained from the fit to only experimental data and

Lattice inputs from JLQCD in the B → πℓν channel have larger uncertainties which get

subsequently reduced on including other Lattice and LCSR inputs. In figs 6.2 and 6.3,

the form factor plots are shown for the B → ρℓν and B → ωℓν channels corresponding to

analyses with the inputs in only B → ρℓν or B → ωℓν modes and from combined exclusive

b→ uℓν modes.

6.5 Summary

In this chapter, 3 we have considered mesonic b → c(u)ℓν decay modes for eg. B →
π(ρ, ω)ℓν and B(Bs) → D(∗)(D

(∗)
s )ℓν with the available experimental data and inputs

on the form factors for a combined extraction of |Vub| and |Vcb|. From these results, we

have determined the ratio |Vub|/|Vcb| which is proportional to a side of the CKM unitarity

3The main results of this chapter have been taken from a work in progress with A. Biswas and S. Nandi
and will be arXived very soon.
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Mode Inputs p value (%) |Vub| × 103 |Vcb| × 103 |Vub|/|Vcb|
b→ c(u)lν + Experiment+Lattice+

RLow
BF LCSR 9.9 3.44 ± 0.09 40.6 ± 0.6 0.085 ± 0.002

Experiment+Lattice+

LCSR (without fBs→K
+ ) 28.8 3.56 ± 0.10 40.3 ± 0.6 0.088 ± 0.003

b→ c(u)lν + Experiment+Lattice+

RHigh
BF LCSR 13 3.48 ± 0.09 40.5 ± 0.6 0.086 ± 0.002

Experiment+Lattice+

LCSR (without fBs→K
+ ) 33.6 3.56 ± 0.09 40.3 ± 0.6 0.088 ± 0.003

Table 6.4: Extraction of the ratio |Vub|/|Vcb| from combined b → c(u)lν modes along with the

ratio RBF = BR(Bs→Kµν)
BR(Bs→Dsµν)

in either low or high bin [8].

(a) (b)

(c)

Figure 6.1: The q2 distributions of the form factors f+ and f0 for B → πlν modes. The lattice
and LCSR datapoints are also shown in the plots. The labels “LCSR(1)” and “LCSR(2)” refer to
the inputs from LCSR [2] and [3] respectively.

triangle. There has been a recent measurement of the ratio BR(Bs→Kµν)
BR(Bs→Dsµν)

∝ |Vub|2
|Vcb|2

from

LHCb in two bins of Bs → K momentum transfer. As an initial step, we determine the

ratio independently from b → c(u)ℓν modes, also separately studying the effect of the

various form factor inputs for different channels on the extracted values of |Vub| and |Vcb|.
Then we incorporate the measurements on the branching fraction ratios in the two bins

separately and also simultaneously to see the impact on the |Vub|/|Vcb| ratio. We find that

the LCSR input on f+ at q2 = 0 in the Bs → K channel influences the measurement of

|Vub|/|Vcb|. Our value for |Vub|/|Vcb| is consistent with the determination from the ratio of

partial rates of baryonic decays BR(Λb → pµν)/BR(Λb → Λcµν) measured by LHCb.
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(a) (b) (c)

(d) (e)

Figure 6.2: The q2 distributions of the form factors A0, A1, A2 and V for B → ρlν modes. The
LCSR datapoints are also shown in the plots. The labels “LCSR(1)”, “LCSR(2)” and “LCSR(3)”
refer to the inputs from LCSR [2], [4] and [5] respectively.

(a) (b) (c)

(d) (e)

Figure 6.3: The q2 distributions of the form factors A0, A1, A2 and V for B → ωlν modes. The
LCSR datapoints are also shown in the plots. The labels “LCSR(2)” and “LCSR(3)” refer to the
inputs from LCSR [4] and [5] respectively.
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Chapter 7

Summary and outlook

In this thesis, we have studied the semileptonic decays of B mesons including the flavor

changing charged and neutral current transitions and the related phenomenology. With

the absence of any direct detection of new particles at the colliders so far, the precision

measurements of several observables in the flavor sector play very crucial role to analyze the

possible signatures of new physics through the comparison with their respective predictions

in the SM. Over the last few years, some anomalous results have been observed in the B

meson decays in the low energy experiments. The observables RK(∗) defined to test Lepton

Flavor Universality and a few angular observables (for eg. P ′
5) have shown deviations

from their respective SM predictions. The source of this discrepancy could be the poorly

understood hadronic effects in the SM or the presence of new interactions beyond the SM.

We have considered the possibility of new physics effects in the neutral current sector in this

thesis. Incorporating the available measurements from various experimental collaborations

in the b→ sℓℓ channel and following a model-independent effective field theory framework

with dimension six operators with complex WCs, we have checked whether each of the one-

operator scenarios can provide plausible explanations to the observed anomalies. It has

been found that the operator O9 in both the cases with real and complex WCs turns out to

be the only one-operator scenario compatible with the present data. More precise data in

the future might prefer more complex multi-operator scenarios or models. Also, in general,

in a new physics model, besides the one-operator scenarios, some multi-operator scenarios

may also influence the transitions under study. Thus, with the aim to look for various

possible combinations of the operators that can accommodate the available data in this

channel, we have adopted the model selection procedures like Akaike Information Criterion

and Cross-Validation. It has been observed that apart from the one-operator scenario O9

with complex WC, some two, three and four operator scenarios are also selected in this

analysis, with the operator O9 common among them. For the selected scenarios, we have

provided predictions for R
(∗)
K and P ′

5 in the specific bins and compared them with the

corresponding measurements. Our best model can accommodate all the observed data on

R
(∗)
K and P ′

5 at 1-σ CL, except the Rlow
K∗ (LHCb) which is difficult to be explained by any

93

TH-3118_176121005



Chapter 7. Summary and outlook

of the selected models at 1-σ CL. This is because at low-q2, the B → K∗ℓℓ decay rates

are dominated by 1/q2 enhanced photon contributions and a NP contact interaction that

explains RK and RCen
K∗ affects RLow

K∗ typically by at most 10%. Also, some analyses in the

literature have addressed the possibility of explaining RLow
K∗ with tensor operators which

we have not considered in this thesis.

We have also explored the exclusive b → dℓℓ (B → πℓℓ and B → ρℓℓ) transitions,

which similar to the b → sℓℓ modes are loop-suppressed in the SM, but unlike b → sℓℓ

sector have a non-vanishing direct CP- asymmetry. The parts of the exclusive b → dℓℓ

decay amplitudes proportional to λu = VubV
∗
ud and λt = VtbV

∗
td have the same order of

Cabibbo suppression and have different strong phases, in addition to a relative CKM

phase. The form factors arising in B → πll (B → ρll) and B → πlνl (B → ρlνl)

decays are correlated in the analyses of Fermilab-MILC and LCSR. An interesting fact

is that both the decay rates Γ(B → πℓνℓ) and Γ(B → ρℓνℓ) are proportional to |Vub|2

which is the only common link between the B → π and B → ρ decay channels we have

considered in this thesis. From a combined analysis of all the available experimental data

in B → πℓν, B → ρℓν and B → πℓℓ channels and the most up-to-date Lattice and

LCSR inputs on the form-factors, we have simultaneously extracted |Vub| along with the

form-factor parameters. Using these extracted values, we have provided predictions for

various observables in B → π(ρ)ℓℓ channels corresponding to both charged and neutral

B-meson decays which can be verified at LHCb and Belle. We have separately studied

observables obtained from the tagged and CP-averaged decay distributions. For B meson

decays to CP eigenstates such as B0 → ρ0ℓℓ, the same final state can arise from both B

and B̄ decays. The interference between B0 − B̄0 oscillations and mixing results in time-

dependent amplitudes. Tagging isn’t possible at LHCb for such modes, thus observables

obtained only from CP-averaged distribution can be measured, whereas at Belle, also

observables obtained from tagged analyses as well as from CP-asymmetric distribution

can be measured. We have found that the CP- asymmetric observables for b→ dℓℓ modes

gain sizeable contributions in the SM. We have also studied the new physics effects in

these decay modes as these channels are more sensitive to the BSM contributions due

to their low branching ratios in the SM. It has been observed that different observables

are sensitive to different NP scenarios differently, thus if deviations are observed in the

future measurements from their respective SM predictions, the pattern of the results will

signify the presence of the particular type of NP scenario. It has also been noted that a

few observables obtained from a tagged analysis are sensitive to some NP scenarios and

the respective sensitivities are lost due to a relative cancellation while defining the related

observables, which could be obtained from the untagged decay distribution. Thus, in the

context of NP searches, the measurement of the tagged observables is equally important

as these related CP-averaged observables.

The precise estimate of the ratio |Vub|/|Vcb| is of utmost importance since it plays
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an essential role in the determination of the sides of the Unitarity Triangle. It can be

measured directly or indirectly from the extraction of |Vub| and |Vcb| from the respective

exclusive and inclusive b → uℓνℓ and b → cℓνℓ decays. For a long time, there exists a

tension between the exclusive and inclusive determinations from semileptonic B-meson

decays for both |Vub| and |Vcb|. It is hard to accommodate this discrepancy in a new

physics scenario. We have relooked into the exclusive B → πℓν modes for the extrac-

tion of |Vub|. So far, the method utilised by HFLAV for the extraction of |Vub|exc. from
B → πℓν transitions invloves a two-stage procedure. In the first stage, incorporating the

experimental measurements, they determine the average partial branching fraction in each

q2 interval from a binned maximum-likelihood fit with p-value ∼ 6 % which is considered

to be of marginal significance. In the second stage, they use these average q2 spectrum

along with the Lattice and LCSR (at q2 = 0) inputs to extract |Vub| (p-value ∼ 47 %).

We have reanalysed the B → πℓν modes simultaneously with the available experimental

data and newly available form factor inputs from Lattice and LCSR, while commenting

on the effect of outliers on the fits. We have mentioned a few scenarios in the extraction

of |Vub|exc and found that the BaBar 2011 dataset impacts the extracted value of |Vub|.
Without including these datapoints in our analysis results in a value for |Vub|exc which

is consistent with the recent inclusive measurement from Belle within 1σ. We have also

considered other exclusive b→ uℓν channels for eg. B → ρ(ω)ℓν and the exclusive b→ cℓν

channels for eg. B(Bs) → D(∗)(D
(∗)
s )ℓν for the extractions of |Vub| and |Vcb|, respectively.

There has been a recent measurement of the ratio BR(Bs→Kµν)
BR(Bs→Dsµν)

∝ |Vub|2
|Vcb|2

from LHCb in two

bins of Bs → K momentum transfer. Initially, we have determined the ratio independently

from b → c(u)ℓν mesonic modes, also separately analyzing the impact of the form factor

inputs from Lattice QCD and LCSR computations for different channels on the extracted

values of |Vub| and |Vcb|. Then we have introduced the measurements on the branching

fraction ratios in the two bins separately and also simultaneously to study the effect on

the |Vub|/|Vcb| ratio. Our result for |Vub|/|Vcb| is consistent with that obtained from the

measurement of the ratio of partial rates of baryonic decays from LHCb.

In this thesis, we have addressed some important issues related to flavor physics and

basic aspects of the Standard Model. Due to the lack of significant observation of new

particles at the colliders so far, it is interesting to look for complementary hints of new

physics signals from low energy experiments. The precision of measurements of rare B-

decays have also improved significantly over the past few years with several hints towards

the presence of physics beyond the SM. In the coming years, the improvement in precision

of the theoretical calculations and experimental measurements in various channels will

provide solid proofs for the presence of physics beyond the SM and may also help pinpoint

a particular type of NP scenario. The results from the upcoming Belle II upgrade and

future colliders will pave the way for an exciting future in the area of flavor physics that

will help the high energy physics community in better understanding of the SM and also
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Chapter 7. Summary and outlook

in the search for new physics.
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Appendix A

The transversity amplitudes and

angular coefficients corresponding to

B(Bs) → V (V = K∗, ρ(ϕ))ℓℓ decays:

Here, we provide the explicit form of the eight transversity amplitudes (up to corrections

of O(αs) for B meson decays to vector mesons in the final state [126].

A⊥L,R = N
√
2λ1/2

[ [
(Ceff

9 + Ceff ′
9 )∓ (Ceff

10 + Ceff ′
10 )

] V (q2)

mB +mV
+

2mb

q2
(Ceff

7 + Ceff ′
7 )T1(q

2)

]
,

A||L,R = −N
√
2(m2

B −m2
V )

[ [
(Ceff

9 − Ceff ′
9 )∓ (Ceff

10 − Ceff ′
10 )

] A1(q
2)

mB −mV

+
2mb

q2
(Ceff

7 − Ceff ′
7 )T2(q

2)

]
,

A0L,R = − N

2mV

√
q2

{[
(Ceff

9 − Ceff ′
9 )∓ (Ceff

10 − Ceff ′
10 )

]
,

×
[
(m2

B −m2
V − q2)(mB +mV )A1(q

2)− λ
A2(q

2)

mB +mV

]
+ 2mb(C

eff
7 − Ceff ′

7 )

[
(m2

B + 3m2
V − q2)T2(q

2)− λ

m2
B −m2

V

T3(q
2)

]}
,

At =
N√
q2
λ1/2

[
2(Ceff

10 − Ceff ′
10 ) +

q2

mµ
(CP − C ′

P )

]
A0(q

2),

AS = −2Nλ1/2(CS − C ′
S)A0(q

2) (A.1)

where

N = VtbV
∗
tp

[
G2

Fα
2

3 · 210π5m3
B

q2λ1/2βµ

]1/2
, (A.2)

p = s, d quarks.
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Chapter A. The transversity amplitudes and angular coefficients corresponding to
B(Bs) → V (V = K∗, ρ(ϕ))ℓℓ decays:

λ =M4
B +M4

V + q4 − 2(M2
BM

2
V +M2

Bq
2 +M2

V q
2), βµ =

√
1− 4

m2
µ

q2
, (A.3)

With the eight transversity amplitudes defined above, the angular coefficients Ji in eq.

1.30 can be written as

Js
1 =

(2 + β2µ)

4

[
|AL

⊥|2 + |AL
|| |

2 + (L→ R)
]
+

4m2
µ

q2
Re
(
AL

⊥A
R∗
⊥ +AL

||A
R∗
||

)
,

Jc
1 = |AL

0 |2 + |AR
0 |2 +

4m2
µ

q2
[
|At|2 + 2Re(AL

0A
R∗
0 )
]
+ β2µ|AS |2,

Js
2 =

β2µ
4

[
|AL

⊥|2 + |AL
|| |

2 + (L→ R)
]
,

Jc
2 = −β2µ

[
|AL

0 |2 + (L→ R)
]
,

J3 =
1

2
β2µ

[
|AL

⊥|2 − |AL
|| |

2 + (L→ R)
]
,

J4 =
1√
2
β2µ

[
Re(AL

0A
L∗
|| ) + (L→ R)

]
,

J5 =
√
2βµ

[
Re(AL

0A
L∗
⊥ )− (L→ R)− mµ√

q2
Re(AL

||A
∗
S +AR

||A
∗
S)

]
,

Js
6 = 2βµ

[
Re(AL

||A
L∗
⊥ )− (L→ R)

]
,

Jc
6 = 4βµ

mµ√
q2
Re
[
AL

0A
∗
S + (L→ R)

]
,

J7 =
√
2βµ

[
Im(AL

0A
L∗
|| )− (L→ R) +

mµ√
q2
Im(AL

⊥A
∗
S +AR

⊥A
∗
S)

]
,

J8 =
1√
2
β2µ
[
Im(AL

0A
L∗
⊥ ) + (L→ R)

]
,

J9 = β2µ

[
Im(AL∗

|| A
L
⊥) + (L→ R)

]
. (A.4)
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Appendix B

The matrix element and coefficients

relevant to B → P (P = K, π)ℓℓ

decays:

The matrix element for B-meson decays to pseudoscalar mesons can be written as [91]

M =i
GFαe√

2π
VtbV

∗
tp ξP (q

2)

(
FV p

µ
B [l̄γµl] + FA p

µ
B [l̄γµγ5l]

+ (FS + cos θFT ) [l̄l] + (FP + cos θFT5) [l̄γ5l]

)
(B.1)

The functions Fi ≡ Fi(q
2), i = S, P,A, V, T, T5 are given as

FA = C10, FT =
2
√
λβl

MB +MP

fT (q
2)

f+(q2)
C l
T , FT5 =

2
√
λβl

MB +MP

fT (q
2)

f+(q2)
C l
T5,

FP =
1

2

M2
B −M2

P

mb −ms

f0(q
2)

f+(q2)
(mbC

l
P +mbC

l′
P ) +mlC10

[
M2

B −M2
P

q2

(
f0(q

2)

f+(q2)
− 1

)
− 1

]
,

FS =
1

2

M2
B −M2

P

mb −ms

f0(q
2)

f+(q2)
(mbC

l
S +mbC

l′
S), FV = C9 +

2mb

MB

TP (q2)
ξP (q2)

+
8ml

MB +MP

fT (q
2)

f+(q2)
C l
T ,

(B.2)

where

λ =M4
B +M4

P + q4 − 2(M2
BM

2
P +M2

Bq
2 +M2

P q
2), βl =

√
1− 4

m2
l

q2
, (B.3)
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Chapter B. The matrix element and coefficients relevant to B → P (P = K,π)ℓℓ decays:

The coefficients al, bl and cl appearing in eq. 1.25 are expressed as

al(q
2)

Γ0

√
λβl ξ

2
P

= q2
(
β2l |FS |2 + |FP |2

)
+
λ

4
(|FA|2 + |FV |2)

+ 2ml(M
2
B −M2

P + q2)Re(FPF
∗
A) + 4m2

lM
2
B|FA|2,

bl(q
2)

Γ0

√
λβl ξ

2
P

= 2
{
q2
[
β2l Re(FSF

∗
T ) +Re(FPF

∗
T5)
]

+ml

[√
λβlRe(FSF

∗
V ) + (M2

B −M2
P + q2)Re(FT5F

∗
A)
]}

,

cl(q
2)

Γ0

√
λβl ξ

2
P

= q2
(
β2l |FT |2 + |FT5|2

)
− λ

4
β2l (|FA|2 + |FV |2) + 2ml

√
λβlRe(FTF

∗
V ) (B.4)

where

Γ0 =
G2

Fα
2
e|VtbV ∗

tp|2

512π5M3
B

. (B.5)
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Appendix C

NP predictions for observables

defined in chapter 5.

In this appendix, we present the numerical estimates for the various observables defined

in chapter 5 corresponding to a few benchmark values of the real and imaginary parts of

the NP Wilson coefficients ∆C9,10 and C ′
9,10 taken one at a time.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

A0
CP A+

CP AI

0.1-1 ∆C9/C
′
9 1 1 -0.258(17) -0.631(16) -0.4533(88)

1 −1 -0.274(12) -0.660(16) -0.4507(95)
−1 1 -0.239(20) -0.532(11) -0.500(11)
−1 −1 -0.263(11) -0.5590(84) -0.504(12)
1 0 -0.275(15) -0.662(16) -0.4575(99)
−1 0 -0.262(16) -0.5609(80) -0.511(12)

∆C10/C
′
10 1 1 -0.336(19) -0.720(10) -0.503(12)

1 −1 -0.336(19) -0.720(10) -0.503(12)
−1 1 -0.212(12) -0.518(12) -0.4514(91)
−1 −1 -0.212(12) -0.518(12) -0.4514(91)
1 0 -0.353(20) -0.742(10) -0.512(13)
−1 0 -0.219(13) -0.532(13) -0.4568(99)

1-2 ∆C9/C
′
9 1 1 -0.1895(65) -0.480(18) -0.3755(36)

1 −1 -0.2115(71) -0.472(17) -0.3999(46)
−1 1 -0.1694(63) -0.441(15) -0.3887(49)
−1 −1 -0.2035(68) -0.429(14) -0.4274(65)
1 0 -0.2070(63) -0.492(17) -0.3904(46)
−1 0 -0.1948(57) -0.454(13) -0.4126(63)

∆C10/C
′
10 1 1 -0.2558(83) -0.580(18) -0.4127(59)

1 −1 -0.2558(83) -0.580(18) -0.4127(59)
−1 1 -0.1571(54) -0.381(14) -0.3844(40)
−1 −1 -0.1571(54) -0.381(14) -0.3844(40)
1 0 -0.2687(80) -0.605(17) -0.4179(65)
−1 0 -0.1623(49) -0.393(14) -0.3870(44)

2-4 ∆C9/C
′
9 1 1 -0.1749(53) -0.308(11) -0.3451(17)

1 −1 -0.1845(57) -0.298(11) -0.3718(25)
−1 1 -0.1622(47) -0.295(11) -0.3431(18)
−1 −1 -0.1772(57) -0.280(10) -0.3858(33)
1 0 -0.1855(57) -0.314(11) -0.3598(23)
−1 0 -0.1778(51) -0.3018(99) -0.3666(28)

∆C10/C
′
10 1 1 -0.2313(69) -0.384(13) -0.3690(28)

1 −1 -0.2313(69) -0.384(13) -0.3690(28)
−1 1 -0.1417(43) -0.2425(89) -0.3556(18)
−1 −1 -0.1417(43) -0.2425(89) -0.3556(18)
1 0 -0.2429(73) -0.403(13) -0.3715(33)
−1 0 -0.1463(43) -0.2508(89) -0.3568(21)

4-6 ∆C9/C
′
9 1 1 -0.1565(54) -0.1974(72) -0.3346(11)

1 −1 -0.1647(53) -0.1982(68) -0.3525(13)
−1 1 -0.1470(54) -0.1905(72) -0.3299(11)
−1 −1 -0.1600(51) -0.1920(65) -0.3588(15)
1 0 -0.1656(45) -0.2043(63) -0.3441(11)
−1 0 -0.1607(43) -0.2005(60) -0.3451(13)

∆C10/C
′
10 1 1 -0.2071(67) -0.2544(87) -0.3471(14)

1 −1 -0.2071(67) -0.2544(87) -0.3471(14)
−1 1 -0.1275(42) -0.1585(56) -0.34182(89)
−1 −1 -0.1275(42) -0.1585(56) -0.34182(89)
1 0 -0.2171(59) -0.2666(80) -0.3481(16)
−1 0 -0.1315(36) -0.1637(50) -0.34230(100)

Table C.1: The dependence of the CP and Isospin asymmetry observables corresponding to
B → πll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1− 1,

1 − 2, 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s. The +, 0 superscript over ACP denotes the charge of the initial state B and
the final state π meson.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables
¯BR0 BR BR− BR+ R̄0

π R−
π

×108 ×108 ×108 ×108

0.1-1 ∆C9/C
′
9 1 1 0.0396(28) 0.0672(40) 0.0565(44) 0.2492(95) 1.3878(41) 1.260(22)

1 −1 0.0353(27) 0.0618(36) 0.0470(40) 0.2291(85) 1.2341(72) 1.047(28)
−1 1 0.0263(18) 0.0429(26) 0.0523(25) 0.1715(63) 0.9217(67) 1.170(26)
−1 −1 0.0219(16) 0.0375(22) 0.0428(21) 0.1513(51) 0.7680(67) 0.957(23)
1 0 0.0354(26) 0.0622(34) 0.0479(38) 0.2346(83) 1.25(14) 1.07(11)
−1 0 0.0224(16) 0.0383(21) 0.0444(19) 0.1578(52) 0.789(84) 0.995(77)

∆C10/C
′
10 1 1 0.0213(16) 0.0429(25) 0.0293(19) 0.1799(62) 0.7466(51) 0.6537(47)

1 −1 0.0213(16) 0.0429(25) 0.0293(19) 0.1799(62) 0.7466(51) 0.6537(47)
−1 1 0.0402(28) 0.0618(37) 0.0700(45) 0.2207(85) 1.4093(86) 1.5633(85)
−1 −1 0.0402(28) 0.0618(37) 0.0700(45) 0.2207(85) 1.4093(86) 1.5633(85)
1 0 0.0196(15) 0.0410(22) 0.0261(16) 0.1762(57) 0.691(78) 0.585(54)
−1 0 0.0382(27) 0.0596(33) 0.0661(41) 0.2162(78) 1.35(14) 1.48(14)

1-2 ∆C9/C
′
9 1 1 0.0457(31) 0.0671(38) 0.0698(60) 0.1979(87) 1.3851(26) 1.2965(95)

1 −1 0.0419(30) 0.0644(37) 0.0706(57) 0.1966(86) 1.2700(42) 1.3132(77)
−1 1 0.0296(20) 0.0416(23) 0.0488(36) 0.1256(52) 0.8966(52) 0.908(11)
−1 −1 0.0258(18) 0.0390(23) 0.0497(34) 0.1242(51) 0.7814(23) 0.924(13)
1 0 0.0416(28) 0.0632(36) 0.0656(54) 0.1920(83) 1.27(13) 1.23(15)
−1 0 0.0258(17) 0.0383(22) 0.0453(31) 0.1206(49) 0.785(78) 0.848(93)

∆C10/C
′
10 1 1 0.0252(18) 0.0424(23) 0.0368(33) 0.1382(55) 0.7617(23) 0.6846(61)

1 −1 0.0252(18) 0.0424(23) 0.0368(33) 0.1382(55) 0.7617(23) 0.6846(61)
−1 1 0.0464(31) 0.0636(37) 0.0826(61) 0.1839(83) 1.4050(40) 1.536(10)
−1 −1 0.0464(31) 0.0636(37) 0.0826(61) 0.1839(83) 1.4050(40) 1.536(10)
1 0 0.0233(17) 0.0403(23) 0.0330(28) 0.1338(53) 0.708(73) 0.617(77)
−1 0 0.0441(28) 0.0612(35) 0.0779(56) 0.1788(80) 1.34(13) 1.46(16)

2-4 ∆C9/C
′
9 1 1 0.0921(60) 0.1311(72) 0.171(12) 0.323(16) 1.3670(18) 1.3085(43)

1 −1 0.0873(57) 0.1267(70) 0.177(12) 0.327(16) 1.2950(23) 1.3520(31)
−1 1 0.0585(37) 0.0812(44) 0.1085(76) 0.1993(95) 0.8686(33) 0.8298(38)
−1 −1 0.0537(35) 0.0768(43) 0.1142(74) 0.2030(95) 0.7966(18) 0.8733(59)
1 0 0.0853(56) 0.1240(69) 0.165(12) 0.314(15) 1.27(12) 1.27(13)
−1 0 0.0523(34) 0.0749(42) 0.1034(69) 0.1925(92) 0.780(75) 0.795(80)

∆C10/C
′
10 1 1 0.0517(35) 0.0827(45) 0.0969(72) 0.2172(100) 0.7664(23) 0.7405(35)

1 −1 0.0517(35) 0.0827(45) 0.0969(72) 0.2172(100) 0.7664(23) 0.7405(35)
−1 1 0.0942(60) 0.1252(70) 0.188(13) 0.309(15) 1.3973(39) 1.4414(61)
−1 −1 0.0942(60) 0.1252(70) 0.188(13) 0.309(15) 1.3973(39) 1.4414(61)
1 0 0.0479(33) 0.0786(43) 0.0890(67) 0.2085(97) 0.714(71) 0.684(74)
−1 0 0.0897(57) 0.1204(68) 0.179(12) 0.299(15) 1.34(13) 1.38(14)

4-6 ∆C9/C
′
9 1 1 0.0944(57) 0.1293(67) 0.194(12) 0.289(15) 1.3571(20) 1.3259(26)

1 −1 0.0907(56) 0.1264(66) 0.196(12) 0.293(15) 1.3044(23) 1.3387(26)
−1 1 0.0593(36) 0.0798(41) 0.1205(76) 0.1771(89) 0.8535(28) 0.8228(27)
−1 −1 0.0557(34) 0.0769(40) 0.1223(73) 0.1804(88) 0.8008(19) 0.8357(31)
1 0 0.0881(55) 0.1231(67) 0.186(12) 0.281(15) 1.27(12) 1.27(12)
−1 0 0.0538(33) 0.0743(40) 0.1134(71) 0.1702(87) 0.777(70) 0.778(72)

∆C10/C
′
10 1 1 0.0538(34) 0.0819(42) 0.1126(73) 0.1893(92) 0.7742(16) 0.7689(20)

1 −1 0.0538(34) 0.0819(42) 0.1126(73) 0.1893(92) 0.7742(16) 0.7689(20)
−1 1 0.0962(57) 0.1243(66) 0.204(12) 0.281(14) 1.3838(28) 1.3928(35)
−1 −1 0.0962(57) 0.1243(66) 0.204(12) 0.281(14) 1.3838(28) 1.3928(35)
1 0 0.0501(32) 0.0779(42) 0.1047(69) 0.1806(91) 0.724(67) 0.718(68)
−1 0 0.0918(56) 0.1195(65) 0.194(12) 0.270(14) 1.33(12) 1.33(12)

Table C.2: The dependence of the Branching ratio and Rπ on the NP WC’s ∆C9,10 and C ′
9,10

for the q2 bins 0.1 − 1, 1 − 2, 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and
imaginary parts of the corresponding WC’s. The −, 0 superscript over Rπ denotes the charge of
the initial state B and the final state π meson.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

A4 A5 A6s A7 A8

0.1-1 ∆C9 1 1 -0.0862(71) 0.0240(40) 0.0022(19) -0.0052(37) 0.0752(68)

1 −1 -0.0995(56) 0.0249(42) 0.0023(20) -0.0054(38) 0.0173(79)

−1 1 -0.0995(68) 0.0259(42) 0.0024(20) -0.0056(40) 0.0821(63)

−1 −1 -0.1144(52) 0.0269(44) 0.0025(21) -0.0058(41) 0.0199(76)

1 0 -0.0937(63) 0.0247(41) 0.0023(19) -0.0053(38) 0.0472(74)

−1 0 -0.1081(60) 0.0267(44) 0.0025(21) -0.0058(41) 0.0522(70)

∆C10 1 1 -0.1087(64) 0.0082(16) 0.00726(51) -0.0769(41) 0.0536(77)

1 −1 -0.1087(64) 0.0328(59) -0.0035(28) 0.0680(38) 0.0536(77)

−1 1 -0.0918(59) 0.0191(31) 0.0073(13) -0.0675(50) 0.0453(66)

−1 −1 -0.0918(59) 0.0399(70) -0.0018(34) 0.0548(46) 0.0453(66)

1 0 -0.1100(64) 0.0208(34) 0.0019(16) -0.0045(32) 0.0542(78)

−1 0 -0.0928(59) 0.0298(49) 0.0027(23) -0.0064(46) 0.0457(67)

C′
9 1 1 -0.1181(54) 0.0277(46) 0.0026(22) -0.0060(43) 0.0272(75)

1 −1 -0.1026(70) 0.0267(43) 0.0025(21) -0.0058(41) 0.0760(66)

−1 1 -0.0967(54) 0.0242(40) 0.0022(19) -0.0052(37) 0.0246(76)

−1 −1 -0.0838(68) 0.0234(39) 0.0022(18) -0.0050(36) 0.0675(69)

1 0 -0.1115(62) 0.0275(45) 0.0025(22) -0.0059(43) 0.0527(71)

−1 0 -0.0911(61) 0.0240(40) 0.0022(19) -0.0052(37) 0.0469(73)

C′
10 1 1 -0.0922(59) 0.0241(70) 0.0021(19) 0.0550(46) 0.0378(68)

1 −1 -0.0922(59) 0.0060(27) 0.0023(18) -0.0678(50) 0.0531(66)

−1 1 -0.1081(63) 0.0481(59) 0.0024(22) 0.0677(38) 0.0443(78)

−1 −1 -0.1081(63) 0.0268(25) 0.0027(21) -0.0765(41) 0.0623(76)

1 0 -0.0931(59) 0.0152(47) 0.0022(19) -0.0065(46) 0.0459(67)

−1 0 -0.1094(64) 0.0379(37) 0.0026(22) -0.0045(32) 0.0540(78)

1-2 ∆C9 1 1 -0.0443(64) 0.0603(77) 0.0049(49) 0.0260(32) 0.0402(62)

1 −1 -0.0561(49) 0.0569(73) 0.0046(46) 0.0246(31) -0.0371(63)

−1 1 -0.0761(72) 0.0758(87) 0.0062(61) 0.0327(37) 0.0427(68)

−1 −1 -0.0886(57) 0.0705(83) 0.0057(56) 0.0305(36) -0.0533(68)

1 0 -0.0516(55) 0.0600(76) 0.0049(47) 0.0259(32) 0.00043(634)

−1 0 -0.0852(62) 0.0753(87) 0.0061(60) 0.0325(38) -0.0072(71)

∆C10 1 1 -0.0817(69) 0.0399(47) 0.0207(21) -0.0840(47) -0.0036(82)

1 −1 -0.0817(69) 0.082(11) -0.0108(87) 0.1365(47) -0.0036(82)

−1 1 -0.0536(50) 0.0541(64) 0.0158(33) -0.0430(43) -0.0024(54)

−1 −1 -0.0536(50) 0.081(11) -0.0048(79) 0.1015(45) -0.0024(54)

1 0 -0.0846(70) 0.0630(75) 0.0051(51) 0.0272(32) -0.0038(85)

−1 0 -0.0548(50) 0.0693(86) 0.0056(56) 0.0299(36) -0.0024(55)

C′
9 1 1 -0.0933(63) 0.0742(87) 0.0060(59) 0.0321(38) -0.0134(66)

1 −1 -0.0805(78) 0.0801(94) 0.0065(64) 0.0346(40) 0.0151(73)

−1 1 -0.0539(46) 0.0547(69) 0.0044(44) 0.0236(28) -0.0152(61)

−1 −1 -0.0424(60) 0.0578(73) 0.0047(47) 0.0250(30) 0.0053(66)

1 0 -0.0900(68) 0.0796(92) 0.0065(64) 0.0344(40) 0.00033(705)

−1 0 -0.0495(51) 0.0576(72) 0.0047(46) 0.0248(30) -0.0054(64)

C′
10 1 1 -0.0549(52) 0.049(10) 0.0042(45) 0.1040(47) -0.0319(57)

1 −1 -0.0549(52) 0.0270(46) 0.0048(44) -0.0440(44) 0.0270(56)

−1 1 -0.0788(65) 0.120(12) 0.0059(64) 0.1317(42) -0.0459(81)

−1 −1 -0.0788(65) 0.0877(80) 0.0068(62) -0.0810(45) 0.0389(80)

1 0 -0.0562(53) 0.0390(73) 0.0046(46) 0.0307(37) -0.0025(56)

−1 0 -0.0815(66) 0.1072(97) 0.0066(65) 0.0262(31) -0.0036(82)

Table C.3: The dependence of the asymmetric observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1− 1 and 1− 2 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

A4 A5 A6s A7 A8

2-4 ∆C9 1 1 0.00090(380) 0.0439(67) 0.00048(655) 0.0484(42) 0.0368(28)

1 −1 -0.0117(15) 0.0409(63) 0.00043(610) 0.0451(38) -0.0218(32)

−1 1 -0.0159(41) 0.0627(92) 0.00069(929) 0.0691(53) 0.0360(32)

−1 −1 -0.0318(30) 0.0567(83) 0.00059(841) 0.0624(46) -0.0451(41)

1 0 -0.0058(23) 0.0437(67) 0.00047(652) 0.0482(41) 0.0067(28)

−1 0 -0.0253(28) 0.0622(91) 0.00066(924) 0.0686(51) -0.0069(38)

∆C10 1 1 -0.0186(32) 0.0300(42) 0.0243(28) -0.0392(47) 0.0014(43)

1 −1 -0.0186(32) 0.072(13) -0.023(14) 0.1519(79) 0.0014(43)

−1 1 -0.0104(18) 0.0367(49) 0.0138(40) 0.000014(3959) 0.00081(239)

−1 −1 -0.0104(18) 0.0605(100) -0.013(11) 0.1071(56) 0.00081(239)

1 0 -0.0196(34) 0.0539(82) 0.00057(803) 0.0594(50) 0.0015(45)

−1 0 -0.0107(19) 0.0500(75) 0.00053(744) 0.0551(44) 0.00083(246)

C′
9 1 1 -0.0324(31) 0.0577(84) 0.00061(857) 0.0636(47) 0.0292(38)

1 −1 -0.0163(42) 0.0641(94) 0.00070(952) 0.0707(55) -0.0152(35)

−1 1 -0.0115(15) 0.0403(61) 0.00042(600) 0.0444(37) 0.0112(33)

−1 −1 0.00089(375) 0.0433(67) 0.00046(646) 0.0478(41) -0.0201(35)

1 0 -0.0259(28) 0.0636(92) 0.00068(945) 0.0701(53) 0.0086(33)

−1 0 -0.0057(23) 0.0431(66) 0.00046(642) 0.0475(40) -0.0040(32)

C′
10 1 1 -0.0110(19) 0.0409(97) 0.000049(6207) 0.1133(65) -0.0477(34)

1 −1 -0.0110(19) 0.0191(41) 0.00089(605) 0.000022(4185) 0.0494(34)

−1 1 -0.0170(28) 0.096(13) -0.000029(9404) 0.1385(62) -0.0734(47)

−1 −1 -0.0170(28) 0.0628(66) 0.0013(92) -0.0358(43) 0.0761(50)

1 0 -0.0114(20) 0.0309(70) 0.00048(632) 0.0584(49) 0.00088(261)

−1 0 -0.0178(30) 0.0834(92) 0.00064(973) 0.0539(42) 0.0014(41)

4-6 ∆C9 1 1 0.0126(39) 0.0246(53) -0.0144(90) 0.0367(32) 0.0296(13)

1 −1 0.00078(78) 0.0237(51) -0.0139(87) 0.0353(30) -0.0062(15)

−1 1 0.0090(39) 0.0375(79) -0.022(14) 0.0559(46) 0.03188(77)

−1 −1 -0.0086(13) 0.0354(75) -0.021(13) 0.0528(42) -0.0217(21)

1 0 0.0068(23) 0.0250(53) -0.0146(91) 0.0372(32) 0.0117(11)

−1 0 -0.000056(1628) 0.0384(81) -0.022(14) 0.0572(46) 0.0045(13)

∆C10 1 1 0.0057(28) 0.0110(19) 0.0158(26) -0.0155(39) 0.0123(15)

1 −1 0.0057(28) 0.051(12) -0.052(21) 0.1080(64) 0.0123(15)

−1 1 0.0030(15) 0.0174(32) 0.0017(52) 0.0088(32) 0.00656(81)

−1 −1 0.0030(15) 0.0387(89) -0.035(15) 0.0747(42) 0.00656(81)

1 0 0.0060(28) 0.0329(70) -0.019(12) 0.0490(44) 0.0130(16)

−1 0 0.0031(15) 0.0289(62) -0.017(11) 0.0430(35) 0.00676(84)

C′
9 1 1 -0.0082(11) 0.0341(72) -0.020(12) 0.0508(39) 0.0628(25)

1 −1 0.0086(38) 0.0362(76) -0.021(13) 0.0539(44) -0.0353(14)

−1 1 0.00080(80) 0.0243(52) -0.0142(89) 0.0362(31) 0.0380(19)

−1 −1 0.0130(40) 0.0253(55) -0.0149(92) 0.0377(33) -0.0318(15)

1 0 -0.000055(1565) 0.0368(77) -0.022(13) 0.0549(44) 0.0160(15)

−1 0 0.0070(23) 0.0257(55) -0.0150(94) 0.0382(33) 0.0040(10)

C′
10 1 1 0.0033(16) 0.036(10) -0.0149(91) 0.0814(50) -0.0515(20)

1 −1 0.0033(16) 0.0093(30) -0.0137(88) 0.0096(36) 0.0657(27)

−1 1 0.0049(23) 0.059(11) -0.022(13) 0.0936(47) -0.0768(23)

−1 −1 0.0049(23) 0.0194(22) -0.020(13) -0.0135(34) 0.0981(28)

−1 −1 0.0049(23) 0.0194(22) -0.020(13) -0.0135(34) 0.0981(28)

1 0 0.0034(17) 0.0232(69) -0.0148(92) 0.0470(41) 0.00738(94)

−1 0 0.0052(25) 0.0409(59) -0.022(14) 0.0421(34) 0.0112(13)

Table C.4: The dependence of the asymmetric observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 2− 4 and 4− 6 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables
A3 A9 ACP

0.1-1 ∆C9 1 1 0.000051(47) 0.00040(24) -0.342(25)
1 −1 -0.000066(48) -0.00034(21) -0.329(27)
−1 1 0.000072(45) 0.00044(25) -0.216(22)
−1 −1 -0.000053(40) -0.00036(22) -0.197(25)
1 0 -0.0000065(326) 0.000037(40) -0.339(26)
−1 0 0.000011(20) 0.000048(37) -0.210(24)

∆C10 1 1 0.0000019(280) 0.000046(41) -0.299(28)
1 −1 0.0000019(280) 0.000046(41) -0.299(28)
−1 1 0.0000017(236) 0.000039(34) -0.252(22)
−1 −1 0.0000017(236) 0.000039(34) -0.252(22)
1 0 0.0000019(283) 0.000046(42) -0.303(28)
−1 0 0.0000017(239) 0.000039(35) -0.255(22)

C′
9 1 1 -0.00222(83) -0.01372(63) -0.209(24)

1 −1 0.00275(34) 0.01336(75) -0.217(24)
−1 1 -0.00249(29) -0.01204(77) -0.325(26)
−1 −1 0.00188(73) 0.01166(63) -0.328(26)
1 0 0.00031(25) 0.000083(236) -0.216(24)
−1 0 -0.00027(25) 0.0000068(2486) -0.330(26)

C′
10 1 1 0.0000017(237) -0.00210(16) -0.253(22)

1 −1 0.0000017(237) 0.00218(13) -0.253(22)
−1 1 0.0000019(279) -0.00246(17) -0.297(28)
−1 −1 0.0000019(279) 0.00255(14) -0.297(28)
1 0 0.0000017(240) 0.000039(35) -0.256(22)
−1 0 0.0000019(282) 0.000046(42) -0.301(28)

1-2 ∆C9 1 1 0.00011(12) 0.00099(55) -0.409(20)
1 −1 -0.00020(12) -0.00080(46) -0.348(19)
−1 1 0.00018(12) 0.00128(72) -0.298(16)
−1 −1 -0.00021(12) -0.00097(55) -0.230(19)
1 0 -0.000052(95) 0.000073(74) -0.387(19)
−1 0 -0.000020(68) 0.000120(84) -0.271(17)

∆C10 1 1 -0.000046(101) 0.000115(94) -0.413(21)
1 −1 -0.000046(101) 0.000115(94) -0.413(21)
−1 1 -0.000030(66) 0.000075(62) -0.270(15)
−1 −1 -0.000030(66) 0.000075(62) -0.270(15)
1 0 -0.000048(104) 0.000119(98) -0.427(21)
−1 0 -0.000031(68) 0.000077(63) -0.277(15)

C′
9 1 1 -0.0063(23) -0.0256(22) -0.255(15)

1 −1 0.0083(13) 0.0276(25) -0.298(18)
−1 1 -0.00575(85) -0.0187(20) -0.346(18)
−1 −1 0.0048(20) 0.0201(19) -0.383(20)
1 0 0.00078(75) -0.0000084(5228) -0.285(17)
−1 0 -0.00063(64) 0.00017(46) -0.373(19)

C′
10 1 1 -0.000031(68) -0.0129(13) -0.277(15)

1 −1 -0.000031(68) 0.0131(11) -0.277(15)
−1 1 -0.000045(97) -0.0185(16) -0.398(20)
−1 −1 -0.000045(97) 0.0188(16) -0.398(20)
1 0 -0.000032(69) 0.000079(64) -0.284(15)
−1 0 -0.000046(101) 0.000115(95) -0.412(21)

Table C.5: The dependence of the asymmetric observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1− 1 and 1− 2 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables
A3 A9 ACP

2-4 ∆C9 1 1 0.00029(23) 0.00117(61) -0.202(12)
1 −1 -0.00022(11) -0.00095(51) -0.1535(94)
−1 1 0.00038(24) 0.00172(90) -0.1704(84)
−1 −1 -0.00032(12) -0.00129(68) -0.106(12)
1 0 0.000027(138) 0.000074(65) -0.183(10)
−1 0 0.000012(101) 0.000149(91) -0.1428(87)

∆C10 1 1 0.000028(164) 0.000140(99) -0.223(12)
1 −1 0.000028(164) 0.000140(99) -0.223(12)
−1 1 0.000016(92) 0.000079(55) -0.1250(69)
−1 −1 0.000016(92) 0.000079(55) -0.1250(69)
1 0 0.000030(172) 0.00015(10) -0.235(12)
−1 0 0.000016(94) 0.000081(57) -0.1287(71)

C′
9 1 1 -0.0098(36) -0.0094(16) -0.1272(70)

1 −1 0.0111(20) 0.0092(18) -0.1525(86)
−1 1 -0.0069(11) -0.0056(11) -0.1650(90)
−1 −1 0.0074(28) 0.0072(11) -0.185(11)
1 0 0.00011(108) -0.00062(45) -0.1458(78)
−1 0 -0.000039(916) 0.00060(38) -0.1802(100)

C′
10 1 1 0.000017(97) -0.0305(30) -0.1322(74)

1 −1 0.000017(97) 0.0307(30) -0.1322(74)
−1 1 0.000026(149) -0.0469(43) -0.203(11)
−1 −1 0.000026(149) 0.0471(42) -0.203(11)
1 0 0.000017(100) 0.000086(60) -0.1363(76)
−1 0 0.000027(157) 0.000135(95) -0.213(11)

4-6 ∆C9 1 1 0.00092(47) 0.00105(51) -0.079(10)
1 −1 0.0000044(1353) -0.00092(46) -0.0406(30)
−1 1 0.00104(51) 0.00166(82) -0.0747(85)
−1 −1 -0.00034(12) -0.00133(66) -0.0178(73)
1 0 0.00047(29) 0.000049(39) -0.0614(54)
−1 0 0.00034(24) 0.000132(72) -0.0477(26)

∆C10 1 1 0.00058(38) 0.000113(69) -0.0773(55)
1 −1 0.00058(38) 0.000113(69) -0.0773(55)
−1 1 0.00031(20) 0.000060(37) -0.0413(31)
−1 −1 0.00031(20) 0.000060(37) -0.0413(31)
1 0 0.00061(40) 0.000119(73) -0.0820(57)
−1 0 0.00032(21) 0.000062(38) -0.0425(31)

C′
9 1 1 -0.0159(53) 0.0198(19) -0.0486(49)

1 −1 0.0124(27) -0.0230(21) -0.0487(40)
−1 1 -0.0077(16) 0.0156(16) -0.0572(39)
−1 −1 0.0125(43) -0.0146(16) -0.0576(35)
1 0 -0.0023(15) -0.00101(20) -0.0511(46)
−1 0 0.0023(14) 0.00084(18) -0.0594(38)

C′
10 1 1 0.00034(22) -0.0481(42) -0.0449(33)

1 −1 0.00034(22) 0.0483(42) -0.0449(33)
−1 1 0.00050(33) -0.0718(56) -0.0671(47)
−1 −1 0.00050(33) 0.0720(56) -0.0671(47)
1 0 0.00035(23) 0.000068(41) -0.0465(34)
−1 0 0.00053(35) 0.000103(63) -0.0705(50)

Table C.6: The dependence of the asymmetric observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 2− 4 and 4− 6 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i

Re Im
Observables

P1 P2 P3 P ′
4 P ′

5 P ′
6 P ′

8

0.1- ∆C9 1 1 0.0035(26) -0.0800(26) 0.00044(27) 0.178(10) 0.3473(88) -0.072(18) -0.068(12)

1 1 −1 0.0036(27) -0.0813(25) 0.00042(29) 0.1865(82) 0.3609(89) -0.075(19) -0.053(14)

−1 1 0.0016(15) -0.0825(26) 0.00023(14) 0.099(11) 0.467(14) -0.081(21) -0.0565(90)

−1 −1 0.0016(16) -0.0838(25) 0.00021(14) 0.1061(87) 0.491(14) -0.085(22) -0.040(12)

1 0 0.0036(27) -0.0810(26) 0.00043(29) 0.1864(92) 0.3583(91) -0.074(19) -0.061(13)

−1 0 0.0016(16) -0.0835(26) 0.00022(14) 0.1065(99) 0.486(14) -0.085(22) -0.049(10)

∆C10 1 1 0.0030(23) -0.0623(18) 0.00033(22) 0.182(11) 0.343(11) -0.042(20) -0.061(13)

1 −1 0.0030(23) -0.0625(22) 0.00033(22) 0.182(11) 0.338(11) -0.087(14) -0.061(13)

−1 1 0.0021(18) -0.1004(28) 0.00031(21) 0.1142(82) 0.471(11) -0.071(25) -0.050(11)

−1 −1 0.0021(18) -0.1006(33) 0.00031(21) 0.1142(82) 0.467(11) -0.107(21) -0.050(11)

1 0 0.0031(23) -0.0626(20) 0.00033(22) 0.187(11) 0.346(11) -0.066(17) -0.062(13)

−1 0 0.0021(18) -0.1009(31) 0.00031(21) 0.1177(83) 0.475(11) -0.090(23) -0.050(11)

C′
9 1 1 -0.0385(28) -0.0839(26) -0.00391(44) 0.1086(90) 0.462(14) -0.087(23) -0.056(12)

1 −1 -0.0377(23) -0.0826(26) -0.0029(11) 0.101(11) 0.439(13) -0.083(21) -0.0397(92)

−1 1 0.0421(22) -0.0813(25) 0.0035(13) 0.1821(80) 0.3865(88) -0.073(19) -0.068(14)

−1 −1 0.0417(27) -0.0801(25) 0.00436(55) 0.1734(97) 0.3720(88) -0.070(18) -0.053(12)

1 0 -0.0382(25) -0.0836(26) -0.00343(80) 0.109(10) 0.457(14) -0.087(22) -0.049(11)

−1 0 0.0421(23) -0.0810(25) 0.00395(91) 0.1820(90) 0.3837(90) -0.073(19) -0.061(13)

C′
10 1 1 -0.0047(20) -0.0810(26) 0.00031(21) 0.1146(82) 0.502(11) -0.107(21) -0.050(11)

1 −1 -0.0047(20) -0.0810(25) 0.00031(21) 0.1146(82) 0.497(11) -0.071(25) -0.050(11)

−1 1 0.0101(22) -0.0830(26) 0.00033(22) 0.181(11) 0.3080(97) -0.086(14) -0.061(13)

−1 −1 0.0101(22) -0.0830(26) 0.00033(22) 0.181(11) 0.302(10) -0.042(19) -0.061(13)

1 0 -0.0047(21) -0.0813(26) 0.00031(21) 0.1181(83) 0.505(11) -0.090(23) -0.050(11)

−1 0 0.0102(23) -0.0833(26) 0.00033(22) 0.187(11) 0.310(10) -0.065(17) -0.062(13)

1- ∆C9 1 1 0.0032(42) -0.325(12) 0.0035(21) 0.056(14) 0.054(23) -0.115(32) -0.106(20)

2 1 −1 0.0035(43) -0.3213(100) 0.0032(21) 0.039(13) 0.052(22) -0.111(31) -0.059(23)

−1 1 -0.0012(26) -0.3426(97) 0.00143(92) 0.0094(107) 0.403(15) -0.123(34) -0.082(13)

−1 −1 -0.00094(268) -0.3398(81) 0.00129(90) -0.0065(86) 0.381(15) -0.116(33) -0.032(16)

1 0 0.0045(47) -0.331(11) 0.0034(22) 0.059(13) 0.054(23) -0.116(32) -0.084(22)

−1 0 -0.00031(293) -0.3472(92) 0.00138(92) 0.0129(95) 0.403(15) -0.123(34) -0.058(15)

∆C10 1 1 0.0089(75) -0.2911(83) 0.0026(17) 0.134(11) 0.178(18) -0.045(34) -0.084(22)

1 −1 0.0089(75) -0.290(11) 0.0026(17) 0.134(11) 0.214(16) -0.164(24) -0.084(22)

−1 1 -0.0051(21) -0.3663(83) 0.0019(11) -0.050(11) 0.215(21) -0.080(37) -0.058(15)

−1 −1 -0.0051(21) -0.366(10) 0.0019(11) -0.050(11) 0.239(20) -0.161(31) -0.058(15)

1 0 0.0101(83) -0.297(10) 0.0027(17) 0.152(11) 0.202(17) -0.108(30) -0.087(23)

−1 0 -0.0045(20) -0.3722(95) 0.0020(13) -0.042(11) 0.232(20) -0.123(35) -0.059(15)

C′
9 1 1 -0.1716(90) -0.3403(90) -0.0241(28) -0.0070(92) 0.236(20) -0.126(35) -0.076(17)

1 −1 -0.1750(53) -0.3441(92) -0.0190(77) 0.010(12) 0.250(21) -0.133(37) -0.036(14)

−1 1 0.1661(33) -0.3235(92) 0.0222(82) 0.035(11) 0.189(16) -0.101(28) -0.093(21)

−1 −1 0.1664(74) -0.3269(95) 0.0274(35) 0.051(13) 0.197(17) -0.105(29) -0.062(19)

1 0 -0.1760(70) -0.3493(95) -0.0220(53) 0.014(10) 0.250(21) -0.133(37) -0.058(16)

−1 0 0.1704(50) -0.3316(97) 0.0253(59) 0.054(12) 0.197(17) -0.105(29) -0.080(20)

C′
10 1 1 -0.1117(76) -0.3253(92) 0.0021(14) -0.053(11) 0.351(17) -0.170(32) -0.061(16)

1 −1 -0.1117(76) -0.3253(92) 0.0021(14) -0.053(11) 0.379(16) -0.085(39) -0.061(16)

−1 1 0.1223(82) -0.3432(94) 0.0023(15) 0.126(11) 0.00065(2141) -0.154(23) -0.079(21)

−1 −1 0.1223(82) -0.3431(94) 0.0023(15) 0.126(11) 0.037(21) -0.042(33) -0.079(21)

1 0 -0.1130(80) -0.3314(95) 0.0022(14) -0.044(11) 0.373(17) -0.130(36) -0.062(16)

−1 0 0.1258(88) -0.3502(98) 0.0023(15) 0.142(11) 0.019(22) -0.101(28) -0.082(21)

Table C.7: The dependence of the optimized observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1− 1 and 1− 2 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P1 P2 P3 P ′
4 P ′

5 P ′
6 P ′

8

2-4 ∆C9 1 1 -0.056(25) 0.039(23) 0.0059(34) -0.311(15) -0.614(28) -0.119(33) -0.089(19)

1 −1 -0.055(25) 0.039(23) 0.0058(34) -0.325(15) -0.588(26) -0.115(32) -0.057(22)

−1 1 -0.036(15) -0.306(17) 0.0030(18) -0.253(13) -0.070(26) -0.144(40) -0.071(13)

−1 −1 -0.035(14) -0.307(15) 0.0029(18) -0.268(12) -0.065(24) -0.135(38) -0.032(16)

1 0 -0.055(25) 0.042(25) 0.0062(36) -0.312(15) -0.626(28) -0.122(34) -0.076(21)

−1 0 -0.034(14) -0.322(17) 0.0031(19) -0.249(13) -0.071(26) -0.146(41) -0.053(15)

∆C10 1 1 -0.035(14) -0.177(23) 0.0070(41) -0.197(18) -0.430(32) -0.087(44) -0.092(25)

1 −1 -0.035(14) -0.167(26) 0.0070(41) -0.197(18) -0.347(30) -0.189(31) -0.092(25)

−1 1 -0.050(22) -0.132(19) 0.0031(19) -0.337(12) -0.360(25) -0.094(37) -0.047(13)

−1 −1 -0.050(22) -0.128(20) 0.0031(19) -0.337(12) -0.317(24) -0.147(31) -0.047(13)

1 0 -0.032(13) -0.187(26) 0.0076(45) -0.179(19) -0.414(33) -0.147(40) -0.098(27)

−1 0 -0.049(22) -0.135(20) 0.0033(19) -0.332(12) -0.349(25) -0.124(35) -0.049(14)

C′
9 1 1 -0.114(23) -0.146(21) -0.0377(54) -0.278(12) -0.394(29) -0.140(39) -0.066(16)

1 −1 -0.127(21) -0.148(21) -0.037(14) -0.264(13) -0.424(31) -0.151(42) -0.033(13)

−1 1 0.032(23) -0.138(20) 0.043(15) -0.311(15) -0.308(23) -0.110(31) -0.084(21)

−1 −1 0.021(24) -0.139(21) 0.0444(67) -0.299(15) -0.323(24) -0.115(32) -0.059(18)

1 0 -0.124(22) -0.155(22) -0.040(10) -0.260(13) -0.429(32) -0.153(42) -0.053(15)

−1 0 0.031(23) -0.146(21) 0.046(11) -0.298(16) -0.328(25) -0.117(32) -0.075(20)

C′
10 1 1 -0.386(18) -0.142(20) 0.0041(23) -0.388(13) -0.190(26) -0.168(35) -0.054(15)

1 −1 -0.386(18) -0.142(20) 0.0041(23) -0.388(13) -0.133(25) -0.108(42) -0.054(15)

−1 1 0.330(18) -0.144(22) 0.0046(28) -0.159(15) -0.660(27) -0.152(26) -0.074(21)

−1 −1 0.330(18) -0.144(22) 0.0046(28) -0.159(15) -0.583(27) -0.070(36) -0.074(21)

1 0 -0.402(18) -0.149(21) 0.0043(25) -0.384(13) -0.168(26) -0.144(40) -0.056(16)

−1 0 0.352(18) -0.152(23) 0.0048(28) -0.142(15) -0.653(28) -0.117(32) -0.078(22)

4-6 ∆C9 1 1 -0.089(35) 0.3739(84) 0.0051(27) -0.469(11) -0.863(21) -0.116(33) -0.067(16)

1 −1 -0.089(35) 0.3772(84) 0.0053(28) -0.474(11) -0.842(19) -0.114(32) -0.061(19)

−1 1 -0.075(29) 0.043(17) 0.0037(21) -0.433(10) -0.488(20) -0.170(47) -0.055(12)

−1 −1 -0.075(28) 0.043(17) 0.0040(23) -0.439(10) -0.468(19) -0.163(46) -0.047(16)

1 0 -0.089(35) 0.3935(88) 0.0054(30) -0.470(11) -0.885(21) -0.119(34) -0.066(19)

−1 0 -0.075(28) 0.045(18) 0.0041(23) -0.432(11) -0.504(21) -0.175(49) -0.053(15)

∆C10 1 1 -0.087(34) 0.279(14) 0.0076(41) -0.436(13) -0.805(24) -0.143(48) -0.088(24)

1 −1 -0.087(34) 0.289(14) 0.0076(41) -0.436(13) -0.752(21) -0.159(35) -0.088(24)

−1 1 -0.081(31) 0.206(11) 0.0033(18) -0.4681(94) -0.674(18) -0.124(40) -0.044(12)

−1 −1 -0.081(31) 0.210(12) 0.0033(18) -0.4681(94) -0.648(18) -0.132(33) -0.044(12)

1 0 -0.088(35) 0.310(15) 0.0083(45) -0.432(14) -0.833(24) -0.161(44) -0.094(25)

−1 0 -0.081(31) 0.216(12) 0.0034(19) -0.4669(95) -0.683(19) -0.133(38) -0.045(13)

C′
9 1 1 0.043(32) 0.236(13) -0.0280(55) -0.413(11) -0.790(19) -0.154(43) -0.058(16)

1 −1 0.031(32) 0.237(13) -0.043(14) -0.410(11) -0.828(20) -0.161(45) -0.042(13)

−1 1 -0.191(31) 0.225(12) 0.050(15) -0.496(10) -0.612(18) -0.119(34) -0.072(19)

−1 −1 -0.203(31) 0.225(12) 0.0356(71) -0.493(10) -0.629(19) -0.122(34) -0.059(17)

1 0 0.044(32) 0.250(13) -0.037(10) -0.407(11) -0.850(20) -0.165(46) -0.053(15)

−1 0 -0.203(32) 0.237(12) 0.045(12) -0.495(10) -0.646(20) -0.125(35) -0.068(19)

C′
10 1 1 -0.452(28) 0.218(12) 0.0044(23) -0.5424(87) -0.547(21) -0.153(38) -0.051(14)

1 −1 -0.452(28) 0.218(12) 0.0044(23) -0.5424(87) -0.508(20) -0.144(46) -0.051(14)

−1 1 0.316(31) 0.244(14) 0.0048(27) -0.346(12) -0.969(18) -0.126(29) -0.070(19)

−1 −1 0.316(31) 0.245(14) 0.0048(27) -0.346(12) -0.916(17) -0.114(39) -0.070(19)

−1 −1 0.316(31) 0.245(14) 0.0048(27) -0.346(12) -0.916(17) -0.114(39) -0.070(19)

1 0 -0.471(28) 0.229(13) 0.0046(25) -0.5446(89) -0.549(21) -0.155(43) -0.053(15)

−1 0 0.338(31) 0.258(14) 0.0051(28) -0.337(12) -0.992(18) -0.126(35) -0.073(20)

Table C.8: The dependence of the optimized observables corresponding to B± → ρ±ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 2− 4 and 4− 6 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

BR×109 FL AFB Rρ

0.1-1 ∆C9 1 1 3.47(23) 0.416(26) -0.0701(41) 1.061(10)

1 −1 3.35(22) 0.405(26) -0.0726(41) 1.0248(89)

−1 1 3.22(22) 0.331(24) -0.0828(40) 0.9856(49)

−1 −1 3.10(22) 0.317(24) -0.0859(39) 0.9497(64)

1 0 3.37(23) 0.407(26) -0.0721(41) 1.0317(86)

−1 0 3.13(22) 0.319(24) -0.0853(39) 0.9566(63)

∆C10 1 1 3.01(21) 0.330(24) -0.0626(28) 0.9205(47)

1 −1 3.01(21) 0.330(24) -0.0628(31) 0.9205(47)

−1 1 3.56(24) 0.402(25) -0.0901(49) 1.0896(88)

−1 −1 3.56(24) 0.402(25) -0.0902(51) 1.0896(88)

1 0 2.97(21) 0.324(24) -0.0635(30) 0.9095(56)

−1 0 3.52(24) 0.398(25) -0.0911(50) 1.0786(79)

C′
9 1 1 3.01(21) 0.327(24) -0.0847(39) 0.9200(51)

1 −1 3.12(22) 0.342(24) -0.0815(40) 0.9560(40)

−1 1 3.45(23) 0.394(26) -0.0740(40) 1.0544(79)

−1 −1 3.56(24) 0.405(25) -0.0715(40) 1.0904(91)

1 0 3.03(21) 0.329(24) -0.0841(40) 0.9269(52)

−1 0 3.47(23) 0.395(26) -0.0735(40) 1.0614(75)

C′
10 1 1 3.55(24) 0.404(25) -0.0724(40) 1.0852(89)

1 −1 3.55(24) 0.404(25) -0.0724(40) 1.0852(89)

−1 1 3.02(21) 0.329(24) -0.0836(41) 0.9249(47)

−1 −1 3.02(21) 0.329(24) -0.0836(40) 0.9249(47)

1 0 3.51(24) 0.400(25) -0.0732(40) 1.0742(80)

−1 0 2.99(21) 0.323(24) -0.0846(41) 0.9139(57)

1-2 ∆C9 1 1 1.75(14) 0.794(18) -0.101(11) 1.137(13)

1 −1 1.85(14) 0.803(17) -0.0950(100) 1.205(13)

−1 1 1.389(95) 0.648(26) -0.181(14) 0.904(11)

−1 −1 1.493(98) 0.670(25) -0.168(14) 0.972(11)

1 0 1.76(14) 0.798(17) -0.100(11) 1.142(12)

−1 0 1.397(93) 0.655(26) -0.180(14) 0.909(11)

∆C10 1 1 1.282(88) 0.717(24) -0.124(11) 0.8343(39)

1 −1 1.282(88) 0.717(24) -0.123(11) 0.8343(39)

−1 1 1.96(15) 0.750(20) -0.138(13) 1.2734(67)

−1 −1 1.96(15) 0.750(20) -0.137(13) 1.2734(67)

1 0 1.239(85) 0.714(24) -0.128(11) 0.8059(46)

−1 0 1.91(14) 0.749(20) -0.141(13) 1.2450(60)

C′
9 1 1 1.418(94) 0.705(23) -0.150(13) 0.9228(68)

1 −1 1.313(91) 0.685(24) -0.163(14) 0.8545(63)

−1 1 1.93(14) 0.772(19) -0.111(11) 1.2539(84)

−1 −1 1.82(14) 0.761(20) -0.117(12) 1.1856(94)

1 0 1.322(89) 0.692(24) -0.161(14) 0.8601(66)

−1 0 1.83(14) 0.766(20) -0.117(11) 1.1912(80)

C′
10 1 1 1.91(14) 0.768(19) -0.113(11) 1.2429(83)

1 −1 1.91(14) 0.768(19) -0.113(11) 1.2429(83)

−1 1 1.329(90) 0.692(25) -0.159(14) 0.8648(56)

−1 −1 1.329(90) 0.692(25) -0.159(14) 0.8648(56)

1 0 1.87(14) 0.767(19) -0.116(11) 1.2145(77)

−1 0 1.285(86) 0.688(25) -0.164(15) 0.8364(62)

Table C.9: The dependence of the Branching Ratio and the observables FL, AFB and Rρ corre-
sponding to B± → ρ±ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the

q2 bins 0.1− 1 and 1− 2 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

BR×109 FL AFB Rρ

2-4 ∆C9 1 1 3.05(27) 0.826(15) 0.0103(62) 1.2117(90)

1 −1 3.28(28) 0.838(14) 0.0096(57) 1.3017(68)

−1 1 2.14(17) 0.724(22) -0.127(14) 0.8490(81)

−1 −1 2.36(18) 0.751(20) -0.115(12) 0.9390(97)

1 0 3.07(27) 0.836(14) 0.0102(61) 1.2174(74)

−1 0 2.15(17) 0.739(21) -0.126(13) 0.8547(77)

∆C10 1 1 1.94(16) 0.823(16) -0.0471(82) 0.7722(35)

1 −1 1.94(16) 0.823(16) -0.0446(84) 0.7722(35)

−1 1 3.47(28) 0.777(18) -0.0443(77) 1.3777(52)

−1 −1 3.47(28) 0.777(18) -0.0429(78) 1.3777(52)

1 0 1.85(15) 0.828(16) -0.0483(87) 0.7331(41)

−1 0 3.37(28) 0.779(18) -0.0449(80) 1.3386(47)

C′
9 1 1 2.32(18) 0.765(19) -0.0518(90) 0.9219(78)

1 −1 2.09(17) 0.741(21) -0.058(10) 0.8296(61)

−1 1 3.33(28) 0.826(15) -0.0362(65) 1.3212(47)

−1 −1 3.09(27) 0.815(16) -0.0389(71) 1.2289(71)

1 0 2.10(16) 0.755(20) -0.0571(100) 0.8364(57)

−1 0 3.11(27) 0.824(15) -0.0387(70) 1.2357(54)

C′
10 1 1 3.28(28) 0.821(15) -0.0382(66) 1.3031(47)

1 −1 3.28(28) 0.821(15) -0.0382(66) 1.3031(47)

−1 1 2.13(17) 0.750(21) -0.054(10) 0.8468(52)

−1 −1 2.13(17) 0.750(21) -0.054(10) 0.8468(52)

1 0 3.18(27) 0.825(15) -0.0394(68) 1.2640(49)

−1 0 2.03(16) 0.752(21) -0.057(11) 0.8077(50)

4-6 ∆C9 1 1 3.37(28) 0.712(23) 0.162(14) 1.2772(38)

1 −1 3.50(28) 0.725(22) 0.155(14) 1.3270(34)

−1 1 2.21(18) 0.661(26) 0.0217(86) 0.8374(49)

−1 −1 2.34(18) 0.683(24) 0.0205(82) 0.8872(57)

1 0 3.32(28) 0.723(23) 0.164(15) 1.2595(33)

−1 0 2.16(17) 0.676(25) 0.0221(88) 0.8197(41)

∆C10 1 1 1.98(17) 0.740(23) 0.109(11) 0.7526(43)

1 −1 1.98(17) 0.740(23) 0.113(12) 0.7526(43)

−1 1 3.72(30) 0.680(24) 0.0990(97) 1.4110(67)

−1 −1 3.72(30) 0.680(24) 0.1010(98) 1.4110(67)

1 0 1.87(16) 0.748(22) 0.117(12) 0.7102(50)

−1 0 3.61(28) 0.682(24) 0.103(10) 1.3686(60)

C′
9 1 1 2.43(19) 0.657(25) 0.122(11) 0.9225(83)

1 −1 2.29(18) 0.637(27) 0.129(12) 0.8692(75)

−1 1 3.42(28) 0.743(21) 0.0867(90) 1.2952(57)

−1 −1 3.28(28) 0.732(22) 0.0904(94) 1.2419(64)

1 0 2.25(18) 0.649(26) 0.131(12) 0.8533(70)

−1 0 3.23(28) 0.742(21) 0.0916(95) 1.2259(63)

C′
10 1 1 3.42(28) 0.740(21) 0.0851(89) 1.2955(54)

1 −1 3.42(28) 0.740(21) 0.0852(89) 1.2955(54)

−1 1 2.29(18) 0.642(27) 0.131(12) 0.8681(69)

−1 −1 2.29(18) 0.642(27) 0.131(12) 0.8681(69)

−1 −1 2.29(18) 0.642(27) 0.131(12) 0.8681(69)

1 0 3.31(28) 0.744(21) 0.0880(92) 1.2531(57)

−1 0 2.18(17) 0.643(27) 0.138(13) 0.8257(64)

Table C.10: The dependence of the Branching Ratio and the observables FL, AFB and Rρ

corresponding to B± → ρ±ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′
9,10

for the q2 bins 2− 4 and 4− 6 GeV2 for a few benchmark values of the real and imaginary parts
of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P−
2 P+

2 P−
3 P+

3

0.1 ∆C9 1 1 -0.1293(52) -0.1220(39) -0.00042(29) 0.0017(11)

1 1 −1 -0.1261(52) -0.1247(37) 0.00157(96) -0.00022(35)

−1 1 -0.1256(49) -0.1188(36) -0.00067(42) 0.00125(78)

−1 −1 -0.1228(49) -0.1212(34) 0.00110(67) -0.00044(33)

1 0 -0.1279(52) -0.1235(38) 0.00059(37) 0.00074(54)

−1 0 -0.1244(49) -0.1201(35) 0.00022(14) 0.00041(29)

∆C10 1 1 -0.0880(42) -0.0966(28) 0.00040(25) 0.00057(42)

1 −1 -0.1005(36) -0.0853(38) 0.00040(25) 0.00057(42)

−1 1 -0.1505(64) -0.1570(43) 0.00039(25) 0.00056(41)

−1 −1 -0.1628(57) -0.1459(53) 0.00039(25) 0.00056(41)

1 0 -0.0944(39) -0.0911(28) 0.00040(25) 0.00057(42)

−1 0 -0.1569(61) -0.1517(44) 0.00039(25) 0.00056(41)

C
′
9 1 1 -0.1256(50) -0.1214(36) 0.0252(16) -0.0344(17)

1 −1 -0.1257(50) -0.1213(36) -0.0362(11) 0.0249(22)

−1 1 -0.1260(50) -0.1217(36) 0.0370(11) -0.0239(25)

−1 −1 -0.1260(50) -0.1217(36) -0.0245(16) 0.0356(20)

1 0 -0.1258(50) -0.1215(36) -0.00546(59) -0.0047(17)

−1 0 -0.1262(50) -0.1219(36) 0.00627(70) 0.0059(21)

C
′
10 1 1 -0.1269(51) -0.1223(37) 0.00615(51) -0.00474(47)

1 −1 -0.1266(51) -0.1226(37) -0.00536(53) 0.00587(55)

−1 1 -0.1251(49) -0.1205(36) 0.00615(51) -0.00475(47)

−1 −1 -0.1247(50) -0.1208(36) -0.00536(53) 0.00588(55)

1 0 -0.1269(51) -0.1226(37) 0.00039(25) 0.00057(41)

−1 0 -0.1251(50) -0.1208(36) 0.00040(25) 0.00057(41)

1-2 ∆C9 1 1 -0.4508(72) -0.386(21) -0.0021(16) 0.0096(57)

1 −1 -0.390(12) -0.4420(82) 0.0093(54) -0.0011(20)

−1 1 -0.418(11) -0.370(13) -0.0028(17) 0.0054(32)

−1 −1 -0.380(13) -0.4055(83) 0.0049(28) -0.0019(14)

1 0 -0.429(11) -0.421(16) 0.0041(25) 0.0047(32)

−1 0 -0.404(13) -0.393(10) 0.00122(79) 0.0019(13)

∆C10 1 1 -0.319(17) -0.3722(99) 0.0027(17) 0.0035(23)

1 −1 -0.387(12) -0.308(20) 0.0027(17) 0.0035(23)

−1 1 -0.421(11) -0.4647(53) 0.0020(13) 0.0026(18)

−1 −1 -0.4712(50) -0.416(19) 0.0020(13) 0.0026(18)

1 0 -0.361(15) -0.347(12) 0.0028(17) 0.0035(23)

−1 0 -0.4533(85) -0.447(12) 0.0021(13) 0.0027(18)

C
′
9 1 1 -0.405(11) -0.396(11) 0.0769(61) -0.1255(62)

1 −1 -0.406(11) -0.395(11) -0.1296(26) 0.076(10)

−1 1 -0.407(11) -0.398(11) 0.1345(32) -0.071(12)

−1 −1 -0.408(11) -0.397(11) -0.0729(67) 0.1317(78)

1 0 -0.413(12) -0.403(12) -0.0267(38) -0.0249(83)

−1 0 -0.415(12) -0.405(12) 0.0316(45) 0.031(10)

C
′
10 1 1 -0.408(11) -0.398(11) 0.0749(57) -0.0638(42)

1 −1 -0.407(11) -0.399(11) -0.0703(61) 0.0697(46)

−1 1 -0.406(11) -0.395(11) 0.0762(62) -0.0648(41)

−1 −1 -0.404(11) -0.396(11) -0.0715(62) 0.0708(50)

1 0 -0.415(12) -0.405(12) 0.0023(14) 0.0030(20)

−1 0 -0.413(12) -0.402(12) 0.0024(15) 0.0031(21)

Table C.11: The dependence of some of the optimized observables corresponding to B+ → ρ+ll
and B− → ρ−ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2

bins 0.1 − 1 and 1 − 2 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P−
2 P+

2 P−
3 P+

3

2-4 ∆C9 1 1 0.051(35) 0.038(31) -0.0011(18) 0.0131(70)

1 −1 0.044(30) 0.048(40) 0.0124(67) -0.00018(276)

−1 1 -0.363(19) -0.303(30) -0.0039(23) 0.0092(50)

−1 −1 -0.310(13) -0.361(22) 0.0082(45) -0.0027(21)

1 0 0.050(34) 0.045(37) 0.0067(38) 0.0075(44)

−1 0 -0.351(15) -0.345(28) 0.0028(17) 0.0040(25)

∆C10 1 1 -0.125(25) -0.273(28) 0.0072(42) 0.0087(53)

1 −1 -0.268(37) -0.114(58) 0.0072(42) 0.0087(53)

−1 1 -0.112(20) -0.177(24) 0.0031(18) 0.0038(23)

−1 −1 -0.173(28) -0.108(37) 0.0031(18) 0.0038(23)

1 0 -0.215(30) -0.211(45) 0.0079(46) 0.0095(57)

−1 0 -0.148(25) -0.148(31) 0.0032(19) 0.0040(23)

C
′
9 1 1 -0.159(25) -0.160(33) 0.0024(75) -0.0840(89)

1 −1 -0.160(25) -0.159(33) -0.080(14) -0.0021(189)

−1 1 -0.157(25) -0.157(33) 0.087(15) 0.013(21)

−1 −1 -0.158(25) -0.156(33) 0.0062(90) 0.0925(98)

1 0 -0.169(26) -0.168(35) -0.0407(92) -0.045(13)

−1 0 -0.166(26) -0.165(35) 0.049(11) 0.055(15)

C
′
10 1 1 -0.163(24) -0.159(32) 0.1998(49) -0.1862(73)

1 −1 -0.160(24) -0.162(32) -0.1915(77) 0.1965(38)

−1 1 -0.157(26) -0.154(34) 0.2108(75) -0.1961(61)

−1 −1 -0.154(26) -0.157(34) -0.2019(73) 0.2070(68)

1 0 -0.170(25) -0.169(34) 0.0044(25) 0.0054(32)

−1 0 -0.165(27) -0.164(36) 0.0047(28) 0.0058(35)

4-6 ∆C9 1 1 0.4069(92) 0.3748(77) 0.0017(18) 0.0082(41)

1 −1 0.354(20) 0.436(14) 0.0087(44) 0.0021(21)

−1 1 0.011(23) 0.069(27) -0.0013(14) 0.0081(41)

−1 −1 0.010(20) 0.086(36) 0.0078(39) -0.00023(171)

1 0 0.398(16) 0.4214(79) 0.0057(32) 0.0056(30)

−1 0 0.011(22) 0.081(32) 0.0039(22) 0.0046(26)

∆C10 1 1 0.337(13) 0.249(16) 0.0079(43) 0.0080(43)

1 −1 0.205(42) 0.388(28) 0.0079(43) 0.0080(43)

−1 1 0.219(12) 0.206(14) 0.0033(18) 0.0035(20)

−1 −1 0.164(24) 0.267(26) 0.0033(18) 0.0035(20)

1 0 0.298(28) 0.347(17) 0.0086(47) 0.0088(47)

−1 0 0.199(18) 0.246(20) 0.0034(19) 0.0037(20)

C
′
9 1 1 0.218(20) 0.268(20) -0.0905(69) 0.0303(75)

1 −1 0.220(20) 0.265(19) 0.022(15) -0.106(13)

−1 1 0.211(19) 0.258(19) -0.012(16) 0.113(15)

−1 −1 0.212(19) 0.256(18) 0.0972(91) -0.0193(85)

1 0 0.232(21) 0.281(20) -0.037(11) -0.0403(100)

−1 0 0.223(20) 0.270(19) 0.045(13) 0.049(12)

C
′
10 1 1 0.203(19) 0.251(20) 0.2030(18) -0.1843(92)

1 −1 0.206(18) 0.249(20) -0.1940(61) 0.1938(57)

−1 1 0.225(21) 0.275(20) 0.2166(47) -0.1959(94)

−1 −1 0.228(21) 0.273(19) -0.2069(42) 0.2062(82)

1 0 0.215(20) 0.263(20) 0.0047(26) 0.0050(27)

−1 0 0.240(23) 0.289(20) 0.0051(28) 0.0054(30)

Table C.12: The dependence of some of the optimized observables corresponding to B+ → ρ+ll
and B− → ρ−ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2

bins 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P
′−
6 P

′+
6 P

′−
8 P

′+
8

0.1-1 ∆C9 1 1 -0.175(21) -0.059(25) 0.180(14) -0.211(26)

1 −1 -0.181(23) -0.062(27) -0.037(16) -0.085(29)

−1 1 -0.159(19) -0.068(30) 0.202(12) -0.227(24)

−1 −1 -0.164(20) -0.072(31) 0.0052(176) -0.082(27)

1 0 -0.183(22) -0.061(26) 0.075(16) -0.150(28)

−1 0 -0.166(20) -0.071(31) 0.108(15) -0.158(26)

∆C10 1 1 -0.460(19) 0.111(23) 0.118(19) -0.161(29)

1 −1 0.130(23) -0.213(22) 0.118(19) -0.161(29)

−1 1 -0.365(21) 0.066(34) 0.075(13) -0.142(25)

−1 −1 0.0093(229) -0.219(32) 0.075(13) -0.142(25)

1 0 -0.173(21) -0.051(22) 0.124(20) -0.163(29)

−1 0 -0.182(22) -0.077(33) 0.077(13) -0.143(25)

C′
9 1 1 -0.170(21) -0.074(32) 0.0027(162) -0.113(28)

1 −1 -0.163(19) -0.071(31) 0.207(12) -0.198(25)

−1 1 -0.176(22) -0.059(26) -0.036(15) -0.112(29)

−1 −1 -0.168(20) -0.058(25) 0.176(15) -0.183(27)

1 0 -0.171(20) -0.073(32) 0.110(15) -0.158(26)

−1 0 -0.177(22) -0.059(26) 0.075(16) -0.149(28)

C′
10 1 1 0.0093(230) -0.220(32) 0.048(13) -0.127(25)

1 −1 -0.367(21) 0.067(34) 0.103(12) -0.159(25)

−1 1 0.130(23) -0.212(22) 0.075(20) -0.143(28)

−1 −1 -0.458(19) 0.111(23) 0.161(18) -0.178(29)

1 0 -0.183(22) -0.077(33) 0.077(13) -0.144(25)

−1 0 -0.172(20) -0.051(22) 0.124(20) -0.162(29)

1-2 ∆C9 1 1 -0.083(43) -0.159(34) -0.012(11) -0.182(30)

1 −1 -0.071(36) -0.168(39) -0.2239(72) 0.033(37)

−1 1 -0.077(40) -0.166(37) 0.0108(85) -0.149(24)

−1 −1 -0.066(34) -0.170(40) -0.1902(57) 0.076(27)

1 0 -0.079(40) -0.166(37) -0.1302(97) -0.079(35)

−1 0 -0.074(38) -0.172(39) -0.1011(70) -0.038(27)

∆C10 1 1 -0.378(37) 0.122(35) -0.1516(91) -0.066(35)

1 −1 0.229(39) -0.403(30) -0.1516(91) -0.066(35)

−1 1 -0.246(38) 0.017(42) -0.0867(55) -0.049(26)

−1 −1 0.101(37) -0.371(37) -0.0867(55) -0.049(26)

1 0 -0.079(40) -0.144(33) -0.1601(97) -0.068(36)

−1 0 -0.075(38) -0.180(40) -0.0890(56) -0.050(27)

C′
9 1 1 -0.074(38) -0.182(41) -0.1423(62) -0.043(29)

1 −1 -0.083(42) -0.186(42) -0.0054(63) -0.062(27)

−1 1 -0.066(34) -0.145(33) -0.193(11) -0.053(33)

−1 −1 -0.071(36) -0.147(33) -0.0780(83) -0.068(31)

1 0 -0.081(42) -0.188(43) -0.0806(55) -0.054(29)

−1 0 -0.070(36) -0.148(33) -0.1423(97) -0.061(32)

C′
10 1 1 0.108(40) -0.394(40) -0.1899(56) 0.014(27)

1 −1 -0.263(40) 0.018(45) 0.0051(81) -0.118(28)

−1 1 0.213(36) -0.376(27) -0.2891(89) 0.017(32)

−1 −1 -0.351(36) 0.113(32) 0.0077(122) -0.140(34)

1 0 -0.080(41) -0.191(43) -0.0950(57) -0.053(28)

−1 0 -0.073(38) -0.134(30) -0.1483(92) -0.063(34)

Table C.13: The dependence of some of the optimized observables corresponding to B+ → ρ+ll
and B− → ρ−ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2

bins 0.1 − 1 and 1 − 2 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P
′−
6 P

′+
6 P

′−
8 P

′+
8

2-4 ∆C9 1 1 0.010(42) -0.226(28) 0.0096(166) -0.171(20)

1 −1 0.0094(366) -0.244(36) -0.132(16) 0.0026(302)

−1 1 0.012(49) -0.271(37) 0.0114(87) -0.138(17)

−1 −1 0.011(41) -0.282(45) -0.1499(73) 0.072(24)

1 0 0.010(41) -0.243(33) -0.070(17) -0.090(27)

−1 0 0.012(47) -0.288(42) -0.0800(85) -0.036(22)

∆C10 1 1 -0.237(50) 0.015(47) -0.110(18) -0.090(34)

1 −1 0.262(47) -0.552(27) -0.110(18) -0.090(34)

−1 1 -0.108(40) -0.091(39) -0.0518(92) -0.048(18)

−1 −1 0.127(37) -0.392(31) -0.0518(92) -0.048(18)

1 0 0.014(52) -0.285(38) -0.119(20) -0.095(36)

−1 0 0.0100(397) -0.249(36) -0.0536(95) -0.049(19)

C′
9 1 1 0.011(45) -0.281(40) 0.0034(136) -0.130(23)

1 −1 0.013(49) -0.295(41) -0.0796(67) 0.0012(197)

−1 1 0.0092(364) -0.220(31) -0.065(18) -0.110(27)

−1 −1 0.0098(388) -0.227(32) -0.134(13) -0.0073(254)

1 0 0.013(49) -0.301(42) -0.038(10) -0.069(22)

−1 0 0.0099(392) -0.232(33) -0.103(16) -0.062(27)

C′
10 1 1 0.149(43) -0.457(35) -0.2082(98) 0.069(22)

1 −1 -0.126(47) -0.106(45) 0.087(13) -0.181(21)

−1 1 0.205(36) -0.435(23) -0.297(14) 0.088(27)

−1 −1 -0.186(41) 0.012(37) 0.124(17) -0.230(27)

1 0 0.012(47) -0.292(41) -0.063(11) -0.058(22)

−1 0 0.010(40) -0.221(31) -0.091(16) -0.074(28)

4-6 ∆C9 1 1 -0.040(40) -0.185(26) -0.0019(184) -0.124(14)

1 −1 -0.036(35) -0.194(31) -0.078(18) -0.048(22)

−1 1 -0.057(57) -0.270(40) 0.014(12) -0.115(10)

−1 −1 -0.049(49) -0.285(48) -0.094(12) -0.00030(2094)

1 0 -0.039(39) -0.196(29) -0.044(19) -0.090(18)

−1 0 -0.056(55) -0.291(45) -0.046(13) -0.062(17)

∆C10 1 1 -0.196(53) -0.102(48) -0.065(24) -0.111(24)

1 −1 0.095(47) -0.389(24) -0.065(24) -0.111(24)

−1 1 -0.111(42) -0.141(39) -0.032(12) -0.057(13)

−1 −1 0.029(39) -0.287(29) -0.032(12) -0.057(13)

1 0 -0.054(53) -0.262(37) -0.070(26) -0.118(25)

−1 0 -0.043(42) -0.221(35) -0.033(12) -0.059(14)

C′
9 1 1 -0.050(49) -0.254(39) 0.079(16) -0.186(15)

1 −1 -0.052(51) -0.265(40) -0.122(12) 0.031(14)

−1 1 -0.039(38) -0.197(30) 0.016(19) -0.155(20)

−1 −1 -0.040(40) -0.202(31) -0.141(17) 0.013(19)

1 0 -0.053(53) -0.272(41) -0.021(15) -0.084(15)

−1 0 -0.041(41) -0.207(32) -0.064(19) -0.075(20)

C′
10 1 1 0.034(46) -0.334(32) -0.179(14) 0.066(17)

1 −1 -0.130(49) -0.163(45) 0.105(15) -0.198(14)

−1 1 0.074(37) -0.308(22) -0.248(19) 0.087(23)

−1 −1 -0.153(41) -0.082(39) 0.145(20) -0.263(18)

1 0 -0.050(50) -0.258(40) -0.039(14) -0.069(16)

−1 0 -0.041(41) -0.205(31) -0.054(20) -0.092(21)

Table C.14: The dependence of some of the optimized observables corresponding to B+ → ρ+ll
and B− → ρ−ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2

bins 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.

115

TH-3118_176121005



Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P0
2 P0

2 P0
3 P0

3

0.1-1 ∆C9 1 1 -0.0784(22) -0.0791(36) -0.00067(42) 0.00146(91)

1 −1 -0.0772(21) -0.0803(33) 0.00131(80) -0.00046(37)

−1 1 -0.0764(21) -0.0769(32) -0.00079(48) 0.00115(71)

−1 −1 -0.0753(21) -0.0778(30) 0.00097(59) -0.00056(37)

1 0 -0.0779(22) -0.0798(34) 0.00033(20) 0.00051(37)

−1 0 -0.0759(21) -0.0775(31) 0.000099(64) 0.00030(22)

∆C10 1 1 -0.0513(19) -0.0645(18) 0.00021(12) 0.00040(29)

1 −1 -0.0636(19) -0.0530(39) 0.00021(12) 0.00040(29)

−1 1 -0.0896(27) -0.1034(31) 0.00020(12) 0.00039(29)

−1 −1 -0.1016(27) -0.0921(53) 0.00020(12) 0.00039(29)

1 0 -0.0576(17) -0.0588(25) 0.00021(12) 0.00040(29)

−1 0 -0.0957(26) -0.0979(40) 0.00020(12) 0.00039(29)

C′
9 1 1 -0.0766(21) -0.0784(32) 0.0270(11) -0.0328(11)

1 −1 -0.0767(21) -0.0783(32) -0.0339(11) 0.0269(18)

−1 1 -0.0768(21) -0.0786(33) 0.0344(11) -0.0262(20)

−1 −1 -0.0769(21) -0.0785(33) -0.0267(11) 0.0337(15)

1 0 -0.0768(21) -0.0785(32) -0.00346(27) -0.0029(13)

−1 0 -0.0770(22) -0.0787(33) 0.00388(29) 0.0038(15)

C′
10 1 1 -0.0775(22) -0.0789(33) 0.00587(43) -0.00499(41)

1 −1 -0.0772(22) -0.0792(33) -0.00545(42) 0.00578(46)

−1 1 -0.0764(21) -0.0777(32) 0.00587(44) -0.00499(41)

−1 −1 -0.0760(21) -0.0780(32) -0.00546(43) 0.00579(46)

1 0 -0.0774(22) -0.0791(33) 0.00021(12) 0.00040(29)

−1 0 -0.0763(21) -0.0780(32) 0.00021(12) 0.00040(29)

1-2 ∆C9 1 1 -0.2640(47) -0.257(20) -0.0037(23) 0.0084(50)

1 −1 -0.2417(27) -0.281(14) 0.0079(46) -0.0027(21)

−1 1 -0.2497(47) -0.243(13) -0.0034(20) 0.0050(28)

−1 −1 -0.2355(41) -0.2577(91) 0.0043(25) -0.0025(16)

1 0 -0.2584(35) -0.274(18) 0.0024(14) 0.0032(22)

−1 0 -0.2462(46) -0.254(11) 0.00060(39) 0.00138(96)

∆C10 1 1 -0.1798(67) -0.2536(70) 0.00149(91) 0.0024(16)

1 −1 -0.2470(79) -0.189(21) 0.00149(91) 0.0024(16)

−1 1 -0.2459(20) -0.3097(74) 0.00111(68) 0.0018(11)

−1 −1 -0.2962(78) -0.260(21) 0.00111(68) 0.0018(11)

1 0 -0.2182(53) -0.226(13) 0.00152(93) 0.0024(17)

−1 0 -0.2755(36) -0.290(14) 0.00113(69) 0.0018(13)

C′
9 1 1 -0.2456(36) -0.257(13) 0.0865(43) -0.1169(40)

1 −1 -0.2460(37) -0.256(13) -0.1191(22) 0.0856(81)

−1 1 -0.2467(35) -0.258(13) 0.1220(22) -0.0821(92)

−1 −1 -0.2472(35) -0.258(13) -0.0845(45) 0.1214(50)

1 0 -0.2504(39) -0.261(14) -0.0165(20) -0.0158(57)

−1 0 -0.2517(37) -0.263(14) 0.0192(23) 0.0201(70)

C′
10 1 1 -0.2481(38) -0.258(13) 0.0726(52) -0.0657(42)

1 −1 -0.2464(35) -0.259(13) -0.0701(52) 0.0698(43)

−1 1 -0.2463(36) -0.256(13) 0.0739(55) -0.0667(42)

−1 −1 -0.2446(36) -0.257(13) -0.0713(54) 0.0709(46)

1 0 -0.2519(39) -0.263(14) 0.00129(78) 0.0021(14)

−1 0 -0.2502(38) -0.261(14) 0.00131(80) 0.0021(15)

Table C.15: The dependence of some of the optimized observables corresponding to tagged
B̄0 → ρ0ll and B0 → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for

the q2 bins 0.1− 1 and 1− 2 GeV2 for a few benchmark values of the real and imaginary parts of
the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P0
2 P0

2 P0
3 P0

3

2-4 ∆C9 1 1 0.032(27) 0.024(26) -0.0037(23) 0.0112(60)

1 −1 0.029(25) 0.028(30) 0.0105(56) -0.0028(25)

−1 1 -0.219(16) -0.197(25) -0.0050(28) 0.0084(46)

−1 −1 -0.199(12) -0.221(21) 0.0073(40) -0.0039(23)

1 0 0.032(27) 0.028(29) 0.0040(22) 0.0049(30)

−1 0 -0.219(14) -0.218(25) 0.00150(91) 0.0027(17)

∆C10 1 1 -0.049(16) -0.201(19) 0.0042(23) 0.0059(35)

1 −1 -0.195(36) -0.045(51) 0.0042(23) 0.0059(35)

−1 1 -0.057(14) -0.124(18) 0.0018(10) 0.0025(16)

−1 −1 -0.120(25) -0.057(32) 0.0018(10) 0.0025(16)

1 0 -0.133(24) -0.135(37) 0.0045(26) 0.0064(39)

−1 0 -0.092(20) -0.094(25) 0.0019(11) 0.0026(16)

C′
9 1 1 -0.099(20) -0.101(27) 0.0178(63) -0.0691(72)

1 −1 -0.100(20) -0.101(27) -0.0642(88) 0.013(14)

−1 1 -0.098(20) -0.100(27) 0.0679(92) -0.0056(154)

−1 −1 -0.098(20) -0.099(27) -0.0126(70) 0.0746(77)

1 0 -0.105(21) -0.107(28) -0.0244(52) -0.0295(86)

−1 0 -0.103(21) -0.105(28) 0.0292(60) 0.036(10)

C′
10 1 1 -0.102(20) -0.101(26) 0.1973(51) -0.1887(66)

1 −1 -0.099(20) -0.103(26) -0.1924(67) 0.1956(41)

−1 1 -0.098(21) -0.097(28) 0.2080(69) -0.1987(60)

−1 −1 -0.095(21) -0.100(27) -0.2029(67) 0.2061(63)

1 0 -0.106(21) -0.107(28) 0.0025(15) 0.0036(22)

−1 0 -0.102(22) -0.104(29) 0.0027(16) 0.0039(23)

4-6 ∆C9 1 1 0.234(14) 0.2532(81) -0.00053(103) 0.0067(33)

1 −1 0.216(18) 0.280(14) 0.0068(34) -0.000057(1290)

−1 1 -0.0064(201) 0.057(24) -0.0028(16) 0.0071(35)

−1 −1 -0.0053(179) 0.065(29) 0.0066(33) -0.0019(15)

1 0 0.236(17) 0.278(11) 0.0035(19) 0.0037(20)

−1 0 -0.0062(201) 0.064(27) 0.0023(13) 0.0031(17)

∆C10 1 1 0.2207(87) 0.147(10) 0.0047(26) 0.0053(28)

1 −1 0.087(41) 0.285(32) 0.0047(26) 0.0053(28)

−1 1 0.1379(91) 0.129(12) 0.0020(11) 0.0023(13)

−1 −1 0.081(23) 0.190(25) 0.0020(11) 0.0023(13)

1 0 0.169(27) 0.236(18) 0.0051(28) 0.0058(31)

−1 0 0.114(17) 0.165(18) 0.0021(11) 0.0024(13)

C′
9 1 1 0.125(19) 0.181(19) -0.0789(47) 0.0410(57)

1 −1 0.125(19) 0.179(18) 0.0381(95) -0.0912(88)

−1 1 0.120(18) 0.174(18) -0.031(10) 0.095(10)

−1 −1 0.121(18) 0.173(18) 0.0819(57) -0.0330(61)

1 0 0.132(20) 0.190(19) -0.0216(66) -0.0267(65)

−1 0 0.127(19) 0.183(19) 0.0266(77) 0.0323(77)

C′
10 1 1 0.115(18) 0.170(19) 0.1994(31) -0.1876(80)

1 −1 0.118(17) 0.168(18) -0.1940(57) 0.1938(55)

−1 1 0.128(20) 0.186(19) 0.2125(47) -0.1996(81)

−1 −1 0.131(19) 0.184(18) -0.2068(47) 0.2063(74)

1 0 0.123(19) 0.178(19) 0.0028(15) 0.0033(18)

−1 0 0.137(21) 0.195(19) 0.0031(17) 0.0035(20)

Table C.16: The dependence of some of the optimized observables corresponding to tagged
B̄0 → ρ0ll and B0 → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for

the q2 bins 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and imaginary parts of
the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P
′0
6 P

′0
6 P

′0
8 P

′0
8

0.1-1 ∆C9 1 1 -0.131(20) -0.110(33) 0.0924(28) -0.148(20)

1 −1 -0.134(21) -0.113(35) -0.0900(33) 0.026(22)

−1 1 -0.155(24) -0.132(40) 0.1345(45) -0.159(16)

−1 −1 -0.161(25) -0.136(42) -0.0821(54) 0.050(18)

1 0 -0.135(21) -0.113(35) 0.0021(32) -0.063(21)

−1 0 -0.162(25) -0.137(42) 0.0288(53) -0.057(18)

∆C10 1 1 -0.278(22) 0.050(35) 0.0164(47) -0.068(22)

1 −1 0.027(18) -0.258(29) 0.0164(47) -0.068(22)

−1 1 -0.270(26) -0.018(44) 0.0121(35) -0.052(17)

−1 −1 -0.045(23) -0.251(38) 0.0121(35) -0.052(17)

1 0 -0.129(20) -0.107(33) 0.0168(49) -0.070(23)

−1 0 -0.160(25) -0.136(42) 0.0122(35) -0.053(17)

C′
9 1 1 -0.166(26) -0.140(43) -0.0625(47) 0.027(18)

1 −1 -0.159(24) -0.137(41) 0.1105(51) -0.137(16)

−1 1 -0.130(20) -0.109(33) -0.0652(28) 0.0031(211)

−1 −1 -0.127(20) -0.108(33) 0.0722(35) -0.125(20)

1 0 -0.167(26) -0.141(43) 0.0264(52) -0.057(18)

−1 0 -0.130(20) -0.110(34) 0.0045(33) -0.062(21)

C′
10 1 1 -0.045(23) -0.253(39) -0.0116(39) -0.030(17)

1 −1 -0.271(26) -0.018(44) 0.0358(32) -0.074(17)

−1 1 0.027(17) -0.257(29) -0.0156(52) -0.039(22)

−1 −1 -0.277(22) 0.049(35) 0.0481(45) -0.097(22)

1 0 -0.161(25) -0.137(42) 0.0123(35) -0.053(17)

−1 0 -0.128(20) -0.106(33) 0.0167(49) -0.070(23)

1-2 ∆C9 1 1 -0.181(32) -0.154(40) 0.0798(52) -0.174(19)

1 −1 -0.175(31) -0.162(45) -0.1536(28) 0.056(25)

−1 1 -0.185(33) -0.161(43) 0.1122(14) -0.157(13)

−1 −1 -0.182(33) -0.167(47) -0.1294(16) 0.083(16)

1 0 -0.183(32) -0.162(43) -0.0399(42) -0.063(23)

−1 0 -0.190(34) -0.169(46) -0.0097(13) -0.040(16)

∆C10 1 1 -0.349(31) 0.047(45) -0.0304(30) -0.062(23)

1 −1 0.014(28) -0.340(34) -0.0304(30) -0.062(23)

−1 1 -0.300(34) -0.036(48) -0.0196(20) -0.041(16)

−1 −1 -0.066(32) -0.292(41) -0.0196(20) -0.041(16)

1 0 -0.174(31) -0.151(41) -0.0316(31) -0.064(24)

−1 0 -0.187(34) -0.168(46) -0.0200(20) -0.042(16)

C′
9 1 1 -0.203(36) -0.180(49) -0.0563(35) -0.0037(170)

1 −1 -0.200(35) -0.179(48) 0.0255(38) -0.079(15)

−1 1 -0.160(29) -0.141(38) -0.0634(49) -0.026(22)

−1 −1 -0.158(28) -0.141(38) 0.0013(35) -0.086(20)

1 0 -0.208(37) -0.185(50) -0.0156(15) -0.043(16)

−1 0 -0.163(29) -0.144(39) -0.0317(34) -0.058(22)

C′
10 1 1 -0.070(34) -0.310(43) -0.1070(34) 0.038(17)

1 −1 -0.320(36) -0.039(51) 0.0653(43) -0.126(17)

−1 1 0.013(26) -0.317(32) -0.1448(44) 0.051(22)

−1 −1 -0.324(30) 0.044(42) 0.0883(56) -0.167(22)

1 0 -0.200(35) -0.179(48) -0.0214(21) -0.045(17)

−1 0 -0.161(29) -0.141(38) -0.0293(30) -0.060(23)

Table C.17: The dependence of some of the optimized observables corresponding to tagged
B̄0 → ρ0ll and B0 → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for

the q2 bins 0.1− 1 and 1− 2 GeV2 for a few benchmark values of the real and imaginary parts of
the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P
′0
6 P

′0
6 P

′0
8 P

′0
8

2-4 ∆C9 1 1 -0.155(36) -0.140(33) 0.0426(88) -0.134(12)

1 −1 -0.147(33) -0.151(39) -0.1219(82) 0.031(19)

−1 1 -0.180(41) -0.166(41) 0.0787(45) -0.1321(79)

−1 −1 -0.173(38) -0.178(47) -0.1158(35) 0.064(14)

1 0 -0.157(36) -0.152(37) -0.0435(89) -0.057(16)

−1 0 -0.185(41) -0.180(46) -0.0214(42) -0.039(12)

∆C10 1 1 -0.347(42) 0.0032(523) -0.0479(92) -0.069(20)

1 −1 -0.015(38) -0.351(33) -0.0479(92) -0.069(20)

−1 1 -0.232(36) -0.059(41) -0.0235(47) -0.035(10)

−1 −1 -0.069(33) -0.235(33) -0.0235(47) -0.035(10)

1 0 -0.194(42) -0.186(45) -0.0515(99) -0.074(22)

−1 0 -0.156(36) -0.152(38) -0.0243(50) -0.036(11)

C′
9 1 1 -0.185(42) -0.180(45) 0.0273(83) -0.092(12)

1 −1 -0.183(41) -0.178(44) -0.0788(47) 0.018(11)

−1 1 -0.144(33) -0.140(35) 0.0053(99) -0.097(17)

−1 −1 -0.143(32) -0.139(35) -0.0774(64) -0.011(16)

1 0 -0.194(44) -0.188(47) -0.0273(52) -0.039(11)

−1 0 -0.150(34) -0.145(36) -0.0377(78) -0.056(17)

C′
10 1 1 -0.081(38) -0.274(38) -0.1684(57) 0.098(13)

1 −1 -0.271(42) -0.069(48) 0.1135(73) -0.178(12)

−1 1 -0.012(30) -0.276(28) -0.2311(67) 0.133(18)

−1 −1 -0.273(35) 0.0023(414) 0.1558(94) -0.242(16)

1 0 -0.183(41) -0.178(44) -0.0286(57) -0.042(12)

−1 0 -0.150(34) -0.144(36) -0.0397(80) -0.058(17)

4-6 ∆C9 1 1 -0.129(36) -0.118(30) 0.0027(110) -0.0787(79)

1 −1 -0.124(34) -0.125(33) -0.078(11) -0.0055(138)

−1 1 -0.185(51) -0.171(44) 0.0333(76) -0.0868(50)

−1 −1 -0.177(47) -0.183(50) -0.0825(68) 0.021(12)

1 0 -0.131(36) -0.126(33) -0.040(11) -0.045(11)

−1 0 -0.190(52) -0.187(49) -0.0272(77) -0.0368(92)

∆C10 1 1 -0.265(49) -0.079(51) -0.050(14) -0.060(14)

1 −1 -0.071(42) -0.242(31) -0.050(14) -0.060(14)

−1 1 -0.186(41) -0.095(41) -0.0246(70) -0.0298(76)

−1 −1 -0.092(37) -0.177(32) -0.0246(70) -0.0298(76)

1 0 -0.180(49) -0.172(43) -0.054(15) -0.064(15)

−1 0 -0.144(40) -0.141(37) -0.0255(73) -0.0308(79)

C′
9 1 1 -0.172(47) -0.167(44) 0.0735(99) -0.1392(87)

1 −1 -0.170(47) -0.166(43) -0.1325(70) 0.0743(82)

−1 1 -0.133(37) -0.128(34) 0.044(12) -0.128(12)

−1 −1 -0.132(36) -0.128(34) -0.1151(97) 0.036(12)

1 0 -0.180(49) -0.175(46) -0.0316(85) -0.0338(85)

−1 0 -0.138(38) -0.133(35) -0.037(11) -0.048(12)

C′
10 1 1 -0.107(43) -0.205(36) -0.1689(85) 0.102(11)

1 −1 -0.218(47) -0.111(47) 0.1113(92) -0.1717(81)

−1 1 -0.056(33) -0.192(26) -0.232(11) 0.140(14)

−1 −1 -0.207(39) -0.063(41) 0.153(12) -0.234(10)

1 0 -0.169(47) -0.164(43) -0.0299(85) -0.0360(91)

−1 0 -0.139(38) -0.134(35) -0.042(12) -0.050(12)

Table C.18: The dependence of some of the optimized observables corresponding to tagged
B̄0 → ρ0ll and B0 → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for

the q2 bins 2 − 4 and 4 − 6 GeV2 for a few benchmark values of the real and imaginary parts of
the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P1 P ′
4 P ′

6

0.1-1 ∆C9 1 1 0.0037(28) 0.2265(54) -0.099(22)

1 −1 0.0037(28) 0.2326(34) -0.101(23)

−1 1 0.0017(16) 0.1430(59) -0.121(27)

−1 −1 0.0017(16) 0.1494(31) -0.125(29)

1 0 0.0038(28) 0.2361(42) -0.102(23)

−1 0 0.0017(17) 0.1533(44) -0.126(29)

∆C10 1 1 0.0032(25) 0.2535(42) -0.090(25)

1 −1 0.0032(25) 0.2535(42) -0.103(19)

−1 1 0.0022(19) 0.1466(39) -0.116(30)

−1 −1 0.0022(19) 0.1466(39) -0.125(25)

1 0 0.0032(25) 0.2640(43) -0.099(23)

−1 0 0.0022(19) 0.1515(39) -0.122(28)

C′
9 1 1 -0.0403(28) 0.1531(32) -0.128(29)

1 −1 -0.0399(23) 0.1466(60) -0.124(28)

−1 1 0.0439(23) 0.2269(34) -0.099(23)

−1 −1 0.0440(28) 0.2210(52) -0.096(22)

1 0 -0.0402(26) 0.1571(45) -0.129(29)

−1 0 0.0442(25) 0.2303(41) -0.099(23)

C′
10 1 1 -0.0049(21) 0.1471(39) -0.126(25)

1 −1 -0.0049(21) 0.1471(39) -0.116(30)

−1 1 0.0106(23) 0.2526(42) -0.102(19)

−1 −1 0.0106(23) 0.2526(42) -0.090(25)

1 0 -0.0049(22) 0.1521(39) -0.123(28)

−1 0 0.0107(23) 0.2630(42) -0.099(22)

1-2 ∆C9 1 1 0.0033(43) 0.045(14) -0.149(33)

1 −1 0.0036(45) 0.048(13) -0.151(34)

−1 1 -0.0012(26) -0.0095(94) -0.162(36)

−1 −1 -0.00096(275) -0.0061(88) -0.165(38)

1 0 0.0046(50) 0.060(13) -0.154(34)

−1 0 -0.00031(299) 0.0052(89) -0.169(38)

∆C10 1 1 0.0091(78) 0.144(10) -0.133(38)

1 −1 0.0091(78) 0.144(10) -0.157(28)

−1 1 -0.0052(21) -0.060(11) -0.152(39)

−1 −1 -0.0052(21) -0.060(11) -0.167(33)

1 0 0.0104(85) 0.166(10) -0.151(34)

−1 0 -0.0045(20) -0.051(11) -0.163(37)

C′
9 1 1 -0.1769(92) -0.0067(95) -0.179(40)

1 −1 -0.1780(52) -0.010(10) -0.177(39)

−1 1 0.1713(34) 0.044(12) -0.137(31)

−1 −1 0.1695(77) 0.040(12) -0.136(30)

1 0 -0.1803(70) 0.0056(97) -0.184(41)

−1 0 0.1748(52) 0.054(12) -0.140(31)

C′
10 1 1 -0.1143(78) -0.063(12) -0.176(34)

1 −1 -0.1143(78) -0.063(12) -0.160(41)

−1 1 0.1255(86) 0.1357(99) -0.148(26)

−1 −1 0.1255(86) 0.1357(99) -0.125(35)

1 0 -0.1157(82) -0.054(12) -0.172(38)

−1 0 0.1290(92) 0.1556(98) -0.142(32)

Table C.19: The dependence of the optimized observables corresponding to B̄(B) → ρ0ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1− 1 and 1− 2 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

P1 P ′
4 P ′

6

2-4 ∆C9 1 1 -0.056(25) -0.331(15) -0.138(33)

1 −1 -0.056(25) -0.330(15) -0.140(34)

−1 1 -0.036(15) -0.280(13) -0.167(39)

−1 −1 -0.035(14) -0.278(13) -0.169(41)

1 0 -0.056(25) -0.325(16) -0.145(34)

−1 0 -0.034(14) -0.268(13) -0.176(42)

∆C10 1 1 -0.035(15) -0.212(19) -0.160(45)

1 −1 -0.035(15) -0.212(19) -0.176(33)

−1 1 -0.050(22) -0.351(12) -0.139(37)

−1 −1 -0.050(22) -0.351(12) -0.146(31)

1 0 -0.033(14) -0.194(20) -0.179(42)

−1 0 -0.049(22) -0.346(12) -0.147(35)

C′
9 1 1 -0.116(23) -0.288(13) -0.175(42)

1 −1 -0.127(21) -0.293(13) -0.174(41)

−1 1 0.033(23) -0.315(16) -0.134(32)

−1 −1 0.021(24) -0.319(15) -0.133(32)

1 0 -0.125(22) -0.280(13) -0.184(44)

−1 0 0.032(23) -0.310(16) -0.139(33)

C′
10 1 1 -0.389(19) -0.403(13) -0.168(36)

1 −1 -0.389(19) -0.403(13) -0.159(42)

−1 1 0.333(19) -0.170(15) -0.141(27)

−1 −1 0.333(19) -0.170(15) -0.128(37)

1 0 -0.405(19) -0.400(13) -0.170(41)

−1 0 0.355(18) -0.153(15) -0.142(34)

4-6 ∆C9 1 1 -0.089(35) -0.475(11) -0.121(32)

1 −1 -0.089(35) -0.475(11) -0.122(33)

−1 1 -0.075(29) -0.443(11) -0.175(47)

−1 −1 -0.075(28) -0.442(11) -0.177(48)

1 0 -0.090(35) -0.474(11) -0.126(34)

−1 0 -0.075(28) -0.439(11) -0.186(50)

∆C10 1 1 -0.087(34) -0.442(14) -0.166(48)

1 −1 -0.087(34) -0.442(14) -0.155(36)

−1 1 -0.081(31) -0.4724(95) -0.138(40)

−1 −1 -0.081(31) -0.4724(95) -0.133(34)

1 0 -0.088(35) -0.438(14) -0.172(45)

−1 0 -0.081(31) -0.4713(97) -0.140(38)

C′
9 1 1 0.043(32) -0.417(11) -0.167(45)

1 −1 0.031(32) -0.420(11) -0.166(44)

−1 1 -0.192(32) -0.497(10) -0.128(34)

−1 −1 -0.203(31) -0.500(10) -0.127(34)

1 0 0.044(32) -0.414(11) -0.175(47)

−1 0 -0.204(32) -0.499(11) -0.133(36)

C′
10 1 1 -0.452(28) -0.5475(91) -0.154(39)

1 −1 -0.452(28) -0.5475(91) -0.160(46)

−1 1 0.316(31) -0.350(12) -0.123(29)

−1 −1 0.316(31) -0.350(12) -0.132(39)

−1 −1 0.316(31) -0.350(12) -0.132(39)

1 0 -0.471(28) -0.5498(92) -0.163(44)

−1 0 0.338(31) -0.342(12) -0.135(36)

Table C.20: The dependence of the optimized observables corresponding to B̄(B) → ρ0ll on the
real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 2− 4 and 4− 6 GeV2

for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

A5 A6s A8 A9

0.1-1 ∆C9 1 1 -0.0022(46) 0.0026(22) 0.0474(42) 0.00047(27)

1 −1 -0.0022(47) 0.0027(23) -0.0221(47) -0.00039(24)

−1 1 -0.0024(51) 0.0029(23) 0.0529(36) 0.00052(31)

−1 −1 -0.0024(52) 0.0029(25) -0.0233(43) -0.00042(25)

1 0 -0.0022(47) 0.0027(23) 0.0130(46) 0.000044(47)

−1 0 -0.0024(52) 0.0029(25) 0.0153(39) 0.000057(44)

∆C10 1 1 -0.01521(92) 0.00872(59) 0.0155(47) 0.000055(49)

1 −1 0.0115(73) -0.0042(34) 0.0155(47) 0.000055(49)

−1 1 -0.0135(30) 0.0085(16) 0.0127(38) 0.000045(40)

−1 −1 0.0083(83) -0.0021(39) 0.0127(38) 0.000045(40)

1 0 -0.0019(41) 0.0023(20) 0.0157(47) 0.000056(50)

−1 0 -0.0026(57) 0.0032(27) 0.0128(39) 0.000046(41)

C′
9 1 1 -0.0025(54) 0.0030(26) -0.0157(41) -0.01627(61)

1 −1 -0.0025(53) 0.0030(25) 0.0449(37) 0.01617(82)

−1 1 -0.0021(46) 0.0026(22) -0.0128(46) -0.01390(86)

−1 −1 -0.0021(45) 0.0025(22) 0.0387(43) 0.01370(66)

1 0 -0.0025(54) 0.0030(26) 0.0151(39) 0.00010(27)

−1 0 -0.0021(46) 0.0026(22) 0.0133(46) 0.0000073(2899)

C′
10 1 1 0.0075(83) 0.0024(22) 0.0038(40) -0.00245(18)

1 −1 -0.0160(30) 0.0027(21) 0.0217(38) 0.00254(14)

−1 1 0.0143(72) 0.0029(26) 0.0046(47) -0.00295(20)

−1 −1 -0.01405(99) 0.0032(25) 0.0262(46) 0.00306(17)

1 0 -0.0043(57) 0.0026(22) 0.0129(39) 0.000046(41)

−1 0 0.00013(406) 0.0031(26) 0.0156(47) 0.000056(50)

1-2 ∆C9 1 1 0.0013(63) 0.0054(54) 0.0480(38) 0.00109(61)

1 −1 0.0014(63) 0.0054(54) -0.0389(42) -0.00094(55)

−1 1 0.0017(79) 0.0069(68) 0.0620(32) 0.00143(80)

−1 −1 0.0018(81) 0.0069(69) -0.0486(39) -0.00117(67)

1 0 0.0014(65) 0.0056(56) 0.0049(38) 0.000083(84)

−1 0 0.0018(83) 0.0072(71) 0.0074(37) 0.000141(98)

∆C10 1 1 -0.0197(14) 0.0248(26) 0.0077(47) 0.00014(11)

1 −1 0.023(13) -0.013(10) 0.0077(47) 0.00014(11)

−1 1 -0.0114(37) 0.0177(37) 0.0047(28) 0.000084(69)

−1 −1 0.015(11) -0.0054(89) 0.0047(28) 0.000084(69)

1 0 0.0016(72) 0.0062(61) 0.0080(50) 0.00014(12)

−1 0 0.0016(73) 0.0063(63) 0.0048(30) 0.000087(71)

C′
9 1 1 0.0019(86) 0.0074(73) -0.0114(36) -0.0314(27)

1 −1 0.0018(85) 0.0073(73) 0.0236(39) 0.0310(28)

−1 1 0.0013(60) 0.0052(52) -0.0068(38) -0.0219(23)

−1 −1 0.0013(60) 0.0052(51) 0.0178(41) 0.0220(21)

1 0 0.0019(88) 0.0077(76) 0.0065(36) 0.0000067(6169)

−1 0 0.0013(62) 0.0053(53) 0.0057(39) 0.00019(51)

C′
10 1 1 0.013(11) 0.0048(51) -0.0284(35) -0.0145(15)

1 −1 -0.0171(40) 0.0054(50) 0.0380(33) 0.0147(14)

−1 1 0.030(12) 0.0071(76) -0.0431(51) -0.0221(20)

−1 −1 -0.0156(16) 0.0081(74) 0.0578(47) 0.0224(19)

1 0 -0.0022(75) 0.0052(52) 0.0050(31) 0.000089(72)

−1 0 0.0074(70) 0.0079(78) 0.0076(47) 0.00014(11)

Table C.21: The dependence of the asymmetric observables corresponding to B̄(B) → ρ0ll on
the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 0.1 − 1 and 1 − 2

GeV2 for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

A5 A6s A8 A9

2-4 ∆C9 1 1 0.0056(56) 0.00050(670) 0.0324(18) 0.00120(63)

1 −1 0.0056(57) 0.00048(676) -0.0276(23) -0.00106(57)

−1 1 0.0079(79) 0.00071(942) 0.0460(17) 0.00174(92)

−1 −1 0.0080(80) 0.00068(954) -0.0390(25) -0.00146(78)

1 0 0.0058(57) 0.00051(696) 0.0026(16) 0.000079(69)

−1 0 0.0083(83) 0.00073(995) 0.0039(18) 0.000160(98)

∆C10 1 1 -0.0136(14) 0.0267(33) 0.0044(23) 0.00015(11)

1 −1 0.028(13) -0.025(15) 0.0044(23) 0.00015(11)

−1 1 -0.0047(32) 0.0146(43) 0.0023(11) 0.000083(58)

−1 −1 0.0174(95) -0.013(11) 0.0023(11) 0.000083(58)

1 0 0.0074(74) 0.00065(886) 0.0046(23) 0.00016(11)

−1 0 0.0066(66) 0.00057(784) 0.0024(13) 0.000085(60)

C′
9 1 1 0.0082(82) 0.00071(975) 0.0255(22) -0.0107(18)

1 −1 0.0081(80) 0.00073(965) -0.0203(23) 0.0093(19)

−1 1 0.0056(56) 0.00047(664) 0.0190(22) -0.0062(14)

−1 −1 0.0055(55) 0.00048(660) -0.0121(23) 0.0074(11)

1 0 0.0085(85) 0.00076(1018) 0.0026(14) -0.00067(49)

−1 0 0.0057(57) 0.00050(685) 0.0035(18) 0.00063(40)

C′
10 1 1 0.0167(98) 0.000061(6554) -0.0488(28) -0.0322(32)

1 −1 -0.0094(36) 0.00094(639) 0.0538(27) 0.0324(32)

−1 1 0.032(11) -0.000013(10236) -0.0775(39) -0.0511(47)

−1 −1 -0.0094(16) 0.0014(100) 0.0854(37) 0.0514(46)

1 0 0.0038(69) 0.00052(668) 0.0026(13) 0.000090(63)

−1 0 0.0118(68) 0.00073(1063) 0.0041(22) 0.00015(10)

4-6 ∆C9 1 1 0.0120(51) -0.0144(90) 0.01868(74) 0.00105(51)

1 −1 0.0121(52) -0.0146(91) -0.01607(98) -0.00096(48)

−1 1 0.0181(77) -0.022(13) 0.02829(94) 0.00164(81)

−1 −1 0.0184(78) -0.022(14) -0.0242(14) -0.00141(70)

1 0 0.0125(53) -0.0150(92) 0.00142(37) 0.000050(39)

−1 0 0.0192(82) -0.023(14) 0.00233(48) 0.000135(74)

∆C10 1 1 -0.0041(11) 0.0164(27) 0.00248(55) 0.000116(71)

1 −1 0.035(12) -0.054(22) 0.00248(55) 0.000116(71)

−1 1 0.0036(30) 0.0017(53) 0.00130(29) 0.000061(38)

−1 −1 0.0243(89) -0.035(16) 0.00130(29) 0.000061(38)

1 0 0.0166(71) -0.020(12) 0.00263(59) 0.000124(75)

−1 0 0.0144(61) -0.017(11) 0.00134(31) 0.000063(39)

C′
9 1 1 0.0176(75) -0.021(13) 0.0505(15) 0.0210(20)

1 −1 0.0175(74) -0.021(13) -0.0487(16) -0.0228(21)

−1 1 0.0125(53) -0.0149(92) 0.0376(15) 0.0164(17)

−1 −1 0.0124(53) -0.0148(92) -0.0325(15) -0.0146(16)

1 0 0.0184(78) -0.022(14) 0.00074(27) -0.00104(20)

−1 0 0.0129(55) -0.0154(95) 0.00251(51) 0.00086(18)

C′
10 1 1 0.027(11) -0.0152(92) -0.0583(23) -0.0491(43)

1 −1 -0.00039(297) -0.0139(90) 0.0612(22) 0.0492(43)

−1 1 0.037(11) -0.023(14) -0.0879(26) -0.0739(57)

−1 −1 -0.00479(85) -0.021(13) 0.0922(23) 0.0741(57)

−1 −1 -0.00479(85) -0.021(13) 0.0922(23) 0.0741(57)

1 0 0.0140(70) -0.0151(94) 0.00147(33) 0.000069(42)

−1 0 0.0170(57) -0.023(14) 0.00225(51) 0.000106(65)

Table C.22: The dependence of the asymmetric observables corresponding to B̄(B) → ρ0ll on
the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins 2 − 4 and 4 − 6

GeV2 for a few benchmark values of the real and imaginary parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

BR×109 FL Rρ

0.1-1 ∆C9 1 1 1.36(11) 0.348(28) 1.063(12)

1 −1 1.34(11) 0.340(28) 1.047(11)

−1 1 1.24(11) 0.238(23) 0.9705(65)

−1 −1 1.22(10) 0.228(23) 0.9538(72)

1 0 1.33(11) 0.338(28) 1.042(10)

−1 0 1.22(10) 0.226(22) 0.9490(76)

∆C10 1 1 1.164(99) 0.236(24) 0.9083(56)

1 −1 1.164(99) 0.236(24) 0.9083(56)

−1 1 1.42(11) 0.337(27) 1.109(11)

−1 −1 1.42(11) 0.337(27) 1.109(11)

1 0 1.147(99) 0.228(23) 0.8953(67)

−1 0 1.40(11) 0.331(27) 1.0956(95)

C′
9 1 1 1.18(10) 0.237(23) 0.9185(57)

1 −1 1.20(10) 0.247(23) 0.9354(52)

−1 1 1.39(11) 0.329(28) 1.0818(99)

−1 −1 1.41(11) 0.336(28) 1.099(11)

1 0 1.17(10) 0.234(23) 0.9139(63)

−1 0 1.38(11) 0.327(28) 1.0772(91)

C′
10 1 1 1.41(11) 0.338(27) 1.103(11)

1 −1 1.41(11) 0.338(27) 1.103(11)

−1 1 1.17(10) 0.234(24) 0.9135(57)

−1 −1 1.17(10) 0.234(24) 0.9135(57)

1 0 1.40(11) 0.333(27) 1.0904(95)

−1 0 1.154(99) 0.226(23) 0.9005(68)

1-2 ∆C9 1 1 0.737(65) 0.777(20) 1.198(14)

1 −1 0.729(64) 0.776(20) 1.185(14)

−1 1 0.579(46) 0.613(29) 0.941(12)

−1 −1 0.570(45) 0.609(29) 0.928(12)

1 0 0.712(63) 0.776(20) 1.158(13)

−1 0 0.554(44) 0.604(30) 0.902(12)

∆C10 1 1 0.497(41) 0.670(28) 0.8077(33)

1 −1 0.497(41) 0.670(28) 0.8077(33)

−1 1 0.810(68) 0.725(23) 1.3175(57)

−1 −1 0.810(68) 0.725(23) 1.3175(57)

1 0 0.476(40) 0.664(29) 0.7747(39)

−1 0 0.790(66) 0.723(23) 1.2845(52)

C′
9 1 1 0.536(43) 0.649(28) 0.8717(62)

1 −1 0.544(44) 0.653(28) 0.8844(68)

−1 1 0.764(66) 0.740(23) 1.2416(89)

−1 −1 0.771(66) 0.742(22) 1.2543(84)

1 0 0.519(42) 0.645(28) 0.8448(67)

−1 0 0.747(64) 0.740(23) 1.2148(80)

C′
10 1 1 0.788(68) 0.745(22) 1.2820(79)

1 −1 0.788(68) 0.745(22) 1.2820(79)

−1 1 0.518(42) 0.642(29) 0.8431(55)

−1 −1 0.518(42) 0.642(29) 0.8431(55)

1 0 0.768(66) 0.743(22) 1.2490(74)

−1 0 0.498(41) 0.635(30) 0.8102(60)

Table C.23: The dependence of the Branching Ratio and the observables FL andRρ corresponding
to B̄(B) → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2

bins 0.1 − 1 and 1 − 2 GeV2 for a few benchmark values of the real and imaginary parts of the
corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

BR×109 FL Rρ

2-4 ∆C9 1 1 1.38(13) 0.823(15) 1.2730(72)

1 −1 1.37(12) 0.823(15) 1.2619(75)

−1 1 0.978(82) 0.720(23) 0.9001(88)

−1 −1 0.966(80) 0.720(23) 0.8890(85)

1 0 1.33(12) 0.827(15) 1.2252(74)

−1 0 0.926(77) 0.721(23) 0.8523(79)

∆C10 1 1 0.821(75) 0.808(18) 0.7551(37)

1 −1 0.821(75) 0.808(18) 0.7551(37)

−1 1 1.53(13) 0.766(19) 1.4060(54)

−1 −1 1.53(13) 0.766(19) 1.4060(54)

1 0 0.775(71) 0.813(18) 0.7131(43)

−1 0 1.48(13) 0.768(19) 1.3639(49)

C′
9 1 1 0.946(79) 0.735(22) 0.8706(63)

1 −1 0.955(81) 0.737(22) 0.8792(66)

−1 1 1.39(13) 0.810(16) 1.2828(52)

−1 −1 1.40(13) 0.811(16) 1.2914(47)

1 0 0.905(76) 0.737(22) 0.8326(57)

−1 0 1.35(12) 0.814(16) 1.2449(52)

C′
10 1 1 1.44(13) 0.813(16) 1.3257(41)

1 −1 1.44(13) 0.813(16) 1.3257(41)

−1 1 0.908(77) 0.730(23) 0.8354(52)

−1 −1 0.908(77) 0.730(23) 0.8354(52)

1 0 1.40(13) 0.816(16) 1.2837(45)

−1 0 0.862(73) 0.731(23) 0.7934(47)

4-6 ∆C9 1 1 1.56(13) 0.712(23) 1.3104(26)

1 −1 1.55(13) 0.713(23) 1.2995(33)

−1 1 1.037(84) 0.665(25) 0.8691(49)

−1 −1 1.024(83) 0.665(25) 0.8582(47)

1 0 1.50(13) 0.716(23) 1.2613(33)

−1 0 0.978(80) 0.668(25) 0.8200(41)

∆C10 1 1 0.891(78) 0.731(23) 0.7463(44)

1 −1 0.891(78) 0.731(23) 0.7463(44)

−1 1 1.70(14) 0.674(25) 1.4216(70)

−1 −1 1.70(14) 0.674(25) 1.4216(70)

1 0 0.839(74) 0.739(23) 0.7028(52)

−1 0 1.64(13) 0.676(24) 1.3781(62)

C′
9 1 1 1.067(85) 0.638(27) 0.8944(78)

1 −1 1.075(86) 0.641(26) 0.9017(77)

−1 1 1.51(13) 0.731(22) 1.2669(60)

−1 −1 1.52(13) 0.732(22) 1.2742(57)

1 0 1.019(81) 0.641(26) 0.8543(71)

−1 0 1.46(13) 0.736(22) 1.2269(64)

C′
10 1 1 1.55(13) 0.735(22) 1.3031(55)

1 −1 1.55(13) 0.735(22) 1.3031(55)

−1 1 1.031(82) 0.632(27) 0.8647(70)

−1 −1 1.031(82) 0.632(27) 0.8647(70)

−1 −1 1.031(82) 0.632(27) 0.8647(70)

1 0 1.50(13) 0.740(21) 1.2596(59)

−1 0 0.979(79) 0.633(28) 0.8212(65)

Table C.24: The dependence of the Branching Ratio and the observables FL andRρ corresponding
to B̄(B) → ρ0ll on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10 for the q2 bins

2−4 and 4−6 GeV2 for a few benchmark values of the real and imaginary parts of the corresponding
WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

ACP A3 A4 A7

0.1-1 ∆C9 1 1 -0.0373(98) 0.000038(35) -0.0037(28) -0.0023(27)

1 −1 -0.035(12) -0.000048(35) -0.0105(11) -0.0023(28)

−1 1 -0.031(11) 0.000054(33) -0.0037(23) -0.0025(30)

−1 −1 -0.028(14) -0.000040(30) -0.01123(72) -0.0026(30)

1 0 -0.036(11) -0.0000049(240) -0.0072(21) -0.0024(28)

−1 0 -0.030(13) 0.0000079(149) -0.0076(15) -0.0026(31)

∆C10 1 1 -0.037(13) 0.0000013(211) -0.0081(20) -0.0567(31)

1 −1 -0.037(13) 0.0000013(211) -0.0081(20) 0.0527(26)

−1 1 -0.030(11) 0.0000011(172) -0.0066(16) -0.0476(36)

−1 −1 -0.030(11) 0.0000011(172) -0.0066(16) 0.0420(31)

1 0 -0.037(13) 0.0000013(213) -0.0082(20) -0.0020(23)

−1 0 -0.030(11) 0.0000011(174) -0.0067(16) -0.0028(33)

C′
9 1 1 -0.033(13) -0.00166(62) -0.01167(76) -0.0027(32)

1 −1 -0.027(12) 0.00209(25) -0.0039(23) -0.0026(31)

−1 1 -0.038(11) -0.00181(21) -0.0102(11) -0.0023(27)

−1 −1 -0.033(11) 0.00139(54) -0.0036(27) -0.0022(26)

1 0 -0.030(13) 0.00024(19) -0.0079(16) -0.0027(32)

−1 0 -0.036(11) -0.00020(18) -0.0070(20) -0.0023(27)

C′
10 1 1 -0.030(11) 0.0000011(173) -0.0066(16) 0.0422(31)

1 −1 -0.030(11) 0.0000011(173) -0.0066(16) -0.0478(36)

−1 1 -0.036(13) 0.0000012(210) -0.0080(19) 0.0524(26)

−1 −1 -0.036(13) 0.0000012(210) -0.0080(19) -0.0564(31)

1 0 -0.030(11) 0.0000011(174) -0.0067(16) -0.0028(34)

−1 0 -0.037(13) 0.0000013(213) -0.0081(20) -0.0020(23)

1-2 ∆C9 1 1 -0.0381(26) 0.000075(90) -0.00047(358) -0.0020(22)

1 −1 -0.0274(57) -0.000150(89) -0.0094(13) -0.0020(22)

−1 1 -0.0343(42) 0.000128(88) -0.00097(327) -0.0025(27)

−1 −1 -0.0207(95) -0.000159(91) -0.01233(64) -0.0025(28)

1 0 -0.0337(38) -0.000038(69) -0.0050(25) -0.0020(22)

−1 0 -0.0286(70) -0.000015(50) -0.0068(19) -0.0026(28)

∆C10 1 1 -0.0401(65) -0.000035(76) -0.0074(28) -0.0840(40)

1 −1 -0.0401(65) -0.000035(76) -0.0074(28) 0.0797(27)

−1 1 -0.0246(40) -0.000021(47) -0.0046(17) -0.0524(35)

−1 −1 -0.0246(40) -0.000021(47) -0.0046(17) 0.0480(25)

1 0 -0.0418(68) -0.000037(79) -0.0077(28) -0.0022(25)

−1 0 -0.0252(41) -0.000022(48) -0.0047(18) -0.0023(25)

C′
9 1 1 -0.0318(65) -0.0048(19) -0.01314(74) -0.0027(28)

1 −1 -0.0245(56) 0.00588(89) -0.0010(35) -0.0027(28)

−1 1 -0.0347(46) -0.00424(63) -0.0089(11) -0.0019(21)

−1 −1 -0.0296(40) 0.0033(14) -0.00044(341) -0.0019(21)

1 0 -0.0293(63) 0.00058(55) -0.0073(20) -0.0028(30)

−1 0 -0.0330(44) -0.00045(46) -0.0048(23) -0.0019(21)

C′
10 1 1 -0.0253(42) -0.000022(48) -0.0047(18) 0.0493(27)

1 −1 -0.0253(42) -0.000022(48) -0.0047(18) -0.0539(37)

−1 1 -0.0384(62) -0.000034(73) -0.0071(27) 0.0764(23)

−1 −1 -0.0384(62) -0.000034(73) -0.0071(27) -0.0805(36)

1 0 -0.0260(43) -0.000023(49) -0.0048(18) -0.0024(26)

−1 0 -0.0400(65) -0.000035(76) -0.0074(28) -0.0021(23)

Table C.25: The dependence of the asymmetric observables corresponding to B̄0(B0) → ρ0ll
which can be measured only at Belle on the real and imaginary parts of the NP WC’s ∆C9,10 and
C ′

9,10 for the q2 bins 0.1− 1 and 1− 2 GeV2 for a few benchmark values of the real and imaginary
parts of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

ACP A3 A4 A7

2-4 ∆C9 1 1 -0.0250(39) 0.00018(14) 0.0039(32) -0.00016(84)

1 −1 -0.0083(23) -0.000150(78) -0.0037(10) -0.00016(85)

−1 1 -0.0253(23) 0.00024(14) 0.0041(32) -0.00022(119)

−1 −1 -0.0017(62) -0.000230(94) -0.00669(40) -0.00022(119)

1 0 -0.0173(13) 0.000018(92) 0.00013(215) -0.00016(87)

−1 0 -0.0143(23) 0.0000082(685) -0.0013(17) -0.00023(125)

∆C10 1 1 -0.0220(11) 0.000019(113) -0.00063(273) -0.0641(37)

1 −1 -0.0220(11) 0.000019(113) -0.00063(273) 0.0637(28)

−1 1 -0.01184(63) 0.000010(61) -0.00034(146) -0.0345(21)

−1 −1 -0.01184(63) 0.000010(61) -0.00034(146) 0.0341(14)

1 0 -0.0233(11) 0.000020(120) -0.00067(289) -0.00021(111)

−1 0 -0.01220(65) 0.000011(62) -0.00035(151) -0.00018(98)

C′
9 1 1 -0.0155(13) -0.0070(26) -0.00684(43) -0.00023(122)

1 −1 -0.01198(68) 0.0071(13) 0.0042(33) -0.00023(120)

−1 1 -0.01774(97) -0.00482(82) -0.0037(10) -0.00015(83)

−1 −1 -0.01530(81) 0.0047(19) 0.0039(31) -0.00016(83)

1 0 -0.01445(95) 0.000077(731) -0.0013(18) -0.00024(128)

−1 0 -0.01707(85) -0.000027(614) 0.00013(212) -0.00016(86)

C′
10 1 1 -0.01255(67) 0.000011(64) -0.00036(155) 0.0362(16)

1 −1 -0.01255(67) 0.000011(64) -0.00036(155) -0.0366(23)

−1 1 -0.0199(10) 0.000018(102) -0.00057(246) 0.0575(22)

−1 −1 -0.0199(10) 0.000018(102) -0.00057(246) -0.0579(30)

1 0 -0.01297(69) 0.000011(66) -0.00037(161) -0.00020(105)

−1 0 -0.0210(11) 0.000019(108) -0.00060(259) -0.00018(100)

4-6 ∆C9 1 1 -0.0233(59) 0.00058(29) 0.0076(30) -0.00011(43)

1 −1 -0.0020(11) 0.0000029(890) 0.00053(99) -0.00011(43)

−1 1 -0.0235(50) 0.00064(32) 0.0084(33) -0.00017(65)

−1 −1 0.0087(47) -0.000227(80) -0.00234(31) -0.00017(65)

1 0 -0.0131(28) 0.00030(19) 0.0042(21) -0.00012(45)

−1 0 -0.00792(65) 0.00022(14) 0.0032(18) -0.00018(68)

∆C10 1 1 -0.0154(26) 0.00038(24) 0.0053(28) -0.0387(22)

1 −1 -0.0154(26) 0.00038(24) 0.0053(28) 0.0384(23)

−1 1 -0.0081(14) 0.00020(12) 0.0028(15) -0.0203(11)

−1 −1 -0.0081(14) 0.00020(12) 0.0028(15) 0.0201(11)

1 0 -0.0164(28) 0.00040(25) 0.0057(28) -0.00015(59)

−1 0 -0.0084(15) 0.00020(12) 0.0029(15) -0.00013(51)

C′
9 1 1 -0.0127(28) -0.0106(35) -0.00224(29) -0.00016(63)

1 −1 -0.0082(20) 0.0077(17) 0.0081(31) -0.00016(62)

−1 1 -0.0123(18) -0.0051(11) 0.00055(102) -0.00012(44)

−1 −1 -0.0092(11) 0.0079(27) 0.0078(31) -0.00011(44)

1 0 -0.0110(25) -0.00145(96) 0.0031(18) -0.00017(66)

−1 0 -0.0111(16) 0.00147(89) 0.0044(21) -0.00012(46)

C′
10 1 1 -0.0088(15) 0.00022(13) 0.0031(16) 0.0219(13)

1 −1 -0.0088(15) 0.00022(13) 0.0031(16) -0.0222(13)

−1 1 -0.0133(23) 0.00033(21) 0.0046(23) 0.0331(18)

−1 −1 -0.0133(23) 0.00033(21) 0.0046(23) -0.0334(17)

−1 −1 -0.0133(23) 0.00033(21) 0.0046(23) -0.0334(17)

1 0 -0.0091(16) 0.00022(14) 0.0032(16) -0.00015(55)

−1 0 -0.0140(23) 0.00034(22) 0.0049(25) -0.00013(51)

Table C.26: The dependence of the asymmetric observables corresponding to B̄0(B0) → ρ0ll
which can be measured only at Belle on the real and imaginary parts of the NP WC’s ∆C9,10 and
C ′

9,10 for the q2 bins 2− 4 and 4− 6 GeV2 for a few benchmark values of the real and imaginary
parts of the corresponding WC’s.
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Chapter C. NP predictions for observables defined in chapter 5.

Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

AFB P2 P3 P ′
5 P ′

8

0.1-1 ∆C9 1 1 -0.0520(28) -0.0532(17) 0.00029(19) 0.2665(44) -0.0267(69)

1 −1 -0.0529(28) -0.0534(16) 0.00028(19) 0.2722(46) -0.0245(87)

−1 1 -0.0625(26) -0.0547(17) 0.00015(10) 0.3898(41) -0.0144(43)

−1 −1 -0.0636(25) -0.0550(17) 0.00014(10) 0.4027(41) -0.0113(64)

1 0 -0.0531(28) -0.0535(17) 0.00028(19) 0.2738(45) -0.0260(79)

−1 0 -0.0640(25) -0.0551(17) 0.00014(10) 0.4064(40) -0.0132(55)

∆C10 1 1 -0.0472(18) -0.0412(11) 0.00022(14) 0.2855(42) -0.0234(79)

1 −1 -0.0473(21) -0.0413(15) 0.00022(14) 0.2835(45) -0.0234(79)

−1 1 -0.0659(33) -0.0662(19) 0.00020(13) 0.3567(47) -0.0172(57)

−1 −1 -0.0660(35) -0.0663(22) 0.00020(13) 0.3552(53) -0.0172(57)

1 0 -0.0480(19) -0.0414(13) 0.00022(14) 0.2922(38) -0.0241(81)

−1 0 -0.0667(34) -0.0665(20) 0.00021(13) 0.3616(47) -0.0175(59)

C′
9 1 1 -0.0632(25) -0.0552(17) -0.00257(29) 0.3793(45) -0.0136(65)

1 −1 -0.0620(26) -0.0549(17) -0.00195(77) 0.3670(44) -0.0140(44)

−1 1 -0.0536(27) -0.0533(16) 0.00231(84) 0.2912(41) -0.0244(85)

−1 −1 -0.0528(28) -0.0531(16) 0.00289(36) 0.2852(40) -0.0246(68)

1 0 -0.0635(25) -0.0553(17) -0.00227(53) 0.3827(45) -0.0141(56)

−1 0 -0.0539(27) -0.0534(16) 0.00261(59) 0.2929(41) -0.0249(78)

C′
10 1 1 -0.0530(27) -0.0534(17) 0.00021(13) 0.3801(50) -0.0173(57)

1 −1 -0.0530(27) -0.0534(16) 0.00021(13) 0.3777(42) -0.0173(57)

−1 1 -0.0630(26) -0.0549(17) 0.00022(14) 0.2557(47) -0.0234(79)

−1 −1 -0.0630(26) -0.0549(17) 0.00022(14) 0.2525(49) -0.0234(79)

1 0 -0.0536(27) -0.0536(17) 0.00021(13) 0.3850(44) -0.0176(59)

−1 0 -0.0639(26) -0.0551(17) 0.00022(14) 0.2610(46) -0.0240(81)

1-2 ∆C9 1 1 -0.0698(75) -0.2087(77) 0.0022(14) 0.044(15) -0.048(11)

1 −1 -0.0705(76) -0.2095(62) 0.0021(14) 0.044(15) -0.043(13)

−1 1 -0.127(10) -0.2184(62) 0.00091(59) 0.285(10) -0.0261(59)

−1 −1 -0.128(10) -0.2191(52) 0.00083(58) 0.288(10) -0.0204(87)

1 0 -0.0721(78) -0.2143(72) 0.0022(14) 0.045(16) -0.046(12)

−1 0 -0.132(11) -0.2227(59) 0.00089(59) 0.296(10) -0.0240(75)

∆C10 1 1 -0.0931(84) -0.1882(54) 0.0017(11) 0.151(12) -0.043(12)

1 −1 -0.0929(86) -0.1876(73) 0.0017(11) 0.146(12) -0.043(12)

−1 1 -0.0970(92) -0.2351(51) 0.00123(79) 0.164(14) -0.0281(79)

−1 −1 -0.0968(95) -0.2347(66) 0.00123(79) 0.161(13) -0.0281(79)

1 0 -0.0970(88) -0.1924(66) 0.0017(11) 0.154(12) -0.045(13)

−1 0 -0.0994(95) -0.2390(60) 0.00125(81) 0.167(14) -0.0287(81)

C′
9 1 1 -0.116(10) -0.2204(57) -0.0156(19) 0.183(14) -0.0273(92)

1 −1 -0.115(10) -0.2200(59) -0.0122(49) 0.181(14) -0.0263(62)

−1 1 -0.0817(82) -0.2097(59) 0.0144(53) 0.140(11) -0.040(12)

−1 −1 -0.0809(81) -0.2092(60) 0.0176(23) 0.139(11) -0.0395(99)

1 0 -0.120(10) -0.2249(62) -0.0142(34) 0.188(15) -0.0277(79)

−1 0 -0.0835(83) -0.2137(62) 0.0163(38) 0.143(11) -0.041(11)

C′
10 1 1 -0.0800(78) -0.2093(59) 0.00136(87) 0.256(11) -0.0296(83)

1 −1 -0.0800(78) -0.2092(59) 0.00136(87) 0.254(11) -0.0296(83)

−1 1 -0.119(11) -0.2212(60) 0.00148(96) 0.026(15) -0.041(11)

−1 −1 -0.119(11) -0.2211(60) 0.00148(96) 0.023(15) -0.041(11)

1 0 -0.0821(80) -0.2133(61) 0.00139(89) 0.261(11) -0.0303(85)

−1 0 -0.124(11) -0.2258(63) 0.00151(98) 0.025(15) -0.042(12)

Table C.27: The dependence of the optimized observables corresponding to B̄0(B0) → ρ0ll which
can be measured only at Belle on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10

for the q2 bins 0.1− 1 and 1− 2 GeV2 for a few benchmark values of the real and imaginary parts
of the corresponding WC’s.
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Bin CNP
i Re(CNP

i ) Im(CNP
i )

Observables

AFB P2 P3 P ′
5 P ′

8

2-4 ∆C9 1 1 0.0066(40) 0.025(15) 0.0037(21) -0.380(18) -0.047(10)

1 −1 0.0066(40) 0.025(15) 0.0037(22) -0.384(17) -0.044(13)

−1 1 -0.0809(88) -0.193(10) 0.0019(11) -0.030(16) -0.0294(60)

−1 −1 -0.0820(88) -0.1950(98) 0.0018(11) -0.030(16) -0.0262(89)

1 0 0.0068(41) 0.026(16) 0.0039(23) -0.398(18) -0.047(12)

−1 0 -0.0855(92) -0.204(10) 0.0020(11) -0.032(17) -0.0292(78)

∆C10 1 1 -0.0325(57) -0.112(15) 0.0045(26) -0.241(20) -0.056(14)

1 −1 -0.0308(59) -0.107(16) 0.0045(26) -0.250(20) -0.056(14)

−1 1 -0.0293(51) -0.084(12) 0.0020(11) -0.206(16) -0.0278(72)

−1 −1 -0.0284(52) -0.081(12) 0.0020(11) -0.210(16) -0.0278(72)

1 0 -0.0336(61) -0.119(17) 0.0049(28) -0.262(22) -0.059(15)

−1 0 -0.0298(53) -0.085(13) 0.0021(11) -0.215(16) -0.0288(75)

C′
9 1 1 -0.0370(65) -0.093(13) -0.0240(34) -0.256(20) -0.0320(90)

1 −1 -0.0367(64) -0.093(13) -0.0235(89) -0.254(20) -0.0288(60)

−1 1 -0.0252(46) -0.088(13) 0.0276(95) -0.195(15) -0.044(12)

−1 −1 -0.0250(45) -0.088(13) 0.0280(42) -0.195(15) -0.041(10)

1 0 -0.0387(68) -0.098(14) -0.0250(64) -0.268(21) -0.0320(79)

−1 0 -0.0259(47) -0.093(14) 0.0292(72) -0.203(16) -0.044(12)

C′
10 1 1 -0.0254(44) -0.090(12) 0.0026(15) -0.097(16) -0.0320(83)

1 −1 -0.0254(44) -0.090(12) 0.0026(15) -0.097(16) -0.0320(83)

−1 1 -0.0370(69) -0.091(14) 0.0029(17) -0.395(18) -0.045(12)

−1 −1 -0.0369(69) -0.091(14) 0.0029(17) -0.396(18) -0.045(12)

1 0 -0.0262(45) -0.095(13) 0.0027(16) -0.101(17) -0.0333(86)

−1 0 -0.0389(73) -0.096(15) 0.0031(18) -0.417(19) -0.047(12)

4-6 ∆C9 1 1 0.1014(90) 0.2350(53) 0.0032(17) -0.535(13) -0.0387(95)

1 −1 0.1023(91) 0.2375(52) 0.0033(18) -0.539(13) -0.041(12)

−1 1 0.0134(54) 0.027(10) 0.0024(13) -0.293(12) -0.0283(63)

−1 −1 0.0136(54) 0.027(11) 0.0025(14) -0.297(13) -0.0315(95)

1 0 0.1054(94) 0.2476(55) 0.0034(19) -0.558(13) -0.041(11)

−1 0 0.0143(57) 0.029(11) 0.0026(14) -0.311(13) -0.0315(83)

∆C10 1 1 0.0707(74) 0.1755(89) 0.0048(26) -0.486(15) -0.054(14)

1 −1 0.0732(75) 0.1816(88) 0.0048(26) -0.496(14) -0.054(14)

−1 1 0.0633(62) 0.1294(71) 0.0021(11) -0.410(11) -0.0268(72)

−1 −1 0.0646(63) 0.1321(72) 0.0021(11) -0.415(11) -0.0268(72)

1 0 0.0764(80) 0.1951(95) 0.0052(28) -0.526(16) -0.058(15)

−1 0 0.0660(64) 0.1357(74) 0.0022(11) -0.426(12) -0.0277(75)

C′
9 1 1 0.0808(76) 0.1489(80) -0.0176(35) -0.509(12) -0.0337(92)

1 −1 0.0801(75) 0.1486(80) -0.0269(88) -0.505(13) -0.0276(67)

−1 1 0.0571(59) 0.1416(74) 0.0313(97) -0.389(12) -0.042(12)

−1 −1 0.0568(59) 0.1413(73) 0.0224(44) -0.388(12) -0.0376(98)

1 0 0.0846(79) 0.1571(84) -0.0235(64) -0.533(13) -0.0323(84)

−1 0 0.0590(61) 0.1489(77) 0.0283(74) -0.405(12) -0.042(11)

C′
10 1 1 0.0545(57) 0.1372(77) 0.0028(15) -0.330(13) -0.0311(83)

1 −1 0.0546(57) 0.1373(77) 0.0028(15) -0.331(13) -0.0311(83)

−1 1 0.0850(79) 0.1538(85) 0.0030(17) -0.593(11) -0.043(11)

−1 −1 0.0850(79) 0.1539(86) 0.0030(17) -0.593(11) -0.043(11)

1 0 0.0564(59) 0.1444(81) 0.0029(16) -0.344(13) -0.0323(86)

−1 0 0.0895(84) 0.1624(90) 0.0032(18) -0.625(12) -0.045(12)

Table C.28: The dependence of the optimized observables corresponding to B̄0(B0) → ρ0ll which
can be measured only at Belle on the real and imaginary parts of the NP WC’s ∆C9,10 and C ′

9,10

for the q2 bins 2− 4 and 4− 6 GeV2 for a few benchmark values of the real and imaginary parts
of the corresponding WC’s.
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