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Abstract

Four different aspects of the study of matrix polynomials are considered in this
thesis. Firstly, the vector space based study of linearizations of square regular matrix
polynomials undertaken by Mackey et. al. (Vector spaces of linearizations for matriz
polynomials, SIAM J. Matriz Anal. Appl., 28(4):971-1004, 2000) is extended to the
case of the rectangular matrix polynomials. Secondly, it is established that there is
a wide choice of linearizations of rectangular matrix polynomials arising from the
proposed vector spaces that can be used to solve the associated complete eigenvalue
problem for the matrix polynomial in a globally backward stable manner. Thirdly,
the distance from a given square matrix polynomial to a nearest matrix polynomial
with an elementary divisor of the form (A — \g)?, j = r, for a given complex number
Ao and an integer r > 1, is considered. Fourthly, the distance from a given square
matrix polynomial to a nearest normal rank deficient matrix polynomial with a
given lower bound on the rank deficiency is considered. Special emphasis is on the
distance to a nearest singular (or non-regular) matrix polynomial. Both the distance
problems are considered in their most general forms and are long standing open
questions. In each case, the matrix polynomials of interest are characterized in terms
of the suitable rank deficiency of certain block Toeplitz matrices. Based on these
characterizations, optimizations for computing the said distances are formulated
and upper and lower bounds are derived in various norm settings. In particular,
the distance to a nearest singular matrix polynomial is established as the reciprocal
of certain p-value problem and a numerical strategy to compute it based on the
information about the minimal indices of a nearest singular matrix polynomial is
proposed. The distances are computed via numerical software and compared with
several upper and lower bounds in numerical experiments. Results are shown to

compare favourably with those in the literature.
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Introduction

Eigenvalue problems associated with matrix polynomials P(\) = Zf:o N A;, where
A;yi = 0,...,k, are m X n matrices occur in a wide range of applications like vi-
bration analysis of machines, buildings and vehicles, in control theory and linear
systems theory and as approximate solutions of other nonlinear eigenvalue prob-
lems [32], [44) [69] [72] [78]. This thesis considers four problems associated with matrix
polynomials. The first problem is concerned with the study of linearizations of rect-
angular matrix polynomials in a vector space framework. The second problem is
concerned with the global backward stability of the solution of the eigenvalue prob-
lem associated with rectangular matrix polynomials via linearizations arising from
a vector space setting. The third problem is the distance from a given square ma-
trix polynomial to a nearest regular matrix polynomial with a specified elementary
divisor. The fourth problem is about the distance from an n x n regular matrix
polynomial to a nearest matrix polynomial of normal rank at most r(< n — 1) with
special emphasis on the distance to a nearest singular matrix polynomial.

When the polynomial is square and regular, i.e., det(P()\)) # 0, the associated
polynomial eigenvalue problem consists of finding the finite and infinite eigenvalues
and corresponding eigenvectors. However when the polynomial is singular, i.e., when
it is either non-square or det(P(\)) = 0, then the eigenvalue problem is said to be
a complete eigenvalue problem as in addition to finite and infinite eigenvalues and
corresponding elementary divisors, the minimal bases and indices corresponding to
the left and right null spaces of the matrix polynomial also have to be computed.
The most common approach for solving the eigenvalue problem associated with a
matrix polynomial P()) is to linearize it by converting the problem into an equiv-
alent problem associated with a larger matrix pencil of the form L(\) = AX +Y

called a linearization of P()), and solving the eigenvalue problem for L(\) by using

1
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standard algorithms like the QZ algorithm [33] when L(\) is regular, or the staircase
algorithm [74] when L(\) is singular. The solution for P(\) is then recovered from
that of its linearization. The linearization is called a strong linearization if revers-
ing the order of its coefficient matrices results in a linearization of the polynomial
obtained by reversing the order of the coefficient matrices of P()). Note that it
is possible to compute eigenvalues of P(\) at oo if any and associated elementary

divisors only from strong linearizations of P(\).

The most commonly used forms of linearizations for solving polynomial eigen-
value problems associated with P(\) = Zf:o A\’ A; are the first and second Frobenius
companion forms. One of the first systematic studies of linearizations to be under-
taken is [61] which introduced vector spaces i (P) and LLy(P) of matrix pencils for
a given n X n regular matrix polynomial P(\) as sources of linearizations of P(\).
This work gave a whole new direction to research in the theory of linearizations due
to the special properties of these vector spaces. For instance, it was shown that
constructing pencils in these spaces is very simple and almost all the pencils are
strong linearizations of P(\) from which the eigenvalues and corresponding eigen-
vectors can be easily recovered. It was shown in [14] that even when P()\) is square
but singular, almost every pencil in L;(P) and Ly(P) is a linearization of P(\)
from which the solution of the complete eigenvalue problem for P()\) can be easily
recovered. The problem of extending IL;(P) and Ly(P) to study linearizations of
rectangular matrix polynomials in a vector space setting by defining vector spaces
that coincide with Ly (P) and Ly(P) when the polynomial is square was left open
in [T4]. This problem is solved in Chapter 2 of this thesis, by introducing the concept
of a generalized linearization or g-linearization of a rectangular matrix polynomial
and its strong version. It is shown that with minor modifications, the spaces L (P)
and L(P) may be associated with a rectangular matrix polynomial and they have
the same properties with respect to g-linearizations that the original spaces have
with respect to linearizations of P(A). In particular, the complete eigenvalue prob-
lem associated with the matrix polynomial can be solved by using almost every
matrix pencil from these spaces. Further, almost every pencil in these spaces can
be ‘trimmed’ to form many smaller pencils that are strong linearizations of the ma-
trix polynomial which readily solve the complete eigenvalue problem for the matrix
polynomial. These linearizations are easier to construct and are often smaller than

the Fiedler linearizations introduced in [17].

The literature on linearizations of matrix polynomials has expanded very rapidly

in recent times (see for example [9] 111, [15] [16] 22| [60] and references therein). Choices

TH-2269_136123016



CHAPTER 1. INTRODUCTION 3

of linearizations that guarantee the computation of an eigenvalue and a correspond-
ing eigenvector of the polynomial in a backward stable manner have been identified
in [40]. This may not be useful in practice as different linearizations may have to be
used to compute different eigenvalue-eigenvector pairs for the same matrix polyno-
mial. From the point of view of computation, a desirable property of linearizations is
that the algorithm for solving the complete eigenvalue problem via such a lineariza-
tion is globally backward stable. Global backward stability implies that the solution
of the complete eigenvalue problem associated with P(\) via a linearization, say
L()), is the exact solution of the problem for P(A) + AP(X) where ||AP|/||P|| is of
the order of unit roundoff u with respect to a norm ||-|| on the matrix polynomials.
Moreover, the rules for extracting the left and right minimal indices of P(\) from
L(\) remain the same for P(\) + AP(\) with respect to the class of linearization to
which L(\) belongs. Global backward stability analysis of algorithms that use the
Frobenius companion linearizations has been undertaken in [75]. More recently this
has been extended to the block Kronecker linearizations in [22] which identifies opti-
mal choices of block Kronecker linearizations that ensure global backward stability.
In Chapter 3 the analysis in [22] is extended to linearizations of P(\) extracted from
the g-linearizations in Chapter 2. Our analysis shows that there is a wider choice
of linearizations beyond the ones identified in [22] that can be used to solve the
complete eigenvalue problem for P()) in a globally backward stable manner.

The two distance problems considered in this thesis are motivated by the follow-

ing example. Consider a linear time invariant dynamical system
Ei(t) = Az(t) + Bu(t), y(t) = Cz(t) + Du(t),

where x(t) is the state, u(t) is the control, y(¢) is the output, A and E are n x n
matrices and B, C' and D are n x m and p X n and p X m matrices respectively.
If MA — E is a regular matrix pencil with an elementary divisor M,j > 2, then
it is well known [I3] 55] that the system may not be solvable for all initial states
unless the controller u(t) is sufficiently smooth. Again if the matrix pencil AA — E
is singular (or non-regular), then the transfer function G(s) = C(A — sE)"'B does
not exist and the system may not be (uniquely) solvable for all initial states even if
the controller is smooth enough. If the pencil AA — E is regular and does not have
M ,j > 2, as an elementary divisor then the above system is associated with the
regular index at most one pencil A\E — A. Even if A\l — A is a regular index at most
one pencil but is close to a pencil without these properties, then the perturbations

induced by modelling and other approximation errors may induce the system to
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exhibit unstable behaviour. Therefore, given a square matrix polynomial P()\), the
distance to a nearest regular matrix polynomial with an elementary divisor of the
form (A — Xg)?,7 = r, for a given scalar \y and integer r > 2 is considered in
Chapter 4 of this thesis. In Chapter 5 the distance from an n x n regular matrix
polynomial P(\) to a nearest matrix polynomial of normal rank at most r, where
0 < r < n-—1,is considered with special emphasis on the case r = n — 1 which is the
distance to a nearest singular matrix polynomial. Both problems pose theoretically
intriguing questions of very significant practical importance [12), 13, [79]. In fact
finding a practical numerical method for computing the second distance is a long
standing open question [12]. It is observed that certain block Toeplitz matrices play
an important role in the computation of both the distances resulting in a strong

connection between them.

To solve the first distance problem we show that it is enough to find the distance
to a nearest matrix polynomial having Ay as an eigenvalue of algebraic multiplicity
at least r. Unlike most of the work in the literature [50, 51} 53|, 66], it is considered
for a P(\) that is either regular or singular with perturbations affecting all the co-
efficient matrices. In fact by using elementary perturbation theory it is shown that
if the matrix polynomial P(\) is singular, then it is arbitrarily close to a regular
matrix polynomial with the desired property. This solves the distance problem for
singular matrix polynomials. For regular matrix polynomials, the distance problem
is shown to be equivalent to finding a smallest structure preserving perturbation
such that certain block Toeplitz matrices formed by P(\g) and its derivatives be-
comes suitably rank deficient. From this it follows that if Ay is not an eigenvalue
of P()), then solving the distance problem is equivalent to computing a general-
ized version of a structured singular value or p-value [47]. It is well known that
the p-value computation is an NP-hard problem [7]. Therefore this problem is also
likely to be NP-hard. The distance is formulated as an optimization and bounds are
derived from the characterizations. Some special cases for which the solutions has a
closed form expression is presented. Computed values of the distance obtained via
Broyden Fletcher Goldfarb Shanno (BFGS) [58] and MATLAB’s globalsearch [73]
algorithms are compared with upper and lower bounds which appear to be tight in
many instances.

The second distance problem is shown to be equivalent to computing a small-
est structure preserving perturbation such that certain convolution matrices of the
polynomial (that are block Toeplitz) become suitably rank deficient, thus leading to

a characterization of the distance. Additionally by considering the relationship of

TH-2269_136123016



CHAPTER 1. INTRODUCTION 5

the Jordan chain structure of a matrix polynomial at zero with its rank, the distance
to a nearest singular matrix polynomial is shown to be also equivalent to the rank
deficiency of another type of block Toeplitz matrix that appears in the first distance
problem when Ay = 0. This leads to a new characterization that links the two dis-
tance problems under consideration. The characterizations imply that finding the
distance to singularity may be an NP-hard problem as it is the reciprocal of a certain
p-value. Upper and lower bounds as well as information about the minimal indices of
nearest singular matrix polynomials are derived from these characterizations. Based
on this information, a numerical strategy to solve the optimizations that computes
the distance to singularity is devised and implemented via BFGS and MATLAB’s
globalsearch algorithms. Numerical experiments show that the bounds are tight
in many cases and the computed distances compare favourably with values obtained
in the literature, thus demonstrating the efficacy of the strategy.

This thesis is organized as follows. Chapter [1| contains notations and basic con-
cepts that are used in the subsequent chapters. These include fundamental notions
associated with matrix polynomials and basic results associated with certain block
Toeplitz matrices that play an important role throughout the thesis. Chapter [2] is
about an effective vector space framework that generalizes the study of linearizations
via the spaces LL;(P) and Ly(P) in [61] to rectangular matrix polynomials. Chap-
ter [3undertakes a global backward stability analysis of the solution of the eigenvalue
problem associated with rectangular matrix polynomials via the linearizations that
arise in Chapter [2] and identifies a wide class of linearizations for which global back-
ward stability is assured. Given a square matrix polynomial P(X), A\ € C and r > 0,
Chapter 4] studies the distance from P(\) to a nearest regular matrix polynomial
having an elementary divisor of the form (A — X\g)/,j > r. Chapter [5| studies the
distance from a given n x n matrix polynomial P()) to a nearest matrix polynomial
of normal rank at most r where 0 < r < mn — 1 is given. Special emphasis is on
the case r = n — 1 which corresponds to the distance to a nearest singular matrix

polynomial.

1.1 Notations and terminology

The following notations have been used throughout the thesis.

e R and C are the sets of real and complex numbers, respectively.

e R"™ and C" are the sets of real and complex vectors of length n, respectively.

TH-2269_136123016



6 1.1. Notations and terminology

o C™*™ is the set of complex matrices of size m x n.

e C[)] is the ring of polynomial with variable A and coefficients in C.

e C()) is the field of rational functions with coefficients in C.

e C(M)" is the vector space of n-tuples of rational functions over the field C(\).
e C[A]™*™ is the set of all m x n matrices with entries in C[A].

e P()) denotes the matrix polynomial P(\) = Zf:o AP A; of size m x n of grade
k, where A; for ¢ = 0,1,...,k are real or complex matrices. The degree of
P(\) denoted by deg P is the largest integer d such that A; # 0. Degree one

matrix polynomial is called matrix pencil.

e AP(A) denotes the matrix polynomial AP(\) = Zf:o MNAA; of size m x n,

where AA; for i = 0,1,...,k are real or complex matrices.
e det(A) denotes the determinant of the matrix A.

e A regular matrix polynomial P()\) is a square matrix polynomial for which

det(P(XNg)) # 0 for some Ay € C.

e Normal rank of a matrix polynomial P(A) is the rank of P(\) considered as
a matrix with entries in C(\) and is denoted by nrank P. It is equivalent to

saying nrank P = maxrank(P()\)).
Ao€eC

e revy P(\) denotes the k-reversal of P(\) defined by rev,P()) := Zf:o N A
e P*()\) denotes the adjoint of P(\) defined by P*(\) = S_F  A'Az.
e (P(\)T denotes the transpose of P()) defined by (P(\))" = S5 N AT

e For two matrix polynomials P(\) and Q(\) for which the product P(A\)Q(\)

and the sum P(\) + Q(X) are defined, for notational convenience we set

PQ(A) := P(NQ() and (P +Q)(\) := P(\) + Q() .
e ¢; € C" denotes the j-th standard unit vector of C".

o AT A and A* denote the transpose, complex conjugate and complex conjugate

transpose of the matrix A, respectively.

e A~! denotes the inverse of A.

TH-2269_136123016



CHAPTER 1. INTRODUCTION 7

o A’ denotes the Moore-Penrose pseudoinverse of matrix A.

I denotes the identity matrix and [, denotes the identity matrix of size n,

whenever the dimension needs to be emphasized.

e When 0 denotes the zero matrix, then 07 denotes its transpose. Also 0,
denotes a column of n zeros and 0,,,, denotes the m X n zero matrix, whenever

dimensions need to be emphasized.

e |||l and ||-||» denote the spectral norm and Frobenius norm respectively, of a

vector or a matrix.
e A matrix A is called Hermitian if A satisfies A* = A.

e A matrix polynomial P()\) = Zf:o N A; is called Hermitian if all of its coeffi-

cient matrices A; are Hermitian.
® \.x(H) denotes the largest eigenvalue of the Hermitian matrix H.

e ouin(A) and oyax(A) denotes the smallest and largest singular value of the

matrix A, respectively.
e 0;(A) denotes the k' largest singular value of the matrix A.

e Given two matrices A € C™*" and B € CP*?, A ® B denotes the Kronecker
product of A and B defined by

anB -+ a1, B 11 - Qip

A®B = € C"P*™_ where A=

amlB e amnB Qm1 = Qmp

1.2 Preliminaries

1.2.1 Terminology and definitions related to matrix polynomials

In this section we discuss about the terms related to matrix polynomials.

Smith form of a matrix polynomial. For a matrix polynomial of grade k of the
form P(\) = 3% NA;, A; € C™" there exist two matrix polynomials E()\) and
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8 1.2. Preliminaries

F(X) of size m x m and n X n respectively with nonzero determinants independent

of A such that P(A) = E(A\)D(A)F(\), where

di(X)

D(\) = e C[\™*"

is a diagonal matrix with monic scalar polynomials d;(\) such that d;_;(\) divides
d;(A). This is called the Smith form of P()).

Important concepts associated with P(A) may be defined via its Smith form.
The nonzero diagonal elements d;()), ..., d;()\) are called the invariant polynomials
of P(X). The number of such invariant polynomials is the normal rank of P(\). The
polynomial P()) is said to be regular if m = n and its normal rank is equal to its
size n. Else it is said to be a non-regular or singular matrix polynomial. Any \q € C
is a finite eigenvalue of P(\) if rank P()\g) < nrank P. We say that P(\) as a grade
k matrix polynomial has an infinite eigenvalue if rev,, P(\) has zero as an eigenvalue.

If X\p € C is an eigenvalue of P(\) then each d;(\) can be written as
di(N) = (A = Xo)%di(N), di(Xo) # 0.

The factors (A — X\g)%,1 < i < t are called the elementary divisors of P(\)
associated with \g and c1,...,¢ are called the partial multiplicities of Ag. The al-
gebraic and geometric multiplicity of Ay as an eigenvalue of P()\) is the sum of all
the partial multiplicities of Ay and the number of nonzero partial multiplicities of
Ao respectively. Elementary divisors and partial multiplicities associated with an
infinite eigenvalue of P(\) considered as grade k matrix polynomial are the elemen-
tary divisors and partial multiplicities associated with zero eigenvalue of rev,P(\)
respectively. An eigenvalue ) is said to be defective if its algebraic multiplicity is
strictly more than its geometric multiplicity. Otherwise it is said to be semisimple.
Clearly, if the matrix polynomial P()) is regular, then the eigenvalues of P()\) are
the roots of det(P(A)) with algebraic multiplicity equal to the multiplicity as a root
of the polynomial det(P(\)).

Having an elementary divisor (A — Ag)" is also equivalent to the existence of
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vectors xo,...,r,_1 € C" xy # 0, satisfying the equations

p

—Pl()\g)a:p,i:(),pzo,...,r—1

7!
i=0

where P'()\g) denotes the i-th derivative of P(\) at Ay with respect to A\. The
set of vectors {xg,...,z,—1} are said to form a Jordan chain of length r of P(\)
corresponding to \g. The vector xg is called an eigenvector of P(\) corresponding to
the eigenvalue A\g and x1, ..., x,_; are generalized eigenvectors of P()\) corresponding
to Ag.

The following subspaces associated with P()) are important.

Definition 1.2.1. The right and left null spaces of an m x n matriz polynomial
P()\), denoted by N,(P) and N,(P) respectively are defined as follows.

N.(P) :={x(A\) € CIN)" : P(\)x()\) =0},
N(P) = {y(\) € CN™ : y(MTP(N) =0}

A vector polynomial is a vector whose entries are polynomials. For any subspace
of C(\)™, it is always possible to find a basis consisting entirely of vector polynomials.
The degree of a vector polynomial is the greatest degree of its components, and the
order of a polynomial basis is defined as the sum of the degrees of its vectors. Also
any subspace of C(\)" has a polynomial basis of least order among all such bases and
the ordered list of degrees of the vector polynomials in any such basis is always the
same [27]. A minimal basis of the subspace is therefore defined as any polynomial
basis of least order among all such bases and the minimal indices of the subspace are
the ordered list of degrees of the vector polynomials in such a basis. In particular

we have the following definitions.

Definition 1.2.2. For a given m X n matriz polynomial P(\), a left minimal basis

is a minimal basis of Ni(P) and a right minimal basis is a minimal basis of N,.(P).

Definition 1.2.3. For a given m x n matriz polynomial P(X), let {z1(X\),...,z,(N\)}
be a right minimal basis and {y1(N),...,y,(A\)} be a left minimal basis such that

degz; < --- < degwy, and degy; < --- < degy,.

Setting €¢; = degx;,i = 1,...,p, and n; = degy;, 7 = 1,...,q, the right and left

minimal indices of P(\) are defined as €; < --- < €y, and ny < - -+ < 1, respectively.
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10 1.2. Preliminaries

When P()) is a square regular matrix polynomial, the associated polynomial
eigenvalue problem (PEP) consists of finding the finite and infinite eigenvalues and
corresponding eigenvectors. When P()) is not regular in addition to the eigenvalues
and corresponding elementary divisors, the left and right minimal bases and indices
also have to be calculated. This is called the complete eigenvalue problem (CEP)
associated with P(\). If deg P = 1, then the polynomial eigenvalue problem is also

called a generalized eigenvalue problem.

1.2.2 Canonical forms associated with matrices and matrix pencils

Various canonical forms associated with matrices and matrix pencils will be used
throughout the thesis.
Jordan canonical form for matrices. For a matrix A of size n x n there exists

an n X n invertible matrix P, such that PAP™! is a block diagonal with each block

a 1

o .
is of the form J,(«a) := € C7%4, called a Jordan block associated

1

(07

with the eigenvalue a.

Weierstrass canonical form for regular matrix pencils. For a regular matrix
pencil L(A) of size n x n, there exist two n x n invertible matrices P and () such that
PL(N)Q is block diagonal with each diagonal block being of the form A, — J,(«)
or A\J,(0) — I, where J,(«) is a ¢ X ¢ Jordan block associated with some a € C.
The blocks A, — J,(«) and AJ,(0) — I, correspond to a finite eigenvalue o and an
infinite eigenvalue respectively. The size of the largest block of type AJ,(0) — I, in
the Weierstrass from is the index of the pencil L(\).

Kronecker canonical form for matrix pencils. For a matrix pencil L()\) of
size m x n there exist two invertible matrices P and @) of size m x m and n X n
respectively such that PL(A)Q is a block diagonal with each diagonal block being

of one of the following forms:
My — Jy(@), Ag(0) — Iy, AGy — Fy, \GE — F.
The first two blocks are as in the above mentioned Weierstrass form and
1 0 0 1
F, = c C@H) and G, = € Ccoxlath),
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The blocks A\, — J,(a) and AJ,(0) — I, correspond to a finite eigenvalue o and
an infinite eigenvalue respectively. The blocks A\G, — F, and AG] — F known as
right and left singular bolck respectively, appear only when L()\) is singular and
correspond to a right minimal index and a left minimal index respectively. Also
clearly L(\) has an elementary divisor of the form (A — \g)’/ associated with an
eigenvalue )\ if and only if AI; — J;()¢) is a block of the Kronecker canonical form.
Canonical form of Hermitian matrix pencils under congruence. In [57] it
was established that every Hermitian pencil L(\) is congruent to a Hermitian matrix

pencil of the form

0 0 F,
Ouxu @ | A 0O 0 O — Gae, 41
F, 0 0
0 0 F,
@Al 0 0 0 |—Gan
F. 0 0

€p

® 01(AGr, — Fy) @ -+ @ 0,(AGk, — Fy,)

DM ()\—041 ﬂ1 Gll)@"'@nq(()‘_aq)ﬂq_qu)
(A= B1)Fmy 0 Gy
)\ 61 0 Gml 0
0 = s Fms 0 Gms
DD B ( Bs) — . (1.2.1)
(A= Bs) Frn, 0 Gn, 0

Here, ¢ < --- <¢, and ky < --- < k, are positive integers, «; are real numbers,
B are complex nonreal numbers, 1,02, ...,0,, 71,72, ...,n, are signs each equal to
+1 or —1 called the signs of L(A), and F), and G,, are the m x m matrices

0 - .. 0 1
1 0
F,..1 O
Fm: aGm:
0 0
0 1
1 0 0
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12 1.2. Preliminaries

The form (1.2.1) is uniquely determined by L(\) up to a combination of the

following permutations: a permutation of the blocks

0 0 F,
A 0 0 0 _G2€j+17 j:1727apa
F. 0 0

J

a permutation of the blocks
0j(AGr; — Fy;), j=1,2,...,7;
a permutation of the blocks
ni((A—ay)F, = Gy), 1=12,....q

and a permutation of the blocks

0 (A — Bj)Fm, 0 Gn,
(A = Bj) Fn, 0 Gm, 0

with possible replacement of 3; by Bj within each such block.

1.2.3 Linearization of matrix polynomials

The most widely used approach for solving polynomial eigenvalue problems is lin-
earization. Linearization is the process of converting the polynomial eigenvalue
problem into a equivalent generalized eigenvalue problem associated with a larger

matrix pencil.

Definition 1.2.4 (Linearization). An (m+s)x (n+s) matriz pencil L(A) = AX +Y,
is a linearization of an m X n matriz polynomial P(\) of grade k if there exist two
unimodular matriz polynomials E(\) € C[\|(m+9)X(m+3) gnd F()\) € C[A|(+)x(n+s)

for some positive integer s such that

For example the first and second Frobenius companion forms C;(\) and Cy(\)

given by
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Ay, Apo1 Apoo Ay
I, -1, 0
Ch(N) = A | + | (1.2.2)
i Iy | i -1, 0]
-Ak ] Akfl _[m
Im Ak—Q .
Co(N) = A . | (1.2.3)
. : _Im
i I | A 0 0

are linearizations of P(\) with s = (kK — 1)n and s = (k — 1)m respectively. The

unimodular matrix polynomials F(A) and F(\) that appear in the relation

P(A)
EMNC(A)F(A) = ,
TIe—1)n
are _ -
r 7 I, Eir_1(\) Ep_a(\ Ei(\
—_— ) o) o B
. X _In
: . 1,
F(\) = and E(\) =
A, &
1,
I,
L ! 0 - |

where Ek()\) = Ak and Elfl()\) = Ai*l -+ )\El(>\>,7, = k, - 2.

A

A) that appear in the

And the unimodular matrix polynomials F'(\) and E(
relation
. R P(X)
FA)CANEQ) = :
TIe—1ym
- 1 [ I, 0 ]
D .V S
) . Er_1(\) —1In
are F(\) = ' . " and E(\) = | Ej_s(\) —In
M, a
I
- . | B\ I |
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14 1.3. Some block Toeplitz matrices associated with matrix polynomials

where E(A\) = Ap and E;_1(\) = A;_1+AE;(N),i =k, ..., 2. It is clear that a matrix
polynomial and its linearization have the same finite eigenvalues and corresponding
elementary divisors (for details, see [32]). However, if the same is to be guaran-
teed for the eigenvalue at infinity also, then the linearization has to be a strong

linearization of P(\).

Definition 1.2.5 (Strong Linearization). A linearization L(A) = AX +Y of a ma-
triz polynomial P(\) is called a strong linearization of P(\) considered as a matriz

polynomial of grade k if revy L(\) is a linearization of revy P(A).

1.3 Some block Toeplitz matrices associated with matrix

polynomials

Block Toeplitz matrices associated with P(\) = Zf:() AN A; of the form

0 _
A A
Ay
C;(P)= |4, : "-. A, forji=0,1,.... (1.3.1)
Ay, Ay
L Ak_

~
j=+1 block columns

and the form
Ay

T.(Py=| : - for j=1,2,.... (1.3.2)
Ajq - Ay

play an important role in study of matrix polynomials. The matrices C;(FP) are
called convolution or Sylvester matrices associated with P()) of level j. Both classes
of matrices have been used to understand the algebraic structure of matrix poly-
nomials. The convolution matrices C;(Q) and C;(Q7) associated with a matrix
polynomial Q()) and its transpose Q(A)T are used to analyse and compute its left

and right minimal bases and indices when @Q(\) is singular whereas the matrices
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T;(Q) and T;(QT) are used to analyse the left and right Jordan chain structure of
Q(\) at zero [2, 4, 29, 34, 45, 46, [76].

The following lemma which states some important and useful properties of the

convolution matrices can be easily proved.

Lemma 1.3.1. Let P(\) = Y5 N A; and Q(\) = Yo', X'B; be matriz polynomi-
als of grade k and | respectively and C;(P) and C;(Q) for j = 0,1,2,..., be the

convolution matrices associated with P(\) and Q(X) respectively.

(a) If P(\) and Q(X\) are of same size and grade then C;(P+@Q) = C;(P)+C;(Q)

for all 5.

(0) 1C;(P)llp = Vi+ Plr for all j.

(¢) If the product P(AN)Q(A) is defined, then considering it as a grade k + 1 matriz

polynomial, we have Co(PQ) =

Ci(P)Co(Q)-

In Chapter [3| we require block Toeplitz matrices which are of a slightly different
form than the one already defined in 1) Let @-(P) denote the j* convolution

matrix associated with rev,P()). Then

Ak
A1 Ag
Ak
Ao Ak
Ao A
Ao

~
7+1 block columns

for j=0,1,2,.... (1.3.3)

Note that Lemma is also true for the matrices @(P) associated with P(\).

The next result is about the singular values of @(G) of some level j associated with

a right singular block G. A proof of this result is available in [22]. Our proof was

made independently with different arguments.
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16 1.3. Some block Toeplitz matrices associated with matrix polynomials

Lemma 1.3.2. Suppose Hy_1()\) = € Ck=Dxk for any

positive integer k > 1. Then

Orin (Cr1(Hi-1)) = Oin (Cha(Hy—1)) = 25in (4k;7T_ 2) '

Proof. The result is obvious for k = 2. Therefore we assume that £ > 2. For
simplicity, we denote @-(Hk,l) by Cy for j = k — 1,k — 2. To complete the proof
it is enough to show that both the matrices G,H and @;,2 are full rank and the

smallest nonzero eigenvalues of Sj_o 1= 6:72619_2 and Sp_; = 6;;71@_1 are both
equal to 2 4 2cos (%) . This is because in such a case, the smallest singular

values of @_1 and @_2 will both be equal to

20 (A1) < i () ) =2 (5.

For 7 > 1, let

and,

1 s 4 jxj
%3

T;=D;+L; + LT+ e;el, Ty = Dj + L + LT + eyef,

where e; is the j-th column of I;. Now a simple multiplication shows that

D, LT D, LT

Ly

Sk—2 =

D, LT

Ly Dy

Ly,

and Si_1 =

TH-2269_136123016
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To find the smallest nonzero eigenvalue of Si_o, consider the permutation matrix

P=[p Py - Bup| € CHEDAED
where
~ |:éz éi+(]<;+1) . éi+(k—2)(k+1):| y for 4 < 27
P, =
€ Cit(k+1) - éi+(k3)(k+1):| , for3<i<k+1L

Here ¢; is the j-th column of I;—1). Then PTS, P is a block diagonal matrix
with (k + 1) blocks where Tj_; is the first block, Ty_1 is the second block, and

Ty .
S ,J=3,4,...,(k+1),is the j-th block, with Ty and Ty being empty
T3
matrices.

Clearly the first two blocks have the same eigenvalues and the sub-blocks of all
other blocks are principal submatrices of the first or second block. Hence by using
the inclusion principal for eigenvalues of Hermitian matrices [43] Theorem 4.3.15]
we can say that, the smallest eigenvalue of S;_5 is the smallest eigenvalue of any
one of the first two blocks, in particular of the second block ...

To find the smallest nonzero eigenvalue of Si_1, consider the permutation matrix

P= [751 Py - 75;“_1} 2 E
where
- [éi Cit(k+1) éi+(k—1)(k+1):| , fori=1,
P =
€ Cir(ktr) " éi+(k—2)(k+1)} , for2<i<k+1

Here ¢é; is the j-th column of [j2. Then PTS,_1P is a block diagonal matrix of
(k + 1) blocks where the first block is Dy 4 Ly + LT, the second block is Tj_1, and

Th_; .
the j-th block is hoa for j =3,4,...,(k 4+ 1) with Tj being the empty
Ty
matrix.

Clearly 0 is an eigenvalue of the first block and the second block can be obtained
by removing the first row and first column of the first block. Again the sub-blocks
of all other blocks are either submatrices of the second block Tk_l or of Tj,_;. Since
Ti._1 and Tk,l have the same eigenvalues, hence by using the inclusion principle for

eigenvalues of Hermitian matrices we can say that, the smallest eigenvalue of S;._; is
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0 and the second smallest eigenvalue is the smallest eigenvalue of the second block

Th1.

From [59, 81] the smallest eigenvalue of Tj_; is 2 + 2 cos (2(2’2_—_11)”) . Hence 2 +
2 cos (2(2’2_—_11)”> is the smallest nonzero eigenvalue of both the matrices S,_; and
Si_o. This completes the proof. O

1.4 Problem definition

The following problems will be considered in this thesis.

Problem 1. Given a rectangular matrix polynomial P()), find vector spaces that

are a rich source of strong linearizations of P(\) with the following features:

(a) The vector spaces have properties akin to the spaces LL;(P) and Ly(P) pro-
posed in [61] for the study of regular matrix polynomials and extended in [14]
to square singular matrix polynomials, and coincide with them when P()) is

square.

(b) The minimal bases and indices of P(\) can be easily recovered from those of
the linearizations of P(\) arising from LL; (P) and Ly (P).

Problem 2. Let L(\) be a strong linearization of a rectangular matrix polynomial
P(\) arising from the vector space framework proposed as a solution of Problem 1.
The computed solution of the complete eigenvalue problem for L(\) via a backward
stable algorithm is the exact solution of the problem for some perturbed pencil
L(X\) + AL(X\) where ||AL||/|IL| is of the order of unit roundoff u. Investigate the

following;:

(a) Is L(A)+AL(\) a strong linearization of some polynomial P(\)+AP(\) where
[API/IP] = O(u)?

(b) Are the recovery rules for extracting minimal indices of P(\) + AP()) from
those of L(A)+AL()\) the same as the corresponding rules for P(\) from L(\)?

(c) What choice of linearizations arising from the proposed vector spaces satisfy
(a) and (b)?

Problem 3. Given a square matrix polynomial P()\) = Zf:o AA;, A € C and
r > 1, find the distance to a nearest matrix polynomial having (A — X\o)’,j > r, as

an elementary divisor, with respect to the norms ||P||r := ||[[Ao - - Aklllr, | P2 :=
I[Ao -+ - Axll2 and [ Pllz,00 := maxo<ick [|Aill2-
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Problem 4. Given an n X n matrix polynomial P(\), find the distance to a nearest

matrix polynomial of normal rank at most r, (r < n), with respect to the norms
Il and [|-[l.-

1.5 Minimal norm mapping

Several perturbations of minimal norm that are constructed in the thesis depend on

the following theorem.
Theorem 1.5.1. [71] Let A € CP*™ B € C"*?, and C € CP*9 be given. Define

S={EcC™" . AEB =C}.
Then S # 0 if and only if A, B,C' satisfy

AA'CB'B =C.

IfS#0, any E € S can be expressed by

E=A'CB'+Z - ATAZBB",
where Z € C™ ™. Moreover, there is a unique matrix EeS expressed by

E = AtCBt

satisfying ||E||s = inf{||E||s : E € S} where s =2 or F.

1.6 Structured singular value

A perturbation class S is a nonempty subset of CP*4,

Definition 1.6.1 (u-value). [65, [47] Let S C CP*? be a perturbation class and let
||| be @ norm on CP*?. The p-value of M € CT*P with respect to S and ||| is

ps, ) (M) := (inf{||A]| : A € S,rank(] — AM) <p—1})~" (1.6.1)
If there is no such A € S, then pg. (M) = 0.
The generalized p-value is now defined as follows.

Definition 1.6.2 (Generalized p-value). Let S C CP*? be a perturbation class and
let ||-]| be a norm on CP*9. The generalized p-value of M € C¥*P with respect to S
and ||-|| is defined as

o (M) = (inf{[[A]| : A € S,rank(l — AM) < p — )t (1.6.2)

If there 1s no such A € S, then g, (M) = 0.
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20 1.6. Structured singular value

The above definition was first introduced in [39]. The following lemma, the proof
of which is evident from elementary properties of singular values, will be used in the

subsequent chapters.

Lemma 1.6.3. Let M € CP*? and N € C?*P. Then fori=1,...,min{p, q},

inf{||M||y : nullity(I — MN) =i} = (o:(N)) ™.
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Vector spaces of generalized linearizations

Given an n xn regular matrix polynomial P()) of degree k, one of the first systematic
studies of linearizations to be undertaken was [61] which introduced the following

vector spaces IL; (P) and Ly(P) of matrix pencils as sources of linearizations of P(\).

Li(P):={LN) =AX +Y : LMV ® L) = v® P(\),v € C}, (2.0.1)

Ly(P) := {L(A\) = AX +Y : (AN @ L,)L(\) = w” ® P(\),w € C*}  (2.0.2)

where Ag(A) := [\ X 1]7. (2.0.3)

The defining identities in and are called the right and left ansatz
equations respectively and the corresponding vectors v in and the vector w
in are called right and left ansatz vectors. The first and second companion
linearizations given by ((1.2.2) and (1.2.3) belong to LL;(P) and LLy(P) respectively.

This work gave a whole new direction to research in the theory of linearizations due

to the special properties of these vector spaces. For instance, it was shown that
constructing pencils in these spaces corresponding to a given ansatz vector is very
simple and almost all the resulting pencils are strong linearizations of P()) from
which the eigenvalues and corresponding eigenvectors can be easily recovered. In
particular in [24, 42} 60], it was shown that if P()) has some special structure like,
Hermitian, symmetric, x-alternating and x-palindromic, then there exist subspaces
of L;(P) and Ly(P) with the property that almost every pencil of the subspace
is a structure preserving linearization of P(A) from which both finite and infinite
eigenvalues of P(\) and corresponding eigenvectors can be easily recovered.

It was shown in [14] that even when P()) is square but singular, almost ev-
ery pencil in L (P) and Ly(P) is a linearization of P()\) from which the solution

of the complete eigenvalue problem for P(A) can be easily recovered. The vector

21
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22 2.1. Generalized linearizations of matrix polynomials

space setting for constructing linearizations has since been extended to cover other
polynomial bases [25] and inspired further work that throws fresh light on these
spaces [64]. Since then the literature on linearizations has expanded rapidly and var-
ious linearizations that take different factors into consideration have been proposed.
Important choices of linearizations not covered by L;(P) and LLy(P) are the Fiedler
pencils and their generalizations [3], 9] [IT], 15, 80] which are also sources of lineariza-
tions for non-square matrix polynomials [17]. Systematic studies of linearizations
that cover both square and non-square linearizations are relatively recent in the lit-
erature. For example, [22] introduced the framework of block minimal bases pencils
as potential linearizations of rectangular matrix polynomials with focus on particu-
lar subclasses like the block Kronecker pencils. These ideas were further extended
in [I0]. Inspired by [61], the recent work [26] considers linearizations of rectangular
matrix polynomials in a vector space setting. Referred to as block Kronecker ansatz
spaces, these vector spaces contain block Kronecker linearizations as well as Fiedler
linearizations and their extensions modulo permutations and share some of the im-
portant properties that IL;(P) and Ly(P) have when P(\) is square. However, the
block Kronecker ansatz spaces do not become IL; (P) and Ly(P) when P(\) is square.

In this chapter, we generalize the spaces LL;(P) and Ly(P) to the case when
P(\) is not square by forming vector spaces of matrix pencils that have some of
the key features of L;(P) and Ly(P) and coincide with them when P(\) is square.
For this purpose we define generalized linearizations of matrix polynomials (which
we refer to in short as g-linearizations) and their strong versions and show that the
proposed vector spaces have all the properties with respect to being g-linearizations
that L, (P) and Ly(P) are shown to possess with respect to being linearizations of
square singular polynomials in [14]. In particular the matrix pencils in these spaces
can be easily constructed from the coefficient matrices of P(\) in a manner very
similar to the ones in L;(P) and Ly(P) when P(\) is square. We show that the
solution of the complete eigenvalue problem for P(\) can be easily recovered from
that of almost every pencil in these spaces. Finally we show that almost every g-

linearization in these spaces may be ’trimmed’ to produce strong linearizations of

PN,

2.1 Generalized linearizations of matrix polynomials

Definition 2.1.1 (g-Linearization). An km x kn matriz pencil L(\) = AX +Y is

called a g-linearization of an m X n matrix polynomial P(\) of grade k if there exist
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two unimodular matrices E(\) € CIN™ ™ and F(\) € C]A\]"™ "™ such that

]k—l X Im,n

I, T
Here I, , = ifm>nand Ly, = I, Opxpom| o m <n. Otherwise
O(m—n)xn )
Im,n = I, = I.

Definition 2.1.2 (Strong g-Linearization). A matriz pencil L(\) = AX + Y with
X, Y € C™ "k s g strong g-linearization of an m x n matriz polynomial P(\)
of grade k if L(\) is a g-linearization of P(\) and reviL(\) is a g-linearization of
rev, P(\).

From the above definition, it is clear that every linearization of a square matrix
polynomial is also a generalized linearization, which justifies our choice for the term.
Also, evidently a matrix polynomial has the same finite eigenvalues and elementary
divisors as its g-linearization and the same finite and infinite eigenvalues and elemen-
tary divisors as its strong g-linearization. Therefore, to establish that the solution of
a complete eigenvalue problem for a rectangular matrix polynomial can be obtained
from a given strong g-linearization, it is enough to show that the minimal bases and

indices of the polynomial can be easily recovered from the g-linearization.

2.1.1 The vector spaces L;(P) and Ly(P)

To extend the work in [61] to non-square matrix polynomials, we propose the follow-
mXxn

ing vector spaces associated with a matrix polynomial P(\) = Zf:o NA; € C[\]
of grade k, which we continue to denote by L, (P) and Ly(P) for ease of notation.

Li(P):={L\) = AX +Y : LN (A:(N) ® I,,) = v ® P(\),v € C¥}, (2.1.1)
Ly(P) := {L(N) = AX +Y : (AN @ I,)L(\) = w” @ P(\),w € C*},  (2.1.2)

where Ag(A) is as in (2.0.3)).

Following [61] we will refer to the vector v (w) in the identity (2.1.1)), ((2.1.2))) sat-
isfied by L(\) € Ly(P), (L(\) € Lo(P)) as the right (left) ansatz vector correspond-

ing to L(A). The sets L (P) and Ly(P) are not empty as CY(\) := AX;+Y; € L;(P)

with right ansatz vector v = e; € CF,
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A Apr Apo Ag
Im,n _Im,n 0
where X; = , Y1 =
i T | i ~Inpn O]

and C§()\) := AXy + Y, € Ly(P) with left ansatz vector w = ¢; € C*,

Ak Akfl _[m,n
Im,n Aj_
where X, = 4 = iy )
_]m,n
/ 4 Ay 0 0 |

As Theorem and Theorem show, if m > n then CY()\) is a strong
g-linearization of P(\) and if m < n then C§(\) is a strong g-linearization of P(\).

For any matrix polynomial P()\), clearly L (P) and LLy(P) are vector spaces over
C. In this section we find some important properties of these vector spaces. The
results show that if the m x n matrix polynomial P()\) is tall, i.e., m > n, then
the properties of L (P) with respect to g-linearizations are very similar to those of
the corresponding space for square matrix polynomials considered in [61] and [14]
with respect to linearizations. The same is true of Ly(P) when P()\) is broad, i.e.,

m < n.

For the case m = n, the matrix pencils in L, (P) and Ly(P) were originally char-
acterized in [61] by introducing special operations on block matrices called column
shifted sums and row shifted sums respectively. We state these definitions with the

aim of showing that the same characterizations also hold when m # n.

Definition 2.1.3 (Column and row shifted sums). Let X and Y be block matrices
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with blocks X;j;,Y;; € C™ ™ then the operations

X o X 0 0 Y - Yy

Xop oo Xop 0 0 Yy -+ Yo
X®Y:=| ' _ A | ,and

[ Xer oo X 0] |0 Yir -+ Y]

(Xu X - Xu| [0 0 - 0]

Yiu Y2 oo Y

X@Y = + ,

Xp1 Xio Xk

0 0 -+ 0 | Yir Yie -0 Y|

where the zero blocks are also of size m X n are referred to as the column shifted sum

and the row shifted sum of X andY respectively.

The above definition immediately gives the following lemma, the proof of which

is obvious.

Lemma 2.1.4. Let P()\) = Zf:o N A; be an m X n matriz polynomial of grade k
and let L(\) = AX +Y be an km x kn pencil. Then for v,w € C¥,

AX VAN O L) =08 PA) & X 8 V=08 [4, Ay - Ay
(MW @ L)X +Y) =’ @ PO & X §Y =ul o [af ar, - af] .

Thus we have an immediate characterization of the spaces L;(P) and Ly(P) in
the next theorem the proof of which is omitted as it follows by arguing exactly as
in the proof of [61, Theorem 3.5].

Theorem 2.1.5. Let P(\) = Zf:o N A; be an m x n matriz polynomial of grade k
and v, w € C*. Then the pencils in 1L, (P) with right ansatz vector v are L(\) = AX +
Y such that X = |v® A —W] and Y = [W—l—v@ |:Ak—1 A1i| U®A0]
with W € Ck»*E=Dn chosen arbitrarily.

Similarly, the pencils in Ly(P) with left ansatz vector w are of the form
. T
w” @ Ay, W+wT®[Ag_1 Aﬂ
L(\) = AX+Y such that X = . andY =

with W € Ck=Dmxkn chosen arbitrarily.
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It is clear from Theorem that the vector spaces L (P) and Ly(P) are com-
pletely determined by the pairs (v, W) and (w, W) respectively, where v,w € C¥,
W e Ckmx(k=Dn and W e Ck-Dmxkn_ Hence the dimensions of the vector spaces
L;(P) and Ly(P) over C are both equal to k(k — 1)mn + k. The following immedi-
ate corollary of Theorem shows that in particular matrix pencils in L, (P) and
Ly (P) with corresponding ansatz vector ae; € C* for some non zero scalar «a are

easy to construct from the coeflicient matrices of P(\).

Corollary 2.1.6. Suppose L(\) = AX+Y € L,(P) with right ansatz vector v = ae;

OéAk X12 }/11 aAO
for a # 0. Then X = and Y = for some Z €
—Z Z
Ch—Dmx(k=1)n where Xi9,Y11 are m x (k — 1)n matrices that satisfy X1 + Y11 =
O‘[Ak;—1 e Ayl
Similarly, if L(\) = AX +Y € Ly(P) has left ansatz vector w = aey for a # 0,
aA Y | Z 5
then X = |— ¢ ——| and Y = - for some Z € CE=Dmx(k=1)n 4yhere
X12 —Z OéA()
Ap—

Xlg, f/n are (k — 1)m X n matrices that satisfy Xlg + }711 =«
Ay

Given an m x n matrix polynomial P(\), it is easy to see that
L(\) € Ly(P) < L(\)T € Ly(PT). (2.1.3)

Therefore, the results in the rest of the chapter for IL;(P) where P()\) is of size
m X n with m > n, give rise to corresponding results for Ly(P) when m < n with
appropriate modifications. We provide proofs only for the statements concerning
L, (P) as the corresponding statements for Lo(P) follow either by using the corre-
spondence or by similar independent arguments. The first among these is an
analog of [14, Theorem 4.1], that gives a sufficient condition for a pencil in L, (P)

(Ly(P)) to be a strong g-linearization of P(\) when m > n (m < n).

Theorem 2.1.7. Let P(\) = Z?:o N A; be an m X n matriz polynomial. If m >n

and L(\) € Ly(P) with right ansatz vector v € CF\ {0}, then for any nonsingular

M € C** such that Mv = ey for some o # 0, the pencil (M & I,,,)L(\) satisfies
aAy | Xig Yii | ady

(M ® I,)L(\) = A + (2.1.4)
—7 Z
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where Xi2,Y1 € C™E=Dn gatisfy X0 + Vi1 = « [Akfl Al] and Z is a
(k—1)m x (k—1)n matriz. If Z is of full rank, i.e., rank Z = (k — 1)n, then
L(X\) € Li(P) is a strong g-linearization of P(\).

Proof. We first prove the theorem for the case that v = ae; for some a # 0. Then

aAy ‘ X2 Y ‘ afy
_.I_

L(A) =\ = A X +Y,
-z] | 7]
where Xio, Yy € C™F=Dn gatisfy Xip + Vi1 = « [Akq ... Ay and Z is a
(k—1)m x (k — 1)n matrix.
Partitioning Z as Z = [Z1 Ly - Zk—l] where Z; € C*=Dmxn and setting
_1 o .- )\k—l_
G(\) = ' | @6,
1 A
- 1 -
we have,
* * * *
LNG(A) = e
2, (22— 22) ¥~ B B
* * * aP(\)
7, (Z—2\2)) (Zoor — Mys) 0
Now,
(1, AL 1 [ 1[5 ]
I, L, A,
LOVG(N) I, I, I, M,
L,
i In] | I | i I ]
o - i ;
I, M,
ok * aP(\)
= Iy I, A,
Zy Zy o (Zir—Mpos) O .
L [n L In_
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x ok ook aP()\)
Nz 2z oz 0
__* aP(\)
|z

Therefore there exists a unimodular matrix F'(\) such that

for some W (\) € C[\|™**=1n, (2.1.5)

1. | -wzt PO
‘ I—1)m Z

AsrankZ = (k — 1)n = rank (I_; ® I,,,.,), there exist E € Ck-bmx(k—lm anq
F e Ch=Unx(k=n that are invertible such that Z = E(Iy_; ® I,,,,)F. Therefore,
I, | -w()Z! I, P\ I,

LAEQ) = ,
‘ I(k:fl)m B [kfl & [m,n F

and this implies that L(\) is a g-linearization of P()\). To show that L()\) is a strong

g-linearization of P(\), notice that

T
MNIAL(L/N) = [1 Ao )\’f—l} = RiAi()), where Ry, =

1
kxk

Also revi L(A) (R Ak (N ®1,) = aey @revp P(N), as L(A) € Ly (P) with corresponding
right ansatz vector ae;. Therefore, revi L(A) (R ® I,,) (A (A\) ®@1,,) = aeg @reviP(N),

-~

=:L()\)
and we have L(\) = AX +Y € L, (rev,P), where

~ OJAO Xlg ~ }711 O(Ak
X=YRy®1,) = 2| and V= X(Ry @ 1) = | —
-7 Z

with Z = —Z(Ry_y ® I,,). Clearly Z is of full rank if Z is of full rank. Hence L()\)
is a g-linearization of rev,P(\) and consequently revyL(\) is a g-linearization of

revy P(\), this completes the proof for the case that v = aey.
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Now let L()\) € LLy(P) with corresponding right ansatz vector v € C¥\ {0}. Then
(M ® I,)L(\) € Ly(P) with right ansatz vector ae; and equation holds in
view of Corollary [2.1.6] From it follows that L(\) is a strong g-linearization
of P(A) if and only if

. aA ‘X Y ‘aA
P = k 12 N 11 0
z] | 7]

eL(P)

with corresponding right ansatz vector aey, is a strong g-linearization of P()). But
we have rank Z = (k — 1)n. Therefore by the first part of the proof, it follows that
L()\) is a strong g-linearization of P(\) and this completes the proof. O

The corresponding theorem for Ly(P) is as follows.

Theorem 2.1.8. Let P(\) = Zf]::o N A; be an m x n matriz polynomial. If m < n
and L(\) € Ly(P) with left ansatz vector w € C*\ {0}, then for any nonsingular
M € C** such that Mw = aey for some o # 0, the pencil L(/\)(MT ® 1I,,) satisfies

OéAk

LOYM" @ I,) = A | — -
X | -2

(2.1.6)

with Z € Ch=Dmx(k=Nn_ [ 7 is of full rank, i.e., rank Z = (k — 1)m, then L(\) €
Lo(P) is a strong g-linearization of P(\).

It was proved in [61, Theorem 4.1 and Theorem 4.3] that if P()\) is a square
regular polynomial, then L(\) € Ly(P) is a strong linearization of P()\) if and only
if the matrix in the position of the block labelled Z in is nonsingular. However
as shown in [I4] Example 2], the same is not a necessary condition for L(\) to be
a strong linearization of P(\) if it is square but not regular. The following simple
modification of that example shows that if P(\) is an m X n matrix polynomial with
m > n, then L(\) € IL;(P) with corresponding nonzero right ansatz vector v € C¥,
can be a strong g-linearization of P()\) even if the matrix labelled Z in (2.1.4)) is

rank deficient.

1 0
Example 2.1.9. Let P(\) = A2A; where A, = | 0 0 | . Then
0 0
N R 0 0 -1 0
Ay =X X 0 R
L(A) =) + where X = | 0 -1 |, and Z = 0 0
0 —Z Z 0
0 0 0 0
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30 2.1. Generalized linearizations of matrix polynomials

belongs to L (P) with right ansatz vector e;. Although rank Z = 1, interchanging
the second and fifth rows of L(\) gives C{(A\) which is a strong g-linearization of
P(N).

Since the matrix in the block labelled Z in the reduction (2.1.4)) of L()\) € L(P)
plays an important role in determining whether L()) is a g-linearization of P(\),
we refer to it as the Z-matrix of L()\) with respect to the pair (M, «) as it may
vary depending on the choice of the nonsingular matrix M satisfying Mv = ae;.
Therefore it is important to know whether its rank can change with change in the
choice of M. The next theorem shows that this does not happen, i.e., the rank of
the Z-matrix in a given L(\) € LL;(P) remains invariant of the choice of M. The
proof of the theorem is omitted as it follows by arguing exactly as in the proof of
[14, Lemma 4.2].

Theorem 2.1.10. Let P(\) = Zf:o NA; be an m x n matriz polynomial with
m = n and L(A) = AX +Y € Ly(P) with right ansatz vector v # 0. Suppose that
M., My € CF* are two nonsingular matrices such that Myv = ce; and Myv = ase;
for some aq # 0, and an # 0. If Zy, Z5 € CU—Dmx(k=1)n gre the matrices in the block
labelled Z in corresponding to the pairs (My, o) and (Ms, ) respectively,
then rank Z; = rank 7.

In a similar way it can also be shown that if the m X n matrix polynomial
P()) satisfies m < n, the rank of the matrix labelled Z in the reduction (2.1.6) is
independent of the choice of the nonsingular matrix M. The above result allows us

to make the following definition.

Definition 2.1.11. For any m x n matriz polynomial P(\) with m > n (m < n),
the Z-rank of L(\) € Li(P) (L(X) € Lo(P)) is the rank of any matriz appearing in
the block labelled Z (Z) under any reduction of L(\) of the form ()

IfZ (Z) in () is of full rank, then we say that L(\) € Ly(P) (L(\) €
La(P)) has full Z-rank.

The final result of this section shows that for a given m x n matrix polynomial
P(X) with m > n, almost every pencil in LL; (P) is a g-linearization of P()\). By the
term almost every we mean all but a closed, nowhere dense set of measure zero in

L;(P). Before going to the theorem let us introduce the term algebraic set.

Definition 2.1.12. An algebraic subset A of a vector space V' is the set of common
zeros of finite number of polynomials in p variables where p is the dimension of V

and coefficients are from the underlying field.
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As we know proper algebraic sets are closed, nowhere dense and have measure
zero, hence it is sufficient to show that the pencils in IL;(P) which are not strong

g-linearization of P()\) belong to a proper algebraic set in L (P).

Theorem 2.1.13. (Genericity of g-linearizations in L;(P) and Ly(P)) For
any m x n matriz polynomial P(\) of grade k with m = n, (m < n,) almost every
pencil in L1 (P) (Ly(P)) is a strong g-linearization of P(\).

Proof. Let P(\) = S_F /M A; be an m x n matrix polynomial with m > n. The set
of pencils in L (P) with right ansatz vector v consists of all L(\) = AX + Y such
that

X =|v A —W] andY:[W—I—v@)[Akfl AJ ’U®A0:|

with W € Ckm*(:=1n chosen arbitrarily. For a parametrization of I, (P) we define

the isomorphism
I':Ly(P) — CF x Chmx(=n

AX +Y = (v, W).

T
Suppose L(A) = AX +Y € L;(P) with right ansatz vector v = [U1 Uk] ,
Then for ) )
1 0
vy
M = :
vl

Muv = vie; and M is nonsingular if v; # 0. Now (M ® I,,,)L(\) = AM(M ® I,) X +
(M ® 1,,)Y where

’UlAk *

(M L)X = [ Mo® A | ~(M@ L)W | = [ vier @ Ac| ~(M @ L)W | = .

Clearly —Z is a Z-matrix of L(\) with respect to (M,v;). Then
P, W) = Z det( minor of Z of order (k — 1)n)
is a polynomial in the k + k(k — 1)mn entries of v and W. The pair corresponding

0 -
to CY(\) has v =e; and W = . Hence, Z = I;_1 ® I,,,,, and thus
_]k—l ® Im,n
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P(v, W) # 0 for C{(X\). Therefore the zero set of P(v, W) corresponds to a proper
algebraic subset of L; (P). Clearly any pair (v, W) such that P(v, W) # 0 has vy # 0
and any one of the minors of Z of order (k — 1)n has nonzero determinant. So the

corresponding L(A) will have full Z-rank and hence is a strong g-linearization of
P(). O

An important difference between linearizations of regular and singular square
matrix polynomials P(\) in the space L;(P) is that while every linearization of
P(\) in Ly (P) is also a strong linearization of P(\) when P()) is a regular matrix
polynomial [61, Theorem 4.3], the same is not true if P()) is singular [14, Example
3]. The following example shows that the same also holds for g-linearizations of
rectangular matrix polynomials, i.e., there exist rectangular matrix polynomials

P(\) with g-linearizations in L;(P) that are not strong g-linearizations.

A2 A
Example 2.1.14. Let P(A\)= | X 1 | . Then
0 0
10 0 O 0100
00 0 O 1 001
00 0 O 0000
LX) = A + € Li(P)
00 -1 0 1 000
vaaallle 0000
00 0 O 0000
. T P 0
is a g-linearization of P(\) as E(A)L(A\)F () = for
0 I39
001 X000
000100 0 1 00
0000120 0 —-XA 01
E(\) = and F'(\) =
010 0O0O0 -1 0 00
1 00000 0 -1 10
000O0O0T1
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But L(\) is not a strong g-linearization of P(\) as infinity is a eigenvalue of L(\)
but not of P(\).

2.2 Recovery of minimal bases and indices in LL,(P) and

Ly (P)

In this section we show the process of extraction of left and right minimal bases
and indices of an m x n polynomial P()) from that of a g-linearization in LL; (P) or
Ly(P). In particular we show that these extractions are possible from g-linearizations
of P(A) in Ly (P) with full Z-rank if m > n and those of P()\) in Ly(P) if m < n. It
is easy to see that if m > n and L(A\) € Ly(P) is of full Z-rank, then

dim N,(L) = dim N,(P) and dim N;(L) = dim N;(P) + (k —1)(m — n).

On the other hand if m < n, and L(\) € Ly(P) has full Z-rank, then the above
equalities hold when the positions of the right and left null spaces are interchanged
for both P(\) and L()). Therefore the process of extracting the right (left) minimal
bases and indices of P(A) € C[A]™*™ from those of a g-linearization of P(A) in LL;(P)
(Ly(P)) is identical to the extraction of the same quantities from a linearization of a
square singular polynomial in the respective spaces (as established in [14]). However,
showing that the left (right) minimal bases and indices of P()\) can also be extracted
from those of L(\) € L;(P) (L(\) € Ly(P)) with full Z-rank requires more work.

2.2.1 Recovery of right (left) minimal bases and indices in L;(P) (ILy(P))

Given an m x n matrix polynomial P(\) with m > n, the following lemma provides
an isomorphism between N,.(P) and N, (L) that enables extraction of the right min-
imal bases and indices of P()\) from those of L(\) € L{(P).

Lemma 2.2.1. Let P(\) be an m x n matriz polynomial of grade k with m > n.
Also let L(\) € Ly(P) with a right ansatz vector v # 0, and x(A) € C(A\)"™. Then
Ar(N) ® (X)) € N.(L) if and only if x(\) € N,(P). Moreover, if L(\) is a g-
linearization of P(X\), then the mapping

Ry : N,(P) = N,(L)
2(\) = Ap(N) ® z(N).

is a linear isomorphism between the C(\)-vector spaces N,(P) and N,(L). Further-
more, £(\) € N,.(P) is a vector polynomial if and only if Ax(N\) ® x(\) € N,(L) is a

vector polynomial.
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We skip the proof as it follows by arguing exactly as in the proof of [14, Lemma
5.1]. Now the following theorem whose proof is immediate shows that the right min-
imal bases and indices of P(\) € C[A]™*", m > n, have a very simple relationship
with those of a g-linearization L(\) € LL;(P) and can be easily extracted from the
latter.

Theorem 2.2.2. Let P(\) be an m X n matriz polynomial of grade k with m > n
and nrank P = r. Also let L(\) € L1(P) be a g-linearization of P(\).

1. The right minimal indices of P(\) are €; < €3 < -+ < €, if and only if the
right minimal indices of L(X) are (k—1)+€6 < (k—1)4e < -+ < (k—1)+€,—,.

2. Any right minimal basis of L(\) is of the form {Ax(N\) @ z1(A), ..., Ax(N) ®
Tp_r(N)} where {z1(N), ..., £,_r(N)} is a right minimal basis of P(\).

Similarly, if P(\) is an m X n matrix polynomial with m < n, then the mapping

Ry : N(P) = Ni(L), y(A\) — Ar(X) @y(N),

is an isomorphism between N;(P) and N;(L) that also induces a bijection between
vector polynomials in N;(P) and N;(L). This results in the following counterpart
of Theorem for extraction of the left minimal bases and indices of P(\) from
those of any g-linearization L(\) € Ly(P).

Theorem 2.2.3. Let P(\) be an m X n matriz polynomial of grade k with m < n
and nrank P = r. Also let L(\) € Ly(P) be a g-linearization of P(\).

1. The left minimal indices of P(X) are m;y <y < -+ < Ny if and only if the

left minimal indices of L(X) are (k—1)4+m < (k—1)4n2 < -+ < (k—1) 4+

2. Any left minimal basis of L(X\) is of the form {Ar(A) @ y1(N), ..., Ap(N) ®
Ym—r(X) Y where {y1(N), ..., Ym—r(N)} is a left minimal basis of P(\).

2.2.2 Recovery of left (right) minimal bases and indices in L,(P) (Ly(P))

In this section we show that the left minimal bases and indices of P(\) € C[A\]™*™
with m > n, can be extracted from the g-linearizations in LL;(P) that are of full
Z-rank. The following lemmas will be very useful for establishing Theorem [2.2.6|

which is the main result of this section.
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Lemma 2.2.4. Let P(\) = Zf:o N A; be an m x n matriz polynomial of grade k
with m > n. Suppose L(X\) € Ly(P) has full Z-rank and right ansatz vector v # 0.
Then the mapping

['v : Nl(L) — NZ<P)

y(N) = (07 @ In)y(N)

is a linear map from the vector space Ni(L) onto the vector space Ny(P) over C(\).
Furthermore it is an onto map from the vector polynomials in N;(L) to the vector
polynomials in N;(P) with the property that if () € Ny(P) is a vector polynomial
of degree §, then there exists a vector polynomial y(X\) € N;(L) of degree 6 such that

L,(y(N) = q(N).
Proof. Let y(A\) € Ny(L). Since L(X) € L (P),
y ML) (AN @ 1) =0 = y(N (v @ P() =0=y\) (v® L,)P(\) = 0.

Therefore (vT ® I,,)y(\) € N;(P) and this shows that £, is well defined and clearly
linear.

Let ¢(\) € N;(P) and

DY P>
Sk(A) = A :
1
0
L J kx(k-1)
q(\) T
a(N) = i and y(A\) = (M" ® I,)q1 () (2.2.1)
q(\)
where
N = =g (A|Ae Xe| + Y A]) S @ 1)7, (222)

(.

~~

M being a nonsingular matrix such that Mv = e;. Clearly £,(y(\)) = ¢(\) and
L, is onto if y(A\) € N;(L). This holds if and only if ¢;(\) € Ny(L), where L(\) =
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(M ® L,)L(X\). Also as L(\) € Ly(P) corresponds to right ansatz vector v and
Muv = ey, therefore L(\) € LLy(P) corresponds to right ansatz vector ;. So,

f)(A):A Ak‘Xu N Yn‘Ao
2| |z
where Z has full rank and X5+ Y7, = [ Ap_1 Ai_o -+ Ay } . This implies that,
Xig 1= [Xl Xy - qu] and Yy := [Yl Y, --- kal]

where X;,Y; € C™*" satisfy X; +Y; = Ay_; fori =1,2,...k — 1. Now from ([2.2.1])
and (€23,

aMNTLO) = [aN)" aNTILA)

= oWl O](A | +{YAD
2] | 2]
= g\ ()\[Ak -l - P — © Ao]) (2.2.3)
where
é:(A[Ak Xy X, oo Xk_1]+[y1 Y, - Yis AO])(Sk@@In)
= (Mt r A +Y A+ o AXio+ Vi AXi+ Ao)) (Si@ L)

=[ M +Y1 NA+ MY+ X1) +Ys MA 4+ MY+ X)) + A(Ya + X,) + Y5
AL + X2V + X0) + -+ A(Yieo + Xi—2) + Vi |
=[ A, NAp+AApy oo N4 A4+ A [+ Y (2.24)

the 2-nd last equality being due to the fact that X; +Y; = Ay_;, 1 =1,2,...,k— 1.

Therefore,

A(X12+ C) = A(X12+ Yi1) + AAAy, -+ A AL + M24, ) 4o 4 AA]

=[ M2A, + M NA+ N2A  + M, - POV — Ay | (225)

Using (2.2.5) and (2.2.4) in (2.2.3),

Ch(/\)TL(/\) =qN)7" ([)\Ak NAp+ Ay NAg+ XA + My - P\ — Ao]

[ Ml SO ML) (VA NA M) - A )
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=qN)" 00 - 0 P
= 0.

Therefore ¢;(A\) € Ny(L) and hence £, is an onto linear map from the vector
space V(L) to the vector space N;(P) over C(X). Now clearly, if y(\) € N;(L) is
a vector polynomial, then so is £,(y())). Conversely, if g(A) € N;(P) is a vector
polynomial, then from and it follows that g(\), ¢1(\) and y(\) are
also all vector polynomials. Since L£,(y(A)) = ¢(A) and y(\) € N,(L), it follows that
L, maps the vector polynomials in N;(L) onto the vector polynomials in N;(P). To
complete the proof we show that if the degree of ¢()) is §, then y(\) can be chosen
so that it has degree 9.

Let ¢(A) € N,(P) and y(\) € N;(L) be vector polynomials such that £,(y()\)) =
q(A). Let deg ¢ = ¢ and suppose degy = 6> 6. Let q(\) = (M1 ® I,)y(\). Then
deg g =6 and ¢(N) = L,(y(N) = (0" @ L)) (M" © I)u () = (€ ® )i (A). This

A .
implies that ¢;(\) = ) where deg ¢ = 0. Hence

ey

Z X + g(k)

i=0+1 z Zi:O )\th
—_———
=:q(\)
where t; € C¢=Dm 5 =0, ... ,5, with t; # 0. Clearly degq = ¢ and
g(N) = L,(y(N) = (ef @ L)ar(N) = (ef @ Ln)d(N) = Lo((MT & L,)d(N)).
=m(})

So we have degn = 0. Finally, we show that n(\) € N;(L). As y(\) € N (L),
therefore, ¢;(\) € N;(L) and

)TL(A
A | Xio Y1 | Ao

+ =0
z 6+1 A ]
T _

X Yiil A R
— )\ 12 | 11 0 n (j()\)TL()\) 0
z 6+1 z 5+1 zt A ]
i i Tt _
= [ 0p — > 5+1A“tTZ Se 5+1)\tTZ 07 ] GNTLN) = 0.
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Therefore,

N Z OF] + M2 ([th 2 O]+ [0F  —tiZ]) +--- (2.2.6)

n

ot XN (17 0]+ o — L zZ|) 4 AT OE — a2 2]+ gL = 0.

n

Since the degree of G(A)TL()\) is at most & + 1, equating the coefficients of
N2 AL g 1) to 0, we have t7Z = 0 for i = 6 + 1,...,6. Therefore

(2.2.6) implies that ¢(A\)TL(\) = 0. Now as
n(A)TLA) = 4N (M @ L) L(A) = ¢(\)" L(\) =0,
this completes the proof. O]

Lemma 2.2.5. Let P(\) = Zf:o M A; be an mxn matrixz polynomial of grade k with

m > n and let L()\) € Ly(P) corresponding to a monzero right ansatz vector v € C¥,
be of full Z-rank. Letr = nrank P, ¢ = (k—1)(m—n) and L,(y(\)) = (v @ L,,))y(\)
for all y(\) € Ni(L). Then there exists a minimal basis of Ni(L) of the form

{yl (/\)7 e 7ym—r(/\)7 um—r—l—la 000 7um—r+c}a

where {Um—ri1, .- Um—rie} C CF™ s a basis of the null space of the linear map L,
denoted by N(L,).

Proof. Under the given hypothesis we have, dim(N;(L)) = dim(N;(P)) + (k — 1)(m — n).
Since we have r = nrank P, assume that {v;()),...,v,,_-(\)} is a minimal basis of
N(P) with degv; = §; for j = 1,...,m — r. By Lemma , there exist linearly
independent vectors y1(A), ..., Ym—r(A) € N;(L) such that

L,(y;(N) = vj(N), and degy; = ¢;.

Also from Lemma we have, rank £, = dim N;(P), and hence dim(N(L,)) = c.
Let M € C*** be nonsingular such that Mv = e;. Then as L(\) has full Z-rank,

) A | X Y | A
L) = (M@ L)L) = A |— 1722 [ 270
—Z Z

where X15,Y7; and Z are as given in Theorem such that rank Z = (k — 1)n.

We show that N(L£,) has a basis consisting of vectors of the form (M* ® I,,,)
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such that w?Z = 0. Since rank Z = (k — 1)n, there exist ¢ linearly independent

vectors wy, ..., w, € C*=V™ such that w/'Z =0 foralli=1,...,c. So
T 0 T
Buw =< (M" ®1I,) ooy (M7 ® 1)
W1 We

is a linearly independent subset of N(L,) as

(srom[ 2]} - - [ ] -
(MT & 1,,) LO\) = (M @ L)) L(\) = L) =wTZ =0

0 0
and (vI @ I,)(M* ® I,,,) = (el ® I,) =0

W; W;

foralli =1,...,c. Clearly §, is also a basis of N(L,) as it has ¢ linearly independent

vectors. Let

B - {yl()\), cee 7ym—r(>\)a Um—r+1y - - - 7um—r+c}

0
where U,y = (MT®I,) ,for j =1,...,c. Then f has dim(V;(L)) vectors
L
as rank £, = dim(N,;(P)) = m — r. Therefore 3 is a basis of N;(L) if it is a linearly
independent set. Suppose there exist a;(\), ..., an_ric(A) € C(A) such that

al()\)yl <)\> SR Typ am—r()\)ym—r<)\) + am—'r—&-l(A)um—r—i—l Fi= . am—r—l—c(A)um—r—i-c = 0
(2.2.7)

Then,
£v(a1()‘)yl<)‘)+ ’ '+amfr()‘)ymfr()‘)) =0=a (A)Ul()‘>+ ’ '+amfr()‘)vmfr(>‘) = 0.

This gives a;(A\) =0for j =1,...,m—ras {vi(\),...,v,_r(N)} is a basis of N;(P).
So by we have a1 (N tm—ri1 + -+ + Gmerre(N)Um—rie = 0. As B, is a
basis of N(L,), this implies that a;(A\) =0 for j=m —r+1,...,m —r + c. Hence
§ is a basis of N;(L). Suppose that it is not a minimal basis of N;(L). Since the
sum of the degrees of the polynomials in [ is ZT:_IT d;, there exists a minimal basis
B = {0V, Jmorse(N)} of Ni(L) such that 327 " “degy; < 277" 6. Then
L,(3) is a spanning set in N;(P). Let

{'Cv(gh ()‘))7 ce ’E'U(@im—T ()‘))} - EU(B)
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be a basis of NV;(P). Then

Zdegﬁ Ui;) < Z(Sj degv;.
7j=1 7j=1
But this contradicts the assumption that {vi(A), ..., vp—r(A)} is a minimal basis of
N,(P). Hence the proof. O

The following theorem now shows how the left minimal bases and indices of

an m X n matrix polynomial P(\) with m > n can be extracted from those of
L(\) € Ly(P) with full Z-rank.

Theorem 2.2.6. Let P(\) be an m X n matriz polynomial of grade k with m > n,
and let L(\) € Li(P) corresponding to nonzero right ansatz vector v € C* be of full
Z-rank. Let r = nrank P, ¢ = (k — 1)(m —n) and L,(y(\)) = (vI @ L,)y(\) for all
y(A) € Ni(L). If B ={v1(N), -+ s Ymr(N)y Um—ri1s - - o s Um—ric} 1S @ minimal basis of
Ni(L) satisfying the properties of Lemma[2.2.8, then {Ev(yl()\)), oy Lo(Ym—r (M) }

is a minimal basis of N;(P). Moreover if m =1 =2y =20=---=0 are
the left minimal indices of L(\) then my = my = -+ = Ny are the left minimal

indices of P(\).

Proof. Since {tnm—yi1,.. - Um—rrer forms a basis of N(L,), L,(u;) = 0 for i =
m—r+1,....m—r+ec Let z;(\) = L,(y;(\)) for i = 1,...,m — r. Clearly
degy; =degz foralli=1,... m—rand {z1(\),..., 2z, _(\)} is a basis of N;(P).
If it is not a minimal basis of N;(P), then there exists a basis {Z1(\), ..., Zn_r(A)}
of N;(P) such that degZ2;, < degzj, for some 1 < j, < m — r. Consequently, by
Lemma and Lemma [2.2.5] there exists a basis

/é = {2310\), s >?~7m—r<>‘)a Um—r+1;5 - - - 7um—T+C}

of N;(L) such that £,(9;(\)) = 2;(\) and degy; = deg 2, for j =1,...,m —r. The
sum of the degrees of the vector polynomials in B are clearly lower than that of the
ones in [ as, degz;, < degz;,. But this contradicts the fact that 8 is a minimal
basis of N;(L). Hence the proof follows. O

Remark 2.2.7. A minimal basis of Ni(P) may be extracted from a basis of N;(L)
that satisfies the assumptions of Lemma[2.2.5. We outline the steps for constructing

such a basis from any given minimal basis of Ny(L).
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1. Let {on(N), - s ue(N)s 1 (N, -+ o YUmrae(A) } be @ minimal basis of Nj(L) with
degy; = d; such that di > do > -+ = dy_rye. Without loss of generality we
may assume that there exists 1 <t < m —r such that d; > 0 fori=1,...,t
and d; =0 fori=t+1,....m—r+c.

0

2. Consider upy—ry; = (M* @ I, ,Jor j=1,...,¢ such that {vy,... ,v.}
Yj

forms a basis of left null space of Z. Such a basis may be obtained by choosing

V1, ...,V to be the complex conjugate of the last ¢ columns of the matriz Q) of
a QR decomposition of Z. Then tp,_,; belongs to Ni(L) and L,(Up—rtj) =0
forg=1,...c.

3. Clearly = {y1(A), -, Yt(A), Umn—ri1s - - - s Um—ric} s linearly independent set.
Check if y1(N) is in span(f3), and include it in 5 otherwise. Repeat the process
fori=1t+2,...,m—r+ c with respect to the updated (5 after each step.

Remark 2.2.8. There are situations when left minimal bases of L(\) € L,(P)
will generically satisfy the assumptions in Lemma [2.2.8. For example if n < m <
(k + 1)n, then generically, A = [Ag -+ Ag] has full row rank and consequently,
none of the left minimal indices of P()\) are zero. Consequently, there does not exist
any vector polynomial of degree zero in a left minimal basis of L(\) that does not
belong to N(L,). This implies that any such basis where the elements are arranged

in the decreasing order of their respective degrees, must satisfy the assumptions of

Lemma[2.2.5.

The preceding results imply that if P(\) € C[\™" with m < n, then the
right minimal bases and indices of P(\) can be extracted from those of L(\) €
Lo(P) of full Z-rank. In particular we have in this case the following counterpart of
Lemma which can either be proved by arguing as in the proof of Lemma [2.2.4
or by using the relation (2.1.3]).

Lemma 2.2.9. Let P()\) = Zf:o N A; be an m x n matriz polynomial of grade k
with m < n. Suppose L(X) € Lao(P) has full Z-rank and nonzero left ansatz vector
w € C*. Then the mapping

Lo : N.(L) — N,(P)

z(\) = (w” @ I)z(\)
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is a linear map from the vector space N,(L) onto the vector space N,.(P) over C(\).
Furthermore it is an onto map from the vector polynomials in N,.(L) to the vector
polynomials in N,.(P) with the property that if ¢q(\) € N,.(P) is a vector polynomial
of degree 6, then there exists a vector polynomial x(\) € N,(L) of degree § such that
Lu(z(N) = q(A).

Therefore, by arguing as in the proof of Lemma [2.2.5] there exists a minimal
basis of N,.(L) of the form

{l’l()\), . oe ,l’n_r()\), 'U/n_r_;’_]_, PSP ,Un_',-_;’_c},

where ¢ = (n —m)(k—1) and {41, .., Un_ric} C C* is a basis of N(L,). This
leads to the following theorem for extracting the right minimal indices and bases of
P()) from those of L(\) € Ly(P) with full Z-rank.

Theorem 2.2.10. Let P(\) be an m X n matriz polynomial of grade k with m < n,
and L(\) € Ly(P) with corresponding nonzero left ansatz vector w € CF be of full
Z-rank. Let r = nrank P, ¢ = (k —1)(n —m) and L,, as defined in Lemma[2.2.9. If
{z1(N), -y (N Uity - oy Un—pie) @8 @ minimal basis of N.(L) where
{Un—rits s Unpict C CF ds a basis of N(Ly), then {Ly,(x1(N), ..., Lo(Tn_r (X))}

is a minimal basis of N,.(P). Moreover ife; 2 ey = -+ 2 €, » 2 0=+ =0 are the
S

C zZeros
right minimal indices of L(\) then €; > €5 > - -+ = €,_, are the right minimal indices

of P(N).

Remark 2.2.11. Given any m X n matriz polynomial P(\) of grade k with m > n,
a pencil L()\) belongs to 1Li(P) with right ansatz vector v € C*\ {0} if and only if
L(\) is of the form L(\) = [v ® I, Q] C1(N) where Q € Ckm*(E=1n sych that

OéIm X12

[v@]m Q} = (M_l ® Im) 7

Here M € CF*k such that Mv = aey, and X2 and Z are the same as those
in ([2.1.4). If the pencil L(X\) has full Z-rank then it is a strong g-linearization of
the matriz polynomial P(X\) and consequently the matriz [v ® I, Q} is also of full
rank. Though we have already established the recovery rules for minimal bases and
minimal indices of P(X) from those of L(\) with full Z-rank, this observation gives
us one more way to see that the right minimal indices of P(X) are (k — 1) less than
those of L(\) and the left minimal indices of P(\) are the same as those of L(\)
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after eliminating (k — 1)(m — n) many zeros. The above conclusion comes from the
fact that the right minimal indices of P(\) are (k — 1) less than those of C1(\) and
the left minimal indices of P(\) are the same as those of C1(\) and the presence of
the matriz [U ® 1, Q} contributes (k — 1)(m —n) additional degree-zero-vectors to
any minimal basis of Ny(L(\)).
Similarly, if m < n, then any pencil L(\) belongs to La(P) with nonzero left
wl'® I,

ansatz vector w, if and only if L(\) is of the form L(\) = Ca()) for
Q

some (k — 1)m x kn matriz Q. Therefore, by arquing as above, it follows from this
relation that if L(X) has full Z-rank, then the left minimal indices of P(\) are (k—1)
less than those of L(\) and the right minimal indices of P(\) are the same as those
of L(X\) after eliminating (k — 1)(n — m) many zeros.

2.3 Linearizations arising from g-linearizations

Let P(\) = Y25, A'A; be an m x n matrix polynomial of grade k. In this section we
show that although the pencils in IL;(P) and Ly(P) are generically g-linearizations
of P(X), they can give rise to smaller pencils that are linearizations of P()\) from
which the left and right minimal bases and indices of P(\) may be easily extracted.
In the following we first describe the process of extracting these smaller pencils from
g-linearizations of P(\) of full Z-rank in IL;(P) when m > n.

Let L(\) € L;(P) with nonzero right ansatz vector v € C* be of full Z-rank. Let
M € CF** be a nonsingular matrix such that Mv = ae;. From ,

PO | W)

(M ® I,)L(\) = ‘ -

(FO)

Let Z =@ be a QR decomposition of Z where @ is a (k — 1)m x (k — 1)m
0

unitary matrix and R is a (k — 1)n x (k — 1)n nonsingular and upper triangular

matrix. Then we have,
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Let Q = [ Q1 Qs - , be a partition of Q such that Z = QR is the condensed
QR decomposition o:f Z. Then recalling that ¢ = (k — 1)(m — n), the last ¢ rows of

I
the matrix (M ® I,,) L(\) form the matrix [() Qﬂ (M ® I,,)L(\). But
Q*
[0 Q;} (M ® I,,,) L(A) = 0 as the last ¢ rows of the matrix on the RHS of (2.3.1

are zero. Consider D € Cmtk=Dnxkm gych that

4 (2.3.2)
ERCARETS -
. . D DL(A)
is nonsingular. Then L(\) = . We set,
[0@MM®%) 0
L,(\) = DL(\). (2.3.3)

Given a g-linearization L(A) € L;(P) of full Z-rank, the above process of ex-
tracting the pencil L;(\) from L(\) clearly depends not only on L(\) but also on
the choice of the nonsingular matrix M € C*** satisfying Mv = ae; and the matrix
D € Cmtk=lnxkm guch that the matrix in is nonsingular. For ease of expres-
sion, we will refer to L;(\) as the trimmed version of L(\) € Ly (P), with respect to
M and D, the sizes of the matrices M and D being evident from the context.

Clearly, for a given choice of nonsingular M € C¥**, there are infinitely many
choices of D in (2.3.3). One possible choice is to set D to be the first m + (k — 1)n

rows of the matrix | (M ® I,). Then the corresponding linearization is
Q*
. aAp | X Y1 | aA
B0 = 4 | —2 22 | 2R (2.3.4)
—R R

If L(A\) = C{()), then such a choice of D results in L;()\) being the first Frobenius
companion linearization C}(A). Every other linearization L;(\) that is not of the

form (2.3.4) is strictly equivalent to some L()\) as

L(\) = DE(Y
aAy ‘ X2 N Y ‘ aAy

=DM ' ®1,){ A
2] L7
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—I aAg | X9 Y | a4y
=DM w1, | " A ~R|+| R
Q
- 0 0
1, oA ‘X Y, ‘aA
= DM @ I,) A |
o R R
Therefore,
Li(\) = DE; Ly(\). (2.3.5)

=D

where clearly, D € Cmk=Dnxmt(k=bn ig nonsingular as it satisfies

D * D

m

o @] e, R B

Remark 2.3.1. The QR decomposition of the Z-matriz of the g-linearization L(\)
that has been used to extract the pencils Li(\) from L(X\) can easily be replaced by

‘ L(k—1)(m—n)

any other decomposition like the rank revealing QR decomposition or the SVD of Z
without affecting the results and the analysis concerning these pencils. Therefore,
the upper triangular structure of the block R in is not essential.

2.3.1 Trimming a g-linearization results in a strong linearization

We now show that trimming a g-linearization of full Z-rank results in a strong
linearization of P(\) from which the left and right minimal bases and indices of
P(\) can easily be recovered. In doing so, we establish the connection between the
resulting pencils with some of the important classes of linearizations for rectangular
matrix polynomials that have been recently introduced in the literature. We begin

with the block minimal bases pencils introduced in [22].

Definition 2.3.2. A block minimal bases pencil is a pencil of the form

B(A)T AN or [ A(N)

BT |

where A(X), B(A\) and B(\) are themselves pencils such that the rows of B(\) and

B(/\) form minimal bases of the rational subspaces spanned by them.
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We will need a few important concepts and results related to block minimal bases
pencils from [22]. For convenience, following [22], we refer to a matrix polynomial
whose rows form a minimal basis of the rational subspace spanned by them as a
minimal basis. Such a minimal basis can be associated with a dual minimal basis

defined as follows.

Definition 2.3.3. Two minimal bases B(\) € CI\"*™ and C(\) € C[A]"2*" are
called (a pair of ) dual minimal bases if ny + ny =n and B(A\)C(A\)T = 0 holds.

For example, the matrix polynomials

H;(\) = o . (2.3.6)

- = jx(3+1)

and A;;1(A)7 given by (2.0.3)) are dual minimal bases. For most practical purposes,

we will need the following special kind of block minimal bases from [22].

Definition 2.3.4. A block minimal bases pencil

BT

(2.3.7)

is called a strong block minimal bases pencil if it has the following additional prop-

erties:

(a) The row degrees of B(\) and B(\) are all equal to one.
(b) The row degrees of any minimal basis dual to B(X\) are all equal.

(¢) The row degrees of any minimal basis dual to B(\) are all equal.

A

We will adopt the convention that if the block B(A) (B(\)) is absent, then
the corresponding dual minimal basis is an identity matrix of the same size as the
number of columns (rows) of A(X). The following theorem about block minimal bases
pencils which is a combination of [22, Theorems 3.3 and 3.6] will be important for

the results in this section and the next one.
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Theorem 2.3.5. Let L(\) be a block minimal bases pencil given by and C'(X)
and C(\) be the dual minimal bases of B(X) and B()\) respectively. Then L()) is a

linearization of the matrixz polynomaial
Q) = CNANCNT. (2.3.8)
Moreover, if L(\) is a strong block minimal bases pencil, then the following hold.

(a) If Q(N) considered as a polynomial of grade 1+ deg C' + deg C, then L(A) is a

strong linearization of Q(\).
(b) If 0 < €1 < €3 < - -+ < €, are the right minimal indices of Q(N), then
e +deg C < e +deg C < - <¢,+deg C,
are the right minimal indices of L(X).
(c) If 0O <y <1y < --- < my, are the left minimal indices of Q(N), then
n1+degé’<n2+degé< <nq+degé

are the left minimal indices of L(\).

Given a strong block minimal bases pencil, the above result shows the construc-
tion of a polynomial from the pencil such that the pencil is a strong linearization of
the polynomial and lays out the recovery rules for extracting left and right minimal
indices of the polynomial from those of the pencil. However in practice, we are gen-
erally more interested in the reverse process, i.e., given a matrix polynomial Q(\) of
grade k, we are interested in constructing a strong linearization from which the left
and right minimal indices of the polynomial can be easily extracted. It was shown
in [22] that this can be easily achieved by the so called block Kronecker pencils that

are a special class of strong block minimal bases pencils. For these we have
B(A) = H(\) ® I, and B(\) = H,(\) ® I,

with e + 74+ 1 = k, and H;(\) given by (2.3.6). The conditions on the block A(\)
under which the block Kronecker pencils become strong linearizations of a given
polynomial P()\) are given in [22, Theorem 4.4]. Now we have the main result of

this section.
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Theorem 2.3.6. Let P(\) = Zf:o M A; be an m x n matriz polynomial of grade k
with m > n and r = nrank P. Let L(\) € Ly (P) with right ansatz vector v € C*\ {0}
be of full Z-rank. Let Li(\) be the pencil obtained by trimming L(\) € Li(P), with
respect to M and D. Then Li(\) is a strong linearization of P(\) such that the
following hold.

(a) Every minimal basis of N,(L;) is of the form {Ag(\) @ x1(A),..., Apg(N) ®
Tnr(N)} where {z1(N), ..., 2,_n(N)} s a minimal basis of N,.(P).

(b) The right minimal indices of Ly(\) are those of P(\) shifted by k — 1.

(¢c) Every minimal basis of Ni(P) is of the form {L,(DTy1(N)), ..., Lo(DT 4 (M)}
where {y1(N), ..., Ym—r(N)} is @ minimal basis of Ni(Ly) and L, is as defined
in Lemma[2.2.4).

(d) The left minimal indices of P(\) are equal to those of Li(\).

Proof. From (34) and (2:33),

aAy ‘ Xi2 Y ‘ afy
+

(2.3.9)
‘ I(k—l)n _I(k—l)n
::?(r()\)
AR
Clearly K()) is in the block Kronecker form with
B(A)

AN =\ [ &4; S ] + [ Vi adg } and B(\) := Hy_1(\) & L.

Now A(A)C(A)T = P(X), where C(X) = L(Ax(N) ® I,)" is a dual of B()). As the
block B()) is absent in K(\) (and consequently, C(\) = I,,,) by Theorem m,
K (M) is a strong linearization of P(\) such that P(A\) and K(\) have the same left
minimal indices and the right minimal indices of K(\) are those of P()) shifted by
k —1. The relation (2.3.9)), shows that the same is true of each pencil L;(\) obtained
by trimming a strong g-linearization in L, (P) and this proves (b) and (d).

The process of obtaining L;(\) from L(A) implies that N,.(L) = N,(L;). Therefore
the proof of (a) follows from Theorem [2.2.2] To prove (c) we consider the map

L: Nl(Lt) — NI(P)

y(A) = L,(DTy(N))
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where £, is as defined in Lemma If y(A\) € Ni(Ly) then DTy(\) € N/(L)
and hence (vI' ® I,)DTy(\) = L,(DTy()\)) € N;(P). Therefore L is well defined.
Also from the definition of £ it is clear that it is a linear map from N;(L;) to
N;(P). We first show that £ is bijective. Let Z be the Z-matrix of (M ® I,,)L(\)
and @)y be the last ¢ = (k — 1)(m — n) columns of the unitary matrix @ of a QR
decomposition of Z. Now y(\) € N(L£) if and only if DTy(\) € N(L,). As noted in

0 0

< (MT ®1,) vy (MT 1) where ¢ = (k—1)(m —n)
q1 qc

and {qi, ..., q.} are the columns of Qs is a basis of N(L,). Therefore there exists a

Remark [2.2.

N

nonzero a € C¢ such that

pyy =T 1) || = e |
Qs aj Qqa
T —
= y(A) D D
This implies that = 0, and as
[] {[0 Qs | (M® 1) {[0 @s]<M®fm>]

is nonsingular, we have y(\) = 0. Therefore £ is a one to one linear map. Since
Ni(L;) and N;(P) are of the same dimension, it follows that £ is a bijective linear
map.

Now we will show for any vector polynomial p(\) € N;(P) of degree § we can
find a polynomial vector z(\) € N;(L;) of degree § such that £(z(\)) = p(\). By
Lemma there exists 2(A) € N;(L) such that £,(2(\)) = p(A\) and degz =
degp. Set z(\) to be the vector formed by the first m + (k 7 1)n entries of the

D

[0 » ] O §(A) = 2(\). Then

vector polynomial §(\) which satisfies

z(A) € Ni(Ly) as,

T W ANT Ly(A) o ANT D (T
2(A) Le(A) = 9(A) =93 L(A) = 2(A)"L(A) = 0.
0, 0 @ |wrer)
OmXC OmXC
Now as (vI @ I,)(MT @ I,) | = (el ®1,)| = 0, we have
o @y

D

L(z\) = (T ®@I1,)DT2(\) = (v" @ I,,) [ ) o } Mol )] 7(\)
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20 2.3. Linearizations arising from g-linearizations

Also it is clear that z(A) and p(\) have the same degree as
deg z > deg p = deg 2z = deg ¢y > deg z.
Now the proof of part (c) follows by arguing as in the proof of Theorem [2.2.6, [

Remark 2.3.7. It can be proved that the pencils Li(\) are strong linearizations of
P(\) without establishing their connection with block Kronecker pencils. However,
we prefer to give this connection to highlight their position in the current literature
of strong linearizations of rectangular matriz polynomials. In fact it is also clear
from that among the linearizations formed by trimming g-linearizations in
Ly (P), only the pencils Ly(\) of the form belong to the block Kronecker ansatz
spaces G1(P) introduced in [206].

Remark 2.3.8. It may be possible to derive recovery rules for the left and right
minimal bases of P(\) from those of Li(\) using the results given in [22]. However,
as the pencils K(\) in to which the pencils Ly(\) are strictly equivalent are
special types of block Kronecker pencils, we prefer to prove these parts directly by

using the notions and techniques previously introduced in this chapter.

In a similar way, if m < n, pencils in Ly(P) of full Z-rank can provide strong
linearizations of P(A). In particular if L(\) € Ly(P) with nonzero left ansatz vector
w € CF has full Z-rank, then for any nonsingular matrix M € CF** guch that

Mw = «ae; for some a # 0,

: o, | Vi |2
LM QL) = A |—f—| + |— ,
X12 ‘ -7 aAO ‘
where Z € Ch=DmxtE-Un with rank Z = (k — D)m. If Z* = Q is a QR

0
decomposition of Z* and Qs is the matrix formed by the last ¢ = (k—=1)(n —m)

columns of @), then it is easy to see that

LON(MT @ 1,) L. 0.
Q2

For any choice of D € Cknx(n+(k=1m) ‘guch that the kn x kn matrix

{ b (W"en)| o0 QF }T } (2.3.10)
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is nonsingular, we get the pencils L(x\)f?. We refer to them as the pencils formed
by trimming L(\) € Ly(P) with respect to M and D. For instance, the second
companion linearization Cy()\) arises from CY(\) € Ly(P), with respect to M = I,

R I,
and D =

[kfl & In,m
By arguing as in the proof of Theorem [2.3.6, these pencils can be shown to
be strictly equivalent to block Kronecker linearizations [ A(N) Hy )\)T ® I, } of
P(\) from which the left and right minimal bases and indices of P(\) may be easily

extracted. In fact we have the following theorem.

Theorem 2.3.9. Let P()\) = Zf:o M A; be an m x n matriz polynomial of grade k
with m < n and r = nrank P. Let L()\) € Ly(P) with left ansatz vector w € C*\ {0}
be of full Z-rank. Let Li(\) be the pencil formed by trimming L(\) € Lao(P) with
respect to M and D. Then Li(X) is a strong linearization of P(\) and the following
hold.

(a) Every minimal basis of Ni(L;) is of the form {Ax(\) ® y1(A), ..., Ax(N) ®
Ym—r (N} where {y1(A), .., Ym—r(N)} is a minimal basis of Ni(P).

(b) The left minimal indices of Ly(\) are those of P(\) shifted by k — 1.

(¢) Every minimal basis of N,(P) is of the form {L,(Dx1(N)), ..., Lo(Dn_r(N))}
where {x1(A), ..., Tn—r(N)} is @ minimal basis of N,.(L;) and L, is as defined
in Lemma[2.2.9.

(d) The right minimal indices of P(X\) are equal to those of Li(\).

Remark 2.3.10. For L(A\) € Ly(P) of full Z-rank with left ansatz vector w €
Ck\ {0} and a given choice of M € CF¥* such that Mw = ey, if the matriz D

n

in (2.8.10) is chosen to be the first n+ (k — 1)m columns of (M”T ® I,,) :

Q
then in fact, the resulting pencil belongs to the block Kronecker ansatz space Gy(P)

introduced in [26]. Also every other pencil formed by trimming L(\) with respect to
M and some other choice of D is strictly equivalent to such a pencil but does not
belong to Gy (P).

The following example shows that linearizations L;(\) arising from the pencils
of full Z-rank in L;(P) and LLy(P) are not subclasses of the class of block minimal

bases linearizations.
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92 2.3. Linearizations arising from g-linearizations

Example 2.3.11. Consider P(\) = A?A4, + AA; + Ay where

1 2 3 4 1 7
As=12 5|, 4 = 9 2 ,and Ag=| 2 5
4 9 15 10 4 19

Then L(\) = AX +Y € Ly(P) where

00 —1 0 1 0 0 0
00 0 -1 0O 1 0 O
. 00 0 O . 0 0 0 O
X = y W= )
12 0 0 3 4 1 7
25 0 0 9 2 2 5
49 0 0 15 10 4 19
0 1 1
with corresponding right ansatz vector v = . Now v = , and
1 10 0
—_——
=M
(M ® I3)L(\) = A X + Y,
where
12 0 0 3 4 1 7
25 0 0 9 12 2 5
. 49 0 0 . 15 10 4 19
X=Me®I)X = ,and Y = (M ® I3)Y =
00 —1 0 1 0 0 0
00 0 -1 0 1 0 O
00 0 O 0 0 0 O
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10
Clearly, Z = | 0 1 | has full rank with QR decomposition Z = I37. Hence,

0 0
(100 0 0 0]
010 0 0 0
[0 Q;](MT®13)= 001000],and pov ot
000 0 1 0
000 —2 —11
(001 0 0 0]
is nonsingular. So,
(100 0 0 0] (00 -1 0] [1000]
010 0 0 0 00 0 -1 0100
L(N)=[{0o00 1 0 0[LN=X[12 0 0 |+ |34 17|,
000 0 1 0 % i (1 9 2 25
(000 -2 1 1| (00 0 0] [000 0]

is a strong linearization of P()\). Evidently it is not a block minimal bases lineariza-

tion.

Remark 2.3.12. It is clear that if m > n the size (m + (k — 1)n) x kn of Li(\)
is the same as that of the first Frobenius companion linearization C1(\) of P(\).
On the other hand, if m < n, then L,(\) is of size km x (n + (k — 1)m) which
is the same as that of the second Frobenius companion linearization Co(N). Since
C1(A) and Cy(X) are the smallest among all possible Fiedler and block Kronecker
linearizations of P(\), therefore, the size of Li(\) is less than or equal to that of all

such linearizations for rectangular matrix polynomials.

Remark 2.3.13. Although the pencils Li(\) are extracted from g-linearizations in
Li(P) and Ly(P), in practice, it is not necessary to form them by trimming g-
linearizations. For example, given a matriz polynomial P(\) = Zf:o N A;, of grade
k and m > n, we can directly build these linearizations by using the fact that they
are of the form

- aAp | X Y1 | aA
L(\) =D [ Gl i [ I Bl
—R R
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o4 2.3. Linearizations arising from g-linearizations

where a # 0, X190+ Y11 = « [Akfl Al} and D and R are nonsingular ma-
trices of size m + (k — 1)n and (k — 1)n respectively. The process of trimming
g-linearizations to form linearizations of this type can be seen as a means to connect

the g-linearizations of P(\) with linearizations.

Conclusion. In this chapter we have extended the spaces L;(P) and LLy(P) intro-
duced in [61] to the case of the rectangular matrix polynomials. Though the pencils
belonging to these spaces are not linearizations of the rectangular matrix polyno-
mial P()\), we can still solve the complete eigenvalue problem for P(\) via most
of these pencils. We have also shown that almost every pencil from these spaces
gives rise to many strong linearizations of P(A) which are of the same size as that
of the smallest Frobenius and block Kronecker linearizations of P(\). Moreover the

complete eigenvalue problem for P(\) may be easily solved via these linearizations.
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Global backward error analysis of solutions via

linearizations arising from g-linearizations

In this chapter we carry out a global backward error analysis of the process of solving
the complete eigenvalue problem associated with a rectangular matrix polynomial
P(\) = ¥ NA; € CIN™" of grade k by using linearizations that arise from
a g-linearization in the vector spaces L;(P) or Ly(P) introduced in Chapter [2|
The analysis is an extension of the one in [22] for block Kronecker linearizations.
Any solution of such a problem involves finding the finite and infinite eigenvalues
and associated elementary divisors as well as the left and right minimal bases and
indices of P(\). Typically this is done by initially finding the said quantities for
some choice of strong linearization via very effective backward stable methods like
the staircase algorithm proposed in [74] and further developed in [19, 20]. The
backward stability of such algorithms guarantees that any computed solution of the
eigenvalue problem corresponding to a linearization say, L(\) of P()), is the exact
solution of the problem for a pencil L(A) + AL(X) where ||AL| /|| L] = O(u) with
respect to some norm |||, u being unit roundoff. Unit roundoff u is the largest
relative rounding or representation error that can occur when a normalized number,
say x, is rounded or represented by the nearest floating point number in a given
finite precision environment under a well defined set of rounding or representation
rules. Thus it is given by

fi(z) —z

x

u= sup
I<|z|<u

Y

where fl(z) is the rounded version of x or the representation of x in the system, and
[ and u are the smallest and largest positive normalized numbers respectively that

can be stored in the system. The value of u depends both on the finite precision

55
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system and the rules of rounding. The values of u are approximately 6 x 1078
and 10716 for IEEE single and double precision respectively and these are the finite
precision systems most widely used in computations. The solution of the complete
eigenvalue problem for P()\) is then computed from the solution for L(\) + AL(\)
by applying the same recovery rules to L(A) + AL(\) that would have been applied
to the solution for L(\) if it were available. Following [22], the process is said to
be globally backward stable if it is the exact solution of the complete eigenvalue
problem for P(A) + AP()) with the following conditions being met.

(a) If P(\) is of grade k, the perturbed pencil L(\)+ AL()) a strong linearization
of P(A\) + AP(\) of grade k such that ||AP||/||P| = O(u).

(b) The rules for extracting the minimal indices of P(\) from those of L(\) remain
the same when replaced by P(\) + AP(\) and L(A) + AL()\) respectively.

The analysis in [22], showed that (a) and (b) are satisfied for optimal choices of
block Kronecker linearizations of P(\) with respect to the norm ||-||r. In particular,
it was shown that there exists a constant C, p depending on L(A) and P(\) such
that

AP _ , IALLE
I1P1l» " ILle

where, Cp p = k3y/m + n under certain conditions that are satisfied by the appro-

priate choice of block Kronecker linearizations and scaling of P(\).

We establish that the same analysis can be extended to solutions obtained via
linearizations Li(\) of P(\) € C[A]"™*" that arise from g-linearizations in L;(P)
when m > n. Similar arguments can easily complete the corresponding analysis for
the case m < n with respect to linearizations that arise from g-linearizations in
Lyo(P).

Our choice of norm [|-||r on C[A]™*"™ considered as a vector space over C is not
submultiplicative. The following lemma from [22] which bounds the Frobenius norm
of the product of two matrix polynomials will therefore be useful in the analysis.

The proof given here is made independently. For notational convenience we set
A p(N) = (Ap(N) ® I,), where Ag(A) is as in (2.0.3)).

Lemma 3.0.1. Let P(\) = Y% NA; and Q(\) = %2 N'B; be two matriz poly-
nomials such that all the products below are defined. Then the following inequalities
hold.

(a) |1PQllr < min{vd +1,Vdy + L} P|| | Qll -
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(0) IPApllr < min {v/dy + T, VEH Pllp-

Proof. To prove part (a), we write PQ()\) as Zf;o AN A;Q(N). Then,
d1 ) dl
1Pl < D INAQMIr =) IAQMW)r.
i=0 i=0

As JAQWMlr < 1Al IQUr, I1PQllr < v+ 1IP|plQ]lr. Again by writing
PQA) as 3272, N P(A)B; we have [|PQ|lr < Vdo + 1| Pl| | Qllr. Hence

IPQIlr < min{+/d +1,v/dz + L} PIAIQ] -

To prove part (b), partition A;,7 = 0,...,d; as A; = [Az’,k—l Ai,O} where
Aij,1=0,...,d1,7=0,...,k —1 has p columns. Now
i 2 di [k—1 2 di ||[k—1 2
1Pl = [ D XN Al =D (Z AT Am) (i +1)) I A A
i=0 F i=0 \j=0 e i=0 |ll =0 »
dy k-1
= (di+ 1)) > NAigllz = (da+1) ZHA 5 = (dy + D] PI3-
1=0 7=0
Again partition P(\) as P(\) = [Pk—l()\) = PO()\)_ where Pj(A),i =0,...,k—1
has p columns. Then -
k—1 k-1 d 2 k—1 dy 2
IPARME =D NP =)D N D VAl =l D N A
i=0 = j=0 P i=0 j=0 P
k=1 ||| da 2 k=1 dy k—1
<k) ZWAJ-, ZZ | 45ll% = & IR = kI PIE-
i=0 |l 7=0 i=0 j=0 i=0
Hence ||PAg,||F < min {\/dl +1,VEYP| - O

3.1 Global backward error analysis of solutions using L;(\)

Initially we analyse the global backward stability of the process of computing a
solution of the complete eigenvalue problem for P(\) via linearizations L;(\) of the
form (2.3.4). Later on we extend this analysis to the case where any linearization

L(\) arising from a g-linearization in L, (P) is used.
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Since the matrix R € Ch=Dnx(k=1)n of f/t(A) given by 1) is upper triangular

and nonsingular, Ly()) is a strong block minimal bases pencil of the form

A(N)
B())
where,
A(/\) = A [ aAp Xio ] + [ Yii adp } (3~1~1)
with @ £ 0 and Xpo + Y1, = @ [Ak_l Al}, i)
B(A) = A [ Ok—tynxn —R ] + [ R 04 1)nxn ] - (3.1.2)

Note that Ay, (A)T is a dual minimal basis of B(\).
Any computed solution of the complete eigenvalue problem associated with it()\)

is an exact solution of a perturbed pencil L;(\) + AL;(\) where

AA(N)

AL()) = m

with AA(A) € C[AJ™** and AB(X) € C[A\]*=Dnxkn 5o that

LX) + AL, () =

The global backward stability analysis of the process of computing a solution of
the complete eigenvalue problem for P()) via linearizations L;(\) of the form
can also be performed by applying the results in [22]. These may then be used to
extend the analysis to linearizations L;()\) arising from g-linearizations. However,
from the point of view of obtaining a larger set of linearizations that guarantee
global backward stability, we also undertake a more detailed analysis that results in
a different bound on ||AL;||r and a different expression for the constant Cr p. We
first perform the analysis by applying the results in [22] in Section and then
undertake a more detailed analysis in Section [3.1.2] Finally we provide arguments
to support the claim that the detailed analysis provides a larger set of linearizations

that ensure global backward stability.
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3.1.1 Global backward error analysis: A brief approach

As a consequence of [22, Theorem 5.22], the computation of the complete eigenvalue
problem for P(\) can be shown to be globally backward stable for suitable choices
of linearizations of the form ([2.3.4]). This result from [22] is stated below in a form

that is relevant to our analysis.

M(N)

Hi (N @1,
be a block Kronecker pencil such that P(A) = M(A)Agn(N\) where Hy_1(X\) is given
by . If AL(X) is a pencil satisfying |AL||lp < 557, and is of the same size
as L(XN), then L(X\) + AL(\) is a strong linearization of P(\) + AP(\) of grade k
such that

Theorem 3.1.1. Let P(\) = XF_\'A; be of grade k and L()\) =

I18PLe _ o, 12l N
171l 171l 7 1207

Also the right minimal indices of L(X\)+AL(\) are those of P(A\)+AP(X) shifted by

k —1 and the left minimal indices of L(\) + AL(\) are the same as those of P(\) +

AP(N). This coincides with the corresponding relationship between the minimal

indices of L(\) and P()).

(1 + M)

This can be used to prove the following result for linearizations of the form (2.3.4)).

Corollary 3.1.2. Let L;(\) be any linearization of P(\) = Y35 N A; € C[A™"
of grade k with m > n, of the form (2.3.4]). Let A(\) and B()) be the blocks of
f/t()\) as specified by (5.1.1) and respectively and R be the nonsingular upper
triangular matriz appearing in the block B(\). If ALy(X) is any pencil of the same
size as Ly(\) such that

iy

AL < ;
“| t|||F 2):3/2 max{l, 1/0min(R)}

then Ly(\) + ALy(\) is a strong linearization of a matriz polynomial P(\) + AP())

of grade k and A
IAPIE _ o NALdlR

e T P

where

Lls :
cr o g a1, 1 o ()}, (3.1.3)
Lor = 2 TPT ) max{ s

Also the right minimal indices of Li(\) + AL,(\) are those of P(\) + AP())
shifted by k—1 and the left minimal indices of I:t()\) +Af}t()\) are the same as those
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60 3.1. Global backward error analysis of solutions using L;(\)

of P(A) + AP(\). This coincides with the corresponding relationship between the
minimal indices of Ly(\) and P()).

Proof. Observe that,

o AN
Hk—l()\> X [n

where A(X) and Hy_1(\) are given by (3.1.1) and (2.3.6) respectively, is a block
Kronecker pencil. Therefore

_ P

AN I, | )
i + ~ ALt()\)
He (N ® 1, R
=AL()
Now as [|AL||r < L we have,

2k3/2 max{l,l/o'min(R)} ’

. ~ A 1
[ALlr < max{1,1/omn(R)H ALl F < o757

1AL < e
2
AN
As A(MN)Ayn(A) = aP(X), by Theorem |3.1.1 +AL:(N) is a strong
ka1(>\) ® In
linearization of a(P(\) + AP())) where
[AP] L)l AL
S 2k (L [ Allp) —=——
121l 7 el Pl Ml

This implies L;(A) + AL,()) is a strong linearization of P()) + AP()\) where

IAPLr _ o, WL
1Pl S “Tall Pl

_ AL Al
(1 + Al ) max{1, 1/omn( B IELAE _ o NBLE
12l e

Also the right minimal indices of L;(\) + AL (\) are those of P()\) 4+ AP()) shifted
by k — 1 and the left minimal indices of L;(\) + AL,(\) are the same as those of left
minimal indices of P(\) + AP(\). O

Now we extend the above result to solutions of the complete eigenvalue problem
for P(\) obtained via any linearization L;(\) arising from a g-linearization in LL; (P).
As noted in Section [2.3] any such linearization L,()) is strictly equivalent to a
linearization L;(\) of the form . Using this fact and the above result we have

the following corollary.

TH-2269_136123016



CHAPTER 3. GLOBAL BACKWARD ERROR ANALYSIS OF. .. 61

Corollary 3.1.3. Let L;(\) be any linearization of P(\) = 3.1 N A; € CIN™" of
grade k with m > n, arising from a g-linearization in Ly (P). Let Ly(\) = D~'Ly()\)
where D is as given in (M Then Ly()\) is of the form . Let A(N) and
B()) be the blocks of Ly(\) as specified by and respectively and R be
the nonsingular upper triangular matriz appearing in the block B(X). If ALi(\) is

any pencil with the same size as Ly(\) such that

Jmin<D)

AL|r < R
||| t|||F 2k3/2 max{l’ 1/0min(R)}

(3.1.4)

then Li(\) + ALy(X\) is a strong linearization of a matriz polynomial P(\) + AP(X)

of grade k and
IAP]~

121l

IAL| £
= )
I Zell

b
g CLt7

where _ =
ra(D) [[Le]| e

ol 1Pllr

Also the right minimal indices of Liy(\) + AL¢(\) are those of P(\) + AP(\)
shifted by k—1 and the left minimal indices of Ly(\)+ ALy () are the same as those
of P(\) + AP(X). This coincides with the corresponding relationship between the
minimal indices of Ly(\) and P()).

Proof. As Ly(\) = D='Ly()\) is of the form (2.3.4), using (3.1.4) and the fact that

Li(A) + ALy(N) = D(L;(\) + D'AL,(N)),

Cy, p =2k (1 +[|A|lr) max{1,1/omm(R)}. (3.1.5)

we have,
1

2k3/2 max{1,1/ommn(R)}
Therefore by Corollary [3.1.2, L;(A) + D~'AL,()\) is a strong block minimal bases
linearization of some polynomial P(\) + AP(\) of grade k such that

ID7 AL lF <

IAPIF _ 2k 1 Ldllr
1Pl lad 1Pl

1D AL,
1l

Using the relations, | D' ALylp < [|ID7 ||l AL lr and [|[Lellr < ID]2l|Lellr, we
get,

(1 + [l Al ) max{1, 1/owin (R)

IAPIF _ 2k 1 Ldlr
1Pz~ lal 1Pl
Fa(D) | Lell

- ol 1Pl

}||D_1||2|||AL1€”|FHDH2
I L]l
AL »
IZells

(1 + Al ) max{1,1/0wmin(R)

(1 + [l Al ) max{1, /0w (R)}
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As Ly(\) + AL, (\) = D(Ly(\) + DAL,()\)), the pencils Ly()\) + AL,()\) and
Li(A\) + D YAL(N) are strictly equivalent. Hence L;(\) + ALy()) is a strong lin-
earization of the polynomial P(A\)+ AP(\) and the rules for recovering the minimal
indices of P(A) + AP(A) from those of Li(\) + AL;(\) are the same as the ones
applied to Ly()\) + D'AL,()\). Therefore it follows from Corollary , that the
right minimal indices of L;(\) + AL()) are those of P(A) + AP(\) shifted by k£ —1
and left minimal indices of L;(\) + AL;(\) are same as those of P(A\) + AP(X). O

Clearly, the solution of the complete eigenvalue problem for P(\) via lineariza-
tions L;(\) is a globally backward stable process if the constant C,’-ih p given by 1}

is moderate. For instance, one such choice is any L;(\) for which k(D) = 1,

IAllF = ol Plr 2 1 and #s(R) & omin(R) 2 1.

3.1.2 Global backward error analysis: A detailed approach

Our initial aim is to show that for small enough [|AL|lr, L;(A) + AL,()) is a
strong block minimal bases linearization of P(\) + AP()\) of grade k such that
IAP||#/||P|l is bounded above by a small multiple of || AL ||z /|| L] #-

We establish an upper bound on [JAB|| such that L;(\) + ALy()) is a strong

block minimal bases pencil given by Definition [2.3.4] For this it is enough to show
that the following conditions are satisfied.
Condition (A) B(\)+AB()) is a minimal basis with all row degrees equal to one.
Condition (B) There exists a matrix polynomial AD()\) € C[\J*"*" of grade k — 1
such that the polynomial Ay, (A\)T+AD(M)T is a dual minimal basis of B(A\)+AB(\)
with all row degrees equal to k£ — 1.

Following the strategy in [22], we will use the concept of convolution matrices
associated with a matrix polynomial. Recall that @-(P) denotes the j*® convolution
matrix associated with rev,P()) as in (1.3.3).

The next theorem from [22] for convolution matrices will be useful to show that
for sufficiently small [|AB|r, B(A) + AB(A) can be a minimal basis with all row

degrees equal to 1.

Theorem 3.1.4. For any positive integer [, let N(\) = A+ AB € C[\J™*+1n gnd
@(N) forj =0,1,..., be the sequence of matrices as in of N(X\). Then N ()
15 a mintmal basis with all its row degrees equal to 1 and all the row degrees of any
dual minimal basis equal to l, if and only if 61,1(]\]) € CHHDnXUHDn 45 ponsingular
and C)(N) € CHHDnxHDn b full row rank.
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Recall that for any matrix M, opi(M) denotes the smallest singular value of
M. Observing that B(\) = —R(Hy_1(\) @ I,,) where Hj_1()\) is given by (2.3.6),
the next lemma will be useful in establishing a bound on ||AB||r that achieves the

desired objectives.

Lemma 3.1.5. For k > 2, let 7(A\) = Hy_1(\) ® L,, where H,_1()\) is as in (2.3.6)).
Then,

A o~ . 3
Omin(Ci—2(T)) = Omin(Cr=1(7)) = 25sin (4]{;71 2) > TR

Proof. Since @ (K= @-(Hk,l) ®1, for j = k—1, k—2, the first two equalities follow
from Lemma and the last inequality follows from the fact that sin(z) > 3£ for

nggg. O

The following result bounds ||AB||r such that B(A) + AB(A) is a minimal basis

with all row degrees equal to 1.

Theorem 3.1.6. Let B(\) be as in (3.1.9), and AB()\) € CIN*=Dkn pe any
pencil such that .
30’mm(R)
2k3/2
Then B(X) + AB(X) is a minimal basis with all its row degrees equal to 1 and all

JAB]F < (3.1.6)

row degrees of any minimal basis dual to it equal to k — 1.

Proof. In view of Theorem m, the proof follows by establishing that Chs (B+AB)
is nonsingular and ak_l(B + AB) has full row rank. For j =k —1or k — 2,

R
Fin(C3(B)) = Ouin Ci(7) | = win(R)min(C5(1)),
R

where 7()) is as in Lemma [3.1.5] Now by Lemma [3.1.5

~ ~ T ~ 3
. . > . ] P> : —. .
Omin(C5(B)) = 20min(R) sin <4k — 2) > Umm(R)Qk (3.1.7)

Since R is nonsingular, 6k_2(B) is nonsingular and ak_l(B) has full row rank. By

Lemma [1.3.1](a),
Ci(B + AB) = C;(B) + C;(AB)

for j =k —1and k—2. Again for j =k —1 and k — 2,

~ - . 3O_min é 30min R -~
GBI = Vi T TIABIr < G+ Loml)  30mnlll) o (O()).
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where the equality follows from Lemma M(b), the first and last inequality is due
to equations 1) and 1} respectively. As ||@(AB) lFr < Jmm(@(B)), for
j=k—1and k —2, Ci_s(B + AB) is nonsingular and Cy_,(B 4+ AB) has full row
rank. O

To establish the required upper bound on ||AB||r such that both Condition
(A) and Condition (B) are fulfilled, we use [22 Corollary 5.16] which is stated

below as a lemma.

Lemma 3.1.7. Let AD(\) € C¥*" be a matriz polynomial of grade k — 1 and
IAD||F < \% Then Ay,,,(N)T + ADN)T is a minimal basis with all the row degrees

equal to k — 1 and with all row degrees of any minimal basis dual to it equal to 1.
The following result gives the desired upper bound on ||AB||z.

Theorem 3.1.8. Let B(\) as in and AB()\) € CN®=Dm<k be any pencil
such that

Umin(R)
2k3/2 :

Then there exists a matriz polynomial AD()\) € C[N**" of grade k — 1 such that

IAB]lF < (3.1.8)

(a) B(A) + AB()\) and Ay, (\)" + AD(N)T are dual minimal bases, with all the

row degrees equal to 1 and k — 1 respectively, and

(b) 1ADIr < JBZSIAB]r < -

Proof. As : .
Umin(R) 3Umin(R)
2k3/2 2k3/2
therefore, by Theorem [3.1.6, B(\) +AB(\) is minimal basis with all its row degrees

equal to 1 and all row degrees of any minimal basis dual to it equal to &k — 1. If

IAB|r <

possible, suppose AD()\) is a matrix polynomial of grade k — 1 satisfying
(B(A) + AB(A))(Agn(X) + AD(N) =0 (3.1.9)
Since B(A)Ag,(A) =0, so becomes
(B(A) + AB(M\)AD(N) = —AB(A)Akn(N)
&Co((B + AB)AD) = —Co(ABAy,,)

&Ch_1(B + AB)Co(AD) = —Co(ABAy,,). (3.1.10)
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where (3.1.10) follows from Lemma ( ). As Ch 1(B 4+ AB) has full row rank,
we have

Co(AD) = —(C_1(B + AB)Co(ABAy,,,),
which solves (3.1.10). This gives the matrix polynomial AD(X) of grade k£ — 1
satisfying (3.1.9). To prove part (b) note that,

JAD[F = [|ICo(AD)||r < [(Cro1(B + AB)) ||| Co(ABAk) | - (3.1.11)
As ||(6k_1(B + AB))||o = amin(ak,ll(BJrAB))’ using (3.1.7)), (3.1.8) and standard re-

sults for perturbation of singular values, it follows that
1 k
<

1(Cra(B + AB))T||2 < R)
22p) — R ABlp  owin(R)

Umin(R)
\/§k:3/2 ;
Hence from (3.1.11)), [[AD[|r < - \ﬁ Now as the matrix polynomial
AD()) of grade k — 1 satisﬁes 3 1 9 with ||AD|r < \ﬁ ﬁ’ part (a) follows
from Lemma B.1.7 ]

and [|Co(ABAky) |+ = [ABAgallr < V2JAB|lr <

Next we have the main result which completes the global backward error anal-

ysis for solutions of the complete eigenvalue problem for P(\) obtained from the

linearizations Ly()\) given by (2.3.4).

Theorem 3.1.9. Let L,(\) be any linearization of P(\) = Zf:o NA; € CIAmxn
of grade k with m > n, of the form . Let A(M\) and B(X) be the blocks of
f/t(A) as specified by (3 and respectively and R € CE=DnxE=n pe the
nonsingular upper tmangular matriz appearing in the block B(\). If Aﬁt(A) s any
pencil of the same size as L,(\) such that

O'min(R)

ALl < T2,

then Ly(\) + ALy(\) is a strong linearization of a matriz polynomial P(\) + AP())

of grade k and )
IAPIE _ 0 IALdlR

I1PIr = LeP L,

¢ 1 e JALE
where Cf = 171y (3 +2k ammm))

The mght minimal indices of Li(A\) + AL,(\) are those of P(A) + AP()) shifted
by k—1 and left minimal indices of Ly(\) + ALy(\) are the same as those of P(\) +
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AP(N). This coincides with the corresponding relationship between the minimal

indices of Ly(\) and P()).

Proof. Clearly, ||AL|lr < U‘;]:;/f) = ||AB|r < UIQ“]:;,/Q By Theorem [3.1.8, there
exists AD(A) of grade k — 1 such that B(\) + AB(\) and Ag,,(\)T + AD(M\)T are
dual minimal bases with all the row degrees 1 and k — 1 respectively. Therefore

Li(\) + ALy()\) is a strong block minimal bases pencil and Theorem implies
that L,;(\) + AL,()\) is a strong block minimal bases linearization of

é(A(/\) + AAN) (Akn(A) + AD(N)) =: P(A\) + AP()\)

of grade k. As P(\) = 2A(N)(Ax.())), we have,

1
AP\ = a{(A()\) + AAN)ADN) + AAN) A (A}
Therefore, by applying Lemma and Theorem [3.1.8] (b),

lAP]F < %{II\A(AD)IHF +I(AA)AD)r + [(AA) Apnllr}

|
1
< L (VALARAA DY + VAIAALIADIL + VA L)

1 k2
\_I {f|||A|||F @) IAB]|F + 3|||AA|||F}
1

S Tal

Umln

Al 7
Umln(R)

IAPIF o 1 JLidr A\ NALlr
This implies that, S5re < BT (3 + Qkamm(R)) AT Also as the block B(\)

is absent in the linearization L;(A) + AL;(\), we have C(\) = I, in (2.3.8) and
consequently by Theorem the right minimal indices of L,(\) + AL,()\) are
those of P(\) + AP()) shifted by k — 1 and left minimal indices of Ly(\) + ALy ()
are the same as those of P(\) + AP()\). By Theorem the shifting relations
between the left and right minimal indices of P(A\) + AP()\) and L;(\) + ALy(\) are
exactly the same as those between P()\) and L;()\). O

(3+2k )WALM

Now we extend the above analysis to solutions of the complete eigenvalue prob-
lem for P()\) obtained via any linearization L;(\) arising from a g-linearization in
L;(P). Using this fact that any such linearization L;()) is strictly equivalent to a lin-
earization Ly(\) of the form (2.3.4)), and the results for L;(\), we have the following

theorem.
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Theorem 3.1.10. Let L;()\) be any linearization of P(\) = YOk AN A; € CIA™ " of
grade k with m > n, arising from a g-linearization in Ly (P). Let Ly(\) = D 'Ly()\)
where D is as given in (M Then Ly()\) is of the form . Let A(N\) and
B()) be the blocks of Ly(\) as specified by and respectively and R be
the nonsingular upper triangular matriz appearing in the block B(X). If ALy (\) is

any pencil of the same size as Ly(\) such that

O min (R>0-min (D)
2k3/2 ’

AL = < (3.1.12)

then Ly(\) + ALy(X) is a strong linearization of a matrixz polynomial P(\) + AP())

of grade k such that
IAPHe _ g 1AL

< , 3.1.13
1Pl S “5r Ll (3.1.13)

where Cf, p = ”2‘&?) "‘|"§§"||H§ (3 L 21{:%) . ka(D) being the 2-norm condition number
of D. The right minimal indices of Li(\) + ALy(\) are those of P(\) + AP())
shifted by k — 1 and left minimal indices of Ly(\) + ALy(\) are same as those
of P(\) + AP(X). This coincides with the corresponding relationship between the

minimal indices of Li(\) and P(X).

Proof. Evidently, Ly(\) = D 'Ly()) is of the form (2.3.4). Using (3.1.12) and the

fact that
Li(A) + ALi(A) = D(Li(\) + DT AL(N)),
we have, .
~_q Umin(R)
|||D ALth < 2k‘3/2 '

Therefore by Theorem L;(\) + D'ALy()\) is a strong block minimal bases
linearization of some polynomial P(\) + AP(\) of grade k such that

IAPLe _ 1 Ll (301 1417 ) |0 ALy
1Pl = Tol 1Pl ounB)) il

Using the relations, |D7'ALr < D72 ALillr and [|Lele < [ DllzlLillr, we
get,

IAPIF _ 1 liLdlr
1Pl lal Pl

o 'f2(1~7) |Hﬁt|||F

ol IPllr

(321 1400 ) |- o IAL L] D]l
i F) Il

Al ) IAL |
Tmin(R) /) [1Lallr

<3+2k
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As Ly(\) + AL, (\) = D(Ly(\) + DAL,()\)), the pencils Ly()\) + AL,()\) and
Li(A\) + D YAL(N) are strictly equivalent. Hence L;(\) + ALy()) is a strong lin-
earization of the polynomial P(A\)+ AP(\) and the rules for recovering the minimal
indices of P(A) + AP(A) from those of Li(\) + AL;(\) are the same as the ones
applied to Ly(\) + D' AL()\). Therefore it follows from Theorem . that the
right minimal indices of L;(\) + AL(X) are those of P(A) + AP(\) shlfted by k—1
and left minimal indices of L;(\) + AL;(\) are same as those of P(A\) + AP(X). O

If the complete eigenvalue problem for L;(\) is solved by using a backward stable

IAL:F
IZell e

solving the complete eigenvalue problem for P(\) via linearizations L;()\), is globally
backward stable if C’gh p is not very large. As C’gt, p= /fg(D)C’gh -
L;(\) would be one for which ry(D) = 1 and C’jﬁft’ p is not large for the corresponding
pencil L;(A\) = D 'L,()\). To identify such linearizations, we first note that for the

block A(X) of Ly(\),

algorithm, then = O(u). In such a situation (3.1.13|) shows that the process of

so a good choice of

aP(A) = AN Aea(X) = ol I1Plr = |AAkallr < V20A]lF.

This implies that )
il  IAlLe  lol
IPle ~ WPllr ~ v2

. , V2| Al ILe 1 d
Now if |a| || Pz > 0min(R) then ol 1; > 1 and since gz > 7, 50 CF pl

: . Es R
big. Again if |a| || P|lr < omin(R) then ImHHI%FF > |0|4|H"]HjﬁF > 1 and once aga{n CghP
is big. So, a good choice of L;(\) would be one for which |a| || P||r & omin(R).

Besides, if || Az = |a| | P]lr & omn(R), and sy(R) = 1 then

Cf, p = (3+2k)y/1+2(k—1)n

and then
IAP|lF ~

H!ALt\HF
S (3+2k)/1+2(k :
PlE

"L
In summary, by using linearizations L;(\) satisfying

(i) ka(D) = 1 and ky(R) = 1 and

(i) Al = lal 1Pl = own(R),

N JAL
e = O(w) if s

for P(A) can be solved in a globally backward stable manner by using backward

we will have = O(u). So the complete eigenvalue problem

stable algorithms to solve the complete eigenvalue problem for such choices of L;()).
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A(A
The optimal block Kronecker linearizations of the form 9@ ensuring global
B(A)

backward stability that were identified in [22] are included in the above choices.
In fact they are the ones for which D = I,y 1yn, |@| = 1/||P||lr, R = Ijx_1y, and

[ X 12|24+ Vi |2 & w2 SSF | Ai]1% in (2.3.9) and include the Frobenius companion
(kg2

form C}(\). Our analysis shows that there exist many more choices of linearizations
among the pencils L;(\) with which the complete eigenvalue problem for P()\) can

be solved in a globally backward stable manner.

3.2 Comparison of the brief and detailed analyses

Optimal linearizations for global backward stability which can be identified using
Corollary form a strict subset of the optimal linearizations found by our de-

tailed analysis. To see this, suppose L;()) is a linearization of P()) arising from

a g-linearization such that o (R) < 1. If ALl < T m;“fl“’(f/);mm @y then

by Corollary Li(X\) + ALi()) is a linearization of P(\) + AP()) such that

IAPIr b IALllr
where
IPlr = Y Lt,P |Liflr °

a(D) | Lillz
ol IPllr

. 52(D) [ILallr (1 + [ Allr)

ol N Plromin(R)

Crp =2k (1 + [lAll ) max{1, 1/owin(R)}

: (3.2.1)

As omin(R) < 1, we also have [|AL |z < %ﬁ;’;m(f)). Hence by Theorem |3.1.10

Li(X) + ALy()) is a linearization of P(A\) + AP()) such that 125lr < Cy.. ICLelr

120 = PLdie >

where

D) || L]l IAll-
Cd - KJQ( 3 + 2k—~ .
R T S Tmin(R)

Now as k > 2, using (3.2.1)) we have,

ka(D) | L]l <1+ I All 7 ) _ O}, p(omin(R) + Al F)
ol I1Plle Omin (12) (1+[lAfl#)

Cf, p <2k < Cy, p.

By similar arguments, we can easily show that Cf, , < C}, p when Omin(R) = 1. So
if C7, p is a moderate constant then so is Cf, » and therefore if Ly()) can be used
to solve the complete eigenvalue problem for P()\) in a globally backward stable
manner on the basis of Corollary [3.1.3] then our detailed analysis also draws the

same conclusion. Moreover, our detailed analysis provides a tighter bound on the

1AP] -
121~

backward error then the one obtained from Corollary [3.1.3
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Now suppose L;(A) is a linearization of P(\) arising from g-linearization such
that #o(D) = 1, ky(R) = 1 and ||Al|r = |a| | P)lr & omin(R).
First consider the case that amin(R) > 1. If the perturbation AL;(\) induced

by the backward error analysis satisfies omin(D) - AL F < M then

2k3/2 21372
clearly our detailed analysis has an advantage. Suppose ||AL:|r < ”g‘kg 7. Then
min min D AP d AL
AL 7 < % and by Theorem [3.1.10), mIH P\HllF <Ci,p I 0 L:M‘F where

CY, p = (34 2k)y/1+2(k — 1)n.

As Omin(é) > 1, we have [|AL[|r < k32 mz:);if,(l?;min(é)}' Therefore by Corollary|3.1.3]
IAPr At JALir

1P+ S CLt,P TR where
C 2|(|D) IAIZ + 2| ||F(1 + [|All ) max{1, 1/omn(R)} = 2k/1 + 2(k — 1)n(1 + ||A|lr)-

1Pl

Now if R is chosen in such a way that amm(R) > 1 while at the same time ensuring

that ||AL|lr < U’zr‘l;‘;(/g ) then C}, p is not a moderate constant as [|Aflp &= Ormin(R)

is large.
Next consider the case that o (R) < 1. If |AL|r < W, then once

IAPlr C’Lt’ IAL:llr (3 + 2k)\/1 + 2(k — 1)n. Moreover, we

P L, Where Cf, p =

omin(D) 1AP| JAL]
T bt femy BY Corollary B.1.3, Sre < CF, p i

agam Sy

also have [|AL:r <

where

D) VIAIE + 21 RI1% (1 + A)#)
O o ~ 2k\/1+ 2(k — 1)n (
Lep | /| 1Pl 7

Omin(R) Tumin(R) > ‘

Now C}, p is not a moderate constant if Omin(R) < 1.

Hence in both the cases Cf, p is a moderate constant while C7, p is a large
number. For such choices of linearizations L;(\), it can be said on the basis of our
detailed analysis that the complete eigenvalue problem for P()\) can be solved in a

globally backward stable manner. But the same cannot be said about them on the

basis of Corollary (3.1.3]

Conclusion. In this chapter we have carried out a global backward error analysis of
the process of solving the complete eigenvalue problem for a rectangular matrix poly-
nomial P()\) via linearizations extracted from strong g-linearizations in the spaces
L,(P) and Ly(P) introduced in Chapter . It shows that these g-linearizations pro-
vide a wide choice of linearizations that can solve the complete eigenvalue problem

for P()\) in a globally backward stable manner.
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Nearest matrix polynomials with a specified

elementary divisor

Given an matrix polynomial P()\) = Zf:o N A; of degree k where A;, 1 =0,....k
are n X n real or complex matrices, this chapter investigates the distance from P(\)
to a nearest matrix polynomial with an elementary divisor (A — X\g)?,7 = r, for a
given )y € C and integer r > 2.

Although the problem is considered only for finite values of )y, the analysis
also covers the infinite case which is equivalent to the reversal polynomial revy P(\)
having an elementary divisor A/, j > r. In particular in such cases the distance under
consideration is important from the point of view of control theory for the following
reasons. If P(\) = MAA; — Ag is a regular matrix pencil with index greater than
one, then this is equivalent to the existence of a Jordan chain of length at least 2 at
oo for P()), or equivalently an elementary divisor M, j > 2, for revy P(A\). In such
a case the associated differential algebraic equation A,z (t) = Aox(t) + Bu(t), may
not have any solution for certain choices of initial conditions unless the controller
u(t) is sufficiently smooth. In fact the larger the length of a Jordan chain at oo,
the greater are the smoothness requirements on w(t). In particular, for dynamical
systems arising from matrix pencils as above to be stable or asymptotically stable,
it is necessary that the matrix pencil has index at most one. Moreover, for the
stability of such systems it is necessary that the purely imaginary eigenvalues of
P()\) are not associated with Jordan chains of length 2 or more. For more details
see [13, 23] [79] and references therein.

It is well known that arbitrarily small perturbations to matrix pencils with A\g
as an eigenvalue of algebraic multiplicity 7 can result in a matrix pencil having an

elementary divisor (A — Ag)". In fact this result can also be extended to all matrix

71
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polynomials a proof of which is provided in Theorem [£.1.2] Due to this fact, the
distance problem under consideration is also equivalent to finding the distance to a
nearest matrix polynomial with an eigenvalue at Ay with algebraic multiplicity at
least r. This problem has been considered in the literature in various forms. The
distance to a nearest matrix polynomial with a prescribed multiple eigenvalue is
considered in [66] and bounds on the distance are obtained under certain conditions.
In [67) this work is extended to find the distance from a given matrix polynomial to
a nearest matrix polynomial with a specified eigenvalue of algebraic multiplicity at
least r and a Jordan chain of length at most k& and an upper bound of the distance
to a nearest matrix polynomial with a specified eigenvalue of algebraic multiplicity
at least r. The latter is done by constructing a perturbation to the given matrix
polynomial which has the desired feature. However, the construction is possible
under certain conditions. The results are extended to matrix polynomials in [51]
where a similar construction is made to find an upper bound on the distance to a
nearest matrix polynomial with specified eigenvalues of desired multiplicities. The
distance from an n x m matrix pencil A + AB with n > m, to a nearest matrix
pencil having specified eigenvalues such that the sum of their multiplicities is at
least 7 is considered in [53]. Under the assumption that rank B > r, and only A is
perturbed, the distance is shown to be given by a certain singular value optimization
under certain conditions. These ideas are extended in [50] to find the same distance
from a square matrix polynomial that has no infinite eigenvalues. Under certain
conditions similar to those in [53], a singular value optimization is shown to be
equal to the distance when only the constant coefficient of the matrix polynomial is
perturbed. A lower bound is found for the general case when all coefficient matrices
are perturbed. The techniques are further extended to find the same distance for

more general nonlinear eigenvalue problems in [49].

The analysis of the distance problem in this chapter has several key features.
Firstly the stated distance is considered for a square matrix polynomial that is either
regular or singular and perturbations are considered on all the coefficient matrices
of the polynomial. Note that with the exception of [53] where a rectangular matrix
pencil is considered, in all other works in the literature the matrix pencil or poly-
nomial is assumed to be regular. However, [53] considers perturbations only to the
constant coefficient matrix of the pencil. In fact by using elementary perturbation
theoretic arguments it is established that if the matrix polynomial P()) is singular,
then it is arbitrarily close to a regular matrix polynomial with an elementary divisor

(A = Xo)?,j = r. This makes it possible to assume that the matrix polynomial P(\)
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is regular in the rest of the chapter. A necessary and sufficient condition is obtained
for P()\) to have \g as an eigenvalue of algebraic multiplicity at least r. Due to this
it is possible to show that finding the stated distance is equivalent to finding a struc-
ture preserving perturbation such that the nullity of a certain block Toeplitz matrix
is at least r. This leads to a lower bound on the distance and allows for several
characterizations of the distance in terms of optimization problems. Under the mild
assumption that Ao is not an eigenvalue of P()), for different choices of norms it is
established that computing the distance from P(\) to a nearest matrix polynomial
with an elementary divisor (A — \g)’, j > r, is equivalent to computing a generalized
version of a structured singular value or u-value. As pu-value computation is an NP
hard problem, these results are likely to throw light on the computational complexity
of the distance problem. The characterization in terms of generalized p-values also
yields a lower bound on the distance. Alternatively, the distance is characterized
by another optimization problem which is computed via Broyden Fletcher Goldfarb
Shanno (BFGS) and MATLAB’s globalsearch algorithms. This also results in an
upper bound on the distance. Special cases for which the solution of the distance
problem has a closed form expression are also discussed. Finally, computed values
of the distance via BFGS and MATLAB’s globalsearch are compared with upper
and lower bounds.

The normwise distance of P()) to the set of all matrix polynomials having a
elementary divisor (A — \g)? where j > r will be considered with respect to the

following norms.
05(P, Mo, 7) :=inf {|AP||s|(P + AP)()) has an elementary divisor (A — Xo)?,j >},
82,00 (P, Ao, 7) :=inf {JAP||2,00| (P + AP)(A) has an elementary divisor (A — Xo)?,j > r},

where || P||s = ||[Ao - - Akl|ls, s = 2, F and || P|2,00 = max;eqo,.. k3 {||Aill2} - Also the
matrix polynomial AP()\) = Zf:o A AA; is such that any of the coefficient matrices
AA; may be zero.

Due to the importance of the case \g = 0 in practical applications and also
because the results for this case involve expressions that are relatively simpler than
the general case, in many instances, initially the results are obtained for this special
case and then extended for other choices of A\g. The following lemma will be useful

for making these extensions.

Lemma 4.0.1. Given any n X n matriz polynomial Q(\) = Zf:o A B;, and )\ € C,

Q) Q) - 2| =By - B MOw)
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where p = min{r, k} and M (Xo;r) is a (k+1)n X (p+1)n matriz given by H(Xo)®1I,,

H(X\o) being a (k+ 1) x (p+ 1) matriz with (i,7) entry equal to _(j—11)1 dfd—)\l—].)‘_il_l ‘/\:/\0 )

Proof. The proof follows from the fact that foreachi =1,... p+1, w is given

by the product of [Bo . Bk} with H;(A\o) ® I,, H;(A\o) being the i-th column of
H(Xo)- ]

4.1 Polynomials for which the distance is zero

Given a matrix polynomial P(\), it is interesting to identify cases when the distance
under consideration is zero. One such situation is obviously the case that k = 1 and
Ao is an eigenvalue of P(\) of multiplicity at least r. The main result of this section
is a proof of the fact that if Ap is an eigenvalue of P()\) of multiplicity at least r
for any value of k, or P()) is a singular matrix polynomial, then the distance under
consideration is zero. The following theorem proves this for matrix pencils which
is later generalized to matrix polynomials. For the sake of completeness, the result
that the distance is zero if )y is an eigenvalue of the pencil of multiplicity at least
r is also included in the statement of the theorem. Also note that although the
theorem is proved with respect to the norm ||-|r, clearly it also holds for all other

choices of norms.

Theorem 4.1.1. For a given n X n matriz pencil L(A) = A+ AE and a positive

integer v < n, if

(a) L(\) is reqular and algebraic multiplicity of \g as an eigenvalue of L(\) is

greater than or equal to r, or
(b) L(X) is singular,

then it is arbitrarily close to a regular pencil having an elementary divisor (A — \g)?

where 3 > 1.

Proof.

(a) The proof of this part is obvious owing to the structure of the Kronecker canonical

form of a pencil having )y as an eigenvalue of algebraic multiplicity at least 7.
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CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 75

(b) Let L()A) be a singular pencil and € > 0 be arbitrarily chosen. Without loss of

generality it may be assumed that L()) is in Kronecker canonical form, i.e.,

L(X) = Ring(A)

S(A)

where R;(\) and R;,f()\) represents the regular part of L(\) corresponding to finite
and infinite eigenvalues respectively and S(\) represents the singular part. The idea
of the proof is to construct a pencil AL()) such that ||AL||z < € and (L+AL)(X) is
a regular matrix pencil with 0 as an eigenvalue of algebraic multiplicity n. Then by
part (a), (L + AL)()) is arbitrarily close to having an elementary divisor \" where
clearly n > r. The arguments are then extended to the case that Ay # 0.

Initially it is assumed that all three types of blocks are present in L()\). Let the
sizes of Ry(\), Rinp(A) and S(A) be ny X ny, ny X ng and ns X ng respectively such

that ny + ny + n3 = n. Also choose any € € (0, ¢€).

The block Ry(\) is bidiagonal with super-diagonal entries 0 or —1. Construct an
n1 x ny pencil ARy(A) such that all the sub-diagonal entries are é\ and all other

entries are 0.

The block R;,¢(\) is also bidiagonal with super-diagonal entries A or 0. Construct
an ng X ng pencil AR;,(A) by replacing the super-diagonal entries A and 0 of Ry, ()
by 0 and €\ respectively and setting all other entries to 0.

The number of right and left singular blocks in the singular part S(\) are equal.
Without loss of generality assume that right singular block and left singular blocks
in S(\) appear alternatively so that S(X) can be considered block diagonal with
square diagonal blocks formed by placing one right and one left singular block next
to each other. Each such diagonal block of S(A) has exactly one row and one
column independent of A and all other rows and columns have exactly one entry
as A. Assuming that there are p blocks in S()), suppose that rows iy,...,4, and
columns ji, ..., j, of S(\) are independent of A. Construct an ng x ng block diagonal
pencil AS(X) with square blocks on the diagonal of the same size as the diagonal
blocks of S(A) such that the entries (42, j2), ..., (i4,Jju) are €A and all other entries

are 0.
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76 4.1. Polynomials for which the distance is zero

AR (M)

Set AL(\) = ARpm(N) , where €\ has been placed in
EX

B\ AS(N)

the positions (1-, ny + 1), (n1 + na,ny + ng + J1) and (ny + no + i1,nq) of AL(X).
Choose € small enough so that ||AL|r < €. Now,

_ " -
Rs()
(L+AL)A) = Ring (V) ,
EA
) S(\)
where
A — Al *
A €A
Rp(N) = Ry(N) + AR, () = | ,
A — )\n1,1 *
EX X354,
with * representing either 0 or —1, and
L i
Ring(A) = Ring(A) + ARins (\) = - ,
-1 %
L. _1_

with * representing A or éA and S(A) = S(A\) + AS()). For 1 < iy, i, j1,j2 < 1, let
F[i1,i2; j1, j2](\) denote the determinant of the submatrix of L(A\)+ AL(\) obtained

by deleting rows 71,72 and columns ji, Ja.

TH-2269_136123016



CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 7

The determinant det(L(\) + AL())) is evaluated by first expanding along row
ny + ne which has two nonzero entries, viz., €\ at position n; + ns + j; and —1 at
position n;+ny and then expanding along column n; which has at most three nonzero
entries, viz., €\ at position ny +ng + i1, A — A, at position n; and —1 (if x = —1) at
position ny — 1. Setting i =n —i—nQ,jl =ny1+ns +j1,52 =n1+ne —H’l,}g = %3 =Ny,

j3:?:1, and ?:4:711—1,

det((L + AL)(\)) = % (EN)2F[i1, i2; 1, J2](N) & XN — Ao, ) F i1, i3; 71, J2] (A)
+ gC)‘F[gthL;jl,gs]()‘) + g)‘F[gth;jst]()‘)

+ (>\ - )\nl)Fﬁl,gs;j&}ﬂ(}\) + CF[%1754;33J2]()\)

where ¢ =0 or ¢ = —1.

As S (A) and its submatrices obtained by removing row ¢; or column j; are all
singular pencils, the last five terms in the right hand side of the above equation are
zero. Now F[iy,42; J1, jo]()) is the product of the determinants of two matrices, viz.,

S(\) with rows i1 and j; removed and the submatrix of

N
Rp(N)

Ring(A)

obtained by removing column n; and the last row. Due to the manner of constructing
S()), the determinant of S(\) with rows 4; and j; removed is given by +é? \"s~!
for some positive integer py. Let G[i1,72; j1, jo](A) denote the determinant of R(\)
with rows 71, 72 and columns 31 and 52 removed. Then the determinant of submatrix

of R(A) with the last row and column n; removed is given by
i(é)\)G[nl -+ No, 1, ni,ny -+ 1]()\) + G[m + No, N1 -+ 1, ny,ny -+ 1]()\)

when expanded along column n; 4+ 1. But G[ny + ng, ny + 1;n1,n1 + 1](X) = 0 as the

submatrix obtained by eliminating the indicated rows of R(\) is singular. Therefore,

det((L + AL)(N)) = £(EN)* (" A7) (EAG[ny + na, Ling, g + 1](N)),  (4.1.1)
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78 4.1. Polynomials for which the distance is zero

where

Glny + na, 1;n1,nq + 1J(N) = det

= @2 \mtna=2 (4.1.2)

for some positive integer p,. From (4.1.1) and (4.1.2)),

det((L + AL)(\)) = den tp+3 ymotnatns — fpyn,

for p = p1 + p2 + 3. This establishes that L(\) + AL()) is a regular matrix pencil
with 0 an eigenvalue of algebraic multiplicity n.
The cases where all three types of blocks R()), Rinp(A) and S()) are not present

in L(\) are dealt with in the following manner.

o If the block Rs(\) is not present then ny = 0. We construct AL(\) as

AR (X)

AL(N) = :

B AS(N)

where the (ng,ny + j1) and (ng + 41, 1) entries of AL()\) are €\ and the con-
struction of AR;,f(A) and AS()) are the same as earlier. Now,

Ring(N)

(L+ AL = .
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CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 79

where

Ring(A) = Ring(N) + ARinp(A) = - :

* being A or éX and S(\) = S(\) + AS(N). For 1 < 41,49, j1,J2 < n, let
Fli1,i2; j1, j2](\) denote the determinant of the submatrix of L(\) + AL(\)
obtained by deleting rows i,45 and columns j;, jo. To find det((L + AL)(\))
we first expand it along row ny which has two nonzero entries, viz., €\ at
position ns + j; and —1 at position ny and then expanding along column 1

which has 2 nonzero entries, viz., €\ at position ny + 71 and —1 at position 1.
So,

det((L + AL)()\)) ::I:(€)\)2F[n2, ) = il; 1, N9 + ]1]()\) + g)\F[l, N9, 1, ») + ]1]()\)

+ENF[ng, na + 415 1,n2](A) & F[1,n9; 1, n2](A).

As S (M) and its submatrices obtained by removing row i; or column j; are
all singular pencils, the last three terms in the right hand side of the above
equation are zero. Now F[ng,ng + i1; 1,19 + j1](A) is the product of the de-
terminants of two matrices, viz., S(\) with rows i; and j; removed and the

matrix

which has determinant é”2A"2~! for some non-negative integer p,. Due to the
manner of constructing S(A), the determinant of S(\) with rows 4, and j;

removed is given by £éP1\"3~1 for some positive integer p;. Hence
det((L + AL)(\)) = fePrtret2\natns — peppn

for p = p1 + p2 + 2. This proves that (L + AL)()) is a regular matrix pencil

with 0 as an eigenvalue of algebraic multiplicity n.
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80 4.1. Polynomials for which the distance is zero

e If the block R;,f()) is not present then n, = 0 and we construct AL(\) as

A
ARg(N)

Nl AS(N)

where the (ny+i1,n1) and (1,n,+71) entries of AL(\) are éX. The construction
of AR;(X\) and AS()) are the same as above. Now,

€A
Rp(\)
(L+AL)(\) = ,
el S\
where
A — )\1 *

A EA
Ry(A) = Ry(A) + AR;(A) = | |

A— )\n1,1 *

EA A=A,

% being 0 or —1 and S(\) = S(\) + AS(N). For 1 < iy,i9,j1,72 < n, let
Fli1,12; J1, j2](A) be the determinant of the submatrix of L(A\)+AL(\) obtained
by deleting rows iy,7, and columns ji, jo. To find det((L + AL)()\)) we first
expand it along row 1 which has at most three nonzero entries, viz., €\ at
position n; + j; and —1 (if x = —1) at position 2 and A — A; at position 1 and
then expand along column n; which has at most 3 nonzero entries, viz., €\ at
position ny 4 i1, A — A, at position ny and —1 (if x = —1) at position ny — 1.
So,

det((L + AL)(\))
:ﬂ:(g)\)2F[1, ny + il; ny, Ny +]1](/\) + E)\()\ — )\m)F[l,TLl; ny, Ny +]1](/\)

+ceAF[1,n1 — 1;ng,ny + j1](A) £ ceAF[1,nq + 41; 2, n1](N)
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He(A— o)) F[1,n1;2,m1](A) £ EF[1,n — 1;2,n1](N)
ﬂ:g)\()\ — )\1)F[1, ny + le; 1, 711}()\) + (A — /\nl)(/\ — )\1)F[17 ny; 1, 711](/\)

:l:C()\ — )\1)F[1,TL1 — 1, 1,7’L1](A),

where c=0 or ¢ = —1.

As S (M) and its submatrices obtained by removing row i; or column j; are
all singular pencils, the last eight terms in the right hand side of the above
equation are zero. Now F[1,ny + i1;n1,n1 + j1](A) is the product of the de-
terminants of two matrices, viz., S (M) with rows i; and j; removed and the

matrix

(A=) o+
)
.
B
o

which has determinant é~'\"~1. Due to the manner of constructing S (A),
the determinant of S()\) with rows 7; and j; removed is given by e’ \"~! for

some positive integer p;. Hence
det((L + AL)(X)) = deprtmtlymtns — ep)n

for p = py + ny + 1. This proves that (L + AL)()\) is a regular matrix pencil

with 0 an eigenvalue of algebraic multiplicity n.

e If only the singular blocks occur in L()\) then n; = ny = 0 and we construct
AL(M) as a block diagonal matrix with blocks of the same size as S(\) such
that the (i1,71), ..., (i, J,) entries are €\ and all other entries are 0. Then

clearly
det((L + AL)(N)) = £ \™.

This proves that (L + AL)()\) is a regular matrix pencil with 0 an eigenvalue

of algebraic multiplicity n.

In each case the above arguments may be extended to show that by choosing € small
enough, [|AL||r < € and (L + AL)(\) is a regular pencil whose determinant is a

scalar multiple of \™.
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82 4.1. Polynomials for which the distance is zero

Now suppose Ay # 0. The pencil L(\) may be written in the form
L) =A+ X NE+ (A= X\)E.

Setting A=A+ N NE and A= )\ — )\ and arguing as above, for a given ¢ > 0 there
exists AE € C™" satisfying ||AE| . < e such that A+ ME + AE) is a regular
pencil and det(A + A(E + AE)) = £& A" for some € € (0, ¢). This implies that

det((A — MAE) + A(E+ AE)) = £&(A — Xo)".

Therefore for AL(\) := —(AAE) + MAE, )\ is an eigenvalue of (L + AL)(\) of
algebraic multiplicity n > r. The proof now follows from the fact that ¢ may be
chosen small enough so that ||[AL|r = /| Mo]? + 1||AE|F < e O

Note that Theorem [4.1.1[(b) can be proved by using parts (iii), (iv) and (vi)
of [28, Theorem III]. In particular, by repeated application of parts (iii) and/or (iv),
it may be shown that there exists a singular pencil with only singular blocks in its
Kronecker canonical form that is arbitrarily close to L()\). Part (vi) of the same
theorem then implies that this singular pencil is arbitrarily close to a regular pencil
with a Jordan chain of length n at A\g. But here we give a proof using elementary
perturbation techniques, which is a bit long but it is more accessible to a wider
readership as it is not couched in the language of versal deformations.

The above result may be extended to matrix polynomials by considering the first
companion linearization Cy(\) of P(\) = Zf:o A'A; as in . It is an example
of a block Kronecker linearization as introduced in [22] where it was shown that if
L()) is a block Kronecker linearization of P(\) and AL(\) is a pencil of the same
size as L(A) with ||AL|r < €, for some sufficiently small € > 0, then (L + AL)(\)
is a strong linearization of (P 4+ AP)()\) such that |[AP|r < Ce for some positive
constant C. Due to this result the following theorem is an immediate consequence
of Theorem [4.1.11

Theorem 4.1.2. For a given n X n matriz polynomial P(\) of degree k, and a

positive integer r < kn, if

(a) P(X) is reqular and Ay is an eigenvalue of algebraic multiplicity greater than

or equal to r, or
(b) P(\) is singular,

then P(X) is arbitrarily close to a regular matriz polynomial having an elementary

divisor (A — Xg)? where j > r.
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Note that Theorem is also implied by the work done in [2I] which uses the
above mentioned result in [22] to construct the closure hierarchy graphs of matrix
polynomials from those of their first companion linearizations.

In fact, by using the arguments in the proof of Theorem [4.1.1] it is clear that any
n X n singular matrix polynomial P(\) of degree k is arbitrarily close to a regular
matrix polynomial having an elementary divisor (A — \g)*". In view of the above
theorem, it is now possible to assume without loss of generality that the distances
dr(P, Ao, 1), 62(P, Ao, 1) and g oo (P, Ao, 7) are being computed for a regular matrix
polynomial P(\) which does not have )y as an eigenvalue of algebraic multiplicity
r. This also has the effect of removing the uncertainty that was earlier associated
with the situation that perturbations being made to the matrix polynomial for the

desired objectives could result in a singular matrix polynomial.

4.2 A characterization via block Toeplitz matrices

One of the aims of this chapter is to show that computing the distance to a nearest
matrix polynomial with an elementary divisor (A — X\g)’,5 > r, for appropriate
choices of norms is equivalent to finding a structured singular value or generalized
p-value. The next result is an important step in this direction. Since the expression
for the optimization is more aesthetic if r is replaced by r + 1, in the rest of the
chapter the distance is considered in the form dz(P, Ao, 7 + 1), d2(P, Ao, 7 + 1), and
92.00(P, Ao, 7+ 1). We introduce a set that will be frequently used. Consider

Di={ln-wl:%>01<i<r} (4.2.1)

For any ~ := [ Mo Y ] € 'and a € C, let 7,(Q, c, ) be a function from the

set of all n x n matrix polynomial Q(A) = 32  A'B;, to the set of (r+1)n x (r+1)n
matrices defined by

Q(a)
NQ' () Q(a)
nan~ | Mm@ oW s

[P ()29 - @ e

L i= = |

When r = 1, we consider v € I where IT" is the set of all positive real numbers.
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84 4.2. A characterization via block Toeplitz matrices

Theorem 4.2.1. A scalar \g € C is an eigenvalue of a n X n matriz polynomial
Q(XN) of algebraic multiplicity at least 4+ 1 if and only if the rank of T.,(Q, Ao, 7) as

defined by is at most (r +1)(n —1).

Proof. Let \g be an eigenvalue of Q(\) of multiplicity » + 1. Suppose there are

p Jordan chains {x11,Z12, ..., T1k, }, {T21, 22, -+, Toky by - - -, {xpl,xpg, . ,xpkp} of
Q(A) corresponding to A\g where z;; € C" fori =1,...,p, j = 1,...,k;, satisfying
P ki = r+1. The i™ Jordan chain satisfies the following equations fori = 1,..., p.
Q(Xo)zi =0
Q(Xo)zi2 + Q' (No)za =0
Q// A
Q(Xo)xis + Q' (No)ziz + 2(| 0>%‘i1 =0
Q// A Qki—l by
QXo)zin, + Q' (No)Ti(k,—1) + %mi(ki—m Tt r(l)ol)xl : 4
It may be assumed that {11, 221,..., 2,1} is a linear independent set. Clearly the
ith Jordan chain contributes the following k; vectors
0 0 0 [0 ]
0 0 0
0 : 0 0
Til 0 0
V(r—ki+2)
; , [ —FL—1| , 0 yooes |0
V(r—ky+8) -+
Ti(k;—3) : — T 0
Vr—2Yr—17r V(r—ky+4)--r
Yr—17r Yr—17r
Li(k;—1) Li(k;—2) Ti(k;—3) 0
Ir Ir Tr
| T || Ty || Titk-2) [ Til |

of length(r + 1)n to the null space N(T,(Q, \o,7)) of T,,(Q, Ao, 7) for i =1,...,p.
All the above vectors are linearly independent as {zi1,21,...,2,1} are linearly
independent. Hence the nullity of 7', (Q, Ao, r) is at least r + 1.

Conversely suppose that rank(7,(Q, Ao, 7)) < (r+1)(n—1) so that the nullity of
T,(Q, X, ) is at least r+1. Let {x1, xa, ..., 2,41} be a linearly independent ordered
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CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 85

list in N(7,(Q, Ao, 7)), where

T

z; = [%ﬂl,j oal o al x{,]

with z; ; € C* fori,j € {1,...,r+1}. If &, 41 ; # 0 for some j, then {z,1,..., 21}
will be a Jordan chain of Q(A) of length r + 1 corresponding to g and the proof
follows. Therefore without loss of generality it may be assumed that for each j =
1,...,7 + 1, there exists ¢;,0 < t; < r + 1 such that z;; = 0 for all ¢ = ¢; +
1,...,7 4+ 1. Setting t = max;cj<r41t; and p = ¢ — mini¢j<,41t; and reordering
the list if necessary, it may be assumed that the first ky + --- 4+ ks vectors of the
list satisfy 2;; = O for all s = 1,...,.p+1land i =¢t—s+2,...,7 + 1, so that
ki + ---ky,y1 = r + 1. Note that k; may be zero for some or all j = 2,...,p + 1.

Consider X = [ Ti Ty v Tpgd ] . Then in fact,
0 0 0 0o 0 0 0
0O --- 0 0 e 0 e 0 k. 0
Ten o Tug 0 0 0 0
X = J;t717/€1+1 xtfl,k/‘l#»kg
0 . 0
Tt—prt+2—kpr1 77 Tt—prtl
_331,1 0 Tk Tilkg+1 L1 ky+ks T1r4+2—kpyr " T1r+1 i
It is possible that some of the vectors Ty 1453 e - o Dot 1,555, ky 10 the consec-

-
j=
via elementary column operations on X that affect only those columns. The columns

of the transformed X will also be a linearly independent list in N (7,(Q, X, 7)). As-

sume without loss of generality that X has been formed after such transformations

utive columns 14> } k; to Z§:1 k; of X can be made zero for each s =1,...,p+1,

have already been made and the submatrices

[ xt—s+1,1+zj;{ ki 0 Tt—s41,30 Ky ]

of X have full column rank for each s =1,...,p+ 1.

Clearly the columns of X are linearly independent and belong to N(T,(Q, X, 7)).
Also the first k; columns give rise to Jordan chains of Q(\) corresponding to Ag of
length ¢, the next ks columns give rise to Jordan chains of of length ¢ — 1 and so

on, with the last k,;; columns forming Jordan chains of length ¢ — p. Due to the
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86 4.2. A characterization via block Toeplitz matrices

structure of X, B := {Ti—s1 et the 141y - - s Ttmstl otk J» S = 1,...,p+ 1, are

ordered lists of linearly independent vectors. Consider the list

B = Bpy1 = {It—p,kl-l—"'-‘rk’p-‘rl) e axt—p,k1+“'+kp+1}-

If the first vector of the list 3, does not belong to span(f), it is included in 8. If
it belongs to span(/3) then it can be uniquely represented by a linear combination
of the vectors of 5 and at least one of the scalar coefficients in the representation is
nonzero. Replace one of the vectors from 3 whose associated coefficient in the linear
combination is nonzero by the first vector of 8,. Now consider the second vector of
the list 3,. If it does not belong to the span of the updated 3, then include it in £.
Otherwise it is a linear combination of the vectors of 5 with at least one of the scalar
coefficients in the linear combination being non zero. As (3, is a linearly independent
list, a vector associated with such a non zero scalar in the linear combination can
be chosen from f,1;. Update the set 5 by replacing this vector by the second vector
from (,. This process is continued for the rest of the vectors in 3, as well as those
of Bp_1,..., 1. The final § clearly forms a linearly independent list of eigenvectors
of P(\) corresponding to \g. Moreover the sums of the lengths of the Jordan chains
associated with these eigenvectors is at least thy + > °_, (t — s)(ksi1 — ks). But

r D p+1
tkl - Z<t B 8)(k5+1 o ks) = st + (t _p>kp+1 2 st =r-+1
§=1 s=1 s=1

Hence )\ is an eigenvalue of Q(\) of algebraic multiplicity at least r + 1 and the
proof follows. n

Note that the part of Theorem [4.2.1] showing that if rank(T,(Q, Xo,7)) < (r +
1)(n — 1) then Ao is an eigenvalue of Q(N) of algebraic multiplicity at least r + 1
can be proved by using a result from [77], where it was shown that the algebraic

multiplicity a(@, \g) of an eigenvalue Ay of an m x n full rank matrix polynomial
Q(\) = 8 Bi(A — A\o)* with m < n, is given by

a(@, o) = ml —rank 7,_1(Q). (4.2.3)
Here [ > g, g being the length of the largest Jordan chain corresponding to Ay and

B, --- B
T,Q) =1 .- ,q=0,1,....
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A similar result is stated in [76] without restrictions on the rank and size of Q(\).

However the other part of Theorem does not follow from unless an
additional assumption is made. If Ag is an eigenvalue of Q)(\) of algebraic multiplicity
greater than or equal to r+ 1, then proving that rank(7,(Q, Ao, 7)) < (r+1)(n—1),
is equivalent to proving that n(r + 1) — rank(7,(Q)) > r + 1. If the Jordan chains
associated with Ay are not longer than r 4+ 1, then the proof is immediate due to
. However this may not always hold as r can be any positive integer less
than kn in Theorem [4.2.1, Therefore this part of the proof of Theorem does
not follow directly from the results in [76l [77] unless it is further assumed that the
length of the Jordan chain of Q()\) associated with \q is at most r + 1.

Remark 4.2.2. Theorem is established in [66] for the particular case that
Q(N\) has an eigenvalue of multiplicity 2. Under the assumption that the leading
coefficient matriz is of full rank, another characterization of a matriz polynomial
Q(A) having a specified eigenvalue of multiplicity r is obtained in [50] via a different

block Toeplitz matriz that involves r(r + 1)/2 parameters.

In view of part (a) of Theorem the following corollary of Theorem is

immediate.

Corollary 4.2.3. Given any n x n matriz polynomial P(\) consider the collection
S(P, Xo) of all n x n matriz polynomials AP(\) = Z?:o NAA; such that the block
Toeplitz matrices T,(P + AP, X\o,7) as defined in with v = [1---1], have
rank at most (r + 1)(n — 1). For any choice of norm ||-||, the distance to a nearest
matriz polynomial with an elementary divisor (A — \o)?,7 = r + 1, is given by

mf{JAP] : AP(\) € S(P, \o)}.

4.3 The distance as the reciprocal of a generalized p value

Corollary implies that for any given choice of norm, finding the distance from

P()) to a nearest matrix polynomial with an elementary divisor A"™! is equivalent to
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4.3. The distance as the reciprocal of a generalized n value

finding the smallest structure preserving perturbation to the block Toeplitz matrix

P(0)

P'(0) P(0)

xP'0)  P(0) P

|5 P7(0) =P 0) e P(0) P(0)]

so that the rank of the perturbed matrix is at most (r + 1)(n — 1). This fact is used
in this section to show that if Ay € C is not already an eigenvalue of P()), then
computing the distance from P(\) to a nearest matrix polynomial with the desired
elementary divisor (A — Xg)?,j > r + 1, with respect to the norms |||z, |||z and

IIll2.00 is the reciprocal of a generalized notion of a u-value as defined in ({1.6.2)).

Let

T(Q, Ao, ) = Ty(Q, ho, 7) with y = [1---1]. (4.3.1)

The following lemma provides a useful factorization of T(Q, \g,r). The proof of
the lemma follows from direct multiplication of the stated factors and is therefore

skipped.

Lemma 4.3.1. For a given positive integer r and an n X n matriz polynomial Q(\)

of degree k,
min{r,k}
T(Q, Xo,7) = <]r+1 ® [Q(/\o) Q' (Mo) 2 min{r,k(})!\())}> 4
where T
e B oL i<
E = T
{Ef Eg Eﬁfﬂ] ®I, ifr>k

such that E;, i =1,...,r+ 1 are the (r + 1) x (r + 1) matrices,

1

1

1

and E; € CEDXHD) gre the first k + 1 rows of E;.
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The next theorem is the main result of this section.

Theorem 4.3.2. Let P(\) = Z?:o N A; be an n x n matriz polynomial of degree
k, and 1 < r < kn. For AA; € C"", ¢ = 0,...,k, let S1, Sa, S3 and S, be the

perturbation classes of all perturbations of the type

L«H@[AAO AA, - AA,J,
L1 ® [Ady DAy - Admingra]
AA,
I 1 ® and
AA,
AA,
Ir+1®
A14min{1”,k}

respectively. For any Ao € C which is not an eigenvalue of P(\), let T'(P, Ao, 1) be

defined by and E and M (Xo; ) be as given in Lemma and Lemma

respectively. Then,

-1

15, (L ® MO E (TP o) )] 720 #0,

52(]37 )\077' + 1) =
[ s, (B (T(P,O,r))—l)] otherwise,

FSo 111,

(58 i (1 @M Qo) B (T(P,Ao,r))*l)]_1

5F(P )\O r_l_l): 1 7 ZfAO?AOa
s (15t (B @ @or) )] therwi
s otherwise,
and
—1
Mg}w? (1 @ M(Ao; 7)) E (T(P, Ao, 7)) ™" | L1 ® [In [n} if Mo # 0,

~———
k+1 block columns

62100(P> /\0,7’ + 1) = = -1

Mgﬁ\'l\z E(T(P,0,r))™" | 11 ® [[n ]n] otherwise.

min{r,k}+1 block columns
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Proof. As P()g) is invertible, —AP(X) € S(P, \g) where S(P, \¢) is as in Corol-
lary if and only if

nullity (I — T(AP, Ao, 7)T(P, Ao, 7)™ ") =7+ 1. (4.3.2)
Due to Lemma the above relation may be written as,
wility (1~ (L@ [APO) < 22209]) B (T(P, A1) ) 2741 (433)
where p = min{r, k}. By Lemma this is equivalent to
nullity (I — (41 ® [AAg - AA]M (Ao; 7)) E (T(P, Ao, 7))7") =7+ 1,
which may also be written as

nullity (I — (L1 ®[AAg- - AAg]) (1,41 @ M(No;7)) E (T(P, )\o,r))_l) >r+1.
(4.3.4)
Then

inf{JAPI|AP() € S(P,20)} = |55, (Tt ® MQwi ) (T(P,20,7)) )] o

Similarly,
-1
nf{(JAP||AP(N) € S(P, Ao} 58 (U ® MOG)E (TP Xo,) )|
n & . = .
" ’ Vr+1
Again (4.3.4) can be written as
AA,
nullity | 7 — (I,H ® {1,1 1]) L ® (2 @ M3 7)) E (T(P, o))t | =+ 1.
k+1 block columns AAk
This is equivalent to
AA,
nullity | 7 — | Lo ® (Lo ® M(o: 1)) E (T(P,20,1) " | I @ [jn ]n] >4l
————
AAk k+1 block columns
(4.3.5)
Hence
-1
(APl APOY) € S(P 0} = |l | (e ® MO0 )E (TP A0, ) ™ | L@ |1, - 1]

k+1 block columns
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The proof for the case Ao # 0 now follows from Corollary [4.2.3]

If \p = 0, then the equation (4.3.3) becomes
nullity (1 - (Im ® [AAO AAPD E (T(P, 0,7‘))_1> >r4l. (4.3.6)
Then setting AA; =0fori=r+1,... kif r <k,

mf{JAP[,|AP(\) € S(P,0)} = [NEI,h-HQ (E (T(P,Oﬂ“))‘l)}_1 and

-1
r+1 —1
RN (15, (B (2(P.0.r) )
y | NZEST |
Equation (4.3.6) can also be written as
AAg
nullity | 7= | I ® [In In} L1 ® E(T(P,0,r) " | =r+1.
p+1 block columns AAP
This is equivalent to
AAg
nullity | 7 — | 7,01 ® E(T(P.0,r) " | La [[n In} >+ 1
AAP p+1 block columns
(4.3.7)
Setting AA;, =0fori=r+1,....kifr <k,
-1
inf{JAPL AP € S(P.O)} = |y, | B @@0) ™ [ Lo |1, - 1]
| S —
p+1 block columns
Hence the proof follows from Corollary 4.2.3] O

4.4 An alternative formulation of the distance as an opti-

mization

An alternative formulation for the distance d5(P, Ao, 7+ 1) is obtained in this section
for s =2 or F.
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4.4. An alternative formulation of the distance as an optimization

Theorem 4.4.1. Let P(\) = Zf:o NA; be an n X n matriz polynomial of degree k.
For a given integer r, such that 0 < r < kn, consider the sets, I' as in and

CUrm = ol 2Ttz e CYi=0,...,r, 39 # 0} (4.4.1)
Now let CE" be the collection of all block Toeplitz like matrices X given by,
T -
Ty X1 T Ty
Y1Zo Y21 ¥rTr_1
T1V2Zo v Vr—17rTr—2 Zf r < k7
(H%‘)xo
X = = =1 - -
Zo Ty ) T Ty
T1Zo Y21 VeTk—1 VrZr—1
Y17v2%o v Ve—1VkTk—2  C Yr—1YrLr—2 othollisd
k ‘ r
(H %‘)l“o ( H ’Yi)ﬂfr—k
\ L 1=l i=r—k+1 n
where [z2 - aT)" € CY™" and [y, ---~,] € T. Then for s =2 or F,
inf | [, A xxt| i<k,
5,(P,0,r +1) ={ X&r * (4.4.2)
inf [Ao Ak} XXt otherwise.
XecCr" s
and in general,
Xi%fm [P(Ao) %PT(/\o)} X(M(Mo;7r)X)T ifr <k,
(P dg,r+1)=¢ ~°F ts '
Xle%f;'" {P()\o) %P’f()\o)} X(M(No;7)X) . otherwise.
(4.4.3)

where M(Xo;T) is as given in Lemma |4.0. 1]

Proof. Initially consider the case that r < k. Let AP(\) = Zf:o MNAA; be any nxn
matrix polynomial of grade k such that (P+AP)()) is a regular matrix polynomial.
Then (P + AP)(\) has an elementary divisor (A — \g)? where j > r+1 if and only if
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there exists vectors xg, x1,...,x, € C" with zy # 0 and r positive scalars v,...,7,

such that

(P+ AP)(Xg)zo =0

(P + AP)(No)z1 +71(P 4+ AP) (No))xo =0
(P + AP)"(X)

ol fL’O:O

(P + AP)(Xo)z2 + Y2(P + AP)' (No)x1 + 1172

1.\ (P +AP) (A)

(P+ AP)O)z: + (P +APY Qo)ors -0+ (T[e) S22 — o
i=1 '
This is equivalent to
[ (P +AP)(\) 17 .
Nn(P+AP)Y(Ao) (P +AP)(Mo) A&
i EEARYC0) (P L APY(N) (P + AP)(Ao) | 2o,
T A T | T 1
(Hv)w (HV)W o (P+AP) )| | o, |
L =1 i= i
which can be written in the form
[AP(G) AP() - JAP ()| X == [P(0) P(hg) - AP (h)| X, (444)
where ~ .
Zo I i) st Ty
MNTo Y21 v VrTr—1
T 2 o r—1"VrLyr— r,n
X Y172%0 g 1’Y' 1 ec
(H %‘) Lo
L i=1 _
When \g = 0, (4.4.4) takes the form
[AAO AAT}XZ—[AO Ar:| X. (4.4.5)

By Theorem [1.5.1] the minimum 2 or Frobenius norm solution of this equation is
given by
|:AAO AAT} _ [Ao Ar} xxt (4.4.6)
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Setting AA; =0fori=r+1,...,kifr <k, (P+AP)()\) has an elementary divisor

M, j > r+1. Therefore in this case, §,(P,0,r +1) = i%f, [Ao A,} XXt
XeCp™ s
for s =2 or F. When )y # 0, Lemma implies that
[AP() AP(N) - ZAPTO)| = [A4, o A4 MOwr).

Using this in (4.4.4), the minimum 2 or Frobenius norm solution of the resulting

equation is given by
[Ady - AA] ==[PO0) P'(h) - 2PT(O0)] X(MOi7)X)',
thus proving that if r < k then for s =2 or F)|

55<P, )\0,T—|— 1) =

([P0 Pow - pPon] X x|

If r > k, then (P + AP)()\) has an elementary divisor (A — X\g)’ where j > r +1
if and only if there exists vectors xg,z1,...,z, € C" with g # 0 and r positive

scalars ~1,. .., such that

, P+ APY'(\
(P + AP)(Mo)xa + 72(P + AP) (No)x1 + 7172%3:0 =0
k
P+ AP)¥(X
(P + AP)O)zs + (P APY Qo)ais + -+ (T[) E5 00 =
i=1 ’
. P+ AP)*()
(P+ AP}z, +3(P+ APY (o) + -+ (] ) EEET A, g
i=r—k+1 ’
This set of equations can be written in the form
(P4 AP)(\) -
N(P+APY (M) (P+AP)(\) .
. . T
k : 0
) AL Co) P+ AP)(A = 0.
(Ev) : ( )(%0) o
(I1 )esspree o (prarog| [7]
L i=r—k+1 |

TH-2269_136123016



CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 95

This is equivalent to

AP(N) AP'(N) - BAPHO)| X == [P(h) Pi(N) - APHO)] X,
where
_xg T T e Tk, e Ty |
Mo Y21 v VeTr—1 T VrLr—1
X — M7Y2To v Ve—1VkTk—2 Vr—17rLr—2 cCrm.

(ﬁ%)ﬁo ( ﬁ ’Yi)l‘r—k

i=r—k+1 _

Therefore the proof follows by arguing as in the previous case. O]

Remark 4.4.2. The parameters v; can all be taken to be 1 in the optimization that
computes 0s(P, Ao, 7 +1) for s =2 or F. As shall be seen in Section this will also
decrease the number of variables in the optimization. But these parameters play an
important role when computing the upper bound for d5(P, \o,r + 1). However, there
15 no particular advantage in choosing them to be nonzero real or complexr numbers

when deriving the upper bound.

4.5 Lower bounds

The first lower bound on the distance d5(P, Ao, + 1) where s = 2 or F' is derived
from Theorem L2.1]

Theorem 4.5.1. Let P(\) = Zf:o M A; be an n X n matriz polynomial of degree k
and r < kn be a positive integer. Let vy := [y1---7] € T, for T as in and
T, (P, Ao, 1) be as in . For s =2 or F, the distance 65(P, \o,7+1) to a nearest

matriz polynomial having (A — X\o)? as an elementary divisor with j > r+ 1 satisfies

f(v) .
Sup,er —=—= ifr <k,
5o(P,Xo,r +1) > VAa®)

)

otherwise,

wh@r@f f(V) = U(T-I-l)n—T’(T’Y(Pv )‘07 T))?

p P
Fi(y) = [|IM (s 7)l3 IIE;E(T <1 + ZH’YZHi) and

t=1 i=t
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p p p p
— )12 2 2
Fy(y) := ||M(Xo; 7)||5 max {112;%@ (1 + E H%Hz‘) ) mmax (1 + E H7r+1i> },

t=1 i=t t=p—k+1 i=t

M (Xo;r) being as defined in Lemma |4.0. 1}

Proof. Consider the case that r < k. Let AP(\) = Zf:o ANAA; be an n X n matrix
polynomial such that (P+AP)()) has an elementary divisor (A—Xg)? with j > r+1.
By Theorem [.2.1, 0(r41yn—r(Ty (P + AP, Xo, 7)) = 0 where T,(P + AP, Xo,7) is as
defined in (£.2.2). By the perturbation theory for singular values,

f(fY) = ‘U(T-I-l)n—r(T'y(P s APa )\07 T)) - O'(T—l—l)n—r(T'y(Pa )\07 T))|

< ”T’Y<Apa )‘07 71)”2 :

Observe that
T

T, (AP, Ao, ) = (IT—H & [AP()\O) %APTO\O)]) [ET

o Ehae B

v+l

where EA%J- =E,,®1, E,;;j=1,...,7+1, being the (r + 1) X (r 4+ 1) matrices
1 1 i 1]

M Tr
E’YJ = ,E%Q = 9000 7E'y,r+1 = -1

r

H%‘

Li=1 .

Therefore,
) . . . B
o)< |[apw) - 2ar )], H B0 B, e L
Now,
[aP00) - 2aP )], < IAPEIM i)l
where the last inequality holds due to Lemma 4.0.1] This shows for s = 2 or F,
f()

g 5S(P7 )\07r + 1)7
Fi(v)

and the proof follows by taking the supremum of the left hand side as v varies over

I'. The lower bound for the case r > k can be proved by similar arguments. O]

A second lower bound of §5(P, A, 4+ 1) for s = 2 or F' and a lower bound of
02.00(P, Ao, 7 + 1) are obtained from Theorem 4.3.2
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Theorem 4.5.2. Let P(\) = Z?:o N A; be an n x n matriz polynomial of degree k,
and 1 < r < kn. For any Ay € C which is not an eigenvalue of P(\), let T(P, o, 1)

be as defined by and E and M(Xo;r) be as defined in Lemma and
Lemma respectively. For a given positive integer t, let St be the collection of

column vectors of length t with positive entries and

a1
Win(a) == ® In,

Qg

T
where a = [al at] € S'. Then for s =2 or F,

65(P7 >\07T + 1) 2 sup (O'T+1(B()\0,Q,P)))_1,

aeSr+1

where

B(Xo, a, P) := Weit gesyn(@) (Lr1 @ M(Xo; 7)) E (T(P, Mo, 7))~ W54 (),

and
S200(Py A0, +1) = sup  (0,41(Bins(ho, a, P))) 7Y,
acSk+1)(r+1)
where
Binf()\(]?a? P) — W(IT+1 ®M(A0,7”))E (T(P, AO’T’))_I (.[1-+1 ® |:In Ini| )W717

—_——
k+1 block columns

and W = W(k+1)(r+1)7n(a).
If \g = 0 then for s =2, or F,

(55(P,0,7’ =+ 1) > sup (UT+1(§<070J7 P)))ilv

acSrt1

where B(0,a, P) := Wit (min{rg+ 10 (@) E (T(P,0,7) W24, (a), and

62,00<P7 07 T+ 1) 2 sup (Jr+1(§inf(0> a, P)))_17

aeSEHD (r+1)

where

Bui(0,0,P) = WE (D(P,0.1) 7 (La @ I, - 1] )W
—
p+1 block columns

and W = Wity p+1)n(a), p being the minimum of v and k.
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Proof. Let S(P,\g) be as in Corollary 4.2.3, If —AP(X) € S(P, ), from (4.3.4)
the nullity of

I1=W,3 (@) (I @ [AAg -+ AA]) Wi (k1) (@) (Ln @ M (Mo; 7)) E (T(P, Ao, 7)) ™

is at least r + 1. Therefore nullity (I — (1,11 ® [AAg--- AAg]) B(No,a, P)) =7+ 1.

By Lemma [1.6.3] H [AAO AAk] H > (0,11(B(Xo,a, P)))71, so that for s = 2
2
or F, 6,(P,\o,7+1) = sup (o,11(B(Xo,a, P)))"'. Again from (4.3.5) the nullity of
aesr+1
AA,
-w Lo W (Ia1 © M(No; 7)) E (T(P, )\O,r))”(j}ﬂ ® {In In} )
S
AAk k—+1 block columns

is at least r + 1. This is equivalent to

AA
nullity | I — | [,11 ® Bint(Mo,a,P) | =2 r+ 1.
AA,

By Lemmall.6.

AAg
2 (0r+1 (Binf()\(h a, P)))_la
AA;

2

hence
52,00(P7 )\0,7“ + 1) > sup (Ur—i—l(Binf()\Oa a, P)))_l

acSk+1)(r+1)
Similarly if —AP()\) € S(P,0), from inequality (4.3.6) the nullity of
1= W) (L@ (A4 - AA]) W grin(@)B (T(P,0,7)

is at least r + 1, where p = min{r, k}. This is equivalent to

nullity (I - (Lﬂ+1 ® [AAO AApD B(0, q, P)) >l

o

[ [240 - aa)]

By Lemma [1.6. > (0,41(B(0,a, P)))~". Therefore
2

5(P,0,7+1) > sup (,41(B(0,a, P)))~" for s =2 or F.

acSr+1
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Again from (4.3.7)), the nullity of

A4
T WE @®0.m) (Lo [ - 1])

| S —
AAP p+1 block columns

is at least r 4+ 1. This is equivalent to

AAg
nullity | I — | L1 ® Einf(o,a, P)| =2r+1
AA

AAg
By Lemma |1.6.3] > (0r41(Bunc(0, a, P)))~L. Therefore

A4 |,

O20o(P,0,7+1) > sup  (r11(Bue(0,a, P)))~L.

aeSE+D(r+1)

This completes the proof. n

4.6 Upper bound

In this section an upper bound on the distance d,(P, \g,7+1) for s = 2 or F' that can
be used in conjunction with the lower bound obtained in Theorem is derived.

Theorem 4.6.1. Let P(\) = Zf:o N A; be an n X n matriz polynomial of degree k
and r < kn be a positive integer. Let v := [y1...7%,] € L, for T as in ({{.2.1), and
let f(7) == 0gs1yn—r(T5(P; Xo, 7)) where Ty(P, Ao, 7) is as in . Suppose that
v(y) = [UOT ol T ! and u(y) = [ug ul .. UZ]T are the corresponding
right and left singular vectors with v;,u; € C* for i = 0,1,...,r dependent on ~.
Also let Ty C T' be the collection of all v € T' with the property that the vector
vo formed by the first n entries of a right singular vector v(vy) associated with the

singular value f(v) of T,(P, Xo,7) is nonzero. Then for s =2 or F,

infcr, UV ()t Ao =0,
5P i1 < 4 e FN TV, if Xo (46.1)

infer, f(7) [|[U(7) (M (Xo; r)V(v))THS otherwise,
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where M (X\o;7) is as defined in Lemma |4.0.1, U(v) = [Uo UT} ,
Vo U1 (] s (N
TV YU YrUr—1
T1Y2Vo o Vr—17YrUr—2 ifr <k
) :
(H ’Yz') Vo
Vi =11 e ]
Vo U1 V2 cee Vg 000 Uy
TV U1 VkVk—1 e VrUr—1
Y172V v Ve—1VkVk—2 Vr—17rUr—2

otherwise,

(I (IT )

1=r—k+1 n

and the infimum is taken to be oo if Ty = ().

Proof. Initially we consider the case A\g # 0. From (4.4.3)) it is clear that if v € Ty,
then V' (7) satisfies

42| VO VY| it <

S

otherwise

S( 7)\07 1) g

S

for s =2 or F. As v(y) is a right singular vector of T',(P, Ao, ) corresponding to
f(v), it is clear that [P()\o) %!PP()\O)] V(v) = U(y) where p = min{r, k}. In
either case, 8,(P, Ao, + 1) < f(7) [|[U(y)(M (No; T)V(W))THS> and the proof follows
by taking the infimum of the right hand side of the above inequality as + varies over
[y. The result for Ay = 0 follows from by similar arguments. O

Remark 4.6.2. A matriz polynomial for which Ty = () has never been encountered
in practice. Therefore it is conjectured that the upper bound in Theorem 18
never co. In fact numerical experiments show that in many cases this upper bound

is very close to the computed value of the distance.
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4.7 Distance to the set of matrix polynomials having a de-

fective eigenvalue at zero

The quantities d5(P,0,2),s = 2, F, and s (P, 0,2) are the measure of the distance
to a matrix polynomial nearest to P(\) = Zf:o A A;, having a defective eigenvalue
at 0. In this case the problem becomes equivalent to finding a nearest matrix pencil
to AA; + Ap in the chosen norm that has 0 as a defective eigenvalue. Note that this
distance is of significant practical interest as when P(\) is a pencil then the physical
significance of 0p(P,0,2), d2(P,0,2) and d2.,(P,0,2) is that they are different mea-
sures of the distance of the autonomous system Apz = —A;x to a nearest system
which has an impulsive solution for some initial conditions. One can find the de-
tails in [52]. Here we give an alternative characterization of the distance d(P,0,2).
Under the assumptions that rank Ay < n and the ranks of the perturbation to each
coefficient of P(\) are at-most one, we give a closed form solution of the distance
with respect to the norm ||-||p. Finally in the ||-||2.00 norm setting we consider the
case where the polynomial under consideration is Hermitian and only Hermitian
perturbations are allowed.
Firstly, the upper bound for the distances in Theorem is given by

T

. Vg U1
inf f (7) [Uo Ul]
7€To Vo

v, u
for s = 2 or F where | | and | _| are the right and left singular vectors of
U1 Uy
P(0) : : -
corresponding to its (2n — 1)™ singular value denoted by f(v). In
7P'(0) P(0)

this case, v can be allowed to vary over all positive real numbers as the restriction

vg # 0 can be removed. To see this, assume that v > 0 is such that the corresponding
.|.

0 v

vector vg = 0. Then clearly vy = 0 and f(y) [0 u1] ! = f(v). Let
0 O

AP(\) = S8 NAA; where AAy = —f(y)uvf and AA; = 0 for all s = 1,... k.

Then

0 T 0 T
BAy A =—F() [0 w] L 0] and JAP], = f() [ |0 w] {0 0] = ()

S
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for s = 2, or F' and the relations

P (0) 0 = f(7) 0 and [o uﬂ PO) = f(v) [0 vﬂ,
YP'(0) P(0)| [ uy vP'(0) P(0)

imply that Agvy = f(7)ur,ujAo = f(7)v] and ujA; = 0. Therefore,
WP+ AP)(0) = wi Ay — F(7)0 =0, (P+ AP)(O)0r = Aguy — F(7)us =0

and ui(P + AP)(0)v; = ujAjv; = 0. So unless (P + AP)()\) is singular, 0 is
a multiple eigenvalue of (P + AP)(A). In either case the objective is achieved as
the polynomial (P + AP)(\) is arbitrarily close to having an elementary divisor
N, j>2.

f()

From Theorem [4.5.1} 6,(P,0,2) > su
( ) 'y>F0) 1+ ’)/2
as in Theorem {4.5.1] Additionally the following lower bound holds for §z(P,0,2).

for s =2 and s = F', where f(7)

Ao

Theorem 4.7.1. Let P(\) = S5 N A; € CIN™™ and T, (P,0,1) = .
vAr Ao

Then T.(P.0,1
sup U2n—1( 7( s Yy )) <5F(P;072)
v>0  max{v/2,7}

Proof. For any AAy, AA; € C"™ and v > 0,

Ay + A4y Aq
Tan—1 — Oan—1 < .
’}/(Al + AAl) AO el= AAO ’yAl AO 5

If the pencil (Ag + AAg) + A(A; + AA;) has a multiple eigenvalue at zero, then by
Theorem [4.2.1]

A4
~VAA, AA

Ao + AA
O2n—1 =0

’}/(Al + AAl) AO -+ AAO
for any v > 0. Therefore, for v > 0,

A4
’}/AAl AAO

0201 (T4(P.0,1)) < < V21BN +2 1AM < max{vE A1/ A4 2 + [ AAL I,

2

n—1(15(P, 0,1
and hence, supa2 (T(5,0,1))
>0 max{\/ﬁ,'y}

Since the distance to a nearest matrix polynomial with a defective eigenvalue at

< 0p(P,0,2). This completes the proof. H

zero is equal to the distance to nearest matrix polynomial with a multiple eigenvalue
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at zero, we state here some results from literature [53 [66] concerning the distance
to a nearest matrix polynomial with an eigenvalue of specified multiplicity. Though
in [66] the authors have used a different norm to measure the said distance, we have

restated the main result of [66] so that it holds in the norm setting chosen here.

Proposition 4.7.2. [66] Let P(\) = 3.5 N A; € C[\™*" with Ay, nonsingular. For

A
v >0 let f(y) = o9n_1 ’ . For (%) := maxf(y) and & := max—20——
’}/Al AO >0 >0 1 0
v 1)t
dr(P,0,2) and 05(P,0,2) satisfy
. R . . R ot
& <or(P.0,2) < 1A) [[m@) w@)] [m® w@)]]||
F
& < 62(P,0,2) < f(9)-
w1 (9 v1 (A
where u(y) = 1(7) and v(%) = 1) are respectively the left and right
u2(7) va(9)
_ Ao _ _
singular vectors of with respect to f(y) with v1(F), v2(§), w1 (%), u2(y) €
4y Ao

Cn.

Given P(\) = Ap + AA;, the nearest pencil with zero as a multiple eigenvalue

A
when only Ay is perturbed is established to be max oy, 0 in [53] under
70 vA; Ao

certain assumptions. The result in [53] is in a more general form, but here we restate

it in a form best suited for our purpose.

Proposition 4.7.3. [53] Let Ao, A1 € C™" and f(¥), v(7), v1(¥) and vo() be as

A
defined in Proposition [4.7.4. If f(%) is a simple singular value of ‘ and
YA1 Ay

rank [01(?) v2(&)} = 2, then
inf{[|Ado||2 |(Ao + AAg) + AA; has a multiple eigenvalue at zero} = f(%).

Next we formulate the distances dp(P,0,2) and s (P, 0,2) as optimizations.
The formulation for ép(P,0,2) is different from the one in Theorem [4.4.1} The key
to the results is the fact that the distance to a nearest regular polynomial with

zero as a defective eigenvalue is equal to the distance to a nearest regular matrix
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polynomial with a multiple eigenvalue at zero. From [0] it follows that a regular
matrix polynomial P(\) = Zf:o A A; has a multiple eigenvalue at zero if and only
if there exist nonzero vectors x and y such that Agx = 0,y*Ay = 0 and y*A;x = 0.
Therefore, the distance to a matrix polynomial having multiple eigenvalue at zero
is equivalent to finding smallest possible perturbations AA, and AA; with respect

to the chosen norm settings such that
(Ag + AAg)x = 0,y" (Ao + AAy) =0 and y*(A; + AA))x =0

for some nonzero vectors x and y. The following proposition, which is a combina-
tion of [70, Theorems 1.2.13 and 1.2.14] and Theorem helps in finding such

perturbations.

Proposition 4.7.4. Let E, A € C"*" and x,y € C" such that ||z||, = ||y|l, = 1.

(a) Let Pg be the collection of all AE € C™*" satisfying
AFEx = —FEzx and AE*y = —E™y.
Then, any AE € Pg is of the form

AE = (I, — yy*)R(I, — zz*) — Exz* — yy* E(I, — zx*) for R € C"*".

(b) Minimal Frobenius norm:

o 4 * 12 * L
Jmin |AE] = (1Bl + | B |y Eaf)} (r1)

which is attained by AE = —Bax* — yy*E(I, — xx*).
(¢) Minimal 2-norm:

Jmin A, = max{| Bl [ £y}, (4.7.2)

Case 1: |Eall, > | B,

The minimal 2 norm s attained by

((y*Ex)y — Ex) ((y*Ex)r — E*y)"
|(y*Ex)y — Bx|f;

AE :=y*Ex (ya:* + > — Fxx* —yy'FE

if BEx and y are linearly independent and by AE = —yy*E, otherwise.
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Case 2: | Exl, < |E*yl,.

The minimal 2 norm s attained by

((y"Ex)y — Bx) (y*Ex)x — E*y)"
I(y*Ex)a — E=yl;

AE :=y*Ex (yx* + ) — Fxx* —yy*'FE

if E*y and x are linearly independent and by AE := —Exz*, otherwise.

(d) Let Py be the collection of all AA € C™" such that y*AAx = —y*Ax. Then
any AA € Py is of the form

Ap =7 —yy Zzxx® — (yAx)yx™ for Z € C™*".

(e) Minimal Frobenius and 2-norm:

nin (18l = gnin 154l = ly* Aa] (473
and both minimal norms are attained by A, = —(y*Ax)yz*.

We obtain the following characterization of (P, 0, 2) and 03 o (P, 0, 2) as a direct
consequence of Proposition [£.7.4]

Theorem 4.7.5. Suppose P(\) = Y5, NA; € C[\™*". Then,

5r(P0.2) = inf /| Aol + [ A5yl v Aoal + [y AP (4.7.4)

el =llylle=1
and
0200(70,2) = b Amax{|Aozlly . [Aoyll, . [y Arzl}} (4.7.5)
Zl2=11Yll2=
Remark 4.7.6. From Theorem|[].7.9 it is clear that for a regular matriz polynomial,
only the constant coefficient and the coefficient of X\ need to be perturbed to achieve
the objective of finding a nearest matriz polynomial having a multiple eigenvalue at

zero. The optimal perturbations AAg and AA; that correspond to the minimizations
in Theorem can be explicitly constructed by using Proposition[4.7.4).

4.7.1 Low rank perturbations

In this section we obtain a closed form expression for the distance from a given
matrix polynomial P(\) = Zf:o M A;, where Ag is singular to a nearest matrix
polynomial having multiple zero eigenvalue via perturbations of rank at most one.

We formulate the problem as

inf {||AP||¢|(P + AP)(X) has a multiple eigenvalue at zero and rank AA; < 1}.
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Theorem 4.7.7. Let P(\) = 3. (N A; € C[\™™ with rank Ay = n — 1. Suppose
Ay = UXV* is a Singular Value Decomposition (SVD) of Ay and a; ; is the entry of

U*AV in the it" row and §* column. For

g1 01 ai,n
02 ) a2n
X:= I 5 Y.= )
On—1 Opn—1 Qpn—1n
_an,l R <o, | an.n_ L Qp.n |
where o1 = 09 = -+ = 0,1 > 0 are the singular values of Agy, we have

inf {|AP|r|(P 4+ AP)(X) has a multiple eigenvalue at 0 and rank AA; < 1} = min{omin(X), omin(Y)}-

Proof. Since the Frobenius norm is unitarily invariant, it is enough to prove the
theorem by replacing A; by U*A;V, i = 0,..., k. Note that in such a case Ay gets
replaced by diag(oy,...,0,-1,0).

For any AP(\) = 3°F (MAA;, (P4 AP)()\) has a multiple eigenvalue at zero if
and only if (Ag + AAg)x =0, (Ay + AAp)*y = 0 and y*(A; + AA;)z = 0 for some
nonzero z,y € C".

If AAg has rank at most one then exactly one of the following two cases hold.
Case 1: (Ap+ AAy)z =0, for some x € C" with ||z]|, =1 and " (A1 + AA;)z =0

for a corresponding gy € C" satisfying
g*(Ag+ AAy) =0 and |||, =1.

Case 2: y*(Ap+ AAy) =0 for some y € C" with ||y||, =1 and y* (41 + AA;)Zz =0

for a corresponding & € C" satisfying
(Ag+ AAp)Z =0 and ||z, = 1.

Proof for Case 1: Choices of AAJ, AA} € C™*" each with rank at most one satisfying
(Ao + AAY)x = 0 and y*(A; + AA})z = 0 that are also minimal with respect to

Frobenius norm are given by
AA] == —Agzz”, and AA} := —(§"Ax)gx”

respectively. Note that while the choice of AAJ is obvious, that of AA$ follows from
part (e) of Proposition [4.7.4, Now

U (Ao +AAY) =0= (I, —xa")A5y =0

TH-2269_136123016



CHAPTER 4. NEAREST MATRIX POLYNOMIALS WITH A ... 107

and since ||z]|, = 1, either A5y = 0 or Ay = ax for some a € C\{0}. If Ajy =0,
then y = +e, and AA} = —(a,z)e,x* where a, is the last row of the matrix A;.

Therefore in this case
IAASIT + 1AAY] = [(Aoz)a™ |7 + [(anz)ena™ |7 = | Xal; - (4.7.6)

On the other hand, if Ajy = ax, then z*e, = 0 and (A + AAf)e, = 0. Since we
also have (Ag + AAQ)z = 0, so z*e, = 0 implies that \/||AA5||; + |AAS|7 > 0y
Proof for Case 2: Arguing as in the proof of Case 1, a choice of AAj, AA} € C**"
with ranks at most one that satisfy y*(Ag + AAS) =0 and y*(A; + AA})E = 0 and

are also minimum with respect to Frobenius norm are given by

AA] = —yy* Ay, and AA} = —(y"A12)yz”
respectively. Therefore,
(Ao + AAY)T =0= (I, — yy*) Aoz = 0.

and since |ly||, = 1, either ApZ = 0 or Az = By for some § € C\{0}. If Apz =0,
then & = +e, and AA} = —(y*al,)ye; where a, is the last column of the matrix A;.

Therefore,
IAAS|E + 1AL = I (yy") Aol3 + Nl (v ap)yenllz = Iy Y5 (4.7.7)

On the other hand, if Apz = Sy, then y*e, = 0 and e} (Ay + AA3) = 0. Since
y*(Ag + AAY) = 0, so y*e, = 0 implies that \/||AA5||§ + |AAS)% = 0,1 Setting
AP(\) = Z?:o NAA? where AA? =0 for i = 2,...,k, in either case it follows that

inf {||AP||r|(P + AP)(A) has multiple eigenvalue at zero and rank AA; < 1}

—nin { min, Xl min, 7Yy 001

]l y=1 llyllo=1
=min{omin(X), omin(Y) }

where the last equality holds as ¢,,_; is not strictly smaller than oy, (X) due to the

particular structure of X. This completes the proof. O]

4.7.2 Hermitian perturbations

In certain cases, the physical structure of the system itself gives rise to certain
structures (for example, Hermitian) in the coefficient matrices of the matrix polyno-

mial. Many such examples have been studied in literature. For example, a typical
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control system, denoted as (E, A, B,C, D), that arises from the discretization of
partial differential equations, model reduction, realization or system identification,
is B0 = Av+ Bu, w = Cv + Du, where E, A, B,C, D are real or complex matrices
of size n X n,n X n,n X m,m x n, and m x m respectively. If sE — A has no finite
eigenvalues in the closed right half of the complex plane, then determining whether
the system is passive, (i.e., whether it absorbs supply energy), is equivalent to the

Hermitian pencil

0 <3\ 0 0 A B
s| —iE* 0 0| —| A 0 C*
0 0 O B* C D+ D*

being regular, having only nonreal eigenvalues and infinity being an eigenvalue with
equal algebraic and geometric multiplicities (see [37]). Motivated by this fact, in this
section we consider the problem of finding the distance with respect to the norm
Ill2.00 from a given n x n Hermitian matrix polynomial P()) to a nearest matrix
polynomial in the class, say H,, of n X n Hermitian matrix polynomials that are
either singular or have an elementary divisor M, j > 2. Recall that this is equivalent
to finding the distance from P()) to a nearest Hermitian matrix polynomial that
is either singular or has oo as a defective eigenvalue. We denote and define the

distance as
Ogroe (P, 0, 2) = mf{|AP[lo,0c : AP*(X) = AP(X), (P + AP)()) € H..}.
The following lemma characterizes the matrix polynomials in H,,.

Lemma 4.7.8. Let Q(\) = Y.F (NB; € H,. Then Box = 0 and z*Byx = 0
for some nonzero x € C". Conversely if there exists a nonzero x € C" satisfying
Bor =0 and z*Byx = 0, then Q(\) belongs to the closure of H,, with respect to any

norm on the n x n Hermitian matriz polynomials.

Proof. Suppose Q(\) = Z?:o NB; € H,, is singular. By [41]

Bk: Bk
kal Bk,1
L) =\ —
By By Bg-1 -+ DB
Bk Bk:—l cee BQ Bl _BO
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is a Hermitian linearization of Q(A) belonging to Li(Q) (given by (2.0.1))) corre-
sponding to the ansatz vector e,. From the canonical form under congruence of
Hermitian matrix pencils in (1.2.1)), £(\) has a vector polynomial w(\) in its right
and left minimal bases satisfying w(0) # 0 and w(0)*£'(0)w(0) = 0. By [14], there
exists vector polynomial x(A) in the left and right minimal bases of Q()\) such
that w(A) = Ax(A) @ z(A). Clearly w(0) # 0 = z(0) # 0. As L(\) € Li(Q),
L) (AN ® I,) = e @ Q(A). Differentiating both sides with respect to A and
multiplying on the left and right by w(\)* and 1 ® x(\) respectively,

wA) LA (Ae(X) @ L) (1@ 2(N) = w(A) (er @ Q" () (X))
=w(A) L' Nw) = A Vex(@(A) Q' (V1)

Since A} (M)er = 1, and the left hand side of the second equation is zero for A = 0,
we have x*Byz = 0 for x = x(0) # 0. Also clearly Byx = Q(0)z(0) = 0.

Next let Q()) be regular with an elementary divisor A\*, & > 2. This is equivalent
to the Hermitian pencil AB; + By having such an elementary divisor. Therefore the
canonical form of AB; + By under congruence in , has an m x m block of the

form \F}, + G,, where m > 2 and F,,, and G,,, are the m X m matrices

B 7

(. T
1 0
F,_1 0
Fm: 7Gm:
0 0
0 1
1 0 v - 0

Clearly, this implies that there exists z € C"\ {0} such that Box = 0 and 2* Bz = 0.

Now suppose that there exists z € C* \ {0}, such that Byx = 0 and z*Byx = 0.
Assume without loss of generality that Q()\) is regular and A\*, k > 2, is not an
elementary divisor of Q)(A). This implies that the canonical form under congruence
of the pencil AB; + By has a diagonal block D,,, := Adiag(s; - - s,,) for some m > 2
where s; = +£1,% = 1,...,m with s;5; = —1 for some 7 # j. Consider a Hermitian
perturbation to the canonical form such that for arbitrary ¢ > 0, the block D,,
changes to D,, + €(e; + €;)(e; + e;)* and the rest of the canonical form remains
unchanged. Let NAB; + ABy be the Hermitian perturbation to AB; + By that
induces this change in the canonical form. Clearly 0 is a defective eigenvalue of
A(By 4+ ABy) + (By + ABy) and hence A\¥, k > 2 is an elementary divisor. Therefore
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(Q+AQ)(N) == F NB; + A\(By + AB)) + By + ABy € H,,. By choosing ¢ > 0
small enough, (Q + AQ)(\) can be brought arbitrarily close to to Q(A). Therefore
Q(A) belongs to the closure of H,, and this completes the proof. O

Theorem 4.7.9. Let P(\) = Zfzo N A; be a Hermitian matriz polynomial. Then

55 o (P,0,2) = | 'lnf {max{||Aoz||,, |z"Az|}} .

> zll,=1

Proof. Let AP(\) = S°F  MAA; be a Hermitian matrix polynomial. By Lemmam
finding 6" (P,0,2) is equivalent to finding the smallest || AP||3o such that

(Ag + AAg)x =0 and z*(A; + AA;)z =0 (4.7.8)
for some x € C" with ||z|, = 1. By [5, Theorem 2.6
min{||AAgll, |AAy = AAS, AAogr = —Apx and ||z, = 1} = |[Aoz|,.  (4.7.9)

Moreover the norm is minimized by

2 *
AAO _ ||AOIH2 onx* e II*AO s m*on (mx* + AOI’(AOI’) >j|

(2% Agz)? — || Agzl3 1403
(4.7.10)
if x and Apx are linearly independent and by AAy = —Apxz* otherwise. Again by

Theorem [LL5.]]
min{||AA ||, |AA; = AA}, 2" AAdx = —x* Az and ||z||, = 1} = |27 Ayz| (4.7.11)

where the minimal norm is attained by —(z*A;z)xzz*. The proof now follows from
(4.7.9) and (4.7.11]). O

If perturbations are allowed only on the coefficient Ay of P(A) and the restricted

distance is denoted by SSOO(P, 0,2), then the following characterization is obtained.

Theorem 4.7.10. Let P(\) = Y. XNA; be a Hermitian matriz polynomial. Then

p

00, if Ay is definite,

5500(]37 0,2)= VAmin(VFAFAV), if Ay is semidefinite, (4.7.12)
\/ SUPp Amin(AjAo + tA1), if Ay is indefinite
\

tE[tl, tz}

where V' is an isometry whose columns form an orthonormal basis of the null space of
A1y Amin(A§Ao+tAr) and Apin(VFAFAGV) are the smallest eigenvalues of A Ag+tA;
and V*A5AyV respectively, 1, = Umin(Afrz,i;((;xTBX(AO)Q? and ty = Gmin(A;ii;(:r?st(AO)Q )
and Amax(A1) and Apin(A1) are the largest and smallest eigenvalues of Ay respec-

tively.
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Proof. Along the lines of Theorem [4.7.9] we deduce that

03 (P,0,2) = inf{|| Agz||, |+ € C*, " Az = 0, ||z, = 1}. (4.7.13)

e}

Now || Agz||3 = x*AjAgx. Thus by [48, Theorem 6.2], we have,

,

00, if A, is definite,
3;100(]3’ 0,2)= \/)\min(V*ASAOV), if A, is semidefinite, (4.7.14)
\/ sup Amin(AgAo + tA1),if Ay is indefinite.
teft, 2]
This completes the proof. n

4.8 Numerical Experiments

This section presents numerical experiments conducted to illustrate the upper and
lower bounds on the distances and their values computed via the Broyden Fletcher
Goldfarb Shanno (BFGS) algorithm and MATLAB’s globalsearch.m algorithm
from the formulation in Theorem [£.4.1]

Computing 0g(P, Ao, r + 1) from the optimization in Theorem via BFGS

requires the gradient of the objective function

| HX X1 if g =0,
f(X) = ’
HHX(M()\O;T)X)THF otherwise,
where X varies depending on whether r < k or r > k, H = _P()\o) %Pp()\o)}
= p:
and p = min{r, k}. We consider the case A\g # 0. By Lemma {4.0.1, H = GM (A\o;7),
where G = [AO Ak] . Therefore

FX) = [|G(M (ho; ) X) (M (No; ) X)T| .

Only real matrix polynomials are considered in the experiments. Since M (Ag;7)
has full column rank, for any X = Xj if there exists a neighborhood S of X such
that rank X, = rank X for all X € S then f(X) is differentiable at X,. If we use
any numerical scheme to find the infimum of f(X), then generically at every step
there exists a neighborhood S of X where every element of S is of full rank and
consequently we can find gradient of f(X) at those points. Additionally the matrix
X involved in the objective function f(X) has block Toeplitz structure which needs

TH-2269_136123016



112 4.8. Numerical Experiments

to be incorporated when finding the gradient of f(X). For simplicity, the gradient
is initially computed for the function (f(X))? without taking the structure of X
into consideration with the changes due to the structure being incorporated later.

Therefore the function under consideration is
2
9(X) == (f(X))* = ||G(M (o3 7) X ) (M (No; 7) X)T|| .-

Considering ¢g(X) as a real valued function of the entries of X,

dg
vg(X)’X—XO - vee (ﬁ X—Xo) )

Now, setting Y = M(\g; 1) X,
dg =2(GYY' Gd(YYT)) where (A, B) = traceA” B.
Expanding the right hand side gives
dg = 2(GTGYYI(YDT dY) + 2(YTGTGY YT, dYT) (4.8.1)
where,
dYT = (I -YY)ayT(YHT(y") + YOy HTay"(I - YY") — (YNdY (Y").
Therefore,

dg =2(GTGYYT (YN aY) +2(YT'GTGY YT, (I — YTY)ayT (YD (YT))
+2YTGTQY YT, (YN(YDHTaY™(I — YY) — 2(YT'GTGY YT, (YN dY (YT))
=2GTGYYT (YT dY) + 2((I — Y V)TYTGTGY YT (YD (YT),dYyT)
+20(YHYYH'YTGTGY YN (I — YYD ay™)
—2((YHIYTGTGY YT (YT dY)

=2(F(G,Y),dY)
where

F(GY) =GTayY (YN + (yNHTYT(YNIYTGTGY (I - YY)

+ (I -YyYH(YHIyTeTayyi(yhr — (YHIYTGTay YT (Y.
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As, dY = M(X\g;r)X, 99 = 2M(No;7)TF(G,Y) =: (X). Now at a fixed X,

v dX
dg — .
P = 9(Xp). Due to the structure of X, Vg(X)‘ is given by
X=X X=X
w(XO)(z—l)n#»l,z
- P :
L[] V(X
2 : .
y d?(XU)m,i @'(XU)(i—l)n+l‘i+r—k
Y(X0) (= Dnt1,i+1 Sk :
Y- D(Xo)in.itr—
Vg(X) = = if r < k, and Vg(X) = L Y Xodinirs | ifr>k.
X=Xo | Y(Xo)inisa < P(Xo)G-niLitr—ki1
. i
_1/)()(0)1”‘“ U(X0)initr—k+1
(Xo)is
_’lr//'(XU)n,rJrl | U/( O-)l. +1
Y(Xo)nr+1

The gradient of (f(X))? for the case Ag = 0 may be found on similar lines. Due
to the difficulties in computing the gradient of the associated objective function, the
optimization for d3( P, A\g, 7 + 1) in Theorem is performed only via MATLAB’s
globalsearch.m. Also in each case, the optimizations involved in the lower and

upper bounds are computed via globalsearch.m algorithm.
Example 4.8.1. Consider a 2 x 2 matrix polynomial of degree 3,

—0.1414 —0.1490 0.8837 0.9969 , |0.6346  0.9689 5 | —1.9867  1.2800
P\ = + A + A + A .
1.1928  0.9702 0.2190 0.0259 0.6252 —0.0649 0.6097 —0.1477

Table records the the values of the distance dp(P,0,7) computed via BFGS
and globalsearch.m algorithms using the formulation in Theorem for various
values of r together with lower bounds from Theorem and Theorem [4.5.2] and
the upper bound from Theorem [4.6.1] Table records the same for dg(P,1,7)
as r varies from 2 to 6. Likewise, Table and Table records the corre-
sponding quantities for the distances do(P,0,7) and d5(P, 1,r) respectively, except
that in these cases the distance is computed only via the globalsearch.m algo-
rithm. Tables |4.8.5 and [4.8.6| records the bounds for the distances d9 o0 (P,0,7) and
d2.00(P, 1,7) for all possible values of r > 1. In this case the lower bound is calcu-
lated using globalsearch.m on the corresponding formulation in Theorem[4.5.2] To
obtain the upper bounds, the |-||2,co norms of the perturbations attaining the upper
bounds with respect to |- and [|-|]2 in Theorem are calculated. The ||-]|2,00
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norms of the perturbations corresponding to the computed distances 0z (P, Ao, T)
and d2(P, Ao, ) where A\g € {0, 1} obtained from BFGS and/or globalsearch.m are

also calculated. The least of the two sets of norms is then reported as the upper

bound.

Distance Lower bounds Estimated distance Upper bound
measured | (Theorem [4.5.2) | (Theorem K.5.1 BFGS globalsearch | (Theorem [4.6.1
dr(P,0,2) 0.10797922 0.10683102 0.14992951 | 0.14992951 0.15049440
dr(P,0,3) 0.17943541 0.17354340 0.27433442 0.27433442 0.27996519
dr(P,0,4) 0.83444419 0.65889251 1.41424988 1.41424988 1.41894440
dr(P,0,5) 0.90827444 0.75348431 1.46326471 1.46326471 1.47185479
dr(P,0,6) 0.99263034 0.85789363 1.66359899 | 1.66359899 1.71794745

Table 4.8.1: Comparison of upper and lower bounds with the distance dg(P,0,r) calcu-
lated by BFGS and globalsearch.m for Example

Distance Lower bounds Estimated distance Upper bound
measured | (Theorem [4.5.2) | (Theorem [4.5.1 BFGS globalsearch | (Theorem [4.6.1
dr(P,1,2) 1.35798224 0.70551994 1.35814780 | 1.35814780 1.39370758
dr(P,1,3) 1.35690676 0.57675049 1.42078740 | 1.42078740 1.57015806
dr(P,1,4) 1.35798160 0.56881053 1.42220397 | 1.42220397 1.65060167
dr(P,1,5) 1.35689708 0.56908887 1.45865399 | 1.45865399 1.68613249
dr(P,1,6) 1.35690633 0.56789237 1.46349849 | 1.46349849 1.57008146

Table 4.8.2: Comparison of upper and lower bounds with the distance dr(P,1,r) calcu-
lated by BFGS and globalsearch.m for Example [£.8.1]

Example 4.8.2. Consider the matrix polynomial

27694  0.7254 —0.2050 1.4090 —1.2075 0.4889 —0.3034 0.8884 —0.8095
P(A) = |-1.3499 —0.0631 —0.1241| +A [1.4172 07172 1.0347| +A° | 0.2939 —1.1471 —2.9443|.
3.0349  0.7147  1.4897 0.6715 1.6302 0.7269 —0.7873 —1.0689 1.4384

Table and Table record the computed values of the distances dx(P,0,r)
and dp(P, —1,7) respectively obtained via BFGS and globalsearch.m algorithms
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Distance Lower bounds Estimated Distance | Upper bound
measured | (Theorem |4.5.2) | (Theorem 4.5.1 globalsearch (Theorem [4.6.1
d2(P,0,2) 0.10797922 0.10683102 0.10797922 0.11368413
d2(P,0,3) 0.17943541 0.17354340 0.19516022 0.21687613
52(P,0,4) 0.83444419 0.65889251 1.04384908 1.05026516
52(P,0,5) 0.90827444 0.75348431 1.13265966 1.17968107
d2(P,0,6) 0.99263034 0.85789363 1.36385207 1.61899945

Table 4.8.3: Comparison of upper and lower bounds with the distance (P, 0,r) calcu-

lated by globalsearch.m for Example [4.8.1]

Distance Lower bound Estimated Distance | Upper bound
measured | (Theorem [4.5.2) | (Theorem 4.5.1 globalsearch (Theorem [4.6.1
52(P,1,2) 1.35798224 0.70551994 1.35798224 1.35827634
52(P,1,3) 1.35690676 0.57675049 1.35805109 1.35813196
5 (P, 1,4) 1.35798160 0.56881053 1.35805159 1.37779220
do(P,1,5) 1.35689708 0.56908887 1.35805160 1.41164731
92(P,1,6) 1.35690633 0.56789237 1.35805609 1.43743061

Table 4.8.4: Comparison of upper and lower bounds with the distance (P, 1,7) calcu-
lated by globalsearch.m for Example

Distance Lower bound | Upper bound Distance Lower bound | Upper bound
measured | (Theorem |4.5.2 measured | (Theorem |4.5.2
920 (P,0,2) 0.10153149 0.10706018 d2.00(P, 1,2) 0.67911046 0.69280941
92.00(P,0,3) 0.14545520 0.16793005 02.0(P,1,3) 0.67826881 0.78460615
92.00(P,0,4) 0.55881158 0.84776583 J2.00(P, 1,4) 0.67836252 0.78885169
02.00(P,0,5) 0.56734597 0.75348692 02.00(P, 1,5) 0.67837715 0.73067901
92.00(P,0,6) 0.62408329 1.17976723 d2.00(P, 1,6) 0.67960385 0.85536125

Table 4.8.5: Upper and lower bounds of Table 4.8.6: Upper and lower bounds of

62,00 (P, 0,7) for Example [4.8.1] 02,00 (P, 1,7) for Example [4.8.1]

for all possible values of r together with the upper and lower bounds. The corre-

sponding quantities for the distances do(P,0,7) and do(P, —1,7) are recorded in Ta-
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ble and Table respectively except that in these cases the computed value
of the distance is obtained only via the globalsearch.m algorithm. Tables
and records the bounds for the distances 0 oo (P, 0,7) and 690 (P, —1,7) for
all possible values of » > 1. The strategies for computing them are the same as

those in Example 4.8.1}

Distance Lower bound Estimated distance Upper bound
measured | (Theorem [4.5.2) | (Theorem [4.5.1 BFGS globalsearch | (Theorem |4.6.1
dr(P,0,2) 0.25800277 0.25750097 0.25904415 0.25904415 0.26879600
dr(P,0,3) 0.43621850 0.38556596 0.69617957 | 0.69617957 0.82200773
dr(P,0,4) 0.88752500 0.83727454 1.84231345 1.84231345 2.04437686
dr(P,0,5) 1.19949290 1.13421484 1.84468801 1.84468801 2.43953618
dr(P,0,6) 1.28885600 1.07999296 2.60665217 | 2.60665217 2.73090090

Table 4.8.7: Comparison of upper and lower bounds with the distance dz(P,0,r) calcu-

lated by BFGS and globalsearch.m for Example [1.8.2]

Distance Lower bound Estimated distance Upper bound

measured | (Theorem [4.5.2) | (Theorem [4.5.1 BFGS globalsearch | (Theorem [4.6.1
0p(P,—1,2) 0.99413714 0.49049043 1.14436402 1.14436402 1.14869786
op(P,—1,3) 1.23816383 0.57712979 2.22703947 2.22703947 2.37565159
O0p(P,—1,4) 1.33820455 0.56416354 2.33112163 2.33112163 2.51177974
O0p(P,—1,5) 1.36050277 0.59682624 2.44152499 2.44152500 2.70800270
op(P,—1,6) 1.46702487 0.61024547 2.62503371 2.66473662 2.90151393

Table 4.8.8: Comparison of upper and lower bounds with the distance dp(P,—1,r) cal-
culated by BFGS and globalsearch.m for Example

In almost every case the lower bound from Theorem is better than the
lower bound from Theorem [4.5.1] The perturbations AP()) constructed to find the
upper bound in Theorem may also be obtained by using nonzero singular values
of T,(P, Ao, r) other than f(v) and a corresponding pair of left and right singular
vectors. However the resulting upper bound obtained by taking the infimum of
IAP|s, s = 2 or F over all permissible v does not seem to be an improvement

over the one already obtained. For instance in Example the matrix 7, (P, 0, 3)
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Distance Lower bound Estimated distance | Upper bound
measured | (Theorem [4.5.2) | (Theorem [4.5.1 globalsearch (Theorem [4.6.1
02(P,0,2) 0.25800277 0.25750097 0.25802614 0.25817920
09(P,0,3) 0.43621850 0.38556596 0.47215132 0.58937606
02(P,0,4) 0.88752500 0.83727454 1.11581046 1.57310992
92(P,0,5) 1.19949290 1.13421484 1.28762926 1.77192528
92(P,0,6) 1.28885600 1.07999296 1.80408754 2.39304209

Table 4.8.9: Comparison of upper and lower bounds with the distance (P, 0,r) calcu-
lated by globalsearch.m for Example

Distance Lower bound Estimated distance | Upper bound
measured | (Theorem [4.5.2) | (Theorem 4.5.1 globalsearch (Theorem [4.6.1
9o (P, —1,2) 0.99413714 0.49049043 0.99413725 1.08915666
5 (P,—1,3) 1.23816383 0.57712979 1.44791995 1.95311418
5o (P, —1,4) 1.33820455 0.56416354 1.49553254 1.92175876
do(P,—1,5) 1.36050277 0.59682624 1.69980154 2.04689029
do(P,—1,6) 1.46702487 0.61024547 1.76475401 2.57442518
Table 4.8.10: Comparison of upper and lower bounds with the distance do(P,—1,7)

calculated by globalsearch.m for Example

Distance Lower bound | Upper bound Distance Lower bound | Upper bound
measured | (Theorem {4.5.2 measured (Theorem |4.5.2
92.00(P,0,2) 0.25598106 0.25802614 02.00(P,—1,2) 0.61030513 0.85449907
92.00(P,0,3) 0.34805511 0.47215132 02,00(P, —1,3) 0.73192090 1.35676433
02,00(P,0,4) 0.67706047 1.02829835 d2,00(P, —1,4) 0.81667056 1.33897706
92.00(P,0,5) 0.73910153 1.16000343 02,00(P, —1,5) 0.82859967 1.26177921
92,00(P,0,6) 0.86228680 1.55008462 92,00(P, —1,6) 0.87090441 1.54433050
Table 4.8.11: Upper and lower bounds of  Table 4.8.12: Upper and lower bounds of
02,00(P, 0,7) for Example 02,00(P, —1,r) for Example

corresponding to the distance do(P,0,4) is of size 8 and the upper bound from
Theorem reported in Table is constructed by using o5(7,(P,0,3)) and
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it corresponding left and right singular vectors. If the same bound is constructed
by considering the three smallest singular values o6(7, (P, 0, 3)), o7(7,(P,0,3)) and
os(T,(P,0,3)) and corresponding left and right singular vectors, then the values are
1.55784600, 1.65319413 and 2.42096365 respectively. Similar observations have been
made by considering the other singular value of 7, (P, 0, 3).

Under certain assumptions, a singular value optimization characterization of the
distance to a nearest matrix polynomial having an eigenvalue of specified algebraic
multiplicity was obtained in [50, Corollary 3.4] with the restriction that only the

constant coefficient matrix is perturbed. An upper bound of d,( P, Ao, r) follows from

this result. We computed it via globalsearch.m for Examples [4.8.1] and 4.8.2| and

observed that the computed distance and upper bounds reported in the tables are
better than this upper bound. For example the upper bounds from [50] for d»(P, 0, 2)
and d5(P,1,3) in Example are 0.20532034 and 8.59203088 respectively and
those for d2(P,0,5) and do(P, —1,4) in Example are 2.1468713 and 4.67812467
respectively. In fact we find that the larger the value of r, the more the computed
value of the upper bound from [50] than the ones derived in this work.

The next example provides a visual comparison of the various bounds of the
distances 04(P,0,2) for s =2 or F.

Example 4.8.3. Consider the matrix pencil

1.8168 —1.7373 —0.1861 —0.1917
P(\) = 0.8389 + A | 0.8606 —0.4003 —0.0546
0 —0.7434 —0.3821 0.1860

Table gives the bounds on (P, 0,2),s = 2, F. In this example the bounds in
the literature are conservative with respect to the bounds in Theorem [4.5.1] Theo-
rem and Theorem [4.6.1} Further, the upper bounds in the literature are also
conservative in comparison to the distance with respect to rank one perturbations
on P()) (Theorem [4.7.7). The value of §7(P,0,2) calculated via globalsearch.m
and BFGS are all equal to the upper bound in Theorem and slightly lower
than the upper bound obtained from Theorem and much lower than the upper
bound from the literature. We present the variation of the bounds with respect to
~ for this example. In the figures, the horizontal-axis covers an interval (0, a| such
that 4 as specified in Proposition belongs to this interval. The lower bound
from Theorem does not hold in this case as 0 is already an eigenvalue of P(\).
Figure[4.8.1]shows the variation of the bounds (upper and lower) for dp(P,0,2). Sim-
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ilarly, Fig. shows the variation of the upper and lower bounds for d(P,0,2).
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6#(P,0,2) | 0.135 | 0.1122 | 0.0995 | 0.1567 | 0.31 - 0.1581 | 0.1567 | 0.1567
5(P,0,2) | - 01122 ] 0.0995 | 0.1148 | 0.2195 | 0.2195 L 0.1137 | 0.1136

Table 4.8.13: Comparison of upper and lower bounds and the calculated value of é5(P, 0, 2)

using BFGS and globalsearch.m with the upper and lower bounds available in literature

for Example
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Figure 4.8.1: Variation of upper and lower bounds of §z(P,0,2) for Example [4.8.3]

Example 4.8.4. The following example is for the case when all the coefficient of
the matrix polynomial are Hermitian and the distance is measured via Hermitian
perturbations as in Theorem [£.7.10] Consider the matrix pencil

1.8234 —1.7435 15035  0.5159
P\ = 0.2198 + A | 1.5035 —0.7858 —1.2683
0 0.5159 —1.2683 0.3103
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Figure 4.8.2: Variation of upper and lower bounds of d2(P,0,2) for Example m
Since A; is indefinite, by Theorem the distance is given by
\/ SUP Amin(AgAo + tA1),

tG[tl,tQ}

where t; = —2.7315 and t, = 1.0258. By CVX algorithm [35} 36],
03 (P,0,2) = 0.02571369,

(o o]

and the supremum is attained at ¢y = —4.11354 x 10~3. Now

T
x = [ —0.00085315 0.11677117 0.99315848 ]

is an eigenvector corresponding to Apin(A§Ao + toA;) and x and Agx are linearly
independent. Hence by (4.7.10]), the distance is attained by

8.43705 22.489  1563.71
AAg= | 22489 —3006.73 —25489.6 | x 107°.
1563.71 —25489.6 2998.29

Conclusion. In this chapter we have characterized the matrix polynomials having
an eigenvalue \y € C of algebraic multiplicity greater than or equal to a specified
number. Using this characterization we have obtained upper and lower bounds and
an optimization formulation of the distance to a nearest matrix polynomial having
a specified elementary divisor in various norm settings. For some special cases we
have found closed form solutions of the distance. We have also thrown light on the
computational complexity of the distance calculation. Finally we have compared

the computed distances with the bounds.
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Nearest rank deficient matrix polynomials

A square regular matrix polynomial is nonsingular over the field of rational functions
and in applications and theory, it plays a role similar to the square nonsingular scalar
matrices which have many desirable properties. As already noted in Chapter [1] if
E and A are n x n matrices such that A — AFE is a regular matrix pencil, then the

linear time invariant control system
Ei(t) = Az(t) + Bu(t), y(t) = Cxz(t) + Du(t),

where B, C' and D are n x m, p X n and p X m respectively, is solvable for all choices
of initial vectors zg and sufficiently smooth control u(t). Moreover the solution x(t)
depends uniquely on the initial vector xq if the conditions are consistent and the
transfer function G(s) = C(A — sE)"'B exists for all but finitely many choices
of scalars s. The proximity of a nonsingular scalar matrix to a singular matrix is
important as even if a square matrix is nonsingular but close to a singular matrix,
then it is an ill conditioned matrix that poses several numerical challenges. Similarly
the proximity of a regular matrix polynomial to a non-regular one is a theoretically
intriguing question which is also of great importance in applications. For example if
a linear time invariant system is associated with a regular matrix pencil that is close
to a non-regular pencil, then the system will be unstable and modelling and other
approximation errors may result in a system associated with a non-regular pencil
(see for example [8] 13, 55, [56, 68] and references therein). Since matrix polynomials
that are not regular are also referred to as singular matrix polynomials, this distance
is also referred to as the distance to singularity (for matrix polynomials). However
unlike its counterpart for the scalar matrices, the problem of finding the distance to
singularity is not as well understood. In fact it is a long standing open problem [12].

The first work that provided significant insight into this problem for matrix

121
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pencils is [12] where the distance was formulated via two different optimizations and
several upper and lower bounds were provided. Subsequently, [63] considered this
distance for matrix pencils under the restriction that the perturbations that result
in singular matrix pencils are low rank. In the more recent work [38], a differential
equations approach has been taken for computing the distance to a nearest singular
matrix pencil.

This chapter considers the general problem of finding the distance from a given
matrix polynomial to a matrix polynomial with a specified upper bound on its
normal rank with particular emphasis on the distance to singularity. Except for [30),
31], so far this general problem has not been considered in the literature. Moreover
the algorithms in [30, B1] for computing the said distances are only with respect
to the norm ||-||z under the assumption that the matrix polynomial is close to a

singular matrix polynomial. In contrast the distances considered in this work are
05 (P) := inf{||AP||s : nrtank(P + AP) < r},s =2, F;r < n,

without any assumptions on P(\).
Asin Chapterand Chapter block Toeplitz matrices (|1.3.1]) and (1.3.2) associ-

ated with P()\) play an important role in computing these distances. It is established

that an n X n matrix polynomial P()\) of degree k£ has normal rank at most r if and
only if its level kr convolution matrix Cj,.(P) is sufficiently rank deficient. For the
special case that r = n — 1, an additional characterization involving the suitable
rank deficiency of the matrix Ty, ;1 (P) is obtained. Therefore the distance problem
is equivalent to finding smallest structure preserving perturbations of these block
Toeplitz matrices that cause the prescribed rank deficiencies to occur. These results
are used to formulate the problems in terms of optimizations and to obtain various
upper and lower bounds. In particular, the distance to singularity is formulated in
terms of three different optimizations. An important consequence is the fact that
computing these distances is equivalent to computing the reciprocal of a structured
singular value or p-value when r = n —1 and a generalized structured singular value
in other cases. Therefore computing the distance to singularity may be an NP-hard
problem. A key feature of this work is the additional insight obtained about the
minimal indices of nearest singular matrix polynomials. This is helpful in inter-
preting the numerical results and formulating appropriate initialization strategies
when performing the optimizations. Additionally, the specific connections of the
optimizations that compute the distance to singularity with the optimizations that

solve the problem of finding a nearest matrix polynomial with a Jordan chain of
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prescribed minimal length at zero are also revealed. Finally in the numerical ex-
periments section optimizations via the Broyden Fletcher Goldfarb Shanno (BFGS)
and Matlab’s globalsearch.m algorithms are performed to compute the distances
for examples that have already been considered in the literature. They are shown
to compare favourably with the values obtained in literature. The upper and lower

bounds for these examples are also seen to be tight in many cases.

5.1 Characterization of matrix polynomials of normal rank

at most r

Let Q(\) = Zf:o A'B; be any n x n matrix polynomial of grade k, where any of the
coefficient matrices can be zero. Recall that C.(Q)) denotes the convolution matrix
of Q(\) of level ¢ as in ([1.3.1). If Q()) is a singular matrix polynomial with normal
rank at most r, then the vectors in the null spaces of C.(Q),e = 0,1, ... determine
the degrees of the vector polynomials in the right null space N, (Q). For example
N,.(Q) has a vector polynomial Zgzo Nea; of degree j if and only if C;(Q)z = 0
for z = [zf,---,2;|" where z; € C",i = 0,...,j, with z; # 0. Similarly the
degrees of the vector polynomials in N;(Q)) are determined by the null spaces of
the the convolution matrices C.(Q7),e = 0,1,... . If j is the smallest right (left)
minimal index of @Q(\) then C.(Q) (C<(QT)) is nonsingular for e =0,...,5 — 1 and
C;(Q)x =0 (C;(QT)x = 0) for some z = [l‘oT xﬂT where z; € C",0 <71 < j
with zy # 0 and z; # 0.

Suppose that the normal rank of Q()\) is at least r for some positive integer
r and consider Cj,.(Q) € Cbr+hnthn)x((kr+1)n) The main aim of this section is to
characterize all n X n matrix polynomials of grade k£ and normal rank at most r by
showing that they are equal to the set of n X n matrix polynomials of grade k with
the property that rank C,.(Q) < (kr 4+ 1)r + kr. We begin with some important

concepts that are necessary to prove the main result.

T
Definition 5.1.1. Given y = [?JOT yI oo yg] , with y; € C'0 <1 < w, if
Yuw—j = 0 for at least j = 0,...,i — 1, then the i*™ shift y* of y is defined to be the
4 T
vectory* = | of ... of yl oI .- leU_Z] :
—_————
1 vectors

Also, if p is the largest value of j such that y,—j11 =0 for all j =1,...,p, then

we say that the maximum number of shifts allowed in y is p.

T
Observe that for y = |¢yI" oI ... yg] , with y; € C™, if y,,_1 = ¥y, = 0, then
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1
shift of y'. In general for 2 < i < w, if the i*" shift 3/’ is defined, then it is the first

shift of 4°~1. Also clearly for any nonzero y of the given form, the maximum number

T
the first shift of y is y! = [()T vyl oyl } , and the 2-nd shift y? is first

of shifts possible is w.

A key concept for proving the main result of this section is the index sum theorem
established by De Téran et al. in [I8 Theorem 6.5]. It states that the sum of the
partial multiplicities of all finite and infinite eigenvalues and right and left minimal
indices of any n x n matrix polynomial of grade k& and normal rank r cannot exceed
kr. Consequently, the degree of any element of a right minimal basis of Q()) cannot
exceed kr. This fact is important for proving the following lemmas and the main
result given in Theorem [5.1.4]

Lemma 5.1.2. Let Q(\) be an n X n matriz polynomial with nrank QQ = r — j,
0<j<r, of grade k. If {x1(N),..., Tpn_rtj(A)} is a minimal basis of N,(Q) where

T
2i(N) = S0 Ny fori € {1,...,n—7 43}, theny; == [g;;fo ol ... al, | for
i=1,...,n—1r+ 7 and all their possible shifts form a linearly independent set.

Proof. Suppose [; shifts are possible on y;, @ = 1,...,n—1r-+j. We have to show that

r+j

In N .
the set A = {y, v, U Yo Uds o YR oo Ynrt s Yp o+ -2 Uiyt 18 linearly
independent. If possible let the set A be linearly dependent. Then there exists

aigy € Clori=0,...,n—r+jand ¢t =0,1,...,[; not all zero such that

ln—r j
Q1,00Y1 " - "i‘OJ(l,ll)yll1 T T 1+5,0)Yn—rtj T '+O‘(n—7’+j,ln—r+j)yn—ri;' = 0. (5'1'1)

Multiplying (5.1.1)) from the left by the matrix [[n M, ... NI | we get,

ln—T+.7'

l1
(Z )\ia(u)) T ()\) + 4 -3 Z )\iOé(nfrJrj’@') .Clﬁn_r_i_j()\) =0
=0 1=0

which implies linear dependency of {z;(\),...,2,—r+;(A)}, a contradiction to the
fact that it is a minimal basis of N,(Q). Hence the proof. O

Lemma 5.1.3. Let Q(\) be any n X n matriz polynomial of grade k. For any non

negative integer m, at least one of the following alternatives hold for the convolution
matriz Cp,(Q).

(a) Cn(Q) is of full rank.
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(b) There exists a spanning set of the null space of C,,(Q) of the form

{yhy%?"'?yilﬂy%y%u"'7y§27'"7yq7y;7"'7y2q}

T
where y; = [QZ‘T,O ?/iT,l yZTm and y;; € C*,0 < j < m such that

{Y1.0,---,Yqo} is linearly independent.

Proof. The proof is completed by showing that if statement (a) does not hold, then

statement (b) holds. Suppose C := C,,(Q) is rank deficient and let N(C') denote
T

its null space. For any vector z € N(C') we partition z as z = [ZOT 2 .. 2F
where z; € C*"V j =0,...,m. We describe the process of finding a spanning set of
N(C) with the desired properties in a stepwise manner. If any of the steps is not
possible, then it is skipped.

Step 1: If possible, choose a vector y; = [%T,o or ... OT}T € N(C). Then all

m shifts of y; belongs to N(C). Consider B = {y1,y1,...,y"}. Again if possible,

T
choose a vector y, = [szo or ... ()T] € N(C) such that yo ¢ span(B). Then all

m shifts of y, belongs to N(C'). Include all of them in B. Continue this process till
T

all the vectors of type z = [OT ... 07F ZzT or ... OT] for some 7 are included
in span(B). Assuming that s; repetitions are required to complete this process, after
1st step we have B = {y1,yf, ...,y - Ysi» Ya s - - - » Yo'} such that {y10,...,Ys, 0}
is a linearly independent set.

Setting S, = Y7 | s;, suppose that after (j — 1)th step we get

_ m m m—j+2 m—j+2
B_ {yla"‘7y1 7"'7y817'"ay517"'7y5’j,2+17'"7y5‘j72+17'"aij717"'aij71 }

such that {10, .-, ¥s1,00- - -+ Y8, 9410, - - - » ¥s;_1,0} is linearly independent and B con-

tains all the vectors of type

T
— |aT T T 3 T T
z= [O e 0T e 2 00 -0 ]
for some i.
Step j: If possible, choose a vector
T
ij71+1 — |:y§j71+170 e y%’;,1+1,j71 OT e OT:| E N(C)
but ys, , 11 ¢ span(B). Then all possible shifts of yg, , 11 belongs to N(C). Again,
{y1.00- - Ysy 05 YS; 241,05+ - YS;_1,0, ygj_1+170} is a linearly independent set as other-
wise Ys; 41,0 = C1Y1,0 + - + s, Ys,_, 0 for some ¢y, ..., cs,_, € C which implies
Sj 1 -
Ys;_1+1 — Z GYi = [OT fgg‘;,ﬁl,l fggj,ﬁl,j—l 0r - OT] € span(B),
i=1
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S0 ¥s;_,+1 € span(B), which is a contradiction. Include all the possible shifts of

Ys,_,+1 to B and continue this process till all the vectors of type

T

— T T T T T T
Z = O e O Z’i e Zi-‘y—j—l 0 O

for some ¢ are included in B. Suppose we have to repeat the process s; times until

the jth step is complete. Then we get a set

m m m—j+1 m—j+1
B: {917---791 7"‘7y817"'7ysl7"'7ij—1+17"'7y5’j_1117"'7y5j7"'7y,5‘j i }
such that {y10,...,¥s1.00- - ¥s,_14+1,0,- - - » ¥s;,0) are linearly independent.
Continue the process until span(B) = N(C'). Suppose we achieve this after ¢ steps

and s; is the number of repetitions required in the i*" step. Then we end up with a

spanning set of N(C) of the form {y1,..., ¥ ... Ysis-- o Yoo Ysps - Y T}
such that {y10,...,¥s;.00---,Ys,0} is a linearly independent set and this completes
the proof. n

Now we come to the main theorem of this section.

Theorem 5.1.4. The normal rank of an n X n matriz polynomial Q(\) of grade k,

15 at most r if and only if

O(kr+1)(r+1) (Crr (@) = 0.

Proof. Let nrank @) < r. Then nullity(Q(A)) =n —r+j for 0 < j < r. Let

kr

{z1(N), ..., @p—rs;(N)} where z;(N) = inyt)\t, zis € C"

t=0

be a minimal basis of N,.(Q)) with degz; = d; for i = 1,...,n—r+j. Here we assume
that x;;, = 0 forall t =d; +1,...,kr, i =1,...,n —1r + j. Then at least kr — d,

T
shifts are possible to y; = (27, 2T, ... l';fkr] and from the index sum theorem

di+--+dyrpj < k(r—j). Set C(Q) = Cyr(Q). Now from Lemma it is clear
that

nullity(C(Q)) = (kr+1—dy) + -+ (kr + 1 — dp—ryj)

= (kr+1)(n—r+7) = (di+ -+ dprsj)
> (kr+1)(n—r+j)—k(r—7j)
> (

kr+1)(n—r)— kr,
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which proves one part of the equivalence.

For proving the other part let o(gy11)+1)(C(Q)) = 0. Then
nullity (C(Q)) = (kr + 1)(n — 1) — kr + 7,

where 0 < j < kr(r + 1) +r. Let N(C(Q)) denote the null space of C(Q). We
T

partition any y; € N(C(Q)) as y; = [y;fo y;fkr] c Vi €CPVY E=0,... kr.
From the (kr+1)(n—r)—kr+j linearly independent vectors in N(C(Q)) we construct

at least n — r linearly independent vector polynomials over the field C(\) belonging
to N,(Q). According to Lemma there exists a spanning set of N(C(Q)), of the

form

B = {yhyh'"7y§17y27y%7"'7y§27'"7yquy;7"'7y2q}
such that {y1,..., Y0} is linearly independent. Now ¢ > n—r because if ¢ < n—r
then

dim(span(B)) < (kr + 1)g < (kr + 1)(n —r — 1) < dim(N(C(Q))),

leading to a contradiction. Thus we have a set of vectors {y1,...,y,} € N(C(Q))
such that {y10,...,Yg0} is linearly independent. Then y;(\) := Z;C;o Ny, ; € N (Q)
for each i = 1, ..., q. To complete the proof we show that the set {y1(A\),...,y,(N\)}
is linearly independent over C()). If not, then

ANy A) + -+ ¢ Ny,(A) =0 (5.1.2)

where ¢;(A) are polynomials not all zero and without loss of generality it may be
assumed that ¢;(0) # 0 for at least one 7,1 < i < ¢q. Comparing the constant term
on both sides of (5.1.2)), ¢1(0)y10 + - - - 4 ¢4(0)yg0 = 0 thus contradicting the fact
that {y1.0,...,Yg0} is linearly independent set. Hence {y1(\), ..., y,(N)} is a linearly
independent subset of N,.(Q). As ¢ = n—r, nullity(Q(\)) > ¢ = n—r and the proof
follows. [

5.2 Characterizations of singular matrix polynomials

As an immediate corollary of Theorem we have the following characterization

of a singular matrix polynomial.

Corollary 5.2.1. The n x n matriz polynomial Q(\) = Ef:o A\ B; is singular if and

only if the convolution matriz Cy,—1)(Q) is rank deficient.
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Remark 5.2.2. The convolution matriz C;(Q) is rank deficient, then so is C;(Q)
where j > j. Therefore Corollary implies that Q(\) is a singular matriz poly-
nomial if and only if any of the convolution matrices C;(Q),j =0, ..., k(n—1), are

rank deficient. Moreover, clearly the statement also holds if C;(Q) is replaced by
ci(@QN).

An alternative characterization for a matrix polynomial Q(\) to be singular may
be obtained via a suitable rank deficiency criterion of yet another block Toeplitz ma-
trix 7(Q, 0, kn) := T,(Q, 0, kn) with v = [1 - - - 1] associated with the matrix polyno-
mial Q(X) where 7', (Q), 0, kn) is as defined in . Note that T3(Q) = T(Q,0,i—1)
for i = 1,2,..., where T;(Q) is as defined in . The characterization is based
on the following lemma that appears in the literature in various forms [2] [76]. Here

it is restated in a form best suited for our purposes along with a short proof.

Lemma 5.2.3. For a n X n matriz polynomial Q(\) = Zf:o N B; of grade k, let
7o =0, 7 = rank T1(Q) and 7; = rank T;(Q) — rank T;_1(Q) for i > 1. Then

1. (7;) is a nondecreasing sequence of non-negative integers.

2. l; = Fip1 — T; 18 the number of Jordan chains of length i of Q(\) corresponding

to zero.

3. When 7; = nrank @ for some i, all Jordan chains of Q(X\) corresponding to

zero are determaned.

Proof. Suppose there are p Jordan chains of Q(\) corresponding to zero of lengths
ky < ko < -+ < ky. Let the j* chain be denoted by {x;0, 2, ... , Tjk,—1) Where
zj; € C",0 <7 < kj —1 so that the set of eigenvectors corresponding to zero
is {z10,...,2p0}. Again let nrank@ = r and {y;(A\),...,yn—r(A)} be a minimal
basis of right null space of Q(A) where each y;(\) = Z?io Ny,;. Then clearly,
{10, -+ Yn—r0,T1,05---,Tpo} is a linearly independent set. Therefore, the Jordan
chains of length j corresponding to zero contribute j or ¢ linearly independent vectors
in the null space of T;(Q) depending on j < i or j > i respectively and each
y;(\) € N,(Q) contributes i linearly independent vectors in the null space of T;(Q).
Let m; and m; represent the number of Jordan chains of length j and length at

least j of Q(A) corresponding to zero respectively. Then

nullity 73(Q) = my + -+ + (i — V)my_y + iy +i(n — ).
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Again,
7 = rank T;(Q) — rank 7, 1(Q)
= n — (nullity T;(Q) — nullity T;_1(Q))
— n— (s + (n — 7))
=7 — 1,

Clearly from the above relation (7;) is a nondecreasing sequence of non-negative
integers.

Now [; = Tit1 —T; =1 — Myr1 —r +m; = m;, which shows that [; is the number
of Jordan chains of length ¢ of Q)(\) corresponding to zero.

Also clearly, as 7; = r —m;, so 7; = r only when 7m; = 0 which implies that Q(\)
cannot have any Jordan chain of length greater than or equal to ¢ corresponding to

zero if 7; = nrank Q). O]

Theorem 5.2.4. An n x n matriz polynomial Q(\) = Ef:o XNB; of grade k is
singular if and only if Tru1(Q) given by has rank at most (kn + 1)(n — 1).

Proof. Let T;(Q) be the block Toeplitz matrices as in . By Lemma m,
the number of Jordan chains of length i at 0 associated with Q(\) is 7y — 75
where 7; = rank T;(Q) — rank T;_1(Q). Also as the longest such chain has length kn,
7; = Tj+1 = nrank @ for j > kn+1. Therefore Q()) is a singular matrix polynomial if
and only if rank Tj,;1(Q) — rank T, (Q) < n. This is equivalent to the existence of a
vector [mg X x{n} ! in the null space of Tj,1(Q) such that #; € C*,i =0,..., kn
and xg # 0. This implies that rank T, 1(Q) < (kn+ 1)(n — 1) as

T T T
[0 - xg} ,[0 Al ag} ,,“,[xg A wgJ
are linearly independent vectors in the null space of T}, (Q).
Conversely, let rank Ty, 1(Q) < (kn + 1)(n — 1). Suppose if possible that Q(\)
is a regular matrix polynomial. Then by arguing as in the proof of Theorem [4.2.1]
0 is an eigenvalue of Q(\) such that the sum of the lengths of all the Jordan chains
corresponding to 0 is at least kn + 1. Since this is impossible, it follows that Q(\)

is a singular matrix polynomial. O]

The above characterizations of singular matrix polynomials will be used to link
the computation of the distance to singularity to structured and generalized struc-
tured singular values or 1 values of certain matrices. Certain lower and upper bounds

on the distance to singularity will also be derived from these characterizations.
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5.3 Distance to nearest matrix polynomials of normal rank

at most r

The characterization of matrix polynomials of normal rank at most r obtained in
Theorem is used to formulate the computation of 6" (P) as an optimization

problem in the following theorem.

Theorem 5.3.1. Let P(\) = Z?:o N A; be an n x n matriz polynomial of degree k
and 1,0 < r < n be a given integer. For ¢ = (kr + 1)(n —r) — kr, let V, be the

kr+n with ¢ elements. For any

collection of all linearly independent subsets of C!
T

{z1,..., 25} € Vp, partition each z; as z; = [ZiTO L Zszr] e Cr+bn where

25 € C" for j =0,...,kr, and define

Zi,O Z’i,l . e Z’i,k . e . e Zi,kr

ZZ',O Zi,l . e Z’i,k e e Zi,k:r

Zi,o Zi,]. . .. Z’i,k: . e . e Zi,kr_

Then for s =2 or F

6 (P)=  inf

{z1 ..... z¢}EV¢

40 4 [ xG)-xo) | [ X x|

S

Proof. Let AP()) be any n xXn matrix polynomial such that nrank(P+AP) < 7. By
Theorem [5.1.4] this is equivalent to rank(C, (P + AP)) < (kr 4+ 1)r + kr and hence
there are at least ¢ linearly independent vectors in the null space of Cy,.(P + AP).
Suppose {21, ..., 25} € Vs Tis a subset of the null space of Cy,.(P + AP) where each

2z = [%T,o zg1 zszr] with z;; e C" fori=1,...,¢,j=0,...,kr. Then,

This is equivalent to

Ady - A4 (X)) o X = A o A [XE) - X))

By Theorem [1.5.1} a choice of [AAO e AAk} satisfying the above equation that

is also minimal with respect to the 2 or Frobenius norm is given by

Ay - AL == (A o A [XGE) - X)) [XE) - X(zqﬁ)r.
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Hence
i
(r) - . .
0Py = it e A [ X x| Xeo xS
for s=2or F. ]

5.4 Distance to nearest singular matrix polynomials

Given a square regular matrix polynomial P(\), the distance 5£"_1)(P) to a nearest
singular matrix polynomial is an important special case of the distance to nearest
matrix polynomials of normal rank at most r considered in the previous section. In
this section we formulate the computation of 5§"_1)(P) in terms of different opti-
mization problems.

The characterization of singular matrix polynomials in Corollary and the
remark following it implies that for a given AP(\) = Z?:o NAA;, (P+ AP)(N) is
singular if either C;(P 4+ AP) or C;((P + AP)T) where 0 < j < k(n — 1) is rank
deficient for some j. For j =0,...,k(n — 1), and s = 2, F, let

7 = inf{JJAP]l, : C;(P + AP) is rank deficient }, (5.4.1)

0 = mf{|AP]|, : C;((P + AP)T) is rank deficient }. (5.4.2)

Observe that 7](-8) (77](5)) computes the distance to a nearest singular matrix polyno-

mial with a right (left) minimal index in the set {0, ..., }. Also clearly

W =y and ) > >

We will refer to these as the y-sequence and the n-sequence respectively. The fol-
lowing theorem gives the distance to a nearest singular matrix polynomial from
P()\) and its connection with the right and left minimal indices of a nearest singular

matrix polynomial.

Theorem 5.4.1. Let P(\) = Zf:o N A; be an n x n matriz polynomial of degree

k. Suppose that its v-sequence and n-sequence are given by and respec-

tively with s = 2 or F. Let jo be the smallest index j such that 7](.5) = MiNggj<k(n—1) %(;)
and ig be the smallest index i such that T]Z-(s) = MiNo<i<k(n_1) ngs). Then the following

hold.
(a) If either jo orig is equal to O or k(n — 1), then

Or1(P) = minfy” 7}
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In particular,

se) = min Lo ([45 o 1] ") (a0 )}

(b) There ezists a matriz polynomial (P + AP)(X) such that |AP|s = 5§n_1)(P)
with jo (io) as its least right (left) minimal indez. Also the right (left) minimal
indices of any other singular matriz polynomial Q(X) satisfying ||Q — P||s =
58 (P) cannot be less than jo (io).

(c) The distance 5§n_1)( P) = %(OS) = 772(0) = 71(:(31 )—ip 7715:8(21 1)—j

(d) The largest left (right) minimal index of any singular matriz polynomial
(P + AP)(\) = 8 XN(A; + AA;) such that |AP), = 58 V(P) is at most
k(n —1) —jo (k(n—1) —ip).

(e) The distance 5(n_1)( ) = min {vés),né )}, where q := V(";l)J. Moreover,
3 I(P) =48 =0l if and only if 1 < g, jo < ¢

Proof. 1f ig = 0 or jo = 0 then part (a) clearly holds. Suppose that j, = k(n — 1).

Then v{, 111 > Ve 1y =05 2(P). Let AP(X) = Y1y NAA; such that [ AP, =

5§n71)(P) and C(,—1)(P+ AP) is rank deficient. For z; € C",i =0, ..., k(n—1), let
i

r= |z ... xf(n_l)} # 0 such that Cy—1)(P + AP)x = 0. Then x¢ and xj,—1)

T
are non zero vectors as otherwise in the first case z = [g;lT x{(n—n] and in

T
the second case £ = |zI ... T are non zero vectors in the null space of
0 k(n—1)—1

Cik(n-1)—1(P + AP) implying that jo = k(n —1) —1 as 7,(6 = |AP||s > 7;: (n—1)—1»
which is impossible. Therefore k(n — 1) is a right minimal mdex of (P+ AP)(X) so
that 0 is a left minimal index of (P + AP)(A) and 6" (P) = ||AP|, = n”. The
proof for the case that ic = k(n — 1) follows by replacing the convolution matrices

in the preceding arguments by those with respect to (P + AP)(A)?. In particular
WP = i ([AOT AZ}T) and 7\ = o ([Ao A’“D This completes
the proof of part (a).

To prove part (b), let S be the collection of all singular matrix polynomials
(P 4+ AP)(\) = 32X X(4; + AA)), such that [JAP|, = 6" "(P). Clearly there
exists a perturbation AP()) to P()\) such that ||AP|s = %o) Then (P + AP)())

is singular and one of the numbers {0,...,jo} is a right minimal index. Since
’yj(j) = 5§"*1)(P), (P+AP)(N) € S. If jo is not a right minimal index of (P+AP)(\),
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then C;(P + AP) is singular for some j < jo and ’y](-s) < |AP|s = fyj(j). But this
contradicts the minimality of jo. Suppose that there exists a matrix polynomial
(P+ E’)(A) in S such that its smallest right minimal index is j and j < jo. Then

C’;(P%—K]\D)x =0 for z = [xOT ij]T where z; € C",i = 0,...,7 and 2, and
z; are nonzero. This is because otherwise (P + @)(A) has a right minimal index
that is strictly less then j, which is impossible. Then 'y}(,s) < AP, = 71(.5) which
again contradicts the minimality of jo. This completes the proof of part (b).

From the definitions of j, and g it is clear that 5(n_1)(P) 7](5) = 771(0 Therefore
to prove part (c), we establish that 6" (P) = 712(31 by : = n,i“é)n 1_j,- By part (b)
there exist AP(A) = 325 MAA; such that [[AP|l, = 6" (P) and (P + AP)())
has a right minimal index jo. So (P + AP)()\) has a vector polynomial of degree
at most k(n — 1) — jo in N;(P + AP). Therefore ||AP| > 771:(21 1y_j,- But this
inequality cannot be strict as |AP||s = 5 (P).

The proof of "V (P) = fy,(f(zl 1)_i, follows from similar arguments due to part (b)
which assures the existence of a matrlx polynomial AP()\) = Zi:O N AA; such that
(P 4+ AP)()) has a left minimal index ig and [|AP|s = 5§”‘1’(P). This completes

the proof of part (c).

From parts (b) and (c) it is clear that any singular matrix polynomial
(P+AP)(N) = Zf o M (A;+AA;) such that [AP||s = 5(n_1)( P), has vector polyno-
mials of degree at most k(n—1)—jo and k(n—1)—ig in Nj(P+AP) and N,.(P+AP)
respectively. This proves part (d).

To prove part (e), observe that if anyone or both j, and i is either 0 or k(n —
1), then the statement holds trivially due to part (a) and the fact that in such
a case all the numbers in at least one of the vy-sequence and n-sequence are equal.
Therefore without loss of generality it may be assumed that 1 < jo, i < k(n—1)—1.
Suppose 1 < jo < ¢. As the vy-sequence is non increasing and 5" 1)(P) = 75?, it
follows that 6"V (P) = 4{. If jo > ¢, then k(n — 1) — jo < ¢ and by part (c),
(ign_l)(P) 7715:(31 - nqs) As this inequality cannot be strict, therefore in this
case 5§" (P) = 77( : If 1 < 19, J0 < ¢, then as y-sequence and 7-sequence are non

increasing, evidently 5§n_1)(P) = %(,S) = 775,5). Conversely, suppose 5§n_1)(P) = 7[58) =

nff), and if possible suppose that at least one among iy and j, is greater than ¢. As
sy (P) = min {fyés), s )} , only one of them, say g, is greater than ¢. Then clearly

s > 77@(0) = 6{""Y(P), which contradicts the assumption that 6" " (P) = n{*.
Similarly, if jo > ¢, then it is easy to see that 7[55) > %(-j) = 5§n_1)(P), leading to the

same contradiction. This completes the proves part (e). O
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Remark 5.4.2. Observe that Theorem[5.4.1 holds for any choice of norm on the ma-

(r)

triz polynomials. In [12] it was established that 5%V (P) = 7,&271) = min v,

0<j<k(n—1)
when P(\) is a matriz pencil. Part (e) of Theorem is a modified form of
this result that also holds for the matrixz polynomials. It may be utilized to formu-
late the computation of the distance to a nearest singular matriz polynomial as an

optimization.

The next result formulates the computation of 5§n_1)(P) for s = 2, F' in terms
of a variable projection least squares problem. For s = F, the formulation is based
on part (e) of Theorem [5.4.1] Since a suitable variable projection least squares
formulation for computing the n-sequence is not available for s = 2, the formulation
for this case is based on Corollary [5.2.1]

Theorem 5.4.3. Let P(\) = Zf:o NA; be an m x n matriz polynomial of degree

k. For q € {k(n —1), V(HQ_I)J }, let S, be the collection of all non zero vectors in

¥
ClatDn . Suppose that the vectors x € S, are partitioned as x = [mg xT} S

q
Cl+n where v, € C*,i =0, ...,q. Let

ZL‘O ‘rl o .. a‘;‘k o .. o .. I‘q

xo 1’1 DY l’k DR . .. l’q

:CO xl .. xk o .. o .. xq

Then for q = Lk(n_l)J '

2

(n—l) o . " .
o Py =i { it |40 g ng A X))}
(5.4.3)
and for ¢ = k(n — 1),
n—1 .
5 )(p):zlggq [Ao Ak} X X]), (5.4.4)

Proof. By Theorem [5.4.1|e), (5?71)(P) = min {%(IF),T)((IF)}, where ¢ = L@J ,

V) and ni™ being as in (I5.4.1[) and (]5.4.2[) respectively. Let AP(\) = 328  NAA,
such that C,(P + AP) is rank deficient. Then Cy(P + AP)x = 0 for some z € S,.
By arguing as in the proof of Theorem this is equivalent to

(Ady - A4 X =40 - Al X,
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Therefore, by Theorem [1.5.1] a choice of [AAO AAk] satisfying the above

equation that is also minimal with respect to the Frobenius norm is given by

Ady - AA) == [0 o a] XX

This implies that

Ay oo A XX

» .

Similarly, it follows that

F) — inf
Tt =,

[Ag A{] X X}

.
This establishes (5.4.3)).

By Corollary , 58 (P) = inf{|JAP]> : Cin—1)(P+AP) is rank deficient}.
Therefore, (5.4.4) may be established via identical arguments. O

The details concerning the strategy for computing the distance to singularity
based on the above theorem are discussed in Section [5.7. For the Frobenius norm
it is shown to be numerical advantageous over the computation based on the result
in [12].

Alternatively by using Theorem [5.2.4] the distance to singularity may be formu-

lated in terms of another optimization also involving a variable projection.

Theorem 5.4.4. Let P(\) = Zf:o N A; be an n x n matriz polynomial of degree k.

Then for
xo :Cl :L‘Q PR xk: DY xk‘n
To L1 vt Tk-1 " Tkn-1
X = I’O o .. 'Tk—Q DY Ikn—Q
| Zo ce l'knfk_

where x; € C",i =0,...,kn, and z¢ # 0,

s =2, F. (5.4.5)

s

[Ao Ak} XXt
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Proof. Let (P 4+ AP)(\) be singular where AP()\) = Zf:o ANAA;. Then by Theo-

_ Ag + AAg L

i . . T

_ T . ' I
Lkn ' . Lkn
- Ay +AAL - Ag+AA|

where x; € C",0 < i < kn,xg # 0. This can be written as

[A0+24y - A+A4] X =0,
_xo xl x2 .. xk) PR xkn i
To Ty - Tg-1 " Tkn-1
where X = To 0 Tp_o '+ Tppo| with zg # 0.
L Zo 500 xkn,k_
This implies [AAO AAk] X =— [Ao Ak] X and by Theorem |1.5.1},
a minimum 2 or Frobenius norm solution of this equation is given by
|:AAO AAk}:_[AO Ak}XXT.
Therefore
o (P) = inf |||y - 4] XX s=20rF
z, €C™ s
z0#0
This completes the proof. n

Remark 5.4.5. In Theorem[].4.1] it was shown that the distance with respect to the
norms ||-|s, s = 2, F, from an n x n matriz polynomial P(\) = Zf:o N A; of degree
k to a nearest matriz polynomial with a Jordan chain of length kn corresponding to

zero is given by

inf [Ao Ak]f(f(*
z, €C™
x07#0

S
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where ) )
o T1 T - Tk T Tkn—1
o L1 0 Tg-1 r Tkn-2
X pr— xo PEEEEY xk_2 . e xkn_g

L Zo Ce :Ckmfkfl_

Observe that the matriz X is obtained by removing the last column of the matriz X
involved in the projection X X1 in (m This suggests an interesting relationship

between the two distances.

5.5 The distances via structured singular values

In this section the results of Sections 5.1l and 5.2 are used to formulate the distance
problems in terms of structured singular values or p-values and their generalized
versions. The following elementary result will be important for characterizing the

distances in terms of p-values.

Proposition 5.5.1. Let M be an mq X ny matriz such that m; = ny. Consider

mi

M
K = . Then nullity (M) > 1 if and only if nullity (K') > (.
M* 0
Also for the purpose of the characterization, with an n X m matrix polynomial

Q(\) = 31 XB; of grade k we will frequently associate the matrix

]/\/Tkr(Q) = [kr+k+1 & [BO g Bk::| . (551)

The following lemma that factorizes the convolution matrix Cy,.(Q) will be key
to the characterization. The proof is skipped as it easily follows via direct multipli-

cation of the stated factors.

Lemma 5.5.2. For a given positive integer v and an n X n matrix polynomial

Q) = Z?:o NB;, the convolution matriz Cy.(Q) given by can be factored

as
Crr(Q) = My (Q)Y,

where Y = h Yo - g(kT+1)] ®1I,, such that the entries in the (i—1)k+i+j(k+2)

ker-+k+1)(k+1)

position of §; € C! are one for each j =0,...,k and all other entries are

RZETO.
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The next theorem shows that the distance ¢7(P) for s = 2 and s = F), is essen-

tially the reciprocal of a generalized structured singular value.

Theorem 5.5.3. Let P(\) = Zf:o NA; be an n x n reqular matriz polynomial
of degree k. For any n X n matriz polynomial AP(\) = Zf:o MNAA;, let S be
My (AP)

the perturbation class of all perturbations of type where

—

M, (AP)*

]\/jkr(AP) is as given in (m) Let Ci(P) and Y be as defined in and
Lemma respectively. Then,

-1 -1
I I C.(P)| |I
T kr+1)(n—r)—kr T
55)(]3): Ng,nl)( ) ~ ~ ’
Y| |Cu(P)* v
and
-1 -1
Iu(k'r+1)(n—'r)—kr I I CkT‘(P) I
oon B 7| |cutpy 2
op (P) =

2kr +k+1)
Proof. From Theorem normal rank of (P — AP)()) is at most r for an n x n
matrix polynomial AP(\) = Zf:o NiAA; if and only if the nullity of Cy,.(P — AP)
is at least (kr + 1)(n — ) — kr. Due to Proposition this can be written as

nullity > (kr+1)(n—r) —kr
Oy (P — AP)*
1 o Ci(AP
<nullity w(P) = LA CY> > (kr+1)(n—r) —kr.
| Crr(P) Cir(AP)*

Using the factorization of Cj,(AP) from Lemma

- . -1
) M, (AP)Y 1 Cir(P)
nullity | T — | . __ > (kr+1)(n—r)—kr
Y* M, (AP)* Cron(P)*
- . -1
I M, (AP)| |1 I Cu(P)
<nullity | I — R - N > (kr+1)(n—r)—kr
Y*| | My (AP)* Y| |Ck(P)
_ -1
M, (AP)| |1 I Cu(P)| |1
<nullity | I — | __ . . > (kr+1)(n—r)—kr.
My (AP) V| |Cu(P)* v

(5.5.2)
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Therefore,
-1 -1
) I 1 Cir(P) 1
T kr n—r)—kr T
55 )(P) = #Eq,ﬁzl)( ) ~ ~
Y| |Ck(P)* Y*
and
-1 -1
M(lcr—i—l)(n—r)—kr I I OkT(P) I
3y (P) =
F
20kr +k+1)
which completes the proof. ]

By putting r = n — 1 as an immediate corollary it follows that computing the
distance to singularity 5§n_1)(P), s = 2, F\, is equivalent to computing the reciprocal

of a structured singular value or u-value.

Corollary 5.5.4. Let P(\) = Zf:o N A; be an n X n reqular matriz polynomial
of degree k. For any n X n matriz polynomial AP(\) = Z?:o NAA;, let S be the
. . Min-(AP)
perturbation class of all perturbations of type | _ where

My (AP)*

]/\/[\kn_k(AP) is as given in m Let Cyn—1)(P) and Y be as defined in
and Lemma [5.5.9 respectively. Then,

-1 -1

o I I Chni(P) I
05 (P = | s, 1, - . S ’
Chni(P) Y
and
-1 -1
I I Choni(P) I
IS, . .
Y| |Crnin(P)* Y+
0Py =
2(kn+1)

The next theorem provides an alternative characterization of the distance to
singularity in terms of a generalized u-value. It is based on Theorem [5.2.4) and leads
to lower bounds of the distance to singularity in the next section. The following

lemma which is a corollary of Lemma will be used for the formulation.
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Lemma 5.5.5. For a given n X n matriz polynomial Q(\) = Z?:o N B; of grade k,

Tkn+1(Q) = (IknJrl ® [BO cee Bk]> E
where .
E= [ElT E] - Egn+1:| ® In
E; € CEDXEntD) being the first k + 1 rows of the kn + 1 x kn + 1 matrices E;,
1=1,...,kn+1 given by,

1 ) 1 1

E1: aEQZ 7"'7Ek:n: 7Ek‘n+1:

Theorem 5.5.6. Let P(\) = Zf:o N A; be an n x n matriz polynomial of degree k.
For AA; € C™ i =0,....k, let S be the perturbation class of all perturbations of
the type (]kn+1 ® [AAO AAkD. Let Ay be a non-singular matriz, T, 1(P)
be as and E be as given in Lemma . Then,

—1

5P = [ (B T (P))]

H31,
and .,
kn+1 B —1
e (E Tkn+1(P) )
5@V (py [ 81l }

Vkn +1
Proof. From Theorem [5.2.4 (P — AP)()) is singular for AP(\) = Y25 NAA; if
and only if nullity(Ty, 1 (P — AP)) > kn + 1. As Ay is invertible, (P — AP)()) is

singular if and only if
nullity (I — Tt (AP) Tjny 1 (P) ) > kn + 1.
Due to Lemma the above relation may be written as,
nullity (I - (I,mﬂ ® [AAO AA,CD E Tknﬂ(P)*l) >kn+l. (5.53)

Therefore,

and 1
kn+1 T
501 p) 55, (B T (P
vVkn+1
which completes the proof. O]
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5.6 Bounds on the distances

In this section we present several lower and upper bounds on the distances under
consideration. Such bounds exist in the literature for the distance to singularity for
matrix pencils. Some of the bounds in this section are generalizations of those for
matrix polynomials. However the main results are the lower bounds arising from

the formulation of the distances as structured singular values.

5.6.1 Lower bounds

The following lower bound is obtained from Theorem

Theorem 5.6.1. Let P(\) = Y25 NA; be an n x n regular matriz polynomial
of degree k, Cy,.(P) and Cy,(PT) be the level kr convolution matrices of P()\) and
P(N)T respectively, and Y be as defined in Lemma . Then

(55;")(P) > max{fi, B2} and 5§T)(P) > B,

where

51 = sup |:U(kr+1)(nr)kr (W

a,bESkT+k+l

L] -1

B S I 7 I Chr(PT) I _
62 = sup O-(errl)(nfr)fkr W —~ w )
a,beSkrtk+1 I Ckr(PT)* Y*
. N Wirtk+1,0e41)n(@)
| Wkr—i—k—}—l,n(b)_
/W L Wk:jrk—%l,n(a)
= . ,
Wk'r'—l—k—l—l,(k—l—l)n(b)_

Win(a) and S' being as in Theorem[{.5.4

Proof. Initially we show that ; is a lower bound of 59“)(13) for s = 2, F. If the
normal rank of (P — AP)()) is at most r for any matrix polynomial AP()\) of grade

k, then by (5.5.2)
1
1

nullity ([ —
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| Y
W
I

M, i |44 r nl@
where My, (AP) is as defined in ((5.5.1f), W kr+h41,(k+1)n (@)

M, (AP)
M, (AP)*

I

-1

. P 1 Crr(P)
enullity | I - W N
Y*

Ckr(P)*

) > (kr+1(n—r)—kr

and

Wkr+k+1,n (b)

W _ Wk;‘}l-k—i—l,n (a)

~1
Wkr+k+1,(k+1)n(b)

I Cior (P)* v
Therefore by Lemma [1.6.3
1

_1 —
e 1 —~
P |:0(kr+1)(n—r)—kr (W |:] ] ! ?*] W)] )
2

and hence 6§T)(P) > () for s = 2 or F. By replacing P(\) by its transpose in
the above arguments and using the fact that 5g)(PT) = 51(;")(13), it follows that
(5}5)(P) > 5. Hence the proof. O

This implies

nullity (I —

M, (AP)
M, (AP)*

ﬁ/\) > (kr+1)(n—r)—kr.

=D

M, (AP)
M (AP)*

Ckr (P)*

A lower bound of the distance to singularity 5§"71)(P) follows from the above

result. An alternative lower bound may also be derived from Theorem [5.5.6]

Theorem 5.6.2. Let P(\) = Zf:o N A; be an n x n matriz polynomial of de-
gree k. Let Ay be non-singular, Tiny1(P) be as in (m and E be as defined in
Lemmal5.5.5. Then

5;?71)(P) > max{ay, s} and 55”71)(P) > oy,
where

= Ay 1
a1 = sup [Okns1(Wins1,0611)0(0) E Tiia (P) IWknl—i-l,n(a))} :

acSkn+1

= _ _ —1
az:= sup [opni1 (Winir,(kr1n(@)E Tenr (PT) WL ()],

aeSkn+1

and Wy, (a) and S' are as defined in Theorem .
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Proof. From (5.5.3)), (P — AP)()) is singular if and only if the nullity of

I— szzl—&-l,n<a) (IknJrl X [AAO e AAk]) Wkn+1,(k+1)n(a)E Tkn+1 (P)il

is at least kn + 1. Therefore

nullity (I = (Ipnt1 @ [AAg - - - AA]) Wkn+1,(k+1)n(a)E Tkn+1(P)71ch;11le,n(a>) = kn+ 1.

By Lemma [1.6.3]
= — — -1
a0 - 2|, > [omn W m(@B Do (P) Woki@)]

which implies, that 5§n_1)(P) > aq, for s =2 or F. Now the proof follows from the
fact that 60 (PT) > ay and 6" V(PT) = 50V (P). 0

If the polynomial (P 4+ AP)(A) is singular, then C;(P + AP) is rank deficient
for some jy,0 < jo < k(n — 1) and

Umin(Cjo (P))

L <oV (p).

Omin(C5o (P)) < Vjo + 1| AP]s =

This gives the lower bound

O'min<Ck(n71)(P)>

(n—1)
T < s =(p), (5.6.1)

As 60V (P) = 501 (PT),
Omin(Crtn=1)(PT)) _ 1)

<0 P). 5.6.2

kn—1)+1 " - (56.2)

Setting the left hand sides of (5.6.1]) and (5.6.2)) to be I and 5 respectively, it follows
that

max{ly, [} < 87 V(P). (5.6.3)

The next lower bound is a generalization of the lower bounds in [12] for matrix
pencils to matrix polynomials.

If (P+ AP)()) is a singular matrix polynomial, then for every complex number
Ao, rank (P + AP)(\g) < n. Every number in the extended complex plane C U {oc}
may be identified with ordered pairs of the form («, ) where @ € R, 3 € C such
that a? + |B])?> = 1 and the polynomial P(\) may be written in homogeneous form
as P(a, 3) = S8, 5l A;. Tt is well known [I] that for each pair (a, §),

Omin (Z?:o 5k7iaif4i>

min{||AP|s : rank(P(a, B) + AP(a, B)) < n} = - —
\/Zi:o |6|2(k—7,) a2t

,s=2F.
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O'min(z:?:() BkizaLAz)
\/Z?:o |B[2(k—1) g2

Therefore, < JJAP|s, s =2, F, which gives

k i .
Ouin (Lt 0 A
Bl>+a?=1 k i) 20
RSB

<6 V(P) for s =2 or F. (5.6.4)

A final lower bound follows from Theorem [5.2.4] Recall that (P 4+ AP)()) is
singular if and only if rank(Tg,.1(P + AP)) < (kn + 1)(n — 1). This is equivalent
t0 Okt 1yn—kn(T5 (P + AP,0,kn)) = 0 where T.,(P + AP, 0, kn) is as in (4.2.2).

Therefore o (ki 1yn—kn(T5(P,0,kn)) < [|T,(AP,0, kn)

||, which implies

J(kn+1)n—kn<T7(P7 07 kn))
F(v)

< AP, (5.6.5)

where

p p p p
_ 2 2
F(y) = \l max {g% (1 +> H’mmﬂ_i)) e (1 + > Hmnﬂ_i)) }

t=1 i=t t=p—k+1 i=t

Let I" be as in (4.2.1) with r» = kn. Taking the supremum of the left side of ([5.6.5)
over all y e I’

it (T (PO, k .
sup Zm+ink (75 ( n)) <5V (P) for s = 2 or F. (5.6.6)

y€eT F(v)

5.6.2 Upper bounds

The upper bounds of 5§n_1)(P) for s = 2, F extend the ones in [12] for the matrix
pencils to the matrix polynomials. A trivial upper bound follows from the fact
that (P + AP)(\) is a singular matrix polynomial if its coefficient matrices have a

common nonzero vector in their right (or left) null spaces. Therefore

5Py < 67 V(P) < min{amin ([AOT Agr)  Tmin ([Ao A"D}'
(5.6.7)

Another upper bound of 5?_1)(P) may be obtained by constructing a perturba-
tion AP(A) = S2F [ NAA; to P(\) = 2 N4, such that the convolution matri-
ces Cj(P + AP) and C;((P + AP)") are rank deficient for 0 < j < k(n — 1).
By arguing as in the proof of Theorem , C;(P + AP) is rank deficient if
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[AAO AAk] = — [Ao Ak} XijT, where
_'IO xl ... xk ... PR x] ]
:L‘O ZL‘I DR a’/’k o e DY xj
i ‘1.0 :Cl ... xk DR DRI :L'j_

with z; € C" for i = 0, ..., j. For any choice of X;

n—1
T A 2 R AR
T
Let x; = v;,i = 0,...,j where [vg’ UJT] is a right singular vector of C;(P)
Vo Uo Uo
corresponding to oyin(Cj(P)). Then C;(P) | : | = omin(C;(P)) | * | , where
Yj 2 Uj
is the corresponding left singular vector with w; € C", ¢ = 1,...,7, such that
o lluilly = 1. For V; == X5,
|40 - 4w = smnlCi(PY).
Hence (C,(P))
S0Py min Tmmin ) 5.6.8
F ( ) Ogjg}cl(gfl) O-min(v}) ( )
Similarly replacing C;(P) by C;(P”) in the above arguments gives,
= min G PT
S0 D(Py < mi Tmin(G5(P7)) (5.6.9)
0<i<h(n=1)  oin (V)
. T
Here V; = X; with z; = 05,7 = 0,...,j, where [%T qjﬂ is a right singular

vector of C;(PT) corresponding to opin(C;(PT)). Setting ul and u2 to be the right
hand sides of (5.6.8)) and (5.6.9)) respectively, we have,

55D (P) < 68 (P) < minful, u2}. (5.6.10)

5.7 Numerical Experiments

In this section we provide several numerical examples which compare the computed

values of the distances with their upper and lower bounds. The optimization in
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Theorem is used to compute the distance from an n X n matrix polynomial
to a nearest matrix polynomial with normal rank at most » when » < n — 1. To
compute the distance to a nearest singular matrix polynomial, the optimizations in
Theorem is used. The computations are done by using the Broyden Fletcher
Goldfarb Shanno (BFGS) algorithm and MATLAB’s globalsearch.m. A strategy
for computing 5§”)(P) when r < n — 1 is explained in the following example from
[31].

Example 5.7.1.
P(A\) = Ag+AA; + X245+ X3 A3

where ) ;
0.09108776 —0.05442464  0.3645006  0.01821543

—0.1456436  0.03647524 —0.07277662 0.07305016

©= 0.05478714 —0.05444916  0.437322 0.05478385 |
_—0.1274211 0.09124859  —0.6556615 —0.0544685_
i 0.09116729  0.0000179769  0.2550857  0.05475106 ]
A — 0.0001156514 0.00001659159 0.09108906 —0.05447104 7
0.05470823 0.03662426 0.1276959  0.03650378
I 0.05472202 —0.1091389  0.1458359 —0.09090507_
_0.01833149 0.0366177 0.01824331 0.03660918_
frt 0.01837542  —0.05442525 0 0.01832234 7
0.01841784 0.00003900436 0 0.01836515
0.01840752 0.00001508311 0.01839699 0.0365917

[0 0.01837967 0 0
0 0.01843603 0 0
0 0.01829203 0 0
0 0.01842778 0 0

and A; =

The aim is to compute the distance 5% (P) to a nearest matrix polynomial with nor-
mal rank at most 2, where s = 2 or F. By Theorem observe that any perturbed
polynomial (P + AP)(\) has normal rank at most 2 if and only if the null space of
the convolution matrix Cs(P + AP) has at least 8 linearly independent vectors, say
21...,28, each of length 28. By Theorem any AP()\) = Z?:o MNAA; satisfy-
ing this which is minimal with respect to ||-||s, s = 2, F, may be taken to be of the
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T
The matrix [Ao A A, As] is of size 4 x 16 with rank 4, and [X(zl) .. ‘X(Zs)]
is a 16 x 80 matrix of likely rank 16 for random choices of z1, ..., zg. Therefore for

such choices, the computed value of the distance

5Py = it Nay 4 4y A [ XX | [ X)X |

{z1,...,28}EVs

S

for s = 2 or F is unlikely to be less than o, <[Ao A A, A3D which is an
upper bound of the distance from P()\) to a nearest singular matrix polynomial.
To be able to find a value of the distance less than this, it is clear that the initial
z1,...,28 have to be so chosen that the rank of [X(zl) .. .X(zg)} is at most 12
and the computations performed in such a way that this rank restriction is fulfilled
throughout the numerical process. We execute this by initially taking some of the
vectors z; with sufficiently many zero entries and the other vectors as their shifted
versions (as defined in Definition and then projecting the vectors obtained
at the end of each iteration back to these forms. Following this strategy we obtain
5}2)(P) = 7.7049 x 10~* via BFGS and globalsearch.m, and 5&2)(P) = 6.9394x 10~*

via globalsearch.m for the choices

21,0 22,0

21,1 22,1
A= and zy =

21,2 22,2

016 _016_

where 21 0, 21,1, 21,2, 22,0, 22.1, 222 € R* are random with the restriction that {210, 22,0}
is linearly independent and the other 6 vectors zs,..., zg are the following shifted

versions of z; and z:

04 045
21,0 22,0
A= oz [Li=1,234, 2= x, |,j=12
21,2 22,2
_0(16—4i)_ _0(16—4j)_

Note that in [31], 6}2)(P) was computed to be 7.844 x 10~%. Evidently, this strategy
may not yield the exact value of the distance but an upper bound. However in view

of the choice of the z;,7 = 1,...,8, if the list of right minimal indices of a nearest
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matrix polynomial of normal rank at most 2 contains {2, 2} then it is likely to be a

very good estimate of the distance.

The computation of the distance to a nearest singular matrix polynomial is
based on Theorem m For computing (5}"71)(]3) via ([5.4.3), the choice of ini-
tial vectors {xo, e ,ka(nq) J} is guided by Theorem [5.4.1| where it is established

2

that there exists a nearest singular polynomial to P()), say (P + AP)(\), with
a least right minimal index jy or a least left minimal index iy, with properties as
stated in the theorem. The aim of the computation is to find this singular matrix

polynomial. Let ¢ = V(”T_I)J . If jo = 0 or ig = 0 then by part(a) of Theo-

T
rem [5.4.1, in the first case 5;5”_1)(P) =g, ([Ag A{] ) and in the second
case, 5;1‘_1)(P) = Omin ([140 Ak]) . Therefore we focus on other cases where

either 1 < jo < gor 1l < i < g When 1 < jo <q (1 <ip<q)asjo (ig) is
the least right (left) minimal index of (P + AP)()\), we have Cy(P + AP)x = 0
(Cy(PT+ APT)z = 0) for some z = [xg e qu]T such that z; 1 = =2,=0
but zy # 0 and z;, # 0. As jy and ¢y are not known in advance, the computations
are performed by making ¢ different choices of initial vectors given by the ordered
sets {xéi), ) ,xéi)}, i=1,...,q. For i = g the vectors are chosen randomly. For all
other values of 7, the i*" set is such that the first ¢ + 1 vectors are random non zero

vectors and the remaining vectors are zero. Also the corresponding computations

inf,cg, [Ao Ak} XqX; . and inf,cg, [AOT Aﬂ Xng . are performed
in such a way that the updated versions of {xﬁzl, . .xfzi) } obtained after each itera-
tion are put to 0. Let the computed values of inf,cs, [Ao Ak} XngHF and
inf,cs, [ Al Ag] XX ;f so obtained be g; and e; respectively. Observe that
computing g; is equivalent to finding inf ¢, [ Ay - Ak} XiXZ-T and computing
e; is equivalent to finding inf,cg, [ Ag L. Ag] XiXiT without any restrictions
on the vectors xg,---x; that form X;. Setting gy := omin ([Ag’ AﬂT> and
€0 := Omin ([Ao AkD, theoretically

g=7"i=0..4q (5.7.1)

e =n"i=0,...q. (5.7.2)

In fact if the aim is to compute 7121(;)71) or 771(;(?7371)7 then larger sets of vectors

{x07 s 7'Tk(n71)}
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are initialized in an identical manner and g; and e; for 0 < i < k(n — 1) are com-
puted. Then the above equalities hold in theory for all values of i up to k(n — 1).
Suppose that S := {jo,...,Jm} is the ordered list of right minimal indices of a
nearest singular matrix polynomial (P + AP)(A). Then except for the convolution
matrices Cj, (P + AP),...,C;, (P + AP), the null space vectors in all the other
convolution matrices C;(P + AP), j > jo, are linear combinations of null space
vectors of lower level convolution matrices C;(P + AP), [ € S and their shifts. Con-
sequently, for every j that is not a right minimal index of any of the nearest singular
matrix polynomials, the infimum in inf,cs, || [Ao Ak} XjX]THF is likely to be
attained by vectors {zo,...,x;} which have a special relationship between them.
Numerically, every iteration of the algorithm used to compute this infimum pro-
duces an X; that has full rank so that in the final output the computed optimal
vectors {z§, ..., 5} satisfy xf # 0 and z§ # 0. For random choices of initial vectors,
the vectors {zf,. .. ,xj} may not satisfy the special relationships that should hold
to attain the infimum. An identical statement holds for the null spaces of the con-
volution matrices of (P+ AP)(A)T. Therefore, computationally the relations
and may not hold and the computed values of g; and e; do not necessarily
form a non-increasing sequence.

However, among all nearest singular matrix polynomials (P + AP)()), there is
one with a least right (left) minimal index jo (i9) that belongs to {0,...,q}. In
the first case the infimum corresponding to g;, and in the second case the infimum
corresponding to e;, is likely to be attained for random choices of initial vectors. If

0 < jo < ¢ and the value of g, is optimally computed then,

%gF) =g, = min g; = (5%"_1)(]3).

0<i<q
Likewise, if 0 < 79 < ¢ and the value of e;, is optimally computed then,

1 (n—1)
=e¢;, = min ¢; =0 P).
io = Juin e; = op (P)

ni)

Therefore the computed value of (557"71)(13) may be set as the smallest among
Min;<i<q Gi, MiNj<i<q €i; Omin [Afor A;-f] T) and oy <[Ao AkD Note
that if a nearest singular matrix polynomial also has right (left) minimal indices for
some other values of i and the corresponding g; (e;) values are optimally computed,
then it is possible that they are also good approximations of PyéF) (77<(1F)) and hence

of the distance. The approach is illustrated in the following example.
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Example 5.7.2. Consider the 8 x 8 matrix pencil AA; 4+ Ay arising from the model
of a two dimensional, three link mobile manipulator from [54] which also appeared

as [12, Example 14]. The matrices Ag and A; are given by

0 I5 0 -3 0 0
AO = |-Ky —Dy Fg and Al = 0 —My, 0],
Fy 0 0 0 0 O

where i v
18.7532  —7.94493  7.94494

My = |—7.94493 31.8182 —26.8182
7.94494 —26.8182 26.8182

—1.52143 —1.55168 1.55168
Do = | 3.22064  3.28467 —3.28467
—3.22064 —3.28467 3.28467

67.4894  69.2393 —69.2393 N
1
Ko= | 69.8124  1.68624 —1.68617| and Fo[ }
00 1
—69.8123 —1.68617 —68.2707

[0 x|
for the above mentioned matrix pencil via the Structured Low Rank Approximation

In [54], the optimizations inf,cs, ‘ ,i=1,...,7, are computed
(SLRA) algorithm [62] and the computed v-sequence for this example appears to
exhibit properties contrary to the theoretical results. If the same sequence is com-
puted via BFGS with random initializations, then we would actually be computing

gi,t =1,...,7. The values are given in Table |5.7.1

90 g1 g2 g3 94 gs e gr
0.0113 | 0.0135 | 0.0112 | 0.0161 | 0.0195 | 0.0253 | 0.0508 | 0.0712

Table 5.7.1: ~-sequence for Example [5.7.2]

The corresponding e;,i = 1,...,7 are given in Table [5.7.2]
(£)

T
Here go = Y = Omin { [Ag A{:| }and € = n(()F) = Omin { |:A0 Al} } As
anticipated, both sets of values do not form a non-increasing sequence. However, in

this case {@J = 3, and the least of all the g; and e; values is go = ¢4 = 0.0112.
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€0 €1 (&) €3 €4 €5 (& €7

0.0494 | 0.0477 | 0.0203 | 0.0196 | 0.0112 | 0.0137 | 0.0113 | 0.0157

Table 5.7.2: n-sequence for Example [5.7.2]

Therefore, computationally (5&771)(P) = 0.0112. Also 2 is the least value of a right
minimal index and 4 is the least value of a left minimal index of all the nearest

singular matrix pencils so that jo = 2, and i = 4. Note that computationally,

) = min ¢; = g» = 0.0112.

0<e<3

h F F F
min{y§", {7} = A

Also note that k(n — 1) — jo =7 — 2 = 5 and computationally

") = min e; = e, = 0.0112.

0<i<h

In this case, the pencil also seems to be very close to another singular matrix pencil

having a right minimal index 0 and a left minimal index 6.

An identical strategy is used to compute (55"_1)(]3) via 1) The only dif-

ference is that in this case k(n — 1) + 1 initial choices of {rc((f), N ,x,(:()n_l)} are
made in such a way that for i = k(n — 1) + 1 all the vectors {x((f), e ,x,gi()n_l)}

are randomly chosen and for all smaller values of ¢, the first ¢ vectors are cho-

sen randomly with the rest being set to zero. Each of them is used to compute
‘ [Ao -y Ak] Xk(n—l)Xl];(n—l)

round, then 'ylia h, S Min; <i<k(n—1)+1 gi- A value of ¢ for which the minimization is

infes, ) . If §; be the value computed in the ‘"
achieved is one for which either ¢+ = j,+ 1 or one such that a nearest singular matrix
polynomial has 7 —1 as a right minimal index. The corresponding ¢; when optimally
computed, is likely to be a good estimate of 5%”71) (P). Therefore the computed value
of 5§n_1)(P) is taken to be mini<ick(n—1)+1 Ji-

Observe that if the computation of 6}71_1)(13) is based on Corollary which
extends the result in [I2] to matrix polynomials, then the strategy for initialization
would have to be the same as the one for 6" " (P) and it will involve computing

T
4z - ar] XX

inf$€$j

,for j =0,... k(n—1) with no restrictions on the
F

entries of x. Clearly as the sizes of the matrices X; increase when j > V(n;l)J , this
is more expensive than the computation strategy based on part (e) of Theorem 5.4.1]
A few more examples are provided to illustrate the theoretical results and com-

pare the computed values of the distances with the corresponding upper and lower
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bounds. In each case, in order to provide some information about the right and/or
left minimal indices of the computed nearest singular matrix polynomial, the com-
puted values of the y-sequence and n-sequence for the ||-|| » norm and the y-sequence
for the ||-|lo norm are mentioned. Recall that for the ||-|| norm, we refer to the
computed values of the v-sequence and 7-sequence as ¢;,0 < j < k(n — 1) and
e;,0 < j < k(n — 1) respectively. Similarly, for norm ||-||2, the computed values of
the y-sequence are denoted by g;,1 < j < k(n—1)+ 1. In each case, the values of g;
and e; that give the computed 5%"_1)(P) and the value of g; that gives the computed
58"(P) are boldfaced.

Both BFGS and globalsearch.m are used in computations involving the |||z
norm. It is worth noting that both algorithms give identical results in every case.
The BFGS algorithm requires finding the gradient of the objective function which is
done in a manner identical to the one in Section[4.8] Since the gradient computation
is difficult for the objective functions involved in the computation of the ~-sequence

for the ||-[|2 norm, these values are computed only via globalsearch.m.

Example 5.7.3. Consider the matrix polynomial

P(\) =

—0.1414 —-0.1490 Ll 0.8837 0.9969 Y 0.6346  0.9689 Y —1.9867 1.2800
1.1928 9702 0.2190 0.0259 0.6252 —0.0649 0.6097 —0.1477|

Table records the computed values of the v-sequence and 7n-sequence with
respect to the ||-||z norm obtained via the BFGS and globalsearch.m algorithms
and the ~v-sequence for ||-[l2 norm computed via globalsearch.m. In this case
k(n—1) =3 and V(”T_UJ = 1. The computed value of 5;7_1)(P) is given by entries
go and e;. Hence computationally jo = 2 and 79 = 1. The computed value of 5&71_1) (P)
is given by g3 which also corresponds to jo = 2.

Table records the various upper and lower bounds of the distance to a
nearest singular matrix polynomial calculated via globalsearch.m along with the

computed values of the distances.

It is worth noting that although

b0(0) = i o (47 57]") (4 5]))

for P(A\) = A+ AB of size 2 x 2 [12} Corollary 3], this example shows that may not

hold for 2 x 2 matrix polynomials.

The next two examples appeared in both [31] and [3§].
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i 0 1 2 3
y-sequence for ||-||r norm (g;) | 2.13568497 | 1.73451440 | 1.67654181 | 1.72284863
n-sequence for ||-||F norm (e;) | 1.72284863 | 1.67654181 | 1.73451440 | 2.13568497
v-sequence for |-|ls norm (g;41) | 1.76225044 | 1.46091727 | 1.39302305 | 1.72284863
Table 5.7.3: y-sequence and 7n-sequence for Example [5.7.3]
Lower bounds Estimates of the distance Upper bounds
— i =
~ © ~ < = —
8F | /8 Z 5 7 Z £
3 g 5 5 5 A 3 E 5
2z g z & = = S = =
A g &) = = m &0 £ =
(51(01)(13) 1.35805159 | 0.98501932 | 1.06017226 | 1.67654181 | 1.67654181 | 1.72284863 | 1.72284863
5;1)(]3) 1.35805159 | 0.98501932 | 1.06017226 - 1.39302305 | 1.72284863 | 1.72284863

Table 5.7.4: Comparison of various bounds on the distance 5§1)(P) for Example

Example 5.7.4. Consider the matrix pencil

0 004 089 00 0
PA)=1015 —002 0 |+Al0 0 1
0.92 0.11 0.066 010

Table records the computed values of the y-sequence and 7-sequence for
the ||-]|s norm obtained via the BFGS and globalsearch.m algorithms and the
~v-sequence for ||-||o norm computed via globalsearch.m. In this case k(n — 1) = 2

k(n—1)

and {T = 1. The computed value of (5}”71)(P) is given by entries g; and e;.

Hence computationally j, = 1 and 7y = 1. The computed value of 5%"_1)(P) is given
by g» which also corresponds to jo = 1.

Table records the various upper and lower bounds of the distance to a
nearest singular matrix polynomial computed via globalsearch.m along with the
computed values of the distances. The computed values of (5}2)(1:’) from [31] and [3§]
are also provided for reference.
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1 0 1 2

v-sequence for ||| norm (g;) | 0.90449335 | 0.11554629 | 0.88861007

n-sequence for ||-|| 7 norm (e;) | 0.88861007 | 0.11554629 | 0.90449335

y-sequence for -]l norm (g;41) | 0.86581312 | 0.09215174 | 0.88861007

Table 5.7.5: y-sequence and 7-sequence for Example [5.7.4]

Lower bounds Estimates of the distance Upper bounds

0
O
=
m

Equation (5.6.4)
Equation (5.6.6)

Theorem [5.6.2]

Giesebrecht et al. [31
Equation (5.6.7)
Equation (5.6.10)

Guglielmi et al. [38]
globalsearch

Distance

/\
T | measured

0.09215174 | 0.08883492 | 0.09058250 | 0.1193 | 0.115585 | 0.11554629 | 0.11554629 | 0.88861 | 0.1427448
0.09215174 | 0.08883492 | 0.09012456 - - - 0.09215174 | 0.88861 | 0.1427448

Sl
SIS
—
"U
)

Table 5.7.6: Comparison of various bounds on the distance 5§1)(P) for Example m

Example 5.7.5. Consider the pencil

-1.79 01 —-0.6 000
P(A) =084 —054 049|+A [0 0 1
-089 03 0.74 010

Table records the computed values of the v-sequence and n-sequence with
respect to ||| norm obtained via the BFGS and globalsearch.m algorithms and
the y-sequence for ||-[| norm computed via globalsearch.m. In this case k(n—1) =
2 and M”T_l) = 1. The computed value of 5;7_1)(}7) is given by entries go and e.
Hence computationally jo = 2 and iy = 0. The computed value of 5§n_1)(P) is given
by g» which corresponds to jo = 1.

Table records the various upper and lower bounds of the distance to a
nearest singular matrix polynomial computed via globalsearch.m. Also the com-
puted values of the distances are recorded here together with the computed values
of 5}2)(13) from [31] and [38] for reference.

The final example is a 3 x 3 matrix polynomial from [30].

Example 5.7.6. Consider the matrix polynomial

P(N) = Ao + MA; + \24,
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1 0 1 2

v-sequence for ||| norm (g;) | 1.07219625 | 0.94957852 | 0.94356417

n-sequence for ||-[|7 norm (e;) | 0.94356417 | 0.94957852 | 1.07219625

v-sequence for ||-||2 norm (g;41) | 0.88222447 | 0.74394001 | 0.94356417

Table 5.7.7: ~y-sequence and n-sequence for Example [5.7.5]

Lower bounds Estimates of the distance Upper bounds
ed 5

[ar ) q -

) = = S

= k2 b §

v g = = = g g e = =

% QEJ 3 2 2 g % n s = «,9;

[Si= S & = S &} /M "8 & &
6}2)(P) 0.743524 | 0.636092 | 0.648559 | 0.9438619 | 0.94356416 | 0.94356417 | 0.94356417 | 0.94356417 | 0.94356417
53(P) | 0.743524 | 0.636092 | 0.648559 - - - 0.74394001 | 0.94356417 | 0.94356417

Table 5.7.8: Comparison of various bounds on the distance 5 (P) for Example |5.7.5

where
0.0278 0.0563 0.1141 —0.2122 0.363 —0.1385
Ao = |—-0.1758 0.327 —0.173|, 41 = | 0.18027 —0.151 0.469 |,
—0.056 0.0321 —0.075 —0.106 0.212 —-0.1514

—0.0376  0.107 0.293
Ay = | 0.003 —0.14914 —0.2859
0.0577  0.1455 0.231

Table [5.7.9| records the computed values of the vy-sequence and n-sequence with
respect to ||-|| norm obtained via the BFGS and globalsearch.m algorithms and
the y-sequence for ||| norm computed via globalsearch.m. In this case k(n—1) =
4 and @ = 2. The computed value of (5?71)(]3) is given by entries go and es.
Hence computationally jo = 2 and ig = 2. The computed value of (55"71)(]3) is given
by g3 which also corresponds to jo = 2. Table records the various upper and
lower bounds of the distance to a nearest singular matrix polynomial computed
via the globalsearch.m along with the computed values of the distances. The

computed value of 5}2)(]3) from [30] is also provided for reference.
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i 0 1 2 3 4

y-sequence for ||-||7 norm (g;) | 0.09097717 | 0.08198622 | 0.02660446 | 0.04708049 | 0.18100480
n-sequence for ||-||F norm (e;) | 0.18100480 | 0.04708049 | 0.02660446 | 0.08198622 | 0.09097717
y-sequence for ||-|la norm (giy1) | 0.08623423 | 0.08054015 | 0.01898730 | 0.04047697 | 0.18100480

Table 5.7.9: vy-sequence and 7-sequence for Example [5.7.6]

Lower bounds Estimates of the distance Upper bounds
=
|22 5
_ _ = -
E ks 6 =
o] i) - S LD O
et et s o et
cT | E kS g Z o g g
gz £ £ g 2 9 g E E
£ @ E E 5 2 O S = =
RZE = = = 2 B S = 53
[ = = = @) M Y] = =
51(;2>(P) 0.01666888 | 0.01650657 | 0.01825576 | 0.026604 | 0.02660446 | 0.02660446 | 0.09097717 | 0.08063977
5%2)(P) 0.01666888 | 0.01650657 | 0.01671034 - - 0.01898730 | 0.09097717 | 0.08063977

Table 5.7.10: Comparison of various bounds on the distance 6% (P) for Example |5.7.6

Conclusion. In this chapter we have characterized rank deficient matrix polyno-
mials. Using this characterization we have obtained an optimization formulation
of the distance to a nearest rank deficient matrix polynomial. We have also found
an additional characterization of the singular matrix polynomials. The character-
izations have led to upper and lower bounds and optimization formulations of the
distance to singularity in various norm settings. The formulation via structured sin-
gular values shows that computing the distance to singularity may be an NP-hard
problem. Insight into the left and right minimal indices of a nearest singular matrix
polynomial is provided and a strategy for computing the distance to singularity is
proposed. The computed distances and the bounds are illustrated via numerical

examples. The results compare favourably with those in the literature.
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Conclusion

Given an m X n rectangular matrix polynomial P(\) = Zf:o A A;, of grade k, in
this thesis we have introduced the notion of a generalized linearization also referred
to as a g-linearization of P(X). We have constructed vector spaces of rectangular
matrix pencils such that almost every matrix pencil in the space provides solutions
of the complete eigenvalue problem for P(\) with the property that the left and right
minimal indices and bases of P(\) can be easily extracted from those of the pencil.
These spaces become the vector spaces L (P) and Ly(P) introduced in [61] whenever
P(X) is square. They also have the same properties with respect to g-linearizations
that the spaces LL;(P) and Ly(P) have with respect to linearizations (as shown
n [I4]) when P()) is square and singular. The results provide a direct extension of
the theory of the vector spaces Li(P) and Ly(P) to the case of rectangular matrix
polynomials. We have also shown a process of extracting many different strong
linearizations from almost every pencil in L;(P) and Ly(P). We believe that our
work complements the recent work in [26] which allows the study of linearizations
of rectangular matrix pencils in a vector space setting by introducing the block
Kronecker ansatz spaces. While [26] gives the relationship between the particular
block Kronecker ansatz spaces G1(P) and Gy (P) and the spaces L, (P) and Ly(P)
respectively when P()) is square and regular, our work extends the notion of the
spaces L1 (P) and Ly(P) to the rectangular case and shows the relationship between
strong linearizations of P()\) extracted from the pencils in IL; (P) and Ly (P) and the
linearizations in Gy (P) and Gy (P). A global backward error analysis of the process
of solving the complete eigenvalue problem for P()\) via the linearizations that can
be extracted from strong g-linearizations in L;(P) and Ly(P) was also conducted.
It showed that these g-linearizations provide a wide choice of linearizations that can
solve the eigenvalue problem for P(\) in a globally backward stable manner.

Next we consider the problem of finding the distance to a nearest matrix poly-
nomial with an elementary divisor of the form (A — \¢)?,j > r, for a given square
matrix polynomial P(\), A\g € C and r > 2. The distance is shown to be zero for
singular matrix polynomials. Square matrix polynomials with elementary divisors
(A—Xo0)?, 7 = r, have been characterized in terms of rank deficiency of certain block
Toeplitz matrices. Using the characterization, an optimization formulation of the
distance has been obtained. This has been used to compute the distance via numer-
ical software like BFGS and MATLAB’s globalsearch. Upper and lower bounds

have been derived and numerical experiments performed to compare them with the
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computed values of the distance show that they are quite tight in many cases. Also
the characterization has been used to show that the distance is the reciprocal of a
generalized notion of a p-value. Since p-value computation is an NP-hard problem,
it is conjectured that the solution of the given distance problem is also NP-hard.
The optimizations involved in the calculations are computationally quite expensive.
But this is also the case with other optimizations proposed in the literature for
computing similar distances. Also due to the nature of the optimizations, it is not
clear that the values of the bounds from Theorem [£.5.1] Theorem and Theo-
rem [4.6.1] are the globally optimal values. However in many cases they are very close
to the computed values of the distance. This leaves the question whether they may
actually give the exact solution of the distance problem open for future research.
Finally in this thesis the distance from a given n X n regular matrix polynomial
P(\) of degree k, to a nearest singular matrix polynomial of normal rank at most
r for a given r, (0 < r < n — 1) has been considered with special emphasis on the
distance to singularity, where r = n — 1. Square matrix polynomials with normal
rank at most r have been characterized via a suitable rank deficiency criterion of
the convolution matrix Cy,(P). An additional characterization involving a different
block Toeplitz matrix has been obtained for the case »r = n — 1. The results have
been used to set up the optimizations for computing nearest matrix polynomials
of normal rank at most r in general, and nearest singular matrix polynomials in
particular, under two different norm settings. They have also been used to formu-
late the distance as the reciprocal of a generalized structured singular value when
r < n—1 and the reciprocal of a structured singular value or p-value when r = n—1,
thus establishing that the latter is likely to be an NP-hard problem. We conjecture
that the computing the distance is also NP-hard when » < n — 1. The results also
provide information about the possible left and right minimal indices of a nearest
singular matrix pencil. At the same time they highlight the numerical challenges
of computing the distance to nearest rank deficient matrices. They also provide a
means of interpreting the numerical results and for devising a numerical strategy
which we have used for calculating the distance to singularity via BEFGS and MAT-
LAB’s globalsearch algorithm. The numerical examples show that the distances
computed by this strategy compare favourably with those in the literature and the
bounds are tight in many cases. Therefore although the computations involve vari-
able projection least squares optimizations and it cannot be claimed that the exact
distance has been calculated, it appears that the strategy is fairly efficient at least

for problems that are not large.
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Publications/Submissions from the Thesis

Publications:

1. The following publication is based on a part of Chapter |4| of this thesis:
Ashish Kothyari, Biswajit Das, Shreemayee Bora, and Madhu N Belur. On

the distance to singular descriptor dynamical systems with impulsive initial
conditions. IEEE Transactions on Automatic Control, 64(3):1137 - 1149, 2019.

2. The following publication is based on Chapters |2 and [3| of this thesis:

Biswajit Das and Shreemayee Bora. Vector spaces of generalized linearizations
for rectangular matrix polynomials. Flectronic Journal of Linear Algebra,
35:116-155, 2019.

3. The following manuscript based on Chapter [4| of this thesis has been accepted
for publication:

Biswajit Das and Shreemayee Bora. Nearest matrix polynomials with a spec-
ified elementary divisor. SIAM Journal on Matrixz Analysis and Applications,
2020.

Submissions:

1. The following manuscript based on Chapter [5|of this thesis has been submitted

for publication:

Biswajit Das and Shreemayee Bora. Nearest rank deficient matrix polynomi-

als.
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