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Abstract

This thesis considers risk-sensitive stochastic control and game problems on count-
able/Borel state space for discrete/continuous-time Markov decision processes (MDPs)
under certain Lyapunov conditions. Here, infinite-horizon control/game problems are an-
alyzed with various cost criteria. The controllers can take action in discrete/continuous-
time from their admissible strategies.

In the single-player setup, we investigate infinite-horizon discounted cost criterion
for continuous-time pure jump controlled Markov processes. The controller tries to
minimize his/her payoff through a Markov decision process and finds an optimal risk-
sensitive control in the class of Markov control.

When there is more than one controller, the stochastic control problem is referred
to as a stochastic game problem, we study zero/nonzero-sum game problems. For zero-
sum game problems, we consider infinite-horizon discounted/ergodic cost criteria for
discrete/continuous-time Markov decision processes (MDPs) on countable/Borel state
space. Here, player 1 is a maximizing player and player 2 is a minimizing player.
So, player 1 tries to maximize his/her reward while player 2 always tries to minimize
his/her costs. For these problems, a saddle-point equilibrium point is achieved. To
study nonzero-sum game problems, we consider infinite-horizon ergodic cost criteria for
continuous-time Markov decision processes (CTMDPs) on a countable state space. Here,
each player tries to minimize his/her ergodic payoff criterion. We establish the existence
of a Nash-equilibrium in the class of stationary strategies for non-zero sum ergodic game
problems. For each model, suitable real-life examples are provided to support the mod-
els.

First, we investigate risk-sensitive continuous-time discounted control problem for
pure jump Markov processes on general Borel state space. The transition and the cost
rates are possibly unbounded. We establish the existence and uniqueness of the solution
to the Hamilton-Jacobi-Bellman (HJB) equation under certain Lyapunov conditions.
Also, we provide proof of the existence of optimal risk-sensitive control in the class of
Markov control and completely characterize the optimal control. Moreover, we consider
an illustrative example to support our results and assumptions.

After that, a continuous-time risk-sensitive zero-sum stochastic game for controlled
Markov decision processes with discounted cost criterion on countable state space is
analyzed. Here, the transition and cost rates are possibly unbounded. Under a Foster-
Lyapunov condition, we prove the existence of the value of the game and saddle-point
equilibrium in the class of admissible strategies by studying the corresponding Hamilton-
Jacobi-Isaacs (HJI) equation. Also, an illustrative example is used to support our results.

Next, we consider risk-sensitive zero-sum stochastic games for controlled continuous-
time Markov decision processes on a general state space with discounted cost criteria.
The transition and cost rates are allowed to be unbounded. Under a stability assumption,
we prove the existence of the value of the game and saddle-point equilibrium in the class
of Markov strategies and give a characterization in terms of the corresponding Hamilton-
Jacobi-Isaacs (HJI) equation. Moreover, we illustrate our results and assumptions by
example.

After that, we analyze risk-sensitive zero-sum stochastic games for controlled
discrete-time Markov decision processes with ergodic cost criteria on countable/compact
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state space and Borel action spaces. For countable state space case, the payoff function
is nonnegative and possibly unbounded and it is a real-valued and bounded function
for compact state space case. Under a certain Lyapunov type stability assumption on
the dynamic, we establish the existence of the value and a saddle-point equilibrium, for
countable state space case. But for compact state space case, we establish these results
without any Lyapunov type stability assumptions. Using the stochastic representation
of the principal eigenfunction of the associated optimality equation, we completely char-
acterize all possible saddle-point strategies in the class of stationary Markov strategies.
Also, we present and analyze an illustrative example.

Subsequently, a nonzero-sum stochastic game for continuous-time Markov decision
processes on a denumerable state space with risk-sensitive ergodic cost criterion is con-
sidered. We allow the transition rates and cost rates to be unbounded. Under a certain
stability assumption, we show the existence of a solution of the corresponding system of
coupled HJB equations which leads to the existence of a Nash equilibrium in stationary
strategies. We establish this using an approach involving principal eigenvalues associated
with the HJB equations. Furthermore, we completely characterize Nash equilibrium in
the space of stationary Markov strategies by exploiting appropriate stochastic represen-
tation of principal eigenfunctions. Also, a controlled population system is considered to
illustrate our results.

Finally, we investigate risk-sensitive continuous-time stochastic zero-sum games for
controlled Markov decision processes with ergodic cost criteria. Here, the transition and
the cost rates may be unbounded. Under a Lyapunov stability condition, we provide
proof of the existence of the value of the game and a saddle-point equilibrium in the
class of all stationary strategies. This is accomplished by establishing the existence of a
principal eigenpair for the corresponding Hamilton-Jacobi-Isaacs (HJI) equation. This,
in turn, is established by using a nonlinear version of Krĕın-Rutman theorem. We also
give a characterization of the saddle-point equilibrium in terms of the corresponding HJI
equation. Lastly, we use a controlled population system to illustrate our results.
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CHAPTER 1

Introduction

In this thesis, we investigate risk-sensitive stochastic control and stochastic game prob-

lems. Optimal control problems are single-player, single-objective dynamic decision

problems. Optimal control problems can be roughly divided into two parts: one is a

deterministic optimal control problem and the other is a stochastic optimal control prob-

lem. Here we are interested in the latter one, i.e., the stochastic optimal control problem.

A stochastic control problem is an optimization problem, where controllers try to control

the evolution of a stochastic process by taking some actions. These actions either result

in a cost or yield a reward. The aim of the controller is to maximize, in case of reward,

or minimize, in case of cost, which is accumulated either over a finite or infinite time

horizon. Stochastic control plays an important role in many real-life applications such as

in telecommunication, queueing systems, epidemiology, finance, etc. The risk-sensitive

stochastic control problem is a special type of stochastic control problem. Stochastic

optimal control problems for controlled Markov processes can be classified in two ways.

(1) Discrete-time; (2) Continuous-time.

A discrete-time Markov decision process (DTMDP) is described by a family of con-

trolled transition kernels. The evolution of the process is as follows: at each time epoch

the controller chooses an action from a suitable action set. For his/her action, he/she

has to pay a certain cost. Then at the next time epoch, the state moves to a new state,

the distribution of which is given by the controlled stochastic kernel. Then again, the

same procedure repeats. This process either goes for a finite time period, in which case

it is known as a finite horizon problem, or goes for an infinite time period, in which case

it is known as an infinite horizon problem. In infinite-horizon problems, based on cost

criteria, this can be further classified into discounted cost problems and ergodic cost

problems. In the control problem, the basic aim is to find optimal controls, that is a

control that will optimize the total expected cost and characterize all possible optimal

controls via Hamilton-Jacobi-Bellman (HJB) equation (see, Chapter 2, Section 3).

1
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Chapter 1 §1.0

In the continuous-time setup, one of the most widely studied controlled processes is

the continuous-time Markov decision process (CTMDP). In order to describe a CTMDP

model we need to specify its controlled transition kernels and controlled waiting time

distributions. Once the process jumps to a new state the controller chooses an action.

Now the process remains in the present state for a random amount of time which is

exponentially distributed. The parameter of the exponential distribution is determined

by the controller through his action. Because of his/her action, the controller has to

pay a cost continuously. The cost rate depends on the state and also the action. After

spending a random amount of time in the present state the process jumps to a new state

according to the controlled transition kernel. Here again, there are finite and infinite-

horizon problems. The basic problem is the same, to characterize the value function

(see, Chapter 2, Section 3) and to find optimal controls (see, Chapter 2, Section 5).

In stochastic control problems, a controller wishes to optimize only the expected

value of the total random payoff. But minimizing just the first moment of a random

variable may not always be good from an optimization point of view and in this approach,

controllers ignore the risk. In order to address this concern one of the approaches that are

available in the literature is a risk-sensitive approach. In this approach, one investigates

an exponential of the total random payoff which takes into account the attitude of the

controller with respect to risk. So, besides the above classification of a stochastic control

problem, we can classify stochastic problems into two categories with respect to risk, say,

risk-neutral and risk-sensitive problems. In a risk-neutral stochastic optimal problem,

the cost criterion is of additive nature and so, the controller wishes to optimize the

expected value of the random payoff without caring about the variance of the random

payoff. Where in a risk-sensitive stochastic optimal problem, the cost criterion is of

“exponential of integral” nature which takes into account expectation as well as the

higher order moments of the random payoff. Consequently, the analysis of risk-sensitive

control is technically more involved because of the exponential nature of the cost.

Now, following [90], we describe the risk-sensitive criterion in mathematical forms.

Let Y be a random cost accrued over a finite/infinite time horizon. Let the (constant)

coefficient of absolute risk aversion be given by θ ∈ R. Let Uθ be a utility function given

by

Uθ(x) =

{
sgn(θ)eθx, if θ ̸= 0,

x, if θ = 0.

Suppose the decision maker evaluates the random cost Y via E(Uθ(Y )). A certainty

equivalent of Y is a number J(θ, Y ) such that

Uθ(J(θ, Y )) = E(Uθ(Y )). (1.0.1)

Ph.D. Thesis 2
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Chapter 1 §1.0

Therefore for a person with the risk-sensitive factor θ, paying the random cost Y is

tantamount to paying a deterministic cost J(θ, Y ). It is easy to see that

J(θ, Y ) =
1

θ
log(EeθY ).

If θ > 0, then J(θ, Y ) ≥ EY . Thus the decision maker is paying a higher cost for being

risk-averse. If θ < 0, then the decision maker is risk-seeking. Finally, θ = 0 corresponds

to the risk-neutral case.

The risk of a random quantity is also associated with its variance in the literature.

That is why the controller may wish to minimize both mean and variance as described

above. In the risk-neutral case: the decision make minimizes E(Y ). In the risk-sensitive

case: the decision maker seeks to minimize J(θ, Y ) = 1
θ
log(E(eθY )). For a small value

of θ, by Taylor series expansion,

J(θ, Y ) ≈ E(Y ) +
θ

2
V ar(Y ). (1.0.2)

From the above explanation, we conclude that, in the risk-neutral criterion, the controller

wants to optimize the expected value of the total payoff. But in the risk-sensitive

criterion, the controller considers the expected value of the exponential of the total

payoff and so it captures the effects of the higher order moments of the cost as well as its

expectation. This difference makes the risk-sensitive case significantly different from its

risk-neutral counterpart. As a result, the risk-sensitive criterion gives better protection

from the risk.

The right-hand side of (1.0.2) is a standard utility employed in a portfolio optimiza-

tion problem. However, the above may not be suitable for games [90]. Note that there

are other non-linear risk-sensitive utility functions, e.g., power, logarithm, etc. But these

utility functions do not lead to certainty equivalence.

We now briefly describe the game model. Game theory is the analysis of the conflict

that involves multi-person decision-making. By choosing appropriate strategies, each

person/player either tries to maximize his/her gain or minimize the total cost he/she

has to pay. In game theory, one tries to find a strategy for all players such that each of

them obtains his/her desired result. There are two types of games; one is deterministic

and the other is stochastic. We are interested in stochastic game theory, which deals

with systems having uncertainty. Like the one-player setup, stochastic games, based on

their duration, can be classified into finite-horizon games and infinite-horizon games. In

the infinite-horizon case, again, there are two basic payoff criteria, namely, discounted

payoff and average payoff. Moreover, stochastic games have two sub-classes; (1) zero-sum

stochastic games and (2) nonzero-sum stochastic games.

In zero-sum stochastic games, there are two players with opposite interests. As

the name suggests, the sum of the cost functions of the players is identically equal to

Ph.D. Thesis 3
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zero, i.e., what one player gains are lost to the other player. As we have discussed, in

zero-sum games there is a single performance criterion: one player tries to maximize it

and the other player tries to minimize it and the total aggregate sum of gains of the

players is zero. Here, the value of the game is defined to be the maximum possible

gain of maximizing player or the minimum possible loss of the minimizing player when

they use their best strategies. This pair of best strategies are known to be a saddle-

point equilibrium which will be discussed later elaborately. However, in a nonzero-sum

game, there are two or more players and each of them tries to minimize (or maximize)

his/her performance criterion by choosing appropriate strategies as a response to the

other players’ strategies. It is clear from the name that in a nonzero-sum game the sum

of all individual performance criteria may not be zero. Here, an equilibrium is a set of

strategies such that unilateral deviation from the strategy corresponding to any player

by that player is disadvantageous to him/her. This leads to the Nash equilibrium which

will be discussed later elaborately.

Risk-sensitive game is a generalization of a classical stochastic game in which the

degree of risk aversion or risk tolerance of the players in the games is explicitly param-

eterized in the cost criterion and influences the outcome of the game directly.

In a zero-sum game, as defined above, two players are strictly competitive and for the

risk-neutral zero-sum game case, the sum of the expected random cost and the expected

random payoff is zero. Thus, in this case, we can define saddle-point equilibrium. How-

ever, this is not going to be the case for any non-linear utility function, including the one

we are addressing here. Thus risk-sensitive zero-sum games have to be studied via Nash

equilibria [90]; we discuss this in more detail in Chapter 7. Such (risk-sensitive) zero-sum

games are called nonstandard zero-sum games. In the thesis, we use such nonstandard

zero-sum games with risk-sensitive exponential utility.

Here, the risk-sensitive stochastic zero-sum game has primarily been formulated from

the viewpoint of the minimizer player (suppose player 2) who is risk-averse. The maxi-

mizer is a virtual player (suppose player 1) who is antagonistic to the minimizing player.

Such games have applications in queueing systems where each player treats the rest of

the players as a superplayer antagonistic to him/her. Moreover, such a model is relevant

in worst-case scenarios, e.g., in financial applications when a risk-averse investor is trying

to maximize his long-term portfolio gain against the market which, by default, is the

minimizer in this case. We refer to [1] for a zero-sum stochastic game in a flow control

problem in discrete-time, and [44], [46] for analogous problems in continuous-time. Such

a game is also applied in [11] for a temporal capital asset pricing model (CAPM) where

each investor treats the rest of the investors as a superplayer antagonistic to him/her.

But, to handle many realistic situations, it is also necessary to study games that involve

Ph.D. Thesis 4
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Chapter 1 §1.0

many players and which are not zero-sum.

In sum up, in this thesis, we investigate risk-sensitive stochastic single and multi-

controller problems for controlled Markov processes with infinite-horizon cost criterion on

discrete/continuous-time. Here, we consider discounted as well as ergodic cost criteria.

In a finite-horizon problem, a well-defined ending time or ending condition can be

specified which clearly defines the end of the problem while in an infinite-horizon simu-

lation, there is no well-defined ending time or condition. In the case of infinite-horizon

problems, we are almost always interested in reporting on the long-run performance of

the system. Thus, the desired starting conditions of interest are sometime in the far-off

future. In addition, because we want long-run performance there is no natural ending

point of interest. Moreover, another significance is that there are situations where prob-

lems with infinite time horizons arise in a natural way, e.g. when the random lifetime

of an investor is considered. However more important is the fact that Markov decision

models with finite but large horizon can be approximated by models with infinite time

horizon. The latter one is often simpler to solve and admits mostly a (time) stationary

optimal policy. Some examples of infinite-horizon situations are telecommunications,

hospital emergencies, etc. The infinite-horizon discounted cost (DC) and average cost

(AC) evaluation criterion can be seen as two opposite extremes in the spectrum of pos-

sible criteria that can be considered, in the sense that the first one captures primarily

the performance of the process at the present and near future, and the second captures

the performance at the distant future. When decisions are made frequently, so that the

discount rate is very close to 1, or when performance criterion cannot easily be described

in economic terms, the decision maker may prefer to compare policies on the basis of

their average expected reward instead of their expected total discounted reward, see

[100]. The ergodic problem for controlled Markov processes refers to the problem of

minimizing a time average cost over an infinite time horizon. Hence the cost over any

finite initial time segment does not affect the ergodic cost. This makes the analysis of the

ergodic problem analytically more difficult. In continuous-time ergodic game problems,

we investigate nonzero-sum as well as zero-sum game problems. In the control problem,

we consider discounted cost criterion for continuous-time pure jump processes, where we

find the optimal strategy of the corresponding Hamilton-Jacobi-Bellman (HJB) equation.

We study zero-sum games with infinite-horizon, discounted, and ergodic cost criteria,

where we investigate the existence of a saddle-point equilibrium of the corresponding

Hamilton-Jacobi-Isaacs (HJI) equations for discrete/continuous-time Markov decision

processes. And, for the nonzero-sum game, we deal with infinite-horizon ergodic cost

evaluation criterion for continuous-time Markov decision processes (CTMDPs) where we

find the existence of a Nash-equilibrium of the corresponding couple of optimality (HJB)
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equations.

1.1 Literature survey

The prime intent of this thesis is to formulate and analyze the risk-sensitive stochastic

control and stochastic games with various cost criteria. A short literature survey on the

recent development of this topic is addressed below.

The study of optimal control theory started dating back to the early 17th century,

see [105]. This class of problems received tremendous impetus from the Second World

War due to a wide range of applications.

In stochastic optimal control, the Markov chain is a very important and fundamental

model for stochastic dynamic systems and is widely used for modeling control problems

that arise naturally in many real-life problems, for example in queueing models, epi-

demiology models, birth-death models, etc. In [17], [59], [102], [103] the authors studied

Markov decision processes (MDPs) and showed the importance of MDPs in real-life

applications.

The study of discrete-time Markov decision processes is more than 50 years old. We

refer to [70], for one of the earlier works. After that, the investigation of discrete-time

MDPs has been done by various authors in various setups. Finite horizon problems and

infinite-horizon problems with countable state space and compact action spaces are well

understood. Several authors have also analyzed discrete-time MDPs on general state

space problems, see the books by Bertsekas and Shreve [17], Hernandez-Lerma [68] and

Ross [103], and references therein for details. See, [8], for a detailed survey of results on

average cost problems for discrete-time MDP. In the literature, continuous time MDP

is also a well-studied object, see [59]. If the transition rates are bounded, the most

widely used approach in solving CTMDP is to convert it into an equivalent discrete-

time MDP and then use the theory of discrete-time MDP. This technique is known as

the uniformization technique, for details see [17], [70], [102], and the references therein.

For the case of unbounded transition rates, the analysis can be done by a suitable

generalization of this approach. Several authors have studied the case of unbounded

transition rates and unbounded cost under various hypotheses, see [55], [59], [60], [119]

and the references therein.

All the references described till now are on risk-neutral control. Risk-sensitive control

problems are studied extensively in the literature due to their applications in queueing

systems and mathematical finance, especially in portfolio optimization, large deviation

theory, and its connection to robust control problems and stochastic dynamic games, for

more details see [14], [15], [18], [43], [73, P. 125], [114, part-II] and the references therein.

Ph.D. Thesis 6

TH-3126_186123018



Chapter 1 1.1. Literature survey

Also, see, [21], [30], [32], [47], [53], [62], [81], [82], [94], [108], [120]. Earlier works on

risk-sensitive control goes back to Howard and Matheson [71] and Jacobson [73]. In [66],

the authors study risk-sensitive control of discrete-time Markov chains with countable

state space. Here the authors solve the problem by converting the original problem to

an equivalent stochastic dynamic game. Risk-sensitive control of discrete-time Markov

chains with general state space has been investigated in [30], [74]. In [24], the authors

use a direct approach of multiplicative Poisson equation to study ergodic cost risk-

sensitive problems for discrete-time Markov chains. For important contributions to the

risk-sensitive control of DTMDP on a general state space, see [30], [32]. In the literature,

risk-sensitive control problems for CTMDPs are an important class of stochastic optimal

control problems and have been widely studied under different sets of conditions. Finite

horizon risk-sensitive CTMDPs for countable state space were studied in [47], [53], [108]

and for infinite-horizon risk-sensitive CTMDPs for countable/general state space, we

refer to [47], [54], [62], [81], [82], [94], [120]. In [47], [82], the transition and cost rates are

assumed to be bounded while [53], [62] considered unbounded cost and transition rates.

Continuous-time infinite-horizon risk-sensitive discounted control problem is studied in

[62] and the papers [21], [81], [82] studied infinite-horizon risk-sensitive CTMDPs for

ergodic cost criterion while in [47], [94], the authors considered discounted as well as

ergodic cost criterion. Infinite horizon risk-sensitive CTMDP for piecewise deterministic

Markov decision processes has been studied in [54]. Risk-sensitive control problem has

also been studied for continuous-time diffusions, see [20], [37], [114] and the references

therein.

Besides the above discussion about ergodic problem, we now focus more on infinite-

horizon ergodic cost criterion. As already discussed, the study of ergodic control problem

is interesting and useful when we deal with infinite-horizon problem. The analysis of

stochastic systems with the risk-sensitive ergodic criterion can be traced back to the

seminal papers by Jacobson in [73] and Howard and Matheson in [71]. The literature

on risk-sensitive MDP under ergodic cost criterion is quite extensive, e.g., [2], [21],

[24], [25], [26], [30], [31], [47], [52], [67], [71], [74], [81], [82], [94], [111], [114]. The

risk-sensitive ergodic cost stochastic optimal control problems for CTMDPs are first

considered in [47]. In this respect, we mention some interesting works, [10], [78], [79]

studying multiplicative ergodic theorem for geometrically stable Markov processes. In

[79, p. 77, sec. 2.4], the authors made a strong connection between ergodic theory

and Perron-Frobenius eigenvalue theory. For the classical approach to studying risk-

sensitive ergodic control problems based on equivalent game formulation, one can see

[36]. In [25], the authors investigated risk-sensitive ergodic cost criterion for discrete-

time MDP with bounded cost using a simultaneous Doeblin condition on a countable
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state space. Also, see [2], [24], and the references therein for multiplicative ergodic

theory. These papers used the eigenvalue approach to study risk-sensitive ergodic control

problems. The authors in [47], [94] used the results of [78], [79] to study their risk-

sensitive ergodic control problems. Also, in the context of controlled diffusions, the

eigenvalue approach is used in [5], [6], [7], [19] to study the risk-sensitive ergodic control

problems. In [21], the authors studied risk-sensitive discrete/continuous-time ergodic

control problems for controlled Markov processes with countable state space . They

established the existence of a principal eigenpair of the associated ergodic HJB equation.

For this, they first studied the corresponding Dirichlet eigenvalue problems on finite sets

and then pass to the limit by increasing the finite sets to countable state space. In [2],

authors used a novel technique to provide a variational formula for infinite-horizon risk-

sensitive reward on a compact state and action spaces. They build a nonlinear version of

Krĕın-Rutman theorem to study the corresponding ergodic HJB equation which leads to

the existence of optimal ergodic control. In the literature, the Krĕın-Rutman theorem

has been studied extensively, see [2], [4], [80], [84], [86], [91], [92], [93], [116] and the

references therein. In the pioneering works of Perron [98] and Frobenius [38], it was

proved that the spectral radius of a nonnegative square matrix is an eigenvalue with

a nonnegative eigenvector. In [80], Krĕın-Rutman extended the results of Perron and

Frobenius’s theory to a positive compact linear operator, which is the celebrated Krĕın-

Rutman theorem. For Krĕın-Rutman theorem of a linear/nonlinear operator on ordered

Banach space (under a different set of conditions), see [2], [4], [86], [91], [92], [93], [116]

and the references therein.

Most of the above discussions are on countable state space. But, we see that there

are many real-life situations where the state space may be uncountable, for example, the

chemical reaction model, Gaussian model, etc. One can see [65], [100], and references

therein for real-life examples. Although risk-sensitive control of CTMDPs on a countable

state space has been studied extensively, the corresponding literature in the context of

risk-sensitive control of CTMDPs on a general state space is rather limited. Some

exceptions are [49], [54], [65], [94]. In [62], the authors analyzed a continuous-time

discounted control problem with unbounded transition and cost rates (nonnegative cost)

on countable state space. In Chapter 2, we have extended the results of [62] for general

state space. To the best of our knowledge, this is the first work that deals with infinite-

horizon discounted risk-sensitive control problems for CTMDPs on a general state space

with unbounded cost and transition rates and the controls can be admissible controls.

In the 1930s, Von Neumann and Morgenstern extended the results of single control

problems to multiple decision-makers through their pioneering work, see [106]. But,

Shapely is one of the persons who first introduced the idea of stochastic games in his
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paper [104] and has been studied extensively in the literature due to its immense appli-

cations; see [12], [16], [45], [48], [57], [110], [112], [118] and the references therein. Such

games for MDP have been widely studied in the literature. For a survey on zero-sum

games in discrete-time, see [107]. We refer [23], [34], [39], [56], [57], [58], [97], [112],

for stochastic games with risk-neutral criterion. Semi-Markov games have also been

investigated widely in the literature. Important works include [83] and many others.

There has been a lot of work on both zero-sum and non-zero sum games with risk-

sensitive utility. Discrete-time zero-sum risk-sensitive stochastic games have been con-

sidered by several authors, see [12], [16], [41] and references therein. Infinite-horizon

zero-sum risk-sensitive stochastic games on a countable state space have been studied

in [12]. The paper [16] extended the results of [12] for general state space. Both papers

first treat the discounted cost criterion and then study the ergodic cost criterion using

vanishing discount asymptotics. Both in the papers [12] and [16], the authors consid-

ered bounded cost function. In [16], the ergodic cost criterion is analyzed under a local

minorization property and a Lyapunov condition. Nonzero-sum games for risk-sensitive

discrete-time Markov decision processes have been studied by [13], [77], [113].

Continuous-time risk-sensitive zero-sum stochastic games on finite-horizon are stud-

ied in [48], [109], [117], while infinite horizon zero-sum games are studied in [51], [95].

In [48], [117], unbounded costs and transition rates are considered while [109] considers

unbounded transition but bounded cost on Borel state space. The discounted risk-

sensitive zero-sum game for CTMDPs is studied in [51] with unbounded cost and un-

bounded transition rates. Let us also mention the recent work of [45], [95], which study

the infinite-horizon risk-sensitive stochastic zero-sum game for CTMDPs with bounded

cost and transition rates. But this boundedness requirement restricts our domain of

application since in many real-life situations, we see that the reward/cost and transi-

tion rates are unbounded as for example in queueing control and population processes.

As already said that [16], studied the ergodic cost criterion under a local minorization

property and a Lyapunov condition. The analogous results in continuous-time setup

are carried out in [45]. In this respect, we mention that the authors in the paper [22]

studied risk-sensitive zero-sum ergodic game problems for controlled diffusion processes

in Rd. Using the eigenvalue approach, they have completely characterized all possible

saddle-point equilibrium in the space of stationary Markov strategies.

One can see [40], [110], and the references therein for continuous-time risk-sensitive

stochastic nonzero-sum game. In [110], finite-horizon cost criterion was studied, while

[40] considered infinite-horizon ergodic cost criterion.

Besides the above discussion, this thesis studies more risk-sensitive stochastic games

with unbounded transition/cost rates for MDP. In Chapter 3, we have extended the con-
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trol problem in article [62] to a two-person infinite-horizon discounted-cost risk-sensitive

zero-sum stochastic games for CTMDPs. In Chapter 4, we have generalized the work of

Chapter 3 (that is a zero-sum stochastic game problem on countable space) to a zero-

sum stochastic game problem on general state space. Also, this is an extension of [95]

from bounded rates to unbounded rates.

In the article [21], authors studied risk-sensitive discrete/continuous-time ergodic

control problems for controlled Markov processes with countable state space. But the

corresponding literature in the context of ergodic risk-sensitive stochastic games for

MDP with unbounded cost is very limited. One exception is [113]. We have extended

the work of [21] to a discrete-time zero-sum game in Chapter 5. Also, in this chapter,

we have analyzed the same problem (zero-sum game problem) for bounded costs on

compact state space by getting inspired by the work of [2], where the authors analyzed an

infinite-horizon risk-sensitive ergodic control problem on compact state and action space.

Moreover, this chapter (Chapter 5) can be considered as an extension of the results of

the manuscript [12] to the case with unbounded cost. Then, we study nonzero-sum risk-

sensitive continuous-time stochastic games with ergodic costs for possibly unbounded

transition and cost rates on countable state space in Chapter 6 by getting inspired

from [21]. At last, we study a continuous-time zero-sum game problem for ergodic cost

criterion on countable state space with possibly unbounded transition and cost rates in

Chapter 7 along the line on the control problem [21]. Also, the results of this chapter can

be seen as an extension of [45], where the authors studied a continuous-time zero-sum

game problem with bounded transition and cost rates on a countable space.

1.2 Structure of the Thesis

This thesis is designed with eight chapters. Chapter 1 addresses the general introduc-

tion of the risk-sensitive stochastic control and game problems and presents the historical

background on the development of these problems. The objective and motivation for the

thesis and some preliminaries are also provided in this chapter. The rest of the thesis is

organized as follows:

In Chapter 2, we study risk-sensitive discounted control problems for continuous-

time pure jump Markov processes taking values in general state space. The transition

rates of underlying continuous-time jumpMarkov processes and the cost rates are allowed

to be unbounded. Under certain Lyapunov conditions, we establish the existence and

uniqueness of the solution to the Hamilton-Jacobi-Bellman (HJB) equation. Also, we

prove the existence of optimal risk-sensitive control in the class of Markov control and

completely characterize the optimal control.
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Chapter 3 considers a two-person zero-sum stochastic game for controlled

continuous-time Markov decision processes with risk-sensitive discounted cost criterion

on countable state space. The transition and cost rates are possibly unbounded. Here,

we prove the existence of the value of the game and saddle-point equilibrium in the class

of admissible (feedback) strategies under a Foster-Lyapunov condition. We achieve our

results by studying the corresponding Hamilton-Jacobi-Isaacs (HJI) equation.

Chapter 4 studies zero-sum stochastic games for controlled continuous-time Markov

decision processes on a general state space with risk-sensitive discounted cost criterion.

The transition and cost rates are possibly unbounded. Under a stability assumption,

we prove the existence of a saddle-point equilibrium in the class of Markov strategies

and give a characterization in terms of the corresponding Hamilton-Jacobi-Isaacs (HJI)

equation. Also, we illustrate our results and assumptions by an example.

The main target of Chapter 5 is to study zero-sum stochastic games for controlled

discrete-time Markov processes with risk-sensitive ergodic cost criterion with count-

able/compact state space and Borel action spaces. The payoff function is nonnegative

and possibly unbounded for countable state space case and for compact state space case,

it is a real-valued and bounded function. For countable state space case, under a cer-

tain Lyapunov type stability assumption on the dynamics we establish the existence of

the value and a saddle-point equilibrium. For compact state space case, we establish

these results without any Lyapunov type stability assumptions. Using the stochastic

representation of the principal eigenfunction of the associated optimality equation, we

completely characterize all possible saddle-point strategies in the class of stationary

Markov strategies. Also, we present and analyze an illustrative example.

The main focus of the work given in Chapter 6 is to analyze a nonzero-sum stochas-

tic game for continuous-time Markov decision processes on a denumerable state space

with risk-sensitive ergodic cost criterion. Transition rates and cost rates are allowed to

be unbounded. Under a Lyapunov type stability assumption, we show that the corre-

sponding system of coupled HJB equations admits a solution that leads to the existence

of a Nash equilibrium in stationary strategies. We establish this using an approach

involving principal eigenvalues associated with the HJB equations. Furthermore, ex-

ploiting appropriate stochastic representation of principal eigenfunctions, we completely

characterize Nash equilibrium in the space of stationary Markov strategies.

In Chapter 7, we consider a continuous-time zero-sum stochastic game with con-

trolled Markov decision processes and with risk-sensitive ergodic cost criterion. Here the

transition and the cost rates may be unbounded. We prove the existence of the value of

the game and a saddle-point equilibrium in the class of all stationary strategies under

a Lyapunov stability condition. This is accomplished by establishing the existence of a
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principal eigenpair for the corresponding Hamilton-Jacobi-Isaacs (HJI) equation. This,

in turn, is established by using a nonlinear version of Krĕın-Rutman theorem. We then

obtain a characterization of the saddle-point equilibrium in terms of the corresponding

HJI equation. Finally, we use a controlled population system to illustrate our results.

Finally, Chapter 8 concludes the thesis with a summary of these works by high-

lighting the contribution made in the field of risk-sensitive stochastic control and game

problems. Several directions for the expansion of the ideas given in this thesis are also

addressed here, which can be considered as the scope of further development of risk-

sensitive stochastic control and games.
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CHAPTER 2

Risk-sensitive discounted cost criterion for

continuous-time Markov decision processes on a

general state space

2.1 Introduction

In this chapter, we study the risk-sensitive discounted cost criterion for continuous-time

Markov decision processes (CTMDPs) with Borel state space. In the literature, risk-

sensitive control problems for CTMDPs are an important class of stochastic optimal

control problems and have been widely studied under different sets of conditions. Finite

horizon risk-sensitive CTMDPs for countable state space were studied in [47], [53], [108],

and for infinite horizon risk-sensitive CTMDPs we refer to [47], [54], [62], [81], [82]. For

important contributions to the risk-sensitive control of discrete-time MDP on a general

state space, see [30], [32]. Although risk-sensitive controls of CTMDPs on a countable

state space have been studied extensively, the corresponding literature in the context

of risk-sensitive control of CTMDPs on a general state space is rather limited. Some

exceptions are [54], [65], [94].

In the paper [94], the authors studied risk-sensitive control of pure jump processes

in a general state space. They considered bounded transition and cost rates and es-

tablished an optimal risk-sensitive control in terms of the HJB equation in the class of

all Markov controls. This boundedness requirement, however, imposes some restrictions

in applications, for instance in queueing control and population processes, where the

transition and reward/cost rates are usually unbounded. Also, there are many real-life

situations where the state space may be uncountable, for example, the chemical reaction

model, Gaussian model, etc. One can see [65], [100], and references therein for real-life

examples. In [65], the author considered the finite-horizon risk-sensitive control prob-

lem for CTMDPs on a Borel state space with unbounded transition and cost rates and
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proved the existence of optimal control via the HJB equation.

In this chapter, we have extended [94] from bounded transition and cost rates to

unbounded rates. In [62], the authors analyzed a continuous-time risk-sensitive dis-

counted control problem with unbounded transition and cost rates (nonnegative cost)

on countable state space. This chapter is an extension of the results of [62] for gen-

eral state space. To the best of our knowledge, this is the first work that deals with

infinite-horizon discounted risk-sensitive control for CTMDPs on a general state space

with unbounded cost and transition rates and the controls can be admissible.

The main objective of this chapter is to prove the existence of the solution of the

HJB equation and the characterization completely of the optimal risk-sensitive control

in the class of Markov controls. We first consider bounded transition and cost rates and

establish the existence of a solution to the corresponding HJB equation by Banach’s

fixed point theorem as in [94]. Then we will relax the bounded hypothesis and extend

this result to unbounded transition and cost rates. We characterize the value function

via the HJB equation. Also, we prove the existence of an optimal control in the class of

Markov control and the HJB characterization of the optimal risk-sensitive control and

prove its complete characterization. In Corollary 2.5.1, we prove that if the cost and

transition rates are bounded, then an optimal control exists for our model.

The rest of this chapter is structured as follows. Section 2.2 deals with the description

of the problem, required notations, some Assumptions, and preliminary results. In

Section 2.3, we give a continuity-compactness Assumption and prove the stochastic

representation of the solution of the HJB equation (2.3.1). In Section 2.4, we truncate

our transition and cost rates and prove the existence of the unique solution to the HJB

equation. A complete characterization of optimal control is proven in Section 2.5. In

Section 2.6, we illustrate our theory and assumptions with an illustrative example. The

content of this chapter is based on the published article [49].

2.2 Continuous-time discounted cost MDP

The model of CTMDP is a five-tuple that consists of the following elements:

M := {S,A, (A(x) ⊂ A, x ∈ S), c(x, a), q(·|x, a)},

• a Borel space S, called the state space, whose elements are referred to as states

of the system and the corresponding Borel σ-algebra is B(S). (Throughout the

whole chapter we consider that for any Borel space X, the corresponding Borel

σ-algebra is B(X).)
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• A is the action set, which is assumed to be Borel space with the Borel σ-algebra

B(A).

• for each x ∈ S, A(x) ∈ B(A) denotes the set of admissible actions for state x. Let

K := {(x, a)|x ∈ S, a ∈ A(x)}, which is a Borel subset of S × A.

• the measurable function c : K → R+ denotes the cost rate function. We require

the cost function c(x, a) to measure (or evaluate) the utility of taking action a at

state x.

• given any (x, a) ∈ K, the transition rate q(·|x, a) is a Borel measurable signed

kernel on S given K. That is, q(·|x, a) satisfies countable additivity; q(D|x, a) ≥ 0

where (x, a) ∈ K, x /∈ D and D ∈ B(S). Moreover, we assume that q(·|x, a)
satisfies the following conservative and stable conditions: for any x ∈ S,

q(S|x, a) ≡ 0 and

q∗(x) := sup
a∈A(x)

qx(a) <∞,

where qx(a) := −q({x}|x, a) ≥ 0. We need the transition rates to specify the

random dynamic evolution of the system.

Next, we give an informal description of the evolution of the CTMDPs as follows. The

controller observes continuously the current state of the system. When the system is in

state x ∈ S at time t ≥ 0, he/she chooses action at ∈ A(x) according to some control.

As a consequence of this, the following happens:

• the controller incurs an immediate cost at rate c(x, at); and

• after a random sojourn time (i.e., the holding time at state x), the system jumps

to a set B ∈ B(S) (x /∈ B) of states with the transition probability
q(B|x, at)
qx(at)

determined by the transition rates q(dy|x, at). The distribution function of the

sojourn time is (1−e−
∫ t+x
t qx(as)ds). (see Proposition B.8 in [59, p. 205] for details).

When the state of the system transits to a new state y ̸= x, the above procedure is

repeated. Thus, the controller tries to minimize his/her costs with respect to some

performance criterion Jα(·, ·, ·), which in our present case is defined by (2.2.2), below.

To formalize what is described above, below we describe the construction of continuous-

time Markov decision processes (CTMDPs) under possibly admissible feedback controls.

To construct the underlying CTMDPs (as in [63], [75], [99], [100]) we introduce some

notations: let S∆ := S ∪ {∆} (with some “isolated” state ∆ /∈ S), Ω0 := (S × (0,∞))∞,

Ωk := (S × (0,∞))k × S × ({∞} × {∆})∞ for k ≥ 1 and Ω := ∪∞
k=0Ωk. Let F be the
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Borel σ-algebra on Ω. Then we obtain the measurable space (Ω,F ). For some k ≥ 1,

and sample ω := (x
′
0, θ1, x

′
1, · · · , θk, x

′

k, · · · ) ∈ Ω, define

T0(ω) := 0, Tk(ω) := Tk−1(ω) + θk, T∞(ω) := lim
k→∞

Tk(ω).

Using {Tk}, we define the state process {ξt}t≥0 as

ξt(ω) :=
∑
k≥0

I{Tk≤t<Tk+1}x
′

k + I{t≥T∞}∆, for t ≥ 0 (with T0 := 0). (2.2.1)

Here, IE denotes the indicator function of a set E, and we use the convention that

0+ z =: z and 0z =: 0 for all z ∈ S∆. Obviously, ξt(ω) is right-continuous on [0,∞). We

denote ξt−(ω) := lim infs→t− ξs(ω). From eq. (2.2.1), we see that Tk(ω) (k ≥ 1) denotes

the k-th jump moment of {ξt, t ≥ 0}, x′

k−1 is the state of the process on [Tk−1(ω), Tk(ω)),

θk = Tk(ω)− Tk−1(ω) plays the role of sojourn time at state x
′

k−1, and the sample path

{ξt(ω), t ≥ 0} has at most denumerable states x
′

k(k = 0, 1, · · · ). The process after T∞

is regarded to be absorbed in the state ∆. Thus, let q(·|∆, a∆) :≡ 0, A∆ := A ∪ {a∆},
A(∆) := {a∆}, c(∆, a) :≡ 0 for all a ∈ A∆, where a∆ is an isolated point.

To precisely define the criterion, we need to introduce the concept of control as in [61],

[63], [72], [76], [115]. Take the right-continuous σ-algebras {Ft}t≥0 with Ft := σ({Tk ≤
s, ξTk ∈ S} : 0 ≤ s ≤ t, k ≥ 0). For all t ≥ 0, Fs− =:

∨
0≤t<s Ft. Now define a σ-

algebra P := σ(D × {0}, C × (s,∞) : D ∈ F0, C ∈ Fs−), which denotes the σ-algebra

of predictable sets on Ω × [0,∞) related to {Ft}t≥0. To complete the specification of

a stochastic optimal control problem, we need, of course, to introduce an optimality

criterion. This requires defining the class of controls as below.

Definition 2.2.1. An admissible strategy/policy, denoted by π := {π(t)}t≥0, is a

measurable map π(t)(ω) := π(ω, t) from (Ω × [0,∞),P) onto (A∆,B(A∆)) satisfying

π(t)(ω) ∈ A(ξt−(ω)) for all ω ∈ Ω and t ≥ 0.

The set of all admissible policies/controls is denoted by ΠAd. A control π ∈ ΠAd,

is called a Markov if π(t)(ω) = π(ξt−(ω), t) i.e., π(ω, t) = π(ξt−(ω), t) for every ω ∈ Ω

and t ≥ 0, where ξt−(ω) := lims↑t ξs(ω). For notational simplicity, we would not write ω

anywhere throughout the rest of this chapter. We denote by ΠM the family of all Markov

controls.

For any compact metric space Y , let P(Y ) denote the space of probability measures

on Y with Prohorov topology. Under Assumption (A1) below, for any initial state

x ∈ S and any control π ∈ ΠAd, Theorem 4.27 in [76] yields the existence of a unique

probability measure denoted by P π
x on (Ω,F ). Let Eπ

x be the expectation operator with

respect to P π
x . Fix any discounted factor α > 0. For any π ∈ ΠAd and x ∈ S, the
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Chapter 2 2.2. Continuous-time discounted cost MDP

risk-sensitive discounted criterion is defined as

Jα(θ, x, π) :=
1

θ
log

{
Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]}
, (2.2.2)

provided that the integral is well defined, where {ξt}t≥0 is the Markov process corre-

sponding to π := {π(t)}t≥0 ∈ ΠAd and θ ∈ (0, 1] denotes a risk-sensitive parameter and

the limiting case of θ → 0 is the risk-neutral case. For each x ∈ S, let

J ∗
α (θ, x) = inf

π∈ΠAd

Jα(θ, x, π).

A control π∗ ∈ ΠAd is said to be optimal if Jα(θ, x, π
∗) = J ∗

α (θ, x) for all x ∈ S. The

objective of this chapter is to provide conditions for the existence of optimal control and

introduce a HJB characterization of such control. Since the logarithm is an increasing

function, instead of studying Jα(θ, x, π), we will consider J̃α(θ, x, π) on [0, 1]×S×ΠAd

defined by

J̃α(θ, x, π) := Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]
. (2.2.3)

Obviously, J̃α(θ, x, π) ≥ 1 for (θ, x) ∈ [0, 1]× S and π ∈ ΠAd, and we have π∗ is optimal

if and only if inf
π∈ΠAd

J̃α(θ, x, π) = J̃α(θ, x, π
∗) =: J̃∗

α(θ, x) ∀x ∈ S.

Since the transition rates q(dy|x, a) and costs rates c(x, a) are allowed to be

unbounded, we next give conditions for the non-explosion of {ξt, t ≥ 0} and finiteness

of Jα(θ, x, π), which had been widely used in CTMDPs; see, for instance, [59], [61],

[62], [63], [101] and references therein.

(A1) There exists a real-valued Borel measurable function V ≥ 1 on S and constants

ρ0 > 0, M0 > 0, L0 ≥ 0 and 0 < ρ1 < min{α, ρ−1
0 α2} such that

(i)
∫
S
V (y)q(dy|x, a) ≤ ρ0V (x) ∀(x, a) ∈ K;

(ii) supa∈A(x) qx(a) ≤M0V (x) ∀x ∈ S;

(iii) supa∈A(x) c(x, a) ≤ ρ1 log V (x) + L0 ∀x ∈ S.

Remark 2.2.2.

(a) Note that, when the transition rates are bounded i.e., supx∈S q
∗(x) <∞, Assumptions

(A1)(i)-(ii) are satisfied by taking a suitable constant value of V (x).

(b) Under Assumption (A1)(iii) the criterion (2.2.3) is well defined and finite; see Propo-

sition 2.2.3(c) below.

Proposition 2.2.3. Grant Assumption (A1). Then for any control π ∈ ΠAd and (θ, x) ∈
[0, 1]× S, the following results are true:
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Chapter 2 2.2. Continuous-time discounted cost MDP

(a) P π
x (T∞ = ∞) = 1, P π

x (ξ0 = x) = 1, and P π
x (ξt ∈ S) = 1 for all t ≥ 0;

(b) Eπ
x [V (ξt)] ≤ eρ0tV (x) for all t ≥ 0;

(c) We have

J̃α(θ, x, π) ≤
α2

α2 − ρ0ρ1θ
eθL0/α[V (x)]

ρ1θ
α ≤ α2

α2 − ρ0ρ1
eL0/αV (x).

Also, we get

J ∗
α (θ, x) ≤ log

(
α2

α2 − ρ0ρ1

)
+
L0

α
+
ρ1
α

log V (x) ∀θ ∈ (0, 1], x ∈ S. (2.2.4)

Proof. For parts (a) and (b), see, [61] and ([63, Theorem 3.1]).

Proof of part (c): Observe that d(−e−αt) is a probability measure on [0,∞). For any

π ∈ ΠAd and (θ, x) ∈ [0, 1]× S, by (2.2.3) and Jensen’s inequality we have

J̃α(θ, x, π) = Eπ
x

[
exp

(∫ ∞

0

θ

α
c(ξt, π(t))d(−e−αt)

)]
≤ Eπ

x

[∫ ∞

0

exp

(
θ

α
c(ξt, π(t))

)
d(−e−αt)

]
.

By Assumption (A1) and part (b) we obtain

J̃α(θ, x, π) ≤ Eπ
x

[∫ ∞

0

exp

(
θ

α
(ρ1 log V (ξt) + L0)

)
d(−e−αt)

]
= eθL0/α

[∫ ∞

0

Eπ
x

(
V (ξt)

ρ1θ
α

)
d(−e−αt)

]
≤ eθL0/α

[∫ ∞

0

(Eπ
x [V (ξt)])

ρ1θ
α d(−e−αt)

]
(since ρ1θ < α)

≤ αeθL0/α[V (x)]
ρ1θ
α

[∫ ∞

0

exp

(
ρ0ρ1θt

α
− αt

)
dt

]
=

α2

α2 − ρ0ρ1θ
eθL0/α[V (x)]

ρ1θ
α ,

where the last equality holds due to the fact that ρ0ρ1θ < α2.

Next observe that sup
θ∈[0,1]

J̃∗
α(θ, x) ≤

α2

α2 − ρ0ρ1
eL0/αV (x), and

sup
θ∈(0,1]

J ∗
α (θ, x) = sup

θ∈(0,1]

1

θ
log J̃∗

α(θ, x) ≤ sup
θ∈(0,1]

1

θ

(
log

α2

α2 − ρ0ρ1θ

)
+
L0

α
+
ρ1
α

log V (x).

Also, doing a simple and direct calculation, we achieve (2.2.4).
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

In [47], [82], the authors used the Dynkin’s formula within the class of Markov

controls by using the Markov property of the state process {ξt}t≥0. But this Markov

property may fail to hold when we study within the class of admissible controls, and

consequently, here we can’t directly apply the Dynkin formula. Hence we assume the

following condition so that we can apply the Dynkin’s formula for a large enough class

of functions, which had been widely used in CTMDPs; see, for instance, [53], [62], [65].

(A2) The Borel measurable function V 2 ≥ 1 on S satisfies the following Lyapunov

condition ∫
S

q(dy|x, a)V 2(y) ≤ ρ2V
2(x) + b0 ∀ (x, a) ∈ K,

for some constants 0 < ρ2 < α and b0 ≥ 0. Here V is as in Assumption (A1).

We now introduce some frequently used notations.

• C∞
c (a, b) denotes the set of all infinitely differentiable functions on (a, b) with

compact support.

• Let Aas([0, 1]× S) denote the space of all functions which are real-valued and dif-

ferentiable almost everywhere with respect to the first variable θ ∈ [0, 1]. Given

any real-valued function W ≥ 1 on S and a Borel set [0, 1], a real-valued function

φ on [0, 1] × S is called W bounded if ∥φ∥∞W := sup
(θ,x)∈[0,1]×S

|φ(θ, x)|
W (x)

< ∞. De-

note W ([0, 1] × S) the Banach space of all W -bounded functions. When W ≡ 1,

B∞
1 ([0, 1]× S) is the space of all bounded functions on [0, 1]× S.

Now define L∞
W ([0, 1]×S) := {φ : [0, 1]×S → R : φ ∈ B∞

W ([0, 1]×S)∩Aas([0, 1]×
S)}.

2.3 Stochastic representation of a solution to the

HJB equation

In this section, we prove that if the HJB equation for the cost criterion (2.2.3) has a

solution then we will give a stochastic representation of that solution. Using dynamic

programming heuristics, the HJB equations for the discounted cost criterion (2.2.3) is

given by αθ ∂φα

∂θ
(θ, x) = inf

a∈A(x)

[∫
S

q(dy|x, a)φα(θ, y) + θc(x, a)φα(θ, x)

]
,

1 ≤ φα(θ, x) ≤ α2

α2−ρ0ρ1θe
θL0/α(V (x))

ρ1θ
α for (θ, x) ∈ [0, 1]× S,

(2.3.1)

for each x ∈ S and a.e. θ ∈ [0, 1] where the upper bound of φα(θ, x) is motivated by

Proposition 2.2.3.
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

Remark 2.3.1. To prove the existence of optimal control for bounded cost and transition

rates, in [94], the authors studied the following HJB equation having a solution ϕα(θ, x)

on [0, 1]× S such that αθ ∂ϕα
∂θ

(θ, x) = inf
a∈A(x)

[∫
S

q(dy|x, a)ϕα(θ, y) + θc(x, a)ϕα(θ, x)

]
, for (θ, x) ∈ [0, 1]× S,

limθ→0 ϕα(θ, x) = 1 uniformly in x ∈ S.

(2.3.2)

From the arguments for the existence of a unique solution to the equation (2.3.2), it is

necessary to have ϕα(θ, x) converges to 1 uniformly in x as θ → 0. But, it is not true in

general when the cost and transition rates are unbounded; for more details see Example

3.2 in [62]. In this chapter, we replace the uniform convergence condition with the above

new one.

To ensure the existence of an optimal control, in addition to Assumptions (A1) and

(A2), we also need the following continuity and compactness conditions.

(A3) The following conditions hold:

(i) for each x ∈ S, the set A(x) is compact;

(ii) for any fixed x ∈ S, the functions c(x, a) and q(·|x, a) are continuous in a ∈ A(x);

(iii) for any given x ∈ S, the function

∫
S

V (y)q(dy|x, a) is continuous in a ∈ A(x),

where V is introduced in Assumption (A1).

Remark 2.3.2. Assumptions (A3)(i)-(iii) are commonly used to find an optimal control

for continuous-time MDP, see [53], [59], [62], [63], [65]. Also, note that if Assumption

(A3)(iii) is satisfied, then for any given x ∈ S, the function

∫
S

u(y)q(dy|x, a) is contin-

uous in a ∈ A(x) for each function u ∈ B∞
V (S), for details see [69, Lemma 8.3.7].

In the next theorem, we show that if the HJB equation has a solution then its stochastic

representation is equal to the value function corresponding to the cost criterion (2.2.3).

Theorem 2.3.1. Under Assumptions (A1)-(A3) suppose that the HJB equation (2.3.1)

has a solution φα ∈ L∞
V ([0, 1] × S) satisfying the bounds as in equation (2.3.1). Then,

for all (θ, x) ∈ [0, 1]× S, we have the probabilistic representation of φα as

φα(θ, x) = inf
π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]
(2.3.3)

i.e., φα(θ, x) = J̃∗
α(θ, x) for all (θ, x) ∈ [0, 1]× S.
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

Proof. First, we see that[
θc(x, a)φα(θ, x) +

∫
S

q(dy|x, a)φα(θ, y)
]

is continuous in a ∈ A(x) and A(x) is compact. So by measurable selection theorem,

[17, Proposition 7.33], there exists a measurable function f ∗ : [0, 1]× S → A such that

inf
a∈A(x)

[
θc(x, a)φα(θ, x) +

∫
S

q(dy|x, a)φα(θ, y)
]

=

[
θc(x, f ∗(θ, x))φα(θ, x) +

∫
S

q(dy|x, f ∗(θ, x))φα(θ, y)

]
. (2.3.4)

Let

π∗ : S × R+ → A

be defined by

π∗(x, t) := f ∗(θe−αt, x).

Now we observe from equation (2.3.1) that for any x ∈ S, a ∈ A(x) and a.e. θ ∈ [0, 1]

that

−αθ∂φα
∂θ

(θ, x) +

[∫
S

q(dy|x, a)φα(θ, y) + θc(x, a)φα(θ, x)

]
≥ 0. (2.3.5)

For any admissible control π ∈ ΠAd and θ ∈ [0, 1], let {ξt, t ≥ 0} be the corresponding

process, and define θ(t) := θe−αt. Now for each ω ∈ Ω, by equation (2.3.5), we get for

a.e. s ≥ 0,

−αθ(s)∂φα
∂θ

(θ(s), ξs) +

[∫
S

q(dy|ξs, π(s))φα(θ(s), y) + θ(s)c(ξs, π(s))φα(θ(s), ξs)

]
≥ 0.

(2.3.6)

Define a function g : [0,∞)× S × Ω → [0,∞) by

g(t, x, ω) := exp

(∫ t

0

θ(s)c(ξs, π(s))ds

)
φα(θ(t), x).

In order to use the extension of Dynkin’s formula, (for details see [62, The-

orem 3.3] or [53, Theorem 3.1]) to the function g, it suffices to verify that

Eπ
x

[
exp

(∫ t
0

2e−αsc(ξs, π(s))ds

)]
< ∞ for all x ∈ S and t ∈ (0,∞). In view of As-

sumptions (A1) and (A2), we have

Eπ
x

[
exp

(∫ t

0

2e−αsc(ξs, π(s))ds

)]

Ph.D. Thesis 21

TH-3126_186123018



Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

≤ Eπ
x

[
exp

(∫ ∞

0

2

α
c(ξs, π(s))d(−e−αs)

)]
≤ Eπ

x

[∫ ∞

0

exp

(
2

α
c(ξs, π(s))

)
d(−e−αs)

]
≤ Eπ

x

[∫ ∞

0

exp

(
2

α
(ρ1 log V (ξs) + L0)

)
d(−e−αs)

]
(by Assumption (A1))

= e2L0/α

[∫ ∞

0

Eπ
x

(
V (ξs)

2ρ1
α

)
d(−e−αs)

]
≤ αe2L0/α

(
V 2(x) +

b0
ρ2

)[∫ ∞

0

eρ2s−αsds

]
=
αe2L0/α

α− ρ2

(
V 2(x) +

b0
ρ2

)
<∞, (2.3.7)

where the second inequality is obtained by using Jensen’s inequality.

Thus, using the extension of Dynkin formula in [53, Theorem 3.1] to the function g, we

have

Eπ
x [g(t, ξt, ω)]− φα(θ, x)

= Eπ
x

{∫ t

0

exp

(∫ s

0

θ(v)c(ξv, π(v))dv

)
×
[
−αθ(s)∂φα

∂θ
(θ(s), ξs)

+

∫
S

q(dy|ξs, π(s))φα(θ(s), y) + θ(s)c(ξs, π(s))φα(θ(s), ξs)

]
ds

}
. (2.3.8)

Now from (2.3.6) and (2.3.8), we have

φα(θ, x) ≤ Eπ
x

[
exp

(∫ t

0

θ(s)c(ξs, π(s))ds

)
φα(θ(t), ξt)

]
. (2.3.9)

Given any p > 1, let q > 1 such that 1
p
+ 1

q
= 1, by Hölder’s inequality we have

φα(θ, x) ≤ Eπ
x

[
exp

(∫ t

0

θ(s)c(ξs, π(s))ds

)
φα(θ(t), ξt)

]
≤
{
Eπ
x

[
exp

(
p

∫ t

0

θ(s)c(ξs, π(s))ds

)]}1/p

×
{
Eπ
x [φ

q
α(θ(t), ξt)]

}1/q

=: T1(p, t) · T2(q, t). (2.3.10)

For T2(q, t) := {Eπ
x [φ

q
α(θ(t), ξt)]}1/q, by the upper bound of φα in (2.3.1), we have

φα(θ(t), ξt) = φα(θe
−αt, ξt) ≤

α2

α2 − θe−αtρ0ρ1
exp

(
θe−αtL0

α

)
[V (ξt)]

ρ1θe
−αt

α .

If t > α−1 log(θqρ1/α) then θe
−αtqρ1/α < 1. Applying Jensen’s inequality and Proposi-

tion 2.2.3(b), we get

T2(q, t) ≤
{
Eπ
x

[(
α2

α2 − θe−αtρ0ρ1

)q
exp

(
qθe−αtL0

α

)
[V (ξt)]

qρ1θe
−αt

α

]}1/q
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

=
α2

α2 − θe−αtρ0ρ1
exp

(
θe−αtL0

α

)[
Eπ
x [V

qρ1θe
−αt

α (ξt)]

] 1
q

≤ α2

α2 − θe−αtρ0ρ1
exp

(
θe−αtL0

α

)
[Eπ

x (V (ξt))]
ρ1θe

−αt

α

≤ α2

α2 − θe−αtρ0ρ1
exp

(
θe−αt

α
(L0 + ρ0ρ1t)

)
V

θe−αtρ1
α (x) =: T3(t). (2.3.11)

Next take t→ ∞ and get

T1(p, t) →
{
Eπ
x

[
exp

(
p

∫ ∞

0

θ(s)c(ξs, π(s))ds

)]}1/p

and T3(t) → 1. (2.3.12)

By (2.3.10), (2.3.11) and (2.3.12) we obtain

φα(θ, x) ≤
{
Eπ
x

[
exp

(
pθ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]}1/p

.

Now, take the limit as p ↓ 1 and get the result

φα(θ, x) ≤ Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]
.

Since π ∈ ΠAd is an arbitrary control, we have

φα(θ, x) ≤ inf
π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]
. (2.3.13)

Using (2.3.1), (2.3.4) and (2.3.8), we can show that

Eπ∗

x

[
exp

(∫ t

0

θ(s)c(ξs, π
∗(ξs−, s))ds

)
φα(θ(t), ξt)

]
= φα(θ, x). (2.3.14)

Now, using the lower bound of φα in (2.3.1) and Fatou’s lemma, we obtain

lim inf
t→∞

Eπ∗

x

[
exp

(∫ t

0

θ(s)c(ξs, π
∗(ξs−, s))ds

)
φα(θ(t), ξt)

]
≥ lim inf

t→∞
Eπ∗

x

[
exp

(∫ t

0

θ(s)c(ξs, π
∗(ξs−, s))ds

)]
≥ Eπ∗

x

[
lim inf
t→∞

exp

(∫ t

0

θ(s)c(ξs, π
∗(ξs−, s))ds

)]
= J̃α(θ, x, π

∗). (2.3.15)

From (2.3.14) and (2.3.15), we have

J̃α(θ, x, π
∗) ≤ φα(θ, x).

Thus

inf
π∈ΠAd

J̃α(θ, x, π) ≤ J̃α(θ, x, π
∗) ≤ φα(θ, x). (2.3.16)

From (2.3.13) and (2.3.16), we have (2.3.3).
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Chapter 2 2.4. The existence of solution to the HJB equation

2.4 The existence of solution to the HJB equation

In this Section, we prove that the equation (2.3.1) is the HJB equation for the α dis-

counted cost (2.2.3) and the equation (2.3.1) has a solution in L∞
V ([0, 1] × S). We now

proceed to make a rigorous analysis of the above. First, we prove a lemma about the

existence of a solution for the HJB equation for bounded transition and cost rates; see

Lemma 2.4.1 below. Then in Theorem 2.4.1, we relax these boundedness conditions and

prove the existence of a solution to the HJB eq. (2.3.1). For that, we first truncate

our transition and cost rates which plays a crucial role to derive the HJB equations

and find the solution. Fix any n ≥ 1, 0 < δ < 1. For each n ≥ 1, x ∈ S, a ∈ A(x),

let An(x) := A(x), Sn := {x ∈ S|V (x) ≤ n}, and Kn := {(x, a)|x ∈ Sn, a ∈ An(x)}.
Moreover for each x ∈ S, a ∈ An(x) define

q(n)(dy|x, a) :=

{
q(dy|x, a) if x ∈ Sn,

0 if x /∈ Sn
(2.4.1)

and

cn(x, a) :=

{
c(x, a) ∧ min{n, ρ1 lnV (x) + L0} if x ∈ Sn,

0 if x /∈ Sn.
(2.4.2)

Lemma 2.4.1. Grant Assumptions (A1)-(A3). Then, there exists a unique function

φ
(n,δ)
α (depending on n, δ) in L∞

V ([0, 1]× S) for which the followings are true :

1. φ
(n,δ)
α ∈ B∞

1 ([0, 1]× S) is a bounded solution to the following differential equations

(DEs) for all x ∈ S and a.e. θ ∈ (δ, 1] : αθ ∂φ
(n,δ)
α

∂θ
(θ, x) = inf

a∈A(x)

[
θcn(x, a)φ

(n,δ)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δ)
α (θ, y)

]
φ
(n,δ)
α (δ, x) = enδ/α.

(2.4.3)

2. φ
(n,δ)
α (θ, x) has a stochastic representation as follows: for each x ∈ S and a.e.

θ ∈ (δ, 1],

φ(n,δ)
α (θ, x) = inf

π∈ΠAd

Eπ
x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
,

(2.4.4)

where Tδ(θ) := α−1 log(θ/δ) and {ξ(n)t }t≥0 is the process corresponding to the

q(n)(·|x, a).
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Proof. (1) Since Sn := {x ∈ S|V (x) ≤ n}, by Assumption (A1)(ii), we see that q(n)x (a) :=∫
S/{x}

q(n)(dy|x, a) is bounded. So we can use the Lyapunov function V ≡ 1 such that∫
S
q(n)(dy|x, a)V (y) ≤ ρ0V (x), and q(n) := sup(x,a)∈K q

(n)
x (a) < ∞. Now let us define a

nonlinear operator T on B∞
1 ([0, 1]× S) as follows:

Tu(θ, x) =eδn/α +
1

α

∫ θ

δ

inf
a∈A(x)

[
1

s

∫
S

q(n)(dy|x, a)u(s, y) + cn(x, a)u(s, x)

]
ds,

where u ∈ B∞
1 ([0, 1]×S) and (θ, x) ∈ [δ, 1]×S. By using the Assumption (A1) and the

fact that cn is bounded, we obtain

sup
θ∈[δ,1]

sup
x∈S

|Tu(θ, x)|

≤ eδn/α +
1

α

∫ 1

δ

sup
a∈A(x)

{
1

s
sup
x∈S

[∫
S

|q(n)(dy|x, a)||u(s, y)|
]
+ n sup

x∈S
|u(s, x)|

}
ds

≤ eδn/α +
∥u∥∞1
α

{∫ 1

δ

sup
a∈A(x)

1

s
sup
x∈S

(
2q(n)x (a)

)
ds+ n(1− δ)

}
≤ eδn/α +

1

α

[
(−2)q(n) log δ + n(1− δ)

]
∥u∥∞1 .

Therefore, T is a nonlinear operator from B∞
1 ([0, 1] × S) to B∞

1 ([0, 1] × S). For any

g1, g2 ∈ B∞
1 ([0, 1]× S) and θ ∈ [δ, 1], we have

sup
x∈S

|Tg1(t, x)− Tg2(t, x)| ≤
1

α

∫ t

δ

(
2q(n)/s+ n

)
sup
x∈S

|g1(s, x)− g2(s, x)|ds

≤ 1

α

[
2q(n)(log t− log δ) + n(t− δ)

]
∥g1 − g2∥∞1 . (2.4.5)

Now, we prove the following:

sup
x∈S

|T lg1(t, x)−T lg2(t, x)| ≤
∥g1 − g2∥∞1
αl · l!

[
2q(n)(log t−log δ)+n(t−δ)

]l
∀ l ≥ 1. (2.4.6)

By (2.4.5) and (2.4.6) we have

sup
x∈S

|T l+1g1(t, x)− T l+1g2(t, x)|

≤ 1

α

∫ t

δ

(
2q(n)/s+ n

)
sup
x∈S

|T lg1(s, x)− T lg2(s, x)|ds

≤ ∥g1 − g2∥∞1
αl+1 · l!

∫ t

δ

(
2q(n)/s+ n

)[
2q(n)(log s− log δ) + n(s− δ)

]l
ds

=
∥g1 − g2∥∞1
αl+1 · (l + 1)!

[
2q(n)(log t− log δ) + n(t− δ)

]l+1

.
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Since
∑

k≥1
1

αk·k!

[
−2q(n) log δ + n(1 − δ)

]k
< ∞, there exists some m such that β :=

1
αm·m!

[
−2q(n) log δ+n(1−δ)

]m
< 1, which implies that ∥Tmg1−Tmg2∥∞1 ≤ β∥g1−g2∥∞1 .

Therefore, T is a m-step contraction operator on B∞
1 ([0, 1] × S). So, by Banach fixed

point theorem, there exists a unique bounded function φ
(n,δ)
α ∈ B∞

1 ([0, 1]×S) (depending
on (n, δ)) such that Tφ

(n,δ)
α = φ

(n,δ)
α ; that is,

φ(n,δ)
α (θ, x) = eδn/α +

1

α

∫ θ

δ

inf
a∈A(x)

[
1

s

∫
S

q(n)(dy|x, a)φ(n,δ)
α (s, y) + cn(x, a)φ

(n,δ)
α (s, x)

]
ds.

Also note that φ
(n,δ)
α (δ, x) = eδn/α. Hence by using (2.4.1), (2.4.2) and the above

equation, we have φ
(n,δ)
α ∈ L∞

V ([0, 1]× S) and it satisfies equation (2.4.3).

(2) First we see that[
θcn(x, a)φ

(n,δ)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δ)
α (θ, y)

]
is continuous in a ∈ A(x) and A(x) is compact. So by measurable selection theorem,

[17, Proposition 7.33], there exists a measurable function f ∗δ : [0, 1]× S → A such that

inf
a∈A(x)

[
θcn(x, a)φ

(n,δ)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δ)
α (θ, y)

]
=

[
θcn(x, f

∗δ(θ, x))φ(n,δ)
α (θ, x) +

∫
S

q(n)(dy|x, f ∗δ(θ, x))φ(n,δ)
α (θ, y)

]
. (2.4.7)

Let

π∗δ : S × R+ → A

be defined by

π∗δ(x, t) := f ∗δ(θe−αt, x).

Let θ(t) := θe−αt for t ∈ [0,∞). Since cn and φ
(n,δ,k)
α are bounded, by Dynkin’s formula

we get

Eπ
x

[
exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π(s))ds

)
φ(n,δ)
α

(
θ(Tδ), ξ

(n)
Tδ

)]
− φ(n,δ)

α (θ, x)

= Eπ
x

{∫ Tδ(θ)

0

[
−αθ(s)∂φ

(n,δ)
α

∂θ
(θ(s), ξ(n)s ) +

∫
S

q(n)(dy|ξ(n)s , π(s))φ(n,δ)
α (θ(s), y)

+ θ(s)cn(ξ
(n)
s , π(s))φ(n,δ)

α (θ(s), ξ(n)s )

]
× exp

(∫ s

0

θ(v)cn(ξ
(n)
v , π(v))dv

)
ds

}
.

(2.4.8)
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By using (2.4.3) and (2.4.8), we obtain

Eπ
x

[
exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π(s))ds

)
φ(n,δ)
α

(
θ(Tδ), ξ

(n)
Tδ

)]
≥ φ(n,δ)

α (θ, x).

Since π ∈ ΠAd is an arbitrary control and φ
(n,δ)
α (θ(Tδ(θ)), ξ

(n)
Tδ

) = enδ/α, we have

φ(n,δ)
α (θ, x) ≤ inf

π∈ΠAd

Eπ
x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π(s))ds

)]
. (2.4.9)

Using equations (2.4.3), (2.4.7) and (2.4.8), we can show that

φ(n,δ)
α (θ, x) = Eπ∗δ

x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π∗δ(ξ

(n)
s− , s))ds

)]
.

Therefore

φ(n,δ)
α (θ, x) ≥ inf

π∈ΠAd

Eπ
x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π(s))ds

)]
. (2.4.10)

Therefore, from (2.4.9) and (2.4.10), we obtain (2.4.4). This completes the proof.

Theorem 2.4.1. Grant Assumptions (A1)-(A3). Then the HJB equation (2.3.1) has a

unique solution φα ∈ L∞
V ([0, 1] × S) satisfying 1 ≤ φα(θ, x) ≤ α2eθL0/α

α2−ρ0ρ1θ (V (x))
ρ1θ
α for all

(θ, x) ∈ [0, 1]× S.

Proof. First note that φ
(n,δ)
α is the solution to the equation (2.4.3), which depends on

two parameters n, δ. We prove this theorem in two steps.

Step 1: In the first step, we construct a solution φ
(n)
α (·, x) from φ

(n,δ)
α (·, x) by passing

the limit as δ → 0, such that φ
(n)
α (·, x) is an absolutely continuous function and satisfies

the following DEs:
αθ ∂φ

(n)
α

∂θ
(θ, x) = inf

a∈A(x)

[∫
S

q(n)(dy|x, a)φ(n)
α (θ, y) + θcn(x, a)φ

(n)
α (θ, x)

]
,

x ∈ S, a.e., θ ∈ [0, 1],

1 ≤ φ
(n)
α (θ, x) ≤ α2eθL0/α

α2−ρ0ρ1θ (V (x))
ρ1θ
α ∀ (θ, x) ∈ [0, 1]× S.

(2.4.11)

Given 0 < δ < 1 and 1 ≤ n < ∞ by (2.4.4) and sup
(x,a)∈K

cn(x, a) ≤ n, we have

φ
(n,δ)
α (θ, x) ≤ e2n/α, x ∈ S, θ ∈ [δ, 1].

Next, we extend the domain of φ
(n,δ)
α to [0, 1]× S by

φ(n,δ)
α (θ, x) =

{
φ
(n,δ)
α (θ, x), δ ≤ θ ≤ 1 ∀x ∈ S

enδ/α, 0 ≤ θ < δ ∀x ∈ S.

We consider the following expression, for any given π ∈ ΠAd, x ∈ S, θ, θ0 ∈ [δ, 1]:∣∣∣∣Eπ
x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
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− Eπ
x

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]∣∣∣∣
≤ P1 + P2,

where

P1 :=

∣∣∣∣Eπ
x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
− Eπ

x

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]∣∣∣∣,
and

P2 :=

∣∣∣∣Eπ
x

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
− Eπ

x

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]∣∣∣∣.
Consider c ∧ d := min{c, d} and c ∨ d := max{c, d}. Then for fix n ≥ 1; we have∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt ≤ n

∫ Tδ(θ)

0

e−αtdt ≤ n

α

and ∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π(t))dt ≤ n

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtdt

=
n

α
[exp(−αTδ(θ ∧ θ0))− exp(−αTδ(θ ∨ θ0))] ≤

δn|θ0 − θ|
αθθ0

.

Using the above results and knowing the fact that ebz − 1 ≤ (eb − 1)z for all z ∈ [0, 1]

and b > 0, we obtain

P1 = enδ/αEπ
x

[
exp

(
(θ ∧ θ0)

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)
− 1

)]
≤ e2n/αEπ

x

[
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)
− 1

]
≤ e2n/α

(
exp

(n
α
|θ0 − θ|

)
− 1
)

≤ e2n/α
(
en/α − 1

)
|θ0 − θ|.

Similarly for P2 we have

P2 = enδ/αEπ
x

[
exp

(
θ0

∫ Tδ(θ∧θ0)

0

e−αtcn(ξ
(n)
t , π(t))dt

)
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×
(
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π(t))dt

)
− 1

)]
≤ e2n/αEπ

x

[
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π(t))dt

)
− 1

]
≤ e2n/α

(
exp

(
nδ|θ − θ0|

αθ

)
− 1

)
≤ e2n/α

(
en/α − 1

)
|θ0 − θ|.

Hence for all (θ, x) ∈ [0, 1]× S, we have

|φ(n,δ)
α (θ0, x)− φ(n,δ)

α (θ, x)| ≤ 2e2n/α(en/α − 1)|θ − θ0|. (2.4.12)

Now we want to show that φ(n,δ)
α is decreasing as δ → 0 for any (θ, x). For a fixed α > 0

and ε > 0 small enough, consider φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x) and assume that hδ := e
nδ
α .

By measurable selection theorem we get the minimizer π∗(δ+ε) like in equation (2.4.7),

corresponding to φ(n,δ+ε)
α such that the followings cases hold.

Case 1. If δ + ε < θ then

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x)

= Eπ∗(δ+ε)

x

[
hδ+ε exp

(
θ

∫ Tδ+ε

0

e−αtcn(ξ
(n)
t , π∗(δ+ε)(ξ

(n)
t− , t))dt

)]
− inf

π∈ΠAd

Eπ
x

[
hδ exp

(
θ

∫ Tδ

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
≥ hδE

π∗(δ+ε)

x

[
exp

(
θ

∫ Tδ+ε

0

e−αtcn(ξ
(n)
t , π∗(δ+ε)(ξ

(n)
t− , t))dt

)
×
{
hε − exp

(
θ

∫ Tδ

Tδ+ε

e−αtcn(ξ
(n)
t , π∗(δ+ε)(ξ

(n)
t− , t))dt

)}]
≥ hδE

π∗(δ+ε)

x

[
exp

(
θ

∫ Tδ+ε

0

e−αtcn(ξ
(n)
t , π∗(δ+ε)(ξ

(n)
t− , t))dt

){
hε − exp

(
θ

∫ Tδ

Tδ+ε

e−αtndt

)}]
= hδE

π∗(δ+ε)

x

[
exp

(
θ

∫ Tδ+ε

0

e−αtcn(ξ
(n)
t , π∗(δ+ε)(ξ

(n)
t− , t))dt

)
×
{
hε − exp

(
nθ(e−αTδ+ε − e−αTδ)

α

)}]
= 0.

Case 2. δ < θ ≤ δ + ε

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x)

= hδ+ε − Eπ∗δ

x

[
hδ exp

(
θ

∫ Tδ

0

e−αtcn(ξ
(n)
t , π∗δ(ξ

(n)
t− , t))dt

)]
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= hδ

[
hε − Eπ∗δ

x

[
exp

(
θ

∫ Tδ

0

e−αtcn(ξ
(n)
t , π∗δ(ξ

(n)
t− , t))dt

)]]
≥ hδ

[
hε − exp

(
θ

∫ Tδ

0

e−αtndt

)]
= hδ

[
hε − enθ

(1−e−αTδ )
α

]
≥ 0.

Case 3. θ ≤ δ

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x) = hδ+ε − hδ = hδ(hε − 1) = hδ(e
nε
α − 1) ≥ 0.

Hence φ(n,δ)
α (θ, x) is increasing in δ for any (θ, x) ∈ [0, 1] × S. Now from (2.4.12), we

know that for each x ∈ S, φ(n,δ)
α (·, x) is Lipschitz continous in θ ∈ [0, 1]. Also, φ(n,δ)

α (θ, x)

is increasing in δ for any (θ, x) ∈ [0, 1] × S and bounded above (since φ(n,δ)
α (θ, x) ≤

e2n/α, x ∈ S, θ ∈ [δ, 1]), therefore there exists a function φ
(n)
α on [0, 1] × S that is

continuous with respect to θ ∈ [0, 1], such that along a subsequence δm → 0, we have

limm→∞ φ(n,δm)
α (θ, x) = φ

(n)
α (θ, x) and for any fixed x ∈ S this convergence is uniform in

θ ∈ [0, 1].

Let ψ ∈ C∞
c (0, 1), then we have

−
∫ 1

0

α
d(θψ)

dθ
(θ)φ(n,δm)

α (θ, x)dθ =

∫ 1

0

αθ
∂φ(n,δm)

α

∂θ
(θ, x)ψ(θ)dθ

=

∫ 1

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ

−
∫ δm

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ

=

∫ 1

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ

−
∫ δm

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x)

]
ψ(θ)dθ. (2.4.13)

Now take τ(x) :=M0V (x) and define

Q(n)(dy|x, a) := δx(dy) +
q(n)(dy|x, a)

τ(x)

for all (x, a) ∈ K where δx(·) is the Dirac measure concentrated at x. We see that under

Assumption (A1), Q(n) is a stochastic kernel on S given K. Then (2.4.13) can be written

as

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
φ(n,δm)
α (θ, x)− φ(n,δm)

α (θ, x)ψ(θ)

}
dθ

=

∫ 1

0

inf
a∈A(x)

[
θ

τ(x)
cn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ
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− 1

τ(x)

∫ δm

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x)

]
ψ(θ)dθ. (2.4.14)

Now ∣∣∣∣ inf
a∈A(x)

[
θ

τ(x)
cn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)

∣∣∣∣
≤ |ψ(θ)| sup

a∈A(x)

[
θ

τ(x)
|cn(x, a)||φ(n,δ)

α (θ, x)|+
∫
S

Q(n)(dy|x, a)|φ(n,δ)
α (θ, y)|

]
≤ α2

α2 − ρ0ρ1θ
eθL0/α sup

a∈A(x)

[
θ

τ(x)
nV

ρ1θ
α (x) +

∫
S

Q(n)(dy|x, a)V
ρ1θ
α (y)

]
|ψ(θ)|

≤ α2

α2 − ρ0ρ1θ
eθL0/α sup

a∈A(x)

[
θ

τ(x)
nV (x) +

∫
S

Q(n)(dy|x, a)V (y)

]
|ψ(θ)|

≤ α2

α2 − ρ0ρ1θ
eθL0/α

[
θ

τ(x)
nV (x) + V (x) + ρ0

V (x)

τ(x)

]
|ψ(θ)|

=
α2

α2 − ρ0ρ1θ
eθL0/α

[
θ

τ(x)
nV (x) + V (x) +

ρ0
M0

]
|ψ(θ)|. (2.4.15)

Under Assumption (A3), there exists a∗m ∈ A(x) such that

inf
a∈A(x)

[
θ

τ(x)
cn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
=

[
θ

τ(x)
cn(x, a

∗
m)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a∗m)φ(n,δm)
α (θ, y)

]
.

Since for each fixed x ∈ S, A(x) is compact, there exists a subsequence of {m}, by abuse

of notation, we denote the same sequence and a∗ ∈ A(x) such that limm→∞ a∗m = a∗.

Now, from (2.4.14), for any a ∈ A(x), we have

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
φ(n,δm)
α (θ, x)− φ(n,δm)

α (θ, x)ψ(θ)

}
dθ

=

∫ 1

0

[
θ

τ(x)
cn(x, a

∗
m)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a∗m)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ

− 1

τ(x)

∫ δm

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x)

]
ψ(θ)dθ. (2.4.16)

So, by Lemma 8.3.7 in Hernandez-Lerma and Lassere (1999) [69] taking limit as m→ ∞
in (2.4.16), we get

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ(θ)

}
dθ

≥
∫ 1

0

[
θ

τ(x)
cn(x, a

∗)φ(n)
α (θ, x) +

∫
S

Q(n)(dy|x, a∗)φ(n)
α (θ, y)

]
ψ(θ)dθ.

Hence

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ(θ)

}
dθ
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≥ inf
a∈A(x)

∫ 1

0

[
θ

τ(x)
cn(x, a)φ

(n)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n)
α (θ, y)

]
ψ(θ)dθ. (2.4.17)

But

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
φ(n,δm)
α (θ, x)− φ(n,δm)

α (θ, x)ψ(θ)

}
dθ

≤
∫ 1

0

[
θ

τ(x)
cn(x, a)φ

(n,δm)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n,δm)
α (θ, y)

]
ψ(θ)dθ

− 1

τ(x)

∫ δm

0

inf
a∈A(x)

[
θcn(x, a)φ

(n,δm)
α (θ, x)

]
ψ(θ)dθ.

By analogous arguments, we get

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ(θ)

}
dθ

≤ inf
a∈A(x)

∫ 1

0

[
θ

τ(x)
cn(x, a)φ

(n)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n)
α (θ, y)

]
ψ(θ)dθ. (2.4.18)

From (2.4.17) and (2.4.18), we get

−
∫ 1

0

{
α

τ(x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ(θ)

}
dθ

= inf
a∈A(x)

∫ 1

0

[
θ

τ(x)
cn(x, a)φ

(n)
α (θ, x) +

∫
S

Q(n)(dy|x, a)φ(n)
α (θ, y)

]
ψ(θ)dθ. (2.4.19)

Thus we obtain

−
∫ 1

0

α
d(θψ)

dθ
(θ)φ(n)

α (θ, x)dθ

= inf
a∈A(x)

∫ 1

0

[
θcn(x, a)φ

(n)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n)
α (θ, y)

]
ψ(θ)dθ.

Hence

αθ
∂φ

(n)
α

∂θ
(θ, x) = inf

a∈A(x)

[
θcn(x, a)φ

(n)
α (θ, x) +

∫
S

q(n)(dy|x, a)φ(n)
α (θ, y)

]
a.e. θ ∈ [0, 1]

in the sense of distribution. Now for θ ∈ [δm, 1], by using (2.4.4) and Proposition 2.2.3,

we have

φ(n,δm)
α (θ, x) = inf

π∈ΠAd

Eπ
x

[
enδm/α exp

(
θ

∫ Tδm (θ)

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
≤ enδm/α inf

π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
≤ enδm/α inf

π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξ
(n)
t , π(t))dt

)]
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≤ enδm/α
α2eθL0/α

α2 − ρ0ρ1θ
(V (x))

ρ1θ
α .

Note that φ
(n,δm)
α → φ

(n)
α as m → ∞. Thus, letting m → ∞ in the above equation, we

obtain

1 ≤ φ(n)
α (θ, x) ≤ α2eθL0/α

α2 − ρ0ρ1θ
(V (x))

ρ1θ
α . (2.4.20)

By using (2.4.1), (2.4.2), (2.4.20), and the DE satisfied by φ
(n)
α (that is just proven), we

see that φ
(n)
α ∈ L∞

V ([0, 1]×S) and it is a solution of (2.4.11). Thus by closely mimicking

the arguments as in Theorem 2.3.1, one can easily get the stochastic representation of

the solution φ
(n)
α , that is

φ(n)
α (θ, x) = inf

π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
. (2.4.21)

Step 2: In this step we prove Theorem 2.4.1, by passing to the limit as n → ∞. Now

we will prove that for each x ∈ S, {φ(n)
α }n≥1 is equicontinuous on [0, 1]. We consider the

following expression, for any given π ∈ ΠAd, x ∈ S, θ, θ0 ∈ [0, 1]:∣∣∣∣Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
− Eπ

x

[
exp

(
θ0

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)]∣∣∣∣
≤ K1,

where

K1 = Eπ
x

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
− 1

)]
≤ Eπ

x

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
− 1

)
|θ0 − θ|

]
≤ Eπ

x

[
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)
|θ0 − θ|

)]
= |θ0 − θ| × Eπ

x

[
exp

(
2

∫ ∞

0

e−αtcn(ξ
(n)
t , π(t))dt

)]
≤ |θ0 − θ| × αe2L0/α

α− ρ2

(
V 2(x) +

b0
ρ2

)
.

Here, the first inequality is according to ebz − 1 ≤ (eb − 1)z for all z ∈ [0, 1] and b > 0

and the last inequality follows from (2.3.7). Therefore, we have

|φ(n)
α (θ0, x)− φ(n)

α (θ, x)| ≤ sup
π∈ΠAd

|θ0 − θ| × αe2L0/α

α− ρ2

(
V 2(x) +

b0
ρ2

)
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= |θ0 − θ| × αe2L0/α

α− ρ2

(
V 2(x) +

b0
ρ2

)
. (2.4.22)

By measurable selection theorem, [17, Proposition 7.33], there exists a measurable func-

tion f ∗n : [0, 1]× S → A such that

inf
a∈A(x)

[
θcn(x, a)φα(θ, x) +

∫
S

q(n)(dy|x, a)φα(θ, y)
]

=

[
θcn(x, f

∗n(θ, x))φα(θ, x) +

∫
S

q(n)(dy|x, f ∗n(θ, x))φα(θ, y)

]
. (2.4.23)

Let

π∗n : S × R+ → A

be defined by

π∗n(x, t) := f ∗n(θe−αt, x).

Hence by equation (2.4.11), we have a.e. θ ∈ [0, 1] and ∀x ∈ S, we have αθ ∂φ
(n)
α

∂θ
(θ, x) =

[∫
S

q(n)(dy|x, f ∗n(θ, x))φ(n)
α (θ, y) + θcn(x, f

∗n(θ, x))φ(n)
α (θ, x)

]
1 ≤ φ

(n)
α (θ, x) ≤ α2eθL0/α

α2−ρ0ρ1θ (V (x))
ρ1θ
α ∀ (θ, x) ∈ [0, 1]× S.

(2.4.24)

Since cn ≥ 0, by (2.4.21), we see φ
(n)
α (θ, x) is increasing in θ. Also we know that φ

(n)
α (θ, x)

is differentiable a.e. with respect to θ ∈ [0, 1]. So

∂φ
(n)
α

∂θ
(θ, x) ≥ 0 for a.e. θ. (2.4.25)

So, by (2.4.1), (2.4.2) and (2.4.24), for all x ∈ S and for a.e. θ, we have −αθ
∂φ(n)

α

∂θ (θ, x) +

[∫
S

q(n−1)(dy|x, f∗n(θ, x))φ(n)
α (θ, y) + θcn−1(x, f

∗n(θ, x))φ(n)
α (θ, x)

]
≤ 0

if x ∈ Sn−1

(2.4.26)

and
−αθ ∂φ

(n)
α

∂θ
(θ, x) +

[∫
S

q(n−1)(dy|x, f ∗n(θ, x))φ(n)
α (θ, y) + θcn−1(x, f

∗n(θ, x))φ(n)
α (θ, x)

]
= −αθ ∂φ

(n)
α

∂θ
(θ, x) ≤ 0

if x /∈ Sn−1 (by (2.4.25)).

(2.4.27)

So, by the Dynkin formula, we get

Eπ∗n

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π∗n(ξ

(n−1)
t− , t))dt

)]
≤ φ(n)

α (θ, x) for all (θ, x) ∈ [0, 1]× S.

(2.4.28)

Ph.D. Thesis 34

TH-3126_186123018



Chapter 2 2.5. The existence of optimal control

Also using (2.4.11) and Dynkin formula (see (2.3.8) and (2.3.13)), we have

φ(n−1)
α (θ, x) ≤ Eπ∗n

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π∗n(ξ

(n−1)
t− , t))dt

)]
. (2.4.29)

By (2.4.28) and (2.4.29), we have φ
(n−1)
α (θ, x) ≤ φ

(n)
α (θ, x).

Hence φ
(n)
α (θ, x) is increasing in n for any (θ, x) ∈ [0, 1] × S. Now from (2.4.22),

we know that for each x ∈ S, φ(n)(·, x) is Lipschitz continuous in θ ∈ [0, 1]. Also,

φ
(n)
α (θ, x) is increasing as n → ∞ for any (θ, x) ∈ [0, 1] × S and bounded above

(by (2.4.20)), therefore there exists a function φα on [0, 1] × S that is continu-

ous with respect to θ ∈ [0, 1], such that along a subsequence nk → ∞, we have

limnk→∞ φ
(nk)
α (θ, x) = φα(θ, x) and this convergence is uniform in θ ∈ [0, 1] for each

fixed x ∈ S. Moreover, by (2.4.20), we have

1 ≤ φα(θ, x) ≤
α2eθL0/α

α2 − ρ0ρ1θ
(V (x))

ρ1θ
α . (2.4.30)

As the proof of equation (2.4.11) in step 1 (starting from the first equality of (2.4.13)),

we see that φα is a solution to the HJB equation (2.3.1). Also by (2.4.30), we can

conclude that φα ∈ L∞
V ([0, 1]× S). Finally, the uniqueness of φα(θ, x) follows from the

stochastic representation in Theorem 2.3.1.

2.5 The existence of optimal control

In this section, we present the main result of this chapter. Here we show the existence

of an optimal control.

Theorem 2.5.1. Suppose that Assumptions (A1)-(A3) are satisfied. Then, the following

assertions hold.

1. The HJB equation (2.3.1) has a unique solution φα ∈ L∞
V ([0, 1] × S) and the

solution admits the following representation

1 ≤ φα(θ, x) = inf
π∈ΠAd

Eπ
x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π(t))dt

)]
≤ α2eθL0/α

α2 − ρ0ρ1θ
(V (x))

ρ1θ
α .

2. There exists a measurable function f ∗ : [0, 1]× S → A such that

αθ
∂φα
∂θ

(θ, x) =

[∫
S

q(dy|x, f ∗(θ, x))φα(θ, y) + θc(x, f ∗(θ, x))φα(θ, x)

]
a.e. θ ∈ [0, 1]. (2.5.1)
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3. Furthermore an optimal Markov control for the cost criterion (2.2.2) exists and is

given by

π̃∗(x, t) := f ∗(θe−αt, x),

where f ∗ satisfies (2.5.1).

Proof. Part (1) follows from Theorems 2.3.1 and 2.4.1.

To prove (2), by [69], we first observe that the function∫
S

q(dy|x, a)φα(θ, y) + θc(x, a)φα(θ, x)

is continuous in a ∈ A(x) for each given (θ, x) ∈ [0, 1] × S. Thus, by the measurable

selection theorem [17, Proposition 7.33] there exists a measurable function f ∗ satisfying

(2.5.1), and so (2) follows.

For part (3), take any f ∗ that satisfies (2.5.1). Then by Theorem 2.3.1, we have

inf
π∈ΠAd

J̃α(θ, x, π) = J̃α(θ, x, π̃
∗) = φα(θ, x), which together with (2.2.2), (2.2.3) and part

(1), we have inf
π∈ΠAd

Jα(θ, x, π) = Jα(θ, x, π̃
∗) =

1

θ
ln J̃α(θ, x, π̃

∗) =
1

θ
lnφα(θ, x). Hence

π̃∗ is an optimal Markov control.

Now we prove the converse of the Theorem 2.5.1.

Theorem 2.5.2. Grant Assumptions (A1)-(A3). Suppose there exists an optimal

Markov control for the cost criterion (2.2.2) and is given by

π̂∗(x, t) := f̃ ∗(θe−αt, x),

for some measurable function f̃ ∗. Then we prove that f̃ ∗ is a minimizing selector of

(2.3.1).

Proof. Since π̂∗ is optimal for the cost criterion (2.2.2), therefore we have

inf
π∈ΠAd

J̃α(θ, x, π) = J̃α(θ, x, π̂
∗) = J̃∗

α(θ, x). (2.5.2)

Now for f̃ ∗ by Theorem 2.4.1, there exists a unique solution ψα ∈ L∞
V ([0, 1]× S) for the

equation

αθ
∂ψα
∂θ

(θ, x) =

[∫
S

q(dy|x, f̃ ∗(θ, x))ψα(θ, y) + θc(x, f̃ ∗(θ, x))ψα(θ, x)

]
, (2.5.3)

for each x ∈ S and a.e. θ ∈ [0, 1], satisfying 1 ≤ ψα(θ, x) ≤ α2eθL0/α

α2−ρ0ρ1θ (V (x))
ρ1θ
α for all

(θ, x) ∈ [0, 1]× S.
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Now by Theorem 2.3.1, we know that

1 ≤ ψα(θ, x) = Eπ̂∗

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π̂
∗(ξt−, t))dt

)]
≤ α2eθL0/α

α2 − ρ0ρ1θ
(V (x))

ρ1θ
α . (2.5.4)

From (2.5.2) and (2.5.4), we get

ψα(θ, x) = inf
π∈ΠAd

J̃α(θ, x, π) = J̃α(θ, x, π̂
∗) = J̃∗

α(θ, x) for (θ, x) ∈ [0, 1]× S. (2.5.5)

So, in view of Theorem 2.3.1, by equations (2.3.1), (2.5.3), and (2.5.5), we conclude that

f̃ ∗ is a minimizing selector of (2.3.1).

When the transition and cost rates are bounded, the existence of an optimal control

is ensured by Theorem 2.5.1.

Corollary 2.5.1. Grant Assumption (A3)((i)-(ii)). Also, assume that the transition

and cost rates are bounded. Then, there exist a unique solution φα and an optimal

control for the HJB equation (2.3.1).

Proof. Suppose there exist constants L1 and b1, such that sup
(x,a)∈K

qx(a) ≤ L1 and

sup
(x,a)∈K

c(x, a) ≤ b1. First we take the Lyapunov function V (x) ≡ P , for all x ∈ S,

P ≥ 1, a constant. Now
∫
S
V (y)q(dy|x, a) =

∫
S
V 2(y)q(dy|x, a) = 0, for all (x, a) ∈ K.

Now, take ρ0 = α, M0 = L1, any real number, ρ1 ∈ (0, α), and L0 = b1. Then Assump-

tion (A1) is verified. Now for all x ∈ S, take any constants ρ2 ∈ (0, α) and b0 ∈ (0,∞).

Then Assumption (A2) holds. Also
∫
S
V (y)q(dy|x, a) is continuous in a ∈ A(x). So,

Assumption (A3) is also true. Then, by Theorem 2.5.1, we have a unique solution φα

and an optimal control for the HJB equation (2.3.1).

2.6 Application and example

In this section, we verify the above assumptions with one example, where the transition

and cost rates are unbounded.

Example 2.6.1. The Gaussian Model: Suppose a hunter is hunting outside his

house for his manager. Suppose the house is at state 0. A positive state represents the

distance from the house to the right, and a negative state represents the distance from the

house to the left. Let S = R. If the current position is x ∈ S, the hunter takes an action

a ∈ A(x), then after an exponentially distributed travel time with rate λ(x, a) > 0, the

hunter reaches the new position, and the travel distance follows the normal distribution
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with mean x and variance σ. (Or we can interpret λ(x, a) as the total jump intensity

that is an arbitrary measurable positive-valued function on S×A, and the distribution of

the state after a jump from x ∈ S is normal with the variance σ and expectation x.) Also

assume that the hunter receives a payoff c(x, a) from his manager for each unit of time he

spends there. Let us consider the model as A2 := {S, (A,A(x), x ∈ S), c(x, a), q(dy|x, a)},
where S = (−∞,∞). For each D ∈ B(S), the transition rate is

q(D|x, a) = λ(x, a)

[ ∫
y∈D

1√
2πσ

e−
(y−x)2

2σ2 dy − δx(D)

]
, x ∈ S, a ∈ A(x), σ > 0. (2.6.1)

To ensure the existence of an optimal Markov control for the model, we consider the

following hypotheses.

(I) For each fixed x ∈ S, λ(x, a) is continuous in a ∈ A(x) and there exists a positive

constant M1 such that 0 < sup
a∈A(x)

λ(x, a) ≤M1(x
2 + 1) and M1 <

α
6σ2(σ2+1)

.

(II) For each x ∈ S, the cost rate c(x, a) is nonnegative and continuous in a ∈ A(x)

and there exists a constant 0 < ρ1 < min{α, α2

M1σ2} such that

sup
a∈A(x)

c(x, a) ≤ ρ1 log(1 + x2).

(III) For each fixed x ∈ S, A(x) is a compact subset of the Borel spaces A.

Proposition 2.6.2. Under conditions (I)-(III), the above controlled system satisfies

the Assumptions (A1)-(A3). Hence by Theorem 2.5.1, there exists an optimal Markov

control for this model.

Proof. We know 1√
2πσ

∫∞
−∞(y − x)2k+1e−

(y−x)2

2σ2 dy = 0 and 1√
2πσ

∫∞
−∞(y − x)2ke−

(y−x)2

2σ2 dy =

1 · 3 · · · (2k − 1)σ2k for all k = 0, 1 · · · .
We first verify Assumption (A1). Let V (x) = x2 + 1.∫

S

V (y)q(dy|x, a) = λ(x, a)

[
1√
2πσ

∫ ∞

−∞
(y2 + 1)e−

(y−x)2

2σ2 dy − (x2 + 1)

]
= λ(x, a)σ2

≤M1σ
2V(x). (2.6.2)

Let ρ0 =M1σ
2. Then

∫
S
V (y)q(dy|x, a) ≤ ρ0V (x). Now

q∗(x) = sup
a∈A(x)

qx(a) = sup
a∈A(x)

λ(x, a) ≤M1(x
2 + 1) =M1V (x) ∀ x ∈ S.

Now by condition (II), we can write

sup
a∈A(x)

c(x, a) ≤ ρ1 log(1 + x2) +M1.
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Observe that by condition (II), 0 < ρ1 < min{α, ρ−1
0 α2}. Hence Assumption (A1) is

verified with M0 = L0 =M1.

Next we verify Assumption (A2).

For any x ∈ S, a ∈ A(x),∫
S

q(dy|x, a)V 2(y) =

∫
S

q(dy|x, a)(1 + y2)2

= λ(x, a)

[
1√
2πσ

∫ ∞

−∞
(y2 + 1)2e−

(y−x)2

2σ2 dy − (x2 + 1)2
]

= λ(x, a)[1 · 3σ4 + σ2(2 + 6x2)]

≤M1(x
2 + 1)[3σ4 + σ2(2 + 6x2)]

=M1σ
2(x2 + 1)(3σ2 + 2 + 6x2)

≤ 6M1σ
2(x2 + 1)(x2 + 1)(σ2 + 1)

= 6M1V
2(x)σ2(σ2 + 1)

≤ ρ2V
2(x) + 1

where ρ2 = 6M1σ
2(σ2 + 1), and b0 = 1. Then by condition (I), we have 0 < ρ2 < α.

Hence, Assumption (A2) is verified. Now by conditions (I) and (II) c(x, a) is continuous

in a ∈ A(x). Observe that by condition (I) and (2.6.2),
∫
S
V (y)q(dy|x, a) is continuous

in a ∈ A(x). Hence Assumption (A3) is also verified. So, by Theorem 2.5.1, we see that

there exists an optimal Markov control for this model.

Remark 2.6.3. As we mention in the introduction, there are many real-life applications,

where the underlying system dynamic is modeled as a CTMDP, with a Borel state and

action spaces as well as cost and transition rates are unbounded, see such a cash-flow

problem in [65], [100, p. 112]. Also, there are lots of real-life examples like infrastructure

surveillance models [100, p. 115-116], queueing model [100, p. 192], where we see that

the state space is uncountable, can be formulated in our set-up.
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CHAPTER 3

Continuous-time Zero-Sum Games for Markov

Decision Processes with Discounted Risk-Sensitive

Cost Criterion

3.1 Introduction

In this chapter, we study two-person infinite-horizon discounted-cost risk-sensitive zero-

sum stochastic games for continuous-time Markov decision processes (CTMDPs) with

unbounded transition and reward rates on countable state space. Finite horizon risk-

sensitive CTMDP is considered in [47], [53], [108], while for infinite-horizon risk-sensitive

CTMDP see, [47], [49], [54], [81], [82], and the references therein. Infinite horizon risk-

sensitive CTMDP for piecewise deterministic Markov decision processes has been studied

in [54]. In [47], [82], [94], the transition and cost rates are assumed to be bounded. In

[49], [62], the authors have studied infinite-horizon risk-sensitive CTMDP for unbounded

transition and cost rates.

Discrete-time zero-sum risk-sensitive stochastic games on a countable state space

have been considered by several authors, see [12], [41] and references therein. In [16],

the authors studied zero-sum risk-sensitive stochastic games for discrete-time MDP with

general state space. But the corresponding literature in the context of zero-sum risk-

sensitive stochastic games for continuous-time MDP is rather limited. Some exceptions

are [45], [109].

In this chapter, we have extended the risk-sensitive discounted control problem of

article [62] to a zero-sum risk-sensitive discounted stochastic game problem for CTMDPs

with countable state space. Here, the maximizer (player 1) tries to maximize his/her

infinite-horizon risk-sensitive rewards over his strategies whereas the minimizer (player

2) tries to minimize the same over his/her strategies over their admissible strategies. This

game model is primarily been formulated from the viewpoint of the minimizer player
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(player 2) who is risk-averse. The maximizer is a virtual player (player 1) who is antag-

onistic to the minimizing player (player 2), see Chapter 1. As the system evolves, the

rewards are accumulated and the performance of a strategy is measured by discounted

risk-sensitive cost criterion, which in our present case is defined by (3.2.4), below. Such a

model is relevant in worst-case scenarios, e.g., in financial applications when a risk-averse

investor is trying to maximize his long-term portfolio gain against the market which, by

default, is the minimizer in this case. The main objective of this work is to prove the

existence of a value of the game and a saddle-point equilibrium and give a character-

ization of the optimal strategies in terms of the corresponding Hamilton-Jacobi-Isaacs

(HJI) equation.

In [109], a zero-sum risk-sensitive stochastic game on the finite horizon has been

studied for the Markov jump process with Borel state space, the costs are bounded and

transition rates are unbounded. The corresponding game on the infinite-horizon has been

studied in [45] for CTMDP with bounded transition and cost rates. This boundedness

requirement, however, imposes some restrictions in applications, for instance in queueing

control and population processes, where the transition and reward/cost rates are usually

unbounded.

To the best of our knowledge, this chapter is the first work that deals with infinite-

horizon zero-sum risk-sensitive stochastic games for continuous-time MDP with un-

bounded cost and transition rates and with admissible (feedback) policies. A natural

technique to solve the zero-sum stochastic game problem under study is to characterize

the value function as a solution to the HJI equation. Our results follow this approach.

In Section 3.4, we provide sufficient conditions for the existence of a solution to the HJI

equation in Theorem 3.4.1 and show that the solution of this HJI equation is in fact

unique and coincides with the value function of the zero-sum game problem under con-

sideration. Moreover, the existence of a saddle-point equilibrium in the class of Markov

strategies is proven in Theorem 3.5.1.

The rest of this chapter is structured as follows. Section 3.2 deals with the description

of the problem. In Section 3.3, we prove the stochastic representation of the solution of

HJI equation (3.3.1). The existence of a unique solution to the HJI equation is proven in

Section 3.4. In Section 3.5, we prove the value and saddle-point equilibrium in the class

of Markov strategies for the discounted-cost risk-sensitive zero-sum game. In Section

3.6, we illustrate our theory and assumptions by an illustrative example. The content

of this chapter is based on the published article [51].
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3.2 The game model

In this section, we introduce the continuous-time two-person zero-sum stochastic game

model which consists of the following elements

{S,A,B, (A(i) ⊂ A,B(i) ⊂ B, i ∈ S), q(·|i, a, b), c(i, a, b)}, (3.2.1)

• S, called the state space, is assumed to be the set of all nonnegative integers

endowed with the discrete topology.

• A and B are the action sets for players 1 and 2, respectively. The action spaces A

and B are assumed to be Borel spaces with the Borel σ-algebras B(A) and B(B),

respectively.

• For each i ∈ S, A(i) ∈ B(A) and B(i) ∈ B(B) denote the sets of admissible actions

for players 1 and 2 in state i, respectively. Let K := {(i, a, b)|i ∈ S, a ∈ A(i), b ∈
B(i)}, which is a Borel subset of S × A×B.

• Given any (i, a, b) ∈ K, the transition rate q(j|i, a, b) is a signed kernel on S such

that q(j|i, a, b) ≥ 0 for all j, i ∈ S with j ̸= i. Moreover, we assume that q(j|i, a, b)
satisfies the following uniformly conservative and stable conditions: for any i ∈ S,∑

j∈S

q(j|i, a, b) = 0 uniformly in (a, b) ∈ A(i)×B(i) and

q∗(i) := sup
(a,b)∈A(i)×B(i)

qi(a, b) <∞, (3.2.2)

where qi(a, b) := −q(i|i, a, b) ≥ 0.

• Finally, the measurable function c : K → R+ denotes the reward rate function for

player 1 (or the cost rate function for player 2).

The game evolves as follows. The players observe continuously the current state of

the system. When the system is in state i ∈ S at time t ≥ 0, the players independently

choose actions at ∈ A(i) and bt ∈ B(i) according to some strategies, respectively. As a

consequence of this, the following happens:

• player 1 receives an immediate reward at rate c(i, at, bt) and player 2 incurs a cost

at rate c(i, at, bt); and

• the system stays in state i for a random time, with rate of leaving i given by

qi(at, bt), and then jumps to a new state j ̸= i with the probability determined by
q(·|i, at, bt)
qi(at, bt)

(see Proposition B.8 in [59, p. 205] for details).
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When the state of the system transits to the new state j, the above procedure is repeated.

Thus, the goal of player 1 is to maximize his/her rewards, whereas that of player 2 is

to minimize his/her costs with respect to some performance criterion Jα(·, ·, ·, ·), which
in our present case is defined by (3.2.4), below. Such a model is relevant in worst-case

scenarios, e.g., in financial applications when a risk-averse investor is trying to maximize

his long-term portfolio gain against the market which, by default, is the minimizer in

this case.

To formalize what is described above, below we describe the construction of

continuous-time Markov decision processes (CTMDPs) under possibly admissible (feed-

back) strategies. To construct the underlying CTMDPs (as in [63], [75], [99]) we de-

fine S∆ := S ∪ {∆} (with some ∆ /∈ S), R+ := (0,∞). Now define the measurable

space (Ω,B(Ω)) with Ω := (S × R+)
∞ ∪ {(i′0, θ1, i

′
1, · · · , θk, i

′

k,∞,∆,∞,∆, · · · )|k ≥
0, i

′

l ∈ S, θl ∈ R+ ∀0 ≤ l ≤ k} and the Borel σ-algebra B(Ω) of Ω. For each

ω := (i
′
0, θ1, i

′
1, · · · , θk, i

′

k, · · · ) ∈ Ω, define T0(ω) := 0, Tn(ω) := Tn−1(ω) + θn,

T∞(ω) := limn→∞ Tn(ω). Using {Tk}, we define the state process {ξt}t≥0 as

ξt(ω) :=
∑
k≥0

I{Tk≤t<Tk+1}i
′

k + I{t≥T∞}∆, for t ≥ 0. (3.2.3)

Here, IE denotes the indicator function of a set E, and we use the convention that

0 + z =: z and 0z =: 0 for all z ∈ S∆. The process after T∞ is regarded to be absorbed

in the state ∆. Thus, let q(·|∆, a∆, b∆) :≡ 0, A∆ := A ∪ {a∆}, B∆ := B ∪ {b∆},
A(∆) := {a∆}, B(∆) := {b∆}, c(∆, a, b) :≡ 0 for all (a, b) ∈ A∆ × B∆, where a∆, b∆

are isolated points. Moreover, let Ft := σ({Tk ≤ s, ξTk ∈ S} : 0 ≤ s ≤ t, k ≥ 0) for all

t ≥ 0, Fs− =:
∨
t<s Ft, and P := σ(C × {0}, D × (s,∞) : C ∈ F0, D ∈ Fs−) which

denotes the σ-algebra of predictable sets on Ω× [0,∞) related to {Ft}t≥0.

To complete the specification of a risk-sensitive stochastic game problem, we need, of

course, to introduce an optimality criterion. This requires defining the class of strategies

as below.

Definition 3.2.1. An admissible feedback strategy for player 1, denoted by π1 =

{π1(t)}t≥0, is a transition probability π1(da|ω, t) from (Ω×[0,∞),P) onto (A∆,B(A∆)),

such that π1(A(ξt−(ω))|ω, t) = 1. Using appropriate projections of the transition kernel

π1, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {π1
k, k ≥ 0} of the stochastic kernel on A such that

π1(t)(ω) = π1(da|ω, t)

= I{t=0}(t)π
1
0(da|i

′

0, 0) +
∑
k≥0

I{Tk<t≤Tk+1}π
1
k(da|i

′

0, θ1, i
′

1, . . . , θk, i
′

k, t− Tk)

+ I{t≥T∞}δa∆(da),
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where π1
0(da|i

′
0, 0) is a stochastic kernel on A given S such that π1

0(A(i
′
0)|i

′
0, 0) =

1, π1
k(k ≥ 1) are stochastic kernels on A given (S × (0,∞))k+1 such that

π1
k(A(i

′

k)|i
′
0, θ1, i

′
1, · · · , θk, i

′

k, t − Tk) = 1, and δa∆(da) denotes the Dirac measure at the

point a∆.

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all

admissible feedback strategies for player 1 is denoted by Π1
Ad. A strategy π1 ∈ Π1

Ad for

player 1, is called a Markov if π1(t)(ω) = π1(ξt−(ω), t) i.e., π
1(da|ω, t) = π1(da|ξt−(ω), t)

for every ω ∈ Ω and t ≥ 0, where ξt−(ω) := lims↑t ξs(ω). For notational simplicity, we

would not write ω anywhere throughout the rest of this chapter. We denote by Π1
M the

family of all Markov strategies for player 1. The sets of admissible feedback strategies

Π2
Ad and Markov strategies Π2

M for player 2 are defined analogously.

Remark 3.2.2. In the definition of strategies we do not include the entire history of

the game, i.e., past and present states, past sojourn times, and past actions taken by the

players. In our game model, each player’s admissible strategies include only past and

present states and past sojourn times. Hence such strategies are called feedback strategies.

If players use general strategies (i.e., history-dependent non-anticipative strategies) there

may not be a probability measure over plays; see Proposition 1 in [88]. See also [85].

Thus it is imperative for us to confine our attention to specific classes of strategies. In

this chapter, we restrict our attention to feedback strategies only, i.e., at any point of

time each player has access to past and present states and past sojourn times. Though the

past and present states and past sojourn times implicitly contain the past actions of the

players, explicit inclusions thereof in the strategies run into unassailable technical issues

as explained clearly in [88]. The inclusion of history-dependent strategies is infeasible

even for one-player games; see Proposition 1 in [88].

For any compact metric space Y , let P(Y ) denote the space of probability measures

on Y with Prohorov topology. For each i, j ∈ S, µ ∈ P(A(i)) and ν ∈ P(B(i)), the

associated transition and cost rates are defined, respectively, as follows:

q(j|i, µ, ν) :=
∫
B(i)

∫
A(i)

q(j|i, a, b)µ(da)ν(db),

c(i, µ, ν) :=

∫
B(i)

∫
A(i)

c(i, a, b)µ(da)ν(db).

(by abuse of notation we use the same notation q and c). Under Assumption (A1), below,

for any initial state i ∈ S and any pair of strategies (π1, π2) ∈ Π1
Ad×Π2

Ad, Theorem 4.27

in [76] yields the existence of a unique probability measure denoted by P π1,π2

i on (Ω,F ).

Let Eπ1,π2

i be the expectation operator with respect to P π1,π2

i .
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Fix any discounted factor α > 0. For any (π1, π2) ∈ Π1
Ad × Π2

Ad and i ∈ S, the

risk-sensitive discounted criterion is defined as

Jα(θ, i, π
1, π2) :=

1

θ
log

{
Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]}
, (3.2.4)

provided that the integral is well defined, where ξt is the Markov process corresponding

to (π1, π2) ∈ Π1
Ad×Π2

Ad and θ ∈ (0, 1] denotes a risk-sensitive parameter and the limiting

case of θ → 0 is the risk-neutral case.

We also need the following concepts. The functions on S are defined as

L(i) := sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Jα(θ, i, π
1, π2) and U(i) := inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Jα(θ, i, π
1, π2)

are called, respectively, the lower value and the upper value of the game. It is clear that

L(i) ≤ U(i) for all i ∈ S.

Definition 3.2.3. If L(i) = U(i) for all i ∈ S, then the common function is called the

value of the game and is denoted by J∗
α(θ, i).

Definition 3.2.4. Suppose that the game has a value J∗
α. Then a strategy π∗1 in Π1

Ad

is said to be optimal for player 1 if infπ2∈Π2
Ad
Jα(θ, i, π

∗1, π2) = J∗
α(θ, i) for all i ∈ S.

Similarly, π∗2 ∈ Π2
Ad is optimal for player 2 if supπ1∈Π1

Ad
Jα(θ, i, π

1, π∗2) = J∗
α(θ, i) for

all i ∈ S.

If π∗k ∈ Πk
Ad is optimal for player k (k=1,2), then (π∗1, π∗2) is called a pair of optimal

strategies and also called a saddle-point equilibrium.

The objective of this chapter is to provide conditions for the existence of a pair of

optimal strategies and introduce an HJI characterization of such pairs.

To avoid the explosion of the state process {ξt, t ≥ 0}, we need the following

Assumption imposed on the transition rates, which had been widely used in CTMDPs;

see, for instance, [53], [62], [63], [64] and the references therein.

(A1) There exists a Lyapunov function V : S → [1,∞) such that

(i)
∑

j∈S V (j)q(j|i, a, b) ≤ ρ1V (i) for all (i, a, b) ∈ K with some constant ρ1 ≥ 0;

(ii) sup(a,b)∈A(i)×B(i) qi(a, b) ≤ L1V (i) for all i ∈ S with some positive constant L1.

Proposition 3.2.5. Under Assumption (A1), for any pair of strategies (π1, π2) ∈ Π1
Ad×

Π2
Ad and i ∈ S, the following assertions hold:

(a) P π1,π2

i (T∞ = ∞) = 1 and P π1,π2

i (ξt ∈ S) = 1 for all t ≥ 0;
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(b) Eπ1,π2

i [V (ξt)] ≤ eρ1tV (i) for all t ≥ 0.

Proof. The proof follows as in ([63, Theorem 3.1]).

Since logarithm is an increasing function, instead of studying Jα(θ, i, π
1, π2), we will

consider Ĵα(θ, i, π
1, π2) on [0, 1]× S × Π1

Ad × Π2
Ad defined by

Ĵα(θ, i, π
1, π2) := Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
. (3.2.5)

Obviously, Ĵα(θ, i, π
1, π2) ≥ 1 for (θ, i) ∈ (0, 1] × S and (π1, π2) ∈ Π1

Ad × Π2
Ad, and we

have (π∗1, π∗2) is optimal if and only if

Ĵα(θ, i, π
∗1, π∗2) = sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Ĵα(θ, i, π
1, π2) = inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Ĵα(θ, i, π
1, π2) =: Ĵ∗

α(θ, i)∀i ∈ S.

To ensure the finiteness of Jα(θ, i, π
1, π2), we enforce a logarithmic growth condition for

the cost function c as below.

(A2) There exist constants L2 ≥ 0 and 0 < ρ2 < min{α, ρ−1
1 α2} such that

sup
(a,b)∈A(i)×B(i)

c(i, a, b) ≤ ρ2 log V (i) + L2 ∀i ∈ S,

where V and ρ1 are introduced in Assumption (A1).

Proposition 3.2.6. Suppose that Assumptions (A1) and (A2) are satisfied. Then, for

any pair of strategies (π1, π2) ∈ Π1
Ad × Π2

Ad and (θ, i) ∈ [0, 1]× S, we have

Ĵα(θ, i, π
1, π2) ≤ α2

α2 − ρ1ρ2θ
eθL2/αV ρ2θ/α(i) ≤ α2

α2 − ρ1ρ2
eL2/αV (i).

Moreover, we obtain

J∗
α(θ, i) ≤ log

(
α2

α2 − ρ1ρ2

)
+
L2

α
+
ρ2
α

log V (i) ∀θ ∈ (0, 1], i ∈ S. (3.2.6)

Proof. For the proof, see Proposition 2.2.3 (3), Chapter 2, p. 17-18.

Let us introduce some frequently used notations. We define the spaces Aas([0, 1]×S),
(B∞

W ([0, 1] × S), ∥ · ∥∞W ), and L∞
W ([0, 1] × S), for any real-valued function W ≥ 1 on S,

as defined in Chapter 2, p. 19.

To study the admissible (feedback) strategy, we need an extension of Dynkin’s

formula. To that end, we imposed the following condition.
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(A3) The function V 2 satisfies the Foster-Lyapunov condition with respect to con-

stants 0 < ρ3 < α and L3 ≥ 0∑
j∈S

q(j|i, a, b)V 2(j) ≤ ρ3V
2(i) + L3 ∀ (i, a, b) ∈ K,

where V is introduced in Assumption (A1) .

To ensure the existence of pair of optimal strategies, in addition to Assumptions

(A1)-(A3), we also need the following continuity and compactness conditions.

(A4) The following conditions hold:

(i) for each i ∈ S, the sets A(i) and B(i) are compact;

(ii) for any fixed i, j ∈ S, q(j|i, a, b) and c(i, a, b) are continuous in (a, b) ∈ A(i)×B(i);

(iii) for any given i ∈ S, the convergence of
∑
j∈S

V (j)q(j|i, a, b) holds uniformly in

(a, b) ∈ A(i)×B(i), where V is introduced in Assumption (A1).

By closely mimicking the arguments in [56], one can easily get the following result, which

will be used in subsequent sections; we omit the details.

Lemma 3.2.7. Under Assumptions (A1)-(A4), the functions

c(i, µ, ν) and
∑
j∈S

q(j|i, µ, ν)u(·, j)

are continuous at (µ, ν) on P(A(i)) × P(B(i)) for each fixed u ∈ L∞
V ([0, 1] × S) and

i ∈ S.

3.3 Stochastic representation of a solution to the

HJI equation

In this section, we analyze the cost evolution criterion. We carry out our analysis via

equation (3.2.5). For a.e. θ ∈ [0, 1], we consider the following HJI equations:

αθ dφα

dθ
(θ, i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
,

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
,

i ∈ S, a.e. θ ∈ [0, 1],

1 ≤ φα(θ, i) ≤ α2

α2−ρ1ρ2θe
θL2/αV

ρ2θ
α (i) for (θ, i) ∈ [0, 1]× S,

(3.3.1)
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where the upper bound of φα(θ, i) is inspired by Proposition 3.2.6. Note that φα(θ, i) is

differentiable almost everywhere with respect to the first variable, and second equality

follows from Fan’s minimax theorem, see [33, Theorem 3].

In section 3.4, we address the existence of a solution to the HJI equation. In the

next theorem, we show that if the HJI equation has a solution then it is equal to the

value function corresponding to (3.2.5).

Theorem 3.3.1. Under Assumptions (A1)-(A4), suppose that the HJI equation (3.3.1)

has a solution φα ∈ L∞
V ([0, 1]×S) satisfying the bounds. Then, for all (θ, i) ∈ [0, 1]×S,

we have

φα(θ, i)

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
(3.3.2)

which means φα(θ, i) = Ĵ∗
α(θ, i) for all (θ, i) ∈ [0, 1]× S.

Proof. Let

µ̄ : (0, 1)× S → P(A) and ν̄ : (0, 1)× S → P(B),

be measurable functions such that

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
θc(i, µ, ν)φα(θ, i) +

∑
j∈S

q(j|i, µ, ν)φα(θ, j)
]

= sup
µ∈P(A(i))

[
θc(i, µ, ν̄(θ, i))φα(θ, i) +

∑
j∈S

q(j|i, µ, ν̄(θ, i))φα(θ, j)
]

(3.3.3)

and

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
θc(i, µ, ν)φα(θ, i) +

∑
j∈S

q(j|i, µ, ν)φα(θ, j)
]

= inf
ν∈P(B(i))

[
θc(i, µ̄(θ, i), ν)φα(θ, i) +

∑
j∈S

q(j|i, µ̄(θ, i), ν)φα(θ, j)
]
. (3.3.4)

The existence of such measurable maps is ensured by the measurable selection theorem

in [17, Proposition 7.33], or [89, Theorem 2.2]. Let

π∗1 : R+ × S → P(A) and π∗2 : R+ × S → P(B)

be defined by

π∗1(i, t) = µ̄(θe−αt, i) and π∗2(i, t) = ν̄(θe−αt, i).
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Chapter 3 3.3. Stochastic representation of a solution to the HJI equation

Given any admissible feedback pair of strategies (π1, π2) ∈ Π1
Ad ×Π2

Ad and θ ∈ [0, 1], let

{ξt, t ≥ 0} be the corresponding process, and define θ(t) := θe−αt and h : [0,∞)×S×Ω →
[0,∞) by

h(t, i, ω) := exp

(∫ t

0

θ(s)c(ξs, π
1(s), π2(s))ds

)
φα(θ(t), i).

In order to use the extension of Dynkin’s formula, (for details see [62, Theorem 3.3] or

[53, Theorem 3.1]) to the function h, it suffices to verify that

Eπ1,π2

i

[
exp

(∫ t

0

2e−αsc(ξs, π
1(s), π2(s))ds

)]
≤ αe2L2/α

α− ρ3

(
V 2(i) +

L3

ρ3

)
(3.3.5)

∀i ∈ S and t ∈ (0,∞). Let γ(ds) := αe−αsds. Then under Assumptions (A1)-(A3), we

have

Eπ1,π2

i

[
exp

(∫ t

0

2e−αsc(ξs, π
1(s), π2(s))ds

)]
≤ Eπ1,π2

i

[
exp

(∫ ∞

0

2

α
c(ξs, π

1(s), π2(s))γ(ds)

)]
≤ Eπ1,π2

i

[∫ ∞

0

exp

(
2

α
c(ξs, π

1(s), π2(s))

)
γ(ds)

]
(by Jensen’s inequality)

≤ Eπ1,π2

i

[∫ ∞

0

exp

(
2

α
(ρ2 log V (ξs) + L2)

)
γ(ds)

]
(by Assumption (A2))

= e2L2/α

[∫ ∞

0

Eπ1,π2

i

(
V (ξs)

2ρ2
α

)
γ(ds)

]
≤ αe2L2/α

(
V 2(i) +

L3

ρ3

)[∫ ∞

0

eρ3s−αsds

]
=
αe2L2/α

α− ρ3

(
V 2(i) +

L3

ρ3

)
,

which implies that (3.3.5) holds. Thus, using the extension of Dynkin’s formula to the

function h, we have

Eπ1,π2

i [h(t, ξv, ω)]− φα(θ, i)

= Eπ1,π2

i

{∫ t

0

exp

(∫ s

0

θ(v)c(ξv, π
1(v), π2(v))dv

)
×
[
−αθ(s)dφα

dθ
(θ(s), ξs) +

∑
j∈S

q(j|ξs, π1(s), π2(s))φα(θ(s), j)

+ θ(s)c(ξs, π
1(s), π2(s))φα(θ(s), ξs)

]
ds

}
. (3.3.6)
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Chapter 3 3.3. Stochastic representation of a solution to the HJI equation

Now from (3.3.1), (3.3.4) and (3.3.6), we have

φα(θ, i) ≤ Eπ∗1,π2

i

[
exp

(∫ t

0

θ(s)c(ξs, π
∗1(ξs−, s), π

2(s))ds

)
φα(θ(t), ξt)

]
. (3.3.7)

Given any p > 1, let q > 1 such that 1
p
+ 1

q
= 1, by Hölder’s inequality we have

φα(θ, i)

≤ Eπ∗1,π2

i

[
exp

(∫ t

0

θ(s)c(ξs, π
∗1(ξs−, s), π

2(s))ds

)
φα(θ(t), ξt)

]
≤
{
Eπ∗1,π2

i

[
exp

(
p

∫ t

0

θ(s)c(ξs, π
∗1(ξs−, s), π

2(s))ds

)]}1/p

×
{
Eπ∗1,π2

i [φqα(θ(t), ξt)]

}1/q

=: I1(p, t) · I2(q, t). (3.3.8)

For I2(q, t) := {Eπ∗1,π2

i [φqα(θ(t), ξt)]}1/q, by the upper bound of φα in (3.3.1), we have

φα(θ(t), ξt) = φα(θe
−αt, ξt) ≤

α2

α2 − θe−αtρ1ρ2
exp

(
θe−αtL2

α

)
V

θe−αtρ2
α (ξt).

If t > α−1 log(θqρ2/α) then θe
−αtqρ2/α < 1. Hence, by Jensen’s inequality and Propo-

sition 3.2.5(b), we obtain

I2(q, t) ≤
{
Eπ∗1,π2

i

[(
α2

α2 − θe−αtρ1ρ2

)q
exp

(
qθe−αtL2

α

)
V

qθe−αtρ2
α (ξt)

]}1/q

≤ α2

α2 − θe−αtρ1ρ2
exp

(
θe−αtL2

α

)
[Eπ∗1,π2

(V (xt))]
θe−αtρ2

α

≤ α2

α2 − θe−αtρ1ρ2
exp

(
θe−αt

α
(L2 + ρ1ρ2t)

)
V (i)

θe−αtρ2
α =: I3(t). (3.3.9)

By letting t→ ∞ we obtain

I1(p, t) →
{
Eπ∗1,π2

i

[
exp

(
p

∫ ∞

0

θ(s)c(ξs, π
∗1(ξs−, s), π

2(s))ds

)]}1/p

and

I3(t) → 1. (3.3.10)

Combining (3.3.8), (3.3.9) and (3.3.10), we obtain

φα(θ, i) ≤
{
Eπ∗1,π2

i

[
exp

(
pθ

∫ ∞

0

e−αtc(ξt, π
∗1(ξt−, t), π

2(t))dt

)]}1/p

,

for p > 1. Then, passing to the limit as p ↓ 1, we obtain

φα(θ, i) ≤ Eπ∗1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
∗1(ξt−, t), π

2(t))dt

)]
.
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Chapter 3 3.4. The existence of solution to the HJI equation

Since π2 ∈ Π2
Ad is arbitrary strategy, we have

φα(θ, i) ≤ inf
π2∈Π2

Ad

Eπ∗1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
∗1(ξt−, t), π

2(t))dt

)]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
. (3.3.11)

Using analogous arguments we can show that

Eπ1,π∗2

i

[
exp

(∫ t

0

θ(s)c(ξs, π
1(s), π∗2(ξs−, s))ds

)
φα(θ(t), ξt)

]
≤ φα(θ, i). (3.3.12)

Now, using the lower bound of φα in (3.3.1) and Fatou’s lemma, we obtain

lim inf
t→∞

Eπ1,π∗2

i

[
exp

(∫ t

0

θ(s)c(ξs, π
1(s), π∗2(ξs−, s))ds

)
φα(θ(t), ξt)

]
≥ lim inf

t→∞
Eπ1,π∗2

i

[
exp

(∫ t

0

θ(s)c(ξs, π
1(s), π∗2(ξs−, s))ds

)]
≥ Eπ1,π∗2

i

[
lim inf
t→∞

exp

(∫ t

0

θ(s)c(ξs, π
1(s), π∗2(ξs−, s))ds

)]
= Ĵα(θ, i, π

1, π∗2). (3.3.13)

From (3.3.12) and (3.3.13), we have

Ĵα(θ, i, π
1, π∗2) ≤ φα(θ, i).

Since π1 ∈ Π1
Ad is arbitrary, we have supπ1∈Π1

Ad
Ĵα(θ, i, π

1, π∗2) ≤ φα(θ, i). Thus

inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Ĵα(θ, i, π
1, π2) ≤ sup

π1∈Π1
Ad

Ĵα(θ, i, π
1, π∗2) ≤ φα(θ, i). (3.3.14)

From (3.3.11) and (3.3.14), we have (3.3.2).

3.4 The existence of solution to the HJI equation

In this Section, we prove that the equation (3.3.1) is the HJI equation for the α dis-

counted cost given by (3.2.5) and the equation (3.3.1) has a solution in L∞
V ([0, 1] × S).

We now proceed to make a rigorous analysis of the above. First, we truncate our tran-

sition and cost rates which plays a crucial role to derive the HJI equations and find the

value of the game. Fix any k, n ≥ 1, 0 < δ < 1, and let Sk = {0, 1, · · · , k} be the subset

of S. For each i, j ∈ S and a ∈ A(i), b ∈ B(i), define

q(k)(j|i, a, b) := q(j|i, a, b)ISk
(i), for i ̸= j, q

(k)
i (a, b) :=

∑
j ̸=i

q(k)(j|i, a, b);

cn(i, a, b) := c(i, a, b) ∧ n.
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Chapter 3 3.4. The existence of solution to the HJI equation

Lemma 3.4.1. Suppose Assumptions (A1), (A2) and (A4) are satisfied. Then, there

exists a unique function φ
(n,δ,k)
α (depending on n, δ, k) in L∞

V ([0, 1] × S) for which the

followings are true :

1. φ
(n,δ,k)
α is a bounded solution to the following ordinary differential equations (ODEs)

for all i ∈ S and a.e. θ ∈ (δ, 1] :

αθ
dφ(n,δ,k)

α

dθ (θ, i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
θcn(i, µ, ν)φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (θ, j)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[
θcn(i, µ, ν)φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (θ, j)

]
φ
(n,δ,k)
α (δ, i) = enδ/α.

(3.4.1)

2. φ
(n,δ,k)
α (θ, i) has a stochastic representation as follows: for each i ∈ S and a.e.

θ ∈ (δ, 1],

φ(n,δ,k)
α (θ, i) = sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(k)
t , π1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(k)
t , π1(t), π2(t))dt

)]
,

(3.4.2)

where Tδ(θ) := α−1 log(θ/δ) and ξ
(k)
t is the process corresponding to the

q(k)(j|i, a, b).

Proof. (1) Due to the definition of q
(k)
i (a, b), we have the Lyapunov function V (·) ≡ 1

such that
∑

j∈S q
(k)(j|i, a, b)V (j) ≤ ρ1V (i) for i ∈ S, and q(k) := sup(i,a,b)∈K q

(k)
i (a, b) <

∞. Define a nonlinear operator T on B∞
1 ([0, 1]× S) as follows:

Tu(θ, i) =eδn/α +
1

α

∫ θ

δ

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)u(s, j) + cn(i, µ, ν)u(s, i)

]
ds,

where u ∈ B∞
1 ([0, 1] × S) and (θ, i) ∈ [δ, 1] × S. Then by Fan’s minimax theorem, see

[33, Theorem 3] we have

Tu(θ, i) = eδn/α +
1

α

∫ θ

δ

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)u(s, j) + cn(i, µ, ν)u(s, i)

]
ds.

Then by analogous arguments as in [Lemma 2.4.1, Chapter 2, p. 24-25] and

by Banach’s fixed point theorem, there exists a unique bounded function φ
(n,δ,k)
α ∈

B∞
1 ([0, 1]× S) (depending on (n, δ, k)) such that Tφ

(n,δ,k)
α = φ

(n,δ,k)
α ; that is,

φ(n,δ,k)
α (θ, i)
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Chapter 3 3.4. The existence of solution to the HJI equation

= eδn/α +
1

α

∫ θ

δ

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (s, j) + cn(i, µ, ν)φ

(n,δ,k)
α (s, i)

]
ds

= eδn/α +
1

α

∫ θ

δ

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (s, j) + cn(i, µ, ν)φ

(n,δ,k)
α (s, i)

]
ds.

Also note from the above equation that φ
(n,δ,k)
α (δ, i) = eδn/α and φ

(n,δ,k)
α ∈ L∞

1 ([0, 1]×S).
(2) Let

µ̄ : (0, 1)× S → P(A) and ν̄ : (0, 1)× S → P(B),

be measurable functions such that

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
θcn(i, µ, ν)φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (θ, j)

]
= sup

µ∈P(A(i))

[
θcn(i, µ, ν̄(θ, i))φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ, ν̄(θ, i))φ(n,δ,k)
α (θ, j)

]
(3.4.3)

and

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
θcn(i, µ, ν)φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (θ, j)

]
= inf

ν∈P(B(i))

[
θcn(i, µ̄(θ, i), ν)φ

(n,δ,k)
α (θ, i) +

∑
j∈S

q(k)(j|i, µ̄(θ, i), ν)φ(n,δ,k)
α (θ, j)

]
. (3.4.4)

The existence of such measurable maps is ensured by the measurable selection theorem

in [17, Proposition 7.33], or [89, Theorem 2.2]. Let

π∗1 : R+ × S → P(A) and π∗2 : R+ × S → P(B)

be defined by

π∗1(i, t) = µ̄(θe−αt, i) and π∗2(i, t) = ν̄(θe−αt, i).

Let θ(t) := θe−αt for t ∈ [0,∞). Since cn and φ
(n,δ,k)
α are bounded, by Dynkin’s formula

we get

Eπ1,π2

i

[
exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π1(s), π2(s))ds

)
φ(n,δ,k)
α

(
θ(Tδ), ξ

(k)
Tδ

)]
− φ(n,δ,k)

α (θ, i)

= Eπ1,π2

i

{∫ Tδ(θ)

0

[
−αθ(s)dφ

(n,δ,k)
α

dθ
(θ(s), ξ(k)s ) +

∑
j∈S

q(k)(j|ξ(k)s , π1(s), π2(s))φ(n,δ,k)
α (θ(s), j)

+ θ(s)cn(ξ
(k)
s , π1(s), π2(s))φ(n,δ,k)

α (θ(s), ξ(k)s )

]
exp

(∫ s

0

θ(v)cn(ξ
(k)
v , π1(v), π2(v))dv

)
ds

}
.

(3.4.5)

By using the fact that φ
(n,δ,k)
α is a solution to (3.4.1) and equation (3.4.4), we obtain

Eπ∗1,π2

i

[
exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π∗1(ξ

(k)
s− , s), π

2(s))ds

)
φ(n,δ,k)
α

(
θ(Tδ), ξ

(k)
Tδ

)]
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≥ φ(n,δ,k)
α (θ, i).

Since π2 ∈ Π2
Ad is an arbitrary strategy for player 2 and φ

(n,δ,k)
α (θ(Tδ(θ)), ξ

(k)
Tδ

) = enδ/α,

we have

φ(n,δ,k)
α (θ, i)

≤ inf
π2∈Π2

Ad

Eπ∗1,π2

i

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π∗1(ξ(k)s , s), π2(s))ds

)]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π1(s), π2(s))ds

)]
. (3.4.6)

Using analogous arguments, we can show that

φ(n,δ,k)
α (θ, i)

≥ sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π1(s), π∗2(ξ

(k)
s− , s))ds

)]
.

Therefore

φ(n,δ,k)
α (θ, i)

≥ inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(k)
s , π1(s), π2(s))ds

)]
. (3.4.7)

Therefore, from (3.4.6) and (3.4.7), we obtain (3.4.2). This completes the proof.

Theorem 3.4.1. Under Assumptions (A1)-(A4), the HJI equation (3.3.1) has a unique

solution φα ∈ L∞
V ([0, 1] × S) such that 1 ≤ φα(θ, i) ≤ α2eθL2/α

α2−ρ1ρ2θV
ρ2θ
α (i) for all (θ, i) ∈

[0, 1]× S.

Proof. First note that, φ
(n,δ,k)
α is the solution to the equation (3.4.1), which depends

on three parameters n, δ, k. Hence, the proof of this theorem consists of three steps

corresponding to these three parameters.

Step 1: In the first step, we construct a solution φ
(n,δ)
α from φ

(n,δ,k)
α by passing to the

limit as k → ∞, such that φ
(n,δ)
α (·, i) is absolutely continuous and satisfies the ODEs:

αθ dφ
(n,δ)
α

dθ
(θ, i)

= sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (θ, j) + θcn(i, µ, ν)φ

(n,δ)
α (θ, i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (θ, j) + θcn(i, µ, ν)φ

(n,δ)
α (θ, i)

]
,

i ∈ S, a.e. θ ∈ [δ, 1],

φ
(n,δ)
α (δ, i) = enδ/α ∀i ∈ S.

(3.4.8)
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For proving (3.4.8), let φ
(n,δ,k)
α be the solution to the equation (3.4.1), for given k, n ≥

1, δ > 0. By Lemma 3.4.1, we have

φ(n,δ,k)
α (θ, i)

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(k)
t , π1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(k)
t , π1(t), π2(t))dt

)]
≤ e2n/α, for all i ∈ S, a.e. θ ∈ [δ, 1].

Fix n ≥ 1 and 0 < δ < 1, and define

Fk(θ, i) :=
1

V (i)
φ(n,δ,k)
α (θ, i), (θ, i) ∈ [δ, 1]× S.

Next, we prove that {Fk, k ≥ 1} is equicontinuous on [δ, 1]× S. By (3.4.1), we have

Fk(θ, i) =
1

V (i)

[
enδ/α +

1

α

∫ θ

δ

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (s, j)

+ cn(i, µ, ν)φ
(n,δ,k)
α (s, i)

]
ds

]
=

1

V (i)

[
enδ/α +

1

α

∫ θ

δ

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (s, j)

+ cn(i, µ, ν)φ
(n,δ,k)
α (s, i)

]
ds

]
. (3.4.9)

For each (s, i) ∈ [δ, 1]× S, (µ, ν) ∈ P(A(i))× P(B(i)), and k ≥ 1, let

hk(s, i, µ, ν) :=

[
1

s

∑
j∈S

q(k)(j|i, µ, ν)φ(n,δ,k)
α (s, j) + cn(i, µ, ν)φ

(n,δ,k)
α (s, i)

]
,

Hk(s, i) :=
1

V (i)
sup

µ∈P(A(i))

inf
ν∈P(B(i))

hk(s, i, µ, ν).

By Assumption (A1), we have

|Hk(s, i)| ≤
1

V (i)
sup

µ∈P(A(i))

sup
ν∈P(B(i))

[
1

s

∑
j∈S

|q(k)(j|i, µ, ν)|φ(n,δ,k)
α (s, j) + nφ(n,δ,k)

α (s, i)

]
≤ 1

V (i)
sup

µ∈P(A(i))

sup
ν∈P(B(i))

[
1

s
2q

(k)
i (µ, ν) + n

]
e2n/α

≤
[
2L1

s
+ n

]
e2n/α (since V (i) ≥ 1).

Ph.D. Thesis 55

TH-3126_186123018



Chapter 3 3.4. The existence of solution to the HJI equation

Hence, for a given ε0 > 0, take

η = min

{
ε0α

2n
e−2n/α,

δε0α

4L1

e−2n/α,
1

2

}
such that for all (θ, i), (θ0, i0) ∈ [δ, 1]×S satisfying |θ− θ0| < η and |i− i0| < η, we have

|Fk(θ, i)− Fk(θ0, i0)| = |Fk(θ, i)− Fk(θ0, i)|

=

∣∣∣∣ 1α
∫ θ

δ

Hk(s, i)ds−
1

α

∫ θ0

δ

Hk(s, i)ds

∣∣∣∣
=

1

α

∣∣∣∣∫ θ

θ0

Hk(s, i)ds

∣∣∣∣
≤ e2n/α

α
[2L1| log θ − log θ0|+ n|θ − θ0|] < ε0 for all k ≥ 1,

which implies that {Fk, k ≥ 1} is equicontinuous on [δ, 1] × S. Hence, by the Ascoli-

Arzelà theorem, there exist a continuous function F and a subsequence {Fkm ,m ≥ 1}
such that

lim
m→∞

Fkm(θ, i) = F (θ, i), |F (θ, i)| ≤ e2n/α for all (θ, i) ∈ [δ, 1]× S.

Define φ
(n,δ)
α (θ, i) = F (θ, i)V (i) for all (θ, i) ∈ [δ, 1]× S. Then we have

lim
m→∞

φ(n,δ,km)
α (θ, i) = lim

m→∞
Fkm(θ, i)V (i) = φ(n,δ)

α (θ, i) ≤ e2n/α ∀ (θ, i) ∈ [δ, 1]× S.

Set

H(s, i) :=
1

V (i)
sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
1

s

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
,

(s, i) ∈ [δ, 1]× S.

We can show that limm→∞Hkm(s, i) = H(s, i). For any i, j ∈ S and (a, b) ∈ A(i)×B(i),

we have limm→∞ q(km)(j|i, a, b) = q(j|i, a, b); then take an upper bound function defined

by

gi(j) =

{
e2n/αV (i)−1q(j|i, a, b) if j ̸= i,

e2n/αV (i)−1qi(a, b) if j = i.

By Assumption (A1), we have

|V (i)−1q(km)(j|i, a, b)φ(n,δ,km)
α (s, j)| ≤ gi(j) for all s ∈ [δ, 1], i, j ∈ S

and ∑
j∈S

gi(j) = e2n/αV (i)−1

(∑
j ̸=i

q(j|i, a, b) + qi(a, b)

)
≤ 2L1e

2n/α for all i ∈ S.
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Using dominated convergence theorem, we obtain

lim
m→∞

∑
j∈S

1

V (i)
q(km)(j|i, µ, ν)φ(n,δ,km)

α (s, j) =
1

V (i)

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j). (3.4.10)

Now by Assumption (A4), there exist µkm , µ
∗ ∈ P(A(i)) such that

lim sup
m→∞

Hkm(s, i) =
1

V (i)
lim sup
m→∞

inf
ν∈P(B(i))

hkm(s, i, µkm , ν)

≤ 1

V (i)
lim sup
m→∞

hkm(s, i, µkm , ν)

≤ 1

V (i)

[
1

s

∑
j∈S

q(j|i, µ∗, ν)φ(n,δ)
α (s, j) + cn(i, µ

∗, ν)φ(n,δ)
α (s, i)

]
.

The last inequality follows from the extended Fatou’s Lemma in [69, Lemma 8.3.7].

Since, ν ∈ P(B(i)) is arbitrary, we have

lim sup
m→∞

Hkm(s, i) ≤ inf
ν∈P(B(i))

1

V (i)

[
1

s

∑
j∈S

q(j|i, µ∗, ν)φ(n,δ)
α (s, j) + cn(i, µ

∗, ν)φ(n,δ)
α (s, i)

]
.

Thus,

lim sup
m→∞

Hkm(s, i) ≤ sup
µ∈P(A(i))

inf
ν∈P(B(i))

1

V (i)

[
1

s

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
.

(3.4.11)

Using analogous arguments we can show that

lim inf
m→∞

Hkm(s, i) ≥ inf
ν∈P(B(i))

sup
µ∈P(A(i))

1

V (i)

[
1

s

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
.

(3.4.12)

Therefore from (3.4.11) and (3.4.12), we have limm→∞Hkm(s, i) = H(s, i).

Note that |Hk(s, i)| ≤
[
2L1

s
+ n

]
e2n/α. By letting km → ∞, in (3.4.9) and using

dominated convergence theorem, we get

φ(n,δ)
α (θ, i)

= enδ/α +
1

α

∫ θ

δ

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
1

s

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
ds

= enδ/α +
1

α

∫ θ

δ

inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
1

s

∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
ds

(3.4.13)

and

φ(n,δ)
α (δ, i) = lim

km→∞
φ(n,δ,km)
α (δ, i) = enδ/α.
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Moreover,

∫ 1

δ

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∣∣∣∣1s∑
j∈S

q(j|i, µ, ν)φ(n,δ)
α (s, j) + cn(i, µ, ν)φ

(n,δ)
α (s, i)

∣∣∣∣]ds
≤ e2n/α[2L1V (i) log(δ−1) + n(1− δ)] <∞,

which implies that

supµ∈P(A(i)) infν∈P(B(i))

[
s−1
∑

j∈S q(j|i, µ, ν)φ
(n,δ)
α (s, j)+cn(i, µ, ν)φ

(n,δ)
α (s, i)

]
is Lebesgue

integrable on [δ, 1]. By (3.4.13) and the fundamental theorem of Lebesgue integral cal-

culus [9, Theorem 4.4.1], φ
(n,δ)
α (·, i) is absolutely continuous on [δ, 1] and has a derivative

dφ
(n,δ)
α

dθ
(·, i) a.e. satisfying the ODEs (3.4.8).

Step 2. In the second step, using the Ascoli-Arzelà theorem, we construct a solution

φ
(n)
α (·, i) from φ

(n,δ)
α (·, i) by passing to the limit as δ → 0, such that φ

(n)
α (·, i) is absolutely

continuous function and satisfies the flowing ODEs:

αθ dφ
(n)
α

dθ
(θ, i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φ(n)
α (θ, j) + θcn(i, µ, ν)φ

(n)
α (θ, i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φ(n)
α (θ, j) + θcn(i, µ, ν)φ

(n)
α (θ, i)

]
,

i ∈ S, a.e. θ ∈ [0, 1],

1 ≤ φ
(n)
α (θ, i) ≤ α2eθL2/α

α2−ρ1ρ2θV
ρ2θ
α (i) ∀ (θ, i) ∈ [0, 1]× S.

(3.4.14)

Given 0 < δ < 1 and 1 ≤ n < ∞, as in the proof of Lemma 3.4.1, by (3.4.8) we can

obtain the representation of φ
(n,δ)
α as follows:

φ(n,δ)
α (θ, i)

= inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
= sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
≤ e2n/α, i ∈ S, θ ∈ [δ, 1]. (3.4.15)

The last inequality follows from the fact that sup(i,a,b)∈K cn(i, a, b) ≤ n.

Next, we extend the domain of φ
(n,δ)
α in (3.4.15) to [0, 1]× S by

φ(n,δ)
α (θ, i) =

{
φ
(n,δ)
α (θ, i), δ ≤ θ ≤ 1 ∀i ∈ S

enδ/α, 0 ≤ θ < δ ∀i ∈ S,
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and then show that {φ(n,δ), δ ∈ [0, 1]} is equicontinuous on [0, 1] × S. We consider the

following expression, for any given (π1, π2) ∈ Π1
Ad × Π2

Ad, i ∈ S, θ, θ0 ∈ [δ, 1]:∣∣∣∣Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
− Eπ1,π2

i

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]∣∣∣∣
≤ K1 +K2,

where

K1 :=

∣∣∣∣Eπ1,π2

i

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
− Eπ1,π2

i

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]∣∣∣∣,
and

K2 :=

∣∣∣∣Eπ1,π2

i

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
− Eπ1,π2

i

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]∣∣∣∣.
Fix n ≥ 1; we have∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt ≤ n

∫ Tδ(θ)

0

e−αtdt ≤ n

α

and ∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξt, π

1(t), π2(t))dt ≤ n

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtdt

=
n

α
[exp(−αTδ(θ ∧ θ0))− exp(−αTδ(θ ∨ θ0))] ≤

δn|θ0 − θ|
αθθ0

,

where c ∧ d := min{c, d} and c ∨ d := max{c, d}. Hence, we obtain

K1 = enδ/αEπ1,π2

i

[
exp

(
(θ ∧ θ0)

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
− 1

)]
≤ e2n/αEπ1,π2

i

[
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
− 1

]
≤ e2n/α

(
exp

(n
α
|θ0 − θ|

)
− 1
)

≤ e2n/α
(
en/α − 1

)
|θ0 − θ|.
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Here, the last inequality follows from the fact that ebx−1 ≤ (eb−1)x for all x ∈ [0, 1]

and b > 0. Similarly for K2 we have

K2 = enδ/αEπ1,π2

i

[
exp

(
θ0

∫ Tδ(θ∧θ0)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
×
(
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξt, π

1(t), π2(t))dt

)
− 1

)]
≤ e2n/αEπ1,π2

i

[
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξt, π

1(t), π2(t))dt

)
− 1

]
≤ e2n/α

(
exp

(
nδ|θ − θ0|

αθ

)
− 1

)
≤ e2n/α

(
en/α − 1

)
|θ0 − θ|.

Hence using the definition of φ(n,δ)
α , for all (θ, i) ∈ [0, 1]× S, we have

|φ(n,δ)
α (θ0, i)− φ(n,δ)

α (θ, i)| ≤ 2e2n/α(en/α − 1)|θ − θ0|, (3.4.16)

which implies that {φ(n,δ)
α , δ ∈ [0, 1]} is equicontinuous on [0, 1] × S. Hence, by Ascoli-

Arzelà theorem, there exists a sequence δm → 0 (as m→ ∞) and a continuous function

φ
(n)
α such that, for each i ∈ S, limm→∞ φ(n,δm)

α (θ, i) = φ
(n)
α (θ, i) uniformly in θ ∈ [0, 1]

and φ
(n)
α (·, i) ∈ C([0, 1]).

For any m ≥ 1, define the following function:

Gm(θ, i) :=



sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φ(n,δm)
α (θ, j)+ θcn(i, µ, ν)φ

(n,δm)
α (θ, i)

]
,

δm ≤ θ ≤ 1 ∀i ∈ S

0,

0 ≤ θ < δm ∀i ∈ S.

Given any i ∈ S, by the definition of φ(n,δm)
α , it has a derivative φ

(n,δm)
α

dθ
(·, i) a.e. Since

(3.4.8), we have

d

dθ

(
αθφ(n,δm)

α (θ, i)

)
= αφ(n,δm)

α (θ, i) +Gm(θ, i), a.e. θ ∈ [0, 1]. (3.4.17)

Similarly, define

G(θ, i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φ(n)
α (θ, j) + θcn(i, µ, ν)φ

(n)
α (θ, i)

]
∀(θ, i) ∈ [0, 1]× S.

Then, we have

sup
θ∈[0,1]

|G(θ, i)−Gm(θ, i)| ≤ sup
θ∈[0,1]

sup
µ∈P(A(i))

sup
ν∈P(B(i))

∣∣∣∣∑
j∈S

q(j|i, µ, ν)
(
φ(n)
α (θ, j)− φ(n,δm)

α (θ, j)

)∣∣∣∣
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+ sup
θ∈[0,1]

sup
µ∈P(A(i))

sup
ν∈P(B(i))

∣∣∣∣θcn(i, µ, ν)(φ(n)
α (θ, i)− φ(n,δm)

α (θ, i)

)∣∣∣∣
=: K3(i) +K4(i).

Note that
∑

j∈S q(j|i, µ, ν) = 0 uniformly in (µ, ν) ∈ P(A(i))×P(B(i)), therefore for any

ε > 0, there exists an integerM0 :=M0(ε, i) such that sup
(µ,ν)∈PA(i))×P(B(i))

∑
k≥M0

|q(k|i, µ, ν)|

< ε/(16e2n/α). Since limm→∞ φ(n,δm)
α (θ, i) = φ

(n)
α (θ, i) uniformly in θ ∈ [0, 1], for the ε

given above, there exists an integer M1 := M1(ε, i) such that for all m > M1 and

0 ≤ j ≤M0, it holds that supθ∈[0,1] |φ
(n)
α (θ, j)−φ(n,δm)

α (θ, j)| < ε/(16q∗(i)M0). Hence for

all m > M0 ∨M1, we have

K3(i) ≤ sup
θ∈[0,1]

sup
µ∈P(A(i))

sup
ν∈P(B(i))

∑
j∈S

|q(j|i, µ, ν)|
∣∣∣∣φ(n)

α (θ, j)− φ(n,δm)
α (θ, j)

∣∣∣∣
≤ 2e2n/α sup

µ∈P(A(i))

sup
ν∈P(B(i))

∑
j≥M0

|q(j|i, µ, ν)|

+ sup
θ∈[0,1]

sup
µ∈P(A(i))

sup
ν∈P(B(i))

M0−1∑
j=0

|q(j|i, µ, ν)|
∣∣∣∣φ(n)

α (θ, j)− φ(n,δm)
α (θ, j)

∣∣∣∣
<

1

4
ε.

For the ε given above, there exists an integer M2 :=M2(ε, i) such that for all m > M2,

sup
θ∈[0,1]

∣∣∣φ(n)
α (θ, i)− φ(n,δm)

α (θ, i)
∣∣∣ < ε

4n
∧ ε

2α
;

then we have

K4(i) ≤ sup
θ∈[0,1]

sup
µ∈P(A(i))

sup
ν∈P(B(i))

θ|cn(i, µ, ν)|
∣∣∣φ(n)

α (θ, i)− φ(n,δm)
α (θ, i)

∣∣∣
< sup

θ∈[0,1]
n
∣∣∣φ(n)

α (θ, i)− φ(n,δm)
α (θ, i)

∣∣∣ < 1

4
ε.

Therefore, for m > max{M0,M1,M2}, we have

sup
θ∈[0,1]

∣∣∣∣αφ(n)
α (θ, i) +G(θ, i)− αφ(n,δm)

α (θ, i)−Gm(θ, i)

∣∣∣∣
≤ α sup

θ∈[0,1]

∣∣∣φ(n)
α (θ, i)− φ(n,δm)

α (θ, i)
∣∣∣+ sup

θ∈[0,1]
|G(θ, i)−Gm(θ, i)|

<
1

2
ε+

1

4
ε+

1

4
ε = ε.

By (3.4.17), we have d
dθ
(αθφ(n,δm)

α (·, i)) → αφ
(n)
α (·, i) + G(·, i), a.e. θ ∈ [0, 1] when

m→ ∞. Therefore, for any i ∈ S and n ≥ 1, αθφ
(n)
α (·, i) is differentiable a.e., and

αφ(n)
α (θ, i) + αθ

dφ
(n)
α (θ, i)

dθ
= αφ(n)

α (θ, i) +G(θ, i), a.e. θ ∈ [0, 1].
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Now for θ ∈ [δm, 1], by using (3.4.15) and Proposition 3.2.6, we have

φ(n,δm)
α (θ, i)

= inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
enδm/α exp

(
θ

∫ Tδm (θ)

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
≤ enδm/α inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
≤ enδm/α inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
≤ enδm/α

α2eθL2/α

α2 − ρ1ρ2θ
V

ρ2θ
α (i).

Note that φ
(n,δm)
α → φ

(n)
α as m → ∞. Thus, letting m → ∞ in the above equation, we

obtain

1 ≤ φ(n)
α (θ, i) ≤ α2eθL2/α

α2 − ρ1ρ2θ
V

ρ2θ
α (i). (3.4.18)

Hence, we obtain φ
(n)
α ∈ L∞

V ([0, 1]× S), and (3.4.14) holds.

Thus by closely mimicking the arguments in Theorem 3.3.1, one can easily get the

stochastic representation of the solution φ
(n)
α , that is

φ(n)
α (θ, i) = inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
= sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
. (3.4.19)

Step 3: In the final step we prove Theorem 3.4.1, by passing to the limit as n→ ∞.

Now we will prove that {φ(n)
α }n≥1 is equicontinuous on [0, 1] × S. We consider the

following expression, for any given (π1, π2) ∈ Π1
Ad × Π2

Ad, i ∈ S, θ, θ0 ∈ [0, 1]:∣∣∣∣Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
− Eπ1,π2

i

[
exp

(
θ0

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]∣∣∣∣
≤ K1,

where

K1 = Eπ1,π2

i

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
− 1

)]
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≤ Eπ1,π2

i

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξt(ω), π
1(t), π2(t))dt

)
− 1

)
|θ0 − θ|

]
≤ Eπ1,π2

i

[
exp

(∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)
|θ0 − θ|

)]
= |θ0 − θ| × Eπ1,π2

i

[
exp

(
2

∫ ∞

0

e−αtcn(ξt, π
1(t), π2(t))dt

)]
≤ |θ0 − θ| × αe2L2/α

α− ρ3

(
V 2(i) +

L3

ρ3

)
.

Here, the first inequality is according to ebx − 1 ≤ (eb − 1)x for all x ∈ [0, 1] and b > 0

and the last inequality follows from (3.3.5). Therefore, we have

|φ(n)
α (θ0, i)− φ(n)

α (θ, i)| ≤ sup
π1∈Π1

Ad

sup
π2∈Π2

Ad

|θ0 − θ| × αe2L2/α

α− ρ3

(
V 2(i) +

L3

ρ3

)
= |θ0 − θ| × αe2L2/α

α− ρ3

(
V 2(i) +

L3

ρ3

)
(3.4.20)

which means that {φ(n)
α , n ∈ N} is equicontinuous on [0, 1]×S. According to the Ascoli-

Arzelà theorem, there exists a sequence nk → ∞ and a continuous function φα such

that, for each i ∈ S,

lim
k→∞

φ(nk)
α (θ, i) = φα(θ, i) uniformly in θ ∈ [0, 1] and φα(·, i) ∈ C([0, 1]).

Moreover, by taking nk → ∞ in (3.4.18), we have

1 ≤ φα(θ, i) ≤
α2eθL2/α

α2 − ρ1ρ2θ
V

ρ2θ
α (i).

Define

Lnk
(θ, i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φ(nk)
α (θ, j) + θcnk

(i, µ, ν)φ(nk)
α (θ, i)

]
,

L(θ, i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
.

Then by Fan’s Minimax Theorem [33, Theorem 3], we have

Lnk
(θ, i) = inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φ(nk)
α (θ, j) + θcnk

(i, µ, ν)φ(nk)
α (θ, i)

]
,
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and

L(θ, i) = inf
ν∈P(B(i))

sup
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
.

Since φ
(nk)
α is the solution of (3.4.14), then φ

(nk)
α has a derivative dφ

(nk)
α

dθ
a.e. and satisfies

d

dθ

[
αθφ(nk)

α (θ, i)

]
= αφ(nk)

α (θ, i) + Lnk
(θ, i), a.e. θ ∈ [0, 1]. (3.4.21)

Fix any i ∈ S; {αφ(nk)
α (·, i) +Lnk

(·, i)}nk≥1 is a sequence of functions on [0, 1]. Then, we

should prove that {αφ(nk)
α (·, i) + Lnk

(·, i)}nk≥1 uniformly converges to αφα(·, i) + L(·, i)
on [0, 1]. Note that {φ(nk)

α (·, i)}nk≥1 converges to φα(·, i) uniformly in θ ∈ [0, 1]. Thus

by closely mimicking the arguments in step 2, one can prove that for any ε > 0, there

exists a N0 such that for nk > N0, we have

sup
θ∈[0,1]

∣∣∣∣αφα(θ, i) + L(θ, i)− αφ(nk)
α (θ, i)− Lnk

(θ, i)

∣∣∣∣
≤ α sup

θ∈[0,1]

∣∣∣φα(θ, i)− φ(nk)
α (θ, i)

∣∣∣+ sup
θ∈[0,1]

|L(θ, i)− Lnk
(θ, i)| < ε.

That implies that {αφ(nk)
α (·, i) +Lnk

(·, i)}nk≥1 uniformly converges to αφα(·, i) +L(·, i).
Therefore, for any i ∈ S, taking limit nk → ∞ in (3.4.21), we have

αφα(θ, i) + αθ
dφα(θ, i)

dθ
= αφα(θ, i) + L(θ, i), a.e. θ ∈ [0, 1],

which implies that

αθ
dφα
dθ

(θ, i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

]
,

i ∈ S, a.e. θ ∈ [0, 1]. (3.4.22)

By (3.4.22), Assumptions (A1) and (A2), and the upper bound of φα given above, we say

φα ∈ L∞
V ([0, 1]× S) and is a solution to the HJI equation (3.3.1) satisfying the bounds.

Finally, the uniqueness follows from the probability expression in Theorem 3.3.1.

3.5 The existence of saddle-point equilibrium

In this section, we present the main result of this chapter, namely, that the α discounted

risk-sensitive zero-sum game problem admits a value and shows the existence of a saddle-

point equilibrium.

Ph.D. Thesis 64

TH-3126_186123018



Chapter 3 3.5. The existence of saddle-point equilibrium

Theorem 3.5.1. Suppose that Assumptions (A1)-(A4) are satisfied. Then, the following

assertions hold.

1. The HJI equation (3.3.1) has a unique solution φα ∈ L∞
V ([0, 1]×S) and the solution

admits the following representation

1 ≤ φα(θ, i) = sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
≤ α2eθL2/α

α2 − ρ1ρ2θ
V

ρ2θ
α (i).

2. There exists a pair of measurable functions (µ∗, ν∗) such that µ∗ is the outer max-

imizing selector in (3.3.1), and ν∗ is the outer minimizing selector in (3.3.1). The

optimal equation is

αθ
dφα
dθ

(θ, i) = sup
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, ν∗)φα(θ, j) + θc(i, µ, ν∗)φα(θ, i)

]
= inf

ν∈P(B(i))

[∑
j∈S

q(j|i, µ∗, ν)φα(θ, j) + θc(i, µ∗, ν)φα(θ, i)

]
a.e. θ ∈ [0, 1]. (3.5.1)

3. For any pair of measurable functions (µ∗, ν∗) as in part (2), the correspond-

ing pair of Markov strategies (π̂∗1, π̂∗2) where π̂∗1(i, t) := µ∗(θe−αt, i), π̂∗2(i, t) :=

ν∗(θe−αt, i), (t ≥ 0, i ∈ S), is optimal. So, (π̂∗1, π̂∗2) ∈ Π1
M × Π2

M is a saddle-point

equilibrium point.

Proof. Part (1) follows from Theorems 3.3.1 and 3.4.1. To prove (2), for each given

(θ, i) ∈ [0, 1]× S, by Lemma 3.2.7 we have the continuity of the function

F (i, θ, µ, ν) :=
∑
j∈S

q(j|i, µ, ν)φα(θ, j) + θc(i, µ, ν)φα(θ, i)

in (µ, ν) ∈ P(A(i))×P(B(i)). Thus, the measurable selection theorem [17, Proposition

7.33], or [89, Theorem 2.2] ensured the existence of a pair of measurable functions (µ∗, ν∗)

satisfying (3.5.1), and so (2) follows. Moreover for any (µ∗, ν∗), satisfying (3.5.1), if we

define π̂∗1(i, t) := µ∗(θe−αt, i), π̂∗2(i, t) := ν∗(θe−αt, i), (t ≥ 0, i ∈ S), from the proof of

Theorem 3.3.1, we have

Ĵα(i, θ, π̂
∗1, π̂∗2) = supπ1∈Π1

Ad
Ĵα(i, θ, π

1, π̂∗2) = infπ2∈Π2
Ad
Ĵα(i, θ, π̂

∗1, π2) = φα(θ, i),

which together with (3.2.4), (3.2.5) and part (1), implies that (π̂∗1, π̂∗2) is a saddle-

point equilibrium.
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Remark 3.5.1. Note that (π̂∗1, π̂∗2) ∈ Π1
M×Π2

M as defined in theorem above is a saddle-

point equilibrium for the cost criterion (3.2.4) and we have U(i) = L(i) = J∗
α(θ, i) =

1
θ
logφα(θ, i). Thus the value of the game exists.

3.6 Example

In this section, we verify the above assumptions with an example, in which the transition

rate is unbounded and cost rate is nonnegative and unbounded.

Example 3.6.1. Consider a controlled birth-death system in which the state variable

denotes the total population at each time t ≥ 0. There are ‘natural’ birth and death

rates, say λ and µ̃, respectively, and death parameters h1 controlled by player 1 and birth

parameters h2 controlled by player 2. When the state of the system is i ∈ S := {0, 1, · · · },
player 1 takes an action a from a given set A(i), which may increase (h1(i, a) ≥ 0) or

decrease (h1(i, a) ≤ 0) the death rate. These actions produce a payoff denoted by c1(i, a)

per unit time. Similarly, if the state is i ∈ S, player 2 takes an action b from a set

B(i) to decrease (h2(i, b) ≤ 0) or to increase (h2(i, b) ≥ 0) birth rate, and these actions

result in a payoff denoted by c2(i, b) per unit time. In addition, assuming that player 1

‘owns’ the system, he/she gets a reward r(i) := p · i for each unit of time during which

the system remains in the state i ∈ S, where p > 0 is a fixed reward fee per customer.

We next formulate this model as a continuous-time Markov game. The corresponding

transition rate q(j|i, a, b) and reward rate c(i, a, b) for player 1 are given as follows: for

(0, a, b) ∈ K (K as in the game model (3.2.1)).

q(1|0, a, b) = −q(0|0, a, b) := h2(0, b)

and, for (i, a, b) ∈ K with i ≥ 1,

q(j|i, a, b) =


µ̃i+ h1(i, a), if j = i− 1

−λi− µ̃i− h1(i, a)− h2(i, b), if j = i

λi+ h2(i, b), if j = i+ 1

0, otherwise.

c(i, a, b) := p · i− c1(i, a) + c2(i, b) for (i, a, b) ∈ K. (3.6.1)

We assume that player 1 is maximizing player and player 2 is minimizing player. Player

1 gets an immediately reward rate c(i, a, b) and he/she tries to maximize his/her total

payoff through the infinite horizon continuous-time discounted cost criterion and at the

same time, player 2 incurs an immediately cost rate c(i, a, b) and he/she tries to minimize

his/her total payoff through the same cost criterion.
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We want to find conditions under which there exists a pair of optimal strategies. To

do so, we use the following assumptions.

(I) Let µ̃ > λ, µ̃i + h1(i, a) > 0, and λi + h2(i, b) > 0 for all (i, a, b) ∈ K with i ≥ 1;

and assume that h1(0, a) = 0 and h2(0, b) > 0 for all (a, b) ∈ A(i)×B(i).

(II) For each i ∈ S, A(i) and B(i) are compact subsets of a Polish space.

(III) The functions h1(i, a), h2(i, b), c1(i, a), and c2(i, b) are bounded in the supremum

norm and continuous with their respective variables for each fixed i ∈ S. Hence

there exist nonnegative constants L2, B1, and B2 such that

sup
(i,a,b)∈K

(|c1(i, a)|+ |c2(i, b)|) ≤ L2,

sup
(i,a)∈S×A

|h1(i, a)| ≤ B1, and sup
(i,b)∈S×B

|h1(i, b)| ≤ B2.

(IV) Set C = B1 + B2 and assume that C < αλ
µ̃−λ , and c2(i, b) − c1(i, a) ≥ 0 for all

i ∈ S, a ∈ A(i), and b ∈ B(i). Moreover, there exists a constant ρ2 such that

0 < ρ2 < min

{
α, α2

√
λ

(
√
µ̃−

√
λ)C

}
and p ≤ ρ2

2
log(µ̃/λ).

Proposition 3.6.2. Under conditions (I)-(IV), the above controlled birth-death system

satisfies the Assumptions (A1)-(A4). Hence by Theorem 3.5.1, there exists a pair of

optimal strategies.

Proof. Take a Lyapunov function as

V (i) :=

(
µ̃

λ

) i
2

for i ∈ S. (3.6.2)

By condition (I), we have V (i) ≥ 1 for all i ∈ S. Define ρ1 = (
√
µ̃√
λ
− 1)C. So, by above

conditions, we have ρ1 > 0. Now for each i ∈ S, and (a, b) ∈ A(i)×B(i), we have∑
j∈S

q(j|i, a, b)V (j) = q(i− 1|i, a, b)V (i− 1) + V (i)q(i|i, a, b) + V (i+ 1)q(i+ 1|i, a, b)

= (λi+ h2(i, b))(V (i+ 1)− V (i)) + (µ̃i+ h1(i, a))(V (i− 1)− V (i))

= (

√
µ̃√
λ
− 1)

(
(λ−

√
λµ̃)i+ h2(i, b)−

√
λ√
µ̃
h1(i, a)

)
V (i)

≤ (

√
µ̃√
λ
− 1)

(
|h1(i, a)|+ |h2(i, b)|

)
V (i)

≤ (

√
µ̃√
λ
− 1)(B1 +B2)V (i)

= C(

√
µ̃√
λ
− 1)V (i)
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= ρ1V (i). (3.6.3)

Now let L1 := max

{
2(B1 +B2), 4

(λ+µ̃)

log( µ̃
λ
)

}
> 0. So, we have

sup
(a,b)∈A(i)×B(i)

qi(a, b) ≤ sup
(a,b)∈A(i)×B(i)

{
λi+ µ̃i+ |h1(i, a)|+ |h2(i, b)|

}
≤ i(λ+ µ̃) + (B1 +B2)

≤ L1V (i) ∀ i ∈ S.

Hence Assumption (A1) is verified. Now we verify Assumption (A2)

sup
(a,b)∈A(i)×B(i)

c(i, a, b) ≤ p · i+ sup
a∈A(i)

|c1(i, a)|+ sup
b∈B(i)

|c2(i, b)|

≤ i
ρ2
2
log(

µ̃

λ
) + L2

= ρ2 log V (i) + L2 ∀ i ∈ S.

By condition (IV ), it is obvious that 0 < ρ2 < min{α, ρ−1
1 α2}. So, Assumption (A2)

holds.

Now we want to verify Assumption (A3).∑
j∈S

q(j|i, a, b)V 2(j) = V 2(i− 1)q(i− 1|i, a, b) + V 2(i)q(i|i, a, b) + V 2(i+ 1)q(i+ 1|i, a, b)

= (λi+ h2(i, b))(V
2(i+ 1)− V 2(i)) + (µ̃i+ h1(i, a))(V

2(i− 1)− V 2(i))

= (
µ̃

λ
− 1)

(
h2(i, b)−

λ

µ̃
h1(i, a)

)
V 2(i)

≤ (
µ̃

λ
− 1)

(
|h1(i, a)|+ |h2(i, b)|

)
V 2(i)

≤ (
µ̃

λ
− 1)(B1 +B2)V

2(i)

= (
µ̃

λ
− 1)CV 2(i).

Now take ρ3 = ( µ̃
λ
− 1)C and L3 = 0. By condition (IV ), we have 0 < ρ3 < α. So,

Assumption (A3) is verified. By condition (III), we see that q(j|i, a, b) and c(i, a, b)

are continuous in (a, b) ∈ A(i) × B(i). Now since h1(i, a) and h2(i, b) are continuous

with their respective variables for each fixed i ∈ S, by (3.6.3), we can confirm that the

convergence of
∑

j∈S q(j|i, a, b)V (j) is uniform in (a, b) ∈ A(i)×B(i). Hence Assumption

(A4) is also verified. Hence by Theorem 3.5.1, we say that there exists an optimal pair

of Markov strategies for this controlled Birth-Death process.
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CHAPTER 4

Continuous-time zero-sum games for Markov

decision processes with discounted risk-sensitive cost

criterion on a general state space

4.1 Introduction

In this chapter, we study two-person infinite-horizon discounted-cost risk-sensitive zero-

sum stochastic games for CTMDPs with unbounded transition and reward rates. The

main objective of this work is (1) to prove the existence of the value of the game and

saddle-point equilibrium (2) to give a characterization of the optimal strategies in terms

of the corresponding Hamilton-Jacobi-Isaacs (HJI) equation (3) to provide an important

example.

Risk-sensitive cost criterion plays an important role in many applications including

mathematical finance see, Whittle [114] and references therein. The analysis of risk-

sensitive control is technically more involved because of the exponential nature of the

cost. Though this criterion has been studied extensively in the literature for MDPs

see [21], [30], [32], [47], [53], [62], [81], [82], [94], [108], the corresponding game version

has a few literatures. In a risk-sensitive zero-sum game, the goal of player 1 is to

maximize his/her rewards, whereas that of player 2 is to minimize his/her costs with

respect to some performance criterion Jα(·, ·, ·, ·), which is defined by (4.2.4), below.

Such a model is relevant in worst-case scenarios, e.g., in financial applications when a

risk-averse investor is trying to maximize his long-term portfolio gain against the market

which, by default, is the minimizer in this case. Infinite horizon zero-sum risk-sensitive

stochastic games on a countable state space have been studied in [12]. The paper [16]

extended the results of [12] for general state space. Both in the papers [12] and [16],

the authors considered the discrete-time case and bounded cost function. Let us also

mention the recent work of [95], which studies the infinite-horizon zero-sum risk-sensitive
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game for CTMDPs with general state space and bounded cost and transition rates. But

this boundedness requirement restricts our domain of application since in many real-life

situations, we see that the reward/cost and transition rates are unbounded for example

in queueing control and population processes. In [48] and [117], the authors studied finite

horizon zero-sum risk-sensitive continuous-time stochastic games with unbounded cost

and transition rates. In the paper, [51], the authors studied infinite-horizon continuous-

time risk-sensitive zero-sum games for MDPs on countable state space with unbounded

cost and transition rates. In this chapter, we have generalized the results of Chapter 3

(that is a zero-sum stochastic game problem on countable space) to a zero-sum stochastic

game problem on general state space. In other words, here we extend the work [49] from

a single control problem to a game problem.

To the best of our knowledge, this chapter is the first work that deals with infinite-

horizon continuous-time zero-sum risk-sensitive stochastic games with unbounded cost

and transition rates with feedback strategy strategies and the state space is general Borel

space. We know that there are lots of literature on countable state space in the game

model. But a few for general state space. There are lots of real-life situations for example

when we work in chemical reactions, the Gaussian model,s etc., where the state spaces

are uncountable. Hence, our model can play a significant role in those situations. Here,

we solve the zero-sum stochastic game problem by characterizing the value function as

a solution to the HJI equation. In particular, we prove that the solution of the HJI

equation is in fact unique and coincides with the value function of the zero-sum game

problem under consideration. Also, we prove the existence of a saddle-point equilibrium

in the class of Markov strategies via HJI equation.

The rest of this chapter is organized as follows. Section 4.2 deals with the description

of the problem. In Section 4.3, we prove the stochastic representation of the solution of

HJI equation (4.3.1). The existence of the unique solution to the HJI equation is proven

in Section 4.4. In Section 4.5, we prove the value and saddle-point equilibrium in the

class of Markov strategies. In Section 4.6, we illustrate our theory and assumptions with

an example. The content of this chapter is based on the published article [50].

4.2 The game model

In this section, we first introduce the continuous-time zero-sum stochastic game model

M̂ := {S,A,B, (A(x) ⊂ A,B(x) ⊂ B, x ∈ S), q(·|x, a, b), c(x, a, b)}, (4.2.1)

which consists of the following elements:

• S is the state space. We assume that S is a Borel space with the Borel σ-algebra

B(S).
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• The action spaces for players 1 and 2, are respectively, denoted by A and B. Here

the spaces A and B are assumed to be Borel spaces with the Borel σ-algebras B(A)
and B(B), respectively.

• For each x ∈ S, A(x) ∈ B(A) and B(x) ∈ B(B) denote the sets of admissible

actions for players 1 and 2 in state x, respectively. We assume the following.

(A0)(a) The admissible action spaces A(x) and B(x) are compact for each x.

• The set of all admissible state action pairs is denoted by K := {(x, a, b)|x ∈ S, a ∈
A(x), b ∈ B(x)}, is a Borel subset of S × A × B. Given any (x, a, b) ∈ K, the

transition rate q(·|x, a, b) is a signed kernel on S such that q(D|x, a, b) ≥ 0 for

all x /∈ D ∈ B(S). Moreover, we assume that q(·|x, a, b) satisfies the following

conservative and stable conditions:

(A0)(b) for any x ∈ S,

q(S|x, a, b) = 0 and

q∗(x) := sup
(a,b)∈A(x)×B(x)

qx(a, b) <∞, (4.2.2)

where qx(a, b) := −q({x}|x, a, b) ≥ 0.

• At last, the nonnegative measurable function c : K → R+∪{0} denotes the reward

rate function for player 1 (or the cost rate function for player 2).

The game evolves as follows. The players observe continuously the current state of

the system. When at time t ≥ 0, the system is in state x ∈ S, the players independently

choose actions at ∈ A(x) and bt ∈ B(x), respectively, according to some strategies. As

a consequence of this, the following happens:

• player 1 receives an immediate reward at rate c(x, at, bt) and player 2 incurs a cost

at rate c(x, at, bt); and

• the system stays in state x for a random time, with rate of leaving x given by

qx(at, bt), and then jumps to a set D, x /∈ D with the probability determined by
q(D|x, at, bt)
qx(at, bt)

(see Proposition B.8 in [59, p. 205] for details).

When the state of the system transits to the new state y ̸= x, the above procedure is

repeated.

Now, we describe the construction of CTMDPs under possible feedback strat-

egy strategies. To construct the underlying CTMDPs (as in [63], [75], [99]) we

introduce some notations: let S∆ := S ∪ {∆} (with some isolated point ∆ /∈
S), Ω0 := (S × (0,∞))∞, Ω := Ω0 ∪ {(x′

0, η1, x
′
1, · · · , ηk, x

′

k,∞,∆,∞,∆, · · · )|
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x
′
0 ∈ S, x

′

l ∈ S, ηl ∈ (0,∞), for each 1 ≤ l ≤ k, k ≥ 1} (endowed with the product

topology), and let F be the Borel σ-algebra on Ω. Then we obtain the measurable

space (Ω,F ). Now, for each ω := (x
′
0, η1, x

′
1, · · · , ηk, x

′

k, · · · ) ∈ Ω, define T0(ω) := 0,

Tn(ω) := Tn−1(ω) + ηn, T∞(ω) := limn→∞ Tn(ω). Using the definition of {Tk}, we define
the state process {ξt}t≥0 as

ξt(ω) :=
∑
k≥0

I{Tk≤t<Tk+1}x
′

k + I{t≥T∞}∆, for t ≥ 0, (4.2.3)

where, IE denotes the indicator function of a set E, and for all z ∈ S∆, we use the

convention, 0 + z =: z and 0z =: 0. It is obvious to note that ξt(ω) is right-continuous

on [0,∞). From (4.2.3), we conclude that Tk(ω) (k ≥ 1) denotes the k-th jump instance

of {ξt, t ≥ 0}, ξk−1(ω) = x
′

k−1 is the state on [Tk−1(ω), Tk(ω)), ηk = Tk(ω)−Tk−1(ω) is the

sojourn time at state x
′

k−1, and the sample path {ξt(ω), t ≥ 0} has at most denumerable

states x
′

k(k = 0, 1, · · · ). The process after T∞ is assumed to be absorbed in the state

∆. Let A(∆) := {a∆}, B(∆) := {b∆}, where a∆, b∆ are isolated points. Then, let

q(·|∆, a∆, b∆) :≡ 0, c(∆, a, b) :≡ 0, for all (a, b) ∈ A∆ × B∆, where A∆ := A ∪ A(∆),

B∆ := B ∪ B(∆). Also, suppose Ft := σ({Tk ≤ s, ξTk ∈ S} : 0 ≤ s ≤ t, k ≥ 0) for all

t ≥ 0, and P := σ({C × {0}, D ∈ F0} ∪ {C × (s,∞), D ∈ Fs−}) which denotes the

σ-algebra of predictable sets on Ω× [0,∞) related to {Ft}t≥0, where Fs− =:
∨

0≤t<s Ft.

Now to define the risk-sensitive cost criterion, we introduce below the definition of

strategy.

Definition 4.2.1. An admissible feedback strategy for player 1, denoted by π1 =

{π1(t)}t≥0, is a transition probability π1(da|ω, t) from (Ω×[0,∞),P) onto (A∆,B(A∆)),

such that π1(A(ξt−(ω))|ω, t) = 1. Using appropriate projections of the transition kernel

π1, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {π1
k, k ≥ 0} of the stochastic kernel on A such that

π1(t)(ω) = π1(da|ω, t)

= I{t=0}(t)π
1
0(da|x

′

0, 0) +
∑
k≥0

I{Tk<t≤Tk+1}π
1
k(da|x

′

0, θ1, x
′

1, . . . , θk, x
′

k, t− Tk)

+ I{t≥T∞}δa∆(da),

where π1
0(da|x

′
0, 0) is a stochastic kernel on A given S such that π1

0(A(x
′
0)|x

′
0, 0) =

1, π1
k(k ≥ 1) are stochastic kernels on A given (S × (0,∞))k+1 such that

π1
k(A(x

′

k)|x
′
0, θ1, x

′
1, · · · , θk, x

′

k, t − Tk) = 1, and δa∆(da) denotes the Dirac measure at

the point a∆.

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all

admissible feedback strategies for player 1 is denoted by Π1
Ad. A strategy π1 ∈ Π1

Ad for

Ph.D. Thesis 72

TH-3126_186123018



Chapter 4 4.2. The game model

player 1, is called a Markov if π1(t)(ω) = π1(ξt−(ω), t) i.e., π
1(da|ω, t) = π1(da|ξt−(ω), t)

for every ω ∈ Ω and t ≥ 0, where ξt−(ω) := lims↑t ξs(ω). For notational simplicity, we

would not write ω anywhere throughout the rest of this chapter. We denote by Π1
M the

family of all Markov strategies for player 1. The sets of admissible feedback strategies

Π2
Ad and Markov strategies Π2

M for player 2 are defined analogously.

Remark 4.2.2. In the definition of strategies we do not include the entire history of

the game, i.e., past and present states, past sojourn times, and past actions taken by

the players. Instead, we are dealing with feedback strategies that include only past and

present states and past sojourn times for each player’s admissible strategies, for details,

see [Chapter 3, Remark 3.2.2 ].

For any compact metric space Y , let P(Y ) denote the space of probability measures

on Y with Prohorov topology. Then under Assumption (A0)(a), Proposition 7.22 in

Bertsekas and Shreve [17, p. 130] implies that P(Y ) is compact and metrizable. Hence,

for each x ∈ S, P(A(x)) and P(B(x)) are compact and metrizable. For any pair of

strategies (π1, π2) ∈ Π1
Ad × Π2

Ad and any initial state x ∈ S, by Theorem 4.27 in [76],

there exists a unique probability measure denoted by P π1,π2

x on (Ω,F ). Let Eπ1,π2

x

be the expectation operator with respect to P π1,π2

x . For each x ∈ S, µ ∈ P(A(x))

and ν ∈ P(B(x)), the associated transition and cost rates are defined, respectively, as

follows:

q(dy|x, µ, ν) :=
∫
B(x)

∫
A(x)

q(dy|x, a, b)µ(da)ν(db),

c(x, µ, ν) :=

∫
B(x)

∫
A(x)

c(x, a, b)µ(da)ν(db).

(by abuse of notation we use the same notation q and c). We first fix any discounted

factor α > 0 and risk-sensitive parameter θ ∈ (0, 1]. For any (π1, π2) ∈ Π1
Ad × Π2

Ad and

x ∈ S, the risk-sensitive discounted criterion is defined as

Jα(θ, x, π
1, π2) :=

1

θ
log

{
Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]}
, (4.2.4)

provided that the integral is well defined, where {ξt}t≥0 is the MDP corresponding to

(π1, π2) ∈ Π1
Ad × Π2

Ad.

Now we define the functions on S as

U(x) := inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Jα(θ, x, π
1, π2) and L(x) := sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Jα(θ, x, π
1, π2).

The functions U(x) and L(x) are called the upper value and lower value, respectively,

of the game. It is clear that L(x) ≤ U(x) for all x ∈ S.
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Definition 4.2.3. If the two functions U(x) and L(x) are equal, i.e., U(x) = L(x) for

all x ∈ S, then the common function is called the value of the game and denoted by

J∗
α(θ, x).

Definition 4.2.4. Consider that the game has a value J∗
α. Then a strategy π∗1 in Π1

Ad

is said to be optimal for player 1 if

inf
π2∈Π2

Ad

Jα(θ, x, π
∗1, π2) = J∗

α(θ, x) ∀x ∈ S.

Similarly, π∗2 ∈ Π2
Ad is optimal for player 2 if

sup
π1∈Π1

Ad

Jα(θ, x, π
1, π∗2) = J∗

α(θ, x) ∀x ∈ S.

If π∗k ∈ Πk
Ad is optimal for player k (k=1,2), then (π∗1, π∗2) is called a pair of optimal

strategies and also called a saddle-point equilibrium.

Now, since logarithm is an increasing function, we study Ĵα(θ, x, π
1, π2) instead of

studying Jα(θ, x, π
1, π2) on [0, 1]× S × Π1

Ad × Π2
Ad. We define Ĵα(θ, x, π

1, π2) as

Ĵα(θ, x, π
1, π2) := Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
. (4.2.5)

It is easy to observe that (π∗1, π∗2) is optimal if and only if for all x ∈ S,

inf
π2∈Π2

Ad

Ĵα(θ, x, π
∗1, π2) = sup

π1∈Π1
Ad

Ĵα(θ, x, π
1, π∗2) =: Ĵ∗

α(θ, x).

We now introduce some frequently used notations.

Notations: Let us introduce some frequently used notations. We define the spaces

C∞
c (a, b), Aas([0, 1]×S), (B∞

W ([0, 1]×S), ∥ · ∥∞W ), and L∞
W ([0, 1]×S), for any real-valued

function W ≥ 1 on S, as defined in Chapter 2, p. 19.

We need the following conditions for non-explosion of the state process {ξt, t ≥ 0}, and
finiteness of Jα(θ, x, π

1, π2), which are widely used in CTMDPs; see, for instance, [53],

[62], [63], [64].

(A1) There exists a real-valued Borel measurable function V ≥ 1 on S such that

(i) for some constant ρ̂0 > 0, the Lyapunov stability condition,
∫
S
V (y)q(dy|x, a, b) ≤

ρ̂0V (x) holds ∀(x, a, b) ∈ K;

(ii) for some constantM0 > 0, the non-explosion condition, sup(a,b)∈A(x)×B(x) qx(a, b) ≤
M0V (x) holds ∀x ∈ S;
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(iii) for some constants L̂0 ≥ 0 and ρ̂1, the logarithm growth condition,

sup(a,b)∈A(x)×B(x) c(x, a, b) ≤ ρ̂1 log V (x) + L̂0 holds ∀x ∈ S, where 0 < ρ̂1 <

min{α, ρ̂−1
0 α2}.

Proposition 4.2.5. Grant Assumptions (A0)(a), (A0)(b) and (A1). Then for any

(θ, x) ∈ [0, 1] × S and pair of strategies (π1, π2) ∈ Π1
Ad × Π2

Ad, the following results

are true:

(a) P π1,π2

x (ξt ∈ S) = 1, P π1,π2

x (ξ0 = x) = 1, and P π1,π2

x (T∞ = ∞) = 1, for all t ≥ 0;

(b) Eπ1,π2

x [V (ξt)] ≤ eρ̂0tV (x) for all t ≥ 0;

(c)

J∗
α(θ, x) ≤ log

(
α2

α2 − ρ̂0ρ̂1

)
+
L̂0

α
+
ρ̂1
α

log V (x) ∀θ ∈ (0, 1], x ∈ S. (4.2.6)

Proof. For parts (a) and (b), see, [61] and ([63, Theorem 3.1]).

Proof of part (c): See Proposition 2.2.3 (3), Chapter 2, p. 17-18.

(A2) The Borel measurable function V 2 ≥ 1 on S, satisfies the following condition∫
S
q(dy|x, a, b)V 2(y) ≤ ρ̂2V

2(x) + b1 ∀ (x, a, b) ∈ K, for some constants 0 < ρ̂2 < α,

and b1 ≥ 0, where V is as in Assumption (A1).

An extension of Itô-Dynkin’s formula has been developed in [53] under the above

assumption, which can be used to study the admissible feedback strategy case. Also,

we need the following continuity conditions to ensure the existence of pair of optimal

strategies.

(A3) For V as introduced in Assumption (A1), the followings hold:

(i) the functions q(·|x, a, b) and c(x, a, b) are continuous in (a, b) ∈ A(x) × B(x), for

any fixed x ∈ S;

(ii) the function

∫
S

V (y)q(dy|x, a, b) is continuous in (a, b) ∈ A(x)×B(x), for any fixed

x ∈ S.
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4.3 Probabilistic representation of a solution to the

HJI equation

We continue our analysis through the criterion (4.2.5). Using dynamic programming

heuristics, we consider the following HJI equations satisfying the bounds:

αθ ∂φα

∂θ
(θ, x) = sup

µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(dy|x, µ, ν)φα(θ, y) + θc(x, µ, ν)φα(θ, x)

]
= inf

ν∈P(B(x))
sup

µ∈P(A(x))

[∫
S

q(dy|x, µ, ν)φα(θ, y) + θc(x, µ, ν)φα(θ, x)

]
,

x ∈ S, a.e. θ ∈ [0, 1],

1 ≤ φα(θ, x) ≤ α2

α2−ρ̂0ρ̂1θe
θL̂0/αV

ρ̂1θ
α (x) for (θ, x) ∈ [0, 1]× S,

(4.3.1)

where the upper bound of φα(θ, x) is inspired by Proposition 4.2.5.

The next theorem is our verification theorem, here we show that if the HJI equation

has a solution then it is equal to the value function corresponding to the criterion (4.2.5).

Theorem 4.3.1. Under Assumptions (A0)(a), (A0)(b), (A1)-(A3), suppose that the HJI

equation (4.3.1) has a solution φα ∈ L∞
V ([0, 1]× S) satisfying the bounds. Then, for all

(θ, x) ∈ [0, 1]× S, we have φα(θ, x) = Ĵ∗
α(θ, x) that is,

φα(θ, x) = sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
. (4.3.2)

Proof. For the proof, see Theorem 3.3.1, Chapter 3, p. 48-51.

4.4 The existence of solution to the HJI equation

In this Section, we prove that the equation (4.3.1) is the HJI equation for the α dis-

counted cost (4.2.5) and the equation (4.3.1) has a solution in L∞
V ([0, 1] × S). We give

detail proof of the above. To do so, we first truncate our transition and cost rates which

plays a crucial role to find the solution of the HJI equations.

Theorem 4.4.1. Grant Assumptions (A0)(a), (A0)(b), (A1)-(A3). Then the HJI

equation (4.3.1) has a unique solution φα ∈ L∞
V ([0, 1] × S) satisfying the bounds

1 ≤ φα(θ, x) ≤ α2eθL̂0/α

α2−ρ̂0ρ̂1θV
ρ̂1θ
α (x) for all (θ, x) ∈ [0, 1]× S.

Proof. Let 0 < δ < 1 and n ≥ 1 be fixed constants. For each n ≥ 1, x ∈ S, a ∈ A(x),

b ∈ B(x), let Sn := {x ∈ S|V0(x) ≤ n}, An(x) := A(x), Bn(x) := B(x), Kn :=
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{(x, a, b)|x ∈ Sn, a ∈ An(x), b ∈ Bn(x)}. Moreover for each x ∈ S, a ∈ An(x), b ∈ Bn(x),

define truncated cost and transition rates are

cn(x, a, b) :=

{
c(x, a, b) ∧ min{n, ρ̂1 lnV (x) + L̂0} if x ∈ Sn,

0 if x /∈ Sn
(4.4.1)

and

q(n)(dy|x, a, b) :=

{
q(dy|x, a, b) if x ∈ Sn,

0 if x /∈ Sn.
(4.4.2)

By the definition of Sn and Assumption (A1)(ii), we say that q
(n)
x (a, b) :=∫

S/{x} q
(n)(dy|x, a, b) is bounded and so we can choose a suitable Lyapunov function

V to satisfy
∫
S
q(n)(dy|x, a, b)V (y) ≤ ρ̂0V (x), and q̃(n) := sup(x,a,b)∈K q

(n)
x (a, b) < ∞.

Now, we prove our theorem in three steps. In the first step, we show that there exists

a unique function φ
(n,δ)
α (depending on n, δ) in L∞

V ([0, 1]× S) that satisfies a truncated

HJI equation (4.4.3), given below. In the second step we construct a solution φ
(n)
α (·, x)

by passing the limit as δ → 0. In the last step, we take limit n→ ∞ and show that the

HJI equation (4.3.1) has a solution.

Step 1: In this first step, we show the following parts. Let ξ
(n)
t be the process corre-

sponding to the q(n)(·|x, a, b) and Tδ(θ) := α−1 log(θ/δ).

1. φ
(n,δ)
α ∈ B1([0, 1]× S) is a bounded solution to the following first order differential

equations (DEs) satisfying the boundary condition as:
αθ

∂φ(n,δ)
α

∂θ (θ, x) = sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (θ, y) + θcn(x, µ, ν)φ

(n,δ)
α (θ, x)

]
= inf

ν∈P(B(x))
sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (θ, y) + θcn(x, µ, ν)φ

(n,δ)
α (θ, x)

]
φ
(n,δ)
α (δ, x) = enδ/α,

(4.4.3)

where θ ∈ (δ, 1] a.e., and x ∈ S.

2. φ
(n,δ)
α (θ, x) has the following probabilistic representation:

φ(n,δ)
α (θ, x) = sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
= sup

π1∈Π1
Ad

E
π1,π∗2

δ
x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π∗2

δ (ξt−, t))dt

)]
= inf

π2∈Π2
Ad

E
π∗1
δ ,π2

x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
,

(4.4.4)
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where (π∗1
δ , π

∗2
δ ) ∈ Π1

M × Π2
M , some pair of strategies and x ∈ S, θ ∈ (δ, 1] a.e.

Proof of part 1: Let us fix a function u ∈ B1([0, 1]×S). Then since cn is bounded,

we have

sup
θ∈[δ,1]

sup
x∈S

∣∣∣∣∫ θ

δ

sup
µ∈P(A(x))

inf
ν∈P(B(x))

{
1

s
sup
x∈S

[∫
S

q(n)(dy|x, µ, ν)u(s, y)
]
+ cn(x, µ, ν) sup

x∈S
u(s, x)

}
ds

∣∣∣∣
≤ ∥u∥∞1

{∫ 1

δ

sup
µ∈P(A(x))

sup
ν∈P(B(x))

1

s
sup
x∈S

(
2q(n)x (µ, ν)

)
ds+ n(1− δ)

}
≤ ∥u∥∞1

[
(−2)q̃(n) log δ + n(1− δ)

]
.

So, we can define a nonlinear operator T̂ : B1([0, 1]× S) → B1([0, 1]× S) as follows:

T̂ u(θ, x) =eδn/α +
1

α

∫ θ

δ

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
1

s

∫
S

q(n)(dy|x, µ, ν)u(s, y) + cn(x, µ, ν)u(s, x)

]
ds.

It is easy to see that the map T̂ is well-defined.

Then by analogous arguments as in [Lemma 2.4.1, Chapter 2, p. 24-25] and by

Banach fixed point theorem, there exists a unique bounded function φ
(n,δ)
α ∈ B1([0, 1]×S)

(depending on (n, δ)) such that T̂φ
(n,δ)
α = φ

(n,δ)
α ; that is,

φ(n,δ)
α (θ, x)

= eδn/α +
1

α

∫ θ

δ

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
1

s

∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (s, y) + cn(x, µ, ν)φ

(n,δ)
α (s, x)

]
ds

= eδn/α +
1

α

∫ θ

δ

inf
ν∈P(B(x))

sup
µ∈P(A(x))

[
1

s

∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (s, y) + cn(x, µ, ν)φ

(n,δ)
α (s, x)

]
ds,

where the second equality holds by Fan’s minimax theorem, see [33, Theorem 3]. Hence

by using the above equation, (4.4.1), and (4.4.2) we say φ
(n,δ)
α ∈ L∞

V ([0, 1] × S) and it

satisfies equation (4.4.3).

Proof of part 2: First notice that φ
(n,δ)
α (θ(Tδ(θ)), ξ

(n)
Tδ

) = enδ/α. Now let us consider

two measurable functions

µ̂ : (0, 1)× S → P(A) and ν̂ : (0, 1)× S → P(B),

such that

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (θ, y) + θcn(x, µ, ν)φ

(n,δ)
α (θ, x)

]
= inf

ν∈P(B(x))

[∫
S

q(n)(dy|x, µ̂(θ, x), ν)φ(n,δ)
α (θ, y) + θcn(x, µ̂(θ, x), ν)φ

(n,δ)
α (θ, x)

]
(4.4.5)

Ph.D. Thesis 78

TH-3126_186123018



Chapter 4 4.4. The existence of solution to the HJI equation

and

inf
ν∈P(B(x))

sup
µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δ)
α (θ, y) + θcn(x, µ, ν)φ

(n,δ)
α (θ, x)

]
= sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν̂(θ, x))φ(n,δ)
α (θ, y) + θcn(x, µ, ν̂(θ, x))φ

(n,δ)
α (θ, x)

]
. (4.4.6)

The measurable selection theorem in [89, Theorem 2.2] ensures the existence of such

measurable maps. Let

π∗1
δ : R+ × S → P(A) and π∗2

δ : R+ × S → P(B) (4.4.7)

be defined by π∗1
δ (x, t) = µ̂(θe−αt, x) and π∗2

δ (x, t) = ν̂(θe−αt, x). Here (π∗1
δ , π

∗2
δ ) ∈

Π1
M × Π2

M . Let θ(t) := θe−αt for t ∈ [0,∞). Since cn and φ
(n,δ)
α are bounded, by using

Dynkin’s formula from [53, Theorem 3.1] we obtain

Eπ1,π2

x

[∫ Tδ(θ)

0

[
−αθ(s)∂φ

(n,δ)
α

∂θ
(θ(s), ξ(n)s ) +

∫
S

q(n)(dy|ξ(n)s , π1(s), π2(s))φ(n,δ)
α (θ(s), y)

+ θ(s)cn(ξ
(n)
s (ω), π1(s), π2(s))φ(n,δ)

α (θ(s), ξ(n)s )

]
exp

(∫ s

0

θ(v)cn(ξ
(n)
v , π1(v), π2(v))dv

)
ds

]
= Eπ1,π2

x

[
exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π1(s), π2(s))ds

)
φ(n,δ)
α

(
θ(Tδ), ξ

(n)
Tδ

)]
− φ(n,δ)

α (θ, x).

(4.4.8)

From (4.4.3), (4.4.6), and (4.4.8), we have

E
π1,π∗2

δ
x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π1(s), π∗2

δ (ξs−, s))ds

)]
≤ φ(n,δ)

α (θ, x).

Therefore, we obtain

φ(n,δ)
α (θ, x) ≥ sup

π1∈Π1
Ad

E
π1,π∗2

δ
x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π1(s), π∗2

δ (ξs−, s))ds

)]
≥ inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π1(s), π2(s))ds

)]
.

(4.4.9)

Using (4.4.3), (4.4.5), and (4.4.8), by analogous arguments, one can prove that

φ(n,δ)
α (θ, x) ≤ inf

π2∈Π2
Ad

E
π∗1
δ ,π2

x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π∗1

δ (ξs−, s), π
2(s))ds

)]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
enδ/α exp

(∫ Tδ(θ)

0

θ(s)cn(ξ
(n)
s , π1(s), π2(s))ds

)]
.

(4.4.10)
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Therefore, from (4.4.9) and (4.4.10), we obtain (4.4.4).

Step 2: In this step, we prove the existence of an absolutely continuous function

φ
(n)
α (·, x) from φ

(n,δ)
α (·, x) by passing to the limit as δ → 0, which satisfies the following

first-order DEs:

αθ ∂φ
(n)
α

∂θ
(θ, x) = sup

µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
= inf

ν∈P(B(x))
sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
,

x ∈ S, a.e. θ ∈ [0, 1],

1 ≤ φ
(n)
α (θ, x) ≤ α2eθL̂0/α

α2−ρ̂0ρ̂1θV
ρ̂1θ
α (x) ∀ (θ, x) ∈ [0, 1]× S.

(4.4.11)

Since sup(x,a,b)∈K cn(x, a, b) ≤ n, for given n and 0 < δ < 1, by (4.4.4) we have

φ
(n,δ)
α (θ, x) ≤ e2n/α, x ∈ S, θ ∈ [δ, 1]. Next, we extend the domain of φ

(n,δ)
α to [0, 1]× S

by

φ(n,δ)
α (θ, x) =

{
enδ/α, 0 ≤ θ < δ ∀x ∈ S

φ
(n,δ)
α (θ, x), δ ≤ θ ≤ 1 ∀x ∈ S.

Note that ebz − 1 ≤ (eb − 1)z holds for z ∈ [0, 1] and b > 0. Thus, for any fix n ≥ 1; we

have∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π1(t), π2(t))dt ≤ n

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtdt

=
n

α
[exp(−αTδ(θ ∧ θ0))− exp(−αTδ(θ ∨ θ0))]

≤ δn|θ0 − θ|
αθθ0

, (4.4.12)

where a ∧ b := min{a, b} and a ∨ b := max{a, b} and∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt ≤ n

∫ Tδ(θ)

0

e−αtdt ≤ n

α
. (4.4.13)

Now by (4.4.12) and (4.4.13), we have

P̂1 :=e
nδ/αEπ1,π2

x

[
exp

(
θ0

∫ Tδ(θ∧θ0)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
×
(
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π1(t), π2(t))dt

)
− 1

)]
≤ e2n/αEπ1,π2

x

[
exp

(
θ0

∫ Tδ(θ∨θ0)

Tδ(θ∧θ0)
e−αtcn(ξ

(n)
t , π1(t), π2(t))dt

)
− 1

]
≤ e2n/α

(
exp

(
nδ|θ − θ0|

αθ

)
− 1

)
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≤ e2n/α
(
en/α − 1

)
|θ0 − θ|,

and

P̂2 :=e
nδ/αEπ1,π2

x

[
exp

(
(θ ∧ θ0)

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
− 1

)]
≤ e2n/αEπ1,π2

x

[
exp

(
|θ0 − θ|

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
− 1

]
≤ e2n/α

(
exp

(n
α
|θ0 − θ|

)
− 1
)

≤ e2n/α
(
en/α − 1

)
|θ0 − θ|.

Then for any given θ, θ0 ∈ [δ, 1], (π1, π2) ∈ Π1
Ad × Π2

Ad, x ∈ S, we have∣∣∣∣Eπ1,π2

x

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
− Eπ1,π2

x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]∣∣∣∣
≤
∣∣∣∣Eπ1,π2

x

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
− Eπ1,π2

x

[
enδ/α exp

(
θ0

∫ Tδ(θ0)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]∣∣∣∣
+

∣∣∣∣Eπ1,π2

x

[
enδ/α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
− Eπ1,π2

x

[
enδ/α exp

(
θ0

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]∣∣∣∣
= P̂1 + P̂2.

Hence for all θ, θ0 ∈ [0, 1], x ∈ S, we have

|φ(n,δ)
α (θ0, x)− φ(n,δ)

α (θ, x)| ≤ 2e2n/α(en/α − 1)|θ − θ0|. (4.4.14)

Now we want to show that φ(n,δ)
α is increasing in δ for any (θ, x). By measurable

selection theorem we get π∗1
δ ∈ Π1

M as like in equation (4.4.7), corresponding to φ(n,δ)
α .

Consider a fixed constant ε > 0 to be small enough. For any π2 ∈ Π2
Ad, the followings

cases hold.

Case 1. θ ≤ δ

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x) = e
n(δ+ε)

α − e
nδ
α = e

nδ
α (e

nε
α − 1) ≥ 0.
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Case 2. δ < θ ≤ δ + ε

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x)

= e
n(δ+ε)

α − inf
π2∈Π2

Ad

E
π∗1
δ ,π2

x

[
e

nδ
α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
≥ e

n(δ+ε)
α − E

π∗1
δ ,π2

x

[
e

nδ
α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
= e

nδ
α

[
e

nε
α − E

π∗1
δ ,π2

x

[
exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]]
≥ e

nδ
α

[
e

nε
α − exp

(
θ

∫ Tδ(θ)

0

e−αtndt

)]
= e

nδ
α

[
e

nε
α − eθn

(1−e−αTδ(θ))
α

]
≥ 0.

Case 3. If θ > δ + ε then

φ(n,δ+ε)
α (θ, x)− φ(n,δ)

α (θ, x)

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
e

n(δ+ε)
α exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
− inf

π2∈Π2
Ad

E
π∗1
δ ,π2

x

[
e

nδ
α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
≥ inf

π2∈Π2
Ad

E
π∗1
δ ,π2

x

[
e

n(δ+ε)
α exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
− inf

π2∈Π2
Ad

E
π∗1
δ ,π2

x

[
e

nδ
α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
≥ inf

π2∈Π2
Ad

[
E
π∗1
δ ,π2

x

[
e

n(δ+ε)
α exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]
− E

π∗1
δ ,π2

x

[
e

nδ
α exp

(
θ

∫ Tδ(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)]]
= inf

π2∈Π2
Ad

e
nδ
α E

π∗1
δ ,π2

x

[
exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)
×
{
e

nε
α − exp

(
θ

∫ Tδ(θ)

Tδ+ε(θ)

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)}]
≥ inf

π2∈Π2
Ad

e
nδ
α E

π∗1
δ ,π2

x

[
exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)
×
{
e

nε
α − exp

(
θ

∫ Tδ(θ)

Tδ+ε(θ)

e−αtndt

)}]
= inf

π2∈Π2
Ad

e
nδ
α E

π∗1
δ ,π2

x

[
exp

(
θ

∫ Tδ+ε(θ)

0

e−αtcn(ξ
(n)
t , π∗1

δ (ξt−, t), π
2(t))dt

)
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×
{
e

nε
α − exp

(
nθ(e−αTδ+ε(θ) − e−αTδ(θ))

α

)}]
= 0.

Hence φ
(n,δ)
α (θ, x) is increasing in δ for any (θ, x) ∈ [0, 1] × S. So, by this fact and in

view of (4.4.14), there exists a function φ
(n)
α on [0, 1]×S that is continuous with respect

to θ ∈ [0, 1], such that along a subsequence δm → 0, we have limm→∞ φ
(n,δm)
α (θ, x) =

φ
(n)
α (θ, x). Also for any fixed x ∈ S this convergence is uniform in θ ∈ [0, 1]. Now for

θ ∈ [δm, 1], by using (4.4.4) and Proposition 4.2.5, we have

φ(n,δm)
α (θ, x)

= inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
enδm/α exp

(
θ

∫ Tδm (θ)

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
≤ enδm/α inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
≤ enδm/α inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξ
(n)
t , π1(t), π2(t))dt

)]
≤ enδm/α

α2eθL̂0/α

α2 − ρ̂0ρ̂1θ
V

ρ̂1θ
α (x).

Thus, letting m→ ∞ in the above equation, we obtain

1 ≤ φ(n)
α (θ, x) ≤ α2eθL̂0/α

α2 − ρ̂0ρ̂1θ
V

ρ̂1θ
α (x). (4.4.15)

Now by measurable selection theorem in [89, Theorem 2.2], there exists a pair of strate-

gies (µ∗
m, ν

∗
m) ∈ P(A(x))× P(B(x)) such that (4.4.3) can be written as

αθ ∂φ
(n,δm)
α

∂θ
(θ, x) = sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν∗m)φ(n,δm)
α (θ, y) + θcn(x, µ, ν

∗
m)φ

(n,δm)
α (θ, x)

]
= inf

ν∈P(B(x))

[∫
S

q(n)(dy|x, µ∗
m, ν)φ

(n,δm)
α (θ, y) + θcn(x, µ

∗
m, ν)φ

(n,δm)
α (θ, x)

]
φ(n,δm)
α (δm, x) = enδm/α.

(4.4.16)

Since for each fixed x ∈ S, P(A(x)) and P(B(x)) are compact, there exists a subse-

quence (by abuse of notation, we denoted by the same sequence) and a pair of strategies

(µ∗, ν∗) ∈ P(A(x))× P(B(x)) such that limm→∞ µ∗
m = µ∗ and limm→∞ ν∗m = ν∗. Define

Q(n)(dy|x, a, b) := δx(dy) +
q(n)(dy|x, a, b)
M0V (x)

(4.4.17)

for all (x, a, b) ∈ K where δx(·) is the Dirac measure concentrated at x. We see that

under Assumption (A1), Q(n) is a stochastic kernel on S given K. Now let ψ̂ ∈ C∞
c (0, 1).
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Hence ψ̂(1) = 0. First, see∣∣∣∣ sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

Q(n)(dy|x, µ, ν)φ(n,δm)
α (θ, y) +

θ

M0V (x)
cn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)

∣∣∣∣
≤ sup

µ∈P(A(x))

sup
ν∈P(B(x))

[∫
S

Q(n)(dy|x, µ, ν)|φ(n,δ)
α (θ, y)|+ θ

M0V (x)
|cn(x, µ, ν)||φ(n,δ)

α (θ, x)|
]
|ψ̂(θ)|

≤ ∥φ(n,δm)
α ∥V sup

µ∈P(A(x))

sup
ν∈P(B(x))

[∫
S

Q(dy|x, µ, ν)V (y) +
θ

M0V (x)
nV (x)

]
|ψ̂(θ)|

≤ ∥φ(n,δm)
α ∥V

[
ρ̂0

V (x)

M0V (x)
+ V (x) +

θ

M0V (x)
nV (x)

]
|ψ̂(θ)|

= ∥φ(n,δm)
α ∥V

[
θ

M0

n+ V (x) +
ρ̂0
M0

]
|ψ̂(θ)|. (4.4.18)

Now,

−
∫ 1

0

α
d(θψ̂)

dθ
(θ)φ(n,δm)

α (θ, x)dθ =

∫ 1

0

αθ
∂φ(n,δm)

α

∂θ
(θ, x)ψ̂(θ)dθ

=

∫ 1

0

sup
µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν∗m)φ(n,δm)
α (θ, y) + θcn(x, µ, ν

∗
m)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

−
∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δm)
α (θ, y) + θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

=

∫ 1

0

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ∗
m, ν)φ

(n,δm)
α (θ, y) + θcn(x, µ

∗
m, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

−
∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n,δm)
α (θ, y) + θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

=

∫ 1

0

sup
µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν∗m)φ(n,δm)
α (θ, y) + θcn(x, µ, ν

∗
m)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

−
∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

=

∫ 1

0

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ∗
m, ν)φ

(n,δm)
α (θ, y) + θcn(x, µ

∗
m, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

−
∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ. (4.4.19)

Then by (4.4.17), eq. (4.4.19) can be written as

−
∫ 1

0

{
α

M0V (x)

d(θψ)

dθ
φ(n,δm)
α (θ, x)− φ(n,δm)

α (θ, x)ψ̂(θ)

}
dθ

=

∫ 1

0

sup
µ∈P(A(x))

[∫
S

Q(n)(dy|x, µ, ν∗m)φ(n,δm)
α (θ, y) +

θ

M0V (x)
cn(x, µ, ν

∗
m)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

− 1

M0V (x)

∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ
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=

∫ 1

0

inf
ν∈P(B(x))

[∫
S

Q(n)(dy|x, µ∗
m, ν)φ

(n,δm)
α (θ, y) +

θ

M0V (x)
cn(x, µ

∗
m, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

− 1

M0V (x)

∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ. (4.4.20)

Now, from (4.4.20), for any ν ∈ P(B(x)), we have

−
∫ 1

0

{
α

M0V (x)

d(θψ)

dθ
φ(n,δm)
α (θ, x)− φ(n,δm)

α (θ, x)ψ̂(θ)

}
dθ

≤
∫ 1

0

[∫
S

Q(n)(dy|x, µ∗
m, ν)φ

(n,δm)
α (θ, y) +

θ

M0V (x)
cn(x, µ

∗
m, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ

− 1

M0V (x)

∫ δm

0

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
θcn(x, µ, ν)φ

(n,δm)
α (θ, x)

]
ψ̂(θ)dθ. (4.4.21)

Under our given Assumptions from [56, Lemma 7.2], we know that the functions

c(x, µ, ν), and
∫
S
q(dy|x, µ, ν)u(·, y) are continuous at (µ, ν) on P(A(x)) × P(B(x)) for

each fixed x ∈ S and u ∈ L∞
V ([0, 1] × S). So, by using dominated convergent theorem

and taking the limit as m→ ∞ in (4.4.21), we obtain

−
∫ 1

0

{
α

M0V (x)

d(θψ̂)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ̂(θ)

}
dθ

≤
∫ 1

0

[∫
S

Q(n)(dy|x, µ∗, ν)φ(n)
α (θ, y) +

θ

M0V (x)
cn(x, µ

∗, ν)φ(n)
α (θ, x)

]
ψ̂(θ)dθ.

Since ν ∈ P(B(x)) is arbitrary, therefore

−
∫ 1

0

{
α

M0V (x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ̂(θ)

}
dθ

≤ inf
ν∈P(B(x))

∫ 1

0

[∫
S

Q(n)(dy|x, µ∗, ν)φ(n)
α (θ, y) +

θ

M0V (x)
cn(x, µ

∗, ν)φ(n)
α (θ, x)

]
ψ̂(θ)dθ.

Hence

−
∫ 1

0

{
α

M0V (x)

d(θψ)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ̂(θ)

}
dθ

≤ sup
µ∈P(A(x))

inf
ν∈P(B(x))

∫ 1

0

[∫
S

Q(n)(dy|x, µ, ν)φ(n)
α (θ, y) +

θ

M0V (x)
cn(x, µ, ν)φ

(n)
α (θ, x)

]
ψ̂(θ)dθ.

(4.4.22)

Similarly, by using Fatou’s Lemma from [69, Lemma 8.3.7] and taking m → ∞ in

(4.4.20), we have

−
∫ 1

0

{
α

M0V (x)

d(θψ̂)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ̂(θ)

}
dθ

≥ sup
µ∈P(A(x))

∫ 1

0

[∫
S

Q(n)(dy|x, µ, ν∗)φ(n)
α (θ, y) +

θ

M0V (x)
cn(x, µ, ν

∗)φ(n)
α (θ, x)

]
ψ̂(θ)dθ.
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Therefore we have

−
∫ 1

0

{
α

M0V (x)

d(θψ̂)

dθ
(θ)φ(n)

α (θ, x)− φ(n)
α (θ, x)ψ̂(θ)

}
dθ

≥ inf
ν∈P(B(x))

sup
µ∈P(A(x))

∫ 1

0

[∫
S

Q(n)(dy|x, µ, ν)φ(n)
α (θ, y) +

θ

M0V (x)
cn(x, µ, ν)φ

(n)
α (θ, x)

]
ψ̂(θ)dθ.

(4.4.23)

Thus by (4.4.17), (4.4.22), and (4.4.23), we obtain

−
∫ 1

0

α
d(θψ̂)

dθ
(θ)φ(n)

α (θ, x)dθ

= sup
µ∈P(A(x))

inf
ν∈P(B(x))

∫ 1

0

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
ψ̂(θ)dθ

= inf
ν∈P(B(x))

sup
µ∈P(A(x))

∫ 1

0

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
ψ̂(θ)dθ.

Hence for a.e. θ ∈ [0, 1], in the sense of distribution, we have

αθ
∂φ

(n)
α

∂θ
(θ, x) = sup

µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
= inf

ν∈P(B(x))
sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
.

When ∂φ
(n)
α

∂θ
does not exist for some (θ, x), we define

αθ
∂φ

(n)
α

∂θ
(θ, x) = sup

µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
.

Hence ∂φ
(n)
α

∂θ
(·, x) exists almost everywhere. By using the first order DEs satisfied by φ

(n)
α

(that is just proven), (4.4.1), (4.4.2), and (4.4.15), we say that φ
(n)
α ∈ L∞

V ([0, 1]×S) and

it is a solution of (4.4.11). Thus by closely mimicking the arguments in Theorem 4.3.1,

one can easily get the stochastic representation of the solution φ
(n)
α , that is

φ(n)
α (θ, x) = inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
= sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
. (4.4.24)

Step 3: In this step, we complete the proof by passing to the limit as n → ∞. First

we prove that for each x ∈ S, {φ(n)
α }n≥1 is equicontinuous on [0, 1]. Note that ebz − 1 ≤

(eb−1)z for all z ∈ [0, 1] and b > 0. Now, for any given θ, θ0 ∈ [δ, 1], (π1, π2) ∈ Π1
Ad×Π2

Ad,

x ∈ S, by [eq. (2.3.7), Chapter 2], we get

|φ(n)
α (θ0, x)− φ(n)

α (θ, x)|
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≤ sup
π1∈Π1

Ad

sup
π2∈Π2

Ad

∣∣∣∣Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
− Eπ1,π2

x

[
exp

(
θ0

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]∣∣∣∣
≤ sup

π1∈Π1
Ad

sup
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
×
(
exp

(
|θ0 − θ|

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
− 1

)]
≤ sup

π1∈Π1
Ad

sup
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(
(θ ∧ θ0)

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
− 1

)
|θ0 − θ|

]
≤ sup

π1∈Π1
Ad

sup
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
×
(
exp

(∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)
|θ0 − θ|

)]
= |θ0 − θ| × Eπ1,π2

x

[
exp

(
2

∫ ∞

0

e−αtcn(ξ
(n)
t , π1(t), π2(t))dt

)]
≤ |θ0 − θ| × αe2L̂0/α

α− ρ̂2

(
V 2(x) +

b1
ρ̂2

)
. (4.4.25)

So, for each x ∈ S, φ(n)(·, x) is Lipschitz continuous in θ ∈ [0, 1]. Now, by measurable

selection theorem in [89, Theorem 2.2], there exists a measurable function ν∗n : [0, 1]×S →
P(B) such that

inf
ν∈P(B(x))

sup
µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν)φ(n)
α (θ, y) + θcn(x, µ, ν)φ

(n)
α (θ, x)

]
= sup

µ∈P(A(x))

[∫
S

q(n)(dy|x, µ, ν∗n(θ, x))φ(n)
α (θ, y) + θcn(x, µ, ν

∗
n(θ, x))φ

(n)
α (θ, x)

]
. (4.4.26)

Hence by equation (4.4.11), we have a.e. θ ∈ [0, 1] and ∀x ∈ S, we have αθ
∂φ(n)

α

∂θ (θ, x) = supµ∈P(A(x))

[∫
S
q(n)(dy|x, µ, ν∗n(θ, x))φ

(n)
α (θ, y) + θcn(x, µ, ν

∗
n(θ, x))φ

(n)
α (θ, x)

]
1 ≤ φ

(n)
α (θ, x) ≤ α2eθL̂0/α

α2−ρ̂0ρ̂1θ
(V (x))

ρ̂1θ
α ∀ (θ, x) ∈ [0, 1]× S.

(4.4.27)

Since cn ≥ 0, by (4.4.24), we say φ
(n)
α (θ, x) is increasing in θ. Also we know that

φ
(n)
α (θ, x) is differentiable a.e. with respect to θ ∈ [0, 1]. So

∂φ
(n)
α

∂θ
(θ, x) ≥ 0 for a.e. θ. (4.4.28)
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So, for x /∈ Sn−1 and a.e. θ ∈ [0, 1], −αθ ∂φ
(n)
α

∂θ
(θ, x) +

[∫
S

q(n−1)(dy|x, µ, ν∗n(θ, x))φ(n)
α (θ, y) + θcn−1(x, µ, ν

∗
n(θ, x))φ

(n)
α (θ, x)

]
= −αθ ∂φ

(n)
α

∂θ
(θ, x) ≤ 0.

(4.4.29)

Now, by (4.4.1), (4.4.2), (4.4.26), and (4.4.27), for all x ∈ Sn−1 and a.e. θ ∈ [0, 1], we

have

− αθ
∂φ

(n)
α

∂θ
(θ, x) +

[∫
S

q(n−1)(dy|x, µ, ν∗n(θ, x))φ(n)
α (θ, y) + θcn−1(x, µ, ν

∗
n(θ, x))φ

(n)
α (θ, x)

]
≤ 0.

(4.4.30)

So, for all x ∈ S, by (4.4.29) and (4.4.30), we have

−αθ∂φ
(n)
α

∂θ
(θ, x) +

[∫
S

q(n−1)(dy|x, µ, ν∗n(θ, x))φ(n)
α (θ, y) + θcn−1(x, µ, ν

∗
n(θ, x))φ

(n)
α (θ, x)

]
≤ 0.

(4.4.31)

Let

π∗2
n : R+ × S → P(B)

be defined by π∗2
n (x, t) = ν∗n(θe

−αt, x). Here π∗2
n ∈ Π2

M . Now, for any π1 ∈ Π1
Ad, by

Feynman-Kac formula, we get

Eπ1,π∗2
n

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π1(t), π∗2

n (ξt−, t))dt

)]
≤ φ(n)

α (θ, x).

Since π1 ∈ Π1
Ad is arbitrary

sup
π1∈Π1

Ad

Eπ1,π∗2
n

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π1(t), π∗2

n (ξt−, t))dt

)]
≤ φ(n)

α (θ, x). (4.4.32)

Also using (4.4.11) and Feynman-Kac formula (see, Chapter 2 or [53, Theorem 3.1]), we

have

φ(n−1)
α (θ, x) = inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π1(t), π2(t))dt

)]
≤ sup

π1∈Π1
Ad

Eπ1,π∗2
n

x

[
exp

(
θ

∫ ∞

0

e−αtcn−1(ξ
(n−1)
t , π1(t), π∗2

n (ξt−, t))dt

)]
.

(4.4.33)

By (4.4.32) and (4.4.33), we have φ
(n−1)
α (θ, x) ≤ φ

(n)
α (θ, x).

Hence φ
(n)
α (θ, x) is increasing in n for any (θ, x) ∈ [0, 1] × S. So, there exists a

function φα on [0, 1] × S that is continuous with respect to θ ∈ [0, 1], such that along

Ph.D. Thesis 88

TH-3126_186123018



Chapter 4 4.5. The existence of saddle-point equilibrium

a subsequence nk → ∞, we have limnk→∞ φ
(nk)
α (θ, x) = φα(θ, x). Also, for each fixed

x ∈ S, this convergence is uniform in θ ∈ [0, 1]. Now, by (4.4.15), we have

1 ≤ φα(θ, x) ≤
α2eθL̂0/α

α2 − ρ̂0ρ̂1θ
V

ρ̂1θ
α (x). (4.4.34)

As in the proof of equation (4.4.11) in step 2 (starting from the first equality of (4.4.19)

), we say that φα is a solution to the HJI equation (4.3.1). Also by (4.4.34), we conclude

that φα ∈ L∞
V ([0, 1]× S). Finally, the uniqueness of φα(θ, x) follows from the stochastic

representation in Theorem 4.3.1.

4.5 The existence of saddle-point equilibrium

In this section, we prove our main result of this chapter, namely, the existence of a

saddle-point equilibrium for the α discounted risk-sensitive zero-sum game problem.

Theorem 4.5.1. Grant Assumptions (A0)(a), (A0)(b), (A1)-(A3). Then, the following

assertions hold.

1. There exist a solution φα ∈ L∞
V ([0, 1] × S) and a pair of measurable mappings

(f ∗1, f ∗2) satisfying

αθ
∂φα
∂θ

(θ, x) = sup
µ∈P(A(x))

inf
ν∈P(B(x))

[∫
S

q(dy|x, µ, ν)φα(θ, y) + θc(x, µ, ν)φα(θ, x)

]
= inf

ν∈P(B(x))
sup

µ∈P(A(x))

[∫
S

q(dy|x, µ, ν)φα(θ, y) + θc(x, µ, ν)φα(θ, x)

]
= sup

µ∈P(A(x))

[∫
S

q(dy|x, µ, f ∗2)φα(θ, y) + θc(x, µ, f ∗2)φα(θ, x)

]
= inf

ν∈P(B(x))

[∫
S

q(dy|x, f ∗1, ν)φα(θ, y) + θc(x, f ∗1, ν)φα(θ, x)

]
a.e. θ ∈ [0, 1]. (4.5.1)

2. The solution of (4.5.1) is unique and has the following probabilistic representation

1 ≤ φα(θ, x) = sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

x

[
exp

(
θ

∫ ∞

0

e−αtc(ξt, π
1(t), π2(t))dt

)]
≤ α2eθL̂0/α

α2 − ρ̂0ρ̂1θ
V

ρ̂1θ
α (x). (4.5.2)

3. There exists an optimal Markov saddle-point equilibrium point (π̂∗1, π̂∗2) ∈ Π1
M ×

Π1
M for the cost criterion (4.2.4).
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Proof. (1) By Theorem 4.4.1, there exists a solution φα ∈ L∞
V ([0, 1] × S) of the HJI

equation (4.5.1). Now by measurable selection theorem in [89, Theorem 2.2], there

exists a pair of measurable mappings (f ∗1, f ∗2) satisfying (4.5.1).

(2) By the verification theorem in Theorem 4.3.1, we conclude that the solution of

(4.5.1) is unique and has the stochastic representation given by (4.5.2).

(3) Let the pair of strategies (f ∗1, f ∗2) satisfies (4.5.1). Now let us define

π̂∗1 : R+ × S → P(A)

and

π̂∗2 : R+ × S → P(B)

where

π̂∗k(x, t) := f ∗k(θe−αt, x),

for k = 1, 2. Then from the proof of Theorem 4.3.1, we have

sup
π1∈Π1

Ad

Ĵα(x, θ, π
1, π̂∗2) = inf

π2∈Π2
Ad

Ĵα(x, θ, π̂
∗1, π2) = φα(θ, x).

Using this, (4.2.4), (4.2.5) and part (2), we have

sup
π1∈Π1

Ad

Jα(x, θ, π
1, π̂∗2) = inf

π2∈Π2
Ad

Jα(x, θ, π̂
∗1, π2) = J∗

α(θ, x) =
1

θ
logφα(θ, x).

Hence (π̂∗1, π̂∗2) is a saddle-point equilibrium for the cost criterion (4.2.4).

Remark 4.5.1. It is obvious to note that for the pair of strategies (π̂∗1, π̂∗2) ∈ Π1
M×Π2

M

as obtained in Theorem 4.5.1, U(x) = L(x) = J∗
α(θ, x) = 1

θ
logφα(θ, x). Hence we

conclude that the value of the game exists.

When the transition and cost rates are bounded, the existence of a saddle-point

equilibrium is ensured by Theorem 4.5.1.

Corollary 4.5.2. Grant Assumption (A3)((i)-(ii)). Also, assume that the transition

and cost rates are bounded. Then, the HJI equation (4.3.1) has a unique solution φα

satisfying (4.5.1) and there exists a saddle-point equilibrium.

Proof. Suppose there exist constant P1 and P2, such that sup(x,a,b)∈K qx(a, b) ≤ P1 and

sup(x,a,b)∈K c(x, a, b) ≤ P2. First we take the Lyapunov function V (x) ≡ P3, for all

x ∈ S, P3 ≥ 1, a constant. Now
∫
S
V (y)q(dy|x, a, b) =

∫
S
V 2(y)q(dy|x, a, b) = 0, for all

(x, a, b) ∈ K. Now, take ρ̂0 = α, M0 = P1, any real number, ρ̂1 ∈ (0, α), and L̂0 = P2.

Then Assumption (A1) is verified. Now, for any constants ρ̂2 ∈ (0, α), b1 ∈ (0,∞),

Assumption (A2) holds. Also
∫
S
V (y)q(dy|x, a, b) is continuous in (a, b) ∈ A(x)×B(x).

So, Assumption (A3) is also true. Then, by Theorem 4.5.1, we have a unique solution

φα satisfying (4.5.1), and there exists a saddle-point equilibrium.
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4.6 Example

In this section, we verify our assumptions with an example, in which the transition rate

is unbounded and the cost rate is nonnegative and unbounded.

Example 4.6.1. Let us consider a zero-sum game model as

M̂ := {S, (A,A(x), x ∈ S), (B,B(x), x ∈ S), c(x, a, b), q(dy|x, a, b)}.

Suppose our state space is S = (−∞,∞) and transition rate is

q(D̂|x, a, b) = λ̂(x, a, b)

[ ∫
y∈D̂

1√
2πσ

e−
(y−x)2

2σ2 dy − δx(D̂)

]
, (4.6.1)

where x ∈ S, D̂ ∈ B(S), (a, b) ∈ A(x) × B(x). For the existence of a saddle-point

equilibrium for our model, we consider the following conditions.

(I) A(x) and B(x) are compact subsets of the Borel spaces A and B, respectively, for

each fixed x ∈ S.

(II) Suppose there exists a positive constantM0 such thatM0 <
α

6σ2(σ2+1)
. Also, assume

that for each fixed x ∈ S, λ̂(x, a, b) is continuous in (a, b) ∈ A(x) × B(x), and

satisfies 0 < sup(a,b)∈A(x)×B(x) λ̂(x, a, b) ≤M0(x
2 + 1).

(III) Consider that for each x ∈ S, the reward rate function c(x, a, b) for player 1 (or

cost rate for player 2) is nonnegative and continuous in (a, b) ∈ A(x)×B(x). Also,

assume that there exist constants L̂0 ≥ 0 and 0 < ρ̂1 < min{α, α2

M0σ2} such that

sup
(a,b)∈A(x)×B(x)

c(x, a, b) ≤ ρ̂1 log(1 + x2) + L̂0.

Proposition 4.6.2. Under conditions (I)-(III), the above controlled system satisfies

the Assumptions (A0)(a), (A0)(b), (A1)-(A3). Hence by Theorem 4.5.1, there exists a

saddle-point equilibrium for our model.

Proof. We first recall our known results: for all k = 0, 1 · · · ., we have (1) : 1√
2πσ

∫∞
−∞(y−

x)2k+1e−
(y−x)2

2σ2 dy = 0; (2) : 1√
2πσ

∫∞
−∞(y − x)2ke−

(y−x)2

2σ2 dy = 1 · 3 · · · (2k − 1)σ2k.

Let us consider a Lyapunov function V (x) = x2+1. Then for all x ∈ S, V (x) ≥ 1. Now,

we see for any x ∈ S, (a, b) ∈ A(x)×B(x),

(i) ∫
S

V (y)q(dy|x, a, b) = λ̂(x, a, b)

[
1√
2πσ

∫ ∞

−∞
(y2 + 1)e−

(y−x)2

2σ2 dy − (x2 + 1)

]
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= λ̂(x, a, b)σ2

≤M0σ
2V (x) = ρ̂0V (x), (4.6.2)

where ρ̂0 =M0σ
2.

(ii)

q∗(x) = sup
(a,b)∈A(x)×B(x)

qx(a, b) = sup
(a,b)∈A(x)×B(x)

−q({x}|x, a, b)

= sup
(a,b)∈A(x)×B(x)

λ̂(x, a, b) ≤M0(x
2 + 1) =M0V (x).

(iii) By condition (III), we have

sup
(a,b)∈A(x)×B(x)

c(x, a, b) ≤ ρ̂1 log(1 + x2) + L̂0,

where, 0 < ρ̂1 < min{α, ρ̂−1
0 α2}.

Hence Assumption (A1) is verified.

For all x ∈ S, V 2(x) ≥ 1. Now for any x ∈ S, (a, b) ∈ A(x)×B(x), we have

(i) ∫
S

V 2(y)q(dy|x, a, b) = λ̂(x, a, b)

[
1√
2πσ

∫ ∞

−∞
(y2 + 1)2e−

(y−x)2

2σ2 dy − (x2 + 1)2
]

= λ(x, a, b)[1 · 3σ4 + σ2(2 + 6x2)]

≤M0(x
2 + 1)[3σ4 + σ2(2 + 6x2)]

=M0σ
2(x2 + 1)(3σ2 + 2 + 6x2)

≤ 6M0σ
2(x2 + 1)(x2 + 1)(σ2 + 1)

= 6M0V
2(x)σ2(σ2 + 1)

≤ ρ2V
2(x) + 1

where ρ̂2 = 6M0σ
2(σ2+1), and b0 ∈ [1,∞). Then by condition (II), we have 0 < ρ̂2 < α.

Hence, Assumption (A2) is verified.

(i) By eq. (4.6.1) and conditions (II) and (III), q(·|x, a, b) and c(x, a, b) are continuous
in (a, b) ∈ A(x)×B(x).

(ii) By (4.6.2),
∫
S
V (y)q(dy|x, a, b) is continuous in (a, b) ∈ A(x)×B(x).

Hence Assumption (A3) is also verified. So, by Theorem 4.5.1, we say that there exists

a saddle-point equilibrium for our model.
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CHAPTER 5

Discrete-time zero-sum games for Markov chains

with risk-sensitive average cost criterion

5.1 Introduction

We address a risk-sensitive discrete-time zero-sum game with a long-run (or ergodic) cost

criterion where the underlying state dynamics are given by a controlled Markov process

determined by a prescribed transition kernel. The state space is a denumerable/compact

set, actions spaces are Borel spaces and the cost function is possibly unbounded for the

countable state space case and for the compact state space case, it is a real-valued and

bounded function.

The analysis of stochastic systems with the risk-sensitive ergodic criterion can be

traced back to the seminal papers by Jacobson in [73] and Howard and Matheson in [71].

The literature on risk-sensitive MDP under ergodic cost criterion is quite extensive, e.g.,

[2], [15], [21], [24], [25], [26], [30], [31], [47], [52], [67], [71], [81], [82], [94], [111], [114].

In [25], the authors studied risk-sensitive ergodic cost criterion for discrete-time Markov

decision processes (DTMDPs) with bounded cost using a simultaneous Doeblin condition

on a countable state space. Also, see [2], [24], and the references therein for multiplicative

ergodic theory. These papers used the eigenvalue approach to study risk-sensitive ergodic

control problems. The authors in [47], [94] used the results of [78], [79] to study their

risk-sensitive ergodic control problems. Also, in the context of controlled diffusions, the

eigenvalue approach is used in [5], [6], [7], [19] to study the risk-sensitive ergodic control

problems. The articles [12], [16] address zero-sum risk-sensitive stochastic games for

discrete-time Markov decision processes with discounted as well as ergodic cost criteria.

The analysis of the ergodic cost criterion in [12] is carried out using vanishing discount

asymptotics. The results of the article [12] are extended to the general state space case

in [16]. In [16], the ergodic cost criterion is studied under a local minorization property

and a Lyapunov condition. The analogous results in continuous-time setup are carried
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out in [45]. The corresponding nonzero-sum risk-sensitive ergodic stochastic games for

discrete-time Markov decision processes are studied in [13], [113].

In this chapter, we study the stochastic game problems for ergodic cost criterion by

analyzing the principal eigenpair of the associated Shapley equation. The analysis of

our ergodic game problems is inspired by the work of [2] and [21]. In [21], the authors

studied risk-sensitive discrete/continuous-time ergodic control problems for controlled

Markov processes with countable state space . They established the existence of a prin-

cipal eigenpair of the associated ergodic HJB equation. For this, they first studied the

corresponding Dirichlet eigenvalue problems on finite sets and then pass to the limit by

increasing the finite sets to countable state space. In [2], authors used a novel technique

to provide a variational formula for infinite-horizon risk-sensitive reward on a compact

state and action spaces. They build a nonlinear version of Krĕın-Rutman theorem to

study the corresponding ergodic HJB equation which leads to the existence of optimal

ergodic control. We have extended the results of [21] to a discrete-time zero-sum game

in this chapter. Also, in this chapter, we have analyzed the same problem (zero-sum

game problem) for bounded cost on compact state space by getting inspired by the work

of [2]. Moreover, this chapter can be seen as an extension of the results of [12] to the

case with unbounded cost. This is carried out under a certain Lyapunov type stability

condition. Also, we have extended the results of [12] to a compact state space case.

Under a certain condition, in this chapter, using a nonlinear version of the Krĕın-

Rutman theorem, we establish the existence of a principal eigenpair to the associated

Shapley equations for both countable/compact state space cases and show that the

principal eigenvalues are the values of the corresponding games. Also, we establish the

existence of a saddle-point equilibrium via the outer maximizing/minimizing selectors

of the associated Shapley equations. Additionally, we give a complete characterization

of all possible saddle-point strategies in the space of stationary Markov strategies.

The rest of this chapter is arranged as follows. Section 5.2 deals with problem

descriptions and preliminaries. In Section 5.3, we study Dirichlet eigenvalue problems. In

Section 5.4, we show that the risk-sensitive optimality equation (i.e., Shapley equation)

has a solution, obtain the value of the game and saddle-point equilibrium in the class of

stationary Markov strategies. We also completely characterize all possible saddle-point

strategies in the class of stationary strategies in this section. In Section 5.5, we present

an illustrative example. In the next section, we study the same problem on compact

state space. Section 5.7 concludes the chapter with some concluding remarks. The

content of this chapter is based on the published article [41].
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5.2 The game model

In this section, we introduce a discrete-time zero-sum stochastic game model which

consists of the following elements

{S,A,B, (A(i) ⊂ A,B(i) ⊂ B, i ∈ S), P (·|i, a, b), c(i, a, b)}. (5.2.1)

• S := {0, 1, · · · }, called the state space, endowed with the discrete topology of our

controlled Markov processes ξ := {ξ0, ξ1, · · · }.

• A and B are action spaces for players 1 and 2, respectively. The action spaces A

and B are assumed to be Borel spaces with the Borel σ-algebras B(A) and B(B),

respectively.

• For each i ∈ S, A(i) ∈ B(A) and B(i) ∈ B(B) denote the sets of admissible

actions for players 1 and 2, respectively when the system is at state i. For any

metric space Y , let P(Y ) denote the space of probability measures on B(Y ) with

Prohorov topology.

• Next P : K → P(S) is a transition (stochastic) kernel, where K := {(i, a, b)|i ∈
S, a ∈ A(i), b ∈ B(i)}, a Borel subset of S ×A×B . We assume that the function

P (j|i, a, b) is continuous in (a, b) ∈ A(i)×B(i) for any fixed i, j ∈ S.

• Finally, the function c : K → R+ denotes the cost function which is assumed to

be continuous in (a, b) ∈ A(i)×B(i) for any fixed i ∈ S.

The game evolves as follows. When the state i ∈ S at time t ∈ N0 := {0, 1, · · · }, players
independently choose actions at ∈ A(i) and bt ∈ B(i) according to some strategies,

respectively. As a consequence of this, the following happens:

• player 1 incurs an immediate cost c(i, at, bt) and player 2 receives a reward

c(i, at, bt);

• the system moves to a new state j ̸= i with the probability determined by

P (j|i, at, bt).

When the state of the system transits to a new state j, the above procedure repeats.

Both the players have full information of past and present states and past actions of both

players. The goal of player 1 is to maximize his/her accumulated costs, whereas that of

player 2 is to minimize the same with respect to some performance criterion J ·,·(·, ·),
which in our present case is defined by (5.2.3), below. At each stage, the players choose
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their actions on the basis of accumulated information. The available information for

decision making at time t ∈ N0, i.e., the history of the process up to time t is given by

ht := (i
′

0, (a0, b0), i
′

1, (a1, b1), · · · , i
′

t−1, (at−1, bt−1), i
′

t),

where H0 = S, Ht = Ht−1 × (A × B × S), · · · , H∞ = (A × B × S)∞ are the history

spaces. An admissible strategy for player 1 is a sequence π1 := {π1(t) : Ht → P(A)}t∈N0

of stochastic kernels satisfying π1(A(ξt)|ht, t) = 1, for all ht ∈ Ht; t ≥ 0, where {ξt}
is the state process. The set of all such strategies for player 1 is denoted by Π1

Ad. A

strategy for player 1 is called a Markov strategy if

π1(t)(ht−1, a, b, i) = π1(t)(h
′

t−1, a
′
, b

′
, i)

i.e., π1(t)(·|ht−1, a, b, i) = π1(t)(·|h′
t−1, a

′
, b

′
, i) for all ht−1, h

′
t−1 ∈ Ht−1, a, a

′ ∈ A, b, b
′ ∈

B, i ∈ S, t ∈ N0. Thus a Markov strategy for player 1 can be identified with a sequence

of maps, denoted by π1 ≡ {π1(t) : S → P(A)}t∈N0 . A Markov strategy {π1(t)} is called

stationary Markov for player 1, if it does not have any explicit time dependence, i.e.,

π1(t)(ht) = ϕ̃(i
′
t) i.e., π

1(·|ht, t) = ϕ̃(·|i′t) for all ht ∈ Ht for some mapping ϕ̃ satisfying

ϕ̃(A(i)|i) = 1 for all i ∈ S. The sets of all Markov strategies and all stationary Markov

strategies for player 1, are denoted by Π1
M and Π1

SM , respectively. Similarly, the set of all

admissible strategies, Markov strategies, and stationary Markov strategies for player 2

are defined similarly and denoted by Π2
Ad, Π

2
M , and Π2

SM , respectively. For each i, j ∈ S,

µ ∈ P(A(i)) and ν ∈ P(B(i)), the cost function c and the transition kernel P are

extended as follows:

c(i, µ, ν) :=

∫
B(i)

∫
A(i)

c(i, a, b)µ(da)ν(db),

P (j|i, µ, ν) :=
∫
B(i)

∫
A(i)

P (j|i, a, b)µ(da)ν(db),

(by abuse of notation we use the same notation c and P ). For a given initial distribution

π̃0 ∈ P(S) and a pair of strategies (π1, π2) ∈ Π1
Ad × Π2

Ad, by Tulcea’s Theorem (see

Proposition 7.28 of [17]), there exists unique probability measure P π1,π2

π̃0
on (Ω,B(Ω)),

where Ω = (S × A × B)∞. When π̃0 = δi, i ∈ S this probability measure is simply

written by P π1,π2

i satisfying

P π1,π2

i (ξ0 = i) = 1 and P π1,π2

i (ξt+1 ∈ D|Ht, π
1(t), π2(t)) = P (D|ξt, π1(t), π2(t)) ∀ D ∈ B(S).

(5.2.2)

Let Eπ1,π2

i denote the expectation with respect to the probability measure P π1,π2

i .

Now from [68, p. 6], we know that under any (π1, π2) ∈ Π1
M × Π2

M , the corresponding

stochastic process {ξt} is strong Markov.
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We now introduce some useful notations.

Notations:

For any finite set D ⊂ S, we define BD = {f : S → R | f is Borel measurable and f(i) =

0 ∀ i ∈ D c}, B+
D ⊂ BD denotes the cone of all nonnegative functions vanishing outside

D . Given any real-valued function V ≥ 1 on S, we define a Banach space (L∞
V (S), ∥ ·∥∞V )

of V-weighted functions by

L∞
V (S) =

{
f : S → R | ∥f∥∞V := sup

i∈S

|f(i)|
V(i)

<∞
}
.

For any ordered Banach space X̃ , a subset C̃ ⊂ X̃ and x, y ∈ X̃ , we define ⪰ as

x ⪰ y ⇔ x − y ∈ C̃, i.e., the partial ordering in X̃ with respect to the cone C̃. For any

subset B ⊂ S, τ(B) = inf{t : ξt ∈ B}, i.e., the first entry time of ξt to B. Also, for

any subset D ⊂ S, τ(D) := inf{t > 0 : ξt /∈ D} denotes the first exit time from D .

We now introduce the cost evaluation criterion.

Ergodic cost criterion: Now we define the risk-sensitive ergodic cost criterion for

zero-sum discrete-time games. Let θ > 0 be the risk-sensitive parameter. For each i ∈ S

and any (π1, π2) ∈ Π1
Ad × Π2

Ad, the risk-sensitive ergodic cost criterion is given by

J (i, c, π1, π2) := lim sup
T→∞

1

T
logEπ1,π2

i

[
eθ

∑T−1
t=0 c(ξt,π1(t),π2(t))

]
. (5.2.3)

Since the risk-sensitive parameter remains the same throughout, we assume without loss

of generality that θ = 1. The lower value and upper value of the game, are functions on

S, defined as

L(i) := sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) and U(i) := inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2) respec-

tively. It is easy to see that

L(i) ≤ U(i) for all i ∈ S.

If L(i) = U(i) for all i ∈ S, then the common function is called the value of the game

and is denoted by J ∗(i). A strategy π∗1 in Π1
Ad is said to be optimal for player 1 if

J (i, c, π∗1, π2) ≥ inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2) = U(i) ∀ i ∈ S, ∀π2 ∈ Π2
Ad.

Similarly, π∗2 ∈ Π2
Ad is optimal for player 2 if

J (i, c, π1, π∗2) ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) = L(i) ∀ i ∈ S, ∀π1 ∈ Π1
Ad.

If π∗k ∈ Πk
Ad is optimal for player k (k=1,2), then (π∗1, π∗2) is called a pair of optimal

strategies. The pair of strategies (π∗1, π∗2) at which this value is attained i.e., if

J (i, c, π1, π∗2) ≤ J (i, c, π∗1, π∗2) ≤ J (i, c, π∗1, π2), ∀π1 ∈ Π1
Ad, ∀π2 ∈ Π2

Ad,
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then the pair (π∗1, π∗2) is called a saddle-point equilibrium, and then π∗1 and π∗2 are

optimal for player 1 and player 2, respectively.

Following [12], the Shapley equation for the above problem is given by

eρψ(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ(j)P (j|i, µ, ν)
]
, i ∈ S.

In the above equation, ρ is a scalar and ψ is an appropriate function.

Our goal is to establish the existence of a saddle-point equilibrium among the class

of admissible history-dependent strategies and provide its complete characterization.

We now describe briefly our technique for establishing the existence of a saddle-point

equilibrium. We first construct an increasing sequence of bounded subsets of the state

space S. Then we apply Krĕın-Rutman theorem [4] on each bounded subset to obtain

a bounded solution of the corresponding Dirichlet eigenvalue problem, i.e., a solution

to the above equation on each finite subset with the condition that the solution is

zero in the complement of that subset. Using a suitable Lyapunov stability condition

(to be stated shortly), we pass to the limit and show that the risk-sensitive zero-sum

ergodic optimality equation admits a principal eigenpair. Subsequently, we establish a

stochastic representation of the principal eigenfunction. This enables us to characterize

all possible saddle-point equilibria in the space of stationary Markov strategies. To this

end, we make certain assumptions. First, we define a norm-like function which is used

in our assumptions.

Definition 5.2.1. A function f : S → R is said to be norm-like if for every k ∈ R, the
set {i ∈ S : f(i) ≤ k} is either empty or finite.

Since the cost function (i.e., c(i, a, b) ) may be unbounded, to guarantee the finiteness

of J (i, c, π1, π2), we use the following assumption.

(A1) We assume that the Markov chain {ξt}t≥0 is irreducible under every pair of

stationary Markov strategies (π1, π2) ∈ Π1
SM × Π2

SM . Also, assume that there exists a

constant C̃ > 0, a real-valued function V ≥ 1 on S and, a finite set K such that one of

the following hold.

(a) If the running cost is bounded: For some positive constant γ > ∥c∥∞, we have

the following blanket stability condition

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)P (j|i, a, b) ≤ C̃IK (i) + e−γV (i) ∀i ∈ S, (5.2.4)
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where ∥c∥∞ := sup
(i,a,b)∈K

c(i, a, b).

(b) If the running cost is unbounded: For some real-valued nonnegative norm-like

function ℓ on S it holds that

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)P (j|i, a, b) ≤ C̃IK (i) + e−ℓ(i)V (i) ∀i ∈ S, (5.2.5)

where the function ℓ(·)− max
(a,b)∈A(·)×B(·)

c(·, a, b) is norm-like.

Assumption (A1) and its variants are key conditions of the standard ergodicity hypoth-

esis, see [21], [59], [87]. In this context, [25] used the Doeblin condition, a stronger

assumption than a variant of Assumption (A1)(a) to study ergodic control problems.

The condition (5.2.5) plays important role in studing the ergodic optimal control prob-

lems with unbounded running cost. We show that, (5.2.5) implies (5.2.3) is finite. A

similar condition is also used in [10, Theorem 1.2], [24, Theorem 2.2] in the study of

multiplicative ergodicity. Also, we refer [27], [28], [29], [113] to see the importance of

Lyapunov stability assumption in studying stochastic control problem .

Let i0 ∈ S be a fixed state, we call it the reference state. Consider an increasing

sequence of finite subsets Dn ⊂ S such that ∪∞
n=1Dn = S and i0 ∈ Dn for all n ∈ N.

Recall that τ(Dn) := inf{t > 0 : ξt /∈ Dn}, is the first exit time from Dn. For our game

problem, we wish to establish the existence of a saddle-point equilibrium in the space

of stationary Markov strategies. To ensure the existence of saddle-point equilibrium,

we make the following assumptions.

(A2)

(i) The admissible action spaces A(i)(⊂ A) and B(i)(⊂ B) are compact for each i ∈ S.

(ii) We assume that for any n and any pair i, j ∈ Dn, the probability of hitting j from

i before exiting Dn is bounded from below by some δij,n > 0 under all stationary

Markov strategies i.e.,

inf
(π1,π2)∈Π1

SM×Π2
SM

P π1,π2

i (τ̂j < τ(Dn)) ≥ δij,n, (5.2.6)

where τ̂j denotes the hitting time to j i.e., for any pair i, j ∈ Dn, under any pair

of strategies (π∗1, π∗2) ∈ Π1
SM × Π2

SM , there exists i1, i2, · · · , im ∈ Dn satisfying

P (j|im, π∗1(im), π
∗2(im))P (im|im−1, π

∗1(im−1), π
∗2(im−1)) · · ·P (i1|i, π∗1(i), π∗2(i)) > 0.

(5.2.7)
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(iii) (i, a, b) →
∑
j∈S

V (j)P (j|i, a, b) is continuous in (a, b) ∈ A(i)×B(i), where V is the

Lyapunov function defined in Assumption (A1) .

Remark 5.2.2. (1) Assumption (A2)(i) and (A2)(iii) are standard continuity-

compactness assumption.

(2) Under Assumption (A2)(i), for each i ∈ S, by in [17, Proposition 7.22, p. 130], we

know that P(A(i)) and P(B(i)) are compact and metrizable. Note that π1 ∈ Π1
SM

can be identified with a map π1 : S → P(A) such that π1(·|i) ∈ P(A(i)) for

each i ∈ S. Thus, we have Π1
SM = Πi∈SP(A(i)). Similarly, Π2

SM = Πi∈SP(B(i)).

Therefore by Tychonoff theorem, the sets Π1
SM and Π2

SM are compact metric spaces

endowed with the product topology. Also, it is clear that these sets are convex.

(3) Instead of using (5.2.6), we can assume inf(π1,π2)∈Π1
SM×Π2

SM
P π1,π2

i (τ̂j < τ(Dn)) > 0.

Then this weaker condition also implies that ψn > 0, (see Lemma 5.3.4) .

Using generalized Fatou’s lemma as in [35], [69, Lemma 8.3.7], from Assumption (A2)

one can easily get the following result, which will be used in subsequent sections; we

omit the details.

Lemma 5.2.3. Under Assumptions (A1) and (A2), the functions
∑

j∈S P (j|i, µ, ν)f(j)
and c(i, µ, ν) are continuous at (µ, ν) on P(A(i)) × P(B(i)) for each fixed f ∈ L∞

V (S)

and i ∈ S.

5.3 Dirichlet eigenvalue problems

We begin this section by stating a version of the nonlinear Krĕın-Rutman theorem from

[4, Section 3.1], (cf. [80]) which plays a crucial role in our analysis of the Dirichlet

eigenvalue problems.

Theorem 5.3.1. Let X̃ be an ordered Banach space and C̃ a nonempty closed (cone)

subset of X̃ satisfying X̃ = C̃ −C̃. Let T̃ : X̃ → X̃ be a 1-homogeneous, order-preserving,

continuous, and compact map satisfying the property that for some nonzero ζ ∈ C̃ and

N̂ > 0, we have N̂ T̃ (ζ) ⪰ ζ. Then there exists a nontrivial f̂ ∈ C̃ and a scalar λ̃ > 0,

such that T̃ f̂ = λ̃f̂ .

In the following lemma, we establish a few important estimates which will play a

crucial role in our analysis.

Lemma 5.3.1. Suppose that Assumption (A1) holds. Let B ⊃ K be a finite subset of

S and let τ̂(B) = inf{t : ξt ∈ B}, be the first entry time of ξt to B. Then for any pair

of strategies (π1, π2) ∈ Π1
Ad × Π2

Ad we have the following:
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(i) If Assumption (A1)(a) holds: Then

Eπ1,π2

i

[
eγτ̂(B)V (ξτ̂(B))

]
≤ V (i) ∀ i ∈ Bc. (5.3.1)

(ii) If Assumption (A1)(b) holds:

Eπ1,π2

i

[
e
∑τ̂(B)−1

s=0 ℓ(ξs)V (ξτ̂(B))

]
≤ V (i) ∀ i ∈ Bc. (5.3.2)

Proof. This result is proved in [21, Lemma 2.3] for one controller case. The proof for

the two controller cases is analogous.

Now we prove the following existence result which is useful in establishing the exis-

tence of a Dirichlet eigenpair.

Proposition 5.3.2. Suppose Assumption (A2) holds. Take any function c̄ : K → R
which is continuous in (a, b) ∈ A(i) × A(i) for each fixed i ∈ S, satisfying the relation

c̄ < −δ in Dn, where δ > 0 is a constant and Dn is a finite set as described previously.

Then for any g ∈ BDn, there exists a unique solution φ ∈ BDn to the following nonlinear

equation

φ(i) = inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec̄(i,µ,ν)

∑
j∈S

φ(j)P (j|i, µ, ν) + g(i)

]
= sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec̄(i,µ,ν)

∑
j∈S

φ(j)P (j|i, µ, ν) + g(i)

]
∀i ∈ Dn.

(5.3.3)

Moreover, we have

φ(i) = inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π2(s))g(ξt)

]

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π2(s))g(ξt)

]
∀i ∈ S, (5.3.4)

where τ(Dn) := inf{t > 0 : ξt /∈ Dn}, first exit time from Dn.

Proof. Let g ∈ BDn . Define a map T̂ : BDn → BDn by

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec̄(i,µ,ν)

∑
j∈S

ϕ̃(j)P (j|i, µ, ν) + g(i)

]
= T̂ ϕ̃(i), i ∈ Dn, ϕ̃ ∈ BDn

and T̂ ϕ̃(i) = 0 for i ∈ D c
n. (5.3.5)
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Now, let ϕ̃1, ϕ̃2 ∈ BDn . Then

(T̂ ϕ̃2(i)− T̂ ϕ̃1(i)) ≤ max
i∈Dn

sup
µ∈P(A(i))

sup
ν∈P(B(i))

ec̄(i,µ,ν)∥ϕ̃2 − ϕ̃1∥Dn .

Similarly, we have

(T̂ ϕ̃1(i)− T̂ ϕ̃2(i)) ≤ max
i∈Dn

sup
µ∈P(A(i))

sup
ν∈P(B(i))

ec̄(i,µ,ν)∥ϕ̃2 − ϕ̃1∥Dn .

Hence

∥T̂ ϕ̃1(i)− T̂ ϕ̃2(i)∥Dn ≤ max
i∈Dn

sup
µ∈P(A(i))

sup
ν∈P(B(i))

ec̄(i,µ,ν)∥ϕ̃2 − ϕ̃1∥Dn ,

where for any function f ∈ BDn , ∥f∥Dn = max{|f(i)| : i ∈ Dn}. Since c̄ < 0, it is easy

to see that max
i∈Dn

sup
µ∈P(A(i))

sup
ν∈P(B(i))

ec̄(i,µ,ν) < 1. Hence T̂ is a contraction map. Thus by

Banach’s fixed point theorem, there exists a unique φ ∈ BDn such that T̂ (φ) = φ. Now

by applying Fan’s minimax theorem in [33, Theorem 3], we get

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec̄(i,µ,ν)

∑
j∈S

φ(j)P (j|i, µ, ν)
]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[
ec̄(i,µ,ν)

∑
j∈S

φ(j)P (j|i, µ, ν)
]
.

Hence we conclude that (5.3.3) has a unique solution. Now let (π∗1
n , π

∗2
n ) ∈ Π1

SM ×Π2
SM

be a mini-max selector of (5.3.3), i.e.,

φ(i) = inf
ν∈P(B(i))

[
ec̄(i,π

∗1
n (i),ν)

∑
j∈S

φ(j)P (j|i, π∗1
n (i), ν) + g(i)

]
= sup

µ∈P(A(i))

[
ec̄(i,µ,π

∗2
n (i))

∑
j∈S

φ(j)P (j|i, µ, π∗2
n (i)) + g(i)

]
. (5.3.6)

Now by Dynkin’s formula [113, Lemma 3.1], for any (π1, π2) ∈ Π1
Ad × Π2

Ad and N ∈ N,
we have

Eπ1,π2

i

[
e
∑N∧τ(Dn)−1

t=0 c̄(ξt,π1(t),π2(t))φ(ξN∧τ(Dn))

]
− φ(i)

= Eπ1,π2

i

[N∧τ(Dn)∑
t=1

e
∑t−1

r=0 c̄(ξr,π
1(r),π2(r))

(∑
j∈S

φ(j)P (j|ξt−1, π
1(t− 1), π2(t− 1))

− e−c̄(ξt−1,π1(t−1),π2(t−1))φ(ξt−1)

)]
. (5.3.7)

Then, using (5.3.6) and (5.3.7), we obtain

E
π1,π∗2

n
i

[N∧τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π∗2

n (ξs))g(ξt)

]
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≤ −Eπ1,π∗2
n

i

[
e
∑N∧τ(Dn)−1

s=0 c̄(ξs,π1(s),π∗2
n (ξs))φ(ξN∧τ(Dn))

]
+ φ(i).

Since c̄ < 0 and φ ∈ BDn , taking N → ∞ in the above equation and using the dominated

convergence theorem, we deduce that

E
π1,π∗2

n
i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π∗2

n (ξs))g(ξt)

]
≤ −Eπ1,π∗2

n
i

[
e
∑τ(Dn)−1

s=0 c̄(ξs,π1(s),π∗2
n (ξs))φ(ξτ(Dn))

]
+ φ(i).

Hence

φ(i) ≥ E
π1,π∗2

n
i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π∗2

n (ξs))g(ξt)

]
.

Since π1 ∈ Π1
Ad is arbitrary,

φ(i) ≥ sup
π1∈Π1

Ad

E
π1,π∗2

n
i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π∗2

n (ξs))g(ξt)

]

≥ inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π2(s))g(ξt)

]
. (5.3.8)

By similar arguments, using (5.3.6), (5.3.7) and the dominated convergence theorem, we

obtain

φ(i) ≤ inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
∗1
n (ξs),π2(s))g(ξt)

]

≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c̄(ξs,π
1(s),π2(s))g(ξt)

]
. (5.3.9)

Now combining (5.3.8) and (5.3.9), we obtain (5.3.4).

Next using Theorem 5.3.1, we show that for each n ∈ N, Dirichlet eigenpair exists in
Dn . That is we establish the following result.

Lemma 5.3.3. Suppose Assumptions (A1) and (A2) hold. Then there exists an eigen-

pair (ρn, ψn) ∈ R×B+
Dn
, ψn ⪈ 0 on Dn, for the following Dirichlet nonlinear eigenequa-

tion

eρnψn(i) = inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψn(j)P (j|i, µ, ν)
]

= sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψn(j)P (j|i, µ, ν)
]
. (5.3.10)
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The eigenvalue of the above equation satisfies

ρn ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2), (5.3.11)

for all i ∈ S such that ψn(i) > 0.

Proof. For some constant δ > 0, let us define c
′
(i, µ, ν) = c(i, µ, ν) − kn − δ in Dn,

where kn = sup
(i,µ,ν)∈Dn×P(A(i))×P(B(i))

|c(i, µ, ν)|. Then it is easy to see that c
′
(i, µ, ν) < −δ,

∀(i, µ, ν) ∈ Dn,×P(A(i))× P(B(i)). Now consider a mapping T̄n : BDn → BDn defined

by

T̄n(g)(i) := sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π1(s),π2(s))g(ξt)

]
, i ∈ Dn , (5.3.12)

with T̄n(g)(i) = 0 for i ∈ D c
n, where g ∈ BDn .

From Proposition 5.3.2 it is clear that T̄n is well defined. Since c
′
< −δ, for g1, g2 ∈ BDn ,

it follows that

∥T̄n(g1)− T̄n(g2)∥Dn ≤ α1∥g1 − g2∥Dn ,

for some constant α1 > 0. Hence the map T̄n is continuous.

Let g1, g2 ∈ BDn with g1 ⪰ g2. Also, let T̄n(gk) = φk, k = 1, 2. Thus φ2 is a solution of

φ2(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec

′
(i,µ,ν)

∑
j∈Dn

φ2(j)P (j|i, µ, ν) + g2(i)

]
= inf

ν∈P(B(i))

[
ec

′
(i,π∗1

n (i),ν)
∑
j∈Dn

φ2(j)P (j|i, π∗1
n (i), ν) + g2(i)

]
∀i ∈ Dn,

where π∗1
n ∈ Π1

SM is an outer maximizing selector. Therefore

T̄n(g1)(i)−T̄n(g2)(i)

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π1(s),π2(s))g1(ξt)

]

− sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π1(s),π2(s))g2(ξt)

]

= sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π1(s),π2(s))g1(ξt)

]

− inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π∗1

n (ξs),π2(s))g2(ξt)

]

≥ inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π∗1

n (ξs),π2(s))dsg1(ξt)

]
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− inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π∗1

n (ξs),π2(s))g2(ξt)

]

≥ inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[τ(Dn)−1∑
t=0

e
∑t−1

s=0 c
′
(ξs,π∗1

n (ξs),π2(s))(g1(ξt)− g2(ξt))

]
.

Hence T̄n(g1)(i)− T̄n(g2)(i) ≥ 0 for all i ∈ S. This implies that T̄n(g1) ⪰ T̄n(g2). Choose

a function g ∈ BDn such that g(i0) = 1 and g(j) = 0 for all j ̸= i0, where i0 is a fixed

state (see p. 106). Thus by (5.3.12), we have

T̄n(g)(i0) ≥ g(i0) > 0.

Thus we have T̄n(g) ⪰ g. Let {gm} ⊂ BDn be a bounded sequence. Then since c
′
< 0,

from (5.3.12), we get ∥T̄ngm∥∞ ≤ α2, for some constant α2 > 0. So, by a diagonalization

argument, there exists a subsequencemk ofm and a function ϕ ∈ BDn such that ∥T̄ngmk
−

ϕ∥Dn → 0 as k → ∞. Thus the map T̄n is completely continuous. By the definition of

the map T̄n, it is easy to see that T̄n(λg) = λT̄n(g) for all λ ≥ 0. Hence by Theorem

5.3.1, there exists a nontrivial ψn ∈ B+
Dn

and a constant λ
′

Dn
> 0 such that

T̄n(ψn) = λ
′

Dn
ψn i.e.,

λ
′

Dn
ψn(i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec

′
(i,µ,ν)

∑
j∈Dn

λ
′

Dn
ψn(j)P (j|i, µ, ν) + ψn(i)

]
∀i ∈ Dn.

(5.3.13)

Since ψn ≥ 0 and ψn(i) > 0, for some i ∈ Dn, it follows from (5.3.13) that

[
λ
′
Dn

−1

λ
′
Dn

]
≥ 0.

Next we prove (5.3.11). Now if

[
λ
′
Dn

−1

λ
′
Dn

]
= 0, it is easy to show that (5.3.11) holds.

Assume that

[
λ
′
Dn

−1

λ
′
Dn

]
> 0. Let ρ

′
n = log

[
λ
′
Dn

−1

λ
′
Dn

]
. Then from, (5.3.13), we get

eρ
′
nψn(i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec

′
(i,µ,ν)

∑
j∈Dn

ψn(j)P (j|i, µ, ν)
]
∀i ∈ Dn. (5.3.14)

Now multiplying both sides of (5.3.14) by ekn + δ and applying Fan’s minimax theorem,

(see [33, Theorem 3]), we obtain

eρnψn(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψn(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψn(j)P (j|i, µ, ν)
]
∀i ∈ Dn , (5.3.15)

where ρn = ρ
′
n + kn + δ , (where kn is defined on p. 111).
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Let π∗1
n ∈ Π1

SM be an outer maximizing selector of (5.3.10). Then we have

eρnψn(i) = inf
ν∈P(B(i))

[
ec(i,π

∗1
n (i),ν)

∑
j∈S

ψn(j)P (j|i, π∗1
n (i), ν)

]
∀i ∈ Dn. (5.3.16)

Therefore by using Dynkin’s formula and (5.3.16), we obtain

ψn(i) ≤ E
π∗1
n ,π2

i

[
e
∑T−1

s=0 (c(ξs,π∗1
n (ξs),π2(s))−ρn)ψn(ξT )I{T<τ(Dn)}

]
≤ (sup

Dn

ψn)E
π∗1
n ,π2

i

[
e
∑T−1

s=0 (c(ξs,π∗1
n (ξs),π2(s))−ρn)

]
. (5.3.17)

Now, taking logarithm on the both sides of (5.3.17), dividing by T and letting T → ∞,

for each i ∈ S for which ψn > 0, we deduce that

ρn ≤ J (i, c, π∗1
n , π

2).

Since π2 ∈ Π2
Ad is arbitrary, we get

ρn ≤ inf
π2∈Π2

Ad

J (i, c, π∗1
n , π

2) ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2).

Now, we show that the sequence {ρ}n is bounded, and for each n, ψn > 0 on Dn and

lim inf
n→∞

ρn ≥ 0 .

Lemma 5.3.4. Suppose Assumptions (A1) and (A2) hold. Then for each n, ψn > 0

on Dn and the sequence of eigenvalues {ρn}n of the above eq. (5.3.10) is bounded .

Moreover, we have

lim inf
n→∞

ρn ≥ 0 . (5.3.18)

Proof. We first prove that {ρn}n is bounded. Under Assumption (A1)(a) since ∥c∥∞ < γ,

it is easy to see that J (i, c, π1, π2) ≤ γ . Under Assumption (A1)(b) since K is finite,

there exists a constant k1 such that (5.2.5) can be written as

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)P (j|i, u, v) ≤ e(k1−ℓ(i))V (i) ∀i ∈ S. (5.3.19)

Then by using (5.2.2) and successive conditioning, we get

Eπ1,π2

i

[
e
∑T−1

t=0 (ℓ(ξt)−k1)V (ξT )

]
≤ V (i) ∀i ∈ S. (5.3.20)

Since, V ≥ 1, from (5.3.20), we get

J (i, ℓ, π1, π2) ≤ k1 for all i ∈ S.
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Now since ℓ− sup
(a,b)∈A(i)×B(i)

c(·, a, b) is norm-like, there exists a constant k2 such that for

all i ∈ S, we have sup
(a,b)∈A(i)×B(i)

c(i, a, b) ≤ ℓ(i) + k2. Hence we get

J (i, c, π1, π2) ≤ k1 + k2 ∀(π1, π2) ∈ Π1
Ad × Π2

Ad, ∀i ∈ S. (5.3.21)

Therefore using (5.3.11), it is clear that ρn has an upper bound.

Next we want to show that ρn is bounded below. To this end, first we claim that

ψn > 0 on Dn for each n. Let n ∈ N be fixed . Suppose that the claim is not true, then

there exists ĩ ∈ Dn such that ψn(̃i) = 0. Also, since ψn ⪈ 0 on Dn, there exists î ∈ Dn

such that ψn(̂i) > 0. Now, for any outer minimizing selector π∗2
n ∈ Π2

SM of (5.3.15), the

eq. (5.3.16) can be rewritten as

0 = eρnψn(̃i) =

[
ec(̃i,π

∗1
n (̃i),π∗2

n (̃i))
∑
j∈S

ψn(j)P (j |̃i, π∗1
n (̃i), π∗2

n (̃i))

]
. (5.3.22)

Again, in view of Assumption (A2)(ii), under any pair of strategies (π∗1
n , π

∗2
n ) ∈ Π1

SM ×
Π2
SM , there exists i1, i2, · · · , im ∈ Dn satisfying

P (̂i|im, π∗1
n (im), π

∗2
n (im))P (im|im−1, π

∗1
n (im−1), π

∗2
n (im−1)) · · ·P (i1|̃i, π∗1

n (̃i), π∗2
n (̃i)) > 0.

(5.3.23)

Thus, from (5.3.22) and (5.3.23), we deduce that ψn(̂i) = ψn(i1) = · · · = ψn(im) =

ψn(̃i) = 0. But this contradicts the fact that ψn is nontrivial. Since, n is arbitrary, this

establishes our claim. So, for all n we can pin ψn such that ψn(i0) = 1, where i0 is a

reference state (defined as in p. 106).

Now, suppose that the sequence {ρn}n is not bounded below. Hence, along a

subsequence ρn → −∞ as n → ∞. So, ρn < 0 for all large enough n. Let

(π∗1
n , π

∗2
n ) ∈ Π1

SM × Π2
SM be a mini-max selector of (5.3.10), thus we have

1 = ψn(i0) = e−ρn sup
µ∈P(A(i0))

[
ec(i0,µ,π

∗2
n (i0))

∑
j∈S

ψn(j)P (j|i0, µ, π∗2
n (i0))

]
= e−ρn

[
ec(i0,π

∗1
n (i0),π∗2

n (i0))
∑
j∈S

ψn(j)P (j|i0, π∗1
n (i0), π

∗2
n (i0))

]
. (5.3.24)

Since ρn < 0 for all large enough n, and our cost function c is nonnegative, it is easy

to see that c(i0, π
∗1
n (i0), π

∗2
n (i0)) − ρn > 0, for all large enough n. Assumption (A2)(ii),

implies that for any j ∈ Dn, under any pair of strategies (π1, π2) ∈ Π1
SM × Π2

SM , there

exists i1, i2, · · · , im ∈ Dn satisfying

P (j|im, π1(im), π
2(im))P (im|im−1, π

1(im−1), π
2(im−1)) · · ·P (i1|i0, π1(i0), π

2(i0)) > 0.
(5.3.25)
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We claim that if j ∈ Dn, then

inf
(π1,π2)∈Π1

SM×Π2
SM

P π1,π2

i0
(τ̂j ≤ n ∧ τ(Dn)) ≥ k(j, n), for some constant k(j, n) > 0.

(5.3.26)

If not, suppose there exists a pair (π̃1
k, π̃

2
k) ∈ Π1

SM × Π2
SM such that P

π̃1
k,π̃

2
k

i0
(τ̌j ≤ n ∧

τ(Dn)) → 0 as k → ∞. Now, since Π1
SM and Π2

SM are compact, there exist a further

subsequence and π̃1 ∈ Π1
SM and π̃2 ∈ Π2

SM , such that π̃1
k → π̃1 and π̃2

k → π̃2 as k → ∞.

By Assumption (A2), we know that the law of ξk converges to ξ, where ξk (ξ) is the

DTMDP governed by (π̃1
k, π̃

2
k) ((π̃

1, π̃2) respectively). So, for every p ≤ n,

P π̃1,π̃2

i0
(ξi ∈ Dn\{i0, j}, ξp = j for all i ≤ p− 1)

= lim
k→∞

P
π̃1
k,π̃

2
k

i0
(ξk,i ∈ Dn\{i0, j}, ξk,p = j for all i ≤ p− 1)

≤ lim
k→∞

P
π̃1
k,π̃

2
k

i0
(τ̌j ≤ n ∧ τ(Dn)) = 0.

So, this contradicts (5.3.25). Hence, we must have (5.3.26).

From the monotonicity of τ(Dn), it then follows that for Dn ⊃ Dm ∋ j, we have

inf
(π1,π2)∈Π1

SM×Π2
SM

P π1,π2

i0
(τ̂j ≤ m ∧ τ(Dn)) ≥ inf

(π1,π2)∈Π1
SM×Π2

SM

P π1,π2

i0
(τ̂j ≤ m ∧ τ(Dm)) ≥ k(j,m).

(5.3.27)

Since for large enough n, c(i0, π
∗1
n (i0), π

∗2
n (i0))− ρn > 0, from (5.3.24), we have

1 = ψn(i0) = E
π∗1
n ,π∗2

n
i0

[
e
∑m∧τ(Dn)∧τ̂j−1

t=0 (c(ξt,π∗1
n (ξt),π∗2

n (ξt))−ρn)ψn(ξm∧τ(Dn)∧τ̌j)

]
≥ E

π∗1
n ,π∗2

n
i0

[
ψn(ξm∧τ(Dn)∧τ̂j)

]
≥ ψn(j) inf

(π1,π2)∈Π1
SM×Π2

SM

P π1,π2

i0
(τ̂j ≤ m ∧ τ(Dn))

≥ k(j,m)ψn(j) (using (5.3.27)).

Choose m = j + 1. Then for all n > j, we have ψn(j) ≤ 1
k(j,j+1)

, ∀j ∈ S. This

implies that, {ψn} has an upper bound. Thus by a standard diagonalization argument,

there exists a subsequence (by abuse of notation denoting by the same sequence) and

a bounded function ψ ≥ 0 with ψ(i0) = 1 such that ψn(i) → ψ(i), as n → ∞ for all

i ∈ S. Now, since Π1
SM and Π2

SM are compact, there exist a further subsequence and

π∗1 ∈ Π1
SM and π∗2 ∈ Π2

SM , such that π∗1
n → π∗1 and π∗2

n → π∗2 as n→ ∞. Since c ≥ 0,

(5.3.10) gives us

eρnψn(i) ≥
[∑
j∈S

ψn(j)P (j|i, π∗1
n (i), π∗2

n (i))

]
. (5.3.28)
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Hence, by taking n→ ∞, it follows that∑
j∈S

ψ(j)P (j|i, π∗1(i), π∗2(i)) ≤ 0, i ∈ S. (5.3.29)

In view of (5.3.29), we claim that ψ ≡ 0. If not then there exists î ∈ S such that

ψ∗(̂i) > 0. Also, since ψ ≥ 0 from (5.3.29), it is easy to see that there exists a point

ĩ ∈ S for which ψ(̃i) = 0. Now, since {ξt} is irreducible under any pair of strategies

(π∗1, π∗2) ∈ Π1
SM × Π2

SM , there exists i1, i2, · · · , im ∈ S satisfying

P (̂i|im, π∗1(im), π
∗2(im))P (im|im−1, π

∗1(im−1), π
∗2(im−1)) · · ·P (i1|̃i, π∗1(̃i), π∗2(̃i)) > 0.

Thus, from (5.3.29) we deduce that ψ(̂i) = ψ(i1) = · · · = ψ(im) = ψ(̃i) = 0. But this

contradicts to the fact that ψ(̂i) > 0. This proves the claim . But since ψ(i0) = 1, this

is a contradiction. Therefore, we obtain that, {ρn} is bounded below.

Now we show that ρ∗ = lim inf
n→∞

ρn ≥ 0. If not, then on contrary, ρ∗ < 0. So, for large

enough n, ρn < 0. Since, our cost function c is nonnegative, for large enough n, c(i, µ, ν)−
ρn > 0 for all (µ, ν) ∈ P(A(i)) × P(B(i)). So, by repeating the above arguments,

there exists a subsequence (by abuse of notation denoting by the same sequence) and a

bounded function ϕ ≥ 0 with ϕ(i0) = 1 such that ψn(i) → ϕ(i), as n→ ∞ for all i ∈ S.

From (5.3.10), we have

ψn(i) ≥
[∑
j∈S

ψn(j)P (j|i, π∗1
n (i), π∗2

n (i))

]
, (5.3.30)

where (π∗1
n , π

∗2
n ) is a mini-max selector of (5.3.10) . By Fatou’s lemma, taking n → ∞,

we deduce that

ϕ(i) ≥ Eπ∗1,π∗2

i [ϕ(ξ1)] ∀i ∈ S,

for some pair of stationary strategies (π∗1, π∗2) ∈ Π1
SM × Π2

SM . Hence, {ϕ(ξm),Fm} is

supermartingale where {ξt} is the Markov process under the pair of stationary strategies

(π∗1, π∗2) ∈ Π1
SM × Π2

SM . So, by Doob’s martingale convergence theorem ϕ(ξm) → Ŷ

almost surely, as m → ∞. On the other hand by Assumption (A1), we have {ξt} is

recurrent. Hence {ξt} visits every state (in particular i0) of S infinitely often. Since,

ϕ(i0) = 1, {ϕ(ξm)} converges only if ϕ ≡ 1. Now, taking limit n → ∞ in (5.3.10), we

obtain

1 = ϕ(i) ≥ ec(i,π
∗1(i),π∗2(i))−ρ∗ > 1.

But this is a contradiction. Thus, lim inf
n→∞

ρn ≥ 0.
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5.4 Existence of risk-sensitive average optimal

strategies

In this section, we prove the existence of a risk-sensitive average optimal stationary

strategy using the Shapley equation. Now we state and prove our main result of this

section.

Theorem 5.4.1. Suppose Assumptions (A1) and (A2) hold. Then there exists a unique

(upto a scalar multiplication) eigenpair (ρ∗, ψ∗) ∈ R+ × L∞
V (S) with ψ∗ > 0, such that

eρ
∗
ψ∗(i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]

= inf
ν∈P(V (i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]
, i ∈ S. (5.4.1)

Moreover, we have the following

(i)

ρ∗ = inf
i∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) = inf
i∈S

inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2). (5.4.2)

(ii) If (π∗1, π∗2) ∈ Π1
SM × Π2

SM be a mini-max selector of (5.4.1), then (π∗1, π∗2) ∈
Π1
SM × Π2

SM is a saddle-point equilibrium, i.e.,

J (i, c, π1, π∗2) ≤ J (i, c, π∗1, π∗2) = ρ∗ ≤ J (i, c, π∗1, π2), ∀π1 ∈ Π1
Ad, ∀π2 ∈ Π2

Ad.
(5.4.3)

Thus the value of the game is independent of the initial state.

(iii) Let (π∗1, π∗2) ∈ Π1
SM ×Π2

SM is a saddle-point equilibrium, then this pair is a mini-

max selector of (5.4.1).

The rest of this section is dedicated to the proof of Theorem 5.4.1.

Since c ≥ 0, using Assumption (A1), there exists a finite set B containing K such

that we have the following:

• Under Assumption (A1)(a): since γ > ∥c∥∞, from (5.3.11) we have ρn ≤ γ. Thus,

for all large enough n it holds that(
sup

(a,b)∈A(i)×B(i)

c(i, a, b)− ρn

)
< γ ∀i ∈ Bc. (5.4.4)
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• Under Assumption (A1)(b): since the function ℓ(·)− max
(a,b)∈A(·)×B(·)

c(·, a, b) is norm-

like, for all large enough n it holds that(
sup

(a,b)∈A(i)×B(i)

c(i, a, b)− ρn

)
< ℓ(i) ∀i ∈ Bc. (5.4.5)

Now letting n→ ∞ from (5.3.10) we show that the limiting equation admits a positive

eigenpair.

Lemma 5.4.1. Suppose Assumptions (A1) and (A2) hold. Then there exists an eigen-

pair (ρ∗, ψ∗) ∈ R+ × L∞
V (S) with ψ∗ > 0, such that

eρ
∗
ψ∗(i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]
, i ∈ S. (5.4.6)

Furthermore, for any mini-max selector (π∗1, π∗2) ∈ Π1
SM ×Π2

SM of (5.4.6) we have the

following:

(i)

ρ∗ ≤ inf
i∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2). (5.4.7)

(ii) For any finite set B1 ⊃ B, we have the following stochastic representation of the

eigenfunction

ψ∗(i) = inf
π2∈Π2

Ad

Eπ∗1,π2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π∗1(ξt),π2(t))−ρ∗)ψ∗(ξτ̂(B1))

]
= sup

π1∈Π1
Ad

Eπ1,π∗2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π1(t),π∗2(ξt))−ρ∗)ψ∗(ξτ̂(B1))

]
∀i ∈ Bc

1. (5.4.8)

Proof. First we scale ψn in such a way that we obtain ψn(i) ≤ V (i) for all i ∈ S. Set

θ̃n = sup{α > 0 : (V − αψn) > 0 in S}.

Since ψn vanishes in D c
n and ψn > 0 on Dn, it follows that θ̃n is finite. We claim that

if we replace ψn by θ̃nψn, then ψn touches V inside B. If this is not true, then on the

contrary, we assume that for some state î ∈ Bc∩Dn, (V −ψn)(̂i) = 0 and V −ψn > 0 in

B ∪ D c
n. Let π∗1

n be an outer maximizing selector of (5.3.10). Then under Assumption

(A1)(b), applying Dynkin’s formula (as in [113, Lemma 3.1]), we obtain

ψn(̂i) ≤ E
π∗1
n ,π2

î

[
e
∑N∧τ̂(B)−1

s=0 (c(ξs,π∗1
n (ξs),π2(s))−ρn)ψn(ξN∧τ̂(B))I{N∧τ̂(B)<τ(Dn)}

]
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≤ E
π∗1
n ,π2

î

[
e
∑N∧τ̂(B)−1

s=0 ℓ(ξs)ψn(ξN∧τ̂(B))I{N∧τ̂(B)<τ(Dn)}

]
.

Since ψn ≤ V (by our scaling), in view of Lemma 5.3.1, by the dominated convergence

theorem taking N → ∞, we get

ψn(̂i) ≤ E
π∗1
n ,π2

î

[
e
∑τ̂(B)−1

s=0 ℓ(ξs)dsψn(ξτ̂(B))

]
.

Combining this and (5.3.2), we get

0 = (V − ψn)(̂i) ≥ E
π∗1
n ,π2

î

[
e
∑τ̂(B)−1

s=0 ℓ(ξs)ds(V − ψn)(ξτ̂(B))

]
> 0.

But this is a contradiction. Thus ψn touches V inside B. Using estimate as in (5.3.1),

one can show that similar conclusion holds under Assumption (A1)(a) .

So, there exists a point i∗ ∈ B such that (V − ψn)(i
∗) = 0, for all large n. Since

ψn ≤ V , by diagonalization arguments, there exists a subsequence (here we use the

same sequence by abuse of notation), and a function ψ∗ ≤ V such that ψn → ψ∗ as

n → ∞. Again, from Lemma 5.3.4, we know that the sequence {ρn} is bounded and

lim inf
n→∞

ρn ≥ 0, thus along a further subsequence we have ρn → ρ∗ as n → ∞ for some

ρ∗ ≥ 0.

Also, we have (V − ψ∗)(̂i∗) = 0 for some î∗ ∈ B. By the continuity-compactness

assumptions, for any mini-max selector (π∗1
n , π

∗2
n ) ∈ Π1

SM × Π2
SM of (5.3.10), we get

eρnψn(i) = sup
µ∈P(A(i))

[
ec(i,µ,π

∗2
n (i))

∑
j∈S

ψn(j)P (j|i, µ, π∗2
n (i))

]
= inf

ν∈P(B(i))

[
ec(i,π

∗1
n (i),ν,)

∑
j∈S

ψn(j)P (j|i, π∗1
n (i), ν)

]
. (5.4.9)

Note that since ψn ∈ L∞
V (S), we have∑

j∈S

ψn(j)P (j|i, a, b) ≤
∑
j∈S

V (j)P (j|i, a, b) ∀(i, a, b) ∈ K. (5.4.10)

Since Π1
SM and Π2

SM are compact there exists (π∗1, π∗2) ∈ Π1
SM ×Π2

SM such that π∗1
n →

π∗1 and π∗2
n → π∗2 as n→ ∞. Now, from (5.4.9) we obtain,

eρnψn(i) ≥
[
ec(i,µ,π

∗2
n (i))

∑
j∈S

ψn(j)P (j|i, µ, π∗2
n (i))

]
. (5.4.11)

Then, using Lemma 5.2.3, taking n→ ∞ from (5.4.11), by the extended Fatou’s lemma

[35], [69, Lemma 8.3.7], we obtain

eρ
∗
ψ∗(i) ≥ ec(i,µ,π

∗2(i))
∑
j∈S

ψ∗(j)P (j|i, µ, π∗2(i)).
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Thus

eρ
∗
ψ∗(i) ≥ sup

µ∈P(A(i))

[
ec(i,µ,π

∗2(i))
∑
j∈S

ψ∗(j)P (j|i, µ, π∗2(i))

]
≥ inf

ν∈P(B(i))
sup

µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]
. (5.4.12)

Also, from (5.4.9), we get

eρnψn(i) ≤
[
ec(i,π

∗1
n (i),ν)

∑
j∈S

ψn(j)P (j|i, π∗1
n (i), ν)

]
.

Using (5.4.10), by the dominated convergence theorem, taking limit n → ∞ in above

equation, we deduce that

eρ
∗
ψ∗(i) ≤ inf

ν∈P(B(i))

[
ec(i,π

∗1(i),ν)
∑
j∈S

ψ∗(j)P (j|i, π∗1(i), ν)

]
≤ sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]
. (5.4.13)

Hence by (5.4.12) and (5.4.13), we get (5.4.6). Since we have (V − ψ∗)(̂i∗) = 0 and

V ≥ 1, it follows that ψ∗ is nontrivial.

Now, we claim that ψ∗ > 0. If not, then on contrary there exists a point ĩ ∈ S for

which ψ∗(̃i) = 0. Again by continuity-compactness assumptions, there exists a mini-max

selector (π∗1, π∗2) such that (5.4.6) can be rewritten as

eρ
∗
ψ∗(i) =

[
ec(i,π

∗1(i),π∗2(i))
∑
j∈S

ψ∗(j)P (j|i, π∗1(i), π∗2(i))

]
∀i ∈ S.

So, we get

0 = eρ
∗
ψ∗(̃i) =

[
ec(̃i,π

∗1 (̃i),π∗2 (̃i))
∑
j∈S

ψ∗(j)P (j |̃i, π∗1(̃i), π∗2(̃i))

]
. (5.4.14)

Since ψ∗ is nontrivial, there exists î ∈ S such that ψ∗(̂i) > 0. Again, since ξ is irreducible

under any pair of strategies (π∗1, π∗2) ∈ Π1
SM × Π2

SM , there exists i1, i2, · · · , in ∈ S

satisfying

P (̂i|in, π∗1(in), π
∗2(in))P (in|in−1, π

∗1(in−1), π
∗2(in−1)) · · ·P (i1|̃i, π∗1(̃i), π∗2(̃i)) > 0.

Thus, from (5.4.14) we deduce that ψ∗(̂i) = ψ∗(i1) = · · · = ψ∗(in) = ψ∗(̃i) = 0. But this

contradicts the fact that ψ∗ is nontrivial. This establishes our claim.

Next we prove (5.4.7). Since ψn > 0 on Dn for all n, using (5.3.11), we have ρ∗ =

lim
n→∞

ρn ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) for all i ∈ S.
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Finally, we prove the stochastic representation (5.4.8) of ψ∗. As before there exists

a pair of strategies (π∗1, π∗2) ∈ Π1
SM × Π2

SM satisfying

eρ
∗
ψ∗(i) = sup

µ∈P(A(i))

[
ec(i,µ,π

∗2(i))
∑
j∈S

ψ∗(j)P (j|i, µ, π∗2(i))

]
= inf

ν∈P(B(i))

[
ec(i,π

∗1(i),ν)
∑
j∈S

ψ∗(j)P (j|i, π∗1(i), ν)

]
. (5.4.15)

Now for any finite set B1 ⊃ B, applying Dynkin’s formula (as in [113, Lemma 3.1])

from (5.4.15), we get

ψ∗(i) ≤ Eπ∗1,π2

i

[
e
∑τ̂(B1)∧N−1

t=0 (c(ξt,π∗1(ξt),π2(t))−ρ∗)ψ∗(ξτ̂(B1)∧N)

]
∀i ∈ Bc

1.

Since ψ∗ ≤ V , using estimates of Lemma 5.3.1, by the dominated convergence theorem

taking N → ∞, it follows that

ψ∗(i) ≤ Eπ∗1,π2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π∗1(ξt),π2(t))−ρ∗)ψ∗(ξτ̂(B1))

]
∀i ∈ Bc

1. (5.4.16)

Hence

ψ∗(i) ≤ inf
π2∈Π2

Ad

Eπ∗1,π2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π∗1(ξt),π2(t))−ρ∗)ψ∗(ξτ̂(B1))

]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π1(t),π2(t))−ρ∗)ψ∗(ξτ̂(B1))

]
, ∀i ∈ Bc

1. (5.4.17)

Now using (5.4.15) and Dynkin’s formula

ψ∗(i) ≥ Eπ1,π∗2

i

[
e
∑τ̂(B1)∧N−1

t=0 (c(ξt,π1(t),π∗2(ξt))−ρ∗)ψ∗(ξτ̂(B1)∧N)

]
∀i ∈ Bc

1.

In view of Lemma 5.3.1 by Fatou’s lemma taking N → ∞, we get

ψ∗(i) ≥ Eπ1,π∗2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π1(t),π∗2(ξt))−ρ∗)ψ∗(ξτ̂(B1))

]
, ∀i ∈ Bc

1. (5.4.18)

Hence,

ψ∗(i) ≥ sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π1(t),π∗2(ξt))−ρ∗)ψ∗(ξτ̂(B1))

]
≥ inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
e
∑τ̂(B1)−1

t=0 (c(ξt,π1(t),π2(t))−ρ∗)ψ∗(ξτ̂(B1))

]
, ∀i ∈ Bc

1. (5.4.19)

From (5.4.17) and (5.4.19), we get eq. (5.4.8).

Next, we prove the existence of the value of the game. To this end we first perturb

the cost function as follows:
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• When Assumption (A1)(a) holds: Let α3 > 0, be a small number satisfying ∥c∥∞+

α3 < γ. Now we define c̃n(i, a, b) = c(i, a, b)IDn(i) + (∥c∥∞ + α3)IDc
n
∀(a, b) ∈

A(i)×B(i), i ∈ S. Note ∥c̃n∥∞ < γ, where ∥c̃n∥∞ = sup(i,a,b)∈K c̃n(i, a, b).

• When Assumption (A1)(b) holds: Define

c̃n(i, a, b) = c(i, a, b) +
1

n
[ℓ(i)− sup

(a,b)∈A(i)×B(i)

c(i, a, b)]+ ∀(a, b) ∈ A(i)×B(i), i ∈ S.

Since the function [ℓ(·) − sup
(a,b)∈A(·)×B(·)

c(·, a, b)]+ is norm-like function, we have

ℓ− sup
(a,b)∈A(·)×B(·)

c̃n(·, a, b) is norm-like for large enough n.

Theorem 5.4.2. Suppose that Assumptions (A1) and (A2) hold. Let (π∗1, π∗2) ∈ Π1
SM×

Π2
SM be any mini-max selector of (5.4.6), i.e. (π∗1, π∗2) ∈ Π1

SM × Π2
SM satisfies

eρ
∗
ψ∗(i) = sup

µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ∗(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

[
ec(i,π

∗1(i),ν,)
∑
j∈S

ψ∗(j)P (j|i, π∗1(i), ν)

]
= sup

µ∈P(A(i))

[
ec(i,µ,π

∗2(i))
∑
j∈S

ψ∗(j)P (j|i, µ, π∗2(i))

]
, i ∈ S. (5.4.20)

Then we have

ρ∗ = inf
i∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) = inf
i∈S

inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2)

= inf
i∈S

inf
π2∈Π2

Ad

J (i, c, π∗1, π2) = inf
i∈S

sup
π1∈Π1

Ad

J π1,π∗2
(i, c) = J (i, c, π∗1, π∗2). (5.4.21)

Proof. Arguing as Lemma 5.4.1, for the stationary strategy π∗2 ∈ Π2
SM , there exists an

eigenpair (ρ̂n, ψ̂n) ∈ R+ × L∞
V (S) with ψ̂n > 0 satisfying

eρ̂nψ̂n(i) = sup
µ∈P(A(i))

[
ec̃n(i,µ,π

∗2(i))
∑
j∈S

ψ̂n(j)P (j|i, µ, π∗2(i))

]
, i ∈ S (5.4.22)

such that

0 ≤ ρ̂n ≤ sup
π1∈Π1

Ad

J (i, c̃n, π
1, π∗2). (5.4.23)

Also,

ψ̂n(i) = sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
e
∑τ̂(B1)−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt))−ρ̂n)ψ̂n(ξτ̂(B1))

]
, i ∈ Bc

1, (5.4.24)
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for some finite set B1 containing B.

Now as in Lemma 5.4.1, we have a finite set B̃1, depending on n, containing K such

that:

• Under Assumption (A1)(a): From (5.4.23), we have ρ̂n ≤ ∥c̃n∥∞. So, from the

above definition of c̃n, for i ∈ D c
n, we have c̃n(i, a, b) − ρ̂n ≥ 0 for all (a, b) ∈

A(i)×B(i). Consequently, we may take B̃1 = Dn such that c̃n(i, a, b)− ρ̂n ≥ 0 in

B̃c
1 for all (a, b) ∈ A(i)×B(i).

• Under Assumption (A1)(b): since c̃n is norm-like function, we can choose suitable

finite set B̃1 such that (c̃n(i, a, b)− ρ̂n) ≥ 0 in B̃c
1 for all (a, b) ∈ A(i)×B(i).

From (5.4.22), we obtain

ψ̂n(i) ≥
[
e(c̃n(i,µ,π

∗2(i))−ρ̂n)
∑
j∈S

ψ̂n(j)P (j|i, µ, π∗2(i))

]
. (5.4.25)

By Dynkin’s formula from (5.4.25), we deduce that

ψ̂n(i) ≥ Eπ1,π∗2

i

[
e
∑τ̂(B̃1)∧N−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt−))−ρ̂n)ψ̂n(ξτ̌(B̃1)∧N)

]
.

Since c̃n(i, a, b) − ρ̂n ≥ 0, in B̃c
1, for all (a, b) ∈ A(i) × B(i), by Fatou lemma taking

N → ∞, we obtain

ψ̂n(i) ≥ Eπ1,π∗2

i

[
e
∑τ̂(B̃1)−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt))−ρ̂n)ψ̂n(ξτ̂(B̃1)
)

]
≥ min

B̃1

ψ̂n ∀ i ∈ B̃c
1.

So, ψ̂n has a lower bound. Again by Dynkin’s formula from (5.4.22), we get

ψ̂n(i) ≥ Eπ1,π∗2

i

[
e
∑T∧τ(Dn)−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt))−ρ̂n)ψ̂n(ξT∧τ(Dn))

]
.

By Fatou’s lemma, taking m→ ∞, we obtain

ψ̂n(i) ≥ Eπ1,π∗2

i

[
e
∑T−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt))−ρ̂n)ψ̂n(ξT )

]
≥ (min

B̃1

ψ̂n)E
π1,π∗2

i

[
e
∑T−1

t=0 (c̃n(ξt,π1(t),π∗2(ξt))−ρ̂n)
]
.

So, taking logarithm both sides, dividing by T and letting T → ∞, we deduce that

ρ̂n ≥ J (i, c̃n, π
1, π∗2).

Since π1 ∈ Π1
Ad is arbitrary,

ρ̂n ≥ sup
π1∈Π1

Ad

J (i, c̃n, π
1, π∗2) ≥ sup

π1∈Π1
Ad

J (i, c, π1, π∗2).
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Using this and (5.4.23), we get sup
π1∈Π1

Ad

J (i, c, π1, π∗2) ≤ sup
π1∈Π1

Ad

J (i, c̃n, π
1, π∗2) = ρ̂n for

all n. Now, by suitable scaling as in the proof of Lemma 5.4.1, it is easy to see that

ψ̂n ≤ V and it touches V . Also, we note from the definition of c̃n that ρ̂n is a monotone

decreasing sequence bounded below. Thus, using diagonalization arguments, there exists

a subsequence (denoting the same sequence) and a pair (ρ̂, ψ̂), ψ̂ > 0 such that ρ̂n → ρ̂

and ψ̂n → ψ̂ as n→ ∞. Now arguing as in the proof of Lemma 5.4.1, taking n→ ∞ in

(5.4.22), we get

eρ̂ψ̂(i) = sup
µ∈P(A(i))

[
ec(i,µ,π

∗2(i))
∑
j∈S

ψ̂(j)P (j|i, µ, π∗2(i))

]
. (5.4.26)

Also, we have lim
n→∞

ρ̂n = ρ̂ ≥ sup
π1∈Π1

Ad

J (i, c, π1, π∗2) ≥ inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2) ≥ ρ∗.

We want to show that ρ̂ = ρ∗. By continuity-compactness assumptions, there exists

π̂∗1 such that (5.4.26) can be rewritten as

eρ̂ψ̂(i) =

[
ec(i,π̂

∗1(i),π∗2(i))
∑
j∈S

ψ̂(j)P (j|i, π̂∗1(i), π∗2(i))

]
. (5.4.27)

By Dynkin’s formula, for some B2 containing B, we have

ψ̂(i) = Eπ̂∗1,π
∗2

i

[
e
∑τ̂(B2)∧N−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ̂)ψ̂(ξτ̂(B2)∧N)

]
, ∀i ∈ Bc

2. (5.4.28)

Using the estimates of Lemma 5.3.1 and the dominated convergence theorem, taking

N → ∞ in (5.4.28), we obtain

ψ̂(i) = Eπ̂∗1,π∗2

i

[
e
∑τ̂(B2)−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ̂)ψ̂(ξτ̂(B2))

]
, ∀i ∈ Bc

2. (5.4.29)

Since ρ̂ ≥ ρ∗, from (5.4.8) we have

ψ∗(i) ≥ Eπ̂∗1,π∗2

i

[
e
∑τ̂(B2)−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ̂)ψ∗(ξτ̂(B2))

]
∀i ∈ Bc

2. (5.4.30)

Hence, from (5.4.29) and (5.4.30), it follows that

ψ∗(i)− k̂1ψ̂(i) ≥ Eπ̂∗1,π
∗2

i

[
e
∑τ̂(B2)−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ̂)(ψ∗ − k̂1ψ̂)(ξτ̂(B2))

]
∀i ∈ Bc

2.

(5.4.31)

Let k̂1 = min
B2

ψ∗

ψ̂
, thus we have (ψ∗ − k̂1ψ̂) ≥ 0 in B2 and for some î0 ∈ B2, (ψ∗ −

k̂1ψ̂)(̂i0) = 0. Therefore, from (5.4.31), we obtain that (ψ∗ − k̂1ψ̂) ≥ 0 in S. Now since

ρ̂ ≥ ρ∗, from (5.4.20) and (5.4.27), we deduce that

eρ̂(ψ∗ − k̂1ψ̂)(̂i0) ≥
[
ec(̂i0,π̂

∗1(i0),π∗2(i0))
∑
j∈S

(ψ∗ − k̂1ψ̂)(j)P (j |̂i0, π̂∗1(̂i0), π
∗2(̂i0))

]
.
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This gives us

0 =
∑
j∈S

(ψ∗ − k̂1ψ̂)(j)P (j |̂i0, π̂∗1(̂i0), π
∗2(̂i0)). (5.4.32)

Thus, in view of the irreducibility property of the Markov chain under stationary Markov

strategies, it follows that ψ∗ = k̂1ψ̂ in S. Hence from (5.4.20) and (5.4.26), it is easy to

see that ρ̂ = ρ∗ for all i ∈ S. Therefore, we obtain

ρ∗ = inf
i∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2) = inf
i∈S

inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2)

= inf
i∈S

sup
π1∈Π1

Ad

J (i, c, π1, π∗2) ≥ inf
i∈S

J (i, c, π∗1, π∗2). (5.4.33)

Now arguing as in [21, Lemma 2.6], it follows that for π∗1 ∈ Π1
SM , there exists (ψ

′
, ρ

′
) ∈

L∞
V (S)× R+, ψ

′
> 0 satisfying

eρ
′

ψ
′
(i) = inf

ν∈P(B(i))

[
ec(i,π

∗1(i),ν)
∑
j∈S

ψ
′
(j)P (j|i, π∗1(i), ν)

]
, (5.4.34)

with

ρ
′
= inf

i∈S
inf

π2∈Π2
Ad

J (i, c, π∗1, π2). (5.4.35)

Thus, we have

ρ
′
= inf

i∈S
inf

π2∈Π2
Ad

J (i, c, π∗1, π2) ≤ inf
i∈S

J (i, c, π∗1, π∗2) ≤ ρ∗. (5.4.36)

For any minimizing selector π̃∗2 of (5.4.34), we obtain

eρ
′

ψ
′
(i) =

[
ec(i,π

∗1(i),π̃∗2(i))
∑
j∈S

ψ
′
(j)P (j|i, π∗1(i), π̃∗2(i))

]
. (5.4.37)

Also, arguing as in Lemma 5.4.1, for some finite set B3 ⊃ B , we deduce that

ψ
′
(i) = Eπ∗1,π̃∗2

i

[
e
∑τ̂(B3)−1

t=0 (c(ξt,π∗1(ξt),π̃∗2(ξt)))−ρ
′
)dtψ

′
(ξτ̂(B3))

]
, i ∈ Bc

3. (5.4.38)

From (5.4.20), we have

eρ
∗
ψ∗(i) ≤

[
ec(i,π

∗1(i),π̃∗2(i))
∑
j∈S

ψ∗(j)P (j|i, π∗1(i), π̃∗2(i))

]
, i ∈ S . (5.4.39)

Also, from (5.4.8), it follows that

ψ∗(i) ≤ Eπ∗1,π̃∗2

i

[
e
∑τ̂(B3)−1

t=0 (c(ξt,π∗1(ξt),π̃∗2(ξt))−ρ∗)dtψ∗(ξτ̂(B3))

]
∀i ∈ Bc

3 . (5.4.40)
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Therefore, by analogous arguments as above, using the irreducibility property of the

Markov chain, we get ψ
′
= k̂2ψ

∗, for some positive constant k̂2. Thus, from (5.4.20) and

(5.4.34), it follows that

ρ∗ = ρ
′
. (5.4.41)

Hence, by (5.4.33), (5.4.36) and (5.4.41), we obtain (5.4.21). This completes the proof

of the theorem.

Now we prove the uniqueness of the eigenpair of the optimality equation (5.4.6) in the

space R+ × L∞
V (S) .

Lemma 5.4.2. Suppose that Assumptions (A1) and (A2) hold. Then the eigenpair

(ρ∗, ψ∗) ∈ R+ × L∞
V (S) is a unique solution of (5.4.6) (upto a scalar multiplication).

Proof. Let (ρ̃, ψ̃) ∈ R+×L∞
V (S), ψ̃ > 0 be another solution of (5.4.6). Then using Fan’s

minimax theorem and (5.4.6), we get

eρ̃ψ̃(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ec(i,µ,ν)

∑
j∈S

ψ̃(j)P (j|i, µ, ν)
]

= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[
ec(i,µ,ν)

∑
j∈S

ψ̃(j)P (j|i, µ, ν)
]
, i ∈ S. (5.4.42)

There exists an outer minimizing selector π̃∗2 ∈ Π2
SM such that (5.4.42) can be written

eρ̃ψ̃(i) = sup
µ∈P(A(i))

[
ec(i,µ,,π̃

∗2(i))
∑
j∈S

ψ̃(j)P (j|i, µ, π̃∗2(i))

]
, i ∈ S. (5.4.43)

We claim that ρ∗ = ρ̃. If possible let us assume that ρ̃ < ρ∗. Now from (5.4.8), for some

finite set B4 ⊃ B, we get

ψ(i) ≤ Eπ∗1,π̃∗2

i

[
e
∑τ̂(B4)−1

t=0 (c(ξt,π∗1(ξt),π̃∗2(ξt))−ρ∗)ψ(ξτ̂(B4))

]
∀i ∈ Bc

4, (5.4.44)

where π∗1 is an outer maximizing selector of (5.4.6) as in (5.4.20). Since ρ∗ > ρ̃, in view

of (5.4.18), by Dynkin’s formula and Fatou’s lemma from (5.4.43), we deduce that

ψ̃(i) ≥ Eπ∗1,π̃∗2

i

[
e
∑τ̂(B4)−1

t=0 (c(ξt,π∗1(ξt),π̃∗2(ξt))−ρ∗)ψ̃(ξτ̂(B4))

]
∀i ∈ Bc

4. (5.4.45)

Therefore, by analogous arguments as above (see (5.4.29)-(5.4.32) or (5.4.37)-(5.4.41)),

using irreducibility property of the Markov chain and (5.4.6), (5.4.43), (5.4.44) and

(5.4.45) and by taking k̂3 = min
B4

ψ̃

ψ∗ , we get ψ̃ = k̂3ψ
∗. Thus, from (5.4.6) and (5.4.42),

it follows that ρ∗ = ρ̃. Hence we arrive at a contradiction and it contradicts the fact
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that ρ̃ < ρ∗. Thus, we obtain ρ∗ ≤ ρ̃ .

Next, if possible let ρ∗ < ρ̃. Then by the analogous arguments, (by taking the outer

maximizer of (5.4.42) and outer minimizer of (5.4.6)), we will arrive at a contradiction

to the fact that ρ∗ < ρ̃. Hence, we deduce that

ρ∗ = ρ̃ and ψ∗ = k̂4ψ̃, (5.4.46)

for some positive constant k̂4.

In particular, this implies that the eigenpair of (5.4.6) is unique upto a scalar multipli-

cation.

Remark 5.4.3. In deriving (5.4.34), we used [21, Lemma 2.6]. It should be noted that

the results of the paper [21] can be derived by using the assumptions of this chapter (see

[21, Remark 2.3]) .

Next, we prove the converse of the above theorem. That is, any saddle-point equi-

librium of our game problem will be a mini-max selector of the associated optimality

equation .

Theorem 5.4.3. Suppose Assumptions (A1) and (A2) hold. Suppose there exists a

saddle-point equilibrium (π̂∗1, π̂∗2) ∈ Π1
SM × Π2

SM , i.e., for all i ∈ S ,

J (i, c, π̂∗1, π̂∗2) ≤ J (i, c, π̂∗1, π2), for all π2 ∈ Π2
Ad,

J (i, c, π̂∗1, π̂∗2) ≥ J (i, c, π1, π̂∗2), for all π1 ∈ Π1
Ad. (5.4.47)

Then (π̂∗1, π̂∗2) is a mini-max selector of (5.4.6).

Proof. By Theorem 5.4.2 and (5.4.47), we have

ρ∗ = inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (i, c, π1, π2) ≤ sup
π1∈Π1

Ad

J (i, c, π1, π̂∗2) ≤ J (i, c, π̂∗1, π̂∗2)

≤ inf
π2∈Π2

Ad

J (i, c, π̂∗1, π2) ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (i, c, π1, π2)

= ρ∗ .

This implies that ρ∗ = J (i, c, π̂∗1, π̂∗2) = sup
π1∈Π1

Ad

J (i, c, π1, π̂∗2) = inf
π2∈Π2

Ad

J (i, c, π̂∗1, π2) .

Now arguing as in Lemma 5.4.1 and Theorem 5.4.2, it follows that for π̂∗1 ∈ Π1
SM there

exists (ρπ̂
∗1
, ψ∗

π̂∗1) ∈ R+ × L∞
V with ψ∗

π̂∗1 > 0 such that

eρ
π̂∗1

ψ∗
π̂∗1(i) = inf

ν∈P(B(i))

[
ec(i,π̂

∗1(i),ν)
∑
j∈S

ψ∗
π̂∗1(j)P (j|i, π̂∗1(i), ν)

]
, (5.4.48)
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and ρπ̂
∗1
= inf

π2∈Π2
Ad

J (i, c, π̂∗1, π2) = ρ∗. Thus for π∗2 as in (5.4.20), we have

eρ
π̂∗1

ψ∗
π̂∗1(i) ≤

[
ec(i,π̂

∗1(i),π∗2(i))
∑
j∈S

ψ∗
π̂∗1(j)P (j|i, π̂∗1(i), π∗2(i))

]
. (5.4.49)

Arguing as in Lemma 5.4.1, for some finite set B5 ⊃ B it follows that

ψ∗
π̂∗1(i) ≤ Eπ̂∗1,π

∗2

i

[
e
∑τ̂(B5)−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ∗)ψ∗
π̂∗1(ξτ̂(B5))

]
∀i ∈ Bc

5. (5.4.50)

Also, from (5.4.20), we deduce that

eρ
∗
ψ∗(i) ≥

[
ec(i,π̂

∗1(i),π∗2(i))
∑
j∈S

ψ∗(j)P (j|i, π̂∗1(i), π∗2(i))

]
. (5.4.51)

By Dynkin’s formula and Fatou’s lemma (as in Lemma 5.4.1), we obtain

ψ∗(i) ≥ E,π̂∗1,π∗2

i

[
e
∑τ̂(B5)−1

t=0 (c(ξt,π̂∗1(ξt),π∗2(ξt))−ρ∗)ψ∗(ξτ̂(B5))

]
∀i ∈ Bc

5. (5.4.52)

Now, in view of (5.4.50) and (5.4.52) and applying the same technique as before (as in

the proof of Theorem 5.4.2), it follows that ψ∗ = k̂5ψ
∗
π̂∗1 , for some constant k̂5 > 0. Hence

from (5.4.20) and (5.4.48), it is easy to see that π̂∗1 is an outer maximizing selector of

(5.4.6). Similarly, one can show that π̂∗2 is an outer minimizing selector of (5.4.6). This

completes the proof.

Now we are ready to prove Theorem 5.4.1.

Proof of Theorem 5.4.1:

Proof. Existence of an eigenpair (ρ∗, ψ∗) of eq. (5.4.1) follows from Lemma 5.4.1.

Uniqueness of the eigenpair of equation (5.4.1) is proved in Lemma 5.4.2. Also, from

Theorem 5.4.2, we have Theorem 5.4.1 (i) and Theorem 5.4.1 (ii). Theorem 5.4.1 (iii)

follows from Theorem 5.4.3. This completes the proof.

5.5 Example

We present here an illustrative example in which all our assumptions hold, and the cost

function is nonnegative and unbounded.

Example 5.5.1. Consider a controlled birth-and-death system in which the state variable

stands for the total population size at time t ≥ 0. Thus, the state space can be represented

by S := {0, 1, 2, · · · }. Suppose that there are two players, player 1 and player 2, and

they can control death and birth, respectively. Depending on the number of populations
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in the system, player 1 can modify the number of deaths by choosing some action a,

from the set A(i) = [δ, L1]. But this action results in a cost given by c̃1(i, a) ≥ 0 (or

a reward c̃1(i, a) ≤ 0), if i is the state of the system. On the other hand, player 2 can

modify the number of births by choosing some action b from the set B(i) = [δ, L1]. The

action of player 2 incurs a cost given by c̃2(i, b) ≥ 0 (or a reward c̃2(i, b) ≤ 0). Also, in

addition, assume that player 1 ‘owns’ the system and he/she gets a reward r(i) := p̂ · i
for each unit of time during which the system remains in the state i ∈ S, where p̂ > 0

is a fixed cost per population. We assume that player 1 is maximizing player and player

2 is minimizing player. Player 1 gets an immediately reward rate c(i, a, b) and he/she

tries to maximize his/her total payoff through the infinite horizon discrete-time ergodic

cost criterion and at the same time, player 2 incurs an immediately cost rate c(i, a, b)

and he/she tries to minimize his/her total payoff through the same cost criterion.

We next formulate this model as a discrete-time Markov game. The corresponding

transition stochastic kernel P (j|i, a, b) and reward c(i, a, b) for player 1 are given as

follows: for (0, a, b) ∈ K (K as in the game model (5.2.1)).∑
j∈S

P (j|0, a, b) = 1, and P (j|0, a, b) = e−
j2

3
−3 ∀ j ≥ 1. (5.5.1)

Similarly, for (1, a, b) ∈ K,

P (j|1, a, b) =



1− 3e−2b
2(L1+L2)

, if j = 0
e−2b

2(L1+L2)
, if j = 1

e−2b
2(L1+L2)

if j = 2
e−2b

2(L1+L2)
, if j = 3

0, otherwise.

Also, for (i, a, b) ∈ K with i ≥ 2,

P (j|i, a, b) =



ae−i

2(L1+L2)
, if j = i− 1

ae−i+be−2i

2(L1+L2)
if j = i

be−2i

2(L1+L2)
, if j = i+ 1

1− 2(ae−i+be−2i)
2(L1+L2)

, if j = 0

0, otherwise.

c(i, a, b) := p̂ · i− c̃1(i, a) + c̃2(i, b) for (i, a, b) ∈ K. (5.5.2)

We make the following assumptions to ensure the existence of a pair of optimal strategies.

(I) The functions c̃1(i, a), and c̃2(i, b) are continuous with their respective variables for

each fixed i ∈ S.
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(II) Suppose that p̂ · i− c̃1(i, a) + c̃2(i, b) ≥ 0 for (i, a, b) ∈ K and p̂ < 1
6
. Also, assume

that f , is a norm-like function, where f(i) := min
(a,b)∈A(i)×B(i)

[c̃1(i, a)− c̃2(i, b)] for all

i ∈ S.

(III) We also consider an increasing sequence of finite subsets Dn ⊂ S such that

∪∞
n=1Dn = S and 0 ∈ Dn for all n ∈ N. We assume that for any pair i, j ∈ Dn,

the probability of hitting j from i before exiting Dn is bounded from below by some

constant δij,n > 0 for any stationary Markov strategy.

Proposition 5.5.2. Under conditions (I)-(III), the above controlled system satisfies

the Assumptions (A1) and (A2). Hence by Theorem 5.4.1, there exists a saddle-point

equilibrium for this controlled model.

Proof. Consider the Lyapunov function V (i) := e
i2

6
+1 for i ∈ S. Then V (i) ≥ 1 for all

i ∈ S. Now for each i ≥ 2, and (a, b) ∈ A(i)×B(i), we have∑
j∈S

P (j|i, a, b)V (j)

= P (i− 1|i, a, b)V (i− 1) + P (i|i, a, b)V (i) + P (i+ 1|i, a, b)V (i+ 1) + P (0|i, a, b)V (0)

=
1

2(L1 + L2)

[
ae−ie

(i−1)2

6
+1 + e

i2

6
+1

(
ae−i + be−2i

)
+ be−2ie

(i+1)2

6
+1

]
+ e

(
1− 2(ae−i + be−2i)

2(L1 + L2)

)
= e

i2

6
+1

[
ae−i

2(L1 + L2)
e−

i
3
+ 1

6 +

(
ae−i + be−2i

2(L1 + L2)

)
+

be−2i

2(L1 + L2)
e

i
3
+ 1

6 + e−
i2

6

(
1− 2(ae−i + be−2i)

2(L1 + L2)

)]
≤ e

i2

6
+1e−

i
3
+ 1

6

[
ae−i

2(L1 + L2)
+

a+ b

2(L1 + L2)
+

b

2(L1 + L2)
+

(
1− 2(ae−i + be−2i)

2(L1 + L2)

)]
≤ 4e

i2

6
+1e−

i
3
+ 1

6

≤ e(
i2

6
+1)− 1

3
(i+3)+4

= V (i)e−
1
6
(i+3)− 1

6
(i+3)+4

≤ e−
1
6
(i+3)+4IM (i)V (i) ≤ e−

1
6
(i+3)V (i) + max

j∈M
V (j)e4IM (i) ≤ e−ℓ(i)V (i) + C̃IM (i),

(5.5.3)

where ℓ(i) = 1
6
(i + 3), M := {i : 4 − 1

6
(i + 3) > 0}, and C̃ =

max{maxj∈M V (j)e4, e−2
∑

i≥1(e
− i2

6 − e−
i2

3 ) + e}. It is clear that 0, 1 ∈ M . Also,

we have ∑
j∈S

P (j|0, a, b)V (j) = eP (0|0, a, b) +
∑
j≥1

e−2e−
j2

6 ≤ C̃IM (i). (5.5.4)

By similar arguments as in (5.5.3), we have∑
j∈S

P (j|1, a, b)V (j)
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= P (0|1, a, b)V (0) + P (1|1, a, b)V (1) + P (2|1, a, b)V (2) + P (3|1, a, b)V (3)

= e

(
1− 3e−2b

2(L1 + L2)

)
+ e

1
6
+1

(
e−2b

2(L1 + L2)

)
+ e

4
6
+1

(
e−2b

2(L1 + L2)

)
+ e

9
6
+1

(
e−2b

2(L1 + L2)

)
≤ e−

1
6
(1+3)+4IM (1)V (1) ≤ e−

2
3V (1) + max

j∈M
V (j)e4IM (1) ≤ e−ℓ(1)V (1) + C̃IM (1).

(5.5.5)

Now

ℓ(i)− max
(a,b)∈A(i)×B(i)

c(i, a, b) =
1

2
+ (

1

6
− p̂)i+ min

(a,b)∈A(·)×B(·)
[c̃1(i, a)− c̃2(i, b)]. (5.5.6)

We see from condition (II) and (5.5.6) that ℓ(i)− sup
(a,b)∈A(i)×B(i)

c(i, a, b) is norm-like func-

tion. So, by condition (II), equations (5.5.3), (5.5.4), (5.5.5), and (5.5.6), Assumption

(A1) is satisfied. Now, by the transition probability defined above and condition (III),

Assumption (A2)(ii) is verified. Next, Assumption (A2)(iii) is verified by (5.5.3), (5.5.4)

and (5.5.5). Also, by the above construction of probability kernel, (5.5.2), and condi-

tion (I), P (·|i, a, b) and c(i, a, b) are continuous in (a, b) ∈ A(i) × B(i) for all i, j ∈ S.

Hence by Theorem 5.4.1, it follows that there exists a saddle-point equilibrium for this

controlled model.

5.6 Eigenvalue problem for compact state space

case:

In this section, we extend our results to compact state space S without assuming any

Lyapunov type stability assumptions since compact state space eliminates the need for

any stability consideration. To this end, let us first introduce some notations. Let

C +(S) := {f ∈ C (S) : f(x) ≥ 0 ∀x ∈ S} denotes the closed cone of C (S), where C (S)

denotes the Banach space of continuous maps f : C (S) → R with the supremum norm,

denoted by ∥ · ∥. Thus C +(S) defines a partial order on C (S), denoted ⪰, given by this:

for any f, g ∈ C (S), we define f ⪰ g if f − g ∈ C +(S), i.e., the partial ordering in C (S)

with respect to the cone C +(S). We write f ≻ g (equivalently, g ≺ f) if f ⪰ g, f ̸= g,

and we write f ≫ g (equivalently, g ≪ f) if f − g is a strictly positive function in C (S)

i.e., if f − g ∈ interior(C +(S)).

For our analysis, we need to impose the following set of assumptions on the system.

(A1
′
)

(i) The admissible action spaces A(x)(⊂ A) and B(x)(⊂ B) are compact for each

x ∈ S.

(ii) The functions P (D|x, a, b) and c : K → R are continuous in (x, a, b) ∈ S ×A(x)×
B(x) , D ⊆ S.
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(iii) The maps (x, a, b) →
∫
S
f(y)P (dy|x, a, b), f ∈ C (S) with ∥f∥ ≤ 1 are equicontin-

uous.

(iv) We assume that the transition kernel P (dy|x, a, b) of the Markov chain {ξt}t≥0 has

the full support for all (x, a, b) ∈ K i.e., support(P (dy|x, a, b)) = S ∀(x, a, b) ∈ K.

Now, using the nonlinear version of the Krĕın-Rutman theorem, see [2, Theorem 2.2], [4],

[92], [93], we establish the existence of an eigenpair to the associated Shapley equation .

Theorem 5.6.1. Suppose Assumption (A1
′
) holds. Then there exists a unique eigenpair

(ρ∗, ψ∗) ∈ R+ × C +(S), ψ∗ ∈ interior(C +(S)) (unique up to a multiplicative constant)

for the following nonlinear eigenequation

eρ
∗
ψ∗(x) = inf

ν∈P(B(x))
sup

µ∈P(A(x))

[
ec(x,µ,ν)

∫
S

ψ∗(y)P (dy|x, µ, ν)
]

= sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
ec(x,µ,ν)

∫
S

ψ∗(y)P (dy|x, µ, ν)
]
. (5.6.1)

Furthermore, for any mini-max selector (π∗1, π∗2) ∈ Π1
SM ×Π2

SM of (5.6.1) we have the

following:

ρ∗ = inf
x∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (x, c, π1, π2) = inf
x∈S

inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (x, c, π1, π2)

= inf
x∈S

inf
π2∈Π2

Ad

J (x, c, π∗1, π2) = inf
x∈S

sup
π1∈Π1

Ad

J (x, c, π1, π∗2) = J (x, c, π∗1, π∗2),

(5.6.2)

and consequently (π∗1, π∗2) ∈ Π1
SM × Π2

SM is a saddle-point equilibrium.

Proof. Let us consider a mapping T̂ : C (S) → C (S) defined by

T̂ g(x) = sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
ec(x,µ,ν)

∫
S

g(y)P (dy|x, µ, ν)
]
, (5.6.3)

where g ∈ C (S) and x ∈ S.

Note that in view of Remark 5.2.2, the sets P(A(x)) and P(B(x)) are compact as well

as convex. Also, the extreme points of P(A(x)) and P(B(x)) corresponds to the Dirac

measures at points in A(x) and B(x) respectively. Hence,

T̂ g(x) = sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
ec(x,µ,ν)

∫
S

g(y)P (dy|x, µ, ν)
]

= sup
a∈A(x)

inf
b∈B(x)

[
ec(x,a,b)

∫
S

g(y)P (dy|x, a, b)
]
, for details, see [2, p. 965]. (5.6.4)
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Next, we show that the map T̂ is well defined on C (S). So, it is sufficient to take

the family {g ∈ C (S) : ∥g∥ ≤ R}, for some R > 0. Let x, z ∈ S be arbitrary but fixed

points. Then in view of (5.6.4), we have

|T̂ g(x)− T̂ g(z)|

≤ e∥c∥ sup
b∈B

sup
a∈A

sup
g:∥g∥≤R

∣∣∣∣ ∫
S

g(y)P (dy|x, a, b)−
∫
S

g(y)P (dy|z, a, b)
∣∣∣∣+R sup

b∈B
sup
a∈A

∣∣∣∣ec(x,a,b) − ec(z,a,b)
∣∣∣∣.

(5.6.5)

In view of Assumption (A1
′
), it follows that the right hand side tends to zero when

x → z. Next, from the definition of the map T̂ , for any g1, g2 ∈ C (S), it follows that

∥T̂ (g1) − T̂ (g2)∥ ≤ e∥c∥∥g1 − g2∥. Hence the map T̂ is Lipschitz continuous map from

C (S) → C (S).

Now, using Assumptions (A1
′
), we prove the following properties of T̂ .

Let g1 ≻ g2 i.e., g1 ⪰ g2, g1 ̸= g2. Let π
∗2 ∈ Π2

SM be such that

sup
µ∈P(A(x))

inf
ν∈P(B(x))

[
ec(x,µ,ν)

∫
S

g1(y)P (dy|x, µ, ν)
]

= sup
µ∈P(A(x))

[
ec(x,µ,π

∗2(x))

∫
S

g1(y)P (dy|x, µ, π∗2(x))

]
∀x ∈ S. (5.6.6)

Also, let π∗1 ∈ Π1
SM be such that

sup
µ∈P(A(x))

[
ec(x,µ,π

∗2(x))

∫
S

g2(y)P (dy|x, µ, π∗2(x))

]
=

[
ec(x,π

∗1(x),π∗2(x))

∫
S

g2(y)P (dy|x, π∗1(x), π∗2(x))

]
∀x ∈ S. (5.6.7)

Then

T̂ (g1)(x)− T̂ (g2)(x)

≥
[
ec(x,π

∗1(x),π∗2(x))

∫
S

(g1(y)− g2(y))P (dy|x, π∗1(x), π∗2(x))

]
≥ eα1

∫
S

(g1(y)− g2(y))P (dy|x, π∗1(x), π∗2(x)) > 0,

since g1 ≻ g2 and support(P (dy|x, π∗1(x), π∗2(x))) = S, ∀x ∈ S, where α1 > 0 is the

greatest lower bound of c on S. So, T̂ is strictly increasing.

By the definition of the map T̂ , it is easy to see that T̂ (λg) = λT̂ (g) for all λ > 0. For

M > e−α1 and g ∈ C +(S) defined by g(·) ≡ 1, MT̂g > g. Using Assumption (A1
′
), in

view of (5.6.5), by analogous arguments as in [2, p. 967-968], it is easy to say that the

map T̂ : C (S) → C (S) is a compact operator. Hence by Theorem 5.3.1, there exists a

nontrival ψ∗ ∈ C +(S) and a constant eρ
∗
> 0 such that T̂ψ∗ = eρ

∗
ψ∗ i.e,

eρ
∗
ψ∗(x) = sup

µ∈P(A(x))

inf
ν∈P(B(x))

[
ec(x,µ,ν)

∫
S

ψ∗(y)P (dy|x, µ, ν)
]
∀x ∈ S.
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Thus, by Fan’s minimax theorem [33], we have

eρ
∗
ψ∗(x) = inf

ν∈P(B(x))
sup

µ∈P(A(x))

[
ec(x,µ,ν)

∫
S

ψ∗(y)P (dy|x, µ, ν)
]
∀x ∈ S .

This implies that the pair (ρ∗, ψ∗) satisfies (5.6.1) .

Now, we claim that ψ∗ > 0. If not, then on contrary there exists a point x̃ ∈ S for which

ψ∗(x̃) = 0. Again by continuity-compactness assumptions, there exists a mini-max

selector (π∗1, π∗2) such that (5.6.1) can be rewritten as

eρ
∗
ψ∗(x) =

[
ec(x,π

∗1(x),π∗2(x))

∫
S

ψ∗(y)P (dy|x, π∗1(x), π∗2(x))

]
∀x ∈ S.

So, we get

0 = eρ
∗
ψ∗(x̃) =

[
ec(x̃,π

∗1(x̃),π∗2(x̃))

∫
S

ψ∗(y)P (dy|x̃, π∗1(x̃), π∗2(x̃))

]
. (5.6.8)

Since ψ∗ is nontrivial, there exists x̂ ∈ S such that ψ∗(x̂) > 0.

Now since support(P (dy|x, a, b)) = S ∀(x, a, b) ∈ K, it follows that[ ∫
S

ψ∗(y)P (dy|x̃, π∗1(x̃), π∗2(x̃))

]
> 0.

Hence it contradicts (5.6.8). This establishes our claim.

In view of Assumption (A1
′
)(iv), the uniqueness of the eigenpair of equation (5.6.1)

can be proved easily by the analogous arguments as in [Lemma 5.4.2, eqs. (5.4.42)-

(5.4.46)] . To see this, suppose that (ρ̃, ψ̃) ∈ R+ × C +(S), ψ̃ > 0 is an another solution

of (5.6.1) and if possible let ρ̃ < ρ∗. Let k̂6 = min
S

ψ̃

ψ∗ , thus we have (ψ̃ − k̂6ψ
∗) ≥ 0 in

S and for some x̂0 ∈ S, ψ̃(x̂0) − k̂6ψ
∗(x̂0) = 0. Let π∗1 and π̃∗2 are outer maximizing

and minimizing selectors of (5.6.1), corresponding to the eigenpair (ρ̃, ψ̃) and (ρ, ψ),

respectively. Thus we obtain

eρ
∗
(ψ̃ − k̂6ψ

∗)(x) ≥
[
ec(x,π

∗1(x),π̃∗2(x))

∫
S

(ψ̃ − k̂6ψ
∗)(y)P (dy|x, π∗1(x), π̃∗2(x))

]
. (5.6.9)

This implies that

0 =

∫
S

(ψ̃ − k̂6ψ
∗)(y)P (dy|x̂0, π∗1(x̂0), π̃

∗2(x̂0)).

Then we claim that ψ̃ ≡ k̂6ψ
∗. If not, then since support(P (dy|x, a, b)) = S ∀(x, a, b) ∈

K, it follows that ∫
S

(ψ̃ − k̂6ψ
∗)(y)P (dy|x̂0, π∗1(x̂0), , π̃

∗2(x̂0)) > 0. (5.6.10)
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So, we arrive at a contradiction and thus, we have ψ̃ ≡ k̂6ψ
∗. Hence we obtain ρ∗ = ρ̃,

which is a contradiction to the fact that ρ̃ < ρ∗. This implies that ρ∗ ≤ ρ̃. Again, by

similar arguments, one can derive the analogous contradiction to the fact that ρ∗ < ρ̃ .

Therefore, we deduce that ρ∗ = ρ̃ and ψ̃ ≡ k̂7ψ
∗, for some k̂7 > 0. So, the eigenpair of

equation (5.6.1) is unique (up to a scalar multiplication).

Let (π∗1, π∗2) ∈ Π1
SM×Π2

SM be a pair of outer mini-max selector of (5.6.1), satisfying

eρ
∗
ψ∗(x) = sup

µ∈P(B(x))

[
ec(x,µ,π

∗2(x))

∫
S

ψ∗(y)P (dy|x, µ, π∗2(x))

]
= inf

ν∈P(B(x))

[
ec(x,π

∗1(x),ν)

∫
S

ψ∗(y)P (dy|x, π∗1(x), ν)

]
. (5.6.11)

Therefore, by Dynkin’s formula and (5.6.11) (as in [113, Lemma 3.1]), we obtain

ψ∗(x) ≤ Eπ∗1,π2

x

[
e
∑T−1

s=0 (c(ξs,π∗1(ξs),π1(s))−ρ∗)ψ∗(ξT )

]
≤ (sup

S
ψ∗)Eπ∗1,π2

x

[
e
∑T−1

s=0 (c(ξs,π∗1(ξs),π2(s))−ρ∗)
]
. (5.6.12)

Taking logarithm on both sides, dividing by T and letting T → ∞, we deduce that

ρ∗ ≤ inf
π2∈Π2

Ad

J (x, c, π∗1, π2) ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J (x, c, π1, π2). (5.6.13)

Similarly, by Dynkin’s formula and using (5.6.11), we get

ρ∗ ≥ sup
π1∈Π1

Ad

J (x, c, π1, π∗2) ≥ inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J (x, c, π1, π2). (5.6.14)

using (5.6.13) and (5.6.14), we have (5.6.2) and this gives us ρ∗ = J (x, c, π∗1, π∗2). In

particular, this implies that

J (x, c, π1, π∗2) ≤ J (x, c, π∗1, π∗2) ≤ J (x, c, π∗1, π2) .

That is, (π∗1, π∗2) ∈ Π1
SM × Π2

SM is a saddle-point equilibrium.

The next theorem shows that the converse statement of the above theorem is also

true.

Theorem 5.6.2. Suppose Assumption (A1
′
) holds. Suppose there exists a saddle-point

equilibrium (π̂∗1, π̂∗2) ∈ Π1
SM × Π2

SM . Then (π̂∗1, π̂∗2) is a mini-max selector of (5.6.1).

Proof. By analogous arguments as in Theorem 5.4.3, in view of Theorem 5.6.1 and

definition of saddle-point, we have ρ∗ = J (x, c, π̂∗1, π̂∗2) = sup
π1∈Π1

Ad

J (x, c, π1, π̂∗2) =
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inf
π2∈Π2

Ad

J (x, c, π̂∗1, π2) . Now arguing as in Theorem 5.6.1, it is easy to see that for

π̂∗1 ∈ Π1
SM there exists (ρπ̂

∗1
, ψ∗

π̂∗1) ∈ R+ × C +(S) with ψ∗
π̂∗1 > 0 such that

eρ
π̂∗1

ψ∗
π̂∗1(x) = inf

ν∈P(B(x))

[
ec(x,π̂

∗1(x),ν)

∫
S

ψ∗
π̂∗1(y)P (dy|x, π̂∗1(x), ν)

]
, (5.6.15)

and ρπ̂
∗1
= inf

π2∈Π2
ad

J (x, c, π̂∗1, π2) = ρ∗. Thus for π∗2 as in (5.6.11), we have

eρ
π̂∗1

ψ∗
π̂∗1(x) ≤

[
ec(x,π̂

∗1(x),π∗2(x))

∫
S

ψ∗
π̂∗1(y)P (dy|x, π̂∗1(x), π∗2(x))

]
. (5.6.16)

Also, from (5.6.11), we deduce that

eρ
∗
ψ∗(x) ≥

[
ec(x,π̂

∗1(x),π∗2(x))

∫
S

ψ∗(y)P (dy|x, π̂∗1(x), π∗2(x))

]
. (5.6.17)

Let k̂8 = min
S

ψ∗

ψ∗
π̂∗1

, thus we have (ψ∗ − k̂8ψ
∗
π̂∗1) ≥ 0 in S and for some x̂0 ∈ S, ψ∗(x̂0)−

k̂8ψ
∗
π̂∗1(x̂0) = 0. Now, from (5.6.16) and (5.6.17), we deduce that

0 =

∫
S

(ψ∗ − k̂8ψ
∗
π̂∗1)(y)P (dy|x̂0, π̂∗1(x̂0), π

∗2(x̂0)).

Then we claim that ψ∗ ≡ k̂8ψ
∗
π̂∗1 . If not, then since support(P (dy|x, a, b)) = S ∀(x, a, b) ∈

K, it follows that ∫
S

(ψ∗ − k̂8ψ
∗
π̂∗1)(y)P (dy|x̂0, π̂∗1(x̂0), π

∗2(x̂0)) > 0. (5.6.18)

So, we arrive at a contradiction and so, ψ∗ ≡ k̂8ψ
∗
π̂∗1 . Hence from (5.6.1) and (5.6.15),

it is easy to see that π̂∗1 is an outer maximizing selector of (5.6.1). Similarly, one can

show that π̂∗2 is an outer minimizing selector of (5.6.1). This completes the proof.

5.7 Conclusions

We have studied a risk-sensitive zero-sum stochastic game with ergodic cost criterion on

countable/compact state space where the admissible action spaces (A(x) and B(x)) are

compact metric spaces. Under certain assumptions, we have established the existence

of a saddle-point equilibrium and have completely characterized the same. Instead of

employing the traditional vanishing discount asymptotics, we have pursued a direct

approach involving the principal eigenpair of the corresponding Shapley equation.
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CHAPTER 6

Nonzero-sum risk-sensitive continuous-time

stochastic games with ergodic costs

6.1 Introduction

We consider a nonzero-sum stochastic game on the infinite time horizon for continuous-

time Markov decision processes (CTMDPs) on a denumerable state space. The perfor-

mance evaluation criterion is exponential of integral cost which addresses the decision

makers (i.e., players’) attitude towards risk. In other words, we address the problem of

nonzero-sum risk-sensitive stochastic games involving continuous-time Markov decision

processes. In discrete-time and discrete state space the risk-sensitive zero-sum stochastic

games with bounded cost and transition rates have been studied by Basu and Ghosh

[12] and nonzero-sum games in [13]. For CTMDPs, zero-sum stochastic games with

risk-sensitive costs for bounded cost and bounded transition rates have been studied in

[45]. One can see [48], [110], and the references therein for finite-horizon risk-sensitive

stochastic games for CTMDPs, where [48] deals with the zero-sum game and [110] deals

with the nonzero-sum game. Recently risk-sensitive CTMDPs for ergodic cost criterion

have been studied in [21], [47], [52], [81], [82]. In the above five papers, the authors have

studied risk-sensitive stochastic optimal control problems, where the controller is trying

to control the state dynamics by choosing appropriate controls. When there is more than

one controller the stochastic control problems become stochastic game problems. In this

chapter, we have extended the results of the above five papers from one controller case to

a multi-controller case where the controllers are non-cooperative. More specifically, we

study ergodic nonzero sum risk-sensitive stochastic (non-cooperative) games along the

line of the article [21], where the authors studied risk-sensitive discrete/continuous-time

ergodic control problems for controlled Markov processes with countable state space.

Using the principal eigenvalue approach, under a Lyapunov type stability assumption,

we have shown that the corresponding system of coupled HJB equations admits a so-
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lution which in turn leads to the existence of Nash equilibrium in stationary strategies.

Also, exploiting the stochastic representation of principal eigenfunction we completely

characterize all possible Nash equilibria in the space of stationary Markov strategies.

Our main contribution to this chapter is the following. We establish the existence and

characterization of Nash equilibria under a blanket Lyapunov type stability assumption.

To be more specific, we study ergodic nonzero sum risk-sensitive stochastic games for

CTMDPs having the following features: (a) the transition and the cost rates may be

unbounded (b) state space is countable (c) at any state of the system the space of

admissible actions is compact (d) the strategies are (state) feedback. To our knowledge,

these results are new in the literature of ergodic non-zero sum risk-sensitive games for

CTMDPs.

The rest of this chapter is organized as follows: Section 6.2 deals with the problem

description and preliminaries. The ergodic cost criterion is analyzed in Section 6.3.

Under a Lyapunov type stability assumption(s), we first establish the existence of a

solution to the corresponding coupled Hamilton-Jacobi-Bellman (HJB) equations. This

in turn leads to the existence of a Nash equilibrium in stationary strategies (see Theorem

6.4.1). In Section 6.4, we present an illustrative example. The content of this chapter is

based on the published article [40].

6.2 The game model

For the sake of notational simplicity, we treat a two-player game. The N -player game

for N ≥ 3, is analogous. The continuous-time two-person nonzero-sum stochastic game

model consists of the following elements

{S,A,B, (A(i) ⊂ A,B(i) ⊂ B, i ∈ S), q(j|i, a, b), c1(i, a, b), c2(i, a, b)}, (6.2.1)

where each component is described below:

• S, called the state space, is assumed to be the set of all positive integers endowed

with the discrete topology, i.e. S =: {1, 2, · · · }.

• A and B are the action sets for players 1 and 2, respectively. The action spaces A

and B are assumed to be Borel spaces with the Borel σ-algebras B(A) and B(B),

respectively.

• For each i ∈ S, A(i) ∈ B(A) and B(i) ∈ B(B) denote the sets of admissible actions

for players 1 and 2 in state i, respectively. Let K := {(i, a, b)|i ∈ S, a ∈ A(i), b ∈
B(i)}, which is a Borel subset of S × A×B.

Throughout this chapter, we assume that
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(A0)(a) For each i ∈ S, the admissible action spaces A(i) and B(i), are nonempty

and compact subsets of A and B, respectively.

• The transition rates q(j|i, a, b), (a, b) ∈ A(i) × B(i), i, j ∈ S, satisfy the condition

q(j|i, a, b) ≥ 0 for all i ̸= j, (a, b) ∈ A(i)×B(i). Also, we assume that:

(A0)(b) The transition rates q(j|i, a, b) are conservative, i.e.,∑
j∈S

q(j|i, a, b) = 0 for i ∈ S and (a, b) ∈ A(i)×B(i)

and satisfy the following stability condition

qi := sup
(a,b)∈A(i)×B(i)

[−q(i|i, a, b)] <∞ .

• Finally, the measurable function ck : K → R+ denotes the cost rate function for

player k, k = 1, 2.

The game is played as follows. The players observe continuously the current state of

the system. When the system is in state i ∈ S at time t ≥ 0, the players independently

choose actions a(t) ∈ A(i) and b(t) ∈ B(i) according to some strategies, respectively. As

a consequence of this, the following happens:

• player 1 (resp. 2) pays an immediate cost at rate c1(i, a(t), b(t)) (resp.

c2(i, a(t), b(t)));

• the system stays in state i for a random time, with rate of leaving i given by

−q(i|i, a(t), b(t)), and then jumps to a new state j ̸= i with the probability deter-

mined by
q(j|i, a(t), b(t))
−q(i|i, a(t), b(t))

(see Proposition B. 8 in [59, p. 205] for details).

The whole process then repeats from the new state j. Cost accumulates throughout the

course of the game. The planning horizon is infinite, and each player wants to minimize

his infinite-horizon risk-sensitive cost with respect to some performance criterion ρπ
1,π2

k ,

k = 1, 2, which in our present case is defined by (6.2.2), below. To formalize what is

described above, below we describe the construction of continuous-time Markov decision

processes (CTMDPs) under admissible feedback strategies. We consider a continuous-

time Markov decision processes (CTMDPs) {ξt}t≥0 with state space S and controlled

rate matrix Πa,b = (q(j|i, a, b)). Here we describe the construction of continuous-time

Markov decision processes (CTMDPs) under possibly history-dependent controls. The

construction of the underlying CTMDPs ξt (as in [63], [75], [99]) is same as Chapter 3,

p. 42-43.

To complete the specification of a risk-sensitive stochastic game problem, we need, of

course, to introduce an optimality criterion. This requires defining the class of strategies

as below.
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Definition 6.2.1. An admissible feedback strategy for player 1, denoted by π1 =

{π1(t)}t≥0, is a transition probability π1(da|ω, t) from (Ω×[0,∞),P) onto (A∆,B(A∆)),

such that π1(A(ξt−(ω))|ω, t) = 1. Using appropriate projections of the transition kernel

π1, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {π1
k, k ≥ 0} of the stochastic kernel on A such that

π1(t)(ω) = π1(da|ω, t)

= I{t=0}(t)π
1
0(da|i

′

0, 0) +
∑
k≥0

I{Tk<t≤Tk+1}π
1
k(da|i

′

0, θ1, i
′

1, . . . , θk, i
′

k, t− Tk)

+ I{t≥T∞}δa∆(da),

where π1
0(da|i

′
0, 0) is a stochastic kernel on A given S such that π1

0(A(i
′
0)|i

′
0, 0) =

1, π1
k(k ≥ 1) are stochastic kernels on A given (S × (0,∞))k+1 such that

π1
k(A(i

′

k)|i
′
0, θ1, i

′
1, · · · , θk, i

′

k, t − Tk) = 1, and δa∆(da) denotes the Dirac measure at the

point a∆.

For more details see [64, Definition 2.1, Remark 2.2], [110], [119]. The set of all

admissible feedback strategies for player 1 is denoted by Π1
Ad. A strategy π1 ∈ Π1

Ad for

player 1, is called a Markov if π1(t)(ω) = π1(ξt−(ω), t) i.e., π
1(da|ω, t) = π1(da|ξt−(ω), t)

for every ω ∈ Ω and t ≥ 0, where ξt−(ω) := lims↑t ξs(ω). A Markov strategy π1 is called

a stationary Markov strategy if π1 does not have an explicit dependence on time. For

notational simplicity, we would not write ω anywhere throughout the rest of this chapter.

We denote by Π1
M and Π1

SM the family of all Markov strategies and stationary Markov

strategies, respectively, for player 1. The sets of admissible feedback strategies Π2
Ad,

Markov strategies Π2
M and stationary strategies Π2

SM for player 2 are defined analogously.

Remark 6.2.2. As in [Chapter 3, Remark 3.2.2 ], in the definition of strategies we do

not include the entire history of the game, i.e., past and present states, past sojourn

times, and past actions taken by the players. In our game model, each player’s admis-

sible strategies include only past and present states and past sojourn times. Hence such

strategies are called feedback strategies.

To avoid possible explosion of the state process {ξt}t≥0, we make the follow-

ing Lyapunov stability assumption imposed on the transition rates, which had been

widely used in CTMDPs; see, for instance, [53], [62], [63], [64] and the references therein.

(A1) There exists a non-constant function Ṽ : S → [1,∞) such that

(i)
∑

j∈S Ṽ (j)q(j|i, a, b) ≤ C1Ṽ (i) + C2 for all (a, b) ∈ A(i) × B(i) and i ∈ S with

some constants C1 ̸= 0, C2 ≥ 0;
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(ii) qi ≤ C3Ṽ (i) for all i ∈ S with some positive constant C3.

For the rest of this chapter Assumption, (A1) is in force. Note that if supi∈S qi <∞ then

Assumption (A1) holds. In this case, we can choose Ṽ to be a suitable constant. Also

note that under Assumption (A1), for any initial state i ∈ S and any pair of strategies

(π1, π2) ∈ Π1
Ad × Π2

Ad, Theorem 4.27 in [76] yields the existence of a unique probability

measure denoted by P π1,π2

i on (Ω,F ). Let Eπ1,π2

i be the expectation operator with

respect to P π1,π2

i . Also, from [59, p.13-15], we know that {ξt}t≥0 is a Markov process

under any (π1, π2) ∈ Π1
M × Π2

M (in fact, strong Markov).

For any compact metric space A, let P(A) denote the space of probability measures

on A with the topology of weak convergence. Since A(i), B(i) are compact sets, we

have P(A(i)) and P(B(i)) are compact metric spaces. For each i, j ∈ S, µ ∈ P(A(i))

and ν ∈ P(B(i)), the associated transition and cost rates are defined, respectively, as

follows:

q(j|i, µ, ν) :=
∫
P(A(i))

∫
P(B(i))

q(j|i, a, b)µ(da)ν(db),

ck(i, µ, ν) :=

∫
P(A(i))

∫
P(B(i))

ck(i, a, b)µ(da)ν(db).

(by abuse of notation we use the same notation q and ck). Note that for π1 ∈ Π1
SM can

be identified with a map π1 : S → P(A(i)) such that for each j ∈ S, π1(j) ∈ P(A(j))

for each j ∈ S. Similarly, this conclusion also holds for π2 ∈ Π2
SM . Thus, we have

Π1
SM = Πi∈SP(A(i)) and Π2

SM = Πi∈SP(B(i)) i.e., the sets Π1
SM and Π2

SM are endowed

with the product topology. Therefore by Tychonoff theorem, the sets Π1
SM and Π2

SM are

compact metric spaces.

Let M(A(i)), i = 1, 2, . . . , and M(B(i)), i = 1, 2, . . . , be the spaces of finite signed

measures on A(i) and B(i), respectively, endowed with the topology of weak conver-

gence. Then M(A(i)) and M(B(i)) are locally convex topological vector spaces that

are metrizable [96]. Thus for Πi∈SM(A(i)) and Πi∈SM(B(i)) are locally convex topolog-

ical vector spaces which are metrizable as well. Moreover, Π1
SM and Π2

SM are compact,

convex subset of Πi∈SM(A(i)) and Πi∈SM(B(i)), respectively. For more details along

these lines, we refer to [34].

We list the commonly used notations below.

• Given any real-valued function V ≥ 1 on S, we define a Banach space (L∞
V (S), ∥ ·

∥∞V ) of V-weighted functions by

L∞
V (S) =

{
u : S → R | ∥u∥∞V := sup

i∈S

|u(i)|
V(i)

<∞
}
.

• L1,∞
V denotes the subset of L∞

V consists of function u such that ∥u∥∞V ≤ 1.
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For a pair of admissible strategies (π1, π2) ∈ Π1
Ad × Π2

Ad, the risk-sensitive ergodic cost

for player k, k = 1, 2, is given by

ρπ
1,π2

k (i) := lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 ck(ξt,π

1(t),π2(t))dt
]
, (6.2.2)

where ξt is the CTMDP corresponding to (π1, π2) ∈ Π1
Ad × Π2

Ad and Eπ1,π2

i denotes the

expectation with respect to the law of the process ξt with initial condition ξ0 = i.

Definition 6.2.3. A function f : S → R is said to be norm-like if for every k ∈ R, the
set {i : f(i) ≤ k} is either empty or finite.

Definition 6.2.4. A time-homogeneous continuous-time Markov process {ξt} with rate

matrix Q = [q(j|i)] is irreducible if for any i, j ∈ S, i ̸= j, there exist distinct states

i1, i2 · · · , ik ∈ S satisfying q(i1|i) · · · q(j|ik) > 0 (see, [59], p. 107).

Since we are allowing our transition and cost rates to be unbounded, to guarantee

the finiteness of ρπ
1,π2

k for k = 1, 2, we make the following Lyapunov stability Assumption.

(A2) We assume that the CTMDP {ξt}t≥0 is irreducible under every pair of sta-

tionary Markov strategies (π1, π2) ∈ Π1
SM × Π2

SM . Furthermore, suppose there exists a

constant C4 > 0 and a function V : S → [1,∞) such that one of the following holds.

(a) When the running cost is bounded: For some positive constant γ >

max{∥c1∥∞, ∥c2∥∞} and a finite set K it holds that

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ C4IK (i)− γV (i) ∀i ∈ S,

where ∥ck∥∞ := sup
(i,a,b)∈K

ck(i, a, b) for k = 1, 2.

(b) When the running cost is unbounded: For some norm-like function ℓ : S →
R+ and a finite set K it holds that

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ C4IK (i)− ℓ(i)V (i) ∀i ∈ S.

Also, the functions ℓ(·)− max
(a,b)∈A(·)×B(·)

ck(·, a, b), k = 1, 2, are norm-like.

This type of Foster-Lyapunov condition on the dynamics is quite common in the liter-

ature to study the continuous-time risk-sensitive ergodic control problems, for example,

see, [6] [7] for controlled diffusion case and [21], [52] for Markov chain case.
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Definition 6.2.5. A pair of strategies (π∗1, π∗2) ∈ Π1
Ad×Π2

Ad is called a Nash equilibrium

if

ρπ
∗1,π∗2

1 (i) ≤ ρπ
1,π∗2

1 (i) for all π1 ∈ Π1
Ad and i ∈ S

and

ρπ
∗1,π∗2

2 (i) ≤ ρπ
∗1,π2

2 (i) for all π2 ∈ Π2
Ad and i ∈ S.

We wish to establish the existence of a Nash equilibrium in stationary strategies. To

ensure the existence of a Nash equilibrium, we assume the following:

(A3)

(i) For any fixed i, j ∈ S, k=1,2 , q(j|i, a, b) and ck(i, a, b) are continuous in (a, b) ∈
A(i)×B(i) .

(ii)
∑
j∈S

V (j)q(j|i, a, b) is continuous in (a, b) ∈ A(i)×B(i) for any given i ∈ S, where

V is as Assumption (A2).

(iii) There exists i0 ∈ S such that q(j|i0, a, b) > 0 for all j ̸= i0 and for all (a, b) ∈
A(j)×B(j).

It is also possible to consider another type of condition instead Assumption (A3)(iii).

We refer to Remark 6.3.3 for further discussion.

We wish to establish the existence of a Nash equilibrium in stationary strategies.

We now procedure to establish Nash equilibrium in stationary strategies for a

nonzero-sum game. To this end, we first outline a standard procedure for establish-

ing the existence of a Nash equilibrium. Suppose player 2 announces that he/she is

going to employ a strategy π2 ∈ Π2
SM . In such a scenario, player 1 attempts to minimize

ρπ
1,π2

1 (i) = lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c1(ξt,π1(t),π2(ξt−))dt

]
,

over π1 ∈ Π1
Ad. Thus for player 1, it is a continuous-time Markov decision problem

(CTMDP) with risk-sensitive ergodic cost. This problem has been studied in [21], [47],

[81], [82]. In particular under certain assumptions, it is shown in [21], [81], [82], that the

following Hamilton-Jacobi-Bellman (HJB) equation
ρ1 ψ̂1(i) = inf

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π2(i))ψ̂1(j) + c1(i, µ, π
2(i))ψ̂1(i)

]
ψ̂1(̂i0) = 1,

has a suitable solution (ρ1, ψ̂1), where ρ1 is a scalar and ψ̂1 : S → R has suitable growth

rate; and î0 is some fixed state in S. Furthermore it is shown in [21], [81], [82], that

ρ1 = inf
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c1(ξt,π1(t),π2(ξt−))dt

]
,
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and if π∗1 ∈ Π1
SM is such that for all i ∈ S

inf
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π2(i))ψ̂1(j) + c1(i, µ, π
2(i))ψ̂1(i)

]
=

∑
j∈S

q(j|i, π∗1(i), π2(i))ψ̂1(j) + c1(i, π
∗1(i), π2(i))ψ̂1(i),

then π∗1 ∈ Π1
SM is an optimal control for player 1, i.e., for any i ∈ S

ρ1 = lim sup
T→∞

1

T
logEπ∗1,π2

i

[
e
∫ T
0 c1(ξt,π∗1(ξt−),π2(ξt−))dt

]
.

In [82], the ergodic case is treated via the limit of the corresponding finite-horizon risk-

sensitive continuous-time MDP. For the latter, the HJB equation is an infinite system

of coupled ODEs. Then as the length of the horizon tends to ∞, the above equation

is derived using limiting horizon asymptotics. In [81], the existence of ergodic optimal

control is established by using the vanishing discount approach. In [21], the ergodic case

is studied directly by an approach involving the principal eigenpair associated with the

above equation. In this chapter, we follow the approach of [21].

In view of the foregoing it follows that given that player 2 is using the strategy π2 ∈ Π2
SM ,

π∗1 ∈ Π1
SM is an optimal response for player 1. Clearly π∗1 depends on π2 and moreover

there may be several optimal responses for player 1 in Π1
SM . Analogous results hold for

player 2 if player 1 announces that he is going to use a strategy π1 ∈ Π1
SM . Hence given

a pair of strategies (π1, π2) ∈ Π1
SM×Π2

SM , we can find a set of pairs of optimal responses

{(π∗1, π∗2) ∈ Π1
SM × Π2

SM} via the appropriate pair of HJB equations described above.

This defines a set-valued map. Clearly, any fixed point of this set-valued map is a Nash

equilibrium.

The above discussion leads to the following procedure for finding a pair of Nash equi-

librium strategies. Suppose that there exists a pair of stationary strategies (π∗1, π∗2) ∈
Π1
SM × Π2

SM , a pair of scalars (ρ∗1, ρ
∗
2) and a pair of functions (ψ̂∗

1, ψ̂
∗
2) with appropriate

growth conditions, satisfying the following coupled HJB equations:

ρ∗1 ψ̂
∗
1(i) = inf

µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π∗2(i))ψ̂∗
1(j) + c1(i, µ, π

∗2(i))ψ̂∗
1(i)
]

=
∑
j∈S

q(j|i, π∗1(i), π∗2(i))ψ̂∗
1(j) + c1(i, π

∗1(i), π∗2(i))ψ̂∗
1(i)

ψ̂∗
1 (̂i0) = 1,

ρ∗2 ψ̂
∗
2(i) = inf

ν∈P(B(i))

[∑
j∈S

q(j|i, π∗1(i), ν)ψ̂∗
2(j) + c2(i, π

∗1(i), ν)ψ̂∗
2(i)
]

=
∑
j∈S

q(j|i, π∗1(i), π∗2(i))ψ̂∗
2(j) + c2(i, π

∗1(i), π∗2(i))ψ̂∗
2(i)

ψ̂∗
2 (̂i0) = 1,
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where as before î0 ∈ S is a fixed state. Then it can be shown that (π∗1, π∗2) is a pair of

Nash equilibrium and (ρ∗1, ρ
∗
2) is the pair of corresponding Nash values. Thus the main

result of this chapter is to establish that the above coupled HJB equations have suitable

solutions.

Remark 6.2.6. Note that similar stochastic optimal control problems have been studied

in [47], [82] for bounded cost and bounded transition rates. But in our game model

transition and cost rates are allowed to be unbounded. Analogous MDP problems are

treated in [21].

6.3 Coupled HJB Equations and Existence of Nash

Equilibrium

By the definition of weak convergence of probability measures, one can easily get the

following result, which will be crucial for the existence of Nash equilibrium; for details,

we refer to [56, Lemma 7.2].

Lemma 6.3.1. Under Assumptions (A0)-(A3), the functions

ck(i, µ, ν), k = 1, 2 and
∑
j∈S

q(j|i, µ, ν)ϕ(j)

are continuous on P(A(i))× P(B(i)) for each fixed ϕ ∈ L∞
V (S) and i ∈ S.

For any finite set D ⊂ S, we define

BD = {f : S → R | f is a Borel measurable function and f(i) = 0 ∀ i ∈ D c}.

Also, B+
D ⊂ BD denotes the cone of all nonnegative functions vanishing outside D .

Let Dn ⊂ S be an increasing sequence of finite sets such that ∪nDn = S such that

i0 ∈ Dn for each n ≥ 1 , where i0 ∈ S is a fixed state as in Assumption (A3) . Also,

we denote ⪰ as the partial ordering in BDn with respect to the closed cone B+
Dn
, i.e.,

for f, g ∈ BDn , f ⪰ g if and only if f − g ∈ B+
Dn
. Now using Krĕın-Rutman theorem

we prove the existence of an eigenpair to a Dirichlet problem in Dn for each n ∈ N . In

the next lemma, we show the existence of eigenpairs to certain equations in Dn for each

n ∈ N .

Lemma 6.3.2. Suppose that Assumptions (A0)-(A3) are satisfied. Then for each n ∈ N,
the following hold.
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1. For π̂2 ∈ Π2
SM , there exists an eigenpair (ρ1,n, ψ1,n) ∈ R× B+

Dn
, satisfying

ρ1,nψ1,n(i) = inf
µ∈P(A(i))

[∑
j∈S

ψ1,n(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1,n(i)

]
for i ∈ Dn,

ψ1,n(i0) = 1.
(6.3.1)

Moreover, we have

0 ≤ lim inf
n→∞

ρ1,n ≤ lim sup
n→∞

ρ1,n ≤ inf
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π̂2

i0

[
e
∫ T
0 c1(ξt,π1(t),π̂2(ξt−))dt

]
,

(6.3.2)

and {ρ1,n} is a bounded sequence.

2. Similarly, for π̂1 ∈ Π1
SM , there exists an eigenpair (ρ2,n, ψ2,n) ∈ R×B+

Dn
, satisfying

ρ2,nψ2,n(i) = inf
ν∈P(B(i))

[∑
j∈S

ψ2,n(j)q(j|i, π̂1(i), ν) + c2(i, π̂
1(i), ν)ψ2,n(i)

]
for i ∈ Dn,

ψ2,n(i0) = 1.
(6.3.3)

Moreover, we have

0 ≤ lim inf
n→∞

ρ2,n ≤ lim sup
n→∞

ρ2,n ≤ inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logEπ̂1,π2

i0

[
e
∫ T
0 c2(ξt,π̂1(ξt−),π2(t))dt

]
,

(6.3.4)

and {ρ2,n} is a bounded sequence.

Proof. We prove part (1); part (2) follows by analogous arguments. Fix π̂2 ∈ Π2
SM .

Let δ > 0. Set c̃1(i, µ, ν) = c1(i, µ, ν)− kn − δ, where kn = sup{c1(i, µ, ν) | i ∈ Dn, µ ∈
P(A(i)), ν ∈ P(B(i))}. From [21, Proposition 3.1], it is easy to see that for each g ∈ BDn

the following equation

−g(i) = inf
µ∈P(A(i))

[∑
j∈S

ϕ1(j)q(j|i, µ, π̂2(i)) + c̃1(i, µ, π̂
2(i))ϕ1(i)

]
for i ∈ Dn,

admits a unique solution ϕ1 ∈ BDn and ϕ1 is given by

ϕ1(i) = inf
π1∈Π1

Ad

Eπ1,π̂2

i

[∫ τ(Dn)

0

e
∫ t
0 c̃1(ξs,π

1(s),π̂2(ξs−))dsg(ξt)dt

]
, i ∈ S,

where τ(Dn) := inf{t > 0 : ξt /∈ Dn}. Therefore, the operator T : BDn → BDn given by

T (g)(i) := ϕ1(i) = inf
π1∈Π1

Ad

Eπ1,π̂2

i

[∫ τ(Dn)

0

e
∫ t
0 c̃1(ξs,π

1(s),π̂2(ξs−))dsg(ξt)dt

]
, i ∈ Dn, g ∈ BDn

with T (g)(i) = 0 for i ∈ D c
n is well defined. Then by similar arguments as in [21,

Lemma 3.1], the map T is order-preserving, 1-homogeneous, completely continuous and
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for some nonzero function g ∈ B+
Dn
, there exists M > 0, such that MT (g) ⪰ g, i.e.,

it satisfies all conditions of Krĕın-Rutman theorem. Hence by a version of nonlinear

Krĕın-Rutman theorem [4, Section 3.1], there exist nontrivial ψ1,n ∈ B+
Dn

and λDn > 0,

satisfying Tψ1,n = λDnψ1,n. Let ρ̃1,n = −[λDn ]
−1. Then we have that the pair (ρ̃1,n, ψ1,n)

satisfies

inf
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π̂2(i))ψ1,n(j) + c̃1(i, µ, π̂
2(i))ψ1,n(i)

]
= ρ̃1,nψ1,n(i), ∀i ∈ Dn .

Now, let ρ1,n = ρ̃1,n + kn + δ, then it is easy to see that the pair (ρ1,n, ψ1,n) satisfies the

following equation

ρ1,nψ1,n(i) = inf
µ∈P(A(i))

[∑
j∈S

ψ1,n(j)q(j|i, µ, π̂2(i))+c1(i, µ, π̂
2(i))ψ1,n(i)

]
for i ∈ Dn, ψ1,n ⪈ 0.

From Assumption (A3)(iii) and using the above equation we have ψ1,n(i0) > 0. Thus by

normalizing ψ1,n we obtain ψ1,n(i0) = 1. Therefore, it follows that the pair (ρ1,n, ψ1,n)

satisfies the required HJB equation (6.3.1).

Now, following [21, Lemma 3.3] one can show that ρ1,n satisfies (6.3.2) and {ρ1,n} is

a bounded sequence.

Next by taking limit n → ∞ we show that the limiting equations admit eigenpairs

in appropriate spaces. In particular, we have the following theorem.

Theorem 6.3.1. Suppose that Assumptions (A0)-(A3) are satisfied. Then the following

hold.

1. For π̂2 ∈ Π2
SM , there exists a unique principal eigenpair (ρ1, ψ1) ∈ R+ × L1,∞

V ,

ψ1 > 0, satisfying
ρ1ψ1(i) = inf

µ∈P(A(i))

[∑
j∈S

ψ1(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1(i)

]
for i ∈ S,

ψ1(i0) = 1.
(6.3.5)

Moreover, we have

ρ1 = inf
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π̂2

i

[
e
∫ T
0 c1(ξt,π1(t),π̂2(ξt−))dt

]
(:= ρπ̂

2

1 = inf
π1∈Π1

Ad

ρπ
1,π̂2

1 ),

(6.3.6)

and there exists a finite set B1 ⊃ K , such that

ψ1(i) = inf
π1∈Π1

SM

Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1))

]
(:= ψπ̂

2

1 (i)) ∀i ∈ Bc
1,

(6.3.7)

where τ̂(B1) = τ(Bc
1) = inf{t : ξt ∈ B1} =: τ̃1.
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2. Similarly, for π̂1 ∈ Π1
SM , there exists a unique principal eigenpair (ρ2, ψ2) ∈ R+ ×

L1,∞
V , ψ2 > 0 satisfying
ρ2ψ2(i) = inf

ν∈P(B(i))

[∑
j∈S

ψ2(j)q(j|i, π̂1(i), ν) + c2(i, π̂
1(i), ν)ψ2(i)

]
for i ∈ S,

ψ2(i0) = 1.
(6.3.8)

Moreover, we have

ρ2 = inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logEπ̂1,π2

i

[
e
∫ T
0 c2(ξt,π̂1(ξt−),π2(t))dt

]
(:= ρπ̂

1

2 = inf
π2∈Π2

Ad

ρπ̂
1,π2

2 ),

(6.3.9)

and there exists a finite set B2 ⊃ K , such that

ψ2(i) = inf
π2∈Π2

SM

Eπ̂1,π2

i

[
e
∫ τ̂(B2)
0 (c2(ξt,π̂1(ξt−),π2(ξt−))−ρ2)dtψ2(ξτ̂(B2))

]
(:= ψπ̂

1

2 (i)) ∀i ∈ Bc
2,

(6.3.10)

where τ̂(B2) = τ(Bc
2) = inf{t : ξt ∈ B2} =: τ̃2.

Proof. Since c1 ≥ 0, using Assumption (A2), we deduce that there exists a finite set B1

containing K such that

• under Assumption (A2)(a), since γ > ∥c1∥∞, we have

sup
(a,b)∈A(i)×B(i)

c1(i, a, b)− ρ1,n < γ ∀ i ∈ Bc
1 and all n large enough .

• under Assumption (A2)(b), since the function ℓ(·)− max
(a,b)∈A(·)×B(·)

c1(·, a, b) is norm-

like, we have

sup
(a,b)∈A(i)×B(i)

c1(i, a, b)− ρ1,n < ℓ(i) ∀ i ∈ Bc
1 and all n large enough .

Let π1 ∈ Π1
SM . Then applying Itô-Dynkin formula, from Assumption (A2), we prove

the following estimates:

• Under Assumption (A2)(a):

Eπ1,π̂2

i

[
eτ̂(B1)γV (ξτ̂(B1))

]
≤ V (i) ∀i ∈ Bc

1 . (6.3.11)

• Under Assumption (A2)(b):

Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 ℓ(ξt)dtV (ξτ̂(B1))

]
≤ V (i) ∀i ∈ Bc

1 . (6.3.12)
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It is easy to see that the proof of (6.3.11) is analogous to that the proof of (6.3.12) when

we replace ℓ with γ. So, we prove only (6.3.12). Suppose Assumption (A2)(b) holds.

Let n be large enough so that B1 ⊂ Dn. Applying Dynkin’s formula [59, Appendix C.3],

for i ∈ Bc
1 ∩ Dn and T > 0, we have

Eπ1,π̂2

i

[
e
∫ τ̂(B1)∧T∧τ(Dn)
0 ℓ(ξs)dsV (ξτ̂(B1)∧T∧τ(Dn))

]
− V (i)

= Eπ1,π̂2

i

[∫ τ̂(B1)∧T∧τ(Dn)

0

e
∫ t
0 ℓ(ξs)ds[ℓ(ξt)V (ξt) +

∑
j∈S

q(j|ξt, π1(ξt−), π̂
2(ξt−))V (j)]dt

]

≤ Eπ1,π̂2

i

[∫ τ̂(B1)∧T∧τ(Dn)

0

e
∫ t
0 ℓ(ξs)dsC4IK (ξt)dt

]
= 0,

where τ(Dn) = inf{t > 0 : ξt /∈ Dn} (as defined in Lemma 6.3.2). Now by Fatou’s

lemma, taking first n → ∞ and then T → ∞, we get (6.3.12). Now we scale ψ1,n in

such a way that it touches V from below. Define

θ̂n = sup{k > 0 : (V − kψ1,n) > 0 in S}.

Then we see that θ̂n is finite as ψ1,n vanishes in D c
n and ψ1,n ⪈ 0. Also, it is easy to see

that θ̂nψ1,n ≤ V . We claim that if we replace ψ1,n by θ̂nψ1,n, then ψ1,n touches V inside

B1. If not, then for some state î ∈ Bc
1, (V − ψ1,n)(̂i) = 0 and V − ψ1,n > 0 in B1 ∪ D c

n.

Then by Dynkin formula, we get (under Assumption (A2)(b))

ψ1,n(̂i) ≤ Eπ1,π̂2

î

[
e
∫ T∧τ̂(B1)
0 (c(ξs,π1(ξs−),π̂2(ξs−))−ρ1,n)dsψ1,n(ξT∧τ̂(B1))I{T∧τ̂(B1)<τ(Dn)}

]
≤ Eπ1,π̂2

î

[
e
∫ T∧τ̂(B1)
0 ℓ(ξs)dsψ1,n(ξT∧τ̂(B1))I{T∧τ̂(B1)<τ(Dn)}

]
.

Since ψ1,n ≤ V , in view of (6.3.12), by the dominated convergence theorem, taking

T → ∞, we get

ψ1,n(̂i) ≤ Eπ1,π̂2

î

[
e
∫ τ̂(B1)
0 ℓ(ξs)dsψ1,n(ξτ̂(B1))

]
.

Using this and (6.3.12), we have

0 = (V − ψ1,n)(̂i) ≥ Eπ1,π̂2

î

[
e
∫ τ̂(B1)
0 ℓ(ξs)ds(V − ψ1,n)(ξτ̂(B1))

]
> 0.

Hence we arrive at a contradiction. Thus ψ1,n touches V inside B1. A similar conclusion

holds under Assumption (A2)(a). Therefore, ψ1,n ≤ V and at some point î∗ ∈ B1,

ψ1,n(̂i
∗) = V (̂i∗).

Since ψ1,n ≤ V for all n large enough, by diagonalization argument, we deduce that

along a suitable subsequence ψ1,n(i) → ψ1(i) for all i ∈ S, for some ψ1 ∈ L1,∞
V . Also, from
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Lemma 6.3.2, we have {ρ1,n} is a bounded sequence. Thus along a further subsequence

we have ρ1,n → ρ1 as n→ ∞. Let π̃1
n ∈ Π1

SM be a minimizing selector of (6.3.1), i.e., we

have

ρ1,nψ1,n(i) =

[∑
j∈S

ψ1,n(j)q(j|i, π̃1
n(i), π̂

2(i)) + c1(i, π̃
1
n(i), π̂

2(i))ψ1,n(i)

]
for i ∈ Dn .

(6.3.13)

Since Π1
SM is compact along further subsequence π̃1

n → π̃1 in Π1
SM . Therefore, by

generalized Fatou’s lemma [69, Lemma 8.3.7], letting n → ∞, from (6.3.13) it follows

that

ρ1ψ1(i) ≥ inf
µ∈P(A(i))

[∑
j∈S

ψ1(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1(i)

]
for i ∈ S . (6.3.14)

Also, from (6.3.1), for any µ ∈ P(A(i)), we have

ρ1,nψ1,n(i) ≤
[∑
j∈S

ψ1,n(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1,n(i)

]
for i ∈ Dn .

Since ψ1,n ≤ V , by the dominated convergence theorem, letting n→ ∞ we deduce

ρ1ψ1(i) ≤
[∑
j∈S

ψ1(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1(i)

]
. (6.3.15)

Therefore, combining (6.3.14) and (6.3.15), it follows that the pair (ρ1, ψ1) ∈ R+×L1,∞
V ,

ψ1 ≥ 0 satisfies

ρ1ψ1(i) = inf
µ∈P(A(i))

[∑
j∈S

ψ1(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ1(i)

]
for i ∈ S.

Since at some point in B1 we have (V −ψ1,n) = 0, for all large n, we have (V −ψ1)(̂i
∗) = 0

for some î∗ ∈ B1. Since V ≥ 1, it is clear that ψ1 is nontrivial. Now we claim that

ψ1 > 0. If not, we must have ψ1(̃i) = 0 for some ĩ ∈ S. Then, for any minimizing

selector π̃∗1 ∈ Π1
SM of (6.3.5), it follows that

ρ1ψ1(̃i) =

[∑
j∈S

ψ1(j)q(j |̃i, π̃∗1(̃i), π̂2(̃i)) + c(̃i, π̃∗1(̃i), π̂2(̃i))ψ1(̃i)

]
.

This implies ∑
j ̸=ĩ

ψ1(j)q(j |̃i, π̃∗1(̃i), π̂2(̃i)) = 0.

Since the Markov chain ξt is irreducible under (π̃∗1, π̂2) ∈ Π1
SM × Π2

SM , from the above

equation, it follows that ψ1 ≡ 0. So, we arrive at a contradiction. This proves that

(ρ1, ψ1) is an eigenpair to (6.3.5).
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By truncating the running cost c1, one can show that ρ1 satisfies (6.3.6) (see, [21,

Lemma 3.5]) . Next we prove the stochastic representation (6.3.7).

Applying Itô-Dynkin formula for any minimizing selector π∗1 of (6.3.5) and any

T > 0, we have

ψ1(i) = Eπ∗1,π̂2

i

[
e
∫ τ̂(B1)∧T
0 (c1(ξt,π∗1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1)∧T )

]
∀i ∈ Bc

1 .

Then applying Fatou’s lemma, by taking T → ∞, we get

ψ1(i) ≥ Eπ∗1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1))

]
≥ inf

π1∈Π1
SM

Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1))

]
∀i ∈ Bc

1 . (6.3.16)

Again, by applying Itô-Dynkin formula, from (6.3.1) for any π1 ∈ Π1
SM , T > 0 and

i ∈ Dn ∩ Bc
1 it follows that

ψ1,n(i) ≤ Eπ1,π̂2

i

[
e
∫ τ̂(B1)∧τ(Dn)∧T
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1,n)dtψ1,n(ξτ̂(B1)∧τ(Dn)∧T )

]
≤ Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1,n)dtψ1,n(ξτ̂(B1))I{τ̂(B1)≤τ(Dn)∧T}

]
+ Eπ1,π̂2

i

[
e
∫ T
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1,n)dtψ1,n(ξT )I{T≤τ̂(B1)∧τ(Dn)}

]
. (6.3.17)

Under Assumption (A2)(a), the estimate (6.3.11) and the fact that ψ1,n ≤ V (from the

construction of θ̂n, it is clear that if we replace ψ1,n by θ̂nψ1,n, we get this inequality),

we have

Eπ1,π̂2

i

[
e
∫ T
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1,n)dtψ1,n(ξT )I{T≤τ̂(B1)∧τ(Dn)}

]
≤ e(∥c1∥∞−ρ1,n−γ)TEπ1,π̂2

i

[
eTγV (ξT )I{T≤τ̂(B1)∧τ(Dn)}

]
≤ e(∥c1∥∞−ρ1,n−γ)TV (i) .

Thus, letting T → ∞ from (6.3.17) we get

ψ1,n(i) ≤ Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π1(ξt−)),π̂2(ξt−))−ρ1,n)dtψ1,n(ξτ̂(B1))I{τ̂(B1)≤τ(Dn)}

]
.

Again, since ψ1,n ≤ V , using (6.3.11) and applying the dominated convergence theorem

it follows that

ψ1(i) ≤ Eπ1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1))

]
∀i ∈ Bc

1 . (6.3.18)
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Since π1 ∈ Π1
SM is arbitrary, combining (6.3.16) and (6.3.18), we obtain (6.3.7). Also, it

is clear from the proof that for any minimizing selector π∗1 of (6.3.5) we have

ψ1(i) = Eπ∗1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π̂2(ξt−))−ρ1)dtψ1(ξτ̂(B1))

]
∀i ∈ Bc

1 . (6.3.19)

Using (6.3.12) it is easy to check that the same conclusion holds under Assumption

(A2)(b) .

Now exploiting the stochastic representation (6.3.7), we show that (ρ1, ψ1) ∈ R+ ×
L1,∞
V is the minimal eigenpair. Suppose (ρ̂1, ψ̂1) ∈ R+ × L1,∞

V , ψ̂1 > 0 is an eigenpair

satisfying
ρ̂1ψ̂1(i) = inf

µ∈P(A(i))

[∑
j∈S

ψ̂1(j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψ̂1(i)

]
for i ∈ S,

ψ̂1(i0) = 1.

(6.3.20)

We want to show that ρ1 ≤ ρ̂1. If not suppose that ρ1 > ρ̂1. Then, for any minimizing

selector π̂∗1 of (6.3.20), applying Itô-Dynkin formula and Fatou’s lemma, we obtain

ψ̂1(i) ≥ Eπ̂∗1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π̂∗1(ξt−),π̂2(ξt−))−ρ̂1)dtψ̂1(ξτ̂(B1))

]
∀i ∈ Bc

1 . (6.3.21)

On the other hand from (6.3.7), we have

ψ1(i) ≤ Eπ̂∗1,π̂2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π̂∗1(ξt−),π̂2(ξt−))−ρ̂1)dtψ1(ξτ̂(B1))

]
∀i ∈ Bc

1 . (6.3.22)

Let κ̂ := minB1

ψ̂1

ψ1
. Hence, from (6.3.21) and (6.3.22) it follows that (ψ̂1 − κ̂ψ1) ≥ 0 in

S and (ψ̂1 − κ̂ψ1)(̃i0) = 0 for some ĩ0 ∈ B1 . Now, combining (6.3.5) and (6.3.20) we

deduce that [∑
j ̸=ĩ0

(ψ̂1 − κ̂ψ1)(j)q(j |̃i0, π̂∗1(̃i0), π̂
2(̃i0))

]
≡ 0 . (6.3.23)

Since ξt is irreducible under (π̂
∗1, π̂2), in view of (6.3.23) it is clear that (ψ̂1 − κ̂ψ1) ≡ 0.

Again, since ψ̂1(i0) = ψ1(i0) =1, we get ψ̂1 ≡ ψ1. But, this is a contradiction to the

fact that ρ1 > ρ̂1. Thus we deduce that (ρ1, ψ1) ∈ R+ × L1,∞
V is the minimal eigenpair.

Following the above argument one can show that any eigenfunction satisfying (6.3.7) is

unique up to scalar multiplication. Also, by a similar argument, one can show that there

exists a minimal eigenpair (ρ2, ψ2) ∈ R+ × L1,∞
V satisfying (6.3.8), (6.3.9) and (6.3.10).

This completes the proof.

Remark 6.3.3. We can replace Assumption (A3)(iii) by other similar assumption. For

example, if the killed process communicates with every state from i0 before leaving the

domain Dn, for large n, then our method applies. More precisely, for every Dn, (π
1, π2) ∈
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Π1
SM × Π2

SM and for every j ∈ Dn\{i0}, if there exists distinct i1, i2, · · · , im ∈ Dn\{i0}
satisfying

q(i1|i0, π1(i0), π
2(i0))q(i2|i1, π1(i1), π

2(i1)) · · · q(j|im, π1(im), π
2(im)) > 0,

then we get ψ1,n(i0) > 0 in Dn (see Lemma 6.3.2). Also, the conclusion of Theorem 6.3.1

holds.

To proceed further we establish some technical results needed later.

Lemma 6.3.4. Suppose Assumptions (A0)-(A3) hold. Then the maps π̂1 → ψπ̂
1

2 from

Π1
SM → L∞

V (S), π̂1 → ρπ̂
1

2 from Π1
SM → R+, π̂

2 → ψπ̂
2

1 from Π2
SM → L∞

V (S), and

π̂2 → ρπ̂
2

1 from Π2
SM → R+ are continuous.

Proof. Let {π2,n} be a sequence in Π2
SM such that π2,n → π̃2 in Π2

SM , i.e., for each

i ∈ S, π2,n(i) → π̃2(i) inP(B(i)). Now by Theorem 6.3.1, there exists (ρπ
2,n

1 , ψπ
2,n

1 ) ∈
R+ × L1,∞

V , ψπ
2,n

1 > 0 satisfying

ρπ
2,n

1 ψπ
2,n

1 (i) = inf
µ∈P(A(i))

[∑
j∈S

ψπ
2,n

1 (j)q(j|i, µ, π2,n(i)) + c1(i, µ, π
2,n(i))ψπ

2,n

1 (i)

]
, (6.3.24)

with ψπ
2,n

1 (i0) = 1. Now, since ψπ
2,n

1 ∈ L1,∞
V , by a standard diagonalization argument,

there exists a function ψ∗
1 ∈ L1,∞

V such that ψπ
2,n

1 (i) → ψ∗
1(i) as n → ∞ for all i ∈ S.

Also, {ρπ2,n

1 } is a bounded sequence. Hence, along a suitable subsequence (without loss

of generality denoting by the same notation) ρπ
2,n

1 → ρ∗1. Now from (6.3.24), for any

µ ∈ P(A(i)) we deduce that

ρπ
2,n

1 ψπ
2,n

1 (i) ≤
[∑
j∈S

ψπ
2,n

1 q(j|i, µ, π2,n(i)) + c1(i, µ, π
2,n(i))ψπ

2,n

1 (i)

]
.

This implies that

ρπ
2,n

1 ψ
π2,n
1 (i)− ψπ

2,n

1 (i)q(i|i, µ, π2,n(i)) ≤

[∑
j ̸=i

ψπ
2,n

1 (j)q(j|i, µ, π2,n(i)) + c1(i, µ, π
2,n(i))ψπ

2,n

1 (i)

]
.

(6.3.25)

Note that ∑
j ̸=i

ψπ
2,n

1 (j)q(j|i, µ, π2,n(i)) ≤
∑
j ̸=i

V (j)q(j|i, µ, π2,n(i)). (6.3.26)

Thus, using Lemma 6.3.1, generalized Fatou’s lemma in [69, Lemma 8.3.7] and taking

n→ ∞ in (6.3.25), we get

ρ∗1ψ
∗
1(i) ≤

[∑
j∈S

ψ∗
1(j)q(j|i, µ, π̃2(i)) + c1(i, µ, π̃

2(i))ψ∗
1(i)

]
.

Ph.D. Thesis 146

TH-3126_186123018



Chapter 6 6.3. Coupled HJB Equations and Existence of Nash Equilibrium

Hence,

ρ∗1ψ
∗
1(i) ≤ inf

µ∈P(A(i))

[∑
j∈S

ψ∗
1(j)q(j|i, µ, π̃2(i)) + c1(i, µ, π̃

2(i))ψ∗
1(i)

]
. (6.3.27)

Let π∗1,n ∈ Π1
SM be a minimizing selector of (6.3.24), i.e.,

ρπ
2,n

1 ψ
π2,n
1 (i) =

[∑
j∈S

ψπ
2,n

1 (j)q(j|i, π∗1,n(i), π2,n(i)) + c1(i, π
∗1,n(i), π2,n(i))ψπ

2,n

1 (i)

]
.

(6.3.28)

Since Π1
SM is compact under the product topology, there exists π∗1 ∈ Π1

SM such that

along a subsequence (without loss of generality denoting by the same notation) π∗1,n →
π∗1.

Now, using Lemma 6.3.1, the dominated convergence theorem and passing n → ∞
in (6.3.28), we obtain

ρ∗1ψ
∗
1(i) =

[∑
j∈S

ψ∗
1(j)q(j|i, π∗1(i), π̃2(i)) + c1(i, π

∗1(i), π̃2(i))ψ∗
1(i)

]
.

Therefore

ρ∗1ψ
∗
1(i) ≥ inf

µ∈P(A(i))

[∑
j∈S

ψ∗
1(j)q(j|i, µ, π̃2(i)) + c1(i, µ, π̃

2(i))ψ∗
1(i)

]
. (6.3.29)

Hence, from (6.3.27), and (6.3.29), it follows that

ρ∗1ψ
∗
1(i) = inf

µ∈P(A(i))

[∑
j∈S

ψ∗
1(j)q(j|i, µ, π̃2(i)) + c1(i, µ, π̃

2(i))ψ∗
1(i)

]
. (6.3.30)

Since ρπ̃
2

1 is the minimal eigenvalue corresponding to π̃2 of (6.3.30), we have ρ∗1 ≥ ρπ̃
2

1 .

Suppose ρ∗1 > ρπ̃
2

1 . Now, from Theorem 6.3.1, for any minimizing π̂1 ∈ Π1
SM of (6.3.5),

there exists a finite set B1 ⊃ K , such that

ψ1(i) = Eπ̂1,π̃2

i

[
e
∫ τ̂(B1)
0 (c1(t,π̂1(ξt−),π̃2(ξt−))−ρπ̃2

1 )dtψ1(ξτ̂(B1))

]
∀i ∈ Bc

1, (6.3.31)

where τ̂(B1) is a stopping time define as in Theorem 6.3.1. Since ρ∗1 > ρπ̃
2

1 , by similar

arguments as in [21, Lemma 3.4] we deduce that

ψ∗
1(i) ≤ Eπ̂1,π̃2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π̂1(ξt−),π̃2(ξt−))−ρπ̃2

1 )dtψ∗
1(ξτ̂(B1))

]
∀i ∈ Bc

1. (6.3.32)

From (6.3.31) and (6.3.32), we obtain

(ψ1 − ψ∗
1)(i) ≥ Eπ̂1,π̃2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π̂1(ξt−),π̃2(ξt−))−ρπ̃2

1 )dt(ψ1 − ψ∗
1)(ξ(τ̂(B1)))

]
∀i ∈ Bc

1.

(6.3.33)
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Now choosing an appropriate constant θ (e.g., θ = maxB1

ψ1

ψ∗
1
), we have (ψ1 − θψ∗

1) ≥ 0

in B1 and for some î0 ∈ B1, (ψ1 − θψ∗
1)(̂i0) = 0. Thus, in view of (6.3.33), we get

(ψ1 − θψ∗
1) ≥ 0 in S. Now combining (6.3.5) and (6.3.30), we get

ρπ̃
2

1 (ψ1 − θψ∗
1)(̂i0)

≥
[∑
j∈S

(ψ1 − θψ∗
1)(j)q(j |̂i0, π̂1(̂i0), π̃

2(̂i0)) + c1(̂i0, π̂
1(̂i0), π̃

2(̂i0))(ψ1 − θψ∗
1)(̂i0)

]
.

This implies that ∑
j ̸=î0

(ψ1 − θψ∗
1)(j)q(j |̂i0, π̂1(̂i0), π̃

2(̂i0)) = 0 . (6.3.34)

Since, {ξt}t≥0 is irreducible under (π̂1, π̃2) ∈ Π1
SM × Π2

SM , from (6.3.34) it follows that

ψ1 ≡ θψ∗
1. But, this is a contradiction to the fact that ρ∗1 > ρπ̃

2

1 . Hence, we deduce

that ρ∗1 = ρπ̃
2

1 . This proves the continuity of the map π̂2 → ρπ̂
2

1 . Since ψπ̂
2,n

1 (i0) = 1

for all n ≥ 1, we have ψ∗
1(i0) = 1. Hence by Theorem 6.3.1, we have ψ∗

1 is the unique

solution of (6.3.5). Thus ψ∗
1 = ψπ̃

2

1 . This proves the continuity of the map π̂2 → ψπ̂
2

1 .

The continuity of other maps follows by a similar argument.

Fix π̂2 ∈ Π2
SM . For each i ∈ S, µ ∈ P(A(i)), set

F̃1(i, µ, π̂
2(i)) =

[∑
j∈S

ψπ̂
2

1 (j)q(j|i, µ, π̂2(i)) + c1(i, µ, π̂
2(i))ψπ̂

2

1 (i)

]
,

where ψπ̂
2

1 is the solution of (6.3.5) corresponding to the strategy π̂2 ∈ Π2
SM . Let

H̃(π̂2) =

{
π̂∗1 ∈ Π1

SM : F̃1(i, π̂
∗1(i), π̂2(i)) = inf

µ∈P(A(i))
F̃1(i, µ, π̂

2(i)) ∀ i ∈ S

}
.

By Lemma 6.3.1, we know that the functions c1(i, µ, π̂
2(i))ψπ̂

2

1 (i) and∑
j∈S ψ

π̂2

1 (j)q(j|i, µ, π̂2(i)) are continuous on P(A(i)) × P(B(i)) for each i ∈ S.

Also since P(A(i)) is compact for each i ∈ S, it is easy to see that H̃(π̂2) is a non

empty subset of Π1
SM . From the definition of H̃(π̂2) and the topology of Π1

SM , it is

clear that H̃(π̂2) is convex and closed. Since Π1
SM is a compact metric space under the

product topology, it follows that H̃(π̂2) is also compact. Similarly, for i ∈ S, π̂1 ∈ Π1
SM ,

ν ∈ P(B(i)), we set

F̃2(i, π̂
1(i), ν) =

[∑
j∈S

ψπ̂
1

2 (j)q(j|i, π̂1(i), ν) + c2(i, π̂
1(i), ν)ψπ̂

1

2 (i)

]
, i ∈ S,

where ψπ̂
1

2 is the solution of (6.3.8) corresponding to the strategy π̂1 ∈ Π1
SM . Let

H̃(π̂1) =

{
π̂∗2 ∈ Π2

SM : F̃2(i, π̂
1(i), π̂∗2(i)) = inf

ν∈P(B(i))
F̃2(i, π̂

1(i), ν) ∀ i ∈ S

}
.
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Then by analogous arguments, H̃(π̂1) is a nonempty, convex and compact subset of

Π2
SM . Next set

H̃(π̂1, π̂2) = H̃(π̂2)× H̃(π̂1).

From the above argument it is clear that H̃(π̂1, π̂2) is a nonempty, convex, and compact

subset of Π1
SM × Π2

SM . Therefore we may define a map from Π1
SM ×Π2

SM → 2Π
1
SM×Π2

SM .

6.4 Existence of Nash equilibria

Next lemma proves the upper semicontinuity of a certain set-valued map. This result will

be useful in establishing the existence of a Nash equilibrium in the space of stationary

Markov strategies.

Lemma 6.4.1. Suppose Assumptions (A0)-(A3) hold. Then the map (π̂1, π̂2) →
H̃(π̂1, π̂2) from Π1

SM × Π2
SM → 2Π

1
SM×Π2

SM is upper semicontinuous.

Proof. Let {(π1
m, π

2
m)} ∈ Π1

SM × Π2
SM and (π1

m, π
2
m) → (π̂1, π̂2) in Π1

SM × Π2
SM , i.e., for

each i ∈ S, (π1
m(i), π

2
m(i)) → (π̂1(i), π̂2(i)) in P(A(i)) × P(B(i)). Let π1

m ∈ H̃(π2
m).

Then {π1
m} ⊂ Π1

SM . Since Π1
SM is compact, it has a convergent subsequence (denoted

by the same sequence by abuse of notation), such that

π1
m → π1 in Π1

SM .

Then (π1
m, π

2
m) → (π1, π̂2) in Π1

SM × Π2
SM . Note that∑

j ̸=i

q(j|i, π1
m(i), π

2
m(i))ψ

π2
m

1 (j) ≤
∑
j ̸=i

q(j|i, π1
m(i), π

2
m(i))V (j).

Recall that by Lemma 6.3.4 the maps π̂1 → ψπ̂
1

2 , π̂
2 → ψπ̂

2

1 , π̂
1 → ρπ̂

1

2 , π̂
2 → ρπ̂

2

1 are

continuous. Thus by generalized Fatou’s lemma [69, Lemma 8.3.7], Assumption (A3)

and the (product) topology of Πk
SM , k = 1, 2, it follows that for each i ∈ S,∑

j∈S

q(j|i, π1
m(i), π

2
m(i))ψ

π2
m

1 (j) + c1(i, π
1
m(i), π

2
m(i))ψ

π2
m

1 (i)

converges to ∑
j∈S

q(j|i, π1(i), π̂2(i))ψπ̂
2

1 (j) + c1(i, π
1(i), π̂2(i))ψπ̂

2

1 (i).

Hence

lim
m→∞

F̃1(i, π
1
m(i), π

2
m(i)) = F̃1(i, π

1(i), π̂2(i)). (6.4.1)
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Now fix π̃1 ∈ Π1
SM and consider the sequence {(π̃1, π2

m)}. Using analogous arguments as

above, we conclude that

lim
m→∞

F̃1(i, π̃
1(i), π2

m(i)) = F̃1(i, π̃
1(i), π̂2(i)). (6.4.2)

Since π1
m ∈ H̃(π2

m), for any m we have

F̃1(i, π̃
1(i), π2

m(i)) ≥ F̃1(i, π
1
m(i), π

2
m(i)).

Thus, in view of (6.4.1) and (6.4.2), taking m → ∞ in the above equation, for any

π̃1 ∈ Π1
SM we get

F̃1(i, π̃
1(i), π̂2(i)) ≥ F̃1(i, π

1(i), π̂2(i)).

Therefore, π1 ∈ H̃(π̂2). Suppose π2
m ∈ H̃(π1

m) and along a subsequence π2
m → π2 in

Π2
SM . Then, by similar arguments as above one can show that π2 ∈ H̃(π̂1). This proves

that the map (π̂1, π̂2) → H̃(π̂1, π̂2) is upper semicontinuous.

Theorem 6.4.1. Suppose that Assumptions (A0)-(A3) are satisfied. Then there exists

a Nash equilibrium in the space of stationary Markov strategies Π1
SM × Π2

SM .

Proof. Since H̃(π̂∗1, π̂∗2) is non-empty, compact and convex, using Lemma 6.4.1 and

Fan’s fixed point theorem [33], it follows that there exists a fixed point (π̂∗1, π̂∗2) ∈
Π1
SM × Π2

SM , for the map (π̂1, π̂2) → H̃(π̂1, π̂2) from Π1
SM × Π2

SM → 2Π
1
SM×Π2

SM , i.e.,

(π̂∗1, π̂∗2) ∈ H̃(π̂∗1, π̂∗2).

This implies that (ρπ̂
∗2

1 , ψπ̂
∗2

1 ), (ρπ̂
∗1

2 , ψπ̂
∗1

2 ) satisfy the following coupled HJB equations:
ρπ̂

∗2
1 ψ

π̂∗
2

1 (i) = inf
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π̂∗2(i))ψπ̂
∗2

1 (j) + c1(i, µ, π̂
∗2(i))ψπ̂

∗2

1 (i)

]
=

[∑
j∈S q(j|i, π̂∗1(i), π̂∗2(i))ψπ̂

∗2
1 (j) + c1(i, π̂

∗1(i), π̂∗2(i))ψπ̂
∗2

1 (i)

]
,

ψπ̂
∗2

1 (i0) = 1

(6.4.3)

and
ρπ̂

∗1
2 ψπ̂

∗1
2 (i) = inf

ν∈P(B(i))

[∑
j∈S

q(j|i, π̂∗1(i), ν)ψπ̂
∗1

2 (j) + c2(i, π̂
∗1(i), ν)ψπ̂

∗1

2 (i)

]
=

[∑
j∈S q(j|i, π̂∗1(i), π̂∗2(i))ψπ̂

∗1
2 (j) + c2(i, π̂

∗1(i), π̂∗2(i))ψπ̂
∗1

2 (i)

]
,

ψπ̂
∗2

2 (i0) = 1.

(6.4.4)
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Now by Theorem 6.3.1, from (6.4.3), it follows that

ρπ̂
∗2

1 = inf
π1∈Π1

Ad

ρπ
1,π̂∗2

1 = ρπ̂
∗1,π̂∗2

1 . (6.4.5)

Similarly, from (6.4.4), we have

ρπ̂
∗1

2 = inf
π2∈Π2

Ad

ρπ̂
∗1,π2

2 = ρπ̂
∗1,π̂∗2

2 . (6.4.6)

Thus, from equations (6.4.5) and (6.4.6), we get

ρπ
1,π̂∗2

1 ≥ ρπ̂
∗1,π̂∗2

1 , ∀ π1 ∈ Π1
Ad,

ρπ̂
∗1,π2

2 ≥ ρπ̂
∗1,π̂∗2

2 , ∀ π2 ∈ Π2
Ad.

Hence (π̂∗1, π̂∗2) ∈ Π1
SM × Π2

SM is a Nash equilibrium. This completes the proof.

The above theorem establishes a Nash equilibrium belonging to the space of station-

ary Markov strategies. Note that the equilibrium thus obtained is a Nash equilibrium

among all admissible strategies. However, the equilibrium need not be unique. In case

the set-valued map (of optimal responses) admits a unique fixed point then the Nash-

equilibrium will be unique. For uniqueness, stringent conditions may be required on the

transition rates and cost functions. Next, we prove a converse of Theorem 6.4.1.

Theorem 6.4.2. Suppose Assumptions (A0)-(A3) hold. If (π∗1, π∗2) ∈ Π1
SM × Π2

SM is

a Nash equilibrium, i.e.,

ρπ
1,π∗2

1 ≥ ρπ
∗1,π∗2

1 , ∀ π1 ∈ Π1
Ad,

ρπ
∗1,π2

2 ≥ ρπ
∗1,π∗2

2 , ∀ π2 ∈ Π2
Ad.

Then π∗1 ∈ Π1
SM is a minimizing selector of (6.3.5) (corresponding to fixed strategy

π∗2 ∈ Π2
SM of player 2) and π∗2 ∈ Π2

SM is a minimizing selector of (6.3.8) (corresponding

to fixed strategy π∗1 ∈ Π1
SM of player 1).

Proof. Applying analogous arguments as in [21, Lemma 3.4 and Remark 3.1], one

can prove that for the given pair (π∗1, π∗2) ∈ Π1
SM × Π2

SM , there exists a eigenpair

(ρπ
∗1,π∗2

1 , ψπ
∗1,π∗2

1 ) ∈ R× L∞
V , ψπ

∗1

1 > 0 and ρπ
∗1,π∗2

1 ≥ 0 satisfying

{
ρπ

∗1π∗2

1 ψπ
∗1,π∗2

1 (i) =
∑

j∈S q(j|i, π∗1(i), π∗2(i))ψπ
∗1,π∗2

1 (j) + c1(i, π
∗1(i), π∗2(i))ψπ

∗1,π∗2

1 (i),

ψπ
∗1,π∗2

1 (i0) = 1.

(6.4.7)
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Also, for given π∗2 ∈ Π2
SM , there exists a minimal eigenpair (ρπ

∗2

1 , ψπ
∗2

1 ) ∈ R+ × L∞
V ,

ψπ
∗2

1 > 0, satisfying
ρπ

∗2

1 ψπ
∗2

1 (i) = inf
µ∈P(A(i))

[∑
j∈S

q(j|i, µ, π∗2(i))ψπ
∗2

1 (j) + c1(i, µ, π
∗2(i))ψπ

∗2

1 (i)

]
,

ψπ
∗2

1 (i0) = 1.

(6.4.8)

Since ρπ
∗2

1 is a minimal eigenvalue of (6.4.8), corresponding to π∗2, we have

ρπ
∗2

1 = inf
π1∈Π1

Ad

ρπ
1,π∗2

1 . (6.4.9)

Also, we have

ρπ
1,π∗2

1 ≥ ρπ
∗1,π∗2

1 , ∀ π1 ∈ Π1
Ad.

Hence,

inf
π1∈Π1

Ad

ρπ
1,π∗2

1 ≥ ρπ
∗1,π∗2

1 . (6.4.10)

So, by (6.4.9) and (6.4.10), we obtain

ρπ
∗2

1 ≥ ρπ
∗1,π∗2

1 .

Also, from (6.4.9), we have

ρπ
∗2

1 ≤ ρπ
∗1,π∗2

1 .

Hence, we deduce that

ρπ
∗2

1 = ρπ
∗1,π∗2

1 . (6.4.11)

Now, applying Ito-Dynkin formula, from (6.4.7), it follows that

ψπ
∗1,π∗2

1 (i) = Eπ∗1,π∗2

i

[
e
∫ T∧τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π∗2(ξt−))−ρπ

∗1,π∗2
1 )dtψπ

∗1,π∗2

1 (ξT∧τ̂(B1))

]
∀i ∈ Bc

1,

where B1 is as in Theorem 6.3.1. Now, by Fatou’s Lemma, taking T → ∞ in the above

equation, we get

ψπ
∗1,π∗2

1 (i) ≥ Eπ∗1,π∗2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π∗2(ξt−))−ρπ

∗1,π∗2
1 )dtψπ

∗1,π∗2

1 (ξτ̂(B1))

]
∀i ∈ Bc

1.

(6.4.12)

Again, using (6.4.8), from Theorem 6.3.1, it follows that

ψπ
∗2

1 (i) ≤ Eπ∗1,π∗2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π∗2(ξt−))−ρπ

∗2
1 )dtψπ

∗2

1 (ξτ̂(B1))

]
∀i ∈ Bc

1. (6.4.13)
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So, by (6.4.12) and (6.4.13), we obtain

ψπ
∗1,π∗2

1 (i)− ψπ
∗2

1 (i)

≥ Eπ∗1,π∗2

i

[
e
∫ τ̂(B1)
0 (c1(ξt,π∗1(ξt−),π∗2(ξt−))−ρπ

∗2
1 )dt(ψπ

∗1,π∗2

1 − ψπ
∗2

1 )(ξτ̂(B1))

]
∀i ∈ Bc

1.

(6.4.14)

Now arguing as in the proof of Lemma 6.3.4, we obtain ψπ
∗1,π∗2

1 (i) ≡ ψπ
∗2

1 . Thus,

from (6.4.7) and (6.4.8) it follows that π∗1 is a minimizing selector of (6.3.5) (for fixed

strategy π∗2 ∈ Π2
SM of player 2). Following similar arguments one can show that π∗2 is a

minimizing selector of (6.3.8) (for fixed strategy π∗1 ∈ Π1
SM of player 1). This completes

the proof.

6.5 Example

In this section, we present an illustrative where transition rates are unbounded and cost

rates are nonnegative and unbounded.

Example 6.5.1. Consider a shop that deals with only one type of product for buying

and selling. Suppose there are two workers, say, player 1 and player 2 for buying and

selling the products, respectively. The number of stocks in the shop is a finite subset

of the set of natural numbers N at each time t ≥ 0. There are ‘natural’ buying and

selling rates, say µ̃ and λ, respectively, and buying parameters h1 controlled by player

1 and selling parameters h2 controlled by player 2. When the state of the system is

i ∈ S := {1, 2, · · · } (i.e., number of items in the shop), player 1 takes an action a from

a given set A(i), which may increase (h1(i, a) ≥ 0) or decrease (h1(i, a) ≤ 0) the buying

rate. These actions produce a payoff denoted by r1(i, a) per unit of time. Similarly, if

the state is i ∈ S, player 2 takes an action b from a set B(i) to decrease (h2(i, b) ≤ 0)

or to increase (h2(i, b) ≥ 0) the selling rate. These actions result in a payoff denoted by

r2(i, b) per unit of time. We assume that when the stock of items in the shop becomes

1, the first player may buy any number of stocks of that item as much as he/she likes

depending upon the availability of cash. In addition, we assume that player k, (k = 1, 2)

‘gets’ a reward rk(i) := pki or incurs a cost rk(i) := pki for each unit of time during

which the system remains in the state i ∈ S, where pk > 0 is a fixed reward fee, and

pk < 0, a fixed cost fee, per stock, from the owner.

We next formulate this model as a continuous-time Markov game. The corresponding

transition rate q(j|i, a, b) and payoff rate ck(i, a, b) for player k, (k = 1, 2) are given as
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follows: for (1, a, b) ∈ K (K as in the game model section 5.2.

q(j|1, a, b) > 0 ∀j ≥ 2, such that
∑
j∈S

q(j|1, a, b) = 0, and q(j|1, a, b) ≤ e−2θj ∀ j ≥ 2,

(6.5.1)

where θ > 0 is a constant.

Also, for (i, a, b) ∈ K with i ≥ 2,

q(j|i, a, b) =


λi+ h2(i, b), if j = i− 1

−µ̃i− λi− h1(i, a)− h2(i, b), if j = i

µ̃i+ h1(i, a), if j = i+ 1

0, otherwise.

c1(i, a, b) := ip1 − r1(i, a), c2(i, a, b) = ip2 − r2(i, b) for (i, a, b) ∈ K. (6.5.2)

We now investigate conditions under which there exists a Nash equilibrium. To this end

we make the following assumptions:

(I) For each i ∈ S, A(i) = B(i) = [−L,L], L > 0 is a constant.

(II) Let λe−θ > µ̃ > 0, µ̃i + h1(i, a) ≥ 0 and λi + h2(i, b) ≥ 0 for all (i, a, b) ∈ K with

i ≥ 2.

(III) The functions h1(i, a), h2(i, b), r1(i, a), r2(i, b), and q(1|1, a, b) are continuous in

(a, b) for each fixed i ∈ S. Suppose there exists a finite set K such that h1(i, a) =
a
eθi
IK (i), h2(i, b) = b

eθi
IK (i) and 1 ∈ K . Also assume that inf

(a,b)∈A(·)×B(·)
r1(·, a)

and inf
(a,b)∈A(·)×B(·)

r2(·, b) are norm like functions.

(IV) Suppose ip1 − r1(i, a) ≥ 0, ip2 − r2(i, b) ≥ 0 ∀i ∈ S, (a, b) ∈ A(i) × B(i) and

(1− e−θ)λ+ (1− eθ)µ̃ > pk for k = 1, 2.

Proposition 6.5.2. Under conditions (I)-(IV), the above controlled system satisfies the

Assumptions (A0)-(A3). Hence by Theorem 6.4.1, there exists a Nash equilibrium.

Proof. Take a Lyapunov function as V (i) := eθi for i ∈ S for some θ > 0 as described

earlier. Then, we have V (i) ≥ 1 for all i ∈ S. Now for each i ≥ 2, and (a, b) ∈ A(i)×B(i),

we have∑
j∈S

q(j|i, a, b)V (j) = q(i− 1|i, a, b)V (i− 1) + V (i)q(i|i, a, b) + V (i+ 1)q(i+ 1|i, a, b)

= eθi
[
(λi+ h2(i, b))e

−θ − (iµ̃+ λi+ h1(i, a) + h2(i, b)) + (µ̃i+ h1(i, a))e
θ

]
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= eθii

[
µ̃(eθ − 1) + λ(e−θ − 1) +

eθh1(i, a) + e−θh2(i, b)− h1(i, a)− h2(i, b)

i

]
= iV (i)[µ̃(eθ − 1) + λ(e−θ − 1)] +

[
a(eθ − 1) + b(e−θ − 1)

]
IK (i)

≤ iV (i)[µ̃(eθ − 1) + λ(e−θ − 1)] + L(eθ − 1)IK (i). (6.5.3)

Now for every θ > 0, we know

λ(e−θ − 1) + µ̃(eθ − 1) < 0 ⇔ µ̃ < λe−θ.

Let [µ̃(eθ − 1) + λ(e−θ − 1)] = −α for some α > 0. Also, let ℓ(i) = iα and C4 =

max

{
L(eθ − 1), e−2θ

1−e−θ

}
(see (6.5.5)). Then for i ≥ 2,

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ C4IK (i)− ℓ(i)V (i) ∀i ∈ S. (6.5.4)

Also, we have∑
j∈S

q(j|1, a, b)V (j) < q(1|1, a, b)eθ +
∑
j≥2

e−2θjeθj ≤ q(1|1, a, b)eθ + e−2θ

1− e−θ
<∞.

(6.5.5)

Since −ℓ(i) < 1 for all i ∈ S. Hence from (6.5.4) and (6.5.5), for i ≥ 1, we have∑
j∈S

q(j|i, a, b)V (j) ≤ C1V(i) + C2, where C1 = 1 and C2 = C4. (6.5.6)

For i ≥ 2,

−q(i|i, a, b) = µ̃i+ λi+ h1(i, a) + h2(i, b)

≤ i(µ̃+ λ) + 2L

≤ 1

θ
(µ̃+ λ)V (i) + 2LV (i)

= [2L+ (µ̃+ λ)
1

θ
]V (i)

= C3V (i). (6.5.7)

Take W = W̃ = V . Now

ℓ(i)− sup
(a,b)∈A(i)×B(i)

c1(i, a, b) = αi− ip1 + inf
a∈A(i)

r1(i, a)

= iβ1 + inf
a∈A(i)

r1(i, a). (6.5.8)

Similarly,

ℓ(i)− sup
(a,b)∈A(i)×B(i)

c2(i, a, b) = iβ2 + inf
b∈B(i)

r2(i, b). (6.5.9)
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We see that from condition (IV), that βk = α− pk ≥ 0. So, ℓ(i)− sup
(a,b)∈A(i)×B(i)

ck(i, a, b)

is norm-like function for k = 1, 2. Now by (6.5.6), we say Assumption (A1)(i) holds.

Also by (6.5.1) and (6.5.7), Assumption (A1)(ii) is verified.

Now we verify Assumption (A2). By (6.5.4), (6.5.5) and (6.5.8), it is easy to see that

Assumption (A2) is satisfied.

Now by condition (III) and (6.5.2), we say ck(i, a, b) and q(j|i, a, b) are continuous in

(a, b) ∈ A(i) × B(i) for each fixed i, j ∈ S and for k = 1, 2. So, Assumption (A3)(i) is

verified. By (6.5.3) and (6.5.5) and condition (III), we say that Assumption (A3)(ii) is

verified. Also, from (6.5.1) it is easy to see that Assumption (A3)(iii) is satisfied.

Hence by Theorem 6.4.1 there exists a Nash equilibrium for this controlled process.

Remark 6.5.3. It should be noted that here we assume when the number of stock in

the shop is one and the players independently choose action according to some strategies

(π1, π2) ∈ Π1
SM ×Π2

SM , respectively, then with a positive probability first player may buy

any number of stocks of the item, i.e., q(j|1, π1(1), π2(1)) > 0 for all j ∈ S. In view of

Remark 6.3.3, one can weaken this Assumption. For any i ∈ Dn (for n large enough)

i >> 1, the player may increase the number of stock in the shop from 1 to i in m number

of steps in Dn, i.e., there exists a finite sequence of states i0, i1, . . . , im connecting i0 = 1

to im = i, satisfying

q(i1|i0, π1(i0), π
2(i0))q(i2|i1, π1(i1), π

2(i1)) · · · q(i|im−1, π
1(im−1), π

2(im−1)) > 0 ,

where i0, i1, . . . , im ∈ Dn.
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CHAPTER 7

Zero-Sum Stochastic Games in Continuous-time

with Risk-Sensitive Average Cost Criterion on a

Countable State Space

7.1 Introduction

In this chapter, we consider a risk-sensitive ergodic zero-sum game for continuous-time

Markov decision processes (CTMDPs). In a zero-sum game, one player is trying to

minimize her/his cost and the other player is trying to maximize the same.

The risk-sensitive ergodic cost stochastic optimal control problems for CTMDPs are

first considered in [47]. Subsequently, these problems are studied extensively in the lit-

erature due to their applications in finance and large deviation theory. Recently, there

has been extensive work on risk-sensitive ergodic cost criterion problems for CTMDPs;

see, for example, [21], [52], [81], [82], [94] and the references therein. The risk-sensitive

stochastic zero-sum games for controlled Markov processes have been studied in [12], [16],

[45], [48], [109]. The corresponding nonzero-sum games are studied in [13], [77], [113]. In

[12], [16], zero-sum risk-sensitive stochastic games for discrete-time controlled Markov

decision processes with bounded cost are studied. Both papers first treat the discounted

cost criterion and then study the ergodic cost criterion using vanishing discount asymp-

totics. The results of [12] are extended from countable state space to the general state

space case in [16]. In this respect, we mention that the authors in the paper [22] stud-

ied the risk-sensitive zero-sum ergodic game problems for controlled diffusion processes

in Rd. Using the eigenvalue approach, they have completely characterized all possible

saddle-point equilibrium in the space of stationary Markov strategies. The zero-sum

risk-sensitive ergodic games are studied in [45] and discounted risk-sensitive zero-sum

games were studied in [95] for CTMDPs with bounded cost and transition rates. But

the boundedness requirement restricts its scope of applications, since in many real-life
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situations the reward/cost and transition rates are unbounded, for example in queueing,

telecommunication, and population processes. In [21], the authors studied risk-sensitive

stochastic optimal control problems for discrete/continuous-time Markov decision pro-

cesses with ergodic cost criterion. They considered a cost minimization problem. In

this chapter, we have extended their results from one-controller case to two controller

cases with strictly opposite interests for CMDP. Also, this chapter is a generalization of

the results of [45] to the case with unbounded cost. In particular, we have studied the

risk-sensitive zero-sum stochastic game problem for continuous-time Markov decision

process. To analyze our game problem we have used the eigenvalue approach (as in [21],

[22]), which enables us to obtain a complete characterization of all possible saddle-point

equilibrium in the space of stationary Markov strategies. More specifically, in this chap-

ter, we study zero-sum ergodic risk-sensitive stochastic games for CTMDPs with the

following features: (a) transition and cost rates may be unbounded (b) the state space

is countable (c) the space of admissible actions at any state is compact (d) the strategies

may be state feedback, i.e., at any point of time, the strategies are based on the past

and present state. To the best of our knowledge, this chapter is the first work that

deals with infinite-horizon continuous-time zero-sum risk-sensitive stochastic games for

ergodic criteria on a countable state space for unbounded transition and cost rates. Un-

der a Lyapunov stability condition, we prove the existence of a saddle-point equilibrium

in the class of stationary strategies. We do not employ the traditional vanishing discount

asymptotics. Instead, we treat the associated HJI equation as an eigenvalue problem.

Using Krĕın-Rutman theorem, we first prove that the corresponding HJI equation has

a unique solution for any finite subset of the state space. Then using a Lyapunov sta-

bility condition, we establish the existence of a unique solution for the corresponding

HJI equation on the whole state space. Also we give a complete characterization of

saddle-point equilibrium in terms of the corresponding HJI equation.

The rest of this chapter is organized as follows. Section 7.2 contains the problem

description and certain assumptions. In this section, we also write down the associated

risk-sensitive optimality equation (HJI equation) which is an eigenvalue problem asso-

ciated with an appropriate operator. In the next section we study the corresponding

Dirichlet eigenvalue problem on a finite subset of S. Section 7.4 deals with the limiting

analysis of the Dirichlet eigenvalue problems. This enables us to establish an appropriate

solution of the HJI equation which in turn establishes the existence of a saddle-point

equilibrium. Finally, we completely characterize all possible saddle-point equilibria in

the class of stationary Markov strategies. In Section 7.5, we present an illustrative ex-

ample. Our example is similar to the one in [56]. The content of this chapter is based

on the published article [42].
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7.2 The game model

In this section, we introduce the continuous-time zero-sum stochastic game model de-

scribed by the following elements

{S,A,B, (A(i) ⊂ A,B(i) ⊂ B, i ∈ S), q(·|i, a, b), c(i, a, b)}, (7.2.1)

where

• S, called the state space, is the set of all nonnegative integers.

• A and B are action spaces for players 1 and 2, respectively. The action spaces A

and B are assumed to be Borel spaces with the Borel σ-algebras B(A) and B(B),

respectively.

• For each i ∈ S, A(i) ∈ B(A) and B(i) ∈ B(B) denote the sets of admissible

actions for players 1 and 2 at the state i, respectively. Let K := {(i, a, b)|i ∈ S, a ∈
A(i), b ∈ B(i)}, which is a Borel subset of S×A×B. Throughout this chapter, we

assume that the admissible action spaces A(i)(⊂ A) and B(i)(⊂ B) are compact

for each i.

• Given any (i, a, b) ∈ K, the transition rate q(j|i, a, b) is a signed kernel on S such

that q(j|i, a, b) ≥ 0 for all j, i ∈ S with j ̸= i. Moreover, we assume that q(j|i, a, b)
satisfies the following conservative and stable conditions: for any i ∈ S,∑

j∈S

q(j|i, a, b) = 0 for all (a, b) ∈ A(i)×B(i) and

q∗(i) := sup
(a,b)∈A(i)×B(i)

q(i, a, b) <∞, (7.2.2)

where q(i, a, b) := −q(i|i, a, b) ≥ 0.

• Finally, the measurable function c : K → R+ denotes the cost rate (representing

cost for player 2 and the reward for player 1).

The evoluation of the game and the construction of the underlying CTMDPs ξt under

admissible feedback strategies (as in [63], [75], [99]) is same as Chapter 3, p. 42-43.

To complete the specification of a risk-sensitive stochastic game problem, we need, of

course, to introduce an optimality criterion. This requires to define the class of strategies

as below.

Definition 7.2.1. An admissible feedback strategy for player 1, denoted by π1 =

{π1(t)}t≥0, is a transition probability π1(da|ω, t) from (Ω×[0,∞),P) onto (A∆,B(A∆)),
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such that π1(A(ξt−(ω))|ω, t) = 1. Using appropriate projections of the transition kernel

π1, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {π1
k, k ≥ 0} of the stochastic kernel on A such that

π1(t)(ω) = π1(da|ω, t)

= I{t=0}(t)π
1
0(da|i

′

0, 0) +
∑
k≥0

I{Tk<t≤Tk+1}π
1
k(da|i

′

0, θ1, i
′

1, . . . , θk, i
′

k, t− Tk)

+ I{t≥T∞}δa∆(da),

where π1
0(da|i

′
0, 0) is a stochastic kernel on A given S such that π1

0(A(i
′
0)|i

′
0, 0) =

1, π1
k(k ≥ 1) are stochastic kernels on A given (S × (0,∞))k+1 such that

π1
k(A(i

′

k)|i
′
0, θ1, i

′
1, · · · , θk, i

′

k, t − Tk) = 1, and δa∆(da) denotes the Dirac measure at the

point a∆.

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all

admissible feedback strategies for player 1 is denoted by Π1
Ad. A strategy π1 ∈ Π1

Ad for

player 1, is called a Markov if π1(t)(ω) = π1(ξt−(ω), t) i.e., π
1(da|ω, t) = π1(da|ξt−(ω), t)

for every ω ∈ Ω and t ≥ 0, where ξt−(ω) := lims↑t ξs(ω). A Markov strategy π1 is called

a stationary Markov strategy if π1 does not have an explicit dependence on time. For

notational simplicity, we would not write ω anywhere throughout the rest of this chapter.

We denote by Π1
M and Π1

SM the family of all Markov strategies and stationary Markov

strategies, respectively, for player 1. The sets of admissible feedback strategies Π2
Ad,

Markov strategies Π2
M and stationary strategies Π2

SM for player 2 are defined analogously.

Remark 7.2.2. As in [Chapter 3, Remark 3.2.2 ], in the definition of strategies we do

not include the entire history of the game, i.e., past and present states, past sojourn

times, and past actions taken by the players. In our game model each player’s admissi-

ble strategies include only past and present states and past sojourn times. Hence such

strategies are called feedback strategies.

For any compact metric space Y , let P(Y ) denote the space of probability measures

on B(Y ) with Prohorov topology. Since for each i ∈ S, A(i) and B(i) are compact sets,

P(A(i)) and P(B(i)) are compact metric spaces. For each i, j ∈ S, µ ∈ P(A(i)) and

ν ∈ P(B(i)), the associated cost and the transition rates are defined, respectively, as

follows:

c(i, µ, ν) :=

∫
B(i)

∫
A(i)

c(i, a, b)µ(da)ν(db),

q(j|i, µ, ν) :=
∫
B(i)

∫
A(i)

q(j|i, a, b)µ(da)ν(db).

(by abuse of notation we use the same notation c and q). Note that for π1 ∈ Π1
SM can

be identified with a map π1 : S → P(A(i)) such that for each j ∈ S, π1(j) ∈ P(A(j))
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for each j ∈ S. Similarly, this conclusion also holds for π2 ∈ Π2
SM . Thus, we have

Π1
SM = Πi∈SP(A(i)) and Π2

SM = Πi∈SP(B(i)) i.e., the sets Π1
SM and Π2

SM are endowed

with the product topology. Therefore by Tychonoff theorem, the sets Π1
SM and Π2

SM are

compact metric spaces. Note that under Assumption (A1) (to be given shortly on p.

171) for any initial state i ∈ S and any pair of strategies (π1, π2) ∈ Π1
Ad×Π2

Ad, Theorem

4.27 in [76] yields the existence of a unique probability measure denoted by P π1,π2

i on

(Ω,F ) and the state process {ξt} is a right-continuous process with left limits (rcll). Let

Eπ1,π2

i be the expectation operator with respect to P π1,π2

i . Also, from [59, p. 13-15], we

know that {ξt}t≥0 is a Markov process under any (π1, π2) ∈ Π1
M × Π2

M (in fact, strong

Markov).

Now we give the definition of the risk-sensitive ergodic cost criterion for zero-sum

continuous-time games. Since the risk-sensitive parameter remains fixed throughout we

assume without any loss of generality that the risk-sensitivity coefficient θ = 1. For each

i ∈ S and any (π1, π2) ∈ Π1
Ad × Π2

Ad, the risk-sensitive ergodic cost criterion is given by

J(i, c, π1, π2) := lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c(ξt,π1(t),π2(t))dt

]
. (7.2.3)

Player 1 tries to maximize the above over his/her admissible strategies whereas player

2 tries to minimize the same.

Now we define the lower/upper value of the game. The functions on S defined by

L(i) := sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J(i, c, π1, π2) and U(i) := inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J(i, c, π1, π2) are called,

respectively, the lower value and the upper value of the game. It is easy to see that

L(i) ≤ U(i) for all i ∈ S.

Definition 7.2.3. If L(i) = U(i) for all i ∈ S, then the common function is called the

value of the game and is denoted by J∗(i).

Definition 7.2.4. Suppose that the game admits a value J∗. Then a strategy π∗1 in Π1
Ad

is said to be optimal for player 1 if

inf
π2∈Π2

Ad

J(i, c, π∗1, π2) = J∗(i) for all i ∈ S.

Similarly, π∗2 ∈ Π2
Ad is optimal for player 2 if

sup
π1∈Π1

Ad

J(i, c, π1, π∗2) = J∗(i) for all i ∈ S.

If π∗k ∈ Πk
Ad is optimal for player k (k=1,2), then (π∗1, π∗2) is called a pair of optimal

strategies and also called a saddle-point equilibrium.
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Next, we list the commonly used notations below:

• Given any real-valued function V ≥ 1 on S, we define a Banach space (L∞
V (S), ∥ ·

∥∞V ) of V-weighted functions by

L∞
V =

{
u : S → R | ∥u∥∞V (S) := sup

i∈S

|u(i)|
V(i)

<∞
}
.

• For any finite set B ⊂ S, τ̂(B) := inf{t > 0 : ξt ∈ B}.

Let us now describe the zero-sum stochastic games. Suppose c1, c2 are cost functions of

player 1 and player 2, respectively as described in Chapter 6. Then, as we have mentioned

in Chapter 1 that, in zero-sum games, c1(i, a, b) + c2(i, a, b) = 0 for all (i, a, b) ∈ K.

However, owing to the multiplicative nature of the evaluation criterion, we cannot say

that the sum of the risk-sensitive ergodic costs is zero. In this case, if we set c1 = −c2 = c,

then for θ > 0, minimizing player is risk-averse whereas maximizing player is risk-seeking.

Hence one must necessarily study the zero-sum case via Nash equilibria. Here we consider

a particular type of a non-standard zero-sum risk-sensitive stochastic game that assumes

c1 = c2 = c, for more information see, [90].

Our main goal is to establish the existence of a saddle-point equilibrium among the

class of admissible feedback strategies. To this end, following [12] and [45], we investigate

the HJI equation given by

ρψ(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψ(j)q(j|i, µ, ν) + c(i, µ, ν)ψ(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

ψ(j)q(j|i, µ, ν) + c(i, µ, ν)ψ(i)

]
. (7.2.4)

Here ρ is a scalar and ψ is an appropriate function. The above is clearly an eigenvalue

problem related to a nonlinear operator on an appropriate space. By a nonlinear version

of Krĕın-Rutman theorem, we first show that the Dirichlet eigenvalue problem associated

with the above equation admits a solution in the space of bounded functions. Then

by using a suitable limiting argument we show that the above HJI equation admits a

principal eigenpair in an appropriate space. Finally exploiting the HJI equation, we

completely characterize all possible saddle-point equilibria in the space of stationary

Markov strategies. This is a brief outline of our procedure of establishing a saddle-point

equilibrium. The details now follow.

Since the transition rates (i.e., q(j|i, a, b) ) may be unbounded, to avoid the explosion

of the state process {ξt, t ≥ 0}, the following assumption is imposed on the transition

rates, which are widely used in CTMDPs; see, for instance, [62], [63], [64] and references

therein.

(A1) There exists a non-constant function Ṽ : S → [1,∞) such that
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(i)
∑

j∈S Ṽ (j)q(j|i, a, b) ≤ C1Ṽ (i) + C2 for all (a, b) ∈ A(i) × B(i) and i ∈ S with

some constants C1 ̸= 0, C2 ≥ 0;

(ii) qi ≤ C3Ṽ (i) for all i ∈ S with some positive constant C3.

Throughout the rest of this chapter, we are going to assume that Assumption (A1) holds.

Note that if supi∈S q
∗(i) <∞ then Assumption (A1) holds trivially. In this case, we can

choose Ṽ to be a suitable constant.

Definition 7.2.5. A function f : S → R is said to be norm-like if for every k ∈ R, the
set {i ∈ S : f(i) ≤ k} is either empty or finite.

Definition 7.2.6. A time-homogeneous Markov process {ξ} with rate matrix Q = [q(j|i)]
is irreducible if for any i, j ∈ S, i ̸= j, there exist distinct states i1, i2 · · · , ik ∈ S

satisfying q(i1|i) · · · q(j|ik) > 0 (see, [59], p. 107).

Since we are allowing our transition and cost rates to be unbounded, to guarantee

the finiteness of J(i, c, π1, π2), we make the following Assumption.

(A2) We assume that the CTMDP {ξt}t≥0 is irreducible under every pair of stationary

Markov strategies (π1, π2) ∈ Π1
SM × Π2

SM . Assume that the cost function c is bounded

below. Thus without loss of generality, we assume that c ≥ 0. Furthermore, suppose

there exists a constant C > 0, a finite set K , and a Lyapunov function V : S → [1,∞)

such that one of the following hold.

(a) When the running cost is bounded: For some positive constant γ > ∥c∥∞,

we have the following stability condition

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ CIK (i)− γV (i) ∀i ∈ S, (7.2.5)

where ∥c∥∞ := sup
(i,a,b)∈K

c(i, a, b).

(b) When the running cost is unbounded: For some norm-like function ℓ : S →
R+, the function ℓ(·)− max

(a,b)∈A(·)×B(·)
c(·, a, b) is norm-like and we have the following

stability condition

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ CIK (i)− ℓ(i)V (i) ∀i ∈ S. (7.2.6)

This type of Foster-Lyapunov condition on the dynamics is quite common in the litera-

ture to study continuous-time risk-sensitive ergodic control problems. For example, see

[6], [7] for the controlled diffusion case and [21], [52] for the Markov decision process

case.
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We wish to establish the existence of a saddle-point equilibrium in the class of all

stationary strategies. In view of this, we also use the following assumptions. Let i0 ∈ S

be a fixed point (a reference state).

(A3)

(i) For any fixed i, j ∈ S the functions q(j|i, a, b) and c(i, a, b) are continuous in

(a, b) ∈ A(i)×B(i) .

(ii) The sum
∑
j∈S

V (j)q(j|i, a, b) is continuous in (a, b) ∈ A(i) × B(i) for any given

i ∈ S, where V is as in Assumption (A2).

(iii) There exists a state i0 ∈ S such that any state can be reached from i0, i.e.,

q(j|i0, a, b) > 0 for all j ̸= i0 and for all (a, b) ∈ A(i0)×B(i0).

Note that Assumption (A3)((i)-(ii)) are quite routine assumptions for controlled Markov

decision processes (MDPs). Here Assumption (A3)(iii) is very important to show that

the limit of the sequence of Dirichlet eigenfunctions is nontrivial (see Lemma 7.3.3 and

Lemma 7.4.1 below). It is important to note that we can weaken the Assumption

(A3)(iii), see Remark 7.4.2 for further discussion.

7.3 Dirichlet Eigenvalue Problems

First, we recall a version of the nonlinear Krĕın-Rutman theorem from [4, Section 3.1],

(cf. [80]) which we use to study Dirichlet eigenvalue problems associated with the HJI

equation. Let X̂ be an ordered Banach space. In what follows ⪰ denotes a partial

ordering in X̂ with respect to a positive cone Ĉ (⊂ X̂ ), that is for x, y ∈ X̂ , x ⪰ y ⇔
x − y ∈ Ĉ . Also, recall that if a map T̃ : X̂ → X̂ is continuous and compact, it is

called completely continuous.

Theorem 7.3.1. Let X̂ be an ordered Banach space and Ĉ ⊂ X̂ a positive, nonempty

closed cone that satisfies Ĉ − Ĉ = X̂ . Let ⪰ be the order with respect to the cone

Ĉ described above. Let T̃ : X̂ → X̂ be an order-preserving, completely continuous,

1-homogeneous map with the property that if for some nonzero ζ ∈ Ĉ and N > 0, we

have NT̃ (ζ) ⪰ ζ. Then there exist a nontrivial f ∈ Ĉ and λ̃ > 0 satisfying T̃ f = λ̃f .

For any finite set D ⊂ S, we define BD = {f : S → R | f is a function and f(i) =

0 ∀ i ∈ D c}. B+
D ⊂ BD denotes the cone of all nonnegative functions vanishing outside

D . For any function f ∈ BD , ∥f∥D = max{|f(i)| : i ∈ D}.
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Let Dn ⊂ S be an increasing sequence of finite subsets such that ∪∞
i=0Dn = S and

i0 ∈ Dn for all n ∈ N, where i0 is as in Assumption (A3)(iii). Define

τn := τ(Dn) := inf{t ≥ 0 : ξt /∈ Dn},

the first exit time from Dn. Now we prove the existence of a unique solution to the

following equation which will pave the way to establish the existence of a Dirichlet

eigenpair associated with the HJI equation.

Proposition 7.3.1. Suppose Assumption (A3) holds. Let c̃ : K → R be a function

continuous in (a, b) ∈ A(i)× B(i) for each fixed i ∈ S. Suppose the function c̃ satisfies

the relation c̃ < −δ in Dn for some δ > 0 and n ∈ N . Then for any g ∈ BDn there exists

a unique φ ∈ BDn satisfying the following nonlinear equation

−g(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

φ(j)q(j|i, µ, ν) + c̃(i, µ, ν)φ(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

φ(j)q(j|i, µ, ν) + c̃(i, µ, ν)φ(i)

]
∀i ∈ Dn, (7.3.1)

with φ(i) = 0 for all i ∈ D c
n . Moreover, the unique solution of the above equation

satisfies

φ(i) = sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
= inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
∀i ∈ S, (7.3.2)

where as before τn = inf{t ≥ 0 : ξt /∈ Dn}.

Proof. Let (yi)i∈Dn be a sequence in R. Fix i ∈ Dn. Let x ∈ R and let F : R → R be

defined by

F (x) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

yjq(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
x

]
, i ∈ Dn.

(7.3.3)

Suppose x2 > x1. Let ε > 0. Then there exists π1
ε ∈ Π1

SM for which the following holds

F (x1)− F (x2) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

yjq(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
x1

]

− sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

yjq(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
x2

]
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≥ inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

yjq(j|i, π1
ε(i), ν) +

(
q(i|i, π1

ε(i), ν) + c̃(i, π1
ε(i), ν)

)
x1

]

− inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

yjq(j|i, π1
ε(i), ν) +

(
q(i|i, π1

ε(i), ν) + c̃(i, π1
ε(i), ν)

)
x2 + ε

]

≥ inf
ν∈P(B(i))

[(
q(i|i, π1

ε(i), ν) + c̃(i, π1
ε(i), ν)

)
(x1 − x2)

]
− ε

≥ inf
ν∈P(B(i))

[
−c̃(i, π1

ε(i), ν)(x2 − x1)

]
− ε

> δ(x2 − x1)− ε.

Since ε > 0 is arbitrary we get F (x1) > F (x2). Also, we see that limx→+∞ F (x) = −∞
and limx→−∞ F (x) = +∞. Since F is continuous in x, for every z ∈ R, there exists a

unique x satisfying F (x) = z. Now using the definition of F , for fixed g ∈ BDn , we can

define a map T̂ : BDn → BDn satisfying

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃(j)q(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
(T̂ ϕ̃(i))

]
= −g(i), i ∈ Dn.

(7.3.4)

Let ϕ̃1, ϕ̃2 ∈ BDn . Also, let π̃
1 be an outer maximizing selector of

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃2(j)q(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
T̂ ϕ̃2(i)

]

i.e., the supremum in the above expression is attained at π̃1. Assumption (A3), ensures

the existence of such a selector. It then follows that

0 = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃1(j)q(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
T̂ ϕ̃1(i)

]

− sup
µ∈P(A(i))

inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃2(j)q(j|i, µ, ν) +
(
q(i|i, µ, ν) + c̃(i, µ, ν)

)
T̂ ϕ̃2(i)

]

≥ inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃1(j)q(j|i, π̃1(i), ν) +

(
q(i|i, π̃1(i), ν) + c̃(i, π̃1(i), ν)

)
T̂ ϕ̃1(i)

]

− inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

ϕ̃2(j)q(j|i, π̃1(i), ν) +

(
q(i|i, π̃1(i), ν) + c̃(i, π̃1(i), ν)

)
T̂ ϕ̃2(i)

]

≥ inf
ν∈P(B(i))

[ ∑
j∈Dn\{i}

(ϕ̃1(j)− ϕ̃2(j))q(j|i, π̃1(i), ν)

+

(
q(i|i, π̃1(i), ν)c̃(i, π̃1(i), ν)

)
(T̂ ϕ̃1(i)− T̂ ϕ̃2(i))

]
.
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Now let the infimum of the RHS (of the above) attain at π∗2. Then

∥ϕ̃1−ϕ̃2∥Dnq(i|i, π̃1(i), π∗2(i))+

(
q(i|i, π̃1(i), π∗2(i))+c̃(i, π̃1(i), π∗2(i))

)
(T̂ ϕ̃1(i)−T̂ ϕ̃2(i)) ≤ 0.

Hence, we deduce that

(T̂ ϕ̃2(i)− T̂ ϕ̃1(i)) ≤ sup
µ∈P(A(i))

sup
ν∈P(B(i))

−q(i|i, µ, ν)
−q(i|i, µ, ν)− c̃(i, µ, ν)

∥ϕ̃1 − ϕ̃2∥Dn .

Now in the above calculation, interchanging ϕ̃1, ϕ̃2, it follows that

∥T̂ ϕ̃1 − T̂ ϕ̃2∥Dn ≤ α1∥ϕ̃1 − ϕ̃2∥Dn ,

where α1 is a positive constant less than 1 . This implies that T̂ is a contraction map.

Thus, by Banach fixed point theorem, there exists a unique φ ∈ BDn such that T̂ (φ) = φ.

Now by Fan’s minimax theorem, see [33, Theorem 3], we have

sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

φ(j)q(j|i, µ, ν) + c̃(i, µ, ν)φ(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

φ(j)q(j|i, µ, ν) + c̃(i, µ, ν)φ(i)

]
.

This proves that (7.3.1) admits a unique solution. Now by using Dynkin formula as in

[59, Appendix C.3], for any (π1, π2) ∈ Π1
Ad × Π2

Ad and T > 0, we get

Eπ1,π2

i

[
e
∫ T∧τn
0 c̃(ξs,π1(s),π2(s))dsφ(ξT∧τn)

]
− φ(i)

= Eπ1,π2

i

[∫ T∧τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))ds

(
c̃(ξt, π

1(t), π2(t))φ(ξt) +
∑
j∈S

φ(j)q(j|ξt, π1(t), π2(t))

)
dt

]
.

(7.3.5)

Using the compactness of A(i), B(i) and the continuity of c̃, q, there exists a pair of

selectors (π∗1
n , π

∗2
n ) ∈ Π1

SM × Π2
SM (i.e., a mini-max selector) satisfying

−g(i) = inf
ν∈P(B(i))

[∑
j∈S

φ(j)q(j|i, π∗1
n (i), ν) + c̃(i, π∗1

n (i), ν)φ(i)

]
= sup

µ∈P(A(i))

[∑
j∈S

φ(j)q(j|i, µ, π∗2
n (i)) + c̃(i, µ, π∗2

n (i))φ(i)

]
. (7.3.6)

Then, using (7.3.5) and (7.3.6), we obtain

E
π∗1
n ,π2

i

[∫ T∧τn

0

e
∫ t
0 c̃(ξs,π

∗1
n (ξs−),π2(s))dsg(ξt)dt

]
≥ −Eπ∗1

n ,π2

i

[
e
∫ T∧τn
0 c̃(ξs,π∗1

n (ξs−),π2(s))dsφ(ξT∧τn)

]
+ φ(i).
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Using the dominated convergence theorem, taking T → ∞ in the above equation, we

get

E
π∗1
n ,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

∗1
n (ξs−),π2(s))dsg(ξt)dt

]
≥ −Eπ∗1

n ,π2

i

[
e
∫ τn
0 c̃(ξs,π∗1

n (ξs−),π2(s))dsφ(ξτn)

]
+ φ(i).

Hence

φ(i) ≤ E
π∗1
n ,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

∗1
n (ξs−),π2(s))dsg(ξt)dt

]
.

Since π2 ∈ Π2
Ad is arbitrary,

φ(i) ≤ inf
π2∈Π2

Ad

E
π∗1
n ,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

∗1
n (ξs−),π2(s))dsg(ξt)dt

]
. (7.3.7)

Similarly, using (7.3.5), (7.3.6), and Fatou’s Lemma, we get

φ(i) ≥ sup
π1∈Π1

Ad

E
π1,π∗2

n
i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π∗2
n (ξs−))dsg(ξt)dt

]
. (7.3.8)

Using (7.3.7) and (7.3.8), we obtain

φ(i) = inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
= sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
, i ∈ S.

This completes the proof.

Lemma 7.3.2. Suppose Assumption (A2) holds. Consider a finite subset B of S such

that K ⊂ B, where K is as in Assumption (A2). Let τ̂(B) = inf{t > 0 : ξt ∈ B}.
Then for any pair of strategies (π1, π2) ∈ Π1

Ad × Π2
Ad, the following results hold.

(i) When Assumption (A2)(a) holds:

Eπ1,π2

i

[
eγτ̂(B)V (ξτ̂(B))

]
≤ V (i) ∀ i ∈ Bc. (7.3.9)

(ii) When Assumption (A2)(b) holds:

Eπ1,π2

i

[
e
∫ τ̂(B)
0 ℓ(ξs)dsV (ξτ̂(B))

]
≤ V (i) ∀ i ∈ Bc. (7.3.10)

Proof. It is easy to see that the proof of (i) is analogous to the proof of (ii) when we

replace ℓ with γ. So, we prove only part (ii). Suppose Assumption (A2)(b) holds. Let
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n be large enough so that B ⊂ Dn. Applying Dynkin’s formula [59, Appendix C.3], for

i ∈ Bc ∩ Dn we have

Eπ1,π2

i

[
e
∫ τ̂(B)∧T∧τn
0 ℓ(ξs)dsV (τ̂(B) ∧ T ∧ τn)

]
− V (i)

= Eπ1,π2

i

[∫ τ̂(B)∧T∧τn

0

e
∫ t
0 ℓ(ξs)ds

[
ℓ(ξt)V (ξt) +

∑
j∈S

q(j|πt, π1(t), π2(t))V (j)

]
dt

]

≤ Eπ1,π2

i

[∫ τ̂(B)∧T∧τn

0

e
∫ t
0 ℓ(ξs)dsCIK (ξt)dt

]
= 0,

where τn = inf{t ≥ 0 : ξt /∈ Dn} . Now by Fatou’s lemma, taking first n → ∞ and then

T → ∞, we get the required result.

Now applying the nonlinear version of Krĕın-Rutman theorem, we show that Dirichlet

eigenpair exists in the space of bounded functions.

Lemma 7.3.3. Suppose Assumptions (A1)-(A3) hold. Then for n ∈ N, there exists a

pair (ρn, ψn) ∈ R× B+
Dn
, ψn ⪈ 0 for the following Dirichlet nonlinear eigenequation

ρnψn(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
. (7.3.11)

Also, for each i ∈ S such that ψn(i) > 0, we have

ρn ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c(ξt,π1(t),π2(t))dt

]
. (7.3.12)

Additionally the sequence {ρn} is bounded satisfying lim infn→∞ ρn ≥ 0.

Proof. Let δ > 0. Set c̃(i, a, b) = c(i, a, b)− kn − δ, where kn = sup{c(i, a, b) | i ∈ Dn, a ∈
A(i), b ∈ B(i)}.

Let T̃ : BDn → BDn be an operator defined as

T̃ (g)(i) := sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
, i ∈ Dn, (7.3.13)

with T̃ (g)(i) = 0 for i ∈ D c
n . Let g1, g2 ∈ BDn such that g1 ⪰ g2, i.e., g1(i) ≥ g2(i)

for each i. Also, let T̃ (g1) = φ̂1 and T̃ (g2) = φ̂2 . Then from the Proposition 7.3.1, we

obtain

−g2(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

φ̂2(j)q(j|i, µ, ν) + c̃(i, µ, ν)φ̂2(i)

]
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= inf
ν∈P(B(i))

[∑
j∈S

φ̂2(j)q(j|i, π̂∗1(i), ν) + c̃(i, π̂∗1(i), ν)φ̂2(i)

]
∀i ∈ Dn ,

where π̂∗1 ∈ Π1
SM . Also, from the Proposition 7.3.1, we have

φ̂2(i) = T̃ (g2)(i) = inf
π2∈Π2

Ad

Eπ̂∗1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π̂

∗1(ξs−),π2(s))dsg2(ξt)dt

]
.

Thus, we deduce that

T̃ (g1)(i)− T̃ (g2)(i) = sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg1(ξt)dt

]
− sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg2(ξt)dt

]
≥ inf

π2∈Π2
Ad

Eπ̂∗1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π̂

∗1(ξs−),π2(s))dsg1(ξt)dt

]
− inf

π2∈Π2
Ad

Eπ̂∗1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π̂

∗1(ξs−),π2(s))dsg2(ξt)dt

]
≥ inf

π2∈Π2
Ad

Eπ̂∗1,π2

i

[∫ τn

0

e
∫ t
0 c̃(ξs,π̂

∗1(ξs−),π2(s))ds(g1(ξt)− g2(ξt))dt

]
.

This gives us T̃ (g1) ⪰ T̃ (g2). Clearly T̃ (λg) = λT̃ (g) for all λ ≥ 0. Since c̃ < −δ, there
exists a constant α2 > 0 such that

∥T̃ (ĝ1)− T̃ (ĝ2)∥Dn ≤ α2∥ĝ1 − ĝ2∥Dn , for any ĝ1, ĝ2 ∈ BDn .

Thus T̃ is continuous. Let {gm} be a bounded sequence in BDn . Then from (7.3.13), for

some constant α3 > 0 such that ∥T̃ gm∥Dn ≤ α3. Now using a standard diagonalization

procedure, there exists a subsequence of {T̃ gm}, (denoting by the same sequence without

loss of generality) and a function ϕ ∈ BDn such that ∥T̃ gm−ϕ∥Dn → 0 asm→ ∞. Hence

the map T̃ : BDn → BDn is compact. Therefore it is completely continuous. Let g ∈ BDn

such that g(i0) = 1 and g(j) = 0 for all j ̸= i0. Then by (7.3.13), we have

T̃ (g)(i0) ≥ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i0

[∫ T1

0

e
∫ t
0 c̃(ξs,π

1(s),π2(s))dsg(ξt)dt

]
≥ g(i0)

∥c̃∥Dn

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

Eπ1,π2

i0

[
1− e−∥c̃∥DnT1

]
= g(i0)

1

∥c̃∥Dn + q∗(i0)
,

where T1 is the first jump time (clearly, T1 ≤ τn). Thus NT̃ (g) ⪰ g where N =

∥c̃∥Dn + q∗(i0) > 0. Therefore by Krĕın-Rutman Theorem 7.3.1, there exists a nontrivial

ψn ∈ B+
Dn

where ψn ̸= 0 and a constant λDn > 0 such that T̃ (ψn) = λDnψn, i.e.,

ρ̃nψn(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ψn(j)q(j|i, µ, ν) + c̃(i, µ, ν)ψn(i)

]
∀i ∈ Dn,
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where ρ̃n = −[λDn ]
−1. Therefore in terms of c, we have

ρnψn(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
∀i ∈ Dn,

where ρn = ρ̃n + kn + δ. Now by Fan’s minimax theorem, see [33, Theorem 3], we have

ρnψn(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[
ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[
ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
∀i ∈ Dn.

This proves that (7.3.11) admits a unique solution. As before by the continuity of c, q

and the compactness of A(i), there exists π∗1
n ∈ Π1

SM such that (7.3.11), can be written

as

ρnψn(i) = inf
ν∈P(B(i))

[
ψn(j)q(j|i, π∗1

n (i), ν) + c(i, π∗1
n (i), ν)ψn(i)

]
∀i ∈ Dn. (7.3.14)

Now applying Dynkin’s formula (see [21, Lemma 3.1]) and using (7.3.14), we deduce

that

ψn(i) ≤ E
π∗1
n ,π2

i

[
e
∫ T
0 (c(ξs,π∗1

n (ξs−),π2(s))−ρn)dsψn(ξT )I{T<τn}

]
≤ (sup

Dn

ψn)E
π∗1
n ,π2

i

[
e
∫ T
0 (c(ξs,π∗1

n (ξs−),π2(s))−ρn)ds
]
. (7.3.15)

If ψn(i) > 0 then by taking logarithm on the both sides in (7.3.15), dividing by T and

letting T → ∞, we get

ρn ≤ lim sup
T→∞

1

T
logE

π∗1
n ,π2

i

[
e
∫ T
0 c(ξs,π∗1

n (ξs−),π2(s))ds

]
.

Since π2 ∈ Π2
Ad is arbitrary, we obtain

ρn ≤ inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logE

π∗1
n ,π2

i

[
e
∫ T
0 c(ξs,π∗1

n (ξs−),π2(s))ds

]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c(ξs,π1(s),π2(s))ds

]
.

We now show that J(i, c, π1, π2) is finite for every (π1, π2) ∈ Π1
Ad × Π2

Ad and i ∈ S. We

only provide proof under Assumption (A2)(b) and the proof under Assumption (A2)(a)

would be analogous. Now from (7.2.6) we have

sup
(a,b)∈A(i)×B(i)

∑
j∈S

V (j)q(j|i, a, b) ≤ (C − ℓ(i))V (i) ∀i ∈ S. (7.3.16)
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Then by the Dynkin formula, we get

Eπ1,π2

i

[
e
∫ T∧τn
0 (ℓ(ξt)−C)dtV (ξT∧τn)

]
≤ V (i) ∀i ∈ S. (7.3.17)

By Fatou’s lemma, taking n→ ∞ in (7.3.17), we obtain

Eπ1,π2

i

[
e
∫ T
0 (ℓ(ξt)−C)dtV (ξT )

]
≤ V (i) ∀i ∈ S.

Now, since V ≥ 1, taking logarithm on both sides in the above equation, dividing both

sides by T , we have

1

T
logEπ1,π2

i

[
e
∫ T
0 ℓ(ξt)dtV (ξT )

]
− C ≤ 1

T
log V (i) ∀i ∈ S.

Hence, letting T → ∞, it follows that

J(i, ℓ, π1, π2) ≤ C for all i ∈ S.

Since, ℓ− sup
(a,b)∈A(i)×B(i)

c(·, a, b) is norm-like, we have sup
(a,b)∈A(i)×B(i)

c(i, a, b) ≤ ℓ(i) + k1 ∀

i ∈ S for some constant k1. This implies that

J(i, c, π1, π2) ≤ C + k1 ∀(π1, π2) ∈ Π1
Ad × Π2

Ad, ∀i ∈ S. (7.3.18)

It is clear from (7.3.12) and (7.3.18) that ρn has an upper bound. Next, we prove that

ρn is bounded below. By using Assumption (A3)(iii) and (7.3.11), we have ψn(i0) > 0.

Thus normalizing ψn, we have ψn(i0) = 1. Also, since c ≥ 0, by (7.3.11) we get

ρn ≥ sup
µ∈P(A(i0))

inf
ν∈P(B(i0))

[∑
j∈S

ψn(j)q(j|i0, µ, ν)
]
≥ sup

µ∈P((i0))

inf
ν∈P(B(i0))

q(i0|i0, µ, ν).

So, {ρn} is bounded below. Now we claim that ρ̂ := lim inf
n→∞

ρn ≥ 0. If not, then on the

contrary, ρ̂ < 0. So, along some subsequence, we have (with an abuse of notation, we

use the same sequence) ρn → ρ̂, as n → ∞ and for large n, ρn < 0. Let π∗2
n be outer

minimizing selector of (7.3.11). Thus, using (7.3.11), for large enough n, we have

0 > ρnψn(i0) = sup
µ∈P(A(i0))

[∑
j∈S

ψn(j)q(j|i0, µ, π∗2
n (i0)) + c(i0, µ, π

∗2
n (i0))ψn(i0)

]
≥ sup

µ∈P(A(i0))

[∑
j∈S

ψn(j)q(j|i0, µ, π∗2
n (i0))

]
≥
∑
j∈S

ψn(j)q(j|i0, µ, π∗2
n (i0)).

Now by Assumption (A3)(iii), from the above equation, we get

ψn(j) ≤
−q(i0|i0, µ, π∗2

n (i0))

q(j|i0, µ, π∗2
n (i0))

≤ sup
µ∈P(A(i0))

sup
ν∈P(B(i0))

−q(i0|i0, µ, ν)
q(j|i0, µ, ν)

for j ̸= i0.
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As before by a suitable diagonalization procedure, there exists a subsequence (denoting

by the same sequence by abuse of notation) and a function ψ with ψ(i0) = 1 such that

ψn(i) → ψ(i), as n → ∞ for all i ∈ S. By our assumption B(i) is compact for each

i ∈ S and π∗2
n is outer minimizing selector of (7.3.11). Therefore there exists a strategy

π∗2 ∈ Π2
SM , such that π∗2

n (i) → π∗2(i), for all i ∈ S, as n→ ∞ . Hence we have

ρnψn(i) ≥
∑
j∈S

ψn(j)q(j|i, µ, π∗2
n (i)) + c(i, µ, π∗2

n (i))ψn(i). (7.3.19)

So, taking n→ ∞ in the above equation, we get

0 > ρ̂ψ(i) ≥
∑
j∈S

ψ(j)q(j|i, µ, π∗2(i)) + c(i, µ, π∗2(i))ψ(i) ≥
∑
j∈S

ψ(j)q(j|i, µ, π∗2(i)).

(7.3.20)

Let π1 ∈ Π1
SM . Applying Dynkin formula and using (7.3.20), we obtain

Eπ1,π∗2

i [ψ(ξt∧τn)]− ψ(i) = Eπ1,π∗2

i

[∫ t∧τn

0

∑
j∈S

ψ(j)q(j|ξs, π1(ξs−), π
∗2(ξs−))ds

]
≤ 0.

Now, using the dominated convergence theorem, taking n→ ∞, it follows that

Eπ1,π∗2

i [ψ(ξt)] ≤ ψ(i).

So, with respect to the canonical filtration of ξ, {ψ(ξt)} is supermartingale. So, by Doob’s

martingale convergence theorem as t→ ∞, ψ(ξt) converges. Now by Assumption (A2),

ξ is recurrent. Thus the skeleton process {ξn : n ∈ N} is also recurrent (see for details

[3, Proposition 5.1.1]). This implies, that the process {ξn : n ∈ N} visits every state

of S infinitely often. Since ψ(i0) = 1, this is possible only if ψ ≡ 1. Since c ≥ 0, this

contradicts (7.3.20). Thus, lim inf
n→∞

ρn ≥ 0.

7.4 Existence of risk-sensitive average optimal

strategies

We begin this section by taking limit n → ∞ from (7.3.11) to show that the limiting

equation, which is the HJI equation, admits a positive eigenpair. Subsequently, we prove

that any mini-max selector of the associated HJI equation is a saddle-point equilibrium.

Also, exploiting the stochastic representation of the eigenfunction, we completely charac-

terize all possible saddle-point equilibrium in the space of stationary Markov strategies.

Lemma 7.4.1. Suppose Assumptions (A1)-(A3) hold. Then there exists (ρ, ψ∗) ∈ R+×
L∞
V (S) with ψ∗ > 0, such that

ρψ∗(i) = sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
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= inf
ν∈P(B(i))

sup
µ∈P(A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
, i ∈ S. (7.4.1)

Also, the solution (ρ, ψ∗) has the following characteristic.

(i) ρ ≤ inf
i∈S

sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

lim sup
T→∞

1

T
lnEπ1,π2

i

[
e
∫ T
0 c(ξt,π1(t),π2(t))dt

]
.

(ii) For any mini-max selector (π∗1, π∗2) ∈ Π1
SM × Π2

SM of (7.4.1), we have

ψ∗(i) = sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π1(t),π∗2(ξt−))−ρ)dtψ∗(ξτ̂(B))

]
= inf

π2∈Π2
Ad

Eπ∗1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π∗1(ξt−),π2(t))−ρ)dtψ∗(ξτ̂(B))

]
∀i ∈ Bc , (7.4.2)

for some finite set B ⊃ K .

Proof. Using Assumption (A2) and the fact that c ≥ 0, there exists a finite set B

containing K such that the following hold.

• When Assumption (A2)(a) holds: since γ > ∥c∥∞,

sup
(a,b)∈A(i)×B(i)

c(i, a, b)− ρn < γ ∀i ∈ Bc, for all n large. (7.4.3)

• When Assumption (A2)(b) holds: since the function ℓ(·)− max
(a,b)∈A(·)×B(·)

c(·, a, b) is

norm-like,

sup
(a,b)∈A(i)×B(i)

c(i, a, b)− ρn < ℓ(i) ∀i ∈ Bc, for all n large. (7.4.4)

Now we scale ψn in such a way that it touches V from below. Define

θ̂n = sup{k > 0 : (V − kψn) > 0 in S}.

Then we see that θ̂n is finite as ψn vanishes in D c
n and ψn ⪈ 0. We claim that if we

replace ψn by θ̂nψn, then ψn touches V inside B. If not, then for some state î ∈ Bc,

(V − ψn)(̂i) = 0 and V − ψn > 0 in B ∪ D c
n. Let π∗1

n ∈ Π1
SM be an outer maximizing

selector of (7.3.11). Then by Dynkin formula, we get (under Assumption (A2)(b))

ψn(̂i) ≤ E
π∗1
n ,π2

î

[
e
∫ T∧τ̂(B)
0 (c(ξs,π∗1

n (ξs−),π2(s))−ρn)dsψn(ξT∧τ̂(B))I{T∧τ̂(B)<τn}

]
≤ E

π∗1
n ,π2

î

[
e
∫ T∧τ̂(B)
0 ℓ(ξs)dsψn

(
ξT∧τ̂(B)

)
I{T∧τ̂(B)<τn}

]
.
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Since ψn ≤ V , in view of Lemma 7.3.2, by the dominated convergence theorem, taking

T → ∞, we get

ψn(̂i) ≤ E
π∗1
n ,π2

î

[
e
∫ τ̂(B)
0 ℓ(ξs)dsψn

(
ξτ̂(B)

)]
.

Using this and (7.3.10), we have

0 = (V − ψn) (̂i) ≥ E
π∗1
n ,π2

î

[
e
∫ τ̂(B)
0 ℓ(ξs)ds (V − ψn) (ξτ̂(B))

]
> 0.

Hence we arrive at a contradiction. Thus ψn touches V inside B. A similar conclusion

holds under Assumption (A2)(a). Now, since ψn ≤ V for all large n, by a suitable

diagonalization procedure, there exists a subsequence (by abuse of notation, we use the

same sequence) such that, ψn → ψ∗ for all i ∈ S, as n→ ∞, and ψ∗ ≤ V . Also, since by

Lemma 7.3.3, the sequence {ρn} is bounded and lim inf
n→∞

ρn ≥ 0, we can find a subsequence

(by abuse of notation we use the same sequence) and some ρ ≥ 0 such that ρn → ρ as

n → ∞. Thus as before, there exists a mini-max selector (π∗1
n , π

∗2
n ) ∈ Π1

SM × Π2
SM of

(7.3.11), i.e.,

inf
ν∈P(B(i))

[∑
j∈S

ψn(j)q(j|i, π∗1
n (i), ν) + c(i, π∗1

n (i), ν)ψn(i)

]
= sup

µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
= inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

ψn(j)q(j|i, µ, ν) + c(i, µ, ν)ψn(i)

]
= sup

µ∈P(A(i))

[∑
j∈S

ψn(j)q(j|i, µ, π∗2
n (i)) + c(i, µ, π∗2

n (i))ψn(i)

]
. (7.4.5)

Hence,

ρnψn(i) ≤
[∑
j∈S

ψn(j)q(j|i, π∗1
n (i), ν) + c(i, π∗1

n (i), ν)ψn(i)

]
.

The above implies

ρnψn(i)− ψn(i)q(i|i, π∗1
n (i), ν) ≤

[∑
j ̸=i

ψn(j)q(j|i, π∗1
n (i), ν) + c(i, π∗1

n (i), ν)ψn(i)

]
.

(7.4.6)

Now, since ψn(i) ≤ V (i) for all i ∈ S, we have∑
j ̸=i

ψ(j)q(j|i, π∗1
n (i), ν) ≤

∑
j ̸=i

V (j)q(j|i, π∗1
n (i), ν). (7.4.7)
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Also, since Π1
SM and Π2

SM are compact there exist π∗1 ∈ Π1
SM and π∗2 ∈ Π2

SM such that

π∗1
n → π∗1 and π∗2

n → π∗2 as n → ∞. Under given assumptions, from [56, Lemma 7.2]

it is clear that the functions c(i, µ, ν), and
∑
j∈S

q(j|i, µ, ν)u(j) are continuous at (µ, ν)

on P(A(i)) × P(B(i)) for each fixed u ∈ L∞
V (S), i ∈ S. Therefore by the dominated

convergence theorem, letting n→ ∞ in (7.4.6), we obtain

ρψ∗(i) ≤
∑
j∈S

ψ∗(j)q(j|i, π∗1(i), ν) + c(i, π∗1(i), ν)ψ∗(i).

Hence we have

ρψ∗(i) ≤ inf
ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, π∗1(i), ν) + c(i, π∗1(i), ν)ψ∗(i)

]
.

≤ sup
µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
. (7.4.8)

By similar arguments using (7.4.5) and extended Fatou’s lemma [69, Lemma 8.3.7], we

get

ρψ∗(i) ≥ sup
µ∈P(A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, π∗2(i)) + c(i, µ, π∗2(i))ψ∗(i)

]
≥ inf

ν∈P(B(i))
sup

µ∈P(A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
. (7.4.9)

Hence by (7.4.8) and (7.4.9), we get (7.4.1). Since at some point in B we have (V −ψn) =
0, for all large n. It follows that (V − ψ∗)(i∗) = 0 for some i∗ ∈ B. Since V ≥ 1, it

is clear that ψ∗ is nontrivial. Now we claim that ψ∗ > 0. If not, then we must have

ψ∗(̃i) = 0 for some ĩ ∈ S. Again as before, there exists a pair of a mini-max selector

(π∗1, π∗2) ∈ Π1
SM × Π2

SM such that form (7.4.1), we have

ρψ∗(̃i) =

[∑
j∈S

ψ∗(j)q(j |̃i, π∗1(̃i), π∗2(̃i)) + c(̃i, π∗1(̃i), π∗2(̃i))ψ∗(̃i)

]
. (7.4.10)

This implies ∑
j ̸=ĩ

ψ∗(j)q(j |̃i, π∗1(̃i), π∗2(̃i)) = 0.

Since the Markov chain ξ is irreducible under (π∗1, π∗2) ∈ Π1
SM × Π2

SM , from the above

equation, it follows that ψ∗ ≡ 0. So, we arrive at a contradiction. This proves the claim.

Now we prove (i) and (ii).

(i) Since ψ∗ > 0 and ψn(i) → ψ∗(i) as n → ∞, we have ψn > 0 for all large enough

n. So, using (7.3.12), we have lim
n→∞

ρn ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J(i, c, π1, π2) for all i ∈ S.
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(ii) Using compactness-continuity assumptions, there exists a pair of strategies (a

mini-max selector) (π∗1, π∗2) ∈ Π1
SM × Π2

SM (as in (7.4.5)) satisfying

ρψ∗(i) = sup
µ∈P(A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, π∗2(i)) + c(i, µ, π∗2(i))ψ∗(i)

]
= inf

ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, π∗1(i), ν) + c(i, π∗1(i), ν)ψ∗(i)

]
. (7.4.11)

Using (7.4.11), Lemma 7.3.2, and Dynkin’s formula, we have

ψ∗(i) ≥ Eπ1,π∗2

i

[
e
∫ τ̂(B)∧T
0 (c(ξt,π1(t),π∗2(ξt−))−ρ)dtψ∗(ξτ̂(B)∧T )

]
∀i ∈ Bc.

By Fatou’s lemma taking T → ∞, we get

ψ∗(i) ≥ Eπ1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π1(t),π∗2(ξt−))−ρ)dtψ∗(ξτ̂(B))

]
, ∀i ∈ Bc. (7.4.12)

Hence,

ψ∗(i) ≥ sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π1(t),π∗2(ξt−))−ρ)dtψ∗(ξτ̂(B))

]
≥ inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

Eπ1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π1(t),π2(t))−ρ)dtψ∗(ξτ̂(B))

]
, ∀i ∈ Bc. (7.4.13)

Also, using (7.4.11), Lemma 7.3.2, and Dynkin’s formula, we obtain

ψ∗(i) ≤ Eπ∗1,π2

i

[
e
∫ τ̂(B)∧T
0 (c(ξt,π∗1(ξt−),π2(t))−ρ)dtψ∗(ξτ̂(B)∧T )

]
∀i ∈ Bc.

Since ψ∗ ≤ V , using the estimates as in Lemma 7.3.2, taking T → ∞, by the dominated

convergence theorem it follows that

ψ∗(i) ≤ Eπ∗1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π∗1(ξt−),π2(t))−ρ)dtψ∗(ξτ̂(B))

]
∀i ∈ Bc. (7.4.14)

Hence

ψ∗(i) ≤ inf
π2∈Π2

Ad

Eπ∗1,π2

i

[
e
∫ τ̃(B)
0 (c(ξt,π∗1(ξt−),π2(t))−ρ)dtψ∗(ξτ̂(B))

]
≤ sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

Eπ1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π1(t),π2(t))−ρ)dtψ∗(ξτ̂(B))

]
, ∀i ∈ Bc. (7.4.15)

From (7.4.13) and (7.4.15), we obtain (7.4.2).

We now establish the following result which brings us just a step away from proving

the existence of a pair of saddle-point strategies.
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Theorem 7.4.1. Suppose Assumptions (A1)-(A3) hold. Then for any mini-max selector

(π∗1, π∗2) ∈ Π1
SM ×Π2

SM of (7.4.1), i.e., for any pair (π∗1, π∗2) ∈ Π1
SM ×Π2

SM satisfying

inf
ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, π∗1(i), ν) + c(i, π∗1(i), ν)ψ∗(i)

]
= sup

µ∈P(A(i))

inf
ν∈P(B(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
= inf

ν∈P(B(i))
sup

µ∈P (A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, ν) + c(i, µ, ν)ψ∗(i)

]
= sup

µ∈P(A(i))

[∑
j∈S

ψ∗(j)q(j|i, µ, π∗2(i)) + c(i, µ, π∗2(i))ψ∗(i)

]
, i ∈ S, (7.4.16)

we have

ρ = inf
i∈S

sup
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π∗2

i

[
e
∫ T
0 c(ξt,π1(t),π∗2(ξt−))dt

]
= inf

i∈S
sup

π1∈Π1
Ad

inf
π2∈Π2

Ad

lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c(ξt,π1(t),π2(t))dt

]
= inf

i∈S
inf

π2∈Π2
Ad

sup
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π2

i

[
e
∫ T
0 c(ξt,π1(t),π2(t))dt

]
. (7.4.17)

Proof. We perturb the cost function as follows.

• If Assumption (A2)(a) holds: We define for (a, b) ∈ A(i)×B(i), i ∈ S, ĉm(i, a, b) =

c(i, a, b)IDm(i)+(∥c∥∞+α3)IDc
m
. Here α3 > 0, is a small number satisfying ∥c∥∞+

α3 < γ. Note that ∥ĉm∥∞ < γ.

• If Assumption (A2)(b) holds: We define for (a, b) ∈ A(i)×B(i), i ∈ S, ĉm(i, a, b) =

c(i, a, b) + 1
m
[ℓ(i)− sup

(a,b)∈A(i)×B(i)

c(i, a, b)]+. Note that the function

[
ℓ(·)− sup

(a,b)∈A(·)×B(·)
c(·, a, b)

]
+

is a norm-like function. Also, it is easy to see that for large enough m, ℓ(·) −
sup

(a,b)∈A(·)×B(·)
ĉm(·, a, b) is norm-like.

In view of Lemma 7.4.1, it is clear that for π∗2 ∈ Π2
SM , there exists (ψ̃m, ρ̃m) ∈ L∞

V (S)×
R+, ψ̃m > 0 satisfying

ρ̃mψ̃m(i) = sup
µ∈P(A(i))

[∑
j∈S

ψ̃m(j)q(j|i, µ, π∗2(i)) + ĉm(i, µ, π
∗2(i))ψ̃m(i)

]
(7.4.18)

Ph.D. Thesis 178

TH-3126_186123018



Chapter 7 7.4. Existence of risk-sensitive average optimal strategies

such that

0 ≤ ρ̃m ≤ sup
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π∗2

i

[
e
∫ T
0 ĉm(ξt,π1(t),π∗2(ξt−))dt

]
. (7.4.19)

Also, for some finite set B1 ⊃ B ⊃ K , we have

ψ̃m(i) = sup
π1∈Π1

Ad

Eπ1,π∗2

i

[
e
∫ τ̂(B1)
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dtψ̃m(ξτ̂(B1))

]
, i ∈ Bc

1. (7.4.20)

Now from the proof of Lemma 7.4.1, we have a finite set B̃, depending on m, containing

K such that the following cases happen:

• Under Assumption (A2)(a): From (7.4.19), we have ρ̃m ≤ ∥ĉm∥∞. Thus, for

i ∈ D c
m, it follows that ĉm(i, a, b)−ρ̃m ≥ 0 for all (a, b) ∈ A(i)×B(i). Consequently,

we may take B̃ = Dm such that ĉm(i, a, b)−ρ̃m ≥ 0 in B̃c for all (a, b) ∈ A(i)×B(i).

• Under Assumption (A2)(b): since ĉm is norm-like function, we can choose suitable

finite set B̃ such that (ĉm(i, a, b)− ρ̃m) ≥ 0 in B̃c for all (a, b) ∈ A(i)×B(i).

For any π1 ∈ Π1
Ad, applying Dynkin formula and using (7.4.18) and Lemma 7.3.2, we

get

ψ̃m(i) ≥ Eπ1,π∗2

i

[
e
∫ τ̂(B̃)∧T
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dtψ̃m(ξτ̂(B̃)∧T )

]
.

Since for i ∈ B̃c, ĉm(i, a, b)− ρ̃m ≥ 0, by Fatou’s lemma taking T → ∞, we get

ψ̃m(i) ≥ Eπ1,π∗2

i

[
e
∫ τ̂(B̃)
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dtψ̃m(ξτ̂(B̃))

]
≥ (min

B̃
ψ̃m) ∀ i ∈ B̃c.

This implies that ψ̃m has a lower bound. Now, applying Dynkin formula, and using

(7.4.18) and Lemma 7.3.2, we deduce that

ψ̃m(i) ≥ Eπ1,π∗2

i

[
e
∫ T∧τN
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dtψ̃m(ξT∧τN )

]
,

for any i ∈ S, where τN := inf{t ≥ 0 : ξt /∈ {1, 2, · · · , N}}, N ∈ N. By Fatou’s lemma

taking N → ∞, we get

ψ̃m(i) ≥ Eπ1,π∗2

i

[
e
∫ T
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dtψ̃m(ξT )

]
≥ min

B̃
ψ̃mE

π1,π∗2

i

[
e
∫ T
0 (ĉm(ξt,π1(t),π∗2(ξt−))−ρ̃m)dt

]
.

Now since B̃ is a finite set and ψ̃m > 0, min
B̃

ψ̃m > 0 is also finite. Also, the logarithm

is an increasing function. Thus, taking logarithm on both sides, we have

log ψ̃m(i) ≥ logmin
B̃

ψ̃m + logEπ1,π∗2

i

[
e
∫ T
0 ĉm(ξt,π1(t),π∗2(ξt−))dt

]
− T ρ̃m.
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Thus dividing by T both sides and letting T → ∞, we obtain

ρ̃m ≥ lim sup
T→∞

1

T
logEπ1,π∗2

i

[
e
∫ T
0 ĉm(ξt,π1(t),π∗2(ξt−))dt

]
.

Since π1 ∈ Π1
Ad arbitrary, it follows that

ρ̃m ≥ sup
π1∈Π1

Ad

lim sup
T→∞

1

T
logEπ1,π∗2

i

[
e
∫ T
0 ĉm(ξt,π1(t),π∗2(ξt−))dt

]
≥ sup

π1∈Π1
Ad

lim sup
T→∞

1

T
logEπ1,π∗2

i

[
e
∫ T
0 c(ξt,π1(t),π∗2(ξt−))dt

]
.

Using this and (7.4.19), we get sup
π1∈Π1

Ad

J(i, c, π1, π∗2) ≤ sup
π1∈Π1

Ad

J(i, ĉm, π
1, π∗2) = ρ̃m for

all m. From the definition of ĉm, it is easy to see that ρ̃m is a decreasing sequence that

has a lower bound. Now by similar arguments as in Lemma 7.4.1, it follows that there

exists a pair (ρ̃, ψ̃) such that ρ̃m → ρ̃ and ψ̃m → ψ̃ as m → ∞. As in Lemma 7.4.1, by

taking m→ ∞ in (7.4.18), we get

ρ̃ψ̃(i) = sup
µ∈P(A(i))

[∑
j∈S

ψ̃(j)q(j|i, µ, π∗2(i)) + c(i, µ, π∗2(i))ψ̃(i)

]
. (7.4.21)

Also, we have ρ̃ ≥ sup
π1∈Π1

Ad

J(i, c, π1, π∗2) ≥ ρ. Now, we want to show that ρ̃ = ρ. Let π̃∗1

be a maximizing selector in (7.4.21). Thus

ρ̃ψ̃(i) =

[∑
j∈S

ψ̃(j)q(j|i, π̃∗1(i), π∗2(i)) + c(i, π̃∗1(i), π∗2(i))ψ̃(i)

]
. (7.4.22)

In view of estimates in Lemma 7.3.2, applying Dynkin’s formula and the dominated

convergence theorem, from (7.4.22) we deduce that there exists a finite set B2 ⊃ B1

such that

ψ̃(i) ≤ Eπ̃∗1,π∗2

i

[
e
∫ τ̂(B2)
0 (c(ξt,π̃∗1(ξt−),π∗2(ξt−))−ρ̃)dtψ̃(ξτ̂(B2))

]
, ∀ i ∈ Bc

2. (7.4.23)

Since ρ̃ ≥ ρ, arguing as in Lemma 7.4.1 (see, (7.4.2)) for B2 ⊃ B we have

ψ∗(i) ≥ Eπ̃∗1,π∗2

i

[
e
∫ τ̂(B2)
0 (c(ξt,π̃∗1(ξt−),π∗2(ξt−))−ρ̃)dtψ∗(ξτ̂(B2))

]
∀ i ∈ Bc

2. (7.4.24)

Now we choose an appropriate constant κ (e.g., κ = min
B2

ψ∗

ψ̃
), so that (ψ∗ − κψ̃) ≥ 0 in

B2 and for some î0 ∈ B2, (ψ
∗ − κψ̃)(̂i0) = 0. From (7.4.23) and (7.4.24), we get

ψ∗(i)− κψ̃(i) ≥ Eπ̃∗1,π∗2

i

[
e
∫ τ̂(B2)
0 (c(ξt,π̃∗1(ξt−),π∗2(ξt−))−ρ̃)dt(ψ∗ − κψ̃)(ξτ̂(B2))

]
∀ i ∈ Bc

2.

(7.4.25)
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From the above expression it is easy to see that (ψ∗−κψ̃) ≥ 0 in S. Now using (7.4.16),

(7.4.22) and the fact that ρ̃ ≥ ρ, we get

ρ̃(ψ∗ − κψ̃)(̂i0) ≥
[∑
j∈S

(ψ∗ − κψ̃)(j)q(j |̂i0, π̃∗1(̂i0), π
∗2(̂i0)) + c(̂i0, π̃

∗1(̂i0), π
∗2(̂i0))(ψ

∗ − κψ̃)(̂i0)

]
.

This implies that ∑
j ̸=î0

(ψ∗ − κψ̃)(j)q(j |̂i0, π̃∗1(̂i0), π
∗2(̂i0)) = 0 . (7.4.26)

Since the Markov chain ξ is irreducible under (π̃∗1, π∗2), by (7.4.26), we have ψ∗ = κψ̃

in S. From (7.4.16) and (7.4.21) it follows that ρ̃ = ρ. This proves (7.4.17).

In the next theorem, we show that any mini-max selector of (7.4.1) is a saddle-point

equilibrium.

Theorem 7.4.2. Suppose Assumptions (A1)-(A3) hold. Then any mini-max selector

(π∗1, π∗2) ∈ Π1
SM × Π2

SM of (7.4.1) is a saddle-point equilibrium.

Proof. Arguing as in Lemma 7.4.1 and Theorem 7.4.1, there exists (ρπ
∗1,π∗2

, ψπ
∗1,π∗2

) ∈
R+ × L∞

V (S) with ψπ
∗1,π∗2

> 0 satisfying

ρπ
∗1,π∗2

ψπ
∗1,π∗2

(i) =

[∑
j∈S

ψπ
∗1,π∗2

(j)q(j|i, π∗1(i), π∗2(i)) + c(i, π∗1(i), π∗2(i))ψπ
∗1,π∗2

(i)

]
.

(7.4.27)

Furthermore ρπ
∗1,π∗2

= J(i, c, π∗1, π∗2) and for some finite set B ⊃ K (without loss of

generality denoting by the same notation)

ψπ
∗1,π∗2

(i) = Eπ∗1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π∗1(ξt−),π∗2(ξt−))−ρπ∗1,π∗2

)dtψπ
∗1,π∗2

(ξτ̂(B))

]
∀i ∈ Bc.

(7.4.28)

Thus, from (7.4.17) it is clear that ρπ
∗1,π∗2 ≤ ρ . Now, following similar arguments as

in Theorem 7.4.1 it is easy to see that ρπ
∗1,π∗2

= ρ . This implies that J(i, c, π1, π∗2) ≤
ρπ

∗1,π∗2
for all π1 ∈ Π1

Ad . Next, from [21] it is clear that if we consider the minimization

problem

min
π2∈Π2

Ad

J(i, c, π∗1, π2),

then the optimal control exists in the space of stationary Markov strategies. Thus to

complete the proof, it is enough to show that J(i, c, π∗1, π∗2) ≤ J(i, c, π∗1, π2) for any

π2 ∈ Π2
SM . If not suppose that J(i, c, π∗1, π∗2) > J(i, c, π∗1, π2) for some π2 ∈ Π2

SM . We
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know that for π2 ∈ Π2
SM , there exists (ρπ

∗1,π2
, ψπ

∗1,π2
) ∈ R+ × L∞

V (S) with ψπ
∗1,π2

> 0

satisfying

ρπ
∗1,π2

ψπ
∗1,π2

(i) =

[∑
j∈S

ψπ
∗1,π2

(j)q(j|i, π∗1(i), π2(i)) + c(i, π∗1(i), π2(i))ψπ
∗1,π2

(i)

]
,

(7.4.29)

also we have ρπ
∗1,π2

= J(i, c, π∗1, π2) and for some finite set B (⊃ K )

ψπ
∗1,π2

(i) = Eπ∗1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π∗1(ξt−),π2(ξt−))−ρπ∗1,π2

)dtψπ
∗1,π2

(ξτ̂(B))

]
∀i ∈ Bc. (7.4.30)

From (7.4.2), we deduce that

ψ∗(i) ≤ Eπ∗1,π2

i

[
e
∫ τ̂(B)
0 (c(ξt,π∗1(ξt−),π2(ξt−))−ρ)dtψ∗(ξτ̂(B))

]
, ∀i ∈ Bc. (7.4.31)

Now, as in Theorem 7.4.1, using (7.4.30) and (7.4.31) one can deduce that ψπ
∗1,π2

= ηψ∗

for some positive constant η . Thus, in view of (7.4.1) and (7.4.29), it follows that ρ ≤
ρπ

∗1,π2
, i.e., J(i, c, π∗1, π∗2) ≤ J(i, c, π∗1, π2), which is a contradiction. This completes

the proof.

Next, we prove the converse of the above theorem.

Theorem 7.4.3. Suppose Assumptions (A1)-(A3) hold. If there exists a saddle-point

equilibrium (π̂∗1, π̂∗2) ∈ Π1
SM × Π2

SM , i.e.,

J(i, c, π1, π̂∗2) ≤ J(i, c, π̂∗1, π̂∗2) ≤ J(i, c, π̂∗1, π2) ,

for all i ∈ S , π1 ∈ Π1
Ad and π

2 ∈ Π2
Ad . Then (π̂∗1, π̂∗2) is a mini-max selector of (7.4.1).

Proof. From Theorem 7.4.2, we deduce that

ρ = inf
π2∈Π2

Ad

sup
π1∈Π1

Ad

J(i, c, π1, π2) ≤ sup
π1∈Π1

Ad

J(i, c, π1, π̂∗2) ≤ J(i, c, π̂∗1, π̂∗2)

≤ inf
π2∈Π2

Ad

J(i, c, π̂∗1, π2) ≤ sup
π1∈Π1

Ad

inf
π2∈Π2

Ad

J(i, c, π1, π2) = ρ .

This implies that ρ = J(i, c, π̂∗1, π̂∗2) and ρ = inf
π2∈Π2

Ad

J(i, c, π̂∗1, π2) . Arguing as in

Lemma 7.4.1 and using Theorem 7.4.1, it follows that for π̂∗1 ∈ Π1
SM there exists

(ρπ̂∗1 , ψ∗
π̂∗1) ∈ R+ × L∞

V (S) with ψ∗
π̂∗1 > 0 such that

ρπ̂∗1ψ∗
π̂∗1(i) = inf

ν∈P(B(i))

[∑
j∈S

ψ∗
π̂∗1(j)q(j|i, π̂∗1(i), ν) + c(i, π̂∗1(i), ν)ψ∗

π̂∗1(i)

]
, (7.4.32)
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and ρπ̂∗1 = ρ (since ρ = inf
π2∈Π2

Ad

J(i, c, π̂∗1, π2)). Let (π∗1, π∗2) be any mini-max selector

of (7.4.1). Then from the above, we get

ρπ̂∗1ψ∗
π̂∗1(i) ≤

[∑
j∈S

ψ∗
π̂∗1(j)q(j|i, π̂∗1(i), π∗2(i)) + c(i, π̂∗1(i), π∗2(i))ψ∗

π̂∗1(i)

]
. (7.4.33)

Again arguing as in Lemma 7.4.1, for some B ⊃ K we have

ψ∗
π̂∗1(i) ≤ Eπ̂∗1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π̂∗1(ξt−),π∗2(ξt−))−ρ)dtψ∗

π̂∗1(ξτ̂(B))

]
∀i ∈ Bc. (7.4.34)

Since, (π∗1, π∗2) is a mini-max selector of (7.4.1), we have

ρψ∗(i) ≥
[∑
j∈S

ψ∗(j)q(j|i, π̂∗1(i), π∗2(i)) + c(i, π̂∗1(i), π∗2(i))ψ∗(i)

]
.

Thus, by applying Dynkin’s formula and Fatou’s lemma, we obtain

ψ∗(i) ≥ Eπ̂∗1,π∗2

i

[
e
∫ τ̂(B)
0 (c(ξt,π̂∗1(ξt−),π∗2(ξt−))−ρ)dtψ∗(ξτ̂(B))

]
∀i ∈ Bc. (7.4.35)

Using (7.4.34) and (7.4.35), and following the arguments as in Theorem 7.4.1 one can

show that ψ∗ = η̂ψ∗
π̂∗1 for some positive constant η̂. Therefore, combining (7.4.1) and

(7.4.32) it is easy to see that π̂∗1 is an outer maximizing selector of (7.4.1). By similar

arguments we can show that π̂∗2 is an outer minimizing selector of (7.4.1). This completes

the proof.

Remark 7.4.2. We can replace Assumption (A3)(iii) by other similar assumption. For

example, if the killed process communicates with every state in Dn from i0 before leaving

the domain Dn, for large n, then our method applies. More precisely for every Dn,

(π1, π2) ∈ Π1
SM ×Π2

SM and for every j ∈ Dn\{i0}, if there exists distinct i1, i2, · · · , im ∈
Dn\{i0} satisfying

q(i1|i0, π1(i0), π
2(i0))q(i2|i1, π1(i1), π

2(i1)) · · · q(j|im, π1(im), π
2(im)) > 0,

then we get ψn(i0) > 0 in Dn (see Lemma 7.3.3). Also, the conclusion of Theorem 7.4.1

and Theorem 7.4.2 hold.

7.5 Example

In this section, an illustrative example is presented. In our model the transition rate is

unbounded, and the cost rate is nonnegative and unbounded.
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Example 7.5.1. Consider a controlled birth-death system arising in a single server

queue wherein the state variable denotes the total population ( i.e. the number of cus-

tomers in the system) at each time t ≥ 0. In this system there are ‘natural’ arrival and

departure rates, say λ̂ and µ̂, respectively. Here player 1 controls departure parameters

ĥ1 and player 2 controls arrival parameters ĥ2. At any time t, when the state of the

system is i ∈ S := {0, 1, · · · }, player 1 takes an action a from a given set A(i) (which

is a closed, bounded interval of R). This action may increase (ĥ1(i, a) ≥ 0) or decrease

(ĥ1(i, a) ≤ 0), the departure rate and these actions result in a cost for this player denoted

by ĉ1(i, a) per unit time. Similarly, if the state is i ∈ {0, 1, · · · }, player 2 takes an action

b from a set B(i) (which is a closed and bounded interval of R) to increase (ĥ2(i, b) ≥ 0)

or to decrease (ĥ2(i, b) ≤ 0), the arrival rate and these actions produce a cost for this

player denoted by ĉ2(i, b) per unit time. Also, in addition, assume that player 1 ‘owns’

the system and he/she gets a reward p̂ · i for each unit of time during which the system

remains in the state i ∈ S, where p̂ > 0 is a fixed reward fee per customer. We also

assume that when the state of the system reaches state i = 0, any number of arrivals

may occur. When there is no customer in the system, (i.e., i = 0), control of departure

is unnecessary.

We next formulate this model as a continuous-time Markov game. The corresponding

transition rate q(j|i, a, b) and the reward rate c(i, a, b) for player 1( cost for player 2)

are given as follows: for (0, a, b) ∈ K (K as in the game model (7.2.1)). We take

q(j|0, a, b) = α

(j + 3)4
for all j ≥ 1, such that

∑
j∈S

q(j|0, a, b) = 0, (7.5.1)

where α > 0 is some constant so that q(0|0, a, b) ≤ −3. Also for (i, a, b) ∈ K with i ≥ 1,

q(j|i, a, b) =


µ̂(i+ 3)2 + ĥ1(i, a), if j = i− 1

−λ̂i− µ̂(i+ 3)2 − ĥ2(i, b)− ĥ1(i, a), if j = i

λ̂i+ ĥ2(i, b), if j = i+ 1

0, otherwise.

c(i, a, b) := p̂ · i− ĉ1(i, a) + ĉ2(i, b) for (i, a, b) ∈ K. (7.5.2)

We assume that player 1 is maximizing player and player 2 is minimizing player. Player

1 gets an immediately reward rate c(i, a, b) and he/she tries to maximize his/her total

payoff through the infinite horizon continuous-time ergodic cost criterion and at the same

time, player 2 incurs an immediately cost rate c(i, a, b) and he/she tries to minimize

his/her total payoff through the same cost criterion.

We now explore conditions under which there exists a pair of optimal strategies. To

do so, we make the following assumptions.
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(I) Let µ̂ ≥ max{λ̂, 2}, λ̂i+ ĥ2(i, b) > 0, and µ̂(i+3)2+ ĥ1(i, a) > 0 for all (i, a, b) ∈ K

with i ≥ 1; and assume that ĥ2(0, b) > 0 and ĥ1(0, a) = 0 for all (a, b) ∈ A(i)×B(i).

(II) The functions ĥ1(·, ·) : S × A → [−µ̂, µ̂], ĥ2(·, ·) : S × B → [−λ̂, λ̂], ĉ1(i, a), and
ĉ2(i, b) are continuous with their respective variables for each fixed i ∈ S. Also,

assume that min
(a,b)∈A(i)×B(i)

[ĉ1(i, a)− ĉ2(i, b)] is norm-like function and p̂ ·i− ĉ1(i, a)+

ĉ2(i, b) ≥ 0 for (i, a, b) ∈ K. Here we take p̂ < 1.

Proposition 7.5.2. Under conditions (I)-(II), the above controlled birth-death system

satisfies the Assumptions (A1)-(A3). Hence by Theorem 7.4.2, there exists a pair of

optimal strategies.

Proof. Consider the Lyapunov function given by

V (i) := (i+ 3)2 for i ∈ S.

We have V (i) ≥ 1 for all i ∈ S. Now for each i ≥ 1, and (a, b) ∈ A(i)×B(i), we have∑
j∈S

q(j|i, a, b)V (j) = q(i− 1|i, a, b)V (i− 1) + V (i)q(i|i, a, b) + V (i+ 1)q(i+ 1|i, a, b)

= (i+ 2)2[µ̂(i+ 3)2 + ĥ1(i, a)]− (i+ 3)2[λ̂i+ µ̂(i+ 3)2 + ĥ2(i, b) + ĥ1(i, a)]

+ (i+ 4)2[λ̂i+ ĥ2(i, b)]

= −[µ̂(i+ 3)2 + ĥ1(i, a)](2i+ 5) + (λ̂i+ ĥ2(i, b)(2i+ 7)

= −µ̂(i+ 3)2(i+ 3 + i+ 2)− ĥ1(i, a)(2i+ 5) + (λ̂i+ ĥ2(i, b)(2i+ 7)

= −µ̂(i+ 3)2(i+ 3)− µ̂(i+ 3)2(i+ 2)− ĥ1(i, a)(2i+ 5)

+ (λ̂i+ ĥ2(i, b)(2i+ 7)

≤ µ̂(i+ 3)(i+ 3)2 − µ̂(i+ 3)2(i+ 2) + µ̂(2i+ 5) + µ̂i(2i+ 7) + µ̂(2i+ 7)

( since− ĥ1(i, a) ≤ µ̂, λ̂ ≤ µ̂, ĥ2(i, b) ≤ λ̂ ≤ µ̂, by conditions (I) and (II))

= − µ̂
2
(i+ 3)V (i) +

{
− µ̂
2
(i+ 3)(i+ 3)2 − µ̂(i+ 3)2(i+ 2) + µ̂(2i+ 5)

+ µ̂i(2i+ 7) + µ̂(2i+ 7)

}
≤ − µ̂

2
(i+ 3)V (i) ( since the term within the second bracket is negative)

≤ −(i+ 3)V (i) ( by condition (I), since µ̂ ≥ 2)

= −ℓ(i)V (i) (7.5.3)

where ℓ(i) = i+ 3. For i = 0,∑
j∈S

q(j|i, a, b)V (j) = 9q(0|0, a, b) +
∑
j≥1

q(j|0, a, b)(j + 3)2
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≤ CIK (0)− ℓ(0)V (0), (7.5.4)

where K = {0} and C = απ2

6
. Now

sup
(a,b)∈A(i)×B(i)

q(i, a, b) ≤ sup
(a,b)∈A(i)×B(i)

{
λ̂i+ µ̂(i+ 3)2 + |ĥ1(i, a)|+ |ĥ2(i, b)|

}
≤ µ̂i+ 2µ̂+ µ̂(i+ 3)2

≤ 2(i+ 3)2µ̂ ≤ b2V (i) ∀ i ≥ 1, (7.5.5)

where b2 = max{2µ̂,
∑
j≥1

α

(j + 3)4
}. From (7.5.3) and (7.5.4), for all i ∈ S, we get

∑
j∈S

q(j|i, a, b)V (j) ≤ b0V (i) + b1, (7.5.6)

where b1 = C and b0 = 1. Now

ℓ(i)− max
(a,b)∈A(i)×B(i)

c(i, a, b) = 3 + (1− p̂)i+ min
(a,b)∈A(i)×B(i)

[ĉ1(i, a)− ĉ2(i, b)]. (7.5.7)

From (7.5.5) and (7.5.6), Assumption (A1) is verified. By the condition (II), equa-

tions (7.5.3), (7.5.4), (7.5.7), it is easy to see that Assumption (A2) is verified. By

(7.5.1), (7.5.2), the condition (II), and the definition of q as defined above, Assumption

(A3)(i) is verified. By (7.5.3) and (7.5.4), Assumption (A3)(ii) is verified. Hence by

Theorem 7.4.2, it follows that there exists an optimal pair of stationary strategies for

this controlled Birth-Death process.

Remark 7.5.3. Note that, in view of Remark 7.4.2, one can relax the condition (7.5.1).
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Conclusions

The main intention of this thesis is to study risk-sensitive stochastic control and stochas-

tic games with various cost criteria. The observations, the contributions, and the scope

of the future work related to this thesis in each chapter are highlighted below:

� First, we have investigated risk-sensitive discounted control problems for

continuous-time jump Markov decision processes taking values in general state

space. The transition rates of underlying continuous-time jump Markov processes

and the cost rates are allowed to be unbounded. Under certain Lyapunov condi-

tions, the existence and uniqueness of the solution to the Hamilton-Jacobi-Bellman

(HJB) equation have been established. Also, we have proved an optimal risk-

sensitive control in the class of Markov controls and have completely characterized

the optimal control.

� After then, a two-person zero-sum stochastic game for controlled continuous-time

Markov decision processes with risk-sensitive discounted cost criterion on countable

state space has been studied. The transition and cost rates are possibly unbounded.

We have established the existence of the value of the game and saddle-point equi-

librium in the class of admissible feedback strategies under a Foster-Lyapunov

condition by studying the corresponding Hamilton-Jacobi-Isaacs equation. The

study of the corresponding nonzero-sum game problems on countable state space

is still an open problem.

� Next, we have considered zero-sum stochastic games for controlled continuous time

Markov processes on a general state space with risk-sensitive discounted cost crite-

rion. The transition and cost rates are possibly unbounded. Under a stability as-

sumption, we have proven the existence of the value of the game and a saddle-point

equilibrium in the class of Markov strategies and have given a characterization of
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this saddle-point equilibrium in terms of the corresponding Hamilton-Jacobi-Isaacs

(HJI) equation. Also, to illustrate the results and assumptions an example has been

provided. The study of the corresponding nonzero-sum game problems on Borel

state space is still an open problem.

� After that, zero-sum stochastic games for controlled discrete-time Markov decision

processes with risk-sensitive average cost criterion with countable/compact state

space and Borel action spaces have been studied. The payoff function is nonnega-

tive and possibly unbounded for countable state space case and for compact state

space case it is a real-valued and bounded function. For countable state space case,

under a certain Lyapunov type stability assumption on the dynamics, we have es-

tablished the existence of the value and a saddle-point equilibrium. For compact

state space case, these results have been established without any Lyapunov type

stability assumptions. Using the stochastic representation of the principal eigen-

function of the associated optimality equation, all possible saddle-point strategies

in the class of stationary Markov strategies have been completely characterized.

Also, an illustrative example has been presented.

It will be interesting to study the problem for locally compact state space. The

major issue in extending our results from compact state space to locally compact

state space is to prove the existence of a principal eigenpair to the associated Shap-

ley equation. Following the arguments of Chapter 5 (also from [2]), it is easy to see

that the principal eigenpair exists for Dirichlet eigenvalue problems (in bounded

domains). But the main difficulty here is to take the limit from the bounded

domain to the unbounded domain . In countable state space, we use a diagonaliza-

tion argument to get the limit. This argument does not work in the general state

space case. As it is pointed out in [2], that it will be a very challenging work to

extend our results from compact state space to a locally compact state space. One

possible way to overcome these difficulties is by imposing stronger equicontinuity

conditions on the transition kernels (as in Assumption (A1
′
)(iii) of Chapter 5),

which will enable us to use Arzela-Ascoli theorem to pass to the limit . Also, it

would be an interesting works to study the same problem on countable/locally

compact state space under near monotone running cost condition.

� Subsequently, we have analyzed nonzero-sum stochastic games for continuous-time

Markov decision processes on a denumerable state space with risk-sensitive ergodic

cost criterion. Transition rates and cost rates are allowed to be unbounded. Un-

der a Lyapunov type stability assumption, we have shown that the corresponding

system of coupled HJB equations admits a solution that leads to the existence
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of a Nash equilibrium in stationary strategies. This has been established using

an approach involving principal eigenvalues associated with the HJB equations.

Furthermore, exploiting appropriate stochastic representation of principal eigen-

functions, Nash equilibria in the space of stationary Markov strategies have been

completely characterized. The corresponding problems on locally compact state

space state space are still open. The major issue in extending our results from

countable state space to locally compact state space is to prove the existence of a

principal eigenpair to the associated Shapley equation. Following the arguments

of Chapter 5 (also from [21]), it is easy to see that the principal eigenpair exists

for Dirichlet eigenvalue problems (in bounded domains). But the main difficulty

here is to take the limit from the bounded domain to the unbounded domain . In

countable state space, we use a diagonalization argument to get the limit. This

argument does not work in the general state space case. One possible way to over-

come these difficulties is by imposing stronger equicontinuity conditions on the

transition kernels (as in Assumption (A1
′
)(iii) of Chapter 5), which will enable us

to use Arzela-Ascoli theorem to pass to the limit . Also, it would be an interesting

works to study the same problem on countable/locally compact state space under

near monotone running cost condition.

� Finally, a zero-sum stochastic game in continuous-time with controlled Markov

decision processes and with risk-sensitive average cost criterion has been consid-

ered. Here the transition and the cost rates may be unbounded. We have proven

the existence of the value of the game and a saddle-point equilibrium in the class

of all stationary strategies under a Lyapunov stability condition. This is accom-

plished by establishing the existence of a principal eigenpair for the corresponding

Hamilton-Jacobi-Isaacs (HJI) equation. This, in turn, has been established by

using a nonlinear version of Krĕın-Rutman theorem. Then a characterization of

the saddle-point equilibrium in terms of the corresponding HJI equation has been

obtained. Finally, a controlled population system has been used to illustrate our

results. The corresponding problems on locally compact state space are still open.

The major issue in extending our results from countable state space to locally

compact state space is to prove the existence of a principal eigenpair to the asso-

ciated Shapley equation. Following the arguments of Chapter 5 (also from [21]),

it is easy to see that the principal eigenpair exists for Dirichlet eigenvalue prob-

lems (in bounded domains). But the main difficulty here is to take the limit from

the bounded domain to the unbounded domain . In countable state space, we

use a diagonalization argument to get the limit. This argument does not work

in the general state space case. One possible way to overcome these difficulties
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is by imposing stronger equicontinuity conditions on the transition kernels (as in

Assumption (A1
′
)(iii) of Chapter 5), which will enable us to use Arzela-Ascoli the-

orem to pass to the limit . Also, it would be an interesting works to study the same

problem on countable/locally compact state space under near monotone running

cost condition.
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[38] Frobenius, G. Über matrizen aus nicht negativen elementen. Königliche
Akademie der Wissenschaften Sitzungsber, Kön (1912).

[39] Ghosh, M. K., and Bagchi, A. Stochastic games with average payoff criterion.
Appl. Math. Optim. 38, 3 (1998), 283–301.

[40] Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Nonzero-sum risk-
sensitive continuous-time stochastic games with ergodic costs. Appl. Math. Optim.
86, 1 (2022), Paper No. 6, 31.

[41] Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Discrete-time zero-
sum games for Markov chains with risk-sensitive average cost criterion. Stochastic
Process. Appl. 158 (2023), 40–74.

[42] Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Zero-sum stochastic
games in continuous-time with risk-sensitive average cost criterion on a countable
state space. Math. Control Rel. Fields (2023).

Ph.D. Thesis 193

TH-3126_186123018



Bibliography

[43] Ghosh, M. K., Goswami, A., and Kumar, K. S. Portfolio optimization in a
semi-Markov modulated market. Appl. Math. Optim. 60, 2 (2009), 275–296.

[44] Ghosh, M. K., and Kumar, K. S. A stochastic differential game in the or-
thrant. J. Math. Anal. Appl. 265, 1 (2002), 12–37.

[45] Ghosh, M. K., Kumar, K. S., and Pal, C. Zero-sum risk-sensitive stochastic
games for continuous time Markov chains. Stoch. Anal. Appl. 34, 5 (2016), 835–
851.

[46] Ghosh, M. K., and Pradhan, S. Zero-sum risk-sensitive stochastic differential
games with reflecting diffusions in the orthant. ESAIM Control Optim. Calc. Var.
26 (2020), Paper No. 114, 33.

[47] Ghosh, M. K., and Saha, S. Risk-sensitive control of continuous time Markov
chains. Stochastics 86, 4 (2014), 655–675.

[48] Golui, S., and Pal, C. Continuous-time zero-sum games for Markov chains
with risk-sensitive finite-horizon cost criterion. Stoch. Anal. Appl. 40, 1 (2022),
78–95.

[49] Golui, S., and Pal, C. Risk-sensitive discounted cost criterion for continuous-
time Markov decision processes on a general state space. Math. Meth. Oper. Res.
95, 2 (2022), 219–247.

[50] Golui, S., and Pal, C. Continuous-time zero-sum games for Markov decision
processes with discounted risk-sensitive cost criterion on a general state space.
Stoch. Anal. Appl. 41, 2 (2023), 327–357.

[51] Golui, S., Pal, C., and Saha, S. Continuous-time zero-sum games for Markov
decision processes with discounted risk-sensitive cost criterion. Dyn. Games Appl.
12, 2 (2022), 485–512.

[52] Guo, X., and Huang, Y. Risk-sensitive average continuous-time Markov deci-
sion processes with unbounded transition and cost rates. J. Appl. Probab. 58, 2
(2021), 523–550.

[53] Guo, X., Liu, Q., and Zhang, Y. Finite horizon risk-sensitive continuous-time
Markov decision processes with unbounded transition and cost rates. 4OR 17, 4
(2019), 427–442.

[54] Guo, X., and Zhang, Y. On risk-sensitive piecewise deterministic Markov
decision processes. Appl. Math. Optim. 81, 3 (2020), 685–710.

[55] Guo, X. P., and Hernández-Lerma, O. Continuous-time controlled Markov
chains. Ann. Appl. Probab. 13, 1 (2003), 363–388.

[56] Guo, X. P., and Hernández-Lerma, O. Zero-sum games for continuous-
time Markov chains with unbounded transition and average payoff rates. J. Appl.
Probab. 40, 2 (2003), 327–345.

Ph.D. Thesis 194

TH-3126_186123018



Bibliography

[57] Guo, X. P., and Hernández-Lerma, O. Nonzero-sum games for continuous-
time Markov chains with unbounded discounted payoffs. J. Appl. Probab. 42, 2
(2005), 303–320.

[58] Guo, X. P., and Hernández-Lerma, O. Zero-sum games for continuous-time
jump Markov processes in Polish spaces: discounted payoffs. Adv. in Appl. Probab.
39, 3 (2007), 645–668.

[59] Guo, X. P., and Hernández-Lerma, O. Continuous-time Markov decision
processes, vol. 62 of Stochastic Modelling and Applied Probability. Springer-Verlag,
Berlin, 2009. Theory and applications.

[60] Guo, X. P., Hernández-Lerma, O., and Prieto-Rumeau, T. A survey of
recent results on continuous-time Markov decision processes. Top 14, 2 (2006),
177–261. With comments and a rejoinder by the authors.

[61] Guo, X. P., Huang, Y., and Song, X. Linear programming and con-
strained average optimality for general continuous-time Markov decision processes
in history-dependent policies. SIAM J. Control Optim. 50, 1 (2012), 23–47.

[62] Guo, X. P., and Liao, Z.-W. Risk-sensitive discounted continuous-time Markov
decision processes with unbounded rates. SIAM J. Control Optim. 57, 6 (2019),
3857–3883.

[63] Guo, X. P., and Piunovskiy, A. Discounted continuous-time Markov decision
processes with constraints: unbounded transition and loss rates. Math. Oper. Res.
36, 1 (2011), 105–132.

[64] Guo, X. P., and Song, X. Discounted continuous-time constrained Markov
decision processes in Polish spaces. Ann. Appl. Probab. 21, 5 (2011), 2016–2049.

[65] Guo, X. P., and Zhang, J. Risk-sensitive continuous-time Markov decision
processes with unbounded rates and Borel spaces. Discrete Event Dyn. Syst. 29,
4 (2019), 445–471.

[66] Hernández-Hernández, D., and Marcus, S. I. Risk sensitive control of
Markov processes in countable state space. Systems Control Lett. 29, 3 (1996),
147–155.

[67] Hernández-Hernández, D., and Marcus, S. I. Existence of risk-sensitive
optimal stationary policies for controlled Markov processes. Appl. Math. Optim.
40, 3 (1999), 273–285.

[68] Hernández-Lerma, O. Adaptive Markov control processes, vol. 79 of Applied
Mathematical Sciences. Springer-Verlag, New York, 1989.

[69] Hernández-Lerma, O., and Lasserre, J. B. Further topics on discrete-time
Markov control processes, vol. 42 of Applications of Mathematics (New York).
Springer-Verlag, New York, 1999.

[70] Howard, R. A. Dynamic programming and Markov processes. Technology Press
of M.I.T., Cambridge, Mass.; John Wiley & Sons, Inc., New York-London, 1960.

Ph.D. Thesis 195

TH-3126_186123018



Bibliography

[71] Howard, R. A., and Matheson, J. E. Risk-sensitive Markov decision pro-
cesses. Management Sci. 18 (1971/72), 356–369.

[72] Huang, Y. Finite horizon continuous-time Markov decision processes with mean
and variance criteria. Discrete Event Dyn. Syst. 28, 4 (2018), 539–564.

[73] Jacobson, D. H. Optimal stochastic linear systems with exponential perfor-
mance criteria and their relation to deterministic differential games. IEEE Trans.
Automatic Control AC-18, 2 (1973), 124–131.
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