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ABSTRACT

This thesis considers risk-sensitive stochastic control and game problems on count-
able/Borel state space for discrete/continuous-time Markov decision processes (MDPs)
under certain Lyapunov conditions. Here, infinite-horizon control/game problems are an-
alyzed with various cost criteria. The controllers can take action in discrete/continuous-
time from their admissible strategies.

In the single-player setup, we investigate infinite-horizon discounted cost criterion
for continuous-time pure jump controlled Markov processes. The controller tries to
minimize his/her payoff through a Markov decision process and finds an optimal risk-
sensitive control in the class of Markov control.

When there is more than one controller, the stochastic control problem is referred
to as a stochastic game problem, we study zero/nonzero-sum game problems. For zero-
sum game problems, we consider infinite-horizon discounted/ergodic cost criteria for
discrete/continuous-time Markov decision processes (MDPs) on countable/Borel state
space. Here, player 1 is a maximizing player and player 2 is a minimizing player.
So, player 1 tries to maximize his/her reward while player 2 always tries to minimize
his/her costs. For these problems, a saddle-point equilibrium point is achieved. To
study nonzero-sum game problems, we consider infinite-horizon ergodic cost criteria for
continuous-time Markov decision processes (CTMDPs) on a countable state space. Here,
each player tries to minimize his/her ergodic payoff criterion. We establish the existence
of a Nash-equilibrium in the class of stationary strategies for non-zero sum ergodic game
problems. For each model, suitable real-life examples are provided to support the mod-
els.

First, we investigate risk-sensitive continuous-time discounted control problem for
pure jump Markov processes on general Borel state space. The transition and the cost
rates are possibly unbounded. We establish the existence and uniqueness of the solution
to the Hamilton-Jacobi-Bellman (HJB) equation under certain Lyapunov conditions.
Also, we provide proof of the existence of optimal risk-sensitive control in the class of
Markov control and completely characterize the optimal control. Moreover, we consider
an illustrative example to support our results and assumptions.

After that, a continuous-time risk-sensitive zero-sum stochastic game for controlled
Markov decision processes with discounted cost criterion on countable state space is
analyzed. Here, the transition and cost rates are possibly unbounded. Under a Foster-
Lyapunov condition, we prove the existence of the value of the game and saddle-point
equilibrium in the class of admissible strategies by studying the corresponding Hamilton-
Jacobi-Isaacs (HJI) equation. Also, an illustrative example is used to support our results.

Next, we consider risk-sensitive zero-sum stochastic games for controlled continuous-
time Markov decision processes on a general state space with discounted cost criteria.
The transition and cost rates are allowed to be unbounded. Under a stability assumption,
we prove the existence of the value of the game and saddle-point equilibrium in the class
of Markov strategies and give a characterization in terms of the corresponding Hamilton-
Jacobi-Isaacs (HJI) equation. Moreover, we illustrate our results and assumptions by
example.

After that, we analyze risk-sensitive zero-sum stochastic games for controlled
discrete-time Markov decision processes with ergodic cost criteria on countable/compact

TH-3126_186123018
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state space and Borel action spaces. For countable state space case, the payoff function
is nonnegative and possibly unbounded and it is a real-valued and bounded function
for compact state space case. Under a certain Lyapunov type stability assumption on
the dynamic, we establish the existence of the value and a saddle-point equilibrium, for
countable state space case. But for compact state space case, we establish these results
without any Lyapunov type stability assumptions. Using the stochastic representation
of the principal eigenfunction of the associated optimality equation, we completely char-
acterize all possible saddle-point strategies in the class of stationary Markov strategies.
Also, we present and analyze an illustrative example.

Subsequently, a nonzero-sum stochastic game for continuous-time Markov decision
processes on a denumerable state space with risk-sensitive ergodic cost criterion is con-
sidered. We allow the transition rates and cost rates to be unbounded. Under a certain
stability assumption, we show the existence of a solution of the corresponding system of
coupled HJB equations which leads to the existence of a Nash equilibrium in stationary
strategies. We establish this using an approach involving principal eigenvalues associated
with the HJB equations. Furthermore, we completely characterize Nash equilibrium in
the space of stationary Markov strategies by exploiting appropriate stochastic represen-
tation of principal eigenfunctions. Also, a controlled population system is considered to
illustrate our results.

Finally, we investigate risk-sensitive continuous-time stochastic zero-sum games for
controlled Markov decision processes with ergodic cost criteria. Here, the transition and
the cost rates may be unbounded. Under a Lyapunov stability condition, we provide
proof of the existence of the value of the game and a saddle-point equilibrium in the
class of all stationary strategies. This is accomplished by establishing the existence of a
principal eigenpair for the corresponding Hamilton-Jacobi-Isaacs (HJI) equation. This,
in turn, is established by using a nonlinear version of Krein-Rutman theorem. We also
give a characterization of the saddle-point equilibrium in terms of the corresponding HJI
equation. Lastly, we use a controlled population system to illustrate our results.

TH-3126_186123018
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CHAPTER ]_

Introduction

In this thesis, we investigate risk-sensitive stochastic control and stochastic game prob-
lems. Optimal control problems are single-player, single-objective dynamic decision
problems. Optimal control problems can be roughly divided into two parts: one is a
deterministic optimal control problem and the other is a stochastic optimal control prob-
lem. Here we are interested in the latter one, i.e., the stochastic optimal control problem.
A stochastic control problem is an optimization problem, where controllers try to control
the evolution of a stochastic process by taking some actions. These actions either result
in a cost or yield a reward. The aim of the controller is to maximize, in case of reward,
or minimize, in case of cost, which is accumulated either over a finite or infinite time
horizon. Stochastic control plays an important role in many real-life applications such as
in telecommunication, queueing systems, epidemiology, finance, etc. The risk-sensitive
stochastic control problem is a special type of stochastic control problem. Stochastic
optimal control problems for controlled Markov processes can be classified in two ways.
(1) Discrete-time; (2) Continuous-time.

A discrete-time Markov decision process (DTMDP) is described by a family of con-
trolled transition kernels. The evolution of the process is as follows: at each time epoch
the controller chooses an action from a suitable action set. For his/her action, he/she
has to pay a certain cost. Then at the next time epoch, the state moves to a new state,
the distribution of which is given by the controlled stochastic kernel. Then again, the
same procedure repeats. This process either goes for a finite time period, in which case
it is known as a finite horizon problem, or goes for an infinite time period, in which case
it is known as an infinite horizon problem. In infinite-horizon problems, based on cost
criteria, this can be further classified into discounted cost problems and ergodic cost
problems. In the control problem, the basic aim is to find optimal controls, that is a
control that will optimize the total expected cost and characterize all possible optimal

controls via Hamilton-Jacobi-Bellman (HJB) equation (see, Chapter 2, Section 3).

TH-3126_186123018



Chapter 1 §1.0

In the continuous-time setup, one of the most widely studied controlled processes is
the continuous-time Markov decision process (CTMDP). In order to describe a CTMDP
model we need to specify its controlled transition kernels and controlled waiting time
distributions. Once the process jumps to a new state the controller chooses an action.
Now the process remains in the present state for a random amount of time which is
exponentially distributed. The parameter of the exponential distribution is determined
by the controller through his action. Because of his/her action, the controller has to
pay a cost continuously. The cost rate depends on the state and also the action. After
spending a random amount of time in the present state the process jumps to a new state
according to the controlled transition kernel. Here again, there are finite and infinite-
horizon problems. The basic problem is the same, to characterize the value function
(see, Chapter 2, Section 3) and to find optimal controls (see, Chapter 2, Section 5).

In stochastic control problems, a controller wishes to optimize only the expected
value of the total random payoff. But minimizing just the first moment of a random
variable may not always be good from an optimization point of view and in this approach,
controllers ignore the risk. In order to address this concern one of the approaches that are
available in the literature is a risk-sensitive approach. In this approach, one investigates
an exponential of the total random payoff which takes into account the attitude of the
controller with respect to risk. So, besides the above classification of a stochastic control
problem, we can classify stochastic problems into two categories with respect to risk, say,
risk-neutral and risk-sensitive problems. In a risk-neutral stochastic optimal problem,
the cost criterion is of additive nature and so, the controller wishes to optimize the
expected value of the random payoff without caring about the variance of the random
payoff. Where in a risk-sensitive stochastic optimal problem, the cost criterion is of
“exponential of integral” nature which takes into account expectation as well as the
higher order moments of the random payoff. Consequently, the analysis of risk-sensitive
control is technically more involved because of the exponential nature of the cost.

Now, following [90], we describe the risk-sensitive criterion in mathematical forms.
Let Y be a random cost accrued over a finite/infinite time horizon. Let the (constant)
coefficient of absolute risk aversion be given by 6 € R. Let Uy be a utility function given
by

sgn(0)e?™, if 6 # 0,
%@ﬂ:{x " ﬁefo

Suppose the decision maker evaluates the random cost Y via E(Up(Y)). A certainty
equivalent of Y is a number J(6,Y) such that

Up(J(0,Y)) = E(Uy(Y)). (1.0.1)

Ph.D. Thesis 2
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Chapter 1 §1.0

Therefore for a person with the risk-sensitive factor #, paying the random cost Y is

tantamount to paying a deterministic cost J(6,Y). It is easy to see that
1
J(6,Y) = g log(Ee™).

If 6 > 0, then J(0,Y) > EY. Thus the decision maker is paying a higher cost for being
risk-averse. If # < 0, then the decision maker is risk-seeking. Finally, § = 0 corresponds
to the risk-neutral case.

The risk of a random quantity is also associated with its variance in the literature.
That is why the controller may wish to minimize both mean and variance as described
above. In the risk-neutral case: the decision make minimizes £(Y). In the risk-sensitive
case: the decision maker seeks to minimize J(6,Y) = % log(E(e”)). For a small value

of 6, by Taylor series expansion,
0
JO,Y)=~ E(Y)+ §Var(Y). (1.0.2)

From the above explanation, we conclude that, in the risk-neutral criterion, the controller
wants to optimize the expected value of the total payoff. But in the risk-sensitive
criterion, the controller considers the expected value of the exponential of the total
payoff and so it captures the effects of the higher order moments of the cost as well as its
expectation. This difference makes the risk-sensitive case significantly different from its
risk-neutral counterpart. As a result, the risk-sensitive criterion gives better protection
from the risk.

The right-hand side of (1.0.2) is a standard utility employed in a portfolio optimiza-
tion problem. However, the above may not be suitable for games [90]. Note that there
are other non-linear risk-sensitive utility functions, e.g., power, logarithm, etc. But these
utility functions do not lead to certainty equivalence.

We now briefly describe the game model. Game theory is the analysis of the conflict
that involves multi-person decision-making. By choosing appropriate strategies, each
person/player either tries to maximize his/her gain or minimize the total cost he/she
has to pay. In game theory, one tries to find a strategy for all players such that each of
them obtains his/her desired result. There are two types of games; one is deterministic
and the other is stochastic. We are interested in stochastic game theory, which deals
with systems having uncertainty. Like the one-player setup, stochastic games, based on
their duration, can be classified into finite-horizon games and infinite-horizon games. In
the infinite-horizon case, again, there are two basic payoff criteria, namely, discounted
payoff and average payoff. Moreover, stochastic games have two sub-classes; (1) zero-sum
stochastic games and (2) nonzero-sum stochastic games.

In zero-sum stochastic games, there are two players with opposite interests. As

the name suggests, the sum of the cost functions of the players is identically equal to

Ph.D. Thesis 3
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Chapter 1 §1.0

zero, i.e., what one player gains are lost to the other player. As we have discussed, in
zero-sum games there is a single performance criterion: one player tries to maximize it
and the other player tries to minimize it and the total aggregate sum of gains of the
players is zero. Here, the value of the game is defined to be the maximum possible
gain of maximizing player or the minimum possible loss of the minimizing player when
they use their best strategies. This pair of best strategies are known to be a saddle-
point equilibrium which will be discussed later elaborately. However, in a nonzero-sum
game, there are two or more players and each of them tries to minimize (or maximize)
his/her performance criterion by choosing appropriate strategies as a response to the
other players’ strategies. It is clear from the name that in a nonzero-sum game the sum
of all individual performance criteria may not be zero. Here, an equilibrium is a set of
strategies such that unilateral deviation from the strategy corresponding to any player
by that player is disadvantageous to him/her. This leads to the Nash equilibrium which
will be discussed later elaborately.

Risk-sensitive game is a generalization of a classical stochastic game in which the
degree of risk aversion or risk tolerance of the players in the games is explicitly param-
eterized in the cost criterion and influences the outcome of the game directly.

In a zero-sum game, as defined above, two players are strictly competitive and for the
risk-neutral zero-sum game case, the sum of the expected random cost and the expected
random payoff is zero. Thus, in this case, we can define saddle-point equilibrium. How-
ever, this is not going to be the case for any non-linear utility function, including the one
we are addressing here. Thus risk-sensitive zero-sum games have to be studied via Nash
equilibria [90]; we discuss this in more detail in Chapter 7. Such (risk-sensitive) zero-sum
games are called nonstandard zero-sum games. In the thesis, we use such nonstandard
zero-sum games with risk-sensitive exponential utility.

Here, the risk-sensitive stochastic zero-sum game has primarily been formulated from
the viewpoint of the minimizer player (suppose player 2) who is risk-averse. The maxi-
mizer is a virtual player (suppose player 1) who is antagonistic to the minimizing player.
Such games have applications in queueing systems where each player treats the rest of
the players as a superplayer antagonistic to him/her. Moreover, such a model is relevant
in worst-case scenarios, e.g., in financial applications when a risk-averse investor is trying
to maximize his long-term portfolio gain against the market which, by default, is the
minimizer in this case. We refer to [1] for a zero-sum stochastic game in a flow control
problem in discrete-time, and [44], [46] for analogous problems in continuous-time. Such
a game is also applied in [11] for a temporal capital asset pricing model (CAPM) where
each investor treats the rest of the investors as a superplayer antagonistic to him /her.

But, to handle many realistic situations, it is also necessary to study games that involve

Ph.D. Thesis 4
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many players and which are not zero-sum.

In sum up, in this thesis, we investigate risk-sensitive stochastic single and multi-
controller problems for controlled Markov processes with infinite-horizon cost criterion on
discrete/continuous-time. Here, we consider discounted as well as ergodic cost criteria.

In a finite-horizon problem, a well-defined ending time or ending condition can be
specified which clearly defines the end of the problem while in an infinite-horizon simu-
lation, there is no well-defined ending time or condition. In the case of infinite-horizon
problems, we are almost always interested in reporting on the long-run performance of
the system. Thus, the desired starting conditions of interest are sometime in the far-off
future. In addition, because we want long-run performance there is no natural ending
point of interest. Moreover, another significance is that there are situations where prob-
lems with infinite time horizons arise in a natural way, e.g. when the random lifetime
of an investor is considered. However more important is the fact that Markov decision
models with finite but large horizon can be approximated by models with infinite time
horizon. The latter one is often simpler to solve and admits mostly a (time) stationary
optimal policy. Some examples of infinite-horizon situations are telecommunications,
hospital emergencies, etc. The infinite-horizon discounted cost (DC) and average cost
(AC) evaluation criterion can be seen as two opposite extremes in the spectrum of pos-
sible criteria that can be considered, in the sense that the first one captures primarily
the performance of the process at the present and near future, and the second captures
the performance at the distant future. When decisions are made frequently, so that the
discount rate is very close to 1, or when performance criterion cannot easily be described
in economic terms, the decision maker may prefer to compare policies on the basis of
their average expected reward instead of their expected total discounted reward, see
[100]. The ergodic problem for controlled Markov processes refers to the problem of
minimizing a time average cost over an infinite time horizon. Hence the cost over any
finite initial time segment does not affect the ergodic cost. This makes the analysis of the
ergodic problem analytically more difficult. In continuous-time ergodic game problems,
we investigate nonzero-sum as well as zero-sum game problems. In the control problem,
we consider discounted cost criterion for continuous-time pure jump processes, where we
find the optimal strategy of the corresponding Hamilton-Jacobi-Bellman (HJB) equation.
We study zero-sum games with infinite-horizon, discounted, and ergodic cost criteria,
where we investigate the existence of a saddle-point equilibrium of the corresponding
Hamilton-Jacobi-Isaacs (HJI) equations for discrete/continuous-time Markov decision
processes. And, for the nonzero-sum game, we deal with infinite-horizon ergodic cost
evaluation criterion for continuous-time Markov decision processes (CTMDPs) where we

find the existence of a Nash-equilibrium of the corresponding couple of optimality (HJB)

Ph.D. Thesis 5
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Chapter 1 1.1. Literature survey

equations.

1.1 Literature survey

The prime intent of this thesis is to formulate and analyze the risk-sensitive stochastic
control and stochastic games with various cost criteria. A short literature survey on the
recent development of this topic is addressed below.

The study of optimal control theory started dating back to the early 17th century,
see [105]. This class of problems received tremendous impetus from the Second World
War due to a wide range of applications.

In stochastic optimal control, the Markov chain is a very important and fundamental
model for stochastic dynamic systems and is widely used for modeling control problems
that arise naturally in many real-life problems, for example in queueing models, epi-
demiology models, birth-death models, etc. In [17], [59], [102], [103] the authors studied
Markov decision processes (MDPs) and showed the importance of MDPs in real-life
applications.

The study of discrete-time Markov decision processes is more than 50 years old. We
refer to [70], for one of the earlier works. After that, the investigation of discrete-time
MDPs has been done by various authors in various setups. Finite horizon problems and
infinite-horizon problems with countable state space and compact action spaces are well
understood. Several authors have also analyzed discrete-time MDPs on general state
space problems, see the books by Bertsekas and Shreve [17], Hernandez-Lerma [68] and
Ross [103], and references therein for details. See, [8], for a detailed survey of results on
average cost problems for discrete-time MDP. In the literature, continuous time MDP
is also a well-studied object, see [59]. If the transition rates are bounded, the most
widely used approach in solving CTMDP is to convert it into an equivalent discrete-
time MDP and then use the theory of discrete-time MDP. This technique is known as
the uniformization technique, for details see [17], [70], [L02], and the references therein.
For the case of unbounded transition rates, the analysis can be done by a suitable
generalization of this approach. Several authors have studied the case of unbounded
transition rates and unbounded cost under various hypotheses, see [55], [59], [60], [119]
and the references therein.

All the references described till now are on risk-neutral control. Risk-sensitive control
problems are studied extensively in the literature due to their applications in queueing
systems and mathematical finance, especially in portfolio optimization, large deviation
theory, and its connection to robust control problems and stochastic dynamic games, for
more details see [14], [15], [18], [43], [73, P. 125], [114, part-II] and the references therein.
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Also, see, [21], [30], [32], [47], [53], [62], [81], [82], [94], [108], [120]. Earlier works on
risk-sensitive control goes back to Howard and Matheson [71] and Jacobson [73]. In [66],
the authors study risk-sensitive control of discrete-time Markov chains with countable
state space. Here the authors solve the problem by converting the original problem to
an equivalent stochastic dynamic game. Risk-sensitive control of discrete-time Markov
chains with general state space has been investigated in [30], [74]. In [24], the authors
use a direct approach of multiplicative Poisson equation to study ergodic cost risk-
sensitive problems for discrete-time Markov chains. For important contributions to the
risk-sensitive control of DTMDP on a general state space, see [30], [32]. In the literature,
risk-sensitive control problems for CTMDPs are an important class of stochastic optimal
control problems and have been widely studied under different sets of conditions. Finite
horizon risk-sensitive CTMDPs for countable state space were studied in [47], [53], [108]
and for infinite-horizon risk-sensitive CTMDPs for countable/general state space, we
refer to [47], [54], [62], [81], [82], [94], [120]. In [47], [82], the transition and cost rates are
assumed to be bounded while [53], [62] considered unbounded cost and transition rates.
Continuous-time infinite-horizon risk-sensitive discounted control problem is studied in
[62] and the papers [21], [81], [82] studied infinite-horizon risk-sensitive CTMDPs for
ergodic cost criterion while in [47], [94], the authors considered discounted as well as
ergodic cost criterion. Infinite horizon risk-sensitive CTMDP for piecewise deterministic
Markov decision processes has been studied in [54]. Risk-sensitive control problem has
also been studied for continuous-time diffusions, see [20], [37], [114] and the references
therein.

Besides the above discussion about ergodic problem, we now focus more on infinite-
horizon ergodic cost criterion. As already discussed, the study of ergodic control problem
is interesting and useful when we deal with infinite-horizon problem. The analysis of
stochastic systems with the risk-sensitive ergodic criterion can be traced back to the
seminal papers by Jacobson in [73] and Howard and Matheson in [71]. The literature
on risk-sensitive MDP under ergodic cost criterion is quite extensive, e.g., [2], [21],
[24], [25], [26], [30], [31], [47], [52], [67], [71], [74], [81], [82], [04], [111], [114]. The
risk-sensitive ergodic cost stochastic optimal control problems for CTMDPs are first
considered in [47]. In this respect, we mention some interesting works, [10], [78], [79]
studying multiplicative ergodic theorem for geometrically stable Markov processes. In
[79, p. 77, sec. 2.4], the authors made a strong connection between ergodic theory
and Perron-Frobenius eigenvalue theory. For the classical approach to studying risk-
sensitive ergodic control problems based on equivalent game formulation, one can see
[36]. In [25], the authors investigated risk-sensitive ergodic cost criterion for discrete-

time MDP with bounded cost using a simultaneous Doeblin condition on a countable
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state space. Also, see [2], [24], and the references therein for multiplicative ergodic
theory. These papers used the eigenvalue approach to study risk-sensitive ergodic control
problems. The authors in [47], [94] used the results of [78], [79] to study their risk-
sensitive ergodic control problems. Also, in the context of controlled diffusions, the
eigenvalue approach is used in [5], [6], [7], [19] to study the risk-sensitive ergodic control
problems. In [21], the authors studied risk-sensitive discrete/continuous-time ergodic
control problems for controlled Markov processes with countable state space. They
established the existence of a principal eigenpair of the associated ergodic HJB equation.
For this, they first studied the corresponding Dirichlet eigenvalue problems on finite sets
and then pass to the limit by increasing the finite sets to countable state space. In [2],
authors used a novel technique to provide a variational formula for infinite-horizon risk-
sensitive reward on a compact state and action spaces. They build a nonlinear version of
Krein-Rutman theorem to study the corresponding ergodic HJB equation which leads to
the existence of optimal ergodic control. In the literature, the Krein-Rutman theorem
has been studied extensively, see [2], [4], [80], [84], [86], [91], [92], [93], [116] and the
references therein. In the pioneering works of Perron [98] and Frobenius [38], it was
proved that the spectral radius of a nonnegative square matrix is an eigenvalue with
a nonnegative eigenvector. In [80], Krein-Rutman extended the results of Perron and
Frobenius’s theory to a positive compact linear operator, which is the celebrated Krein-
Rutman theorem. For Krein-Rutman theorem of a linear/nonlinear operator on ordered
Banach space (under a different set of conditions), see [2], [4], [86], [91], [92], [93], [116]
and the references therein.

Most of the above discussions are on countable state space. But, we see that there
are many real-life situations where the state space may be uncountable, for example, the
chemical reaction model, Gaussian model, etc. One can see [65], [100], and references
therein for real-life examples. Although risk-sensitive control of CTMDPs on a countable
state space has been studied extensively, the corresponding literature in the context of
risk-sensitive control of CTMDPs on a general state space is rather limited. Some
exceptions are [49], [54], [65], [94]. In [62], the authors analyzed a continuous-time
discounted control problem with unbounded transition and cost rates (nonnegative cost)
on countable state space. In Chapter 2, we have extended the results of [62] for general
state space. To the best of our knowledge, this is the first work that deals with infinite-
horizon discounted risk-sensitive control problems for CTMDPs on a general state space
with unbounded cost and transition rates and the controls can be admissible controls.

In the 1930s, Von Neumann and Morgenstern extended the results of single control
problems to multiple decision-makers through their pioneering work, see [106]. But,

Shapely is one of the persons who first introduced the idea of stochastic games in his
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paper [104] and has been studied extensively in the literature due to its immense appli-
cations; see [12], [16], [45], [48], [57], [110], [112], [118] and the references therein. Such
games for MDP have been widely studied in the literature. For a survey on zero-sum
games in discrete-time, see [107]. We refer [23], [34], [39], [56], [57], [58], [97], [112],
for stochastic games with risk-neutral criterion. Semi-Markov games have also been
investigated widely in the literature. Important works include [83] and many others.

There has been a lot of work on both zero-sum and non-zero sum games with risk-
sensitive utility. Discrete-time zero-sum risk-sensitive stochastic games have been con-
sidered by several authors, see [12], [16], [41] and references therein. Infinite-horizon
zero-sum risk-sensitive stochastic games on a countable state space have been studied
n [12]. The paper [16] extended the results of [12] for general state space. Both papers
first treat the discounted cost criterion and then study the ergodic cost criterion using
vanishing discount asymptotics. Both in the papers [12] and [16], the authors consid-
ered bounded cost function. In [16], the ergodic cost criterion is analyzed under a local
minorization property and a Lyapunov condition. Nonzero-sum games for risk-sensitive
discrete-time Markov decision processes have been studied by [13], [77], [113].

Continuous-time risk-sensitive zero-sum stochastic games on finite-horizon are stud-
ied in [48], [109], [117], while infinite horizon zero-sum games are studied in [51], [95].
In [48], [117], unbounded costs and transition rates are considered while [109] considers
unbounded transition but bounded cost on Borel state space. The discounted risk-
sensitive zero-sum game for CTMDPs is studied in [51] with unbounded cost and un-
bounded transition rates. Let us also mention the recent work of [45], [95], which study
the infinite-horizon risk-sensitive stochastic zero-sum game for CTMDPs with bounded
cost and transition rates. But this boundedness requirement restricts our domain of
application since in many real-life situations, we see that the reward/cost and transi-
tion rates are unbounded as for example in queueing control and population processes.
As already said that [16], studied the ergodic cost criterion under a local minorization
property and a Lyapunov condition. The analogous results in continuous-time setup
are carried out in [45]. In this respect, we mention that the authors in the paper [22]
studied risk-sensitive zero-sum ergodic game problems for controlled diffusion processes
in R?. Using the eigenvalue approach, they have completely characterized all possible
saddle-point equilibrium in the space of stationary Markov strategies.

One can see [40], [110], and the references therein for continuous-time risk-sensitive
stochastic nonzero-sum game. In [110], finite-horizon cost criterion was studied, while
[40] considered infinite-horizon ergodic cost criterion.

Besides the above discussion, this thesis studies more risk-sensitive stochastic games

with unbounded transition/cost rates for MDP. In Chapter 3, we have extended the con-
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trol problem in article [62] to a two-person infinite-horizon discounted-cost risk-sensitive
zero-sum stochastic games for CTMDPs. In Chapter 4, we have generalized the work of
Chapter 3 (that is a zero-sum stochastic game problem on countable space) to a zero-
sum stochastic game problem on general state space. Also, this is an extension of [95]
from bounded rates to unbounded rates.

In the article [21], authors studied risk-sensitive discrete/continuous-time ergodic
control problems for controlled Markov processes with countable state space. But the
corresponding literature in the context of ergodic risk-sensitive stochastic games for
MDP with unbounded cost is very limited. One exception is [113]. We have extended
the work of [21] to a discrete-time zero-sum game in Chapter 5. Also, in this chapter,
we have analyzed the same problem (zero-sum game problem) for bounded costs on
compact state space by getting inspired by the work of [2], where the authors analyzed an
infinite-horizon risk-sensitive ergodic control problem on compact state and action space.
Moreover, this chapter (Chapter 5) can be considered as an extension of the results of
the manuscript [12] to the case with unbounded cost. Then, we study nonzero-sum risk-
sensitive continuous-time stochastic games with ergodic costs for possibly unbounded
transition and cost rates on countable state space in Chapter 6 by getting inspired
from [21]. At last, we study a continuous-time zero-sum game problem for ergodic cost
criterion on countable state space with possibly unbounded transition and cost rates in
Chapter 7 along the line on the control problem [21]. Also, the results of this chapter can
be seen as an extension of [45], where the authors studied a continuous-time zero-sum

game problem with bounded transition and cost rates on a countable space.

1.2 Structure of the Thesis

This thesis is designed with eight chapters. Chapter 1 addresses the general introduc-
tion of the risk-sensitive stochastic control and game problems and presents the historical
background on the development of these problems. The objective and motivation for the
thesis and some preliminaries are also provided in this chapter. The rest of the thesis is
organized as follows:

In Chapter 2, we study risk-sensitive discounted control problems for continuous-
time pure jump Markov processes taking values in general state space. The transition
rates of underlying continuous-time jump Markov processes and the cost rates are allowed
to be unbounded. Under certain Lyapunov conditions, we establish the existence and
uniqueness of the solution to the Hamilton-Jacobi-Bellman (HJB) equation. Also, we
prove the existence of optimal risk-sensitive control in the class of Markov control and

completely characterize the optimal control.

Ph.D. Thesis 10
TH-3126 186123018



Chapter 1 1.2. Structure of the Thesis

Chapter 3 considers a two-person zero-sum stochastic game for controlled
continuous-time Markov decision processes with risk-sensitive discounted cost criterion
on countable state space. The transition and cost rates are possibly unbounded. Here,
we prove the existence of the value of the game and saddle-point equilibrium in the class
of admissible (feedback) strategies under a Foster-Lyapunov condition. We achieve our
results by studying the corresponding Hamilton-Jacobi-Isaacs (HJI) equation.

Chapter 4 studies zero-sum stochastic games for controlled continuous-time Markov
decision processes on a general state space with risk-sensitive discounted cost criterion.
The transition and cost rates are possibly unbounded. Under a stability assumption,
we prove the existence of a saddle-point equilibrium in the class of Markov strategies
and give a characterization in terms of the corresponding Hamilton-Jacobi-Isaacs (HJI)
equation. Also, we illustrate our results and assumptions by an example.

The main target of Chapter 5 is to study zero-sum stochastic games for controlled
discrete-time Markov processes with risk-sensitive ergodic cost criterion with count-
able/compact state space and Borel action spaces. The payoff function is nonnegative
and possibly unbounded for countable state space case and for compact state space case,
it is a real-valued and bounded function. For countable state space case, under a cer-
tain Lyapunov type stability assumption on the dynamics we establish the existence of
the value and a saddle-point equilibrium. For compact state space case, we establish
these results without any Lyapunov type stability assumptions. Using the stochastic
representation of the principal eigenfunction of the associated optimality equation, we
completely characterize all possible saddle-point strategies in the class of stationary
Markov strategies. Also, we present and analyze an illustrative example.

The main focus of the work given in Chapter 6 is to analyze a nonzero-sum stochas-
tic game for continuous-time Markov decision processes on a denumerable state space
with risk-sensitive ergodic cost criterion. Transition rates and cost rates are allowed to
be unbounded. Under a Lyapunov type stability assumption, we show that the corre-
sponding system of coupled HJB equations admits a solution that leads to the existence
of a Nash equilibrium in stationary strategies. We establish this using an approach
involving principal eigenvalues associated with the HJB equations. Furthermore, ex-
ploiting appropriate stochastic representation of principal eigenfunctions, we completely
characterize Nash equilibrium in the space of stationary Markov strategies.

In Chapter 7, we consider a continuous-time zero-sum stochastic game with con-
trolled Markov decision processes and with risk-sensitive ergodic cost criterion. Here the
transition and the cost rates may be unbounded. We prove the existence of the value of
the game and a saddle-point equilibrium in the class of all stationary strategies under

a Lyapunov stability condition. This is accomplished by establishing the existence of a
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principal eigenpair for the corresponding Hamilton-Jacobi-Isaacs (HJI) equation. This,
in turn, is established by using a nonlinear version of Krein-Rutman theorem. We then
obtain a characterization of the saddle-point equilibrium in terms of the corresponding
HJI equation. Finally, we use a controlled population system to illustrate our results.
Finally, Chapter 8 concludes the thesis with a summary of these works by high-
lighting the contribution made in the field of risk-sensitive stochastic control and game
problems. Several directions for the expansion of the ideas given in this thesis are also
addressed here, which can be considered as the scope of further development of risk-

sensitive stochastic control and games.
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CHAPTER 2

Risk-sensitive discounted cost criterion for
continuous-time Markov decision processes on a
general state space

2.1 Introduction

In this chapter, we study the risk-sensitive discounted cost criterion for continuous-time
Markov decision processes (CTMDPs) with Borel state space. In the literature, risk-
sensitive control problems for CTMDPs are an important class of stochastic optimal
control problems and have been widely studied under different sets of conditions. Finite
horizon risk-sensitive CTMDPs for countable state space were studied in [47], [53], [108],
and for infinite horizon risk-sensitive CTMDPs we refer to [47], [54], [62], [81], [82]. For
important contributions to the risk-sensitive control of discrete-time MDP on a general
state space, see [30], [32]. Although risk-sensitive controls of CTMDPs on a countable
state space have been studied extensively, the corresponding literature in the context
of risk-sensitive control of CTMDPs on a general state space is rather limited. Some
exceptions are [54], [65], [94].

In the paper [94], the authors studied risk-sensitive control of pure jump processes
in a general state space. They considered bounded transition and cost rates and es-
tablished an optimal risk-sensitive control in terms of the HJB equation in the class of
all Markov controls. This boundedness requirement, however, imposes some restrictions
in applications, for instance in queueing control and population processes, where the
transition and reward/cost rates are usually unbounded. Also, there are many real-life
situations where the state space may be uncountable, for example, the chemical reaction
model, Gaussian model, etc. One can see [65], [100], and references therein for real-life
examples. In [65], the author considered the finite-horizon risk-sensitive control prob-

lem for CTMDPs on a Borel state space with unbounded transition and cost rates and
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Chapter 2 2.2. Continuous-time discounted cost MDP

proved the existence of optimal control via the HJB equation.

In this chapter, we have extended [94] from bounded transition and cost rates to
unbounded rates. In [62], the authors analyzed a continuous-time risk-sensitive dis-
counted control problem with unbounded transition and cost rates (nonnegative cost)
on countable state space. This chapter is an extension of the results of [62] for gen-
eral state space. To the best of our knowledge, this is the first work that deals with
infinite-horizon discounted risk-sensitive control for CTMDPs on a general state space
with unbounded cost and transition rates and the controls can be admissible.

The main objective of this chapter is to prove the existence of the solution of the
HJB equation and the characterization completely of the optimal risk-sensitive control
in the class of Markov controls. We first consider bounded transition and cost rates and
establish the existence of a solution to the corresponding HJB equation by Banach’s
fixed point theorem as in [94]. Then we will relax the bounded hypothesis and extend
this result to unbounded transition and cost rates. We characterize the value function
via the HJB equation. Also, we prove the existence of an optimal control in the class of
Markov control and the HJB characterization of the optimal risk-sensitive control and
prove its complete characterization. In Corollary 2.5.1, we prove that if the cost and
transition rates are bounded, then an optimal control exists for our model.

The rest of this chapter is structured as follows. Section 2.2 deals with the description
of the problem, required notations, some Assumptions, and preliminary results. In
Section 2.3, we give a continuity-compactness Assumption and prove the stochastic
representation of the solution of the HJB equation (2.3.1). In Section 2.4, we truncate
our transition and cost rates and prove the existence of the unique solution to the HJB
equation. A complete characterization of optimal control is proven in Section 2.5. In
Section 2.6, we illustrate our theory and assumptions with an illustrative example. The

content of this chapter is based on the published article [49].

2.2 Continuous-time discounted cost MDP
The model of CTMDP is a five-tuple that consists of the following elements:
M = {S’ A7 (A(x) C A?'ZE e S)7 C(‘/'U7 a)? Q(‘|m7 a)}7

e a Borel space S, called the state space, whose elements are referred to as states
of the system and the corresponding Borel o-algebra is B(S). (Throughout the
whole chapter we consider that for any Borel space X, the corresponding Borel

o-algebra is B(X).)
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e A is the action set, which is assumed to be Borel space with the Borel o-algebra

B(A).

o for each z € S, A(z) € B(A) denotes the set of admissible actions for state x. Let
K :={(z,a)|r € S,a € A(x)}, which is a Borel subset of S x A.

e the measurable function ¢ : K — R, denotes the cost rate function. We require
the cost function ¢(x,a) to measure (or evaluate) the utility of taking action a at

state z.

e given any (z,a) € K, the transition rate ¢(-|x,a) is a Borel measurable signed
kernel on S given K. That is, q(-|z, a) satisfies countable additivity; ¢(D|z,a) > 0
where (z,a) € K, x ¢ D and D € B(S). Moreover, we assume that ¢(-|z,a)

satisfies the following conservative and stable conditions: for any x € S,

q(S|z,a) =0 and

q*(z) :== sup ¢.(a) < oo,
a€A(x)

where ¢,(a) := —q({z}|z,a) > 0. We need the transition rates to specify the

random dynamic evolution of the system.

Next, we give an informal description of the evolution of the CTMDPs as follows. The
controller observes continuously the current state of the system. When the system is in
state © € S at time ¢ > 0, he/she chooses action a; € A(z) according to some control.

As a consequence of this, the following happens:
e the controller incurs an immediate cost at rate c(z, a;); and

e after a random sojourn time (i.e., the holding time at state z), the system jumps
q(Blz, ar)

Qx(at)
determined by the transition rates ¢(dy|x,a;). The distribution function of the

sojourn time is (1 —e~ I 4=(as)ds) - (see Proposition B.8 in [59, p. 205] for details).

to a set B € B(S) (z ¢ B) of states with the transition probability

When the state of the system transits to a new state y # x, the above procedure is
repeated. Thus, the controller tries to minimize his/her costs with respect to some
performance criterion _#Z,(-,-,-), which in our present case is defined by (2.2.2), below.
To formalize what is described above, below we describe the construction of continuous-
time Markov decision processes (CTMDPs) under possibly admissible feedback controls.
To construct the underlying CTMDPs (as in [63], [75], [99], [100]) we introduce some
notations: let S := S U{A} (with some “isolated” state A ¢ S), Qg := (S x (0, 00))%,
Qi := (S % (0,00))" x S x ({oo} x {A})® for k > 1 and Q := UL Q. Let F be the
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Borel o-algebra on Q. Then we obtain the measurable space (£2,.%#). For some k > 1,
and sample w := (xy, 01,77, , 0k, Ty, -+ ) € §, define

To(w) :=0, Tp(w) :=Tr-1(w) + Ok, Too(w) := lim Ty (w).

k—o00

Using {7} }, we define the state process {& }+>0 as

G(w) =Y Iipy<ien,y 0, + TusryA, for t >0 (with T == 0). (2.2.1)
k>0

Here, Ir denotes the indicator function of a set E, and we use the convention that
0+ 2z =:zand 0z =: 0 for all z € Sx. Obviously, &(w) is right-continuous on [0, co). We
denote &_(w) := liminf, ,; & (w). From eq. (2.2.1), we see that Tj(w) (k > 1) denotes
the k-th jump moment of {&,¢ > 0}, z,_, is the state of the process on [T},_1(w), Ti(w)),
0 = Tp(w) — Tj_1(w) plays the role of sojourn time at state x,_,, and the sample path
{&,(w),t > 0} has at most denumerable states z,(k = 0,1,---). The process after T,
is regarded to be absorbed in the state A. Thus, let ¢(-|A,an) := 0, Ax := AU {ana},
A(A) :={aa}, c(A,a) :=0 for all a € Ax, where ap is an isolated point.
To precisely define the criterion, we need to introduce the concept of control as in [61],
[63], [72], [76], [115]. Take the right-continuous o-algebras {.%; };>¢ with %, := o({T}, <
s,ér, € S} :0<s<tk>0). Forallt >0, #,_ = \/OSKSJ@. Now define a o-
algebra & :=o(D x {0},C X (s,00) : D € %#,,C € %,_), which denotes the o-algebra
of predictable sets on €2 x [0,00) related to {% }i>0. To complete the specification of
a stochastic optimal control problem, we need, of course, to introduce an optimality

criterion. This requires defining the class of controls as below.

Definition 2.2.1. An admissible strategy/policy, denoted by m := {m(t)}i>0, is a
measurable map w(t)(w) = w(w,t) from (2 x [0,00), P) onto (Ax,B(AA)) satisfying
7(t)(w) € A(&_(w)) for allw € Q and t > 0.

The set of all admissible policies/controls is denoted by M 44. A control m € 1l aq,
is called a Markov if m(t)(w) = m(&—(w),t) i.e., m(w,t) = (& (w),t) for every w € )
and t > 0, where &_(w) := limgy &(w). For notational simplicity, we would not write w
anywhere throughout the rest of this chapter. We denote by 11y, the family of all Markov

controls.

For any compact metric space Y, let P(Y) denote the space of probability measures
on Y with Prohorov topology. Under Assumption (Al) below, for any initial state
x € S and any control 7 € 144, Theorem 4.27 in [76] yields the existence of a unique
probability measure denoted by P on (€2,.%). Let ET be the expectation operator with
respect to PI. Fix any discounted factor o > 0. For any 7 € Il4; and = € S, the
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risk-sensitive discounted criterion is defined as

() = %log{E;r [exp (9 /0 b e_o‘tc(ft,w(t))dtﬂ } (2.2.2)

provided that the integral is well defined, where {&};>¢ is the Markov process corre-
sponding to m := {m(t) };>0 € I14q and 6 € (0, 1] denotes a risk-sensitive parameter and
the limiting case of # — 0 is the risk-neutral case. For each z € S, let

Hal0,z)= inf 7,(0,z,7).

€Il oq

A control 7* € Il44 is said to be optimal if #,(6,x,7%) = _#7(0,x) for all z € S. The
objective of this chapter is to provide conditions for the existence of optimal control and
introduce a HJB characterization of such control. Since the logarithm is an increasing
function, instead of studying #, (6, z, ), we will consider ja(Q, x,m)on [0,1] xS x a4
defined by .
Jo(0,z,7) ;== ET {exp <9/ e “e(&, W(t))dt):|. (2.2.3)
0
Obviously, J,(8,x,7) > 1 for (A,z) € [0,1] x S and 7 € I144, and we have 7* is optimal
if and only if Wé%id Jo(0,2,7) = Jo(6, 2, 7%) =: J*(6,2) Yz € S.
Since the transition rates ¢(dy|z,a) and costs rates c(x,a) are allowed to be
unbounded, we next give conditions for the non-explosion of {&,¢ > 0} and finiteness

of 7,(0,x,m), which had been widely used in CTMDPs; see, for instance, [59], [61],
[62], [63], [101] and references therein.

(A1) There exists a real-valued Borel measurable function V' > 1 on S and constants
po >0, My >0, Ly >0and 0 < p; < min{e, p,'a?} such that

(i) JsVWaldylr,a) < pV(z) V(z,a) € K;
(ii) Supeea) @=(a) < MoV (z) Vz € S5;
(iil) sup,ea) c(z,a) < prlogV(z)+ Ly Vz € S.

Remark 2.2.2.

(a) Note that, when the transition rates are bounded i.e., sup,.q ¢*(x) < oo, Assumptions
(A1) (i)-(ii) are satisfied by taking a suitable constant value of V(x).

(b) Under Assumption (A1) (iii) the criterion (2.2.3) is well defined and finite; see Propo-
sition 2.2.3(c) below.
Proposition 2.2.3. Grant Assumption (Al). Then for any controlm € 1144 and (0, z) €

[0,1] x S, the following results are true:
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(a) PF(To =o00) =1, PF(éy=x) =1, and PF (& € S) =1 for allt > 0;
(b) ET[V(&)] < ertV(z) for all t > 0;

(c) We have

0 a?

T /ey ()] E < ——elo/ay(g).
a? — Pop19 V@l < a? — pop1 (=)

N 2
Ja(0,2,7) < ——2

Also, we get

a? Lo  m
(0 <1 _ — + —logV Vo € (0,1 S. 2.2.4
£i000) <tog ) T Plog ) e @tlwe s (224)

Proof. For parts (a) and (b), see, [61] and ([63, Theorem 3.1]).
Proof of part (¢): Observe that d(—e~*) is a probability measure on [0, 00). For any
7w € Ilaq and (6, 2) € [0,1] x S, by (2.2.3) and Jensen’s inequality we have

Jo(0,2,7) = ET {exp ( /0 N gc(ft, W(t))d(—e_at))}
< 57| [ e ( Lot at—e ).

By Assumption (A1) and part (b) we obtain

ja(G,a:,w)gE;’{ /0 Ooexp( (prlog V(¢ )+L0))d( e-at)]

-l o]

<emlel [CEWED e e po<a)

P1 o ot
< OzeeLO/a[V(x)]Tg {/ exp(ﬁ - at) dt}
0 a

2
! - 10
= a2_—p0p1969L0/ V()] =,

where the last equality holds due to the fact that popi6 < o?.
2

Next observe that sup J*(6,z) < elo/aV(z), and

9€(0,1] a” — pPop1

su “(0,x) = su 1lo JX(6,2) < su L lo a—2 —i—&—l—&lo V(x)
P Fal0z) = sup SlogJo(0,z) < sup o S m——" - logV(z).

0€(0,1] 0€(0,1] 0€(0,1]
Also, doing a simple and direct calculation, we achieve (2.2.4). O
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

In [47], [82], the authors used the Dynkin’s formula within the class of Markov
controls by using the Markov property of the state process {{;}:>o. But this Markov
property may fail to hold when we study within the class of admissible controls, and
consequently, here we can’t directly apply the Dynkin formula. Hence we assume the
following condition so that we can apply the Dynkin’s formula for a large enough class
of functions, which had been widely used in CTMDPs; see, for instance, [53], [62], [65].

(A2) The Borel measurable function V2 > 1 on S satisfies the following Lyapunov

condition
/q(dy\:c,a)VQ(y) < pV*(x) + by V (,0) € K,
s

for some constants 0 < py < a and by > 0. Here V is as in Assumption (Al).

We now introduce some frequently used notations.

e C®(a,b) denotes the set of all infinitely differentiable functions on (a,b) with

compact support.

o Let A,5([0,1] x §) denote the space of all functions which are real-valued and dif-
ferentiable almost everywhere with respect to the first variable 6 € [0,1]. Given

any real-valued function W > 1 on S and a Borel set [0, 1], a real-valued function

6
¢ on [0,1] x S is called W bounded if ||¢||fy ==  sup (6, 2)] < 00. De-
(0,)€[0,1]x S Wi(z)
note W([0,1] x S) the Banach space of all W-bounded functions. When W = 1,

B ([0,1] x S) is the space of all bounded functions on [0, 1] x S.
Now define Lip([0,1] X S) := {¢ : [0,1] x S = R : ¢ € Bip([0,1] x S) N A.([0, 1] x
S)}.

2.3 Stochastic representation of a solution to the
HJB equation

In this section, we prove that if the HJB equation for the cost criterion (2.2.3) has a
solution then we will give a stochastic representation of that solution. Using dynamic

programming heuristics, the HJB equations for the discounted cost criterion (2.2.3) is

given by
oz&aai( = 1E‘1f [ q(dylz,a)pa(0,y) + 0c(x,a)pa(0, )],
ac
0
1< a(f,2) < 75 5¢ efLo/o(V (z))%& for (0,x) €[0,1] x S,

(2.3.1)

for each x € S and a.e. 6 € [0,1] where the upper bound of ¢, (0, z) is motivated by
Proposition 2.2.3.
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

Remark 2.3.1. To prove the existence of optimal control for bounded cost and transition
rates, in [94], the authors studied the following HJB equation having a solution ¢, (0, x)
on [0,1] x S such that

acA(x)

ab%e(0,x) = inf [/ q(dyl|z, a)¢a(8,y) + Oc(z,a)9a(0, )|, for (0,z) € [0,1] xS,
S
limg_,p ¢ (0, x) = 1 uniformly in x € S.

(2.3.2)

From the arguments for the existence of a unique solution to the equation (2.3.2), it is
necessary to have ¢, (0, x) converges to 1 uniformly in x as @ — 0. But, it is not true in
general when the cost and transition rates are unbounded; for more details see Example
3.2.in [62]. In this chapter, we replace the uniform convergence condition with the above

new one.

To ensure the existence of an optimal control, in addition to Assumptions (A1) and

(A2), we also need the following continuity and compactness conditions.

(A3) The following conditions hold:
(i) for each x € S, the set A(x) is compact;

(ii) for any fixed z € S, the functions ¢(z,a) and ¢(-|z,a) are continuous in a € A(z);

(iii) for any given & € S, the function /V(y)q(dy|x,a) is continuous in a € A(x),

S
where V' is introduced in Assumption (Al).

Remark 2.3.2. Assumptions (A3)(i)-(iii) are commonly used to find an optimal control
for continuous-time MDP, see [53], [59], [62], [63], [65]. Also, note that if Assumption

(A3) (i1i) is satisfied, then for any given x € S, the function /u(y)q(dy\x,a} is contin-
s
uous in a € A(z) for each function uw € B{P(S), for details see [69, Lemma 8.3.7].

In the next theorem, we show that if the HJB equation has a solution then its stochastic

representation is equal to the value function corresponding to the cost criterion (2.2.3).

Theorem 2.3.1. Under Assumptions (Al)-(A3) suppose that the HJB equation (2.53.1)
has a solution ¢, € Ly2([0,1] x S) satisfying the bounds as in equation (2.5.1). Then,
for all (0,z) € [0,1] x S, we have the probabilistic representation of v, as

oal0,7) = inf ET {exp(@ /0 Ooe—atc(gt,w(t))dt)] (2.3.3)

mellzq

ie., pa(0,2) = J5(0,z) for all (A,x) € [0,1] x S.
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

Proof. First, we see that

[ec(:c,a)%(e,x)+/q(dy|w,a)90a(9,y)]

S

is continuous in a € A(z) and A(x) is compact. So by measurable selection theorem,
[17, Proposition 7.33], there exists a measurable function f* : [0,1] x S — A such that

inf [Qc(x,a)goa(&x)+/q(dy|$,a)%0a(eay)}

acA(z) g
= |tete. F0.aDa0) + [ e £ 00| @23a)
Let
™ SxRL — A
be defined by
(2, t) == (e x).
Now we observe from equation (2.3.1) that for any € S, a € A(x) and a.e. 6 € [0,1]

that

0P,

—ad
o0

0,z) + [/Sq(dyw,a)goa(@,y) + Oc(x, a)apa(ﬁ,x)} > 0. (2.3.5)

For any admissible control m € 1144 and 6 € [0, 1], let {&,t > 0} be the corresponding
process, and define (t) := fe~**. Now for each w € §, by equation (2.3.5), we get for
a.e. s >0,

~a8(e) o 0060, + | [ iyl (6006061, 5) + 0(6)el (o)) (0051, 69| 2 0.

(2.3.6)

Define a function g : [0,00) x S x Q — [0, 00) by

o(t.) = e | t B(5)el€e (9)ds ) (000, ).

In order to use the extension of Dynkin’s formula, (for details see [62, The-

orem 3.3] or [53, Theorem 3.1]) to the function ¢, it suffices to verify that
ET [exp fot 2" ¢c(&,m(s))ds || < oo for all z € S and t € (0,00). In view of As-

sumptions (A1) and (A2), we have

ET [exp ( /0 t 2e"*c(&,, W(s))ds)}
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

< zfew( [ 2etentonai-e) )]
<z [T ew( 2etcanton o)

< 2| [ e 2intoevie) + I )i

(by Assumption (A1))

AL (e
(5 ) / -

ae2L0/a

<A (v (z) + p2> (2.3.7)

where the second inequality is obtained by using Jensen’s inequality.

Thus, using the extension of Dynkin formula in [53, Theorem 3.1] to the function g, we

have

E7lg(t, &, w

-a{ ] exP(/ Bl m()) ¢ | ~ad(s) S 015).€)
’ /sq(dy|§$’ 7(5))Pa(8(5), y) + 0(s)e(Cs, 7(5)) pal(8(s). 58)} ds}. (23.8)

Now from (2.3.6) and (2.3.8), we have

pat0.2) < B oxp( [ 0s)ete m(sDs ) al006).0) (239)

Given any p > 1, let ¢ > 1 such that % -+ % = 1, by Holder’s inequality we have

a(0.2) < Egexp( [ 0)clerm(6)s ) (0000

{E;r {GXP (p /Ot 9(s)c(&s, W(S))ds)} }l/p X {Eﬂs@g(é(t)ft)]}l/q

= Ti(p,t) - T(q,t). (2.3.10)

For Ty(q,t) := {ET[0l(0(t),&)]}?, by the upper bound of ¢, in (2.3.1), we have

o o? fe L pr0e=ct
al6(0).6) = b 6) < o v

IN

If t > a'log(Agp,/a) then e~ qp,/a < 1. Applying Jensen’s inequality and Proposi-
tion 2.2.3(b), we get

2 q fe—at], syt at) V4
ant) <] 8| (e ) o P e |}
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Chapter 2 2.3. Stochastic representation of a solution to the HJB equation

~ esp( 2 ) [z @l

a? — fe=pypy a
o? fe= Ly proc=ct
ET(V :
e S [EEVE)
2

a Pe—ot o1
L t) |V a
= a2 — fe=pop; exp( o (Lo + pop1 )) (z)

IN

Next take t — oo and get

T(p.t) — {E [exp (p /0 me(s)c(gs,w(s))ds)] }1/pand Tyt — 1.

By (2.3.10), (2.3.11) and (2.3.12) we obtain

a0, 1) < {E;; {exp (p9 /0 h eatc(ft,ﬂ(t))dt)} }l/p.

Now, take the limit as p | 1 and get the result

0al0,0) < B2 |exp(0 [~ el nio)ar) |

Since m € 144 is an arbitrary control, we have

€Ml aq

po(0,7) < inf ET {exp(& /0 Ooe_atc(ft,ﬂ(t))dt)}

Using (2.3.1), (2.3.4) and (2.3.8), we can show that

Bz Joxp [ 06)etenn(er-s5))ds ) 010).60] = a(0.),

Now, using the lower bound of ¢, in (2.3.1) and Fatou’s lemma, we obtain

i int B [exp [ 80eten (60 )5 ) ul6(0).€)

> liminf E™ [exp ( /0 t 0(s)c(&s, 7 (s, s))dsﬂ

> BT [nm inf exp ( / O(s)elEn (6o s>>ds)]
t—o0 0
= Jo (0,2, 7).

From (2.3.14) and (2.3.15), we have

Jo(0,2,77) < (0, ).
Thus
inf ja(Q,x,ﬂ) < ja(Q,x,ﬂ*) < a8, 2).
wEll oq

From (2.3.13) and (2.3.16), we have (2.3.3).

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)
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Chapter 2 2.4. The existence of solution to the HJB equation

2.4 The existence of solution to the HJB equation

In this Section, we prove that the equation (2.3.1) is the HJB equation for the a dis-
counted cost (2.2.3) and the equation (2.3.1) has a solution in L{P([0, 1] x S). We now
proceed to make a rigorous analysis of the above. First, we prove a lemma about the
existence of a solution for the HJB equation for bounded transition and cost rates; see
Lemma 2.4.1 below. Then in Theorem 2.4.1, we relax these boundedness conditions and
prove the existence of a solution to the HJB eq. (2.3.1). For that, we first truncate
our transition and cost rates which plays a crucial role to derive the HJB equations
and find the solution. Fix any n > 1,0 <6 < 1. Foreachn > 1,z € S, a € A(z),
let A,(x) := A(x), S, == {x € S|V(x) < n}, and K,, := {(x,a)|x € Sp,a € A,(z)}.
Moreover for each x € S, a € A, () define

n q(dy|x,a) if x € 5,,
¢" (dylz, a) := (, z.) (2.4.1)
0 if z¢5,

and

e (z,a) = { c(z,a) A min{n, pyInV(x) + Lo} if x € Sy, (2.4.9)

Sl oif 2¢8S,.

Lemma 2.4.1. Grant Assumptions (Al)-(A3). Then, there exists a unique function
im0 (depending on m, ¢) in LSP([0, 1] x S) for which the followings are true :

1. o ¢ B([0,1] x S) is a bounded solution to the following differential equations
(DEs) for all z € S and a.e. 0 € (6,1] :

ap2es” —(0,x) = inf |0c,(x, a)e™ (6, ) + / " (dylz, a)e™ (6, )
acA(x) S
S0(()(71,5) (5’ .Z') . €n6/a‘

(2.4.3)

2. go&n’é)(e,:lz) has a stochastic representation as follows: for each x € S and a.e.
0 € (0,1],

Ts(0)
e (0 ) = inf E”[ /% exp (8/ e_atcn(ﬁtn), W(t))dt):| :
0

€Il oq

(2.4.4)

where T5(0) := a~'log(0/5) and {ft(n)}tzo is the process corresponding to the
(n) (.
¢ |z, a),
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Chapter 2 2.4. The existence of solution to the HJB equation

Proof. (1) Since S, := {z € S|V (z) < n}, by Assumption (A1)(ii), we see that ¢ (a) :=
/ ¢"™(dy|z, a) is bounded. So we can use the Lyapunov function V' = 1 such that
S/{z}

fs ¢ (dy|z,a)V (y) < poV (), and g™ = SUD (4,0)e K q:(zn)(a) < o0. Now let us define a

nonlinear operator 7" on B$°([0, 1] x S) as follows:

1 [ 1
Tu(f, z) =’/ + —/ inf {— / ¢ (dy|z, a)u(s,y) + cu(z, a)u(s, z) | ds,
@ Js s

acA(z) | S
where u € B°([0,1] x S) and (0, z) € [, 1] x S. By using the Assumption (A1) and the
fact that ¢, is bounded, we obtain

sup sup |Tu(f, x)]
0els,1] z€S

<o it P {—sup [l @l a)luts, )| 4 s luts, o) b

acA(x €S €S

1
Se‘s"/a—l—m{/ sup sup(2qx (a ))ds—l—n(l—é)}
o 5 a€A(z) S z€S

1
< eonfa L {(_z)q@ log & + n(1 — 5)} [l
(0%

Therefore, T" is a nonlinear operator from B{°([0,1] x S) to B([0,1] x S). For any
91,92 € B([0,1] x S) and @ € [4, 1], we have

1 t
sup|Tg1(t,x) — Tga(t, z)| < —/5 <2§(")/8 - n) 816113) lg1(s, z) — ga(s, x)|ds

zeS «

1
< 2 |7 gt = togo) it =)l - eli®. (249

Now, we prove the following:

l

sup [T g1 (t, ) —T'go(t, x)| < % [26(")(10gt—10g 5)+n(t—6)} Vi>1. (2.4.6)
zeS a’ -l

By (2.4.5) and (2.4.6) we have

sup [T g1 (t, 2) — T gs(t, )|

€S

1 t
< 2 [ (25 4 0) sup Ton(s.0) = Tt s
4

o €S

_ 0o t l
< M/ (25(")/3 + n) {26(”)(logs —log ) +n(s — 5)} ds
5

ol ]l

g1 — gallF° —(n) o
P 7" (logt —logd) + n(t — 9)

Ph.D. Thesis 25

TH-3126_186123018



Chapter 2 2.4. The existence of solution to the HJB equation

k
< 00, there exists some m such that g :=

Since Yoz {—26(”) logd + n(1 —9)

a™-m)!

[—26(”) log d+n(1 —6)} < 1, which implies that |77 g; —T™g¢||5° < Bllg1 — g=||5°-
Therefore, T is a m-step contraction operator on BOO([O 1] x §). So, by Banach fixed

point theorem, there exists a unique bounded function 7" € B ([0,1]x S) (depending
on (n,8)) such that Tl = o{": that is,

1 [ 1
om0, z) 265"/a+5/ inf {—/ " (dy|z, a)pl™ (s,y) + co(, a) e (s, )| ds.
)

acA(z)| S

Also note that " (5 r) = ™  Hence by using (2.4.1), (2.4.2) and the above
equation, we have ©7"" € Ly ([0,1] x S) and it satisfies equation (2.4.3).

(2) First we see that

[an(x a)p™) (6, z) + /S " (dylz, a)p( (6, y)]

is continuous in a € A(x) and A(z) is compact. So by measurable selection theorem,
[17, Proposition 7.33], there exists a measurable function f*° : [0,1] x S — A such that

inf [an(x a)p™9(0, z) + /5 ¢ (dyl|z, a)p <"‘5(9,y)}

a€A(x)
[ecn«c PO + [ adyla 70,00 Ww,y)} (2.4.7)

Let
a0 S xR — A

be defined by

0z, t) = f* (0=, z).

Let 6(t) := fe * for t € [0,00). Since ¢, and """ are bounded, by Dynkin’s formula

we get
2 few( [ T e)enle (s ) 9 (01.62) | - etr0.0
e { [ [—a9<s>a“g&;6 )+ /S (A€, 7(5)) 0 005), 0
091607600051, | x oxp( [ Olodenlel?, mioan )as .
(2.4.8)
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Chapter 2 2.4. The existence of solution to the HJB equation

By using (2.4.3) and (2.4.8), we obtain
B fexo /OT‘S(Q)@@)%(&( (o) ) (00730, )| 2 o6,

Since 7 € I, is an arbitrary control and ¢\ 5)( 0(T5(0)), g(T’;)) = e/ we have
T5(0)
e (g, 2) < inf ET [ né/e exp (/ 0(s)cn (€M, W(S))d8>:| : (2.4.9)
€Il oq 0

Using equations (2.4.3), (2.4.7) and (2.4.8), we can show that

Pe00,) = EF | exp /OT“(’)@(S)CH@ (e s )|

Therefore

T5(6)
0.0 2 it Bzleveen( [ oele moas)]. @
0

mellag

Therefore, from (2.4.9) and (2.4.10), we obtain (2.4.4). This completes the proof. [

Theorem 2.4.1. Grant Assumptions (A1)-(A3). Then the HJB equation (2.3.1) has a

2,0Lg/c

unique solution ¢, € LY ([0, 1] x S) satisfying 1 < pq(0,x) < %W(V@))% for all
(0,x) €0,1] x S.

Proof. First note that go&"’é) is the solution to the equation (2.4.3), which depends on

two parameters n, d. We prove this theorem in two steps.

Step 1: In the first step, we construct a solution gogl)(-, x) from gogl’é)(-, x) by passing

the limit as 6 — 0, such that go((xn)( -, ) is an absolutely continuous function and satisfies

the following DEs:
0025500 = it | [ e ae6.0) + b0 0o 0.,
acA(x S
r €S, ae, 0€]0,1],
1< e(0,0) <KL (V()W ¥ (0,) € [0,1] x 5.

—pop16

(2.4.11)

Given 0 < 0 < land 1 < n < oo by (2.4.4) and sup cy(x,a) < n, we have
(z,0)EK

cpgn’é)(e,x) <erle ge S 0elsl]
Next, we extend the domain of ¢7"” to [0,1] x S by

29 (g SDz(xn’é)(Qw), )<O0<1vVreS
(0,2) =
né/a 0<H<dsVres.

We consider the following expression, for any given m € 44, x € S, 0,6, € [0, 1]:

T5(0)
‘E;T le”‘s/a exp ((9 / e_atcn(ﬁ,fn), W(t))dt>:|
0
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Ts5(6o)
— e (o [ e € m(e)ar) |
0

<P+ P,

where
T5(0)
P = E;r |:en6/oz exp (0 / e_atcn<5tn)7 W(t))dt>:|
0
Ts5(0)
_ E';r |:e”5/0‘ exp (00 / e_atcn(gt(n)a ﬂ-(t))dt>:| ‘7
0
and

T5(0)
P, ::‘E’;T {e"é/a exp <(90 / eiatcn(ft(n)v 7T<t>>dt>}
0
T5(0o)
r E;r |:6n6/a exp <90 / e_atcn( gn), W(t))dt)] |
0

Consider ¢ A d := min{c,d} and ¢V d := max{c,d}. Then for fix n > 1; we have

75(0) 73(0) n
/ e_o‘tcn(ftn),w(t))dt < n/ e dt < —
0 0 «

and

T5(9V90) T5(9V90)
/ e e, (€™ m(t))dt < n/ e *dt

Ts(0N0p) T5(6N6p)
5nlfy — 6]

A g[exp(_an(e A o)) — exp(—aTs(0 V b)))] < b0,

Using the above results and knowing the fact that ¢** — 1 < (e’ — 1)z for all z € [0, 1]
and b > 0, we obtain

T5(0)
P, = e"/“ET {exp <(9 A 6o) / e~ e (€, w(t))dt)
0

X (exp<|90 — 9| /0 P e‘“tcn(ft"),ﬁ(t))dt> - 1)}

T5(0)
< e/ ET {exp(]@o — 0 / eo‘tcn(@("),w(t))dt) — 1}
0

< 62"/°‘<exp (gwo — 9|) — 1)

< e (e — 1) g, — o]

Similarly for P, we have

Tg(@/\@o)
Py = e™/epT {exp (90/ e_atcn(ﬁgn), ﬂ(t))dt)
0
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Tg(eveo)
X (exp (90/ e_atcn(éfn),ﬂ(t))dt) — 1)}
T§(9A90)

Ts(0Vop)
< g {exp (90/ e e, ( t(n),ﬁ(t))dt> — 1}

Tg(@/\@o)

< €2n/a <exp(n6|0 — 00‘) . 1)
af
< /e <e"/a — 1) 6y — 6.

Hence for all (6,2) € [0,1] x S, we have

(P52 (00, 2) = P52 (8, 2)| < 2e*2 (e ~1)]0 — G- (2.4.12)

Now we want to show that ("% is decreasing as § — 0 for any (0, x). For a fixed a > 0

and ¢ > 0 small enough, consider ) (0, x) — ("% (0, z) and assume that hs := s

By measurable selection theorem we get the minimizer 7*(°*%) like in equation (2.4.7),

n,0+¢)

corresponding to @{"°*¢) such that the followings cases hold.

Case 1. If § +¢ < 0 then
2000, 2) — p)(0, x)
“(6+e) Tre ot ) w
= ET hsye €xXp 9/ e e, (&, *( +5)(£ t))dt
0

Ts
— inf ET [h(; exp (9/ e_atcn(ft(”), F(t))dt)}
€Il oq 0

T6+€
> hsET o {exp (9/ 6_°‘tcn(&(n), *(8te) ftn) t))dt
0

Ts
« {hs —exp (9/ (f(n) *(6+5) dt) }:|
T5+s
*(6+¢) Tove —aot (n) (6 (n) —at
> hsET [ Xp(@/ e e, (&7, T O (6™ 1)) dt> {h — exp “*ndt
0 T5+5

m*(0+e) fote —at (n) 5+a (n)
= hsE” exp| 0 e e, (6", T O (™) ))dt
0

. {hE ~exp ( il - e-a%)) H

=0.

Case 2. 6 <0<§+¢
U0, 2) — B0, )

Ts
= hspe — ET° {hé exp (9 / eatcn@”),w*5(5§f>,t))dt)]
0
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Chapter 2 2.4. The existence of solution to the HJB equation

Ts
- h5 hs - E;;r*a {exp (9/ eiatcn(gt(n)u 7T-*6(€tﬁ)7 t))dt):”
0

Ts
> hs|he — exp (9/ e_atndt)}
0

Case 3. 0 <
0 (0, x) — B0, 2) = hsre — hs = hs(he — 1) = hg(e™ — 1) > 0.

Hence ™% (0, x) is increasing in § for any (#,z) € [0,1] x S. Now from (2. 4 12),
know that for each z € S, ™% (-, z) is Lipschitz continous in & € [0,1]. Also, (™9 (0, $)
is increasing in & for any (6,2) € [0,1] x S and bounded above (since @™ 5)(9,x) <
en/e g e S0 € [5,1]), therefore there exists a function @5 on [0,1] x S that is
continuous with respect to 6 € [0, 1], such that along a subsequence §,, — 0, we have
lim,y, 00 U0 (0, ) = gp&n)(& x) and for any fixed z € S this convergence is uniform in
6 € [0,1].
Let ¢ € C2°(0,1), then we have

1 )
_ /0 Oz%(e)agyﬁm)(e,me: /0 a6 2% : (0, 2)(0)do

a0
! (1,6m) 7(1:0m
= [ int [fen gl 6,0 + [ oyl gl 60| wie)as
5m
L i (1,6m) (n)
/0 aeer}(fx) {ch(x a)par™ (0, x) + /Sq (dy|z,a)® }1/1
1
:/ inf [QCn(x a)g0m) (6, ) + q(")(dy|x,a)@&”"s’")(Q,y)] W(6)do
0 a€A(z) S
6m
— / inf [Gcn(x a)@™om) (9, z) [ (0)dh. (2.4.13)
0 a€A(x)

Now take 7(x) := MoV (x) and define
" (dy|z, a)
7(x)
for all (z,a) € K where d,(-) is the Dirac measure concentrated at . We see that under
Assumption (A1), Q™ is a stochastic kernel on S given K. Then (2.4.13) can be written

Q"™ (dylx,a) == d,(dy) +

- /Ol{fg;) d(d;p )%” (0, ) - w&"’5m><9,x)¢<9)}dg
:/olaelgf@l <9> ol ) 0,2) /Q (dylr, )2 (6, y>]¢<e)d9
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Chapter 2 2.4. The existence of solution to the HJB equation

_ L) /0 " inf {ecn(:p a)@om) (), x)]¢(8)d0. (2.4.14)

T(z acA(z)

Now

6
nf [T@cnu,a)@g"ﬁm)(e,w) T / cz<"><dy|x,a>¢£7’5m><0,y>}w<9>\

< (0)] s | la(e 6,01+ @W(dyra:,awg"%,y)@

acA(x)
< a—QeaLO/O‘ sup {—nvple /Q (dy|z,a)V ( )}| @]
a? — pop1t acA(z)
o?
< —— eflola gy {—nV / (dy|x,a) } 0
< P Q™ (dylz,a)V (y)| v (0)]
a? 0 V(z)
< 0Lo/x
a? — ,000196 [T(fﬂ)m/(x) ) " 7(x) } v 6)
_ 9 o v + v + 22| ). (2.4.15)
a? — pop1t 7(z) Mo

Under Assumption (A3), there exists a;, € A(z) such that

in 4 cn (@, a)g™0m) (0, x) z, a)pl™om) ]
f{(gj) n (2, a)@q" " (0, /Q (dylz, a)@q" " (0,y)

a€A(z) | T

= [ 0,01 + [ @l a7 0.)]

Since for each fixed z € S, A(z) is compact, there exists a subsequence of {m}, by abuse

of notation, we denote the same sequence and a* € A(x) such that lim,, ;. af, = a*.
Now, from (2.4.14), for any a € A(x), we have

-/ 1{70‘ 057 (6,) = ) (0,2)0(6) | d

(x) db
_ /0 1 {%cnu,a Y20 (6, ) / Q) (dyl, g, JBL ) (0, y)]zw(@)d@
_ % /0 " . Ejgf)[@cn(x )™ (0, x)}qb(@)d@. (2.4.16)

So, by Lemma 8.3.7 in Hernandez-Lerma and Lassere (1999) [69] taking limit as m — oo
n (2.4.16), we get

_/01{786) d(d;m( 0 (0, ) —w&”)(ﬁ,x)@b(@)}d@

> / 1 [%cm,a*)wg”)w,x) / Q" (dylz, a*)p (6, yﬂw(e)da

Hence

- [{5252 0600 - s 0.000) bas
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Chapter 2 2.4. The existence of solution to the HJB equation

> inf /0 {icn(:r,a)gog‘)(@,x)—l—/SQ(”)(dy|x,a)@&”)(e,y)]w(ﬁ)d& (2.4.17)

a€A(x) T (33')

But

By analogous arguments, we get

- [ 25 06000 - s 0000 bao

< inf)/0 [%cn(x,a)gogn)(&x)+/SQ(")(dyM,a)cpg”)(@,y)}w(e)dﬁ. (2.4.18)

From (2.4.17) and (2.4.18), we get

- [ 2 0s6.0) - o0 0.0000)

= inf)/o {%cn(x,a)gogl)(@,x)+/S'Q(”)(dy|x,a)g0&”)(0,y)} ¥ (0)do. (2.4.19)

acA(z

Thus we obtain

— /1 QM(Q)%&")(Q,@CZ@

de
1
= inf / [an(x,a)@g”)(e,x)—1—/q(”)(dy]x,a)gpg")(e,y)}w(e)dﬁ.
acA(zx) Jo S
Hence
8()0(”)
a2 (0, r) = inf Gcn(x,a)gog")(Q,x)+/q(”)(dy|x,a)g0g")(9,y) a.e. 0 €[0,1]
00 acA(z) S

in the sense of distribution. Now for 6 € [d,,, 1], by using (2.4.4) and Proposition 2.2.3,

we have

Ts,, (0)
e (0, ) = inf ET {e”‘;’”/o‘exp(Q / e“tcn(ét("),ﬂ(t))dtﬂ
0

w€ll oq

Seném/a inf E;r {exp(@/ €_at6n(§tn),ﬂ'<t>)dt>}
0

m€llzq

< eném/a inf E;r [exp <(9/ e_atC(&Sn)ﬂT(t))dt)}
0

- 7€l oq
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Chapter 2 2.4. The existence of solution to the HJB equation

S eném/a (;2601’0/(1 V €T %9
o — poprt
Note that @&”’5’”) — go&") as m — oo. Thus, letting m — oo in the above equation, we
obtain 2 o0/
areftole 16
1<p™@,2) < ——(V(x)) . 2.4.20
<E(0.7) < G (V(z) (2.4.20)

By using (2.4.1), (2.4.2), (2.4.20), and the DE satisfied by o (that is just proven), we
see that pJ" € L([0,1] x S) and it is a solution of (2.4.11). Thus by closely mimicking
the arguments as in Theorem 2.3.1, one can easily get the stochastic representation of

the solution ¢, that is

©™M(0,2) = inf ET [exp(é’ / = e‘atcn(ft(”),w(t))dtﬂ. (2.4.21)
0

m€lloq

Step 2: In this step we prove Theorem 2.4.1, by passing to the limit as n — co. Now
we will prove that for each x € S, {gogl)}nzl is equicontinuous on [0, 1]. We consider the

following expression, for any given 7 € Il44, € S, 0,6, € [0, 1]:
Bz fexp (8 [ e en(el.mtoya) |~ 5z e (o0 [ e (e ntopar) |
0 0

where

K, = ET [exp ((0 A 6o) /0 h e, (€M, w(t))dt)

X (eXp(|90 — | /0 h e_atcn(ft("),ﬂ(t))dt) L 1)}
< 57|00 [ el m(0)ar
X (exp ( /0 s e“tcn(ﬁtn),ﬂ(zﬁ))dt> - 1) 16y — 9@
< gz foo( [ etenemo)ar) x (ew( [ e tene mo)ar) -0l

= |6y — 0| x ET {exp (2 /oo e—atcn(én)jﬂ(t})dt)}
0

2L()/Oé b
ae <V2(5L‘) + _0>
& — P2 P2

Here, the first inequality is according to > — 1 < (e — 1)z for all z € [0,1] and b > 0

S\@o—elx

and the last inequality follows from (2.3.7). Therefore, we have

ae?lo/e b
60 (b, 2) — (6, 2)] < sup |6 — 8] x 2 (v2<x>+—°)
m€llaq o — P2 P2
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Chapter 2 2.4. The existence of solution to the HJB equation

aeQLo/a

o — P2

=160 — 0] x <V2(:(:) + @) (2.4.22)

P2
By measurable selection theorem, [17, Proposition 7.33], there exists a measurable func-
tion f**:[0,1] x S — A such that

inf [an(w,a)%w»ﬁ) +/

acA(x) S

_ {ecn(x,f*”(&x))%(a-?c) +/

S

q<"><dy|x,a>soa<9,y>]

(gl PO D00 (242
Let
TS X R = A
be defined by
Mz, t) = f7(0e ", ).

Hence by equation (2.4.11), we have a.e. # € [0,1] and Vz € S, we have

(n)

a@gﬁg‘;—(ﬁ,x)

[ / (™ (dyle, 170,2))e (0, 4) + ez, £ (0,)) 0 (6, 2)
1< oM(0,2) < ZLRC ()R W (0,2) € [0,1] x S.

= %2 pop10

(2.4.24)

Since ¢, > 0, by (2.4.21), we see gp&n)(e, x) is increasing in 6. Also we know that @&")(9, x)
is differentiable a.e. with respect to 6 € [0, 1]. So

R
06
So, by (2.4.1), (2.4.2) and (2.4.24), for all x € S and for a.e. #, we have

(0,2) >0 for a.e. 6. (2.4.25)

(n)
{ —ab %85 (0,z) + [ /S ¢V (dylz, £(0,2))0l (0, y) + Ocn—1 (=, f*"(e,x»sog”)(e,x)] <0

ifxe S,
(2.4.26)

and

(n) _ *MN n *M n
—af %55 (0, ) + /61(" D(dylz, [0, 2))95 (0, y) + Oca (@, f (Qw))@é)(@ax)]
S

= a2 (0,2) < 0

if v ¢ S,—1 (by (2.4.25)).

(2.4.27)

So, by the Dynkin formula, we get

;*n {exp (9/ efatcnil(gt(nfl)’ *n(ft(fl),t))dtﬂ < ((Xn)(e,x) for all (0, x) € [0,1] x S.
0 ¢
(2.4.28)
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Also using (2.4.11) and Dynkin formula (see (2.3.8) and (2.3.13)), we have
(n—1) o - (n=1) _sn(p(n-1)
ol (0, x) < ET [exp (9/ e Yepq (&, (L ,t))dt)} (2.4.29)
0

By (2.4.28) and (2.4.29), we have ¢ (6, 2) < o' (6, z).

Hence 4" (0,z) is increasing in n for any (6,2) € [0,1] x S. Now from (2.4.22),
we know that for each x € S, o™ (-, x) is Lipschitz continuous in # € [0,1]. Also,
@&”)(9,1’) is increasing as n — oo for any (f,x) € [0,1] x S and bounded above
(by (2.4.20)), therefore there exists a function ¢, on [0,1] x S that is continu-
ous with respect to 8 € [0, 1], such that along a subsequence n; — oo, we have
lim,,, 00 @&"")(9,:6) = pq(0,z) and this convergence is uniform in 6 € [0, 1] for each

fixed x € S. Moreover, by (2.4.20), we have

1 < pa(0,2) < ﬂ(vm))’ﬁ (2.4.30)

o — pop1t
As the proof of equation (2.4.11) in step 1 (starting from the first equality of (2.4.13)),
we see that ¢, is a solution to the HJB equation (2.3.1). Also by (2.4.30), we can
conclude that ¢, € L{P([0,1] x S). Finally, the uniqueness of ¢, (6, z) follows from the

stochastic representation in Theorem 2.3.1. [

2.5 The existence of optimal control

In this section, we present the main result of this chapter. Here we show the existence

of an optimal control.

Theorem 2.5.1. Suppose that Assumptions (Al)-(A3) are satisfied. Then, the following

assertions hold.

1. The HJB equation (2.3.1) has a unique solution ¢, € L{°([0,1] x S) and the

solution admits the following representation

1 <@a0,2) = inf ET {exp (9 /0 h e—afc(gt,yr(t))dtﬂ

w€llpgq
C)é2€9L0/a 016
<G (V@)
a” — Pop1

2. There exists a measurable function f*:[0,1] x S — A such that

Oﬁ%(@,x) = [/Sq(dyw,f*(@,a:))%(e,y) + Oc(a, f*(@,x))apa(é,x)}
a.c. 0 € [0,1]. (2.5.1)
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3. Furthermore an optimal Markov control for the cost criterion (2.2.2) exists and is
given by
(2, t) == (e x),

where f* satisfies (2.5.1).

Proof. Part (1) follows from Theorems 2.3.1 and 2.4.1.
To prove (2), by [69], we first observe that the function

/5 a(dyle a)pa(®,y) + Bc(z, a)pal6, 2)

is continuous in a € A(x) for each given (0,z) € [0,1] x S. Thus, by the measurable

selection theorem [17, Proposition 7.33] there exists a measurable function f* satisfying

(2.5.1), and so (2) follows.

For part (3), take any f* that satisfies (2.5.1). Then by Theorem 2.3.1, we have
inf J,(0,2,7) = Jo(6,2,7%) = pa(6, ), which together with (2.2.2), (2.2.3) and part

m€llag
1. - 1
(1), we have irﬁf SO x,m) = Z,(0,2,7%) = 51n Jo(0,x,7%) = glngoa(e,aj). Hence
mellaq
7* is an optimal Markov control. O

Now we prove the converse of the Theorem 2.5.1.

Theorem 2.5.2. Grant Assumptions (Al)-(A3). Suppose there exists an optimal
Markov control for the cost criterion (2.2.2) and is given by

7*(x,t) == f*(0e, ),

for some measurable function f*. Then we prove that f* is a minimizing selector of
(2.3.1).

Proof. Since 7* is optimal for the cost criterion (2.2.2), therefore we have

inf J(0,x,7) = Ju(0,z,7) = J(6,2). (2.5.2)
w€ll pq
Now for f* by Theorem 2.4.1, there exists a unique solution 1, € L ([0, 1] x S) for the

equation

Ma

0_
o0

(0, 2) = Uscz(dylﬂm F1(0.2))va(8,y) + bc(z, f*(0,2))va(6, )], (2.5.3)

for each z € S and a.e. 6 € [0, 1], satisfying 1 < 1,(0,z) < gjiepi;;/;;(l/(x))%e for all
(0,x) €[0,1] x S.
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Now by Theorem 2.3.1, we know that

1< gulb,a) = BF [exp (e [ e t))dt)}

a2€€Lo/a 010

= a2 — popif Vi(z)) = (2.5.4)

From (2.5.2) and (2.5.4), we get

Vo(0,2) = inf Jo(0,2,7) = Jo(0,x,7%) = J:0,) for (0,x)€(0,1]xS. (2.5.5)

wEll oq

So, in view of Theorem 2.3.1, by equations (2.3.1), (2.5.3), and (2.5.5), we conclude that

f* is a minimizing selector of (2.3.1). O

When the transition and cost rates are bounded, the existence of an optimal control

is ensured by Theorem 2.5.1.

Corollary 2.5.1. Grant Assumption (A3)((i)-(ii)). Also, assume that the transition
and cost rates are bounded. Then, there exist a unique solution @, and an optimal
control for the HIB equation (2.3.1).

Proof. Suppose there exist constants L; and by, such that sup g¢.(a) < L; and
(z,0)e K

sup c¢(x,a) < by. First we take the Lyapunov function V(z) = P, for all z € S,
(z,0)EK

P > 1, a constant. Now [ V(y)q(dy|z,a) = [¢V?*(y)q(dy|z,a) = 0, for all (z,a) € K.
Now, take py = @, My = Ly, any real number, p; € (0, @), and Ly = b;. Then Assump-
tion (A1) is verified. Now for all z € S, take any constants ps € (0, ) and by € (0, 00).
Then Assumption (A2) holds. Also [¢V(y)g(dy|z,a) is continuous in a € A(z). So,
Assumption (A3) is also true. Then, by Theorem 2.5.1, we have a unique solution ¢,

and an optimal control for the HJB equation (2.3.1). O

2.6 Application and example

In this section, we verify the above assumptions with one example, where the transition

and cost rates are unbounded.

Example 2.6.1. The Gausstan Model: Suppose a hunter is hunting outside his
house for his manager. Suppose the house is at state 0. A positive state represents the
distance from the house to the right, and a negative state represents the distance from the
house to the left. Let S = R. If the current position is x € S, the hunter takes an action
a € A(x), then after an exponentially distributed travel time with rate A(x,a) > 0, the

hunter reaches the new position, and the travel distance follows the normal distribution
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with mean x and variance o. (Or we can interpret A\(z,a) as the total jump intensity
that is an arbitrary measurable positive-valued function on S x A, and the distribution of
the state after a jump from x € S is normal with the variance o and expectation z.) Also
assume that the hunter receives a payoff c(x,a) from his manager for each unit of time he
spends there. Let us consider the model as Ay := {5, (A, A(x),z € S),c(x,a),q(dy|z,a)},
where S = (—00,00). For each D € B(S), the transition rate is

1 _we?
e dy —6,(D)|, x € S,a € A(z),0 >0. (2.6.1)

q¢(D|x,a) = Az, a) [/y

eD V2o

To ensure the existence of an optimal Markov control for the model, we consider the

following hypotheses.

(I) For each fived x € S, N(x,a) is continuous in a € A(z) and there exists a positive

constant M, such that 0 < sup A(w,a) < M;(2* +1) and M, < eI
a€A(x)

(II) For each x € S, the cost rate c¢(x,a) is nonnegative and continuous in a € A(x)

and there ezists a constant 0 < p; < min{«, #22} such that

sup c(x,a) < pplog(l + z?).
a€A(x)

(III) For each fized x € S, A(x) is a compact subset of the Borel spaces A.

Proposition 2.6.2. Under conditions (I)-(III), the above controlled system satisfies
the Assumptions (Al)-(A3). Hence by Theorem 2.5.1, there exists an optimal Markov

control for this model.

y—x 2 y—z 2
Proof. We know ﬁ 2y — :l;)%“e_( = dy = 0 and \/2170 [y — a:)%e’( 7= dy =
1-3---(2k —1)o** forall k =0,1--- .
We first verify Assumption (A1). Let V(x) = 2 + 1.
| V@atdsle. =2 a)[ ! /oo( > e S dy — (@ + 1)
p; y)q\ay|x, ) N Y Y
= Mz, a)0?
< Myo*V(x). (2.6.2)

Let pg = Myo®. Then [V (y)q(dy|z,a) < poV (x). Now

¢ (z) = sup q.(a) = sup A x,a) < My(2* +1) =MV (x)Vz €S
a€A(x) a€A(z)

Now by condition (II), we can write

sup c(z,a) < plog(l + 2?) + M.
a€A(x)
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Observe that by condition (II), 0 < p; < min{a, p;'a?}. Hence Assumption (Al) is
verified with My = Ly = M;.

Next we verify Assumption (A2).

For any = € S, a € A(z),

/S g(dylz, a)V2(y) = / a(dylz, a)(1 + y2)?

S
= Az, a) [ﬁ /_Z(y2 + 1)26_%6@ — (2% + 1)
= Az, a)[l - 30" + 0*(2 + 62?)]
< My (2% 4 1)[30* + 02(2 + 627)]
= Myo?(z® +1)(30° + 2 + 62%)
< 6Myo? (22 + 1) (2 +1)(o* + 1)
= 6M,V?(x)o?(0? + 1)
< paV3(z) +1

where py = 6Mi0%(0? + 1), and by = 1. Then by condition (I), we have 0 < py < a.
Hence, Assumption (A2) is verified. Now by conditions (I) and (II) ¢(x, a) is continuous
in a € A(z). Observe that by condition (I) and (2.6.2), [,V (y)q(dy|x,a) is continuous
in a € A(x). Hence Assumption (A3) is also verified. So, by Theorem 2.5.1, we see that

there exists an optimal Markov control for this model. O

Remark 2.6.3. As we mention in the introduction, there are many real-life applications,
where the underlying system dynamic is modeled as a CTMDP, with a Borel state and
action spaces as well as cost and transition rates are unbounded, see such a cash-flow
problem in [65], [100, p. 112]. Also, there are lots of real-life examples like infrastructure
surveillance models [100, p. 115-116], queueing model [100, p. 192], where we see that

the state space is uncountable, can be formulated in our set-up.
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CHAPTER 3

Continuous-time Zero-Sum Games for Markov
Decision Processes with Discounted Risk-Sensitive
Cost Criterion

3.1 Introduction

In this chapter, we study two-person infinite-horizon discounted-cost risk-sensitive zero-
sum stochastic games for continuous-time Markov decision processes (CTMDPs) with
unbounded transition and reward rates on countable state space. Finite horizon risk-
sensitive CTMDP is considered in [47], [53], [108], while for infinite-horizon risk-sensitive
CTMDP see, [47], [49], [54], [81], [82], and the references therein. Infinite horizon risk-
sensitive CTMDP for piecewise deterministic Markov decision processes has been studied
in [54]. In [47], [82], [94], the transition and cost rates are assumed to be bounded. In
[49], [62], the authors have studied infinite-horizon risk-sensitive CTMDP for unbounded
transition and cost rates.

Discrete-time zero-sum risk-sensitive stochastic games on a countable state space
have been considered by several authors, see [12], [41] and references therein. In [16],
the authors studied zero-sum risk-sensitive stochastic games for discrete-time MDP with
general state space. But the corresponding literature in the context of zero-sum risk-
sensitive stochastic games for continuous-time MDP is rather limited. Some exceptions
are [45], [109].

In this chapter, we have extended the risk-sensitive discounted control problem of
article [62] to a zero-sum risk-sensitive discounted stochastic game problem for CTMDPs
with countable state space. Here, the maximizer (player 1) tries to maximize his/her
infinite-horizon risk-sensitive rewards over his strategies whereas the minimizer (player
2) tries to minimize the same over his/her strategies over their admissible strategies. This

game model is primarily been formulated from the viewpoint of the minimizer player
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(player 2) who is risk-averse. The maximizer is a virtual player (player 1) who is antag-
onistic to the minimizing player (player 2), see Chapter 1. As the system evolves, the
rewards are accumulated and the performance of a strategy is measured by discounted
risk-sensitive cost criterion, which in our present case is defined by (3.2.4), below. Such a
model is relevant in worst-case scenarios, e.g., in financial applications when a risk-averse
investor is trying to maximize his long-term portfolio gain against the market which, by
default, is the minimizer in this case. The main objective of this work is to prove the
existence of a value of the game and a saddle-point equilibrium and give a character-
ization of the optimal strategies in terms of the corresponding Hamilton-Jacobi-Isaacs
(HJI) equation.

In [109], a zero-sum risk-sensitive stochastic game on the finite horizon has been
studied for the Markov jump process with Borel state space, the costs are bounded and
transition rates are unbounded. The corresponding game on the infinite-horizon has been
studied in [45] for CTMDP with bounded transition and cost rates. This boundedness
requirement, however, imposes some restrictions in applications, for instance in queueing
control and population processes, where the transition and reward/cost rates are usually
unbounded.

To the best of our knowledge, this chapter is the first work that deals with infinite-
horizon zero-sum risk-sensitive stochastic games for continuous-time MDP with un-
bounded cost and transition rates and with admissible (feedback) policies. A natural
technique to solve the zero-sum stochastic game problem under study is to characterize
the value function as a solution to the HJI equation. Our results follow this approach.
In Section 3.4, we provide sufficient conditions for the existence of a solution to the HJI
equation in Theorem 3.4.1 and show that the solution of this HJI equation is in fact
unique and coincides with the value function of the zero-sum game problem under con-
sideration. Moreover, the existence of a saddle-point equilibrium in the class of Markov
strategies is proven in Theorem 3.5.1.

The rest of this chapter is structured as follows. Section 3.2 deals with the description
of the problem. In Section 3.3, we prove the stochastic representation of the solution of
HJI equation (3.3.1). The existence of a unique solution to the HJI equation is proven in
Section 3.4. In Section 3.5, we prove the value and saddle-point equilibrium in the class
of Markov strategies for the discounted-cost risk-sensitive zero-sum game. In Section
3.6, we illustrate our theory and assumptions by an illustrative example. The content
of this chapter is based on the published article [51].
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Chapter 3 3.2. The game model

3.2 The game model

In this section, we introduce the continuous-time two-person zero-sum stochastic game

model which consists of the following elements
{S,A,B,(A(i) C A,B(i) C B,i € S),q(+|i,a,b),c(i,a,b)}, (3.2.1)

e S, called the state space, is assumed to be the set of all nonnegative integers

endowed with the discrete topology.

e A and B are the action sets for players 1 and 2, respectively. The action spaces A
and B are assumed to be Borel spaces with the Borel o-algebras B(A) and B(B),

respectively.

e Foreachi € S, A(i) € B(A) and B(i) € B(B) denote the sets of admissible actions
for players 1 and 2 in state i, respectively. Let K := {(i,a,b)|i € S,a € A(7),b €
B(i)}, which is a Borel subset of S x A x B.

e Given any (i,a,b) € K, the transition rate q(j|i, a, b) is a signed kernel on S such
that q(jli,a,b) > 0 for all j,i € S with j # i. Moreover, we assume that ¢(j|i,a,b)

satisfies the following uniformly conservative and stable conditions: for any 7 € .5,

> a(jli,a,b) = 0 uniformly in (a,b) € A(i) x B(i) and
JjES
¢"(i):== sup  gi(a,b) < oo, (3.2.2)
(a,b)EA() x B(i)
where ¢;(a,b) := —q(ili,a,b) > 0.

e Finally, the measurable function ¢ : K — R, denotes the reward rate function for

player 1 (or the cost rate function for player 2).

The game evolves as follows. The players observe continuously the current state of
the system. When the system is in state ¢ € S at time ¢t > 0, the players independently
choose actions a; € A(i) and b; € B(i) according to some strategies, respectively. As a

consequence of this, the following happens:

e player 1 receives an immediate reward at rate c(i, a;, b;) and player 2 incurs a cost

at rate c(i, a, by); and

e the system stays in state ¢ for a random time, with rate of leaving 7 given by
gi(ag, by), and then jumps to a new state j # i with the probability determined by
Q( ’Z7 ag, bt)

(see Proposition B.8 in [59, p. 205] for details).
gi(at, by)

Ph.D. Thesis 42
TH-3126 186123018



Chapter 3 3.2. The game model

When the state of the system transits to the new state j, the above procedure is repeated.

Thus, the goal of player 1 is to maximize his/her rewards, whereas that of player 2 is
to minimize his/her costs with respect to some performance criterion J,(-,-, -, ), which
in our present case is defined by (3.2.4), below. Such a model is relevant in worst-case
scenarios, e.g., in financial applications when a risk-averse investor is trying to maximize
his long-term portfolio gain against the market which, by default, is the minimizer in
this case.

To formalize what is described above, below we describe the construction of
continuous-time Markov decision processes (CTMDPs) under possibly admissible (feed-
back) strategies. To construct the underlying CTMDPs (as in [63], [75], [99]) we de-
fine Sa = S U {A} (with some A ¢ S), R, := (0,00). Now define the measurable
space (€, B(Q)) with Q = (S x Ry)™ U {(ig, 01,77, , 0, iy, 00,A,00, A, --- )|k >
0,i, € S,6, € Ry YO < [ < k} and the Borel o-algebra B(Q2) of Q. For each
w = (ig, 01,47, 0k iy, ---) € Q, define To(w) = 0, Th(w) = Th1(w) + b,
Too(w) :=lim, oo T, (w). Using {7} }, we define the state process {{;}i>o as

&i(w) = Z Lir,<tt, )i + LisTy A, for ¢ > 0. (3.2.3)
k>0

Here, I denotes the indicator function of a set F, and we use the convention that
0+ 2z =:zand 0z =: 0 for all z € Sn. The process after T, is regarded to be absorbed
in the state A. Thus, let ¢(:|A,an,ba) == 0, Ax := AU {aa}, Ba := B U {ba},
A(A) :={aa}, B(A) := {ba}, ¢(A,a,b) := 0 for all (a,b) € Ax X Ba, where aa, ba
are isolated points. Moreover, let %, := o({1} < s,&p, € S} :0<s <tk >0) for all
t >0, Foo = ;.. F, and & = o(C x {0}, D x (s,00) : C € Fy, D € F,_) which

denotes the g-algebra of predictable sets on €2 x [0, 00) related to {-% }+>o.
To complete the specification of a risk-sensitive stochastic game problem, we need, of
course, to introduce an optimality criterion. This requires defining the class of strategies

as below.

Definition 3.2.1. An admissible feedback strateqy for player 1, denoted by w' =
{m1(t) }+>0, is a transition probability ' (da|w,t) from (2x[0,00), 2) onto (Ax, B(AA)),
such that ' (A(&_(w))|w,t) = 1. Using appropriate projections of the transition kernel
7t an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {m,,k > 0} of the stochastic kernel on A such that

7 (t)(w) = 7 (da|w, t)
= Igp—oy ()5 (dalip, 0) + Y Iirecosrymi(dalio, 01,1y, - ., O, iy, t — T)

k>0

+ Lp>1y0an (da),
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where 7 (daliy,0) is a stochastic kernel on A given S such that m(A(iy)|ig,0) =
1, mi(k > 1) are stochastic kernels on A given (S x (0,00))*"! such that
T (A®) |ig, 01,1y, - -+ Ok iy, t — Ti) = 1, and 6., (da) denotes the Dirac measure at the

point aa.

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all
admissible feedback strategies for player 1 is denoted by IT',. A strategy n' € II}; for
player 1, is called a Markov if 7!(t)(w) = 7! (& (w), t) i.e., 7 (dalw, t) = 7' (da|&_(w),t)
for every w € Q and ¢ > 0, where &_(w) := limyy &(w). For notational simplicity, we
would not write w anywhere throughout the rest of this chapter. We denote by IT}, the
family of all Markov strategies for player 1. The sets of admissible feedback strategies

I1%,, and Markov strategies 113, for player 2 are defined analogously.

Remark 3.2.2. In the definition of strategies we do not include the entire history of
the game, i.e., past and present states, past sojourn times, and past actions taken by the
players. In our game model, each player’s admissible strategies include only past and
present states and past sojourn times. Hence such strategies are called feedback strategies.
If players use general strategies (i.e., history-dependent non-anticipative strategies) there
may not be a probability measure over plays; see Proposition 1 in [88]. See also [85].
Thus it is imperative for us to confine our attention to specific classes of strategies. In
this chapter, we restrict our attention to feedback strategies only, i.e., at any point of
time each player has access to past and present states and past sojourn times. Though the
past and present states and past sojourn times implicitly contain the past actions of the
players, explicit inclusions thereof in the strategies run into unassailable technical issues
as explained clearly in [88]. The inclusion of history-dependent strategies is infeasible

even for one-player games; see Proposition 1 in [88].

For any compact metric space Y, let P(Y) denote the space of probability measures
on Y with Prohorov topology. For each i,j € S, u € P(A(i)) and v € P(B(i)), the

associated transition and cost rates are defined, respectively, as follows:

aGili, 1, v / / a(jli,a, b)u(da)v(db),
i, p, v / / c(i,a,b)pu(da)v(db).

(by abuse of notation we use the same notation ¢ and ¢). Under Assumption (A1), below,
for any initial state i € S and any pair of strategies (7!, %) € I}, ; x HAd, Theorem 4.27
in [76] yields the existence of a unique probability measure denoted by PZ ™ on (Q,.7).
Let ET "™ be the expectation operator with respect to PfI’WQ
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Fix any discounted factor @ > 0. For any (7',7%) € II}, x [1}, and ¢ € S, the

risk-sensitive discounted criterion is defined as
1 (o)
Jo (0,0, 7" 7?) = g log{Efl’7r2 {exp («9/ e (&, (1), 7r2(t))dt>} }, (3.2.4)
0

provided that the integral is well defined, where &; is the Markov process corresponding
to (m!, 7?) € I, x I3, and 6 € (0, 1] denotes a risk-sensitive parameter and the limiting
case of § — 0 is the risk-neutral case.

We also need the following concepts. The functions on S are defined as

L(i):= sup inf Jo(6,i,7",7%) and U(i):= inf sup J,(0,i,7" 7%

2e12 2112
mlelll , ™€, i€y, rleml

are called, respectively, the lower value and the upper value of the game. It is clear that
L(i) <U() for all i € S.

Definition 3.2.3. If L(i) = U(i) for all i € S, then the common function is called the
value of the game and is denoted by J:(0,1).

Definition 3.2.4. Suppose that the game has a value J%. Then a strategy 7' in TI},
is said to be optimal for player 1 if infracpys Jo(0,1, 7 72) = J*(0,4) for alli € S.
Similarly, 72 € 114, is optimal for player 2 if SUPiery Jo (0,1, 7!, %) = J*(0,14) for
alli e S.

If m* € 1%, is optimal for player k (k=1,2), then (7*',7*2) is called a pair of optimal

strategies and also called a saddle-point equilibrium.

The objective of this chapter is to provide conditions for the existence of a pair of
optimal strategies and introduce an HJI characterization of such pairs.

To avoid the explosion of the state process {&,t > 0}, we need the following
Assumption imposed on the transition rates, which had been widely used in CTMDPs;

see, for instance, [53], [62], [63], [64] and the references therein.

(A1) There exists a Lyapunov function V' : § — [1, 00) such that
(1) >ies V(4)ailisa,b) < pV (i) for all (i, a,b) € K with some constant p; > 0;
(i) SUP(ypyeaixnpe) gi(a,b) < L1V (i) for all i € S with some positive constant L.

Proposition 3.2.5. Under Assumption (A1), for any pair of strategies (7', 7%) € T}, x
1%, and i € S, the following assertions hold:

(a) ]Diﬂl’ﬁ2(Too =o0) =1 and Pfl’”z(ft €S)=1 forallt>0;
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(b) EF ™ V(&) < entV (i) for allt > 0.
Proof. The proof follows as in ([63, Theorem 3.1]). O

Since logarithm is an increasing function, instead of studying J, (0,4, 7!, 7%), we will
consider J, (0,4, 7', 72) on [0,1] x S x I}, x T1%, defined by

1

Ju(0,i, 7" 7?) = BT [exp (9 /O " ete(e, ml (1), ﬂz(t))dtﬂ . (3.2.5)

Obviously, J, (0,4, 7!, 72) > 1 for (0,i) € (0,1] x S and (!, 72) € I}, x I1%,, and we

have (7*!, 7*?) is optimal if and only if

ja(e,i,ﬂ*l,ﬂ*2) = sup inf ja(G,i,wl,WQ) = inf sup ja(ﬁ,i,wl,WQ) =: j;(@,i)w e S.

2¢T12 2112
miemnl ey, m2€lly g rlell

To ensure the finiteness of J, (6,1, 7%, %), we enforce a logarithmic growth condition for

the cost function ¢ as below.

(A2) There exist constants Ly > 0 and 0 < ps < min{a, p; '@?} such that

sup c(iya,b) < pologV (i) + Ly VieS,
(a,b)EA(i) x B(i)

where V and p; are introduced in Assumption (Al).

Proposition 3.2.6. Suppose that Assumptions (A1) and (A2) are satisfied. Then, for
any pair of strategies (w*, %) € Iy, x 1%, and (0,7) € [0,1] x S, we have

a? a?

J (0,0, 7t 72) < ———efla/ayeabag) < e/ (7).
( )_042—/)1P29 ()_042—0102 Q
Moreover, we obtain
" . o? Lo P2 . .
Jo(0,i) <log| —4—— | + — + —log V(i) V0 € (0,1],i€S. (3.2.6)
a” — p1P2 «a «
Proof. For the proof, see Proposition 2.2.3 (3), Chapter 2, p. 17-18. ]

Let us introduce some frequently used notations. We define the spaces A,4([0, 1] x.S),
(B ([0,1] x S), |l - I%), and Ly ([0, 1] x S), for any real-valued function W > 1 on S,
as defined in Chapter 2, p. 19.

To study the admissible (feedback) strategy, we need an extension of Dynkin’s

formula. To that end, we imposed the following condition.
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(A3) The function V? satisfies the Foster-Lyapunov condition with respect to con-
stants 0 < p3 < o and L3 > 0
> alilia,0)VA(j) < psV2(0) + Ly ¥ (i.a,b) € K,
j€S
where V' is introduced in Assumption (A1) .

To ensure the existence of pair of optimal strategies, in addition to Assumptions

(A1)-(A3), we also need the following continuity and compactness conditions.

(A4) The following conditions hold:
i) for each i € S, the sets A(i) and B(¢) are compact;
(i) : pact;
(ii) for any fixed ¢, j € S, q(j]i,a,b) and (i, a, b) are continuous in (a,b) € A(i) x B(i);

(iii) for any given ¢ € S, the convergence of ZV q(jli,a,b) holds uniformly in
JES
(a,b) € A(i) x B(i), where V is introduced in Assumption (Al).
By closely mimicking the arguments in [56], one can easily get the following result, which

will be used in subsequent sections; we omit the details.

Lemma 3.2.7. Under Assumptions (Al)-(A4), the functions

c(iy p,v) and > q(jli, g v)ul-, §)
JES
are continuous at (u,v) on P(A(:)) x P(B(i)) for each fired u € L9([0,1] x S) and
ies.

3.3 Stochastic representation of a solution to the
HJI equation

In this section, we analyze the cost evolution criterion. We carry out our analysis via

equation (3.2.5). For a.e. § € [0,1], we consider the following HJI equations:

.
af%2(0.4) = sup inf {E q(gl7, p, v)pal(0, 3) + Oc(i, i, v)pa 9,2’],
@ ( ) HEP(A(D)) veP(B(1)) s ( ’ ) ( ) ( ) ( )

= inf sup { q(jli, p,v)alB,7) + 0c(i, p, v)pa 9,2'},

S, ]GZS (] )pall, ) + Oc( )¢a(0, 1)
ieS, ae 0€e0,1],

1< pa(6,8) < =2 ePL2/oV (i) for (6,4) € [0,1] x S,

\ - 062—P102

(3.3.1)
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where the upper bound of ¢, (0,17) is inspired by Proposition 3.2.6. Note that ¢, (,7) is
differentiable almost everywhere with respect to the first variable, and second equality
follows from Fan’s minimax theorem, see [33, Theorem 3].

In section 3.4, we address the existence of a solution to the HJI equation. In the
next theorem, we show that if the HJI equation has a solution then it is equal to the

value function corresponding to (3.2.5).

Theorem 3.3.1. Under Assumptions (Al)-(A4), suppose that the HJI equation (3.3.1)
has a solution ¢, € Ly ([0,1] x S) satisfying the bounds. Then, for all (0,7) € [0,1] x S,
we have

pa(f,1)

= sup inf ET T [exp (9 / e c(&, T(b), WQ(t))dt)}

2
mlelly, m2elly, 0

— inf sup BT {exp(@ /0 Ooe‘atc(ft,wl(t),WQ(t))dt)} (3.3.2)

m2€ll, mlelll,
which means o (0,1) = J%(0,4) for all (8,7) € [0,1] x S.

Proof. Let
fg:(0,1) xS —P(A)and v:(0,1) x S — P(B),

be measurable functions such that

nf s [feli . v)a(6ri) + 3 alli )6,

veP(B()) peP(A()) ies
< B [ec@',u,u(e,z’))me,z’)+Zq<j|z',u,u<e,i>>soa<e,j>] (3:3.3)
peP(A(®3))

jeS

and

up int el )ea0,0) + il ).

pEP(A(3)) vEP(B(3)) s

_ Vegr(gw{%(m(e,z’),u)me,i)+;quu,me,w,uwe,j)}. (3:3.4)

The existence of such measurable maps is ensured by the measurable selection theorem
in [17, Proposition 7.33], or [89, Theorem 2.2]. Let

7! Ry xS — P(A) and 7% : R, x S — P(B)

be defined by
(i, t) = fa(fe ", 4) and ©*2(i,t) = v(fe™,4).
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Given any admissible feedback pair of strategies (7', 72) € I}, x I3, and 6 € [0, 1], let
{&,t > 0} be the corresponding process, and define 0(t) := fe~*" and h [0, 00) x SxQ —
[0,00) by

h(t,i,w) := exp (/Ot 0(s)c(&s, 7' (s), 7T2(=9))d8> pa(0(1),17).

In order to use the extension of Dynkin’s formula, (for details see [62, Theorem 3.3] or
[53, Theorem 3.1]) to the function h, it suffices to verify that

L t anLg/a L
57 o [ 2 el mtopas )| < S (v + ) s

Vi€ S and t € (0,00). Let y(ds) := ae™**ds. Then under Assumptions (Al)-(A3), we

have
Ezrl’wz {exp (/0 2e*c(&, 7' (s), 7T2(S))d8):|

<57 ow( [ 2o e ntas))|

< 5| [ o Gelee @0 m 0D ) a(a9)

(by Jensen’s inequality)

< Ef™ /OOo exp (%(Pz log V/(€s) + Lg))v(dS)}

(by Assumption (A2))

= el 7 (vie)® )otas)
0
2L2/« 2 L3 ~ s—as
< e VA + — e ds
P3 0

which implies that (3.3.5) holds. Thus, using the extension of Dynkin’s formula to the

function h, we have

[h(t &o,w)] — palB,1)

=Ez”’” {[ exp(/ B(0)eo ' (0). 72 0) 0 )

x{_ 05) 222 0(5),£0) + 3 a1 7 (5), 7(3))u005). )

jES

+0(s)c(&, m(s), 72(8)) pa (0(5), 55)1 ds}. (3.3.6)

Ph.D. Thesis 49
TH-3126 186123018



Chapter 3 3.3. Stochastic representation of a solution to the HJI equation

Now from (3.3.1), (3.3.4) and (3.3.6), we have
0a(0,1) < Ezr*l’ﬁrz {exp (/0 0(s)c(&, T (&, s),7r2(s))ds) gpa(Q(t),ft)}. (3.3.7)

Given any p > 1, let ¢ > 1 such that % + % = 1, by Holder’s inequality we have

Pal, 1)

< ET {exp ( /O t 0(s)c(&s, T (s, s), 7T2(s))ds> 0a(0(1), gt)]

< {5 o (v [ o6)ctenm 69 w2005 ) }W <L o) @)J}Uq
= Li(p,1) - Ia(, ). (3.3.8)

For I5(q,t) := {Ezr*l”r2 (02 (0(t),&)]}9, by the upper bound of ¢, in (3.3.1), we have

2 QiatL ge = pg
£alB(0).60 = va(87,68) < e L VT ).

a? —fe=pp,

If t > atlog(fgqps/a) then fe *'qpy/a < 1. Hence, by Jensen’s inequality and Propo-

sition 3.2.5(b), we obtain

*1 .2 on 4 q@e_atLQ q0e "% py l/a
Ligt) <{EF™ s
0.0 <57 () (P T @) |

2

« He_ath #1 2 9™ py
< T -
~ o —fe Ypips exp( a )[E (V)
o® Qe L 8eYpy .
< o — Ge=pi s expl = (Ly + p1pot) |V (i) =~ =:IL(t). (3.3.9)

By letting ¢ — oo we obtain

1/p

L) {27 e (p [ 00)etm e o) a(s)ts )] |
and

I3(t) — 1. (3.3.10)

Combining (3.3.8), (3.3.9) and (3.3.10), we obtain

1/p

eol0,i) < {7 exp(p [~ ettt 0. o)) |1

for p > 1. Then, passing to the limit as p | 1, we obtain

a0, < BT o (0 [ et 6 om0 )|
0
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Since 72 € 1%, is arbitrary strategy, we have

0a(0,i) < inf ETT {exp(@ / h e‘“tc(ﬁt,w*l(ft_,t),WQ(t))dt)}
0

2772
m2elly ,

< sup inf ETT [exp(@ / Ooe‘atc(ﬁt,wl(t),ﬂz(t))dt)}. (3.3.11)
0

2eT12
rlelrl, T €My,

Using analogous arguments we can show that

57 o [ O(s)elen (). 76 s )ul6(0.8)] < al0ri). (3312

Now, using the lower bound of ¢, in (3.3.1) and Fatou’s lemma, we obtain

t—o00

lim inf BT ™ {exp ( /0 : 0(s)c(&,, m(s), T2 (&, s))ds) va(B(1), gt)]

t—o00

> liminf Efl’ﬂﬂ {exp (/t 0(s)c(&s, m'(s), T2 (&, S))ds)]
0

> 7 it e ([ 06)e6n! (5,551 )|
t 0

—00

= Jo(6,i, 7, 72). (3.3.13)
From (3.3.12) and (3.3.13), we have
Jo(0, 4, 7, 72) < 0a(0, 7).
. 1 1 . . z o 1 *2 o
Since 7' € 1T} is arbitrary, we have suppicrn Jo(0,4, 7, 7%) < ¢a(6,7). Thus

inf  sup Jo(0,4, 78, 7)) < sup Ju(0,4, 78, m2) < 0 (6, 1). (3.3.14)

) 2
m2ellg ;1 EHlAd il EHild

From (3.3.11) and (3.3.14), we have (3.3.2).

3.4 The existence of solution to the HJI equation

In this Section, we prove that the equation (3.3.1) is the HJI equation for the o dis-
counted cost given by (3.2.5) and the equation (3.3.1) has a solution in L$9([0, 1] x .S).
We now proceed to make a rigorous analysis of the above. First, we truncate our tran-
sition and cost rates which plays a crucial role to derive the HJI equations and find the
value of the game. Fix any k, n > 1,0 < ¢ < 1, and let S, = {0,1,--- ,k} be the subset
of S. For each i,5 € S and a € A(i), b € B(1), define

g™ (jli,a.b) = q(jli,a.b)Is, (i), fori#j, ' (a,b) =" q®(jli,a,b);
J#i
cn(t,a,b) :=c(i,a,b) A n.
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Lemma 3.4.1. Suppose Assumptions (A1), (A2) and (A4) are satisfied. Then, there
exists a unique function o’ (dependmg onn, d, k) in LY([0,1] x S) for which the

followings are true :

1. go(n k) s q bounded solution to the following ordinary differential equations (ODEs)

for alli € S and a.e. 6 € (0,1] :

aedw“‘“) (6,i) = sup inf {Gcn(z 11, )R (6, +Zq (jli, 1, v) o) (G,j)}
HEP(A() ¥EP(B() jes
= inf sup |:06n(ia,ufv n5k) 0 Z + q ‘]|Z Hov (nék (9 j):|
veP(B(4)) neP(A(:)) Jze;?
(p&n,é,k)(& Z) _ ené/(x_

(3.4.1)

2. cp&n’a’k)(&i) has a stochastic representation as follows: for each i € S and a.e.

0 € (6,1],

T5(0)
k) (9 i)y = sup inf EF T [ené/a exp (0 / e~ e, (&, 7' (1), Wz(t))dt)}
0

mlelly, ™ 2elly,

Ts(0)
= inf sup EZTl’W2 [e”‘s/a exp (8/ e e, ¢V 7' (1), 772(t))dt):| :
0

T2l 7l eI,

where Ts(0) := a 'log(6/5) and ¢® is the process corresponding to the
¢ (jli, a,b).

Proof. (1) Due to the definition of q(k)(a, b), we have the Lyapunov function V(:) =1
such that > . g a® (i, a, )V (j) < pV (i) for i € S, and g® := SUD(; 4b)c K qi(k)(a,b) <

oo. Define a nonlinear operator T on B{°([0, 1] x S) as follows:

1 [
TU(Q, Z) :eén/a + = / sup Hlf |i Z q ]‘Z m, v (S7j) + Cn<i7 22 V)U(S, Z):| dS,
1)

pEP(A()) vEP(B

where u € B°([0,1] x S) and (6,7) € [,1] x S. Then by Fan’s minimax theorem, see
[33, Theorem 3] we have

1 0
TM&@—@W”+—/‘ inf {}:q“ﬂzm @J)+%@u#ﬂ@ﬁﬂ%-
@ Js

veP(B ),uG'P

Then by analogous arguments as in [Lemma 2.4.1, Chapter 2, p. 24-25] and
(n,0,k)

by Banach’s fixed point theorem, there exists a unique bounded function g €
B([0,1] x S) (depending on (n,d,k)) such that T 7" = ") that is,

()
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1 9

on/a / (k) (71 6,k) . . (n,d,k) .

=e +— sup inf [ E q" (4li, p, v) (s,7) + en(i, 1, v)py (s,z)] ds
§ neP(A®)) VEP(B())

1 [f .
=y */5 inf [ > aM Gl )@l (s, 5) + e (i, 1, )0 F) (s ,Z)]d&

veP(B(i)) uEP (l)) jES

Also note from the above equation that """ (5,i) = e®/* and oI € L3°([0,1] x 5).
(2) Let
g:(0,1) xS —P(A)and v:(0,1) x S — P(B),

be measurable functions such that

inf sup [an(i,ﬂ, ) (r,8,k) 9 Z + q j|Z w, v ) a (0 j):|
veP(B(i)) HEP(A(3)) JGZS

= sup [ecn@',u, (0,2)0 90, 7) + > ¢®(jli, w76, 7)) g”@’”w,j)} (3.4.3)
HEP(A(D)) jes

and

sup inf [ch(z 1, V)P0, 0) Y g™ ()i, p, v) MR8, j):|
pEP(A(:)) vEP(B()) JXE;

= inf [ecn(i,u(e,z‘),u)wg"@’ﬂ(e,z')+Zq<k>(j|z',g(9,z‘),y)gog”@k)(e,j)]. (3.4.4)

veP(B(i)) e

The existence of such measurable maps is ensured by the measurable selection theorem
in [17, Proposition 7.33], or [89, Theorem 2.2]. Let

7 Ry xS — P(A) and 7**: R, x S — P(B)

be defined by
(i, t) = f(fe ", 4) and ©*2(i,t) = v(Oe 7).

Let 0(t) := fe™* for t € [0,00). Since ¢, and ") are bounded, by Dynkin’s formula

we get

7 o /0T5(9)9<s>cn<s§’f>m1<s> (s ) e (00130 £ ) | - o0,

wl w2 R dSO(nM) k k E) 1 2 o,k :
=5 [t 00 €+ a7 ), ) 60), )

jeSs

F €, 71(5), ) 005, €0 exp [ B0)enl e, 7o), w20 s .
(3.4.5)

0.k)

By using the fact that p{""*) is a solution to (3.4.1) and equation (3.4.4), we obtain

LY T5(0)
B {p( JARCE R S CUBESE >>ds) o <9<Ta>,£¥?)]
0
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> R (g, 4).

Since % € IT%, is an arbitrary strategy for player 2 and gp(nék)( (Tg(@)),fr}lz)) = end/e,

we have
ek (9, 1)

T5(0)
< inf E7r 1 {e”‘s/o‘eXp(/ H(S)Cn(ﬁgk);ﬂ*l(fék)a3)77T2(5))d5)}
0

n2ell?,

T5(0)
< sup inf E7r i {e"é/aexp(/ Q(S)Cn(fgk),7T1(S),7T2(8))d8>:|. (3.4.6)
0

nlelll ™ 2€ll,

Using analogous arguments, we can show that
@m0, 1)

y Ts(6)
> sup Efl’” ’ {e"g/a exp (/ 0(s)en (€W, 7l (s), 2 (™), s))ds)] :
0

1771
mlelly,

Therefore
@R (9, 1)

L T5(6)
> inf sup E] " {e”é/aexp(/ Q(S)Cn(gék),7T1(S),7T2(S))d8):|. (3.4.7)
0

m2EIl 71 enl,,

Therefore, from (3.4.6) and (3.4.7), we obtain (3.4.2). This completes the proof. O

Theorem 3.4.1. Under Assumptions (Al)-(A4), the HJI equation (3.5.1) has a unique

solution v, € L{P([0,1] x S) such that 1 < ¢,(0,1) < zjfepﬁ/;;v%g(i) for all (6,17) €
[0,1] x S.

Proof. First note that, gp&nék is the solution to the equation (3.4.1), which depends

on three parameters n, o, k. Hence, the proof of this theorem consists of three steps
corresponding to these three parameters.

Step 1: In the first step, we construct a solution gpa " from go by passing to the
limit as k — oo, such that " )( ,1) is absolutely continuous and satisfies the ODEs:

= sup inf [Zq(ﬂi,uﬂ/)@&”’é)(&j)+90n(i,uw)<ﬂ&"’5)(9,i)}

pEP(A()) VEP(B()) ies

= b, Sup lZCI(ﬂ@MaV)sO&”’“(@J)+90n(i,u,1/)<ﬁ&”’5)(97i)}, (348)
veP(B() peP(A@) LiZy

€S, ae 6els ).
\ o(5,1) = emle vie S.
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For proving (3.4.8), let o{"** be the solution to the equation (3.4.1), for given k,n >
1,0 > 0. By Lemma 3.4.1, we have

(Pn6k (9 Z)

Ts(0)
= sup inf E7r i {e”wo‘exp(e/ e_o‘tcn(gt(k),ﬂl(t),w2(t))dt)]

T EHl ™ eHAd

L T5(0)
= inf sup E] i {e"‘s/a exp (0/ e e, (€ 7 (1), Wz(t))dt)]
n2ell? ;11 e, 0

< e foralli e S,ae. 0 e [d,1].
Fix n > 1 and 0 < § < 1, and define

R0, i), (0,1) € [6,1] x S.

Fi(0,1) = W%

Next, we prove that {Fy, k > 1} is equicontinuous on [4, 1] x S. By (3.4.1), we have

. 1 nd/a 1 ’ (k nék) .
Fk(&@):m{e +5/5 sup  inf {Zq (i, . v) (5,7)

LEP(A(H)) V€77 (B(2))
+ en(is 1 V)M (s ,i)}ds]

1[5 1 [
_ nd/a f (k (n,0,k)
= —z) {e o _/5 in sup [ E g (jli, w, v)pe (s,7)

V( veP(BO) ueP(AW) LS <25
euli )l ) . (3.49)

For each (s,i) € [9,1] x S, (1, v) € P(A(i)) x P(B(7)), and k > 1, let

hi(s, 4, 1, v) : { > WGl )98 (s, 5) + cali v )@&”‘””(SJ)},
JES
Hy(s,1) := —  sup inf  hp(s, 2, pu,v).
Ho )= v weP(A() vEP(B() et )

By Assumption (A1), we have

. 1 - " .
Bl < g s s [ S Wl )+ (s
1)) ve

1
< —— sup sup [—2%@ (u,v) + n} e/
() peP(AG)) veP(B(i) LS
2L
< |y n} e/ (since V(i) > 1).
S
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Hence, for a given ¢y > 0, take

— i Eo¥ —2n/a 56’00& —2n/a l
n mm{ o 4L16 5

such that for all (6,1), (6, i0) € [0, 1] x S satisfying |0 —0y| < n and |i —ip| < 1, we have
[ F3(0,0) — Fi(6o,70)] = | F1(0,7) — Fi(6o,7)]

1 0 1 0o
—/ Hy(s,i)ds — — Hy(s,i)ds
aJs aJs

0

1
Hy(s,i)ds
(6% o

2n/a

<

[2L1]log 0 —log Oy| + n|6 — Oy|] < eo for all k> 1,

which implies that {Fy, k > 1} is equicontinuous on [d, 1] x S. Hence, by the Ascoli-
Arzela theorem, there exist a continuous function F' and a subsequence {Fj, ,m > 1}
such that

lim Fy, (6,1) = F(6,i), |F(6,7)] < */ for all (6,i) € [0,1] x S.

Define "% (8,) = F(6,)V (i) for all (6,7) € [6,1] x S. Then we have

lim %) (9 ) = lim Fy, (0,9)V (i) = ™(0,4) < ¥V (6,i) € [5,1] x S.

m—00 m—r00
Set
1

H(s,i):= V@)

1
su inf |- |4, 1, 9) (5. 5) + en(i, (9 (s, 4
O o UL RO S

(s,i) € [0,1] x S.

We can show that limm_m Hy, (s,i) = H(s,i). For any i,j € S and (a,b) € A(i) x B(i),
we have lim,,, . ¢%*)(j]i, a, b) = q(jli, a, b); then take an upper bound function defined
by

() = eV (i) q(jli, a,b) i j A,
o oV (i g(ab) i j =i

By Assumption (Al), we have

V(@) q" ) (jli, a,0)p ) (s, j)] < gi(j) forall s € [8,1],4,5 € S

and
Z%(]) = e2/ey (i) <Z q(jli, a,b) + gi(a, b)) < 2L,e®* for alli € S.
Jjes J#i
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Using dominated convergence theorem, we obtain

1 1
. Z gthm) (nbkm) (g 7y — _— il M9 (s, 5).  (3.4.10
mggo g V(Z) ( |Z K, v )(Pa (87]) ‘r(z) jze‘;qgha/% )(pa ( 7j) ( )

Now by Assumption (A4), there exist puy, , u* € P(A(7)) such that

1
limsup Hy,_(s,1) = — lim su inf hm Sy 0y ey, s V
m—)oop km( ) V<Z> m—>oop'/€7)( B(i)) g ( H )
1
< — limsup hg, (s, 4, pk,,, V
= V) m_)oop o ( Pk V)
1 |1 e L 2l . n,
< 1 s S allia )0 5, 3) 4 el )

jes
The last inequality follows from the extended Fatou’s Lemma in [69, Lemma 8.3.7].

Since, v € P(B(i)) is arbitrary, we have

. , ) 1 |1 qe n ) e n,
limsup Hy., (s,i) < _inf —.[;qu,u,u>¢g’5><s7g>+cn<z,u,um (s, >]

m—00 veP(B(i) V(1) =
Thus,
1 [1
limsup Hy, (s,1) < sup _inf —{— q(ili, 11, V)RS (5, ) + enli, )0l (s, >}
m—so0 peP (A vePB@) V(1) ;
(3.4.11)
Using analogous arguments we can show that
1
liminf Hy, (s,7) > 1nf sup —[ Zq (Gli, , )@ (5, ) + ¢ (i, p, v )gp&”"s)(s,i)}.
m—00 veP(B(1)) ueP(A(i) V Z jes
(3.4.12)

Therefore from (3.4.11) and (3.4.12), we have lim,, o Hg,,(s,7) = H(s,1).
Note that |Hg(s,i)| < [% + n} e/ By letting k,, — oo, in (3.4.9) and using

dominated convergence theorem, we get
pa(0,4)

wija . 1" 1 = sy . s
— enifo 4 — / sup inf {‘Zq(ﬂ@,uw)s&&"”(s,Jch(Z,u, >¢g5<,z>]ds
§

peP(A(1)) VEP(B() oS

wija . 1[0 1 ) )l . )
="/ +5/ inf ~ sup {_ZQ(J’%M; V) (s, 5) + ealiy 1, ) (s ,Z)}ds
é

veP(B(i)) neP(A(i)) LS

=
(3.4.13)
and
<p(”‘5)(5, i) = lim <p”5km (0,1) = end/e
km—r00
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Moreover,

1
. 1 . 5 . . 5) .
sup inf |: - § Q(jll,,u, y)gp&n’ )(873) +Cn<l7/1” V)Sogl’ (877')
/5 neP(A(D) vEP(B@) || S ‘s

< 220,V (i) 1og(67Y) 4+ n(1 — 0)] < oo,

Jas

which implies that

. _ e n,o . . n,d N
SUD,ep (i) IMfver(B() [s Y s ailis )l (s, 5)+eali, 1)l )(8,2)} is Lebesgue

integrable on [4, 1]. By (3.4.13) and the fundamental theorem of Lebesgue integral cal-

culus [9, Theorem 4.4.1], gogn’d)(-, i) is absolutely continuous on [, 1] and has a derivative
(.0)
i‘%(ﬂ) a.e. satisfying the ODEs (3.4.8).
Step 2. In the second step, using the Ascoli-Arzela theorem, we construct a solution

<p£7’(-, i) from w&n’é)(, i) by passing to the limit as § — 0, such that gogl)(-, i) is absolutely

continuous function and satisfies the flowing ODEs:

( (n)
af®e(9,i) = sup inf { (5, 11, V)0, 5) + Ocn (i, p, ) e,w]
ZRGUNI S P9 POLCRTREAUR )l (

=t s S gl )l (6,9) + fenlip )6.0)
veP(B(%)) ueP(A()) jGZS

i€ S, ae 0e0,1],

1< o(0,4) < @22y 26y (g,0) € [0,1] x S,

\ — a2—p1p20

(3.4.14)

Given 0 < 6 < 1 and 1 < n < oo, as in the proof of Lemma 3.4.1, by (3.4.8) we can

obtain the representation of gp&n’a) as follows:
o (0,4)

- T5(0)
= inf sup E] 7 le”‘s/a exp(ﬁ/ e_atcn(&,Wl(t),ﬁ2(t))dt)}

ﬂQGHad ol GH}M 0
T5(0)
= sup inf Efl’7r2 {e"‘s/a exp (9/ e e, (&, (L), WQ(t))dt)]
nlelll, m2€ell 0

<eM™e e S 0elsl). (3.4.15)

The last inequality follows from the fact that sup; , ek cn(i; a,0) < n.
Next, we extend the domain of ¢7"” in (3.4.15) to [0,1] x S by

e9,0), §<O<1Vies
end/e, 0<f<dVies,

wm&n—{
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and then show that {z(™% & € [0,1]} is equicontinuous on [0,1] x S. We consider the
following expression, for any given (7!, 7%) € I, x I13,, i € S, 6,6, € [§,1]:

Ts5(0)
B [eimesp (0 [ e e (e @) 0t )|
0

L T5(00)
_ Ezr i {e”‘;/o‘ exp ((90/ 6atCn(ﬁtaﬂl(t>7772(t))dt)} ‘
0

S Kl + K27
where
Lo Ts5(0)
s el o (o [ om0, 0 )]
0
: Ts5(0)
— Ezr 7r |: po/ o exp (90/ €_at6n(§t7 7T1 (t)a ﬂ-z(t))dt):| ‘7
0
and
T5(0)
| (! 0.0 )|
0

Fix n > 1; we have

Ts(6) Ts(9) n
/ e e, (&, (), T (t))dt < n/ e ¥dt < —
0 0 o

and

Ts(6V6p) T5(6V6o)
/ e, (&, (t), w2 (t))dt < n/ e dt

T5(9A90) T5(9/\90)
5nl6y — 0|

o’ g[exp(—aTg(Q A Bo)) — exp(=aT5(0V b)) < = oo

where ¢ A d := min{c,d} and ¢V d := max{c,d}. Hence, we obtain

L T5(0)
K, = "WQEW " {eXp((e/\QO)/ atcn(ftaﬂ'l(t)ﬂrz(t))dt)

(exp(\eo — 0 /Té e (&, (t),wQ(t))dt> — 1)]

1.2 T6
< el prT {exp(wo Y / eatcn@ml(t),wz(t))dt) - 1}
0

< 62”/°‘<exp (gwo - 0\) - 1)

< e (e 1) gy o],
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Here, the last inequality follows from the fact that e?* —1 < (e — 1)z for all z € [0, 1]
and b > 0. Similarly for Ky we have

19 Ts (9/\90)
Ky = el g [exp (eo [T o, ﬁ(t))dt)
0

Tg(@\/@o)
<(om(an [ et gt @) -1))]
T5(9A90)

L Ts (9V90)
< eviagrie [exp (eo / eatcn@t,wl(t)m%t))dt) - 1}

Ts(0N0p)

< eQn/a (exp(n(sw i 00') . 1)
ab
< i (e”/o‘ . 1) 00— 0]

Hence using the definition of g%, for all (6,4) € [0,1] x S, we have
B0 (80, 1) — B0, 4)] < 2> (e"* — 1)|0 — o, (3.4.16)

which implies that {$(*? § € [0,1]} is equicontinuous on [0, 1] x S. Hence, by Ascoli-
Arzela theorem, there exists a sequence 6,, — 0 (as m — o0) and a continuous function
o such that, for each i € S, limy,_yoe P9 (6,4) = (0, 4) uniformly in 6 € [0, 1]

and o (-,i) € C([0,1]).

For any m > 1, define the following function:

sup inf q(gle, p,v (”5 7))+ ey (i, E;“S )Q,i ,
s l))yep(w[z 1) eGP (0,4 Bl ) 0,1

Gn(6,1) := om<0<1 Vie§s
0,
0<0<d, Vies.

Smom) :
Pm9m) it has a derivative 22—, i) a.e. Since

Given any ¢ € S, by the definition of & T

(3.4.8), we have

i(a@go("‘s (0, z)) = a0 (0,0) + G (6,9), a.e. 6 €0,1]. (3.4.17)

do
Similarly, define

GO, = sp it [qu,u,u)wg")w,j)+ecn<z',u, V)l 6, z)}

peP(A(i)) vEP(B(9)) ‘s

V(6,i) € 0,1] x S.

Then, we have

sup [G(0,7) = Gu(0,1)] < sup  sup  sup
0€[0,1] 0€[0,1] LEP(A(D)) vEP(B())

S atilon ) (44700.5)  #e506.) )

JjeS
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+ sup sup sup
0€[0,1] pneP(A®)) veP(B(i))

=1 K3(i) + Ku(4).

) (6,1) - “wmm

Note that > g q(jlé, 4, v) = 0 uniformly in (u, v) € P(A(é)) x P(B(i)), therefore for any

e > 0, there exists an integer M, := My(e,7) such that sup Z lq(kli, p, v
(1) EPAG)XP(BWD) 1531,

< £/(16€*"/*). Since limy,_. 0 (,4) = o8 (0, 7) uniformly in 6 € [0, 1], for the e
given above, there exists an integer M; := M;(e,7) such that for all m > M; and
0 < j < My, it holds that supseo y 95" (6, ) — B9 (0. 5)| < £/(16¢*(i)My). Hence for
all m > My Vv M, we have

Ks3(i) < sup  sup Sup Zlq iy v
0€[0,1] neP(A(:)) veP(B ]65’

<2e™* sup  sup > q(jli, v
HEP(AG) veP(B(O) ;Sil
Moy—1

+ sup sup  sup Z (g i, po, v
0€[0,1] peP(A(2)) veP(B(3)) -

(6, ) — Wémﬂ

(6, j) - @“@ﬁ

< —¢€.
46

For the € given above, there exists an integer M, := Mg(s, i) such that for all m > M,
€

(M) (9. 1) — B™m) (g ; ‘
sup @, (0,1 Dy )| < VAN
0€[0,1] (6,2) (6.9) 4n 2a

then we have

§(0,1) — B0, 1)

Ky(i) < sup  sup  sup Olea(i, pu,v)l|g

0€[0,1] peP(A(i)) veP(B(3))

1
< sup n|e™(6,1) — p"0m)(9, z)‘ 1<

0el0,1]

Therefore, for m > max{ My, M, M5}, we have

a™(0,1) + G(6,1) — a0 (,1) — Gn(6, 1)

sup

0€[0,1]

< a sup |0(0,3) — 00 (0,4)| + sup |G(0,7) — Gr(6,9)
6el0,1] 0€[0,1]

SRV U
SEt et E=e
By (3.4.17), we have L(afpom)(. 1)) — a@ (i) + G(-,9), ae. 6 € [0,1] when

m — 0o. Therefore, for any i € S and n > 1, a@gp&n)(', i) is differentiable a.e., and

dei” (0.4)

p7] = ap™(0,4) + G(6,1), a.e. 0 € [0,1].

™ (0, 1) + ab
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Now for 6 € [0, 1], by using (3.4.15) and Proposition 3.2.6, we have

ot (0,1)
L))

= inf sup E ["6’”/aexp(9/ e_o‘tcn(ft,Wl(t),w2(t))dt>}
0

T EHAd 7T1€H1

< emm/® inf  sup E [exp (0/ e en (&, (1), 7T2(t>>dt>]
0

m2ell, mlelll,

< e™Mm/e inf  sup EW - {GXP(Q/ e_atc(gmWl(t)ﬂTQ(t))dt)}
0

™ eHAd nlelll,

0L2/a
a? — p1paf
Note that o) — o as m — co. Thus, letting m — oo in the above equation, we
obtain
a?efl2/a 0
1< 0,1 — V7 (2). 3.4.18
P0) < 2y (3.418)

Hence, we obtain 5" € L32([0,1] x ), and (3.4.14) holds.
Thus by closely mimicking the arguments in Theorem 3.3.1, one can easily get the

stochastic representation of the solution <p,(1n), that is

gp&")(e,i) inf  sup E;Tl’”2 {exp(&/ e*“tcn(ﬁt,Wl(t),7r2(t))dt>}
0

™ EHAd 7T1€H1

— sup inf B [exp(@ /0 Ooe‘o‘tcn(ft,Wl(t),w2(t))dt>]. (3.4.19)

mlelll 7T2€HAd

Step 3: In the final step we prove Theorem 3.4.1, by passing to the limit as n — oo.
Now we will prove that {go((x") }n>1 is equicontinuous on [0,1] x S. We consider the

following expression, for any given (7!, %) € I}, x I13,,7 € S, 6,6, € [0, 1]:

‘Efl”rz [exp (9 /0 N e e, (&, T (1), WQ(t))dt)}
—Er {eXp (90 /0 h e e, (&, T (1), ﬂ(t))dtﬂ ‘

where

Ky = B {exp ((9 A 0) / " eote (67 (1), 7r2(t))dt>

< (oxp(In =01 [ et o) 1)
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< g [exp ((9 A 0) /0 h e e, (&, (1), wz(t))dt)

« (exp ( /0 h eatcn(ft(w),ﬂl(t),Wz(t))dt> _ 1> 10, — 9@

< 7 o [ e entenn' o 0 )

(o[ etenten . 22onar )i -1 )|

= |6y — 0] x Efl’FQ {exp (2 /OO e e, (&, (1), 7T2(t))dt):|
0

2L2/0¢ L
- (v?(z') + —3).
o — 3 P3

Here, the first inequality is according to €** — 1 < (¢® — 1)z for all z € [0,1] and b > 0

§|90—6|X

and the last inequality follows from (3.3.5). Therefore, we have

2L2/a L
04 (00, ) — £ (0,)] < sup  sup |6y — 0] x — (W(’i) I _3>

mlelll , n2€ll?, a — p3 P3
2L/ L
= |6 — 0] x 25 (Vz(z’) + —3) (3.4.20)
o —p3 P3

which means that {go((ln), n € N} is equicontinuous on [0, 1] x S. According to the Ascoli-
Arzela theorem, there exists a sequence n; — oo and a continuous function ¢, such
that, for each 7 € S,

lim ™) (0, 1) = pa(6,4) uniformly in @ € [0, 1] and p4(-, 1) € C([0, 1]).

k—oo ¢
Moreover, by taking ny — oo in (3.4.18), we have

aella/a
1< 0o(0,i) < 2y ).
< pal(0,1) pER———" (4)
Define

Ly, (0,i) = sup  inf {ZQ(J'IZ',MWW&”’“)(@J)+90nk(i,u,v)<p&"’f)(9,i)],
neP(A(i)) vEP(B(9)) o5

L(0,i) = sup inf { q(jli, u, v)pall, j +90iaM,V@a9,i}.
( ) HEP(A(i)) YEP(B(9)) JEZS (’ ) ( ) ( ) ( )

Then by Fan’s Minimax Theorem [33, Theorem 3], we have

L, (0,i) = inf sup { q(jli, g, ) (0, §) + Ocn, (i, 1, )™ e,z‘],
+(0,9) ueP(B(i))MGP(A(i))jeZS Va0 7) L) (6]
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and

LQ’Z - lnf Su ‘7;7 71/ 049)‘ +9627 7” aeji .
(6,5) VeP<B<i>>#€p(£(i))LEZSq(J! 1, V) a0, 5) + 0c(i, p1,v)pa(8, 1)

k) - . n o (ny) .
Since @i is the solution of (3.4.14), then o) has a derivative dwgak a.e. and satisfies

d
e {a@gpgbk)(@, i)] = ™) (0,1) 4 L, (0,7), a.e. 0€]0,1]. (3.4.21)

Fix any i € S; {ago&"k)(-, i)+ Ly, (+,7) }n,>1 1s a sequence of functions on [0, 1]. Then, we

n

should prove that {ap ™ (-, i) + Ly, (+,1) }n,>1 uniformly converges to ap, (-, %) + L(-, 1)
on [0,1]. Note that {@7*(-,4)}n,>1 converges to @a(-,7) uniformly in 6 € [0,1]. Thus
by closely mimicking the arguments in step 2, one can prove that for any € > 0, there

exists a Ny such that for ny > Ny, we have

sup |aa(0,4) + L(0,1) — agp&”’“)(ﬁ, i) — Ly, (6,1)

0€[0,1]

< a sup |pa(0,i) — 4,0((1”’“)(9,2') + sup |L(0,i) — L, (0,7)| < e.
0€[0,1] 0€[0,1]

That implies that {agp&nk)(-, i)+ L, (+,7) }n,>1 uniformly converges to ap, (-, ) + L(-, 7).
Therefore, for any i € S, taking limit ny — oo in (3.4.21), we have

dpa(0,1)

apa(0,1) + ob 7

= apa(0,1) + L(0,3), a.e. 0€]0,1],

which implies that

Yo . . . { . . . . ]
al——(0,7) = su inf 1, 1, V)0 (0, 7) + 0c(t, 1, v)pa (0,1
—7-(0,9) e ;q(ﬂ 1, v)¢al(0, ) + 0cli, 11, v)pa (0, 1)

= s |5l 0)en(09) + Ocli e )00
veP(B() peP(AG)) ;

i€ s, ae 6el0,1]. (3.4.22)

By (3.4.22), Assumptions (A1) and (A2), and the upper bound of ¢, given above, we say
0o € LP([0,1] x S) and is a solution to the HJI equation (3.3.1) satisfying the bounds.

Finally, the uniqueness follows from the probability expression in Theorem 3.3.1. ]

3.5 The existence of saddle-point equilibrium

In this section, we present the main result of this chapter, namely, that the a discounted
risk-sensitive zero-sum game problem admits a value and shows the existence of a saddle-

point equilibrium.
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Theorem 3.5.1. Suppose that Assumptions (Al)-(A4) are satisfied. Then, the following

assertions hold.

1. The HJI equation (3.3.1) has a unique solution @, € L2 ([0,1]x.S) and the solution

admits the following representation

1 <¢u(0,i) = sup inf Eflﬁ {exp (9 /00 e (&, (1), WQ(t))dt):|
0

2e112
rlenl , ™€y,

= inf sup E;Tlﬁ exp 9/ e (&, 7 (t), 2 (t))dt
m2ell, rlerl,, 0
@2€0L2/a

o = pipat

2 35).

2. There exists a pair of measurable functions (u*,v*) such that p* is the outer max-
imizing selector in (5.5.1), and v* is the outer minimizing selector in (3.5.1). The

optimal equation is

0295 = sup [ZQ(J'IZ}M,V*)%(@J)+90(i,u,1/*)90a(9,@')]

dp neP(A6) Lics
= inf |2, 1, v)0a (0, 7) + Oc(i, 1™, v)pa (0,1
B | S )00(0.9) + 0661200,
a.e. 0 €10, 1]. (3.5.1)

3. For any pair of measurable functions (u*,v*) as in part (2), the correspond-
ing pair of Markov strategies (7*!,7*%) where *1(i,t) == p* (et 1), 7*%(i,t) =
v*(fe= i), (t > 0,4 € S), is optimal. So, (7*',7*?) € I}, x 13, is a saddle-point

equilibrium point.

Proof. Part (1) follows from Theorems 3.3.1 and 3.4.1. To prove (2), for each given
(0,i) € [0,1] x S, by Lemma 3.2.7 we have the continuity of the function

F(i,0,p,v) =Y q(lis 1, v)¢al8, 5) + 0cli, 1, v) (6, 1)
jes
in (u,v) € P(A(7)) x P(B(i)). Thus, the measurable selection theorem [17, Proposition
7.33], or [89, Theorem 2.2] ensured the existence of a pair of measurable functions (u*, v*)
satisfying (3.5.1), and so (2) follows. Moreover for any (u*, v*), satisfying (3.5.1), if we
define #*1(i,t) := p*(0e=,4),7**(i,t) := v*(0e =" i), (t > 0,7 € S), from the proof of

Theorem 3.3.1, we have

ja<i797'ﬁ'*17ﬁ'*2) = SupWIEH}M jCX(iaeaﬂ-laﬁ-*z) = ianZGHid ja(iueaﬁ-*lvﬂ-z) = @a(e,i),
which together with (3.2.4), (3.2.5) and part (1), implies that (7*!,#*?) is a saddle-
point equilibrium. O
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Remark 3.5.1. Note that (7*!,7*%) € 11}, x 113, as defined in theorem above is a saddle-
point equilibrium for the cost criterion (3.2.4) and we have U(i) = L(i) = J%(0,i) =
%log ©0a(0,1). Thus the value of the game exists.

3.6 Example

In this section, we verify the above assumptions with an example, in which the transition

rate is unbounded and cost rate is nonnegative and unbounded.

Example 3.6.1. Consider a controlled birth-death system in which the state variable
denotes the total population at each time t > 0. There are ‘natural’ birth and death
rates, say \ and [i, respectively, and death parameters hy controlled by player 1 and birth
parameters hy controlled by player 2. When the state of the systemisi € S :={0,1,---},
player 1 takes an action a from a given set A(i), which may increase (hy(i,a) > 0) or
decrease (hi(i,a) < 0) the death rate. These actions produce a payoff denoted by c,(i, a)
per unit time. Similarly, if the state is i € S, player 2 takes an action b from a set
B(i) to decrease (ha(i,b) < 0) or to increase (ha(i,b) > 0) birth rate, and these actions
result in a payoff denoted by co(i,b) per unit time. In addition, assuming that player 1
‘owns’ the system, he/she gets a reward r(i) := p - i for each unit of time during which
the system remains in the state 1 € S, where p > 0 is a fixed reward fee per customer.

We next formulate this model as a continuous-time Markov game. The corresponding

transition rate q(j|i,a,b) and reward rate c(i,a,b) for player 1 are given as follows: for

(0,a,b) € K (K as in the game model (5.2.1)).
q(1]0,a,b) = —¢(0]0,a,b) := ho(0,b)
and, for (i,a,b) € K with i > 1,

fii +hi(iya), if j=i—1
—Ni — jii — hy(i,a) — hy(i, ), if j =i

i, a,b) =
aUli- a,b) Xi + ha(3,b), if j =i+1
0, otherwise.
c(iya,b) :==p-i—ci(i,a) + (i, b) for (i,a,b) € K. (3.6.1)

We assume that player 1 is mazimizing player and player 2 is minimizing player. Player
1 gets an immediately reward rate c(i,a,b) and he/she tries to maximize his/her total
payoff through the infinite horizon continuous-time discounted cost criterion and at the
same time, player 2 incurs an immediately cost rate c(i,a,b) and he/she tries to minimize

his/her total payoff through the same cost criterion.
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We want to find conditions under which there exists a pair of optimal strategies. To

do so, we use the following assumptions.

(I) Let i > X\, ii + hq(i,a) > 0, and Xi + ha(i,b) > 0 for all (i,a,b) € K with i > 1;
and assume that hi(0,a) =0 and ha(0,0) > 0 for all (a,b) € A(i) x B(i).

(II) For each i € S, A(i) and B(i) are compact subsets of a Polish space.

(III) The functions hy(i,a), hao(i,b), c1(i,a), and co(i,b) are bounded in the supremum
norm and continuous with their respective variables for each fixed v € S. Hence

there exist nonnegative constants Lo, By, and By such that

sup (le1(, a)| + |ea(i, 0)]) < Lo,
(3,a,b)eK

sup |hi(i,a)] < By,and sup |hi(i,b)| < Ba.
(i,a)ESX A (i,b)eSxB

(IV) Set C = By + By and assume that C < ;T/\)\; and cy(i,b) — ¢1(i,a) > 0 for all
i€S,a¢€ A(i), and b € B(i). Moreover, there exists a constant ps such that

. ~ -
0<py < mln{a, ﬁ} and p < 2 log(fi/N).

Proposition 3.6.2. Under conditions (1)-(IV), the above controlled birth-death system
satisfies the Assumptions (Al)-(A4). Hence by Theorem 3.5.1, there exists a pair of

optimal strategies.

Proof. Take a Lyapunov function as

V(i) = <§> for i€ . (3.6.2)

By condition (I), we have V(i) > 1 for all ¢ € S. Define p; = (‘/Tﬁ — 1)C. So, by above
conditions, we have p; > 0. Now for each ¢ € S, and (a,b) € A(7) x B(i), we have

>

Z q(jli,a,b)V(j) = q(i — 1|i,a,b)V (i — 1) + V (i)q(i|i, a, b) + V(i + 1)q(i + 1|i, a, b)

= = (XN + ho(i,0))(V(i+ 1) = V(0)) + (@i + hi(i,a)(V(i—1) = V(i)
= (\/Tf — 1) (A = V/A)i + ha(i, b) — %hl(i, a))V (i)
< (E =) (Il + a0 ) V)
< (R 0@+ BV
_ 0(% —)V()
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= p V(). (3.6.3)

Now let L, := maX{Q(Bl + Bg),4l()‘J(““))} > 0. So, we have

sup gi(a,b) < sup {/\i + i + |ha (7, a)| + |ha(, b)|}
(a,b)EA(H) x B(i) (a,b)EA(i) x B(i)

<i(A+fi) + (B + Bs)
< LV(i)Vies.

Hence Assumption (A1) is verified. Now we verify Assumption (A2)

sup C(i’a;b) <p-i+ sup |Cl(i7a)| + sup |02<Zab>|
(a,b)EA(H)x B(i) acA(i) beB(i)

< 7,5 lOg(A) + LQ

By condition (IV), it is obvious that 0 < py < min{a, p;*a?}. So, Assumption (A2)
holds.

Now we want to verify Assumption (A3).

> alili,a,))V2(j) = V(i = 1)g(i = 1]i, a,b) + V3(i)q(ili, a, b) + V(i + 1)g(i+ 1]i, a, )
jes

()\z + ho(i, b))(v% + 1) — V() + (@i + hy(i,0)) (V2 — 1) — V2(3))
= — 1) (ha(i,b) — —h1 (i,a)) V(i)

< (= — DI |hi(i,a)| + |h2(i, b)|)V2(z')

Now take p; = (£ —1)C and Lz = 0. By condition (IV), we have 0 < p3 < a. So,
Assumption (A3) is verified. By condition (I17), we see that ¢(j|i,a,b) and c(i,a,b)
are continuous in (a,b) € A(i) x B(i). Now since hy(i,a) and hy(i,b) are continuous
with their respective variables for each fixed i € S, by (3.6.3), we can confirm that the
convergence of ;¢ q(j[i,a, b)V(j) is uniform in (a, b) € A(i) x B(i). Hence Assumption
(A4) is also verified. Hence by Theorem 3.5.1, we say that there exists an optimal pair

of Markov strategies for this controlled Birth-Death process. O]
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CHAPTER 4:

Continuous-time zero-sum games for Markov
decision processes with discounted risk-sensitive cost
criterion on a general state space

4.1 Introduction

In this chapter, we study two-person infinite-horizon discounted-cost risk-sensitive zero-
sum stochastic games for CTMDPs with unbounded transition and reward rates. The
main objective of this work is (1) to prove the existence of the value of the game and
saddle-point equilibrium (2) to give a characterization of the optimal strategies in terms
of the corresponding Hamilton-Jacobi-Isaacs (HJI) equation (3) to provide an important
example.

Risk-sensitive cost criterion plays an important role in many applications including
mathematical finance see, Whittle [114] and references therein. The analysis of risk-
sensitive control is technically more involved because of the exponential nature of the
cost. Though this criterion has been studied extensively in the literature for MDPs
see [21], [30], [32], [47], [53], [62], [81], [82], [94], [108], the corresponding game version
has a few literatures. In a risk-sensitive zero-sum game, the goal of player 1 is to
maximize his/her rewards, whereas that of player 2 is to minimize his/her costs with
respect to some performance criterion J,(-,-,-,-), which is defined by (4.2.4), below.
Such a model is relevant in worst-case scenarios, e.g., in financial applications when a
risk-averse investor is trying to maximize his long-term portfolio gain against the market
which, by default, is the minimizer in this case. Infinite horizon zero-sum risk-sensitive
stochastic games on a countable state space have been studied in [12]. The paper [16]
extended the results of [12] for general state space. Both in the papers [12] and [16],
the authors considered the discrete-time case and bounded cost function. Let us also

mention the recent work of [95], which studies the infinite-horizon zero-sum risk-sensitive
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game for CTMDPs with general state space and bounded cost and transition rates. But
this boundedness requirement restricts our domain of application since in many real-life
situations, we see that the reward/cost and transition rates are unbounded for example
in queueing control and population processes. In [48] and [117], the authors studied finite
horizon zero-sum risk-sensitive continuous-time stochastic games with unbounded cost
and transition rates. In the paper, [51], the authors studied infinite-horizon continuous-
time risk-sensitive zero-sum games for MDPs on countable state space with unbounded
cost and transition rates. In this chapter, we have generalized the results of Chapter 3
(that is a zero-sum stochastic game problem on countable space) to a zero-sum stochastic
game problem on general state space. In other words, here we extend the work [49] from
a single control problem to a game problem.

To the best of our knowledge, this chapter is the first work that deals with infinite-
horizon continuous-time zero-sum risk-sensitive stochastic games with unbounded cost
and transition rates with feedback strategy strategies and the state space is general Borel
space. We know that there are lots of literature on countable state space in the game
model. But a few for general state space. There are lots of real-life situations for example
when we work in chemical reactions, the Gaussian model,s etc., where the state spaces
are uncountable. Hence, our model can play a significant role in those situations. Here,
we solve the zero-sum stochastic game problem by characterizing the value function as
a solution to the HJI equation. In particular, we prove that the solution of the HJI
equation is in fact unique and coincides with the value function of the zero-sum game
problem under consideration. Also, we prove the existence of a saddle-point equilibrium
in the class of Markov strategies via HJI equation.

The rest of this chapter is organized as follows. Section 4.2 deals with the description
of the problem. In Section 4.3, we prove the stochastic representation of the solution of
HJI equation (4.3.1). The existence of the unique solution to the HJI equation is proven
in Section 4.4. In Section 4.5, we prove the value and saddle-point equilibrium in the
class of Markov strategies. In Section 4.6, we illustrate our theory and assumptions with

an example. The content of this chapter is based on the published article [50].

4.2 The game model

In this section, we first introduce the continuous-time zero-sum stochastic game model
M= {S, 4, B,(A(z) C A, B(z) C B,z € §),q(-|z,a,b),c(z,a,0)},  (42.1)
which consists of the following elements:

e S is the state space. We assume that S is a Borel space with the Borel o-algebra

B(S).
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e The action spaces for players 1 and 2, are respectively, denoted by A and B. Here
the spaces A and B are assumed to be Borel spaces with the Borel o-algebras B(A)
and B(B), respectively.

e For each z € S, A(x) € B(A) and B(z) € B(B) denote the sets of admissible
actions for players 1 and 2 in state x, respectively. We assume the following.

(A0)(a) The admissible action spaces A(x) and B(z) are compact for each x.

e The set of all admissible state action pairs is denoted by K := {(x,a,b)|z € S,a €
A(z),b € B(z)}, is a Borel subset of S x A x B. Given any (z,a,b) € K, the
transition rate ¢(-|z,a,b) is a signed kernel on S such that ¢(D|z,a,b) > 0 for
all z ¢ D € B(S). Moreover, we assume that ¢(-|z,a,b) satisfies the following
conservative and stable conditions:

(A0)(b) for any z € S,

q(S|z,a,b) =0 and
q*(z) = sup ¢:(a,b) < oo, (4.2.2)
(a,b)eA(x)x B(x)

where g,(a,b) := —q({z}|z,a,b) > 0.

e At last, the nonnegative measurable function ¢ : K — R, U{0} denotes the reward

rate function for player 1 (or the cost rate function for player 2).

The game evolves as follows. The players observe continuously the current state of
the system. When at time ¢t > 0, the system is in state x € S, the players independently
choose actions a; € A(x) and b; € B(x), respectively, according to some strategies. As

a consequence of this, the following happens:

e player 1 receives an immediate reward at rate c¢(x, as, b;) and player 2 incurs a cost

at rate c(x, a, b;); and

e the system stays in state x for a random time, with rate of leaving = given by

qz(ag, by), and then jumps to a set D, z ¢ D with the probability determined by

a(Dlz, ai,br) (see Proposition B.8 in [59, p. 205] for details).

qz(ay, by)

When the state of the system transits to the new state y # x, the above procedure is
repeated.

Now, we describe the construction of CTMDPs under possible feedback strat-

egy strategies. To construct the underlying CTMDPs (as in [63], [75], [99]) we

introduce some notations: let Sp := S U {A} (with some isolated point A ¢
S), Q = (S x (0,00))®, Q = Qo U {(zg,n1,7], Mk, Ty, 00, AN, 00, A, -+ - )|
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z, € S,x; € S,;m € (0,00), foreach 1 < [ < k,k > 1} (endowed with the product
topology), and let .# be the Borel o-algebra on 2. Then we obtain the measurable
space (2,.%). Now, for each w = (2o, 11,1, , Mk, Ty, -+ ) € Q, define Ty(w) = 0,
To(w) :==Th-1(w) 4+ M, Teo(w) := limy, 00 Tn(w). Using the definition of {7} }, we define

the state process {{;}+>0 as

§w) = Iimcienyty + Lusry A, for t >0, (4.2.3)
k>0

where, Ir denotes the indicator function of a set E, and for all z € S, we use the
convention, 0 + z =: z and 0z =: 0. It is obvious to note that & (w) is right-continuous
on [0,00). From (4.2.3), we conclude that Ty(w) (k > 1) denotes the k-th jump instance
of {&,t >0}, &1 (w) = 2,_, is the state on [Ty (w), Th(w)), 7 = Th(w) —Tr_1(w) is the
sojourn time at state x;_,, and the sample path {&(w),t > 0} has at most denumerable
states x;ﬁ(k’ =0,1,---). The process after T, is assumed to be absorbed in the state
A. Let A(A) := {aa}, B(A) := {ba}, where an, ba are isolated points. Then, let
q(-|A an,ba) == 0, ¢(A,a,b) := 0, for all (a,b) € Ax x Ba, where Ap := AU A(A),
Ba := BU B(A). Also, suppose .%; := c({T < 8,&p, € S} :0<s <t k>0) for all
t>0,and & = o({C x {0},D € %} U{C x (s,00),D € F,_}) which denotes the
o-algebra of predictable sets on €2 x [0, 0o) related to {.# }i>0, where F#,_ =:\/ _,_. F.
Now to define the risk-sensitive cost criterion, we introduce below the deﬁn;tion of

strategy.

Definition 4.2.1. An admissible feedback strateqy for player 1, denoted by w' =
{7 (t) }i>0, is a transition probability ' (da|w,t) from (2% [0, 00), Z) onto (Aa, B(Aa)),
such that 7 (A(&_(w))|w, t) = 1. Using appropriate projections of the transition kernel
7, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {mi, k > 0} of the stochastic kernel on A such that

' (t)(w) = 7 (da|w, t)
= ]{tZU}(t)ﬂé<da|x/07 O) Hf Z I{Tk<t§Tk+1}7T1i(da|x;)’ ‘917 x/h e a0k7 x;mt - Tk)
k>0
+ ‘[{tZToo}(SaA (da)7

where w(da|zy,0) is a stochastic kernel on A given S such that 7§(A(zy)|zg,0) =
1, mi(k > 1) are stochastic kernels on A given (S x (0,00))*"! such that
T (A(xy )| Ty, 01,25, - -+, O, 2y, t — Tx) = 1, and 6,,(da) denotes the Dirac measure at

the point aa.

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all
admissible feedback strategies for player 1 is denoted by IT},. A strategy 7' € II}, for
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Chapter 4 4.2. The game model

player 1, is called a Markov if 7! (¢)(w) = 7! (&_ (w), t) i.e., 7' (da|w, t) = 7' (dal&— (w), t)
for every w € Q and ¢ > 0, where &_(w) := limyy &(w). For notational simplicity, we
would not write w anywhere throughout the rest of this chapter. We denote by IT}, the
family of all Markov strategies for player 1. The sets of admissible feedback strategies

I1%, and Markov strategies I3, for player 2 are defined analogously.

Remark 4.2.2. In the definition of strategies we do not include the entire history of
the game, i.e., past and present states, past sojourn times, and past actions taken by
the players. Instead, we are dealing with feedback strategies that include only past and
present states and past sojourn times for each player’s admissible strategies, for details,
see [Chapter 3, Remark 3.2.2 ].

For any compact metric space Y, let P(Y) denote the space of probability measures
on Y with Prohorov topology. Then under Assumption (A0)(a), Proposition 7.22 in
Bertsekas and Shreve [17, p. 130] implies that P(Y") is compact and metrizable. Hence,
for each x € S, P(A(z)) and P(B(x)) are compact and metrizable. For any pair of
strategies (7!, %) € I}, x II%,; and any initial state x € S, by Theorem 4.27 in [76]
there exists a unique probability measure denoted by PI - e n (Q,%). Let E;T i
be the expectation operator with respect to PT ™. For each # € S, u € P(A(x))
and v € P(B(x)), the associated transition and cost rates are defined, respectively, as

follows:

2@y, o) = / y / a(dy| ) a, b)pu(da)v(db),

c(x, p, v / / c(x,a,b)u(da)v(db).
B(z) J A(x)

(by abuse of notation we use the same notation ¢ and ¢). We first fix any discounted
factor a > 0 and risk-sensitive parameter 6 € (0,1]. For any (7', 7?) € T}, x I3, and

x € 5, the risk-sensitive discounted criterion is defined as

Jo(0, 2,7 72 = élog{Ef’”Q {exp (9 /0 K e—atc(gt,w1<t),7r2(t))dt)] } (4.2.4)

provided that the integral is well defined, where {&;}:>¢ is the MDP corresponding to
(rt,7?) e TTY, x T3,
Now we define the functions on S as

U(z) = inf sup Jo(0,2,7",7%) and L(z):= sup inf J (0,2, 7", 7).

m2 €l i), rlerl , ey,

The functions U(x) and L(x) are called the upper value and lower value, respectively,
of the game. It is clear that L(x) < U(x) for all z € S.
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Definition 4.2.3. If the two functions U(x) and L(x) are equal, i.e., U(x) = L(x) for
all x € S, then the common function is called the value of the game and denoted by
JX0, ).

Definition 4.2.4. Consider that the game has a value J*. Then a strategy ="' in TI},
is said to be optimal for player 1 if
inf J, (0,7, 7" 1) = JX(0,z) Vo € S.

n2ell?,
Similarly, ©2 € 113, is optimal for player 2 if

sup Jo (0,2, 7', 7)) = J5(0, 1) Vx € S.
mlelll,
If % € 1%, is optimal for player k (k=1,2), then (7*', 7*?) is called a pair of optimal

strategies and also called a saddle-point equilibrium.

Now, since logarithm is an increasing function, we study ja(Q,x, 7!, 7?) instead of
studying J, (0, z, 7', 7%) on [0,1] x S x I, x I1%,. We define .J,(, z, 7", 72) as

Jo(0,z, 7" 72) = BT {exp <e / e~ (&, (1), 7r2(t))dt>} : (4.2.5)
0
It is easy to observe that (7*!, 7*?) is optimal if and only if for all x € S,

inf ja(e,x,w*l,WQ) = sup ja(ﬁ,x,wl,W*Q) =: j;(@,x)

n2ell? rlell,
We now introduce some frequently used notations.
Notations: Let us introduce some frequently used notations. We define the spaces
C>(a,b), Aus([0,1] x.9), (B ([0,1] x 9), || - I%%), and Lo ([0, 1] x S), for any real-valued
function W > 1 on S, as defined in Chapter 2, p. 19.
We need the following conditions for non-explosion of the state process {&;,t > 0}, and
finiteness of J, (6, x, 7!, 7?), which are widely used in CTMDPs; see, for instance, [53],
[62], [63], [64].

(A1) There exists a real-valued Borel measurable function V' > 1 on S such that

(i) for some constant py > 0, the Lyapunov stability condition, [¢V(y)q(dy|z,a,b) <
poV (x) holds V(z,a,b) € K,

(ii) for some constant My > 0, the non-explosion condition, Sup, y)e a(z)x B(z) ¢=(a@;b) <
MyV (z) holds Vz € S;
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(iii) for some constants Ly > 0 and p;, the logarithm growth condition,
SUD (4, b)eA(x)x B(x) C(T, @, 0) < prlogV(x) + Ly holds Yz € S, where 0 < p; <
min{a, g, ' a?}.

Proposition 4.2.5. Grant Assumptions (A0)(a), (A0)(b) and (Al). Then for any

(0,2) € [0,1] x S and pair of strategies (7', %) € 1Y, x I1%,, the following results

are true:
(a) Pf’“Q(ft €S =1, wal,w?(&] =z)=1, and PHZTI’WQ(TOo =o0) =1, forallt > 0;
(b) EX "V (&)] < eV (x) for all t > 0;

(c)

2 T ~
L
a” — pPop1 o «

Proof. For parts (a) and (b), see, [61] and ([63, Theorem 3.1]).
Proof of part (c): See Proposition 2.2.3 (3), Chapter 2, p. 17-18.

(A2) The Borel measurable function V2 > 1 on S, satisfies the following condition
Jsaldylz,a,0)V?(y) < paV?(x) + b1 ¥ (2,a,b) € K, for some constants 0 < py < a,
and b; > 0, where V' is as in Assumption (Al).

An extension of It6-Dynkin’s formula has been developed in [53] under the above
assumption, which can be used to study the admissible feedback strategy case. Also,
we need the following continuity conditions to ensure the existence of pair of optimal

strategies.

(A3) For V as introduced in Assumption (A1), the followings hold:

(i) the functions ¢(-|x,a,b) and ¢(z,a,b) are continuous in (a,b) € A(x) x B(x), for
any fixed z € S,

(i) the function / V(y)q(dy|x,a,b) is continuous in (a, b) € A(x)x B(z), for any fixed
s
xr€eS.
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4.3 Probabilistic representation of a solution to the
HJI equation

We continue our analysis through the criterion (4.2.5). Using dynamic programming
heuristics, we consider the following HJI equations satisfying the bounds:

p

ab22(0.2) = su inf {/ dylz, ;1 v)pa(0,y) + Oc(x, 1, v)pa (0, x
2 (0, 1) s A Sq( ylz, 1, v)eall, y) + 0c(x, p, v)pa(l, )

= nt s | [yl a0 + 0o )0,
veP(B@) uep(Aw) L s
r €S, ae 0el01],

1< (pa(@,l‘) < a2*0f520ﬁ1960ﬁ0/av%(x) for (an) < [07 1] x5,

(4.3.1)

where the upper bound of ¢, (6, ) is inspired by Proposition 4.2.5.
The next theorem is our verification theorem, here we show that if the HJI equation

has a solution then it is equal to the value function corresponding to the criterion (4.2.5).

Theorem 4.3.1. Under Assumptions (A0)(a), (A0)(b), (A1)-(A3), suppose that the HJI
equation (4.5.1) has a solution p, € L{2([0,1] X S) satisfying the bounds. Then, for all
(0,2) €[0,1] x S, we have pa(0,x) = J*(0, x) that is,

@0, 2) = sup inf ET " [exp(& /00 e_atc(ft,Wl(t),wz(t))dt)]
0

2
rleml , e,

— inf sup ET T {exp(@ /0 OOe‘atc(ft,wl(t),ﬂz(t))dt)]. (4.3.2)

2e1? , rlert
TS ag mhelly,

Proof. For the proof, see Theorem 3.3.1, Chapter 3, p. 48-51. O

4.4 The existence of solution to the HJI equation

In this Section, we prove that the equation (4.3.1) is the HJI equation for the « dis-
counted cost (4.2.5) and the equation (4.3.1) has a solution in L{°([0,1] x ). We give
detail proof of the above. To do so, we first truncate our transition and cost rates which

plays a crucial role to find the solution of the HJI equations.

Theorem 4.4.1. Grant Assumptions (A0)(a), (A0)(b), (A1)-(A3). Then the HJI
equation (4.3.1) has a unique solution ¢, € L$([0,1] x S) satisfying the bounds

1 < 0a(0,2) < SRV for all (6,2) € [0,1] x S.

a?—pop16

Proof. Let 0 < 6 < 1 and n > 1 be fixed constants. For each n > 1, 2z € S, a € A(x),
b € B(x), let S, := {z € S|W(z) < n}, A (z) = A(z), Bu(z) = B(x), K, =
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{(z,a,b)|x € Sp,a € Ap(x),b € B,(x)}. Moreover for each z € S, a € A,(z), b € B,(z),

define truncated cost and transition rates are

e ab) = e(z,a,b) A min{n, pyInV(z) + Lo} if z € S,, (4.4.1)
0if ¢35,
and
d b) if x €5,
¢"(dylz, a,b) == d(dvfr, a.b) i« (4.4.2)
0 if = ¢5,.

By the definition of S, and Assumption (Al)(ii), we say that g (a b) =
/. s/ {w}q (dy]a: a,b) is bounded and so we can choose a suitable Lyapunov function
V to satisfy [¢q™ (dylz,a,b)V(y) < poV(z), and g™ := SUD (4, a,b)c ¢ @ (a b) <

Now, we prove our theorem in three steps. In the first step, we show that there exists
a unique function 4" (dependmg on n, d) in L ([0, 1] x S) that satisfies a truncated
HJI equation (4.4.3), given below. In the second step we construct a solution o )(~, x)
by passing the limit as 6 — 0. In the last step, we take limit n — oo and show that the
HJI equation (4.3.1) has a solution.

Step 1: In this first step, we show the following parts. Let ft(") be the process corre-
sponding to the ¢ (-|z, a,b) and T5(6) := a~'log(6/s).

1. o0 e By ([0,1] x S) is a bounded solution to the following first order differential
equations (DEs) satisfying the boundary condition as:

2 _ ~ [ / (n.,9) (n,3) ]
ab 0,r) = sup inf dy|x, u,v 0,y) + Oc,(x, u, v (0,
90 ( ) P (A(e)) vEP(B)) ( ylz, p, ) (0,y) (T, 1 )‘pa ( )

=t s | e n ) D0.0) + 8o, ) 10,0)
VEP(B(T)) LEP(A(z))

oGy =l
(4.4.3)

where 6 € (d,1] a.e., and z € S.

2. @&”’5)(8, x) has the following probabilistic representation:

mlelll 7™ 2el?,

T5(0)
O )= sup inf ETT [en5/a exp(@/ e_o‘tcn(ﬁtn),wl(t),WQ(t))dt)}
0

T5(0)
— inf sup ET T {6"5/“ exp(@/ e, (6™ 7 (1), 72(t))dt }
0

T2EI ) 71 enl,,

rlelnl
mlelly,

T5(6)
= sup E [“é/aexp@ / eatcn@i"),wl(t),w?(&_,t))dtﬂ
0

ﬂ_*l 7T2 T5(9) ( )
— inf B {ené/aexp(e / e—atcn@t",wf(ft_,t),w?(t»dt) ,
0

2712
m2ells,

(4.4.4)
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where (7}!, 73?) € 11}, x II%,, some pair of strategies and = € S, 0 € (§,1] a.e.

Proof of part 1: Let us fix a function u € B;([0, 1] x S). Then since ¢, is bounded,

we have

o 1
sup sup/ sup inf {—sup [/ "™ (dy|z, u, y)u(s,y)] + cp(x, pu, v) supu(s,:c)}ds
0c[s,1] 2€S|Js peP(A(x) vEP(B(@)) (S zeS [Js zes

1
1
< HuH‘f"{/ sup sup  —sup <2q( am )) ds +n(1 — 5)}
5 weP(A(z) veP(B(z)) S z€S

< Jlull® [<—2>q~<"> log 8 + (1 — 5)]

So, we can define a nonlinear operator T : By([0,1] x S) — By([0,1] x S) as follows:

Tu(f, z) =™ + L /6 sup inf F / "™ (dy|z, 1, v)u(s,y) + cn(z, 1, v)u(s, z) | ds.
5 ueP(A() vePB@) s Jg
It is easy to see that the map T is well-defined.

Then by analogous arguments as in [Lemma 2.4.1, Chapter 2, p 24-25] and by
Banach fixed point theorem, there ex1sts a unlque bounded function 7" € By([0,1]x5)
(depending on (n,d)) such that T = o™ that is,

0(0, x)

1 W 1
= ean/a + / Sup 1nf |:_ / n) (dly‘x7 /’L7 )gp&n 6) (57 y) + C?’L(‘x7 :u7 V)gp(n §)<S x>:| dS
5 peP(A(z)) YEP(B(x))

e 1
_ on/o 1 . ) (nd) ( :
1n Sl][) / d J}, /17 90 ) Cn {E, ,y ”5 S €T dS

where the second equality holds by Fan’s minimax theorem, see [33, Theorem 3]. Hence
by using the above equation, (4.4.1), and (4.4.2) we say go&n 9 ¢ Ly ([0,1] x S) and it
satisfies equation (4.4.3).

Proof of part 2: First notice that ¢{"” (6(T5(0)), f(TZ)) = e™/® Now let us consider

two measurable functions
f:(0,1) xS —=P(A)and v:(0,1) x S — P(B),
such that

sup int |l s )l 90.0) + B a6, )
pEP(A(z)) vEP(B()) [ Js

~_inf [ /S 0 (dylz, 8, 2), )0 (0, y) + e, (8, 2), )0 (6, x>] (4.4.5)
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and

inf  sup { / ¢ (dylz, 1, )70 (0, ) + Ocy(x, 1, V)@&”’é)(g,x)}
veP(B(2)) ueP(A(x)) L/ s

= sup [/q(”)(dyI%M,ﬁ(O,w))w&”’é)(e,y)+90n(rc,u,ﬁ(e,x))sﬂé”’é)(&x)]- (4.4.6)
nep(A) L/s

The measurable selection theorem in [89, Theorem 2.2] ensures the existence of such

measurable maps. Let
iRy xS — P(A) and 732 : R, x S — P(B) (4.4.7)

be defined by 7}'(x,t) = a(fe~ z) and 7*(x,t) = v(fe ', x). Here (7}',7}%) €
I}, x I13,. Let 6(t) := 6=t for t € [0,00). Since ¢, and " are bounded, by using

Dynkin’s formula from [53, Theorem 3.1] we obtain

Y L D" ) (n) (n) _1 2 (n.,6)
B2 [ |00 25 06 ) + [ (e 7 5) w0051,

T 0(5)en (€ w), 7 (), 72(5)) ) (6(s). 55“)} o < [ owenteaw), w?(v))dv) ds}
gy {exp( / " p(s)enle, 71(), ﬂs))ds) o (0<T6>, é’?)] 0 (6,2).
(4.4.8)

From (4.4.3), (4.4.6), and (4.4.8), we have

1 %2 Té(e)
B (e xp( [ 01016079, a5 )| <ol 00.).
0

Therefore, we obtain

1 %2 T5(0)
S0(0 2) > sup ET [/ exp( [ s)ee w0, w6 s))ds)]
0

177l
mtelly,

Ts(0)
> inf sup EF [6"5/“ exp (/ 0(s)ca (Y, 7T1(S)77T2(S))d8):| :
0

2el?, rleTt
moellag ©lell,

(4.4.9)

Using (4.4.3), (4.4.5), and (4.4.8), by analogous arguments, one can prove that

*1 2 T&(G)
P (9,2) < inf BT [e”‘”anP( / 9(S)cn(€§"),7r§1(€s—,s),WQ(S))dSﬂ
0

LRIS

L s T5(0)
< sup inf EI T {e”‘s/o‘exp(/ G(S)Cn(fgn),Wl(S),WQ(S))dS)}.
0

2172
mlelll | 7™ €llygy

(4.4.10)
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Therefore, from (4.4.9) and (4.4.10), we obtain (4.4.4).

Step 2: In this step, we prove the existence of an absolutely continuous function
@&”)(-, x) from gp&n’a)(-, x) by passing to the limit as § — 0, which satisfies the following
first-order DEs:

;

0025 (0,7) = sup inf [ / q<“><dy|x,u,u>sog"><e,y>+ecn<x,u,v>wg”><e,x>]

pEP(A(z)) vEP(B(2))

= Wl sup { [l nne 6.0 +ecn<x,u,u>wg"><9,x>],
veP(B(2)) ueP(A(z)) L) s
x €S, ae 0€l0,1],

1< o(0,7) < SLyA () (0,2) € [0,1] x S.

N — a?—pop10

(4.4.11)

Since SUp(, qper Cn(T,a,0) < n, for given n and 0 < § < 1, by (4.4.4) we have
o0, 2) < e™/e z € 5,0 € [5,1]. Next, we extend the domain of ¢7"" to [0,1] x S
by
6”5/"‘, 0<f<dVzesS

2090, z) =
7 { o0, 2), 5<0<1VzeS.

Note that €** — 1 < (e® — 1)z holds for z € [0, 1] and b > 0. Thus, for any fix n > 1; we

have
T5(9V90) T5(9V90)
/ e=ote, (€, 71 (8), 72(8))dt < / =0t gt
Ts5(61N0p) T5(0N0o)
n
= a[exp(—aTg(e A by)) — exp(—aTs(6V 6y))]
dnlfy — 0|

< 4.4.12
- 06960 ’ ( )

where a A b := min{a,b} and aV b:=max{a,b} and

75(0) 75(0) "
/ e, (67 7 (8), 72(8))dt < n/ et < —. (4.4.13)
0 0
Now by (4.4.12) and (4.4.13), we have
R L T5(9A00)
Bomeniepy = (o [ el 0.0
0
T(;(@\/G())
X <exp (6’0/ e e, ( t(n),ﬁl(t),WQ(t))dt> - 1)}
T5(0N6p)
L T5(9V90)
< cniopy = e (0 [ e 0.0t ) - 1]
Ts5(6N0p)
< 6211/(:1{ (exp<n5|0 B ‘90|> . 1>
al
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< €2n/a (en/a _ 1) ‘90 _ 9"

and
R L T5(6)
pyemeioy  fesp(0nm) [ e 0.0
0
T5(0)
x (exp(yeo — 9| / e‘atcn(@("),7r1(t),7r2(t))dt> - 1)}
0
L T5(6)
< eI/apm lexp<|90 — 6’|/ e_atcn(ft(n)yﬁl@)aWz(t))dt) - 1]
0

< 62”/a<exp (g]@o - 9|> - 1)

< (gl — 1) — 0],

Then for any given 0,0 € [§,1], (7!, 72) € TT}, x T3, = € S, we have
. 4 & (n)
L {6"5/0‘ exp (90/ e “en (" an(t)vﬂzﬁ))dt)}
0
L T5(0)
o)
0
1.2 5 7(0) (n) _1 2
< ‘E;r o [e" fer eXp(Qo/ e_atcn( ¢ o (0), (t))dt>}
0
L T (6o)
[ (0, [ e, 0,2 |
0
1.2 () (n)
0

- T5(6) (n)
0

Hence for all 0,6, € [0, 1], z € S, we have

(B8 (80, ) — P50 (8, 2)] < 26 (e —1)]0 — G- (4.4.14)
(n.3)

Now we want to show that is increasing in § for any (6,z). By measurable

«

selection theorem we get 73! € IT}, as like in equation (4.4.7), corresponding to (™9,

Consider a fixed constant £ > 0 to be small enough. For any 7? € 113, the followings

cases hold.
Casel. 6 <¢
PLI(0,2) — B (0,0) = €7 — ¥ =¥ (e —1) 20
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Case 2. 6 <0 <§+¢

PLor(0,2) — &""” (6, )

Case 3. If 8 > § + € then

Span6+e)<9 I) n6)<9 ,I)
D - T5+s(0)
= sup inf ETT [e o exp(é’/ e e, ( 1fn),7T1(t),7r2(t))dt)}
0

rlelll, ™ €M%

~ inf BN |e®exp( 0 T et (o -
* p € Cn(gt y s (é-t—at)aﬂ' (t))dt
0

n2ell?
% n c T6+5(9)
> it [ e (0 [ et @m0 )]
7r2€l_[124d 0
12 s T5(0) )
L Wk P [ea exp (0/ e e, (n ,W;l(ft_,t),ﬂ'2(t))dt):|
T EH[QM 0
* T Ts+e(0)
> ng [ [ oo [ @m0 )
n2elly, 0

a2 | ns T5) (n)
- e (0 [ e e 0, )|
0

nd gl g2 T5+E(6) ( )
i P EE [exp(e / (6 6 0. 7 0)

2772
m2elly,

e - exp( e (6,73 6 0,20 ) |

*1 2 T§+E(9) ()
> it R EE [exp( / €l 6 ). 70 )

212
m2elly,

{e o — exp (9 _O‘tndt) }}
T5+z~:

ns ﬂ_ 2 T5+s(9) (n)
= inf e« 5 7 |:eXp< / eiatcn<€tn ) ﬂ-gl(ftfa t)a 7T2(t>)dt)
0

n2ell?
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ne nf(eTo+e(0) — e=aT5(0))
e )
a

Hence 4" (9 x) is increasing in § for any (0,z) € [0,1] x S. So, by this fact and in

view of (4.4.14), there exists a function gog " on [0,1] x S that is continuous with respect

=0.

to @ € [0,1], such that along a subsequence 6,, — 0, we have limy, 0 o™ (6, 2) =
@&”) (0,z). Also for any fixed x € S this convergence is uniform in 6 € [0,1]. Now for
0 € [0m, 1], by using (4.4.4) and Proposition 4.2.5, we have

pu (0, )
T, (0)

= inf sup ETT {”6’"/0‘ exp(é’/ e_atcn(ﬁgn),7T1(t)77r2(t))dt>]
0

WQEHAd 7I'1€H1

- VAR sup E;.l’TrQ [exp <0/ e—atcn@tn)’ ! (t), WQ(t))dt>}
0

n2€ll? ; 11 eny,

< 6n5m/a inf sup Eﬂ' 2 {exp(@/ e—atc(gt(n)jﬂ_l(t)77r2(t))dt):|
0

™ GH Ad T EHl

o e@Lo/a

a? — popr0

p10

o ().

< €n5m/o¢

Thus, letting m — oo in the above equation, we obtain

2€0L0/Oc 510

1<™0,z) < o (z). (4.4.15)

a? — poprt
Now by measurable selection theorem in [89, Theorem 2.2], there exists a pair of strate-
gies (uk,,vr) € P(A(x)) x P(B(z)) such that (4.4.3) can be written as

6% (0,1) = sup V q(n>(dy!:c,u,u;)wé”"s”“’way)+QCn(w’“’”W(J’&mw’x)}
BEP(A(z)) LSS
— inf W (dyla, i, V)PS0, y) + b, i, (némm}
VGP(BW[/SC, (dy|a, 15y, VB (0, y) + B (z, 1, 1) 00 (0, )
@((Xnﬁm) (5777,, :E) — en5m/a

\

(4.4.16)
Since for each fixed z € S, P(A(x)) and P(B(z)) are compact, there exists a subse-
quence (by abuse of notation, we denoted by the same sequence) and a pair of strategies
(u*,v*) € P(A(z)) x P(B(z)) such that lim,, . pf, = ¢ and lim,, . v}, = v*. Define

q" (dy|z, a,b)

(n) _
Q" (dy|z,a,b) := 6, (dy) + MoV (2)

(4.4.17)

for all (z,a,b) € K where 6,(-) is the Dirac measure concentrated at x. We see that
under Assumption (A1), Q™ is a stochastic kernel on S given K. Now let ) e C>(0,1).
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Chapter 4 4.4. The existence of solution to the HJI equation

Hence ¢)(1) = 0. First, see

0
MoV ()"

ot [ [ @ @l g 6.) +

REP(A(z)) vEP(B

enla . RS0.2)| 610)

~

< sup  sup UQ (dylz, )25 (0, )I+ﬁmlcn(w,mV)II@&”"”(G,SU)I]Iw(e)\

neP(A(z)) veP(B(z))

i) o }
<lpe Il s s | [ Qi o)V )+ gV @) [60)

< IR0l g 4+ Vw) + v @)1
~ el |+ Vi) + 22 |0 (1.415)
Now,

) 1 —(12,0m) N
_ / 20 (580 9, ) a9 — / 00725 (0,2)0(0)do
0 0

-/ e [l R 0,00 + b 5 6,0 6) 9

HeP(A(x))

_/05m sup inf {/ " (dylz, 1 V)P (0, ) + Oen (1, 1, )P0 (6, x)}w(é)de

pEP(A(z)) veP(B(x))

1
[t [ [ s R0, )+ B i ) x)}ww)de
0 B(z)) |Js

/05’” inf [/sq(”)(dylx,u, V)PL (0, y) + Oca(, V)P (6, x)]we)d@

ueP A(z)) vEP(B(z))

/01 o [/ " (dy|x, g, 5 )P0, y) + Oc, (@, p, 1570 (0, x)}w(g)dg

neP(A

67’" A
/ sup inf {an(x, 1, V)P0 (8, x)} »(6)do
0 peP(A() vEP(B(@))

- / inf [ X ")(dylx,ui‘mV)@&”"gm)(@,y)+9%(1@%;V)@&”"Sm)(@,w)}ﬁ(@)d@
0

veP(B

—/ sup inf [ﬁcn(:c,,u, u)@&”’ém)(ﬁ,x)lz/}(e)de. (4.4.19)
0

peP(A(x)) vEP(B(2))

Then by (4.4.17), eq. (4.4.19) can be written as

! « d(f .
B /0 {MOV(SC) (d;p Lot 0,) — )5 w)w(e)}de

1
0 ~

o pert (dyler, 1, v, )20 (6 a1, v )P0 (6, 2) | (0)d6

/ouePp [/Q yla v e (0 y) + MoV (z) (2, 11, v7,) 25" (0, ) | 1(6)

1 Om [ A
a st inf HCn T, u,v _gn”ém) 9756 :| 0)do
MOV(:E) /0 Mep(f(x)) veP(B(x)) ( K )QO ( ) ¢( )
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Chapter 4 4.4. The existence of solution to the HJI equation

- / P U Q" dyle, iy, V)R (0 9) + Moé( sl 1, V)P0 0, 2) | (6) 0

1 Orm l A
- sup _inf | Ocy (z, b, V)P0 (0, @ ] 0)do. 4.4.20
M()V(ZL“) /0 MEP(/I;D(I)) veP(B(x)) ( H )QD ( ) ¢( ) ( )

Now, from (4.4.20), for any v € P(B(x)), we have

_/0 {Mog(a:) (55, 2 )<9=x>—@&”’5m><9,x>z&(0)}d9

1 0 A
< (n) * —(1,0m) . —(nbm)
_/0 [/SQ (dy|@, piy,, V)@ (6, y) + Mov(x)cn(l’,,um,y)goa (9,15)]1/1(9)6%’

1 om
- — su inf |fc,(x, u, 0,x 0)do. 4.4.21
MoV(x)/o #67’(/?(%)) ”679(3(»’0)){ (@, )7 )]M ) | )

Under our given Assumptions from [56, Lemma 7.2], we know that the functions
c(x, p,v), and [¢q(dyle, p, v)u(-,y) are continuous at (u,v) on P(A(zx)) x P(B(x)) for
each fixed x € S and u € L§9([0,1] x S). So, by using dominated convergent theorem
and taking the limit as m — oo in (4.4.21), we obtain

- /o {M(;(x) d(jg ) 0)¢ (6,2) - 0, x)z&w)}de

S/O [/SQ(H)(dmx,u*’u)@&")(e,y)+Mo‘i(x) (2, 17, )l (6, x)}@(g)dg_

Since v € P(B(x)) is arbitrary, therefore

- /0 {MO‘O;(x) d((?;ﬁ) ()¢l (8, ) = 05 (6, a;)r@(@)}dg

! 9 )
< inf O (dy |, 1, ) 0™ (0. 7)) + e (., 1) e,x] \db.
- VeP(B(a:))/o [/SQ (dylz, 17, v} (6,9) MyV (z) (@, 17 )pa” (0, 2) | $(0)

Hence

- /0 {Mog(x) d(gg)) (Q)QOgL)(a $) — 90&”) (8, x)z[;(@)}dg

1 0 .
< su inf /[/ "\(dyl|z, u, v g") 0,y) + cn(x, v ((1") G,x} 0)do.
MEP(&))%PUM)) i SQ (dylz, i1, v) 05" (0, y) YARE) (T, 1, )0 (6, ) | (0)
(4.4.22)

Similarly, by using Fatou’s Lemma from [69, Lemma 8.3.7] and taking m — oo in
(4.4.20), we have

e d0Y) o
_/0 {MOV(a:) 25 D" (0,2) = pg (Q,x)@b(@)}d@

1 ) (4 o™ (p 0 o™ s
= erth ))/0 USQ (e 170070 ) + 3y nl )0 0,2) [ 916)

HEP(A(x
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Chapter 4 4.4. The existence of solution to the HJI equation

Therefore we have

_/0 {Mog(x) d(gg))(g)go&”)(ax)—gp&”)(&x)l[}(&)}de

1 6 :

Z lnf sup / [/ Q(n) d T, [, V gl) 07 + cnlx, v &n) G,CU:| 0 dg
veP(B(2)) peP(A(z)) Jo LJs (dylz, 1, v)pa” (0, y) MoV (z) (@, 1, v) o (0, x) | 1(6)
(4.4.23)

Thus by (4.4.17), (4.4.22), and (4.4.23), we obtain

— /0 &%(9)9@&") (0, z)do

1
= sup inf /[/q(")(dylx,uw)w&")(&y)+9cn(af,M,V)w&")(Q,w)]%b(@)d@
pEP(A(z) vEPB(@)) Jo |Js

1
= inf  sup / { / ¢ (dylz, 1, )5 (0, y) + Ocnl, p, V)@O&”)(Q,x)}w(@dﬂ
veP(B(x)) HEP(A(z)) JO S

Hence for a.e. 6 € [0, 1], in the sense of distribution, we have

2k . [/
at 0,z)= su inf " (dy|a, 1, v) (0, y) + Ocn(z, 1, )5 (0, 2
ae( ) Mep(ﬁx)weP(B@)) X (dy|z, p,v)pg” (0, y) (z, p, ) g (0, )

= inf  sup Uq(”)(dylx,M,V)SOS")(Qy)+90n(x,uw)s0&”)(9,x)}
veP(B(2)) ueP(A(x)) L/ s

(n) ,
When 6“’# does not exist for some (0, z), we define

dp . [/
af 0,r)= su inf M) (dylax, 1, )™ (0, y) + Oca(z, 1, )™ (0, 2)|.
5g (0 %) e | /5 (dylz, p, v)ea” (60,y) (@, 1, v) s (0, @)

(n) n
Hence &g‘; (-, x) exists almost everywhere. By using the first order DEs satisfied by go(a )
(that is just proven), (4.4.1), (4.4.2), and (4.4.15), we say that ¢ € L2(]0,1] x S) and
it is a solution of (4.4.11). Thus by closely mimicking the arguments in Theorem 4.3.1,

one can easily get the stochastic representation of the solution go&"), that is

e™(0,x) = inf sup ET T [exp(@/ eatcn(gt("),7r1(t),7r2(t))dt)]
0

2€I12 , 177t
7r Aq wrelly ,

= sup inf ET {exp(@/ e_atcn(fgn),7r1(t),7r2(t))dt>}. (4.4.24)
0

2 2
7r1€H114d meelly,

Step 3: In this step, we complete the proof by passing to the limit as n — oco. First
we prove that for each x € S, {gogn)}nzl is equicontinuous on [0, 1]. Note that €** — 1 <
(e®—1)z forall z € [0,1] and b > 0. Now, for any given 6, 6, € [§, 1], (7!, 7?) € [T}, x 1%,
x € 5, by [eq. (2.3.7), Chapter 2|, we get

|90((xn) (907 37) - 90(()5”) (97 :B)|
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Chapter 4 4.4. The existence of solution to the HJI equation
< sup sup

E;rl’W2 [exp (9/ eiatcn(ft(n)a m(2), W2(t>)dt)1
nlelll,  w2el?, 0
— E;rl’“Q {exp (90/ €7atcn(ft(n)a ' (t), WQ(t))dt)] ’
0

< sup sup ETT {exp((@/\@o)/ eatcn(égn),Wl(t),w2(t))dt)
0

1 1 2 2
mlell, , m2€elly,

X (exp(yeo — 9| /0 h e—atcn(g”),wl(t),w2(t))dt) - 1)}

< sup sup Ef’”2 {exp((@/\@o)/ e_atcn(ft(n),7T1(t),7r2(t))dt)
0

1 1 2 2
mltelly , m2elly,

X (exp ( /0 3 e e, (€M, 7 (1), ﬂg(t))dt) 1 1) 16 — 9@

< sy sup B7 o[ e le w0 0)ar )
0

1 2
mlelll, , m2€ll?,

(o [ ereente a0, a2 0ar ) o 01 )

= |0 — 6| x ET'™ [exp <2 / e e t("),wl(t),w?(t))dt)}
0

2Lg/a
<10y — 0] x & (v%c) + @). (4.4.25)

a— P2

So, for each x € S, @™ (-, ) is Lipschitz continuous in @ € [0, 1]. Now, by measurable
selection theorem in [89, Theorem 2.2], there exists a measurable function v/ : [0, 1]x.S —
P(B) such that

inf  sup U 4" (dylz, 1, )0, y) + Ocu(z, 1, V)@Oé")(&x)]
veP(B(2)) ueP(A(x)) L/ s

= sup [/q(")(dylx,ﬂ,VZ(Q,x))SO&")(H,y)+an(x,ﬂ,VZ(Q,x))w&”)(H,x)}- (4.4.26)
weP(A() L/s

Hence by equation (4.4.11), we have a.e. # € [0,1] and Vz € S, we have

) n * n
0% (0,2) = Sup,ep(ac) [fs 0 (dyl, . v3 (0,2)) @i (0,y) + O, 1, v (0, 2)) 6 )w,x)]
1< o (0,2) < S0 (V(2) ¥ (0,2) € [0,1] x S.

(4.4.27)
Since ¢, > 0, by (4.4.24), we say go,(ln)(ﬁ,:v) is increasing in #. Also we know that

oM (0, z) is differentiable a.e. with respect to 6 € [0,1]. So

Dl
L4 (0,2) >0 for a.e. 6. (4.4.28)
00
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Chapter 4 4.4. The existence of solution to the HJI equation

So, for x ¢ S,_1 and a.e. 0 € [0, 1],

(n)
—ab28 (0, z) + [ / 4Dy, 1,78, 7))o (0, ) + Ben 1 (2, 1, V(6 2)) 0 (6, 2)

= —a@%(@,x) <0.
(4.4.29)

Now, by (4.4.1), (4.4.2), (4.4.26), and (4.4.27), for all x € S,,_; and a.e. 6 € [0,1], we

have

Al .
@ ge (6,2) + [/S U (dyla, p, v (0, 2) 5 (0, y) + Oy (2, p, vn(f),rc))w&"’(w)} <0
(4.4.30)

So, for all x € S, by (4.4.29) and (4.4.30), we have

%! (n)
—ab =5 )+ [/ a" D (dyle, 1, 7360, 2)0 (6, ) + bens (2 u;w,x»sog")(e,wﬂ =0
S
(4.4.31)
Let
2 R, x S — P(B)

be defined by 7*2(x,t) = v} (e z). Here m:* € I13,. Now, for any 7' € IT},, by

Feynman-Kac formula, we get

5772 o0 [ eneten (@00, e 00 | < 0 0.0),
0

Since 7! € T}, is arbitrary

sup £7°% exp (0 [ emete, (607 w0, w26 0 | < pl0(0,0). (4032
7F1€H}4d 0

Also using (4.4.11) and Feynman-Kac formula (see, Chapter 2 or [53, Theorem 3.1]), we
have

e V@, 2) = inf sup ETT [exp(@/ e eyt (€ 1),7r1(t),7r2(t))dt)}
0

T GHAd 71.161—[1

< sup 5 e (0 [ et (@), w0t )
0

1171
mlelly,

(4.4.33)

By (4.4.32) and (4.4.33), we have o (6 r) < o (0 ).
Hence ¢ (0 x) is increasing in n for any (0,z) € [0,1] x S. So, there exists a

function ¢, on [0,1] x S that is continuous with respect to 6 € [0, 1], such that along
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a subsequence nj — 00, we have lim,, go&"’“)(ﬁ,x) = @a(0,x). Also, for each fixed

x € S, this convergence is uniform in 6 € [0,1]. Now, by (4.4.15), we have

062 e@Lo /o 510

1< a@,x Sf a \T). 4.4.34
< eulb.a) < SV @) (1434

As in the proof of equation (4.4.11) in step 2 (starting from the first equality of (4.4.19)
), we say that ¢, is a solution to the HJI equation (4.3.1). Also by (4.4.34), we conclude
that ¢, € L ([0, 1] x S). Finally, the uniqueness of ¢, (0, z) follows from the stochastic

representation in Theorem 4.3.1. O]

4.5 The existence of saddle-point equilibrium
In this section, we prove our main result of this chapter, namely, the existence of a

saddle-point equilibrium for the o discounted risk-sensitive zero-sum game problem.

Theorem 4.5.1. Grant Assumptions (A0)(a), (A0)(b), (A1)-(A3). Then, the following

assertions hold.

1. There exist a solution p, € L$([0,1] x S) and a pair of measurable mappings
(4, £*2) satisfying

f,r) = su inf / dylzx, 1, v) a0, y) + Oc(x, 1, v a&,x}
ag (> %) ueP(f(x))VEP(B(w)){SQ( ylz, 1, v)pall,y) + Oc(z, 1, v)pa (8, )

= nt s [ i )a(0.0) + 0ca . 0)0(0.2)
veP(B(2)) peP(A(x)) L/ s

b [ [l o £2)600.) + 0o, f*2>soa<e,x>]
neP(A(z)) LSS

= inf dy|z, 1, 0)a (8, ) + Oc(z, L, 0)pa (0, z ]
it [t 57, 0)60(6,0) + 0cto. £ 000000
a.e. 0 € 0,1]. (4.5.1)

2. The solution of (}.5.1) is unique and has the following probabilistic representation

1 <pu(,x) = sup inf E;TIJZ [exp (9 /oo e e(&, 7r1(t),7r2(t))dt)]
0

2eT12
mlelll , ™€,

= inf sup ET T [exp (9/ eatc(gt,ﬂl(t),WQ(t))dt)]
m2elly, rlerr, , 0

2 0Lo/c 51

V¥ () (4.5.2)

a® — pop10

3. There exists an optimal Markov saddle-point equilibrium point (7*!, 7*?) € I}, x
1}, for the cost criterion (4.2.4).
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Chapter 4 4.5. The existence of saddle-point equilibrium

Proof. (1) By Theorem 4.4.1, there exists a solution ¢, € L{P([0,1] x S) of the HJI
equation (4.5.1). Now by measurable selection theorem in [89, Theorem 2.2], there
exists a pair of measurable mappings (f*!, f*?) satisfying (4.5.1).

(2) By the verification theorem in Theorem 4.3.1, we conclude that the solution of
(4.5.1) is unique and has the stochastic representation given by (4.5.2).

(3) Let the pair of strategies (f*!, f*?) satisfies (4.5.1). Now let us define

#1 Ry x S — P(A)
and
72 Ry xS — P(B)
where
T (x,t) = f*(0e ™, 1),
for kK = 1,2. Then from the proof of Theorem 4.3.1, we have

sup Jo(z, 0,7, 7)) = inf  Ju(z,0, 7, 72) = @a(, ).

2
il EH}Ad 7T2€H

Using this, (4.2.4), (4.2.5) and part (2), we have

1
sup Jo(z,0,7,7%) = inf J,(z,0,7,7%) = JX(0,7) = gloggoa(e,a:).

mlelll mEll,
Hence (7*1, #*2) is a saddle-point equilibrium for the cost criterion (4.2.4). O

Remark 4.5.1. It is obvious to note that for the pair of strategies (7*',7*%) € 11}, x I13,
as obtained in Theorem 4.5.1, U(z) = L(z) = Ji(0,x) = 5logpa(0,z). Hence we

conclude that the value of the game exists.

When the transition and cost rates are bounded, the existence of a saddle-point

equilibrium is ensured by Theorem 4.5.1.

Corollary 4.5.2. Grant Assumption (A3)((i)-(ii)). Also, assume that the transition
and cost rates are bounded. Then, the HJI equation (4.3.1) has a unique solution p,

satisfying (4.5.1) and there exists a saddle-point equilibrium.

Proof. Suppose there exist constant Py and P, such that sup, , perx ¢z(a,0) < Pp and
SUD (. 4,y €(T,a,0) < Py, First we take the Lyapunov function V(x) = P, for all
€S, Py > 1, aconstant. Now [, V(y)q(dy|z,a,b) = [ V*(y)q(dy|z,a,b) = 0, for all
(z,a,b) € K. Now, take py = «, My = Pl, any real number, p; € (0, ), and Lo = DP.
Then Assumption (A1) is verified. Now, for any constants ps € (0,«), by € (0,00),
Assumption (A2) holds. Also [,V (y)q(dy|z,a,b) is continuous in (a,b) € A(x) x B(z).
So, Assumption (A3) is also true. Then by Theorem 4.5.1, we have a unique solution

(
o satisfying (4.5.1), and there exists a saddle-point equilibrium. ]
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4.6 Example

In this section, we verify our assumptions with an example, in which the transition rate

is unbounded and the cost rate is nonnegative and unbounded.

Example 4.6.1. Let us consider a zero-sum game model as
M := {8, (A, A(z),x € 5), (B, B(z),z € S), c(w,a,b), q(dylz,a,b)}.

Suppose our state space is S = (—o0,00) and transition rate is

1 y—x 2 ~
e~ dy — 0.(D)], (4.6.1)

(Dle.a.) = Moa0)| [
yeDh V210
where © € S,D € B(S),(a,b) € A(x) x B(z). For the existence of a saddle-point

equiltbrium for our model, we consider the following conditions.

(I) A(x) and B(x) are compact subsets of the Borel spaces A and B, respectively, for
each fized x € S.

(1I) Suppose there exists a positive constant My such that My < m. Also, assume
that for each fired x € S, N, a,b) is continuous in (a,b) € A(z) x B(z), and

satisfies 0 < SUD (4 p)e A(x)x B(x) Az, a,b) < My(2® +1).

(III) Consider that for each x € S, the reward rate function c(x,a,b) for player 1 (or
cost rate for player 2) is nonnegative and continuous in (a,b) € A(x)x B(z). Also,

assume that there exist constants Ly > 0 and 0 < fpy < min{a, ﬁ;} such that

A

sup c(z,a,b) < pylog(1+ 22) + L.
(a,b)eA(x)x B(x)

Proposition 4.6.2. Under conditions (I)-(111), the above controlled system satisfies
the Assumptions (A0)(a), (A0)(b), (A1)-(A3). Hence by Theorem 4.5.1, there exists a

saddle-point equilibrium for our model.

Proof. We first recall our known results: for all k = 0,1--- ., we have (1) : ;M ffooo(y —
y—)2 oo _ )2
x)%“e’( e dy =0; (2) 1 o= [ (y — x)e = dy=1-3---(2k — 1)o*".

Let us consider a Lyapunov function V(x) = 2>+ 1. Then for all z € S, V(z) > 1. Now,
we see for any x € S, (a,b) € A(x) x B(z),

(i)

. 1 o (y=2)>
\%4 dylx,a,b) = XN x,a,b 24 )e 2 dy— (22 +1
[vaate.en =3wan| o [0 S - @ e
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= Nz, a,b)o?
< Myo?V (z) = poV (), (4.6.2)
where py = Myo?.
(i)
¢ ()= sup  qola,b)=  sup  —q({z}|z,q,b)
(a,b)eA(z)x B(z) (a,b)eA(x)x B(x)

= sup Mz, a,b) < My(a® + 1) = MoV ().
(a,b)€A(x)x B(x)

(iii) By condition (III), we have

sup c(z,a,b) < pylog(l + x2) + Lo,
(a,b)eA(x)x B(x)

where, 0 < p; < min{a, py*a?}.

Hence Assumption (A1) is verified.
For all x € S, V?(z) > 1. Now for any = € S, (a,b) € A(z) X B(x), we have

(i)

o

_w=o)?
( +1)% 22 dy — (2° + 1)

. 1

[ v ataste. o) = Maan)| = [
= A(z,a,b)[1 - 30* + 0%(2 + 627))]
< My(2% + 1)[30* + 0*(2 + 62°)]
= Myo?(z® +1)(30° + 2 + 62%)
< 6Moo* (2 + 1) (2> + 1) (0 + 1)
= 6MyV?(x)o* (0 + 1)
< pV3ix) +1

where py = 6 Myo?(c?+1), and by € [1,00). Then by condition (II), we have 0 < py < a.
Hence, Assumption (A2) is verified.

(i) By eq. (4.6.1) and conditions (II) and (III), ¢(+|z, a, b) and ¢(x, a, b) are continuous
in (a,b) € A(z) x B(x).

(ii) By (4.6.2), [¢V(y)q(dy|z,a,b) is continuous in (a,b) € A(z) x B(z).

Hence Assumption (A3) is also verified. So, by Theorem 4.5.1, we say that there exists

a saddle-point equilibrium for our model. O
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CHAPTER 5

Discrete-time zero-sum games for Markov chains
with risk-sensitive average cost criterion

5.1 Introduction

We address a risk-sensitive discrete-time zero-sum game with a long-run (or ergodic) cost
criterion where the underlying state dynamics are given by a controlled Markov process
determined by a prescribed transition kernel. The state space is a denumerable /compact
set, actions spaces are Borel spaces and the cost function is possibly unbounded for the
countable state space case and for the compact state space case, it is a real-valued and
bounded function.

The analysis of stochastic systems with the risk-sensitive ergodic criterion can be
traced back to the seminal papers by Jacobson in [73] and Howard and Matheson in [71].
The literature on risk-sensitive MDP under ergodic cost criterion is quite extensive, e.g.,
(2], [15], [21], [24], [25], [26], [30], [31], [47], [52], [67], [71], [81], [82], [94], [111], [114].
In [25], the authors studied risk-sensitive ergodic cost criterion for discrete-time Markov
decision processes (DTMDPs) with bounded cost using a simultaneous Doeblin condition
on a countable state space. Also, see [2], [24], and the references therein for multiplicative
ergodic theory. These papers used the eigenvalue approach to study risk-sensitive ergodic
control problems. The authors in [47], [94] used the results of [78], [79] to study their
risk-sensitive ergodic control problems. Also, in the context of controlled diffusions, the
eigenvalue approach is used in [5], [6], [7], [19] to study the risk-sensitive ergodic control
problems. The articles [12], [16] address zero-sum risk-sensitive stochastic games for
discrete-time Markov decision processes with discounted as well as ergodic cost criteria.
The analysis of the ergodic cost criterion in [12] is carried out using vanishing discount
asymptotics. The results of the article [12] are extended to the general state space case
in [16]. In [16], the ergodic cost criterion is studied under a local minorization property

and a Lyapunov condition. The analogous results in continuous-time setup are carried
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out in [45]. The corresponding nonzero-sum risk-sensitive ergodic stochastic games for
discrete-time Markov decision processes are studied in [13], [113].

In this chapter, we study the stochastic game problems for ergodic cost criterion by
analyzing the principal eigenpair of the associated Shapley equation. The analysis of
our ergodic game problems is inspired by the work of [2] and [21]. In [21], the authors
studied risk-sensitive discrete/continuous-time ergodic control problems for controlled
Markov processes with countable state space. They established the existence of a prin-
cipal eigenpair of the associated ergodic HJB equation. For this, they first studied the
corresponding Dirichlet eigenvalue problems on finite sets and then pass to the limit by
increasing the finite sets to countable state space. In [2], authors used a novel technique
to provide a variational formula for infinite-horizon risk-sensitive reward on a compact
state and action spaces. They build a nonlinear version of Krein-Rutman theorem to
study the corresponding ergodic HJB equation which leads to the existence of optimal
ergodic control. We have extended the results of [21] to a discrete-time zero-sum game
in this chapter. Also, in this chapter, we have analyzed the same problem (zero-sum
game problem) for bounded cost on compact state space by getting inspired by the work
of [2]. Moreover, this chapter can be seen as an extension of the results of [12] to the
case with unbounded cost. This is carried out under a certain Lyapunov type stability
condition. Also, we have extended the results of [12] to a compact state space case.

Under a certain condition, in this chapter, using a nonlinear version of the Krein-
Rutman theorem, we establish the existence of a principal eigenpair to the associated
Shapley equations for both countable/compact state space cases and show that the
principal eigenvalues are the values of the corresponding games. Also, we establish the
existence of a saddle-point equilibrium via the outer maximizing/minimizing selectors
of the associated Shapley equations. Additionally, we give a complete characterization
of all possible saddle-point strategies in the space of stationary Markov strategies.

The rest of this chapter is arranged as follows. Section 5.2 deals with problem
descriptions and preliminaries. In Section 5.3, we study Dirichlet eigenvalue problems. In
Section 5.4, we show that the risk-sensitive optimality equation (i.e., Shapley equation)
has a solution, obtain the value of the game and saddle-point equilibrium in the class of
stationary Markov strategies. We also completely characterize all possible saddle-point
strategies in the class of stationary strategies in this section. In Section 5.5, we present
an illustrative example. In the next section, we study the same problem on compact
state space. Section 5.7 concludes the chapter with some concluding remarks. The

content of this chapter is based on the published article [41].
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5.2 The game model

In this section, we introduce a discrete-time zero-sum stochastic game model which

consists of the following elements

(S, A, B,(A(i) C A, B(i) C B,i € S), P(i,a,b), c(i,a,b)}. (5.2.1)

S:={0,1,---}, called the state space, endowed with the discrete topology of our
controlled Markov processes & := {&, &1, }.

e A and B are action spaces for players 1 and 2, respectively. The action spaces A
and B are assumed to be Borel spaces with the Borel o-algebras B(A) and B(B),

respectively.

e For each i € S, A(i) € B(A) and B(i) € B(B) denote the sets of admissible
actions for players 1 and 2, respectively when the system is at state i. For any
metric space Y, let P(Y') denote the space of probability measures on B(Y") with
Prohorov topology.

e Next P : K — P(S) is a transition (stochastic) kernel, where K := {(i,a,b)|i €
S,a € A(i),b € B(i)}, a Borel subset of S x A x B. We assume that the function
P(jli,a,b) is continuous in (a,b) € A(i) x B(i) for any fixed i,j € S.

e Finally, the function ¢ : K — R, denotes the cost function which is assumed to

be continuous in (a,b) € A(i) x B(i) for any fixed i € S.

The game evolves as follows. When the state ¢ € S at time ¢ € Ny := {0, 1, -}, players
independently choose actions a; € A(i) and b, € B(i) according to some strategies,

respectively. As a consequence of this, the following happens:

e player 1 incurs an immediate cost c(i,as b;) and player 2 receives a reward

c(i,ag, by);

e the system moves to a new state j # i with the probability determined by
P(j’i7at7bt>‘

When the state of the system transits to a new state j, the above procedure repeats.
Both the players have full information of past and present states and past actions of both
players. The goal of player 1 is to maximize his/her accumulated costs, whereas that of
player 2 is to minimize the same with respect to some performance criterion _# (-, -),

which in our present case is defined by (5.2.3), below. At each stage, the players choose

Ph.D. Thesis 95
TH-3126 186123018



Chapter 5 5.2. The game model

their actions on the basis of accumulated information. The available information for

decision making at time ¢ € Ny, i.e., the history of the process up to time ¢ is given by

ht = (2107 (aOa b0>7 le) (ah bl)v e 7i;—17 (at—lﬁ bt—1)7 Z:ﬁ)’

where Hy = S, Hy = Hi 1 Xx (AXx BxS),--- ,Hy = (A x B x S)* are the history
spaces. An admissible strategy for player 1 is a sequence 7! := {7!(¢) : H; — P(A) }ten,
of stochastic kernels satisfying 7'(A(&)|he,t) = 1, for all hy € Hy; t > 0, where {&}
is the state process. The set of all such strategies for player 1 is denoted by I}, A
strategy for player 1 is called a Markov strategy if

() (hy—y, a,b,3) = 7 (t) (hy_y, 0, b, 1)

ie., () (:|he—r, @, b,1) = 7 (t)(-|h,_;,a’,b i) for all hy_y, b, | € Hy_y,a,a € A,bb €
B,i e St € Ng. Thus a Markov strategy for player 1 can be identified with a sequence
of maps, denoted by 7! = {7!(t) : S — P(A) hien,. A Markov strategy {7'(¢)} is called
stationary Markov for player 1, if it does not have any explicit time dependence, i.e.,
() (hy) = o(iy) i.e., 7 (-|hy, t) = @(-|iy) for all hy € Hy for some mapping ¢ satisfying
@(A(i)]i) = 1 for all i € S. The sets of all Markov strategies and all stationary Markov
strategies for player 1, are denoted by II}, and IT,,, respectively. Similarly, the set of all
admissible strategies, Markov strategies, and stationary Markov strategies for player 2
are defined similarly and denoted by IT%,, I13,, and I1%,,, respectively. For each i,j € S,
p € P(A(7)) and v € P(B(i)), the cost function ¢ and the transition kernel P are

extended as follows:
c(i, p, v / / c(i,a,b)u(da)v(db),
A(3)

Pliy 1, v / / P(jli, a, b)u(da)(db),

(by abuse of notation we use the same notation ¢ and P). For a given initial distribution
7p € P(S) and a pair of strategies (7', 72) € I}, x I3, by Tulcea’s Theorem (see
Proposition 7.28 of [17]), there exists unique probability measure P;OI’”Q on (92, B(R2)),
where Q = (S x A x B)*®. When 7y = §;, i € S this probability measure is simply
written by PZrl’TrQ satisfying

PF7 (& =1) =1 and 7™ (&1 € D|Hy,w'(), 7() = P(D|&, 7' (t), 7(t)) ¥ D € B(S).
(5.2.2)

Let ET "™ denote the expectation with respect to the probability measure Pflﬂ?

Now from [68, p. 6], we know that under any (7', 7%) € I}, x I13,, the corresponding

stochastic process {&;} is strong Markov.
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We now introduce some useful notations.
Notations:
For any finite set 2 C S, we define By = {f : S — R | f is Borel measurable and f(i) =
0 Vie 2°, Bl C By denotes the cone of all nonnegative functions vanishing outside
2. Given any real-valued function V > 1 on S, we define a Banach space (L3S (5), || - ||5)
of V-weighted functions by

(8 = {75 R I = s D < o).

For any ordered Banach space X, a subset C C X and z,y € X, we define > as
x> y< x—yeC, ie., the partial ordering in X' with respect to the cone C. For any
subset B C S, 7(#) = inf{t : & € B}, i.e., the first entry time of & to A. Also, for
any subset 2 C S, 7(2) :=inf{t > 0: & ¢ 2} denotes the first exit time from 2.
We now introduce the cost evaluation criterion.

Ergodic cost criterion: Now we define the risk-sensitive ergodic cost criterion for
zero-sum discrete-time games. Let 6 > 0 be the risk-sensitive parameter. For each ¢ € S
and any (7!, %) € I}, x IT%,, the risk-sensitive ergodic cost criterion is given by

/(i, c, ﬂ_l’ 7T2) := lim sup % log EZTI’WQ eGZtT:_ol c(&s,mt (1), (1)) ) (523)

T—o0

Since the risk-sensitive parameter remains the same throughout, we assume without loss

of generality that # = 1. The lower value and upper value of the game, are functions on

S, defined as
L(i) == sup inf Z(i,e,n',7°) and U(i) := inf sup _Z(i,c, 7', m°) respec-
mlelll, m2ell’, m2€I13 ; 71 eI,

tively. It is easy to see that
L(z) <U(4) for all i € S.

If L(i) = U(z) for all ¢ € S, then the common function is called the value of the game
and is denoted by _#*(i). A strategy 7*! in IT},, is said to be optimal for player 1 if

Fliye,mt 7m?) > inf  sup _Z(i,e,n', 7)) =U(i)Vie S, Vr* e Il%,.

WQEH?M al EH}M
Similarly, 72 € 114, is optimal for player 2 if

Ilie,mt,m) < sup  inf  Z(i,e,m', 7)) =L(i) Vi€ S, vr' € I,

26112
rlenl , ™€y,

If 7% € 11%, is optimal for player k (k=1,2), then (7*!, 7*?) is called a pair of optimal

strategies. The pair of strategies (7*!, 7*2) at which this value is attained i.e., if

j(i,c,ﬂl,ﬂ'*Q) < Z(i,c, ot ?) < F(i,c, ot %), vat eIy, vr? e 113,
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then the pair (7*!, 7*?) is called a saddle-point equilibrium, and then 7*! and 7*? are

optimal for player 1 and player 2, respectively.

Following [12], the Shapley equation for the above problem is given by

ePP(i) = sup mf {6““’ 21/1 P(jli, p,v )}

HeP(A(i) vEP(B P

= inf sup [““’ Zw (jli, p, v )}, €Ss.

veP(B(1)) HEP(A ( e

In the above equation, p is a scalar and 1 is an appropriate function.

Our goal is to establish the existence of a saddle-point equilibrium among the class
of admissible history-dependent strategies and provide its complete characterization.
We now describe briefly our technique for establishing the existence of a saddle-point
equilibrium. We first construct an increasing sequence of bounded subsets of the state
space S. Then we apply Krein-Rutman theorem [4] on each bounded subset to obtain
a bounded solution of the corresponding Dirichlet eigenvalue problem, i.e., a solution
to the above equation on each finite subset with the condition that the solution is
zero in the complement of that subset. Using a suitable Lyapunov stability condition
(to be stated shortly), we pass to the limit and show that the risk-sensitive zero-sum
ergodic optimality equation admits a principal eigenpair. Subsequently, we establish a
stochastic representation of the principal eigenfunction. This enables us to characterize
all possible saddle-point equilibria in the space of stationary Markov strategies. To this
end, we make certain assumptions. First, we define a norm-like function which is used

in our assumptions.

Definition 5.2.1. A function f : S — R is said to be norm-like if for every k € R, the
set {i € S: f(i) <k} is either empty or finite.

Since the cost function (i.e., ¢(i, a,b) ) may be unbounded, to guarantee the finiteness

of 7 (i,c,n',m?), we use the following assumption.

(A1) We assume that the Markov chain {& };>¢ is irreducible under every pair of

1 n?) € T}, x I%,,. Also, assume that there exists a

stationary Markov strategies (7
constant C' > 0, a real-valued function V > 1 on S and, a finite set .# such that one of

the following hold.

(a) If the running cost is bounded: For some positive constant v > ||¢||o, we have
the following blanket stability condition

sup ZV (jli,a,b) < ClLy (i) + e 7V (i) Vi € S, (5.2.4)

(a,b)eA(i)xB(1) jes
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where ||¢||o := sup c(i,a,b).
(4,a,b)EK

(b) If the running cost is unbounded: For some real-valued nonnegative norm-like
function ¢ on S it holds that

sup Y V(j)P(ili,a,b) < CLy (i) + e "DV (i) Vi € 5, (5.2.5)
(aD)EAG)x B() g
where the function /() —  max  ¢(-,a,b) is norm-like.

(a,b)€A()xB(-)

Assumption (Al) and its variants are key conditions of the standard ergodicity hypoth-
esis, see [21], [59], [87]. In this context, [25] used the Doeblin condition, a stronger
assumption than a variant of Assumption (Al)(a) to study ergodic control problems.
The condition (5.2.5) plays important role in studing the ergodic optimal control prob-
lems with unbounded running cost. We show that, (5.2.5) implies (5.2.3) is finite. A
similar condition is also used in [10, Theorem 1.2], [24, Theorem 2.2] in the study of
multiplicative ergodicity. Also, we refer [27], [28], [29], [113] to see the importance of
Lyapunov stability assumption in studying stochastic control problem .

Let 7 € S be a fixed state, we call it the reference state. Consider an increasing
sequence of finite subsets %, C S such that U, %, = S and iy € %, for all n € N.
Recall that 7(Z,,) := inf{t > 0: & ¢ Z,}, is the first exit time from Z,. For our game
problem, we wish to establish the existence of a saddle-point equilibrium in the space
of stationary Markov strategies. To ensure the existence of saddle-point equilibrium,

we make the following assumptions.

(A2)
(i) The admissible action spaces A(i)(C A) and B(i)(C B) are compact for each i € S.

(ii)) We assume that for any n and any pair i, j € %, the probability of hitting j from
i before exiting &, is bounded from below by some 4;;,, > 0 under all stationary
Markov strategies i.e.,

1.2
inf P (7 < 7(D)) > 0ijns 5.2.6
I (75 < 7(Zn)) = 0, (5.2.6)
where 7; denotes the hitting time to j i.e., for any pair i, j € Z,, under any pair

of strategies (m*!, 7*%) € 11}, x [1%,,, there exists iy, 49, - , i, € D), satisfying

P(flinm, 7 (i), 72 (i) ) P (i i1, T (i1 ), T2 (1)) - - - Pin|i, 71 (3), 72(4)) > 0.

(4)
(5.2.7)
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(iii) (¢,a,b) — Z V(j)P(jli,a,b) is continuous in (a,b) € A(i) x B(i), where V is the
jes
Lyapunov function defined in Assumption (Al).
Remark 5.2.2. (1) Assumption (A2)(i) and (A2)(iii) are standard continuity-

compactness assumption.

(2) Under Assumption (A2)(i), for each i € S, by in [17, Proposition 7.22, p. 130], we
know that P(A(i)) and P(B(i)) are compact and metrizable. Note that m* € 11§,
can be identified with a map ©* : S — P(A) such that 7'(-]i) € P(A®)) for
each i € S. Thus, we have Ig,, = icsP(A(7)). Similarly, 115, = HicsP(B(i)).
Therefore by Tychonoff theorem, the sets I1k,, and 11%,, are compact metric spaces
endowed with the product topology. Also, it is clear that these sets are conver.

1

(3) Instead of using (5.2.6), we can assume inf (o1 r2yem oz, Br o (7, < 7(Zn)) > 0.

Then this weaker condition also implies that 1, > 0, (see Lemma 5.3./).

Using generalized Fatou’s lemma as in [35], [69, Lemma 8.3.7], from Assumption (A2)
one can easily get the following result, which will be used in subsequent sections; we

omit the details.

Lemma 5.2.3. Under Assumptions (A1) and (A2), the functions 3 _ ;s P(jli, p, v) f(J)
and c(i, p,v) are continuous at (u,v) on P(A(i)) x P(B(i)) for each fixed f € L(S)
andi € S.

5.3 Dirichlet eigenvalue problems

We begin this section by stating a version of the nonlinear Krein-Rutman theorem from
[4, Section 3.1], (cf. [80]) which plays a crucial role in our analysis of the Dirichlet

eigenvalue problems.

Theorem 5.3.1. Let X be an ordered Banach space and C a nonempty closed (cone)
subset of X satisfying X = C—C. LetT : X = X be a 1-homogeneous, order-preserving,
continuous, and compact map satisfying the property that for some nonzero ¢ € C and
N > 0, we have NT(C) = (. Then there exists a nontrivial f e C and a scalar X\ > 0,
such that Tf = S\f

In the following lemma, we establish a few important estimates which will play a

crucial role in our analysis.

Lemma 5.3.1. Suppose that Assumption (A1) holds. Let 8 D & be a finite subset of
S and let 7(AB) = inf{t : § € B}, be the first entry time of & to B. Then for any pair

of strategies (m', %) € I, x 1%, we have the following:
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(i) If Assumption (Al)(a) holds: Then

7

Er [e%@%)vgﬂ%)} < V() Vie B (5.3.1)
(i1) If Assumption (A1)(b) holds:

g {621?‘”(&)\/(5%(%)} <V(i)Vie B (5.3.2)
Proof. This result is proved in [21, Lemma 2.3| for one controller case. The proof for

the two controller cases is analogous. O]

Now we prove the following existence result which is useful in establishing the exis-

tence of a Dirichlet eigenpair.

Proposition 5.3.2. Suppose Assumption (A2) holds. Take any function ¢ : K — R
which is continuous in (a,b) € A(i) x A(i) for each fixred i € S, satisfying the relation
c < —0 i D,, where 6 > 0 is a constant and P, is a finite set as described previously.
Then for any g € By, , there exists a unique solution ¢ € By, to the following nonlinear

equation

o(i)= inf [WZ@ PUilinas) + o(0)

veP(B(i)) MeP(A e

= sup mf [e”’“’ ng P, p,v) + g(z)} Vi € D,.

pEP(A(3) vEP(B

JES
(5.3.3)
Moreover, we have
7(Dn)—1
sp(z): inf sup E/ﬂr 2 Z ez;;é5(5577T1(5)7772(5))g(€t)
T2l i), —0
7(Dn)—1
_1 &
= sup 1ean E7r i [ om0 C(€s,m! (), (ft)] Vi e S, (5.3.4)
™ EH 71' Ad t=0

where (%) = inf{t > 0:& ¢ 2.}, first exit time from 2,.

Proof. Let g € By, . Define a map T : By, — By, by

sup - int e ST GG P ) + 900)] = T, 1€ 96 € B,

HEP(A(i)) vEP(B T

and T¢(i) =0 for i e Z°. (5.3.5)
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Now, let ¢y, ¢ € B, . Then

A~ A~

(Tda(i) — Thi(i)) <max sup  sup ey — ¢i|g,.
€% LueP(A(i)) vEP(B(i))

Similarly, we have

A~ A~

(Té1(i) — Tho(i)) <max sup  sup ey — ¢|g,.
€% ueP(A(i)) vEP(B(i))

Hence

IT61()) = Té2(i)ll 2, <max sup — sup e [gy — dulls,,
€T peP(A(0)) vEP(B(D)
where for any function f € Bg,, ||fllg, = max{|f(i)| :i € Z,}. Since ¢ < 0, it is easy

to see that max sup sup €“*) < 1. Hence T is a contraction map. Thus by
€70 peP(AG)) veP(B(i))

Banach’s fixed point theorem, there exists a unique ¢ € By, such that T(p) = ¢. Now

by applying Fan’s minimax theorem in [33, Theorem 3|, we get

sup inf {e“‘“’ ng P(jli, p, v )} = il sup le“‘“’)Z@ P(jliyp, v )}

HEP(A()) veP(B(i)) e veP(B(1)) HEP(A( es

Hence we conclude that (5.3.3) has a unique solution. Now let (73!, 7*2) € 1%, x 11%,,

be a mini-max selector of (5.3.3), i.e

o) =t 00 S )P0 + 900

eP
PSP JES

A su3ia“%“”§j¢ Pli, i, v <»+gm} (5:3.6)

HEP(A( jes

Now by Dynkin’s formula [113, Lemma 3.1], for any (7!, 7%) € 11}, x I}, and N € N,

we have
Ezrl,7r2|: iV/(\)-r(@n) te(Er (1) (SN/\T @n)):| B (70(2)
N/\T(jn
[ 3 B 00 (5 gl e - .- 1)

jES

_ o tl&amt (1), V(& 1))] (5.3.7)

Then, using (5.3.6) and (5.3.7), we obtain

NAT(Zn)—1

t=0
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71'1,71':,12 NAT(9n)—1 . *2 s .
< -E {ez* 0 g (s) i ))%0<€N/\T(.0]n)):| + ¢(i).

Since ¢ < 0 and ¢ € By, , taking N — oo in the above equation and using the dominated

convergence theorem, we deduce that

7(Zn)—1

1 s 7'(*2 ;
[ E e (9)mi (&) (&:)}
leﬂ: (_ 5 5771'1 s 77‘—*2 s )
Hence
7(Pn)—1
1, %2 = *
(i) > B { Y D o) mRe) @1
t=0

Since w! € T}, is arbitrary,

7(Dn)—1
N > E7r1,7r:2 t;%)a(gmﬂ'( *2(5
p(i) > sup E; > e (&)

T el t=0
(Zn)—1
> inf  sup E [ Z o= 7r1(s),7r2(s))g(§t):|' (5.3.8)
7r2EHAd 7T1€H1
By similar arguments, using (5.3.6), (5.3.7) and the dominated convergence theorem, we
obtain
7(Pn)—1
' oo 32420 A€ it (65),m%(5)
oi) < _int, T [ >, (&)
(D)1
< £ Ef™ = e&m () 7(3)) 5.3.9
< ﬂseunri 7r21€n1'[ { Z ex 9(&) |- (5.3.9)
Now combining (5.3.8) and (5.3.9), we obtain (5.3.4). O

Next using Theorem 5.3.1, we show that for each n € N, Dirichlet eigenpair exists in
2, . That is we establish the following result.

Lemma 5.3.3. Suppose Assumptions (A1) and (A2) hold. Then there exists an eigen-
pair (pn, ¥n) € R X B;ﬂ, Un >0 on D, for the following Dirichlet nonlinear eigenequa-

tion
Yn() = Mk S [ Zw (ili, . v >]
= D ) [6”’” ]EZS% P(jli, p, v )]- (5.3.10)
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The eigenvalue of the above equation satisfies

: , 12
pn < sup mf2 F(i,e,m 1), (5.3.11)

for alli € S such that ¥, (i) >0

Proof. For some constant 6 > 0, let us define ¢ (i, u,v) = c(i,p,v) — ky, — 6 in 9,

where k,, = sup (i, i1, v)|. Then it is easy to see that ¢ (i, u, ) < —6,
(3,p,0)EDn X P(A(2)) X P(B(1))
Y(i, p,v) € Dy, xP(A(i)) x P(B(i)). Now consider a mapping T}, : By, — By, defined

by
7(Pn)—1
_ 1.2 el
To(9)(i) == sup inf ET " { D el = Do), i€ 2., (5.3.12)
T eHl 7T2€H2 t:O

with T,,(g)(i) = 0 for i € 9¢, where g € By, .
From Proposition 5.3.2 it is clear that 7T, is well defined. Since ¢ < —46, for g1, g, € By, ,
it follows that

1T (1) — T(g2)ll 7 < cullgr = 2l 2.,

for some constant a; > 0. Hence the map 7;, is continuous.

Let g1, g0 € By, with g1 = go. Also, let T,,(gx) = @r, k = 1,2. Thus ¢, is a solution of

= A S g )+ )
neP(A()) veP(B P

= inf( {C(” 9 Zgog P(jli, 5 (i), )+gg()} Vi € Dy,

veP
(B JEDn

where 7! € Ilg,, is an outer maximizing selector. Therefore
Ta(91) (i) =T (92) (3)
7(In)—1

= sup inf E7r e [ Z = iiéc(Es,wl(s)mQ(S))gl(&)}

mlelll, ™€, t=0
-1

(Zn)
— sup inf E”W{Z

2
nlelll, 7T2eHAul -0

tilcl ;i (s),m2(s
eZs:O (667 ( )= ( ))92(€t):|

7(Dn)

B o

nlelll, T2 eIy

7(Pn)—1
*1 2 _ ! .

- lnf Ezrn o |: 62 =0¢ (Es ’(Ll(ES (§t>:|

n2ell?, —

7(Dn)—1

*1 2 t—1
> inf E™OT X (ot (E) () ds }
_WQGH?M ! { ; (515)
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Chapter 5 5.3. Dirichlet eigenvalue problems

7(Pn)—1 ,
_inf g { T (i (€)7(5) 92(&)}
n2ell?, ! —0
7(In)—1
*1 2 t—1 /! *
> inf E"T { Z e S—OC(Es’ﬂnl(gs)’wz(s))(gl(ft)—QQ(ft))}-
n2ell?, —0

Hence T,,(g1) (i) — T,,(g2) (i) > 0 for all i € S. This implies that T},(¢1) = T,(g2). Choose
a function g € By, such that g(ig) = 1 and g(j) = 0 for all j # iy, where i is a fixed
state (see p. 106). Thus by (5.3.12), we have

T,.(9) (i) = g(ig) > 0.

Thus we have T},(g) = g. Let {gn} C By, be a bounded sequence. Then since ¢ < 0,
from (5.3.12), we get || Tygmllso < @, for some constant ap > 0. So, by a diagonalization
argument, there exists a subsequence my of m and a function ¢ € By, such that || T,,g,,, —
d|lz, — 0 as k — oo. Thus the map T, is completely continuous. By the definition of
the map T, it is easy to see that T,,(\g) = A\T,,(g) for all A > 0. Hence by Theorem
5.3.1, there exists a nontrivial v,, € B;ﬂ and a constant X% > ( such that

Tn(l/}n) - Al@,ﬂﬁn Le.,

Ay, Un(i) = sup inf {ec L) Z Ny n(3) P (i, 1, v )—l—wn(z)] Vi € D,.

HEP(A()) veP(B(i)) ica,
(5.3.13)

Since 1, > 0 and ¥,,(7) > 0, for some i € Z,, it follows from (5.3.13) that [/\/\ Ll} > 0.

Dn

’

Next we prove (5.3.11). Now if [/\fn

Dn

=1

= 0, it is easy to show that (5.3.11) holds.

’ /

9/"_1] > 0. Let p, = log[)\fﬁ

Ao

Assume that {/\ _1]. Then from, (5.3.13), we get

n

epln@bn(i) = sup inf [ ¢ (iuw) Z Un(§)P (i, p v )} Vi € 9,. (5.3.14)
HeP(A) veP(B() e

Now multiplying both sides of (5.3.14) by ek»+?

(see [33, Theorem 3]), we obtain

and applying Fan’s minimax theorem,

(i) = sup  inf { ) S ™ 4 () PG, o, v )}

REP(A(i) vEP(B

jES
= inf sup [ec biY) Un(5)P (i, py v } Vie D,, 5.3.15
veP(B() uep(A( JZE; foaev) (5:3:19)

where p, = p, + kn + 6, (where k, is defined on p. 111).
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Let ! € I1},, be an outer maximizing selector of (5.3.10). Then we have

e’ P, (i) = inf {e”’r DN " (5)P (i, w3 (i), )} Vi € 9,. (5.3.16)

cP(B
veP(B(i)) I

Therefore by using Dynkin’s formula and (5.3.16), we obtain

bn(i) < EFT 2{ ZST:_OI(C@MZI(58)’”2(8))_”")%(fT)]{T<T(@ )}}
(Sup ¢n> *1 2 |: Zz_ol(0(55’W:LI(ES)’WZ(S))_pn):| . (5317)
Dn

Now, taking logarithm on the both sides of (5.3.17), dividing by 7" and letting 7" — oo,
for each ¢ € S for which ¢, > 0, we deduce that

pn < (1, c,wn, )

Since 7% € T3, is arbitrary, we get

pn < inf  Z(i,e,mt 7)< sup  inf _Z(i,c, 7w, 7).

2 2
7r2€H 7l €H114d 7r2€HAd
O

Now, we show that the sequence {p}, is bounded, and for each n, 1, > 0 on Z,, and
liminf p, > 0.

n—oo
Lemma 5.3.4. Suppose Assumptions (Al) and (A2) hold. Then for each n, ¢, > 0
on 9, and the sequence of eigenvalues {p,}n of the above eq. (5.3.10) is bounded.
Moreover, we have

liminf p, > 0. (5.3.18)

n—o0

Proof. We first prove that { pn}n is bounded. Under Assumption (Al)(a) since ||¢||oo < 7,
it is easy to see that # (i,c, 7', n%) <. Under Assumption (A1)(b) since % is finite,

there exists a constant k; such that (5.2.5) can be written as

sup ZV(j)P(j\z',u,v) < etV (4) Vi € S. (5.3.19)

(a.b)EAG)xB() g

Then by using (5.2.2) and successive conditioning, we get
EF™ {623—&“@)—“)1/(&) < V(i) VieS. (5.3.20)
Since, V' > 1, from (5.3.20), we get

I (i b, 7)<k forallies.

Ph.D. Thesis 106
TH-3126 186123018
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Now since ¢ — sup (-, a,b) is norm-like, there exists a constant ko such that for
(a,b)eA(i)x B(1)
all i € S, we have sup c(i,a,b) < (i) + ko. Hence we get
(a,b)eA(1)x B(t)

I (iye,mt m®) < ky + ko V(' 7%) € Uy, x 113,,Vi € S. (5.3.21)

Therefore using (5.3.11), it is clear that p,, has an upper bound.

Next we want to show that p, is bounded below. To this end, first we claim that
¥, > 0 on Z, for each n. Let n € N be fixed. Suppose that the claim is not true, then
there exists ¢ € 2, such that wn(ﬁ) = 0. Also, since 1, > 0 on %, there exists i € 9,
such that 1,(7) > 0. Now, for any outer minimizing selector 7*? € T1%,, of (5.3.15), the

eq. (5.3.16) can be rewritten as

0= ePrih, (i) = [ G D2 N (5) PG, mat (), w22 (7)) |- (5.3.22)

jJES

Again, in view of Assumption (A2)(ii), under any pair of strategies (7!, 7/?) € II},, x

n TL

I1%,,, there exists iy,ia, -+ iy € 9, satisfying

P (i, 75 (i), 732 (i) ) P (i |1, 7 (i) W (im1)) - - - P |1, 73 (2), 32 (0)) > 0.
(5.3.23)

Thus, from (5.3.22) and (5.3.23), we deduce that v, () = ¥n(i1) = -+ = Pn(inm) =
¥n(1) = 0. But this contradicts the fact that ), is nontrivial. Since, n is arbitrary, this
establishes our claim. So, for all n we can pin ¢, such that ¢, (i) = 1, where i, is a
reference state (defined as in p. 106).

Now, suppose that the sequence {p,}, is not bounded below. Hence, along a
subsequence p, — —oo as n — o0. So, p, < 0 for all large enough n. Let

(mxt, mr2) € TIY,, x 11%,, be a mini-max selector of (5.3.10), thus we have

L= ulio) = e sup ))[ 5 ) Pl 72|

HeP(A(io os

— e Pn[ c(io,my! (o), 752 (i0)) qun P(jlio, 7 (i9), nQ(ZO))} (5.3.24)

jES
Since p, < 0 for all large enough n, and our cost function c¢ is nonnegative, it is easy
to see that c(ig, 5 (ig), 7 (ig)) — pn > 0, for all large enough n. Assumption (A2)(ii),
implies that for any j € %, under any pair of strategies (7!, 7?) € II},, x I1%,,, there

exists i1, 19, - , i, € I, satistying

PGl ™ (i) 72 (i ) ) P (i i1, T (i), T (im1)) - - - P(i1|io, 7 (i0), 7*(ig)) > 0.
(5.3.25)
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We claim that if j € Z,,, then

inf Pigl’”z (7; <nAT(D,)) > k(j,n), for some constant k(j,n) > 0.

(ml,m2)enl, x1%,,

(5.3.26)

If not, suppose there exists a pair (7}, 77) € II§,, x [I%,, such that P;’i’ﬁ’% (f; < nA
7(%,)) = 0 as k — oo. Now, since II},, and I1%,, are compact, there exist a further
subsequence and 7' € IIg,, and 7* € I1%,,, such that 7}, — 7' and 77 — 72 as k — co.
By Assumption (A2), we know that the law of &, converges to &, where &, (§) is the
DTMDP governed by (7}, 72) (7', 72) respectively). So, for every p < n,

Pglﬁ(fi € P.\{io,j}, & =j foralli <p—1)
~1 ~2
= khm P;;kﬂrk (gk,l c .@n\{i07j},€k.’p :j for aH Z S p — 1)
—00

< lim PI7(7 < nAT(D)) = 0.

k—o0

So, this contradicts (5.3.25). Hence, we must have (5.3.26).
From the monotonicity of 7(%,), it then follows that for 2,, D Z,, 2 j, we have

inf Pr (5 < mAT(D)) > inf PE (3 < m A T(D)) > k(j,m).

(rl,m2)ell, xT%,, (w1, m2)elll,, x102%,,

(5.3.27)

Since for large enough n, c(ip, 7' (io), 72 (i0)) — pn > 0, from (5.3.24), we have

1 =, (ig) = EZ;" T o (C(Smi‘f(&t),ﬂf(ét))—pn)wn<

*1 %2 m/\T(@n)/\f'j—l
|:€Z Sm/\‘r(@n)/\i’j)

b
> Eio |:wn(£m/\7'(@n)/\‘?j):|
1.2
2 Yn(J inf P (1, <mAT(D,
iy ¢ <j) (ml,m2)elll,  x112Z,, v ( - ( ))

> k(j,m)ta(j) (using (5.3.27)).

Choose m = j + 1. Then for all n > j, we have 1,(j) < m, Vj € S. This
implies that, {t¢,} has an upper bound. Thus by a standard diagonalization argument,
there exists a subsequence (by abuse of notation denoting by the same sequence) and
a bounded function ¢ > 0 with ¢(ig) = 1 such that v, (i) — ¥(i), as n — oo for all
i € S. Now, since IT},, and IT%,, are compact, there exist a further subsequence and
€ I, and ©*2 € 11%,,, such that 7' — 7*! and 7** — 72 as n — oo. Since ¢ > 0,
(5.3.10) gives us

() 2 [ S Pl 721 w20 (5:3.25)

JjeS
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Hence, by taking n — oo, it follows that

> W) Pli (i), 7(6) <0, i € S. (5.3.29)
JjES
In view of (5.3.29), we claim that ¢» = 0. If not then there exists ¢ € S such that
Y*(1) > 0. Also, since 1 > 0 from (5.3.29), it is easy to see that there exists a point
i € S for which (i) = 0. Now, since {&} is irreducible under any pair of strategies

(m*l, 7*2) € 1Y, x 1%,,, there exists i1, 49, -+ i, € S satisfying

P(iligy 7 (i) T2 (i) ) P i i1, T (i1 ), T2 (im1)) - - - P(in]i, 7 (1), 72(7)) > 0.
Thus, from (5.3.29) we deduce that (i) = ¥(i1) = - - - = ¥ (i) = ¥(1) = 0. But this
contradicts to the fact that (2) > 0. This proves the claim. But since 1 (io) = 1, this
is a contradiction. Therefore, we obtain that, {p,} is bounded below.

Now we show that p* = liminf p, > 0. If not, then on contrary, p* < 0. So, for large
enough n, p, < 0. Since, our Z(;;Otofunction ¢ is nonnegative, for large enough n, c(i, pu, v)—
pn > 0 for all (u,v) € P(A(i)) x P(B(i)). So, by repeating the above arguments,
there exists a subsequence (by abuse of notation denoting by the same sequence) and a
bounded function ¢ > 0 with ¢(ig) = 1 such that 1, (i) — ¢(7), as n — oo for all 7 € S.
From (5.3.10), we have

{Z% (g4, 7' (&), T2 (4)) | (5.3.30)

JES

where (73!, 77?) is a mini-max selector of (5.3.10). By Fatou’s lemma, taking n — oo,

nrn

we deduce that
¢(i) = BT " [6(&)] Vi € S,

for some pair of stationary strategies (7*!,7*?) € II},, x 11%,,. Hence, {¢(&,), Fn} is
supermartingale where {&} is the Markov process under the pair of stationary strategies
(r*t, m*2) € I}, x 11%,,. So, by Doob’s martingale convergence theorem ¢(&,,) — Y
almost surely, as m — oo. On the other hand by Assumption (Al), we have {&} is
recurrent. Hence {;} visits every state (in particular iy) of S infinitely often. Since,
o(io) = 1, {p(&n)} converges only if ¢ = 1. Now, taking limit n — oo in (5.3.10), we

obtain
1 = ¢(i) > e Om2@)=p" 5
But this is a contradiction. Thus, liminf p,, > 0. -
n—oo
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5.4 Existence of risk-sensitive average optimal
strategies

In this section, we prove the existence of a risk-sensitive average optimal stationary
strategy using the Shapley equation. Now we state and prove our main result of this

section.

Theorem 5.4.1. Suppose Assumptions (Al) and (A2) hold. Then there ezists a unique
(upto a scalar multiplication) eigenpair (p*,¢*) € Ry x L{2(S) with v* > 0, such that

e” Y*(i) = sup inf [ec”‘” Zw P(jli, p,v )}

REP(A()) vEP(B() e

= inf sup [ einv) Zw P(jli, p, v )}, 1€ S. (5.4.1)

veP(V(i) neP(A() e
Moreover, we have the following
()

p*=inf sup inf Z(i,e,m' 7)) =inf inf sup Z(i,c, 7', 7). (5.4.2)

24
i€S rlell, n2ell? €S n2€ll?; 71 eI,

(ii) If (7*1, 7*2) € 1§, x 1%, be a mini-maz selector of (5.4.1), then (7*', m*?) €

I}, x I%,, is a saddle-point equilibrium, i.e.,

S liye,mt ) < _Fliye, ™, 12) = p* < _Z(i,c, ™, 7?), Va' € T}, Vr* € I,
(5.4.3)

Thus the value of the game is independent of the initial state.

(iii) Let (%', 7*%) € T, x I1%,, is a saddle-point equilibrium, then this pair is a mini-
maz selector of (5.4.1).

The rest of this section is dedicated to the proof of Theorem 5.4.1.
Since ¢ > 0, using Assumption (A1), there exists a finite set % containing % such

that we have the following:

e Under Assumption (Al)(a): since v > ||¢||0, from (5.3.11) we have p, <. Thus,
for all large enough n it holds that

sup c(iya,b) — p, | < Vie % (5.4.4)
(a,b)EA(i) x B(i)
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e Under Assumption (A1)(b): since the function ¢(-) — o) Iﬂ?i( 50 c(+,a,b) is norm-
a,b)€A()xB(-
like, for all large enough n it holds that

sup c(iya,b) — p, | < (i) Vi € S (5.4.5)
(a,b)EA() x B(i)

Now letting n — oo from (5.3.10) we show that the limiting equation admits a positive

eigenpair.

Lemma 5.4.1. Suppose Assumptions (Al) and (A2) hold. Then there exists an eigen-
pair (p*, ") € Ry x L (S) with ¥* > 0, such that

eI " () P, v )}

JES

e” (i) = sup 1nf
REP(AG)) vEP(B

= inf sup [e”’“’ Zw P(jliyp, v )} ieS. (5.4.6)

veP(B(1)) ueP(A(i) ieo

Furthermore, for any mini-maz selector (7*', 7*?) € Ty, x IT%,, of (5.4.6) we have the
following:
(i)
<inf su 1nf i, ¢, 2 5.4.7
gt e S ) (547
(i1) For any finite set B D B, we have the following stochastic representation of the

eigenfunction

%/ m*l 2 7(33) (e, m* T
Y*(i)= inf E; {6 U elE ), (1)~ )1/) (& (21)):|

7r2€1_l2

* '?'(‘@ )7 * *
= sup EZ,”l’“ ? [e oV el m (1), (&) —p )w*(&(%l))} Vie % (5.4.8)

177l
mlelly,

Proof. First we scale v, in such a way that we obtain v, (i) < V(i) for all i € S. Set

0, =sup{a >0:(V —atp,) > 0in S}.
Since 1, vanishes in Z¢ and 1, > 0 on %, it follows that 0, is finite. We claim that
if we replace 1, by 0,1, then 1, touches V inside . If this is not true, then on the
contrary, we assume that for some state 1 € Z°NZ,, (V —1,)(i) = 0 and V — ¢, > 0 in
PB U Z¢. Let m! be an outer maximizing selector of (5.3.10). Then under Assumption
(A1)(b), applying Dynkin’s formula (as in [113, Lemma 3.1]), we obtain

*1 2 NAT(B)—1 * —
U ( ) < E, E2os=0 (c(€symit (€5),m2 () pn)¢n<§N/\7°(%’))]{N/\"F(/Z’)<T(@n)}
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mxl 2 ZN/\%({@)—%(&)

< E =0 s wn(é-N/\qA_(%))[{N/\%(%)<T(.@n)}:| .

Since v, < V' (by our scaling), in view of Lemma 5.3.1, by the dominated convergence

theorem taking N — oo, we get

il 2 [ #(B)—1
ez

Un(t) < BT =0 “5“)‘“%(&(%)}
Combining this and (5.3.2), we get

> 0.

0= (V = )() = BT | D05 18V ) (Er)) | >

But this is a contradiction. Thus #,, touches V inside #. Using estimate as in (5.3.1),
one can show that similar conclusion holds under Assumption (Al)(a).

So, there exists a point i* € 2 such that (V — ,)(i*) = 0, for all large n. Since
Y, < V, by diagonalization arguments, there exists a subsequence (here we use the
same sequence by abuse of notation), and a function ¢¥* < V such that v, — ¥* as
n — oo. Again, from Lemma 5.3.4, we know that the sequence {p,} is bounded and
liminf p, > 0, thus along a further subsequence we have p, — p* as n — oo for some
P20,

Also, we have (V — ¢*)(i*) = 0 for some 7* € . By the continuity-compactness

assumptions, for any mini-max selector (7!, 7*?) € I1},, x [1%,, of (5.3.10), we get

’ﬂ ) ’I'L

e’ ihy(i) =  sup ; {ecwﬂ*z(z ) Z% P(ji, p, m2(i ))1

HEP(A(L jes

—  inf {"W“( N " (7) PG, (z),y)} (5.4.9)

veP(B(i)) ‘s
Note that since v, € L{9(S), we have
an P(jli,a,b) < ZV P(jli,a,b) ¥(i,a,b) € K. (5.4.10)
JES JES

Since IT§,, and I1%,, are compact there exists (7*!, 7*?) € TI},, x 11%,, such that 7' —

7t and 732 — 72 as n — oco. Now, from (5.4.9) we obtain,

epnw)z[cw“ 'S G P( i 1 2(0)] (5.4.11)
JES

Then, using Lemma 5.2.3, taking n — oo from (5.4.11), by the extended Fatou’s lemma
[35], [69, Lemma 8.3.7], we obtain

e (i) = e TN " () P(jli, p, (1)),

JES
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Thus

Sz s [ S PG 0)

HEP(A( jes

> inf sup [e“‘“’ Zz/; P(jli,p,v )} (5.4.12)

veP(B()) ueP(A(4)) Jjes

Also, from (5.4.9), we get

ePrap (i) < {C“” PN ()P, (@),V)}-

JES

Using (5.4.10), by the dominated convergence theorem, taking limit n — oo in above

equation, we deduce that

e’ ¢*(i) < inf [e“’r*l(z v Ziﬂ P(jli, 7' (4), z/)]

veP(B(1)) ies
<  sup inf [ec kol V() Pty p, v )} : (5.4.13)
pEP(A()) VEP(B()) JGZS

Hence by (5.4.12) and (5.4.13), we get (5.4.6). Since we have (V — ¢*)(i*) = 0 and
V > 1, it follows that ¢* is nontrivial.

Now, we claim that ¢* > 0. If not, then on contrary there exists a point ¢ € S for
which ¢* (5) = 0. Again by continuity-compactness assumptions, there exists a mini-max

selector (m*!, 7*%) such that (5.4.6) can be rewritten as

ep*¢*(i) . |: c(i,m* (4),m*2 (1)) Z¢ ]|Z ¥ (@) 71'*2(2)):| VieS.

JES

So, we get

0=e"P*(i) = { ol (8),m*2 () > Wt (4) Pl 7 (i), W*Z(E))} (5.4.14)
JES

Since ¢* is nontrivial, there exists ¢ € S such that ¢* (¢ 7) > 0. Again, since ¢ is irreducible
under any pair of strategies (7*!,7*?) € II},, x I1%,,, there exists iy,49, - ,i, € S
satisfying

P(ilin, 7 (i), 72 (in)) Plin|in—1, 7 (1), 72 (in_1)) - - - P(ir|i, 7 (i), 7% (2)) > 0.
Thus, from (5.4.14) we deduce that ¥*(i) = 1*(iy) = - - - = ¢¥*(i,) = ¥*(i) = 0. But this
contradicts the fact that ¢* is nontrivial. This establishes our claim.

Next we prove (5.4.7). Since v, > 0 on %, for all n, using (5.3.11), we have p* =
lim p, < sup inf _Z(i,c,n',7°) for all i € S.

oo rlerl, , WEMy,
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Finally, we prove the stochastic representation (5.4.8) of )*. As before there exists

a pair of strategies (7*!, 7*?) € II},, x [1%,, satisfying

)= s [0S )P0

HEP(A( jes

—  inf {e“’f““ N ()Pl 7 (), y)]. (5.4.15)

veP(B(i)) ies
Now for any finite set %, D £, applying Dynkin’s formula (as in [113, Lemma 3.1])
from (5.4.15), we get

#+(B1)AN—-1

. w*l 2 c(&e ™ (&), —p*), 1% . c
Yr(i) < EF [6 t=0 (efte (€. (9)=")y, (f%(%)/\zv)] Vi € %5,
Since ¥* < V| using estimates of Lemma 5.3.1, by the dominated convergence theorem

taking N — oo, it follows that

#(B1)—1

w*(l) < Eiﬂ.*l’ﬂ—Q [6 t=0 (C(Etm*l(&)’WZ(t))_p*)w*<§i—(931)>:| Vi € %f (5416)
Hence

T( )=
6 < it BT [e ST el € m 0=y (g, %))}

n2ell?

< sup inf EFT { o el 0.7 (0)—p 1/1*(5%(331))}, Vie %7 (5.4.17)

mlelll 7r2EHAd

Now using (5.4.15) and Dynkin’s formula

#+(B1)AN=1

WH(i) > BT {e <c<wl<t>v“*2<&>>p*w*(@%mm} Vi € %;.
In view of Lemma 5.3.1 by Fatou’s lemma taking N — oo, we get
v@) > BT {e o el O *2<f”>“’*)¢*(5+<%))], Vi € . (5.4.18)
Hence,

¥ > sup 7 [ e O <ft>>—P">w*<fﬂ%>>}
nlelll,
7( )— *
> inf sup Ezrl”rQ [e VT elgem (0,72 (1) —p )¢*(§%(%)>}’ Vie %, (5.4.19)

- el A ey,
From (5.4.17) and (5.4.19), we get eq. (5.4.8). O

Next, we prove the existence of the value of the game. To this end we first perturb

the cost function as follows:
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e When Assumption (A1)(a) holds: Let ag > 0, be a small number satisfying ||¢||o+
as < 7. Now we define é,(i,a,b) = c(i,a,b)1,(i) + (||c]loo + a3)Ige V(a,b) €
A(i) x B(i), i € S. Note [|é,loc <, where [|C,]|cc = SUp(; o pye s €n (i, @, 0).

e When Assumption (A1)(b) holds: Define

1
Cn(iya,b) = c(iya,b) + —[(i) — sup c(i,a,b)]+ V(a,b) € A(i) x B(i),i € S.
n (a,b)EA(i)x B(3)
Since the function [/(-) — sup c(+,a,b)]; is norm-like function, we have
(a,b)€A()xB(+)
l— sup én(+, a,b) is norm-like for large enough n.

(a,b)EA()x B(-)
Theorem 5.4.2. Suppose that Assumptions (A1) and (A2) hold. Let (7*',7*?) € 11}, x

[1%,, be any mini-max selector of (5.4.6), i.e. (7*', 72) € I1§,, x %,, satzsﬁes

Ui = swp  nf [ecwzw P(jli, . v)

neP(Ai)) vEP(B P ]

= inf sup [ ““’)Z@ZJ P(jli, p, v)

veP(B(i)) uep(aA = ]

= inf( {e““ @ )Zw P(jli, (z),u)_

eP
veP(B JES =

= sup {e“’” ®) Z@Z) P(jli, p,m ())}, i€ S. (5.4.20)
7))

neP (A jes

Then we have

p*=inf sup inf Z(i,c,n',7*)=inf inf sup _Z(i,c, 7', 7°)

€5 ey TPE, €S m2elly, rienl,,
%gnglerhg S (i, e,m*l m%) = 135 1seur?1 /” o (z,c):/(i,c,ﬁ*l,w*z). (5.4.21)

Proof. Arguing as Lemma 5.4.1, for the stationary strategy 7*2 € I1%,,, there exists an
eigenpair (py, wn) € R, x L (S) with U, > 0 satisfying

e, (i) = sup {ec b )an (i, p, m2()) |, i € S (5.4.22)
)

HEP(A(L

JjeS
such that
0<pp < sup _Z(i,én, 7, 7). (5.4.23)
nlelll,
Also,
Puli) = sup EF " [eZis ! Culem €N b)) (g1 )| i€ B (5.4.24)
mlelll,
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for some finite set %4, containing #.
Now as in Lemma 5.4.1, we have a finite set %, depending on n, containing %" such
that:

e Under Assumption (Al)(a): From (5.4.23), we have p, < ||éu|lo- So, from the
above definition of ¢é,, for i € 2¢, we have ¢,(i,a,b) — p, > 0 for all (a,b) €
A(7) x B(i). Consequently, we may take B, = 9, such that Cn(iya,b) — pp, > 0 in
B¢ for all (a,b) € A(i) x B(i).

e Under Assumption (A1)(b): since &, is norm-like function, we can choose suitable
finite set %, such that (¢,(i,a,b) — pn) > 0 in Z for all (a,b) € A(i) x B(i).

From (5.4.22), we obtain

D)2 [0 5 8, G)PGl, w20 (5.4.25)

JES

By Dynkin’s formula from (5.4.25), we deduce that

772)”(@) 2 Ezrlm.w |:e Z(?l)AN 1( 2 (&6, (), 2(E6— ) —fn) wn(g }1 /\N):|

Since &,(i,a,b) — p, > 0, in Z, for all (a,b) € A(i) x B(i), by Fatou lemma taking

N — o0, we obtam

q&n(z) 2 Ezrl’ﬂ*Q |:e 7(931> 1(0 (&t 1(t)77r*2(§t))_ﬁn)&n(gf_(@,l))} Z 1’I1}H ’JJTL Ve @g
7

So, 1, has a lower bound. Again by Dynkin’s formula from (5.4.22), we get

TAT(Dn)—1

ba(i) > ET ™ [e 120 (@n (€t (), (&))m)@n(&m(%))]_

By Fatou’s lemma, taking m — oo, we obtain
bn(d) > BT [eth_ol(%(émrl(t)m*Q(Et))—ﬁn)lzjn(fT)]

> (mjn Q/A)n)EZrlv”*Q |:€Z;f—ol (5n(5t77T1(t)77r*2(§t))—ﬁn):| )
i

So, taking logarithm both sides, dividing by 7" and letting 7" — oo, we deduce that
pn > F (i, Cy it m2),
Since w' € 1T}, is arbitrary,

pn > sup Z(i,Cp, ', m*%) > sup £ (i,c, 7', m).

1 1 1 1
mlell,, mlelly,
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Using this and (5.4.23), we get sup _Z(i,c, 7t m?) < sup pAC Gy, %) = p, for
mlell), mlelly,
all n. Now, by suitable scaling as in the proof of Lemma 5.4.1, it is easy to see that

1&” < V and it touches V. Also, we note from the definition of ¢, that p, is a monotone
decreasing sequence bounded below. Thus, using diagonalization arguments, there exists
a subsequence (denoting the same sequence) and a pair (p, 121), ¥ > 0 such that p, — p
and 2&,1 — @/A) as n — 0o. Now arguing as in the proof of Lemma 5.4.1, taking n — oo in
(5.4.22), we get

i) = s [0S P )] (G4

neEP(A( jes

Also, we have hmpn—p> sup £ (i,e,m',7*?) > inf  sup Z(i,e, 7', 7)) > pt
™ eH}M m2elly, rierr, ,
We want to show that p = p*. By continuity-compactness assumptions, there exists

7*! such that (5.4.26) can be rewritten as
P (i) = [ec TN " h(5) P(jli, 7 ('),7r*2(i))}. (5.4.27)
JES
By Dynkin’s formula, for some %, containing 4, we have
#(By)AN—1

~ « *2 ~ % * A 7
QZJ( ) Eﬂ' 1 |:€ =0 (C(ft,ﬂ' 1(§t)77f 2(£t))_p)w(§%($2)/\]\7):|’ VZ E e@g (5428)

Using the estimates of Lemma 5.3.1 and the dominated convergence theorem, taking

N — o0 in (5.4.28), we obtain

7(332) 1

~

12(2) _ Eifr*lyﬂ*z |:6 (c(€e, 71 (&e),m*2 () — 1/1(67‘—(332)):| , Vi€ % (5.4.29)

Since p > p*, from (5.4.8) we have

#(B2)—1

V(i) > Ef*17w*2 [6 7B (g 771 (€0) 72 (64)) — Py (gT(%))} Vi € %S (5.4.30)

Hence, from (5.4.29) and (5.4.30), it follows that

A A A1+ #(Bg)—1
e

V(i) — k(i) > E =0t AGATETEE) =) (g — ]2?1?@)(5%(@2))] Vi € B
(5.4.31)

*

Let ky = r]%inqi}} , thus we have (¢* — l%lzﬁ) > 0 in %, and for some iy € By, (P* —

1%1@@)(%0) = 0. Therefore, from (5.4.31), we obtain that (* — /Acl"g[)) > 0in S. Now since
p > p*, from (5.4.20) and (5.4.27), we deduce that

e (" — ki) (ig) > [ec%’ﬁ““@v”*“’h” S — k) () P(lio, 7 (i), 72(in)) |

jes
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This gives us
j€s
Thus, in view of the irreducibility property of the Markov chain under stationary Markov

strategies, it follows that ¢* = k¢ in S. Hence from (5.4.20) and (5.4.26), it is easy to
see that p = p* for all i € S. Therefore, we obtain

p*=inf sup inf Z(i,e,r',7*)=inf inf sup _Z(i,c,7',7°)

€S mlelly, ™ 2elly, €S n2elly, mlelll,
=inf sup _Z(i,c, 7', 7) > mf/(z c, ™1, m*2). (5.4.33)
ZGS 1€H1

Now arguing as in [21, Lemma 2.6], it follows that for 7! € II},,, there exists (¢, p') €
L$P(S) x Ry, o' > 0 satisfying

P ()= inf |eimt@w ; 5.4.34
i) = a0 GGl w)| G
JES
with
2
0 ggﬁﬁ% F(i,c, !, ?). (5.4.35)

Thus, we have

p =inf inf Z(i,c,m*' 7?) <inf £ (i,c, !, 7%) < p*. (5.4.36)

i€S n2ell? €S -

For any minimizing selector 7*2 of (5.4.34), we obtain

M()z{“” OFEDN "' (5)P(jli, " (z),fr*Q(i))]- (5.4.37)
JjeES

Also, arguing as in Lemma 5.4.1, for some finite set %5 O A, we deduce that

#(B3)—

'l/}l(z) _ Ezr*l’ﬁ-*Z |:€ =0 ( (gt * (gt) *2(515) ) p dtw (57— ﬂg)):|, Z c %g (5438)
From (5.4.20), we have

e (i) < [m OFEDN " (5) P(jli, 7 (i), ﬁ*?(@))} ies. (5.4.39)

JjeS
Also, from (5.4.8), it follows that
(i) < Ez?f*lffﬁ [6 03 (g (€0). 72 (&) —p*)d w*(é“%((%g))} Vi € 5. (5.4.40)
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Therefore, by analogous arguments as above, using the irreducibility property of the
Markov chain, we get 1) = kotp*, for some positive constant k. Thus, from (5.4.20) and
(5.4.34), it follows that

pr=p. (5.4.41)
Hence, by (5.4.33), (5.4.36) and (5.4.41), we obtain (5.4.21). This completes the proof
of the theorem. H

Now we prove the uniqueness of the eigenpair of the optimality equation (5.4.6) in the
space Ry x L{2(9).

Lemma 5.4.2. Suppose that Assumptions (Al) and (A2) hold. Then the eigenpair

(p*, ") € Ry x Lg2(S) is a unique solution of (5.4.6) (upto a scalar multiplication).

Proof. Let (p,7) € Ry x L2(S), ¥ > 0 be another solution of (5.4.6). Then using Fan’s

minimax theorem and (5.4.6), we get

@%Z(z') = sup 1nf {e““'/)z?ﬁ P(jli, p, v )}

REP(A(i)) VEP(B

JES
= inf Sup {e ob:pv) 1/} P(jli, p, v ], es. 5.4.42
veP(B(i)) ueP(A( jGZS | ) ( )

There exists an outer minimizing selector 7*2 € I1%,, such that (5.4.42) can be written

e’h(i) = sup [ Aol )Zw P(jli, p, 72 (i ))], i€S. (5.4.43)

HEP(A() =

We claim that p* = p. If possible let us assume that p < p*. Now from (5.4.8), for some
finite set B, O A, we get

w(i) < EF {6 L7 e (& )ﬁ*?(&))—p*w(&%))} Vi € %y, (5.4.44)

where 7*! is an outer maximizing selector of (5.4.6) as in (5.4.20). Since p* > p, in view

of (5.4.18), by Dynkin’s formula and Fatou’s lemma from (5.4.43), we deduce that

QE(Z) > Ezr*ljr*z |:6 77:(?4)_1(C(gt)ﬂ'*l(gt)y’fr*Z(gi))_p*)rl;(gf_(@4)):| Vi € %Z (5445)

Therefore, by analogous arguments as above (see (5.4.29)-(5.4.32) or (5.4.37)-(5.4.41)),

using irreducibility property of the Markov chain and (5.4.6), (5.4.43), (5.4.44) and
(5.4.45) and by taking ks = H/l;n;b we get ¢ = kso*. Thus, from (5.4.6) and (5.4.42),

it follows that p* = p. Hence we arrive at a contradiction and it contradicts the fact
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that p < p*. Thus, we obtain p* < p.
Next, if possible let p* < p. Then by the analogous arguments, (by taking the outer
maximizer of (5.4.42) and outer minimizer of (5.4.6)), we will arrive at a contradiction

to the fact that p* < p. Hence, we deduce that
p*=p and ¥* = ks, (5.4.46)

for some positive constant 124.
In particular, this implies that the eigenpair of (5.4.6) is unique upto a scalar multipli-

cation. O

Remark 5.4.3. In deriving (5.4.3/), we used [21, Lemma 2.6]. It should be noted that
the results of the paper [21] can be derived by using the assumptions of this chapter (see
[21, Remark 2.3]).

Next, we prove the converse of the above theorem. That is, any saddle-point equi-
librium of our game problem will be a mini-max selector of the associated optimality

equation .

Theorem 5.4.3. Suppose Assumptions (Al) and (A2) hold. Suppose there exists a
saddle-point equilibrium (7*,7*%) € Ik, x I1%,,, i.e., for alli € S,

S lise 7)< g (i, e, i m), for all w* € T,
I (i,e, @172 > F(i,e,m,7*2), for all ' € T, (5.4.47)

Then (7#*Y, #*%) is a mini-mazx selector of (5.4.6).

Proof. By Theorem 5.4.2 and (5.4.47), we have

pt= inf sup F(i,c,m',7%) < sup F(i,e,m, 7)< _F(i,e, 7, 72)

m2€ll, rlerl, wlelll,
£ cing S (ise, 7, %) < S L S (ise,mh, %)
=p".
This implies that p* = _# (i, c, 7, #*%) = Trlseunpl S (iye,m', 7)) = 2lennf2 I i, e, 71, 7).
Ad

Now arguing as in Lemma 5.4.1 and Theorem 5.4.2, it follows that for & 1 € 11}, there
exists (p’}*l,w;*l) € R, x Ly with ¢%., > 0 such that

€p%*l¢;*1(i) - iIlf( |:€C“T*1(Z Zw *1 1¢ A*I(Z)uy) ) (5448)

veP(B ies
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and p = inf S (i,e, 7 7%) = p*. Thus for 7*% as in (5.4.20), we have

n2ell?,

& pEai) < [ CAT@EONN " (7) Pl 77 (), 7r*2(i))]. (5.4.49)

jES
Arguing as in Lemma 5.4.1, for some finite set %5 O Z it follows that

7(%B5)—1

~ *2 ~ * *
Wi (i) < EF - {6 B (g, 771 (€0), 2 (64)) —p )%*1(&(%))} Vi € Hs. (5.4.50)

Also, from (5.4.20), we deduce that

ef (i) > l AT @@ N S ()P (ji, 77 (5), w*2(z))}. (5.4.51)

jES
By Dynkin’s formula and Fatou’s lemma (as in Lemma 5.4.1), we obtain

7(#B5)—1

w*(z) > szzﬁ’*l,rr*2 |:€ =0 (C(ft,fl’*l(ft),ﬂ*z(ft))_lo*)w*(5%(%5))] Vi € %g (5452)

Now, in view of (5.4.50) and (5.4.52) and applying the same technique as before (as in
the proof of Theorem 5.4.2), it follows that ¢* = 12;5¢;;*1, for some constant 12;5 > 0. Hence
from (5.4.20) and (5.4.48), it is easy to see that #*! is an outer maximizing selector of
(5.4.6). Similarly, one can show that 7#*? is an outer minimizing selector of (5.4.6). This

completes the proof. O]

Now we are ready to prove Theorem 5.4.1.
Proof of Theorem 5.4.1:

Proof. Existence of an eigenpair (p*,¢*) of eq. (5.4.1) follows from Lemma 5.4.1.
Uniqueness of the eigenpair of equation (5.4.1) is proved in Lemma 5.4.2. Also, from
Theorem 5.4.2, we have Theorem 5.4.1 (i) and Theorem 5.4.1 (ii). Theorem 5.4.1 (iii)
follows from Theorem 5.4.3. This completes the proof. O]

5.5 Example

We present here an illustrative example in which all our assumptions hold, and the cost

function is nonnegative and unbounded.

Example 5.5.1. Consider a controlled birth-and-death system in which the state variable
stands for the total population size at timet > 0. Thus, the state space can be represented
by S :={0,1,2,---}. Suppose that there are two players, player 1 and player 2, and

they can control death and birth, respectively. Depending on the number of populations
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in the system, player 1 can modify the number of deaths by choosing some action a,
from the set A(i) = [0, L1]. But this action results in a cost given by ¢ (i,a) > 0 (or
a reward ¢1(i,a) < 0), if i is the state of the system. On the other hand, player 2 can
modify the number of births by choosing some action b from the set B(i) = [d, L1]. The
action of player 2 incurs a cost given by ¢y(i,b) > 0 (or a reward é5(i,b) <0). Also, in
addition, assume that player 1 ‘owns’ the system and he/she gets a reward r(i) :=p- i
for each unit of time during which the system remains in the state © € S, where p > 0
15 a fizved cost per population. We assume that player 1 is maximizing player and player
2 is minimizing player. Player 1 gets an immediately reward rate c¢(i,a,b) and he/she
tries to mazimize his/her total payoff through the infinite horizon discrete-time ergodic
cost criterion and at the same time, player 2 incurs an immediately cost rate c(i,a,b)
and he/she tries to minimize his/her total payoff through the same cost criterion.

We next formulate this model as a discrete-time Markov game. The corresponding
transition stochastic kernel P(jli,a,b) and reward c(i,a,b) for player 1 are given as
follows: for (0,a,b) € K (K as in the game model (5.2.1)).

ZP(ﬂO,a, b) =1, and P(j]0,a,b) = o Vij>1 (5.5.1)

jes
Similarly, for (1,a,b) € K,

( 3e—2p o
g Ui —

2(131-5-112)’
e=2b e
2(L1+L2)’ ij - 1
o 6_2 . .
P(j|1,a,b) = Q(Tfh) ifj=2
_2b N .
MatLy UI=3
. 0, otherwise.

Also, for (i,a,b) € K with i > 2,

( sierryy =11
S =
P(jli,a,b) = ﬂgel—ﬁ'ﬂ,_ifj_:iﬂ
- o
. 0, otherwise.
c(iya,b) :=p-i—¢(i,a) + éa(i,b) for (i,a,b) € K. (5.5.2)

We make the following assumptions to ensure the existence of a pair of optimal strategies.

(I) The functions ¢,(i,a), and é(i,b) are continuous with their respective variables for
each fized i € S.
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(1I) Suppose that p-i — ¢1(i,a) + é(i,b) > 0 for (i,a,b) € K and p < %. Also, assume

that f, is a norm-like function, where f(i) := min  [¢1(4,a) — ¢2(i,b)] for all
g (a,b)EA(i) x B(i)
1€ 0.

(111) We also consider an increasing sequence of finite subsets %, C S such that
U D =S and 0 € @, for alln € N. We assume that for any pair i,j € Dy,
the probability of hitting j from i before exiting 9, is bounded from below by some

constant d;;,, > 0 for any stationary Markov strategy.

Proposition 5.5.2. Under conditions (I)-(111), the above controlled system satisfies
the Assumptions (A1) and (A2). Hence by Theorem 5.4.1, there exists a saddle-point

equilibrium for this controlled model.

Proof. Consider the Lyapunov function V(i) := ¢’ for i € S. Then V(i) > 1 for all
i € S. Now for each i > 2, and (a,b) € A(i) x B(i), we have

> P(jli,a, )V (j)

jES
= P(i — 1)i,a,b)V (i — 1) + P(ili,a,b)V (i) + P(i + 1|i, a, b)V (z +1) + P(0}3, a, b)V(0)

1 (i— ) 41 2(ae—i +be—2i)
+ell-
1 e( 2(L1 + La)

. 2 2 . .
) [ae’e g1 +estl (ae’ + be2l> + be~2ie"

" 2(Ly + Ly
5 i —2i —2i , 2 —i ~2i
_ ZGJF[ €§+é+<ae + be >+ be e§+é+€_2(1_2(ae + be ))}
2(Ly + Lg) 2(Ly + L) 2(Ly + L) 2(Ly + Ly)
<e LF e §+é

a+b n b +(1_2( l+b€2z)>:|
2 L1 + Ly) 2(L1 + L) = 2(L;1 + Lo) 2(Ly + Lo)
< 4@ 6 +1€7%+%
< €(§+1)—§(i+3)+4

v(i)e—é(z‘+3)—%(i+3)+4

< e s EHNTLAOY () < e sV () + max V()L 4 (4) < e "DV (i) + CLy (i),
JE€
(5.5.3)

where ((i) = L(i +3), A4 = {i 4 - 1i+3 > 0}, and C =
max{max;e » V(j)e*, e 2 2121(6_% — ¢ %) +e}. It is clear that 0,1 € .#. Also,
we have

S P(jl0,a,b)V (j) = eP(0]0,a,b) + Y e 275 < CLy(0). (5.5.4)

Jjes Jj=1

By similar arguments as in (5.5.3), we have

> P3| a, )V (j)

JjeS
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(0[1,a b) ( ) PA1,a,0)V(1) + P2|1,a,b)V(2) + P(3|1,a,b)V (3)

( ) 1+1< e b ) 4+1( e 2b > 9+1< e 2b )
= + e6 —— | + €56 —— | + €6 _—

L1 + Lo) 2(Ly + L) 2(Ly + Lo) 2(Ly + L)
< e s MLy (1) < 3V (1) + max V(j Ne'l 4 (1) < e 'V (1) + CL,(1).

(5.5.5)
Now
(i) —  max  clibab) =+ (E—pi+t min_ [a6a)—é0b).  (5.56)
(a,b)eA(i)x B(i) 2 6 (a,b)eA()xB(-)
We see from condition (II) and (5.5.6) that £(i) — sup (i, a, b) is norm-like func-

(a,b)EA() x B(3)
tion. So, by condition (II), equations (5.5.3), (5.5.4), (5.5.5), and (5.5.6), Assumption

(A1) is satisfied. Now, by the transition probability defined above and condition (III),
Assumption (A2)(ii) is verified. Next, Assumption (A2)(iii) is verified by (5.5.3), (5.5.4)
and (5.5.5). Also, by the above construction of probability kernel, (5.5.2), and condi-
tion (I), P(-|i,a,b) and ¢(i,a,b) are continuous in (a,b) € A(i) x B(i) for all 7,5 € S.
Hence by Theorem 5.4.1, it follows that there exists a saddle-point equilibrium for this

controlled model. O]

5.6 Eigenvalue problem for compact state space
case:

In this section, we extend our results to compact state space S without assuming any
Lyapunov type stability assumptions since compact state space eliminates the need for
any stability consideration. To this end, let us first introduce some notations. Let
¢ (S):={fe€?€(S): f(x) >0Vx €S} denotes the closed cone of €(S), where €(S)
denotes the Banach space of continuous maps f : €(S) — R with the supremum norm,
denoted by || - ||. Thus €*(S) defines a partial order on €'(S), denoted >, given by this:
for any f,g € €(S), we define f = g if f—g € €*(95), i.e., the partial ordering in € (5)
with respect to the cone € (S). We write f > g (equivalently, g < f) if f = g, f # ¢,
and we write f > ¢ (equivalently, g < f) if f — g is a strictly positive function in €'(S)
ie., if f — g € interior(€(9)).

For our analysis, we need to impose the following set of assumptions on the system.
(A1)

(i) The admissible action spaces A(z)(C A) and B(z)(C B) are compact for each
rel.

(ii) The functions P(D|x,a,b) and ¢ : K — R are continuous in (x,a,b) € S x A(x) X
B(z), D CS.
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(iii) The maps (z,a,b) — [ f(y)P(dy|z,a,b), f € €(S) with || f|| <1 are equicontin-

uous.

(iv) We assume that the transition kernel P(dy|z, a,b) of the Markov chain {& };>0 has
the full support for all (z,a,b) € K i.e., support(P(dy|x,a,b)) = S V(z,a,b) € K.

Now, using the nonlinear version of the Krein-Rutman theorem, see [2, Theorem 2.2], [4],

[92], [93], we establish the existence of an eigenpair to the associated Shapley equation .

Theorem 5.6.1. Suppose Assumption (All) holds. Then there exists a unique eigenpair
(p*, %) € Ry x €7(S), ¢v* € interior(€*(S)) (unique up to a multiplicative constant)

for the following nonlinear eigenequation

o yr(z) = inf  sup [<> / w*<y>P<dy|x,u,u>}
) S

veP(B(z)) ueP(Ax

= sup inf [ec(x’“”’)/w* y)P(dy|x, pu, v } 5.6.1
I A s (y) P(dylz, p, v) (5.6.1)

Furthermore, for any mini-maz selector (7*', 7*2) € Tk, x 11%,, of (5.6.1) we have the

following:
*=inf su inf z,c,mt, ) =inf inf su z,c,m, w?
P wlerﬁ,d m2elly, 7 ) reS eIl nlenlid A )
= inf inf z,c,m 7)) = inf su z,c,mt, m*?) = z,c, ™, w2,
inf_nt )= inf s S )= 4 )
(5.6.2)
and consequently (!, 7*?) € I}, X 11%,, is a saddle-point equilibrium.
Proof. Let us consider a mapping 1 : € (S) — €(95) defined by
Tg()= sup o [<> [ stw)Ptayie.uv)| (5.6.3)
peP(A(z)) vEP(B(2)) S

where g € €(S) and z € S.
Note that in view of Remark 5.2.2; the sets P(A(x)) and P(B(x)) are compact as well
as convex. Also, the extreme points of P(A(x)) and P(B(x)) corresponds to the Dirac

measures at points in A(x) and B(zx) respectively. Hence,

Tg(x)= sup inf {ec(“":’“”’)/g y)P(dy x,u,y]
(x) s A ; (y)P(dy] )

= sup inf)[ec(x’a’b)/g(y)P(dy[x,a,b)], for details, see [2, p. 965]. (5.6.4)
S

a€A(z) beB(x
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Next, we show that the map 7" is well defined on €(S). So, it is sufficient to take
the family {g € €(5) : |lg|| < R}, for some R > 0. Let =,z € S be arbitrary but fixed

points. Then in view of (5.6.4), we have
Tg(x) —Tg(2)]

< ell supsup  sup
beB acA g:||g||<R

6c(a:,a,b) . ec(z,a,b) .

/Sg(y)P(dylxya, b) —/Sg(y)P(dylz,avb)‘ + Rsupsup

beB acA

(5.6.5)

In view of Assumption (A1'), it follows that the right hand side tends to zero when
x — z. Next, from the definition of the map T, for any gi,g2 € €¢(S5), it follows that
1T(g1) — T(g2)|| < ell“l||g; — go|. Hence the map T is Lipschitz continuous map from
E(S) = €(S).

Now, using Assumptions (A1"), we prove the following properties of 7.

Let g1 = g2 1.€., g1 = G2, g1 # g2. Let m*2 € 1%, be such that

sup inf le‘:(z’”’”)/g y)P(dy x,u,v}
ueP(A(z)) vEP(B(2)) s 1(@)P(dyl )

= sup [e"’“’“’”ﬁ(m” / gl(y)P(dylx,um*Q(x))] Vz e S. (5.6.6)
neP(A(x)) S
Also, let 7! € IIf,, be such that

sup {edw%» / g2<y>P<dy|x,u,w*2<x>>}
neP(A(x)) S

& {ecm*l(xm*%» / gz(y)P(dy|x,W*l(a:),w*Q(x))] Vo € S. (5.6.7)
S

Then

A A

T(g1)(x) —T(g2)(x)

> {ec(%ﬂ*l(x)m@(aﬁ)) /S<gl(y) — g2(y))P(dy‘:L',77*1(1=),7r*2($))}

> e / (@1(y) — 92(4)) Pdylz, 7" (), 77%()) > 0,
S

since g; = go and support(P(dy|z, 7' (z), 7*%*(z))) = S, Vx € S, where ay > 0 is the
greatest lower bound of ¢ on S. So, T is strictly increasing.

By the definition of the map T, it is easy to see that T(\g) = AT'(g) for all A > 0. For
M > e and g € €1(S) defined by g(-) =1, MTg > g. Using Assumption (A1), in
view of (5.6.5), by analogous arguments as in [2, p. 967-968], it is easy to say that the
map T : €(S) — €(S) is a compact operator. Hence by Theorem 5.3.1, there exists a
nontrival ¢* € €+(9) and a constant e?” > 0 such that T¢* = e? " i.e,

e” YP*(z) = sup inf {e‘:(z’“’”)/@/J*(y)P(dy|x,u, v)| Vo e S.
LEP(A(z)) VEP(B(2)) S
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Thus, by Fan’s minimax theorem [33], we have

ep*l/}*(x) = inf Sup [ecmuu /w P(dy|xz,u,v)| Ve € S.

veP(B(x)) HEP(A

This implies that the pair (p*,¢*) satisfies (5.6.1).
Now, we claim that ¢* > 0. If not, then on contrary there exists a point £ € S for which

Y*(z) = 0. Again by continuity-compactness assumptions, there exists a mini-max

selector (m*!, 7*2) such that (5.6.1) can be rewritten as

ep*w*(x):{c (=) A /w P(dy|z, 7 (x),w*g(x))} Vi e S

So, we get

0= e v) = et [P @@ 669

Since ¢* is nontrivial, there exists & € S such that ¢¥*(z) > 0.
Now since support(P(dy|z,a,b)) = S ¥(x,a,b) € K, it follows that

[/¢ Pdy|i, (), W*Q(f))} - 0.

Hence it contradicts (5.6.8). This establishes our claim.

In view of Assumption (A1')(iv), the uniqueness of the eigenpair of equation (5.6.1)
can be proved easily by the analogous arguments as in [Lemma 5.4.2, eqs. (5.4.42)-
(5.4.46)] . To see this, suppose that (,1) € R, x ¢*(S), ) > 0 is an another solution

of (5.6.1) and if possible let p < p*. Let ke = msm;/} thus we have (¢ — ket ) > 0in

S and for some & € S, h(Zg) — kgib* (&) = 0. Let 7*! and 7*2 are outer maximizing
and minimizing selectors of (5.6.1), corresponding to the eigenpair (5,4) and (p,),

respectively. Thus we obtain
e (¢ — ket)*) (z) > {edzv”“(m)ﬁ*z(x)) /S (W — k) (y) P(dy|z, 7 (), #2(x)) | . (5.6.9)
This implies that
~ [ = o)) Pldylio. 7 30) 730)

Then we claim that ¢ = kgib*. If not, then since support(P(dy|z, a,b)) = S V(z,a,b) €
K, it follows that

/S (6 — k") () P(dylio, 7 (20), , #2(30)) > 0. (5.6.10)
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So, we arrive at a contradiction and thus, we have zﬁ = l%6¢*. Hence we obtain p* = p,
which is a contradiction to the fact that p < p*. This implies that p* < p. Again, by
similar arguments, one can derive the analogous contradiction to the fact that p* < p.
Therefore, we deduce that p* = p and )= l%7¢*, for some k; > 0. So, the eigenpair of
equation (5.6.1) is unique (up to a scalar multiplication).

Let (7!, 7*%) € II§,, x [1%,, be a pair of outer mini-max selector of (5.6.1), satisfying

S = e [ )Pyl )|

ReP(B(

= ot {ec /w P(dy|w, * (x),l/)]. (5.6.11)

veP(B(z

Therefore, by Dynkin’s formula and (5.6.11) (as in [113, Lemma 3.1]), we obtain

Y (@) < BYT [ R~ )y <£T>]
< (supy")EL ™ [ezf‘ol<c<w*1<5s>ﬂr2<s>>—ﬂ*>} . (5.6.12)
S
Taking logarithm on both sides, dividing by 7" and letting 7' — oo, we deduce that

pr < inf  Z(z,e,mt 7)< sup  inf Z(x,c,7m, 7). (5.6.13)

- mely, rlerl , w2 el
Similarly, by Dynkin’s formula and using (5.6.11), we get

p*> sup Z(z,e,m',7m?) > inf sup Z(z,em, 7). (5.6.14)

wlelly, m2€lly, rier, ,

using (5.6.13) and (5.6.14), we have (5.6.2) and this gives us p* = _#(z,¢,7*, 7*%). In

particular, this implies that

I (zye,mt, ) < f(z,e,7,72) < Z (2, ¢, 7?)
That is, (7%, 7*?) € II§,, x 11%,, is a saddle-point equilibrium. O

The next theorem shows that the converse statement of the above theorem is also

true.

Theorem 5.6.2. Suppose Assumption (A1) holds. Suppose there exists a saddle-point

equilibrium (7*!,7*%) € 11}, x 1%,, . Then (#*',7*?) is a mini-maz selector of (5.6.1).

Proof. By analogous arguments as in Theorem 5.4.3, in view of Theorem 5.6.1 and

definition of saddle-point, we have p* = ¢ (z,¢,7*,7**) = sup #(z,c,7',7*%) =
mlelll,
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inf 7 (x, 7?). Now arguing as in Theorem 5.6.1, it is easy to see that for

2772
m2elly,

71 € 11}, there exists (0™, 9%.,) € Ry x €F(S) with 1%, > 0 such that

P ra(z) = inf |ect=m@, ”>/ A (y) P(d 5.6.15
o) = it e V)Pl 2 @], (5619)
and p* = 21nf2 S (z,c,7",7%) = p*. Thus for 7% as in (5.6.11), we have
meelly
o aa) < [ O [Pl st @ @) G619

Also, from (5.6.11), we deduce that

e ¥ (2) > [c” {(o)r°3(a)) /¢ Pdyz, #*\(z), 7T*2(:1:))} (5.6.17)

*

Let ks = msin 1;/}7’ thus we have (¢* — l;)gi,b;:*l) > 0 in S and for some &y € S, ¥*(Zy) —

Fxl

1%81/);*1(@0) = 0. Now, from (5.6.16) and (5.6.17), we deduce that
0= [ 6" =) 0Pl 3" (i), 7).

Then we claim that ¢* = 12:81/1;*1. If not, then since support(P(dy|z,a,b)) = S V(z,a,b) €
K, it follows that

/S (8° — kstht) () P(dy|0, 7" (£0), 72(20)) > 0. (5.6.18)

So, we arrive at a contradiction and so, 1* = kgtt.,. Hence from (5.6.1) and (5.6.15),
it is easy to see that 7*! is an outer maximizing selector of (5.6.1). Similarly, one can

show that #*? is an outer minimizing selector of (5.6.1). This completes the proof. [

5.7 Conclusions

We have studied a risk-sensitive zero-sum stochastic game with ergodic cost criterion on
countable/compact state space where the admissible action spaces (A(x) and B(z)) are
compact metric spaces. Under certain assumptions, we have established the existence
of a saddle-point equilibrium and have completely characterized the same. Instead of
employing the traditional vanishing discount asymptotics, we have pursued a direct

approach involving the principal eigenpair of the corresponding Shapley equation.
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CHAPTER 6

Nonzero-sum risk-sensitive continuous-time
stochastic games with ergodic costs

6.1 Introduction

We consider a nonzero-sum stochastic game on the infinite time horizon for continuous-
time Markov decision processes (CTMDPs) on a denumerable state space. The perfor-
mance evaluation criterion is exponential of integral cost which addresses the decision
makers (i.e., players’) attitude towards risk. In other words, we address the problem of
nonzero-sum risk-sensitive stochastic games involving continuous-time Markov decision
processes. In discrete-time and discrete state space the risk-sensitive zero-sum stochastic
games with bounded cost and transition rates have been studied by Basu and Ghosh
[12] and nonzero-sum games in [13]. For CTMDPs, zero-sum stochastic games with
risk-sensitive costs for bounded cost and bounded transition rates have been studied in
[45]. Ome can see [48], [110], and the references therein for finite-horizon risk-sensitive
stochastic games for CTMDPs, where [48] deals with the zero-sum game and [110] deals
with the nonzero-sum game. Recently risk-sensitive CTMDPs for ergodic cost criterion
have been studied in [21], [47], [52], [81], [82]. In the above five papers, the authors have
studied risk-sensitive stochastic optimal control problems, where the controller is trying
to control the state dynamics by choosing appropriate controls. When there is more than
one controller the stochastic control problems become stochastic game problems. In this
chapter, we have extended the results of the above five papers from one controller case to
a multi-controller case where the controllers are non-cooperative. More specifically, we
study ergodic nonzero sum risk-sensitive stochastic (non-cooperative) games along the
line of the article [21], where the authors studied risk-sensitive discrete/continuous-time
ergodic control problems for controlled Markov processes with countable state space.
Using the principal eigenvalue approach, under a Lyapunov type stability assumption,

we have shown that the corresponding system of coupled HJB equations admits a so-
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lution which in turn leads to the existence of Nash equilibrium in stationary strategies.
Also, exploiting the stochastic representation of principal eigenfunction we completely
characterize all possible Nash equilibria in the space of stationary Markov strategies.

Our main contribution to this chapter is the following. We establish the existence and
characterization of Nash equilibria under a blanket Lyapunov type stability assumption.
To be more specific, we study ergodic nonzero sum risk-sensitive stochastic games for
CTMDPs having the following features: (a) the transition and the cost rates may be
unbounded (b) state space is countable (c) at any state of the system the space of
admissible actions is compact (d) the strategies are (state) feedback. To our knowledge,
these results are new in the literature of ergodic non-zero sum risk-sensitive games for
CTMDPs.

The rest of this chapter is organized as follows: Section 6.2 deals with the problem
description and preliminaries. The ergodic cost criterion is analyzed in Section 6.3.
Under a Lyapunov type stability assumption(s), we first establish the existence of a
solution to the corresponding coupled Hamilton-Jacobi-Bellman (HJB) equations. This
in turn leads to the existence of a Nash equilibrium in stationary strategies (see Theorem
6.4.1). In Section 6.4, we present an illustrative example. The content of this chapter is
based on the published article [40].

6.2 The game model

For the sake of notational simplicity, we treat a two-player game. The N-player game
for N > 3, is analogous. The continuous-time two-person nonzero-sum stochastic game

model consists of the following elements
{S,A,B,(A(i) C A,B(i) C B,i € S),q(jli,a,b),c1(i,a,b), c2(i,a,b)}, (6.2.1)
where each component is described below:

e S, called the state space, is assumed to be the set of all positive integers endowed
with the discrete topology, i.e. S =:{1,2,---}.

e A and B are the action sets for players 1 and 2, respectively. The action spaces A
and B are assumed to be Borel spaces with the Borel o-algebras B(A) and B(B),

respectively.

e Foreachi € S, A(i) € B(A) and B(i) € B(B) denote the sets of admissible actions
for players 1 and 2 in state i, respectively. Let K := {(i,a,b)|i € S,a € A(i),b €
B(i)}, which is a Borel subset of S x A x B.

Throughout this chapter, we assume that
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(A0)(a) For each i € S, the admissible action spaces A(i) and B(i), are nonempty

and compact subsets of A and B, respectively.

e The transition rates ¢(jli, a,b), (a,b) € A(i) x B(i),i,j € S, satisfy the condition
q(jli,a,b) > 0 for all i # j, (a,b) € A(i) x B(i). Also, we assume that:
(A0)(b) The transition rates q(j|i, a,b) are conservative, i.e.,
> aq(jli,a,b) =0 for i € S and (a,b) € A(i) x B(i)
jes
and satisfy the following stability condition
¢ = sup  [—q(i|i,a,b)] < co.
(a,b)€A() x B(3)
e Finally, the measurable function ¢; : K — R, denotes the cost rate function for
player k, k=1, 2.

The game is played as follows. The players observe continuously the current state of
the system. When the system is in state ¢ € S at time ¢ > 0, the players independently
choose actions a(t) € A(i) and b(t) € B(i) according to some strategies, respectively. As

a consequence of this, the following happens:

e player 1 (resp. 2) pays an immediate cost at rate c;(i,a(t),b(t)) (resp.
C2<Z7a<t>7b(t>>>a

e the system stays in state ¢ for a random time, with rate of leaving ¢ given by

—q(ili,a(t),b(t)), and then jumps to a new state j # ¢ with the probability deter-
q(J%, a(t), b(t))
—q(ili, a(t),b(t))

The whole process then repeats from the new state j. Cost accumulates throughout the

mined by (see Proposition B. 8 in [59, p. 205] for details).

course of the game. The planning horizon is infinite, and each player wants to minimize
his infinite-horizon risk-sensitive cost with respect to some performance criterion pf’”i
k = 1,2, which in our present case is defined by (6.2.2), below. To formalize what is
described above, below we describe the construction of continuous-time Markov decision
processes (CTMDPs) under admissible feedback strategies. We consider a continuous-
time Markov decision processes (CTMDPs) {& }>0 with state space S and controlled
rate matrix II,, = (q(j|i,a,b)). Here we describe the construction of continuous-time
Markov decision processes (CTMDPs) under possibly history-dependent controls. The
construction of the underlying CTMDPs &, (as in [63], [75], [99]) is same as Chapter 3,
p. 42-43.

To complete the specification of a risk-sensitive stochastic game problem, we need, of
course, to introduce an optimality criterion. This requires defining the class of strategies

as below.
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Definition 6.2.1. An admissible feedback strateqy for player 1, denoted by 7' =
{7 (t) >0, is a transition probability ©' (da|w,t) from (2% [0, 00), &) onto (Aa, B(Aa)),
such that 7 (A(&—(w))|w,t) = 1. Using appropriate projections of the transition kernel
7, an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {mi, k > 0} of the stochastic kernel on A such that

7 (t)(w) = 7 (da|w, t)
= I{tzo}(t)ﬂé(da‘i87 O) + Z I{Tk<t§Tk+1}7TIi<da‘iz)a 01, illv oo O, i;c7t - Tk)
k>0
+ I{tZToo}(SaA (da)v

where 7 (daliy,0) is a stochastic kernel on A given S such that m(A(iy)ig,0) =
1, mi(k > 1) are stochastic kernels on A given (S x (0,00))*™ such that
T (A®) |ig, 01,11, - -+ Ok, iy, t — Ti) = 1, and 6,,(da) denotes the Dirac measure at the

point aa.

For more details see [64, Definition 2.1, Remark 2.2, [110], [119]. The set of all
admissible feedback strategies for player 1 is denoted by ITY,. A strategy 7' € II}, for
player 1, is called a Markov if 7!(¢)(w) = 7! (&_ (w), t) i.e., 7' (da|w, t) = 7' (dal&— (w), t)
for every w € Q and ¢ > 0, where &_(w) := limgy &5(w). A Markov strategy 7' is called
a stationary Markov strategy if 7! does not have an explicit dependence on time. For
notational simplicity, we would not write w anywhere throughout the rest of this chapter.
We denote by I}, and II},, the family of all Markov strategies and stationary Markov
strategies, respectively, for player 1. The sets of admissible feedback strategies IT%,,

Markov strategies 113, and stationary strategies I1%,, for player 2 are defined analogously.

Remark 6.2.2. As in [Chapter 3, Remark 3.2.2 ], in the definition of strategies we do
not include the entire history of the game, i.e., past and present states, past sojourn
times, and past actions taken by the players. In our game model, each player’s admis-
sible strategies include only past and present states and past sojourn times. Hence such

strategies are called feedback strategies.

To avoid possible explosion of the state process {&}i>0, we make the follow-
ing Lyapunov stability assumption imposed on the transition rates, which had been
widely used in CTMDPs; see, for instance, [53], [62], [63], [64] and the references therein.

(A1) There exists a non-constant function V : S — [1,00) such that

(1) Xjes V(i)q(jli,a,b) < CLV (i) + Cy for all (a,b) € A(i) x B(i) and i € S with
some constants C7 # 0, Cy > 0;
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(i) ¢; < CsV (i) for all i € S with some positive constant Cs.

For the rest of this chapter Assumption, (A1) is in force. Note that if sup,.g ¢; < oo then
Assumption (A1) holds. In this case, we can choose V to be a suitable constant. Also
note that under Assumption (A1), for any initial state ¢ € S and any pair of strategies
(r!,7%) € 1Y, x 114, Theorem 4.27 in [76] yields the existence of a unique probability
measure denoted by Pfl’WQ on (9,.%). Let E "™ e the expectation operator with
respect to Pf’WQ. Also, from [59, p.13-15], we know that {&};>0 is a Markov process
under any (7!, 7%) € I}, x 112, (in fact, strong Markov).

For any compact metric space A, let P(A) denote the space of probability measures
on A with the topology of weak convergence. Since A(i), B(i) are compact sets, we
have P(A(i)) and P(B(i)) are compact metric spaces. For each i,j € S, u € P(A(7))

and v € P(B(i)), the associated transition and cost rates are defined, respectively, as

aGili, 1, v /P . /P g 4016 0Dl (),

(1, py v / / (i,a,b)u(da)v(db).
P(A(3)) J P(B(i))

(by abuse of notation we use the same notation ¢ and ¢;). Note that for 7! € II},, can
be identified with a map 7' : S — P(A(4)) such that for each j € S, 7'(j) € P(A()))
for each j € S. Similarly, this conclusion also holds for 72 € 11%,,. Thus, we have
1L, = MiesP(A(4)) and 11%,, = [,csP(B(i)) i.e., the sets IT§,, and I1%,, are endowed
with the product topology. Therefore by Tychonoff theorem, the sets IT§,, and 11%,, are

follows:

compact metric spaces.

Let M(A(i)),i = 1,2,..., and M(B(i)),i = 1,2,..., be the spaces of finite signed
measures on A(i) and B(i), respectively, endowed with the topology of weak conver-
gence. Then M(A(7)) and M(B(7)) are locally convex topological vector spaces that
are metrizable [96]. Thus for IT;cg M (A(i)) and Il;esM(B(7)) are locally convex topolog-
ical vector spaces which are metrizable as well. Moreover, I1§,, and 11%,, are compact,
convex subset of II;cgM(A(7)) and Il;esM(B(7)), respectively. For more details along
these lines, we refer to [34].

We list the commonly used notations below.

e Given any real-valued function V > 1 on S, we define a Banach space (L$Y(.5), || -

I57) of V-weighted functions by

LY(S) = {u S = R |y = SzlelSp |]1;((Zz))| < oo}

e L;;* denotes the subset of LSy consists of function u such that [|ull3y < 1.
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Chapter 6 6.2. The game model

1

For a pair of admissible strategies (n!, 7?) € IT},, x II%,, the risk-sensitive ergodic cost

for player k, k = 1,2, is given by

p;cr ﬂ—z(l) ll;IlSllp 7 IOg Eﬂ' 5T |:ef0TCk(ft,ﬂl(t)ﬂ"Q(t))dt] , (622)
—00

where & is the CTMDP corresponding to (!, 72) € I, x 114, and ET ™ denotes the

expectation with respect to the law of the process & with initial condition &, = i.

Definition 6.2.3. A function f : S — R is said to be norm-like if for every k € R, the
set {i: f(i) <k} is either empty or finite.

Definition 6.2.4. A time-homogeneous continuous-time Markov process {&} with rate
matriz QQ = [q(j]9)] is irreducible if for any i,j € S, i # j, there exist distinct states
Q1,09+ i € S satisfying q(i1]i) - - - q(4lix) > 0 (see, [59], p. 107).

Since we are allowing our transition and cost rates to be unbounded, to guarantee

the finiteness of leJQ for k = 1, 2, we make the following Lyapunov stability Assumption.

(A2) We assume that the CTMDP {& };>¢ is irreducible under every pair of sta-
tionary Markov strategies (w!,7%) € Ik, x I1%,,. Furthermore, suppose there exists a

constant Cy > 0 and a function V : § — [1, 00) such that one of the following holds.

(a) When the running cost is bounded: For some positive constant v >
max{|/c1]|«, ||c2]|ec} and a finite set £ it holds that

sup ZV q(jli,a,b) < Cyly (i) =~V (i) Vi € S,
(a,b)€A(i)xB(1) jes

where ||cg|loo :== sup cx(i,a,b) for k =1,2.
(3,a,b)€EK

(b) When the running cost is unbounded: For some norm-like function ¢ : S —
R, and a finite set J# it holds that
sup ZV q(jli,a,b) < Cyly (i) — L(H)V (i) Vi € S.

(a,b)€A(i)x B(t) jes

Also, the functions £(-) — max  ¢(-,a,b), k= 1,2, are norm-like.
(a,b)EA()x B()

This type of Foster-Lyapunov condition on the dynamics is quite common in the liter-
ature to study the continuous-time risk-sensitive ergodic control problems, for example,

see, [6] [7] for controlled diffusion case and [21], [52] for Markov chain case.
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Definition 6.2.5. A pair of strategies (7*!, 7*%) € 11} , <112, is called a Nash equilibrium
if
or () < p’lrl’”*Q(z') for all7' €11}, andi€ S

and
*1 7T*2

py (i) < pg*l’ﬂg(z’) for all™® € 1%, andi € S.

We wish to establish the existence of a Nash equilibrium in stationary strategies. To

ensure the existence of a Nash equilibrium, we assume the following:
(A3)

(i) For any fixed 7,7 € S,k=1,2, q(j|i,a,b) and cx(i,a,b) are continuous in (a,b) €
A1) x B(i) .

(ii) Z V(5)q(jli, a,b) is continuous in (a,b) € A(i) x B(i) for any given i € S, where
jes
V is as Assumption (A2).

(iii) There exists ig € S such that ¢(jlip,a,b) > 0 for all j # iy and for all (a,b) €
A(j) x B(j).

It is also possible to consider another type of condition instead Assumption (A3)(iii).
We refer to Remark 6.3.3 for further discussion.
We wish to establish the existence of a Nash equilibrium in stationary strategies.

We now procedure to establish Nash equilibrium in stationary strategies for a
nonzero-sum game. To this end, we first outline a standard procedure for establish-
ing the existence of a Nash equilibrium. Suppose player 2 announces that he/she is

going to employ a strategy m* € I1%,,. In such a scenario, player 1 attempts to minimize

1 =2 1 1.2 T 1 2
7 T— ™ ke E7r T fO c1 (&, (t),m (Etf))dt]
p1 " (i) imsup . log £; e ;

T—o00
over w' € ITy,. Thus for player 1, it is a continuous-time Markov decision problem
(CTMDP) with risk-sensitive ergodic cost. This problem has been studied in [21], [47],
[81], [82]. In particular under certain assumptions, it is shown in [21], [81], [82], that the
following Hamilton-Jacobi-Bellman (HJB) equation

~

prn() = inf [ q(li w0 () + o1 720 ()

REP(A()) ies
@Z)l (%0) =1,

has a suitable solution (p, @Z;l), where p; is a scalar and @ZAzl : S — R has suitable growth

rate; and iy is some fixed state in S. Furthermore it is shown in [21], [81], [82], that

p1 = inf Iim sup l log E?17ﬂ-2 efOT c1 (&, (t),m2 (&~ ))dt ’
ml GH}M T—o0 !
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and if 7! € I}, is such that for all i € S

inf | D i 70 (5) + a7 (0 ()

HEP(A e
= Y q(ili, 7 @), 7 ()i () + e (6,77 (1), 7 (0)) ¢ (3),
jes
then 7*! € I1},, is an optimal control for player 1, i.e., for any i € S

pr= limsupllog g efOT’31(5”*1(Et*)’WQ(ft*))dt].
T (]

T—o00

In [82], the ergodic case is treated via the limit of the corresponding finite-horizon risk-
sensitive continuous-time MDP. For the latter, the HJB equation is an infinite system
of coupled ODEs. Then as the length of the horizon tends to oo, the above equation
is derived using limiting horizon asymptotics. In [81], the existence of ergodic optimal
control is established by using the vanishing discount approach. In [21], the ergodic case
is studied directly by an approach involving the principal eigenpair associated with the
above equation. In this chapter, we follow the approach of [21].

In view of the foregoing it follows that given that player 2 is using the strategy 72 € I1%,,,
m*l € II},, is an optimal response for player 1. Clearly 7*! depends on 72 and moreover
there may be several optimal responses for player 1 in IT§,,. Analogous results hold for
player 2 if player 1 announces that he is going to use a strategy ! € II},,. Hence given
a pair of strategies (7!, 7%) € II§,, x [1%,,, we can find a set of pairs of optimal responses
{(m*!, %) € TI§,, x [I%,,} via the appropriate pair of HJB equations described above.
This defines a set-valued map. Clearly, any fixed point of this set-valued map is a Nash
equilibrium.

The above discussion leads to the following procedure for finding a pair of Nash equi-
librium strategies. Suppose that there exists a pair of stationary strategies (7*!, 7*?) €
1L, x I1%,,, a pair of scalars (p?, p%) and a pair of functions (¢, ¢}) with appropriate
growth conditions, satisfying the following coupled HJB equations:

i 00 = _inf [ ale w0 0) + ealisn 7 (0)50)

eP(A
REP( e

~

= Z (1, 72 (2), w200 () + ea (i, 72 (0), 72 (3) )i (3)
jes
Ui (io) = 1,
o i) = _inf [ alili @), v)30) + eali, 7 0,5 0

veP(B oS
= q(ili, 7 (@), (D)5 () + eali, 7 (0), 72 (0))d5 (0)
jes
\ 3 (i) = 1,
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Chapter 6 6.3. Coupled HJB Equations and Existence of Nash Equilibrium

where as before iy € S is a fixed state. Then it can be shown that (7*!,7*2) is a pair of
Nash equilibrium and (pf, p3) is the pair of corresponding Nash values. Thus the main
result of this chapter is to establish that the above coupled HJB equations have suitable

solutions.

Remark 6.2.6. Note that similar stochastic optimal control problems have been studied
in [47], [82] for bounded cost and bounded transition rates. But in our game model
transition and cost rates are allowed to be unbounded. Analogous MDP problems are
treated in [21].

6.3 Coupled HJB Equations and Existence of Nash
Equilibrium

By the definition of weak convergence of probability measures, one can easily get the
following result, which will be crucial for the existence of Nash equilibrium; for details,

we refer to [56, Lemma 7.2].

Lemma 6.3.1. Under Assumptions (A0)-(A3), the functions

Ck(?:7lLL7 ) k_l 2 and Z |Z B, v )

JES

are continuous on P(A(i)) x P(B(1)) for each fized ¢ € LY (S) andi € S.

For any finite set 2 C S, we define
By ={f:5—=R| f is a Borel measurable function and f(i) =0 Vi € 2°}.

Also, BJ, C By denotes the cone of all nonnegative functions vanishing outside 2.

Let 9, C S be an increasing sequence of finite sets such that U, %, = S such that
ip € Py for each n > 1, where ig € S is a fixed state as in Assumption (A3). Also,
we denote >~ as the partial ordering in By, with respect to the closed cone B;n, ie.,
for f,g € By, , f = gifand only if f —g € B;ﬂ. Now using Krein-Rutman theorem
we prove the existence of an eigenpair to a Dirichlet problem in &, for each n € N. In
the next lemma, we show the existence of eigenpairs to certain equations in %, for each
n € N.

Lemma 6.3.2. Suppose that Assumptions (A0)-(A3) are satisfied. Then for eachn € N,
the following hold.
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1. For #* € 11%,,, there exists an eigenpair (p1,,1,) € R X B;ﬂ, satisfying

pratbinli) = _inf [Zwm Al 1 70) + i #2010 fori < 2,

neP(A(D))

szl,n (Zo) =1.
(6.3.1)

Moreover, we have

0< l1m mf p1n < limsup py, < mf lim sup = log E'Zrl’fr2 elo 1 (ftvﬂl(t)ﬁ(&f))dt] 7
n—o0 Hl Aq T—o0 T 0
(6.3.2)

and {p1,} is a bounded sequence.

2. Similarly, for #* € 11§,,, there exists an eigenpair (pa.n, ¥a2n) € R X B;n, satisfying

oo disn(i) =4 nf [Zm a(ili #6), v) + cali, 0), wgn(ﬂ fori € Iy,

veP(B(t))

z/12,71(20) a
(6.3.3)

Moreover, we have

1 5 X
0< hm mf p2.n < limsup pa, < mf lim sup — log Efl’ﬂz elo 62(&7’71(&—):”2@))&],
n—o00 H2 T—oco T 0
(6.3.4)

and {pan} is a bounded sequence.

Proof. We prove part (1); part (2) follows by analogous arguments. Fix 72 € I1%,,
Let 6 > 0. Set ¢ (i, pu,v) = ¢1(i, pu, v) — ky, — 6, where k, = sup{c; (i, p,v) | i € D, pu €
P(A(7)),v € P(B(i))}. From [21, Proposition 3.1], it is easy to see that for each g € By,

the following equation
o) = _nt |3 i s 70) + 4l 7200100 or i €
admits a unique solution ¢; € By, and ¢; is given by

7(Zn) t N
¢1(i) = 1€rhfl E7r 72 {/ eo 01(5377T1(5)77T2(§s))dsg(é't)dt:|7 i€ s,
melly, 0
where 7(2,) :=inf{t > 0:& ¢ 2,}. Therefore, the operator T : By, — By, given by
) . . al 72 Tn) 1(g) 72 d .
T(g)(y/) = ¢1(@) = inf Ez ’ |:/ 6f0 ¢1(&s,m (), (€s—)) sg<€t)dt:|’ = gn’g c B@n
0

17l
mlelly,

with T'(g)(i) = 0 for i € Z¢ is well defined. Then by similar arguments as in [21,

Lemma 3.1], the map 7" is order-preserving, 1-homogeneous, completely continuous and
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for some nonzero function g € B;ﬂ, there exists M > 0, such that MT(g) = g, i.e.,
it satisfies all conditions of Krein-Rutman theorem. Hence by a version of nonlinear
Krein-Rutman theorem [4, Section 3.1], there exist nontrivial ¢, ,, € B;n and \g > 0,
satisfying 71, = Ag, 1n. Let pr, = —[Ag,|”". Then we have that the pair (py,,%1,)
satisfies

inf |:Z Q(j|i7y“7 i ( >)¢1 n( ) + Cl(Z M? ())@Z)l,n(z)} = ﬁl,n'@bl,n(i)? Vi € @n

HEP(A()) ies

Now, let p1,, = p1.n + ki + 9, then it is easy to see that the pair (p;,, 11, satisfies the

following equation

neP(A())

prain(i) = inf [Z%n q(ji, p, 72 ))-i—cl(z',u,ﬁQ(i))@[;l,n(i)] fori € Dy, 1, > 0.

From Assumption (A3)(iil) and using the above equation we have 1y ,,(ig) > 0. Thus by
normalizing 1y, we obtain ¢y (i) = 1. Therefore, it follows that the pair (p1,,¥1.n)
satisfies the required HJB equation (6.3.1).

Now, following [21, Lemma 3.3] one can show that p; , satisfies (6.3.2) and {p;,} is

a bounded sequence. O

Next by taking limit n — oo we show that the limiting equations admit eigenpairs

in appropriate spaces. In particular, we have the following theorem.

Theorem 6.3.1. Suppose that Assumptions (A0)-(A3) are satisfied. Then the following
hold.

1. For 7* € TI%,,, there exists a unique principal eigenpair (p1,v1) € Ry x L%/’Oo,
Yy > 0, satisfying

prta(i) = _inf [2% 0l 1 70) + i #2010 for 5,

peP(A(5))
¥1(io) =
(6.3.5)
Moreover, we have
1 -9 2 142
= inf limsup —lo E7r & [efo 18! ()7 (&‘))dt} =p] = inf pi ™),
pr= nf, limsupzlog (:=pi ok A )
(6.3.6)

and there exists a finite set %, O K, such that
. ml 2 +<@1)C1 £, (&= ), 72 (6=))—p1 R : c
(i) = inf E [efO (e ) me e >dtwl<s+<,%>>] (=" (i)) Vi €
SM
(6.3.7)
where 7($,) = 7(H5) =inf{t : & € B} = 7.
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2. Similarly, for # € 11},,, there exists a unique principal eigenpair (pa,12) € Ry X
Ly, by > 0 satisfying

prtai) = _inf [ng 4016 7 0).) + ali 0. 0)00)| fori €5,

veP(B(i))
¢2(Zo) =
(6.3.8)
Moreover, we have
]. 2 ~1 1.2
= inf limsup —lo E7r Ll [efo e2(e 7 (&-)m (t))dt} = pf = inf pb "),
& T2 el T%oopT = ( & 7T2€H?4dp2 )
(6.3.9)

and there exists a finite set By D K, such that
T S ol P CICE S CR RO — F () Vi € B
(i) = W%%Q e Va(Srmn)) | (= 13 (i) Vi € B3,
(6.3.10)
where 7(Bs) = 7(HB5) = inf{t : & € B} =: 7.

Proof. Since ¢; > 0, using Assumption (A2), we deduce that there exists a finite set %,
containing J# such that

e under Assumption (A2)(a), since v > ||¢1 |00, we have

sup c1(iya,0) —p1n <y Vi€ A and all nlarge enough.
(a,b)EA(3) % B(3)

e under Assumption (A2)(b), since the function ¢(-)—  max ¢ (-, a,b) is norm-
(a,b)€A(-)xB(-)

like, we have

sup ci(i,a,b) —p1, < (i) V i€ B and all n large enough.
(a,b)€A(i) x B(3)

Let ! € II},,. Then applying Ito-Dynkin formula, from Assumption (A2), we prove

the following estimates:

e Under Assumption (A2)(a):
ETT [JWW(&(%))] < V(i) Vie #. (6.3.11)
e Under Assumption (A2)(b):

Eﬂ— ,fr2 |:€f0+<@1)E(gt)dtV(gf(@l))} S V(Z) VZ e %f . (6312)

(2
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It is easy to see that the proof of (6.3.11) is analogous to that the proof of (6.3.12) when
we replace ¢ with v. So, we prove only (6.3.12). Suppose Assumption (A2)(b) holds.
Let n be large enough so that %, C %,. Applying Dynkin’s formula [59, Appendix C.3],
fori € ;N %, and T > 0, we have

122 F(B1)NTAT(Dn) .
, lefo 1 Z(ﬁs)dsv(gf((%l)/\T/\T(@n))} — V(Z)

T(B1L)NTNAT(Dn) .
/ el M)V (&) + D (il 7 (&), 7 &)V (5)dt

0 jES

Lo [ TBONTA(T)
<ETT [ / elo f<fs>dsc41%(§t)dt] =0,
0

where 7(Z,) = inf{t > 0 : & ¢ 2,} (as defined in Lemma 6.3.2). Now by Fatou’s
lemma, taking first n — oo and then 7' — oo, we get (6.3.12). Now we scale 1y, in

such a way that it touches V' from below. Define
0, = sup{k > 0: (V — kip,,,)) > 0 in S}.

Then we see that 6, is finite as Y1, vanishes in Z¢ and 9, > 0. Also, it is easy to see
that énwl,n < V. We claim that if we replace 1; ,, by énzﬁl,n, then 1), ,, touches V' inside
%,. Tf not, then for some state i € %5, (V —1,)(1) =0 and V — 1y, > 0 in B, U Z¢.

Then by Dynkin formula, we get (under Assumption (A2)(b))

o ml 72 TA7(%1) c(&s,m _),m ~))— s
wl’n(z) S E% ) |:€f0 ! (e(&s, 1(55 D 2(£s ))—p1,n)d wl,n<€T/\7A'(§31))I{T/\f'(e@l)<‘r(?]n)}

(2

ol a2 TN (A1) s
< ET {efo e wl,n<£T/\€—(§&1))I{TA%(,@1)<T(@n)}:|'

Since ¢, < V, in view of (6.3.12), by the dominated convergence theorem, taking
T — 00, we get
#(#1)

binli) < BT {efo “ﬁs>dw1m<§ﬂ%>>}

Using this and (6.3.12), we have

0— (V _ ’g/)l,n)(%) > Egrl,fﬁ |:€f0+(%1)£(§s)ds(v _ ¢1,n)(€+(9§1)):| > 0.

Hence we arrive at a contradiction. Thus %, ,, touches V inside %;. A similar conclusion
holds under Assumption (A2)(a). Therefore, 11, < V and at some point i* € 4,
Yrali?) = V(i").

Since 91, <V for all n large enough, by diagonalization argument, we deduce that

along a suitable subsequence 9y ,, (i) — 1 (2) for all i € S, for some ¢y € L%/’OO. Also, from
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Lemma 6.3.2, we have {p;,} is a bounded sequence. Thus along a further subsequence
we have p1,, — p; as n — oo. Let 7} € II},, be a minimizing selector of (6.3.1), i.e., we

have

protin) = | vl 70 #20) + a7, 7)) for i € 9,
JES

(6.3.13)

! in II},,. Therefore, by

Since II},, is compact along further subsequence 7, !

— T
generalized Fatou’s lemma [69, Lemma 8.3.7], letting n — oo, from (6.3.13) it follows
that

prtha(i) mf[gya 00 720) + a0 (0| for i€ 5. (6314

peP(A(D)

Also, from (6.3.1), for any p € P(A(i)), we have

pratinli) £ | 3 o1l B0 + 1720010 0| o1 1 € 2,

jeSs

Since 9, <V, by the dominated convergence theorem, letting n — oo we deduce

P11 (1) [Zwl q(jli, p, 7%(4)) —l—cl(i,u,er(i))wl(i)} . (6.3.15)
jeSs
Therefore, combining (6.3.14) and (6.3.15), it follows that the pair (py, ;) € Ry x Ly
Wy > 0 satisfies

pria(i) = m%{qu a0l 1 70) + i 00| or € 5.

Since at some point in %; we have (V-1 ,,) = 0, for all large n, we have (V—=11)(*) =0
for some i* € H,. Since V' > 1, it is clear that 1, is nontrivial. Now we claim that
¥y > 0. If not, we must have t1(7) = 0 for some 7 € S. Then, for any minimizing
selector 7% € TI,, of (6.3.5), it follows that

piv(0) {Xﬂa Ya(jli, 71 (3), 72G)) + o, 710, 720 () .
JjES
This implies
> en(alili, 7#(0), 7)) = 0.
j#i

Since the Markov chain & is irreducible under (7*!, 7

7?) € 11, x 1%,,, from the above
equation, it follows that ¢; = 0. So, we arrive at a contradiction. This proves that

(p1, 1) is an eigenpair to (6.3.5).
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By truncating the running cost ¢;, one can show that p; satisfies (6.3.6) (see, [21,

Lemma 3.5]). Next we prove the stochastic representation (6.3.7).

Applying It6-Dynkin formula for any minimizing selector 7*! of (6.3.5) and any

T > 0, we have

T(B1)NT

1/;1(1) — Eflﬁ? {e 0 (Cl(ftvﬂ’*l(ftf)ﬁ%ftf))_pl)dt¢1 (&(%)AT)] Vi € .
Then applying Fatou’s lemma, by taking T" — oo, we get
: w1 w2 | [P0 (e (6t (€ ) A2 (6 ) —pr )dt
V1(i) > Ej elo & ’ V1(§xa1))

> inf EF [efo*‘%“(cmsml(gt)fr%&))—m)dt%(&(%))] Vie #.  (6.3.16)

- 1 1
mltellg,y,

Again, by applying It6-Dynkin formula, from (6.3.1) for any 7' € II%,,;, T > 0 and
1 € D, N Ay it follows that

'?(331)AT(@n)AT( (

Pra(i) < Efﬂ* |:€fo 1 ftﬂrl(&)n‘r"’(&t))—m,n)dt%’n(5%(%)”(%)”)}

<ET {efg(@l)(q(&ﬂ&W(Et))_pl’”)dt%n(fml))hﬂ%)«(%)w}}

b w2 T(c T (&t— ), (§t—))—p1,n —
+ET {efo (c1 (6t (€e=), 72 (Ee—))—p1, )dtwl,n(€T>I{T§%(=%1)AT(-O]")}“ , (6.3.17)

Under Assumption (A2)(a), the estimate (6.3.11) and the fact that ¢y, <V (from the
construction of én, it is clear that if we replace 1, , by énwl,n, we get this inequality),

we have

7

2 {eﬁ(al(gtﬂ&W(&))_pl’")dt%n(&)ﬁT@(%)m(%)J

< G(HCIHM_M’”_W)TEZH’# |:€T’YV(gT)‘[{T<7A'(3?1)/\T(9n)}:|

< e(”ClHoo*Pl,n"Y)TV(i) )
Thus, letting T — oo from (6.3.17) we get
. al a2 +(@)C s A “))=pin
Yn(i) < BT [efo Vea (€ (6-)), 7% (&) —p1, )dti/h,n(5%(%))1{%(%)37(@71)}}-

Again, since v, <V, using (6.3.11) and applying the dominated convergence theorem
it follows that

A 7(21) 1 P
Y1(i) < Eiﬂl’7r2 |:ef0 GG, (&-),ﬂz(&t—))Pl)dtwl(&(%l))} Vi € H. (6.3.18)
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Since 7! € IIy,, is arbitrary, combining (6.3.16) and (6.3.18), we obtain (6.3.7). Also, it

is clear from the proof that for any minimizing selector 7*! of (6.3.5) we have
N = BT | eds Y (e (6m) A3 (E)) - )t c B
(i) = E; elo U1 (&) | Vi€ By . (6.3.19)

Using (6.3.12) it is easy to check that the same conclusion holds under Assumption
(42)(b) .

Now exploiting the stochastic representation (6.3.7), we show that (p;,1¢7) € Ry X
Ly™ is the minimal eigenpair. Suppose (p1,1h1) € Ry x Ly, Yy > 0 is an eigenpair
satisfying

p(i) = _inf [Zw Dl 7))+ i #2000 for i 5,

HEP(A(D) (6.3.20)

77/31 (Zo) —

We want to show that p; < p;. If not suppose that p; > p;. Then, for any minimizing

selector 7*! of (6.3.20), applying It6-Dynkin formula and Fatou’s lemma, we obtain
17;1 (Z) 2 E;r*l’ﬁQ |:ef0+(%1)(01(ft,ﬁ*l(ft—),fﬂ(ét—))_ﬁl)dti}l (6?(%1))] VZ c :@f ) (6321)
On the other hand from (6.3.7), we have

(i) < BT [eff R GG R CRN TS (&%))] Vi e B (6.3.22)

Let & = mmjg1 w . Hence, from (6.3.21) and (6.3.22) it follows that (¢4 — Atpy) > 0 in
S and (¢, — &) (ig) = 0 for some iy € ;. Now, combining (6.3.5) and (6.3.20) we
deduce that

[Z@l — &) (7)q(ilio, 7 (io), 2(~'0))} =0. (6.3.23)

J#i0

Since & is irreducible under (#*!, #2), in view of (6.3.23) it is clear that (11 — &ey) = 0.
Again, since (1) = Y (ip) =1, we get U = 1)1. But, this is a contradiction to the
fact that p; > p;. Thus we deduce that (p;,4) € R, x Ly is the minimal eigenpair.
Following the above argument one can show that any eigenfunction satisfying (6.3.7) is
unique up to scalar multiplication. Also, by a similar argument, one can show that there
exists a minimal eigenpair (ps, ) € Ry x L™ satisfying (6.3.8), (6.3.9) and (6.3.10).
This completes the proof. O

Remark 6.3.3. We can replace Assumption (A3)(iii) by other similar assumption. For
example, if the killed process communicates with every state from ig before leaving the

domain 9, for large n, then our method applies. More precisely, for every 2, (7', 7%) €
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%, x 1%, and for every j € Z,\{io}, if there exists distinct iy,i9, - ,im € Du\{io}
satisfying

q(ifio, 7" (io), 7 (i0))q(ialiv, 7 (ir), 7 (i1)) - = q(lim, 7 (im), 7 (im)) > 0,

then we get 1 ,(ip) > 0 in P, (see Lemma 6.3.2). Also, the conclusion of Theorem 6.3.1
holds.

To proceed further we establish some technical results needed later.

Lemma 6.3.4. Suppose Assumptions (A0)-(A3) hold. Then the maps ' — VE from
L, — LP(S), 7' — pi' from 1L, — Ry, 72 — ¢F° from 1%, — L¥(S), and
7% — p7f2 from TI%,, — Ry are continuous.

Proof. Let {n®"} be a sequence in I1%,, such that 7" — 7% in I1%,,, i.e., for each

i€ S, n®"(i) — 7%(i) in P(B(i)). Now by Theorem 6.3.1, there exists (p7 ", ¥7") €
Ry x Ly, 47" > 0 satisfying
71_2,77, 71_2,77, . ni- 7r2,n .
A= e [Z U ()il " (D) + eali, o T DT (D) |, (6:3.24)
with 1/)1’2’71 (7o) = 1. Now, since wfn € L%/’OO, by a standard diagonalization argument,
there exists a function ¢ € Ly™ such that ¢7 " (i) — (i) as n — oo for all i € S.
Also, {p7""} is a bounded sequence. Hence, along a suitable subsequence (without loss

of generality denoting by the same notation) p’f“ — pi. Now from (6.3.24), for any
p € P(A(1)) we deduce that

[Zwl QG 1, 7)) + 1 (6, 2P (0.

JjeS
This implies that
2n 7T2n £l . ni- T2 .
pi (i) — o7 " (i)q(ili, p, 7" (7)) < [Z% )q (i, g1, 727 (0)) + ea (i, p, 72 (0)) 97 (2)] -
JF
(6.3.25)
Note that

S UT" (aGli, p (@) < V()i o w"(6)). (6.3.26)

JFi JFi
Thus, using Lemma 6.3.1, generalized Fatou’s lemma in [69, Lemma 8.3.7] and taking

n — oo in (6.3.25), we get

L) < |3 TGl 70 + i #0030 |

JES
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Hence,
g <t {Zwl ali 7 <>>+c1<i,u,ﬁ2<z>>¢r<i>]. (6.3.27)

Let 71" € TIg,, be a minimizing selector of (6.3.24), i.e.,

e {Zwl Ya(li, 70, 72 (0) + ex i, T, w0 <>].

jeSs
(6.3.28)
Since IT},, is compact under the product topology, there exists 7! € II},, such that
along a subsequence (without loss of generality denoting by the same notation) 7*!" —
*1

™

Now, using Lemma 6.3.1, the dominated convergence theorem and passing n — oo
n (6.3.28), we obtain

pron (i) = [Zwl q(jli, 7 (@), 7 (0) + 1 (i, 7 (), & ())wl()]

Therefore

Pz it [Zwl Gl 70) + e POWIO]. (6329
Hence, from (6.3.27), and (6.3.29), it follows that

v = i [Zwl ol 4 740) + i POWID]. (6330

Since p7” is the minimal eigenvalue corresponding to #2 of (6.3.30), we have pt > pT".
Suppose pi > pi”. Now, from Theorem 6.3.1, for any minimizing 7 € TI%,, of (6.3.5),
there exists a finite set %; D J, such that

1

b (i) = EFF | el Vet @) m @ n—ot vy, (e Y| Vi e % 6.3.31
(%1) 1

where 7(%) is a stopping time define as in Theorem 6.3.1. Since pj > pf, by similar

arguments as in [21, Lemma 3.4] we deduce that

1

~ 7( ) A ~ 72
1/}1( ) < EZT 2 |:ef0 P (e (60,71 (E0), 72 (60— ) —p] )dtl/)f(&(%))] Vi € B (6332)

From (6.3.31) and (6.3.32), we obtain

7|- 72 (1) o1 (&0 7€) 72 (& . .
(1 = D)0) 2 B[ e TNy )| Vi €
(6.3.33)
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Now choosing an appropriate constant 6 (e.g., § = maxy, %), we have (¢q — 6¢7) > 0
N N 1

in #, and for some g € %1, (Y1 — 0Y7)(1) = 0. Thus, in view of (6.3.33), we get

(1 — 0¢7) > 0 in S. Now combining (6.3.5) and (6.3.30), we get

pT (W1 — 097) (i)
> [Zwl — 007)(5)q(jlio, 7' (i0), 7> (io)) + c1(io, 7' (io), 7 (10)) (1 — O4)5) (do) |
jes
This implies that
> (= 807)()alilio, 7 (io), 7 (i0)) = 0. (6.3.34)
J#0
Since, {& }1>0 is irreducible under (7', 72) € II§,, x I1%,,, from (6.3.34) it follows that
Y1 = O], But, this is a contradiction to the fact that pj > p’f. Hence, we deduce
that pt = pi . This proves the continuity of the map 72 — pi . Since ¢ " (ig) = 1
for all n > 1, we have ¢}(iy) = 1. Hence by Theorem 6.3.1, we have ] is the unique
solution of (6.3.5). Thus ¥] = ¢1~T2. This proves the continuity of the map 7, — @/J’ITQ

The continuity of other maps follows by a similar argument. m

Fix 72 € 1%,,. For each i € S, u € P(A(7)), set

i, u, [Zm il B0 +c1<i,u,ﬁ2<i>>wf2<z>],

JES

where w{rz is the solution of (6.3.5) corresponding to the strategy 72 € I1%,,. Let

H(7?) = {fr*l €Mk, : B G, 7%2G), 72(3) = inf  Fy(i,p, 72(3)) Vi € S}.
HeP(A(3))

By Lemma 6.3.1, we know that the functions ¢ (i, #2(:))y7 (i) and
Z]es’g/)l (1)q(jli, u, 72(7)) are continuous on P(A(i)) x P(B(:)) for each ¢ € S.
Also since P(A(7)) is compact for each i € S, it is easy to see that H(72) is a non
empty subset of II§,,. From the definition of H(#?) and the topology of ITk,,, it is
clear that H (7?) is convex and closed. Since IT§,, is a compact metric space under the
product topology, it follows that H (7?) is also compact. Similarly, for i € S, 7! € IIg,,,
v € P(B(i)), we set

Fy(i,# [sz a0, 70),v) + eali 3G, mm], e s,

jeSs

where 97" is the solution of (6.3.8) corresponding to the strategy 7! € II4,,. Let

H(7Y) =72 e %, : Fy(i, #1(i),7*%(1)) = inf Ey(i, 7' (i),v) Vie S .
veP(B(i))
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Then by analogous arguments, H (') is a nonempty, convex and compact subset of
I1%,,. Next set

From the above argument it is clear that H (7!, #2) is a nonempty, convex, and compact

1 2
subset of IT§,, x I1%,,. Therefore we may define a map from IT§,, x 11%,, — 2Msar*Msar,

6.4 Existence of Nash equilibria

Next lemma proves the upper semicontinuity of a certain set-valued map. This result will
be useful in establishing the existence of a Nash equilibrium in the space of stationary

Markov strategies.

Lemma 6.4.1. Suppose Assumptions (A0)-(A3) hold. Then the map (7', 7%) —

1 2 o . .
H(7', 72) from Ty, x %, — 2%sv* Mear s upper semicontinuous.

} e Iy, x I, and (7}, 72) — (&', 72) in II§,, x [1%,,, i.e., for

m? ' m

Proof. Let {(r},72) -
each i € S, (7} (1), 72,(1)) — (7'(3),7%(2)) in P(A(7)) x P(B(i)). Let 7., € H(w2).

Then {7} } C II},,. Since II},, is compact, it has a convergent subsequence (denoted

by the same sequence by abuse of notation), such that
7o, — 7 in I,

Then (7., 72) — (7', #2) in II},, x I%,,;. Note that

.. . § 71'2 . e — . i .
> a(ili 0, (0), T )T () < D a(li 70, (6), m (D) V ()
J#i J#1
Recall that by Lemma 6.3.4 the maps 7' — ¢}, 72 = 7, 71 — pi', 72 — pi” are
continuous. Thus by generalized Fatou’s lemma [69, Lemma 8.3.7], Assumption (A3)

and the (product) topology of I1%,,, k = 1,2, it follows that for each i € S,
PR . . 7T2
Sl 7L (1), 72 0T () + e (i 7 (1), 72, (0) T (0)
j€S

converges to

> a(li 7 @), 7 O)F () + (i, 7 (@) 72 @)y (0):

jes

Hence

lim Fy(i, 75, (1), 72,(1)) = Fy(i, 7 (i), #%(3)). (6.4.1)
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Now fix 7! € II§,, and consider the sequence {(7',72)}. Using analogous arguments as

above, we conclude that

lim £y (i, 74 (3), 72, (1)) = Fy(i, 74 (i), 72(3)). (6.4.2)

m—r0o0

Since 7! € H(x2), for any m we have

Fy(i, 7)), 72 (1)) > Fy(i, 7 (i), 72, (0)).

»Tm

Thus, in view of (6.4.1) and (6.4.2), taking m — oo in the above equation, for any
7l e II},, we get

Fy(i, 7 G), 72(1) > Fy(i, 7 (), 72(3)).

Therefore, @' € H(#?). Suppose 72, € H(wl) and along a subsequence 72,

— 72 in
[1%,,. Then, by similar arguments as above one can show that 7 € H (#1). This proves

that the map (7!, #2) — H(#', #?) is upper semicontinuous. O

Theorem 6.4.1. Suppose that Assumptions (A0)-(A3) are satisfied. Then there exists

a Nash equilibrium in the space of stationary Markov strategies 11§, x 11%,,

Proof. Since H (7*1, #*?) is non-empty, compact and convex, using Lemma 6.4.1 and
Fan’s fixed point theorem [33], it follows that there exists a fixed point (7#*},7*?) €

1L, x I1%,,, for the map (7', #2) — H(#',#2) from ML, x T1%,, — 2% M e,
(73_*177%*2) c ﬁ[(ﬁ-*l’ﬁ-*2>_

This implies that (,07;*2, Qﬂ?*Q)a (/)3“,@ *1) satisfy the following coupled HJB equations:
(

AN = [Zqﬂz W A G) +eali, 7 <z‘>>w?*2<z’>}

neP(A(1))

:[zﬁsa A0 AW O) + a0 770,

\ T (i) = 1

(6.4.3)
and
A0 =t [Sal 000 6) el 00008 6)
_ {zmq( A1), A2 () + eali 771(0), 772(0) <>}
| %57 (i) =
(6.4.4)
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Now by Theorem 6.3.1, from (6.4.3), it follows that

TAF*2 7'(1 * *2 7%*1’7}*2
P = 11r1f1 P1 = p] : (6.4.5)
T EHAd
Similarly, from (6.4.4), we have
ﬁ'*l o 77{.2 - ’ff*l,ﬁ'*Q
P2 = W21€n1_f2 PQ = P2 . (6.4.6)

Thus, from equations (6.4.5) and (6.4.6), we get

1
P 2 g Vot e I,

>|<17 ﬁ'*Z

Hence (7 ) € IT§,, x 11%,, is a Nash equilibrium. This completes the proof. O

The above theorem establishes a Nash equilibrium belonging to the space of station-
ary Markov strategies. Note that the equilibrium thus obtained is a Nash equilibrium
among all admissible strategies. However, the equilibrium need not be unique. In case
the set-valued map (of optimal responses) admits a unique fixed point then the Nash-
equilibrium will be unique. For uniqueness, stringent conditions may be required on the

transition rates and cost functions. Next, we prove a converse of Theorem 6.4.1.

Theorem 6.4.2. Suppose Assumptions (A0)-(A3) hold. If (z*', %) € 1Ly, x 1%, is
a Nash equilibrium, i.e.,

*1

! w2 ol 2 1 1
1 e , V€ I,

7'(*1 2 *1 %2

2 e,
Then 7' € 11k, is a minimizing selector of (6.5.5) (corresponding to fized strategy
2 € 1%, of player 2) and ©** € 11%,, is a minimizing selector of (6.5.8) (corresponding
to fized strategy ©* € 11, of player 1).

Proof. Applying analogous arguments as in [21, Lemma 3.4 and Remark 3.1], one

can prove that for the given pair (z*!,7*%) € II},, x I1%,,, there exists a eigenpair
*1 *2

(P pEET) e R x L2, ¢ > 0 and p& F > 0 satistying

*1 *2 *1 *2

{ FEEEN ) = s aGili T (), 7O E () + (i, 7 @), T2 (3),
U

*1 *2

™ (i) = 1.
(6.4.7)
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Also for given 72 € I1%,,, there exists a minimal eigenpair (p?*z,wlﬁﬁ) € Ry x Ly
w; > 0, satisfying

*2

ANE ) = inf [Zm T ) () + enlis o @) ) |,

neP(A(D))
7.1_*2 .
Uy (io) =
(6.4.8)
Since ,of*z is a minimal eigenvalue of (6.4.8), corresponding to 7**, we have
71_*2 71.*2
ok = 1mf1 I s (6.4.9)
mhtelly
Also, we have
ol o2 *2 1
P1 >pf7,v7l' el_IAcl
Hence,
. 1 71.*2 ol 2
inf pf %= >p7 T . (6.4.10)
mlell,
So, by (6.4.9) and (6.4.10), we obtain
* *1 *2
pr =pr
Also, from (6.4.9), we have
ﬂ_*z ﬂ.*l 71,*2
PSP
Hence, we deduce that
7r*2 ﬂ*17£*2
pT =P . (6.4.11)
Now, applying Ito-Dynkin formula, from (6.4.7), it follows that
i) = B { 0””%“@1(5”“@>v7f*2<ft>>—p’f””’*2>dtw?“’”*2(fm%))} Vi € %,

where %, is as in Theorem 6.3.1. Now, by Fatou’s Lemma, taking 7" — oo in the above

equation, we get

*1 *2

*2 7(AB1) * « . gl p*2 a1 o2 i c
wl ( ) > E* L |:ef0 V(e (em (€e-)m*? (&) 0] )dtwf o (&_(%1))} Vi € B
(6.4.12)
Again, using (6.4.8), from Theorem 6.3.1, it follows that

*1

* * (&) N N n*2 *
vi (i) < BF ’Wz[efo e @) s ) - Wﬁ&mﬂ} Vie % (64.13)
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So, by (6.4.12) and (6.4.13), we obtain

ﬂ_*1£*2 . E*Z 3
r (@) =Yy (4)
> B | o f T e o ) a6 ) ot (aa GE N Erga) | Vi € B
(6.4.14)
Now arguing as in the proof of Lemma 6.3.4, we obtain wlﬂ*l’zﬁ(z’) = wlﬂﬁ. Thus,

from (6.4.7) and (6.4.8) it follows that 7*! is a minimizing selector of (6.3.5) (for fixed
strategy 7*? € I1%,, of player 2). Following similar arguments one can show that 7*2 is a
minimizing selector of (6.3.8) (for fixed strategy m*! € II},, of player 1). This completes
the proof. m

6.5 Example

In this section, we present an illustrative where transition rates are unbounded and cost

rates are nonnegative and unbounded.

Example 6.5.1. Consider a shop that deals with only one type of product for buying
and selling. Suppose there are two workers, say, player 1 and player 2 for buying and
selling the products, respectively. The number of stocks in the shop is a finite subset
of the set of natural numbers N at each time t > 0. There are ‘natural’ buying and
selling rates, say i and X\, respectively, and buying parameters hy controlled by player
1 and selling parameters ho controlled by player 2. When the state of the system is
ieS:={1,2,---} (i.e., number of items in the shop), player 1 takes an action a from
a given set A(i), which may increase (hy(i,a) > 0) or decrease (hy(i,a) < 0) the buying
rate. These actions produce a payoff denoted by ri(i,a) per unit of time. Similarly, if
the state is i € S, player 2 takes an action b from a set B(i) to decrease (ha(i,b) < 0)
or to increase (ha(i,b) > 0) the selling rate. These actions result in a payoff denoted by
r9(i,0) per unit of time. We assume that when the stock of items in the shop becomes
1, the first player may buy any number of stocks of that item as much as he/she likes
depending upon the availability of cash. In addition, we assume that player k, (k = 1,2)
‘gets’ a reward (i) := pxi or incurs a cost ri(i) := pyi for each unit of time during
which the system remains in the state 1 € S, where pr > 0 is a fived reward fee, and
pr < 0, a fired cost fee, per stock, from the owner.

We next formulate this model as a continuous-time Markov game. The corresponding

transition rate q(jli,a,b) and payoff rate cx(i,a,b) for player k, (k = 1,2) are given as
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follows: for (1,a,b) € K (K as in the game model section 5.2.

q(j|1,a,b) > 0Vj > 2, such that Y q(j|1,a,b) =0, and q(j|1,a,b) < e ¥ V j > 2,
jES

(6.5.1)
where 8 > 0 is a constant.
Also, for (i,a,b) € K with i > 2,
X+ ho(i,b), if j=i—1
. —jii — X — hy(i,a) — ha(i,b), if j =i
q(jli, a,b) = ry 1. XTI
/“_’_hl(laa)a ij =1+1
0, otherwise.
c1(iya,b) :=1ip; — ri(i,a), ca(i,a,b) =ipy — ro(i,b) for (i,a,b) € K. (6.5.2)

We now investigate conditions under which there exists a Nash equilibrium. To this end

we make the following assumptions:
(I) For eachi € S, A(i) = B(i) = [-L, L], L > 0 is a constant.

(II) Let \e™® > i > 0, jii + hy(i,a) > 0 and i + hy(i,b) > 0 for all (i,a,b) € K with
1> 2.

(III) The functions hy(i,a), ha(i,b), r1(i,a), r2(i,b), and q(1|1,a,b) are continuous in
(a,b) for each fixed i € S. Suppose there exists a finite set # such that hy(i,a) =

L Tp(i), ha(i,b) = S (i d1l . Al that inf .
Gilw(1), ha(i,b) = Gly(i) and 1 € A s0 assume tha (a,b)ezléll%-)xB(-)rl(’a)

and inf ro(+,b) are norm like functions.
(a,b)€A(-)xB(-)

(IV) Suppose ipy — ri(i,a) > 0, ips — ro(i,b) > 0 Vi € S, (a,b) € A(i) x B(i) and
(1—e YN+ (1 — )i > py for k= 1,2.

Proposition 6.5.2. Under conditions (I)-(IV), the above controlled system satisfies the
Assumptions (A0)-(A3). Hence by Theorem 6.4.1, there exists a Nash equilibrium.

Proof. Take a Lyapunov function as V(i) := €% for i € S for some § > 0 as described
earlier. Then, we have V(i) > 1foralli € S. Now for each ¢ > 2, and (a,b) € A(i)x B(i),

we have

Zq(ﬂz’, a,b)V(j) = q(i — 1]i,a,b)V (i — 1) + V(i)q(i|é, a,b) + V(i + 1)q(i + 1|, a, b)

jeS

— ¢ [(/\i + ha(i,b))e™" = (ifi + Xi + ha (i, a) + ha(i, b)) + (i + ha (i, a))e”
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=il = 1)+ A —1)+ 4
1

eehl(z’, Cl) + e_ehg(i, b) — hl(i, a) — hg(i, b):|

— VA — 1)+ Me? = 1]+ a(e’ — 1) + (e ﬂLA)

< iV (@) [(e? —1) + Xe ™ = )] + L(e — 1)Ly (i). (6.5.3)
Now for every 6 > 0, we know

Me? =)+ —1)<0e i< e

Let [(e? — 1) + )\( 9 —1)] = —a for some a > 0. Also, let £(i) = ia and Cy =
max{L(ee - 1), 9} (see (6.5.5)). Then for i > 2,

sup Y V(j)q(jli,a,b) < CaLy (i) — LGV (i) Vi € S. (6.5.4)
(a.b)EAM)xB(0) o5

Also, we have

729

> q(ilL,a,b)V (i) < q(1]1,a,b)e” +Y e e < q(1]1,a,b)e’ + -

jeS §>2

< Q0.
e—0

(6.5.5)

Since —£(i) < 1 for all ¢ € S. Hence from (6.5.4) and (6.5.5), for ¢ > 1, we have

> q(jli,a,b)V(j) < C1V(i) + Cy, where C; =1 and C; = Ci. (6.5.6)

jes

For ¢ > 2,

—q(tli,a,b) = fii + Ni + hq(i,a) + ho(i,b)
<i(p+ ) +2L

1
0 —(n+ NV (i) + 2LV (7)
1
= 2L+ (R + NIV G)
— 3V (i), (6.5.7)
Take W =W = V. Now
(i) — sup c1(iya,b) = ai —ipy + inf ri(i,a)
(a,b)EAG) < B(i) acA(i)
=if + inf r(i,a). (6.5.8)
a€A(i)
Similarly,
(1) — sup co(i,a,b) =ifBy + inf ro(i,b). (6.5.9)
(a,b)€A(i)x B(i) beB(i)
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We see that from condition (IV), that S, = a —pr > 0. So, £(i) — sup cx(i,a,b)
(a,b)EA() x B(i)
is norm-like function for £ = 1,2. Now by (6.5.6), we say Assumption (A1)(i) holds.

Also by (6.5.1) and (6.5.7), Assumption (A1)(ii) is verified.

Now we verify Assumption (A2). By (6.5.4), (6.5.5) and (6.5.8), it is easy to see that
Assumption (A2) is satisfied.

Now by condition (III) and (6.5.2), we say cx(i,a,b) and ¢(j|i,a,b) are continuous in
(a,b) € A(i) x B(i) for each fixed i,j € S and for k = 1,2. So, Assumption (A3)(i) is
verified. By (6.5.3) and (6.5.5) and condition (III), we say that Assumption (A3)(ii) is
verified. Also, from (6.5.1) it is easy to see that Assumption (A3)(iii) is satisfied.

Hence by Theorem 6.4.1 there exists a Nash equilibrium for this controlled process. [

Remark 6.5.3. It should be noted that here we assume when the number of stock in
the shop is one and the players independently choose action according to some strategies
(rl,7%) € T1Y,, x [1%,,, respectively, then with a positive probability first player may buy
any number of stocks of the item, i.e., q(j|1,7*(1),72(1)) > 0 for all j € S. In view of
Remark 6.3.3, one can weaken this Assumption. For any i € 9, (for n large enough)
1 >> 1, the player may increase the number of stock in the shop from 1 to i in m number
of steps in D, i.e., there exists a finite sequence of states ig, 11, .. ., i, connecting ig = 1

to i,, = 1, satisfying

q(irlio, 7 (io), 7 (i0))qializ, 7' (ir), 7 (i1)) - - - qilim1, T (im—1), 7 (im—1)) > 0,

where iy, i1, . . .y by € Dp.
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CHAPTER 7

Zero-Sum Stochastic Games in Continuous-time
with Risk-Sensitive Average Cost Criterion on a
Countable State Space

7.1 Introduction

In this chapter, we consider a risk-sensitive ergodic zero-sum game for continuous-time
Markov decision processes (CTMDPs). In a zero-sum game, one player is trying to
minimize her/his cost and the other player is trying to maximize the same.

The risk-sensitive ergodic cost stochastic optimal control problems for CTMDPs are
first considered in [47]. Subsequently, these problems are studied extensively in the lit-
erature due to their applications in finance and large deviation theory. Recently, there
has been extensive work on risk-sensitive ergodic cost criterion problems for CTMDPs;
see, for example, [21], [52], [81], [82], [94] and the references therein. The risk-sensitive
stochastic zero-sum games for controlled Markov processes have been studied in [12], [16],
[45], [48], [109]. The corresponding nonzero-sum games are studied in [13], [77], [113]. In
[12], [16], zero-sum risk-sensitive stochastic games for discrete-time controlled Markov
decision processes with bounded cost are studied. Both papers first treat the discounted
cost criterion and then study the ergodic cost criterion using vanishing discount asymp-
totics. The results of [12] are extended from countable state space to the general state
space case in [16]. In this respect, we mention that the authors in the paper [22] stud-
ied the risk-sensitive zero-sum ergodic game problems for controlled diffusion processes
in R?. Using the eigenvalue approach, they have completely characterized all possible
saddle-point equilibrium in the space of stationary Markov strategies. The zero-sum
risk-sensitive ergodic games are studied in [45] and discounted risk-sensitive zero-sum
games were studied in [95] for CTMDPs with bounded cost and transition rates. But

the boundedness requirement restricts its scope of applications, since in many real-life
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situations the reward/cost and transition rates are unbounded, for example in queueing,
telecommunication, and population processes. In [21], the authors studied risk-sensitive
stochastic optimal control problems for discrete/continuous-time Markov decision pro-
cesses with ergodic cost criterion. They considered a cost minimization problem. In
this chapter, we have extended their results from one-controller case to two controller
cases with strictly opposite interests for CMDP. Also, this chapter is a generalization of
the results of [45] to the case with unbounded cost. In particular, we have studied the
risk-sensitive zero-sum stochastic game problem for continuous-time Markov decision
process. To analyze our game problem we have used the eigenvalue approach (as in [21],
[22]), which enables us to obtain a complete characterization of all possible saddle-point
equilibrium in the space of stationary Markov strategies. More specifically, in this chap-
ter, we study zero-sum ergodic risk-sensitive stochastic games for CTMDPs with the
following features: (a) transition and cost rates may be unbounded (b) the state space
is countable (¢) the space of admissible actions at any state is compact (d) the strategies
may be state feedback, i.e., at any point of time, the strategies are based on the past
and present state. To the best of our knowledge, this chapter is the first work that
deals with infinite-horizon continuous-time zero-sum risk-sensitive stochastic games for
ergodic criteria on a countable state space for unbounded transition and cost rates. Un-
der a Lyapunov stability condition, we prove the existence of a saddle-point equilibrium
in the class of stationary strategies. We do not employ the traditional vanishing discount
asymptotics. Instead, we treat the associated HJI equation as an eigenvalue problem.
Using Krein-Rutman theorem, we first prove that the corresponding HJI equation has
a unique solution for any finite subset of the state space. Then using a Lyapunov sta-
bility condition, we establish the existence of a unique solution for the corresponding
HJI equation on the whole state space. Also we give a complete characterization of
saddle-point equilibrium in terms of the corresponding HJI equation.

The rest of this chapter is organized as follows. Section 7.2 contains the problem
description and certain assumptions. In this section, we also write down the associated
risk-sensitive optimality equation (HJI equation) which is an eigenvalue problem asso-
ciated with an appropriate operator. In the next section we study the corresponding
Dirichlet eigenvalue problem on a finite subset of S. Section 7.4 deals with the limiting
analysis of the Dirichlet eigenvalue problems. This enables us to establish an appropriate
solution of the HJI equation which in turn establishes the existence of a saddle-point
equilibrium. Finally, we completely characterize all possible saddle-point equilibria in
the class of stationary Markov strategies. In Section 7.5, we present an illustrative ex-
ample. Our example is similar to the one in [56]. The content of this chapter is based
on the published article [42].
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7.2 The game model

In this section, we introduce the continuous-time zero-sum stochastic game model de-

scribed by the following elements
[S,A, B, (A(i) C A, B(i) € B,i € 9),q(}i,a,b), c(i,a,b)}, (7.2.1)
where

e S, called the state space, is the set of all nonnegative integers.

e A and B are action spaces for players 1 and 2, respectively. The action spaces A
and B are assumed to be Borel spaces with the Borel o-algebras B(A) and B(B),

respectively.

e For each 1 € S, A(i) € B(A) and B(i) € B(B) denote the sets of admissible
actions for players 1 and 2 at the state ¢, respectively. Let K := {(¢,a,b)|i € S,a €
A(i),b € B(i)}, which is a Borel subset of S x A x B. Throughout this chapter, we
assume that the admissible action spaces A(i)(C A) and B(i)(C B) are compact

for each 7.

e Given any (i,a,b) € K, the transition rate ¢(j|i, a,b) is a signed kernel on S such
that q(jli,a,b) > 0 for all j,i € S with j # i. Moreover, we assume that ¢(j|i,a,b)

satisfies the following conservative and stable conditions: for any ¢ € S,

> a(jli,a,b) = 0 for all (a,b) € A(i) x B(i) and
jes
q'(i)==  sup  q(i,a,b) < oo, (7.2.2)
(a,b)EA(i)x B(i)
where ¢(i, a,b) := —q(ili,a,b) > 0.

e Finally, the measurable function ¢ : K — R, denotes the cost rate (representing

cost for player 2 and the reward for player 1).

The evoluation of the game and the construction of the underlying CTMDPs &; under
admissible feedback strategies (as in [63], [75], [99]) is same as Chapter 3, p. 42-43.

To complete the specification of a risk-sensitive stochastic game problem, we need, of
course, to introduce an optimality criterion. This requires to define the class of strategies

as below.

Definition 7.2.1. An admissible feedback strateqy for player 1, denoted by w' =
{m1(t) }+>0, is a transition probability ' (da|w,t) from (2x[0,00), 2) onto (Aa, B(AA)),
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such that ' (A(&_(w))|w,t) = 1. Using appropriate projections of the transition kernel
7t an admissible feedback strategy for player 1, determines and is, in turn, determined

by a sequence {m,k > 0} of the stochastic kernel on A such that
7 (t)(w) = 7 (da|w, t)
= I{t:()}(t)ﬂ'é(daug, O) + Z I{Tk<t§Tk+1}7T]i(da|iz)a ‘91, lll, ey Gk, Z;g,t — Tk)
k>0
+ I{tZToo}(SaA (dCL),

where 7 (daliy,0) is a stochastic kernel on A given S such that mi(A(iy)ig,0) =
1, mi(k > 1) are stochastic kernels on A given (S x (0,00))*"! such that
T (A(iy)|ig, 01,4y, - -+ O, iy, t — Ty) = 1, and 6,,(da) denotes the Dirac measure at the

point aa .

For more details see [64, Definition 2.1, Remark 2.2], [99], [119]. The set of all
admissible feedback strategies for player 1 is denoted by ITY ;. A strategy 7' € II}, for
player 1, is called a Markov if 7' (¢)(w) = 7' (&_(w), t) i.e., 7 (da|w, t) = 7' (da|&_(w), t)
for every w € Q and ¢ > 0, where &_(w) := limgy &(w). A Markov strategy 7! is called
a stationary Markov strategy if 7! does not have an explicit dependence on time. For
notational simplicity, we would not write w anywhere throughout the rest of this chapter.
We denote by 1T}, and II},, the family of all Markov strategies and stationary Markov
strategies, respectively, for player 1. The sets of admissible feedback strategies IT%,,

Markov strategies 113, and stationary strategies IT%,, for player 2 are defined analogously.

Remark 7.2.2. As in [Chapter 3, Remark 3.2.2 ], in the definition of strategies we do
not include the entire history of the game, i.e., past and present states, past sojourn
times, and past actions taken by the players. In our game model each player’s admissi-
ble strategies include only past and present states and past sojourn times. Hence such

strategies are called feedback strategies.

For any compact metric space Y, let P(Y) denote the space of probability measures
on B(Y') with Prohorov topology. Since for each ¢ € S, A(i) and B(i) are compact sets,
P(A(i)) and P(B(i)) are compact metric spaces. For each i,j € S, u € P(A(i)) and

v € P(B(i)), the associated cost and the transition rates are defined, respectively, as

(i v // (i, a, byu(da)v(db),
aljli v / / a(jli,a, b)p(da)(db).

(by abuse of notation we use the same notation ¢ and ¢). Note that for 7! € II},, can
be identified with a map 7' : S — P(A(i)) such that for each j € S, 7'(j) € P(A()))

follows:

Ph.D. Thesis 160
TH-3126 186123018



Chapter 7 7.2. The game model

for each j € S. Similarly, this conclusion also holds for 72 € 11%,,. Thus, we have
%, = MiesP(A(4)) and 11%,, = [L,esP(B(i)) i.e., the sets I1§,, and I1%,, are endowed
with the product topology. Therefore by Tychonoff theorem, the sets IT§,, and 11%,, are
compact metric spaces. Note that under Assumption (A1) (to be given shortly on p.
171) for any initial state i € S and any pair of strategies (7', 7?) € II}, x I1%;, Theorem
4.27 in [76] yields the existence of a unique probability measure denoted by P;TI’”Q on
(Q,.7) and the state process {&;} is a right-continuous process with left limits (rcll). Let
Efl’WQ be the expectation operator with respect to Pfl’”z. Also, from [59, p. 13-15], we
know that {&}i>o is a Markov process under any (7!, 7%) € IT}, x 13, (in fact, strong
Markov).

Now we give the definition of the risk-sensitive ergodic cost criterion for zero-sum
continuous-time games. Since the risk-sensitive parameter remains fixed throughout we
assume without any loss of generality that the risk-sensitivity coefficient § = 1. For each

i € S and any (7', %) € I}, x 1%, the risk-sensitive ergodic cost criterion is given by

1
J(i,c,mt, w?) = hmsupflogE [ Jg et Z(t))dt] (7.2.3)

T—o00

Player 1 tries to maximize the above over his/her admissible strategies whereas player
2 tries to minimize the same.
Now we define the lower/upper value of the game. The functions on S defined by

L(i) == sup inf J(i,c,7',7%) and U(i) := inf sup J(i,c, 7", 7?) are called,
mlely, ™ €l m2€M 1 el
respectively, the lower value and the upper value of the game. It is easy to see that

L(1) <U(4) for all i € S.

Definition 7.2.3. If L(i) = U(i) for all i € S, then the common function is called the
value of the game and is denoted by J*(i).

Definition 7.2.4. Suppose that the game admits a value J*. Then a strategy 7' in II},
1s said to be optimal for player 1 if

inf J(i,c, 7, 7%) = J*(i) for alli € S.

n2ell?
Similarly, 7% € 114, is optimal for player 2 if

sup J(i,c, ', m2) = J*(i) for alli € S.

1771
mltelly,,

If m* € TI%, is optimal for player k (k=1,2), then (7*',7*2?) is called a pair of optimal

strategies and also called a saddle-point equilibrium.
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Next, we list the commonly used notations below:
e Given any real-valued function V > 1 on S, we define a Banach space (L3S (S), || -
||I57) of V-weighted functions by

Ly = {u S =R u|ly(S) = Szlelg% < oo}.

e For any finite set # C S, 7(#) :=inf{t > 0: & € A}.

Let us now describe the zero-sum stochastic games. Suppose ¢, ¢y are cost functions of
player 1 and player 2, respectively as described in Chapter 6. Then, as we have mentioned
in Chapter 1 that, in zero-sum games, ¢ (7, a,b) + ¢3(i,a,b) = 0 for all (i,a,b) € K.
However, owing to the multiplicative nature of the evaluation criterion, we cannot say
that the sum of the risk-sensitive ergodic costs is zero. In this case, if we set ¢; = —cy = ¢,
then for # > 0, minimizing player is risk-averse whereas maximizing player is risk-seeking.
Hence one must necessarily study the zero-sum case via Nash equilibria. Here we consider
a particular type of a non-standard zero-sum risk-sensitive stochastic game that assumes
c1 = ¢o = ¢, for more information see, [90].

Our main goal is to establish the existence of a saddle-point equilibrium among the
class of admissible feedback strategies. To this end, following [12] and [45], we investigate

the HJI equation given by

plﬁ(i)zueit(lf P [Zl/} q(jli, p, v )+C(i,u,V)¢(i)]
v oy {;w q(jli, p,v )+C(i,u,V)¢(i)]- (7.2.4)

Here p is a scalar and 1 is an appropriate function. The above is clearly an eigenvalue
problem related to a nonlinear operator on an appropriate space. By a nonlinear version
of Krein-Rutman theorem, we first show that the Dirichlet eigenvalue problem associated
with the above equation admits a solution in the space of bounded functions. Then
by using a suitable limiting argument we show that the above HJI equation admits a
principal eigenpair in an appropriate space. Finally exploiting the HJI equation, we
completely characterize all possible saddle-point equilibria in the space of stationary
Markov strategies. This is a brief outline of our procedure of establishing a saddle-point
equilibrium. The details now follow.

Since the transition rates (i.e., ¢(j|¢, a,b) ) may be unbounded, to avoid the explosion
of the state process {&;,t > 0}, the following assumption is imposed on the transition
rates, which are widely used in CTMDPs; see, for instance, [62], [63], [64] and references
therein.

(A1) There exists a non-constant function V : S — [1, 00) such that
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(i) 3es V(i)alili,a,b) < CLV (i) + Cy for all (a,b) € A(i) x B(i) and i € S with
some constants C7 # 0, Cy > 0;

(i) ¢; < C3V (1) for all i € S with some positive constant Cs.

Throughout the rest of this chapter, we are going to assume that Assumption (A1) holds.
Note that if sup,.g ¢*(7) < oo then Assumption (A1) holds trivially. In this case, we can

choose V to be a suitable constant.

Definition 7.2.5. A function f : S — R is said to be norm-like if for every k € R, the
set {i € S: f(i) < k} is either empty or finite.

Definition 7.2.6. A time-homogeneous Markov process {£} with rate matriz Q = [q(j]7)]

is irreducible iof for any i,5 € S, i # j, there exist distinct states iy,ia--- i € S
satisfying q(iv|i) - - - q(jlix) > 0 (see, [59], p. 107).

Since we are allowing our transition and cost rates to be unbounded, to guarantee
the finiteness of J(i,c, 7!, %), we make the following Assumption.
(A2) We assume that the CTMDP {&; }4>¢ is irreducible under every pair of stationary
Markov strategies (m!, %) € II§,, x [1%,,. Assume that the cost function ¢ is bounded
below. Thus without loss of generality, we assume that ¢ > 0. Furthermore, suppose
there exists a constant C' > 0, a finite set £, and a Lyapunov function V' : S — [1, 00)

such that one of the following hold.

(a) When the running cost is bounded: For some positive constant 7 > ||¢||co,
we have the following stability condition

sup > V(j)q(jli,a,b) < CLy (i) =4V (i) Vi € S, (7.2.5)

(a,b)€A()xB() g

where ||¢|| := sup ¢(i,a,b).
(4,a,b)eK
(b) When the running cost is unbounded: For some norm-like function ¢ : S —
R,, the function (-)—  max  ¢(-,a,b) is norm-like and we have the following
(a,b)eA()xB(+)
stability condition

sup > V(i)q(jli,a,b) < CLy (i) — L0V (i) Vi € S. (7.2.6)
(a,b)€A(1)x B(i)

j€S

This type of Foster-Lyapunov condition on the dynamics is quite common in the litera-
ture to study continuous-time risk-sensitive ergodic control problems. For example, see
[6], [7] for the controlled diffusion case and [21], [52] for the Markov decision process

case.
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We wish to establish the existence of a saddle-point equilibrium in the class of all
stationary strategies. In view of this, we also use the following assumptions. Let iqg € S

be a fixed point (a reference state).

(A3)

(i) For any fixed i,5 € S the functions ¢(j|i,a,b) and c¢(i,a,b) are continuous in

(a,b) € A(i) x B(i).

(ii) The sum ZV(j)q(j|i,a, b) is continuous in (a,b) € A(i) x B(i) for any given
jes
i € S, where V is as in Assumption (A2).

(iii) There exists a state ip € S such that any state can be reached from ig, i.e.,
q(jlio,a,b) > 0 for all j # iy and for all (a,b) € A(ig) x B(ip).

Note that Assumption (A3)((i)-(ii)) are quite routine assumptions for controlled Markov
decision processes (MDPs). Here Assumption (A3)(iii) is very important to show that
the limit of the sequence of Dirichlet eigenfunctions is nontrivial (see Lemma 7.3.3 and
Lemma 7.4.1 below). It is important to note that we can weaken the Assumption
(A3)(iii), see Remark 7.4.2 for further discussion.

7.3 Dirichlet Eigenvalue Problems

First, we recall a version of the nonlinear Krein-Rutman theorem from [4, Section 3.1],
(cf. [80]) which we use to study Dirichlet eigenvalue problems associated with the HJI
equation. Let 2 be an ordered Banach space. In what follows > denotes a partial
ordering in 2 with respect to a positive cone ¢ (C 3?/}), that is for z,y € <%>, Ty &
T —19yY € %. Also, recall that if a map T : 2 — % is continuous and compact, it is

called completely continuous.

Theorem 7.3.1. Let 2 be an ordered Banach space and ¢C X a positive, nonempty
closed cone that satisfies € —€ = 2. Let = be the order with respect to the cone
% described above. Let T : 2 — 2 be an order-preserving, completely continuous,
1-homogeneous map with the property that if for some nonzero ¢ € € and N > 0, we
have NT(C) = (. Then there exist a nontrivial f € € and X > 0 satisfying Tf = \f.

For any finite set 2 C S, we define By = {f : S — R | f is a function and f(i) =
0 Vie 2. B C By denotes the cone of all nonnegative functions vanishing outside
2. For any function f € By, ||f|lg = max{|f(i)| : i € Z}.
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Let 2, C S be an increasing sequence of finite subsets such that U;2,%,, = S and
ig € Dy, for all n € N, where i is as in Assumption (A3)(iii). Define

T =7(Z,) =inf{t >0:& ¢ D},

the first exit time from %,. Now we prove the existence of a unique solution to the
following equation which will pave the way to establish the existence of a Dirichlet

eigenpair associated with the HJI equation.

Proposition 7.3.1. Suppose Assumption (A3) holds. Let ¢ : K — R be a function
continuous in (a,b) € A(i) x B(i) for each fized i € S. Suppose the function ¢ satisfies
the relation ¢ < —0 in 9, for some 6 >0 andn € N. Then for any g € By, there exists

a unique @ € By, satisfying the following nonlinear equation

5= s [Zgo il ) + i, 12000

MGP VEP

= mf sup [ng q(jli, p, v )+6(i,u,y)g0(i)} Vi € Dy, (7.3.1)

veP(B ,ueP(A

with (i) = 0 for all i € 25. Moreover, the unique solution of the above equation

satisfies

SO(Z) = Sup 1Ilf _E7r 7r |:/ efoté(fs’ ( 2(5 ds (&) :|
0

nlelll 77261—[314

= inf sup E’7r g [/ efcf5(§sﬂf1(S)7ﬂ2(5))dsg(§t)dt} Vie s, (7.3.2)
0

m2€ll}, rleml,
where as before T, = inf{t > 0:& ¢ 2,}.

Proof. Let (y;)ico, be a sequence in R. Fixi € 9,. Let # € R and let F': R — R be
defined by

Fo)= sw LSS wallion) + (atiligen) + i) Ja i € 2,

neP(A(0) vEPBOI L, 7=
(7.3.3)

Suppose 23 > z;. Let € > 0. Then there exists 7} € II§,, for which the following holds

Flo) = Fla) = s ut |3 aligen) + (atlion) + i) o

peP(A(i)) vEP(B(1)) e T}

— sup inf {Z yjq(j|i,,u,1/)—i—(q(z’|2’,u,u)+é(i,u,u)>x21

ueP(A(i)) vEP(B(9)) e T}
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> it LSS sl + (atili m00) + lim0,0) o

veP(B jeanii}

- | > gl + (it 200 0) + 2,00 o+

> int (oGm0 + i 0.0) ) 00— 02)] -

veP(B(i))

~ veP(B())
> §(zg —11) — €.

> inf [—5(¢,w;(z’),y)(m2 - ml)} —€

Since £ > 0 is arbitrary we get F(x1) > F(z5). Also, we see that lim, ,, ., F(z) = —o0
and lim,_, ., F'(x) = +o0. Since F is continuous in z, for every z € R, there exists a
unique z satisfying F'(z) = z. Now using the definition of F, for fixed g € By, , we can
define a map T : By, — By, satisfying

s w5 atlin ) + (alilion) + o)) (0] = (), i € 2

neP(A(i)) vEP(B(9)) T i)

Let ¢1, ¢s € By, . Also, let @ be an outer maximizing selector of

sup - int | S Galilatilin )+ (atilis ) 4. ) T600)

peP(A(i)) YEP(B(9)) e TN}

i.e., the supremum in the above expression is attained at 7'. Assumption (A3), ensures

the existence of such a selector. It then follows that

0= s e [ 5 051<j>q<ju,u,u>+(qw,u,u)+é<¢,u,u>)fas1<z’>}

pEP(A()) VEP(B()) JeaNi)

— s nt ST Gl + (alili) + o) ) Tini)

,ueP(A(l) )y vEP(B(3))

JE€EDn\{i}
. Le%z\{i} Gui)atil, 7 0)0) + (4l 70,0 + 0,700 ) 76100
- nt L;{}@ d0l8, 7 0)) + (0010 70),0) + 26670),0) ) 7))
> i L%m@l () ~ Bl 7).
(0170200700 ) () - ()]
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Now let the infimum of the RHS (of the above) attain at 7*2. Then

61— sl 7, q(ild, 7 (i), w2 (i) + <Q(ili= (i), 72 (0)) +e (i, 7 (3), 7?”(@'))) (T'¢1(i)=T'¢2(i)) < 0.
Hence, we deduce that

e i)
(T'p2(2) — T (i) < #675)1(1]@(1)) yeil(lp —4lili 1 v) — &, . 0) [¢1 = 2], -

Now in the above calculation, interchanging (51, QBQ, it follows that
1761 — T2, < arlldr — ol o,

where «q is a positive constant less than 1. This implies that T is a contraction map.
Thus, by Banach fixed point theorem, there exists a unique ¢ € By, such that T (p) = .

Now by Fan’s minimax theorem, see [33, Theorem 3|, we have

I [Zgo Gl .0) + i .0)600)

MEP(A VGP(B('L

=it s |5 lili )+l )eld)]|

veP(B
JES

This proves that (7.3.1) admits a unique solution. Now by using Dynkin formula as in
[59, Appendix C.3|, for any (7', 7?) € I}, X 13, and T > 0, we get

EZT 2 |i€fTA‘rn~ () 2(3) ds (é-T/\Tn):| —QO(Z)

TNATn, - L )
— | [ esem o (a(g,mi0, 2 0)e(6) + X eutlen ' 0.5() )t
0

jJES
(7.3.5)

Using the compactness of A(i), B(i7) and the continuity of ¢ ¢, there exists a pair of

*1 *2
n s Tn

selectors (m ) € 11§, x 11%,, (i.e., a mini-max selector) satisfying

~o) =t {Zso Gl 00) + 6,2 0,60

veP(B

= s |57 ol e 0) + im0l (7.36)

Then, using (7.3.5) and (7.3.6), we obtain

<l 2 Thtn t o~ « T T AT & * .
E™ [/ elo C(gsﬂrnl(fs—)»WQ(S))dsg(é't)dt] > _Ei {ef nl(és_)ﬁ(s))dsgp(gmm)} + o(d).
0
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Using the dominated convergence theorem, taking 7" — oo in the above equation, we

get

gt { / oy EEamit (€0m)m (5))ds (g)dt} > _ET {ef”“ - (fm)] (i).
0

Hence

mxl 2 Tn t o~ *
90( ) < E |:/ ef() C(fs,ﬂ'nl(fs_),ﬂ'Q(S))ng(é't)dt:| .
0

Since 72 € 113, is arbitrary,

¢(Z> < inf E RESEE {/ efot5(55’”:11(55_)’”2(5))dsg(6t)dt]- (7.3.7)
0

7r2€1_[2

Similarly, using (7.3.5), (7.3.6), and Fatou’s Lemma, we get

o(i) > sup Ezrl,n;';? [/ oJo &Es,m (5),m32 (=) )ds (g)dt} (7.3.8)
0

1
mhelly,

Using (7.3.7) and (7.3.8), we obtain

o(i) = inf  sup ETr i’ [/ eJo gsm! (5),m ())dsg(ft)dt}
0

T2EI ) 7l erl,,

= sup inf Ezrl’”g [/ elo &(&sim (s)m2 (5))ds g(&)d 1 €S
0

mlelly, ™ 2elly,

This completes the proof. O

Lemma 7.3.2. Suppose Assumption (A2) holds. Consider a finite subset B of S such
that X C A, where K is as in Assumption (A2). Let 7(#) = inf{t > 0: & € A}.
Then for any pair of strategies (7', 7?) € I, x 113, the following results hold.

(i) When Assumption (A2)(a) holds:

E™ [evﬂ'%)\/(gﬂ,@))} < V(i) Vie R (7.3.9)

(ii) When Assumption (A2)(b) holds:

E'Zrlﬂrg |:ef0+(£a) f(fS)dSV(&A_(%))} < V(Z) Ve %A (7310)

Proof. 1t is easy to see that the proof of (i) is analogous to the proof of (ii) when we

replace ¢ with . So, we prove only part (ii). Suppose Assumption (A2)(b) holds. Let
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n be large enough so that 2 C 2,. Applying Dynkin’s formula [59, Appendix C.3], for
1€ $B°N Y, we have

EW 2 [ fﬂ'(@)/\T/\Tn 2(Es )dsv( (@) AT A 7_n):| _ V(Z)
L T(B)NT Ny, .
= E,Lﬂ— o |:/ ef() E(£5)d5 g
0

L T(B)NT N, .
<ET [ / elo “ﬁs)dscbg(gt)dt] =0,
0

V(&) + > alilm, 7 (), 7*(6)V ()

jeSs

y

where 7, = inf{t > 0:& ¢ Z,}. Now by Fatou’s lemma, taking first n — oo and then
T — oo, we get the required result.
[

Now applying the nonlinear version of Krein-Rutman theorem, we show that Dirichlet

eigenpair exists in the space of bounded functions.

Lemma 7.3.3. Suppose Assumptions (A1)-(A3) hold. Then for n € N, there exists a
pair (pn, n) € R x Bgﬂ, Yy = 0 for the following Dirichlet nonlinear eigenequation

putnli) = sup inf [an i )+ i )0 )

MEP(A( )) YEP(B(5))

= inf s [an q(jli, p, v )+c(i,,u,l/)wn(i)]. (7.3.11)

veP(B(7)) e
Also, for each i € S such that 1, (1) > 0, we have

pn < sup inf hmsupTlogE7T o {efo (& (0)m (t))dt]. (7.3.12)

™ EHl us eHAd T—o0
Additionally the sequence {py} is bounded satisfying liminf,, ., p, > 0.

Proof. Let § > 0. Set é(i,a,b) = c(i,a,b) — k, — 0, where k,, = sup{c(i,a,b)|i € D, a €
A(i),b e B(1)}.
Let T : By, — By, be an operator defined as

T(g)(z) = sup 1nf E7r Ls {/ efot5(557”1(5)’”2(5))dsg(§t)dt}, 1€ D, (7.3.13)
0

with T(g)(i) = 0 for i € Z°. Let g1, g2 € By, such that g, = g, ie., g1(i) > go(i)
for each i. Also, let T(gl) = ¢, and T(gg) = ¢ . Then from the Proposition 7.3.1, we
obtain

(i) = s inf [sz (i) + )00

,LLG'P(A(’L y vEP(B(1))
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= inf [Zg@ q(ji, 71 (i), v) + &(i, 7* (i), V)@(i)} Vi e D,

veP(B(i))

where 7%t € II},,. Also, from the Proposition 7.3.1, we have
A g - . a1 72 ™ a7 —),m=(s))ds
902(1) = T(gz)(@) = 21€rg2 E |:/ efo (€s,7*1 (€ ),m2(s))d gg(ft)dt] )
™ 0
Thus, we deduce that

T(Ql)(i) —T(92)( ) = sup inf EW i {/ €f5 E(gs’wl(s)’WQ(s))dsgl(&)dt}
0

mlell 7™ 2€lly,

— sup inf E7r o’ [/ efg5(5‘“’”1(3)’7r2(s))d892(&)dt]
0

nlelll ernid

> inf E *m? [/ efoté(fs,fr*l(ss)77r2(s))dsgl(§t)dt}
0

7r2€H2

_ lnf Eﬂ- ﬂ-z |:/ ! ef(f 5(5577%*1(68_) ™ (S) (f )dt:|
0

n2ell?

> inf E ,7r2|:/ eféa(ﬁs,fr*l(ﬁs),7r2(s))ds(gl(§t)_92(§t))dt}.
0

71'261_[2

This gives us T(g1) = T(gs). Clearly T(\g) = AT(g) for all A > 0. Since ¢ < —§, there

exists a constant ay > 0 such that

IT(51) — T(92)|l 2, < asllgs — dallo,, for any g1, g € Bo,.

Thus T is continuous. Let {g,,} be a bounded sequence in By, . Then from (7.3.13), for
some constant ag > 0 such that ||T'g,||o, < as. Now using a standard diagonalization
procedure, there exists a subsequence of {Tgm}, (denoting by the same sequence without
loss of generality) and a function ¢ € By, such that || Tgm, — ¢|ls, — 0 as m — oo. Hence
the map T : By, — By, is compact. Therefore it is completely continuous. Let g € By,
such that g(ig) =1 and g(j) = 0 for all j # iy. Then by (7.3.13), we have

Ty e 3
T(g) (ZO) Z sup inf E;;l,fr2 |i/ efo e(&s,mh(s),m (S) )ds (f )dt:|
0

1€H1 g GH

> g~(lo) sup inf Eﬂ- 2 l:l _e||5||@nT1:|

1ell2, e, e,
. 1
gllo) v
el + 47
where T7 is the first jump time (clearly, T} < 7,). Thus NT(g) = g where N =
léllz,, + ¢*(ig) > 0. Therefore by Krein-Rutman Theorem 7.3.1, there exists a nontrivial
U, € B;ﬂ where 1, # 0 and a constant Ay, > 0 such that T(1,) = Ag, b, i.e.,

pntn(i) = sup inf b (5)q(ili, pu, v) + (0, p, V)Y (i) | Vi € Dy,
peP(A(i)) vEP(B(9))
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where p, = —[Ag,|7'. Therefore in terms of ¢, we have

putonli) = sup iﬁ¢%@WMM) @mﬂMﬂWe%,
pEP(A(i)) VEP(B())
where p,, = p, + k, +9d. Now by Fan’s minimax theorem, see [33, Theorem 3|, we have

pathnli) = sup im[wmwmm> umwmﬂ

neP(A(i)) vEP(B(9))

_ sw[wmwmm> umwMJWE%.

veP(B(1)) neP(A(2))

This proves that (7.3.11) admits a unique solution. As before by the continuity of ¢, ¢
and the compactness of A(7), there exists 7' € I}, such that (7.3.11), can be written

as

pnn(i) =  inf {wn( g (j\i,ﬂf(i),l/)+c(i,7r:1(i),1/)¢n(i)} Vi€ D, (7.3.14)

veP(B(

Now applying Dynkin’s formula (see [21, Lemma 3.1]) and using (7.3.14), we deduce
that

) L 2 T, 021 (£ ),72(5))—pn )ds
< (sup i) E;TZI,WQ [efoT(c(ﬁs,w;';l(Es—)m2(s))—pn)d5} . (7.3.15)
Dn

If 9, (i) > 0 then by taking logarithm on the both sides in (7.3.15), dividing by 7" and
letting T" — o0, we get

pn < limsup T logE o {efo €s» —),WQ(S))ds].

T—o00

Since 7% € 114, is arbitrary, we obtain

n2€ll?, T—oo

1 . o
pn < inf hmsupflogE o [efo Esmpt(€s—),m2(s ))ds}

< sup inf hmsup—logE7r e [ Jo el€sm(s).m (S))ds].
rlerl , el T—oo T

We now show that J(i,c, 7', 7?) is finite for every (7!, 7?) € I, x 13, and i € S. We

only provide proof under Assumption (A2)(b) and the proof under Assumption (A2)(a)

would be analogous. Now from (7.2.6) we have

sup ZV q(jli,a,b) < (C —L3)V(i) Vi€ S. (7.3.16)

(a,b)€A(i)xB(i ]ES
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Then by the Dynkin formula, we get
g {eff“"(f(én—C)dtV(gTMn)} < V(i) VieS. (7.3.17)
By Fatou’s lemma, taking n — oo in (7.3.17), we obtain
EF {efoT“(ft)_C)dtV(fT)} < V(i) VieS.

Now, since V' > 1, taking logarithm on both sides in the above equation, dividing both
sides by T', we have

1 1
TlogEZr 7 [efo Edty (¢ )} —-C< ?log V(i) Vi € S.
Hence, letting T' — oo, it follows that
J(i, 0, 7', 7?) < C forallicS.

Since, £ — sup c(+, a,b) is norm-like, we have sup c(iya,b) < (i) +k ¥
(a,b)EA(3) x B(i) (a,b)EA () x B(i)
1 € S for some constant ky. This implies that

JG,c,mt, ) < C+ky Y(r', 7?) € Iy, x I13,,Vi € S. (7.3.18)

It is clear from (7.3.12) and (7.3.18) that p, has an upper bound. Next, we prove that
pr is bounded below. By using Assumption (A3)(iii) and (7.3.11), we have ¥, (ig) > 0.
Thus normalizing 1), we have ,,(io) = 1. Also, since ¢ > 0, by (7.3.11) we get

Pn > SUD inf { Un(7)a(jlio, p,v)| = sup  inf  q(ilig, p1, V).
,uGP(A(zO))VGP (i0)) Z peP((io)) vEP(B(io))

So, {pn} is bounded below. Now we claim that p := liminf p,, > 0. If not, then on the
n—o0

contrary, p < 0. So, along some subsequence, we have (with an abuse of notation, we

use the same sequence) p, — p, as n — oo and for large n, p, < 0. Let 7% be outer

minimizing selector of (7.3.11). Thus, using (7.3.11), for large enough n, we have

0> puthn(io) = sup {Z% (710, 11,72 (o)) + e(io, b, 7 (i0) ) (40)

HEP(A jes

sup )|:Z¢n q(jlio, . w2 (io))

uEP jes

> an j’?‘Onua T (20))

jes

Now by Assumption (A3)(iii), from the above equation, we get

e ) o
i) < q(iolio, p, 7 (d0)) < sup sup —a(iolio, p, v) for j # io.

q(jlio, p, T2 (i0)) T peP(Alio) veP(BGo))  4(Jlios s V)
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As before by a suitable diagonalization procedure, there exists a subsequence (denoting
by the same sequence by abuse of notation) and a function ¢ with ¢ (ig) = 1 such that
Un(i) — (i), as n — oo for all i € S. By our assumption B(i) is compact for each
i € S and 7% is outer minimizing selector of (7.3.11). Therefore there exists a strategy

7% € 1%, such that 72(i) — 7*2(i), for all i € S, as n — oo . Hence we have

puton (i) = n(§)a(ili, i 732 (0)) + (i, g, 73 (1)) (3). (7.3.19)

jes
So, taking n — oo in the above equation, we get

0> puo(i) = > w()alili, p, 72 0)) + e, p, 72 (0)(6) > > D (i)a(ili, w2 (0)).

JES JES

(7.3.20)
Let 7' € II},,. Applying Dynkin formula and using (7.3.20), we obtain

B e = 00 = 57 [ st w6 is] <o

JES

Now, using the dominated convergence theorem, taking n — oo, it follows that

EF T [0(&)] < 0(i).

So, with respect to the canonical filtration of &, {1)(&)} is supermartingale. So, by Doob’s
martingale convergence theorem as t — oo, (&) converges. Now by Assumption (A2),
¢ is recurrent. Thus the skeleton process {&, : n € N} is also recurrent (see for details
[3, Proposition 5.1.1]). This implies, that the process {§, : n € N} visits every state
of S infinitely often. Since ¥(ig) = 1, this is possible only if 1) = 1. Since ¢ > 0, this
contradicts (7.3.20). Thus, liggioglf pn > 0. O

7.4 Existence of risk-sensitive average optimal
strategies

We begin this section by taking limit n — oo from (7.3.11) to show that the limiting
equation, which is the HJI equation, admits a positive eigenpair. Subsequently, we prove
that any mini-max selector of the associated HJI equation is a saddle-point equilibrium.
Also, exploiting the stochastic representation of the eigenfunction, we completely charac-

terize all possible saddle-point equilibrium in the space of stationary Markov strategies.
Lemma 7.4.1. Suppose Assumptions (A1)-(A3) hold. Then there exists (p,9*) € Ry x
L (S) with ¥* > 0, such that

(i) = swp in [Zw a1, 1) + e 1,15 )

HEP(A ( )) YEP(B(5))
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= inf e7> [Zw q(jli, p,v) + c(i, p, I/)w*(i)], ieS. (7.4.1)

veP(B(1)) e
Also, the solution (p,v*) has the following characteristic.

(i) p <inf sup inf hmsupTlnEi” 18 |:f0 e(€em (£)m (1)) }

(IS el , m2elly, T—oo

(ii) For any mini-maz selector (7*', 7*%) € Ilg,, x 11%,, of (7.4.1), we have

(i) = sup BT {ef““@) O e (O )]

7r1€H1

_ 216% gr [ef”“z” eléem™t (€e=)om ) =Pty (¢ )} Vie B, (7.4.2)
for some finite set B O K .

Proof. Using Assumption (A2) and the fact that ¢ > 0, there exists a finite set %
containing 2" such that the following hold.

e When Assumption (A2)(a) holds: since v > ||¢||oo,

sup c(iya,b) — p, < v Vi e #°, for all n large. (7.4.3)
(a,b)€A() x B(3)

e When Assumption (A2)(b) holds: since the function ¢(-) — max  ¢(-,a,b) is
(a,b)EA()x B(-)

norm-like,

sup c(i,a,b) — p, < (i) Vi € ¢, for all n large. (7.4.4)
(a.b)EA() x B(3)

Now we scale ¢, in such a way that it touches V' from below. Define
0, = sup{k > 0: (V — ke,,)) > 0 in S}.

Then we see that én is finite as 1), vanishes in ¢ and v, > 0. We claim that if we
replace 1, by én¢n, then v, touches V inside 4. If not, then for some state i € %,
(V —4,)(@) =0 and V =), > 0in BU Z¢. Let ! € T}, be an outer maximizing
selector of (7.3.11). Then by Dynkin formula, we get (under Assumption (A2)(b))

S g TAHB) (., n _ o
(i) < BT [fo (c(€s T3} (Eo—) () —pn)d ¢n<§m(ﬂ))]{m(@)<%}}

2 TA#(2B) o
<E |: 0 “e )dqu) (gT/\T )I{T/\T( )<7‘n}:|
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Since 1, < V| in view of Lemma 7.3.2, by the dominated convergence theorem, taking

T — 00, we get
~ ¥ T 7(28) s
@Z)n(l) S E% W [ fo L(&s)d ¢n (57'(2 ):|
Using this and (7.3.10), we have

0= (V=) (i) = BT {efo”%)f@ds (V=) (&) | > 0.

Hence we arrive at a contradiction. Thus ,, touches V' inside #Z. A similar conclusion
holds under Assumption (A2)(a). Now, since 1, < V for all large n, by a suitable
diagonalization procedure, there exists a subsequence (by abuse of notation, we use the
same sequence) such that, ¥, — ¢* for alli € S, as n — oo, and ¢* < V. Also, since by
Lemma 7.3.3, the sequence {p,} is bounded and ligg %)I.}f pn > 0, we can find a subsequence

(by abuse of notation we use the same sequence) and some p > 0 such that p, — p as

n — oo. Thus as before, there exists a mini-max selector (7', 7*2) € IIy,, x I1%,, of

(7.3.11), i.e n
Lt [Zw DGl 731),9) + <l 7310, )0 )
g )Veénf {Zzﬂn q(jlé, 1, v )+C(i,uw)wn(i)}
ST [Zw il )+ i )0 )
A N [an aGilis o ())TLC(@Maﬂf(i))%(i)}- (7.4.5)
HEP(A() jes

Hence,

i) < | X )0l w20, ) + 0, 1))

jES
The above implies
prtnl8) = Ol 70 2) < | 32 il 00+l 7200000
J#i
(7.4.6)
Now, since 1, (i) < V(i) for all i € S, we have

Y ali, w3t @), v) < V(aGli, 75t (0), v). (7.4.7)

J#i J#i
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Also, since II,, and I1%,, are compact there exist 7*! € II§,, and 7*? € II%,, such that
b — 7l and 72 — 72 as n — oo. Under given assumptions, from [56, Lemma 7.2]

it is clear that the functions c¢(i, u,v), and Z (7]i, p, v)u(j) are continuous at (u,v)
jes

on P(A(:)) x P(B(i)) for each fixed u € L{P(S), i € S. Therefore by the dominated

convergence theorem, letting n — oo in (7.4.6), we obtain

) < >0 (G)aGili (@), v) + eli, ™ (6), v) e (i),

jES

Hence we have

pUt(i) < inf [Z ¢ ()ali T (@), ) + i, 77 (i), uw*(z)] .

veP(B(1)) e

< sup inf 4 [Zqﬁ q(gli, p,v) + (i, p, V)¢*(Z):| (7.4.8)

neP(A ( )) vEP(B

By similar arguments using (7.4.5) and extended Fatou’s lemma [69, Lemma 8.3.7], we

get

Pz sup |l a0) + e 0)0 )

HeP(A(2))
> inf i, V) + (i, pu, v *z} 7.4.9
b | St et ] w0

Hence by (7.4.8) and (7.4.9), we get (7.4.1). Since at some point in % we have (V —1,,) =
0, for all large n. It follows that (V' — ¢*)(:*) = 0 for some i* € Z. Since V > 1, it
is clear that ¢* is nontrivial. Now we claim that ¢* > 0. If not, then we must have
Y*(i) = 0 for some i € S. Again as before, there exists a pair of a mini-max selector
(m*t, m*2) € 11}, x 1%, such that form (7.4.1), we have

[Zw (42, 71 (2), 72 (3)) + (i, 71 (1), 72 (3)) ™ (7). (7.4.10)
j€S
This implies

S w (alili, w7 @), 7)) = 0.

j#i
Since the Markov chain ¢ is irreducible under (7*!, 7*%) € I1},, x I1%,,, from the above
equation, it follows that ¢* = 0. So, we arrive at a contradiction. This proves the claim.
Now we prove (i) and (ii).

(i) Since ¥* > 0 and 1, (i) — *(i) as n — oo, we have 1/)” > 0 for all large enough

n. So, using (7.3.12), we have lim p, < sup inf J(i,c, 7", 7°) for alli € S.
n—0o0 1€H1 WQEHAd
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(ii) Using compactness-continuity assumptions, there exists a pair of strategies (a

mini-max selector) (7*!, 7*%) € I1},, x [1%,, (as in (7.4.5)) satisfying

(i) = sup [Dw 00 )+ i 7 0)0 )

neP(A(L)) jes

= 1nf {Zw (jli, 72 (4), V)—i—c(i,w*l(i),y)z/z*(i)]. (7.4.11)

veP(B
jeS

Using (7.4.11), Lemma 7.3.2, and Dynkin’s formula, we have
v(0) > B {ef MR s @(m)} Vi %
By Fatou’s lemma taking 7" — oo, we get
V(i) > EFT {ef““‘” o O 2@ =Py (¢, )], Vi € %°. (7.4.12)
Hence,

Y*(i) > sup Efl’”*Q {e 0 7 (elgeim (02 (&) P (s )}

1yl
mltelly, ,

> linf  sup Efl’”z{ G <5”r()’”2“”")“%*(&(@))}, Vie % (7.4.13)

T EHA(”rleHl

Also, using (7.4.11), Lemma 7.3.2, and Dynkin’s formula, we obtain
w*(z) < El. |:€fr(53)AT c(&e,m* L (&—),m2(t dtw (é»T ):l Vi € 5.

Since 1* <V, using the estimates as in Lemma 7.3.2, taking T" — oo, by the dominated

convergence theorem it follows that
(i) < EXT { J3 2 telermt (= )m? O)=p)dtyx (2 )] Vi € % (7.4.14)
Hence

Y*(i) < inf BT [e g UL (o )]

n2ell?

< sup inf E;f““{ecf(@’“&” O)=Pty (¢ )],Vieggc. (7.4.15)

rlert,, ey,
From (7.4.13) and (7.4.15), we obtain (7.4.2). O

We now establish the following result which brings us just a step away from proving

the existence of a pair of saddle-point strategies.

Ph.D. Thesis 177
TH-3126 186123018



Chapter 7 7.4. Existence of risk-sensitive average optimal strategies

Theorem 7.4.1. Suppose Assumptions (A1)-(A3) hold. Then for any mini-mazx selector
(m*t, m*2) € T, x [y, of (7.4.1), i.e., for any pair (%1, 7*?) € 11}, x [1%,, satisfying

veP(B(i))

inf [Z¢ q(jli, 7 (i), v) + (i, 7 (i), vw*(z)]

= sup inf {Zw (i, g, v )+c(i,u7v)z/)*(i)]

ueP(A(z ) VEP(B(7))

=t s [ e )

veP(B(i)) ue P(A(3)) ies

= sup [Z@ZJ q(jli, p, m2(1)) + C(i,u,ﬂ*z(i)>¢*(’i):|, i€ s, (7.4.16)

neP(A(R)) jes

we have

]. *
p =inf sup hmsup—logE7r A [efoT e(&emt (t),m Q(ft—))dt:|

€S 11 lertl,, T—oo

=inf sup inf hmsupflogETr i |:ef0 ot (t),m ())dt]

i€s nlell} 7r2€HAd T—o0

=inf inf sup hmsupflogE7r i {efo (e (t),m (t))dt] (7.4.17)

€S w2l riemy, T—oo
Proof. We perturb the cost function as follows.

o If Assumption (A2)(a) holds: We define for (a,b) € A(i) x B(i), i € S, ¢n(i,a,b) =
c(i,a,b)I,, (i) +(||cl|oc +a3) I . Here ag > 0, is a small number satisfying ||c[|o +
a3 <. Note that ||énle < 7-

e If Assumption (A2)(b) holds: We define for (a,b) € A(i) x B(i), i € S, ¢(i,a,b) =

c(i,a,b) + =[0(i) — sup c(i,a,b)]+. Note that the function
(a,b)EAG) x B(i)

o) — sup c(+,a,b)

(a,b)€A()xB(+) n

is a norm-like function. Also, it is easy to see that for large enough m, £(-) —
sup Cm(+, a, b) is norm-like.
(a,b)EA()xB(-)
In view of Lemma 7.4.1, it is clear that for 72 € I1%,,, there exists (U, pm) € L(S) X
R, ¢, > 0 satisfying

ﬁWM::wp{Z%l Q1o 1 7720) + i 720 0n()| (7418)
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such that

il EH}Qd T—o0

1 . R .
0<pn< sup limsup— log Efl’ﬂ ? | efo emEemt O 2(5’5))‘”] . (7.4.19)

Also, for some finite set #; D % D % , we have

~ 1 o*2 (21) (4 1 *2(
¢m(z) = sup Ezr \T 6f0 Y (Eemt ()72 (&) wm(é-’r El)):|7 1€ %(1: (7420)

1l
mltelly,

Now from the proof of Lemma 7.4.1, we have a finite set P , depending on m, containing

2 such that the following cases happen:

e Under Assumption (A2)(a): From (7.4.19), we have p,, < |émnllco- Thus, for
i € ¢, it follows that ¢, (i, a,b) —p,, > 0 for all (a,b) € A(:2) x B(i). Consequently,
we may take Z = Dy, such that é,, (i, a,b)—pp, > 01in ¢ for all (a,b) € A(i)x B(i).

e Under Assumption (A2)(b): since é,, is norm-like function, we can choose suitable
finite set Z such that (éy,(, a,b) — ) > 0 in B¢ for all (a,b) € A(i) x B(i).

For any w! € ITY,, applying Dynkin formula and using (7.4.18) and Lemma 7.3.2, we
get

- . T(%)/\T - *2(g e ~

Um(i) = E7 [ef S )dtiﬁm(f%(,@?)/\T)}-
Since for i € ,@c, ém(iya,b) — pm > 0, by Fatou’s lemma taking T — oo, we get
gbm(z) > EZ. |:efr(38) Em (&, (),ﬂ*2(ft—))—l3m)dt1;m(gf(gé))] > (m;?n @Z}m) Vi€ :%?c'

This implies that t,, has a lower bound. Now, applying Dynkin formula, and using
(7.4.18) and Lemma 7.3.2, we deduce that

&m(z) Z E lefTATN Cm & Wl(t) *Q(Et—))ﬁm)dt&m(gT/\TN)} s

for any ¢ € S, where 7y == inf{t > 0:¢& ¢ {1,2,--- ,N}}, N € N. By Fatou’s lemma
taking N — oo, we get

(i) > EF {efoT(ém(iml(t),W*Q(Ez—))—ﬁm)d%m(§T)]

> min g, BT " {ef(? <am(sm1(t>m*2<st_>>mw} .
B

Now since % is a finite set and U > 0, min Um > 0 is also finite. Also, the logarithm
%

is an increasing function. Thus, taking logarithm on both sides, we have

108 1 (1) > log m%n U + log E;rl’ﬂw [efﬂT ém(ﬁt,wl(t),ﬂ—*z(&t))dt:| T
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Thus dividing by T" both sides and letting T" — oo, we obtain

> lim sup — T log E7r G {efoT ém(f*’wl(t)’”*z(&))dt} )

T—oo

Since w! € 1T}, arbitrary, it follows that

Pm = sup limsup % log 7 ™" |:€f0T ém(&t,frl(t)m”(&—))dt]

1 1
T GHAd T—o00

> sup limsup%log Efl’r |:efo e(éem( 2(§t—))dt1.

1 1
T EHAd T—o00

Using this and (7.4.19), we get sup J(i,c, 7', 7%2) < sup J(i,épm, 7', 72) = py, for
nlelll, nlelll,
all m. From the definition of ¢,,, it is easy to see that p,, is a decreasing sequence that

has a lower bound. Now by similar arguments as in Lemma 7.4.1, it follows that there
exists a pair (p, 1;) such that g, — p and ¥, — ¥ as m — oo. As in Lemma 7.4.1, by
taking m — oo in (7.4.18), we get

) = s [Zw Gl n @)+ el @0 (ra2)

HEP(A jes

Also, we have p > sup J(i,¢,m", %) > p. Now, we want to show that j = p. Let 7*
mlelll,
be a maximizing selector in (7.4.21). Thus

[Zw aGili, 77 (6), 7°2(0)) + ofi, 7 (0), 7 <>>z/?<>] (7.4.22)
jES

In view of estimates in Lemma 7.3.2, applying Dynkin’s formula and the dominated
convergence theorem, from (7.4.22) we deduce that there exists a finite set %, O %
such that

/&(Z) < E?*I’W*Q |:€f0+<@2)(C(gtﬂ}*l(gt_)mﬂ(ét_))_ﬁ)dtqz(ff—(,@ﬂ)}, A= :@5 (7423)
Since p > p, arguing as in Lemma 7.4.1 (see, (7.4.2)) for $By DO % we have

O [efo”%)@(ftﬁ“(&)’”*2@))‘ﬁ)dtw*(&(%))} Vi€ Z. (7.4.24)

*

Now we choose an appropriate constant x (e.g., k = rrj?in =), so that (¢* — mﬁ) >0 in
PBo
By and for some iy € By, (V* — k1p)(i9) = 0. From (7.4.23) and (7.4.24), we get

~*1 *2

w*(l) B w( ) . E” |:ef0+(@2)(C(ét,fr*l(&—)»ﬂﬁ(ft—))ﬁ)dt(w* N K&)(f-}(%g))] Vic %g
(7.4.25)
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From the above expression it is easy to see that (¢* — k1)) > 0 in S. Now using (7.4.16),
(7.4.22) and the fact that p > p, we get

" — k) (10) > {Z(W — w0)(7)a(ilio, 7 (i0), 7 (10)) + c(io, 7! (i0), 7 (10)) (" — 1)) (io) |

jes

This implies that

D @ = 5)(alilio, 7 (io), 7 (io)) = 0. (7.4.26)
J#io
Since the Markov chain ¢ is irreducible under (7*',7*2), by (7.4.26), we have ¢* = x1)
in S. From (7.4.16) and (7.4.21) it follows that p = p. This proves (7.4.17). O

In the next theorem, we show that any mini-max selector of (7.4.1) is a saddle-point

equilibrium.

Theorem 7.4.2. Suppose Assumptions (Al)-(A3) hold. Then any mini-maz selector
(r*l, %) e TIY,, x T%,, of (7.4.1) is a saddle-point equilibrium.

*1’71.*2

Proof. Arguing as in Lemma 7.4.1 and Theorem 7.4.1, there exists (p™ ,w’r*l’”*z) €

R, x L¥(S) with 4™ ™ > 0 satisfying

g [ZWH ™ (q(jli, 7(5), W*Q(i))+c(i,w*l(i),7r*2(i))1/)7r*1’”*2(i)}.

jES

(7.4.27)

Furthermore p™ ™" = J(i,c, 7', 7*2) and for some finite set 2 > # (without loss of

generality denoting by the same notation)

1/] *1 *2( ) Eﬂ'*l *2 |:ef7—(@> §tﬂ' ( )77r*2(£t*))_ dt’gbw*l *2(672(@))] VZ G %C-
(7.4.28)

" < p. Now, following similar arguments as

“m — p. This implies that J(i,c, 7', %) <

” for all 7! € 1Y, . Next, from [21] it is clear that if we consider the minimization

Thus, from (7.4.17) it is clear that p”
in Theorem 7.4.1 it is easy to see that p”

p
problem

71'*1’71'

min J(i,c, 7, 7?),
n2ell?,

then the optimal control exists in the space of stationary Markov strategies. Thus to
complete the proof, it is enough to show that J(i,c, 7!, 7*%) < J(i,c, 7**, 7%) for any
72 € I1%,, . If not suppose that J(i,c, 7, 7*2) > J(i, ¢, 7, 72) for some 72 € 11%,,. We
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*1 2

know that for 72 € I1%,,, there exists (p™ ™, ™ ™) € Ry x LP(S) with ™™ > 0
satisfying

g =[Zw” = (i, 71 (), w%’))+c<z,7r*1<z'>,w2<i>>w’f““2<z‘>],

jes
(7.4.29)
also we have p™ ™ = J(i, ¢, 7*', 7%) and for some finite set B (D )
(i) = B {ef T el G- ) @)= e )} Vie . (7.4.30)
From (7.4.2), we deduce that
i) < BT [efo%(@)(C(&’”*l(&-)’”@‘-”'”)dtw*(&(,@))}, Vi e % (7.4.31)

Now, as in Theorem 7.4.1, using (7.4.30) and (7.4.31) one can deduce that ™™ = m*
for some positive constant 1. Thus, in view of (7.4.1) and (7.4.29), it follows that p <

*1 2 . b o . . . . .
o e, J@, e, w2 < J(, e, 7t 12), which is a contradiction. This completes
p ) ) b b ) b b ) )

the proof. O
Next, we prove the converse of the above theorem.

Theorem 7.4.3. Suppose Assumptions (A1)-(A3) hold. If there exists a saddle-point

equilibrium (71, 7*%) € Ik, x [1%,, , i.e.,
J@,e,mt, 7*2) < J(@i, e, 7, 7*%) < J(i,c, 7, 7?),
orallic S, ' € IlY, and 7* € I13,. Then (7*,7*?) is a mini-max selector of (7.4.1).
’ Ad Ad

Proof. From Theorem 7.4.2, we deduce that

p= inf sup J(i,c,nt 7)< sup J(i,e, 7w, 7)) < J(i,c, 7 72)

w2 ey rletl,, mlelll,
< inf J(@,c, 7, 7% < sup inf J(i,e, 7', 7)) =p.
T2l mlelll ™ 2ell,

This implies that p = J(i,c,#*',7*?) and p = 2inf2 J(i,c, 7, 7). Arguing as in
m2elld,
Lemma 7.4.1 and using Theorem 7.4.1, it follows that for 7#*! € II},, there exists

(pa=1, Vi) € Ry x LP(S) with 4%, > 0 such that

prathia(i) = inf [Zw 2 (NqGli, 716, v) + cli, 7 (0), v)Yia (i) |,  (7.4.32)

eP(B(i
veP(B( JES
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and pz«1 = p (since p = nf J(@i,c, 7 7). Let (7*!,7*?) be any mini-max selector
m2elly,

of (7.4.1). Then from the above, we get
Paei i ( {Z¢ a(a(li, 77 (3), 72 (1)) —I—c(i,ﬁ*l(i),w*z(i))w};*l(i)]. (7.4.33)
JeS

Again arguing as in Lemma 7.4.1, for some & D % we have
wﬂ'*l( ) < E7r*1 *2 |:€f7(=/¥?) c(&t, 7" (ft ), *2 (&t— dth*1 (57’ 2 ):| i c %c. (7434)

Since, (7*!, 7*?) is a mini-max selector of (7.4.1), we have

()2 | 3 0 alia™ (i), 7)) + i 07700 (0|

JES

Thus, by applying Dynkin’s formula and Fatou’s lemma, we obtain
w*(,L) > El |: fr(gé’)(c(ftafr*l(gt)77r*2(§t))_ﬂ)dt¢*(§+(%)):| Vi € 9. (7435)

Using (7.4.34) and (7.4.35), and following the arguments as in Theorem 7.4.1 one can
show that * = 7%, for some positive constant 7). Therefore, combining (7.4.1) and
(7.4.32) it is easy to see that #*! is an outer maximizing selector of (7.4.1). By similar
arguments we can show that 7*2 is an outer minimizing selector of (7.4.1). This completes
the proof. n

Remark 7.4.2. We can replace Assumption (A3)(iii) by other similar assumption. For
example, if the killed process communicates with every state in &, from iy before leaving
the domain 9,, for large n, then our method applies. More precisely for every 9,,
(rl,7%) € 11, x 1%, and for every j € D,\{io}, if there exists distinct iy,i9, -+ iy €

P \{io} satisfying
q(irlio, m (io), 7 (i0))q(ialir, m (ir), 7 (i1)) - -+ A(flim, 7 (i), 7 (im)) > O,

then we get 1, (ig) > 0 in P, (see Lemma 7.3.3). Also, the conclusion of Theorem 7.4.1
and Theorem 7.4.2 hold.

7.5 Example

In this section, an illustrative example is presented. In our model the transition rate is

unbounded, and the cost rate is nonnegative and unbounded.
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Example 7.5.1. Consider a controlled birth-death system arising in a single server
queue wherein the state variable denotes the total population ( i.e. the number of cus-
tomers in the system) at each time t > 0. In this system there are ‘natural’ arrival and
departure rates, say \ and i, respectively. Here player 1 controls departure parameters
hy and player 2 controls arrival parameters hy. At any time t, when the state of the
system is 1 € S := {0,1,---}, player 1 takes an action a from a given set A(i) (which
is a closed, bounded interval of R). This action may increase (hy(i,a) > 0) or decrease
(hi(i,a) < 0), the departure rate and these actions result in a cost for this player denoted
by ¢1(i, a) per unit time. Similarly, if the state is 1 € {0,1,---}, player 2 takes an action
b from a set B(i) (which is a closed and bounded interval of R) to increase (hy(i,b) > 0)
or to decrease (hy(i,b) < 0), the arrival rate and these actions produce a cost for this
player denoted by ¢o(i,b) per unit time. Also, in addition, assume that player 1 ‘owns’
the system and he/she gets a reward p - i for each unit of time during which the system
remains in the state i € S, where p > 0 is a fixed reward fee per customer. We also
assume that when the state of the system reaches state 1 = 0, any number of arrivals
may occur. When there is no customer in the system, (i.e., i =0), control of departure
1S unnecessary.

We next formulate this model as a continuous-time Markov game. The corresponding
transition rate q(jli,a,b) and the reward rate c¢(i,a,b) for player 1( cost for player 2)
are given as follows: for (0,a,b) € K (K as in the game model (7.2.1)). We take

q(710, a,b) 7 forallj >1, such that Zq(j|0,a,b) =0, (7.5.1)

N
G+9) 2
where a > 0 is some constant so that (0|0, a,b) < —3. Also for (i,a,b) € K withi > 1,

i+ 3)2 + hy(i,a), ifj=i—1
—Ni — fu(i + 3)2 — ho(i,b) — ha(i, a), if j =i

i, a,b) = b .
4l ) N+ ho(i,0), if j=i+1
0, otherwise.
c(iya,b) :==p-i—¢é(i,a) + éa(i,b) for (i,a,b) € K. (7.5.2)

We assume that player 1 is maximizing player and player 2 is minimizing player. Player
1 gets an immediately reward rate c(i,a,b) and he/she tries to mazximize his/her total
payoff through the infinite horizon continuous-time ergodic cost criterion and at the same
time, player 2 incurs an immediately cost rate c(i,a,b) and he/she tries to minimize
his/her total payoff through the same cost criterion.

We now explore conditions under which there exists a pair of optimal strategies. To

do so, we make the following assumptions.
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(I) Let i > max{\,2}, Xi+hy(i,b) > 0, and ji(i+3)2+hy(i,a) > 0 for all (i,a,b) € K
withi > 1; and assume that hy(0,b) > 0 and h1(0,a) = 0 for all (a,b) € A(i)xB(i).
(II) The functions hi(-,-) : S X A = [=fi, fi], ha(-,-) : S x B = [=\, A, é1(i,a), and
Co(i,b) are continuous with their respective variables for each fized i € S. Also,

assume that min  [¢1(4,a) — ¢4, b)] is norm-like function and p-i—¢é;1(i,a)+
(a,b)EA() x B(i)

¢a(i,b) >0 for (i,a,b) € K. Here we take p < 1.

Proposition 7.5.2. Under conditions (I)-(1I), the above controlled birth-death system
satisfies the Assumptions (Al)-(A3). Hence by Theorem 7.4.2, there exists a pair of

optimal strategies.

Proof. Consider the Lyapunov function given by
V(i) :=(i+3)* for i€S.
We have V(i) > 1 for all i € S. Now for each ¢ > 1, and (a,b) € A(i) x B(i), we have
> _aili-a,b)V(j) = q(i = 1fi,a,b)V (i — 1) + V(i)g(ili,a,b) + V(i + 1q(i + 1]i, a,0)
jes
= (i + 2)[1(i + 3)% + ha(3,a)] — (i + 3)%[Ni + u(i + 3)® + ha(i, b) + hi(4, a)]
+ (i + 4)2[Ni + ha(i, b)]
= —[(i + 3) + " (i,a)](2i + 5) + (Ni + hao(i, b)(2i + 7)
= —fi(i 4+ 3)2(i + 34 i+ 2) — hy(4,a)(2i + 5) + (Ni + ho(,b)(2i +7)
= —fu(i 4+ 3)2(i + 3) — (i + 3)%(i + 2) — hu(i,a) (20 + 5)
+ (Xi + ho(i,b)(2i +7)
< (i +3)(i +3)% = (i +3)%(i +2) + (20 + 5) + f1i(2i + 7) + f1(2i + 7)
('since — hy(i,a) < i, A < fi, ha(i,b) < X < fi, by conditions (I) and (II))

~

=

N =
b

(i +3)V (i) + {——(' +3)(i +3)* — (i + 3)%(i + 2) + (20 + 5)
+ (20 + 7) + (2 + 7)}
< —g(z +3)V (1) ( since the term within the second bracket is negative)

<
< —(i+3)V (i) ( by condition (I), since 1 > 2)
= —(()V(3) (7.5.3)

where £(i) =i+ 3. For i =0,

> alili;a,b)V (i) = 99(0(0,a,b) + Y q(j10,a,b)(j +3)°

JES j>1
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< CLy(0) — £(0)V(0), (7.5.4)

where £ = {0} and C' = O‘T’Q. Now

sup q(i,a,b) < sup {;\Z + i + 3)2 + |ha (i, a)| + |ha(i, b)|}
(a,b)EA()x B(i) (a,b)EA(H) x B(i)

< i + 20+ (i 4 3)?
<2004+ 3)a < bV(i)Vi>1, (7.5.5)

where by = max{2/, Z a }. From (7.5.3) and (7.5.4), for all i € S, we get

j>1 (] + 3)

> alili, a, )V () < bV (i) + by, (7.5.6)

jes
where by = C and by = 1. Now

(i) — ,a,b) =3+ (1 —p) i c1(2,a) — C2(7,0)). 7.5.7
(9) (a,b)erﬂ(zg{xB(i)c(l %) + p)z—i_(a,b)erzgl(lir)le(z‘)[q(l @) = &(i,b)] ( )

From (7.5.5) and (7.5.6), Assumption (Al) is verified. By the condition (II), equa-
tions (7.5.3), (7.5.4), (7.5.7), it is easy to see that Assumption (A2) is verified. By
(7.5.1), (7.5.2), the condition (II), and the definition of ¢ as defined above, Assumption
(A3)(i) is verified. By (7.5.3) and (7.5.4), Assumption (A3)(ii) is verified. Hence by
Theorem 7.4.2, it follows that there exists an optimal pair of stationary strategies for
this controlled Birth-Death process. O

Remark 7.5.3. Note that, in view of Remark 7.4.2, one can relax the condition (7.5.1).
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CHAPTER 8

Conclusions

The main intention of this thesis is to study risk-sensitive stochastic control and stochas-
tic games with various cost criteria. The observations, the contributions, and the scope

of the future work related to this thesis in each chapter are highlighted below:

IZ” First, we have investigated risk-sensitive discounted control problems for
continuous-time jump Markov decision processes taking values in general state
space. The transition rates of underlying continuous-time jump Markov processes
and the cost rates are allowed to be unbounded. Under certain Lyapunov condi-
tions, the existence and uniqueness of the solution to the Hamilton-Jacobi-Bellman
(HJB) equation have been established. Also, we have proved an optimal risk-
sensitive control in the class of Markov controls and have completely characterized

the optimal control.

IF" After then, a two-person zero-sum stochastic game for controlled continuous-time
Markov decision processes with risk-sensitive discounted cost criterion on countable
state space has been studied. The transition and cost rates are possibly unbounded.
We have established the existence of the value of the game and saddle-point equi-
librium in the class of admissible feedback strategies under a Foster-Lyapunov
condition by studying the corresponding Hamilton-Jacobi-Isaacs equation. The
study of the corresponding nonzero-sum game problems on countable state space

is still an open problem.

IE” Next, we have considered zero-sum stochastic games for controlled continuous time
Markov processes on a general state space with risk-sensitive discounted cost crite-
rion. The transition and cost rates are possibly unbounded. Under a stability as-
sumption, we have proven the existence of the value of the game and a saddle-point

equilibrium in the class of Markov strategies and have given a characterization of
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this saddle-point equilibrium in terms of the corresponding Hamilton-Jacobi-Isaacs
(HJI) equation. Also, to illustrate the results and assumptions an example has been
provided. The study of the corresponding nonzero-sum game problems on Borel

state space is still an open problem.

IE” After that, zero-sum stochastic games for controlled discrete-time Markov decision
processes with risk-sensitive average cost criterion with countable/compact state
space and Borel action spaces have been studied. The payoff function is nonnega-
tive and possibly unbounded for countable state space case and for compact state
space case it is a real-valued and bounded function. For countable state space case,
under a certain Lyapunov type stability assumption on the dynamics, we have es-
tablished the existence of the value and a saddle-point equilibrium. For compact
state space case, these results have been established without any Lyapunov type
stability assumptions. Using the stochastic representation of the principal eigen-
function of the associated optimality equation, all possible saddle-point strategies
in the class of stationary Markov strategies have been completely characterized.

Also, an illustrative example has been presented.

It will be interesting to study the problem for locally compact state space. The
major issue in extending our results from compact state space to locally compact
state space is to prove the existence of a principal eigenpair to the associated Shap-
ley equation. Following the arguments of Chapter 5 (also from [2]), it is easy to see
that the principal eigenpair exists for Dirichlet eigenvalue problems (in bounded
domains). But the main difficulty here is to take the limit from the bounded
domain to the unbounded domain. In countable state space, we use a diagonaliza-
tion argument to get the limit. This argument does not work in the general state
space case. As it is pointed out in [2], that it will be a very challenging work to
extend our results from compact state space to a locally compact state space. One
possible way to overcome these difficulties is by imposing stronger equicontinuity
conditions on the transition kernels (as in Assumption (A1')(iii) of Chapter 5),
which will enable us to use Arzela-Ascoli theorem to pass to the limit. Also, it
would be an interesting works to study the same problem on countable/locally

compact state space under near monotone running cost condition.

IE” Subsequently, we have analyzed nonzero-sum stochastic games for continuous-time
Markov decision processes on a denumerable state space with risk-sensitive ergodic
cost criterion. Transition rates and cost rates are allowed to be unbounded. Un-
der a Lyapunov type stability assumption, we have shown that the corresponding

system of coupled HJB equations admits a solution that leads to the existence
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of a Nash equilibrium in stationary strategies. This has been established using
an approach involving principal eigenvalues associated with the HJB equations.
Furthermore, exploiting appropriate stochastic representation of principal eigen-
functions, Nash equilibria in the space of stationary Markov strategies have been
completely characterized. The corresponding problems on locally compact state
space state space are still open. The major issue in extending our results from
countable state space to locally compact state space is to prove the existence of a
principal eigenpair to the associated Shapley equation. Following the arguments
of Chapter 5 (also from [21]), it is easy to see that the principal eigenpair exists
for Dirichlet eigenvalue problems (in bounded domains). But the main difficulty
here is to take the limit from the bounded domain to the unbounded domain. In
countable state space, we use a diagonalization argument to get the limit. This
argument does not work in the general state space case. One possible way to over-
come these difficulties is by imposing stronger equicontinuity conditions on the
transition kernels (as in Assumption (A1")(iii) of Chapter 5), which will enable us
to use Arzela-Ascoli theorem to pass to the limit. Also, it would be an interesting
works to study the same problem on countable/locally compact state space under

near monotone running cost condition.

IZ” Finally, a zero-sum stochastic game in continuous-time with controlled Markov
decision processes and with risk-sensitive average cost criterion has been consid-
ered. Here the transition and the cost rates may be unbounded. We have proven
the existence of the value of the game and a saddle-point equilibrium in the class
of all stationary strategies under a Lyapunov stability condition. This is accom-
plished by establishing the existence of a principal eigenpair for the corresponding
Hamilton-Jacobi-Isaacs (HJI) equation. This, in turn, has been established by
using a nonlinear version of Krein-Rutman theorem. Then a characterization of
the saddle-point equilibrium in terms of the corresponding HJI equation has been
obtained. Finally, a controlled population system has been used to illustrate our
results. The corresponding problems on locally compact state space are still open.
The major issue in extending our results from countable state space to locally
compact state space is to prove the existence of a principal eigenpair to the asso-
ciated Shapley equation. Following the arguments of Chapter 5 (also from [21]),
it is easy to see that the principal eigenpair exists for Dirichlet eigenvalue prob-
lems (in bounded domains). But the main difficulty here is to take the limit from
the bounded domain to the unbounded domain. In countable state space, we
use a diagonalization argument to get the limit. This argument does not work

in the general state space case. One possible way to overcome these difficulties
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Chapter 8 §8.0

is by imposing stronger equicontinuity conditions on the transition kernels (as in
Assumption (A1')(iii) of Chapter 5), which will enable us to use Arzela-Ascoli the-
orem to pass to the limit. Also, it would be an interesting works to study the same
problem on countable/locally compact state space under near monotone running

cost condition.

Ph.D. Thesis 190
TH-3126 186123018



Bibliography

[1] ALTMAN, E. Flow control using the theory of zero sum Markov games. IEEE
Trans. Automat. Control 39, 4 (1994), 814-818.

[2] ANANTHARAM, V., AND BORKAR, V. S. A variational formula for risk-sensitive
reward. SIAM J. Control Optim. 55, 2 (2017), 961-988.

[3] ANDERSON, W. J. Continuous-time Markov chains. Springer Series in Statis-
tics: Probability and its Applications. Springer-Verlag, New York, 1991. An
applications-oriented approach.

[4] ARAPOSTATHIS, A. A counterexample to a nonlinear version of the Krein-Rutman
theorem by R. Mahadevan. Nonlinear Anal. 171 (2018), 170-176.

[5] ARAPOSTATHIS, A., AND BiswAs, A. Infinite horizon risk-sensitive control of
diffusions without any blanket stability assumptions. Stochastic Process. Appl.

128, 5 (2018), 1485-1524.

[6] ARAPOSTATHIS, A., BiswAs, A.; AND PRADHAN, S. On the policy improvement

algorithm for ergodic risk-sensitive control. Proc. Roy. Soc. Edinburgh Sect. A 151,
4 (2021), 1305-1330.

[7] ARAPOSTATHIS, A., BISWAS, A., AND SAHA, S. Strict monotonicity of principal
eigenvalues of elliptic operators in R? and risk-sensitive control. .J. Math. Pures
Appl. (9) 124 (2019), 169-219.

[8] ARAPOSTATHIS, A., BORKAR, V. S., FERNANDEZ-GAUCHERAND, E., GHOSH,
M. K., AND MARcUs, S. I. Discrete-time controlled Markov processes with
average cost criterion: a survey. SIAM J. Control Optim. 31, 2 (1993), 282-344.

9] ATHREYA, K. B., AND LAHIRI, S. N. Measure theory and probability theory.
Springer Texts in Statistics. Springer, New York, 2006.

[10] BALAJI, S., AND MEYN, S. P. Multiplicative ergodicity and large deviations for
an irreducible Markov chain. Stochastic Process. Appl. 90, 1 (2000), 123-144.

[11] Basu, A., AND GHOsH, M. K. Stochastic differential games with multiple modes
and applications to portfolio optimization. Stoch. Anal. Appl. 25, 4 (2007), 845
867.

[12] Basu, A., AND GHOSH, M. K. Zero-sum risk-sensitive stochastic games on a
countable state space. Stochastic Process. Appl. 124, 1 (2014), 961-983.

191
TH-3126_186123018



Bibliography

[13] Basu, A., AND GHOsH, M. K. Nonzero-sum risk-sensitive stochastic games on
a countable state space. Math. Oper. Res. 43, 2 (2018), 516-532.

[14] BAUERLE, N., AND RIEDER, U. Markov decision processes with applications to
finance. Universitext. Springer, Heidelberg, 2011.

[15] BAUERLE, N., AND RIEDER, U. More risk-sensitive Markov decision processes.
Math. Oper. Res. 39, 1 (2014), 105-120.

[16) BAUERLE, N., AND RIEDER, U. Zero-sum risk-sensitive stochastic games.
Stochastic Process. Appl. 127, 2 (2017), 622-642.

[17) BERTSEKAS, D. P., AND SHREVE, S. E. Stochastic optimal control, vol. 139 of
Mathematics in Science and Engineering. Academic Press, Inc. [Harcourt Brace
Jovanovich, Publishers], New York-London, 1978. The discrete time case.

[18] BieLECKI, T. R., AND PLISKA, S. R. Risk-sensitive dynamic asset management.
Appl. Math. Optim. 39, 3 (1999), 337-360.

[19] Biswas, A. An eigenvalue approach to the risk sensitive control problem in near
monotone case. Systems Control Lett. 60, 3 (2011), 181-184.

[20] Biswas, A., BORKAR, V. S., AND KuMAR, K. S. Erratum to: Risk-sensitive
control with near monotone cost [mr2679473|. Appl. Math. Optim. 62, 2 (2010),
165-167.

[21] Biswas, A., AND PRADHAN, S. Ergodic risk-sensitive control of Markov processes
on countable state space revisited. ESAIM Control Optim. Calc. Var. 28 (2022),
Paper No. 26, 50.

[22] BiswAs, A., AND SAHA, S. Zero-sum stochastic differential games with risk-
sensitive cost. Appl. Math. Optim. 81, 1 (2020), 113-140.

[23] BORKAR, V. S., AND GHOSH, M. K. Denumerable state stochastic games with
limiting average payoff. J. Optim. Theory Appl. 76, 3 (1993), 539-560.

[24] BORKAR, V. S., AND MEYN, S. P. Risk-sensitive optimal control for Markov
decision processes with monotone cost. Math. Oper. Res. 27, 1 (2002), 192-2009.

[25] CAvAZOs-CADENA, R., AND FERNANDEZ-GAUCHERAND, E. Controlled Markov

chains with risk-sensitive criteria: average cost, optimality equations, and optimal
solutions. Math. Methods Oper. Res. 49, 2 (1999), 299-324.

[26] CAvAZOs-CADENA, R., AND HERNANDEZ-HERNANDEZ, D. A characterization

of the optimal risk-sensitive average cost in finite controlled Markov chains. Ann.
Appl. Probab. 15, 1A (2005), 175-212.

[27] CAvAaZOs-CADENA, R., AND HERNANDEZ-LERMA, O. Equivalence of Lyapunov

stability criteria in a class of Markov decision processes. Appl. Math. Optim. 26,
2 (1992), 113-137.

Ph.D. Thesis 192
TH-3126 186123018



Bibliography

(28] CAvAaZOs-CADENA, R., MONTES-DE OcA, R., AND SLADKY, K. A counterex-

ample on sample-path optimality in stable Markov decision chains with the average
reward criterion. J. Optim. Theory Appl. 163, 2 (2014), 674-684.

[29] CAvAZOs-CADENA, R., MONTES-DE OcaA, R., AND SLADKY, K. Sample-path
optimal stationary policies in stable Markov decision chains with the average re-
ward criterion. J. Appl. Probab. 52, 2 (2015), 419-440.

[30] Dr Masi, G. B., AND STETTNER, L. Risk-sensitive control of discrete-time
Markov processes with infinite horizon. SIAM J. Control Optim. 38, 1 (1999),
61-78.

[31] D1 Masi, G. B., AND STETTNER, L. Infinite horizon risk sensitive control of
discrete time Markov processes with small risk. Systems Control Lett. 40, 1 (2000),
15-20.

[32] D1 Masi, G. B., AND STETTNER, L. Infinite horizon risk sensitive control of
discrete time Markov processes under minorization property. SIAM J. Control

Optim. 46, 1 (2007), 231-252.
[33] FAN, K. Minimax theorems. Proc. Nat. Acad. Sci. U.S.A. 39 (1953), 42-47.

[34] FEDERGRUEN, A. On N-person stochastic games with denumerable state space.
Adv. in Appl. Probab. 10, 2 (1978), 452-471.

[35] FEINBERG, E. A., KasyaNov, P. O., AND ZADOIANCHUK, N. V. Fatou’s

lemma for weakly converging probabilities. Theory Probab. Appl. 58, 4 (2014),
683-6809.

[36] FLEMING, W. H., AND HERNANDEZ-HERNANDEZ, D. Risk-sensitive control of
finite state machines on an infinite horizon. I. SIAM J. Control Optim. 35, 5
(1997), 1790-1810.

[37] FLEMING, W. H., AND MCENEANEY, W. M. Risk-sensitive control on an infinite
time horizon. SIAM J. Control Optim. 33, 6 (1995), 1881-1915.

[38] FROBENIUS, G. Uber matrizen aus nicht negativen elementen. Konigliche
Akademie der Wissenschaften Sitzungsber, Kon (1912).

[39] GHOSsH, M. K., AND BAGCHI, A. Stochastic games with average payoff criterion.
Appl. Math. Optim. 38, 3 (1998), 283-301.

[40] GrosH, M. K., Gorui, S., PaL, C., AND PRADHAN, S. Nonzero-sum risk-

sensitive continuous-time stochastic games with ergodic costs. Appl. Math. Optim.
86, 1 (2022), Paper No. 6, 31.

[41] GrosH, M. K., Gorul, S., PAaL, C., AND PRADHAN, S. Discrete-time zero-

sum games for Markov chains with risk-sensitive average cost criterion. Stochastic
Process. Appl. 158 (2023), 40-74.

[42] GHOsH, M. K., Gorul, S., PaL, C., AND PRADHAN, S. Zero-sum stochastic
games in continuous-time with risk-sensitive average cost criterion on a countable
state space. Math. Control Rel. Fields (2023).

Ph.D. Thesis 193
TH-3126 186123018



Bibliography

[43] GHOSH, M. K., GoswaMi, A., AND KuMAR, K. S. Portfolio optimization in a
semi-Markov modulated market. Appl. Math. Optim. 60, 2 (2009), 275-296.

[44] GrosH, M. K., AND KuMAR, K. S. A stochastic differential game in the or-
thrant. J. Math. Anal. Appl. 265, 1 (2002), 12-37.

[45] GHOsH, M. K., KuMAR, K. S., AND PAL, C. Zero-sum risk-sensitive stochastic
games for continuous time Markov chains. Stoch. Anal. Appl. 34, 5 (2016), 835
851.

[46] GHOSH, M. K., AND PRADHAN, S. Zero-sum risk-sensitive stochastic differential
games with reflecting diffusions in the orthant. ESAIM Control Optim. Calc. Var.
26 (2020), Paper No. 114, 33.

[47) GHOSsH, M. K., AND SAHA, S. Risk-sensitive control of continuous time Markov
chains. Stochastics 86, 4 (2014), 655-675.

[48] Gorul, S., AND PaL, C. Continuous-time zero-sum games for Markov chains
with risk-sensitive finite-horizon cost criterion. Stoch. Anal. Appl. 40, 1 (2022),
78-95.

[49] Gorul, S., AND PAL, C. Risk-sensitive discounted cost criterion for continuous-
time Markov decision processes on a general state space. Math. Meth. Oper. Res.
95, 2 (2022), 219-247.

[50] Gorui, S., AND PaL, C. Continuous-time zero-sum games for Markov decision

processes with discounted risk-sensitive cost criterion on a general state space.
Stoch. Anal. Appl. 41, 2 (2023), 327-357.

[51] Gorui, S., PAL, C., AND SAHA, S. Continuous-time zero-sum games for Markov

decision processes with discounted risk-sensitive cost criterion. Dyn. Games Appl.
12,2 (2022), 485-512.

[52] Guo, X., AND HuANG, Y. Risk-sensitive average continuous-time Markov deci-
sion processes with unbounded transition and cost rates. J. Appl. Probab. 58, 2

(2021), 523-550.

[53] Guo, X., L1u, Q., AND ZHANG, Y. Finite horizon risk-sensitive continuous-time

Markov decision processes with unbounded transition and cost rates. 4OR 17, 4
(2019), 427-442.

[54] Guo, X., AND ZHANG, Y. On risk-sensitive piecewise deterministic Markov
decision processes. Appl. Math. Optim. 81, 3 (2020), 685-710.

[55] Guo, X. P., AND HERNANDEZ-LERMA, O. Continuous-time controlled Markov
chains. Ann. Appl. Probab. 13, 1 (2003), 363—-388.

[56] Guo, X. P., AND HERNANDEZ-LERMA, O. Zero-sum games for continuous-

time Markov chains with unbounded transition and average payoff rates. J. Appl.
Probab. 40, 2 (2003), 327-345.

Ph.D. Thesis 194
TH-3126 186123018



Bibliography

[57] Guo, X. P., AND HERNANDEZ-LERMA, O. Nonzero-sum games for continuous-
time Markov chains with unbounded discounted payoffs. J. Appl. Probab. 42, 2
(2005), 303-320.

[58] Guo, X. P., AND HERNANDEZ-LERMA, O. Zero-sum games for continuous-time
jump Markov processes in Polish spaces: discounted payoffs. Adv. in Appl. Probab.
39, 3 (2007), 645-668.

[59] Guo, X. P., AND HERNANDEZ-LERMA, O. Continuous-time Markov decision
processes, vol. 62 of Stochastic Modelling and Applied Probability. Springer-Verlag,
Berlin, 2009. Theory and applications.

[60] Guo, X. P., HERNANDEZ-LERMA, O., AND PRIETO-RUMEAU, T. A survey of
recent results on continuous-time Markov decision processes. Top 14, 2 (2006),
177-261. With comments and a rejoinder by the authors.

[61] Guo, X. P., HUANG, Y., AND SONG, X. Linear programming and con-
strained average optimality for general continuous-time Markov decision processes
in history-dependent policies. SIAM J. Control Optim. 50, 1 (2012), 23-47.

[62] Guo, X. P., AND Li1A0, Z.-W. Risk-sensitive discounted continuous-time Markov
decision processes with unbounded rates. SIAM J. Control Optim. 57, 6 (2019),
3857-3883.

[63] Guo, X. P., AND PruNovskly, A. Discounted continuous-time Markov decision

processes with constraints: unbounded transition and loss rates. Math. Oper. Res.
36,1 (2011), 105-132.

[64] Guo, X. P., AND SONG, X. Discounted continuous-time constrained Markov
decision processes in Polish spaces. Ann. Appl. Probab. 21, 5 (2011), 2016-2049.

[65] Guo, X. P., AND ZHANG, J. Risk-sensitive continuous-time Markov decision
processes with unbounded rates and Borel spaces. Discrete Event Dyn. Syst. 29,

4 (2019), 445-471.

[66] HERNANDEZ-HERNANDEZ, D., AND MARcuUS, S. I. Risk sensitive control of
Markov processes in countable state space. Systems Control Lett. 29, 3 (1996),
147-155.

[67] HERNANDEZ-HERNANDEZ, D., AND MARcUS, S. I. Existence of risk-sensitive
optimal stationary policies for controlled Markov processes. Appl. Math. Optim.
40, 3 (1999), 273-285.

[68] HERNANDEZ-LERMA, O. Adaptive Markov control processes, vol. 79 of Applied
Mathematical Sciences. Springer-Verlag, New York, 1989.

[69] HERNANDEZ-LERMA, O., AND LASSERRE, J. B. Further topics on discrete-time

Markov control processes, vol. 42 of Applications of Mathematics (New York).
Springer-Verlag, New York, 1999.

[70] HOWARD, R. A. Dynamic programming and Markov processes. Technology Press
of M.ILT., Cambridge, Mass.; John Wiley & Sons, Inc., New York-London, 1960.

Ph.D. Thesis 195
TH-3126 186123018



Bibliography

[71] HOWARD, R. A., AND MATHESON, J. E. Risk-sensitive Markov decision pro-
cesses. Management Sci. 18 (1971/72), 356-369.

[72] HuAaNG, Y. Finite horizon continuous-time Markov decision processes with mean
and variance criteria. Discrete Event Dyn. Syst. 28, 4 (2018), 539-564.

[73] JAcoBsON, D. H. Optimal stochastic linear systems with exponential perfor-
mance criteria and their relation to deterministic differential games. IEFEE Trans.
Automatic Control AC-18, 2 (1973), 124-131.

[74] JASKIEWICZ, A. Average optimality for risk-sensitive control with general state
space. Ann. Appl. Probab. 17, 2 (2007), 654—675.

[75] KiTAEV, M. Y. Semi-Markov and jump Markov controllable models. Average
cost criterion. Teor. Veroyatnost. i Primenen. 30, 2 (1985), 252-268.

[76] KiTAEV, M. Y., AND RYKOV, V. V. Controlled queueing systems. CRC Press,
Boca Raton, FL, 1995.

[77) KLompsTRA, M. B. Nash equilibria in risk-sensitive dynamic games. I[EEE
Trans. Automat. Control 45, 7 (2000), 1397-1401.

[78] KONTOYIANNIS, I., AND MEYN, S. P. Spectral theory and limit theorems for
geometrically ergodic Markov processes. Ann. Appl. Probab. 13, 1 (2003), 304-362.

[79] KoNnTOYIANNIS, I., AND MEYN, S. P. Large deviations asymptotics and the

spectral theory of multiplicatively regular Markov processes. FElectron. J. Probab.
10 (2005), no. 3, 61-123.

[80] KREIN, M. G., AND RuTMAN, M. A. Linear operators leaving invariant a cone
in a Banach space. Amer. Math. Soc. Translation 1950, 26 (1950), 128.

[81] KuMAR, K. S.; AND PAL, C. Risk-sensitive control of pure jump process on
countable space with near monotone cost. Appl. Math. Optim. 68, 3 (2013), 311—
331.

[82] KuMAR, K. S., AND PAL, C. Risk-sensitive ergodic control of continuous time
Markov processes with denumerable state space. Stoch. Anal. Appl. 33, 5 (2015),
863-881.

[83] LaL, A. K., AND SINHA, S. Zero-sum two-person semi-Markov games. J. Appl.
Probab. 29, 1 (1992), 56-72.

[84] LEMMENS, B., AND NussBAUM, R. Nonlinear Perron-Frobenius theory, vol. 189

of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
2012.

[85] LEVY, Y. J., AND SOLAN, E. Stochastic games. In Complezx social and behav-

1oral systems—game theory and agent-based models, Encycl. Complex. Syst. Sci.
Springer, New York, [2020] (©)2020, pp. 229-250.

[86) MAHADEVAN, R. A note on a non-linear Krein-Rutman theorem. Nonlinear Anal.
67, 11 (2007), 3084-3090.

Ph.D. Thesis 196
TH-3126 186123018



Bibliography

[87) MEYN, S. P., AND TWEEDIE, R. L. Markov chains and stochastic stability.

Communications and Control Engineering Series. Springer-Verlag London, Ltd.,
London, 1993.

[88] NEYmMAN, A. Continuous-time stochastic games. Games Econom. Behav. 104
(2017), 92-130.

[89] Nowak, A. S. Measurable selection theorems for minimax stochastic optimization
problems. SIAM J. Control Optim. 23, 3 (1985), 466—476.

[90] NowAKk, A. S. Notes on risk-sensitive Nash equilibria. In Advances in dynamic
games, vol. 7 of Ann. Internat. Soc. Dynam. Games. Birkhauser Boston, Boston,
MA, 2005, pp. 95-1009.

[91] NussBauM, R. D. Eigenvectors of nonlinear positive operators and the linear
Krein-Rutman theorem. In Fized point theory (Sherbrooke, Que., 1980), vol. 886
of Lecture Notes in Math. Springer, Berlin-New York, 1981, pp. 309-330.

[92] OGIwARA, T. Nonlinear Perron-Frobenius problem for order-preserving map-
pings. . Proc. Japan Acad. Ser. A Math. Sci. 69, 8 (1993), 312-316.

[93] OGIwARA, T. Nonlinear Perron-Frobenius problem on an ordered Banach space.
Japan. J. Math. (N.S.) 21, 1 (1995), 43-103.

[94] PAL, C., AND PRADHAN, S. Risk sensitive control of pure jump processes on a
general state space. Stochastics 91, 2 (2019), 155-174.

[95] PAL, C., AND PRADHAN, S. Zero-sum games for pure jump processes with risk-
sensitive discounted cost criteria. J. Dyn. Games 9, 1 (2022), 13-25.

[96) PARTHASARATHY, K. R. Probability measures on metric spaces. AMS Chelsea
Publishing, Providence, RI, 2005. Reprint of the 1967 original.

[97] PARTHASARATHY, T., AND SINHA, S. Existence of stationary equilibrium strate-
gies in non-zero-sum discounted stochastic games with uncountable state space and
state-independent transitions. Internat. J. Game Theory 18, 2 (1989), 189-194.

(98] PERRON, O. Zur Theorie der Matrices. Math. Ann. 64, 2 (1907), 248-263.

[99] PIUNOVSKIY, A., AND ZHANG, Y. Discounted continuous-time Markov decision

processes with unbounded rates: the convex analytic approach. SIAM J. Control
Optim. 49, 5 (2011), 2032-2061.

[100] PIUNOVSKIY, A., AND ZHANG, Y. Continuous-time Markov decision processes—
Borel space models and general control strategies, vol. 97 of Probability Theory and
Stochastic Modelling. Springer, Cham, [2020] (©)2020. With a foreword by Albert
Nikolaevich Shiryaev.

[101] PrIETO-RUMEAU, T., AND HERNANDEZ-LERMA, O. Selected topics on
continuous-time controlled Markov chains and Markov games, vol. 5 of ICP Ad-
vanced Texts in Mathematics. Imperial College Press, London, 2012.

Ph.D. Thesis 197
TH-3126 186123018



Bibliography

[102] PUTERMAN, M. L. Markov decision processes: discrete stochastic dynamic pro-
gramming. Wiley Series in Probability and Mathematical Statistics: Applied
Probability and Statistics. John Wiley & Sons, Inc., New York, 1994. A Wiley-
Interscience Publication.

[103] Ross, S. M. Applied probability models with optimization applications. Dover
Publications, Inc., New York, 1992. Reprint of the 1970 original.

[104] SHAPLEY, L. S. Stochastic games. In Stochastic games and applications (Stony
Brook, NY, 1999), vol. 570 of NATO Sci. Ser. C' Math. Phys. Sci. Kluwer Acad.
Publ., Dordrecht, 2003, pp. 1-7. Reprint of Proc. Nat. Acad. Sci. U.S.A. 39 (1953),
1095-1100 [0061807].

[105] SussMANN, H. J.; AND WILLEMS, J. C. 300 years of optimal control: from the

brachystochrone to the maximum principle. I[EEE Control Systems Magazine 17,
3 (1997), 32—-44.

[106] vON NEUMANN, J., AND MORGENSTERN, O. Theory of Games and Economic
Behavior. Princeton University Press, Princeton, N.J., 1944.

[107] VRIEZE, K. Zero-sum stochastic games. A survey. CWI Quarterly 2, 2 (1989),
147-170.

[108] WEI, Q. Continuous-time Markov decision processes with risk-sensitive finite-
horizon cost criterion. Math. Methods Oper. Res. 84, 3 (2016), 461-487.

[109] WEI, Q. Zero-sum games for continuous-time Markov jump processes with risk-
sensitive finite-horizon cost criterion. Oper. Res. Lett. 46, 1 (2018), 69-75.

[110] WEI, Q. Nonzero-sum risk-sensitive finite-horizon continuous-time stochastic
games. Statist. Probab. Lett. 147 (2019), 96-104.

[111] WEI, Q., AND CHEN, X. Risk-sensitive average continuous-time Markov decision
processes with unbounded rates. Optimization 68, 4 (2019), 773-800.

[112] WEI, Q., AND CHEN, X. Nonzero-sum games for continuous-time jump processes
under the expected average payoff criterion. Appl. Math. Optim. 83, 2 (2021), 915—
938.

[113] WEI, Q., AND CHEN, X. Nonzero-sum risk-sensitive average stochastic games:
the case of unbounded costs. Dyn. Games Appl. 11, 4 (2021), 835-862.

[114] WHITTLE, P. Risk-sensitive optimal control. Wiley-Interscience Series in Systems
and Optimization. John Wiley & Sons, Ltd., Chichester, 1990.

[115] YUSHKEVICH, A. A. On reducing a jump controllable markov model to a model
with discrete time. Theory of Probab. Appl. 25, 1 (1980), 58-69.

[116] ZAANEN, A. C. Introduction to operator theory in Riesz spaces. Springer-Verlag,
Berlin, 1997.

Ph.D. Thesis 198
TH-3126 186123018



Bibliography

[117] ZHANG, J., Guo, X. P., AND Xi1A, L. Zero-sum risk-sensitive continuous-time

stochastic games with unbounded payoff and transition rates and borel spaces.
arXiv preprint arXiw:2103.04057 (2021).

[118] ZHANG, W., AND GuoO, X. P. Nonzero-sum games for continuous-time Markov

chains with unbounded transition and average payoff rates. Sci. China Math. 55,
11 (2012), 2405-2416.

[119] ZHANG, Y. Average optimality for continuous-time Markov decision processes
under weak continuity conditions. J. Appl. Probab. 51, 4 (2014), 954-970.

[120] ZHANG, Y. Continuous-time Markov decision processes with exponential utility.
SIAM J. Control Optim. 55, 4 (2017), 2636-2660.

Ph.D. Thesis 199
TH-3126 186123018



Publications

List of Published Papers that are included in the Thesis

The content of this thesis is based on the following published articles.

1. Golui, S., and Pal, C. Risk-sensitive discounted cost criterion for continuous-time
Markov decision processes on a general state space, Mathematical Methods of Opera-
tions Research, 95, 2 (2022), 219-247, https://doi.org/10.1007 /s00186-022-00779-9.

2. Golui, S., Pal, C., and Saha, S. Continuous-time zero-sum games for Markov de-

cision processes with discounted risk-sensitive cost criterion, Dynamic Games And
Applications, 12, 2 (2022), 485-512, https://doi.org/10.1007 /s13235-021-00391-2.

3. Golui, S., and Pal, C. Continuous-time zero-sum games for Markov de-
cision processes with discounted risk-sensitive cost criterion on a gen-
eral state space, Stochastic Analysis and Appliciations, 41 (2021), 327-357,
https://doi.org/10.1080/07362994.2021.2013889.

4. Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Discrete-time zero-sum games for
Markov chains with risk-sensitive average cost criterion, Stochastic Processes and
their Applications, 158 (2023), 40-74, https://doi.org/10.1016/j.spa.2022.12.009.

5. Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Nonzero-sum risk-sensitive
continuous-time stochastic games with ergodic costs, Applied Mathematics and Op-
timization, 86, 6 (2022), https://doi.org/10.1007 /s00245-022-09878-9.

6. Ghosh, M. K., Golui, S., Pal, C., and Pradhan, S. Zero-sum games for continuous-
time Markov decision processes with risk-sensitive average cost criterion, Mathe-
matical Control Related Fields, (2023), doi: 10.3934 /mcrf.2023003.

List of other Papers not included in this thesis

1. Golui, S., and Pal, C. Continuous-time zero-sum games for Markov chains with
risk-sensitive finite-horizon cost criterion, Stochastic Analysis and Appliciations,
40, 1 (2022), 78-95.

2. Golui, S., Pal, C., Rangaswamy, M., and, Sobhanan, A. Optimal Con-
trol for Production Inventory System with Various Cost Criteria, (2022),
https://doi.org/10.48550/arXiv.2210.15251.

Ph.D. Thesis 200
TH-3126 186123018



	Introduction
	Literature survey
	Structure of the Thesis

	Risk-sensitive discounted cost criterion for continuous-time Markov decision processes on a general state space
	Introduction
	Continuous-time discounted cost MDP
	Stochastic representation of a solution to the HJB equation
	The existence of solution to the HJB equation
	The existence of optimal control
	Application and example

	Continuous-time Zero-Sum Games for Markov Decision Processes with Discounted Risk-Sensitive Cost Criterion
	Introduction
	The game model
	Stochastic representation of a solution to the HJI equation
	The existence of solution to the HJI equation
	The existence of saddle-point equilibrium
	 Example

	Continuous-time zero-sum games for Markov decision processes with discounted risk-sensitive cost criterion on a general state space
	Introduction
	The game model
	Probabilistic representation of a solution to the HJI equation
	The existence of solution to the HJI equation
	The existence of saddle-point equilibrium
	 Example

	Discrete-time zero-sum games for Markov chains with risk-sensitive average cost criterion
	Introduction
	The game model
	Dirichlet eigenvalue problems
	Existence of risk-sensitive average optimal strategies
	 Example
	Eigenvalue problem for compact state space case:
	Conclusions

	Nonzero-sum risk-sensitive continuous-time stochastic games with ergodic costs
	Introduction
	The game model
	Coupled HJB Equations and Existence of Nash Equilibrium 
	 Existence of Nash equilibria
	 Example

	Zero-Sum Stochastic Games in Continuous-time with Risk-Sensitive Average Cost Criterion on a Countable State Space
	Introduction
	The game model
	Dirichlet Eigenvalue Problems
	Existence of risk-sensitive average optimal strategies
	 Example

	Conclusions
	Bibliography
	Publications

