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Abstract

The quantum walk (QW) is the quantum analog of the classical random walk where

an initial state undergoes reversible, unitary time evolution leading to a dynamical

evolution of the quantum states. The study of QW has attracted a great deal of at-

tention in recent years, not only in the context of studying the dynamical properties

of quantum systems but also due to its possible application in quantum technolo-

gies. Numerous studies have been performed theoretically and experimentally to

investigate the QW of single and two interacting particles using various systems.

In this thesis, we theoretically study the QW of interacting particles in the

framework of the two-component Bose-Hubbard model in one-dimensional lattices.

In the first part of the thesis, we explore the QW of two-component hardcore bosons /

spinless fermions with hopping imbalance. We show that the hopping imbalance and

interaction play an essential role in exhibiting exciting phenomena for di↵erent initial

states, such as the formation of repulsively bound pairs, reflection and transmission

of the wavefunction, etc.

Further, we study the QW of interacting two-component bosons with hopping

imbalance. In this case, we show the fascinating phenomenon of onsite bound pair

formation of two di↵erent species which start their QW from the nearest neighbour

sites. We also predict the existence of non-trivial three-particle bound state and

nearest neighbour pairs.

In the final part of the thesis, we study the QW of interacting bosons in a Harper-

Hofstadter ladder. We explore the chiral dynamics in the single- and two-particle

QW by considering uniform and staggered flux threading the ladder. We show that

the uniform flux facilitates a chiral motion which disappears in the presence of the

staggered flux. On the other hand, we find that the staggered flux significantly

a↵ects the spreading of the particle’s wavefunction both for single and two-particle

QW. We further analyse the e↵ect of flux on the bound state formation.

These studies are carried out using the exact diagonalization and the time-

evolving block decimation methods.
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Chapter 1

Introduction

Recent experimental progress in creating and manipulating artificial quantum sys-

tems such as atomic, molecular, optical, and condensed matter systems have paved

the path for studying the physics of complex many-body systems in and out of

equilibrium. The high degree of control of system parameters and high accuracy

measurements have led to the successful simulations of several quantum mechanical

phenomena and resulted in many seminal observations. Out of many important re-

search frontiers, the study of non-equilibrium dynamics in a closed quantum system

has attracted a great deal of attention in recent years. While there are several ways

to drive an interacting quantum many-body system out of equilibrium, one of the

clean and easy setups is a local or global quench. In this process, an initial state is

prepared, which may or may not be the ground state of the Hamiltonian, and then a

system parameter of the Hamiltonian is suddenly or slowly changed. These quench

dynamics reveal various physical realizations such as the quantum phase transitions,

thermalization, integrability, localization, spreading of entanglement and correlation

etc. [4–13]. While studying the dynamical evolution of the many-body ground state

is a di�cult task, recently, a great deal of e↵ort has been made to understand the

system’s physical properties from the time evolution of a few particle states sub-

jected to a quantum mechanical Hamiltonian. This phenomenon is known as the

Quantum Walk [14].

1.1 Quantum Walk (QW)

The study of quantum walk (QW), the quantum analog of the classical random walk,

has recently attracted a great deal of attention. Based on the fundamental laws of the

superposition principle in quantum mechanics, the phenomenon of QW is found to be

1
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important not only in studying the dynamical properties of the quantum mechanical

systems but also due to its possible technological applications [15–25]. Numerous

studies have been performed in recent years, both theoretically and experimentally,

to understand the QW at the single-particle level and also with few interacting

particles [26–36].

It is well known that the classical random walk is a stochastic process in which

the walker occupies a definite position state and randomness arises due to stochastic

transition between the states. It has applications in di↵erent fields such as fluid

dynamics [37], biology [38], economics [39], and the development of the classical

algorithm [40]. On the other hand, in the case of QW, randomness arises due to

1. the quantum superposition of states,

2. non-random, reversible unitary evolution and

3. the collapse of the wave function due to state measurements.

These features generate considerable interest in quantum information algorithms [41–

45] and quantum simulations of various systems [46]. In one dimension, the QWs

provide superior transport properties as compared to its classical counterpart [47],

making them promising candidates for implementing fast and e�cient quantum algo-

rithms [41, 48, 49], e.g., search algorithms [42, 43, 50–54]. The coherence properties

of the QWs are found to be crucial in simulating energy transport in the photosyn-

thetic process [55, 56]. The dynamical features of the QW also provide an essential

framework for modelling perfect quantum state transfer [57–59], studying localiza-

tion properties [60–62], characterizing topological phases [63–65] and many-body

quantum phases [66–68].

Based on the construction, there are two types of QWs possible exhibiting sim-

ilar physical behaviour such as (a) the discrete-time QW (DTQW) and (b) the

continuous-time QW (CTQW).

1.1.1 Discrete-time QW (DTQW)

Discrete-time QW is the quantum counterpart of the discrete-time random walk

(DTRW). In DTRW, the walker walks in the position space depending upon the

outcome of the coin. The coin operation decides the walker’s direction and a subse-

quent shift operation moves the walker in the position space. For example, a classical

walker walks in one dimension sitting at the origin, x = 0, with a coin. Since the

2
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Figure 1.1: In classical random walk, (a) the walker continues walking through an
iterative process. (b) After many iterative processes, the walker traces out a single path
(black line) on a decision tree.

coin has two possible outcomes, e.g., Head (H) and Tail (T), with an equal prob-

ability of 1/2, the walker move to the left (L) or to the right (R) with certainty,

depending on the outcome. As a result, the walker continues walking through an

iterative process as shown in Fig. 1.1(a). After many iterations, the walker traces

out a single path of the decision tree graph, as shown in Fig. 1.1(b). However, in

the case of the DTQW, the walker evolves with simultaneous operation of the two

unitary operators: (a) “quantum coin flip” operator and (b) “shift” operator in the

discrete-time domain. The quantum coin flip operation defines the superposition of

the direction in which the walker moves simultaneously.

For example, in the case of a one-dimensional DTQW the following steps have

to be followed:

1. Define a position space Hp and a coin space Hc so that the total space becomes

H = Hc

N
Hp.

2. The position space of the walker is spanned by the complete orthonormal basis

{|xi : x 2 Z}. The coin space is represented by the coin states which has two

orthogonal basis states {|Li =

"
0

1

#
and |Ri =

"
1

0

#
}.

3. Prepare the system in some initial state, | 0i = |�0i
N

|xi, where |�0i is the

initial coin state i.e., |Li, |Ri or superposition of |Li and |Ri states and |xi is

the initial position state.

4. Introduce the unitary coin operator such as the well known Hadamard operator

3
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Figure 1.2: In quantum walk, (a) the walker continues walking through an iterative
process. (b) In quantum walk, the walker moves simultaneously to the left and to the
right with complex amplitude without measuring the outcome of the coin in each step.
After many iterations, there is a finite probability of the walker to be present everywhere.

given by Ĉ = 1p
2

"
1 1

1 �1

#
.

5. Besides the coin operator there is a shift operator that takes a step forward

based on the result of the quantum coin toss. The shift operator is given by

Ŝ = (|RihR|

OX

x

|x+ 1ihx|+ |LihL|
OX

x

|x� 1ihx|) (1.1)

In the process, the final state of a single step QW can be written as,

| 1i = Ŝ.(Ĉ
O

Î)| 0i (1.2)

which after n-steps takes the form

| ni = {Ŝ.(Ĉ
O

Î)}n | 0i. (1.3)

Similar results can be obtained by using di↵erent unitary coin operators Ĉ and

changing the initial state | 0i.

In summary, starting from an initial state, one can reach a final state after a

finite number of time steps using Eq. 1.3.

4
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1.1.2 Continuous-time QW (CTQW)

The continuous-time quantum walk (CTQW), which is the quantum counterpart of

the continuous-time random walk (CTRW) [22], takes place entirely in the position

space and formulates in terms of a decision tree. Each decision tree has an associated

transition matrix (T ), which decides the transition probability of the walker from

one node to another. Consider a decision tree graph G having N nodes indexed by

integers i = 1, 2, ..., N with corresponding N ⇥N transition matrix T with elements

Tij =

8
<

:
Pij, for i 6= j if node i is connected to node j .

0, otherwise,
(1.4)

where Pij is the probability of going from node i to node j satisfying the condition
P

N

i=1 Pij = 1 and Pij � 0 for all j.

Figure 1.3: The figure shows the decision tree with 4 nodes indexed as i = 0, 1, 2 and 3.
The transition probabilities in di↵erent nodes are shown here.

For example in Fig. 1.3, a decision tree graph with 4 nodes indexed as i =

0, 1, 2 and 3 and non-zero transition probabilities in di↵erent nodes are shown. The

corresponding transition matrix T can be written as

T =

2

66664

P00 P01 0 P03

P10 P11 P12 0

0 P21 P22 P23

P30 0 P32 P33.

3

77775

5
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Now each step of the classical walker through the graph G is given by

V(n+ 1) = TV(n), (1.5)

where V(n) is the state vector or the probability distribution vector for the nodes

at step n, along with constraints
P

N

i=1 Vi(n) = 1 and Vi(n) � 0. This is known

as a discrete-time Markov process, where the system’s state at (n + 1) step is only

dependent on the previous step at n and is independent of any past states. To

make the process continuous in time, the transition must occur at all times, and

the transition rate to its neighbouring nodes is given by P , which is uniform and

independent of time. The transition rate matrix in which all transition occurs at

the uniform rate P is given by

T = �PL, (1.6)

where L = A � D is the Laplacian matrix of the decision tree graph, A is the

graph’s adjacency matrix with non-diagonal elements, and D is a diagonal matrix

whose elements Di represent the degree of vertex or nodes i. Here L is a discrete

approximation of the Laplacian operator r2 in the continuum. Now the continuous-

time random walk over G is a stochastic Markovian process that evolves as per the

master equation,
dV(t)

dt
= �TV(t) (1.7)

with solution V(t) = e�TtV(t = 0).

Based on the ideas of CTRW, Farhi and Gutmann in 1998, for the first time for-

mulated the CTQW in terms of the decision trees where the classically constructed

transition rate matrix T to evolve the continuous-time state transitions quantum me-

chanically [22]. This would involve replacing the real-valued probability distribution

vector V(n) with a complex-valued wave vector  (t). So unlike the CTRW, which

propagates as per the master equations, the CTQW instead has its time evolution

governed by the Schödinger equation,

i~ d

dt
| (t)i = H| (t)i, (1.8)

where H is the transition matrix or the Hamiltonian of the system, which encodes

the discrete structure of the underlying graph G and the probability distribution

vector V(t) = | (t)|2. Here, | (t)i is a complex-valued vector with elements  (i, t)

representing the quantum walker’s amplitude on node i of the graph at time t. The

6
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1.1 Quantum Walk (QW)

general solution of Eq. 1.8 is

| (t)i = e�iĤt
| (0)i = Û(t)| (0)i. (1.9)

Here we consider ~ = 1 and m = 1. The operator Û(t) = e�iĤt is called as the

quantum mechanical time evolution operator and the transition probability between

two adjacent nodes i and j is given by

Pij(t) = |h (j, t)|e�iĤt
| (i, 0)i|2. (1.10)

Like the DTQW, in the CTQW, the walker can simultaneously exist at all possible

states or nodes of the decision tree as long as its position state remains unmeasured,

as shown in Fig. 1.1. The interference of these complex amplitudes as the walker

evolves is responsible for the non-classical propagation characteristics of the QW.

Note that this formulation of the CTQW is not limited to the decision trees and can

be applied to any general uni-directed graph or system. The CTQW has properties

of quantum systems, such as the time reversibility and superposition of the states.

Unlike the DTQW, the quantum states do not incorporate any coin states in the

CTQW. Hence, in this case, no coin operator is required for the evolution of the

walker.

In the above formulation of the QW, an arbitrary graph with N nodes can be

represented as N position states with coordinate vectors |~rii, for i = 1, 2, ..., N .

These state vectors form an orthonormal basis in the N -dimensional Hilbert space,

i.e.

h~ri|~rji = �ij (1.11)

and the spacing between two adjacent neighboring nodes or position states is d.

In the CTQW, if the walker has an infinitely narrow width and moves in discrete

space or nodes, as shown in Fig. 1.4(a) then the nodes can be made arbitrarily

close by making d ! 0 without a↵ecting the outcome. On the other hand, the

Hilbert space becomes an infinite-dimensional continuum when the state space is

continuous. As a result of this, the quantum walker’s position at any point can have

a finite uncertainty �x associated with it, as depicted in Fig 1.4(b). In this scenario,

the necessary condition for the QW to retain its characteristic features is d � �x,

suggesting that the QW requires a discrete or orthonormal state space [69]. In

other words, when a finite width walker performs a walk on a continuous-time-space

using an arbitrary transition rate matrix H, the resulting propagation displays the

7
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Chapter 1. Introduction

characteristic QW signature if and only if the relationship d � �x satisfies.

Figure 1.4: The figure shows the pictorial representation of the CTQW on a one-
dimensional node. (a) The CTQW takes place on discrete nodes. (b) The CTQW takes
place on a continuous line, where the width (�x) of the walker does not overlap with each
other. (c) The CTQW takes place on a continuous space, where the width (�x) of the
walker overlaps with each other.

When the state is a continuum, i.e., d ! 0 and�x remains finite (see Fig. 1.4(c)),

propagation of the walker in a continuous space-time begins to alter. As a result,

we would not get the characteristic signature of the QW. In the CTQWs, d � �x

is not only for theoretical interest but also an essential condition for the physical

implementation in real systems [70, 71].

1.2 Distribution of the CTQW and CTRW in one-

dimension

In this section, we discuss the distribution of the CTQW on a one-dimensional (1d)

lattice. One-dimensional lattice is a straightforward graph in which the nodes are

connected in a very regular manner, and each node has exactly two neighbours as

shown in Fig. 1.5. As discussed before, for every graph, there exists a Laplacian

8
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1.2 Distribution of the CTQW and CTRW in one-dimension

matrix, L = A �D, where A is the transition or adjacency matrix that contains a

finite number of non-zero elements aij if node i is connected to the node j by a bond

and D is the diagonal matrix representing the degree of the nodes. In the CTQW,

the Hamiltonian of the system is equivalent of the Laplacian matrix, H = �L and

the quantum mechanical transition probability Tij between two neighbouring nodes

i and j as already discussed in previous section.

Figure 1.5: The figure shows a quantum walker walking on a 1d lattice.

Now consider a 1d lattice of length L on which a particle performs a CTQW with

transition rate matrix elements �ij = � and each node has q degrees of freedom. If

the whole accessible Hilbert space spanned by the basis vector |xi is associated with

the node x, then the state of the particle at time t is given by

| (t)i =
LX

x=1

 (x, t)|xi, (1.12)

and the Hamiltonian acting on state |xi is given by

H|xi = q|xi � �|x� 1i � �|x+ 1i. (1.13)

The Eq. 1.13 is the discrete version of the Hamiltonian for a free particle moving on

a lattice. For simplicity, we consider � = 1 and since each node has two neighbours,

it means q = 2. Here we consider the periodic boundary condition and H is a L⇥L

matrix defined as

H =

2

666664

2 �1 . . . �1

�1 2 �1
...

... �1 2 �1

�1 . . . �1 2

3

777775
.

When a particle moves in a periodic lattice potential, it experiences a quantized

energy spectrum. The discrete energy bands are the Bloch bands, and the corre-

9
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Chapter 1. Introduction

sponding eigenstates are called the Bloch states. In our case, the Bloch states can

be written as a linear combination of states |xi localized at site x and are given by

|�ki =
1

p
L

LX

x=1

eikx|xi, (1.14)

where k = 1, 2, ..L. Since the basis vectors satisfy the relation hx0
|xi = �x0,x, the

Eq. 1.14 also satisfy h�k0 |�ki = �k0,k. Now putting this |�ki on the time independent

Schrödinger equation,

H|�ki = Ek|�ki (1.15)

one obtains the energies

Ek = 2 cos k � 2. (1.16)

The inverse Fourier transformation of the the Eq. 1.14 is given by

|xi =
1

p
L

LX

k=1

e�ikx
|�ki. (1.17)

The transition amplitude between two nearest-neighbour nodes x and y is then given

by

�xy(t) =
1

L

X

k0,k

h�0
k
|eikxe�iHte�ik

0
y
|�ki

=
1

L

X

k

e�iEkteik(x�y).
(1.18)

Periodic boundary condition suggests �k(L + 1) = �k(1) and k = 2n⇡
L
, where n =

1, 2...L . Substituting the values of Ek from Eq. 1.16 and k = 2n⇡
L

in Eq. 1.18 gives

�xy(t) =
1

L

X

n

e�i(2 cos 2n⇡
L �2)tei

2n⇡
L (x�y)

=
ei2t

L

X

n

e�i2(cos 2n⇡
L )tei(

2n⇡
L )(x�y)

(1.19)

10
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1.3 Multi-particle QW

In the limit of L ! 1, Eq. 1.19 can be written as

lim
L!1

�xy(t) =
ei2t

2⇡

Z
⇡

⇡

e�i2t cos keik(x�y)dk

= ei2t(�i)x�yJx�y(2t)

= eip(�i)⌫J⌫(p) [here ⌫ = x� y and p = 2t.],

(1.20)

where Jx�y(2t) is the Bessel’s function of the first kind of order (x � y). So, when

a quantum walker evolves from node x to node y at time t, then corresponding

transition probability Pxy is given by

Pxy(t) = |�xy(t)|
2 = J2

x�y
(2t). (1.21)

On the other hand, probability theory suggests that the probability distribution

of the classical random walker in 1d after a long time t is given by

P (x, t) =
1p
(2⇡t)

e�
(x�x0)

2

2t , (1.22)

where x0 is the mean position of the walker. The standard deviation of the Gaussian

distribution given in Eq. 1.22 is � =
p
t, which indicates that the spreading of

the walker from the mean position is proportional to
p
t. In Fig 1.6, we plot the

probability distribution of the quantum and classical random walker in 1d with the

position after 50 steps. The probability distribution shows that the quantum walk is

no longer a stochastic process like the classical random walk. The quantum walker’s

speed is also quadratically faster than its classical counterpart.

1.3 Multi-particle QW

In this section, we present the generalised framework of the multi-particle QW. In

a multi-particle QW, p distinguishable particles interact locally in a graph G with

N nodes. The Hilbert space in this case is spanned by the basis

{|x1, x2, .....xpi}, (1.23)

where xi is the location of the ith particle. The Hamiltonian Ĥ of the system is

given by

Ĥ = Ĥ1 � Ĥ2 � ....� Ĥp + Û , (1.24)

11
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Chapter 1. Introduction

Figure 1.6: The figure shows the probability distribution of the classical random walk
(black line) and quantum walk (red line) in 1d after 50 steps.

where Ĥi is the free-particle Hamiltonian matrix of the ith particle on graph G, U

represents the potential between the particles acting on the entire Hilbert space,

and � is the Kronecker sum defined via the Kronecker product,

Ĥ1 � Ĥ2 = Ĥ1 ⌦ I + I ⌦ Ĥ2, (1.25)

where I is the identity matrix of size of the entire Hilbert space. The unitary time-

evolution operator is then given by

Û(t) = e�iĤt = e�i(Ĥ1�Ĥ2�...�Ĥp)t = e�iĤ1t ⌦ ...⌦ e�iĤpt. (1.26)

For simplicity, we consider that each particle is walking over the same graph such

that the free particle Hamiltonians are identical i.e.,

Ĥ1 = Ĥ2 = ..... = Ĥp (1.27)

and the Eq. 1.24 can be written as

Ĥ = Ĥ�p + Û . (1.28)
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1.4 Experimental observations

Now on applying this time evolution operator Û(t) on some state vector | (t0)i one

gets

| (t)i = Û(t� t0)| (t0)i. (1.29)

Moreover, proper care has to be taken during the time evolution depending on the

statistics followed by the walkers.

1.4 Experimental observations

In recent years various di↵erent artificial quantum systems known as quantum sim-

ulators have facilitated the observation of the QW both at single and two-particle

levels[3, 31, 66, 72–77]. One of the most successful quantum simulators in this direc-

tion is the system of ultracold atoms in optical lattices. Due to the exquisite control

over the system parameters, geometry as well as measurement, these systems have

o↵ered a wide range of opportunities to observe fundamental physical problems in

various areas such as condensed matter physics, quantum optics, nuclear physics,

astrophysics, quantum information and quantum computation.

1.4.1 Optical lattice

An optical lattice is a periodic potential formed by superimposing two counter-

propagating, coherent, far-detuned laser beams. The neutral atoms can be trapped

in the standing wave patterns by exploiting the optical dipole force. Since the laser

field induces an oscillating electric dipole moment in an atom, this oscillating dipole

interacts with the external laser field and creates a dipole potential Vdip(~r) for the

atoms, which is defined as

Vdip(~r) = �~d. ~E(~r) / ↵(!L)| ~E(~r)|2, (1.30)

where ↵(!L) is atomic polarizability, !L is the frequency of the laser field and ~E(~r)

is the electric field amplitude at position ~r. Since the intensity of the laser field,

I / | ~E(~r)|2, the strength of this dipole potential is proportional to the intensity

of the laser field. Depending upon the laser frequency, atoms in an optical lattice

are trapped in either nodes or anti-nodes of the dipole force. By tuning the laser

intensity, it is possible to control the interaction and kinetic energy of the atoms in an

optical lattice [1]. This flexibility in controlling the system parameter has resulted

in the seminal observation of the superfluid to Mott insulator state of bosons in

13
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optical lattices.

1.4.2 Tight-binding regime

The periodic potential generated by the optical lattice gives rise to a series of Bloch

bands. By making the optical lattice su�ciently deep, one can describe the quantum

gases in an optical lattice within a tight-binding approximation. If the interaction

energy between the particles is small enough compared to the separation between

the lowest and higher energy bands, the particles occupy the lowest Bloch band.

Under this circumstance, the particles move around the lattice through tunneling

Figure 1.7: The figure shows the Bose-Hubbard model. The nearest-neighbour hopping
amplitude is J and on-site interaction is U when two particles resides at the same site.

and interact locally via scattering. The movement of the atoms is mainly within the

nearest neighbour sites with tunneling amplitude J , and the interaction between the

atoms is approximated as onsite only with an interaction strength U . The onsite

interaction strength depends on the s-wave scattering length. The simplest model

that describes such a situation is known as the Bose-Hubbard (BH) model (see

fig. 1.7) which is represented by the Hamiltonian;

H = �J
X

hi,ji

â†
i
âj + h.c+

U

2

X

i

n̂i(n̂i � 1)� µ
X

i

n̂i. (1.31)

where â†
i
and âi are the creation and annihilation operator of the atom at site i, n̂i

is the on-site number operator at site i and µ is the chemical potential. The hi, ji

indicates the possible hopping between the nearest neighbour sites.

Figure 1.8: The figure shows the particle distribution in (a) SF and (b) MI state.
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The BH model exhibits a quantum phase transition (QPT) from the superfluid

(SF) phase to the Mott insulator (MI) phase of bosons [78]. This QPT was then

predicted in the context of ultracold bosonic atoms in optical lattices by Jaksch et

al. in 1998 [79]. Later the SF-MI transition was observed in a seminal experiment by

Greiner et al. in 2002 using the Bose-Einstein condensate (BEC) of 87Rb atoms in a

three-dimensional cubic optical lattice [1]. The SF phase appears when the kinetic

energy J dominates over the interaction energy U (J � U). In such a scenario, the

bosons are delocalized throughout the lattice and there is no restriction on the per

site particle number as depicted in Fig. 1.8(a). Since it has a high degree of phase

coherence, one can observe a sharp matter-wave interference pattern by looking at

the absorption images in the experiment shown in Fig. 1.9(a-c). On the other hand,

the MI phase appears when the interaction energy U dominates over the kinetic

energy J (U � J). In this case, the bosons are highly localized at individual

sites, and a fixed integer number of particles resides per lattice site, as shown in

Fig. 1.8(b). The particle fluctuation in the MI phase is significantly less compared

to the SF phase, and there is a suppressed phase coherence between the individual

matter waves. As a result, no interference pattern appeared in the time-of-flight

absorption imaging experiment shown in Fig. 1.9(f-h).

Figure 1.9: Absorption images of multiple matter wave interference patterns. These
were obtained after suddenly releasing the atoms from an optical lattice potential with
di↵erent potential depths V0 after a time of flight of 15 ms. Values of V0 were: a, 0Er; b,
3Er; c, 7Er; d, 10Er; e, 13Er; f, 14Er; g, 16Er; and h, 20Er. In superfluid regime, atoms
are delocalized throughout the lattice with equal phases between the di↵erent sites and
obtained high-contrast three dimensional interference pattern as expected for a periodic
array of phase coherent matter wave sources. In Mott insulator regime, atoms are tightly
localized at each sites, as a result there no phase coherence and no interference occurs.
This picture has been taken from [1].

Interestingly, the two-body onsite interaction strength U between the atoms can
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be controlled by exploiting the Feshbach resonances [80–83]. This has allowed the

successful tuning of the interaction from repulsive to attractive regimes [84]. On the

other hand, it has been shown that strong two and three-body onsite interactions

can be achieved, which provide scopes to explore interesting physics. Strong two-

body interaction leads to the hardcore constraints on bosons (a†2 = 0), as a result,

they behave like fermions on a lattice site. On the other hand, the three-body con-

straint (a†3 = 0) provides stability against a collapse of the two-body attractively

interacting bosons. This has resulted in the prediction of the SF phase of attrac-

tively bound boson pairs in optical lattices [85]. In general attractive interaction is

responsible for formation of a bound state of composite particles by lowering their

energy than the individual components. In contrast in free space, it is impossible to

form bound particles by a repulsive interaction because interaction energy between

the particles can be freely converted to kinetic energy. However, in a structured

environment, such as a periodic potential and in the absence of dissipation, sta-

ble bound states can be formed even with repulsive interaction between the atoms.

Winkler et al. in 2006, reported the first clear observation of such bound state, in

the form of repulsively bound pairs (RBP) of ultracold 87Rb atoms in an optical

lattice [2]. The observation of the RBP is a novel property exhibited by the BH

Hamiltonian defined in Eq. 1.31. This is an interesting manifestation of competing

interaction and kinetic energy of the bosons in a periodic potential. In the limit

of strong repulsive interaction U � J , when two particles are placed at the same

site, then the two particles can not separate from each other due to non-resonant

condition and prefer to remain as onsite pairs. If a state is prepared with two atoms

occupying a single site, then it will have a potential energy o↵set ⇠ U with respect

to states where the atoms are separated, as shown in Fig. 1.10(a). The width of

the Bloch band restricts the kinetic energy of the particles in a lattice. In the case

of two atoms on a single site, the maximum kinetic energy is 8J and in this case

8J ⌧ U . As a result, the two-particle state will not be able to decay by converting

the potential energy into kinetic energy. The atoms will remain together and tunnel

through the lattice as a bound composite object, as shown in Fig. 1.10(c). In the

experiment, a long lifetime of repulsively bound atom pairs has been observed in a

three-dimensional optical lattice [2]. Figure 1.10 shows that for repulsive interac-

tion (s-wave scattering length as = 100a0, where a0 is the Bohr radius), the atom

pair exhibits a remarkably long lifetime (open diamond). On turning o↵ the onsite

interaction by tuning the scattering length near zero (as ⇠ 0a0), a much faster de-

cay in the number of doubly occupied sites has been observed, showing the rapid
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Figure 1.10: (a) A state with two atoms located on the same site of an optical lattice
has an energy o↵set ⇠ U with respect to states where the atoms are separated. (b) Due
to lattice band structure and energy conservation restrict the atom pairs to break up as
individual atoms. The atoms will remain together and tunnel through the lattice as a
bound composite object. (c) Long lifetime of repulsively bound atom pairs that are held
in a 3d optical lattice. For repulsive interaction (as = 100a0), the atom pair exhibits the
remarkably long lifetime (open diamond). On turning o↵ the on-site interaction by tuning
the scattering length near zero (as ⇠ 0a0), it observed a much faster decay in the number
of doubly occupied sites showing the the rapid di↵usion of unbound atoms through the
lattice (filled circles). This picture has been taken from [2]

di↵usion of unbound atoms through the lattice (filled circles).

While the full many-body dynamics provide a clear picture of the dynamical

properties of the system, QW on the other hand provides a simpler approach to

gaining insights into the system at a few particle levels. Considerable e↵orts have

been made to investigate the role of interactions in the case of QWs for more than

one indistinguishable particle in various physical contexts [3, 27, 72, 86–95]. The

combined e↵ect of the inter-particle interaction and indistinguishability results in

interesting features in di↵erent systems such as quantum gases in optical lattice

[3], correlated photon pairs [72, 73, 96], trapped ions [97], and superconducting

qubits [76, 77]. One such revelation is the spatial bunching of bosons in QWs due to

the interaction between the two particles initially located at the same site and the

Hanbury-Brown and Twiss (HBT) type interference when the two non-interacting

bosons are located at two nearest neighbor sites [3, 96]. In contrast, the presence

of strong interactions between two nearest neighbour bosons leads to spatial anti-

bunching due to fermionization [3, 96]. This experiment reveals a clear signature of

RBP in QW of interacting bosons in the framework of the BH model [28].

In Fig. 1.11 (II-III), we plot of the density evolution of the two-particle CTQW
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Figure 1.11: The figure shows the single-particle and two-particle QW in a one-
dimensional lattice of length L = 21. (I) The density evolution of the single particle.
(II) the density evolution of the two non-interacting particles placed at the same site.
(III) The density evolution of the two-particle with onsite interaction U = 10 place at the
same site.

for zero (U = 0J) and strong interaction (U = 10J), where the particles are consid-

ered as bosons. When U = 0J , the two particles perform independent particle QW

in which a particle is initially localized at a chosen site of a lattice tunnel to the

neighbouring sites with equal probabilities as depicted in Fig. 1.11(II). In the pro-

cess, coherent interference of all single-particle paths leads to ballistic expansion with

a well-defined wavefront, as shown in Fig. 1.11(I). For U = 10J , however, the two

particles perform QW as a composite object with a very slow spreading of the wave-

function (Fig. 1.11(III)). In the actual experiment, the dynamics of RBP through

the CTQW of two ultracold atoms prepared in the same state in the optical lattice

were investigated in 2015 by Preiss et al. [28]. It was found that when the interaction

is weak (i.e. U = 0.7J), two atoms perform an independent single-particle quantum

walk. This signature was observed using the two-particle correlation, which is the

direct product of the single-particle densities as shown in Fig. 1.12(I). The finite

elements in the correlation matrix’s symmetric position indicate the free particle

QW. However, when the interaction is strong enough (i.e. U = 5.1J), a repulsively

bound pair is formed, and the two particles move as a composite object with reduced

hopping strength. This is reflected in the finite diagonal elements of the correlation

matrix as shown in Fig. 1.12(II).

Interestingly, when two bosons start the QW from two nearest neighbour sites,

then the interplay between interactions and quantum two-particle HBT interference
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Figure 1.12: The Figure shows the two-particle correlations �i,j during the evolution of
the two-particle QW placed at the same site. The two particles perform as independent
single-particle quantum walk for weak interactions (U = 0.7J). The corresponding two-
particle correlation is the direct product of the single-particle densities. On increasing
interaction strength, repulsively bound pairs form and two particles move as a composite
object which can be reflected from the finite diagonal elements of the correlation matrix.
This picture has been taken from [3].

results in a continuous transition from bosonic spatial bunching to fermion like spa-

tial anti-bunching correlations between the particles, as shown in Fig. 1.13. Where

the two-particle correlations is defined as �i,j = ha†
i
a†
j
aiaji. When U = 0.7J , the

correlation shows the spatial bunching indicating that two bosons tend to stay close

to each other (see Fig. 1.13(I)). At strong interactions (U = 5.1J), the correlation is

transformed from spatial bunching to anti-bunching, indicating that the two atoms

repel each other, as shown in Fig. 1.13(II). This anti-bunching correlation is similar

to the correlation exhibited by two non-interacting fermions initially placed at the

nearest-neighbour sites.

These developments have paved the paths for quantum simulations involving a

few particles, and this provides a platform to have a bottom-up approach to under-

standing the physics of many-body systems. Owing to their remarkable e�cacy in
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Figure 1.13: The figure shows the HBT interference and fermionization when two bosons
start the QW from the two nearest-neighbour sites. (I) For weak interaction, U = 0.7J ,
the correlation shows the spatial bunching of the bosons indicating that two bosons have
tendency to stay close to each other. (II) Strong on-site interaction, U = 5.1J , fermionize
the bosons in one-dimension display the anti-bunching in correlation, indicating that the
two atoms repel each other. This picture has been taken from [3].

probing many-body physics, QWs have been widely used to study di↵erent physical

phenomena using both theoretical and experimental approaches [3, 27, 94, 98–101].

On the other hand, the physics of two-component systems host a completely

di↵erent scenario compared to single-particle systems. The combined role of inter

and intra-component interaction, correlation and statistics play a crucial role in

revealing novel physics, which has been explored in great detail in the context of the

Hubbard models. However, the experimental realization of such systems was made

possible in systems of ultracold atoms in optical lattices. Considerable progress has

been made in creating and manipulating binary atomic mixtures in optical lattices.

Although the experiments using atomic mixtures are extremely complex compared

to the single species systems, recent progress on the experimental front has made it

possible to access Bose-Bose, Fermi-Fermi and Bose-Fermi mixtures in the absence

and presence of optical lattices [102–108]. The complexities of such binary mixtures

yield significant insights into the interacting spin model, atom-molecule interactions,

quantum entanglement, topological phase transitions etc [109–120]. Interestingly,

the two-component systems with hopping imbalance have shown to reveal exciting
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new physics in various context [109, 111, 121–124]. Moreover, the dynamics of

these constrained systems under proper conditions may reveal a di↵erent scenario in

terms of transport properties and relaxation, which has been investigated in a recent

experiment [125]. While the many-body simulations of such dynamical systems

are challenging, the dynamics in the context of QW in such systems may reveal

completely di↵erent physics, which have gained attention in recent years [126–129].

Apart from the two-particle QW in the presence of interaction, several other stud-

ies have been performed in recent years to study the e↵ect of interaction, topology,

and disorder in many di↵erent artificial systems. While the experimental observa-

tion of such findings is limited, many theoretical studies have been performed in

recent years.

In this thesis, we have considered two-component bosonic systems with hopping

imbalance (or mass imbalance) in one-dimensional lattices and predicted various

interesting physics in the context of the QW. In the following, we provide a brief

outline of the di↵erent chapters of the thesis.

1.5 Chapter-wise outline of the thesis

The organization of the thesis is as follows:

In Chapter 2, we discuss the numerical methods used for simulating CTQW.

We briefly discuss the Exact diagonalization and Time-evolving Block Decimation

(TEBD) methods based on the framework of matrix product states (MPS) that are

primarily used to perform CTQW.

In Chapter 3, we discuss the two-component QW in a one-dimensional lattice

with hopping imbalance. We consider a one-dimensional system in which two in-

teracting particles with di↵erent hopping strengths perform QW. This situation is

equivalent to the QW of two interacting particles with di↵erent masses. We show

that the combined e↵ect of hopping imbalance and interaction exhibits exciting

physics in the context of two-particle QW. We also show that the choice of the ini-

tial state plays an essential role in the two-component QW. We have employed the

Exact diagonalization methods to perform CTQW numerically.

In Chapter 4, we show that the signatures of non-trivial pairing in the QW of

two-component bosons in a one-dimensional lattice. We show that in the case of

the QW of two-component bosons in one-dimension, non-trivial local bound pairs
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can be formed due to the interplay of inter-and intra-component interactions. By

considering di↵erent initial states of more than two particles, we show that the

quantum two-particle correlation and competing interactions favor the formation of

onsite inter-component bound pairs even if the two components start their QW from

the nearest-neighbour sites. Depending on the initial conditions, the formation of

bound pairs is more robust when suitable hopping asymmetry is introduced between

the components. We also obtain a re-entrant feature in the QW as a function of the

inter-species interaction. We have employed the TEBD methods to perform CTQW

numerically.

In Chapter 5, we introduce the QW of interacting particles in the Harper-

Hofstadter ladder. Ladder geometries are essential in condensed matter physics,

as it provides a simple extension to the one-dimensional system towards the two-

dimensional systems. This chapter discusses the QW of the single and two interact-

ing particles on the two-leg ladder threaded by the magnetic field. In this context,

we consider two types of magnetic fields: uniform and staggered magnetic fields. In

single-particle QW, we discuss the appearance of chiral motion in the QW depending

upon the kind of magnetic field that threads the ladder. In two-particle QW, inter-

action and magnetic flux significantly a↵ect their spreading dynamics. We discuss

the simultaneous e↵ect of interaction and magnetic field on the spreading dynam-

ics, chiral motion, and bound state formation by considering di↵erent two-particle

initial states. We also discuss the impact of the magnetic field on the formation

of repulsively bound pairs when interaction strength is comparable to the hopping

strength. We have employed the Exact diagonalization methods to perform CTQW

numerically.

Finally, Chapter 6 concludes with a summary of the results and detailed discus-

sions of the main body of the thesis. It also includes the possible extension of the

results discussed in the thesis and a list of new problems that can be explored in

the future.
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Chapter 2

Numerical methods

In this chapter, we provide the details of the numerical methods utilised to perform

the thesis work. As the problems studied in the thesis involve one-dimensional

interacting systems, we utilise the exact diagonalization (ED) method as well as the

time-evolving block decimation (TEBD) method. In the following we briefly discuss

both the methods.

2.1 Exact Diagonalization

Exact Diagonalization is one of the most powerful numerical techniques used to solve

the physics of finite-size systems and to extract the exact information about them.

It exactly determines the energy eigenstates and energy eigenvalues of a quantum

Hamiltonian. In this technique, a quantum Hamiltonian can be written in a matrix

form for a discrete and finite system. This method is widely used to study quantum

phase transition, computing correlation functions, energy gap, and entanglement

entropy in strongly correlated systems such as the Bose-Hubbard model, Heisenberg

model, t � J model, and many more. For a given system with a Hamiltonian H,

this ED method is primarily based on the following steps:

1. Find a complete set of orthonormal basis states {|�ii}.

2. Using the basis states, compute the matrix elements of the Hamiltonian matrix

as

Hi,j = h�j|H|�ii. (2.1)

3. Diagonalize the Hamiltonian matrix Ĥ using some diagonalization subroutine

on the computer and get the eigenvalues and eigenvectors.

23

TH-2925_186121015



Chapter 2. Numerical methods

Now we discuss this method in the context of the Bose-Hubbard (BH) model. As

already introduced in Chapter 1, in the second quantized notations, the BH model

can be written as,

Ĥ = � J
X

hi,ji

â†
i
âj + h.c+

U

2

X

i

n̂i(n̂i � 1)

= ĥJ + ĥU

(2.2)

The first term of Ĥ corresponds to kinetic energy and is defined as (ĥJ), and the

second term corresponds to the interaction energy and is defined as (ĥU).

2.1.1 Construction of basis

Since our Hamiltonian is in second quantized form, the most natural choice for the

basis is the occupation number of Fock space basis. For example, the basis vectors

for one-dimensional system of length L can be written as

{|n1, n2, ..., nLi} ⌘ |n1i ⌦ |n2i ⌦ ...⌦ |nLi, (2.3)

where ni is the number of particles at ith site. If we consider the on-site dimensionm,

then the full Hilbert space dimension becomes Df = mL. Since the dimension of the

Hilbert space spanned by the basis states grows exponentially with the system size,

it is challenging to handle even a small system of typically 10 sites with few particles

per site using the standard diagonalization techniques. From table 2.1, one can get

an idea about memory requirements. However, by utilizing certain symmetries, it is

On-site System Size Number of Hamiltonian size
dimension (m) (L) states in memory

4 4 256 512KB
4 6 4096 128MB
4 10 1048576 8192GB
4 12 2097152 2PB

Table 2.1: The table shows the memory requirement in exact diagonalization for a system.
We assumed the Hamiltonian is stored as a double-precision floating-point numbers square
matrix.

possible to reduce the size of the Hamiltonian matrix for a systems that is accessible

with the present computing power. One such symmetry in the case of the BH model

is the conservation of the total particle number, N̂ =
P

L

i=1 n̂i. Since N̂ commutes
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with Ĥ i.e. [Ĥ, N̂ ] = 0, they can have a simultaneous eigen spectrum. With this,

the reduced Hilbert space dimension for N particles in a one-dimensional lattice of

length L is given by

Dr =

�
N + L� 1

�
!

N !
�
L� 1

�
!
. (2.4)

For example, a one-dimensional system of length L = 4 has N = 4 particles, the full

Hilbert space dimension without symmetry is 44 = 256. Whereas, on the implica-

tion of symmetry of total particle number conservation, the Hilbert space dimension

reduces to 35 (by using Eq. 2.4). These basis vectors are shown in table 2.2 in a

descending order in which each row represents a basis vector. Therefore, the imple-

mentation of the symmetry reduces the Hilbert space dimension substantially, which

reduces the e↵ective computational cost and memory needed for the calculations.

The basis vectors can be generated using the techniques proposed here [130].

Basis index n1 n2 n3 n3

1 4 0 0 0
2 3 1 0 0
3 2 1 1 0
4 1 1 1 1
...

...
35 0 0 0 4

Table 2.2: The table shows the basis vectors for N = 4 and L = 4 with each row
representing one basis state of the system. For example, |4, 0, 0, 0i, |3, 1, 0, 0i and |0, 0, 0, 4i
are the basis vectors with basis index 1,2 and 35, respectively.

2.1.2 Construction of Hamiltonian matrix

After constructing all the basis vectors, now we have to find out the matrix elements

of the BH Hamiltonian Ĥ given in Eq. 2.2 with respect to the generated basis vectors

as:

Hij = h�j|Ĥ|�ii, (2.5)

where i and j are the basis indices. To find the elements of the matrix it is easier to

treat the total Hamiltonian as a sum of the hopping term ĥJ and the interaction term

ĥU . The computation of ĥU is trivial as it involves only the diagonal terms. On the

other hand, ĥJ has a contribution to the o↵-diagonal elements of the Hamiltonian.

In the following we discuss the calculation of the matrix elements of ĥJ .

First, we label each basis vector with an unique id to contract the information
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into a single operation such as

Xi =
LX

j=1

p
kj nj, (2.6)

where kj’s are the prime numbers {2, 3, 5, 7, ...} and nj is the particle number at site

j. For example, if we take the basis |2, 1, 1, 0i, then the corresponding unique id is

2⇥
p
2 + 1⇥

p
3 + 1⇥

p
5 + 0⇥

p
7

= 2.82842712475 + 1.73205080757 + 2.2360679775 + 0

= 6.79654590982.

Now we can re-write the table 2.2 with the unique id which is shown in table 2.3.

Basis index n1 n2 n3 n3 Unique id
1 4 0 0 0 5.65685424949
2 3 1 0 0 5.97469149469
3 2 1 1 0 6.79654590982
4 1 1 1 1 8.02808365851
...

...
...

35 0 0 0 4 10.5830052442

Table 2.3: The table shows the basis vectors and corresponding unique id for N = 4 and
L = 4.

This approach makes the calculation easier as it is not necessary to compare

the basis of the bra and the ket states element-wise while calculating the matrix

elements. Rather, one requires to compare the unique id labels only. For any

specific basis vector
��v
↵
with basis index p, if we operate the hopping term a†

i
aj on

it then we get

a†
i
aj
��v
↵
=

q
(ni + 1)nj |..ni + 1, .., nj � 1..i =

q
(ni + 1)nj |wi.

One can then compute the label of the state vector |wi using Eq. 2.6 and check

if it exists in the table of unique ids or not. If it is there then the corresponding

basis index (say q) can be identified. After this the H(p, q) element of the Hamil-

tonian with �J
p
(ni + 1)nj can be stored. This process continues until the final

basis vector is reached. With the help of the above technique one can completely

construct the Hamiltonian for the BH model which can be diagonalised to obtain

the eigenvalues and eigenvectors using some standard routines. Then for the CTQW
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the time evolved state can be computed by

 (t) = Û(t) (0) (2.7)

with the time evolution operator

Û(t) = e�iĤt. (2.8)

and the initial state | (0)i at time t = 0.

2.2 Time-evolving block-decimation (TEBD)

The time-evolution of the quantum many body state is a very di�cult task. In

2004, G.Vidal first developed an algorithm to simulate the time evolution of the

many-body states [131]. This algorithm is called the time-evolving block decimation

(TEBD) since it dynamically adapts the relevant low-dimensional Hilbert subspace

of an exponentially larger original Hilbert space for better accuracy. This algorithm

is based on the Matrix Product States (MPS) and widely used for simulating the

time evolution of the one-dimensional quantum many-body systems governed by a

Hamiltonian with at most nearest-neighbour interactions. Before proceeding with

the details of the TEBD method we briefly discuss the MPS formalism.

2.2.1 Matrix Product State (MPS)

The matrix product state (MPS) is a tensor network representation of the quantum

many-body state. It is mainly used in theoretical physics to study strongly corre-

lated systems. Here we discuss the simple implementation of the MPS state from a

quantum many-body state. Consider a one-dimensional system consisting of L sites

with open boundary condition and corresponding wavefunction

| i =
X

n1,n2,...,nL

An1,n2,...,nL |n1, n2, ..., nLi, (2.9)

where |nii is the local state space of the system at site i. For example, in spin

system |nii = {", #}, in bosonic systems |nii = {0, 1, 2, ..}. An1,n2,...,nL is number of

coe�cients in the system which is equal to the dimension of the Hilbert space of

the system. For transformation of this coe�cient vector to matrix product form we

need to apply the method of Singular Value Decomposition (SVD), which is a well
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known method in linear algebra [132]. So the coe�cient vector can be written in

matrix form as

An1,n2,...,nL = An1,(n2,...,nL). (2.10)

Now by performing an SVD on this matrix we get

An1,n2,...,nL = An1,(n2,...,nL) =
X

i

Un1,i1Si1,i1(V
†)i1,(n2,..nL). (2.11)

Here U and V are the unitary matrices and S is a diagonal matrix. Now the index

i1 of Si1,n1 and (V †)i1,(n2,..nL) can be contracted and transformed into Ai1,(n2,...,nL).

Next by renaming Un1,i1 as An1
i1
, we can rewrite Eq. 2.10 as

An1,(n2,...,nL) =
X

i1

An1
i1
Ai1,(n2,...,nL). (2.12)

Then transform Ai1,(n2,...,nL) to A(i1,n2)(n3,...,nL) and apply SVD on it. With this

Figure 2.1: The graphical representation of the left canonical MPS formation using SVD
process for a system of length L = 5.

Eq. 2.12 becomes

An1,(n2,...,nL) =
X

i1

X

i2

An1
i1
U(i1,n2),i2Si2,i2(V

†)i2,(n3,..nL). (2.13)
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Again, by renaming the U(i1,n2),i2 as An2
i1,i2

and contracting the index i2 of Si2,i2 and

(V †)i2,(n3,..nL). As a result, the Eq. 2.12 becomes

An1,n2,...,nL =
X

i1

X

i2

An1
i1
An2

i1,i2
Ai2,(n2,...,nL) (2.14)

This process is repeated until we reach the end of the lattice. Finally, the wavefunc-

tion transforms into an MPS which is given as

| i =
X

i1,i2,..iL�1

An1
i1
An2

i1,i2
...AnL�1

iL�2,iL�1
AnL

iL�1
|n1, n2, ..., nLi. (2.15)

In the above equation, i’s are known as the bond indices and ni indicates the

physical index. In Fig. 2.1, we graphically represent the formation of MPS from

a general state. The above formalism is called as Left-canonical MPS. In Fig. 2.2

Figure 2.2: The figure shows the graphical representation of “A” matrices at the ends
and in the bulk of the chain for a system of length L = 5. The left diagram represents
A

n1
i1
, the row vector at the left of the MPS end, the right diagram represents A

n5
i4
, the

column vector at the right end of the MPS. The center diagram represents An3
i2,i3

.

we have shown the graphical rules for the “A” matrices where a site is represented

by a solid circle, the physical index ni by a vertical line and the matrix indices by

horizontal lines. The first and the last sites of an MPS are row and column vectors,

respectively. Similarly, there are two more ways an MPS can be created. One is the

Right-canonical MPS, which is developed by contracting from right to left instead

of left to right and | i can be written as

| i =
X

i1,i2,..iL�1

Bn1
i1
Bn2

i1,i2
...BnL�1

iL�2,iL�1
BnL

iL�1
|n1, n2, ..., nLi. (2.16)

The last one is the mixed-canonical MPS, in which | i looks like

| i =
X

i1,i2,..iL�1

An1
i1
...Anl

il�1,il
Sil,il

B
nl+1

il,il+1
...BnL

iL�1
|n1, n2, ..., nLi. (2.17)
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2.2.2 Implementation of the TEBD method

The essential technique of TEBD is to write the time-evolution operator Û(�t) =

e�iĤ�t (consider ~ = 1), introduced in Eq. 2.8, for a small time �t using the Suzuki-

Trotter decomposition [133, 134]. If the Hamiltonian of interest contains only the

nearest-neighbour interactions, then the Hamiltonian can be written in terms of

local two site terms as;

Ĥ =
X

i

ĥi,i+1. (2.18)

The exact time evolution is given by

Ûexact(�t) = e�iĤ�t. (2.19)

Now Ĥ can be rewritten as;

Ĥ = Ĥeven + Ĥodd

=
X

i2 even

ĥi,i+1 +
X

i2 odd

ĥi,i+1.
(2.20)

In this scenario, all ĥi,i+1 terms commute among themselves but, Ĥeven and Ĥodd

do not commute. Using the Baker-Campbell-Hausdor↵ formula Ûexact(�t) can be

approximated as

Ûexact(�t) =e�iĤ�t

=e�iĤeven�te�iĤodd�te�i[Ĥeven,Ĥodd]�t2

⇡e�iĤeven�te�iĤodd�t +O(�t2)

= ÛTEBD +O(�t2).

(2.21)

The non-commutative nature of Ĥeven and Ĥodd gives rise to a second order error of

order O(�t2) in each step of the time evolution due to the approximation

e�i[Ĥeven,Ĥodd]�t2 ⇡ 1̂� i�t2[Ĥeven, Ĥodd]. (2.22)

If we consider a longer time of evolution T , then it can be divided into T

�t
intervals.

So, in time T the error is T

�t
⇥O(�t2) = O(�t), which is the first order in �t. With

this the time evolved wavefunction becomes

| (t+ �t)i = e�iĤeven�te�iĤodd�t| (t)i (2.23)
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Now the two-site time-evolution operator is applied on the MPS description of the

wavefunction as shown in the graphical representation in Fig. 2.3. After operating

a two-site operator, the local dimension increases by n2 in each time step and the

MPS description vanishes on those two-sites. As a result, at every time step, the

dimension increases exponentially. However, by applying the SVD technique, one

can reduce the dimension by truncating the singular value spectrum and restore

the MPS description after each time step as shown in Fig. 2.4. Now the above

A1 A2 A3 A4 A5

e
−iδ t ĥ1,2

e
−iδ t ĥ3,4

e
−iδ t ĥ2,3

e
−iδ t ĥ4,5

}

}

}

Figure 2.3: The graphical representation of the TEBD1 (first order) algorithm for a
quantum lattice system of 5 sites with nearest neighbour interactions for a small time
(�t). The corresponding Hamiltonian Ĥ can be written as, Ĥ = Ĥeven + Ĥodd where
Ĥeven = ĥ2,3 + ĥ4,5 and Ĥodd = ĥ1,2 + ĥ3,4. The even and odd numbered two-site local
time evolution operators are alternatively applied to the wave function represented by a
matrix product state (MPS).

operation shown in Eq. 2.23 is repeated on the initial state | (t)i until we reach

a final state at di↵erent time. This Suzuki-Trotter decomposition method works

if the Hamiltonian contains only the nearest-neighbour terms. If the Hamiltonian

contains the next nearest-neighbour terms, then the Suzuki-Trotter decomposition

of the time evolution operator is done with the three-site local operators instead

of two. Note that during the time evolution, in each step the entanglement builds

up in the system. The error also builds up in the wave-function in the process of

truncation in SVD. However, for dynamical evolution, the entanglement increases
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Figure 2.4: The figure shows a key step in TEBD1 is the contraction of a two site time-
evolution operator into a pair of MPS tensors and splitting back into a new pair of MPS
tensors with smaller singular values.

linearly in the system with time [135], which may not be a problem for most of the

systems. Apart from this, errors also arise from the Suzuki-Trotter decomposition,

which is of the order of O(�t). This error can be reduced by considering a very short

time step �t. The error in the Suzuki-Trotter decomposition can be further reduced

by considering higher-order decomposition (TEBDn). For example, Ûexact(�t) can

be symmetrically decomposed as

Ûexact(�t) = e�iĤ�t

⇡ e�iĤeven
�t
2 e�iĤodd�te�iĤeven

�t
2 +O(�t3)

= ÛTEBD2 +O(�t3).

(2.24)

In this case, error associated in each step is the of order of O(�t3) and error in time

T is T

�t
⇥O(�t3) = O(�t2), hence the error is of the second order.

In this thesis, we have employed the exact method for time-evolution of an

initial state under the influence of a time independent Hamiltonian in Chapter 3

and Chapter 5. In Chapter 4, the TEBD simulations are carried out using the

open source MPS (OSMPS) library [136, 137]. Where we have employed the TEBD

method for time evolution with 4th order Trotterized two site gates and used the

time step of 0.01(J�1).
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Chapter 3

Two-component quantum walk in

one-dimensional lattice with hopping

imbalance

As discussed in Chapter 1, the QW of the two-component system may exhibit novel

scenarios due to various competing interactions. Exploiting the experimental ad-

vances in creating and manipulating two-component quantum gases in optical lat-

tices, we study the physics characterizing the QW of a two-component system in a

one-dimensional lattice. To this end, we consider a system of two interacting par-

ticles of di↵erent hopping strength or mass. We show that the combined e↵ect of

hopping imbalance and interaction exhibits interesting physics in the two particles

QW. Moreover, we show that the choice of initial states also plays an important

role in the QW in such hopping imbalanced systems. Before going to the details

of our studies, we briefly highlight the important findings which emerge from our

analysis. We show that when the two particles start the QW from the same site,

a repulsively bound pair [2] is formed as a function of inter-particle interaction - a

phenomenon similar to the case of two identical particles [3, 96]. However, when

the two particles start from two nearest neighbor sites, then the wavefunction of the

fast component transmits through the slow component in the absence of interaction.

With the increase in interaction, the fast component completely gets reflected from

the slower one before forming a weak doublon in the limit of weak interaction. How-

ever, when the walkers are a few sites apart, the behaviour is similar to the previous

case, except that the doublon formation is not so prominent. Interestingly, when

the two particles are initially located far from each other, then both the particles

feel the e↵ect of the interaction and reflect from each other.
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imbalance

3.1 Model and approach

The Hamiltonian for the model which describes the system under consideration is

given by;

H = �

X

hi,ji,�

J�(a
†
i,�
aj,� +H.c.) + U

X

i

ni,#ni," (3.1)

where a†
i,�
(ai,�) is the creation(annihilation) operator of the two components denoted

as � =#, ". U is the inter-component interaction strength and ni,� = a†
i,�
ai,� is the

number operator at i’th site corresponding to each component �. Here, J� repre-

sents the nearest neighbor hopping matrix element for the component �. The two

components are distinguished from each other by introducing the hopping imbalance

in the system. For convenience we define � = J#/J" and the hopping imbalance in

the system is incorporated by setting � 6= 1. In our calculations, we consider J" > J#

and set J" = 1 as the energy scale which makes all the physical quantities dimen-

sionless. Due to the presence of one particle from each component, the quantum

statistics of individual components can be neglected.

Our studies are based on the continuous-time quantum walk (CTQW) approach [22,

138, 139] which is based on the dynamical evolution of an initial state under the

influence of a time independent Hamiltonian as shown in Eq.3.1 as

| (t)i = e�iHt/~
| 0i (3.2)

where, | 0i is the initial state. For our studies we consider di↵erent initial states

depending upon the initial positions of the particles. Hereafter, we refer to the

CTQW as only QW for convenience.

In order to understand the physics of the system, we primarily compute two

important physical quantities such as the expectation value of the on-site number

operator as

hni(t)i = h (t)|
X

�

a†
i,�
ai,�| (t)i (3.3)

and the two-particle correlation function

�ij = ha†
i,"a

†
j,#aj,#ai,"i (3.4)

with the time evolved state | (t)i. Note that �ij is defined here as the correlation

function between the two components and is di↵erent from the two-particle correla-
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Figure 3.1: The schematic description of the initial state given in Eq. 3.5.

tion function defined in Refs. [3, 94, 96] for identical particles. For our analysis, we

compute �ij after an evolution time, t. Apart from these two important observables,

we also analyze other quantities of interest, such as the half-length occupation, point

of contact, and transmission coe�cients which we describe in the following section.

In our numerical simulations, the exact method for the dynamical evolution of the

initial state has been employed where the lattice of length L = 41 with open bound-

ary conditions such that we have 20 sites on the left and right of the central sites

with index “0”. We study the QWs by varying U from zero to a large repulsive limit

in all the cases. Note that similar physics is expected for attractive interactions as

well. By considering di↵erent values of � for di↵erent initial states, we study the

QWs as discussed in detail in the following section.

3.2 Results

3.2.1 Two particles at the same site

In this section, we start with the QW of " and # particles which are initially located

at the central site of the lattice as shown in Fig. 3.1. The initial state corresponding

to this situation is given as

| (0)i = a†0,"a
†
0,#|vaci, (3.5)

where |vaci represents the empty state. Note that in the absence of any hopping

imbalance i.e. � = 1, the system is similar to that of two indistinguishable interacting

particles whose QW has already been studied in detail [3, 96]. It has been shown

in both theoretical and experimental analysis that when � = 1, the two particles

exhibit bosonic bunching as a function of interaction.

However, in the present case, the introduction of hopping imbalance, i.e., � 6= 1,

makes the particles distinguishable, which may exhibit di↵erent features in the QW.

In this context, we first consider � = 0.2 and vary the interaction strength U and

analyze the spreading of the on-site particle density, which is depicted in Fig.3.2(a).
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Figure 3.2: The figure shows the QW of two particles with the initial state given in
Eq. 3.5 and � = 0.2. (a) Shows the time evolution of the normalized on-site density for
di↵erent values of U . (b) Shows the normalized correlation functions �ij at time t = 7J�1,
which correspond to the dashed lines in (a). (c) and (d) shows the on-site density evolution
of " particle and # particle respectively corresponding to the QW shown in (a).

It can be seen that for vanishingly small interactions, the two particles exhibit

independent particle QW. Due to the di↵erence in hopping strength between the

particles, the density profile of the # particle spreads at a slower rate compared
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to the " particle, as expected. However, as the strength of interaction increases

(U = 2), the density profile exhibits simultaneous features of single and composite

particle QW, a result similar to the ones discussed in Ref. [3, 27]. Further increase

in interaction to a large value results in only a single profile corresponding to a slow

density spreading, indicating that the two particles perform QW as a composite

object. This feature in the QW can be attributed to the formation of doublon

("#) due to the large onsite interaction [2] (see Fig. 3.9(a)). Hence, for stronger

interaction, the QW of an e↵ective doublon appears, which can be seen as a very

slow evolution of the density profile in Fig. 3.2(a) for U = 10.

This feature of doublon formation can be clearly seen by separately looking at

the evolution of individual particle’s on-site densities hn�i over the lattice. Clearly,

with increasing U , the spreading of both the " and # particles become slower and

identical to each other for large values of U as depicted in Fig. 3.2(c) and Fig. 3.2(d)

respectively. An accurate insight about this doublon formation can be understood

by analyzing the two-particle correlation matrix �ij defined in Eq. 4.2. We calcu-

late �ij after evolving the initial state to t = 7J�1 (indicated by the dashed line

in Fig. 3.2(a)) and plot it in Fig. 3.2(b) for di↵erent U considered in Fig. 3.2(a).

At U = 0, the two-particle correlation matrix shows four peaks at four di↵erent

locations. This feature is di↵erent from the � = 1 case where the four peaks ap-

pear at four symmetric positions [96] as the wave functions of each non-interacting

particle spread the same distance from the center on either side. However, due to

the hopping imbalance, the spreading of the wave functions is not identical for the

two particles, and this results in an asymmetry in the position of the peaks in the

two-particle correlation matrix. By increasing U , the diagonal part of the matrix

start to dominate, and eventually, for large U , only the dominating diagonal part

survives, which indicates the formation of doublon (see Fig. 3.2(b)). To further

Figure 3.3: (a) R(t) and (b) v(t) are plotted for U = 0, 2 and 10 corresponding to the
expansion of the wave function of " particle when � = 0.2.
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complement the doublon formation we track the wave function expansion velocity

as

v�(t) = R�(t)/t, where R�(t) =

"
X

i

(i� i0)
2
hni,�(t)i

#1/2

, (3.6)

is the root mean-square displacement of the wave function and i0 is the central

site. In the limit of strong imbalance, the expansion of # particle slow. Hence, to

check the slowing down of the composite system we plot R"(t) and v"(t) respectively

of the " particle wave function for di↵erent values of U = 0, 2, 10 in Fig. 3.3(a)

and Fig. 3.3(b) respectively. It can be seen for U = 0, the expansion is fast which

gradually slows down as U increases. For U = 10, the time evolution of v"(t)

is extremely slow indicating the QW of bound pair with reduced e↵ective hopping

proportional to (J"J#)/U . Although the slow spreading of the wavefunction indicates

Figure 3.4: The figure shows the time evolution of SA(t) for U = 0, 2, 5, 10, 20, 50.

a possible localization transition [27, 140], we rule out this possibility by computing

the entanglement entropy defined as

SA(t) = �Tr[⇢A(t) ln⇢A(t)] (3.7)

by dividing the system into two equal subsystems A and B and computing the

reduced density matrix ⇢A(t) as

⇢A(t) = TrB(| (t)ih (t)|). (3.8)
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We plot the time evolution of SA(t) for di↵erent values of U = 0, 2, 5, 10, 20, 50

in Fig. 3.4 for � = 0.2. The entanglement entropy grows initially for all values of U

but eventually saturates in the long time evolution indicating no localization [27].

Note that the feature of doublon formation is not due to the hopping imbalance,

rather it is solely due to the inter-component interaction. However, the condition

� 6= 1 can influence the doublon formation due to the di↵erence in kinetic energies

between the particles. To further understand the e↵ect of hopping imbalance, we

check the QW for other values of � such as � = 0.4, 0.6 and 0.8. For all the cases,

the features in the QW remain qualitatively similar (not shown) but the signatures

of doublon formation appear at stronger interaction strengths for larger values of �.

To quantify the doublon formation, we compute the quantity defined as

P =
X

i

�ii =
X

i

ni,#ni," (3.9)

from the diagonal part of the two-particle correlation matrix �ij during the time

evolution. In our case, we compute P at time t = 7J�1 for each values of � and plot

them as a function of U in Fig. 3.5(a). The formation of doublons can be inferred

from the behavior of P , which asymptotically approaches unity with an increase in

interaction strength. For comparison, we show P for the two limiting cases, i.e.,

� = 0 and 1, which correspond to fully imbalanced and balanced cases. From the

figure, it can be easily seen that although the e↵ect of � on the pair formation is

not so significant, for strong imbalance (small �) the doublon formation happens at

a smaller U due to small e↵ective hopping. To further complement the dependence

Figure 3.5: Figure shows the behaviour of (a) P and (b) SDI as a function of U for
di↵erent � after a time evolution of the initial state given in Eq. 3.5 up to t = 7J�1.

of doublon formation on � and U we calculate the spatial density imbalance (SDI)
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between the two components which we define as

SDI =
X

i

|ni," � ni,#|. (3.10)

We plot the values of SDI as a function of U for di↵erent � in Fig. 3.5(b), calculated

at time t = 7J�1 for the initial state given in Eq. 3.5. It can be seen that for all the

cases of hopping imbalance, the values of SDI are finite for smaller U and eventually

vanish in the regime of large U . While the vanishing of the SDI for large U is due

to the doublon formation - a process similar to the balanced case (� = 1), the finite

values of SDI for smaller values of U can be attributed to the hopping imbalance.

3.2.2 Two particles at two di↵erent sites

This section studies the e↵ect of hopping imbalance and interaction on the QW of

two particles initially located at two di↵erent sites. We show that this situation

reveals interesting physics compared to the one discussed in the previous section,

where the e↵ect of interaction was noticed in the form of doublon formation. To

this end, we consider di↵erent initial states which can describe various aspects of

the QW at di↵erent parameter regimes. In particular we consider three initial states

which are given by

| (0)i = a†0,"a
†
1,#|vaci (3.11)

where the particles are at the nearest neighbor (Fig. 3.6(a)),

| (0)i = a†�2,"a
†
2,#|vaci (3.12)

where there are three empty sites between the particles (Fig. 3.6(b)) and

| (0)i = a†20,"a
†
20,#|vaci (3.13)

where the particles are initially located at two edges of the lattice (Fig. 3.6(c)). Al-

though we have considered other initial states by varying the distance between the

particles in our analysis, the above three states can reveal all the relevant physics.

In the following we will mainly focus on the QW for all the three di↵erent cases men-

tioned above by analyzing various relevant physical quantities such as the evolution

of density, correlation matrix and transmission coe�cients. The results arising due

to the other initial states will be highlighted when necessary.
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Figure 3.6: (a), (b) and (c) depict the schematic description of the initial states given
in Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively.

3.2.2.1 Density evolution

First, we study the behaviour of the on-site densities in the two particles QW by

considering di↵erent values of � and by varying U . The time evolution of hnii with

the initial states given in Eq. (3.11 - 3.13) are depicted in Fig. 3.7(a-c), respectively.

From the figure, one can see a marked di↵erence compared to the situation where the

two particles are initially located at the same site (see Fig. 3.2(a)). It can be noticed

that there also exist some similarities between the two scenarios at vanishingly small

interaction when both the components perform independent particle QWs and the

" particle (left) spreads faster compared to the # particle (right). For finite U , both

the particles start to interact with each other after a certain time and position,

leading to interesting features in the QW.

When the two particles are initially located at the adjacent sites (Eq. 3.11 and

Fig. 3.6(a)), for U = 0 the " and # particles spread independently of each other

as can be seen from Fig. 3.7(a). For finite but weak U = 2, two di↵erent profiles

corresponding to slow and fast spreading appear in the QW. This situation indicates

the contribution from both single and doublon density evolution [3, 27]. With further

increase in the U , the two particles reflect from each other and the situation is similar

to the anti bunching of identical bosons [3, 96]. To clearly understand this behaviour

we plot the time evolution of P defined in Eq. 3.9 for di↵erent values of U = 0, 2, 10

in Fig. 3.8(a-c), respectively. Clearly, the probability of pair formation for U = 0

and U = 10 vanishes with time which remains finite for U = 2. The initial growth

of P in each case is due to the finite overlap of the two wave functions.
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Figure 3.7: Figure shows the QWs for di↵erent initial states and di↵erent values of U .
Here (a), (b) and (c) depict the total density (normalized) evolution for the three initial
states Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively. For results depicted in (a) and (b)
� = 0.2 and for (c) � = 0.4 has been considered.

Figure 3.8: The figure shows the time evolution of P for di↵erent values of � and (a) for
U = 0, (b) for U = 2 and (c) for U = 10.

On the other hand, when the two particles are few sites apart ((Eq. 3.12 and

Fig. 3.6(b)) and the interaction is finite but weak, the # particle acts like a barrier

and as a result, the density spreading of the " particle shows reflected as well as

transmitted components in the propagation as shown in Fig. 3.7(b). As the inter-
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action becomes stronger and stronger, the transmission ceases to occur, and the

" particle wave function gets completely reflected for large enough U . Unlike the

previous case, the pair formation is not stable during the time evolution (not shown).

The QW for the initial state (Eq. 3.13 and Fig. 3.6(c)), however, gives a very

di↵erent outcome as can be seen from Fig. 3.7(c). Since the particles are initiated

at the edges, we get a unidirectional spread of each particle’s wave function. Due

to the hopping imbalance, the density profiles of two particles meet at a point away

from the center toward the slow moving particle (#). When U = 0, the two particles

move independently, and their wave functions transmit through each other without

influencing the QWs of the individual particles. On the other hand, the onset of

interaction U leads to the reflection of both the components from each other by

reducing the transmission. It can be easily seen that the e↵ect of interaction on the

# particle is drastic for this case compared to the other two cases. For clarity we also

show the on-site density distribution over the entire lattice at a particular instant

during the time evolution in Fig. 3.9(b-d) for the initial states shown in Eq. (3.11 -

3.13). The e↵ect of interaction can be clearly seen as we move from weak to strong

interaction regime (I to III) in Fig. 3.9. For comparison, we also show the situation

when the two particles start from the central site in Fig. 3.9(a).

Figure 3.9: Figure shows the onsite densities of # (dashed curves) and " particle (solid
curves) in the lattice for di↵erent regimes of interaction such as small (I), intermediate (II)
and large (III) after evolving the initial state up to a certain time (t). (a-d) correspond to
the initial states given in Eq. 3.5, Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively. For (a-c)
t = 7J�1, � = 0.2 and for (d) t = 20J�1, � = 0.4 are considered.

The e↵ect of interaction on the QW can be further understood by analyzing

the evolution of the half-length occupation of the individual components which are

defined as

NL
2 ,"

=
X

iL
2

ni," and NL
2 ,#

=
X

iL
2

ni,# (3.14)
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for " and # component respectively. The time evolution of NL
2 ,"

(red dashed curves)

and NL
2 ,#

(blue solid curve) for di↵erent values of interactions such as U = 0 (circles),

U = 2 (up triangles) and U = 10 (squares) are plotted in Fig. 3.10(a-c) for the

initial states and hopping imbalance considered in Fig. 3.7(a-c) respectively. From

the figures it can be seen that initially NL
2 ,"

= 1 and NL
2 ,#

= 0 as the " and the #

particles reside in the left and the right halves of the system respectively. As the time

progresses, di↵erent features are visible in the time evolution of NL
2 ,"

and NL
2 ,#

for

di↵erent initial states and interactions due to hopping imbalance. In Fig. 3.10(a), for

Figure 3.10: Evolution of half-length occupation NL
2 ,"

(dashed curves) and NL
2 ,#

(solid

curves) are shown for di↵erent interaction strengths such as U = 0 (circles), U = 2
(triangles) and U = 10 (squares). (a), (b) and (c) correspond to the initial states given in
Eq. 3.11, 3.12 and 3.13 respectively. For (a-b) � = 0.2 and for (c) � = 0.4 is considered.

U = 0 the value of NL
2 ,"

(NL
2 ,#

) initially starts to decrease (increase) as both the wave

functions transmit through each other. Eventually both the quantities saturate to a

value close to 0.5 due to no reflection from each other. Finite interactions however,

lead to reflection of wave functions and henceNL
2 ,"

saturates to di↵erent values larger

than 0.5. For su�ciently strong U , NL
2 ,"

saturates to unity due to complete reflection

from the # particle. These features can be seen from the curves corresponding to

U = 2 and 10 in Fig. 3.10(a). Note that the e↵ect on the # particle in this process is

negligible. For the second case (Fig. 3.10(b)), while the long time evolution of NL
2 ,"

and NL
2 ,#

exhibit features similar to the case shown in Fig. 3.10(a), the short time

evolution behave di↵erently. Up to t ⇠ 1J�1, the values of NL
2 ,"

(NL
2 ,#

) remain equal

to 1(0). This is because of the presence of empty sites between the particles at t = 0

for which the " particle wave function remains entirely on the left half of the lattice

before spreading into the right half after t = 1J�1. During this time, the occupation

by the # particle on the left half of the lattice remains zero. After t = 1J�1, however,

the values of NL
2 ,"

suddenly decrease up to t ⇠ 2J�1 and then start to increase for

values of U 6= 0. The decrease in the values of NL
2 ,"

is due to the hopping imbalance

for which the " and # particle wave function interact at a point right from the center

of the lattice. Hence, there is a finite propagation of the " particle wave function
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towards the right half of the lattice leading to the decrease in NL
2 ,"

. After t = 2J�1,

the values of NL
2 ,"

saturate at higher values as already discussed. On the other

hand the values of NL
2 ,#

increase and saturate after t = 1J�1. For the case shown in

Fig. 3.10(c), the features are similar to the one shown in Fig. 3.10(b) except that the

saturation occurs at a later time due to the largest distance between the particles

at the initial position. Note that in our analysis we don’t analyze the physics for

a very long time evolution. Hence, the contributions arising from reflections from

the boundaries are ignored in all the cases except the last case where the quantum

walkers are initially located at the edges.

3.2.2.2 Correlation function

The two-particle correlation function also shows interesting behavior due to the

hopping imbalance and interaction. The �ij are computed for di↵erent values of

U considered in Fig. 3.7 and plotted in Fig. 3.11(a-c) for the initial states given in

Eq. (3.11 - 3.13) respectively. In Fig. 3.11(a-b), for U = 0, �ij (calculated at time

t = 7J�1) shows four peaks due to the fact that the particle wave functions spread

equal distance in both directions from the initial position. With the increase in U ,

the elements in the upper triangle along with the diagonal elements of the �ij matrix

start to decrease and eventually vanish for large enough U . This is because the two

particles avoid each other due to strong repulsion. When the two particles start

from the edges Eq. 3.13, the correlation matrix �ij behaves di↵erently compared

to the other two cases. In Fig. 3.11(c), we plot �ij at time t = 20J�1, for which

the corresponding local densities of the individual components hn�i are shown in

Fig. 3.9(d). Since for vanishing U the wave functions transmit through each other

and travel to the opposite directions, we see only one peak in the correlation matrix.

However, for strong enough interaction (U > 10), the peak in the correlation matrix

flips to a di↵erent position because of strong repulsion between the particles which

is also visible from Fig. 3.7(c). Note that there is no doublon formation in these

cases.

3.2.2.3 E↵ect of distance

From the above discussion, it is understood that the features in the time evolution

of densities in the presence of hopping imbalance and interaction have a strong

dependence on the initial states. The point of contact of the two particle wave

function strongly depends on the distance between the particles. In order to examine
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Figure 3.11: Normalized correlation functions �ij are plotted corresponding to the pa-
rameters considered in Fig. 3.7 at a particular instant during the time evolution. �ij in (a),
(b) and (c) correspond to the initial states of Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively.
While �ij is computed at t = 7J�1 for (a) and (b), for (c) it is computed at t = 20J�1.

this we study the e↵ect of distance between the two particles at the initial position

on the QW by defining a general initial state

| (0)i = a†�d,"a
†
d,#|vaci, (3.15)

where d is the distance of the occupied sites from the central one. The point at

which the two particles first meet can be computed by tracking the position where

the occupancy of both the " and # particles becomes finite in the entire lattice for

the first time during the time evolution. For this purpose we define a quantity

IP =
X

i

hni,"ni,#i, (3.16)

which becomes finite only when any site will have finite densities of both the com-

ponents during the time evolution. The time evolution of IP (red squares) for an

exemplary initial state | 0i = a†�14,"a
†
14,#|vaci of non interacting particles (U = 0)
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and � = 0.2 is shown in Fig. 3.12(a). This clearly shows that IP becomes finite

Figure 3.12: (a) IP and dIP
dt

are plotted with respect to time. Black dashed line

represents the time at which dIP
dt

is maximum. Here we consider the initial state

| 0i = a
†
�14,"a

†
14,#|vaci and � = 0.2. (b) The point of contact is shown by plotting

hni,"ni,#i with respect to the site at di↵erent times. The time t = 12.28J�1 corresponds
to the black dashed line of (a). (c) Point of contact of the two-particle wave functions

are plotted with di↵erent d of the initial state | 0i = a
†
�d,"a

†
d,#|vaci. The red squares and

blue circles are the data for � = 0.2 and 0.6, respectively. The dashed lines are the fitted
functions.

after a certain time of evolution indicating the point of contact between the two

wave functions. The actual point of contact is not easy to estimate from the figure

due to the smooth variation of IP with time. To estimate the point of contact, we

first plot dIP/dt (blue circles) as a function of time and obtain the time of con-

tact as the first peak in dIP/dt which appears at t = 12.28J�1. Then we plot

hni,"ni,#i as a function of site index i for di↵erent t around t = 12.28J�1 such as

t = 10J�1, 11J�1, 12J�1, 13J�1 and 14J�1 in Fig. 3.12(b). The appearance of

large peaks at i = 10 for t � 12 is a clear indication of the point of contact. We

repeat this procedure for di↵erent values of d and plot the point of contact as a

function of d in Fig. 3.12(c) for two di↵erent values of �. These curves exhibit linear

behaviour which can be attributed to the ballistic nature of the QW. Moreover, we

find that the slopes of the fitted functions decrease with an increase in �. It is to

be noted that the point of contact for all d and � is independent of U as expected.

However, the dependence of U on d can only be realized after the point of contact

which will be discussed in the following subsection.
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Figure 3.13: The transmission coe�cient T is plotted with respect to U for di↵erent
values of � by evolving the initial state | (0)i to (a) t = 7J�1, (b) t = 7J�1 and (c)
t = 23J�1. (a), (b) and (c) correspond to the results obtained using the initial states
given in Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively.

3.2.2.4 Transmission coe�cient

The e↵ect of hopping imbalance on the QW is further studied by calculating the

transmission coe�cient defined as

T =
X

i,j

j>i

hni,"nj,#i. (3.17)

which is nothing but the sum over all the upper triangular elements of the correlation

matrix. This provides an estimate of the probability of the existence of the " particle

on the right side region of the # particle profile at a particular instant during the

QW. In order to understand the behaviour of T of interacting particles with hopping

imbalance, we plot T with respect to U for di↵erent values of � in Fig. 3.13 (a), (b)

and (c) for three initial states given in Eq. 3.11, Eq. 3.12 and Eq. 3.13 respectively.

In all these cases we observe that the values of T decrease with increase in U and

gradually vanish in the limit of strong interactions. Moreover, a larger hopping

imbalance (i.e. smaller �) leads to a faster decay of T . This indicates that for a

large (small) imbalance, the transmission ceases for a weak (strong) interaction U .

This is because for small � the on-site density of the # particle at the point of contact

during the QW is larger compared to the case of larger �. Hence, at the point of

contact the e↵ective interaction experienced by the " particle is stronger for smaller

�. Note that in Fig. 3.13(c) for � = 0, the T is always zero because the # particle is

localized at the edge (as J# = 0), and the " particle can never go past the edge due

to the open boundary condition. It can be seen from Fig. 3.13 that the vanishing

up of T is very slow as a function of U for all the cases considered. In order to

obtain the value of critical interaction strength (Uc) for no transmission or complete
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Figure 3.14: (a) The transmission coe�cient T is plotted as a function of U for di↵erent
values of � in the log-log scale for the initial state given in Eq. 3.13 at t = 23J�1. The
dashed line marks T = 10�2 which is considered as the critical T for zero transmission
and its point of intersection with di↵erent curves are the corresponding Uc. (b) The plot
between Uc and � is obtained by evolving the initial states given in Eq. 3.11 to t = 7J�1

(red stars), Eq. 3.12 to t = 7J�1 (blue squares) and Eq. 3.13 to t = 23J�1 (magenta
diamonds).

reflection, we have re-plotted the T � U plot in the log-log scale (see Fig. 3.14(a))

and estimated Uc by assuming T = 10�2 as the condition for no transmission. Using

the above method, we have calculated the values of Uc for di↵erent initial states

and plotted them in the Uc � � plane in Fig. 3.14(b). The curves for di↵erent initial

states exhibit the linear dependence of Uc with respect to �. Moreover, we observe

that the critical strength and slope of the curves increase with increasing d. Note

that in our analysis, we consider U > max (J", J#) to see the e↵ect of U on T .

3.3 Conclusions

We have studied the QW of a two-component system in the presence of interaction

and hopping imbalance in a one-dimensional lattice. By considering di↵erent initial

states depending on the positions of the particles (" and # where the " particle

has higher hopping strength), we have analyzed the combined e↵ect of hopping

imbalance and inter-component interaction on the two-particle QW. We have found

that when the two particles initially start from the central site of the lattice, the QW

exhibits independent particle QWs to a QW of composite particles or doublon as a

function of repulsive interactions. However, for the initial state with two particles

at two di↵erent sites (a few sites apart), the " particle wave function gets reflected

from the # particle’s wave function for large enough interactions, and no doublon

is formed. On the other hand, when the two particles start from the opposite ends

of the lattice, the situation is completely di↵erent for strong interactions. In this
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case, both the " and # particle wave functions significantly reflect from each other

at a point close to the initial position of the # particle. While we obtain di↵erent

behavior compared to the many-body limit depending upon the parameters of the

model Hamiltonian, the phenomenon of zero transmission in the limit of large inter-

component interaction resembles the phase separation which has been predicted in

systems of binary atomic mixtures in optical lattices [115, 141, 142]. Moreover,

we have obtained that the change in the initial position of the particles leads to a

qualitative change in the results. These findings provide insights into the dynamical

behavior of a mixture of two-component systems in periodic potential at the few

particle levels. Due to the recent experimental progress in the controlled creation

and manipulation of multi-component atomic mixtures in an optical lattice and the

single-site addressing techniques, our prediction can, in principle, be simulated in

quantum gas experiments. While the hopping imbalance can be indirectly obtained

by considering a two-component atomic mixture of di↵erent masses such as 87Rb

and 41K atoms [107], it will be impossible to tune the hopping imbalance to explore

the physics in broader parameter space. Therefore, an appropriate platform can

be the mixture of two hyperfine states of a particular atomic species in a state-

dependent optical lattice where the hopping strengths of each internal state can be

independently tuned [109, 121–123, 143].
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Chapter 4

Signatures of non-trivial pairing in

the quantum walk of two-component

bosons

4.1 Introduction

Recent studies on periodic lattices show that the QWs of more than one indis-

tinguishable particle exhibit non-trivial correlations due to Hanbury Brown-Twiss

(HBT) interference [3, 96]. From theoretical and experimental studies, it is well

established that when the walkers start from the same site, the individual parti-

cle wavepackets spread ballistically and symmetrically from their initial positions.

However, when the walkers are at the two nearest neighbour (NN) sites, they prop-

agate together, exhibiting the phenomenon of bosonic bunching. Further devel-

opments in studying the QWs of interacting particles have enabled us to gain in-

sights into the combined e↵ects of interactions, particle statistics, and strong corre-

lations [94, 101, 126, 144, 145]. Interestingly, interactions between the particles lead

to a completely di↵erent scenario in the QW, which has recently been studied in the

context of the Bose-Hubbard models in one-dimension. [27, 96]. It has been shown

that two strongly interacting bosons on a single site exhibit QW of bound bosonic

pairs, whereas two NN bosons show a transition from bosonic to fermionic like spa-

tial correlations and anti-bunching with an increase in onsite interaction [3, 146]. On

the other hand, the QWs of two interacting distinguishable particles have also been

explored in one-dimension [129, 147–149], exhibiting features qualitatively similar

to the QW of indistinguishable particles.

An important inference that can be drawn from the existing findings is that
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Chapter 4. Signatures of non-trivial pairing in the quantum walk of two-component bosons

strongly interacting NN bosons don’t form local pairs in their QW. However, in

this chapter, we show that in the case of the QW of two-component bosons in one-

dimension, non-trivial local bound pairs can be formed due to the interplay of inter-

and intra-component interactions. By considering di↵erent initial states of more

than two particles, we show that the quantum correlation along with competing in-

teractions favors the formation of onsite inter-component bound pairs even if the two

components start their QW from the NN sites. Depending on the initial conditions,

the formation of bound pairs is more robust when suitable hopping asymmetry is

introduced. Moreover, we obtain a re-entrant feature in the QW as a function of

the inter-species interaction.

4.2 Model

Our analysis is based on the two-component Bose-Hubbard model which is given as

H = �

X

hi,ji,�

J�(a
†
i,�
aj,� +H.c.) + U"#

X

i

ni,"ni,#

+
X

i,�

U�

2
ni,�(ni,� � 1) (4.1)

where a†
i,�
(ai,�) are the creation (annihilation) operators of two di↵erent components

� 2 (", #) which can correspond to two di↵erent atoms or two hyperfine states of

a single atom. ni,� = a†
i,�
ai,� is the number operator at the ith site corresponding

to individual component �. Here, J� and U� are the NN hopping matrix elements

and onsite intra-component interaction energies of the individual components �,

respectively. The inter-component interaction is denoted by U"#. In our studies,

we assume the two components as the two hyperfine states of a single atom in a

state-dependent optical lattice [109]. This assumption leads to the condition U" =

U# = U and we define � = J#/J" to introduce the hopping asymmetry between the

states/components. Hopping asymmetry is ensured by setting J" > J# i.e. � < 1

and we take J" = 1 as the energy scale.

We study the CTQW (hereafter referred as QW) by computing experimentally

relevant quantities such as the onsite densities and the two-site correlation functions.

The total onsite density is defined as ni(t) = h
P

�
a†
i,�
ai,�i. Unlike the single-particle

case [3, 94, 96], for the two-component system we compute both inter-species density-
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density and intra-species two-particle correlation function defined as

�#"
ij
(t) = hni,#nj,"i and ��

ij
(t) = ha†

i,�
a†
j,�
aj,�ai,�i (4.2)

respectively. These quantities are calculated with a time evolved state | (t)i =

e�iHt/~
| (0)i, where | (0)i is some initial state. The time evolution is obtained by

utilizing the Time Evolving Block Decimation (TEBD) method using the Matrix

Product States (MPS) [150, 151] with appropriate approximations.In our analysis,

we consider a system size of L = 41 except for the case of long time evolution where

we take L = 82.

Figure 4.1: The lattice diagrams (a), (b) and (c) represent the initial state | (0)iI =

a
†2
0,"a

†
1,#|vaci, | (0)iII = a

†
0,"a

†2
1,#|vaci and | (0)iII = a

†2
0,"a

†2
1,#|vaci, respectively.

For our studies we consider three di↵erent initial states where one or two particles

from di↵erent components are located at the two NN sites at the center of the lattice.

The states are -

1. two " particles and one # particle i.e. | (0)iI = a†20,"a
†
1,#|vaci,

2. one " particles and two # particles i.e. | (0)iII = a†0,"a
†2
1,#|vaci and

3. two " and two # particles i.e. | (0)iIII = a†20,"a
†2
1,#|vaci

as depicted in Fig. 4.1(a), (b) and (c) respectively. In the following we discuss the

QWs for all the cases in details.
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Chapter 4. Signatures of non-trivial pairing in the quantum walk of two-component bosons

Figure 4.2: Panel (a) shows the onsite density evolution with the initial state | (0)iI
for (I) U"# = 0J", (II) U"# = 5J" , (III) U"# = 10J" and (IV) U"# = 20J". Panel (b) and

(c) show the correlation functions �#"
ij

and �"
ij
, respectively. Here U = 10J" and � = 1 are

considered and the correlation functions are plotted at t = 5J�1
" .

4.3 Two " and one # particles

In this section, we consider two " particles located at the central site (i.e. i = 0)

of the lattice and a # particle at the NN site on the right (i.e. i = 1) as shown

in Fig. 4.1(a). The initial state corresponding to this situation is | (0)iI which is

defined earlier. This choice of the initial state ensures that U# is irrelevant in the

Hamiltonian of Eq. 4.1. In such a scenario, the competing interactions are U" = U

and U"#. We first discuss the symmetric hopping case i.e. � = 1. In the absence of

U"#, the two components behave independently in their QWs. For large U , the two "

particles form a repulsively bound pair [2] and exhibit the QW of a composite particle

with reduced hopping strength [3, 27, 96]. This situation is similar to the case of

the QWs of two particles with asymmetric hopping as discussed in Ref. [148]. It is

expected that with the onset of U"#, the individual wavepackets will start reflecting
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4.3 Two " and one # particles

from each other leading to complete reflection in the limit of large U"#. In contrast,

we show that for a moderate value of U = 10J", which is su�cient to form a bound

state of " particles, the QW exhibits a re-entrant transition as a function of U"# as

can be seen from Fig. 4.2(a)(I-IV). When U"# = 0J", the QW shows a slow and fast

spreading of densities indicative of that of "" pair and # particle, respectively, which

can be seen from the finite diagonal elements of the correlation matrix �"
ij
as shown

in Fig. 4.2(c-I). An increase in U"# leads to an onset of a fast spreading wavepacket

reflected from the slower one (Fig. 4.2(a-II) for U"# = 5J") a feature which reappears

when U"# > U (Fig. 4.2(a-IV) for U"# = 20J"). This reflection of wavepacket is due

to the inter-particle repulsion and can be understood from the vanishing of the

upper triangular matrix elements of �#"
ij

as shown in Fig. 4.2(b-II) and Fig. 4.2(b-

IV) plotted for U"# = 5J" and 20J" respectively. Careful analysis of the correlation

function, however, reveals that while in the limit U"# < U and U"# > U , the "" pair

survives (see Fig. 4.2(c-II)) and Fig. 4.2(c-IV), at U"# ⇠ U it tends to break and

a two-component pair (which we call a doublon i.e. "#) tends to form - a scenario

completely di↵erent from U"# = 0J" limit (see Fig. 4.2). This feature can be clearly

seen from the gradual fading away of the diagonal elements of the intra-component

correlation matrix �"
ij
(Fig. 4.2(c-III)) and appearance of finite diagonal elements of

inter-component density correlation matrix �#"
ij

(Fig. 4.2(b-III)).

Now we reduce the hopping strength and plot the evolution of the onsite density

(hni(t)i), the density-density correlation (�#"
ij
) and the two-particle correlation (�"

ij
)

in Fig. 4.3 for � = 0.2. When U"# = 0J", the QW shows a slow and fast spreading

of densities (Fig. 4.3(a-I)) corresponding to the "" pair and # particle respectively

which can be seen from the finite diagonal elements of the correlation matrix �"
ij
as

shown in Fig. 4.3(c-I). Increasing the value of U"#, the fast spreading wavepacket

gets reflected from the slower one (Fig. 4.3(a-II) for U"# = 5J"), a feature which

reappears when U"# > U (Fig. 4.3(a-IV) for U"# = 20J") indicating the re-entrant

feature in the QW. The reflection of wavepacket in this case is due to the inter-

particle repulsion and can be understood from vanishing of the upper triangular

matrix elements of �#"
ij

as depicted in Fig. 4.3(b-II) and Fig. 4.3(b-IV) for U"# = 5J"

and 20J" respectively. In the limit U"# < U and U"# > U , the "" pair survives

(Fig. 4.3(c-I), (c-II) and (c-IV)). Interestingly, when U"# = U = 10J", "" pair breaks

completely and a stable two-component pair ("#) (doublon) is formed after a short

time evolutions (Fig. 4.3(III)). This feature can be clearly seen from the vanishing

diagonal elements of the intra-component correlation matrix �"
ij

(Fig. 4.3(c-III))

and appearance of finite diagonal elements of inter-component density correlation
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Chapter 4. Signatures of non-trivial pairing in the quantum walk of two-component bosons

Figure 4.3: Panel (a) shows the normalised density evolution of the initial state | 0i =

a
†2
0,"a

†
1,#|vaci for U"# = 0J", 5J", 10J" and 20J". Here U = 10J" and � = 0.2. Panel (b)

and (c) show the correlation functions �#"
ij

and �"
ij
respectively at time, t = 5J�1

" .

matrix �#"
ij

(Fig. 4.3(b-III)). For clarity we also show the density evolutions of " and

# components in Fig. 4.4 for � = 0.2. It can be seen that for U"# = 10J", the "" pair

break into two di↵erent profiles. One of them remain close to the center which forms

a doublon with the # component and at site ”1” and the other moves independently

to the left since this doublon acts as a potential barrier that reflects the wavepacket

of the isolated " component (Fig. 4.4(a(III))).

In order to quantify the doublon formation and the dissociation of "" pair, we

compute the quantities defined as

P"# =
X

i

ni,"ni,#; P"" = 1/2
X

i

(n2
i," � ni,"), (4.3)

which count the number of "# and "" pairs in the system and can be computed

from the correlation matrix. In Fig. 4.5(a), we plot both P"# (circles) and P""
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4.3 Two " and one # particles

Figure 4.4: Panel (a) and (b) show the normalised density evolution of n" and n#,
respectively for U"# = 0J", 5J", 10J" and 20J". Here U = 10J" and � = 0.2.

(squares) as a function of U"# for both � = 1 (dashed curve) and � = 0.2 (solid

curve) while keeping U = 10J", after a time evolution to t = 10J�1
" . Clearly, the

doublon formation is indicated by a dominant value of P"# at U"# = U = 10J" for

� = 0.2. Note that for � = 1, both P"# and P"" are of the same order due to the equal

probabilities of formation of both the types of bound pairs. We also plot the time

evolution of P"# and P"" at the critical value U"# = U = 10J" in Fig. 4.5(b). The

finite (zero) value of P"# (P"") after t > 1J�1
" indicates the formation (dissociation)

of "# ("") pair. In the inset of Fig. 4.5(b), the variation of P"# for di↵erent values of

� confirms that the doublon formation is robust for smaller �. So up to this point,

we have obtained that when U"# is of the order of U , the "" pair tends to break, and

a "# pair tends to form. A hopping imbalance introduces a complete dissociation of

a "" pair, and a doublon is formed.

The reason behind this can be explained as follows. In the limit of equal inter and

intra-species interaction and equal hopping strengths of both the components, the

binding energy of "" pair and "# pair are equal. Hence the states |("")0, (#)1i and |("

)0, ("#)1i are degenerate. Therefore, during the QWs, when the wavepacket of the ""

pair overlaps with that of the # component there is equal probability of forming either

of the bound states. Hence, we see the signature of both "" pair and "# pair in the

QWs. However, by making the J# smaller and comparable to the e↵ective hopping

57

TH-2925_186121015



Chapter 4. Signatures of non-trivial pairing in the quantum walk of two-component bosons

Figure 4.5: (a) P"# (red circles) and P"" (blue squares) are plotted against U"#/J" for
� = 1 (dashed curve) and � = 0.2 (solid curve) at t = 10J�1

" . (b) Shows the time evolution
of P"# (red circles) and P"" (blue squares) for � = 0.2 and U"# = 10J" indicating complete
inter-component pair formation and breaking up of "" pair. (Inset) The time evolution of
P"# for di↵erent � such as � = 0.2 (red circles), � = 0.4 (green squares) and � = 1 (black
stars).

strength of "" pair, the doublon formation becomes energetically more favorable.

This is because the doublon formation increases the system’s overall energy, and the

particles avoid each other due to repulsion. Note that this phenomenon is due to

the interplay of both intra- and inter-species interactions and hence forbidden in the

case of indistinguishable bosons [27] and two- component mixture with one particle

from each species as considered in Ref. [148].

4.4 One " and two # particles

In this section we study the QW with a di↵erent initial state

| (0)iII = a†0,"a
†2
1,#|vaci (4.4)

where we consider two # particle and one " particle as shown in Fig. 4.1(b). Although

we have in total three-particles in the system, the situation is completely di↵erent

from the QW with the initial state | (0)iI when � 6= 1. In Fig. 4.6, we plot the onsite

density, the inter- and intra-component correlation function for U# = U = 10J" and

� = 0.2 for di↵erent values of U"#. It can be seen from Fig. 4.6(a) that when

U"# = 0J", the two # particles exhibit slow spreading of densities corresponding
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Figure 4.6: Panel (a) shows the normalised density evolution of the initial state | 0iII =

a
†
0,"a

†2
1,#|vaci for U"# = 0J", 5J" 10J" and 20J". Here U = 10J" and � = 0.2. In Panel (b)

and (c) are shown the correlation functions �#"
ij

and �#
ij
respectively at time, t = 5J�1

" .

to ## pair localized around the 1st site and the single " particle exhibits a fast

propagation. Finite U"# leads to the reflection of the " component from the potential

barrier created by the ## pair. The signatures of the reflection of wavepacket and

the ## pair can be seen from the correlation matrix �#"
ij

and �#
ij
plotted in Fig. 4.6(b)

and (c) respectively. This phenomenon can also be seen by individually plotting the

density evolution of the " and # components as shown in Fig. 4.7. Note that the

formation of a doublon ("# pair) in this case is forbidden due to the strong ## pair.

We also confirm the absence of doublon formation in the limit � 6= 1 by comparing

the P values defined in the main text. In Fig. 4.8(a) we plot P"# and P## for di↵erent

values of U"# and � = 0.2 after a time evolution to t = 10J�1
" . The values of P## ⇠ 0

and P"# ⇠ 1 as a function of U"# indicate no doublon formation. This behaviour

can be complemented by the time evolution of P## and P"# which saturate to 1 and

0 respectively (Fig. 4.8(b)). In the inset of Fig. 4.8(b) we show the time evolution
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Figure 4.7: Panel (a) and (b) show the normalised density evolution of n" and n#,
respectively for U"# = 0, 5, 10 and 20. Here U = 10 and � = 0.2.

Figure 4.8: (a) P"#(circles) and P## (squares) against U"#/J" for � = 1 (dashed curve)
and � = 0.2 (solid curve) at t = 10J�1

" . (b) Shows the time evolution of P"# (circles)
and P## (squares) for di↵erent � = 0.2 and U"# = 10J" indicating that there are no inter-
component pair formation and dissociation of ## pair. (Inset) The time evolution of P"#
for di↵erent � such as � = 0.2 (circle), � = 0.4 (square) and � = 1 (star).

of P"# which saturates to a finite value for � = 1 and vanishes as � decreases. This

indicates a behaviour opposite to that with the initial state | (0)iI discussed in
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Sec. 4.4.

4.5 Two " and two # particles

In this section we consider two particles from each component as shown in Fig. 4.1(c)

and study their QWs. The initial state considered for this case is given by

| 0iIII = a†20,"a
†2
1,#|vaci (4.5)

Note that for this initial state the U# term in the Hamiltonian of Eq. 4.1 is relevant

which was ignored previously. Now, the physics of the system will be governed by

all the three interactions, namely U", U# and U"#. Similar to the previous cases, here

we assume U" = U# = U = 10J" and vary U"# for our investigation. We begin the

discussion with asymmetric hopping and come back to the symmetric case later. In

the limit of U = 10J", both " and # particles form repulsively bound pairs at the

beginning when U"# = 0J" [2, 3, 27, 94, 96].

Figure 4.9: Panel (a) shows the density evolution of the initial state | 0i = a
†2
0,"a

†2
1,#|vaci

for U"# = 0J", 2J", 5J", 8J", 10J" and 20J". Here U = 10J" and � = 0.2. Panel (b) shows

the correlation functions �#"
ij

at time, t = 10J�1
" .

We plot the density evolution (hni(t)i), the density-density correlation function

(�#"
ij
) for U = 10J" and U"# = 0J", 2J", 5J", 8J", 10J", 20J" in Fig. 4.9 and

Fig. 4.11 for � = 0.2 and � = 1.0 respectively. For U"# = 0J" and � = 0.2, the two ""

and ## pairs perform QWs independently with fast and slow spreading respectively

because of the di↵erence in their e↵ective tunneling rates. As U"# increases, the
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Figure 4.10: Panel (a) and (b) show the density evolution of n" and n#, respectively for
U"# = 0J", 2J", 5J", 8J", 10J" and 20J". Here U = 10J" and � = 0.2.

Figure 4.11: Panel (a) shows the density evolution of the initial state | 0i = a
†2
0,"a

†2
1,#|vaci

for U"# = 0J", 2J", 5J", 8J", 10J" and 20J". Here U = 10J" and � = 1.0. Panel (b) shows

the correlation functions �#"
ij

at time, t = 10J�1
" .

fast moving wavepacket starts to get reflected from the slower one (Fig. 4.9(a-II)

for U"# = 2J") which reappears in the limit when U"# > U (Fig. 4.9(a-VI) for

U"# = 20J"). This reflection of wavepacket can be easily understood from the

vanishing of the upper triangular matrix elements of �"#
ij

as shown in Fig. 4.9(b-II)

and Fig. 4.9(b-VI). We also plot individual density evolution n" and n# in Fig. 4.10

to observe the features i.e., reflection of the " particle wavepacket, breaking of the

"" pair at 0 site and formation of pair at 1st site. Similar features are also visible

in the symmetric hopping case i.e. � = 1.0 (see Fig. 4.11 (b-II) and (b-VI)). This
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indicates that the re-entrant feature in the QW of "" and ## pair appears in the

limit of U"# < 5J" and U"# > 10J". In Fig. 4.9, when U"# = 5J", we see simultaneous

Figure 4.12: Figure shows (a) hnii, (b) �
#"
ij

and (c) �#
ij
for the QWs with the initial state

| (0)iII for U"# = 5J", U = 10J" and � = 0.2 at t = 10J�1
" . (d-f) Show the values of �"

ij
,

�#
ij
and �#"

ij
, respectively for U"# = 10J" at t = 17J�1

" . (g) Shows the behavior of P"# (red

circles), P"" (blue squares) and P## (black diamond) as a function of U"# at t = 10J�1
" .

The time evolution of P ’s are plotted in (h) and (i) for U"# = 5J" and 10J", respectively
with L = 82 sites.

signatures of a three-particle and a single-particle QW in the density evolution and

take a closer view of this density evolution and plot it in Fig. 4.12(a). The figure

indicates that a " particle forms pair with an already formed ## pair leaving behind

an isolated " particle indicated by the central bright patch. These features can be

seen in the correlation data shown in Fig. 4.12 (b) and (c) where �#"
ij

and �#
ij
are

plotted respectively. The bright spots at (1, 1) position in Fig. 4.12 (b) and (c)
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indicate the three-particle bound state. To further quantify this we compare the

behaviour of P## = 1/2
P

i
(n2

i,# � ni,#) along with P"" and P"# as a function of U"#

in Fig. 4.12(g). The values of P"" ⇠ 0 (blue square), P## ⇠ 1 (black diamond) and

P"# ⇠ 2 (red circle) for U"# = 5J" after the time evolution to t = 10J�1
" confirm the

formation of "## bound state, which we call a triplon. The triplon formation can

also be confirmed from the time evolved values of P ’s which saturate to P"# ⇠ 2,

P## ⇠ 1 and P"" ⇠ 0 as shown in Fig. 4.12(h). On the other hand the isolated "

particle can not penetrate the potential barrier created by the triplon and performs

a unidirectional QW on the left part of the lattice as can be seen from Fig. 4.12(a).

The triplon formation at U"# = U/2 = 5J" can also be attributed to the condition

of minimum e↵ective interaction which can be understood as follows. In the atomic

limit, the states |("")0 (##)1i, |(")0 ("##)1i and |(""#)0 (#)1i are degenerate. With

� = 0.2, the "" pair is weakly bound compared to the ## pair because U/J" < U/J#.

This ensures faster spreading of the former compared to the latter. Hence, during

the time evolution, when the wavepacket of the "" pair overlaps with that of the ##

pair and due to degeneracy, a stable triplon is formed. To find the di↵erence between

Figure 4.13: (a) P"# (red circles), P"" (blue squares) and P## (black diamonds) against
U"# for � = 1 at t = 10J�1

" . (b) Shows the time evolution of P"# (red circles), P""
(blue squares) and P## (black diamonds) for U"# = 5J" indicating the formation of inter-
component pair and dissociation of ## pair. (c) The time evolution of P"# (red circles),
P"" (blue squares ) and P## (black diamonds) for U"# = 10J".
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symmetric and asymmetric hopping cases, we also plot the P ’s at time t = 10J�1
"

in Fig. 4.13(a) for the � = 1. This indicates a similar behaviour compared to

� = 0.2 except at U"# ⇠ 5J". At U"# = 5J", the values of P"# < 2 and P" = P# < 1

indicate the partial formation (dissociation) of the triplon (pairs). Moreover, we plot

the variation of P ’s with time t(J�1
" ) in Fig. 4.13(b) which confirms the formation

(dissociation) of triplon (pairs) with time. Further increase in U"# tends to favour the

Figure 4.14: Figure shows P"# as a function of t(J�1
" ) (a), and tJ# (b) for di↵erent �

with U"# = U" = U# = 10J".

formation of all possible pairs such as the doublon ("#) and two intra-component

pairs ("" and ##) at U"# = U = 10J". The signatures of which can be seen as
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the finite diagonal elements of the correlation matrices (Fig. 4.12 (d-f)) and the

behaviour of the values of P ’s (Fig. 4.12 (g and i)) for � = 0.2, are also same for

� = 1.0 as shown in Fig. 4.13 (a and c). It is to be noted that the P ’s exhibit

finite oscillation in their time evolution for di↵erent values of �. In Fig. 4.14(a)

we show the variation of P"# with time for � = 0.2, 0.6 and 1. It can be seen

that the period of oscillation increases with decreasing �. This phenomenon can be

explained in the following way. When the two components form doublons, they move

with an e↵ective second-order hopping / J"J#/U"# as suggested by the perturbation

theory [152, 153]. This leads to the di↵erent time scales for di↵erent �, which is

/ 1/J# (as other parameters are the same for di↵erent � cases) in the QW. As a

result, we see di↵erent periods of oscillation in P ’s with respect to time, as shown

in Fig. 4.14(a). To confirm this we plot P"# with tJ# in Fig. 4.14(b), which shows

almost equal period of oscillation for di↵erent values of �. The slight deviation in

the long time evolution for di↵erent � can be attributed to the approximation in the

perturbation theory. Interestingly, we also see the signature of a nearest-neighbour

Figure 4.15: �#"
ij
, �"

ij
and �#

ij
are plotted at time t = 70J�1

" for U"# = U = 10J" and
� = 1.

"# pair in the density-density correlation matrix in Fig. 4.12(f) for � = 0.2. This

unusual pairing is inevitable due to the simultaneous formation of onsite pairs and

doublons. To confirm this we plot �#"
ij

at time t = 70J�1
" in Fig. 4.15 for � = 1.

The finite upper and lower diagonal elements indicate the nearest-neighbor bound

pair whereas the diagonal elements in �"
ij

and �#
ij

ensure the formation of the ""

and ## pairs. So, the system exhibits another condition of degenerate states for

U"# = U = 10J", where the particles prefer to be in states such as |("#)0 ("#)1i,
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|("")0 (##)1i.

So,in the regime when U"# < U = 5J", 5J" < U"# < 10J" and U"# > 10J" the

bosons favors to stay in the original configuration of |("")0 (##)1i without forming

an inter-component bound state. This is because in the limit U"# ? U the breaking

of the intra-component pair is energetically not favorable.

4.6 Repulsive U and attractive U"#

The physics of bound state formation of non-local bosons discussed in the Sec. 4.3

and Sec. 4.5 are extremely sensitive to the nature of the interactions. The essential

condition that energetically favours these features in the dynamics demands all

the associated interactions (U", U# and U"#) are either repulsive or attractive. If

di↵erent signs are considered then the inter-component bound states do not form

in the dynamics. As an example we consider repulsive intra component interactions

(U" and U#) and attractive U"# and study the QW using the initial states | (0)iI =

a†20,"a
†
1,#|vaci and | (0)iII = a†20,"a

†2
1,#|vaci in the following.

4.6.1 Two " and one # particles

The initial state we have considered here is | (0)iI = a†20,"a
†
1,#|vaci and we plot

the on-site density evolution (hnii), the density-density correlation (�#"
ij
) and the

two-particle correlation (�"
ij
) in Fig. 4.16 (a), (b) and (c) respectively for � = 0.2.

Here we consider U" = U# = U = 10J" and U"# = 0J", �5J", �10J", �20J". From

Fig. 4.16, we can conclude that, unlike the repulsive U"# case, breaking of "" pair and

formation of "# pair is forbidden. The finite diagonal elements in the plot showing

the two-particle correlation matrics (�"
ij
) in Fig. 4.16(c) confirms the formation of

only "" pair for all values of U"#  0J".

4.6.2 Two " and two # particles

Now we consider the state | (0)iII = a†20,"a
†2
1,#|vaci as the initial state. We plot

the on-site density evolution (hnii) and the density-density correlation (�#"
ij
) in

Fig. 4.17 (a) and (b) respectively for � = 0.2, U" = U# = U = 10J" and U"# =

0J", �2J", �5J", �8J", �10J", �20J". It can be clealry seen from Fig. 4.17(a)

that the wavepacket of the "" pair gets reflected from that of the strongly bound

## pair for all finite values of U"#. Note that the slow spreading of the ## is due to

weak hopping strength. The reflection in this case can also be observed from the
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Figure 4.16: Panel (a) shows the density evolution of the initial state | 0i = a
†2
0,"a

†
1,#|vaci

for U"# = 0J", �5J", �10J" and �20J". Here U = 10J" and � = 0.2. In Panel (b) and (c)

are shown the correlation functions �#"
ij

and �"
ij
respectively at time, t = 5J�1

" .

vanishing of the upper triangular matrix elements of �"#
ij

as depicted in Fig. 4.17(b).

In this case we do not see any triplon or nearest neighbour pairing.

4.7 Conclusions

We obtained local bound states in the QWs of initially non-local bosons with only

local interactions in the two-component Bose-Hubbard model. We have shown that

the non-trivial inter-component bound states can be formed at specific critical ra-

tios of inter and intra-component interaction strengths. An inter-component bound

pair is formed by considering three particles in total when both intra- and inter-

component interactions are of equal strength. However, when two particles from

each component are considered, a stable triplon is formed when the inter-species

interaction is half of the intra-species ones. Moreover, we have obtained that a finite

hopping asymmetry between the components plays an essential role in favouring a

more stable inter-component bound pair. We have also shown that the QWs exhibit
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a re-entrant phenomenon as a function of the inter-component interaction.

The many-body physics of two di↵erent types of particles or two-component sys-

tems has been a topic of great interest in its own right [154] in condensed matter

physics. Compared to the system with identical particles, the two-component sys-

tems are a much richer platform enabling access to a larger parameter space due to

the presence of both intra- and inter-component interactions. The present analysis

opens up possibilities for further exploration in the context of the quantum walk of

two-component bosons, such as the e↵ects of NN interactions and disorder. Due to

the rapid progress in the manipulation of ultracold binary atomic mixture in opti-

cal lattices [102–108], many physical phenomena involving two-component bosons,

fermions and Bose-Fermi mixtures have been predicted [109–116, 118–120, 155] and

observed [33, 117, 156] in the framework of the Hubbard and the two-component

Bose-Hubbard models. Therefore, our findings can in principle, be simulated in a

system of two-component Bose mixture in optical lattices by controlling the inter-

and intra-component interactions by the Feshbach resonance and the individual

hopping strengths by the state-dependent optical lattice [109, 121–123, 143].

Figure 4.17: Panel (a) shows the density evolution of the initial state | 0i = a
†2
0,"a

†2
1,#|vaci

for U"# = 0J",�2J",�5J",�8J", �10J" and �20J". Here U = 10J" and � = 0.2. Panel

(b) shows the correlation functions �#"
ij

at time, t = 10J�1
" .
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Chapter 5

Quantum walk of interacting bosons

in Harper-Hofstadter ladder

5.1 Introduction

In the last two chapters, we have discussed the QW of two-component systems in one

dimension. Interestingly, the model describing the two-component bosons in a one-

dimensional lattice (Eq. 4.1) resembles to a two-leg Bose-Hubbard ladder as shown

in Fig. 5.1. Here the particles residing in the individual legs can be regarded as the

two di↵erent components. The onsite interactions (hoppings) in individual legs cor-

respond to the intra-component onsite interaction (hoppings) and the interaction

along the rung of the ladder is equivalent to the inter-component interactions in

Eq. 4.1. Apart from this the inter-leg hopping on a Bose-Hubbard ladder is equiv-

alent to the inter-particle exchange. Ladder geometries are extremely important

systems in condensed matter physics as they carry the structure of several interest-

ing compounds which have been studied in great detail. Moreover, the physics of the

ladder system provides a simple extension to the one-dimensional lattice toward the

two-dimensional system. Due to the recent progress in the field of cold atoms in op-

tical lattices, it has been made possible to create ladder lattices and study quantum

phase transitions [157–160]. Several theoretical studies have been performed to pre-

dict novel physical properties in such quasi-one-dimensional systems [161–165]. On

the other hand, the interplay between quantum mechanical particles and artificial

gauge fields in continuum [166, 167] and periodic systems [168–170] have allowed to

the study of quantum phase transitions and topological phases [128, 159, 169, 171].

Apart from the two-dimensional system, numerous e↵orts have been made in recent

years to understand the physics of two-leg ladder systems in the presence of mag-
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Figure 5.1: The figure describes the two component bosons in one dimensional lattice
resembling to a two-leg Bose-Hubbard ladder.

netic fields [172–175] which are the smallest possible structure to host such e↵ects.

The bosonic version of such a system in the context of optical ladders was also

analysed, resulting in various exciting phenomena related to the chiral nature of the

particles and the subsequent experimental observations [159, 176–178]. While the

non-interacting systems exhibit the chiral physics arising due to the presence of the

magnetic field, the presence of interaction introduces novel phenomena which have

been widely discussed in recent years [179–192].

Although the experimental demonstration of such interacting complex systems

is di�cult, the chiral motion has been observed recently in the quantum walk of

two interacting particles on a ladder optical lattice [144]. By allowing uniform flux

threading across the plaquettes of the ladder, the chiral motion has been probed in

the presence of interaction by using quantum gas microscopy. However, a detailed

understanding of the CTQW with varying interaction and changing flux strength

and pattern is yet to be studied.

Motivated by these developments, we study the CTQW of two interacting bosonic

particles on a two-leg ladder subjected to both uniform and staggered magnetic fields

as depicted in Fig. 5.2(a) and (b), respectively. We show that interaction and flux

have significant e↵ects on the quantum walk. By considering di↵erent two parti-

cles initial states we study the e↵ect of the magnetic field on the spreading of the

wavefunction, chiral motion and bound state formation.

When the two particles are located at the two sites of the rung in the initial
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Figure 5.2: Schematic diagram depicting two-leg Bose-Hubbard ladder in the presence
of (a) uniform flux and (b) staggered flux.

state, we find that increasing flux strength slows down the overall spreading of the

particle wavefunction. However, the slowing down is found to be more substantial

in the presence of the staggered flux than the uniform flux. Interestingly, the chiral

motion of the particles that occurs in the presence of uniform flux ceases to occur in

staggered flux. On the other hand, when the two particles are located at the same

site, we get signatures of repulsively bound pair (RBP) formation [2, 94, 116, 193].

When the onsite interaction is comparable to the hopping strength, the formation

of bound pair is forbidden. Interestingly, we find that the presence of flux favours

the formation of RBP. In the following, we discuss these phenomena in detail.

5.2 Model

The Hamiltonian describing the system of bosons in a two-leg ladder with a uniform

flux (Fig. 5.2(a)) is given by the interacting Harper-Hofstadter (HH) Hamiltonian;

Hu =
U

2

X

l,p2a,b

n̂l,p(n̂l,p � 1)� J
X

l

(â†
l
âl+1 + b̂†

l
b̂l+1)

� K
X

l

e�il� (â†
l
b̂l + h.c),

(5.1)

where the operator pl (p
†
l
) annihilates (creates) a bosonic particle at site l of leg p

(= a, b) and nl,p is the on-site number operator at site l of leg p (= a, b). J and K

denote the amplitude of the intra-leg and inter-leg hopping respectively. The inter-

leg hopping term is complex in nature and introduces an artificial gauge field B of

flux � = e

~
R
rf

ri
dr̃.A(r̃), where A(r̃) is the magnetic vector potential. We perform

our calculations in the Landau gauge A(r̃) = Bxŷ with the phase � = ⇡�/�0, where

� is the magnetic flux through each plaquette and �0 = h/e is the magnetic flux
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quantum.

For the case of a staggered flux threading through the ladder, where the flux

in adjacent plaquettes are aligned in the opposite direction (see Fig. 5.2(b)), the

Hamiltonian is given by

Hs =
U

2

X

l,p2a,b

n̂l,p(n̂l,p � 1)� J
X

l

(â†
l
âl+1 + b̂†

l
b̂l+1)

� K
X

l2odd

(â†
l
b̂le

�i� + h.c)� K
X

l2even

(â†
l
b̂le

�i2� + h.c).
(5.2)

We study the CTQW of interacting bosons initially located at the central rung of

the ladder following the standard protocol of unitary time evolution as

| (t)i = U(t, t0) | (t0)i , (5.3)

where U(t, t0) = e�iHu,s(t�t0)/~. The analysis is done by exactly solving the models

shown in Eq. 5.1 and Eq. 5.2 with di↵erent system sizes.

Note that the dynamics of two interacting bosons in the context of the uniform

flux model given by Eq. (5.1) has recently been studied in detail and experimentally

observed in systems of ultracold atoms in optical lattices [194]. In the case of only

one particle at the central rung, the chiral motion has been observed by tracking

the center of mass coordinate along the y-direction of the ladder. It has been

shown that for values of flux between 0 < � < ⇡ the particle moves with finite

probabilities in both the rungs in the opposite direction. However, the presence of

two-particle state in the central rung exhibits di↵erent features for both zero and

non-zero interaction strength U . While in the case of vanishing interaction, no chiral

motion was observed, the presence of finite interaction introduces the chiral motion

in the dynamics. While the role of interaction and large rung hopping situation have

been studied in detail in the presence of uniform flux, the dynamics of the bosonic

particle in the presence of non-uniform flux, strong interaction and with respect to

di↵erent initial conditions has not yet been discussed.

Taking the idea discussed in [194] further, in this work we investigate the role of

staggered nature of flux on the dynamics of two interacting bosons on a ladder and

make a comparative investigation with the already well-studied case of the uniform

flux [194]. Moreover, we extend our investigation by considering a di↵erent initial

state where two particles are located at a single site on the central rung. In our

calculations, we use the hopping strength J = 1 and K = 3 as considered in the
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experiment of Ref. [194] and study the quantum walk by varying U and �. We

explore the scenario with equal hopping i.e. J = K and a di↵erent initial state

where atoms are located at a single site of the central rung.

Figure 5.3: The figure shows the single-particle QW in the two-leg ladder system of length
L = 41. Panel (a) and (b) correspond to the uniform and staggered flux, respectively. Here
we consider J = 1 and K = 3.

5.3 Results

In this section we discuss our main findings in detail. Before proceeding to the

interacting case, we first discuss the CTQW of a single-particle initial state in the

presence of both uniform and staggered flux.

5.3.1 Single-particle Quantum walk

For the single-particle case we consider an initial state given as

| 0i =
1
p
2
(|a, 0i+ |b, 0i), (5.4)

which corresponds to a boson delocalised at the central rung of the ladder and anal-

yse the CTQW for di↵erent values of flux �. In Fig. 5.3, we show the time evolution

of the particle density hnii for di↵erent values of uniform flux (Fig. 5.3(a)) as well as

the staggered flux (Fig. 5.3(b)), which clearly display the light-cone type spreading

corresponding to the ballistic expansion. We find that the overall spreading slows

down with the increase in the flux strength in both the cases, indicating an increased

localization of particles around the initial position with an increase in the magnetic
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Figure 5.4: The figure shows the radius of propagation Rn(t) in the presence of the
uniform (dashed line) and staggered (solid line) flux in a two-leg ladder system of length
length L = 41. Here we consider J = 1 and K = 3.

field. Interestingly, the slowing down is stronger for the case of staggered flux when

compared to the uniform flux case. This behaviour can be clearly distinguished by

looking at the radius of expansion Rn(t) defined as

Rn(t) =

vuut
LX

i=1

(i� i0)2ni(t) (5.5)

where i0 = L/2 and L is the length of the ladder. We plot Rn(t) as a function of

time t for di↵erent values of � for both uniform (dashed line ) and staggered (solid

line) flux cases as shown in Fig. 5.4. The overall ballistic expansion can be seen

from the behaviour of Rn(t) / t. There is also a clear signature of reduction in

radial velocity (increase in slope of Rn(t)) with respect to an increase in magnetic

flux �. Moreover, we report that for each value of �, the radial velocity due to the

uniform flux is comparatively higher than that for the staggered flux case. This can

be understood from the dispersion relation of the Bloch bands shown in Fig. 5.5.

Since the velocity of the walker depends on the slope of the dispersion band, the
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enhanced flattening of the band for staggered flux (Fig. 5.5(b)) compared to the

uniform flux (Fig. 5.5(a)) case leads to the suppression of the radial velocity for the

former case.

As already discussed in Ref [194], the single-particle in a HH ladder (uniform flux

Figure 5.5: The figure shows the dispersion curve for di↵erent � values. Figures (a) and
(b) correspond to the uniform and staggered flux, respectively. Here we consider J = 1
and K = 3.

Figure 5.6: The figure shows the single-particle QW in the presence of (a) the uniform
flux and (b) the staggered flux. Left: In the uniform flux, chiral motion is present in QW.
Right: In the staggered flux, chiral motion is absent in QW.

case) possess chiral motion along the legs of the ladder which can be understood

from the QW shown in Fig. 5.6 (left panel). However, this chiral motion disappears

in the presence of staggered flux and the particle density oscillates between the legs

of the ladder as shown in Fig. 5.6 (right panel). Further insight into the di↵erence in
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particle dynamics and the chiral motion can be obtained by calculating the di↵erence

in number densities between the legs on the two sides of the central rung as ;

CnR = hnb,1i � hna,1i

CnL = hnb,�1i � hna,�1i (5.6)

Here CnR (CnL) denotes the density di↵erence between the legs to the right (left)

from the central rung located at the 0th site. We plot CnR and CnL in Fig. 5.7

Figure 5.7: This figure shows the chirality defined in Eq. 5.6. (a)-(b) correspond to the
uniform flux case and (c)-(d) corresponds to the staggered flux case. Here we consider
J = 1, K = 3 and flux values � = (0.3⇡, 0.5⇡).

for both the uniform (Fig. 5.7 (a, b)) and staggered flux (Fig. 5.7 (c, d)) cases for

two di↵erent values of � = 0.3⇡ and 0.5⇡ for each cases. The equal distribution

of the particle’s probability in both the legs during the chiral motion ensures that

CnR = �CnL for the case of uniform flux (Fig. 5.7 (a, b)). However, for the case of

staggered flux, CnR = CnL indicates the absence of the chiral motion as shown in

Fig. 5.7 (c, d). These features associated to chirality can be understood from the

chirality of the Bloch bands quantified in Ref. [194] as

C⌧ (k) = sign(v⌧
g
(k))⇥ (p⌧

b
(k)� p⌧

a
(k)), (5.7)
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for any quasi-momentum k. Where sign(v⌧
g
(k)) denotes the sign of the group veloc-

ity, p⌧
b,a
(k) probability amplitudes for a particle to reside on the leg-b or leg-a of the

ladder and ⌧ = ± represents the two band of the ladder. We plot C(k) (as color

code) along with the Bloch bands in Fig. 5.8 (a,b) and (c,d) for uniform and stag-

gered flux, respectively. In order to have the chiral nature, the upper and the lower

Figure 5.8: The figures show the chirality of the Bloch bands. The dispersion relations of
the two Bloch bands are plotted for J = 1 and K = 3. (a)-(b) correspond to the uniform
flux, and (c)-(d) corresponds to the staggered flux. The color code indicates the chirality
C(k) of the two bands. For each case we have considered � = 0.3⇡ and � = 0.5⇡.

bands must have opposite chirality with respect to the positive (+k) and negative

(�k) quasi-momentum. For example, in Fig. 5.8(b), for k = ⇡/2, the upper band

possesses negative chirality while for k = �⇡/2, the lower band possesses positive

chirality. Similarly, in Fig. 5.8 (c) and (d), for positive and negative momentum,

the upper and lower bands have identical chirality which indicates the absence of

any chirality in the staggered flux case. Besides the chirality, we also compare the

total leg density defined as

na =
L/2X

�L/2

na,i and nb =
L/2X

�L/2

nb,i (5.8)

on leg-a and leg-b respectively in Fig. 5.9. Since initially the single-particle is located

along the central rung, the e↵ective density on each leg of the ladder is 0.5. Inter-
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Figure 5.9: The figure shows the evolution of na and nb defined in Eq. 5.8. (a) and (b)
correspond to � = 0.3⇡ and 0.5⇡, respectively. The symbols are for staggered flux case
and the black dashed line is for uniform flux case. Here we consider J = 1 and K = 3.

Figure 5.10: Figures (a) and (c) show the density evolution of leg-a and leg-b in the
presence of the uniform flux, respectively. Figures (b) and (d) show the density evolution
of leg-a and leg-b in the presence of the staggered flux, respectively. Here J = 1, K = 3
and flux value is � = 3⇡

4 .

80

TH-2925_186121015



5.3 Results

estingly, we find that in the presence of uniform flux, due to fixed chiral motion, the

densities on each leg remain constant during the time evolution i.e., na = nb = 0.5

which are shown as the black dashed lines in Fig. 5.9 (a) and (b) respectively.

However, in the presence of staggered flux, both na (red circles) and nb (blue

circles) oscillate symmetrically around the mean value 0.5 and the oscillation am-

plitude decays during the time evolution as the particle densities get distributed

throughout the lattice during the QW. We can also see this behaviour from the

evolution of onsite densities of the individual legs. In Fig. 5.10(a) and (c), we plot

hnii of leg-a and leg-b respectively for uniform flux of strength � = 3⇡
4 . It can be

seen that the leg-a (leg-b) density evolution is biased towards the right (left) side

of the lattice and there is no change in total density in each leg from its average

value. Similarly in Fig. 5.10(b) and (d), we plot the evolution of density of leg-a

and leg-b respectively for the case of staggered flux of strength � = 3⇡
4 . In this case,

however, the densities spread symmetrically around the initial position in both the

legs. In the following, we extend these analysis for the case of interacting particles

and study the interplay and combined role of interaction and flux strength.

5.3.2 Two-particle Quantum Walk

In this section we present the study of the physics of two interacting particles on

the HH ladder for both uniform and staggered flux cases. Starting with an initial

state

| 0i = a†
a,0a

†
b,0|vaci, (5.9)

we particularly investigate the influence of the onsite interaction strength U and the

flux strength � on the QW. The initial state | 0i corresponds to a two-particle state

created at the central rung with one particle at each site of the rung. It is to be noted

that the dynamics of this state under the influence of uniform flux � and finite onsite

interaction strength U has been discussed in detail in Ref.[194], where the focus was

primarily on the chiral motion of the particles. The experimental and theoretical

analysis in the presence of uniform flux reveals the non-chiral (chiral) motion in

the absence (presence) of interaction.The absence of chirality in the non-interacting

regime has been attributed to the symmetric population of the chiral bands which

gets broken when the onsite interaction U is finite. However, a detailed analysis

of the QW with respect to varying interaction strength and flux patterns is yet to

be fully explored, and we present our detailed study as follows. In the following,

we study the influence of the interaction strength U and flux strength � (for both
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the uniform and staggered flux cases) on the QW with an initial state | 0i given

in Eq. 5.9. We first examine the onsite density evolution of the two particles in

Figure 5.11: Figure shows the density evolution of the two particles with the initial
state | 0i = a

†
a,0a

†
b,0|vaci in a ladder system of length L = 25. Panel (a) and (b) show the

density evolution in the presence of the uniform flux and the staggered flux, respectively.
Here we consider U = 4, J = 1, K = 3 and the length of the ladder is L = 25.

the presence of uniform flux and staggered flux for U = 4 in panel (a) and (b)

respectively in Fig. 5.11 for di↵erent values of �. Similar to the single-particle case,

we find that for both the types of flux, the spreading of density comes out to be

generally suppressed with increase in flux strengths, and the suppression is relatively

stronger for the case of staggered flux when compared to the uniform flux case.

Furthermore, in order to understand the combined e↵ect of the interaction strength

U and the flux strength �, we plot the radius of propagation Rn(t) (Eq. 5.5) for

di↵erent values of the interaction strengths U = 0, U = 6, and U = 20 for a fixed

flux strength � = 3⇡/4 in Fig. 5.12. The solid lines with circles and solid lines with

stars denote the uniform and staggered flux cases, respectively. For comparison we

have shown the curves for the flux strength � = 0 (dashed) for all the considered

values of interaction strengths. It can be clearly seen that for the non-interacting

case (U = 0), the suppression of the radius of propagation is stronger for the case of

staggered flux as compared to the uniform flux. As already discussed in Ref. [194],

increasing the interaction strength also reduces the radial distance. Interestingly, we

find that after a particular value of the interaction strength U , the Rn(t) increases

again with time and it is clearly demonstrated in Fig. 5.12. Similar features are

observed for the staggered flux case as well. However, the slowing down of expansion

is more prominent here when compared with the uniform flux case (see Fig. 5.12).

To quantify this behaviour further, we plot the radial velocity V , as a function of
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Figure 5.12: The figure shows the radius of propagation Rn(t) in the presence of the
uniform and staggered flux in a ladder system of length L = 25. Here we consider J = 1
and K = 3.

the onsite interaction strength U for both the uniform and staggered flux case in

Fig. 5.13 (a) and (b) respectively at a particular time of evolution. It can be seen

that in both the cases, for zero interaction strength, V falls down as � increases.

However, as the interaction strength U increases, V initially falls down and then

increases, exhibiting an interesting re-entrant feature. This is true for all the values

Figure 5.13: The figure shows the radial velocity V of the wavefunction as a function
of U in the presence of (a) the uniform flux and (b) the staggered flux. Here we consider
J = 1, K = 3 and the length of the ladder is L = 25.
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of flux strength � (see Fig. 5.13). As already inferred from Fig. 5.11, the overall

slowing down of expansion is more significant in the case of staggered flux which

can be seen from Fig. 5.13(b). For comparison we have also shown the case of

� = 0 in both Fig. 5.13 (a) and (b) where the curves don’t exhibit any re-entrant

behaviour. Interestingly, for very strong values of U , we see another re-entrant

behaviour of V as a function of � in Fig. 5.13 for both the uniform and staggered

flux cases. To clearly depict this behaviour, we plot V as a function of �/⇡ for

Figure 5.14: The figure shows the radial velocity V of the wavefunction as a function of
� in the presence of (a) the uniform flux and (b) the staggered flux for di↵erent values of
U . Here we consider J = 1, K = 3 and length of the ladder is L = 25.

di↵erent values of U in Fig. 5.14 (a) and (b) for both the uniform and staggered flux

cases, respectively. It can be seen that while in the case of weak interaction, the

radial velocity V decreases smoothly with flux strength �; for stronger interaction

strength i.e. U > 10, it first increases then falls down and then again rises up

further with the flux strength �. This re-entrant feature can be attributed to the

fermionization of the bosonic particles in the limit of strong interactions. Initially,

in the limit of vanishing interaction, the particles are localized on the rung, where

they are created due to the large rung hopping K and perform independent particle

QW. For weak interactions, due to the finite overlap of the individual wavepackets

at a single site, a weak repulsively bound pair can be formed which exhibits a slow

spreading of density around the initial position [3, 27]. This behaviour is indicated

by a bimodal distribution of density in Fig. 5.11 (IV-V) for both the uniform and

staggered flux cases. From this analysis we confirm that the spreading of the density

is suppressed due to increasing flux strength as well as the interaction strength, and

it is dominant for the case of staggered flux. Note that this analysis is valid for both

repulsive and attractive interactions (not shown).
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5.3 Results

Figure 5.15: The chirality is plotted as a function of time. Figures (a) and (b) correspond
to the uniform flux. Figures (c) and (d) correspond to the staggered flux. Here J = 1,
K = 3, � = ⇡

4 and the length of the ladder is L = 25.

We now move ahead with the analysis of the chiral nature of the two-particle

dynamics. As already discussed in Ref.[144], the two non-interacting particles (U =

0) do not exhibit chiral motion in their QW due to the symmetric population in

the chiral bands. In contrast, finite interactions break this symmetry and the chiral

motion sets in. We calculate the chirality of the walker sitting on either side of the

central rung using Eq. 5.6 similar to the case of single-particle QW and plot it in

Fig. 5.15. Interestingly, this chiral motion of the particles moving to the left and

to the right is not valid for both the types of flux. The chirality is present only

when the uniform flux threading the ladder, and vanishes in the case of staggered

flux. Note that the quantities CnR and CnL change their phase by ⇡, depending

on the sign of U [195]. To quantify the chirality in the presence of uniform flux,

we calculate the shearing along the y-direction of the ladder YCM [3, 195] which is

defined as;

YCM = NR �NL, (5.10)

where

NR =

P
i>0 nb,i � na,iP
i>0 nb,i + na,i

, (5.11)

NL =

P
i<0 nb,i � na,iP
i<0 nb,i + na,i

. (5.12)

We plot YCM as a function of time for the case of repulsive and attractive U in

the right and left panel respectively in Fig. 5.16. This shows that YCM = 0 for
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U = 0 (black circle), indicating that there is no chirality in the system. However,

for U 6= 0, a finite value of YCM indicates the appearance of chirality in the system.

On increasing the value of U , the amplitude of YCM gradually increases. There is a

symmetry in YCM (i.e. YCM |+U = �YCM |�U) is known as the symmetry protected

dynamical symmetry [195].

Figure 5.16: The shearing, YCM is plotted as a function of time for di↵erent repulsive
and attractive interaction strengths. Here J = 1, K = 3, � = ⇡

4 and the length of the
ladder is L = 25.

We investigate further on the change in the total particle density of the two

legs compared to its average value. Our initial state defined in Eq. 5.9 is such that

na = nb = 1. Similar to the single-particle case, in this case also, we find a finite

amount of fluctuation in the time evolution of total density for the staggered flux

case which is absent in the case of uniform flux as depicted in Fig. 5.17. Note

that similar to the behaviour of YCM , the particle densities na and nb also possess

symmetries with respect to U as

na|+U = �na|�U and nb|+U = �nb|�U . (5.13)

In summary up to this point, we find that the staggered flux creates an imbalance

in the particle density between the two legs of the ladder, whereas the uniform flux
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Figure 5.17: The figure shows the evolution of na and nb defined in Eq. 5.8 for attractive
and repulsive interaction strength. The symbols are for staggered flux case and the black
dashed line is for uniform flux cases. Here J = 1, K = 3, � = ⇡

4 and the length of the
ladder is L = 25.

creates chiral dynamics. The spreading of the walker for the staggered flux case

slows down significantly as compared to the case of uniform flux.

To understand the dynamical behaviour due to the combined e↵ect of the inter-

action and flux we analyse the energy eigenstates of the system in Fig. 5.18(a-c) and

Fig. 5.18(d-f) for uniform and staggered flux cases, respectively. We also calculate

the overlap of the initial state given in Eq. 5.9 with all the two particles energy

eigenstates ({|�ii}) of the Hamiltonian defined as

Overlap =
X

i

h�i| 0i (5.14)

and plot it as a function of � in Fig. 5.18. For U = 0, we get the continuum

bands (S1, S2 and S3) for both uniform and staggered flux cases (Fig. 5.18 (a) and

(d)). However, for finite interaction (U = 4), three bound states (B1, B2 and B3)

appear as a function of � among which B1 and B3 exhibit finite overlap with the

initial state as shown in Fig. 5.18 (b) and (e). Note that B1 (B3) emerges at a

small (large) value of � in the case of staggered flux as compared to the uniform

flux. When the interaction is very strong, i.e., U = 10, B3 completely get separated

from the continuum for both the cases of flux and B1 appears at small values of �

(Fig. 5.18 (c) and (f)). Due to the appearance of these bound states having finite
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Figure 5.18: The figure shows the entire two particles energy spectrum of the lad-
der as a function of flux. The color scale represents the overlap of the initial state
| 0i = a

†
a,0a

†
b,0|vaci with all the energy eigenstates of the system. Figures (a), (b) and (c)

correspond to the uniform flux with U = 0, 4 and 10, respectively. Figures (c), (d) and
(e) correspond to the staggered flux with U = 0, 4 and 10, respectively. Here we consider
J = 1, K = 3 and length of the ladder is L = 25.

overlap with the initial state we get a slower dynamics in the QW of two interacting

particles. This situation is similar to the one analyzed in Ref. [144].

5.4 E↵ect on Repulsively Bound Pairs

In this section, we perform the study of the e↵ect of flux on the onsite bound

pairs known as repulsively bound pairs (RBP) [2], which are usually seen at a large

interaction limit (compared to the hopping strength) in standard Bose-Hubbard

model. When the interaction strength is comparable to the hopping strength, there
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Figure 5.19: Panel (a) figure shows the density evolution of the initial state, | 0i =

(a†
a,0)

2
|vaci in the presences of the uniform flux. Panel (b) shows the corresponding two-

particle correlation at time, t = 50(1/J). Here J = 1, K = 5, U = 2 and length of the
ladder is L = 25.

is generally a small probability of forming the RBP [148]. However, similar to the

lattice case, in the presence of the flux in the ladder, we see a significant increment

in the probability of RBP formation. The interplay of flux and rung hopping plays

an important role in the formation of RBP. The underlying physics behind this

non-trivial e↵ect on RBP is the separation of the band of bound states from the

continuum band at large values of flux and rung hopping strength.

In the following we present our study on this intriguing physics by looking at

the time evolution of the initial state and the energy spectrum of the Hamiltonian

for the uniform flux case. The e↵ect of staggered flux is qualitatively similar to the

time evolution of the initial state for the case when two particles are sitting on a

single site. The initial state is given by

| 0i = (a†
a,0)

2
|vaci (5.15)

and the evolution of two-particle correlation can be written as

�i,j =
D
a†
i
a†
j
ajai

E
(5.16)

In this regard, we consider the onsite interaction strength U = 2 which is comparable

to the hopping strengths J = 1 and K = 5 and perform the evolution of the
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Figure 5.20: (a) The figure shows the energy spectrum as a function �/⇡. Here we
consider J = 1, K = 5, U = 2 and length of the ladder is L = 25.

state given in Eq. 5.15 for varying values of flux strength �. The evolution of the

density with time and the two-particle correlation �i,j at time t = 50 are shown

in Fig. 5.19 (a) and (b), respectively. The density evolution clearly shows that the

evolution gets slower with the increase in flux strength. The two-particle correlation

�i,j plots indicate that there is a clear enhancement of the RBP at flux strengths

� = 3⇡
4 and � = ⇡, which can be inferred from the dominating diagonal elements of

the correlation matrix.

Figure 5.21: The figure shows the energy spectrum as a function of K at a flux strength,
� = ⇡. Here we consider J = 1, U = 2 and length of the ladder is L = 25.

The nontrivial e↵ect on the formation of RBP can be further analyzed from the

spectrum of the two-particle Hamiltonian (Eq. 5.1). In Fig. 5.20 we plot the energy

spectrum with varying flux strength � by considering the onsite interaction strength

U = 2 and the rung hopping strength K = 5. We superimpose the spectrum with
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the quantity

P =
X

i

�i,i (5.17)

which is the sum over the diagonal elements of the two-particle correlation matrix

�i,j for each eigenstates. Note that for completely paired states, P = 2 and for

scattered states, P = 0. It can be seen that there is a separation between the bound

states and the scattered states for large values of flux strength � ⇠ ⇡. The band-

gap becomes of the order of the onsite interaction strength ⇠ U . This splitting

of the spectrum results in the robustness of the RBP formation. We can also see

that the bandwidth of the spectrum becomes smaller with flux strength � which is

responsible for the slower density evolution in Fig. 5.19. Further to study the e↵ect

Figure 5.22: The figure shows Pavg plotted as a function of K for the initial state,

| 0i = (a†
a,0)

2
|vaci by taking the average of time between t = 90(1/J) and t = 100(1/J).

Here J = 1, � = ⇡ and length of the ladder L = 25.

of the rung hopping strength K on the separation of the RBP band, we plot the

energy spectrum at flux strength � = ⇡ with K for U = 2 as shown in Fig. 5.21.

With the increase in the rung hopping strength K, a band of bound states get

separated from the scattered states with a band-gap ⇠ U . We also study the time

evolution of the initial state shown in Eq. 5.15 for this case. In this context we plot

Pavg as function of K for di↵erent values of U in Fig. 5.22 by taking the time average

of P during the time evolution. We can clearly see that even for smaller values of U ,
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Pavg increases with an increase in K indicating that a large rung hopping strength

K is crucial for enhancing the formation of RBP. Interestingly, for higher values of

U (e.g. U = 3), the formation of RBP is more favourable.

5.5 Conclusion

In this chapter, we have studied the CTQW for single and two particles in a two-leg

ladder in the presence of a magnetic field. We consider two types of magnetic fields:

the uniform flux and staggered flux threading the ladder. In the single-particle QW,

the walker’s speed slows down on increasing the flux strength. In the presence of

the staggered flux, the slowing down is more significant as compared to the uniform

flux. We have analyzed the QW of two interacting particles with an initial state

where the two particles are located at the central rung and each site of the rung

is occupied by one particle. We have found that the chiral motion present in the

case of uniform flux vanishes when staggered flux threads the ladder. Besides the

flux, we have shown that the interaction plays a crucial role in slowing down the

walker speed in the two-particle QWs. Moreover, we have shown that the flux

favours the formation of a repulsively bound pair when the initial state consists of

two particles at the same site. Our work advances this emerging field by providing

a general framework for studying chiral motion, particle fluctuation, and RBP in a

wide variety of available experimental systems, including cold atoms, trapped ions,

and photons.
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Chapter 6

Summary and Outlook

In the thesis, we have studied the continuous time quantum walk (CTQW) to in-

vestigate various exciting physics in one-dimensional two-component systems.

In Chapter 1, first we provide a brief introduction to the QW, including the

formal definition and explanation of both the discrete time as well as continuous

time QW. Then we discuss the probability distribution of CTQW and CTRW in one-

dimensional lattice. The probability distribution displays that the quantum walk is

no longer a stochastic process like the classical random walk. The quantum walker’s

speed is also quadratically faster than its classical counterpart. We also discuss

the multi-particle QW. Subsequently, we also discuss experimental possibilities to

observe the QW for single and two-particle levels. At last, we discuss some of the

relevant experimental progress in QW.

In Chapter 2, we provide the details of the numerical methods utilised to perform

the thesis work. We employed the exact diagonalization (ED) method and the time-

evolving block decimation (TEBD) methods for time evolution of a state.

In Chapter 3, we have studied the QW of a two-component system in the presence

of interaction and hopping imbalance in a one-dimensional lattice. By considering

di↵erent initial states depending on the positions of the particles (" and # where

the " particle has higher hopping strength), we have analyzed the combined e↵ect

of hopping imbalance and inter-component interaction on the two-particle QW. We

have found that when the two particles initially start from the central site of the

lattice, the QW exhibits independent particle QWs to a QW of composite particles

or doublon as a function of repulsive interactions. However, for the initial state with

two particles at two di↵erent sites (a few sites apart), the " particle wave function is

reflected from the # particle’s wave function for large enough interactions, with no

doublon is formed. On the other hand, when the two particles start from the opposite
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ends of the lattice, the situation is completely di↵erent for strong interactions. In

this case, both the " and # particle wave functions significantly reflect from each

other at a point close to the initial position of the # particle. While we obtain

di↵erent behavior compared to the many-body limit depending upon the parameters

of the model Hamiltonian, the phenomenon of zero transmission in the limit of large

inter-component interaction resembles the phase separation. These findings provide

insights into the dynamical behavior of a mixture of two-component systems in

periodic potential at the few particle levels.

In Chapter 4, we have studied the QW of two-component bosons with more than

two particles in a one-dimensional lattice. We discuss the formation of the local

bound states in the QWs of initially non-local bosons with only local interactions

in the context of the two-component Bose-Hubbard model. We have shown that

the non-trivial inter-component bound states called as doublon ("#) can be formed

at certain critical ratios of inter and intra-component interaction strengths. By

considering three particles in total, an inter-component bound pair is formed when

both intra- and inter-component interactions are of equal strength. However, when

two particles from each component are considered, a stable triplon ("##) is formed

when the inter-species interaction is half of the intra-species ones. Moreover, we

have obtained that a finite hopping asymmetry between the components plays an

important role in favouring a more stable inter-component bound pair. We have

also shown that the QWs exhibit a re-entrant phenomenon as a function of the

inter-component interaction.

In Chapter 5, we have studied the CTQW for single and two particles in a two-leg

ladder in the presence of a magnetic field. We consider two types of magnetic fields:

the uniform flux and staggered flux threading the ladder. In the single-particle QW,

the walker’s speed slows down on increasing the flux strength. In the presence of

the staggered flux, the slowing down is more significant as compared to the uniform

flux. We have analyzed the QW of two interacting particles with an initial state

where the two particles are located at the central rung and each site of the rung is

occupied by one particle. We have found that the chiral motion present in the case

of uniform flux vanishes when staggered flux threads the ladder. Besides the flux,

we have shown that the interaction plays a crucial role in slowing down the walker

speed in the two-particle QWs. Moreover, we have shown that the flux favours the

formation of repulsively bound pair when the initial state consists of two particles

at the same site.
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6.1 Outlook

The studied performed in this thesis work opens up new directions in the context

of multi-component QW as well as the QW in presence of other perturbations such

as magnetic field. All these findings are relevant in the context of quantum simula-

tions of multi-component systems and due to the recent advancements in observing

two-component dynamics and flux lattices can in principle lead to the successful

observation of such findings. Moreover, these studies can be extended to various

other scenarios where novel physics can be explored. Some of the possibilities as

highlighted below.

It will be interesting to study the two component quantum walk of fermions

in place of bosons and Bose-Fermi mixtures in one dimension. This will enable to

investigate the combined e↵ect of interaction and individual particle statistics in such

complex systems. One can also extend these studies to explore the role of nearest

neighbour interaction or disorder on the two component bound pair formation.

Another possibilities is to investigate the symmetry protected topological phase

transitions in the two component systems such as Bose or Fermi Hubbard models

using the QW. This will further enhance our understanding of the complex physics

at the few particle level.

In recent years, the study of QW using the quantum computers have attracted a

great deal of attention. Hence, it will be interesting to implement the two component

QW discussed in the thesis to simulate them in the existing quantum devices.

Disorder induced phase transitions such as many-body localization can be un-

derstood from the wavepacket dynamics. While it is di�cult to access the full many-

body dynamics for a two-component system in presence of disorder, our studies on

the two-component QW may be useful to have important insights on this.
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Lett. 100, 010401 (2008).

[103] E. Wille et al., Phys. Rev. Lett. 100, 053201 (2008).

100

TH-2925_186121015



BIBLIOGRAPHY

[104] S. Ospelkaus, C. Ospelkaus, O. Wille, M. Succo, P. Ernst, K. Sengstock, and

K. Bongs, Phys. Rev. Lett. 96, 180403 (2006).
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One-Dimensional Hubbard Model, Cambridge University Press, 2005.
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