A PRIORI ERROR ANALYSIS FOR THE
FINITE ELEMENT APPROXIMATIONS TO
VARIOUS INTERFACE PROBLEMS ARISING IN
BIOLOGICAL MEDIA

by

JOGEN DUTTA

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI
GUWAHATI-781039, INDIA
January, 2021

TH-2392_146123010



TH-2392_146123010



A PRIORI ERROR ANALYSIS FOR THE FINITE
ELEMENT APPROXIMATIONS TO VARIOUS INTERFACE
PROBLEMS ARISING IN BIOLOGICAL MEDIA

A thesis submitted
i partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

by
JOGEN DUTTA

(Roll No. 146123010)

Department of Mathematics
INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI
January, 2021

TH-2392_146123010



TH-2392_146123010



Dedicated

to

my mother

TH-2392_146123010



TH-2392_146123010



CERTIFICATE

It is certified that the work contained in this thesis entitled “A prior: error analysis
for the finite element approximations to various interface problems arising in
biological media” by Jogen Dutta, a student of Department of Mathematics, Indian
Institute of Technology Guwahati, for the award of the degree of Doctor of Philosophy
has been carried out under my supervision and that this work has not been submitted

elsewhere for a degree.

January, 2021

Dr. Bhupen Deka
Associate Professor
Department of Mathematics

Indian Institute of Technology Guwahati

vii

TH-2392_146123010



TH-2392_146123010



Acknowledgement

This thesis is the most important phase in my academic career and the journey would
not have been possible without the love and support of some people, who are always with
me directly or indirectly. It is the most pleasurable moment when I can sincerely express

my gratitude to all of them .

First and foremost, I would like to take this opportunity to express my gratitude
and indebtedness to my supervisor Dr. Bhupen Deka for his ceaseless encouragement
and guidance throughout the time of research and writing of this thesis. His attitude
and devotion towards research has always been my constant source of inspiration. I am
grateful to him for all those countless hours of discussions which enabled my growth as

a researcher and as a person.

I acknowledge my gratitude to all the members of my doctoral committee: Dr. A. K.
Chakrabarty, Prof. D.C. Dalal and Prof. R. K. Sinha for their useful suggestions and
motivations during the progress of my research. Further, I would like to heartily thank
Prof. R. K. Sinha for his insightful comments which led to improvement in the quality

of my research work.

I also take this opportunity to express my gratitude to all the faculty members of the
Department of Mathematics, IIT Guwahati for their help on various occasions. Spe-
cially, I thank Dr. Anjan K. Chakrabarty for all the discussions and insights that helped
me broaden my knowledge in Mathematics. I am also grateful to all the technical and
nontechnical staff members of the department for their help and cooperation throughout

the period of my research.

I sincerely acknowledge IIT Guwahati for providing me various facilities necessary
to carry out my research. I am most grateful to Ministry of Human and Resource Devel-
opment, Government of India, for providing me financial assistance for the completion

of my thesis work.

I would like to extend my sincere gratitude to Dr. Bhupen Deka and his wife
Surobhi(ma’am) for their care, affection and support which gave me homely feeling dur-

ing my stay at II'T Guwahati.

I could not thank enough Prof. Swaroop Nandan Bora and his wife Swapnali(ma’am)

X

TH-2392_146123010



for all the love, care and support during these years.
I am forever grateful to my teacher Dr. Dhiren Kumar Basnet for his immense
support and encouragements to go for higher studies.

I thank my senior research mates Ankur bhaiya, Naba da, Swarup da and Sougata
da for their valuable advice and suggestions during the initial years of my research. [
also acknowledge the love and support of my friends Ashish, Maneesh, Ramesh, Ranjan,
Tamal, Dipankar, Jibrail, Shivaji, Gautam, Nilay, Kuldeep, Kuwari, Naresh and my
friends on the badminton court Anupal, Bastav, Dhanesh, Gyandeep, Jagadish, Nilutpal,
Sabnam, Shekhar, who contributed in their own way towards making the time spent in
these years really fun and memorable. Practically, it is itmpossible to mention the names
of all the people who have influenced me in this journey. I express my heartiest gratitude
to all of them.

I express my heartful gratitude to Jayanta da and his wife Jayashree(sister-in-law)
for their unconditional love and support throughout my journey. I owe thanks to my
friends: Nandita, Bandita, Debabarata, Nashim and Shailendra, who has always been
by my side and whose love and support knows no limits.

I am deeply indebted to my family, especially my parents, without their blessings 1
would not have made it here. The constant encouragement, love, patience and immense
support from my siblings always boosted me.

Finally, I remain ever grateful to Almighty God for His blessings.

January, 2021

(Jogen Dutta)
Department of Mathematics

Indian Institute of Technology Guwahati

TH-2392_146123010



Abstract

The main objective of this thesis is to study a priori error analysis of finite element Galerkin
methods for some interface problems arising in biological media. Interface problems are often
referred to as differential equations with discontinuous coefficients. The discontinuity of the
physical coefficients is due to the presence of different material properties across the interface.
In biological system it is natural to have heterogeneity in the underlying medium as properties
of biological media vary between different layers. Due to the presence of discontinuous coeffi-
cients across the interface, interface problems usually lead to non-smooth solutions. Owing to
its mathematical complexity and low regularity of its solutions, the study of interface problems
has remained a major part of the mathematical study up to the present day. In this thesis
we attempt to study the a priori error analysis of some of the interface problems arising in

biological media using fitted finite element method.

In our first problem, we analyze finite element Galerkin methods applied to pulsed electric
model arising in biological tissue when a biological cell is exposed to an electric field. Con-
sidering the cell to be a conductive body, embedded in a more or less conductive medium,
the governing system involves an electric interface (surface membrane), and heterogeneous
permittivity and a heterogeneous conductivity. A fitted finite element method with straight
interface triangles is proposed to approximate the voltage of the pulsed electric model across
the physical media. Optimal pointwise-in-time error estimates in L?-norm and H'-norm are
shown to hold for semidiscrete scheme even if the regularity of the solution is low on the
whole domain. Further, a fully discrete finite element approximation based on Crank-Nicolson
scheme is analyzed and related optimal error estimates are derived. Finally, we give numerical

examples to verify the theoretical results.

We next proceed to the a priori error analysis of non-Fourier bio heat transfer model in
multi-layered media. Specifically, we employ the Maxwell-Cattaneo equation on the physical
media with discontinuous coefficients. A fitted finite element method is proposed and analyzed
for a hyperbolic heat conduction model with discontinuous coefficients. Typical semidiscrete
and fully discrete schemes are presented for a fitted finite element discretization with straight
interface triangles. The fully discrete space-time finite element discretizations is based on
second order in time Newmark scheme. Optimal a priori error estimates for both semidiscrete
and fully discrete schemes are proved in L>°(L?) norm. Numerical experiments are reported

for several test cases to confirm our theoretical convergence rate. Finite element algorithm

xi
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presented here can be used to solve a wide variety of hyperbolic heat conduction models for

non-homogeneous inner structures.

Finally, we have extended our analysis to study the dual-phase-lag(DPL) bio heat model
in heterogeneous medium. Well-posedness of the model interface problem and a priori esti-
mates of its solutions are established. A new non-standard elliptic type projection operator is
introduced to derive optimal convergence result for the semidiscrete solution in L (L?) norm.
The fully discrete space-time finite element discretizations is based on second order in time
Newmark scheme. Optimal a priori error estimate for the fully discrete scheme is proved in
L*(L?) norm. Finally, numerical results for two dimensional test problems are presented in
support of our theoretical findings. Finite element algorithm presented here can contribute to

a variety of engineering and medical applications.

pall

TH-2392_146123010



Contents

List of Figures Xiv
List of Tables xvi
1 Introduction 1
1.1 Problem Description . . . . . . . . .. ... 1
1.2 Notations and Preliminaries . . . . . . . . . .. .. ... ... .. ..., 6
1.3 A Brief Survey on Numerical Methods . . . . . ... . ... ....... 12
1.4 Motivation and Objectives . . . . . . . . .. ... ... .. 17
1.5 Organization of the thesis . . . . . . . .. ... .. ... ... ...... 20
2 Convergence of FEMs for Electric Interface Problem 23
2.1 Introduction . . . . . . .. 23
2.2 Preliminaries and Auxiliary Results . . . . . .. .. .. ... ... .. .. 25
2.3 Spatially Semidiscrete Error Analysis . . . . . . .. ... ... ... ... 26
2.4 Fully Discrete Error Analysis . . . . . . ... ... ... .. 35
2.5 Numerical Results . . . . . . . .. .. . o 38

3 Convergence of FEMs for Hyperbolic Heat Equation with Interface 45

3.1 Imtroduction . . . . . . . ... 45

3.2 Preliminaries . . . . . . ..o 47

3.3 Auxiliary Projections . . . . . . .. ... 50

3.4 Spatially Semidiscrete Error Estimate Analysis . . . . . . .. .. ... .. 56
xiii

TH-2392_146123010



3.5 Fully Discrete Error Analysis . . . . . . .. ... ... ... ... ... 61
3.6 Numerical Results . . . . . . . ... .. L 68

4 Spatially Semidiscrete Error Analysis for DPL Bio Heat Transfer Prob-

lem with Interface 75
4.1 Introduction . . . . . . . .. 75
4.2 Well-posedness of the Model Interface Problem . . . . . . . .. ... ... 7
4.3 Auxiliary Results . . . . . . .. .. o 81
4.4 Spatially Semidiscrete Error Analysis . . . . .. . ... ..o 83

5 Fully Discrete Error Analysis for DPL Bio Heat Transfer Problem with

Interface 91
5.1 Introduction . . . . . . . . .o 91
5.2 Fully discrete error analysis . . . . . . . ... ... 0oL 93
5.3 Numerical Results . . . . . . . . . . . . 98
6 Conclusions and Extensions 107
6.1 Critical Review of the Results . . . . . . . . . . . .. . . ... ... ... 107
6.2 Extensions and Remarks . . . . . . . . . . 109
Bibliography 113
X1iv

TH-2392_146123010



1.1
1.2
1.3

2.1

2.2

2.3

24

3.1

3.2

3.3

3.4

3.5

5.1

0.2

TH-2392_146123010

List of Figures

A cell comprising of the cell cytoplasm and the cell membrane. . . . . .
Domain €2 and its sub domains €2, {25 with interface I". . . . . . . . ..

An illustrative example of interface triangles K and S with A-strip Sy. . . . .

Exact solution (left) and triangulation (right) of © for A = 0.167378 with

circular interface (Test Example 2.5.1). . . . . ... ... ... .. ...
Exact solution (left) and triangulation (right) of € for A = 0.152069 with

elliptic interface (Test Example 2.5.2). . . . . . ... .. ... ... ...
Exact solution (left) and triangulation (right) of Q for h = 0.125 with

line interface (Test Example 2.5.3). . . . . . . . .. .. ... .. ... ..
Convergence of Py, P, and P3 elements in Example 2.5.3 . . . . . . ..

Exact solution (left) and triangulation (right) of 2 for i = 0.282945 with

elliptic interface (Test Example 3.6.1). . . . . . .. ... ... ... ...
Log-log plot of the L? norm and H' norm versus the mesh size at time

t=10"21in Example 3.6.1. . . . . . ... ... ... ... ... . ...
Exact solution (left) and triangulation (right) of © for A = 0.305091 with

circular interface (Test Example 3.6.2). . . . . .. ... ... ... ...
Log-log plot of the L? norm and H' norm versus the mesh size at time

t =10"% and t = 1 in Example 3.6.2-3.6.3, respectively. . . . . . . . . ..
Exact solution (left) and triangulation of €2 for A = 0.282596 with curve

interface (Test Example 3.6.3). . . . . . . ... . ... . ... ...,

Exact solution (left) and triangulation(right) of Q with A = 0.305091

(Test Example 5.3.1). . . . . . ...
Log-log plot of the L? norm and H' norm versus the mesh size at time

t=1in Example 5.3.1. . . . . . . . ...

XV

73



5.3  Exact solution (left) and triangulation(right) of © with A = 0.2861720

(Test Example 5.3.2). . . . . . ... .. 101
5.4 Log-log plot of the L? norm and H! norm versus the mesh size at time
t=10"'%in Example 5.3.2. . . . . . .. ... ... ... 102
5.5 Exact solution (left) and triangulation(right) of € with A = 0.2969850
(Test Example 5.3.3). . . . . . ... .. Lo 103
5.6 Log-log plot of the L? norm and H! norm versus the mesh size at time
t=1in Example 5.3.3. . . . . . . . ... 105
xvi

TH-2392_146123010



2.1
2.2

3.1
3.2
3.3
3.4
3.5

5.1
5.2
5.3
0.4
3.5
2.6
2.7
2.8

TH-2392_146123010

List of Tables

L? and H' norms error analysis with time step 7 =h . ... ... ... 40
L? and H' norms error analysis with time step 7=h . .. .. ... .. 41
Parameters used in computation (see, Dai et al. [33]) . . . . . . .. ... 69
Example 3.6.1. L? and H* error for y =0 at t = 1072 with 7 = 10™* . . 70
Example 3.6.1. L? and H' error for y # 0 at t = 1072 with 7 = 10™* . . 70
Test Example 3.6.2. L? and H' error at t = 1072 with 7 =107% . . . . . 71
Example 3.6.3. L? and H' error at T =1 with 7=10"2 . . . . . . . .. 73
Parameters used in computation (see, Xu et al. [138]) . . ... .. ... 98
Example 5.3.1. EOC for p #0att=1and 7=10"3 . . . . .. .. .. 100
Example 5.3.1. FOC forpr =0att=1and7=10"3 . .. .. ... .. 100
Example 5.3.2. FOC att=10"2and7=10"" . . . . ... ... ... 102
Parameters used in computation for Example 5.3.3 (¢f. [13, 107]) . . . . 103
Example 5.3.3. FOC at t =1 and 7 = 1072 for P, elements . . . . . . . 104
Example 5.3.3. EOC att =1 and 7 = 1072 for P, elements . . . . . . . 104
Example 5.3.3. EFOC at t =1 and 7 = 1072 for P5 elements . . . . . . . 104
xvii



TH-2392_146123010



Introduction

The main purpose of this thesis is to study a prior: error analysis of finite element
Galerkin methods for some interface problems arising in biological media. This chapter
contains the description of the problems, notations and preliminary materials to be used
in the thesis. It also provides the survey for relevant literature and motivation for the
present study. The chapter-wise description of the thesis is presented in the last section

of this chapter.

1.1 Problem Description

Interface problems are often referred as differential equations with discontinuous coef-
ficients. The discontinuity of the coefficients corresponds to the fact that the medium

consists of two or more physically different materials or fluids.
Electric interface model problem: Let € be a bounded domain in R%(d = 2, 3) with

boundary 0f) occupied by the concerned physical media having conductivity § = 3(z)
and permittivity € = e(x). We now consider the pulsed electric field model for biological
media [8, 114, 135]

—V - (V' + fVu) = f inQx (0,71, (1.1.1)

with initial and boundary conditions
u(z,0) =ug inQ; wu(z,t) =0 on I x (0,7, (1.1.2)

where u and f are the voltage potential and electric pulse of the model, respectively.
Further, ug is the initial voltage and 7' is the finite terminal observation time, and u’

denotes the derivative of u with respect to time variable!.

'For our notational convenience, we will be using %—f or ¢; or ¢’ interchangeably to denote time

differentiation of ¢. Similar remarks hold for other higher order time derivatives.
1
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CHAPTER 1. Introduction 2

Cytoplasm

Lipid membrane
Interior Media

Figure 1.1: A cell comprising of the cell cytoplasm and the cell membrane.

The basic effects of an electric field on a biological cell can be described by considering
the cell to be a conductive body (cytoplasm) surrounded by a dielectric layer (surface
membrane), embedded in a more or less conductive medium. When an electric field is
applied to this cell (by placing the cell in a conductive medium between two electrodes
and applying an unipolar voltage pulse to the electrodes), the resulting current causes
accumulation of electric charges at the membrane and consequently a voltage across
the membrane. Figure 1.1 shows cross section of a single cell structure comprising of
the cell cytoplasm and the cell membrane. Here [3; and €; define the conductivity and
permittivity of each medium with subscripts ¢, m and e describing the cell cytoplasm,
membrane, and exterior media, respectively. Therefore the governing system involves
interface (surface membrane) and discontinuous media parameters, which may find wide
applications in electromagnetism, medicine, food sciences, and biotechnology. Of our
special interest is the case when the physical coefficient functions are discontinuous and
piecewise positive constants in 2. We can restrict ourselves to the case when domain
Q) consists of two open subdomains €; and 2, with C? smooth interface I' (see, Figure
1.2). We write

(61751) in
(62752) in (2.

Then the information between both the domains are transferred via some interface

(e, 8) =

conditions /
0 0
] = 0, [ea—i + ﬁa_ﬂ —0 along T x (0, 7], (1.1.3)
where [v] denotes the jump of a quantity across the interface I', i.e. [v](z) = vi|r — vo|r
with v;(x) = v(z)|q,, ¢ = 1,2 and [6%—7:1/ + 52—:‘1] = elg—ﬁi + EQg_zz + Blg% + 523—32 with
0

5. denotes the outer normal derivative with respect to €, i =1, 2.

n;

TH-2392_146123010



CHAPTER 1. Introduction 3

Figure 1.2: Domain €2 and its sub domains €2y, €2, with interface I'.

The electrical properties of biological tissues and cell suspensions have been of in-
terest for over a century for many reasons (cf. [12, 97, 99, 111, 119]). In [99, 119], a
biological tissue is described as having a permittivity and a conductivity, and current
flow through the biological medium is discussed in [12, 97, 111]. To analyze the re-
sponse of a tissue to external electric field, we need adequate mathematical models that
characterize field distributions in biological systems. Exposure of cells to an external
electric field induces a voltage on the cell membrane called the transmembrane voltage
(cf. [62, 77]). The electric interface model problem (1.1.1)-(1.1.3) describes the voltage
potential of a biological tissue under the influence of a pulsed electric field. The value
and the spatial distribution of the transmembrane voltage are of significant interest in
the electroporation of the cell membrane. Once the required voltage of electroporation
is achieved the lipid bilayer molecules of the membrane rearrange themselves and form
pores in the membrane through which ions and impermeable molecules can pass and
enter the cytoplasm [136]. Electroporation is gaining increased importance because of
its clinical applications in gene therapy and drug delivery as a method to introduce new
DNA and drugs into a cell in order to change its function [11]. Several electrical models
have been developed for biological cells exposed to an external electric field to obtain

the distribution of the transmembrane voltage in [117].
Non-Fourier bio heat model problem. Let € be a bounded domain in R%(d = 2, 3)

with Lipschitz boundary 9 and ©; C € is an open domain with C? smooth boundary
[' = 0§ and Qs = Q\Q(see, Figure 1.2). In Q, we consider the following non-Fourier
bio heat transfer model in multi-layered media (cf. [33, 76, 121, 137] and references

TH-2392_146123010



CHAPTER 1. Introduction 4

therein)

W' +ou —V-(fVu)=f inQx(0,T], T < oo, (1.1.4)

with initial and boundary conditions
uw(z,0) =wup, u'(x,0)=v9 inQ & u(z,t)=0 on IN x (0,7]. (1.1.5)

Here, 0 = o(x) and § = B(z) are non-negative real-valued functions, and f denotes the
source. Further, ' and u” denotes the first and second order time differentiation of u,

respectively.
Equation (1.1.4) is also known as hyperbolic heat equation/Maxwell-Cattaneo (MC)

equation/damped wave equation. As a model, we consider bio heat transfer model in
non-homogeneous media. With advances in laser, microwave, radio-frequency and sim-
ilar technologies, a variety of thermal methods have been proposed to analyze the bio
heat transfer in living tissue (e.g. [33, 76, 95, 100, 103, 121, 137]) since the landmark
paper by Pennes [110]. But, due to simplicity, Pennes’ bio heat transfer equation is used
most commonly for simulation of thermal data. Pennes’ bio heat transfer equation is
based on classical Fourier’s law. Pennes’ model assumes that any temperature distur-
bance produced at a certain location will be felt through out the medium at that instant.
However, in applications involving samples with non-homogeneous internal structures,
e.g. biological samples, it has been experimentally demonstrated that the Fourier law
of heat conduction cannot accurately predict the thermal response of such samples (e.g.
[33, 72, 76, 100, 103, 133, 137]). Biological tissue, along with a number of other common
materials, exhibits a relaxation time. Relaxation time reflects the time between phonon
collisions or it represents a time lag between the imposition of a temperature gradient
and the creation of a thermal flux. Skin tissue has a “lengthy” relaxation time, which
means it is desirable to develop a computational approach to examine the non-Fourier
heat transfer process. For details, we refer to Xu et al. [138]. Due to implication of
such relaxation time, heat conduction in biological media is generally not described by
Fourier’s law, but rather by the Maxwell-Cattaneo law [130]. Thermal behavior or heat
transfer in biological media is mainly a heat conduction process and since the thermal
properties of biological media vary between different layers, so, it is natural to have het-
erogeneity in the underlying media. In particular, media parameters are discontinuous

and piecewise constants in {2 (see, Figure 1.2). We write

(01751) in €y,
(02,52) in {2.

(07 B) =

TH-2392_146123010



CHAPTER 1. Introduction 5

The interfacial continuity conditions between layers are given by (cf. [33])

u] =0, [52—7:1} —0 along T x (0,T], (1.1.6)

where the symbols [v] and n are defined as before. The present work regards the
temperature and the heat flux at the interface of two regions is continuous. In other
words, the heat contact resistance at the interface between the two different media is

neglected.
Dual-phase-lag (DPL) bio heat model problem. Let 2 be a bounded domain

in RY(d = 2, 3) with Lipschitz boundary 9Q and Q; C € is an open domain with C?
smooth boundary I' = 0€2; and Qy = Q\Q; (see, Figure 1.2). In Q, we consider the DPL
bio heat transfer model (cf. [94, 103, 128, 129, 130, 137, 138] and references therein) in

multi-layered media
W' +ou +ou—V-(eVu') =V - (BVu)=f inQx(0,T], T < o0, (1.1.7)
with initial and boundary conditions
u(z,0) =uy & u'(x,0) =vg in Q; wu(x,t) =0 on N x (0,77 (1.1.8)

Here, 0 = o(z), § = d(z), € = ¢(z) and = [(z) are non-negative real valued functions,
and f denotes the source. Further, ' and «” denotes the first and second order time

differentiation of wu, respectively.
Equation (1.1.7) is also known as general linear second order hyperbolic equation,

which has received a great deal of attention within the context of viscous wave equation,
networks of linked beams, hybrid chimney, bio heat transfer etc. Although Maxwell-
Cattaneo model has taken care of thermal relaxation time, the validity of the thermal
wave model becomes debatable in view of the fast-transient response with microstruc-
tural interaction effects [129]. In order to consider the effect of micro-structural in-
teraction in the fast transient process of heat transport, a phase lag for temperature
gradient, 7p, which is absent in the Maxwell-Cattaneo model, has been introduced in
[94, 128, 129, 137, 138]. The corresponding model is called the dual-phase-lag (DPL)
model. Mathematically, DPL model is described by a time-dependent equation [137, 138]
2

T orT oT
qucﬁ = kEV?T + TT/{ZV2§ — wppp T — (Tywpppcy + pc)a

dq Jq
+(wopesTa + et + dext + T g;et aetX : )

where p,c, k are the density, specific heat and thermal conductivity of skin tissue, re-

+ 74

spectively; pp, ¢, are the density and specific heat of blood, wj is the blood perfusion

TH-2392_146123010



CHAPTER 1. Introduction 6

rate; T, and T" are the temperatures of arterial blood and skin tissue respectively; ¢ et
is the metabolic heat generation in the skin tissue and goy¢ is the heat source due to
external heating, and 7, is defined as the thermal relaxation time. Due to heterogeneity
in the underlying media, the thermal properties of biological media vary between differ-
ent layers. In Q = Q; UQyUT (see, Figure 1.2), we assume that the physical coefficients

are discontinuous and piecewise constants. We write

(0—1751761751) in Qla
(‘72,52762752) in €.

(0,0,€,8) =

The problem (1.1.7)-(1.1.8) is completed with the following physical interface conditions
(cf- [94])

[u] =0, [e(m)g—z +B(x)g—z] =0 alongT x (0,7, (1.1.9)

where the symbols [v] and n are defined as before.

1.2 Notations and Preliminaries

In this section, we shall introduce some basic notations, function spaces and preliminary
materials to be used in this thesis. All functions considered here are real valued. For
the purpose of introducing notations, we assume {2 to be a convex polygonal domain
in R? (d-dimensional Euclidean space) and 99 denote the boundary of €. For x =
(x1,22,...,2q) € §, set dr = dxy ...dxq. Further, let a = (aq,...,aq) be an d-tuple
with nonnegative integer component and denote the order of @ as |a| = a3 +as+. . .+ay.
Then, by D“¢, we shall mean the ath derivative of ¢ defined by

|ot]
Da¢_ 0 ¢

0r1®1 ... 0x,%

By support of a function ¢, denoted by supp(¢), we mean the closure of all points «
with ¢(z) # 0, i.e.,

supp(¢) = {z € Q: ¢(z) # 0}.

For any nonnegative integer m, C™(€2) denotes the space of functions with continuous
derivatives upto and including order m in Q. C*(Q) is the space of all C™(Q2) func-
tions with compact support in Q and C3°(€2) is the space of all infinitely differentiable

functions with compact support in €.
Now we introduce the following function spaces which we shall refer frequently. For

any domain M C Q C R¢, d =2, 3, with 1 < p < 0o, LP(M) denotes the linear space

TH-2392_146123010



CHAPTER 1. Introduction 7

of equivalence classes of measurable functions ¢ on Q such that ||¢||Lr(pmy < 00, where

|¢llrir = (/Mlaﬁ(:v)\pdx> , 1<p<oo,

[@ll Loy = esssup |p(x)| < oo
zeM

When p = 2, L?*(M) is a Hilbert space with respect to the inner product

(0, 9)m Z/Mgzﬁ(m)w(x)dx.

For simplicity of notation, we write the norm || - || 22 of L*(M) by || - || s and remove

the subscript M whenever M = (.
We now introduce the notion of Sobolev spaces. For each integer £ > 0 and real

number p with 1 < p < oo, W*?(M) denotes the standard Sobolev space of functions
with their distributional derivatives of order up to k in the Lebesgue space LP(M), i.e.

WhP(M) = {¢p € LP(M) : D € LP(M) for 0 < |a| < k}.
The spaces W*P(M) are Banach spaces endowed with the norm

1
P
I6llep = ( Zjunwmww), 1<p<o,

0<|o|<k
[0l = max, |D%0@im, p=ox.

also, the semi-norm on W*?(M) is defined as

(6lkprt = Y [ID*0||zo(r)-

|a|=k
When p = 2, we write H*(M) for W*2(M) with the norm || - ||lx2nm = || - [z and the
semi-norm |- |g2.m = |- |k.m. For simplicity of notation, we skip the subscript M in the

norm and inner product notation when M = €.
The space H*(M) is a Hilbert space with natural inner product defined by

@i = Y [ DoDwdr. o0 € HM)
0<al<k *M
The Sobolev space HE(Q) is defined as the closure of C5°(Q2) with respect to the norm
|l = ||#]|k.2- This result is true under some smoothness assumption on the boundary

0). For a complete discussion on Sobolev spaces, see Adams and Fournier [1].
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We shall also use the following space-time function spaces in our error analysis. For
1 < p < oo, we also define the standard Bochner spaces LP(J;B), where B is a real

Banach space with norm || - ||z and J = [0,77, consisting of all measurable functions
¢ : J — B for which

T 1

l6llzrors) = (/ o) l5at)” < o0 for 1<p < oo,
0

|P|lLe0r:8) = ess sup [|p(t)|z < oo for p= occ.
te€[0,7

We denote by H™(0,T;8), 1 < m < oo, the space of all measurable functions
¢ : J — B for which
3
) .
B

8l = (Z/

When no risk of confusion exists, we shall write L2(B) for L?*(J; B), L>=(B) for L>=(J; B)
and H™(B) for H™(J; B). Furthermore, C'(0,7%; B) is defined as the space of continuous

functions ¢ : [0, 7] — B with norm ||¢||c(o,r;p) := maxejo. 1) |¢(t)] < co. For a complete

o(t)
ot

discussion on Sobolev Spaces, one may refer to Adams and Fourier [1], Dautray and

Lions [34] and Evans [49)].
To deal with the interface problems, we introduce the following Banach spaces

Y = Hi(Q)n H?() N H*(Qy),

X = (Q)QHQ( )ﬂHz(Qg),
X = LXQ)nH ()N H (Q),
equipped with the norms
lully = |lullarqy + [[ullaz@n + lull#2@q)
lullx = llullzz@) + l[ullg2(0) + ullH2(0,),
lullx = llullze) + lullar @) + lullar @),

respectively. For the sake of brevity, we write W = L*(Q), V = H}() with its dual

% o1 wy or ul

space V' = H~'(Q). For our notational convenience, we will be using &
interchangeably to denote the first order time derivative of u with respect to t. Similar

notions are used for higher order time derivatives.
Now we shall recall some important inequalities for our subsequent use (see Hardy

et al. [58]):
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Young’s inequality. For a,b > 0 and p > 0, the following inequality holds

2 b2
ab < @ + M_
20 2
An important consequence of the Young’s inequality is the Holder’s inequality. The

discrete version of Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ be such that % + % = 1. Then, for any real

numbers a;,b; e R,i =1,2,--- /d,

1
d d » [/ d 3
> laibi| < (Zlailp) (Z!bi\q) -
i=1 i=1 i=1

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz

LSEE

inequality in RY.
The integral analogue of Holder’s inequality is as follows: Let p > 1 and ¢ be such
that }D + % = 1. Then, for any measurable functions ¢, : @ — R

oYLy < 1@l e 1Yl Lace)-

For p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz inequality.
Poincaré inequality: Let €2 be a bounded open domain in R?. Then there exists a

positive constant C' = C(€2) such that
I8l < ClIVell Vo € Hy().

In view of the Poincaré inequality, ||V (-)|| defines a norm on H} ().
Next we state without proof, the following continuous version of Grownwall’s lemma.

For a proof, see Rao [113].

Lemma 1.2.1 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-
negative continuous function on its interval to < t < to + a. If a continuous function
F(t) has the property

F(t) < G(t) + /tF(s)H(s)ds for t € [to, to + al,

then
F(t) <G(t)+ /tG(s)H(s)exp[/tH(T)dT] ds fort € [to,to + al.

to

In particular, when G(t) = C' a nonnegative constant, we have

F(t) < Cexp

/tH(S)ds] fort € [to,to + al.
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For the purpose of finite element approximation, we introduce bilinear maps associ-
ated with the general linear hyperbolic equation (1.1.7). Let A.(-,-) and Az(-, ) be two

bilinear maps defined on V' as follows
A (w,v) = /Qve Vodr = Al (w,v) + A%(w,v) Yw,v €V
and
Ag(w,v) = /96Vw - Vudz = Ag(w,v) + A3(w,v) Yw,v € V.
Here, A!, A} : H'(Q) x H' () — R, [ =1, 2, are the local bilinear forms defined by

Al (w,v) = / aVw - Vvdr & Aj(w,v) = [ BVw- Vvdz Yw,v € H' ().
] 9

Further, we define bilinear forms B, (-,-), Bs(-,-) : L*(Q) x L*(2) — R as
B,(w,v) = / cwvdr & Bs(w,v) = / Swodz Yw,v € L*(Q).
Q 0

We now turn our discussion towards the discretization of domain 2. Throughout
this work, we will follow the same discretization. We assume that €2 is a convex polygon
(if d = 2) or a convex polyhedral (if d = 3). The following discussion is borrowed from
[8]. We assume that the family of triangulation {75}rec(,n), for some fixed hy > 0, is

quasi-uniform. By a quasi-uniform mesh, we mean [85]
coh < hg < cith YK € Ty, h € (0, hg) for some ¢y, ¢; > 0, (1.2.1)

where hy := idiam(K) = gsup{||lz—y|| : z,y € K} and h := mingeq, px with px being
the maximal radius such that B, (bx) C K. Here, B,, (bx) denotes the closed ball of
radius px centered at the barycenter by of the element K. We first approximate the
domain € by a polyhedral domain €2, , using a quasi-uniform mesh 7;! such that all the
boundary vertices of {2y, lie on the boundary of ;. Let €5, be the approximation for
the domain €, due to a quasi-uniform triangulation 7,2 with simplicial elements of size
h and we define I'j, = Ql,h N QM. The triangulation 7;3 is done such that all the vertices
of the outer polyhedral boundary 0f2 are also the vertices of {55, while all the vertices
on the inner boundary of {5, match the boundary vertices of €2; ,. More precisely, the

triangulation 7Ty, := T, U 7,2 satisfies the following conditions:
(A1) Q = Ugen, K,

(A2) if K1, Ky € T, and K # K, then either K1 N Ky = () or K7 N K3 is a common

vertex, an edge or a face,
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Q2

Figure 1.3: An illustrative example of interface triangles K and S with A-strip S).

(A3) for each K, all its vertices are completely contained in either Q; or Q.

Let Vj, be the finite dimensional subspace of H} () defined on 7, consisting of
piecewise linear functions vanishing on the boundary 0f). We now define a tubular
neighborhood S of I' by

Sy={zeQ: dist(z,T") < A}
for some A\ > 0 with A = O(h?) (¢f. [85]). Existence of such X is possible due to the fact
that interface I' is of class C2%. A typical M-strip is presented in Figure 1.3. In fact the
mesh 7T;, can be decomposed into three disjoint subsets T, = 7,! U 7,2 U T;, where

={KeTh: KCQ\S},i=1, 2

and T, = T,\ (T} UT;?). An element K € T; is called an interface element and K € T\ 7T,
is called a non-interface element. Further, for ¢ = 1, 2, we define following disjoint
collections of interface elements

7;1'1:{[(6712 KCQZUS)\}
With above notations, we have

Qp=U{K: KeT/UT}

so that for any K € T, either K C €5, or K C Qy,.
In order to approximate A.(-,-), Az(+,-), we now introduce approximate bilinear

maps A, Ag, : H(Q) x H'(Q) — R defined as

A (w,v) = Z / ex (2)Vw - Vodr Yw,v € H(Q),
K

KeTy

Agp(w,v) = Z /KBK(x)Vw -Vodr Yw,v € H'(Q),

KeTy

TH-2392_146123010
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with ex(z) =€ and S (x) = B if K C Qyp, i =1,2.
Next, we approximate the bilinear maps B, (+,-), Bs(:,:) by Byu(-,:) and Bsp(-, )

respectively, defined as

Bop(w,v) = Z /KUK(x)wvdx Yw,v € L*(9),

KeTy

Bsp(w,v) = Z / S (z)wvdr Yw,v € L*(9),
KeT, 7 K
with ox(x) = 0; and 0g(x) = 0; if K C Qp, i =1,2.
For the simplicity of the exposition, we write A for A, (or Az) and A, for A,
(or Agy), respectively. Similarly, we write B for B, (or Bs) and By, for B, (or Bsy),

respectively.
We now state following approximation results near interface which will be frequently

used in our later analysis. For a proof, we refer to [8, 85].

Lemma 1.2.2. For w, v € HY(Q), the form A5 (w,v) = A (w,v) — A, (w,v) satisfies

[AG(w,v)] < Clwlys,[v

1,8 -
Similar result also holds true for the operator Ag.
Lemma 1.2.3. For any v € H}(Q), we have

[oll5, < CAllll3-
Moreover, for any v € ), we have

[0l1 5, < CAl0]f3.

Lemma 1.2.4. There exists a positive constant j independent of h such that

A
il < Oy Mol o € Vi

Throughout this thesis, C' is a positive generic constant independent of the mesh

parameters A and 7, and not necessarily the same at each occurrences.

1.3 A Brief Survey on Numerical Methods

This section presents a brief survey of the relevant literature concerning interface prob-
lems and their numerical solutions. Solving interface problems efficiently and accurately
is still a challenge because of many irregularities associated with them. Many numer-
ical methods designed for interface problems do not work or work poorly. Thus, the

numerical solution to the interface problem is challenging as well as interesting also.
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Interface problems are frequently encountered in scientific computing and many ap-
plied sciences. The typical mathematical models are the heat or wave type equations
with discontinuous coefficients, which arise when the physical processes involve two or
more materials or media with non-identical properties. Owing to its mathematical com-
plexity and essential importance in a number of application areas, the study of interface
problems has evolved into a well defined field in applied and computational mathe-
matics. The past few decades have witnessed intensive research activity in interface
problems. Finite element method (FEM) is an another class of important approaches
for interface problems and a wide variety of FEM approaches have been proposed in
the literature. There are two major classes of FEM depending on the choice of the
discretization, namely, interface fitted FEMs and unfitted FEMs. In fitted FEMs, the
discretization is made in such a way that the grid line is either follow the actual interface
or an approximation of the smooth interface. In unfitted FEMs, the discretization is
independent of the location of the interface. There are several finite element algorithms
in the literature designed for the interface problems. Numerical methods applied for
interface problems based on finite element framework can be mainly grouped by con-
forming FEM, Mixed FEM, Discontinuous Galerkin (DG) and Immersed FEMs. More
recently, weak Galerkin (WG) FEMs with polygonal meshes are applied to interface
problems. We now present a brief account of the literature concerning the FEMs for

interface problems.
To begin with, we first present a brief account of the literature on interface fitted

FEMs for the elliptic interface problems. Conforming finite element methods for inter-
face problems are mainly based on the interface fitted discretization. The a prior: error
analysis of elliptic interface problems can be traced back to the work of Babuska in
[14]. Since then, elliptic interface problems have attracted extensive effort in the FEM
community as well (e.g., [17, 31, 35, 85, 105] and reference therein). In [14], the author
has formulated the problem as an equivalent minimization problem and then finite ele-
ment methods are used to solve the minimization problem. Under some approximation
assumptions on finite element spaces, Babuska has obtained sub-optimal order error es-
timate in H' norm. The algorithm in [14] requires the exact evaluation of line integrals
on the boundary of the domain and on the interface, and exact integrals on the interface
finite elements are also needed. The word “optimal order” refers to the classical termi-
nology in the approximation theory (see, [126]). Then, assuming continuity of both the
solution and the normal derivative of the solution along the interface, and fourth order
differentiable on each subdomain, Barrett and Elliott in [17] have shown the conver-

gence of finite element solution to the true solution at an optimal rate in both H! and
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L? norms on each individual subdomain. Under practical regularity assumptions on the
true solution, the convergence of finite element method is studied in [31, 35, 85, 105].
The authors of [31] have obtained almost optimal order convergence in both H' and L?
norms. In [105], Nielsen has proved optimal order convergence in the H' norm for the
elliptic interface problem in the presence of arbitrary small ellipticity. While deriving
the estimates, the author has assumed that the interface triangles follow exactly the
interface I'. In practice, the integrals appearing in finite element approximation are
evaluated numerically by using some well known quadrature schemes. The effect of the
numerical quadrature on the finite element approximation to the exact solution of el-
liptic interface problem is studied in [35] and has derived optimal order error estimates
in L? and H! norms. The performance of conforming FEMs based on interface fitted
discretization depends not only on the quality of underlying finite element partition but
also on the variational formulation of the problem. While the flux discontinuity of the
solution can be captured in a variational formulation, the discontinuity of the solutions
neither fit in the variational formulation nor satisfied in classical FEM solution spaces.
Thus, conforming FEMs for interface problems assume continuity of the solutions along
interfaces. The discontinuous Galerkin FEMs for interface fitted discretization can be
found in [21, 24, 26, 55]. Surprisingly, there has been considerably less work on the
mixed finite element methods for interface problems with non-homogeneous jump con-
ditions (see [20, 27, 142]). In fact, convergence analysis of mixed finite element methods
for time dependent interface problems is still open. In developing numerical methods
for interface problems, higher order of convergence is always one of the major research
goals, because high order methods are more accurate and cost efficient. It is challenging
to obtain high order convergence when the interface geometries are arbitrarily complex.
In [85], the authors provide a complete optimal error analysis of conforming higher order
finite element methods of order p for elliptic interface problems with sufficiently smooth
interfaces. The focus is especially on the case in which the interface is not resolved ex-
actly but approximated with splines of order m and assuming continuity of the solution
along the interface. The material interfaces in real applications can be geometrically
complicated and very irregular. In some extreme cases with nonsmooth interfaces or
interfaces with Lipschitz continuity, geometric singularities, such as sharp edges, cusps
and tips, could be encountered.To achieve a higher order of convergence in the body fit-
ted FEMs, in which unstructured meshes conform to the interfaces, a proper variational
formulation that handles jumps in solution and flux is indispensable. By using super
parametric elements at the interface, the hybridizable DG method [64] is able to deliver

the optimal order of p + 1 in the L? norm for several polynomial orders of p. A weak
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Galerkin (WG) method is introduced in [102] for the elliptic interface problem. The WG
method in [102] has many new features including symmetric positive definite formula-
tion, fewer unknowns and, more importantly, allowing the use of general meshes such
as hybrid meshes, polygonal and polyhedral meshes and meshes with hanging nodes.
These features make the new WG-FEM more flexible in handling complicated interface
geometries. Then the author in [37] provides an optimal combination for the polynomial
spaces that minimize the number of unknowns in the WG scheme without affecting the
accuracy of the numerical approximation. We now turn to the finite element Galerkin
approximation to parabolic interface problems. The first contribution in this direction
is given by Chen and Zou in [31]. For the backward Euler time discretization, Chen and
Zou [31] have studied the convergence of fully discrete solution to the exact solution
using fitted finite element methods. They have proved almost optimal error estimates
in L*(L?) and L?(H') norms. Then optimal order error estimates in the L?(H') and
L*(L?*) norms have derived by Sinha and Deka in [122]. Both the spatially discrete
and the fully discrete backward Euler approximations are analyzed. Later, the same
authors have extended their work to obtain optimal order convergence in the L>(L?)
and L>(H?') norms in [45]. Unlike the conforming Galerkin methods which need special
treatment for the discontinuity across interface, the local discontinuous Galerkin (LDG)
methods provide a natural framework to enforce the discontinuities in both the potential
and the flux weakly in the discrete formulation based on fitted mesh (¢f. [10]). And
the LDG scheme for the non-homogeneous interface problem can also be written in the
standard discrete formulation provided that we introduce a special choice of numeri-
cal fluxes. Theoretical convergence analysis of the LDG method for parabolic interface
problems is still open. For other works dealing with parabolic interface problems with
non-homogeneous jump conditions, we refer to [43, 124] and references therein. Numer-
ical solutions of wave equation with interfaces via fitted finite element algorithm are
carried out in [36, 38, 39]. For homogeneous wave equation with homogeneous jump
conditions, optimal error estimates in L>(L?) and L>*(H!) norms are established for
continuous time discretization in Deka and Ahmed [39]. Further, a fully discrete scheme
based on a symmetric difference approximation is considered and optimal order con-
vergence in L>®(H') norm has been established. Recently, for an implicit fully discrete
scheme, optimal a priori and a posteriori error estimates in the L>(L?) norm have
derived in [36, 38].

Many efforts have been made to develop alternative finite element methods based
on unfitted meshes for solving interface problems. The numerical solution for elliptic

interface problems by means of unfitted finite element methods are investigated by sev-
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eral authors in [17, 46, 57, 61, 82, 83, 88, 98, 123]. The authors of [17] have studied
the unfitted finite element method for elliptic interface problem via a related penalized
problem and have shown that a weaker result on the convergence holds if the penalty
parameter is chosen appropriately. Optimal error estimates in H' and L? norms, for
unfitted finite element discretization, is due to Hansbo et al. [57]. The method allows
for discontinuities, internal to the elements, in the approximation across the interface.
Then the work of Hansbo et al. [57] has extended by Massjung in [98] for hp version of
discontinuous Galerkin method. Massjung [98] proposes and analyzes an unfitted dis-
continuous Galerkin (DG) method to discretize elliptic interface problems. The method
is based on the symmetric interior penalty DG method and follows some ideas from [57].
In the numerical analysis the author has established hp-error estimates in the energy
and L? norms. These estimates are optimal in h and suboptimal in p. Hou et al. [61]
propose a new formulation and further study of the second order accurate numerical
method for elliptic interface problems with general matrix coefficients. The approach
relies on the decomposition of the solution into two parts, a singular part and a regular
part. The singular part is constructed explicitly in terms of the interface conditions
and/or the regular part only locally near the interface. One key advantage of using a
weak formulation is that one can avoid assuming/using more regularity than necessary
of the solution and the interface. Conforming unfitted FEM is proposed and analysed
for linear elliptic interface problems by Sinha and Deka [123]. It has established error
estimates of optimal order in the H' norm and almost optimal order in the L? norm. In
the context of unfitted finite element discretizations, the realization of high order meth-
ods is challenging due to the fact that the geometry approximation has to be sufficiently
accurate. Recently, a high-order unfitted finite element method for elliptic interface
problem is introduced by Lehrenfeld et al. [82]. The analysis reveals optimal order error
bounds in discrete energy norm for arbitrary high-order discretization. Subsequently, L?
norm error analysis has discussed in [83] for elliptic interface problems. A hybridizable
discontinuous Galerkin method present and analyse in [46]. Rigorous error analysis to
show that the scheme can achieve a second order convergence rate for the approximation
of the solution and its gradient. The work has extended in [23]. The authors propose a
new hybrid higher order method to solve elliptic interface problems. The method works
with very general unfitted meshes that satisfy a set of regularity conditions. However, in
this type of methods, mesh generation and refinement can be a technically demanding
and computationally time consuming process. To avoid the complicated mesh genera-
tion process, immersed FEMs have been proposed to allow the interface to cut through

elements so that simple structured Cartesian meshes can be employed. This renders
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immersed FEMs great popularity in solving a variety of interface problems, such as
elliptic interface problem [28, 29, 32, 50, 56, 65, 66, 67, 68, 84, 86, 87, 88, 90, 143] to
name only a few. In fact, immersed FEMs can be regarded as the Galerkin formu-
lations of finite difference based interface schemes. It is not surprised that key ideas
of many immersed FEMs actually come from the corresponding finite-difference based
interface schemes. More recently, a unified work for developing and analyzing a group
of immersed finite element spaces that use interface independent meshes, such as highly
structured Cartesian meshes, to solve elliptic interface problem is presented in [53]. For
higher order immersed finite element methods, we refer to [4, 5]. Discontinuous Galerkin
FEM for elliptic interface problem, based on structured Cartesian meshes, is proposed
in [19]. Essential boundary conditions are imposed weakly via the DG formulation.
This method offers a discretization where the number of unknowns is independent of
the complexity of the domain. Convergence rates for different polynomial degrees are
studied. Further, combining immersed FEMs and DG methods (DG-IFE) together to
solve elliptic interface problems has been proposed in [59, 92]. Subsequently it has been
extended to stoke interface problems [2, 3|, parabolic interface problems [60, 91, 140],
hyperbolic interface problems [6, 7, 73].

1.4 Motivation and Objectives

This section elucidates our contributions and motivation for the present study. In science
and engineering, many physical phenomenons can be described by interface problems.
Hence, solving interface problems accurately and efficiently is of great importance and
has been studied for decades. Due to the inherent complexity of these problems and low
global regularity of solutions, the convergence analysis (both a priori and a posteriori
error analysis) of these problems has remained a major part of the mathematical study
up to the present day. In the present work, we have used conforming fitted finite element
methods to study the convergence of finite element solutions to the exact solutions of

some interface problems arising in biological media.
The equation (1.1.1) is numerically interesting as it does not belong to the well-

studied classes of time-dependent equations. Omne of the first finite element methods
treating electric interface problem has been studied by Ammari et al. in [8]. Well-
posedness of the model interface problem and the regularity of its solutions have been
established. A fully discrete finite element scheme based on backward Euler discretiza-
tion has been proposed for the numerical approximation of the potential distribution.
Optimal convergence order in both L?*(H') and L?*(L?) norms have been obtained with

homogeneous jump conditions. In [8], authors have used fitted finite element discretiza-
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tion. More recently, a fully discrete approximation based on backward Euler scheme is
analyzed in [44] for nonhomogeneous jump conditions. Then optimal error estimates are
derived in L*°(H")-norm and L>(L?)-norm. As far as we know, the other classes of finite
element methods which are developed for interface problems yet to be discussed for the
electric interface model. In this thesis, a fitted finite element method is proposed and
analyzed for the electric interface model (1.1.1)-(1.1.3). Typical semidiscrete and fully
discrete schemes are presented, and analyzed. The fully discrete space-time finite ele-
ment discretization are based on the Crank-Nicolson approximations. Optimal a prior:
error estimates for both semidiscrete and fully discrete schemes are proved in L>(H")
and L°°(L?) norms. Numerical solutions of electric interface model (1.1.1)-(1.1.3) draw
significant attention in a variety of fields such as neural activation during deep brain
simulations [25, 52], debacterization of liquids, food processing [139], biofouling preven-
tion [118], selective spectroscopic imaging of the electrical properties of biological media
[9]-

The equation (1.1.4) is a mixture of the second order in time wave equation and
the first order in time advection equation. When ¢ = 0, equation (1.1.4) represents
wave equation with interface. Hyperbolic equations with discontinuous coefficients are
used in many applications such as ocean acoustics, elasticity and seismology to model
the propagation of small disturbances in fluids or solids. In the study of wave equa-
tions for some physical problems, such as acoustic or elastic waves traveling through
heterogeneous media, there can be discontinuities in the coefficients of the equation
(e.g., [36, 39, 78, 134, 141] and references therein). It has long been established that
body temperature is an indicator of health. Abnormalities in local body surface tem-
perature have been recognized as a sign of disease for centuries. The modeling of heat
related phenomena such as bio heat transfer is of great importance for the development
of biomedical technologies, such as thermotherapy in treating diseases like tumor and
injury involving skin tissue. Heating to the temperatures higher than that required
to treat the diseased tissue can result in inadmissible damage to the adjoining healthy
regions and insufficient heating can lead to under-treatment. Numerical study of non-
Fourier bio heat model (1.1.4) is especially relevant to the field of thermal medicine,
since experimental temperature data is not extensively available. Surprisingly, there
has been considerably less work on the finite element methods for interface problems
(1.1.4)-(1.1.6), despite the substantial amount of research in the design of finite dif-
ference methods for the hyperbolic heat equation with discontinuous coefficients (see,
[33, 76, 100, 108, 121, 138] and references therein). The main contribution of the current

work is to derive optimal order of convergence in time and space for the finite element
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solution to the BVP (1.1.4)-(1.1.6). More precisely, optimal error estimate is derived
in the L>®-in-time/L*in-space norm. The fully discrete scheme can be reinterpreted as
the Crank-Nicolson discretization of the reformulation of the governing equation in the
first-order system, as in Baker [15]. In fact time discretization method is the well-known
Newmark method for wave equation when we adopt the particular choice for the pa-
rameters in the Newmark scheme (¢f. [51, 104]). It is noteworthy that convergence of
finite element method based on Newmark scheme for the wave equations with interfaces
has not been studied earlier. For the fully discrete method based on Backward Euler
scheme, we refer to [36]. Further, current study could provide scope for generalization
to the higher order finite element methods for different classes of time dependent inter-
face problems (see, Remak 3.5.1 in Chapter 3). To the best of our knowledge optimal
a priori error estimates of conforming finite element methods for parabolic interface
problems based on Crank-Nicolson scheme is missing. The error bounds discussed in
[54] is second order in time and almost optimal order in space in the L>°(L?)-norm. The
new results and finite element schemes can be applied to solve a wide variety of physical
models in the fields of engineering, medicine and biotechnology with non-homogeneous

inner structures.
Next, we have made an attempt to extend the convergence analysis to the general

linear second order hyperbolic equation (1.1.7) with interfaces. Convergence analysis,
without the interface, for the general linear second order hyperbolic equation via finite
element algorithm has been well studied in literature (cf. [18, 74, 81, 109] just to name
a few). More recently, the spatial discretization of Westervelt’s quasi-linear strongly
damped wave equation by piecewise linear finite elements has been discussed in [107].
A priori error analysis in [107] heavily depends on general linear wave model with time
dependent coefficients. Optimal convergence in L°°(L?) norm is obtained for sufficiently
smooth solution. Fully discrete error analysis is still open for such problems. However,
to the best of our knowledge, finite element analysis for the general linear second order
hyperbolic equation with discontinuous coefficients has not been studied earlier. In
this work, we are providing both mathematical and numerical framework for the study
of BVP (1.1.7)-(1.1.9). Well-posedness of the model interface problem and a priori
estimates of its solutions are established. Optimal a priori error estimates for both
semidiscrete and fully discrete schemes are proved in L°°(L?) norm. The fully discrete
space-time finite element discretizations is based on second order in time Newmark
scheme. Our results are intended to enhance the numerical analysis of strongly damped

linear wave equations where physical domain consists of heterogenous media.
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1.5 Organization of the thesis

This thesis consists of six chapters, and is organized as follows.
Chapter 1 contains the description of the problems, notations and preliminary ma-

terials to be used in the thesis. It also provides a brief survey on the relevant literature
concerning the problems and their numerical solutions. Further, motivations for the

present study is discussed.
Chapter 2 is devoted to the study of a priori error analysis for the electric interface

problem (1.1.1)-(1.1.3). Optimal order of convergence in L>(L?), H'(L?) and L>*(H")
norms are established for the semidiscrete solution. We have also studied stability of
the semidiscrete solution and derived some estimates which are very crucial for the fully
discrete error analysis. A discrete in time scheme based on Crank-Nicolson scheme is
considered and analyzed for the fully discrete solution. Optimal a priori error estimates
in L>°(L?) and L°°(H"') norms are derived for the fully discrete solution. Further,
numerical results are discussed to validate our theoretical findings. Results and findings

of this Chapter are published in [40, 48].
In Chapter 3, we study a priori error analysis for hyperbolic heat conduction model

problem (1.1.4)-(1.1.6). We have established some new error estimates for the elliptic
projection operator which are crucial for the argument of convergence. Optimal order of
convergence in L°°(L?) and L*>(H"') norms are established for the semidiscrete solution.
The fully discrete scheme can be interpreted as the well-known Newmark method for
wave equation. Optimal order of convergence in L>(L?) and L*®(H') norms are estab-
lished. Finally, numerical results are presented to consolidates our theoretical findings.

Results and findings of this Chapter are published in [41, 42].
Chapter 4 presents a priori error estimates for the spatially semidiscrete scheme

for the Dual-phase-lag (DPL) bio heat model problem (1.1.7)-(1.1.9). Optimal order of
convergence in L>°(L?) and L*(H') norms are established. The derivation of the a priori
error bound heavily depends on the approximation properties of a newly introduced
non-standard elliptic type projection operator along with some new analytical tools and
techniques, including a A-strip argument for quantifying the relation of error near the

interface in terms of the mismatch parameter A.
In Chapter 5, we extend the spatially discrete a priori error analysis to the fully

discrete approximation for the Dual-phase-lag (DPL) bio heat model problem (1.1.7)-
(1.1.9). The fully discrete scheme discussed is similar to the one in Chapter 3. Optimal
a priori error estimates in L>°(L?) and L>(H") norms are derived for the fully discrete

solution. Further, numerical results are presented to validate our theoretical findings.
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CHAPTER 1. Introduction 21

Results and findings of Chapter 4 and Chapter 5 are communicated in [47].
Finally in Chapter 6, we discuss the critical evaluation of the results presented in

this thesis. This chapter concludes with a brief discussion on the possible extensions

and future work.
For clarity of presentation we have repeatedly mentioned the problems and relevant

preliminary materials at the beginning of each chapter.
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Convergence of FEMs for Electric Interface Problem

In this chapter, we study a priori error estimates for the spatially semidiscrete scheme for
the electric interface problem (1.1.1)-(1.1.3). Optimal order of convergence for L>(L?)
and L>°(H') norms are established when the global regularity of the solution is low on
the entire domain. In fact, pointwise-in-time error estimates in L? norm error analysis is
based on the newly established optimal error estimates for H'(L?) norm. We have also
established some a priori estimates for the semidiscrete solution which are very crucial

to prove optimal convergence rate of the fully discrete solution.

2.1 Introduction

To begin with, let us first recall the electric interface interface problem of the form
—V - (eVu' + BVu) = f in Q% (0,T], T < o0, (2.1.1)
with initial and boundary conditions
u(z,0) =ug in Q; w(z,t) =0 on IN x (0,T] (2.1.2)
and jump conditions on the interface

[u] =

o’ ou
0, [e% n Ba—n} —0 along T x (0, 7], (2.1.3)

where (2 is a bounded domain in R¥(d = 2, 3) with Lipschitz boundary 9Q and Q; C
is an open domain with C? smooth boundary ' = 9€; and Q, = Q\;. Other symbols

are as defined in Chapter 1. We assume that the physical coefficients are discontinuous

Published online in Appl. Anal., doi.org/10.1080/00036811.2019.1643010 and Math. Methods
Appl. Sci., 43 (2020), 4598-4613
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CHAPTER 2. FEMs for Electric Interface Model 24

along interface I' and piecewise positive constants. We write

(€1, 81) in €y,
(62,52) in (.

(e, 8) =

Further, initial data uy and source f are real valued functions in €2, and assumed to be

sufficiently smooth.
Well-posedness of the model interface problem and the regularity of its solutions have

been established by Ammari et al. in [8]. In [8], authors have used fitted finite element
discretization with homogeneous jump conditions. Optimal order of convergence in both
L*(H"') and L*(L?) norms have been derived for semidiscrete and fully discrete schemes.
Fully discrete scheme is based on backward Euler time discretization. More recently,
a fully discrete approximation based on backward Euler scheme is analyzed in [44] for
nonhomogeneous jump conditions. Then optimal error estimates are derived in L>(H?)
and L°°(L?) norms for weak Galerkin method. In this chapter, a fitted finite element
method is proposed and analyzed for the electric interface model (2.1.1)-(2.1.3). Optimal
a priori error estimates for semidiscrete solution are proved in both L>(H*') and L*°(L?)
norms. In fact, L>(L?) norm error analysis is based on a newly established optimal
error estimates for H'(L?) norm (see, Theorem 2.3.2). A fully discrete finite element
approximation based on Crank-Nicolson scheme is proposed and have derived optimal
error estimates for the fully discrete solution in both L>*(H') and L*(L?) norms. The
achieved estimates are analogous to the error estimates for parabolic interface problems
(cf. [45]). It is worth to note that equation (2.1.1) does not belong to the well-studied
classes of parabolic problems. Present analysis provides a scope for the generalization
of these works to higher order finite element methods by combining the theory in this

work with the analysis in [85].
The rest of this chapter is organized as follows: Section 2.2 introduces the exis-

tence, uniqueness and regularity of the weak solution. Further, we recall some basic
approximation properties associated with the finite element spaces. Optimal a prior:
error estimates for the semidiscrete solution are derived in Section 2.3. In Section 2.4,
Crank-Nicolson scheme is described along with a priori error bounds in L*°(H"') and

L>(L?) norms. Finally, numerical results are presented in Section 2.5.
Throughout this chapter, C' is a positive generic constant independent of the mesh

parameters A and 7, and not necessarily the same at each occurrences.
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2.2 Preliminaries and Auxiliary Results

In this section, well-posedness of the model interface problem (2.1.1)-(2.1.3) and the
regularity of its solutions are discussed. Further, we recall some basic approximation

properties associated with some auxiliary projections.
The weak formulation of the interface problem (2.1.1)-(2.1.3) is stated as follows:

Find u € H'(0,T; H}(2)) such that
A, v) + Ag(u,v) = (f,v) Vv € Hy (). (2.2.1)

Operators A, and Ag are as discussed in Chapter 1.
Due to the presence of discontinuous coefficients the solution u, in general, does not

belong to H*(€2). But one can expect higher local regularity of the solution when the
coefficients are more smooth locally (¢f. [8]). Concerning the problem (2.1.1)-(2.1.3),

we have the following regularity result. For a proof, we refer to Ammari et al. [8].

Theorem 2.2.1. Let f € L*(J; L*(Q)) and ug € Y. Then the problem (2.1.1)-(2.1.3)

has a unique solution w € H'(J;Y) and u satisfies a priori estimate

lull gy < C (1 |22y + lluolly) -

Let 75, be the fitted triangulation of Q as described in Chapter 1. Let V}, C H}(Q)
be the finite element space, based on the triangulation 7}, consisting of piecewise linear
functions vanishing on the boundary 0€2. Now, we recall following approximated bilinear

maps A (-, ) and Agp(-, -) defined as

Ao (w,v) = Z/EK(x)Vw-Vvdx Yw,v € HY(Q) (2.2.2)
KeT, 7 K

Agn(w,v) = Z/ﬂK(x)Vw-Vvdx Vw,v € H' (), (2.2.3)
KeT, VK

with ex () =€ and S (x) = 6, if K C Qyp, i =1,2.

To derive optimal error bounds, we introduce the elliptic projection operators Qj :
Y — Vu, i =1, 2. For eachv € Y, let f = —5;Av; in Q;, © = 1,2 and ¢ :[ %].
Clearly, f; € L*(Q) and g} € L*(T"). With this f; and g}, we define Q} : Y — V}, by

A/gh(Q;llU,?}h) = (fikavh) + <gi7vh> vUh € Vh7

where (-, ) denotes the scaler product in L*(T).
In a similar way, we define our second elliptic projection operator Q7 : ) — V}, by

Aa(Qhv,vn) = (f3,0n) + (g3, vn) Yon € Vi,
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2]
onl’
By the definitions of the projection operators, it is easy to notice that

where f; = —¢Au;, i =1, 2 and g5 =|e

Apn(Qhv,vn) = Ag(v,v4) You € Vi, vEV & (2.2.4)
A€h(Qf27,Ua Uh) = A€(v7 Uh) \V/Uh S Vha (S y, (225)

and hence, using the coercivity and continuity of the bilinear forms, we obtain
1Qolli < vl Vv e Y, i=1, 2. (2.2.6)

To simplify the notation, in the future, we will not distinguish between Q; and Q3,
and we write Qj, for Q} or Q7. Regarding the approximation properties of the elliptic
projection operator defined in ((2.2.4)(or (2.2.5)), we have the following approximation

result.

Lemma 2.2.1. Let Qy, be defined by (2.2.4)(or (2.2.5)), then for any v € Y there is a
positive constant C' such that (cf. [45, 85])

lv — Quoll + Allv — Quvlls < Ch?|lvlly.

Remark 2.2.1. The newly defined projection operator Oy, is very important for our later
analysis. In Section 2.4, we will see that it enables us to establish optimal H'(L?)-norm
a priori error estimates and generalize the results of [8]. The regularity assumptions for

the solutions are as in [8].

2.3 Spatially Semidiscrete Error Analysis

This section deals with the pointwise-in-time error analysis for the spatially discrete
scheme. First we derive stability results for the semidiscrete solution at the initial
stage. Optimal order of convergence for L>°(L?) and L*(H') norms are established
when the global regularity of the solution is low on the entire domain. In fact, L>°(L?)
norm error analysis is based on the newly established optimal error estimates for H'(L?)

norm.
The continuous time Galerkin finite element approximation to (2.2.1) is stated as

follows: Find uy, : [0,7] — V}, such that
Aeh(u%(t), Uh) + Agh(uh(t), Uh) = (f, ?}h) Yo, € Vi, (2.3.1)

with up,(0) = Q} up.
Choose vy, = uj, in (2.3.1) to have

Aen(up, up) = (f,up,) — Agp(up, uy,). (2.3.2)
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Letting ¢ — 0 and coercivity of A, along with Cauchy-Schwartz inequality on the right
hand side yields

[ ONF < CULFO) e ) + laen (0) 1], (0) 1)
< Ol ez lun (O] + llun(0)[[1 1wy, (0)1)- (2.3.3)

In the previous inequality, we have used the fact that
sup [|f(ON < Cllf [l (22 (-
0<t<T
In fact, for any Banach space B, we know that (¢f. [116], Proposition 7.1)

sup [[o()lls < Cllollase Yo € HAJ;B). (23.4)
0<t<T

For suitable p > 0, we apply Young’s inequality in (2.3.3) to obtain
lur )1 < CU)Lf 1 (rir2y) + 1Qnuoll?) + pllur, ()13
Setting ;1 > 0 appropriately so that 1 — u > 0 and use estimate (2.2.6) to obtain

HUI}L(O)Hl < C(HfHHI(J;L2(Q)) + ||uo|[1)- (2.3.5)

Proceeding in a similar fashion and using (2.3.4), we obtain following stability result

at initial stage and therefore the proof is omitted.

Lemma 2.3.1. Let uy, be the solution of (2.3.1). Then, for f € H'(J; L*(Q)), we have

[ (0)]1: < C(If]

where uﬁf)(O) = 'uy,(t) /Ot

miirr @) + llvolly), 1=1,2,3,

=0
Further, choosing v, = uy, in (2.3.1) and then integrating the resultant from 0 to ¢,

we obtain

1
2A€h(uh / Aﬁh Uh uh( ))d

—1Aeh<uh<o> un(0)) + / (f(5), un(s))ds,

0

o(lm O + [ 1rPa)

< C(lluoll? + 1 B0 sszeqan)- (2.3.6)

which, together with (2.2.6), leads to

()] + / lun(s)|2ds

IN
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Now, differentiate (2.3.1) with respect to ¢ and choose v, = uj, in the resulting equation

to have
1d

2dt

Now, integrate above relation in [0, ¢] and use standard arguments to have

01+ [l < c(laok+ [ 1)

< O (lluoll? + 1 B sszeqan)- (23.7)

Acn (u, wy) + Agn(uy, up,) = (f,up,).

In the last inequality, we have used Lemma 2.3.1.
For higher order derivatives, we differentiate (2.3.1) twice with respect to ¢ and

choose v, = u} in the resulting equation to have
1 d " " " " " "
—EAeh(umuh) + Agn(up, up,) = (f", u)
Integrating from 0 to ¢, we have
1 1 " " " 1 " "
gAa(un(t), uy(t)) + | Asn(un(s), up(s))ds = 5 A (uy(0), 4, (0))
t
+ [ o.its)s
0

Now, standard arguments lead to

ml/n 9)[fids < (g (0 H1/WW|MS

This together with Lemma 2.3.1 leads to

(1)1 + /m 3ds < C(luol} + 11 rzosrzcay ) (2.3.8)

Combining the estimates (2.3.6)-(2.3.8), we have the following stability results for the

semidiscrete solution uy, satisfying equation (2.3.1).

Lemma 2.3.2. Let uy be the solution of (2.3.1). Then, for f € H'(J;L*(Q)) (i =
0,1,2,3), we have

nﬁ%m+/u¢%mwSOQWMHm;Wﬁ@J
0

where ul” (t) = Oy, (t) )0t
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Define the error e(t) as e(t) = u(t) — uy(t) and further splitting e(¢) into standard p

and # arguments, we obtain
e(t) = u(t) — un(t) = p(t) + 6(t), (2.3.9)

where p(t) = u(t) — Qiu(t) and 0(¢) = Q2u(t) — uy(t). From Lemma 2.2.1, we already

have a bound for p(t). So, we only need to estimate 0(t).
Subtracting (2.3.1) from the weak formulation (2.2.1) and using the definition (2.2.5)

of projection operator Q3 it is easy to verify that 6(¢) satisfy the following error equation

A (0 (t), vn) + Agn(0(t),0n) = Aa(p'(t),0n) + Asn(p(t), vn) — A5 (W (1), vn)
—AG, (u(t),v) Yo € Vi (2.3.10)

Set vy, = 0(t) in (2.3.10) and then integrate the resulting equation from 0 to t to obtain

0O+ [ 10G)ds < € [ A6).606)) + Aniols). 00) s
+C/L4 0(8)) + A8 (u(s). 6(5)) s
+ClOO)2

For I, apply continuity of A, and Ag, to have

o< ¢ [ o@hiehds ¢ [ Iaelhiohs
SCWA{W®MHMM@%+@AW@%B

In the last inequality we used the Young’s inequality for some p > 0. Then apply

Lemma 2.2.1 to obtain
t
Iy < C(p)h*|ullzp 7,9 + Cu/ 16(s)[[ds. (2.3.12)
0
To estimate I, we apply Lemma 1.2.2 and Lemma 1.2.4 to have
¢ A
B <0 [ el + W@l 1y 210 s,
0
Now, using Young’s inequality and then apply Lemma 1.2.3 to obtain

)\2 t
2 < Ol + o) [ 16 . (2313
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Combining estimates (2.3.11)-(2.3.13), it now leads to

t /\2
/OHG(s)II%dHH@(t)H? < C|\9<0)II?+C<h2+7)||U|I?mg;y>

t
+C/ 10(s)|7ds.
0

Finally, an application of Lemma 2.2.1 and regularity result Theorem 2.2.1, and the
fact that A € O(h?) and ||6(0)|| € O(h?) leads to the following optimal H'-norm error

estimate.

Theorem 2.3.1. Let u and uy, be the solutions to the problem (2.2.1) and (2.5.1),
respectively. Then, for ug € Y and f € L*(J; L*(Q)), we have

[ — un|| Lo (rmi(9)) < CR(||f | 2(5;220)) + [uolly)-
Now, before proving the L>(L?)-norm error estimate, we shall prove an optimal
H'(L?)-norm error estimate. The basic technique used here is analogous to the technique

used in [8].

Theorem 2.3.2. Under the assumptions of Theorem 2.3.1, we have the following esti-

mate

lu = wn |l ez < CR2( Flle2srz)) + lluolly)-

Proof. We use parabolic duality argument. We define w € H'(J;Y) and wy, € H'(J; V},)
such that for a.e. t € J

As(w(t),v) — A(w'(t),v) = (W (t) —uj(t),v) Yo € Hy(Q), (2.3.14)
Ag(wp(t),vp) — Ac(wy (t),vn) = (W' (t) — up(t),vn) You € Vi, (2.3.15)

with w(T") = wp(T) = 0. Then w(t) = w(T —t) is the weak solution of (2.1.1)-(2.1.3)
with initial value w(0) = 0 and f(t) = «/(t) — u},(¢). Then Theorem 2.2.1 implies that

|wl| a1y < Cllu" = wp || 25522 ) (2.3.16)
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Now, we have

Jw — wh”%ﬂ(J;Hl(Q))

T T
=Aumwﬂmww+ﬂuw@—%wmt
T
< [ (e = Quul} + 1 @uw — wn2)at
0

T
[ (= Quwlf + Qu — w2t
0

= I+ Is. (2.3.17)
Using Lemma 2.2.1 and (2.3.16), we obtain
L < CR w3 gy < CR? (U’ — 7212002 (2.3.18)
Subtracting (2.3.14) from (2.3.15) and setting w = w;, — Qpw, we obtain
Ag(@(t),vn) — Ac(W'(t), vn) = (F'(t), v0) 51 () x HL ()

where F(t) € H Y(Q) for t € J defined by

(F@), v @xm@o = As(w()— Quu(t),v)
—A(w'(t) — Quu'(t),v) Yv € Hi(Q).

Then, using Theorem 3.1 of [8], we obtain
[ ]|z (@) < CIE@) | 22521 -
Now,
(F (1), 0) n-s@peryior < € (I = Quwllalloll + o’ = Qa1 o] )
Using Lemma 2.2.1, we have
1F@)lz2rm-10)) < Chllwllm ).
Hence,

Is = l0lin @y < CPlwllEn .y
CR?|Ju" — w122 (.20 (2.3.19)

A
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Using estimates (2.3.18)-(2.3.19) in (2.3.17), we obtain
||w — wh”Hl(J;Hl(Q)) S C’h||u’ — u;_b||L2(J;L2(Q)). (2320)
Next, we set v = u/(t) — u},(¢) in (2.3.14) to get

/(&) —w, (DI = As(w/(t) — Quu'(t), w(t) — wa(t))

)
—A(Qpu () — uj, (), W' (t) — wp(t)). (2.3.21)
Now, subtract (2.3.15) from (2.3.14) and then set v, = Q}u/(t) — uj,(¢) to obtain
Ag(w — wp,, Qpu’ —uj) — A(w' — w), Qpu’ — uj) = 0. (2.3.22)

Using (2.3.22) in (2.3.21) and then integrating the resultant from 0 to 7', we have
T T
[ o -dora = [ {aso - o o.u) - u)
— A (1) = Qi (8), w'(£) = wh(1)) }dt
T
+ [ {Astunv. @) = (o)

—Ad(wh(8),v/(8) = s (1)) fat

For J;, we have

Ji

IA

Cllu = Quull i (:mr ) lw — whll a1 (g )

IN

Ch2HUHH1(J;y) Hu' - u%HLQ(J;LQ(Q))' (2324)

In the last inequality, we have used (2.3.20) and Lemma 2.2.1.
To estimate Jy, we first observe that

/0 Ap(wa(t), v () —up,(t))dt = —Agz(wy(0),u(0) — up(0))

_/0 Ag(wl(8), u(t) — up())dt — (2.3.25)

and

Ag(w), (1), u(t) = un(t)) + Ae(wy,(£), u'(t) — (1))
= AG (un(t), wh (1)) + AG (uj,(t), wi, (1)) (2.3.26)
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Above relation is a consequence of (2.2.1) and (2.3.1). Now, combine (2.3.25)-(2.3.26)

to have
B= [ { A0 0) + A5 0,0 0)
—Ap(wn(0), uo — Qjuo)

= [ {00 0) + A3 0. w0 e
+{As(wn(0), Qpuo) — Agn(wi(0), Quuo)}
= T+ Ty (2.3.27)

Here, we have used the definition (2.2.4) of the projection operator Q}. We estimate T}
and T5, separately. For 77, use Lemma 1.2.2 and Cauchy-Schwartz inequality to obtain

Tl S C|uh‘H1(J;H1(S/\))|wh’H1(J;H1(S)\)). (2.3.28)

Applying Lemma 1.2.3 and Theorem 4.1 in [8], we have

IN

[un = ul i mi(sy) + lulam sy

C(sz = ulla sy + \/XHUHH%J;J;))
C(llullm ) + VAl s
Clh+ V)l )

|Un| 1 (50))

IN A

IN

Using Lemma 1.2.3 and estimates (2.3.16)-(2.3.20), we have
wnlm i (s)) < Ch+ VNI = |22
Use above estimates in (2.3.28) to have
<O+ h\/X)HuHHl(J;Ji)HU/ - U’h”L?(J;LZ(Q))- (2.3.29)
Finally, for the term 75 use Lemma 2.2.1 and Lemma 1.2.2 to have
Ty < Clwn(0) 1,5, | Qpu(0) 1,5, (2.3.30)
Simple use of Lemma 2.2.1 and Lemma 1.2.3 yields

|Qhuolis, < |Qhuo — uolis, + |uolis,

< C(VA+h)ully
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On the other hand, using estimate (2.3.4), triangle inequality and Lemma 1.2.3, we

obtain

[wi(0)|1,5, < sup [|wn(t)|l1,s, < Cllwnllmrsmsyy)
0<t<T

IN

Cllwn = il @) + Cllwllaem s,
C(h+ VN ||lw|| )
C(h + \/X)Hu’ — u;,LHLQ(J;LQ(Q)).

IN

IN

In the last inequality, we have used (2.3.16). Using the above estimates in (2.3.30), we

have
Ty < OO\ + W) luollylle’ = wjllz2csiz2qa)-
This together with (2.3.29) yields
Jo < OO\ + ) (lullm ey + luolly)lle = whllzaezzco)- (2.3.31)

Summarizing the estimates (2.3.23), (2.3.24) and (2.3.31), we obtain

IA

CA+ W) ([l 1 (i) + lluolly)
< CR(|| fllz2rz@) + lluolly)- (2.3.32)

" — || L2 (120

In the last inequality, we have used the fact that A = O(h?) and Theorem 2.2.1. Finally
Theorem 4.2 in [8] leads to the desired result. [

Remark 2.3.1. In Theorem 2.3.2, we have assumed u,(0) = Qjug for our convenience.
Optimal error bounds in Theorem 2.3.2 can also be easily established for the other choice

ur(0) = Q2 uy.

Now, we are in a position to derive the L>°(L?)-norm error estimate for the semidis-

crete scheme in the following theorem.

Theorem 2.3.3. Under the assumptions of Theorem 2.5.1, we have

= upl| L2 ) < CRP(If |22 + lluolly).

Proof. Similar to Theorem 2.3.2, we use parabolic duality argument. We define
w e HY(J;Y) and wy, € H'(J;V}) such that for a.e. t € J

As(w(t),v) — A(w'(t),v) = (u(t) — ux(t),v) Yo € Hy (), (2.3.33)
Ag(wp(t), o) — Ac(wy (), vn) = (u(t) — up(t), vy) Yo, € Vi, (2.3.34)
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with w(T') = w,(T) = 0 and

ow ow
on on

B— — e—] =0onI x (0,7]. (2.3.35)

Then w € H'(J;Y) satisfies following a priori estimate (cf. [8])
w0y < Cllu = unllL2s.02(0))- (2.3.36)

Set v = u/(t) — u),(t) in (2.3.33) and then integrate the resulting equation from 0 to ¢ to

obtain

A simple use of Green’s formula and identity (2.3.35) leads to
1 2 1 1, (2
Sllutt) — un(0)? = 5 luo — Sl
¢
— [ {= (V- (390 0(5) = i s) + (V - (Vu'(s)). w'(s) ()} .
0
Then by Cauchy-Schwartz inequality, we obtain

() — un(®)]* = lluo — Qyuoll®

IA

Cllwl gyl — w22 (15020

IN

Cllu — uh”%ﬂ(J;L?(Q))
< O (|l s2sz2) + luolly)?,

where we have employed Theorem 2.3.2 and (2.3.36). Combining this inequality with
|lug — Qruo||* € O(h*) completes the proof of Theorem 2.3.3 [

2.4 Fully Discrete Error Analysis

In this section, we are now going to formulate a fully discrete finite element scheme
to approximate the solution of the interface problem (2.1.1)-(2.1.3). A discrete in time
scheme based on Crank-Nicolson scheme is considered and analyzed in this section.

Optimal a priori error estimate in L>(L?) and L>°(H"') norms are derived.
We first divide the time interval [0,7] into M equally-spaced subintervals by the

following points

0:t0<t1<...<tM:T,
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with ¢, = n7r, 7 = 1 being the time step. Let, I,, = (¢,_1,t,] be the n-th subinterval.
For any given sequence {¢"}} | C L*(Q) and a function g € C(J; L*(12)), we define
o ¢n _ (bn—l .
aﬁb = s g('):g("tn)’ n:l,Q,...,M.
Let Vj, be the finite dimensional subspace of H}(2) defined on 7, consisting of

piecewise linear functions vanishing on the boundary 0f2. The assumptions on the

triangulation 7, are detailed in Chapter 1.
Then the fully discrete finite element approximations to the problem (2.1.1)-(2.1.3)

is defined as follows: For each n =1,2,..., M, find U™ € V}, such that

_ Un+Un—1 n n—1
Aeh(aU”,vh) +Agh<T,0h) = (f 2f Uh) VUh € Vh, (2.4.1)

with U% = Qj uy.
The existence and uniqueness follows immediately from the Lax-Milgram theorem.
Next, we define the error e as €” = u™ — U™ and using the semidiscrete solution uy, as

the intermediate operator, we obtain
e" = (u" — up(tn)) + (un(tn) — U") == p" + 0",

where p" = u™ — uy(t,) and 0" = uy(t,) — U™
From Theorem 2.3.3, we already have a bound for p”. So, we only need to estimate

0™. For that we have the following result.

Lemma 2.4.1. Let U™ and uy, be the solutions to the problem (2.4.1) and (2.3.1),

respectively. Then, we have

T
Vo < 072/ | V|| ds.
0

Proof. To analyze 0", we substitute ¢t = t;, and ¢t = t;_; in (2.3.1) and then add to obtain

Aeh(Uh<tk) —TUh<tk—1) ’ Uh) n Aﬁh<Uh(tk) +2uh(tk—1) 7 Uh)

(f 2f h>+A€h<uh(tk)_uh(tk1)’Uh>

-
n(t L (e
_A€h<Uh< k) +2uh( k 1),%) — 2.42)
Now, subtracting (2.4.1) from (2.4.2) and making some arrangements, we have
ok + o+1 gk _ gh—1
Aﬁh( 9 ’Uh> +A6h< — »Uh> = A (", vp), (2.4.3)
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where
S tnlte) —un(ti—1)  up(t) + (1)
T 2 ‘
Choose vy, = 9k+gk_l in (2.4.3) to have
A (0%,05) — A, (0871 051 < Cr AL (o, 0F +0%71). (2.4.4)
Now, it follows from (2.2.2) that
2
Aep(w, w) = Z/ e,Vw - Vwdr = / enVw - Vwdz, (2.4.5)
i=1 Yin Q
where €, = ¢; in ;5 (i =1, 2). Using equation (2.4.5) in (2.4.4), we obtain
1 1 1 1 1
le VOUIIP — llez VO 12 < Crllei Vot | (llez VO* || + llez VO<1)),
so that
1 1 1
lez VO8Il — llez VO | < Crlle; Va'il. (2.4.6)

Summing both sides in (2.4.6) over k = 1,2,...,n and observing that §° = 0 leads to

leg vomll < O ) lle va*|.

k=1

(2.4.7)

Now, it remains to determine estimates for o*. To find an estimate for o*, we consider

the following two parts separately

k Uh(tk) - uh<tk—1> , < T)
= _ t 3 i

o1 T Up | -1 + 5 )
w(t ! (b

o, up, <tk_1 + %) _ un (k) +2“h( k 1)‘

First we estimate of. Using the Taylor’s expansion, we obtain

tr) — up(te— 1 (%
un(t) = untir) uy, (tk,l - Z) — —/ (tx — 5)%u)(s)ds
T 2 T tp-1+3
1 [fte—1t3
s [T )
T Jtp s '
Then the standard analysis from Thomée [126] leads to
tk) — T
Vot = Hv<w( k) Tuh( k1) —u%(tk_l i g))”

tg
< CT/ | V|| ds.
th—1

(2.4.8)
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Following the same arguments as for o}, we obtain

tg
IVok|| < (JT/ V|| ds. (2.4.9)

th—1
Use (2.4.8) and (2.4.9) in (2.4.7) to get the desired result.
Finally, from Lemma 2.3.2, Lemma 2.4.1 and Theorem 2.3.1, Theorem 2.3.3 the

following results follows immediately.

Theorem 2.4.1. Let u and U™ be the solutions of (2.1.1)-(2.1.3) and (2.4.1), respec-
tively, then for f € H3(J; L3()), the following estimates hold

[ = U < CO+ ) (Il + luolly )
Jur -0 < o +72) (I lmsazy + luolly).

Remark 2.4.1. To derive O(h™) (m > 0) error estimates for non-interface time depen-
dent problems in the literature generally require uw € L*(0,T; H™1(Q)) n HY(0, T; H™1(Q)),
see [126]. Because of the low global reqularity of the true solution of interface problem
it is mot straight forward to apply the standard finite element error analysis technique
of non-interface problems to interface problems. The present work generalize the results
of [8] under the same regularity assumptions of the true solution. To the best of our
knowledge, optimal pointwise-in-time error estimates for the electric interface problems

have not been established earlier for conforming finite element methods.

Remark 2.4.2. The proposed fully discrete finite element scheme can be easily extended
for the numerical approzimation of the solutions to the IBVP (2.1.1)-(2.1.2) coupled with

the following jump conditions

e—~— + ﬁ—n =g alongT x (0,7T]. (2.4.10)

For numerical validation, we refer to numerical Examples 2.5.1-2.5.3. For backward

FEuler time discretization, we refer to Dutta et al. [48].

2.5 Numerical Results

In this section, we present some numerical experiments to validate the theoretical find-
ings presented in the previous section. To illustrate the flexibility of the method, different
forms of interfaces along with a large scale of variation in the physical coefficients are

considered. For our first two numerical experiment, globally continuous piecewise linear
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finite elements (IP;) based on fitted triangulations of €2;, i = 1,2 are used. The nodes of
the triangulations of €2; and €25 coincide on the interface I' as stated in Chapter 1. A
higher order fitted finite element approximation has been carried out in Example 2.3.

All the numerical computations are done in the time interval J = (0, 1].
Our main emphasis here is to understand the behavior of the true errors obtained in

Theorem 2.4.1 on fitted meshes with uniform time steps. For each quantities of interest
we observe its experimental order of convergence (EOC). For a given finite sequence of

successive runs (indexed by i), let

e ¢(i) = the error corresponding to the L? and H'-norms on the i—th iteration and

e h(i) = the mesh size of the run i .

Then the experimental order of convergence (EOC) is computed by
. log(e(i + 1)/e(i))
EOC(i +1) = : .
D= og(h(i 1 1)/m(0)
Example 2.5.1. For our first numerical example, we consider the two dimensional

domain Q = (—1,1) x (=1,1) and the interface T is taken to be the circle 2 + y* =

r? = 1/4. The source function f is taken as

7

4(o1t + €1) if 2 <1
{(o2t + &) sin(mz) sin(7y) (27%(L — r?)
f(xa Y, t) =
+ 4sin(mz) sin(my)) + 4ma sin(wy) cos(mx)
|+ 4y cos(my) sin(mz) } ifr2 > 1

And the exact solution of the problem is given by

The Dirichlet boundary condition, initial data and interface function are calculated from
the exact solution. To mark the significance of the interface model problem (2.1.1), we

take a specific thermal parameters from the paper by Rems et al. [114] given as

o, = 0.25 if r2 < }L, e =70 ifr:< %1,
o= & e=
09 =5 x 1077 ifr? > %1, e =45 ifr?> }1.
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Figure 2.1: Exact solution (left) and triangulation (right) of €2 for A = 0.167378 with

circular interface (Test Example 2.5.1).

In Figure 2.1, we show the exact solution and triangulation of the domain 2 with

mesh size h = 0.167378 at final time step. Table 2.1 represents the numerical solution

errors and convergence rates in both L?-norm and H!'-norm for the Crank-Nicolson

scheme. It is clear from Table 2.1 that the Crank-Nicolson scheme, for linear finite

element solution, gives optimal order of convergence for 7 = h in both L? and H! norms

which confirm the theoretical prediction as proved in the Theorem 2.4.1.

Table 2.1: L? and H' norms error analysis with time step 7 = h

h T~ h | lu—upll2@ | EOC | |lu—unlm@ | EOC
0.3050910 | 0.30 | 3.68502e-01 - 6.97774 -
0.1673780 | 0.16 9.78080e-02 | 2.0648 3.58550 0.9648
0.0828717 | 0.08 2.64808e-02 | 1.9537 1.82200 1.0122
0.0420952 | 0.04 | 7.43036e-03 | 1.9911 | 9.0403e-01 | 1.0980

Example 2.5.2. For our second numerical example, we take the computational domain
Q= (-1,1) x (—1,1) and the interface ' is the ellipse given by 4x? + 163> = r? = 1.
We select the data in (2.1.1)-(2.1.2) and (2.4.10) such that the exact solution is given

by

u(z,y,t) =

5(1 —r?)sint

t(1—=r?)(2* = 1)(y* - 1)

with 01 = €; =1 and 09 = 5 = 10.

if r2 <1,

if r2 > 1,

TH-2392_146123010



CHAPTER 2. FEMs for Electric Interface

41

W
‘/Ab‘"

il

A AATAVANANAY, v

oYV,

A
VAAYA)
vgmvﬁ; O
f&"

v
kK

K
/N
AVAVS

OANVINNN
ng&mﬂMNﬁh‘
g

VW
K5
N

0
"y
WA
ﬂ»

N

\VAVAVZ\N

va
0
W
N

b0

/X
VL

Z\

Yivavey, N AVA

AN <\ %
_ 47)7§§‘=§4;A‘M IEI

O

ISR SPR]
A
AT A SN AVAVATL S S

R

ZAVANNAVANZZ

ANSUAINSS]
YAV

%
AR
QARK/NK]
(VAVAVAVA

Q)

R
XK
ANNNY/

A%
00
gu

y
AV

D
N,
A,

Figure 2.2: Exact solution (left) and triangulation (right) of € for A = 0.152069 with

elliptic interface (Test Example 2.5.2).

In Figure 2.2, we show the exact solution and triangulation of the domain €2 with

mesh size h = 0.152069 at final time step. By successive mesh refinements using piece-

wise linear finite elements, the convergence behavior of the solution with respect to the
L?-norm and H'-norm are listed in Table 2.2. It is evident from Table 2.2 that we have

achieved optimal first order of convergence in H'-norm and optimal second order of

convergence in L?-norm for the coupling 7 = h which confirm the theoretical prediction

as proved in the Theorem 2.4.1.

Table 2.2: L? and H' norms error analysis with time step 7 = h

h T | ||u—up|2@ | EOC | [u—upllg@ | EOC
0.1520690 | 0.15 2.46751e-01 - 8.71344 -
0.0779091 | 0.07 6.11024e-02 | 2.0871 4.36022 1.0352
0.0411529 | 0.04 1.58101e-02 | 2.1181 2.17988 1.0862
0.0247278 | 0.02 3.98563e-03 | 2.1792 1.07225 1.1221

Example 2.5.3. For our final numerical example, we consider the two dimensional

domain ©Q = (—1,1) x (—1,1) and take line interface x = 0. The exact solution of the

problem is given by

tsin(mz) sin(my)

u(x7 y7 t) =

tsin(2mz) sin(my)

if x <0,

if x > 0.
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The value of coefficients o and € are same with example 2.1. The source function f,
Dirichlet boundary condition, initial data and interface function are calculated from the

exact solution.

0.8

0.6

H

0.4

WI 4&%}, IO\ | ‘%
l 7 -0.2

-0.4

-0.8

Figure 2.3: Exact solution (left) and triangulation (right) of Q for A = 0.125 with line
interface (Test Example 2.5.3).

In Figure 2.3, we show the exact solution and triangulation of the domain 2 with
mesh size h = 0.125 at final time step. Figure 2.4 (a) shows the convergence behavior of
the P, elements. We note that the linear finite element (P;) solution gives the optimal
first order convergence in the H'-norm and second order convergence in the L?-norm.
Due to poor approximation of the interface it is not always possible to get higher order
approximation using Galerkin finite element methods. However one may expect higher
convergence result depending on how well the mesh resolves the interface. It is clear
from Figure 2.4 (b)-(c) that we have achieved optimal order of convergence in both

H*'-norm and L2-norm for quadratic finite element and cubic finite element respectively.
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Convergence of FEMs for Hyperbolic Heat Equation

with Interface

This chapter is devoted to the a priori error analysis in finite element methods for
the hyperbolic heat conduction model problem (1.1.4)-(1.1.6). Typical semidiscrete
and fully discrete schemes are presented for a fitted finite element discretization with
straight interface triangles. The fully discrete space-time finite element discretizations
is based on second order in time Newmark scheme. Optimal a priori error estimates
for both semidiscrete and fully discrete schemes are proved in L*°(L?) norm. Numerical
experiments are reported for several test cases to confirm our theoretical convergence

rate.

3.1 Introduction

To start with, we first rewrite the Non-Fourier bio heat transfer model problem of the

form
W'+ ou' —V-(BVu)=f inQx(0,T], T < oo, (3.1.1)

with initial and boundary conditions
w(z,0) =up, u'(x,0)=1v9 inQ & u(x,t) =0 on N x (0,7 (3.1.2)

and jump conditions on the interface

[u] = 0, [ﬁg—ﬂ —0 along ' x (0,7], (3.1.3)

Some parts of this chapter published online in Comput. Math. Appl., 79(2020), 3139-3159 and J.
Appl. Math. Comput. 62 (2020), 701-724

45
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where (2 is a bounded domain in R%(d = 2, 3) with Lipschitz boundary 9 and ©; C
is an open domain with C? smooth boundary I' = 9€; and Qy = Q\;. Other symbols
are as defined in Chapter 1. We assume that the physical coefficients are discontinuous

along interface I' and piecewise positive constants. We write

(01751) in €,
(02752) in €.

(0,8) =

Further, initial data (ug,vo) and external force f are real valued functions and assumed

to be sufficiently smooth.
In the last few years, demand for reliable and efficient numerical algorithms for

partial differential equations with interfaces has increased. Due to the discontinuity
of coefficients along the interface, the solution of such problem has low regularity on
the whole physical domain which makes it very challenging to construct a stable and
accurate numerical scheme with the classical finite element /finite difference methods.
However, one can expect higher local regularity of the solution of the interface problem
when the interface is smooth enough [31, 79]. Although there are substantial amount of
research in the design of finite difference methods for the hyperbolic heat equation with
discontinuous coefficients (see, [33, 76, 100, 108, 121, 138] and references therein), there
are considerably less work on the finite element methods for interface problem (3.1.1)-
(3.1.3). In this chapter, we propose a fitted finite element method for the hyperbolic heat
equation with discontinuous coefficients. The finite element solution, for the spatially
discrete scheme, converges to the true solution with an optimal order in L>°(L?) and
L>(H') norms. For the temporal discretization, Crank-Nicolson scheme is applied after
rewriting the governing equation in the first-order system, as in Baker [15]. Optimal
order of convergence in L>(L?) norm is derived for the fully discrete solution. The
derivation of the error bounds in present work are based on some new analytical tools
and techniques, including a A-strip argument for quantifying the relation of error near
the interface in terms of the mismatch parameter . Finite element algorithm presented
here can be used to solve a wide variety of hyperbolic heat conduction models arising

in science, engineering and biomedical technologies.
The rest of this chapter is organized as follows: Section 3.2 concerns well-posedness

of the model problem. In Section 3.3, we derive some error estimates for newly intro-
duced operators, involving A-strip. Optimal a priori error estimates for the semidiscrete
solution in L°°(L?) and L>*(H') norms are derived in Section 3.4. Error estimates for
the fully discrete scheme are discussed in Section 3.5. Finally, Section 3.6 focuses on

numerical experiments.
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3.2 Preliminaries

In this section, well-posedness of the model interface problem (3.1.1)-(3.1.3) and the
regularity of its solution are discussed. For our convenience, we use spaces W, V and
V' for L*(Q), H}(2) and H~(Q), respectively. Further, we recall global bilinear maps
Ag(-,) - HY(Q) x HY(Q) = R and B,(-,-) : L*(Q2) x L*(Q) — R defined by

Ag(w,v) = /Qﬁ(x)Vw Voude = Aj(w,v) + A3 (w,v) Yw, veV,

B,(w,v) = /U(J;)wvdm Yw,ve L*Q) Yw, veW.
Q

Local bilinear maps A% : H'(Q;) x H' (%) = R, [ =1, 2, are as defined in Chapter 1.
Next, we define the weak and strong solutions to the equation (3.1.1). We adapt
following notion of weak solution to the model interface problem (see, for instance,

8, 18]).

Definition 3.2.1. Let ug € V, v € W and f € L*(V'). A function u € L*(V) N
HY(W)NH*(W) is called a weak solution of (3.1.1)-(3.1.2) if u(0) = ug and u;(0) = vy,

and it satisfies following weak formulation
(uﬂv U) + BG(U/J U) + Aﬁ(“? U) = <f<t’ ')7 U>V’><V7 (321)

for all v € HY(Q) and a.e. t € (0,T]. Here, {-,-)vrxv denotes the standard duality
product.

Existence and uniqueness of a solution to the variational problem (3.2.1) is proved
in [120, 132]. We refer to ([132], Theorem 2) for the sufficient conditions under which
problem (3.2.1) has a unique solution such that u € L?*(H}(Q)) N H*(L*(Q)). Tt is
wroth to note that formulation (3.2.1) also arises in the modeling of acoustic wave
equation with absorbing boundary condition, in which physical quantities are allowed

to be discontinuous at the interface (c¢f. [16] and references therein).

Definition 3.2.2. Let ug € Y, vg € W and f € L*(W). A function u € L*(Y) N
HYW)NH?*(W) is called a strong solution of (3.1.1)-(5.1.3) if u(0) = ug and v'(0) = v
with jump conditions (3.1.3), and the relation

u"(x,t) + o(z)u(x,t) — V - (B(z)Vu(z,t) = f(z,1) (3.2.2)

holds for a.e. t € (0,T] and a.e. xz € Q; (i =1, 2).
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Now, we prove the following result which is crucial to prove the existence of a strong

solution to the interface problem.

Lemma 3.2.1. Let u be the weak solution of (3.1.1)-(3.1.2). Assume that ug € Y,
vo €W, f e L*(W) andu € L*(Y) N HY W) N H*(W) . Then u is a strong solution
for (3.1.1)-(3.1.3).

Proof. For uw € L*(Y) N H'(W) N H*(W) and a.e. t € (0,T], upon integration by parts,

we obtain
/ -V - (BiVu)vde = / BiVu - Vudz
= (f—u'"—ou,v)q, Yve H;(), (3.2.3)

which implies that

—V - (BiVu(z,t) = f(z,t) —u"(z,t) — o (z, 1)

holds for a.e. t € (0,7] and a.e. = € Q; (i = 1, 2). Next we show that the weak
solution also satisfies the jump conditions (3.1.3). Applying integration by parts, for
a.e. t € (0,T], we have

2 2
0 = Z/ (" + o’ — fudz + Z/ —V - (B;Vu)vdz
— Z/ ' o — f fudx+2/ B:;Vu - Vudzx

—/ﬁl—vder/ﬁg—vds

= Zzl /Qi(u// + O'iu/ — f)UdZE + Zzl /QZ BZVu . VUdI — / [Bgz} UdS

2 2
= Z(u// + o — f,0)q, + Z.Aiﬁ(u,v) - / [ﬁg—z} vds YveV. (3.24)
i=1 r

=1

Above relation together with the definition of weak solution it follows that

/ {Bau}vds—o Yv e V.
on

The arbitrariness of v shows that u satisfies the second jump condition in (3.1.3) (for

instance, see [8]).
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The first condition in (3.1.3) is a direct consequence of the fact that u € L*(V'). For

instance, if v designates the trace operator on T', it is well known [22] that

ur|r — u2|p = Yrur — Yrug = yru — yru = 0.

This completes the proof. [
The next result is concerned on the existence of a strong solution to interface problem

(3.1.1)-(3.1.3).

Theorem 3.2.1. Let ug € Y, vg € V and f € L*(W), then the interface problem
(3.1.1)-(3.1.3) admits a unique strong solution.

Proof. Let u be a weak solution to the interface problem (3.1.1)-(3.1.3) satisfying (3.2.1).
For a.e. t € (0,T], we consider following auxiliary problem: Find w(t) € V such that

As(w,v) = (f —u" — ou/,v) Yv e, (3.2.5)

with [w] = 0 & [8%%] = 0 across the interface I. From the regularity estimate for

elliptic interface problem (cf. [31]), it follows that w € Y.
Now, subtracting (3.2.5) from (3.2.1), we have

Ag(u —w,v) =0 Yo e,

which implies that u(z,t) = w(z,t) for a.e. t € (0,7] and a.e. = € Q. Therefore,

u € L*(Y) and due to Lemma 3.2.1 it is a strong solution to the interface problem

(3.1.1)-(3.1.3).
Uniqueness follows from the fact that the problem: Find w : [0,7] — H(Q) such

that
(w”,v) + B, (w',v) + Ag(w,v) =0 Yo € Hy(Q),

with w(z,0) = 0 = w'(z,0) has only trivial solution in Q x [0,7]. O

Remark 3.2.1. Due to the presence of discontinuous coefficients the solution to the
time-dependent interface problem, in general, does not belong to H'(H*(SY)). However,
the solution to the interface problem can be proved to be sufficiently smooth in each
individual subdomain 1 and Qo for smooth data. As we are not aware of proofs of such
local reqularities for the interface problem (3.1.1)-(3.1.3) in literature, we will assume
additional regularity of u which guarantee the convergence results. In this work, it is
implicitly assumed that initial data (ug,ve) and the source function f are sufficiently

smooth so that solution belongs to desired Sobolev spaces.
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We assume v € L*(0,T; L*(Q)) and then map the solution u to
w e L20,7;Y)N HY(0,T; H*(Qy) N H*(Q)) N H*(0,T; H(Q,) N H'(Qy)),
which satisfies following wave equation (cf. [36], Theorem 2.1.1)
w" =V - (fVw) = f—ou' inQx(0,T],
with initial and boundary conditions
w(z,0) =ug & w'(x,0)=vy nQ; wlx,t)=0 ondQx (0,7

and jump conditions on the interface
0
[w] =0, {Ba—iﬂ =0 along T x (0,T].
It is easy to verify that u(z,t) = w(x,t) for a.e. t € (0,T] and a.e. z € Q, and u

satisfies following a priori estimate (cf. [36], Theorem 2.1.1)
2
> Al 0. + lullzn e }
i=1

2
< C(Jlw" )12 + 3 " O + I Iz + 11wy )
=il

< C<||UOHJ2LI3(Q) + llvollZr2e) + I1f ey + HUHIH%Q(LQ(Q))>' (3.2.6)

Thus, if u € H3(0,T; L*(Q)), we find that u(t) and u'(t) are smooth in each subdoman
0y and Qs for a.e. t € (0,T] when initial data uy € H3() and vy € H*(Q), and source
function f € H*(HY(2)). In fact, such smoothness for (ug,vo) and f should be sufficient
to ensure uw € H3(0,T; L*(Q)) (cf. Remark 8.4.1).

3.3 Auxiliary Projections

In this section, we introduce some auxiliary projections and prove their approximation

properties for the fitted finite element triangulations 7, as discussed in Chapter 1.
As it may be computationally inconvenient to evaluate the integrals appearing in

finite element approximations exactly, we use approximations of the original bilinear
maps Ag(-,-) and B,(-,-). For our convenience, we now recall approximated bilinear
maps Agy (-, -) and Byy(-, -) from Chapter 1 defined as

Agp(w,v) = Z/BK(x)Vw-Vvdx Vw,v € H'(Q),
KeT, VK

Bon(w,v) = Z/JK(x)wvdx Vw,v € L*(9).
KeT, 7 K
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Here, Sk (x) = B; and ox(z) = 0; if K C Qp, i =1,2.
Analogue to Lemma 1.2.2, for the difference between the bilinear form B, (-, -) and

its approximated bilinear form B,(-, ), we have the following result

Lemma 3.3.1. For z € H'(Q2), we have
1By (2,v8) — Bon(z,v)| < CR?||z||1||onll1 ¥ v € Vi (3.3.1)
Furthermore, for z € X and v, € V}, there holds
B (2, vn) = Bon(z, vn)| < C(h* + A)z|x[[oall- (3.3.2)
Proof. We define

y KnNnQ, ifKeT?
K= (3.3.3)
KNQ, if KeTh

Clearly, K € S, N, i = 1,2. Then we get

|B,(z,vn) — Bon(z,v1)| < Z

KeTs

<O lellgllonllz  (3:34)

KeT.

((a —0K)Z, vh)f(

Now, using Holder’s inequality, we obtain

3(p—2

)
5 |2l oy V2> 2 (3.3.5)

Izl < Ch
We now recall Sobolev embedding inequality for two dimensions (¢f. Ren and Wei [115])
[l 2oy < CpE|Jw]ipm Yw € HY(M), p> 2. (3.3.6)

Now, setting p = 6 in (3.3.5) and then using the Sobolev embedding inequality (3.3.6),

we obtain

12l & < Chllz]l1 k- (3.3.7)
Proceeding in a similar way, we obtain

vnll g < Chllvpl|1 k- (3.3.8)

Using estimates (3.3.7)-(3.3.8) in (3.3.4), we obtain the first inequality.
For the second inequality, let p — oo in (3.3.5) to have

2
3 3 3
l2llz < Ch2 |zl gy < Ch2 Y |zllmi0ny < ChZ |22 (3.3.9)

i=1
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Here, we have used Sobolev embedding inequality ||z|/z=(,) < C|z|l2,0,- From Lemma
2.1 in [85] we then infer

2|, i =1,2. (3.3.10)

12015,00, < CAllzlle,

Finally, Poincafe inequality, standard inverse estimate ||Vuvy|| < Ch™|vy|| together with
(3.3.9)-(3.3.10) and (3.3.4) leads to

By (2, 00) = Bon(zn)| < C%%vwx(EQrwwé)

KeT.

2
3
Ch? ||Z||X(Z ||Uh||§m9i)
=1
mm&)

2
cmﬂdu(E:MWM
i=1
< ChV|2| xllunll < C(R2 + )12 xllon])-

IA

(S

IA

Q;

3 1 1
Ch2 |2l VX l|on|2 0w}

IN

This completes the rest of the proof. [

Let X = {v € X : [v] = 0 and [8dv/0n] = 0 along T’ with v = 0 on 9N}. Since I is
of class C?, thus v; = v|q, € H*(;), i =1, 2 can be extended to &v € H?(2) such
that

Ev =0 a.e. in; and ||Ev]2 < C||v]2.q;- (3.3.11)

For the existence of such extension, we refer to Stein [125].
Let II, : C(Q) — Vj, be the standard Lagrange interpolation operator. Then for

K €T, and v € X, we define our new interpolation operator such that

IM,Ev if K C ) hs
vy = . . (3.3.12)
II,Ev if K C 927}1.
Next, we derive an important lemma to be used in proving the convergence of the
new interpolation operator v;.

Lemma 3.3.2. Let v € X, then, forl =1, 2, we have
(2) Y ll&wll & < CVA[vlla0,,
KeT}

(b) Z vl z < C\/XHUHQ’QV’ I'=2, whenl=1andl' =1, whenl =2,
KeT}!

where K is as defined in (3.3.3).
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Proof. For the first inequality, we observe
UKGT*IK - UKGT*I(K N QQ) C Si C QQ, S;\ - S)\ N Qi, 1= 1,2

Hence, it follows immediately that

> Ewlhg = D 1€1wlhkne, < €] s

KeT} KeT}

Now, using (3.3.10), we obtain
1€10]|,52 < CVAEl20, < CVX[IE10]l2.

Finally, equation (3.3.11) leads to the part (a).
The proof of the second inequality is analogous to the above proof and hence we

omit the details. [J
Based on previous lemma and techniques used in [36], we have the following approx-

imation result for v;.

Lemma 3.3.3. For any v € X, we have

v — vrlla, + v = villig, < C(h+VA)(|Jv

2.0, + [|v][2,0.)

Proof. For the H'-norm estimate, we have

lo = vrlluey + [lv = vrll,e,

< Z v —vrlli,x + Z v —vrlli,x

KeTp\Tx KeT.
< Ch([[vllao, + [vlla0) + D o =villx + Y v = vrllux
KeT} KeT?
.= Ch(||v]|2.0, + [[Vll2.0,) + J1 + Jo. (3.3.13)

First, we estimate the term .J; as follows

J1 < Z lv —vr||l1kn0, + Z lv —vr||1.Kn0s- (3.3.14)
KeT} KeT}

For any interface element K € 7!, we have K C ;5. Also, using the continuity

property of the extension operator & and noting the fact that Ugcn KNy C € yields

Z lv —vrllikna, = Z |Evv — & rv||1 knay

KeT} KeT}
< & = p&ivlle, < Chf|Ew]l2 < Chljv]2q, -
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For the second term in right hand side of (3.3.14), we observe that

Z v = vrll1, K00,

KeT}
< Z |E2v — E1vll1 ko, + Z 1E1v — HR&Ev||1 Kkna,
KeT} KeT}

< OVA(Ivllz, + [[0]12.02) + 110 — MaErofly
< OVA(IIvllz, + [0ll2.02) + ChErvll2
< C(VA+ B)(I[ollz0, + [[0]12.02)-

Here, we have used the continuity of extension operators &, [ = 1, 2 and Lemma 3.3.2.
Using both estimates in (3.3.14), we obtain

Ji < C(h+ VN ([vlla0r + [[v]l2.0.)-
Proceeding in a similar way, we derive
Ty < C(h+ VA ([[olla0; + [[0]l20.)-

This completes the rest of the proof. [
Now, we are in a position to define our elliptic projection operator. We define

Qp: X — Vi by
Apn(Qnv,vn) = Ag(v, vn) + A3 (v, vg). (3.3.15)

Regarding the approximation properties of Q) operator defined by (3.3.15), we have
the following results. For a proof see Appendix A in Dutta et al. [41].

Lemma 3.3.4. Let Q, be defined by (3.3.15), then for any v € X there is a positive

constant C' independent of the mesh parameter h such that
A
a. | Qw = vllia, + 19w = vlha, < C(h+VA+ S ) (lolag, + ollza.),
1\ 2
b 10—l (1 VA +3) (olla + olla)
Let L, : L*(Q) — V, be the standard L? projection defined by
(Lyv, ) = (v,¢) Vo € Vi, v e L*(Q). (3.3.16)

Previous result along with definition of L? projection leads to the following error esti-

mate.
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Lemma 3.3.5. Let £, be defined by (3.3.16), then for any v € X there is a positive

constant C' independent of the mesh size parameter h such that

)\ 2
v ol < C(n+ VA4 3 ) (olas + lolla)

For any v € H}(Q), we know that there exists a unique solution w € Y for the

elliptic interface problem
As(w,6) = (v — Qpv,0) Vo € HY(S). (3:3.17)
Equation (3.3.17) together with (3.3.15) and Lemma 1.2.2 leads to

v — Qv = Ag(w — Quw,v — Qpv) + Ag(Quw, v — Qpv)

Cllw = Qpwlliflv — Cnvlh

—|—~A,8h(Qh'U, Qhw) - A,B(th, Qhw)

Chlwliyllo = Qnvlly + Chl|Quvll1[|Lnwll:

Chllv — Qpo||[Jv]]:- (3.3.18)

IN

IN

IN

Here, we have used the fact that ||w|ly < C|lv — Qpv|| and stability of projection Q.
We know L is the best approximation of v € L*(Q) with respect to L? norm. Thus

v — Lpv|| < |lv — Quv|| < Ch|lv|l; Yo € Hy(Q). (3.3.19)

Now, estimates (3.3.18)-(3.3.19) together with standard inverse estimate || Vuvy|| < Ch™ ||,
for all v € H}(Q), we obtain following H'-stability for L? projection

Lol < N1Lhv — Qo + [[Qrvlx
< Ch™ YLy — Q|| + Cllulli < Cllo])s. (3.3.20)

Remark 3.3.1. Using a similar argument employed for estimates (3.3.18)-(5.5.20) with
a natural modification, for all v € X with [v] =0 along I and v = 0 on 0N, we find that

[ = Quull + [lv = Lol < Ch(|[v[| 10y + 0] 1(02)) (3.3.21)

and || Lyolly < C([Jollmr@) + vl 2)-
Due to discontinuity of coefficients o and (3, u”(0) satisfying

UH(O) = —0vy + V. (ﬂVUo) + f(O),
may not belongs to H' () even (ug,v9) € H3(Q) x HY(Q) and f € H'(H*(2)). But, for
uw € H*0,T; HY(Q1) N HY () with [u] = 0 along T and v = 0 on 0N, we obtain (cf.

[63])
[W"]=0o0onT & u" =0 on ON.
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This together with H'-stability of L? projection yields

1Lhd" ()l e) < C[W"(0)[[ iy + 10" (0) |10z

Similar argument leads to

[Lru" (0)[[ 1) < Cluoll a0y + llvollms ) + | f a2 @))- (3.3.23)

3.4 Spatially Semidiscrete Error Estimate Analysis

This section deals with the pointwise-in-time error analysis for the spatially discrete
scheme. First we derive stability results for the semidiscrete solution. Optimal order of
convergence for L>(L?) and L°°(H') norms are established when the global regularity
of the solution is low on the entire domain. The stability error analysis is very crucial

to established optimal error estimates for fully discrete solution .
The continuous time Galerkin finite element approximation to (3.2.1) is stated as

follows: Find wy, : [0, 7] — V}, such that
(Uhtt, Uh) s Bo’h(uht7 Uh) S+ Aﬁh(uh, Uh) = (f, Uh) Yo, € Vi, t € (0, T] (3.4.1)

with u,(0) = Qpug and up(0) = Qpup.
Regarding the stability of u; at the initial stage, we have the following result.

Lemma 3.4.1. Let uy satisfy (5.4.1). For i = 2,3,4, we assume ug € H(Q) N
H'(Q), vo € HY(Q) N H™Y Q) and f € HY(H*(Q)). Then we have

1D;un O)I] + 10y un(0) [ ey < C ([l

HiQ) T [[vo] Hi-Y(Q) T Hf|’Hi*1(H1))a

i — O
where Dy = 2.

Proof. Taking the limit as ¢ — 07 in (3.4.1) and then using definition of Q; operator,

we obtain
(unt(0),v) = —Bon(une(0),v1) — Agn(un(0),vs) + (f(0),vp)
= —(Qnvo,vi) — Agn(Qnuo, vn) + (£(0),vp)
= —(Qpvo,vr) — Ag(ug, vn) + (f(0),vp). (3.4.2)

For the second term in (3.4.2), we use Green’s formula and boundary condition to derive

Ag (o, vn) = —=(V - (BVug), vp) < Clluol| 2o l[vall- (3.4.3)
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Hence, (3.4.2) yields

[|net (0)]

< O(lluoll g2 + llvoll ) + 1L f |1 z2))- (3.4.4)

In the previous estimate, we have used the fact that
sup [|f (O < CllFllarw)-
0<t<T
In fact, for any Banach space B, we know that (c¢f. [116], Proposition 7.1)

sup [lo()|ls < Cllvllmsy Yv € H'(J;B). (3.4.5)
0<t<T

Again, we know Q, is H'-stable, so

e (0) || 1) = [1@nvoll @) < Cllvollm () (3.4.6)
For i = 3, taking t — 0T in (3.2.1) and using (3.4.1), we have
(unet(0) — ui(0),vn) = By(vo, vn) — Bon(Qnvo, vi) + Ag(ug, vn) — Agn(Qpuo, vp)

= B3 (vo,vn) + Bon(vo — Qnvo, o)

In the last inequality, we have used Lemma 3.3.1 and Lemma 3.3.4. Then use the
definition of L? projection and (3.4.7) to obtain

(unt(0) — Lruge(0),vn) = (wne(0) — ug(0), vs)
Chllvol| zreey [|vnl, (3.4.8)

IN

which imply
Huhtt<0) — Ehutt(())H S ChHUUHHl(Q) (349)

Estimate (3.4.9) together with inverse inequality and (3.3.22) yields

IN

Ch™|une (0) — Lpug (0)|| + || Lt (0) || 12
< C(lluollasy + llvoll ey + 1 f 11 ary)- (3.4.10)

et ()] 1 ()

Next, we differentiate (3.4.1) with respect to ¢ and then take ¢ — 07 to have

(Unet (0),vp) = —Bon(une(0),v) — Agn(Qnvo, vn) + (f:(0),vp)
= —th(uhtt(O), Uh) — AB(UQ, ’Uh) + (ft(O), ’Uh). (3411)
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Following the arguments as in (3.4.4), it is easy to establish that

lunaaO)]| < € (Iolliry + leollirier + 1222 (3.4.12)

For i = 4, we first observe that

(unttet (0),vn) = —Bon(uneet(0), vn) — Agn(unee(0), va) + (f1£(0), vn)
= —Bon(unut(0),vn) — Agn(unie(0) — Quuge(0), vp)
—Ap(ui(0),vp) + (fi:(0), vn)
= —Bon(unut(0),vn) — Agn(unie(0) — Qnuge(0), vp)
+(V - (BVug(0)), va) + (f(0), vp)
C(Huhttt( )+~ unee (0) — Qnues (0)]] 10

IN

i Z et ()220 + [1f | r222)) on - (3.4.13)

From (3.4.8), we have

|2nee(0) — Qpuige (0) || 1 ()
= Ch71||uhtt( ) S Ehutt( )H + ||£hutt(0) - Qhutt(0)||H1(Q)

< Chllvoll 2 +Ch2||utt M2y (3.4.14)

In the last inequality, we have used equation (3.4.8), Lemma 3.3.4 and Lemma 3.3.5.
Estimate (3.4.14) together with (3.4.12) and (3.4.13) leads to

[tnee (0)|] < C(lluollma) + llvoll a2y + || fll a3 - (3.4.15)

Now, using the same argument employed in (3.4.10), we obtain

||Uhttt(0)||H1(Q) < Ch_1||uhttt(0) = Lhuttt(o)“ + ||['huttt(0)”H1(Q)
< C(lJuollzs@) + llvollas) + [1f 1m2(amy)- (3.4.16)

This completes the rest of the proof. [
Differentiating (3.4.1) twice with respect to ¢ and then substitute v, = ups to obtain

1d 1d
th”uhtttH _'_Bah(uhtttauhttt) th

Integrating (3.4.17) from 0 to ¢ and Lemma 3.4.1 leads to

— Agn(Untt, Unte) = (fit, Unte)- (3.4.17)

t
[ unsse||” +/ [unize||*ds + ||Uhtt||%rl(g)
0

< C(lluoliaay + o3z + 1 e )
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Proceeding in a similar way and using Lemma 3.4.1, we obtain following stability results

for the semidiscrete solution u, satisfying equation (3.4.1).

Lemma 3.4.2. Let uy, be the solution of (3.4.1), then fori = 23,4, we have

I Ditn 32 a2y < C (Il + lvollZros ey + 1 11 (3.4.18)

Remark 3.4.1. Analogue of Lemma 3.4.2, for u € H'(0,T; X), we assume following a
priori estimates for our solution w satisfying (3.1.1)-(3.1.3)

| Diullz2) < € (luo

%{i—l(Hl)), 1= 2,3,4.

Above a priori bounds together with estimates (3.2.6) and (3.4.5) yields

fm(ﬂ) + HUOHfm—l(Q) + I/

2
D {lln Wl + s ) e
€ )

i=1
< C(luolsqa + ole @y + 1 s ) (3.4.19)
Now, we prove the convergence result for the semidiscrete scheme in L>°(L?)-norm.

Theorem 3.4.1. Let u and uy, be the solutions of the problem (3.1.1)-(3.1.3) and (5.4.1),
respectively. Then, forug € H3(Q)NH(Q), vo € H*(Q)NH(Q) and f € H*(J; L*(Q))N
H'(J; H'(Q)), we have

A 2
|t = wnl| Lo (0,122 (02)) < C'(uo,v0, f) (h +VA+ E) ,

N|=

where C(ug, v, f) = c{nuon% - woll3 + 12 gy + IIfII?qa(La)} .

Proof. Subtracting (3.2.1) from (3.4.1), we obtain

(Untt — Use, V1) + Bon(upe — e, vp) + Agnp(up — u, vp)

= B, (ug, vp) — Bon(ug, vn) + Ag(u, v) — Agp(u,vp) Yo, € Vio  (3.4.20)
Define the error e(t) as e(t) := up(t) — u(t). Then we have the following error equation

(e, vn) + Bonl(er, vn) + Agnle,vn) = By(ug, vp) — Bop(ut, vp)
+A5(u,vh) — Agh(u7 Uh) Y, € V. (3.4.21)

Further, splitting e(¢) into standard p and € arguments, we obtain

e=p—0, p:=up— Qpu, 0 :=u— Quu.
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Then equation (3.4.21) reduces to

(€st, vn) + Bonler, vn) + Agn(p,vn) = Bo(ut, vn) — Bon(ut, vp) + Agn(6,vp)
+AI3(U, Uh) — .Agh(u, Uh) Yo, € V. (3.4.22)

Using the definition of Qj,, we observe that
Apgn(0,v) = Agn(u,vn) — Agn(Qpu, vi) = Agn(u,vn) — Ag(u,vp).  (3.4.23)
Above equation together with (3.4.22) leads to
(e, vn) + Bonl(er, vn) + Apn(p, vi) = Bo(ut, vi) — Bon(ue, vp) Yo, € Vi (3.4.24)

Following Baker [15], we define p: [0,T] x Q — R as
pl.,t) = /ép(.,s)ds , 0<t<T,
t
for some fixed £ € [0,7]. Then, clearly p € V}, as p = u, — Qpu € Vj,. Also, observe that
p(,€) =0 and pi(.,t) =—p(.,t), 0<t<T. (3.4.25)

Set v, = p in (3.4.24), integrate between 0 to £ with respect to the variable ¢t and
integrate by parts the first two terms on the left-hand side to obtain

3

£
(ed€). PE)) — / (0, p0)ds + Bon(e(£), H(E)) / Bon(e, po)ds + / Asn (s ) ds

= (€:(0), 9(0)) + Bon(e( /{B s, ) — Bon(uy, p) }ds. (3.4.26)

Now, using (3.4.25) in (3.4.26), we have
€1 €1 d
/0 thHpH ds+/ Bo(p,p )ds—/o = Aanlp. p)ds
¢ ¢
= (e(0),(0)) + Bonle0),0)) + [ (Guphis + [ Bunl6. p)ds
0 0
¢
+/ {Ba(utaﬁ)_ oh (U, P }dS
0

which yields

&
S = 51001 + [ Banlp. s + 54 50 50)
3 3
= (610):(0) + Bn(e(0).50)) + | (01 p)ds + [ B0, s
3
+/0 {B;(us, p) — Bon(us, p) }ds.
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Now, we use the fact that both B, and B,; are bounded, and then using Lemma 3.3.1
and Lemma 3.3.4 leads to

13
S = SO + [ Bl s + 3 A (50) 0)
_c<||<e<o>+et<o>>||||ﬁ<o>||+(hwxﬁ) max [lo(0)] / o] e

0<t<T

A
+<h+\/X+ ) max [|p(t H/ lullvds

0<t<T
H(nevied) [ Hutnxnpnds)
Since p is continuous in the time variable, we select £ such that ||p(€)|| = maxo<i<r || p(t)]|-

Then we observe that ||5(¢)|| < C||lp(€)]], (0 <t < T), which gives

1€ < (Il + 1@+ (A V3+3) Tulwrar). (420

This together with estimate (3.4.19) and Lemma 3.3.4 leads to Theorem 3.4.1. [
Standard inverse inequality, together with estimates (3.4.19) and (3.4.27), and Lemma

3.3.4 leads to following L°°(H') norm error estimate

Theorem 3.4.2. Let u and uy, be the solutions of the problem (3.1.1)-(3.1.3) and (3.4.1),
respectively. Then, forug € H*(Q)NH (), vy € H*(Q)NH () and f € H*(J; L*(Q))N
HY(J; HY(Q)), we have

A
[ — | oo (o, migy < Cluo, vo, f) [ B+ VX + 2 ),
h

where C(uo, vo, f) := {IIUOII3+ 1voll3 + £ 1% ey + 1 W2 22 } -

3.5 Fully Discrete Error Analysis

In this section, we extend the spatially discrete a priori error analysis to the fully discrete
approximation for the hyperbolic heat conduction model problem (3.1.1)-(3.1.3). We
consider discretizing the interface problem by rewriting the governing equation in the
first-order system and then Crank-Nicolson scheme is applied, as in Baker [15]. Optimal

order of convergence in L°°(L?) norm is derived for the fully discrete solution.
For the temporal discretization, we introduce an auxiliary unknown v = u; to reduce

the model equation (3.1.1) as the following first-order in time system
u—v=>0 in Q x (0,77,
v+ ouy — V- (BVu) = f in Q x (0,7].

(3.5.1)
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Next we divide time interval J = [0, 7] into N equally spaced subintervals I,, = (¢,_1, t,],
n=12,...,Nwithty =0and ty =T, and 7 = t, —t,_1, the time step. For a sequence
{v"}N L2( ), we define

N |—=

1
00" = ——  and ke :§(Un+1—|—vn), n=0,1,...,N—1.
-

Also, for a continuous mapping ¢ : [0, 7] — L*(2), we define ¢" = ¢(.,,), 0 <n < N.
Now, applying Crank-Nicolson discretization to both equations in (3.5.1) we get
a second order in time scheme. The fully discretized method is defined as follows:

Compute U™, 0™ € V), for n =0,1,..., N — 1 from the system
0. U™ = v"*2
) . . (3.5.2)
(aTvn’ ’QZ)) + Bah(vn—i_an) i Aﬁh(U"+5, @/)) - (fn+§7¢) v ¢ & Vh)

with U° = Qpup and v° = Qvyp.
The following Lemma gives the existence and uniqueness of the fully discrete solution
U" of u.

Lemma 3.5.1. There exists a unique sequence {U"}_, C Vj, and a corresponding

unique sequence {v"}N_ C V, satisfying (3.5.2).

Proof. From (3.5.2), we have

Ul = %(Wl o)+ U" (3.5.3)

and
T 7'2
(Un+17 ¢) B §Bah(vn+17 W + ZABh(UnJrla w)
= (") = ZBan (0", 9) — T A (U”, )
2
—%Aﬁh(ww) () Ve € Vi (3.5.4)

Due to the positivity of bilinear forms B, and Ag,, there exists uniquely defined
v" € V), satisfying equation (3.5.4) and subsequently U™ exists uniquely for n =
0,1,....,N—1. O

Later on, we will be required the following result. The proof involves the use of

Taylor’s series and standard arguments, and therefore, details are omitted.

Lemma 3.5.2. For any v € H*(0,T; L*(2)), we have

n+y2 g [ 2
|00 — v, 2| < Cr / ||vge||“dt.
tn
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In order to compute the error between U™ and u", it suffices to establish the error
" :=up —U", for 1 <n < N. Once we have estimates for ", we can easily get the

error estimates for " := U™ — u" by using the triangle inequality and Theorem 3.4.1

Lemma 3.5.3. Let u and U™ be the solutions of the interface problem (3.1.1)-(3.1.3)

and the finite element approximation (3.5.2) at time t = t,,, respectively. Then, we have

T T
max_[|€"[|” g(]f‘(/ ||uhmt||2dt+/ Jeansr 2t ).
0 0

0<n<N

Proof. Substitute t =t,, and t = ¢, in (3.4.1) and then add to have

ntg ntg n+s n
(0t ) + Bon(ap * ) + Asn (1,2, 0) = (/*72,9) +(C"0) W € Vi (35.5)
nti
where (" 1= 0;up, — up,,°.
Now, it follows immediately from (3.5.2) and (3.5.5) that

(@™, ) + Bon("" 2, 0) + Agn(€"2,9) = (¢, ) Vo € Vi, (3.5.6)

with 7" = up, — v".
It is easy to observe that

n _ n+% n __ ”""%: n+% n no._ T ""‘%
0" =n""2 4 Orup — uy, N2 4 g" 0" =0, up — Uy 2. (3.5.7)
Now, we define a sequence {a"}Y_; such that o’ = 0 and
n—1
1
a”:TZ§k+§,n:1, ,N—1
k=0
Then, we note that
T 1 T | Gt
1 1 g 1
oz = Zfl and o"2 = E(OznJrl +a") = 3 [;flﬁ? + ;flﬁ_Q] : (3.5.8)

Here, we have used the fact that £ = u) — U = Quug — Quup = 0. Further, since
n’ =ud, — v’ = Quug — vy = 0, it follows from (3.5.7) that

2
?71 — _51 _20_0'
T

Using the above identity in (3.5.6), for n = 0, leads to

2
2 ) + TBa(€0) + - Asmlat )

= (" ¢) + %(00,@@) + Bo(0°,9) Vi € Vi (3.5.9)
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Substituting ¢ = ¢ = 2ot in (3.5.9) and using the coercivity of Agy, and the fact that

T

B,y (€4, €Y > 0, we obtain
2 -2
(€€ + | Val|? < T €) +7(0% €) + TBon(0”, €).
Next, use Cauchy-Schwartz and Young’s inequality to have

72 7_2
IE* + Vet < C(;IICOHHFH +llo®l[lIEH] + EHUOHIIf;ﬂII)

7_4
< C(SICI + 72110l + llg™ )2).

Finally, appropriate p > 0 leads to

4
€17+ Va1 < O (G +7ll0°]?). (35.10)
Now, for 1 <n < N — 1, we observe that
n—1 n—1
" = TZ&Tfk, n" = TZ&Tnk.
k=0 k=0

Hence, it follows from (3.5.7) that

n n—1
8T§n = % [kzzo 87'77k + kgo 8777k:| + O_n’

€n+% b Z[ink-i-é_‘_nz:lnk‘*‘%]_;_Z[zn:ak—{—nzlak}
2 =0 k=0 2 k=0 k=0

Hence, for any ¢ € V},, from above identities together with (3.5.8), we have

(0:6", 1) + Bon(6"2,9) + Agy (a7, ¢

I
N
/N

ol
1[-
o
ASS
3
=
_|_
ol
I M |
o —
ASE
s
=
| ¥ -
<
N———
+
N
=
q
>
— N—
| — |
<3
=
+
D=
+
=3
=
+
[
<
N—

k=0 k=0
+(0", ) + ngh([igk + nz_lak],w)
k=0 k=0
n n—1
+oAa([Do e+ Y e w)
k=0 k=0
n—1 n—1
= %(8777" +2) 0", ¢> + (0" ) + %Bah (’7”% +2) Ut 1/})
k=0 k=0

n—1 n—1
T n k T n+i k41
+§th (O’ + 2 kgzo o ,w) + §A5h (f 2 42 kgzo f 2, w> .
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Using (3.5.6), for 1 <n < N — 1, we derive
(0", 0) + Bon (€772, ) + Agn(a™*2,40) = (T, ) + Bon (T3, 0) Yo € Vi, (3.5.11)

where
. n—1 - n—1
17 = 5@‘"—#7%{’“%—0" & T3 = 50"—1—7;01“.

Substitute ¢ = €72 = . in (3.5.11) to obtain

an—HHQ . “577,“2 + 27_Bah(§n+%’§n+%) +Aﬁh(()1n+1,04n+1)
= 27(T7, €"4%) + 27Bon (T3, € 2) + Agn(a”, o™).

Since B,y (£72,£"2) > 0, so we obtain

1
€™ H1Z = €7 + Agn(@™ 0™ ) < Agy(a”, ™) + 27(T7, €"2)
127 By (T4, £7F72). (3.5.12)

Now, simple use of Cauchy-Schwartz inequality and coercivity of Ag,, equation (3.5.12)

leads to

€™ = [I&™ I + IV H|* — [V |®
n n+ 2 n n-4 i
< 7 TPIE 2l + I T e 2 - (3.5.13)

Using Young’s inequality in the right hand side of (3.5.13) and then summing from n = 1
ton=101—1with 2 <[l <N, we obtain

-1 -1
1P+ 1V < P + IV P +7 ) ITR IR+ 7D 173
n=1 n=1
-1
n+ 1
+ru Y lleTte )
n=1
-1 -1
< EP IV PP+ 7 DN+ ) I T3P
n=1 n=1

n|12
+uzgla§>§v\|£ .

Choosing ;1 > 0 appropriately and observing that |[Va!|| > 0, we obtain

2<n<N

-1
max [¢"]? < c(uglu? +Ivat 2+ 3 (e + ||T;||2)>. (3.5.14)
n=1
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Combining (3.5.10) and (3.5.14), we have

1<n<N

-1
max [|€"]* < c(*nc(’n? w7047 3 (1P + ||T2”||2)>. (35.15)
n=1

Now, we shall estimate both terms 77" and 77'. For the estimation of 77", use triangle

inequality and Cauchy-Schwartz inequality to have
7_2 n—1

17712 < O(E I+ 720D ¢HIE+ o)
k=0

2 n—1
T n n
< O( e IP+72N D k2 + o)1)

k=0
7.2 n—1
= C<Z||Cn||2+TTZ||Ck||2+||0"||2>- (3.5.16)
k=0
Then, using Lemma 3.5.2, we obtain

2 e 2 4 g 2
||T1n|| < 0(75/ ||Uhtttt|| dt + 7 / ||Uhtttt|| dt
tn 0

g [t 2
+7 / [k dt)' (3.5.17)
tn

The following estimate for T3 is achieved using the same technique as used for deriving
v

tnt1 T
et gC(r”/ Huhttt\|2dt—i—74/ Junsnl %t ). (3.5.18)
t 0

n

Finally, using (3.5.17)-(3.5.18) in (3.5.15), we obtain
T T
max [|€"])” < CT4</0 uaneeee |t +/O el Pdt). O
Now, we are in a position to state the main result of this section.
Theorem 3.5.1. Let u and U™ be the solutions of the interface problem (3.1.1)-(3.1.3)
and the finite element approzimation (5.5.2) at time t = t,,, respectively. Assume that
ug € HY Q) N HJ(Q), vo € H3(Q) N Hy (Q) and f € H*(J; L*(Q)) N HY(J; HY(Q)), then

we have

0<n<N

2
max_[u" — U"|| < C(uo,vo, f) ((h + VA + %) +7_2>

where C(uo, vy, f) := C{HUoHi +llvoll3 + 1170 iy + ||f||?{s(Lz>} ‘
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Proof. Applying triangle inequality to
"' =U" =u" —up +uy, —U",

followed by Theorem 3.4.1 and Lemma 3.5.3 leads to

2
= c{cwo,vo, n(r+vaes)

T T 1
+T2( / lanene |2 + / ||uhttt|12dt) |
0 0

Finally, Lemma 3.4.2 leads to desire result. [

Remark 3.5.1. (a) The proposed fully discrete finite element scheme can be easily

extended for the numerical approximation of the solutions to the following IBVP

yug + ouy — V- (BVu) = f in Q x (0,7,
w(z,0) = ug, u(x,0)=vy inQ, (3.5.19)
u(z,t) =0 on 0 x (0,71,

coupled with the following jump conditions

[u] =0, [BS—Z] =g along T x (0,7). (3.5.20)

For numerical validation, we refer to numerical Examples 3.6.1-3.6.3.
(b) Crank-Nicolson scheme for parabolic interface problems. For the above

IBVP, fully discrete scheme (3.5.2), eliminating v™, may be read as: Given approzima-

tions U°, v € V), of ug and vy, compute U™ from

grtt —pyn T o T T urtlt 4 gn
YN —Y |+ B | ————— 0 | + A | ———, ¥
T 2 T 2 T

n+l1 n n+1 n
B %(f 2+_f */’) + %<%’w>p + (0", P) YU € Vi, (3.5.21)

which is the Crank-Nicolson scheme for parabolic interface problems when v = 0 (cf.

Ezample 3.6.1). Here, (-)r, denotes the L* inner product on T'y,.
(c) Newmark method for wave equation with interface. For wave-type equation

(when o = 0), fully discrete scheme (3.5.2) can be interpreted as Newmark scheme
(cf. [51, 104]). First we calculate U' from (3.5.21) and then compute U™ € Vj, for
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n=1,2,....,N—1 from equation (cf. Example 3.6.2)

Un+1 —_oun + Un—l Un+1 + 2U™ + Un—l
Y ( ) ?/1) + TA,Bh ( ) ¢

T 4

,¢>F Vo e V. (3.5.22)

B g g g
fn+1+2fn+fn 1 n+1+2 n+ n—1
-7 4 Y +T< 4

3.6 Numerical Results

In this section, we present some numerical experiments to validate the theoretical find-
ings presented in the previous section. Our main emphasis here is to understand the
behavior of the true errors obtained in Theorem 3.5.1. To illustrate the flexibility of the
method, different forms of interfaces along with a large scale of variation in the physical
coefficients are considered. For our numerical experiment, globally continuous piecewise
linear finite elements (P;) based on fitted triangulations of €);, ¢ = 1,2 are used. The
nodes of the triangulations of €; and 25 coincide on the interface I'. All the numerical

computations are done in the time interval J = (0, 1].

10

X

%1078

(=} - n w B o

G oA b o 4

Figure 3.1: Exact solution (left) and triangulation (right) of €2 for h = 0.282945 with
elliptic interface (Test Example 3.6.1).

Example 3.6.1. In our first numerical example, we consider the square domain ) =
(—1,1)x (=1, 1) and the interface is taken to be the ellipse {(x,y) : 4x?+16y* = r* = 1}.
We select the data in (3.5.19)-(3.5.20) such that the exact solution u is given by

10711 — r?)t? exp(—t) ifr? <1,

W@,y t) = | o |
1072(1 — r?) sin(0.257¢) sin(mx) sin(mwy) if r* > 1.
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Table 3.1: Parameters used in computation (see, Dai et al. [33])

Parameters Domain | Domain
0 Qy
k(W/em°C) Thermal conductivity 0.0052 | 0.0021
p(g/em?)  Skin density 1.2000 | 1.0000
c(J/g°C)  Specific heat 3.4000 | 3.0600
wy(g/cm?s) Blood perfusion rate 0.0005 | 0.0005
c(J/g°C)  Specific heat of blood 4.2000 | 4.2000
7,(s) Thermal relaxation time 20.000 | 20.000

In Figure 3.1, we show the exact solution and triangulation of the domain {2 with
mesh size h = 0.282945. In our numerical convergence test, we choose two different sets
of physical coefficients borrowed from Dai et al. [33] that corresponds to two different
forms of bio heat transfer model. For the non-Fourier bio heat transfer model, we set

first the physical coefficients as

(81.6,4.122,0.0052) in 422 + 16y2 < 1,

(77 g, 6) % (pCTq7 pe + TqWpCy, k) -
(61.2,3.102,0.0021) in 422 + 169% > 1.

Following [33], physical parameters employed in the computation are as in Table 3.1.
Non-Fourier heat transfer is characterized by thermal relaxation time 7, and it may
take value (in the range of 10725 —10%s) in heterogeneous materials (cf. [96]). Vedavarz
et al. [133] found that 7, for some biological tissues lies in the range of 1s — 100s at
room temperature. In our computation, we use 7, = 20s and relaxation time in the
range 7, = 20s — 30s is observed in [72] for meat products. In the absence of thermal
relaxation time 7,, equation (3.5.19) reduces to the Pennes bio heat model, which is
a parabolic equation. The second set of physical coefficients that corresponds to the

classical Pennes bio heat transfer model is given by

(0,4.08,0.0052) in 42% + 16y < 1,

(770_7 B) = )
(0,3.06,0.0021)  in 4a?® + 16y > 1.

Tables 3.2-3.3 represent the numerical solution errors and convergence rates in both L?
and H! norms for v = 0 (Pennes bio heat transfer) and v # 0 (non-Fourier bio heat

transfer), respectively. In both cases, we choose the uniform time step size 7 = 10~%. The
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Table 3.2: Example 3.6.1. L? and H* error for v = 0 at ¢t = 1072 with 7 = 10~*

h ||u—uhHL2(Q) EOC ||u_uh”H1(Q) EOC

0.1520693  1.21885e-004 - 4.33382¢e-003 -

0.0890138  3.27518e-005 2.4538  2.22552e-003  1.2445
0.0474901 8.08637e-006 2.2264 1.10704e-003 1.1115
0.0247278  2.04375e-006 2.1076 5.11307e-004  1.1837

Table 3.3: Example 3.6.1. L? and H' error for v # 0 at t = 10~2 with 7 = 10~

0.1520693  6.57569¢e-005 - 4.44165e-003 -

0.0890138 1.62008e-005 2.6159  2.23853e-03  1.2795
0.0474901 3.85869¢-006 2.2836  1.1023e-003  1.1276
0.0247278 1.01514e-006 1.9210 5.27391e-004 1.1297

errors at time t = 10~2 are listed in the Tables 3.2-3.3. Figure 3.2 clearly demonstrates
the second order of convergence in L? norm and first order of convergence in H! norm.
Note that the second set of physical coefficients are chosen to emphasize the fact that
our numerical scheme is consistent for the classical Pennes bio heat transfer model and

is clearly depicted in Table 3.2.

Example 3.6.2. In this example, we consider a square domain Q@ = (—1,1) x (—1,1),

where interface T' is a circle centered at (0,0) with radius 0.5. The exact solution is

selected as

1072(r2 — r?)sin(¢) if 1 < 1o,

u(z,y,t) =
1074(r2 — r¥) exp(—t*)(2? — 1)(y* — 1) sin(x) sin(y) if 7 > 7.

Where 12 = 2% + y? and ry = 0.5. The source function f, interface function g and
the initial data ug, vy are determined from the choice of u with the following physical

coefficients

(1,0, 1500) for r <,
(10,0,3000)  for r > ro.

(7,0,8) = (K71,0,p7") =
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Pennes bio heat transfer model( v=0)

Non-Fourier bio heat transfer model( v+ 0)

S S
=103 T
R 5o
104 107
*—12 error *= 12 arror
105k —oh?) | 105 E —om) |4
—8—H' error —E—H' error
— —0fh) — —0(h)

10 ' 108 * '
10 107" 10° 102 107" 10°
h h

Figure 3.2: Log-log plot of the L? norm and H' norm versus the mesh size at time

t = 1072 in Example 3.6.1.

Here, K represents the bulk modulus and p the density. Above choice of coefficients
represents a wave equation with discontinuous coefficients (see, [16, 36, 134] and refer-
ences therein). A large variation in the coefficients is a common occurrence in study
of acoustic wave propagation through heterogeneous media in geophysical prospecting
[16, 75, 127]. In Figure 3.3 we show the exact solution and triangulation of the domain
Q) with mesh size h = 0.305091. Errors in L? and H' norms, and the convergence rate
at time ¢t = 0.01, for different values of h are listed in Table 3.4. The time step is
deliberately taken as small as 7 = 107° so as to satisfy the CFL condition. It is clear
from the Figure 3.4(left) that we have achieved optimal order of convergence in both L?

and H! norms which consolidates our theoretical findings.

Table 3.4: Test Example 3.6.2. L? and H' error at t = 1072 with 7 = 107

0.3050910  1.70555e-006 - 2.79557e-005 -

0.1673780 4.19497e-007 2.3363 1.31639e-005  1.2545
0.0828717 9.12067e-008 2.1707  5.10594e-006  1.3473
0.0420952 1.79800e-008  2.3973  2.14059e-006  1.2834
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IM\\\\\

Al

i

Figure 3.3: Exact solution (left) and triangulation (right) of € for A = 0.305091 with

circular interface (Test Example 3.6.2).
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Figure 3.4: Log-log plot of the L? norm and H' norm versus the mesh size at time

t=10"2 and ¢t = 1 in Example 3.6.2-3.6.3, respectively.

Example 3.6.3. In our last example, we consider the interface to be a curve given by
y = 22 in the computational domain Q = (—1,1)x (=1,1). We select the data appearing
in (3.5.19)-(3.5.20) setting the exact solution as

) =) =1y - Dsin(t) ify <22,
u(z,y,t) = ' .
10(y — %) exp(—t) sin(7y) if y > 2.

with the following sets of physical coefficients [108] representing a non-Fourier bio heat
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model
(1,0.05000, 2.43 x 10_9) if y < a2,

(v,0,8) =
(1,0.05125,4.53 x 1079)  if y > 22,

In Figure 3.5, we show the exact solution and the triangulation of the domain 2
with mesh size h = 0.282596. The numerical solution errors and convergence rates in
both L? and H! norms at final time are listed in Table 3.5. It is clear from Figure 3.4
(right) that we have achieved optimal order of convergence in both L? and H' norms,

which confirm the theoretical prediction as proved in Theorem 3.5.1.

0.8
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0.4

0.2

pay ‘«&\\
VUL
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474.'4!1%4%‘?\.!@‘.&‘*“
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-0.2
0.5
-0.4

-0.6

-0.8

Figure 3.5: Exact solution (left) and triangulation of Q for A = 0.282596 with curve
interface (Test Example 3.6.3).

Table 3.5: Example 3.6.3. L? and H' error at 7' = 1 with 7 = 1072

h HU — Uh”L2(Q) EOC Hu — uh||H1(Q) EOC

0.1656240 1.21061e-002 - 7.91838e-001 -

0.0888431 3.14013e-003 2.1666 4.11632¢-001  1.0504
0.0478408 7.88837e-004 2.2327  2.10440e-001  1.0839
0.0276306  2.42590e-004 2.1470 1.15908e-001  1.0864
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Spatially Semidiscrete Error Analysis for DPL Bio

Heat Transfer Problem with Interface

This chapter is concerned with a priori error analysis for the spatially semidiscrete
scheme for the dual-phase-lag (DPL) bio heat model problem (1.1.7)-(1.1.9). We intro-
duce the notions of weak and strong solutions to the model interface problem. Further,
we prove the existence of strong solution under suitable regularity assumptions. A new
non-standard elliptic type projection operator is introduced involving A-strip. Its worth
to note that this newly defined projection operator is key in the derivation of optimal

order of convergence in L>°(L?) for the semidiscrete solution.
4.1 Introduction

Let © be a bounded domain in R%(d = 2, 3) with Lipschitz boundary 92 and €; C
is an open domain with C? smooth boundary I' = 9Q; and Q, = Q\Q;. In 2, we now
recall the dual-phase-lag (DPL) bio heat model problem of the form

W' +ou +du—V-(eVu)=V-(fVu)=f inQx(0,T] (4.1.1)

with initial and boundary conditions
w(z,0) =up & u'(z,0) =vg inQ; u(z,t)=0 on dQ x (0,7 (4.1.2)

and jump conditions on the interface

[u] =0, [e(:v)g—zi + B(x)g—z] =0 along T x [0,T]. (4.1.3)

Here, [v] denotes the jump of a quantity v across the interface T', i.e. [v](x) = vi|pr — va|r

. . / ou’ oul, .
with v;(x) = v(x)|q,, i = 1,2 and [E%in + Bg—ﬂ = ela—iﬁ + 62% + 51% + ng—:‘é with

75
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0
(9111'

as defined in Chapter 1. We assume the coefficient functions are positive and piecewise

denotes the outer normal derivative with respect to €2;, © = 1, 2. Other symbols are

constants on each subdomain €2; and we write

(01751761761) in Qla

(0-7 57 676) -
(02,52762,ﬂ2) in Q.

Further, initial data (ug,vy) and external force f are real valued functions and assumed

to be sufficiently smooth.
Due to the practical relevance of interface problems in many engineering and in-

dustrial applications, numerical methods for interface problems have been investigated
widely (for instance, see Section 1.3). There is plenty of literature available on the
numerical study of the DPL bio heat model with discontinuous coefficients. One may
refer to [94, 128, 130, 138] and reference therein. However, to the best of our knowledge,
convergence analysis via finite element method for the dual-phase-lag bio heat model
problem is absent in literature. A novel effort is made to provide both mathematical
and numerical framework for the study of the dual-phase-lag (DPL) bio heat model
problem (4.1.1)-(4.1.3). Equation (4.1.1) is also known as general linear second order
hyperbolic equation. There are plenty of literature available for the convergence anal-
ysis, without the interface, for the general linear second order hyperbolic equation via
finite element algorithm (cf. [18, 74, 81, 109] just to name a few). Recently, Nikoli¢
et al. [107] has studied a priori error analysis for the semidiscrete solution of Wester-
velt’s quasi-linear acoustic wave equation using piecewise linear finite elements. Optimal
point-wise in time error estimate for the semidiscrete solution has been derived for suffi-
ciently smooth solution. In [107], derivation of the error analysis heavily depends on the
general linear wave model with time dependent coefficients. Fully discrete error analysis
is still open for such problems. An attempt has been made to carry over a priori error
analysis for the general linear second order hyperbolic interface problem (4.1.1)-(4.1.3).
Optimal convergence order in both L>®(H"') and L>(L?) norms have been obtained for

the spatially discrete solution.
The rest of this chapter is organized as follows: While in Section 4.2 we introduce the

notion of weak solution and strong solution for the interface problem, and then discuss
the existence and regularity of the strong solution. In Section 4.3, we recall some basic
approximation properties associated with the finite element spaces and introduce a new
non-standard elliptic type projection operator involving A-strip, which is crucial for the
argument of convergence. Optimal a priori error estimate for the semidiscrete solution

are derived in Section 4.4.
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4.2 Well-posedness of the Model Interface Problem

This section is devoted to existence, uniqueness and regularity for the solutions to the
model interface problem (4.1.1)-(4.1.3). The solution to the interface problem has a
higher regularity in each individual region than in the entire domain. This regularity

result is critical for our further numerical analysis.
Before proceeding further, let us recall spaces W = L*(Q), V = H}(Q) and V' =

H~'(Q) along with the global bilinear maps A(-,-) and B(, -), as discussed in Chapter 1.
We now define the weak form of our model problem (4.1.1)-(4.1.3). We adapt following

notion of weak solution.

Definition 4.2.1. A function uw € H' (V)N H*(W) is called a weak solution of (4.1.1)-
(4.1.2) if u(0) = up and u'(0) = vy, and it satisfies following weak formulation

(u",v) + B, (u',v) + Bs(u, v) + Ac(u', v) + Ag(u,v) = (f(t, ), v)vixv (4.2.1)

for all v € H}(Q) and a.e. t € (0,T]. Here, {-,-)vixv denotes the standard duality
product.

Existence and uniqueness of a solution to the variational problem (4.2.1) is proved in
[71, 120, 131, 132], for instance, we refer to ([132], Theorem 1). For suitable initial data
(ug, vo) and forcing function f, we assume weak solution v € C*([0, T]; V)NC?([0, T|; W).

Remark 4.2.1. Apart from bio heat modeling, a substantial number of articles deal
with model problem (4.2.1) and it can be applied to any system where elastic bodies
interact, provided that the model problem is linear. Numerous examples can be found
in [80, 89, 131], for example, viscous wave equation, networks of linked beams, hybrid

chimney etc.
Definition 4.2.2. A function u € H (Y)NH?*(W) is called a strong solution of (4.1.1)-
(4.1.3) if u(0) = up and u'(0) = vy with jump conditions (4.1.3), and the relation
u"(x,t) + o(x)u (2, t) + d(x)u(z, t) — V - (e(x) V' (2, t) + f(z)Vu(x,t))
= f(z,1) (4.2.2)
holds for a.e. t € (0,T] and a.e. x € Q; (i =1, 2).

Before proving the existence of a strong solution to the interface problem, we first

establish the following result.

Lemma 4.2.1. Let u be the weak solution of (4.1.1)-(4.1.8). Assume thatu € H'(Y)N
H?*(W), then u is a strong solution for (4.1.1)-(4.1.8).
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Proof. For u € H*(Y)NH?*(W) and a.e. ¢ € (0,77, upon integration by parts, we obtain

/ -V - (Vu' + B;Vu)vdz
Q;

= / &Vu' - Vodr + / BiVu - Vodz
Q; Q;

2

=(f —u" — o — du,v)g, Yv € Hy () (4.2.3)
which implies that
—V - (VU (z,t) + BiVu(x, b)) = fa,t) —u"(x,t) — o (2, t) — du(x,t)

holds for a.e. t € (0,7] and a.e. x € ; (i = 1, 2). It remains to show that the weak
solution also satisfies the jump conditions (4.1.3). Applying integration by parts, for
a.e. t € (0,T], we have

2 2
0 = Z/ (U//+Uiul+5iu_f)vdx+2/ ~V - (V' + B Vu)vda
=1/ i=1 /S

2 2
— Z/ (W + o' + du — fludx + Z/ (Vu' - Vo + B Vu - Vo)dz
i=1 Y i=1 Y%

ou’ ou
—/r {ea—n —I—ﬁa—n}vds

2

2
— Z(u” + o’ + diu — f,v)g, + Z(Ai(u’, v) + Aj(u, v))
' i=1

—/ {ea—u 4 ﬁa—ij vds Yv e V. (4.2.4)
r

The arbitrariness of v shows that u satisfies the second jump condition in (4.1.3). The
first condition in (4.1.3) is a direct consequence of the fact that u € H'(V). This

completes the proof. [J
In general, the solution u of the problem (4.1.1)-(4.1.3) does not belong to H'(H?*(2))

due to the presence of discontinuous coefficients. We can get better local regularity using
local smoothness of the coefficients. From Lemma 4.2.1, it is clear that the existence
of a strong solution depends on higher regularity of the weak solution, which is the
main object of the Theorem 4.2.1. Further, a priori estimates for the solution to the
problem (4.1.1)-(4.1.3) are also presented in Lemma 4.2.2 under appropriate regularity

conditions on the initial functions ug, vy and f.
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Theorem 4.2.1. Let ug € Y, vo € X and f € H(J; W), then the interface problem
(4.1.1)-(4.1.8) admits a unique strong solution.

Proof. Let u € C*(J; V)N C?(J; W) be a weak solution to the interface problem (4.1.1)-
(4.1.3) satisfying (4.2.1). We consider following auxiliary problem: Find w € H(J;))
such that

A (', v) + Ag(w,v) = (f —u" — ou’ — du,v) Yo eV, (4.2.5)
with [w] = 0 and [3%% + e%—qfl/] = 0 across the interface I', and w(z,0) = ug. For the

existence and uniqueness of a solution to the problem (4.2.5), we refer to [8]. Further,

w € H'(Y) satisfies following a priori estimate
lwllar @) < CUf = u" = ou' = dull 2wy + lluolly). (4.2.6)
Subtracting (4.2.5) from (4.2.1), we have
Ac(w' — v/, v) + Ag(w —u,0) =0 VoveV

which implies that w(x,t) = wu(z,t) for a.e. t € (0,7] and a.e. z € . Therefore
u € H'(J;Y) and due to Lemma 4.2.1 it is a strong solution to the interface problem
(4.1.1)-(4.1.3). This completes the proof. [

Remark 4.2.2. We are well aware of the fact that the rate of convergence of finite
element approximations depends on the ‘smoothness’ of a solution. In Theorem 4.2.1,
we have shown that interface problem (4.1.1)-(4.1.3) admits a unique strong solution u €
HYYYNH*(W) for appropriate initial data and source function. In fact, strong solution
ue HY(J; Y)NCHT; VINC?(J; W). In articles on the finite element method for general
linear second-order hyperbolic equations without the interface, related to convergence, it
is assumed higher order time derivatives of the solutions (cf. [18, 74, 81, 107, 109]).
Therefore, we will be required additional reqularity of u which guarantee the convergence

results.

Lemma 4.2.2. Let ug, vo € H*(Q) N HY(Q) and f € H'(J; HY(Q)). Then the strong
solution u to the interface problem (4.1.1)-(4.1.8) satisfies following a priori estimate

HUHHZ(y) < C(Jluoll3 + llvolls + HfHHl(J;Hl(Q)))-

Proof. Suppose z € HY(J;Y) N CY(J;V) N C*J; W) satisfies following variational

formulation

(2", v) + B, (2, v) + Bs(2,v) + A (2, v) + As(z,v) = (f,v) Yo € Hy(Q)  (4.2.7)
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with 2(0) = vy and 2/(0) = 2. Here, zy € X is defined as
20 = —O0[Vy — (SZUO + V- (eleo + BZVUO) -+ f(()) in Ql, [ = 1, 2.

Using the fact that u € C?(J; W), it is easy to verify that (29 — u”(0),v) = 0 for all
velV.
Now, we define w(t) = ug + fot zds, t € [0,T] so that w(0) = ug, w'(0) = 2(0) = vy

and w”(0) = zo. Further, for all v € V| we observe that w satisfies following equation
(w",v) + By (w",v) + Bs(w', v) + Ac(w",v) + Ag(w',v) = (f',v) YveV  (4.2.8)
which can be written as

%{(w”, v) + By (w',v) + Bs(w,v) + Ac(w',v) + Ag(w,v) — (f, v)} = 0. (4.2.9)

Now, differentiate (4.2.1) with respect to ¢ to obtain

%{m )+ By(ul,v) + By, v) + Al 0) + As(u0) — (£.0)} =0, (42.10)

for all v € V. For similar type of arguments in the context of wave equations, we refer
to ([93], pages 95-98). Then subtracting (4.2.9) from (4.2.10) yields

d /! / /
E{(p ,v) + By (p',v) + Bs(p,v) + Ac(p', v) +Ag(p,v)} =0 YweV,

where p(t) = u(t) — w(t). Integrating the above equation from 0 to ¢, we derive
(p",0) + Bo(p',v) + Bs(p,v) + Ac(p', v) + As(p,v) =0Vv € V. (4.2.11)

Note that p(0) = 0 and p'(0) = 0, which implies that v = w. Then use the fact
' =w' =z € H(Y) to conclude that u € H*(Y). Further, for v = 4", equation (4.2.1)
yields

t 2
[ s <€ (3 fluollo, + ol } + 1 Begam):
0 =1

which together with (4.2.6) leads to following a priori estimate

lull ) < Cllluolly + llvollx + 1 fllz2rwy)- (4.2.12)
Using estimate (4.2.12) for z satisfying (4.2.7), we obtain
Iy < Cllvolly + 112 O0)x + 1 2crw))
< Clluolls + llvolls + [ £l (r;a1(2)))-

This together with the fact that v’ = z leads to desired estimate. This completes the
rest of the proof. [
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Remark 4.2.3. In the previous result, forug, vo € H>(Q)NH(Q) and f € H'(J; H'(Q)),
we have shown that the strong solution u to the interface problem (4.1.1)-(4.1.3) belongs
to H*(J;Y) N C*(J; V) N C3(J;W). An argument similar to that of the preceding,
and after having change the smoothness condition to ug, vo € H*(Q) N HY(Q) and
f € H*(J; H () leads to an improvement in the regqularity of the strong solution u.
More precisely, for sufficiently smooth initial data and source function f, we assume
u € H3(J;Y). Results of this section are also hold true in a bounded and conver domain
Q C R? with C? smooth interface T.

4.3 Auxiliary Results

This section recalls some auxiliary projections and their approximation properties from

previous chapters.
For a finite element approximation, based on a fitted triangulation 7, we approxi-

mate bilinear maps associated with equation (4.1.1). For instance, bilinear maps A(-, -)
and B(-,-) are approximated by A (-, ) and By(-, ). For better illustration, we refer to
Chapter 1. On the other hand error analysis requires some appropriate intermediate
projection operators. We define elliptic projection operator Q., connecting operators
A, and Ay, by

A (Qeanv, vp) = Ac(v,v1) = AL (v, vp) + A% (v, v3) Yo, € Vi, v € V. (4.3.1)
Similarly, elliptic projection operator Qg connects operators Az and Ag, by
Agn(Qpnv, vp) = Ag(v,vp) = Az(v,vn) + A5(v,v4) Yo, € Vi, vE V. (4.3.2)

Here, Al and A} (I = 1, 2) are local bilinear maps as defined in Chapter 1. To simplify
the notation, we will write Q), in place of Q. or Qg, when no risk of confusion arises.
Regarding the approximation properties of Q) operator defined by (4.3.1) or (4.3.2), we

refer to Lemma 3.3.4 in Chapter 3.
Another important operator is the L? projection L, : L*(Q) — V}, defined by

(Lyv, ¢) = (v,0) Vo € Vi, v € L*(Q) (4.3.3)

and the error estimates as discussed in Lemma 3.3.5 holds.

Remark 4.3.1. Elliptic projection operator Q. defined by (4.3.1) is also valid in the
space X := {£€e X [§]=0alongT & £ =0 on N} and satisfies following stability

Qv < Cllv|lx Vo e X. (4.3.4)
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Further, following approximation results hold

2
lo = Qawll + Y Il = Qawvlhiar < CR{|[vllo0, + [[oll2.0.},

=1

forallve Xn H?*() N H*(Qg). Similar remarks hold for the elliptic projection Qg
and L? projection Ly,. For details, we refer to [39].

For given v € X, there exists w € Y (¢f. [31]) satisfying

2
> Alw, ¢) = (v — Quv, ¢) Vo € X. (4.3.5)
=1

Equation (4.3.5) together with (4.3.1), Lemma 1.2.2 and Lemma 3.3.4 leads to

2

2
lv—Qavl” = D Al(w— Qaw, v — Qav) + Y AQanw, v — Q)
=1

=1

2
S CHU) - thle Z ”U — thle,Ql - Aﬁl(gehva thw)
=1

2
< Chllwlly Y o = Qavllig, + ChllQavll1]| Qenw]

=1

< Chllv — Q|| [Ivllx- (4.3.6)

In the last inequality, we have used the fact that ||w|y < C|lv — Qv and stability

estimate (4.3.4). As a consequence of estimate (4.3.6), we obtain
lv = Lav]| < |lv = Q|| < Chljv]lx Vo € X. (4.3.7)

Here, we have used the fact that L£,v is the best approximation of v € L?(Q) with

respect to L? norm.
Now, inverse inequality and estimates (4.3.6)-(4.3.7) lead to following stability for

L? projection

1£nv])1

IN

|1 Lrv — Qenvlls + || Qenvl1
< Ch_1||£hv — Q|| + Cl|v||x

< Clv|lx Yo e X. (4.3.8)

Remark 4.3.2. In Lemma 4.2.2, we have proved that the solution to the interface
problem is sufficiently smooth in each individual subdomain €21 and 2o for smooth given
data. Assuming u € C*(J; X) with [u] =0 along T and w =0 on 9K, we obtain

[W"(t)] =0o0nT & u"(t) =0 0ndQ forte|0,T].
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This together with (4.3.8) yields

1£pu"(0)]l1 < Cllu"(0)[x < Cllluolls + llvolls + ILF 12 arry)- (4.3.9)

Now, we are in a position to define our new non-standard elliptic type projection
operator which is crucial for our error analysis. For v € H*(J;Y), find &, € H'(J; V},)
such that for a.e. t € [0,T]

Aeh(ﬁ;(t)v Uh) + Aﬁh(gv(t)a Uh) h Ae(vl(t), Uh) B Aﬂ(v(t), Uh) \V/?Jh € Vh, (4310)

with &,(0) = Qghv(O) € Vh.
One can follow the proof of Theorem 2.3.1 and Theorem 2.3.2 in Chapter 2 to derive
the following optimal point-wise-in time error estimates for the newly introduced elliptic

type projection operator.

Lemma 4.3.1. For any v € H'(J;)Y) and a.e. t € J, there is a positive constant C

independent of the mesh parameter h such that

lo(®) — £ @) + bllu(e) = &Oll < OO + 2 (Ilelmo) + 1O)]y).

4.4 Spatially Semidiscrete Error Analysis

This section deals with the pointwise-in-time error analysis for the spatially discrete
scheme. First we derive stability results for the semidiscrete solution. Optimal order of
convergence for L*°(L?) and L*°(H') norms are established when the global regularity
of the solution is low on the entire domain. The stability error analysis is very crucial

to established optimal error estimates for fully discrete solution .
The continuous time Galerkin finite element approximation to (4.2.1) is stated as

follows: Find wy, : [0,7] — V} such that

(up,vn) + Bon(uy, vn) + Bsp(un, vn) + Aen(up,, vn) + Agn(un, vp)
= (f7 Uh) VUh S Vha te (OvTL (441)

with u,(0) = Qpup and ), (0) = Qpvy.
Following result deals with the existence and regularity of u,. The basic technique

is borrowed from [107].

Theorem 4.4.1. For each h € (0, hg], there exists a unique function u, € C*(J;Vj,)
satisfying (4.4.1).
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Proof: Let V,, C H}(Q) be the finite element space defined on 7;, with basis functions
{qﬁi}ﬁvz"l. We consider Galerkin approximations in space

Np

un(z,t) =Y cit) ()

i=1
where ¢; : (0,7] — R are coefficient functions for i € [1, N},].

We denote by ¢n0 = [c10,---,¢n,0]" and cp1 = [c11,...,¢n,1]7 the components of
the given initial approximations up(0) and wu}(0), respectively. Then our semidiscrete
problem is to find ¢, (t) = [c1(t), ..., cn, (£)]T, for ¢t € (0,T], such that

thlfi(t) + KhC;«L(t) + Lhch(t) = Chc;L(t) + Dhch(t) = Fh(t), (4 A 2)
cy(0) = cpo and ¢, (0) =cp ;.

Coefficient matrices are given by
(M), Mij = (i, ¢;),
[Kisl,  Kij = Bo(¢i,65),
Lp = [Ligl,  Lij = Bs(i, ¢
[
[

~—

and the source term is given by F, = [F,..., Fn, |7, F; = (f, ¢;), with 1 < 4,5 < N,
Note that the matrices and the right-hand-side vectors are all well-defined since

(63, 0] < lldallllsll,

1B(0:,0;)] < Ctllgslll| 651,

|A(i ) < Collilll| 051l

[(Fs @)l < AN < NNl zoe oy 5

for all t € J. Furthermore, for any z € RV \ 0, we have

Ny, ) Ny,
zTMhz:/’ E ziw;| dx 2‘ E Z;W;
Q=1 i=1

for all ¢ € J. Hence, the matrix M), is invertible for all ¢ € J and the matrix equation

2
>0
L2

in (4.4.2) can be rewritten as
CZ -+ M}ZlKhC% + M;;thCh + M,;lChc’h + MleDhCh = M};th. (443)

Now the existence of a solution u;, € C?(J;V},) follows from the standard ODE theory.
This completes the rest of the proof. [
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Remark 4.4.1. Assuming f € CY(J; W) and setting
Ch(O) M th(O) — Mh_lKhChJ — Mh_thCh7O — Mh_IChChJ — Mh_thCh,Oa

we further observe that u, € C3(J;V},). Next Lemma assumes f € H3*(J; H*(Q)) and
which guarantee the existence of u, € C*(J;Vy) satisfying (4.4.1).

Regarding the stability of u; at the initial stage, we have the following result.
Lemma 4.4.1. Let uy, satisfy (4.4.1). Then, fori=2,3,4, we have

| Dyun(0)]| < C(|luoll2imz + llvoll2i—2 + 11 | zri-1(m2))
1Dy un (0)[l < C(lluoll2ims + [lvoll2ies + || /]

HPQ(Hl))a

i 0
where Dy = 2.

Proof: Taking ¢t — 07 in (4.4.1) and then using definition of Q,, operator, we obtain

(up(0),vn) = —Bon(uy,(0),vs) — Bsn(un(0), vn)
—Aen(u},(0), vn) — Apn(un(0), vn) + (£(0), va)
= —Bo(
(Q

Qenvo, Uh) Bﬁh(@ﬁhuo, Uh)
— A (Qenvo, vn) — Asn(Qantto, vi) + (f(0), va)
= —Bon(Qenvo, vr) — Ban(Qgantio, v)
— A (vo, vp) — Ag(ug, vn) + (f(0), vp). (4.4.4)

oh

Here, we have used the fact that w, € C%*(J;V},). For the third and fourth term in

(4.4.4), we use Green’s formula and boundary condition to derive

Ac(vo,vp) = —(V - (eVg), vn) < Cllvgl|2]|vnll,
Ag(uo, vn) = —(V - (BVug), vn) < Clluol|2|lvn]|-

Hence, (4.4.4) yields
lur (O] < C(lluollz + llvollz + 1 fll a2 z2))- (4.4.5)
In the previous estimate, we have used the fact that
sup ||f(O < Cllfllargwy-
0<t<T
In fact, for any Banach space B, we know that (c¢f. [116], Proposition 7.1)

sup [[v(t)||s < C|v|| gy Yo € H'(J;B). (4.4.6)
0<t<T
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where the positive constant C' depends on final time 7. Also, from the definition of Q,

operator, we can easily derive

[u3,(0) I = [|Qenvoll < Cllwolls- (4.4.7)
For i = 3, taking ¢t — 0" in (4.2.1) and using (4.4.4), we have
(uy (0) —u"(0),vn) = By(vo,vn) — Bon(Qenvo, vn) + Bs(ug, vg)
—Bsn(Qsno; vn)
= B2 (v, vp) + Bon(vo — Qenvo, vp) + B2 (uo, vp)
+Bsn(uo — Qpntio, vn)
< O(h? + N)([luollz + [lvoll2) [vall- (4.4.8)

In the last inequality, we have used Lemma 3.3.1 and Lemma 3.3.4, and the fact that
u € C*(J;W). Then use definition of L? projection and (4.4.8) to obtain

(up(0) — Lnu"(0),0n) = (up(0) — u”(0), vn)
< C(h* + A)(lluoll2 + llvoll2) llon, (4.4.9)
which imply
lu (0) = Law"(0) || < Ch(|luoll2 + llvoll2)- (4.4.10)
Estimate (4.4.10) together with inverse inequality and (4.3.9) yields

lin (@)l < Ch=H[uh(0) = Lo (0)| + [ £ru” (02

< C(lluolls + llvolls + 1l arcany)- (4.4.11)
Next, for u;, € C3(J;V;,) we differentiate (4.4.1) with respect to ¢ and then take t — 0"
to have
(uy (0),vn) = —Bon(up(0), va) — Bsn(uj,(0), vn)
—Ae(uy(0), vn) — Agn(u,(0), va) + (f'(0), va)
= —Bon(uy(0),v4) — Bsn(Qenvo, vn)
— A (u,(0) = Qe (0), va) — Agn(Qenvo — Lant'(0), vn)

-y {A@(M(O), o) + AL (u(0), vh)} FF0),0n).  (4.4.12)

Now, for u € C*(J;Y), use the fact that

ou'(t)
on

[em 2 1 sy

] =0 along T x [0,T]
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in the equation (4.4.12) to obtain

(up (0),v) = —Bon(up(0),v4) — Bsp(Qenvo, vn)
—Aen(uy,(0) — Qe (0), v5) — Agn(Qenvo — Qgsnvo, vn)

2

+ Z { Elvu ) Uh)Ql + (V : ,BVUI(O),'U}Z)QZ} + (f/(O),Uh)

IN

C{HU O)[| 4+ 2~ ([Jur (0) — Qenu” (0) ||y + [ Qenvo — Qgnvollr)
+Z 1" (0)ll2,0, + llvollz 4 1| a2 (22 }thH- (4.4.13)

From (4.4.9) and Remark 4.3.1, we have
144 (0) = Qanu” ()1
< Ch™Hluy (0) = Lyu(0) + [1£nu"(0) = Qenu (0) 11
< C([uollz + llwoll2) + Chz 1u" (0)]]2.0,
=1

< Ch([luolla + [lvolla + I fl 1 (zr2))- (4.4.14)

In the last inequality, we have used the fact that ||ug||x < Chlluglle,x for all K € Tp.
Using (4.4.14) in (4.4.13), we obtain

lur (0)|| < C(l|luolla + llvolla + 1f | z22))-

The case © = 4 can be done in a similar and hence details are omitted. This completes

the rest of the proof. [J
Differentiating (4.4.1) twice with respect to t and substitute v, = u)’ to have

1d
5 U 12+ Bon () 4+ At ) | + Bl i) + Aen (w7

= (f" u"). (4.4.15)

Integration from 0 to ¢ and using standard arguments lead to
t
O + I O + 017+ [ e+ [
0
< C(Ilu (O + [l (01 + IIU'é(O)IIer/ ||f”||2dt :
0

Using Lemma 4.4.1 in the above equation, we get

t
o+ Nl + [ e < € (ol + ol + 1 Bg)- - (4:4:16)
0

TH-2392_146123010



CHAPTER 4. Semidiscrete Scheme for DPL Bio Heat Model 88

Similarly, we obtain

t
mmﬁw¢m+AHW%&SOWM%wm@wM#WJ (4.4.17)
Now, we prove the convergence result for the semidiscrete scheme in L>(L?) norm.

Theorem 4.4.2. Let u and uy, be the solutions of problems (4.1.1)-(4.1.3) and (4.4.1),
respectively. Then, for ug, vo € Y and f € L*(J; W), we have

A 2
HU—UhHLoo(J;L2(Q)) S C’(u) (h+ \/X‘i‘ E) 5

meoww:O{Mﬂ§+wwé+wmmw}.

Proof. Define the error e(t) as e(t) := u(t) — uy(t) and then subtracting (4.2.1) from

(4.4.1) with some natural rearrangements, we obtain

(6//, Uh> “H th(e’, Uh) T th(e, Uh> + .Aeh(e’, Uh) aF A5h<€, Uh>
= —B5, (', vy) — B, (u,vy) — A5 (W, vp) — Agy, (u, vp) Yo, € Vi, (4.4.18)

Now, we split e(t) into standard p and 6 as
e=p+0, pi=u—2E&, 0:=8& —uy,

where &, is the projection operator defined as in (4.3.10).
Then equation (4.4.18) reduces to

(9”, Uh) + th(el, Uh) + th(e, Uh) aF Aeh(é’, Uh) + Agh(e, Uh)
= —(p",vn) — Bon(p', vn) — Bsn(p,vn) — A (p', vn) — Asn(p, vp)
—th(u’, vp) — B(;Ah(u,vh) — Ai(u’, vp) — .A?h(u, vp) Yo, € V. (4.4.19)

Using the definition of £,, we observe that

Aen(p', vn) + Agn(p; vn)

= A (W, vp) + Agp(u, vp) — {Aeh(f;, vp) + Agn(&u, Uh)}

= A (W', v0) + Agp(u, vp,) — {Ae(u’, vp) + As(u, vh)}.
Above equation together with (4.4.19) leads to

(0", vn) + Bsp(0,v1) + A (0, vp) + Agp (6, vp)
= —(p", o) = Bon(€',vn) — Bsn(p, vn)
—Bg;, (', vn) — Bgj,(u, vn) You € Vi, (4.4.20)
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which can be rewritten as

d, ro d /
—(9 ,Uh) — (9 ,Uh) + th(G,vh) + EAeh(eavh) — Agh(g, Uh) + Aﬁh(e,vh)

dt
d / / d /
= —E(P vn) + (¢, 0) = Bonle, vn) + Bonle, vi) — Bsn(p, vn)
—B5, (', vp) — BS,(u, vp) Yoy, € V. (4.4.21)

Following Baker [15], we define v : [0,7] x Q@ — R as
¢
(., t) = / 0(.,s)ds, 0<t<T,
t
for some fixed ¢ € [0,7]. Then, clearly 0 € V}, as 0 = £, — uj, € V},. Also, observe that

0(.,{) =0 and %f)(.,t) =—0(,t), 0<t<T. (4.4.22)

Setting v, = v in (4.4.21) and making some rearrangements, we obtain

d . 1d 1d
dt(e D) + §d_<0 6) + Bon(0,0) — 5%5’&( 0)
1d

—I—EAgh(@,U)—i—Aeh(@,@) th.Agh(U )

d. , . ) d R .
= —=(0,9) = (¢,0) = =-Bo(e, ) = Bou(p, 0) = Bsn(p, 0)

—B3,, (v, 0) — By, (u, ).

Integrating from 0 to ¢ and using 0(¢) = 0, we get
1Oy & 1 2 1 2 ¢ 1 SO g
~(010):60) + 5101 = SIBO)F + [ Bra(6.6)ds + 3B (5(0).50)

¢ 1
—Aeh(H(O),ﬁ(O))Jr/O Aeh(e,e)der§A5h(@(0),1§(0))
¢

¢
= (#10).5(0) = [ (/.05 + Bon(e(0).50) = [ Bo(p.0)ds

0

¢ ¢ ¢
/ Bsi(p, 9)ds —/ BE, (v, 0)ds —/ B5, (u, 9)ds. (4.4.23)
0 0 0
Observe that 0(0) = &,(0) — up(0) = Qru(0) — Qpup = 0, hence (4.4.23) becomes

S0+ [ 10iPas + [ olias + oo
¢
< (€10,00) ~ [ (0.0)d5 + Bae(0),50) - | B0y

0

¢ ¢
—/ B(;h(p,"&)ds—/ B, (), v)ds—/ Bs (u, 0)ds. (4.4.24)
0 0
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Then Cauchy-Schwartz inequality, Lemma 3.3.1 and continuity of Bj operator leads to
1 2 a2 a2 L v
S+ [ leas+ [ 6lids + L))
0 0
/ N ¢ / ~ ¢
<C H<5’(0)||||v(0)||+/0 ||p||||9||dS+||€(0)||||v(0)||+/0 lelll10]lds
¢ R A 2 ¢ ) X
v [ iolatas + (ne Vi 3) [ alslols
AN\
+(h+\/X+E) / ully||o]lds . (4.4.25)
0

Since 6 is continuous in the time variable, we select ¢ such that ||0(¢)|| = maxo<i<7 [|6(%)]].
Then we observe that [|o(t)|| < C(17)]|6(¢)||, t € [0,7], which in combination with
(4.4.25) leads to

¢
18Ol < C(IIé’(O)II+Ile(0)|I+/O (o'l + llel)ds

H(ne Vs %) / (e + ||u||y>ds).

This together with Lemma 4.3.1 leads to Theorem 4.4.2.

Remark 4.4.2. Theorem 4.4.2 is an extension of Theorem 5.6 in [107] to general linear
hyperbolic equation with interface. It is worth to note that Theorem 5.6 in [107] is
concerned on the convergence of finite element solution to the exact solution of linearized

Westervelt equation with variable coefficients without interface.
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Fully Discrete Error Analysis for DPL Bio Heat

Transfer Problem with Interface

This chapter is devoted to the extension of spatially semidiscrete a priori error analysis
to the fully discrete approximation for the dual-phase-lag (DPL) bio heat transfer model
problem (1.1.7)-(1.1.9). Following Baker [15], Crank-Nicolson scheme is applied for the
temporal discretization after reformulating the governing equation as first-order system.
Optimal order of convergence in L>(L?) norm is derived for the fully discrete solution.

Finally, two dimensional test experiments are presented to testify our theoretical results.

5.1 Introduction

We shall begin with first recalling the dual-phase-lag (DPL) bio heat transfer model

problem of the form
W' +ou +6u—V-(eVu)=V-(fVu)=f inQx(0,T] (5.1.1)
with initial and boundary conditions
w(z,0) =up & u'(z,0) =vg inQ; u(z,t) =0 on IQ x (0,7 (5.1.2)
and jump conditions on the interface

[u] =0, [e(x)g—?l/ + ﬁ(x)g—z] =0 alongI" x [0,T7. (5.1.3)

where (2 is a bounded domain in R¥(d = 2, 3) with Lipschitz boundary 9 and Q; C
is an open domain with C? smooth boundary T' = 9€; and Q, = Q\2;. Other symbols

and notations are as defined in Chapter 1. We assume the coefficient functions are

01
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positive and piecewise constants on each subdomain €2; and we write

(01,51761,51) in €,
(02,52762752) in €.

(0-7576’/6):

Further, for the purpose of error analysis, initial data (ug,vo) and external force f

are assumed to be sufficiently smooth real valued functions so that a weak solution
uw e HY (V)N H?*(W) satisfying

(u",v) + B, (u',v) + Bs(u, v) + A (u',v) + Ag(u,v) = (f(t,-), v)vixv (5.1.4)

and (u(0),v(0)) = (ug,vg) is also a strong solution to the problem (5.1.1)-(5.1.3) and

belongs to desired Sobolev spaces. For details, we refer to Chapter 4.
Now, we divide the time interval I = [0,7] into N equally spaced subintervals

I, = (th-1,tn], n=1,2,...,N with tc = 0, and ty = T and 7 = t,, — t,_1, the time
step. For a sequence {p"}N_; C L*(Q), we define

n+l _ .n 1
&rp”:u and pn_'% :§(pn+1—}—pn), n=01,..., N—1.
T

Also, for a continuous mapping ¢ : [0, 7] — L*(Q2), we define ¢" = ¢(+,t,), 0 <n < N.
Then the fully discrete finite element approximation to the problem (5.1.1)-(5.1.3) is
defined as follows: Find U™ € V}, such that

8TU”:p"+% for n=0,1,..., N—1 (5.1.5)
and

(O™, ) + Ban (073, 0) + Bsn(U™2,90) + Aa (0", 4) 4 Aan (U3, 9)
= (f"*2,9) Yy eV, (5.1.6)

with U° = Qpug and p° = Qpvy. Here, A, and By, are as defined in Chapter 1. Further,

Qy, is the elliptic projection defined by (2.2.4)(or (2.2.5)).
The following Lemma gives the existence and uniqueness of the fully discrete solution

U" of u™ in terms of the auxiliary variable p™ and in fact gives a computational algorithm

to find U™ .

N

Lemma 5.1.1. There exists a unique sequence {U™}_,

unique sequence {p"}\_, C Vi, satisfying (5.1.5)-(5.1.6).

C Vi and a corresponding

Proof. From (5.1.5), we have
-

Un+1 —
2

("t +p") + U™ (5.1.7)
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Using (5.1.7) in (5.1.6), we get
A (0" ) = Fr (W) Vo € Vi, (5.1.8)

where A, is the bilinear form given by

2
AT(w7 U) = (U), U) + %Bah(wvv) + TZB&h(w?U)
T '7—2
+§A€h(w, v) + ZAgh(w,U) Yw,v eV

and F" is the linear functional given by
.

F) = 0") — SBan(p" %) = Bsn(U™, ) — - Ban(p", ¥

2
— S A" ) — T A" ) — T A (U )+ () VO €V

Due to positivity of bilinear maps B, and A, there exists uniquely defined p"*! € V,

satisfying equation (5.1.8) and subsequently U™ exists uniquely for 0 <n < N — 1.0J
Later on, we will need the following results. The proofs involve the use of Taylor’s

series and standard arguments, and therefore, details are omitted.

Lemma 5.1.2. For any v € H3(J; L*(Q)), we have
’I’L-‘rl tn+1
8,0 — o2 < 073/ o|2dt.
tn

The layout of this chapter is as follows: While Section 5.1 introduces the fully discrete
scheme and established the existence of its solution, we discuss the convergence behavior
of fully discrete approximation for the interface problem in Section 5.2. Optimal a priori
error estimates are derived for the fully discrete solution. Finally, in Section 5.3 we

present some numerical results to validate our theoretical findings.
5.2 Fully discrete error analysis

In this section, we study the convergence of fully discrete finite element scheme (5.1.5)-

(5.1.6). Optimal a priori error estimate in L>(L?)-norm is derived.
In order to compute the error between U™ and u", it suffices to establish the error

wn

=wup —U", for 1 <n < N. Once we have estimate for w", we can easily get the
error estimate for e” := U™ — u™ by using the triangle inequality, Theorem 4.4.2 and the

Lemma 5.2.1 given below.

Lemma 5.2.1. Let uw and U™ be the solutions of the interface problem (5.1.1)-(5.1.3)
and the finite element approximation (5.1.5)-(5.1.6), respectively. Then, we have

T T
e "7 < Cr ([ lunalPa + [ el B).
0 0

1<n<N
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Proof. Substitute t = t,, and t = ¢,4; in (4.4.1) and then add to have

(Ory, ) + Bon(uy 1) + B, 0) + Aanuy ) + Ay, )
= ("2, 9) + (p",9) W € Vi, (5.2.1)

1
where p" 1= 0;u}, — uzgg Now, subtracting (5.1.6) from (5.2.1), we have

(O™, ) + Bon(q"*%,00) + Bon ("2, 90) + Aa(q"*2,0) + Asn (w3, )
= (p", ) V¢ € W, (5.2

with ¢" = uy, — p".

From (5.1.5), it is easy to observe that

n n+i n n+% n+2 n n n n+%
0w =¢q¢""2 +0up —up, 2 =q¢""2+a", " =0y —uy, (5.2.3)
so that
n—1 n—1 n—1 n—1
1
wh=1 g O =1y 247y of & ¢"=7) 0,4"
k=0 k=0 k=0 k=0

Here, we have used the fact that w® = u) — U® = Quug — Qpup = 0 and ¢° = u), — p° =

Onvo — 9rvy = 0. Hence, using the above relations it follows that

n n—1

Orw" = % (Z Orq" + ) @q’“) +a”, (5.2.4)
k=0 k=0
n n—1 n n—1

] 037D ST HR0 SIS U B R
k=0 k=0 k=0 k=0

Now, we define a sequence {s"})_, such that s° = 0 and

k=0
so that
n n—1
s"+§:%< whte 4 w’”%). (5.2.6)
k=0 k=0
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Hence, for any ¢ € V},, using the identities (5.2.4)-(5.2.6) we obtain
(0" 1)+ B 5,00) + B (55, ) 4 Ao 5,00) + A (575,0)
- Z {005 0) + B3, 0) + B3, 00) + Aan(g" 5, 0)

3
._\

+A5h (wk—’—% ) @D)} + {(8qu7 %U) + lgah(qlﬂ_é ) Q/)) + B&h(wk+%a ’QZ))

0

n n—1
+A€h(qk+%7¢) Ly Aﬁh(wk—i_%aw)} + (anv ¢) o7 gBah<Z ot + Z Oék? ¢>
k=0 k=0

n n—1
Aa (3o ak+ 30k p).
k=0 k=0
Using (5.2.2), for 1 <n < N — 1, we derive

(0r", ) + Bon(@™, ) 4+ Ban(s™ 2, ) + Aan(w"2,9) + A (572, 9)

-
2

=
Il

— (T, ) + Bo(T3, ) + A (T3, ) Vb € Vi, (527)
where
n—1 n—
n o.__ T 5 k n i il T n k
Ty = 5P +T;p +a" & T =50 —|—7‘Za.

Substituting ¢ = w3 = 98" in (5.2.7) and making some rearrangements, we arrive at
(W™, W™t 4 27 B (w2, w2 + By (s™L, 67 4 27 A (wE, Wt E)
F A (5™ 7Y = (W™ w™) + Bap(s™.5™) 4+ Agn(s™, s™) + 27 (T, w™t2)
27 B (T2, w2 ) + 27 Ay (T, W™ 3).
Next, using Cauchy-Schwartz inequality, coercivity and continuity of the bilinear maps
B and A, we obtain
(@™ W)+ 27w 3| 4 B8, ) - 27w 3 4 Aga (s, 5"
< (" w") + Ban(s", 8") + Agn(s", 8") + 27| T |l 2| + 27| T3 | ™ 2|
#2773 || .
Finally, applying the Young’s inequality ab < ka? + %bz for a,b > 0 and choosing k > 0
appropriately, above relation leads us to
(W™ W™ Bap (8™ 8" 4 Ay (" s
< (W' w") + Bsn(s™, s") + Agn(s™, s™)
27 (T + T3 + 1318, (5.2.8)
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Summing (5.2.8) fromn =1ton =1—1 with 2 <! < N, we obtain
-1
n|2 112 12 n||2 n||2
Joax [l ® < Jlor* + s ||1+ZTZO(HT1 IZ+172017). (5.2.9)
For estimation of the terms w! and s!, we note that
1 1
LT e e o
5 =TWwE =W & g2 5 -
Now, putting n = 0 in the error equation (5.2.2) and using the above identities, we have
29 1 1 1 1 1 1 1 1
_2<w 7¢) + _Bah(w 7¢) i _Béh(w 7¢) + _Aeh(w 7¢) + _A,Bh<8 71/})
T T 2 T T
2
= (0", 0) + =(a”,0) + Bon(a®, ¥)) + Aa(a’, ) Vo € Vi (5.2.10)

Substituting ¢ = w! = % in (5.2.10) and using coercivity of the operators B and A, we
obtain

2

2
T T
M ” + 118l < (0, ") + (0, w

AR ?Boh(ao,wl) + 7 A (a, s).
Next, use Cauchy-Schwartz and Young’s inequality to have
192 112 ! 02 102 o T 0)]2
w2 + s 2 < SN2 + sl + (7242 ) o

+alw![[* + 7 0P|} + sl 5

Finally, choosing x; > 0 appropriately leads us to

! 12+ 11513 < € (7102 + 72a”l1).

Combining (5.2.9) and (5.2.11), we have

(5.2.11)

-1
n2 < (4 0112 | ~2([~0]2 2 nQ)‘ 9
s [P < O (P + ol + 20 3 (14 131)). - G212
Now, we shall estimate both terms 77" and 73'. For the estimation of 77", use triangle
inequality and Cauchy-Schwartz inequality to have

2 n—1
mn T mn n
1T < L 12+ 721> 1P + [l
k=0
72 n2 2 — k|2 n2
< e+ N AP+ o™
k=0
<

2 n—1
T 7 n
O™+ 7D M2 + la)12).
k=0
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Then, using Lemma 5.1.2, we obtain

tnt1 T
||T1n||2 < C<T5/ ||Uhtttt‘|2dt+7_4/ ||Uhtttt||2dt
tn 0

g [ 2
+7’ / ||uhttt|| dt . (5213)
tn

The following estimate for 73" is achieved using the same technique as used for deriving
Ty

tn1 T
HTZHH% S C<7'5/ Huhttt’ﬁdt —+ T4/ ||uhttt”%dt> . (5214)
tn 0

Finally, using (5.2.13)-(5.2.14) in (5.2.12), we obtain

il T
max ||w"|? §CT4</ ||uhtttt||2dt+/ Humw”%dt). O

1<n<N 0 0
Now, we are in a position to state the main result of this section.

Theorem 5.2.1. Let u and U™ be the solutions of the interface problem (5.1.1)-(5.1.3)
and the finite element approximation (5.1.5)-(5.1.6), respectively. Assume that ug €
HS(Q) N H (), vg € HY(Q) N HY(Q) and f € H3(J; H*(Q)), then we have

2
max [|u" = U"| < C(u) ((h+ Vo %) +>

0<n<N

where C(u) — O{Huoll?m) + ool + Hulﬁpm} |

Proof. Applying the triangle inequality to
ut=U"=u"—up +uy —U",

followed by estimates (4.4.16)-(4.4.17), Theorem 4.4.2 and Lemma 5.2.1 leads to desire
result. [

Remark 5.2.1. (a) The proposed fully discrete finite element scheme can be easily
extended for the numerical approzimation of the solutions to the IBVP (5.1.1)-(5.1.2)

coupled with the jump conditions

ou

[u] =0, [e(m)g—l:ll + B(x)a—n] =g alongT x [0,T]. (5.2.15)
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For numerical validation, we refer to numerical Examples 5.3.1-5.3.2.
(b) In developing numerical methods for interface problems, higher order of convergence

18 always one of the major research goals, because high order methods are more accurate
and cost-efficient. Present analysis provides a scope for the generalization of these works
to higher order finite element methods by combining the theory in this work with the
analysis in [85]. A higher order finite element approzimation and its convergence is
llustrated in Example 5.3.5.

5.3 Numerical Results

In this section, we present some numerical experiments to validate the theoretical
findings presented in the previous section. To illustrate the flexibility of the method, dif-
ferent forms of interfaces along with a large scale of variation in the physical coefficients
are considered. For our numerical experiment, globally continuous piecewise linear fi-
nite elements (P;) based on fitted triangulations of €2;, ¢ = 1,2 are used. The nodes
of the triangulations of ; and €5 coincide on the interface I'. A higher order fitted
finite element approximation has been carried out in Example 5.3.3. All the numerical

computations are done in the time interval J = (0, 1].

Table 5.1: Parameters used in computation (see, Xu et al. [138])

Parameters Domain | Domain
0 Qy
kE(W/mK) Thermal conductivity 0.235 0.445
p(kg/m?®)  Skin density 1500 1116
c(J/kgK)  Specific heat 3600 3300
wy(kg/m3s) Blood perfusion rate 0.5 0.5
cr(J/kgK)  Specific heat of blood 3770 43770
pp(kg/m3)  Density of blood 1060 1060

Example 5.3.1. For our first numerical experiment, we consider a square domain §2 =
(—=1,1) x (—=1,1), where interface I is a circle centered at (0,0) with radius ro = 0.5.
We select the data in (5.1.1)-(5.1.2) and (5.2.15) such that the exact solution u is given
by

(rg — r2)t? if r <o,

(rg — r°)tsin(mx) sin(my) i r > 1o, where r* = a° + y*.
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Figure 5.1: Exact solution (left) and triangulation(right) of 2 with A = 0.305091 (Test
Example 5.3.1).

In Figure 5.1 we show the exact solution and triangulation of the domain €2 with
mesh size h = 0.305091. In our numerical convergence test, we choose two different sets
of physical coefficients borrowed from Xu et al. [138] that corresponds to two different
forms of bio heat transfer model. Following [138], physical parameters employed in the
computation are as in Table 5.1. Dual-phase-lag (DPL) bio heat transfer is characterized
by thermal relaxation time 7, and phase lag for temperature gradient 7. Vedavarz et
al. [133] found that 7, for some biological tissues lies in the range of 1s — 100s at room
temperature. Following the paper by Mitra et al. [100], we take the thermal lag time
(7,) and phase lag time (7r) as 16 seconds and 0.043 seconds, respectively. Then using
Table 5.1, we have the first set of physical coefficients for the DPL bio heat model:

(0,0,€,0) = (

TqWyPpCh + PC WpPbCy TTK K )

TPC | TepC | Tepc Tepe
(0.4325,0.0231,1.1696 x 10710, 2.7199 x 10~9) if r < ry,

(0.6050, 0.0339,1.2083 x 1077, 7.5520 x 1079) if r > rq.

In the absence of phase lag time (77), equation (5.1.1) reduces to the thermal wave model
of bio heat transfer [69, 70]. The second set of physical coefficients that corresponds to

the thermal wave model of bio heat transfer is given by

(0.4325,0.0231,0,2.7199 x 107%) if r < ry,
(07 67 €, 5) =
(0.6050, 0.0339, 0, 7.5520 x 1079) if 7 > ro.
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100

Table 5.2: Example 5.3.1. EOC for 77 #0 at t =1 and 7 = 1073

h |lu —unl|z2) EOC  |u—up||m@ FEOC
0.3050910 5.03668e-002 - 9.99850e-001 -
0.1673780 1.11142e-002 2.2414 4.64219e-001  1.1025
0.0828717  2.77700e-003  2.1093 2.30304e-001  0.9971
0.0420952 7.65119e-004 2.0718 1.20741e-001  1.0877

Table 5.3: Example 5.3.1. EOC for 77 =0 at t =1 and 7 = 1073

h |lu —unllz20) EOC  |u—up||m@ EOC
0.3050910 1.17510e-002 - 7.11408e-001 -
0.1673780 3.24310e-003 2.1444  3.54219e-001 1.1615
0.0828717 7.31190e-004 2.1191 1.70304e-001 1.0418
0.0420952 1.85119e-004 2.0280 8.47410e-002 1.0305

DPL bio heat transfer model(r..+ 0)

10°

108

10°

—*—2enror | |
ofh?)
—&—H'ermor
— — -0fh

.

0.04 0.06
h

0.08 0.1 0.2 0.140.16

10'3 L

Thermal wave model of bio heat transfer(rT=0)

—*—Zerror | |
—om)
—&—H'error
— — -0(h

.

0.05 0.1

0.15 02 025 03

h

Figure 5.2: Log-log plot of the L? norm and H! norm versus the mesh size at time ¢ = 1

in Example 5.3.1.

Tables 5.2-5.3 represent the numerical solution errors and convergence rates in both
L* and H' norms for 77 # 0 (DPL bio heat transfer) and 77 = 0 (thermal wave bio heat

transfer), respectively. In both cases, we choose the uniform time step size 7 = 1073.

The errors at time ¢ = 1 are listed in the Tables 5.2-5.3. Figure 5.2 clearly demonstrates
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the second order of convergence in L? norm and first order of convergence in H! norm.
Note that the second set of physical coefficients are chosen to emphasize the fact that
our numerical scheme is consistent for the thermal wave model of bio heat transfer and

is clearly depicted in Table 5.3.

Example 5.3.2. For our second numerical example, we consider the interface to be a
curve given by y = z* in the computational domain Q = (—1,1) x (=1,1). We select
the data appearing in (5.1.1)-(5.1.2) and (5.2.15) by setting the exact solution as

0.25 exp(t)(y — 2?) sin(nz) sin(my) if y < 22,
—5t%(y — 2?)(y — 1) if y > 2%

u(z,y,t) =

0.8
0.6
0.4

0.2

I

Y \ D ﬂfi‘n’ 0 0
RS X7
RSO 7 ) s
i 2
e
i/

-0.6

-0.8

Figure 5.3: Exact solution (left) and triangulation(right) of © with h = 0.2861720 (Test
Example 5.3.2).

With the development of high-power short impulse lasers, use of dual-phase-lag
(DPL) model has become common in the study of heat transport in metallic films during
ultrafast laser heating [112, 128]. The phase-lag time varies for different materials and
it may take values in the range of 1072s — 10s for heterogeneous materials (cf. [96]).
To mark the significance of our model problem, we choose the physical coefficients from
the paper by Tzou et al. [129]

(0,0,€, ) = (g—E,O,ae,ng>

(1.2 x 10"2,0,1.2 x 1074, 1.44 x 10%) if y < 22,

(1.2 x 10"%,0,1.6 x 1074,1.96 x 10%) if y > 22
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Table 5.4: Example 5.3.2. EOC att =102 and 7 = 10714

h ||u—uhHL2(Q) EOC Hu_uhHHl(Q) EOC

0.2861720  1.14180e-002 - 2.16910e-001 -

0.1656240  3.05842e-003  2.4088  1.09996e-001  1.2417
0.0888431 7.67597e-004 2.2195 5.48601e-002 1.1169
0.0478408 1.946711e-004 2.2164 2.74689e-002 1.1175

Here Cg represents the equivalent thermal wave speed, ag denotes the equivalent
thermal diffusivity and a. is the electron thermal diffusivity of the material. In Figure
5.3, we show the exact solution and the triangulation of the domain €2 with mesh size
h = 0.2861720. The numerical solution errors and convergence rates in both L? and H*
norms at final time ¢t = 1072 are listed in Table 5.4. The final time step is taken in pico-
second (ps) as the thermal lagging model describes the pico-second (ps) heat transport
in metal films (c¢f. [128, 129]). It is clear from Figure 5.4 that we have achieved optimal
order of convergence in both L? and H' norms, which confirm the theoretical prediction

as proved in Theorem 5.2.1.

100

Error

-3 L 4
10 —*— 2 error

oh?
—&—H" eror
— — -0(h)

.

104 I I I
0.05 0.1 0.15 0.2 0.25

h

Figure 5.4: Log-log plot of the L? norm and H' norm versus the mesh size at time

t = 107'% in Example 5.3.2.

Example 5.3.3. For our final numerical example, the computational domain =
(—1,1) x (=1,1) is divided into four subdomains €, i = 1,2,3,4 using the interface
I:={(z,y) € Q: 2y =0}. We select the data appearing in (5.1.1)-(5.1.2) and (5.2.15)
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by setting the exact solution as

Table 5.5: Parameters used in computation for Example 5.3.3 (¢f. [13, 107])

u(w,y,t) = <

—0.52% sin(7z) sin(ry?)
0.5ty? sin(rz?) sin(7y)
0.5sin(t)z? sin(mz) sin(my?) if

| —0.5y” sin(rz?) sin(my)

Parameters | Domain €2; | Domain 25 | Domain €23 | Domain 2y
o 5 4 4 7
0 0 0 0
€ 6 x 107? 4x107? 4x 1072 4x107?
B 15002 10002 10002 30002
o 0.4
0.05 02
0 0
0.05 02
-1

Figure 5.5: Exact solution (left) and triangulation(right) of 2 with h = 0.2969850 (Test
Example 5.3.3).

In Figure 5.5, we show the exact solution and triangulation of the domain 2 with

mesh size h = 0.2969850. Equation (5.1.1) also represents the linearized Westervelt’s

equation for classical model for nonlinear ultrasound propagation through thermoviscous

fluids [107]. Following [13, 107], in each subdomain we use different material parameters

for the physical coefficients, given in Table 5.5.
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Table 5.6: Example 5.3.3. FOC at t = 1 and 7 = 1072 for P, elements

h

EOC

|W—Uﬂm®

EOC

|W—Uﬂmm)

0.2969850
0.1542410
0.0765776
0.0410173

9.90197e-003 -

2.70301e-003  1.9817
6.69095e-004  1.9940
1.80135e-004  2.1019

2.39631e-002 -

1.20437e-002  1.0501
6.01226e-003  0.9922
2.92771e-003  1.1526

Table 5.7: Example 5.3.3. FOC at t = 1 and 7 = 10~2 for P, elements

h

||u_uhHL2(Q) EOC

0.2969850
0.1542410
0.0781625
0.0435878

4.75802e-004 -

6.63167e-005 3.0077
8.56805e-006  3.0106
1.47599¢-006 3.0114

2.77468e-002 -

7.11948e-003  2.0762
1.82065e-003  2.0062
5.47462e-004  2.0576

Table 5.8: Example 5.3.3. FOC at t = 1 and 7 = 1072 for P; clements

h

EOC

|u — unll L2 ()

EOC

lu — unll g1 (@)

0.2969850
0.1542410
0.0781625
0.0435878

4.32487e-005 -

3.02790e-006  4.0587
1.94952e-007  4.0353
1.85633e-008  4.0266

1.9120e-003 4
2.60082e-004  3.0449
2.97168e-005 3.1914
4.63975e-006  3.1798

Tables 5.6-5.8 represent the numerical solution errors and convergence rates in both

L? and H'! norms for P;, P, and P; finite elements, respectively. In all cases, we choose

the uniform time step size 7 = 1072. The errors at time ¢ = 1 are listed in the Tables

5.6-5.8. Note that the finite element spaces P, and P53 are chosen to emphasize the fact

that our numerical scheme is consistent for the higher order finite element spaces under
the assumption that A = O(h3) and A = O(h?), respectively. It is clear from Figure 5.6

that we have achieved optimal order of convergence in both L? and H' norms which

consolidates our theoretical findings.

TH-2392_146123010



CHAPTER 5. Fully Discrete Scheme for DPL Bio Heat Model

105

P, affine elements
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—*— % error
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P3 affine elements
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Figure 5.6: Log-log plot of the L? norm and H' norm versus the mesh size at time ¢t = 1

in Example 5.3.3.
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Conclusions and Extensions

In this chapter, we highlight the significance of current thesis work and the corresponding
results and techniques to derive them. We also provide information for the scope of

possible extensions and future investigations.

6.1 Critical Review of the Results

In this thesis, an interface fitted finite element method is proposed to study a priori
analysis of finite element approximations for some interface problems arising in biological
media as described in Chapter 1-5. The interface are assumed to be of arbitrary shape
but are smooth for our purpose. The performance of interface-fitted FEMs depends on
the quality of underlying finite element partition and how well the interface is resolved
by the finite element mesh. For that, a new A-strip argument has been introduced for
quantifying the relation of error near the interface in terms of the mismatch parameter

A. The critical review of the results of each chapter is presented below.
In Chapter 2, we have studied a priori error analysis for the finite element approxi-

mations to the electric interface problem (1.1.1)-(1.1.3) in a bounded convex polygonal
domain in R? (d = 2,3). Optimal order of convergence in L>(L?), H*(L?) and L>(H")
norms are established for the semidiscrete solution. For the L>(H') norm error esti-
mate for the semidiscrete solution, the splitting technique have been used, where the
Ritz projection operator Qy, (cf. Lemma 2.2.1) is used to split the error into two parts.
Optimal order of convergence in L°>°(H"') norm has been established when the global
regularity of the solution is low on the entire domain (see Theorem 2.3.1). L*(L?)
norm error analysis is based on the newly established optimal error estimates in H'(L?)
norm (see Theorem 2.3.2) for the semidiscrete solution. We have also proved stability of
the semidiscrete solution and derive some estimates which are very crucial to prove the

optimal convergence rate of the fully discrete solution. A discrete in time scheme based
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on Crank-Nicolson scheme is considered and analyzed for the fully discrete approxima-
tion. For the error analysis we split the total error into two parts using semidiscrete
solution as an intermediate operator. Optimal order of convergence for L*>°(L?) and
L>(H') norms are established when the global regularity of the solution is low on the
entire domain (¢f. Theorem 2.4.1). Finally, we give numerical examples to validate our

theoretical findings.
Chapter 3 deals with the a prior: analysis for the finite element approximations to

the hyperbolic heat conduction model problem (1.1.4)-(1.1.6). Existence, uniqueness
and regularity of the weak solution are discussed. We recall some basic approximation
properties associated with the finite element spaces and derive some new error estimates
involving A-strip (see Lemma 3.3.1), which are crucial for the argument of convergence.
Next, we have derived a priori error bound for the elliptic/Ritz projection operator Qj,
involving A-strip when the exact solution w is having a lower regularity, i.e., u € X.
Optimal order of convergence in both L>°(L?) and L>(H") norms are obtained for the
semidiscrete solution (see Theorem 3.4.1). Stability for the semidiscrete solution (cf.
Lemma 3.4.1 and Lemma 3.4.2) are also derived. The fully discrete scheme can be
reinterpreted as the Crank-Nicolson discretization of the reformulation of the governing
equation in the first-order system, as in Baker [15]. In fact time discretization method
is the well-known Newmark method for wave equation when we adopt the particular
choice for the parameters in the Newmark scheme (¢f. [51, 104]). Optimal order of con-
vergence in L>(L?)-norm is established (¢f. Theorem 3.5.1). Finally, we have presented
numerical examples to consolidate our theoretical results. To illustrate the flexibility of
the method, different form of interfaces along with a large scale of variations in physical

coefficients are considered.
In Chapter 4, we have studied a priori error analysis for the spatially semidiscrete

scheme for the Dual-phase-lag(DPL) bio heat model problem (1.1.7)-(1.1.9) . Existence,
uniqueness and regularity of its solution are discussed. Apart from standard elliptic/Ritz
projection operator Qp, a new non-standard elliptic type projection operator &, has
been introduced and a priori error bound for the projection operator has been discussed
(see Lemma 4.3.1). The derivation of the error bound for the semidiscrete solution
heavily depends on this new non-standard elliptic type projection operator &,. We have
also recalled some basic approximation properties along with some new analytical tools
and techniques, including a A-strip argument for quantifying the relation of error near
the interface in terms of the mismatch parameter A. Optimal order of convergence
for L°°(L?) and L>*(H') norms are established (see Theorem 4.4.2). Stability of the

semidiscrete solution are derived which are very crucial to prove the optimal convergence
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rate of the fully discrete solution.
In Chapter 5, we have extended the spatially discrete a priori error analysis to

the fully discrete approximation for the Dual-phase-lag(DPL) bio heat model problem
(1.1.7)-(1.1.9). The fully discrete scheme is the well-known Newmark method for wave
equation when we adopt the particular choice for the parameters in the Newmark scheme
(cf. [51, 104]). Optimal order of convergence in L>(L?)-norm is derived (¢f. Theorem
5.2.1). Finally, numerical results for two dimensional test problems are presented in
support of our theoretical findings. In each of these numerical experiments we have
used different form of interfaces along with a large scale of variations in the physical

coefficients indicating the flexibility of the method.

6.2 Extensions and Remarks

A priori error analysis of Immersed FEMs: In this thesis, we have considered
fitted finite element methods where the discretization is done in such a way that the
grid points lie on the interface. In unfitted finite element method, the discretization
of domain is independent of the interface. Unfitted FEMs are helpful in a number
of contexts including multi-phase and multi-physics applications with moving interfaces
(e.g., fracture mechanics, fluid-structure interaction or free surface flows) or in situations
in which one wants to avoid the generation of body-fitted meshes to reduce as much
as possible the computational costs. The immersed finite element method (IFEM) is
a class of unfitted mesh methods for interface problems. The main idea of IFEM is
to locally adjust the approximation function instead of solution mesh to resolve the
solution around the interface. Local basis functions are constructed according to the
interface jump conditions, hence, structured Cartesian meshes can be used to solve
interface problems with non-trivial interfaces. As a future extension, one can consider

the a priori analysis of the present work to Immersed finite element methods.
A priori error analysis of Local Discontinuous Galerkin methods(LDG):

A major disadvantage of interface-fitted conforming Galerkin FEMs is that performance
of such methods depends not only on the quality of underlying finite element partition
but also on the variational formulation of the problem. While the flux discontinuity of
the solution can be captured in variational formulation, the discontinuity of the solutions
neither fit in the variational formulation nor satisfied in classical FEM solution spaces.
More recently, local discontinuous Galerkin (LDG) method has been proposed to solve
not only the homogeneous but also nonhomogeneous parabolic interface problems in
[10] based on fitted mesh. Using the LDG method for space discretization, authors have

derived the approximations for the potential and the flux at the same time. Moreover,
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unlike the conforming Galerkin methods which need special treatment for the discon-
tinuity across an interface, the LDG method provides a natural framework to enforce
the discontinuities in both the potential and the flux weakly in the discrete formulation.
Theoretical convergence analysis of the LDG method for parabolic interface problems
is still open. A future extension of the present work could be a priori error analysis of

Local Discontinuous Galerkin methods.
A priori error analysis of Interface Problems on Polygonal Meshes: De-

spite of numerous advancements in the numerical solution of interface problems, there
are still a few remaining challenges in the field. One of these challenges concerns the
issue of interface problems arises from nonsmooth interfaces or interfaces with Lipschitz
continuity. Nonsmooth interfaces are also referred to as geometric singularities, such
as sharp edges, cusps and tips, which commonly occur in real-world applications. It is
a challenge to design high order interface schemes for geometric singularities both nu-
merically and analytically. Recently, finite element methods using polygonal elements
are gaining popularity because of their applicability in handling complex geometries
usually appeared in real life problem. Two of the major methods on this regard are the
Weak Galerkin FEMs and Virtual element Methods. The numerical solution of elliptic
interface problems by means of Weak Galerkin FEMs and Virtual element Methods
are investigated in [101] and [30] respectively. Very recently, Deka et al. has studied
the prabolic interface problem on polygonal meshes using Weak Galerkin FEMs in [43].
Convergence analysis for other time dependent Interface problems on polygonal meshes
are still open. A further extension could be a priori analysis of time dependent interface

problems on polygonal meshes.
Nonlinear second order Hyperbolic Interface Problem: Consider the non-

linear damped wave equation of the form
¢ Puy — V- (Vu+ BVY) = 7(u?)y in (0,7 x Q. (6.2.1)

The equation (6.2.1) is known as Westervelt equation which is widely used to simulate
high-intensity focused ultrasound fields generated by medical ultrasound transducers.
High intensity focused ultrasound has numerous applications starting from treatment
of kidney and bladder stones via thermotherapy, ultrasound cleaning, and welding to
sonochemistry. Westervelt equation (6.2.1) with interfaces are motivated by lithotripsy
where a silicone acoustic lens focuses the ultrasound traveling through a nonlinearly
acoustic fluid to a kidney stone. In [106], the authors have investigated interface cou-
pling problems involving Westervelt equation for different types of boundary conditions.

Well-posedness of such model interface problems and the regularity of its solutions are
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established. It will be interesting and challenging to extend the present the analysis

discuss in this thesis to the interface problems discussed in [106].
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