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ABSTRACT

Many real-life systems are composed of different components connected in different fash-
ions. The failure of one component in such a system, in general, increases the workload
of the other surviving components. This increase in load changes the lifetime behavior
of the surviving components. These systems are known as load-sharing systems. Anal-
ysis of load-sharing systems is challenging due to their complex dependency between
components and the changes in failure rates after a failure. This thesis addresses three
problems related to the analysis of load-sharing systems. In Chapter 1, we provide basic
definitions and background of the problems that are discussed in this thesis. We de-
scribe three datasets to motivate the readers, and a comprehensive literature review is
performed in the same chapter. In Chapter 2, we propose a Bayesian estimation frame-
work for the Generalized Freund Bivariate (GFB) distribution to model the reliability of
a two-component load-sharing system. This approach offers an alternative to the classi-
cal estimation method introduced by Franco et al. [22]. Assuming independent gamma
priors, we derive the posterior distribution of model parameters. Due to the complicated
expression of the posterior probability density function, we propose to use Markov chain
Monte Carlo based method to perform posterior analysis. The performance of the pro-
posed model fitting method is observed to be quite satisfactory through a Monte Carlo
simulation study. The analyses of two load-sharing datasets, one about the lifetimes of
two-motor load-sharing systems and another related to a nuclear power plant, are pro-
vided as illustrative examples. In Chapter 3, for two-component load-sharing systems, a
doubly-flexible model is developed where the GFB distribution is used for the baseline
of the component lifetimes, and the generalized gamma (GG) family of distributions is
used to incorporate a shared frailty that captures dependence between the component
lifetimes. We call the model as GFB-GG model. The proposed model structure results
in a very general two-way class of models that enables a researcher to choose an appro-
priate model for a given two-component load-sharing data within the respective families

of distributions. The GFB-GG model structure provides a better fit to two-component

X
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load-sharing systems compared to existing models. Fitting methods for the proposed
model are discussed. Through Monte Carlo simulations, the effectiveness of the fitting
methods is demonstrated. Also, through simulations, it is shown that the proposed model
serves the intended purpose of model choice for a given two-component load-sharing data.
A simulation case and analysis of a real dataset are presented to illustrate the strength
of the proposed model. We also estimate some important reliability characteristics such
as reliability at a mission time (RMT), mean time to failure (MTTF), and mean resid-
ual time (MRT) under GFB-GG model. In Chapter 4, a flexible model for analysing
load-sharing data is developed by approximating the cumulative hazard functions of com-
ponent lifetimes by piecewise linear functions. The proposed model is data-driven and
does not depend on restrictive parametric assumptions on underlying component life-
times. Maximum likelihood estimation and construction of confidence intervals for model
parameters are discussed. Estimates of reliability characteristics such as RMT, quantile
function, MTTF, and MRT for load-sharing systems are developed in this setting. As
the proposed model is capable of providing a good fit to load-sharing data, it also results
in better estimation of these important reliability characteristics. The performance of
the proposed model is observed to be quite satisfactory through a detailed Monte Carlo
simulation study. The analyses of two load-sharing datasets, one about the lifetimes of
two-motor load-sharing systems and another related to basketball games, are provided as
illustrative examples. Finally, the thesis is concluded in Chapter 5, and we also mention

some related open problems for future directions.

TH-3788_196123009



NOMENCLATURE

Abbreviations

ABE Average Bayes Estimate

AE Average Estimate

AFT Accelerated Failure Time

AIC Akaike Information Criterion

AlCc Corrected Akaike Information Criterion
ATE Absolute Integrated Error

AL Average Length

BC Bridge Criterion

BE Bayes Estimate

BIC Bayesian Information Criterion

BUE Best Unbiased Estimator

CDF Cumulative Distribution Function
CHF Cumulative Hazard function

CI Confidence Interval

CP Coverage Percentage

EFB Extended Freund’s Bivariate

EM Expectation-Maximization

ESOS Extended Sequential Order Statistics
FBE Freund’s Bivariate Exponential

GFB Generalized Freund’s Bivariate

GG Generalized Gamma,

HF Hazard Function

iid Independent and Identically Distributed
Ippd Log-Pointwise Predictive Density
MCMC Markov Chain Monte Carlo

MGF Moment Generating Function

xi

TH-3788_196123009



xii

MLE
MRT
MSE
MTTF
OS
PDF
PFR
PH
PLA
RMT
SD
SE
SE
SOS

WAIC

Maximum Likelihood Estimate
Mean Residual Time

Mean Squared Error

Mean Time To Failure

Order Statistics

Probability Density Function
Proportional Failure Rate
Proportional Hazard

Piecewise Linear Approximation
Reliability at a Mission Time
Standard Deviation

Standard Error

Survival Function

Sequential Order Statistics
Quantile-Quantile
Watanabe-Akaike Information Criterion

TH-3788_196123009



LIST OF FIGURES

(1.1 n-component parallel system|. . . . . . . ... ... ... ... ... ..., 2
(1.2 m-component series system| . . . . . . . . ... Lo 2
[2.1 Proportion of times the top three models get selected| . . . . . . . . .. .. 31
[2.2  'Irace plots of parameters of the best two models for two-motor data|. . . . 36

[2.3  'Trace plots of parameters of the best two models for nuclear reactor data] . 37

[3.1 Proportion of times the top three models get selected when the parent |

[ model 1s MT | . . . . . . . e e e o6
[3.2  Proportion of times the top three models get selected when the parent |
[ model 1s MT4 1. . . . . . . . . o7
[4.1  Pictorial representation of approximation of CHF for N =2 . . .. .. .. 67
[4.2  Q-Q plots for the two-motor data] . . . . . . . ... .. ... .. ...... 78
4.3 Plots of SIS for the two-motor datal . . . . . . . . ... ... ... ... .. 81
4.4 Plots of CHFS for the two-motor datal . . . . . . .. ... ... ... .... 82
[4.5  Q-Q plots for three-player Basketball data| . . . . . .. ... ... ... .. 83
[4.6  Plots of Sks for three-player Basketball datal . . . . .. .. ... .. .. .. 83
[4.7  Plots ot CHFSs for three-player Basketball dataf . . . . . . . ... .. .. .. 84
xiii

TH-3788_196123009



List of Figures

TH-3788_196123009



LIST OF TABLES

[l.1 Time to failure (in days) data set for two motors in a load-sharing config- |

| urattenl 4. . . . A . PR . . . . . W L L L 4

(1.2 Time until second foul for the three-star players| . . . . . . . . ... .. .. >

(1.3 Failure times(days) and warranty servicing times(days) for Nuclear Power |
| Plants reported in Park and Kim [44]f . . . . .. ... ... ... .. ... 6

2.1 Model indicators according to their baseline distributions before and after |
[ Ist fadlurel . . . . . L L e 31

2.2 ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for |
[ size n = 295 according to load-sharing systems from different models with |
| GFB parameters O = (01, ‘92, 03, 94, 95, 06)' ................... 32

2.3 ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for |
| size n = H0 according to load-sharing systems from difterent models with |
| GFB parameters © = (01,605,03,0,,05,.0)| . . . . . ... ... 33

2.4  ABE, MSE, AL, CP ot the parameters based on 1000 simulated samples for |
| size n = 75 according to load-sharing systems from different models with |
| GFB parameters © = (0y,605,03,64,05,66)| . . . . . . .. ... ... 34

2.0 ABRE, MSE, Al., CP of the parameters based on 1000 simulated samples |

| tor size n = 100 according to load-sharing systems from different models |
| with GF'B parameters © = (01,0,,03,04,05,0¢) . . . . . ... .. ... ... 35

2.6 ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for |
[ size n = 25, 50, 75, 100 according to load-sharing systems from Model B1 |
| with GFB parameters © = (61,0,,03,604) . . . . . . ... ... ... 39

[2.7 Estimates of the parameters of the top two models based on the motor datal 39

[2.8 Estimates of the parameters of the top two models based on the nuclear |
[ reactordatal . . . . . ... . L 40

XV

TH-3788_196123009



xvi List of Tables
[3.1  Special members of the GG tamily of distributions| . . . . . . . . .. . ... 43
[3.2  Model indicators according to their frailty distributions and baseline dis- |

[ tributions betore and after 1st failurel . . . . . . . . . . .. ... L. 51
[3.3 AR, MSE, AL, CP of the parameters based on 500 simulated samples for |

| size n = 100, according to load-sharing systems from different models with |

| GFB parameters ©; = (01, 605,07, 0;,0p,07) having Exponential(rate=1) |

| frailty distribution| . . . . . ... Lo Lo L 52
(3.4  AE, MSE, AL, CP of the parameters based on 500 simulated samples for |

| size n = 100, according to load-sharing systems from different models |

| with GFB parameters ©, = (6, 0,07, 65,05, 03) having Weibull(shape=F, |
scalezr(l;j%)) frailty distribution with @, = k[ . . . . . . .. ... ... .. 53

[3.5 AR, MSE, AL, CP of the parameters based on 500 simulated samples for |

| size n = 100, according to load-sharing systems from different models |
| with GF'B parameters O, = (64, 05, 07, 65, 05, 0};) having Gamma(shape—7, |

| scale:%) frailty distribution with Oy = B| ................... 54
[3.6  Simulated two-component load-sharing data: Baseline component lifetimes |

| as Weibull(fp = 2) before the first failure, and Gamma(675, = 1.5) after the |

| first failure, with PFR parameters (6; = 0.25, 6, = 0.5, 07 = 0.75, 65 = 1); |

| frailty from GG distribution (k =15, f=15)] . ... ... .. ... ... 59
[3.7 Estimates of the parameters of the top three models based on simulated |

| data given 1n Table[3.6[ . . . . . ... ... ... Lo 60
[3.8 Estimates of the parameters of the top three models based on the nuclear |

| reactor data given in Table[1.3[. . . . . . .. ... ... .. ... ... .. 60
[3.9 Mean residual time and reliability in mission time for the nuclear reactor |

[ dafal ... e . - . o . . . .. ... A N 61
[4.1  Performance measures for estimates of 4| . . . . . . . .. ... ... . ... 75
[4.2  Performance measures for estimatesof ¢ . . . . . . . .. .. ... ... 76
[4.3  Performance measures for estimatesof bo| . . . . . . . . ... ... ... 77
[4.4 AlE based on SF and CHF for Weibull distribution with k=3, 5 =1 . .. 78
[4.5 Alk of the SEF and the CHF of quadratic distribution for x; = 0.5, K = |

[ 260 = 1, Ko > 2Ko| . . o L L L 79
[4.6  AlE of the SF and CHE of quadratic distribution for xk; > 2k, ko = |

[ 0.5, ko =2k =1 . . . . . . e 80

55 or o5t 0

[4.8  Comparison between various load-sharing models for the two-motor data] . 80
[4.9 Mean residual time and reliability in mission time for the two-motor data] . 81
83

84

TH-3788_196123009



List of Tables xvii

[4.12 Mean residual time and reliability in mission time for the basketball data] . 84

TH-3788_196123009



xviii List of Tables

TH-3788_196123009



CONTENTS

[Abstract] ix
[Nomenclaturel xi
[List of Figures| xiii
[List_of Tables| xiv
(1__Introductionl 1
(1.1 Basic Definitions and Preliminaries| . . . . . . . . . . . . ... ... .... 1
[I.1.1  k-out-of-n Load-sharing System| . . . . . .. ... .. ... ..... 2

(1.1.2 Load-sharing Rule] . . . . ... ... .. ... ... ......... 2

(1.2 Motivating Datal . . . . .. .. ... .. .. .. ... o 3
.21 Two-motor Datal . . . ... ... . ... ... .. .. ........ 3

(1.2.2  'T'hree-player Basketball Data| . . . . .. .. ... ... ... ..., 3

(.2.3  Nuclear Reactor Datal . . . ... ... ... ... ... ....... 5

(1.3 Models for Load-sharing Systems| . . . . . . . ... ... ... ....... 6
(1.3.1  Freund’s Bivariate Exponential Modell . . . . . . .. .. .. .. .. 6

[1.3.2 FExtended Freund’s Bivariate Modell . . . . . .. ... .. .. .. .. 7

(L.3.3  Generalized Ireund’s Bivariate Modell . . . . . . . ... ... .. .. 8

[1.3.4  Sequential Order Statistics Model . . . . . . .. .. ... ... ... 9

[1.3.5  Extended Sequential Order Statistics Model| . . . . . .. .. .. .. 11

1.3.6  Accelerated Failure Time Models| . . . . . . . ... ... ... ... 12

(3.7 Park’s Modell . . . . .. .. . oo 14

(1.4 Methods of Inferencel . . . . . . . . . . ... o 15
(.41 Maximum Likelihood Estimationl . . . . . . .. .. ... ... ... 15

[1.4.2  Confidence Interval Based on the Likelihood Theory|. . . . . . . .. 16

Xix

TH-3788_196123009



XX CONTENTS
[1.4.3 Parametric Bootstrap Confidence Intervall . . . . . ... ... ... 17

(1.4.4  Bayesian Inference| . . . . . . . . .. .. ... L. 18

(.o Daterature Reviewl. . . . . . . . .. .. oo 19
(.6 Useof R Softwarel . . . . . . . ... ... ... .. 21
[I.7  Organization of the Thesis| . . . . . . .. .. .. ... ... ... . 22

2 Bayesian Inference for GFB Model 25
2.1 Model Description] . . . . . .. . .. .. .. 26
[2.1.1  Prior Assumptions| . . . . . . . . . . . ... ... 26

[2.1.2  Posterior Analysis|. . . . . . . . . .. .o 26

2.2 Model Selection| . . . . . . ..o 28
[2.3  Simulation Study| . . .. .. 29
[2.3.1  Demonstration of the Model Fitting Method| . . . . . . . .. .. .. 29

[2.3.2  Study of Model Selection|. . . . . .. .. ..o 00000 30

2.4 Data Analysis| . . . . . . . . . 36
[2.4.1 ~ Analysis of Two-motor Datal . . . . . . ... ... ... ....... 36

[2.4.2  Analysis of Nuclear Reactor Data] . . . . . . ... .. .. ... ... 36

2.5 Conclusionsl . . . . . . . oL 37

[3 A Doubly-flexible Model based on GG Frailty| 41
3.1 Introductionl . . . . . . . . . . . e 41
3.2 GG Distributionl . . . . oL o0 Lo 42
[3.3  Model Description] . . . . . .. .. ... .. 43
[3.4  Model Fitting Method| . . . . . . ... ... ... .. ... ..., 45
[3.4.1 Implementation of the LM-type Algorithm| . . . . . . .. ... ... 46

3.42 Model Selection| . . . . . . . .o oo 49

[3.5 Simulation Study| . . . . ..o 49
[3.5.1 Demonstration of the Model Fitting Method| . . . . . .. .. . ... 50

[3.5.2  Study of Model Selection|. . . . . . . .. ... o000 50

[3.5.3  Discussions| . . . . . ... e 55

[3.6  Numerical Examples| . . . . .. .. .. .o oo o7
(3.6.1 A Simulation Casel . . . . . ... Lo oo 57

3.6.2 Real Data: The Nuclear Reactor Datal . . . ... .. .. ... ... 58

.7 Conclusions| . . . . . . . . . . e 61

4 Reliability Analysis of Load-sharing systems with PLA| 63
(4.1 Introductionl . . . . . . . .. 63
[4.2  Model Description] . . . .. .. ... ... 64
4.3 Likelihood Inferencel . . . . . . . . . .. . oo 68
[4.3.1 A Special Case: Two-component Load-sharing Systems| . . . . . . . 69

TH-3788_196123009



CONTENTS xxi

[4.3.2 Confidence Intervalsl . . .. . ... ... ... ... ... ..... 70
433 Choice of Cut Points| . . . . . . . . . ... 000 71

[4.4  Estimation of Important Reliability Characteristics| . . . . . . . .. .. .. 72
[4.5 Simulation Study| . . .. ... 74
[4.5.1 Assessing Performance of the Estimation Method| . . . . . . . . .. 74
[4.5.2  Assessing Lfficacy of the PLA-based Model in Fitting Data from |

[ Other Models| . . . . .. .. ... o 75
[4.6  Data Analysis| . . . . . . . . . 77
[4.6.1 Analysis of Two-motor Datal . . . . . ... ... ... ........ 7
[4.6.2  Analysis of Three-player Basketball Datal . . . . . . .. ... .. .. 82

[4.7  Further Extension Incorporating Covariates| . . . . . . .. ... ... ... 85
4.8 Conclusionsl . . . . . . .« .o e 86
Appendices| . . . .. L L e e e e 87
[4.A  Calculations of Some Important Reliability Characteristics| . . . . . . . .. 87
[4.A.1 Derivation of the Quantile Function| . . . . . ... .. ... ... .. 87
4A2 Denvation of MIU'TE . . . 0 oo 000 o000 87

[4.A.3 Derivation of the Moment Generating Function ot System Lifetime| 89

[ Conclusions and Future Scope| 91
BEI Conclusions . . . . . . . . . .. e 91
[>.2  Future Scope| . . . . . . 93

(Bibliography| 93

[Biodatal 99

TH-3788_196123009



TH-3788_196123009



CHAPTER 1

INTRODUCTION

1.1 Basic Definitions and Preliminaries

To enhance system reliability, one of the common practices is to use redundancy techniques
in reliability engineering. In reliability theory, a redundancy technique is the practice of
adding backup components or systems so that if one fails, others can take over and
keep the system operating. Most of the time, to investigate the redundancy assumption,
independence is considered over the components of the system. If a component fails in
a system, it is assumed that it will not affect the failure rates of the remaining working
components. However, this assumption of independence is not truly justified in the real
cases.

If a component fails in a load-sharing system, then the workload of the system is
redistributed among the remaining surviving components. Therefore, the load on each
of the working components is increased. This leads to an increase in failure rates of the
surviving components in most cases. Therefore, reliability models that include stochastic
dependencies in the system’s component lifetimes should be developed. Examples of
load-sharing systems include cables in a suspension bridge, the central processing unit of
a multiprocessor computer, valves or pumps in a hydraulic system, generators in a power
plant, kidneys in the human body, etc.

The stochastic dependency models mainly have two broad areas, which are named as
shock models and load-sharing system models, also known as dynamic system models.
In shock models, a random amount of damage occurs due to exposure to shocks in the
system. Moreover, it can be seen that in the load-sharing model, whenever a component
fails, the performance of the other components changes.

To understand the reliability of a load-sharing system, it is important to study how

the load is applied to the system across time, known as the load pattern. The load-
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2 Chapter 1. Introduction

sharing rule describes how the total system load is divided among individual components
at any moment. Each time the load pattern changes, the load-sharing rule determines
how the new load is distributed. By carefully considering the load-sharing system, the
load pattern, and the specific load-sharing rule in use, we can gain a better understanding
of how the system’s reliability changes over its life. To understand more precisely, some

basic definitions and preliminaries are provided below.

1.1.1 k-out-of-n Load-sharing System

Consider a system that is made up of n connected components. The system is in a working
state if at least k& (< n) components work. Once (n — k + 1) components fail, the system
fails. This kind of system is called a k-out-of-n system. Now, assume that the total load
on a k-out-of-n system does change over time. Initially, when all n components work, the
total load gets distributed among all components. When a component fails, the total load
gets redistributed among the surviving components. Such a k-out-of-n system is called a
k-out-of-n load-sharing system.

When k£ = 1, the system is called a parallel system. In parallel systems, if at least one
component works, the system works, and if all the n components fail, then the system fails,
see Figure When k = n, the system is called a series system. In a series system, if one
of the components fails, the system fails; for reference, see Figure The assumption

Figure 1.1: n-component parallel system

1 D e s n-1 n

Figure 1.2: n-component series system

of a constant total load is applicable to a broad range of practical systems, and many
works in the literature adopt this setting. In this thesis, we focus on the constant total

load assumption for all the models.

1.1.2 Load-sharing Rule

An important element of the load-sharing model is the rule that governs how failure rates

change after some components in the system fail. This rule depends on the reliability
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1.2. Motivating Data 3

application and how the components within the system interact with each other. Some

of the commonly used load-sharing rules are as follows

e Equal load-sharing rule: It implies that the extra load caused by the failed

component is shared equally among the surviving ones.

e Local load-sharing rule: It dictates that a failed component’s load is transferred
to adjacent components; the proportion of the load distributed among the surviving

components depends on their distance to the failed component.

e Monotone load-sharing rule: It states that the load on the surviving components
is non-decreasing with respect to the failure of other components in the system. The

above two load-sharing rules are special cases of a monotone load-sharing rule.

1.2 Motivating Data

In this section, we describe three datasets that are analysed throughout the thesis. Among
the datasets, two are examples of load-sharing data, and one of them is bivariate dependent
data.

1.2.1 Two-motor Data

Recently, a dataset on a load-sharing system has been analysed by several authors, includ-
ing Sutar et al. [56], Asha et al. [5], Franco et al. [22]. The data consist of information
on component lifetimes of 18 two-component load-sharing systems. Fach system is a
parallel combination of two identical motors - “A” and “B”. When both motors A and B
are in working condition, the total load on the system is equally shared between them.
When one of the motors fails, the total load shifts to the operational motor. There is no
information available on concomitant variables. Also, there is no censoring in the data,
as failures of all the motors are observed. We refer to this data as the two-motor data.
The average and standard deviation of lifetimes of the motors that fail first are 178.61
and 62.75, respectively, while those of the lifetime between first and second component
failures are 49.72 and 29.45, respectively. The dataset is reported in Table [I.1}

1.2.2 Three-player Basketball Data

Kvam and Pena [32] presented an interesting analysis of sports data with the help of a load-
sharing model. The data are from basketball games played by the Basketball Association
franchise Boston Celtics. The time period of the used data is the second half of the
sports season of 2001 - 2002. For the games played during the above mentioned period

by Boston Celtics, Kvam and Pena [32| perceived a three-component load-sharing system
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Table 1.1: Time to failure (in days) data set for two motors in a load-sharing configuration

System | Time to failure of motor A | Time to failure of motor B | Event description
1 102 65 B failed first
2 84 148 A failed first
3 88 202 A failed first
4 156 121 B failed first
5 148 123 B failed first
6 139 150 A failed first
7 245 156 B failed first
8 235 172 B failed first
9 220 192 B failed first
10 207 214 A failed first
11 250 212 B failed first
12 212 220 A failed first
13 213 265 A failed first
14 220 275 A failed first
15 243 300 A failed first
16 300 248 B failed first
17 257 330 A failed first
18 263 350 A failed first

consisting of the three star players of Boston Celtics as the components, and defined a
component failure as “the event when a player fouled out or was removed from the game
due to accumulating a high number of fouls”. Relevant here is that a player is usually
temporarily removed from the game for a very brief time period when they accumulate
two fouls; this brief time period acts as a cool-down period for the player. For each of
the 28 games in the dataset, the three-player basketball data gives elapsed game times at
which each of the three players commits their second personal foul in that game. For all
these games, all three players started the game and committed at least two fouls by the
end of the game. The idea is that once a player commits two fouls and returns to the game
after a brief cool-down period, the foul rate of all three star players changes, as follows.
The player who reached the two-foul limit plays conservatively, not to commit more fouls.
The rate of fouls of the other two star players, however, depends on the strategy of the
team for that game: it may go down if the team plays conservatively on the whole, or may
go up if the team plays aggressively, where these two star players take more responsibility.
The average and standard deviation of lifetimes of the components that fail first are 18.37
and 8.73, respectively, while those of the lifetime between the first and second component
failures are 9.97 and 7.19, respectively, and for the lifetime between the second and third
component failures are 9.04 and 6.50, respectively. The dataset is provided in Table
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Table 1.2: Time until second foul for the three-star players

Game | Player 1 | Player 2 | Player 3
1 21.02 30.22 43.43

2 24.25 45.54 17.19
3 6.56 19.47 23.28
4 15.35 16.37 25.4
2 39.08 30.32 43.53
6 16.2 4.16 39.52
7 34.59 46.44 16.33
8 19.1 38.4 20.17
9 28.22 37.43 25.41
10 32 45.52 39.11

11 11.25 19.09 11.59
12 17.39 25.43 22.51
13 28.47 31.15 241
14 23.42 31.28 40.03
15 42.06 23.21 45.36
16 28.51 33.59 16.2
17 34.56 32.53 40.44
18 40.33 15.35 28.33
19 27.56 46.21 28.05
20 9.54 36.21 28.12
21 27.09 11.11 23.33
2 40.36 33.21 17.04
23 41.44 36.28 19.13
24 32.23 8.17 41.27
25 7.53 37.31 13.43
26 28.34 35.58 41.48
2 26.32 28.02 29.33
28 30.47 40.4 42.13

1.2.3 Nuclear Reactor Data

The dataset consists of 30 paired observations of failure times and corresponding repair
times for nuclear reactors. These data were obtained from the Operational Performance
Monitoring System used in nuclear power plants across South Korea, as reported by Park
and Kim [44]. The sample comprises data from 20 operational nuclear power units, which
are reactors that were fully functional and generating electricity during the observation
period. Their analysis revealed a significant positive correlation between the two variables,
indicating that longer failure times are often accompanied by longer repair times, and vice
versa. This dependence is important when modeling warranty-related costs, as it violates
the assumption of independence often used in simpler models. The average and standard
deviation of failure times are 277.05 and 296.06, respectively, while those of the warranty
servicing times are 3.29 and 3.05, respectively. The dataset is presented here in Table [I.3}
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see the work by Park and Kim [44] for more details on the dataset.

Table 1.3: Failure times(days) and warranty servicing times(days) for Nuclear Power
Plants reported in Park and Kim [44]

System | Failure times | Warranty servicing times
1 353.04 4.37
2 334.72 1.91
3 80.04 2.04
4 6.49 1.72
5 1.34 0.29
6 467.19 1.93
7 0.35 1.82
8 398.86 1.77
9 1048.23 9.61
10 829.39 3.80
11 227.20 2.86
12 260.14 0.31
13 14.00 0.85
14 14.15 2.04
15 38.96 2.73
16 30.27 3.63
17 117.37 2.73
18 126.27 2.55
19 56.45 0.72
20 45.28 3.69
21 267.31 0.36
22 615.64 10.63
23 115.37 11.24
24 359.76 9.70
25 412.30 3.31
26 276.69 4.96
27 601.04 2.99
28 1021.01 2.36
29 192.17 1.63
30 0.36 0.26

1.3 Models for Load-sharing Systems

1.3.1 Freund’s Bivariate Exponential Model

Consider a two-component parallel system with the components C; and Cy (say), where
neither component is replaced or repaired upon failure. Let T} and T, represent the
lifetimes of components C and Cs, respectively. The observed lifetime of one component

may change depending on which fails first. Assume that 77 and 75 are independent,
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but not necessarily identically distributed. Specifically, let T} and T5 follow exponential
distributions, with respective failure rates ¢, and 5. Thus, the reliability functions for 7}

and T, respectively, are given by
Ri(t)=P(Ty >t)=e " >0, and Ry(t) = P(Ty > t) = e ®' ¢ >0.

In load-sharing systems, when a component fails, the failure risk for the surviving com-
ponent changes. Two possible scenarios are considered, depending on the sequence of
failures:

Case-1: If C fails before Cy (i.e., T1 < T3), the lifetime of Cy becomes Ty, which is
assumed to follow an exponential distribution with rate 6;.

Case-2: If C; fails before Cy (i.e., Ty < Ty), the lifetime of C; changes to T, which is

assumed to follow an exponential distribution with rate 67.

Thus, the FBE model assumes that the initial failure rate of component ¢, when both

components are operating, is
)\10<y) = 61', y > O, 7o 1, 2.

After the first failure, the survivor’s failure rate changes. If the j-th component fails at

time x, the remaining life of the i-th component is exponential with rate
Nglyle) = 6f, ity > >0, i=12 j=1,2 i # .

Let the observed lifetime of the components be denoted by (Y7,Y5). Under FBE model,
the joint PDF of (Y1,Y3) is expressed as

0207, exp [—0Fy1 — (61 + 02 — 07)ya], if 0 < yo < w1,
fovive) (W1, 12) = .
919576XP [_9§y2 - (91 + 0y — '93)%] , 0 <y <.

Please see Freund [23] for detailed derivations. The distribution specified by the above
PDF is referred to as the FBE distribution.

1.3.2 Extended Freund’s Bivariate Model

A class of distributions is called a PFR class if its reliability function is given by (Rg(y; 05))%,
a > 0, with Rp(-;0p) as the baseline reliability function involving parameter 6. Here,
« is called the PFR parameter. Examples of distributions in the PFR class are expo-
nential, Weibull, gamma, etc. EFB model assumes that 7} and T, have reliability func-

tions from a PFR class with baseline reliability function Rp(+,05) and power parameters
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0;(> 0), i = 1,2, respectively, that is
Ri(t) = P(Ty > t) = [Rp(t,05)]" and Ry(t) = P(Ty > t) = [Rp(t,05)]".

The model also assumes that the distribution of 7} and 73 belongs to the PFR family
with the same baseline reliability function, but with different PFR parameters 67(> 0)
and 65(> 0), respectively. Therefore, the reliability function of T} and T3, respectively

Ri(t) = P(T7 > t) = [Rp(t,0p)]" and R}(t) = P(Ty > t) = [Rp(t,05)]".

Let A\jo(+) denote the failure rate of the i-th component at time y when no component has
failed. Then, according to the EFB model,

)\ZO(y) = eirB(yaeB)v Yy > 07 = 1727

where rp(-,0p) denotes the baseline HF of the lifetimes of the components before the
occurrence of the first failure. Let the j-th component fail first. Then, the failure rate of
the 7-th component at time gy, when the j-th component has failed at time x, denoted by

Nij(ylx), is given by
Nij(ylz) = 0;rp(y,0), ify>x>0,i=1,2; j=1,2; 1.

The joint PDF of observed lifetimes (Y7, Y3) is derived by Asha et al. [4] and given by

( 07
QTQQTB(yl, QB)TB(yQ, QB) [gigz;ziﬂ 1 [RB<y2, QB)](91+92) .
if g1 > 92 >0,

03
010375 01,0075 (12 00) o323 | (R, 0)) ",

if yo > 11 > 0.

f(Yl,Yz)(yb ?JQ) T

\

In particular, when Rp(t,05) = e~ then EFB model becomes the FBE model. Thus,

EFB model can be considered as a generalization of FBE model.

1.3.3 Generalized Freund’s Bivariate Model

The GFB model assumes that T} and 75 have reliability functions from a PFR class with
baseline reliability function Rp(+;60p), and PFR parameters 6;(> 0), i = 1,2, respectively.
That is,

Ri(t) = P(T, > t) = [Rp(t,05)]" and Ry(t) = P(Ty > t) = [Rp(t,0p)]*.
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The model also assumes that the distribution of 7} and 75 belongs to the PFR family
with baseline reliability function R3(-,0%) and with different PFR parameters 65(> 0)
and 605(> 0), respectively. Therefore, the reliability function of 77 and T3, respectively,
are

Ri(t) = P(T{ > t) = [Rp(t,03)]" and R5(t) = P(T5 > t) = [Rp(t, 0p)]".
Let Ajo(+) denote the failure rate of the i-th component at time y when no component has
failed. Then, according to the GFB model,

Xio(y) = birp(y,08), y >0, i =1,2,

where rpg(+,0p) denotes the baseline HF of the lifetimes of the components before the
occurrence of the first failure. Let the j-th component fail first. Then, the failure rate of
the 7-th component at time gy, when the j-th component has failed at time x, denoted by

Nij(ylx), is given by
Aij(ylz) = 0irp(y,05), ify>x>0, i=1,2; j=12; i#j.

The PDF of (Y}, Y5) is derived by Franco et al. [22] and given by

( . . . « 0% 07
6102TB (yl’ GB)TB(y27 93) [gggz;ﬁg;] [RB(y27 QB)](01+02) )
if y1 > y2 >0,
x * oy [R5 (2,05)1% .
01057(y1,08)r5 (12, 05) [Rﬁngeﬁi] [Rp(y1,05)] 7% |

if yo >y; > 0.

Jorive) W1, v2) =

\

The distribution specified by the above PDF is called GFB distribution. We denote it by
(}/17 }/2) ~ GFB(RB7 R*Bv 91) 927 9T7 0;7 937 9*3)7

with PFR parameters 6;,07 > 0 for « = 1,2, and baseline parameters 0p,05;. The GFB
family of distributions can be used to generate new bivariate lifetime models by combining
different baseline reliability functions Rp and Rj. Note that for R = R}, GFB model
resembles the EFB model of Asha et al. [4].

1.3.4 Sequential Order Statistics Model

Consider a load-sharing system consisting of n components. Let the n components be

labeled consecutively from 1 to n, and introduce indicator random variables

C; iE{l,Q,...,n},
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where C; denotes the label of the component that fails at the ith failure. The random
vector

My = (Ck, Cr1,...,C1), 1<k <n,

represents the sequence of failed components up to the kth failure, listed in reverse order.
For a specific realization m = (cg, ¢k_1, - .., 1), the set of surviving components after the
kth failure is

By ={1,2,....,n}\{c1,co,..., ¢k}

Stage 1: At time zy = 0, all components are operational. Their initial lifetimes are
modeled by n iid random variables

YO y@ yw yOildp g
where F} is the common CDF at stage 1. The failure time of the component that fails

first is
0 1 1
XU = min{y", vV, ..., YO)

Suppose component ¢ fails first at x® = x1.

Stage 2: After the first failure, the lifetimes of the surviving components are reassigned.
For each ¢ € B,
Y | m % By,

where Yi(Q) denotes the lifetime of component 7 in stage 2, and Fy, is the conditional CDF

governing the distribution of surviving components given that the first failure sequence is

1. From these, we define the second failure time as
X® = min{Y;@) | m1 11 € Bp, }.

This procedure is repeated until the nth failure is observed.

The random variables X,El), X£2)7 e X" with corresponding failure sources C', Cs, . .., C,

are called the SOS in a system of size n if their joint density is

" Fotme (@) (Frgm_y (22) "

f (n) (1) (.T Cpny...,21 Cl) = H — —
Ko e A T B )

)

where my = ). For more details, see Kamps [30] and Cramer and Kamps [15].
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1.3.5 Extended Sequential Order Statistics Model

Stage 1: At time zy = 0, all components are operational. Their initial lifetimes are
modeled by n independent random variables

v v vy S F e {12, n),

n

having independent CDFs F;, 1 < i < n at stage 1. The failure time of the component
that fails first is
X0 = min{y", vV, ... YOy

Suppose component ¢, fails first at x® = x.

Stage 2 After the first failure, the lifetimes of the surviving components are reassigned.
Let Y ) denote the lifetime of component 7 in Stage 2, and Fj,, is the continuous condi-
tional CDF governing the distribution of surviving components given that the first failure
sequence is . Then,

Y | 7y ~ Fyr,, i€ Bay,

where Fjj, = F;(- | m;) satisfies the technical restriction

—1 —1 .
Fin (1) <F (1), i€ B, L€ By,
From each Y( | m, construct the truncated lifetimes X | 71 to represent the time

beyond z1, and define the second failure time as
X® = min{Xi@) | m 11 € Br, }.

This procedure is repeated until the nth failure is observed. Formally, the random vari-
ables Xil), X,EQ), o, ,Xi”) with corresponding failure sources C1, (s, ..., C, are called the
ESOS in a system of size n if their joint density is

inn),Cn,..‘,Xil),C1 (xna Cna ct 7‘I17 Cl)

- Czﬂrk1I ij«—lx
H Jerdmea (@) s (Tk) (1)

(‘k|7fk 1(3316 1) §€Bn, Fj\m_1<xk—1) ’

where 7g < 11 < -+ < x, and Fj(x9) = 1 for all j € {1,2,...,n} denotes the SF of
component j at time xg.

Note that, in general, the number of parameters involved in the model is quite large.
Therefore, the complexity of the model and the estimation procedure grow quickly. To

reduce the number of parameters, one needs additional assumptions, such as the history
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independence assumption or the conditional proportional hazard rate assumption. In the
history independence assumption, the load change in surviving components depends on

the number of failed components only, i.e.,
ajlﬂ—k—l :aj)k7 .] GB’TI']C,17 ke {172,...,”}.

In the conditional proportional hazard rate assumption, all component CDFs are expressed
using unknown, absolutely continuous, and strictly increasing baseline distributions F7,

ie.,
Fi=1—(1—Fj)™",

with positive real numbers «;; for component j € {1,2,...,n}.

Under the conditional proportional hazard rate assumption, hazard rate corresponding
to the CDF F} is proportional to that of the baseline CDF F;. From Eq. , the joint
PDF of ESOS becomes

£z (@) Fr(zg) \™"
Fy (wy) 1 (F}*(fb’k—l)>

J€Bm),_y

n
Fx cpx® 0y (Tns Cny - T2, 1) =1 | cer
k=1

For more details, see Pesch et al. [45].

1.3.6 Accelerated Failure Time Models

According to an AFT model, two HFs ry(:) and () are related by

1 t
T’l(t) = E?”O (E) 5 t > 0,

where > 0 is known as the acceleration factor, and ro(t) is the baseline HF. The

corresponding reliability functions Sy(t) and S;(t) are related by

t

S1(t) = Sy (B) , t>0.
In this model, if § > 1, it implies that S;(t) > Sy(t), indicating that the reliability of the
system increases under S; compared to Sy, and if 5 < 1, then S;(t) < So(t).

Consider a k-out-of-m system with 1 < & < m. Let X(; denote the failure time of
i-th failed component in the system, for i = 1,2,...,(m —k+1). That is, X;) represents
the minimum of the failure times among the remaining (m — i + 1) components, and the
system fails at time X(,,_x11). Assume that the lifetimes of the m components are iid
with common CDF F(-), reliability function F(-), PDF f(-), and HF 7(-). Then, the
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relationship between the HF of X ;1) given that X(;y = s and the HF r(t) is given by

To capture the load-sharing effect, Sutar and Naik-Nimbalkar [56] introduce the following
AFT models.

If the HF r(¢) is increasing in ¢, then

(m—g) t .
XX gy=s(t) = r(=), t>s, j=12,....,(m—k), 5>0. (1.2)

If (t) is increasing in ¢, then

P ma(t) = Blm — j)r(%), t>s j=1,2,... (m—k), >0  (L3)

For the conditional HF given in Eq. ((1.2)), the joint PDF of (X(l), X@2),--- ,X(m_k+1)) is
derived by Sutar and Naik-Nimbalkar [56] and is given by
—  T—k+1 (:=1) k4 Lit1
g(z1, 22, ... 737mk+1):'71B(x1){F (T)} f(xl)H f( 3 ) ]
i=1

O0<z <23<...<Tpy_ky1, (1.4)

i) ) (M)
where 8 > 0, v, = MW, B(xy) = {ﬁ((%i)} .

For the conditional HF given in Eq. (1.3]), the joint PDF of (X(l), Xy, - - ,X(m_k+1)) is
given by

) LD
g (1, T2, Tki1) =72 X f(21) [F(wl)](mil) f (xmé“l) { < d >}

moct p(z2)

< 11 N
i+1
)y
. 5(777,—k)m!

i=1 { F
where @ > 0, Yo = W
The joint density functions of the ordered random variables given in Eqs. (1.4]) and (1.5
are special cases of the joint density functions of sequential order statistics, as introduced

R 0<l‘1<$2<"'<$m_k+1, (15)

/

by Kamps [30], and Cramer and Kamps [16].
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1.3.7 Park’s Model

Consider a J-component system connected in parallel. Assume that the lifetimes of the
working components are iid at each failure step. At the start, when all components are
initially working, the parameter vector of J components associated with the underlying
lifetime distribution of each component is labeled as 8. After j failures, there are J — j
surviving components remaining in the system and the parameter vector of the remaining
surviving components changes from U= to Y for j = 0,1,...,J — 1. Denote the hy-
pothetical latent lifetimes of the J — j surviving components by Uy, Us, ..., U;_;, where
j=0,1,...,J — 1. The next failure (i.e., the (j 4+ 1)-st failure) occurs when the weakest
component fails. Thus, denote the shortest lifetime among all the J — j surviving compo-
nents by Y'U). The random variable Y in the system is realized after j components have
failed. For notational purposes, assume that the component indexed by J failed first, and
the one indexed by J — 1 next, and so on. Therefore, using the traditional latent-variable

approach, we can write

yU) :min{Ul(j),Uéj),...,U(Sj_)j}. (1.6)
.
Note that the lifetime of the system can be expressed as Z Y@ Tt follows from Eq.
that ”
J—j
PYD > y) =P [min{Ul(j), ud,... .Uy > y} =TT s2w). (1.7)
=1

where S((]][)(y) = P(Ug(j) > y) denotes the SF of each hypothetical latent random variable
with its corresponding PDF ]‘[(]]2(-)7 ford=1,2,...,J—5;5=0,1,...,J—1. It immediately
follows from Eq. (1.7) that the CDF of Y1) is

J—j
FP(y) = P(YD <y) =1-[[ 59 ). (1.8)
/=1

Differentiating the CDF in Eq. (1.8)) with respect to y, we get the PDF of Y as

()
4 () = S0 ¥
where Iy (y) = s

is the corresponding HF.
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1.4 Methods of Inference

1.4.1 Maximum Likelihood Estimation

Let © = (z1, 2, -+, z,) be a sample of n independent observations from a PDF f(x | 9),

where 0 is the parameter vector of interest. The likelihood function is defined as

L0 | z) = folye

Therefore, the log-likelihood function is given by
(0| x)=logL(0 | x) = Zlogfxl|0

The MLE of 8, denoted by é, is the value of @ that maximizes the likelihood (or log-
likelihood) function given by

6 = argmng(O | x) = arg m;xxé(@ | x).

Expectation-Maximization Algorithm

The EM algorithm is a general iterative approach for computing the MLE of parametric
models when closed-form solutions are not available and the data are incomplete. Intro-
duced by Dempster et al [18], the EM algorithm elegantly addresses the complications
arising from missing or partially observed data by decomposing a difficult problem into
two simpler, alternating steps.

Suppose that we are interested in estimating a p-dimensional parameter vector 8 =
(01,02, --,0,) based on the observed data y = (y1, Y2, - - -, Ym)- Let 2 = (Zmi1, Zmi2, - Zn)
be the missing unobserved data vector and & = (y, z) denote the complete data vector.
The complete-data likelihood function of 0 is the likelihood function of @ based on com-

plete data  and can be expressed as

L.(0|z) = f(y|z,0)9(z0),

where f(-|z,0) is the conditional PDF of y given z and ¢(-|@) is the marginal PDF of z.

The EM algorithm is composed of two steps, called E-step and M-step, that run
iteratively until convergence is obtained. Let @, denote the parameter estimate at s-th
iteration. In E-step, of (s + 1)-st iteration one need to find Q(0|0s), the conditional

expectation of logarithm of the complete-data likelihood with respect to missing data z
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given observed data y and current value of parameter vector 8. Thus,

Q(61.) = a0, | log Lo(8])| = /[1och(9\x)] h(zly, 0,) dz,

where h(:|y, 0;) is the conditional PDF of z given y at 8 = 6,. In M-step of (s + 1)-st
iteration, ()(0|6;) is maximized with respect to 6 to obtain updated value of parameter

vector @,.1. Therefore,
0,1 =arg max Q(00;).

These two steps are iterated until convergence, usually determined by the relative change
in parameter estimates or log-likelihood values falling below a pre-specified threshold. In
the context of the present study, the EM algorithm has been adapted to handle the incom-
plete data structure inherent in the load-sharing system model. The general framework
above provides an intuitive basis before moving to the model-specific derivations. For
more details on EM algorithm, the readers are referred to the excellent monograph by
McLachlan et al. [36]

1.4.2 Confidence Interval Based on the Likelihood Theory

Under suitable regularity conditions and for a large sample size n, the distribution of
MLE 6 can be approximated by a multivariate normal distribution with mean 6y, the
true value of @ and a variance-covariance matrix that can be estimated using the observed

Fisher information matrix as follows.

v=Tar(8) = [1.(8)] . where £,(6) = - 20| @)|
6=0

where V is the observed Fisher information matrix evaluated at the MLE 8.

An asymptotic 100(1 — «)% CI for 6;, the j-th component of @, is then given by
éj + Zl—a/2 SE <éj) s

where SE(éj) = +/Vjj , Vjj is the j-th diagonal of V', and z;_,/ is the (1 — §) quantile

of the standard normal distribution.

Louis’ Missing Information Principle

Louis’ missing information principle provided by Louis |34] expresses the observed Fisher
information using derivatives and conditional expectations with respect to the complete-

data log-likelihood. The observed Fisher information matrix, expressed using conditional
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expectations and variances (Louis’ principle), is

Lons(0) = E [—%W,O
— (E[S.(0)8.(0)" | 4. 6] ~E[S.(0) | y.0]E[S.(0) | 56" ), (19)

where (.(6 | x) is the complete-data log-likelihood function of € based on complete data
x, E[ | y, 0] denotes conditional expectation with respect to the conditional distribution

of z given y under parameter 0, S.(0) = %00@) is the score vector (gradient) and

H.(0) = %00@) is the Hessian matrix (second derivative).

The Eq. (1.9) interprets the observed information as the complete-data information
minus the missing information owing to the unobserved data. Importantly, this formu-
lation allows one to compute standard errors for MLEs achieved via the EM algorithm
using only complete-data derivatives, without directly differentiating the observed-data
likelihood.

The estimated asymptotic covariance matrix is Var(0) ~ Z;.(8), where 8 is EM
estimate of 8. The SE for each component éj is the square root of the j-th diagonal

element of Var(@), j =1,2,...,p. An approximate 100(1 — a)% CI for 0; is
éj — Za/2 SE(é])v éj aF Za/2 SE(éj)] 9

where 2,9 is the (1 —a/2) quantile of the standard normal distribution and SE(éj) is the

standard error.

1.4.3 Parametric Bootstrap Confidence Interval

The bootstrap is a simulation-based method for assessing the uncertainty of parame-
ter estimates under the assumption that the specified statistical model is correct. Let
x = (x1,29,...,x,) denote the observed data, and let 6 be the MLE of the p-dimensional
parameter vector @ = (60y,0s,---,0,) for the assumed parametric model f(ax|6). The
procedure begins by fitting the model to the observed data to obtain 6. Using this
fitted model, B bootstrap samples x},x5,..., ), each of size n, are generated by sim-

A

ulating from f(zc]é) For each bootstrap sample x?, the parameter estimate 6, for

s
s =1,2,...,B, is computed using the same estimation method as for the original data.
The resulting set of bootstrap estimates {é:}le approximates the sampling distribution
of the estimator.

A 100(1 — )% percentile parametric bootstrap CI for the jth component of 6; is

obtained as
|:QO(/2(0;<17"'79;B>7 Qlfa/Z(e;flv"'? jB) )
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where @,(-) denotes the empirical ¢g-th quantile. Alternatively, a normal-approximation
parametric bootstrap CI can be constructed using the SE of the bootstrap estimate, which

is defined as

o 1 ~ =\ 2
and the bootstrap bias is defined as
bzasb(a) =0; —0;,

where
- B
b= Z o J=1,2,...,p.

The normal-based 100(1 — a)% bootstrap CI for 6, is then given by
[éj — 2a/2SEb(05), 65 + a2 SEb(éj)} ,
and 100(1 — a)% bootstrap CI after correcting the bias for 6, is then given by
(0 = biasy () — 22 SBu(83), 05 — biasy(@) + zas2 SEw(65) |

where 0, is the estimate from the original data and 2, is the (1 — a/2) quantile of the

standard normal distribution.

1.4.4 Bayesian Inference

In a Bayesian framework, statistical inference is treated as a process of learning from data.
We begin with a prior belief about the model parameters, which represents our knowledge
(or uncertainty) before observing the data. Once the data are observed, these beliefs are
updated through Bayes’ theorem, producing a posterior distribution that combines both
prior information and evidence from the data. Thus, the posterior may be viewed as
a compromise between what was believed before and what is suggested by the data.
From a practical point of view, the posterior distribution contains all the information
required for decision making and uncertainty quantification. Instead of providing only a
single point estimate, Bayesian analysis describes the entire range of plausible parameter
values and their probabilities. This is particularly meaningful in reliability analysis of
load-sharing systems, where the dependence between components and the uncertainty
of model parameters play a crucial role. For instance, when a component fails and the
remaining component carries additional load, the exact strength or lifetime parameters

cannot be known with certainty. The Bayesian approach allows this uncertainty to be
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naturally incorporated and updated as more evidence becomes available.

Suppose the observed data are denoted by ® = (z1,%9,-+,z,) and the parameter
vector by @ = (6, 6,,---,6,), where p is the number of parameters. The prior distribution
for @ is given by 7(0), which encodes prior beliefs about the parameters before observing
the data. The likelihood function is L(0 | ).

The posterior distribution of 8 given the data @ is then

_ L@|2)x(e)
L6 | z)x(6%) d6*

(0 | x)

The BE of 8 under squared error loss is the posterior mean is given by
Orie = B8 2] = [0 7(6 | x) b,
and the posterior variance quantifies uncertainty is defined by

Var(0 | @) / (0~ Ope) 7(0 | ) do.

A 100(1 — @)% credible interval for the jth component 6; of the parameter vector 8 is an

interval [[;(x), u;(x)] such that
Pr (1) < 6; < ui(@) | ) > 1=a,

where the probability is taken with respect to the marginal posterior distribution 7(6; | ).
In general, it’s difficult to find the closed form of the BE, so computation using MCMC

is an alternative method to find the estimates.

1.5 Literature Review

The load-sharing system has been studied by numerous authors since 1940s. Daniels [17]
considered the load-sharing model for studying the reliability of a fiber composite material.
Afterwards, Coleman [12,]13] and Birnbaum and Saunders |9] adopted this model for
analyzing the strength behavior of fiber bundles. Rosen [49] and Phoenix [47] analyzed
strength and fatigue in composite materials, expanding applications to aerospace and
civil engineering. Harlow and Phoenix [27,28| developed the chain-of-bundles probability
model for fibrous materials. Ross [50], Durham et al. |[21], and Schechner [51] extended
these concepts to more general statistical inference and dynamic load-sharing contexts.
Parametric models rely on specified distributions for component lifetimes. Kim and
Kvam [31] considered parametric inference in a multi-component reliability system. Their

work considered the situation where the underlying lifetime distribution of each of the
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components in the system is exponential and an unknown load-sharing rule is applied.
Accelerated testing models are also used to draw inferences about load-sharing parameters
by Mettas and Vassiliou 37|, Amari and Bergman [1], and Amari and Pham [3]. In 2005,
Park and Padgett [42] studied the strength distribution of multi-modal failures. They
provided a parameter estimation procedure for Weibull, lognormal, and inverse Gaussian
distributions using the EM algorithm. They have also given some examples to illustrate
their results. Amari et al. [2| provided an overview of load-sharing systems and the
relationship between the load and the failure behavior of a component. Singh et al. [54]
executed the classical and Bayesian analysis of the estimation problem of parameters of
a k-components load-sharing parallel system in which some of the components follow a
constant failure-rate and the remaining follow a linearly increasing failure-rate.

In 2010, Park [40] considered a multi-component parallel load-sharing system. A
closed-form MLE and BUE are provided under a general load-sharing rule when the un-
derlying lifetime distribution of the components in the system is exponential or Weibull.
In 2012, Singh and Gupta [52] in their study dealt with the classical and Bayesian esti-
mation of the parameters of a k-component load-sharing parallel system model in which
each component’s lifetime follows a Lindley distribution. In 2013, Park [41] considered
a multiple-component parallel load-sharing system and modeled the system with the as-
sumption of the existence of underlying hypothetical latent random variables. The un-
derlying lifetime distribution of the components was taken to be lognormal or normal.
A methodology is given to obtain the MLEs using the EM algorithm. Sutar and Naik-
Nimbalker [56] proposed accelerated failure time models for load-sharing systems. Zhao
et al. [59] provided reliability modeling and analysis of load-sharing systems with contin-
uously degrading components.

Generally, the models discussed above do not consider how long a surviving compo-
nent has worked before the redistribution of the workload; these types of load-sharing
models are referred to as memoryless. Wang et al. [58] proposed a general framework
for load-sharing models that account for the work history. Park et al. [43| introduced
a methodology that integrates the conventional procedure under the assumption of the
load-sharing system being made up of fundamental hypothetical latent random variables.
They developed an EM algorithm for performing the maximum likelihood estimation of
the system with Lindley-distributed component lifetimes. Asha et al. [5] presented frailty-
based models capturing dependence among components. Franco et al. [22] proposed the
GFB model for load-sharing, increasing flexibility for heterogeneous systems. Recently,
Sutar et al. [57] proposed a reliability analysis of load-sharing systems under an unequal
load-sharing rule. Models based on sequential order statistics were considered for load-
sharing problems by Kamps [30], Cramer and Kamps [15], and Burkschat et al. [10],
among others. Recently, Pesch et al. [46] modeled failure risks in a load-sharing system

with heterogeneous components. Pesch et al. [45] utilized ESOS to model component
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lifetimes of a load-sharing system and used a link function to reduce the dimension of the
parametric space.

Non-parametric approaches do not specify a form for component or system lifetimes.
Kvam and Pena [33| introduced a distribution-free method for estimating load-sharing
system reliability. Miyakawa [39] developed nonparametric estimators under incomplete
and competing risks data.

Semi-parametric techniques balance between parametric and nonparametric. Balakr-
ishnan et al. [6] applied order statistics from heterogeneous populations to load-sharing,
while Mies and Bedbur [38] developed exact inference and model selection for these sys-
tems.

Recent research on Bayesian analysis of load-sharing systems has seen significant ad-
vances. In a Bayesian parametric context, Singh and Gupta [53| provided Bayesian es-
timation strategies under censoring. Singh et al. [54] executed Bayesian estimation for
k-component load-sharing systems, showcasing Bayesian advantages in uncertainty quan-
tification. Singh and Gupta [52] deal with the Bayesian estimation of the parameters
of a k-component load-sharing parallel system model in which each component’s lifetime
follows a Lindley distribution. Recently, Maurya et al. [35] provided detailed classical and
Bayesian approaches for analyzing k-out-of-n load-sharing systems under progressive cen-
soring. These studies illustrate the growing application and scope of Bayesian inference

in reliability analysis of load-sharing systems.

1.6 Use of R Software

All simulations, data analyses, and graphical outputs presented in this thesis are con-
ducted using the R software; for details, please see R Core Team [48]. R is a free and
open-source platform that provides extensive capabilities for statistical modeling, simula-
tion, and data analysis. For each problem across all chapters, R scripts are developed to
generate simulated datasets, fit models, and compute relevant statistical estimates. The
software is also utilised to produce graphs, including diagnostic plots, trace plots.

The rstan [55] package serves as an interface between R and Stan, a state-of-the-art
platform for statistical modeling and high-performance Bayesian inference. Stan imple-
ments advanced Markov Chain Monte Carlo algorithms, such as the No-U-Turn sampler,
which is an adaptive form of Hamiltonian Monte Carlo. This enables efficient sampling
even in models with high-dimensional and correlated parameter spaces. The use of rstan
facilitates automatic differentiation, robust convergence diagnostics, and flexible model
specification through a probabilistic programming framework. In this thesis, rstan is used
for Bayesian computation because it can efficiently handle complex hierarchical models,

provides automatic differentiation for likelihood computations, and supports diagnostics
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and convergence checks. Several R packages are also used.

1.7 Organization of the Thesis

In Chapter 2, we discuss Bayesian inferential methods for the GFB model, proposed by
Franco et al. [22|, assuming independent gamma priors on model parameters. The GFB
model is a family of models that includes many well-known parametric models as its
special cases. Therefore, the selection of the best model for a given dataset is of interest.
We study the selection of the best model in the GFB family using WAIC. Our simulation
results suggest that the performance of WAIC for model selection is quite satisfactory.
We analyzed two real data sets for illustration - one corresponding to a two-motor load-
sharing system and the other related to nuclear reactors, both representing two-component
parallel systems.

In Chapter 3, we develop a doubly-flexible model for two-component load-sharing
systems, when an unobserved shared random effect is present between two components of
a system. We then discuss the statistical analysis of a dataset obtained from load-sharing
systems using the proposed model. In the proposed model, we use the GFB distribution for
the baseline of the component lifetimes, and the GG family of distributions to incorporate
an unobserved random effect that captures dependence between the component lifetimes.
Note that this model is doubly-flexible, as both for the baseline as well as for the shared
frailty, we use general families of distributions, GFB and GG, respectively. We call the
model as GFB-GG model. Thus, the GFB-GG model structure leads to a two-way general
class of models for the two-component load-sharing systems. For any given data on a two-
component load-sharing system, one can fit the proposed model and then choose suitable
distributions for the baseline as well as the shared frailty, within the respective families
of distributions used for the baseline and the shared frailty. Fitting methods for the
proposed model, based on direct optimization and an EM-type algorithm, are discussed
in this chapter. Through simulations, the effectiveness of the model fitting and selection
methods is demonstrated. A simulation case and analysis of a real dataset are presented to
illustrate the strength of the proposed model. We also estimate some important quantities,
such as RMT, MTTF, and MRT of the underlying lifetime distribution of load-sharing
systems under GFB-GG model. These quantities are of practical importance for making
various strategies and plans.

In Chapter 4, we develop a flexible model for analyzing data on multi-component load-
sharing systems, without using restrictive assumptions on the distribution of component
lifetimes. More specifically, we develop a model involving PLAs of the CHFs, capturing the
unknown load-share rule at successive stages of component failures. Usually, parametric

analyses of load-sharing systems use a specific lifetime distribution to model component
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lifetimes for the entire range. In contrast, the proposed PLA-based modeling approach
does not require such strong parametric assumptions for component lifetime distributions.
The fitting of the proposed PLA-based model is discussed using a likelihood-based method.
To implement a PLA-based model, one needs to specify a set of cut-points. An objective
method of selecting the position and number of cut-points is discussed. We perform
detailed simulation studies to judge the efficacy of proposed model fitting and selection
methods. We also discuss the estimation of some important quantities such as RMT,
quantile function, MTTF, and MRT of the underlying lifetime distribution of load-sharing
systems.

In Chapter 5, we conclude the thesis by summarizing the work done. Also, we briefly

discuss some future directions for research in this chapter.
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CHAPTER 2

BAYESIAN INFERENCE FOR GFB MODEL

One of the useful parametric models for component lifetimes of a two-component load-
sharing system is the FBE model proposed by Freund [23|, for details please see Sec-
tion In Asha et al. [4], a generalization of Freund’s model was proposed. They
consider the baseline reliability functions before and after failure belong to a common
PFR class with different PFR parameters, please see Section In Franco et al. [22],
a further generalization has been done, where they have considered that the baseline re-
liability function changes after failure of one of the components due to the extra load on
the surviving component. They named the model as GFB model, please see Section [1.3.3]
for more details.

Bayesian inference offers several important advantages in the analysis of load-sharing
systems. Bayesian methods yield full posterior distributions for each parameter. More-
over, Bayesian estimation performs well in small sample sizes, which are common in
load-sharing data due to practical constraints on data collection. By incorporating prior
information, Bayesian analysis provides a flexible framework for improving estimation
stability. Also, posterior predictive distributions offer a natural way to assess future reli-
ability behavior based on observed data. In this chapter, we consider Bayesian analysis
of GFB model.

The main contributions of this chapter are as follows.

e We derive the joint posterior distribution of the model parameters considering in-
dependent gamma priors for the GFB model of the lifetimes of a two-component

load-sharing system.
e We discuss the model selection procedure using WAIC within the GFB model.

e A simulation study is conducted to check the efficacy of the fitting and model

selection method. The proposed methods are found to be quite satisfactory.

25
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e Two real bivariate data sets are analyzed for illustrative purposes.

The rest of this chapter is organized as follows. In Section [2.1] we discuss the load-
sharing model and Bayesian inference for the GFB distribution. We provide model se-
lection criteria in the Section In Section a simulation study is presented for
checking the accuracy of the fitting method and the model selection criteria. Also, two

real datasets on two-component parallel systems are analyzed in Section [2.4] Finally, the
chapter is concluded in Section

2.1 Model Description

Consider n two-component load-sharing systems, with observed component lifetimes as
Data = {(yu,ym’), 1= 1,2, b ,n}. Let Il = {Z Y1 > ygi}, |Il|: nq and [2 = {Z Y1 < ygi},
|I]= ny. Note that ny + ny = n. Let random vector (Y7;, Ys;) be the lifetime of i-th two-

component load-sharing system. Here, we assume that
()/12'7 }/21) 1'1\€1 GFB(RBa R*B7 917 927 037 947 957 96)
2.1.1 Prior Assumptions

We assume independent gamma priors for each parameter 8; with shape parameter a; > 0
and scale parameter b; > 0. Therefore, the joint prior density on © = (61, 6, 03, 64,05, 0s)

is given by

1 _%
- 6{11:—1 by 92 > O,
T(a) 0

foralli=1,2,...,6. (2.1)

6
ﬂ-l(@‘a’b blu asg, b27 as, b37 Gy, b47 as, b57 ag, b6) = H
=1

2.1.2 Posterior Analysis
The likelihood function of parameter vector © for the GFB model, based on observed
data, is given by

R (y1s fs
L(©[Data) = H 020575 (1, 06)7 (32, 05) {R*B ] [Rp(yai, 05)] ") x
B

el

R s
H 61047 5(Y1i, 05) 75 (Y2, O6) {R*B—} [RB(y1i, 95)](61+92) . (2.2)
B

i€l
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From the prior assumption Eq. (2.1) and the likelihood function Eq. (2.2]), we can obtain
the posterior distribution of © as

ﬁ'(@\Data) X L(@]Data)m(@]al, bl, as, bz, as, bg, Ay, b4, as, b5, ag, b6)

The BE of some parametric function g(©) with respect to squared error loss is given by

gBayes(®> = /@g(@)fr (@]Data) de

:/ / / / / / 9(©)7 (O|Data) df,dO>d0sd0,dbsdbs.  (2.3)
0 0 0 0 0 0

Note that, in general, the integration in Eq. is difficult to obtain analytically. There-
fore, we perform an MCMC-based technique to obtain BEs and credible intervals for the
parametric functions. We obtain a sequence of N posterior samples {@(’“)}]kv:1 using
MCMC methods. The BEs of each parameter 6;, « = 1,2,...,6 with respect to squared

error loss, after discarding the initial b burn-in samples, are given by

where Qi(k) is the sampled value of #; at iteration k. For each parameter i = 1,2,...,6,
the 100(1 — a)% credible interval is

[Qus0, . 0), Quapa0Y,..6)].

where QQ,(-) denotes the gth empirical quantile of the sampled values.

In Bayesian computation using rstan described in Section two widely used diag-
nostics are the potential scale reduction factor (Rhat) and the effective sample size (ESS),
both of which are automatically computed after sampling. The Rhat statistic measures
the ratio of the variance between multiple Markov chains to the variance within each
chain, thereby assessing convergence. A value of Rhat close to 1 indicates that the chains
have mixed well and converged to the target posterior distribution and considered to be
satisfactory for convergence. The effective sample size (ESS) quantifies the amount of
independent information contained in the correlated MCMC draws by accounting for the

autocorrelation between samples. A higher ESS implies better sampling efficiency and
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more reliable posterior summaries. These diagnostics, computed automatically by rstan,

were used throughout the thesis to assess and confirm convergence of all Bayesian models.

2.2 Model Selection

For a given two-component load-sharing dataset, it is important to find the best model
within the GFB family, i.e., the best choice of baseline distributions in that framework.
Since many different baseline distributions are possible, there will be several candidate
models. After fitting each candidate model to the data, the best one can be chosen using
WAIC, a fully Bayesian model selection criterion. WAIC estimates the out-of-sample
expectation by adding lppd and a penalty term for the effective number of parameters.
The addition of this penalty term guards against overfitting.
The lppd is defined by

Ippd = log (H / (Y; | ©)Ppost (© d@) Zlog ( / yz|@)pp05t(@)d@),

where p(y; | ©) is the conditional PDF of y;, = (y1;, y2i) given O, and pyost(©) is the
posterior PDF of ©. The Ippd can be estimated using MCMC draws as follows.

n N
Ippd = Zlog (m Z p(Y; | ) ))> :
i=1 s=b+1

after discarding the initial b burn-in samples. Denoting the posterior variance by Varpos(-),

a measure of the penalty term is given by

Pwaic = ZVarpost(logp(yi 1 ©)),

=1

which can be estimated by

Pwaic = ZV (log p(y; | ©©)))

where VY, (a,) = 5 Zs i(as —a)?, and a = Zs b1 s
Therefore, the estimated WAIC is given by

WAIC = —2 (Ippd — pwarc).

For a given dataset, one can fit all candidate models and estimate WAIC values for

each model. The lower value of WAIC is preferred, as a lower value indicates better out-
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of-sample predictive fit. Thus, the model with the lowest value of WAIC is chosen as the
best model among all candidate models. The interested readers are referred to Gelman

et al. [25] for more details of different model selection criteria, including WAIC.

2.3 Simulation Study

The simulation study serves two main purposes:

1. Tt checks the performance of the described method in Section with respect to
the ABE, MSE, AL, and CP for all parameters;

2. It investigates the performance of the model selection criteria discussed in Section[2.2]
for choosing the best model within GFB class of models for a given two-component

load-sharing data.

For the simulation study, we take nine different models, taking different combinations of
baseline distributions. Here, we indicate them according to their baseline distributions
before and after the first failure. We provide the details in Table 2.1}

2.3.1 Demonstration of the Model Fitting Method

For each of the 9 baseline combinations, the following steps are performed across 1000

replications:

1. Simulate two-component load-sharing data using specified model and simulation

parameters (all parameters are selected without loss of generality);

2. Estimate the model parameters via the fitting procedure described in Section [2.1]

treating the parent model as the true model;
3. Compute the ABE and MSE for the parameter estimates;

4. For each parameter, from the credible intervals, compute both the CP and AL of

these intervals.

Four different sample sizes n = 25, 50, 75, 100 are used separately in the simulation
studies. First, the prior means are shifted from the true parameter values to assess the
robustness of the posterior estimates under mild prior misspecification and in this scenario
we take Gamma(0.5, 0.5) priors for all the parameters for all nine models. The outcomes
are presented in Tables 2.3 2.4 and From these tables, we can see that the
average estimates of all the parameters are very close to the true values with small MSE
values. The values of AL and CP are also quite satisfactory. The results indicate that the

fitting method performs well for the proposed model. We have examined the case where
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the prior means are centered at the true parameter values keeping the same variance as the
shifted mean scenario for Model B1 to evaluate the impact of a well-specified prior. In this
case we take priors Gamma(0.5, 2), Gamma(0.5, 1), Gamma(0.5, 0.67) and Gamma(0.5,
0.5) for 61, 0, 63 and ;. The outcomes are presented in Tables The results indicate

that centering the prior improves estimation precision and convergence stability.

2.3.2 Study of Model Selection

For model selection in this context, our objective is to evaluate whether the criteria
described in Section 2.2 can accurately identify the parent models corresponding to various
combinations of baseline distributions within the GFB model framework. The procedure

for conducting the model selection study is as follows:

1. Generate a two-component load-sharing dataset of size n from a parent model, where
the parent model is one of the models B1 to B9, as detailed in Table

2. Fit all candidate models B1 through B9 to the generated data;

3. Compute the value of WAIC for each fitted candidate model using the estimated

parameters;

4. Select the model with the lowest value according to the WAIC as the best-fit model

for the given data among the 9 candidates.

For model selection, we generate 100 samples from two different models, B1 and B5, as
parent models for different sample sizes n = 25, 50, 75, 100 separately. For each generated
data point, we fit all the models from B1 to B9. We select those models among the nine
models whose WAIC is minimum and count the total number out of 100 generated samples.
we take Gamma(0.5, 0.5) priors for all the parameters for all nine models. In Figure
we plot the proportion of times models B1, B4, and B7 are selected when the parent
model is B1. Note that B1, B4, and B7 are the models that are selected the most number
of times, when the parent model is B1. In Figure 2.1b] the proportion of selection of B5,
B6, and B8 is shown when the parent model is B5. From the figures, one can notice that
if the sample size increases from 25 to 100, the percentage of selection of the parent model
increases (when B1 is the parent model, the percentage decreases initially; this may be
attributed to sampling error), and for the other two models it decreases. That shows the

credibility of our proposed method.
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Table 2.1: Model indicators according to their baseline distributions before and after 1st

failure
Model Name | Baseline before failure | Baseline after failure
Bl Exp(1) Exp(1)
B2 Exp(1) Weibull(6s, 1)
B3 Exp(1) Gamma/(6s, 1)
B4 Weibull(6s, 1) Exp(1)
B5 Weibull(6s, 1) Weibull(6, 1)
B6 Weibull(6s, 1) Gamma(fg, 1)
B7 Gamma/(0s, 1) Exp(1)
B8 Gamma/(6s, 1) Weibull(6s, 1)
B9 Gamma/(6s, 1) Gamma/(6s, 1)
0.5
0.6
0.4
S 5
: f:
g0 Model 33 Model
: T g
2 B7 £ B8
:
@02 a e
0.1- . .’
40 60 80 100 40 60 80 100
Sample size Sample size

(a) Selection by WAIC for parent model B1 (b) Selection by WAIC for parent model B5

Figure 2.1: Proportion of times the top three models get selected
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Table 2.2: ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for
size n = 25 according to load-sharing systems from different models with GFB parameters
@ - (817 627 03; 047 057 96)

| Sample size | n =25
Model | Parameters | 61 0o 63 04 05 s
Name ‘ True Value ‘ 0.250  0.500 0.750 1.000 2.000 1.500

| ABE | 0.269 0.535 0.805  1.132 - -
Bl | MSE | 0.009 0019 0.046 0.214 - -
\ AL | 0.350 0.500  0.760  1.542 - -
\ Cp | 947 955 953  96.0 - -
| ABE | 0269 0.535  0.879  1.205 - 1.545
B2 | MSE | 0.009 0018 0.144  0.346 - 0.096
\ AL | 0350 0.500 1448  2.161 - 1.181
\ CP | 950 954 959 958 - 94.6
| ABE | 0.269 0.535 0.795  1.109 - 1.223
B3 | MSE | 0.009 0018 0.106 0.288 - 0.465
\ AL | 0350 0.499 1.207  2.087 - 2.436
\ CP | 948 952 954  95.7 - 93.5
| ABE | 0.267 0.530 0.805 1.132 2.068 -
B4 | MSE | 0.010 0.021 0.046 0.214 0.117 -
\ AL | 0.364 0.538  0.760  1.542  1.268 -
\ CP | 95.3 955 952  96.1  94.2 -
| ABE | 0.267 0.530 0.940 1.258 2.068 1.580
B5 | MSE | 0010 0.021 0.218 0414 0.117 0.174
\ AL | 0.363 0.538  1.947  2.613 1.267 1.643
\ CP | 952 956 969  96.7 942  96.3
| ABE | 0266 0.530 0.778 1.076 2.067 1.102
B6 | MSE | 0.010 0.021 0109 0258 0.117 0.522
\ AL | 0364 0.538 1.312 2178 1.268 2.624
\ CP | 953 958  96.0 961 942 958
| ABE | 0307 0612 0.805 1.132 2.092 -
B7 | MSE | 0026 0078 0046 0.214 0.227 -
\ AL | 0.535 0.897  0.760 1541 1.796 -
\ CP | 955 944 952 959 943 -
| ABE | 0307 0.612 0.984 1314 2.093 1.527
B§ | MSE | 0.025 0.078 0275 0514 0.228 0.087
\ AL | 0534 0.897 2124 2901 1.793 1.248
| CP | 955  94.3 97.2 96.9 941  97.2
| ABE | 0307 0.612 0.779  1.088 2.093 1.083
B9 | MSE | 0025 0.078 0.081 0.244 0.228 0.596
\ AL | 0533 0.897 1.149 1976 1.793 2.838
\ CP | 955 944 966 964 947  96.2
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Table 2.3: ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for
size n = 50 according to load-sharing systems from different models with GFB parameters
@ = (917 027 03) 947 657 06)

| Sample size | n = 50
Model | Parameters | 6; 0 03 04 05 s
Name ‘ True Value ‘ 0.250  0.500 0.750 1.000 2.000 1.500

| ABE | 0.261 0513 0775  1.058 - -
Bl | MSE | 0004 0.008 0021 0.080 - -
\ AL | 0.244 0345 0.523  1.010 -
| Cp | 935 948 94.2 94.4 - -
| ABE | 0.261 0.513 0.809  1.101 - 1.518
B2 | MSE | 0004 0008 0.054 0.150 - 0.041
\ AL | 0.244 0.344 0954  1.424 - 0.829
\ CP | 93.7 945 960 948 - 96.5
| ABE | 0261 0.513 0.759  1.038 - 1.304
B3 | MSE | 0004 0008 0049 0.139 - 0.286
\ AL | 0.244 0.344 0.829  1.404 - 2.016
\ CP | 939 946 946 950 - 93.8
| ABE | 0261 0511 0775  1.058 2.028 -
B4 | MSE | 0005 0010 0.021 0.080 0.049 -
\ AL | 0.256 0.375 0.523  1.010 0.879 -
\ CP | 942 95.0 942 947  96.2 -
| ABE | 0260 0511 0855 1.151 2.028 1.527
B5 | MSE | 0005 0010 0094 0210 0.050 0.078
\ AL | 0256 0.375 1.307 1.791 0.878 1.185
\ CP | 940 950 964 965 964 975
| ABE | 0.260 0.511 0.736 1.006 2.028 1.151
B6 | MSE | 0005 0010 005 0.153 0.049 0.420
\ AL | 0255 0.375 0.924 1.534 0.877 2.306
\ CP | 939 948 944 945 962 945
| ABE | 0277 0543 0775 1.059 2.040 -
B7 | MSE | 0008 0022 0021 0.080 0.105 -
\ AL | 0337 0.554 0.523 1.010 1.278 -
\ CP | 943  96.1 942 944 953 -
| ABE | 0277 0543 0885 1196 2.041 1.501
B8 | MSE | 0.008 0.022 0.119 0272 0.105 0.044
\ AL | 0.534 0.897 2124 2901 1.793 1.248
\ CP | 944 962  97.0 964 955 971
| ABE | 0277 0543 0730 0.996 2.040  1.089
B9 | MSE | 0008 0022 0041 0.115 0.106 0.507
\ AL | 0.336 0.553 0.796  1.343 1.276 2470
\ CP | 943 958 953 949 954 949
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Table 2.4: ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for
size n = 75 according to load-sharing systems from different models with GFB parameters
@ - (817 627 03; 047 057 96)

| Sample size | n="75
Model | Parameters | 61 0o 63 04 05 s
Name ‘ True Value ‘ 0.250  0.500 0.750 1.000 2.000 1.500

| ABE | 0.258 0.513  0.768  1.047 - -
Bl | MSE | 0.002 0006 0.013 0.053 - -
\ AL | 0.199 0282 0423  0.818 - -
| cp | 96.0 941 95.2 94.3 - -
| ABE | 0.258 0.513  0.785  1.064 - 1.522
B2 | MSE | 0.002 0.006 0.039 0.089 - 0.030
\ AL | 0199 0.282 0.755 1.128 - 0.677
\ CP | 96.2 940 949 945 - 94.6
| ABE | 0258 0513 0.764  1.049 - 1.390
B3 | MSE | 0.002 0.006 0.031 0.103 - 0.195
\ AL | 0199 0.282 0.680 1.160 - 1.702
\ CP | 96.0 943 943 943 - 94.9
| ABE | 0257 0.512 0.768  1.047 2.020 -
B4 | MSE | 0.003 0006 0.013 0.053 0.033 -
\ AL | 0.208 0.307 0.423 0.819 0.713 -
\ CP | 958 947 953 946  95.4 -
| ABE | 0257 0.512 0.818  1.102 2.020 1.529
B5 | MSE | 0.003 0006 0.067 0.131 0.033 0.059
\ AL | 0.208 0.307 1.017 1407 0.713 0.973
\ CP | 955 945 957 952 956 959
| ABE | 0257 0512 0.741 1.016 2.020 1.238
B6 | MSE | 0.003 0.006 0.040 0.119 0.033 0.342
\ AL | 0.208 0307 0781  1.292 0.713 2.102
\ CP | 95.9 947 943 939 954 938
| ABE | 0269 0534 0.768  1.047 2.029 -
B7 | MSE | 0005 0015 0.013 0.053 0.071 -
\ AL | 0.267 0443 0423 0819 1.041 -
\ CP | 952 947 951 945  95.0 -
| ABE | 0.269 0.534 0.838  1.129 2.028 1.511
B8 | MSE | 0.005 0015 0.08 0.172 0.071 0.035
\ AL | 0267 0.443  1.124  1.581 1.042 0.756
\ CP | 95.0 949 952 952 955 947
| ABE | 0.269 0535 0.734  1.003 2.029 1.179
B9 | MSE | 0.005 0015 0.029 0.089 0.070 0.426
\ AL | 0.266 0.443  0.678  1.135 1.040 2.289
\ CP | 951 948 943 937 953 926
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Table 2.5: ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for size
n = 100 according to load-sharing systems from different models with GFB parameters
@ = (917 027 03) 947 657 06)

| Sample size | n = 100
Model | Parameters | 6; 0 03 04 05 s
Name ‘ True Value ‘ 0.250  0.500 0.750 1.000 2.000 1.500

| ABE | 0258 0.513  0.768  1.047 - -
Bl | MSE | 0002 0006 0013  0.053 - -
\ AL | 0199 0.282 0423  0.818 - -
| cp | 96.0 941 95.2 94.3 - -
| ABE | 0.258 0.513  0.785  1.064 - 1.522
B2 | MSE | 0.002 0.006 0.039  0.089 - 0.030
\ AL | 0199 0.282 0755  1.128 - 0.677
\ CP | 962  94.0 94.9 94.5 - 94.6
| ABE | 0.258 0.513  0.764  1.049 - 1.390
B3 | MSE | 0002 0.006 0031 0.103 - 0.195
\ AL | 0199 0.282  0.680  1.160 - 1.702
\ CP | 960 943 94.3 94.3 - 94.9
| ABE | 0257 0512  0.768  1.047  2.020 -
B4 | MSE | 0003 0.006 0.013 0.053 0.033 -
\ AL | 0208 0307 0423  0.819 0.713 -
\ CP | 958  94.7 95.3 94.6  95.4 -
| ABE | 0257 0512  0.818  1.102 2.020 1.529
B5 | MSE | 0003 0006 0.067 0131 0.033 0.059
\ AL | 0208 0.307  1.017 1407 0.713 0.973
\ CP | 955 945 95.7 95.2 956  95.9
| ABE | 0257 0512 0741  1.016 2.020 1.238
B6 | MSE | 0003 0.006 0.040 0119 0.033 0.342
\ AL | 0208 0.307 0781 1292 0713 2.102
\ CP | 959 947 94.3 93.9 954  93.8
| ABE | 0.269 0.534  0.768  1.047 2.029 -
B7 | MSE | 0005 0.015 0013 0.0563 0.071 -
\ AL | 0267 0.443 0423  0.819 1.041 -
\ CP | 95.7  95.1 95.1 952 945 -
| ABE | 0267 0522  0.822  1.097 2.025 1.501
B8 | MSE | 0004 0010 0058 0.118 0.053 0.024
\ AL | 0228 0374 0960  1.335 0.904 0.653
\ CP | 955 946 96.2 96.2 949  96.0
| ABE | 0266 0522  0.733 0983 2.025 1.218
B9 | MSE | 0004 0010 0.026 0064 0.053 0.368
\ AL | 0.228 0373  0.596  0.969 0.903 2.132
\ CP | 956 944 93.8 944 947 928
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2.4 Data Analysis

2.4.1 Analysis of Two-motor Data

We present an analysis of the dataset on two-motor data introduced in Subsection[I.2.1} by
using the proposed GFB model. All nine models with various baseline distribution combi-
nations are fitted to the data, and model selection within the family has been performed
similarly as explained above. The failure times of the motors are scaled before analysis
by dividing them by 365. The scale parameter of the baseline distributions is taken to be
one for the identifiability of models. The priors are considered to be Gamma(0.5, 0.5).
The top two models for the two-motor data, in order of lowest WAIC values, are B5 and
B4, and the corresponding parameter estimates are presented in Table along with
the standard error, and 95% credible intervals. The trace plot of MCMC realizations for
models B4 and B5 are given in Figure From the figure, it is clear that the chains are
mixing well and converge. Moreover, Rhat values for all the parameters are close to 1,
indicating convergence of the corresponding chains. The best model, according to WAIC,
is the one with a Weibull-Weibull baseline with a WAIC value of —15.8134.
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(a) Trace plot of parameters of Model B4 (b) Trace plot of parameters of Model B5

Figure 2.2: Trace plots of parameters of the best two models for two-motor data

2.4.2 Analysis of Nuclear Reactor Data

We conduct an analysis of the nuclear reactor dataset introduced in Subsection [1.2.3
employing the proposed GFB model. Each of the nine models, constructed from different

combinations of baseline distributions, was fitted to the data, and model selection within
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this family was carried out as previously described. Before analysis, the failure times for
the nuclear plants were normalized by dividing each value by 365. The scale parameter for
each baseline distribution was set to one. We take the prior as Gamma(0.5, 0.5) for all the
parameters. Table presents the two best-fitting models ranked by the lowest WAIC
values for the nuclear reactor data along with the parameter estimates, the standard error
of those estimates, and their 95% credible intervals. Figure[2.3is the trace plot of MCMC
realizations of the models B6 and B9. It is clear from the figure that the chains are
well-mixed and converge. Also, we see that the Rhat values are close to 1, indicating the
satisfactory convergence of the chains. According to the WAIC criterion, the model with
the gamma-gamma baseline yields the best fit, achieving the lowest WAIC value among
the nine models at —163.6349.
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(a) Trace plot of parameters of Model B6 (b) Trace plot of parameters of Model B9

Figure 2.3: Trace plots of parameters of the best two models for nuclear reactor data

2.5 Conclusions

In this chapter, we discuss a Bayesian estimation method for the GFB model of the
lifetimes of a two-component load-sharing system. We derive the joint posterior distribu-
tion of the model parameters considering independent gamma priors, and implement an
MCMC algorithm using rstan to obtain Bayesian point estimates and credible intervals.
We discuss model selection within the GFB family using WAIC. A simulation study shows
that the BEs are quite accurate. Through simulation, we show that WAIC performs quite
well in selecting the parent model within the GFB family. Two real load-sharing data sets
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are analyzed for illustrative purposes. The best-fitted model using WAIC is obtained for
both datasets.
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Table 2.6: ABE, MSE, AL, CP of the parameters based on 1000 simulated samples for
size n = 25, 50, 75, 100 according to load-sharing systems from Model B1 with GFB
parameters © = (01,05, 05,0,)

Sample | Parameters | 6 02 03 04

size | True Value | 0.250 0.500 0.750 1.000

|  ABE | 0256 0526 0.798 1.132
n=25 | MSE | 0.008 0.017 0.044 0.214
| AL | 0.334 0492 0.753 1.540
| CP | 947 953 954  96.0
| ABE | 0.255 0.509 0.772 1.059
n=50 | MSE | 0.004 0.008 0.020 0.080
| AL | 0239 0342 0521 1.010
| CP | 938 946 942 945
| ABE | 0254 0510 0.766 1.047
n=75 | MSE | 0.002 0.005 0013 0.053
| AL | 0196 0280 0422 0.818
| CP | 959 943 954 945
|  ABE | 0255 0502 0.761 1.024
n=100 | MSE | 0.002 0.004 0.009 0.033
| AL | 0170 0240 0.365 0.689
| CcP | 957 948 952 951

Table 2.7: Estimates of the parameters of the top two models based on the motor data

Model | Parameters | 6, 0, 04 0, 0 s WAIC

‘ BE ‘3.0606 2.4908 5.5537 4.8612 2.8967 1.7181 -15.8134
B5 ‘ SD ‘ 1.2117 1.0511 1.8935 1.5666 0.5257 1.5752

‘ LL ‘ 1.2792  0.9639 2.5314 2.3019 1.9370 0.7507

‘ UL ‘ 5.5636 4.9777 9.8845 8.4278 3.9832 2.9565

‘ Rhat ‘ 1.0000 0.9999 0.9997 0.9997 1.0003 0.9997

‘ BE ‘ 3.0417 2.4605 5.6925 5.3968 2.8822 - -15.1930
B4 ‘ SD ‘ 1.2116 1.0574 1.9507 1.6425 0.5324 -

‘ LL ‘ 1.2628 0.9318 2.6104 2.6604 1.9279 -

‘ UL ‘ 5.9856 5.0028 10.1679 9.0828 4.0161 -

|

Rhat ‘0.9999 0.9998 1.0003 1.0010 0.9997 -

TH-3788_196123009



40 Chapter 2. Bayestan Inference for GFB Model

Table 2.8: Estimates of the parameters of the top two models based on the nuclear reactor
data

Model | Parameters | 6, 0 05 0, 05 04 WAIC

‘ BE ‘0.6762 12.9490 0.5497 2.2065 0.6027 0.1858 -163.6349
B9 | SD | 0.5913  4.3405 0.1467 1.8676 0.0711 0.1642

‘ LL ‘ 0.0464 6.0768 0.3334 0.1338 0.4609 0.0005

‘ UL ‘ 2.2676 22.6648 0.8881 7.1268 0.7416 0.5625

‘ Rhat ‘ 0.9999 0.1000 1.0009 0.9997 1.0002 1.0014

‘ BE ‘0.7645 15.0388 0.5415 2.1695 0.6135 0.1790 -162.8100
B6 ‘ SD ‘ 0.6590 4.4577 0.1463 1.8143 0.0672 0.1678

‘ LL ‘ 0.0611 7.8936 0.3195 0.1587 0.4835 0.0002

‘ UL ‘ 2.5110 25.1077 0.8807 6.9252 0.7460 0.5812

|

Rhat \1.0008 1.0001 1.0058 1.0013 1.0003 1.0037
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CHAPTER 3

A DOUBLY-FLEXIBLE MODEL BASED ON GG FRAILTY

3.1 Introduction

A shared frailty is a random factor incorporated into a model to account for unobserved
random effects that may be present in the study units due to various factors, such as
commonalities among them. For more details, see the book by Hougaard [29]. In relia-
bility and survival studies, the literature on shared frailty models is well developed; the
interested readers are referred to Hanagal [26]. For load-sharing systems, a shared frailty
can conveniently incorporate dependence between component lifetimes; refer to the work
of Asha et al. [5]. The shared frailty model can also capture the unit-to-unit variation of
the study units. However, since a shared frailty is attributed to unobservable quantities,
goodness-of-fit for such models might be difficult to assess.

Aiming at improving the quality of model fit, Balakrishnan and Peng [8] proposed
the GG frailty model. The GG family of distributions includes exponential, gamma,
Weibull, etc., as special members of the family. Therefore, a GG distribution provides a
very convenient way to model frailty, as it is possible to choose an appropriate model for
the frailty within the GG family for any given data, thus resulting in a better model fit
compared to the scenario where only a specific frailty distribution is fitted to the data.

In this work, we present a doubly-flexible model for two-component load-sharing sys-
tems. In the proposed model, we use the GFB distribution for the baseline of the com-
ponent lifetimes, and the GG family of distributions to incorporate a shared frailty that
captures dependence between the component lifetimes. We call the model as GFB-GG
throughout the chapter. This model is doubly-flexible, as both for the baseline as well as
for the shared random effect, we use general families of distributions, GFB and GG, re-
spectively. Thus, the GFB-GG model structure leads to a two-way general class of models

for two-component load-sharing systems. For any given data on a two-component load-

41
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sharing system, one can fit the proposed model and then choose suitable distributions for
the baseline as well as the shared frailty, within the respective families of distributions
used for the baseline and the shared frailty. This way, this GFB-GG model structure pro-
vides a better fit to two-component load-sharing systems compared to existing models. In
summary, among parametric models considered for two-component load-sharing systems
in the literature, the proposed model presents a very general case that accommodates
load-sharing data with a wide variety of baseline component lifetime distributions and
dependence structures.

The main contributions of this chapter are as follows:

e We present a very general class of parametric models with the GFB and GG fam-
ily of distributions for the baseline component lifetimes and frailty distributions,

respectively, for a two-component load-sharing system.

e We describe a model fitting method based on an EM-type algorithm in detail, and

extensive simulations are carried out.

e We develop estimation procedures for important reliability characteristics such as
MTTF, RMT, and MRT estimates of two-component load-sharing systems under
the GFB-GG model.

The rest of the chapter is organized as follows. In Section [3.2] we give details about
the GG distribution. Section presents the proposed GFB-GG model for load-sharing
data, and the fitting method in detail is given in Section Results of an elaborate
Monte Carlo simulation study, demonstrating the performance of the fitting method and
model selection method in this setting, are presented in Section 3.5 Numerical examples
are presented in Section [3.6] wherein a simulation case demonstrates the benefit of using
the GFB-GG model structure for a two-component load-sharing system. Analysis of a
real dataset and MTTF, MRT RMT are also presented in this section for illustrative
purposes. Finally, the chapter is concluded in Section with some remarks.

3.2 GG Distribution

The GG distribution, denoted by GG(6, k, 5), has the PDF

k _ _(2\k
9z(2) = mzkﬁ le=(3)" 2 >0, (3.1)
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with # > 0 as the scale parameter, and £ > 0, 8 > 0 as shape parameters. The mean and

variance, respectively, of the distribution are

E(Z)H-w and  Var(Z) = 6*- F<i(;)%> F(ﬁ;;)

The GG distribution is a family of distributions that includes some well-known distribu-
tions, such as the exponential, gamma, Weibull, etc., as special members of the family,
and the lognormal distribution as a limiting case. Table gives the choices of parame-

ters for the special members of the GG family of distributions. Balakrishnan and Peng [8|

Table 3.1: Special members of the GG family of distributions

| Distribution | Parameter choice |

Exponential k=p=1
Gamma k=1
Weibull 8=1

Lognormal B—0

advocated for the use of the GG frailty model, highlighting its flexibility derived from
its shape parameters. As the PDF of the GG family of distributions takes various forms
depending on the parameter values, a GG frailty model is capable of describing various
types of dependence between the units that share the frailty. For more details on the GG
frailty model, refer to Balakrishnan and Peng [8].

3.3 Model Description

Suppose that Y; and Y, are the lifetimes of the components of a two-component load-
sharing parallel system. Assume that conditional on the unobserved random variable Z,
which we refer to as the shared frailty, the distribution of (Y7, Y3) is the GFB distribution,
and Z follows the GG distribution. The proposed model can be described in terms of the
failure rates of components. Conditional on the unobserved random factor Z, the failure

rates of the components when both of them are operational are given by
A10(y|z> - Z@er(y,eB), y > 07
and

/\20(y|2) - Z62T3(y763)7 Yy > 07
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where \jo(+|z) is the failure rate of the i-th component.

Now, suppose the j-th component fails first at time y;. Then, conditional on the
shared frailty Z and the failure time y;, the failure rate of the i-th (i # j) component is
given by

Nij(Wily;, 2) = 20;r(yi, 0p), 1 =1,2; j =1,2.

Without loss of generality, the baseline parameters 6p and 6} is omitted to denote
Rg(-,0p), Ry(-,0%), re(-,0p) and r5(-,0%) by Rg(-), R5(-), rs(-) and rj(-) respectively.

Correspondingly, the conditional joint PDF of Y} and Y3 given Z is (see Franco et
al. [22] for further details)

r 20%
20055 (u)rn () [ 3] [Rp(2) ™), if o > o > 0

f(<y17y2)|z> 5 5 205 A01402) -
220105r5(y1)r5(y2) [R*B(yl)} [Rp(y)" ) ifye > 41 > 0.

The hierarchical representation of the proposed model for component lifetimes of a

two-component load-sharing system is

Y1, Y5)[(Z = z) ~ GFB(Rp, Ry, 201, 204, 207, 205, 05, 0%),
Z ~ GG(0, K, B).

Clearly, the marginal PDF of the two-dimensional lifetime (Y3, Y5) can be obtained as

o0

flyr,y2) = f((y1, y2)12)g2(2)d=

z=0

00 R* 207 . .
erearyyl)@(w/ { . 1)] [Re(y)" "% g4 (2)dz, if y1 >y > 0

— z=0

9 R*
0,05 r / 2 [ -
1055 ()5 (y2) w0 L R5(y1)

PALE
] [RB(yl)]Z(91+92) gz(2)dz, if yo > y1 > 0.

It is a requirement for shared frailty models that the mean of the frailty distribution
is fixed at one, for the parameters of the frailty distribution to be identifiable. Using this

condition here, we have

am:1:¢9:ﬁ%?5. (3.2)

Using Eq. (3.2) in Eq. (3.1)), the PDE of the frailty distribution becomes

kaﬂ k
ZPlemazt 2 50,
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13\ k
where a = (F(FB(;)’“)) > 0.

The lognormal distribution is a limiting case of the GG distribution when 5 — 0. For
lognormal frailty, after reparameterization using the identifiability condition of setting the
mean at one, the PDF of the frailty Z becomes

1 (ee(x)+%)?
e 222 z2>0, 0>0.

z prn
gz() zo\ 2T

3.4 Model Fitting Method

Consider n two-component load-sharing systems, with observed component lifetimes as
Data = {(y1i,y2i), i =1,2,...,n}. The unconditional likelihood function for the pro-

posed model, based on the observed data, is given by
L(©|Data) = H/ F (i, y2i)|2i) 92 (2i) dzi,
i=1 70

where © = (01,0,), with ©; = (01,0,,07,605,05,05) and O, = (k,3), represents the

vector of model parameters to be estimated. The corresponding log-likelihood function is

logL(©|Data) = glog (/OOO f((yli,y2i)|zi)gz(zi)dzi>

=D log (Bi0sr:(ya)rn(ye) + ) log (016575(y1i)rk (y2:)

i€l i€l

oo R* 1 Zief z; (01 2
+ ) log </o & [RB(yl.)] (R (y2:)]" "+ )gZ(Zi)dZi>

o 0022 R*B )]7% \1#i(01+02) 2 Vdz:
i Zl 4 </0 ’ {R*B(?Ju)] R )] %) l) B

where Iy = {i : y1; > yai}, and Iy = {i : y1; < yoi } -

The MLEs can be found by maximizing the log-likelihood function given in Eq. (3.3).
It can be done using any statistical software. For example, in R, one can use the optim
function. One can use the bootstrap method for the construction of Cls as discussed in
Section

In general, finding the MLEs of the model parameters is a challenging task as it
involves an eight-dimensional numerical optimization of a function without an explicit
expression. In such cases, the EM algorithm is a very useful tool that offers a reliable
method for estimation. Here, we apply an EM-type algorithm wherein we approximate
the required conditional expectations by their Monte Carlo estimates, generating samples

from suitable conditional distributions. We also discuss the construction of CI using Louis’
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missing information principle as described in Section [1.4.2]

3.4.1 Implementation of the EM-type Algorithm

For a sample of n two-component load-sharing systems, the hypothetical complete data
would consist of the observed data {(yi;,y2:),7 = 1,2,...,n} along with shared frailty
{z; :i=1,2,...,n}. In reality, of course, {z; : i = 1,2,...,n} are not observed, and thus
can be considered as the missing data. Therefore, augmenting {z; : i = 1,2,...,n} with

the observed data, the pseudo-complete data would be of the form
Data = {(y1¢7y2z‘7 Zz’>,7; = 17 2, . ,n}.

Based on the pseudo-complete data, the pseudo-complete likelihood function for the pro-

posed model is

n

L.(©|Data) = H f (i, yai)l2i) 92(2:)

=1

with the corresponding pseudo-complete log-likelihood function
log L(©|Data) = Zlog (Y1, y2i)|21) 92 (24))

= Z log(f (y1i> y2i)|2i)) + Z log(gz(zi))

i=1

R*
+ 07 Zzz log (R* Eyl ;) (61 + 65) Zzz log(Rp(ya)) + Zlog r5(Y13))

i€l i€l i€l

R (yai
+ ) log(ri(yai) + 65 > zilog (%) + (61 +62) > zilog(Rp(y1i)

1€ls 1€ls (yh> i€ls
+ nlog (%) + (k6 —1) Zlog(zi) - az 2r. (3.4)
i=1 i=1

Here, the expected log-likelihood function is

o0

E (logL.(©|Data)) :/ log L.(©|Data) fz|v,,v2)(2|(y1, y2))dz,
z=0
where z = (21, 22, ..., Zn), Y1 = (Y11, Y12, - - -, Y1n) a0d Y2 = (Y21, Y22, - - -, Y2n)-
The conditional expectations to be calculated here are E(Z|(Y1,Y2)), E(log(Z)|(Y1,Ys)),
and E(Z*|(Y1,Y3)), which cannot be analytically evaluated. Therefore, we use a method
wherein we generate samples from the conditional distribution of Z|(Y1,Y2), and using

the samples, calculate Monte Carlo estimates of the conditional expectations, as described
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below.

We generate N samples of {z; : i = 1,2,..., N}, from the conditional distribution of
Z|(Y1,Y;). The conditional PDF f(z|(y1,2)) is given by

Byzhbtlemazt=biz ity s yo > ()

Jz1v; ,Y)(Z|(y17y2>> =
v By2hBtle=az=boz  if 0 > 4 >0,

where
ka?
By=—
1 Dl )
ka®
B, —
2 D2 )

D= [ 245 ga(a)ie
0

Dy = / z2A§ - gz(2)dz,
0

by = —log(A;) > 0 and by = —log(A2) > 0.
For a, 3, z > 0, we have e %*" < 1. Therefore,

Blzkﬁ+1€_blz7 if Y1 > yp > 0
fz1v1.v0) (2l (Y1, 2)) < ) '
Bohftlemb22 if yp > 4y > 0
blfﬁ+2
" T(kB+2)
b]2€6+2
" T(kB+2)

ZBAE2)—1e=biz if ¢ > gy > 0

IA

ZBBH2)—1e=boz i 0 > gy > 0

Cl . hl(Z), if Y1 > Yo > 0

IN

02 . hQ(Z), if Yo > Y1 > 0,
_ BiT(kB+2) . . .
where Cp = = and hy(z) is the PDF of a Gamma random variable with shape
parameter (k5 + 2) and rate parameter b, for £ = 1, 2. Finally, using the acceptance-
rejection method (see Devroy [20]), we can generate samples 21, 2o, - - -, zn from fz)(v; v5)-

Using the generated sample, the Monte Carlo estimate of the expectation of any function
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h(-) of Z can be approximated as

N

B(h(Z)) = > hiz)

=1

In the M-step, it is convenient to obtain expressions for the PFR parameters 6,0, 07,
and 05, by differentiating Eq. (3.4) with respect to the parameters, and equating them to

7€ro0:

= —

L S E(Zi| (Yai, Yai) log(Rp(ya:) + Sier, E(Zi|(Yii, Yai) log(Rp(y1:))

~ —Tn1

0 = )

2 e E(Zi|(Yai, Yai)) log(Rp(y2:) + 2er, B(Zi| (Yi, Yai)) log (R (y14))

~ —nNnq
9{ — R ( ) )

Sier, B(Zil(Yie, Vo) log (F20a3)

bs — —n2 (3.5)

Rp(y2) )’
Sier, B(Zi|(Vai, Yai)) log (522
where |I)|=n1, |Is|= ns, and |I|=n; +ns = n. Note that, 6y, 6, 67, 63 are functions of

0 and 0%5. Using Eq. (3.5) in Eq. (3.4) gives the profile log-likelihood function (up to an
additive constant) of ©; = (0, 0%) and O, as

p(61,05) = nylog(f;6:) + Y log(ri(ysi) + > log(rs(ya))

+ N log(él A;) + Z log(rp(y1i)) + Z log(rp(y2i))
kaP - - > -
+ nlog () + (68~ 1) Bllog(4 (Vi Yah) — a3 E((Z1(Yis Ya))
= H,(0,) + H,(0,),
where
H,(6,) = ny log(6;0,) + Z log(r5(v1:)) + Z log(r(y2i))
+ nglog(6,603) + Z log(r(y1:)) + Z log(15(y2:)),
kaﬁ 1€1o . 1€1o .
Hy(0,) = nlog (W) (k5 — 1) Y Blog(ZI(Yi, Ya))) @ D BUZIVie Ya))

Maximization of p(él, O,) is relatively simpler, as it is the sum of two two-dimensional
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functions. Therefore, H,(©1) and H2(O2) can be separately maximized to obtain MLEs
(9AB,9A*B, and l%,B, respectively, using which in Eq. (3.5)) finally gives the MLEs él,éz,éj,

and é;.

3.4.2 Model Selection

For a given two-component load-sharing data, it is of prime importance to select the
best model within the GFB-GG structure, i.e., the best combination of the baseline and
frailty distributions within the GFB and GG families, respectively. Clearly, there is a
large number of candidates for the best baseline-frailty combination within the GFB-GG
model structure. When all the candidate models are fitted to the given data, the best
model can be selected with the help of one of the standard model selection criteria.

Consider model M with any particular combination of baseline and frailty distribution
within the GFB-GG structure, involving d,; number of parameters to be estimated. Let
n denote the size of the available sample for model fitting. Suppose L, is the maximized
value of the likelihood function for model M. Then, the AIC, BIC, AICc, and BC for the
model M are the following.

BICy = dy - log(n) — 2In(Ly),

2y (dyy + 1)

Al = Al
Ceym C+ n—dy—1°

das

1 ~
BCy = n*®) - = 2In(L).
m=1

Among all the candidate models, the best model for the given data is the one with the
minimum AIC (or BIC, AICc, BC) value. Note that BC is developed to combine the
strengths of AIC and BIC. In the parametric scenario, BC attains the properties of BIC,
and in the nonparametric scenario, it attains the same as AIC adaptively. For details on

statistical model selection, see Claeskens [11].

3.5 Simulation Study

The Monte Carlo simulations conducted in this study serve two main purposes:

1. Tt demonstrates the performance of the model fitting method as described in Sec-
tion [3.4] with respect to fitting characteristics such as AE, MSE;

2. Tt examines, for a given two-component load-sharing data, the performance of dif-

ferent model selection criteria for choosing the best model with a baseline-frailty
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combination within the GFB-GG model structure.

Within the GFB-GG model structure, we consider 27 different combinations of baseline

and frailty distributions for the simulations; details of these combinations are presented
in Table 3.2

3.5.1 Demonstration of the Model Fitting Method

For each of the 27 baseline-frailty combinations, the broad steps as listed below are fol-

lowed, based on 500 Monte Carlo runs:

1. Generate two-component load-sharing data with a specific set of model parameters
and simulation parameters (where all parameters are chosen without any loss of

generality);

2. Estimate the model parameters by using the fitting method of Section assuming
the parent model (i.e., the baseline-frailty combination used for data generation) as

the true model;
3. Compute AE and MSE for the parameter estimates;

4. For each parameter, construct CIs and compute CP and AL of the ClIs.

The sample size used for simulations is 100. The results are furnished in Tables[3.3]
and for different frailty distributions. It is clear that the fitting method works quite
well for the proposed model, as the AE, MSE, CP, and AL for all the model parameters
are satisfactory. Clearly, it can be expected that for larger sample sizes, the performance
of the fitting method would improve. The convergence of the stochastic EM algorithm
was monitored through the stability of parameter estimates across iterations. Specifically,
a large number of iterations (here, 1000) was performed, and convergence was visually
assessed by plotting the parameter trajectories. As the estimates stabilized after a few
iterations, the final estimates were obtained by averaging the values over the last 500
iterations (from the 501st to the 1000th). Alternatively, one may compute a running
average of the estimates after a burn-in period and declare convergence when the change

between two consecutive iterations falls below a small pre-specified threshold.

3.5.2 Study of Model Selection

For model selection, in this setting, our interest is to examine whether the standard criteria
can accurately detect the parent models with various combinations of baseline-frailty
distributions from the GFB-GG model structure. As for the model selection criteria, we
use the AIC, BIC, AICc, and BC. The steps in which we conduct the model selection

study are as follows.
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Table 3.2: Model indicators according to their frailty distributions and baseline distribu-
tions before and after 1st failure

Model Name Frailty distribution Baseline before failure | Baseline after failure
M1 Exp(1) Exp(1) Exp(1)
M2 Exp(1) Exp(1) Weibull(6%, 1)
M3 Exp(1) Exp(1) Gamma(0%, 1)
M4 Exp(1) Weibull(65, 1) Exp(1 )
M5 Exp(1) Weibull(65, 1) Weibull(0%;, 1)
M6 Exp(1) Weibull(65, 1) Gamma(0%, 1)
M7 Exp(1) Gamma(fpg, 1) Exp(1 )
M8 Exp(1) Gamma(fg, 1) Weibull(0%, 1)
M9 Exp(1) Gamma(fg, 1) Gamma(03, 1)
M10 Weibull(shape=Fk, scale= ra ) Exp(1) Exp(1 )
M11 Weibull(shape=k, scale= g7 ) Exp(1) Weibull(67%, 1)
M12 Weibull(shape=Fk scadezr(1 ) Exp(1) Gamma(6%, 1)
M13 Weibull(shape=Fk scade:I,(1 ) Weibull(65, 1) Exp(1)
M14 Weibull(shape=Fk, scale= T ) Weibull(6p, 1) Weibull(07%;, 1)
M15 Weibull(shape=F scanle:F(1 ) Weibull(6z, 1) Gamma(03, 1)
M16 Weibull(shape=Fk, scade:F(1 ) Gamma(fg, 1) Exp(1)
M17 Weibull(shape=Fk, scale= e ) Gamma(fp, 1) Weibull(0%;, 1)
M18 Weibull(shape=Fk, scade:F(1+ ) Gamma(fg, 1) Gamma(0%, 1)
M19 Gamma(shape=[, scale:% Exp(1) Exp(1)
M20 Gamma(shape=p, scale=3 Exp(1) Weibull (6%, 1)
M21 Gamma(shape—[, scale:% Exp(1) Gamma(6%, 1)
M22 Gamma(shape=[, scale:% Weibull(6g, 1) Exp(1)
M23 Gamma(shape—43, scale:% Weibull(63, 1) Weibull (6%, 1)
M24 Gamma(shape—f, scale— 5 Weibull(65, 1) Gamma(0}, 1)
M25 Gamma(shape=[, scale:% Gamma(fp, 1) Exp(1)
M26 Gamma(shape=4, scale=3 Gamma(f3p, 1) Weibull (6%, 1)
M27 Gamma(shape=4, scale:% Gamma(fpg, 1) Gamma(03, 1)

TH-3788_196123009



52 Chapter 3. A Doubly-flexible Model based on GG Frailty

Table 3.3: AE, MSE, AL, CP of the parameters based on 500 simulated samples for size
n = 100, according to load-sharing systems from different models with GFB parameters
©1 = (01,05, 07,05,0p,0%) having Exponential(rate=1) frailty distribution

Model | Parameters | 61 62 0% 03 0B 0%
Number | True Value | 0.3 0.4 0.5 1.0 2.0 1.5

\ AE | 0.306 0.409 0.514 1.035 - -
ML | MSE | 0.004 0.006 0.011 0.058 - -
\ AL | 0243 0299 0414 0.949 - -
\ CP | 958 940 946 958 - -
\ AE | 0.307 0411 0.515 1.033 - 1.510
M2 | MSE | 0.004 0006 0.018 0.077 - 0.012
\ AL | 0253 0.313 0.521 1.096 - 0.431
\ CP | 958 946 946 950 - 95.2
\ AE | 0.308 0.411 0.535 1.084 - 1.553
M3 | MSE | 0.004 0.006 0.021 0.109 - 0.148
\ AL | 0250 0.309 0.540 1.271 - 1.405
\ CP | 958 942 950 9538 - 92.8
| AE | 0.305 0.407 0.515 1.037 2.021 -
M4 | MSE | 0.004 0.006 0.011 0.058 0.022 -
\ AL | 0.249 0308 0.419 0.960 0.570 -
\ CP | 956 948 950 956  93.2 -
\ AE | 0.306 0.409 0.510 1.025 2.029 1.536
M5 | MSE | 0.004 0.007 0.025 0.098 0.029 0.037
\ AL | 0256 0.318 0.601 1.197 0.640 0.724
\ CP | 96.0 954 928 934 940 934
\ AE | 0.306 0.409 0.550 1.128 2.024 1.577
M6 | MSE | 0.004 0.007 0.029 0.178 0.027 0.285
\ AL | 0.254 0315 0.643 1.543 0.596 1.875
\ CP | 96.0 948 948 958 934 9238
\ AE | 0312 0.416 0512 1.031 2.021 -
M7 | MSE | 0.007 0.012 0.011 0.058 0.059 -
\ AL | 0314 0.401 0.415 0.945 0.963 -
\ CP | 940 936 946 952  94.2 -
\ AE | 0.320 0427 0.505 1.013 2.037 1.532
M8 | MSE | 0.010 0.015 0.030 0.120 0.069 0.023
\ AL | 0.360 0.463 0.636 1.302 1.029 0.551
\ CP | 92.8 934 906 914 944 934
\ AE | 0.316 0.422 0.537 1.093 2.029 1.564
M9 | MSE | 0.009 0014 0.024 0.133 0.065 0.413
\ AL | 0.339 0.433 0.588 1.358 0.990  2.200
\ CP | 924 938 944 948 940 942
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Table 3.4: AE, MSE, AL, CP of the parameters based on 500 simulated samples for

size n = 100, according to load-sharing systems from different models with GFB parame-

ters ©1 = (04, 02, 07, 05,05, 0%) having Weibull(shape=F, scale:ﬁ) frailty distribution
k

Model | Parameters | 61 0> 0% 03 0B 0% k
Number ‘ True Value ‘ 0.3 0.4 0.5 1.0 2.0 1.5 1.5

\ AE | 0.304 0.405 0498 1.041 - - 1.563
MI0 | MSE | 0.004 0.005 0.008 0.047 - - 0.065
\ AL | 0229 0280 0.371 0877 - - 0.981
\ CP | 926 942 938  95.2 - - 95.8
\ AE | 0307 0.409 0.511 1.059 - 1.504  1.598
Mil | MSE | 0.005 0.007 0.019 0.080 - 0.026  0.224
\ AL | 0274 0341 0.535 1.087 - 0.701  1.421
| Cp | 934 930 938 958 - 94.2  94.2
\ AR | 0.309 0.411 0.526 1.120 - 1.561  1.548
Mi2 | MSE | 0.004 0.006 0.021 0.152 - 0.182  0.083
\ AL | 0.227 0341 0.664 1.646 - 1.945  1.451
\ CP | 944 958 950 974 - 95.0  95.6
\ AE | 0303 0.405 0.500 1.047 2.007 - 1.568
M13 | MSE | 0.004 0.005 0.010 0.053 0.030 - 0.073
\ AL | 0236 0.290 0.399 0.946 0.728 - 1.218
\ CP | 944 944 934 950 954 - 95.8
\ AE | 0.316 0.416 0.502 1.034 2.064 1.588 1.620
Mi4 | MSE | 0.006 0.008 0.042 0.137 0.071 0.134 0.524
\ AL | 0283 0.352 0.754 1.381 1.007 1.328 1.906
| CP | 934 924 87.0 91.2 898  86.0 842
\ AE | 0305 0411 0.562 1.223 2.035 1.603 1.562
M15 | MSE | 0.005 0.006 0.049 0.397 0.045 0.428 0.152
\ AL | 0.260 0.325 0923 2.345 0.880 2625 1.609
\ CP | 922 944 930 948 940 944 938
\ AE | 0.312 0416 0.500 1.046 2.016 - 1.559
M16 |  MSE | 0.008 0.011 0.009 0.052 0.067 - 0.066
\ AL | 0340 0.435 0.384 0.908 1.044 - 1.084
\ CP | 922 954 930 956 954 - 96.2
\ AE | 0.334 0441 0.534 1.096 2.036 1510 1.632
M17 |  MSE | 0024 0.035 0.046 0205 0.105 0.057 0.242
\ AL | 0.541 0.696 0.853 1.699 1.413 1.045 1.824
\ CP | 926 924 928 936 93.6 910 916
\ AE | 0326 0434 0.550 1.159 2.038 1.598 1.552
Mi8 | MSE | 0.014 0.020 0.040 0.245 0.083 0.637 0.114
\ AL | 0460 0.596 0.828 1.984 1.255 0.637 0.114
\ CP | 928 954 938 944  96.0 930 936
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Table 3.5: AE, MSE, AL, CP of the parameters based on 500 simulated samples for size
n = 100, according to load-sharing systems from different models with GFB parameters
©1 = (64,09,07,0;,05,0%) having Gamma(shape=/, scale:%) frailty distribution with
O, =7

Model | Parameters | 61 02 0% 03 05 0% B
Number ‘ True Value ‘ 0.3 0.4 0.5 1.0 2.0 1.5 1.5

| AE | 0.303 0.404 0.508 1.028 - - 1632
M19 |  MSE | 0.004 0.005 0.011 0.052 @ - - 0.166
| AL | 0233 0287 0.392 0900 - - 1369
| Cp | 936 958 904  95.4 - - 97.0
| AE | 0304 0406 0.524 1.055 - = 1492 1661
M20 |  MSE | 0.005 0.006 0.020 0.075 -  0.021 0263
| AL | 0273 0343 0.549 1116 -  0.650 1.946
| CP | 922 940 944 954 - 96.0  96.8
| AE | 0.303 0406 0.520 1.059 -  1.502 1.646
M21 | MSE | 0004 0006 0022 0111 - 0159 0.228
| AL | 0251 0.312 0.587 1.387 - 1.668 1.661
| CP | 924 944 928 946 - 958  98.0
| AE | 0301 0403 0510 1.033 2.021 -  1.635
M22 | MSE | 0.004 0.005 0.012 0.053 0.027 - 0214
| AL | 0237 0293 0413 0940 0682 - 1593
| cp | 932 950 922 952  96.2 - 96.4
| AE | 0312 0416 0.518 1.034 2.048 1.557 1.756
M23 | MSE | 0.005 0.008 0.037 0.122 0.065 0.108 0.852
| AL | 0291 0360 0.772 1408 1.007 1.300 2.921
| CP | 946 940 904 922 916 894 912
|  AE | 0.304 0403 0.564 1164 2.040 1.558 1.652
M24 | MSE | 0.004 0.006 0062 0342 0.041 0419 0.425
| AL | 0262 0328 0911 2179 0.873 2614 2452
| cp | 940 942 934 950 948 938 954
| AE | 0315 0422 0.510 1.032 2037 - 1628
M25 | MSE | 0.007 0.013 0.011 0.053 0.064 -  0.193
| AL | 0.340 0437 0403 0931 1.032 - 1500
| CP | 948 958 926 962  95.6 - 97.8
| AE | 0.329 0438 0.543 1.097 2045 1.506 1.698
M26 | MSE | 0.018 0.032 0.055 0.189 0.103 0.049 0.651
| AL | 0516 0.661 0.858 1.702 1.362 0.949 2.494
| Ccp | 916 916 928 936 932  93.0  94.0
| AE | 0.328 0439 0.544 1120 2052 1.537 1623
M27 | MSE | 0.015 0.030 0.041 0.203 0.087 0.532 0.245
| AL | 0444 0582 0.781 1792 1.208 2.846 2.052
| CP | 946 948 934 954 952 962  95.6
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1. A two-component load-sharing data of size n from a parent model is generated, the
parent model being one of the models M1 — M27, as described in Table

2. To the generated data, all the candidate models M1 — M27 are fitted;

3. Using the estimated model parameters, the model selection criteria are calculated
for each of the fitted candidate models;

4. By any of the model selection criteria, the model with the lowest value is chosen as

the best model for the given data among the 27 candidate models.

As the model selection study is quite elaborate in nature, in this chapter, we demon-
strate a part of the study for illustrative purposes. We generate two-component load-
sharing samples from two different parent models, M1 and M14, for sizes n =50, 100,
150, 200. Then, to each generated dataset, we fit all the 27 candidate models M1 to
M?27 and the best model is selected. Figures [3.1] and present the proportions of the
top three candidate models selected by different model selection criteria. From Figure
B.1] it is observed that M19 is selected more frequently than the parent model M1. This
is a plausible case, since M19 represents a more general model, with the exponential
distribution for the baseline of component lifetimes and the gamma distribution for the
frailty, compared to M1, which has the exponential distribution for both the component’s
baselines and the frailty.

From Figure observe that the parent model M 14 is selected the highest number of
times, as one would expect. Also, as the sample size increases, the probability of correct
selection steeply increases. These observations clearly establish that the standard model
selection criteria can quite accurately identify the parent baseline-frailty combinations for
the GFB-GG model structure.

3.5.3 Discussions

The results of this elaborate simulation study clearly indicate that for two-component

load-sharing data,

1. The proposed fitting method can satisfactorily estimate the model parameters of

the baseline-frailty distribution combinations within the GFB-GG model structure.

2. The standard model selection criteria can accurately identify, even for moderately
small sample sizes, the parent distribution with any baseline-frailty combination
within the GFB-GG model structure.

These two findings indicate the principal advantage of using the proposed model.

When it is fitted to a given two-component load-sharing data, one can choose the best
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Figure 3.1: Proportion of times the top three models get selected when the parent model

1s M1

model involving a specific combination of the baseline and frailty distributions within
the GFB-GG model structure. Also, since the GFB and GG families are very flexible,

the proposed modeling structure actually provides a broad variety of models to choose

from, both for the baseline as well as the frailty distribution. Thus, this structure very

effectively captures the dependence between the components of the load-sharing system,

which in turn results in suitable inferences for various characteristics related to the system

lifetime.
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3.6 Numerical Examples

3.6.1 A Simulation Case

A simulation case demonstrates the effectiveness of using the proposed GFB-GG model

structure for two-component load-sharing systems. The simulated two-component load-

sharing dataset is provided in Table [3.6
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The dataset is of size 200 and is generated using general choices for the baseline
and frailty distributions within the GFB-GG model structure. The baseline distributions
of the component lifetimes, before the first failure, are taken to be Weibull. After the
first failure occurs, the lifetime of the remaining component is generated from a Gamma
distribution. The shared frailty that connects the two components is generated from the
GG distribution with general parameter choices, i.e., these parameter values for the GG
distribution do not lead to any special member within the GG family of distributions.
Specifically, the true parameter values are taken to be 6; = 0.25, 6, = 0.50, 0] =
0.75, 05=1, 0p=2, 05 =15, k=15, =15, 0 =1.5.

To this simulated data, a total of 45 models with various baseline-frailty distribution
combinations are fitted. In addition to the 27 model combinations presented in Table
-2 another 18 baseline-frailty model combinations (9 each for lognormal and generalized
gamma frailty combined with different baselines from the GFB model) are fitted to the
simulated data by using the proposed fitting method. Table presents the top three
models among them, according to their AIC values. The table also provides the standard
errors and lower and upper limits of 95% bootstrap Cls.

We observe that the model with Weibull-Gamma baselines within the GFB distribu-
tion, and the GG frailty is selected as the best model for this data, as this model has the
lowest AIC value among the 45 candidate models. Recall that this combination was the
true parent model, too. Note that, instead of fitting the general GFB-GG model structure
with 45 candidate models to this two-component load-sharing data, if any special combi-
nation of baseline-frailty (such as the model of Asha et al. [4]) was fitted, it would have
resulted in a sub-optimal model fit. Only when the GFB-GG model structure is fitted
to this data, and a model selection is performed within the families, one can identify the
best model for this data. This clearly demonstrates the utility of the proposed GFB-GG

model structure for two-component load-sharing data in obtaining the optimal model fit.

3.6.2 Real Data: The Nuclear Reactor Data

In this section, we present an analysis of the dataset on nuclear reactor data provided in
Subsection by using the proposed GFB-GG model. All the 45 models with various
baseline-frailty distribution combinations are fitted to the data, and model selection within
the family has been performed in a similar fashion as explained in Section The failure
times of the nuclear plants are scaled before analysis by dividing them by 365. This will
not affect the inference in any way. The top three models for the nuclear reactor data,
in order of lowest AIC values, are presented in Table [3.8] along with the point estimates,
standard errors of estimates, and bootstrap Cls of their parameters.

The best model is M12 according to AIC with an AIC value of —175.469, which is
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Table 3.6: Simulated two-component load-sharing data: Baseline component lifetimes as
Weibull(fp = 2) before the first failure, and Gamma(63 = 1.5) after the first failure, with
PFR parameters (6; = 0.25, 0, = 0.5, 6; = 0.75, 65 = 1); frailty from GG distribution
(k=15 g=1.5)

n Y14 Yai n Yii Yai n Yy Yai n Y1 Yo n Yy Yai

1 0.55 0.44 2 5.77 1.30 3 1.86 0.77 4 3.66 0.31 5 4.51 1.64
6 1.15 | 4.30 7 0.79 2.96 8 1.89 1.87 9 0.83 1.37 10 1.36 1.27
11 3.90 1.35 12 2.52 1.37 13 1.83 4.37 14 1.95 0.88 15 1.10 1.89
16 1.07 1.19 17 0.67 0.22 18 2.69 3.04 19 1.74 1.21 20 0.61 3.57
21 1.22 1.14 22 1.77 1.28 23 1.00 1.19 24 3.86 1.02 25 1.14 0.86
26 1.30 3.42 27 1.70 1.04 28 3.05 0.57 29 4.70 1.04 30 3.79 0.62
31 1.06 0.57 32 3.30 4.94 33 0.44 1.18 34 0.70 2.70 35 4.96 2.62
36 1.73 1.68 37 11.32 0.94 38 2.68 0.53 39 1.67 1.06 40 1.18 5.93
41 0.89 1.43 42 1.67 0.65 43 5.70 2.70 44 10.17 2.17 45 3.61 1.04
46 1.29 7.00 47 0.22 2.08 48 2.11 6.11 49 10.95 0.95 50 1.11 1.77
51 1.11 0.95 52 0.58 1.30 53 1.77 2.88 54 2.13 1.47 55 5.31 1.60
56 2.74 1.47 57 1.77 1.48 58 2.57 1.29 59 1.55 1.28 60 0.37 1.34
61 9.32 1.83 62 0.19 1.25 63 9.55 | 4.45 64 1.09 0.63 65 1.86 1.45
66 1.16 0.61 67 1.43 0.95 68 4.38 0.24 69 0.56 1.80 70 0.79 0.37
71 8.57 | 4.46 72 1.39 5.69 73 2.23 0.52 74 2.88 0.83 75 0.98 1.56
76 1.15 3.02 77 36.40 4.03 78 2.71 3.36 79 0.82 1.24 80 12.17 0.66
81 0.72 0.79 82 0.93 1.01 83 2.51 0.54 84 0.66 0.69 85 2.19 0.73
86 1.73 8.69 87 3.25 0.19 88 2.62 1.13 89 1.79 1.42 90 1.29 3.70
91 0.96 1.06 92 0.70 0.31 93 1.13 1.21 94 0.95 3.19 95 8.02 0.54
96 1.11 2.12 97 2.23 2.23 98 1.50 0.56 99 1.39 0.22 100 2.66 1.30
101 0.52 1.45 102 4.96 1.58 103 0.94 0.72 104 0.34 1.84 105 7.91 1.77
106 2.61 0.33 107 1.82 0.90 108 3.35 1.31 109 5.00 0.28 110 1.85 8.25
111 1.73 4.73 112 2.39 1.12 113 3.18 0.88 114 0.93 1.57 115 1.45 3.94
116 0.65 0.24 117 0.99 1.55 118 4.16 1.29 119 1.15 0.87 120 0.50 0.53
121 0.45 0.76 122 0.83 2.19 123 1.63 0.62 124 0.54 0.22 125 1.80 0.65
126 6.89 0.57 127 5.72 1.50 128 | 4.04 1.38 129 0.94 4.43 130 3.08 0.88
131 3.12 2.63 132 0.95 0.85 133 1.44 1.69 134 0.52 5.25 135 0.55 1.04
136 0.90 2.12 137 2.47 1.53 138 1.24 2.07 139 2.43 1.49 140 1.44 0.53
141 0.63 1.06 142 0.92 2.88 143 1.35 0.87 144 1.10 0.68 145 0.54 3.58
146 2.39 0.21 147 1.76 0.08 148 1.94 1.24 149 3.51 0.99 150 2.13 0.75
151 2.19 1.40 152 0.91 1.64 153 1.62 1.78 154 0.96 0.86 155 5.73 0.98
156 3.82 1.72 157 4.51 1.17 158 2.12 3.65 159 1.43 2.61 160 1.76 1.44
161 3.48 1.69 162 0.91 0.73 163 0.64 6.09 164 0.04 0.60 165 0.77 1.95
166 8.23 2.24 167 1.31 2.63 168 7.52 1.04 169 4.62 0.65 170 0.37 1.09
171 1.19 0.77 172 0.10 1.01 173 2.30 2.39 174 1.25 0.59 175 1.08 1.17
176 6.64 1.47 177 3.35 0.52 178 1.09 1.04 179 1.53 2.04 180 5.59 0.98
181 0.17 0.65 182 1.66 0.62 183 2.52 0.95 184 1.12 1.27 185 3.76 0.75
186 1.39 0.68 187 1.75 0.47 188 1.00 1.81 189 3.18 3.06 190 1.94 0.89
191 2.87 1.08 192 2.10 0.98 193 1.20 0.88 194 1.83 1.36 195 1.74 1.43
196 1.06 0.66 197 5.53 2.09 198 1.83 0.72 199 3.84 0.94 200 1.10 0.48

the lowest among the 45 models considered. It may also be mentioned here that for
the best model for this data, reported in Franco et al. [22|’s work has an AIC value
—172.342. Recall that Franco et al. |22]| also considered the GFB distribution for the
baseline component lifetimes, but they did not consider a frailty that induced dependence
due to unobserved random factors. Comparing the AIC values, we can conclude that the
best model for the nuclear reactor data within the GFB-GG model structure provides a
better fit compared to the best model of Franco et al. [22]. This once again shows the

usefulness of the proposed model.
We also develop estimates of some reliability characteristics such as the MTTFEF, RMT,
and MRT of load-sharing systems under the GFB-GG model. The MTTF of a load-

sharing system is the expected time the system operates till its failure. Let T" denote the
system failure time; then, 7' = max(Y7, Y2). The MTTF of a load-sharing system is (7).
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Table 3.7: Estimates of the parameters of the top three models based on simulated data
given in Table

Model | Parameters | 61 02 0 03 0B 0% k B8 o AIC
‘ MLE ‘ 0.317 0.539 0.871 1.251  2.147 1.820 1.415 1.627 - 1278.079
Rp: Weibull ‘ Boot SE ‘ 0.015 0.022 0.084 0.150 0.051 0.156 0.342 0.672 -
R*B: Gamma ‘ Boot LL ‘ 0.296 0.503 0.735 0.935 2.064 1.585 0.990 0.412 -
Frailty: GG ‘ Boot UL ‘ 0.354 0.588 1.064 1.524 2.264 2.196 2.332 3.047 -
‘ MLE ‘ 0.350 0.596 1.132 1.674 2.205 2.127 - - 0.746  1278.326
Rp: Weibull ‘ Boot SE ‘ 0.017 0.031 0.111 0.186 0.056 0.130 - - 0.047
RTB: Gamma ‘ Boot LL ‘ 0.314 0.531 0.921 1.291  2.102 1.845 - - 0.649
Frailty: Log-normal ‘ Boot UL ‘ 0.382 0.653 1.357 2.020 2.321 2.355 - - 0.834
‘ MLE ‘ 0.314 0.535 0.399 0.572 2.153 1.258 1.862 1.087 - 1278.590
Rp: Weibull ‘ Boot SE ‘ 0.017 0.020 0.028 0.036 0.051 0.052 0.336 0.296 -
R%: Weibull ‘ Boot LL ‘ 0.292 0.492 0.342 0.502 2.095 1.158 1.378 0.399 -
Frailty: GG ‘ Boot UL ‘ 0.357 0.569 0.450 0.641 2.296 1.363 2.697 1.561 -

Table 3.8: Estimates of the parameters of the top three models based on the nuclear
reactor data given in Table

Model \ Parameters \ 01 02 03 03 0p 0% k B8 AIC

‘ MLE ‘ 3.751 108.749 0.663 12.674 - 0.379 110.001 - -175.469
M12 ‘ Boot SE ‘ 0.590 4.978 0.061 0.109 - 0.057 0.003 -

‘ Boot LL ‘ 2.573 99.488 0.516  12.482 - 0.242  109.990 -

‘ Boot UL ‘ 4.887 119.002 0.754 12.910 - 0.465 110.002 -

‘ MLE ‘ 3.765 109.212 0.666 12.700 - 0.382 - 273.502 -175.464
M21 ‘ Boot SE ‘ 0.548 5.495 0.056 0.135 - 0.063 - 0.017

‘ Boot LL ‘ 2.635 98.154 0.525  12.462 - 0.264 - 273.452

‘ Boot UL ‘ 4.785 119.696  0.743  12.989 - 0.510 - 273.518

‘ MLE ‘ 8.000 226.000 0.761 15.000 1.148 0.440 - 12.000 -174.270
M24 ‘ Boot SE ‘ 1.553 1.587 0.079 0.054 0.019  0.065 - 4.838

‘ Boot LL ‘ 4.591 222.549 0.619 14.900 1.120 0.326 - 5.866

‘ Boot UL ‘ 10.679 228.769 0.928 15.111 1.195 0.581 - 24.829

The RMT of a system is the probability that the system will operate till a desired time
to. Thus, RMT at tg is S(tg) = P(T > to). It is clear that it is difficult to find the MTTF
and RMT analytically under this model. The MRT of a system is the expected additional

time the system will survive if it has already survived a given time ¢,. That is,

MRT(to) = E(T — to|T > to) = /

to

oo

3fT\T>to (5)ds — to.

However, for this model, obtaining closed-form expressions of MTTF, RMT, and MRT are

difficult. Therefore, we propose to estimate these quantities using Monte Carlo simula-

tions. For a Monte Carlo estimates, one needs to generate R data points¢;, 7 =1,2,... R
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as realisations of the system lifetime 7. Then, MTTF can be estimated by the mean of
R(to)
R

the generated ¢;’s. To estimate the RMT at a pre-specified time ¢y, compute , where
R(ty) is the number of realisations of the system lifetime that exceeds t.
For Monte Carlo estimation of MRT at t,, we generate R data points ¢,7=1,2,..., R

as realisations of the truncated lifetime T'|T" > ty. Then, the estimated MRT at t; is

R

>

MRT(to) = et

For a reasonable estimates of these quantities, a large value of R should be used.

Here, we calculate these reliability characteristics for the top three models, viz., M12,
M21, and M24, for the scaled nuclear reactor data based on 10000 Monte Carlo repli-
cations. The MTTFs under the models M12, M21, and M24 are estimated to be 0.740
years, 0.735 years, and 0.811 years, respectively. Monte Carlo estimates of the MRT and
RMT are calculated at the 25th, 50th, and 75th sample percentile points of the system
failure times and are presented in Table [3.9]

Table 3.9: Mean residual time and reliability in mission time for the nuclear reactor data

Model |ty | 0.111 0.574 1.066
| RMT(to) | 0.698 0.375 0.227

M12 | MRT(fo) | 0.949 1.142 1.228
| RMT(to) | 0.704 0.373 0.225

M24 | MRT(to) | 0.903 1.084 1.163
(to)

(fo)

| RMT(to) | 0.723 0.392 0.239
M24 | MRT(fo) | 0.996 1.214 1.360

3.7 Conclusions

In this chapter, we present a very general class of parametric models for two-component
load-sharing systems. The proposed model with the GFB and GG family of distributions
for the baseline component lifetimes and frailty distributions, respectively, can appropri-
ately model the change in the lifetime distribution of the surviving component after the
first failure occurs in the system, and can also accurately capture the dependence be-
tween the component lifetimes. A model fitting method based on an EM-type algorithm
is described in detail, and extensive simulations are carried out. The fitting method is

observed to perform satisfactorily. It is shown that the GFB-GG model structure can
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provide a better fit compared to existing models as one can choose from a wider array
of candidate models in this case. This demonstrates the practical utility of the proposed
model. Estimation of some important reliability characteristics, such as MTTF, RMT,
and MRT, are discussed under the GFB-GG model.
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CHAPTER 4

RELIABILITY ANALYSIS OF LOAD-SHARING SYSTEMS
WITH PLA"

4.1 Introduction

Our aim in this chapter is to develop a flexible model for analysing load-sharing data,
without using restrictive assumptions on the distribution of component lifetimes. The
aim is also to suitably estimate important quantities such as RMT, quantile function,
MTTEF, and MRT of the underlying lifetime distribution of load-sharing systems. These
quantities are of practical importance for making various strategies and plans.

We develop a model involving PLAs of the CHF of the distribution of system lifetimes
between two successive component failures, capturing the unknown load-share rule at
successive stages of component failures. At each of the successive stages of component
failures, as the lifetime distributions of surviving operating components change, a new
PLA for CHF is used. The model can be suitably tuned by choosing the number of linear
pieces for PLA at each stage of failure. Usually, in parametric analyses of load-sharing
systems, a specific lifetime distribution is used to model component lifetimes for the
entire range. In contrast, the proposed PLA-based modelling approach does not require
any such strong parametric assumptions for component lifetime distributions. The PTLA-
based model can be interpreted as approximating the underlying distribution of system
lifetime between two consecutive component failures by several exponential distributions
over short ranges defined by cut-points. In survival analysis, PLA-based models are used
extensively. Balakrishnan et al. |7] proposed a PLA-based model for the hazard rate

of a population with a cured proportion; see also the references therein. Recently, a

“This chapter is based on our published work: S. Biswas, A. Ganguly and D. Mitra. Reliability
Analysis of Load-sharing Systems using a Flexible Model with Piecewise Linear Functions. Applied
Stochastic Models in Business and Industry. https://doi.org/10.1002/asmb.2934| 2025.
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64 Chapter 4. Reliability Analysis of Load-sharing systems with PLA"

PLA-based model for the cumulative hazard function was used to analyse left-truncated
right-censored data by Ganguly et al. [24].

The proposed PLA-based model provides a good fit for load-sharing data. In partic-
ular, we show that the PLA-based model surpasses several existing load-sharing models
with respect to the quality of model fit for the two-motor load-sharing data. We also
discuss estimation of RMT, quantile function, MTTF, and MRT under the proposed
PLA-based model. Since the accuracy of estimates of RMT, quantile function, MTTF,
and MRT depends on the suitability of the model fitted, quite naturally, these important
practical quantities are also better estimated under this model.

The main contributions of this chapter are as follows:

e We develop a flexible, data-driven PLA-based model for load-sharing data. The
model does not require restrictive parametric assumptions on the underlying com-

ponent lifetimes.

e We develop inference for the proposed PLA-based model based on multi-component

load-sharing data.

e Under the proposed PLA-based model, we develop estimates for important reliability
characteristics such as RMT, quantile function, MTTF, and MRT of load-sharing
systems.

The rest of this chapter is structured as follows. In Section the proposed PLA-
based model is presented. Section presents likelihood inference for the model based on
data from multi-component load-sharing systems. This section also includes the construc-
tion of Cls for relevant model parameters and general guidance for practitioners on the
selection of cut-points for defining the PLA-based model. Estimation of RMT, quantile
function, MTTF, and MRT of load-sharing systems is discussed in Section [4.4] In Section
4.5 results of a detailed Monte Carlo simulation experiment investigating the efficacy
and robustness of the PLA-based model are presented. Illustrative numerical examples
demonstrating the application of the PLA-based model on two load-sharing datasets and
estimation of various important reliability characteristics are presented in Section In
Section we discuss an extension of the PLA-based model that can incorporate covari-

ate information into the modelling. Finally, the chapter is concluded with some remarks
in Section [1.8

4.2 Model Description

Consider a J-component load-sharing system where the components are arranged in par-

allel. Assume a constant total load on the system and that the failed components of the
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system are not replaced or repaired. At the beginning when all components are operating,
let Ul(o), UQ(O), ceey U}O) denote the latent lifetimes of the components, and Y denote the

system lifetime till the first component failure. Obviously,
YO —win{v”, v, ..., U}

Similarly, for j = 1,2, ..., J — 1, let Y9 denote the system lifetime between j-th and
(7 + 1)-st failed components. Then,

V) mm{Ufj), ud .. Uﬁjfj},

where Ul(j)7 Q(j), Uﬁj_)j denote the latent lifetimes of the operating components after
failure of j components, j = 1,2, ..., J — 1. For all values of j, Ul(j), e Uﬁjzj are

assumed to be independent and identically distributed random variables. It is further
assumed that {Ug(j),ﬁ =12 ...,J—3,3=0,1,...,J— 1} are independent random
variables.

Let hV)(-) and HY)(-) denote the HF and CHF, respectively, of the distribution of
Uz(j), (=1,2,...,J—4;j=0,1,2, ..., J— 1. Here, we assume that the HF h\) (-) is
a non-decreasing function for all j. For y > 0, the SF of Y is given by

P(YD > y) = P |min {UP, 0, ..., UP;} > y| = V0100,
Hence, for y > 0, the CDF and PDF of Y1) are given by

FO(y) =1 — e T-DHO W)

and

FO(y) = (J = j)r9) (y) e~ DHV W),

respectively.

Now, suppose there are n J-component load-sharing systems, and let Yi(j) denote the

system lifetime between j-th and (j 4+ 1)-st failed components for the i-th system, i =

1,2, ...,n,5=0,1,..., J— 1. Suppose the observed values of Yl(j), Y;”, ey V9 are
y%j), yéj), cee y,(Lj), respectively. Let, for j =0, 1, ..., J —1, €W = {Téj), Tl(j), e T](Vj)}
denote a set of N + 1 cut-points over the time scale y%j), e yﬁf-), with the restrictions
that

Téj) < Tl(j) < TQ(j) <. < T](\,j), Téj) < min {ygj), ceey yr(f)} , T](Vj) > max {y%j% e yfj)} .
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Initially, £U) is taken to be fixed and known. In a later section, we discuss how to choose
g(j)_

The proposed model approxnnates the CHF H(.) by a piecewise linear function
defined over intervals [Tk])l, ) ) k =1,2,..., N, constructed by the consecutive cut
points in £U). Therefore, over the range [Téo), T](\?)) the CHF H®)(.) is approximated by

A©(.), where

N
0)(4) —
ATNt) = Z (ar + byt) 1[T;§°_>17T;§°))(t)’
k=1
with a;’s and b’s as real constants and

1 ifte A

14(t) = _
0 iftd A

One of the possible ways to extend the PLA beyond 7'](\?) would be to extend the last
line segment ay + byt over [7'](\?), o0). Therefore, the CHF corresponding to PLA over the

range [Téo), o0) is

N
Z ar + bpt) 1 _© r<°))(t) + (any + bNt)l[T(O) o) (1),
k=1 - .

with A© ( ) = 0. We also assume that A(°)(-) is a continuous function. As A(®) (Téo)) =0,

using the assumption of continuity, a;’s can be expressed in terms of b;’s as follows:

a; = —blTO(O) and Z b[ ( — Te 1) - kak(;(i)17

for k=2,3,..., N.

Note that the above model can be equivalently described in terms of HFs. In this ap-

proach, h(9)(-) over the range [Téo), 7'](\? )) is approximated by a piecewise constant function

AO(.), where

Z bl o o) (). (4.1)

When components fail within the system, the direct impact of the increased load will be
an increased HF for the operating components. To incorporate this information, after the

failure of j components, we approximate h)(-) over [Té]), 7'](\?)), j=1,2,...,J—1, using
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the piecewise constant function AY)(-) as

N
A(t) = Z bkl o) 00 (t), (4.2)
k=1

with 7;’s are real positive constants. The increase of HF at successive component failures
is ensured by the conditions 1 < v <% < ... <~vyy1and 0 < b <by <...<by. The
PLAs to the CHFs, corresponding to the PLAs of the HFs given in Eq. (4.2 are given by

N k—1
AW (t) —; Z [Z be (Tﬂ(j) [ Tg@1> + by, (t — 7-,5]_) >] 1[r,£j31wé”> (t). (4.3)

We treat by, bs, ..., by and v1,7s,...,7s-1 as unknown parameters and estimate them
from component failure data. It may be mentioned here that the PLA model can be
interpreted as an approximation of the underlying lifetime distribution by several expo-
nential models (with different rate parameters) over the ranges specified by the cut-points.
Figure {4.1| depicts the approximation of the original CHF H)(.) using AY)(-) consisting

A(j)(t)

o) ,,0) (4) @) () (4)
7_0.7 Yo yngﬁ 7-1-7 yngj)_;'_l . " Un Ty

Figure 4.1: Pictorial representation of approximation of CHF for N = 2

two linear pieces. Thus, three cut-points Téj), Tl(j), and 7'2(j) are placed such that all the
observations on system lifetime between j-th and (j + 1)-st failed components belong in
the interval [Téj ), Tg(j)]. Then the original CHF is approximated using a piecewise linear
function as shown in Figure , where ngj ) denotes the number of observations between

Téj) and Tl(j).
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4.3 Likelihood Inference

The parameters involved in the PLLA-based model are estimated from the data obtained
from a set of load-sharing systems. The available data from n J-component load-sharing

systems are of the form

Data:{yi(j) i=1,2, ... m5=0,1,.... J—1},
where yi(j ) is the observed system lifetime between j-th and (j + 1)-st failed components
for the ¢-th system. For j=0,1,2,...,J—1,and k=1, 2, ..., N, define

I](f]) _ { yl(J) [T]ij)l’ T}E]))} and n,(j) _! |I]£J)|.

Obviously, 25:1 n,(gj ) = n. The likelihood function for the PLA-based model is then given
by

n J-1 |
L (©|Data) H H [ — ) Zbkl[r<]) ) <y(y)> (=) [ b (r =2, ) (5= )] |
=1 5=0 k=1

where 7o = 1, and © = (71, V2, ..., Ys—1,b1, ba, ..., by)' is the vector of parameters. The

corresponding log-likelihood function, ignoring the additive constant, can be expressed as

N J—1 J-1 J—1
[ (©|Data) Z [(Z n,&”) In by, — (Z(J —j)ijlf,])) be | + nZlnvj, (4.4)
k=1 7=0 j=0 j=0
where
102 3 () 4 ( . w) (=),
for k=1,2,...,N;57=0,1,..., J — 1. Equating the partial derivative of the log-
likelihood function in Eq. (4.4) with respect to by to zero, we can express by in terms of
the load-share parameters v = (71, Y2, ..., YJs—1) as
J-1
n;(g])
_ _ 3=0 _
bk—bk(’y)— 71 ‘ s k—l,,N (45)
(J = j)’Ykaj)
=0
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Substituting by () from Eq. (4.5) in Eq. (4.4)), the profile log-likelihood in -, ignoring the
additive constant, is obtained as

For optimizing the profile log-likelihood [ (7v) with respect to -y, any routine maximizer

+n21n%

of a standard statistical software may be used. Once the MLEs 7y, 72, ..., 75_1 of
Y1, Y25 -, Y1 are obtained by numerical optimization of I (v), they can be plugged

into Eq. (4.5)) to get MLEs of b as

be=by (31, .oy A1), k=1,2,..., N.

4.3.1 A Special Case: Two-component Load-sharing Systems

For analysing data from two-component load-sharing systems, if two linear pieces are used
in the PLA-based model, MLEs can be derived analytically and explicitly. Consider the
case when J = 2 and N = 2. In this case, the log-likelihood function simplifies to

2 1 1 1
[ (©]|Data) :Z l(Z nlgj)) Inb, — (Z(Z —j)’ijk(j)> by, +nZln7j,
j=0

k=1 7=0 7=0

with
1= 3 (- ) + (- 1) (-0
iert?

for k=1,2,j =0,1 and vy = 1. Here, © = (71, by, by).
61(@|Data) - 31(919];))2&’53)

Equating to zero, we get

b1
(0) (1)
by = o T o L) (4.6)
2177 + Ty
0 1
by 2t (4.7)
27 5p(0) M ‘
2T, + 1,
Dat
Equating % to zero gives
n
M=

TV, + T3V,
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in which, substituting b; and by from Eqs. (4.6) and (4.7)), a quadratic equation in 7, is
obtained as follows

Q) :n’nyo,u + 2 {(n&o) + ngl) — n) By + ( o 4 ng ) _ n) Bl,g} —4nBiag =0,

with By = TVTY, By = TOTY, By, = TOTY and By = TOTY. Solving
Q(71) = 0, we have two values of 7, from which we choose the suitable one, and then
from Eqs. (4.6) and (4.7) we get the MLEs of b; and by, respectively.

4.3.2 Confidence Intervals

As discussed above, the MLEs for the parameters of the PLA-based model are not available
in explicit form in general, except for the special case of two-component load-sharing
systems considered in Section[4.3.1] As a result, exact CIs for the model parameters cannot
be obtained. Here, we develop bootstrap Cls for the parameters, as described below. Using
the MLE (:) B bootstrap samples can be obtained in the same sampling framework; let
@ (ﬁfs,%s, . ,fy(J Do b’{s, b;s, .. j?w) denote the bootstrap estimates, s = 1, ..., B.
For j=1,2,...,(J—1), and k= 1,2,..., N, the bootstrap bias and standard error can

be obtained as

o~

biasy(V;) = Vi — 7, biasy( bk) = b* — bk,
B B
where
— 1 B B
’73* = E ;}\/;s and Z bks
s=1 s=1
Finally, a 100(1 — «)% bootstrap Cls for v;, j = 1,2,...,(J — 1), can be calculated as

(LL,;, UL,;), where
LL%. = /’%‘ — bZ‘CLSb(:}\/j) — ZQ/QSEb(/’)?j) and UL,yj = ;)/\j — biasb(‘fj) + ZQ/QSEb(:)/\j).

Bootstrap Cls for by, where £k =1,2,..., N, can be calculated similarly.
For percentile bootstrap Cls for, say v,,j = 1,2,...,(J — 1), the bootstrap estimates

of 7, are first ordered in terms of magnitude:
i < e < - < Tjo):

Then, a 100(1 — «)% percentile bootstrap CI for ~; is (57;‘([&3}), ﬁ;([(lfg)BD) Similarly,
- 2
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percentile bootstrap CIs can be calculated for by, k =1,2,..., N.

4.3.3 Choice of Cut Points

The number and position of the cut-points for constructing the PLA-based model need
to be suitably chosen so that the model can closely approximate the underlying CHF but
avoid overfitting. A large number of cut points would provide a close local approximation
to the underlying CHF. However, apart from being computationally expensive, a close
local approximation may also lead to overfitting, in which case it would be difficult to use
the PLA-based model to predict future failures of components or systems.

One of the possible ways to choose the number and position of the cut-points is by
looking at the plot of the nonparametric estimator of CHF. From such a plot, observing
the areas where the nonparametric estimate changes significantly, one can determine the
positions and number of cut-points.

More objectively, one can choose the positions of a given number of cut-points by
maximizing the log-likelihood function. The procedure to find position of cut-points for
N = 2 can be expressed as an algorithm as follows. Note that this algorithm can be
extended for N > 3.

Algorithm:

e Step 1: The natural choices for Téj) and 7'2(j) are min {yij), .. ygj)} and
max {y%j), o i y,(lj)}, respectively.

e Step 2: Fix 0 <p; <ps < 1.

e Step 3: Find the number of ygj), ey ygj) that are between p;-th and po-th sample
quantiles of {ygj), - yﬁf)}. Denote this number by [. Note that [ does not depend
onj=0,1,...,J—1.

e Step 4: Set aj; = p;-th quantile of {y&j), _— ygj)} i 3=0,1,...,J -1

e Step 5: Set LL;= the value of log-likelihood function evaluated at MLE taking
) =ay, j=0,1,...,J - 1.

e Step 6: Set an:min{y(j) >aj1;z':1,2,...,n}, j=0,1,...,J—1

e Step 7: Set LL,= the value of log-likelihood function evaluated at MLE taking
) =ay, j=0,1,...,J - 1.

e Step 8: Repeat the steps 5 and 6 to obtain LLy, LLs, ..., LL;.

e Step 9: Set k" = argmax LLj.

1<k<l
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e Step 10: The final cut points are Tl(j) =ap, J=0,1,...,J -1

Note that the value of p; should not be very close to 0 to avoid unreliable estimates

of model parameters for the initial choice of Tl(j ) due to inadequate number of data points
between Téj) and Tl(j), j=1,2,...,J—1. Similarly, the value of py should not be very
close to 1. For implementation, we notice that reasonable choices of p; and py are 0.3 and
0.7, respectively.

As mentioned, the above algorithm can be extended for N > 3 with some modification
as indicated below. For example, assume that N = 3. As before natural choices of Téj ) and
Téj) are min{y%j), cee yy(lj)} and max{ygj) s, y,(Lj)}, respectively, j = 0,1, ..., J — 1.
To place the cut-points, 79 and TQ(j), one can start with fixing 0 < p; < py < 1 and

P = q1 < ¢2 < po. Initially, place Ti(j) at ¢;-th quantile of {y%j), 4 yr(ij)}, 1=1,2,7 =

0,1, ..., J—1. It is recommended to place cut-points such that there are at least m data
points between any two consecutive cut-points. The value of m should be chosen so that
the estimates of model parameters are reliable and the computation time is reasonable.
For this set of cut-points, the value of the log-likelihood function at the MLEs of the

unknown parameters is calculated. Next, for j =0, 1, ..., J— 1, keeping the positions of
the cut-points Tl(j) fixed, the position of each of the cut-points TQ(j) is changed to the next
ordered data point, and the value of log-likelihood at MLEs is calculated for the current
set of cut-points. This procedure is continued till the position of 7'2(j ) reaches po-th quantile
of {y@, - ygj)}, 7=0,1,..., J—1. Then, for 5 =0, 1, ..., J—1, the position ole(j)

is changed to next ordered data point, TQ(j)

points between Tl(j) and 7'2(j) and calculate the value of log-likelihood function at MLEs.
Now, Tz(j) is moved similarly, and the process is continued as before. The procedure is
stopped when there is no scope to move the cut-points any further, i.e., TQ(j) is at po-th
quantile of {yﬁj), gl yﬁlj)} and Tl(j) is m data points away from TQ(j)

is placed such a way that there are m data

. Finally, among all
these possible choices of cut-points, the set that maximizes the log-likelihood function is

chosen as the optimal set of cut-points.

4.4 Estimation of Important Reliability Characteristics

A goal of fitting a model to load-sharing data, naturally, is an accurate estimation of
the reliability characteristics of load-sharing systems. As the PLA-based model provides
a good fit for load-sharing data due to its flexible nature, it is natural that different
important reliability characteristics can also be estimated quite accurately under this
model. In this section, we develop estimates of reliability characteristics such as the
quantile function, MTTF, RMT, and MRT of load-sharing systems under the PLA-based
model. Details of these derivations are given in Appendix for interested readers.
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4.4. BEstimation of Important Reliability Characteristics 73

Under the PLA-based model, the quantile function of ') which is the system lifetime
between the j-th and (j + 1)-st failed components, j = 0,...,J — 1, is given by

n(p) mf{yER Gy >p} 0<p<l,

where GO)(y) = 1 — e~V=DAY W) Using the expression of AW (y) given in Section , it

is possible to work out an explicit formula for the quantile function 7(p), as follows:

( k—1
j log(1— j j .
) = b ) it e [09(). 0
/=1
n(p) = k=1,2,...,N
N-—1
j log(1— .
T](\‘;)_l N (Jfgg)’YjZl)))N . ﬁ p Z bZ(TE(]) Té(])1> lfp < |:G( )<T](\?))7 1) :
\ /=1

The MTTF of a load-sharing system is the expected time the system operates till its
failure. Let T denote the system failure time; then, T' = Zj:_ol Y. The MTTF of a
load-sharing system under the PLA-based model is given by

A
_jzz{ (J = 5)v5be }

s=1

where
Kis = (J = )05 ) be <7'1z(]) - Te@l) :
=1

The RMT of a system is the probability that the system will operate till a desired time
to; it is calculated as the survival probability of the system at time ¢, i.e., S(to) = P(T >

(Z YO > t0>. An explicit expression for RMT may be derived by using the

distribution of the system lifetime 7.

However, as YU)s, j =0, ..., J — 1 are independent but not identically distributed, it
isn’t easy to obtain an explicit expression for the distribution of the system lifetime T'. It
is evident from the moment generating function ¢r(t) of 7', which, under the PLA-based

model, is given by

gL (J — 7)bsy ©) ()
t) = — s 1j ( i1, ) —Kjs—1 __ tTSJ —Hj7s>
¢T( ) H) ; (J ])bs/VJ o c

if t < y1by. From here, it is clear that it is difficult to find the RMT analytically under this

model. However, for this model, RMT can be estimated using Monte Carlo simulations.
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For a Monte Carlo estimate of the RMT at a pre-specified time tj, one needs to generate
R data points t;, i = 1,2,..., R as realisations of the system lifetime 7", and find @,
where R(to) is the number of realisations of the system lifetime that exceeds ¢y. For a
reasonably good estimate of RMT, a large value of R should be used.

The MRT of a system is the expected additional time the system will survive if it has

already survived a given time ¢t. That is,
MRT(t) = E(T — [T > t) = / s frirar(s)ds — 1.
t

Therefore, the analytical derivation of MRT requires the truncated distribution of the
system lifetime 7', and it is difficult to obtain the truncated distribution of T in this
case. Instead, an estimate of the MRT can be given using Monte Carlo simulations. We
generate R data points tf, i = 1,2,..., R as realisations of the truncated lifetime T'|T" > ¢,
and a Monte Carlo estimate of the MRT for load-sharing systems under the PLA-based

model is then given by

4.5 Simulation Study

In this section, we present the results of a Monte Carlo simulation study that examines the
performance of the proposed PLA-based model in two directions. First, based on samples
generated from a parent process with piecewise linear CHF, we assess the performance
of the proposed estimation method that is presented in Section [£.3] Then, the efficacy
of the PLA-based model in fitting data generated from a parent process represented by
some parametric models is also assessed. For the simulations, we consider two-component

load-sharing systems.

4.5.1 Assessing Performance of the Estimation Method

To assess the performance of the estimation methods, we consider an underlying cumula-
tive hazard that is made up of two linear pieces. To this effect, we generate samples from
the model specified by Eqgs. and with J =2 and N = 2. The true parameter
values are taken to be by = 0.01, 0.05; b, = 0.1, 0.5; 1 = 5; 7'1(0) = 12%; 7'1(1) = % The
estimation is performed based on samples of size n = 25, 50, 100 and 200. The AE and
MSE of the MLEs based on 5000 Monte Carlo replications are reported in Tables
and The CP and AL of 95% ClIs are also reported in the same tables. In these tables,

~ 0 indicates that the corresponding quantity is less than 107®. From the Tables
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and we observe that the average estimates of v;, b; and by are very close to the true
values, and the MSEs are quite small as desired. It is also noticed that the performance
of all the constructed Cls is satisfactory, although the results improve when the sample
size increases. These results demonstrate that the proposed inferential techniques can

accurately estimate the parameters of the PLA-based model.

Table 4.1: Performance measures for estimates of v,

n ‘bl by AE MSE P. bootstrap Bootstrap

| CP AL CP AL

0.01 0.1 5.1564 1.6152 100.00 4.55 75.28 4.58

95 0.5 5.4353 T7.7556 100.00 9.36 79.52 10.25
0.05 0.1 5.1561 1.6190 98.96 5.12 89.86 5.18
0.5 5.1564 1.6153 100.00 4.55 75.28 4.58

0.01 0.1 5.0607 0.7212 99.98 3.24 81.50 3.26

50 0.5 5.0079 0.8539 100.00 4.45 93.02 4.89
0.05 0.1 5.0534 0.7252 98.98 3.35 88.64 3.37
705 5.0607 0.7212  99.98 3.24 81.50 3.26

0.01 0.1 5.0231 0.3389 99.94 220 83.58 2.22

100 0.5 5.0178 0.2881 99.94 2.13 86.68 2.20
0.05 0.1 5.0210 0.3557 98.52 2.31 88.60 2.32
705 5.0231 0.3389  99.94 2.20 83.58 2.22

0.01 0.1 5.0144 0.1472 99.90 1.50 85.06 1.51

200 705 5.0127 0.1374  99.86 1.44 84.42 1.45
0.05 0.1 5.0145 0.1698 98.56 1.62 89.56 1.62
705 5.0144 0.1472  99.90 1.50 85.06 1.51

4.5.2 Assessing Efficacy of the PLA-based Model in Fitting Data
from Other Models

Now, we examine the robustness of the PLA-based model in the following manner. We
generate load-sharing data from some parametric models, and then fit the PLA-based
model to the data. The model fit is then assessed with respect to an integrated measure
that is suitably defined to reflect the quality of approximation provided by the PLA-based
model. The measure, which we call the AIE, is as follows. For j =0, 1, let S:(F%P(-) and
H:(FJB;P() denote the SF and CHF of the lifetimes between j-th and (5 + 1)-st failures.
Also, assume that the estimated SF and CHF based on PLA-based model are denoted by
§§3}A(-) and If.fng(-), respectively. Then the AIE, based on the SF and CHF, respectively,
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Table 4.2: Performance measures for estimates of b;

n ‘bl by AE MSE P. bootstrap  Bootstrap

| CP AL CP AL

0.01 0.1 00120 ~0 8250 0.01 9236 0.01

95 05 00123 ~0 9280 0.01 84.90 0.01
0.05 0.1 0.0569 0.0003 91.10 0.08 95.90 0.08
0.5 0.0598 0.0003 82.50 0.06 92.36 0.06

0.01 0.1 00113 ~0 8098 0.01 91.10 0.01

50 705 00116 ~0 8040 0.01 9240 0.01
0.05 0.1 00526 ~0 9574 0.04 94.36 0.04
0.5 0.0563 0.0001 80.98 0.04 91.10 0.04

0.01 0.1 00108 ~0 81.66 0.01 9288 0.01

100 705 00110 ~0 68.70 0.01 9396 0.01
0.05 0.1 0.0513 ~0 9596 0.02 93.70 0.02
705 00539 ~0 8166 0.03 92.88 0.03

0.01 0.1 00105 ~0 81.74 0.01 9348 0.01

200 705 00106 ~0  74.08 0.01 94.56 0.01
0.05 0.1 0.0508 ~0 9514 0.02 93.08 0.02
7705 00525 ~0 8174 0.02 9348 0.02

are defined as

R (49)
(j 1 1 Y : ~( s
A]ESJIB_‘ :E Z G ) /(j) ‘Ségg’P(t) _ Sl(ng(t)‘ dta
k=1 Ynmr Ym™ Jym

€]

R
. 1 1 Ym . -
AT =3~ s [ [0~ B0 ar
k=1 Ynmr Ym' Jym
where y%) = min {yy), yéj), ey y,(Lj)}, yj(\f) = max {yy), yéj), 4N yﬁj)}, j=0,1and R is

the number of replications.

For generating load-sharing data from parametric models, two scenarios are consid-
ered:
(a) Case - 1: This case assumes that the lifetimes of each component of a two-component
load-sharing system are independent and identically distributed Weibull random variables,
with the shape parameter a and scale parameter 5 when both components are working.
After the first failure, the lifetime of the surviving component is assumed to follow a
Weibull distribution with the same shape parameter «, but a different scale parameter
k3, where k > 2 is to ensure the increase of load on the surviving component. For § = 1,
k = 3, we take @« = 1 and 1.5. Here, the value of R is taken to be 5000.
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Table 4.3: Performance measures for estimates of b,

n | b b, AE MSE P. bootstrap  Bootstrap
| CP AL CP AL

0.01 0.1 0.0978 0.0009 88.00 0.11 85.24 0.12

95 0.5 04592 0.0352 7732 0.62 77.94 0.69
0.05 0.1 0.1083 0.0009 96.32 0.12 94.94 0.12
0.5 04891 0.0222 88.00 0.56 85.24 0.58

0.01 0.1 0.1007 0.0004 96.26 0.09 93.48 0.08

50 0.5 05091 0.0096  97.00 0.52 97.16 0.52
0.05 0.1 0.1059 0.0004 94.60 0.08 95.76 0.08
0.5 05037 0.0096  96.26  0.42  93.48 0.42

0.01 0.1 0.1006 0.0002 96.60 0.05 94.00 0.05

100 0.5 05067 0.0038 97.12 0.27 95.12 0.27
0.05 0.1 0.1030 0.0002 95.46 0.05 94.70 0.05
0.5 05030 0.0042 96.60 0.27 94.00 0.26

0.01 0.1 0.1002 0.0001 96.72 0.03 93.76 0.03

200 0.5 05030 0.0017  96.52  0.17  93.60 0.17
0.05 0.1 0.1011 0.0001 96.10 0.03 94.08 0.04
705 05010 0.0018 96.72 0.17 93.76 0.17

(b) Case - 2: This case assumes that the component lifetimes are independent and iden-

tically distributed with a quadratic CHF k1t + xot? when both components are working.

After the first failure, the lifetime of the surviving component is assumed to follow a

quadratic CHF with different parameters k; and k5. We take several values of the param-

eters ki, Ko, K1, and Ko, ensuring the fact that the CHF increases after one component

fails in the system. Here, for all cases, we take the value of R as 5000.

The numerical results are reported in Tables [4.4] and [£.6] For all cases, it is ob-
served that the values of ATE based on SF and CHF are reasonably small, indicating that

the PLA-based model provides quite a satisfactory approximation to the data generated

from different parent populations.

4.6 Data Analysis

4.6.1 Analysis of Two-motor Data

In this section, we analyse the two-motor data introduced in Subsection by applying
the PLA-based model. We consider three cut points for the PLA-based model (i.e.,
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Table 4.4: ATE based on SF and CHF for Weibull distribution with k =3, g =1

n | a AIEQ) AIEY) AIEY) . AIEY) .
o5 | 10 0.0545 0.0465 01755  0.3434
1.5 0.0642 0.0681 0.1636  0.3283
< |10 00379 00291 01503  0.2981
1.5 0.0436 0.0434  0.1329  0.2633
Lo0 | 10 00266 0.0183  0.1282  0.2541
1.5 0.0326 0.0301 0.1231  0.2440
o0p | 10 00182 00117 0.1056  0.2100
1.5 0.0276 0.0227 0.1388  0.2742

N = 2) for this data. The estimates of the model parameters are reported in Table
The Q-Q plots for Y© and YV are given in Figures and respectively. These
plots indicate that the PLLA-based model fits the data quite adequately. The plots of the
estimated SF and CHF under the PLA-based model are also given in Figures [£.3 and

respectively. A Kolmogorov-Smirnov type test has been performed to test the following

125-
300-
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n
3
8
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3

Population quantile
3

Population quantile

3
8

25-

0 100 200 300 0 25 75 100 125

Sample quantile

(a) Q-Q plot for Y(©)

50
Sample quantile

(b) Q-Q plot for Y1)

Figure 4.2: Q-Q plots for the two-motor data

hypotheses:

Hy : True model is specified by Egs. (4.1]) and (4.2)

against

H; : True model is not specified by Eqgs. (4.1)) and (4.2))
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Table 4.5: AIE of the SF and the CHF of quadratic distribution for k1 = 0.5, &1 = 2Kk; =
1, k9 > 2K9

n | ky Ry AIEY) AIES) AIEY) . AIES) .

0.50 1.50 0.0535 0.0562  0.1468 0.2954

95 ' 2.00 0.0534 0.0591  0.1470 0.2965
0.70 1.50 0.0548 0.0556  0.1464 0.2953

' 2.00 0.0546 0.0584  0.1465 0.2958

0.50 1.50  0.0380 0.0368  0.1262 0.2536

50 ’ 2.00 0.0380 0.0389  0.1261 0.2555
0.70 1.50  0.0389  0.0363  0.1261 0.2524

’ 2.00 0.0388 0.0383  0.1258 0.2539

0.50 1.50 0.0289 0.0262  0.1185 0.2506

100 i 2.00 0.0289 0.0281  0.1178 0.2575
0.70 1.50 0.0301 0.0257  0.1217 0.2465

' 2.00 0.0299 0.0274  0.1206 0.2528

0.50 1.50 0.0245 0.0207  0.1320 0.2882

200 ' 2.00 0.0243 0.0226  0.1304 0.3020
0.70 1.50 0.0263 0.0201  0.1400 0.2815

' 2.00 0.0259 0.0219 0.1377 0.2945

based on the test statistics

+ max
1<i<n

T, = max

1<i<n ’

@@@mv_i

©™n n

@n@ﬂv_i

©™n n

where GU(.) is the estimated CDF corresponding to PLA-based model, and Y;(fl) is the
i-th order statistics corresponding to Y;(j), 17=0,1,2=1,2, ..., n. The observed value
of the test statistic T}, is found to be 0.414 based on this data. The Monte Carlo estimate
of the corresponding p-value is 0.71. Therefore, the null hypothesis cannot be rejected at a
significance level of 0.05, and we conclude that it is quite reasonable to use the PLA-based
model for this data.

We compare the PLA-based model with some other models that have been used re-
cently for load-sharing data, such as the extended sequential order statistics model by
Pesch et al. |45, frailty-based model by Asha et al. [5|, the model based on the GFB
distribution by Franco et al. [22], and the exponential and Weibull models by Park [40].
The comparison is done with respect to AIC. For the PLA-based model, the penalty term
of AIC is computed by considering the number of cut-points (in this case, it is 2) along
with the number of model parameters (in this case, it is 3). Table presents the AIC

values of different models for the two-motor load-sharing data. It may be clearly observed
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Table 4.6: AIE of the SF and CHF of quadratic distribution for &1 > 2k, ko = 0.5, Ry =
2:‘12 =1

n | w R AIEY. AIE(S) AIEY) . AIED) .

0.50 1.50 0.0546 0.0487  0.1475 0.3051

95 ' 2.00 0.0556 0.0476  0.1489 0.3170
0.70 1.50 0.0529 0.0496  0.1501 0.3048

’ 2.00 0.0536 0.0480  0.1511 0.3145

0.50 1.50 0.0388 0.0313  0.1283 0.2570

50 ’ 2.00 0.0397 0.0307  0.1309 0.2672
0.70 1.50 0.0372 0.0314  0.1284 0.2567

) 2.00 0.0377 0.0304 0.1301 0.2644

0.50 1.50 0.0306 0.0210  0.1265 0.2290

100 X 2.00 0.0319 0.0206 0.1325 0.2285
0.70 1.50 0.0278 0.0210 0.1184 0.2331

i 2.00 0.0285 0.0198  0.1227 0.2271

0.50 1.50 0.0271 0.0152  0.1471 0.2305

200 ' 2.00 0.0292 0.0146  0.1578 0.2116
0.70 1.50 0.0229 0.0153  0.1277 0.2422

' 2.00 0.0242 0.0138  0.1369 0.2162

Table 4.7: Parameter estimates of the PLA-based model for the two-motor data

Parameter MLE Std. Error P. Bootstrap Bootstrap

- 4271 11901  (3.075, 8.028) (0.846, 5.817)
by 0.003  0.0008  (0.002, 0.006) (0.001, 0.005)
by 0.013  0.0039  (0.006, 0.021) (0.008, 0.023)

that the AIC value for the PLA-based model turns out to be 373.34, which is the lowest
among all. This implies that among these recent models considered here, the PLA-based

model is the most suitable for the two-motor data.

Table 4.8: Comparison between various load-sharing models for the two-motor data

Model No. of Parameters  AIC

Frailty-based model [Asha et al. [5]] 6 480.50
Generalised Freund bivaraite model [Franco et al. [22|] 5 409.65
Exponential model [Park [40]] 3 405.30
Weibull model [Park [40]] 5 378.42
4
5

Sequential order statistics model [Pesch et al. [45]] 431.72
Proposed PLA-based model 373.34

For the PLA-based model, the estimated value of ~; is 4.2712, which empirically
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(a) Plot of SF for Y(©) (b) Plot of SF for Y (1

Figure 4.3: Plots of SFs for the two-motor data

implies that the load-sharing model is quite appropriate in this case. The same comment
can also be made from the plots, by noting that the plot of the SF of the distribution
of time between the first and second failed components diminishes to zero more quickly,
compared to that of the lifetime of the component that failed first in Figure [£.3] The
reliability characteristics of the two-motor load-sharing systems are also estimated by
using the expressions and techniques described in Section The MTTF is calculated
to be 221.36 days. Monte Carlo estimates using 10000 replications of the MRT and RMT
are calculated at different sample percentile points of the system failure times and are
presented in Table

Table 4.9: Mean residual time and reliability in mission time for the two-motor data

o MRT(f,) RMT()
102.00 124.223  0.963
167.50  88.678  0.706
22750  60.646  0.466
272.50 42794 0.271
350.00 36.919  0.044

We perform Wilcoxon signed-rank test to check for stochastic ordering between two
distributions due to load-sharing effect. We take the null hypothesis as:

H() : Fy(()) (t) = Fy(l) (t) for all t,
against the one-sided alternative

Hy: Fy)(t) > Fywo (t) for some t,
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CHF
CHF
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Time Time

(a) Plot of CHF for Y(©) (b) Plot of CHF for Y ()

Figure 4.4: Plots of CHFSs for the two-motor data

implying that Y (") is stochastically smaller than Y(©). Using the Wilcoxon signed-rank
test (one-sided), we obtain a test statistic V' = 2 and p value = 0.00015. Since p < 0.05,
we reject Hy and conclude that the lifetime distribution of the lifetimes after failure is
significantly smaller than that before failure. This provides strong evidence of a load-

sharing effect.

4.6.2 Analysis of Three-player Basketball Data

Analysis of the three-player basketball data, which is introduced in Subsection is
presented here by applying the PLA-based model. Several researchers have analysed
this dataset as three sets of two-component load-sharing datasets due to the structural
restriction of those load-sharing models; see Deshpande et al. [19], Asha et al. [4]. However,
we employ the proposed PLA-based model for the original three-component load-sharing
data as presented in Kvam and Pena [32].

We consider three cut points for the PLA-based model (i.e., N = 2) for this data. The
point and interval estimates of the model parameters are reported in Table [{.10] Note
that the estimated value of 7; in this case is 2.471 and ~, is 5.291, which empirically
implies the presence of a load-sharing phenomenon in this data. The Q-Q plots for Y(©),
Y® and Y® are given in Figures [4.5a 4.5b| and 4.5¢, respectively. These Q-Q plots
show that the PLA-based model fits the data quite well. The plots of the estimated SF
and CHF under the PLA-based model are also given in Figures and [4.7] respectively;
which also demonstrate the presence of the load-sharing phenomenon in the data as we
can see that the plot of the SF of the distribution of time between the first and second

failed components diminishes to zero more quickly, compared to that of the lifetime of

the component that failed first and the SE of the distribution of time between second
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and third failure diminishes to zero more quickly than that of the first and second failed
components in Figure For assessing the goodness-of-fit of the PLLA-based model for

Table 4.10: Parameter estimates of the PLA-based model for the basketball data

Parameter MLE Std. Error P. Bootstrap Bootstrap

" 2471  0.614  (1.672, 4.026) (1.089, 3.495)
Y 5201  1.526  (3.893,9.587) (1.321, 7.303)
by 0.015  0.004  (0.011,0.025) (0.005, 0.019)
by 0.032  0.007  (0.021,0.047) (0.018, 0.045)

(a) Q-Q plot for YO (b) Q-Q plot for Y1) (¢) Q-Q plot for Y

Figure 4.5: Q-Q plots for three-player Basketball data

(a) Plot of SF for Y'(©) (b) Plot of SF for Y (1 (¢) Plot of SF for Y2

Figure 4.6: Plots of SFs for three-player Basketball data

the three-player basketball data, a Kolmogorov-Smirnov type test has been performed.
The observed value of the test statistic 7, is found to be 0.836, with a Monte Carlo
estimate of the corresponding p-value as 0.67. Therefore, the null hypothesis for the
suitability of the PLA-based model cannot be rejected at a significance level of 0.05, and
we conclude that it is reasonable to use the PLA-based model for this data.

We compared the PLA-based model with some other recently used load-sharing models
that can be applied to a three-component load-sharing system, such as the extended

sequential order statistics model by Pesch et al. [45], and the exponential and Weibull
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(a) Plot of CHF for Y(©) (b) Plot of CHF for Y(!) (¢) Plot of CHF for Y(?)

Figure 4.7: Plots of CHFSs for three-player Basketball data

models by Park [40], on the basis of the AIC values of the models. For the PLA-based
model, the penalty term of AIC is computed by considering the number of cut-points
(in this case, it is 3) along with the number of model parameters (in this case, it is 4).
Table [4.11] presents the AIC values of different models for the three-player basketball load-
sharing data. It may be clearly observed from Table shows that the AIC value for the
PLA-based model turns out to be 566.46, which is the lowest among all. This implies that
among these recent models considered here, the PLA-based model is the most suitable one
for the three-player basketball data. Finally, the reliability characteristics for the three-

Table 4.11: Comparison of various load-sharing models for the basketball data

Model No. of Parameters  AIC

Exponential model [Park [40]] 6 595.08
Weibull model [Park [40]] 9 573.05
Sequential order statistics model [Pesch et al. [45]] 9 712.52
Proposed PLA-based model 7 566.47

player basketball data are calculated, using techniques described in Section The
MTTF is calculated to be 37.31 minutes. Monte Carlo estimates using 10000 replications
of the MRT and RMT are also calculated at different sample percentile points of the
system failure times and are presented in Table Practically, these have implications

in predicting fouls in the games. For the datasets we will check for Y(® and Y™ and

Table 4.12: Mean residual time and reliability in mission time for the basketball data

fo  MRT(fy) RMT(to)
19.09 20404  0.904
32.98 14.396  0.565
40.18  12.889  0.364
4246 12496  0.323
4644  12.051  0.250
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again perform the test for Y and Y? seperately. We first take the null hypothesis as:
Hy: Fyo(t) = Fya(t) for all t,

against the one-sided alternative
Hy : Fyo)(t) > Fywo (t) for some t,

implying that Y is stochastically smaller than Y (). Using the paired Wilcoxon signed-
rank test (one-sided), we obtain a test statistic V' = 78 and p-value p = 0.00229. Since
p < 0.05, we reject Hy and conclude that the lifetime distribution of the lifetime after first
failure is significantly smaller than that before failure. This provides strong evidence of a

load-sharing effect between the two components. We then take the null hypothesis as:
Hy: Fyo(t) = Fye(t) for all t,

against the one-sided alternative
Hy : Fy(t) > Fy)(t) for some ¢,

implying that Y is stochastically smaller than Y1), Using the Wilcoxon signed-rank test
(one-sided), we obtain a test statistic V' = 174 and p-value = 0.2582. Since p > 0.05, we
can not reject Hy at significance level 0.05. However, we can see that Y1) is stochastically

(0

smaller than Y9, and hence the basketball data exhibit a load-sharing phenomenon.

4.7 Further Extension Incorporating Covariates

In many reliability applications, information on concomitant variables (i.e., covariates)
that include physical characteristics of the units being studied is available along with
lifetimes. These covariates may provide valuable information about the distribution of
component and system lifetimes. The proposed PLA-based model can be easily modified
to incorporate covariates by using the Cox proportional hazards model, proposed by

Cox [14]. Let & = (x4, 22, ...,x,) denote the vector of covariates. Then the CHF given
in Eq. (4.3) is modified as

N k-1
A9 (t|x) =e*'P (% Z Lz; b, (Tf(a) _ Téﬂ) 1 by (t — 79 ) ] Lo o) (t)) ,

k=1

for 7=0,1,2, ..., J— 1. Here, B is the regression parameter vector, and 0 < b; < by <
<bN, l=yvw<mnm<r<...<vy51.
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Suppose the available data from n J-component load-sharing system, along with cor-
responding covariates, is of the form

7

Data = {y(o), yzm, ceey yl.(Jfl), x;1=12,..., n},

where yi(j ) is the observed system lifetime between j-th and (j + 1)-st failed components
for the i-th system, and a; represents covariates. The log-likelihood function, ignoring

the additive constant, is given by

1(¢) = i [(J_l n;(f)> Inby — (f((] —ﬁ%ﬁ@) by

k=1 j=0 Jj=0

J-1 n !
—i—nZlnvj +J <Z:cL> 3,
3=0 i=1

where ¢ = (0, 3) and

N
TS e (W) [ T X e | (9 -,

fork=1,2,...,N;j=0,1,..., J— 1. Here, I,gj)’s are as defined in Section .

4.8 Conclusions

In this chapter, a flexible PLA-based model is developed for analysing load-sharing data.
Also, some important reliability characteristics, such as quantile function, RMT, MTTF,
and MRT, are estimated under the proposed PLA-based model. The main advantages of
the PLA-based model are that it is data-driven and does not depend on strong parametric
assumptions for the underlying lifetime variables. Likelihood inference for the proposed
model is discussed in detail. It is observed that for two-component load-sharing systems,
explicit expressions for the MLEs of the model parameters can be obtained. Construction
of CIs using bootstrap approaches is also discussed.

A Monte Carlo simulation study is carried out to examine (a) the performance of
the methods of inference and (b) the efficacy of the PLA-based model to fit load-sharing
data in general. It is shown that the PLA-based model performs quite satisfactorily in
both cases. Analyses of the two-motor and three-player basketball data are presented as
numerical illustrations. It is shown that the PLA-based model provides a better fit to
these load-sharing data, compared to several load-sharing models that have been recently
used for these datasets. In summary, in this chapter, an efficient modelling framework for
load-sharing systems is discussed using a PLA-based model, and estimates of important

reliability characteristics for load-sharing systems are developed in this setting.
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Appendix

4.A Calculations of Some Important Reliability Char-

acteristics

4.A.1 Derivation of the Quantile Function

Denote p = GU)(y) for y € |:T]§J)1,Tl£ )) then, y = n(p) for p € [G(j)(T,ij_)l),G(j)(T,Ej))>,
k=12 .. N. Now,

p=1—¢ U [  (r9 ), Y e (=72, )]

§ () _ logl—p) 1 Z’H b ( ) <j>>
=T, -7~ — T . — 7
e (S =3)vbe  br = s 7

if p € [GU)(T,EZ),GU)(T,?)D for k =1,2,...,N. If y € [7'](\?), ), then y = n(p) for
pE [G(j)(TJ(\,j)),l). Therefore,

p=1- P Gl iz [Zévz_ll be (Tg(j)—n@l)+b1v (y—r}\fil)}

; log(1—p
—y= 71(\?)1 —( E :b (Te Ty 1)
ifpe [G(j)(ﬁ(\,j)), 1).

4.A.2 Derivation of MTTF

The MTTF of the system lifetime 7" is given by

where

- / e e~ TP gy 4 / - e~ TN () gy
0
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= I, + I (say).

Here,
T](\;)—l N k-1 . . .
I = / exp {_u S [ b (7 =72 + b (= 72)) ] 1o o 1) }dy
0 k=1 Le¢=1 B
N—1 Tb('j> s—1 A )
3 fo o [ () o (=) o
s=1 /70 (=1
_ N-1 1- [e_ﬁjs 1 e njs}’
s—1 (J_])’ijs
and
o N T[k—1 . ' ‘
T™N=-1 k=1 L¢=1
o0 —1 i X .
= /(_) exp {—(J — ) by (Tz(j) — Te(i)1> + by <y — T](\?zl) } }dy
™. =1
— o U Zg:llbf.(nf])—féf)l) /OO e—(J—j)ijzv(y o 1)dy
Tz(\g)ﬂ
e i, N-1
B (J _j)’)/ij‘
Therefore,

2O Z{ ]S— J_Vib }

Now, from Eq. (4.8), we get the MTTF of a load-sharing system under the PLA-based

model as

J-1 N { —KRj,s—1 __ 67’{]' s }
= E Y
7=0 s=1 o ‘7 ’ijg

where

S

Kis = (J = 1) Z by <Te(j) - 74(1)1) :

(=1
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4.A.3 Derivation of the Moment Generating Function of System

Lifetime
J—1
Note that the system lifetime MGF of T is T = ZY(j), where Y)’s are independent
§=0

for j =0,1,...,(J —1). Therefore, the MGF of T is

J—1
or(t) = [ évor (1) (4.9)
=0
Now,
e
=1 g () —(J=HAW) (y)
by (t) = eY(J — A (y)e J Yd
0
ST — D () - T-DAD )
+/T(f> eV(J — A (y)e d
N-1
= Is + I (say)
For t € R,
(7) N
N—-1 ty .
I3 —/ e (J =) Zbkl[ o Lo (Y)
. k=1
N .
o3 e+ 0= i o8]
k=1
N-1 o) | »
s=1 ng—)l
- : LT b (2D D) )
S ; —(J=5)v; 221 b/(n(j)—w(j)1> el e {(‘] ])’bi‘*( : 8—1) S }
= (J = J)bsvse =L a ——
s=1 ( - j)% s —t
N-1 . , .
— (J - j)bs’}/j {6_ (K‘j,s—l_tT‘gi)l) . e_ (Hj,s_th(]))} .
— (J = j)bsy; —t
For t < (J — j)v;bn,
%s) N
1y :/T(j) ety(J —j)’)/j Zbkl[ﬁijjlﬁ,&j)) (y)
No1 k=1
N .
X exp {— > [riaer+ (= ite (=7, } dy
k=1
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—{(J J)vﬂnv(y TN 1) ty}dy

= (J = j)bnyze N /

(49)

™N-1
et’rl(\?>1
=(J — j)byy,e N1 ,
(= )b [(J—])yij —t
etTJ(\?)l—NJN 1
=(J — j)bn; - )
SRR (J = )by —t

Therefore, for t < (J — j)v;bn,

N
ng(]) :Z _‘7 5’7]' {6 {”Js 1¥ t‘f'(j) _e*{”]s*fﬂ's }}

.- )bsy —

From Eq. (4.9)), we get the moment generating function as

N .
Z (J — j)bS’Y] (etT(])l_HJ s—1 eth(j)_Hj’S)

7=0 s=1 (J ‘]>b57] =7

if t < ")/1bN.
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CHAPTER b

CONCLUSIONS AND FUTURE SCOPE

5.1 Conclusions

This thesis presents a detailed statistical analysis of load-sharing systems under various
settings. Specifically, we solve three problems, each focusing on different aspects and
challenges of analysing reliability in systems where component failures affect the system.
First, we provide the preliminaries and some basic definitions regarding load-sharing,
which are necessary to discuss the work presented throughout the thesis in Chapter 1. In
the same chapter, we also discuss various inferential techniques used in the thesis. Three
datasets - two pertaining to load-sharing systems and one about correlated bivariate data-
are introduced in this chapter. These datasets are analysed in the latter chapters. A
detailed literature review is performed to give a perspective of the load-sharing literature
and the relevance of the work done in this thesis.

In Chapter 2, we develop a Bayesian estimation approach for the GFB model in a two-
component load-sharing system. Assuming independent gamma priors for the parameters,
we implement the estimation through the MCMC algorithm using the rstan package to R
software. Simulation results show that the BEs successfully recover the true parameters,
even in small-sample settings. A model selection study is performed to check the fit of the
proposed model with respect to WAIC. As GFB model is a family of distributions, the
choice of the best fitted model within GFB family of distributions for a given dataset is
of interest. We discuss the model selection using WAIC. The simulation study indicates
that the performance of WAIC in selecting the parent model is quite satisfactory. Two
real datasets are analysed using this method.

In Chapter 3, we propose a generalized class of load-sharing models for two-component
systems. Here, we combine the GFB distribution for component lifetimes with the GG

distribution for the frailty component, which allows us to model both changes in lifetime
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behavior after the first failure and dependence between component lifetimes. This leads
to a wider class of models that can accommodate a variety of practical situations. An
EM algorithm is developed for parameter estimation, and simulation studies confirm that
the proposed method performs well. We advocate use of the standard model selection
criteria like AIC, AICc, BIC, BC to select the best fitted model within GFB-GG family
of distributions. The simulation study shows that the performance of these criteria is quite
satisfactory. Finally, we analyse a simulated load-sharing data and a real bivariate data.
We also discuss an estimation procedure of some important reliability characteristics such
as MTTF, MRT, and RMT under the GFB-GG model.

In Chapter 4, we introduce a semi-parametric approach using a PLA to model the
CDF' in multi-component load-sharing systems. This model is especially useful because
it is data-driven and avoids strong parametric assumptions, making it suitable for a wide
variety of real-world applications. Important reliability measures such as the quantile
function, MTTF, MRT, and RMT are derived under the proposed model. Likelihood-
based inference procedures are discussed in detail, including MLE and bootstrap CIs. A
Monte Carlo simulation study is carried out to assess both the quality of the estimation
procedure and the overall fit of the PLA-based model. It is found that the performance
of the estimation method discussed is satisfactory. Through simulation, we show that the
PLA-based model is quite flexible in fitting to datasets arising from different underlying
processes. The model is applied to two-motor and three-basketball players’ load-sharing
datasets, and the analysis demonstrates that the PLA-based model is better in comparison
to several existing models in terms of fit and flexibility for both datasets.

The main contributions of the thesis are listed below.

e We develop a Bayesian estimation framework for the GFB model in load-sharing

systems using MCMC, and applied it successfully to real data.

e We provide a generalized frailty-based model (GFB-GG) that captures lifetime de-

pendence and provides better flexibility in applications.

e We give a PLA-based semi-parametric model for analysing multi-component systems

without strong distributional assumptions.
e We validate all methods through simulation studies.

e We compare our model with related existing models, and it is shown that our models

perform better for the same data.

Overall, this thesis offers a flexible set of statistical models for modeling, analysing, and
interpreting load-sharing systems. By considering Bayesian and classical (parametric and
semi-parametric) approaches, the work contributes to both the theoretical development

and practical applications of reliability modeling in complex systems.
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5.2 Future Scope

Here, we discuss some open problems that are related to the work done in this thesis. We

have a plan to work on these problems in the near future.

e In Chapter 2, the prior means were shifted from the true parameter values to assess
the robustness of the posterior estimates under mild prior misspecification. We
have a plan to examine the case where the prior means are centered at the true
parameter values for Models B1-B9 to evaluate the impact of a well-specified prior
and to include sensitivity analysis over multiple prior families and hyperparameter

settings in future work.

e In Chapter 3, we use likelihood inference, and due to the small sample size, we
face some problems in the optimization of the complicated GFB-GG models. To

overcome this problem, we have a plan to implement a Bayesian framework in the
GFB-GG model.

e In Chapter 4, we approximate CHF by a piecewise linear function in time. A natural

generalization would be to consider a quadratic function or B-splines to approximate
CHF.

e In all of our works, we do not consider censoring for load-sharing systems. We have
a plan to study a load-sharing set-up when the observations are censored. It may be
noted that incorporating censoring in this setting is a challenging problem; in such
cases, the amount of information available for the components that fail later in the
study may be substantially less. This incorporates a severe loss of information, or
even no information at all, for these components. A suitable mechanism needs to

be adopted to resolve this issue.
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