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Abstract

In general, the uncertainty principle states that a non-zero function and its Fourier
transform cannot both be sharply localized. And depending on different localization
assumptions, various types of results related to the uncertainty principle for Fourier
transform appeared. In this thesis, localization is described through the support of
the function and its Fourier transform, and we consider two variants of the uncertainty
principle, namely, the Heisenberg uniqueness pair and Benedicks-Amrein-Berthier the-

oreimnl.

Let I" be a disjoint union of finitely many smooth curves in the plane R2. Suppose
X(T) be the space of all finite complex-valued Borel measures ;1 in R? which are
supported on I' and absolutely continuous with respect to the arc length measure of I'.

For (£,m) € R?, the Fourier transform of u can be defined by

(€, n) = / e~ =t gy (z, y).
I

For a set A in R?, the pair (T, A) is called a Heisenberg uniqueness pair (HUP) for X (T')

if the only p € X (I') that satisfies fi[y = 0 is u = 0.

The concept of Heisenberg uniqueness pair was first introduced by Hedenmalm and
Montes-Rodriguez, and in the article [25], they have shown that the pair (hyperbola,
some discrete set) is a HUP by constructing a weak* dense subspace of L>®(R), as a

dual problem. Consequently, ji solves the one-dimensional Klein-Gordon equation.

First, we work out Heisenberg uniqueness pair in the the Euclidean spaces and find
out HUPs corresponding to measures supported on parabola type curve and paraboloid.
Further, for measures supported on a sphere, prove a necessary and sufficient when the
union of spheres does not form HUP. Then we move to the Heisenberg group, and deal

TH-2457 156’&%&0ﬂﬁmple“ic’ modified Fourier transform and spectral projections. For measures



ii

supported on a sphere in C", we derive that sphere and non-harmonic cone become

determining sets corresponding to the above transforms.

Heisenberg uniqueness pair has significant similarity with the Benedicks-Amrein-
Berthier theorem. In [8], Benedicks consider functions supported on a set of finite
measure and proved that if f € L*(R"), then both the sets {x € R" : f(z) # 0} and
{€ e R" : f(€) # 0} cannot have finite Lebesgue measure, unless f = 0. Concurrently,
in the article [2], Amrein-Berthier reached to the same conclusion via the Hilbert space
theory. The aforesaid fundamental result got further attention in the setups of general

Lie groups.

In [33], Narayanan and Ratnakumar proved that if f € L'(H") is supported on
B x R, where B is a compact subset of C", and f (A) has finite rank for each A, then
f = 0. Thereafter, Vemuri [54] replaced the compactness condition on B by finite
measure. In [13], authors consider B as a rectangle in R** while proving a similar result
on step two nilpotent Lie groups and a version of this result, with a strong assumption

on rank, derived therein for the Heisenberg motion group.

We work on an example of step two nilpotent Lie group, known as the quaternion
Heisenberg group Q x R3, where Q is the set of all quaternions. In this setup, we prove
that if an integrable quaternion-valued function f supported on A x R?, where A C Q
is of finite measure, and its Fourier transform f(a) is a finite rank operator for each
a € R3\ {0}, then f is zero. Finally, we define strong annihilating pair for the Weyl

transform and obtain such pairs.

Afterward, we consider connected, simply connected step two nilpotent Lie groups.
The Lie algebra g has the decomposition g = b @ 3, where 3 is the center of g. We prove
the following result for the groups with MW-condition. For A C b with finite measure,

if an integrable function is supported on A x 3 and each of its Fourier transform is

TH-2457_156123010
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a finite rank operator, then the function must be zero. We conclude by obtaining a

quantitative estimate of this result.

Finally, we consider the Heisenberg motion group G = H" x U(n), where H" is
the Heisenberg group and U(n) is the unitary group on C". Then, due to the fact that
(G,U(n)) is a Gelfand pair [9], Fourier transform of an integrable U(n)-bi-invariant
function will necessarily be of rank one, irrespective of the support of the function.
Thus, an exact analogue of the Heisenberg group result is not possible for the Heisenberg
motion group. However, we reach out to a variant of such result by considering finite
rank condition on the Weyl transform, which is non-zero for finitely many Fourier-

Wigner pieces, together with the finite support condition.

TH-2457_156123010
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Chapter 1

Introduction

In general, the uncertainty principle states that a non-zero function and its Fourier
transform cannot both be sharply localized. And depending on different localization
assumptions, various types of results related to the uncertainty principle for Fourier
transform appeared. In this thesis, localization is described through the support of
the function and its Fourier transform, and we consider two variants of the uncertainty
principle, namely, the Heisenberg uniqueness pair and Benedicks-Amrein-Berthier theo-
rem. For more details and history, we would like to refer to [19,24}28,53] and references

therein.

1.1 Heisenberg uniqueness pairs

Let T be a disjoint union of finitely many smooth curves in the plane R%. Suppose X (I')
be the space of all finite complex-valued Borel measures p in R?, which are supported on
I" and absolutely continuous with respect to the arc length measure of I'. For (£, 7) € R?,

the Fourier transform of y can be defined by

y — —i(z-E+ym) g _
TH-2457 156123010 alem) /re uz:y)



2 Introduction

For a set A in R?, the pair (T, A) is called a Heisenberg uniqueness pair (HUP) for X (T')
if the only p € X(T') that satisfies iy = 0 is g = 0. In general, the problem of HUP
is about the determining property of the finite Borel measures, which are supported
on some lower dimensional entities and whose Fourier transform too vanishes on lower
dimensional entities. The following invariance properties about HUP play an important

role in reducing the problem to a simpler form.

(i) Let u,, v, € R?. Then the pair (T, A) is a HUP if and only if the pair (T'+u,, A+v,)
is a HUP.

(ii) Let T : R? — R? be an invertible linear transform whose adjoint is denoted by

T*. Then (T, A) is a HUP if and only if (T7'T, T*A) is a HUP.

The concept of Heisenberg uniqueness pair was first introduced by Hedenmalm and
Montes-Rodriguez, and in the article [25], they have shown that the pair (hyperbola,
some discrete set) is a HUP by constructing a weak* dense subspace of L>(R), as a dual
problem. Consequently, i solves the one-dimensional Klein-Gordon equation. Further,
a complete characterization of HUP corresponding to any two parallel lines have been

given in [25].

In [45], Sjolin shown that parabola becomes HUP with a certain system of lines.
It has been extended to the case of paraboloid and hyperplanes by Vieli [56]. Some
HUPs corresponding to exponential parabola is considered in [21]. While we look for
such pairs, we observed that odd function plays an essential role. In this thesis, we
consider some curves which can be thought of as generalized parabola, and the latter
one is a candidate for HUP with certain line or union of lines. To get this, we define an
operator on L'(R), which eventually generalized the concept of odd functions. Further,

TH-245%¢ eis3gaay paraboloid with sphere and non-harmonic cone form HUPs.



1.2 Benedicks-Amrein-Berthier type theorem 3

Lev [31] and Sjolin [44] have independently shown that the unit circle S* forms
HUP with certain circles and system of lines. Further corresponding to sphere, Vieli [55]
has shown that individual sphere form HUP. Whereas Srivastava [49] has derived that
the sphere forms HUP with non-harmonic cone. Furthermore, Lev [31] determined the
conditions, which ensure that the pair (circle, union of circles) will not form HUP. We
extend this result to higher dimension and corresponding to sphere, prove a necessary

and sufficient conditions for union of spheres does not form HUP.

As an extension of [31],44,45|, Jaming and Kellay [30] established that the hyper-
bola, polygon, ellipse, cross and graph of the function ¢(t) = |¢|*, whenever « > 0, form
HUPs with certain union of intersecting lines, through the dynamical system approach.
Thereafter, Grochenig and Jaming [23] have worked out some of the HUPs correspond-
ings to some quadratic surfaces. Although, by applying basic Fourier analysis, we can
make some remarks regarding cross section, which forms HUP with certain system of

two lines.

This topic further proceeds through the dynamical system and ergodic theory
approach. A list of articles regarding measures supported on union of parallel lines,

and HUP through ergodic theory is [6}7,11},20,21}26}27,30].

1.2 Benedicks-Amrein-Berthier type theorem

By the Paley-Wiener theorem, Fourier transform of a compactly supported function
can be extended to an entire function with exponential decay. Thus for a non-zero
compactly supported function, Fourier transform can vanish only on a very thin set.

In [§], Benedicks consider functions supported on a set of finite measure and proved that

TH-2457_156§2[3§161(Rn)’ then both the sets {x € R" : f(z) # 0} and {& € R : f(€) # 0} cannot



4 Introduction

have finite Lebesgue measure, unless f = 0. Concurrently, in the article [2], Amrein-
Berthier reached to the same conclusion via the Hilbert space theory. The aforesaid

fundamental result got further attention in the setups of general Lie groups, see |38,43].

Let G be a locally compact group and m denotes the Plancherel measure on the
unitary dual G. Then G is said to satisfy qualitative uncertainty principle (QUP) if for
each f € L*(G) with m{z € G : f(z) # 0} < m(G) and

/rankf(A) din(\) < oo, (1.2.1)
G

implies f = 0. Arnal and Ludwig [5] proved QUP for certain unimodular groups of
type I. A brief survey of QUP is presented in [19]. In case of the Heisenberg group H",
condition 1) of QUP implies f should be supported on a set of finite Plancherel

measure together with rankf()) is finite for almost all A.

In [33], Narayanan and Ratnakumar proved that if f € L'(H") is supported on
B x R, where B is a compact subset of C", and f (M) has finite rank for each A, then
f = 0. Thereafter, Vemuri [54] replaced the compactness condition on B by finite
measure. In [13], authors consider B as a rectangle in R?*" while proving a similar result
on step two nilpotent Lie groups and a version of this result, with a strong assumption

on rank, derived therein for the Heisenberg motion group.

Heisenberg uniqueness pair has a link with the Benedicks-Amrein-Berthier theorem
through annihilating pair. Let A C R and X C R be measurable sets. Then the
pair (A,Y) is called weak annihilating pair if supp f C A and supp f C ¥, implies
f = 0. The pair (A, X) is called strong annihilating pair if there exists a positive number

C = C(A,X) such that

118 < © (IF12aaey + 17225 (12.2)
TH-2457 156123010



1.2 Benedicks-Amrein-Berthier type theorem 5

for every f € L*(R). It is obvious that every strong annihilating pair is a weak anni-
hilating pair. In [8], Benedicks proved that (A, Y) is a weak annihilating pair when A
and ¥ both have finite measure. In 2], Amrein-Berthier proved that (A, ¥) is a strong
annihilating pair under the identical assumption as in [8]. In this thesis, we further
take-up the concept of strong annihilating pair in terms of group Fourier transform,
which is an operator-valued function, for step two nilpotent Lie groups and Heisenberg

motion group.
This thesis is organized as follows:

In Chapter [2 we consider Heisenberg uniqueness pair. First, we focus on the
Euclidean spaces and find out HUPs corresponding to measures supported on parabola
type curve, paraboloid and sphere as described above. Then we move to the Heisenberg
group, and deal with symplectic, modified Fourier transform and spectral projections.
For measures supported on a sphere in C", we derive that sphere and non-harmonic

cone become determining sets corresponding to the above transforms.

The next part of thesis deals with the Benedicks-Amrein-Berthier type theorem.
In Chapter [, we work on an example of step two nilpotent Lie group, known as the
quaternion Heisenberg group Q x R3, where Q is the set of all quaternions. In this setup,
we prove that if an integrable quaternion-valued function f supported on A x R3, where
A C Q is of finite measure, and its Fourier transform f (a) is a finite rank operator for
each a € R3\ {0}, then f is zero. Finally, we define strong annihilating pair for the

Weyl transform and obtain such pairs.

In chapter 4] we consider connected, simply connected step two nilpotent Lie
groups. Then the Lie algebra g has the decomposition g = b & 3, where 3 is the center
of g. We prove the following result for the groups with MW-condition. For A C b with

finite measure, if an integrable function is supported on A x 3 and each of its Fourier
TH-2457 156123010



6 Introduction

transform is a finite rank operator, then the function must be zero. This chapter

concludes by obtaining a quantitative estimate of this result.

In Chapter , we consider the Heisenberg motion group G = H" x U(n), where
H" is the Heisenberg group and U(n) is the unitary group on C". Then, due to the
fact that (G,U(n)) is a Gelfand pair [9], Fourier transform of an integrable U (n)-bi-
invariant function will necessarily be of rank one, irrespective of the support of the
function. Thus, an exact analogue of the Heisenberg group result, as described in
Chapter [4] is not possible for the Heisenberg motion group. However, we reach out to a
variant of such result by considering finite rank condition on the Weyl transform, which
is non-zero for finitely many Fourier-Wigner pieces, together with the finite support

condition.

TH-2457_156123010



Chapter 2

Heisenberg uniqueness pairs

In this chapter, we discuss Heisenberg uniqueness pair on the Euclidean spaces
and the Heisenberg group. First, we consider measures supported on some curves in
the plane, ellipsoid, sphere, and find out some uniqueness sets as well as non-uniqueness
sets. After that, we discuss uniqueness sets on the Heisenberg group corresponding
to the symplectic Fourier transform, some modified Fourier transform and spectral

projections.
2.1 Spherical and bi-graded spherical harmonics

Let Z, denote the set of all non-negative integers. For [ € Z., let P, denote the space
of all homogeneous polynomials of degree [ in n variables. Let H, = {P € P, : AP =
0}, where A is the standard Laplacian on R™. The elements of H; are called solid
spherical harmonics of degree [. It is worth mentioning that H; is invariant under the
natural action of SO(n). A spherical harmonic of degree [ is P|gn-1, where P € H,.
By homogeneity, H; can be identified with its restriction to S"~!. We write d; for the
dimension of H; and let {Y;; : 1 < j < d;} be an orthonormal basis of H;. Let do be
the normalized surface measure on S"!, then any two spherical harmonics of different

TH-2457 15688699 are orthogonal with respect to the usual inner product on L*(S™! do). Further,



8 Heisenberg uniqueness pairs

the set {V}; : 1 < j <d;,l € Z,} forms an orthonormal basis for L?(S"!, do). For each
fixed ¢ € S"71, define a linear functional on H; by Y — Y(§). Then there exists a

unique spherical harmonic, say Zg(l) € H, such that

Vo) = [ Z0wymis). (2.1.)

The spherical harmonic Zél) is called the zonal harmonic of degree [ with pole at £. For

details, see [50], chapter IV.

For 1 < p < oo, let f € LP(S" ', do). For each [ € Z,, define the I-th spherical

harmonic projection of f by

) = [ 20 o) 2.12)

for all £ € S"!. The function II; f is a spherical harmonic of degree I. For 6 > 0 and
l € Z,, write A"(0) = (m_SH‘S) (m;"s)il. Then we have lim Aj"(d) = 1. In addition, for
m—»0oQ

d > (n — 2)/2, the Fourier-Laplace series ) II; f is J-Cesaro summable to f. That is,
=0

f=lim > APOILS, (2.1.3)
=0

where the limit in the right-hand side of (2.1.3) exists in L? (S"~!). Further, the con-

vergence in ([2.1.3) can be extended to L? (rS™ ') for r > 0. For more details, see [46].

Since any continuous function F' on [—1,1] generates a continuous function on
St x Sn=1via g(&€,m) = F(€-n), by fixing one variable it can be thought of as
a function on S™~!. Further, the formula (2.1.1) can be extended for any continuous

function F on [—1,1]. That is, for any £ € S"!

/ F(& - )Y (n)do(n) = CIY (£), (2.1.4)
TH-2457 156123010 Ssn—1



2.1 Spherical and bi-graded spherical harmonics 9

where the constant Cj is given by

1 n=2 n—3
C’l:al/ FG,® )1 —#)"2 dt

1

and G’ZB stands for the Gegenbauer polynomial of degree [ and order 5. This is known as
the Funk-Hecke formula, and using this, the following identity can be obtained, see [3],
page no. 458-464. Let Y € H;, then for » > 0 and ¢ € "1,

[ ereriedate) = nyr ey ), 215

r(n—2)/2
where J, denotes the Bessel function of the first kind of order k.

Let P, , denote the space of all bi-graded homogeneous polynomials on C" of the

form

P(z) = Z Z Cap?®ZP, (2.1.6)

lal=p [Bl=¢
where p,q € Zy. Denote H,, = {P € P,, : AP = 0}. The restriction of bi-graded
homogeneous harmonic polynomial to the unit sphere S?*~! is called bi-graded spherical

harmonic and the restriction space can be identified with H,,,.

We need the following basic facts about the bi-graded spherical harmonics, (see
116,22, 53] for details). Let K = U(n) be the unitary group and M = U(n — 1). Then,
S?n=1 o /M under the map kM — k.e,, where k € U(n) and e, = (0,...,1) € C".
Let K, denote the set of all equivalence classes of irreducible unitary representations

of K, which have a non-zero M-fixed vector.

Forart e KM, which is realized on V;, let {e1,...,eqr)} be an orthonormal basis
of V; with e, as the M-fixed vector. Let t];(k) = (e;, T(k)e;), k € K. By the Peter-Weyl
theorem, the set {\/d(7)t}, : 1 < j < d(7),7 € Ky} forms an orthonormal basis for

TH-2457_156121L22(3]6./16/[)7 (see [53], page 14). Define Y] (w) = \/d(7)t],(k), where w = k.e, € S*"7!,



10 Heisenberg uniqueness pairs

k€ K. Then {Y] : 1 < j < d(7),7 € KM7} becomes an orthonormal basis for

LQ(SQn_l).

Since H,, is K-invariant, let m,, be the corresponding representation of K on

H

»g- Then Ky can be identified with {Tpq : g € Zi}. See [40], p.253, for more

details. Thus, a bi-graded spherical harmonic on $?"~! can be defined by Y/ (w) =
Vd(p, @)t (k), and hence {Y;? : 1 < j < d(p,q) and p,q € Z, } forms an orthonormal
basis for L2(S?"!). For f € L*(S?"!), the expression

d(p,q)

I o (f)(w) = Z aZ 1Y (w), (2.1.7)

j=1
where a7 = (f,Y"?), is called (p, q)"" spherical harmonic projection of f.

Next, we shall figure out the relation between spherical and bi-graded spherical
harmonics on S?"~!. For instance, let the space H; consists of spherical harmonics of de-
gree [ on S?"~! where | € Z,. Then H, is SO(2n)-invariant. Hence, H, is U(n)-invariant
as well, and under this action of U(n), the space H; breaks up into an orthogonal direct

sum of H,,’s where p + ¢ = .

Note that we adopted the same notation H; for the spherical harmonics of degree
[, on S" ! as well as on S?"~!, since the dimension of the space will be clear from the

context.

Lemma 2.1.1. [40] Let w € S*"! and Y € H,. Then there exist Y,, € H,, with
p+q =1, such that

Y(w)= Y Y,w). (2.1.8)

ptq=l
Definition 2.1.2. A set C C C" (n > 2) that satisfies the scaling condition \C C C

for all A € C, is called a complex cone, whereas a set K in R? (d > 2) which satisfies

TH-245'7’QL§6¥236T0GH k € R s called a real cone.



2.1 Spherical and bi-graded spherical harmonics 11

We say that a cone is non-harmonic if it is not contained in the zero set of any
homogeneous harmonic polynomial. An example of a non-harmonic complex cone was
produced by Srivastava (see [48]). The zero set of the polynomial H(z) = az1z, + |2|?,
where a # 0 and z € C", is a complex cone which is not contained in the zero set of

any bi-graded homogeneous harmonic polynomial.

An example of a non-harmonic real cone was given by Armitage, (see [4]). Let
0 <a<1 Then K, = {z € R?: |21]> = a*|z|?} is a non-harmonic cone if and only if
d—2
D"G,? (a) # 0, for all 0 < m < k — 2, where D™ stands for the mth derivative on R

and GZB is the Gegenbauer polynomial of degree [ and of order f3.

In view of Lemma [2.1.1] it is easy to prove the following result, which is required

to prove our result.

Lemma 2.1.3. Let Y € H; be given as in (2.1.8)). Suppose C be a complex cone, and
denote C = {é z €C, Z%O} Then'Y =0 ongifand only if Y, =0 ongfor all

p,q € Z such that p+ q = L.

Proof. Let w € C and Y (w) = 0. Since the cone C is closed under complex scaling, by

replacing w with ew in (2.1.8), we get

Z Py (w) = 0.
p+q=l
Thus, the proof of the required lemma will be followed by the fact that {¢?* : s € Z}

is an orthogonal set in L*(S!). O

We would like to mention that the proof of our main result is carried out by
restricting the cone to the unit sphere and decomposing the integral on the sphere into

TH-2457 156455pg¢s over geodesic spheres. This is possible because the cone is closed under scaling.



12 Heisenberg uniqueness pairs

For w € S~ ! and ¢t € (—1,1), the set S!, = {v € S ' :w.v =1t} is a geodesic
sphere on S?"~! with pole at w. Let f be an integrable function on S$?"~!. In view of

Fubini’s Theorem, we can define the geodesic spherical means of the function f by

flw,t) = fdog,_a,
St

where 0,_» is the normalized surface measure on the geodesic sphere S’ .

The following lemma percolates the geodesic mean vanishing conditions of f &€
L'(S?"~1) to a vanishing condition of each spherical harmonic projection of f. For the
class of continuous functions C'(S?"~!), this lemma was proved in [1]. As a consequence
of the Cesaro summation formula (2.1.3), in [49], the result has been extended for

functions in L*(S%"1).

Lemma 2.1.4. [49] Let f € L'(S**Y). Then f(w,t) =0 for allt € (=1,1) if and
only if I, f(w) =0 for alll € Z.

Notice that as a corollary to Lemma m, it can be shown that if f (w,t) =0 for

all (w,t) € C x (—1,1), then f =0 on $>"! as long as C is non-harmonic.

2.2 HUP on the Euclidean spaces

Let v : R — R be a twice differentiable function such that v(¢)—t* > 0 and ' is a strictly
increasing function that increases to oo as t — oo and decreases to —oo as t — —o0.
We shall consider HUP for measures supported on the set I' = {(¢,7(¢)) : t € R}. Let
1 € X(T'), then there exists g € L'(R, /1 + 7/(t)?) such that du = g(t)dt. If we write

TH-245§<_@5€12361$ v'(t)2g(t), then the finiteness of y implies that f € L!'(R) and Fourier
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transform is defined by

iz, y) = / =it 0) £ ()it (2.2.1)
R

First, we discuss the following map. For ¢ € R\ {0}, define h.: R — R by

he(t) = (t+ 2%) +(t) — 2. (2.2.2)

Since ~y(t) — t* > 0, the range of h, is [a?, 00) for some a > 0. The second condition
that v’ is strictly increasing and /(t) — +oo as t — £o0, implies that there exists
a € R such that v/(«) = 0. Therefore h.(a) = a?, and h,. is strictly increasing in [«, 00)
and strictly decreasing in (—oo, o). We denote he i= Pelfa,o0) and he = he|(—oo,q)- Note
that both the functions k. and A, are invertible having range [a2,o0). Now, consider
the reflection type map p. : [o,00) — (—00, ] such that A. o p. = he. Thus, p. is
diffeomorphism and p.(a) = . To describe the dynamic of the function h., we need to
define an operator T, : L*(R) — L!([a, 00)) by

= 2u

Te[fl(u) = [f o hl(u?) — fo peo ﬁgl(uQ)p’c(ﬁc—l(uQ))] AT (2.2.3)

Let N (T.) denotes the null space of T... Then the following result holds.

Theorem 2.2.1. Let I' = {(t,v(t)) : t € R}, where v is defined as above.

(a). Let A, be a straight line parallel to the X-axis, then (I',A,) is a Heisenberg
uniqueness pair. Further, for ¢ # 0, let A. be a straight line with slope c. Then (T, A.)

is a Heisenberg uniqueness pair if and only if N(T,) = {0}.

(b). Let L;, j = 1,2 be two parallel lines which are not parallel to either of the
azes and E; C Lj;. If each E; has positive one dimensional Lebesque measure, then

(T', E1 U Ey) is a Heisenberg uniqueness pair.

TH-2457_156123010
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Remark 2.2.2. (a). Let A be a straight line not parallel to the Y -axis. Assume that
N(T.) # {0} for each ¢ # 0. Then, in view of Theorem[2.2.1)(a), (I',A) is a Heisenberg

uniqueness pair if and only if A is parallel to the x-axis.

(b). We would like to mention that, when h.(t) = t* or more generally h.(t) = n(t),
where 1 : R — R be a differentiable even function such that 0| ) is invertible, then

pe(t) = —t. In this particular case, N (T.) is the set of all odd integrable functions.

(¢). In the sense of dynamical system and ergodic theory, the operator T, defined in
, can be thought of as a transfer-type operator. For instance, Perron-Frobenius
operator is used to study HUP (see [11,125]). For further details on the connection
between dynamical system and HUP, we refer [26,27,30]. The null space of the operator

T, will be crucial for our main result about HUP.

In order to prove Theorem we need the following results. First, we state a

result which can be found in Havin and Joricke [24], p. 36.

dz
1+ %2

Lemma 2.2.3. [24] Let ¢ € L*[0,00). If [log|¢| = —o0, then ¢ = 0.
R

Next, we state the following form of the Radon-Nikodym derivative Theorem.

Proposition 2.2.4. Let v be a o-finite signed measure which is absolutely continuous

with respect to a o-finite measure . on the measure space (X, M). If g € L'(v), then
gj—z € L'(p) and [ gdv = fgj—l’jdu.
As a consequence of Lemma and Proposition [2.2.4] we prove the following

result. Let |E| denotes the Lebesgue measure of the set F C R.

Lemma 2.2.5. Let f € L'(R). Suppose E C R and |E| > 0. Then
/ e~mehe(l) f(1)dt = 0 (2.2.4)
R

TH-245}£P_7°1§@17?@% if and only if f € N(T.).
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Proof. The left-hand side of (2.2.4) can be written as

] = / e_imjxilc(t)f@)dt + / e—iﬂ'cxﬁc(t)f(t)dt

—Oo0
(e 9]

_ /oo e—mczﬁc(t)f<t)dt . / e—iwca:izc(s)f(pc(s)) . pg(s)ds,

«

by using the change of variables s = p_!(t). Further applying the change of variables

he(t) = u? we get
I= [Ceme [fohgtut) = fop ol ) - ilhe (@) = —du
-/ " T ) d

In view of Proposition the function T.[f] € L'([a,0)), and by the change of

variables u? = v, we have

- / e TLf(V) ;lf (2.2.5)

Let o(v) = T.[f](v/v)/2VV X(a200)(v). Then ¢ € L'(R) and from ({2.2.5) we obtain
I = ¢(cx) = 0 for all x € E. That is, ¢ vanishes on the set cE of positive measure.
Thus, by Lemma we conclude that ¢ = 0 a.e. Hence, it follows that T.[f] = 0 a.e.
on [a, 00). Conversely, if T,[f] = 0, then trivially holds. O

From Remark [2.2.2(b) and Lemma [2.2.5 we have the following result.

Corollary 2.2.6. Let f € L*(R) andn : R — R, be a differentiable even function such

that n|j0,) s invertible. Suppose E C R and |E| > 0. Then
/ e~ O f(#)dt = 0 (2.2.6)
R

TH-2457 15@?@3&@ € E if and only if f is an odd function.
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Proposition 2.2.7. Let u € X(T) and f € L'Y(R), as appeared in (2.2.1). If E C R
with |E| > 0, then for ¢,d € R\ {0} following holds.

(a) fi(z,cx) =0 for all x € E if and only if f € N(T).

(b) fi(z,cx +d) =0 for all x € E if and only if x € N(T.), where x(t) = e 7@ £(¢).

Proof. (a). From (2.2.1)) we can express
,ll(l’, CZL’) — / e—iwm(t—l—c'y(t))f(t)dt _ eimz:/4c/ e_iWCZhC(t)f(t)dt.
R R
By Lemma [2.2.5, T.[f] = 0 if and only if zi(z,cxz) = 0 for all x € E.

(b). By a simple computation, we get

f(z, cx+d) = /

e—irrx(t-i—cw(t))x(t)dt _ eiﬂx/4c/ e—ifrcxhc(t)x(t)dt_
R R

As similar to the above case, T,[x] = 0 if and only if fi(z,cx +d) =0 forall z € E. O

Proof of Theorem [2.2.1]. (a). In view of the invariance property, we can assume
that A, is the z-axis. Recall from (2.2.1)) that j satisfies

iz, y) = / eI £ (1) dt.
R

Hence fi|5, = 0 implies that f(z) = 0 for all z € R. Thus, we conclude that p = 0.

On the other hand, assume that A, be of the form y = cx + d, where ¢ # 0 and

d € R. Then by Proposition m, it follows that /i = 0 on A, if and only if x € N (T.).

TH-24571186 2030 1o e~ ® f(t) = 0 if and only if f(t) = 0, it completes the proof.
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(b). Let Ly = {(x,cz) : =z € R} and Ly = {(z,cx +d) : = € R}, where ¢,d # 0.
Since fi|z, = 0; j = 1,2, by Proposition it follows that T.[f] = 0 and T.[x] = 0.
That is,

foh M (u?) = fopeoh t(u?) pl(h " (u?)),
eiwdv(ﬁc_l(uQ))f o h_l(u2) _ ezﬁrdw(pcoﬁgl(qﬂ))f 0 p. o ilc_l(UQ) pg(ﬁc—1<u2))

Thus, we have
[eiwd{y(i};l(uQ))—v(pcolel(UQ))} - 1] fo ﬁ;l(rf) = 0. (2.2.7)

Now, we prove that e™{®=1(e)} £ 1 almost everywhere, where t = h_'(u?). Since

helt) = he(pe(t)). then from (222) we get

t Pell

a0 =22 4 0). 2:2.)
If y(t) — v(pe(t)) = %, for some k € Z, then by (2.2.8) we have p.(t) = ¢ + $k. Since o/
is a strictly increasing function, for each & # 0, (t) — (¢ + $k) is strictly monotone in
t. Therefore for each k # 0, y(t) — v(t + k) = £ is possible for at most one point and

for k =0, p.(t) =t holds only at t = «a.

Thus from (2.2.7), f o h;'(u?) = 0 a.a. u > a, that is, f = 0 a.e. on [, 00). As
T.[f] = 0 and p. # 0 a.e., it follows that f = 0 a.e. Thus, the pair (I',L; U Ly) is a

Heisenberg uniqueness pair. ]

Remark 2.2.8. (a). If we consider h.(t) = ~(t), then we can define an operator T7,
similar to T, as in (2.2.3). Hence, if N(T7) # {0} and A be the Y -axis, then (I',A) is
not a HUP. Proof of this fact follows from (2.2.1)) and Lemma [2.2.5,

(b). Let v(t) = n(t), where n : R — R, be a differentiable even function such that

TH-2457 15%7]’-@%)188 invertible. If A be the Y -axis, by C’orollary (I',A) is not a HUP.
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2.2.1 Some remarks about cross

Let ' = (R x {0}) U ({0} x R) is a cross. If u € X(T'), then there exists f,g € L*(R)

such that

du(z,y) = f(x)dvddo(y) + g(y)dyddo(x), (2.2.9)

where dd, denotes the unit point mass at the point u. Hence (€, 1) = f(€) + §(n) for

(&n) € R%.

Proposition 2.2.9. Suppose I' = (R x {0}) U ({0} x R) is a cross and let A C R?* be
any of the following sets:

(a) A =R x{yo}) U {z0} x R) for some xq,yo € R.

(b) A= LyU Ly, where Ly, Ly are two straight lines which are parallel to each other but

not parallel to any axis.

(¢c) A = Ly U Ly, where Ly, Ly are two straight lines perpendicular to each other and

the angle between Ly and x-azis is not 5 or —7.

Then (I';A) is a HUP.

Proof. (a) Follows by the Riemann-Lebesgue lemma.

(b) Without loss of generality, assume that A = {(z,y) € R? : y = ma;m # 0} U

{(z,y) € R? : y = ma+c;m, c # 0}. By hypothesis /iy = 0 implies f(£)+g(m&) = 0
nd f(€) + h(m&) = 0 for all € € R, where h(y) = g(y)e ™. Thus we have
G(m&) = h(m¢), that is, (1 — e~™¥)g(y) = 0. Since for a non-zero constant c,

e~ =1 is possible on a set of measure zero, we get g = 0 a.e. Therefore, f =0

TH-2457_1861238dghence 1 = 0.
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(c) Let A = {(z,y) € R? : y = masm # 0,1} U{(z,y) € R? : y = —LZaym # 0,1}
By hypothesis fi[y = 0 implies f(£) + g(m&) = 0 and (&) + §(—L1&) = 0 for all
¢ € R. Therefore §(&) = g(—=5&) = -+ = §((—1)F—5&) for all £ € R. Since § is a
continuous function so it is constant function. Hence by Riemann-Lebesgue lemma

§(¢) =0 for all £ € R. Thus g =0 a.e. and f =0 a.e. Hence p = 0.
[

Remark 2.2.10. Suppose A = {(z,y) € R* : y = mz;m # 0} U {(z,y) € R? : y =
—ma;m # 0}. Choosing f = x|-11) and g = —m.x_1 14, we can conclude that (', A)
1s not a HUP.

Suppose I' = (R x {0}) U ({0} x R) is a cross. Consider a subset C C X (I") such
that for any p € C there exists two function f,g € L*(R), atleast one is odd, satisfying
(2.2.9). Then the pair (T, A) is called a C-HUP if any measure p € C satisfying fi|y = 0

implies ¢ = 0 identically. Then we have the following remark.

Remark 2.2.11. Suppose A = {(z,y) € R* : y = mx;m # 0} U {(z,y) € R? : y =
—max;m # 0}. Then (I',A) is a C-HUP.

2.2.2 Paraboloid and sphere

Let T be the paraboloid z,,,1 = 2% +--- + 22 in R"™! and p € X(T'). Then there exists

g € LYR™) such that du = g(u)\/1+ 4||u||?du. We write f(u) = g(u)/1+ 4||u||?,

then the Fourier transform of ;1 can be expressed as

(. Tpy) = /ei(x’x”+1)'(“’||“|2)f(u)du (2.2.10)

Rn

TH-2457_ 156998846 = (z1,- - 2n) € R, 2y € R.
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Proposition 2.2.12. Suppose T' be a paraboloid in R"'. Let E be a set of positive

measure in R and S™! be the unit sphere in R™, then the following holds.

(a). If A= S""' x E, then (T, A) is a Heisenberg uniqueness pair.

(b). If A = K x E, where KC be a cone in R™, then (I';A) is a Heisenberg uniqueness

pair if and only if IC is non-harmonic.

In order to prove Proposition [2.2.12 we need the following result, which follows
from Lemma 2.2.3

Lemma 2.2.13. [44] Let ¢ € L' ((0,00)) and E be a measurable subset of R with
|E| > 0. If
/ e p(t)dt = 0
0

for all x € E, then ¢ = 0.
Proof of proposition [2.2.12. (a). In view of (2.2.10]), & vanishes on A implies
/ e imen ) (M) £ () dy = 0,

for all (x,2,,1) € S ! x E. Next, by converting the above integral into the polar

coordinates, we get

/ e—z‘anﬂ/ e~ f(n)do,.(n)dr = 0.
0 gn—t

It follows from Lemma [2.2.13| that for each r > 0,

/ e f(n)do,(n) = 0 (2.2.11)
TH-2457 156123010 5
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for all z € S"~L. If we write f,(£) = f(ré) for £ € S"71, then (2.2.11]) reduce to

/ e f(€)da(€) =0
Sn—1

for all y € S*~1 and r > 0. In view of ( [55], Proposition 1.2), we have f,(£) = 0 for a.e.
¢ € S" 1 if and only if Jyy(n_0)/2(r) # 0 for all d € Z,.

Thus, we infer that f(n) = 0 for a.e. n € SP~* if and only if Jyy(n_2)/2(r) # 0 for
all d € Z,.. Since the set {r > 0: Jgp(—2)/2(r) = 0, for some d € Z. } is countable, we

conclude that f =0 a.e., and hence u = 0.

(b). Let K be a non-harmonic cone. In view of (2.2.11]), we have

[ o) =0

for all x € KL and 7 > 0. Since K is non-harmonic, by ( [49], Theorem 3.1),

/ eV L, (€)do(£) = 0
gn—1

for all y € K and r > 0, where f,.(£) = f(rf) for all £ € "1, implies f, = 0 a.e for

each r > 0. Hence f = 0 a.e. that is, (I', A) is a Heisenberg uniqueness pair.

Conversely, assume that I is contained in the zero set of a homogeneous harmonic
polynomial P of degree l. Let Y = P|gn—1 € H;. Define a function f on R™ by f(y) =
2

e Y (€), where y =&, r > 0 and £ € S"L. Then f € L*(R™). Thus, we can construct

a finite complex Borel measure p in R™ by du = f(u)du. Hence from the identity

TH-2457_156123010
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(2.1.5), for each r > 0 and = € K, we have

/ e T f(n)do(n) = / e Y (€)do (€)
SP gn—1

Jit(n—2)/2(Ts)
_ (gmynf2g-ria Tirn=2)2(rs)
= (2m)" e (rs) 22 Y ((),
where x = s ( for some s > 0 and ¢ € S"'. This shows that ji|y = 0 but u is non-zero

measure supported on I'. O

Remark 2.2.14. If we consider A = S» ! x E for some r > 0, then Proposition

2.2.12(a) remains true.

In [55], Vieli proved that (S™~!,S"7!) is a HUP if and only if Jy(,—9)/2(r) # 0 for
all d € Z, . It is natural to ask if A is a union of spheres with their radii lay in the zero
sets of Bessel functions, then whether A will be a determining set for the sphere. The
following result extends the result due to Lev [31] to higher dimensions, which gives

examples of non-uniqueness sets for the sphere.

Theorem 2.2.15. Let S ! be the unit sphere in R™ and A be a union of two or more
spheres in R™. Then (S™™', A) is not a Heisenberg uniqueness pair if and only if these
spheres in A are concentric and their radii lay in the zero set of the same Bessel function

Jd+(n—2)/2 where d € Z.

Proof. Let A be a union of two or more spheres with center at a € R™. Further, assume
that their radius lies in the zero set of Jyi(,—2)/2, for some d € Z,. Consider f(n) =
€'Y (n), where Y € Hy and write du = fdo. For x € A, there exist 7 > 0 and £ € S™!

such that © = a + r§.

TH-2457_156123010
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Hence the expression

ja) = [ O dota)

= (27r)"/22'd7’_("_2)/2 Jay(n-2)/2(1)Ya(§)

shows that (S™~! A) is not a Heisenberg uniqueness pair.

Conversely, let A be a union of two spheres such that (S™"! A) is not a HUP.

Due to invariance properties of HUP, we can assume that A = A, U A,, where A, be

12
the sphere of radius r centered at origin and A, be the sphere of radius p centered at
(a1,0,...,0) such that Ji,4(m—9)/2(r) = 0 and Ji, 4 (n—2)2(p) = 0 for some ly,l € Z,.
Since the zero sets of the above two Bessel functions can intersect at most at the origin

( [57], p.484), Jomi(n-2)/2(r) = 0 only if m = [; and a similar conclusion holds for p.

Now, ft =0 on A, implies
(2m)"2itr =Dy oy () T3 = 0

for all [ € Zy (see [55]). It follows that I, f = 0 for all [ € Z, except [ = [;. Thus from
(2.1.3) we have f(n) = 1I;, f(n). Further, 4 vanishes on A, gives g(n) = II,g(n), where
g(n) = e'@m f(n), that is, f(n) = """ 1I,e "™ f(n), where 1, be the first coordinate
of n. Therefore

My, f(n) = e T,e~" ™ f(n) (2.2.12)

for all n € S™~1.

Next, we show that a; = 0 and [y = l5. If a; = 0, then by the orthogonality of
spherical harmonics we get I; = lo. Observe from (2.2.12)) that e ™Il e~ f(n) is a

TH-2457_156123010
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spherical harmonic of degree /1. Hence for all & > 0, we have

Qe M, e~ f () = UM, e~ f () (2.2.13)

— eiaalnl alg nge_mlmf(n).

We claim that IT,e~"™ f(n) # 0 for some n such that 7; # 0. In contrary, if
;e ‘@™ f(n) = 0 for all  such that n; # 0, then

Hl26—iam1f(77) =0

for almost all n, which implies ¢ = 0 and hence f = 0, which is not possible.

Thus by the above claim and (2.2.13)) we get

U1 Jta1m iaa1n

a'le =e al?

for all @ > 0, which is possible only if [; = ls and a; = 0. This completes the proof

while A is the union of two spheres.

If A is a union of more than two spheres, then by applying the above argument for

each pair of spheres in A, we can reach to the conclusion. O

TH-2457_156123010
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2.3 Preliminaries on the Heisenberg group

In this section, we describe some basic facts about Fourier transform on the Heisen-
berg group, Weyl transform, special Hermite functions and expansion of functions on

C™ accordingly.

The Heisenberg group H"™ = C™ x R is a step two nilpotent Lie group having center

R that equipped with the group law
1 .
(z,t) - (w,s) = <z—|—w,t—|—s—|— §Im(zw)) .

By the Stone-von Neumann theorem, the infinite dimensional irreducible unitary repre-
sentations of H” can be parametrized by R* = R \ {0}. That is, each of A € R* defines

a Schrodinger representation 7y of H" by

(2, 1) p(€) = eNePNEEr TN (€ 4 ),

where z = z + iy and ¢ € L?(R"). Hence, the group Fourier transform of f € L!'(H")
defined by
f) = [ fzt)ma(2, t)dzdt,

Hn
is a bounded operator. When f € L2(H"), f()) is a Hilbert-Schmidt operator. An
important technique in many problems on H" is to take partial Fourier transform in

the t-variable to reduce matters to C". Let

f)‘(z):/Rf(z,t)ei’\tdt

be the inverse Fourier transform of f in the t-variable.

TH-2457_156123010
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The group convolution of the functions f,g € L'(H") is given by

fxg(zt) = fl(z,t)(—w, —s))g(w, s) dwds. (2.3.1)

Hn

A simple calculation shows that

(F9Me) = [ Frlanear
o f/\(z _— w)gk(w)e%hﬁ(z,u’)) dw
CTL
=: fA xAgA(z).

Thus, the group convolution f * g on the Heisenberg group can be studied using the
M-twisted convolution f* x, ¢* on C". For A # 0, by a scaling argument, it is enough

to study the twisted convolution for the case A = 1.

Now, we recall the Weyl transform, which is an important constituent of the group
Fourier transform on the Heisenberg group. Denote by m(2) = mA(2,0). Then m)(2,t) =

ey (2). For a suitable function g on C", the Weyl transform of g can be expressed as

Wi(g) = /n g(w)my(w)dw.

This, in turn, implies f'()\) = Wi(f). It is easy to see that W, (g) is a bounded operator
whenever g € L'(C"). On the other hand, if ¢ € L*(C"), then Wy(g) is a Hilbert-

Schmidt operator and satisfies the Plancherel formula

A2 IWa(@)llas = (2m)2 g2

TH-2457_156123010
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Next, we describe the special Hermite expansion for function on C". Let

0 0 1 0 0 1 0

T=" X, =— 4+ -pp—andV: = — — —p,—

i Y N T 5y T2
be the left-invariant vector fields on H". Then {7, X;,Y; : j = 1,...,n} forms a basis
for the Lie algebra h™ and the representation 7, induces a representation 73 of h” on

the space of C° vectors in L?(R") via

It is easy to see that 75(X;) = iAz; and 7}(Y;) = %. Hence for the sub-Laplacian
L=—>" (X7+Y7), it follows that 73(£) = —A, +\?|z|* =: H,, the scaled Hermite
operators. Let ¢ (z) = |\ 1¢a(\/|A|2); a € Z7, where ¢, are the Hermite functions
on R™. Then ¢ is an eigenfunction of H, with eigenvalue (2|a| + n)|\|. Hence the
entry functions Egﬂ’s of the representation 7, are eigenfunctions of the sub-Laplacian
L satisfying

LBy, = (2la] +n)|N s,

where E4(z,t) = (ma(z, )02, ¢/’}> . Since Egﬁ(z,t) = ¢ (TA(2) 0, ¢g> , the eigenfunc-
tions E,;’s are not in L?(H"). However, for a fixed ¢, they are in L*(C"). Now, define

an operator Ly by L (e™ f(z)) = "™ L, f(z). Then the special Hermite functions

das(2) = (2m)7F[N[E (ma ()00, 63)

are eigenfunctions of L, with eigenvalue 2|a| + n. Now, we summarize by mentioning

that the special Hermite functions ¢},’s form an orthonormal basis for L*(C") [53].

TH-2457_156123010
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Hence g € L*(C") can be expressed as

9="> {9,008) s (2.3.2)
a,B

By employing a correlation of the special Hermite functions with the Laguerre function,
expression (2.3.2)) can be further simplified. To do so, we need to recall the definition of
Laguerre functions. Given v € C, the Laguerre polynomial of degree k£ € Z, is defined

by

= ()5

§=0

Now, the Laguerre function on C" of order n — 1 and degree k£ can be defined by
z2

opl(z) = LZ‘I(%)(&_%. Denote gon\l(z) = ¢ (\/|\]2), where A € R*. Then the

special Hermite functions ¢, will satisfy the relation

> halz) = @m)ENEiR(2). (2.3.3)

|a|=k

Thus, g € L*(C") can be expressed as

g9(z) = 2m) A" Y g xa e (2),

k=0

whenever A € R*, (see [53]). In particular, for A = 1, we have

9(z) = 2m) 7" Y g x i (2), (2.3.4)

which is the special Hermite expansion for g. Hence g can be completely determined

. . . -1
by its spectral projections g x ¢ .
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The following weighted functional relations can be obtained by considering the
Hecke-Bochner identity for the spectral projection of compactly supported functions.

For more details, see [53], p. 98.

Lemma 2.3.1. [53| Let P € H,, and dv, = Pdo,, where o, is the surface measure on

the sphere S,.. Then, for z € C",

_ T(k—q+1) _ _
n—1 ¥ n 2(p+q), n+p+q—1 n+p+qg—1
on " X v(z) = (2m) mT PO () P(2)p 07 (2),

if k > q and 0 otherwise.

2.4 Uniqueness pairs on the Heisenberg group

In this section, we find some uniqueness pairs corresponding to symplectic Fourier

transform, modified Fourier transform and spectral projection.

2.4.1 Symplectic Fourier transform

We prove that the unit sphere S?*~! together with a non-harmonic complex cone forms

a Heisenberg uniqueness pair for the symplectic Fourier transform.

Let X (5?"!) be the space of all finite Borel measures p in C" which are supported
on S?"~! and absolutely continuous with respect to the surface measure of S?*~!. Then
by the Radon-Nikodym Theorem, there exists f € L'(S*~1) such that du = fdo.

Define symplectic Fourier transform (SFT) of a measure u € X (S**~1) by

F — —%Im(zf) d ’
TH-2457 156123010 sil2) /S e F(Q)do(¢)
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where z = v + 4y € C" and ¢ = £ + 1 € C". Hence Fgp is a bounded uniformly

continuous function on C". In other words, Fsu can be expressed as

Foplw,y) = / e~ 3T £ (¢ n)do(€,n). (24.1)

S2n—1
We are going to prove the following result.

Theorem 2.4.1. Let C be a complex cone in C". If p € X (S*1) satisfies Fsu(z) =0

for all z € C, then = 0 if and only if C is non-harmonic.

Proof. Let (z,y) = rw, where w = (wWi,...,wn,w,...,w.) € S?7L Denote & =
(Wi, ...,wh,—wi,...,—w,). Then from (2.4.1)), it follows that
/ e 5" f(¢, m)do (&, 1) =0, (24.2)
S2n—1

whenever rw € C. Since C is closed under complex scaling, rw € C implies r@ € C. By

decomposing the integral in (2.4.2)) over geodesic spheres at pole w, we obtain

/ 11 ( /S ; o~y f(y)da%_Q(y)) dt =0,

where S!, = {v € S*"1 . w-v =1t}. That is,

/ ot Flw, t)dt =0, (2.4.3)

1

for all 7 > 0, where f(w,t) = Jq+ fdoa,_s. Hence f(w,t) =0, for all t € (—1,1). Thus
by Lemma [2.1.4} it follows that II;(f)(w) = 0 for all [ € Z,. Further by Lemma [2.1.3]
we get IL, . f(w) = 0 for all p, ¢ € Z,. Thus, by the given condition w ¢ Y;U;l(()) for any

p,q € Z., it follows that f = 0. That is, u = 0.
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Conversely, assume that C is contained in the zero set of a bi-graded homogeneous
harmonic polynomial P € H,, and denote Y = P|gza-1. For ¢ € S let du(¢) =
Y (¢)do(¢). Then p is a finite complex Borel measure supported on S?*~!. By identifying

C™ with R*", we find that H,, C H,., and hence Y € H,,,. Therefore, using the

identity (2.1.5)), we have

Fsp(z) = /S e~TUCY (Q)do(¢) = (2w)”¢p+qu<w), (2.4.4)

Tn—l

where z = rw € C. Recall that rw € C implies r& € C. Thus, from (2.4.4), we can

conclude that Fsule = 0. O

Remark 2.4.2. (a) Further, we observed that Theorem|[2.4.1] holds for a non-harmonic
real cone. Let IC be a non-harmonic real cone. Write o = o,w, where a, is the symplectic
matriz, which in fact, belongs to U(n) C SO(2n). Suppose p € X(S*"7') satisfies
Fsple = 0. Then I, f(o,w) = 0 for alll € Z.. Since o, -, f would also be a spherical
harmonic, we infer that (S*"=1, K) is a HUP for the SFT.

(b) Suppose T' be a smooth sub-manifold in R*™ and A be a subset of R*". Let
T : R*™ — R* be defined by T(x,y) = (4,—%) for z,y € R™. It is easy to see that
Fsp(x,y) = (5, —3), where i is the Euclidean Fourier transform (EFT) of . Thus,
(I, A) is a HUP for the SE'T if and only if (I', TA) is a HUP for the EFT.

For instance, by the Euclidean result ( [55], Proposition 1.2), (S?"~1 S?"~1) 45 q

HUP for the SFT as long as § ¢ J(:lik_l)(O) for any k € Z, .

(¢) Consider the map T = (T~")* on R*". It is known for the EFT that (T',A) is
a HUP if and only if (T~'T',T*A) is a HUP. Hence, from Remark (b), we have (T, A)
is a HUP for the SFT if and only if (T*T',A) is a HUP for the EFT. Thus, in view of

TH-2457_15&%§38%8WZ%” result ( [49], Theorem 3.1), Remark (a) holds.
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2.4.2 Modified Fourier transform

In this subsection, we prove that a finite measure supported on the cylinder S?*~1 x R

can be determined by a non-harmonic cone as well as the boundary of a bounded domain

in C™.

We know that the modified Fourier transform of f € L'(H") is defined by (see [52])
Fuf(zA) = WA(_Z)W)\(]C)\)W/\(Z)’

where Wy (f?) is the Weyl transform of f* and (z,\) € C" x R*, see [52]. This, in turn,
can be expressed as

Jﬁff(zak)::‘/m T (-,

n

_ / e—i)\Im(zﬂJ)f)\(w)ﬂ)\(w)dw‘

Consider the measure u € X(S2"~! x R). Then there exists f € L'(S?"~! x R) such that
du(¢,t) = f(¢,t)do,(¢)dt. For (z,\) € C" x R*, define the modified Fourier transform
of u by

FaneN) = [ NP m (o ¢)

st
For A € R*, consider the one dimensional subspace Uy = span{¢}} of L*(R"), where
@2 is the scaled Hermite function for some o € Z't. Here for different A, different a can
be chosen. Denote A = C x R*, where C could be a real (or complex) cone. We have

proved the following result.

Proposition 2.4.3. Let p € X (5?71 xR) and range of Farp(z, N) is a subspace of Us-

for all (z,\) € A. If C is non-harmonic, then = 0.

TH-2457_156123010
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Proof. Since, for each A € R*, range of Fyrpu(z, \) is a subspace of Uy, it follows that

(Farp(z, Mg, ¢3) =0 (2.4.5)

w2
for all p € L%(R™). We know from [52] that (my(w)¢2, ¢}) = ca| A/ 2w e P for all

w € C™. If we choose ¢ = ¢, then from (2.4.5)), we have

(Al

/ e PmEO P (), (e 4 do, (¢) = 0 (2.4.6)
2ol

for all z € C. This, in fact, reduces to the case of SF'T on C". That is, for each A € R*,
we get Fs(g))(2rAz) = 0 for each z € C, where g} (v) = fA(rv)v® for v € S*"~1. Since
(2rA\)C C C, in view of Theorem and Remark (a), we infer that fA = 0 if and

only if C is non-harmonic. Thus, f = 0. [
Theorem 2.4.4. Let 02 be the boundary of the bounded domain € in C". Suppose

p € X(S?! x R) satisfies Farp(z,A) = 0 for all (z,\) € 9Q x R*. Then pu = 0.

Proof. Since Fyrp can be extended holomorphically to a function F(.,\) on C**, it

follows that F(., A)|gen = Farpe is a real analytic function. Consider

Then
9 A o
a—zij/uL(Z, /\) = 5 /S?nl Cje—z)\lm(z()f)\(C>ﬂ_)\<<)dar(<)
and
0? Fup(z,\) = _)‘_2 C‘,C‘e—i,\lm(z.g‘)ﬁ(()ﬂ (¢)do (¢)
07,0z, MHAZ, 4 Jgm Y \ (0).
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This, in turn, implies
AN Farp(z,A) 4+ (P2 Farp(z, \) = 0.
Now, if ¢, 1 € L*(R"), then we have
A {Fap(z, N, ¥) + (rA)*(Farp(z, ), ) = 0.
Let g(z,\) = (Farp(z, N, ). Then g will be a real analytic function satisfying
NLg(z,\) + (r\)2g(z,\) = 0.

Hence g(.,A); A € R* are eigenfunctions of the Dirichlet boundary value problem in €.
By the discreteness of eigenvalues of the Dirichlet problem in the bounded domain, it
follows that g(., A) = 0 for all most all A € R*. Since ¢g(., \) is continuous in A, we infer

that g(z,A) = 0 for all (2,\) € C"* x R*. Thus, u = 0. O

Remark 2.4.5. Let p € X(I' X R) be such that range of Farp(z, ) is a subspace of
Uik, whenever (z,\) € A x R*. If (T, sTA) is a HUP for the EFT, for almost all s € R,
then Remark[2.4.9 (b) and Equation (2.4.6)) allow to conclude that 1= 0.

For instance, consider I' = S*"=' and A = S?"'. Since the set {J 1, ,(0) :
k € Z.} has measure zero, in view of the Euclidean result ( [55], Proposition 1.2), we

conclude that p = 0.

Remark 2.4.6. Let u be a solution of the Helmholtz equation Au+c*u = 0 on R*™ and
Y C R*" be such that u = 0 on ¥ implies u = 0 a.e. Then the statement of Theorem
will remain true if we replace ) by 3. Regular Jordan curves and two intersecting

curves separated by an angle which is an irrational multiple of m, are examples of such

TH-2457" {28198t see 1)
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2.4.3 Spectral projections

In this subsection, we derive that the sphere determines the spectral projections of finite
measures on C", which are supported on S?"~!. Further, we deduce that non-harmonic
complex cone as well as N A-set can determine the spectral projections of the above

class of measures.

For p € X(S?" 1), we define the spectral projection of i by

ot x ulz) = / otz — w)e™ D dp(w).
S?n71
Then the following result holds.

Theorem 2.4.7. Lel p € X(Sff_l) be such that (p’]z_l X u(z) =0 for all z € szn—l and

keZy. Then p=0.

In order to prove Theorem [2.4.7] we need the following results about the irre-

ducibility of the Laguerre polynomials.

Theorem 2.4.8. [18] Let v be a rational number, which is not a negative integer. Then
for all but finitely many k € Z.., the Laguerre polynomial L s irreducible over the field

of rationals.

Notice that the disjointness of the zero set of Laguerre functions can be understood
by the following description of the zero set of Laguerre polynomials. This follows from

Theorem and has been worked out in [47].

Proposition 2.4.9. 47| Let k € Z,. Then for all but finitely many k, the Laguerre

. n—1 .
TH-2457 15 gfé%aiazzals Ly~ have distinct zeroes over the reals.
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Proof of Theorem [2.4.7. Since € X (S 1), there exists f € L'(S?*~!) such that
dp = fdo,,. Thus,

for all k € Zy and z € S As f e L'(S21), f will satisfy

f=lim Y AFOIL,
=0

where A*(0) = (m_;”) (m;—é)_l and 0 > n — 1. Further, from Lemma [2.1.1} it follows

that

f:nll_rgoz Z Ap—l—q qu

=0 p+qg=l

Now from condition , it follows that

Z Z Ap+q n ' Hp,qf(z) = (:0271 X f(Z)

=0 p+q=l

<mef. 3 T A O f) — )

=0 p4q=l
_ n—1 : 5
where My, = sup, e g1, 52n-1 lor " (2 —w)|. Hence in view of (2.1.3)), we deduce that

Z Z AP-HI n X Hqu

=0 p+q=l

do,, (w),

lim Z > AT (0)p T x e f(2) =0 (2.4.8)

=0 p+qg=l

converges uniformly in S2"~!, whenever k € Z,. When k > ¢, Lemma m gives

/S T e et DY, () dy = By 0l ()¢l (1) Pg(2),  (249)

Dk—q+1)

where B = (27?)*"F(kjjL )
n+p

and v = n + p+ q. Let 2 = ry€, where £ € S*~ L,

TH-2457_156123010
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Then from and - we infer that

nlgr;oZ > AR (OB (rir) T o) (r1) )y (r2) L o f (€) = 0. (2.4.10)

1=0 p+q=I

Since (2 converges uniformly on S2*~1, it follows that (2.4.10]) converges in L*(S*"~1).

Recall that the bi-graded spherical harmonic projections II,,f are orthogonal among

themselves, and A™ (§)B*" # 0 holds true for every choice of p,q € Z,. From ({2.4.10))

p+q

we obtain that

A2 ()P (1) [T, g fll, = 0 (2.4.11)

for £ > ¢. Hence by invoking Proposition for each p,q € Z., there exists k, > q

such that r; ¢ (ng:“_p;q_l)_l (0) for i = 1,2. Hence, from (2.4.11)) we conclude that

I, ,f =0 for all p,q € Z;. Thus, f =0. m

Remark 2.4.10. A set, which is a determining set for any real analytic function, is
called an N A - set. For instance, the spiral is an NA - set in the plane (see [37]). Since

1

the spectral projection @' x u can be extended holomorphically to C*", the function

@' x u must be real analytic on C".

Let A be an NA-set for real analytic functions on C". If p € X (S*~1) satisfies
Or X pla =0 for all k € Zy, then ¢} ' x u(z) = 0 for all z € C". Thus, in view of
Theorem [2.4.7, we have f = 0.

Next, we shall prove that spectral projections of a measure p € X (S**~1) can be

determined by a non-harmonic complex cone.

Theorem 2.4.11. Let C be a non-harmonic complex cone in C". If p € X (S 1)

TH-2457 _ 156§f£§%€f6 ©n ' x ple =0 for all k € Z,, then p = 0.
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Proof. From (2.4.10)), it follows that

n]gr;oz Z Ap+q B’” TS)erqQDk q( )@Zié(s)ﬂp,qf(f) =

1=0 p+q=l

whenever s¢ € C and k € Z,. Since C is closed under complex scaling, replacing ¢ by

e¢, we obtain

Aiﬂoz D AT ()BT (rs) o) (1)l (5) g f(€)e" DY = 0.

=0 p+q=l

Now, by induction on £, we show that each of the projection II, , f restricted to C must

be zero. For k = 0, the choice for g is only 0. Since {e?’ : p € Z,} is an orthonormal

set, we infer that II,o(f)(¢) = 0. Similarly, for & = 1, the choices for ¢ are 0 and 1
only. The case ¢ = 0 is already settled. Now for ¢ = 1 the set {e/®~1 : p € Z,}
is an orthonormal set. Hence IL,;(f)(§) = 0. This, in turn, implies that each of the

projection I, ,(f) vanishes on C. Thus, f = 0. O

2.5 Related problems for future work

Problem 1. Let I' = (R x {0,1,---,p}) U ({0,1,--- ,p} x R) be a system of cross.

Characterization of the determining set A for I'.

Problem 2. Let x4 € X(S*! x R). We define the group Fourier transform of y by

— /F fw, t)m\(w, t)dwdt.

Can we characterize the measures p € X (5?1 x R) if fi()\) is a finite rank operator

for all A € R*.
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Chapter 3

Quaternion Heisenberg group

In this chapter, we prove an analogue of Benedicks-Amrein-Berthier theorem for
the quaternion Heisenberg group. As the multiplication of two quaternions is not com-
mutative, the generalization of the above result in the quaternion Heisenberg group is
notable. The proof of our result follows in a similar spirit as described by Amrein-

Berthier in [2].

3.1 Preliminaries and auxiliary results

In this section, we first describe basic preliminaries related to quaternion numbers and
then discuss Fourier analysis on the quaternion Heisenberg group. Details can be found
in [12,/14]. Further, we prove the representation is square integrability modulo the

center.

The quaternion Heisenberg group is a step two nilpotent Lie group with centre R3.
Let Q be the set of all quaternions. For g = qo +iq1 + jq2 + kg3 € Q, the conjugate of ¢
is defined by ¢ = qo—iq1 — jq2 — kqs. Further Re(q), the real part of ¢, is the real number
o, and the imaginary part Im(q) = (q1,¢2,q3) € R®. The product of two quaternions

TH-2457 15815360 ‘91 +Jg2 +kgs and ¢ = o +1G1 +jG2 + kgs is defined by ¢g = (q0Go — 4141 — q2G2 —
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9333) +1(qoq1 +¢1Go +92G3 — 43G2) + J (qoG2 — 1G5+ @200 + q301) + K (q0Gs + q1G2 — 9201 +q3do) -

The inner product in Q is defined by (¢, ¢) = Re(gq). This leads to |¢|*> = (¢,q) =

3 _
> q?, and we get the relations q¢ = g and |gq| = |¢||g|. The set Q = Q x R3 = {(q¢, ) :

1=0
q € Q,t € R*} becomes a non-commutative group when equipped with the group law

(4:)(q,8) = (¢ + ¢, + t — 2 Tm(qq)).

The Lebesgue measure dgdt on Q x R? is the Haar measure on Q. For 1 < p < oo,

LP(Q) denotes the usual L? space of all quaternion-valued functions on Q x R3.

Let @ € Im Q ~ {0}. Then J, : ¢ — ¢ - ﬁ defines a complex structure on Q. Let
F, be the Fock space of all holomorphic functions F' with quaternion values on (Q, .J,)

such that

IF|2 = / |F(q)Pe "1 dg < oo.
Q

An irreducible unitary representation 7, of Q realized on F, is given by
ol ) E(q) = et 1al(a+2@a) ~204-15r.0) p g 1 o)

where F' € F,. Up to unitary equivalence, m,’s are all the infinite dimensional irreducible
unitary representations of Q. For f € L'(Q), the group Fourier transform can be

expressed as

fla) = [ fatma(a.0dadr
Q
For f € L*(Q), the following Plancherel formula holds.

1 "
118 =5 | i @ sl da (3.1.1)
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Let

fq) = g flg, t)ePat

be the inverse Fourier transform of f in the ¢ variable.

If we denote 7,(q) = m.(q,0), then the Weyl transform of ¢ € L'(Q) can be defined by

Hence it follows that f(a) = W,(f%). Further, W,(g) is a bounded operator if g € L'(Q)
and a Hilbert-Schmidt operator when g € L*(Q). In addition, when g € L*(Q), the
Plancherel formula for the Weyl transform W, is given by

7T2

Toplol® (312)

IWal9)llfis =

Finally, the inversion formula for the Weyl transform is given by

4laf?

9(q) tr (Wa(g)ma(q)) - (3.1.3)

In order to prove that the representation 7, is square integrable modulo the center,

we need to recall the following Schur’s orthogonality relation, see [32].

Proposition 3.1.1. [32] Suppose G be a connected, simply connected nilpotent Lie
group with centre Z. Let m be an irreducible unitary representation of G realized on a
complez Hilbert space H and |, = xIy, where x is a character of Z. Then (mw(x)h,h) €
L*(G/Z) for some non-zero h € H if and only if

/G (e T el = ) o o

for all hy,k; € H,l = 1,2, where c; is a constant depending only on .
TH-2457 156123010
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Lemma 3.1.2. Let ¢, € F,. Then,

/@ [(mal@)0, 6)2da < dcall P12 (3.1.4)

for some constant c,.

Proof. For q = qo + iq1 + jg2 + kqs € Q, write 21 = qo + iq; and z5 = ¢3 + iqs. Then
_ 4af?

= 1. Further,

/I(m( )%, )] dq—/‘/wa P(@e 217" dg| g

/ ‘/ —|al(lq?+2(G,a)—2i(G, q>g0(q+Q)90( g 2elia dq’ dg.

©(q)

By Minkowski’s integral inequality, it follows that

(/@I(m(Q)so, <p>|2dq)é < /@ (/QMCHq)|26—2|a||q+q|2|¢(g)|2€—2|a”q|2dq>édq
= llglz | (@7 a7

_ 4af?

/ |21||Zz|6_|a‘(|21‘2+|22‘2)d21dz2 < 00.
Cc2

Hence by Proposition [3.1.1} for complex valued functions ¢, ¥, € F,, where [ = 1,2,

we get

/Q<7Ta(<I)s01,¢1><7ra(CJ)s02, ba)dq = ca{p1, P2) (Y1, ¥2). (3.1.5)

For arbitrary ¢, € F,, we can write ¢ = 1 + poj and ¢ = 1 + 19j, where ¢y, 9, are
complex valued functions. Then by (3.1.5)),

/I a(), ¥)|*dg < dcq Z len 311 I3 = 4eallllz 1115,

l1,lo=1

TH-2457he8p thedgt equality true as [o(q)1* = [1(Q)I + |v2(@)* O
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3.2 Benedicks-Amrein-Berthier type theorem

Let g € L*(Q) and W,(g) be a finite rank operator. Then there exists an orthonormal
basis {e1, es, ...} of F, such that R(W,(g)) = By, where By = span{ey, ..., ex}. Define
an orthogonal projection Py of F, onto By. Let A be a measurable subset of Q. Define

a pair of orthogonal projections F4 and Fy of L*(Q) by
Eag9 = xag and Wa(Fng) = PnWa(g), (3.2.1)

where x4 denotes the characteristic function of A. Then R(F4) = {g € L*(Q) : g =
Xag} and R(Fy) = {g € L*(Q) : R(Wa(g)) S By}

Next, we prove that E4 Fly is a Hilbert-Schmidt operator. Throughout this section,

we shall assume that A is a measurable subset of Q with finite measure.

Lemma 3.2.1. The operator E,Fy is an integral operator on L*(Q).

Proof. For g € L*(Q), we have W,(Fyg) = PyW,(g). Denote ¢, = 4la® Then by

™

inversion formula for the Weyl transform

(Fng)(q) = o tr (Wa(Fng)m(q)) = Ca tr (PyWalg)ma(—4))

s, /@ 9(d) tr (Pyma(d@)ma(—q)) dd

Hence, it follows that

(EsFng)(@) = xa(@)(Frg)(@) = Gxa(a) /@ 9(@) tr (Pyma(@)ma(—)) di

- / 9(@)K (¢, 3)dd,
Q

TH-2457 156109168 (25 7) = Ca xa(q) tr (PnTa(q)Ta(—¢q)) . Thus, we infer that E4Fy is an integral
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operator with kernel K. O

Lemma 3.2.2. E4Fy is a Hilbert-Schmidt operator and ||E4Fy |} < dm(A)N?, for

some constant ¢, independent of the choice of A and N.

Proof. From Lemma it follows that

| EaFllys = & / / K (¢, 6)|*ddda
QJQ

=22 [ et ( f I (@m0 )
=22 [ vt ( A éwa(@w(—q)el,e»qu) .

Since 7,(§)ma(q) = ¥4, (G + q)), we get

N
IEaFN s = 53/ xa(q) (/ ‘ Z &y (ma(q — @), 1)
Q Q=1

< [ v (N / i (@)t 0 2dq~> &,

2
dq | dq

Hence, from the square integrable property (3.1.4)) of the representation, it follows that

|EsFN|3g < 4caom(A)N? = dm(A)N? < .

We need the following result that describes an interesting property of Lebesgue
measurable sets in R”. Since, as a set Q can be realized as R*, this will also hold for
any measurable set in Q. For a measurable set B C R" and y € R", denote yB = {x €
R":x —y € B}.
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Lemma 3.2.3. [2| Let B be a measurable set in R™ with 0 < m(B) < oo. If By is a
measurable subset of B with m(By) > 0, then for each € > 0 there exists y € R"™ such
that

m(B) < m(BUyBy) < m(B) + €.

We also need the following basic fact about the orthogonal projection, which helps

to decide the disjointness of the projections E4 and Fy while m(A) < oo.

For given orthogonal projections E and F' of a Hilbert space H, let £ N F' denote
the orthogonal projection of H onto R(E) N R(F). Then

|IENF|}s=dmR(ENF) < ||EF|3s. (3.2.2)

Let S be a closed subspace of F,. Define Fs by W,(Fsg) = PsW,(g), where Ps is the
orthogonal projection of F, onto S and g € L*(Q). In particular, if S = By, then

Fs = Fy. Denote A for the complement of A and Fg = [ — Fs.

Proposition 3.2.4. Let A C Q with finite measure, and S be a closed subspace of F,.
Then, either Ex N Eg = 0 or for each ¢ > 0 there exists A D A with m(A~ A) < €

such that dim R(E; N Fg) = oo.

Proof. If E4 N Fs # 0, then there exists a non-zero function gy € R(E4 N Fg). Let
Ag={z € A: go(x) # 0} and A, = A. By Lemma for e = 21%, By = Ap and

B = A,, there exists ¢, € Q such that

6/

m(fll) < m(fll U cleo) < m(fll) + F,

(3.2.3)

where [ € N. Put fllﬂ = AU GiAg and A= U A;. Then A4; is a non-decreasing
=1

TH-2457 156998656 and hence from (3.2.3) it follows that m(A~ A) < €. For | € N, define
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9(q) = go(q— G)e*(1%) . We show that g, € R(FE ;N Fs) for each [ and they are linearly
independent. Let Bg be an orthonormal basis of S. Then, we can extend Bg to an

orthonormal basis B of F,. For ¢ € F, and eg € B \ Bg, we have

(Walgr)e,e5) = /Q 01(0)(ma(@)s ea)dq

= / 90(q = @)™ @M (mo(q)p, €5)dg.
Q
Since ((¢ + G)a, 1) = {(qa, i), by the change of variables
(Walg)p, es) = / 90(q)e* "M (ma (g + Gi)p, e5)dq.
Q

We know that m,(q)7,(G) = €*%% 7, (g + G). Therefore,

W) res) = /@ L e

/ 50(0){ma(a), e5)dq
Q

= (Wa(go)¥, €5) = 0. (3.2.4)

Hence R(W,(¢:)) € S and thus g, € R(E; N Fs) for each | € N. Next, we shall show
that ¢;’s are linearly independent. Let A; = A;_1 U§Aq. Then 12154_1 = A;UA,. Thus, we
have m(A; N A1) > m(fllﬂ \fll) > 0. Let s € N. Since, Ay, = AgUq1 ApgU- - -UgsAg and
g =0 on (GAy)¢, we have F4 g, = g for [ = 0,1,...,s. Furthermore, E4, 4, ,q1 =0
for | =0,...,s — 1 and E4,. 4, ,9s # 0. Therefore, it shows that g, is not a linear
combination of gy, ..., gs—1. Since s is arbitrary, {g; : [ € N} is a linearly independent

set in R(E; N Fg). O

Proposition 3.2.5. Let A be a measurable subset of Q having finite measure. Then

TH-2457 1 BEYSSHEG Fa M v = 0.
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Proof. In view of (3.2.2)) and Lemma [3.2.2] we obtain the relations
dimR(E; N Fy) < dm(A)N? < co.

Therefore, as a corollary of Proposition we get 4 N Fy = 0. n

The following theorem is our main result of this section, which is an analogue of

Benedicks-Amrein-Berthier theorem on the quaternion Heisenberg group.

Theorem 3.2.6. Let A C Q be a set of finite measure. Suppose f € L'(Q) and {(q,t) €
Q: f(g,t) #£ 0} C AxR3. If f(a) is a finite rank operator for each a € Im Q\ {0},
then f = 0.

Proof of Theorem follows from the following result for the Weyl transform
on Q.

Proposition 3.2.7. Let g € L'(Q) and {qg € Q : g(q) # 0} C A, where m(A) is finite.
If there exists a € Im Q \ {0} such that W,(g) has finite rank, then g = 0.

Since W,(g) is a finite rank operator, by the Plancherel theorem for the Weyl

transform on @, it follows that ¢ € L?*(Q). Hence, it is enough to prove Proposition

for g € L?(Q). The prove of Proposition follows from Proposition |3.2.5

Remark 3.2.8. If0 < m(A) < oo, then dim R(E4) = co. In view of Proposition|3.2.5
and the fact that By = (EsNFy)+ (EaNFx) = (EsNFy), it follows that dim R(E 4N
F{) = oo. Since m(A°) = oo, there exists a measurable set B C A° satisfying 0 <
m(B) < oo. Hence R(Eac N Fy) D R(Ep N Fx). This implies diim R(E 4 N Fiy) = o0.

TH'2457_156%.Z%Z(5?[6@’ it can be shown that dim R(E4e N Fiy) = oo.
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3.2.1 Strong annihilating pair

In this section, we discuss some strong annihilating pair for the Weyl transform. Since
Fourier transform on the quaternion Heisenberg group is an operator valued function,
we could not expect a similar conclusion as ([1.2.2)). However, we can adequately describe

a strong annihilating pair.

Definition 3.2.9. Let A be a measurable subset of Q, and S be a closed subspace of
F.. We say that the pair (A, S) is a strong annihilating pair for the Weyl transform

W, if there exists a positive number C = C(A,S) such that for every g € L*(Q),

lgli3 < € (Ilgl3scaey + I1PEWal9) s )

where Ps is the projection of F, onto S.

We prove that if A has finite measure and dimension of S is finite, then (A, S) is

a strong annihilating pair. For this, we need the following basic result.

Lemma 3.2.10. [24] Let P and Q be two orthogonal projections on a complex Hilbert
space H. Then |PQ|| < 1 if and only if there ezists a positive number C such that for
each x € H

lz* < € (1Pl + lQ =)

Consider the projections E4 and Fy as defined by (3.2.1). By Lemma and
Proposition [3.2.5] E4Fy is a compact operator and E4 N Fyy = 0. Therefore, we must
have [|[E4Fy|| < 1. Since R(Fx) = {g € L*(Q) : R(W,(g9)) C By}, it follows that
W,Fx = PiW,. Thus, by Lemmal[3.2.10] (A, ) is a strong annihilating pair, whenever

m(A) and dim S are finite. In this connection, it is worth to mention that one can also

TH-245L}rOf§6&I§3§]?0iS a strong annihilating pair by using the strategy available in [10].



Chapter 4

Step two Nilpotent Lie groups

In this chapter, we prove a version of Benedicks-Amrein-Berthier theorem for the

step two nilpotent Lie groups in terms of rank of the Fourier transform.

4.1 Preliminaries on step two Nilpotent Lie groups

Let G be a connected, simply connected Lie group with real step two nilpotent Lie
algebra g. Then g has the decomposition g = b & 3, where 3 is the center of g. We
can choose an inner product on g to make the above decomposition orthogonal. Let
{X1,..., X} and {711, ..., Tk} be orthonormal basis of b and 3 respectively. Since g is
nilpotent, the exponential map exp : g — G is surjective. Hence G can be identified
with b @ 3. Thus, corresponding to X +7 € b @ 3, exp(X + T') € G and denote it by
(X, T). Since [b,b] C 3 and [b, [b, b]] = 0, by the Baker-Campbell-Hausdorff formula,

group law on GG can be expressed as
1
(X, (X' T)=(X+X,T+T + §[X, X')

for X, X" € b and T,T" € 3. Let 3* be the real dual of 3. For each A € 3*, define the

TH-2457 15@14863p form By on b by By(X,Y) = A([X,Y]). Let my be the orthogonal complement
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of ry={X:B\X,Y)=0,VY €b}inb. Then A = {\ € 3* : dimm, is maximum} is
a Zariski open subset of 3*. For (X,T) = """, 2, X; + Zle t;T; we can identify (X, T)
with (x,t) € R™ x R* and define norm on G by [[(X,T)||*> = 22+ -+ -+ 22 +t3+-- -+ 13,
Hence, the Lebesgue measure on R™** can be taken as the Haar measure on G. The

step two nilpotent Lie groups can be studied in two different cases. For more details,

please refer to [15}35}36}39].

4.1.1 Step two nilpotent Lie groups without MW-condition

In this case 7\ # {0} for each A € A and B,|;,,, is non-degenerate, hence dim m, even.
Let {X1(A),..., X0(A),Yi(A),. ..., Ya(A), Z1(N), ..., Z.(\)} be an orthonormal basis of
b and d;(\) > 0 be satisfying

1. ry = SpaIl{Zl(/\)a vy Zr(/\)}7

2. M[Xi(N), Y;(N)]) = 045di(N), for 1 <4,j < n and
AX(A), X5(N]) = 0, M[Yi(A), V;(V)]) = 0, for 1 < 4,5 < n.

The basis B = {X1(A\),..., Xu(A),Yi(N), ..., Y,(AN), Z1(N), ..., Z.(N), T4, ..., Ty} of g is
called almost symplectic basis. Consider the subspaces {, = spang{X;(A),..., X,(\)}
and ), = spang{Y1(A),...,Y,(\)}. Then we have the decomposition g = £, BB\ P3.
Thus any element exp(X +Y + Z 4+ T') of G can be written as (X,Y, Z,T), where
n r k
(X,Y,Z,T) Zx, XN+ wNu(N) + Y 2N Zi(N) + D 4T
i=1 i=1 i=1
and denote it by (z,y, 2,t) € Rk,
Let {X7(A),..., X2, YN, YN, ZEN), ., Z5(N), 5, ... T¢} be the dual

TH_245‘t79i@'§6(1f2%1Eherefore, any element A € A and p € r} can be expressed as (A, pu) =
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Zle NI+ 570 (M) ZF(N). In view of the almost symplectic basis B, for A € A and
v € 1} the irreducible unitary representation ), of G can be realized on L*(7,) and

expressed as
(a2, y, 2, 1)) (€) = EOYARPVITEE DD MRYUEIRE D D dj(A)(ﬂfjéjJr%ijj)(p(f +y),
where ¢ € L?(n,). Define the Fourier transform of f € L'(G) by

fosm= [ [ [ [ azomo.y s tdedydzar
3Jra Jnn SN

Consider inverse Fourier transform of f in ¢ and (z,t) variables as follows.

Py, ) = / & T51 2 £ (3, y, 2, d)dt,

3
A (x,y) = /6@5—1 MUTIE =1 157 f (g, y, 2, t)dtdz.
™ Y3

Let Pf(\) = ﬁ d;(\) be the Pfaffian of A. If f € L' N L2(G), then f(\, p) is a Hilbert-
j=1

Schmidt operator on L?(n,) and satisfies (see [39])

PO | F0ur) = 2" [ [ 1o, p) Py (4.1

PNCAIN

For f € L*(G), we have the Plancherel formula (see [35])

/A/r; Pf(\) || JE()\,/L) |3 dpdX = (2m)? /3/7,A /m A |f(z,y, 2, t) Pdedydzdt, (4.1.2)

where vy =n+r+ k.

TH-2457_156123010
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4.1.2 Step two nilpotent Lie groups with MW-condition

A step two nilpotent Lie group is called MW group if there exists a A € 3* such that
B, is non-degenerate. Therefore, ry = {0} for each A € A and the irreducible unitary
representations can be parametrized by A. Hence for A € A, the irreducible unitary

representation 7y of G' can be realized on L?(ny) by
(mA(@, 9, )p)(€) = e T MR bW astit32im) (¢ 4 ),

where ¢ € L?(n,). Define the Fourier transform of f € L'(G) by

:// [z, y, t)ma(x, y, t)dedydt.
3Jmn JEN

If f € L' N L%(@), then f(\, p) is a Hilbert Schmidt operator on L?(1,) and satisfies
(see |39])
PIO) | FO) 5= (2" [ 17wy, (41.3)
I\ A

where f* is the inverse Fourier transform of f in ¢ variable. For f € L?*(G) we have the

Plancherel formula (see [35])

[ POV FO) s a7 %”*// £,y )P dodydt. (4.1.4)

4.2 Benedicks-Amrein-Berthier type theorem

In this section, we consider rank analogue of Benedicks-Amrein-Berthier theorem for

the step two nilpotent Lie groups with MW-condition. Consequently, we obtain strong

TH-245 3 Bgleapg pair for the Weyl transtorm.
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Theorem 4.2.1. (MW group) Let f € LY(G) and {(z,y,t) : f(z,y,t) # 0} C A x 3,
where A C b with finite measure. If f()\) is a finite rank operator for each X € A, then
f=0.

The fact that representation 7y for the groups with MW-condition is square inte-
grable modulo the center, plays an important role in proving the above result. But this
is not true for the representation 7 , of the groups without MW-condition. If we recall
the decomposition g = &, © ny & ry @ 3, then 7, ,(z,y,0,0) becomes square integrable.
In this case, we need to consider functions supported on Ay x ry X 3, where Ay C &, B,
has finite measure. Since the above decomposition is not global, depends on each A,
such a support condition will not make sense. Thus, we prove the result only for the

groups with MW-condition.

In order to prove Theorem [£.2.1] we need to define Weyl type transform, which
is the most non-commutative constituent of the group Fourier transform. Consider a
A € A and denote by 7\ (z,y) = ma(z, y,0). Then define Weyl transform of g € L*NL?(b)
by

Walg) = / o, y)ma (i, y)dady.

This, in turn, implies f(A\) = Wx(f*) and satisfies the Plancherel formula (4.1.3). The

inversion formula for W), can be expressed as

g9(x,y) = (2m) "PIA)tr (X (2, y)Wi(g)) - (4.2.1)

The Fourier-Wigner transform of ¢, € L?*(n,) is defined by the formula

Vg, 1) (x,y) = (2m) "PPEA) Y (ma (2, y) 0, ).

TH-2457 158 28pple calculation, as in the case of the Heisenberg group (see [52]), leads to the



54 Step two Nilpotent Lie groups

following orthogonality relation.

Lemma 4.2.2. Let oy, € L*(ny) for 1l =1,2. Then

/b Vs, 1) (1) V(m, 0a) ) didy = (o1, 02) s ).

Since f € L'(G) implies f* € L'(b) and f()\) = Wx(f?), to prove Theorem ,

it is enough to consider the following result for the Weyl transform.

Proposition 4.2.3. Let A € A and A C b be a set of finite measure. Suppose g € L*(b)
and {(z,y) € b: g(z,y) # 0} C A. If Wi(g) has finite rank, then g = 0.

Let g € L?*(b) and Wy(g) is of finite rank. Then, there exists an orthonormal basis
{p1,¢2,...} of L?(ny) such that R(Wy(g)) = By, where By = span{¢,...,¢n} and
R stands for the range. Consider the orthogonal projection Py of L*(ny) onto By. Let
A be a measurable subset of b. Define a pair of orthogonal projections E4 and Fy of
L*(b) by

E1g = xag and Wi(Fng) = PnWai(g), (4.2.2)

where y 4 denotes the characteristic function of A. Then

R(E4) ={g € L*(b) : g = xag} and R(Fy) = {g € L*(b) : R(Wi(g)) C Bn}.

To prove Proposition [4.2.3] it is enough to show that £4 N Fy = 0. Further, proof
of E4N Fy = 0 will proceed through by describing the dimension of the space R(FE4 N
Fy). Since b can be understood as R?", it is adequate to think E,, Fy are projections
of L*(R?"). First, we prove that F,Fy is a Hilbert-Schmidt operator that satisfies

|EaFN||%s = (27) "Pf(A)m(A)N. Throughout this section, A will be considered as a

TH_245SfE1%f6§Bét§1816asure and ¢, = (2m) "Pf(\).
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Lemma 4.2.4. The operator EoFx is an integral operator on L*(R?"), with kernel

K(z,y,u,v) = exxalx,y)tr(Pymy(u, v)my(—z, —y)) .

Proof. For g € L*(R*"), we have W)(Fng) = PyWx(g). By the inversion formula for
the Weyl transform (4.2.1)), we have

(Fng)(z,y) = cx tr (my (2, y) Wa(Fng)) = cx tr (ma(—z, —y) PnWa(g))
= o) tr (PyWa(g)ma(—2, —y))

. / 9w, 0) tr (Pymy(u, v)ma(—, —y)) dudo.
RQn

Hence it follows that

(BaFng)(x,y) = xalz, y)(Fng)(z,y)

= cAXA(a:,y)/ g(u,v) tr (Pymy(u, v)m\(—x, —y)) dudv

R2n

:/ g(u, v)K(z,y,u,v)dudv,
]R2n

where K (z,y,u,v) = caxa(z,y) tr (Pyma(u, v)m\(—2, —y)). We infer that E4Fy is an

integral operator with kernel K. O

Lemma 4.2.5. E4Fy is Hilbert-Schmidt and ||[E4Fy|/%¢ = (21)™™ Pf\)m(A)N.

Proof. From Lemma [4.2.4] we know that F,Fy is an integral operator with kernel

K(x,y,u,v). Therefore,

Eabls = [ [ 1RG0 Pdududody
Rn

R2n

C?\/ Ixa(z,y)? (/2 tr (Py7y(u, v)mA(—2, —Yy)) |2dudv) dxdy
R27n R2n

N
e / xa(r,y) /
R2n R2n

2
dudvdxdy.

> (ma(u, 0)TA (=2, =Y)Pas Pa)
TH-2457_156123010 o=l
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1)
Since 7y (u, v)my(—z, —y) = e 2i=1 "2 @YUy (y — v — y), the second integral of

the above equation is equal to

Hence from Lemma[4.2.2] orthogonality of the Fourier-Wigner transform, it follows that

d;(N)

N
S ( 2
e 2= T (@) E (ma(u — 2,0 — Y)Pa, Pa)| dudv
a=1

N

S (a1, 0) s 20|

a=1

dudv.

|EsFn |35 = (2m) "PE(A)m(A)N.

Let S be a closed subspace of L*(R™). Define the orthogonal projection Fs on
L*(R?") by Wy(Fsg) = PsWi(g), where Ps is the orthogonal projection of L?*(R™)
onto S and g € L*(R?*"). In particular, if S = By, then Fg = Fy. For A C R?" and
w = (u,v) € R*" denote wA = {(z,y) e R*": (x —u,y —v) € A}.

Proposition 4.2.6. Let A C R*" with finite measure and S be a closed subspace of
L*(R™). Then either ExNFg = 0 or for every € > 0, there exists A D A with m(A~A) <

¢ such that R(E; N Fs) is of infinite dimension.

Proof. If E4 N Fg # 0, then there exists a non-zero function gy € R(E4 N Fs). Let

Ao = {(z,y) € A: go(x,y) # 0} and A; = A. By Lemma | for € = 551, By = Ay
and B = A;, there exists w; = (u®,v®) € R?" such that
~ ~ ~ e
m(A;) < m(A, UwAg) < m(A) + (4.2.3)

2l+1°

Put A =AU w;Ag and A= U A;. Then A, is a non-decreasing sequence, and hence
TH-2457 156123010 =1
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from (4.2.3) it follows that m(A ~ A) < €. For | € N, consider the function

gz, y) = 3 Tim N =g @ O,
where (u®,v®) = WY, WP oW o). We show that g € R(E; N Fy) for each
[ € N, and they are linearly independent. Let Bg be an orthonormal basis of S. Then we
can extend Bg to an orthonormal basis B of L?(R™). For ¢ € L*(R") and ¢ € B \ B,

we have

(Walgr)ep, ) = / (@) (a2, ), ) diedy

R2n

i n (1) ()
N / e GO =207) g0 (=, y — ) (my(z, y)ip, ) dady
R n

i xn O] ()
_ / AT & (N5 =259°) g0 (1 )y (2 + u®, y + 0 ), ) dwdy.
R n

Since my(z,y)m(u,v) = e2 Zier Ny a0y Ia(@ + u®, y 4 v?), we get

(W(gn)p, ) = / o o

R2n

l /R% go(x, y)(mx(z, y)@, ¥)dxdy

— <W,\(90)95,1/1> =0.

Hence R(Wy(g;)) C Bs. Let A; = A;_1 UwAg. Then A1 = A, U Ay Thus, m(A;
A1) > m(fllﬂ ~ fll) > 0. Let s € N. Since, A, = Ay Uw Ay U --- U w,Ay and
g1) =0 on (w;Ap)¢, we have E4,g; = g, for [ =0,1,...,s. Furthermore, F4 4, ;91 =0
for | =0,...,5s — 1 and E4, 4, ,9s # 0. Therefore, it shows that gs is not a linear
combination of gy, ..., gs—1. Since s is arbitrary, {g; : [ € N} is a linearly independent

set in R(E ;N Fg). O

Proposition 4.2.7. Let A be a measurable subset of C" having finite Lebesgue measure.

TH-2457_15648801§¢ projection Ex (1 Fy = 0.
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Proof. In view of (3.2.2) and Lemma [4.2.5] we obtain

dimR(E; N Fy) < (21) "PEA)m(A)N < cc.

Therefore, as a corollary of Proposition [4.2.6, we get E4 N Fy = 0. O

By assuming W (g) is a finite rank operator, by the Plancheral theorem for the
Weyl transform, it is enough to prove Proposition for g € L*(¢\ @ ny). Further,

Proposition follows from Proposition [£.2.7]

4.2.1 Strong annihilating pair

Now, as a quantitative version of Proposition [£.2.3] we shall define and find out strong

annihilating pair for the Weyl transform.

Definition 4.2.8. Let A be a measurable subset of R*", and S be a closed subspace of
L*(R™). We say that the pair (A, S) is a strong annihilating pair for the Weyl transform

W, if there exists a positive number C = C(A, S) such that for every g € L*(R*")

lgll3 < € (lgllz2cae) + [1Ps Wa(9)17rs) - (4.2.4)

where Pg is the projection of L*(R™) onto S.

Consider the projections E4 and Fly as defined by . By Lemma and
Proposition [4.2.7, E4Fy is a compact operator and E4 N Fy = 0. Hence ||E4Fy|| < 1.
Since R(Fy)* = {g € L*(R*™) : R(Wx(g)) C By}, it follows that Wy Fx = PxW,.
Thus by Lemma [3.2.10] (A, S) is a strong annihilating pair, whenever m(A) < oo and

TH-24511 55199810
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4.3 Related problems for future work

Problem 1 : Let G be a step two nilpotent Lie group with MW condition and £ be a
set of finite measure in G. It is natural to ask whether there exists a non-zero function
f € LYG) such that {(z,y,t) € G : f(z,y,t) # 0} C £ and f()\) has finite rank for
every choice of A € A. If the projection of £ into b has finite measure, then by Theorem
we get f = 0. However, the other case and analogue result for the non-MW group

is still open.

Problem 2 : In an interesting result on the real line, Nazarov [34] proved that the con-
stant in is of the form C;e©r™A)mE) Later, Jaming [29] described an improved
version of the above constant in the higher dimensional Euclidean spaces. Thus, it is
an interesting question to find out the constant in (4.2.4)), in terms of m(A) and the

dimension of S.

TH-2457_156123010
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Chapter 5

Heisenberg motion group

In this chapter, we prove a variant of Benedicks-Amrein-Berthier theorem for the
Heisenberg motion group G. It is known that the set of all integrable functions on
G, which are U(n)-bi-invariant, form a commutative convolution algebra. Hence, the
Fourier transform of an U(n)-bi-invariant integrable function has rank one, irrespective
of support of the function. Thus, an exact analogue of the Heisenberg group result

(Theorem |4.2.1)) is not true for the Heisenberg motion group.

However, we prove that if an integrable function is supported on a finite measure
set, and its Weyl transform is non-zero only for finitely many Fourier-Wigner pieces
and have finite rank, then the function is zero. Consequently, we obtain that if each
Fourier-Wigner piece of a non-trivial function is supported on a set of finite measure,
then all of its Fourier transform can not have finite rank. A quantitative interpretation

of this result is described through strong annihilating pair for the Weyl transform.

5.1 Preliminaries and auxiliary results

In this section, we describe necessary notions and auxiliary results about the Heisen-

TH-2457 15@E80oHption group and its irreducible representations. For more details, see [42]. The
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significance of the Fourier-Wigner transform is alluded to in the introduction. Later,
we emphasize the efficacy of the Fourier-Wigner decomposition compared to the usual
decomposition due to the Peter-Weyl theorem. We derive the inversion formula for the

group Fourier transform.

Let H" be the Heisenberg group and for each A € R*, m,’s are the Schrodinger

representation of H", as mentioned in Section [2.3]

Having chosen sublaplacian £ of the Heisenberg group H” and its geometry, there
is a larger group of isometries that commute with £, known as Heisenberg motion group.
The Heisenberg motion group G is the semidirect product of H" with the unitary group
K = U(n). Since K defines a group of automorphisms on H", via k- (z,t) = (kz,t), the

group law on GG can be expressed as
1 "
(z,t, k1) - (w, s, ko) = (z + kiw,t+ s — Elm(k:lw - Z), k:lk‘g) [

Since a right K-invariant function on G can be thought of as a function on H", the
Haar measure on G is given by dg = dzdtdk, where dzdt and dk are the normalized

Haar measure on H" and K, respectively.

For k € K, define another set of representations of the Heisenberg group H" by
Tak(2,t) = ma(kz,t). Since 7y agrees with 7, on the center of H", it follows by the
Stone-Von Neumann theorem for the Schrodinger representation that 7y j is equivalent

to my. Hence, there exists an intertwining operator py(k) satisfying

ma(kz,t) = pa(k)ma(z, Dpa (k)"

By an appropriate selection of iy, it becomes a unitary representation of K on L?*(R"™),

called metaplectic representation. For details, we refer to [9]. Let (o,H,) be an irre-

TH-2457_156123010



5.1 Preliminaries and auxiliary results 63

ducible unitary representation of K and H, = span{ef : 1 < j < d,}. For k € K,
the matrix coefficients of the representation o € K are given by 07 (k) = (o(k)eF, e7),

where 7,7 =1,...,d,.

Let ¢)(2) = |A[Tda(y/|M2); a € Z", where ¢,’s are the Hermite functions on R".
Since for each A € R*, the set {¢) : @ € Z"} forms an orthonormal basis for L*(R™),
letting P} = span{®) : |a| = m}, uy becomes an irreducible unitary representation of

K on P). Hence, the action of yy can be realized on P by

= > mu(k)en, (5.1.1)

lee|=]v]

where 72,’s are the matrix coefficients of (k). Define a bilinear form ¢} ® eJ on
L*(R™) x H, by ¢) ® €7 = ¢pef. Then {¢) ® eJ : a € Z1,1 < j < dy} forms an
orthonormal basis for L*(R") @ H,. Denote H2 = L*(R™) ® H,,.

Define a representation p} of G' on the space H2 by
P (2t k) = a2, O pun () @ o (k).

Then p) are all possible irreducible unitary representations of G that participate in the
Plancherel formula [42]. Thus, in view of the above discussion, we shall denote the
partial dual of the group G by G’ = R* x K. For (\,0) € G’, the Fourier transform of
f € LY(G), defined by

f()\,a):/K/R Cnf(z,t,k)p;(z,t,k)dzdtdk,

is a bounded linear operator on H2. As the Plancherel formula [42]

// |f(z,t, k)| 2dzdtdk = (27)~ Zd/ IF N ) |12 5 AN
K JH» - R\{0}
TH-2457_156123010
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holds for f € L*(G), it follows that f(), o) is a Hilbert-Schmidt operator on H2.

In order to prove our main result on the Heisenberg motion group G, it is enough
to consider a similar proposition for the Weyl transform on G* = C™ x K. For that, we

require to set some preliminaries about the Weyl transform on G*.

Let f* be the inverse Fourier transform of the function f in the ¢ variable defined
by
k) = / Flont k)Mt (5.1.2)
R

Then

~

fovo)= [ [ Pemn Rz

where pX(z, k) = p2(2,0,k). For (\,0) € G', define the Weyl transform W2 on L'(G>)
by
W2e) = [ [ oebn kdadr,
K n

Then f(\, o) = WA(f*), and hence W2(g) is a bounded operator if g € L*(G*). On the
other hand, if g € L*(G*) then W2(g) becomes a Hilbert-Schmidt operator satisfying

the Plancherel formula

[ ot mRdsdr = @mmar 3o W20 s (5.1.3)

ceK

Fourier-Wigner representation: Define the Fourier-Wigner transform Vg of the

functions ¢,n € H2 by
VI (2. k) = 2m) 2 A (o (2. k)G,

where (z, k) € G*. The following orthogonality relation is derived in [13]. A version of

this result also appeared in [42].
TH-2457_156123010
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Lemma 5.1.1. For (;,m € HZ, | = 1,2, the corresponding Fourier-Wigner transform

satisfies

/ / Vi (z, k) VnQ(Z k)dzdk = (C1, Ca) (1, 72).

In particular, V! € L*(G*). Let V;} = span{V" : ¢,n € H2} and set U7 ; = ¢p@e].
Since By = {¥7; : € Z,1 < j < d,} forms an orthonormal basis for 77, by Lemma
5.1.1], we infer that

o

s \I}az J2 . o o A
VB?T\ — V\I}U 5 qj \Ij E BO’

a1,j17 T o
el 1,71 2,2

is an orthonormal basis for V. The next result, which is followed as a corollary of the

Peter-Weyl theorem [51], will be the desired decomposition of L*(G*).

Proposition 5.1.2. The set |J Vpy is an orthonormal basis for L*(G*).
oceK

Since Vpa is an orthonormal basis for V2, by Proposition we infer that
L*(G*) = @ V). We shall call this as the Fourier- Wigner decomposition and V}

aéf(
as Fourier- Wigner representation of G*.

Remark 5.1.3. Though the decomposition in Proposition is being followed by
the Peter-Weyl theorem, it is quite finer than the usual Peter-Weyl decomposition of
function on K, due to the presence of the metaplectic representation. And as an effect,
even if g € L*(G*) is K-bi-invariant on G*, it need not fall into the trivial Fourier-
Wigner representation. This fact can be explained more explicitly via the following

example.

Consider the one dimensional Heisenberg motion group H! x U(1). Realize U(1) &
St Let (2,t,e?) € H' x U(1). Then for each (), a) € R* x Z, the unitary irreducible

representations (p), L*(R)) of H' x U(1) can be defined by

TH-2457_ 156123010 palz,t, ) = e (2, t)ur ().
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In fact, the action of p) on Hermite function qbg, where 5 € Z., will be given by
pr(z,t, ew)qﬁg — e U7, (2, t)qﬁg. (5.1.4)
For more details, see [41]. By Proposition , we have L?(C x S1) = @nez V), where
V2 ={pe L*(C x S") : W) =0 for all a # o'}.
From (5.1.4), it follows that
(02 (2,€°) 05, 6%) = e Umy(2)¢5, 93) = P05 (2),

where ®3 _ is the special Hermite function. Denote @gi(z, ) = e (*=FP%% _(z). Then
{@gi‘ : 8,7 € Z,} will be an orthonormal basis for V. In particular, corresponding to
the trivial representation, é%’v’;(z, e?) = eifBe(I)gﬁ(z); B,v € Z,, forms an orthonormal
basis for V). Thus, the presence of ¢/’ in the basis concludes that an arbitrary h €
L*(C) need not be contained in Vj'. To be explicit, consider a function h € L*(C)

supported on a set of finite measure. Further, define a function g on Cx S* by g(z, %) =

h(z). Then, the Weyl transform of g acts on the Hermite functions ¢g by

W2(g) = / 9z, ) Az, )8 dzdf

Cx[0,27]

27
= Wi (h)o} - / e~ =80,
0

Hence, for each o € Z, W (g) can have rank at most one. Further, Wé\(g)gbg = WA(h)%
for § € Z,. Since h is a non-zero function supported on a finite measure set, W) (h)
cannot be a finite rank operator, see [33],54]. Therefore, there exist infinitely many [
such that Wﬁ’\(g)@g # 0. Hence, g is not contained in any V. In fact, g fails to be a

member of any finite union of V}s.
TH-2457_156123010
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The above discussion brings forward the following question. Does there exist a non-
trivial function g € L'(G*) which is supported on a set of finite measure, and whose
Weyl transform W2(g) has finite rank only for finitely many o along with W2(g) = 0

for other ¢? The non-existence of such a function is guaranteed by Proposition [5.2.4]

Next, we prove the inversion formula for the Weyl transform W? which is a key

ingredient while proving our main result. For this, we need the fact that
Pz, k) pd(w, k) = em 2 EwD) A (4 Ky ky), (5.1.5)

where (z, k), (w, ko) € G*.

Theorem 5.1.4. (Inversion formula) Let g € L' N L*(G*). Then

9(z,k) = 2m) A Y dy tr (W2 (9) ()" (2,k)) (5.1.6)

GEK

where the series converges in L*(G*).
Proof. For (z,k) € G*, we have

W20 @) (k) = [ gl k)b k)b~ 2k
Gx

:/ g(w, ky)e T mFk 20) )X () ookl eokeT V) dwdley,
G X
where last equality follows from (5.1.5). Hence tr (W,'(g)(p3)*(z, k1)) is equal to

Z / (w, ky)e > mikzky 'z40) {pp(w — koki 'z, koky )(gb’\@)e ), ¢§®e?> dwds.

yeEN"
1<j<d~
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By (5.1.1]), the above expression takes the form

> 2 / Ma(kaky! / 9w, kp)e 30O (w — kol 2) 7, (kaky ) dwdks,

WGN" lor|=Iv]
1<5<

where ¢, (z) = (mA(z)$), ¢3). Then, by the Peter-Weyl theorem (inversion) for the

compact groups (see [51]), we derive that

S dy w2 ) = Y 3w /n YD 0 )i

ceK YEN™ |al=|y]

—Z/ (w, ky)e DG (1 — 2)dw,

YEN"

where e is the identity element in K. Thus, in view of the inversion formula for the

Weyl transform on the Heisenberg group, we infer that

> do tr (W (9)(p3)" (2, k1)) = (27)"|AI"g(2, k). (5.1.7)
oeK
This completes the proof. n

5.2 Benedicks-Amrein-Berthier type theorem

For simplicity assume A = 1 and denote p,(z,k) = p(z,k), W, = W}. Further,
throughout this section, we shall assume A is a Lebesgue measurable subset of C"
with finite measure. Next, we define a set of orthogonal projection operators which is

core in formulating a problem analogous to Benedicks-Amrein-Berthier type theorem.

Let o € K and By, be an N, dimensional subspace of H2. Then, there exists an
orthonormal basis {17 : | € N} of H2 such that By, = span {¢¢ : 1 <1 < N,}. Define

TH-2457 1aghogeypl projection Py, of H2 onto R(Py,) = By, . Consider a finite subset J of
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K and let N = max N,. Now, we define a pair of orthogonal projections F4 and Fy of
oc

L*(G*) by

PNJWC,(g) lf o € J,
Eag=xaxx g and W, (Fyg) =

0 otherwise,

where yaxx denotes the characteristic function of A x K. Then, it is easy to see that

R(Ea) ={g € L*(G*) : g = g xaxx} and
R(Fy) = {g € L*(G*) : R(W,(g)) € By, for 0 € J and R(W,(g)) =0 for o ¢ J}.

Now, we derive a key lemma that enables us to recognize E4Fy as an integral operator.

Lemma 5.2.1. The operator E4Fy is an integral operator on L*(G*).
Proof. Let g € L*(G*). By the inversion formula (5.1.6]), we have

(Fng)(2, k1) = > ag tr (Wo(Eng)ps (2, k1))

ceK

= Z a, tr (PNUWo<g)IO;(Z7 kl))

oeJ

=Y ao [ [ gtwite) tr (P po (k) 2, k) o,
K n

oed

where a, = (27)~"d,. Hence,

(EaFNg)(z, k1) = Xaxk (2, k1) (Fng) (2, k1)

=Y awxailzb) [ [ glwik) (P, ol ko) (2, k) dud
K n

oed

:/K/ng(w,k;g)lC((z,kl),(w,kg))dwdkg,

TH-2457_ 156198816 (2 k1), (W, k2)) = D25 c s aoXaxi (2, k1) tr (Pn, po(w, ka)pg (2, k1)) O
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Further, the integral operator E4Fl is a Hilbert-Schmidt operator and satisfies

the following dimension condition.

Lemma 5.2.2. EsFy is a Hilbert-Schmidt operator with ||EaFy||%s < cym(A)N,

where c; = (2m)"m(K)|J| > . ;a2 < oo.

oeJ Yo

Proof. From Lemma it follows that

2

HEAFNH?{S:/ / IK((2, k1), (w, k) |Pdwdkqdzdk,
ax Jax

:/ / ZaJXAxK(z, k1) tr (P, po(w, ko)pi(z,k1))| dwdkedzdks.
GXIGE oeg

If the cardinality of J is denoted by |J|, from Hoélder’s inequality, we get

|EaFN3s <[] al / IXxaxk(z, k)| / |tr (P, po(w, ko) pl(2, kr)) [Pdwdksydzdk.
oeJ

(5.2.1)

Now, we shall simplify the inner integral

/ 60 (P, o (10, ko)1 (2, b)) [Py
GX

/ Z ch w k2)po<z k1)¢l 7¢l> dwde
G* N i<i<n,

/ Z /OU w /f2)771 7¢l> dwde,

G* <,

where 7 = p*(z, k)¢ € H2. The above integral can be written in terms of Fourier-

Wigner transform by

2 e 2
/ > (polw, ko) v dwdky = (27)" / S Vi (w, k)| duwdk,
G* <, G* <N,
:(27‘()” Z / nzf)ll w k’z wl (w k’g)dﬂ]dkg
TH-2457 156123010~ ="
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Since,

<77101177102> = <P§(z7k1)¢ﬁ,ﬂz(% kl)¢l§> = <¢l01777b102> = 5l1l27

by Lemma [5.1.1] we have

/ 61 (Pay, po(w, ko)l (2 k) [Pdudhy
GX

=@m" Y (af.ng) (W5, 9n) = 20N, (5.2.2)

1<l1,l2<No

Thus, from (5.2.1) and (5.2.2)) we get |[EaFn|%s < 27)"m(A)m(K)N|J| Y a? < oo,

oeJ

where N = ma} N, as defined above. ]
o€

Let Fy = I — Fyy and A€ be the complement of A. Denote wA = {z € C": z —w € A}.

Proposition 5.2.3. Let A be a measurable subset of C" of finite Lebesque measure.

Then, the projection B4 N Fy = 0.

Proof. Assume towards a contradiction that there exists a non-zero function g in R(E 4N
Fy). Then R(W,(g)) C By, for o € J and R(W,(g)) = 0 for 0 € K \ J. Consider
Ay ={z € A: 3 a positive measure set K, C K with ¢g(z,k) # 0,Vk € K.}. Then 0 <
m(Ag) < oo. Let go(z, k) = xa,(2)g(2, k). Thus g = go a.e. and hence gy € R(E4NFy).
Choose s € N such that s > 2¢;m(Ap)N. Now, we construct an increasing sequence of
sets {4, : 1 =1,...,s}. Using Lemma with € = ﬁ, By = Ay and B = A;_4,

there exists w; € C" such that

1
m(Al_l) < m(Al_1 @) wle) < m(Al_l) + QCJN.
Denote A; = A;_1 Uw;Ag. Then from (3.2.2]), we get
s
dimR(Ea, N Fy) < cym(As)N < ¢m(Ay) + }CN<S. 5.2.3
TH-2457 156123010 (Ba, N Fy) < eym(4,) { (Ao)+ oo N e (5.2.3)
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On the other hand, we construct s + 1 linearly independent functions in the space

R(Ea, N Fy), after verifying R(Fy) is a twisted translation invariant space.

Let gi(z,k) = eélm(z'wl)gg(z — wy, k). Then for 7 € H2 and p > N, where o € J,

we have

(Wo(g)n”, vy)

91(2, K)o (2, k)07, by ydzdk

X

e%]m(z.wl)go(z — wy, k)(pg(Z, k;)na’ w;)dzdk‘

X

e%]m(z.wl)g()(,z, k){ps(z + wy, k)n?, w;)dzdk.

X

I
S—ao o

Since po (2, k)ps (k™ w, €) = e2!mED) (= 4w, k), where e is the identity element in K,

we get

(Wolg)n’, @DZ) = /GX 90(z, k){ps (2, k)po (k™ wr, e, w;>d2dk

/G 00(= B} {pol, K ) e

= (W(90)¢% ) = 0.

Thus, R(W,(g:)) € By, for o € J. Similarly, for ¢ ¢ J, it can be shown that
R(W,(g1)) = 0. Since A,,, = AgUw1AgU- - -Uw,, Ag and g; = 0 on (w;Ap)¢ x K, we have
Ey,q =g for Il =0,1,...,m. Furthermore, F4, \4,,,91 =0for [ =0,...,m —1 and
by the definition of Ay, it follows that E4, \4,,_,9m # 0 on a set of positive measure.
Therefore, it shows that g, is not a linear combination of gy, ..., ¢g,—1. Hence, go, ..., gs
are s + 1 linearly independent functions in R(E4, N Fy) that contradicts (5.2.3). This

completes the proof. n

This leads to the following version of Benedicks-Amrein-Berthier theorem for the

Weyl transform.

TH-2457 156123010
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Proposition 5.2.4. Let g € L'(G*) and {(2,k) € G* : g(z,k) # 0} C A x K, where
m(A) < co. Suppose J be a finite subset of K. If W,(g) is a finite rank operator for

each o € J and W,(g) = 0 for o € K\ J, then g = 0.

If g € L'(G*), by the Plancherel theorem ([5.1.3), the assumed rank condition
implies g € L*(G*). Further, for g € L*(G*), proof of Proposition follows from
Proposition [5.2.3]

In the Heisenberg motion group, in terms of Fourier transform, the above result

takes the following form.

Theorem 5.2.5. Let f € L'(G) and {(2,t,k) € G : g(2,t,k) # 0} C Ax R x K, where
m(A) < oo. For each X\ € R*, consider a finite subset J\ of K. If for each \ € R*,
F(X\, o) has finite rank for o € Jy and f(\, o) =0 for o € K\ Jy, then f = 0.

Remark 5.2.6. Notice that, for the Heisenberg motion group, the condition (L.2.1]) for

QUP is equivalent to

/ > dy rank f(X,0) | [A["dX < oo (5.2.4)
RO} \oek
Therefore, the rank condition in Theorem [5.2.5 will not satisfy (5.2.4)), and hence The-
orem improves the QUP in that perspective. Further, the assumption in Theorem
that, for each A € R*, f()\, o) = 0 except finitely many o, looks natural in view of

(5.2.4).

As a consequence of Proposition we obtain the following analogue result

in terms of the Fourier-Wigner decomposition. For this, we recall the Fourier-Wigner

decomposition. Let g € L?*(G*). By Proposition [5.1.2, we get g = € g,-
O'EIA(

Proposition 5.2.7. Let g € L*(G*) and {(z,k) € G* : g,(2,k) # 0} C A, x K, where

TH-2457 156%04010< 00, whenever o € K. If W, (g) is a finite rank operator for each o, then g = 0.
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Proof. For ¢, € H? we have

(Wolg)e,v) = /

K

B /K /(C 9o (2, k) {po (2, k)0, ) dzdk

= <Wo(90)90: ¢> .

[ ot b (on(eu ), 0) sk

Hence for 0, € K, R(W,,(g,,)) = R(W,,(g)) be a finite dimensional subspace of H2
and R(W,(g,,)) = 0 for (s 0,) € K. Thus, by Proposition we get g,, = 0. Since

0, € K is arbitrary, we infer that g = 0. O

Remark 5.2.8. (a). For U(n)-bi-invariant function, the rank condition in Proposition
i1s obviously true. Thus support condition is enough for the conclusion. In di-
mension one, it can argue by the fact that each Fourier-Wigner piece will be of the
form Go = Go X ®u.0, where §o(2) = go(—2), which is real analytic. Hence it cannot be

supported on a set of finite measure.

(b). After a close examination of the utility of U(n) to obtain the decomposition
of L*(G*) as in Proposition we observed that U(n)-invariance is nevermore used
except while realizing the irreducible action of metaplectic repression py on P). If we
consider a compact subgroup K of U(n) which makes (H" x K, K) a Gelfand pair, then
P will be decomposed into finitely many irreducible pieces according to the metaplectic

representation py of K. To avoid further complexity in the calculation, we have preferred

to prove the results for the Gelfand pair (H" x U(n),U(n)) instead of (H" x K, K).

5.2.1 Strong annihilating pair

Now, we shall define strong annihilating pair for the Weyl transform on the Heisenberg

TH-245701 k5 23016-
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Definition 5.2.9. For each o € K, let A, be a measurable subset of C* and S, be a
closed subspace of H2. By abuse of notations, denote A = (A,),.x and S = (S,),cx-
We say that the pair (A, S) is a strong annihilating pair for the Weyl transform, if there

exist positive numbers C, = C,(Ay, Sy) such that for every g € L*(C" x K),

1913 < 37 Co (90 2ag iy + 1P W29l ) (5:25)

ceK

where g,’s are the orthogonal pieces of g, according to Proposition[5.1.9, and Ps, is the

projection of H2 onto S,.

For o, € K, let Sy, be a finite dimensional subspace of %2 and A,, be any subset of
C™ with finite measure. Then, recall the set of projections Ea, g(z,k) = xa,,(2)g(z, k)
and W) (Fs, g) = Ps, W2 (g), W2 (Fs,,g) = 0 for 0 # 0,. Now, E4, Fs, is a com-
pact operator and E4,_ N Fs, = 0. Therefore, we must have ||E4, Fs, || < 1. Since
W2 (Fg, g) = Pg, W}, (g) and W) (Fg, _g) = W\(g) for 0 # 7,, by Lemma , there
exists Cy, = Cy. (Ag,, Ss,) > 0 such that

lgll3 < Cs, (||9||22<A30X;<> o, | P, W (s + ) dallwﬁ(g)llis> :

0F£0,

for all g € L*(C" x K). In particular, for any g,, € V, we have

1921 < Cor, (90 W3 e + 1178, W2 (90 s ) (5:2.6)

where C,, = d,,C,,. For any g € L*(C" x K), by Proposition 5.1.2, g = @ g,. Since
oeK
0, is arbitrary, from (5.2.6) we can conclude that (A, S) is a strong annihilating pair,

whenever A, has finite measure and dimension of S, is finite for each o € K.

Remark 5.2.10. Consider the hypothesis of Proposition [5.2.4, There exist two large

TH-2457 15618%t5r00/ functions of which one satisfies the support condition, and the other satisfies
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the rank condition. However, in Proposition |5.2.7, it is not clear which functions will
fulfill such a support condition. In other words, whether the assumption of finite support
condition in each piece is strong enough for the conclusion of Proposition [5.2.7. We
know this is true for the U(n)-bi-invariant functions. However, we reached out to a

quantitative estimate (5.2.5[5.2.6) of Proposition [5.2.7, which is true for all square

integrable functions, irrespective of their support.

TH-2457_156123010
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