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Abstract

Structured matrix polynomials have occurred in many engineering applications and
have been studied widely for the last two decades. Structured eigenvalue-eigenpair back-
ward error analysis of structured matrix polynomials is important in order to know the
backward stability of algorithms that compute them without losing the structure of the
polynomial. Structured eigenpair backward errors are known in literature but structured
eigenvalue backward errors are not known even for the matrix pencils. These backward
errors have been studied with respect to three different norms ||-||w.2, |[lw.r and ||-]lw,co,
where w is a weight vector.

Explicit formulas for structured eigenvalue backward errors of matrix pencils and poly-
nomials with Hermitian and related structures are derived when structure preserving per-
turbations are measured with respect to the |||, 2 norm. These include skew-Hermitian
and x-alternating polynomials. If perturbations affect only a few coefficients of the matrix
polynomial then structured eigenvalue backward errors are obtained with respect to a re-
stricted perturbation set. Also a minimal perturbation that attains the backward error is
constructed in each case. Similar results are also derived for T-palindromic and T- even
polynomials of degree at most 2, T-odd pencils and T-antipalindromic pencils. For all
these structures, the structured eigenvalue backward errors for higher degree polynomials
are estimated by bounds. Numerical experiments suggest that these bounds are tight. In
fact in all these cases the lower bound gives the exact structured backward error under
certain assumptions that are seen to be satisfied in numerical experiments.

Computable bounds are obtained for structured eigenvalue backward errors of Hermit-
ian polynomials, *-palindromic polynomials and T-palindromic polynomials of degree at
most 2 with respect to ||-|lw,00 norm. Once again in each case, the lower bound is equal
to the exact backward error under some conditions that are satisfied in numerical experi-
ments. Structured eigenvalue backward errors of some matrix polynomials with respect to
II[lo, 7 norm are also estimated tightly in terms of backward errors with respect to |- w2
norm.

If a matrix pencil is real then real eigenvalue backward error of A € C\ R and real
eigenpair backward errors of (A\,x) € (C\ R) x (C™\ {0}) have been estimated. For a
real Hermitian polynomial it is proved that under certain assumptions, the real Hermitian
eigenvalue backward error is equal to its complex Hermitian eigenvalue backward error with

respect t0 ||-[lw2 and |||lw.co- It has been observed that these assumptions are satisfied in
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generic situations. If a T-palindromic polynomial is real, then eigenvalue backward errors
of real numbers have been derived with respect to perturbations that preserve real as well
as T-palindromic structure of the polynomial. Similar results are also obtained for real
T-alternating, real skew-symmetric and real T-antipalindromic polynomials. FEigenvalue
and eigenpair backward errors are also obtained under certain norms for some special
block structured pencils that arise in continuous and discrete time linear-quadratic optimal

control problems.
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Chapter 1

Introduction

A matrix polynomial or A-matrix of size n X n is a polynomial P(z) = X722/ A; with
coefficients A;, 7 = 0,...,m that are n x n matrices. The polynomial is said to be real or
complex according as whether the coefficient matrices are real or complex. Also the degree
of P(z)is mif A,, # 0. When the degree is 1 the polynomial P(z) = Ay + zA; is also called
a matrix pencil. The polynomial P(z) is said to be regular if there exists a scalar A\ such
that det(P()\)) # 0. Given a regular polynomial P(z), the eigenvalue problem associated
with P(z) consists of finding scalars A and nonzero vectors z and y such that P(\)z = 0 and
y*P(\) = 0. A special case of this is the matrix eigenvalue problem where m = 1 and 4, is
the n x n identity matrix. We will consider only regular matrix polynomials in this thesis.
Polynomial eigenvalue problems arise naturally in the solution of higher order linear differ-
ential equations and hence they occur widely in applications [43, 31]. In many applications,
the coefficient matrices of P(z) have additional properties due to which the (m + 1)-tuple
(Ao, ..., An) belongs to a subset, say S, of (C™*")™*1. For example, P(z) is a real matrix
polynomial if S = (R™*")™*1 and a Hermitian matrix polynomial if Ar=A;,j=0,...,m.
In such a case, we say that P(z) is a structured matrix polynomial. Structured matrix
polynomials arise in a wide range of applications. For example, Hermitian matrix poly-
nomials occur in the vibration analysis of machines, buildings and vehicles (see [43] and
references therein). Closely related to the Hermitian matrix polynomials are the x-even
and *-odd matrix polynomials with coefficient matrices that are alternatingly Hermitian
and skew-Hermitian due to which they are also collectively referred to as x-alternating
matrix polynomials [32]. They occur in the study of gyroscopic systems [28] and contin-
uous time linear quadratic optimal control problems [29, 34]. Another important class of

structured matrix polynomials that arise in optimal control [32] are x-palindromic matrix
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polynomials P(z) = X7 2/ A; where A5 = A,,_;. These polynomials have the property
that replacing every coefficient matrix by its complex conjugate transpose and reversing
the order of the coefficients gives back the original polynomial, that is, revP(z) = (P(2))*
where revP(z) = 2™P(1/z) is called the reversal of P(z). When % is replaced by T, we
have the T-palindromic matrix polynomials which arise in the mathematical modeling and
numerical simulation of Surface Acoustic Wave (SAW) filters [45] and in the vibration
analysis of railway tracks excited by high speed trains [20].

The main problem considered in this thesis is as follows. Given a regular matriz poly-
nomial P(z) = X2/ Aj with (Ag,...,Ay,) € S C (C™")™ and A € C, find a smallest
matrix polynomial A(z) = ¥ 27 A; with (Ag,...,Ay) € S (with respect to a specified
norm) such that A is an eigenvalue of (P — A)(z). The answer to this problem is called
the structured eigenvalue backward error of A as an approximate eigenvalue of P(z) when-
ever S # (Cm)mHL I § = (C™™)™ ! it is called the unstructured eigenvalue backward
error of A as an approximate eigenvalue of P(z). Closely related to this is the problem
where P(z) = X%,27 A;, with (Ag,...,Ay) € S C (C™")™, X € Cand z € C*\ {0}
are given and the aim is to find a smallest matrix polynomial A(z) = X7 2 A; with
(Ag,...,Ap) €S (in some specified norm) such that (P + A)(A)z = 0. The answer to
this problem is called the structured (resp. unstructured) eigenpair backward error of the
approximate eigenpair (), z) of P(z) whenever S # (C"*™)™*! (yesp. S = (C™*m)m*1).
Indeed, for a given S C (C™*™)™*! the infimum of the eigenpair backward errors corre-
sponding to (A, z) € C x C™\ {0}, taken over all possible x € C™\ {0} gives the eigenvalue
backward error corresponding to A.

Table 1.0.1 gives a list of structures for which we compute the structured eigenvalue
backward errors. As noted in the table, the structures are associated with a symmetry
in their eigenvalue distribution and a corresponding critical set. For example, when the
matrix polynomial is real or Hermitian, the eigenvalues are symmetrically placed with
respect to the real line as they occur in pairs (A, \) whereas for *-alternating matrix
polynomials, the pairing is (A, —\) which is symmetric with respect to the imaginary axis.
The pairing coalesces if there are real eigenvalues in the first case and purely imaginary
eigenvalues in the second case. Due to this, the real line and the imaginary axis are referred
to as critical sets for the corresponding structures. The presence of critical eigenvalues
leads to computational challenges [13, 34, 39] and other undesirable phenomena like loss of
stability and passivation [7, 18]. Therefore, there is significant interest in minimal structure

preserving perturbations that place eigenvalues on the critical sets or remove them from
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Table 1.0.1: Structured matrix polynomials: spectral symmetry and critical sets

Structure Property Eigenvalue symmetry | Critical set C
Complex *-even (P(—2))" = P(2) (A, =) imaginary axis
Complex *-odd (P(=2))*=—P(2) (A, =) imaginary axis
Complex T-even (P(—=2))" = P(z) (A, —A) {0, 00}
Complex T-odd (P(=2))T = —=P(2) (A, —A) {0, 00}

Real T-even (P(—2))T = P(2) (A, =X, =\ N) imaginary axis
Real T-odd (P(—2))" = —P(z) (A, =X, =\ N) imaginary axis
Real P(z) = P(2) (A N) real line

Hermitian (P(z)* =P(z) (A N) real line

Real symmetric (P(2))T = P(2) (A N) real line
Complex *-palindromic revP(Z) = (P(2))* (A 1/A) unit circle
Complex #-antipalindromic | revP(z) = —(P(z))* (A 1/0) unit circle

Complex T-palindromic revP(z) = (P(2))" (A, 1/N) {1,-1}

Complex T-antipalindromic | revP(z) = —(P(2))" (A, 1/0) {1,-1}
Real T-palindromic revP(z) = (P(2))T (A, 1/A 0 1/0) unit circle
Real T-antipalindromic | revP(2) = —(P(2))" (A 1/A 0 1/0) unit circle

the critical set. The points on the critical sets have the same structured and unstructured
eigenvalue backward errors in all cases [1, 2]. However, in all our examples we have found
that there is a very large difference in the structured and unstructured eigenvalue backward
errors of points that do not belong to the critical set but are close to them.

Given a structured matrix polynomial P(z), it is well known that algorithms that pre-
serve the structure of the problem when computing the eigenvalues/eigenvectors are more
efficient as they often require less time and memory and produce physically meaningful re-
sults because they preserve the symmetry of the problem even in the presence of rounding
error [43]. As noted in [2], the backward perturbation and sensitivity analysis with respect
to structure preserving perturbations is very important for determining the accuracy of
solutions obtained from structure preserving algorithms. In particular, structured eigen-
value backward errors analyse the backward stability of structure preserving algorithms
like the QZ algorithm for computing the eigenvalues of Hermitian pencils. For matrix
polynomials of degree more than one, the strategy for solving the eigenvalue problem is to
linearize the matrix polynomial which converts it into an equivalent problem of finding the
eigenvalues and eigenvectors of a matrix pencil [15]. If the original matrix polynomial is

structured, then a structure preserving linearization is used in this process [32]. Because

TH-1438_10612308 3



of this, the structured eigenvalue backward errors for the matrix pencils is an important
special case. Besides, it is well known that eigenvalues of structured matrix polynomi-
als display very different behaviours with respect to structured preserving and arbitrary
perturbations [35, 7]. Structured eigenvalue backward errors are also a stepping stone for
solving distance problems. For example, if P(z) is a Hermitian matrix polynomial with
only real eigenvalues, then the distance to a nearest Hermitian matrix polynomial with a
nonreal eigenvalue is the infimum over all eigenvalue backward errors of A € C \ R with
respect to Hermitian perturbations.

The unstructured eigenvalue and eigenpair backward errors are already well known (see,
for example, [42] and [4, 5] where they are obtained for a variety of norms). Structured
eigenpair backward errors are also well known for a variety of structures [1, 2, 3]. However,
structured eigenvalue backward errors are not known for most of the important structures
except for a few cases when they are equal to the unstructured backward errors [1, 2|. The
expressions for the structured eigenpair backward errors obtained in [2, 3] demonstrate
that following the strategy of finding the infimum of the structured eigenpair backward
error of the pair (A, z) over all x € C™ \ {0}, to compute the structured backward error of
A leads to a very challenging optimization problem.

Although there are formulas for structured eigenpair backward error for a variety of
structures, the matrix polynomials are complex in all these cases [1, 3]. The case when
S = (R™")™*! which we refer to as the real eigenvalue/eigenpair backward error is a
particularly challenging one which is not known even for eigenpairs. We find tight bounds
for the real eigenpair backward errors with respect to three different norms. We also
estimate the real eigenvalue backward error for a specified norm which gives a lower bound
on the backward error as well as its exact value in certain cases. Given a real structured
matrix polynomial where S C (R"*")™*1we obtain formulas for the structured eigenvalue
backward error for certain choices of S and A, and bounds on the structured eigenvalue
backward error in some other cases.

The thesis is organized as follows. Chapter 1 introduces the notations, terminologies and
preliminaries. It also introduces the main problem of computing the structured backward
error with respect to three different norms and gives the general framework for solving
the problem. Finally it states the main results that are frequently used in the thesis with
proofs wherever appropriate. In Chapter 2, we find formulas for the structured eigenvalue

backward error for Hermitian and related structures like skew-Hermitian and *-alternating

TH-1438_10612308 4



with respect to the norm

2
(Ao, -, Ap) w2 = \/w8||Ao||+ S wp [ A

where || - || is the 2-norm or spectral norm on C"*" and w = (wp, wy, ..., w,,) is a weight
vector with positive entries. In Chapter 3, we derive formulas for the structured eigen-
value backward error with respect to the norm ||-[|,2 for T-palindromic matrix polyno-
mials as well as their antipalindromic counterparts. It also finds these backward errors
for x-alternating and T-alternating matrix polynomials. In Chapter 4, we consider the

counterparts of the problems solved in Chapters 2 and 3 with respect to the following

norms:
(Ao, - - Am)llwoe = max{wol[Aol], .. ., wml| Am|[}
I(Ao, s Andlloe = AWBIAGIE + -+ w2, An 2
where || - || denotes the Frobenius norm on C"*". Finally in Chapter 5, we consider

structured matrix polynomials with structure S C (R™*")™*1 and obtain results for the
computation and estimation of corresponding structured eigenvalue and eigenpair back-
ward errors. The last section of Chapter 5 deals with matrix pencils having special block
structures that arise in optimal control problems. For such pencils, we compute eigenvalue
and eigenpair backward errors for points lying in the corresponding critical set with re-
spect to special structure preserving perturbations. The results in Chapter 1 and 2 have

appeared in [10] while some of the results in Chapters 3 and 5 have appeared in [11].

1.1 Notations and terminology
The following notations have been used throughout the thesis.

o R and C are the sets of real and complex numbers, respectively.

o R™ and C" are the sets of real and complex vectors of length n, respectively.
o C™*™ is the set of complex matrices of size m x n.

o e; € C" denotes the j-th standard unit vector of C".

o A* and AT denote the complex conjugate transpose and complex transpose of the

matrix A, respectively.
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o A~! denotes the inverse of A.

o A" denotes the Moore-Penrose pseudoinverse of matrix A.
o I, denotes the identity matrix of size n.

o det(A) denotes the determinant of the matrix A.

o Ker(A) denotes the kernel of the matrix A.

° |

|, II - ||r and || - || denote the spectral norm, Frobenius norm and infinity norm

respectively, of a vector or a matrix.

o A matrix A is called Hermitian, skew-Hermitian, symmetric and skew-symmetric if
A satisfies A* = A, A* = —A, AT = A and AT = — A, respectively.

o wyi= Yoy Nv; where vy, ..., v, € C™.

o Herm(n) denotes the set of Hermitian matrices of size n X n.

o SHerm(n) denotes the set of skew-Hermitian matrices of size n x n.
o SSym(n) denotes the set of skew-symmetric matrices of size n x n.
o Sym(n) denotes the set of symmetric matrices of size n x n.

0 Amax(H) denotes the largest eigenvalue of the Hermitian matrix H.
o M (H) denotes the k' largest eigenvalue of the Hermitian matrix H.
o omin(A) denotes the smallest singular value of the matrix A.

o 09(A) denotes the second largest singular value of the matrix A.

o Given two matrices A € C™*" and B € CP*Y, A ® B denotes the Kronecker product
of A and B defined by

anB s alnB ain o Aip
A® B = e CmP*M 0 where A = . 23]
amB - amnB Am1 Amnp
o P(z) denotes the matrix polynomial P(z) = X727 A; of size n, where A; € C™"

for j=0,1,...,m.
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o A(z) denotes the matrix polynomial A(z) = X727 A; of size n, where A; € C™"
for y=0,1,...,m.

o The degree of P(z) is m if A, # 0.

o A regular matrix polynomial P(z) is one for which det P(\) # 0 for some \ € C.

o rev P(2) denotes the reversal of P(z) defined by rev P(z) = 2™X" A;/ 2.

o P*(z) denotes the adjoint of P(z) defined by P*(z) = ¥ 2/ A%

o P”(z) denotes the transpose of P(z) defined by P"(z) = X/ 2/ AT.

1.2 Preliminaries

Throughout the thesis we assume that P(z) = Ejzozj A; is a regular matrix polynomial of
degree m. In order to measure perturbations of matrix polynomials in a flexible way, we

introduce some norms on (C™*™)™! associated with a weight vector w € R™"!.

Definition 1.2.1. Let || - || be the spectral norm and let w = (wy, . . ., w,,) € R™"! where

W, . .., Wy > 0.

1) w is called a weight vector and its entries w; are called weights.

2) The reciprocal weight vector of w is defined as w™' := (wy ', ..., w;').
3) A weight vector w = (wo,...,w,,) is said to be a palindromic weight vector if for
each 7 =0,...,m, w; = Wp,_;.
4) For a tuple of matrices A, ..., A, € C"*" we define
(A, .. A2 := \/WSHAoH2 o wd | A, (1.2.1)
D0 Ao 1= mase {wgl[ Aol wl AN}, (122)
1o oy Al = \JUBIBlZ + - + w2 | A2 (1.23)

where 2, F' and oo stand for spectral, Frobenius and infinity norm on the space of

n X n complex matrices, respectively.
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Definition 1.2.2. Let S C (CV")™*l P(z) = 2™A,, + -+ + 2zA; + Ay be a matrix
polynomial, where (Ap,...,A,,) € S and let (A\,z) € C x C"\ {0}. Furthermore, let
w = (wo, ..., Wy,) € R™ be a weight vector. For p =2, p=o0c and p = F, let

(P 2)=inf { (Ao, s Ay

(Zm:)‘j(f‘lj - Aj)>f€ =0, (Ag,...,Ap) € S}
5 (1.2.4)

and

det (zm:Aj(Aj _ Aj)) —0, (Ag,...,Ap) € S}

Jj=0

15 (P ) =int { (20, Ay

(1.2.5)
be the structured eigenpair backward error of (A, z) and structured eigenvalue backward

error of A\ with respect to P(z), S and w, respectively.

We note that structured eigenvalue backward errors obtained in Chapter 2 and Chapter

3, can also be considered with respect to norm ||-|, 1 defined by
(A0, - s Am) i := woll Aoll + - - - + win [ A,

where || - || denotes the spectral norm. Although results with respect to norm ||-||,,1 could
not be derived in the framework proposed in the thesis, it is easy to see that when the
structured polynomial is a pencil then the structured eigenvalue backward errors with

respect to norm ||-[|,1 are tightly bound by those with respect to the norm |||, 2, since

(20, A}z < N(A0s A lwa < V2II(20, At)lluz.

1.2.1 Problem definition
Our aim will be to solve the following problem.

Problem 1.2.3. Let S C (C™")™*" and P(2) = > "2/ A; be a regular matrix poly-
nomial of degree m where (Ao,....A,,) € S and A € C. Find the smallest perturbation
(Ao, ..., A,,) from S that makes A\ an eigenvalue of the perturbed polynomial. More pre-
cisely, calculate n°(P, \). Further, if the infimum in the definition of °(P, \) is attained,

then construct a minimal perturbation A(z) = > 2/A; that attains the infimum,

We consider the above problem with respect to the norms ||-|lw2, ||]lw.r and |-|lw -
The corresponding quantities 7°(P, A) are denoted by 7, 5 (P, ), 75, (P, A) and 1, (P, A),
respectively.
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Clearly, we have n°(P, \) = 0 if the matrix P(\) € C"™" is singular, i.e., if A is already
an eigenvalue of P(z) (including the case that the matrix polynomial P(z) is singular). So,
in the following we always assume that P(z) is regular and that P(\) is nonsingular.

The case of computing 1°(P, 00) is equivalent to computing 1 (revP, 0) where §' = S
or closely related to S. In fact, except for the e-even and e-odd polynomials of odd degree
where @ = x or ¢ = T, for all other structures ' = S. For these exceptional cases, S’ is
e-cven if S is e-odd and vice-versa. Therefore without loss of generality, we assume that
A # 00.

Remark 1.2.4. If (A, ..., A,) € S then for any norm on (C"*")™*! we have
1P (PA) < (Ao, -, Al < 00,
because the perturbation with the tuple (A, ..., A,,) results in the zero polynomial.

When S = (R™")™+1 the structured backward errors are referred to as real eigenvalue
backward errors and denoted by 7, (P, A).

If S = (C™™)™ ! the backward errors are referred to as unstructured backward errors
and denoted by 7y, ,(P, ). The unstructured backward errors 7, ,(P, A) are well-known and
are given in [5, Proposition 4.6]. For completeness we restate the result here and include

a proof.

Theorem 1.2.5. Let P(2) = Y "% 2/ Aj, where Ay, ..., Ay, € C¥" and let A € C. Then

— - Umin(P()‘)) _ Umin(P()‘))
Mua(PA) = mer(PA) =qa 3= Sm, @ MBI = 1T

where ||(1, A, ..., N1 = 14+ A4+ -+ |A™ and omin(M) stands for the smallest singular

value of a matrixz M.

Proof. We first prove the result for 1, o(P, \). Let z € C*\ {0}. Then the backward error
Nw2(P, A, z) of the eigenpair (A, x) is given by

[(PA)z|
Nw2(P, A, @) == . (1.2.6)
[ - 1L A, A 1,2
Indeed, if Ag,...,A,, € C"*™ are perturbation matrices such that

AP(N)z =Y NAjz =P\,
j=0
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that is, (A, z) is an eigenpair of 3 7" 27(A4; — A;), then

Z NA; ZO
i

J=0

LN .
< Dl Al Dl S A A2l (Do A)lluall]
j=0

1PNzl = JAP(Mz| < el =

N
= (w;)

J

\-nxu

J

using the Cauchy-Schwarz inequality. This implies the “>"-inequality in (1.2.6). On the

other hand, setting -

N P(N)xx*
wi e zl|(L, A, A5,
we easily obtain AP(\z = Y7 ¥Ajz = P(M)z and equality in (1.2.6). Clearly we
have 7, 2(P, A) = min{n,2(P,A\,z) |z € C*\ {0}}, so the assertion immediately follows
from (1.2.6).

Note that A; is a rank one matrix for each j = 0,...,m, as a consequence we get
o, # (P, A) = 0w2(P, A).
The assertion for 7, « (P, A) follows similarly by considering
Py | N P(\)zz*
w; AP 2z || (LA, Am)

Aj = (1.2.7)

(1.2.8)

for j=0,....,m. 0O

Observe that [|[lw.2, [|-llw.r and ||-]lw.co are norms on (C"*™)™+1. The weights can be
used to balance the importance of perturbations of individual coefficients. Note that by
restricting all the entries of weight vector to be positive in the Definition 1.2.1, we are
allowing all perturbations to P(z) that may affect all its coefficient matrices. But there are
situations where it is necessary to find the backward error 7°(P, \) under the restriction
that perturbations can affect only some of the coefficient matrices of P(z). This is achieved
by putting zero weights in the weight vector w. We also consider such situations and obtain

the backward error 7°(P, \) with a restricted perturbation set.

1.2.2 Idea and framework

The following lemma reformulates the determinant equation in the definition of n°(P, \)

in terms of a collection of mapping problems.

Lemma 1.2.6. Let P(z) = 2™A,, + -+ + zA; + Ay be a matriz polynomial, where
Ao, ..., Apm € CV et Ag, ..., A, € C™ and X € C such that M = P(\)~! emists.

Then the following statements are equivalent.
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(a) det (i N(A; — Aj)) — 0.

b) There exist vectors vy, ..., v, € C" satisfying > " Mv; # 0 such that
7=0 J

v = A;M(vg+ Avy + - -+ A"0y,), for j=0,...,m.

Proof. Denote P()) := Do N(Aj = Ay).
(a) = (b): If (a) holds then there exists = # 0 such that P(A\)z = 0. Let vj = A;x for

7 =20,...,m. Then we have
PNz =P(\)x — 15()\)35 — Z )\jAj T = Z )\jvj W (1.2.9)
J=0 j=0

We have vy # 0 because P(\) = M~ is nonsingular by assumption. On multiplying (1.2.9)
from the left with A;M we obtain the identities v; = A;Muvy for j =0,...,m.
(b) = (a): Suppose that (b) holds and set vy := Y 7" ) Mv;. Then

PO\ Moy, = <P(>\) - zmj AJAj) Muy = vy — Xm: NA; My, =0,
§=0 §=0

because A; Mvy = v; for j =0,...,m. Since Mw, # 0, this implies (a). O

Note that when P(z) = 37" 27 A; is structured, i.e. (Ao,...,Ay) € S, then due to
Lemma 1.2.6 the determinant equation in the definition of 7°(P, \) can be reformulated in
terms of finding solutions of a collection of mapping problems involving structured matrices
which depend on the structure of P(z). We will refer to such problems as structured
mapping problems.

Our principal strategy for computing structured eigenvalue backward errors is as fol-
lows. For Hermitian and related structures like skew-Hermitian and *-alternating as well as
x-palindromic and x-antipalindromic structures, the reformulation in Lemma 1.2.6 allows
us to convert the original problem into an equivalent optimization problem of maximizing
the Rayleigh Quotient of a Hermitian matrix with respect to specified conditions involving
Hermitian matrices. We then follow the strategy suggested by Karow in [26] and convert
the problem of computing the structured backward error into an equivalent problem of
minimizing the maximal eigenvalue of a parameter-depending Hermitian matrix. This re-
sults in a convex optimization problem. Therefore the resulting structured backward error
can be computed by using convex optimization algorithms like CVX [17, 16], as is done in

our numerical examples.
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In case of other structures like T-palindromic, T-alternating, etc., we reformulate the
original problem of finding structured eigenvalue backward error into an equivalent opti-
mization problem of maximizing the Rayleigh Quotient of a Hermitian matrix with respect
to specified conditions involving symmetric matrices. When there is only one constraint,
this problem becomes equivalent to minimizing the second smallest eigenvalue of a Her-
mitian matrix due to the following result from [26]. The resulting optimization problems
are not convex but it is shown in the thesis later that these problems attain a global mini-
mum inside a closed region. Such structured backward errors are computed using function

fminsearch in MATLAB for small size structured matrix polynomials of degree at most 4.

Theorem 1.2.7. [26] Let H € Herm(n) and S € Sym(n) with rank(S) > 2.Then

H 1S
* 4 n T _ _ 4 3
sup{v Hv:veChu Sv—0,||v||—1}—01£1§1)\2<[ts H])’

H tS

where )\2( .

H 46
) denotes the second largest eigenvalue of matrix [ - ] and

2|
O'Q(S)

t , where o4(S) denotes the second largest singular value of S.

1.2.3 Minimal norm mappings

Given z,y € K", where K = R or C, the problem of finding a matrix A € K"*" such that

Az =y has been solved in [30, 44]. The following result characterizes all such matrices.

Theorem 1.2.8. [44] Let x € K"\ {0} and b € K", where K € {R,C}. Then there exist
A € K™ satisfying Ax = b if and only if A is of the form

A:be+Z([n—xﬂ),

where Z € K™™ is arbitrary and x' is the Moore-Penrose pseudoinverse of x. Further

the minimal spectral norm and Frobenius norm of such A is ||b||/||z|| and is attained by

A = bxt.

Complete solutions of more general mapping problems when A is restricted to have
some extra properties are presented in [33]. In this section we state a few results for
some such mapping problems that are repeatedly used in the thesis with proofs wherever
appropriate.

Consider the following Hermitian mapping problem.
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Under which conditions on vectors x,y € C" does there exists a H € Herm(n) satisfying
Hr=vy ?

The answer to this problem is well known, see, e.g., [33] where solutions that are
minimal with respect to the spectral or Frobenius norm are also characterized. We also
refer to [27] and [41] for the more general problem of the existence of a Hermitian matrix
H € C"" such that HX =Y for two matrices X,Y € C"*™. The following theorem gives
an answer to the Hermitian mapping problem in terms that allow a direct application in
this thesis.

Theorem 1.2.9. Let x,y € C", © # 0. Then there exists a matriv H € Herm(n) such
that Hx =y if and only if Im (x*y) = 0. If the latter condition is satisfied, then

min { |H|| | H € Herm(n), Hz =y} = lyll

and the minimum is attained for

o —1
Al z ||:cy|||g|c|| 1 : |
Ho:= | 4 ] T | | (1.2.10)

otherwise.

if x and y are linearly independent, and for Hy := F
T

Proof. The identity Hx = y immediately implies Im (z*y) = Im (z*Hz) = 0, because H
is Hermitian, and

IH] = llyll/ ] =: e

In particular, this proves the “only if”-part of the statement of the theorem.
Conversely, let Im (z*y) = 0. Suppose first that = and y are linearly independent. Then

Hj given as in (1.2.10) is well defined and Hermitian, and we immediately obtain

mlg =gl &l
which implies Hyz = y and Hyy = c®x. Thus, y & cx are eigenvectors of Hj associated
with the eigenvalues +c, respectively, which implies ||Hy|| = c.

On the other hand, if x and y are linearly dependent, then y = ax with @ € R. Also
the matrix Hy = axx*/||z||* is Hermitian and satisfies Hyz = y and since Hy has rank 1,
|Hol| =¢c. O

The following result gives a minimal spectral norm Hermitian map that is also of

minimal rank and minimal Frobenius norm.
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Theorem 1.2.10. [33] Let x,b € K" \ {0} and M = {A € Herm(n)| Az = b}. Assume

further that x, b are vectors such that M is nonempty. Consider the following mapping

R 0
0 0

A= MU*
[l

Y

1 0
where R := sgn(p) if b = px for some p € K, and R := 1 otherwise, and U can be

taken as the product of at most two unitary Householder reflectors; when K =R, U is real
orthogonal. Then A is the unique solution of the minimal rank problem minse g rank(A)

and the minimal Frobenius norm problem minen || Al . Moreover,
(1) Al = [lel /1l
(2) |Alz = [1bll/llz|, when A has rank one.
2) 1Al = V2|lbll/ |||, when A has rank two.

The following theorem from [25] contains solutions to the minimal Frobenius and min-

imal spectral norm mapping problems that are also real matrices.

Theorem 1.2.11. [25] Let (z,y) € C'\ {0} x C9. Set

T
A — [ Rey Imy } [ Rez Imux if Rex and Imz are linearly independent.
0=

|z|| " 2yx* if Rex and Imx are linearly dependent.
Then
(1) Ay € R and Aoz = y.
(2) inf{||A]l | A € R Az =y} = || A

Now consider the following problem. Let X € C™*?. Y € C™P, Z € C™* and let
S € C™**. Define
S = {AGC"X’”|AX:Y, A*Z:S}.

Under which conditions on vectors X, Y, Z and S, is S nonempty? Further if S # ¢, then
find the minimal spectral norm and minimal Frobenius norm maps from S.

We answer this problem and find matrices in the set S that are minimal with respect to
the spectral norm and the Frobenius norm. In doing so, we follow the strategy suggested

in [1] that invokes the following theorem of Davis, Kahan and Weinberger [12].
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Theorem 1.2.12. [12] Let A, B,C be given matrices. Then for any positive number p

4 > max (H HH[ A C HD (1.2.11)

A
[ B 107 ] < . All such matrices D which have this property

D=-KAL+u(I—-KK)Y2Z(I — LL*)"?

satisfying

A
B

there exists D such that

are exactly of the form

where K* = (u?1 — A*A)~V2B* L = (u*I — AA*)=Y2C and Z is an arbitrary contraction,
that is, || Z| < 1.

Theorem 1.2.13. Let X € C™*P. Y € C™?, Z € C* and S € C™**. Assume that
rank(X) = 7, and rank(Z) = ry. Consider the SVD: X = USV* and Z = ULV*, where
U= [Ul, Ug], U, € C™"™ and U = [Ul, UQ], Ul e C™"2, Then

(1) S # ¢ if and only if X*S =Y*Z, YX'X =Y and SZ'7 = S.
(2) A €S if and only if A is of the form
A=YX'+(8ZY — (SZY' XX+ (I - ZZHR(I — XX1)
for some R € C™*™.

(3) Frobenius norm : The matrix
G(X,Y,Z,8) =YX+ (521 — (sz1) x X1 (1.2.12)
is a unique map such that G(X,Y, Z, )X =Y and G(X,Y, Z,5)*Z =S and

int [AF = 16X, Z. )7 = [YX 5 + 1527 — Trace((S21)(527) X XT).

(4) Spectral norm : We have
: _ f i .
il A = mas { Y X, [S27]} == s (1.2.13)
Indeed, the infimum in (1.2.13) is attained by the matriz

F(X,Y,Z,8) =Y X'+ (SZY —(SZN' XXT+(I - 2ZNU,RU; (I - X XT), (1.2.14)
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where

R = —KU;(YXDU)L+u(I — KK*)2P(I — L'L)*,
K* = (PI-Uj(YX")'ZZ'(yXxhu,) %(UQYXTUl)
and L= (01— G XD(YX) D) (07 (521)'Th).

P being an arbitrary contraction.

Proof. Proof of (1): Suppose that S # (). Then there exists A € C"*™ such that AX =Y
and A*Z = S. This implies that X*S = Y*Z. Also the ranges of Y* and S* are contained
in those of X* and Z* respectively. Since X'X and Z'Z are orthogonal projections onto
the ranges of X* and Z* respectively, it follows that Y XTX =Y and SZ7Z = S.

Now suppose that X*S = Y*Z, YXTX =Y and SZ'Z = S. Then S # () because for
any R € C"™"™ the matrix

A=YX 4+ (SZN — (SZNY' XXt + (I — ZZNR(I - XX € S.

Proof of (2): Let 3; € R™*" be the principal component of ¥ formed by it first r; rows
and columns. Similarly let 3; € R™*™ be the principal component of 3 formed by its first
ro rows and columns. Also let V' = [V, V5] and V= [\71, Vg] be the conformal partitions of V'
and V, respectively, such that X = U1, V" and Z = Ul f]l ‘71* are condensed SVDs of X and
Z respectively. Let A € S. If R(X) and R(Y') denote the ranges of X and Y respectively,
then A is a linear map A : R(X) @ R(X)* — R(Z) & R(Z)* and A = UU*AUU*. Set
A Ag
Ay Ap
Agy € Clv=rx(m=r2) Then |A|lp = ||A||F and [|A| = ||AH Also

A= U*AU = where A;; € Cr1xm2 Ay, € Crix(m=r2) A, e Cln=r)*r2 gpd

- Ay A . ,
AX =Y =UAU'X =Y = n A P UT e O
| Ay An || U3 R
N An A A Uy
| Ay Ap || 0 Uy
Thus
Ay = UYST! and Ay = U3Y VoL (1.2.15)
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Also,

o Ao [ o -
AZ=S=sUATZ=5 = |0 AU, | U
| Afy A 1LY U;
LA A | B | | Ups
A, Ay || 0 U; S
This gives
A=) VS Uy and A = (57 VS Us. (1.2.16)

From (1.2.15) and (1.2.16), U;Y Vi3l = (S0 V;*S*U,. Note that the later equality holds

as X*S = Y*Z. Therefore, we can write

Uy XU, Ur(Sz) U,

A_ | GIYWET (850 Vs )
Uy XU, A

= - - (1.2.17)
Uz Y VA%, As

Thus

A = UAU* = DUy XU U + U3 Y XTULUS + U0 (SZ) ULUs + Us AUy

= QWUYX'UU; 4+ (I - DU)YXTOUE + 00U (SZY (I — ULUT) + Uy Ay Us

= YXT+ (S22 = (SZY)' XX+ (I — ZZNUpApUs (I — X XT). (1.2.18)
Proof of (3): Note that in the view of (1.2.17),
Ury xtuy
Uy X1U,
= (VXG4 1S21]]7, — Trace((S21)(S2") X XT) + || Az|}.

2
~ 2 "k * 2
1A = 1Al = H H +1UF(SZ") Uallp + [[ Azl
F

Thus by setting Asy; = 0 in (1.2.18), we get a unique map from S which minimizes the

Frobenius norm, i.e.,
inf [|AF = VXI5 + [527]]7 — Trace((S27)(527) X XT).
Proof of (4): Again consider the map A given in (1.2.17) and set
Uy Xt

we = max{‘ U;YXTUI

— max {[Y X', |52} .

Y

[ Oy XU, 03520 U, } H}
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Then it follows that for any A € S, ||A]| = ||A|| > p. Now by equation (1.2.11), we have
|A]] = u, i.e., infacs ||Al| = p which is attained by

Agy = —K(Ur(YXN)O) L+ p(I — KK*)2P(I — L* L)%,
where K* = (121 -Ur(YXY ZZN(YXOU) 2 (U;Y XUy,
L = (WI-U;(YXHYX)'th) *(U;(SZH 1),

and P is an arbitrary contraction. Hence the proof follows by setting R = Ag. D

A particular case of Theorem 1.2.13 when p = k = 1 is obtained in [24, Theorem 2]. We
restate the result for this case and include explicit formulae which give minimal Frobenius
norm and minimal spectral norm solutions that are also of minimal rank.

Forue C™, r € C"\ {0}, w € C" and s € C™ \ {0}, define

S — {A € C™™|rank(A) <2, Au=r, A'w=s}.

Theorem 1.2.14. Let u € C", r € C*"\ {0}, w € C" and s € C™ \ {0} be such that
|u|| =1 and ||w|| = 1. Define § := s*u, x :=r — dw and y := s — éu. Then

(1) S # ¢ if and only if u*s = r*w.
(2) S = {Es € C™| Eg = zu* + wy* + dwu* — Bzy*, B € C}.

(3) Frobenius norm:
min A7 = |7+ Is]* — |s*ul”. (1.2.19)
AeS

Moreover, (1.2.19) has a unique solution from S given by

sels paferie e

if ||7]]? — 6] # 0 and ||s]|> — |6]* # 0. If ||r||* = [6|* then (1.2.19) is attained by
A = ws* and by A .= ru* if ||s|? = |0]%

(4) Spectral norm:
min [|A[[ = max {[|7]|, [[s[|}. (1.2.20)
AcS

Moreover, if ||| > ||s]| then the minimum in (1.2.20) is attained by
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if [|7)]2 = 10]% # 0 and by A := ws* if |r||2 = |6]2. If ||| < ||s|| then the minimum in
(1.2.20) is attained by

s (o) |1 | Lo )

if 5] = 18] # 0 and by A == ru” if ||s|* = |6].

=

Note that we will restate Theorem 1.2.14 in Chapter 3 (Theorem 3.1.3, page 44) and
give a more simplified proof for the case when w = w. This has a direct application in

finding backward errors of palindromic matrix polynomials.
Lemma 1.2.15. [7] Let Ay, Ay € C™P. Then [A; Ay][Ay As]T is a real matrix.

In the view of above lemma, the following corollary of the Theorem 1.2.13 gives a real

minimal Frobenius norm solution of the mapping problem considered in the theorem.

Corollary 1.2.16. Let X € C™?, Y € C?, Z € C* and S € C™* be such that
rank([X X|) = 2p and rank([Z Z]) = 2k, then there exist a real matriv A € R™™ such
that AX =Y and A*Z = S if and only if X*S = Y*Z and X*'S = YTZ. In such a
case, the matriz Gy = G([X X][Y Y][Z Z]|[S S]) obtained by replacing X,Y,Z and S
by [X X|,[Y Y],[Z Z] and [S S| respectively in (1.2.12) is a real matriz with GgX =Y
and GxZ = S. Furthermore, among all real matrices A with AX =Y and A*Z = S the

matriz Gr has the smallest Frobenius norm.

Proof. If A is any real matrix with AX =Y and A*Z = S, then AX =Y and A*Z = S.
Hence A[X X| = [Y Y] and A*[Z Z] = [S S]. By Theorem 1.2.13 there exist such
a A iff the conditions [X X]*[S S] = [V Y]*[Z Z], [Y Y][X X]I[X X] = [V Y] and
[Z Z][S S)'[S S] = [Z Z] are satisfied. The first condition is equivalent to X*S = Y*Z
and X7S = YTZ and since rank([X X]) = rank([Z Z]) = 2k, the last two conditions are
always satisfied. Therefore there exists A € R™ " such that AX =Y and A*Z = §'if and
only if X*S =Y*Z and X7S =Y7Z.

Clearly, if the given conditions hold then the matrix Gy satisfies Gg[X X| = [V Y]
and G[Z Z] = [S S]. Moreover by Theorem 1.2.13, among all matrices A such that
AIX X] = [Y Y] and A*[Z Z] = [S 5], Ggr has the smallest Frobenius norm. The fact

that G is real follows from Lemma 1.2.15. O
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1.2.4 Minimizing the maximal eigenvalue of a Hermitian matrix

function

The computation of the structured backward error of eigenvalues of structured matrix

polynomials of degree m will lead to a minimization problem of a function of the form
L:R™ SR, (o, tm) = Amax(G + toHy + -+ -+t Hyy)

for some Hermitian matrices G, Hy, ..., H,, € C"*". In order to analyze the extrema of
L, we first need information on the partial differentiability of these kinds of functions. To

this end, the following theorem from [8, page 149] or [36] provides useful information.

Theorem 1.2.17. [§] Let G, H € C™*" be Hermitian and let the map L : R — R be given
by L(t) := Amax(G + tH). Let the columns of the isometric matriz U € C*™*™ form an
(orthonormal) basis of the eigenspace of the eigenvalue Apax(G) of G. Then the left and

right directional derivatives of L int = 0 exists and we have

d o Amax(GHEH) = Mnax(G) .
ZLO), = 1131 : = Amax (U HU),
%L(O)_ = lim Ao (G = 61) — Amax(G) _ Amin (U*HU).

e>0
If, in particular, m = 1, then L is differentiable int =0, u:= U € C" \ {0}, and

%L(O) = Max(U"HU) = u*Hu.

With these preparations, we are able to state and prove one of the main results of the
thesis. This result will be used repeatedly in the successive chapters. Note that in this
and all other results, we define a Hermitian matrix to be indefinite if it has at least one

positive and one negative eigenvalues.

Theorem 1.2.18. Let G, Hy,...,H,, € C"™ be Hermitian matrices. Assume that any
nonzero linear combination agHy + -+ + pHp, (qo, ..., ) € R™N\ {0} is indefinite.

Then the following statements hold:

(1) The function L : R™ — R, (to, ..., tm) = Amax(G + toHo + -+ + t,,Hy,) is convex

and has a global minimum

Arax i= minRL(tO,...,tm).
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(2) If the minimum X%, of L is attained at (t5, ..., t;,) € R™! and is a simple eigenvalue

of Hy == G+ t§Hy+ - -+t Hy, then there exists an eigenvector u € C"\ {0} of H,

associated with \*

max

satisfying

wHju=0 for j=0,...,m. (1.2.21)

(3) Under the assumptions of (2), we have

{u*Gu
sup
u*u

In particular, the supremum of the left hand side of (1.2.22) is a maximum and is

(1.2.22)

max*

uweC"\ {0}, w"Hju=0, j:o,,,_,m}:y

attained for the eigenvector u in (2).

Proof. (1) The convexity of L is straightforward to check. Concerning the proof that L
has a global minimum, we will show that there exists a constant o > 0 such that for all
(to, ..., tm) with €8 + -+ + 2 > 0* we have L(to,...,t,) > L(0,...,0). Since the closed
ball

B, :={(to,. .. tm) E R™™ |5 + -+ 12, < 0’}

with center in the origin and radius p is compact and since L is continuous as eigenvalues
depend continuously on the entries of a matrix, L has a global minimum X\ < L(0,...,0)

on B,. By construction we then have A5 . < L(to,...,ty) for all (ty, ..., t,) € R™! ie.,
A* is the global minimum of L. Thus, define

c:i= inf{)\max(aoHo + -+ anHy) ’ (g, ..., 0p,) € R ag 4+ afn = 1}.

Then ¢ > 0, because by hypothesis the matrix agHy + - - - + a,, Hy, is indefinite for all
(g, .y am) € R™ with o2 + -+ + a2, = 1, ie., it always has at least one positive
eigenvalue. Since the function f: (g, ..., ) = Amax(oHo + -+ - + o Hyy, ) is continuous
(again using the well known fact that eigenvalues depend continuously on the entries of a
matrix), the infimum c is attained, because of the compactness of the unit sphere in R™*.
This implies ¢ > 0, because the function f only takes positive values on the unit sphere.
Next, define
Amax(G) = Amin(G)

0= > 0.
&

Let (to,...,tm) € R™™ and 7 > o so that 3+ -+ + 2, = r?> > ¢*. Using the fact that
for two Hermitian matrices A, B € C"*™ we have Apax(A + B) > Apax(A) + Amin(B), (see

TH-1438_10612308 51



[22]), we obtain

L<t07 s 7tm) = )\max(G + tOHO + -+ thm) 2 Amax(tOHO +-+ thm) + )\mln(G)
t tm
= T )\max <70H0 + -+ _Hm) + )\min(G)
> 0+ Muin(G) = Anax(G) = L(0, ... ,0),

This finishes the proof of (1).
(2) By step (1), the minimum A}, of L exists and by assumption it is attained at

max

some point (t5,...,t%) € R™"! and is a simple eigenvalue of the corresponding matrix
G+ tiHy + -+ -+t Hy,. Then, it follows from Theorem 1.2.17 that L is differentiable at
(t5,...,tr,) with partial derivatives,

oL

—(ty,...,trYy=u"H;ju, j=0,...,m,
where u is an eigenvector of G+t§Hy+ - - - +tr, H,, associated with A\* _ satisfying |lu|| = 1.
Since A, is the global minimum of L, this implies u*H;u = 0 for j = 0,...,m.

(3) Let s* denote the left hand side of (1.2.22). We show that s* = A}

max"*

“>7: By (2), there exists an eigenvector u € C"\ {0} of G+t5Hy+- - -+, H,,, associated
with A% . satisfying v*Hju = 0 for j = 0,...,m. Thus, we obtain

max

o w (G +tgHy + -+ tr Hy)u  u*Gu

" uru wru

which implies that s* > A\*

“<”: Let u € C*\ {0} be an arbitrary vector satisfying u*H;u = 0 for j = 0,...,m
(by “>" there do exists such vectors). Then, we obtain
wGu  u (G +t5Hy+ -+t Hyu

* - * e Amax(G k- tSHO + e+ t:nHm> = )‘fnax'
u-u u u

*
max*

Since u was arbitrary, this implies s* < A This completes the proof. 0O

Remark 1.2.19. We highlight that the applicability of Theorem 1.2.18 relies heavily on

*
max

the fact that the eigenvalue A\ is a simple eigenvalue. This need not be the case always

as the following example shows.

Example 1.2.20. Consider the Hermitian 2 x 2 matrices G = 0,

1 1
H() = 0 and Hl = 0 .
0 -1 10
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Then for ty,t; € R, the matrix

t t
H(to,tl):G+toHo+t1H1=[ o ]
o —ty

has the eigenvalues ++/t2 + ¢3 which implies in particular that any nonzero linear com-
bination agHy + oy H; is indefinite. Moreover, the function L : R? — R given by
L(to, t1) = Amax(H (to,t1)) has its minimum at (¢5,¢}) = (0,0) with value X5, = 0

which happens to be a double eigenvalue of the zero matrix H(0,0). Nevertheless, the
T
vector u = [ 1 4 } is an eigenvector of H(0,0) associated with A% = 0 satisfying

max
w*Hou =0 = u*Hyu.

Example 1.2.20 suggests that the statement (2) of Theorem 1.2.18 may still be true

*
max

even without the hypothesis of A% . being a simple eigenvalue. The next theorem shows

that in the case of the pencils when m = 1, this is indeed always the case.

Theorem 1.2.21. Let G, Hy, Hy € C"™" be Hermitian matrices. Assume that any linear
combination agHy + oy Hy, (g, p) € R?\ {0} is indefinite. Then the following statements
hold:

(1) The function L : R* = R given by L(to, t1) := Amax(G + toHo + t1Hy) is conver and

has a global minimum X,

(2) If the minimum X, of L is attained at (5, ;) € R?, then there exists an eigenvector

max

u e C"\ {0} of G+ t§Hy + t1Hy associated with Xf .. satisfying

max

u Hou =0 =u"Hyu. (1.2.23)

(3) We have
w e €\ {0}, u*Hou = 0, u* Hyu = 0} = min L(ty, 1) = Ny
to,t1€R

u*Gu
sup o
(1.2.24)

In particular, the supremum of the left hand side of (1.2.24) is a mazimum and is

attained for the eigenvector u in (2).

Proof. In view of Theorem 1.2.18, it remains to prove (2) for the case that A% . is a multiple

max

eigenvalue of G + t5H + t7H;. Let the columns of U € C"*™ form an orthonormal basis

of the eigenspace of G' + t{H, + t7H; associated with A% .. Moreover, let ag, @; € R such

max*
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that a2 4+ a? = 1. By Theorem 1.2.17, we obtain the existence of the limit of the one-sided

derivatives at ¢ = 0 of the function

t— L(ta + Oé()t, t; -+ Oélt> - )\max(<G + tSHO + tTH1> + t(OéoHO + OélHl))
and this limit must be nonnegative, because there is a global minimum at (¢,t7). More
precisely, we obtain from Theorem 1.2.17 that

Lt} tr — L(t+5.t*
)\maX(U*(OéQHO + alHl)U) = lim ( 0 + Qpg, 1y +Oé15) ( 0 1)

e—0 £
>0

>0

for all ag,; € R with of + a? = 1. Thus, for all such @ = (ag, ;) there exists an
eigenvector z, € C™, ||z,|| = 1 associated with Apax (U*(coHo + a1 H1)U) such that

ZL’ZU*(OZ()HQ + OélHl)UfL’a — )\max (U*(Oé()H() + OélHl)U) 2 0 (1225)
We now show the existence of a vector x € C™ with ||z|| = 1 such that
z*U*HyUzx =0 =2"U"H,Uz. (1.2.26)

Then u = Uz is the desired eigenvector of G + t§Hy + t7H,; satisfying (1.2.21).
Recall that the joint numerical range of two Hermitian matrices Fy, Fy € C™*" is the

set

WolFr, Fy) 1= {(z" Fyz, 5" Fyz) € R? |3 € C™, |12 = 1}.
Thus the existence of a vector x with ||z|| = 1 satisfying (1.2.26) is equivalent to the
fact that zero is in the joint numerical range Wy := Wy(U*HoU, U*H,U) of the matrices
U*HyU and U*H,U. Thus, let us assume that zero is not in W,. Since W, is a closed convex
set [23], by [21, Theorem 4.11, page 51| this implies the existence of & = [ag, @] € R?\{0}

(without loss of generality we may assume a2 + a3 = 1) with

0><€i,

for all z € C™ with ||z|| = 1 contradicting (1.2.25). Hence, zero is in the joint numerical
range of U*HyU and U*H,U which finishes the proof of (2) and thus of the theorem. 0O

z*U*HyUx
o U*HUx

> = l’*U*(&oH() + 621H1)U:17

Remark 1.2.22. If m > 1 in the above result, then since 0 is in the joint numerical range of
the m xm Hermitian matrices U* HoU and U* H U, the Hermitian pencil zU*H U +U*H,U
is not a definite pencil (see, [40] for details). Therefore its eigenvalues do not satisfy the
conditions that characterize definite pencils as specified in Theorem 3.2 of [6]. These facts
may be used in the numerical computation of the eigenvector x corresponding to A% .. such

that 2*U*HoUx = x*U*H,Ux = 0 when \*

max

is a multiple eigenvalue of G + t§Hy + t]H;.
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Remark 1.2.23. Unfortunately, the argument in the proof of Theorem 1.2.21 cannot be
generalized to the case m > 1, because the joint numerical range of three or more Hermitian

matrices need not be convex.

Example 1.2.24. Consider the Hermitian 3 x 3 matrices G = diag(a, o, ), where o >

£ >0, and
1 0 0 &k |0 0 4 0
H=10 -101|, H=]|100]|, and Hy=| —i 0
0 0 0 0O 0

Then for tg, t1,t; € R, the matrix

Oé+t0 tl +’lt2 0
H(to,tl,tg) :G+t0H0—|—t1H1+t2H2 = tl —’Ltg Oé—to 0
0 0 6]

has the eigenvalues 5 and a++/t3 + 2 + t3. Again, any nonzero linear combination agHy+
a1 H, + ayHy is indefinite. Similar to Example 1.2.20, the function L : R?® — R given by
L(to, t1,t2) = Amax (H(to,tl,tg)) has its minimum in (0,0,0) with value A5 . = « which
happens to be a double eigenvalue of the matrix H(0,0,0) = G. In this case, a matrix
whose columns form an orthonormal bases of the eigenspace of H (0,0, 0) associated with o
is the 3 x 2 matrix U = [e; es], where e; and es denote the first two standard basis vectors.

One easily checks that zero is not in the joint numerical range of

) 1 0
U HyU = UHU= | ] cand U'H,U = | 8 ] (1.2.27)
d ]
and hence no eigenvector u of H(0,0) associated with A}, = a satisfies u*H;u = 0 for
j=0,1,2.

Note that in this example, scalar multiples of the third standard basis vector ez are
the only vectors u satisfying v*H;u = 0 for j = 0, 1,2 which shows that the left hand side
of (1.2.22) in Theorem 1.2.18 equals § which is strictly less than o = A},

max*

The three Hermitian matrices in (1.2.27) are a classical example for Hermitian matrices

whose joint numerical range is not convex [9, 19].
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Chapter 2

Structured eigenvalue backward

errors under |.

.9 NOrm: Hermitian
9

and related structures

In this chapter, we derive a formula for the backward error of a complex number A when
considered as an approximate eigenvalue of a regular Hermitian matrix pencil or polynomial
P(z) = 371", #/ Aj under Hermitian perturbations measured with respect to the .||, » norm
as defined in (1.2.1). If P(z) is a skew-Hermitian matrix polynomial then Q(z) = iP(z) is
a Hermitian matrix polynomial. Likewise, if P(z) is a *-even (*-odd) matrix polynomial
then Q(2) = P(iz) (Q(z) =iP(iz)) is a Hermitian matrix polynomial. Due to these facts,
structured eigenvalue backward errors of approximate eigenvalues of skew-Hermitian, -
even and *-odd matrix pencils and polynomials are also obtained in terms of the appropriate
Hermitian eigenvalue backward error. Numerical experiments suggest that in many cases
there is a significant difference between the backward errors with respect to perturbations

that preserve structure and those with respect to arbitrary perturbations.

2.1 Framework for the Hermitian backward error

Let P(z) = > " 2/ Aj be a Hermitian matrix polynomial, i.e, (A, ..., A,,) € (Herm(n))™*!
and A € C\ {0} be such that M = (P(\))™! exists. Let w = (wy,...,w,,) be a weight

vector. In the view of Lemma 1.2.6 we have the following.

TH-1438_10612308 96



nHem( P, )) = inf{|||(A0, o Az | Doy, A € (Herm(n))™, 3wy, ..., v € C,
vr = Yo Moy £ 0, v = AjMuy, j:O,...,m}- (2.1.1)

By Theorem 1.2.9, there exist A; € Herm(n) such that A;Mvy = v; for j =0,...,m if

and only if v;Mvy € R for each j = 0,..., m. Also the minimal 2-norm of all such A;s is

llo; l
[ Mol

As briefly mentioned in Chapter 1, the aim is to reformulate the original problem of

Herm
w,2

computing 7 (P, \) into an equivalent optimization problem of maximizing Rayleigh
Quotient of a Hermitian matrix under some constraints involving Hermitian matrices.
We further convert this reformulated problem into an equivalent problem of minimizing
the maximal eigenvalue of a parameter-depending Hermitian matrix using the strategy
suggested by M. Karow in [26].

In order to illustrate the main ideas, let us first consider the pencil case m = 1. Thus,
for the moment, assume that P(z) = Ay + 2zA; and for simplicity let us consider the ||.|, 2
norm (1.2.1) with weight vector w = (1,1). In view of (2.1.1), we need to find vectors
vo, v1 € C" with vy := vy + Av; # 0 and matrices Ay, A; € Herm(n) of minimal norm such
that

vg = AgMwvy, and vy = Ai Moy, (2.1.2)

where M := P(\)~% By Theorem 1.2.9 the minimal norm [|(Ag, Ay)[w2 for a fixed pair

(vg,v1) is then given by

2 2 2 2

+ [l
Mo A e = Ll ol |
m( 0 1)”| ,2 H 0” ” 1|| ||MU)\“2 ”M’U)\||2 ||M()\’U1—|—U0)H2

Setting

U1

v::[%], and G :=

M*M  AXM*M
AM*M (N2 M*M |’

and using || M (vo + Mv1)||2 = (v + Mvf)M* M (vo + Avy) we obtain

lvoll + flon]l> VY (91

IM(vo+ o)l [ MM AMrM v Gu
ANM*M N> M*M

(Ao, MG, 2 =

which is just the reciprocal of the Rayleigh quotient of v with respect to the Hermitian

matrix GG. Since this quantity is minimal in norm for a fixed pair (v, v1), we now have
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to minimize (2.1.3) over all admissible pairs (vg, v1), i.e., all pairs for which there exists
A; € Herm(n), j = 0,1 such that (2.1.2) is satisfied. By Theorem 1.2.9 those are exactly
the pairs (vg, v1) satisfying Im (USM(UQ—I—)\Ul)) =0=1Im (vfM(me)\vl)) and vy+ vy # 0.

Setting
M — M* M —M*
Hy:=1 - and H;:=1 0 _
—AM* 0 M MM — \M*
these identities can be reformulated as
0 = —2Im (USM(UQ + )\Ul)) =1 (’USM(’UQ + Avy) — (M(vo + )\vl))*vo)
. Vo ' M XM Vo Vo ’ M 0 Vo
= 9 = _
U1 0 0 U1 () A M* 0 (%)
= v*Hyv, (2.1.4)
and
0 = —2Im (UIM(UO = )\’01)) =1 (UIM(UO == )\Ul) — (M(Uo + )\’01))*’01)
5§ Vo ’ 0 0 vo | | %o ) 0 M* Vo
\ U1 M XM U1 (%1 0 5\]\44< U1
= v*Hjv. (2.1.5)

Observe that v*Gv = || M (vg + Avy)||? # 0 if and only if vy + Avy # 0. Thus, from (2.1.1)
that for S = (Herm(n))? we have

(5 2(P X)) = inf {180, A2, 5 | A; € Herm(n), Jug, 1 € C* : Ay + v £0,

’Uj = AjM()\’Ul —l—’Uo),j = 0,1}

— inf{ VY lwe C*, v*Gv # 0, v*Hov = 0, v* Hyjv = 0}
v*Gu

< {U*Gv
= (sup -
v*U

Note that in the latter identity the condition v*Gv # 0 could be dropped, because ngz(P, A)

is finite which implies that the supremum in (2.1.6) will be positive. Therefore including

-1
v e C™\ {0}, v*Hyv = 0, v*Hyv = 0}) . (2.1.6)

vectors v satisfying v*Gv = 0 will not change the supremum of the considered set.
From these observations, we see that the structured backward error 7, ,(P, A) can be

computed by maximizing a Rayleigh quotient under two constraints. Since for Hermitian
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matrices the maximum of the Rayleigh quotient is equal to the maximal eigenvalue, the

idea is to introduce the function
L: ]R2 — ]R, (to,tl) — )\max(G + tOHO + tlHl). (217)

and invoke Theorem 1.2.18. This will establish that the supremum in (2.1.6) coincides with
the global minimum of L and give a formula to compute ni72(P, A). With this objective
in mind, we will prove that the matrices G, Hy and H; satisfy the conditions of Theorem
1.2.18.

We extend these ideas of the pencil case in the next section to obtain backward errors
of approximate eigenvalues of Hermitian polynomials under structure preserving perturba-

tions.

2.2 Structured eigenvalue backward errors of Hermit-
ian polynomials

In this section, we consider eigenvalue backward error problems for Hermitian polyno-
mials. Let A € C\ {0} and P(2) = 37" 2/ A; be a Hermitian matrix polynomial i.e.,
(Ao, ..., Ap) € (Herm(n))™*'. Note that if X\ = 0 then n;$™(P,\) = WoOmin(Ag). The

unstructured backward error 7y, 2(P,\) = 1y (P, A) with S = (C™")™*+! is well-known

and as given in Theorem 1.2.5 we have,

O'mm(P()\))
vl P A) = .
M2 (B = s

In the following, we require our perturbation matrices to be Hermitian as well, that

is, we want to compute the structured backward error 1,%™(P,\) := 1 ,(P, ), where
S := (Herm(n))™*!. If A € R, then there is no difference between the structured and the
unstructured case. This fact was shown in [1, 3] for the weight vector w = (1,...,1) and

easily generalizes to arbitrary weight vectors.

Theorem 2.2.1. Let P(z) = Y 7" 27 A;, where Ay, ..., A, € C™" are Hermitian, and
let \ € R. Then

Herm Omin (P ( >\) )
T (Pv)‘):nw, (P,)\): .
? ’ LA A w12

Proof. If X is real, then the perturbation matrices A; in (1.2.7) are Hermitian, which

implies the desired result. 0O
Due to Theorem 2.2.1 in the following we compute plS™ (P, \) if Im A # 0.

w,2
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Theorem 2.2.2. Let P(z) = Y 7" 27 A, where Ay, ..., A, € C™" are Hermitian, and
w = (wo, ..., wy) be a weight vector. Let A € C be such that Im X\ # 0 and det P(\) # 0
so that M := P(\)™" exists. Let A, == [1,),...,A"] € C*0"D) and set

M*M AM*M ... NXN"M*M
~ MMM IN2M*M ... MN"M*M
G = (Ao (eay = | MMM ARMEM AT
NPMEM - ANTM*M ... | AP M*M

_S\OM*
Hj = Z((€j+1Am)®M—(A;e;_’_l)@M*):'l >\0M AJM—E\]M*)\mM 5

— ™ M

for 5 =0,...,m, where e;1 denotes the (j + 1)th standard basis vector of R™*" and

W o= diag(wo, .. ., W) @ I,, G=W'GW™', H; =W 'H,W! (2.2.1)
for 5 =0,...,m. Then

Moo i= min A\ (G+to Hy+ -+ -+t Hp)
t0,..-,tm ER
is attained for some (t§,...,t5) € R™L If m = 1 or X5, is a simple eigenvalue of
G+tyHy+---+ty Hy,, then
1 —1/2
Herm _ _ 3 .
7711},2 (P? )\) - \/m - (to,.I.?.f,ltl»:}ER)\maX(G_l_to HO + _I_tm Hm)) .

Proof. Let v, ..., v, € C" with vy := 37" Mv; # 0 and set v == [vg,...,v5]". By
Theorem 1.2.9, there exist A; € Herm(n) satisfying

V; = AjMU)\, j = 0, oo, (222)

if and only if v;iMvy € R for j =0,...,m. Asin (2.1.4) and (2.1.5) these conditions can
be reformulated as m + 1 Hermitian constraints v* H ;v = 0. If these conditions are fulfilled
then according to Theorem 1.2.9 the minimal norms of A; € Herm(n) satisfying (2.2.2)
are given by [|A;|| = ||v;ll/||Mwall, j = 0,...,m. Setting u := Wwv, by reasons identical to
those used to establish (2.1.3), the minimal norm of a tuple (A, ...,4,,) € Herm(n)™"!
satisfying (2.2.2) is given by

Cwillvoll? A+ Fwklvwl? W0 wtu

Ao, ..., A2, = - =~ :
(Ao )| 2 DYENE v*Go w*Gu
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Observe that for any vector v = [vl, ..., vL]T we have 0 # u*Gu = ||[Muv,]|? if and only if

rm

vy = A", + -+ Avg + v # 0, and that v*ffjv = u*Hju. Thus, we have

uw*Gu

uw*Gu
= sup
u*ru
Herm
w,2

(i (P, ) = inf{ il

u e C*™, u*Gu # 0, u'Hju=0, ij,...,m}

-1
uwe C"\ {0}, wHu=0,j=0,... ,m} . (2.2.3)

Note that since n (P, \) is finite and positive, the supremum in the latter equality
of (2.2.3) will not be attained by vectors u satisfying «*Gu = 0 and therefore, the condition
u*Gu # 0 is superfluous for it.

Since our aim is to apply Theorem 1.2.21 or Theorem 1.2.18 for the case of the pencils
and polynomials of degree greater than one, respectively, we need to check whether each
nontrivial linear combination of Hy, ..., H,,, or, equivalently, of ffo, .. f[m, is indefinite.
For checking this, assume that a = [ay, . .., a,,]7 € R™! is such that H := Z;ﬂzo ajflj is
semidefinite. Then

H= iiaj((ej+1Am) Q@M — (Aye54q) @ M*) = i(ah,) @ M — (Ara") ® M*)

Jj=0

and we have to show that a = 0. Setting

1 =2 0 0
: ao
( e— g
Q:=1. . . \ and a:= : =Q%a,
0 0 1 m
we obtain A,,Q = el and hence
Q& L) H(Q®I)
CL(]M—C_L()M* —C_L1]\4>i< —C_lm]\4>i<
M 0 e 0
= i((ae]) @ M — (e1a*) @ M*) =i a1: : . :
am M 0 . 0
Since H is semidefinite and M is invertible, it follows that a; = -+ = a,, = 0, i.e., a = agpe;.

In particular, a; = 0 implies that o, — Aag = 0. But this implies that oy = o = 0, because
o, aq are real and Im A # 0. Finally, the first entry of Q*« yields the identity ag = ag = 0

and thus a = 0 which implies a = 0.
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If m =1 then the assertion follows immediately from (2.2.3) and Theorem 1.2.21. On

*

* axs the assertion follows

the other hand, if m > 1 then with the additional assumption on A
similarly from (2.2.3) and Theorem 1.2.18. [

Herm

Since 7,,5™(P, A) can be computed without any assumptions when m = 1, whereas

*

rax 15 simple, we state the pencil case

for the case m > 1 we need the assumption that A

separately for the sake of future reference.

Theorem 2.2.3. Let P(z) = Ay + zA;, where Ay, Ay € Herm(n). Let A € C such
that Im A # 0 and let w = (wp,wy) be a weight vector. Suppose det P(\) # 0 so that
M := P(\)~! ewists. Then

~1/2
nggm(Pa A) = ( min_ Amax(G + to Ho + t1 Hl)) ;

to,t1€ER

where

M*M MM M — M* M
G = w1 Wt Hy = iWw™1 - W

MM \)\|2M*M —AM* 0

—M*

Hl = iW_l 0 — W_l, W .= diag(woln,wlfn).

M M — \M*

Remark 2.2.4. In view of Example 1.2.24 it is crucial that the eigenvalue \* . in Theo-

max

rem 2.2.2 is a simple eigenvalue when m > 1. Numerical experiments suggest that generi-
cally this is indeed the case. When m = 1, and A}, is an eigenvalue of G + {5 H, + t7H; of

multiplicity say » > 1 then a corresponding eigenvector u satisfying uw*Hou = w*Hyu = 0
may be computed as follows. By Theorem 1.2.21, 0 belongs to the joint numerical range
of U*HyU and U*H U where the columns of U € C"*" form an orthonormal basis of the

*
max’

eigenspace of G'+ tH, + t7 H; corresponding to the eigenvalue A Therefore the matrix
pencil U*HoU + z U*H U is Hermitian but not definite [40]. This implies the existence of
an eigenvalue of U*HoU + 2z U* H U that is either non-real or is of mixed sign characteristic
[for details about sign characteristic, see [14]]. In either case there exists a corresponding
eigenvector x satisfying x*U*HyUx = x*U*H,; Uz = 0. Thus u may be calculated by setting

w:=Uzx.

Remark 2.2.5. Once \*

max

u*Hju =20, j=0,...,m have been computed, the optimal perturbation matrices can be

easily constructed by using Theorem 1.2.9. For this, we set v := Wty = [ol, ... 01T with

rrm

and the corresponding eigenvector u € CFD" gatisfying
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v; € C" and vy := A"v,, + - + Av; + v9. Then the required coefficients A;, 7 =0,...,m

of the minimal Hermitian perturbation are given by

v¥Muy -1
;]| T T 1 *
N v Moy oo ) o Moy
1T M Toll ool v3)"0g Toll Tl |
v j J 3
1M, 1 T ox] o T

if v; and Mw, are linearly independent and by

* *
A vy M
T v M*Muy’

otherwise.

Remark 2.2.6. We highlight that there are situations when the perturbed matrix pencils
or matrix polynomials turn out to be singular. For example, this is the case if Ay = [a]
and A; = [b] are real 1 x 1 matrices. As non-real eigenvalues of Hermitian matrix pencils
always occur in pairs (), ), the only Hermitian perturbation that makes A € C \ R an
eigenvalue of Ay + zA4; is (Ag, A1) = ([—al, [-b]) resulting in the zero pencil which is
singular. Similar examples can be constructed for larger dimensions. However, numerical

examples suggest that these cases are actually exceptional.

2.3 Matrix polynomials with related structures

The problem of computing structured backward errors for eigenvalues of skew-Hermitian
and x-alternating polynomials can be reduced to the case of Hermitian polynomials. This
leads to a formula for the structured backward error of approximate eigenvalues for such

polynomials also.

Theorem 2.3.1. Let P(2) = Y72/ A; be a skew-Hermitian matriz polynomial with
Ao, ..., Ay, € SHerm(n), let S := (SHerm(n))™*!, and let w € R™ be a weight vector.
Then

WP, A) = 1fim(iP, ).

Proof. This follows immediately from the fact that P(z) is skew-Hermitian if and only if
iP(z) is Hermitian. 0O
For the next result let
Se = {(Ao,..., Am)}AQj € Herm(n), Agjiq € SHerm(n), j =0,..., | 2]}
and S, = {(A,,.. .,Am)}AQjH € Herm(n), Ay; € SHerm(n), j =0,...,|2]}.

TH-1438_10612308 33



Theorem 2.3.2. Let P(z) = Ag+2A;1 + - -+ 2™A,, be a x-alternating matriz polynomial
with Ao, ..., Ay € CV", Q(2) = P(iz) = Y7L 2 (7 4;), and w € R™ be a weight
vector. Then

Mara (P, X) = 15" (Q, M),
if P(z) is *-even and

Nwa(PA) = my3™ (1Q, A/i),
if P(z) is *-odd.

Proof. This follows immediately from the fact that Q(z/i) = P(z) and that Q(z) is Her-
mitian if P(z) is x-even and skew-Hermitian if P(z) is x-odd. 0O

As mentioned in the introduction section of Chapter 1, the equations
77%,2(137 )‘) = nw,Q(Pv )‘) and UETZ(P7 )‘) = nw72<Pv )‘>

are proved in [1, 2] whenever Re A = 0 for the case w = (1,...,1). These properties also
hold for other weight vectors. Theorem 2.3.2 allows us to find formulas for niﬁQ(P, A) and
ni‘:z(P, A) in terms of the corresponding Hermitian eigenvalue backward errors whenever
Re\ # 0.

2.4 Further restriction of perturbation sets

In some cases it may be of interest to further restrict the perturbation set S = (Herm(n))™*.

In particular, it may be useful to perturb only some of the coefficients of the matrix poly-
nomial. For example, a Hermitian pencil P(z) = Ay + zA; can be canonically identified
with the A;-selfadjoint matrix H = Al_lAO if Ay is invertible. (A matrix H is called A;-
selfadjoint if H*A; = A1 H, see, e.g., [15].) In this case, A; can be interpreted as a matrix
that induces a (possibly indefinite) scalar product on C™. If perturbations of the pencil
P(z) that allow changes only to Ay are considered, then this results in the effect that the
matrix defining the scalar product remains constant. Therefore, we briefly explain in this
section how our main results can be applied to such cases also.
To be more precise, let I := {ig,...,ix} € {0,...,m} with ig < --- < i} be an index
set and define
S:=S(I):=8 x - x 8, C (Herm(n))™, (2.4.1)

where S; = Herm(n) if j € [ and S; = {0} if j ¢ I. For example, if m = 3 and
I ={1,2}, then (Ay,...,A3) € S(I) if and only if Ay = A3 = 0 and Ay, Ay € Herm(n),
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i.e., perturbations from S will change only the coefficients A; and A of a matrix polyno-
mial 25’.:0 27 A;. Thus, each (Ag,...,A,) €S can be canonically identified with a tuple
(Ajgs - -, Ay) € (Herm(n))**!. We consider

I(Aig, - Ai)llaz = (Ao, -+ s A2 = \/wi20||Aio||2 +owp AP,

which is a norm on (Herm(n))**! and the corresponding backward error
S R S J A
1P A =ind { (Ao, . A lwa | det (DD N(A; — 4,)) =0, (Ao, An) €S},
=0

Thus, the new weight vector @ := [w;,, ..., w;]" € R¥*! is obtained from the old weight
vector w € R™*! by deleting the entries w; with j & I.

Note that the computation of 17,%2(P, A) when Im A = 0 has already been considered in
[1, 3]. Therefore, we only consider A € C with Im A # 0 and obtain the following analogue
of Theorem 2.2.2.

Theorem 2.4.1. Let P(z) = 37" 2/ A;, where Ay, ..., A, € C*™" are Hermitian and
X € C be such that Tm X\ # 0 and M := P(\)~! emists. Let I := {ig,...,ix} C {0,...,m},
S be given by (2.4.1) and @ := (wiy, Wi, , - - ., w;, ) € R¥ L be a weight vector with respect to
I. Let Ay :=[X°, ..., \*] and set

G = (A © (M*M)  and Hj = i((ejr1) ® M — (Aiejy) © M)

for j=0,...,k, where ejy; denotes the (j + 1)th standard basis vector of R*". Also let
W= diag(wiy, ..., w;,) ®L,, G:=WI'GW™, H;:=W 'HWw!

for j=0,....k. Then

)‘fnax ‘= min )\max(G + t() HQ + -4 tk Hk)
trER
is attained for some (tf, ... t5) € R¥1 Suppose that 17%2(P, A) is finite. If either k <1

or A\ . 15 a simple eigenvalue of G +t5 Hy + - - - + t; Hy, then

1 —-1/2
T]EQ(P,)\): = ( min )\maX(G—FtQHo—i-"'—Ftka)) .
’ to,...,tk ER

/\*
)\max """

Observe that G and ﬁj are obtained from the corresponding matrices G and ]?Iij in

Theorem 2.2.2 by deleting the block rows and columns with indices not in /.
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Remark 2.4.2. The proof of Theorem 2.4.1 proceeds in exactly the same way as the proof
of Theorem 2.2.2. It is based on a modified version of Lemma 1.2.6 with setting A; = 0
for j ¢ I and requiring v; = 0 for j € I in (b). (In the case k = 0 [26, Theorem 4.5] is
applied in place of Theorem 1.2.21.)

The condition 7]%2(13, A) < oo is indeed necessary, as there are number of instances
when this is not the case. For example, if m = 1 and I = {0}, then 13 ,(P, \) = oo for any

non-real A if A; is either positive or negative definite.

Thus, we see that by restricting the perturbation set in such a way that only k of m
coefficient matrices are perturbed, the corresponding structured backward error can be
computed by solving a (k + 1)-parameter optimization problem rather than an (m + 1)-

parameter problem.

2.5 Numerical experiments

In this section we present some numerical examples to illustrate the proposed method

for computing the structured backward error 1732(P, A) of some A € C\ R for the case

S := (Herm(n))™*! and w := (1,1,...,1). In all cases we have used the software package

CVX [17, 16] in MATLAB to solve the associated optimization problem of finding
A= min Apax(G +teHo+ -+ -+t Hyp)

to,t1,--,tmER

and the points t§,t7,...,¢; € R that attain it as described in Theorem 2.2.2.

Example 2.5.1. L(z) := Ag+ zA; is a randomly generated Hermitian pencil of size 4 x 4
with eigenvalues 0.57661 4+ 1.0199:, —1.0966 and —0.10193. The Hermitian backward error
for the point A = —1.0966 + 0.5¢ which is close to the eigenvalue —1.0966 is 1.3058, while
the unstructured backward error 0.47045 is much smaller as expected.

Figure 2.5.1 illustrates the movement of the eigenvalues of the pencil L(z) (marked with
stars surrounded by circles) under the homotopic perturbation L(z) + tAL(z) as t varies
from 0 to 1. Observe that the target point —1.0966 + 0.57 (marked with a star surrounded
by a diamond) as well as its complex conjugate, become eigenvalues of (L + AL)(z) and
this is produced by the splitting of a real eigenvalue of multiplicity 2 of (L +t,AL)(z), for
some 0 < ty < 1. Here AL(z) := A¢+2A; is the optimal Hermitian perturbation satisfying
(Ao, Ay)|w,2 = 1.3058 such that —1.0966 + 0.57 is an eigenvalue of (L + AL)(z).

Figure 2.5.2 illustrates the same effect with respect to unstructured homotopic pertur-
bations L(z) +tﬁ(z) as t varies from 0 to 1. In this case E(z) := Ag+ 2/ is a minimal
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non-Hermitian perturbation such that —1.0966 + 0.5i is an eigenvalue of (L + AL)(z).
Observe that in this case the complex conjugate of —1.0966 + 0.5¢ is not an eigenvalue of

(L + E)(z) as it is not a Hermitian pencil.

15

J

®

0 G

'
o
-1} \@ i
135 ) 05 0 05 1 15

Table 2.5.1: Eigenvalue perturbation curves for the Hermitian pencil in Example 2.5.1 with

respect to Hermitian perturbation.
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Table 2.5.2: Eigenvalue perturbation curves for the Hermitian pencil in Example 2.5.1 with

respect to unstructured perturbation.

Example 2.5.2. L(z) := Ay + zA; is a diagonal Hermitian pencil of size 3 x 3 with
real eigenvalues 21.393,4.2464 and —3.5385. The Hermitian backward error of the point
—0.1241 + 1.48977 is 0.5608 while its unstructured backward error is 0.4246. This is an
example for which A\ . is a multiple eigenvalue of G + t§H, + t]H, where t§ = —0.3819
and 7 = 0.6266.

Figure 2.5.3 traces the movement of the eigenvalues of L(z) with respect to perturba-
tions L(z) + tAL(z) as t varies from 0 to 1, where AL(z) := zA; + Ay is the optimal
Hermitian perturbation satisfying [|(Ag, A1)[lw2 = 0.5608 such that —0.1241 4 1.4897: is
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an eigenvalue of (L + AL)(z).

The point —0.1241 + 1.4897: (marked with a star surrounded by a diamond) and its
complex conjugate, become eigenvalues of (L + AL)(z) after the splitting of a real eigen-
value of multiplicity 2 that arises from the meeting of eigenvalue curves that originated from
the unperturbed eigenvalues 21.393 and —3.5385 of L(z). It is interesting to note that the
eigenvalue curve originating from 21.393 moves over oo before it meets the curve originating
from —3.5385. Figure 2.5.4 illustrates the same effect with respect to unstructured homo-
topic perturbations L(z) + tﬁ(z) as t varies from 0 to 1. In this case E(z) = Ao+ 2
is a minimal non-Hermitian perturbation such that —0.1241 4 1.4897: is an eigenvalue of
(L—l—ﬁ)(z) The complex conjugate of —0.1241+4-1.4897¢ is not an eigenvalue of (L—l—ﬁ)(z)
as it is not a Hermitian pencil and therefore only a single eigenvalue curve originating from
—3.5385 reaches this point for t = 1.

d
®

-20 -15 -10 -5 5 10 15 20

o

Table 2.5.3: Eigenvalue perturbation curves for the Hermitian pencil in Example 2.5.2 with

respect to Hermitian perturbation.
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Table 2.5.4: Eigenvalue perturbation curves for the Hermitian pencil in Example 2.5.2 with

respect to unstructured perturbation.
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Example 2.5.3. Q(z) := 22A, + zA; + Ay is a Hermitian matrix polynomial of size 3 x 3
with eigenvalues —0.8738 + 2.49847,0.3091 + 1.226¢,0.62802 and 0.07796. The Hermitian
backward error for the point 0.62802 + 0.5¢ which is close to the real eigenvalue 0.62802 is
1.9177 whereas the backward error with respect to arbitrary perturbations is 1.3279.

Figure 2.5.5 traces the movement of the eigenvalues of (z) with respect to perturba-
tions Q(z) + tAQ(z) as t moves from 0 to 1, AQ(z) being the minimal Hermitian per-
turbation that produces an eigenvalue at 0.62802 + 0.5:. As expected, since (Q + AQ)(z)
is Hermitian, it has a pair of eigenvalues at 0.62802 4+ 0.5¢ which are produced by the
meeting (on the real line) and splitting of eigenvalue curves originating from the two real
eigenvalues of Q(z2).

On the other hand, Figure 2.5.6 traces the movement of the eigenvalues of Q(z) with
respect to perturbations Q(z) —Hﬁ@(z) as t moves from 0 to 1. Here @(2) is the minimal
non Hermitian perturbation to Q(z) such that 0.62802+0.5i is an eigenvalue of (Q—FZZ)) (2).

In further numerical experiments we have observed that for diagonal Hermitian poly-

*

nomials, A5 ..

is a multiple eigenvalue of G+t5Hy+ - - - t5, H,,. Despite this fact, it has been
observed that in each of these cases it is possible to find an eigenvector x corresponding to
)\*

max

satistying x*H;x = 0 for j = 0, 1,..., m. However, we have not yet encountered a case
where A% is multiple for Hermitian matrix polynomials whose coefficients are randomly
generated.

We also computed the structured and unstructured backward errors of a non-real A
whose real part is a simple eigenvalue of the Hermitian matrix polynomial. We observed
that as expected, the unstructured backward error approached zero as the imaginary part
of A\ was reduced. However, this did not decrease the structured backward error as sig-
nificantly, leading to large differences between the two backward error values. These are
recorded for the Hermitian pencil considered in Example 2.5.1 and the Hermitian quadratic
polynomial considered in Example 2.5.3 in Table 2.5.7 and 2.5.8, respectively.

The situation is different if the selected complex valued A are chosen in such a way
that they converge to a non-real eigenvalue instead of a real one. In that case both the
structured and unstructured backward errors tend to zero as expected. This is illustrated in
Table 2.5.9 which records both structured and unstructured backward errors for non-real A
corresponding to the Hermitian pencil in Example 2.5.1 as they converge to the eigenvalue
0.57661 + 1.0199: of the pencil. Structured and unstructured backward errors for some
non-real values of \ that are not necessarily close to eigenvalues of the same Hermitian

pencil are also recorded. The latter values show that the difference between the structured
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Table 2.5.5: Eigenvalue perturbation curves for the Hermitian polynomial Q(z) of Example 2.5.3

with respect to Hermitian perturbation.

" B

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Table 2.5.6: Eigenvalue perturbation curves for the Hermitian polynomial Q(z) of Example 2.5.3

with respect to non Hermitian perturbation.

Table 2.5.7: Structured and unstructured eigenvalue backward errors for Hermitian pencils.

A 6 16 Pt [ Mwall ) [ 95™(L,N)
-1.0966 + 1 0.47 -0.73 0.5017 | 0.8450 1.4118
-1.0966 + 0.51 1.12 -1.39 0.5865 | 0.4704 1.3058
-1.0966 + 0.1i 6.12 -6.75 0.6533 | 0.0978 1.2372
-1.0966 + 0.051 12.27 | -13.48 | 0.6561 | 0.0490 1.2345
-1.0966 + 0.011 | 61.43 | -67.37 | 0.6571 | 0.0098 1.2337

-1.0966 + 0.0051 | 122.87 | -134.74 | 0.6571 | 0.0049 1.2337

and unstructured backward errors may be quite significant even if \ is not close to the real

line.
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Table 2.5.8: Structured and unstructured eigenvalue backward errors for quadratic Hermitian

polynomials.
A t f t AMax | M02(@:A) | 123™(Q,\)
0.62802 + i 0.06 0.09 0.03 0.81 1.0965 1.1099

0.62802 + 0.51 -0.28 | -0.54 -0.62 0.2719 | 1.3279 1.9177
0.62802 + 0.11 -3.38 | -5.33 -8.21 0.3852 | 0.2411 1.6113
0.62802 + 0.051 | -6.85 | -10.88 | -17.17 | 0.3882 | 0.1198 1.6051
0.62802 + 0.011 | -34.38 | -54.73 | -87.12 | 0.3891 | 0.0239 1.6032
0.62802 + 0.0051 | -68.76 | -109.48 | -174.32 | 0.3891 | 0.0120 1.6031

Table 2.5.9: Structured and unstructured eigenvalue backward errors for Hermitian pencils.

X N D, N) | R (L, ) X Hua(L, ) | 78 (L, )
-0.3200 + 0.8000i1 0.9073 1.0139 -0.1364 + 0.1139i 0.4247 0.8762
0.3000 + 0.88001 0.4733 0.4851 -1.1465 + 1.19091 0.9531 1.4643
0.4500 + 0.90001 0.2717 0.2790 -1.2173 + 0.0412i 0.1213 1.3267
0.5200 + 0.95001 0.1390 0.1426 -1.4410 + 0.5711i 0.5717 1.4981
0.5600 + 0.98001 0.0663 0.0678 -1.6041 + 0.2573i1 0.4800 1.5440
0.5760 + 1.00051 0.0227 0.0231 -2.1707 — 0.0592i 0.7687 1.7158
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Chapter 3

Structured eigenvalue backward

errors under |-, » norm: palindromic
J

and T-alternating structures

In this chapter, formulas for the backward errors of approximate eigenvalues of *-palindromic
matrix polynomials with respect to x-palindromic perturbations are derived when the per-
turbations are measured by the |-||, 2 norm defined by (1.2.1). Such formulas are also
obtained for T-palindromic polynomials of degree at most 2, T-antipalindromic pencils,
T-even polynomials of degree at most 2 and T-odd pencils. In all cases, the corresponding
minimal structure preserving perturbations are obtained as well. For higher degree T-
palindromic and T-alternating polynomials, we estimate the backward error of an approxi-
mate eigenvalue by tight bounds. In all cases we only consider regular matrix polynomials.
The results are illustrated by numerical experiments. These show that there is a significant
difference between the backward errors with respect to structure preserving and arbitrary

perturbations in many cases.

3.1 Palindromic polynomials

For the sake of brevity, whenever we make statements that are valid for both x-palindromic
and T-palindromic structures, we use the term e-palindromic where @ = % or ¢ = T". Thus,

denoting the e-palindromic structure by pal,, for P(z) = Z;n:o 2J A;, we have

pal, = {(Ao, o Ag) € (Crmymt: A=Ay} ife=x,
) {(A()v'--aAm) € (Cnxn)m—i—l : A? :Am—j} ife="1T.
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The flexibility to perturb a polynomial with coefficients in pals in a structure preserving
way is restricted by the fact that equal weights must be given to coefficients in position j
and position m — j. Therefore unless otherwise stated, we assume that the weight vector w
is a palindromic weight vector as defined in Definition 1.2.1. In this section, our aim will

be to solve the following problem where S = pal,.

Problem 3.1.1. Let P(z) = >_1" 2/ A; be e-palindromic and A € C\ {0}. Suppose that
P() is nonsingular. Find the smallest structured perturbation from pal, that makes A an

eigenvalue of the perturbed e-palindromic polynomial. More precisely: calculate
ms (P A) =it { (Do, -, Al 2| det ( 3T N(A; = A7) =0, (Ao, ., Ap) € pala}.
j=0

Further, if the infimum is attained, then construct a minimum perturbation AP(z) =
> Lo MA; that attains the infimum.

Note that the assumption A € C\ {0} is justified because
My (P,0) = V2wo0min (Ao).

Also note that by restricting all the entries of the weight vector to be positive in Defini-
tion 1.2.1, we are allowing perturbations to P(z) that may affect all its coefficient matrices.
We consider perturbations that leave certain coefficient matrices of P(z) unchanged to be
elements of some subset of (C"*™)P? where p < m is a positive integer determined by the
number of coefficient matrices of P(z) that are perturbed. The backward error 775;%(3 A)
can be computed with respect to such perturbations on the lines of Section 2.5 of Chapter 2
where this is done for Hermitian matrix polynomials. Brief discussions on the correspond-
ing strategies for the x-palindromic and T-palindromic matrix polynomials are provided in
Section 3.1.4 .

We follow the strategy used in Chapter 2 to first reformulate the problem of comput-
ing 75 5(P, A) in terms of a structured mapping problem. A key result in this respect is
Lemma 1.2.6. This yields the following alternative characterization of 775;%(3 A) in terms

of mapping problems.
Lemma 3.1.2. Let P(z) = Ag + zA; + -+ + 2™A,, be e-palindromic and A € C\ {0}.

Also let k = || and vy = > omo N where vo, ... v, € C". Assume that P()) is

nonsingular and let M = (P(\)) ™. If m is odd,
m (P =inf {0, -, Ao

AjMuvy = vj, AiMvy=vp,_j, j=0,.. .,k:},

E'U(],...,’Um E(Cn, U)\#O,(Ao,...,Am) Gpal.,
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and if m is even,
bt (P =it { (A0, Az [, v € T vy £0, (B, Ap) € pal,,
AnMuvy =vm, AjMuy = vj, AJMoy = v, j=0,..., k‘}
Necessary and sufficient conditions for the mapping problems
A; Moy = vy, A;MUA = Upd

in Lemma 3.1.2 to be solvable as well as minimal norm solutions to such problems have
been obtained in Theorem 1.2.14. We restate the result with an alternative proof and

include a formula for the desired minimal norm solution.

Theorem 3.1.3. Let z,y,z € C" with x # 0. Then there exists a matriz A € C"*" such
that Ax =y and A*x = z if and only if x°y = 2°z. If the latter condition is satisfied then

] ]

min{||A|| )A € CV" Az =y, A = z} — max {M M} . (3.1.1)

Furthermore, let © = x when ¢ = % and * = T when e = T, and let y, and z; de-
note the orthogonal projections of y and z, respectively, onto the orthogonal complement

of . If ||z1ll < |lwall, then the minimum in (3.1.1) is attained for

T*y °
A=-l & ] [ o ] e
5 Y1 — 37 Z1 2 -
[T Il =2y

if 21 # 0 and for A = Wyx* if z1 = 0. If ||ly1]| < ||z1]| then these formulas can be used to

construct A°®.

Proof. Clearly, the identities Ax = y and A®*z = z imply 2°y = 2°z and

VA w121 .

2l fll
Suppose now that 2°y = z°x holds true. Denote zy = &/||z||. Then

y=(zpy)zo+y1, xppn =0, [ylI> = |zjyl> + [|wnl]

z = (x32)x0 + 21, x5z =0, B |x(’§z|2 + || 2|2

Notice that zjy = z*xo and hence ||y||* — ||z]|> = |ly1]|*> — ||z1]|*>. For every a € C, the

matrix

Ay = |z~ ((zhy)zoxd + yaaf + zo2t + ayn2})
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satisfies A o =y and A%z = 2. Hence,

1A > max{ Iyl 1I=] } . (3.1.2)

[l ]

We show that equality holds in (3.1.2) for appropriate a. Without loss of generality we
may assume ||z|| < ||y, or, equivalently, ||z1]| < ||y1||. Otherwise, we may interchange the
roles of z and y, and A and A°, respectively. We consider two cases.

Case 1: 21 # 0. Let v = —zy/||s1]|>. Then Ay = A and |Aul| = [|yll/llz]|. In order to
see that let yo = y1/||a]] and zg = 21/]|z1]|. Then

Do =l [ 20 wo ] [ &V ][950 al

[l allyall |z

M[% yo]i x5y vl 1 0 [xo ZO]'
] Iyl | llsnll =5y | | O llzall/ [l

AN S

-~

::C =:/D)

Since[mo yo} [xo yO}Z[xO zo] [$0 zo}zlwehave

1[0 v Jli=0[a0 2] =1

The matrix C' is easily seen to be unitary. Moreover, ||D|| = max{1, ||z |/|lnl} = 1.
Consequently, |[A.]l < [|y||/]|z]]. This inequality is actually an equality because of (3.1.2).
Case 2: z; = 0. Then for any a, A, = ||z]|"'yz}, whence ||AL]| = |lyll/llz]. O

3.1.1 Reformulation of the problem

Here, we further reformulate the already reformulated problem in Lemma 3.1.2 of finding
the eigenvalue backward errors for e-palindromic polynomials into an equivalent problem
of maximizing the Rayleigh quotient of a Hermitian matrix with respect to specified con-
straints. These constraints involve Hermitian matrices when e = *, and symmetric matrices
when @ = 7. Let A € C\ {0}, let P(z) = 3 7" 2/ Aj be a e-palindromic matrix polynomial
such that M = (P(\))~! exists and define vy = 37"  Mv; where v, ..., v, € C". Also let
k=|mt).

Due to Theorem 3.1.3, for any vy, ...,v, € C" that satisfy vy, # 0, there exists a

A = (Ay,...,A,) € pal, such that
AjMuvy = vj and A Moy = vy, j=0,...,k (3.1.3)
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if and only if (Mwvy)*v; = v}, _;(Mwvy). For any A; € C™" satisfying (3.1.3) which is

o : _ | — ol [lom—jl
minimal with respect to the 2-norm, we have ||A;|| = max { ol Tofoc } :
If m is even, the matrix Am of the tuple A = (Ao, ..., A,,) is Hermitian when e = x

and symmetric when e = T'. In the case e = %, the Hermitian matrix A% may be chosen
to satisfy Am Mvy = vm, if and only if (Mvy)*vm € R, (by Theorem 1.2.9). On the other
hand, when e = T' the symmetric matrix A= may be chosen to satisfy Am Moy = vm
without any restrictions on Mwv, and vm and in either case, any minimal 2-norm solution
of this mapping problem satisfies |Am || = HTJJ\% j”, (see [33]). Therefore, if all the constraints
are fulfilled, the minimal norm of A is given by

A2 = f(vo, s vm),

where

k 2 2
2 vl lvm—; I : :
> 2w max { TENERITNE if m is odd,

f(vo, oy om) =<7,

k 2 2 [om |2
2w? max{ o l"  lom—jl } + wi —2 if m is even.
— 7 YN IYONE 5 | Moy |

J

Thus, Lemma 3.1.2 yields
1 2
(s (X)) =i {f (v, -, o) (00, - vm) € K (3.1.4)
where K C (C*)™*! is given by
K= {(vo, ey Um) ’ vy # 0, (Mvy)*vj = v, ;Muvy, j=0..., k} (3.1.5)
if e="1T, or if m is odd and e = % and by
K= {(UO, e Um) ‘UA £0, (Mvy)vm € R, (Moy)'0; = of,_;Muy, j=0,..., k} (3.1.6)

otherwise (i.e., when e = x and m is even). Observe that (Muvy)*v; = v;,_;(Mwvy) for
j=0,...,k, if and only if
0= <M(v0 + 4 )\mvm)).vj — Uy, <M(v0 +-- 4+ )\mvm)) = v*Cju,

where v := [vl, ..., vI]" and

Cj = (Ahel ) @ M® — (emjiin) @ M, (3.1.7)
with A, == [1,\,...,A"] € C*0"FD_ Similarly (Mvy)*vm € R if and only if
0=—-2Im ((M’U)\)*U%> = i(v%(]\/[w\) — (MUA)*U%> = v*égv,
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where
Com = i((Aine*%H) & M* — (em11Am) ® M). (3.1.8)

Note that 5% is a Hermitian matrix but the matrices @-, j =0,...,k are not Hermitian.
Thus, from (3.1.5) if @ =T, or if m is odd and e = x

/C:{(Uo,...,vm)

vy # 0, v*Civ = 0, j:O,...,k}, (3.1.9)
and from (3.1.6)
K= {(UO, e Um) ‘UA £0, 0"Cuv =0, 0"Cju =0, j =0,.. k} (3.1.10)

otherwise.

As already stated in the beginning of this section, our aim is to reformulate the com-
putation of the structured eigenvalue backward error as an equivalent problem of maxi-
mizing the Rayleigh quotient of a Hermitian matrix subject to specified constraints. The
same strategy was applied in Chapter 2 to find the structured eigenvalue backward errors
77180,2(137 A) for Hermitian and related structures. But the reformulation was aided by the
fact that 15, ,(P, A) satisfied

=

S (PA) = _ M 0,v:Muvy € R 3.1.11
n’w,Z ) - sSup Zm 2”'1]]”2 ) ?é ?,Uj Uy € ( c )

j=0W;
for those structures, which made it possible to compute n§072(P, A) by minimizing the
Rayleigh quotient of a particular Hermitian matrix G as given in Theorem 2.2.2 subject
to certain conditions involving Hermitian matrices. However, this is not the case for the
structured eigenvalue backward error ng?;'(P, A) for the e-palindromic structures, because
the function f in the right hand side of (3.1.4) involves taking a maximum instead of a
sum of squares. The following lemma is a key step towards establishing a relationship

similar to (3.1.11) for n® (P, \), because it shows that computing ng?;'(P, A) is equivalent

w,2
to minimizing a function g related to f that can be interpreted as a Rayleigh quotient of

a certain Hermitian matrix.

Lemma 3.1.4. Let P(2) = > (2’ A; be e-palindromic and A € C\ {0}. Assume further
that M = (P()\))_l exists and k = |21 ]. Then

(ni%’(P, )\)>2 = inf {g(vo, e Um) | (Vo e Um) € /C},
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where

2w (51 +A™ =2 flom—; 1)

k
( ) Z:) (LA™ =23) [ Mo v is odd.
9(vo, .., V) = S llog |
e i G el T UGS L LTSI
= ) [ P [Nk ’

and K is as defined in (3.1.9) and (3.1.10), respectively.
Proof. Set v := inf {g(vo, iUy ) ‘ (Voy -, Um) € IC}. It is easily verified that
(o, -, Vm) < f(vo, ..., vp) for all (vg,...,v,) € (C*)™ with vy # 0.

This together with (3.1.4) implies v < (77531°(P, )\))2. The opposite inequality is an imme-

diate consequence of the following facts:
(a) The infimum of g in the definition of v is attained for some (Vg, ..., 0y) € K.
(b) For every minimizer (0o, ...,0m) € K of g, we have

g(’lA)Q, 000 ,’lAJm) = f(’[)o, o il ,’flm)

Proof of (a): Since K is closed under scalar multiplication and since for all £ € R\ {0} and all
(voy - -+, V) € K we have g(vg, ..., 0m) = g(tvg,...,tvy), we obtain that g(K) = g(KNS),

where S is defined as

S = {(UO, 1 tm) € (€M)

k
Syl = 1 }
=0

Let (UO .. .,v,(fi)), ¢ € N, be a sequence in K NS for which
I O D) =
Zi)I?o g (U(] ’ » U ) v
Since S is compact, we may assume without loss of generality that the sequence (v(()é), . w(fb))

has a limit (0,...,0,) € S. Suppose that (o, ..., 0,) does not belong to K. Then we

have 0y 1= Z;ﬂzo Nb; =0, as (g, . .., 0y) belongs to the closure of K. This implies
1
lim HM ( + )\v R )\mvfﬁ)) H =
{—00
and hence

hmg(() L) =00 A v

/—00
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 O) = V.

. Um) € K and g(0, . .
., 0m) = v. Observe that, to

which is a contradiction. Thus, (7, . .

Proof of (b): Let (0,...,0,) € K be such that g(2y, ..
show that g(0g, ..., 0m) = f(Vo,...,0n), it is sufficient to show that ||0;|| = ||0y,—;|| for all
=0, .k Let

M(0\) /| M@0\ if & = =,
Ty =
| ife=T

M () /]| M (0x)
and for each j such that 0 < j < Ek, let y;, y,m—; be the projections of 0; and 0y,—;,

respectively, onto the orthogonal complement of g, for 0 < j < k. Then

0 =y; +c;To and Up—j = Ym—j + Cm—jTo

for some ¢, ¢;,—; € C. Since (0, ..., 0y) € K we have ¢; = ¢,,,_; when & = % and ¢; = ¢,

when e = T'. Hence
112 2 2 . 2 2 2
10517 = llyill” + leI™ and - (|m—5{|” = lym—slI" + le; |- (3.1.12)
Let y = A2 y; + |\|™" % y,,_;. Observe that
(Doy - ooy D3 FEA™ Py D — Yy, D) €K
for all ¢ € R. Thus as (g, . .., 0y,) is a minimizer of g over K, we have
_od - . A2 . .
0 = Eg(vo, R y,...,vm_j—ty,...,vm)
t=0
. T— T2l
- o (2ot AR —ty||2>)
dt (14 [A|=27) || My =0
2w Re (05 (AN H y) — N o, d
— J ( ]( y) l |A . m ]y) (Since, —||’U—|—ty||2 _ 2RQ<U*y)>
(1 + A=) [[Ma,]] dt =0
*(\m—2j m—2j  x
_ QW?RG(%(A % y)_ |)“ jym—jy)
(1 + [A™=27) | M|
_ 20N T Re (A ly 1 + A iy — A gy — Ay )
(14 A=) || My
m—2i 2 2
2w3 AP (g = Nyl
(14 [A[7=27) || Mdy||* ’
which implies ||y;|| = ||ym—;|l. This together with (3.1.12) yields ||0;]| = ||0m—;||. Hence
101l = ||0m—;|| for all j, and the latter implies g(%o,...,0mn) = f(?o,...,0m). This com-

pletes the proof. 0O
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Recalling that k = LmT_IJ, define ;1 = w; 4 /W, Yz = wj ,/% for

7 =0,...,k, and

= d%ag(’yola-"77k1a7k2>-">702) ®Ina lfm ?S Odd> (3113>
diag(Yor, - - -, Yh1, W, Yha, -+ -, Y02) @ L, if m s even.
Also recall that A, = [1,,...,A\™] € C*("*)_ Then we have
v 2w ~ . . T T
g(vo, ..., V) = B where G := (AL An) @ (M*M), v=[vy ,...,v,] (3.1.14)
v*Gu

and where v*Guv = || Muv,||> # 0, or, equivalently, vy # 0. It follows that

1/2

niz?;'(P, A) = (inf { flvo, vy um) } (Voy -, Um) € /C})
1/2
= (inf { 9(Voy vy Um) } (Voy -« s V) € IC}) (by Lemma 3.1.4)
~1/2
= <sup { G T ‘ (Voy -+, Um) € lC})
Set u :=I'v and
G:=T7'GI!, C;:=T"'CI', Cuw:=D"'Cal, (3.1.15)
where G, C; and 5% are as defined in (3.1.14), (3.1.7) and (3.1.8) respectively.

By Lemma 3.1.4 and (3.1.14), for k = |5+, we have

=0 *~
pals _ v G ' n(m+1) yr 45
(nw,z (P, )\)) sup{ T2y |V eC \ {0}, v*Cju=0,;=0,..., k}

uGu
= sup{
uru
if e="1T, or if m is odd and e = %, and
uw*Gu

u*u

’u e CMm DA\ {0}, u*Cu =0, =0,..., k;}

(kP 0) " = s

otherwise. Note that the condition vy # 0 from the definition of I in (3.1.9) or (3.1.10),
respectively or, equivalently, the conditions v*Go # 0 and u*Gu # 0 can be dropped in

‘u e ¢\ {0}, u' Cnu=0, u"Cju=0,j=0,..., k;}

the two expressions for (ng?;*(P, )\))_2, because G and G are semidefinite. This implies

% > 0 and hence the supremum of this Rayleigh quotient over all nonzero vectors

u

u satisfying some constraints will be the same with or without the additional condition

uw*Gu # 0.
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In order to state the main result of this section, for each j = 0,..., k we define
Hj:=C;+C}, Hyj = i(C;=C7), Hn :=Cm, (3.1.16)
S; = C;+CT, (3.1.17)
where Cj, for j =0,...,k, and Cm, are as in (3.1.15).
Observe that for j =0,... k,
v'Ciu=0 <= uHu=0andu H,_ju=0,
UT@U =0 <= u'Sju=0,
v*é’%zv =0 <— u'Hau=0.
Therefore we have proved the following theorem which gives the desired reformulation.

Theorem 3.1.5. Let P(z) = > "2/ A; be e-palindromic and A € C\ {0}. Suppose that
P()) is nonsingular and M = (P(\))~!. Furthermore, let k := ||, G be as in (3.1.15),

2

H;, for j =0,...,m, be defined by (3.1.16) and S;, for j =0,...,k, be defined by (3.1.17).

Then
1
x —2
nfff;T(P, A) = (sup{ uuCiu ‘ u € C"™ T\ {0}, u'Sju=0,7=0,..., k}) (3.1.18)
and
. -
nzlfa*(P, A) = <sup{ uu uu ‘ u € C"mHIN\{0}, w Hu=0,5=0,... ,m}) . (3.1.19)

3.1.2 Eigenvalue backward errors of x-palindromic matrix poly-

nomials

In this section, we obtain structured eigenvalue backward errors ni%*()\,P) for matrix
polynomials P(z) with *-palindromic structure. If A € C\ {0} is such that |A\| = 1, then
there is no difference between the eigenvalue backward errors with respect to structure
preserving and arbitrary perturbations. This fact was shown in [1, 2] for the weight vector
w = (1,...,1) and easily generalizes to arbitrary choices of palindromic weight vectors.
The situation is completely different if |[A\| # 1. In this case, we obtain the structured
backward error via minimization of the maximal eigenvalue of a parameter-dependent
Hermitian matrix of the form G + toHy + - - - + t,H, € C""Fxn(m+1) with the property
that any nonzero linear combination agHy + - -+ + a,H), is indefinite. Our aim is to use
Theorem 1.2.18 or Theorem 1.2.21 when m > 1 and m = 1 respectively in the process.

We have the following result which gives a formula for 7% (P, ) when |\| # 1.

w,2
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Theorem 3.1.6. Let P(2) = > 72’ A; be *-palindromic and A € C\ {0} such that
Al # 1. Suppose that P()\) is nonsingular and M = (P(X))™t. Then for G as defined in
(3.1.15) and H;, for j =0,...,m, as defined in (3.1.16), we have that

A= min A\ (G +to Ho+ -+t Hy)
10, tm ER
is attained for some (tf,....t5) € R™ If m = 1 or X5, is a simple eigenvalue of

G+tsHy+ -+, Hy, then

1 -1/2
pals o il : .f.
nw,2 (P7 )‘) - \/m - <t07?t1£€RAmax(G+t0 HO + +tm Hm)) .

Proof. Setting k = LmT_IJ, let ]?Ij 3 5j + 6']*, ﬁm_]‘ = z(@ — 5]*) and fl% = 5'%, where
Cj for j=0,...,k are as defined in (3.1.7) and (3.1.8). In view of Theorem 3.1.5, we aim
to apply Theorem 1.2.18. Thus we check whether each nontrivial linear combination of
Hy, ..., H,,, or, equivalently, of f[o, B . H,, is indefinite. Let H := Z;’;O ozjf:lj. Recalling
that A, == [1,\,...,\"] € C*X"D) "easy calculations show that

H=(A,0) M + (al,) ® M,
where o := [og — i@, . . ., — iQn—k, —(Q + iQn—k), ..., —(ap + iam)]T if m is odd and
o= [OAO — iam, b oo g @iy — ’iOzm_k, —7:04%, —(Ozk i iOém_k), 500 —(ao S iOAm)}T

if m is even. To complete the proof, we show that if H is semidefinite then @ = 0 and

hence ag = - -+ = a,,, = 0. Let
[ 1 —-) 0 0 ]
0 1 =X
Q=|: . . o | ectmrxmm (3.1.20)
-
0 =%l
and a = [ag ..., an|’ = Q*«a. Since A,,Q = e} we have

(Q@®L)HQ®I,) = (QA,a"Q)@ M +(Q ar,Q) @ M
= (e1a") @ M* + (ae}) @ M

a0M+C_LOM* C_LlM* C_LmM*
alM 0 0
amM 0 0
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If H is semidefinite, then a; = - -+ = a,, = 0 and hence Q*a = a = age;. When m > 3,

observing that

a =0 = o —iam,_1 = MNag —iay),
am =0 = o — iy, = AMag —ia,_1),

we have ag = ag — i, = Mag — i,—1) = A (g — ia,,) = Aag.

Similarly, when m =1,

a] = 0= Qo + iOél — —)\(Oéo — ’i061> and Qo — ’i()él = —)\(Oé(] + i061>

so that ag = ap — ia; = —A(ap +iar) = AM(ap — ia) = Mao.

Finally when m = 2,

ap =0 = 1 = —S\(Oéo = iOéQ)
ay, =0 = oay—1tag = —’i)\Oél
so that ag = g — ’iOéQ = —7;)\0(1 = )\5\(0&0 — ’iOéQ) = )\5\(1,0.

In all cases we have ay = A\ag and hence ag = 0 as A\ # 1. Therefore, a = (Q*)'a =0

which implies that ag =---=a,, =0. O

Remark 3.1.7. Although it cannot be established that A* .

X

is always simple for the
particular matrices G, Hy, ..., H,, when m > 1 in Theorem 3.1.6, numerical experiments

suggests that this holds generically.

To highlight the fact that the assumption of simplicity of A%, is not required when

X

= 1, we state the result for the case of the x-palindromic pencils separately.

Theorem 3.1.8. Let A € C"" and A € C\ {0} with |\| # 1. Suppose that the pencil
P\ = A + AA* is nonsingular and let M := (A + NA*)™! exists. Furthermore, define

EN
1+|>\ » V2 T+

G| MM AMTM M* 0 | wonl, 0
O AMEM O \PMEM | AM* — M =AM B 0 woyl, |
G:=I'GIr', Hy=D"YC+CHT", and Hy =il (C—CI!
Then

~1/2
nga;*(P A) = ( min A\pax (G + to Ho + t1 Hy) ) )

to,t1€R
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Remark 3.1.9. Let P(z) be a x-palindromic polynomial of degree m > 1. To obtain an
optimal x-palindromic perturbation to P(z) with norm equal to the structured backward
erTor 1)) 5 5 (P, \) such that the perturbed polynomial has an eigenvalue at \, we first compute
of G + tgHy + -+ + ty H,, that

satisfies the constraints u*Hju = 0. Setting, v := I'"'u, the coefficient matrices A; of the

the eigenvector u corresponding to the eigenvalue )\max
x-palindromic perturbation may be obtained from Theorem 3.1.3 and Theorem 1.2.9, the
second result being necessary only to construct Am when m is even. When m = 1 and
A ax 18 DOt a simple eigenvalue of G +t§ Hy +tjH;, the optimal *-palindromic perturbation

may be calculated by the process described in Remark 2.2.4.

3.1.3 Eigenvalue backward errors of T-palindromic pencils and

quadratics

In this section, we obtain the structured eigenvalue backward error 7" ' (P, \) for a matrix
pencil or quadratic matrix polynomial P(z) with T-palindromic structure.

Due to [1, Theorem 5.3.1], if A = £1 then there is no difference between the eigenvalue
backward errors with respect to arbitrary perturbations and with respect to complex T-
palindromic perturbations (when P(z) is complex) and real T-palindromic perturbations
(when P(z) is real). This is proved for the weight vector w = (1,...,1), but it may be
easily generalized to arbitrary choices of palindromic weight vectors.

However, the situation is different if A\ # +1. Due to Theorem 3.1.5, the original
Problem 3.1.1 of finding the structured backward error 7" T(P A) for T-palindromic poly-
nomials is equivalent to an optimization problem which requires maximizing the Rayleigh
quotient of a Hermitian matrix subject to a number of constraints involving symmetric
matrices. In these cases, the structured backward error may be obtained by using Theo-
rem 1.2.7. To state the results that follow from it, we recall that Ay(B) denotes the second
largest eigenvalue of a Hermitian matrix B and o2(S) denotes the second largest singular
value of a matrix S.

The following theorem gives a formula for the structured eigenvalue backward error
nia;T (P,\) when P(z) is a T-palindromic pencil and A\ € C \ {0,1,—1}.

Theorem 3.1.10. Let A € C™" and suppose that P()\) := A + MAT is nonsingular for

AeC\{0,1,—1}. Let M := (A+ MAT)"! and define v, : ,/1+|/\ Vg : \/ﬂ"\)\,

G| MM oAMMo M* 0 r.. |wonln 0
S AMM O APMEM | [ AMT =M =AM | 0 woyeln |
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G:=T7'GI'"" and S:=D""(C+CTr .

)

Then
G

tS

QA EQFI

0<t<t1

I (PA) = ( min >\2<

2|\l
0'2(5).

Proof. Since P(z) = A+ zAT, (3.1.18) implies that

where t; =

N

a u*Gu
(PN = (sup{ —

} w e C*\ {0}, ul Sou = 0, })

where Sy = S. The proof then follows by applying Theorem 1.2.7. 0O

Similarly, the following theorem gives "r]EféT (P, \) when P(z)is a T-palindromic quadratic
matrix polynomial and A € C\ {0,1, —1}.
Theorem 3.1.11. Let P(z) = Ag + 2zA; + 22 AL be a T-palindromic quadratic polynomial
and X € C\ {0,1,—1}. Suppose that det(P()\)) # 0, and let M := (P(\))~'. Furthermore,

let vy := ’/T%\IQ and o 1= %, and define
1 A A2 MT 0 0
G=| X D AN | @M M, C:= AMT 0 0 :
2 AP A NMT —M —AM XM

Then
ngf;T(P, A) = ( min )\2( [ &

0<t<ty tS

] 85\

I := diag(wovy1, w1, woye) ® I,, G := I 'Gr— and S = r-(c+ohr
2[G|

—1/2
))
oo(S)

Proof. Since P(z) = Ag + 24, + 22A]’, from (3.1.18) we have,

where t; =

(SIS

s (PA) = (sup{ = Ciu ‘ w e C*\ {0}, u” Syu = 0})

u

where Sy = S. The proof then follows by applying Theorem 1.2.7. O
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Remark 3.1.12. Due to (3.1.18), computing ngféT(P, A) for polynomials of degree greater
than 2 involves maximizing the Rayleigh quotient % with respect to nonzero vectors v

that satisfies more than one constraint each involving a symmetric matrix. Generalizing

our approach to compute ni%T(P, A) in these cases may involve obtaining appropriate
extensions of Theorem 1.2.7. This does not seem to be straightforward and will be the

subject of Section 3.2.

Remark 3.1.13. A strategy identical to the one suggested in Remark 3.1.9 gives an op-
timal T-palindromic perturbation to P(z) corresponding to ng?;T (P, A\) in Theorems 3.1.10
and 3.1.11.

3.1.4 Further restriction of perturbation sets

As mentioned in Section 2.4, there may be situations when it would be necessary to find

pale

o (P A) under the restriction that e-palindromic perturbations can

the backward error 7
affect only some of the coefficient matrices. This is equivalent to setting some of the entries

in the palindromic weight vector w to zero. Let

{0,1,...,|m —1]/2}, if mis odd,

3.1.21
{0,1,...,m/2} if m is even. ( )

I = {ig,i1,...,%¢} C {
assume that ig < 47 < --- < 4. Suppose that [ is the set of indices such that only the
coefficients A; and A,,_;, j € I of P(z) are affected by perturbations.

Let w be a palindromic weight vector extracted from w by retaining only its nonzero
entries. Then @ belongs to R**! if m is even and i, = % and to R**? otherwise. We call
“if m is even and i, = " as case-1 and “ otherwise” as case-2. Let pal,(I) be a subset of
pal, such that (A,...,A,,) € pale(/) implies A; = A,,_; = 0 if j ¢ I. Therefore for any

(Ao, ..., Ay,) € pal(I), we then have

(Ao, .- D)%
= ||| (Aim Aim SR Am—h, Am—io)”ﬁﬁ,z
-1
g;o <wi||A,J 12+ w i [ A, ||2) +wi [|Am|* if case-1 holds ,
¢
Zo (w% 1A+ wh A, ||2) if case-2 holds.
‘7:

Then ||-||z.2 defines a norm on (C™™)2**! in the first case and on (C™*")?**2 in the second
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case. By using this, and the weight vector w, we consider
el (P2 —inf{ 1 Ao, -+, A s ‘ det (Z Aj(Aj_Aj)) =0, (Ag,...,Ap) € pal.(f)}.
j=0

The strategy of reformulation proposed in Section 2.4 may be used to compute the struc-
tured backward error npal'(P A) with fewer constraints and smaller Hermitian matrices
involved in each constraint.

To give an analogue of Theorem 3.1.5 to reformulate the problem of finding nf{é’(P, A)

corresponding to the restricted perturbation set pals(), we define

e [Nfo, o) Niemt Ne m—te—r o m~io] - if case-1 holds,
T o, L X amee | meio] if case-2 holds.

(Ageﬁl) ® M*® — (62g+2_]-/A\4) ® M, j=0,...,-1, if case-1 holds,
C; = (Agewﬂ) ® M* — (eiHl/A\g) ® M, j={, if case-1 holds and e = x,
(Ageﬁl) ® M*® — (egl+3_j7\g) ® M, for j=0,....0, if case-2 holds.

Al fin — AT
so, define ;1 = me 750 Vj2 = Wig \| T 7

/F\ il diag(%l, 500 ,/"}7@_11, ’&7@,:}/\5_12, 500 ,/’)\/02) & In7 if case-1 hOldS,
diag(Yo1, - - - Ver, Vez, - - - s Yo2) @ I, if case-2 holds.
and
G = IV AN, @ M*M)T (3.1.22)
S; = TYC;+CHIL,j=0,....p, (3.1.23)

where p = [ — 1 if case-1 holds and p = [ otherwise. Further, when case-1 holds and e = x,

for j =0,...,2l+ 1 let

Hy = T7NC;+ NI, Hyyy=T7'6(C;— C3)I™ (3.1.24)
and H, = T"YC)I* (3.1.25)
and when case-2 holds and e = %, for j =0,...,2] 4+ 2, let

B = DG+ and Hasy = DG(6 - CT. (3.1.20)
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Theorem 3.1.14. Let P(z) = Y " 2" A; be a e-palindromic polynomial and X € C\ {0}
be such that M = (P(\))™! emists. Let I = {ig,...,is} be as defined in (3.1.21) and w

be a weight vector corresponding to I. Let G, §j and fAIj be as defined in (3.1.22)-(3.1.26)
with respect to 1.

(a) If @ =T, then

ng?;T(P, A) = (sup { UU*Guu ’ u € C"\ {0}, ungu =0,j=0,...,0— 1})

D=

if case-1 holds, and

*@ . -
(PN = (Sup{ S8 | ue CreH (0}, uTSu =0, =0, . g})
’ u*u
otherwise.

(b) If @ = x, then

o~
*

e ~
Wy (P = <sup{ “u*u“ } u € C"*HON\L0}, w Hju=0,j=0,...,20 + 1}) :

if case-1 holds and

~
*

pal. h wGu
i (o[22

’ u € CMH2\ {0}, u*ffju =0,7=0,...,20+ 2}) :
otherwise.

Proof. The proof proceeds in the same way as of Theorem 3.1.5 with the observation
that @, flj, f[gngl_j or ﬁ25+2_j, and §j are obtained from the corresponding matrices
G, H;,, Hy,_;; and Sij in Theorem 3.1.5 by deleting the block rows and block columns j
and m — j for each j not in I. 0O

The following result is an analogue of Theorem 3.1.6 and obtains ng?;*(P, A) for x-

palindromic polynomials when |A| # 1.

Theorem 3.1.15. Let P(z) = Y 1" 2/ A; be a e-palindromic polynomial. Let A € C\ {0}
be such that || # 1 and M = (P(\))™! exists. Let I = {ig,...,i;} be as defined in
(3.1.21) and @ be a weight vector according to I. Let G and fAIj be as defined in (3.1.22)
and (3.1.24)- (3.1.26) respectively, with respect to I. Then

~

Atax 7= 10D R)\max(@ o Hy+ - +t, )
»E
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is attained for some (t5,...,t5) € RPFL where p = 20 + 1 if case-1 holds and p = 20 + 2 if
case-2 holds. Suppose that npal (P, )\) is finite. If either £ = 0 or X% .. is a simple eigenvalue
of the matriz G + 5 Ho+ -+ t Hp, then

1 N2
pal*(P A) = Voo = <t mln )\max(G +toHy+ - +t, ) ) :
* 05eees

Proof. The proof follows immediately in the view of Theorem 3.1.14 and Theorem 1.2.18
by noting that matrices G and ffj for 5 = 0,...,p satisfy the assumption of Theorem
1.2.18. DO

Remark 3.1.16. Note that the assumption of ’r]pal (P, \) being finite in the above theorem
is necessary because if P(z) = Ag + zA; + 22Aj where Ay is a positive definite matrix and
A; is a Hermitian matrix then n%%*(P, A) = oo for any A such that Im A\ # 0 and |A\| # 1
where w = (0, 1,0).

We can use Theorem 1.2.7 in Theorem 3.1.14 to obtain n,l%{:‘;T(P, A) for T-palindromic
polynomials if the number of coefficients that are perturbed are such that the computations
involve a single constraint involving a symmetric matrix. For instance, for a T-palindromic
polynomial of odd degree, npalT (P, \) may be computed provided I has only one element
whereas for a T-palindromic polynomial of even degree, the same is possible provided the
ICc{j2},5=0,....,2-1

It may be noted that if P(z) is a T-palindromic polynomial of even degree and only the
coefficient Am is affected by perturbation, then there are no constraints in the computation
of npalT(P )\) and therefore it is equal to the backward error ngo(P, A\) with respect to

arbitrary perturbations.

Theorem 3.1.17. Let P(z) = Z;’;O 2 A; be a T-palindromic polynomial. Suppose that
A€ C\{0,1,—1} such that M = (P(X))™" exists. Let I = {io} or I = {ip,3} when m
is even, where ig € {0,1,..., LmT_IJ} and w be a weight vector corresponding to I. Let G
and Sy be as defined in (3.1.22) and (3.1.23) respectively, with respect to 1. If ng?;T (P, )

is finite, then
) ~1/2

( G t
0<i<ty S

Q! J)

ngaéT(P, A) = < min Ay

[

2|

0'2(

| .
)

where t] =

)
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Proof. 1t I = {ip}, we can perturb coefficient matrices with indices iq and m — io. If
I = {io, 5}, we can perturb coefficient matrices with indices 49, m —ip and 7. Thus as a

consequence of Theorem 3.1.14, we get

1
2

palT . U*@U om e
P = <sup{ o weem (o) u sou_o}) ,

in the first case and

1
* 2

palT ' u @u 3n A
N2 <P7 )‘) i (Sup{ WU ‘ ueC \{0}, (7 S()u = 0}) ,

in the second case. Now the proof follows by Theorem 1.2.7. O

3.1.5 Numerical experiments

In this section we present some numerical examples to illustrate the proposed method for
computing the structured backward error 75 ,(P, \) of some A € C\ {0} for the structure
S = pal, and for w = (1,1,...,1). In all cases we have used the software package CVX [16,
17] in MATLAB to solve the associated optimization problems. Numerical examples for

the structure S = palr are illustrated in Subsection 5.2.2.

Example 3.1.18. L(z) = A + zA* is a *-palindromic pencil of size 4 with eigenvalues
0.4624 —0.88677, —0.5697 +1.7298¢, —0.1718 +0.5215¢, —0.9765+0.2155¢. For A = 0.4853 —
0.59554, the backward error with respect to arbitrary perturbations is 7, 2(L, A) = 0.0912
while the structured backward error satisfies ngf;*(L, A) = 0.3320. The plot on the left
of Figure 3.1.1 illustrates the movement of the eigenvalues of the pencil L(z) under the
homotopic perturbations L(z) +tAL(z) as t varies from 0 to 1 and AL(z) is an optimal *-
palindromic perturbation corresponding to 775)?;* (L, \) that induces eigenvalues at (X, 1/)).
The eigenvalue curves starting from 0.4624 — 0.8867: and —0.9765 + 0.2155¢ (each marked
by a star surrounded by a circle) come together on the unit circle and split out to form
the pair of eigenvalues (), 1/)\) (where ) is marked by a star surrounded by a diamond) of
the pencil L(z) + AL(z).

On the other hand, the plot on the right hand side of Figure 3.1.1 gives the movement
of the eigenvalues under the homotopic perturbations L(z) + tﬂ(z) when ¢ moves from
0 to 1 and ZZ(Z) is an optimal perturbation corresponding to 7, 2(L, A) that induces an
eigenvalue at A\ without preserving x-palindromic structure. In this case the perturbations

move the nearest eigenvalue of the pencil to A.
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Figure 3.1.1: Eigenvalue perturbation curves for the #-palindromic pencil L(z) of Exam-

ple 3.1.18 with respect to #-palindromic perturbations (left) and arbitrary perturbations (right).

Example 3.1.19. Q(z) = A+2zB*+2?A* is a *-palindromic polynomial of size 3 with eigen-
values —3.2746—0.4165¢, —0.3597+1.822214,0.9896 — 0.14374, —0.0961 —0.99544, —0.3005 —
0.0382z, —0.1043 4 0.5282i. For A = 0.88 + 0.15¢, the eigenvalue backward error with re-
spect to arbitrary perturbations is 0.609 while with respect to *-palindromic perturbations
this is 1.7059. The plot on the left of Figure 3.1.2 illustrates the effect of perturbations
Q(2) +tAQ(z) on the eigenvalues of Q(z) as t varies from 0 to 1, AQ(z) being an optimal
«-palindromic perturbation to (z) corresponding to ni%*(@, A) that induces eigenvalues
at (A, 1/)). It shows eigenvalue curves starting from the eigenvalues —0.1043 4 0.528i and
—0.3597 + 1.82221i (each marked by a star surrounded by circle) of Q(z) coalescing on the
unit circle and moving along the circle till they next coalesce with the eigenvalue curve
starting from the eigenvalue 0.9896 — 0.1437¢ on the unit circle. After the second coales-
cence, the eigenvalues curves split out of the unit circle to form the pair of eigenvalues
(A, 1/A) (where X is marked by a star surrounded by a diamond) of Q(2) + AQ(z).

The plot on the right of Figure 3.1.2 shows the movement of the eigenvalues of Q(z)
under perturbations Q(z) + tAQ(z), where AQ(z) is an optimal perturbation to Q(z)
corresponding to 1,2(Q), A) that induces an eigenvalue at A and is not *-palindromic. In

this case the nearest eigenvalue of (Q(z) on the unit circle moves to form the eigenvalue A
of Q(2) + AQ(2).
We also compare 7, 2(P, A) with n

pale
w,2

(P, \) for the cases that the values of A converge
to an eigenvalue of P(z) as well as for arbitrary values of A.

Table 3.1.1 illustrates these comparisons for the x-palindromic pencil L(z) of Exam-
ple 3.1.18 as A values converge to the eigenvalue 0.4624 —0.88677 on the unit circle. Observe
that while n,,2(L, \) decreases to 0, this is not the case for P (L, \) leading to large dif-

w,2
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Figure 3.1.2: Eigenvalue perturbation curves for the x-palindromic polynomial Q(z) of Exam-

ple 3.1.19 with respect to #-palindromic perturbations (left) and arbitrary perturbations (right).

ferences in the values of the two backward errors.

Table 3.1.2 does the same comparison for values of A that converge to the eigenvalue
—0.5697 4+ 1.7298:¢ not on the unit circle as well as for arbitrary values of A. In the first
case, both 7, 2(L,\) and ng?;*(L, A) decrease to 0. However in the second case, there is

significant difference between the two backward errors even when the values of A are away

from the unit circle.

Table 3.1.1: Values of 1y,2(L, \) and nfu‘?;* (L, \) for the x—palindromic pencil L(z) in Exam-
ple 3.1.18 where \ — 0.4624 — 0.88674.

A Mwa(LA) | 5 (L, \)
0.600 - 1.200i | 0.0710 | 0.2755
0550 - 1.100i | 0.0510 | 02772
0.520 - 1.000i | 0.0300 | 0.2824
0.500 - 0.980i | 0.0240 | 0.2807
0.480 - 0.9501 | 0.0159 | 0.2799
0475 - 0.930i | 00111 | 02811
0.470 - 0.900i | 0.0038 | 0.2835
0.465 - 0.8951 | 0.0022 | 0.2830
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Table 3.1.2: Values of 1, 2(L,\) and nP (L, \) for the x—palindromic pencil L(z) in Exam-

w,2

ple 3.1.18 where A — —0.5697 + 1.7298i (left) and for arbitrary X\ (right).

A Na(L, ) | iy (L, A) A Noa(L, ) | iy (L, A)
—2.50+0.50z | 0.1134 0.1605 1.1890 + 0.03767 | 0.4726 0.5937
—2.00+1.00z | 0.1006 0.1344 0.2940 — 1.3362: | 0.0850 0.2190
—1.50+1.40z | 0.0882 0.1012 1.1910 — 1.2025:2 | 0.1571 0.3415
—0.90 +1.50z | 0.0569 0.0593 0.9410 — 0.9921¢ | 0.1173 0.3494
—0.60 +1.622 | 0.0196 0.0203 0.4850 — 0.5955¢ | 0.0912 0.3320
—0.58+1.70z | 0.0053 0.0055 0.6680 — 0.0783z | 0.3688 0.5149

3.2 Estimates for the structured eigenvalue backward
errors of higher degree T-palindromic polynomi-

als

The techniques used to establish Theorem 3.1.10 and its analogues for T-even and T-
odd polynomials (in Section 3.4) do not extend to higher degree polynomials. We obtain
estimates of the structured eigenvalue backward error for such polynomials by extending
Theorem 1.2.7.

Given a T-palindromic polynomial P(z) and A € C\ {0, 1, —1}, we establish lower and

palt
w,2

In fact, we show that the lower bound gives the exact value of ng?;T(P, A) under certain

upper bounds on the structured backward error 75" (P, A) which estimate it very closely.
assumptions. Numerical experiments indicate that these assumptions are always satisfied
in practice. The same kind of strategy can be used to estimate the eigenvalue backward
errors of higher degree T-antipalindromic and T-alternating polynomials.

We first recall a few things from previous section. Let P(z) = Z;—n:o 2J A; be a regular
T-palindromic polynomial and A € C\ {0,41} be such that M = (P(\))™! exists. If

k= [™] then from (3.1.4) we have

(e (P A)>2 =inf { (v, vm)| (0, ) €K, (3.2.1)
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where f(vg,...,v,) is given by

k 2 2
> 20} ma { il Bemily | if m is odd,
fvo, .. vm) =177 ol? o ? Lol (3.2.2)
2, 2wjmax {ip Bt} + wh b imis even
and K C (C")™"! is given by
K= {(vo, ey Um) ’v,\ #0, (Mvx)"v; =vh,_Muvy, j=0..., k:} : (3.2.3)

Moreover, in view of Theorem 3.1.5 computing structured eigenvalue backward error
of an approximate eigenvalue for a T-palindromic polynomial is equivalent to solving a
minimization problem of maximizing the Rayleigh Quotient of a Hermitian matrix subject

to some constraints involving symmetric matrices. Indeed,

‘ we C"mON\L0}, T S;u=0,7=0,..., k}) (3.2.4)

(NI

¥
e = (s
U u

where G and S}, for j =0, ..., k, are defined by (3.1.15) and (3.1.17), respectively.

3.2.1 Framework for the lower bound of ") (P, \)

w,2

Let P(2) = > 7., %' A; be a T-palindromic polynomial. Tn this section, we build the
framework for deriving a lower bound of the structured backward error nE%T(P, A) for
AeC\{0,1,-1}.
Given H € Herm(n), p € N and S; € Sym(n) for j =1,...,p, we define
H tS
Fi:R— (C2n><2n by Fl(tl) = 1, !
t151 H
and
Fyyp t RPF 4 C2020in -y

B, (% M= X)) S
Foa(ty, o tp) = ? ! ) (3.2.5)
g ! S Ey(ty,...,t,)
where S' is given by,
0 ... 0 tpi1Spe1 |
tp+15p+1 0
S =
0 tp1Spm ;
tp+1Sp+1 0 R 0 1 opnsorn
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Also let

M5, (H, S1, ..., Sp) ==sup {v*Hv|v e C", |jv]| =1, 0" Sju=0for j=1,...,p}.
(3.2.6)

{ n}

then T! is a 2—dimensional subspace of C?", and

*

Fl(tl)

210
o 717 ] = (|,21|2 + |22|2)U*Hv + 2t1Re(zlz2vTSlv), 21,29 € C.
ZoT ZoU

Now for p € N, we define TPt recursively as follows,
T
St ;:{[le AN erg}.

Again observe that TP is a 2P™! dimensional subspace of C2""'", The quantity Mps, 1S
obtained explicitly in Theorem 1.2.7. This result together with Theorem 3.1.5 gives the
structured eigenvalue backward error for T-palindromic polynomials of degree at most 2
in the Subsection 3.1.3. Following the strategy used in [26], we will first obtain a upper

bound for the quantity mps, ... s,

Lemma 3.2.1. Let H € Herm(n) and v € C* be a unit vector. Let p € N, S; € Sym(n)
andt; R fori=1,...,p+ 1. Set

T T
Uy = yl’UT gQ’(_JT ygp_l’UT ggp’l_JT] ,U2:|:21UT ZQQ_JT ng_l’UT EQPT_JT] y

where y;, z; € C for all j. Then

Uy Uy * -
u Fp+1(t1,...,tp+1) » ] = (|y1l2+...+ly2p|2+|21|2+...+|22p|2)’U H'U—l—.:p_H,
2 2
where Z,,1 is some sum of the terms of the form 2tRe(ajaov? Siv), i € {1,...,p + 1},

o1, 00 € {yl, ey Yo, 27, . .,ng} and t € {tl, R ,tp+1}.

Proof. We prove the lemma by applying induction on p. For p = 1 result follows, since

Y1 v Y1 v Y1 v H S 0 5 Y1 v

Yo U Yo U Yo U t1S1 H 15 0 Y2 U
Fg(tl, tg) = _ _

VARY AR ARY 0 t252 H tlSl AR

Zo U Zo U Zo U tsSy 0 .S, H Zo U

= (ln]” + y2]” + |21]” + |22 )v* Ho + 26 Re(y1 20" S1v) + 2t3Re(y1 2007 Syv)
+2t1Re(2122’UT51U> + QtQRe(ygzlvTng).
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Next, we assume that result holds for p =%k — 1, k > 2. Now let p = k and let

[ y1U ] i 20 ] O e O tk+1gk+1
YU ZoU : 0tk 0
Uy = , Uy = ) S =
Yak-1V k1Y 0 try1Skt
gzk@ sz@
i | i | | Sk 0 0]
Then
u | u uslli EFi(ty, ..., t e u
OBt nti) | =] (i ) '
Uz Uz Uz S Fk(tlu e 7tk) Uz
= u’{Fk(tl, e ,tk)ul + uZFk(tl, 500 ,tk)UQ + U;SUl + UTSUQ (327)
By induction hypothesis,

Wt t)ur = () 4 el + - ok + |yas D)o Ho + B, (3.2.8)
where =} is some sum of terms of the form 2tRe(ajav” Sw), i € {1,... k} t € {t1,... tx}
and ay,az € {y1,...,yor }. Similarly,

Wi Fr(ty, . o te)ug = (|2 + 22”4 oo 4 |2zoe o)+ |26 )0 Ho + 22, (3.2.9)
where =7 is some sum of terms of form 2tRe(ayaov? Sjv), i € {1,....k}, t € {t1,...,t1},
and ag, s € {21,..., 29t }, and a straight forward calculation shows that

ubSuy + ulSug = 2ty 1Re(y1 20807 Spy1v + . . A Yor 2107 Spy1v). (3.2.10)

In view of (3.2.7), (3.2.8), (3.2.9) and (3.2.10),

*
Uy
U2

where =}, is some sum of terms of the form 2tRe(ajasv? S;v) where i € {1,... k + 1},

Uy * —_
Fk+1(t1,...,tk+1) [u ] :(ly1|2+...—|—|y2k|2+|Zl|2+...+|Z2k|2)'U Hv+ Zgyq,
2

ap,an € {Y1,. - Yok, 21, .-, 200 p and t € {ty,...,tg11}. Hence the statement holds for
p = k and the proof follows by induction. 0O

Theorem 3.2.2. Let H € Herm(n), p € N and S; € Sym(n) fori=1,...,p. Then

mhslmsp(H, Sl, cey Sp) < il’lfGR )\gp (Fp(tl, c. ,tp)),

where Ao (Fy(ty, ... ,t,)) denotes the (2P)™ largest eigenvalue of Fy(ty, ... tp).
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Proof. Let v € C" be a unit vector satisfying v7S;v = 0 for all i = 1,...,p. Then by
Courant-Fischer max-min-principle [23] and Lemma 3.2.1,
Aop (Fp(tl, . ,tp)) > I£1|i|n” T Fy(ty, ..., ty)x =v"Hv Vti,...,t, €R.
zeYy,||lz]|=1

Hence, Ao» (Fp(tl, . tp)) > Mps, .5, (H, S1,...,5,). O

The function Ags(F,(t1,...,t,)) has a global minimum over RP. The lemma below
proves this for 2 parameters. The general case follows by noticing that the same proof
can be extended for any number of parameters. For H € Herm(n), S, So € Sym(n) and

t1,t2 € R we can write Fy(ty,t5) as

H 0 0 0 0 S, 0 0 0 0 0 S
0 H 0 0 S5, 0 0 0 y, WG
Fy(ty, ty) = +t N Y
2t t2) 0 0 H 0 "o 0 5| *lo S 0 0
0 0 0 H 0 0 S 0 So 0 0 0
=v0 =?r1 =?r2
(3.2.11)

Lemma 3.2.3. Let H € Herm(n), Sy, Sy € Sym(n) with Sy # Sy and let ¢ : R? — R be
given by ¢(t1,ta) = A\y(Fa(t1,t2)). Then ¢ satisfies

¢(t1, tg) — ¢(—t1,t2) = ¢(t1, —tg) = ¢(—t1, —tg) for all t1, to € R.

If rank(Sy) > 2 and rank(Sy) > 2 then ¢ has a global minimum in the region t? + t3 < R?
fort; > 0,ty > 0, where R = Omax (H)=Amin(H)) .y g

[

¢ =min {\(t1H1 + toHy) [ t,ts ER; 17+ 15 = 1},
Hy and Hy being defined by (3.2.11).
Proof. Set
T, = diag (—1,1,-1,1) @ I,,, Tp = diag (—1,1,1,-1) ® I,,, Ty = diag (1,1, -1, —1) @ I,.
Then for t1,15 € R,
—Fy(t1, ta) = T1 (Fa(te, 02)) T, Fa(—t1,to) = To(Fa(te, 1)) Ty ', Folty, —ta) = T3 (Fa(t, t2)) T3 '
(3.2.12)

which implies

¢(t1’t2) = Qb(—tl,tg) = ¢(t1, —tg) = ¢(—t1, —tg) fOI' all tl,tg - R.
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Now define

0 S, 0 t5
8, 0 38 0
LY forall ty,ty € R.
tQSQ 0 t151

t2S2 0 5 0

G(tl,tg) = tlHl + tgHz =

Note that (3.2.12) also hold if F'(¢1,ts) is replaced by G(t1,t2). In particular, we have
—G(t1,t2) = T1(G(t1,t2)) T ", This implies \ is an eigenvalue of G(t1,t,) if and only if —\
is an eigenvalue of G(t1,t5). To prove that ¢ has a global minimum we will show that there
exist a constant R > 0 such that for all (t;,t5) with t? +t2 > R? we have ¢(t1,t3) > ¢(0,0).
Since the closed ball

Br = {(t1,t2) € R*|t] + 2 < R}

is compact and ¢ is continuous due to the fact that eigenvalues depend continuously on the
entries of a matrix, ¢ has a global minimum \; < ¢(¢y,t2) on Bg. By construction we then
have N < @(t,tq) for all (t1,t5) € R?, i.e., A is the global minimum of ¢. Thus, consider

¢ =min {\(G(t1,82)) | t1, 2 €R; 87 + 15 =1} .

Now as rank(S;) > 2 and rank(Ss) > 2, we have rank(G(t1,t2)) > 8 for all (¢1,t3) # (0,0)
and A\y(G(t1,t2)) > 0. As the function g : (t1,t2) — M\ (G(t1,t2)) is continuous, the infimum
c is attained for some (t1,t3) € R? with ¢ + ¢3 = 1. Clearly ¢ > 0 as the function g takes

only positive values. Next, define

()\max(H) - >\min(H>)

. :
Then ¢(t1,t2) > ¢(0,0) whenever 2 + t2 > R?. Indeed, let (t;,%3) € R? be such that
t? +t2 > R? This implies there exist r > R and 6§ € [0,2n[ such that ¢, = rcosé and

to = rsinf. Thus, we obtain

R =

Ot ta) = M(Fa(ty,ta))
- )\4(H0+t1H1+t2H2)

> Mt Hy + taHy) + Amin(Ho)

= r >\4(cos(9)H1 + sin(@)Hg) + Amin(Ho)
> R.c+ Ain(Ho)

= ¢(0,0),
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where the last equality holds because ¢(0,0) = A\y(Hp) = Apax(H) = R.c + Amin(H ). This
completes the proof. 0O
In the next section, our aim will be to obtain a lower bound of ngféT(P, A) that is also

an upper bound for the unstructured eigenvalue backward error. We prove two lemmas

which will be used for this purpose.

Lemma 3.2.4. Let M € C™" be non singular, m € N, k = |Z1], and XA € C)\ {0}.

Suppose that S C (C")™+ is given by S = {(vo, ..., Um) | Vo +Av1 + ...+ A"y, # 0}, Let
vy =09+ Ay + ... + X", and g : S — R be defined by

k [ [ 2 \ :
_ } Bjmoogmax{gyim e ) #hm is odd
9(vo, -, vm) = 5 il lom s lompall®
2005 max { i Rragr ) Omyzage i ds even,
(3.2.13)
where o, j = 0,...,k are non-negative real numbers. Further assume that g has its infi-
mum over S. Then every minimizer (Vg, .. ., Uy) of g with a; # 0 satisfies ||0;]| = ||0m—;]|,
je{0,... k}.

Proof. Let the minimum of g be attained at (g, ..., 0,) € S. Also, for some j € {0,...,k}
let a; # 0 and ||0;]| # ||0m—;]|. We only consider the case that

19511 > (| 0m—s]l- (3.2.14)

(The case ||0;]] < ||Om—;|| leads to an analogous argument). We prove that every vector
y € C" is perpendicular to ©; and hence in particular ¢; 10; which implies 9; = 0. This will
complete the proof by contradiction as v; # 0.

Now let y € C", and consider v; = 0, + By and Vy,—; = Vpp—j — /\m%y Also set v; = v;
fori =0,...,m except i = j and i = m —j. Then " Nv; = 37" Ni; # 0 implies
that (vo,...,0m) € S and [[M (Vg + AUy + - - + X0y, || = || M (0 + A0y 4 - - + A0y, |-
Note that ||o; + By||> = ||9,]]* + 2Re(B7y) + 18P |ly||2. Thus, unless 07y = 0, there exists
Bo # 0 sufficiently small such that

. A A Bo
9511 > 1135 + Boyll > ||om-s = 1579

Since g(vg, -+, Um) < g(0g, - .., Onm), this contradicts the fact that the minimum is attained
at (0o, ...,0m) €S. Thus Vy € C* we have y L ;. [

Lemma 3.2.5. Let M € C™" be non singular, m € N, k = |Z1]| and A € C )\ {0}.

Suppose that S € (C")™+ is given by S = {(vo, ..., Um) | Vo + A1+ ...+ A"y, # 0}, Let
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vy =g+ vy + ...+ A", and h : S — R be defined by

k vz 112 IN™ =2 o —j |12 - :

G Q + if m is odd
h( ) = 23—0 ](”MUAHZ N ) /

B T 1 ] 51 P 2 ifm is even

. . m

3=0 ZT\ [ My N el IYONTE ’
where o, 7 = 0,...,k are non-negative real numbers. Further assume that h has its
infimum over S. Then every minimizer (0o, ..., 0n) of h over S with o # 0 satisfies

1951 = l1om I, 5 € {0, ..., k}.

Proof. We prove the lemma for the case that m is odd. (The case m is even, leads to

an analogous argument). Let (0p,...,0,) € S be a minimizer of A and a; # 0 for some
j €40,...,k}. Set & := M(0g + Aoy + -+ + A™0y,) and let y;, ym—; € {T}* such that
0; = y; + ¢ and Op—j = Ym—j + ;T forsome c¢;,c,—; € C. Set z; := ¢;7 and

Zm—j i= Cm—;T. Now, since y;, Ym—; € {T}*, we have
2 2 2 a2 2 2
15117 = My 1™ + 11zl Nomsll” = Ngm—sll™ + ll2zm—s1"

We show that i3] = [[dn_y1|, by proving that [lg;]l = sl and [15]| = [lzyll. First
we show that [|y;]] = [|[ym—jll. Set y = A™ 2y, + [A\|™ 2 y,,_;. Then for all € € R we have

(’(AJ(),...,TA)J'—|—€)\m_2jy,...,@m_]‘—Gy,...,'lAJm> € S and

=M (0 4+ A0+ -+ N0+ X" y) + -+ AN (e —€y) + -+ A,

Thus,
d I 3 m—2j ~ ~
0 = —h((vo,...,vj+e)\ Jy,...,vm_jfey,.‘.,vm))
de e=0
k ~ 112 — 21~ 2 ~ _94 2 ~ 2
d D; ™2 s d [(||0; + e Dppj — €
— (3 (LB By (U e X s
e\, 2= Vg ol e\ el I
20 Re (0 (N2 ) — |\ oy d .
— iRe (%] - ) ( d—\|v+ ey’ = 2Re(v y))
EH e
_20Re(GTO Y y) — NV g5 y)
- 2
e )
20 AR (I g 1P A N gy = A gy = AT [y )
- 2
||
i 2 2
=20 AP ([lyi = Mlymes))
P} )
S I . .
which implies ||y;|| = ||Ym—;|, since a; # 0. Similarly, one can show that ||z;|| = ||z

by choosing y = A"~ % z; + |\|™"%2,,_; in the above. Hence result follows. [
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3.2.2 A lower bound of 7?%" (P, \)

w,2
Due to Theorem 3.1.5 and Theorem 3.2.2, for any A € C\ {0, 1, —1}, regular T-palindromic
polynomial P(z) =" 2/ A; and k = [ ™52 ], we have

—1

2
(ngfy(p, A)) = (Mhsy. 5, (G5 S0, -+, Sk)) " > ( inf - Agess (Fkﬂ(to,...,tk))) (3.2.15)

to,..tk €

where G € Herm(n(m + 1)) and Sp,..., S € Sym(n(m+ 1)) are given by (3.1.15)
and (3.1.17) respectively, and Fj., : RF1 — C2''Nx2"N g defined by (3.2.5) with
respect to G and Sy, ..., Sg for N =n(m + 1).

Theorem 3.2.6. Let P(z) = Z;—n:o 21 A; be a T-palindromic polynomial and suppose that
A € C\{0,%1}. Suppose that P(X) is non singular and M = (P()\))~'. Furthermore let

w = (wo,...,wy) be a palindromic weight vector and k = ™ |. Then

—1
inf  Agria (Fk+1(t0, . ,tk))> > (ﬁw,Q(P, )\))2 ,
trER

to,...,

(npalT(P A))Z = (Mo (G, S0, -, ) = <
w,2 ) hso...Sk 305« -y Pk =

(3.2.16)
where G and S; for j =0,...,k are defined by (3.1.15) and (3.1.17), respectively, 1, 2(P, \)
denotes the unstructured eigenvalue backward error and A\gr+1 (Fk+1(t0, A . ,tk)) denotes the
(251)h Jargest eigenvalue of Fyiq(to, . .., tx). There exist ty, ..., t; € R such that

Agirt (Fpa (85, - -, 85)) == inf  Aoert (Fiya(to, - - -, i)
t0,..-,tx ER
If there exist a unit vector v € C™*1) satisfying
V*Gu = Agrir (Fa (8, ..., 7)) and o"Sju=0 Vj=0,....k, (3.2.17)
then
2 ] _
(ng?;T(P, )\)) = (Mhsg...s (G, S0, - - -, Sk)) b (Agrrr (Frpa (85, - -, 11))) "
Proof. In view of (3.2.15) to show that (3.2.16) holds, we only need to show that
~1
( inf e (Frpa(to, - - 7tk>)) > (1u2(P, X))
t0,...,tx ER
We have,
t intfeR Agrrr (Figr (to, - o tk)) < Agrst (Fieg1 (0, .., 0)) = Amax(G), (3.2.18)
O5:e0y k
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where Apax(G) is the largest eigenvalue of G. So to establish (3.2.16), we show that
(Amax(G)) ™" > (Mw2(P,\))>. By Lemma 1.2.6 we first write 7,,2(P, \) as follows.

(Nw2(P, ) 1nf{2w2||A 17 | Jvo,. .., vm € C™, 0y #0, (A, ..., A,) € (Cm)mH

v; = AjMuy, ij,...,m}.

By using Theorem 1.2.8, we get

m

. o, 1
(w2 (P, )\))2 — 1nf{ w?
; 7| Muy||?

where S; = {(vo, ..., vm) € (C*)™ | vy := vy + ...+ A", # 0}. Now from (3.2.1), we

have

(Vos - 3 U) € 81}, (3.2.19)

o0 > (nga;T(P,A>)2 = b { Foo.. o) | (s ) € K}

> inf{f(vo,...,vm){(vo,...,vm)681} (- KCS&)
- inf{f(vo,...,vm)](vo,...,vm) 682}, (3.2.20)
where Sy = {(vo,...,vm) e St | vl = lvmjll, 5 = 0,...,]{:}. The last equality in

(3.2.20) holds because by arguments similar to those used in Lemma 3.1.4, it can be shown

that f has its infimum over §; and by Lemma 3.2.4 this is attained at a point of S;. Now

since (Vg, ..., Um) € Sa = 0|l = ||vm—j| for j =0,..., k, we can write f over S, as
Z 2w? ”UZ)” if m is odd
fvo, ... ,vm) = ;”ﬂ{} ”” s lomal? A (3.2.21)
Z 2w ”M; P T wn ||]\ZL£A” if m is even.

Again from (3.2.20) and (3.2.19)

2
00 > (nia;T(P, )\)) > mf{f(vo, L G TR, ‘ (Voy -+, Um) € 82}
> lﬂf{f(vo, Um) | (vo, - V) 631} (& CS)
S [
= inf W Voy -+, Um) €S
{Z Moy 2 )

= nua(L,N)?  (by (3.2.19)). (3.2.22)

We now show that,
1

112 ;:inf{f(vo,...,vm)‘(Uo,...,vm) 652} = (G
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For this, consider v;; = , /W , Vj2 = % for 7 =0,..., k. Now using the fact

that 7%, +77, = 2 for all j, from (3.2.21) f can be written over S, as

k v;|? V|2 . .
Zj:(] w32'792'1 ||]|\|JZ)|,\|_||2 + w]z')/jz'gin‘Mv/\]HHz if m is odd
floo,-svm) = ¢ o1 o vl o
—o W35 7 + W55 L+ Wh 3 if m is even.
7=0 M T W o T W g f
(3.2.23)
By using tlzle values of 7,1 and 7,9, we have f(vg,...,vm) = h(vo,...,vy,) over S with
o = % and am = w% for h as defined in Lemma 3.2.5. Now since S, C Sy, we
J (A+[A[m=27) 2 2
have
12 > inf {h(vo, & ] (V0s - -« , V) € 31}. (3.2.24)

In fact, equality holds in (3.2.24) because infimum of i over S is finite (as p? is finite by
(3.2.20)) and arguments similar to those used in Lemma 3.1.4 show that A has its infimum

over 8 which is attained at a point of Sy by Lemma 3.2.5. Therefore

p? = inf {h(vo, ey Um) ’ (vo, .-+, V) € 81}. (3.2.25)
Set u = [U(J;,...,UZ;]T, where U; = W;Yj1Vj, Um—; = W;7j2Um—j fOI'j = O,...,]{?, and
U2 = Wi 2Upm/2 When m is even. This implies h(vo,...,vm) = QiGlf . Also, note that

u*Gu
0 # u*Gu = ||Muvy|*> <= vy # 0. Thus, from (3.2.25), we have
2 - u*u nym+1 *
uwo= mf{u*Gu‘ue(C) ,uGu#O}
Je -1 y
- <sup {“uu“ u € (CH)™H\ {0}} = (AM(G))> . (3.2.26)

Note that since p? is finite and positive, the supremum in the latter equality of (3.2.26) will
not be attained by vectors u satisfying u*Gu = 0 and therefore, the condition u*Gu # 0 is
superfluous for it. Now (3.2.26), (3.2.22) and (3.2.18) yield

=
( inf )\2k+1 (Fk+1(t0> s 7tk))) > ()‘maX(G))_l > (nw,Z(P> )‘))2

to,...,tx ER
and this proves (3.2.16). By Lemma 3.2.3 there exist ¢, ..., t; € R such that

)\2k+1 (Fk+1(t6, e ,t;)) = in R)\2k+1 (Fk+1(t(), e ,tk))

f
to,...tk €
The next part of the theorem follows immediately by noting that if a unit vector v € C”

satisfies
0*Go = Agrrr (Fopa (8, ..., 1)) and 0" Sju=0 Vj=0,... k, (3.2.27)
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then

mhsl___sm(G, Sl, ey Sm) Z inf R)\gm (Fm(tla Ce ,tm))

In Chapter 5 we will prove that, when P(z) is a real T-palindromic polynomial and
A€ R\ {0,£1} then

Mgt (Fio1 (85, -, 85)) = Amax(G + 6550 + .. . + £4.5k),

and ()\2k+1 (Fk+1(t6, o - ,tZ)))_l gives the exact backward error of A with respect to real
T-palindromic perturbations whenever Apax(G + €550 + ... + t55k) is a simple eigenvalue

Remark 3.2.7. In general, numerical experiments suggest that the lower bound in the
above theorem is actually equal to the structured backward error when A\grt1 (F k1 (5 - - - t;))

is a simple eigenvalue of Fj ., at the optimal point (¢j, ..., ;).
On the basis of numerical experiments we have the following conjecture.

Conjecture 3.2.8. Let P(z) = Y."  2'A; be a T-palindromic polynomial. Suppose that
A€ C\{0,£1} such that det(P(\)) # 0. For the matrices G and Sj, j = 0,...,k of
Theorem 3.2.6, if

)\2k+1 (Fk+1(t6, e 7tz>) = in

f
to,...,tk €

R)\QkJrl (Fk+1(t07 e atk))

m+1) satis-

is a simple eigenvalue of Fyq(t5, ... 1), then there exist a unit vector v € C™
fying

VG = Agrs1 (Fk+1(t6, - ,t;)) and v'S;ju=0 Vji=0,... k

3.2.3 An upper bound of 77 (P, \)

w,2

We recall that for a matrix polynomial P(2) = > ™27 A; with (Ao, ..., A,,) € S and pair
(A, z) € Cx C™\ {0}, the structured eigenpair backward error 75, ,(P, A, z) with respect to

Il llo.2 norm is defined by

1 o(P A @) i=inf { (Ao, An) ‘ (zm:w'(Aj — A7)z =0, (Ao, ..., An) €S},
§=0
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An exact formula for n, ,(P, A, z) has been derived in [1] for various classes of structures.

As noted in Theorem 3.2.6, if there exist a vector v = [vl,...,vT]T € C"™*+1) such that
v* G

v*U

= Agkt1 (Fk+1<t67 o ,t’,;)) and v S;u =0, for j =0,... k,

—2

then <n5?;T(P, >\)> = Ay (Fiep1 (85, ..., t})) and we get the exact value of nfl’f;T (PN, If
this is the case then by Remark 3.1.13 for u = M (2;.”:0 )\juj) where [ul, ... ul'] =T,
I being defined by (3.1.13), we have 7?7 (P, \) = ngféT(P, A, u). Therefore we obtain an

w,2

upper bound on 7?7 (P, \) as follows.

w,2
Let v = [v1, ..., veer1]T be an eigenvector corresponding to eigenvalue \ge1 (Fra (85, -, t7))
of F1(ts, ..., 1), where v; = [vk, ..., 0l ]1T € CM"™*D for 4 = 1,...,2%*1 For each

i=1,...,2"7 define

w =Ty = [u%,... ul ]T

) Yim

and  w; == M (uio + Aup + -+ + AUy )

where I is defined by (3.1.13). Then

be' (P A) < ' e (P, w;). 3.2.28
Tz (FA)S ie{l?.l.l,glk“}nw’z (B2, w) ( )
01 ‘ 01
Set Ry := B ® Iy and Ry := diag(D, ..., D) ® Iy, where D := - and

N :=n(m+1). Then

Rle+1(t6, A ,tZ)Rl = Fk+1(t6, o ,tZ) and RQFk+1(t6, Ce ’tZ)RQ —= Fk—l—l(tBu ey T,Z)

Now if Agrs1 (Fypr (85, ..., t5)) is simple then there exist a eigenvector v = [27, £&7]"
corresponding to eigenvalue Agrsr (Eypt (85, . .., %)), where & = [27 27 - 2T z7]" € c?'N
with € CV such that

x*Gx

= Ages1 (Fipr (..., t})) and Re(2"S;z) =0, for j =0,... k.

T
Numerical experiments suggest that in such cases Im (z7'S;z) is also 0 for matrices G and
S, forj =0,...,k of Theorem 3.2.6. Thus this choice of vectors w; in (3.2.28) gives a good

upper bound whenever Agir1 (Fip1 (85, ..., t5)) is a simple eigenvalue of Fyii (85, ..., t}).

3.2.4 Numerical experiments

In this section, we present some numerical experiments to illustrate the bounds for T]EJ%T (P, \)

with w = (1,...,1) obtained in Theorem 3.2.6. As mentioned in Remark 3.2.7, Conjecture
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3.2.8 holds in all our numerical experiments. Therefore the lower bound in Theorem 3.2.6
indeed gives the value of 2% (P, \).

w,2

Example 3.2.9. P(z) = Z?:o 2/ A; is a random T-palindromic polynomial of size 3 x 3
with eigenvalues 0.8430—3.6718z, 1.2781+0.80437, 0.4717—1.36587, —1.4242—-0.24214, —1,
—0.6824 + 0.11604, 0.2259 + 0.65417,0.0594 + 0.25872,0.5605 — 0.3527:. We recorded the

palr
w,2

lower and upper bounds for 7} (P, \) for different values of A. If A converges to an
eigenvalue of P(z) then both the unstructured and structured backward errors tend to
zero as expected. The difference between unstructured and structured backward error
may be quite significant for arbitrary A. These are recorded in Table 3.2.1 for values of
A converging to the eigenvalue 1.2781 + 0.8043i as well as for arbitrary A (not necessarily
close to an eigenvalue). Here lbound stands for the lower bound obtained in Theorem
3.2.6 and ubound stands for the upper bound obtained in Section 3.2.3. In all cases

Ibound = nl‘f;T (P, N).

Table 3.2.1: Estimates of nffgf(P, A) of a T—palindromic cubic polynomial P(z) where A —
1.2781 + 0.8043¢ (left) and for arbitrary X\ (right).

A Nw2(P, \) Ibound ubound A Nuw,2(P;, A) Ibound ubound
(= s (P.Y)) (= iz (P.)

2.1540.25¢ | 0.9047 1.1175 1.2505 —0.2073 4 2.44537 | 1.5482 2.0843 2.1712
2.00+0.352 | 0.8519 1.0320 1.1697 0.4376 + 0.20173 0.9773 1.1949 1.3439
1.8540.45¢ | 0.7629 0.9050 1.0386 —1.7307 4+ 1.1932¢ | 1.1819 1.5057 1.6726
1.70 + 0.55¢ | 0.6288 0.7300 0.8473 0.6861 + 1.8292: 1.3233 1.7124 1.8774
1.55 4 0.652 | 0.4433 0.5039 0.5903 || —0.1779 — 0.0049: | 0.9432 1.3399 1.3441
1.40 +0.752 | 0.2064 0.2301 0.2712 || —2.0310 — 1.5386¢ | 0.8108 1.1010 1.1615
1.33+0.78 | 0.0920 0.1016 0.1200 —1.3070 — 1.4864: | 0.9349 1.1860 1.3112

Table 3.2.2: Estimates of npalT (P,\) of a T—palindromic polynomial P(z) of degree 4 where

w,2

A — —1.3434 + 0.5141:¢ (left) and for arbitrary \ (right).

A w2 (P, A) Ibound ubound A Nw2(P, \) Ibound ubound
(=5 (PY) (=5 (PY)

—2.45+0.05¢ | 1.3495 1.8070 1.8566 || —2.9080 + 0.82527 | 1.4138 1.9494 1.9909
—2.254+0.15¢ 1.2121 1.5956 1.6525 —2.4245 4 0.9594¢ 1.1971 1.6266 1.6792
—2.054+0.25¢ | 1.0173 1.3110 1.3711 || —0.2820 + 0.03352 | 1.3678 1.9066 1.9246
—1.85+0.30¢ | 0.7987 1.0004 1.0580 —0.0983 4 0.04147 1.1595 1.6393 1.6396
—1.6540.357 | 0.5341 0.6467 0.6921 || —0.0229 — 0.2620z | 1.1180 1.5679 1.5793
—1.45+0.407 | 0.2448 0.2861 0.3096 —0.0000 4 0.0549¢ 1.1226 1.5876 1.5876
—1.38 +0.45: | 0.1142 0.1329 0.1447 0.0226 — 0.0479: 1.0877 1.5382 1.5382
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Example 3.2.10. Table 3.2.2 has a record of similar experiments done for a random T-
palindromic polynomial P(z) = Ag + 2A4; + 22 Ay + 23 AT + 24 AT of degree 4 and size 4 x 4
having an eigenvalue at —1.3434 4 0.51414.

3.3 Antipalindromic polynomials

In this section, we obtain structured eigenvalue backward errors of e-antipalindromic poly-
nomials where ® € {x, T'} by techniques analogous to those for e-palindromic polynomials.

Thus denoting the e-antipalindromic structure by antipal,, where

antipal, = {(Ao, ..., An) € (CM) T AT = —A, ;) ife=x :
(oo Ar) € (€O AT = 4,3} it =T

Again, to preserve the antipalindromic structure of the perturbed polynomial equal weights
must be given to coefficients in position j and m — j. Thus let w = (wo, ..., w,,) be such
that w; = wy,_;, i.e., let w be a palindromic weight vector.

Let P(2) =37, 2/ A; be a e-antipalindromic polynomial, i.e. (Ay,...,A,,) € antipal,
and A\ € C. Then we compute,

nasPe (P, )\) = inf {u (Ao, . .. 7Am)|||w,2‘ det(Z N(A; - Aj)) =0, (Ao,...,An) € antipal.} :
j=0

Note that nantlpal'(P, 0) = V2woOmin(Ap) Where pin(Ag) is the minimum singular value
of Ag. Tt is shown in [1] with weight vector w = (1,...,1) that nantlpal*(P A) = Nw2(P,A)
when |A| = 1 and nampalT (P,\) = nw2(P,X) when A = £1. This fact can be generalized
for arbitrary palindromic weight vectors w.

In order to reformulate the nan“pal'(P A) into an equivalent optimization problem of
the form (3.1.18) when e =7 and (3.1.19) when e = %, we define

| m=1 L / 2 o, 2(A\|m—25 .
k= L 2 J7 Vi1 = Wy TH[A[™=27 V2 = Wy T+[A[™ =27 J = 07 A k?

L diag(r)/()lu--'771617’)/162--'7702) ®In7 if m is odd
= ) ) ) (3.3.1)
diag(vo1, - - - Vi1, W, Yea - .- ,Yo02) @ 1, if m is even
and A, == [1, A, ..., \"] € C>*™+1) Further
Cj = ( :n ; )®M. (em—j+1Am)®M7 J=0,...,k, (332)
C% = (A%e 77 1) @ M+ (6%+1Am) ® M, (3.3.3)
G = I ((ALA,) @ (M*M) T (3.3.4)
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where ¢/ is the j-th standard unit vector of C"™*!. Also, when @ = x for j = 0, ..., k define

Hy =T (C;+C)T™, Hyy =il (C; = C5)T™" and Huw :=T7'Cwl,
(3.3.5)
and when e = T' define

S;=T"1(C;+Cf)r™, and Swm :=T7'Cal" (3.3.6)

Thus by arguing as in Section 3.1.1, we have the following analogue of Theorem 3.1.5

for e-antipalindromic polynomials.

Theorem 3.3.1. Let P(z) = Y " (27 A; be e-antipalindromic and X € C \ {0}. Suppose
that P(X) is nonsingular and M = (P(X))™. Furthermore, let k := |"5*|, G be defined
by (3.3.4), H; for each j be defined by (3.3.5) and S; for each j be defined by (3.3.6). Then

*

v*Guv

antipalp P\ i {
7711),2 ( ) ) (Sup v*

—-1/2

‘ v e C"mON\ {0}, T Su =0, j =0,..., k:}) (3.3.7)

when m is odd and

*

antine Gv
antipalp P a . {U
i < ({8

~1/2
‘ v € CMmHD\ {0} UTS%U =0,v"S;v=0,j=0,.. ,k})

(3.3.8)
when m is even, and

*

; G
g py) = (s { £
V¥V
Proof. The proof is similar to that of Theorem 3.1.5. O
In the view of Theorem 3.3.1 and Theorem 1.2.18, the following result gives a formula

for "= (P, \) when |A| # 1.

w,2

~1/2
) v € CMmHD\ {0}, v'Hjv =0, j :0,...,m}) )

Theorem 3.3.2. Let P(z) = Y "2/ A; be *-antipalindromic and X € C\ {0} such that
IA| # 1. Suppose that P()\) is nonsingular and M = (P(X))™'. Then for G as defined in
(3.3.4) and H;, 7 =0,...,m, as defined in (3.3.5), we have that

)\;ax = min )\max(G+t0 H()—l— +tm Hm)
10, tm ER
is attained for some (tf,...,t5) € R™ If m = 1 or X5, is a simple eigenvalue of

G+ t5Hy+ -+t Hyp, then

: 1 ~1/2
antipals P _ _ ; H Ce H.
nw,2 ( ’ )‘) W (to,.r.{lt,ileR )\max(G + tO o+ + tm m) ) .

max
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Proof. The proof follows by Theorem 1.2.18 and Theorem 3.3.1 with arguments similar to
that in Theorem 3.1.6. D
Note that Remark 3.1.7 holds for x-antipalindromic polynomials also and thus making

the case of the e-antipalindromic pencils a special one.

Theorem 3.3.3. Let A € C"™ and A € C\ {0} with |A\| # 1. Suppose that the pencil

P()\) = A — MA* is nonsingular and let M := (A — NA*)~! exzists. Furthermore define
2 2|\l
2 = /o

AM*M |)\|2M* ’ AM*+M MM |~ 0 woyel, |’

—T7'GI™', Hy=T""(C+CHI" and H, =il (C—CHI"

Then —1/2
nantlpal (P )\) ( min )\maX(G +to Ho + t1 Hl) ) ]

to,t1€ER
An optimal perturbation (Ag,...,4,,) € antipal, that attains the backward error
nfvrf;ipal* (P, \) can be constructed on the lines of Remark 3.1.9.
Now let P(z) = A—2zAT where A € C™ " be a T-antipalindromic pencil and A € C\ {0}
be such that M = (P()\))~! exists. Then by Theorem 3.3.1, we have

*

; Gu
antipalp P\ _ { v
77w,2 ( ) ) (Sllp v

] v e C*\ {0}, vTSv = o})_l/2

where G is Hermitian and S is symmetric. Therefore as an easy consequence of Theo-
rem 1.2.7 we obtain nan“palT (P,\). More precisely, we have the following result for T-

antipalindromic pencils.

Theorem 3.3.4. Let A € C" and A\ € C\ {0} with A\ # +1. Suppose that the pencil
P()\) A — NAT is nonsingular and let M = (A — NAT)™! exists. Furthermore define

_ L N ET
o - 14+|A]?
AM* M - MT 0 ro | wondn 0
MMM | AN2M*M S AMMT M oMM | 0 woyel, |’

G:=I'Gr' and S:=I"'(C+C"r!

)

Then
G
tS

Q) EQFI

antipalp o .
) (P> >\) = (02131 >\2<
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G tS G tS
where )\2( _ ) denotes the second largest eigenvalue of matrix _ | and
tS G tS G
2
t = I&1 where 05(S) denotes the second largest singular value of S.

a2(S)’

Remark 3.3.5. By following the techniques of Section 3.1.4, we can allow zero weights

in the palindromic weight vector w. Thus nfggipal'(P, M) with a restricted perturbation set

can be obtained on the lines of Section 3.1.4 by appropriate changes in matrices éj and

hence H ; and §j. Note that if m is even then we have a symmetric matrix corresponding to

(%)th—index. Hence when P(z) is T-antipalindromic and we allow perturbation to at most
antipale

two coefficient matrices of P(z), then ng,""*(P,A\) may be computed by using Theorem
3.3.4.

For higher degree T-antipalindromic polynomial P(z), we can estimate nffj;ipalT (P, )

by following the techniques used to estimate 7P (P, \) in Section 3.2. In the following,

w,2

we have a analogue of Theorem 3.2.6 for T-antipalindromic polynomials that estimates
PP (P)) fairly tightly.

Theorem 3.3.6. Let P(z) = Z;ﬁ”zo 2 A; be a T-antipalindromic polynomial and suppose
that X € C\ {0, £1}. Suppose that P()\) is non singular and M = (P(X\))~'. Furthermore,
m—1

let w = (wo,...,wn) be a palindromic weight vector, k = [™5=], and p = k when m is odd

and p =k + 1 when m is even. Then

) 2 y -1
(28 (P ) = (S5 2 (i e (Bl 1) )= (PN,

£0,0tp€
(3.3.9)
where Fyy1(to, ..., tp) is defined by (8.2.5), Mps,..s, s defined by (3.2.6), S5 forj =0,....p

and G are defined by (3.3.6) and (3.3.4) respectively, and Agpr1 (EFpii(to, ..., t,)) denotes
the (2PT1)™ Jargest eigenvalue of Fyi(to, ... t,). Let, t5, . .. ;ty € R such that

A1 (Fppa (5, .., 17)) o= infeR Aops1 (Fyia(to, -, tp))

o, lp

If there exist a unit vector v € C"™Y) satisfying

V*GU = Agpr (Fpar (5, ..., t3)) and 0'Sju=0 Vj=0,...,p, (3.3.10)

» p
then

-1

. 2 _
(nfj};lpalT(P’ A)) == (mhso___sp (G, S(), ey Sp)) = ()\2p+1 (Fp+1(t8, e ,t;))) 1.
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Proof. The proof is similar to that of Theorem 3.2.6. O
Note that, in general numerical experiments suggest that the lower bound in the above
theorem is equal to the exact backward error, thus the counterpart of Conjecture 3.2.8

holds for T-antipalindromic polynomials. Moreover, we can obtain a tight upper bound of

antipalp
w,2

Table 3.3.1 records the experiments done for randomly generated T-antipalindromic

(P, \) by arguments similar to that of Section 3.2.3.

quadratic polynomial P(z) of size 4, randomly chosen A € C\ R and w = (1,1, 1). Here
Ibound is the lower bound obtained in Theorem 3.3.6 and ubound is an upper bound
obtained by following Section 3.2.3. This shows that the unstructured backward error and
T-antipalindromic backward error are significantly different. Also in each case the sufficient
condition for the lower bound to be equal to 72"s**T (P, \) is satisfied and hence gives the

w,2
tipal
exact value of 755" (P, \).

Table 3.3.1: Estimates of n™"5P*T (P, \) of a T-antipalindromic quadratic polynomial P(z) for

w,2

arbitrary A.

A Nw2(P, X) Ibound ubound
(=nys™ " (PN)

0.0983 + 0.04147 1.1039 1.5476 1.5637
0.0000 — 0.0549: 1.1005 1.5501 1.5550
0.2458 + 0.07007 1.0650 1.4625 1.5378
1.7013 — 0.50972 0.8223 1.1268 1.2773
2.0243 — 2.35951 1.0490 1.4116 1.4953
—0.2132 — 0.13457 | 0.9635 1.2716 1.3507

3.4 T-alternating polynomials

The problem of computing structured backward error for eigenvalues of T-alternating poly-
nomials can also be transformed to a problem of maximizing the Rayleigh Quotient of a
Hermitian matrix with respect to some conditions involving symmetric matrices. The
structured eigenvalue backward errors for eigenvalues of T-even polynomials of degree at
most 2 and T-odd pencils can then be found by applying Theorem 1.2.7. We denote the

T-alternating structure of matrix polynomials by alty C (C™*")™*1 where alt = even if
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P(z) is T-even and alt = odd if P(z) is T-odd, and define it as follows.

Al — {(Ao, ..., Ap) : Ayj € Sym(n), Ayj11 € SSym(n)} if alt = even
B {(Ao, ..., An) : A1 € Sym(n), Ay; € SSym(n)}  if alt = odd.

Let P(z) = Z;n:(] 21 A; be a T-alternating polynomial, i,e., (Ao, ..., A, ) € alty. From
1, 2], nfultzT(P, 0) = Nw2(P,0). Therefore let A € C\ {0} such that P()) is nonsingular. We

calculate,
altT 1 - ] —
(P A) ._mf{ 1( Ao, s Az ] det (Z N(A; — Aj)) —0, (Ag,...,Ap) € altT}
=0

and construct the corresponding perturbation A(z) = Z;n o MA; that attains the infimum.
Lemma 1.2.6 yields the following alternative characterization of nahT(P A) in terms of

mapping problems.

mg (P2) =it { 120, Az [Bro, - om €C 1, 0x #0, (Ao, ..., Ay) € altr,

A;Muy = vj, ij,...,m}.

The matrices A; for j = 0,...,m of the tuple (Ao, ..., A,,) € alty are either symmetric
or skew symmetric. For any (v, ...,v,) such that vy # 0, a symmetric matrix A may
be chosen to satisfy AMw, = v; without any restriction on Mwv, and v;. On the other
hand, a skew-symmetric matrix A may be chosen to satisfy AMv, = v, if and only if
(Muvy)Tv; = 0 <= TS = 0, where v = [v1,...,v5] and §; = ATel,; @ MT. Due

to these facts, the following theorem gives the desired reformulation of the problem of

computing naltT (P, N).

Theorem 3.4.1. Let P(z) = Z;.”:O 21 A; be T-alternating matriz polynomial. Suppose that
A € C\ {0} such that M = (P()\))™" emists. Let A, :=[1,),...,A™] € C>*"D) gnd set

G = (ALA,) © (M*M), T :=diag (wo,wy,...,w,) @1, G=T"'GI}

as well as
~ 1, ~ _ . m
Sej i = ((ALes;o) @ M), Sy =T (Se; + ST forj=0,..., {TJ(?)M)
Sp: = ((ALel )@ MT), S, =T NSy + S0 for j=0,. [%J (3.4.2)

where e; denotes the j-th standard basis vector.
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(1) If alt = even, then

*

(1297 (P.A)) 2 = sup {“ Gu

u*u

we (CY {0V, uTS,u =0, j=0,..., {L”J } |

(2) If alt = odd, then

(124 () = sup {2

w e (€)™ {0}, ulSpyu=0,5=0,..., {TJ } .

Proof. The proof is similar to that of Theorem 3.1.5 for the case when e =7T. O
Clearly, when P(z) is either a T-even polynomial of degree at most 2 or a T-odd
pencil, then (3.4.3) and (3.4.4) respectively imply that calculating nglfg

single condition associated with a symmetric matrix. Thus, a straightforward application

(P, \) involves a

of Theorem 1.2.7 gives the structured eigenvalue backward errors in these cases.

Theorem 3.4.2. Let P(z) = Ag+ zA; be a T-alternating pencil and A € C\ {0}. Suppose
that det(P(\)) # 0 so that M = (P(X\))~! ewists. Set

L A 0 R
6m| T RF |eorm sm | Lol
wowr  wy wowy  w?
and
1 7 A
s, = | W M) wowlM]
. AT 0o |
wow1
Then ”
G tS i\
evenr o : €
Moz (PA) = <0I§%1<1}1)\2< tS. G ] ))
2G|
here t; = d
where t; 2(5.)’ an
G tS o
oddr _ . o
N (PA) = <0I<21<I}tl)\2( e, ] ))
2G|
here t; = )
wnere 11 0_2(50)
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Proof. Since P(z) = Ay + zA;, Theorem 3.4.1 implies that

*G
ey (P,A) 2 = sup {“ —
u-u

u € C*\ {0}, v’ Su = 0} , (3.4.5)

where S = S, if P(z) is T-even and S = S, if P(z) is T-odd pencil. Thus the proof follows
by applying Theorem 1.2.7. 0O

even
w,2

Similarly, the following result gives n (P, \) when P(z) is T-even quadratic matrix

polynomial and A € C\ {0}.

Theorem 3.4.3. Let P(z) = Ag + zA; + 2°Ay be a T-even quadratic polynomial and
A € C\ {0}. Suppose that det(P(\)) # 0 so that M = (P(\))™! exists. Set

L A MT

1
H 0w ow2 wowi
- A Al ATA * . M X (agT A2
G = wgto] w_i_ W19 ® M M and Se = P w_%(M + M) wleM
© DA i 0 AT 0
wow wiw ws wiw2
Then
G tS i
Tuz (FA) = (Jé%ii%l da( [ 5, G ] ) ) |
2|\l
here t, = .
where t; 2(5.)
Proof. Since P(z) = Ay + zA; + 2% A, is T-even, Theorem 3.4.1 implies that
alt —2 U*GU 3n T
Moo (PyA) " = sup | U € C"\ {0}, u" Su=0¢p, (3.4.6)

where S = S.. Thus proof follows by applying Theorem 1.2.7. O

We can follow the strategy used in Section 2.4 to obtain analogous results for nglt; (P, )\)
with a restricted perturbation set by allowing zero weights in the weight vector w. Let
P(z) = >0, 2/ Aj be a T-alternating polynomial i.e., (A, ..., A,) € altr and A € C\ {0}
such that M = (P()\))~! exists. Let I := {iq,...,%} € {0,...,m} and @ = (wy,, ..., w;,)
be a weight vector obtained by retaining only the nonzero entries of w = (wy, ..., w,).
Define

Agi=[No, . N] € CHY W= diag (wyy, - . ., w;,) @ I,

G =W (AA) @ M* M)W (3.4.7)
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(a) If alt = even, let
R := {iny,...,0p,} €I, iy, is odd for each j (3.4.8)

be exactly the set of all odd numbers from I. If R # () then define

~

S, =W ((A;;fe,?jﬂ) ® MT + (er,41A¢) ® M) ! (3.4.9)
for j =0,...,p, where e; is the j-th standard basis vector of C**!.
(b) If alt = odd, let
R = {iy,... iy} €I, iy is even for each j (3.4.10)
be exactly the set of all even numbers from I. If R’ # () then define
Sy =W ((A{eZ;H) ® M7+ (e 41he) ® M) WL (3.4.11)
for j =0,...,q, where ¢; is the j-th standard basis vector of C**!.

Now we are in a position to give an analogue of Theorem 3.4.1 with a restricted per-

turbation set.
Theorem 3.4.4. Let P(z) = > 2/ A; be T-alternating i.e., (Ao, ..., Ay) € alty. Let
A € C\ {0} such that M = (P(\))~! emists. Let I = {ig,...,i,} C {0,...,m} and
W = (Wi, - .., w;,) € C be a weight vector. Let G be as defined in (3.4.7).
(1) If alt = even, let R C I be as defined in (3.4.8).
If R =0 then
even i\ 22

oy (P) = (Mnae(@)) = 02PN,

If R # 0 then

~

) ~1/2
Moo (PA) = (sulb {uugu ‘u e C"* I\ {0}, w'S,u=0, j=0,... ap}> (3.4.12)

where §ej for j=0,...,p are defined by (5.4.9).
(2) If alt = odd, let R C I be as defined in (3.4.10).
If R =0 then

~

—1/2
(P = (Mmax(@)) = n02(PA).
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If R # () then

*

N —1/2
G ~
e (P A) = <SUp {u . ‘U € C" N\ {0}, w'Spu=0, j=0,..., q}) (3.4.13)
v u*u

where §Oj for 3 =0,...,q are defined by (3.4.11).

Proof. The proof proceeds in the same way as that of Theorem 3.4.1 by noting that G

Se] and Soj are obtained by deleting the block rows and columns corresponding to indices

that are not in I of G, S5 and S, (as given in Theorem 3.4.1) respectively for p = Llr’z lj
and ¢ = L%j 0

Again, we can apply Theorem 1.2.7 in Theorem 3.4.4 to obtain explicit formula of
nfﬁlgf (P, \) for T-alternating polynomial P(z), if the number of coefficients that are per-
turbed are such that the computation involves a single constraint involving symmetric
matrix. This is the case when we restrict perturbations to perturb only a single skew-
symmetric coefficient matrix of P(z). Note that perturbation in a symmetric coefficient
matrix of P(z) does not result in any extra constraint in the computation. This allows
us to perturb any number of symmetric coefficient matrices. More precisely, we have the

following result.

Theorem 3.4.5. Let P(z) = Y " 2/ A; be T-alternating i.e., (Ao, ..., Ay) € altp. Let
A € C\ {0} such that M = (P(X\))™! ewists. Let I := {ig,...,i¢} C {0,...,m} such that
R = {i,,} in (3.4.8) when alt = even and R' = {i,; } in (3.4.10) when alt = odd. Let @ be

a weight vector corresponding to I.

o If alt = even then

—~ — & —-1/2
evenr [ G tSe
Nao " (PA) = ( min )\2< ! A 0 ] ))
’ 0=&=f tS.o G

~

where t; = 2!;”) G € Crer D) s defined by (3.4.7) and Sy € CHEFDxn(E+1)
02(Pe0

is defined by (3.4.9).

o If alt = odd then

OddT _ :
Moo (PA) = (02131 )\2( L
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2/|C|

where t; = T)’ G € CrHD)nltt)) s defined by (3.4.7) and S,y € CrEH1xn(E+1)
02900

is defined by (3.4.11).

Remark 3.4.6. We can extend the ideas from Section 3.2 to estimate the backward error

nfvlt; (P, A) for higher degree T-alternating polynomials. In particular, we get a lower bound

altT
Of nw,2

Se; and S,; as defined in Theorem 3.4.1. Indeed, we have

(P, \) from Theorem 3.2.2 by using Hermitian matrix G and symmetric matrices

—1/2
Nw2(P,A) < ( inf  Xopr (Fppa(to, - - ,tp))) < nlegf(P, M), (3.4.14)

to,.-tpER

where p = | | if alt = even and p = | 2] if alt = odd, and Fp;, : RPTH — C2'Vx270N
is defined by (3.2.5) with h = G, S; = S,; for j =0, ..., p (as given in (3.4.1)) if alt = even
and S; = S,; for j = 0,...,p (as given in (3.4.2)) if alt = odd. We can also obtain an
upper bound to nzthT (P, \) on the lines of the upper bound for nggT (P, \) obtained in
Section 3.2.3.

Numerical experiments suggest that the lower bound in (3.4.14) is equal to the exact
backward error when Agp+1 (FpH(tS, . ,t;)) is a simple eigenvalue of F),; at an optimal

point (t5,...,t%).

Tables 3.4.1 and 3.4.2 record the experiments done for a randomly generated T-even
cubic polynomial P(z) of size 4 and a T-odd quadratic polynomial Q(z) of size 3, and
randomly chosen scalars A € C \ R. The terms Ibound and ubound denote the lower and
upper bounds of 75" (P, A) and nng (@, \) in Table 3.4.1 and Table 3.4.2, respectively.
These tables show that the two backward errors are significantly different. Also in each
case the sufficient condition for the lower bound to be equal to nfvltf (P, \) is satisfied and

hence it gives the exact value of nijltzT (P, N).
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Table 3.4.1: Estimates of 1,5 ¥ (P, \) of a T—even cubic polynomial P(z) for arbitrary \.

Table 3.4.2: Estimates of 17°ddT(Q7 A) of a T—odd polynomial Q(z) of degree 4 for arbitrary \.

TH-1438_10612308

w,2

A Nw 2 (P, A) Ibound ubound
(=nwa " (P,N)

1.7463 — 0.07401 1.4898 1.9249 1.9253
0.0477 — 1.1651% 1.2138 1.4026 1.4029
—1.7898 +0.4113: | 1.3535 1.7605 1.7701
—2.2942 + 0.6491: | 1.6015 2.0043 2.0091
1.9598 — 0.1706¢ 1.5723 2.0565 2.0579
—1.8076 + 0.21527 | 1.4599 1.9322 1.9355

w,2

A Nw2(Q, A) Ibound ubound
(=" (@)

—0.0766 — 0.50277 | 1.0542 1.4937 1.4978
0.2571 + 0.2434¢ 0.4903 1.0415 1.0722
0.0371 — 0.45821 0.9539 1.4503 1.4513

—1.9129 — 1.5769: | 1.2804 1.7627 1.7828

—2.6045 + 0.9416¢ | 1.2048 1.7354 1.7412

—0.0135+ 0.33947 | 0.6761 1.4075 1.4077
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Chapter 4

Structured eigenvalue backward

errors with respect to norms w,00

and

w, F

In this chapter, we extend the work of finding structured eigenvalue backward error of a
matrix polynomial P(z) = Z;ﬂ:o 2J A,, with respect to structure preserving perturbations
done in Chapter 1 and 2 to the case where the norm on (Ay,..., A,) i8 ||-[lw.co OF ||]lw.F
which are as defined in (1.2.2) and (1.2.3), respectively. In particular, we derive tight
bounds for structured eigenvalue backward errors of matrix pencils and polynomials with
Hermitian structure. When the norm is ||-[|,,«0, the lower bound is equal to the exact back-
ward error under some assumptions that are seen to be satisfied in our extensive numerical
experiments. Similar results are also obtained for *-palindromic and T-palindromic poly-
nomials. These ideas can be used to estimate the backward errors for other structures like

x-alternating, T-alternating, skew-Hermitian, x-antipalindromic and T-antipalindromic.

4.1 Structured eigenvalue backward error with respect

€0 [|-fl.- norm

We follow the notation and terminology from Chapter 2 and Chapter 3. In this section, we
consider the problem of computing the structured eigenvalue backward error of approximate

eigenvalues with respect to ||[|u,co norm defined over the set (C™*™)™*! by
(A0, -+ Am)llwco = max {wol|Aoll, - ., winl[Am[}
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where ||.|| denotes the 2-norm of a matrix or a vector. We first recall a few things from
Chapter 1.

Let S C (C™ )™+ Let P(2) = y 1" 2/ A;j, where (A,...,A,) € S and let A € C.
For the sake of notational simplicity, we assume that all the weights are equal to 1 in our
results. The generalization to the case of other nonzero weight vectors is straightforward.
Since the weight vector is w = (1,...,1), we denote |||, ., by [, and the structured
eigenvalue backward error of A as an approximate eigenvalue of P(z) under structure

preserving perturbations measured with respect to the norm [|-||u.00 by 75 (P, A). That is,
ns. (P, \) = inf { max{||Aoll, .-, [[Amll} | (Ao, -, An) €S, AP(2) =371 24,
det(P(X) — AP(Y)) = o}.

When S = (C™m)m+ S (P, )\) is called the unstructured eigenvalue backward error and we
denote it by 7. (P, \) instead of 55 (P, \). Note that 15 (P,0) = oumin(Ay) where oumin(Ao)
is the smallest singular value of A.

Though the unstructured eigenvalue backward error 7., (P, \) is well known due to The-
orem 1.2.5, the following result gives a new characterization for the unstructured backward

error which will be used later.

Lemma 4.1.1. Let P(z) = Z?LO 2 A; be a matriz polynomial, where Ay, ..., A,, € C*"
and let A € C\ {0}. Suppose that M = (P(X\))~" ewists and define vy := 3 7" Nv; for

(vo, - .-, Um) € (C)™TL. Furthermore, define

_ | AL . ~ A _
Vi =4 =m——, fori=0,...,m, I':=diag (Y,..-s%m),
b By m)

A= [L,A, ., N € CXOHD gpd G(T) i= T (A%A,) T @ M*M.

Then
(noo(Py >\)) = inf {g% ...7ym(U0y . a'Um) ‘ ('UOa ,Um) S ((Cn)m—i-l U\ F 0} = : =
o Amax(G(I))
(4.1.1)
where gz, 5, (Vo, ..., V) is defined by
Wlvoll* + -+ - + Fallvml” !
B i (V0y - oy V) = mw for all (v, ..., v,) € (C")™! with vy # 0.

(W7o
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Proof. Tt is well established by Theorem 1.2.5 that

Umin(PO‘))

oopa)\: )
(P2 A) L A4 A

where opin (P()\)) is the minimum singular value of P(\). Now the proof is an easy
consequence of the following two observations.
W *G(T
D) = sup - LED
ue((:n(m+1)\{0} u*ru
*G(T
A\ sup {M
uru

u e CmIN {0}, v GIT)u # 0} (4.1.2)

-1

:(inf{g% ,,,,, (00, -, vm) | (o, ., vm) € (CHY™H, 0y 7Ao}) (4.1.3)

Since Amax(G(T)) is finite and positive, the supremum in the equality of (4.1.2) will not
be attained by vectors u satisfying u*G(I')u = 0. Therefore, the condition u*G(I)u = 0 is
superfluous for it. Also, the later equality of (4.1.3) holds as

wu  |Fovoll® + - - + [Fmvml®

G = TENE for some (v, ..., vy,) € (C*)™H!

and
WGMu#£0 < Muy £0 < vy #0.

(2) If p(s 0) is an eigenvalue of G(I'), then p = wy—fl’\‘m)z for some singular value

o of P()\). This follows from the fact that eigenvalues of G(T') = T~ ! (A%,A,, )T~ @ M*M

are the product of eigenvalues of I'~! (A;Am)f‘l and M*M, and [ (A;Am)f‘l is a rank
one matrix with nonzero eigenvalue (1 + [A| + -+ |A[™)% O

Let P(2) = > (2’ A; be a matrix polynomial such that (Ao, ..., 4,,) € S and

let A € C\ {0}. Our strategy for computing 15 (P, \) is as follows. We first establish that

| A
S (P = nf{ma lvoll 12 U eIC}, 41.4
(P =it qmax { | o) (4.14)

where

K= {(Uo, - ,Um> S (Cn)m+l ‘ Uy = Z)\j’(]j % 0, (Ao, RN Am) €S,
=0

AjM’U)\:’Uj,j:O,...,m}.
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Then, our attempt is to find a certain weight vector v = (Y, ...,%m) € R™"! with
6+ -+ 92 =1, so that

(005---s0m ) € 0tm ) EK

> A,
j=0

and to use the ideas from Chapter 2 and Chapter 3 to reformulate the problem into an
equivalent constrained optimization problem involving Hermitian or symmetric matrices.
In the following subsections we give the details of this approach for Hermitian and related
structures, and *-palindromic polynomials. Similar results will also hold for some other

structures.

4.1.1 Hermitian polynomials

Let P(2) = > /", %' A; be a Hermitian polynomial i.e., A; € Herm(n) for j = 0,...,m and
A € C\ {0}. We follow the notation from Chapter 2 and denote the Hermitian backward

Herm
(o9

error with respect to || norm by 7™ (P, A). Note that for a Hermitian polynomial
P(z), if A € R then there is no difference between structured and unstructured backward
error, i.e. ™ (P, \) = 1. (P, \). This fact is shown in [42]. The situation is completely

different for A ¢ R. Thus in the following our attempt is to calculate n™ (P, \) when

A ¢ R. In the view of Lemma 1.2.6, we have

(P A) = inf { (Ao, Ao | (Ao, A) € (Herm(n)™, Jup, ., v € C,

uy = ST Ny £ 0, v = A My, :0,...,m}. (4.1.5)

The following result provides an expression for structured eigenvalue backward error

Herm

Ne™™ (P, A) of a Hermitian polynomial P(z).

Theorem 4.1.2. Let P(z) = 3 7" 2/ A; be a Hermitian polynomial i.e., A; € Herm(n)
for j=0,...,m. Let A\ € C\ R be such that det(P(\)) # 0. Set M = (P(\))~! and define
oy 1=y g Ny for (vo, ..., vm) € (CM)™ 1. Then

Hem(p A)) = inf s e Um)s 4.1.6
(Uoo ( )) (UO,,,I,,W)EIC '73+---1£3n:1 Gryor-eeivm (V0 Upy) ( )
where

K= {(vo, o Um) € (CM)M uy #£ 0, Imvi(Mvy) =0,j=0,... ,m} (4.1.7)
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and for Yo, ..., Ym € R, gyo,... 4 : K — R is defined by

2 2
Yollvoll” + -+ ymlloml”
(7N

(4.1.8)

g'YO ----- Ym (,U07 e 7vm) -

Proof. By Theorem 1.2.9, for x(# 0),y € C" there exist A € Herm(n) such that Az = y if

and only if Im z*y = 0. Furthermore minimal 2-norm of such a A is ||A]| = % Therefore
in the view of (4.1.5)
erm 2 :
(n?o (2 )\)) = inf {f(vo, ey Um) \ (Vo -+, Um) € /C} , (4.1.9)
where f(vg,...,vy) is defined for all (vg,...,v,) € (C")™ with vy # 0 by
2 2
.f(v()a"'avm):maX{HLHQa"'a ||Um|| 2}- (4110)
[ Mo,| [ Moy
Being the supremum of a continuous function on a compact set, sup @ .. (Voy -+ Um)
Yot +vE=1
is a continuous function of (vy,...,v,). Also, for a fixed (vo,...,v,) € K and for any

Y05+ -sYm € R with 3 + -+ 72 = 1, we have gy, . (V0, .-, Um) < f(vo,...,0y). This
implies that

=Y Iv0,---, ‘ym(UOv---aUm) < f(voy .-\ Um) (4.1.11)
Yo+
and
lnf Su v y . < Herm P )\
o S gl < R ) <

Therefore, by arguments similar to those in Lemma 3.1.4, the infimum is attained at some

element of . Now if max { ”]uj[)gﬂ?'% o HIJ\Z’ZA"'TQ} |||]|\1/)1]O”||2 for some jo € {0,...,m}, then
[ oo lvmlI* 1 = ae il
maX{HM,U)\Hz,..., ||MU>\||2 —Z’}/JW—Q:YO ..... Q/m(U(],...,Um), (4112)
=0

where 4; = 1 if j = jy and 4; = 0, otherwise. Therefore from (4.1.11) and (4.1.12), we get

SUD oo (V0s -+, Um) = f(00,. .., vp) for each (vy,. .., vy,) € K.
W+ =1

This implies

inf su Vo, - -y Up) = inf Vs« v ey Up) = HCI”“P/\ D
(V0. 0m ) EK Sy +€2 _1970""’%”( 0 M) (vo,..-, vm)ele( 0 m) ( ( ))
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Note that the backward error obtained in Theorem 4.1.2 is not easy to compute. There-

fore the main aim of this section is to derive computable tight bounds for nt™ (P, \) and

also give sufficient conditions for the bounds to be equal to the exact backward error. We

first state a lemma which is used to prove the main result.

Lemma 4.1.3. Let M € C™*™ be a nonsingular matriz and X € C such that Im X\ # 0. Let
A =[N, A € CXMHD and set

G = (A An) ® (M*M), Hy = il(epadn) © M — (Alyel,,) © M)

forj =0,...,m, where e; denotes the j-th standard basis vector of R™**. For nonzero real

numbers Yo, . .., Ym let
I :=diag (Y0,-..,vm), GI):=T"'GI" and H;I):=T""HI''
for 7 =0,...,m. Then the following statements hold.
(1) For each o, ...,vm € R\ {0}, the function
Lo, oy - - o5 tm) 1= Amax (G(T) + to Ho(T) + « + + + t,, Hn (L)) (4.1.13)
attains a global minimum at some toy, ..., t, € R.

(2) Let Ly, (&5, ... tr,) == min RLVO 77777 om0, - -y tm) for some t§,... t7, € R. If
€

to,..., tm

Loy nn(th, ... ) is a simple eigenvalue of G(I') + t§ Ho(L') + - - - + t5, Hy,(I') or

-1
o B0 (W0 ) = (L@ 53)) (4.1.14)
where gy~ and IC are defined by (4.1.8) and (4.1.7), respectively.

Proof. The proof of (1) follows immediately from Theorem 1.2.18 if we can show that any
linear combination agHy(T') + - - - + a,, H(T) for (g, - .., aiy) € R™FN\ {0} is indefinite.
Since H; and H;(I'), j =0,...,m are congruent and the congruence transformation does
not depend on j, by Sylvester’s Law of Inertia, it is sufficient to show that agHo+- - -+ Hy,
is indefinite for any (ap,...,q,,) € R™" \ {0}. But this can be shown on the lines of
Theorem 2.2.2.

Arguments similar to those used in Lemma 3.1.4 imply that for each (7o, . .., vm) € R™\{0},
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Gvo,r Attains its infimum over K. Also following the arguments on pages 2 and 3 in

_____ +m Over K as

inf{gwo _____ o (V05 <+ Um) | (Vo, - -, Up) € IC}

B <Sup {u*(FGF)u

u*u

ue (CH™N\ {0}, w'(TH,T)u=0,5=0,... ,m})_l.

Now the proof of (2) follows immediately by Theorem 1.2.18. D

Theorem 4.1.4. Let P(z) = 37" 2/ A; be a Hermitian polynomial i.e., A; € Herm(n)
for j=0,...,m. Let A\ € C\ R be such that M = (P(\))~! exists. For~yo,...,Ym € R, let
Grornr @1 IC be as defined by (4.1.8) and (4.1.7) respectively. Then the following hold.

. erm 2
(1o(P.A)” < sup inf G, (00 vm) < (TP N))
,\{2_’_ +'72 =1l (UO ----- Um)E’C
< (m+1) sup inf gy (Vo, - -, Un). (4.1.15)

»7(2)4_...4_%?”:1 (UO ~~~~~ Um)EK

(b) For~o,...,%m € R\ {0} and I" = diag(yo, ..., Ym), let Ly, . (to,- .., tm) be defined
by (4.1.13) for Hermitian matrices G(I') and H;(I'), j = 0,...,m of Lemma 4.1.5.

Suppose there exist g, ..., % where vF are all nonzero such that ¥§? +---+~%2 =1
and
inf « o (Vgy .., Up) = SU inf VO, < v s Upn)-
VO,--- vaIC970 ..... A/m( o ’ ) ’Yg+"'+1i/),2n=1 VO,---y Umelcgﬁfo ..... ’YM( 0 )
Then
* . :
A to,..l.,rtlieR Lo an(toy - tm) (4.1.16)
is attained for some ti,... t7, € R. If m = 1 or X\; .. is a simple eigenvalue of

G(I) + toHo(I™) + - -+ + to Hyn (I) where I = diag (7, ..., 77,), then

1
1 2
noo(P7 >\) S S n}){oorm(P7 >\) S (t 1nf RLI ..... 1(t07"'7tm))
0

)\?nax ----- tm€
1
(¢c) We have,
1/2 1
Herm :
/’700 (P7 )\) = (U07..1.7nv£€’cg'ya 7777 ’Y:H/(UO’ e >'Um)) = \/m ’ (4118)
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if m=1 or X\, is a simple eigenvalue of G(I'*) + toHo(I'™) + - - - + t,, H,, ('), and

max

either of the following statements hold.

(1) There ezists a (0o, ..., 0n) € K with ||0|| = ||| for all j € 0,...,m —1 such
that
g'Ya 7777 'Y;%(@Oa 7’{]771) = (Uo,..i.,nvfn)élcg’yg vvvvv 'Y;%(an >’Um)

sup inf Gy, (V0 - V) = inf SUD  Groyoyon (V05 - -+ s V).
’Yg+---+%2n:1 (v0,-+-,vm ) ERX (v0,---,vm)EK 'yg+~"+%2n=1

Proof. By (4.1.9)

(e (P, \))* = inf { £V, - -, vm) | (v0s---,vm) € K}, (4.1.19)

where (v, ..., vn) is defined by (4.1.10) and K is defined by (4.1.7). Now by Lemma 4.1.1,
for 7; = %, j€40,...,m} we have

(nso(P,N\))* = inf {G50,.5m 0, - -, Um) | (Vo, - - ., Um) € (C™)™, vy # 0}
< inf{g% 7777 Fm (V05 -« 3 Um) | (vo,...,vm)elC}
77777 o (V05 « -+ s ). (4.1.20)

For all (Yo, ..., 7m) € R™™ with 43¢ +---++2 =1 and (vy, . . ., vy) € (C")™ ! with vy # 0,

we have
Do (V05 5 Um) < f(00, ..o 0m) < g1, 1(Vo, - - ., Up)-
Therefore
inf .. < inf 1. < inf o
o IE | o v (V05 V) < e mf ] flvo, ..., vm) < L 1(Vos -+, Um)

for all (Yo,...7m) € R™ with 42 4+ -+ ++2 = 1. Thus

) orm 2 .
sup inf g (Voo U) < (n?o (P, >\)) < ( inf g1 1(vo, ..oy Um).

Also observe that
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(m—+1) sup inf gy (Voo Um) | = sup inf gy (U0, -y Um),
Wtz =1 (V05 vm)ER ;

which implies

(vo,..l.,%i)elC g1,..1(voy ..oy u) < (Mm+1) <v§+~§~1£3n=1 (vo7..1.7I11)£L)EIC Gy (V05 - -+ 5 V)
(4.1.22)
Thus (4.1.15) follows immediately from (4.1.20), (4.1.21) and (4.1.22). Note that
" ..i.Izl)ieIC) Grvornvm (V05 - - -, Uy) 1S & continuous function of v; for j = 0,...,m. Therefore
its s’upremum over the compact set {(70,...,%m) € R™ |12 4+ .- + 42 = 1} is attained
by some (75, .. .,%y,)- Thus with the assumption that 77 are nonzero for all j = 0,...,m,
inequality (4.1.17) follows immediately by using Lemma 4.1.3 in (4.1.21) and (4.1.22).
Again let (g, ...,0,) be a minimizer of Gt (vo, - - ., V) over K such that for each

j€{0,...,m}, ||1§]|| = [|Om]]. Let K" :={(vo, ..., vn) € K| ||1§]|| = |[om]], 5=0,...,m—1}.
Then

. . A |50
sup inf gy (o, Um) = Gyrn (Do, Om) = s
TP o, B e o (V0 g tm) = (B0 0) S
: [lol [ [0 12 }
> inf max o .
T (W0, vm)EK! {HMU)\HZ | My
. [[vo]® v }
> inf  max . .
= (niomek {||Mw||2 AR
= inf Vo, - -y Um)- 4.1.23
(vo,...,vm)elcf( 0 ) ( )
Therefore from (4.1.19), (4.1.21) and (4.1.23), we have
Herm 2 o
P >\ - f * * A% m)-
(7700 ( 9 )) (vo,..l.,nvm)elCgﬁfo""’ﬁfm(vo’ Y )
Hence (4.1.18) holds due to Lemma 4.1.3. O
Remark 4.1.5. The function ( inf . Grorevm (V0 - - -, Uy ) IS @ continuous concave func-
V0 yeees U,
tion of (7o, ...,%m) € R™ and hence its supremum over the compact set
{0y vm) €R™ 4G + -+ 5, = 1}
is attained for some (73, ...,7%,). The assumption on (75,...,7%,) in the above theorem
that 75 are nonzero for all j € {0,...,m}, is not a very strong assumption. This is
because if 77 = 0 for some j € {0,...,m}, then for any given ¢ > 0 we can choose a
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point (o, ..., 9m) € R™ close to (73, ...,77,) such that 4; # 0 for all j € {0,...,m},
A+ +42 =1and

inf x ax (Vgy ey Up) — inf 2o (Voy ooy U )| < €.
(vo,...,vm)EKgﬁ/()’“'ﬁm( 0 m) (vo,...,vm)elcgwo""’ﬁ{m< 0 m)
This is possible due to the continuous dependence of the function ( inf . Grorevn (V05 - - s V)
V05--+Um
on (Yo, .--,7m). As a result tight lower and upper bounds are always possible to compute
in terms oft inf (Lo, 5m (t0s - - - tm))-
0yeestm

Remark 4.1.6. Although, in the above theorem we cannot claim that

. :
W= sup inf - 92050m (Voy -+ Um)
’Yg+"'+’7,2n=1 VO ..oy Um €
is attained for some (73,...,7%) € R™ where 7; are all nonzero, and at least one of

the sufficient conditions for (4.1.18) to hold is always satisfied, numerical experiments

suggest that this hold generically. We have observed in all numerical experiments that p*

is attained for some (75, ...,7},) € R™ where 77 is very different from zero for each j.
Also every minimizer (o, - .., 0m) Of gys e (Vo, . .-, Um) over K satisfies ||0;| = ||0n, ||, for
j€0,...,m—1. Thus equality (4.1.18) is always satisfied in numerical experiments.

On the basis of numerical experiments we have the following conjecture.

Conjecture 4.1.7. Let P(z) = 377" 2/ A; be a Hermitian polynomial i.c., A; € Herm(n)
for j = 0,...,m. Let A\ € C be such that Im A # 0 and det(P(\)) # 0. There ezist
VooV € R\ {0} and (0o, ..., 0m) € K with ||0;|| = [|0g]| for all j,k € {0,...,m} such
that

G i (Do, -y Om) = inf G v (Vo, - Um) = sup inf Kgny0 _____ o (V05 -+, U )y
'Y(2)+“‘+'ern:1 (UO ----- ’Um)E

and K are as defined in (4.1.8) and (4.1.7), respectively.

m

where gy,

Remark 4.1.8. To obtain an optimal Hermitian perturbation (provided Conjecture 4.1.7 is

true) with norm equals to nt"™ (P, \), we first compute an unit eigenvector u corresponding

t0 Lo e (855 -5 Tr) = Amax (G(F*) +t5Ho(T™) + -+ - + t;Hm(F*)) satisfying

WG )u= Ly e (t5, -5 ty,) and w H;(I")u=0fori=0,...,m.

The vectors (v, ..., v,) € K with |lv;|| = ||vgl], j,k € {0,...,m} are obtained by using
the relation [vf, ... ,vl]" = I'*"'u, where I'* = diag{"%,...,75} ® I,. The coefficients
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A; satisfying A;(M(vg + Avy + - -+ X"v,,)) = v; for j =0,...,m, and

(P2 2wl RS
(e (P, )" = max{[| 80, ., | Am]*} = ZfHMJ 5= (Lo B 12)

may be constructed from Theorem 1.2.9.

Remark 4.1.9. In the view of the relations in Section 2.3, we can calculate the structured
backward error 1S (P, \) for x-alternating and skew-Hermitian polynomials by converting

the polynomial into an equivalent Hermitian polynomial.

Remark 4.1.10. Note that zero weights in the weight vector w can be allowed to re-

strict the perturbations set. Thus counterparts of Theorem 4.1.4 and Conjecture 4.1.7, for

Herm
nw ,00

used in Section 2.4.

(P, \) with a restricted perturbation set can be obtained by following the strategy

4.1.2 Numerical Experiments

In this section we present some numerical examples to illustrate the tightness of bounds
obtained in Theorem 4.1.4. As mentioned in Remark 4.1.6, Conjecture 4.1.7 is satisfied in

all our numerical experiments. This allows us to compute 7™ (P, \).

Example 4.1.11. Let Q(z) = A+ 2B+ 2%C be a random Hermitian quadratic polynomial
of size 3 x 3 with eigenvalues 4.2442, 0.7905 + 0.63837, —1.3319 £ 0.69557, —0.4273. We
recorded the structured as well as unstructured backward errors of A € C\ R satisfying
Re A = —0.4273 which is a simple eigenvalue of QQ(z). As expected the unstructured back-
ward error tends to zero as imaginary part of A\ tends to zero while structured backward
error does not. This leads to large differences between the structured and the unstructured
backward errors. This fact is depicted in Table- 4.1.1 for the Hermitian polynomial Q(z).

The situation is different if the points A € C \ R are chosen in such a way that they
converge to a non-real eigenvalue instead of a real one. In that case both the structured
and unstructured backward errors tend to zero as expected. The values are recorded in
Table 4.1.2 for the same Hermitian quadratic polynomial ()(z) and values A\ converging to
the eigenvalue 0.7905 — 0.6383i. The Hermitian backward errors for some A € C\ R values
that are not necessarily close to eigenvalues are recorded in Table 4.1.3. The latter values
show that the difference between the structured and unstructured backward errors may be

quite significant even if A\ is not close to the real line. As illustrated in tables, note that
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Table 4.1.1: Structured and unstructured eigenvalue backward errors for Hermitian quadratic

polynomial Q(z).

A 0 v 75 [ooll | Nonll | l0all | 7ee(Q, A) | nE™(Q, N)
-0.4273+i 0.5502 | 0.6047 | 0.5759 | 1.298 | 1.298 | 1.298 | 1.1907 | 1.2979

-0.4273+.51 0.6436 | 0.6048 | 0.4691 | 1.397 | 1.397 | 1.397 | 1.1308 1.3975
-0.42734 .11 0.6785 | 0.5717 | 0.4614 | 1.355 | 1.355 | 1.355 | 0.2989 1.3555
-0.4273+.051 | 0.6803 | 0.5697 | 0.4611 | 1.353 | 1.353 | 1.353 | 0.1510 1.3536
-0.4273+.01i | 0.6810 | 0.5691 | 0.4609 | 1.353 | 1.353 | 1.353 | 0.0303 1.3530
-0.42734-.005i | 0.6810 | 0.5691 | 0.4609 | 1.353 | 1.353 | 1.353 | 0.0151 1.3530

Conjecture 4.1.7 holds in every case so that nt™(@Q, \) can be computed due to Theorem
4.1.4.

Table 4.1.2: Structured and unstructured eigenvalue backward errors for Hermitian quadratic

polynomial Q(z).

A % i) 20 [Doll | N19xll | 1%all | Moo(@,A) | mac™ (@A)
1.50-1.30i | 0.4235 | 0.5517 | 0.7185 | 1.064 | 1.064 | 1.064 | 0.8805 1.0639
1.00-1.10i | 0.4852 | 0.5722 | 0.6612 | 0.713 | 0.713 | 0.713 | 0.6523 0.7130
0.95-0.90i | 0.5200 | 0.5728 | 0.6337 | 0.485 | 0.485 | 0.485 | 0.4491 0.4849
0.90-0.80i | 0.5428 | 0.5733 | 0.6137 | 0.330 | 0.330 | 0.330 | 0.3067 0.3304
0.85-0.70i | 0.5662 | 0.5708 | 0.5946 | 0.155 | 0.155 | 0.155 | 0.1438 0.1558
0.80-0.651 | 0.5856 | 0.5718 | 0.5745 | 0.028 | 0.028 | 0.028 | 0.0263 0.0284

Table 4.1.3: Structured and unstructured eigenvalue backward errors for Hermitian quadratic

polynomial Q(z).

A % " % [Boll | 1oall | 1all | 700(Q, ) | ™ (@, A)
0.12534-0.28771 | 0.8142 | 0.5114 | 0.2750 | 1.764 | 1.764 | 1.764 | 1.6279 1.7647
0.32734-0.17461 | 0.8109 | 0.4949 | 0.3124 | 1.672 | 1.672 | 1.672 | 1.5858 1.6722
0.231141.19091 | 0.4994 | 0.6182 | 0.6070 | 1.109 | 1.109 | 1.109 | 0.9928 1.1097
0.4860-0.03761 | 0.7843 | 0.5162 | 0.3441 | 1.556 | 1.556 | 1.556 | 1.4246 1.5559
0.32734-0.17461 | 0.8109 | 0.4949 | 0.3124 | 1.672 | 1.672 | 1.672 | 1.5858 1.6722
-0.5883+2.1832i | 0.3387 | 0.5511 | 0.7626 | 1.410 | 1.410 | 1.410 | 1.2876 1.4101

Example 4.1.12. Let L(z) = Ay + zA; be the Hermitian pencil of Example 2.5.1 with
eigenvalue 0.5766 4+ 1.01997, —1.0966 and —0.1019. The Hermitian eigenvalue backward
error N (L, \) of the point —1.0966 + 0.5i is 0.9238 while its unstructured backward
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error is 0.3341. Also the optimal 7§ = 0.6946 and 7 = 0.7194 and vectors (09, 01) € K
satisfy ||0o|| = ||01]] = 0.923

Figure 4.1.1 shows the movement of eigenvalue curves originating from eigenvalues
(marked with stars surrounded by circles) of L(z) under homotopic perturbation L(z) +
tAL(z) as t varies from 0 to 1. The figure on the left illustrates that point —1.0966 + 0.5¢
(marked with a star surrounded by a diamond) and its complex conjugate become eigenval-
ues of L(z)+ AL(2) by the splitting of a real eigenvalue of multiplicity 2 of L(z)+tyAL(z)
for some 0 < tg < 1. Here AL(z) := Ay + 24, is the optimal Hermitian perturbation satis-
fying max{||Aq||, ||A1||} = 0.9238 such that —1.0966+ 0.5 is an eigenvalue of L(z)+AL(z).

The figure on the right illustrates the same effect with respect to unstructured pertur-
bations. In this case the eigenvalue symmetry fails as the perturbed pencil is no longer

Hermitian and the nearest eigenvalue moves towards the point —1.0966 + 0.53.

i\ & 0 &
I 1
1 k@ -1 ®

-2 -2
-2 -1 0 1 2 -2 -1 0 1 2

Figure 4.1.1: Eigenvalue perturbation curves for the Hermitian pencil L(z) of Example 4.1.12
with respect to Hermitian perturbations (left) and arbitrary perturbations (right)..

Example 4.1.13. Let Q(z) = Ay + 241 + 2245 be the Hermitian quadratic polynomial
of Example 2.5.3 with eigenvalues —0.8738 £ 2.49844, 0.3091 £ 1.22603, 0.6280 and 0.0780.
The Hermitian backward error nl™(Q, \) of the point 0.6280 + 0.5 is 1.1622 while its
unstructured backward error is 0.7788. Also the optimal 7§ = 0.6823, 77 = 0.5249 and
75 = 0.5090 and vectors (0g, U1, 09) € K satisty ||0g|| = ||01]| = ||02|| = 1.162.

Figure 4.1.2 illustrates the movement of eigenvalues (marked with stars surrounded
by circles) of Q(z) under homotopic perturbations Q(z) + tAQ(z) as t varies from 0 to
1. In the figure on the left, eigenvalue curves originating from eigenvalues 0.6280 and
0.0780 meet on the real line and split into two curves to make the point 0.6280 + 0.5¢
(marked with a star surrounded by a diamond) and its complex conjugate as eigenvalues

of Q(z) + AQ(z). Here, AQ(z) = Ag + zA; + 2?A, is the optimal Hermitian perturbation
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satisfying max{[|Ao]|, ||Az2]], [[Az||} = 1.1622 such that 0.6280 + 0.5¢ is an eigenvalue of
Q(z) + AQ(z).
The right hand side figure traces the same effect with respect to unstructured perturba-

tions. Again, in this case the eigenvalue symmetry degenerates and the nearest eigenvalue
moves towards the point 0.6280 + 0.5z.

2 r 2

) * ) ®
JE 2 ) N
- Q - ®

-2 s -2
2 0 1 2 2 - 0 1 2

Figure 4.1.2: Eigenvalue perturbation curves for the Hermitian quadratic polynomial Q(z) of

Example 4.1.13 with respect to Hermitian perturbations (left) and arbitrary perturbations (right).

4.1.3 Palindromic polynomials

In this section, we extend the ideas of the previous section to derive tight bounds for the
structured eigenvalue backward error of #-palindromic polynomials with respect to || s
norm. Similar results are also obtained for T-palindromic polynomials of degree at most
2.

Let P(2) = > "2’ A; be a e-palindromic polynomial and A € C\ {0}. For this case
S = pal,, ® € {x, T}, where pal, is defined by

pale := {(Ag,..., Ap) € (C>™ | A, = A3, for j=0,...,m}.

Set k := [™-]|. Following the notations from Chapter 3 we denote the palindromic

backward error with respect to norm |||, by 722 (P, \), i.e.,
nPe (P, \) = inf { max{|[Aol, .., [Anll} | (Ao, ..., An) € pals, AP(2) = 31" (2 A,
det(P(\) — AP(Y)) = o}.

Note that there is no difference between structured and unstructured eigenvalue back-

ward errors of a s-palindromic polynomial if A € C satisfies [\| = 1. The same is true
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for T-palindromic polynomials when A = £1. This fact is shown in [42]. The situation is
completely different in other cases.
In the view of Lemma 1.2.6, Theorem 3.1.3 and Theorem 1.2.9,

(2= (P, \))* = inf {f(vo, e Um)

(Vo -+, V) € M}, (4.1.24)

where f(vo, ..., vy,) for all (vo,...,vn) With vy := 377 Mv; # 0 is defined by

f(vo,...,vm):max{ ol loml } (4.1.25)
|| Mux][? [ Moyl

and M C (C")™*! is given by

M = {(vo, ..., vm) |vx #0, (Mvy)*v; = vy,_;(Muvy) for j =0,..., k} (4.1.26)

if either @ =T or m is odd and e = % and by

M = {(vg,...,0m) )1))\ # 0, (Muvy)*vom € R, (Mvy)*vj = vy,_;(Mv,) for j =0,...,k}
(4.1.27)
otherwise (i.e., if m is even and e = ).

Note that for palindromic structures, the pencil case m = 1 differs from the polynomial
case m > 1. It is very clear by the definition of norms that the structured eigenvalue
backward error for e-palindromic pencil L(z) = A+ zA®, e € {*, T} with respect to norm
max{|| A, ||A%]|} is % times of the structured eigenvalue backward error with respect to
norm \/W . More precisely, we have the following result for structured eigen-

value backward errors of palindromic pencils.

Theorem 4.1.14. Let P(z) = A+ zA* be e-palindromic pencil, where o € {x, T} and
AeC. Let A € C\ {0} be such that det(P(\)) # 0. Then

1
ngjl.(P? )‘) = ﬁ 7737; (Pa )‘)7

pal'(P, A) is the structured eigenvalue backward error of A with respect to weight

where 1,5

vector w = (1,1) and the |||z norm.

Therefore for e-palindromic pencils, 7]5%’(13, A) is obtained from Theorem 3.1.8 when
e = x and from Theorem 3.1.10 when e =T'.
In the following we obtain an analogue to Theorem 4.1.2 that provides an expression

for nppale (P, \).
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Theorem 4.1.15. Let P(z) =3 7" 2 A; be a e-palindromic polynomial where @ € {*,T'}
and (Ag, ..., Ap) € pal,. Let A € C\ R be such that M = (P(\))™! exists. Then

(77531. (P7 >\))2 = inf sup Geo,....em (UOv s ’Um)7 (4'1'28>

(UO ~~~~~ Um)EM Eg+'“+ﬁgn:1

where M is as defined in (4.1.26)-(4.1.27) and g,

i 2
/l).
Georoim (V05 - Um) 1= Y € o] (4.1.29)

for all (vg, ..., vm) € (CY™ such that vy = > oo N # 0.

Proof. The proof follows on the lines of Theorem 4.1.2 by replacing IC with M. D

To estimate 722 (P, \) for higher degree *-palindromic polynomials, we first recall a
few things from Chapter 3 and redefine them here. Set A, := [1,),...,\"] € C*(m+D)
and k := LmT_lj For j =0,...,k define

C; = (A:”Le;'f‘l) ® M* — (em—j+1Am) ® M,
Ca = i((Apehy) ® M* — (ezqahy) ® M),
where ¢; be the j-th standard basis vector of R™*!. Let €, ..., &, € R\ {0}, define

G:= (A An) @ (M M) and 7T :=diag(eg,...,€m).

Also for each j =0,...,k, define

G(T) = Y'Y, (4.1.30)
Hy(Y) == YT7YC;j+CHr, (4.1.31)
Hp i (T) o= X (G =CNT T, (4.1.32)
Hn (L) = YT'Cu™!, (4.1.33)

The following is a analogous to Lemma 4.1.3 for *-palindromic polynomials.

Lemma 4.1.16. Let M € C™™ be a nonsingular matriz and A € C\R. Then, the following

statements hold.
(1) For each €, ..., €, € R\ {0}, the function
Leo ..... em(t07 o 7tm) = )\max(G(T> + tO HO(T) + o+ tm Hm(T)) (4134>

attains a global minimum at some tg, ..., t,, € R, where T = diag(eo, ..., €,), and

G(Y) and H;(Y) for j =0,...,m are as defined in (4.1.30)- (4.1.33).
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(2) Foreg,...,€m € R\ {0}, let Ly e, (5, - t5) = ming 4. e Le. e (T0s -« s Tm)-

If Ley e (85, ... 1)) is a simple eigenvalue of G(Y) 4+t Ho(Y) +-- -+, Hy,(T) or
m =1, then
-1
o I (b ) = (LEO _____ Lt ,t;)) , (4.1.35)

where M is defined by (4.1.26)-(4.1.27) and ge,.....,. is defined by (4.1.29).

Proof. The proof follows by applying Theorem 3.1.6 with arguments similar to those in
Lemma 4.1.3. 0O

Theorem 4.1.17. Let P(z) = 371 27 A; be *-palindromic i.e., (A, ..., Ay) € pal.. Let
A € C\ {0} be such that |\ # 1 and M = (P()\))~! exists. Then

' a 2
(Moo (P, )\))2 < sup inf Georrnm (V0s -« oy Up) < (ngol*(P, >\))
2+ te2,=1 (v0y-++,Um ) EM
< (m+1) sup inf  geooem (V05 - - - Um),s (4.1.36)

E%J’_...J’_Egn:l ('UO ~~~~~ vm)GM

where M is defined by (4.1.26)-(4.1.27) and g,
the following hold.

is defined by (4.1.29). Furthermore

,,,,, €m

.....

mitian matrices G(Y) and H;(Y), j =0,...,m of Lemma 4.1.16. Suppose3 €}, ... €,

where € are all nonzero such that €° +---+¢? =1 and

inf  ges ex (Vo,...,Um) = sup inf  Gego.en (Voy -+, V).
V0 ..., Um EM 58+~~~+E?n=1 VO y-e ey U EM
Then
* R, £ .
)‘max = tg,..l.,Ig,‘LE]R LEO ..... e, (to, Kigoos ,tm) (4137)
is attained for some ti,... tr, € R. If m =1 or X}, is a simple eigenvalue of

G(T*) + toH(](T*) + -+ thm(T*), then

| -
noo(Pv >\) S T S 7]531* (P7 >\) S <t 1nf Ll ..... 1(t07 soee 7tm))
0

max

< V(m+1)
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(2) We have

1/2

1
pals P\ = inf . . e U = 4.1.
e ( 7 ) (voy---l,{)lmeMgEOP“’EM(Um v )> \/ )\?nax’ ( 39)

if m=1 or A\, is a simple eigenvalue of G(Y*) +toHo(Y*) + - -+ t,, H,, (T*), and

max

either of the following statements hold.

(a) There exists a (Vg, ..., 0n) € M with ||0;]| = ||0n]| for all j € 0,...,m —1 such

that

(b) sup inf Geo,osem (V05 =+« Um) = inf SUD  Gep,nem (V05 - -+ 5 Umn).
2t te2, =1 (V0. ym ) EM (v0,-.;vm)EM €2+ +e2,=1

Proof. The proof is similar to that of Theorem 4.1.4. O

Remark 4.1.18. The analogue of Remarks 4.1.5, 4.1.6, 4.1.8, 4.1.10 and Conjecture 4.1.7

hold for *-palindromic polynomials.

Note that sufficient condition (a) of Theorem 4.1.17 for (4.1.39) to hold is often satisfied.
Thus we have the value of nP*(P, \) in our numerical experiments. Table 4.1.4 records
the values of 7.(P,\) and n2%+(P,\) for a random x*-palindromic polynomial P(z) =
Ao+ 2A; + 22 A, of size 3 x 3 and random A € C\ R. Note that in each case, the optimal €
for each j = 0, 1,2 is nonzero and the optimal 9, for j = 0,1, 2 satisty ||0g]| = ||01] = |02l
This allows us to compute 722 (P, ) due to Theorem 4.1.17. Large differences are observed

between the unstructured and the structured backward errors.

Table 4.1.4: Structured and unstructured eigenvalue backward errors for x-palindromic

quadratic polynomial P(z).

A € q [Doll | llonll | lIall | 1o (P A) | m5H (P A)
0.5913-0.64361 | 0.6323 | 0.5429 | 0.5527 | 0.786 | 0.786 | 0.786 | 0.1716 0.7865
0.2944—1.33621 | 0.4957 | 0.5424 | 0.6783 | 1.079 | 1.079 | 1.079 | 0.7903 1.0791
-0.69184-0.8580i | 0.5503 | 0.5738 | 0.6066 | 0.587 | 0.587 | 0.587 | .2034 0.5870
0.6500—0.75001 | 0.5959 | 0.5434 | 0.5913 | 0.813 | 0.813 | 0.813 | 0.1014 0.8130
-0.71184-0.8080i | 0.5571 | 0.5741 | 0.6000 | 0.607 | 0.607 | 0.607 | 0.2119 0.6077
0.2244—1.4062i | 0.4831 | 0.5417 | 0.6878 | 1.090 | 1.090 | 1.090 | 0.8529 1.0909

In the view of Theorem 1.2.7, the following result estimates the backward error n27 (P, \)

for T-palindromic quadratic polynomials.
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Theorem 4.1.19. Let P(z) = Ay + zA; + 22AL, Ay, Ay € C™" be a T-palindromic poly-
nomial and X\ € C'\ {0}. Suppose that M = (P()\))~! exists. Then

(7700<P7 )‘))2 < sup inf Geo,e1,€2 (U07U17U2) < (UE:IT<P7 )‘))2

e +e2=1 (vo,v1,v2)EM

S 3 sup Hlf geo,el,ez (U07 U1, U2)7
e +e2=1 (vo,v1,v2)EM

where M is defined by (4.1.26) with @ =T and ge; c,.e, 15 defined by (4.1.29) with m = 2.
Furthermore, the following hold.

(1) Suppose that there exist €, X, 5 € R\ {0} such that € + € + e3> =1 and

inf gex x5 (V0,v1,v2) = sup inf  Gepoer,en (Vo, U1, V2).
(vo,v1,v2)EM 2+e24e2=1 (vo,v1,v2)EM

Let T* = diag (65, &, &3), Az := [ A M, G(T*) == T ((A3Ae) © M*M)T*" and

So(Y*) :=T* (AT (e] —e3) @ M™ + (e1 — e3)Ap @ M) L.

)) _ < 2T (P,X)

Then

N[

G(T*)  #5y(T?)

tSo(T*)  G(T*)

Noo(P,A) < (0221 Az(

. ar) s 1)) 7
- (m“ AQ( £5(T*)  G(T*) )) ’
_ 2G|l
where t; = 2 (B0 (1))
(2) We have

D=

G(T*)  tSe(T™)

tSo(T7)  G(T*)

))_ , (4.1.40)

pal — X
Moo (P7 )‘) - <01;I}51SI}/1 )\2 (

if either of the following statements hold.

(a) There ezist a (Vgy, 01, U2) € M with ||0|| = [|01]| = ||02]| such that
et er.e5 (Do, 01, D) = (Uogllfm) et et e3 (V0, V1, V2).

(b)

sup inf  ges x5 (0o, v1,v2) =  inf SUD  gep et ez (Do, V1, V2).
2+e2+e2 (vo,v1,v2) (vo,v1,v2) 2+e?te2=1
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Proof. The proof follows by applying Theorem 1.2.7 with arguments similar to those in
the proof of Theorem 4.1.4. O

Just like the case of the x-palindromic polynomials, we have observed that the as-
sumptions in Theorem 4.1.19 for (4.1.40) to hold are fulfilled in all numerical experi-

ments. We have also observed that  sup inf g0 (V0, U1, v2) is attained for
VZ 2 4a2=1 vo,v1,v2EM

some (V5,75,73) € R? where 7; is very different from zero for each j = 0,1,2. Also every
minimizer (g, 01, 02) of gys s 45 (Vo, v1, v2) over M satisfies ||tp]| = ||01]] = [|02]|. Therefore

on the basis of numerical experiments we have the following conjecture.

Conjecture 4.1.20. Let P(z) = Ag + 24, + 22AL, Ay, A} € C™" be a T-palindromic
polynomial. Let X € C'\ {0} and M = (P(\))~'. There exist v, V5,75 € R\ {0} and
(’&0,@1,@2) c M with ||1A)0|| = H’(AHH = H@QH such that

I (Do, D1, 02) = inf I s (vo, v1,v2) = sup inf o172 (V0; V1, V2)
(vo,v1,v2)EM 'yg-i-'y%-i-'y%:l (vo,v1,v2)EM

where M is defined by (4.1.26) with @ =T and Gy c,.c, 1S defined by (4.1.29) with m = 2.

The above conjecture is supported by Table 4.1.5 which records the values of 7., (P, \)
and nPT (P, )\) for a random T-palindromic polynomial P(z) = Ay + zA; + 22 AT of size
3x 3 and A € C\R. This shows that the unstructured and structured backward errors are

significantly different.

Table 4.1.5: Structured and unstructured eigenvalue backward errors for T-palindromic

quadratic polynomial P(z).

A g la e [l [Ial [ el [ne®x) [mrEn
0.3252-0.7549i 0.6023 | 0.6263 | 0.4951 | 0.928 | 0.928 | 0.928 | 0.7752 0.9285
0.4252+0.85491 | 0.5638 | 0.6264 | 0.5383 | 1.090 | 1.090 | 1.090 | 0.9093 1.0900
-0.2256+1.1174i | 0.5368 | 0.5810 | 0.6118 | 1.541 | 1.541 | 1.541 | 1.4458 1.5416
0.5525+1.10061 | 0.4922 | 0.6248 | 0.6061 | 0.862 | 0.862 | 0.862 | 0.7262 0.8626
-0.6156+0.7481i | 0.5818 | 0.5863 | 0.5637 | 1.893 | 1.893 | 1.893 | 1.7555 1.8934
-0.1924+0.88861 | 0.5989 | 0.5872 | 0.5445 | 1.618 | 1.618 | 1.618 | 1.4833 1.6182

Remark 4.1.21. The counterparts of Theorem 4.1.19 and Conjecture 4.1.20 also hold
for T-antipalindromic pencils, T-odd pencils and T-even polynomials of degree at most 2.
These allow us to estimate their corresponding structured eigenvalue backward errors with

respect to ||||oo-
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4.2 Structured eigenvalue backward error with respect

t0 [|Jl..~ norm

In this section, we consider the problem of computing the structured eigenvalue backward
error for matrix polynomials with respect to |||l r. Let (Ao, ..., A,) € (C™™)™ L Recall
that [|[(Ao, ..., Ap)|lwr = (w%HAoH% +-+ w,%LHAm||§;)1/2 defines a norm on the set
(Cmym+1 Here ||.||r stands for the Frobenius norm on C™*" and w = (wy, ..., w,,) is a
weight vector.

Let S C (C™")™*1, P(z) = 3771 27 A; be a matrix polynomial, where (Ao, ..., Ay) € S
and A € C\ {0}. We denote the backward error of A as an approximate eigenvalue of P(z)

under structure preserving perturbations with respect to norm |||z by 15, (P, A), i.e.,
nS (P, \) = inf {m(AO, o Al | (Do, A €S, det (S N(4; - Ay) = o}.
=0

The strategy used to compute structured eigenvalue backward errors ni72(P, A) of struc-
tured matrix polynomials with respect to ||-|,2 in Chapter 2 and Chapter 3 allows us to
estimate 1, (P, \) fairly tightly with respect to the [|-[|,.» norm also.

The following result is a corollary of [33, Theorem 5.6] and is used to estimate eigenvalue

backward errors of Hermitian polynomial eigenvalue problem.

Theorem 4.2.1. [33] Let x(# 0),y € C" such that z*y € R. Then

2 * .12
inf {HAH; | A € Herm(n), Az =y} =2 H?JH% ly xL ‘

Moreover, this infimum is attained by

xr*r xT*r xr*r

Theorem 4.2.2. Let S = (Herm(n))™"™ or S = pal,, where o € {x, T}. Suppose that
w € R™ is a weight vector which is palindromic when S = pal,. Let P(z) = 1" 2/ A;
with (Ao, ..., An) €S and let A € C\ {0} such that det(P(\)) # 0. Then

Ma2(PA) <15 p(PN) < V215 5(P, ). (4.2.1)
Proof. We first prove the case when S = (Herm(n))™*'. Let P(z) = > " 2/A; be a
Hermitian polynomial and A € C\ R such that M = (P(X))~" exists. Let vy := 37" Ny,
where v; € C", 7 =0,...,m. By Lemma 1.2.6 and Theorem 4.2.1, we have
erm 2 :
(WS,F (P, )\)) =inf{f(vo,...,vm) | (vo,...,vm) € K}, (4.2.2)
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where
IC = {(Uo, B ,Um) € (Cn)m+l | (N 7& 0, (Ml))\)*’l}j e R, 71=0,... ,m}

and f: I — R is given by

. loslly lo; (M)
flvg,...,vm) =Y w? |2 - :
2] IMoxll; | Mol

=0

By the Cauchy Schwarz inequality

2
loslls oy lloills o5 0n)]

IMuall; = 1 Muall; 1Ml

for each j = 0, ..., m. This implies that,

('UO ~~~~~ vm)E’C =

Thus, we have
mus" (PA) S i (PA) < V2igg™(PA),
where the last inequality holds from Lemma 1.2.6 and Theorem 1.2.9.
Now assume that S = pal, and P(2) =37 2J A; is e-palindromic. Let A\ € C\ R such
that M = (P(\))~! exists. We assume that |[\| # 1 when e = % and \ # +1 when e = T.
Assume that m is odd (the proof when m is even follows similarly). Again by Lemma

1.2.6, we can write
2
(niﬁ?(P, A)) = inf { oy wj2||A]||§, (Ao, ..., A) € paly, vy, ..., v, € C" vy #0,

AjMuvy = vj, AiMuy = vy, forj =0,.. ., k} (4.2.3)

Now from Theorem 1.2.14, for each j = 0,...,k there exist A satisfying AMuvy = v;
and A*Muvy = vy, if and only if (Mwvy)*v; = v}, _;(Mwvy). Also minimal Frobenius norm
of such a A is

||£H2 _ ||UjH2 + va—j||2 _ |,U;1—J'(MU>‘)|2
TP (M2 (O

Clearly by Theorem 1.2.14, we have

Al < Vo { Il ,||vm_j||}
IAlF < o] (o]

= V2{|A]l| A e C™™, AMuvy = v;, A"Mvy = vy } (4.2.4)
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Therefore from (4.2.3) and (4.2.4), we get

2 m
(ng?};(P, )\)) < inf { ST20A P | (Dore. . An) € pala v, -, v € C, 0y £ 0,
7=0

AjMuvy = vy, AMvy = vy, forj =0, .. .,k}.

Thus from Lemma 3.1.2, we have nzej;(P, A) < V202% (P, )A). Also the other inequality

w,2

in (4.2.1) follows immediately by noticing that for any A € C™", [|A|| < [|A|lp. O
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Chapter 5

Structured backward errors: real and

other special structures

In this chapter, we study the eigenpair and eigenvalue backward errors of real regular matrix
pencils and polynomials with respect to real perturbations. If such a pencil or polynomial
has additional structure like symmetric, skew-symmetric, T-alternating, T-palindromic or
T-antipalindromic, then we consider eigenvalue backward errors with respect to real per-
turbations that also preserve the additional structure. Finally we consider matrix pencils
with special block structures that arise in optimal control and compute eigenvalue and
eigenpair backward errors associated with points on the corresponding critical set with

respect to structure preserving perturbations.

5.1 Backward errors with preserving real structures

of matrix pencils

If the matrix pencil or polynomial is real, then algorithms that solve the associated eigen-
value problem while staying in real arithmetic are faster, require less memory and produce
results that are meaningful for applications even in finite precision. Therefore the best nu-
merical methods to solve real problems are the ones which are backward stable and preserve
the real structure of the problem. However, very little is known about the backward errors
of complex eigenvalues and eigenvectors of such problems with respect to perturbations
that are real.

In this section, we undertake the problem of computing eigenvalue and eigenpair back-

ward errors of real matrix pencils with respect to real perturbations. We first recall the
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definition of these backward errors from Chapter 1.

Definition 5.1.1. Let P(z) = Ag+2A;+---+2™A,, be a regular real matrix polynomial,
ie, Ag,..., Ayn € R and let (A, 2) € C x C™\ {0}. Then

(P, ) ::inf{ (Ao, .., A ) (i N (A; — Aj))x —0, (Ag,...,Ap) € (Rm)mﬂ}

(5.1.1)
and

(P, )\)::inf{ (Ao, -, Al ' det (iAJ(Aj—Aj)) =0, (Ao, ..., Ap) € (R"X")m“},

(5.1.2)
the real eigenpair backward error of (A, z) and real eigenvalue backward error of A, respec-

tively with respect to some norm ||| on (R™>™)m+1,

Note that the real eigenvalue and eigenpair backward errors are not known for matrix
polynomials even for the pencil case. We obtain tight bounds for real eigenvalue and

eigenpair backward errors of real matrix pencils with respect to certain norms.

5.1.1 Real eigenpair backward errors

In this section, we obtain tight bounds for real eigenpair backward errors of matrix pencils
with respect to the norms ||-[lw.2, || llw.r and ||-[lec defined in (1.2.1), (1.2.3) and (1.2.2),
respectively. The weight vector is w = (1, 1) in all cases, although the results may also be

generalized to other weight vectors. The following lemma relates various norms on C"*".

Lemma 5.1.2. Let Ay, Ay, Ao, Ay € CV" A= [Ag Aq], A€ C\R and z € C*\ {0},
then

(1) (Ao — Do)t + A A1 — Az = 0 <= [AO A } [:CT Aol ]Tz (Ao + M)z,

(2) 1Ay = /I18lZ+ A2,

2 2
(3) max{[[Aoll, [A1][} < [A]l < \/||Ao|| + 1A%,
where ||.|| and ||.||F denote the matriz 2-norm and Frobenius norm, respectively.

Let P(z) = Ag + zA; where Ay, Ay € R™™. If A € R, then it is easy to see that
n®*(P,\,x) = n(P,\,z) for each of the norms ||‘||lw2, ||]lw.r and ||-]lcc. Therefore in the
next result we consider n%(P, A, x) for A € C with Tm A # 0.
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Theorem 5.1.3. Let P(z) = Ao + zA;, Ao, Ay € R™™ be a real matriz pencil and let
(A, x) € Cx (C"\ {0}) with Tm X\ # 0. Set & := [ 2T AT }T, X = [ Reiz Imza |,
R := [ Rer Imr ], where r := P(X\)z. Then

(1) my p(P.A ) = | RXT| 5

(2) |RXMy < myo(P A 2) < V2| RXT

(3) HIRX, < ng (P A 2) < [|RXT,,

where X1 is the Moore-Penrose pseudoinverse of X, and iy o(P,\,x), gy (P, A, x) and
n2 (P, \,x) are the real eigenpair backward errors with respect to norms ||llwz, |Illw.r

(where w = (1,1)) and |||, respectively.
Proof. Observe that
{[ NN } | Ag, A € C™, [ NN ]:i“:r} = {A’A e e, Ai:r}. (5.1.3)

Since A € C\ R, Rez and Im Z are linearly independent. Therefore rank(X) = 2.
Proof of (1): In the view of part (1) of Lemma 5.1.2, we have

(UE,F(P7 )\,x))2 E— 1nf {”A()”%u + ||A1||%~ ’ ((Ao - Ao) + )\ (Al - Al))l' =3 0, Ao,Al c R"Xn}

= o[ &)

= inf {JA|%|A € R Az =r} (by 5.1.3)
2
—3 ||RXT“F

Ao, A, € R™™, [A1 A, }:ﬁ:r}

where the last equality follows by Theorem 1.2.11 as rank(X) = 2.
Proof of (2): Let s :=inf {|A[[| A € R"™?", Az = r}. Now by definition

2 .
(1 2(P. A 2))" = inf {1802 + A

(Ao — Ag) + A (A — Az =0, Ag, A € ]R”X”}
By (5.1.3) and part (3) of Lemma 5.1.2, we have
s < 7752(P, A\ ) < V2s
and since rank(X) = 2 by Theorem 1.2.11
IRXT|| < g o(P. A 2) < V2| RXTY.

Proof of (3): Proof is similar to that of (2). O
The bounds on the real eigenpair backward errors in Theorem 5.1.3 may be calculated

by using the following result.
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Theorem 5.1.4. Let X = [ T1 T ] € R™2 with rank(X) = 2, B = [ by by ] € Rx2
and let L = (BTB)(XTX)™t. Then

|BXT|[; = trace(L) (514
and
trace(L) 4+ 24/det(L) 4+ 4/trace(L) — 24/det(L)
e - 2 / : (5.1.5)
where 2 . : 2
race(n) — NNzl + [1%a]"llz2 [ = 257 bs) (] )
a1 |Pl|22]? — (2T 25)2
and

Bl PlBall” — (67 52)

» 2 2
Pl = (21 22)?

det(L)

Proof. Set M = BX' then rank(M) < 2. If 0y, 09,...,0, are the singular values of M,
then o, = 0 for every k > 2. The squares of the singular values of M are the eigenvalues
of MTM. We can write

M*M = (BXH)T(BX") = (X"TB"BX' = CD,
where C' = (XN)T and D = BTBXT. As CD and
DC = BTBXT (XN = BTB(X"X) = B"TB(X"X) ' =L
have the same nonzero eigenvalues, we have
trace(L) = 0? + 05 and det(L) = ojos. (5.1.6)

Now (5.1.4) and (5.1.5) follow from the facts that ||BXT||§; =0l +02 and ||BX'|| =0y,

respectively. 0O

5.1.2 Real eigenvalue backward errors

In this section, we consider the real eigenvalue backward errors for real matrix pencils with
respect to norm |||, i-e., for a real pencil P(z) = Ag + zA;, Ao, A1 € R™™ and X\ € C,

calculate

N (P, A) = inf {max{[|Ao[, | A4]} } (Ao, A1) € (R™™)?, det((Ag — Ag) + (A1 — Ay)) =0} .
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Recall that the unstructured backward error is denoted by 7. (P, A) and defined as
Noo(P, A) = inf {max{[| Ao, [ Adl]} | (Ao, A1) € (€)%, det((Ao — Do) + (A1 — A1) = 0}

The following results from [38] will be required to estimate n% (P, ).
Theorem 5.1.5. [38] Let M € C**". Then

pe(M) = (inf {||A] | A € C™", det(I — AM) =0}) "' = 0pax(M) and

pe(M) = (inf {||A] | A € R™", det(I — AM) = 0}) "' = it oa(R(y)),
where R(vy) := V_E{?fM —gir;\l/[M ] and o9(R(7)) is the second largest singular value
of R(7).

My, Mo
Ms M,

Theorem 5.1.6. [38] Let M = [ € C*2n_ Then

pp(M) := (inf {|A]| | A € diage(2n), det(I — AM) =0})"" = inf Tpa(M;),

6 >0

M, oM,

where diage(2n) = {diag(Al,Ag) ‘ Ay, Ay € C”X”} , M5 := [ S0, M,

] and Omax (Ms)
is the largest singular value of M.

We refer to uc(M), pr(M) and pp(M) as p-values of M. Let
diagg(2n) := {diag(Ar, Ag) | Ay, Ay € RV}

and
pB(M) = (inf {|A]| | A € diagg(2n), det(I — AM) =0})"".

In view of Lemma 1.2.6, the following corollary gives an equivalent characterization of

nE (P, \) in terms of the p-value (M) of some matrix M associated with P(z) and .

Corollary 5.1.7. Let P(z) = Ay + zA; be a real matriz pencil where Ag, Ay € R™" and
let A € C. Suppose that det(P()\)) # 0, and let M = (P(X\))™'. Then

(PN = (WB0D)

N M M
whereM::[ A ]

M M
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Proof. Let Ag, Ay € R™™ such that det (A¢ + AA; — P()\)) = 0. From the proof of Lemma
1.2.6 there exist vy, v; € C"™ with vy + Av; # 0 such that AgM(vg + Avy) = vy and

A 0 M M
Ay M (vg+Avy) = v, which can be combined as 0 ol
Al M M U1 U1
. . A A Ao 0
This is equivalent to the fact that det(/ — AM) = 0, where A = 0 Al Hence proof
1

follows by definition of #% (P, \). D
The following result obtains real eigenvalue backward errors of a real matrix pencil
P(z) = Ay + zA; in terms of the real p-value of some matrix M when only one of the

coefficient matrices of the pencil P(z) is perturbed.

Theorem 5.1.8. Let P(z) = Ag+ zA; be a real matriz pencil ji.e., Ay, Ay € R™™ and
A€ C\ {0}. Suppose that det(P(N\)) # 0 and M = P(\)~'. Then

(a) n% 4 (P, A) = inf {||A]] | A € R™™, det((Ag— A) + Ad;) =0} = (u(M))™" <
007
(b) n& 4, (P,X) :=inf {|Al|| A € R™", det(Ag + M(A; — A)) =0} = (r(AM)) ™" < oo,
where pr(M) is as defined in Theorem 5.1.5.

Proof. The proof of (a) and (b) follow from Theorem 5.1.5 in the view of following obser-

vations. For any A € R™*",

det((Ag— A)+ AA;) =0 <= det(/ — A M) =0,
and

det(Ag + A(A] — A)) =0 <= det(/ — AXM) =0.

U

Given a real n x n pencil P(z), computing the real eigenvalue backward error n% (P, \)

of A € C is a difficult task when Tm A # 0. We derive a lower bound of 5% (P, \) which is
equal to the backward error 7% (P, \) under certain conditions. The following lemma will

be used to derive this.

Lemma 5.1.9. [38] Let U € RP** and V € R™**. If UTU = VTV #£0 then

Omax(VU) =1 and VU'U=V.
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Theorem 5.1.10. Let P(z) = Ao + zA1, Ao, Ay € R and A € C\ {0}. Suppose
M = (P(\))™! exists. Fory >0 and § € C\ {0}, define

Re M; —~ Im M
’}/_1 Im M; Re M;

M XM

R(v,0) :=
(7:0) 5S-IM M

where My := [ ] . Then

-1
< i i < R < min {n% R 1.
nOO(Pu )‘) = ('Yél&)f:l} 66%{%0} 0-2(R(77 5))) —= noo(Pu )‘) = min {77007,407 noo,A1} ) (5 1 7)

- -

zzll;f)und
where 5, 4, and % 4, are the real eigenvalue backward errors with respect to perturbations
to only Ay and Ay, respectively. Further,
(a) If rank(Im M) > 1 then infimum of aa(R(7,0)) is attained by a pair (v*,0*) where
(7*,0%) € (0,1] x C\ {0}.
b) Let o*:= inf inf R(y,6 d let (v*,0%) € (0,1] x C\ {0} b h that
(b) Let o 751071]66}&{0}02( (7,0)) and let (v*,6%) € (0,1] x C\ {0} be such tha

o = oa(R(y*,0%)). If

T T
_ T T T T in _ 7 7 W T dn
u = [ Uy Uy Uy Udg ] eR and v = [ Vi VUig Uy Uso } eR

are respectively the left and right singular vectors of R(y*,0*) corresponding to sin-

gular value o2(R(y*,0%)) satisfying

T T
[ Uy U21 } [ Uy U2y ] = [ V11 V21 } [ U1 V21 ] (5.1.8)
and
T T
[ Uiz U2 } [ U2 U2 ] = [ V12 V22 } [ V12 V22 ] ) (5-1-9)
then .
R D ey
Mool Py 4) = —

Proof. We note that by the definition of 7. (P, ), Corollary 5.1.7 and Theorem 5.1.6, a

different characterization for 7, (P, ) can be given as

(Mo (P, N) ™" = ip (M) = inf oax (M), (5.1.10)
~ M M M 6AM ~
where M = , Ms = and pup(M) is as defined in Theorem
M M SIM M

5.1.6. Now by Corollary 5.1.7
(P = inf{HAH | A € diagg(2n), det(I — AM) = o}
> inf{||A|| | A e R det(I — AN) = o} .
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Note that for § € C\ {0}, det(I — AM) = 0 <= det(I — AM;) = 0. Therefore

Ne(P,A) > inf {||A[| | A € R*™?", det(] — AM;) = 0} (5.1.11)
> inf {||A[| | A € C**", det(I — AM;) = 0}
= (Omax(M5))"" (by Theorem 5.1.5) (5.1.12)

Thus by (5.1.11) and Theorem 5.1.6, for any 6 € C\ {0} we have

PE(PA) > ( inf 02(R(%5)))_ > (Cune(M5))!

~v€(0,1]

which implies

-1 ]
B(P,A) > inf inf R(v,6 > inf o (M, .
Pz (i, it o(BG0)) = (int os(M)

Hence by (5.1.10)

1 —1
R > . . > . _ .
Moo (P A) = (Vé?of, AL 02(R(%5))) > ((ggg amax(M5)> Noo (P, A)
Therefore (5.1.7) follows immediately from Theorem 5.1.8.

Proof of (a): Let ¢* = inf inf o9(R(7,0)) and rank(Im M) > 1. Then by (5.1.7) o* is
~v€(0,1] 6eC\{0}

finite. Also note that oo(R(7,0)) is a continuous function of v and J. We show that there
exist (v*,6%) € (0,1] x C\ {0} such that o* = g9(R(~*, 6*)) by establishing the following

(i)  lim  o9(R(7,0)) = oco. (ii) For each fixed v € (0,1], lim o9(R(7,0)) = oc.
('\/75)%(070) d—00

For this first recall that

Re M; —v Im M

R(v.6) =
(7,9) v~ 'Im Ms  ReM;

where Ms = M- oA )
SIM M

Now for v € (0,1] and § = |§|e® € C\ {0}, by repeated use of ([22], p. 189, Theorem 4.3.15)
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and ([22], p. 181, Theorem 4.3.1), we obtain

|
—

a2(R(7,9))

v

Ao ((R(v,0))"(R(v,0))))"

(A2((Re Ms)*(Re Ms) +~v~2(Im Ms)*(Im Mjs)))'/?

(A2(v~(Im Ms)* (Im M))))"/?

L\ ((Tm M;)* (Im M;)))) M2 (5.1.13)

(
~(A2((Tm M) (Im M) + #(Im (€™ M))*(Im (e~ M))))"/2

v

v

v

— oy(Im (e~ M)). (5.1.14)

Again from (5.1.13)

v

v~ (Ao ((Tm M) * (Im M)/
> 57 (o((Tm (AM))*(Im (AM)) + [6]*(Tm (e AM))* (Im (e AM)))) /2
> 2[5 (AN (O (AN

a2(R(7,9))

L l|5|a2(1m (e®AM)). (5.1.15)
v
Thus for any v € (0,1] and § = |§|e?? € C\ {0} from (5.1.14) and (5.1.15), we get

o2(R(7,6)) > max {%02 (Im (e7*M)), ‘;ﬂag (Im (e AM)) } . (5.1.16)
Since rank(Im M) > 1 and A # 0, we have
rank(Im (e~ M)) = rank(Im (¢’ AM)) = rank(Im M) > 1.

Also o* satisfies 0 < 0* < co. Therefore (i) and (ii) follow from (5.1.16). Hence the proof

of (a).
Proof of (b): By (5.1.7) we have

1
ne (P )) > — (5.1.17)

We show that equality holds in (5.1.17) by constructing a A € diagg(2n) with the assump-
tions (5.1.8) and (5.1.9) on uw and v such that

det(Iy, — AMs) =0 and |A] =

Q*'| —
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For this, set

s A = diag(Al, AQ),

where
*—1 f w—1 T
Ay =0 [ V11 V21 } [ Urr  U21 ] and Ay:=o [ V12 Va2 ] [ U2 U22
(5.1.18)
Noting that v # 0 implies vy + iv*ve # 0, we have
(Ign — AM(;*)(’Ul -+ iy*v2) = (]gn — A(Re M(;* + 1 Im M(;*))(Ul + i’Y*Ug)
= v+ ’i’y*Ug F— A((Re M(g*’Ul — ’y* Im M(;*’Ug) + z(Im M(;*Ul N ")/* Re M(;*’Ug))
= v + 170y — A(c*uy + iy 0 us) (- R(y", 6" v = o*u)
A y*
= v+ 1YV — 0" (um + ?7*U21)
Ag(u1z + 7 ug)
= v +iyvy — ot ?7*021 ( By (5.1.18) and Lemma 5.1.9)
V12 + 17" Va2
= 0.
Due to assumptions (5.1.8) and (5.1.9), and Lemma 5.1.9, we have ||A;]| = [|As]] = &,

which implies
I = max (A 12001} =
U
Remark 5.1.11. The assumption that rank(Im M) > 1 in (a) of the above theorem is
satisfied generically. This is because if either A; is invertible or more generally rank(A;) > 3
whenever n > 4, then rank(Im M) > 1. In such cases the assumption rank(Im M) > 1 is

not required.

5.1.3 Numerical experiments

We have made several numerical experiments to illustrate the result obtained in Theorem
5.1.10. We will prove in Theorem 5.3.1 that given a real Hermitian polynomial P(z)
and A € C under certain assumptions, the real Hermitian backward error nlle™z(P,\)

preserving the real as well as the Hermitian structure of P(z) is equal to its Hermitian
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Table 5.1.2: Lower bound of 5% (P, \)
for arbitrary Hermitian pencils where
A€ C with ImA #0

Table 5.1.1: Lower bound of 7% (P, \) for a

Hermitian pencil with an eigenvalue 2.7922

A Noo( P, A) | Tbound | pilermz (P ))
2.7922+i1 0.3145 | 1.4794 2.0078
2.7922+0.51 0.1635 1.4265 1.9914
2.7922+40.1i 0.0331 | 1.4069 1.9855
2.79224-0.051 | 0.0166 | 1.4063 1.9853
2.7922+0.01i | 0.0033 | 1.4061 1.9853

size | Noo(P,A) | Ibound | pllermz( P, \)
2x2 | 0.4929 | 0.6056 0.6059
3x3 | 0.2909 | 0.3394 0.3741
4x4 | 0.5205 | 0.8181 0.8646
5x5 | 0.3135 | 0.3475 0.3611
6x6 | 0.5156 | 0.5753 0.6046

Table 5.1.3: 72 (P, \) for arbitrary pencils Table 5.1.4: % (P,)\) for arbitrary Her-

and A € C\R mitian pencils and A € C\ R
size | N (P A) | 0 (P, N) size | N0 (P, A) | nE (P, N) | pilermz (P ))
2x2 | 0.8801 0.9243 2x2 | 0.4093 0.5301 0.5301
3x3 | 0.4498 0.4638 3x3 | 1.1851 1.2479 1.2479
4x4 | 0.4913 0.5320 4x4 | 0.4637 0.6708 0.6708
5x5 | 0.6085 0.6132 5x5 | 0.4425 0.5152 0.5152
6x6 | 0.4986 0.8227 6x6 | 1.0419 1.1466 1.1466

backward error, i.e., nilermz(P \) = plerm(P)). We use this fact to show the tightness of
lower bound for 7% (P, \) obtained in Theorem 5.1.10.

Firstly, let P(z) be a random real Hermitian pencil of size 3 x 3 with eigenvalues 2.7922
and 0.41554+0.0099:. In Table 5.1.1, we compute the lower bound (Ibound) of 5% (P, \) and
the unstructured backward error 7. (P, \) of a complex A\. We also compute niem= (P, \)
by using Theorem 5.3.1. Note that n (P, \) which lies between lIbound and n!le™= (P, \)
is estimated tightly by these values. We observe that as expected 1., (P, ) goes to zero as
A converges to the real eigenvalue 2.7922. However this is not true for n (P, \) as Ibound
does not go to zero when A — 2.7922. This lead to large differences between 1., (P, \) and
Moo (P, A).

In Table 5.1.2, we record the same bounds on n% (P, \) for randomly chosen real Her-
mitian pencils P(z) and A € C\ R. Here also the values of Ibound and nl®™#(P \) are
seen to bound 7% (P, \) tightly.

In our numerical examples we found several instances of randomly generated real pencils
and values of A € C\ R which satisfied the sufficient condition in Theorem 5.1.10 for
ne(P,\) to be given by (inf,c(,1 infsecjo} ag(R(%é)))_l. The value of n% (P, \) for a

few such cases is reported in Table 5.1.3.
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Finally, in Table 5.1.4 we record n% (P, \) for arbitrary chosen real Hermitian pencils
P(z) and A € C\R for which 7% (P, X) = (inf,e(,1) infsec o} 02(R(7, 5)))_1. Interestingly,
we observe that for such pencils, n% (P, \) = pilemz (P )\).

5.2 Real structured eigenvalue backward errors with

respect to ||-||,2 norm

Let P(z) = Ag+zA;+---+2™A,, be a real structured matrix polynomial with coefficients
(Ao, ..., Amn) € Sg € R™ ™. In this section, we obtain results for eigenvalue backward errors

of P(z) when perturbations belong to the set Sg and A belongs to some specific subset of

C.

5.2.1 Real Hermitian polynomials

Let Hermg(n) denote the set of all real symmetric/Hermitian matrices of size n x n. Let

P(z) = 2y #'A; be a real Hermitian polynomial, i.e., (Ao, ..., 4,,) € (Hermg(n))"*!,
A€ Cand w = (wy,...,w,) € R™! be a weight vector. Then we compute the real

Hermitian eigenvalue backward error 7,5 (P, \), i.e.,

pllems (p, ) :=mf{ 2o, ., Al

det (27, M(4; = 4y)) = 0,
Do, ..., A€ (HermR(n))mH}.

Note that if A € R, then there is no difference between 7,.5™*(P, \) and unstructured

w,2

backward error 7, 2(P, A). This fact is shown in [1, 3] for weight vector w = (1,...,1)

and can easily be generalized to arbitrary weight vector w. If A € C \ R, then we have

Hermp
w,2

observed that in many cases the real Hermitian backward error 7 (P, \) preserving the

real as well as the Hermitian structure of P(z) is equal to its Hermitian backward error

ngfgm(P, A) obtained in Theorem 2.2.2. The following examples illustrate this observation.

Example 5.2.1. Let

—3.8902 —1.6716 —0.7747 0.4359 1.2727  1.1608 —0.2640 —0.2936
P() = —1.6716 1.6739 —0.7427 —-2.4721 e 1.1608 —4.8980 —0.1814 —0.2134
—0.7747 —0.7427 0.5578  1.7556 —0.2640 —0.1814 —-2.1613 —0.5476
0.4359 —24721 1.7556  1.6230 —0.2936 —0.2134 —0.5476 —0.0720
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be a real Hermitian pencil, A\ = —0.1748 —0.9573; and w = (1, 1). For this unstructured
and structured backward errors are 7,,5(P, ) = 0.6549 and 7,%™ (P, \) = 0.8894 respec-
tively. In view of Remark 2.2.5, an optimal Hermitian perturbation Ay + zA; satisfying
det(P(A\) — Ag — AA;) = 0 and ||(Ao, Ay)[lw2 = 0.8894 can be constructed. In fact, we

found that this optimal perturbation is real and given by

0047 —.0398 .0283  .0295 —.0004 —.0323 .0479 —.0300
. —.0398 1395  .0359 —.3959 e W, - —.0323 .3469 —.2998 —.1431
0283 .0359 —.2157  .3847 0479 —.2998 1421  .3769
0295  —.3959 3847  .0715 —.0300 —.1431 .3769 —.4885

This implies that n}jng(P, A) is also equal to 0.8894.

Similarly let Q(z) = Ag + zA; + 2°A, be a real Hermitian polynomial where Ay, A,
and A, be given by

1.5389 —.0264 —.8379 9459 25396  —1.0351 —.7319 —1.3111 2.1626

9997 1.5389  1.5885 3.5402 9459  —.9839 23674 —.7319  .6430
A() = 7A1 - 7A2 e
1.5885 —.8379 —2.8191 —.9839 —1.0351 —2.3268 6430 2.1626 —.5502

A = 2.2126 4 1.5085¢ and w = (1,1, 1). For this unstructured and structured backward
errors are 7y,2(Q,A) = 0.6371 and 7,5™(Q, A) = 0.7518 respectively. An optimal Hermit-
ian perturbation Ag + zA; + 22A, satisfying det(Q(\) — (A¢ + AA; + A\2A,)) = 0 and
(Ao, Ay, Ag)|lw2 = 0.7518 can be constructed by Remark 2.2.5. Again we found that this

optimal perturbation is real and given by
.0028 —.0044 .0166

—.0044 —.1004 —.0253
0166 —.0253 .0975

Ay = JAL = | 0189 —.2003 .1122 1155 —.1668 .6784

0333 1122 .1946 0284 6784 .1618

0057 .0189 .0333] {0050 1155 .()284]
7A2: .

This implies that 79™%(Q, X) = 0.7518 = pHam(Q, X).

w,2 w,2

The reason for the equality of 3™ (P,\) and 5™ (P, \) in the above example is

w,2 w,2

given in the proof of the next theorem.

Theorem 5.2.2. Let P(z) = Y7 2 A; be a real Hermitian polynomial, that is, let
(Ag, ..., A,) € (Hermg(n))™™ and w = (wo, . .., w,) be a weight vector. Let A € C\ R be
such that det(P(X\)) # 0 and the Hermitian matrices G, Hy, . .., H,, and (5, ..., t%) € R™!
be as defined in Theorem 2.2.2. If X = Amax(G +t5Ho + - - -+ 15, H,y,) is a simple eigen-

max

value of G +t5Hy + -+ - +t; Hy,, then

s (P.A) = 3™ (P ) =

VA
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Proof. Recall that from Theorem 2.2.2, we have

nggm(P7 >‘)_2 = l'Ilil’l )\max(G + tO HO + -+ tm H ) - )\*

max*
to,.-- tm€ER

Let the perturbation A = (A, ..., A,,) € (Herm(n))™"! be such that

det(Z)\j(Aj - Aj)) —0 and glgm(P )2 Zw2||A I2. (5.2.1)
=0
The procedure for the construction of the matrices A;,j = 0,...,m as given by Remark

2.2.5 imply that they satisfy

v Um, ; :
AjM(—°+Aﬂ+---+Am—):ﬂ for j=0,...,m, (5.2.2)
Wo w1 W, w;
where v = [vl,...,vE]T € C*"™*D is an eigenvector of G+t Hy+- - -+t% H,, corresponding
to Afax- Moreover, in view of Theorem 1.2.10, each Aj, 7 = 0,...,m, is a unique Hermitian

map of minimal rank and minimal Frobenius norm that satisfies (5.2.2). Now clearly
o (P, A) 2 5™ (P,A) as (Hermg(n))™ ! € (Herm(n))™*". (5.2.3)

To establish equality in (5.2.3) we show A € (Hermg(n))™ . Note that X is an eigenvalue
of P(z) if and only if X is an eigenvalue of P(z). This implies 3 # € C™\ {0} such that

(P(X) - Aj)x ~0.
=0
Let uj := w;Ajz and u; := Z—JJ for j =0,...,m. Then for 5 := 37", Xjﬂj,

PNz =iy = z = Miy.

Thus
AjMiyx =1a; for j=0,...,m. (5.2.4)

Set u = [ul, ...

, ul]T. Since each A;, j =0,...,m is Hermitian, therefore, ﬁjﬁﬂ; € R.
Again from (5.2. 1) and (5.2.4)

Herm 2 . 2 2 . 2||u3|| = HUJH2 u*éu -
CERURVE SV Sk W, — (9)  52s)
=0 =0 >\|| §=0 | Miy]|
where G is given by (2.2.1). Since Q;Mﬂ; € R, we have
wWwHju=0 for j=0,...,m (5.2.6)
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where H;, j = 0,...,m are as given in (2.2.1). By Theorem 1.2.9, there exist Hermitian

matrices Aj,j =0,...,m such that

N v I
AjMis = 4, and ||A;| = ||M2jlf||
Y

g e e ey

By Lemma 1.2.6, ) is an eigenvalue of P()\) — E;-”ZO)\J'Aj. Hence

k 2 7 -1
gyt < 32 (G 527

=0 ||Mu/\|| uy

However since 3™ (P, A) = nig™ (P, X), from (5.2.5) and (5.2.7) we have,

(nfiam(P,\)" = (u*éu)_l. (5.2.8)

u*ru

Since
Amax(G + 85 Ho+ -+t Hin) = Anax(G+ 5 Ho+ -+ 3, Hyp)
and Apax (G +t5 Ho+ - - -+ t, Hy,) is a simple eigenvalue of G+ t5Hy + - - -+t H,,, with v
as a corresponding eigenvector, Apax(G + t Ho + - - - + 1, H,,) is also a simple eigenvalue
of G+ 1ty Hy+ -+t H,, with © as a corresponding eigenvector. Therefore,
(@*(@+t3ﬁo+-~-+tgﬁm)v)‘l B y ]

)

uru
where the last equality follows from (5.2.6) and (5.2.8). Setting v : ﬁ and u :=

V(G Ht5Hy+ -+t Hpy)o =N =0 (G + 5 Hy + -+ + 1, Hpp ). (5.2.9)

Let Az, ..., Aygng1) be the other eigenvalues of G & Ho4 -+ i, H,, with corresponding
eigenvectors Vs, . . . , Up(m1) such that {0, 0y ..., Up(ne1) } is an orthonormal basis of Crm+1)
Thus there exist aq, ..., Q1) € C, Z"(mH |Oéj|2 = 1 such that

U= 0+ QU + - = + Q1) Un(m+1)-
Thus

Neooo= ' (G+tyHo+ -+t Hy)u

|Oé1‘ )\max + ‘062|2)\2 +oot |an(m+1)|2)\n(m+1)
A\

max*

IN
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Now since A%, is a simple eigenvalue of G + t§ Hy + -+ + 5 H,,, if a; # 0 for any

j€A{2,...,n(m+1)}, the last inequality must be strict which is impossible. Thus © = oy v

where || = 1. This implies

u:a1HE = WZ%H@ forj=0,...,m. (5.2.10)
v v

Using (5.2.10) in (5.2.4), we get

AJ-M<E+AE+~-~+M“—’”)=E for =0, . m (5.2.11)
Wo w1 Wi, w;
However by (5.2.2) we also have
ZjM(@+Aﬂ+~-~+Am”—m)=ﬁ for j=0,... m (5.2.12)
Wo w1 Wi, w;
By the uniqueness of each Aj, j =0, ..., m, we have

A;=A7A;,7=0,...,m.

Hence A € (Hermg(n))™"! and equality holds in (5.2.3). O

Remark 5.2.3. The assumption that A}, is a simple eigenvalue of G+t§Hy+-- -+t Hy,
even when m = 1 in Theorem 5.2.2 is indeed necessary because the optimal Hermitian
perturbations in Example 2.5.2 which attain the value of n;,$™ (P, \) are not real. Note

that in this case A\, is not a simple eigenvalue of G + t§Hy + - - - + 5, H,,.

Remark 5.2.4. We note that Theorem 5.2.2 also holds for the case that some of the

entries in weight vector w = (wo, . .., w,,) are zero. This is due to Theorem 2.4.1.

5.2.2 Real T-palindromic polynomials

In this section, we obtain the structured backward error for approximate real eigenvalues
of real T-palindromic polynomials without restrictions on the degree of such polynomials.

Note that in Theorem 3.1.5 if A € R\ {0,1,—1} and P(z) is a real T-palindromic
polynomial, then G and S; are real Hermitian matrices. Therefore, denoting the real

e-palindromic structure by pal, g, that is,
paler = {(AO, AR € (R”X”)m“}A; =N,_;,7=0,..., m} ,

we have,

al al,
Moz (P A) = Mg ™ (P, A). (5.2.13)
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The main result of this section gives the structured backward error UZ?;T’R(P, A) when

A€ R\{0,1,—1} and P(z) is a real T-palindromic polynomial of any degree. It may be
noted that despite the equality (5.2.13), this result is not a corollary of Theorem 3.1.6.
However the proof is based on similar arguments that make use of the real version of a
combination of Theorem 1.2.18 and Theorem 1.2.21 with C replaced by R as given below.
We recall that a Hermitian matrix is indefinite if it has at least one positive and at least

negative eigenvalues.

Theorem 5.2.5. Let G, Hy,...,H, € R™" be Hermitian matrices. Assume that any
nonzero linear combination agHy + -+ + apHy, (g, ..., ap) € RPN {0} is indefinite.

Then the following statements hold:

(1) The function L : RP™ = R, (to, ..., tp) = Amax(G +toHo+ - +1,H,) is conver and
has a global minimum
A = min  L(tg, ..., t,).

WaX g tpER

(2) If p =0 or the minimum N, of L is attained at (to,...,t,) € RP*! and is a simple

eigenvalue of H, := G+toHy+- - -+t,H,, then there exists an eigenvector u € R™\ {0}
of H, associated with \*  satisfying

max

uTHju =0 forj=0,...,p (5.2.14)
(3) Under the assumptions of (2) we have
< u!'Gu
u
L

In particular, the supremum of the left hand side of (5.2.15) is a maximum and attained

(5.2.15)

max*

uER”\{O},uTHju:O,ij,...,p}:)\*

for the eigenvector u from (5.2.14).

Proof. The proofs of (1) and (3) follow from the proofs of the corresponding parts of
Theorem 1.2.18.

If p = 0, then the proof of part (2) follows by arguing as in the proof of Theorem 1.2.21
due to the fact that the set

{e"Hyr |z € R", 272 = 1}

*
max

is convex. If p > 0 and X\’ is a simple eigenvalue of H, then, part (2) of Theorem 1.2.18

implies that there exists a non zero (possibly complex) eigenvector u corresponding to
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AL of H, that satisfies (5.2.14). However as H, is real and A}

max max

is real and simple, the
eigenvector u can be chosen to be real. This proves part (2) and completes the proof of
the theorem. 0O

It is important to note that the assumption of simplicity of \*

max

of Theorem 5.2.5 is necessary even when p = 1. This is evident from the following example

made in the hypothesis

which is a slight modification of Example 1.2.24.

Example 5.2.6. Let G = diag(a, , 5) where a > § > 0. Also let

1 auiI 0 1 0
H=]10 -1 0l andH,=|1 0 0
0O 0 O 0 0O

Then any non zero real linear combination of Hy and H; is indefinite and for ty,t; € R,

the matrix
o+ to tl 0
H(to,tl) :G+t0H0+t1H1 = tl O./—to 0
0 0 B

has eigenvalues o + /t2 + 2 and 3. Clearly L : R> — R defined by

L(to, t1) = Amax(H (to, t1)) = a+ 1/ t3 + 12

at (to,t1) = (0,0), i.e., when H(0,0) = G. But the maximal eigen-

value « of GG is a double eigenvalue with corresponding eigenvectors e; and e, which are the

has its minimum M\*

max

first two basis vectors of R?. Therefore, the matrix whose columns form an orthonormal
basis of the eigenspace of G corresponding to avis U = [ e; ey | € R**2. There exists a real

non zero vector x in the eigenspace of G corresponding to « satisfying 2*Hox = 2*Hix = 0

01
10

if and only if the real joint numerical range of the matrices

1 0

U1 = UTH()U =

] and Uy := UTH,U =

defined by
((&TU 2, 2TUp) )g; eR?, |z, = 1}

contains 0. Clearly this is not true in this case as this set represents the unit circle.
Note that this example does not contradict Theorem 1.2.18 as the eigenvector of GG

with respect to a that satisfies u* Hou = u*Hyu = 0 is the complex vector u = [1 L.
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The following theorem gives a formula for the structured eigenvalue backward error
ni?;T’R(P, A) when P(z) is a real T-palindromic polynomial and A € R\ {0, £1}.

Theorem 5.2.7. Let P(z) = Y " (2 A; be a real T-palindromic polynomial. Choose
A€ R\ {0,£1}. Suppose that det(P()\)) # 0 so that M = (P()\))™! exists and set
k=|2"1]. Then

Aaxe -= mi?eR/\maX(GHO So+ -+ -+t Sk)

is attained for some (to, ..., t;) € R*Y where G is defined by (3.1.15) and S;,5 =0,..., k
are defined by (3.1.17), respectively. Whenever m < 2 or \}

ax 1S @ simple eigenvalue of
G +19So+ - - - + xSy, then

-1/2
palt r 1 .
E(P ) = - A (G410 Sg 4 -+ 1. S .
7]w,2 < ) \/m <t0,{1.1,%£16]1£ ( 0+~0 k k))

Proof. Consider the Hermitian matrices §j = 5} + @T, 7 =0,...,k, where 5’]- are as
defined in (3.1.7). Observe that k = 0 whenever m = 1 or m = 2. Therefore, the proof
follows from Theorem 5.2.5 if it is established that each nontrivial linear combination of
So, -+, Sk given by (3.1.17), or equivalently, of go, Y ,,§k is indefinite. Suppose there
exists [ ag, ..., ap ]T € R¥*! such that S := Z?:o Oéjgj is semidefinite. Then recalling

that A, = [1, A, ..., \"] € C*™M+D "we have

k
5 = Doy (AR~ chr ) O + (e = emri)An) 01 )

=0
= (ALa") @ M* + (aA,) @ M

where the vector « is given by a = [ag, ..., o, —Qy, ..., —aO]T when m is odd and by
o= |ag, ..., a0, —ay, ..., —ao]T when m is even.
Setting
1 =X 0 0
0 1 =X
Q — 0 c C(m-ﬁ-l)x(m—i—l) (5.2.16)
—A
0 S0 1]
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and a = [ag, ..., an)T = QT a, since A,,Q = eI, we have

Qe L)' SQeL) = QA" Q)eM" +(Q"ah,Qn) ® M
= (e1a”) @ MT + (ael) @ M

ao(M + M*Y ayMT -+ a,, M7
ay M 0 e 0
aym M 0 e 0
If S is semidefinite, then a; = - - = a,, = 0 which implies that QT = a = age;. Therefore,
ap = g and
—)\O./j_l + oy = 0, j = 1, ceey k. (5217)
Also,
(A+1)ag. = 0 when m is odd and (5.2.18)
Ao = 0 when m is even. (5.2.19)
The identities (5.2.17) imply that
o = Nag. (5.2.20)

When m is odd, we have aj = 0 from (5.2.18) since A # —1. Similarly when m is even,
(5.2.19) gives ay, = 0 as A # 0. In either case, (5.2.20) implies that ag = o9 = 0 as A # 0
and this completes the proof. [

Remark 5.2.8. An optimal real T-palindromic perturbation to P(z) corresponding to

ni?;T’R(P, A) in Theorem 5.2.7 can be constructed by following the procedure mentioned in

Remark 3.1.9.

An analogue of Theorem 5.2.7 that obtains nggT’R(P, A) for a real T-palindromic poly-
nomial P(z) with a restricted perturbation set palr (/) defined by

palTvR(I) = {(AQ, .. ,Am) c palTR ‘ A]’ =0 for ¢ [}

may also be derived.

Example 5.2.9. L(z) = A+ zAT is a real T-palindromic pencil of size 3 with eigenvalues
—1 and —0.5954 £ 0.8034¢ all on the unit circle. For A = —1.6656 and w = (1,1), the
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eigenvalue backward error is 0.6563 with respect to real T-palindromic perturbations (ob-
tained in Theorem 5.2.7) and 0.5614 with respect to complex T-palindromic perturbations
(obtained in Theorem 3.1.10). With respect to arbitrary perturbations, the eigenvalue
backward error is 0.3177. Figure 5.2.1 illustrates the effect of real T-palindromic, complex
T-palindromic and arbitrary perturbations on the eigenvalues of L(z) so that they move

to form an eigenvalue at A\ for the respective perturbed pencils.

LD LD
J /

-2 -1 0 1 2 -2 -1 0 1 2

Figure 5.2.1: FKigenvalue perturbation curves for the real T-palindromic pencil L(z) of Ex-
ample 2.5.3 with respect to real and complex T-palindromic perturbations (left) and arbitrary

perturbations (right).

The plot on the left of Figure 5.2.1 shows the effect of perturbations L(z)+tAL(z) on the

eigenvalues of L(z) (in thick curves) as t moves from 0 to 1, AL(z) being the minimal real

palt r
w,2

T-palindromic perturbation to L(z) corresponding to 7 (L, A) that induces eigenvalues
at (A, 1/A). In this case eigenvalue curves starting from the eigenvalues —0.5954 £ 0.8034¢
(each marked by a star surrounded by a circle) on the unit circle coalesce on the unit circle
and split out with one of the branches moving over oo to form the eigenvalue A (marked
by a star surrounded by a diamond) and the other moving out to form the eigenvalue 1/
(inside the unit circle) as ¢ moves from 0 to 1.

The movement of the perturbed eigenvalues under the given real T-palindromic pertur-
bations may partly be attributed to two facts. The first is that —1 is always an eigenvalue
of a T-palindromic polynomial of odd degree and odd size (since P(—1) is then a skew
symmetric matrix of odd size and thus singular) of which the given pencil L(z) is a par-
ticular case. The second fact is that eigenvalues of real T-palindromic polynomials occur
in quadruples (u, i, 1/u,1/1). This symmetry breaks down only on the unit circle and on
the real line where it reduces to the pairing (u,1/u). Since the only eigenvalues of L(z)

other than —1 are also on the unit circle, in order to maintain the eigenvalue symmetry,
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they have to pass through the intersection of the unit circle and the real line to form the
eigenvalues at A and 1/\.

The plot on the left of Figure 5.2.1 also shows the effect of perturbations L(z) —l—tﬂ(z)
on the eigenvalues of L(z) (in thin curves) as t moves from 0 to 1, E(z) being the
minimal complex T-palindromic perturbation to L(z) corresponding to ng?;T(L, A) that
induces eigenvalues at (A, 1/X). Also in this case —1 cannot be moved to A with respect to
T-palindromic perturbations. Instead, an eigenvalue curve starting from —0.5954 + 0.80341
moves to A while another starting from —0.5954 — 0.80347 moves to 1/A (inside the unit
circle) as ¢t moves from 0 to 1.

Finally, the plot on the right of Figure 5.2.1 shows the effect of perturbations L(z) +
tAL(z) on the cigenvalues of L(z) as ¢ moves from 0 to 1, ZE(Z) being an optimal
perturbation corresponding to m,(L, A) that induces an eigenvalue at A and is not T-

palindromic. In this case, the nearest eigenvalue —1 of L(z) moves to form the eigenvalue
X of L(z) + AL(z).

Table 5.2.1 compares the backward errors 7, 2(L, \), ngj”;T’R(L, A) and 7P (L, \) for

w,2
the T-palindromic pencil L(z) in Example 5.2.9 as A\ converges to —1 along the real line.
Observe that while both 7,2(L, \), and nZ%T(L, A\) decrease, nZ?;T'R(L, A) increases as A
pal

approaches —1. This leads to large differences between nwéT'R(L, A) and the other backward

errors at values of \ close to —1.

Table 5.2.1: Values of 1, 2(L, \), 1753? (L, \) and ng?;T’R (L, \) for the T-palindromic pencil L(z)
in Example 5.2.9 as A — —1.

A 2PN [ 085 (P | s (PN
—1.6656 0.1692 0.3177 0.5614
—1.5500 0.1501 0.3076 0.5623
—1.4500 0.1308 0.2992 0.5631
—1.3500 0.1086 0.2912 0.5638
—1.2500 0.0827 0.2842 0.5644
—1.1500 0.0528 0.2788 0.5649
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5.2.3 Real T-antipalindromic polynomials

Let P(2) = > ™2/ A; be a T-antipalindromic polynomial i.e., AT = —A,,_; for all j.
Let A € C\ {0} and &k = [™-]. A formula for nZ?;ipalT(P, A) was derived for the case
that m = 1 in Section 3.3 by applying Theorem 1.2.7. But the same approach does not
work if m > 1. However, in this section we obtained real T-antipalindromic backward
error of a real A for any real T-antipalindromic polynomial. Therefore, denoting the real

e-antipalindromic structure by antipal, g where o € {x, T}, that is
antipaleg := {(Ao, ..., Ap) € (R”X")mH’ AS=—A,_;, j=0,...,m}

we have

nantipalT,R (P, )\) _ nzr’l;ipal*,m (P, >\)

w,2

in such cases.

Note that in Theorem 3.3.1if A € R\ {0,1, —1} and P(z) is a real T-antipalindromic
polynomial, then G' and S; are real Hermitian matrices where G is defined by (3.3.4) and
S; for each 7 = 0,...,p with p = k when m is odd and p = k + 1 when m is even, are
defined by (3.3.6). Indeed (3.3.7) and (3.3.8) become

pe -1
nZ?;ipalT’R(P, A) = (sup {UUTC;YJU ’v e Cn(m+1) \ {0}, UTSjU =0,7=0,...,p )

(5.2.21)
Thus in the view of (5.2.21), we can apply Theorem 5.2.5 to obtain an analogue of Theorem
5.2.7 for real T-antipalindromic polynomials when A € R\ {0, +1}.

Theorem 5.2.10. Let P(z) = Y 31" 2/ A; be a real T-antipalindromic polynomial and
let X € R\ {0,+1}. Suppose that det(P(\)) # 0 so that M = (P()\))™! exists and set
k=[22] Then

max

e = m%?eRAmax(GthOSOJr~-~+tpSp)

is attained for some (o, ..., t,) € RP*' where p = k when m is odd and p = k + 1 when m
is even, G is defined by (3.1.15) and S;,j = 0,...,p are defined by (3.1.17), respectively.
If m =1 orif . is a simple eigenvalue of G + oSy + - -+ + 1,5, then

max

-1/2
antipalT r o 1 o : ..
77w,2 (P> )‘) - - — <t0’.rfl’}/?€R )\maX(G + tO SO + + tp Sp) ) .

max

Proof. The proof is similar to that of Theorem 5.2.7. 0O
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Remark 5.2.11. In the view of Remark 3.3.5 an analogue of Theorem 5.2.10 that obtains
antipalt r
@,2

set antipaly g (/) defined by

(P, \) for a real T-antipalindromic polynomial P(z) with a restricted perturbation

antipalr g (1) == {(Ao, ..., An) € antipal.R} Aj=0forj¢l}

may also be derived. Also an optimal T-antipalindromic perturbation with norm equal to

gj;ipalT’R(P, A) may be constructed by following the procedure in Remark 3.1.9.
To compare the backward errors 7, 2(P, \), 'r]zr’l;ipalT (P,\) and nf;?;ipalT’R(P, A), we take

a random real T-antipalindromic pencil P(z) = A — zAT of size 4 x 4. Let w = (1,1). In
Table 5.2.2 we observed that as expected both 7, 2(P, \) and p™™Palt (b)) are approaching

w,2

the same number 0.2518 (1, 2(P,1) = 0.2518) when A approaches 1. But nantipalT’R(P, A)

w,2

remains away from 0.2518 as A approaches 1. This leads to large differences between
antipalt r

0.2 (L, \) and the other backward errors at values of A close to 1.

antipalt r

Table 5.2.2: Values of 1, 2(P,\), nifgipalT (P,X\) and 1, , (P, \) for the T-antipalindromic
pencil P(z) as A — 1.

A ma(PA) | 5P (P | e (PN
1.3000 0.2769 0.3209 0.8062
1.2500 | 0.2661 0.3035 0.8059
1.2000 | 0.2569 0.2875 0.8057
1.1500 | 0.2498 0.2734 0.8055
1.1000 0.2459 0.2620 0.8053
1.0500 0.2462 0.2545 0.8052
1.0200 0.2488 0.2522 0.8052

Given a real pencil P(z) = Ag+2A; with T-palindromic or T-antipalindromic structure,
the next result bounds the real structured backward error in terms of the unstructured
backward error 7, (L, \) whenever A\ comes from the unit circle. To keep the notation

simple we prove the result for the weight vector w = (1, 1).

Theorem 5.2.12. (1) Let P(z) = A+ zAT, where A € R™™ be a real T-palindromic
pencil. Then

Nua(P,e®) <P (P,e®) < 4|1+ tan? <g) Nwa(P,e®), 6 €0,2n) (5.2.22)
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pa

where 1,5 "

1
2
perturbations with weight vector w = (1,1).

(2) Let P(z) = A — zAT, where A € R™" be a real T-antipalindromic pencil. Then

i antipa ; ‘9 ;
N (P, ) < P (P i) < (| 1+ cot? (5) Nwa(P,e?), 6€l0,2r)  (5.2.23)

antipalt r
w,2

T'-antipalindromic perturbations with weight vector w = (1,1).

(P, e?) denotes the eigenvalue backward error of € under real T-palindromic

where n (P, e) denotes the eigenvalue backward error of € with respect to real

Proof. Proof of (1): Let A = ¢ 6 € [0,27). Note that
nZ?;TYR(Pa )‘) = nw,Z(P, )\) if A= =+1.

Thus assume that A # +1. Set u = }jr—i Then p = —itan (g) . Now

A A

P\ =A+)AT = ﬁ(AJruB), where A=A+ AT and B=A— AT,
Consider A = opin(A + pB)[u @] [u u)',

where u is a unit right singular vector of A+ uB corresponding to the minimum singular
value omin(A + 1B). By Lemma 1.2.15, A € R™" and since (A 4+ uB)* = (A + uB), we

have
(A+ puB — A)u= (A+ uB)u— At = 0pin(A + Bt — omin (A + pB)u = 0,
Again
det((A+uB) -A)=0 <= det((fl —A)+ QB) =0
TN
A A
= det((A=5) +A(4"-3)) =0
. A AN
= det((A+)\A ) — (5+>\§)) =0
This implies
2
() < a2l +[|as]’
A2 in(A+ pB))? (A + AAT))?
_ |A] _ (Omin(A + pB)) — 1 _l_,u|2(0m1n( + A7)
2 2 2
_ V)2
_ <1+tan2 (g)) (Umlrl(A;AA )" (5.2.24)
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Also from Theorem 1.2.5, we have

minA )\AT
Hua(PA) = 2 (\/g ) as D=1 (5.2.25)

Hence the proof of (5.2.22) follows from (5.2.24) and (5.2.25).
Proof of (2): Proof is similar to that of (1). Let A = ¢, 6 € [0,27). Again note that

antipalt r

N2 (L,A\) = nw2(L,A) it A ==%1. Thus assume that A\ # £1 and set p = }jr—i Then

)= —itan (g) This implies

b DE A - 1
P(A):ﬁ(fl%—pB), where A=A+ AT, B=A— AT and p:p‘

Now consider
A= amin(fl + pB) [u @] [u @],
where u is a unit right singular vector of A+ pB corresponding to the minimum singular

value omin(A + pB). By Lemma 1.2.15, A € R™" and since (A + pB)* = (A + pB), we

have

(A4 pB = Ayu= (A + pB)u— At = omin(A + pB)u — opin(A + pB)u = 0,

Again
det (A4 pB) = A) =0 = det((4—A)+ 1 13B) =0
A r A
e det((4-3) - AA"-F)) =0
= det<(A—AAT)—(§—A§)) =0

This implies

) 2
<n2}rj;1palT’R(P, )\)) S HA/2H2—}— HA/2H2

2 (A DY) 2 ) - TY\2

_ AR _ A pB)? ) a4 0T))
2 2 2
. N ATY)2
- (1+cot2 (9)) (Tmin(A = AAT))" (5.2.26)
2 2
Also from Theorem 1.2.5, we have
O'min(A—)\AT)

wa (P, A) = as |[Al =1 5.2.27
N2 (P, A) 7 Al ( )

Thus (5.2.23) follows from (5.2.26) and (5.2.27). [
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Remark 5.2.13. By the above theorem, note that

o (P,é?) <P (P,e) < v/2nyo(P ), if — sesg.

ro| 3

This shows that the real T-palindromic backward error and unstructured backward error
are close to each other when A is on the right half of the unit circle. The same also holds
for real T-antipalindromic pencils when A is on the left half of the unit circle, i.e. A = %

: s 3

5.2.4 Real T-alternating polynomials

Note that in Theorem 3.4.1 if A € R\ {0} and P(z) is a real T-alternating matrix poly-
nomial, then G, S,; and S,; are real Hermitian matrices. Therefore, denoting the real

e-alternating structure by alt, g, where @ = 7" or @ = *, we have
alty g i= {(AO, o Ap) € alty|A; € R for j=0,... ,m} (5.2.28)

In such cases, we have
Mas (P, A) = Ty “ (P, ), (5.2.29)

Note that the formula for nzthT (P, \) was derived for complex T-alternating pencils and
T-even quadratic polynomials in Theorem 3.4.2 and Theorem 3.4.3, respectively. But in
view of Theorem 5.2.5, the real structured backward error 'r]zlt; (P, \) can be derived for

any real T-alternating matrix polynomial whenever A € R\ {0}.

Theorem 5.2.14. Let P(z) = Y 7" 2 A; be a real T-even matriz polynomial and let
A € R\ {0}. Suppose that det(P(X)) # 0 so that M = (P(X))™" ewists and k = [ ].
Then

A = mgleR Amax(G + to Seo + + -+ + tr Ser)

is attained for some (t5,...,t;) € R*1 where G and S; are as defined in Theorem 3.4.1.

If m <2 or X, is a simple eigenvalue of G 4 t§ Seo + - - - + 1} Ser, then

max

1 ~1/2
evenr r _ _ ; e
Do (PyA) = Vo = (t07:-r-1-17%£16R Amax(G 4t Seo + - -+ + . Se) ) :

Proof. Let Sej = §ej + ST

.j» Where gej for j = 0 : k are as defined in (?7?). Since we

aim to apply Theorem 1.2.18 with real Hermitian matrices, we have to check whether each
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nontrivial linear combination of Sy, ..., Se, or, equivalently, of Sg, ..., Sex is indefinite.

T
Thus, assume that o := [ ag, ..., Qg ] € R¥1\ {0} is such that

k k
S = Z ;S = Z o <A£egj+2 ® M" + egjahy, ® M)
j=0 J=0

is semidefinite. Then we have to show that a = 0. By setting

AR 15 FA B
0 1 =X\
Q=1 " . . o |, weobtain
—
0 .0 1
Ain o Aig o A
A{Z 0 LIRS O
(Q®L)'SQeL)= A W (5.2.30)
A{m_"_l 0 DY O

where A, for [ =2,...,m + 1 are given by:

Al’gj = Oéj_lMT, fOI'j = 1,...,k
Ajgjmn = —aj AMT, forj=1,...,k

Ay = opMT,
when m is odd and by

A1’2j = Oéj_lMT, forjzl,...,k+1
A172j+1 = —05-1 )\MT, fOl"j = ]_,...,k‘—l—l,

when m is even. Since S is semidefinite, it follows that A; ; =0 for all j =2:m + 1, But
then o = 0 as M is invertible and A # 0. Hence the proof. D
Similarly, the following theorem gives a formula for nfufl; TE(P,A) when A € R and P(z2)

is a real T-odd matrix polynomial of any degree.

Theorem 5.2.15. Let P(2) = 3 7" 2/ A; be a real T-odd matriz polynomial and A be a
nonzero real number. Suppose that det(P()\)) # 0 so that M = (P(\))™! exists and let
k=[%]. Then

A= mgleR Amax(G 410 S0 + -+ -+t Sor)
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is attained for some (t5,...,t;) € R*1 where G and S,; are as defined in Theorem 3.4.1.

If m =1 or X\, is a simple eigenvalue of G + t5 So0 + - - - + t} Sox. then

max

—-1/2
oddr g I . o
77w,2 (Pa )‘) — \/m - (to,.r.r.l,zlf?ER )\max(G + tO SoO + + tk Sok) ) .

Proof. Proof follows by replacing S.; matrices from S,; matrices in the proof of Theorem
5.2.14. In this case Ay, coefficients for | = 2,...m + 1 of (5.2.30) are given by

A172j = — O )\MT, fOI'j = ]_,...,k‘
A1’2j+1 = OéjMT, fOI'j = 1,...,]{7
Al,m+1 = —Oék)\MTa
when m is odd and by
Al’gj = —0j >\MT, fOI'j = 1,...,]{?

Aigj1 = a;M”, forj=1,...k,

when m is even. Here too S is semidefinite, we have A, =0 for k= 1,...,m + 1 which

implies that « =0. O

Remark 5.2.16. Optimal real T-even and real T-odd perturbations with norms equal to

Moo (P, ) and NS (P, \) respectively can be constructed by following the ideas in

w,2

Remark 3.1.9. If zero weights are allowed in the weight vector w then nfﬁlt; (P, \) may be
obtained with a restricted perturbation set. This can be proved via arguments similar to
those in the proof of Theorem 3.4.4.

Table 5.2.3 compares the backward errors 7, (P, A), 772;1; TE(P,A) and n°%7T (P, \) with

w,2

w = (1, 1) for a random T-odd pencil P(z) of size 4 x 4. we observed that as expected both
Nw2(P, ) and nfng (P, \) are approaching the same number 0.3560 (7,,2(P,0) = 0.3560)
oddT r
w,2

when \ approaches 0. But n (P, \) remains away from 0.3560 as A approaches 0. This

oddr r

leads to large differences between 7,,, (L, A) and the other backward errors at values of

A close to 0.

Remark 5.2.17. Note that revP(z) of the T-odd pencil P(z) = A + zB in Table 5.2.3
is T-even. Therefore backward errors 1y, 2(P, X), 155 " (P, A) and 1,5 (P, \) exhibit the

w,2

same behaviour for \ values close to oo.

The following theorem gives an analogue of Theorem 5.2.12 for T-alternating pencils.
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Table 5.2.3: Values of 1y 2(P, ), nzng (P,\) and nfvc}gT’R (P,\) for the T-odd pencil P(z) as
A—0.

A [ mua(P ) [ msT(PA) | s ™ (P
0.1364 | 0.3968 0.4576 1.1325
0.1136 0.3783 0.4296 1.1344
0.0909 0.3633 0.4050 1.1360
0.0682 0.3528 0.3845 1.1372
0.0455 0.3475 0.3690 1.1380
0.0227 | 0.3484 0.3593 1.1385
0.0091 | 0.3522 0.3566 1.1387

Theorem 5.2.18. Let P(z) = A+ 2B, where A, B € R"" and w = (1,1).
(1) Suppose AT = A and BT = —B. Then

TP A) € 109 (P € I+ AP 1ua(PA), AR\ {0}, (5231)
where nfvv,;nT’R(P, A) denotes the eigenvalue backward error with respect to real T-even per-

turbations.

(2) Suppose AT = —A and BT = B. Then

o |1 . .
Nwa(P,A) < g™ (P A) < 41+ D Nwa(P, ), if A e iR\ {0}, (5.2.32)

where nff;T’R(P, A) denotes the eigenvalue backward error with respect to real T-odd per-

turbations.

Proof. Let A =iy, v € R\ {0}.

Proof of (1): Let A := opin(A 4 iyB) [u 1] [u 1", where u is a unit right singular vector
of (A + iyB) corresponding to minimum singular value o,im(A + iyB). Then by Lemma
1.2.15, A € R™" and since A + iy B is Hermitian, we have

(A= A)+iyB)u = (A+iyB)u — Au = Opin(A + ivB)t — 0yin(A + iyB)u = 0.

This implies
SR (Piy) < A = (A + 7 B). (5.2.33)

w,2
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Also from Theorem 1.2.5
Omin(A +ivB)

V1ity?2
Therefore (5.2.31) follows from (5.2.33) and (5.2.34).
Proof of (2): Note that P(X\) = A\(B + pA), where p = 1. Since pencil (B + pA) is

T-even, consider

Nw2(P,A) = (5.2.34)

A = opin(B + pA) [u @) [u T’

where v is a unit right singular vector of B + uA corresponding to minimum singular value
Omin(B + pA). As B + pA is Hermitian by Lemma 1.2.15, A € R™*™ and we have

(B—A)+ pA)u= (B + pAu — Au = 0yin(B + pA)u — Omin(B + ppd)u = 0.

This implies
A+ 1yDB)

odd . O min
nw72T7R<P7 7’7) S ||A|| - Umin(B T ,MA) == ( |’>/| (5235)
Also from Theorem 1.2.5 A inB
Nw2(P, A) = Tuan A 1B) (5.2.36)

VItE

Therefore (5.2.32) follows from (5.2.35) and (5.2.36). O
Remark 5.2.19. Theorem 5.2.18 implies that

Nw2(Pyiy) S o o (Piy) < V2nua(P i), if v € [-1,1].

This shows the real T-even backward error is close to the unstructured backward error when
v belongs to the interval [—1,1]. The same also holds for real T-odd pencils when X\ = iy

and v is outside the interval [—1,1].

5.2.5 Real skew-symmetric polynomials

Let P(z) = > 2/ Aj be a skew-symmetric polynomial, i.e., (Ao, ..., 4,,) € (SSym(n))™*!

and A € C\ {0}. Then as a consequence of Lemma 1.2.6 we can write skew-symmetric

ssym

wo (P A) in terms of mapping problems as

backward error 7

Mo (PA) = inf{ (Ao, ... Ap)lwez | 3vo, .-y vm € C*, vy #0,A; € SSym(n),
A;jMvy =vj, for j=0,.. .,m}.
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Since A, is skew symmetric for each j = 0,...,m, therefore for any (vo,...,v,) such
that vy # 0 a skew-symmetric matrix A may be chosen to satisfty AMwv, = v, if and
only if (Mvy)Tv; =0 <= 0TS0 =0, where v = [v7,...,vT] and S; = ATel @ M".

The following theorem gives the analogue of Theorem 3.4.1 for skew-symmetric matrix

polynomials.

Theorem 5.2.20. Let P(z) = Z;.”:O 2 A; be a skew-symmetric matriz polynomial. Suppose
that A € C\ {0} such that M = (P(X))™! ezists. Let A, :=[1,),...,A™] € CX(m*+D) qnd

set
G = (AL An) @ M*M and S;:= ((ATel,) @ MT) (5.2.37)
for 3 =0,...,m, where e; denotes the j-th standard basis vector, as well as
I' := diag (wo, - ,wm) I, G= r'ar!
S; = F_l(gj + gf)F_l, for j=0,...,m.
Then

*Gu
SSym P )\ 2 _ u
T

w € (C™\ {0}, u" Sju=0,5=0: m} ) _ . (5.2.38)

If P(z) is a complex skew-symmetric matrix polynomial and A € C\ {0}, then (5.2.38)
shows that computing 735"
conditions u”'Syu = 0 and "' Sju = 0 for the case m = 1. Therefore Theorem 1.2.7 cannot
(P, \) even for the case that P(z) is a pencil.

However, if A € R\ {0} and P(z) is a real skew-symmetric matrix polynomial, then

(P, \) involves finding the supremum of % subject to the

ssym
w,2

be applied to find 7
G and S; are real Hermitian matrices. Thus denoting the real skew-symmetric backward
error by 75" (P, \), (5.2.38) becomes

w,2

T

Gu
SSYymp P )\ 2 — u

uwe (R")™N\ {0}, u"Sju=0,j=0: m}) . (5.2.39)

Therefore in the following, we obtain 15" (P, \) by using Theorem 5.2.5.

w,2

Theorem 5.2.21. Let P(z) = Y 7" 2/ A;j be a real skew-symmetric matriz polynomial and
A€ R\ {0}. Suppose that det(P(N)) # 0 so that M = (P(\))™! exists. Then

Mo -= min Apax (G + 1Sy + -+ -+t Si)
tm€ER
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is attained for some (&5, ..., t5) € R™T where G and S; are as defined in Theorem 5.2.20.
If X . s a simple eigenvalue of G+t Sy + - - - + 1. Sk, then

max

1 —-1/2
Ufj,};mR(P, )\) = \/)\*7 = (t mt’HER)\maX(G +toSo+ -+t Sm)) )
0yeeey m

Proof. Set S; = gj +§]T where §j for j = 0 : m are as defined in (5.2.37). Since our aim is
to apply Theorem 5.2.5 we check whether each nontrivial linear combination of Sy, ..., S,
or equivalently, of Sp, ..., S, is indefinite. Suppose a := g, ..., Qm ]T e R™1\ {0}
is such that y o

Sk= Z ajgj = Z Q; (Af@eﬁrl @MT +ej 1A ® M)

=0 j=0

= 0 |
0 1 =X
Q=1 "~ . . 0o |, weobtain
Ly
| 0 .0 '
A1 Ais oo Al
. AL, 0 ... 0
(Q®In) S(Q®In): . . . s
AT 00 0

where A, for [ =2,...,m + 1 are given by:
AlJ = (—Oéj_g)\—l—aj_l)MT, fOI"j L 2,...,m+1,
when m is odd and by

Ay = (—ajod+a;_1)M", forj=2,....m

T
Al,m—i—l = amMa

when m is even. Since S is semidefinite, it follows that A, ; = 0 for all j =2 :m + 1, but
then a = 0 as M is invertible and A # 0. Hence the proof. D
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Remark 5.2.22. In the above theorem, an optimal real skew-symmetric matrix polynomial
A(z) = Y0 27 Aj satisfying det((P—A)X) = 0 and with [|(Ao, ..., Ap)[lwz = 155 (P, \)

w,2
may be constructed by following the procedure in Remark 2.2.5. Also an analogue result
for 25" (P, \) can be derived for the case that some of the entries in weight vector w are

Zero.

5.3 Real structured eigenvalue backward errors with

respect to ||[|.c norm

5.3.1 Real Hermitian polynomials

Let P(z) = Y 1", 2’ Aj be a real Hermitian polynomial, i.e. (Ao, ..., A,) € (Hermg(n))™*!
and let A € C. In Section 5.2.1, we have shown that the real Hermitian backward error

Hemz (P X) of A as an approximate eigenvalue of P(z) is its Hermitian backward error
nggm(P, A) under certain conditions that are seen to be satisfied in most cases. We observed
that whenever the assumptions in Theorem 4.1.4 hold, the same is true with respect to
Il also. In fact the optimal perturbations corresponding to ntl™ (P, \) in Example 5.2.1

were found to be real. This is explained in the proof of the following theorem.

Theorem 5.3.1. Let P(2) = > "2/ A; be a real Hermitian polynomial. Suppose that
A € C\ R such that M = (P(\))™! exists. Let K be defined by (4.1.7). For yo,...,Ym € R
with v2 + -+ +72, =1, define

g (UO v ) o i72 ||Uj||2
Y05-Ym yrr ¥m) T J 2
275 [0y

for (vo, ..., vm) € K. Suppose that there exists 7f, ..., v5 € R\{0} with 5> +---+y22 =1
and (Vo, . .., Up) € K with ||0;]] = ||0x]] VJ, k €{0,...,m} such that

~

IG5 m(voa e

A

,Om) = sup inf gy (voy - Um)- 531
) Yo+ k=1 (V050 vm)elcgfyo & ( 0 ) ( )

For I' = diag (v§, ..., 75,), let G(I'*) and H;(I'), j = 0,...,m be as defined in Lemma
4.1.8. Let t, ..., tr, € R such that

Amax = Amax (G(I) + (5Ho(I™) + -+ + £, Hpn (7))
= inf Mg (GI) 4 toHo (D) 4+ -+t Hyn (T7))
to,..,tmER
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If X o is a simple eigenvalue of G(I'*) + t§Ho(I'™*) + - - - + 5 H,, (I'*) then

max

PP A) = () ™2 = (P, ).

max

Proof. Note that since (Herm(n))™™ D (Hermg(n))™t!, pllerm(p \) < pHermz(p )). We
show that nptlemz (P )\) < pllerm(p X)) Due to (5.3.1), Theorem 4.1.4 implies that
w2 %ol w2 (10w

pad 8 07 [ Moy 2 3 n,yfém(P, A)

Herm
o (PA) = -
n ( ) 70 ||M’U)\||2

where v* = (95,...,7p,). Since 45 # 0 for all j = 0,...,m by Theorem 5.2.2 we have
s (P, A) = ns*ﬁng(P, )). Therefore there exist A; € Hermg(n), j = 0,...,m such that

Yy P A IeAl
AjM'U/\ = Uj and ||A]|| = m

Also due to (5.3.1), by arguing as in the proof of Theorem 4.1.4

Herm 2 %2 ||,[)0||2 *2 ||ﬁm”2 ||{)]||2
Bom (P, 3))? = g2 e gt =
(1™ (P X)) =% g, O NN E

for all j =0,...,m. Thus

erm 2 A A A erm
(™2, V)" = 114417 = max{[| A%, . ., [| AP} > nis™=(P, 1)

[e.e] (e o]

where the last inequality holds as A; € Hermg(n) for all j with det (P(X) DI A]) = 0.
Therefore
(P N) = (P, ).

Now the proof follows from the fact that since (5.3.1) holds, by Theorem 4.1.4 we have

PP, A) = () 2.

max

5.3.2 Real palindromic and alternating polynomials

Given a real pencil P(z) = A + zB which is either T-alternating, T-palindromic or T-
antipalindromic, the following result which is a counterpart of Theorems 5.2.12 and 5.2.18,

bounds 7% (P, \) in terms of 7., (P, \) for specific values of \.

TH-1438_10612308 146



Theorem 5.3.2. (1) Let P(z) = A+2zB, where A, B € R™" with AT = A and BT = —B,
and w = (1,1) be a weight vector. Then

Moo (P A) < g™ (PoA) < (14 [A) 0o (P, A), if A € 4R,

where N (P, \) denotes the eigenvalue backward error with respect to real T-even per-

turbations.
(2) Let P(2) = A+ 2B, where A, B € R™™ with AT = —A and B" = B. Then

noo(P,2) < 22905 (P, ) < (1 ; llﬂ) no(PN), if A€ R,

where n&‘j‘dT’R (P, \) denotes the eigenvalue backward error with respect to real T-odd per-

turbations.
(3) Let P(2) = A+ zAT, where A € R™*". Then

Mo(PA) < 7ETE(PA) < 41+ tan® <g>noo(P,A>, if A=,

where ngflT’R(P, A) denotes the eigenvalue backward error with respect to real T -palindromic

perturbations.
(4) Let P(z) = A — zAT, where A € R™". Then

. I )
Noo (P, A) < nigtlpalTvR(P, A) < /1 + cot? (5) Noo (P, A), if A= e®,

where nigtipalT’R(P, A) denotes the eigenvalue backward error under real T -antipalindromic
perturbations.

Proof. The proof follows by replacing ||-||w2 by |||l and arguing as in the proof of The-
orem 5.2.12 for T-palindromic/T-antipalindromic structures and of Theorem 5.2.18 for

T-alternating pencils. D

5.4 Pencils arising in linear quadratic optimal control

problems

In this section, we consider the pencil L.(z) := H. — zN,. where

0 A B 0 E 0
H.o=| A @Q S| and N.:=| —E* 0 0 (5.4.1)
B* S R 0 00
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with A E,QQ € C" S, B € C"™ and R € C"™ ™. Such pencils frequently arise in

linear quadratic optimal control problems in the continuous time case where ) and R

are positive definite and is positive semidefinite [34, 37]. Eigenvalues of L.(z)

display Hamiltonian symmetry, i.e., eigenvalues occur in pairs (A, —A) or in quadruples
(A, A, =X, =) if pencil is real. Therefore the eigenvalue symmetry degenerates on the
imaginary axis. This makes important to find eigenvalue and eigenpair backward errors
when A lies on the imaginary axis. We use Theorem 1.2.13 and Theorem 1.2.14 to find

structured eigenvalue and eigenpair backward errors of L.(z) associated with points on the

: : : . ¥ . o | @
imaginary axis. For this, define A := [ A B } e - — [ E 0 } and C' := o gl
5.4.1 Perturbation only to matrices A and B
0 AA AB
Let AH. = | (AA)" 0 0 , AN. = 0 and S be the collection of all pencils AL.(2)
(AB)" 0 0

of the form AL.(z) = AH.—2AN,. For A\ € C and z € C*"*™\ {0}, we define the following
eigenpair and eigenvalue backward errors with respect to perturbations only to blocks A
and B.

S (He, Noo A ) = inf{||[AA AB]||,| AA € €™ AB € C™™ AH, - AN, €,
((H, — AH,) — A(N, — AN,))z = o}
and
nS(H,, N,, \) = inf {||[AA AB]|,| AAeC™m AB € C™™, AH, - zAN, €5,
det((H, — AH,) — (N, — AN,)) = o},

with respect to some norm ||.|[,. We consider the case that ||.||, denotes either the spectral
norm or the Frobenius norm, i.e., p = 2 or p = F. If the perturbations are restricted to be
real then the above backward errors are denoted by 75*(H,, N, X, z) and 75*(H,, N, \),

respectively.
Let A € C and x = [z] 2] € C**™ \ {0} where z; € C" and zo € C™™™. Then for
any
AH. = 0 A and AN, =0,
(AA)”
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where AA = [ AA AB } , AA e C" and AB € C"™ we have (L. — AL.)(2)x = 0,
or equivalently

| 0 A=)\ T

T2 N A* + )\5* C ) .

AAzy = (A—N)xy and (AA)'z = (A" + A )xy + Cus. (5.4.2)

0 AA
(AA)* 0

This implies

By Theorem 1.2.14, there exist such a AA € C™ ™) if and only if

2y (A" + Az + Can) = ((A-— )\5):172)*:51
< 1;Cry = —2Re(N)z3&"1y (5.4.3)

Thus provided x = [zT zI]" satisfies (5.4.3), we can find minimal Frobenius norm

and minimal spectral norm maps satisfying (5.4.2) from Theorem 1.2.14. In general, if

x = [z 2T]7 satisfies (5.4.3), then

A — )z N [(A* + A2y + Cmol* [} (A = AE) o]

s 2 _ |I(
T] (HC7 NC? )\7 x) -
\ ) 2|2 [ 112 [z [|2[]2 12

(5.4.4)

and

(5.4.5)

1S (H,, No, \, ) = max { (A= AE)ms| ||(A* + N¥)zy + Cas| } |

lzafl [l
We can further simplify the expressions in (5.4.4) and (5.4.5) if A is purely imaginary and

C' is either definite or semidefinite.
Theorem 5.4.1. Let L.(z) be a pencil as defined in (5.4.1), v € R and x € C*"*™\ {0}.
Partition v = [z1 23]" with z; € C" and x5 € C*"™™. Then the following hold.

(1) If C is definite, then niF(Hc, N.,iv,x) is finite if and only if xo = 0. In such a case,

. A—ivE)x .
UJS;(HC,NC,w,x) = It ||371||) 1l = 77§(HC,NC,27,1') (5.4.6)

and
Np(He, Neyiy) = 0min (A — ivE)*) = 15 (He, N, i7). (5.4.7)
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(2) If C is semidefinite then 1 p(He, Ne,iy,x) is finite if and only if Cxy = 0. In such a
case, let r:= (A —ivE)xy and s .= (A —ivE)*x1. Then

R P -
=P *laP ~ mimer Y270 %70,

(n%(HmNcuiry’x))2 = % Zf!li'l = O, (548)
|||l:1”||2 if xo = 0,
max{ el sl } if a1 40, 39 £ 0
T2l Tl 17U, 22 7 0,
n5 (He, Neyivy,z) =l if 2, =0, (5.4.9)
Is] P,
] if w2 =0,
and
15 (He, Ney i) = Omin ((A = ivE)*) = np(He, N, i7). (5.4.10)

Proof. Set \ = i, then in the view of (5.4.3) there exist AA satisfying (5.4.2) if and only
if 23Cxy = 0.
(1) If C' is definite then 23Cxy = 0 implies x5 = 0. This implies = = [z] 0]%, z; € C"\ {0}
and from (5.4.4) and (5.4.5), we have

[(A=2E) "zl _ s

N (He, Noy N, ) = Tl = 05 (H,, N, A\, ). (5.4.11)

This proves (5.4.6).
To obtain the eigenvalue backward error, we can minimize (5.4.11) over all possible x

of the form x = [z 0]”. Therefore

np(He,Ney A) = inf {np(He, Ne, A\, z) |z = [z 0]" € C**"™ 2, € C*\ {0}}
[(A = AE) |
z1€Cm\{0} HLE1||
= inf {77§(HC,NC, ) }x = [xff O]T e C*m 1€ C"\ {0}}
= 77§(HC> Ne, )‘)

This implies

UJS?(HG N, )‘) = Umin((A - )‘5)*) = 77§(Hca N, )\)-
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Indeed, let u and v be unit left and right singular vectors of (A — AE) corresponding to

0 AA
(AA* 0

singular value 0* := o ((A — AE)) and consider AA = o*uv*, then ||AA| gy = 0* and
[ A—XE) ]
u
0

g] ) :mfi)*u] [ ]
i)

I R R Y-
| (A=2A8) C
(subcase-1): If z = [z 2T]" be such that x; € C"\ {0}, 2o € C**™ \ {0} and
Cxy =0, then from (5.4.4) and (5.4.5) we have
[(A - >\5)932||2+ [(A* + AE)m|*  [27(A — AE)of?

2|2 [l |12 2|2}

(2) If C' is semidefinite. Then z5Czy = 0 implies Czy = 0.

(3 (H., Noy A\ 7)) = (5.4.12)

and

(5.4.13)

[(A = A&z [I(A - A5)*x1||2} '

S 2
n (HmNm )\73:> zmax{ y
(. ) EAL B

To obtain the eigenvalue backward error 75 (H,, N., \) we further minimize (5.4.13)
over all x € S where § := {(z1, 22) | z1 € C"\ {0}, 22 € C"t \ {0}, Czy =0}.

pi = inf {(n3(He, Ney A, 2))%, |2 = [2f 23], (21,22) € S}
_ 2 AEVE |12
— e A O
(w1,22)€8 2| [l ][?
— 2 _ * 2
. L R o o)
22 €Cn+m\{0},(z1,22)E€S ||z2 |2 21 €Cn\{0},(z1,22)E€S ||z
)\ 2 CAE) |2
. L4 P gy LA
2o€CnH+m\ {0},Cz2=0 || 2| 21€C\ {0} |1 |
-\ 2
= max{ i [(A = AE s o2 (A— )\5)} (5.4.14)
22€Cn+m\{0},Cz2=0 ||l’2”2
Let dim(null(C)) = r. Consider U = [uy, ..., u,] where {uy,...,u,} is an orthonor-
mal basis of null(C). Then
[(A— A i A=Az
22€Cr+m\ {0},Cz2=0 || 2|2 zo€null(C)\ {0} || 2|2
o IA 8l
aeCr\{0} |Uc||?
o IH(A=2)U)al®
= inf =o0. (A=A
aeCr\{0} ||| min (( U).
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Thus from (5.4.14), we have

p1 = max {o; ((A—AE)U)

? mln(

A=XE)} =02, (A= 2E)). (5.4.15)

(subcase-2): If x = |27 2I]7 € C**™\ {0} be such that zo = 0, then from (5.4.4)
and (5.4.5) we have

2
(15 (Hey Ny A 1)) = A ng‘iz il — (n}(H,, N, M\, 2))°. (5.4.16)
1.
Therefore,
po o = inf {(n3(He, Ne, A\ @))?, | = [a] 0]" € C**™™, 2 € C*\ {0}}
N |2
_ e A=A
21€C\{0} |1 ||

= oo ((A=XE)). (5.4.17)

(subcase-3): If x = [T zI]T € C?*"™™ be such that z; = 0, x; € C*™™ \ {0} and
Czy =0, then from (5.4.4) and (5.4.5) we have

2 A — \E)xs|?
(n3(He, Ny A, )~ = It ”@HQ ll — (43(Heo, Ny A, ) (5.4.18)
Also
ps: = inf {(n5(He, Ney Ay 2))?, |2 = [0 257 € C"*, 25 € €™ \ {0}, Oy = 0}
. |(A — A\E)xy||?
= inf = U7. 5.4.19
zoenull(C)\{0} || 2|2 i ( )

Thus (5.4.8) and (5.4.9) follow from (5.4.12), (5.4.13), (5.4.16) and (5.4.18). Now

(5 (Hes Ney ) = inf {05 (He, N, M) | = a7 € €2 {0},

7 €C", 33 € C, Cay = 0}
= min{puy, po} ( From (5.4.15), (5.4.17)and (5.4.19))

= mln{amm((A—)\E)U), mm((A AE)” )}
= onin((A=2E)"). (5.4.20)
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Indeed, let u and v be unit left and right singular vectors of A — A€ corresponding to
singular value 0* := oy ((A — AE)) and consider AA = o*uv*, then |[AAl|s = o* and

o] = L] =[] =Laen
L [g LC(A)[BL]-

(A=A ¢
Note that in general n(H,, N, \) < n%(H,, No, A). But as AA is a rank one matrix
such that 75(H,, N,, \) = || AA||, therefore |AA||r = o* and hence

0 AA
(AA* 0

0e(Hey Noy N) = 0% = 05 (H., N, \).

O

Remark 5.4.2. Following the same strategy as above and by using Corollary 1.2.16,
we can obtain real backward error nflR(Hc, N, A\, z) of an approximate eigenpair (\,x)
of L.(z) with perturbation only to matrices A and B. Indeed, let A\ € C\ {0} and
r = [z1 2I1T € C*»*™ \ {0} such that rank ([z; 7;]) = 2 and rank ([zy To]) = 2. If 21, 25
satisfy 25Czy = —2Re (A\)asE*xy and 23 Cxy = —2X21 €72, then by Corollary 1.2.16

03 (He, Ny A\, )2 - inf{H[AA AB]H?‘AAGR”X’“, ABER™™ A=[AA AB |,

0 A
A* 0

T = LC()\)x}

= Iy ) [2 Zo) (| 5+11[s 5] [21 T1] |7 —Trace (([s 5] [x1 Z1]")([s 5] [21 Z1])" ([22 To] [22 7))
where y := (A — A\E)xe and s := (A — AE)*x; + Cas.

5.4.2 Perturbation only to matrices A, B and E

Let L.(z) = H. — zN, be a pencil defined by (5.5.2). Let S" be the collection of all pencils
of the form AH, — zAN,, where

0 AA AB 0 AE 0
AH,= | (AA* 0 0 and AN.= | —(AE)* 0 0
(AB* 0 0 0 0 0
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For A € C and z € C?*"™™\ {0}, we define the following eigenpair and eigenvalue backward

errors with respect to perturbations only to blocks A, B and E.
S (H,, N, \, ) = inf {||[AA AB AE]||p |AAAE € C™" AB € C™m,
AH,— 2AN, €S, ((H,— AH,) — \(N, — AN,))z = 0},
and
S (H,, N., \) = inf {||[AA AB AE]|r |AA AE € C™" ABeC™™,
AH, = 2AN, €S, (H.— AH,) — \(N, — AN,))z = o},

where ||.||r denotes the Frobenius norm of a matrix.
Let A € C and x = [z 21 2] € C**m\ {0} with z;, 2o € C" and x5 € C™. Then for
any AL.(z) = AH. — zAN,., AL.(\)x — L.(\)x = 0 if and only if

0 AA—-NAE AB 1 0 A—-)AE B 1
(AA)* + A(AE)* 0 0 g | = | A"+ AE* Q S X9
or equivalently, if and only if
((AA)" + MAE) )z, = (A" + AE")zy + Qg + Sz3, (5.4.22)
(AB)*zy = B*x;+ S*xs + Rxs. (5.4.23)

The following theorem obtains backward errors for the case that A lies on the imaginary

axis.

T
Theorem 5.4.3. Let v € R and x € C**t™\ {0}. Partition v = [ al 2l a2l } where
xr1, 19 € C", x3 € C™. Define

T *
u::[xg ng] ,w::xl,r::[A—z’yE B}u,s::[A—WE B] T

(1) If C is semidefinite, then n%(Hc, Ne, iy, x) is finite if and only if Cu = 0. In such a

case
/ . . . 1/2
i (Hes Nev iy, 0) = (IA0B/(1+9%) + 1Aa)2)

where Al e Cmm, Ag e C™™ qre such that

fu if z1 =0,
[ Ar A, ] = |r11i)s||*2 if vy = 0,23 =0 (5.4.24)
fifr e (e — fif) - otherwise
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(2) If C is definite, then 7)% (He, Ne,iry, x) is finite if and only if u = 0. In such a case
1/2

i (He, Nev i, @) = (1803/(1+9%) + 1327

where [ A A, } = \JIPSW*‘
Proof. Let A =i, v € R\ {0}. Then (5.4.21) - (5.4.23) may also be written as follows
[ AA—iyAE AB } =2 ] = (A—iyE)xs + Bxs and (5.4.25)
I3 -
N ~ , =r
| AA—iAE AB| = Awng Q S| (5.4.26)
—1 = 4.
! NS B s R||"

=39

Note that there exist AA, AB, and AFE satisfying (5.4.25) and (5.4.26) if and only if there

exist Ay € C™ and A, € C™™" such that

(A A Ju=r and [A & | w=3s (5.4.27)
From Theorem 1.2.14 this is equivalent to u*s = r*w. Now
kA * * Q S
us=r'w <= u'Cu=0, where C = (5.4.28)
S* R
(1) If C' is semidefinite then u*Cu = 0 implies Cu = 0. Thus (5.4.27) implies
(5.4.29)

[Al Ag]u:r and [Al Ag]*w:s.

Also note that
inf { IAA|Z + |AB|2 + | AE| ) AA, AB, AE satistying (5.4.25) and (5.4.26)}

_ mf{”Al”% 1A% | AL, A, satisty (5.4.29)}. (5.4.30)

1++2

To see this, let Ay and Ay be such that they satisfy (5.4.29). Now set

A= B AR OB 4 AB = A,
1+72 1—|—72
155

TH-1438_10612308



Then AA — iyAE = Ay and [|[AA|%Z + |AE|% = 1211 This shows (<) in (5.4.30).

1442
Again, let AA, AB and AE be such that they satisfy (5.4.25) and (5.4.26) and assume

that Ay = AA —iyAE and Ay = AB. Then A; and A, satisfy (5.4.29). Also

[Ad][r < [[AA][F + IWI|AE] F
= [|A1]|7 < (JAA]% + |AB|IZ) (1 ++*) (by Holder's inequality)

1A [
= 1+v§ +[182]lF < |AAJE + [ABIE + | AE|]E.

This implies (>) in (5.4.30). Thus we have,

(U;(HC,NC, Z.%

— mf{ AA AB AE]H ’AA AB, AE satisfying (5.4.25) and (5426)}

o LA
y 1nf{|1+1 DEUE A2

||A1||F A 2
= A
1 72 + || 2||F>

A, satisfying (5.4.29)}

where A = [A; A,] is the unique minimal Frobenius norm solution of (5.4.29). Hence
(5.4.24) follows from Theorem 1.2.14.

(2) If C is definite then from (5.4.28) u*Cu = 0 implies © = 0. Thus 2 must be of the
form x = [z1 0 0]T € C*"*™, 2, € C" \ {0}. In this case from (5.4.26), AA, AB and AFE
satisfy

| AA=iyAF ABrw:[A—WE B]*w. (5.4.31)

Thus following the proof of (1), we have

(1
(ng(Hc,Nc,iy,x))Z = { AA AB AE}H )AA AB, AE satisfying (5431)}

2 'F+||A2||F\Alecw Bae C, [y A = s
= 1+r>/2 2 Fo

where [ 31 82 } = Wsw* is the minimal Frobenius norm map satisfying [&1 gg]w = s.
0
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5.5 Pencils arising in discrete-time linear quadratic

optimal control problems

A discrete-time analogue to the linear quadratic optimal control problem leads to a slightly

different matrix pencil of the form Ly(z) = H; — 2Ny where

0 A _-B 0 E O
Hy=| —-E* @ S and Ng:= | —-A* 0 0|, (5.5.1)
0 S* R —BF 80

with A, E,Q € C"*" S, B € C"™ and R € C™*™ [34, 37|. The eigenvalues of L,(z) occur
in pairs (A, 1/A) when the pencil is complex and in quadruples (X, 1/, A, 1/A) when the
pencil is real. Therefore eigenvalues follow symplectic symmetry and the unit circle is the
critical set for Ly(z). In the following, results corresponding to Theorems 5.4.1 and 5.4.3
are obtained for these pencils when A € C with |\| = 1. For this, define

Q S

5.5.1 Perturbation only to matrices A and B

Let
0 AA AB 0 0 0
AHd: 0 0 0 9 and ANd: —(AA)* 0 0
0 0 0 —(AB)* 0 0

and S be the collection of all pencils of the form ALy(z) = AHy; — zAN;. For A € C
and x € C**™\ {0}, define the following eigenpair and eigenvalue backward errors with

respect to perturbation that affect only blocks A and B as follows.
nS(Hy, Ngy A, ) = inf{||[AA AB]|l,| AA € C™" AB € C™™ AH, — zAN, €5,
((Hy— AHg) — M(Ng— ANy))z = o}
and
nS(Hg, Ny, \) = inf {||[AA AB]|,| AA € C™" AB € C™™ AH, — z2AN, €S,
det((Hy — AHy) — A(Ny — AN,)) = 0},
where ||.||, denotes either spectral norm ||.||2 or Frobenius norm ||.||p.
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Let A € C\ {0} and z = [z] 2I]" € C**™\ {0} where x; € C" and x5 € C"*™. Then
for any
0 AA

A, =
1o

and AN, =

0 0
—(AA)* 0|’
where AA = [ AA AB ] , AA e C™" and AB € C"*™ we have (Lg — ALy)(A\)x =0,

or equivalently

0 AA T o 0 A — )\5 T
MAA)* 0 RS C Ty |
This implies
Adzs = (A= \E)zy and (AA)'z = ; (VA" — £21 + Caa) (5.5.2)

By Theorem 1.2.14, there exist such a AA € C™* ™) if and only if
1 x
&= (X (A" = E")xy + C’:Eg)) = ((A=XE)xz) z1 if and only if
13Cmy = (1 — | A\P)zi& 2. (5.5.3)

Thus provided z = [z 22]" satisfies (5.5.3), we can find minimal Frobenius norm

and minimal spectral norm maps satisfying (5.5.2) from Theorem 1.2.14. In general, if

r = [z] 2I]7 satisfies (5.5.3), then

. s AN € + 7 A)or + CaalP [o3(A — AE)a]
7] HC7NC7)‘7':U "B -
(i ) e A [Pl

and

(5.5.5)

OB Ny ) = ma {ICA 28 IEET 0+ sl

lzaf RYIESY|
We can further simplify the expressions in (5.5.4) and (5.5.5) if |[A\| = 1 and C is either
definite or semidefinite. Therefore in view of (5.5.3), (5.5.4) and (5.5.5), the arguments

similar to those in the previous section yield the following analogue of Theorem 5.4.1 when
Al = 1.

Theorem 5.5.1. Let Ly(z) be a pencil as defined in (5.5.1), X\ € C be such that |\| = 1
and x € C*+tm\ {0}. Partition v = [o1 2117 with x; € C" and x5 € C*™. Then the
following hold.
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(1) If C is definite, then 15 p(Hq, Ng, X, x) is finite if and only if o = 0. In such a case,

A— N *x
W;S?(HmNd’ )‘71‘> = ||( ) IH :ng(Hvadvkvx)

1

and
7718?(de Nd, )\) = Umin((A - )\5)*) = 7’]§(Hd, Nd, )\)

(2) If C is semidefinite then 0} o(Ha, Na, A, x) is finite if and only if Cxa = 0. In such a
case, let r = (A — \E)xy and s := (A — A\E)*xy. Then

Il sl a2 ,
2 2P T erlP T Pl if o1 # 0, 23 # 0,
(e (Ha, Nac A )" = | if 2, = 0,
Bk if 7 = 0,
R { Illgz!lll’ |||l:1“||} if t1 # 0, 23 # 0,
e (Ha Nos A 2) =4 g if &1 =0,
llsll if 29 = 0,

and
77§(Hd7 Nd7 )‘) = O-min((A - )‘5)*) 2 ni‘(Hda Nda )\)

5.5.2 Perturbation only to matrices A, B and E

Let Ly(z) = Hy — 2N4 be a pencil defined by (5.5.1). Also let S be the collection of all
pencils of the form AH; — zAN,, where AH; and ANy are given by

0 AA AB 0 AE 0
AH = | —(AE)* 0 0 and ANg= | —(AA)* 0 0
0 0 0 —(AB* 0 0

For A € C\ {0} and x € C?>"™™ \ {0}, we define the following eigenpair and eigenvalue
backward errors with respect to perturbations that affect only blocks A, B and FE.

i (g, Ng, N, ) = inf{||[AA AB AE]||lp | AA,AE € C™" AB e Cnm,
AH,— 2ANy €S, ((Hg— AHy) — A(Ny — AN))z = o},
and
i (Hy, Ny, \) = inf {H[AA AB AE]||lp | AA,AE € C™" AB € Cn*m,
AHy— 2AN; €S, ((Hg— AHy) — A(Ny — AN))z = 0},
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where ||.||r denotes the Frobenius norm of a matrix.
The following theorem is an analogue of Theorem 5.4.3 for Ly(z) and obtains 13 (Hg, Ny, \)
and 03 (Hg, Ng, A, ) when |A| = 1. The proof is similar to that of Theorem 5.4.3.

Theorem 5.5.2. Let Ly(z) be a pencil as defined in (5.5.1), A\ € C be such that |\| = 1

and x € C*t™\ {0}. Partition x = [#7 2T 2I7 where x1, x5 € C", x3 € C™. Define
T *
u::[xg xg} ,w::xl,r::[A—)\E B}u,s::[A—AE B}xl.

(1) If C is semidefinite, then niw,(HC, Ne, iy, x) is finite if and only if Cu = 0. In such a
case the following holds.

% (o Nk ) = (I8l +7%) + 1803)
where Al e C™n, Ag e C™™ qre such that
e if 2 =0,
LA A | =1 if 2= 0,25 =0 (5.5.6)

fi + s (Tnvm — fif) - otheruise
(2) If C is definite, then nij(Hd, Ny, A\, z) s finite if and only if u = 0. In such a case the
following holds.

1/2
)

e (Has Nas A, @) = (1B11/(1+7) + 1 Xl

where [ A A, } = |u}”23w*.
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Conclusion

We have developed a new framework to obtain computable formulas for structured
eigenvalue backward errors of matrix polynomials with various structures under some
prespecified norms. In particular, we have undertaken a detailed analysis of structured
eigenvalue backward errors of structured matrix polynomials when the perturbations are
measured with respect to ||.|lw2 norm. We have obtained explicit formulas for struc-
tured eigenvalue backward errors of matrix polynomials with Hermitian, skew-Hermitian,
x-alternating, x-palindromic and *-antipalindromic structures in terms of the maximal
eigenvalue of a parameter depending Hermitian matrix. We have also derived structured
eigenvalue backward errors of T-even and T-palindromic polynomials of degree at most 2,
T-odd and T-antipalindromic pencils in terms of second largest eigenvalue of a parameter
depending Hermitian matrix. For higher degree T-palindromic and T-alternating polyno-
mials we have estimated the structured eigenvalue backward error by tight bounds.

Under the same framework, we have generalized these ideas to obtain computable
bounds for structured eigenvalue backward errors of structured matrix polynomials with
respect to |||l and ||.||,.» norms. In most cases, the lower bound gives the exact value of
the backward error when certain assumptions are met. We have shown by numerical ex-
periments that these assumptions are satisfied in practice, thus giving the exact eigenvalue
backward error.

Finally we have estimated real eigenpair and eigenvalue backward errors of real ma-
trix polynomials under real perturbations. If the real matrix polynomial has additional
structure like Hermitian, x-alternating, T-palindromic etc., then in many cases eigenvalue
backward errors are computed with respect to perturbations that preserve these additional
structures also. We have also computed structured eigenvalue and eigenpair backward er-
rors of some special block structured pencils that arise in linear-quadratic optimal control
problems with respect to special structure preserving perturbations. In most cases, we have
observed that there is a significant difference between the backward errors with respect to

perturbations that preserve structure and those with respect to arbitrary perturbations.

TH-1438_10612308 161



Bibliography

[1] B. Adhikari. Backward perturbation and sensitivity analysis of structured polynomial
eigenvalue problem. PhD thesis, Dept. of Math., IIT Guwahati, Assam, India, De-
cember 2008.

[2] B. Adhikari and R. Alam. Structured backward errors and pseudospectra of structured
matrix pencils. STAM J. Matrixz Anal. Appl., 31:331-359, 2009.

[3] B. Adhikari and R. Alam. On backward errors of structured polynomial eigenproblems
solved by structure preserving linearizations. Linear Algebra Appl., 434:1989-2017,
2011.

[4] S. S. Ahmad. Pseudospectra of matriz pencils and their applications in perturbation
analysis of eigenvalues and eigendecompositions. PhD thesis, Dept. of Math., IIT
Guwahati, Assam, India, December 2007.

[5] S. S. Ahmad and R. Alam. Pseudospectra, critical points and multiple eigenvalues of
matrix polynomials. Linear Algebra Appl., 430:1171-1195, 2009.

[6] M. Al-Ammari and F. Tisseur. Hermitian matrix polynomials with real eigenvalues
of definite type. part i: Classification. Linear Algebra Appl., 436(10).

[7] R. Alam, S. Bora, M. Karow, V. Mehrmann, and J. Moro. Perturbation theory for
Hamiltonian matrices and the distance to bounded-realness. SIAM J. Matriz Anal.
Appl., 32(2):484-514, 2011.

[8] H. Baumgartel. Analytic perturbation theory for matrices and operators. Operator
Theory: Advances and Applications, volume 15. Birkhauser Verlag, Basel-Boston-
Stuttgart, 1985.

[9] P. Binding. Hermitian forms and the fibration of spheres. Proc. Am. Math. Soc.,
94:581-584, 1985.

TH-1438_10612308 169



[10] S. Bora, M. Karow, C. Mehl, and P. Sharma. Structured eigenvalue backward errors
of matrix pencils and polynomials with Hermitian and related structures. SIAM J.
Matriz Anal. Appl., 35(2):453-475, 2014.

[11] S. Bora, M. Karow, C. Mehl, and P. Sharma. Structured eigenvalue backward errors
of matrix pencils and polynomials with palindromic structures. SIAM J. Matrixz Anal.
Appl., 36(2):393-416, 2015.

[12] C. Davis, Kahan W. M., and Weinberger H. F. Norm-preserving dilations and their ap-
plications to optimal error bounds. STAM Journal on Numerical Analysis, 19(3):445—
469, 1982.

[13] G. Freiling, V. Mehrmann, and H. Xu. Existence, uniqueness and parametrization of

Lagrangian invarient supspaces. SIAM Journal on Matriz Anal. Appl., 23.

[14] 1. Gohberg, P. Lancaster, and L. Rodman. Matriz polynomials. Academic Press Inc.
[Harcourt Brace Jovanovich Publishers|, New York, 1982.

[15] 1. Gohberg, P. Lancaster, and L. Rodman. Indefinite Linear Algebra. Birkh&user,
Basel, 2005.

[16] M. Grant and S. Boyd. Graph implementations for nonsmooth convex programs.
In V. Blondel, S. Boyd, and H. Kimura, editors, Recent Advances in Learning and
Control, Lecture Notes in Control and Information Sciences, pages 95-110. Springer-
Verlag Limited, 2008. http://stanford.edu/ boyd/graphgcp.html.

[17] M. Grant and S. Boyd. CVX: Matlab software for disciplined convex programming,
version 2.0. http://cvxr.com/cvx, 2012,

[18] S. Grivet-Talocia. Passivity enforcement via perturbation of Hamiltonian matrices.
IEEFE Trans. Circuits Syst., 51:1755-1769, 2004.

[19] E. Gutkin, E. A. Jonckheere, and M. Karow. Convexity of the joint numerical range:
Topological and differential geometric viewpoints. Linear Algebra Appl., 376:143—-171,
2004.

[20] A. Hilliges. Numerische 16sung von quadratischen eigenwertproblemen mit anwendung
in der Schienendynamik. Diplomarbeit, TU Berlin, Inst. f. Mathematik, 2004.

TH-1438_10612308 163



[21] J. B. Hiriart-Urruty and C. Lemaréchal. Fundamentals of Conver Analysis. Springer,
Berlin, 2001.

[22] R. A. Horn and C. R. Johnson. Matriz Analysis. Cambridge University press, Cam-
bridge, 1985.

(23] R. A. Horn and C. R. Johnson. Topics in Matriz Analysis. Cambridge University
press, Cambridge, 1991.

[24] W. Kahan, B. N. Parlett, and E. Jiang. Residual bounds on approximate eigensystems
of nonnormal matrices. SIAM J. Numer. Anal., 19:470-484, 1982.

[25] M. Karow. Geometry of spectral value sets. PhD thesis, Department of Mathematics,

Universitat Bremen, Germany, 2003.

[26] M. Karow. p-values and spectral value sets for linear perturbation classes defined by
a scalar product. SIAM J. Matrix Anal. Appl., 32:845-865, 2011.

[27] C. G. Khatri and S. K. Mitra. Hermitian and nonnegative definite solutions of linear
matrix equations. SIAM J. Appl. Math., 31:579-585, 1976.

(28] P. Lancaster. Lambda-Matrices and Vibrating Systems. Dover, New York, 2002.

[29] P. Lancaster and L. Rodman. Algebraic Riccati Equations. Clarendon Press, Oxford,
UK, 1995.

[30] M. Machover. Matrices which take a given vector into a given vector. Amer. Math.
Monthly, 74:851-852, 1967.

[31] D.S. Mackey. Structured linearizations for matriz polynomials. PhD thesis, University
of Manchester, Manchester, UK.

[32] D. S. Mackey, N. Mackey, C. Mehl, and V. Mehrmann. Structured polynomial eigen-
value problems: Good vibrations from good linearizations. SIAM J. Matriz Anal.
Appl., 28:1029-1051, 2006.

[33] D. S. Mackey, N. Mackey, and F. Tisseur. Structured mapping problems for matrices
associated with scalar products. Part I: Lie and Jordan algebras. SIAM J. Matrix
Anal. Appl., 29:1389-1410, 2008.

TH-1438_10612308 164



[34] V. Mehrmann. The Autonomous Linear Quadratic Control Problem. Theory and Nu-
merical Solution. Lecture Notes in Control and Information Sciences, 163. Springer-

Verlag, Berlin, Germany, 1991.

[35] V. Mehrmann and H. Xu. Perturbation of purely imaginary eigenvalues of Hamiltonian
matrices under structured perturbations. Electr. J. Linear Alg., 17:234-257, 2008.

[36] J. Moro, J. V. Burke, and M. L. Overton. On the Lidskii-Vishik-Lyusternik pertur-
bation theory for eigenvalues of matrices with arbitrary Jordan structure. SIAM J.
Matriz Anal. Appl., 18:793-817, 1997.

[37] L. S. Pontryagin, V. Boltyanskii, R. Gamkrelidze, and E. Mishenko. The Mathematical
Theory of Optimal Processes. Interscience, 1962.

[38] L. Qiu, B. Bernhardsson, A. Rantzer, E. Davison, P. Young, and J. Doyle. A formula
for computation of the real stability radius. Automatica, 31:879-890, 1995.

[39] A. C. M. Ran and L. Rodman. Stability of invariant maximal semidefinite subspaces.
Linear Algebra Appl., 62:51-86, 1984.

[40] G. W. Stewart and J.-G. Sun. Matriz Perturbation Theory. Academic Press Inc.,
Boston, MA, 1990.

[41] J.-G. Sun. Backward perturbation analysis of certain characteristic subspaces. Numer.
Math., 65:357-382, 1992.

[42] F. Tisseur. Backward error and condition of polynomial eigenvalue problems. Linear
Algebra Appl., 309:339-361, 2000.

[43] F. Tisseur and K. Meerbergen. The quadratic eigenvalue problem. SIAM Review,
43:235-286, 2001.

[44] G. Trenkler. Matrices which take a given vector into a given vector-revisited. Amer.
Math. Monthly, 111:50-52, 2004.

[45] S. Zaglmayr. Eigenvalue problems in saw-filter simulations. Diplomarbeit, Inst. of
Comp. Mathematics, J. Kepler Univ. Linz, Austria, 2002.

TH-1438_10612308 165



