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Abstract

The present work addresses locking in conventional finite element analysis (FEA) and
isogeometric analysis (IGA) by proposing novel strategies to mitigate the issue. It be-
gins with a comparative evaluation of various locking alleviation techniques, focusing
on parameters such as accuracy, robustness, and efficiency. The work provides an elab-
orate understanding of the relative accuracies of individual methods, the shortcomings
of the available strategies, and the key parameters influencing the selection of a partic-
ular method. The study then proposes several novel enhanced assumed strain (EAS)
elements, effectively alleviating locking in FEA and thereby significantly improving the
applicability of EAS elements in the FEA community. The work further explores the
issue of locking in IGA, proposing effective alleviation strategies that demonstrate supe-
rior accuracy on coarse meshes, eliminate stress oscillations, and ensure overall stability
throughout the analysis. Notably, the work proposes a family of stress-based solid
hybrid elements to alleviate locking in non-uniform rational B-spline (NURBS)-based
IGA marking a progressive development in enhancing the utility of IGA. Lastly, the
present work develops strain-based solid EAS elements tailored for NURBS-based IGA,

expanding their potential within the computational mechanics community.
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Nomenclature

Acronyms/Abbreviations

2D

3D
ANS
BEM
CAD
CAE
DOFs
EAS
FEA
HR
IGA
MITC
NURBS
PDEs
RI
SRI
VHW

Two-dimensional
Three-dimensional

Assumed natural strain
Boundary element method
Computer-aided design
Computer-aided engineering
Degrees of freedom

Enhanced assumed strain
Finite element analysis
Hellinger—Reissner
Isogeometric analysis

Mixed interpolation of tensorial components
Non-uniform rational B-splines
Partial differential equations
Reduced integration

Selective reduced integration
Veubeke—Hu—Washizu

Element abbreviation and its descriptions

a-FE-b27
a-FE-b8
a-FE-q4
a-FE-q9
a-FE-w18
a-FE-w6
a-IgAZD,

D
a—IgA% b
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Proposed 27-node brick EAS element in FEA

8-node brick EAS element in FEA

4-node quadrilateral EAS element in FEA

9-node quadrilateral EAS element in FEA

Proposed 18-node wedge EAS element in FEA

Proposed 6-node wedge EAS element in FEA

Proposed strain-based EAS element with 3" degree NURBS interpola-
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Proposed strain-based EAS element with 2" degree NURBS interpo-
lations in ¢ and n directions with C! continuous displacements across
element boundary in IGA

Proposed strain-based EAS element with 2"¢ degree NURBS interpola-
tions in &, 1, and ¢ directions with C! continuous displacements across
element boundary in IGA

Existing EAS 2D quadratic element for NURBS-based IGA with four
enhanced strain parameters

Existing EAS 2D quadratic element for NURBS-based IGA with six en-
hanced strain parameters paired with stabilization technique
Displacement-Pressure formulation based 8-node brick element with 1
pressure node

27-node brick element utilizing generalized ANS approach in FEA
8-node brick element utilizing generalized ANS approach in FEA

8-node brick element utilizing ANS in FEA

4-node quadrilateral element utilizing ANS in FEA

9-node quadrilateral element utilizing ANS in FEA

Conventional 27-node brick element in FEA

Conventional 8-node brick element in FEA

Conventional 4-node quadrilateral element in FEA

Conventional 9-node quadrilateral element in FEA

Stress-based hybrid 27-node brick element in FEA

Stress-based hybrid 8-node brick element in FEA

Stress-based hybrid 4-node quadrilateral element in FEA

Stress-based hybrid 9-node quadrilateral element in FEA

Proposed stress-based hybrid element with 3'¢ degree NURBS interpo-
lations in ¢ and n directions with C? continuous displacements across
element boundary in IGA

Proposed stress-based hybrid element with 3" degree NURBS interpola-
tions in &, 1, and ¢ directions with C? continuous displacements across
element boundary in IGA

Stress-based hybrid element with linear NURBS interpolations in & and
n directions with C° continuous displacements across element boundary
in IGA

Proposed stress-based hybrid element with 2" degree NURBS interpo-
lations in ¢ and n directions with C! continuous displacements across
element boundary in IGA

Proposed stress-based hybrid element with 2°¢ degree NURBS interpola-
tions in &, n, and ¢ directions with C! continuous displacements across

element boundary in IGA
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K Stiffness matrix

K¢ Elemental stiffness matrix constituting volumetric part of the material
tensor in SRI
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€ Compatible strain tensor
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P Stress interpolation matrix in physical space

o Cauchy stress tensor
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Chapter 1

Introduction

The chapter gives a brief overview of finite element analysis and isogeometric analysis.
It discusses a common limitation in both methods and explores current state-of-the-art
approaches to mitigate the limitation. Furthermore, the section identifies the research
gaps and outlines the objectives of the current work, with the aim of making a novel

contribution to the scientific discourse.

1.1 Finite element analysis

Finite element analysis (FEA) is a widely practiced numerical procedure to solve a
mathematical model driven by differential equations that govern most of the physical
problems in real life. Over a period of time, FEA has found numerous applications in a
diverse set of engineering fields such as solid mechanics, fluid mechanics, biomechanics,
electromagnetics, and many more [1]. It has brought a fundamental transformation in
the approach to scientific modeling and engineering design, impacting a wide range of

applications across various fields of study.

1.1.1 Foundations and milestones: The history of FEA

The FEA has a rich and evolving history that spans several decades, marked by sig-
nificant developments in numerical methods, computing technology, and diverse appli-
cations across engineering disciplines. The origins of FEA can be traced back to the
1940s, marked by the pioneering efforts of engineers and mathematicians. Their work in
this era laid the foundational groundwork for numerical methods, providing the initial
impetus for the development of FEA [2-5].

Building upon the initial developments, the 1960s witnessed the emergence of FEA
as a powerful tool for structural analysis [6, 7]. Engineers began applying FEA to
solve complex problems in civil and aerospace engineering, leveraging its capabilities to
provide solutions to complex structural challenges. During this period, the fundamen-

tal concept of dividing structures into smaller, more manageable elements connected
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Chapter 1. Introduction

at nodes became foundational to the FEA approach. This innovative approach laid
the groundwork for more accurate and efficient simulations, transforming FEA into a
mainstream methodology for structural analysis.

During the 1970s and 1980s, significant advancements were made in computational
methods and algorithms dedicated to solving partial differential equations, with a par-
ticular focus on the FEA. This era witnessed the introduction of commercial FEA
software by NASTRAN and ANSYS, making FEA more accessible to engineers and
researchers. The availability of such sophisticated software provided a pivotal shift, en-
abling a broader engineering community to utilize FEA for diverse applications. This
increased accessibility played a crucial role in the widespread adoption and integration of
FEA into various engineering disciplines, including mechanical, aerospace, automotive,
and civil engineering. Increasing computing power and improved algorithms allowed for
more complex simulations, enabling engineers to analyze a broad range of problems.

In the 21st century, FEA expanded into multidisciplinary applications, encompass-
ing thermal analysis, fluid dynamics, electromagnetics, and coupled-field problems. The
integration of FEA with other simulation techniques led to a more comprehensive under-
standing of complex engineering systems. Ongoing advancements in computing technol-
ogy and parallel processing in the 2000s have enabled engineers to perform simulations
of unprecedented complexity and scale. The development of open-source FEA software,
alongside improvements in commercial packages, has democratized access to simulation
tools.

Throughout its history, FEA has evolved from a specialized tool for structural anal-
ysis to a versatile and indispensable tool in engineering design and analysis. Ongoing
research continues to refine algorithms, improve accuracy, and extend the applicabil-
ity of FEA to new and challenging domains. For reader’s interest, detailed historical
insights into the origin and successful development of FEA can be found in a recently
published article by Liu et al. [1].

1.1.2 Fundamental insights into FEA

The fundamental steps associated with the FEA process are shown in Fig. 1.1, which
offers a comprehensive overview of the different methodological stages in FEA [8]. The
physical problem at hand usually entails a real-world structure or its components expe-
riencing specific loads. To translate this physical problem into a mathematical model,
certain assumptions are made, which ultimately leads to the formulation of differential
equations that govern the behavior of the physical problem. FEA plays a critical role
in solving these intricate mathematical models.

Conventionally, FEA employs classical variational methods to solve these differential
equations governing physical systems. The fundamental approach involves transform-
ing the governing equations into an equivalent weighted-integral form. Followed by

approximating the solution across the domain using a linear combination of suitably

TH-3379_176103023



1.1. Finite element analysis

Change of
Physical problem |(7 physical
problem
Mathematrical model Improve
Governed by differntial equations mathematrical |«
(Strong form) model

‘ \
|

} Finite element solution |
. i | (Finite elements, Mesh density, |
Finite | . . |

. | Solution parameters, Loading,
element | B .- !
. | oundary conditions, etc) !
solution | |
of } Refine mesh, |
mathematical | solution |
model } Assessment of accuracy of parameters, etc. }
|
‘ \
‘ \
‘ [
‘ [

finite element solution of 1
mathematical model
L

e

Refine
| Interpretation of results |—> analysis

—>| Design improvements Ii

Figure 1.1: The process of finite element analysis.

chosen approximation functions (¢;) and unknown coefficients (c;). The determination
of these coefficients (c¢;) is carried out to ensure the satisfaction of an integral statement
equivalent to the original differential equation. Various variational methods, such as
Ritz-Galerkin, collocation, and least squares methods, distinguish themselves by their
unique choices in integral form, weighted functions, and/or approximation functions.
Each method offers a distinct perspective on how to effectively formulate and solve the
mathematical model, providing flexibility in adapting to the characteristics of specific

engineering problems [9].

After selecting the suitable variational method, the domain is segmented into sub-
domains/elements. Within each subdomain/element, traditional variation methods ap-
proximate the governing differential equation. This approach leverages the simplicity
of representing complex functions as collections of simple polynomials, streamlining the
computational process in FEA. Finally, the assembled system of equations is solved to
evaluate the solution parameters. As FEA is a numerical procedure, it is imperative to
assess solution accuracy. If the predefined accuracy criteria are not met, the numerical
solution has to be repeated with refined parameters until a satisfactory level of accuracy
is attained. For a comprehensive exploration of this topic, one can refer to standard
FEA books such as those by Bathe [8] and Reddy [9].
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Control point IGA discretization

Control point LN

—7 1

net

Problem
domain

(d) ()

(a)
Figure 1.2: Discretization of physical geometry (a) into different NURBS-based ele-
ments ((b)-(e)), where Q. denotes the element domain.

1.2 Isogeometric analysis

Another recent numerical method which has been developed is isogeometric analysis
(IGA), which provides an efficient integration of computer-aided design (CAD) and FEA
[10, 11]. The ability to provide exact geometry in the analysis framework, convenience
in achieving higher inter-element continuity, and appreciably lower reliance on CAD
for refinement contribute to its effective utilization across diverse engineering fields. A
typical example of IGA discretization is shown in Fig. 1.2, where irrespective of the

number or type of elements, the exact geometry of the physical domain is maintained.

1.2.1 A historical background

The concept of IGA was introduced by Hughes et al. in 2005 [10], wherein CAD was
seamlessly integrated with FEA through the utilization of Non-Uniform Rational B-
Splines (NURBS) interpolation functions. NURBS are extensively employed in engi-
neering design, offering advantages in modeling free-form surfaces and accurately rep-
resenting conic sections like circles, spheres, and cylinders. They also feature numerous
effective and numerically stable algorithms. Along with these, they retain essential
mathematical properties such as non-negativity of basis functions, linear independence,
partition of unity, and variation diminishing property [12, 13]. Recognizing these merits
over other geometric techniques, NURBS serve as a foundational concept in IGA.
However, the NURBS-based IGA is not the only method to integrate CAD with the
FEA framework. Previous attempts existed with similar capabilities, utilizing compu-
tational geometric techniques for FE analysis, although with certain downsides. CAD
technology can be categorized into five main stages, with the first three named after
their authors: Coons, Gordon, and Bezier. The fourth is B-splines, and the last is
the NURBS representation of geometries [14]. With each developmental stage in CAD,
efforts were made to utilize these developments within the FE analysis framework.
The initial steps in integrating CAD with FEA were taken at the Mathematical De-
partment of General Motors, Detroit, USA, with significant contributions from William
Gordon. He introduced a mesh generation technique in FEA that utilized bivariate and

trivariate ‘blending-function’ interpolations. These functions were originally developed
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for defining the geometric characteristics of problems in CAD [15]. This framework
enabled the incorporation of the same interpolation functions in FEA. The term ‘trans-
finite’ was introduced to characterize the general class of interpolation schemes, ensuring
the matching of primitive functions at a nondenumerable number of points. This facil-
itated the mapping of the domain of interest to a standard unit square. Collaborating
with associates Cavendish and Hall, efforts extended towards the development of blend-

ing functions and their implementation in the Ritz-Galerkin method [16].

The next stage in CAD technology is attributed to the work of Bezier. Notably,
the non-rational Bezier interpolation functions are equivalent to those produced by La-
grange polynomials, offering the added advantage of control points. Provatidis extended
this concept [17], introducing Bezier-type elements for both static and dynamic analysis
within the FEA framework. The theory was applied to study several examples, con-
cluding that Lagrangian and Bezierian-type finite elements are equivalent. Despite the
conventional Lagrangian elements relying on nodal coordinates and Bezierian elements

on control points, the results obtained were identical.

A subsequent evolution in CAD technology involves the development of spline in-
terpolation, particularly B-splines. Hollig played a pioneering role by publishing the
work on B-spline-based FEA [18], recognizing the potential of B-splines in approxima-
tions and geometric modeling in CAD. For an extended period of time, B-splines were
considered as standard for free-form designs and geometry processing. As CAD/CAE
integration was not a new concept by then, it became apparent to direct efforts towards

utilizing B-splines as basis functions in FEA.

In his work, Hollig introduced three types of basis functions for FEA: (i) weighted
B-splines, (ii) web-splines, and (iii) hierarchical B-splines. This diversity aimed to model
boundary conditions accurately and provide uniform stability for a restricted B-spline
basis. The efficiency of the B-spline-based formulation was demonstrated across var-
ious problem classes, including Poisson’s equation with inhomogeneous Dirichlet and
Neumann boundary conditions, incompressible flow, the biharmonic equation for plate
problems, and the Lame-Navier system in linear elasticity. Hollig’s work was further
advanced as he explored the possibilities of combining the advantages offered by B-
splines in FEA. These advancements ultimately overcome the demanding and often
time-consuming preprocessing step in FEA by eliminating the need for mesh generation

for successive refinements.

The subsequent significant milestone in CAD technology involves the collective ef-
forts of many researchers focusing on NURBS [19]. Recognizing the advantages of
NURBS over other geometric techniques, researchers proposed integrating NURBS into
FEA [20] and the boundary element method (BEM) [21]. However, these efforts re-
mained in the shadows as most of the attention was directed towards advancements in
FEA.
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Years later, Hughes and co-workers presented a systematic approach to integrate
NURBS into the FEA framework [10, 11]. This integration, known as IGA, aimed to
maintain exact geometry during discretization, irrespective of mesh coarseness. Another
objective was to simplify mesh refinement, removing the dependency on CAD once the
initial mesh was created. The authors successfully applied the concept of IGA to various
problem domains that included solids, fluids, and fluid-structure interaction. Their
work aroused significant interest within the scientific community, leading to widespread
collaboration and ongoing successful research in the field of IGA.

The aforementioned milestones represent significant progress in the integration of
CAD with CAE. For further insights and detailed developments in FEA alongside ex-
pansions in geometric technologies, interested readers are referred to [14, 19] and the

references therein.

1.2.2 Applications of IGA in various fields

Since its introduction in 2005, IGA has proved to be a powerful numerical method
in computational mechanics. Notably, in contact formulations, IGA offers higher and
desired inter-element continuity and smooth representation of contact surfaces which
effectively contributes to minimize jumps and artificial oscillations in solutions [22-24].

In the field of structural shape optimization, IGA excels by facilitating a tight cou-
pling between CAD geometries and FEA models. This leads to smooth and realistic
optimal designs, in contrast to the less favorable outcomes often obtained in FEA-based
optimization [25, 26].

In the field of fluid and fluid-structure analysis, numerical strategies often involve
the need to solve higher order partial differential spatial operators. Due to this reason,
it requires the use of basis functions that are piecewise smooth and possess higher global
continuity. To this extent, there are limited numbers of FE elements which possess C*
continuity and can represent the complex geometries as well. Whereas in IGA, higher
continuity of the elements can be achieved with ease and hence, promote its successful
implementation in this domain [27, 28].

In the field of structural vibration problem, while handling higher frequencies in the
spectra, large errors and oscillations add discontinuities in wave propagation problems.
Once again, IGA has shown promising results with only a finite number of frequencies
constituting the stated discontinuities even with linear parameterization. Extending
the same with non-linear parameterization by incorporating higher-order NURBS basis
functions retains the same convergence rates. Still, overall accuracy of the spectrum
in the case of IGA based elements is much greater than that of its FEA counterpart
29, 30).

Another field where IGA has shown significant benefits is shell and plate problems.
Literature exposed the fact that analysis of thin structures are highly sensitive towards

geometric imperfections. This motivated the successful implementation of IGA into
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dedicated plate and shell theories as it retains the exact geometry at all points. Fur-
thermore, Kirchhoff-Love shell theory, one of the various plate and shell theories, often
demands higher-order continuity for the description of elements. This requirement can
be effortlessly achieved using NURBS-based IGA [31, 32], thereby making it a promising
platform.

The effective implementation also influenced researchers to make an effort to inte-
grate IGA in existing commercial software. As an effect, LS-DYNA and Abaqus intro-
duced NURBS based isogeometric elements into its analysis framework [33-35]. Other
than available commercial software, several efforts are made to develop a dedicated tool
for isogeometric analysis of PDEs, e.g., GeoPDEs, PetIGA, and Ilgasus [36-38].

1.3 Locking phenomena: A hurdle in structural mechanics

The aforementioned methods have successfully demonstrated their efficacy across a di-
verse set of engineering fields, however, they are not without limitations. One notable
limitation prevalent in both of these numerical methods is locking which has detrimental
effects on the accuracy of results when analyzing thin structural geometries or modeling
incompressible/near-incompressible material behaviors.

The mathematical interpretation of the term ‘locking’ implies the ill-conditioning of
the system of equations obtained through FEA/IGA for a prescribed set of governing
partial differential equations. However, in the engineering literature, ‘locking’ is often
used to describe a wide range of numerical phenomena that lead to poor approximations
of solutions [39-47]. Some of the common signs of locking include suboptimal conver-
gence rates, non-robustness with respect to the variations of participating parameters,
stiffer behavior of an element, and wildly oscillating resultant stresses.

The conventional formulations entail parameter dependence, and for the special cases
of these parameter descriptions, the mathematical formulation associated with them
leads to locking. More frequently, the locking is categorized into shear, membrane,
curvature thickness or trapezoidal, and volumetric locking based on the involvement of

specific parameters or the special constraints responsible for the formulation’s failure.

1.3.1 Locking in thin structures

Locking associated with the thin structural geometries is often referred to as shear
[43, 47] and membrane [42] locking, where the high aspect ratio (ratio of the longest
dimension to the shortest dimension of an object/geometric shape) of the domain pro-
motes stiffer behavior of elements along with high oscillations of the resulting shear
stresses. A typical example is the bending of a thin beam where the parasitic shear
stresses cause the element to behave significantly stiffer than it actually is. This results

in a high underestimation of the bending displacements. This effect gets more prominent
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(a) Exact (b) FEA approximation

Figure 1.3: Behavior of an element in pure bending problem.

as the structure gets thinner and even minor discretization flaws in shear terms result

in unacceptable errors [43].

To have an elaborate understanding of the topic, consider a trilinear displacement

field used for a standard eight-node hexahedral element in the natural coordinate system

(€,m,¢) as:
u = ag + ar§ + azn + a3 + as€n + asn¢ + ac&¢ + aréng, (1.1a)
v = by + b1& + ban + b3 + ba&n + bsn¢ + be&C + br&nC, (1.1b)
w = cg + c1§ + can + e3¢ + caén + esn¢ + ¢ + erénd, (1.1c)

where a;, b;, and ¢; (i = 0 to 7) are constant coefficients. Now, consider a pure bending
situation, as shown in Fig. 1.3a, while assuming that the natural coordinate system
coincides with the physical coordinate system. In this context, if a uniform bending
is applied along the 7 direction, the shear strain <, or 2e¢, should ideally be zero.
However, the present choice of interpolation functions (Eq. 1.1) leads to the following
expression of shear strain:

0 0
Yen = 26en = 87:76 + 572 = (a2 + b1) + as€ + ban + (as + b)¢ + az&¢ +bm¢.  (1.2)

The above expression leads to zero shear strain only if as + by = 0, a4 = 0, by = 0,
as +bg = 0, a; = 0, and by = 0. However, these conditions are not satisfied. The
coefficients a4, by, a7, and by are non-zero that come directly from the displacement
interpolation. This gives rise to strains and corresponding stresses that should not
be present in the given problem but emerge in the formulation due to the considered
approximations. These strains and stresses are commonly referred to as parasitic strains
and stresses and responsible for the shear locking in the domain. A similar argument
is true for other shear strain components. Hence, shear locking is often defined as
the inability of an element to undergo specific deformations without introducing the
parasitic strain or stresses into the system [43]. Further in the literature, a similar
phenomenon has been explained using the beam elements [48]. It has been shown that
certain conditions, i.e., shear forces in bending, cannot be ideally zero for the admissible

deformation for high slenderness ratios. The detailed discussion can be found in [43].
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Analogous behavior is observed in membrane locking when analyzing thin curved
element geometries. It causes an overestimation of the bending stiffness and gets more
apparent as the thickness reaches zero. Similar to shear locking, here the solution is
plagued with parasitic membrane stresses, which are supposed to be zero, in case of pure
bending condition. This phenomenon is often defined as the inability of an element to
bend without stretching, promoting significantly higher bending stiffness [42]. Another
type of locking that relates to the geometric parameter of structure is the curvature
thickness or trapezoidal locking. Like membrane locking, curvature locking appears in
thin curved structural geometries where the mesh often contains elements with tapered
shapes to closely approximate the geometry. The parasitic normal strains are responsible
for this locking [49-51].

1.3.2 Locking influenced by the material parameters

Locking associated with the incompressibility or nearly incompressibility of the material
is called volumetric locking (also known as Poisson’s or dilatation locking), where a
low convergence rate for a practical range of discretization or unrealistic solutions often
dominates the quality of results [44, 52-54]. Often the incompressible constraint in the
problem description is not satisfied by interpolations involved in the normal strains of
displacement-based elements. Volumetric locking is the result of over-stiffening of the
element due to the failure to obtain the zero volumetric strain in an incompressible range
(Poisson’s ratio ~ 0.5).

For a comprehensive understanding of volumetric locking, let us examine the same
trilinear displacement field defined in Eq. 1.1. Assuming the natural coordinate system
aligns with the physical coordinate system, the compatible normal strains in natural

space can be evaluated as:

0

Eee = 872 = a1 + aan + as( + arng, (1.3a)
0

Emn = a% = by + ba + bsC + br€¢, (1.3b)
0

€ = % = c3 + csn + c6§ + crén. (1.3¢)

If the material is incompressible or nearly incompressible, then the volumetric strain,
i.e., &, should be ideally zero. However, with the present selection of displacement

approximation (Eq. 1.1), the volumetric strain is calculated as

Ey = Eg¢ T €y + E¢¢
= (a1 + bz + ¢3) + (bs + c6)§ + (as + c5)n + (ag + b5)¢ + (arn¢ + b76¢ + c7én),
£0.
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Above expression of €, leads to zero volumetric strain only if a1 +by+c3 =0, by+cg = 0,
as+cs =0, ag+bs = 0, a7 =0, by = 0, and ¢; = 0. These conditions are not satisfied with
the conventional choice of interpolation functions. In particular, the coefficients a7, b7,
and ¢y are different from zero if we choose the conventional interpolations to approximate
the field variable. They are included to achieve the completeness of the interpolation
functions, see Eq. 1.1. Forcefully implementing incompressibility condition makes these
coefficients zero and excessive stiffness is generated which leads to volumetric locking.
It can be further explained using the total internal energy of an element. Let U,
be the total internal energy of an element which can be defined as the contributions of

internal energy due to deviatoric and volumetric part as follows:
Ue, = US +UC = 2G/ e eqd+ /c/ tr(e)2 O, (1.4)
Qe Qe

where U3 and U are the elemental internal energy due to deviatoric and volumetric
part, respectively. Here, K is the bulk modulus while €4 and €, are the deviatoric and

volumetric strains such that

2/(14+v
k=3 (1 —2u> G
1 1
Ey = gaiiI = gtr(e)I,
Eq =€ — Ey.

For v in the incompressible limit, i.e., as v — 0.5, KC tends to infinity. Hence, if tr(e) = 0
is not satisfied at any element, it will lead to high stiffness due to the contribution of /S .
This configuration frequently induces volumetric locking, leading to suboptimal conver-

gence rates and yielding impractical solutions within a practical range of discretization.

1.4 Existing strategies to alleviate locking in FEA

Over time, numerous strategies have been developed to address the issue of locking.
Among these, prominent solutions involve the utilization of specialized shell elements
based on well-established shell theories, such as the Reissner—-Mindlin shell theory [55—
62] and Kirchhoff-Love shell theory [63-69]. These elements play a pivotal role in the
analysis of thin structures, effectively addressing challenges posed due to shear or mem-
brane locking. A comprehensive review of some key milestones in shell finite elements
can be found in [70, 71].

Another popular category of shell elements relies on the method of mixed interpo-
lation of tensorial components (MITC)[72, 73]. In the literature, improved versions of
these elements, such as MITC4+ [74, 75] and MITC3+ [76, 77], have been proposed.
Additionally, higher-order MITC shell elements like MITC9 and MITC16 [78] have been

introduced for effectively analyzing thin structural geometries.
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1.4. Existing strategies to alleviate locking in FEA

Another approach to analyzing the behavior of thin structures is by using degen-
erated shell approach. It is a simpler version of shell theories where three-dimensional
(3D) formulation can be reduced (degenerated) into two-dimensional (2D) shell formu-
lation with only mid-surface nodal variables [79-82]. These elements discretized the
fundamental 3D governing equations onto the mid-surface using the physical assump-
tions of shell theories while retaining the shear deformations across the thickness in the

formulation.

Next, the techniques like reduced (RI) and selective reduced integrations (SRI) have
been found remarkably accurate in handling several locking situations [40, 60, 83-94].
In the RI approach, the integrands involved in elemental stiffness evaluations are solved
using lower order Gauss quadrature rule rather than using the full integration scheme.
A sophisticated version of the RI approach is SRI, where the part of the material tensor
responsible for producing high stiffness leading to locking is separated. It is then inte-
grated with lower-order Gauss quadrature while the other part is integrated with full

Gauss quadrature to reduce the excessive overall stiffness.

Another effective method to alleviate the shear locking is the assumed natural strain
(ANS) method. The early development of ANS approach was in context of various
shell models [58, 72]. Following its success, the method has been further extended to
develop the so-called ‘solid-shell” elements [78, 95-106]. In ANS formulation, different
entities of strains are treated independently. This often includes choosing a certain class
of interpolations for the transverse shear strains that are responsible for shear locking.
Literature covers its application on the locking situations in thin structural geometries
to handle shear, membrane or curvature thickness locking. However, the method is not
suitable for alleviating the volumetric locking on its own. Nevertheless, ANS can be

coupled with other methods to develop a locking-free element [48, 96, 99].
Further, strain projection techniques such as B [52, 107-110] and F [110-113] meth-

ods are found to be effective in analyzing the problem in incompressibility limit. The B
method is a sophisticated generalization of SRI. Explicit separation of factors driving the
volumetrically stiff behavior from the remaining contributions is not always apparent in
SRI, especially for anisotropic or nonlinear problems. The B approach, which provides
adaptability for a wide variety of problem descriptions, can be used to circumvent this
limitation. The F method follows some of the conceptual similarities as the B method.
The approach splits the deformation gradient into multiplicative deviatoric and volu-
metric parts, after which the compatible deformation gradient field is replaced with an
assumed modified counterpart. Both of these approaches retain the displacement-based
structure of FEA and are applicable to arbitrary material models.

Apart from the stated methods, various efforts have been made to address the is-
sue of locking by developing several multi-field variation formulations. Early mixed
formulations can be traced back to the 1960’s [114, 115]. These methods consist of for-

mulations based on different combinations of two or more field variables (stress, strain,
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and displacement) into the variational principle. The often practiced methods are the
displacement-pressure (u-p) formulations [116-120], enhanced assumed strains (EAS)
[54, 121-135], and mixed/hybrid formulations [32, 126, 136-146] that satisfactorily han-
dle the situations where the standard FE locks severely.

Among these methods, variations often exists in the selection of interpolation func-
tions to approximate the additional independent field. The choice of interpolations for
the additional field is a crucial determinant of the effectiveness of elements that are
derived based on multi-field formulations. For stress-based hybrid elements, the cur-
rent work mainly focuses on the elements proposed by the Jog [141, 142], where special
treatment is adopted to develop the locking-free hybrid stress elements. The method’s
efficacy and robustness have been demonstrated by its successful implementation in a
variety of application fields, including structural acoustics [147], contact mechanics [148],
coupled fluid-structure problem [149], analysis of electromechanical systems [150], elec-
tromagnetic analysis [151], and linear elasticity problems using NURBS-based hybrid
isogeometric analysis [143, 152—154].

1.5 Existing strategies to alleviate locking in IGA

To overcome locking in IGA, the explored contributions are limited. Existing contribu-
tions are often the adaptations of locking alleviation techniques originally developed in
FEA, subsequently modified to align with the unique characteristics of NURBS-based
IGA. One such strategy involves the use of classical shell theories, commonly employed in
the analysis of thin structures to mitigate shear and membrane locking. These theories
have been adapted and modified to work with the framework of IGA.

Popular choices include the Reissner—-Mindlin shell theory that has been implemented
into the NURBS-based IGA to analyze the plate and shell structures [61, 155]. Further
advancement has been carried out in developing the rotation-free isogeometric shell
elements with C* continuous NURBS interpolations based on the Reissner—Mindlin
shell theory [156]. The Kirchhoff-Love theory demands higher order continuity for a
description of elements which can be achieved promisingly with the use of NURBS-
based interpolation functions. This leads to a successful development of NURBS-based
Kirchhoff-Love elements from the well-established Kirchhoff-Love shell theory [65]. Fur-
ther advancements like blended shell theory for plate and shell problems which comprises
of combined assumptions in classical Reissner—-Mindlin and Kirchhoff-Love shell theory
have also been successfully modified to develop blended isogeometric shell elements
[31]. Furthermore, the application of IGA has been extended to the degenerated shell
approach or solid-like shell formulation [61, 157], as well as NURBS-based solid shell
elements [158].

Another popular and widely employed strategy to address various types of locking is

the RI and SRI techniques, which were originally explored in the context of FEA. These
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strategies utilize fewer number of Gauss points than are required to solve the integrand
exactly. The application of these techniques has been extended to IGA with promising
results [60, 159]. However, it is crucial to note that while these techniques offer practical
benefits, they come with their own limitations. They often compensate one error over
another without a comprehensive mathematical explanation.

Furthermore, methods like B and F strain projection techniques have also inves-
tigated in the context of NURBS-based IGA. The higher continuity of NURBS basis
functions tends to produce robust and accurate results. These projection methods ef-
fectively handles volumetric locking in case of incompressible or nearly incompressible
problem domain [110, 160].

Another method is the ANS approach, where different components of strains are
treated independently. Initially proposed for Lagrangian basis functions, this method
has been successfully extended to NURBS-based IGA. The technique improves the per-
formance of the element by alleviating shear and membrane locking [101, 102]. The
ANS approach is computationally efficient but it is often coupled with other techniques
to address other types of lockings. This integration takes away the advantage of com-
putational efficiency.

Multi-field variational techniques are found to be effective in alleviating different
types of locking in IGA. Popular methods include displacements-pressure formulation
[161] and enhanced assumed strains (EAS) [135, 162], which satisfactorily handle situa-
tions where the standard IGA is prone to locking. Further, stress-based improvements in
the context of IGA-based shell formulations have been explored by Echter et al. [32, 146]
to address the membrane locking in various shell models. Furthermore, in [144, 145] the
application of the Hellinger-Reissner principle in shell elements is presented. However,
the stated shell formulations utilize the kinematic assumptions, restricting their appli-
cability to relatively thin geometries.

To provide a concise overview of techniques for addressing locking in conventional
Lagrangian-based FEA and their adaptations for NURBS-based IGA, including their

advantages and disadvantages, refer to Table 1.1.

1.6 Limitations of the existing strategies

The shell theories necessitate the complex mathematical formulation involving the ad-
ditional rotational degrees of freedom. Furthermore, these theories are restricted to the
analysis of relatively thin structures due to the involvement of kinematic assumptions
[163]. Further, it takes additional effort to couple the shell elements with the solid ge-
ometry. This limits the practicality while handling the problems consisting of integrated
thin and thick structural geometries.

In the RI approach, using a lower-order Gauss quadrature rule for evaluating elemen-

tal stiffness integrands, instead of the full integration scheme, can lead to instabilities
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Table 1.1: Existing techniques to alleviate locking.

Method FEA IGA Advantages Disadvantages
Shell theories v v e Computationally effective. e Restricted to thin structures due to kinematic as-
e Alleviates shear or membrane locking. sumptions.
e Complexity due to rotational DOF's.
e Complexity in coupling shell elements with the solid
geometry.
e Special treatment to address volumetric locking.
Degenerated or solid v v e Simpler compared to shell theories. e Additional integration over the thickness.
shell elements e Alleviates shear or membrane locking. e Special treatment to address volumetric locking.
RI and SRI strategies v v e Locking-free response in special cases e Lacks mathematical explanation
e Computationally effective e Not reliable or robust
e Often requires additional stabilization techniques
B and F techniques v v e Addresses volumetric locking. e Not applicable for thin structures.
ANS v v e Alleviates shear and membrane locking. e Special treatment required for volumetric locking,
e Computationally effective. hence adding computational cost.
EAS v v e Contains only displacement DOFs. e Computational cost is relatively higher than ANS.
e Simplified formulation for ease of application. e Some variations of the methods are coupled with sta-
e [Effective for shear, membrane and volumetric bilization strategies.
locking.
Stress-based hybrid v - Contains only displacement DOFs. e Computationally expensive at coarser meshes.

solid elements

Simplified formulation for ease of application.
Addresses all types of locking.

Robust and easier to couple different problem do-
mains.
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like ‘spurious singular modes’ or ‘hourglass modes’ in the formulation. To circumvent
these instabilities, RI approach often requires a suitable stabilization technique [92, 93].
Meanwhile, in the SRI method, explicit separation of factors driving the volumetri-
cally stiff behavior from the remaining contributions is not always apparent. Hence, it
becomes a devious process to separate out the locking affected part of the material ten-
sor with the rest of the formulation, especially while dealing with arbitrary non-linear
material models.

The ANS method improves the performance of the element but is limited to situa-
tions affected by shear and membrane locking. It fails to address problems influenced
by volumetric locking [105, 164]. While it is possible to couple ANS with other tech-
niques to address various types of lockings, this integration reduces the computational
efficiency of the method.

The B and F strain projection techniques, along with the displacement-pressure
formulation [161], are limited to addressing incompressibility and are ineffective for
shear and membrane locking problems. On the other hand, EAS elements are effective
in alleviating various locking types. However, certain variations of the method require

stabilization methods to prevent instabilities, such as hourglass modes.

1.7 Motivation

Despite the extensive literature on locking alleviation in FEA and IGA, the efforts persist
in developing generalized elements that can perform well in any scenario, whether the
problem involves thin or thick structures or requires handling incompressibility or near-
incompressibility of materials, without compromising their performance in any aspect.

Towards this goal, multi-field variation formulations have provided viable options.
These formulations assume additional independent fields, such as stress or strain fields,
alongside the displacement field. The commonly employed strain-based formulations
are based on the Veubeke-Hu-Washizu (VHW) variational principle [54, 121-134, 165~
167], whereas the stress-based elements are derived from the Hellinger—Reissner (HR)
variational principle [32, 126, 136, 137, 139-143, 145, 146]. Both of these formulations
are widely recognized for their ability to effectively address the locking issue and have the
capacity to solve thick and thin geometries without introducing additional complexity.
Furthermore, the additional degrees of freedom associated with the strain or stress field
are eliminated at the element level. As a result, there is no increase in the size of the
global stiffness matrix in comparison to the conventional displacement-based elements.

The present work is dedicated to the development of elements capable of excelling in
diverse scenarios without compromising their performance. It introduces novel strategies
for alleviating locking in both FEA and IGA, with the goal of providing superior perfor-
mance across various situations involving thin structures and material incompressibility

or near-incompressibility. The specific emphasis lies in the development of multi-field
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variational formulations, particularly strain-based formulations based on VHW varia-
tional principle and stress-based elements derived from the HR variational principle.

The research scope in this domain is outlined as follows.

1.7.1 Performance assessment of locking alleviation strategies

The comparative assessment of different methods to address locking has received limited
attention. There are currently no studies that focus on the relative accuracies of individ-
ual methods, the shortcomings of the available strategies, and the parameters deciding
the selection of a particular method. Hence, it is imperative to evaluate the performance
of frequently utilized locking alleviation strategies. The idea is to test these methods for
several parameters, such as best-suited environment, robustness, and efficiency, through

the investigation of numerous benchmark problems.

1.7.2 Alleviating locking in FEA through novel EAS elements

To develop versatile elements for diverse scenarios, especially in locking-dominated prob-
lems, multi-field variational formulations provide promising alternatives. Among these,
the EAS [124] approach stands out as a viable option. However, existing 3D EAS el-
ements are solely developed for linear eight-node elements. The potential advantages
offered by higher-order elements have not been exploited to their fullest by the EAS
community. Therefore, the present work proposes an EAS formulation for several novel
3D EAS elements, namely twenty-seven hexahedral, six-node wedge, and eighteen-node

wedge EAS elements.

1.7.3 Alleviating locking in IGA with novel hybrid elements

Addressing locking in IGA has received limited attention, particularly in the context
of stress-based approaches, despite their promising performance in conventional FEA.
Currently, there is no stress-based solid element formulation available for IGA. Hence,
there is a need for the development of a robust class of stress-based solid hybrid ele-
ments in IGA to provide a locking-free response during the analysis of thin structural

geometries or problems involving almost incompressible materials.

1.7.4 Alleviating locking in IGA through novel EAS elements

The strain-based approach, particularly the EAS method, has received limited attention
in the context of IGA. The existing literature in IGA on the EAS method focuses
on 2D problems and is primarily concerned with alleviating volumetric locking [135].
Moreover, it requires an additional stabilization strategy to function effectively in non-
locking scenarios. Therefore, there is a scope to develop a robust class of strain-based
solid EAS elements that are tailored for NURBS-based IGA to provide a locking-free
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response during the analysis of thin structural geometries or problems involving near-

incompressible materials.

1.8 Objectives of the present work

Based on the scope of research identified in the previous section, the objectives of the

present work are as follows:

1. To carry out a comprehensive performance evaluation of various numerical strate-
gies that are known for their ability to alleviate shear, membrane, and volumetric
locking.

2. To develop a novel family of EAS elements by investigating the interrelation be-
tween the two-field HR and three-field VHW variational formulations to alleviate
locking in FEA.

3. To develop HR principle-based stress-displacement formulation to alleviate lock-
ing in NURBS-based IGA.

4. To develop a robust family of strain-based EAS elements to alleviate locking in
NURBS-based IGA.

1.9 Organization of the thesis

The thesis is organized into eight chapters, which are followed by the appendices and
references:

In Chapter 1, a foundational introduction to FEA and IGA is presented. It dis-
cusses a common limitation in both methods and explores current state-of-the-art ap-
proaches to overcome this challenge. Additionally, the chapter identifies unexplored
research gaps within the existing literature and outlines the objectives of the current
work, with the explicit aim of introducing a novel contribution to the scientific discourse.

In Chapter 2, essential details on the governing equation for a classical linear
elasticity problem, weak form, and the participating variational statement for the con-
ventional single-field FE formulation are outlined. The focus then transitions to multi-
field formulations, specifically the VHW principle-based EAS formulation and HR-based
stress-based formulation. The chapter outlines the fundamental concepts in both for-
mulations, encompassing additional constraints, modified weak forms, associated vari-
ational statements, and existing choices for stress and enhanced strain interpolation
functions. Additionally, it discusses fundamental concepts of SRI, ANS, and generalized
ANS formulations, and highlights their distinctions from conventional FE formulations.

In Chapter 3, a comprehensive performance evaluation of existing locking alle-
viation strategies is conducted through numerous numerical examples encompassing a
diverse range of 2D and 3D problems. The methods are evaluated under increasing

shear and coupled shear-membrane locking influences, followed by assessments in sce-
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narios involving severe volumetric locking. The relative efficacy is determined for SRI,
ANS, EAS, and a hybrid formulation class, alongside the conventional FE formulation.

In Chapter 4, three novel strain-based EAS elements, namely twenty-seven node
hexahedral, six-node wedge, and eighteen-node wedge EAS elements are proposed to
alleviate the locking effects in conventional FEA. Furthermore, it outlines the systematic
procedure for deriving the aforementioned elements, emphasizing the investigation of the
interrelation between the two-field HR and three-field VHW variational formulations.
Finally, the robustness and performance of the proposed EAS elements is demonstrated
through numerous examples.

In Chapter 5, a brief overview of IGA is presented. This is followed by the math-
ematical preliminaries crucial for understanding fundamental concepts in geometric de-
scription using B-spline and NURBS interpolation functions. The chapter also provides
insights into refinement strategies used to discretize geometry in the context of IGA,
along with details on the mapping of spaces involved in IGA.

In Chapter 6, the stress-based locking alleviation strategy in the context of IGA
is examined. The chapter proposes quadratic and cubic NURBS-based hybrid IGA
elements in both 2D and 3D settings, formulated under the two-field stress-based HR
variational principle. The chapter details the systematic development of admissible
stress interpolation functions tailored for NURBS-based IGA elements. The performance
of the proposed elements is thoroughly evaluated across diverse scenarios, including
severely locking-dominated problems with different types of locking, as well as non-
locking scenarios, providing a comprehensive assessment.

In Chapter 7, the strain-based locking alleviation strategy within the framework of
IGA is presented. The chapter introduces proposed quadratic and cubic NURBS-based
EAS elements in both 2D and 3D settings, formulated under the VHW variational
principle-based EAS method. It elaborates on the crucial aspects of the development of
enhanced strain interpolation functions for NURBS-based IGA. Finally, the chapter pro-
vides a comprehensive assessment of the proposed elements using numerous benchmark
numerical examples.

Finally, Chapter 8 summarizes the present work and its novel contributions to
the existing literature. The conclusions drawn from the results presented in various
chapters are then outlined, offering insights into the implications of the findings. Further,
it presents the potential avenues for future research, identifying areas where further
exploration and advancements can be made. Finally, the chapter provides a list of

publications derived from the research.
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Chapter 2
Formulations

This chapter presents an overview of the classical linear elasticity problem, encompass-
ing details on the governing equation, weak form, and variational statement within
the conventional single-field FE formulation. Further, it explores multi-field formula-
tions, focusing on the Veubeke-Hu-Washizu (VHW) principle-based EAS formulation
and stress-based Hellinger-Reissner (HR) formulation. Fundamental concepts in both
formulations are discussed, incorporating additional constraints, modified weak forms,
stress/enhanced strain interpolation functions, and step-wise implementation proce-
dures. Furthermore, the chapter discusses critical aspects of SRI, ANS, and generalized
ANS formulations.

2.1 A classical linear elasticity problem

Let R be the open domain with boundary R, such that OR = 0R, U OR;, where
OR, and OR; represents the displacement and traction boundaries, respectively. The

equations that govern the static linear elasticity problem are as follows [143]:

V.o+b=0 onR, (
on=t onJR, (2.1b
u=1u onJdRy, (2.1c
t=1t on JRy, (2.1d

where o denotes the Cauchy stress tensor, n represents the unit outward normal to
the boundary OR, t is the defined traction on the boundary 9R;, and b is the vector
representing body force per unit volume. The strain tensor € is the symmetric part of
the displacement gradient Vu, which is expressed as follows:

e(u) = Sym (V) = = |[(Vu) + (Vu)T}, (2.2)

DN
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The relationship between stress and strain is expressed as o = Ce, where C is the fourth

order material constitutive tensor.

2.2 Conventional single-field FE formulation

The variational formulation is obtained by employing the method of weighted residuals.

Let du represent the variation of the displacement field (u) in such a way that
Ve = {(5u € H'(R) : 6u =0 on 8Ru}, (2.3)

where V,, is the space associated with the admissible variations du. Then, the single-
field variational statement is obtained by weakly enforcing Eq. 2.1a and Eq. 2.1d. If
the necessary boundary condition expressed in Eq. 2.1c and stress-strain relation hold
strongly, then the imposition of the prescribed conditions for the specified linear elas-

ticity problem results in

5u-(V-U+b)dR+/ Ju-(E—t) dA=0. (2.4)
RN—— ORy S—~—
weak imposition weak imposition
of Eq. 2.1a of Eq. 2.1d

By using the identity V - (7du) = du - (V - ) + Véu : o and the symmetry of

stress tensor followed by the Gauss divergence theorem, the above expression reduces to

—/ o: (Véu)dR+ u-t dA+/ 5u-bdR+/ du-tdA— du-tdA =0 (2.5)
R OR R OR¢ OR¢
As boundary OR is composed of two disjoint regions such that OR = IR, UIR: and the

displacement on R, is prescribed, the integral | o 0w -tdA can be written as follows:

5u-tdA:/ du-tdA + ou-tdA = du - tdA. (2.6)
oR ORu OR¢ OR¢

After substituting Eq. 2.6 into Eq. 2.5 and introducing the Voigt notations for stress
and strain tensor as & and &“ in such a way that o : (Vou) = o : e(0u) = (0e¥)7a

then, the Eq. 2.5 simplifies to following single-field variational statement:

/ (6e") e dR = / su’bdR + SultdA  Vou eV, (2.7)
R R OR¢

The independent displacement field and its variation is interpolated using the fol-
lowing expressions:
u = Nu, and du = Néu, (2.8)
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where NN is the Lagrange shape function matrix, @ is the nodal displacement vector.

The vector €“ can be expressed as:

Eri Ug,z
U
Euy Y,y
Uz, 2
_ Ezz ’ N
gl = = (e +uye)| = Ba, (2.9)
Exy
Eyz % (Uy,z + Uzy)
| €22 | _% (Uz,z + Uzz) ]

where u;, uy, and u. are the components of displacement vector u, u;; represent the
partial derivation of i*h component of w with respect to j' coordinate variable (z, ¥,
or z), and B is the strain-displacement matrix. Substituting Eqs. 2.8 and 2.9 in Eq. 2.7

followed by utilizing the arbitrariness of d@, we get

U BTCBdR} i — [/ NdeR+/ NTtdA} =0. (2.10)
R R OR+

This can be further written as

Ku= }', where

. 5 2.11
K:/ BTCBdR,f:/ NdeR+/ NTtdA. (211)
R R OR¢

Here, K represents the stiffness matrix and f denotes the load vector. After establishing
above relations, stiffness matrices and load vectors are calculated for individual elements
and assembled into a global stiffness matrix and global load vector, respectively. Finally,
after imposing the essential boundary conditions, the system of equations can then solved

to determine displacements.

2.3 VHW variational principle for EAS method

The VHW variational principle consists of three primary field variables: displacement
(u), stress (o), and strain (e). The admissible variations of these variables are repre-
sented by du, do, and de, respectively. Let V,, Vo, and V. be the spaces associated

with du, do and de, respectively, which can be expressed as follows:

Vu = {6u € H'(R):6u =0 on 8Ru}, (2.12)
Vo = {50— € L2(R) : b0 = 5aT}, (2.13)
Ve = {0e € LY(R) : 5e = 6¢™ }. (2.14)
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Let o¢ denote the stress tensor obtained by applying the stress-strain relation (o = Ce),
and €“ represent the strain tensor derived from the displacements using Eq. 2.2. Then,

the three-field VHW variational principle is obtained by weakly enforcing Eq. 2.1a,

Eq. 2.1d, equality of the strain tensors (e = €), and equality of the stress tensors

€

(o = o). However, the necessary boundary condition (Eq. 2.1c) and stress-strain

relation are strongly satisfied, leading to the following form of VHW variational principle:

(5u-(V-a—|—b)dR+/ du-(t—t) dA+ do:(e" —€) dR
OR:

R~ > R ~———
weak imposition weak imposition weak imposition
of Eq. 2.1a of Eq. 2.1d of e =¢

(2.15)
—i—/ de: (o0 —0o) dR =0.
R ——

weak imposition

of o =0

The foundation of the EAS method is based on the above VHW principle. In EAS

method, the strain € is divided into two parts as follows:
e=¢e"+e“, (2.16)

where € is the compatible strain field defined by Eq. 2.2 and € is the independent en-
hanced strain field introduced to alleviate the locking. Substituting Eq. 2.16 in Eq. 2.15

leads to

/R (0e" : o°) dR— /R (6o : %) dR + /R 6% : (0° — o)) R

= / SulbdR + dultdA.
R OR+

(2.17)

In order to avoid the dependency on o in VHW variational principle, an orthogonality

condition is introduced between o and €% such that
/ fo:e*dR=0 or / d6TE*dR =0, (2.18)
R R

where d& and €% are the vector form of o and €®, respectively. Finally, the vari-
ational statement involved in EAS is derived by consecutively choosing zero varia-
tions of displacements and assumed strains separately, i.e., (du,de®) = (du,0) and
(ou,de*) = (0,0e%). Assuming the orthogonality as per Eq. 2.18, the EAS approach

can be formulated through the following variational statement:

/ (6e") e dR = / SulbdR + sultdA VY ou €V, (2.19)
R R OR+t

/ (65°YT (65 — &) dR = 0, (2.20)
R
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2.3. VHW variational principle for EAS method

=

where &%, € «

, and & are the vector representations of €%, e®, and o, respectively. The
above EAS variational statements only contain w and €® as the participating indepen-

dent field variables.

2.3.1 Approximation of field variables

The VHW-based EAS variational principles necessitate the use of independent interpo-
lation techniques for approximating the independent field variables. These field variables

are defined using the following expressions:

w=Na, 6u=N&u; Ya,duc R (2.21)
& = G&, 0% = Go&; Y é&,0h € R, (2.22)

Here, n. represents the number of nodes in each element, ng denotes the degrees of
freedom for each node, and ng is the number of enhanced strain parameters per ele-
ment. The matrix IN and G are the displacement and strain interpolation matrices.
Conventionally, N is composed of the Lagrange interpolation functions, whereas special
schemes must be developed to choose appropriate G interpolation matrices.

The matrix G in physical coordinate systems relates with the strain interpolation

matrix in natural coordinate system using the following relation:

_ 1 Jol

G
| T

T,"G, (2.23)

where G are the strain interpolation matrix defined in the natural coordinate system,
the Jacobian J relates the physical and natural coordinate system, whereas Jg is the
Jacobian evaluated at the element center. The transformation matrix, Ty, connects the
G in the natural space to their corresponding counterparts in the physical space. The
matrix T is evaluated at the element center in order to pass the requirement of the

patch test. The expression for T is given as follows:

B ) AT oi 2Jo1J31 2011731

Jindiz Jordaa Jsidsze (Jiidoe + Jordi2) (Ja1dse + Js1d22) (Ji1ds2 + J31J12)
JigJ13 Jaodos J3aJdss (JiaJdas + JizJaz) (Jaadzs + Jsados) (Ji2Jss + J32J13)
| Ji1dis Jardas Jsidss (Jindas + Jardis) (Ja1dsz + Jside3) (Jiidss + Jsidis)

(2.24)
The matrix T for 2D problems is reduces to the following form:
Jho Jh 2J11J2
T=|J, Jp 2J12J22 ; (2.25)

Jiidiz JorJaa (Jiidae + JizJo1)
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Table 2.1: Possible choices of G matrix for four-node quadrilateral element

Nat Columns? Capability
2 1-2 Alleviate only volumetric locking.
4 1-4 Alleviate volumetric and shear locking.
7 1-7 Better performance under distorted mesh.

1nq represents number of enhanced strain parameters.

2Columns states the participating columns of G shown in Eq. 2.26.
where J;; are the components of the J.

2.3.2 Existing choices of strain interpolation matrix

Multiple options for the G matrix are available to address specific requirements. The
selection of the G matrix varies for different elements. The specific choices are outlined

as follows:

2.3.2.1 Four-node quadrilateral element

There are several choices available for the G matrix for four-node quadrilateral element.
However, the current work mainly focuses on the most robust option [125], which is

given as follows:

£E000¢&n 0 O
GE&nm=10n00 0 & 0 (2.26)
00&n 0 0 &n

It is possible to utilize the subset of the above G matrix, to specifically address certain
types of locking. While this reduces computational costs, it also limits the applicability
of an element to specific problem descriptions. Table 2.1 enlists the possible subsets of
G and its best-fit applicability.

2.3.2.2 Nine-node quadrilateral element

For a nine-node quadrilateral element, &* is interpolated using the following G' matrix

[168]:
G 0, O
G n) =0, Gy 0y, (2.27)
0, 0, Gs

where 0, and 0 are null matrices of dimensions 1 x 3 and 1 x 5, respectively. The

vectors él, ég and ég are given as follows:

Gi= (1) nf(©) 11|, G2=[16) et FEF0]

Gs = |£(6) nf(€) fn) &) FEFOn)]

TH-3379; 176103023



2.3. VHW variational principle for EAS method

where f(€) = 362 — 1, f(n) = 3n% — 1.

2.3.2.3 Eight-node brick element

A robust strain interpolation matrix used to approximate the enhanced strains of a

eight-node brick element is given as follows:

where

GEn )=~ |, (2.28)

G, = :5 01x14 &n &C Oix7 &n¢ 01x5},

Gy = :01><1 n O1x15 €n 1¢ O1xe ENC 01><4]7

G = :01><2 ¢ O1x16 £ ¢ O1x5 &nC leg],

G, = :01><3 € m O1xa §C NC O1x10 €N O1x5 €nC lez],
G; = L01><5 n ¢ Oixa €n €C O1x9 nC O1x5 EnC 01x1},

Ge = :01><7 § ¢ O1xa &n nC O1xs &C O1xs 5774,

where 0,,x, is the zero vector consisting m rows and n columns. Similar to four-node

quadrilateral element, it is possible to use subset of Eq. 2.28 to reduce the computational

efforts. The choice of the subset is governed by the problem description and the type of
locking. Table 2.2 enlists the possible subsets of G and its best-fit applicability.

Table 2.2: Possible choices of G matrix for eight-node brick element

Mot Columns? Capability
3 1-3 Alleviate only volumetric locking
6 4-9 Alleviate only shear locking
9 1-9 Alleviate shear and volumetric locking
12 1-9, 16, 19, 20 Better performance in incompressible problem domain
than EAS9
15 1-15 Better bending behavior than EAS9
21 1-21 Free of volumetric locking and partial shear locking
may be present for badly shaped meshes
24 1-24 Free of shear and volumetric locking
30 1-30 Free of shear and volumetric locking and performs bet-

ter in distorted meshes

1

nq represents number of enhanced strain parameters.

2Columns states the participating columns of G shown in Eq. 2.28.
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Chapter 2. Formulations

2.3.3 Elemental equations for EAS method

To complete the discussion on EAS formulation, the current section briefly summarizes
the expression of the stiffness matrix involved in the EAS formulation. Recalling the
expressions of u, &, and €* and its respective variations du, d&, and §&* (Egs. 2.21 and
2.22) and substituting into Egs. 2.19 and 2.20, followed by utilizing the arbitrariness of

du and dé&, results in the following expressions:
U BTCcB dR} a + [/ BTCGdR] G- [/ NTbdR + NTidA] =0, (2.29)
R R R IR
[/ G'CB dR] i+ [/ G'ca dR] & =0. (2.30)
R R
Let K¢, M, H, and f be defined by the following expressions:
K¢ = / BYCBdR, M = / G'CBdR, H = / GT'CGdR,
R R R
f= / NdeR+/ NTEdA.
R IR
Then, it is possible to express Eqgs. 2.53 and 2.54 as follows:
K¢ MT| [ f
ul )L (2.31)
M H (67 0

By calculating the expression for & from Eq. 2.55, the above expression reduces to the

following relations:

a=—-H 'Ma, (2.32)
(K~ M"H'M]a=f— K*a-=f, (2.33)

where the stiffness matrix for EAS element is K = K¢~ MTH 'M. The inverse of
H can be computed at the element level as the strain interpolations are discontinuous

between the elements. Hence, K of an element can be expressed as follows:

K®* =[K:-MIH;'M.],

where K¢ = / BTCB.dR., M, = / GICB.dR., and H.= | GICG.dR..
Re Re e
The above expressions demonstrate that the additional degrees of freedom are condensed
out at the elemental level. Therefore, the EAS formulation is ultimately composed solely
of displacement degrees of freedom. The methodical algorithmic procedure for step-by-
step implementation of VHW variational principle-based EAS method in FEA is given
in Algorithm 1.
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2.4. Stress-based HR variational principle

2.4 Stress-based HR variational principle

The HR variational principle comprises of two independent field variables, i.e., dis-
placement and stress. Let w and o be the independent displacement and stress field,

respectively, while du and do represent their respective variations in such a way that

Va = {5u € H'(R) : 6u =0 on anu}, (2.34)

Vo = {60’ € £2(7?,) 100 = (50’T}, (2.35)

where V,, and V,, are the spaces associated with the admissible variations du and do,
respectively. Let the strain tensors obtained from o = Ce and Eq. 2.2 be represented
as €° and €%, respectively. Then, the two-field HR variational statement is obtained by
weakly enforcing Eq. 2.1a, Eq. 2.1d, and the equality of the strain tensors (¢° = ). If
the necessary boundary condition expressed in Eq. 2.1c and stress-strain relation hold
strongly, and (du, o) € (Vy X V), then the imposition of the prescribed conditions in

the specified linear elasticity problem results in

/5u-(V'a+b)dR+/ du-(t—1t) dA+/ do : (e" —€®) dR =0. (2.36)
R ORy S——~— R

| S
weak imposition weak imposition weak imposition
of Eq. 2.1a of Eq. 2.1d of e¥ = g%

The two-field variational statement can be derived by consecutively choosing (du, do) =
(6u,0) and (du,do) = (0,60 ) independently. For (du,do) = (du,0), the Eq. 2.36 leads
to the following expression:

/6u-(V-a’+b)dR+ Su- (E—t)dA. (2.37)
R OR¢

The above expression is identical to Eq. 2.4 discussed in Section 2.2 in the case of con-
ventional FEA formulation. Pursuing analogous procedures, it can be further expressed

as follows:

/ (6e) e dR = / sulbdR + SultdA Y ou € V.
R R OR¢

After enforcing the second condition, i.e., (du,d0) = (0,d0), Eq. 2.36 simplifies to
the following expression:
/ do : (e" —€%)dR = 0. (2.38)
R

The above expression can be further simplified by applying the following relations:

So et = (55")T&, (2.39)
bo:e® =d6"e° =’ C la. (2.40)
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Substituting the Eqgs. 2.39 and 2.40 into Eq. 2.38, we get:
/ e —C'g]dR=0 Vo, (2.41)

where & and “ are the vector representations of o and €%, respectively and C is the
second order material constitutive tensor.
Summarizing, the resulting two-field HR variational statement for the linear elasticity

problem can be expressed as follows:

/ (e adR = / sulbdR + SultdA Y ou €V, (2.42)
R IR

/ e —~C'6]dR=0 Vio. (2.43)

2.4.1 Approximation of field variables

The two-field HR variational principle necessitate the use of independent interpolation
techniques for approximating the independent u and &. These primary field variables

and their involved function spaces are defined as follows:

Vu={u,0u:u=Nu, du=Ndu; &, ¢c R"*"} (2.44)
Vy = {a, 56 : 6 = P, 66 = Pof; B,08 ¢ R”B} . (2.45)

Here, V,, and V, are the function spaces for u and o, respectively. Similar to previous
section, n. represents the number of nodes in each element, while ny denotes the degrees
of freedom for each node. The number of stress parameters per element is represented by
ng. The matrix N and P are the displacement and stress interpolation matrices. Con-
ventionally, N comprises of Lagrange interpolation functions. However, for HR-based
elements, the effectiveness greatly depends on the careful selection of stress interpolation
functions that are utilized to define P.

The matrix P in physical coordinate systems relates with the stress interpolation

matrix in natural coordinate system using the following relation:
P=TP, (2.46)

where P are the stress interpolation matrix defined in the natural coordinate system.
The transformation matrix, T', connects the P in the natural space to their correspond-

ing counterparts in the physical space. The expression for T is defined in Eq. 2.24.

2.4.2 Existing choices of stress interpolation matrix

Accuracy of stress-based elements is highly sensitive towards the choice of stress inter-

polation functions. The present work focuses on a particular type of hybrid elements
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2.4. Stress-based HR variational principle

[141, 142]. The efficacy, robustness and the consistently improved coarse mesh accuracy
of these elements have been shown in several application domains such as structural
acoustics [147], contact mechanics [148], coupled fluid-structure problem [149], analysis
of electromechanical systems [150], and electromagnetic analysis [151], and many more.
In the stated work, a systematic methodological procedure is developed to determine
robust and efficient choices of approximating functions for the independent stress field.
The derived stress interpolation functions, expressed in the natural coordinate system

for various elements, are provided as follows:

2.4.2.1 Four-node quadrilateral element

The stress interpolation matrix for a 2D four-node quadrilateral element is given as

follows:
17000

PEn=1001c¢o0]|. (2.47)
00001

Note: The above choice of stress interpolation is identical to the one presented by Pian
and Sumihara [136].
2.4.2.2 Nine-node quadrilateral element

The stress interpolation matrix for higher-order 2D nine-node quadrilateral element is

given as follows:

1Enen 2 n?€0000 0 0 000 0
PEn=10000 0 0 1&nEn&n2000 0. (2.48)
0000 0 0 0000 O0 0 1¢n¢&y

2.4.2.3 Eight-node brick element

The stress interpolation matrix for 3D eight-node brick element is given as follows:

o]l
—
o
S
=]
S
o
S
o
o
o
o

0, P, 0, 0, 0, O,
. 0, 0, P; 0, 0, O
PEn Q=" " ~ ,
0, 0, 0, P, 0, 0O
Oa Oa Oa Ob P5 Ob
0, 0, 0, 0, 0, Pg

where 0, and 0p are the null or zero vectors of the size 1 x 4 and 1 x 2, respectively.

The vectors P; are given as follows:

Pr=[1¢n] Po=[1cece] Ps=1[1n¢mng.
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134:[1 g},P5:[1 g},i%:[l 77]

2.4.2.4 Twenty-seven node brick element

The stress interpolation matrix for higher-order 3D twenty-seven node brick element is

given as follows:

N
—
]
=)

s}

)

P(¢,n,¢) =

a

OOQOOO

a

N
no
=
IS

i)

=}

a

© O O O

a

o
Q

C:Uz

S]

o o

a

0,

0, 0p
0, Op
0, 0p
P, 0,
0, Ps
0, O

0y

Pg

, (2.49)

where 0, and 0, are the null or zero vectors of the size 1 x 18 and 1 x 12, respectively.

The vectors Py, Po, ..., Pg are given as

2.4.2.5 Wedge element

Py = :1 ¢ ¢ ncn G Cn® Cn® & G G326 ng Cng Png nPE (¢ C%%},
Py=[1¢ ¢y on (g CE € Cng CniE € & & ng (ng? Png? |
Py=[1Cnnn® G € CEnE G 6 GiP€ € CE% g Cn€? i€ CnPé? |
Py= 17 ¢ €& & & nC enc ¢n 6 anc?],
Pi=[1¢¢n& e & ¢ en¢ €n enc),
Ps=[11¢ & &n & P nC &n¢ n*¢ € nic].

The wedge elements often serve as transition elements or, in some cases, can be used

to mesh the whole domain. Two commonly used types of wedge elements are the six-

node and eighteen-node wedge elements. Hybrid counterparts have been developed for

these elements to enhance their performance. The stress interpolation matrix for these

elements is provided below.

1. Six-node wedge element:

P(&,n,¢) =

1C0000000000000_
001¢000000000O00O0
00001&ERn00000000
00000001¢C0000O00O0
0000000001€¢En000
0000000000001 ¢& n]

(2.50)
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2. Eighteen-node wedge element:

Py 0, 0, 0, 0. O,
0, P, 0, 0, 0. O,
Pl = | % O Ps 00 0 0. (2.51)
Oa Oa Ob P4 Oc Oc
0, 0, 0, 0, P5 O,
0, 0, 0, 0O, O. P

where 0,4, 0, 0y are the null or zero vectors of the size 1 x 9, 1 x 12, and 1 x 6,

respectively. The vectors Py, P, ..., Pg are given as

Pi=Py=Py=[1¢n & n¢ e,
Py=1¢n & n¢ & et €¢ 1P enc,
P5=P6={1§UC§C TIC},

2.4.2.6 Axisymmetric hybrid elements

Axisymmetric elements in FEA are specialized elements designed to model structures
with rotational symmetry around an axis. These elements are particularly useful for
problems involving cylindrical or rotationally symmetric geometries. Such problems can
be treated as 2D problems since there is no dependence of any of the variables on 6.
Because of the symmetry about the z-axis, the involved stresses are o, 0., 0., and

ogg. If the Jacobian matrix that relates the r-z space to the natural space is defined as

follows:
or 0z
o9& 0§ Jin Ji2
J = — i 2.52
or 9z [J21 J22] (2:5%)
dn 9n

Then, the stresses in four-node and nine-node axisymmetric elements are interpolated

as follows:

1. Four-node axisymmetric element:

p1

Orr JE I3 2J11J21 17000 by

o= JbH  J5 2J12J22 001&0]||.
Orz Jitdiz Jardaa (JarJiz+ JiiJ22)| [0 0 0 0 1

transformation matrix PEn) ’

o0 = Be + Br(J12€ + Joan)
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2. Nine-node axisymmetric element:

) ) b1

0| = | Jh J2, 2J12J22 P&, n) e
Orz Jindiz Jordaa (JarJiz2 + Ji1Ja2) B
16

transformation matrix

where

1En&n 20260000 0 0 000 0
PEn)=10000 0 0 1&n&n & n2000 0/, and
0000 0 0 0000 O O 1¢&mn¢&n

o0 = P17 + Bis€ + Brom + Baokn + o1& + Baon® + Poa(J12€%n + Jasn?)

where J;; is the component of J defined in Eq. 2.52.

2.4.3 Elemental equations for stress-based HR formulation

To complete the discussion on stress-based HR formulation, the current section briefly
summarizes the expression of the stiffness matrix involved in the HR formulation. Re-
calling the expressions of u nad & and its respective variations du and d& (Egs. 2.44 and
2.45) and substituting into Eqgs. 2.42 and 2.43, followed by utilizing the arbitrariness of

0w and 5,[:3, results in the following expressions:
[ / BTP dR} 8- [ / NTbdR + NTt dA] =0, (2.53)
R R IR

[/RPTBdR} o — [/R PTSPdR} B =0, (2.54)

where S is the compliance matrix given by S = C~'. Let the entities G, H, g, and }’

be defined as follows:

G:/ PTBdR, H:/ PTSPAR, g =0, and f:/ NTbdR + NTtdA.
R R R OR¢

Then, the Egs. 2.53 and 2.54 can be written as

CREEI

Evaluating the expression for ,@ from Eq. 2.55 results in following expressions:

B =H 'Ga, (2.56)
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2.5. Selective reduced integration

G'"TH 'Ga=f— Ku-=F, (2.57)
K

where K = GTH G is the stiffness matrix for the two-field stress-based HR formu-
lation. The matrix H ! can be evaluated at the element level since the stress interpo-
lations are chosen such that they are not continuous across element boundaries. Thus,

the elemental stiffness matrix is given as
K®=GTH_'G,, where G, = / PT’B.dR., and H, = / PTSP.dR.
Re Re

Finally, the algorithm for step-by-step implementation of HR variational principle-

based hybrid elements in FEA is given in Algorithm 2.

2.5 Selective reduced integration

The selective reduced integration (SRI) is an advancement of the reduced integration
approach to alleviate locking in locking-dominated problems [60, 83-86]. The principal
notion followed in SRI is to split the material elasticity tensor into two parts. The part
of the stiffness matrix that is responsible for locking is then evaluated using the reduced
Gaussian quadrature integration scheme, whereas the full-integration scheme is applied
for the other part. SRI has shown to be effective in several applications. However, the
method is often considered as a trick that compensates for one error by introducing
another one. Moreover, in the case of arbitrary non-linear material models, it is not
very obvious to condense out the part that is responsible for locking.

There are several possible ways to split the material tensor. The key criterion that
governs the splitting of a material tensor is the problem domain and the type of locking.
The problems considered in the present work mainly focus on linear elasticity regime
where the SRI is used to alleviate the volumetric locking in problems dominated with
incompressibility constraint. The material constitutive tensor for a generalized 3D linear

elasticity problem that is affected by volumetric locking is split as follows:

(20000 0] (11100 0]
020000 111000
002000 111000
C=C,+C),, where C, = , Cr= A 2.58
iate “=HEloo0o01o00 000000 (2.58)
000010 000000
00000 1] 00000 0]

The variables p and A\ are Lame’s constants and are defined as follows:

E Ev

HE STy AT OTrni—m)
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where E and v are Young’s modulus and Poisson’s ratio, respectively. Here, C), and
C'), are associated with the deviatoric part and volumetric part of the material tensor,
respectively.

For the plane-strain problem descriptions that are dominated by volumetric locking

in near-incompressible or incompressible range, the material tensor C' is divided as

200 110
C=C,+C)y, whereC,=p|020]|,andCyx=X|110]. (2.59)
001 000

Substituting Eqs. 2.58 or 2.59 into the conventional stiffness matrix expression

(Eq. 2.11) leads to the modified expression for element stiffness matrix K. as

K. = 4 BTC,BdR, +/ BTC\BdR. = K¢, + K§. (2.60)

For v = 0.5 or v = 0.5, K§ — oo due to the presence of A in material tensor C'y and
hence excessive stiffness is introduced. To alleviate this effect, the volumetric part (K€)
from Eq. 2.60 that is responsible for locking is evaluated with one order less Gaussian

quadrature integration while K7, is calculated with full-integration.

2.6 Assumed natural strain

The ANS is a numerical procedure to alleviate the adverse effect of shear locking in thin
structural domains. Initially the method was developed for different shell models [58, 72]
which was later extended to develop the locking-free solid-shell elements [78, 95-106]. It
has been found significantly effective under severely distorted meshes [101, 102, 105, 106].
The key idea is to introduce certain interpolating functions along with a set of tying
points that will replace standard integration points to evaluate strains that are otherwise
responsible for shear locking. The formulation proceeds with defining the strains in

covariants frame as follows:

ou ou >

1
€ij(&,n,¢) = 5 <a§i9j + @gi (2.61)

T
875 are the covariant base vectors. Alternatively, the g, vectors are the

7
specific rows of the Jacobian relating the corresponding spaces which is defined as

where g; =

[Ox Oy 0z
¢ o¢ ¢
or Oy 0z
an an an
Oor 0y 0z
L9¢ 9¢ a¢ ]

(2.62)
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Strain-displacement matrix in covariant frame is given as

B=|B, By, By - Bnﬁ], (2.63)
where B; is defined as
— aNZ -
J
o !
ON;
J
877 3 i GNZJ
ON; a¢ !
_ ac " ON;
For 3D: B; = , For 2D: B, = 2.64
or 3 3NiJ +8NiJ or n Jo (2.64)
on "1 o P ONi ;  ONi
ONi ;. ONi R
ac "2 o ?
ON; ON;
Ji+ =g
| B¢t e B

Here, J; is the " row of Jacobian matrix from Eq. 2.62. Furthermore, the strain-

displacement matrix in covariant frame is related to the physical space with the following

relation:

B=T"T"B,

where T is transformation matrix defined in Eq. 2.24.

(2.65)

By defining a set of tying points and the corresponding interpolations among these

set, the updated strain-displacement matrix is evaluated and replaced with the conven-
tional B matrix. The choice of tying points is closely related to the order of integration.
For calculation of shear stress in four-node quadrilateral elements, tying points will be
located at integration points with one order lower integration. For instance, the tying
points for the four-node quadrilateral elements are the 1 x 1 Gauss integration points,
i.e., an order less than the Gauss points in full integration that is performed to evalu-
ate the elemental stiffness. Hence, the shear stress is evaluated at element center rather
than the conventional integration point. Hence, the B for 2D four-node quadrilateral

element is evaluated by modifying the shear strain (e¢,) such that

I ON; T [ ON; ]
iy J
ac ! 0 !
Jo — 2 )
ON, o ON, ON, o ON,
: : LT+ LT
Loy 71 e 72 ( on "' o 2>(o)
B;(¢m) BiANS(EJI)
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For: e¢¢ and e¢¢ For: g, and &, For: &g,
n n n

A T A

+ +
—f 3/5 + + '&/73 + + —5 173
+ + > >¢

T >

+ + + + O+

173 3/5 173
Figure 2.1: Tying point representation for the integration of different strain compo-
nents for twenty seven node brick element.

where (0) is the tying point with natural coordinates as £ = n = 0. Further, in the

ANS
(

classical ANS approach, the B &, n,¢) for 3D eight-node brick element is given as

815
a%

5 ANS
Bi = 8C 5
ON; ON;
on o0&
(B
G A
where
1 ON; ON; 1 ON; ON
oo 350, 2o (B
B =50 -0 (Gpaat gy o) #3040 (e v
1 ON; ON; 1 ON; 6]\7
B = —(1— < ’J+”J> —(1+ ( J> ;

Here, (T1), (T2), (T3), and (T4) are the set of tying points with the (£,7n) coordinate
as (-1,0), (1,0), (0,-1), and (0,1), respectively.

Higher-order elements follow a similar structure. However, these elements are not as
popular as linear elements and they lack the straightforward implementation that linear
elements have. Nevertheless, there exist a generalized structure for ANS, which can be
used irrespective of the type of element [78, 101]. To better understand the method,
let us consider a twenty-seven node brick element. A 3 x 3 x 3 Gauss quadrature rule
is applied to perform the full integration of the integrals associated with the element
stiffness matrix. The tying points are chosen such that the e¢¢ and e¢¢ are employed
with one order lower quadrature rule in & direction and full integration is employed in
7 direction. Similar arguments holds for £, and &,¢, whereas for ¢, one order lower

Gauss-quadrature in applied in both £ and n direction, see Fig. 2.1.
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2.6. Assumed natural strain

Once the tying points are recognized, evaluate the local Lagrangian polynomial such
that they are interpolatory at the prescribed tying points and form an vector consisting
of the tensor product of evaluated polynomials. Let ®;(§) and ¥;(n) be the Lagrange
polynomial interpolating at the tying points then the components of the vector repre-
senting the tensor product will be ®;(£)W;(n) where i and j will vary from 1 to number
of tying points in & and 7 direction, respectively. Let IN be the vector of tensor product

then, the assumed strain field is derived as

eANS = NT(€ m)Eaé, 1, 0), (2.66)

where éc(é,f], () is the vector of corresponding strain component evaluated at chosen
tying points. Here, (é ,7) is the tying point coordinate, whereas ( is evaluated at Gauss
point. For example, let us evaluate the modified ¢ component. The tying points
associated with the said components are shown in left sub-figure in Fig. 2.1. Let ®1(¢),
D9(&), and P3(€) are the Lagrange polynomials interpolatory at tying points along &
direction and Wi(n) and Ws(n) are the polynomials along 7 direction. Hence, the N
matrix can be defined as
N T

N = [<I>1(§)‘I’1(77) (&) Wi(n) P3(&)Wi(n) P1(§)Wa(n) P2(§)Va(n) P3(&)¥a(n) |

and the vector éc(é .1, ¢) will consist the e¢¢ evaluated at each tying points such that
= (¢ @ 1 2 3 4 5 6]
el 0) = el ek el el el k|

where superscript represent the specific tying point identifier. This will lead to the

following expression for the modified e¢:

e =P1(E)Wi(m)ege + P2 Wi(n)ege + Pa(E)Wi(n)ede + D1 (&) Wa(n)eg,

(2.67)
+ ®2()Wa(n)ede + Pa(&)Wa(n)el

The above relation results in the following expression for modified strain—displacement

matrix:

[(B*)$9ANS = & () Wy () [B5°]! + @2(€) W1 (1) [BS)? + @a(€) W1 () [ B
+ By (E)Wa () [BET* + Bo(€)Wa () [BEP + 03(€)Wa(n)[BES,

where [ch]k is the part of conventional strain-displacement matrix defined in Eq. 2.64
evaluated at k' tying point and [(B*)fC}ANS is the modified part of strain—displacement

matrix which will replace the original matrix.

Following a similar approach, one can derive the remaining modified strain compo-
nents and replace them with the conventional strain field. For the reader’s interest, the

literature that has been followed to present the procedure involves an additional projec-
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tion matrix [101]. However, as the chosen Lagrange polynomial are interpolatory at the
Gauss points, the resultant projection matrix will result in an identity matrix. Hence,
the authors present a simplified version of the same procedure without the involvement
of a projection matrix. Lastly, the methodical algorithmic procedure for step-by-step

implementation of ANS method is given in Algorithm 3.
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Chapter 3

Performance Evaluation of FE
Strategies for Alleviating
Locking™

In this chapter, we present a performance comparison of different locking alleviation
FE strategies discussed in Chapter 2. The strategies under evaluation include VHW
principle-based EAS (Section 2.3), a specific class of stress-based HR principle-based
hybrid formulation (Section 2.4), SRI (Section 2.5), ANS (Section 2.6), and the conven-
tional FE formulation (Section 2.2). Various parameters, such as the method’s appli-
cability, robustness, and efficiency, are scrutinized to provide a comprehensive under-

standing of the optimal approach for locking-dominated problems.

3.1 Performance evaluation parameters

The parameters used for quantifying the performance of various locking alleviation

strategies are defined as follows:

1. Normalized displacement at a specific location in the domain: It is defined as the

ratio of numerical value of displacement (u;) obtained using FEA and the ana-

ref

') of the displacements at the specified location,

lytical /benchmark solution (u
and given as follows:
Normalized displacment = i (3.1)

ref
U

*D. S. Bombarde, S. L. Narayan, S. S. Gautam, A. Nandy, “A comprehensive comparative review
of various advanced finite elements to alleviate shear, membrane and volumetric locking”, Archives of
Computational Methods in Engineering (In press)
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2. Lo error norm of displacement:

Ly =

n m
f
(uij — urz
Ju—w™] ==
e e
i=1 j=1

N|=

) (3.2)

where n and m are the total number of nodes and number of components of wu,

respectively.

3. Lo error norm of stress:

[NIES

n

g =

|lo—0o

refH

1=

l
ref
Z O-z’J G v-7
1j=1

[Cadl

n

l

E: ref
1

L =1 j= |

where o and o™ are the stress values obtained at the point of interest in the
domain using FEA and reference solution, respectively. [ denotes the number of

components of stress and n is the total number of nodes.

3.2 Abbreviations for elements

Notations used in the subsequent numerical examples are as follows: The notation q4
and q9 represents the 2D four-node and nine-node quadrilateral elements, respectively.
The suffix b8 and b27 signifies the use of 3D eight-node and twenty-seven node brick el-
ement, respectively. FE denotes the conventional single-field FEA formulation, whereas
SRI, a-FE, and ANS imply the use of SRI, EAS, and classical ANS approaches, re-
spectively. The ANS* and h-FE represents the generalized ANS approach and two-field

hybrid stress formulation, respectively.

3.3 Numerical examples

The study includes the analysis of numerous numerical benchmark examples, spanning
a wide range of 2D and 3D problems. It begins with 2D problems, where the first
two problems assess the methods for shear locking effect. These problems include both
straight and curved cantilever beam problems with end loads, covering a range of slen-
derness ratios. Following this, we evaluate the standard Cook’s membrane problem to
assess the methods in relation to volumetric locking. Additionally, a plate with a hole

problem is studied, both with and without the influence of volumetric locking.
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2 A 10
h é E = 1000 F >.< 5
_5 v=0 0
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Figure 3.2: The mesh of 8 x 1 g4 el-
ements for a straight cantilever beam
with L/h = 10.

Figure 3.1: Problem set-up and
corresponding boundary conditions for
straight cantilever beam problem.

Table 3.1: The mesh size and respective
Nios for a straight cantilever beam problem.

Meshes N;Of
neLle X ngle q4 q9
1x1 4 12
2x1 8 24
4x1 16 48
8x1 32 96
16x1 64 192
32x1 128 384
64x1 256 768
128 %1 512 1536
256x 1 1024 3072
512x1 2048 6144

The study is extended to some 3D problems starting with a 3D version of the straight
and curved cantilever beam problems. Through these problems, various methods are
tested for combined shear and membrane locking. Each problem is solved for three
different slenderness ratios so as to gradually introduce the locking effect. The next
example included is the well-known Scordelis—Lo roof problem, which is affected by
both the shear and the membrane locking. Finally, a 3D incompressible cube subjected
to distributed loading is studied with different strategies to study their performance for
volumetric locking.

It is essential to note that all parameters used in numerical simulations adhere to
a consistent system of units that aligns with the governing equations. Users have the
flexibility to choose a consistent system of units, whether it be SI, FPS, or any unit
system of choice, for forces, displacements, stresses, and material properties in all the
examples. As a standard practice, we implicitly assume the use of a consistent unit

system for the data provided in numerical examples.

3.3.1 Straight cantilever beam

The first numerical example investigates the linear-elastic deformation of a straight
cantilever beam of length (L) and three different thickness values (k). The slenderness

ratio (L/h) is gradually increased to introduce the shear locking effect into the problem
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Figure 3.3: Normalized tip displacement and Lo error norm of displacement for a
straight cantilever beam with different slenderness ratios.

domain [152, 153]. The problem description and the corresponding boundary conditions

are shown in Fig. 3.1.
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(a) L3 (L/h = 10) (b) Lg (L/h = 100)

——FE-q4

-e-FE-q9

——h-FE-q4
——h-FE-q9
-x-a-FE-q4
-8-a-FE-q9
--ANS-q4
-8-ANS-q9

N(Iilof
(c) Lg (L/h = 1000)

Figure 3.4: Ls error norm of stress for a straight cantilever beam with different slen-
derness ratios.

The specific parameters that define the problem for the three cases are as follows:

1. L =100, h =10, L/h =10, F = 4.97018 x 1073,
2. L =100, h=1, L/h =100, F = 4.9997 x 105,
3. L =100, h=0.1, L/h = 1000, F = 4.9999 x 107°.

The analytical solution for the vertical displacement (uzef) at point ‘A’ is evaluated using
the Euler beam theory [169] as 0.02 for all three cases.

The problem is solved using the conventional FEA alongside the existing locking
alleviation FE strategies for all three cases with different mesh sizes. One such mesh
of eight q4 elements for L/h = 10 is shown in Fig. 3.2. The h-refinement is carried
out by increasing the number of elements in L direction. The mesh description and the
corresponding number of free degrees of freedom (NJ, f) are shown in Table 3.1, where
née and ni}le are the number of elements in L and h direction, respectively.

The problem is solved for all three cases, and respective results for the defined pa-
rameters (see Section 3.1) against N}, 7 are shown in Figs. 3.3 and 3.4. The substantially

low effect of locking has been observed for the lower L/h ratio. For such a case, even the
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10

o 2 4 6 8 10
Figure 3.5: Problem set-up and

corresponding boundary conditions
for the curved cantilever beam
problem.

Figure 3.6: The mesh of 8 x 1 q4 elements
for a curved cantilever beam (Ry,/h = 10).

conventional FEA converges to the solution with acceptable coarse mesh accuracy. How-
ever, the advanced FE strategies provide a marginal improvement over the conventional
FEA.

The effect of shear locking is significantly prominent with higher L/h ratios, see
Figs. 3.3 and 3.4. The performance of FE-q4 formulation consistently deteriorates with
the increasing L/h ratio. In extreme cases where the L/h = 1000, the FE-q4 fails to
converge even after significant refinement. On the contrary, the advanced FE strategies
perform consistently irrespective of the L/h ratio. Similar observations are made for
the numerical stresses in the domain. The conventional FE formulation, either with q4
or q9 elements, converges at a slower rate. On the other hand, the convergence of L
with all the advanced FE strategies is significantly better than that of the conventional
formulation. Regardless of the element type, these techniques provide higher accuracy
of stresses with significantly coarse mesh description in each case. For all three advanced
FE strategies, higher-order elements have better coarse mesh accuracy. Performance of

all three strategies are almost comparable for this example.

3.3.2 Curved cantilever beam

In the present numerical example, the linear-elastic behavior of a curved cantilever
beam is investigated. The problem is of particular interest as it allows to assess the
performance of different FE strategies under the influence of shear locking using distorted
mesh discretization. The problem is composed of curved beam of mean radius (Ry,) and
thickness (h), fixed on one end and subjected to horizontal load on the opposite end,
see Fig. 3.5 [101]. The slenderness ratio (R, /h) is gradually increased to introduce the
shear locking effect into the problem domain. The problem parameters for the three

different cases are given as follows:

1. Rin = 9.5, Rout = 10.5, Ry /h = 10, F = 0.1,
2. Rin = 9.95, Rous = 10.05, Ry /h = 100, F = 1 x 1073,
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3.3. Numerical examples

Table 3.2: The mesh size and respective
N:jof for a curved cantilever beam problem.

Meshes Ngl‘of

n? xnk qd q9
Nele ele

1x1 4 12
2x1 8 24
4x1 16 48
8x1 32 96
16x1 64 192
32x1 128 384
64x1 256 768
1281 512 1536
256x1 1024 3072
512x1 2048 6144

3. Rin = 9.995, Rou, = 10.005, Ry, /h = 1000, F =1 x 107°.
The analytical solution for the radial displacement at point ‘A’; i.e., ug‘ff is 0.943
for the three cases [101, 152]. Further, the analytical expression for radial and angular

displacement at any point &(r, ) in the problem domain is given as [169]

1 B
U = {—2D9c089+sin0 [D(l —v)logr + A(1 — 3v)r? + T—2(1 —|—1/)}}
+ Ksin) + Lcos0
1 . B
ue:E{QDGSlnG—COSG[A(5+V)T—i— (1+v)— D[(l—y)logr+1+u]]}
+ K cosf — Lsinf

and the stresses in the domain are given as

2B D
oy = {2147‘— +}sin9,
r

r3

2B D
= {6Ar+ = + }sin@,
r

2B D
Org = {2Ar+ }0059,

where

Rou
N = R12n - R2ut + (R12n + Rout)l .

Rin’
K:E D1 —v)logr+ A(1=3v)r + 5(1+v)|,
T
_ f _ fR?nRgut _ D7T _ f(R2 +R0ut)
A_ZN’ B=- oN L_E’ b=- N ‘
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Figure 3.7: Normalized tip displacement and Lo error norm of displacement for a
curved cantilever beam with different slenderness ratios.

The preceding analytical expressions are resolved into the Cartesian coordinate system

for evaluating the Ly and L§ values for the stated three cases.
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N;of Nt;llof
(a) L (Rw/h = 10) (b) LS (Rw/h =100)
100 L
—-—FE-q4
107! -FE-q9
—h-FE-q4
. ——h-FE-q9
N 107 -x-a-FE-q4
-8-a-FE-q9
-8-ANS-q4
103 ¢ -8-ANS-q9
104 :
5 10! 10° 10° 7% 10°

(¢) LY (Ruw/h = 1000)
Figure 3.8: Lo error norm of stress for a curved cantilever beam with different slen-
derness ratios.

The problem is solved using different locking alleviation FE strategies alongside the
conventional FE formulation for the three cases with different mesh discretization. One
such mesh of eight q4 elements for Ry,/h = 10 is illustrated in Fig. 3.6. h-refinement is
carried out by increasing the number of elements in ¢ direction while keeping a single

element along the thickness direction. The mesh description and the corresponding
¢

R
ele and Mele

number of free degrees of freedom (foof) are shown in Table 3.2, where n,
are the number of elements in ¢ and R direction, respectively.

The problem is solved for three cases and the normalized displacement of a point of
interest, L3, and L error norms are evaluated against N, 7 as shown in Figs. 3.7 and 3.8.
The effect of distorted mesh coupled with the shear locking can be observed distinctively
in all three cases. For lower Ry, /h ratio, the conventional q4 and q9 elements converged
to the solution with considerably low refinement as compared to higher slenderness
ratios. However, the h-FE, a-FE and ANS elements have shown comparatively better
coarse mesh accuracy than the conventional elements, see Figs. 3.7a, 3.7b, and 3.8a.

The locking effect gets more prominent as Ry, /h ratio increases, see Figs. 3.7¢-3.7f,
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3.8b, and 3.8c. The effect of shear locking is significant when R,,/h = 1000, which
makes the problem ideal to assess the performance of different FE strategies. It can
be observed that while dealing with high slenderness ratios, the FE-q4 elements fails to
converge and FE-q9 elements needs significant refinement to reach to the solution. On
the other hand, h-FE-q4, a-FE-q4, and ANS-q4 converged to the solution with fairly
low number of elements, whereas h-FE-q9, ANS-q9, and a-FE-q9 elements have shown

highest convergence rate among all.

The lower Ry, /h ratio of the problem domain is less affected by locking. The con-
ventional formulation with acceptable refinement successfully converges to the solution.
However, with respect to coarse mesh accuracy, EAS, ANS, and hybrid formulations
provide superior result quality. In all three cases, a-FE and h-FE elements have the
fastest convergence rate regardless of the type of element. Furthermore, the performance
of ANS-q9 is comparable with a-FE and h-FE elements. However, the convergence rate
for ANS-q4 for Ry,/h = 10 and 100 is inferior to the a-FE and h-FE elements.

3.3.3 Cook’s membrane

The Cook’s membrane problem is considered across various literatures [107, 170-172]
to assess the performance of the formulation under the influence of volumetric locking.
The problem is composed of a tapered plate subjected to vertical shear load on one
end and fixed on the other end. The problem set-up is shown in Fig. 3.9, where E, v
and F' are the Young’s modulus, Poisson’s ratio and load per unit length, respectively.
The problem is solved for the plane-strain condition for nearly-incompressible problem
domain. The plane-strain condition along with v = 0.4999, makes the problem a typical

case of volumetric locking.

TH-337% 176103023



3.3. Numerical examples

Table 3.3: The mesh size and respective
N, f for Cook’s membrane problem.

Meshes Ngfof
n:e[;le X 7,l’?(:,’le q4 q9
1x1 4 12
2%x2 12 40
4x4 40 144
8x8 144 544
16x16 544 2112
32%x32 2112 8320
64 x 64 8320 -
1t 10°
0.9
<
F 0.8 o
207
%06 g
“F05 102
S04
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Figure 3.12: Normalized tip displacement and Lo error
stresses for a for a Cook’s membrane problem.

norm of displacement and
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Figure 3.13: Problem set-up and cor-  ements for plate with a hole problem.
responding boundary conditions for plate

with a hole problem.

The problem is solved using SRI, EAS, ANS, and hybrid formulation alongside the
conventional FE formulation. The refinement is carried out using h and p-refinement
strategies. A typical mesh description where the domain is discretized using sixteen
g4 elements is shown in Fig. 3.10. For every discretization, the number of elements in
both the directions is kept same. The mesh description and the corresponding Nj 7 are
shown in Table 3.3, where n, and ngle are the number of elements in x and y direction,
respectively.

As the analytical expressions describing the displacements or stresses at any pre-
scribed point in the domain are not available in the literature, results of a well-refined
mesh of 64 x 64 h-FE-q9 elements have been taken as reference for evaluating Ly norm.
The contour plots showing the magnitude of displacement (|u|) for the stated reference
mesh is shown in Fig. 3.11. The normalized vertical displacement of point ‘A’ against
the reference value of 7.6437 is shown in Fig. 3.12a. Furthermore, the Ly error norm
of displacement and stresses is evaluated, see Figs. 3.12b and 3.12c. The selected FE
strategies effectively alleviate the locking regardless of the type of the element. However,
the FE-q4 fails to converge to the solution even after a significant refinement. Order
elevation in conventional FE formulation provides acceptable accuracy in case of dis-
placements. However, the diverging results of stresses are noticed for both FE-q4 and
FE-q9. On the contrary, SRI, EAS, and hybrid formulation provides excellent coarse
mesh accuracy. The fastest convergence can be obtained using a-FE or h-FE formula-
tion either with q4 or q9 elements. It is important to note that there exists a singularity
in stresses at the top-left corner. As a result, the Lo norm of stresses may not attain a

very low value, as the variation at that location can dominate the overall results.

3.3.4 Plate with a hole

The next example is the 2D infinite plate with a circular hole loaded under the constant

uniaxial in-plane tension. Due to the symmetry of the problem, only a quarter portion
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Table 3.4: The mesh size and respective
N:jof for plate with a hole problem.

Meshes Ngfof
Ngle X Nege a4 a9
1x2 8 24
2x4 24 80
3x6 48 168
4x8 80 288
5x10 120 440
6x12 168 624
7x14 224 840
8x 16 288 1088
9x18 360 1368
10x20 440 1680
11x22 528 2024
13x26 728 2808
16x 32 1088 4224
21x42 1848 -
29%x 58 3480 -
31x62 3968 -

of the plate is considered for the analysis. The schematic of the problem is shown in
Fig. 3.13. The problem set-up consists of a finite square plate of the dimension L x L
with a circular hole of radius R and symmetric boundary condition on edge ED and BC.
The stress field on the edge AB and AE is given as follows [110, 173, 174]:

Ops = 1 — Ijj <§ cos 2¢ + cos 4¢> + ?;if cos 4o,

R? (1 3R
oy = 2 <2 cos 2¢ — coS 4¢> gy cos4g,

R2(1 | . 3R* .
Tay = =3 <2 sin 2¢ + sin 4¢> + o sin 4¢,

where r = \/22 + 32 and ¢ = tan~!(y/z).

The analytical expression for the displacement field is given as [169]

3
(k+1)cos qﬁ?((l + k) cos ¢ + cos 3¢) — ii; cos 3¢] ,

o) = |

wlr6) = o | = 3)sing + 251 = Dysing + sin30) - ifgsin%]

where p = and k = 3 — 4v (for plane-strain condition).

2(1+v)
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Figure 3.16: L5 error norm of displacement and stresses for plate with a hole problem
with v = 0.4999

Figure 3.18: The mesh of 8 x 1 x 1 b8
elements for 3D straight cantilever beam
problem with L/h = 100.

Figure 3.17: Problem set-up and cor-
responding boundary conditions for 3D
straight cantilever beam problem.
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Table 3.5: The mesh size and respective Nor
for a 3D straight cantilever beam problem.

Meshes N;Of
neLle X Migle X ngle b8& b27
1x1x1 12 54
2x1x1 24 108
4x1x1 48 216
8x1x1 96 432
16x1x1 192 864
32x1x1 384 1728
64x1x1 768 3456
128x1x1 1536 6912
256x1x1 3072 13824
512x1x1 6144 -
1024x1x1 12288 -

The problem is solved for two different values of Poisson’s ratio (v): 0.3 and 0.4999.
As v approaches 0.5, the adverse effects of volumetric locking are introduced into the
domain. The refinement is carried out using h and p-refinement strategies. A typical
mesh description, where the domain is discretized using thirty-two q4 elements, is shown
in Fig. 3.14. The mesh description and the corresponding Nclfof are shown in Table 3.4,
where n;, and nfle are the number of elements in r and ¢ direction, respectively.

The problem is solved using different FE strategies alongside the conventional for-
mulation, see Figs. 3.15 and 3.16. For v = 0.3, irrespective of the formulation that has
been used, the improvements with advanced FE elements are marginal for both q4 and
q9 elements against the conventional elements. However, the results of conventional FE
elements are largely affected when v is considered as 0.4999. Regardless of the element
type, the conventional elements lock severely with non-convergent results for displace-
ments and diverging results for stresses, see Fig. 3.16. On the contrary, the advanced
FE strategies perform consistently irrespective of the element type. The q9 elements,
when coupled with the advanced FE formulations, show overall better accuracy. Out
of them, the SRI shows the highest rate of convergence. a-FE and h-FE elements also
provide comparable coarse mesh accuracies for displacements and stresses for both the

cases.

3.3.5 Three-dimensional straight cantilever beam

The present problem is an extension of the 2D straight cantilever beam problem dis-
cussed in Section 3.3.1. The problem is considered to evaluate the performance of var-
ious 3D FE elements under the influence of shear locking. The problem comprises of a

straight beam of length L, width w, and thickness h, clamped on one end and subjected
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to vertical load f along the top edge of the other end [169], see Fig. 3.17. The material
parameters, i.e., Young’s modulus (E) and Poisson’s ratio (v) are taken as 1500 and 0,
respectively. The slenderness ratio L/h is varied from 10 to 1000 with the intention of
progressively introducing the adverse effect of shear locking into the problem domain

and studying the response of different FE elements.

The problem parameters for the three different cases are given as follows:

1. L=60,h=6,w=1, L/h =10, f =2.73375,
2. L=60,h=0.6,w=1,L/~h=100, f =2.73375 x 1073,
3. L =60, h=0.06,w=1, L/h=1000, f =2.73375 x 1075,

The analytical solution for the vertical displacement (u:f) at point ‘A’ is evaluated using
the Euler beam theory [169]. The uif of point ‘A’ is estimated as 7.29 for all the three

cases.

Similar to previous examples, the problem is solved using different elements for all
three cases with different mesh discretization. One such mesh of eight b8 elements for
L/h = 100 is shown in Fig. 3.18. The h-refinement is carried out by increasing the
number of elements in L direction while keeping a single element in h and w directions,
respectively. The mesh description and the corresponding number of free degrees of

w

freedom (Nji’“of) are shown in Table 3.5, where née, Neles and né‘le are the number of

elements in L, w, and h direction, respectively.

The problem is solved for the normalized displacement of the point ‘A’ and L} error
in the domain against N ;of' The corresponding results are noted in Fig. 3.19. The
locking effect for the lower L/h ratios is comparatively low, see Figs. 3.19a and 3.19b.
For such cases, even the conventional elements converge to the solution with acceptable
refinement. The advanced FE strategies provide superior coarse mesh accuracy for
b8 elements. However, the generalized ANS*-b8 elements show no improvement when
compared to the conventional FE-b8 elements. A marginal improvement over FE-b27
for ANS*-b27 elements is observed.

The effect of locking is significantly more for higher L/h ratios, specifically in linear
b8 elements. The performance of FE-b8 elements deteriorates consistently with the
increasing L/h ratio. In extreme cases, i.e., L/h = 1000, the FE-b8 fails to converge even
after significantly high refinement. On the contrary, the advanced FE techniques perform
consistently irrespective of the L/h ratio, with an exception for ANS*-b8 elements. The
ANS*-b8 elements perform similar to the conventional elements irrespective of L /h ratio.
These elements fail to alleviate locking for the defined problem parameters. Similar
observations can be seen for the overall L error in the domain. The conventional FE
formulation, in particular b8 elements, converges at a slower rate for a lower L/h ratio
and fails to provide acceptable accuracy for higher L/h ratios. On the other hand, the
convergence of Lj with other advanced FE techniques is significantly better than that

of the conventional formulation with an exception of ANS*-b8 elements. At higher L/h
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Figure 3.19: Normalized tip displacement and Lo norm of displacement for a 3D
straight cantilever beam with different slenderness ratios.
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Figure 3.20: Problem set-up and cor-
responding boundary conditions for 3D

curved cantilever beam problem.

0 o

Figure 3.21: The mesh of 8 x 1 x 1 b8
elements for 3D curved cantilever beam
problem with R/h = 10.

Table 3.6: The mesh size and respective Ngof

for a 3D curved cantilever beam problem.

Meshes Ngl‘of
nzle X nge X Nge b8 b27
1x1x1 12 54
2x1x1 24 108
4x1x1 48 216
8x1x1 96 432
16x1x1 192 864
32x1x1 384 1728
64x1x1 768 3456
128x1x1 1536 6912
256x1x1 3072 13824
512x1x1 6144 -
1024x1x1 12288 -

ratios, h-FE-b8 and a-FE-b8 show almost similar and satisfactory coarse mesh accuracy,

whereas h-FE-b27 has a marginal improvement over h-FE-bS.

3.3.6 Three-dimensional curved cantilever beam

The next problem is a 3D extension of the curved cantilever problem. The problem serves

as an excellent case to assess the performance of several 3D FE elements under coupled

shear and membrane locking effect. The problem comprises of a curved beam of mean

radius R, width w, and thickness h, clamped at one end, and subjected to horizontal
load f = 0.1h3 along the top edge of the other end [101, 143], see Fig. 3.20. The material

parameters E and v are taken as 1000 and 0.25, respectively. The slenderness ratio R/h

is varied from 10 to 1000 in order to gradually introduce the negative effects of shear
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and membrane locking into the problem domain and investigate the response of various

FE elements.

The problem parameters for the three different cases are given as follows:

1. Ry =114, Roy = 12.6, R/h =10, f = 1.728 x 1071,
2. Rip = 11.94, Roye = 12.06, R/h = 100, f = 1.728 x 1074,
3. Ripn = 11.994, Roy = 12.006, R/h = 1000, f = 1.728 x 1077,

The reference horizontal displacement (u™) of point ‘A’ is 1.6338, 1.6236, and 1.5852

T
for R/h = 10, 100, and 1000, respectively [143].

The problem is solved using different elements for the stated three cases with different
mesh descriptions. One such mesh of eight b8 elements for R/h = 10 is shown in
Fig. 3.21. The h-refinement is carried out by increasing the number of elements in the 8
direction while keeping a single element along the h and w directions, respectively. The
mesh description and the corresponding N é‘of are shown in Table 3.6, where nzle, nffe,
and nf, are the number of elements in ¢, R, and w direction, respectively. By taking
into account the reference solution of a highly refined mesh of h-FE-b27 elements, the

relative L error norm has been assessed.

The effect of shear and membrane locking can be observed distinctively in all three
cases. Even with a lower R/h ratio, the FE-b8 elements converge at a slightly lower value
than that of the reference solution, see Fig. 3.22a. This promoted comparatively higher
values of overall LY error in the domain, see Fig. 3.22b. Additionally, the classical (ANS-
b8) and generalized (ANS*-b8) ANS approach performed similar to the conventional
formulation for R/h = 10. Both of these methods failed to alleviate the locking that
plagued the results of FE-b8 elements. On the contrary, the h-FE-b8 and «-FE-b8
converged to the reference solution with a fairly low number of elements. The higher-
order conventional elements (FE-b27) are less affected by locking. The supposedly
superior alternatives, i.e., ANS*-b27 elements, show no improvement when compared to
FE-b27 elements.

The effect of locking is more pronounced in higher R/h ratios, see Figs. 3.22¢, 3.22d,
3.22e, and 3.22f. The performance of FE-b8 and ANS*-b8 consistently degrades with the
increase in R/h ratio. The classical ANS-b8 elements comparatively perform better than
the conventional elements, yet the results are widely plagued with locking. The higher-
order conventional FE elements converge to the solution with considerable refinement
irrespective of the R/h ratio. Similar to the lower R/h ratio problem description, the
performance of ANS*-b27 shows no visible improvement over conventional elements.
On the contrary, h-FE-b8, h-FE-b27, and a-FE-b8 performed consistently superior in
terms of coarse mesh accuracy and lower overall LY error in the domain. Among them,

h-FE-b27 has shown the best performance, especially at higher R/h ratios.

The results presented are based on the meshing strategy outlined in this section.

However, further improvements can be achieved by increasing the number of elements
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Figure 3.22: Normalized tip displacement and Lo norm of displacement for a 3D
curved cantilever beam with different slenderness ratios.
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3.3. Numerical examples

Figure 3.23: Problem set-up and corre- Figure 3.24: The m?Sh of 1 x 8 x 8 b3
sponding boundary conditions for a quar- elements for a Scordelis—Lo roof problem.
ter domain of the Scordelis—Lo roof prob-

lem.

Table 3.7: The mesh size and respective Ngjof
for a Scordelis—Lo roof problem.

Meshes Ngl‘af

nﬁe X ”Zle X née b8& b27
1x2x2 43 202

1x4x4 121 658

1x8x8 457 2530
1x16x16 1633 9538
1x32x32 6433 37473
1x64x64 24970 -

in the w and h directions for R/h = 10 and adding more elements in the w direction for
R/h ratios of 100 and 1000.

3.3.7 Scordelis—Lo roof problem

The Scordelis—Lo roof problem is one of the shell obstacle course problems and has
been treated as a standard test problem to assess the performance of a FE formulation
under the influence of locking [175]. The problem is composed of an 80° section of
the circular cylinder having thickness h, length L, and mean radius R. The circular
section is constrained at both ends with the rigid diaphragm while the remaining two
sides are free. The effect of body force per unit volume (pg) on the defined problem
set-up is investigated. Only one-fourth of the cylindrical segment is examined due to the
symmetry of the problem. The problem set-up and corresponding boundary conditions
are shown in Fig. 3.23, where L = 50, h = 0.25, and R = 25. The material parameters
E and v are taken as 4.32 x 10® and 0, respectively. The body force per unit volume
is considered as pg = 360, where p denotes the specific mass of the body and g is the
acceleration due to gravity. The reference vertical displacement (u™f) of point ‘A’ is
0.3024 [175].
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——FE-b§ ——h-FE-b8 - -a-FE-b8- 3 - ANS*-b8
—e—FE-b27 —¢—h-FE-b27- @ - ANS-b8 - - - ANS*-b27

1.3F
1.2}
L1f
< 1t
E 09t
2 08¢
46—67 07 I
Foe6f
5057
<04t
S 03¢
021
0.1F =
0 |~ 1 1 1 1 1 1
10" 10% 10° 100 s5x10* 10! 10% 10° 10" 5x10*
N, (!ltu f ‘Nv(;of
(a) u./ui (b) L3

Figure 3.25: Normalized tip displacement and Ly norm of displacement for a Scordelis—
Lo roof problem.

The problem is solved using different elements for the different mesh descriptions.
One such mesh of sixty-four b8 elements is shown in Fig. 3.24. The h-refinement is
carried out by increasing the number of elements in # and L direction while keeping a
single element along the thickness. The mesh description and the corresponding Nj, p

are shown in Table 3.7, where nﬁe, n21e> and né are the number of elements in R, 0,

e
and L direction, respectively. By taking into account the reference solution of a highly
refined mesh of h-FE-b27 elements (1 x 32 x 32), the relative LY error norm has been
assessed.

The vertical displacement (u,) of point ‘A’ is evaluated for different elements and
normalized against the reference solution, see Fig. 3.25a. The problem is further inves-
tigated by calculating the overall Ly error norm of the displacement against Nj, 7 and
the results are shown in Fig. 3.25b. It can be seen that the conventional FE-b8 and the
classical ANS-b8 elements lock severely and fail to converge to the reference value even
after significant refinement. The results for generalized ANS*-b8 are better yet not of
acceptable accuracy. On the contrary, the b8 elements developed using hybrid and EAS
formulation successfully alleviates locking and show very good coarse mesh accuracy.
The FE-b27 elements converge to the solution with refinement; however, the h-FE-b27

and ANS*-b27 show superior results than that of the conventional formulation.

3.3.8 Incompressible cube with pressurized section

The last example is a well-known problem to determine the performance of various 3D
elements under the influence of volumetric locking arising due to near-incompressibility
constraint [54, 143, 176]. The problem is composed of a rectangular block of length 2L,
width 2L, and height L with a pressurized section at the center of the block. Let P is

the pressure load applied at the mid cross-section area of dimension L x L. Owing to the
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u, =0 at
bottom face L

Figure 3.26: Problem set-up and corre-
sponding boundary conditions for a quar-
ter domain of a 3D incompressible block
problem.

~n 0.5

—_

05

y X
Figure 3.27: The mesh of 2 x2x 2 b8 el-
ements for 3D incompressible block prob-
lem.

Table 3.8: The mesh size and respective Ngof
for a 3D incompressible block problem.

Meshes Naos
Ne X ngle X NZ, b8 b27
2X2x%2 42 260
4x4x4 260 1800
8x 88 1800 13328
16x16x16 13328 102432
32x32x32 102432 -
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Figure 3.28: Normalized tip displacement and Lo norm of displacement for a 3D

incompressible block problem
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Table 3.9: Mesh description and number of N, dof for achieving 95% accuracy in dis-
placements. (SB-10, SB-100, and SB-1000 represent the straight cantilever beam prob-
lem for slenderness ratios 10, 100, and 1000, respectively. Similarly, CB-10, CB-100,
and CB-1000 denote the curved cantilever beam problem for slenderness ratios 10, 100,
and 1000, respectively. CM indicates Cook’s membrane problem, whereas PH represents
the plate with a hole problem. N.C. represents ‘Not Converging’, N.A. describes ‘Not
Applicable” and the number of Nj, . is stated inside () besides the mesh sizes.)

Type of element and paired FE technique

Problem

FE-q4 SRI-q4 a-FE-q4 ANS-qg4 h-FE-q4
SB-10 32x1 (128) N.A. 3x1 (12) 3x1 (12) 3x1 (12)
SB-100  334x1 (1336) N.A. 3x1 (12) 3x1 (12) 3x1 (12)
SB-1000 N.C. N.A. 3x1 (12) 3x1 (12) 3x1 (12)
CB-10 56x1 (224) N.A. 8x1 (32) 7x1 (28) 7x1 (28)
CB-100  502x1 (2008) N.A. 16x1 (64) 15x1 (60) 15x1 (60)
CB-1000 N.C. N.A.  32x1 (128) 30x1 (120)  30x1 (120)
CM N.C. 11x11 (264) <7 (112) N.A. 8x8 (144)
PH N.C. 3x6 (48) 3x6 (48) N.A. 3x6 (48)

Problem Type of element and paired FE technique
FE-q9 SRI-q9 a-FE-q9 ANS-q9 h-FE-q9
SB-10 2x1 (24) N.A. 1x1 (12) 1x1 (12) 1x1 (12)
SB-100 3x1 (36) N.A. 1x1 (12) 1x1 (12) 1x1 (12)
SB-1000 3x1 (36) N.A. 1x1 (12) 1x1 (12) 1x1 (12)
CB-10 7x1 (84) N.A. 2x1 (24) 2x1 (24) 2x1 (24)
CB-100 19x1 (228) N.A. 3x1 (36) 3x1 (36) 2x1 (24)
CB-1000 61x1 (732) N.A. 3x1 (36) 3x1 (36) 2x1 (24)
CM 8x8 (544) 3x3 (84) 3x3 (84) N.A. 3x3 (84)
PH 10x20 (1680) 2x4 (80) 2x4 (80) N.A. 2x4 (80)

symmetry of the problem, only one-fourth of the problem domain is investigated. The
problem set-up and involved boundary conditions are described in detail in Fig. 3.26,
where L = 1 and P = 80. The material parameters £ and v are taken as 240.56839
and 0.4999, respectively. The Poisson’s ratio is kept close to 0.5 to simulate the near-
incompressibility constraint in the defined problem.

The problem is solved using different elements that are known to alleviate the vol-
umetric locking alongside the conventional formulation. A typical FE mesh of eight b8
elements is shown in Fig. 3.27. The h-refinement is carried out by uniformly increasing
the number of elements in x, y, and z directions. The mesh description and the cor-

are the number of

responding N}jof are shown in Table 3.8, where ng_, ni’le, and nZ,

elements in z, y, and z direction, respectively. The reference vertical displacement (u:°f)
at point ‘A’ is 0.2165 [143]. Further, the relative LY error norm has been assessed by
taking into account the reference solution of a highly refined mesh of h-FE-b27 elements
(32 x 32 x 32 elements).
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Table 3.10: Mesh description and number of Nor for achieving 90% accuracy in
stresses. (SB-10, SB-100, and SB-1000 represent the straight cantilever beam problem
for slenderness ratios 10, 100, and 1000, respectively. Similarly, CB-10, CB-100, and
CB-1000 denote the curved cantilever beam problem for slenderness ratios 10, 100, and
1000, respectively. CM indicates Cook’s membrane problem, whereas PH represents
the plate with a hole problem. N.C. represents ‘Not Converging’, N.A. describes ‘Not
Applicable” and the number of Nj, . is stated inside () besides the mesh sizes.)

Problem Type of element and paired FE technique

FE-q4 SRI-q4 a-FE-q4 ANS-q¢4 h-FE-q4
SB-10 29x1 (116) N.A. 6x1 (24) 6x1 (24) 6x1 (24)
SB-100  236x1 (944) N.A. 6x1 (24)  6x1 (24) 6x1 (24)
SB-1000 N.C. N.A. 6x1 (24) 6x1 (24) 6x1 (24)
CB-10  44x1 (176) N.A. 11x1 (44)  8x1(32) 8x1 (32)
CB-100 392x1 (1568) N.A. 25x1 (100)  19x1 (76) 20x1 (80)
CB-1000 N.C. N.A. 56x1 (224) 50x1 (200) 50x1 (200)
CM N.C. 64x64 (8320) 62x62 (7812) N.A. 62x62 (7812)
PH N.C. 11x22(528) 12x24 (624) N.A.  10x20 (440)
Problem Type of element and paired FE technique
FE-q9 SRI-q9 a-FE-q9 ANS-q9 h-FE-q9
SB-10 4x1 (48) N.A. 1x1(12) 1x1 (12) 1x1 (12)
SB-100 4x1 (48) N.A. I1x1(12) 1x1(12) 1x1 (12)
SB-1000 4x1 (48) N.A. 1x1 (12) 1x1 (12) 1x1 (12)
CB-10 11x1 (132) N.A. 3x1 (36) 3x1 (36) 3x1 (36)
CB-100 31x1 (372) N.A. 3x1 (36) 3x1 (36) 3x1 (36)
CB-1000 105x1 (1260) N.A. 3x1 (36) 3x1 (36) 3x1 (36)
CM N.C. 28x28 (6384) 25x25 (5100) N.A.  25x25 (5100)
PH N.C. 4x8 (288) 5x10 (440) N.A. 4x8 (288)

The problem is solved for the vertical displacement at point ‘A’ and the results are
normalized against the reference solution, see Fig. 3.28a. Further, the overall Lo er-
ror norm of the displacement against N;fof is evaluated and the results are shown in
Fig. 3.28b. The adverse effects of volumetric locking plagued the results of conventional
FE-b8 elements. Even after significantly high refinement, FE-b8 elements fail to con-
verge to the reference solution. The advanced FE techniques, irrespective of the element
type, successfully alleviate volumetric locking. The high coarse mesh accuracy is ob-
served for h-FE, a-FE, and SRI elements. The results obtained with these techniques

only marginally vary from each other.

3.4 Key findings

This work presents a comprehensive study of VHW principle-based EAS, a specific class
of stress-based HR principle-based hybrid formulation, SRI, ANS approach alongside the
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Table 3.11: Mesh description and number of Nj, 7 for achieving more than 95% accu-
racy in displacements in 3D problem domains. (SB*-10, SB*-100, and SB*-1000 repre-
sent the 3D straight cantilever beam problem for slenderness ratios 10, 100, and 1000,
respectively. Similarly, CB*-10, CB*-100, and CB*-1000 denote the 3D curved can-
tilever beam problem for slenderness ratios 10, 100, and 1000, respectively. SDL and
IB indicates the Scordelis—Lo roof and incompressible block problem, respectively. N.C.
represents ‘Not Converging’, N.A. describes ‘Not Applicable’ and the number of N:;Of is
stated inside () besides the mesh sizes.)

Type of element and paired FE technique

Problem

FE-b8 SRI-b8 a-FE-b8 ANS-b8 h-FE-b8
SB*-10 32x1x1 (384) N.A. 3x1x1 (36) 3x1x1 (36) 3x1x1 (36)
SB*-100 512x1x1 (6144) N.A. 3x1x1 (36) 3x1x1 (36) 3x1x1 (36)
SB*-1000 N.C. N.A. 3x1x1 (36) 3x1x1 (36) 3x1x1 (36)
CB*-10 N.C. N.A. 6x1x1 (72) N.C. 5x1x1 (60)
CB*-100 N.C. N.A. 15x1x1 (180) N.C. 14x1x1 (168)
CB*-1000 N.C. N.A. 32x1x1 (384) N.C. 30x1x1 (360)
SDL N.C. N.A. 1x4x4 (121) N.C. 1x4x4 (121)
1B N.C. 4x4x4 (260) 4x4x4 (260) N.A. 4x4x4 (260)

Problem Type of element and paired FE technique
ANS*-b8 FE-b27 SRI-b27 ANS*-b27 h-FE-b27
SB*-10 32x1x1 (384) 2x1x1 (108) N.A. 2x1x1 (108) 1x1x1 (54)
SB*-100 512x1x1 (6144) 3x1x1 (162) N.A. 3x1x1 (162) 1x1x1 (54)
SB*-1000 N.C. 3x1x1 (162) N.A. 3x1x1 (162) 1x1x1 (54)
CB*-10 N.C. 5x1x1 (270) N.A. 5x1x1 (270) 2x1x1 (108)
CB*-100 N.C. 21x1x1 (1134) N.A. 21x1x1 (1134) 3x1x1 (162)
CB™*-1000 N.C. 64x1x1 (3456) N.A. 64x1x1 (3456) 8x1x1 (432)
SDL 1x64x64 (24970) 1x8x8 (2530) N.A. 1x8x8 (2530) 1x4x4 (658)
1B N.A. 4x4x4 (1800) 2x2x2 (260) N.A. 2x2x2 (260)

conventional FE formulation. The performance of the these FE alleviation strategies
is assessed by the evaluation of normalized displacement of a specific location against
the reference solution and the relative Lo error norms of displacement and stress on
numerous benchmark examples. The adverse effect of locking is prominently observed in
low-order conventional elements. Higher-order elements are less prone to locking, even
with the conventional FE formulation. However, the SRI, a-FE, and h-FE elements
effectively alleviate the locking and provide superior coarse mesh accuracy irrespective
of the element type. The classical ANS elements in 2D regime have shown improved
performance against the conventional element. However, its extension to 3D problems

has shown no notable gain in the solution quality while dealing with locking.

To summarize the findings, the ability of a method to achieve an accuracy of 95%
in displacement and 90% in stress against the minimum number of Not required is
evaluated, see Tables 3.9, 3.10, and 3.11. The results obtained for each numerical
example and the comparative performance of individual method leads to the following

conclusions:
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1.

The SRI approach provides high convergence rates in the problems affected by
volumetric locking. However, the method is restricted to alleviate volumetric
locking in conventional solid elements. The method’s effectiveness lies in how
efficiently we can isolate the part that is responsible for locking. This separation
is not possible for other types of locking in solid elements. Hence, the method is
less robust and applicability is restricted to compatible problem domains.

The classical ANS method effectively alleviates the shear locking in 2D thin
structural geometries such as straight and curved cantilever beam problems with
a high slenderness ratio. Furthermore, the method provides better computational
efficiency over other methods. However, the method is restricted to problems
affected by shear locking. The extension of the method to the 3D problems is
not a viable option as the elements developed show no considerable improvement
over conventional elements.

The EAS method based on VHW and hybrid formulation based on the HR prin-
ciple performs effectively and consistently irrespective of the type of locking. The
presented hybrid elements show a marginal improvement in coarse mesh accuracy
over EAS while handling the curved cantilever beam under the influence of shear

locking and alleviating the volumetric locking in plate with a hole problem.

The above findings state that the presented class of hybrid formulation provides a

robust,

reliable, and efficient numerical approach to alleviate different types of locking.

The immediate alternative to hybrid elements is the EAS method which provides equiv-

alent accuracy in many cases but is marginally inferior to hybrid elements in certain

situations. However, EAS elements exhibit greater stability in severely distorted meshes

compared to the presented class of hybrid elements.
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Chapter 4

Development of Quadratic EAS

Elements!

The EAS elements are widely used in the literature to address the issue of locking
associated with conventional elements. However, existing literature in the context of
three-dimensional (3D) elasticity problems is predominantly restricted to the eight-node
linear EAS (Section 2.3.2.3) elements. Thus, existing 3D EAS elements do not exploit
the superior performance offered by quadratic elements over linear elements.

In this chapter, we propose a novel twenty-seven node quadratic EAS element, which
is the first such attempt in the literature. Additionally, the chapter also presents a
six-node wedge and an eighteen-node wedge EAS element. Furthermore, it outlines
the systematic procedure for deriving the aforementioned elements, emphasizing the
investigation of the interrelation between the two-field HR (Section 2.4) and three-field
VHW (Section 2.3) variational formulations. Finally, the robustness and performance

of the proposed EAS elements is demonstrated through numerous examples.

4.1 Introduction

Locking poses a challenge in FEA, and in response, numerous techniques have been
proposed in the literature to address the issue of locking, see Section 1.4. However,
these techniques are limited in their applicability and are most suited to a specific set of
problems, lacking generality across a wide range of problems. For instance, shell theories
are limited to analyze thin structures due to kinematic assumptions and require complex
mathematical formulation. Further, reducing the Gaussian quadrature rule order in
RI can cause instabilities like “hourglass modes”, while separating the locking-affected

part of the material tensor in SRI is not always possible. ANS method is suited only

'D. S. Bombarde, M. Agrawal, S. S. Gautam, A. Nandy, “Development of quadratic enhanced
assumed strain elements for three-dimensional linear elasticity”, Computers & Structures 291 (2024)
107217. https://doi.org/10.1016/j.compstruc.2023.107217
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for alleviating shear locking, whereas the strain projection techniques are restricted to

problems involving incompressibility.

Extensive efforts have been made in the literature to develop generalized elements
that can perform well in any scenario, whether the problem involves thin or thick struc-
tures or requires handling incompressibility or near-incompressibility of materials, with-
out compromising their performance in any aspect. Towards this goal, multi-field vari-
ation formulations have provided viable options. These formulations assume additional
independent fields, such as stress or strain fields, alongside the displacement. The com-
monly employed strain-based formulations are based on the VHW variational principle
[54, 121-134, 165-167], whereas the stress-based elements are derived from the HR vari-
ational principle [32, 126, 136, 137, 139-143, 145, 146]. Both of these formulations are
widely recognized for their ability to effectively address the locking issue and have the
capacity to solve thick and thin geometries without introducing additional complexity.
Furthermore, the additional degrees of freedom associated with the strain or stress field
are eliminated at the element level. As a result, there is no alteration in the size of the

global stiffness matrix in comparison to conventional displacement-based elements.

The strain-based formulation, particularly the EAS method, has become the most
extensively used technique due to its ease of implementation. The EAS method has
been applied to a range of problems, demonstrating good bending behavior, locking-free
response in incompressible materials and thin structural geometries, and good accuracy
with relatively coarse mesh [54, 121-134, 165-167]. However, existing 3D EAS elements
are solely developed on linear eight-node elements, despite literature indicating that con-
ventional quadratic elements demonstrate a higher convergence rate compared to linear
elements [8]. Hence, the potential advantages offered by higher-order elements, such as
twenty-seven node elements, have not been exploited to their fullest by the EAS commu-
nity. In this chapter, we propose an EAS formulation for the 3D quadratic hexahedral
element. The proposed element offers the combined advantages of the EAS formulation
and quadratic elements. Apart from this, the current work also presents the novel six-
node and eighteen-node wedge EAS elements derived under the same framework. These
new EAS elements will significantly enhance the applicability of EAS elements in the
FEM community.

A crucial aspect in the development of the proposed EAS elements is the care-
ful selection of a feasible set of interpolation functions to approximate the enhanced
strain field. To accomplish this, the equivalence between the stress-based HR and the
VHW-based EAS formulation is utilized. Achieving equivalence requires ensuring or-
thogonality between the independent stress field in the HR-based formulation and the
enhanced strain field in the VHW-based EAS formulations, along with satisfying certain
conditions on their respective spaces [125, 126, 177, 178]. The present work employs the
independent stress field proposed in [141, 142], which provides efficient and robust hybrid

elements. These elements employ a distinct approach to obtain a unique set of stress
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interpolation functions that have proven effective in diverse applications [143, 147-151],
demonstrating the versatility of the method in practical settings. The current study
utilizes these stress interpolations and explores the orthogonality condition to derive an
efficient choice for the enhanced strain field in both quadratic hexahedral and wedge
EAS elements. Although the primary attention was on the aforementioned proposed
elements, the methodology outlined in this work can be employed to generate a va-
riety of EAS elements from their corresponding stress-based elements in a systematic

framework.

The proposed EAS elements are extensively tested with several benchmark numerical
examples, which demonstrate their capability to alleviate locking and provide higher ac-
curacy with coarser mesh compared to conventional elements. The efficiency, reliability,
and robustness of the proposed elements make them a viable option for solving a diverse
range of problem domains, especially in cases where volumetric, transverse shear, and
membrane locking are dominant factors. Moreover, the twenty-seven node brick EAS
element provides either superior or similar performance as the existing eight-node brick
EAS elements. As a result, it presents an attractive alternative to the available EAS
elements. Further, the current work also presents a set of wedge EAS elements. These
wedge EAS elements have been shown to reduce the stress oscillations that plagued the

results of a volumetric locking-dominated domain, leading to improved result quality.

The rest of the chapter is organized as follows: In Section 4.2, the fundamental
concepts in the two-field stress-based HR variational principle and VHW variational
principle for the EAS method are recollected from the preceding chapters. It further
discusses the equivalence between both approaches and the conditions that lead to their
equivalence. Section 4.3 primarily focuses on evaluating the strain interpolation func-
tions employed in the proposed EAS elements. In Section 4.4, the proposed EAS
elements are assessed by analyzing their performance in multiple benchmark numeri-
cal examples. Finally, Section 4.5 summarizes the work and additional supporting

information is provided in the Appendix.

4.2 Introduction to VHW-based EAS method, stress-based

HR variational principle, and their equivalence

The present section briefly recollect the preliminary concepts involved in the VHW vari-
ational principle for EAS method and the two-field stress-based HR variational principle.
Further, the section explores the interrelation between these two approaches, emphasiz-
ing their equivalence and the necessary conditions for establishing equivalence. These
concepts are crucial for comprehending the development of the proposed EAS element,

as they contribute to the overall completeness of the chapter.
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4.2.1 VHW variational principle for EAS method

The VHW variational principle consists of three primary field variables: displacement
(u), stress (o), and strain (¢). The admissible variations of these variables are repre-
sented by du, do, and de, respectively. Let V,, Vo, and V. be the spaces associated

with du, do and de, respectively, which can be expressed as follows:

Va = {6u€H1(R):6u:Oon anu}, (4.1)
Vs = {50’ € L2(R) : b0 = 5aT}, (4.2)
Ve = {5s € L2(R) : e = 55T}. (4.3)

The foundation of the EAS method is based on the above VHW principle. In EAS

method, the € is divided into two parts as follows:
e=¢e"+e“, (4.4)

where € is the compatible strain field defined by Eq. 2.2 and € is the independent en-
hanced strain field introduced to alleviate the locking. In order to avoid the dependency
on o in VHW variational principle, an orthogonality condition is introduced between o
and €® such that

/ 0o :e*dR=0 or / sale*dR =0, (4.5)
R R

where o and &% are the vector form of do and &, respectively. Finally, the vari-
ational statement involved in EAS is derived by consecutively choosing zero varia-
tions of displacements and assumed strains separately, i.e., (du,de®) = (du,0) and
(6u,0e”) = (0,0e”). Assuming the orthogonality as per Eq. 4.5, the EAS approach for
the given classical linear elasticity problem (Section 2.1) can be formulated through the

following variational statement:
/ (6e")TEcdR = / SulbdR + / SultdA VYV éu €V, (4.6)
R R IRy
/ (66" (6° — &) dR = 0, (4.7)
R
where g%, €%, and & are the vector representations of €%, €%, and o, respectively. The

detailed derivation of the participating variational statement is discussed in Section 2.3.

4.2.2 Stress-based HR variational principle

The HR variational principle comprises of two independent field variables, i.e., dis-

placement and stress. Let w and o be the independent displacement and stress field,
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respectively, while du and do represent their respective variations in such a way that

Vu = {5u € H'(R) : u =0 on anu}, (4.8)
Vo = {50 € L2(R) : b0 = (50’T}, (4.9)

where V,, and V, are the spaces associated with the admissible variations du and Jo,
respectively. For the linear elasticity problem defined in Section 2.1, the resulting vari-

ational statement can be expressed as follows:

/(55) gdR = /5ude7e+ sultdA VYV ou ey, (4.10)
R IR+

/ e -C- (7] dR =0 Vo, (4.11)

where o and " are the vector representations of o and €%, respectively and C is the
material constitutive tensor. A more comprehensive exploration of the topic is presented

in Section 2.4.

4.2.3 Approximation of field variables and involved function spaces

The HR and VHW-based EAS variational principles necessitate the use of independent
interpolation techniques for approximating the independent u, &, and £€%. These primary

field variables and their involved function spaces are defined as follows:

Vu = {u,0u: u = Ni, 6u= Now; @,00 € R} (4.12)
V, = {&,5& .o = PP, 66 = P3S3; 3,08 € ]R"é} , (4.13)
Vea = {£%,06% 1 8 = Gév, 0% = GSéy; &, 06 € R} . (4.14)

Here, V4, Vs, and V.o are the function spaces for u, o, and &%, respectively. n.
represents the count of nodes in each element, while ng denotes the degrees of freedom for
each node. The number of stress and strain parameters per element is represented by n 4
and ng, respectively. The matrix IN, P, and G are the displacement, stress, and strain
interpolation matrices. Conventionally, the IN is composed of the Lagrange interpolation
functions, whereas special schemes must be developed to choose appropriate P and
G interpolation matrices. In addition to the above spaces, the spaces for dependent

variables are defined as

Vou={6":0"=C&"=CBu Y u €V}, (4.15)
Voo ={6%:6%=Ce" V €* € Vea}, (4.16)

where Vyu and Vye is the function space of % and o, respectively and B is the

strain-displacement matrix.
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4.2.4 Conditions for equivalence between HR-based hybrid and VHW-
based EAS elements

The section briefly outlines the key conditions and requirements that result in exact
equivalence between HR principle-based hybrid elements and VHW principle-based EAS
elements. The two methods lead to identical elements and exhibit exact equivalence if
the resulting displacement from both hybrid and EAS elements is identical and if the
stress evaluated in the hybrid elements (o) is equal to the stresses obtained in EAS
elements (% = g" + %), at every point in the element domain [125, 126, 178]. Here,
o' and o are the stresses evaluated using u and &%, respectively. The conditions that

guarantee the exact equivalence are given as follows:

(a) Orthogonality condition: An orthogonality condition is introduced between o

and €“ that implies
/ 0o :e*dR=0 or / 667> dR = 0. (4.17)
R R

The above criterion also entails that the V, and V.o do not share the function
space, i.e., Vo N Vea = . Let o and €% be approximated as per Eqgs. 4.13
and 4.14, then the transformations that relate the natural coordinate system to

physical space are given as

& = PpB=T,Pg3, (4.18)
g% =Ga= ||”;0|’T0Téa, (4.19)

where P and G are the stress and strain interpolation matrix defined in the
natural coordinate system, the Jacobian J relates the physical and natural co-
ordinate system, whereas Jq is the Jacobian evaluated at the element center.
The transformation matrix, T, connects the matrices P and G in the natural
space to their corresponding counterparts in the physical space. The matrix T
is evaluated at the element center in order to pass the requirement of the patch
test. The expression for Ty can be found in Eq. 2.24. Finally, by substituting
Eq. 4.18 and 4.19 in Eq. 4.17, a following relation for the interpolation matrices
can be derived:

/ P G dr =, (4.20)

R

where R represent the domain in natural coordinates.

(b) Condition on the direct sum of functional spaces: The condition on the functional
spaces of stresses requires that the direct sum of V, and Vs« should include Vgu,
ie.,

Vou C Vo @ Vga (4.21)
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Since C' is a positive definite matrix, Eq. 4.21 can be further expressed as
VO'“ g Vo’ S Vea (422)

The above equation, along with the orthogonality condition, implies that for every

o" € Vgu there exists a unique o € V, and €“ € V.o such that o% = o — Ce“.

4.3 Exploring orthogonality to derive a stable and robust

function space for EAS

In this section, a systematic approach is introduced to determine the space of interpola-
tion functions for approximating €* for deriving a locking-free and stable EAS element.
The methodology is based on the orthogonality of & and &* as stated in Eq. 4.17 which
must hold for any pair of (6,€%) € (V4 X Vea). To ensure this, let’s revisit the Eq. 4.17

and express it in the following manner:
/ ale* dR =0 — / PTe AR =0, (4.23)
R R

where P denotes the interpolation matrix of the stress field & in stress-based hybrid
elements. The choice of P is taken from the stress-based hybrid elements introduced
in [141, 142] due to their proven efficiency, robustness, and extensive testing in a wide
range of applications. Note that the present work utilized matrix Ty while in [141, 142]
the transformation matrix has been calculated at each Gauss point. In these elements,
the interpolation of each component of the stress is independent of each other, thus

giving rise to the following block structure of P:

P, 0, 0. 04 0. O
0, P, 0. 0; 0. Of
P=TyP =T, [PL PH}:TO O 0y Py 04 0c 0Oy , (4.24)
0, 0, 0, Py 0. O
0, 0, 0. 0; P5 O
0, 0, 0. 0; 0. Pg]

where P and Py denote the lower and higher-order stress interpolation matrices,
respectively. The vector P; represents the set of stress interpolation functions, which
includes a total of n; functions. Additionally, the vectors O, 0y, ..., 0y are zero vectors
of size ny, no, ..., ng, respectively. The block nature of the P matrix implies that the

orthogonality condition can be restated as follow:

/ PTs¥ dR =0 <z =1,2, ..., 6. nosummation over ‘i’), (4.25)
R

TH-3379 176103023 73



Chapter 4. Development of Quadratic EAS Elements

where P; = ToP;. Here, P; refers to the vectors P, Psy, ..., Pg and the cor-

responding &5 is the i component of a vector &%, where &* can be expressed as
T

=0 =0 __ = = __ = =0 __ = = __ =(&x =0 __ = =0 __ = 3 1

gr = [51 =&y, 65 =&y, &5 =¢3, &} =&y, &5 =¢,, & =¢&;,| - For interpolation

of €%, we similarly assume that all the enhanced strain components are independently
interpolated from each other. To put it another way, there are no shared strain param-
eters between the enhanced strain components. Thus, the strain interpolation matrix

also has the block form and is given by the following expression:

—

G1 0y Op Oge Op« Oy &

0, G2 0y 04 O« O a2

J . ’ 0y 0y G3 0ge Ope O ol
_0‘:‘ O‘TgTGd,suchthatG: g0 8 7 d T T and & = RE

| J | 0y Op O Gy Oc Op &

04+ Op« Oy 04 G5 O &’

05+ 0y 0= Oge O Gy Cx

where G’l is the set of m; strain interpolation functions in natural coordinates. The

vectors Qg+, Op«, ..., O« are zero vectors of size mq, ma, ..., mg, respectively.

Furthermore, it is assumed that the function space of components of the G, i.e., V- >

is defined in the following manner:

éi_{cﬁ-a : /~Pi$-ad7~€—0}. (4.26)
R
Here, qg represents a set of functions in the natural coordinate system, and a corresponds
to a vector of constants. The constraint on (f) - @ arises from the orthogonality condition
stated in Eq. 4.25. The functions in qg are chosen in such a way that the second condition
of the equivalence, as described in Eq. 4.22, can be met, particularly in the case of
constant Jacobian. The most straightforward way to do so is to take all the interpolation
functions that are part of displacement interpolation. For instance, in an eight-node
brick element, qf; consists of all the trilinear polynomial functions in &, i, and (. After

determining the suitable q5, Eq. 4.26 leads to the following system of linear equations:
~ T r ~
/ P, [Z ardr (€7, o] dR = 0. (4.27)
R k=1

The above equation indicates that the assumed qf~) - a should be orthogonal to every
component of P;, and each equation in the system of linear equation represents the
fulfillment of this condition. The above expression can be written in a concise form and

subsequently solved for the vector a as follows:

Aa =0, (4.28)
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where A is the matrix of the coefficients of a;, after performing the integration over the
domain R. Every feasible vector in the null space of A is an acceptable solution for a.
Let a’ be the basis of the null space of A and the dimension of the null space is n4.
Then, the expression for G’i, which serves as an approximation of the enhanced strain

field, can be written in the following form:
Gi=|a'-¢a®-¢ .. a"- ¢ (4.29)

By following the above-mentioned methodology, enhanced strain interpolation functions
can be obtained for any arbitrary element. Furthermore, this methodology can be ex-
tended to derive a range of EAS elements, such as the proposed twenty-seven node brick,
six-node wedge, and eighteen-node wedge EAS elements, in addition to the existing EAS
elements. Several benchmark problems are solved in Section 4.4 to showcase the efficacy
and robustness of the proposed EAS elements, confirming their superior coarse mesh

accuracy over conventional elements.

4.3.1 Evaluation of strain interpolation matrix for a twenty-seven node
quadratic element

In the present section, a systematic derivation of the admissible space for the strain
interpolation functions for a three-dimensional twenty-seven node quadratic element
is presented to better comprehend the evaluation of the G matrix in the proposed
EAS elements. To the best of the author’s knowledge, this is the first attempt in
the literature to obtain enhanced strain modes for 3D quadratic elements. To obtain
the strain interpolation functions for defining €%, the process initiates by stating the
P(¢,1,¢) matrix. The expression of P(£,1,¢), as given in [142], for a twenty-seven

node element can be written as follows:

(ce (P, 0, 0, 0, 0, 0,] (5

T 0, Py, 0, 0, 0, 0, ﬁiz

o¢c _ 0, 0, PS 0, 0p Op ’?3 :13(5 n C)B (430)
Ten 0, 0, 0, P, 0, 0, | Bs TR '
On¢ 0, 0, 0, 0, P5 0, :

oec 10, 0, 0, 0, 0, Ps| | o

where ,@ is the vector of stress parameters and 0, and 0 denotes the zero vectors with
dimensions 1 x 18 and 1 x 12, respectively. The vectors Py, P,, ..., Pgare expressed

as:

Pr=[1¢non P o P e e CE g ng ¢ e OPE (e
Py=[1 ¢ ¢y on Cn € CEng Cig Cng € & CE e g g,
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Py= 1 Cn o G € CE g Cné i€ CPE €8 8 mg Cig? € e,
Py=[17¢¢&en € ¢ ntn¢ ¢ ¢ enc?],
Ps=1¢¢n & enn & €¢ ¢ & e,
Po= (10 ¢ & & & n? n¢ enC ¢ 1P€ enC].

Assuming that the required G is in the form of Eq. 4.3, the next step is to evaluate
the unknown sets of strain interpolation functions, i.e., G;. This is achieved by selecting
the appropriate qz that defines the components of the enhanced strain field in the natural
coordinate system. The optimal choice of qﬁ is a set of functions that contains all the
modes in u in order to satisfy the second condition for equivalence stated in Eq. 4.22.
This results in the collection of functions that define a full quadratic polynomial in £, n
and ¢ such that

¢ = [1 ¢ 2 mon¢ ¢ n? n ¢ n*¢? € EC EC &n ¢ Ene? &n?
En*¢ En?¢? €2 €3¢ 3¢ & ¢ ¢ €07 €nP¢C ¢ |-

(4.31)

After selecting the suitable ¢ and substituting it into Eq. 4.27, a system of linear
equations can be formed for each individual enhanced strain component. To illustrate
the procedure, the evaluation of the strain interpolation function for 5’?5 is explained in
detail. Following the relation expressed in Eq. 4.27, let us assume that the Ve, s the
function space of Gy such that fﬁ 15?(],7) -a dR = 0. This orthogonality condition leads
to the following linear system:

Aa = 0. (4.32)

The above set of linear equations is solved for a, where the feasible solutions for a are
vectors that lie in the null space of A. The null space dimension n4 for Eq. 4.32 is nine,

and the basis vectors a’ for the null space are evaluated as follows:

alz:OOOOOOOO—%000000000000000001_ ,
a2=:0000000—§0000000000000000010_ ,
a3::000000—%00000000000000000100_ ,
a4::00000—%000000000000000001000_ ,
a5::0000—%0000000000000000010000_ ,

a®=[000-100000000000000000100000|,

a™=[00-2000000000000000001000000|
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T
aSZ[O—%0000000000000000010000000},

T
a”=[-10000000000000000010000000 0]

Substituting the above null space vectors in the Eq. 4.29 the strain component 5?5

is given by the following expression:

Gi=| (&) (P(§) ¢*@(&) nP(§) (P(§) Cn®(€) (&) (n*P(E) 62172@(5)}7
Gy = [al i ag]T, and ®(¢) = (1 — 3¢2).
A similar approach is adopted to evaluate the participating function space of the rest

of G; vectors. This results in the following G matrix for a three-dimensional twenty-

seven node quadratic element:

(22, a1]  [Gi 04 04 0y 04 0y | [G1)

En a2 0+ G2 0y Oy Oy Op | | G2

égc O o}g _ |02 0. Gs Op- Ope Oy 0:63 | (4.33)
£, & 0y Ogr Oy Gy Ope Ope| | G

&, as 0y« Oy« Oy« Oy Gs Oy :

£2 ) | &6 104+ Og 0q+ Op 0= G| |

where 04+ and 0y denotes the zero vectors with dimensions 1 x9 and 1 x 15, respectively.
The vectors &; are of size 9 x 1 for 2 = 1 to 3 and 15 x 1 for ¢+ = 4 to 6. The vectors
G1,Go,...,Ge are derived as:
G = | 0(6) o) CO©) 1O(E) CnO(E) Cnd(€) P*D(E) CPR(E) i) |,
Go= [0 o) Pan) BmE COME CRmE D) COME Caln)e? |,
Gs = [ ®(Q) ®(On SO QE BOE DOPE BOE B0 Q€ |,
Gi=| () BN D) DS (RS CRME B(E) CB(E) PO (E) D(¢)
CrB(E) () W(En) CT(Em) CUEn) |,
Gs = [CP(C) (O)n @(n) C2(n) ¥(n,¢) (€ 2()ng ()¢ ((nE W(n, ()¢
DL B(O)E e CBE W(n, O |
Go=| () (O SO DL BNE AN B(E) (D) W(E Q) 1D(€)
B(E) MU(EQ) PPB(E) CPB(E) PUEQ) |,
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where ®(x) and ¥(z,y) are given as ®(z) = (1 — 32?) and ¥(z,y) = (92%y> — 1),
respectively. As can be seen through this example, the presented methodology is simple

and can be readily used to obtain the enhanced strain modes for any arbitrary element.

In addition, the proposed twenty-seven node EAS element satisfies the conditions
required to achieve exact equivalence with HR-based elements in the case of a constant
Jacobian. To verify this assertion, let us consider a space V(z;, which corresponds to a
complete tri-quadratic space in the master coordinate system for the given element. In
accordance to the orthogonality condition and under constant Jacobian, the following
condition can be formulated:

Vo @ Vea = chf (4.34)

Furthermore, since V¢3 is chosen as specified in Eq. 4.31 along with V¢; D Vy, it can be
inferred that
V: D Vgu, (4.35)

which implies the following relation:

Hence, satisfying the condition on the spaces mentioned in Eq. 4.22. By combining
this assertion with the previously established orthogonality of the proposed elements, it
is confirmed that exact equivalence with HR-based elements is achieved for a constant
Jacobian. This demonstrates that the EAS method performs at par with the thoroughly
tested hybrid element and the approach can generate a set of robust and effective EAS
elements that will greatly improve the usability of EAS elements in the FEM field.

4.3.2 Strain interpolation matrix for wedge elements

The wedge elements often serve as transition elements or, in some cases, can be used
to mesh the whole domain. However, wedge elements that are tailored for the EAS
approach has not been proposed in the literature. The present section provides G
matrices for six-node and eighteen-node wedge EAS elements, which are developed using
the methodology presented in the current manuscript. The G matrix for the six-node

wedge element is derived as

Ff?g ) &g -él 04+ Op« 0gx Op Ob*- aq
Cil s Oa G2 Oy Og+ Oy Oy | | G2
£ - - | & 0, 04 G3 0gx Ope Op | | O3
¢\ _ Go =G A3 _ a a 3 a b b R : <437)
5_?77 Qy 0, Ogx O0pr Gy Opr Opx QY
g2 & 0u+ Oy Oy O G Oy :
5?( ) d6) _Oa* 0g+ Op+ Og+ Op= G6_ Q91
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where 04+ and 0y« denotes the zero vectors with dimensions 1 x 4 and 1 x 3, respectively.
For i = 1, 2, and 4, the vectors &; are of size 4 x 1, while for i = 3, 5, and 6, the vectors

are of size 3 x 1. The vectors G1, Ga, ..., Gg are expressed as:

G =Gy =Gi=[(C—360) ((—31¢) (1-3n) (1-36) ],
é3:é5=é6=[§C ng C}-

Similarly, the G for eighteen-node wedge element is derived as

(<2 (& (G 04+ 04 04 O O] [ 61)

Em é Our G Oy Ope Ou 0| | G2

Sl _ga_eldl [0 0w Gs 00 0 0] ) ds | a9
2 Oy 04+ Og« Oy Gy Opr Opx| | G

275 & 0y« 0y« Oy 0p+ G35 O .

 éc b 04+ 04+ O 0, O G| | sy

where 0,4+, 0y« and 0.« denotes the zero vectors with dimensions 1 x 9, 1 x 6 and 1 x 12,
respectively. For ¢ = 1, 2, and 4, the vectors &; are of size 9 x 1. The dimensions of &3
are 6 x 1, while for i = 5 and 6, the vectors are of size 12 x 1. The vectors G1, ég, ...,Gg

are expressed as:

Gi = Gz = Gy = | (C—8EC+10620) ((* — 86C% + 10€%¢2) (1062 + 8y — 4065 — 1)
(5€%¢ — 26¢ +2nC — 108n¢) (567¢% — 26¢% + 2n¢* — 1061¢?) (6% — dgn + 1)
(¢ — 48nC +720) (€7 —4enC® +1P¢%) (—1+86— 106 |,

G =| (3 =1) (1-3nC%) (2 =3r°C%) (€ —36C%) (€n—36nC?) (€ —362C) |,
Gy = Go = | (C— 860+ 106%¢) (—1+246¢% - 30%¢%) (€0 —36nc?) (€2 - 36%C?)
(—1+3¢%) (~1+ 87+ 3063¢% = 120€nC?) (~2£¢ + 53¢ + 20 — 10€0C)
(—1+306¢2 + 24nC? — 12060C?) (1 +3EXC% = 126nC%) (€2 — 4€nC + 1)

(£2¢2 = 46nC? +12%) (—1+8¢ —306%¢%) |.

By construction, the proposed six-node and eighteen-node wedge EAS elements sat-
isfy the orthogonality of & and €% as described in Eq. 4.17. and follows similar rela-
tionships of their respective spaces as mentioned in Eqs. 4.34-4.36. As a result, the
wedge EAS elements too attain exact equivalence with HR-based elements. In addition
to the above elements, various other EAS elements can be derived utilizing a similar
methodology. For completeness, the derived G matrix for some of the popular elements

is presented in subsequent section. However, the resulting G matrix for these elements

TH-3379 176103023 79



Chapter 4. Development of Quadratic EAS Elements

comes out to be identical to the ones that already exist in the literature (Section 2.3.2)

and are well-tested on numerous benchmark problems.

4.3.3 Strain interpolation functions for existing EAS elements in the

same framework

The systematic approach presented in the study can also be adapted to derive G matrix
for some of the popular elements. It is noteworthy to observe that the process leads
to an identical G matrix, which has been explored in a number of previous studies
[125, 134, 167, 168]. For instance, the strain G for the two-dimensional four-node linear

element is derived as
EO000&n O O

GEn=10n00 0 & 0. (4.39)
00&n 0 0 &ny

There are different options for selecting the G matrix for a four-node quadrilateral
element. Among them, the most effective G is the one presented in Eq. 4.39 [125]. It is
possible to use only a subset of the G matrix shown in Eq. 4.39 to alleviate a specific type
of locking. Although it reduces the computational cost, it makes an element significantly
restricted to the particular problem description.

For a two-dimensional nine-node quadrilateral element, the interpolation matrix for

€% [168] is derived as

Q) nf©) fOfm) 0 0 0 0o 0 0 0 0
G=|0 0 0 f(m) &f(n) f(§f(m) 0 0 0 0 0 ;
0 0 0 0 0 0 f(&§) nf(&) fn) &fn) fE)f(n)

(4.40)
where f(£) = 3¢2 — 1, f(n) = 3> — 1. Finally, for a 3D eight-node brick element, the

admissible G' [167] matrix is derived as

G1 04+ 04 Op« Op Ope
0g- G2 04« Oy O Ope
04+ 04+ Gs Ope Ope Ope
0g+ Og+ Oge Gy Op Ope
0gs Ogr Og+ Oy G5 Oy

Og+ Oar Og+ Oy Oy G|

Q)
Il

(4.41)

where 0,+ and 0p+ denotes the zero vectors with dimensions 1 x 4 and 1 x 6, respectively.

The vectors G1, Go, ..., Gg are expressed as

Gi=¢enecanc], Ga=|nenncenc]. Gi=|CenCenc,
Gi=|€n & n¢ &), Gs=[n ¢ e nc encl,
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Go=|¢ ¢ &nn¢ & ent |-

Similar to the four-node quadrilateral element, it is possible to use a subset of Eq. 4.41
to reduce the computational efforts. The choice of the subset is governed by the problem
description and the type of locking. However, the presented approach leads to the full

G matrix rather than a subset, which has been found to be the most robust of them all.

4.3.4 Elemental equations for EAS method

In the preceding section, strain interpolation functions required for approximating €+ for
different elements have been derived. To complete the discussion on EAS formulation,
the current section briefly summarizes the expression of the stiffness matrix involved in

the EAS formulation.

The final variational statement can be express as follows:
K¢ MT| [ f
wl 47 (1.42)
M H a 0

K¢ = / BTCBdR, M = / G'CBdR, H = / GTCGdR,
R R R

where

}:/ NTbdR + NTtdA.
R OR¢t

By calculating the expression for & from Eq. 4.42, the above expression reduces to

the following relations:

& =—-H 'Ma, (4.43)
(K¢~ M"H 'M]a=f— K*a=f, (4.44)

Keas

where the stiffness matrix for the EAS element can be represented as K®° = [K € —
MTH'M ] The inverse of H can be computed at the element level as the strain
interpolations are discontinuous between the elements. Hence, the stiffness matrix of an

element can be expressed as follows:

K& =[K;-MIH,'M.,],

where K¢ = / BI'CcB.dR., M.= | GICB.dR.,H.= | GICG.dR..
Re Re Re

The above expressions demonstrate that the additional degrees of freedom are condensed
out at the elemental level. Therefore, the EAS formulation is ultimately composed solely

of displacement degrees of freedom. After deriving the relevant expressions for the EAS
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formulation, the next step involves evaluating the performance of the proposed EAS
elements. This is achieved through several numerical benchmark examples, which will

be presented in the following section.

4.4 Numerical examples

The present section demonstrates the effectiveness of the proposed EAS elements against
conventional and existing EAS elements. Several numerical benchmark examples are
used to show the coarse mesh accuracy, efficiency, and robustness of the proposed ele-
ments. First, it has been shown that the proposed elements successfully pass basic tests,
which include the patch test, zero energy mode test, and isotropic element test. In the
next two examples, the domain is affected by coupled shear-membrane locking, while in
the fourth example, it is significantly influenced by volumetric locking. In the next three
examples, the widely studied shell obstacle course problems are presented to demonstrate
the robustness of the EAS elements. The computational efficiency of the proposed ele-
ments is studied for a clamped square plate, incompressible block, and pinched cylinder
problems. The computational time reported in the manuscript is obtained using a serial
implementation of the proposed formulation in MATLAB®, employing the vectorized
approach [179]. The consistent system of units (SI/FPS) is assumed for all parame-
ters used in numerical simulations. The term ‘reference solution’ refers to either the
benchmark values documented in the literature or a result of a highly refined mesh that
converged to a known solution at a specific location, available in the literature, using
established and previously validated elements. Abbreviations that frequently appear in

the subsequent problems are defined in Table 4.1.

4.4.1 Numerical tests

In this section, a comprehensive assessment of the proposed elements is conducted
through the patch test, zero energy mode test, and isotropic element test. The per-
formance of these tests affirms that the proposed elements successfully meet the criteria

to pass each of these mentioned tests.

4.4.1.1 Patch test

A typical patch test consists of a square block where minimal constraints are imposed to
prevent rigid body motions and is subjected to distinct sets of loading at its boundaries
to generate a constant state of stress throughout the block [181], see Fig. 4.1. In this test,
the elements should be able to predict the constant state of stress with machine precision
even after experiencing significant distortion. The square block is meshed using seven
a-FE-b27 elements, as shown in Fig. 4.2. The results of the two load cases (Fig. 4.1)
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Table 4.1: List of elements abbreviation used in the present study.

Element Description
abbreviation
FE-b8 Conventional 8-node brick element
FE-b27 Conventional 27-node brick element
FE-w6 Conventional 6-node wedge element
FE-wl18 Conventional 18-node wedge element
h-FE-b8 8-node hybrid brick element [180]
h-FE-w6 6-node hybrid wedge element [141, 142]
MITC3+ 3-node MITC shell element [76, 77]
MITC9 9-node MITC shell element [78]
a-FE-b8 8-node brick EAS element [167]
a-FE-b27 Proposed 27-node brick EAS element
a-FE-w6 Proposed 6-node wedge EAS element
oa-FE-w18 Proposed 18-node wedge EAS element
h-FE-b27 27-node hybrid brick element [142]
h-FE-w18 18-node hybrid wedge element [142]
MITC4+ 4-node MITC shell element [74, 77]
up-FE-b8 8-node up brick element with 1 pressure node [120]
G

case (a)
Point ‘A’ = fixed
H u, = 0 on face ‘ABCD’
F  Pressure = P on face ‘EFGH’

case (b)
Point ‘A’ = fixed
u, = 0 on face ‘ADHE’
Pressure = P on face ‘BCGF’

y
X

A
Figure 4.1: A problem definition for a
patch test (A cube of unit length, Young’s
modulus (F) = 2.1 x 10%, Poisson’s ratio Figure 4.2: A patch of seven a-
(v) =03, P=2). FE-b27 elements.

are presented in Fig. 4.3. In both cases, the relevant normal stress remains constant
throughout the block, while the other stresses are equal to zero with machine precision.
This demonstrates that the proposed a-FE-b27 element is successfully passing the patch
test. Similar results are observed for wedge elements, affirming that these elements also

successfully pass the patch test.

4.4.1.2 Zero energy mode test

The test is carried out by confirming that the single unsupported element should consist

of six zero eigenvalues, which corresponds to the six rigid body modes [73]. To demon-
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Figure 4.3: Stresses at each node for two different load cases of the patch test.

strate that the proposed elements satisfy this criterion, let’s consider a single element
such that its physical coordinate system coincides with the natural coordinate system. In
this setting, the general representation of the rigid body modes for the three-dimensional

space can be expressed as follows:

u=r";v=0; w=0, (4.45a) u="y4m; v=—y&; w=0, (4.45d)
u=0; v="; w=0, (4.45Db) u=0; v="( w=—757, (4.45¢)
u=0;v=0; w=1s, (4.45¢) u =% v=0; w=—¢, (4.45f)

where the values of ~; are constant. Next, the null space dimension of the stiffness
matrix K see Eq. 4.44, is determined for a single unsupported a-FE-b27, a-FE-w6,
and o-FE-w18 element. For all three elements, the null space dimension is equal to
six. Additionally, the basis for the null space of the stiffness matrices for the proposed
elements is evaluated, which results in six independent vectors that define the space
for zero-energy modes. Substituting these basis vectors into Eq. 4.12 and performing

symbolic calculations yields the following expression for displacement:
u=ci+cm+cel, v=cy—cs§+es(, w=c3—csn— cel, (4.46)

where values of ¢; are constant. The above expressions of u represent a linear combi-
nation of the general rigid body modes as defined in Eq. 4.45. This confirms that the

proposed elements are free from the spurious energy modes.

4.4.1.3 Isotropic element test:

The proposed a-FE-b27 element trivially satisfied the isotropic test since both the ele-
ment formulation and geometry are perfectly symmetric with respect to the parametric
coordinates. However, satisfying the isotropy in the case of the proposed a-FE-w6 and

a-FE-w18 wedge element is more complex. Hence, to show compliance with the test, we
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S try face 2
Symmetry face 1 P (iming)ry ace

(uy =0)

Clamped

Figure 4.4: Problem geometry and corresponding boundary conditions of a quarter
domain of the square plate problem.

have considered a single distorted a-FE-w6 and o-FE-w18 wedge elements, subjecting
each of them to a three-dimensional loading condition. We have considered all six possi-
ble node numbering sequences while keeping the connectivity constant and have verified
that identical results are achieved in each case. Thus, all three proposed elements suc-

cessfully satisfy the isotropic element test.

4.4.2 Clamped square plate

The present example investigates the response of a three-dimensional solid square plate
with a length of 2/ and thickness A under the influence of locking. The square plate
is fixed at its edges and loaded with a uniformly distributed load F on its top surface.
Due to the symmetrical nature of the problem, only one-quarter of the square plate
is analyzed, see Fig. 4.4. To evaluate the effectiveness of the proposed EAS elements,
the problem is solved for different slenderness ratios (I/h) that involve situations where
locking is a concern. The problem comprises of two [/h ratios, i.e, 100 and 1000, achieved
by decreasing h to 0.1 and 0.01, respectively, while keeping the length constant at
21 = 20. The top surface of the plate is subjected to a load of F' = 0.5 per unit area.
The value of Young’s modulus E is set as 107 and 10'° for I/h = 100 and I/h = 1000,
respectively. The Poisson’s ratio v is kept constant at 0.3. The benchmark value of
vertical displacement at the center of the plate (u*) is 0.1101 for both I/h = 100 and

I/h = 1000 [64]. The mesh, used to discretize the domain, is defined as n¥j, x n}, xn

X
where n3,

z
ele’
nZle’ and n7, are the number of elements in z, y, and z direction, respectively.
The domain is uniformly meshed in the z-y plane, with n%_, = nf|, =2, 4, 8, 16, and 32,
whereas a single element is considered in the thickness direction.

The plots of vertical displacement of point ‘P’, normalized against the reference
solution for both cases, are shown in Figs. 4.5a and 4.5b. Severe locking is observed
in the FE-b8 elements for both cases, and this issue becomes more prominent as [/h
ratio increases. The FE-b27 elements converge to the solution with a similar rate of

convergence for both {/h = 100 and [/h = 1000 but with significant refinement. On the
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Figure 4.5: Investigation of normalized displacement at the point ‘P’ and normalized

stress at the center of clamped boundary for a clamped square plate problem for different
[/h ratios.

2.900e-02 1.276e+03 " l2\.5\52\3-{-0\3l L l3f8286+03 5.104e+03 2.629e-02 1.276e+05 " l2\.5\51\3-{-0\5l L l3f827e+05 5.102e+05
(a) I/h =100, Mesh: 16 x 16 x 1 elements  (b) {/h = 1000, Mesh: 16 x 16 x 1 elements
Figure 4.6: The von Mises stress distribution in the quarter domain of the clamped

square plate problem using a-FE-b27 elements for different {/h ratios. (Deformed ge-
ometry is scaled with a factor of 15 for better visualization.)
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Figure 4.7: Computational efficiency
of the proposed a-FE-b27 elements
against the conventional FE-b27 ele-
ments for a clamped square plate prob-
lem with [/h = 100.

Figure 4.8: Problem geometry
and corresponding boundary condi-
tions of a curved cantilever beam.

other hand, the a-FE-b8 and a-FE-b27 elements exhibit favorable convergence rates,

regardless of the [/h ratio.

The given problem set-up exhibits the maximum stress at the center of the clamped
boundary (Point ‘A’ or ‘B’), denoted by ¢™f . The benchmark values for ¢ are
6.1560 x 10% and 6.1560 x 10° for I/h = 100 and 1000, respectively. The plots of stress
at the center of the clamped boundary, normalized with respect to the reference solution
for both cases, are shown in Figs. 4.5¢ and 4.5d. The FE-b8 elements fail to converge to
the solution even with significant refinement and the locking effect becomes prominently
higher with higher I/h ratios. The FE-27 elements are also subject to locking, which
causes them to overestimate stresses with increasing refinement and prevents them from
converging to a particular value. In contrast, the a-FE-b27 elements accurately predict
and converge to the stress values. Additionally, upon comparing the performance of
a-FE-b27 with that of the existing a-FE-b8 elements, it becomes apparent that the
latter often requires a higher number of Ngo¢ to converge to the reference solution.
Thus, a-FE-b27 elements exhibit higher coarse mesh accuracy compared to the a-FE-
b8 elements, regardless of the [/h ratios. Further, the distribution of oy, across the
domain for both [/h ratios is presented in Fig. 4.6, revealing the absence of any spurious
stress values in the domain.

Lastly, an assessment of computational elfcﬁciency for the case with [/h = 100 has
T

for both proposed a-FE-b27 and conventional FE-b27 elements. The results show that

been conducted. The relative error ( ) against time is presented in Fig. 4.7
achieving a comparable accuracy with FE-b27 elements necessitates significantly more
computing time as compared to a-FE-b27. For example, achieving a relative error of

10~2 for the maximum vertical displacement requires approximately 0.7 seconds with
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a-FE-b27, while conventional elements require approximately 4 seconds for the same

accuracy.

4.4.3 Curved Cantilever beam

The present example investigates the response of a 3D curved cantilever beam that
experiences the effects of combined shear and membrane locking. The problem consists
of a curved beam of thickness h, mean radius r, and width w. The beam is fixed at one
end while the edge at the opposite extremity is subjected to a horizontal load F, see

Fig. 4.8 [101]. Here, r; and r, are the inner and outer radii.

In order to assess the performance of the proposed EAS elements, the problem is
solved for various slenderness ratios (r/h), encompassing situations where locking is
a dominant issue. The problem consists of three r/h ratios, i.e, 10, 100, and 1000,
which were attained by gradually decreasing h to 1.2, 0.12, and 0.012, respectively,
while keeping r = 12 and w = 1. The edge is subjected to a load of FF = 0.1h3
per unit length, and the material parameters, Young’s modulus £ and Poisson’s ratio
v, are set to 1000 and 0.25, respectively. The benchmark radial displacements (u;ef)
at the tip are 1.6338, 1.6236, and 1.5852 for r/h = 10, 100, and 1000, respectively
[143]. The mesh used for solving the problem is defined by the number of elements in
the radial (n7,), circumferential (nf ), and transverse (n?_) directions, and denoted as
Nie X nzle X nZ,. The refinement of the mesh is performed along the circumferential
direction, with nZIe ranging from 2 to 128 (”Zle =2, 4, 8, 16, ..., 128), while keeping
nye = no, = 1, 1, 1, 1, 2, 4, 8 for r/h = 10. However, for r/h = 100 and 1000, the
stress convergence is achieved after refining the mesh in the transverse direction while
keeping a single element along the thickness. As a result, the mesh for r/h = 100 and
1000 is obtained by setting nzle =2,4,8,16,...,25,n;,=1,1,1,1, 2,2, 4, 8, and
ny, = 1.

The radial displacement at the loaded edge has been evaluated and normalized
against the reference solution, see Figs. 4.9a, 4.9c, and 4.9e. Further, Figs. 4.9b, 4.9d,
and 4.9f show the relative Lo error norm of displacement against the total number of
active degrees of freedom (ijof). To gain better insights into the performance of the
proposed elements with change in the slenderness ratio, Fig. 4.10 shows the normalized
tip displacement for various r/h ratios using two fixed mesh descriptions. The results
show that as the r/h ratio increases, FE-b8 and FE-b27 elements experience significant
locking, whereas a-FE-b8 and a-FE-b27 perform consistently throughout. Furthermore,
the results show close similarity between the displacement fields obtained from h-FE and
a-FE elements. It is important to note that the h-FE elements are derived from the for-
mulation outlined in [142], where the transformation matrix is computed at each Gauss
point. The small disparity between h-FE and a-FE elements can be entirely eliminated

by adopting the same strategy for computing the transformation matrix.
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Figure 4.9: Investigation of normalized displacement at the loaded edge and L§ error
norm for a curved cantilever beam problem with varying r/h ratios.

The locking is relatively less for the lower values of r/h, see Figs. 4.9a and 4.9b.

In such cases, conventional elements can adequately converge to the analytical solution

with relatively few active degrees of freedom. However, the EAS elements provide more
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Figure 4.10: Normalized displacement at the loaded edge for curved cantilever beam
problem with varying r/h ratios and different mesh descriptions.
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Figure 4.12: Variation of von Mises stress along 6 and at » = r; and z = 0 for
r/h = 1000 in a curved beam problem with different mesh descriptions.

accurate results for coarse meshes. For instance, a mesh with 1 x 8 x 1 a-FE-b27
elements results in 0.5652 % of LY error, whereas conventional FE-b27 elements for the
same mesh result in 1.7280 % L4 error. It takes twice as many elements as the a-FE-b27

formulation to attain a similar accuracy with conventional FE-b27 elements.

At higher values of the r/h ratio, i.e., 100 and 1000, the quality of the solution
for conventional elements is considerably degraded by locking. For instance, FE-b27
suffers from locking at higher r/h ratios and achieving convergence demands substantial
refinement, see Figs. 4.9¢, 4.9d, 4.9¢, and 4.9f. Conversely, a-FE elements consistently
outperform conventional elements regardless of the r/h ratio. For example, a mesh of
1 %16 x 1 (Ng,, = 864) a-FE-b27 elements is able to provide a solution that closely
matches the reference value for r/h ratios of 100 and 1000, with Ly errors of 0.2857% and
0.7532%, respectively. However, to attain comparable accuracy with FE-b27 elements,
it is necessary to use four times the number of elements for r/h = 100 (mesh: 1 x 32 x 2,
N,y = 2880, Ly = 0.5993%) and eight times the number of elements for r/h = 1000
(mesh: 1 x 64 x 2, Ny, = 5760, Ly = 2.8027%).

For each of the three r/h ratios, the von Mises stress (o) is calculated at r = ry,
0 = 45°, and z = 0. The benchmark values (%) of 6.4025, 0.5963, and 0.0505 [143]
corresponding to r/h ratios of 10, 100, and 1000, respectively, have been utilized to
normalize the obtained results. The convergence behavior is shown in Figs. 4.11a, 4.11b,
and 4.11c. Furthermore, the oy, is assessed along 6 with » = r; and z = 0 for two mesh
configurations, as illustrated in Figs. 4.12a and 4.12b. Large stress oscillations can be
seen in the case of FE-b27 elements, whereas a-FE-b27 elements consistently outperform
the FE-b27 elements. Finally, the distribution of oy, over the domain for different r/h
ratios is shown in Figs. 4.13a, 4.13b, and 4.13c. The results demonstrate that there are

no anomalous stress values throughout the domain.
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Figure 4.13: The von Mises stress distribution for the curved cantilever beam with
different r/h ratios using a-FE-b27 elements.
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Figure 4.14: Problem geometry and corresponding boundary conditions of a quarter
domain of the incompressible block problem.

4.4.4 Incompressible block

The next example serves as a standard test to assess the performance of the proposed
elements while analyzing the domain under volumetric locking due to the material’s
incompressibility [54, 143]. The problem comprises a rectangular block with dimensions
of 2] x 21 x [, where a central region of the upper face of the block with a cross-sectional
area of [ x [ is subjected to a pressure load of F. The length [ is considered as unity. The
magnitude of F is 80, and the material parameters, Young’s modulus E and Poisson’s
ratio v, are set to 250.5684 and 0.4999, respectively. The problem’s symmetry allows to
do the analysis with only a quarter of the domain. The problem definition and associated

boundary conditions are shown in Fig. 4.14. The problem is uniformly meshed, with

z

Zle are the number of brick

r _ Y oz T Yy
Nie = Nge = NG = 2, 4, 8, 16, and 32, where ng,, n,, and n,

elements in z, y, and z direction, respectively.

The vertical displacement at point ‘P’ has been evaluated and results are normalized
using u*f = 0.2165 [143], see Fig. 4.15a. In addition, the von Mises stress (o) is com-
puted at the location which corresponds to point ‘A’ with coordinates [0, 0, 0.5]. The
results are normalized using o'¢\ = 62.7484 [143] and presented in Fig. 4.15b. FE-b8 el-
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Figure 4.15: Investigation of normalized displacement at a point ‘P’ and von Mises

stress at point ‘A’ corresponding to x = 0, y = 0, z = 0.5 for incompressible block
problem using brick elements.

ements exhibit the severe effects of locking, while both a-FE and h-FE elements, regard-
less of their specific type, converge to the solution by alleviating the locking phenomenon.
Although the higher-order FE-b27 elements seem to exhibit similar performance to the
EAS elements, this observation does not provide a comprehensive representation of the
situation. Upon further examination of the stress distribution on the ‘y’ plane, it be-
comes apparent that the higher-order conventional FE-b27 elements are not immune to
locking. In fact, the results obtained from these elements are significantly plagued with

the adverse effect of volumetric locking.

To investigate these effects, results for stresses along a line AB on the y plane,
where x values range from 0 to 1, y = 0, and z = 0.5, have been analyzed. When
evaluating stresses along the line AB, substantial oscillation can be observed in nor-
mal stresses obtained using FE-b27 elements. Even after considerable refinement, these
oscillations persist, as demonstrated in Fig. 4.16. Moreover, since the boundary con-
ditions are symmetric at this location, the shear stresses o, and o, should be zero.
However, conventional FE elements fail to predict accurate solutions for this condition,
see Fig. 4.17. In contrast, the proposed EAS elements do not exhibit any oscillations
in normal stresses. Further, the shear stress condition is better satisfied with a-FE-b27
elements compared to the conventional and existing a-FE-b8 or up-FE-b8 elements,
with the magnitude of o, and o, being very close to zero. Next, the computational
efficiency of the problem is assessed by evaluating the time against the Lo error norm
of displacement and stresses, see Figs. 4.19a and 4.19b. The results show a notable
difference in computational time for achieving a comparable level of accuracy in dis-
placement and stress field between FE-b27 and a-FE-b27. For example, to attain an Lo
error of displacement of order 10~3 with conventional elements requires approximately

2 x 103 seconds, whereas EAS elements achieve the same accuracy in only about 3 sec-
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Figure 4.16: Assessment of normal stresses along line AB in an incompressible block
problem with two different mesh descriptions.

onds. Regarding the stress field, the convergence of conventional elements is notably
slower, and it would require a significantly higher amount of time to attain the same

level of accuracy as EAS elements. Lastly, in order to provide a comprehensive analysis,
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Figure 4.17: Assessment of shear stresses
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along line AB in an incompressible block

0.1 9

problem with two different mesh descriptions.

Fig. 4.18 shows the von Mises stress along

line AB, and Fig. 4.20 presents a contour

plot of the distribution of oy, over the domain.
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Figure 4.18: The von Mises stresses along line AB on the y-plane for incompressible
block problem using different mesh configurations.
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Figure 4.19: Computational efficiency of the proposed a-FE-b27 elements against the
conventional FE-b27 elements for a incompressible block problem.

Further, the performance of wedge elements is assessed by examining the same prob-
lem in a scenario where the domain is exclusively meshed using wedge elements. The
discretization of the domain follows a similar meshing approach as mentioned before.
However, in this case, each brick element is divided into two wedge elements, where a
triangular face of each wedge element is oriented parallel to the xz-y plane. A sample
mesh for this configuration is shown in Fig. 4.21. Similar to the previous case, the
problem is solved for the vertical displacement and von Mises stress at the same re-
spective points of interest and results are normalized against the reference solution, see
Figs. 4.22a and 4.22b. The results show that the conventional FE-w6 elements suffer
significantly from locking, while a-FE-w6 alleviates the effects of locking to a greater
extent. Similar to the previous case, the performance of the FE-w18 and a-FE-w18
elements appear comparable, but this observation does not fully represent the situation.

Further investigation of individual stress components reveals significant oscillation when
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Figure 4.20: The von Mises stress distribu-
tion for incompressible block problem using a
mesh of 16 x 16 x 16 a-FE-b27 elements. (De-
formed geometry is scaled 2.5 times for better
visualization.)
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Figure 4.21: A sample mesh
for an incompressible block
problem utilizing only wedge el-
ements.
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Figure 4.22: Investigation of normalized displacement at a point ‘P’ and von Mises

stress at point ‘A’ corresponding to z = 0, y =
problem using only wedge elements.

0, z = 0.5 for incompressible block

using conventional FE-w6 or FE-w18 elements, see Fig. 4.23. In contrast, the proposed

a-FE-w6 and a-FE-w18 are not plagued with spurious stress oscillations.

Remark: When examining the normalized displacements (Figs. 4.15a and 4.22a), nor-

malized von Mises stress (Figs. 4.15b and 4.22b) or von Mises stress along a line on the
y plane (Fig. 4.18), the conventional higher order elements such as FE-b27 and FE-w18

elements appear to be a viable option for simulation. However, the situation becomes

severely unfavorable for FE-b27 or FE-w18 elements when examining individual stress

components.
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Figure 4.23: Assessment of different stresses in an incompressible block problem using
1024 wedge elements. (A mesh of 8 x 8 x 8 brick elements is converted to a mesh of
wedge elements by dividing each brick element into two wedge elements.)
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4.4.5 Pinched cylinder

One of the shell obstacle course problems [101] concerns a pinched cylinder of mean
radius r, thickness h, and axial length [ with the rigid diaphragm at both of its ends
and is prone to both shear and membrane locking. The ends of the cylinder are fixed
with rigid diaphragms and the mid-section is subjected to a pair of equal and opposite
concentrated loads F. Since the problem exhibits symmetry, only one-eighth of the
cylinder is analyzed, see Fig. 4.24. The geometric parameters of the problem include
r = 300, [ = 600, and h = 3, while the material parameters are taken as £ = 3 x 10°
and v = 0.3. The load applied is F' = 1. The problem is solved using meshes defined by
where nf,, nzle, and néle denote the number of elements in the radial,

T 6 l
Nele X Nele x Nele>

circumferential, and axial directions, respectively. The meshes are refined along the 6

and [ directions, with values of ngle and néle set to 2, 4, 8, 16, and 32, while n’, is kept

ele
constant at 1.

(s

Figure 4.24: Problem geometry and corresponding boundary conditions of one-eighth
domain of the pinched cylinder problem.
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Figure 4.25: Investigation of normalized displacement at the point of application of
load and L§ error norm of displacement for a pinched cylinder problem.

TH-3379 176103023 99



Chapter 4. Development of Quadratic EAS Elements

The displacement in the radial direction at the point where the load is applied has
been evaluated. Fig. 4.25a shows the obtained vertical displacement at the point of
interest normalized by the benchmark solution (u™®' = 1.8248 x 107° [101]). Fig. 4.25b
shows the relative LY error norm of displacement with respect to the total number of
active degrees of freedom. To evaluate the LY norm, a reference solution is established
using a significantly fine mesh of 1x 64 x 64 h-FE-b27 elements. The results demonstrate
that the conventional FE-b8 elements experience severe locking, and even with signifi-
cant refinement, they fail to converge to the solution. The higher-order FE-b27 elements
require considerable refinement to converge to the solution. In contrast, both a-FE-b8
and a-FE-b27 elements show relatively better convergence with fewer elements. More-
over, a-FE-b27 elements exhibit significantly higher coarse mesh accuracy compared to

FE-b27 elements.

Ly < Ch7, v = Order of convergence
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Figure 4.26: Performance evaluation
of proposed EAS elements and MITC
elements for the pinched cylinder prob-
lem.

Figure 4.27: Convergence rates for an-
alyzing the pinched cylinder problem us-
ing various elements. (‘Fit: element type’
represents a linear fit for the respective
element type, and h is the smallest diag-
onal length of an element in the selected
mesh.)

Next, the performance of the proposed element is compared with the MITC shell
elements in Fig. 4.26. The results show that the a-FE-b27 elements exhibit comparable
performance to the MITC elements. However, the MITC shell elements exhibit a slight
advantage over the proposed elements. It is crucial to emphasize that the a-FE-b27
elements show good performance without making any kinematic assumptions in their
formulation. Further, the convergence rates of the proposed elements in comparison to
conventional elements are investigated in Fig. 4.27. Notably, the order of convergence
for a-FE-b27 element is significantly higher compared to both conventional elements

and the existing EAS elements.
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Figure 4.28: Computational efficiency of the proposed a-FE-b27 elements against the
conventional FE-b27 elements for a pinched cylinder problem.

Finally, the study of computational efficiency is conducted and the results are pre-
sented in Fig. 4.28. It shows the relative error with respect to time for both the proposed
a-FE-b27 and the conventional FE-b27 elements. The results indicate that attaining
a similar level of accuracy with FE-b27 elements requires considerably more computa-
tional time when compared to a-FE-b27. For example, to obtain the relative error of
0.1 for the maximum vertical displacement, the conventional elements require approxi-
mately 2 sec, while the proposed a-FE-b27 elements achieve the same accuracy in only
0.35 seconds.

4.4.6 Pinched hemisphere

The present numerical example involves a hemispherical shell with and without a hole,
both having thickness A and a mean radius r [141]. The shell is subjected to a pair of
concentrated loads of equal magnitude and opposite direction, applied at the equator
plane and in a diametrically opposite direction. Similar to the previous problem, only
one-quarter of the domain is considered due to the problem’s symmetry. The problem
configuration, along with its boundary conditions, is presented in Figs. 4.29a and 4.29b.
The boundary at z = 0 in the peripheral region of the shell is unconstrained, while a point
at the top is fixed to avoid rigid body motions. The problem geometry is characterized
by r = 10 and h = 0.04, while the material properties are taken as F = 6.825 x 107 and
v = 0.3. The applied load is F' = 1. The problem is discretized using a mesh composed
of elements in three directions: r, , and ¢. The mesh is defined as n,_ x nzle X nZ’l > Where
N nzle, and nfle represent the number of elements in each direction. The angles 6 and ¢
correspond to the azimuthal and polar angles, respectively, with 6 being the angle in the
zy-plane. The mesh is refined in the 6 and ¢ directions using nl =n® = 2,4, 8,16, 32,

ele ele

while the number of elements in the r direction is kept constant at n[,, = 1.

The full hemispherical shell is discretized using a combination of wedge and brick

elements, with wedge elements utilized at the center of the hemispherical shell, while
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ical shell. an 18° hole at the top.

wedge elements
(w6)

brick elements

(b8)
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Figure 4.29: A pinched hemisphere problem definition and discretized domain using
a sample mesh for the quarter domain.
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Figure 4.30: Investigation of normalized displacement at the point of application of
load (point ‘Q’) and L& error norm of displacement for the pinched hemisphere problem
with full hemispherical shell.

brick elements are used for the remaining domain. The notation “w6b8” refers to a
combination of six-node wedge and eight-node brick elements, while “w18b27” refers to

a combination of eighteen-node wedge and twenty-seven node brick elements. A sample

¢

mesh comprising the “w6b8” element combination and consisting of 1 x 4 x 4 elements
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Figure 4.31: Investigation of normalized displacement at the point of application of
load (point ‘@’) and L§ error norm of displacement for the pinched hemisphere with an

18° hole.
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Figure 4.32: Performance evaluation of proposed EAS elements and MITC elements
for the pinched hemisphere problem.

is shown in Fig. 4.29c. The hemisphere with an 18° hole is meshed using the brick
elements.

The problem is solved to determine the displacement at point ‘@’ in the direction
of the applied load. The z-displacement at point ‘@’ is computed and normalized to
the benchmark solution u:f = 0.0924 (for full hemispherical shell) and u"*f = 0.09355
(for hemisphere with hole) [141], see Figs. 4.30a and 4.31a. The results show that
the conventional FE-w6b8 or FE-b8 elements are prone to severe locking, and despite
substantial refinement, they are unable to attain the solution. The higher-order FE-
w18b27 or FE-b27 elements also demand a considerable degree of refinement to converge
to the solution. It can be seen that a-FE-w18b27 elements offer better accuracy with
coarse meshes compared to conventional and a-FE-w6b8 elements in full hemispherical

shell case. Results demonstrating this observation for a few coarse meshes are presented
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Table 4.2: Normalized displacement at point ‘Q)’ for the pinched hemisphere problem
consisting of the full hemispherical shell.

. Conventional elements EAS elements
Nodes/side
FE-w6b8 FE-w18b27 a-FE-w6b8 a-FE-w18b27
5 0.000530 0.001090 0.014236 0.0480535
0.002181 0.015659 0.347956 0.781711
17 0.008469 0.194777 0.947051 0.980879

in Table 4.2, highlighting the clear advantage of a-FE-w18b27 elements over others with
the same number of nodes per side. Similarly, in the case of a hemisphere with an 18°
hole, the proposed a-FE-b27 elements show favorable convergence by alleviating locking.

In addition, the relative L4 error norm of displacement against N;of is presented in
Figs. 4.30b and 4.31b. The L§ norm is computed using a reference solution obtained
from a finely refined mesh composed of 1 x 64 x 64 hybrid elements. Considerable
enhancements in the accuracy for the a-FE elements are noted. For instance, in the
case of a full hemispherical shell, a mesh of 1 x 16 x 16 (N:fof = 9168) of a-FE-w18b27
elements is capable of providing an accurate approximation to the reference solution
with an LY error of 0.2084%. In contrast, the conventional FE-w18b27, despite four
times as many elements (1 x 32 x 32, ijof = 36768), offers lower accuracy with an LY
error of 1.6861% compared to the a-FE-w18b27 elements. In the case of the hemisphere
with a hole, a mesh of 1 X 8 x 8 (Ng,, = 2497) of a-FE-b27 elements provides a close
approximation to the reference solution with an LY error of 1.1704%. In contrast, the
conventional FE-b27 requires sixteen times as many elements (1x32x32, Nj, ;= 37633)
to reach an LY error of 1.1782%. This indicates the considerably higher coarse mesh
accuracy of the proposed elements. Finally, the performance of the proposed element
is assessed against the MITC elements in Fig. 4.32. In this problem, MITC elements
exhibit higher accuracy on coarser meshes. However, the proposed elements offer an
advantage by not being constrained by geometric limitations, i.e., they can be used for
both thin and thick geometries. In contrast, MITC elements are limited to relatively

thin geometries due to its inherent kinematic assumptions.

4.4.7 Scordelis—Lo roof

The Scordelis-Lo roof problem [175] is the last shell obstacle course problem that is
being examined using the proposed elements. It involves an 80° portion of a cylinder
with mean radius r, length [, and thickness h. The cylinder has rigid diaphragms
at opposite ends, while the remaining two sides are unconstrained. As the problem
exhibits symmetry, only one-quarter of the cylindrical section is analyzed, see Fig. 4.33.

The problem is subjected to a body force per unit volume pg, where p and g are the
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Symmetry face 2
(uy = 0)

Figure 4.33: Problem geometry and corresponding boundary conditions of a quarter
domain of the Scordelis—Lo roof problem.
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Figure 4.34: Investigation of normalized displacement at the point ‘P’ and L§ error
norm of displacement for a Scordelis—Lo roof problem.

specific mass of the body and acceleration due to gravity, respectively. The dimensions
of the problem domain are defined by » = 25, [ = 50, and A = 0.25, and its material

properties are given as F = 4.32 x 10% and v = 0. The body force per unit volume

r

0 l
ele X Tele X n

is pg = 360. The meshes used to solve the problem are defined as n ele>

where n[), nzle, and nlele are the number of elements in the radial, circumferential, and
axial direction, respectively. The mesh is refined in the 6 and [ directions with values of

0
Tele

= néle =2, 4, 8, 16, 32, while n, is kept constant at 1.

The displacement at the center of the free side of a cylindrical shell (point ‘P’) has
been evaluated. The results shown in Fig. 4.34a have been normalized by the benchmark
solution ' = 0.3024 [175]. Additionally, Fig. 4.34b shows the relative LY error norm
of displacement with respect to the total number of active degrees of freedom. The Lg
norm is calculated using a reference solution obtained from a refined mesh comprising
of 1 X 64 x 64 h-FE-b27 elements. Both a-FE-b8 and a-FE-b27 have effectively alleviate
locking issues that afflict the conventional elements. The problem is further examined by

analyzing the stresses at three different points within the domain. The convergence of

TH-3379_ 176103023 105



Chapter 4. Development of Quadratic EAS Elements

1.1 : :
1 . 4
- 09F ]
< )
08t |
0.7+ '/ i
+ - —+-MITC3+ - - MITC9 —o—a-FE-b27
- < - MITC4+ —2—a-FE-b8
0.6 Lt : ‘
60 102 10 10* 5% 10*

Total degrees of freedom

Figure 4.35: Performance evaluation of proposed EAS elements and MITC elements
for a Scordelis—Lo roof problem.
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Figure 4.36: Investigation of von Mises stress at different points in the domain and
contour plot of oy, distribution for a Scordelis—Lo roof problem. (Deformed geometry

is scaled for visualization.)
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von Mises stresses at points A, B, and C' is shown in Fig. 4.36, along with the distribution
of oym over the entire domain. The a-FE-b27 elements yield desirable stress values at all
three points. Lastly, the performance is compared with the MITC elements in Fig. 4.35,
showcasing a close approximation between the performance of the proposed and MITC

elements.

4.5 Summary

The present work proposes three strain-based EAS elements, namely twenty-seven node
hexahedral, six-node wedge, and eighteen-node wedge EAS elements aimed at alleviating
the locking effects in conventional FEA. These elements have been obtained by inves-
tigating the equivalence between the two-field stress-based HR and VHW-based EAS
formulations. The performance of the proposed elements is demonstrated through sev-
eral numerical benchmark examples. The primary emphasis is on the proposed twenty-
seven node hexahedral EAS elements, which offer the combined benefits of the EAS
formulation and quadratic elements. The proposed twenty-seven node EAS element
demonstrates higher accuracy on coarse meshes, yields result without any stress os-
cillations, and devoid of any unstable behavior. Further, when compared to existing
eight-node brick EAS elements, the proposed elements deliver improved or similar per-
formance, making it a compelling alternative to existing options. In addition, this study
proposes novel six-node and eighteen-node wedge EAS elements that are shown to ef-
fectively mitigate the stress oscillations in locking-dominated domains. Although the
emphasis of the current work is on the aforementioned EAS elements, the methodology
outlined is generic and can be employed to generate a variety of EAS elements from

their corresponding stress-based elements in a systematic manner.
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Chapter 5

Overview of Isogeometric

Analysis

The chapter presents a brief introduction of IGA. It begins with an overview of IGA,
followed by a discussion on the essential mathematical preliminaries crucial for under-
standing fundamental concepts in geometric description using B-spline and NURBS
interpolation functions. Topics covered include knot vectors, B-spline functions, the
construction of B-spline geometries, and their extension to NURBS functions and ge-
ometries. Additionally, the chapter provides insights into refinement strategies used to
discretize geometry in the context of IGA, along with details on the mapping of spaces
involved in IGA.

5.1 Isogeometric analysis

Hughes et al. introduced the concept of IGA in 2005 to provide an efficient integration
between CAD and FEA [10]. IGA discretization keeps the physical geometry intact
regardless of the type or number of elements. Furthermore, once the initial coarse mesh
is created, IGA simplifies the mesh refinement by removing the further dependency on
CAD. This is well illustrated in Fig. 1.2, where a physical domain is discretized using
different NURBS based elements. In all the cases, irrespective of the number or type of
elements, the exact geometry representing the physical domain is maintained.

The fundamental idea behind the framework of IGA is to replace conventional La-
grangian interpolation functions with NURBS basis functions to approximate both ge-
ometry and field variables. The major differentiating features of IGA from a conventional
FE analysis are tabulated in Table 5.1. The motivation behind utilizing this particu-
lar class of basis functions was derived from the fact that the NURBS are extensively
utilized in engineering design with the advantage of modeling free form surfaces, ac-
curately representing conic sections like circle, sphere, cylinder, etc., and the existence

of numerous effective and numerically stable algorithms. Along with these, they also
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Table 5.1: Differentiating features between IGA and FEA

Isogeometric analysis

Finite element analysis

Maintain the exact geometry.

Field variables are assigned at control
points which may or may not lie on the
geometry.

Uses NURBS basis functions with the fol-
lowing properties:

Geometry is approximated.
Field variables are assigned at nodes al-
ways lie on geometry.

Uses Lagrangian basis function having
the following properties:

Basis functions
nodes

e Not restricted

e Partition of unity
e Linear independence

e Basis functions do not interpolates ° interpolates at
at control points

e Non-negative for all parametric
values

e Partition of unity

e Linear independence

e Variation diminishing property

retain the essential mathematical properties like non-negativity of basis functions, linear
independence, partition of unity, and variation diminishing property [12]. Due to the

above merits, NURBS became a foundation for isogeometric analysis.

5.2 Mathematical preliminaries

This section focuses on a brief introduction to the fundamental concepts of geometric
description using B-spline and NURBS interpolations. To comprehend the extended ex-
planation on the topic, one can refer to Piegl and Tiller [12] or Rogers [182]. This section
outlines the vital mathematical expressions for deriving the required basis interpolations

in IGA formulation.

5.2.1 Knot vector

A set of non-decreasing parametric values over a specific direction is defined as a knot

yEnipt1} where & € R
(one dimensional space) with 4 is the knot index which varies from 1 to n+p+1, where p

vector. A typical knot vector is represented as 2 = {1, &o,. ..

and n are degree of polynomial function and number of basis functions respectively. The
knot vector decides the division of the parametric space into finite intervals which are
known as knot spans. Knot vectors are categorized into two types: uniform and non-
uniform. If the knots are equally spaced in the parametric space then the knot vector is
said to be uniform otherwise it is called as non-uniform knot vector. Successive knots in
a knot vector can have identical values which allow having multiple knot entries at the
same coordinate in the parametric space. A number of repeating knots is referred as the

multiplicity of a knot. If the first and last knots have p + 1 multiplicity (i.e., repeating
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Figure 5.1: B-spline basis functions of degree four (p = 4) for an open, non-uniform
knot vector = = {0,0,0,0,0,1,2,2,3,3,3,4,4,4,4,5,5,5,5,5} and its continuity across
each knot.

p+ 1 times) then the knot vector is termed as an open knot vector. Multiplicity of knot
also defines the continuity at that knot which is given as CP~* where k is the number
of repeated occurrence of a knot in a knot vector. For instance, an open knot vector
in which the first and last knots are repeated p + 1 times shows C~! continuity at the
extremities.

A typical example of an open knot is shown in Fig. 5.1 which shows the continuity
of basis functions at each knot with respect to its multiplicity. Open knot vectors are
the standards in CAD technologies. One of the important property of these knot vector
is that they are interpolatory at the extremities of the parameter space, [£1,&n4pt1]
(first and last entry in a knot vector), and at the edges of patches in multi-dimensional
model. However, they may or may not be interpolatory at internal knots. This is a

distinguishing feature of the knots from the so called ‘nodes’ in conventional FEA.

5.2.2 B-spline basis functions

A basis function can be defined as a single curve element or piecewise polynomial which
is used as a basis of linear combination to describe a specific curve. For a given knot
vector B = {£1,&2, ..., &ntpy1 ], the i*h B-spline basis functions are defined in a recursive

form as follows:

1 if & <E< &

for p =0, Nip(§) = 0 Otherus , (5.1)
erwise
for p > 11 NM)({) = iNi,pfl + MNiJrl,pfl. (52)
Sitp — & Eitpr1 — &it1

This is referred to as the Cox-de Boor recursion formula [12]. During the evaluation

of these functions, the ratios of the form % or % are considered to be equal to 0. The

B-spline basis functions for polynomial degree 0 and 1 will result in standard piecewise
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Figure 5.2: Selected B-spline basis functions of degree 0, 1, and 2.

constant and Lagrangian interpolation functions, respectively. However, higher-degree
basis functions (p > 2) differ from their FEA counterparts, see Fig. 5.2. B-splines basis
functions also exhibit important mathematical properties like non-negativity of basis
functions, linear independence, partition of unity, and variation diminishing property
[12].

Multivariate B-spline basis function are used to obtain B-spline surfaces or solids.
These functions are the tensor product of univariate basis functions. A bivariate B-spline

basis function can be defined as follows:

NP(Em) = Nip(§)Mj4(n), (5.3)

whereas a trivariate function is given as

NPT (€, C) = Nip(€) Mjg(m) L (€), (5.4)

TH-337919176103023



5.2. Mathematical preliminaries

where N, M and L are p, ¢ and r*® degree basis function in &, and ¢ direction, respec-
tively.

The derivatives of these basis functions can be derived while considering the recursive
nature of the basis. For a given knot vector 2 and polynomial order p, the k' derivative

of a basis function [12] is given as,

dF &
@Ni,p(@ = -n! ;ak,jNi+j7P—k(£)> (5.5)
where
Qg—1,0 Q1 — Q151 —Q1 k1

a0 =1, agp = y Qe =

SR 1. S 51 LR Sitptrj—k+1 — Gitj Eitpr1 — Cith

5.2.3 B-spline curves, surfaces, and solids

A p*™® degree B-spline curve for a given knot vector and a set of control points is defined

= Nip(6)X;, (5.6)
i=1

whereas the B-spline surfaces are constructed by considering a bidirectional net of control

as

points, two knot vectors and the tensor product of two univariate B-spline basis functions

and given as

ZZN”qﬁn :ZZ ()& n)X (5.7)

=1 j=1

Similarly, the B-spline volumes are defined as

V(€ Q) = ZZZNZ”%&% ik

zljlkl

_ZZZNJJ (M) L (O) X j ks

i=1 j=1 k=1

where n, m and [ are number of basis functions in &, n and ( direction, respectively. X;,
X, j, and X, jx are control point coordinates ([z y z]7) for (@), (i,5)*", and (4, j, k)*"

control point.

5.2.4 NURBS basis functions

The evolution of B-spline interpolations to NURBS provides an advantage of represent-
ing a wide range of objects including conic sections like circle, sphere, cylinder, etc.
NURBS are the generalization of B-splines basis functions where ‘Non-Uniform’ refers

to a non-uniform knot vector, whereas ‘Rational B-splines’ describe the rationalization
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of B-spline basis functions. It inherits all the mathematical properties of B-splines with
the added advantage of weights which allows them to offer great flexibility and accuracy

in generation of CAD geometries. A univariate NURBS basis function is defined as

szi,p(g)

Rzp(&) W(f) )

(5.9)

Nep

where W(§) = > w;iN;,(§) and N;p,(§) is a standard B-spline basis function, w; is
=1

1=
strictly positive (w; > 0) set of weights associated with control points, and n., denotes
the total number of control points.

A bivariate NURBS basis function can be defined as

RPI(Em) = Rip(§)Rjq(n)
4 Nip(§)M;q(n)wi,; (5.10)
ZZ lzy 1NZ,P( )Mj,q(ﬁ)wi,j’

whereas a trivariate function is given as

RYH(6,m,¢) = Rip(€) Rjig () Ri,r (€)
_ Nip(§) Mjq(1) Lieyr (Qwij o (5.11)
>ic1 Z;n:1 22:1 Ni,p(f)Mj,q(n)Lk,r(C)wz’,j,k,

where N, M and L are p,q and 7" degree B-spline basis function in &, and ¢ direction
respectively with w; ; and wj j, being the weights associated with control points.
Derivative of these basis functions can be derived by simply applying quotient rule

to above formulas which will eventually results in

k k—j
_4M_251Q)wmwaiw$R<©

dk
@Ri,p(f) W(f) (5’12)
where
) B o = L), and AY = w0
J IGEE dek ’ ‘ fdgkT P

5.2.5 NURBS curves, surfaces, and solids

A p' degree NURBS curve for a given knot vector and a set of control points is defined

as

a= 1wa

£) = Z;Ri,p Z Z a) Gl (5.13)

The NURBS surfaces are constructed by considering a bidirectional net of control

points, two knot vectors and the tensor product of two univariate NURBS basis functions
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and given as

ZZqu

i=1 j=1
=D Rip(©Riq()Xi, (5.14)
i=1 jfl
)Mj g(Nwi x. .
;; gt ZB 1 Nop()Mp g(Mwas

and the NURBS volumes are defined as

V(n.Q) = RPT(€,17,O) X i

M:
MN

s
Il
—
B
Il
i
e
~ |l
—

3

I

Ri,p(ﬁ)Rj,q(U)Rk,r(C)Xi,]}k’ (5.15)
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i

0 (&) M q(n) Lk (Owi j kX j i
n m I
> Z:: Z:: Na,p(€ )M,B,q(n)L'y,r(C)wa,B,’y

a=1

1 k=

)_l

%

1

where R;p(£), Rﬁ ’;1(5 ,n), and RY ]q,: (&,m,C) are the univariate, bivariate and trivariate
NURBS basis functions, N; (&), M; 4(n) and Ly ,(¢) are the B-spline interpolation func-
tions of degree p,q, and r in &, n, and ¢ directions, respectively, wq, Wq g, and w, g~ are
strictly positive weights associated with the respective control points. The fundamental

properties of the NURBS basis functions are outlined as follows:

1. The NURBS basis functions follows the partition of unity property:
P Ripl€) = 1

2. The contmulty and support are similar to B-spline basis functions, i.e., in absence
of repeated knots continuity of p— 1 order is maintained, whereas with repetition
of knot by k times, its continuity decrease by k.

3. The NURBS basis functions are positive over the complete parametric domain
similar to B-splines (one can see in Fig. 5.1): R; ,(§) >0

4. If the weights associated with each control point are kept equal, the expressions of
NURBS basis functions will reduce to standard B-spline interpolation functions.

5. NURBS exhibit affine covariance property which assures that any transformation
on a NURBS curve is evaluated by applying the transformation directly to the
control points.

6. NURBS surfaces and solids are the projective transformations of tensor product,

piecewise polynomial entities.
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5.3 Refinement strategies

An inherent advantage of incorporating CAD polynomials within the framework of IGA
lies in the ease of refinement of the constructed geometries. The two fundamental meth-
ods employed for geometry refinement are knot insertion, wherein additional knots or
elements are introduced into a designated knot vector, and order elevation, a process
that elevates the interpolation order of the basis functions. A specific refinement strat-
egy, denoted as k-refinement, involves the application of knot insertion followed by order
elevation. These methodologies provide a desired control over parameters such as knot
span or mesh size, inter-element continuity, and interpolation order of the underlying
basis functions. Importantly, these controls are exerted while preserving the exact ge-
ometry and its parameterization. Another big advantage is that, once the geometry is
constructed, all the above refinements can be done without further interaction with the
CAD software.

5.3.1 Knot insertion or h-refinement

The knot insertion or h-refinement strategy is the process that introduces a new knot
into an existing knot vector. The results is similar to the h-refinement strategy in FEA
where the number of elements are increased without increasing the order of elements.
Analogous refinement is done in IGA but with the help of knot vectors. Adding a
unique knot into the knot vector will increase the number of knot span which are re-
sponsible for discretization of domain. In simpler words, more the knot spans more the
number of elements. Employing the knot insertion strategy preserves the geometry and
parametrization of the curve, however it introduces an extra basis function and, conse-
quently, an additional control point. Moreover, the expressions of the basis functions
undergoes modification, although the order of the basis functions remains unchanged. A
typical example of h-refinement is shown in Fig. 5.3. Here, a curve initially composed of
two elements undergoes further meshing, resulting in four elements of the same degree.
This refinement is achieved by the introduction of knots, i.e., 0.25 and 0.75, into the

existing knot vector.

To understand the underlying concept, consider a knot vector & = {1, &2, .. ., {ntpt1}
to model the initial geometry. Let & = {£1,&,...} be the new knots to be inserted in
order to discretized the geometry into more number of elements without affecting the
geometry. This is achieved by a transformation given as follows:

P =T"P, (5.16)

ref

where P and P are the existing and new control points vector, respectively and T?ef

is the transformation matrix responsible to determine new set of control points. The
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Figure 5.3: Knot insertion or h-refinement procedure: Visualizing transformations
in the initial curve, basis functions, and control points before and after refinement.
(Weights assigned to each control point are unity; hence, NURBS and B-spline basis
functions are identical.)

h

rof 18 carried out with another recursive formula defined as follows:

evaluation of T

1 if& el ¢;
(Tre)ty = G el tin). (5.17)
0 Otherwise

k ik — & Ejrhe1 — Citk
(Tr}éf)i;rl ~ *Z = ], (Tr}éf)fj - »j — Z (Tr}:ef)fj+1v (5.18)
£J+k & §J+k+1 i+
where k =0, 1, 2, ..., p—1 and p is the degree of basis function. There exist numerous

efficient algorithm to incorporate the stated conditions which is quite convenient and

effective than meshing efforts required in conventional FEA.

5.3.2 Order elevation or p-refinement

The second method for enhancing basis functions is the order elevation or p-refinement
strategy. This strategy, as the name suggests, increases the interpolation order of the
underlying basis functions utilized to represent the geometry and solution field rather
than the number of elements. One way to elevate the order of NURBS basis functions
with an extra knot at the extremities of knot vector. It differs from A-refinement in the

sense that the knots are added in such a way that they will not create an additional knot
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(b) Case 2: Original continuity is maintained at intermittent knots
Figure 5.4: Order elevation or p-refinement procedure: Visualizing transformations
in the initial curve, basis functions, and control points before and after refinement.
(Weights assigned to each control point are unity; hence, NURBS and B-spline basis
functions are identical.)
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span but adding knots at the extremities to maintain the multiplicity with the order
of the NURBS. A typical example of p-refinement is illustrated in Fig. 5.4a, where C!

continuous second degree curve is refined into a C? continuous third degree curve.

It is also possible to elevate the degree without affecting the continuity of the knots
which can be achieved by adding a knot at extremities as well increasing the multiplicity
(k) of each knot in-between, see Fig. 5.4b. For example p'" order basis function for a
particular knot vector with continuity C?~*~1. For no multiplicity, the continuity will
be CP~1. Assume adding as extra knot which will increase the order of basis function to
g, so the continuity will now be C9~*=1. But once the multiplicity of each knot increased
to k = g — p, knots will maintain the initial C?~! continuity. The above refinement is
conveniently achieved once the initial low order coarse mesh model is created and so

eliminating the need to go too and fro with the CAD description.

5.3.3 k-refinement

The k-refinement strategy has found predominant use in diverse applications of IGA
in comparison to order elevation. This prevalence is attributed to its advantageous
characteristic, which concurrently increases both inter-element continuity and the inter-
polation degree of the basis functions. No similar strategies exists in conventional FEA.
As discussed in Section 5.2.1, the maximum level of continuity achievable at a unique
knot value for a pt" degree basis function is C*~1). In the execution of k-refinement,
the initial interpolation order of the original p-degree functions, possessing C®~1) con-
tinuity, is increased to the desired value. Each step of order elevation results in increase
in the continuity of the basis functions, considering the coarsest conceivable form of the
knot vector for a given geometry. Subsequently, the specified knot values are introduced,
thereby generating new elements in the process. In summary, it performs the degree
elevation of the coarsest possible geometry followed by knot insertion, which leads to the

basis functions of desired degree with better continuity with same number of elements.

A typical example of k-refinement is shown in Fig. 5.5. In the first case, the original
curve is refined by initially performing knot insertion or A-refinement followed by p-
refinement, as illustrated in Fig. 5.5a. This results in a mesh of two elements of cubic
degree; however, the inter-element continuity at knot 0.5 is restricted to C'. On the
contrary, in the second case, both the degree and continuity of the curve are increased
at the end of the refinement process. Furthermore, the number of control points in the
case of k-refinement is fewer than that in the first case, even though both scenarios
result in an identical number of elements. Another example of k-refinement is presented
in Fig. 5.6, demonstrating a distinct advantage in terms of elevated continuity and
higher-degree basis functions, achieved with a reduced number of control points, while

maintaining an equivalent number of elements.
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(a) Case 1: Knot insertion followed by degree elevation
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(b) Case 2: k-refinement (Degree elevation followed by knot insertion)

Figure 5.5: k-refinement procedure: Visualizing transformations in the initial curve,
basis functions, and control points before and after refinement. (Weights assigned to

each control point are unity; hence, NURBS and B-spline basis functions are identical.)

5.4 Mappings involved while handling NURBS basis func-

tion
To compute the integrals associated with element stiffness matrix and element force

vector, Gauss—Legendre quadrature rule is applied. The process is similar to FE but the
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(b) Case 2: Degree elevation followed by knot insertion. (k-refinement)

Figure 5.6: Alteration in continuity of NURBS basis functions during k-refinement.
(Weights assigned to each control point are unity; hence, NURBS and B-spline basis
functions are identical.)

major difference in IGA is the involvement of two different mapping spaces to get the
prescribed format of Gauss-Legendre quadrature rule. In convectional FEA, elements
are represented in the parent domain and in the physical space. When it comes to IGA,
elements have three spaces. One in physical space (£2), another in parametric space
() and last one in parent or master space () as shown in Fig. 5.7. Apart from above
mentioned spaces, there is one other important notion which is the index space of a patch
which identifies each knot separately irrespective of its multiplicity and discretizes the
space accordingly. Also, a NURBS based geometry will have two notions of mesh. One
is control mesh which is defined by control points and other one is physical mesh which
divides the complete domain into number of sub-domains. These sub-domains are often

called as micro-elements or patches.

5.4.1 Mapping of the physical space ({2) to parametric space (Q)

Let us consider an equation for element stiffness matrix, i.e., K. = er BTCBdQ. First

mapping, from physical space to parametric space (€ to Q), can be derived with the
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Figure 5.7: Mapping and different spaces involved in IGA framework

help of formula for NURBS surface which relates the physical space with parametric

space and given as follows:

D

8

Z!j
S(&m) = ZZR (&m)§ XY (5.19)
2 i=1 j=1 Xz?j]

For the 2D problems, the choice of control points (X; ;) will be in such a way that

z will always be equal to 0 which leads to following expressions:

x—ZZquﬁ, xS, andy—ZZqu (5.20)

i=1 j=1 =1 j=1

Hence, the Jacobian (J1) that relates 2 and Q) can be written as:

dx Ox
o0& On
Ji = 5.21
1 @ @ ) ( )
o9& On
where
or T OR, O ORi ., ORy 8Rk
as 7‘)(3:7 a. = ) y'
o€ ;ag’f on ;an Z !
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e
cp

numbering assigned to the control points/basis function for a specific combination of

Here, n¢ is the total number of control points per element and k denotes the global

and j. Using the above relations, the first mapping of stiffness matrix can be given as
. Ewitl  fNuj+1
Q—Q: //BTCB dz dy — / / BTCB|J,|d¢d, (5.22)
T JY Eui Nuj
where ¢ varies from &,; to &1 and 1 varies from 7, to ny;41. The index ui and uj
represents the unique knot entires in corresponding knot vectors.
5.4.2 Mapping of the parametric space (Q) to the master space ()

Second mapping is linear or affine mapping which relates the parametric space to the

master space and relation is given as follows:

E(E7) = L€ —E)E+ (6 +60), (5.23)
0(EA) = 3 (1 — )7+ (g + ) (5.21)

Hence, the Jacobian (J2) that relates Q) and Q can be written as:

95 08 19¢
3 ]
b, SR | O (5.25)
oy on| = | o
o€ On 0
0 1 0 1 . .
where ag — §(§i+1 —¢&;) and a—z = 5(77j+1 —n;). Using the above relations, the second

mapping of stiffness matrix can be given as
A~ ~ 1 1 ~
Q—Q: //BTCB|J1|d§dn—>/ / BTCB]J1HJ2|d§dﬁ, (5.26)
EJn —-1J-1

where € and 7 varries from —1 to 1 which is a standard form for applying Gauss-Legendre

quadrature rule.

5.5 Imposition of boundary conditions

Different types of boundary conditions encountered during the solution procedure are
Dirichlet boundary conditions, Neumann boundary conditions, and Robin boundary
conditions. The numerical examples presented in the current work deal with the homo-
geneous Dirichlet boundary condition, i.e., u = 0 on displacement boundary, which can
be imposed by setting the corresponding control variables as zero. The process includes
identifying the control points responsible for modeling the boundary of interest and re-

stricting the degrees of freedom corresponding to identified control points. However,
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special treatment needs to be followed if there is a need to restrict a single point on the
domain. In such a case, ensuring the control point lies on the geometry and at a point
interest is mandatory. This can be achieved by reducing the continuity at that location
to C~! and then restricting the point of interest.

In IGA, the control point may or may not lie on the geometry. Hence, a distinctive
treatment is required when imposing inhomogeneous boundary conditions. NURBS
basis functions, owing to their higher CP~! continuity, typically do not interpolate across
all control points defining the geometry. In this context, the enforcement procedure for
inhomogeneous Dirichlet boundary conditions changes in IGA. One such process to
impose these conditions is the least square minimization method [13].

In summary, the chapter presents an overview of IGA and the underlying concepts
that distinguish it from the conventional FEA. The concepts introduced in this chapter
form the foundation for comprehending the IGA principles in Chapter 6 and 7.
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Chapter 6

HR Principle-based Hybrid
Elements in NURBS-based IGA+S

In the present chapter, we propose stress-based hybrid solid elements to alleviate locking
in IGA. The key highlight of the present work is the evaluation of stress interpolation
functions for HR principle-based hybrid elements in NURBS-based IGA. These stress
interpolation functions have been derived systemically for various orders of NURBS
displacement interpolation. Further, we show mathematically that the choice of the
stress interpolation functions is free from spurious zero-energy modes. Additionally,
the chapter demonstrates the efficacy and robustness of the proposed elements with
the treatment of several 2D and 3D linear-elastic benchmark problems alongside the

conventional single-field IGA, Lagrangian-based FEA, and hybrid FEA formulation.

6.1 Introduction

The IGA was conceptualized by Hughes et al. [10] to provide an efficient integration
of CAD and FEA. Through this seamless integration, the IGA significantly minimizes
the effort required in pre-processing to create an analysis-ready model. Moreover, the
ability to provide exact geometry in the analysis framework, convenience in achieving the
higher inter-element continuity, and appreciably lower reliance on CAD for successive
refinement strategies [11] complements the growing interest in IGA.

Since its introduction, IGA has been widely practiced in different directions and
proved to be the powerful method that out-perform FEA in most of the numerical as-

pects, see Section 1.2.2. However, similar to FEA, IGA suffers from locking [183] and

iD. S. Bombarde, S. S. Gautam, A. Nandy, “A novel hybrid isogeometric element based on two-field
Hellinger—Reissner principle to alleviate different types of locking”, Sadhana (2022), 47:148. https:
//doi.org/10.1007/s12046-022-01867-6

$D. S. Bombarde, M. Agrawal, S. S. Gautam, A. Nandy, “Hellinger—Reissner principle based stress—
displacement formulation for three-dimensional isogeometric analysis in linear elasticity”, Computer
Methods in Applied Mechanics and Engineering 394 (2022) 114920. https://doi.org/10.1016/j.cma.
2022.114920
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Chapter 6. HR Principle-based Hybrid Elements in NURBS-based IGA

displays over-stiff behavior along with the high oscillations of the resulting stresses on a
range of applications. Locking also contributes to low convergence rates and yields un-
realistic solutions within a practical range of discretization, thereby adversely impacting

solution accuracy in IGA.

In the literature, several attempts have been made to alleviate the locking in the
context of IGA, see Section 1.5. However, most of the explored contributions in the
development of locking-free mixed formulations in NURBS-based IGA are restricted
to the strain-based approaches. The formulations derived from the stress-based ap-
proaches, which have shown great potential in conventional FEM [147—151], have been
given limited attention. The stress-based formulations are known to provide a stable, ro-
bust, and efficient formulation, whereas strain-based approaches often need stabilization
[135, 184]. The stress-based improvements in the context of IGA-based shell formula-
tions have been explored in the work of Echter et al. [32, 146] to address the membrane
locking in various shell models. Furthermore, in [144, 145] the application of the HR
principle in shell elements is presented. However, the stated shell formulations utilize

the kinematic assumptions, restricting their applicability to relatively thin geometries.

The absence of stress-based mixed formulation has inspired the present work on the
development of a robust class of stress-based solid hybrid elements in the IGA framework
for linear elasticity problems. The NURBS-based hybrid elements are constructed based
on a two-field HR variational principle that effectively provides a locking-free response
regardless of the type of locking. The formulation involves independent interpolation
techniques for approximating the two field variables. Standard NURBS interpolation
functions are utilized for approximating the displacement field, whereas the unique stress
interpolation functions are proposed to approximate the stress field variable. Evalua-
tion of these interpolations is inspired by the principles explored by Jog [141, 142] for
Lagrangian-based FEA. However, the recursive nature and higher-continuity properties
of the NURBS interpolation contribute to higher complexity in the derivation of the

stress interpolation function.

The efficacy and stability of the stress-based hybrid elements are strongly dependent
on the choice of interpolation functions used for the stress field. The present work pro-
poses the systematic derivation of the stress field interpolation functions for cubic and
quadratic NURBS elements. To ensure the stability of the proposed formulation, it has
been shown that there is no presence of spurious zero-energy modes, and the stiffness
matrix is going to be full rank after suppressing the rigid body modes. Even in con-
ventional FEA, the literature for hybrid elements is restricted to linear and quadratic
elements and has not been explored for higher degree elements. So, the derivation of
the participating spurious energy modes and their treatment to provide a stable formu-
lation for cubic elements is another unique addition of the present study. The elements
derived from the stated approach provide a locking-free response during the analysis

of thin structural geometries or problems involving almost incompressible materials in
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the setting of linear elasticity. Moreover, unlike shell formulations [32], the developed
elements can be used for both ‘thin’ and ‘chunky’ [142] geometries since they do not
involve any kinematic assumptions.

The rest of the chapter is organized as follows: Section 6.2 briefly recollects the
underlying concepts in the two-field stress-based HR variational principle in the IGA
framework. Section 6.3 includes a step-wise implementation strategy with the required
algorithms and devotes particular focus on evaluating proposed stress interpolation func-
tions for different NURBS-based elements. Section 6.4 addresses the assessment of the
method on several benchmark numerical examples. Finally, Section 6.5 summarizes

the work and additional supporting information is provided in the Appendix.

6.2 Introduction to two-field hybrid IGA formulation

The current section briefly revisits the foundational concepts of two-field stress-based
HR variational principle. These concepts play a pivotal role in enhancing the overall

completeness of the chapter.

6.2.1 Stress-based HR variational principle

The HR variational principle comprises of two independent field variables, i.e., dis-
placement and stress. Let w and o be the independent displacement and stress field,

respectively, while du and do represent their respective variations in such a way that

Vu:{éue’Hl(R):éu:Oon 8Ru}, (6.1)
Vo = {50’ e LX(R) : o = 5aT}, (6.2)
where V,, and V, are the spaces associated with the admissible variations du and Jo,

respectively. For the linear elasticity problem defined in Section 2.1, the resulting vari-

ational statement can be expressed as follows:

/ (6e")TadR = / SuTbdR + sultdA Y ou €V, (6.3)
R IR

R
/ s’ [e"(u) - C'g]dR=0 Vo, (6.4)
R

where o and g“ are the vector representations of o and €%, respectively and C is the
material constitutive tensor. A more comprehensive exploration of the topic is presented

in Section 2.4.

6.2.2 Approximating functions

As a standard practice in IGA, NURBS basis functions are used to interpolate the the

displacement field (u) rather than the conventional Lagrangian interpolation functions.
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Hence, u can be interpolated as follows:

e e

n n

w=Y Ry =Ra, Su=)» Ri6u=Rsu, (6.5)
I=1 I=1

where [ is the global index associated with the control point net, and ng, is the total
number of control points per element. The displacement vector w is associated with
the control points, which may or may not lie on the physical domain. The term R;
represents the trivariate (R (€, 7,¢)) or bivariate (R%(&, 7)) NURBS basis function
with I as a unique global number assigned for every combination of «, 8, and . The
detailed expressions for these functions are discussed in Chapter 5. The basis function

matrix (R) and displacement vector (@) can be written as

A R, 0 O
u = [ﬂl ’112 S, ﬁgngp} 5 R = [Rl RQ ce Rngp} Where, Rz = 0 Ri 0 . (6.6)
0 0 R

)

Secondly, the vector form of stress field (¢) and its variation (06) in the natural

coordinates are interpolated as:
6=PB, 6 =Psj, (6.7)

T s
W}lere O = |0z Ofi OF Oy Of 055} , P is the stress interpolation matrix, 8 and
03 are the vectors consisting of the stress parameters and stress variation parame-
ters, respectively. The stresses 6'(5~ )1, f ) are related with the stresses in physical space

(6(z,y, z)) with the following transformation:

&(x,y,z) = T&(&ﬁaé)a (68)

where T is the transformation matrix that relates the corresponding spaces, see Eq. 2.24.
As IGA involves two mapping spaces, it is essential to note that the Jacobian used to
evaluate T is defined as J = JoJ1, where J1 and Jo are the Jacobians for mapping
parametric space to physical space and master space to parametric space, respectively.
Further, the matrix P in physical space is related with the stress interpolation matrix

in master space (P) with the following transformation:
P=TP, (6.9)
The solution accuracy and stability of hybrid elements are strongly dependent on

the selection of P. The unique NURBS-compatible stress interpolations are derived in

detail in the subsequent sections.
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6.2.3 Elemental IGA equations for two-field variation principle

Using the displacement approximation (Eq. 6.5) and the definition of strain tensor

(Eq. 2.2), the engineering form of strain and its variation can be evaluated as

R, 0 0
fLl 0 Rl,y 0
i 0 0 Ry,
=R Ry ... R, 2, where Ry= La || (6.10)
X | : Riy Riz O
i ’llgngp 0 Rl,z Rl,y
@ _Rl,z 0 Rl,z_
&' = Ba, (6.11)
and, &% = Béa. (6.12)

Substituting the Eqgs. 6.5, 6.9, 6.11, and 6.12 into weak form (Eq. 6.3 and 6.4) and

using the arbitrariness of du and &, Eq. 6.3 and 6.4 reduce to

U BTPdR],B— [/ RdeR+/ RTidA] =0, (6.13)
R R IR

[/RPTBdR}ﬁ— [/RPTSPdR},BZO, (6.14)

where S is the compliance matrix given by S = C~!. Let the entities G, H, g, and f

be defined as follows:

G:/ PTBdR,H:/ PTSPAR, g =0, and}:/ RdeR+/ RTtdA.
R R R OR¢

Then the Egs. 6.13 and 6.14 can be written as
~H G| [f g
i pL_Jal (6.15)
G 0| |u I

Evaluating the expression for ,3 from Eq. 6.15 leads to the following expressions:

B =H 'Ga, (6.16)
G'TH 'Gu=f— Ku=F, (6.17)

K

where GT H '@ is the stiffness matrix for the two-field IGA formulation. H ! can be
evaluated at the element level since the stress interpolations are chosen such that they

are not continuous across element boundaries. Thus, the elemental stiffness matrix is
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given as

K¢=GI'H.'G,., where G.= [ PT'B.dR., and H.= | PISP.dR.
Re Re

6.3 Proposed stress interpolation matrix for NURBS-based

elements

The performance of the stress-based elements is significantly dependent on the selected
space of stress interpolation functions. We should carefully choose the interpolation
functions meeting the conflicting objective of stability and coarse mesh accuracy. One
of the essential considerations while deriving these functions is that the interpolation
functions should not introduce any spurious zero strain energy modes into the system.
To ensure the stated condition, let us consider the strain energy (W) in an element by

an admissible deformation w., which is given as follows:

. %TKU _1 U [s(ue)]TPedR] H! [

5 PT [g(u.)] dR] . (6.18)

Re
Consequently, Eq. 6.18 leads to zero strain energy or a non-invertible singular stiffness

matrix if
Pl (u)]dR=0 — [ PTB, dR] @ = 0. (6.19)
Re Re

Let G, = fRs PeTBe dR then, . € N(G,) represents the space of zero-energy modes
where N(G.) is the null space of G.. Thus, any admissible u, that lies in the N(G,) is
going to be responsible for the zero strain energy in the system. For the elements to be
stable, it is essential that null space should comprise only the rigid body modes.

To obtain the interpolation matrix (P,), the participating stress field (&) is assumed
to be partitioned into two parts. The first is the lower-order stress field ¢ that is
approximated using full lower-order interpolation terms. The second is the higher-order
stress field 0%, which is approximated with selected higher-order interpolations. Let o

for an element be defined as

~e
6° =65 + 69 = [132 P‘;} [g&] : (6.20)
—_——— H
Foo

where 132, and 132 are the lower and higher-order stress interpolation matrix. The
feasible space for PeL is an order less than that of the displacement interpolations.

To ensure the absence of spurious zero-energy modes and have a full rank of the stiff-
ness matrix (K), the number of stress parameters should satisfy the following necessary
condition [114]

ng > ng =N, (6.21)
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where n 40 N and n, are the numbers of stress parameters involved in ,B, displacement
degrees of freedom associated with each element and rigid body modes, respectively.
The aforementioned requirement can not be met if ¢ is assumed to be approximated
using solely the PEL interpolations, resulting in spurious zero-energy modes in the for-
mulation. Hence, the terms of 132 are chosen particularly to suppress these zero-energy
modes that lead to a stable locking-free formulation. It is worth mentioning that al-
though the absence of the spurious modes is essential but it is not sufficient to achieve a
stable element. It is also important to satisfy certain additional criteria, such as the com-
pleteness of interpolation functions, to ensure the stability of elements. Furthermore,
it should be pointed out that a lower number of stress parameters leads to a smaller
dimension of P matrix and a lower value of the stiffness matrix. Based on the relation
stated in Eq. 6.21, the minimum value for ng is equal to (ng — n,); however, this leads
to instabilities in transient problems [142]. Hence, to obtain a robust formulation, the

number of stress parameters are preferably considered to be greater than the (ng —n,).

Based on the stated implications, the systematic procedural steps to identify the

feasible space for P can be formulated as follows [142]:

1. Identifying the feasible space for lower-order stress interpolations functions (152)

2. Incorporate P = 13€L and evaluate the total number of independent participating
zero-energy modes along with their exact symbolic expressions.

3. Adding the additional modes to suppress the identified spurious zero-energy
modes and define the feasible space for higher-order stress interpolations func-
tions (13;) The interpolations for approximating the normal stresses are ob-
tained by differentiating the displacement interpolations with respect to natural
coordinates. This provides an effective feasible space that suppresses the majority
of identified spurious zero-energy modes. The remaining modes are suppressed
using the higher-order terms in shear stress interpolations.

4. While introducing the relevant stress parameter (), it is vital to allow stress
components to vary independently. Thus, an independent 8 should be associated
with each individual component of the stress interpolations. There should not
be any sharing of § terms among the stress components.

5. Identifying the additional higher-order terms to achieve the completeness to en-
sure the stability of the element.

6. Verifying that the proposed stress interpolations provide a formulation that is

free of spurious zero-energy mode.

To better understand the evaluation of P matrix in the proposed hybrid IGA elements,
the subsequent section presents a systematic derivation of feasible stress interpolation
spaces for NURBS-based 3D “cubic element”.
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6.3.1 Stress interpolation functions for 3D cubic elements

The term “cubic element” refers to the 3D cubic interpolation functions in all three
directions with the highest possible continuity. Let =, H, and Z be the knot vectors
and p, ¢, and r be the degree of basis functions along &, 1, and ( direction. A single
cubic element is modeled by employing =, H, and Z = {0, 0, 0, 0, 1, 1, 1, 1} and p, ¢,
and r = 3. For the stated geometric description, there are four univariate basis functions
(Nap(&), Mg q4(n), and L, (¢) for a, 5,7 = 1,2,3,4) along each direction.

6.3.1.1 Choice of PeL

The feasible space for P is an order less than that of the NURBS interpolations used
for approximating the displacements. Hence, the choice of 132 for the described cubic

element is the full tri-quadratic space in master coordinates given as follows:

Pl = |14 {T6 &5 il Gills Cils iPo CiPTs (iPTs £ CETg (€
ils (gl Ciéls 7€l CiPels CPiéle €216 (€216 (2821 7€%1s  (6.22)
(i€ I CPiieIs PE20s (€20 (i€ |

where I is the identity matrix of dimension 6 X 6.

6.3.1.2 Evaluation of participating zero-energy modes

The participating spurious zero-energy modes are then evaluated assuming ¢ to be
approximated using solely the P¢ interpolations. However, considering only the lower
interpolations results in an unstable element due to the presence of spurious zero-energy
modes. This can be demonstrated by substituting the P, = P9 in the expression of

G, which results in
[ / (P$)TB, dR] e =0 — GSa.=0. (6.23)

Hence, this signifies the presence of spurious zero-energy modes if only P¢ is considered
for stress interpolation. The total number of zero-energy modes are obtained after
evaluating the dimensions of N(G¢}). For the prescribed setting of P¢ in combination
with the NURBS interpolations for displacements, the dimension of N(G%) is 45, out
of which the total number of spurious zero-energy modes are 39, and rigid body modes
are 6. The strategy for evaluating these modes is adopted from the work of Lee et al.
[185, 186] or Sze et al. [187].

To identify the stated 39 zero-energy modes, consider a cubic element in its master
space where the surfaces are given by §~ =+1,7==+1 and 5 = +1. If & is interpolated
solely based on P, the highest degree polynomial term in Eq. 6.23 is at most of the

fifth-degree interpolation in its master coordinates. Hence, a three-point Gauss quadra-
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6.3. Proposed stress interpolation matrix for NURBS-based elements

ture rule is sufficient to evaluate the integral exactly. The spurious zero-energy modes
are then defined as the admissible deformations that produce the zero strain field that
eventually lead the integral in Eq. 6.23 to zero. Thus, if an admissible u leads to a strain
field that is zero at every Gauss point, this w corresponds to the spurious zero-energy
mode in the system. The expressions for the linearly independent admissible deforma-
tions u, that yield €.(ue) = 0 at the 3 x 3 x 3 Gauss quadrature points (é =4 % ,0;

N = i\/g, 0; and f: + %,O) are given as follows:

u=a1f(()f(@); v="0;w=0; u="0; v=anf(Q)f(H); w=0;
u=asf({)f(§); v=0; w=0; u="0; v=af({)f(&); w=0;
u=azf(Mf(€); v="0;w=0; u=0;v=af)f(&); w=0;
u=oyCf(A)fE); v=0; w=0; u=0; v =01 f(7)f(&); w=0;
u=asf()f(); v="0; w=0; u="0; v=a5f(Q)7f(&); w=0;
u=osf(()f(HE v="0; w=0; u=0; v=af()f(NE w=0;
u=azf(7) f(£); v=0; w =0; u=0; v=o17Cf(7) f(§);w =0;
u=asf()Pf(£); v="0; w=0; u=0; v =0 f () f(£);w=0;
u = a9 f(Q) ()€ v="0; w=0; u=0; v =angf({)f(NEw=0;
u=af(Q)f([E5w = 0; w=0; u=0; v = asnf(€)i’ f({);w=0;

; u=0;v="0; w=agf(C)fHE

u=0; v=0; w=azf(C)f () ¢)f ()
u=0; v=0; w=axnf(C)f(&); u=0; v=0; w=ax*f(7)f();
u=0; v="0; w=aaf()f); u=0; v="0; w=axf({)if(&);
u=0; v=0; w=aulf(7)f(); u=0; v="0; w=axnf({)f(H
u=0; v="0; w=axf({)if); u=0; v="0; w=asf() ()

u=ang(©f@); v=—anf(g@); w=0;

u=azg)f({); v=0; w = —az2f(€)g(¢);

u=0; v=agg(@f(Q);  w=—azfH(C);

u = assg() f(7)C% v = —asaf(€)g(7)C w = 0;

u = azsg(€) f(O)i*s v =0; w = —ass f(§)g(O)i%;

u=0; v =aseg() f(0)E% w=—az6f(7)g({)E%

u = agrg(€) f(NC v = —asr f(§)g(7) ¢ w = 0

u = assg(€) f(O)i’; v =0; w = —assf(§)g({)i;

u = 0; v =aseg() f(C)&% w=—azf(7)g({)&;

where f(z) = <35x — 23 ) and g(z) = <§ - 31‘2). It can be easily verified that the

aforementioned displacement field provides the strain field, which is zero at all 3 x 3 x 3
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Gauss points. It can be further proved that all the derived spurious zero-energy modes
are linearly independent. This is achieved by performing the rank analysis of the matrix
formed by coefficients of each variable in each mode. The resultant matrix leads to a full
rank matrix, hence confirming the independence of the derived modes. So, in summary,

the 39 spurious zero-energy modes are evaluated with the above exercise.

6.3.1.3 The feasible space for 15%

After identifying the involved zero-energy modes, every ‘a’ in the enlisted modes is
suppressed by adding the higher-order terms according to the guidelines presented at

the start of the section. This leads to the following expressions for stress distribution:

116+ By it B3 O + B + B3 G + B8 i + B P
+ B (€ + B3 e + BIRCTE + BITPE + BCTE + BIRCPTE
+ BACHE + BIECE? + BHRCHE + BECHE + BRkAPE? + BICHE?
+ BRHCAPE + R,
orn = B3 + BAC + BACT + BICOE + BICPTE + B CTPE + Bk
+ B3CPTE + BRRCPTE + BA1E° + BIHCE + BICPER + BICPER + pilic®
+ B3ECAES + BIECPTHER + PICPAED + BRHIPER + BHCTED + B H7ER
+ BRCFE,
U” BIET® + BLCT + BIHCT + BTE + BHCHRE + BRETE + BHiT*E
+ BECHE® + BATE + BEE + BRCE® + B + BEAE + BECAE®
+ BHEAE + BRAPE + BECHE + BRCHE + BERTE + BE LA ER
+56 B PER,
= BEC + BECT + BEC T + B E + BEEPHE + BHCHE + B¢’
+ BACHE? + BECTE,
= BRES + BALES + BRCE + P + BIEIHED + BR(PAED + BEE
+ BECi*ER + B e,
= Behil® + BasCii® + BahCPi® + B € + BasCiitE + BERPiPE + Bk &
+ BECHE + PR R,

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

From the above expressions, it can be identified that the higher-order terms in Ogér
o7, and IR that are obtained by differentiating the displacement interpolations with
respect to natural coordinates, suppress a total of 36 zero-energy modes. This can be
validated numerically by updating the P° to include the higher-order terms of normal
stresses and evaluating the dimension of N(G¢%). The remaining three modes (a1, a2,

and «g3) are suppressed using the higher-order terms in shear stress interpolations.
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6.3. Proposed stress interpolation matrix for NURBS-based elements

Moreover, all the terms of the corresponding order of interpolation are also incorpo-
rated in shear stresses to achieve the stability of the element. For instance, the necessary
condition to suppress the remaining zero-energy modes is to have a single higher-order
term 3, 772, and € while defining Ogir O¢E> and Os respectively. However, the additional
torms (647, GV, CO6, GO, GO, 22, (2, COpe), G, i 1P, G, o, i€
, (&2, CiPe?), and (CE°, ¢P€2, n€?, Cng®, CPng?, €%, CPe?, (PiP€?) are added while
defining Ogar O¢ls and O respectively. This ensures the completeness of the interpo-
lations functions and complements the element’s overall stability [142]. Finally, the

proposed stress distribution for the cubic NURBS element can be written as follows:

43 Py 0. 0. 05 05 0] (A
i 0. 152 0. 04 04 O4 B2
~ e ~ 5

0 = ~ 0. 0. P3 0, 0 O B3
< =P, Py SRR Ps 00 0T A (6.33)
Téi Bu 0. 0. 0. Py 045 04 B4
0-776 Oc Oc OC Od P5 Od
% _0C 0. 0. 045 04 P6_ /@252

- N e’

P(&7,0) B

where 0. and 04 are the null or zero vectors of the size 1 x 48 and 1 x 36, respectively.
The vectors Py, Ps, ..., Pg can be given as P; = [PL IE’ZH}, where

B = :1 ¢ ¢t qp & &y i G i € G (2E i€ Ciié (Paé iPE Cie O
28 P2 il Pl P TP Pid |,

Py = :53 G Gt 7® it G i 38 e it P GPE CpPé Cipé
3@ g Pip@ 8 e Pie e,

Py = |3 (3 i B8 (i BipE @ D B 8 18 P8 38
Gl Oné nés 7 P8 e Opdd |

Py = }73 (it it 76 (P (PP PR (PR (PPt &8 (88 (P68 péd (e

Pl P8 P S 8 LGP Pipdt |

Py =& oo S 8 Baf Sipé B8 Bl B ],
P _[& 8 20 i L 2l e Gpd 2pd ],

P = G O iPE GE CE PGP e .
6.3.1.4 Validation of the proposed stress interpolations

It can be further proved that the newly developed P, matrix is free of spurious zero-

energy modes and the N(G.) consists of admissible deformations u., which represent
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Table 6.1: Values of constants in Eq. 6.35 for individual g vector.

g; 71 72 73 V4 V5 6

g; 0.20917 -0.067232 -0.067232 - 0.13449 0 0

gs 0 0.16044 -0.057801 -0.0036561 -0.12732 0.037134
gs 0 -0.046043 0.14019 -0.0121401 0.04824 0.0091005
g, 0 0.082658 0.147915 0.125178 -0.147912 0.054822
gs 0 0.061718 0.031137 0.148686 0.122316 0.059307
ge 0 -0.026998 -0.088149 0.0152283 0.029613 0.173739

solely the rigid body modes in the case of unconstrained element domain. To authen-
ticate the validity of the statement, consider the P, matrix as given in Eq. 6.33 and
evaluate the dimensions and basis for N(G.). Let g, g,, ... gg be the resultant basis for
N(G.) and any linear combination of these vectors represents the space of admissible
deformations that results in zero strain energy. In general, the rigid body modes for the

three-dimensional space can be expressed as

w=0; v=r9; w=0; (6.34b) w=0; v="C w=—ysi;  (6.34e)

A Mathematica code has been developed to derive the symbolic expressions of the
NURBS interpolation functions. The implementation steps and key commands are pre-
sented in Algorithm 5. Using these symbolic expressions for R; and substituting u = g,,

Eq. 6.5 results in

u=" 7+ 76 v =72 —E+15C  w =3 — 157 — Y6E; (6.35)

The above expressions of u are indeed a linear combination of general rigid body modes
expressed in Eq. 6.34. The value of the constants ~; for each independent g vector is
shown in Table 6.1. To further visualize the obtained space of rigid body modes, con-
sider © = Z?:l a;g;. Any linear combination of g; results in an undeformed geometric
configuration coupled with either translation or rotation or both. Few of such resultant

geometric descriptions are shown in Fig. 6.1.

6.3.2 Stress interpolation functions for 3D quadratic elements

A similar approach is followed to derive the P, for 3D quadratic elements. Let us
consider a single quadratic 3D element that is modeled by employing =, H, and Z =
{0, 0,0, 1,1, 1} and p, ¢, and r as 2. For the stated geometric description, there are
three univariate basis functions (Nu (&), Mg 4(n), and L., ,(¢) for a, 8,7 = 1,2,3) along

each direction and the corresponding expressions are evaluated as follows:
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6.3. Proposed stress interpolation matrix for NURBS-based elements

0 0

. ©@a=0a= () a=0laa-=
(a) Initial Geometry (()bz 512 ;Olé @ = 0.3,a3 =08,a4=  0.3,a3 =0, a4 =0.6,
> a5 =0,a6 =1 as =1,a¢6 =04
Figure 6.1: Initial and deformed geometric description for the displacement vectors in
N(Ge).
N __{@—a£+10§531 v _,{%—2n+1OSn§1
b2 0 Otherwise ’ b2 0 Otherwise ’
Nyfrm{ 28 —€) A< g5 Mn::{—ﬂﬁ—n)osng1
0 Otherwise ’ ’ 0 Otherwise ’
Ny = | € 0<¢<1 Mygm { T 0<n<1
0 Otherwise ’ ’ 0 Otherwise ’

—2c+1 0<c<1
Lig =

Otherwise
_{ —¢) 0<¢<1
Otherwise ’
¢? 0<¢<1
y { Otherwise

If fi(z) =22 - 22+ 1, fo(z) = —2(2® — x) and f3(v) := 2%, then the participating
basis functions are defined as

Ry = fi(Q) fr(n) f1(8), Rio = f2(¢) f1(n) f(8), Rig = f3(¢) f1(n) f1(£),
Ry == f1(Q) fr(n) f2(8), Ry = f2(€) f1(n) f2(8), Ry = f3(¢) f1(n) f2(£),
R3 == f1(Q) fr(n) f3(£), Rz = f2(€) f1(n) f3(8), Ror = f3(€) f1(n) f3(£),
Ry = f1(Q) f2(n) [1(8), Rz = f2(¢) f2(n) f1(8), Raz = f3(C) f2(n) f(€),
Rs == f1(Q) f2(n) f2(£), Ry = f2(€) f2(n) f2(€), Ras = f3(C) f2(n) f2(£),
Rg = f1(Q) f2(n) f3(£), Ris = f2(€) f2(n) f3(£), Ray = f3(€) f2(n) f3(8),
Ry = f1(Q) fs(n) f1(£), Ry = f2(€) f3(n) f1(£), Ras = f3(¢) f3(n) f1(€),
Rs == f1(Q) f3(n) f2(£), Ri7 = f2(€) f3(n) f2(£), R = [f3(C) f3(n) f2(£),
Ry = f1(Q) f3(n) f3(£), Rig = f2(€) f3(n) f3(£), Ro7 = f3(€) f3(n) f3(€)

Substituting the expressions of Ry (I = 1,2,...27) in Eq. 6.5, the expression of u will

result in a tri-quadratic expression with the coefficients associated with each constant
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collected as follows:

{1, ¢ G omy Gy Gy Py Sy Py & CE, G mE, Cng, CPng, 1P,

CE, P, €, (8, P8, e, (i, Cng, e, (PE, (Pe |

Let the choice of P¢ in master space be the full tri-linear space given as follows:
P = | Iy CIg s (ils €1 (g iélg Gl | (6.36)

where I is the identity matrix of dimension 6 x 6. Substituting P, = P in the

expression of G, leads to
[ / (P$)'B, dR] e=0 — GSa.=0. (6.37)

Hence, it signifies the presence of zero-energy modes if only P¢ is considered for stress
interpolation. For the prescribed setting of P¢ in combination with the NURBS in-
terpolations for displacements, the dimension of N(G%) is 33, out of which the total
number of spurious-energy modes are 27, and the rigid body modes are 6.

To identify the stated 27 zero-energy modes, consider a quadratic element in its
master space where the surfaces are given by f =41, 7 =+£1 and f =+1. If f(z) =
(1 — 3:132), then the expressions for the admissible deformations u, that yield &.(u.) = 0
at the 2 x 2 x 2 Gauss quadrature points <f~ = :I:\/I; n==L %; and ¢ = i\/g> are

given as follows:

uw=a1f(Q)f(@; v=0w=0; u=0;v=asf(C)f(n); w = 0;
u=af(Q)f(€); v=0jw=0; u=0; v=a9f(C)f(&); w = 0;
u=asf(Mf&); v=0w=0; u=0;v=awf@HfE); w=0;
u=oulf(N)fE);  v=0;w=0; u=0; v=anlf(MfE); w=0;
uw=asf(Q)if(); v=0w=0; u=0;v=anf)if); w=0;
u=acf(Q)f(NE  v="0w=0; u=0;v=af)f(MH w=0;
w=arf(()f(H) f(§);v=0;w=0; u=0; v=a1f()f()f(E);w=0;
u=0; v="0; w=o15f({)f(); u = —anlf(7); v =axnf()i w=0;
u=0;v=0; w=aif({)f(&); u= a3 f({); v="0; w=—anfE
u=0; v="0; w= a7 f(7)f(E); u=0; v=—anif(C); w=auf(H);
u=0; v=0; w=a1sf(H)F(): u = —az€f ()G v = ass f(£)il; w=0;
u=0;v=0; w=af()nf(&); u = aéif({); v=0; w=—ax(if (&)
u=0; v=0; w=axnf(C)f#HE u=0; v=—ayitf({); w= al{f().
u=0; v=0; w=axnf(C)f#)f()
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6.3. Proposed stress interpolation matrix for NURBS-based elements

Finally, every ‘a’ in the enlisted zero-energy modes is suppressed using an individual
‘ B "in such a way that no * B " term is shared. This leads to the following stress distribution

in the master space

= P+ (B2 + (B3 +1Ba + s + C*iBs + 77 Br + i Bs + G2 Bo + Ebro
+ CEBu1 + CPEra + €13 + (B + ik Bus + PEB1s + CiPEPrr + Ci?Ebus,

o = Bro + CBao + C*Bar + 7Bz + CiPas + C2iiBas + EPas + (EPas + C2EPar + 1€ Pas

+ CiiéBao + C*7iEBso + £2Ba1 + CE%Bsa + C2EX B33 + 7€ Baa + (i€ Bas + C*7iE* Bs,
o5z = Par + (Pas + iiPso + Ciao + i1 Bar + Cii* Baz + €Bas + CEPaa + i1 Bas + (71 Pas

+ 72 Bar + CiPEBus + € Bag + C&Bso + NE P51 + A€ Bsz + 11767 Bss + CiPE2 Bsa,
0 = B + 16 + CBst + EBss + EiBso + ECBso + ¢ Be1 + 71¢Be2 + €1 s + C2iiBea
+ C%€Bes + £ Bes,
= Bo7 + £Bes + CBoo + Tibro + £2Br1 + €fBra + 7iCBrs + £CBra + £CPrs + £l Bre
+ E%Prr + £27iCBrs,
ozz = Bro + B0 + (Ps1 + EPsa + &iifss + €CBsa + 77 Bss + 1iC Bss + €11 Bsr + 7°C Bss

+ 72€ Bso + £7°C oo

T

Hence, the resultant feasible interpolations in P, matrix for the quadratic element are

derived as follows:

o) [P1 0. 0, 0, 0, 0] (5
o 0, P, 0, 0, 0, 0y | P2
oz _ [0a 0o P3 (36 0, 0, @3 ’ (6.40)
o 0, 0, 0, P, 0, Oy]| | Ba
B 0, 0, 0, 0, P5 O :
g 10, 0, 0, Oy Oy Ps| |y
— 7 ——
P(€,0) B

where 0, and 0 are the null or zero vectors of size 1 x 18 and 1 x 12, respectively. The

vectors P1, P, ..., Pg are given as

Po=[1C & &y @i i Gp O € G636 g Gik (kP GPE irE]
Py=11( (%7 Gij (% € C€ ¢3¢ i€ (i€ ¢ &% (€% ¢2&% ié? (e <2n§]
Ps=|1( @ Ci i* Ci* & CE i€ CRE iPE CiPé & (€% i€ (e e éﬁ?é?],
Pi= |17 ¢ €& & & aC énd & & &l
Ps=1£¢ 7 & & il & & &iC &7 &),
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Table 6.2: Values of constants in Eq. 6.41 for individual g vector.

g; gt V2 3 V4 V5 6

g; -0.006514 -0.26139 0.12977 -0.19805 0.1289 0.051254
gs 0 -0.033028 -0.13633 0.039134 0.13913 -0.187364
gs 0 0.015857 0.15377 0.107586 0.137538 -0.120254
g, 0 -0.11516 0.060068 0.13794 0.138954 0.051634
gs -0.30422 0.096905 0.088529 0.18686 -0.00276 0.18152
s 0 0.016563 -0.14858 0.06957 -0.19212 -0.19212

Po=[14 ¢ & & & P id &C iPC i€ &iPd).

The higher-order terms in Tgé» T and O Suppress a total of 24 zero-energy modes,
and the remaining three modes (aq, a9, and aq7) are suppressed using the higher-order
terms in shear stress interpolations. Moreover, all the terms of the corresponding order
of interpolation are also incorporated in shear stresses to achieve the stability of the
element. For instance, the necessary condition to suppress the zero-energy modes for
Og; is to have two higher-order terms ({27, (2€). However, the terms (C2, (27, C2€, (2€7)
are added to achieve the completeness of the interpolations.

Furthermore, the developed P, matrix in combination with the NURBS interpola-
tions is free of spurious zero-energy modes and the N(G,) consists of admissible defor-
mations u., which represent solely the rigid body modes in the case of unconstrained
element domain. The statement is validated by evaluating the basis for N(G.) and using

these basis to symbolically evaluate Eq. 6.5, which results in the following expressions

u="y+ui+9%E v="2— 1€+ 6 w =3 — 157 — Y6k (6.41)

The above expressions of u are indeed a linear combination of general rigid body modes
expressed in Eq. 6.34. The value of the constants ~; for each independent g vector is

evaluated as shown in Table 6.2.

6.3.3 Stress interpolation functions for 2D hybrid elements

A similar approach is employed to assess stress interpolation functions for 2D NURBS
elements. Analogous to the 3D elements, the term “cubic or quadratic element” in
this context denotes the utilization of cubic or quadratic interpolation functions in both
directions with the highest possible continuity. The resultant feasible interpolations in

156 matrix for the these elements are derived as follows:

6.3.3.1 Cubic elements

The stress interpolation matrix for 2D cubic elements, featuring third-degree NURBS

interpolation in both ¢ and 7 directions with C? inter-element continuity, is given as
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follows: R
. b1
Uéé Py 0, 0O 52
oiip =0, Py O :
& S I (6.42)
O 0, 0, Ps -

— 33

where 0, and 0y are the zero vectors of size 1 x 12 and 1 x 9, respectively. The vectors

151, 132, and 133 are evaluated as

P1:[1£
P, [1517
[1

6.3.3.2 Quadratic elements

2 G P il iPE P P WPE P
? P g i P8 i P &),

i € a€ i 9% @2 2.

il
A

P;

782
i

The stress interpolation matrix for 2D quadratic elements, having second-degree NURBS

interpolation in both ¢ and 7 directions with C! inter-element continuity, is given as

follows: _
. B1
Jfé Py 0, 0O 52
oii ¢ = |0, Py O ,
b N AR (6.43)
T 0, 0, P;s -

where 0, and 0p are the zero vectors of size 1 x 6 and 1 x 4, respectively. The vectors

P, P,, and P3 are given as

6.4 Numerical examples

The present section demonstrates the performance of the proposed formulation against
the standard single-field IGA, the Lagrangian FEA, and the hybrid FEA formulation.
The coarse mesh accuracy, efficacy, and robustness of the method are shown using sev-
eral benchmark numerical examples. The process commences by assessing the proposed
2D quadratic and cubic hybrid IGA elements, with the initial two scenarios, where the
problem domain is under influence of shear locking. These problems encompass straight
and curved cantilever beam configurations with end loads and varying slenderness ra-

tios ranging from 10 to 1000. Subsequently, we analyze the standard Cook’s membrane
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Table 6.3: List of elements abbreviation used in the present study.

Element Description

FE-q4 Conventional 4-node quadrilateral element

FE-q9 Conventional 9-node quadrilateral element

FE-b8 Conventional 8-node brick element

FE-b27 Conventional 27-node brick element

h-FE-q4 4-node hybrid quadrilateral element

h-FE-q9 9-node hybrid quadrilateral element

h-FE-b8 8-node hybrid brick element

h-FE-b27 27-node hybrid brick element

IgA%?n Conventional 2D NURBS-based linear element

IgAZl?Jad Conventional 2D NURBS-based quadratic element

IgAzcub Conventional 2D NURBS-based cubic element

h—IgA%?n Stress-based hybrid 2D NURBS-based linear element

h-TgA2D Proposed stress-based hybrid 2D quadratic element for NURBS-
Quad based IGA

h-TgA2D Proposed stress-based hybrid 2D cubic element for NURBS-
Cub based IGA

IgAS]?lad Conventional 3D NURBS-based quadratic element

IgA%ub Conventional 3D NURBS-based cubic element

h-TgA3D Proposed stress-based hybrid 3D quadratic element for NURBS-
Quad based IGA

h-TgASD Proposed stress-based hybrid 3D cubic element for NURBS-
Cub based IGA

problem, evaluating the element’s performance under the volumetric locking. Further-
more, we investigate a plate with a hole problem, both in the presence and absence of
volumetric locking effects.

Later in the section, we redirect our attention towards the proposed 3D quadratic
and cubic hybrid IGA elements. These elements are assessed by analyzing the behavior
of different types of beams under the influence of shear and coupled shear-membrane
locking. These problems involves the 3D version of the straight and curved cantilever
beam problems. Next, we present the well-established shell obstacle course problems to
validate the superior efficacy of the proposed formulations against the conventional for-
mulation. These problems commonly includes the pinched cylinder, pinched hemisphere
and Scordelis—Lo roof problem. The computational complexity of the proposed hybrid
elements against the conventional formulation is also addressed through the Scordelis—Lo
roof problem. Finally, a problem dominated by volumetric locking is solved to establish
the robustness of the method. The consistent system of units (SI/FPS) is assumed for
all parameters used in numerical simulations. Abbreviations that frequently appear in

the subsequent problems are defined in Table 6.3.

TH-3370;5176103023



6.4. Numerical examples

Z A
Z E = 1000

2 t v=20 fy
“

Z L B
A 1

Figure 6.2: A straight cantilever beam problem, material data, and boundary condi-

tions.
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Figure 6.3: Geometric description of a straight cantilever beam problem (L/t = 100)
for four NURBS elements with quadratic basis along £ and 7 direction.
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Figure 6.4: Deformed geometric description (scaled for visualization, scaling factor =
300) and contour plot for vertical displacement of a straight cantilever beam problem
(L/t = 100) using a mesh of four h—IgAé?lad elements.

6.4.1 Straight cantilever beam

For the first numerical example, a linear elastic behavior of a 2D cantilever beam of
length L and thickness ¢ subjected to vertical load f, is investigated. The problem is
kept simple to test the reliability of the proposed formulation under the influence of the
shear locking, see Fig. 6.2 [169].

The control point and the respective weights to model the coarsest possible mesh
representing the exact geometry is provided in the Appendix B (Table B.1). Once
the initial mesh is generated, the sequence of meshes is constructed using the h and k-
refinement. One such mesh of 4x 1 IgA(ZQ]ﬂad elements, for the slenderness ratio (L/t) 100,
is shown in Fig. 6.3, which highlights the required number of control points, the control
point mesh, and the respective discretization of a domain into IgAé?lad elements. In the
interest of embracing the proposed formulation, the elaborated results are presented in

Fig. 6.4, which gives an idea about the deformed configuration of control point mesh
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and the discretized domain along with the contour plot for vertical displacement for the

stated mesh.
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Figure 6.5: Normalized vertical displacement at point ‘A’ for straight rectangular
cantilever beam problem for three L/t ratios.

The problem is studied by employing the FEA and IGA formulations for three dif-
ferent slenderness ratios (10, 100, and 1000) in order to gradually introduce the shear
locking effect into the problem domain. The problem data considered for the three cases
is given as follows:

1. L/t =10, L =100, t = 10, f, = 4.97018 x 1073,

2. L/t =100, L =100, t =1, f, = 4.9997 x 107°,

3. L/t =1000, L =100, t = 0.1, f, = 4.9999 x 107Y.

For all three cases, the analytical solution for the vertical displacement (u,) at point ‘A’
is 0.02.

The vertical displacement at point ‘A’ is numerically evaluated for all three cases

against the active number of degrees of freedom ( ;Of). The corresponding results are

presented in Fig. 6.5. For the lower value of slenderness ratio (L/t = 10, Fig. 6.5a),
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Figure 6.6: Normalized strain energy ((a), (c), and (e)) and Ly error norm of stress
((b), (d), and (f)) for a straight cantilever beam problem for different L/¢ ratios.

the locking effect is significantly low whether it is IGA or FEA formulation. However,

the proposed hybrid IGA out-performs the conventional formulation with coarse mesh
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accuracy. For instance, with only two h—IgAgﬂad elements (Ngl‘of = 18), the hybrid IGA
formulation is capable of providing the results which are in close approximation with the
analytical solution. Whereas, with the conventional IGA, further refinement is needed
to achieve similar accuracy.

The effect of the shear locking can be distinctively observed in conventional IGA
while using the lower degree basis functions with a higher slenderness ratio of the prob-
lem domain. As illustrated in Figs. 6.5b and 6.5c¢, IgAé]?lad locks with a higher value of
L/t and a significant refinement is needed to alleviate the anomaly. On the other hand,
h—IgAg?lad elements performs convincingly well in all the conditions by alleviating the
locking and providing superior coarse mesh accuracy. Furthermore, the use of higher
degree NURBS, either with conventional or hybrid IGA, significantly reduced the lock-
ing. The results for cubic NURBS interpolations are not presented for this particular
problem as the formulation, either it is conventional IGA or hybrid IGA, converges to
the exact solution with a minimum number of active degrees of freedom itself. For the
point of interest, the results obtained by IgA%?n / h—IgA%?n and FE-q4/h-FE-q4 elements
are identical because the NURBS basis functions of degree 1 with weights as 1 will
reduce to the conventional Lagrangian basis functions used for q4 elements.

Furthermore, to have a comprehensive understanding about the performance of the
proposed hybrid IGA formulation, the normalized strain energy and Lo error of stress
field has been shown in Fig. 6.6. The strain energy (W') for different slenderness ratios
is normalized against the analytical solution obtained using the following expression
[101]:

whereas the Lo error for stresses are calculated using the following Timoshenko stress
solution [169]

Op = fy(L —x)(y — t/2)1—§, oy =0,

_ 2
oo = T | T 127

6.4.2 Curved cantilever beam

In the present example, a linear elastic behavior of a 2D curved cantilever beam is
investigated. The problem is composed of a curved beam subjected to horizontal load
on one end and fixed on the other end. The problem setup and the boundary conditions
are illustrated in Fig. 6.7a, where R;, and R,,; are the inner and outer radii measured
from the origin, R is the mean radius, and ¢ is the thickness of the beam. f, is the
magnitude of the load at the free end such that radial displacement at the tip (Point
‘A’) is evaluated as 0.942 [101]. It is calculated as, f, = 0.1t3. v is the Poisson’s ratio,

and F is the Young’s modulus.
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Figure 6.7: The problem definition and geometric description of a curved cantilever
beam problem (R/t = 10) for 8 x1 NURBS elements with quadratic basis along £ and n
direction.
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Figure 6.8: ((a) and (b)) Deformed geometric description and (c) contour plot of the
magnitude of total displacement using a mesh of 8x1 h—IgA(QQ]?lad elements for a curved
beam problem.

To exactly represent the circular edges of the problem domain, the minimum require-
ment is to incorporate the quadratic NURBS basis functions along the curvature. The
required control point along with the respective weights to model the coarsest possible
mesh representing the exact geometry is provided in the Appendix B (Table B.2). Once
the initial mesh is generated, the sequence of meshes is constructed using the h and
k-refinement. One such mesh of 8 x 1 quadratic NURBS elements, for the slenderness
ratio (R/t) 10, is shown in Figs. 6.7b and 6.7c, which focuses on the number of control
points involved, the control point mesh, and the respective element discretization of a
domain. To achieve the sense of completeness, the extensive result for the stated mesh
is presented in Fig. 6.8 which elaborates the deformed configuration of the problem do-
main (Figs. 6.8a and 6.8b) along with the contour plots for displacement field (Fig. 6.8¢)
obtained by incorporating the hybrid IGA formulation.
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Figure 6.9: Normalized radial displacement at point ‘A’ for a curved cantilever beam
problem for three R/t ratios.

The problem is solved using the FEA and IGA formulations for three different slen-
derness ratios (10, 100, and 1000) in order to gradually introduce the shear locking effect
into the problem domain. The problem data considered for the three cases is given as
follows:

1. R/t =10, Ry, = 9.5, Ryt = 10.5, R=10,t =1, f, = 0.1,

2. R/t =100, Ri, = 9.95, Ryyy = 10.05, R=10,¢t = 0.1, f, = 0.1 x 1073,

3. R/t =1000, Ry, = 9.995, Rou: = 10.005, R = 10, t = 0.01, f, = 0.1 x 1076,

For all three cases, the analytical solution for the radial displacement (u,) at point ‘A’
is 0.942.

The radial displacement at point ‘A’ is numerically evaluated by employing the
different formulations and results are presented in Fig. 6.9. For the lower value of slen-
derness ratio (R/t = 10, Fig. 6.9a), it can be seen that the locking effect is substantially
low whether it is IGA or FEA formulation. However, the proposed hybrid IGA out-
performs conventional formulation with coarse mesh accuracy. For instance, the results

using h—IgA(ZQ]?Jad elements are in close approximation with the analytical solution even
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with merely 30 active degrees of freedom (Ngfof), whereas the results for conventional

IGA even with the cubic basis are inferior for nearly the same degrees of freedom.

As the slenderness ratio increases, the influence of the shear locking in the conven-
tional IGA formulation can be observed distinctly while using the lower degree basis
functions. As illustrated in Figs. 6.9b and 6.9c, IgAgﬂad locks severely with a higher
value of R/t. On the other hand, the h—IgAg?lad performs convincingly well in all the
conditions by alleviating the locking. Furthermore, the use of higher degree NURBS
significantly reduces the locking, but hybrid results can be seen marginally better than
the conventional formulation. From a comparative perspective, the IGA results, either

conventional or hybrid, seem to be better than their FE counterparts.

6.4.3 Cook’s membrane problem
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Figure 6.10: (a) The problem setup and boundary conditions for a Cook’s membrane
problem, ((b) and (c)) geometric description consisting 8x8 quadratic NURBS elements,
((d) and (e)) respective deformed configuration, and (f) the contour plot for vertical
displacement using hybrid IGA formulation.
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Figure 6.11: Normalized vertical displacement at point ‘A’ and Ls error norm for

vertical displacement versus the active degrees of freedom for the Cook’s membrane
problem.

Next, the Cook’s membrane problem is simulated [110]. The problem setup and the
boundary conditions are illustrated in Fig. 6.10a, where f, is the load per unit length.
Setting v = 0.4999, the problem becomes a typical case of volumetric locking while
investigating the nearly incompressible behavior of the domain under combined bending
and shear deformation.

The geometric data to construct the coarsest possible mesh, representing the exact
geometry, is provided in the Appendix B (Table B.3). Once the initial mesh is generated,
the sequence of refined meshes are modeled using the refinement techniques. One such
mesh of 8 x 8 NURBS elements, having the quadratic basis functions along the £ and
n direction, is shown in Figs. 6.10b and 6.10c. The elaborated results are presented in
the Figs. 6.10d and 6.10f which focuses on the deformed configuration of control point
mesh and the discretized domain along with the contour plot for vertical displacement
for the stated mesh.

The normalized vertical displacement at the point ‘A’ against the reference solution
of 7.7 [132] is evaluated as shown in Fig. 6.11a. Furthermore, the convergence of the
relative Lo error norm of displacement versus the number of active degrees of freedom
(N3, f) is shown in Fig. 6.11b. As analytical expressions for the displacements are not
well established for the stated problem, the reference to evaluate the Lo norm is the
well-converged solution of highly-refined mesh of h—IgA%]?lb elements.

It can be observed that the FE-q4 and its equivalent IgA%?n elements locks severely.
Even with the significantly high refinement, the results only marginally improve. On the
other hand, the hybrid formulation can successfully alleviate locking to produce superior
results. Moving to higher degree basis functions, where the IGA basis functions are

different from the Lagrangian basis functions, it can be seen that the IgAé]ﬁad elements
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Figure 6.12: (a) The problem setup and boundary conditions for an infinite plate with
a circular hole problem under constant in-plane tension (7" = 1) at infinity, and ((b) and
(c)) geometric description (a quarter portion) consisting 10x5 NURBS elements with
quadratic basis along ¢ and n direction.

lock significantly for lower mesh refinements. However, the proposed h- IgAQuad elements
works very well even with a very low number of N¥ dof and provides better coarse mesh
accuracy. With further elevation in the degree of basis function, the gap between the
conventional and hybrid IGA results gets insignificant, yet hybrid IGA is marginally

better than the conventional IGA formulation.

6.4.4 Infinite plate with a hole problem

The problem consists of a 2D infinite plate with a circular hole under constant uni-axial
in-plane tension (T' = 1) at infinity [110], see Fig. 6.12a. Owing to the symmetry of the

problem only a quarter portion of the plate is considered, as shown in Fig. 6.12a.

The problem setup and the boundary conditions are shown in Fig. 6.12a, which
includes the symmetric boundary condition on edge ED and BC, and the Neumann
boundary condition on edge AB and AE. The exact traction, applied on the boundary
AB and AE, is evaluated using the analytical expression of stresses (Eqs. 6.44, 6.45,
and 6.46) for the stated problem setup.

A plane-strain condition is assumed, and the analytical solution [110] for the stress

field is given as follows:

R% (3 3R!
Opw = 1 — o) <2 cos 2¢ + cos 4¢> o4 608 4¢, (6.44)
4
Oyy = R—z ( cos 2¢ — cos 4¢> 3;R4 cos4¢, (6.45)
R2 4
Ty =~ 3 < sin 2¢ + sin 4¢)> Py sin4q, (6.46)
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Figure 6.13: ((a) and (b)) Deformed geometric description of an infinite plate with a
hole problem (a quarter portion) for 10x5 NURBS elements with quadratic basis along £
and 7 direction (magnified by the factor of 1 x 10* for better visualization), and contour
plots for horizontal and vertical displacement for the mesh illustrated in Figs. 6.12b and
6.12¢ using hybrid IGA formulation ((c) and (d)) alongside the analytical solution ((e)
and (f)) for v = 0.3.
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Figure 6.14: ((a) and (b)) Deformed geometric description of an infinite plate with a
hole problem (a quarter portion) for 10x5 NURBS elements with quadratic basis along £
and 7 direction (magnified by the factor of 1 x 10* for better visualization), and contour
plots for horizontal and vertical displacement for the mesh illustrated in Figs. 6.12b and
6.12c using hybrid IGA formulation ((c) and (d)) alongside the analytical solution ((e)

and (f)) for v = 0.4999.
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Figure 6.15: Convergence study of a relative Ly error norm of displacement versus the
active degrees of freedom for a plate with hole problem.

where 7 = /22 + 92 and ¢ = tan"!(y/z). The analytical expression for the displace-

ment field is given as

3
uz(r, @) = ;Z Lg(k +1)cosop + ?((1 + k) cos ¢ + cos 3¢) — ii;cos?xb],

3
uy(r, ¢) = ;Z [}%(k — 3)sing + ?((1 — k)sin¢ + sin3¢) — iigsin&b],

where p = and k = 3 — 4v (for plane-strain condition).

E
2(1+v)

The minimal requirement to maintain the exact geometry is to use the quadratic
NURBS basis functions along the ¢ direction. Furthermore, the coarsest possible mesh
to represent the exact geometry consists of two quadratic elements, one in the radial
direction and two in the ¢ direction. The control point coordinates and the respective
weights are given in the Appendix B (Table B.4). Once the initial mesh is generated,
the sequence of meshes is constructed using the h-refinement. One such mesh of 10x5
elements is shown in Figs. 6.12b and 6.12¢, which focuses on the number of control
points involved, the control point mesh, and the respective element discretization of a
domain. For a better understanding, the comprehensive results for the mesh described
in Figs. 6.12b and 6.12c are presented in Figs. 6.13 and 6.14, which focuses on the
deformed configuration of the problem domain along with the numerical displacement
field in comparison with the analytical solution for different Poisson’s ratios.

The problem is solved using the conventional and hybrid IGA alongside their FE
counterparts. To test the efficiency and robustness of the method, the problem is studied
for the two cases. For the first case, v is considered as 0.3 so that the solution is
unaffected by volumetric locking. Secondly, the v value is considered as 0.4999 to analyze

the nearly incompressible behavior which is highly influenced by locking.
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Figure 6.16: Normalized strain energy and Lo error norm of stress for a plate with
hole problem for different Poisson’s ratios.

For the first case, the convergence of the relative Ls error norm of displacement versus
the number of active degrees of freedom (N, ,) is evaluated as shown in Fig. 6.15a. It
can be seen that the convergence rates for the conventional and hybrid IGA are closely
identical, whether it is for quadratic or cubic basis functions. This authenticates the
fact that the hybrid IGA formulation is not restricted to locking-dominated problem
domains but can also be effectively used for problems that are not influenced by the
locking.

In the second case, the nearly incompressible behavior is investigated by setting the
Poisson’s ratio close to the value 0.5. The convergence curves specific to v = 0.4999
are presented in Fig. 6.15b. It can be seen that the conventional IGA locks while using
the quadratic basis functions. Though refinement considerably reduces the error, the

proposed h—IgAé]?lad outperforms the IgAaﬁad elements in terms of coarse mesh accuracy.
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iz ey

»t

Figure 6.17: A straight cantilever beam problem, material data, and boundary condi-
tions.

Similar results are obtained with cubic basis functions, conventional IGA is less sensitive
to locking, but the h—IgA%lib provides better accuracy at a relatively low number of
elements.

To have thorough insights on the performance of hybrid elements, the problem is
further investigated for the normalized strain energy (Figs. 6.16a and 6.16b), Ly error of
stress field (Figs. 6.16c and 6.16d). The reference strain energy (W'') for normalizing
the evaluated results is obtained using the well-converged solution of high-refined mesh.
The W value in case of v = 0.3 is 7.6937x10~° and for v = 0.4999 is 6.3739x10~°. The
reference solution for evaluating the Ly error of stress is obtained using Eqs. 6.44, 6.45,
and 6.46. Furthermore, the stress concentration factor (Sy) has been evaluated using
the expression Sy = o**/T which leads to Sy = 2.9999 for v = 0.3 and Sy = 3.6146

for v = 0.4999 for the converged mesh.

6.4.5 Three-dimensional straight cantilever beam

A 3D straight cantilever beam is solved to assess the performance of the proposed stress-
based NURBS elements under the influence of shear locking [169]. The schematic of the
problem and boundary conditions are shown in Fig. 6.17. The slenderness ratio (L/t)
is varied from 10 to 1000 to analyze the effect of various aspect ratios. The problem
parameters consist of three L/t ratios, i.e., 10, 100, and 1000, obtained by gradually
reducing the thickness as 6, 0.6, and 0.06 for a constant length L = 60. The load per
unit length along the edge is given by f. = 1.26563t> x 10~2. The analytical solution
(u;ef) using the Euler-Bernoulli beam theory for the vertical displacement at the tip in
all three cases is 7.29. The control point coordinates and the corresponding weights to
design the initial coarse mesh illustrating the exact geometry of the problem domain
are presented in the Appendix B (Table B.5). After defining the coarse mesh, further
refinement is carried out using h- or k-refinement techniques. The meshes used to solve

nt

L
where n cle?

w
X n ele’

L ¢
the problem are defined as n, x ng, e

and ng, are the number
of elements in length, thickness, and width directions, respectively. The refinement has
been done along the length direction in such a way that née =2,4,8,16, ..., 256 while

keeping nf,, = n%, =1 for all three L/¢ ratios.
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Figure 6.18: Normalized vertical displacement at point ‘A’ for a straight cantilever
beam problem for three L/t ratios.
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Figure 6.19: Normalized tip displacement versus L/t ratio for straight cantilever beam
problem.
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Figure 6.20: A curved cantilever beam problem, material data, and boundary condi-
tions.

The problem is solved for the vertical displacement at the tip. The normalized results
against the analytical solution versus the total number of active degrees of freedom
(Ng,s) are presented in Fig. 6.18. For the low value of L/t (Fig. 6.18a), the locking is
insignificant. For such a case, even conventional formulations converge to the analytical
solution fairly quickly. However, the proposed stress-based elements provide improved
coarse mesh accuracy with even a single quadratic element discretization (h—IgA%]?lad,
Ngfof = 54) converging to the desired analytical solution. To achieve the equivalent
accuracy, conventional IGA needs further refinement for the same class of NURBS-based
elements.

The shear locking is more prominent in high L/t ratios. The adverse effects on the
solution quality can be perceived distinctively for lower degree NURBS elements in the
case of conventional formulation. For instance, IgA?é]?lad locks with higher L/t ratios,
see Figs. 6.18b and 6.18¢, and a considerable refinement of the domain has to be per-
formed to alleviate the locking. In contrast, the performance of h—IgA3Q]?lad formulation
is consistently superior regardless of the L/t ratios. To further compare the perfor-
mance of the proposed elements against the conventional formulation, the normalized
tip displacement against the increasing L/t ratio for two different mesh descriptions is
shown in Fig. 6.19. As the L/t increases, locking effects can be seen in IgA%ﬂad ele-
ments; however, h—IgA%]?lad performs consistently throughout. IgA?é]?lb or h—IgA?é?lb are
less susceptible to locking in all three cases and converge to the reference solution with

the minimum possible number of active degrees of freedom.

6.4.6 Three-dimensional curved cantilever beam

The present example addresses the behavior of a 3D curved cantilever beam under the

influence of combined shear and membrane locking. The problem is composed of a
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Figure 6.21: Normalized radial displacement at point ‘A’ and Lo error norm of dis-
placement for a curved cantilever beam problem for three R/t ratios.
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Figure 6.22: Normalized radial displacement at edge AB versus R/t ratio for a curved
cantilever beam problem.

curved beam of mean radius R, thickness ¢, and width w = 1, fixed on one end and
subjected to the horizontal load f, along the edge of the opposite end, see Fig. 6.20
[101]. Here, R;;, and Ry, are the inner and outer radii, F is the Young’s modulus, and

v is the Poisson’s ratio.

Similar to the previous example, the problem is evaluated for different slenderness
ratios (R/t) to gradually introduce locking and determine the response of the hybrid
NURBS-elements. The problem parameters consist of three R/t ratios, i.e., 10, 100,
and 1000, obtained by gradually reducing the thickness as 1.2, 0.12, and 0.012 for the
constant mean radius R = 12. The load per unit length along the edge is given by
fe = 0.1t3. The reference solution (u'*f) at the tip is determined using the converged
results of highly refined mesh. It is found to be 1.6338, 1.6236, and 1.5852 for R/t =
10, 100, and 1000, respectively. The control point coordinates and the corresponding
weights to design the initial coarse mesh illustrating the exact geometry of the problem
domain are presented in the Appendix (Table B.6). Due to the involvement of the curved
circular surface of the problem domain, the geometric description demands a minimum
of second-degree NURBS interpolations along the curvature. After defining the coarse
mesh, further refinement is carried out using h- or k-refinement techniques. The meshes

R 0 z

z
used to solve the problem are defined as nj, X ng, X nZ,, and nj), are the

R [4
where ngj,, 1.,

number of elements in R, 6, and z direction, respectively. The refinement is done along
the 0 direction in such a way that nzle =2,4,8,16, ..., 256 while keeping nﬁe =ng, =1
for R/t = 10 and 100. However, the stress convergence for R/t = 1000 is obtained after
performing refinement in z (width) direction. Hence the meshes used for R/t = 1000

is obtained by considering ngle =2,4,8,16,...,256,n3,=1,1,1,1, 2,2, 4,8, and

R _
ele_l'

n,
The problem is solved for the radial displacement at the tip. The normalized dis-
placement and the relative Lo error norm of displacement against N are shown in

Fig. 6.21. The normalized tip displacement corresponding to the varying R/t ratio for
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Figure 6.23: Curved cantilever beam problem: ((a), (c), and (e)) Contour plot of oy,
distribution for different R/t ratios using h-IgA3 elements; ((b), (d), and (f)) Normalized

von Mises stress at point ‘C’.
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Figure 6.24: The oy, evaluated at the boundary with R = Ry, z = 0 along 6 for two
different mesh descriptions for a curved cantilever beam problem with R/t = 1000.

two different mesh descriptions is shown in Fig. 6.22 to better visualize the performance
of the proposed elements against the conventional formulation. As the R/t increases,
significant locking can be seen in IgA%]?lad elements; however, h—IgA3Il)lad performs con-
sistently throughout. IgA?é]?lb and h—IgA%?lb are less susceptible to locking in all three
cases.

For the low value of R/t (Figs. 6.21a and 6.21b), the locking is insignificant. In this
case, conventional formulations are effective enough to converge to the analytical solution
with a reasonably low number of elements. However, the proposed stress-based elements
provide improved coarse mesh accuracy, where a mesh of eight quadratic elements (h-
IgA?’Q]?lad, Nfl‘of = 243, mesh: 1 x 8 x 1) converges to the desired analytical solution with
Ly error of 0.73%. The results for IgA?éz]?lad (Ngoy = 243, mesh: 1 x 8 x 1) and IgAZD,
(Ngo; = 288, mesh: 1 x 4 x 1) are inferior for nearly the same Ng, . with Ly error of
2.03% and 1.17%, respectively. To achieve a comparable accuracy with conventional
IgA%]ﬂad, it requires double the number of elements as that of h—IgA%ﬂad formulation.

For higher R/t ratios, the effect of locking deteriorates the solution quality for lower-
degree NURBS elements in the case of conventional formulation. For instance, IgA%?lad
locks at higher R/t ratios, see Figs. 6.21c, 6.21e, 6.21d, and 6.21f, and considerable
refinement is required for the convergence. On the other hand, the performance of h-
IgA%]?lad formulation is consistently superior irrespective of the R/t ratios. For instance,
a mesh of sixteen h—IgA?Q]?lad elements (Nj,, = 459, mesh: 1 x 16 x 1) for L/t = 100
and L/t = 1000 provides a close approximation with the reference value with Lo error
of 0.44% and 3.87%, respectively. However, to achieve a comparable accuracy with
the conventional IgA%I?lad elements, it requires four times the number of elements for
L/t =100 (IgA%?lad, N,y = 1755, mesh: 1 x 64 x 1, Ly = 0.13%) and eight times the
number of elements for L/t = 1000 (IgAZ),4, Ni,; = 2340, mesh: 1 x 64 x 2, Ly =

3.53%). Furthermore, the application of higher-degree interpolations for conventional
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Figure 6.25: One-eighth domain of a pinched cylinder problem, material data, and
boundary conditions.

formulation, i.e., IgA%?lb, reduces the locking effect, but h—IgA%?lb results are marginally
better than its conventional IGA counterpart.

The von Mises stress (oym) is evaluated at r = Ry, 6 = 45°, z = 0 (point ‘C’)
for all three R/t ratios. The results are normalized with the reference value (o:<) of
6.4025, 0.5963, and 0.0505 for R/t ratios 10, 100, and 1000, respectively. The refer-
ence value is the converged solution of the highly refined mesh using h—IgAg’ elements.
Figs. 6.23a, 6.23c, and 6.23e show the contour plot of oy, distribution for different R/t
ratios, whereas Figs. 6.23b, 6.23d, and 6.23f focus on a point in the domain to show
the convergence of the von Mises stress for different elements. In all three cases, the
h—IgA?é?lad shows better coarse mesh accuracy as compared to the conventional IgA%I?lad
elements. In addition, the oy, is evaluated at the boundary with R = Rj,, z = 0 along
0 for two fixed mesh descriptions, see Fig. 6.24. It can be seen that the h—IgA?éI?lad

elements perform consistently better than the IgA%?lad elements.

6.4.7 Pinched cylinder

The pinched cylinder with an end diaphragm is one of the shell obstacle course problems
where both shear and membrane locking are dominant [101]. The problem consists of a
circular cylinder of length L, mean radius R, and thickness ¢, restrained at both the ends
with rigid diaphragms and subjected to two equal and opposite concentrated load Fryt
at the mid-section, see Fig. 6.25. Due to the symmetry of the problem, only one-eighth
of the cylinder is investigated. The geometric description to design the coarse mesh
while maintaining the exact problem domain using the NURBS interpolations is given
in the Appendix (Table B.8). The minimum requirement on the degree of interpolation
functions is to use quadratic NURBS along the curvature to accurately model the circular
surface of the domain. After defining the coarse mesh, further refinement is carried out

using h- or k-refinement techniques. The meshes used to solve the problem are defined

R 0

oo ole where nft

L 6 L :
as Mgy, X Moje X Ml Je» Maje> and ngj, are the number of elements in R, 0, and
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Figure 6.26: (a) Normalized vertical displacement at point ‘A’; (b) Lo error norm of
displacement for a pinched cylinder problem.

Symmetry R — 25

(uy =0) L =50
Symmetry ‘=025
(s = pg = 360

E =432 x 108

diaphragm

Figure 6.27: Quarter domain of a Scordelis—Lo roof problem, material data, and
boundary conditions.

L direction, respectively. The refinement is done along the 6 and L direction in such a
0

way that ng, = née =2, 4, 8, 16, 32 while keeping nffe =1.

The problem is solved for the radial displacement at the point of application of load.
The vertical displacement is normalized by the analytical solution (u"f = 1.8248 x 10>
[101]) and the results are shown in Fig. 6.26a. Moreover, the relative Ly error norm of
displacement against the total number of active degrees of freedom is shown in Fig. 6.26b.
A solution of highly refined mesh consisting of 1 x 64 x 64 cubic elements is taken as
a reference to evaluate the Lo norm. It can be seen that a much better coarse mesh
accuracy of h—IgA%?lad elements over the conventional IgA3?13d elements is obtained.
Higher-order elements are less affected by locking, whether it is h—IgA%]?lb or IgA%]?lb
elements.
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Figure 6.28: (a) Normalized vertical displacement at point ‘A’; (b) Lg error norm of
displacement for a Scordelis—Lo roof problem.

6.4.8 Scordelis—Lo roof problem

The next problem we considered is the Scordelis—Lo roof problem [175]. The problem
consists of an 80° circular section of a cylinder of length L, mean radius R, and thickness
t, restrained at the opposite ends with rigid diaphragms and the other two sides remain
free, see Fig. 6.27. The described problem set-up is studied under the influence of
body force per unit volume pg. Here p is the specific mass of the body and g is the
acceleration due to gravity. Owing to the symmetry of the problem, only one-fourth of
the cylindrical section is investigated. The geometric description to design the coarse
mesh while maintaining the exact problem domain using the NURBS interpolations is
defined in the Appendix (Table B.7). After defining the coarse mesh, further refinement

is carried out using h- or k-refinement techniques. The meshes used to solve the problem

0 L

AR o are the number of elements in

where nft and n

L 6
xn eles Tele>

R
are defined as n_j, x n ol

R, 0, and L direction, respectively. The refinement is done along the # and L direction
in such a way that nzle = née =2, 4, 8, 16, 32 while keeping nf{e =1

The problem is solved for the vertical displacement at the mid-point of the free
side (denoted as point ‘A’ in Fig. 6.27). The normalized results against the analytical
solution (u*f = 0.3024 [175]) are presented in Fig. 6.28a. Further, the relative Lo
error norm of the displacement against N;Df is evaluated, see Fig. 6.28b. A converged
solution of highly refined mesh consisting of 1 x 64 x 64 cubic elements is taken as a
reference to evaluate the Ly norm. It can be seen that the performance of the proposed
h—IgA%]?lad formulation results in a faster convergence to the analytical value. Even with
the mesh of 1 x4 x4 (N}, ;= 277), the h—IgASQ]?lad provides a very good approximation
to the analytical solution with a small Lo error of 2.8056%. In contrast, the IgA?él?lad

formulation needs four times the total number of elements (1 x 8 x 8, Naop = 821) to
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Figure 6.29: Quarter domain of a pinched hemisphere problem, material data, and
boundary conditions.
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Figure 6.30: (a) Normalized vertical displacement at point ‘A’; (b) Lo error norm of
displacement for pinched hemisphere problem.

reach a comparable accuracy with Ly error of 3.1487%. In fact, even in comparison to

IgA%]?lb, the h—IgA%?lad results are superior for approximately the same number of N(”jof.

Next, we investigated the additional computational burden required for the proposed
hybrid elements. The extra time taken by the proposed formulation is small as compared
to the conventional IGA formulation. The additional cost is around 2-4% for quadratic
elements and 2-6% for cubic elements against the respective conventional IGA elements.
Similar observations in the case of large deformation contact formulation in FEA using
the hybrid elements have been reported by Agrawal et al. [148]. It has been shown
that the time taken by the hybrid elements is roughly 1.01 times that of conventional
elements for the same mesh description [148]. It provides strong numerical evidence that
the hybrid elements require only marginal extra computational efforts as compared to

the conventional elements.
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Figure 6.31: Quarter domain of an incompressible square block problem, material
data, and boundary conditions.

6.4.9 Pinched hemisphere problem

The last shell obstacle course problem considered is the pinched hemisphere problem
[60]. The problem comprises of a hemispherical domain of mean radius R, thickness ¢,
and it is subjected to the equal and diametrically opposite pair of concentrated load F'
on the plane of equator, see Fig. 6.29. The peripheral boundary of the problem domain
at z = 0 is free, and the top center point is fixed to avoid any rigid body motions.
Similar to the preceding problems, only one-fourth of the geometry is investigated due
to the symmetry of the problem domain. The geometric description to design the coarse
mesh while maintaining the exact problem domain using the NURBS interpolations is

defined in the Appendix (Table B.9). The meshes used to solve the problem are defined

R 6 o)

¢) .
e o s . and ng, are the number of elements in R, 0, and

R 0
where n_j,, nj.,

as niy, X Ny Xn
¢ direction, respectively. The angles 8 and ¢ are the azimuthal angle in the xy-plane
and the polar angle, respectively. The refinement is done along the 6 and ¢ direction in
such a way that nZle — nfle =2, 4, 8, 16, 32 while keeping nt =1.

ele

The problem is simulated to evaluate the displacement along the direction of applied
load at point ‘A’. The normalized results against the analytical solution (u?rff = 0.0924
[60]) are presented in Fig. 6.30a. Furthermore, the relative Ly error norm of displacement
against Ng, ¢, with reference as a converged solution of highly refined mesh consisting of
1x 64 x 64 cubic elements, is shown in Fig. 6.30b. Consistent with the previous examples,
similar improvement in the quality of results for h-IgA formulation is observed. A mesh
of 1 x16 x 16 (N} ;= 2688) of the proposed h—IgA%?lad elements is sufficient enough to
provide a very good approximation with the analytical value with Lo error of 1.4300%.
However, the conventional IgA%?lad, even with the four times the elements ( 1 x 32 x 32,

dof = 9968), provides a lower accuracy (Lo error = 2.6339%) as compared to the

h—IgA%?lad elements.
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square block problem.

6.4.10 Incompressible block

The next example is a well-established test to assess
limit where the volumetric locking is dominant [54,
angular block of dimension 2L x 2L x L. A pressure

area of L x L at the center of the top surface of

[
T

lock problem.

3D 3D |
—o—h-IgAp g - o 'IgA_Quad
—a—h-IgAY, -0 -IgAD,

4 S

10 10

Niog

(b) Normalized von Mises stress

s (oym) using a mesh of 32 x 32 x 32
t point ‘B’ for a nearly incompressible

the formulation in near-incompressibility

176]. The problem consists of a rect-
load @ is applied on a cross-sectional

the block. Due to the symmetry of

the problem, only one-fourth of the problem domain is considered for the analysis.

The problem setup and the associated boundary conditions are shown in Fig. 6.31.

The geometric description to design the coarse mesh with the lowest possible degree

of NURBS interpolations is similar to the rectang

ular beam problem in the Appendix

(Table B.5) after substituting L = w = t = 1. Further refinement is carried out using
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6.4. Numerical examples
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h- or k-refinement techniques. The meshes used to solve the problem are defined as

where n% and nZ . are the number of elements in z, y, and z

Yy
e x TL ele X ng ele> Tole ele

el ele’

direction, respectively. Uniform meshing is employed throughout the problem in such a

way that n%, = n’, =nZ, =2, 4, 8, 16, and 32.

ele —

The problem is solved for the v = 0.4999 to simulate the near-incompressible be-
havior of the block under the influence of volumetric locking. The normalized dis-
placement along the z direction at point ‘A’ is evaluated against the reference solution
(u*f = 0.2165), see Fig. 6.32a. Further, the relative Lo error norm of displacement
against Ny, . is evaluated in Fig. 6.32b. A converged solution of highly refined mesh
consisting of 32 x 32 x 32 cubic elements is taken as a reference to determine the Lo
error. The effects of locking can be seen with IgAQu 4> Whereas IGA with higher de-
gree interpolations is capable of alleviating the locking with refinement. However, the
hybrid IGA formulation consistently provides a better coarse mesh accuracy. For in-
stance, the h—IgA%?lad converges to the solution with a mesh of 4 x 4 x 4 (Ng,, = 2520)
elements with the relative Lo error as 1.9093%, whereas IgA?é]?lad needs twice (8 x 8 x 8,
Nor = 15912) the elements in each direction to achieve a comparable accuracy with Lo
error of 1.1179%.

Further, the von Mises stress (oyn) is evaluated at z = 0, y = 0, z = 0.5 (point
‘B’). The results are normalized against the reference value (¢¢!) of 62.7484, which is
the converged solution obtained while solving the problem using 32 x 32 x 32 h—IgAg’
elements. Fig. 6.33 shows the contour plot of oy, distribution and the convergence of
normalized von Mises stress at point ‘B’ against the active NJ, 2 The results show better
coarse mesh accuracy of h- IgAQuad elements over the conventional IgA%]?lad elements,
whereas marginal improvement is seen in h- IgA Cup elements. To understand the effect
of hybrid elements on the stress distribution, a thorough investigation of the stresses
on the ‘y’ plane for different mesh descriptions is shown in Fig. 6.34. The stresses are
calculated along x from 0 to 1 and keeping y = 0 and z = 0.5. Note that due to the
symmetric boundary conditions, various stress components oy, 0y, and o, should be
identically equal to zero at this location. The results, however, show that these traction
boundary conditions are not accurately satisfied by the conventional IgA%]?lad elements
and significant oscillations are present in the predicted normal stress (oy,). Even with
the high refinement, the conventional IgAg?lad fails to accurately predict the desired
solution, see Figs. 6.34a and 6.34b. On the contrary, the stress field predicted from
h-IgA?D Quad €lements shows no such oscillations, and their magnitude is also quite close
to zero. The condition on shear stresses 0., and o,. equal to zero is better satisfied
for the case of h- IgAQuad elements in contrast to the IgA3D . elements, see Figs. 6.34c,
6.34d, 6.34e, and 6.34f. The h—IgA?’]?lb elements also show marginal improvement over

the conventional IgA Cub, €lements.
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6.5. Summary

6.5 Summary

In the present chapter, stress-displacement based hybrid elements are proposed to al-
leviate the adverse locking effects in NURBS-based IGA. The proposed NURBS-based
hybrid elements are derived on the basis of the two-field HR variation principle, where
the separate interpolation techniques are adopted for approximating the two field vari-
ables independently. Standard NURBS interpolation functions are utilized for approx-
imating the displacement field, whereas the proposed stress interpolation functions are
used to approximate the stress field. We further describe a systematic evaluation of the
feasible stress interpolation functions for different order NURBS-based elements. It is
mathematically shown that the proposed elements are free of any spurious zero-energy
modes.

The results of numerous linear elasticity problems show that the proposed ele-
ments provide a locking-free response in problems having high aspect ratio or near-
incompressibility of the domain. In most of the problems, it can be observed that the
proposed elements require considerably low N dof tO attain a comparable accuracy with
the conventional NURBS-based elements. The higher-order elements, either h—IgA%]?Jb,
h—IgA%]?lb, IgA%]?lb or IgA%l?lb are less affected by locking; however, h—IgA%]?lb and h-
IgAzch provides comparatively better coarse mesh accuracy than its conventional IGA
counterpart. Moreover, the formulation is generic and does not involve any kinematic
assumptions. This allows the effective implementation of proposed elements in ‘thin’ as
well as ‘chunky’ geometries without any special treatment, which further complements
the robustness of the method.
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Chapter 7

Development of EAS Elements
for Alleviating Locking in IGA

In the present chapter, we propose strain-based EAS elements to alleviate locking in
IGA. The key highlight of the present work is the evaluation of enhanced strain interpo-
lation functions for VHW principle-based EAS elements in NURBS-based IGA. These
enhanced strain interpolation functions have been derived systemically for various or-
ders of NURBS displacement interpolation through the investigation of the interrelation
between the two-field HR and three-field VHW variational formulations. Additionally,
the chapter demonstrates the efficacy and robustness of the proposed elements with the
treatment of several 2D and 3D linear-elastic benchmark problems against the exist-
ing EAS, conventional, and hybrid IGA elements. Finally, the distinctive performance
advantage of the proposed elements is demonstrated through several time-dependent

problems.

7.1 Introduction

As discussed in preceding chapter, IGA has emerged as a powerful numerical method
with widespread applications across diverse engineering fields. However, it is not with-
out limitations. Notably, IGA is susceptible to locking [183], which manifests over-stiff
behavior along with the high oscillations of the resulting stresses on a range of ap-
plications. Further, locking adversely affects convergence rates, leading to impractical
solutions within a realistic range of discretization. These issues pose challenges to the
accuracy of solutions achieved through IGA.

In the literature, numerous attempts have been made to alleviate the locking in the
context of IGA, refer to Section 1.5. Despite these efforts, the strain-based formulation,
particularly the EAS method, has received limited attention. EAS method has shown
promising capabilities in FEA [54, 121-134, 165-167]. However, its extension to IGA
is currently limited to 2D quadratic EAS elements that are specifically designed to
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mitigate volumetric locking in IGA [135]. Furthermore, these elements necessitate an
additional stabilization strategy to address non-locking scenarios and are ineffective in
mitigating shear and membrane locking. Motivated by this research gap, the present
work introduces a robust class of strain-based solid EAS elements tailored for NURBS-
based IGA.

A key consideration in formulating the proposed EAS elements involves the careful
selection of a feasible set of interpolation functions to approximate the enhanced strain
field. Similar to Chapter 4, this is achieved by utilizing the equivalence between the
stress-based HR and the VHW-based EAS formulation. Attaining equivalence requires
ensuring orthogonality between the independent stress field in the HR-based hybrid
elements and the enhanced strain field in EAS formulations, while also satisfying specific
conditions on their respective spaces [125, 126, 177, 178]. The present work utilizes
the independent stress field proposed in [143, 152], which provides efficient and robust
NURBS-based hybrid IGA elements, and explores the orthogonality condition to derive
an efficient choice for the enhanced strain field in several 2D and 3D NURBS-based
EAS elements. The methodology outlined in this work is generic and can be employed
to generate a variety of EAS elements from their corresponding stress-based elements in

a systematic framework.

The efficacy of the proposed EAS elements is extensively tested through numerous
benchmark numerical examples, which showcase their ability to alleviate locking and
provide higher coarse mesh accuracy compared to conventional elements. The efficiency,
reliability, and robustness of the proposed elements make them a viable option for solv-
ing a diverse range of problem domains, especially in cases where volumetric, transverse
shear and membrane locking are dominant factors. Moreover, the proposed 2D EAS
elements exhibit superior performance compared to their existing counterparts. Con-
trary to existing EAS elements, they do not require additional stabilization techniques
to handle non-locking scenarios, and are devoid of the hourglass modes, especially in
locking affected problem descriptions. As a result, it presents an attractive alterna-
tive to the available EAS elements. Further, the current work also presents a set of
novel 3D EAS elements. These elements have been shown to perform well in diverse
situations, whether the problem involves thin or thick structures or requires handling
near-incompressibility of materials, without compromising their performance. The in-
herent versatility of this methodological framework promotes its applicability across a
broad spectrum of problems in IGA, thereby contributing to the advancement of EAS

elements in the field of computational mechanics.

The rest of the chapter is organized as follows: In Section 7.2, the key expres-
sions in the two-field stress-based HR formulation and VHW variational principle for
the EAS method are recollected from the preceding chapters. It further discusses the
conditions that lead to their equivalence. Section 7.3 provides a systematic procedure

for evaluating the strain interpolation functions utilized in the proposed EAS elements.
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7.2. VHW-based EAS and stress-based HR formulation

Subsequently, a comprehensive derivation of the strain interpolation matrix for 3D cu-
bic EAS elements is presented in Section 7.4. Following this, the strain interpolation
matrices for 3D quadratic and various 2D EAS elements are presented in Section 7.5
and Section 7.6. In Section 7.7, the proposed EAS elements are assessed by ana-
lyzing their performance in multiple benchmark numerical examples. Finally, Section
7.8 summarizes the work and additional supporting information is provided in the Ap-

pendix.

7.2 VHW-based EAS and stress-based HR formulation

The section initially introduces the primary field variables and their respective function
spaces involved in the VHW-based EAS method and stress-based HR formulation. Fol-
lowing this, it revisits the key expressions that define the variational principle for the
EAS method and the two-field stress-based HR formulation. Additionally, the section

explores the conditions that establish equivalence between these two approaches.

7.2.1 Primary field variables and respective function spaces

The HR and VHW-based EAS variational principles necessitate the use of independent
interpolation techniques for approximating the independent displacement (w), stress
(¢), and enhanced strain () fields. These primary field variables and their involved

function spaces are defined as follows:

Vu={uecH (R): u=Ra, @4 € R}, (7.1)
voz{&eﬁ(R) : &:PB:TOPA,BGR"B}, (7.2)
Vid= {éa €eLYR) : &% =Ga= ||‘7J°||T5Téd, & e ]R{”@} : (7.3)

where V,, Vo, and V.o denotes the function spaces for u, &, and &%, respectively, n.
represents the number of control points per element, while ng denotes the degrees of
freedom for each control point. The number of stress and strain parameters per element
is given by n 4 and ng, respectively. The matrices R, P, and G represent displacement,
stress, and strain interpolation matrices, respectively. Matrices P and G are the stress
and strain interpolation matrices defined in the master space. Jacobian that relates the
physical and master space is denoted by J, whereas Jy is the Jacobian evaluated at
the element center. As IGA involves two mapping spaces, J is evaluated as J = JoJ 1,
where J; and Jo are the Jacobians for mapping parametric space to physical space
and master space to parametric space, respectively. The transformation matrix, T\,
connects the matrices P and G in the master space to their corresponding counterparts

in the physical space. The expression for Ty can be found in Eq. 2.24. In addition to
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the above spaces, the spaces for dependent variables are defined as follows:

Vou={0":06"=C&"=CBu Y u €V}, (7.4)
Voo = {6%: 6% = Ce* ¥V &% € Vea}, (7.5)

where V,u and Vg is the function space of 6% and ¢, respectively, C is the material

constitutive tensor, and B is the strain-displacement matrix.

7.2.2 Variational principles for EAS and hybrid formulation

The variational formulation is obtained by employing the method of weighted residuals.
If du, 66, and Jg* represent variations of u, &, and g%, respectively, then the variational
principle associated with the VHW-based EAS method can be written as follows (Refer
Chapter 2, Section 2.3):

/ (6e")TEcdR = / su’bdR + SultdA  Véu €y, (7.6)
R R OR¢

/ (6e*)T(6° —a)dR =0, (7.7)
R

whereas the stress-based hybrid elements adhere to the following HR variational principle
(Refer Chapter 2, Section 2.4):

/ (6e")TadR = / sulbdR + sultdA  Vou eV, (7.8)
R IR+

/ s’ - C~ 0'] dR =0 Vo (7.9)

7.2.3 Conditions for equivalence

The VHW-based EAS and HR-based formulation lead to identical elements and ex-
hibit exact equivalence if the following two conditions are satisfied (refer Chapter 4,
Section 4.2.4):

(a) Orthogonality condition: An orthogonality condition is introduced between o

and €“ that implies
/ bo:e*dR=0 or / 667> dR = 0. (7.10)
R R

The above criterion also entails that the Vs and Vea do not share the function
space, i.e., Vo N Vea = @. Finally, by substituting Eq. 7.2 and 7.3 in Eq. 7.10, a

following relation for the interpolation matrices can be derived:

[ PG AR =0, (7.11)
R
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7.3. Exploring feasible function space in NURBS-based EAS elements through
orthogonality

where R represent the domain in master space.
(b) Direct sum of functional spaces: The condition on the functional spaces of stresses

requires that the direct sum of V, and Vs« should include Vyu, i.e.,
Vou € Vo @ Vga (7.12)
Since C' is a positive definite matrix, the Eq. 7.12 can be further expressed as
Vou C Vo @ Vea (7.13)

The above equation, along with the orthogonality condition, implies that for every

o" € Vyu there exists a unique o € V, and €% € V.o such that o% = o — Ce“.

Additionally, there exists the concept of weak equivalence. It implies that both the
HR and VHW-based elements result in identical displacements. Furthermore, it indi-
cates that the stresses computed using strains for EAS elements (% = C' [e* + %] =
C [Bii + Ga)) are the same as those obtained from the hybrid elements (& = Pg3) at
the Gauss integration points [178]. The conditions under which the weak equivalence

exists are given as follows:

(a) Orthogonality condition: The assumed stress and the enhanced strain fields sat-
isfy Eq. 7.11 while evaluating the expression using Gaussian quadrature integra-
tion rules. This means that the equation is true for the Gauss integration points
in the element domain and that the assumptions about the stress and enhanced
strain fields are accurate within this context.

(b) Relation between number of parameters: The involved parameters must follow
ng+ ng = ngp X N, (7.14)

where n 4 and n4 are the number of stress and strain parameters per element. ng,
is the number of Gauss integration points and n, is the total number of stress
components.

(¢) Linear independence: The matrix [ng; (j;'gp} composed of linearly independent

~n

N "1 - o qT _ 1 T
column vectors. Here, P” = [Pl P ... P gp} andG” = |GG ... G ‘"’}

The terms P’ and G denote the stress and enhanced strain interpolation matrix

evaluated at the i*" Gauss integration point.

7.3 Exploring feasible function space in NURBS-based EAS

elements through orthogonality

The process of evaluating the interpolation functions for approximating €* in NURBS-

based EAS elements follow a similar approach as explained in Chapter 4, Section 4.3.
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The main distinction is the use of NURBS interpolations instead of Lagrange interpo-
lations and deriving the functional space corresponding to this modification. For the
completeness of the chapter, we provide a brief overview of the steps involved in the

derivation, emphasizing its distinction for IGA.

The methodology is based on the orthogonality of & and &€ as stated in Eq. 7.10
which must hold for any pair of (6,8%) € (Vo X Vea). To ensure this, let’s express

Eq. 7.10 in the following manner:
/ gTe* AR =0 — / PTe* dR = 0. (7.15)
R R

The choice of P is taken from the stress-based hybrid IGA elements proposed in Chap-
ter 6 or [143, 152]. Note that the present work has utilized matrix Ty while in [143, 152]
the transformation matrix has been calculated at each Gauss point. In these elements,
the interpolation of each component of the stress is independent of each other, thus

giving rise to the following block structure of P:

QQ:UI
e ve
Nre ©
w0
o o o
[STEEEES T §
o o ©
o o o
o o o
~ = =

P=T\P =T, [PL PH} — T, : : (7.16)

o O O O O
L 9

o O

ot O

o O
(o
IS
e

S O
S

Sl
(=]
S5
=]
Q
(=]
IS
=]
®

Py

where P; represents the set of stress interpolation functions and 0y, Op, ..., 0 f are zero

vectors.

The block nature of the P matrix implies that the orthogonality condition can be

restated as follows:

/ IE’ZTEZO‘ dR =0 <z =1,2,..., 6. no summation over ‘i’), (7.17)
R

where P; refers to the vectors Pi, Py, ..., Pg and the corresponding g is the ith

component of a vector &%.

For interpolation of &%, we similarly assume that all the enhanced strain components
are independently interpolated from each other. Thus, the strain interpolation matrix

also has the block form and is given by the following expression:

_ 1 Jo
||

E—O{

T, Ga, (7.18)
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7.3. Exploring feasible function space in NURBS-based EAS elements through

orthogonality
such that . _ \
G1 0y Og 0ge O« O &l
0.+ G2 0y 04 O O &?
_ 0, 0p G 04 0, O al
G=| "™ 3 A T P and & = RE
Oa* Ob* OC* G4 Oe* Of* (81
0.+ Oy Oy 04« G5 O &’
0.+ Oy O Og- O G | al

where G; is the set of strain interpolation functions in master space and Qg+, Op, ...,

0« are zero vectors.

Furthermore, it is assumed that the function space of components of the é, i.e., Véi’

is defined in the following manner:
éi:{é-a : /Pf(ﬁ-a dfzzo}, (7.19)

where q; represents a set of functions in master space and a corresponds to a vector
of constants. The functions in ¢ are chosen to satisfy Eq. 7.13, particularly in the
case of constant Jacobian. The most direct approach is to consider all deformation
modes within the displacement field, which is interpolated using NURBS basis functions.
Given that these are rational entities, we assume constant weights, simplifying NURBS

interpolations to B-spline interpolation functions.

After determining the suitable 45, the Eq. 7.19 leads to the following system of linear

equations:
/ Py [Z ar k(& m, C)] dR = 0. (7.20)
R k=1

The above equation indicates that the assumed (Z) - a should be orthogonal to every

component of P;, and can be written in a concise form as follows:
Aa =0, (7.21)

where A is the matrix of the coefficients of aj, after performing the integration over the
domain R. Every feasible vector in the null space of A is an acceptable solution for a.
If @/ be the basis of the null space of A of dimension n4. Then, the expression for G;

is evaluated as follows:
Gi=|a'-¢a®- ¢ ...a" ¢ (7.22)

By following the above-mentioned methodology, enhanced strain interpolation functions

can be obtained for any arbitrary element. To better understand the involved procedure,
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a detailed proof is provided for a 3D cubic NURBS-based EAS element in the next

section.

7.4 Evaluation of strain interpolation matrix for 3D cubic

element

In the present section, a systematic derivation of G matrix for the proposed 3D cubic
EAS element is presented. The term “cubic element” refers to NURBS-based elements
with 34 degree NUBRS basis function along all three parametric directions with C?
continuous displacements across the element boundary. The process initiates by recalling
the 13(5 77, C ) matrix, proposed in Chapter 6 or [143], for a cubic hybrid element. The

expression of 15(§~ 1, C ) is given as follows:

o | Py 0, 0, 0, 0, 0] (51
i 0. 132 0. 04 04 Og B2
22 ~ ~
0 P 0, 0, P; 0, 0; O Bs
<t =Pl Pyl Oz = |9 9 Ps B Oa Oa) Jis (7.23)
Téi B 0. 0. 0. Py 045 04 B4
s 0. 0. 0. 05 P5 04
ogg i 0. 0. 0. 05 Oy4 PG_ L 3252
R I —
P(&,7,0) B

where 0. and 04 are the null or zero vectors of the size 1 x 48 and 1 x 36, respectively.
The vectors Py, Ps, ..., Pg can be given as P; = [PL INI’ZH], where

P' =107 &n & i G i € G PE ik GiE ik i€ CGiPE Qipé
£ (& P e @ il ipe Pl e,

Py =3 30 8 i Gt Qi O B8 BRE $ipE i€ GPE PirE ik
P2 i Pip@ B8 e Pie e,

Py = |3 (3 P (8 (i BiPE @ D Bl 8 18 2 38
(i€ i it ipE ipé Pt e |,

Py = | G O e GPE CRE P TP il 8 38 38 g G

Pl P8 P e 8 LGP Pipdt |

Py =& foq S OF Baf Sipé B8 B B ]
P _[& & 2o i G 2l e Gpe 2pd ],

Py =i G Pt € GPE itk i Gip@ e |
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7.4. Evaluation of strain interpolation matrix for 3D cubic element

Assuming that the required G is in the form of Eq. 7.18, the next step is to select
the appropriate (j~) that defines the components of the enhanced strain field in the master
space. The optimal choice of & is a set of functions that contains all the modes in u in
order to satisfy the second condition for equivalence stated in Eq. 7.13. This results in

the collection of functions that define a full cubic polynomial in &, 7 and ¢ such that
$=|1C& & qal gl il i Pl Pl PE P Pl Pl P8 € &
€07 £C% & &nd &id* €nC & &P ERPC SRt G &P St
EP® &2 €20 8207 23 &% ¢ &0 ¢ &2 M £t (1.24)
E2iPC3 2 4Pl E2PC 2PC3 3 £3¢ &3¢ 30 &q il Bic?
i &P 8¢ SiPc? EPl® & Sl SiPc S .

After selecting the suitable ¢ and substituting it into Eq. 7.20, a system of linear
equations can be formed for each individual enhanced strain component. To illustrate
the procedure, the evaluation of the strain interpolation function for €% is explained in

&€
detail. Following the relation expressed in Eq. 7.20, let us assume that the Vg is the

function space of Gy such that fﬁ IE’qu; -a dR = 0. This orthogonality condition leads
to the following linear system:
Aa =0. (7.25)

The above set of linear equations is solved for a, where the feasible solutions for a are
vectors that lie in the null space of A. The null space dimension n4 for Eq. 7.25 is

sixteen, and the basis vectors a’ for the null space are evaluated as follows:

i 3 r [ 3 r
a' = |01x31 5 01x31 1] ) a’ = |01y23 5 O1x31 1 les] )
- T - T
2 3 10 _ 3
a” = |01x30 7= O1x31 1 0 , a = |01x2 % 01x31 1 O1x9| >
- 1T . 1T
3 _ 3 27y 3
a” = |01x29 5 O1x31 1 O1x2| a = |01xo21 5 O1x31 1 O1x10| >
- 1 - .
4 _ 3 12 3
a” = |01x28 5 O1x31 1 O1x3| a” = |01x20 5 O1x31 1 O1x11|
_ o7 _ oT
5 _ 3 13 _ 3
a’ = | 0127 5 O1x31 1 O1xa| a” = |01x19 5 O1x31 1 O1x12|
_ oT _ o7
6 _ 3 14 _ 3
a” = |01x2 5 O1x31 1 O1x5| a” = |01x18 5 O1x31 1 O1x13|
- T - o
7 _ 3 15 _ 3
a’ = |01x25 5 O1x31 1 O1x6| > a” = |01x17 5 O1x31 1 O1x14|
_ T : -7
8 _ 3 16 _ 3
a” = |01x24 5 O1x31 1 O1x7| a” = |01x16 5 O1x31 1 O1x15|
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where 01, is the zero vector of size 1 x n. Substituting the above null space vectors in

the Eq. 7.22 the strain component % is given by the following expression:

£
C:?é = él&la

where
= | &P GiCe(E) GiCaE) () EP0E) EP0(E) i) Lo
EPCPD(E) EPCR(E) Entd(8) EPCPR(E) &iPC(8) &iP¢@(§) & (¢)
Eica(E) |

T -,
1 =|dr dy ... dsg| , and B(€) = (56 - 3).

A similar approach is adopted to evaluate the participating function space of the

rest of G; vectors. This results in the following G matrix for a 3D cubic EAS element:

27 a1 (G 0, 0, Oy 0y O | [ G

gg[n Qs 0.+ Gy 0g« 0p O Oy 2

CC _Ce—C G3| _ |00 Oq G O~b* 0y Op- C:YS : (7.97)
577 &y 0, 0, 0, G4 0p Opx Oy

5;4 as 0o+ 0gr Oy Op G Oy :

&g G&6)  |Oar Og= Og« Ope O Ge| | G132

where 04+ and Oy« denotes the zero vectors with dimensions 1x16 and 1 x 28, respectively.
The vectors &; are of size 16 x 1 for ¢ = 1 to 3 and 28 x 1 for ¢ = 4 to 6. The vectors
C:'l, ég, el Gy are derived as:

G = | &PPa) &) &l e (Pa(E) &) o) ()
EPCD(E) EPCO(E) EPR(E) ECPR(8) EPCPR(8) (R (&) i ®(€)
Eica ()|

= | &) EiCe@m) &) &ie() aCe() iCem) il @)

¢ () () qei) Enc*e(m) &) Enle() (i)

&ica (i) |

Gs = | &ilal) &ria(l) &ice(d) &a) Pla() Pl el ()
EPCe(Q) £¢P(C) E2CD(C) ENPCR(C) EPCP(C) E2CD(C) £7C(C)
&irca() |
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7.5. Strain interpolation matrix for 3D quadratic EAS element

Gy =| &iCU(E,7) &iC*D(E) &NCP(E) &nP(E) C®(S) £C2(€) £CO(€) £o(€)
Eq30(7) E27C20(7) E2iCP(7) ERCHU(E, M) E27®(7) EnC3a(q) £iCPP(7)
ENCO(7) Ead() ACc®(7) A¢2@(7) (@) 79(7) Ea¥(E,m) Eiv(E,7)
EPCR(E) GPCD(E) ECO©) EPD(E) &iCa ()]

= | &acu(i,¢) eila) 500 Eria) ila) o) v (i,Q)
NG (7) EACO() Eqd(7) EiPCa(0) E3a*@(7) End®(() €CP(C) ACW (7, ()
AC2 (i) CP(7) 7(7) FCR(() ACB(C) (B(C) EC(7) &7 (7)
Eipca() Eice) Q) 2acu(i,d) £ |

Go = | E°CU(E,Q) €nC2e(€) En¢D(E) End(€) ECT(E,C) ECD(E) ECO(E) £(¢)
i3l (() i@ (() &ald(C) &P (E) §2<<I><> PP (C) @72@(4)
ECD(C) ECO( 4 (¢

£ >~3<¢><o PCR(C) HCD(C) CO(C) E7Pl@(E) £t (E)
{) &

EPCU(E,¢ 20(€) EiPCR(E) EiP®(€) &ndT(E,Q)

where ®(z) and ¥(x,y) are given as ®(z) = (522 — 3) and ¥(z,y) = (252%y% — 9),
respectively.

In addition, the proposed cubic EAS element satisfies the second condition required
to achieve exact equivalence with HR-based elements in the case of a constant Jacobian.
It can be validated by considering a space V¢~), which corresponds to a complete tri-cubic
space in the master space for the given element. Under constant Jacobian, the following
condition can be formulated:

Vo @ Vea = V&‘ (7.28)

Furthermore, since Vq; is chosen as specified in Eq. 7.24 along with Vq; D Vyu, it can be
inferred that
Vq; D Vgu, (7.29)

which implies the following relation:
Va' @ VECY 2 Vo-u. (7-30)

Hence, satisfying the condition on the spaces mentioned in Eq. 7.13.

7.5 Strain interpolation matrix for 3D quadratic EAS el-

ement

The G matrix for a 3D quadratic EAS element, having 2°9 degree NUBRS basis function

along three parametric directions with C'! continuous displacements across the element
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boundary, is given as follows:

rggf a (G 04 040 O 0pe O | [
Ehi Qs 0.+ G2 0+ Op Oy Op a2
2% —Ga—C Gz | _ |04+ Og Gs Oy Oy Op ‘?3 7 (731)
&2 éu Oy Oge Ogr Gy Oy Ope | | G
£, as 0y« 0gx 0g+ Op« G5 Op :
\52-% &) [0u 0w 0u O 0 G [ans

where 04+ and O+ denotes the zero vectors with dimensions 1 x9 and 1 x 15, respectively.
The vectors é&; are of size 9 x 1 for ¢ = 1 to 3 and 15 x 1 for i = 4 to 6. The vectors
G, ég, ..., Gg are derived as:

G =[e(@) (@) Co@) 72d) LivE) CioE) Pod) GPed) Cied) |,

G: = [ o) (o) o) e@ME (omE Ce@mE oM (amé Famét |,

Gs = 0(0) 2O e 2O 2O 2 Q& e e |,

Gi=[o@) (o) P() 2@E CBME CBNE B(E) (B(E) C2(E) 79()
Cip(E) (Pie(€) w(E i) () CuEn |

Gs = | () (O @) (o) W(i7.0) QE B DME (BE (i, ()€
() B(()7€ d@E CoE W(i,OE |,

Go = [@(5) ()7 (7 ()€ ()€ B(OFE B(€) CB(E) U(E () 7(E)
(@) Q) o) GPRE) PYED |,

where ®(x) and U(z,y) are given as ®(z) = (1 — 32?) and U(z,y) = (92%y* — 1),

respectively.

7.6 Strain interpolation matrix for proposed 2D NURBS-
based EAS element

A similar approach is employed to assess the strain interpolation functions for the pro-
posed 2D EAS elements. Analogous to the 3D elements, the term “cubic or quadratic
element” in this context denotes the utilization of cubic or quadratic interpolation func-
tions in both parametric directions with the highest possible continuity. The resultant
feasible interpolations in G matrix for the these elements are presented in subsequent

section.
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7.7. Numerical examples

7.6.1 2D cubic EAS element

The G matrix for 2D cubic EAS element, featuring third-degree NURBS interpolation
in both ¢ and 7 directions with C? inter-element continuity for approximating displace-

ments, is given as follows:

—v ~ — al

555 g G1 04+ O bio

2.0 =Ga=G{ayp =0, Go Oy e (7.32)
so o 0.+ O« Gs| |

&1 a1

where 0.+ and 0p+ denotes the zero vectors with dimensions 1 x 4 and 1 x 7, respectively.
The vectors &; are of size 4 x 1 for it = 1 to 2 and 7 x 1 for ¢ = 3. The vectors C:’l, (;‘2,

and (§'6 are derived as:
Gi = | &P &e@) &P o) |,
Gz = | &qu() Eq() Ei0(7) 72a) |,
Gs = | EPD(E) 10 E70(i) Eia() EFE D) 72(7) () |,

where ®(z), U(z), and F(x,y) are given as ®(z) = (3 — 52%), ¥(z) = (-3 + 52?), and
F(z,y) = (9 — 252%y?), respectively.

7.6.2 2D quadratic EAS element

The G matrix for 2D quadratic EAS element, having second-degree NURBS interpo-
lation in both & and 7 directions with C' inter-element continuity for approximating

displacements, is given as follows:

o [@ g r@sm oo 0o 00 00 0 0
G=|0 0 0 @)@ FO@ 0 0 0 0 0 |
0 (

0 0 0 0 0 f&) af) f@) &f@) FEF@)

where f(z) = 3z% — 1. The above expression is identical to the existing nine-node EAS
element in the context of Lagrangian-based FEA [168]. However, the mathematical
foundation and its successful implementation in the context of IGA are still unique to

the present study.

7.7 Numerical examples

The present section demonstrates the performance of the proposed EAS elements for
NURBS-based IGA. The coarse mesh accuracy, efficacy, and robustness of the method

are shown using several benchmark numerical examples. The process commences by
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Table 7.1: List of elements abbreviation used in the present study.

Element Description

abbreviation

IgAé]?lad Conventional 2D NURBS-based quadratic element
IgAZCEb Conventional 2D NURBS-based cubic element

Proposed stress-based hybrid 2D quadratic element for NURBS-based
IGA (Refer Chapter 6 or [152])

Proposed stress-based hybrid 2D cubic element for NURBS-based
IGA (Refer Chapter 6 or [152])

Proposed strain-based EAS 2D quadratic element for NURBS-based
IGA

a-IgAQC]ﬂb Proposed strain-based EAS 2D cubic element for NURBS-based IGA

EAS 2D quadratic element for NURBS-based IGA with four enhanced
strain parameters paired with stabilization technique [135]

EAS 2D quadratic element for NURBS-based IGA with six enhanced
strain parameters paired with stabilization technique [135]

EAS 2D quadratic element for NURBS-based IGA with four enhanced
strain parameters [135]

EAS 2D quadratic element for NURBS-based IGA with six enhanced
strain parameters [135]

IgASQ]?lad Conventional 3D NURBS-based quadratic element

IgA%]?lb Conventional 3D NURBS-based cubic element

Proposed stress-based hybrid 3D quadratic element for NURBS-based
IGA (Refer Chapter 6 or [143])

Proposed stress-based hybrid 3D cubic element for NURBS-based
IGA (Refer Chapter 6 or [143])

Proposed strain-based EAS 3D quadratic element for NURBS-based
IGA

a—IgA%?lb Proposed strain-based EAS 3D cubic element for NURBS-based IGA

D
h—IgA2Quad
h-IgAZD,

a—IgAé]?lad

a4S—IgAg?1ad
a6S—IgA(2§1 ad
ad-TgAZD 4

ab-IgAZ) 4

h—IgA?sz]?la d
h-IgAZD,

a-IgA%iad

assessing the proposed 2D quadratic and cubic EAS elements, with initial two scenarios,
where the problem is under the effect of volumetric locking. These problems include a
curved cantilever beam subjected to end shear load and the standard Cook’s membrane
problem with varying values of Poisson’s ratio. The proposed elements are also tested
against the existing 2D quadratic EAS elements that are known for alleviating volumetric
locking in IGA. Subsequently, we analyze the clamped-clamped curved beam problem,

evaluating the element’s performance under the shear locking.

Later, we redirect our attention towards the proposed 3D quadratic and cubic EAS
elements. These elements are assessed by analyzing the behavior of different types of
beams under the influence of coupled shear-membrane locking. These problems in-
volve the 3D twisted beam and curved cantilever beam problem. Next, we present the

well-established shell obstacle course problems to validate the efficacy of the proposed
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7.7. Numerical examples

ri =5, r, =10, F =20, E = 9600
Case (a): v =0.2
Case (b): v = 0.499999

o |—m A B

Figure 7.1: The problem setup, boundary conditions, and material parameters for the
curved cantilever beam problem

formulations against the conventional formulation. The problems include the pinched
cylinder, pinched hemisphere, and Scordelis—Lo roof problem. Finally, a problem domi-
nated by volumetric locking is solved to establish the robustness of the method.

Subsequently, we shift the focus to time-dependent problems, where the advantages
offered by the proposed elements become more apparent. The impact of locking is more
pronounced with conventional elements, whereas the proposed elements exhibit distinc-
tive advantages in performance. The problems include a clamped circular plate under
ring pressure load and a clamped skew plate subjected to uniform pressure load. The
consistent system of units (SI/FPS) is assumed for all parameters used in numerical sim-
ulations. Abbreviations that frequently appear in the subsequent problems are defined
in Table 7.1.

7.7.1 Curved cantilever beam subjected to end shear

In the present example, the linear elastic behavior of a 2D curved cantilever beam
under plane strain condition is investigated. The problem is composed of a curved
beam subjected to horizontal load on one end and fixed on the other end. The problem
configuration, boundary conditions, and material parameters are shown in Fig. 7.1,
where 7; and r, are the inner and outer radii measured from the origin, F is the load
per unit length, E is the Young’s modulus, and v is the Poisson’s ratio. The problem
is solved for two values of v to assess the performance of the proposed EAS elements
alongside conventional, existing EAS [135], hybrid IGA elements for volumetric locking.

Refinement is achieved through h- or k- refinement techniques, with meshes defined

T

0
ele and T

r 0
as ny, X n where n

o> represent the number of elements in the radial and

e

r
ele

2, 4, 8, 16, ..., 128 for both the cases. The reference solution (u'*f) at the tip (point
‘B’) is determined using the results of a refined mesh consisting of 256 x 256 h—IgA%]?lb
elements, yielding values of 0.3558 and 0.2720 for v = 0.2 and v = 0.499999, respectively.

:ne =

circumferential directions, respectively. Refinement is conducted with n oo
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Figure 7.2: Investigation of normalized displacement and Ly error norm of displace-
ment for two different values of Poisson’s ratio in curved cantilever beam subjected to

end shear.

The plots for normalized displacement along z-direction at point ‘B’ and the rela-
Nio)

tive Ly error norm of displacement against number of free degrees of freedom (
are shown in Fig. 7.2. In the first case, when v = 0.2, the domain is not affected by
volumetric locking. Here, all elements converge to the solution with a fairly low number
of elements. However, upon comparing the proposed EAS elements with existing ones, it
becomes apparent that the a4S—IgA?£lad or a6S—IgAé]?lad EAS elements require stabiliza-
tion techniques to handle non-locking situations. In contrast, the proposed a—IgAg?lad
or a—IgA%]ib converges to the solution regardless of the problem description.

For the second case, when v is 0.499999, conventional IgAé%ad elements exhibit
locking and require significant refinement to converge to the solution. In contrast, the
proposed a—IgAﬂiad elements successfully alleviate locking and show high coarse mesh
accuracy. For instance, a mesh of 16 x 16 a—IgAéliad elements ( dof = 629) provides
a close approximation with the reference value with L4 error of 0.9208%. However, to

achieve a comparable accuracy of 0.7321% with the conventional IgAQQ]?lad elements, it
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7.7. Numerical examples

o A
16 F
A )
F =625
44 E = 240.565

Case (a): v =10.3
Case (b): v =0.4999
Case (c): v = 0.499999

A1INAUUVARATERARRARRRRRRR N

z 48

Figure 7.3: The problem setup, boundary conditions, and material parameters for the
Cook’s membrane problem

requires a mesh of 128 x 128 elements (ijof = 33669). Higher-order IgA%I?lb elements,
in this case, are less affected by locking, and the proposed a—IgAQC]?lb shows marginal
improvement over IgA%lib.

Furthermore, for both cases, the results show close similarity between the displace-
ment fields obtained from h-IgA and a-IgA elements. It is important to note that the
h-IgA elements are derived from the formulation outlined in Chapter 6, see reference
[143, 152], where the transformation matrix is computed at each Gauss point. The small
disparity between h-IgA and a-IgA elements can be entirely eliminated by adopting the

similar strategy for computing the transformation matrix in a-IgA elements.

7.7.2 Cook’s membrane problem

In the next example, the linear elastic behavior of a Cook’s membrane problem is inves-
tigated. The problem is composed of a tapered plate subjected to vertical load on one
end and fixed on the other end. The problem configuration, boundary conditions, and
material parameters are shown in Fig. 7.3, where F is the load per unit length, E is
Young’s modulus, and v is the Poisson’s ratio. The problem is solved for three different
values of v to assess the proposed elements. Assuming a plane strain condition and
taking v close to 0.5, the problem becomes a typical case of volumetric locking while
analyzing the near-incompressible behavior of the domain under combined bending and
shear deformation.

The reference solution (uzef) at the tip (point ‘A’) is 9.5776, 8.0405, and 8.0091
for v = 0.3, 0.4999, and 0.499999, respectively [188]. Refinement is achieved through

h- or k- refinement techniques, with meshes defined as n%, x ni’le, where ng;, and n‘zle

e
represent the number of elements in the z- and y- directions, respectively. Refinement
is conducted with n%, = ngle =2, 4, 8, 16, 32, 64, 128 for all three cases. A solution
of highly refined mesh, comprising of 256 x 256 well-established h—IgA%]?lb elements, is

taken as a reference to evaluate the Lo norm.
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Figure 7.4: Investigation of normalized displacement and Lo error norm of displace-
ment for three different values of Poisson’s ratio in Cook’s membrane problem.

The plots for normalized displacement along y-direction at point ‘A’ and the relative

L3 error norm of displacement against NJ 7 are shown in Fig. 7.4. In the case of v = 0.3,

where the domain is not affected by volumetric locking, all elements converge to the
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7.7. Numerical examples

(b) a-IgAZ),q elements (v = 0.499999)
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(b) Mesh: 16 x 16 elements (v = 0.499999)

Figure 7.5: Analysis of the deformed configuration of the Cook’s membrane problem

obtained using existing a6—IgA(2£ad EAS elements in nearly-incompressible range. Each

%nnn«.wm,af..
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(a) Mesh: 16 x 16 elements (v = 0.4999)
(a) a—IgAQQ]?lad elements (v = 0.4999)

)
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sub-figure shows the discretized deformed domain along with a control point mesh, where

the red points represent control points.
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(d) a-IgAZP, elements (v = 0.499999)
191

Figure 7.6: Analysis of the deformed configuration of the Cook’s membrane problem

obtained using a mesh of 16 x 16 proposed a—IgAél?lad and a—IgAQCI?lb EAS elements in
Each sub-figure shows the discretized deformed domain

along with a control point mesh, where the red points represent control points.

(c) a-IgAZP, elements (v = 0.4999)

nearly-incompressible range.
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Figure 7.7: Discretized deformed problem domain along with the equivalent four-node

mesh created for post-processing in IGA for a Cook’s membrane problem with 16 x 16
quadratic EAS elements and v = 0.4999.

solution with a relatively low number of elements. However, similar to previous example,
existing a4S-IgA(2Q?lad or QGS—IgAg?Jad EAS elements require stabilization techniques to
handle non-locking situations, whereas the proposed a—IgAél?lad or a—IgA%]?lb converges

to the solution regardless of the problem description.

For the next two cases, as v approaches 0.5, the impact of volumetric locking becomes
more pronounced. In particular, the conventional IgAé]?lad elements exhibit significant
locking with increasing v and demand substantial refinement to converge to the solution.
In contrast, the proposed a—IgAé]?lad elements successfully alleviate locking and show
consistently better coarse mesh accuracy irrespective of the v values. Higher-order
IgAQC]?lb elements are less affected by locking and perform similar to a—IgAQC]?lb elements.
Moreover, the proposed a—IgAZ?lad and a—IgA%?lb consistently outperform the existing
a4—IgA%£ad and a6—IgAg?lad elements.

Further, while examining the normalized displacements (Figs. 7.4c and 7.4e) or Lo
error norm of displacement (Figs. 7.4d and 7.4f), the existing a6—IgA?£lad EAS elements
appear to be a viable option for simulation. However, upon closer examination of the
deformed configuration of the problem (Fig. 7.5), it becomes evident that these ele-
ments still exhibit hourglass modes, whereas the proposed EAS elements exhibit no
such anomaly, see Fig. 7.6. Identifying this issue during the evaluation of the Lo er-
ror norm of displacement might be easily overlooked in post-processing in IGA. This is
because, in typical IGA post-processing practices, the mesh is converted to four-node
element structures corresponding to unique knot entries. However, in this situation, this
approach is non-reliant as the most significant errors occur between two unique knot
entries rather than at the extremities, see Fig. 7.7.
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7.7. Numerical examples

E=21x101
V= 0.28
F = h3 x 106

Symmetry
U, =0 B

Case (a): /h =100
ri = 9.95, 1 = 10.05, h = 0.1

Case (b): r/h = 1000
ri = 9.995, r, = 10.005, h = 0.01

Figure 7.8: The problem setup, boundary conditions, and material parameters for the
clamped-clamped semi-circular beam clamped under a uniform distributed load.

7.7.3 Clamped-clamped semi-circular beam

The problem consists of a clamped-clamped semi-circular beam fixed at both ends and
subjected to a uniform distributed load on the top edge. Since the problem exhibits
symmetry, only half of the beam is analyzed. The detailed problem configuration,
boundary conditions, and material parameters are shown in Fig. 7.8, where r; and r,
are the inner and outer radii measured from the origin, r is the mean radius, h is the
thickness, I is the load per unit length, £ is Young’s modulus and v is the Poisson’s
ratio. The problem is solved for two different values of slenderness ratio (r/h) to assess
the elements in gradually increasing shear locking effect.

The problem is solved using the plane stress condition with width considered as
0.1. The reference solution (uzef) at the tip (point ‘A’) is 3.6 x 10~2 for both the
r/h ratios [189]. Refinement is achieved through h- or k- refinement techniques, with

meshes defined as n[;, x n? , where nye and nZIe represent the number of elements in

ele’
the radial and circumferential directions, respectively. Refinement is carried out using
nzle =2, 4, 8, 16, 32, 64, 128 while keeping n[;, = 1 for both the cases. A solution of
highly refined mesh, comprising of 1 x 256 well-established h—IgA%]?lb elements, is taken
as a reference to evaluate the Lo error norm.

The problem is solved for normalized displacement at point ‘A’ and Lo error in
displacement and stress. The corresponding results are shown in Fig. 7.9. The effect of
shear locking becomes more pronounced with increasing slenderness ratios, particularly
for the IgAg?lad elements. For instance, the proposed a—IgAg?lad elements converge
to the solution with L3 of 1.707% (r/h = 100, Mesh: 16 x 1, Ny, = 99) and 2.167%
(r/h = 1000, Mesh: 32x1, Nj . = 195), whereas conventional IgAQQ]:l)wld elements requires
double the number of elements to achieve a comparable accuracy of 1.444% (r/h = 100,
Mesh: 32 x 1, Ng ¢ = 195) and 7.052% (r/h = 1000, Mesh: 64 x 1, Nior = 387). The

difference in L§ is more pronounced when comparing conventional and EAS elements,
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Figure 7.9: Investigation of normalized displacement and Ls error norm of displace-
ment and stress for two different slenderness ratios for a clamped-clamped semi-circular
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Figure 7.10: Investigation of stresses for r/h = 1000 at r = r, along 6 for various ele-
ments using a mesh of 32 x 1 elements. A contour plot of stresses over the entire domain
using the proposed a—IgA%]?lb elements with a mesh of 32 x 1 elements. (Deformation
and thickness are scaled with a factor of 100 for better visualization.)
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E=29x 107
v =10.22
L=12
h =0.05
w=1.1
F =55
(a) Subjected to load along y direction (b) Subjected to load along z direction

Figure 7.11: The problem setup, boundary conditions, and material parameters for a
twisted beam problem.

and the gap widens with higher r/h ratios for quadratic elements. This is elaborately
shown in Fig. 7.10, which shows stresses along 6 at r = r, for r/h = 1000 using a
mesh of 32 x 1 elements. Finally, we present a contour plot for various stresses using
the proposed a-IgA%]?lb elements to show the absence of spurious stress values in the

domain.

7.7.4 Twisted beam problem

In the first 3D example, the linear elastic response of a twisted cantilever beam is studied
to assess the performance of the proposed EAS elements under shear and membrane
locking. The problem consists of a helicoidal solid shell, fixed at one end and subjected
to two different loading conditions at the other end. The detailed problem configuration,
boundary conditions, and material parameters are shown in Fig. 7.11, where L, h, and
w are the length, thickness, and width of the beam, respectively, F is the load per unit
area, F is Young’s modulus and v is the Poisson’s ratio.

The initial coarse mesh is designed based on the geometric descriptions characterized
by Bouclier et al. [190], which utilizes a NURBS curve along the length to capture
the helical characteristics of the beam. The refinement is carried out using h- or k-
where neLle, ngle, and

w h
X Ngle X N

refinement techniques, with meshes defined as né e

e
nfjle represent the number of elements along the length, width, and thickness directions,

L =n¥% =2,4,8,16,..., 64 while keeps

respectively. Successive refinement considers n,

ngle =1 for both the cases.

The present geometric description yields a smooth contour along the edge; however,
this leads to minor variation in geometry against the well-established benchmark twisted
beam model in conventional FEA practices. As a result, a solution of highly refined
mesh, comprising of 128 x 128 x 1 h—IgA%]?lb elements, is taken as a reference. The revised
benchmark values for displacement at the center of the loaded face in the direction of
loading are uryef = 0.3635 and u™*' = 1.3623 for loading cases (a) and (b), respectively

[154].
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Figure 7.13: A contour plot of von Mises stress over the entire domain using the
proposed a—IgA?é]?lb elements with a mesh of 32 x 32 x 1 elements. (Deformation is
scaled for better visualization.)

The tip displacement along the direction of loading has been evaluated and nor-
malized against the reference solution, see Figs. 7.12a and 7.12b. Further, the relative
L5 norm of displacement and stress against the total number of active degrees of free-
dom (Ngl‘of) has been shown in Figs. 7.12¢, 7.12d, 7.12e, and 7.12f. In both cases,
the performance of IgA%]?lad is adversely affected by locking, requiring significant re-
finement for convergence. In contrast, the proposed a—IgA%]:l’lad elements converge to
the solution with fewer elements, regardless of loading conditions. This distinction
becomes more pronounced when considering the L§ norm. For instance, in the first
case, the proposed a—IgA?é]?lad elements converge to the solution with L§ of 4.8% (Mesh:
16x16x1, Nj, ;= 10098), whereas conventional IgA%]?lad elements requires sixteen times
the number of elements to achieve a comparable accuracy of 2.73% (Mesh: 64 x 64 x 1,
Ny, ;= 38610), see Fig. 7.12e. Higher-order elements, regardless of their type, are less
affected by locking and show only marginal differences in performance. Furthermore,
for both cases, the results show close similarity between the results obtained from h-IgA
and a-IgA elements, which is expected as a result of the strategy that has been used
to derive the proposed elements. The small disparity between the results of h-IgA and
a-IgA elements can be entirely eliminated by adopting the same strategy for computing
the transformation matrix in both formulations. Finally, the distribution of oy, across
the domain for both loading cases is presented in Fig. 7.13, showing the absence of any

spurious stress values in the domain.

7.7.5 Curved cantilever beam

The present example investigates the response of a 3D curved cantilever beam under
the effects of combined shear and membrane locking. The problem consists of a curved
beam of thickness h, mean radius r, and width w. The beam is fixed at one end while

the edge at the opposite extremity is subjected to a horizontal load F, see Fig. 7.14
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E = 1000, v = 0.25
F=01xh,w=1

Case (a): r/h =10
7 =114, ry = 12.6, h = 1.2

Case (b): 7/h =100
i = 11.94, 7 = 12.06, h = 0.12

Case (c): r/h = 1000
r; = 11.994, r, = 12.006, h = 0.012

Figure 7.14: The problem setup, boundary conditions, and material parameters for a
curved cantilever beam problem.

[101]. Here, r; and 7, are the inner and outer radii measured from the origin, E is the

Young’s modulus and v is the Poisson’s ratio.

In order to assess the performance of the proposed EAS elements, the problem is
solved for various slenderness ratios (r/h), encompassing situations where locking is a
dominant issue. The problem consists of three r/h ratios, i.e., 10, 100, and 1000, which
are attained by gradually decreasing h to 1.2, 0.12, and 0.012, respectively, while keeping
r =12 and w = 1. The benchmark radial displacements (u*) at the tip are 1.6338,

1.6236, and 1.5852 for r/h = 10, 100, and 1000, respectively [143].

z
ele?

T

where n[),

The mesh used for solving the problem is denoted as n[;, x nzle X n,
nglc, and nZ, are the number of elements in the radial, circumferential, and transverse
directions, respectively. The control point coordinates and the corresponding weights
to design the initial coarse mesh illustrating the exact geometry of the problem domain
are presented in the Appendix (Table B.6). After defining the coarse mesh, further
refinement is carried out using h- or k- refinement techniques. The refinement of the
mesh is performed along the circumferential direction, with ngle ranging from 2 to 128
(nf, =2, 4, 8, 16, 32, 64, 128), while keeping respective n’;, =n? =1, 1, 1, 1, 2, 4, 8
for r/h = 10. However, for r/h = 100 and 1000, the stress convergence is achieved
after refining the mesh in the transverse direction while keeping a single element along
the thickness. As a result, the mesh for r/h = 100 and 1000 is obtained by setting
nzle =2, 4, 8,16, 32, 64, 256, n;, =1, 1,1, 1, 2, 2, 4, 8, and nj}, = 1.

The radial displacement at the loaded edge has been evaluated and normalized
against the reference solution, see Figs. 7.15a, 7.15¢c, and 7.15e. Further, Figs. 7.15b,
7.15d, and 7.15f show the relative Lo error norm of displacement against the total num-
ber of active degrees of freedom (INg, ;). The results show that as the r/h ratio increases,
IgA3Ql?lad elements experience significant locking, whereas a-IgA%ﬂad perform consistently
well throughout. The IgA%l?lb are less affected by the locking, however a—IgA%]ﬁb shows

comparatively better coarse mesh accuracy.
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Figure 7.15: Investigation of normalized displacement at the loaded edge and Lo error
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The locking is relatively less for the lower values of r/h, see Figs. 7.15a and 7.15b. In
such cases, conventional elements can adequately converge to the analytical solution with
relatively few Ngof' At higher values of the r/h ratio, i.e., 100 and 1000, the quality of
the solution for conventional elements is considerably degraded by locking. For instance,
in the case of r/h =100, a mesh of 1 x 16 x 1 (Ng,, = 459) a—IgAg?lad elements is able
to provide a solution that closely matches the reference value with Lo error of 0.5055%.
However, to attain comparable accuracy with IgA%]?lad elements, it is necessary to use
four times the number of elements (mesh: 1 x 32 x 2, Nj . = 1188, Ly = 0.7117%).
This disparity in performance widens with a higher r/h ratio. For example, a mesh
of 1 x32x2 (N;Of = 1188) a—IgA%ﬂad elements converges to the reference value with
Ly errors of 0.8346% when r/h ratios is 1000. However, to attain similar accuracy with
IgASQ]ﬂad elements, it requires thirty-two times the number of elements (mesh: 1x256 x 8,
Ngop = 23130, Lo = 0.6421%).

Finally, for each of the three r/h ratios, the von Mises stress (oyn) is calculated at
r =17, 0 =45°, and z = 0. The benchmark values (¢7¢!) of 6.4025, 0.5963, and 0.0505
[143] corresponding to r/h ratios of 10, 100, and 1000, respectively, have been utilized
to normalize the obtained results. The convergence behavior is shown in Fig. 7.16. The
results consistently show better coarse mesh accuracy of the a-IgA elements, regardless
of the r/h ratio. Additionally, the distribution of oy, is evaluated along 0 with r = r;
and z = 0 for two mesh configurations, as illustrated in Fig. 7.17. The results show
the absence of anomalous stress values along the periphery of the beam, eliminating the

large oscillations often observed in conventional FE practices, see Fig. 4.12.

7.7.6 Pinched cylinder

One of the shell obstacle course problems [101] concerns a pinched cylinder with a rigid
diaphragm at both of its ends and is prone to shear and membrane locking. The ends of
the cylinder are fixed with rigid diaphragms and the mid-section is subjected to a pair
of equal and opposite concentrated loads F. Since the problem exhibits symmetry, only
one-eighth of the cylinder is analyzed. The detailed problem configuration, boundary
conditions, and material parameters are shown in Fig. 7.18, where r, [, and h are the
mean radius, axial length, and thickness, respectively, F is the Young’s modulus, and v

is the Poisson’s ratio.

The geometric description to design the coarse mesh while maintaining the exact
problem domain using the NURBS interpolations is given in the Appendix (Table B.8).
After defining the coarse mesh, further refinement is carried out using h- or k- refinement.

and

T 0 l T 0
The meshes used to solve the problem are defined as n[;, xng, xng,, where n_;_, ng.,

néle denote the number of elements in the radial, circumferential, and axial directions,
respectively. The meshes are refined along the 6 and [ directions, with values of ngle and
nfﬂe set to 2, 4, 8, 16, 32, and 64, while n[, is kept constant at 1.
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Figure 7.18: The one-eighth problem domain, boundary conditions, and material
parameters for pinched cylinder problem.
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Figure 7.19: Investigation of normalized displacement at the point of application of
load and L§ error norm of displacement for a pinched cylinder problem.

The displacement in the radial direction at the point where the load is applied has
been evaluated. Fig. 7.19a shows the obtained vertical displacement at the point of
interest normalized by the benchmark solution (u™®' = 1.8248 x 107° [101]). Fig. 7.19b
shows the relative L4 error norm of displacement with respect to corresponding N:jof.
To evaluate the L norm, a reference solution is established using a significantly fine
mesh of 1 x 128 x 128 h—IgA%I?lb elements. A better coarse mesh accuracy of the proposed
a—IgA%]?lad elements over the conventional IgA:éQIL)lacl elements is observed. Higher-order

elements are less affected by locking, whether it is a—IgA%]?lb or IgA%I?l

, elements. Further,
the convergence rates of the proposed elements in comparison to conventional elements
are investigated in Fig. 7.20. It shows higher convergence rate for a—IgA3?1ad compared
to IgA%]?lad elements. However, there is close similarity for the convergence order for

a—IgA%]?lb and IgA%?lb elements.
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Figure 7.20: Investigation of convergence rates with respect to the relative error at the
point of application of load and L§ error norm of displacement for a pinched cylinder
problem. (‘Fit: element type’ represents a linear fit for the respective element type, and
h is the smallest diagonal length of an element in the selected mesh.)
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Figure 7.21: The quarter domain of pinched hemisphere problem, boundary conditions,
and material parameters.

7.7.7 Pinched hemisphere problem

The present numerical example involves a hemispherical shell subjected to a pair of
concentrated loads of equal magnitude and opposite direction, applied at the equator
plane and in a diametrically opposite direction. Similar to the previous problem, only
one-quarter of the domain is considered due to the problem’s symmetry. The detailed
problem configuration, boundary conditions, and material parameters are presented in
Fig. 7.21, where r is the mean radius, h is thickness, F' is the point load, £ and v
are Young’s modulus and Poisson’s ratio, respectively. The boundary at z = 0 in the
peripheral region of the shell is unconstrained, while a point at the top is fixed to avoid
rigid body motions.

The geometric description to design the coarse mesh is defined in the Appendix

(Table B.9). The problem is discretized using a mesh composed of elements in three
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; : . : 0 ¢ 0
directions: 7, 6, and ¢. The mesh is defined as n[;, x ng, x ng,, where nj;, ng,, and
nfle represent the number of elements in each direction. The angles § and ¢ correspond

to the azimuthal and polar angles, respectively, with 6 being the angle in the xy-plane.
0. =15 =2, 4,8, 16, 32, and 64,

ele
roo_
ele — L.

The mesh is refined in the 6 and ¢ directions using n,
while the number of elements in the r direction is kept constant at n

The problem is solved to determine the displacement at point ‘@)’ in the direction of
the applied load. The x-displacement at point ‘@)’ is computed and normalized to the
benchmark solution uXf = 0.0924 [141], see Fig. 7.22a. In addition, the relative LY error

norm of displacement against Nj 78 presented in Fig. 7.22b. The L norm is computed
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Figure 7.24: The quarter domain of Scordelis-Lo roof problem, boundary conditions,
and material parameters.

using a reference solution obtained from a finely refined mesh composed of 1 x 128 x 128
h—IgA%]?lb elements. The results show that the conventional IgA%]?lad elements are prone
to locking and demand a considerable degree of refinement to converge to the solution,
whereas a—IgA?Q]?lad elements converge with fewer Nj - For instance, a mesh of 1x16x16
(Né‘of = 2688) of a—IgA%?lad elements is capable of providing an accurate approximation
to the reference solution with an LY error of 1.6916%. In contrast, the conventional
IgA%]?Jad, despite four times as many elements (1 x 32 x 32, Nj, ;= 9968), offers lower
accuracy with an LY error of 2.6898% compared to the a—IgA%]?lad elements. Further,
the higher order a—IgA%Db elements shows better coarse mesh accuracy compared to the

u

IgASC]?lb elements.

Additionally, the convergence rates of the proposed elements in comparison to con-
ventional elements are shown in Fig. 7.23. There is a substantial difference in the order
of convergence between a—IgA?Q]?lad and IgA%]?lad elements, with the former exhibiting
an order that is more than twice as compared to IgA%]?lad elements, particularly when
evaluated using the relative error at the point of load application. The order of con-
vergence, evaluated with respect to the overall L§ error, consistently favors a—IgA3Q]?lad.
However, there is a close similarity in the convergence order between a—IgA%Eb and

IgASC]?lb elements.

7.7.8 Scordelis—Lo roof problem

The Scordelis—Lo roof problem [175] is the next shell obstacle course problem that is
being examined using the proposed elements. It involves an 80° portion of a cylinder with
rigid diaphragms at opposite ends, while the remaining two sides are unconstrained. As
the problem exhibits symmetry, only one-quarter of the cylindrical section is analyzed.
The detailed problem configuration, boundary conditions, and material parameters are
presented in Fig. 7.24, where r, h, and [ are the mean radius, thickness, and axial length,

respectively. The material parameters E and v represent Young’s modulus and Poisson’s
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Figure 7.27: A quarter problem domain, material data, and boundary conditions for
an incompressible block problem.

ratio, respectively. The problem is subjected to a body force per unit volume pg, where
p is the specific mass of the body and ¢ is the acceleration due to gravity.

The geometric description to design the coarsest possible mesh is defined in the
Appendix (Table B.7). After defining the coarse mesh, further refinement is carried

out using h- or k- refinement. The meshes used to solve the problem are defined as

l

e are the number of elements in the radial,

[4 l r 6
X NG X Nge, Where njy, ng,, and n

r
n ele?

ele
circumferential, and axial direction, respectively. The mesh is refined in the 6 and [
directions with values of nzle = néle =2, 4, 8, 16, 32, and 64, while n/,, is kept constant
at 1.

The displacement at the center of the free side of a cylindrical shell (point ‘P’) has
been evaluated. The results shown in Fig. 7.25a have been normalized by the benchmark
solution ! = 0.3024 [175]. Additionally, Fig. 7.25b shows the relative LY error norm
of displacement with respect to the total number of active degrees of freedom. The Lg
norm is calculated using a reference solution obtained from a refined mesh comprising of
1x 128 x 128 h—IgA?é]?lb elements. Results show that a-IgA?éz?lad elements converge to the
solution with relatively high coarse mesh accuracy. The problem is further examined
by analyzing the stresses at three different points within the domain. The convergence
of von Mises stresses at points A, B, and C is shown in Fig. 7.26, along with the
distribution of oy, over the entire domain. The a—IgA%]?lad elements provide favorable
stress values at all three points with superior accuracy compared to IgAa?lad elements.
Higher-order elements IgA?éEb elements are less affected by locking and exhibit similar

D

performance as a-IgA?P, elements.

7.7.9 Incompressible block

The next example serves as a standard test to assess the performance of the proposed
elements under volumetric locking due to the material’s incompressibility [54, 143]. The

problem comprises a rectangular block whose central region of the upper face is subjected

TH-337576103023
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Figure 7.28: Investigation of normalized displacement at a point ‘P’ and von Mises
stress at point ‘A’ corresponding to x = 0, y = 0, z = 0.5 for incompressible block
problem.

to a pressure load of F. Due to the symmetry of the problem, only one-fourth of the
problem domain is considered for the analysis. The detailed problem set-up, boundary
conditions, and material parameters are presented in Fig. 7.27. The geometric descrip-
tion to design the coarse mesh with the lowest possible degree of NURBS interpolations is
defined in the Appendix (Table B.5). Further refinement is carried out using h- or k- re-
=n;. = 2,4,8,16, and 32,

€T y Z . . . .
where nf, ng,, and nZ, are the number of elements in z, y, and z direction, respectively.

:ny

finement. The problem is uniformly meshed, with n ole

el

The vertical displacement at point ‘P’ has been evaluated and results are normalized
using u'®' = 0.2165 [143], see Fig. 7.28a. In addition, the von Mises stress (oym) is
computed at the location which corresponds to point ‘A’ with coordinates [0, 0, 0.5].
The results are normalized using o™\ = 62.7484 [143] and presented in Fig. 7.28b. The
results shows that the proposed a—IgASQ]ﬂad elements converge to the solution with fewer
N g,y compared to IgA3Q]?lad. The results obtained using higher-order, either a—IgA%]?lb or
a—IgA%?lb, are closely comparable. Further, the performance of conventional IgA3Ql?lad is
not far behind from a—IgA%]?lad elements and with refinement they too converge to the

solution. However, the apparent improvement in solution quality for IgA3Q]?J

aq €lements
through refinement does not provide a comprehensive representation of the situation.
Upon further examination of the stress distribution on the ‘y’ plane, it shows that the
IgASQ]?lad elements are not immune to locking. In fact, the results obtained from these
elements are significantly plagued with volumetric locking.

To examine these effects, the stresses along a line AB (z varies from 0 to 1, y = 0,
and z = 0.5) have been analyzed. Notably, when assessing stresses along the line AB,
substantial oscillation can be observed in normal stresses obtained using IgA%]?lad ele-
ments. Despite considerable refinement, these oscillations persist, see Fig. 7.29. More-
over, given the symmetric boundary conditions at this location, the shear stresses o,

and o, should be ideally zero. However, conventional IgA%ﬂad elements fail to predict
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accurate solutions for this condition, see Fig. 7.30. In contrast, the proposed a—IgA%?lad
elements do not exhibit any oscillations in normal stresses. Further, the shear stress con-
dition is better satisfied with a—IgAg?lad elements compared to the conventional IgAg?lad

elements, with the magnitude of o, and o, being very close to zero.

7.7.10 Time-dependent problems

In the present section, the performance of the proposed EAS elements is assessed using
several time-dependent problems. For completeness, the section begins with a concise
introduction to time-dependent problems and outlines the methodology that is utilized
to address them. Subsequently, several numerical examples are solved and the discussion
based on the obtained results is presented.

Time-dependent structural problems typically fall into a category where the response
of a structure varies over time due to several dynamic or time-varying factors such
as loads, boundary conditions, material properties, or environmental conditions. The
present work primarily focuses on the response of the structure under the influence of
dynamic loading. To understand the underlying concepts, let us revisit the differential
equation that governs a linear elasticity problem (refer Chapter 2, Section 2.1), which
is given as follows: )

V-O'—i-b:p({;tg. (7.33)
The variational formulation is obtained by employing the method of weighted residuals.
Utilizing the semi-discretization process, where only the space variables are discretized,

the Eq. 7.33 leads to the following hyperbolic expression:
Mu+ K = f, (7.34)

where M and K are the mass and stiffness matrix, respectively, } is the load vector,
and @ is the acceleration. Furthermore, for a realistic structural response, damping is

introduced. Hence, Eq. 7.34 can be written as follows:
M+ Cu+ K = f, (7.35)

where C is the damping matrix and @ represents the velocity. The system is pro-
vided with initial displacement and velocity. Irrespective of formulation type, all three
methods (conventional, EAS, or hybrid) will result in the above expression, with the
distinction lying in the definition of the K matrix. The expression of K for different

formulations is given as follows:

1. Conventional single-field displacement-based formulation (refer Chapter 2, Sec-
tion 2.2):

K = / BTCBdR (7.36)
R

TH-3379,9176103023



7.7. Numerical examples

2. VHW-principle based EAS formulation (refer Chapter 2, Section 2.3):
K = / BTCBdR - MTH'M (7.37)
R

3. Two-field stress-displacement based hybrid formulation (refer Chapter 2, Sec-
tion 2.4):
K=G"H'G (7.38)

If the Rayleigh damping model is assumed, then the matrix C is evaluated using the
following relation:
C =aM + K, (7.39)

where a and 3 are damping coefficients. Finally, the matrix M and load vector } is

evaluated using the following expression:

M = / pRTRAR, (7.40)
R

f= / RTbdR + RTtdA, (7.41)
R IR+

where R is the matrix of NURBS interpolation functions and p denotes density.

After defining each entity, the hyperbolic expression given in Eq. 7.35 is solved using
the Newmark method. To formulate the stated time-stepping strategy, let us introduce
the variables ., 'ﬁn, and ﬁn, representing the displacement, velocity, and acceleration

at time t,,. Subsequently, the Newmark scheme can be expressed as follows:

M%Ln+1 + C_j’l;l,n+1 + K’l},n+1 = }TL+1’ (742)
A X . t2 . .
Upt1 = Uy + Oty + 7[(1 = 291) Uy + 271 Un+1], (7.43)
’iLn+1 = ﬁn + (5t[(1 — ’)/2)’.{1% + ’}/2’{1,”_;,_1]. (7.44)

After substituting Eqgs. 7.43 and 7.44 into Eq. 7.42, it simplifies to the following expres-

sion:

[M +726tC + 1 0t2 K] ttpi1 =fpy1 — C [un +0t(1 — »yg)%},n]

- K |:’1an + ot + 7(1 - 271>'un:| )

where 1 and -y, define the stability and accuracy of the algorithm. The problems solved
1

herein use v; = 1 and v = 3 corresponding to the average acceleration (also known

as the trapezoidal rule) Newmark method, which is unconditionally stable.
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Case (a): F' = psin(wt)
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Case (b): F=pe™!
p=2,w

a clamped circular plate under ring pressure load.

7.7.10.1 Clamped circular plate under ring pressure load

The present example investigates the transient response of a 3D solid curved plate, con-
strained at its boundary and subjected to a uniformly distributed ring pressure load on
its top surface. As the problem exhibits symmetry, only one-quarter of the curved plate
is examined. Detailed specifications regarding the problem set-up, boundary conditions,
and material parameters are presented in Fig. 7.31, where r and h denote the radius
and thickness of the plate, respectively. The material parameters F, v, and p repre-
sent Young’s modulus, Poisson’s ratio and density, respectively. The ring pressure load,
denoted as F, is uniformly applied at a radial distance of a to b from the origin. The
structural damping is assumed to be Rayleigh damping, characterized by the relation
C = aM + K, where a and  are damping coefficients. The ratio r/h is chosen to
be sufficiently large to introduce the effects of locking. The problem is solved for the

following two cases of F:

1. Sinusoidal loading: F' = psin(wt) with p = 2 and w = 500. o = 5.517, B =
8.62x 1076 5t =2x10"% t=0to 2,
2. Exponentially decaying loading: F = pe~*! with p =2 and w = 200. a = 3 =0,
5t =10"*t=01t00.3,
where t is the time and 4t is the time step.

The analytical solution for the vertical displacement at radial distance 7 and time ¢

is given as follows [147]:

The term [U,(7)],, represents deformation modes and is evaluated using the following

[Pl = T (ATF> B ‘2?82’3 o <A:ﬂ?> ’

expression:
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Figure 7.32: Initial transient response of a clamped circular plate under a ring pressure
load of psin(wt) with p = 2 and w = 500 for different mesh descriptions.
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Figure 7.33: Periodic steady-state transient response of a clamped circular plate under
a ring pressure load of psin(wt) with p = 2 and w = 500 for different mesh descriptions.

TH-3379,6176103023



7.7. Numerical examples

—_— N W R~ W

u, at center

k’—A—a-IgAé?w i —o—a-IgA?é[l)lb -7- IgAé?wd -G- IgAé?lb -+- h-IgAZ]?la q-- h-IgAg]?lb Reference‘ i

0 0.05 0.1 0.15 0.2 0.25 0.3
Time (Sec)

(a) u, Mesh: 5 x 5 x 1 elements

u, at center

i ’—A—a-IgAg[‘)md —o—a—IgAé]?lb -57- IgAg?md -- IgAé]?lb -+- h-IgAg‘)la q-- h—IgA:éIL)lb Reference| |

0 0.05 0.1 0.15 0.2 0.25 0.3
Time (Sec)

(b) u,, Mesh: 10 x 10 x 1 elements

u, at center

i —A—a-IgA?’Q?la d —o—a—IgA%?lb -7- IgAiﬁald -G- IgAg?lb -+- h-IgAZ?la q-<- h—IgAgib Reference| |

0 0.05 0.1 0.15 0.2 0.25 0.3
Time (Sec)

(¢) uz, Mesh: 15 x 15 x 1 elements

Figure 7.34: Periodic steady-state transient response of a clamped circular plate under
a ring pressure load of pe~“* with p = 2 and w = 200 for different mesh descriptions.
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where A\, with m =1, 2, ..., oo are the infinite roots of
Jo()\)fl(A) + Io()\)Jl(A) =0,

where Jy and Iy represent the Bessel and modified Bessel functions of the first kind.

Lastly, the term [n(t)], is evaluated using the following equation:

DT
t m — 3
[n(t)] rohSm,
where
Ab A Amb A
o () ~an (5] - o o (55 = (%22
D _ T T T T
" YmAmdg Am) ’
Jo (Am) a + Bw? A |D ER3
Cm: y Ym — Wm 1— 2am:—m’ m:7m 77D:7'
To o) = WV =Gima € 2wm M 2\ ph 12(1 — 12)

For the first case, when F' = psin(wt), the expressions for T},, and S, are given as

follows:

T = Ym [(w?n — w2) sin(wt) — 2¢mwmw cos(wt)] +
e memt [(Cwm 4+ w? — 72 sin(Ymt) + 2CmWmwm cos(ymt)] ;

Sim = Cmwi + (@2 = 9m)? + 20w (W +77,),
whereas, for the second case, when F' = pe~“!, T),, and S,, are given as follows:

wt

T = € [(W = Grtm) I (Ymt) — Yim 08 (ymt)] + Yme™",
Sm = (W= Cmm)? + 72

The geometric description to design the coarse mesh is defined in the Appendix
(Table B.10). After defining the coarse mesh, further refinement is carried out using h-
or k- refinement. The meshes used to solve the problem are defined as n;, x ngle X né‘le,
les nZle’ and nge are the number of elements in the radial, circumferential, and

thickness direction, respectively. The mesh is refined in the r and 6 directions with

where n”.

values of n[), = nzle =5, 10, 15, 20, 25, while ngle is kept constant at 1.

The proposed elements are evaluated by assessing the vertical displacement at the
center of the plate for both loading cases. Average acceleration Newmark method is
utilized as a time-stepping strategy to solve the problem. In the case of sinusoidal
loading, the transient responses during the initial period (¢ = 0 to 0.3) and the periodic
steady-state phase (t = 1.9 to 2) are compared against the analytical solution, see
Figs. 7.32 and 7.33. The results show that the proposed a—IgA%]?lad exhibits higher

accuracy on coarse meshes compared to IgA3Q]ﬁad elements. To quantify the error, the
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Li=L=1hh=001
E=2x10" v=0.3, p= 28000

F = psin(wt), where p = 2, w = 300
(clamped at all boundary faces)

h %

Figure 7.35: A problem set-up, material data, and boundary conditions for a clamped
skew plate subjected to uniform pressure load.

Lo error norm for vertical displacement at the center of the plate over time is evaluated

using the following expression:

ey |2l @I
o Hu]ur:ftuz | = 7 (7.46)
’ [(uz)i)

where n represents the number of time intervals corresponding to the chosen start time,
time step, and end time.

The results show that in the case of the initial transient response (Fig.7.32¢), a
mesh of 15 x 15 x 1 a—IgAgQ]?lad elements converge with a Ly error of 9.3430 %, whereas
IgA3D | elements performs less favorably with LY* error of 28.5722 %. The L} errors
for higher-order a—IgA%]ﬁb and IgA?él?lb elements are comparable, with values of 5.0911
% and 5.1480 %, respectively. Similarly, in the case of steady-state response and for
the same mesh (Fig. 7.33c), a—IgA3Q]?lad elements shows L3> error of 10.9759 %, whereas
IgA%]?lad converges with 44.5369 % error. The a—IgA‘rél?lb and IgA%]ﬂb elements shows L4*
error of 5.3132 % and 5.4004 %, respectively.

Similar improvements are observed in the case of exponentially decaying loading,
see Fig. 7.34. In this situation as well, a mesh of 15 x 15 x 1 elements a—IgA%?lad
elements converges to the analytical solution with L5* error of 11.4826 %, whereas
IgA3]?Jad elements exhibits 24.8673 % error. Higher-order elements are less susceptible

to locking and show comparable performance.

7.7.10.2 Clamped skew plate subjected to uniform pressure load

In the present example, the dynamic response of a skewed plate is investigated. The

problem is composed of a rhomboid plate constrained at its boundary and subjected
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Figure 7.36: Dynamic response of a clamped skew plate subjected to uniform pressure
load of psin(wt) with p = 2 and w = 300 for different mesh descriptions.
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Table 7.2: Percentage I_fQLZ error for different mesh configurations for a clamped skew
plate subjected to uniform pressure load.

Mosh Quadratic basis Cubic basis
IgA?Q]?lad a_IgA?Q]?lad h_IgA?Q]?lad IgA%]lle a_IgA%]lle h-IgA%]?lb
4x4x1 88.9389 75.4218 75.4218 57.6508 57.0123 57.0123
8x8x1 59.2256 51.9277 51.9277 44.2076 41.3329 41.3329
16 x16 x 1 44.5630 18.8739 18.8739 5.5675 5.2278 5.2278
32x32x1 6.7256 3.1181 3.1181 0.6167 0.5873 0.5873

to a uniformly distributed load on its top surface. The detailed problem configuration,
boundary conditions, and material parameters are presented in Fig. 7.35, where [ and h
denote the length and thickness of the plate, respectively. The material parameters F,
v, and p represent Young’s modulus, Poisson’s ratio and density, respectively. Rayleigh
structural damping is assumed, with « and  as damping coefficients. The problem is
solved for a time interval of 0 to 0.1 with the time steps (Jt) as 10~% utilizing the average
acceleration Newmark strategy.

The geometric description to design the coarse mesh is defined in the Appendix
(Table B.11). Successive refinement is carried out using h- or k- refinement. The
cle X T X Mo, where ngy, and n, are

the number of elements along the side of length [ ans lo, respectively. ngle represents

meshes used to solve the problem are defined as n} xn
the number of elements in thickness direction. The problem is refined uniformly by
considering nélle = ?16 =2, 4, 8, 16, 32, while n]gle is kept constant at 1.

The vertical displacement at the center of the plate is computed within a specified
time interval using defined time steps. The results corresponding to various mesh de-
scriptions are shown in Fig. 7.36. Given the unavailability of an analytical solution for
this problem, the reference solution is established using the solution obtained from a
fine mesh of 1 x40 x 40 h—IgA%]ﬁb elements. Similar to previous example, Ly* error norm
is evaluated using the Eq. 7.46 and results are tabulated in the Table 7.2. Results show
exact equivalence between the results obtained by a-IgA and h-IgA elements. Further-
more, it consistently highlight the improved performance of a—IgA%]?lad elements over
IgA%]?md elements. The higher-order elements yield comparable results, with a-IgA?(’j]ﬂb

elements exhibiting marginally better performance than IgA3C]?lb elements.

7.8 Summary

In the present work, strain-based EAS elements are proposed to alleviate locking in
IGA. The key highlight is the evaluation of enhanced strain interpolation functions
through the investigation of the interrelation between the two-field HR and three-field
VHW variational formulations. The present work largely focuses on the assessment

of proposed quadratic and cubic EAS elements in 2D and 3D regime. However, the
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methodology outlined in this work is generalized and can be employed to generate a
variety of EAS elements from their corresponding stress-based elements in a systematic
framework.

The efficacy of the proposed elements is demonstrated through a comprehensive
analysis of numerous benchmark examples. Results obtained from diverse linear elas-
ticity problems show that the proposed elements provides a locking-free response in
situations that are characterized by high aspect ratios or near-incompressibility of the
domain. Observations across various problems shows that the proposed elements show

substantially high coarse mesh accuracy for the a—IgA3Q]?lad and Oé—IgA%]?l

higher-order elements, either a—IgA?é]ﬂb, a—IgA%?lb, IgA%?lb or IgA%I?l

aq €lements. The
, are less affected by
locking; however, oz—IgA?é]?lb and a—IgA%]ﬂb provides comparatively better coarse mesh
accuracy than its conventional IGA counterpart in certain situations. Moreover, while
comparing the performance with existing EAS elements, it is observed that these el-
ements require supplementary stabilization techniques to converge to the solution in
non-locking scenarios. Further, in specific instances of locking, these elements shows
hourglass modes, indicating that they are not entirely immune to locking. On the other
hand, the proposed elements shows no such anomaly and consistently exhibit stable
behavior regardless of whether the problem is susceptible to locking or not. This com-
plements the overall robustness of the elements and highlights its applicability across a
broad spectrum of problems in NURBS-based IGA.
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Chapter 8

Conclusions and Scope for Future
Work

This chapter summarizes the key findings and conclusions derived from the work con-
ducted to address each objective outlined in Section 1.8, subsequently presenting con-
clusions based on the contributions and outcomes derived from it. Finally, the chapter
provides an outlook on various potential directions for future research, followed by a list

of publications derived from the current work.

8.1 Performance evaluation of various numerical strategies

to alleviate shear, membrane, and volumetric locking

In the present work, a comprehensive performance evaluation of various FE strategies,
that are developed to alleviate locking, is conducted. The strategies under evaluation are
VHW principle-based EAS, a specific class of HR principle-based hybrid formulation,
SRI, ANS, and the conventional FE formulation. It begins by discussing the fundamen-
tal concepts, such as additional constraints, modified weak forms, and stress/enhanced
strain interpolation functions, along with the step-wise implementation procedures, high-
lighting their distinctions from conventional FE formulation. Subsequently, the perfor-
mance of these FE strategies is assessed by the evaluation of normalized displacement
against the reference solution and the relative Lo error norms of displacement and stress
on numerous benchmark examples. The study provides a comprehensive understanding
of the optimal method for locking-dominated problems by scrutinizing each method for
its applicability, robustness, and efficiency.

The results obtained for each numerical example and the comparative performance

of individual methods lead to the following conclusions:

1. The SRI approach provides high convergence rates in the problems affected by
volumetric locking. However, the method is restricted to alleviate volumetric

locking in conventional solid elements. The method’s effectiveness lies in how
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efficiently we can isolate the part that is responsible for locking. This separation
is not possible for other types of locking in solid elements. Hence, the method is
less robust and applicability is restricted to compatible problem domains.

2. The classical ANS method is restricted to problems affected by shear locking. The
extension of the method to the 3D problems is not a viable option as the elements
developed show no considerable improvement over conventional elements.

3. The EAS method based on VHW and hybrid formulation based on the HR prin-
ciple performs effectively and consistently irrespective of the type of locking.

4. The EAS method provides equivalent accuracy in many cases but is marginally
inferior to hybrid elements in certain situations. However, EAS elements exhibit
greater stability in severely distorted meshes compared to the presented class of

hybrid elements.

8.2 Development of a novel family of EAS elements to al-

leviate locking in FEA

Next, the work explores the EAS elements that are commonly utilized in the literature
to address locking. Notably, the existing literature in the context of 3D elasticity prob-
lems is predominantly restricted to the eight-node linear EAS elements. Thus, existing
3D EAS elements do not exploit the superior performance offered by quadratic elements
over linear elements. Motivated by this research gap, three novel strain-based EAS ele-
ments are introduced: twenty-seven-node hexahedral, six-node wedge, and eighteen-node
wedge EAS elements. A systematic procedure for deriving enhanced strain interpolation
is presented in the study which utilizes the the interrelation between the two-field HR
and three-field VHW variational formulations. Lastly, the robustness and performance
of the proposed EAS elements are demonstrated through numerous examples, with the

following conclusions:

1. The proposed twenty-seven node hexahedral, six-node wedge, and eighteen-node
wedge EAS elements successfully alleviate the locking in FEA.

2. The proposed twenty-seven node hexahedral EAS elements offer the combined
benefits of the EAS formulation and quadratic elements while demonstrating
higher accuracy on coarse meshes, yielding results without any stress oscillations,
and devoid of any unstable behavior.

3. Compared to existing eight-node brick EAS elements, the twenty-seven node
hexahedral EAS elements deliver improved or similar performance, making it a
compelling alternative to existing options.

4. The proposed six-node and eighteen-node wedge EAS elements effectively miti-

gate the stress oscillations in locking-dominated domains.

TH-3378476103023



8.3. Development of HR principle-based stress-displacement formulation to alleviate
locking in NURBS-based IGA

5. The methodology outlined is generic and can be employed to generate a variety
of EAS elements from their corresponding stress-based elements in a systematic

manner.

8.3 Development of HR principle-based stress-displacement
formulation to alleviate locking in NURBS-based IGA

The study further explores the issue of locking in IGA. Notably, most of the explored
contributions in the development of locking-free mixed formulations in IGA are restricted
to strain-based approaches. The potential advantages of stress-based approaches, that
have successfully distinguished themselves in FEA, are not explored in IGA. Motivated
by this, the work introduces a family of stress-based hybrid solid elements, with a specific
emphasis on quadratic and cubic NURBS-based elements, to alleviate locking in IGA.
The key highlight of the present work is the evaluation of stress interpolation functions
for HR principle-based hybrid elements in NURBS-based IGA. Furthermore, the study
showcases the efficacy and robustness of the proposed elements through the treatment of
several 2D and 3D linear-elastic benchmark problems, alongside conventional single-field
IGA, Lagrangian-based FEA, and hybrid FEA formulations.

Based on the results presented in Chapter 6, the following conclusions are drawn:

1. The study presents a systematic procedure to evaluate the feasible stress inter-
polation functions for different order NURBS-based elements.

2. Proposed stress-displacement based hybrid elements provide a locking-free re-
sponse in problems having a high aspect ratio or near-incompressibility of the
domain.

3. It is mathematically shown that the proposed elements are free of any spurious
zero-energy modes.

4. The proposed elements effectively eliminate the stress oscillations and provide
better coarse mesh accuracy than its conventional IGA counterpart.

5. The formulation is generic and does not involve any kinematic assumptions. This
allows the effective implementation of proposed elements in ‘thin’ as well as
‘chunky’ geometries without any special treatment, which further complements
the robustness of the method.

8.4 Development of a robust family of strain-based EAS
elements to alleviate locking in NURBS-based IGA

Extending the work on locking alleviation techniques in IGA, the study shifts towards
strain-based approaches, specifically exploring the EAS method. The existing literature
primarily includes 2D EAS elements that are developed to address volumetric locking in

IGA. However, these elements necessitate an additional stabilization strategy to address
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non-locking scenarios and are ineffective in mitigating shear and membrane locking.
Motivated by this research gap, the subsequent part of our work introduces a robust
class of strain-based solid EAS elements tailored for NURBS-based IGA. This is achieved
by extending the concepts developed during the derivation of the proposed EAS element
in the context of FEA to IGA. The performance of these elements is evaluated through
several benchmark numerical examples covering static and transient problems. Based

on the findings presented in Chapter 7, the following conclusions are drawn:

1. A systematic procedure to evaluate the enhanced strain interpolation functions,
through the investigation of the interrelation between the two-field HR and three-
field VHW variational formulations, is presented.

2. The proposed elements provide a locking-free response during the analysis of thin
structural geometries or problems involving near-incompressible materials.

3. The proposed elements effectively eliminate stress oscillations, provide higher
accuracy on coarse meshes and consistently exhibit stable behavior across a broad
spectrum of problems in NURBS-based IGA.

4. In comparison to the existing EAS elements, the proposed elements do not ne-
cessitate a supplementary stabilization technique to perform effectively in non-
locking scenarios. Moreover, in certain locking situations where existing EAS
elements have shown hourglass modes, such issues are non-existent in the pro-

posed elements.

8.5 Summary of the contributions of the thesis

A comprehensive evaluation of various locking alleviation strategies is carried out by
investigating them for several parameters to establish an elaborate understanding of
the optimal choice of the method in locking-dominated problems. Further, three novel
strain-based EAS elements, namely twenty-seven node hexahedral, six-node wedge, and
eighteen-node wedge EAS elements are proposed to alleviate the locking effects in con-
ventional FEA. These elements offer combined benefits of the EAS formulation and
quadratic elements, showcasing superior accuracy on coarse meshes, producing results
without stress oscillations, and ensuring stability throughout the analysis. As a result,
they substantially enhance the applicability of EAS elements in the FEA community.
Additionally, the current work proposes novel quadratic and cubic stress-based solid
hybrid elements and strain-based EAS elements for NURBS-based IGA to effectively
address locking. Through extensive assessment of several standard examples, it is
demonstrated that both the families of proposed elements consistently deliver locking-
free responses, particularly in problems characterized by high aspect ratios or near-
incompressibility of the domain. The proposed elements can be effectively used in ‘thin’
as well as ‘chunky’ geometries without any special treatment, which further comple-

ments the robustness of the elements. These elements marks a progressive advancement
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in enhancing the versatility of IGA, broadening their potential within the computational

mechanics community:.

8.6 Scope for future work

In the present section, various potential extensions and opportunities for the develop-
ment of the current research are discussed. The prospective scope, aligning with the
research outlined in this thesis, is broadly classified into two categories. In the first
category, the efforts will be directed toward the development of elements specifically de-
signed to alleviate locking. The emphasis lies on advancing the current understanding
and exploring other methodologies to effectively address and mitigate locking issues. In
the second category, our focus shifts towards the application of the proposed elements
across a diverse spectrum of domains. This involves a systematic exploration of their
performance in diverse applications to gain deeper insights into the capabilities of the
proposed elements, thereby contributing to their broader utilization in the computa-

tional mechanics community.

8.6.1 Development of axisymmetric elements to address locking

Axisymmetric elements are particularly useful for problems involving cylindrical or ro-
tationally symmetric geometries. While there exists literature wherein the framework
of IGA is employed to develop IGA axisymmetric elements for various applications
[191-197], the efforts to alleviate locking in such elements has received limited atten-
tion. Drawing from our experience in stress-based hybrid elements for NURBS-based
IGA (refer to Chapter 6), we believe that extending the study to develop axisymmet-
ric hybrid NURBS-based elements is a viable option. Furthermore, building on the
methodology discussed in Chapter 4 and 7, where the equivalence between the two-field
stress-based HR and VHW-based EAS formulations is investigated, there is potential
for the development of axisymmetric EAS elements in IGA and FEA.

8.6.2 Locking in shell elements

While shell elements are specifically designed for relatively thin geometries, they are not
entirely immune to locking. They do exhibit signs of shear and membrane locking in
thin structures and experiences volumetric locking in the incompressible range [32, 125,
139, 144, 145, 198, 199]. However, the issue of locking in such situations can also be
effectively addressed through the implementation of mixed formulations [32, 139, 199].
Therefore, looking ahead, it is possible to extend the concepts investigated in the current
study to shell elements by formulating a viable space of interpolation functions within
the selected mixed formulation. This notion is further supported by the observation

that the interpolations derived in Chapter 6, in specific cases, align with interpolations
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derived for certain shell elements in the work of Echter et al. [32, 146] to address the
membrane locking. This presents an opportunity to extend research not only in the

development of locking-free shell elements in FEA but also in IGA.

8.6.3 Time complexity

Based on our experience in the current study, we recognize that achieving a fair com-
parison of computational time is a formidable challenge. The complexities lie in various
aspects, such as the efficiency of coding, selection of solvers, data management, and other
factors. Even a slight alteration in the formulation often requires a large reconstruction
of the code to optimize the computational resources.

Though a comprehensive FE code involves numerous steps, solver time plays an
important role. As we progress toward higher levels of refinement, the dominant fac-
tor influencing computational time shifts towards the evaluation of the system of linear
equations hence diminishing the difference in total time required for both conventional
and mixed-formulation based elements. This is attributed to the fact that the time re-
quired to compute the local stiffness scales linearly with the degrees of freedom (Ngjof),
whereas the time to solve Ku = f scales nonlinearly with IV gof’ Acknowledging this,
in future work, we could concentrate on understanding how the mixed-formulation in-
fluences the stiffness matrix properties and explore alternative solvers tailored for these

elements.

8.6.4 Application oriented future work

The present section briefly discusses another avenue for the development or extension
of the present work, where the emphasis is on the application of the proposed elements
to diverse engineering fields. This aims to enhance our understanding of the capabili-
ties and limitations of the proposed elements, which could provide insights for further

improvements.

8.6.4.1 Performance assessment of locking alleviation strategies in IGA

A promising initial step in this direction involves initiating a comparative assessment of
various methods designed to address locking in IGA, including the elements proposed in
this work. There are currently no studies that focus on the relative accuracies of individ-
ual methods, the shortcomings of the available strategies, and the parameters deciding
the selection of a particular method in the context of IGA. Therefore, such efforts would
provide a valuable resource by offering a comparative perspective on various locking
alleviation strategies. The primary focus could be testing various locking alleviation
strategies for suitability in different locking situations, robustness, and efficiency. The
findings will potentially facilitate the optimal choice of technique in the chosen problem

domain in the context of IGA.
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8.6.4.2 Non-linear locking dominated problems

Another potential progression in the expansion of the current work involves the assess-
ment of the proposed elements for non-linear analysis of elastic structures in locking-
dominated situations. This could consists both geometric and material non-linearity. In
literature, it has been shown that stress-based hybrid elements exhibit promising advan-
tages compared to conventional elements in the context of non-linear FEA [142, 200].
Given that the proposed NURBS-based hybrid elements are developed on a similar
structure, we anticipate similar advantages. Moreover, there is a possibility that these
advantages could be more pronounced, owing to the strengths of IGA in conjunction with
existing advantages. Similarly, it also presents an opportunity to evaluate the proposed

EAS elements in both FE and IGA frameworks for non-linear analysis of structures.

8.6.4.3 Contact mechanics

The contact problems involving thin structures and nearly incompressible materials are
prone to locking and require a significant computational effort to solve the problem. To
address this issue, stress-based hybrid elements have shown great potentials in context
of FE [148]. Furthermore, the application of IGA in contact mechanics has yielded fa-
vorable results compared to conventional FE formulations [22]. However, implementing
IGA framework does not guarantee a locking-free response while analyzing thin struc-
tures or nearly incompressible materials. Therefore, we believe that the application
of the proposed stress-based hybrid NURBS-based elements or strain-based EAS IGA
elements could be a promising choice in such situations. These elements can offer a com-
bined advantage of IGA and mixed formulation, potentially providing better solution

quality.

8.6.4.4 Electromagnetic analysis

Utilizing conventional FE formulation for solving Maxwell’s equations in electromagnet-
ics has certain limitations. These include issues like the presence of spurious modes and
the inability to predict singular eigenvalues in non-convex domains [151]. In address-
ing these limitations, mixed formulations have shown promising results by accurately
predicting eigenfrequencies, including their multiplicities, even in non-convex domains
[151]. Further, the extension of IGA to electromagnetic problems has demonstrated
various advantages. These include the ability to handle complex geometries, spectrally
correct discretization of the Maxwell PDEs, and higher accuracy per degree of freedom
[201-203]. However, the potential advantages of combining mixed formulation with IGA
remain unexplored in the context of electromagnetics. This presents an opportunity to
extend the insights gained from the current work to the field of electromagnetics and
potentially utilize the strengths of both approaches to offer an attractive alternative for

solving the problems.
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8.6.4.5 Biomechanics

Biomechanics stands as another promising frontier where the potential of IGA has been
prominently highlighted. The characteristics of IGA, including its capability to model
precise geometry, high continuity of interpolation functions, efficient handling of complex
geometries, and accurate representation of sliding contact between smooth surfaces, have
proven to be invaluable tools in modeling physiologically realistic intricate biostructures
[204-209]. One category of these biostructures comprises thin biological membranes
such as skin, alveoli, blood vessels, and heart valves. The application of conventional
FE or IGA formulations in such cases leads to locking and requires substantial compu-
tational efforts to address these challenges. To overcome this, efforts have been made
to incorporate isogeometric shell elements, which combine the advantages of IGA and
shell theories, to study the response of thin biological membranes [210, 211]. Moreover,
the mechanical behavior of such biological structures is often modeled as incompressible
hence making the simulation susceptible to volumetric locking [210, 212]. Hence, the
combination of complex geometry, thin structure, and nearly incompressible material be-
havior makes it an ideal situation to extend the current work and assess the performance

of the proposed isogeometric stress-based hybrid and strain-based EAS elements.

The potential future avenues listed above do not encompass all possible applications
where we envision the extension of the current work. However, they provide a glimpse
into the diverse possibilities for extending the current work. Essentially, in any domain
where mixed FE formulations have demonstrated advantages, there exists an opportu-
nity to explore the synergy between IGA and mixed formulations. This integration has
the potential to enhance performance and offer innovative solutions in diverse engineer-

ing applications.
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Appendix A

Essential algorithms

The chapter introduces essential supporting algorithms that enhance the overall com-
pleteness of the thesis. These algorithms cover step-wise implementation procedures
for the methods discussed in Chapter 2, in particularly the VHW principle-based EAS
method, the HR principle-based hybrid formulation, and the Generalized ANS method.
Additionally, the chapter presents Mathematica pseudocodes, offering step-by-step guid-
ance for generating a compatible enhanced strain interpolation matrix and deriving

symbolic expressions for NURBS basis functions.

Algorithm 1: An algorithm for implementing the EAS formulation based on the
Veubeke-Hu-Washizu principle.

Input: nodal coordinates and connectivity of the elements.
Initialize: K°* and f.

for element cycle do

for Gauss point cycle do

Calculate J  /* relates the natural and physical coordinate
systems. */
Calculate B /* stain-displacement matrix. */
Calculate K¢ = BTCB  /x the conventional element stiffness
matrix. x/
Select G /* specific to the element type. x/
Calculate Ty /* transformation matrix at element center. */
J _
Calculate G, = ﬁTgTGe
Calculate M, = G'CB, and H, = GI CG,

end

Compute K¢ = | K¢ —MeTHglMe} /* EAS specific element stiffness

matrix. x/
Assemble  /* to generate the global K°*. */
end
Result: &  /* evaluated using @ = [K®**] ' f. */
Post-processing: compute € and o /* choose an appropriate stress-recovery
option, we used Gauss point extrapolation method. */
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Algorithm 2: An algorithm for implementing the stress-based hybrid formulation
based on the Hellinger-Reissner principle.

Input: nodal coordinates and connectivity of the elements.

Initialize: K and f

for element cycle do

for Gauss point cycle do

Calculate J  /* relates the natural and physical coordinate

systems. */
Calculate B /* stain-displacement matrix. */
Select P, /* specific to the element type. x/
Calculate T /* transformation matrix. */

Calculate P, = TP,
Calculate G, = P' B, and H, = P’ SP,

end
Compute K, = GTH_'G,  /* stress-based HR specific element
stiffness matrix. */

Assemble  /* to generate the global K. */
end
Evaluate f /* force vector */
Incorporate the boundary conditions.
Result: &  /* evaluated using u = K7'f. */
Post-processing: compute ¢  /* choose an appropriate stress-recovery

option, we used Gauss point extrapolation method. */

Algorithm 3: Algorithm for implementation of generalized ANS method.

Input: nodal coordinates and connectivity of the elements.
Initialize: K and f
for element cycle do
for Gauss point cycle do
Calculate J  /* relates the natural and physical coordinate
systems. x/
Calculate B /* stain-displacement matrix in covariant frame. x/
for tying point cylce do
Evaluate N /# Lagrange polynomials interpolating at the tying
points. */
Evaluate modified (B*)ANS for respective components.

Replace the appropriate rows of conventional B with (B*)ANS,

Define the modified B,

end

Perform mapping: B = T-TB"5,

Evaluate K., = BTCB.

end

Assemble  /* to generate the global K. */
end
Evaluate f /* force vector */
Incorporate the boundary conditions.
Result: &  /* evaluated using u = Kf. */
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Algorithm 4: A pseudocode for generating a compatible strain interpolation ma-
trix using Mathematica commands.

Input: element information
/* element type, stress interpolation matrix used in HR-based
hybrid elements in particular the vectors 151,152,...,156 */
Initialize: Choose g(§,7,() /* based on element type and involved
modes. For instance, ¢(§,7,() is a full trilinear and
triquadratic polynomial for eight-node and twenty-seven node
brick elements, respectively. For six-node wedge ¢({,7,() is
given as ¢(&,1,() = a1 + a2€ + asn + a4 + asn¢ + ag€( and for
eighteen—node wedge it is
9(&,1,¢) = a1 + ag€C* + az€C + aa€® + asénC® + as&ne + azén + agC* +
ag€C + a10€ + ann®C® + a12n’C + arzn® + a1anC® + ar5n¢ + aren + a7 + arsC
*/
for each 15i do
/* let n = number of entries in 151 */
Initialize: f = ConstantArray [ 0, n ]
for j «+ 1 ton do
f [[ J H = Integrate [Pz * g, {5’ L§7 Uﬁ}’ {777 an Un}, {Q, LC7 UC}]
/* L¢, Ly and Ly = lower limit of integration, Ug, U,, and

Uc = upper limit of integration */

end
tempMat = Normal [ CoefficientArrays [{f[[1]] ==0,f[[2]] ==0, .., f[[n
] == 0}, {a1, a2, ..., am }]] /* m = number of constants in g */

mat = tempMat [[ 2 |]

NullA = Transpose | NullSpace [ mat ||

SumA =¢; ¥ *NullA [[1;5,1]] +ca® e *NullA[[1:5, 2] + ... + ¢
* o *NullA[[1;3,n®]]  /* ¢, ca, ..., Cpo are the constants
introduce for mathematical manipulation, n® is the number of
null space vectors. x/

functions = { h1(&,n,C), ha(§,n,0), ..., ha(&,n, () }  /* hi, ha, ..., hs
are functions associated with each constant in ¢(§,7,() x/

Simplify [ SumA.functions |

Total@MonomialList | SumA.functions, { v1, V2, -..; Yno } |

Result: g(¢,7,¢) orthogonal to each function in P;

end

Result: G°  /* strain interpolation matrix for the specific
element. */
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Algorithm 5: Pseudocode for deriving the symbolic expressions for NURBS basis
function: A Mathematica implementation.

Initialize: Polynomial degree: p, g, and r. Knot vectors: U, V', and W in &, n, and ¢

direction. Weight vector: w = {w1 Wy W3 ~~'wn2p}~
Evaluate size_u, size_v, and size_w /* size of knot vectors */
Evaluate uniq_u, uniq_v, and uniq_w /* unique knot vector entries */

Evaluate ng ,ny, and ng /* number of basis functions in &, 7, and (
direction. For instance, size_u = Length [ U ], unigq-u = Sort [
DeleteDuplicates [ U 11, ny = sizeu —p—1. Similarly evaluate size_v,

size_w, uniq-v, unig-w ,n,, and ng. */
Initialize and evaluate basis_u, basis_v, and basis_w /* the B-Spline basis
function matrix in &, 7, and ( direction. */

for a =0, a <ng, a++ do
basis = PiecewiseExpand [ BSplineBasis [ { p, U }, «, £ ] ]; count = 1; for j =1,
j < Length [uniqu |, j++ do

basis_u [| j, + 1 ]] = Refine [ basis_u, unig-u [[ count ]| < & < unig-u [[
count + 1 ]]; count++;
end
end
Similarly, evaluate for basis_v and basis_w.
Evaluate the participating tensor product terms for individual element. /* For e.g.
Eq. 5.15 i.e. Nqp(§)Mpq(n)Ly . (C)- */

Initialize: element =1
Do | count = 1;
for v =1, v < ng, v++ do
for =1, 8 < ny, B++ do

fora =1, a < ny, a++ do

tensor_prod [[ element, count || = basis_u [[ z,a || X basiswv [[ y,B]] X
basis.w [[ z,7 ]]; count++;

end

end

end

element++, { z,1, Length [ uniqgw | - 1},{ y,1, Length [ uniqwv | - 1},{ «,1, Length |
uniq-u | - 1}];

Summation and rationalize B-Spline functions to derive NURBS functions.

for j =1, j < tot_element, j++ do

Temp =20
fori=1,i<ng xny Xng, i++ do
| sum [[j]] = Temp+ tensor_prod [[ j,i || x w[[i]]; Temp = sum [[ j ]]
end
end

NURBS -basis = ArrayReshape[ ConstantArray | 0, tot_element x ng X ny X ng, {
tot_element, ng X ny X ng } |

for k =1, k < tot_element, k++ do

fori=1,7<ng xny Xng, i++ do

| NURBS basis = Tensor_prod || k,i |] xw [[4]] /sum [[ k]]

end
end
Evaluate derivatives with respect to natural coordinates: D{[NURBS basis, &].
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Appendix B

Geometric data for construction

of initial meshes

This section provides the required geometric data to construct the initial coarse mesh for
the numerical examples presented in the current work. The data includes control point
coordinates and corresponding weights. Further refinement is carried out by performing
the knot insertion or the degree elevation of participating NURBS interpolation in one
or more directions. For the reader’s interest, the NURBS toolbox [213], an open-source
MATLAB code library, contains the code for the refinement strategies. The functions
utilized for the refinement are nrbdegelev and nrbkntins.

Table B.1: Control point coordinates (P;; = [z, y, z|) for modeling the initial coarse mesh for

a rectangular beam of length L and thickness ¢ with linear basis along ¢ and 7 direction (weights
associated with each control point is 1, knot vector along ¢ and 7 direction is [0, 0, 1, 1]).

J Py Py ;
1 [ 0, 0, 0 ] [ L, 0, 0 ]
2 [0, t, 0] [L, t, 0]

Table B.2: Control point coordinates and respective weights (P; ; = [z, y, z, w]) for modeling a single
element representing a exact domain of a curved beam with quadratic basis along £ and linear basis
along 7 direction, the respective knot vectors are 2 = [0, 0, 0, 1, 1, 1] and H = [0, 0, 1, 1].

J Py P ; Ps
1 [07 Rin, 0, 1] [R”H Rin, 0, %] [Rzn, 0, 0, 1]
[07 Rout, 07 1] [Rout, Rouh 0, ﬁ] [Rout, 07 0, 1]

Table B.3: Control point coordinates (P;,; = [z, y, z]) for modeling a single element representing the
domain of a Cook’s membrane problem with linear basis along & and 7 direction (weights associated
with all the control points = 1 and knot vector along & and 7 direction is [0, 0, 1, 1]).

J Py P
1 [0, 0, 0] [48, 44, 0]
[0, 44, 0] [48, 60, 0]
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Table B.4: Control point coordinates (P;; = [z, y, z]) and respective weights (w;, ;) for mod-
eling a quarter portion of a plate with a hole problem using two quadratic elements (two ele-
ments along ¢ direction and one element along n direction), knot vectors along £ and n are given
as; 2 = [0,0,0,05,1,1,1], H = [0,0,0, 1, 1, 1], radius = r = 1, length = L = 4, weight
=w? =0.5(1+1/v2).

J P Py ; Ps; Py ; w1, w2, w3, Wy, j

1 [-r, 0, 0] [—r, 0.414, 0] [-0.414, 7, 0] [0, 1, 0] 1 wP w? 1

2 [-200] (2.2 0] (-2 20 fo.2o0] 1 1 1 1
27 b) 27 47 47 27 b 27

3 [-L 0,0] [-L L 0] [-L L 0] [0, L, 0] 1 1 1 1

Table B.5: Control point coordinates and corresponding weights P; j x = [z, vy, 2z, wt] to construct a
single NURBS element representing the exact domain of a straight cantilever beam problem (L = 60,
w =1, and t = 6, 0.6, or 0.06 for the desired L/t ratio) and incompressible block problem (L = w =
t = 1). Linear interpolation functions are used in all three directions and knot vector along &, 7, and ¢
direction is [0, 0, 1, 1].

Pijr =z, y, z, wt]

j k

Py ik Py k
1 1 [0, 0, 0, 1] (L, 0, 0, 1]
2 1 [0, ¢, 0, 1] L, t, 0, 1]
1 2 [0, 0, w, 1] [L, 0, w, 1]
2 2 [0, ¢, w, 1] L, t, w, 1]

Table B.6: Control point coordinates and corresponding weights P; ;. = [z, y, z, wt] to construct a
single NURBS element representing the exact domain of a curved cantilever beam problem (Quadratic
interpolation functions are incorporated along the curvature and linear basis functions are used in other
two directions. The knot vector along & is [0, 0, 0, 1, 1, 1] whereas the knot vector along 7 and ¢
direction is [0, 0, 1, 1]. R=12, w =1, and ¢t = 1.2, 0.12, or 0.012 for the desired R/t ratio).

Pijk =z, y, z, wit]

j k

Pk Pk P35k
1 1 |:0,R—%, 0, 1- [R—%,R—%, 0, %_ |:R—%, 0, 0, 1-
P 1 {O,R—&—%, 0, 1: [R+%,R+%, 0, % {R—&—%, 0, 0, 1:
1 2 {O,Rf%, w, 1: [R—%,R—%, w, % {Rf%, 0, w, 1:
2 2 {O,R—F%, w, 1: {R—F%,R—i—%, w, % {R-ﬁ-%, 0, w, 1:

Table B.7: Control point coordinates and corresponding weights P; j x = [z, y, 2z, wt] to construct a
single NURBS element representing the exact domain of a quarter portion of Scordelis—Lo roof problem
(Quadratic interpolation functions are incorporated along the curvature, and linear basis functions are
used in other two directions. The knot vector along € is [0, 0, 0, 1, 1, 1] whereas the knot vector along
n and ¢ direction is [0, 0, 1, 1]. R =25, L = 50, and h = 0.25).

P jx =z, y, z, wt]

j k

Py ik Pk Ps ; k
1 1 [0, 24.875, 0, 1] [9.0538, 24.875, 0, 0.9397] [15.9893, 19.0554, 0, 1]
2 1 [0, 25.125, 0, 1] [0.1448, 25.125, 0, 0.9397] [16.15, 19.2469, 0, 1]
1 2 [0, 24.875, 25, 1] [9.0538, 24.875, 25, 0.9397] [15.9893, 19.0554, 25, 1]
2 2 [0, 25.125, 25, 1] [9.1448, 25.125, 25, 0.9397] [16.15, 19.2469, 25, 1]
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Table B.8: Control point coordinates and corresponding weights P; j x = [z, vy, 2z, wt] to construct a
single NURBS element representing the exact domain of a one-eighth portion of pinched cylinder problem
(Quadratic interpolation functions are incorporated along the curvature, and linear basis functions are
used in other two directions. The knot vector along £ is [0, 0, 0, 1, 1, 1] whereas the knot vector along
n and ¢ direction is [0, 0, 1, 1]. R =300, L = 600, and h = 3).

Pijr =z, y, z, wt]

J k

Pk Pk P ;.1
1 1 [O,ng, 0,1 {ng,ng,O, % {Rf%,(),(),l
2 1 [O,R—Fg, 0, 1: {R—Fg,R-{—g, 0, % {R—I—%, 0, 0, 1-
1 2 [O,R—g, g, 1_ {R—S,R—g, é, % [R—g, 0, 57 1—
e T TR e R P
Table B.9: Control point coordinates and corresponding weights P; jr = [z, vy, 2z, wt] to construct

a single NURBS element representing the exact domain of a quarter portion of pinched hemisphere
problem (Quadratic interpolation functions are incorporated along the curvature in two directions, and
linear basis functions are used in the third direction. The knot vector along £ and ¢ is [0, 0, 0, 1, 1, 1]
whereas the knot vector along n direction is [0, 0, 1, 1]. R =10, and h = 0.04).

Pk = [z, y, 2, wi]

j k
P jk Pk P35k
-
1 Il 0, 9.98, 0, 1 9.98, 9.98, 0, — 9.98, 0, 0, 1
| | [ - | |
2 1 [0, 10.02, 0, 1] {10.02, 10.02, 0, & [10.02, 0, 0, 1]
V2]
1 2 [0 9.98, 9.98 i:| |:998 9.98, 9.98 1- [998 0, 9.98 i]
) * ) * ) ﬂ " ) * ) * ) 2_ . ) ) . ) \/5
2 2 [0, 10.02, 10.02, i} [10.02, 10.02, 10.02, {10.02, 0, 10.02, L]
V2 2] V2
2
1 3 0,0, 998, 1 0, 0, 9.98, — 0, 0,998, 1
| | [ - | |
2,
2 3 0, 0, 10.02, 1 0, 0, 10.02, — 0, 0, 10.02, 1
| | [ | | |

Table B.10: Control point coordinates and corresponding weights P; ; » = [z, y, z, wt] to construct a
single NURBS element representing the exact domain of a quarter portion of the curved plate problem
(Quadratic interpolation functions are incorporated along the curvature, and linear basis functions are
used in other two directions. The knot vector along & is [0, 0, 0, 1, 1, 1] whereas the knot vector along
n and ¢ direction is [0, 0, 1, 1]. Rin =0, Rout = 1, h = 0.01).

Pijr =1z, y, z, wt

j k

Pk Ps ik Ps ik
! 1 [0, Rin, 0, 1] {Rin, Rin, 0, % [Bun, 0, 0, 1]
2 1 [0, Rout, 0, 1] [Rom, Rout, 0, iz (Rous, 0, 0, 1]
1 2 [0, Rin, h, 1] {Rm, Rin, h, % [Bin, 0, h, 1]
2 2 [0, Rous, b, 1] {Rout, Rout, h, % [Rout, 0, h, 1]
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Table B.11: Control point coordinates and corresponding weights P; ; r = [z, y, 2z, wt] to construct
a single NURBS element representing the exact domain of a skew plate problem (Linear interpolation
functions are used in all three directions and the knot vector along £, n, and ¢ direction is [0, 0, 1, 1]).

Pijr =z, y, 2, wi]

j k

P Pk
1 1 [0, 0, 0, 1] [, 0,0, 1]
2 1 [0.8660, 0.5000, 0, 1] [1.8660, 0.5000, 0, 1]
1 2 [0, 0, 0.0100, 1] 1, 0, 0.0100, 1]
2 2 [0.8660, 0.5000, 0.0100, 1] [1.8660, 0.5000, 0.0100, 1]
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