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Abstract

In this thesis, our primary interest is to provide some uniformly convergent computa-
tional techniques for solving singularly perturbed system of parabolic initial-boundary-
value problems (IBVPs) of convection-diffusion and reaction-diffusion types with bound-
ary and interior layers in one- and two-dimensions. These kinds of problems are identified
by system of partial differential equations in which the highest order spatial derivatives
are multiplied by small parameters € or €1 and £, (say) known as singular perturbation
parameters. The solution of such kind of problems exhibits boundary or/and interior
layers where the solution varies rapidly, while away from these layers the solution be-
haves smoothly. Due to appearance of the layer phenomena, it is an interesting task to
develop parameter-uniform numerical methods.

The purpose of this thesis is to apply and analyze parameter-uniform fitted mesh
methods (FMMs) for solving singularly perturbed system of parabolic convection-
diffusion and reaction-diffusion problems in one- and two-dimensions.

We begin this thesis with an introduction followed by a section describing the ob-
jectives and the motivation for solving singularly perturbed system of parabolic PDEs.
Then, we discuss preliminaries which are used throughout the thesis. Next, we move for-
ward to the main work of the thesis. First, we analyze a uniformly convergent numerical
scheme for system of 1D parabolic convection-diffusion IBVPs exhibiting overlapping
boundary layers. Then, to improve the accuracy of the proposed numerical scheme, a
post-processing technique is discussed. The hybrid difference numerical scheme is pro-
posed for system of 1D parabolic PDE on the piecewise-uniform Shishkin mesh. This
hybrid scheme is a proper combination of the midpoint upwind scheme and the cen-
tral difference scheme. Later, we have considered uniformly convergent upwind based
numerical scheme for singularly perturbed system of 1D parabolic convection-diffusion
problems with overlapping interior layers. Numerical experiments are carried out to
validate the theoretical findings.

Then we discuss singularly perturbed system of 2D parabolic convection-diffusion
and reaction-diffusion problems. First, we analyze a fractional-step method to dis-
cretize the time-derivative of the singularly perturbed system of 2D convection-diffusion
PDEs. The resulting one-dimensional equations are solved by using the classical upwind
scheme. Next, we consider singularly perturbed system of two-dimensional reaction-
diffusion problems with one parameter. Here, we discretize the time-derivative by the
fraction-step method and spatial derivatives by the central difference scheme for the
reduced stationary problem. At the end, we have considered system of 2D reaction-
diffusion problem containing different diffusion parameters. The spatial derivatives are
discretized by the central difference scheme on piecewise-uniform Shishkin mesh. Then,
the time derivative is discretized by implicit-Euler scheme on uniform mesh in the result-
ing problem. Numerical results are produced to validate the theoretical error estimates.

Finally, we summarize the results obtained in this thesis. At the end of this thesis,
possible future works are discussed based on the work carried out in this thesis.
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CHAPTER ]_

Introduction

1.1 Singular Perturbation Problem

Singular perturbation problems (SPPs) with smooth and non-smooth data are of com-
mon occurrence in several branches of engineering and applied mathematics including
fluid mechanics, gas porous electrodes theory, tubular model in chemical reactor theory,
neutron transport problems and heat and mass transfer processes in composite material,
with sufficiently small diffusion coefficients. Typical examples include the modeling of
viscous flow problems with large Reynolds numbers and convective heat transport prob-
lems with large Péclet numbers. These types of problems are identified by differential
equations in which the highest order spatial derivative is multiplied by small parameters.

In particular, singularly perturbed system of differential equations arise often in
several branches of engineering and applied mathematics. The well-known examples of
singularly perturbed system of parabolic convection-diffusion problems are the diffusion-
convection enzyme model with sufficiently small diffusion coefficients. The simplified

mathematical description of enzyme-substrate convection-diffusion model is given by

U — DyV2u+b - Vu+ ayEgu — byw = ajuw,
w; — DoV + bV — asFEou + bow = asuw,

with suitable initial and boundary conditions. Here u, w are the concentration of sub-
strate and enzyme-substrate complex, respectively and FE, is the total enzyme. Here,
b = (b1, b)T is velocity of the convecting fluid in the reaction process and ay, ay, var-
ious rates of reaction. Next, consider the double-diffusion model for saturated flow in

fractured porous media with suitable initial and boundary conditions, introduced in

TH-2098_136123007



Chapter 1 1.1. Singular Perturbation Problem

Barenblatt et al. [3] is as follows:

k 1)
(Bey +ma1f)p1, — iﬁpl + ;(pl —p2) = fi(z,y,1),

k o
(Bey +maf)pa, — iﬁpz + p(m —p) = fa(z,y, ),

where pi, po are the pressure of liquid in the pores of the first and second-order respec-
tively, p is the viscosity of liquid, S., and ., are positive constants, whereas k1, ko are
the porosity of the system of pores of first-and second-order respectively. And my, mo
are the values of the first-and second-order porosity at standard pressure. For sufficiently
small values of diffusion coefficients, the above models will be recognized as singularly
perturbed system of parabolic problems. In these type of equations, the considerable
amount of numerical difficulties arise due to the presence of boundary layers. More
details on application of singularly perturbed differential equations can be found in the
books by Pao [76], Morton [62] and Murray [67].

The term “boundary layer” was first introduced by Prandtl [77] at the Third Inter-
national Congress of Mathematicians in Heidelberg in 1904. In his seven-page report on
the subject of boundary layer theory, Prandtl discussed about how a quantity as small
as the viscosity of common fluid such as water and air could play a crucial role in deter-
mining their flow. The boundary layer theory became the foundation stone of modern
fluid dynamics. The term “singular perturbation” was first introduced by Friedrichs and
Wasow in their paper [29], presented at New York University in 1946.

Singularly perturbed problems are identified by differential equations in which the
highest order spatial derivative is multiplied by an arbitrarily small parameter €. The
perturbation is ‘singular’ in the sense that, as ¢ — 0, the problem becomes ill-posed since
the order of the differential equation is reduced, but the number of boundary conditions
remain the same. In general, the solutions of SPPs possess boundary (or interior) layers
which are basically thin regions in the neighborhood of the boundary (or interior) of the
domain, where the gradients of the solutions steepen as the perturbation parameter
tends to zero. Therefore, it is desirable to develop numerical methods, more precisely
parameter-uniform numerical methods that solve the singularly perturbed differential
equations effectively.

There are two principal approaches for solving SPPs: asymptotic analysis and numer-
ical analysis. The asymptotic analysis tries to gain insight into the qualitative behavior
of a family of problems and only semi-quantitative information about any particular
member of the family, whereas the numerical analysis tries to provide quantitative infor-
mation about a particular problem. Asymptotic methods treat comparatively restricted

class of problems and require the problem solver to have some understanding of the
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Chapter 1 1.1. Singular Perturbation Problem

behavior of the solution. Numerical methods are intended for a broad class of problems
and to minimize demands upon the problem solver. Since the mid-1960s, the theory of
singular perturbation problems has grown into a substantial field of study, which has
attracted several mathematicians. Numerous good textbooks have appeared in this area
which either dealt with the asymptotic approach or with the numerical ones. Some of
the books dealt with both of these. One may refer to the books of Miller [58], Nayfeh
[72], O'Malley [73, 74], Kevorkian and Cole [41], Bush [8], Miller et al. [57], Roos et al.
[82] and articles of Berger et al. [6, 7].

A common technique to study the nature of the analytical solution of SPPs as the
small parameter € goes to zero is through asymptotic expansion technique. A straight-
forward perturbation expansion leads to differential equations of lower order than the
original governing equation by using an asymptotic series in the small parameter €. As
a result, all of the boundary or initial conditions cannot be satisfied by the perturbation
expansion. To overcome from such difficulties, one has to combine the straightforward
expansion known as the outer expansion valid away from the boundary layer, with an
expansion called the inner expansion valid within a layer adjacent to the boundary
where the boundary condition is not satisfied. The inner expansion associated within
the boundary layer region is expressed in terms of a stretched variable rather than the
original independent variable, which takes account of the scale of certain derivative
terms. The inner and outer expansions are matched over a region located at the edge
of the boundary layer using the method of matched asymptotic expansion. Note that
one needs to know the width and the location of the boundary layer before solving the
problem which can be acquired using the principle of least degeneracy introduced by Van
Dyke [91]. For more details about the asymptotic expansion technique, one can refer
to the books of Bush [8], Lagerstrom [43], O’ Malley [73, 74] and the survey articles of
Lagerstrom and Casten [44], Smith [85] and Miller [58].

The development of parameter-uniform numerical methods over the past few decades,
can be arranged into two different categories. The first methodology involves the replace-
ment of the standard finite difference operator by a difference operator which reflects
the singularly perturbed nature of the differential operator. The modified difference op-
erators are referred as fitted finite difference operators, which are constructed by using
a proper choice of difference coefficients so that some or all of the exponential functions
are in the null space of the differential operators. Such fitted finite difference operator
on a standard mesh (very often a uniform mesh) are referred as fitted operator methods
(FOMs). The FOMs were first introduced by Allen et al. [23] for solving the problem
of a viscous fluid flow past a cylinder. One can find extensive amount of work on &-
uniform FOMs in Farrell [26] and in the books of Doolan et al. [25] and Miller et al.
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[57]. Munyakazi [66] considered nonstandard finite difference scheme for solving system
of convection-diffusion problems.

The second approach for the construction of e-uniform method involves the use of
classical finite difference schemes on spacial non-uniform meshes condensed in boundary
and interior layers. Such numerical methods are referred as fitted mesh methods (FMMs).
In FMMs, the meshes are constructed in such a way that the density of mesh points will
be higher in the boundary layer regions compared to the outer regions. These methods
have an extra advantages over FOMs due to their implementations with the standard
operators and their extension to higher-dimensional problems. The well-known layer
resolving fitted meshes are Bakhvalov meshes [2] and Shishkin meshes [83]. In both the
cases one requires apriori information about the width and location of the boundary
layer. For more details, one may refer the books by Doolan et al. [25], Farrell et al. [27],
Miller et al. [57] and Roos et al. [82] and survey articles of Kadalbajoo et al. [34, 35, 36].
Marchuk [55] and Yanenko [96] considered operator splitting technique for analyzing the

multi-dimensions partial differential equations.

1.2 Objective and Motivation

The main objective of this thesis is to develop and analyze parameter-uniform FMMs
for solving singularly perturbed system of parabolic convection-diffusion and reaction-
diffusion initial-boundary-value problems (IBVPs) in one-and two-dimensions on the
piecewise-uniform Shishkin mesh. A brief survey of the literature illustrating motivation
behind the present work, carried out in the thesis, is presented below:

In the recent past, construction of uniformly convergent numerical schemes for solv-
ing singularly perturbed system of ODEs have received a significant attention by several
researchers. One can refer to the books of Linf8 [47], Shishkin, and Shishkina [84],
where different types of parameter-uniform numerical schemes have been discussed. A
weakly coupled system of convection-diffusion problems has been analyzed in Cen [10]
and Linf [46]. Das and Natesan [20] and Liu and Chen [51] proposed an e-uniformly
convergent scheme for singularly perturbed system of ODEs, by using the mesh equidis-
tribution technique. Bellew and O’Riordan [5] examined an upwind difference scheme to
solve coupled system of convection-diffusion equations. O’Riordan and Stynes [75] ana-
lyzed an upwind difference scheme for a strongly coupled system of singularly perturbed
convection-diffusion problems. Deb and Natesan [24] applied the Richardson extrapola-
tion technique for system of convection-diffusion equation to improve the accuracy of the
upwind numerical scheme. For singularly perturbed system of reaction-diffusion prob-

lems, Matthews et al. [56], Madden and Stynes [52] considered a uniformly convergent
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numerical method which produces almost first-order accurate numerical approximation.
To improve the accuracy (from almost first-order to almost second—order convergence)
of the numerical approximation of both the previous articles, Linf§ and Madden [48, 49]
followed a special approach for the error estimate of the proposed numerical method.
Das and Natesan [22] used the mesh equidistribution technique to obtain optimal error
estimate for singularly perturbed system of reaction-diffusion BVPs. For weakly coupled
system of ODEs with discontinuous source term, Tamilselvan et al. [89, 90] analyzed
parameter-uniform numerical method. A detailed survey on singularly perturbed system
of differential equation is presented in Linfl and Stynes [50].

For the past few years, a great amount of work have been done by many researchers
for singularly perturbed stationary and non-stationary problems. Cai and Liu [9] and
Stynes [86] developed uniformly convergent numerical methods on the piecewise-uniform
Shishkin mesh for the convection-diffusion problems. Gowrisankar and Natesan [30, 31]
proposed parameter-uniform computational techniques to solve singularly perturbed de-
lay parabolic partial differential equations. Majumdar and Natesan [54], considered
second-order uniformly convergent Richardson extrapolation method for singularly per-
turbed degenerate parabolic problems. Mohapatra and Natesan [59, 60, 61] used the
adaptive mesh generation method to solve singularly perturbed boundary-value prob-
lems (BVPs). Also, one can look at the articles [4, 68, 69, 70, 71, 92, 93], in which Natesan
and his collaborators have proposed initial-value techniques and parallel boundary-value
techniques for singularly perturbed BVPs. Xenophontos and Oberbroeckling [95] dis-
cussed p/hp finite element approximation for systems of reaction-diffusion equations.
Later, Xenophontos et al. [94] analyzed finite element approximation of convection-
diffusion problems by using an exponentially graded mesh. Ramos [79, 80] devel-
oped exponentially-fitted methods for singularly perturbed differential equations and
differential-difference equations.

Here, we cite some articles, which are dealt with the hybrid numerical scheme.The
hybrid numerical scheme is a proper combination of the midpoint upwind scheme (for
the outer region) and the central difference scheme (for the inner region). The midpoint
upwind scheme was first introduced by Abrahamsson et al. [1]. Then, Stynes and Roos
[87] combined this scheme with the central difference scheme to solve 1D singularly per-
turbed two-point BVPs. For stationary singularly perturbed system, Priyadharshini et
al. [78] proposed the hybrid scheme. In [21], Das and Natesan analyzed a uniformly con-
vergent hybrid scheme for singularly perturbed system of reaction-diffusion Robin type
boundary-value problems. Cen et al. [11] considered the hybrid difference method for a
system of singularly perturbed initial value problems on Shishkin mesh. For singularly

perturbed parabolic PDEs, Mukherjee and Natesan proposed the hybrid scheme in [63].
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Also Mukherjee and Natesan [65] considered the hybrid numerical scheme to improve
the accuracy of the numerical approximate solution of parabolic IBVPs with interior
layers. Clavero et al. [12] analyzed the hybrid numerical method for time-dependent
convection-diffusion problems by simplifying the truncation error analysis. Later on
Das and Natesan [17] extended the idea of hybrid scheme to solve singularly perturbed
delay parabolic PDEs.

In recent years, various e-uniform numerical schemes are proposed in the literature
for singularly perturbed 2D parabolic initial-boundary-value problems. For instance,
Clavero et al. [16] proposed a numerical scheme, which consists of an alternating di-
rection scheme for the temporal discretization and central finite difference method for
the spatial discretization. Clavero and Jorge [13] considered a monotone finite differ-
ence schemes to approximate 2D singularly perturbed parabolic problems of convection-
reaction-diffusion type with implicit-Euler method as time integrators. Das and Natesan
[19] analyzed a parameter-uniform numerical method for solving singularly perturbed 2D
delay parabolic convection-diffusion problems on Shishkin mesh. Das and Natesan [18]
proposed a higher-order fractional-step method for singularly perturbed 2D parabolic
convection-diffusion problems. Majumdar and Natesan [53] analyzed an ADI numerical
scheme for singularly perturbed 2D degenerate parabolic problems on Shishkin mesh.

However, the theory and numerical solution of singularly perturbed system of
parabolic PDEs are still at the primary stage. Rao and Srivastava [81] analyzed a numer-
ical scheme which is a combination of HODIE scheme and the central difference scheme
in space with backward-Euler method in time direction to solve time-dependent singu-
larly perturbed system of convection-diffusion problems with a single parameter. The
proposed numerical scheme is of almost second-order accurate in space and first-order
accurate in time. Gracia and Lisbona [32] applied a classical finite difference scheme on
the Shishkin mesh to obtain the uniformly convergent numerical solution of singularly
perturbed system of parabolic problems of reaction-diffusion type. They proved that
the numerical scheme is uniformly convergent, having first-order convergence in time
and almost second-order convergence in space. In [33], Gracia et al. applied the central
difference scheme to solve singularly perturbed coupled system of parabolic reaction-
diffusion equations. The proposed numerical scheme is of almost first-order accurate
in space and first-order accurate in time. Franklin et al. [28] studied a central differ-
ence scheme for singularly perturbed system of parabolic reaction-diffusion problems. It
is shown that the numerical approximations obtained with this method are first-order
convergent in time and almost second-order convergent in the spatial variable.

Finally, we turn our attention to develop parameter-uniform numerical methods for

singularly perturbed system of convection-diffusion and reaction-diffusion problems in
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two-dimension. In [39], Kellogg et al. considered a class of singularly perturbed system
of 2D elliptic reaction-diffusion problems with a single parameter. In [38], Kellogg et al.
studied the same problem with different hypothesis on the reaction coefficients. Because
of the hypothesis, later the model problem did not satisfy the maximum principle. For
both the problems in [39, 38|, they applied the standard central finite difference scheme
on the Shishkin mesh and Shishkin-type mesh, respectively. The proposed schemes are
e-uniformly convergent of almost second-order for Shishkin mesh while second-order
uniform convergence for the Bakhvalov mesh.

From the literature, one can observe that no work has been carried out till now to
solve singularly perturbed system of parabolic PDEs of convection-diffusion type with
different parameters in one-dimension. Some work has been carried out with single
parameter case only. And for the system of reaction-diffusion problems, the previous
research work has been limited to one-dimension only. By considering all these facts,
we propose some numerical schemes for solving singularly perturbed system of parabolic

convection-diffusion and reaction-diffusion problems in one- and two-dimensions.

1.3 Preliminaries

In this section, we introduce some essential definitions, notations and convention which
will be used throughout the thesis.

We denote C*(Q) as the space of all functions whose derivatives up to order k > 0
are continuous on Q, where Q is a bounded domain in R™ x [0, 7.

Next, we introduce the Holder continuous function. The set of all Holder continuous

functions in Q, forms a normed linear vector space C3(Q) with the norm

- Ju(xy,t1) — u(Xa, t2)]
[ullxg = [lulle + sup { 7 (

(x1,t1),(x2,t2)€Q | (|x1 — X2|2 + [t1 — t2])

where |lullg = sup |u(x,t)].
(x,t)eQ
For each integer k > 1 and all non-negative integers k,, k;, the subspaces C¥(Q) of

CY(Q), which contain functions having Holder continuous derivatives defined as follows:

akz +k't u

C’j’(Q) = {u : kB € C’g(Q), such that 0 < k, + 2k, < k}

The norm on C¥(Q) is taken to be

8kz+ktu
lullkae = 0k 43k, <k || Dk LR A
For vector-valued function @ = (uj,u) € (C¥(Q))?, the norm of @ is defined by
[llr 20 = max{|[u1 e, [[uzllkro}-
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In the analysis, we use the standard supremum norm || - ||o0,0, which is defined by

19(x,1)|[00,0 = max [g(x, )],
(x,t)€Q

for a scalar function g(x,t). It is a convention that when the domain is obvious,
or of no particular significance, Q is omitted. For vector-valued function ¢(x,t) :=
(g1(x,1), ga(x, )7, set |7(x,t)] = (lg1(x,1)], |g2(x,8)])", and we define the standard

supremum norm by

1900, = max {[|g1(x, ) [|oc,0; 92(%, t)[[oc.0} -

Throughout this thesis C = (C,C)T, C denotes a generic positive constant, which is
independent of ¢, £1, €5 and of mesh parameters, not necessarily taking the same values
at different occurrences.

Now, we define the standard finite difference operators which are useful for describing
the difference schemes in the subsequent chapters. For that, we consider the arbitrary
meshes in the spatial directions as ﬁiv ={0=zg<z1<---<azy=1} ﬁ;v ={0=y <
y; < -+ < yy = 1} and in the temporal directionas TM = {0 =ty < t; < --- < t, =T}.

For a given mesh function v(x;,t,) = v, define the forward, backward and central

difference operators D}, D, and DY in space by

v, — ol vt — v, — ol
1 _ —1 1 _f
D;rvf = , D vl=—"""— and ng? L. Sl Bl L
Tit1 — T4 Ty — Ti—1 Tit1 — Ti—1

respectively, and we define the second-order central difference operator 62 by

AF i —
52" — 2(Djvi — D op)
xvi - )

Tit1 — Ti—1

and define the backward difference operator D; in time by

n n—1

v — v

- n _ 1 i
Dt = S S
n-~ bn-—1

In an analogous way, for a given mesh function v(x;,y,t,) = vy, ,, y € Qév , we define
the forward difference operator D), the backward difference operator D, (for first-
order spatial derivative) and the central difference operator §2 (for second-order spatial

derivative) in spatial z-direction by

n o n _an “+,m _ —
+..n _ vzi+1,y vwi,y —n _ Ul"zvy UIi—hZJ 2. _ 2(D$ Uﬂ?i,y Dﬂ? Uzpy)
D:C U:ci,y - Dx Ua:i,y =—— and 5xvazi,y - )
Tit1 — T Ti — Ti—1 Tit1 — Ti—1
respectively.
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Similarly, we define all the difference operators in the y-direction. The backward

difference operator D, is defined by

n n—1
—n ’Uxivyj ’Uxivyj
D;v; , =——
Zi,Yj t, —t
n n—1

to approximate the first-order time derivative.

To measure the performance and the robustness of a numerical method, let us intro-

duce the concept of uniform accuracy.

Definition 1.3.1. (£-Uniform numerical method) Let @, be the solution of a sin-
gularly perturbed system of parabolic problem, and let U. be a numerical approximation
of U, obtained by a numerical method on the discrete space @N’At with the discretization
parameters N and At. The numerical method is said to be uniformly convergent or
robust with respect to perturbation parameters €1, €5 in the norm || - ||, if there exist
a positive integer Ny and positive number ‘C°, p and q such that for all N > Ny and
M > My, where M =T /At, we have
sup  ||U. — @ef|loe < C (NP + At?),
0<e1,62<1

where Ngo, My, C, p and q are independent of €1, €.

Here p and q are E-uniform order of convergence with respect to the spatial and

temporal variables, respectively, and C' is called the €-uniform error constant.

We will use frequently the maximum norm in our analysis. This is due to the mea-
surement of the errors from the small part of the domain where boundary layer occurs.
Other norms, specially the root mean square norm fails to capture the local behavior of
the error inside the boundary layer regions. for further discussion on the choice of the
norms, one can refer book of Miller et al. [57].

The next definition is of Landau’s order symbols O (big-oh) and o (little-oh),
which are used throughout the thesis. Let f(¢) and g(¢) be two real valued functions,
where 0 < e < g9 < 1.

Definition 1.3.2. The expression f(e) = O(g(e)) as € — 0, defines that there exist

some positive constants C' and €y satisfying € € (0,e0] such that
@ <Clge)l, e—0.

Definition 1.3.3. The expression f(c) = o(g(e)) as € — 0, defines that

fle) _
S0 g(e) N
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Chapter 1 1.4. Model Problems

Definition 1.3.4. A matrizx A = (ap,) € R™ is an Lo—matriz if ay > 0 and a, < 0,
foralll£m, 1 <Il,m<k.

Definition 1.3.5. A matric A = (a,) € R™ is an M-matriz if A is nonsingular,
A '>0 and ay, <0, foralll #m, 1 <I,m <k.

Finally, for the sake of simplicity, we define some functions which will be used fre-

quently while estimating the derivative bounds of the solution and their components:
o Bl () =exp(—ax/er), B (x)=exp(—az/es),
o Bl(x) =exp(—a(l —x)/e), Bl(y) = exp(—a(l —y)/e),
o B, (v) =exp(—a(l —a)/e1), B, (z) = exp(—a(l - z)/e2),
o B (z) = exp(—a( —x)/a1), B (x) = exp(—a(§ — z)/e2),
o Bl (z) = exp(—a(r = §)/e1), Bl (z) = exp(—alz —§)/e2),
o B.(x) = exp(—fr/e) + exp(=f(1 — z)/e),
o B.(y) = exp(—Py/e) + exp(=H(1 - y)/e)
o B, (z) = exp(—fz/e1) + exp(=f(1 — z)/e1),
o B, (y) = exp(=Py/e1) + exp(—B(1 = y)/e1),
o B.,(x) = exp(—fx/e2) + exp(—B(1 — z)/e2),

o B.,(y) = exp(—By/e2) + exp(=B(1 — y)/e2),

where a and S will be fixed later in following chapters and £ is the point of discontinuity
of the convection coefficients and the source term in model problem (1.4.4) and problem

discussed in Chapter 4.

1.4 Model Problems

In this section, the model problems considered in this thesis are described briefly. For
clarity of the presentation, we elaborately provide these model problems with suitable
information on the given data at the beginning of the subsequent chapters.

The following types of model problems are considered and their concise descriptions

are given below:
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1.4.1 Singularly perturbed system of 1D parabolic convection-
diffusion problem

Consider the following singularly perturbed system of parabolic convection-diffusion

IBVP in the domain @ := Q, x (0,7],Q, = (0,1):

ou -

ot + Lz,s_/lz =/, (fﬂ,t) € Q,
ii(r,0) = idp(z), x€Q, (1.4.1)
ﬁ(O,t) = _’7 ﬁ(l,t = 67 t e (O’TL

where the spatial differential operator L, # is given by

_ 0? 0
L%g: —&— — A(l’)a—x + B(l’),
and the coefficient matrices are £ = diag(ey, e3), A(x) = diag(ay(z), az(x)) and B(z) =

{bim ()} =1

Without loss of generality, we assume that e, e, satisfy 0 < €1 < g9 < 1, and the

coefficients of the convection matrix A satisfies the following positivity conditions:
a(xz) > a >0, as(x) > a > 0.
In addition, we assume that B is an Lo —matrix with

an{bll(£) = blg(l’), bgl(l') + bgg(il))} > 6 > 0.

€,

Under sufficient smoothness and compatibility conditions imposed on the data of the

model problem (1.4.1), the exact solution « has overlapping boundary layers at = = 0.
1.4.2 Singularly perturbed system of 1D semilinear parabolic
problem

Consider the following singularly perturbed system of semilinear parabolic convection-
diffusion IBVP:

ou 0% ou - o

g A= -\

ot OHx2 (l’) ox + (a:,t,u) O, (.T,t) c Q,

i(x,0) = ip(x), z€Q, (1.4.2)
@(0,t) =0, @(1,t)=0, te (0,7,

where f(x, t, @) = (fi(z, t,us,ug), folx,t,u1,us))’. The coefficient matrices £ and A are
defined as in the previous subsection. We also assume that f; and f, are sufficiently

smooth functions satisfying certain regularity conditions.
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1.4.3 Singularly perturbed system of 1D parabolic convection-
diffusion problem with boundary layers

Consider the following class of singularly perturbed system of parabolic convection-

diffusion IBVP:

o .
—— 4L a—': 7 : :
o T et fi (1) €qQ
i(z,0) = do(z), =€, (1.4.3)

@(0,t) =0, w@(1,t)=0, te(0,T],

where the spatial differential operator L, # is given by
2

L,z= —5% + A(x)% + B(x).
The coefficient matrices are given as £ = diag(ey,£2),0 < €1 < & < 1, A(z) =
diag(ay(z), as(z)) and B(z) = {bim(2)}},—;. The coefficient matrices A and B satisfy
positivity condition from previous subsection. Under sufficient smoothness and compat-
ibility conditions imposed on the data of the IBVP (1.4.3), the exact solution u exhibits

overlapping boundary layers at = = 1.

1.4.4 Singularly perturbed system of 1D parabolic convection-
diffusion problem with interior layers

Denote the domain for describing the model problem by
Q =9, x(0,T], QT = QFfx(0,T], Q = Q,x(0,7], Q, = (0,6), Q& = (£, 1), 2 = (0,1).

Consider the following class of singular perturbed system of parabolic convection-
diffusion problems in the domain @~ U Q*:
ou 0?1 ou >
— + A(z)— + B(x)u = t Ut
e+ AW+ B@)i=f, (x,0)€Q"UQ",
i(z,0) = Go(v) V€ Qy,

6(07t) = gl@)v ﬁ<17t) F §2(t) Ve [O,T],

(1.4.4)

where coefficients £ = diag(e1,€2) and B = {byn}7,,—; With the convection coefficient
A = diag(ay, az), where a; and ay are defined as
a (z), =€ ay (z), = e
a(x) = as(x) =
ai (z), x€QF, ag(x), x€ Q7.
We assume that the convection coefficients and source terms satisfy

[aa]] < O lao]] < O [[A]l < € and [[fo]| < C at z =

i >ay(z), a5 () > a; >0, z<and —aj <af(z),af (r) < —ay <0, x>,
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and we assume that B = {blm}imzl is an Ly —matrix with

min{b11(z) + bi2(x), ba1 () + b (2)} > 8 > 0.

xEQz

It will be assumed that the convection coefficient A is sufficiently smooth on Q; U Q,
whereas the source term f (x,t) is sufficiently smooth on @~ U Q" and the reaction
coefficient B is a sufficiently smooth function on Q.

The solution @ = (uy,us)? satisfies the following interface conditions

[8ul

[ul] . 07 5F

] 0, atx=¢ 1=1,2.
We define the jump of the solution components u;, denoted by [w], across the point of

discontinuity x = &£ by
[ul] (é-vt) F ul(€+7t) H ul(f_a t)7 where ul(gia t) = lim Ul(l', t)
z—£30

Due to the presence of discontinuity in the convection coefficient A(z) and the source
term f (x,t), the exact solution w(z,t) of the problem (1.4.4) possesses overlapping in-
terior layers in the neighborhood of the point x = £. In fact, the nature of the interior
layer depends on the sign of the convection coefficient A(x) on either side of the line of

discontinuity.
1.4.5 Singularly perturbed system of 2D parabolic convection-
diffusion problem

Consider the following singularly perturbed system of 2D parabolic convection-diffusion

IBVP in the domain G :=D x (0,7], D =, x Q, = (0,1) x (0,1):

( 8—?(I7y,t)+£5ﬁ(x,y,t)Zf(%y,t)’ (z,9,t) €0,
U’('T y7 )_ ﬁo(ﬂf,y), (x,y) S 2_)7 (145)
i(0,y,t) = i(1l,y,t) =0, (y.t) €10,1] x [0, 7],

| ii(2,0,t) = ii(x,1,0) =0, (x,t) €[0,1] x [0, 77,

where the spatial differential operator Lz is given by

02 0? 0 0
to= -8 (g g ) + o) g+ Aalo) g+ o)

0x?  0y? dy

The coefficient matrices of the model problem (1.4.5) are given as £ = diag(e,¢), A; =
diag(a1, aie), As = diag(as, ax) and B = {blm(z)}zmzl. We assume that the diffusion
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coefficient 0 < ¢ < 1. Assume that the matrices A;, Ay and B are sufficiently smooth

and satisfy the following conditions:

)
an(z,y), ap(z,y) > a1 >0, a(z,y), axn(r,y) > ay >0,

bll(xay) > VB > 07 blm(xay) S 07 for 7£ m,

(m)inﬁ{bn(x,y) + b12($,y)>b21($,y) + 622<x7y)} Z B > 07

x,Yy)€E

N = mﬁa«x{\blz(ﬂf,y)\ [bulz,y)}, 72 = mgx{|bzl(x,y)| /baa(,y)}.

\

Under sufficient smoothness and compatibility conditions imposed on the data of the
IBVP (1.4.5), the exact solution @ exhibits boundary layers along the sides x = 1 and
y =1, and a corner layer at (z,y) = (1,1).

1.4.6 Singularly perturbed system of 2D parabolic reaction-
diffusion problem

Consider the following singularly perturbed system of 2D parabolic reaction-diffusion

IBVP: o
S @y, ) + L,y t) = fle,y.0), (09,6 €0,
ﬁ(l‘,y,(» = 60($7y)7 (.T,y) € 57 (146)
@(0,y,t) = i(1,y,t) =0, (y.t)€[0,1] x[0,7],

i(x,0,t) = @(x,1,t) =0, (x,t)€[0,1] x [0,T],

\

where the spatial differential operator 2= is given by
L= —E>A + B(z,y,1).

The diffusion and reaction coefficients of the model problem (1.4.6) are given by & =
diag(e,e), 0 < ¢ < 1 and B = {bim(x)}7,,—1, respectively. The coefficients of reaction

matrix B(z,y,t) satisfies the following conditions:

bll(xayvt) > 75 > 07 blm(may7t) S 07 fOI' l 7é m,

( mi)ng{bll(xayat) + b12(x7y>t)7 b21(x>y7t) + b22(1’:?/7t)} 2 52 > 0.
x,y,t)e

Also we assume that 71 = max{|bia| /b11}, 72 = max{|ba]|/bx}, 0 < v =
max{vy1,72} < 1. We consider thi certain smoothness assugmptions for the source term
and the initial condition such that the exact solution « of model problem (1.4.6) exhibits
boundary layers along the sides x = 0,1 and y = 0,1 with corner layers at all corners of

the spatial domain.
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Chapter 1 1.5. Outline of the Thesis

1.4.7 Singularly perturbed system of 2D parabolic reaction-
diffusion problem with overlapping boundary layers

Consider the following singularly perturbed system of 2D parabolic reaction-diffusion

IBVP:

( o ) )
E(l‘ﬁyvt) +£5U(5E>y7t) = ($ay7t)7 ($ay7t> € g7
77(37;3170) :ﬁ()(x?y)’ (Iuy> 657

@(0,y,t) = @(1,y,t) =0, (y,t) €[0,1] x [0,T],

i(x,0,t) = d(x,1,t) =0, (x,t)€[0,1] x [0,T],

(1.4.7)

\

where the spatial differential operator £z is given by
L= —E?A+ B(z,y,t).

The diffusion and reaction coefficients of the model problem (1.4.7) are given by £ =
diag(e1,£2), 0 < &1 < &3 € 1 and B = {byn(2)}},,—,, respectively. Under sufficient
smoothness and compatibility conditions imposed on the source term and the initial
data , the model problem (1.4.7) admits a unique solution, which exhibits overlapping
boundary layers along the sides x = 0,1 and y = 0, 1 with corner layers at all corners of

the spatial domain.

1.5 Outline of the Thesis

This thesis consists of eight chapters. Chapter 1 presents the general introduction along
with the historical background of the related work done in field of SPPs. It also pro-
vides the motivation and objective for solving singularly perturbed system of parabolic
PDEs in one and two-dimensions. The rest of this thesis includes seven chapters and is
organized as follows:

Chapter 2 is devoted to the study of a parameter-uniform numerical method for
one-dimensional singularly perturbed system of convection-diffusion problem of type
(1.4.1). We use the implicit-Euler scheme to discretize the time derivative and the
upwind scheme to discretize the spatial derivatives on the piecewise-uniform Shishkin
mesh. The method converges uniformly with first-order (up to a logarithmic factor) in
space and first-order in time. A post-processing technique is discussed, which improves
the accuracy of the proposed numerical scheme on the piecewise-uniform Shishkin mesh.
Numerical results are presented to verify the theoretical error estimates. It is shown
that above computational technique can be extended for a singularity perturbed system
of semilinear parabolic PDE of the form (1.4.2).

Ph.D. Thesis 15
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Chapter 1 1.5. Outline of the Thesis

In Chapter 3, a parameter-uniform hybrid numerical is constructed for solving
singularly perturbed system of parabolic IBVP (1.4.3). First, the time derivative is
discretized by implicit-Euler scheme on uniform mesh. Then, the spatial derivatives are
approximated by the hybrid numerical scheme on piecewise-uniform Shishkin mesh in the
resulting time semidiscrete problem. The numerical method converges uniformly almost
second-order in space and first-order in time irrespective of the singular perturbation
parameters. Numerical experiments are carried out to validate the theoretical findings.

Chapter 4 deals with singularly perturbed system of parabolic PDE of the form
(1.4.4) with discontinuous convection coefficient and source term. We discretize the
temporal domain with uniform mesh and the spatial domains with a special piecewise-
uniform Shishkin mesh. To discretize the model problem, we use the implicit-Euler
scheme and the classical upwind scheme for the temporal and spatial derivatives, re-
spectively. This numerical method converges uniformly first-order in time and first-order
up-to logarithmic in space. Numerical results are given to validate the theoretical error
estimates.

In Chapter 5, we analyze a singularly perturbed system of 2D parabolic convection-
diffusion problem of the form (1.4.5) with the fractional-step method on the uniform
mesh in the temporal direction and the piecewise-uniform Shishkin mesh in the spatial
directions. It is shown that the error estimate obtained for the proposed numerical
scheme is almost first-order accurate in space and first-order in time. Numerical results
are produced to validate the theoretical error estimates.

Chapter 6 is concerned with construction of e-uniformly convergent fraction-step
method for solving singularly perturbed system of 2D parabolic reaction-diffusion IBVP
of the form (1.4.6). The theoretical and numerical results explain that the error converges
at the rate of first-order in temporal variable and almost second-order in spatial variables.
To support the analysis, numerical experiments are carried out.

Chapter 7 presents the analysis for singularly perturbed system of 2D parabolic
PDE of the form (1.4.7). We construct an efficient numerical scheme by using a special
rectangular mesh involving piecewise-uniform Shishkin mesh in the spatial directions. It
is shown both theoretically and numerically that that the proposed numerical scheme is
almost second-order accurate in space and first-order in time.

In Chapter 8, we address the brief summary of the results highlighting the con-
tribution made by this thesis. It also provides various ideas for the scope of future
investigations of the present work.

Extensive numerical experiments are conducted to support the theoretical findings.
The corresponding numerical results are presented at the end of each chapter of the

thesis in the form of figures and tables to validate the analytical results.
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CHAPTER 2

Efficient Numerical Schemes for Singularly
Perturbed System of 1D Parabolic Partial
Differential Equations with Boundary Layers

In this chapter, we obtain the numerical solution of singularly perturbed system of 1D
parabolic convection-diffusion problems exhibiting overlapping boundary layers. The
proposed numerical scheme consists of the implicit-Euler method for the time derivative
and an upwind finite difference scheme for the spatial derivatives. We analyze the scheme
on a piecewise-uniform Shishkin mesh for the spatial discretization to establish the uni-
form convergence with respect to the perturbation parameters. For the proposed scheme,
the stability analysis is discussed and parameter-uniform error estimate is derived. To
enhance the order of convergence, from almost first-order to almost second-order, we use
the Richardson extrapolation technique. In support of the theoretical results, numerical

experiments are performed by employing the proposed techniques.

2.1 Introduction

Consider the following singularly perturbed system of 1D parabolic convection-diffusion
IBVP in the domain @ := Q, x (0,7],Q, = (0,1):

ou -
_— L _’:
825 + :mé'u f7 (x7t) €Q7

i(z,0) = dy(z), =z €Q, (2.1.1)
@(0,t) =0, @(1,t)=0, tel0,T],
where the spatial differential operator L, s is given by

P 0
Lx,é': —E&— — A(l‘)% + B(Qﬁ),

with £ = diag(e1,&2), A(x) = diag(ar (), ax(x)), B(x) = {bim(@) s

17
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Chapter 2 2.1. Introduction

We assume that e1,e5 satisfy 0 < ;1 < g9 < 1, and the coefficients of convection

matrix A satisfy the following positivity conditions:
a(xz) > a >0, as(x) > a > 0. (2.1.2)
In addition, assume that B is an Ly —matrix with

an{bll(x) + blz(l’), bgl(l’) + bQQ(l’)} > 6 > 0. (213)

TEQ

We assume that the data of the model problem (2.1.1) are sufficiently smooth func-
tions and also satisfy sufficient compatibility conditions so that it admits a unique so-
lution u(z,t) € (C3(Q))?. For instance, typical smoothness assumptions for the source

term and the initial condition are given by
Fe(C(Q)? and i€ (CHQ))2% (2.1.4)
Also the compatibility conditions for the data of problem (2.1.1) are as follows
do(z) =0, xe€{0,1},

F(2,0) — Lyetip(z) =0, =€ {0,1}, (2.1.5)
Fol@,0) + (Lo 2)? To(x) — Log f(2,0) =0, € {0,1}.
which are the extensions of compatibility conditions used for the scalar case in [42].

In this chapter, we consider singularly perturbed system of 1D parabolic convection-
diffusion IBVP with different diffusion coefficients €1, €5, associated with each equation.
The overlapping boundary layers occur in the left side of the spatial domain, ¢.e., along
x = 0, therefore the non-uniform mesh will be employed for the spatial variable and
uniform mesh for the temporal direction. The proposed numerical scheme is the combi-
nation of time semidiscretization process which consists of the implicit-Euler scheme and
spatial discretization by using the upwind difference scheme. Error estimates of order
O(N7'In N + At) are obtained for the numerical solution, where N is the discretiza-
tion parameter in spatial domain and At is the time step. Later, we use the Richardson
extrapolation technique, to improve the accuracy of the approximate numerical solution.

This chapter is structured as follows: In Section 2.2, we establish some analytical
properties of the continuous problem. Section 2.3 deals with the time semidiscretization
process. Further, we discuss the derivative bounds of the exact solution of the time
semidiscrete scheme. Section 2.4 describes the construction of the piecewise-uniform
Shishkin mesh and the upwind difference scheme for the spatial discretization. In Sec-

tion 2.5, we discuss the fully discrete scheme and derive the global error estimate. In
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

Section 2.6, we study the numerical solution of a singularly perturbed system of semilin-
ear parabolic convection-diffusion IBVP. To enhance the accuracy of numerical solution,
Richardson extrapolation technique is studied in Section 2.7. Section 2.8 contains nu-

merical experiments for test examples that confirm the theoretical findings.

2.2 Bounds of the Solution and its Derivatives

In this section, we study the analytical properties of the exact solution of the continuous

problem (2.1.1), like maximum principle and bounds of the solution derivatives.

Lemma 2.2.1. (Maximum Principle). Let (% —i—LLg) be the differential operator
given in (2.1.1) and we assume that the matrices A and B satisfy conditions (2.1.2) and
(2.1.3), respectively. Then for zZ > 0 on Q and (% + me) Z>0in Q, we have Z> 0,
for all (x,t) € Q.

Proof. We prove this lemma by contradiction. Assume that there exists a point
(x0,t0) € @ such that

min{z, (o, to), 22(z0, t0) } = min{ min 2 (z,t), min_ zg(x,t)} < 0.
(z,1)eQ (z.t)€Q
Without loss of generality we assume that z;(zo, tg) < z2(xo,to). Then the first compo-

nent of (% - Lx,g> 7 satisfies

0z .
8_751 + Ly o, Z(x0, to) < bi1(zo)21(xo, to) + bi2(z0)22(x0, to) < 0,

which contradicts the hypothesis of this lemma, therefore Z > 0, for all (x,t) € Q. ]

The following lemma will help us to find the bound for the exact solution .

Lemma 2.2.2. The solution @ of the problem (2.1.1) satisfies the following estimate
|i@(x, t) — @(x,0)] < Ct, (x,t) € Q,
where C' is independent of €1, &s.

Proof. We shall establish the estimate only for the first component u;, one can prove

the result for uy in the same way. Set ¢(x,t) = u(x,t) — Up(z), where u(x,0) = Uy(x).

Then gg satisfies the following problem:

0 - S
% + Lx,slgb(xv t) = fl(x)t) - La),€1u0<x))

¢1(z,0) =0 for O<z<1,

$1(0,t) =0 and ¢1(1,t)=0 for 0<t<T.
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

Set J(m, t) = C't, for sufficiently large positive constant C = (C, )T, therefore it is easy
to see that
O > B
W -+ Llew(I, t) = C + C(bn -+ bu)t,
1(z,0) =0 for 0 <z <1,
¢1(O,t) :1/J1(]_,t) =Ct fOl"OStST
By using the maximum principle given in Lemma 2.2.1, we can obtain that
|p1(z,t)| = |ur(z,t) — us(z,0)| < Ct.
Similarly, we can get |¢a(x,t)| = |ua(x,t) — us(x,0)| < Ct. This completes the proof. =

Before getting into the detailed analysis of derivative bounds for the solution u(z,t)

of (2.1.1), we discuss the qualitative behavior graphically.

Example 2.2.3. Consider problem (2.1.1) where values of A, B are given as

1 2 -1
- 0 | B +x
0 1 -1 242

and the source term f = (1, 1)T with zero initial and boundary condition.

0.8 ‘ ‘ ‘ ‘ 0.8
0.7 — U |1 0.71
2 2
0.6 1 0.6
0.5 1 0.5
0.4 10.4
0.3 10.3
0.2 1 0.2
0.1 10.1
0 ‘ : ‘ ‘ 0 ‘ 0 ‘
0O 02 04 06 08 1 O 0.1 02 O 0.005 0.01

Figure 2.1: Numerical solution of Example 2.2.3 for e, = 278, &, = 27 and N = 64 at
time t = 1.

From Fig. 2.1, one can visualize the overlapping boundary layers along the side

x = 0. While both components have boundary layers of width O(eylney), only uy(z,t)
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

has an additional sublayer of width O(e;1lne;) and this phenomena is demonstrated in
Fig. 2.1. In particular, one can observe the differences in the behavior of the two curves

in the rightmost diagram.

Theorem 2.2.4. For all non-negative integers k, ko, satisfying 0 < k + ko < 2, the
derivatives of the exact solution @ = (uy,us)? of the IBVP (2.1.1) satisfy the following
estimates:

C, fork=0,
8k+k°ul

axkatko C (1 + 8leEOl<x>) ? fOT k' = 17

C(1+e " (e7"BY(z) +e3°BY(2))), fork =2,
for all (x,t) € Q and [ =1,2.
Proof. To prove the bounds of the derivative of the exact solution @ of (2.1.1), we will
consider various cases.
Case 1. Here we consider the case for k = 0 and kg = 0. The required bound follows
directly from Lemma 2.2.2.
Case 2. Let us take k = 0 and kg = 1. Since @(0,t) = @(1,t) = 0 for ¢ € [0, 1], which
implies that @, = 0. Also, by using the regularity condition (2.1.4), we get |@;(z,0)| < C
for all z € [0,1]. Differentiating (2.1.1) with respect to ¢, we have

a —
<8t i Lz‘ 5) Ut(l',t) = ﬁtt - gﬁth -3 Aﬁta} F Bﬁt = ft' (221)

Since f is a sufficiently smooth function, therefore by using the maximum principle on
Q, we can conclude that || < C.
Case 3. Now we consider the case, where £ = 1 and ky = 0. We have
ouy 0%uy Ouy
ot Moz “ox
The above equation can be rewritten as

Puy Oy ouy
€1 = — a7
or

O0x? ot
For a fixed ¢ € [0, T, there exists 6 € (0,1) such that
5’u1 1(81,t> — U1<O,t)
0,1
P10, = 0 — 000,
which implies that &1 |[(Qui/0x)(0,t)| < 2||us]|. For a fixed t € [0,T7], by integrating

(2.2.2) with respect to x and after integration by parts, we have

+ biug + bpug = f1,  on Q.

+ b11u1 o b12U2 — fl- (222)

8u1 8u1 aul
%(Q,t) pe —(0, t)‘ ot —(s,t)ds — [a1(s)uy (s, t)] / 83 s)up(s,t)ds
0
+/ (b11(s)ui(s,t) + bia(s)us(s,t)) ds —/ fi(s,t)ds
0 0
Ph.D. Thesis 21
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

Therefore, we obtain that

8U1 aUl
1|5 (0,8)] <l fillo + || 57|+ Clllutllos + [Juzlloo)-
ox ot ||
By using the bound of |@] and |u;|, one can get
0
8“1 (0, t)’ < Ce7l,
Next, the equation (2.2.2) can be expressed as
(92 ou ou
8 5 + ay axl = atl + b11u1 + leUQ . fl = A1($,t) (223)

By integrating (2.2.3) with respect to z, we have

%I;l ) A LR (_(nl(@ _"1(0>>>_511/:A1(s,t) exp <—(nz(s) —m(o))> ds.

ox E9 €1

0
where 7;(z) is an indefinite integral of ai(x). By using the bounds of %(O,t) and
x
Ai(z,t), we can obtain that
8u1
Ox

In a similar way, we can deduce that

8u2

€T

<C(1+¢&'B(2)).

<C(1+4¢&'B(2)).

Case 4. Let k = 0 and ky = 2. Since @(0,t) = @(1,t) = 0 for t € [0,1], therefore
@, = iy = 0. Again, using the regularity condition and estimate given in Case 2, we
have |iiy(z,0)] < C, for all & € [0,1]. Next differentiating (2.2.1) with respect to ¢, we

obtain

0 . N B N . -
(5’75 + L, s) Uy = Uy — EUpgy — Al + By = ftt-

Since ﬁt is a bounded function, by using the maximum principle given in Lemma 2.2.1,
we get |iy] <C on Q.

Case 5. Here we consider the case k =1 and kg = 1. First we shall discuss bounds for
the derivative of component u;. For a fixed t € [0, 7], there exist 6 € (0,1) such that

82’&1 . 8U1 E)ul

which implies that & \(82u1/8x8t)(0,t)] < 2||0uy /0t||- Differentiating (2.2.2) with

respect to t and rearranging the terms, we have

83’&1 . 8211,1 82 ou (51 8U2 8f1
S~ g~ “apar Ty e

T T (224)

Ph.D. Thesis 22
TH-2098 136123007



Chapter 2 2.2. Bounds of the Solution and its Derivatives

By integrating (2.2.4) with respect to x and following the approach of Case 3, we obtain

) Oh| L ||Zull o ([|2m] |2
Dot ot o || ot o |)
(O,t)‘ < Cept

€1

4

‘

Using the bound of |4;| and |uy|, we get
82u1
Ox0t

Now (2.2.4) can be expressed as

83u1 82U1 62u1 8f1 8U1 82@
glaZL‘Qat + aq Ozt = AQ(I,t), where AQ(ZL‘, t) = W — E + bllﬁ —+ blZE'
By following the argument of Case 3, we can obtain that

62U1

Oxot

<C(14¢e'B(2)).

In a similar manner one can find the required bound for component .
Case 6. Next consider the case, where k = 2 and ky = 0. We shall provide the estimate

for component w; first. Consider the first component of (2.1.1) in the following form

’uy  Owy ou

€1 5 ot ay a; + biiug + brgus — fi. (2.2.5)
By following the approach discussed in Case 3, one has
%(O,t)’ < Cert.
From (2.2.5) and previous estimate, it is easy to obtain that
6;:21 (O,t)} < Cer?
Differentiating (2.2.5) with respect to =, we have
€1 a;;l + aq 882;21 = Az(z,t), on ©: (2.2.6)
where Az(x,t) = —% — %C;l %1;1 - 8(b11ug;— bizti) - g:élt By using Case 3 and

Case 5, one can get
[As(z,t)| < C(1+e7' Bl () + &, B2 (2)) .

Then applying the argument of Case 3 and the bound of As(z,t), we can deduce that

82

| SC (1 (5 Bl (@) + 5 B (@)
Analogously, one can derive estimate for u,. This completes the proof. ]
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2.3 Analysis of the Time Semidiscretization

Here, we study the time semidiscretization process which is essential for the convergence
analysis of the fully discrete scheme. Further, we will derive the asymptotic behavior of

the exact solution of the semidiscrete problems.

2.3.1 The time semidiscrete scheme

We discretize problem (2.1.1) with the implicit-Euler method for the time derivative
on uniform mesh T = {t, =nAt,n=20,1,..., M}. The semidiscrete scheme can be

expressed as
i (z) = i(x,0), =z € Q,,

(I + AtL, an+(x) = @ (z) + Atf(@, tpsr), (2.3.1)
@ t(0) =0, a"t'(1) =0,
where " (z) is the time semidiscrete approximation of @(z,t) at time level ¢, = nAt.

Lemma 2.3.1. Let 2" > 0 on 8Q, and (I + AtLZ’JECl)Z”“ > 0, for x € Q, then
7 >0 for all x € Q.

Proof. As in the continuous case, suppose that this lemma is not true. Assume that

there exists a point xy € €2, such that

min{ 2 (z0), 25 (29)} = min {min 28 min z?“} < 0.
Z‘Eﬁm Z‘Gﬁx
Without loss of generality we assume that 2! (z) < 25" (x). Then the first component

of operator (I + AtLIE!)ZM+! satisfies

(I + AtL”+1)5"+1(x0) <(1+ Atbh)z?ﬂ(xo) g Atbhz;ﬁl(mo) <0,

z,€1

which is a contradiction. Hence we get the desired result. ]

Convergence analysis

First, we discuss the stability and the consistency of the scheme (2.3.1). Later we derive
the convergence analysis in the classical way. We define the operator (I + AtL, )", as

follows: 2"t = (I + AtL, =)~ 'u™*! is the solution of the following problem

(I +AtL, )2 (z) = a" T (z), z € Qy,

FL(0) = 27 (1) = 0.
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. o1
Next, consider z = (Z,2)T with 2 = % Therefore, we have
= ||ﬁn+1Hoo —n, N
(I + Ath,q)z = (1 + (bll + le)At)m Z ||U Jrl||OO = H(I -+ Ath’g)Z +1Hoo'

Since the operator (I + AtL, #) satisfies the maximum principle (Lemma 2.3.1), we have

-l

= (1+ BAL)

17l

Therefore, we obtain that

1

m. (2.3.2)

(I + AtL,.,) [+ AtLye,) oo <

) 1
oo < 2z IIC
1+ BAt

Next, we define the local truncation error €, for the semidiscrete scheme (2.3.1) as
follows

- - —n+1
1 = U(T,tpy1) —

(),

~n+1 i . . b <o
where o (x) is the solution obtained after one step of the semidiscrete scheme by

taking the exact value (¢,), instead of 4" (xz) as the starting data. Concretely, we have

—n-+1 —
(I+AtL )T (@) = @(w, ta) + Atf(@, tns1), @ € D,
(2.3.3)
~n+1 =n+1
u (0)=uw (1)=0
Lemma 2.3.2. The local truncation error €,.1 satisfies
€ns1lloe < C(AL?). (2.3.4)
Proof. The exact solution u(z,t,) of (2.1.1) satisfies
@(x,t,) = (I + AL, 2)(w, tosr) — Atf (@, tos1) + O(A).
Thus, the local truncation error €, satisfies
(I + AtL,2)é, 41 = O(AL?),
€n+1(0) = €,41(1) = 0.
By using the maximum principle (Lemma 2.3.1), we can obtain the desired result. ]
Lemma 2.3.3. The global error &, := w(x,t,) — U™ satisfies
sup ||En|lee < CAL. (2.3.5)
n<T/At
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Proof. By combining the operator bounds given in (2.3.2) and Lemma 2.3.2, one can
get the following uniform convergence result. ]

The time semidiscretization process is uniformly convergent of first-order in time.

As a technical requirement, we assume that
| L iz, t,)] < C. (2.3.6)

One can obtain this estimate by using the maximum principle with suitable smoothness

and compatibility conditions on f and initial data .

Lemma 2.3.4. The ezxact solution of (2.3.3) satisfies the following estimate :

dkﬂalwl C, for k=0,
da* C(1+e'Bl(x)), fork=1,
and
dh C, for k=0,
dab C(1+¢e'B(x)), fork=1.
Proof. Let g = (ﬁnH — (z,t,)) /At be the solution of the following problem

—

(I + Ath,5)§<x> - _Lw,sﬂz(xa tn) =+ f(xv tn+1>7

. . (2.3.7)
30) =0, (1) =0.

Using the stability condition (2.3.2) and assumption (2.3.6), we can obtain |g] < C' on

Q,. Also, ﬁnﬂ(x) is the solution of

—-n+1 .
L.zu  (z)=—-0+
(2.3.8)

z, n+1)7
~n+1 ~n+1

_,( .
u (0)=0, w (1)=0.
—n+1 —
By using the maximum principle and bound of g, one can get |u i | < C, for all z € Q,.
The first component of (2.3.8) can be written as
d*uytt dujtt
. b ~n+1 b ont+l
12 a; dr + 011Uy T+ 012Uy o1+ fi, (2‘3'9)
at0) =ait(1) = 0.

By following the technique of Theorem 2.2.4, we can show that

~n+1
duy

T (2)

<C(1+e7'Bl(2)).
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By using the previous methodology, we show that

diy*! ~1 7130
i (z)| < C (1+¢e;'B2(2)).
This completes the proof. ]
=n+1 —=n+1 —=n+1 —=n+l —n+1 |
Here, we decompose the solutionw  of (2.3.3)asu  =v +w ,wherev is

=n+l .
the smooth component and w  is the layer component. By following the methodology

from [10, Lemma 3] and [10, Lemma 4], one can easily obtain the following bounds:

dk,z—fn—i-l
o <C, for 0<k <4, (2.3.10)
and
T C, for k=0,
Tk (2.3.11)
C (7B (x) + &3 B2 (), for k=1,2,3,4,
C, for k=0,
dlc ~n+1
% Ce;kBSQ (x), for k=1,2, (2.3.12)

Cey ¥ (e7?BL (z) +&3°B2 () , for k= 3,4,

for all z € Q.

2.4 The Spatial Discretization

In this section, we construct the piecewise-uniform Shishkin mesh for the spatial dis-
cretization and also describe the finite difference scheme used to approximate the semidis-
crete problem (2.3.3). And later, we carry out the error analysis for the spatial dis-
cretization process which combines with results from previous section to produce the

error estimate of the fully discrete scheme given in the next section.

2.4.1 Discretization of the domain

Consider the domain Q, = [0,1] and let N > 8 be an even positive integer. Here, we
construct a piecewise-uniform mesh ﬁiv as follows:

Shishkin mesh for convection-diffusion BVP with a single parameter divides the
interval [0, 1] into two subintervals, on each of which the mesh is uniform. When 0 <
g1 < g9 < 1, the solution of the system of parabolic IBVP (2.1.1) has overlapping
boundary layers of width O(eylne;) and O(egalney) at @ = 0. This necessitates the

construction of a mesh that is uniform on each of the following three subintervals. In
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the main subinterval, where the solution is smooth, the mesh is coarse, and on the other
two subintervals, it is very fine. We define the transition parameters 7., and 7., as

1 2e9 1 7, 2
Te —mm{i —lnN} and 7., = mln{4%%l N}

A piecewise-uniform Shishkin mesh ﬁiv is constructed by dividing the spatial domain
[0, 1] into three subintervals such as [0, 7, ], [7:,, 7,], and [7-,, 1]. Then divide [r.,, 1] into
N/2 mesh-intervals, and divide each of the other two subintervals [0, 7.,], [7:,, 7-,] into
N/4 mesh-intervals. Figure 2.2 shows a typical discretized domain with the Shishkin

mesh.

Figure 2.2: Example of piecewise-uniform Shishkin mesh ﬁiv for N = 16.

When 7., = 7.,/2, then e = O(e;), in this case, the error estimate can be easily

obtained. Henceforth, we consider only the case 7., < 7.,/2.

2.4.2 The finite difference scheme

For simplicity, we denote a function vx,; = wvg(x;), £ = 1,2, and mesh function V' by
Vit = Vit (@), k= 1,2

We propose the finite difference scheme for the spatial discretization of the semidiscrete

scheme (2.3.3) as follows:

=0
Ui == ﬁ(l’z, 0)7
—=n+1 .
(I + AtLN)U; = (i t,) + AtF in QF, (2.4.1)
=n+1 =n+l1
( Uy =Ux =0,

where the spatial difference operator (I + AtLY ) is given by

—»n—‘rl

(I+ ALY U, = LN U + Aty U,
—»n+1 -
(I+AtLY U, = LN U5 + Aty U7,
with
LN UMY = —Ate i DF DL UMY — Atay DFUTT + (1+ Aty ) U,
LiVEQUn+1 = —AtégD;D Un+1 At(lz’iD+Un+1 (1 + Atbgg Z)UnJrl.
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Next, we define a matrix B = {f?lm}im:l as

At by,

Db oimi for | # m.
A1 Athyy| @ xt#m

o0

Bu=1, amz—H

~

Assume that the matrix B is inverse monotone, i.e., B~ > 0.

Lemma 2.4.1. (Discrete Maximum Principle) Assume that the mesh function
{Z(x )Y, satisfies Z(0) > 0, Z(1) > 0. Then (I + Atng)Z > 0 in QY implies
that Z > 0 at each point of ﬁiv

Proof. We prove this lemma by contradiction. Assume that there exists an x; € QY
such that

min {7 (z;+), Zo(x+)} = min{ min 7, mir}v Zz} <0,

Z‘Zéﬁi\] Z’ieﬁz
without loss of generality we assume that Z;(z;) < Zs(x;+). From the hypothesis, it is
clear that z;« £ 0, 1. Therefore, it follows that

([ = AtL]xV:gl)Z(IZ*) = —At{leiD;Zl (I’Z*) = Atal (xl*)D;er(xl*)
+<1 T Atbn(iﬁi*))zl (.Tz*) == Atb12($i*)22<xi*> < O,
which contradicts the hypothesis. Hence, we have 7> 6, for all z; € ﬁiv. ]

Similar to the stability estimate given in (2.3.2) of the time semidiscrete operator,

one can easily obtain the following stability result:

1 I
T+ ALY ) Moo < ——, T+ ALY ) Moo < ——- 2.4.2
I+ M) e € e W+ ML) M < g (24)
Hence, the descrete scheme (2.4.1) is uniformly stable.
2.4.3 The truncation error analysis
The local truncation error, for the numerical scheme (2.4.1), E;, = U, —u (z;) is
decomposed as
E=FE'+E”
where E* = (EL, EDT is the solution of
FN 1 N oS e N
L) E.={I+AtLy )(U, —u (z;)), in€,
abis = o (@) (2.4.3)
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and E2 = (B2, E2)T satisfies

LN E? = —~AtbyiEpy, 1 #£m, inQY,

Z,El

(2.4.4)
E}y=E}y=0, l=12
For [ = 1,2, by employing (2.4.3) and (2.4.4) with [46, Lemma 2|, we obtain
1Els < B[l + 15 ]l
At by i
< El o0 — Em 0 [ :
<1+ s | 1l 17
From the definition of matrix B , one can show that
1Eillos + Bunl| Emlloo < 17 lloos T m.
Hence, we can obtain that
- =n+l —n+1 -
Bl = ||U; - < COEY|oo- (2.4.5)

Therefore, for obtaining the estimate for the spatial discretization error || ||, one need

to calculate the bound of the error component EL.

We introduce the continuous and discrete operators associated with the first compo-

nent (given in [47, Chapter 4]), as follows:

d v d !
Pl’l_f = At 51% + Atawl == / At%vl(s)ds + / ((]. aF Atbu)’Ul a4 Atb121)2> (S)dS

and
N—1

P{Vﬁ = At €1D;U1 _c Atalvl e Z At hj—i—l(D:al,j) U1,5+1

j=i
N-1

+ Z hj+1 ((1 eis Atble)’ULj + Atblgyjl)gd)
Jj=t

with the source functions
1 N-1
Fp = / (wi(s,ta) + AtF(s)) ds,  F =" hjpn (i, tn) + Atf7)

In a similar manner, we define the continuous and discrete operators P, and P2 with
source functions F, and FJ'.
From the definition of the continuous and the discrete operators with source func-

tions, for [ = 1,2, one can easily show that

d —n -n+1
- <731u e ﬂ) —0, and DY (P;VU - EN) =0,
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which implies that

—n+1 2n+tl

Pu — F =, on PNU, - Fi =0, on QF, (2.4.6)

where 7, § are positive constants.
Applying the stability inequality from [47, Theorem 4.3] to (2.4.3), one can get

||El oo < C’mm P (%H - §j+1) + )\H
By taking A = § — ~, we obtain
|B e < C|[PYET - - R A (2.4.7)
Firstly, we discuss the bound for (731 T Plinﬂ —FN + ]-'1). In a similar manner,

one can obtain results associated with the second component Us,.

From the definition of the continuous and the discrete operators, we have

(P{Vﬁ”“ T +f1,i)
dntty =2 d
_ Atél (Du?jl dlxl ) 4+ ZAth]+1 D al])u1]+1 / At a1~n+1( )dS
N-1
-+ Z h’]+1 1 -+ Atbllj)~n+ + Atblzyj’agjl i (Ul (Ilf], ) aF Atfn+1>)
=1
—/ ((1+ Atbyy)ay™ + Atbrous ™ — (ui(s, tn) + ALfTTY) (s)ds. (2.4.8)

Next, we will use the Taylor’s expansions with integral form of the remainder technique

separately for each component as follows:
hji1 ((1 + Atbyy j)ﬂ?—; + Atblz,jﬂgjl = (ui(zj,tn) + Atfm—l))

_ / T A Ao (w(s.8) + ALY) (@)da

Tj4+1 i d
N / / E ((1+ Atbi)u™ + Athiouy ™ — (ui(s, tn) + Atfi™)) (s)dsda

and

day ~n+1

ol (x)dx

Tjt1 Tjy1 Jon+l
:At/ ’ dal(x)/J dul—(s)dsdx
- de |/, ds

Tj+1
Athy(Dfa) Tk~ [ A
X

J

J
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also by using (2.3.3), we can have

d ~n+1 2 n—l—l
Atey (D‘u’ffl s ) / / —Atsl ( )dsdx
i [ da duytt ~
Yy e
) Jxj1Jx

+ AU ) + (ui(s, ty) + At f"“)) (s)dsdz.

Combining these representations with (2.4.8), for [ = 1,2, we can have

=n —n Ty d~n+l d~n+l
HPl +1—Plu +1—.7-" +]-"lH <C “max At/ (l—l— | + Y2 )ds.
=1, o ds ds
Therefore, from (2.4.7), we obtain

2

ds

) T daﬁLJrl
1EY| o < C max At 1+ +
..... vy ds

J

‘ danJrl

) ds. (2.4.9)

—n =n+1
Lemma 2.4.2. Let | be the solution of (2.3.3) and U;  be the solution of (2.4.1).

If the coefficients of the matrices A, B satisfy conditions (2.1.2) and (2.1.3), then

=n+l —n+1

Ui, —'U

)

< CAtN 'InN, (2.4.10)

o0

where C' s independent of N, At and €1, 3.

Proof. By using (2.4.9) in to (2.4.5), we obtain

< (' max At/ <1—i— >ds.
- j=1,...N e

Employing the derivative bounds of @™, I = 1,2, from Lemma 2.3.4, we get

dan—&-l

~n—+1
1 du

2

ds

=ntl —n+1

U, M u

)

=ntl -n+1

Uu, —u

)

< C max At/] (1+e7'B2(s) + &5 B (s)) ds.

o 7=1,..., i

After simplifying above equation, the error estimate can be obtained as

=n+l —n+1

Uu, -—u

7

< CAtN~'InN.

o0

This completes the proof. ]
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2.5 The Fully Discrete Scheme

Combining the time semidiscrete scheme (2.3.3) and the spatial discretization scheme

(2.4.1), the fully discrete scheme is obtained on the mesh @N’M = ﬁiv x TV as

Zj?:ﬁo(l'i), izO,...,N,
(I+ ALY UM = Up + ALfi+ for 1<i < N —1, (2.5.1)
Uptt =Untt =0, forn=0,...,M—1,

where U is the fully discrete approximation to the exact solution @(x,t) of (2.1.1) at
the mesh point (z;,t,) € @N’M.

Theorem 2.5.1. Let ljzn be the discrete solution of the fully discrete scheme (2.5.1).

The error estimate related to the fully discrete scheme (2.5.1) at time level t,, satisfies

i— 0"

< CO(At+ N 'InN). (2.5.2)

Proof. The global error at time level ¢,, be denoted by é;‘ — (ﬁ(wz, tn) — (7[‘) Then,

the global error @? can be expressed as

‘é;? OOgHﬁ—ﬁ”(a:i) o+ o0, +|T - o (2.5.3)
By substituting the results (2.3.5) and (2.4.10) in (2.5.3), we obtain
’ én Jpr CAt(At+N"'InN) + 5’? — UM ,forl<i<N—1. (2.5.4)
From (2.4.1) and (2.5.1), we have
(I+AtLY,) (l:]n - ﬁgl) = (ﬁ(w tn1) — ﬁg—l) :
Applying the stability result (2.4.2), one can obtain
U —or| < Hﬁ(x tot) — ﬁf—lum . (2.5.5)

Then, from (2.5.4) and (2.5.5), a recurrence relation for the global errors follows

‘ &l <carar+ NN + ’ &1, for 1<i<N-1. (2.5.6)
Hence, we obtain the desired result (2.5.2) from estimate (2.5.6). "
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2.6 System of Semilinear Parabolic Problems

Here, we apply the difference scheme proposed in the previous section to solve the

following system of semilinear parabolic convection-diffusion IBVP:

oi 0% i - . -
ot @‘A(SU)EJF (z,t,4) =0, (x,t) €,
U(z,0) = tp(z), =€ Qy, (2.6.1)

@(0,t) =0, @(1,t)=0, te(0,T],

where f(m,t,ﬁ) = (fi(x, t,ur,us), folw,t,uy, uz))?. We assume that f; and f, are suffi-
ciently smooth functions. Furthermore, we assume

8f1 an % an

— > — 2> —= inQ T] x R? 2.6.2
. [Ofi  Ofi Ofy Ofs ~ = "
> Q T x R, 2.6.
mln{au1+6u2, 8u1+8u2 >(3>0,in Q, x [0,T] x (2.6.3)

These conditions (2.6.2) and (2.6.3) with the implicit function theorem ensure that there
exists a unique solution i(z,t) € (C3(Q))? of problem (2.6.1), also the solution (z,t)
has overlapping boundary layers along x = 0.

Firstly, we will employ the Newton’s quasi-linearization technique to linearize the
semilinear problem (2.6.1) and obtained a sequence of linear problems. Whose solu-
tions P (z,t) with a proper initial guess u°(z,t) converge to the exact solution @. And,
Pt (z,t) is solution of the following linear parabolic IBVP:

oo+l 2 2p+1 opt1
al(;t 3 gaauﬂ - A(x)agx
i(x,0) = do(x), €0, (2.6.4)

@(0,t) =0, a(1,t)=0, te (0,7,

+ Jurtt = F(z, t,uf,ub), (z,t) € Q,

where the reaction coefficient J (the Jacobian matrix) is given by
afl(xa t, qu’ ug) afl (xv t, u11)7 ug)

8u1 8u2
j(x’t) - D P p P
afZ(x7t7u17u2) afZ(xvtvubuﬂ)

8U1 8u2

—

and the source term F(xz,t,ul,ub) = J(x,t)u? — f(x,t,ul,ul). By using conditions
given in (2.6.2)-(2.6.3), we can conclude that J(z,t) is an Lo-matrix.

For p € N, consider the following stopping criteria
|ﬂw+1(xi7tn) - l_[p(x“tn)‘ S T0l7 for (xl7tn) € QN7M7 p Z 0.

Here, Tol denotes the user chosen tolerance bound. Numerical results of system of

semilinear IBVP of the form (2.6.1) and (2.6.4) are presented in last section.
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2.7 Richardson Extrapolation Technique

In this section, first we introduces the extrapolation of the time semidiscrete solution

—

o Later, we describe the Richardson extrapolation technique in the spatial direction,
which is used to increase the accuracy of the computed solutions of the upwind based

numerical scheme obtained in Section 2.5.

2.7.1 Extrapolation of 0

For the improvement of the semidiscrete solution ﬁn, one need to solve the semidiscrete
problem (2.3.3) on the fine mesh T2 with 2M number of mesh intervals in the temporal
direction. From such construction, it is clear that Y™ c T?M_ In fact, T?M is obtained
from Y™ by bisecting each mesh-interval. Therefore, t, — t,_1 = At/2, for t, € T?M.

Let Z be the solution of the semidiscrete problem (2.3.3) on the mesh T?. We have

U —il(t,) = At + o(AL), t, € TM (2.7.1)
In a similar way, one can obtain that
Z(t,) — d(t,) = At/2 + o(At), 1T, € 1M, (2.7.2)
Then, from (2.7.1) and (2.7.2), we get
@(ty) — (22(tn) — U(tn)) = o(AL), t, € TM,
Therefore, we will use the following extrapolation formula

Ueatpt (tn) = 22(t,) — U(ty), tn€TM, (2.7.3)

to acquire a better semidiscrete solution of the model problem (2.1.1).

Note that, we decompose ?(fn) as ?(’tvn) = a(tn) + Ya(tn), t, € T2M,

Lemma 2.7.1. Let 4 be the solution of the continuous problem (2.1.1) and ﬁmpt be
the solution obtained via the Richardson extrapolation technique (2.7.3), by solving the

semidiscrete scheme (2.3.3). Then, we have
(T — Teaipt ) (2, tn) = O(AL).

Proof. By following the methodology from [18], one can obtain the desired result. =
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n

2.7.2 Extrapolation of U

In this subsection, we describe the Richardson extrapolation technique in the spatial
direction, which is used to increase the accuracy of the computed solutions of the nu-
merical scheme (2.5.1). To apply this technique, we will solve the discrete problem
(2.4.1) on the fine mesh ﬁiN with 2N mesh-intervals in the spatial direction, where

Qi is the piecewise-uniform Shishkin meshes having the same transition points 7., and

Te,, as used in ﬁiv The discrete domain ﬁiN can be obtained through bisecting each

mesh-interval of ﬁiv Hence the corresponding mesh-sizes in ﬁiN can be given by
~ _ —=oN
H1/2, for ZT; € Qx = [077—51]7
~ _ —=2N
T~ Ty = H2/27 for z; € Qx N [Telu 7'52]7

Hy/2, for 7 € Q02 N [r.,, 1].

n

Let U, be the solution of discrete problem (2.4.1) on the mesh ﬁiv From Lemma 2.4.2,
it follows that

=n

U —d)(x) = C(N"'InN)+o(N'InN)

—

= ) (N Nary/20)) +o(N"'InN), 2, €0, (274)

where C; is some fixed positive constant. Similarly, if U (Z;) is the solution of the

discrete problem (2.4.1) on the mesh ﬁiN, then we have
(U —u)@) =Ch (2N)  (ar,/26)) + o(N "' InN), 2 €. (2.7.5)

Now, from (2.7.4) and (2.7.5), eliminating O(N 1), we get
(f[”— (2(7 U )> () = o(N"'InN), =z €.

Therefore, we shall use the following extrapolation formula

=n =n =n

U, (x)=0Q0 —U )(z:), x €, (2.7.6)

extp

=n =n
which will yield an approximation to % more accurate than both U and U .
-n -n

To obtain the estimate of the nodal error, we decompose the solution U as U =
=n -n —-n

V +W , where the smooth component V' is the solution of following discrete problem:

—n+1 R
(I +AtLY)V (i) = O(2s, tn) + At fag tyn), i=1,---, N—1,
—n+l _n —n+1 _n
Vo=7"0, vV 1=,
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2n

and the layer component W satisfies

_=n+l
(I + ALY QW (2) = W(wiytn), i=1,---, N—1,
=ntl —=n+1 = ntl —=n+1

W0 =a (0, W O=a 1.

=n+l
Similarly, we can write the decomposition of U  (Z;) on the fine mesh of the temporal

direction, as
=n+l1 —-n+1 = n+l

U (@)=Y ()+W (2,).

Therefore, the error can be expressed in the following form

=n+l s —=n+l = = nt+l —n
Qf —a“)maz(v —ﬂ+j@m+(W' —w“)mm

((:]nﬂ ¥ 4 “) (7:) = (f/n+1 & “) (7)) + <V:Vn+1 L 53”“) (7).

Error estimate for the extrapolated smooth component

and

Lemma 2.7.2. Assume that 0 < &, < g9 < N~'. Then, for 1 < i < N — 1, the local
truncation error associated with the smooth component satisfies

=n+l h: 2 n+1

n+1

E —n+l ntl hi 2’62n+1 5

n+1l | .
Proof. By using the Taylor’s expansions and the derivative bounds of ol given in

(2.3.10), we obtain

00, 00

(&1, tn41) — h?%(&a tnt1)

—-n+l _n A
T+ A )V =) = st i

(hz == hi+1) o ox3

he 0% 0%
+At501 (1171)8721(37“ thi1) — Atgal(l'i)aTJ(fB, tnt1),

for some &, & € (4, 2i41), & € (wi-1,7;). An analogous argument establishes the

=ntl —n+1

desired estimate for (I + AtLY_)(V —o ). This completes the proof. n

By adopting the approach provided in Keller [37], the function E(z) is defined as the
solutions of the following problems:
= hi . 0%
@(x7tn+l)7 (277)
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- —

—n+1 = = =
Similar to the decomposition of u i , we decompose E(z) as E(z) = E,(z) + Eu(2),

where the smooth component E,(z) and the layer component E,,(z) satisfy

( = hi 0%
(I + AtLy 2) Ey(w) = At A(w) 55 (3, tsn),
I+ AtL, - fzw =0,
( &) Eu(2) (2.7.8)

— —

E,(1) = E,(1) =0,

—

Eu(0) = —E,(0).

Lemma 2.7.3. For all non-negative integer k, satisfying 0 < k < 3, the smooth compo-
nents E,, defined in (2.7.8) satisfy the following bounds

O E PE
2l <C, k=1,2 Y
ok o ' ox3

o [e.e]

<C(l4ert +e3h).

Proof. By using the methodology of Mukharjee and Natesan [64] and applying the

o+l . ;
bounds of the derivatives of v given in (2.3.10), one can get the required bounds. m

Lemma 2.7.4. Assume that 0 < &1 < g9 < N~L. Then, for 1 <i < N — 1, we have

(V. =0 )(@) = hiEy(z:) + O(H3).

Proof. Consider 1 <i < N — 1. By employing Lemma 2.7.2 and (2.7.8), we have

=nt+tl =

I+ ALYV =0 ) wi) = k(I + AtLY ) Ey(z;) + O(H3)

By using the Taylor’s expansion and Lemma 2.7.3, it is easy to get

—

hi (I+AtLY,) — (I+AtL, ) E,(z;)| < CH3. (2.7.9)

Therefore, (2.7.9) implies that

=n+l —n+1 =

(I + ALY [(v m ><xi>—hiEv<xi>] < Cm.

By using the discrete maximum principle (Lemma 2.4.1), we get the desired result. =

Similarly, in the finer mesh of the temporal direction, we get that
=n+1 =
V= XaT)(i) = hiEy(z:) + O(H;).
Therefore, we have

—

‘ (vextpt - 5extpt> (x’ia tn)

§C"N*2, for 1 <i<N-1.

where i:xtpt and Vextpt are the time extrapolated solutions of  and ‘7, respectively.
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Lemma 2.7.5. Assume that 0 < g1 < g5 < N~L. Then, the error after extrapolation

associated with the smooth component satisfies

‘ (vextp - 5extpt> (xh )

Proof. Based on the construction of the meshes in QQN’QM and @N’M, we have

<CN72 for1<i<N-—1.

p

H, N
7E o(Tiy tn) + O (N72), for1<i< .

3 = H, N N
<V6(17tpt - Uemtpt> (xzatn) = 7E (Iz, ) + O (N_2) s for Z +1 < < 5,

Hy N
7E (i, tn) + O (N72), f0r5+1§i§N—1,

\

3 . . . . —=2N,M
where V.., is the time extrapolated solution in Q2 .

Therefore, we have

(veztp 3 5ea:tpt) (l’i, tn) F— ((Ql?extpt - vextpt) - ’{izxtpt) (ZEZ', tn)
= (2 (9eztpt - 5@:&5}%) - (vextpt - 5eamfpt>) (xwtn) — O<N_2)7

which is the required result. ]

Error estimate for the extrapolated layer component

Lemma 2.7.6. Assume that 0 < e, < g9 < N~ t. The error after extrapolation associ-

ated to the layer component satisfies

(We:rtp - wextpt) (x’u )

Proof. By combining the methodology from [18, Lemma 5.5] with extrapolation formu-

<CN72 for NJ2<i<N—1.

las (2.7.3) and (2.7.6) associated with the layer component, one can obtain the required
estimate. -
For the sake of simplicity, define the functions g = (py, p2)7, as
281 8 w1 282 8 ’UJQ

pl(x7tn+1> = Fal(x) o2 (.T tn+1) and pQ(xvtn-‘rl) = _(12( ) o2 (.T,tn+1)-

Next, we analyze the effect of the extrapolation for z; € [0, 7.,).

Lemma 2.7.7. For 1 <i < N/2 — 1, the extrapolation error associated with the layer

component satisfies

(I + ALY YW = @) (25, tns1) = (N"'InN) (5, tngr) + O(N 2% N (7B (2;1)

T,e;

+551332(Ii_1))), l = 1,2
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Chapter 2 2.7. Richardson Extrapolation Technique

Proof. First, consider z; € (0,7.,). By using Taylor’s expansion with derivative bounds
(2.3.11) and (2.3.12), for &, &3 € (x;,x:41) and & € (x;_1, 7;), we have

e AtH? [0*w o*w
== L { l(flatn+1) + 87;(£2>tn+1>]

—

(1 + ALY )W = @) (25, tn )

4] Oxt
H, 0*un H? 93w,
+Atay (x;) [7W($z; tpt1) — ?W(£37tn+l>

S CAt(N_l In N)pl(xu tn+1)
+0 (N2In* N (7' B2 (zi-1) + &5 ' B (i-1))) -

Similar estimate will hold for (/+A¢LY 82)(/I/IV/—{_D»). Next we shall consider the truncation

error at x; = 7.,, where h; # h;,1. It can be easily verified that
2
er*BY (1) < Ce5* B2 (), for 7>t k=1,234 (2.7.10)
o

By using Taylor’s expansion with derivative bounds (2.3.11) and (2.3.12) with inequality
(2.7.10), one can deduce that

—

(I + ALY YW — @) (25, tns1)| < CAHN " In N)pi(2, tpi1)
+0 (e5'B% (2;-1)N?In* N), for 1 =1,2.

In a similar manner, one can obtain above estimates for x; € (7.,,7.,). This completes

the proof. ]

Next, we consider the BVP
(I + ALY ) F(x) = pla, tnsa), in (0, 72,),
(2.7.11)

— —

F(0)=F(1) =0.

Now, we discuss the derivative bounds of F in the following lemma.

Lemma 2.7.8. For all non-negative integers k satisfying 0 < k < 3, the derivatives of
the F = (Fy, F5)T satisfy estimates

~ 0
O Iy B (x), fork =0,
—_— <
¥ (@)|=C —k 120 —k 120 _
(61 B€1($)+€2 B€2(ZE)), fOT’]{?—l,2,3
~ —k 10
O F, e," B, (), fork=0,1,2,
<
ozk (r)) =€

ey (e7?BY (z) +e3°BY (x)), fork=3.
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Chapter 2 2.7. Richardson Extrapolation Technique

Proof. By following the technique from Theorem 2.2.4, one can obtain the desired

derivative bounds. n

Lemma 2.7.9. For 1 <i< N/2 —1, we have

— —
= — =

(W —0)(2i,tnt1) = (N 'InN)F(z;) + O (N2 In’ N) . (2.7.12)

Proof. First, we consider the case for 1 < i < N/4 — 1. By using Lemmas 2.7.7 and
2.7.8 with (2.7.11), for 1 <1i < N/2 — 1, we deduce that

—

’(I + ALY {(/VFV/ —w)— (N"'In N)F(xi)} (%1, ts)

< ON72In® N (7' Be, (1) + &5 ' Bey (5-1)) -(2.7.13)
Now consider the discrete barrier function By, (7;) = (B (), Buw(2;))T, where

N72(1—z))+ N2In® N (e7' +e3") (7, — ), i< Nj4-1
N72(1—x;)) + N2In* Ne; (7, — 23), N/4<i< N/2—1.

For 1 <i < N/2—1, it is easy to show from (2.7.13) that

—

(I + ALY B, () > ‘(I + AtLY) {(ﬁ — @) — (N"'In N)F} (5, tni1)

By using discrete maximum priniciple (Lemma 2.4.1), we can obatin (2.7.12 ). =

In a similar way, in the finer mesh of temporal direction, we get that

—

(W = %) (@i, tasr) = (N In N)F (25, t11) + O (N2 In® N) . (2.7.14)
Lemma 2.7.10. The error after extrapolation associated with the layer component Wemtp

satisfies following estimate

—

’(Wextp — ﬁextpt) (i, tn)| < CN=21n? N, for1<i<N/2-1.

Proof. By following the technique from Lemma 2.7.5 with estimates (2.7.12) and
(2.7.14), we can obtain the desired result. u

Now, by combining the results of Lemmas 2.7.5, 2.7.6 and 2.7.10, we can deduce that

‘(ﬁmp - iextpt) (2, t,)| <CN2In® N, for1<i< N —1. (2.7.15)
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Chapter 2 2.8. Numerical Results

Theorem 2.7.11. (Error after extrapolation) Assume that 0 < g1 < ey < N~'. Let
@ be the solution of the continuous problem (2.1.1) and Uem, be the solution obtained
via the Richardson extrapolation technique by solving the discrete problem (2.5.1) on the

—N,M —2N2M
two nested meshes () and Q)

bound associated with (jextp :

’ (ﬁ - Uextp) (xia tn)

Proof. By using Lemma 2.7.1 and estimate (2.7.15), we have

. Then, for 0 < v <1, we have the following error

<SC(N?"IPN+ A, for1<i<N-1 (2.7.16)

—

(U — Uegtpt + Uegtpt — Uextp + Ueztp - Uextp) (xiv tn)

H’lj(%l, tn) - ﬁe:ptp<x’i7 tn)

o
o0

S H(ﬁ - ﬁext;ﬁ)(xiu tn)

+ H (5emtpt — ﬁeztp) (SCi, tn)

+ H <[76ztp - ﬁextp) (Iiv tn)
S C (At3 T N_2 11’13 N) + H (ﬁemtp - ﬁextp) (LUZ‘, tn)
Note that, if we take N < C'At with 0 < v < 1, one can deduce that
Hﬂ’(m t)) = Uup(@inta)|| < C (AL + N2 P N) + (ﬁm,, _ Um,,) (5, )

By following the methodology from Theorem 2.5.1, we can get the desired result. ]

2.8 Numerical Results

In this section, we present numerical results for some test problems on the piecewise-
uniform rectangular mesh @N’M to validate the theoretical results derived in the previous
section. We have considered system of linear convection-diffusion problem and semilinear
convection-diffusion problem. For all examples, we perform the numerical experiments

by choosing the constant a = 0.5.

2.8.1 Upwind based numerical scheme

Example 2.8.1. Consider the following system of parabolic IBVP on Q = (0,1) x (0, 1]:

( 8’&1 02u1 8u1 B 9 9
TR + (1 +2)uy —up = (2% — x)(t* + 1) exp(—t),
8u2 62U2 auQ o 2
5% 22 o + (1 4+ 22)ug —uy = (x — 1)(t* — 4t) exp(—4t),

u1(z,0) =0, uz(x,0) =0,

u1(0,t) = uy(1,t) =0, ug(0,t) = ua(1,t) =0, te]0,1].
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Chapter 2 2.8. Numerical Results

As the exact solution of the Example 2.8.1 is not known, we use the double-mesh
principle to obtain the accuracy of the numerical approximation of the proposed scheme,
which is described as follows:

Let (7{‘ be the numerical approximation of #(x,¢) on mesh @N’M with N mesh-
intervals in the spatial direction and M mesh-intervals in the time direction and (7221”
be the numerical solution obtained on the fine mesh QQN’QM, which contains the mesh
points of the original mesh and their midpoints.

For [ = 1,2, we calculate the maximum pointwise errors and uniform errors by

N,M
d.;" = max max |U — Urs:

JVM
&l 0<n<M 0<i<N

N,M
, d; =maxd_ ;.
5.

In addition, we determine the corresponding order of convergence and the uniform order

of convergence by
N,M N,M
N,M 1 da,l N,M 1 dl
by =108,y PRI b =108, PN2M |
e,l l

The spatial discretization parameter takes the values N = 32,64, 128,256,512 and
time discretization parameter At = 1/M, M = N/4. Here the singular perturbation
parameters take values from the set S. = {(g1,&2)|ea = 272,...,27'8 &) = 27%&,}, which
is a sufficiently small choice to bring out the singularly perturbed nature of the problem.

We have plotted the surface plots of the numerical solution for N = 64, M = 16
with e, = 278, e, = 2% in Fig. 2.3 and Fig. 2.4, which confirm the boundary layer
phenomena of solutions of Example 2.8.1.

In Table 2.1, uniform errors and the corresponding orders of convergence for Example
2.8.1 are presented for various values of £1,65 and N. We have plotted the maximum
pointwise errors in loglog plot in Fig. 2.5 and Fig. 2.6, which confirm the order of

convergence.

Example 2.8.2. Consider the following system of semilinear parabolic IBVP on @) =

(0,1) x (0,1]:

( 8U1 82u1 8u1 o
% o o + exp(u; — uz) = 0,
31@ 82U2 auQ _
9 €2 2 ox + exp(us —u1) =0,

1 —exp(—z/e) _ 1 —exp(—z/e)

RS g S Bl gy
u1(07t) :ul(]-at) :07 U2(07t) :u2(17t> :Oa le [07 1]
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Chapter 2 2.8. Numerical Results

By applying the Newton’s linearization process (2.6.3) to Example 2.8.2, we obtain

the following singular perturbation system of linear parabolic IBVP:

OuP ! 02yt guPt! 1 1
5 g~ gy T el —wh)ul —exp(uf - up)up”

= (exp(uy — uh) — 1) uf — exp(uf — uh)ub,
aup+1 82up+1 auerl . .
T DRl — )+ exp(uf — o))

= —exp(uy — uy)uf + (exp(uy — uf) — 1) u3,
u€+1(x70) :ul(x,O), ungl(an) :u2(x70)7

W0, 1) = ub T (1,8) = 0, Wbt 0,t) = ubT (1,8) =0, tel0,1].

\

Hence for a fixed p, we solve the above linearized problem by using the computational
method discussed in Section 2.6. As a convergence criterion for the Newton’s lineariza-

tion process, we use

(») (p—1)
max{‘U{fi - Uy,

n(®) n(P—1)
) ’U2,i _U2,i

} <107,

where, we choose Uﬁ;o) = UQEO) = 0 as an initial guess. Once we get the prescribed
tolerance bound we terminate the iteration and take that as the solution to the problem.

Since, the exact solution of Example 2.8.2 is also not known, to obtain the accuracy
of the numerical solution and also to demonstrate the £-uniform convergence of the
proposed scheme, we will follow the double-mesh principle as described previously.

Fig. 2.7 and Fig. 2.8 show the numerical solution of Example 2.8.2, where boundary
layers can be observed. From Table 2.2, we see the monotonically decreasing behavior
of e-uniform errors obtained for N = 32,64, 128,256,512 and M = N with the singular
perturbation parameters S. = {(£q,5)[(2718, 278), (2720, 2-19)}. One can also observe

the uniform error behavior via loglog plots given in Fig. 2.9 and Fig. 2.10.

2.8.2 Richardson extrapolation technique
Example 2.8.3. Consider the following system of parabolic IBVP on Q = (0,1) x (0, 1]:

(9u1 821,&1 aul

— — — — (72 — —
TR b + (I +2)uy —ug = (2% —x + 1) exp(—t),
8”2 (92u2 8“/2 _
5 22 oy + (1 + 22)uy — uy = exp(—4t),
1 —exp(—z/e1) _ 1 —exp(—z/e)
ul(x>0) - 1 — exp(—l/al) Z, UQ(l’,O) - 1— eXp(—1/82> Z,
L U1(O,t) :Ul(l,t) :0, UQ(O,t) :Ug(l,t):(), t e [O, 1]
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Figure 2.3:  Surface plot of the numerical solution Uy of Example 2.8.1 fore, = 278,65 =
9~ N =64, M = 16.
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Figure 2.4: Surface plot of the numerical solution Uy of Example 2.8.1 fore, = 278, ¢,
274 N =64, M = 16.
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Figure 2.5:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy for FExample 2.8.1.
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Figure 2.6:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy for Example 2.8.1.

Ph.D. Thesis 46
TH-2098 136123007



2.8. Numerical Results

2_10, Eg =

2710, Eg =

47
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Figure 2.7:  Surface plot of numerical solution Uy of Example 2.8.2 for ¢,

2-6 N

Figure 2.8:  Surface plot of numerical solution Uy of Example 2.8.2 for ¢,

276 N =M = 32.
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Figure 2.9:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy for Example 2.8.2.
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Figure 2.10:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy for Example 2.8.2.
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Table 2.1: Uniform errors and orders of convergence for Example 2.8.1.

(e1,€2) € S. Number of mesh-intervals N
32 64 128 256 512

dyM 1.5232e-02 8.2587e-03 4.5142¢-03 2.4143e-03  1.2674¢-03
piM 0.8830 0.8714 0.9028 0.9297

dyM 1.8285e-02  9.9229¢-03 5.2100e-03  2.6692¢-03  1.3590e-03
py M 0.8818 0.9294 0.9648 0.9738

Table 2.2: Uniform errors and orders of convergence for Example 2.8.2.

o~

(€1,€2) € S; Number of mesh-intervals N
32 64 128 256 512

dM 2.5401e-01 1.9414e-01 1.3103e-01 8.1675e-02  4.8349¢-02
piM 0.5077 0.5631 0.6819 0.7564

dyM 1.0165¢-01  7.1302e-02  4.8036e-02 3.1249¢-02 1.9604¢-02
oM 0.6967 0.7447 0.7769 0.8079

For | = 1,2, we calculate the maximum pointwise error and uniform error after

extrapolation by

N,M U 2n N,M
€,l extp JFap m'aX lﬂ' extp - lvzi extp | ? lext
P 0<n<M 0<i<N »

N,M

- mgax ds’lmp,

€

where Uy and Ulzgiem are the numerical solution obtained after extrapolation on
—N,M —2N,2M . . .
Q and @) , respectively. We determine the corresponding order of convergence

for each €1, 9 by

dN’M dN,M
N,M _ 1 E,l extp N,M _ 1 leztp
Delpur, = 1082 N2 | Dy i, = 1082 N2 |

Evl extp l extp

For this example, the singular perturbation parameters take values from S‘; =
{(e1,82)](2710, 270) (2720, 2710) (2730 2720) (2710 2730)} 'We perform the numerical
experiments by choosing the time step At = 2/N. From Fig. 2.11 and Fig. 2.12, one
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Figure 2.11:  Surface plot of the numerical solution Uy of Example 2.8.3 for 1 =
278 ey =274 N = 64, M = 16.

can observe the boundary layer behavior of numerical solution of Example 2.8.3. The
calculated maximum pointwise errors and the corresponding order of convergence before
and after extrapolation are presented in Table 2.3, which confirm that the upwind fi-
nite difference scheme (2.5.1) and the extrapolated technique are £-uniform convergent.
Moreover, one can observe that results presented in Table 2.3, reflects the fact that the
extrapolation technique produces almost second-order convergence up to logarithmic
factor. One can also observe the uniform error behavior via loglog plots given in Fig.
2.13 and Fig. 2.14 for Example 2.8.3.

2.9 Conclusions

In this chapter, we have presented a uniformly convergent numerical method for a class
of singularly perturbed system of linear and semilinear parabolic convection-diffusion
problems. A uniform mesh in the temporal direction and a piecewise-uniform Shishkin
mesh for the spatial direction to discretize the domain have been used. The proposed
numerical scheme is of first-order in time and first-order accurate up to logarithmic fac-
tor in space. Next, by fixing the transition parameters in the Shishkin mesh, we have
computed the solution on the fine mesh with 2N x 2M number of mesh-intervals. Fi-
nally, combining the computed solutions obtained on the coarse and the fine meshes,
the Richardson extrapolation technique is implemented and we have shown that the
extrapolation technique improves the almost first-order convergence of the simple up-
winding into almost second-order convergence. Some numerical experiments have been

established to validate the theoretical results.
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Figure 2.12:  Surface plot of the numerical solution Uy of Erample 2.8.3 for ¢1 =
98 ¢y =274 N = 64, M = 16.
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Figure 2.13:  Visualization of the order of convergence through loglog plot associated
with numerical solution Uy for Example 2.8.5.
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Table 2.3: Comparison of uniform errors and corresponding rate of convergence before
extrapolation and after extrapolation for Example 2.8.3.

S Extrapo- Number of mesh-intervals N
lation 32 64 128 256 512
dMM | Before | 5.3054e-02 3.6533e-02 2.3523e-02 1.4413e-02 8.4534e-03
piM 0.5382 0.6351 0.7066 0.7698
d"M | After | 1.1319e-02  5.0315e-03  2.1665e-03  8.0933e-04  2.7569e-04
P 1.1697 1.2156 1.4205 1.5536
dM | Before | 5.3054e-02 3.6533e-02 2.3523e-02 1.4413¢-02 8.4534e-03
oM 0.4757 0.6275 0.7070 0.7717
dgfji After | 1.2521e-02 5.2347e¢-03 2.2110e-03 8.1858¢-04 2.7839¢-04
P 1.2582 1.2433 1.4334 1.5560

0
10 T 3

—40O(N "t InN)
-0 2 IndnN)
10t before extrapolation

(e,=2 %, g,=2 %)

_ 10 3 after extrapolation

o

= _5 30 _~ 20
g (£1—2 , 52-2 )
T

=103%¢ before extrapolation

_o -40 _o 30
(51-2 y E,=2 )
104 after extrapolation

(=2 40 €,=2 30y

10 -5 L
102 103
N

Figure 2.14:  Visualization of the order of convergence through loglog plot associated
with numerical solution Uy for Example 2.8.5.
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CHAPTER 3

Parameter-Uniform Hybrid Numerical Scheme for
Singularly Perturbed System of 1D Parabolic
Convection-Diffusion Problems

This chapter is devoted to the study of hybrid numerical scheme for singularly perturbed
system of 1D parabolic convection-diffusion problems exhibiting overlapping boundary
layers. To solve these problems, we discretize the time derivative by the implicit-Euler
method and the spatial derivatives by a hybrid finite difference scheme on the layer
adapted piecewise-uniform Shishkin mesh. It is proved that the proposed numerical
method converges uniformly in the discrete supremum norm with first-order accuracy
in time and almost second-order accuracy in space. Numerical results are presented in

supporting the theory.

3.1 Introduction

Here, we consider the following class of singularly perturbed system of 1D parabolic
convection-diffusion IBVP on the domain @ := 2, x (0,77],€Q, = (0,1):

ou S

= b £ 7 ’ ’

i(z,0) = do(z), =z€Q, (3.1.1)
@(0,t) =0, @(1,t)=0, tel0,T],

where the spatial differential operator L, # is given by

0? 0

L:pgz -
’ £ ox

The coefficient matrices are given as & = diag(ey,£2), 0 < g1 < g9 < 1 and A(z)
diag(ay(z), az(x)), B(x) = {bum(x)}7,,—;- The convection coefficients satisfy a,(z) >

53
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Chapter 3 3.2. Analytical Behavior of the Solution

a >0, ay(x) > a > 0. In addition, we assume that B is an Ly -matrix and satisfy
miﬁn{bn(x) + blg(l’), b21($) + bQQ(SC)} > ﬁ > 0. (312)
xrelly

The source term and the initial condition satisfy the following smoothness conditions
fe(C@)? o€ (Co(h))?
and the compatibility conditions

ﬁo(l‘) = 67 LS {07 1}7

—

fl2,0) — Ly ~ip(x) =0, x€{0,1}, (3.1.3)

fo(@,0) + (Ly2)? @o(x) = Log f(2,0) =0, =€ {0,1}.
Under these sufficient smoothness with compatibility conditions imposed on source term,
initial and boundary data, the model problem (3.1.1) admits a unique solution.

This main aim of this chapter is to analyzes the hybrid finite difference scheme for sin-
gularly perturbed system of parabolic convection-diffusion problems. In this method the
time derivative is approximated by the implicit-Euler scheme on uniform mesh and the
spatial derivatives are approximated by the hybrid numerical scheme on the piecewise-
uniform Shishkin mesh. The hybrid difference scheme uses the classical central difference
method whenever the local mesh size allows us to do this without losing stability but em-
ploys the midpoint upwind difference method away from the boundary layers. Then we
show that the proposed scheme is first-order in time and almost second-order convergent
in space.

We organize the rest of this chapter as follows: The analytical behavior of the exact
solution is discussed in Section 3.2. Section 3.3 describes the uniform convergence of
the semidiscrete scheme and later we discuss the asymptotic behavior of the solutions
of the semidiscrete problems. In Section 3.4, we study the piecewise-uniform Shishkin
mesh and provide the detailed construction of the newly proposed hybrid finite difference
scheme. Section 3.5 contains the main theoretical result. In Section 3.6, we present the
numerical experiments to validate the theoretical results. Finally in Section 3.7, we

summarize the main conclusions of this chapter.

3.2 Analytical Behavior of the Solution

The differential operator defined in (3.1.1) satisfies the following maximum principle.

Lemma 3.2.1. (Maximum Principle) Let (2 +L,z) be the differential operator
given in (3.1.1). Then for Y >0 on 0Q and (2 +L,z) Y >0 in Q, we have Y > 0,
for all (z,t) € Q.
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Proof. By following the approach discussed in Lemma 2.2.1, one can prove the maxi-
mum principle. ]
Next, we present the derivative bounds with respect to spatial and temporal variable,

of the exact solution of the model problem (3.1.1).

Theorem 3.2.2. For all non-negative integers k and ko satisfying 0 < k + ko < 2 and
[ = 1,2, the derivatives of the exact solution @ of the IBVP (3.1.1) satisfies

C, fork =0,
C(1+¢'Bl(x)), fork=1,
C(1+e" (e7'BL(z) +e3' Bl (2))), fork=2.

ak—&-ko u;
OxkOthko

Proof. By following the technique of Theorem 2.2.4, we can get the desired result. m

3.3 The Time Semidiscretization

First, we discretize the time domain ™ by uniform mesh with mesh-size At, such that
TM ={t, =nAt,n=0,---, M, At = T/M}, where M is the number of mesh-points
in the time direction.

Now, we introduce a time semidiscretization process by means of the following

implicit-Euler scheme:
@°(z) = ii(x,0), x€Q,,
(I 4+ Aty 2@ (z) = @ (x) + Atf (2, tny), (3.3.1)
a"t(0) = a1 (1) = 0.
By using Lemma 2.3.1, one can easily obtain the maximum principle for the differ-
ential operator (I + AtL, z). Also, we get

1

I+ AtL, . T oo €.
I+ AfL...,) I < T 57

|(I + AtL,.,) (3.3.2)

-1 e,
I <7 + BAE
Next, define the local truncation error €,1 for the time semidiscrete scheme (3.3.1) by

N N —n+1
Ent1 = U(ZE, tn—i-l) —u (l‘),

=n+1 . . .
where u () is solution of following system:

(1+ AL, i = @@, tn) + AL, tein),
e (33.3)
v (0)=u (1)=0.
By using Lemma 2.3.2, one can obtain that
lEnsilloo < C(AE).
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Chapter 3 3.3. The Time Semidiscretization

Thus, the global error corresponding to the scheme (3.3.1) satisfies

sup ||@(x, tn) — @)oo < CAL (3.3.4)
n<T/At

Hence, we conclude that the time semidiscretization process is uniformly convergent of

first-order in time.

Note: As a technical requirement, we assume that

Lo cii(x, ta)| < C, L2 Hi(x, t,)| < C. (3.3.5)

3.3.1 Asymptotic behavior of the solutions of semidiscrete
problems

To prove the uniform convergence of the semidiscrete problem (3.3.3), we need a more

~=n+1 . by -
precise decomposition of the exact solution % of the time semidiscrete problem (3.3.3).

Lemma 3.3.1. The exact solution of (3.3.3) is decomposed in the following way

=n+1

v (x)=nqw (r)+z (), (3.3.6)

=n+1 +1 .
where the components w  (z) and z (x) satisfy

([ _ g durtt
(@) = exp(—a(1)(1 — @) /&), M= — l

a;(1) dx
ARt
3

5 (@)

<C(+e*'Bl(), k=12, (3.3.7)

< C (1 + El2_k (81_1321(1') + 52_1‘B<;2(1:)>) 4 k= 3’4

=n+1 .
Proof. To establish the derivative bounds of z (), first we need to acquire the
=n+1 o =ntl o
derivative bounds for @ (z). Assume that ¢ = (u  — t(x,t,))/At, then g is the

solution of the following problem

—

(I +AtL,2)0 = —L,zi(z,thy1) + f(x, tni1)

) ) (3.3.8)
0(0) =0, o(1)=0.
From (3.3.8), one can express 4 as the solution of the BVP:
-n+1 -
L,zu r)=—0+ f(z,t,
,—:nii-l ( = ;;f—&-l ( _,H) (3.3.9)
v (0)=0, uw (1)=0.

By following the argument from Theorem 2.2.4, we can obtain that

d~n+1 d~n+1 d"“n-‘rl o
Q;lx (0)’ <0, Z} (1)’ < Cerl, 7“;; (@) < C(1+e'BL), Vo e,
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In a similar manner, one can show

d~n+ 1

(@)

’ dan—i—l

2
<
1o|=zc

<n\s;C%;%

<C(l+e3'Bl), Yz €Q,.

Differentiating first component of (3.3.9) with respect to z and rearranging, we get

B . 22! _ doy . dfy %dﬂ’fﬂ B d(byuy™™ + baug ™) (3.3.10)
A3 dx? dr  dr dr dx dx ' -

To acquire the bound for d*u?"™ /dxz?, one needs to obtain the estimate for do;/dx.
Assume that & = L, 0, which satisfies

(1+ AtL, 2)® = —L2 @ + Ly o f (2, tus),

—

(0) = 5 (F(0,tus)  Lursi0, t12)),

—

(1) = é(f(l,tm) — Ly (1, tng)).

KL

AL

By using the compatibility condition for f given in (2.1.5) with ’Li’gﬁl < C and
L 00, b 1) = f(0,tnt), Lagii(Lti1) = (1, tagr), we get | < O, x € Q.
The component p; is the solution of the BVP:
d?0 dor
—e1—— — +0b = & — b1509,
S +ay I + 01101 1 — 01202 (3.3.11)
01(0) = 01(1) = 0.

By following the technique of Theorem 2.2.4, we obtain that

do;

y <C(1+e'B(z)), Vz € Q,.
T

Using the above bound and methodology of Lemma 2.3.4 in (3.3.10), we get

2~n-+1
d-u

dz?

< C(1+¢°BL(2)).

€1

In a similar way, one can obtain the corresponding bounds for the higher derivatives of

component 7). Analogously, we can get the desired derivative bounds for uj .

By using decomposition (3.3.6), it holds that

d~n+1 d~n+1
FHO)<C Frol<e S0 <o F-(1) =0, 1=1,2. (3312
dx dx
Next, we consider
+1 o~ =n ~n =n
Lx,slgl = —o1+ fi — by (@it = ZHY) = bpo(uptt — 2
dw!
+n2(a1(1) — a1 (z)) T = o1(z). (3.3.13)
Ph.D. Thesis o7
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By using the argument from [15] and bounds (3.3.12), we obtain that

dk‘NnJrl

W <C(14&*'Bl(2), k=1

€1

An analogous result holds for component 23!

Differentiating (3.3.13) with respect to x and rearranging, we obtain

—-n+1 ~n
]L, dZ :dgbl_dald(u nw?+)_db11%ﬂ+1_db12§n+l
P dr dz dz dx de ! dr 2

= ¢o(z). (3.3.14)
By employing the previous bounds, one can easily deduce that
|f2(2)| < C' (1 +e7" B, (2)) -

1
Since d?ﬁ /dx is bounded at the boundary points, then it follows that

dk""n—l—l

dxk

<C(14+e™'Bl (z), fork=2. (3.3.15)
In a similar way, one can obtain derivative bounds for component z5+*.

Again differentiating (3.3.14) with respect to x, we obtain

#E dgy day B@T = @) dbndFHT dbpdHT

Ly, — = — — = . 3.1
TEL de dx dx? dr dzx dr dz 93(2). (3.3.16)

And, the associated boundary conditions satisfy the following estimates

423t

) <.

d2~n+1

dz?

| = cs
By employing the required derivative bounds of components EZ”H, l=1,2, we get
|63(2)] < C (1 +e1" B, (2) + &3 B, (2)).

By using technique of Lemma 2.3.4 in (3.3.16), we get

d3~n+1

dx?

<C (1 + et (51_13511 (x) + 52_13512 (;E)))

In a similar manner, one can deduce that

dd~n+1
2 <o g @B @ + 5 BL@)
By using the previous technique, we can obtain the derivative bounds for k = 4. ]
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3.4 The Discrete Problem

In this section, we describe the piecewise-uniform Shishkin mesh for the spatial dis-
cretization of the domain and study error analysis for the proposed numerical scheme

used to discretize the problem (3.3.3) for the spatial variable.

3.4.1 The piecewise-uniform Shishkin mesh

The piecewise-uniform Shishkin mesh is constructed by dividing the domain ﬁiv into
three subdomains such as [0,1 — 7], [1 — 7,,1 — 7,] and [1 — 7,,1]. Then divide
[0,1 — 7,] into N/2 mesh-intervals, and divide [1 — 7.,,1 — 7] and [1 — 7, 1] into N/4

mesh-intervals. Then, the discretized spatial domain ﬁiv look like

—N
Q, :{0=I0;$1,---,$N/2=1—752,...,9031\7/4:1—761,...,xN:1},

where

1 1 7
T, :min{E,TosglnN} and 7, :min{z,%,melln]\f},
To is a constant will be chosen later. Fig. 3.1 displays a typical piecewise-uniform
Shishkin mesh.

| \ \ | Y | | \ | M | B |IH|
| \ |
0 1— 7, 1—7, 1

Figure 3.1: Visualization of piecewise-uniform Shishkin mesh ﬁiv for N = 16.

Therefore, the step sizes of the mesh ﬁiv are given by

o =2m) i1 N2,

N
hi=< Hy= 2Tl - N/2+1,... 3N/4, (3.4.1)
Hy = ¥, i=3N/4+1,... N.

It is clear from (3.4.1) that N=! < H; < 2N~! Hy = 475(e9 — ;)N 'In N, and H3 =
A1oey N1 In N. Let us denote h; = h;+hiq fori=1,...,N—1and po* = hi/e;, | =1,2,
fori=1,...,N. When v(z;) = v;, we define v;_1/5 = (v; +v;_1)/2.

3.4.2 The hybrid scheme

For spatial discretization of (3.3.3), we use the hybrid scheme which is a proper combi-
nation of the midpoint upwind scheme and central difference scheme. More precisely, for

spatial derivatives, we apply the midpoint upwind scheme in the outer regions [0, 1 —7,]
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and central difference scheme in the boundary layer regions (1—7.,, 1—7,], and [1—7,, 1].

Hence, the proposed numerical scheme takes the following form:

( —-n+l
Un+11/2 + At ]Lmu ElU = %(ul (I‘ifl, tn) -+ (51 (LUZ', tn)) -+ Atfﬁj_ll/m
for 1 <1< N/2,
—-n+l
U"Hl/2 + AtLY, .U, = L(ug(wioy1, tn) + us(xi, ty)) + Atf;jllm,
for 1 <1< N/2, (3.4.2)
— —n+1
Uptt + AtLY, U, = uy (i, tn) + Atf77, for N/2 <i < N —1,
— —-n+1
Uyt + AtLY, U, = up(@y, ) + ALf571, for N/2 <i< N —1,
—n+1 —n+1 i
\ Uy, =Uy =0,
where
( Szl rrn+1 rrn+1
LY, U, = a0 + a1 1o Dy UL + bii o U7 12 T 51271'*1/2U22 1/2)
—-n+l | —
L%u . = —525£U§f1 + a2,z'—1/2D;U2n,ZF1 + b21,i—1/2U1 i—1/2 T 522,171/2[]2@ 1/27
—n+1 " -
H“é\;n 51U = —81(5326U{f;rl aF CLL,'DOUnJrl aF bll’iU{?rl T b12 ZUQn:rl,
-n+1 e - -
| LY. .U, =-—e 52U"+1 + a2 DOUSH + bo1 UTT' + baa i U
(3.4.3)
After rearranging the terms in (3.4.2), the difference scheme takes the following form:
( . =n+l ~
LQUZ» - rl—,iUﬁjll + 7y zUnH + U1nj+11 T4 ng;Hl +q zUnH +4q; ZUQn;:-ll
= Lui (w1, tn) + Atfﬂ“l) + 3 (u (i, tn) + Atf"“) for 1 <i < N/2,
~ =ntl
H“Z:\;Ui =Ty ZU;jll 2 21U2n:r1 T Ty ngm + 45 zU}l;Hl + 45 ZU?ZH + q+ U{l;—ll
= S(ua(@iz1, ) + Atfy) + 5 (ua(zi, tn) + Atf31), for 1 <i < NJ2,
~ =ntl
LYU, =" ZU1nz 1+ leUf:rl +r szzH +q 1U§12H1 +qf ng;H + QIFZUZ:H
= uy(zi, tn) + At for N/2 <i < N —1,
~  =ntl ~
]Lé\;Ui =Ty ’LUQ’L 75 zUnH + 7y zUzn:rll + 45 ¢U1 1+ 4 zUnH + q;r,z‘Uﬁ;rll
= ug(@;, ) + Atfy!, for N2 <i < N —1,
-n+1 -n+1 .
UO — UN — 07

(3.4.4)
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where the coefficients are given

)
Ty Atr

K mu,1,s

+

G = At 10
ri; = Atr,

" cen,l,2)

Q1i:07

\ )
and
Toi = At T2, T
do; = At Q2.0
Ty, = Atr

cen,2,i)

C _ C
qi,; = At Aeen,1,is

by

C _ C
= At T,

1

29
C - C

di; = At Qo

C - C
T1; = At Teen,i T 1,

1

5, T5;=Atry

mu,2,i

cq 1 c
q2,i = At qmu,Z,i’

c __ c
7’271- = At rcen,2,i + 17

1
+ 3,

1
+1,

+ +
= At Tmul,is

¢; =0, for 1 <i < N/2,

+ _ +
T = At Tcen,1,is

qfizo, for N/2 <i < N —1,

+ +
Toi = At T mu,2,is

gs; =0, for 1 <i < N/2,

+ ¥ +
T2,i = At 70cen,2,i7

Qo

=0,

\ R q;,l = At qgen,2,i7 Q;:z = 07 fOI' N/2 . v S N 4 17
here, the above coefficients are described, for [ = 1, 2, as follows

( —2¢ biti—1/2

L 4 _ Qi-1/2 ( 2 ayy
mli h; 2 ’ Teenili = = -5
hih ! hih; hi
v | 2¢ L i1y biti—1/2 . 2, bus
bt by 0 2 Teeni = Pig1h; 2’
=2 B —2¢ N —2 ay
mu,li T 7 ’ r L= = — =M
™1 b cen,l,i )
hlhl and hihi+1 hl
’ b1 _ barioipe _ ~0
qmu,l,i 1 2 ) qmu,Z,i 1 2 ) qceml,i -
b12,i-1/2 ba1i-1/2 c — A
c R " RS c — Qeen,1,i = 912,35 Geen2,i = 921,45
qmu,l,i - 2 ) dmu,2,0 T 2 ) = o
+
+ .= 0.
(Gt =0,  een s

3.4.3 Error analysis

We will study about the stability of the proposed hybrid numerical scheme (3.4.2) here.
Later, we discuss the convergence analysis of the spatial discretization process.

Assumption 1. Suppose that N > Ny, where

N
ﬁ > max {7o|a1]|so; Toll a2l } (3.4.5)
(Ib1illo + AE") < @No,  (Jlbaalloc + ALTY) < alNo. (3.4.6)

The difference operator satisfies the following discrete maximum principle.

Lemma 3.4.1. (Discrete maximum principle) Let ﬂg be the difference operator

given in (8.4.4), and we assume that the coefficients of matrices A(x;), B(x;), satisfy
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-n+1

conditions (8.4.5) and (3.4.6) respectively. Assume that a mesh function {Z  (z;)},
=n+1 =n+1 . —n+l .

satisfies 2 (0) > 0 and Z (1) > 0. Then LYZ  (x;) > 0 in QY implies that

—n+1 .

Z  (z;) > 0 at each point of in

Proof. We will prove this lemma by contradiction. Assume that there exist z;» € QY
such that

min {2?“(@*),25“(@*)} = min{ min Z""(z;), min Z"“(m,)} <0,

z, €QY z, €QN

without loss of generality we assume that ZJ (z;2) < Z7*(2;+). Consider the second
—-n+1

component of LYZ  (z;+) as

~, =ntl

LYZ () = 7’2_’1-22"“(:1;1-*_1) uE 7“522;“(:1:1) + r;igﬂ(ggim)

+QE,¢Z?H(%*71) + q§7i5?+1(xi )+ quZn+ (Tieg1). (3.4.7)

—n+1 |,
Firstly, we take the case for 1 <i < N/2. To deduce ILNZ () < 0, it is enough to

show that r;; < 0. By using (3.4.6), we get

_ —2ey  agi-1/2  bazi_1y2 1
. — At _ k] k] -
r?,l < h h,,L hz —"_ 2 —"_ 2
—2e9  G2i-1/2 At
= At . bao i At~
<2H12 T, )+ 7 (bazi-1/2 + Y
—2e9  G24i-1/2 At
< At —B= — (||bag|lec + At
< At (30 - 2 4 S (bl + A
At
< —0162AtN2 — 027(6L277;_1/2N — O{N) < 0.

" =n+l i
Next, we assume that N/2+1 < ¢ < N. To show LY Z  (z;+) < 0, it is enough to

obtain that 3, < 0. Using assumption (3.4.5), we have

) At [ 2
— At €2y %) o Ot ( 2 _ ||a2||oo) <0,
hihiv1 B hi \ iy

which contradicts the hypothesis of the lemma. Hence, we get the desired result. ]

Truncation error

Now, for the numerical scheme (3.4.4), we define the local truncation error as

o =18, —T, = Atcw, G =LV, -U;, ]= Atcw
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where

( ~n+41 ~n+4+1 ~n+4+1
leulz 1 +T11ulz +T1ZU11+1 +q11u2z 1 +qlzu2z +qlzu27,+1

(@)

—»n+1

3 (@t At i) — & (@ AL,

o = for 1 <i< N/2,

i,

—m+1

~n+1 ~n+1 ~n-+1 ~n+1 ~n+1 ~n+1
71Uy +7"11U11 +7’11U11+1 +qyUg +Q1zu21 +Q11U21+1

—»n—l—l

(AL TE), e Np<isN L

( ~n+1 ~n+1 ~n+1
T21u2z 1+ 7"21“21 +7"22u2z+1 + quulz o, 1 q2zulz + Q2zu11+1

(@)

~ ~n+1 ~
3 (B + AL i) = 4 (@ + AUL, -0

C.Q:n-‘rl - fOI'lSZSN/Q,

—n+1

~n+1 ~n+1 ~n+1
7"21“2@ 1+ 7ol + Tzz“2z+1 + q21ulz 1 g uy, + 92@“11+1

-n+1

|- (@ + AL @) for N/2 <i <N -1,

therefore, one can deduce the following relation:

]L%u 51: — (Lx,ali)i—l/% fOI’ 1 S Z S N/Q,
Gl = . . (3.4.8)
’ LY @ — (Lye,@)(z;)), for N/2<i < N —1,

cen 51

]L%u 52: - (Lx,sgi%—l/% for 1 <1< N/Q,

e T ) ) (3.4.9)
LY @ — (Lyeu)(z:)), for N/2<i< N —1.

cen 52

Thus, Q Snts C?fnﬂ are the truncation error components corresponding to the hybrid
,U

scheme used for stationary singularly perturbed system of convection-diffusion problem.

Lemma 3.4.2. Let § = (g1, 92)"be a smooth function defined on [0,1] Then, for 1 <

i < N/2, the following estimates for the truncation error hold true

Lit1

L (3) = Coaalirgs] < Ce [ 1o (0)lds

Ti—1

iy [ (197 + 9 6) + o)) ds.

i—1

Tit1
|]Lmu52 gl) (Lx,szg)ifl/ﬂ < CV<‘:2/ |g§3)(3)\ds
sy [ (1687 + 156 + o8 (0)) s,
- (3.4.10)
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and, for N/2 <i < N/2,

Ti41
L, (3) = o) < Chi [ (a6 + 1o 0)) s

o (3.4.11)
LN 7)) — (L. (x| < Ch, " (4) (3) d
Ly () = Loead)(ws)| < Chi [ (22lob? (9] + 1987 (5)]) .

Proof. By following the technique from proof of [40, Lemma 3.3], one can obtain the

required estimates. L]

To obtain appropriate estimates for the local truncation errors qunﬂ, C e firstly
we derive estimates of the truncation errors C et ¢** ., in the followmg lemma.

1,0

Lemma 3.4.3. The truncation error given in (3.4.8) and (3.4.9) satisfy the following

estimates:
' Bl@) . B.()
C hz hz g \e €2\ 1 . N
(e1+ hi)hi + max{er, b} | max{e, b} Jorl<i< 3
< C|( [ 1+ hy)h; +e7 ' Bl () +62181 (:L’Z)} . fori= %,
. ol
| C [H3+ H (&°BL (@) + 5" BL(@))] . for § <i< %
C [H3 + HE (e1°BL (z;) + €3°BL (z3))], for 2 <i< N -1,
( B! (z;) B! (z;)
C hz hl sy €2\ 1 . N
(€2 + hi)hi + I ENE forl1<i< 3
E < C [(e2 + hi)h; + 7' B (@) + €3 ' BL, (%)], fori=%,
. =n+l =
C [H}+ H3 (e7°Bl (z;) +3° Bl (x,))],  for § <i <2X,
| C [H; + H3 (¢7°BL (x:) + &5° Bl ()], for 3 <i< N -1.

Proof. In this proof we consider different cases depending on the location of mesh
points z; € Q . Denote C ot and C =nt1; 85 the local truncation errors corresponding

~n+1( )

and wy

to components z x), respectlvely

Case 1 (Outer region): For 1 < i < N/2. Here we consider two subcases, to find the
appropriate estimate depending upon p:', [ = 1, 2.

Subcase 1. When p;' <1, [ = 1,2. First we shall estimate the truncation error related
to Z/t'. By using the derivative bounds (3.3.7) in (3.4.10), we obtain that

‘C 1| = ‘Lmual_’\ - (Lx,e1§)i—1/2‘
< C(er+ hi)hi + C (B (2:41) + B (2i41)) + Chier " (BL () + BL (1))
< Cley + hi)hi + C (B (1) + BL (2:11)) - (3.4.12)
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In a similar way, one can deduce that

2] < Clea + ha)hi + C (B (zig1) + Bl (i) (3.4.13)
In addition, we have
CFn] <CenBL ), 0| < Co BL (). (3.4.14)
Hence, by utilizing the estimate of error terms ‘l’fmﬂ , d’inH L= 1,2, we
obtain , 7
¢l | < Cler + ho)hi+ C (€7 By, (wi41) + €3 BL (2141)) (3.4.15)
‘(fgnﬂ < Clea+ hi)hi + C (e7 ' Bl (mi41) + €5 ' Bl (zi41)) . (3.4.16)

Subcase 2. When p;' > 1,1 = 1,2. Arguing in the same way done in Subcase 1, we

can obtain that

0(51 + hz)hz -3 C (B;1 (xz'—I—l) + B€12(ZEZ'+1)) s for 1 S 1 < N/Q,

Cl(er + hi)hi + Chier' (B (zi41) + Bl (i41)),  fori= N/2,

(3.4.17)
using h; = h;y1 = Hy and s¥exp(—s) < O, for all s > 0, k a positive integer, in
the first inequality. In a similar way, we get

0(82 T hl)hz - C (Ball (.’EZ‘+1> -+ B;Q(zzﬁrl)) s for 1 S 1< N/Q,

(o] <
% 0(62 == hz)hl + Chi€2—1 (lel (3?1> aF 3512 (.%z)) 9 for ¢ = N/2
(3.4.18)
Next, we will acquire error estimate for the component, w
Cilgn-&-l = Toupi(@ric1 = Wig) + 0,1 (Wi — W) + 551(@,1/,1- + alll,i—l)
1 - ! 1 = ~
—é(al,iwu + al,i—lwu_l) - 5(511,2"(01,1' - bll,i—lwl,i—l)
1 - .
—5(512,1‘—1102,1' + bi2,iWai—1)- (3.4.19)
By using (3.3.6), we obtain the following estimates:
561(75'{,i +wy, )| < Ceytexp(—ar(1)(1 — ;) /1),
§(a1,iﬁ;/1,i + azi1Wy ;)| < Ceylexp(—ar(1)(1 — xy)/e1),
(3.4.20)
5(51171@1,1' —bi1i1Wy-1)| < Cexp(—ar(1)(1 — ;) /1),
5(512@'—1@2,1‘ + 512,1@2,1—1) < Cexp(—a2(1)(1 - xi)/52)-
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From (3.4.2), we get

281 C
<

2 i— bi,i-
€1 +a1, 1/2+ 11,i—1/2 < C _ .
hihii hit1

hihi  hi 7 <g el s

mu,l,i

‘T;'Lu,l,i| <
Now, for 1 <i < N/2, using (3.3.7) and (3.4.21), we obtain that
P (@1 = W) + 7, (@i — @) | < Chiexp(—ai(1)(1 = ai41) /e1).
(3.4.22)

Hence, by applying the estimates (3.4.20) and (3.4.22) in (3.4.19), we have

< Ch;texp(—ar(1)(1 = zi4a) /e1) 4 exp(—az(1)(1 — z41) /22)

Cilgn-kl
< COhit (exp(=ar(1)(1 = i41)/e1) + exp(—az(1)(1 — zi11) /e2)) (3.4.23)
In a similar way, one can deduce that

< Chi* (exp(—ar(1)(L = zis1)/e2) + exp(—az(1)(1 — 1) /22))
(3.4.24)

2.x
C, =n+1
7,W

Next, consider for i = N/2. By employing (3.3.7) and (3.4.21), we have
Pt (@161 = W13) F T 1 (W11 — D)
< |rmui (exp(=ai (1) Hifer) = 1) + 78, 1 (exp(an (1) Hz/e1) — 1)] x
exp(—a1(1)(1 — x;)/e1)

S{Qu—exp(—al(l)ﬂl/a)w L (exp(as (1) Hafer) — 1)

H, Hy(H, + H»)

exp(—a1(1)(1 — z;)/e1)

< (Hg + %) exp(—ar(1)(1 — z;)/e1) < CH exp(—ar(1)(1 - ) fe1)

< Oertexp(—ay(1)(1 — zi41)/e1), (3.4.25)

using exp(#) > 0 and exp(f) < 1+ C0 in closed and bounded intervals of 6, in the
above inequality. By using (3.4.20) and (3.4.25) in (3.4.19), we obtain

‘C}V’fm < C (er " exp(—ar(1)(1 = zis1)/e1) + €5 " exp(—aa(1)(1 — zi41)/€2)) -
(3.4.26)
In a similar way, one can get
Cfv’j;ﬁ < C(ert exp(—ar(1)(1 — @ip1)/e1) + &5 exp(—az(1)(1 — 2i11) /22))
(3.4.27)
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Hence, by applying estimates (3.4.17), (3.4.18), (3.4.23), (3.4.24), (3.4.26) and
(3.4.27) in (3.3.6), we obtain

C<81 + h; )h + Ch ( el(xl-i-l) + B (Ii—l—l)) s for 1 S 1< N/Q,
<

1,x
C, =n+1
2,U

C(e1 + hi)hi + C (e7' Bl (zi41) + &3 ' Bl (2541)) ., for i = N/2,

‘ 0(82 + hl>hl + Ch;l (B;l (xzqu) -+ B€12 (.:C/l:Jrl)) y for 1 S 1< N/Q,
C -»n+1 —

Clea + hi)hi + C (e7' Bl (zi41) + 5" BL (i41)) ,  fori = N/2.

Case 2 (Inner region): For N/2 41 <i < N. By using (3.3.7) and (3.4.11), we get
‘C =n+1

‘C =n+1

< Ch? + Chie;* (Bl (zit1) — Bl (1)), 1=1,2

)=

< Chiffl_z (Bgll (1,'1'_,_1) — Ball (ﬁi—l)) s a= ]_, 2.

Finally, combining lC bz

1,x
and [¢'2...
i,W

, we have

S Ch? i Chiﬁ'l_z (Bgll (xi+1) — B;l (5171;1))

1,x
CA =n+1
1,U

= Ch} + Chey*BL (x;) sinh(ah;/e1) < Chi + Chier’ Bl (z;)
< Ch} +Ch} (e7°BL (%) + €3 ° B (%)) - (3.4.28)

1 .
Hence, the error term ¢ 7., in (1 — 7,,1 — 7-,] can be expressed as
1,0

“:n“ < CHj + CHj (e7°B. (%) + €3°BL, (%)),

. . 1 .
whereas in subinterval (1 — 7., 1], the error term ¢ 7, satisfies
i,

< CH3 + CHj (e7°BL (z;) + €5°BL, (%)) -

. ﬂn+1
i,

An analogous result holds for C “i1- This completes the proof. ]

Lemma 3.4.4. The local truncation error satisfies the following estimates:

[ oAt ((51 + )R + mil{g(fi} mi}g%) L forl<i< X
(s < CAt ((e1 + hi)hi + €7 "Bl (z;) + €5 "Bl () , fori= 1%,
" CAt (H + H3 (s7°Bl (2;) + 3°BL (%)), for & <i <3,
| CAt (H3 + Hj (e7°BL () + 65° Bl (27))) , for 3 <i < N —1,
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B; (z4) i le2 ()
max{ey, h;}  max{es, h;}

0At<(52+h,~)h+ >,for1<z'<%,

s < CAt ((e2 + hi)h; + €7 "Bl (z;) + €5 ' BL (7)) , fori= %,
’ CAt (H3 + H3 (e7°Bl (2;) + 3°BL (%)), for & <i <3,
| CAt (H3 + Hj (e7°BL () 4 65° Bl (7)), for 3} <i < N —1.
Proof. These estimates will directly follow from Lemma 3.4.3. ]

From Lemma 3.4.4, we have just found estimates for the local truncation error that

are not uniform in £;, 9. Next, we define mesh function ggm = (S, SQJ)T as follows:
Al hj
Seil) = T <1+’“‘ ) , for i=0,...,N—1,
- &9
j=i+1
and we take S., y(¢) = 1, where p is a positive constant.

Lemma 3.4.5. If u < «/2, then under the hypothesis (3.4.5) and (3.4.6), for | = 1,2

we have the following estimate

A
__CaL g w), for 1<i<Np2
=N max{ey, hiy1}
L2ISera(1t) 2 CAt
—8c,.:(1), for N/2<i<N-—1.
€2

Proof. First, we consider the case for 1 < i < N/2. We have
LNSEz z( ) = Ti;“&:z,i—l(ﬂ) + Tf,isemi(:u) + riissz,i-%l (,LL)

441 iSes,i-1 (1) 4 G5 ;Seq,i(1) 4 ¢1 i Sey,iv1 (1)

€1

- 1 hi\ ! -
= At]l“%u 618627i(M) + 5862,i<1u) (1 + ( a ) ) > Atﬂ“%u 518827i(lu)'

hi :
It is easy to verify that (S, (1) — Se,.i—1(p)) = M—SEN-_l(u), and if p < /2, we get
€9
g 2ueq K
L e, Sensi == (5i() — Sepi- i-1/2— Seqi—
mu,e1 €2, (:u) (h‘ ‘|‘hi+1) 2< 2, (“) 2, 1(:“)) + aq, 1/282 2, 1(:“)

Sepi(pt) + Sepi1(p))
2

2pe1h; ) S CoSe,i() o CSulw)

+ (bll’i_l/z + le,i—l/Q)) (

> Cﬂsaz,i—l(:u) (al,il/2 -
€9

€2<hi + hi+1) Eg + ILLhZ - max{sg, hz} ’
Hence, under the condition p < «/2, one can obtain
CAt
JLNSgl —S.,i(w), =12
2i(1) 2 T (1)
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Similarly, for N/2 <i < N — 1, we get
LNS&2 Z( ) Aﬂ[‘N S:Ezﬂ'(:u) + S6z,i< ) > Aﬂ[‘N gEzJ(M)'

cen,e1 cen,el

Next, we have
2,&51
(hi 4 hiy1)e2

+ (b11,i + b12,3) (Se,.i(pe))

— LN Sg ; + Zu) SE i > &7
ma,e1 P €2, (ﬂ) (al, EQ(hi + hi+1) 2, 1(“) = £

contains ay g, bi14, b1z, instead of ay;_1/2, b11,i-1/2, b12,i-1/2,

Ay

LY 5‘52,2-(u> == it by

cen,eq

(Sepi(p) = Sepica(p)) + (Sepivr(p) = Sepica(p))

(for i > N/2, the term LY

but this is insignificant). Hence, under the condition u < /2, we have

CAt
SEQJ(M)'

€2

mu,e1

IL’NSEQ l( ) =

By using similar argument, one can deduce that

CAt
LNSEQ z( )> ?5'52 z( )

This complete the proof. ]

To prove the uniform convergence of the hybrid scheme, we will use the following

technical result.
Lemma 3.4.6. If u < /2, then the following bounds hold true:
1. B! (z;) < S.,i(p), fori=0,...,N —1. (3.4.29)

2. Se, ny2(11) < CNHT, (3.4.30)

Proof. 1. For each j, we have
phi\ "'
exp(—ah;/es) < exp(—ph;/es) < (1 + : J) L
2
Multiply these inequalities for j =i+ 1,..., N, we obtain B! (z;) < Se,:(n).
2. Proof of (3.4.30) follows from [88, Lemma 3.1]. L

Next, we discuss the convergence analysis of the hybrid scheme (3.4.4).

-n =n+l1
Theorem 3.4.7. Let u +1(xl-) and U,  be the exact and discrete solutions of (3.3.3)

and (8.4.4) respectively, then we have the following bounds

g1 =t C(N-2 4 N-om), for 1<i<N/2,
a, U, <9 | (3.4.31)
C(EN2In> N + N~°™), for N/2<i<N —1,

where N > Ny satisfies conditions given in (3.4.5) and (3.4.6).
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Proof. Define the discrete barrier function

((51 + &9+ hi)h; + (51_1 + 52_1)) (1+x;), for h; <&
B_’;)ut — C_:

hi
(e1+e2+ hi)hi(1+ ;) + (1 + 'ugﬂ) Seoi(p), for hy > €.
2

Consider the following inequality
er"Bl (&) <e3"BL(£), for{<1l—mer, k=1,2,.... (3.4.32)
Then, by using (3.4.29) and Lemmas 3.4.4 and 3.4.5 with (3.4.32), we can obtain that

LB > ¢ s, [LEBP™| 2 Cania, for 1< < N/2.

2

Thus, by using the discrete maximum principle given in Lemma 3.4.1 for the operator
I/[:g = (EQ,EQ)T on domain [0, 1 —7,] with (3.4.30) and &, < CN !, [ = 1,2, we obtain
that

—=n+1 —-n+l

U, —U, |<C(N2+N*), for 1<i<N/2.

For N/2+4+1 <i < N — 1, the discrete barrier function is defined by

(N2 4+ N7#) (1 + ;) + Hiex*(z — (1 — 7)), for 5 +1 <i < 3

g — ¢
((N*2 + N7#0)(1 4+ z;) + H§(51_3 4= 52_3)(@ - (1- 7'51))) , fori > %.

Hence, as a result, we get

|L£ann| 2 Ciaﬂﬂ—h |]L£:\;B:nn‘ Z g:ﬁn‘f’l? fOI‘ N/2 < Z S N - 1?
= =n+l  =n+tl N —nt+l  on+l
B" 2 |Uyj —Upnpp| and B >[Uy —Uy |.
It is clear that the operator Iﬁév satisfies the discrete maximum principle on [1—7.,, 1].

Therefore, we obtain that

—n+1 =n+l

W, U, |<B™<C(EN2I®N+N+#), for N/2<i<N-—1.

2

Hence, the proof is completed. ]

An immediate consequence of the above convergence result is the following error

estimate.
Corollary 3.4.8. For a fized 79 > 2/, there exists a constant C such that

o1 =0t c N—2, for 1<i<N/2
w, —U; [<q . (3.4.33)
C N2In®*N, for N/2<i<N—1.
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Therefore, the hybrid numerical method (3.4.4) is uniformly convergent of order

almost two with respect to the spatial variable.

Corollary 3.4.9. If we take N7V < CAt with 0 < v < 1, then from (5.4.33) we obtain

(3.4.34)

%

o1 =ntl CAt N—2+v, for 1<i<N/2
CAt N2*In* N, for N/2<i<N—1.

This bound is required to prove the uniform convergence of the fully discrete scheme.

3.5 The Fully Discrete Scheme

In the previous section, we have discussed the time and spatial discretization. By com-
bining results from previous sections, this section provides the £-uniform error estimate

for the numerical solution of the fully discrete scheme on the mesh @N’M = ﬁiv x T

( —

UZO:ﬁo(l’i), iZO,...,N,
(LU = LUp,_y + AfFL) + 207, + AtfY), for 1 <i < N/2,
LU = L(Up,_y + Atfih)) + 3(Ug; + Atfodh), for 1 < i < N/2, (35.)
LU = Uy, + Atfif!, for N2 <i < N -1,
| LU = U, + Atfof?, for N/2<i< N -1,
ﬁg+1:ﬁﬁ+l =0, forn=0,...,M—1,
\

where U7 is the fully discrete approximation to the exact solution @(z,t) of (3.1.1) in

the domain @N’M.

Theorem 3.5.1 (Global error). Let ii(x;, t,) be the exact solution of (3.1.1) and {U"}
be the discrete solution of the fully discrete scheme (3.5.1). Assume that N > Ny satisfies
(3.4.5), (3.4.6) and N7V < CAt with 0 < v < 1. Then, if p < a/2 and 79 > 2/, the
error associated to the fully discrete scheme (3.5.1) satisfies

C(At + N-2), for 1<i<N/2

(i, t0) = Ullloe < 4 (3.5.2)
C(At+ NI’ N), for N/2<i<N—1.

Proof. By using the technique of Theorem 2.5.1, we can get the desired result. ]

3.6 Numerical Results

In this section we verify computationally the theoretical results obtained in the pre-
vious section. Error and convergence rate for the hybrid finite difference scheme are
presented for the following test problem. In this test problem, we perform the numerical

experiments by choosing the constant 75 = 4.2 and the time step At = 0.8/N.
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Example 3.6.1. Consider the following system of parabolic IBVP on Q = (0,1) x (0, 1]:

(0 0? 0
0 0? 0
% — 5287122 +(1+ m)% + (2 4+ 22)uy — wuy = 3 (23 — 2 + 1),
1 — e(=(1—2)/e1) 1 — e(=(1-x)/e2)
u1($,0> = 1 — e(—1/e1) - (1 - I), u2($70) = 1 — e(-1/e2) - (1 - I),
L ul(O,t) = Ul(l,t) = O, UQ(O,t) = U2(1,t) = 0, t e [0, 1]

As the exact solution of Example 3.6.1 is not known, we have used the double mesh
principle, described in the previous chapter. For our experiments, the singular pertur-
bation parameters takes values from S. = {(g1,&5)|eg =271, ... 2730 ¢ = 2710}

To visualize the appearance of the boundary layers in the numerical solutions of
Example 3.6.1, we have plotted the numerical solution in Fig. 3.2 for e =277,6; =27°
and N = 64. From Fig. 3.2, one can notice the overlapping behavior of the two curves
in the rightmost diagram.

From Table 3.1, we see the monotonically decreasing behavior of maximum errors,
which confirm that the proposed numerical scheme (3.5.1) is -uniformly convergent.
From Table 3.1, one can observe that the numerical order of convergence of the hybrid
scheme is almost equal to two. One can see the comparison of the maximum errors and
the order of convergence for upwind scheme and hybrid scheme in Table 3.1. Further,
we have ploted N vs. the maximum errors in Fig. 3.3 and Fig. 3.4 in loglog scale.

To show the influence of the parameter 7y in the order of convergence, we have
performed numerical experiment for Example 3.6.1 with different values of 75. This
results are given in Table 3.2. In fact, 75 should satisfy the condition 75 > 2/u > 4/«
Since in the Example 3.6.1, where o can be chosen as a = 1. From Table 3.2, one can
notice, when 7y < 4.2, the order of convergence is not reflecting the theoretical results.
In Table 3.3, we have given the numerical results for different At, which explains that the

choice At = 0.8/N is not necessary to produce almost second order uniform convergence.

3.7 Conclusion

In this chapter, we have proposed a finite difference numerical scheme for a class of
singularly perturbed system of parabolic convection-diffusion problems. It has been
shown theoretically that the proposed scheme is £-uniformly convergent with first-order
accurate in time and almost second-order accurate in space. Numerical results are carried

out to show the accuracy of the proposed numerical method.
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Figure 3.2: Numerical solution of Example 3.6.1 for ey = 277,65 = 275 and N = 64 at
time ¢t = 1.

Table 3.1: Comparison of uniform errors and corresponding rate of convergence between
hybrid scheme and upwind scheme for Example 3.6.1.

S. Scheme Number of mesh-intervals NV
64 128 256 512 1024
dMM | Upwind | 6.6749¢-02  4.4731e-02 2.4708¢-02 1.3162¢-02  7.4942¢-03
pM 0.5682 0.7851 0.8159 0.8492
dVM | Hybrid | 7.7391e-02  2.4202¢-02 7.2436e-03  2.2541¢-03  7.7006¢-04
pM 1.6098 1.7406 1.6869 1.6549
dM | Upwind | 6.5946¢-02 4.3683e-02 2.5472e-02 1.3648¢-02  7.1537¢-03
oM 0.6017 0.7659 0.8862 0.9384
dM | Hybrid | 7.4526e-02 2.4622¢-02 7.2725¢-03  2.2586¢-03  7.7284¢-04
py M 1.5977 1.7594 1.6870 1.6472

Table 3.2: Uniform errors and corresponding rate of convergence for Example 3.6.1 with
different values of 7.

e1=2"" 11 Number of mesh-intervals N
gy = 2710 64 128 256 512 1024
M 3 | 1.0291e-02 4.4886e-03 2.1372e-03 1.1142e-03  5.3687e-04
pM 1.1978 1.0715 0.9242 1.0566
ayM 2.4556e-02  1.1687e-02 5.3928¢-03  2.4589¢-03  1.2033e-03
pM 1.0712 1.1158 1.1330 1.0310
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10°
—4—O(N1In2N)

- (,727%,£,227%°) Upwind
- A= (g,=27% ¢,=2") Upwind

10
——0oN2In°N)
-©-(6,727%,£,727%) Hybrid
2| - A = (£,=27%,¢,=27%) Hybrid
10 ]

10"
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Max Error
=
o

N
w

Figure 3.3: Visualization of the order of convergence through loglog plot for numerical
solution U; of Example 3.6.1.

10°
== 0N In?N)

B (e,=27%,¢,=2") Upwind

- A= (e,=27%, £ =27%%) Upwind

107
\ == O(N"2 In3N)
~Or =27, ¢,=27%°) Hybrid
2| —— (5,727, £,=27%%) Hybrid
10 ]

10"
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Figure 3.4: Visualization of the order of convergence through loglog plot for numerical
solution U, of Example 3.6.1.

Table 3.3: Uniform errors and corresponding rate of convergence for Example 3.6.1.

Se Number of mesh-intervals N /temporal mesh-size At
64/% 128/ 3% 256/ 5 512/ 1024/
dYM | 7.3705e-02  2.4995e-02  7.8918e-03  2.4213e-03  7.2316e-04
pNAM 15601 1.6632 1.7046 1.7434
dyM | 6.6894e-02  2.3076e-02  7.6319e-03  2.4159¢-03  7.2894e-04
py ™| 1.5355 1.5963 1.6595 1.7287
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CHAPTER 4:

Uniformly Convergent Numerical Scheme for
Singularly Perturbed System of 1D Parabolic
Convection-Diffusion Problems with Interior Layers

In this chapter, we present the analysis of an upwind based finite difference scheme for
singularly perturbed system of 1D parabolic convection-diffusion equations with discon-
tinuous convection coefficient and source term. First, we discretize the domain with
uniform mesh in the temporal direction and layer resolving piecewise-uniform Shishkin
mesh in the spatial direction. The numerical scheme used to discretize the continuous
problem, consists of the implicit-Euler scheme for the time derivative and the classical
upwind scheme for the spatial derivatives. The proposed scheme is uniformly convergent
of almost first-order in space and first-order in time. Numerical examples are carried

out to verify the theoretical results.

4.1 Introduction

Denote the domain for describing the model problem by @~ = Q. x (0,7], QT =
QF x(0,7], Q =, x (0,7], Q, =(0,8), &f =(&,1), Q. = (0,1).
Consider the following class of singularly perturbed system of 1D parabolic

convection-diffusion problems on the domain Q~ U Q*:

ou 0% ot .
i=— —E— — 0= - U O+
Lai = ; EaIQ—i-A(:c)ax—i-B(a:)u f, (z,t)€Q UQt,
i(z,0) = Go(w) Yz €y, (4.1.1)

a(0,t) = gi(t), d(1,t)=go(t) Vte|0,T],

with £ = diag(ey,€2) A = diag(a1,a;) and  and B = {bim}{,,—;- The coefficients of

75
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convection matrix A are given by

aj (), xeQ ay (x), x €
a(x) = az(z) =
af (v), x€Qf, ay (), x€Q;.

We assume that the convection coefficients and source terms satisfy

]| < C, lao]| < C Al < C, Il < C) at 2 =€

af > ay (), ay () > a1 >0, z <, (4.1.2)

—ab <af (), a(z) < —ay <0, > €,

In addition, suppose that B is an Ly —matrix with

mln{b11($> @ blg(l‘), bgl(l‘) + bgg(l’)} > 5 > 0. (413)

e,

It will be assumed that the convection coefficient A is sufficiently smooth on Q; U Q},
whereas the source term f (x,t) is sufficiently smooth on @~ U QT and the reaction
coefficient B is a sufficiently smooth function on Q.

The exact solution @ = (uy,us)” satisfies the following interface conditions

{%} —0, atz=¢ 1=1,2 (4.1.4)

] =0, ox

We define the jump of the solution components u;, denoted by [v;], across the point of
discontinuity x = £ by

[w] (6,) = w (€7,t) —w(€,t), where w(65,1) = wggioul(x,t).

The singular perturbation parameters satisfy 0 < ¢; < g9 < 1. Due to the presence of
discontinuity in the convection coefficient A(z) and the source term f(z,t), the exact
solution u(z,t) of the problem (4.1.1)-(4.1.4) possesses overlapping interior layers in the
neighborhood of the point z = £. In fact, the nature of the interior layer depends on
the sign of the convection coefficient A(x) on either side of the line of discontinuity.
We assume that the data of the model problem ¢y, g7 and g, are sufficiently smooth

functions and also satisfy the following compatibility conditions

§o(0) = g1(0),  Go(1) = g2(0),
agéio) - * g;gm —A(0) a@im — B(0)5(0) + £(0,0), (4.15)
220 T )28 g + 70,0
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Chapter 4 4.2.  The Continuous Problem

The outline of this chapter is as follows: In Section 4.2, we discuss the analytical
behavior of the continuous problem and introduce decomposition of the exact solution
to obtain a priori bounds for the solution and its derivatives. We describe the piecewise-
uniform Shishkin mesh and also introduces the implicit upwind finite difference scheme in
Section 4.3. Later, we establish the error analysis. In Section 4.4, some numerical results
are shown, which corroborate in practice the order of uniform convergence. Finally in

Section 4.5, we summarize the main conclusions.

4.2 The Continuous Problem

This section provides the analytical behavior of the exact solution « of the model problem
(4.1.1). The differential operator of continuous problem (4.1.1) satisfies the following

maximum principle.

Lemma 4.2.1. (Maximum Principle). Suppose that a vector-valued function 1[7 satisfies
Oz, t) >0 on Q. Let Lap >0 for all (z,t) € Q= U Q" and [1,](&,t) < 0, t > 0 then
J(w,t) >0, for all (z,t) € Q.

Proof. By following the methodology from [89, Theorem 2.2], one can prove the maxi-

mum principle result. ]

An immediate consequence of the maximum principle is the following stability result,

which establishes the uniqueness of the exact solution.

Lemma 4.2.2. Let @(z,t) be the solution of (4.1.1), then

— — ]' —
llee < l[dlloc0q + 5l Let] oo,

. ap Qg
where ¥ = min {—, —}
£ ¥4
Proof. Define the barrier functions ®*(z,t) = (®F, )7 (xz, t) as
@00+ GllLelloo £ (w,1), 2 <€ 1E[0.T]
[ t]los 00 + [Leid]| o £ (2, t), x>¢& te[0,T].

I(1=¢)

By applying the maximum principle (Lemma 4.2.1) to the function (ﬁi(x, t) over the

domain ), we can obtain the required result. ]
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4.2.1 Bounds on the solution and its derivatives

In this subsection, we discuss the analytical aspect of the exact solution # of model
problem (4.1.1). Later, we study about the decomposition of exact solution and also
discuss their derivative bounds.

We will obtain the bounds of the partial derivatives of the exact solution @ on the
subdomains @~ and Q% separately. First consider the subdomain @+ and introduce a
new function «* on the domain @H which is a sufficiently large neighborhood of §+
beyond the point of discontinuity x = £ so that §+ C @Jr*. We define an extended
domain Q™ as Q™ = Qf* x (0,7], f* = (§,14 k), kK < 1 and the extended function

u* as solution of
(L = f*, in Q*,

@*(z,0) = go(z), onT}* = {(x,0):z € Qf*},
, only™ ={(& ) t €[0T}
, onIP* ={(1,t): t €[0,T]},

(4.2.1)

7

with P P 5
* * \T _— l Y <A * _ *
(LI, LL)" = T 927 + A <x)8x + B*(x).

Here the coefficients A*, B* and source term f * with the initial and boundary conditions

* %
Lzu

g5, g and g5 are the smooth extension of associated functions from the domain ﬁ; to
ﬁ; " and @+ to §+* respectively. We assume that the extended initial and boundary
conditions, i.e. g, g7 and gs with source term fk satisfy similar compatibility conditions

as given in (4.1.5).

By following the technique from proof of Theorem 2.2.4, for ky = 0,1,2, we can
obtain that

C, fork=0, (z,t) € Q1
akJrkouT

Oxkotko () ’ =

C(1+e'Bf(x)), fork=1, (z,t) € Q™

C(1+e % (e7'BL(2) +63'BE(n))), for k=23, (x,t) € Q™
and
C, fork=0, (z,t) € Q1"

prn CiL) C(1+e&'Bx(x)), fork=1, (x,t)€ Q"

k+ko, *
OF ko ‘

C(1+ey " (e7'BE(2) +63'Bi(2))), for k=23, (z,t) € QT

Similar methodology can be extended to obtain required derivative bounds of «* in QQ~*.
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By using derivative bounds of the extended function «*, the exact solution u of the

model problem (4.1.1) will satisfy the following derivative bounds.

Lemma 4.2.3. For all non-negative integers k, ko such that 0 < k < 3 and 0 < kg < 2,

the exact solution U satisfies estimate, for | = 1,2, as follows:

( C, fork=0, (z,t) € Q,

ak—i—ko B - )
axk—atzé(x,t)‘g C(l—l-gllle(aj)), for k=1, (LU,t)GQ ,

(14+¢e % (e7'Bs(2) +63'B5 (), fork=2,3, (z,t) €Q,

\

( C, fork=0, (z,t)€QT,

akJrko g

OxkOtko (x,t)‘ <q C(l+e'Bi(z), fork=1(zt)€qQ,

\ (14 " (e7"BE(2) +23' B (2)),  fork=2,3, (z,t) € QF,

To gather some understanding of the qualitative behavior of the solution w(z,t) of

(4.1.1), we consider a numerical example.

Example 4.2.4. Consider the model problem (4.1.1) with zero initial, boundary data
and values of A, B, f are given by

1+z, z€(0,3) 1+2%, ze€ (0,

ar(r) = as(z) = 2
( —(2+z), ze(3,1), ‘4 —(2+2%), z€(s5 1),

44+ 24z
B(x) = )
—2—z 442
—=2(1 + 2%t?), forx < %, —(1+2%t%), forx < %,
1 fg({[‘,t) = 1
3(1+at?),  forz> 3, (1+ a3t), for x> 3,

~—

N =

fl(x>t) =
with e, = 278, g9 = 276,

The interior layer behavior at x = £ can be seen in Fig. 4.1. Also, Fig. 4.1 confirms

the overlapping interior layers phenomena in the solution of the model problem (4.1.1).

Next, we discuss the sharper bound of the exact solution through decomposition of
exact solution into the smooth and layer component. To derive the derivative bounds
of the smooth and layer component, we follow the technique from [45]. Consider z* =

21 In(1/e1)/o. We define the extended functions 7* = (vi,v5)7, & = (37,7%)7 in the
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0.5 w 0.5 T 0.5

. : -0.2 *
0 0.5 1 045 0.5 0.550.495 0.5 0.505

Figure 4.1: Numerical solutions for Example 4.2.4 for N = 128 at time t = 1.

domains [§,1 4 k]| x [0,T] and [—~, ] x [0, T, respectively, for [ = 1,2, as follows:

3 *\\k k+k
r— (E42%))" OFtroy . |
v (z,t) = ¢ k=0 : L (4.2.2)
uj(z,t), E+r* <z <1+k,
and
U7($»t)7 _I{Sxég_l‘*v
U (x,t) = (4.2.3)

k! 8xk8tk(l) (—a"1), - <z<&

where kg = 0,1,2. Next, we discuss the derivative bounds for #* in the domain [£,1 +
K] x [0,T]. Analogously, one can obtain bounds for derivative of 0*.

By using Lemma 4.2.3, we obtain that

8k+k0u1
Ok otko

(6+ﬁjﬂ§(“l+éﬁ3;@+xﬂ)SCO+€?%,0§k§1

Assume that x € [£,£ + 2], then, by using (4.2.2), one can acquire that

ak—l—ko UT
Oxkotko

@¢4§00+g*%0§k§L0§%§2 (4.2.4)
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In a similar way, one can estimate derivative bounds for £ = 2,3. Next, we consider the

derivative bounds for component v} in the domain [¢, & + z*|. For k = 0,1, we get

akUQ
oxk

(x*,t)’ <C(1+&"Bi(E+%) <Cl+eh).

By applying the previous technique, one can obtain that

8k+k0v*

SO (xat)’ <O1+e7"), 0<k< 1 (4.2.5)

A simple calculation leads to deduce the required estimate for &k = 2, 3. Next, we consider

x € [§+ a*, 1+ k], it follows that

k+ko,,*
[OARRT T

8k+ko u’{
Oxkdtko (z.1) ’ £,

OxkOtko

(m,t)‘ <C(14&"B,(+2%) <C(l+e7™), 0<k <1

In a similar way, one can obtain the higher order derivative bounds for the component
vi. Analogously, one can obtain derivative bounds for the component v5. By using the
previous methodology, we can have the same derivative bound estimates for 7 in the
domain [—k,&] x [0,T]. Therefore, for [ = 1,2, both functions #* and o satisfy the

following estimates:

8k+k0 *
”’(:c,t)’somsf—k), 0<k<3 0<h<2,

OxkOtko

(4.2.6)
8k+ko@\k

Sk (M)’ <C(l+e™), 0<k<3 0<k<2

Now, we define the smooth component ¢ as follows

@)91e

(w,t) = 7, Jor (z,) € Q@ (4.2.7)
v (x,t), for (z,t) € Q.

and the layer component @ is defined by
Wz, t) = d(x, t) — v(x,t), (x,t) €Q-UQT. (4.2.8)

Lemma 4.2.5. For all non-negative integers k, ko such that 0 < k < 3,0 < ky <2 and

[ =1,2, the smooth component v and layer component W satisfy the following estimates

ak+k0 U

OxkOtko (%)

‘ <C(l+e™), 0<k<3, (z,t) €Q UQT,

Hrtkoy, C, fork=0, (z,t) € Q,
Oxkotko (x,t)‘ =

C (gka;(a:) + 85’“35_2(31:)) , fork=1,23, (z,t) € Q,
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§F oy, C, fork=0, (z,t) € QF,
W(l’,ﬂ‘ <

C (7" Bl (x) + e" B (x)),  fork=1,2,3, (x,1) € Q*,

( C, fork=0, (z,t) € Q,

k-+ko
Sitn | < § O Ba), fork=1.2 (0 <@

T 0

Cey' (e77Bs(x) +e5°B,(w)), fork=3, (z,t) €Q,

C, fork=0, (r,1) € Q",
ak+kow2
A

08 stBw, prk=12 (e

| Cey' (7B (v) +&,°BL (), fork =3, (z,1) € Q.
Proof. By using (4.2.6) and definition of the smooth component (4.2.7), we get

3k+k0 v
PTG

t)‘ <C(+e), 0<k<3 0<k<2andl=1,2

where (z,t) € @~ UQ". By employing decomposition (4.2.8) and using the technique
from [10, Lemma 4], one can obtain the desired results for the layer component @. This

completes the proof. n

4.3 Domain Discretization

Consider the domain @ = Q, x [0, 7] and let N > 16 be an even positive integer. Here,
we construct a rectangular mesh QNM Q, x TM, which is a combination of the
piecewise-uniform Shishkin mesh condensed around the overlapping interior layers for
the spatial variable and a uniform mesh for the temporal variable. On the time domain

[0, T], we introduce uniform mesh such that
Mot =nAt, n=0,...,M, At =T/M]}.

Then, we define the transition parameters 7/, 7, 7.0 and 7} as follows

817 g9
2
T@:min{g,ﬂln]\f}, Te—mln{ lnN},
2" « !

2e,
o
1-¢& 2 +
7" = min —f,EIDN , T =min —f,&iln]\f .
2 ! 4 2 «

Te

2

pblm
1\)|

A piecewise-uniform mesh ﬁiv is constructed by dividing the spatial domain [0, 1] into

six subintervals as

[0,1] = [0, =7, ]U[E =7, § =7, JU[§ — 72, §JUIE, €+ T U S+ 7, S+ 7 JU[E + 7, 1],
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Then subdivide [0,£ — 7] and [ + 71, 1] into N/4 mesh-intervals, and subdivide each
of the other four subintervals into N/8 mesh-intervals. The proposed Shishkin mesh can

be seen in the figure 4.2.

Figure 4.2: Piecewise-uniform Shishkin mesh ﬁiv for N = 32.

Assume that 7 = 75 = 2e1In N/ and 77, = 70 = 2e5,In N/av |, as otherwise N7 is
exponentially small relatively to &;, [ = 1,2 (and in this case the method can be analyzed
in the classical way). Also, when 7/, = 7., /2, 7.t = 7. /2, therefore €5 = O(e), and the

result can be easily obtained.

4.3.1 Numerical scheme

For the discretization of the continuous problem (4.1.1), the following implicit upwind

o . —N,M
finite difference scheme is used on the mesh @) " :

(

U0 = Go(z;), fori=0,...,N
((IMMOrt = (Dy - €82 + A,D; + BT+
= " fori=1,...,N/2—1, N/2+1,...N—1
fith fori=1,...,N/2—1, N/2+1, ’ (4.3.1)
DrUMY — DU =0, fori=N/2,

L U(?H — gl(tn+1>7 U}z’f—i_l = gZ(tn+l)>

| forn=0,...,M —1,

where difference operator ﬁ; is defined as
. DU, i< N/2,
DU = ,
Dfur, i> NJj2.

The finite difference operator given in (4.3.1), satisfies the following discrete maxi-

mum principle result.

Lemma 4.3.1. (Discrete maximum principle) Suppose that a mesh function Zf“
satisfies Z >0 on OQNM . Then, Lg’MZ_;T‘“ >0, for all (25,tn) € QNM and D;Z}‘,ﬁ —

D;ZZE <0, forn=0,...,M —1, implies that Zf“ > 0 for each point of QNM.
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Proof. By following the approach as discussed in Lemma 2.4.1, one can prove the

maximum principle. ]

An immediate consequence of this discrete maximum principle and Lemma 4.2.2, the

following stability result holds.

Corollary 4.3.2. If (71.”“ is the solution of discrete problem (4.3.1), then
. . 1 Nae
1Ulloe < 1Ulloo 0t + Sl Lz Ullos,

. ap Qg
where ¥ = min{ —, —— 5.
{f 1—5}

This concludes that the discrete scheme (4.3.1) is stable.

4.3.2 Error analysis

This subsection deals with the error analysis of the proposed numerical scheme (4.3.1).
We split the error term as follows:
LEMOH — (@i, tgn)) = (Le— LI )id(wi, tga)

= (Lg — Lg’M)U(fEZ, tn+1) aF (Lg a Lg’M)w(LCZ, tn+1).
(4.3.2)

The following results will be used in the proof of truncation error estimate.

Lemma 4.3.3. Let §(z) = (g1(), g2(x))T be a smooth function defined on [0,1]. Then,

for 1l =1,2, the following estimates for the truncation error hold true

Tit+1 T
(-] <Ca [ Il [T It foro<i< a2,

Ti—1 P —

Tit1 Ti+1
(Lo, — LYM)G| < Ce / g (s)[ds + C / G/(s)lds, for N/2<i< N,

where §; = g(x;).

Proof. By following the methodology of [40, Lemma 3.3], one can prove the above

estimates. -

Now, we will discuss the error estimate for the smooth and layer components, sepa-

rately.

Lemma 4.3.4. At each mesh point (x;,t,) € QMM the error associated to the smooth

components satisfy the following estimates

(Le— LEMYt(2i,tn)| S C(NTUH AL, (i,t0) € (@YY NQT) U QY M N Q).
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Proof. Note that
‘(La — LMY (a5, tn+1)|

( 83’01 821)1 At 827)1
C h hl A )
(3(+ |55 || a2 || _ 2’m2w)
for1<i<i—1,
<
- 8301 hi—i—l 021)1 82111
hi + h —
0(3( Thin) || G 2 ||, 2 || o OO)’
for F+1<i<N-—1.

\

Then, by using h; < CN~! and the derivative bounds of ¥ given in Lemma 4.2.5, we get

N N
|(Le, = LEMYT (w4, tni1)| < C(N'+AL), for {1 i< 1}u{5 +1<i<N-1
(4.3.3)

In a similar manner, one can obtain that

N N
|(Le, — LEM)0 (@i, )| < C(NT'+AL), for {1 ShSo = 1}u{5 +1<i<N-—

@
S
| —

which leads to the desired result.

Lemma 4.3.5. The error associated to the layer components satisfy the following esti-

mate:
( C(N'+At), fora; €[0,6— 15U — 72, 1]
C(e5'N"'In N + At),

(Le = LEM)B(ai,tai)| < for a; € (€ — 15,6~ TR U[E+ 72,6 +72),

—

C((e7'+e )N'InN + At),

( forzi € [ =75,6) U (£, € — 7]

Proof. We split the proof of the error estimate into two different cases depending on
the location of mesh points.
Case 1: (Interior layer region) First consider the subinterval ({ —7_,,& —7.,]. By using

the inequality

el_kexp (—M) Sngkexp (—w>, forr<&—7, k=1,2,...,

€1 €2
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and Lemma 4.2.5 with Lemma 4.3.3, we obtain

83w1

W(% tny1)| do

Tit1
|(L51 - LQ’M)TE(%,%H)‘ < CAt+C (81/

Ti—1

+ / Z dx)
Ti—1

< CAt+C (N "InN (e7'BZ (%) + 25" B (2)))

0*w
6721 (I, tn+1>

< C(At+e'N"'InNB_ () . (4.3.5)

In a similar manner, one can obtain that

3w
8732(% tni1)

+ / l dx)
Ti1

< C(At+e'N"'InNB_ (). (4.3.6)

Tit1
|(Ley — LY )i (2, ti1)| < CAL+C <52 / dx
Ti—1

0w
81C22 ($7 tn+1)

Next, we consider the subinterval [ — 7.,{). By applying the previous argument, for

[=1,2, we get
|(Le, — LMY 0 (04, tng1)| < CAt+C (N 'InN (e7'BZ (2:) + €5 ' B, (%))

€2
< C(At+N'InN (e7'B; () + &3 ' B (2:)) . (4.3.7)
In a similar way, for subinterval (§, £ 4+ 7.7], one can obtain the following bound
‘(Lg — L2"Yw(;, th)] <C(At+N'InN (e7'BS () + ;' B (). (4.3.8)

Finally, we take the subinterval [§ + 7., 4+ 7.0). By applying the inequality

€1

g7 exp <—@> < Oey*exp (_(T;—f)a), forr>¢+70 k=1,2,...,

and Lemma 4.2.5 with Lemma 4.3.3, we acquire
‘(LEL — Lg’M)?B<$Z, tn+1)} S CAt 4+ C (N_l IHN (El_lB;; (377,) + 52_18:; (Qfl)))
< C(At+ey'N“'InNBZ (7)) . (4.3.9)

Case 2: (Outer layer region) For 1 < ¢ < N/4 and 3N/4 < i < N — 1. From (4.2.8)

and using the technique from Case 1, one can deduce that

(Le — LYY (4, tny1)| < C(NTL+ At), for 1 <i< N/4dand 3N/4<i< N —1.

(4.3.10)

By combining results (4.3.5)-(4.3.10), the desired estimates follow. "
The main result of this chapter is discussed in the following theorem.
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Theorem 4.3.6. Let @(x,t), U™ be the solutions of the (4.1.1) and (4.3.1), respectively.
Then, the error satisfy the following bound:

O — ii(zi, 1)) < C(N"'(In N)* + At),

where C' is independent of N, At and &1, 5.

Proof. Firstly, we consider the error estimate at the point of discontinuity z; = &:

(D = D7) (T3t = (e tar) )|

N U
_ ol . ou
< | Dyu(zns2 tnt) = 7= (@ g2 tngr) | + | DF Uz N2, tnrt) — 7= (Zng2, trs)
ox Ox
CN~'+ CN- (rher! (7' B (2:) + 25 ' B (1))
<

CN™'+ CON~* (rfe5! (gl_lle (z;) + e;lBj;(a:i)))

CN~! (raer’ (1" B (@) + €5 ' B5 (w:))
+
CON~' (r5e7" (e7' B () + &3 ' B, (24)))

Tn+1
Ui

Define the discrete barrier function )Zﬁ(:ri,tnﬂ) = é(xi,tnﬂ) + ( — (i, that)),

6 = (01,0,)T, for | = 1,2, as follows

&' (@i~ (E~13)), =€, &7
(er' +ea )@ — (€ —13)), z: € (€ —15, ¢
Ou(@i, tns1) = C(NTHA)FC NN § (67" +e3)(E+ 78 —20), m € [§, €+ 7))

52_1(§+T;2_—13i), €+ 10, E+ 1),

L 0, otherwise.

Using the error estimate of the smooth and layer components given in Lemma 4.3.4 and
Lemma 4.3.5 with (4.3.11), we can show that

LM (@i tnga) = 0, for (z,t) € (@M NQ7)U @MY NQT), 43.12)
(DF — Do) Cs(as, tsn) > 0, for (z,8) € {€} x [0,T). N

Applying the discrete maximum principle (Lemma 4.3.1) to Y5 (%;, t,+1) on the domain
—N,M

Q and by using (4.3.12), we conclude that

UMY — G2, tng)| < C(N"(In N)? + At),

This completes the proof. ]
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4.4 Numerical Results

In this section, we present some numerical results to illustrate the accuracy of the pro-
posed method and the theoretical analysis, we consider two numerical examples on the
piecewise-uniform rectangular mesh @N’M. For both the test problems, the errors and

the corresponding order of convergence are presented in the form of tables and figures.

Example 4.4.1. Consider the following system of parabolic IBVP on Q = (0,1) x (0, 1]:

( Ouy 0%uy Ouy
W — ElW + al(x)% + 4U1 — 2U2 = fl(flf,t),
ou 0%u ou
ai 528—22+6L2(I)6—; —2U1+4U2 :fQ(ZL‘,t),

uy(z,0) =0, ug(z,0) =0,

| w1(0,8) = w(1,8) =0, ug(0,t) = us(1,¢) =0, t€]0,1],
where the convection coefficients are

1, 0<wz<li 2, O<wz<i
-2, 1<z <1, -1, : <z <1,

and the source terms are given by

-2, 0<z<3, —2, 0k z/< 1,
fl(x7t): f2<x’t):

3, i<z<l, 2, i1<z<l.

Example 4.4.2. Consider the following system of parabolic IBVP on @ = (0,1) x (0, 1]:

(0 0? 0
% b 61%; + al(x)% A+ 2 — (2 — 2)us = fi(z,t),
Ous 0%uy Ougy
E 7 52@ o CLQ(Z')% - (2 + x)ul + (4 = QJJ)UQ — fg(:L‘,t),

up(2,0) = z(1 — x), ug(x,0) = z(1 — z?),

u1(07t) = ul(]-at) = 07 u2(07t> = u2(17t) - 07 te [07 1]7

\

where the convection coefficients are given by

1+ z, 0<z<3, 1+ 22, 0<z< 3,
a(x) = az(x) =
—2+02), t<a<l, —2+2?), t<ao<1,
2 2

and the source terms are

—2(1+2%?%), 0<z <3, —(1+2%?), 0<z<3,

fl(xvt): fQ(xvt):

(3 + xt?), ;< <1, (1 + 23t), s<z <l
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For the numerical experiments, the singular perturbation parameters take values from
the set S. = {(e1,e2)]ea =275,...,279 &, = 272%e,}, which is sufficiently a small choice
to bring out the singularly perturbed nature of the problem. To visualize the appearance
of the interior layers near the point of discontinuity at = = 1/2 in the numerical solution
of Example 4.4.1, we have plotted the numerical solution in Fig. 4.3, Fig. 4.4 whereas
Fig. 4.5 and Fig. 4.6 show the interior layers phenomena of Example 4.4.2.

From Tables 4.1 and 4.2, we see the monotonically decreasing behavior of e-uniform
errors, which ensures the e-uniform convergence of the proposed scheme (4.3.1). Also
from Tables 4.1 and 4.2, we observe that the numerical order of convergence of the
proposed scheme is almost equal to one. In order to reveal the numerical order of
convergence, we have plotted the maximum point-wise errors in loglog plot for Example
4.4.1 in Fig. 4.8 and 4.8, which again shows the accuracy of the numerical scheme. For
Example 4.4.2, we have presented the loglog plot for the maximum errors in Fig. 4.9
and Fig. 4.10.

4.5 Conclusions

In this chapter, an upwind difference scheme is proposed for solving singularly perturbed
system of 1D parabolic convection-diffusion equations of the form (4.1.1) with discon-
tinuous convection coefficients and source terms. To obtain the uniformly convergent
solution by the proposed numerical scheme, we have used the piecewise-uniform Shishkin
mesh fitted to the overlapping interior layers for the spatial domain and a uniform mesh
for the temporal domain. Error analysis is provided which shows that the numerical
method is approximately first-order accurate. Numerical experiments validate the the-

oretical findings.

Table 4.1: Uniform errors and the corresponding order of convergence for Example 4.4.1.

€1,69 € S, Number of mesh-intervals N
32 64 128 256 512 1024
ayM 8.4982e-02 5.9682e-02 3.9308e-02 2.4560e-02 1.4929¢-02 8.9017e-03
piM 0.5098 0.6024 0.6785 0.7181 0.74607
M 9.5801e-02 6.8158¢-02 4.5651e-02 2.9271e-02 1.8191e-02 1.0960e-02
oM 0.4911 0.5782 0.6411 0.6862 0.7310
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Figure 4.4:
N =128, M = 32 of Example 4.4.1.
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Figure 4.5:  Surface plot of the numerical solution Uy for e, = 278, &5 = 27% and
N =128, M = 32 of Example 4.4.2.

Figure 4.6:  Surface plot of the numerical solution U, for e, = 278, &y = 27 and
N =128, M = 32 of Example 4.4.2.
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Figure 4.7:  Loglog plot associated with numerical solution U, for Example 4.4.1.
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Figure 4.9:  Loglog plot associated with numerical solution U, for Example 4.4.2.
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Table 4.2: Uniform errors and the corresponding order of convergence for Example 4.4.2.

€1,E9 € S: Number of mesh-intervals N
32 64 128 256 512
dNM 3.8799¢-02  2.6244e-02 1.7482¢-02 1.0981e-02 6.5893e-03
pM 0.5640 0.5861 0.6709 0.7367
i 1.0162e-02 6.7527¢-03  4.3469¢-03 2.5592¢-03 1.4281¢-03
o™ 0.5897 0.6355 0.7643 0.8416
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CHAPTER 5

A Robust Fractional-Step Method for Singularly
Perturbed System of 2D Parabolic
Convection-Diffusion Problems

This chapter presents a numerical method to solve singularly perturbed system of 2D

parabolic convection-diffusion problems. The numerical scheme comprises of a fractional-

step method on uniform mesh for time discretization and the classical upwind scheme on

a piecewise-uniform Shishkin mesh for spatial discretization. For the proposed scheme,

the stability analysis is presented, and parameter-uniform error estimates are derived. It

is shown that the numerical scheme is uniformly convergent with respect to the singular

perturbation parameter. The proposed numerical method is applied to a test problem

to verify the theoretical results numerically.

5.1

Introduction

We consider the following class of singularly perturbed 2D system of parabolic
convection-diffusion IBVP on the domain G := D x (0,T], D = Q, x Q, = (0,1) x (0, 1):

;

\

%—i—ﬁgﬁ: 1, (x,y,t) € G,

i(x,y,0) = do(x,y), (z,y) €D, (5.1.1)
@(0,y,t) =a(1,y,t) =0, (y,t)€[0,1] x[0,7],

@(x,0,t) = d(x,1,t) =0, (x,t)€[0,1] x [0,T],

where the spatial differential operator Lz is given by

,CgE &

0 0 0 0

The coefficient matrices of the model problem (5.1.1) are given as £ = diag(e,e), 0 <
e < 1 with Ay = diag(ay1, a12), Ay = diag(ag, az) and B = {byn}7—;-
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Chapter 5 5.2. Continuous Problem and Solution Bounds

In this chapter, we have proposed an upwind based numerical scheme on piecewise-
uniform Shishkin mesh for discretization in the spatial derivatives and the fractional-
step method for discretization in the time derivative for solving the singularly perturbed
system of 2D parabolic convection-diffusion problem (5.1.1). The proposed scheme is
shown to be e-uniformly convergent in the discrete maximum norm and also almost first-
order accurate with respect to the spatial variable and first-order accurate with respect
to the temporal variable. Apart from this, the proposed numerical scheme carries the
advantage of a fractional-step method, in which, one solves 1D stationary problem with
respect to spatial variables x and y alternately.

We organize the rest of the chapter as follows: In Section 5.2, we discuss the existence
of the exact solution to the model problem (5.1.1). Also, we describe the analytical
behavior of the exact solution. Section 5.3 introduces the time semidiscretization, which
uses the fractional-step method. Later in this section we discuss the asymptotic behavior
of the solutions of the resulting semidiscrete problems and their spatial derivatives. In
Section 5.4, we define the spatial discretization by using an upwind finite difference
scheme on a piecewise-uniform Shishkin mesh. The fully finite difference scheme is given
in Section 5.5 and also the main theoretical result, namely, the e-uniform convergence
theorem is established. In Section 5.6, we present the numerical results for a test problem

to validate the theoretical findings.

5.2 Continuous Problem and Solution Bounds

Throughout this chapter, we assume that the coefficients of the convection matrices

Ai(z,y), | = 1,2, satisfy the following positivity conditions
a1(2,y), aa(w,y) > o1 >0, ag(x,y), an(r,y) > a >0, a =min{a, az}, (5.2.1)
and the matrix B(z,y) satisfies

bu(z,y) >v5 >0, byu(z,y) <0, for I #m,

_ (5.2.2)
(m)lnﬁ{bn(Ly) + bia(2,y), bar (2, y) + bao(x,y)} > > 0.
x,y)€E
Also 71 = mgx{!blz(%y)! /b, y)}, 2= mgx{\bzl(ﬂ%y)\ /b2a(z,y)},
0 <~ :=max{y,7} <1 (5.2.3)

We assume that the data of the 2D parabolic IBVP (5.1.1) satisfy following smooth-

ness and compatibility conditions

Fe(CX@)? and i, € (CHD)). (5.2.4)

Ph.D. Thesis 96
TH-2098 136123007



Chapter 5 5.2. Continuous Problem and Solution Bounds

and
(

Uo(z,y) = 0, on dD,

—

f(xayao) - *CE/L_L»O(‘Tay) = 67 on aDa

— — —

(5.2.5)
ft(xa Y, 0) + (£5)260<x7y) - 'CE_’ (:U7y7 O) = Oa on 82)’

| f(z,y,t) =0, on{0,1} x {0,1} x (0,71,

Under these smoothness and compatibility conditions imposed on the functions u, and
f, the exact solution @ of model problem (5.1.1) exhibits a regular boundary layer of
width O(e) in the neighborhood of the sides along x = 1 and y = 1 of D and corner
layer at point (1,1).

Lemma 5.2.1. (Mazimum Principle). Let (2 + L) be the differential operator
defined in (5.1.1) and assume that the matrices Ay, As and B salisfy the conditions
given in (5.2.1) and (5.2.2), respectively. Then for 7> 0 on dG and (24 L) 7> 0 in
G, we have Z> 0 for all (z,y,t) € G.

Proof. We prove this lemma by contradiction. Assume that there exists a point

(0, Y0, to) € G such that

min{z, (zo, Yo, to), 22(T0, Yo, to) } = min{ min _z(z,y,1t), mian(x,y,t)} < 0.
(z,y,t)EG (z,y,t)€EG

Without loss of generality we assume that 21 (xo, yo,%0) < 22(x0, Yo, to). It follows that
0% k,
o + (L2), Z ) (%0, Yo, to) < bi1(o, Yo)21(Zo, Yo, to) + bia(zo, yo)22(x0, Yo, to) < 0,

which contradicts the hypothesis of this lemma, therefore Z > 0 for all (r,y,t)€G. =

Define the decoupled differential operators by

ov 02 0? ov ov
L= Er € (@ + 8_y2> v+ au(x’y)a—x + a2l(xuy>a_y +bu(z,y), =12

It can be easily verified that the differential operator £; satisfies the maximum principle.

Lemma 5.2.2. If v € C(G) N C*(G), with Liv = ¢ on G and v = ¥ on G. Then v
satisfies

[0llee < ll¢/bullo + 191 co-

Proof. Consider the barrier function

¢ = 110/bull o + 19 lloo-
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Clearly, we have ¢ > v on dG. And for all (z,y,t) € G, we obtain

£l90(x7y7t) = bll(xay7t) (Hgb/bllnoo + H¢||OO)

= bu(z,y,t) [(0/bu)(x,y,t)| = [¢(z,y, )| = [Lw(z,y,1)].
By applying the maximum principle for £;, the required result follows. ]

Next, we construct a sequence of uncoupled problems whose solutions converge to the

exact solution of the continuous problem (5.1.1).

Lemma 5.2.3. Let 4 be the solution of (5.1.1). For j=0,1,..., define the sequence of
vector-valued functions iV = (u[lj],u[;])T as follows: let W% be any function in (C(G))?

and for 9= 0,1,..., the function @V satisfy
£1U[1]] = fi— 512U£7_1], [z2u[2j] = fo— leu[lj_l]
i (x,y,0) = iy, y), (z,y) € D, (5.2.6)
@z, y,t) =0, on dD x [0,T7.

Then lim,_, @ = 4. Furthermore, we have

1

. 1, = .
il < 7= (o=l + . ) (527

Proof. For j = 0,1,..., set &, = @ — @’ . Then, for > 1, €, is the solution of the

following problem:
5161@1 = —5126%_1}, eﬂ (x,y,t) =0 on IG,
526% = —b21€£f1_1}, eq[il(x, y,t) =0 on 0G.

From Lemma 5.2.2, we obtain

6% = Hbmegg_”/bll ' <m 5{3_”” ,
61@2 = b21€z[f:1}/522 < Y2 é{szl]

Hence, one can deduce that
167 ]loo < Yl1EY oo < A11EY floo-
It implies that ||&7 ||l — 0, d.c., lim, o @ = @.

Next, consider @ = 0. And set /e_:[i] =Vl — @~ for y=0,1,.... From (5.2.6), it is
easy to verify that
Lol = —bgel N, Loel = —byel-t,

Ph.D. Thesis 98
TH-2098 136123007



Chapter 5 5.2. Continuous Problem and Solution Bounds

Again, by using Lemma 5.2.2, we get
e e = oty bull s (1] = 02 b0l s 7= 2,3,

- -1
Which implies that ||/é[uj]||OO < 7||€[uj ]||oo for y =2,3,.... Consequently, we have

=]
180 <7 8 e for g=12.....
Therefore,
180 = 18 oo < =11 Flloc + 1ol
B
Hence, for all ) = 1,2,..., one can obtain that

=] - 1 = .
10 < (—anoo ; ||uo||oo) .
VB
Finally, we get

1
|l = lim S 2
J1—00

=] 1 -
<1 o _ N dolla | -
Jin SN < 2 (S )

J=1 oo

An immediate consequence of Lemma 5.2.3 is the following corollary, which discusses

the existence and uniqueness of the exact solution of the model problem (5.1.1).
Corollary 5.2.4. The continuous problem (5.1.1) admits a unique solution.

Proof. If f = i@, = 0, then one can easily see from (5.2.7) that @ = 0 is the only solution
of (5.1.1). By using the standard theory for solutions of system of partial differential
equations from [42, Section 7.5], one can show that the system of PDE (5.1.1) has a

unique solution. ]

Lemma 5.2.5. For all non-negative integer ko satisfying 0 < ko < 2, the time derivatives
of the exact solution U of the IBVP (5.1.1) salisfy the following estimate

ko 1 =
Sk (x,y,t)‘ <, forall(z,y,t)€Qg.
Proof. By following the argument of Theorem 2.2.4, the desired result follows. ]

In remaining part of this section, the decomposition of the exact solution is discussed.
Also, we establish sharper bounds on the derivatives of the exact solution « of the model

problem (5.1.1). To find these bounds, the solution « is decomposed as follows:

i(z,y,t) = U(z,y,t) + d(z,y,t), (v,9,t) €G.
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The regular component ¢ can be obtained from

Lo+ = f*, in G* = D* x (0,77,
U*(z,y,0) = uj(x,y), in D, (5.2.8)
7*(x,y,t) =0, in 9D* x [0, 77,

as a restriction to G, where D* is the smooth extension of D and Aj, A3, B*, j?* are the

smooth extensions of A, As, B, f to G, also 4}, is an smooth extension of iy to D.

Next, o will be decomposed in terms of layer components as follows
w:w1+1172+11712,

where the boundary layer component w; can be obtained as a restriction to G of the

exact solution of the following problem

( Lrar =0, in G** = D** x (0,77,
@ * (2, y,0) = 0, in D**, (529)
@ (@, y,t) = —0*, in D x [0, 7],
| @ (2,y,t) =0, in 9D3* x [0, 7],

where D** is the smooth extension of D near the vertex (1,1), OD;* is an extension of
side = 1 beyond the vertex (1,1) and 9D%* = 9D** \ 9D;* and also v** is a smooth
and compatible extension of #(1,y,t) to ID;*, as well as A*, A3* B** are the smooth
extensions of Ay, As, B to G**.

*

The function ws™* is the smooth extension of the boundary layer function w, to G

and it satisfies the following IBVP:

( Lz =0, in g** = D** x (0,7,
z,7,0) =0, in D**,
3" (@, 0) =0 _ (5.2.10)
***(x y,t) =0, in 0D x [0, T,
| Wa*(z,y,t) = —5**, in 0Dy x [0,7T7,

where D3* is an extension of side y = 1 beyond the vertex (1,1) and D3* = D** \ D3
7** is a smooth and compatible extension of #(x, 1,t) to OD5*.

Finally, the corner layer component ;s is the solution of
Eg‘u_)’n:(j, ngZDX (O,T],

ha(,y,0) =0, in D, (5.2.11)
Wa(z,y,t) = —(U+ Wy + Wy), in 0D x [0,T].
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By following the technique of [38, Lemma 2.3 | and [39, Theorem 4.1] with Lemma 5.2.5
(bounds of time derivative of exact solution), one can conclude that the smooth and
layer components, U, w;, wWs, wio satisfy the following estimates:

OFstke g
Ozk=Qykv Othe
OFs Theqs,
Oxk= Oyl Otk
aks“l‘kth
Oxk= Qyky Otk
@k‘s‘i’kt 'LUlQ
Oxk= Qyky Otk

Qu

(z,y,1)
(z,y,t)| < Ce* Bl(x)
(5.2.12)

(z,y,t)| < Ce~ v Bl(y),

(w,y,1)| < Ce~* min{ B! (z), BL(y)}

where ks = k; + k,, and k, + 2k, < 4, for all (z,y,t) € D x [0,T].

5.3 Time Semidiscretization

In this section, we propose the numerical scheme which discretizes the continuous prob-
lem (5.1.1) in the time direction. Before getting into the details of the time semidis-
cretization process, we split the spatial differential operator Lz as Lz = Ly-+ L5 -,

where L7 - and L5 - are given by

. 9? 0
(L1, L12e)" = €= + Ai(z,y) 5 + Bi(z,9),

Lie= 0x? ox
£*~: (£21 EQQ )T: —58—2+A2<CL’ y)ﬁ—f-Bg(l’ y)
Ve €D »€ ayg ) 8y y 9

14

where the coefficients of matrices By(z,y) = {b;,,

(2,9)} i me1, £ =1,2 are given by
blm = bllm(x7y) + blzm(xﬂy>7 lvm = 172

In addition, we assume that the reaction coefficient matrices By(z,y), ¢ = 1,2, satisfy

the following conditions:

bh(z,y) > yé, bi (z,y) <0, forl#m, I,m=1,2, {=1,2,

(5.3.1)
min_{by; + by, by + b5} >4 >0>0, £=1,2.
(z,y)€D

Let us consider the decomposition of the source term as f = ﬁ + fé, where fl =
(fi1, f12)* and f; = (fa1, fo2)T satisfy the following conditions:

fim(x,0,t) = fim(z, 1,t) =0,  fim(0,y,t) = fim(1,y,t) =0, for ,m=1,2. (5.3.2)
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The fractional implicit-Euler method for the time semidiscretization on the uniform

mesh T = {tn, =nAt,n=0,1,..., M, At =T/M} is described as follows:

ﬁo = ﬁO l’,y), (l’,y) S 57 (533)
(I + AtLy ) @2 (2, y) = d(x,y) + At fI 7 (2,y), (v,y) €D,
. ) (5.3.4)
at2(0,y) =0, @ A(ly) =0, y € [0,1],
and
(I + AtLs ) @+ (z,y) = @™ (2, y) + At fi (2, y), (z,y) €D,
(5.3.5)

@ (x,0) =0, @*'(x,1)=0, z€0,1].

In such a way, one can obtain the numerical approximation @™ (z,y) to the exact solution
t(z,y,t) of the model problem (5.1.1).

Lemma 5.3.1. (Mazimum Principle). Let (I + AtL;,),l = 1,2, be the differential
operators defined in (5.3.4)-(5.5.5) and assume that the entries of the matrices Ay and
By satisfy the conditions given in (5.2.1) and (5.5.1). Then for z"T! > 0 on OD and
(I + AtLy )z > 0 in D, we have 2 >0 for all (z,y) € D.

Proof. We prove this lemma by contradiction. We prove the maximum principle related
to the operator (I + AtL;_). One can prove for second operator in an analogous way.
Assume that there exists a point (g, o) € D such that

min{27" (z0, ¥0), 25 (20, Y0)} = mm{ min_ 2! min ZSH} < 0.

(z,y)ED (z,y)€ED

Without loss of generality we assume that 2" (zg,y0) < 25%"(20,10). Then the first
component of (I + AtLy )z"*! satisfies

(I 4 AtLyy )2 (o, yo) < (1 + Atbyy) 27" (0, yo) + Atbyyz5 ™ (0, yo) < 0,

which contradicts the hypothesis of this lemma, therefore z**! > 0 for all (z,y) € D. =

Stability

Next, we will discuss the stability of the semidiscrete scheme (5.3.3)-(5.3.5). By using the
stability and consistency, one can easily prove the convergence analysis of the numerical
scheme by following the classical arguments.

Since the operators (I + AtLy,), I = 1,2, satisfy the maximum principle (given in
Lemma 5.3.1), it follows that

1 1
T+ ALy ) Yoo < ——— T+ AtLs ) Moo < ————. 5.3.6
0+ ML) e € gy 10+ A5) e € Ty (539
These estimates ensure stability of the time semidiscrete scheme (5.3.3)-(5.3.5).
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Consistency

The local truncation error é**! of the semidiscrete scheme (5.3.3)-(5.3.5) at the time
level ¢, is defined by

én+l = 6(tn+1) —Uu s

=n+1 | .
where u is the solution of

-n+1/2 -
(F+AtL; ) (,y) = @ta) + AT (2, y), (2,y) €D,
o » (5.3.7)
=n > =nt =
A0 =0, &1,y =0, ye 0,1,
and
=n+1 =n+1/2 Fhal
(I+AtLs)u (x,y) =1 (z,y) + At 37 (x,y), (z,y) € D, 555

=n+1

a  (z,0)=0, i (z,1) =0, z €[0,1].
The next lemma shows the consistency result of the time semidiscrete scheme.

Lemma 5.3.2. The local truncation error corresponding to the time semidiscrete scheme
(5.3.7)-(5.3.8) satisfies the following estimate

lE" oo < C(A)*.

Proof. By using the Taylor’s expansion and the maximum principle ( Lemma 5.3.1),

one can obtain the required result. ]

Uniform convergence

The global error of the time semidiscrete scheme (5.3.3)-(5.3.5) at the time level ¢, is
given by

E"= sup |i(tn) ="
n<T/At

By applying the stability (5.3.6) and consistency (Lemma 5.3.2), we obtain the following

result.

Lemma 5.3.3. If we assume the hypothesis of Lemma 5.5.2, then we have

sup ||u(t,) —a"|, < CAt.
n<T/At

Hence, we conclude that the time semidiscretization process is uniformly convergent

of order one.
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5.3.1 Asymptotic behavior of the semidiscrete solution

—n+1
In this subsection, we study the analytical behavior of the exact solution u of the
time semidiscrete scheme (5.3.7)-(5.3.8). First, we discuss the analytical behavior of the

exact solution of (5.3.7) and their derivatives.

Lemma 5.3.4. The differential operators Ly, ., m = 1,2, satisfy the following estimates

Hﬁlm,sﬁHoo < C'7 ||£2 ﬁ”oo < C, m = ].,2

Im,e

Proof. We use the bound of the smooth component ¢ and the layer components w;, s
and w5 given in (5.2.12) to prove the required estimate. By using the derivative bounds
of ¥ given in (5.2.12), for m = 1,2, it is clear that Ly, U, Loy U, L3, .U and L3 T are
uniformly bounded.

Next, we will prove similar bounds for the layer components. First we decompose w;

as Wy = W] + ew? + w3, where W}, Wi and W satisfy the following IBVPs:

( 81171 81171 au—jl ~ . .
8_151 g Al(‘ra y)ﬁ_xl + AQ(xa y)a_yl an B(.CE, y>w% = O, 1mn g,
=] _ ~ .
wl ($7y7 O) - 07 1mn D, (539)
@H0,y,t) =0, @ (1,y,t) = —v(1,y,1), in [0,1] x [0, 77,
| @} (2,0,t) =0, @i(z,1,t) =0, in 9D, x [0, 7],
816% 015% &Uf O*wt 9wt )
L A -2 A -1 B =2 1 1
ot 1($ay) Or + Q(ZL‘,y) ay + (xvy)wl 12 y ayz , 11 gu
@2 (z,y,t) =0, in dG,
(5.3.10)
and 8@’3 82152 azu—jQ
< 4 (5.3.11)
Wi (z,y,t) =0, in G
From (5.3.9), (5.3.10) and (5.3.11), we can get
OFs TRt (2, y, 1) -
= Oy Otk ’ <C,l=12, forks+2k <2, (5.3.12)
and akz +k 3( )
° tu_jl ZE,y,t ~ 2—ks
axkxaykyatkt ‘ S CE ? fOI' ks + Zkt S 2 (5313)
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Chapter 5 5.3. Time Semidiscretization

By employing (5.3.12), we obtain |£~ ~wy] < C_", for { = 1,2. Now, applying the operator
L;-in (5.3.11) on the domain G, we have

I]l

0(515@?)
ot
ET,E‘QB%('IJy?t) - 67 in 8g7

(z,y,1) + L= (Lyz407)(2,y,1) = Eu, In G, (5.3.14)

where

[T

2
ox? Oy + Ox 0xdy Oxr Ox B2 L oy? Ox

L 0A 0% | 2831 o (‘9231 A A, O3 4 DA, O3
dy 0xdy Jy 0Oy 0y? 2 Oy Ox "o oy
0B, 7 0By . 0By
A e .
ol P

_ (82A2 O | J0A 0%} 0By 0} | 9By, 0°A, 0u}

+As——

By using the bound of @ given in (5.3.13), it is easy to show that |Z,| < C. Use, the
maximum principle to obtain that |L; .| < C', which implies that | L7 o] < C.Ina
similar way, we can obtain that |L; .| < C and |L zW12]| < C', by using appropriate
decomposition of layer components wy and ws.

By combining the bounds of |£y1 0|, |L11 W1, |L11.Wa| and |L;  Wio|, one can get

that [£4;. 4| < C. In a similar way, we can prove the estimates for remaining terms of

Lemma 5.3.4. -
—n+1/2
The exact solution & / (x,y) of (5.3.7) can be decomposed in the following way:
=n+1/2 _, =n+1/2 =n+1/2
u (zy)=¢v  (zy)+z O (zy). (5.3.15)
=n+1/2 =n+1/2 ) . .
Lemma 5.3.5. The components v (x,y) and z (x,y) satisfy the following esti-
mates:
~n+1/2
~n41/2 —ay(1,y)(1 — ) ! e Oy
= = 1 5.3.16
Ul (l’,y) eXp ( e I c all(Ly) al’ ( 7y)7 ( )
Pt/
@ y)| SC(L+e™Bl(), 0<k<d4 1=12 (5.3.17)

Proof. By following the approach from proof of Lemma 3.3.1 and using Lemma 5.3.4,

one can obtain the required estimate. ]
=n+l
Next, we consider the derivative bounds for the exact solution 4 (x,y) of (5.3.8).
=n+1/2
In the right hand side of (5.3.8), we have & / (x,y). Therefore, to acquire bounds

=n+l . . .
for the derivative of 7 (x,y) with respect to y, one needs to obtain derivative bound
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Chapter 5 5.4. Analysis of the Spatial Discretization

=n+1/2 . . . . .
of u / (x,y) with respect to y. By differentiating (5.3.7) w.r.t y and using estimates

from Lemma 5.3.5, we obtain

=n+1/2
ok

3—yk(x,y) <C(1+*Bly), 0<k<4 (5.3.18)

Therefore, it follows that

/—\'TL+1/2

— 1/2
| Lom. 7 g

o <C 16307 o £C m=1,2 (5.3.19)

2m,e

—n+1
Next, the exact solution u g (x,y) of (5.3.8) can be decomposed in the following way:

n+1 =n+1

= . =n+1
u o (r,y) =G0

(@,9)+z  (z,y) (5.3.20)

Lemma 5.3.6. The components 5n+1(x,y) and /Z\n“(x,y) satisfy the following esti-
mates:
it —au@ D)1=y e oa™
r = 1 5.3.21
W) exp( € C T 1) oy & 1) ( )
8k2n+1
‘ o (ffv?/)‘ <C(1+e*Bl(y), 0<k<41=12 (5.3.22)

Proof. By using bounds (5.3.19) and following the argument of Lemma 3.3.1, we can

obtain the required derivative bounds. ]

5.4 Analysis of the Spatial Discretization

We discretize problem (5.3.7)-(5.3.8) on a rectangular mesh 5? = ﬁiv X ﬁi\[ C D (for
simplicity, we assume that the number of mesh points is same for both the spatial
variables), where ﬁiv, ﬁ;v are constructed as follows:

Define the transition parameters 7,, 7, which are used to separate the coarse and

fine parts of the meshes in both the spatial directions, by
1 1
T, = min 5 ozglnN ¢, 7, =min 5 oyeln N 5,

where o, 0, are positive constants to be chosen later. Now, we define the mesh ﬁiv by
dividing the interval [0, 1] into two subintervals such as [0, 1 — 7], [1 — 75, 1], then divide
each subinterval into /N/2 mesh-intervals and analogously we proceed in the y-direction.

Hence, the step sizes in both the spatial directions will be described as

hm,i:xi_xifla izl,...,N, hx,i:hz,i+hm,i+17 izl,...,N—l,

hyvj:yj_yj*h .j:l?"'aN? ily,j:hy,j+hy’j+1, ]:1,,N—1
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Chapter 5 5.4. Analysis of the Spatial Discretization

1 -7,

0 1—7, 1

Figure 5.1: A typical example of piecewise-uniform Shishkin mesh 55 for N = 8.

Note that when 7, = 7, = 1/2, the mesh will become uniform and N~ is exponen-

tially small relative to e (and in this case the method can be analyzed in the classical

way).
Also, assume that H, = 2(1—7,)/N, H, =2(1-7,)/N and h, = 27,/N, h, =27,/N

are the mesh widths in [0, 1 —7,], [0,1—7,] and [1 —7,, 1], [1—7,, 1], respectively. Then,

one can easily see that

N'<H, H <2N ' h,=20,eN"'InN, h,=20,eN 'InN.

5.4.1 The finite difference scheme

Let us denote that QY. = ﬁiv N (0,1), Q. = ﬁ;v M (0,1). For simplicity, denote
that ay; = au(xi,y), au; = ax(z,y;), I = 1,2 and also b, = bt (z;) by, =
bip(x,y;), lLm=1,2.

For spatial discretization of (5.3.7)-(5.3.8), we propose the following finite difference

scheme: .
= o —N
Uy, y, = To(wisy;),  (wi,9;) €D; (5.4.1)
—»n+1/2 N
I+ AtEN ) iy = U(w;, y, t,) + Atf"“(xi,y), (x;,y) € D_,
(5.4.2)
= n+1/2 . —nt+l/2 . N
U = 0, Ul,y = O’ y - y
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Chapter 5
—n+l = n+1/2 —N
(1 + At/:%l) Uyy =Usy + A (2,y)), (v,y;) € D.,
—-n+1 —n+1 (543)
Uao :6> U,1 =0, $€§f>
(L5, L5 )T are given by

T and LY. =
2,€

where LY = (ﬁﬁ,y £J1V2,s)
—552 =+ Al(IL'Z, )D; + Bl(xh y)7

cy

’—‘l

&
Eé\f = —&07 + As(z,y;) Dy + Ba(z,y;).
To simplify the notation, we rewrite the above difference operators as follows
=n+1/2 R
(1+2e£ )0, =250
n+1

yn+1/2 s n+1/2 1,+77n+1/2 7yn+1/2
+r lelx Y +T1,i Ul,zi+1,y+ lz 2,x;,y

After rearranging the terms in (5.4.1)-(5.4.3), the numerical scheme takes the following

form:

( Sy = n+l/2 1
L Usy =110 Uis, oy
== ul(xiu y7 ) + AtfnJrl(xla )7 (xia y) € D
—»'rL+1/2
SN T +1/2 +1/2 +1/2 +1/2
‘C{\Q,EUa:i,y UQnmz 1,Y +r 2 zUan Y +r 2 K UZnacHl,y S QQ K Ulnx,,y (544)
- u2($17y7 ) +Atfn+1(x’i>y)7 (3717:(/) S D
;\‘n+l/2 . ;\ﬂn+l/2 5 N
L U07y — O, U]_’y - O, y E Qy 5
( N 2l 2,—7rn+1 +1 +1 +1
i o n mn n n
‘CQL U Ty, Tl,j Ul,z,y + rl Ul T, Y5 + rl Ul JTY 41 + qu 2,,y;
+1/2
Ulnw,yj/ + Atf”“(a:,w), (z,y;) € D
N ﬁnﬂ — 2ot p2epnd ,+Un+1 4 2epmH (5.4.5)
22~ my; T 125 T23y;-1 23 2,2,y; 2,2,yj+1 q2j 1z,y;
n41/2
S AL @y, (2,y;) €D
=n+l . =n+1 . N
UQE,O - 07 U:E,l - O, x € QI 5
where the coefficients rl i ql o lbm=1,2, 1<k <N —1, are given by
= At S = At 41, et = At At
1,0 l,x,1° lz l,x,i lz l,x,i? qlz qla:z
27_ _ 2’_ 2 2 ,+ 2 +
T —Atrl7y7j, le Atrlycj—i-l T Atrlyj, qm Atquj
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Chapter 5 5.4. Analysis of the Spatial Discretization

with
(1 _ —2  ay, ( 22— —2¢ Q21
l,eg = 7 R lyj — = — ,
heihei Do hy by T
1,c 2e 51K 2, 2e gy, j
x,i+11bx i T, hy,jﬂhy,j hy,ﬂ
Tl + . —28 2 + . —25
lei = 7 ) Ty Yd
hm,ihm,i—‘rl h hy ]+1
1l 11 2,c _ 12 2,c _ 12
L ql 0 b12 ) q2 x,i b21 3 L ql,yvj - b127j’ quyvj - b21:j'

5.4.2 Error analysis

Here, we study the stability of the proposed numerical scheme (5.4.4)-(5.4.5). Finally,
we will analyze the e-uniform convergence.

The difference operator satisfies the following discrete maximum principle.

Lemma 5.4.1. (Discrete maximum principle) Let ﬁlms, I,m= 1,2, be the differ-
ence operators given in (5.4.4)-(5.4.5). Then for any mesh function Z, if Z > 0 on

ODYN and E{YMZ > 0 in DY, then we have Z >0 for all (z;,y;) € DY,

Proof. By following the approach discussed in Lemma 2.4.1, one can prove maximum

principle. ]

The discrete operator (I + AtLY E) [,m =1, 2, satisfy the maximum principle, one
can easily obtain the following stability bound:

<1
~ 14 BAL

1

H (I+AtLy,.)

forl,m=1,2, {=1,2. (5.4.6)

Hence, the proposed numerical scheme (5.4.2)-(5.4.3) is uniformly stable in the supre-
mum norm. Next, we discuss some technical results which will be used to prove the

uniform convergence of the difference scheme (5.4.4)-(5.4.5).

Define the mesh function

N -1
)\hx k
Si A) = 1 7 )
w=11 (1 22%)
where ) is a constant to be fixed later.

Lemma 5.4.2. If we assume that A < ay/2, then the following estimates hold:

2y .Sy —CWAL g0y -1

max{e, h,;}

Jor 1<i< N —1, Si(\) = (Si(\), S;(\)".
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Chapter 5 5.4. Analysis of the Spatial Discretization

Proof. We consider

LS =71y Sia (V) + S0 + 11 S (N + a1 i Si ()

> Si(\) _'rh ((1+%)_1—1> +ry; <(1+>\h?+1> —1>]

_(111 ZAt )\hm i 2e At /\haj i 2A\AL
=S;(A : : = ’ — —
2 hy.i (5 + /\hw,i) " Paila i (5 + Ahr,i) i
> Si(A\)= : = > Si(A).
= 5l >hx,i (e + Ahy;)  — max{e, hy;} (M)
In a similar manner, one can easily obtain the estimates for the operator /Jm . "

Lemma 5.4.3. For A\ > 0, the following bounds hold true:
1. S;(A) > exp(=A(1 — x;)/e).
2. If hy; < e fork>i41, then

N -1 N
I I 1 ; <C | | = .

k=i+1

Proof.

il
1. For each k, we have exp ( Ah‘”’k) < (1 + Ahxv’“) '

- <
Multiply these inequalities for k = i+ 1,..., N, we obtain exp(—A(1 — z;)/¢e) <
Si(N).

2. Since, h,; < ¢ for k > i + 1. Therefore exp(2Ah,;/e) < exp(2A). One can easily
obtain that exp(2)) < C, for sufficiently large positive constant C'. Hence, we have

exp (2/\hm) <. (1 + Ahxk) )
€ €

Multiply these inequalities for £k =i+ 1,..., N, we obtain the desired result. =

Truncation error

In the remaining part of this section, we study the error analysis of the spatially dis-
cretized scheme (5.4.4)-(5.4.5). We will show the convergence of the discrete solution
of problem (5.4.4) to the exact solution of (5.3.7), analogously one can obtain the error
analysis for (5.3.8).
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Chapter 5 5.4. Analysis of the Spatial Discretization

Now, for the numerical scheme (5.4.4), we define the local truncation error as follows

=n 2 1/2
( Cl,n-l—l/? (I+At£11 6) +1/ =n+1/

iU

( ) (I+At£11a) (l"z)

= ALGETE 1 <i< N -1,

(5.4.7)
n =n+l1/2 —n+1/2
Gt = (T+ ALl )i ) — T+ ALy )d (x)
\ = AL 1 <i< N -1,
therefore "
n =n+
::;u+1/2 (Eﬁ € £11 5) (xl)7
(5.4.8)

=n+1/2
2n+1/2 (Ejl\gs £125)

I,n+1/2

().

For [ = 1,2, the truncation error ¢;’, is used for 1D convection-diffusion problem

(5.3.7), where the dependence on the parameter y is omitted.

Lemma 5.4.4. The local truncation error given in (5.4.7) satisfies the following esti-

mate:

At

mﬂi(mi“) , forO<z; <1—1,,

C |Ath,; +
Cl n+1/2 ’

,U

C’[At hei+ At hy;e 2 Bl (xz)], forl—r1, <x; <1,
where | = 1,2, also C' is independent of both h,; and perturbation parameter .

Proof. We consider different cases depending on the location of the mesh point x; € in .

Case 1. (Outer region): For 0 < z; < 1 — 7,. To find the appropriate estimate, we
consider two subcases depending upon the mesh width %, ; and parameter ¢.
Subcase (i). If h,; <e. By applying (5.3.17) and (4.3.3), we obtain

L2 < Ce [hyy + e 'Biwis1)] € C [hey + Bl(zi1)] . 1=1,2.
In addition, one can get

|Chntt 2] < Ce™' Bl (aip), for1=1,2.

Therefore, combining ‘Cl /2 , i’,ﬁﬂ/ 2 , I = 1,2, with the spatial decomposition
(5.3.15), we deduce that

(L2 < C [hyy + e B (wi)], forl=1,2. (5.4.9)
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Subcase (ii). Assume that h,,; > . By following the similar argument as in Case 1,

we obtain
(L2 < C [hyy + Bl(wig)], for 1=1,2. (5.4.10)

For 1 <7 < N/2, we have

|C1,n+1/2 _ T,i ;Z 6171-1-1/2(%2 1) + 7”% ; ; @\171—&-1/2(;[;@) + T} ;rl i)\ln‘i‘l/Q(.I‘i-i-l)
82@\“"_1/2(55‘) 66n+1/2(l")
Le sntl/2 i) 4
gt () — (_5 18x2 + apy (z;) — -

~n—+1/2 ~n+1/2
+ (byy () O U2 () + by ()T, (ﬂfi))‘
= e [ (ORI ) 1l Db

+a11(1)

(a1(1) — all(%))}
€
< Chg; Bl(wi) + Ce ' Bl(z;). (5.4.11)

2,n+1/2
In a similar manner, one can easﬂy obtain the estimate for ¢z’ /

(5.4.10), (5.4.11), for | = 1,2, we get

. By combining results

;:3+1/2‘ < (C;,’ZH/Q‘ X ’dﬁ-ﬁ-lﬂ) < Chy,; +Ce'Bl(z;) + Ch;j BY(z:41)

using exp(—#) < 14 C6, where § = £/h, ;41 in the above inequality. Same estimate will
2,n+1/2 : ,
hold for ‘Txm ’, using analogous technique.

For i = N/2, by following the similar technique used in (5.4.11), one can obtain that
|(Gn 2] < Chy i Bl(xi), 1=1,2. (5.4.12)
Hence combining estimates (5.4.10) and (5.4.12), for [ = 1,2, we get
et ?| < C gy + C b} Bl (wiga).

Case 2. (Inner region): For 1 — 7, < x; < 1. By applying the derivative bound
estimates (5.3.17) and (4.3.3), we have

G422 < O (Bl ) = Bl ) € Oy (1427 Bl(ai)), 1= 1,2

and
| ln+1/2‘ < Chyie?BNaiy), 1=1,2. (5.4.13)

Ph.D. Thesis 112
TH-2098 136123007



Chapter 5 5.4. Analysis of the Spatial Discretization

For [ = 1,2, adding both the above estimates, one can get
(G2 < C gy + C hyie ™ Bl (wis).

By combining these estimates, we can obtain the desired result. ]

Next, we discuss the convergence theorem for the numerical scheme (5.4.2) which
will be used to prove the convergence analysis of the fully discrete difference scheme in

the next section.

Lemma 5.4.5. Letu (z,y) and U,,,  be the continuous and the discrete solutions

of (5.3.7) and (5.4.2), respectively. If we assume that o, > 1/ay and A = a1 /2, then we

have the following error bound

(5.4.14)

where C' is a positive constant independent of y, € and N.

/ =n+1/2 =n+1/2 _ )
Proof. To estimate the error term |u (zs,y) — Uy, , we consider the following

discrete barrier function

n+1/2

Ty

BE (1;) = B, + (an/Q(xi,y) U > , for0<i<N,

where B, = (B, B,)T is defined as

hIZ
Chyi(14+ ;) +C A i(A), for hy; <e,

Chx’z(l A Z‘z) a4 CSH_l()\), for hmﬂ' Z E.

If h,,; <e, by employing Lemma 5.4.2 and Lemma 5.4.3, we obtain that

At

C1,n+1/2
£ max{a hai}

LY B, >CAth“+C Si(A) > (G

)

In a similar way, one can show that ﬁ{\g 5153 > ’<2 n+1/2‘

Consider the case h,; > ¢, from Lemma 5.4.2 and Lemma 5.4.3, we obtain that

Cl /2|

,Uu

At
N elB% > CAth,; + C—

hx,l Sz—i—l ()\> Z

2n+1/2.

An analogous estimate holds for the error component ¢;’, Therefore, by applying

the discrete maximum principle (Lemma 5.4.1) to ‘Bcid(xi), we deduce that
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Lemma 5.4.6. Let ﬁn(x,y) be the exact solution of (5.3.7)-(5.3.8) and ﬁzi,yj be the
spatial semidiscrete solution of (5.4.2)-(5.4.83). Then, the following error estimate holds:

—n+1 =n+l
u (xi,y;) — U, v,

(3]

< CN'InN, for all (z;,y;) € I_Div, (5.4.15)

where C is a positive constant independent of € and N.

—=n+1/2
Proof. Leta / (x,y) be the exact solution of (5.3.7) and its numerical approximation
=n+1/2
be U, , . Then from Lemma 5.4.5, we have

Next, we introduce the auxiliary equation

N\ =T ant1y2 i ..
(I rj Atﬁig) Ux,yj =u (I,yj) + Ath (37, yj)7 (I, y]) € Ds ) (5 4 16)

-n+l r. -n+1 . N
U.Z’70 — 0, Uac,l = O, I QZ‘ 5

By following the argument used in Lemma 5.4.5, one can obtain that

—n+1 =n+1

@ (2,y)~U,, |<CN'InN, ze@)

T -

The error term can be expressed as

=n+l il —n+1 —n+1 n+1

(xh y]) - Uwi,yj +U

=n+1

u (w,y,) — U%yj = U U

Ti,Yj Ti,Y5°

Also, we have

=n+l  zntl -1 [ nt1/2 = n+1/2

LirYj ZiYj TiyYj

Then, by using the stability condition (5.4.6), the required result (5.4.15) follows. "

The spatial semidiscretization defined on the piecewise-uniform Shishkin mesh is
uniformly convergent of almost first-order (up to a logarithmic factor). An immediate

consequence of the above theorem is the following result.

Lemma 5.4.7. If N < CAt with 0 < v < 1, then from (5.4.15), one can have the

following estimate:

—n+1 =n+l

i) — O, | S CMNT NN, (oy) € D)

c -

(5.4.17)

This error estimate helps us to obtain the uniform convergence of the numerical

solution of the fully discrete scheme in the following section.
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5.5 The Fully Discrete Scheme

Combining the time semidiscretization scheme (5.3.7)-(5.3.8) and the spatial discretiza-
tion (5.4.4)-(5.4.5), the following fully discrete scheme is deduced on the mesh g =
=N =M

D, x7Y

= . —N
Ug?i’yj = uO('Tiayj>7 (x%yj) S Ds )

Fn+1/2 _ 1,—prn+1/2 n+1/2 1,+7rn+1/2 n+1/2
511 sUzmy =T1; Ul,mi,l,y +r 1zU1:13 v T Ul,xi+1,y + 11U2 Ty

= UP 4+ AL (20, y), (zi,y) € Do,

) AX (5.5.1)
['12 sUm:LI/l/z = ;Z_U;;:l/fy +r 21 2n;_17;/2 Rt 22 U;;;i/fy + Qz 1”;:,1;2
=Ug,,y + Atfi57(23,9), (25,y) € D,
\ zfoﬁ;l/Z —0, U""7?=0,yeq,,
(| £215Un+1 _TIJU?;—;J +r 1; ?IZ + %;rUln;rgllﬁl +Q1J Qn;:rzy
1"3!2 + Atf3 N (x, yy), (w,y;) €Dy,
£225Un+1 = U;;; Lt 2; ;jcr; +T2g Ug;crgl/JH +Q2]U{1Z;J (5.5.2)
;?;,;f + Atf (@), (x,95) €D,

U"Jrl 0, U"Jr1 0, z € ﬁiv,
where the coefficients r*, %, I,m = 1,2, 1 < k < N — 1, are described in (5.4.1)

and UQ W = U (zi,y;,tn) is the discrete approximation to the exact solution @(x,y,t) of
the model problem (5.1.1).

Theorem 5.5.1. (Global error) Let u(x,y,t,) be the exact solution of (5.1.1) and
un .y, be the numerical solution of the fully discrete scheme (5.5.1)-(5.5.2) at time level
= At. If N7V < CAt with 0 < v < 1, then the global error associated with the

numemcal method (5.5.1)-(5.5.2) satisfies

<C(At+N""InN), (2;,y;,tn) € Giva'

Hﬁ(xl-, Yistn) = U7, (5.5.3)
where C' s a positive constant independent of € and N.

Proof. By using the methodology from the proof of Theorem 2.5.1, the desired result
(5.5.3) follows. -
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5.6 Numerical Results

In this section, we present numerical results obtained by applying the numerical method
described in Section 5.5 to a test problem. For the sake of simplicity, we have chosen the
decomposition for the reaction term as: b}, (z,y,t) =02, (z,y,t) = by (z,y,t)/2, I,m =

1,2, in the test problem.

Example 5.6.1. Consider the following system of parabolic IBVP on G = (0,1)?x (0,1]:

( (9u1 aul
T~k (1) G+ ey

5 o 20?4 ) — (@

)8_
zy(l —2)(1 —y)t* + 2?y*(1 — 2)(1 — y)e ™,

O enuy+ (1224 (14 28) 22 oz a1 24 207 + s
or 2 dy

X

y(1—22)(1 — )t + ay(1l — 2)(1 — y)e .

i@(0,y,t) = d@(1,y,t) =0, (y,t) € [0,1] x [0, 1],
=d(z,1,t) =0, (x,t)€[0,1] x[0,1].

The exact solution of Example 5.6.1 is not known, in order to compute maximum
error and order of convergence of the proposed scheme, we use the double mesh principle
which is described as follows:

Let Ug: 4, denotes the numerical solution obtained on the fine mesh GANEM = D2N
T2M with 2N mesh-intervals in both 2- and y-directions and 20 mesh-intervals in the
t-direction, which contains the mesh points of the original mesh and their midpoints.

Then for each e, the maximum pointwise error and the uniform error are calculated by

N, M
E ‘ l,2i,Y2; l \Ti,Yj

ls

max

N,M N,M
E" =max B =1, 2.
[ le )
(zi,Yj:tn) Gg Se

The corresponding order of convergence is given by
P g, [ Zi N pnr g, (BN
le — 1982 A 082 peNen |0 T s
!

For the numerical computation, we have taken the number of intervals in the spatial
and temporal directions as N = 8,16,32,64,128, and M = N/4, respectively. For
evaluating the uniform error and the order of convergence, we consider the singular
perturbation parameters from the set S. = {e|e =272,...,2710}.

In order to visualize the numerical solution for Example 5.6.1, we displayed the
surface plots of the numerical solution components U; and U, in Fig. 5.2 and Fig. 5.3
at t = 1.
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Figure 5.2:  Numerical solution U, of Example 5.6.1 for ¢ = 2= with N = 32, M = 8.

For various values of N and M, the maximum errors ElN M and the corresponding
order of convergence PlN’M for Example 5.6.1 are presented in Table 5.1. The numerical
results given in this table reveal the convergence of almost first-order in space and first-
order in time, independent of €.

In order to reveal the numerical order of convergence, we have plotted N vs. the
maximum pointwise errors in loglog plot in Fig. 5.4 and Fig. 5.5 which again confirms

the almost first-order convergence of the numerical solution.

5.7 Conclusion

In this chapter, a computational method has been proposed for solving singularly per-
turbed system of 2D parabolic convection-diffusion IBVP. To accomplish this purpose,
the scheme is constructed on a special rectangular mesh involving the tensor-product of
1D piecewise-uniform Shishkin meshes for the spatial discretization and uniform mesh
for the temporal discretization. In the proposed numerical scheme we have combined
the fractional-step method for the time discretization and the classical upwind differ-
ence scheme for the spatial discretization. It has been proved that the numerical scheme
converges e-uniformly with almost first-order (up to a logarithmic factor) accurate in
space and first-order accurate in time. Numerical results are presented to validate the

efficiency of the proposed scheme.
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0.02 -

0.015 |

™~ 0.01 4

0.005

Figure 5.3: Numerical solution Us of Example 5.6.1 for ¢ = 271 with N = 32, M = 8.

Max. Error

—=0O(Nln N)
10° g=2"*
g=2"°
+g:2_8
1 ‘ ‘ ‘ ‘ — 2

10 N 10

Figure 5.4:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy of Example 5.6.1.
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Table 5.1: Uniform errors and the corresponding orders of convergence for Example

5.6.1.
g€ S Number of mesh-intervals N
8 16 32 64 128
ENM 111.6937¢-03  1.1800e-03  7.2475¢-04  4.0656e-04  2.2103¢-04
pMM | 05214 0.7031 0.8340 0.8792
ENM | 4.8767¢-03  3.3157e-03  1.9569¢-03 1.1518¢-03  6.9843¢-04
M| 0.5566 0.7607 0.7646 0.8217

Max. Error

—=0oNNtinN)
10™ g=2"" ]
g=275

+ 822_8
10" N 10°

Figure 5.5:  Loglog plot for the spatial order of convergence associated with numerical
solution Uy of Example 5.6.1.
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CHAPTER 6

Uniformly Convergent Fractional-Step Method for
Singularly Perturbed System of 2D Parabolic
Reaction-Diffusion Problems

This chapter discusses the numerical solution of singularly perturbed system of 2D
parabolic reaction-diffusion problems. The proposed numerical scheme consists of a
fractional-step method on uniform mesh for time discretization and the classical cen-
tral difference scheme on a piecewise-uniform Shishkin mesh for spatial discretization.
Parameter-uniform error estimates are derived and it has been proved that the proposed
numerical scheme is of first-order convergence in time and second-order convergence up
to a logarithmic factor in space. To support the theoretical results, numerical experi-

ments are carried out.

6.1 Introduction

In this chapter, we consider the following singularly perturbed system of 2D parabolic

reaction-diffusion IBVP on the domain G := D x (0,T7],D = Q, x 2, = (0,1) x (0,1):

( %Jro%ﬁ:f, (z,y,t) € G,
u(z,y,0) = to(x,y), (2,y) €D, (6.1.1)
@(0,y,t) =a(1,y,t) =0, (y,t)€[0,1] x[0,7],
@(x,0,t) = d(x,1,t) =0, (x,t)€[0,1] x [0,T],

\

where the spatial differential operator 2= is given by
L= —-E*A+ B(z,y,1).

The diffusion and reaction coefficients of the model problem (6.1.1) are given by & =
diag(e,e), 0 < e < 1 and B = {blm}imzl, respectively. Throughout this chapter, the
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Chapter 6 6.2. The Continuous Problem

reaction coefficient matrix B(x,y,t) satisfies the following conditions:

bll<$7y7t) > g > 0, blm($7y7t) <0, for 7é m,

' (6.1.2)
( mi)ng{bll(x>yat> + b12($7y7t)7 b21(x7y7t) + bQZ(-T?yat)} Z 52 > 0.
z,y,t)e
Also we assume that v, = max{|bi2| /b11}, 72 = max{|bsi|/ba2},
g g
0 <~ :=max{y,7} <1 (6.1.3)

We consider the following smoothness assumptions for the source term and the initial
condition:

Fe(CX@)? and e (CXD))>, (6.1.4)
with the compatibility conditions at the corner points

(

to(x,y) = 0, on 0D,

f(xaya O) - 0%5/&’0(1” y) = 67 on aD?

' B p ) (6.1.5)
ft(ma Y, 0) + (%)2%70(1’73/) i %f(xvya O) = 07 on aD?

\ f(:v,y,t):ﬁ, on {0,1} x {0,1} x (0,77.

Under the above assumptions, the model problem (6.1.1) admits a unique solution,
which exhibits the boundary layer along sides z = 0,1 and y = 0,1 with corner layers
at (0,0),(1,0),(0,1) and (1,1).

The rest of this chapter is organized as follows: In Section 6.2, we discuss some
results concerning to the analytic behavior of the exact solution. In Section 6.3, the
time semidiscretization has been introduced and this section ends with discussion of
the asymptotic behaviour of the exact solution of the semidiscrete problems resulting
after the time discretization. The spatial discretization process has been introduced by
using a finite differences scheme on a piecewise-uniform Shishkin mesh in Section 6.4.
Later, we deduce the main convergence result of this chapter. Numerical results are
presented in Section 6.5 and the chapter ends with Section 6.6 that summarize the main

conclusions.

6.2 The Continuous Problem

In this section, we concentrate on analytical aspect of the exact solution w(z,t) of the

continuous problem (6.1.1).
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Lemma 6.2.1. (Mazimum Principle). Let (% —|—.Zg) be the differential operator
defined in (6.1.1) and assume that the coefficients of the matrix B satisfies (6.1.2).
Then for Z> 0 on G and (% +.,%) Z>01in G, we have Z> 0, for all (z,y,t) €G.

Proof. We prove this lemma by contradiction. Assume that there exists a point
(%0, Yo, to) € G such that

min{ z; (2o, Yo, to), 22(To0, Yo, to) } = min{ min 2 (x,y,1t), min,ZQ(x,y,t)} < 0.
(z,y,t)€G (z,y,t)€G

Without loss of generality we assume that zi(xg, yo, to) < 22(x0, Yo, to). Then, we have

0z S
(G_tl + (Z2), Z) (20, Yo, to) < b11(Zo, Yo, to)21 (w0, Yo, to) + bi2 (o, Yo, to) 22(To, Yo, to) < 0,
which contradicts the hypothesis of the lemma, hence z > 0, for all (z,y,t) €G. ]

Next, define the decoupled differential operators by
ov 0% N 0%

ox?  Oy?
Lemma 6.2.2. Let @ be the solution of the model problem (6.1.1). For 3 = 0,1,...,

define the sequence of vector-valued functions @V = (u[lﬂ, u[QJ])T

>+bllv, l:1,2

as follows: let @W% be any

function in C(G)? and for 3=0,1,..., the function @ satisfy
flu[f] = f1 — blgu[zj_l], D%u[zj] = fo — bglu[f_l]
ulb](x,y,()) = ug,(x,y), (z,y) €D, | =1,2, (6.2.1)
ulb](x,y,t) =0, ondD x [0,T], I =1,2.

Then lim,_, @V = 4. Furthermore, we have
il < 1= (51l + 10l (6.2

L=~ 1\
Proof. By following the methodology of Lemma 5.2.3, one can obtain the required

estimate. -

From Lemma 6.2.2, one can also conclude that the continuous problem (6.1.1) has a

unique solution.

Lemma 6.2.3. For all non-negative integer kqy satisfying 0 < ko < 2, the time derivatives
of the exact solution i of the IBVP (6.1.1) satisfy the following estimate
oo

%(‘Tv?%t)' SC_;7 fOT all (l’,y,t) €g~

Proof. To prove the bounds of the time derivative of exact solution u of (6.1.1), we

consider various cases.
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Case 1. Firstly, we consider the case for kg = 0. From Lemma 6.2.2, we have

1

1 —_
e < —— (—||f||oo i ||ﬁo||oo) .
L=\

By using the regularity of the source term f and the initial condition wy as given in
(6.1.4), we can obtain that |@(z,y,t)] < C for all (z,y,t) € G.

Case 2. Next, consider ky = 1. On 9D x [0, 7], we have @ = 0 therefore @, = 0. By
using the regularity condition (6.1.4), we get |, (x,y,0)| < C for all (z,y) € D.

Differentiating (6.1.1) with respect to ¢, we get

0 |

Therefore, we have
ot

By using the maximum principle, Lemma 6.2.1, one can obtain that |u;| < C.

8 — —
<— + .,2”5) Uy, t)’ < C, as f;, B; are sufficiently smooth functions.

Case 3. Finally, we consider the case for kg = 2. On 9D x [0,T], we have 4 = 0,
therefore @, = 0 and @y = 0. Again, by using the regularity condition (6.1.4), we get
|y (z,y,0)| < C, for all (z,y) € D.
Differentiating (6.2.3) with respect to ¢, we get
0 4 4 N 4 |
(a 43 .,%) Utt(x, t) = Ut + LUy = f1e — 2Bty — Byt (6-2-4)

Since, ftt, B; and By, are sufficiently smooth, by using the maximum principle given in

Lemma 6.2.1, we can show that || < C'. This completes the proof. "

Lemma 6.2.4. For all non-negative integer k satisfying 0 < k < 4, the exact solution
u of the IBVP (6.1.1) satisfy the following estimate

6kul
Oxk

oyF

(x,y,t)‘ <C(1+e"B(n)), ‘ (q:,y,t)‘ <CO(1+e'By)),

where | = 1,2 and (x,y,t) € G.

Proof. By using the technique of [38, Lemma 2.3 | and Lemma 6.2.3, one can obtain

the required estimate. ]

6.3 The Time Semidiscretization

In this section, we discuss about the time semidiscretization process of the IBVP (6.1.1)
and later, we establish the asymptotic behavior of the exact solution of the resulting

semidiscrete problem.
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Firstly, we split the spatial differential operator £ as £z = £; -+ Z5 - where Z7 -
and .Z5 - are given by
2

0
g = (gllaa 2128) = _82@ + Bl(xayat)a

2

0
L5 2= (Lore, L)t = &2 a7t By(,y,1),

where the coefficients of matrices By(z,y,t) = {b},,(x,y,t)}},,—, { = 1,2 are defined by
blm(‘r) Y, t) — bllm<x> Y, t) + bl2m(x7 Y, t)v l7 m = ]-7 2.

We decompose the source term as f = fi + fo, where f1 = (fi1, f12)7 and fo = (fo1, fo2)”

satisfy the compatibility conditions:

{ flm(x707t> — flm(x>1 )
flm(ovyat) — flm(la )

0,
(6.3.1)
0, forl,m=1,2.

In addition, assume that the reaction coefficient matrices By(z, y, t), satisfy the following

conditions:

by (z,y,t) > 72 >0, b (v,y,t) <0, forl#m, Im=12 (=12,

(6.3.2)
( IIll)Il {bn + b127 bgl + bgz} > 682 >0, with 8 =min{f, S2}.
z,y,t)EG

First, consider the uniform mesh ™ — {t, =nAt,n=0,1,..., M} for the time
discretization. Then, we discretize time derivative by the fractional-step method. Let

w"(z,y) be the semidiscrete solution of the following problem:

@ = ﬁO(x7 y)a (ZL’, y) < 57 (633)
(I + At.ﬁf”“) 2 (2, y) = a2, y) + Atfn+1( Y),
A ’ (6.3.4)
20, y) = 0, ﬁ;”‘“”(l,y) =0, y €[0,1],
and
(I+At$”+1> (g, y) = @2 (2, ) —i—Atf"H( y),
(6.3.5)

@t (2,0) =0, @*(z,1) =0, z€l0,1].

Lemma 6.3.1. Let <I + At,?ﬂ_fl) be the differential operator defined in (6.3.4) and
assume that the coefficients of t}le matriz By satisfy (6.3.2). Then Z"*1/2(0,y) > 0 and
7H12(1, ) > 0 on [0,1] with (1 + At.zg;l) 7H1/2 > § in D, we have 22 > 0, for
all (z,y) € D.
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Proof. By following argument of Lemma 5.3.1, one can prove the maximum principle.

By using the methodology from (2.3.2), we can get

1

I Atﬁ”“ Yoo € ———
I+ A2 e < Ty

(7 + ALy i) (6.3.6)

e = Ay
2

Next, we define the local truncation error ™!

(6.3.5) as follows:

of the semidiscrete scheme (6.3.3)-

5 =n+1
én+1 = U(tn+1) —U s

=+l . :
where u  is solution of the following system:

(1+ 2t ) & @) = (k) + AL (2, ),
r y (6.3.7)
—;n+ /—\'n-i- —
(0 y>—0 U (Ly):()a yE[O,l],
and —n+1 +1/2
(1 i At.z"“) (ry)=a  (z,y)+ Atfit(ay),
(6.3.8)

—n+1

N e,00=0, & (1) =0, ze0,1].

Lemma 6.3.2. The local truncation error satisfies
18" oo < C(A?).

Lemma 6.3.3. The global error of the time semidiscrete scheme (6.3.3)-(6.3.5) satisfies
the following estimate

sup ||u(t,) —a"|, < CAt.
n<T/At

Hence, we conclude that the semidiscrete scheme (6.3.3)-(6.3.5) is of first-order uni-

formly convergent.

Now, we discuss the asymptotic behavior of the exact solutions of the semidiscrete
BVP (6.3.7)-(6.3.8) in order to estimate the local truncation error associated with the
spatial discretization of the semidiscrete problems.

Lemma 6.3.4. For all non-negative integer k satisfying 0 < k < 4, the exact solution

ﬁnﬂ/z of the semidiscrete problem (6.3.7)-(6.3.8) satisfies the following estimate

8kan+1/2
| < C(+e"B(w), (6.3.9)
akan+1
| S C+eBy), 1=12 (6.3.10)
Ph.D. Thesis 125

TH-2098_136123007



Chapter 6 6.3. The Time Semidiscretization

Proof. By using the maximum principle (Lemma 6.3.1) and the uniform boundedness
. Tl . —n+1/2 n+1/\n+1/2

of 4(t,) and f;'""(x,y), we obtain that ||u oo < C. Next, define © = fqﬁ

is the solution of the following problem:

Oﬁ%ﬁi@“)@ LVi(t,) + AL i (@, y), .
6.3.11

6(0,y) =0, O(1,y)=0, yelo,1].

By applying the derivative bounds of w(t,) (Lemma 6.2.4), one can obtain that

’f"“ Uz, y,t,)| < C. Also, by using the smoothness of source function f?“, we
have ‘92” ntl f"“(x,y)’ < (. Therefore, by employing the maximum principle, we get

=n+1/2 . . .
that |6 < C. Next, U % \can be_ mrikten as the solntib ohthe following problem

n+1 A é)
L5 (6.3.12)
n+1/2 o om+1/2

w (0,9)=0, @ (Ly) =0, yel01]
For [ = 1, 2, by using a similar approach carried out in Lemma 3.3.1, we can deduce that

akaﬂ-‘rl/Q

l—(way)

o <C(14+e*B(z), 0< k<4,

Next, we differentiate (6.3.7) with respect to y and apply the previous technique and
bounds from Lemma 6.2.4 to obtain

8ka’n+1/2
<C(l+e’*B.y), 1=1,2 0<k<4

al—yk(%y)

Now, it can be easily verified that

2 =n+1/2

e T <o I(gyE

ome U 2m,e

oo <C, m=1,2. (6.3.13)

By using the previous technique, for 1 < k < 4, we can obtain that
kntl
o uln-l-

oy*
This completes the proof. ]

<CQQ+e"*B.y), =12

Next, by following the technique of [38], we consider the decomposition of the exact
—n+1/2
solution @ / (x,y) of (6.3.7) as follows

—n+1/2 —n+1/2 —n+1/2
u - (ry) = (@ y)+w — (z,y)
n+1/2 ontl/2 . _
where the smooth component v and layer component w satisfy following esti-
mates:
8k7U\ln+1/2 - 8k@n+1/2 ,
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=n+tl
In a similar manner, one can decompose the exact solution of @ (x,y) of (6.3.8) as

ﬁmﬂ = 5n+1 + ﬁnﬂ and show that
aki)\ln—i-l ok akﬁ;ln-‘rl .
oy < C(1+e77), Dy < Ce™"B.(y), 0 <k <4, (6.3.15)

These bounds will be used in the truncation error analysis of the fully discrete scheme

in the next section.

6.4 The Spatial Discretization

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives in the semidiscrete scheme (6.3.7)-(6.3.8).

The piecewise-uniform Shishkin mesh

Let the rectangular mesh 55 be defined by the tensor product of the 1D Shishkin
meshes, i.e., 55 = ﬁiv X ﬁ;v C D, which is constructed as follows:

First, we define the transition parameters 7., 7, by

T, = min {i, %sln]\f} and 7, = min {i, %slnN} .
In the analysis, we shall assume that 7, = 7, = (2/8)eIn N. Note that when 7, = 7, =
1/4, the mesh will become uniform, therefore, in this case the classical approach can be
applied for derivation of the truncation error estimates.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain ﬁiv into three
subintervals such as [0, 7], [, 1 — 7] and [1 — 7, 1]. Then divide [7,,1 — 7] into
N/2 mesh-intervals and divide subintervals [0, 7,], [1 — 7, 1] in to N/4 mesh-intervals.
Analogously, we proceed for ﬁg Fig. 6.1 exhibits piecewise-uniform Shishkin mesh ﬁiv.

The step sizes in both the spatial directions are given by

hz,i:xi_xi—lai:]-a"'7N7 ﬁm,i:hz,i—i_ha:,i—i-laizla"‘)N_17
hy7i:yi—yi_1,2.:1,...,N, ;Lyﬂ':hy’i—f—hyﬂ‘_i_l,izl,...,N—l.
The finite difference scheme
For simplicity, denote that bfff“ =0 (xi Yy tus), bg:;lﬂ =05 (z,yj, tnsr), I,m=1,2.
Ph.D. Thesis 127

TH-2098_136123007



Chapter 6 6.4. 'The Spatial Discretization

1—7,

0 Tx 1 — Tx 1

Figure 6.1: A typical example of piecewise-uniform Shishkin mesh 5?7 for N = 16.

For spatial discretization of (6.3.7)-(6.3.8), we propose the following finite difference

scheme:

(=0 B d

Uﬂ’:z Yj =u (xl’ y]) (xi’ y]) 6 Dg )

LN\ ROT2

( B Atgf_‘_ > Uwivy ('xl? y? ) + Atfn+1(x17 )7 (641)

=ntl/2 _ 2ntl/2 N
L UO O, Ul,y — 0, y E Qy ,

il =ntl/2
(I + At$”+1 N> Ux w =Usy  + AL (2,y;),
(6.4.2)

=n+l =n+l

U, =0 U, =0, €@,

where i@” LN = (At N , LD MT and i@” 1 (.,%T;l N .,%T;;l T are given by
$n+1N 5252+Bl<xzaya n+1)
gn-‘rl N 8252 + BQ(ZE y], tn+1)

where §2, 55 are central difference operators associated with z,y variables, respectively.

Lemma 6.4.1. (Discrete mazimum principle) Let (I+At.,2”lf?1’N), [ =1,2, be the
difference operators given in (6.4.1)-(6.4.2). Then for any mesh function Z ifZ>0
on DY and (I + At%ﬁ;lw)f > (0 in DY, then we have Z >0 for all (xi,y;) € 55.
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Proof. By following the approach discussed in Lemma 2.4.1, one can prove maximum

principle. ]

Hence, the discrete operator (I + Attt N> satisfy stability condition (6.3.6).

Ilm,e

Next, we define the fully discrete scheme as follows:
=0 . —N
U Y = O(xivyj)a (xzayj) € Dg )

(r+ Aegg ™) O = T+ A i), (6:43)

and
n+1,N\ 17n rn+1/2 n
@+A&gﬁ)05y:m%/+mfﬂmw%
N i N (6.4.4)
Usdt=0, U}'=0,2z€Q,.
In the following subsection, we discuss the convergence analysis of the proposed numer-

ical scheme.

6.4.1 Error analysis

For the discrete problem (6.4.1), we define the local truncation error as follows

(zi)

() — (I + Aty a2

iU

h | i =n+1/2
C'l’ +1/2 — <I+At$l1~;1,N)u /

= AL 1 <i< N -1,

(6.4.5)
n @ =n+1/2 " —n+1/2
Gt = (14 At )" ) — (1 + A2 T (i),
\ = At 1<i< N -1
therefore o
= (g - g )& (@),
(6.4.6)

2 n+1/2 (31”2“ N gfﬁ“) _,n+1/2(m)
13 € )"

Let g € C*(0,1) be a smooth function defined on [0, 1]. Then the Taylor’s expansion
shows that

2|(g$$)’b [xi,l,xi+1]7 lf h’L 7£ hi+1

1 .

1
h 2

if 7y = hysr.

[ 1,25401]0

Next, we discuss the error analysis for the numerical scheme (6.4.1).
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ont1/2 /—\»n+1/2
Lemma 6.4.2. Let u / (z,y) and U,,,  be the exact and the discrete solutions of

(6.3.7) and (6.4.1), respectively, satisfy the following error bound:

<CN?m’N, ye@,, (6.4.8)

where C' is a positive constant independent of y, € and N.

Proof. From (6.4.6), we have

agAn+1/2 . agz\n—f—l/Z .
Cl’n+1/2 = ¢? (‘ Yg 5 5;,2;115 e +e% | - Igl CE 592511)5 e , 1=1,2.
xXr xr

First, consider the error term corresponding to the smooth component. If z; €
{72, 1 — 7.}, then we use the second bound of (6.4.7) otherwise use the third bound of
(6.4.7) with (6.3.14) to get
CeN~', z;e{r,1-1.}

< (6.4.9)
CON~—2, otherwise

o~n+1/2
2|07,

~ 1/2
e _52,U7l+/

axg x vl

Next, we deduce the error estimate for the layer component. Here, we consider the cases
for outer region and inner region separately. First, we assume the case for the outer
region, i.e., x; € [7,,1 — 7,]. By using the first estimate of (6.4.7) and derivative bound
(6.3.14), we obtain

2 ~n+1/2
0w,

2

~n+1/2
e _52w77«+/

81'2 x

- A {eXp (%) + exp (_5(1 - “’3N/4+1))}

3

= 2Cexp <_f”> exp (@) <CN2  (6.4.10)

Next, we consider the case for the inner region, i.e., z; € (0,7,) U (1 — 7, 1). Again, by
applying the third estimate of (6.4.7) and derivative bound (6.3.14) to deduce

2 az@nﬂ/z 2 ~n+1/2 21,2
Define the piecewise linear function ¢, as follows
rT, b for x € [0, 7],
ve(x) =< 1, for x € [, 1 — 7],

(1—a)r, b, forze[l—m1,1],

Now, we define the discrete barrier function as follows

R+ SN2 1102 ~n+l/2 = ntl/2 .
B () =CN*In" N(1 + ¢.(z;)) £ | € (xiy) = U , for0<i<N.

i,y
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Hence, as a result, we get

‘ (1 A g{;f;”) B (z;)

>0, |(1+argpt ) B

>0, for 0 <7< N.

Thus, by using the discrete maximum principle (Lemma 6.4.1), we can get (6.4.8). =

Lemma 6.4.3. Let ﬁm(x, y) be the exact solution of (6.3.7)-(6.3.8) and (7%%_ be solution
of the semidiscrete scheme (6.4.1)-(6.4.2). Then, the following error estimate holds:

—n+1 =n+l

u (sz’?yj) - U-'Eiyyj S C_;N_2 1112 N, fOT all (xiuyj) S ,Z_DN

o

(6.4.12)

where C is a positive constant independent of € and N.

Proof. By following the proof of Lemma 5.4.6, we can obtain the required estimate. m

Now, by following the similar technique as presented in Chapter 5, one can deduce

~n+1 ~ntl

@ (i,y;) ~ Upyy | < CAENT 102N, (a,,y,) € Dy

€

(6.4.13)

where N7V < CAt with 0 < v < 1.
By combing results from Lemma 6.3.3 and Lemma 6.4.3 and stability condition

(6.3.6) with (6.4.13), we can obtain the main convergence result as follows:

Theorem 6.4.4. Let ii(x,y,t,) be the exact solution of (6.1.1) and ﬁz,yj be the solution
of the discrete problem (6.4.3)-(6.4.4). If N7% < CAt with 0 < v < 1, then there ezists
a constant C, independent of € and N, such that

(6.4.14)

€

Hﬁ(xw Ys, tn) - U;Li7yj

< C(At + N72"1n® N), (i, y),tn) € EN’M

Proof. By using the methodology from the proof of Theorem 2.5.1, the desired result

follows. m

6.5 Numerical Results

In this section, we shall present the numerical results obtained by the discrete scheme
(6.4.3)-(6.4.4). We have chosen the decomposition for reaction term as: b}, (z,y,t) =
b7 (x,y,t) = by (z,y,t)/2, ,m = 1,2, in the following test problem.
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Example 6.5.1. Consider the system of 2D parabolic reaction-diffusion IBVP on G :=

(0,1)% x (0,1]:
(0
% —&?Aup + (4 +2(2? + ) )ur — (2% + y*)tug = fi(w,y,1),
% — 2Auy + (422 + )t uy + (24 (222 + y212))uy = folz, y, 1),

i(x,y,0) =0, (x,y)€(0,1)
@(0,y,t) = i(1,y,t) =0, (y,t) € [0,1] x [0,1],
1

(
i(x,0,t) = @(z,1,t) =0, (z,t)€0,1] x [0,1],

\

where the source term f = (f1, f2)T is given by
fi=wmy(l —2)(1 -yt + 2’y (1 —z)(1 —y)e™,
fo=wy(l=2*)(1 = y*)t + 2y(l — 2)(1 - y)e "

Since the exact solution of Example 6.5.1 is not known, the accuracy of the numerical
solution will be determined by using the double mesh principle, i.e., the mesh obtained
for GNM = DN x TM will be exactly taken to produce another set of mesh G2V:2M =
D2N x T2Mwith 2N mesh-intervals in both the z- and y-directions and 2M mesh-intervals
in the ¢-direction, by bisecting the original mesh GNM.

For each ¢, the maximum point-wise error is calculated by

EM = Ul n; — UL B = max 7Y, 1=1,2
where U, = is the computed solution with N mesh-intervals in both the z- and y-
directions and M mesh-intervals in the ¢-direction and Ufg%y%_

at 2N mesh-intervals in both the x- and y-directions and 2M mesh-intervals in the

is the numerical solution

t-direction. And the orders of convergence are calculated by

N.M EzN M B
b7 =log, < 2]7\?2M) . B =log, ( 2lN2M) y I=1,2.
B B
From Table 6.1, we see that the order of convergence is one. Therefore, we can con-
clude that the global errors are dominated by the errors corresponding to the time
discretization. In order to reveal the numerical order of convergence, we have plotted
the maximum pointwise errors in log-log scale for Example 6.5.1 in the Fig. 6.4 and Fig.
6.5, which again shows the accuracy of the numerical scheme.
In order to visualize the numerical solution of Example 6.5.1, we display the surface
plots of the numerical solutions U; and U, in Fig. 6.2 and Fig. 6.3. From the surface

plots, one can observe the layer behavior of the numerical solution.
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To show the contribution to global error of both spatial and time discretizations, we

calculate the following orders of convergence

ENM M
N,M __ € N.M o
Pl,e - 10g2 <E2N’4M> ) Pl = 10g2 (W) , = 1, 2.

le l

To calculate the second-order uniform convergence of the numerical solution, we
have taken the number of intervals in the spatial and temporal directions as N =
8,16,32,64,128, and M = 2,8,32,128, 512, respectively. For evaluating the maximum
error and order of convergence, we consider the singular perturbation parameters from
the set S. = {e|e =2710,2712 | 2720} which is a sufficiently small choice to bring out
the singularly perturbed nature of the problem.

Note that, we have divided the time step by four, whereas the mesh points in space
is doubled at each spatial direction. The reason for choosing such divisions is that, the
order of convergence in time is one, but the order of convergence in space is almost
two. Therefore, the contributions of order of convergence associated with the spatial
discretization and the time discretization can be adjusted. One can verify from Table
6.2, the almost second-order of convergence and thus we conclude that the global errors
are dominated by the errors corresponding to the space discretization. As a complement
of this observation, we have displayed the maximum pointwise errors over the full domain
for Example 6.5.1 in Fig. 6.6 and Fig. 6.7.

6.6 Conclusions

In this chapter, we have analyzed a numerical scheme for a class of singularly perturbed
system of 2D parabolic reaction-diffusion problems. For discretizing the time derivative,
a fraction-step method on the uniform mesh has been used and then the central difference
scheme on the piecewise-uniform Shishkin mesh has been used for the resulting 1D
stationary problems. Truncation error estimate and the stability analysis are obtained.
Error estimate are derived for the proposed numerical scheme which shows that the
the numerical scheme is e-uniformly convergent of almost second-order in space and
first-order in time. Numerical experiments confirm the theoretical findings for system of

parabolic reaction-diffusion problems.
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Figure 6.2:  Surface plot of the numerical solution U, for e =271 N =64, M = 4.
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Figure 6.3: Surface plot of the numerical solution Uy for e =279 N =64, M = 4.
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Figure 6.4:  Loglog plot (for the temporal order of convergence) associated with numerical
solution Uy of Example 6.5.1.
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Figure 6.5:  Loglog plot (for the temporal order of convergence) associated with numerical
solution Uy of Example 6.5.1.
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Max. Error

Figure 6.6:

Max. Error

Figure 6.7:
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Visualization of the order of convergence (with respect to spatial variable)
through loglog plot associated with numerical solution Uy of Example 6.5.1.

N 10

Visualization of the order of convergence (with respect to spatial variable)
through loglog plot associated with numerical solution Us of Example 6.5.1.
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Table 6.1: Uniform errors and the corresponding orders of convergence for Example

6.5.1.

Number of mesh-intervals N /temporal mesh-size At

8/3 16/% 32/3 64/ 5 128/

3.0990e-03  1.6282e-03 8.4090e-04 4.2792e-04 2.1700e-04
0.9485 0.9532 0.9746 0.9796

1.1557e-02  5.6603e-03 2.4997e-03 1.5610e-03 8.2221e-04
1.0298 1.0156 0.9728 0.9948

Table 6.2: Uniform errors and the corresponding orders of convergence for Example

6.5.1.
€ €S Number of mesh-intervals N /temporal mesh-size At
8/3 16/% 32/35 64/3s 128/
ENM 13.0990e-3  1.3277e-3  4.7668e-4 1.5254e-4  4.4517e-5
PNM L 12229 14778 1.6439  1.7767
EYM | 1.1557e-2  3.9458¢-3 1.3179¢-3 3.9545e-4 1.1019e-4
Py M| 1.5504 1.5821 1.7366 1.8435
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CHAPTER 7

Analysis of Uniformly Convergent Numerical
Scheme for Singularly Perturbed System of 2D
Parabolic Reaction-Diffusion Problems

In this chapter, we devise a uniformly convergent numerical scheme to solve singularly
perturbed system of 2D parabolic reaction-diffusion problems. The proposed numerical
scheme consists of the central difference scheme on piecewise-uniform Shishkin mesh
for spatial semidiscretization processes and the implicit-Euler scheme on uniform mesh
for time discretization. We derive error estimate for the proposed numerical scheme,
which shows that the scheme is £-uniformly convergent of almost second-order (up to a
logarithmic factor) in space and first-order in time. Numerical results are presented to

validate the theoretical results.

7.1 Introduction

In this chapter, we consider the following singularly perturbed system of 2D parabolic

reaction-diffusion IBVP on the domain G := D x (0,7],D = Q, x , = (0,1) x (0,1):

i gai=f (wy0) el
u(z,y,0) = dy(z,y), y) € D,

(7.1.1)

( (z,
i(0,y,t) = @(1,y,t) =0, (y,t) €[0,1] x [0, 7],
@(x,0,t) = d(x,1,t) =0, (x,t)€[0,1] x [0,T],

\

where the spatial differential operator £z is given by
L= —E*A+ B(z,y,t).

The diffusion and reaction coefficients of the model problem (7.1.1) are given as & =

diag(eq,€2), 0 < &1 < ey < 1 and B = (b )2x2, respectively.
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Chapter 7 7.2. Derivative Bounds and the Solution Decomposition

We assume that the coefficients of reaction matrix B satisfy

blm > Y8 > 0, blm <0, for [ 7& m, with by > blg,

‘ , (7.1.2)
mlni{bll + blg, b21 + bgz} Z ,6 > 0.
(z,y,t)€G

Also assume that B satisfies the coercivity condition, i.e., there exist x > 0 such that
£TBE > I{Qng, for all ée R? inG. (7.1.3)

Under sufficient smoothness with compatibility conditions imposed on the source term
and the initial data (discussed in Chapter 6), the model problem (7.1.1) admits a unique
solution, which follows from [42].

The main objective of this chapter is to propose a uniformly convergent numerical
scheme for the singularly perturbed system of 2D parabolic reaction-diffusion problems
(7.1.1) on layer-adapted Shishkin mesh. Initially, we discretize the IBVP (7.1.1) in space
by employing the central difference scheme on layer-resolving Shishkin mesh. Later on,
we integrate the resulting stiff initial-value problems by the implicit-Euler scheme on
uniform mesh. We prove that the proposed method is £-uniformly convergent of almost
second-order in space and first-order in time.

The rest of the chapter is organized as follows: In Section 7.2, we have discussed
derivative bounds of the exact solution and solution decomposition has been established.
In Section 7.3, the spatial semidiscretization has been introduced and we have provided
its error analysis. For the time discretization, we have used implicit-Euler scheme on
uniform mesh in Section 7.4. Later, the uniform convergence of the fully discrete scheme
has been established. Numerical results are presented in Section 7.5. Finally in Section

7.6, we summarize the main conclusions.

7.2 Derivative Bounds and the Solution Decompo-
sition

In this section, we discuss the partial derivative bounds of the exact solution « of the

model problem (7.1.1) with respect to spatial variables.
For sake of simplicity, set By(z) = (BL(x), B2(x))T, where BL(z), B2(z) are given by
Bi(z) = (1+e,"B.,(z) + 3" B, (2)), k=1,2,3,4,
Bi(x)

(14¢e"B.,(2)), k=1,2,
BI?:(J:) = (1 + gg_k (51_2861 (Z‘) + g2_2[5‘62 (ZE))) , k=34,

where € (0, k).

Ph.D. Thesis 139
TH-2098 136123007
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Define matrix B*(x,y,t) as

B* = {bikm}lz,m:17 Wlth bll == bll, blm == blmB_z, l ?é m.
By using assumptions (7.1.2) and (7.1.3), we obtain that
ETB*¢ > k2TE in G, forall € € R2 (7.2.1)

For the derivation of the spatial partial derivative bounds of the exact solution u of
the model problem (7.1.1), without loss of generality we assume that the initial condition
is identically zero. To establish the spatial derivative bounds of the exact solution w, we

follow the methodology of Kellogg et al. [38, Lemma 2.3].

Lemma 7.2.1. The spatial derivatives of the exact solution u of the model problem
(7.1.1) satisfy the following estimates:

k
%;21 <C[1+e"B., () +&3"B., ()], k=1,2,3,4,
Pl o o+ et k=12
3x’“ — |: +€2 52('77)]7 = 9 &y
8’%2

ek < C[1+e" (7B, (x) +£5°B., ()], k=3,4,

for all (z,y,t) € G.

Proof. First, we derive bounds for the partial derivatives of exact solution @ on the
initial and boundary points. Since @(z,y,0) = 0 for (z,y) € D, it implies that 9*i/dz* =
O*i/dy* = 0 for (z,y) € D. Next, we consider @(x,0,t) = w(zx,1,t) = 0 in = €
[0,1], t € [0,T] which implies that d*i/dx* = 0. Next, take u(0,y,t) = d(1,y,t) = 0
for y € [0,1], ¢t € [0,T], which implies that d*@/dy* = 0. For a fixed t € [0,7T],
by using the technique of [52, Lemma 4] and Lemma 6.2.3, we can deduce that, for
0,y,t), (1,y,t), y €[0,1] and ¢ € [0,T7:

OFu _ _
S| SO e, h=1,234
and o
ok <Ce", k=1,2,
6’%2 _ _ _
T < Cey(e7F+e37), k=3,4.
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To establish the derivative bounds of the exact solution @ in G, we use the induction

principle. Differentiating (6.1.1) with respect to x, k times, we get

laztTi R o [k \ompBohg L
— E2A BZ - — e 7.2.2
kot (axk) + ok Z k. Oxk—k1 Yk ks ( )

ko=0

where &, satisfies |),| < CBj,_1(z), as consequence of inductive hypothesis. Next, define
Ok )0x* = (Bliy, Biuy)T. Then, we have

OBL

8ktUI — 1A (Byiiy) + buy (Bytia) + bia (Biiia) = Pp1,
0B?

83“2 2 (Bia) + bay (BLiay) + bas (B2iiz) = Dy,

After simplification it is easy to express the above equations as

oy 1 0B} 0wy 1 0°B} Bi. Dy
T s Vo el G 5131 o2 “1”125'? =5
Dl . 1 0B} du, B! 1 0°B3 Do
E —&%Aul — 26282 8 k a b2lBSU2 + (b22 5282 a 5 = B_I%

From definition of matrix B* and barrier function l;'k(z), it is easy to verify that

ot ou - (f)k
A 2 — B* — B2Na < —=. 2.
u— €2ﬁax + ( pgI)u < 5 (7.2.3)

ot

Taking inner product by @ in (7.2.3) and using assumption (7.2.1), one can deduce that

ou, . ou, . r.

% = ATy = 2525% +2(k% — By < Olil]|oos (7.2.4)
where ), = %|ﬁ|2 Using the estimate of boundary condition of #, it follows that
||ﬁ |lw.0g < C. Therefore, employing the maximum principle on scalar parabolic problem
(7.2.4), we get ||@]lo < C. Hence, by definition of @, we obtain that

8k
‘—a;,il (l’,y,t)’ < CBi(z), fork=1,2,3,4 andl=1,2,
where (z,y,t) € G. This completes the proof. .

Next, we discuss the derivative bounds of the exact solution « of the continuous

problem (7.1.1) with respect to spatial variable y.
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Lemma 7.2.2. Let @ be solution of (7.1.1), then the partial derivatives of @ with respect
to y satisfy following bounds

Fu _ _

8y,j <CO[1+e*B,(y) + 5B, ()], k=1,2,3,4,
| 1y 4 eokp k=1,2

3y’“ = [ +52 €2<y):|7 e

il <C1+e " (7B, (y) +63°Bey(y)] , k=3,4
8yk = 2 1 €1 y 2 €2 ?J ) — Yy *-

Proof. By following the technique of proof of Lemma 7.2.1, one can derive the required
estimates. (]
Here, we consider a numerical example to show boundary layer behavior of exact

solution .

Example 7.2.3. Consider the model problem (7.1.1) on G := (0,1)* x (0,1]:

Assume that the reaction matriz B as

5 —3
5 =
-1 4
and the source term f = (f1, fo)T is given by
fi=l+ay, fo=1+2

with zero initial and boundary data.

For fixed t = 1, the computed solution is shown in Fig. 7.1 along = = y line. One
can see from Fig. 7.1(b) and Fig. 7.1(c), the differences in layer behavior of both the

numerical solution components U; and Us.

Next, we derive sharper bounds on the derivatives of the exact solution # of the
problem (7.1.1), which will be used later in the error estimate. Here, we consider z* =
2¢1/aln(1/e;) < 1/4. For l = 1,2 and (z,y,t) € G, set

(4
(x — ")k OFuy .
ZT%@”’%Q’ 0<wz<ak,
k=0
Ul(flf,y,t) = ul(xvyut)v rr <z < 1_3:*7 (725)
4
Z u 8xk<1 5y, t), 1—a* <z <1,
\ k=0
and
w(x,y,t) = i(x,y,t) — (z,y,t), (2,9,t) €G, (7.2.6)
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(¢) Overlapping layer behavior along z = y line

Figure 7.1:  Plots of the numerical solution along the line x = vy, for e, = 2716, gy = 2710
with discretization parameter N = 64 at time t = 1.
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where v is smooth component and @ is layer component.
Now, we discuss the derivative bounds for both the components ¢, w with respect
to the spatial variable x only. Analogously, one can deduce derivative bounds of both

components v, w for spatial variable y.

Lemma 7.2.4. For all non-negative integer k satisfying 0 < k < 4, the smooth compo-

nent U and layer component W satisfy the following estimates:

Pul iy e® o<kh<d 1=102
% = ( + € ) ’ =N > L= 4,
and
3kw1 _k _k
Tk <C (61 B., (z) + e, BEQ(:U)) , 0<k <4,
aka —k
k| < C='Bey(a), 0< k<2,
9w, 2k (-2 2 _
5 | S C (57" (e7?B., (2) + £5°B.,(2))) , k=3,4,

for all (x,y,t) € G.
Proof. By using Lemma 7.2.1, we obtain that

ak
’ﬁ(zﬁyi)‘ < O (1+e"Bey(27) + &, By (7))

< (14 Crerfel + Coer*el) <C(1+e17F), 0<k <4

Assume that z € [0,2*], then use definition of the smooth component from (7.2.5) to

deduce that
6kU1
oxk

Next, we consider the second component in = € [0, z*], for k =0, 1,2, we have

@w¢ﬂ30@+ﬁ*yogk§4 (7.2.7)

‘ 8ku2

W(x*,y,t)‘ <C (1 + 52_kl352(x*)) <C(1+ 53"“).

Therefore, by using the previous technique, one can easily deduce that

8’%}2
Oxk

@w¢ﬁgcu+£kyogkgz (7.2.8)

A simple calculation leads to obtain the required estimate for k& = 3,4 for the smooth

component vs.
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In a similar manner, we can obtain the required estimate in [1 — z*,1]. For z €
[z*,1 — x*], it is easy to verify that
akul

oxk

‘ 8'%1

oxk

<x,y,t>]: <m,y,t>\ < C (1478, (+) + 7B (2%))

<C+&),0<k<4

An analogous result holds for the smooth component v,. By using the decomposition

(7.2.6), we can obtain the desired results for the layer component . n

Lemma 7.2.5. Suppose that € < 5. Then, the layer component 1w = (wy, wo)? can be
decomposed as

Wy = Wie + Wiy, W2 =Wae + Woe,,
where the layer components wy.,, | = 1,2 satisfy following estimates

2

8 U}2751
0x?
3

8 w2,62

ox3

< 052_215’51 (x)

2

8 wLEl
0x?
3

‘8 wLaz

ox3

< Ce?B., (), ‘

< Og5°B.,(z).

< CeP*Buy(2), \

Further, the layer component @ = (w1, we)? can be decomposed as
W = Wiey T Wie,, W2 = Wae + Woe,,

and these layer components satisfy

2,7 *10
‘85;’“ < Ce”Be, (w), ‘85551 < Cey "B, (2)
4,5 w
‘aau;lf? < Cey’sy"Be,(2), ‘85;24’82 < Oy B, (@),

Proof. By using the methodology of [52, Lemma 5] and [49, Lemma 2|, one can derive

required estimates. L]

7.3 The Spatial Semidiscretization

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,
then we discretize the spatial derivatives of the model problem (7.1.1) by using the
central difference scheme. Before closing this section, we will discuss the truncation

error estimate for the spatial discretization process.
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7.3.1 Discretization of the domain

N

We discretize the problem (7.1.1) on a rectangular mesh 55 =Q, x ﬁ;v The mesh

transition parameters 7, ., Tye,, Ty and 7., are defined by

1 2 1 7, 2e
Toey = Tye, = Min {Z’ 72 In N} , and T, = Ty, = min {g, 7—2’62 : ?1 In N} :
We construct the mesh ﬁiv by dividing the interval [0, 1] into five subintervals such
as [0, Tucy ]y [Toers Teeo) [Twens L — Taes)y [L = Tawegs 1 — Tuey ] and [1 — 7, o, 1]. Then divide
[Tueos 1 — Tuep) into N/2 mesh-intervals and divide other subintervals in to N/8 mesh-
intervals. Analogously, we proceed for ﬁiv The step sizes in both the spatial directions

will be expressed as

hx,iszz‘—l’z‘—h 1=1,..., N, hw,i:hm,i+hm,i+17 t=1,...,N—1,
hy,j:yj_yj—l, j:]-?"'aN7 ily7j:hy,j+hy7j+1, j:].,,N—l

Figure 7.2 shows a typical discretized domain with the Shishkin meshes.

1

1 B Ty761
1 ] Ty762
Ty782

T
Y,€1
1
0 Tx761 Tx762 1 o Tm7€2 1 - Tx,€1

Figure 7.2:  FEzample of Shishkin mesh @iv for N =16

Note that when 7,., = 7,., = 1/4, the meshes will become uniform and N~ is

exponentially small relative to 9, therefore, in this case the classical approach can be
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applied for derivation of the truncation error. If 7,. = 7,.,/2, 7y-, = Tye,/2 then
g9 = O(ey) and the result can be easily obtained. Therefore, we only consider the case

Toer < Tueo/2, and 7, ., < Tyz, /2.

7.3.2 The semidiscrete scheme

Here, we present the numerical scheme (finite difference spatial semidiscretization) for
the model problem (7.1.1) to obtain the approximation of the exact solution @(x;, y;,t),
where (z;,y;) are the mesh points of the rectangular mesh ﬁiv. Let us denote [-]x the
restriction of a function defined on Q, to ﬁiv The central difference scheme is used
to approximate the differential operator £z Thus, @y (t) is defined as the solution of
following IVP of the form

—

@y (t) + eliy(t) = [fln(t), D, (7.3.1)

—

Uy (0) = [to]n,

where £ is spatial discretization of the system of the elliptic reaction-diffusion operator
£z and the source term fis given by

—

= f(@i,y5,t),  (2i,9;) € DY,

0, (iy;) € 9DY =D\ DX.

Hence, the difference scheme can be expressed as follows:

[ eNan(t)(wny) = rly @@ y-) +ri gy @)(@i,y)

i sy (8) (26, y5) + 71wy (8) (T4, Y511)

iy sy () (T, y5) + 6 juay (D) (20, 95),
fore,7=1,...,N—1,

Qé\iﬁN(t)(%, yj)

ulN(xhyjat):Ov for i,j =0, N,

(7.3.2)
Lhn () (i, y) = rdyuay (D)@, yj-1) + 1 juay (8)(im1,y;)
+7’1‘27J'U2N (t) (i, y;) + 7"1'2,]'+U2N (t) (@i, Yj41)
+T12+,ju2zv (t) (xi-‘rl? yj) + qiz,julN (75) (xz', yj),
fori,j=1,...,N —1,
L SgﬁN(t)(xlay]) = UQN(xiuyj7t> 207 for Z?] 207N7
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where the coefficients are given by

\

—2 —2
Tij—(t): 7 ! ) Ti—j(t): 7 ! ) l:1727
hy,jhy,j 7 hm,ihm,i
—2€l —281

l l
rigr(t) = =———, iy (t) = =———,

! hy,jfy 51 ! Najis1ha,i (7.3.3)
ri () = bul@i, ys,t) — iy () —ri_ ;1) — i (8) — iy (),

qllj(t) = bl2<xi7yj7t)> q?](t) = le(-Tivyja t)

Lemma 7.3.1. (Discrete mazimum principle) Let £, be the difference operators
given in (7.3.2)-(7.8.3). If [flxy > 0 and [ido]n > 0, for any (z;,y;) € Y_Div, then we have
in(t) >0 for all (z;,y;,t) € 1_?5 x [0,T].

Proof. We prove this lemma by contradiction.

Assume that there exists a point

(w4, y;+) € DN, ¢ > 0 such that

min {uy (8) (24, yje ), Uy () (2o, yj=) b

min
(z4,y;)€DY

min

( y)eDNUIN(t)(l.i’yj)’
Ti)Yj e

:min{

(0o 1) ) <.

without loss of generality we assume that wu (¢)(@«, y;«) < uay (t)(2+,y;+). Therefore,
it follows that u} (t)(ws,y;+) <0 fort € (0,77

Next, consider the first component of the source term as

() (zi=, yje) + LY Un(8) (@30, Yjo)

gty ()@, i) + i (0T, Yo 1)

+rip iy (0@ 41, Yje) + @3 uay (8) (e, y50) <0,

which contradicts the hypothesis of the lemma, therefore, we have @y (t) > 0, for all

(z:,9;,t) € Do x [0,T].

An immediate consequence of Lemma 7.3.1 is the following result.

Corollary 7.3.2. If a vector function (E defined on DN x

—

[OaTL ¢(xiayj70) 2 6 and it

satisfies that

then, () (x,

—

&) (w,y) + (X6(1) (r,9) > 0, W(a.y,t) € DY x [0,7),

y) > 0 for all (x,y,t) 65?[ x [0,T].
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7.3.3 Truncation error

Next, we define the global error éy(¢) and the local truncation error & (¢) for spatial

discrete scheme (7.3.1) at any time ¢ € [0, 7], as follows

o) = [0y~ avle). - 70 = ( g+2¥ ) ol - | (57 +2¢) )]

By using the smoothness properties of #, the local truncation error €% (¢) can be written

ex(t) = L2 [a(t)ly — [Leu(t)] y - (7.3.4)

From the definition of the global error €y(t) and the local truncation error &% (t), we

deduce the following relation

(jt + £N> w(t) = ey (t). (7.3.5)

The local truncation error €% (¢) can be written as

6%(75) = eﬁN(t) + 55,N(t)a

where

ey (t) = € ([lan ()] — 051N (1)), € n(t) = E ([ ()] y = Oyiin (1)) -

Also, express the global error as €y(t) = €, n(t) + €, n(t). Hence, we split (7.3.5) as

follows:
7 +£2 | en(t) = n(t), (7.3.6)
d el t) =éekyt) 7.3.7
Lagl) anlt) =) (73.7)

Here, we analyze the error related to (7.3.6), analogously one can proceed for (7.3.7).

By using the solution decomposition (7.2.6), the local truncation error can be ex-

pressed as

er n(t) = & ([Una(t)] y — 020N (1)) + E2 ([Wor ()] y — O2WN (1)),
2w (0) = €2 ([, ()] — 3 () + £2 ([, 0)]y — B2 1)

By following the approach of [49] and using the derivative bound of smooth and layer

component (given in Lemma 7.2.4 and Lemma 7.2.5) with appropriate estimate from
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(6.4.7), the local truncation error €% v (t) = ((€% y)1, (€% )2) (t) satisfies

(

CN72In® N, for @; & {Tuc), Twesy | = Toony 1 — Toer b5 1 = 1,2,
Cle1es "N+ N72), for w; € {7pe,,1 — Toer b L =1,
(éiN)l (t) =< Clej'eaNL+ N72), for a; € {Tpc), 1 — Toey by 1 =2,

C’(&:%»SZ_IN*1 + N7%), forz; € {Tpey, 1 —Tucy b, =1,

CleaN71+ N72), for ; € {Tocy, 1 — Tuer}, [ = 2.

\

Next, we construct barrier functions for the truncation error. Define the piecewise linear

functions ¢, and ¢., as follows

1
T for x € [0, T q, ],

e, () = ¢ 1, for x € [Tpc, 1 — Tugy]s

(1—2z)r, L, forze[l—r1..,1],

L.l

for [ = 1,2. The discrete barrier function \ff(xl, yj,t) is given by
U(@;, y5,1) = ON 2 N (14 e, (@) + ey () € £ & v (8) (23, 9;).
It is easy to verify that
(1) (@i 5) + (ST (@i,5) 2 0. (i, y,) € DY x [0, ],
U (1) (24, ;,0) > 0, V(zs,y;) € 5?[.

Therefore, by using the maximum principle given in Lemma 7.3.1 on 1_)?[ x [0,T], we
obtain that
&, n(t)] < CN~2In® N.

By following the similar technique, one can show that |e}, x(t)| < CN=2In?N. "

We have the following truncation error estimate for the spatial discretization process
(7.3.1).

Theorem 7.3.3. Let un(t) be the numerical approximation of the exact solution U of
model problem (7.1.1). Then, the global error éx(t) satisfies

len ()]l < CN2In* N, for all t € [0,T). (7.3.8)

Hence, we conclude that the spatial discretization is an almost second-order uniformly

convergent scheme.
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7.4 The Discrete Problem

In this section, we introduce the numerical scheme (consists of the implicit-Euler method)
to discretize the semidiscrete problem (7.3.1). Later, the convergence analysis of the fully

discrete scheme has been established.

7.4.1 The fully discrete scheme

We consider the implicit-Euler method for the time discretization. Consider the uniform
mesh T = {t, =nAt, At =T /M, n=0,1,..., M}. Assume that @} is the numerical

approximation of uy(t,), be the solution of the following fully discrete scheme:

on  =n—l -

U U - =
IWEIN Vg = [flv(t),  m=1. 0,

¢ (7.4.1)
iy = [to] -

The fully discrete scheme (7.4.1) can be expressed as

—

(1+ate™) @y = ay " + Atlfln(t),
(7.4.2)

wy = [o]n-

By following the technique described in Lemma 6.2.3, one can obtain the following time

derivative estimate

lay ()l <C, t €[0,T]. (7.4.3)
Stability
Lemma 7.4.1. The difference operator (]N + Atﬁg’M> defined in (7.4.2) satisfies sta-

bility condition as follows:

H (1+ Atﬂg’M)_lH <1

[e.e]

Proof. By following the methodology of [14], it can be easily deduced. "

Consistency

The local truncation error €} of the numerical scheme (7.4.1) at the time level ¢, is
defined by

&n = iin(t,) — (1 + Atsg’M> B (aN(tn_l) + At[?]N(tn)) .
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Lemma 7.4.2. The local truncation error corresponding to the discrete scheme (7.4.1)

satisfies the following estimate
[€x]lo < C(AL)

Proof. By applying the Taylor expansion on iy(t,_1) and using the derivative bound

(7.4.3) with stability condition (Lemma 7.4.1), one can obtain the desired estimate. m

Convergence

Define the global error in time for numerical scheme (7.4.1) as follows

—

N = Un(tn) — Un-
By combining the consistency and stability results, we obtain the convergence results:

Lemma 7.4.3. The global truncation error of the discrete scheme(7.4.1) satisfies
|Billes < CAL.

Proof. By combining the stability result (Lemma 7.4.1) and the consistency result given

in Lemma 7.4.2, we get the required result. ]

7.4.2 Uniform convergence

We define the global error at each spatial mesh point (z;,y;) and at each time level £,

as usual, 7.e.,
Ly = U(zi, Yjs tn) — Un (T, Y5)-

The main result of this chapter is discussed in the following theorem.

Theorem 7.4.4. The global truncation error satisfies
IER |lo < C(N72In? N + At),
where constant C' is independent of €1, €9, N and M.

Proof. Split the error contribution of the time and the spatial discretization process as
follows:
1B lloo < Cllti(zs, yj,tn) — v (tn)lloo + [ ER oo

By combining the uniform convergence results of the spatial and the time discretization

process (7.3.8) and Lemma 7.4.3 respectively, we obtain the required estimate. ]
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7.5 Numerical Results

To illustrate the accuracy of the numerical method and the theoretical results of the error
analysis, we present some numerical results. The numerical experiments are performed

by choosing the time discretization parameter At = 1/M.

Example 7.5.1. Consider the following system of 2D parabolic reaction-diffusion IBVP
on G :=(0,1)% x (0,1]:

(O
% —e?Auy + (2 4+ 2?Y* ) u; — (1 + 22y*t) ug = e ‘ay(1 — z)(1 — y),
0
ﬂ_€2Au2_1’2 2wy + (4 + 229%tuy = e tx?y? (1 — 2)(1 — y),
ot 2 ) Yy Yy )

i(x,y,0) = (x+y+ 1222+ 1", (z,y) € (0,1)?
@(0,y,t) =i(1,y,t) =0, (y.t)€[0,1] x [0,1],
i

—

u(z,0,t) =u(x,1,t) =0, (x,t) €[0,1] x [0, 1].

\

For our experiments, the singular perturbation parameters takes value on the set
S. = {(e1,&2)[(2712,2719), (2716 2712) (2720 2-14)} which is a sufficiently small choice
to bring out the singularly perturbed nature of the problem.

From Table 7.1, we can see that the order of convergence is one. Therefore, we can
conclude that the global errors are dominated by the errors corresponding to the time
discretization. In order to visualize the numerical order of convergence, we have plotted
the maximum pointwise errors in loglog plot for Example 7.5.1 in Fig. 7.3 and Fig. 7.4,
which again shows the accuracy of the numerical scheme.

From Table 7.2, one can verify the almost second-order convergence and therefore,
we conclude that the global errors are dominated by the errors corresponding to the
space discretization. To visualize the order of convergence of the numerical solutions,
we have also plotted the maximum point-wise errors for Example 7.5.1 and in Fig. 7.5
and Fig. 7.6.

7.6 Conclusions

In this chapter, we have numerically solved the singularly perturbed system of 2D
parabolic reaction-diffusion problem of the form (7.1.1), using the uniform mesh for
the temporal domain and the piecewise-uniform Shishkin mesh for the spatial domains.
For discretizing the spatial derivatives, central difference scheme has been used and then
the implicit-Euler scheme has been used in the resulting semidiscrete scheme. For the

proposed scheme, the stability and error analysis have been carried out, which shows
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107

Max Error

1073

M 102

Figure 7.3:  Loglog plot (for the temporal order of convergence) associated with numerical
solution Uy of Example 7.5.1.

that the method converges uniformly with second-order (up to a logarithmic factor) in

space and first-order in time. Along with the analysis, we have presented numerical

example to verify the theoretical findings.

Table 7.1: Uniform errors and the corresponding orders of convergence for Example

7.5.1.
N, Number of mesh-intervals N /temporal mesh-size At
16/ 32/% 64/ 55 128/ &
ENM | 2.4424e-02  1.3726e-02 7.3077e-03  3.7730e-03
pMM 1 0.8313 0.9094 0.9537
E3M 12.3839e-02  1.2967e-02  6.9265¢-03  3.6540e-03
PYM L 0.8784 0.9046 0.9226
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Figure 7.4:  Loglog plot (for the temporal order of convergence) associated with numerical

solution Uy of Example 7.5.1.
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Figure 7.5:  Loglog plot associated with numerical solution Uy of Fxample 7.5.1.
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Table 7.2: Uniform errors and the corresponding orders of convergence for Example

7.5.1.
Se | Number of mesh-intervals N /temporal mesh-size At
16/ 32/35 64/ 1< 128/ 5
EYM | 3.9144e-02  1.3726e-02  3.7693e-03  9.6636e-04
PNM 15118 1.8646 1.9637
EYM | 3.6640e-02 1.2967e-02  3.6592e-03  9.5164e-04
PNM 1 1.4986 1.8252 1.9430
107
= 107
e
(T
x
czts D-oN?In?N)
10_3 051:2_12, 52:2'10
-D-sl=2'16, 52=2'12
=K 8122'20, 52:2'14

10t N 102

Figure 7.6:  Loglog plot associated with numerical solution Uy of Example 7.5.1.
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CHAPTER 8

Summary and Future Scopes

This chapter is devoted to a brief overview of main results achieved in this thesis. It

also highlights the scope for possible extension and future investigations.

8.1 Summary of the Results

The main core of this thesis is to develop £-uniform fitted mesh methods for solving
singularly perturbed system of parabolic PDEs in one- and two-dimensions. The results

of this thesis with some important observations are briefly described below:

e A uniformly convergent upwind finite scheme is proposed and analyzed for sin-
gularly perturbed system of 1D parabolic convection-diffusion problems. First,
the time derivative is discretized by the implicit-Euler scheme on uniform mesh.
Then, the spatial derivatives are substituted by the classical upwind scheme on
piecewise-uniform Shishkin mesh in the resulting time semidiscrete problem. It
is shown that the numerical method is almost first-order accurate in the discrete
supremum norm. This computational technique is extended for singularly per-
turbed system of linear and semilinear parabolic convection-diffusion problems.
Later, a post-processing technique is discussed, which improves the accuracy of
the proposed numerical scheme on the piecewise-uniform Shishkin mesh. Numeri-

cal experiments are conducted to validate the theoretical findings.

e Next, a parameter-uniform hybrid numerical is considered for solving singularly
perturbed system of 1D parabolic convection-diffusion IBVP on Shishkin mesh.
The scheme consists of the implicit-Euler scheme for the time derivative and the
hybrid numerical scheme for the spatial derivatives. Hybrid numerical scheme is a
proper combination of midpoint scheme and central difference scheme. It is shown

that the discrete solution obtained by this technique is almost second-order spatial
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accurate in the discrete supremum norm, provided the perturbation parameters ¢,
and e, satisfy 1, €5 < N~! (the most important case from practical point of view).

Numerical results are presented to verify the theoretical error estimates.

e Then, singularly perturbed system of 1D parabolic convection-diffusion with dis-
continuous convection coefficient and source term is analyzed using implicit-Euler
for the time derivative and upwind difference for the spatial derivative on piecewise-
uniform spatial mesh and uniform time mesh. The parameter-uniform error esti-
mates are derived for the numerical solution. To support the theoretical results,
numerical experiments are carried out. Moreover, maximum errors are plotted in

the loglog scale to show the convergence rate.

e In the literature, so far there exist no result where a singularly perturbed system
of 2D parabolic convection-diffusion problem is solved numerically. To discretize
the time derivative, the fractional-step method is used. Then the classical upwind
scheme is used on the piecewise-uniform Shishkin meshes in the spatial directions,
for the 1D stationary problems resulting of the previous step. Error estimates are
derived for the numerical scheme, which are independent of the singular perturba-

tion parameter €. Numerical results reveal the theoretical error estimate.

e We proposed a parameter-uniform fractional-step method to solve singularly per-
turbed system of 2D parabolic reaction-diffusion IBVP with one perturbation pa-
rameter. The theoretical and numerical results explains that the error converges at
the rate of first-order in temporal variable and almost second-order in the spatial

variables.

e Finally, we have solved numerically the singularly perturbed system of 2D parabolic
reaction-diffusion problems with different perturbation parameters. First, spatial
derivatives are discretized by the central difference scheme on piecewise-uniform
Shishkin mesh. Then, the time derivative is discretized, in resulting IVP, by the
implicit-Euler scheme on uniform mesh. It is shown that the error estimate ob-
tained for the proposed numerical scheme is almost second-order accurate in space
and first-order in time. Numerical results are produced to validate the theoretical

error estimates.

8.2 Scope for Future Work

A brief outline, describing the possible extensions of the current work to be carried out

in the future with suitable model problems, are presented below:
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In Chapter 2 we presented the numerical analysis for singularly perturbed weakly
coupled system of parabolic convection-diffusion IBVP exhibiting boundary layers. The
problem is analyzed using implicit-Euler difference scheme for the time derivative and
upwind difference scheme for the spatial derivative on a layer-adapted mesh.

The numerical scheme applied developed in Chapter 2 can be applied to strongly

coupled system of parabolic convection-diffusion problem of the form

(8.2.1)
@(0,t) =0, w@(1,t)=0, te(0,T],

where £ = diag(e1,e2) and A(z) = (aun(®))ax2, B(x) = (byn(7))2x2. The coefficients

matrices A, B satisfy the following positivity conditions:
an(r) > a >0,  axn(x)>a>0,

min{b11(z) + b12(), ba1 () + baa(z)} > 5> 0.

IGQI

In addition assume that B is an Ly -matrix. The coefficients of matrices A, B, source
term f are sufficiently smooth.

The hybrid difference scheme discussed in Chapter 3 can be applied to the above
model problem (8.2.1) and also one can use this numerical scheme to obtain higher
order numerical approximate solution of the model problem discussed in Chapter 4.

In Chapter 4, we analyzed upwind based difference scheme for singularly perturbed
system of parabolic convection-diffusion with discontinuous convection coefficient and
source term. One can use this method to solve system of convection-diffusion problem

with degenerate convective term and a discontinuous source term of the form

R N _— N
E—E @—Mx A(:E)%-I-B(x)u—f, (z,t) € Q- UQ,
i(x,0) = t(z), =z € [-d,d, (8.2.2)

@(0,t) =0, a@(1,t)=0, te (0,7,

where 0 < p < 1, &€ = diag(ey,e9), p < 1,69, Q- = (—d,0) x (0,T] and Q+ =

(0,d) x (0,T]. The coefficients of convection matrix A(z) = diag(ai,a2) and reaction

matrix B(x) = (b, (7))2x2 are sufficiently smooth and satisfy the following conditions

ai(x), as(x) > a >0, r €[—d,d]

mind]{b11($) + b12(), ba1 (x) + ba2(2)} > B > 0.

z€[—d,
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The source term f (x,t) is sufficiently smooth on QU Cj*.

In Chapter 5, we considered singularly perturbed system of 2D parabolic convection-
diffusion problem with one parameter. It will be interesting to develop fractional-step
method for system of 2D parabolic IBVP of the form

2 % e (%_i_%) +A(x,y)% + B(z,y)i = f, (z,y,t) €G,
i(x,y,0) = do(z,y), (v,y) €D, (8.2.3)
i@(0,y,t) = @(1,y,t) =0, (y,t) € [0,1] x [0, 7],
@(x,0,t) = @(x,1,t) =0, (x,t)€[0,1] x [0,T],

\
where £ = diag(ey, €2) with A = diag(a1, as) and B = {bim}7,,—,. We assume that the
matrices A, B are sufficiently smooth and satisfy the following conditions

p
(11(1'7y), GQ(J;?y) > o> 07

bu(w,y) > >0, bin(z,y) <0, for [ #m,
min {b1;(z,y) + bi2(z,y), ba1 (x, y) + baa(x,y)} > 5 > 0,

(z,y)€D

M= mgx{\bl2($7y)| [bu(z,y)},  v2 = mgxﬂbm(%yﬂ /baz(, )}

\

We assume that the source term and initial data of the model problem (8.2.3) are satisfy
certain smoothness conditions.

Finally, in Chapter 7, we presented uniformly convergent numerical scheme to solve
singularly perturbed system of 2D parabolic reaction-diffusion problem. It will be in-
teresting to develop parameter uniform computation technique to solve system of 2D

parabolic reaction-diffusion type problem with discontinuous source term.
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