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Abstract

In this thesis, our primary interest is to provide some uniformly convergent computa-
tional techniques for solving singularly perturbed system of parabolic initial-boundary-
value problems (IBVPs) of convection-diffusion and reaction-diffusion types with bound-
ary and interior layers in one- and two-dimensions. These kinds of problems are identified
by system of partial differential equations in which the highest order spatial derivatives
are multiplied by small parameters ε or ε1 and ε2 (say) known as singular perturbation
parameters. The solution of such kind of problems exhibits boundary or/and interior
layers where the solution varies rapidly, while away from these layers the solution be-
haves smoothly. Due to appearance of the layer phenomena, it is an interesting task to
develop parameter-uniform numerical methods.

The purpose of this thesis is to apply and analyze parameter-uniform fitted mesh
methods (FMMs) for solving singularly perturbed system of parabolic convection-
diffusion and reaction-diffusion problems in one- and two-dimensions.

We begin this thesis with an introduction followed by a section describing the ob-
jectives and the motivation for solving singularly perturbed system of parabolic PDEs.
Then, we discuss preliminaries which are used throughout the thesis. Next, we move for-
ward to the main work of the thesis. First, we analyze a uniformly convergent numerical
scheme for system of 1D parabolic convection-diffusion IBVPs exhibiting overlapping
boundary layers. Then, to improve the accuracy of the proposed numerical scheme, a
post-processing technique is discussed. The hybrid difference numerical scheme is pro-
posed for system of 1D parabolic PDE on the piecewise-uniform Shishkin mesh. This
hybrid scheme is a proper combination of the midpoint upwind scheme and the cen-
tral difference scheme. Later, we have considered uniformly convergent upwind based
numerical scheme for singularly perturbed system of 1D parabolic convection-diffusion
problems with overlapping interior layers. Numerical experiments are carried out to
validate the theoretical findings.

Then we discuss singularly perturbed system of 2D parabolic convection-diffusion
and reaction-diffusion problems. First, we analyze a fractional-step method to dis-
cretize the time-derivative of the singularly perturbed system of 2D convection-diffusion
PDEs. The resulting one-dimensional equations are solved by using the classical upwind
scheme. Next, we consider singularly perturbed system of two-dimensional reaction-
diffusion problems with one parameter. Here, we discretize the time-derivative by the
fraction-step method and spatial derivatives by the central difference scheme for the
reduced stationary problem. At the end, we have considered system of 2D reaction-
diffusion problem containing different diffusion parameters. The spatial derivatives are
discretized by the central difference scheme on piecewise-uniform Shishkin mesh. Then,
the time derivative is discretized by implicit-Euler scheme on uniform mesh in the result-
ing problem. Numerical results are produced to validate the theoretical error estimates.

Finally, we summarize the results obtained in this thesis. At the end of this thesis,
possible future works are discussed based on the work carried out in this thesis.
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CHAPTER 1

Introduction

1.1 Singular Perturbation Problem

Singular perturbation problems (SPPs) with smooth and non-smooth data are of com-

mon occurrence in several branches of engineering and applied mathematics including

fluid mechanics, gas porous electrodes theory, tubular model in chemical reactor theory,

neutron transport problems and heat and mass transfer processes in composite material,

with sufficiently small diffusion coefficients. Typical examples include the modeling of

viscous flow problems with large Reynolds numbers and convective heat transport prob-

lems with large Péclet numbers. These types of problems are identified by differential

equations in which the highest order spatial derivative is multiplied by small parameters.

In particular, singularly perturbed system of differential equations arise often in

several branches of engineering and applied mathematics. The well-known examples of

singularly perturbed system of parabolic convection-diffusion problems are the diffusion-

convection enzyme model with sufficiently small diffusion coefficients. The simplified

mathematical description of enzyme-substrate convection-diffusion model is given by ut −D1∇2u+~b · ∇u+ a1Eou− b1w = a1uw,

wt −D2∇2w +~b · ∇w − a2Eou+ b2w = a2uw,

with suitable initial and boundary conditions. Here u, w are the concentration of sub-

strate and enzyme-substrate complex, respectively and Eo is the total enzyme. Here,
~b = (b1, b2)T is velocity of the convecting fluid in the reaction process and a1, a2, var-

ious rates of reaction. Next, consider the double-diffusion model for saturated flow in

fractured porous media with suitable initial and boundary conditions, introduced in

1
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Chapter 1 1.1. Singular Perturbation Problem

Barenblatt et al. [3] is as follows:
(βc1 +m1β)p1t −

k1

µ
∆p1 +

α

µ
(p1 − p2) = f1(x, y, t),

(βc2 +m2β)p2t −
k2

µ
∆p2 +

α

µ
(p2 − p1) = f2(x, y, t),

where p1, p2 are the pressure of liquid in the pores of the first and second-order respec-

tively, µ is the viscosity of liquid, βc1 and βc2 are positive constants, whereas k1, k2 are

the porosity of the system of pores of first-and second-order respectively. And m1, m2

are the values of the first-and second-order porosity at standard pressure. For sufficiently

small values of diffusion coefficients, the above models will be recognized as singularly

perturbed system of parabolic problems. In these type of equations, the considerable

amount of numerical difficulties arise due to the presence of boundary layers. More

details on application of singularly perturbed differential equations can be found in the

books by Pao [76], Morton [62] and Murray [67].

The term “boundary layer” was first introduced by Prandtl [77] at the Third Inter-

national Congress of Mathematicians in Heidelberg in 1904. In his seven-page report on

the subject of boundary layer theory, Prandtl discussed about how a quantity as small

as the viscosity of common fluid such as water and air could play a crucial role in deter-

mining their flow. The boundary layer theory became the foundation stone of modern

fluid dynamics. The term “singular perturbation” was first introduced by Friedrichs and

Wasow in their paper [29], presented at New York University in 1946.

Singularly perturbed problems are identified by differential equations in which the

highest order spatial derivative is multiplied by an arbitrarily small parameter ε. The

perturbation is ‘singular’ in the sense that, as ε→ 0, the problem becomes ill-posed since

the order of the differential equation is reduced, but the number of boundary conditions

remain the same. In general, the solutions of SPPs possess boundary (or interior) layers

which are basically thin regions in the neighborhood of the boundary (or interior) of the

domain, where the gradients of the solutions steepen as the perturbation parameter ε

tends to zero. Therefore, it is desirable to develop numerical methods, more precisely

parameter-uniform numerical methods that solve the singularly perturbed differential

equations effectively.

There are two principal approaches for solving SPPs: asymptotic analysis and numer-

ical analysis. The asymptotic analysis tries to gain insight into the qualitative behavior

of a family of problems and only semi-quantitative information about any particular

member of the family, whereas the numerical analysis tries to provide quantitative infor-

mation about a particular problem. Asymptotic methods treat comparatively restricted

class of problems and require the problem solver to have some understanding of the
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behavior of the solution. Numerical methods are intended for a broad class of problems

and to minimize demands upon the problem solver. Since the mid-1960s, the theory of

singular perturbation problems has grown into a substantial field of study, which has

attracted several mathematicians. Numerous good textbooks have appeared in this area

which either dealt with the asymptotic approach or with the numerical ones. Some of

the books dealt with both of these. One may refer to the books of Miller [58], Nayfeh

[72], O’Malley [73, 74], Kevorkian and Cole [41], Bush [8], Miller et al. [57], Roos et al.

[82] and articles of Berger et al. [6, 7].

A common technique to study the nature of the analytical solution of SPPs as the

small parameter ε goes to zero is through asymptotic expansion technique. A straight-

forward perturbation expansion leads to differential equations of lower order than the

original governing equation by using an asymptotic series in the small parameter ε. As

a result, all of the boundary or initial conditions cannot be satisfied by the perturbation

expansion. To overcome from such difficulties, one has to combine the straightforward

expansion known as the outer expansion valid away from the boundary layer, with an

expansion called the inner expansion valid within a layer adjacent to the boundary

where the boundary condition is not satisfied. The inner expansion associated within

the boundary layer region is expressed in terms of a stretched variable rather than the

original independent variable, which takes account of the scale of certain derivative

terms. The inner and outer expansions are matched over a region located at the edge

of the boundary layer using the method of matched asymptotic expansion. Note that

one needs to know the width and the location of the boundary layer before solving the

problem which can be acquired using the principle of least degeneracy introduced by Van

Dyke [91]. For more details about the asymptotic expansion technique, one can refer

to the books of Bush [8], Lagerstrom [43], O’ Malley [73, 74] and the survey articles of

Lagerstrom and Casten [44], Smith [85] and Miller [58].

The development of parameter-uniform numerical methods over the past few decades,

can be arranged into two different categories. The first methodology involves the replace-

ment of the standard finite difference operator by a difference operator which reflects

the singularly perturbed nature of the differential operator. The modified difference op-

erators are referred as fitted finite difference operators, which are constructed by using

a proper choice of difference coefficients so that some or all of the exponential functions

are in the null space of the differential operators. Such fitted finite difference operator

on a standard mesh (very often a uniform mesh) are referred as fitted operator methods

(FOMs). The FOMs were first introduced by Allen et al. [23] for solving the problem

of a viscous fluid flow past a cylinder. One can find extensive amount of work on ε-

uniform FOMs in Farrell [26] and in the books of Doolan et al. [25] and Miller et al.
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[57]. Munyakazi [66] considered nonstandard finite difference scheme for solving system

of convection-diffusion problems.

The second approach for the construction of ε-uniform method involves the use of

classical finite difference schemes on spacial non-uniform meshes condensed in boundary

and interior layers. Such numerical methods are referred as fitted mesh methods (FMMs).

In FMMs, the meshes are constructed in such a way that the density of mesh points will

be higher in the boundary layer regions compared to the outer regions. These methods

have an extra advantages over FOMs due to their implementations with the standard

operators and their extension to higher-dimensional problems. The well-known layer

resolving fitted meshes are Bakhvalov meshes [2] and Shishkin meshes [83]. In both the

cases one requires apriori information about the width and location of the boundary

layer. For more details, one may refer the books by Doolan et al. [25], Farrell et al. [27],

Miller et al. [57] and Roos et al. [82] and survey articles of Kadalbajoo et al. [34, 35, 36].

Marchuk [55] and Yanenko [96] considered operator splitting technique for analyzing the

multi-dimensions partial differential equations.

1.2 Objective and Motivation

The main objective of this thesis is to develop and analyze parameter-uniform FMMs

for solving singularly perturbed system of parabolic convection-diffusion and reaction-

diffusion initial-boundary-value problems (IBVPs) in one-and two-dimensions on the

piecewise-uniform Shishkin mesh. A brief survey of the literature illustrating motivation

behind the present work, carried out in the thesis, is presented below:

In the recent past, construction of uniformly convergent numerical schemes for solv-

ing singularly perturbed system of ODEs have received a significant attention by several

researchers. One can refer to the books of Linß [47], Shishkin, and Shishkina [84],

where different types of parameter-uniform numerical schemes have been discussed. A

weakly coupled system of convection-diffusion problems has been analyzed in Cen [10]

and Linß [46]. Das and Natesan [20] and Liu and Chen [51] proposed an ε-uniformly

convergent scheme for singularly perturbed system of ODEs, by using the mesh equidis-

tribution technique. Bellew and O’Riordan [5] examined an upwind difference scheme to

solve coupled system of convection-diffusion equations. O’Riordan and Stynes [75] ana-

lyzed an upwind difference scheme for a strongly coupled system of singularly perturbed

convection-diffusion problems. Deb and Natesan [24] applied the Richardson extrapola-

tion technique for system of convection-diffusion equation to improve the accuracy of the

upwind numerical scheme. For singularly perturbed system of reaction-diffusion prob-

lems, Matthews et al. [56], Madden and Stynes [52] considered a uniformly convergent

Ph.D. Thesis 4

TH-2098_136123007



Chapter 1 1.2. Objective and Motivation

numerical method which produces almost first-order accurate numerical approximation.

To improve the accuracy (from almost first–order to almost second–order convergence)

of the numerical approximation of both the previous articles, Linß and Madden [48, 49]

followed a special approach for the error estimate of the proposed numerical method.

Das and Natesan [22] used the mesh equidistribution technique to obtain optimal error

estimate for singularly perturbed system of reaction-diffusion BVPs. For weakly coupled

system of ODEs with discontinuous source term, Tamilselvan et al. [89, 90] analyzed

parameter-uniform numerical method. A detailed survey on singularly perturbed system

of differential equation is presented in Linß and Stynes [50].

For the past few years, a great amount of work have been done by many researchers

for singularly perturbed stationary and non-stationary problems. Cai and Liu [9] and

Stynes [86] developed uniformly convergent numerical methods on the piecewise-uniform

Shishkin mesh for the convection-diffusion problems. Gowrisankar and Natesan [30, 31]

proposed parameter-uniform computational techniques to solve singularly perturbed de-

lay parabolic partial differential equations. Majumdar and Natesan [54], considered

second-order uniformly convergent Richardson extrapolation method for singularly per-

turbed degenerate parabolic problems. Mohapatra and Natesan [59, 60, 61] used the

adaptive mesh generation method to solve singularly perturbed boundary-value prob-

lems (BVPs). Also, one can look at the articles [4, 68, 69, 70, 71, 92, 93], in which Natesan

and his collaborators have proposed initial-value techniques and parallel boundary-value

techniques for singularly perturbed BVPs. Xenophontos and Oberbroeckling [95] dis-

cussed p/hp finite element approximation for systems of reaction-diffusion equations.

Later, Xenophontos et al. [94] analyzed finite element approximation of convection-

diffusion problems by using an exponentially graded mesh. Ramos [79, 80] devel-

oped exponentially-fitted methods for singularly perturbed differential equations and

differential-difference equations.

Here, we cite some articles, which are dealt with the hybrid numerical scheme.The

hybrid numerical scheme is a proper combination of the midpoint upwind scheme (for

the outer region) and the central difference scheme (for the inner region). The midpoint

upwind scheme was first introduced by Abrahamsson et al. [1]. Then, Stynes and Roos

[87] combined this scheme with the central difference scheme to solve 1D singularly per-

turbed two-point BVPs. For stationary singularly perturbed system, Priyadharshini et

al. [78] proposed the hybrid scheme. In [21], Das and Natesan analyzed a uniformly con-

vergent hybrid scheme for singularly perturbed system of reaction-diffusion Robin type

boundary-value problems. Cen et al. [11] considered the hybrid difference method for a

system of singularly perturbed initial value problems on Shishkin mesh. For singularly

perturbed parabolic PDEs, Mukherjee and Natesan proposed the hybrid scheme in [63].

Ph.D. Thesis 5
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Also Mukherjee and Natesan [65] considered the hybrid numerical scheme to improve

the accuracy of the numerical approximate solution of parabolic IBVPs with interior

layers. Clavero et al. [12] analyzed the hybrid numerical method for time-dependent

convection-diffusion problems by simplifying the truncation error analysis. Later on

Das and Natesan [17] extended the idea of hybrid scheme to solve singularly perturbed

delay parabolic PDEs.

In recent years, various ε-uniform numerical schemes are proposed in the literature

for singularly perturbed 2D parabolic initial-boundary-value problems. For instance,

Clavero et al. [16] proposed a numerical scheme, which consists of an alternating di-

rection scheme for the temporal discretization and central finite difference method for

the spatial discretization. Clavero and Jorge [13] considered a monotone finite differ-

ence schemes to approximate 2D singularly perturbed parabolic problems of convection-

reaction-diffusion type with implicit-Euler method as time integrators. Das and Natesan

[19] analyzed a parameter-uniform numerical method for solving singularly perturbed 2D

delay parabolic convection-diffusion problems on Shishkin mesh. Das and Natesan [18]

proposed a higher-order fractional-step method for singularly perturbed 2D parabolic

convection-diffusion problems. Majumdar and Natesan [53] analyzed an ADI numerical

scheme for singularly perturbed 2D degenerate parabolic problems on Shishkin mesh.

However, the theory and numerical solution of singularly perturbed system of

parabolic PDEs are still at the primary stage. Rao and Srivastava [81] analyzed a numer-

ical scheme which is a combination of HODIE scheme and the central difference scheme

in space with backward-Euler method in time direction to solve time-dependent singu-

larly perturbed system of convection-diffusion problems with a single parameter. The

proposed numerical scheme is of almost second-order accurate in space and first-order

accurate in time. Gracia and Lisbona [32] applied a classical finite difference scheme on

the Shishkin mesh to obtain the uniformly convergent numerical solution of singularly

perturbed system of parabolic problems of reaction-diffusion type. They proved that

the numerical scheme is uniformly convergent, having first-order convergence in time

and almost second-order convergence in space. In [33], Gracia et al. applied the central

difference scheme to solve singularly perturbed coupled system of parabolic reaction-

diffusion equations. The proposed numerical scheme is of almost first-order accurate

in space and first-order accurate in time. Franklin et al. [28] studied a central differ-

ence scheme for singularly perturbed system of parabolic reaction-diffusion problems. It

is shown that the numerical approximations obtained with this method are first-order

convergent in time and almost second-order convergent in the spatial variable.

Finally, we turn our attention to develop parameter-uniform numerical methods for

singularly perturbed system of convection-diffusion and reaction-diffusion problems in

Ph.D. Thesis 6
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two-dimension. In [39], Kellogg et al. considered a class of singularly perturbed system

of 2D elliptic reaction-diffusion problems with a single parameter. In [38], Kellogg et al.

studied the same problem with different hypothesis on the reaction coefficients. Because

of the hypothesis, later the model problem did not satisfy the maximum principle. For

both the problems in [39, 38], they applied the standard central finite difference scheme

on the Shishkin mesh and Shishkin-type mesh, respectively. The proposed schemes are

ε-uniformly convergent of almost second-order for Shishkin mesh while second-order

uniform convergence for the Bakhvalov mesh.

From the literature, one can observe that no work has been carried out till now to

solve singularly perturbed system of parabolic PDEs of convection-diffusion type with

different parameters in one-dimension. Some work has been carried out with single

parameter case only. And for the system of reaction-diffusion problems, the previous

research work has been limited to one-dimension only. By considering all these facts,

we propose some numerical schemes for solving singularly perturbed system of parabolic

convection-diffusion and reaction-diffusion problems in one- and two-dimensions.

1.3 Preliminaries

In this section, we introduce some essential definitions, notations and convention which

will be used throughout the thesis.

We denote Ck(Q) as the space of all functions whose derivatives up to order k ≥ 0

are continuous on Q, where Q is a bounded domain in Rn × [0, T ].

Next, we introduce the Hölder continuous function. The set of all Hölder continuous

functions in Q, forms a normed linear vector space C0
λ(Q) with the norm

‖u‖λ,Q ≡ ‖u‖Q + sup
(x1,t1),(x2,t2)∈Q

{
|u(x1, t1)− u(x2, t2)|

(|x1 − x2|2 + |t1 − t2|)λ/2

}
,

where ‖u‖Q = sup
(x,t)∈Q

|u(x, t)|.

For each integer k ≥ 1 and all non-negative integers kx, kt, the subspaces Ckλ(Q) of

C0
λ(Q), which contain functions having Hölder continuous derivatives defined as follows:

Ckλ(Q) =

{
u :

∂kx+ktu

∂xkx∂tkt
∈ C0

λ(Q), such that 0 ≤ kx + 2kt ≤ k

}
.

The norm on Ckλ(Q) is taken to be

‖u‖k,λ,Q = max
0≤kx+2kt≤k

∥∥∥∥ ∂kx+ktu

∂xkx∂tkt

∥∥∥∥
λ,Q

.

For vector-valued function ~u = (u1, u2) ∈ (Ckλ(Q))2, the norm of ~u is defined by

‖~u‖k,λ,Q = max{‖u1‖k,λ,Q, ‖u2‖k,λ,Q}.
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In the analysis, we use the standard supremum norm ‖ · ‖∞,Q, which is defined by

‖g(x, t)‖∞,Q = max
(x,t)∈Q

|g(x, t)|,

for a scalar function g(x, t). It is a convention that when the domain is obvious,

or of no particular significance, Q is omitted. For vector-valued function ~g(x, t) :=

(g1(x, t), g2(x, t))T , set |~g(x, t)| = (|g1(x, t)|, |g2(x, t)|)T , and we define the standard

supremum norm by

‖~g‖∞,Q = max {‖g1(x, t)‖∞,Q, ‖g2(x, t)‖∞,Q} .

Throughout this thesis ~C = (C,C)T , C denotes a generic positive constant, which is

independent of ε, ε1, ε2 and of mesh parameters, not necessarily taking the same values

at different occurrences.

Now, we define the standard finite difference operators which are useful for describing

the difference schemes in the subsequent chapters. For that, we consider the arbitrary

meshes in the spatial directions as Ω
N

x = {0 = x0 < x1 < · · · < xN = 1}, ΩN

y = {0 = y0 <

y1 < · · · < yN = 1} and in the temporal direction as ΥM = {0 = t0 < t1 < · · · < tn = T}.
For a given mesh function v(xi, tn) = vni , define the forward, backward and central

difference operators D+
x , D

−
x and D0

x in space by

D+
x v

n
i =

vni+1 − vni
xi+1 − xi

, D−x v
n
i =

vni − vni−1

xi − xi−1

and D0
xv

n
i =

vni+1 − vni−1

xi+1 − xi−1

,

respectively, and we define the second-order central difference operator δ2
x by

δ2
xv

n
i =

2(D+
x v

n
i −D−x vni )

xi+1 − xi−1

,

and define the backward difference operator D−t in time by

D−t v
n
i =

vni − vn−1
i

tn − tn−1

.

In an analogous way, for a given mesh function v(xi, y, tn) = vnxi,y, y ∈ ΩN
y , we define

the forward difference operator D+
x , the backward difference operator D−x (for first-

order spatial derivative) and the central difference operator δ2
x (for second-order spatial

derivative) in spatial x-direction by

D+
x v

n
xi,y

=
vnxi+1,y

− vnxi,y
xi+1 − xi

, D−x v
n
xi,y

=
vnxi,y − v

n
xi−1,y

xi − xi−1

and δ2
xv

n
xi,y

=
2(D+

x v
n
xi,y
−D−x vnxi,y)

xi+1 − xi−1

,

respectively.
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Similarly, we define all the difference operators in the y-direction. The backward

difference operator D−t is defined by

D−t v
n
xi,yj

=
vnxi,yj − v

n−1
xi,yj

tn − tn−1

to approximate the first-order time derivative.

To measure the performance and the robustness of a numerical method, let us intro-

duce the concept of uniform accuracy.

Definition 1.3.1. ( E-Uniform numerical method) Let ~uε be the solution of a sin-

gularly perturbed system of parabolic problem, and let ~Uε be a numerical approximation

of ~uε obtained by a numerical method on the discrete space Q
N,∆t

with the discretization

parameters N and ∆t. The numerical method is said to be uniformly convergent or

robust with respect to perturbation parameters ε1, ε2 in the norm ‖ · ‖∞, if there exist

a positive integer N0 and positive number ‘C’, p and q such that for all N ≥ N0 and

M ≥M0, where M = T/∆t, we have

sup
0<ε1,ε2�1

‖~Uε − ~uε‖∞ ≤ C
(
N−p + ∆tq

)
,

where N0, M0, C, p and q are independent of ε1, ε2.

Here p and q are E-uniform order of convergence with respect to the spatial and

temporal variables, respectively, and C is called the E-uniform error constant.

We will use frequently the maximum norm in our analysis. This is due to the mea-

surement of the errors from the small part of the domain where boundary layer occurs.

Other norms, specially the root mean square norm fails to capture the local behavior of

the error inside the boundary layer regions. for further discussion on the choice of the

norms, one can refer book of Miller et al. [57].

The next definition is of Landau’s order symbols O (big-oh) and o (little-oh),

which are used throughout the thesis. Let f(ε) and g(ε) be two real valued functions,

where 0 < ε ≤ ε0 � 1.

Definition 1.3.2. The expression f(ε) = O(g(ε)) as ε → 0, defines that there exist

some positive constants C and ε0 satisfying ε ∈ (0, ε0] such that

|f(ε)| ≤ C |g(ε)| , ε→ 0.

Definition 1.3.3. The expression f(ε) = o(g(ε)) as ε→ 0, defines that

lim
ε→0

f(ε)

g(ε)
= 0.
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Definition 1.3.4. A matrix A = (alm) ∈ Rn,n is an L0–matrix if all > 0 and alm ≤ 0,

for all l 6= m, 1 ≤ l,m ≤ k.

Definition 1.3.5. A matrix A = (alm) ∈ Rn,n is an M–matrix if A is nonsingular,

A−1 ≥ 0 and alm ≤ 0, for all l 6= m, 1 ≤ l,m ≤ k.

Finally, for the sake of simplicity, we define some functions which will be used fre-

quently while estimating the derivative bounds of the solution and their components:

• B0
ε1

(x) = exp(−αx/ε1), B0
ε2

(x) = exp(−αx/ε2),

• B1
ε (x) = exp(−α(1− x)/ε), B1

ε (y) = exp(−α(1− y)/ε),

• B1
ε1

(x) = exp(−α(1− x)/ε1), B1
ε2

(x) = exp(−α(1− x)/ε2),

• B−ε1(x) = exp(−α(ξ − x)/ε1), B−ε2(x) = exp(−α(ξ − x)/ε2),

• B+
ε1

(x) = exp(−α(x− ξ)/ε1), B+
ε2

(x) = exp(−α(x− ξ)/ε2),

• Bε(x) = exp(−βx/ε) + exp(−β(1− x)/ε),

• Bε(y) = exp(−βy/ε) + exp(−β(1− y)/ε)

• Bε1(x) = exp(−βx/ε1) + exp(−β(1− x)/ε1),

• Bε1(y) = exp(−βy/ε1) + exp(−β(1− y)/ε1),

• Bε2(x) = exp(−βx/ε2) + exp(−β(1− x)/ε2),

• Bε2(y) = exp(−βy/ε2) + exp(−β(1− y)/ε2),

where α and β will be fixed later in following chapters and ξ is the point of discontinuity

of the convection coefficients and the source term in model problem (1.4.4) and problem

discussed in Chapter 4.

1.4 Model Problems

In this section, the model problems considered in this thesis are described briefly. For

clarity of the presentation, we elaborately provide these model problems with suitable

information on the given data at the beginning of the subsequent chapters.

The following types of model problems are considered and their concise descriptions

are given below:
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Chapter 1 1.4. Model Problems

1.4.1 Singularly perturbed system of 1D parabolic convection-
diffusion problem

Consider the following singularly perturbed system of parabolic convection-diffusion

IBVP in the domain Q := Ωx × (0, T ],Ωx = (0, 1):
∂~u

∂t
+ Lx,~ε~u = ~f, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(1.4.1)

where the spatial differential operator Lx,~ε is given by

Lx,~ε ≡ −E
∂2

∂x2
− A(x)

∂

∂x
+B(x),

and the coefficient matrices are E = diag(ε1, ε2), A(x) = diag(a1(x), a2(x)) and B(x) =

{blm(x)}2
l,m=1.

Without loss of generality, we assume that ε1, ε2 satisfy 0 < ε1 ≤ ε2 � 1, and the

coefficients of the convection matrix A satisfies the following positivity conditions:

a1(x) ≥ α > 0, a2(x) ≥ α > 0.

In addition, we assume that B is an L0−matrix with

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0.

Under sufficient smoothness and compatibility conditions imposed on the data of the

model problem (1.4.1), the exact solution ~u has overlapping boundary layers at x = 0.

1.4.2 Singularly perturbed system of 1D semilinear parabolic
problem

Consider the following singularly perturbed system of semilinear parabolic convection-

diffusion IBVP:
∂~u

∂t
− E ∂

2~u

∂x2
− A(x)

∂~u

∂x
+ ~f(x, t, ~u) = ~0, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(1.4.2)

where ~f(x, t, ~u) = (f1(x, t, u1, u2), f2(x, t, u1, u2))T . The coefficient matrices E and A are

defined as in the previous subsection. We also assume that f1 and f2 are sufficiently

smooth functions satisfying certain regularity conditions.
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1.4.3 Singularly perturbed system of 1D parabolic convection-
diffusion problem with boundary layers

Consider the following class of singularly perturbed system of parabolic convection-

diffusion IBVP: 
∂~u

∂t
+ Lx,~ε~u = ~f, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(1.4.3)

where the spatial differential operator Lx,~ε is given by

Lx,~ε ≡ −E
∂2

∂x2
+ A(x)

∂

∂x
+B(x).

The coefficient matrices are given as E = diag(ε1, ε2), 0 < ε1 ≤ ε2 � 1, A(x) =

diag(a1(x), a2(x)) and B(x) = {blm(x)}2
l,m=1. The coefficient matrices A and B satisfy

positivity condition from previous subsection. Under sufficient smoothness and compat-

ibility conditions imposed on the data of the IBVP (1.4.3), the exact solution ~u exhibits

overlapping boundary layers at x = 1.

1.4.4 Singularly perturbed system of 1D parabolic convection-
diffusion problem with interior layers

Denote the domain for describing the model problem by

Q− = Ω−x×(0, T ], Q+ = Ω+
x×(0, T ], Q = Ωx×(0, T ], Ω−x = (0, ξ), Ω+

x = (ξ, 1), Ωx = (0, 1).

Consider the following class of singular perturbed system of parabolic convection-

diffusion problems in the domain Q− ∪Q+:
L~ε~u ≡

∂~u

∂t
− E ∂

2~u

∂x2
+ A(x)

∂~u

∂x
+B(x)~u = ~f, (x, t) ∈ Q− ∪Q+,

~u(x, 0) = ~g0(x) ∀x ∈ Ωx,

~u(0, t) = ~g1(t), ~u(1, t) = ~g2(t) ∀ t ∈ [0, T ],

(1.4.4)

where coefficients E = diag(ε1, ε2) and B = {blm}2
l,m=1 with the convection coefficient

A = diag(a1, a2), where a1 and a2 are defined as

a1(x) =

 a−1 (x), x ∈ Ω−x

a+
1 (x), x ∈ Ω+

x ,
a2(x) =

 a−2 (x), x ∈ Ω−x

a+
2 (x), x ∈ Ω+

x .

We assume that the convection coefficients and source terms satisfy |[a1]| ≤ C, |[a2]| ≤ C, |[f1]| ≤ C, and |[f2]| ≤ C, at x = ξ

α∗1 ≥ a−1 (x), a−2 (x) ≥ α1 > 0, x < ξ and − α∗2 ≤ a+
1 (x), a+

2 (x) ≤ −α2 < 0, x > ξ,
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and we assume that B = {blm}2
l,m=1 is an L0−matrix with

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0.

It will be assumed that the convection coefficient A is sufficiently smooth on Ω−x ∪ Ω+
x ,

whereas the source term ~f(x, t) is sufficiently smooth on Q− ∪ Q+ and the reaction

coefficient B is a sufficiently smooth function on Q.

The solution ~u = (u1, u2)T satisfies the following interface conditions

[ul] = 0,

[
∂ul
∂x

]
= 0, at x = ξ, l = 1, 2.

We define the jump of the solution components ul, denoted by [ul], across the point of

discontinuity x = ξ by

[ul] (ξ, t) = ul(ξ
+, t)− ul(ξ−, t), where ul(ξ

±, t) = lim
x→ξ±0

ul(x, t).

Due to the presence of discontinuity in the convection coefficient A(x) and the source

term ~f(x, t), the exact solution ~u(x, t) of the problem (1.4.4) possesses overlapping in-

terior layers in the neighborhood of the point x = ξ. In fact, the nature of the interior

layer depends on the sign of the convection coefficient A(x) on either side of the line of

discontinuity.

1.4.5 Singularly perturbed system of 2D parabolic convection-
diffusion problem

Consider the following singularly perturbed system of 2D parabolic convection-diffusion

IBVP in the domain G := D × (0, T ], D = Ωx × Ωy = (0, 1)× (0, 1):

∂~u

∂t
(x, y, t) + L~ε ~u(x, y, t) = ~f(x, y, t), (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(1.4.5)

where the spatial differential operator L~ε is given by

L~ε ≡ −E
(
∂2

∂x2
+

∂2

∂y2

)
+ A1(x, y)

∂

∂x
+ A2(x, y)

∂

∂y
+B(x, y).

The coefficient matrices of the model problem (1.4.5) are given as E = diag(ε, ε), A1 =

diag(a11, a12), A2 = diag(a21, a22) and B = {blm(x)}2
l,m=1. We assume that the diffusion
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coefficient 0 < ε � 1. Assume that the matrices A1, A2 and B are sufficiently smooth

and satisfy the following conditions:

a11(x, y), a12(x, y) > α1 > 0, a21(x, y), a22(x, y) > α2 > 0,

bll(x, y) > γβ > 0, blm(x, y) ≤ 0, for l 6= m,

min
(x,y)∈D

{b11(x, y) + b12(x, y), b21(x, y) + b22(x, y)} ≥ β > 0,

γ1 = max
D
{|b12(x, y)| /b11(x, y)}, γ2 = max

D
{|b21(x, y)| /b22(x, y)}.

Under sufficient smoothness and compatibility conditions imposed on the data of the

IBVP (1.4.5), the exact solution ~u exhibits boundary layers along the sides x = 1 and

y = 1, and a corner layer at (x, y) = (1, 1).

1.4.6 Singularly perturbed system of 2D parabolic reaction-
diffusion problem

Consider the following singularly perturbed system of 2D parabolic reaction-diffusion

IBVP: 

∂~u

∂t
(x, y, t) + L~ε ~u(x, y, t) = ~f(x, y, t), (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(1.4.6)

where the spatial differential operator L~ε is given by

L~ε ≡ −E2∆ +B(x, y, t).

The diffusion and reaction coefficients of the model problem (1.4.6) are given by E =

diag(ε, ε), 0 < ε � 1 and B = {blm(x)}2
l,m=1, respectively. The coefficients of reaction

matrix B(x, y, t) satisfies the following conditions:
bll(x, y, t) > γβ > 0, blm(x, y, t) ≤ 0, for l 6= m,

min
(x,y,t)∈G

{b11(x, y, t) + b12(x, y, t), b21(x, y, t) + b22(x, y, t)} ≥ β2 > 0.

Also we assume that γ1 = max
G
{|b12| /b11}, γ2 = max

G
{|b21| /b22}, 0 ≤ γ :=

max{γ1, γ2} < 1. We consider the certain smoothness assumptions for the source term

and the initial condition such that the exact solution ~u of model problem (1.4.6) exhibits

boundary layers along the sides x = 0, 1 and y = 0, 1 with corner layers at all corners of

the spatial domain.
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1.4.7 Singularly perturbed system of 2D parabolic reaction-
diffusion problem with overlapping boundary layers

Consider the following singularly perturbed system of 2D parabolic reaction-diffusion

IBVP: 

∂~u

∂t
(x, y, t) + L~ε ~u(x, y, t) = ~f(x, y, t), (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(1.4.7)

where the spatial differential operator L~ε is given by

L~ε ≡ −E2∆ +B(x, y, t).

The diffusion and reaction coefficients of the model problem (1.4.7) are given by E =

diag(ε1, ε2), 0 < ε1 ≤ ε2 � 1 and B = {blm(x)}2
l,m=1, respectively. Under sufficient

smoothness and compatibility conditions imposed on the source term and the initial

data , the model problem (1.4.7) admits a unique solution, which exhibits overlapping

boundary layers along the sides x = 0, 1 and y = 0, 1 with corner layers at all corners of

the spatial domain.

1.5 Outline of the Thesis

This thesis consists of eight chapters. Chapter 1 presents the general introduction along

with the historical background of the related work done in field of SPPs. It also pro-

vides the motivation and objective for solving singularly perturbed system of parabolic

PDEs in one and two-dimensions. The rest of this thesis includes seven chapters and is

organized as follows:

Chapter 2 is devoted to the study of a parameter-uniform numerical method for

one-dimensional singularly perturbed system of convection-diffusion problem of type

(1.4.1). We use the implicit-Euler scheme to discretize the time derivative and the

upwind scheme to discretize the spatial derivatives on the piecewise-uniform Shishkin

mesh. The method converges uniformly with first-order (up to a logarithmic factor) in

space and first-order in time. A post-processing technique is discussed, which improves

the accuracy of the proposed numerical scheme on the piecewise-uniform Shishkin mesh.

Numerical results are presented to verify the theoretical error estimates. It is shown

that above computational technique can be extended for a singularity perturbed system

of semilinear parabolic PDE of the form (1.4.2).
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Chapter 1 1.5. Outline of the Thesis

In Chapter 3, a parameter-uniform hybrid numerical is constructed for solving

singularly perturbed system of parabolic IBVP (1.4.3). First, the time derivative is

discretized by implicit-Euler scheme on uniform mesh. Then, the spatial derivatives are

approximated by the hybrid numerical scheme on piecewise-uniform Shishkin mesh in the

resulting time semidiscrete problem. The numerical method converges uniformly almost

second-order in space and first-order in time irrespective of the singular perturbation

parameters. Numerical experiments are carried out to validate the theoretical findings.

Chapter 4 deals with singularly perturbed system of parabolic PDE of the form

(1.4.4) with discontinuous convection coefficient and source term. We discretize the

temporal domain with uniform mesh and the spatial domains with a special piecewise-

uniform Shishkin mesh. To discretize the model problem, we use the implicit-Euler

scheme and the classical upwind scheme for the temporal and spatial derivatives, re-

spectively. This numerical method converges uniformly first-order in time and first-order

up-to logarithmic in space. Numerical results are given to validate the theoretical error

estimates.

In Chapter 5, we analyze a singularly perturbed system of 2D parabolic convection-

diffusion problem of the form (1.4.5) with the fractional-step method on the uniform

mesh in the temporal direction and the piecewise-uniform Shishkin mesh in the spatial

directions. It is shown that the error estimate obtained for the proposed numerical

scheme is almost first-order accurate in space and first-order in time. Numerical results

are produced to validate the theoretical error estimates.

Chapter 6 is concerned with construction of ε-uniformly convergent fraction-step

method for solving singularly perturbed system of 2D parabolic reaction-diffusion IBVP

of the form (1.4.6). The theoretical and numerical results explain that the error converges

at the rate of first-order in temporal variable and almost second-order in spatial variables.

To support the analysis, numerical experiments are carried out.

Chapter 7 presents the analysis for singularly perturbed system of 2D parabolic

PDE of the form (1.4.7). We construct an efficient numerical scheme by using a special

rectangular mesh involving piecewise-uniform Shishkin mesh in the spatial directions. It

is shown both theoretically and numerically that that the proposed numerical scheme is

almost second-order accurate in space and first-order in time.

In Chapter 8, we address the brief summary of the results highlighting the con-

tribution made by this thesis. It also provides various ideas for the scope of future

investigations of the present work.

Extensive numerical experiments are conducted to support the theoretical findings.

The corresponding numerical results are presented at the end of each chapter of the

thesis in the form of figures and tables to validate the analytical results.
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CHAPTER 2

Efficient Numerical Schemes for Singularly

Perturbed System of 1D Parabolic Partial

Differential Equations with Boundary Layers

In this chapter, we obtain the numerical solution of singularly perturbed system of 1D

parabolic convection-diffusion problems exhibiting overlapping boundary layers. The

proposed numerical scheme consists of the implicit-Euler method for the time derivative

and an upwind finite difference scheme for the spatial derivatives. We analyze the scheme

on a piecewise-uniform Shishkin mesh for the spatial discretization to establish the uni-

form convergence with respect to the perturbation parameters. For the proposed scheme,

the stability analysis is discussed and parameter-uniform error estimate is derived. To

enhance the order of convergence, from almost first-order to almost second-order, we use

the Richardson extrapolation technique. In support of the theoretical results, numerical

experiments are performed by employing the proposed techniques.

2.1 Introduction

Consider the following singularly perturbed system of 1D parabolic convection-diffusion

IBVP in the domain Q := Ωx × (0, T ],Ωx = (0, 1):
∂~u

∂t
+ Lx,~ε~u = ~f, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ [0, T ],

(2.1.1)

where the spatial differential operator Lx,~ε is given by

Lx,~ε ≡ −E
∂2

∂x2
− A(x)

∂

∂x
+B(x),

with E = diag(ε1, ε2), A(x) = diag(a1(x), a2(x)), B(x) = {blm(x)}2
l,m=1.
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Chapter 2 2.1. Introduction

We assume that ε1, ε2 satisfy 0 < ε1 ≤ ε2 � 1, and the coefficients of convection

matrix A satisfy the following positivity conditions:

a1(x) ≥ α > 0, a2(x) ≥ α > 0. (2.1.2)

In addition, assume that B is an L0−matrix with

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0. (2.1.3)

We assume that the data of the model problem (2.1.1) are sufficiently smooth func-

tions and also satisfy sufficient compatibility conditions so that it admits a unique so-

lution ~u(x, t) ∈ (C4
λ(Q))2. For instance, typical smoothness assumptions for the source

term and the initial condition are given by

~f ∈ (C2
λ(Q))2 and ~u0 ∈ (C4

0(Ωx))
2. (2.1.4)

Also the compatibility conditions for the data of problem (2.1.1) are as follows
~u0(x) = ~0, x ∈ {0, 1},

~f(x, 0)− Lx,~ε ~u0(x) = ~0, x ∈ {0, 1},

~ft(x, 0) + (Lx,~ε)
2 ~u0(x)− Lx,~ε ~f(x, 0) = ~0, x ∈ {0, 1}.

(2.1.5)

which are the extensions of compatibility conditions used for the scalar case in [42].

In this chapter, we consider singularly perturbed system of 1D parabolic convection-

diffusion IBVP with different diffusion coefficients ε1, ε2, associated with each equation.

The overlapping boundary layers occur in the left side of the spatial domain, i.e., along

x = 0, therefore the non-uniform mesh will be employed for the spatial variable and

uniform mesh for the temporal direction. The proposed numerical scheme is the combi-

nation of time semidiscretization process which consists of the implicit-Euler scheme and

spatial discretization by using the upwind difference scheme. Error estimates of order

O(N−1 lnN + ∆t) are obtained for the numerical solution, where N is the discretiza-

tion parameter in spatial domain and ∆t is the time step. Later, we use the Richardson

extrapolation technique, to improve the accuracy of the approximate numerical solution.

This chapter is structured as follows: In Section 2.2, we establish some analytical

properties of the continuous problem. Section 2.3 deals with the time semidiscretization

process. Further, we discuss the derivative bounds of the exact solution of the time

semidiscrete scheme. Section 2.4 describes the construction of the piecewise-uniform

Shishkin mesh and the upwind difference scheme for the spatial discretization. In Sec-

tion 2.5, we discuss the fully discrete scheme and derive the global error estimate. In
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Section 2.6, we study the numerical solution of a singularly perturbed system of semilin-

ear parabolic convection-diffusion IBVP. To enhance the accuracy of numerical solution,

Richardson extrapolation technique is studied in Section 2.7. Section 2.8 contains nu-

merical experiments for test examples that confirm the theoretical findings.

2.2 Bounds of the Solution and its Derivatives

In this section, we study the analytical properties of the exact solution of the continuous

problem (2.1.1), like maximum principle and bounds of the solution derivatives.

Lemma 2.2.1. (Maximum Principle). Let
(
∂
∂t

+ Lx,~ε
)

be the differential operator

given in (2.1.1) and we assume that the matrices A and B satisfy conditions (2.1.2) and

(2.1.3), respectively. Then for ~z ≥ ~0 on ∂Q and
(
∂
∂t

+ Lx,~ε
)
~z ≥ ~0 in Q, we have ~z ≥ ~0,

for all (x, t) ∈ Q.

Proof. We prove this lemma by contradiction. Assume that there exists a point

(x0, t0) ∈ Q such that

min{z1(x0, t0), z2(x0, t0)} = min

{
min

(x,t)∈Q
z1(x, t), min

(x,t)∈Q
z2(x, t)

}
< 0.

Without loss of generality we assume that z1(x0, t0) ≤ z2(x0, t0). Then the first compo-

nent of

(
∂

∂t
+ Lx,~ε

)
~z satisfies

∂z1

∂t
+ Lx,ε1~z(x0, t0) ≤ b11(x0)z1(x0, t0) + b12(x0)z2(x0, t0) < 0,

which contradicts the hypothesis of this lemma, therefore ~z ≥ ~0, for all (x, t) ∈ Q.

The following lemma will help us to find the bound for the exact solution ~u.

Lemma 2.2.2. The solution ~u of the problem (2.1.1) satisfies the following estimate

|~u(x, t)− ~u(x, 0)| ≤ ~Ct, (x, t) ∈ Q,

where C is independent of ε1, ε2.

Proof. We shall establish the estimate only for the first component u1, one can prove

the result for u2 in the same way. Set ~φ(x, t) = ~u(x, t) − ~u0(x), where ~u(x, 0) = ~u0(x).

Then ~φ satisfies the following problem:
∂φ1

∂t
+ Lx,ε1

~φ(x, t) = f1(x, t)− Lx,ε1~u0(x),

φ1(x, 0) = 0 for 0 < x < 1,

φ1(0, t) = 0 and φ1(1, t) = 0 for 0 ≤ t ≤ T.
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Set ~ψ(x, t) = ~Ct, for sufficiently large positive constant ~C = (C,C)T , therefore it is easy

to see that 
∂ψ1

∂t
+ Lx,ε1

~ψ(x, t) = C + C(b11 + b12)t,

ψ1(x, 0) = 0 for 0 < x < 1,

ψ1(0, t) = ψ1(1, t) = Ct for 0 ≤ t ≤ T.

By using the maximum principle given in Lemma 2.2.1, we can obtain that

|φ1(x, t)| = |u1(x, t)− u1(x, 0)| ≤ Ct.

Similarly, we can get |φ2(x, t)| = |u2(x, t)− u2(x, 0)| ≤ Ct. This completes the proof.

Before getting into the detailed analysis of derivative bounds for the solution ~u(x, t)

of (2.1.1), we discuss the qualitative behavior graphically.

Example 2.2.3. Consider problem (2.1.1) where values of A,B are given as

A =

(
1 0

0 1

)
, B =

(
2 + x −1

−1 2 + 2x

)

and the source term ~f = (1, 1)T with zero initial and boundary condition.
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Figure 2.1: Numerical solution of Example 2.2.3 for ε1 = 2−8, ε2 = 2−4 and N = 64 at
time t = 1.

From Fig. 2.1, one can visualize the overlapping boundary layers along the side

x = 0. While both components have boundary layers of width O(ε2 ln ε2), only u1(x, t)
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

has an additional sublayer of width O(ε1 ln ε1) and this phenomena is demonstrated in

Fig. 2.1. In particular, one can observe the differences in the behavior of the two curves

in the rightmost diagram.

Theorem 2.2.4. For all non-negative integers k, k0, satisfying 0 ≤ k + k0 ≤ 2, the

derivatives of the exact solution ~u = (u1, u2)T of the IBVP (2.1.1) satisfy the following

estimates:

∣∣∣∣ ∂k+k0ul
∂xk∂tk0

∣∣∣∣ ≤


C, for k = 0,

C
(
1 + ε−1

l B0
εl

(x)
)
, for k = 1,

C
(
1 + ε−1

l

(
ε−1

1 B0
ε1

(x) + ε−2
2 B0

ε2
(x)
))
, for k = 2,

for all (x, t) ∈ Q and l = 1, 2.

Proof. To prove the bounds of the derivative of the exact solution ~u of (2.1.1), we will

consider various cases.

Case 1. Here we consider the case for k = 0 and k0 = 0. The required bound follows

directly from Lemma 2.2.2.

Case 2. Let us take k = 0 and k0 = 1. Since ~u(0, t) = ~u(1, t) = ~0 for t ∈ [0, 1], which

implies that ~ut = ~0. Also, by using the regularity condition (2.1.4), we get |~ut(x, 0)| ≤ ~C

for all x ∈ [0, 1]. Differentiating (2.1.1) with respect to t, we have(
∂

∂t
+ Lx,~ε

)
~ut(x, t) = ~utt − E~utxx − A~utx +B~ut = ~ft. (2.2.1)

Since ~f is a sufficiently smooth function, therefore by using the maximum principle on

Q, we can conclude that |~ut| ≤ ~C.

Case 3. Now we consider the case, where k = 1 and k0 = 0. We have

∂u1

∂t
− ε1

∂2u1

∂x2
− a1

∂u1

∂x
+ b11u1 + b12u2 = f1, on Q.

The above equation can be rewritten as

ε1
∂2u1

∂x2
=
∂u1

∂t
− a1

∂u1

∂x
+ b11u1 + b12u2 − f1. (2.2.2)

For a fixed t ∈ [0, T ], there exists θ ∈ (0, 1) such that

∂u1

∂x
(θ, t) =

u1(ε1, t)− u1(0, t)

ε1

,

which implies that ε1 |(∂u1/∂x)(θ, t)| ≤ 2‖u1‖∞. For a fixed t ∈ [0, T ], by integrating

(2.2.2) with respect to x and after integration by parts, we have

ε1

∣∣∣∣∂u1

∂x
(θ, t)− ∂u1

∂x
(0, t)

∣∣∣∣ =

∫ θ

0

∂u1

∂t
(s, t)ds− [a1(s)u1(s, t)]θ0 +

∫ θ

0

∂a1

∂s
(s)u1(s, t)ds

+

∫ θ

0

(b11(s)u1(s, t) + b12(s)u2(s, t)) ds−
∫ θ

0

f1(s, t)ds.
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Chapter 2 2.2. Bounds of the Solution and its Derivatives

Therefore, we obtain that

ε1

∣∣∣∣∂u1

∂x
(0, t)

∣∣∣∣ ≤ ‖f1‖∞ +

∥∥∥∥∂u1

∂t

∥∥∥∥
∞

+ C(‖u1‖∞ + ‖u2‖∞).

By using the bound of |~u| and |~ut|, one can get∣∣∣∣∂u1

∂x
(0, t)

∣∣∣∣ ≤ Cε−1
1 .

Next, the equation (2.2.2) can be expressed as

ε1
∂2u1

∂x2
+ a1

∂u1

∂x
=
∂u1

∂t
+ b11u1 + b12u2 − f1 ≡ Λ1(x, t). (2.2.3)

By integrating (2.2.3) with respect to x, we have

∂u1

∂x
(x, t) =

∂u1

∂x
(0, t) exp

(
−(η1(x)− η1(0))

ε2

)
−ε−1

1

∫ x

0

Λ1(s, t) exp

(
−(η2(s)− η1(0))

ε1

)
ds,

where η1(x) is an indefinite integral of a1(x). By using the bounds of
∂u1

∂x
(0, t) and

Λ1(x, t), we can obtain that ∣∣∣∣∂u1

∂x

∣∣∣∣ ≤ C
(
1 + ε−1

1 B0
ε1

(x)
)
.

In a similar way, we can deduce that∣∣∣∣∂u2

∂x

∣∣∣∣ ≤ C
(
1 + ε−1

2 B0
ε2

(x)
)
.

Case 4. Let k = 0 and k0 = 2. Since ~u(0, t) = ~u(1, t) = ~0 for t ∈ [0, 1], therefore

~ut = ~utt = ~0. Again, using the regularity condition and estimate given in Case 2, we

have |~utt(x, 0)| ≤ ~C, for all x ∈ [0, 1]. Next differentiating (2.2.1) with respect to t, we

obtain (
∂

∂t
+ Lx,~ε

)
~utt = ~uttt − E~uttxx − A~uttx +B~utt = ~ftt.

Since ~ftt is a bounded function, by using the maximum principle given in Lemma 2.2.1,

we get |~utt| ≤ ~C on Q.

Case 5. Here we consider the case k = 1 and k0 = 1. First we shall discuss bounds for

the derivative of component u1. For a fixed t ∈ [0, T ], there exist θ ∈ (0, 1) such that

∂2u1

∂x∂t
(θ, t) =

1

ε1

(
∂u1

∂t
(ε1, t)−

∂u1

∂t
(0, t)

)
,

which implies that ε1 |(∂2u1/∂x∂t)(θ, t)| ≤ 2‖∂u1/∂t‖∞. Differentiating (2.2.2) with

respect to t and rearranging the terms, we have

ε1
∂3u1

∂x2∂t
=
∂2u1

∂t2
− a1

∂2u1

∂x∂t
+ b11

∂u1

∂t
+ b12

∂u2

∂t
− ∂f1

∂t
. (2.2.4)
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By integrating (2.2.4) with respect to x and following the approach of Case 3, we obtain

ε1

∣∣∣∣ ∂2u1

∂x∂t
(0, t)

∣∣∣∣ ≤ ∥∥∥∥∂f1

∂t

∥∥∥∥
∞

+

∥∥∥∥∂2u1

∂t2

∥∥∥∥
∞

+ C

(∥∥∥∥∂u1

∂t

∥∥∥∥
∞

+

∥∥∥∥∂u2

∂t

∥∥∥∥
∞

)
.

Using the bound of |~ut| and |~utt|, we get∣∣∣∣ ∂2u1

∂x∂t
(0, t)

∣∣∣∣ ≤ Cε−1
1 .

Now (2.2.4) can be expressed as

ε1
∂3u1

∂x2∂t
+ a1

∂2u1

∂x∂t
= Λ2(x, t), where Λ2(x, t) =

∂2u1

∂t2
− ∂f1

∂t
+ b11

∂u1

∂t
+ b12

∂u2

∂t
.

By following the argument of Case 3, we can obtain that∣∣∣∣ ∂2u1

∂x∂t

∣∣∣∣ ≤ C
(
1 + ε−1

1 B0
ε1

(x)
)
.

In a similar manner one can find the required bound for component u2.

Case 6. Next consider the case, where k = 2 and k0 = 0. We shall provide the estimate

for component u1 first. Consider the first component of (2.1.1) in the following form

ε1
∂2u1

∂x2
=
∂u1

∂t
− a1

∂u1

∂x
+ b11u1 + b12u2 − f1. (2.2.5)

By following the approach discussed in Case 3, one has∣∣∣∣∂u1

∂x
(0, t)

∣∣∣∣ ≤ Cε−1
1 .

From (2.2.5) and previous estimate, it is easy to obtain that∣∣∣∣∂2u1

∂x2
(0, t)

∣∣∣∣ ≤ Cε−2
1 .

Differentiating (2.2.5) with respect to x, we have

ε1
∂3u1

∂x3
+ a1

∂2u1

∂x2
= Λ3(x, t), on Q, (2.2.6)

where Λ3(x, t) = −∂f1

∂x
− ∂a1

∂x

∂u1

∂x
+
∂ (b11u1 + b12u2)

∂x
+
∂2u1

∂x∂t
. By using Case 3 and

Case 5, one can get

|Λ3(x, t)| ≤ C
(
1 + ε−1

1 B0
ε1

(x) + ε−1
2 B0

ε2
(x)
)
.

Then applying the argument of Case 3 and the bound of Λ3(x, t), we can deduce that∣∣∣∣∂2u1

∂x2

∣∣∣∣ ≤ C
(
1 + ε−1

1

(
ε−1

1 B0
ε2

(x) + ε−1
2 B0

ε2
(x)
))
.

Analogously, one can derive estimate for u2. This completes the proof.
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Chapter 2 2.3. Analysis of the Time Semidiscretization

2.3 Analysis of the Time Semidiscretization

Here, we study the time semidiscretization process which is essential for the convergence

analysis of the fully discrete scheme. Further, we will derive the asymptotic behavior of

the exact solution of the semidiscrete problems.

2.3.1 The time semidiscrete scheme

We discretize problem (2.1.1) with the implicit-Euler method for the time derivative

on uniform mesh Υ
M

= {tn = n∆t, n = 0, 1, . . . ,M}. The semidiscrete scheme can be

expressed as 
~u0(x) = ~u(x, 0), x ∈ Ωx,

(I + ∆tLx,~ε)~u
n+1(x) = ~un(x) + ∆t ~f(x, tn+1),

~un+1(0) = ~0, ~un+1(1) = ~0,

(2.3.1)

where ~un(x) is the time semidiscrete approximation of ~u(x, t) at time level tn = n∆t.

Lemma 2.3.1. Let ~zn+1 ≥ ~0 on ∂Ωx and (I + ∆tLn+1
x,~ε )~zn+1 ≥ ~0, for x ∈ Ωx, then

~zn+1 ≥ ~0 for all x ∈ Ωx.

Proof. As in the continuous case, suppose that this lemma is not true. Assume that

there exists a point x0 ∈ Ωx such that

min{zn+1
1 (x0), zn+1

2 (x0)} = min

{
min
x∈Ωx

zn+1
1 , min

x∈Ωx

zn+1
2

}
< 0.

Without loss of generality we assume that zn+1
1 (x0) ≤ zn+1

2 (x0). Then the first component

of operator (I + ∆tLn+1
x,~ε )~zn+1 satisfies

(I + ∆tLn+1
x,ε1

)~zn+1(x0) ≤ (1 + ∆tb1
11)zn+1

1 (x0) + ∆tb1
12z

n+1
2 (x0) < 0,

which is a contradiction. Hence we get the desired result.

Convergence analysis

First, we discuss the stability and the consistency of the scheme (2.3.1). Later we derive

the convergence analysis in the classical way. We define the operator (I + ∆tLx,~ε)
−1, as

follows: ~zn+1 = (I + ∆tLx,~ε)
−1~un+1 is the solution of the following problem (I + ∆tLx,~ε)~z

n+1(x) = ~un+1(x), x ∈ Ωx,

~zn+1(0) = ~zn+1(1) = 0.
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Next, consider ~̃z = (z̃, z̃)T with z̃ =
‖~un+1‖∞

(1 + β∆t)
. Therefore, we have

(I + ∆tLx,ε1)
~̃z = (1 + (b11 + b12)∆t)

‖~un+1‖∞
(1 + β∆t)

≥
∥∥~un+1

∥∥
∞ =

∥∥(I + ∆tLx,~ε)~z
n+1
∥∥
∞ .

Since the operator (I+ ∆tLx,~ε) satisfies the maximum principle (Lemma 2.3.1), we have

∥∥~zn+1
∥∥
∞ ≤

‖~un+1‖∞
(1 + β∆t)

.

Therefore, we obtain that

‖(I + ∆tLx,ε1)
−1‖∞ ≤

1

1 + β∆t
, ‖(I + ∆tLx,ε2)

−1‖∞ ≤
1

1 + β∆t
. (2.3.2)

Next, we define the local truncation error ~en+1 for the semidiscrete scheme (2.3.1) as

follows

~en+1 = ~u(x, tn+1)− ~̃u
n+1

(x),

where ~̃u
n+1

(x) is the solution obtained after one step of the semidiscrete scheme by

taking the exact value ~u(tn), instead of ~un(x) as the starting data. Concretely, we have (I + ∆tLx,~ε)~̃u
n+1

(x) = ~u(x, tn) + ∆t ~f(x, tn+1), x ∈ Ωx,

~̃u
n+1

(0) = ~̃u
n+1

(1) = 0.
(2.3.3)

Lemma 2.3.2. The local truncation error ~en+1 satisfies

‖~en+1‖∞ ≤ C(∆t2). (2.3.4)

Proof. The exact solution ~u(x, tn) of (2.1.1) satisfies

~u(x, tn) = (I + ∆tLx,~ε)~u(x, tn+1)−∆t ~f(x, tn+1) +O(∆t2).

Thus, the local truncation error ~en+1 satisfies (I + ∆tLx,~ε)~en+1 = O(∆t2),

~en+1(0) = ~en+1(1) = 0.

By using the maximum principle (Lemma 2.3.1), we can obtain the desired result.

Lemma 2.3.3. The global error ~̂en := ~u(x, tn)− ~un satisfies

sup
n≤T/∆t

‖~̂en‖∞ ≤ C∆t. (2.3.5)
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Proof. By combining the operator bounds given in (2.3.2) and Lemma 2.3.2, one can

get the following uniform convergence result.

The time semidiscretization process is uniformly convergent of first-order in time.

As a technical requirement, we assume that

|Lx,~ε~u(x, tn)| ≤ ~C. (2.3.6)

One can obtain this estimate by using the maximum principle with suitable smoothness

and compatibility conditions on ~f and initial data ~u0.

Lemma 2.3.4. The exact solution of (2.3.3) satisfies the following estimate :

∣∣∣∣dkũn+1
1

dxk

∣∣∣∣ ≤
 C, for k = 0,

C
(
1 + ε−1

1 B0
ε1

(x)
)
, for k = 1,

and ∣∣∣∣dkũn+1
2

dxk

∣∣∣∣ ≤
 C, for k = 0,

C
(
1 + ε−1

2 B0
ε2

(x)
)
, for k = 1.

Proof. Let ~% =
(
~̃u
n+1
− ~u(x, tn)

)
/∆t be the solution of the following problem (I + ∆tLx,~ε)~%(x) = −Lx,~ε~u(x, tn) + ~f(x, tn+1),

~%(0) = ~0, ~%(1) = ~0.
(2.3.7)

Using the stability condition (2.3.2) and assumption (2.3.6), we can obtain |~%| ≤ ~C on

Ωx. Also, ~̃u
n+1

(x) is the solution of Lx,~ε~̃u
n+1

(x) = −~%+ ~f(x, tn+1),

~̃u
n+1

(0) = ~0, ~̃u
n+1

(1) = ~0.
(2.3.8)

By using the maximum principle and bound of ~%, one can get |~̃u
n+1
| ≤ C, for all x ∈ Ωx.

The first component of (2.3.8) can be written as −ε1
d2ũn+1

1

dx2
− a1

dũn+1
1

dx
+ b11ũ

n+1
1 + b12ũ

n+1
2 = −%1 + f1,

ũn+1
1 (0) = ũn+1

1 (1) = 0.

(2.3.9)

By following the technique of Theorem 2.2.4, we can show that∣∣∣∣dũn+1
1

dx
(x)

∣∣∣∣ ≤ C
(
1 + ε−1

1 B0
ε1

(x)
)
.
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By using the previous methodology, we show that∣∣∣∣dũn+1
2

dx
(x)

∣∣∣∣ ≤ C
(
1 + ε−1

2 B0
ε2

(x)
)
.

This completes the proof.

Here, we decompose the solution ~̃u
n+1

of (2.3.3) as ~̃u
n+1

= ~̃v
n+1

+ ~̃w
n+1

, where ~̃v
n+1

is

the smooth component and ~̃w
n+1

is the layer component. By following the methodology

from [10, Lemma 3] and [10, Lemma 4], one can easily obtain the following bounds:∥∥∥∥∥dk~̃v
n+1

dxk

∥∥∥∥∥
∞

≤ C, for 0 ≤ k ≤ 4, (2.3.10)

and ∣∣∣∣dkw̃n+1
1

dxk

∣∣∣∣ ≤
 C, for k = 0,

C
(
ε−k1 B0

ε1
(x) + ε−k2 B0

ε2
(x)
)
, for k = 1, 2, 3, 4,

(2.3.11)

∣∣∣∣dkw̃n+1
2

dxk

∣∣∣∣ ≤


C, for k = 0,

Cε−k2 B0
ε2

(x), for k = 1, 2,

Cε2−k
2

(
ε−2

1 B0
ε1

(x) + ε−2
2 B0

ε2
(x)
)
, for k = 3, 4,

(2.3.12)

for all x ∈ Ωx.

2.4 The Spatial Discretization

In this section, we construct the piecewise-uniform Shishkin mesh for the spatial dis-

cretization and also describe the finite difference scheme used to approximate the semidis-

crete problem (2.3.3). And later, we carry out the error analysis for the spatial dis-

cretization process which combines with results from previous section to produce the

error estimate of the fully discrete scheme given in the next section.

2.4.1 Discretization of the domain

Consider the domain Ωx = [0, 1] and let N ≥ 8 be an even positive integer. Here, we

construct a piecewise-uniform mesh Ω
N

x as follows:

Shishkin mesh for convection-diffusion BVP with a single parameter divides the

interval [0, 1] into two subintervals, on each of which the mesh is uniform. When 0 ≤
ε1 ≤ ε2 � 1, the solution of the system of parabolic IBVP (2.1.1) has overlapping

boundary layers of width O(ε1 ln ε1) and O(ε2 ln ε2) at x = 0. This necessitates the

construction of a mesh that is uniform on each of the following three subintervals. In
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Chapter 2 2.4. The Spatial Discretization

the main subinterval, where the solution is smooth, the mesh is coarse, and on the other

two subintervals, it is very fine. We define the transition parameters τε1 and τε2 as

τε2 = min

{
1

2
,
2ε2

α
lnN

}
and τε1 = min

{
1

4
,
τε2
2
,
2ε1

α
lnN

}
.

A piecewise-uniform Shishkin mesh Ω
N

x is constructed by dividing the spatial domain

[0, 1] into three subintervals such as [0, τε1 ], [τε1 , τε2 ], and [τε2 , 1]. Then divide [τε2 , 1] into

N/2 mesh-intervals, and divide each of the other two subintervals [0, τε1 ], [τε1 , τε2 ] into

N/4 mesh-intervals. Figure 2.2 shows a typical discretized domain with the Shishkin

mesh.

0 τ"1
τ"2 1

Figure 2.2: Example of piecewise-uniform Shishkin mesh Ω
N

x for N = 16.

When τε1 = τε2/2, then ε2 = O(ε1), in this case, the error estimate can be easily

obtained. Henceforth, we consider only the case τε1 < τε2/2.

2.4.2 The finite difference scheme

For simplicity, we denote a function vk,i = vk(xi), k = 1, 2, and mesh function V by

V n+1
k,i = V n+1

k (xi), k = 1, 2.

We propose the finite difference scheme for the spatial discretization of the semidiscrete

scheme (2.3.3) as follows:

~̃
U

0

i = ~u(xi, 0),

(I + ∆tLNx,~ε)
~̃
U
n+1

i = ~u(xi, tn) + ∆t ~fn+1
i in ΩN

x ,

~̃
U
n+1

0 =
~̃
U
n+1

N = 0,

(2.4.1)

where the spatial difference operator (I + ∆tLNx,~ε) is given by
(I + ∆tLNx,ε1)

~̃
U
n+1

i := L̃Nx,ε1Ũ
n+1
1,i + ∆tb12,iŨ

n+1
2,i ,

(I + ∆tLNx,ε2)
~̃
U
n+1

i := L̃Nx,ε2Ũ
n+1
2,i + ∆tb21,iŨ

n+1
1,i ,

with  L̃Nx,ε1Ũ
n+1
1,i := −∆tε1D

+
xD

−
x Ũ

n+1
1,i −∆ta1,iD

+
x Ũ

n+1
1,i + (1 + ∆tb11,i)Ũ

n+1
1,i ,

L̃Nx,ε2Ũ
n+1
2,i := −∆tε2D

+
xD

−
x Ũ

n+1
2,i −∆ta2,iD

+
x Ũ

n+1
2,i + (1 + ∆tb22,i)Ũ

n+1
2,i .
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Chapter 2 2.4. The Spatial Discretization

Next, we define a matrix B̂ = {B̂lm}2
l,m=1 as

B̂ll = 1, B̂lm = −
∥∥∥∥ ∆t blm,i

(1 + ∆t bll,i)

∥∥∥∥
∞
, for l 6= m.

Assume that the matrix B̂ is inverse monotone, i.e., B̂−1 ≥ 0.

Lemma 2.4.1. (Discrete Maximum Principle) Assume that the mesh function

{~Z(xi)}Ni=0 satisfies ~Z(0) ≥ ~0, ~Z(1) ≥ ~0. Then (I + ∆tLNx,~ε)
~Z ≥ ~0 in ΩN

x implies

that ~Z ≥ ~0 at each point of Ω
N

x .

Proof. We prove this lemma by contradiction. Assume that there exists an xi∗ ∈ ΩN
x

such that

min {Z1(xi∗), Z2(xi∗)} = min

{
min
xi∈Ω

N
x

Z1, min
xi∈Ω

N
x

Z2

}
< 0,

without loss of generality we assume that Z1(xi∗) ≤ Z2(xi∗). From the hypothesis, it is

clear that xi∗ 6= 0, 1. Therefore, it follows that

(I + ∆tLNx,ε1)
~Z(xi∗) = −∆tε1D

+
xD

−
x Z1(xi∗)−∆ta1(xi∗)D

+
x Z1(xi∗)

+(1 + ∆tb11(xi∗))Z1(xi∗) + ∆tb12(xi∗)Z2(xi∗) < 0,

which contradicts the hypothesis. Hence, we have ~Z ≥ ~0, for all xi ∈ Ω
N

x .

Similar to the stability estimate given in (2.3.2) of the time semidiscrete operator,

one can easily obtain the following stability result:

‖(I + ∆tLNx,ε1)
−1‖∞ ≤

1

1 + β∆t
, ‖(I + ∆tLNx,ε2)

−1‖∞ ≤
1

1 + β∆t
. (2.4.2)

Hence, the descrete scheme (2.4.1) is uniformly stable.

2.4.3 The truncation error analysis

The local truncation error, for the numerical scheme (2.4.1), ~Ei =
~̃
U
n+1

i − ~̃u
n+1

(xi) is

decomposed as
~E = ~E1 + ~E2

where ~E1 = (E1
1 , E

1
2)T is the solution of L̃Nx,εlE

1
l,i = (I + ∆tLNx,εl)

(~̃
U
n+1

i − ~̃u
n+1

(xi)
)
, in ΩN

x ,

E1
l,0 = E1

l,N = 0, l = 1, 2,

(2.4.3)
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Chapter 2 2.4. The Spatial Discretization

and ~E2 = (E2
1 , E

2
2)T satisfies L̃Nx,εlE

2
l,i = −∆t blm,iEm,i, l 6= m, in ΩN

x ,

E2
l,0 = E2

l,N = 0, l = 1, 2.
(2.4.4)

For l = 1, 2, by employing (2.4.3) and (2.4.4) with [46, Lemma 2], we obtain

‖El‖∞ ≤ ‖E1
l ‖∞ + ‖E2

l ‖∞

≤ ‖E1
l ‖∞ +

∥∥∥∥ ∆t blm,i
(1 + ∆t bll,i)

∥∥∥∥
∞
‖Em‖∞, l 6= m.

From the definition of matrix B̂, one can show that

‖El‖∞ + B̂lm‖Em‖∞ ≤ ‖E1
l ‖∞, l 6= m.

Hence, we can obtain that

‖ ~E‖∞ =

∥∥∥∥~̃Un+1

i − ~̃u
n+1
∥∥∥∥
∞
≤ C‖ ~E1‖∞. (2.4.5)

Therefore, for obtaining the estimate for the spatial discretization error ‖ ~E‖∞, one need

to calculate the bound of the error component ~E1.

We introduce the continuous and discrete operators associated with the first compo-

nent (given in [47, Chapter 4]), as follows:

P1~v := ∆t ε1
dv1

dx
+ ∆ta1v1 +

∫ 1

x

∆t
da1

ds
v1(s)ds+

∫ 1

x

((1 + ∆tb11)v1 + ∆tb12v2) (s)ds

and

PN1 ~v : = ∆t ε1D
−
x v1 + ∆ta1v1 +

N−1∑
j=i

∆t hj+1(D+
x a1,j) v1,j+1

+
N−1∑
j=i

hj+1 ((1 + ∆tb11,j)v1,j + ∆tb12,jv2,j)

with the source functions

F1 :=

∫ 1

x

(
u1(s, tn) + ∆tfn+1

1 (s)
)
ds, FN1 :=

N−1∑
j=i

hj+1

(
u1(xi, tn) + ∆tfn+1

1,j

)
.

In a similar manner, we define the continuous and discrete operators P2 and PN2 with

source functions F2 and FN2 .

From the definition of the continuous and the discrete operators with source func-

tions, for l = 1, 2, one can easily show that

d

dx

(
Pl~̃u

n+1
−Fl

)
= 0, and D+

x

(
PNl

~̃
U
n+1

−FNl
)

= 0,
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Chapter 2 2.4. The Spatial Discretization

which implies that

Pl~̃u
n+1
−Fl ≡ γ, on Ωx, PNl

~̃
U
n+1

i −FNl,i ≡ δ, on ΩN
x , (2.4.6)

where γ, δ are positive constants.

Applying the stability inequality from [47, Theorem 4.3] to (2.4.3), one can get

‖E1
l ‖∞ ≤ C min

λ∈R

∥∥∥∥PNl (~̃u
n+1
− ~̃
U
n+1

i ) + λ

∥∥∥∥
∞
.

By taking λ = δ − γ, we obtain

‖E1
l ‖∞ ≤ C

∥∥∥PNl ~̃un+1
− Pl~̃u

n+1
−FNl + Fl

∥∥∥
∞
. (2.4.7)

Firstly, we discuss the bound for
(
PN1 ~̃u

n+1
− P1

~̃u
n+1
−FN1 + F1

)
. In a similar manner,

one can obtain results associated with the second component Ũ2.

From the definition of the continuous and the discrete operators, we have(
PN1 ~̃u

n+1

i − P1
~̃u
n+1

i −FN1,i + F1,i

)

= ∆tε1

(
D−x ũ

n+1
1,i −

dũn+1
1,i

dx

)
+

N−1∑
j=i

∆thj+1(D+
x a1,j) ũ

n+1
1,j+1 −

∫ xN

xi

∆t
da1

ds
ũn+1

1 (s)ds

+
N−1∑
j=i

hj+1

(
(1 + ∆tb11,j)ũ

n+1
1,j + ∆tb12,jũ

n+1
2,j − (u1(xj, tn) + ∆tfn+1

1,j )
)

−
∫ xN

xi

(
(1 + ∆tb11)ũn+1

1 + ∆tb12ũ
n+1
2 − (u1(s, tn) + ∆tfn+1

1 )
)

(s)ds. (2.4.8)

Next, we will use the Taylor’s expansions with integral form of the remainder technique

separately for each component as follows:

hj+1

(
(1 + ∆tb11,j)ũ

n+1
1,j + ∆tb12,jũ

n+1
2,j − (u1(xj, tn) + ∆tfn+1

1,j )
)

−
∫ xj+1

xj

(
(1 + ∆tb11)ũn+1

1 + ∆tb12ũ
n+1
2 − (u1(s, tn) + ∆tfn+1

1 )
)
(x)dx

=

∫ xj+1

xj

∫ xj

x

d

ds

(
(1 + ∆tb11)ũn+1

1 + ∆tb12ũ
n+1
2 − (u1(s, tn) + ∆tfn+1

1 )
)

(s)dsdx

and

∆thj+1(D+
x a1,j) ũ

n+1
1,j+1 −

∫ xj+1

xj

∆t
da1

dx
ũn+1

1 (x)dx

= ∆t

∫ xj+1

xj

da1(x)

dx

∫ xj+1

x

dũn+1
1 (s)

ds
dsdx
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also by using (2.3.3), we can have

∆tε1

(
D−x ũ

n+1
1,i −

dũn+1
1,i

dx

)
=

1

hj

∫ xj

xj−1

∫ xj

x

−∆tε1

d2ũn+1
1,i (s)

ds2
dsdx

=
1

hj

∫ xj

xj−1

∫ xj

x

(
∆t
da1

ds

dũn+1
1

ds
−
(
(1 + ∆tb11)ũn+1

1

+∆tb12ũ
n+1
2

)
+
(
u1(s, tn) + ∆tfn+1

1

))
(s)dsdx.

Combining these representations with (2.4.8), for l = 1, 2, we can have∥∥∥PNl ~̃un+1
− Pl~̃u

n+1
−FNl + Fl

∥∥∥
∞
≤ C max

j=1,...,N
∆t

∫ xj

xj−1

(
1 +

∣∣∣∣dũn+1
1

ds

∣∣∣∣+

∣∣∣∣dũn+1
2

ds

∣∣∣∣) ds.
Therefore, from (2.4.7), we obtain

‖ ~E1‖∞ ≤ C max
j=1,...,N

∆t

∫ xj

xj−1

(
1 +

∣∣∣∣dũn+1
1

ds

∣∣∣∣+

∣∣∣∣dũn+1
2

ds

∣∣∣∣) ds. (2.4.9)

Lemma 2.4.2. Let ~̃u
n+1

be the solution of (2.3.3) and
~̃
U
n+1

i be the solution of (2.4.1).

If the coefficients of the matrices A, B satisfy conditions (2.1.2) and (2.1.3), then∥∥∥∥~̃Un+1

i − ~̃u
n+1
∥∥∥∥
∞
≤ C∆tN−1 lnN, (2.4.10)

where C is independent of N,∆t and ε1, ε2.

Proof. By using (2.4.9) in to (2.4.5), we obtain∥∥∥∥~̃Un+1

i − ~̃u
n+1
∥∥∥∥
∞
≤ C max

j=1,...,N
∆t

∫ xj

xj−1

(
1 +

∣∣∣∣dũn+1
1

ds

∣∣∣∣+

∣∣∣∣dũn+1
2

ds

∣∣∣∣) ds.
Employing the derivative bounds of ũn+1

l , l = 1, 2, from Lemma 2.3.4, we get∥∥∥∥~̃Un+1

i − ~̃u
n+1
∥∥∥∥
∞
≤ C max

j=1,...,N
∆t

∫ xj

xj−1

(
1 + ε−1

1 B0
ε2

(s) + ε−1
2 B0

ε2
(s)
)
ds.

After simplifying above equation, the error estimate can be obtained as∥∥∥∥~̃Un+1

i − ~̃u
n+1
∥∥∥∥
∞
≤ C∆tN−1 lnN.

This completes the proof.
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2.5 The Fully Discrete Scheme

Combining the time semidiscrete scheme (2.3.3) and the spatial discretization scheme

(2.4.1), the fully discrete scheme is obtained on the mesh Q
N,M

= Ω
N

x ×Υ
M

as
~U0
i = ~u0(xi), i = 0, . . . , N,

(I + ∆tLNx,~ε)
~Un+1
i = ~Un

i + ∆t ~fn+1
i for 1 ≤ i ≤ N − 1,

~Un+1
0 = ~Un+1

N = ~0, for n = 0, . . . ,M − 1,

(2.5.1)

where ~Un
i is the fully discrete approximation to the exact solution ~u(x, t) of (2.1.1) at

the mesh point (xi, tn) ∈ QN,M
.

Theorem 2.5.1. Let ~Un
i be the discrete solution of the fully discrete scheme (2.5.1).

The error estimate related to the fully discrete scheme (2.5.1) at time level tn satisfies∥∥∥~u− ~Un
i

∥∥∥
∞
≤ C(∆t+N−1 lnN). (2.5.2)

Proof. The global error at time level tn be denoted by ~Eni =
(
~u(xi, tn) − ~Un

i

)
. Then,

the global error ~Eni can be expressed as∥∥∥~Eni ∥∥∥∞ ≤ ∥∥∥~u− ~̃un(xi)
∥∥∥
∞

+

∥∥∥∥~̃un − ~̃
U
n

i

∥∥∥∥
∞

+

∥∥∥∥~̃Un

i − ~Un
i

∥∥∥∥
∞
. (2.5.3)

By substituting the results (2.3.5) and (2.4.10) in (2.5.3), we obtain∥∥∥~Eni ∥∥∥∞ ≤ C∆t(∆t+N−1 lnN) +

∥∥∥∥~̃Un

i − ~Un
i

∥∥∥∥
∞
, for 1 < i ≤ N − 1. (2.5.4)

From (2.4.1) and (2.5.1), we have

(I + ∆tLNx,~ε)

(
~̃
U
n

i − ~Un
i

)
=
(
~u(xi, tn−1)− ~Un−1

i

)
.

Applying the stability result (2.4.2), one can obtain∥∥∥∥~̃Un

i − ~Un
i

∥∥∥∥
∞
≤
∥∥∥~u(xi, tn−1)− ~Un−1

i

∥∥∥
∞
. (2.5.5)

Then, from (2.5.4) and (2.5.5), a recurrence relation for the global errors follows∥∥∥~Eni ∥∥∥∞ ≤ C∆t(∆t+N−1 lnN) +
∥∥∥~En−1

i

∥∥∥
∞
, for 1 < i ≤ N − 1. (2.5.6)

Hence, we obtain the desired result (2.5.2) from estimate (2.5.6).
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2.6 System of Semilinear Parabolic Problems

Here, we apply the difference scheme proposed in the previous section to solve the

following system of semilinear parabolic convection-diffusion IBVP:
∂~u

∂t
− E ∂

2~u

∂x2
− A(x)

∂~u

∂x
+ ~f(x, t, ~u) = ~0, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(2.6.1)

where ~f(x, t, ~u) = (f1(x, t, u1, u2), f2(x, t, u1, u2))T . We assume that f1 and f2 are suffi-

ciently smooth functions. Furthermore, we assume

∂f1

∂u1

≥ γβ > 0,
∂f2

∂u2

≥ γβ > 0,
∂f1

∂u2

< 0,
∂f2

∂u1

< 0, in Ωx × [0, T ]× R2, (2.6.2)

min

{
∂f1

∂u1

+
∂f1

∂u2

,
∂f2

∂u1

+
∂f2

∂u2

}
≥ β̃ > 0, in Ωx × [0, T ]× R2. (2.6.3)

These conditions (2.6.2) and (2.6.3) with the implicit function theorem ensure that there

exists a unique solution ~u(x, t) ∈ (C2
0(Q))2 of problem (2.6.1), also the solution ~u(x, t)

has overlapping boundary layers along x = 0.

Firstly, we will employ the Newton’s quasi-linearization technique to linearize the

semilinear problem (2.6.1) and obtained a sequence of linear problems. Whose solu-

tions ~up(x, t) with a proper initial guess ~u0(x, t) converge to the exact solution ~u. And,

~up+1(x, t) is solution of the following linear parabolic IBVP:
∂~up+1

∂t
− E ∂

2~up+1

∂x2
− A(x)

∂~up+1

∂x
+ J ~up+1 = F(x, t, up1, u

p
2), (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(2.6.4)

where the reaction coefficient J (the Jacobian matrix) is given by

J (x, t) =


∂f1(x, t, up1, u

p
2)

∂u1

∂f1(x, t, up1, u
p
2)

∂u2

∂f2(x, t, up1, u
p
2)

∂u1

∂f2(x, t, up1, u
p
2)

∂u2


and the source term F(x, t, up1, u

p
2) = J (x, t)~up − ~f(x, t, up1, u

p
2). By using conditions

given in (2.6.2)-(2.6.3), we can conclude that J (x, t) is an L0-matrix.

For p ∈ N, consider the following stopping criteria∣∣~up+1(xi, tn)− ~up(xi, tn)
∣∣ ≤ Tol, for (xi, tn) ∈ QN,M , p ≥ 0.

Here, Tol denotes the user chosen tolerance bound. Numerical results of system of

semilinear IBVP of the form (2.6.1) and (2.6.4) are presented in last section.
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2.7 Richardson Extrapolation Technique

In this section, first we introduces the extrapolation of the time semidiscrete solution
~̃u
n
. Later, we describe the Richardson extrapolation technique in the spatial direction,

which is used to increase the accuracy of the computed solutions of the upwind based

numerical scheme obtained in Section 2.5.

2.7.1 Extrapolation of ~̃u
n

For the improvement of the semidiscrete solution ~̃u
n
, one need to solve the semidiscrete

problem (2.3.3) on the fine mesh Υ2M , with 2M number of mesh intervals in the temporal

direction. From such construction, it is clear that ΥM ⊂ Υ2M . In fact, Υ2M is obtained

from ΥM by bisecting each mesh-interval. Therefore, t̃n − t̃n−1 = ∆t/2, for t̃n ∈ Υ2M .

Let ~̃z
n

be the solution of the semidiscrete problem (2.3.3) on the mesh Υ2M . We have

~̃u
n
− ~u(tn) = ∆t+ o(∆t), tn ∈ ΥM . (2.7.1)

In a similar way, one can obtain that

~̃z(t̃n)− ~u(t̃n) = ∆t/2 + o(∆t), t̃n ∈ Υ2M . (2.7.2)

Then, from (2.7.1) and (2.7.2), we get

~u(tn)− (2~̃z(tn)− ~̃u(tn)) = o(∆t), tn ∈ ΥM .

Therefore, we will use the following extrapolation formula

~̃uextpt(tn) = 2~̃z(tn)− ~̃u(tn), tn ∈ ΥM , (2.7.3)

to acquire a better semidiscrete solution of the model problem (2.1.1).

Note that, we decompose ~̃z(t̃n) as ~̃z(t̃n) = ~χṽ(t̃n) + ~χw̃(t̃n), t̃n ∈ Υ2M .

Lemma 2.7.1. Let ~u be the solution of the continuous problem (2.1.1) and ~̃uextpt be

the solution obtained via the Richardson extrapolation technique (2.7.3), by solving the

semidiscrete scheme (2.3.3). Then, we have

(~u− ~̃uextpt)(x, tn) = O(∆t3).

Proof. By following the methodology from [18], one can obtain the desired result.
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2.7.2 Extrapolation of
~̃
U

n

In this subsection, we describe the Richardson extrapolation technique in the spatial

direction, which is used to increase the accuracy of the computed solutions of the nu-

merical scheme (2.5.1). To apply this technique, we will solve the discrete problem

(2.4.1) on the fine mesh Ω
2N

x with 2N mesh-intervals in the spatial direction, where

Ω
2N

x is the piecewise-uniform Shishkin meshes having the same transition points τε1 and

τε2 , as used in Ω
N

x . The discrete domain Ω
2N

x can be obtained through bisecting each

mesh-interval of Ω
N

x . Hence the corresponding mesh-sizes in Ω
2N

x can be given by

x̃i − x̃i−1 =


H1/2, for x̃i ∈ Ω

2N

x ∩ [0, τε1 ],

H2/2, for x̃i ∈ Ω
2N

x ∩ [τε1 , τε2 ],

H3/2, for x̃i ∈ Ω
2N

x ∩ [τε2 , 1].

Let
~̃
U
n

i be the solution of discrete problem (2.4.1) on the mesh Ω
N

x . From Lemma 2.4.2,

it follows that

(
~̃
U
n

− ~̃u
n
)(xi) = ~C

(
N−1 lnN

)
+ o(N−1 lnN)

= ~C1

(
N−1(ατε2/2ε2)

)
+ o(N−1 lnN), xi ∈ Ω

N

x , (2.7.4)

where ~C1 is some fixed positive constant. Similarly, if
~̂
U
n

(x̃i) is the solution of the

discrete problem (2.4.1) on the mesh Ω
2N

x , then we have

(
~̂
U
n

− ~̃u
n
)(x̃i) = ~C1

(
(2N)−1(ατε2/2ε2)

)
+ o(N−1 lnN), xi ∈ Ω

2N

x . (2.7.5)

Now, from (2.7.4) and (2.7.5), eliminating O(N−1), we get(
~̃u
n
−
(

2
~̂
U
n

− ~̃
U
n
))

(xi) = o(N−1 lnN), xi ∈ Ω
N

x .

Therefore, we shall use the following extrapolation formula

~̃
U
n

extp(xi) = (2
~̂
U
n

− ~̃
U
n

)(xi), xi ∈ Ω
N

x , (2.7.6)

which will yield an approximation to ~̃u
n

more accurate than both
~̂
U
n

and
~̃
U
n

.

To obtain the estimate of the nodal error, we decompose the solution
~̃
U
n

as
~̃
U
n

=
~̃
V
n

+
~̃
W

n

, where the smooth component
~̃
V
n

is the solution of following discrete problem:
(I + ∆tLNx,~ε)

~̃
V
n+1

(xi) = ~v(xi, tn) + ∆t ~f(xi, tn+1), i = 1, · · · , N − 1,

~̃
V
n+1

(0) = ~̃v
n+1

(0),
~̃
V
n+1

(1) = ~̃v
n+1

(1),

Ph.D. Thesis 36

TH-2098_136123007



Chapter 2 2.7. Richardson Extrapolation Technique

and the layer component
~̃
W

n

satisfies
(I + ∆tLNx,~ε)

~̃
W

n+1

(xi) = ~w(xi, tn), i = 1, · · · , N − 1,

~̃
W

n+1

(0) = ~̃w
n+1

(0),
~̃
W

n+1

(1) = ~̃w
n+1

(1).

Similarly, we can write the decomposition of
~̂
U
n+1

(x̃i) on the fine mesh of the temporal

direction, as
~̃
U
n+1

(x̃i) =
~̃V
n+1

(x̃i) +
~̃W
n+1

(x̃i).

Therefore, the error can be expressed in the following form(
~̃
U
n+1

− ~̃u
n+1
)

(xi) =

(
~̃
V
n+1

− ~̃v
n+1
)

(xi) +

(
~̃
W

n+1

− ~̃w
n+1
)

(xi),

and (
~̃
U
n+1

− ~̃u
n+1
)

(x̃i) =

(
~̃V
n+1

− ~̃v
n+1
)

(x̃i) +

(
~̃W
n+1

− ~̃w
n+1
)

(x̃i).

Error estimate for the extrapolated smooth component

Lemma 2.7.2. Assume that 0 < ε1 ≤ ε2 ≤ N−1. Then, for 1 ≤ i ≤ N − 1, the local

truncation error associated with the smooth component satisfies

(I + ∆tLNx,ε1)(
~̃
V
n+1

− ~̃v
n+1

)(xi) = ∆t
hi
2
a1(xi)

∂2ṽ n+1
1

∂x2
(xi) +O(H2

3 ),

(I + ∆tLNx,ε2)(
~̃
V
n+1

− ~̃v
n+1

)(xi) = ∆t
hi
2
a2(xi)

∂2ṽ n+1
2

∂x2
(xi) +O(H2

3 ).

Proof. By using the Taylor’s expansions and the derivative bounds of ~̃v
n+1

given in

(2.3.10), we obtain

(I + ∆tLNx,ε1)(
~̃
V
n+1

− ~̃v
n+1

)(xi) =
ε1∆t

3(hi + hi+1)

[
h2
i+1

∂3ṽ1

∂x3
(ξ1, tn+1)− h2

i

∂3ṽ1

∂x3
(ξ2, tn+1)

]
+∆t

hi
2
a1(xi)

∂2ṽ1

∂x2
(xi, tn+1)−∆t

h2
i

6
a1(xi)

∂3ṽ1

∂x3
(ξ3, tn+1),

for some ξ1, ξ3 ∈ (xi, xi+1), ξ2 ∈ (xi−1, xi). An analogous argument establishes the

desired estimate for (I + ∆tLNx,ε2)(
~̃
V
n+1

− ~̃v
n+1

). This completes the proof.

By adopting the approach provided in Keller [37], the function
~̃
E(x) is defined as the

solutions of the following problems: (I + ∆tLx,~ε)
~̃
E(x) = ∆t

hi
2
A(x)

∂2~̃v

∂x2
(x, tn+1),

~̃
E(0) =

~̃
E(1) = ~0.

(2.7.7)
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Similar to the decomposition of ~̃u
n+1

, we decompose
~̃
E(x) as

~̃
E(x) =

~̃
Ev(x) +

~̃
Ew(x),

where the smooth component
~̃
Ev(x) and the layer component

~̃
Ew(x) satisfy

(I + ∆tLx,~ε)
~̃
Ev(x) = ∆t

hi
2
A(x)

∂2~̃v

∂x2
(x, tn+1),

(I + ∆tLx,~ε)
~̃
Ew(x) = ~0,

~̃
Ev(1) =

~̃
Ew(1) = ~0,

~̃
Ew(0) = −~̃Ev(0).

(2.7.8)

Lemma 2.7.3. For all non-negative integer k, satisfying 0 ≤ k ≤ 3, the smooth compo-

nents
~̃
Ev, defined in (2.7.8) satisfy the following bounds∥∥∥∥∥∥∂

k ~̃Ev

∂xk

∥∥∥∥∥∥
∞

≤ C, k = 1, 2,

∥∥∥∥∥∥∂
3 ~̃Ev

∂x3

∥∥∥∥∥∥
∞

≤ C(1 + ε−1
1 + ε−1

2 ).

Proof. By using the methodology of Mukharjee and Natesan [64] and applying the

bounds of the derivatives of ~̃v
n+1

given in (2.3.10), one can get the required bounds.

Lemma 2.7.4. Assume that 0 < ε1 ≤ ε2 ≤ N−1. Then, for 1 ≤ i ≤ N − 1, we have

(
~̃
V
n+1

− ~̃v
n+1

)(xi) = hi
~̃
Ev(xi) +O(H2

3 ).

Proof. Consider 1 ≤ i ≤ N − 1. By employing Lemma 2.7.2 and (2.7.8), we have

(I + ∆tLNx,~ε)(
~̃
V
n+1

− ~̃v
n+1

)(xi) = hi(I + ∆tLNx,~ε)
~̃
Ev(xi) +O(H2

3 )

By using the Taylor’s expansion and Lemma 2.7.3, it is easy to get∣∣∣∣hi ((I + ∆tLNx,~ε)− (I + ∆tLx,~ε)
) ~̃
Ev(xi)

∣∣∣∣ ≤ ~CH2
3 . (2.7.9)

Therefore, (2.7.9) implies that

(I + ∆tLNx,~ε)

[
(
~̃
V
n+1

− ~̃v
n+1

)(xi)− hi
~̃
Ev(xi)

]
≤ ~CH2

3 .

By using the discrete maximum principle (Lemma 2.4.1), we get the desired result.

Similarly, in the finer mesh of the temporal direction, we get that

(
~̃V
n+1

− ~χn+1
ṽ )(xi) = hi

~̃
Ev(xi) +O(H2

3 ).

Therefore, we have∣∣∣∣(~̃V extpt − ~̃vextpt
)

(xi, tn)

∣∣∣∣ ≤ ~CN−2, for 1 ≤ i ≤ N − 1.

where ~̃vextpt and
~̃
V extpt are the time extrapolated solutions of ~̃v and

~̃
V , respectively.

Ph.D. Thesis 38

TH-2098_136123007



Chapter 2 2.7. Richardson Extrapolation Technique

Lemma 2.7.5. Assume that 0 < ε1 ≤ ε2 ≤ N−1. Then, the error after extrapolation

associated with the smooth component satisfies∣∣∣∣(~̃V extp − ~̃vextpt
)

(xi, tn)

∣∣∣∣ ≤ ~CN−2, for 1 ≤ i ≤ N − 1.

Proof. Based on the construction of the meshes in Q
2N,2M

and Q
N,M

, we have

(
~̂Vextpt − ~̃vextpt

)
(xi, tn) =



H1

2
~Ev(xi, tn) +O (N−2) , for 1 ≤ i ≤ N

4
,

H2

2
~Ev(xi, tn) +O (N−2) , for

N

4
+ 1 ≤ i ≤ N

2
,

H3

2
~Ev(xi, tn) +O (N−2) , for

N

2
+ 1 ≤ i ≤ N − 1,

where
~̂Vextp is the time extrapolated solution in Q

2N,M
.

Therefore, we have(
~̃
V extp − ~̃vextpt

)
(xi, tn) =

((
2
~̂Vextpt −

~̃
V extpt

)
− ~̃vextpt

)
(xi, tn)

=

(
2

(
~̂Vextpt − ~̃vextpt

)
−
(
~̃
V extpt − ~̃vextpt

))
(xi, tn) = O(N−2),

which is the required result.

Error estimate for the extrapolated layer component

Lemma 2.7.6. Assume that 0 < ε1 ≤ ε2 ≤ N−1. The error after extrapolation associ-

ated to the layer component satisfies∣∣∣∣( ~̃W extp − ~̃wextpt
)

(xi, tn)

∣∣∣∣ ≤ ~CN−2, for N/2 ≤ i ≤ N − 1.

Proof. By combining the methodology from [18, Lemma 5.5] with extrapolation formu-

las (2.7.3) and (2.7.6) associated with the layer component, one can obtain the required

estimate.

For the sake of simplicity, define the functions ~ρ = (ρ1, ρ2)T , as

ρ1(x, tn+1) =
2ε1

α
a1(x)

∂2w̃1

∂x2
(x, tn+1) and ρ2(x, tn+1) =

2ε2

α
a2(x)

∂2w̃2

∂x2
(x, tn+1).

Next, we analyze the effect of the extrapolation for xi ∈ [0, τε2).

Lemma 2.7.7. For 1 ≤ i ≤ N/2 − 1, the extrapolation error associated with the layer

component satisfies

(I + ∆tLNx,εl)(
~̃
W − ~̃w)(xi, tn+1) = (N−1 lnN)ρl(xi, tn+1) +O

(
N−2 ln2N

(
ε−1

1 B0
ε1

(xi−1)

+ε−1
2 B0

ε2
(xi−1)

))
, l = 1, 2.
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Proof. First, consider xi ∈ (0, τε1). By using Taylor’s expansion with derivative bounds

(2.3.11) and (2.3.12), for ξ1, ξ3 ∈ (xi, xi+1) and ξ2 ∈ (xi−1, xi), we have∣∣∣∣(I + ∆tLNx,ε1)(
~̃
W − ~̃w)(xi, tn+1)

∣∣∣∣ =
ε1∆tH2

1

4!

[
∂4w̃1

∂x4
(ξ1, tn+1) +

∂4w̃1

∂x4
(ξ2, tn+1)

]

+∆ta1(xi)

[
H1

2

∂2w̃1

∂x2
(xi, tn+1)− H2

1

3!

∂3w̃1

∂x3
(ξ3, tn+1)

]
≤ C∆t(N−1 lnN)ρ1(xi, tn+1)

+O
(
N−2 ln2N

(
ε−1

1 B0
ε1

(xi−1) + ε−1
2 B0

ε2
(xi−1)

))
.

Similar estimate will hold for (I+∆tLNx,ε2)(
~̃
W− ~̃w). Next we shall consider the truncation

error at xi = τε1 , where hi 6= hi+1. It can be easily verified that

ε−k1 B0
ε1

(τ) ≤ Cε−k2 B0
ε2

(τ), for τ >
2ε1

α
, k = 1, 2, 3, 4. (2.7.10)

By using Taylor’s expansion with derivative bounds (2.3.11) and (2.3.12) with inequality

(2.7.10), one can deduce that∣∣∣∣(I + ∆tLNx,εl)(
~̃
W − ~̃w)(xi, tn+1)

∣∣∣∣ ≤ C∆t(N−1 lnN)ρl(x, tn+1)

+O
(
ε−1

2 B0
ε2

(xi−1)N−2 ln2N
)
, for l = 1, 2.

In a similar manner, one can obtain above estimates for xi ∈ (τε1 , τε2). This completes

the proof.

Next, we consider the BVP
(I + ∆tLNx,~ε)

~̃
F (x) = ~ρ(x, tn+1), in (0, τε2),

~̃
F (0) =

~̃
F (1) = ~0.

(2.7.11)

Now, we discuss the derivative bounds of
~̃
F in the following lemma.

Lemma 2.7.8. For all non-negative integers k satisfying 0 ≤ k ≤ 3, the derivatives of

the
~̃
F = (F̃1, F̃2)T satisfy estimates∣∣∣∣∣∂kF̃1

∂xk
(x)

∣∣∣∣∣ ≤ C

 B0
ε2

(x), for k = 0,(
ε−k1 B0

ε1
(x) + ε−k2 B0

ε2
(x)
)
, for k = 1, 2, 3∣∣∣∣∣∂kF̃2

∂xk
(x)

∣∣∣∣∣ ≤ C

 ε−k2 B0
ε2

(x), for k = 0, 1, 2,

ε−1
2

(
ε−2

1 B0
ε1

(x) + ε−2
2 B0

ε2
(x)
)
, for k = 3.
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Proof. By following the technique from Theorem 2.2.4, one can obtain the desired

derivative bounds.

Lemma 2.7.9. For 1 ≤ i ≤ N/2− 1, we have

(
~̃
W − ~̃w)(xi, tn+1) = (N−1 lnN)

~̃
F (xi) +O

(
N−2 ln3N

)
. (2.7.12)

Proof. First, we consider the case for 1 ≤ i ≤ N/4 − 1. By using Lemmas 2.7.7 and

2.7.8 with (2.7.11), for 1 ≤ i ≤ N/2− 1, we deduce that∣∣∣∣(I + ∆tLNx,~ε)

[
(
~̃
W − ~̃w)− (N−1 lnN)

~̃
F (xi)

]
(xi, tn+1)

∣∣∣∣
≤ ~CN−2 ln2N

(
ε−1

1 Bε1(xi−1) + ε−1
2 Bε2(xi−1)

)
.(2.7.13)

Now consider the discrete barrier function ~Bw(xi) = (Bw(xi),Bw(xi))
T , where

Bw(xi) = C

 N−2(1− xi) +N−2 ln2N
(
ε−1

1 + ε−1
2

)
(τε1 − xi), i ≤ N/4− 1

N−2(1− xi) +N−2 ln2Nε−1
2 (τε2 − xi), N/4 ≤ i ≤ N/2− 1.

For 1 ≤ i ≤ N/2− 1, it is easy to show from (2.7.13) that

(I + ∆tLNx,~ε)
~Bw(xi) ≥

∣∣∣∣(I + ∆tLNx,~ε)

[
(
~̃
W − ~̃w)− (N−1 lnN)

~̃
F

]
(xi, tn+1)

∣∣∣∣ .
By using discrete maximum priniciple (Lemma 2.4.1), we can obatin (2.7.12 ).

In a similar way, in the finer mesh of temporal direction, we get that

(
~̃W − ~χw̃)(xi, tn+1) = (N−1 lnN)

~̃
F (xi, tn+1) +O

(
N−2 ln3N

)
. (2.7.14)

Lemma 2.7.10. The error after extrapolation associated with the layer component
~̂
W extp

satisfies following estimate∣∣∣∣( ~̃W extp − ~̃wextpt
)

(xi, tn)

∣∣∣∣ ≤ ~CN−2 ln3N, for 1 ≤ i ≤ N/2− 1.

Proof. By following the technique from Lemma 2.7.5 with estimates (2.7.12) and

(2.7.14), we can obtain the desired result.

Now, by combining the results of Lemmas 2.7.5, 2.7.6 and 2.7.10, we can deduce that∣∣∣∣(~̃U extp − ~̃uextpt
)

(xi, tn)

∣∣∣∣ ≤ ~CN−2 ln3N, for 1 ≤ i ≤ N − 1. (2.7.15)
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Theorem 2.7.11. (Error after extrapolation) Assume that 0 < ε1 ≤ ε2 ≤ N−1. Let

~u be the solution of the continuous problem (2.1.1) and ~Uextp be the solution obtained

via the Richardson extrapolation technique by solving the discrete problem (2.5.1) on the

two nested meshes Q
N,M

and Q
2N,2M

. Then, for 0 < ν < 1, we have the following error

bound associated with ~Uextp:∥∥∥(~u− ~Uextp)(xi, tn)
∥∥∥
∞
≤ C

(
N−2+ν ln3N + ∆t2

)
, for 1 ≤ i ≤ N − 1. (2.7.16)

Proof. By using Lemma 2.7.1 and estimate (2.7.15), we have∥∥∥~u(xi, tn)− ~Uextp(xi, tn)
∥∥∥
∞

=

∥∥∥∥(~u− ~̃uextpt + ~̃uextpt −
~̃
U extp +

~̃
U extp − ~Uextp

)
(xi, tn)

∥∥∥∥
∞

≤
∥∥∥(~u− ~̃uextpt)(xi, tn)

∥∥∥
∞

+

∥∥∥∥(~̃uextpt − ~̃
U extp

)
(xi, tn)

∥∥∥∥
∞

+

∥∥∥∥(~̃U extp − ~Uextp

)
(xi, tn)

∥∥∥∥
∞

≤ C
(
∆t3 +N−2 ln3N

)
+

∥∥∥∥(~̃U extp − ~Uextp

)
(xi, tn)

∥∥∥∥
∞

Note that, if we take N−ν ≤ C∆t with 0 < ν < 1, one can deduce that∥∥∥~u(xi, tn)− ~Uextp(xi, tn)
∥∥∥
∞
≤ C

(
∆t3 +N−2+ν ln3N

)
+

∥∥∥∥(~̃U extp − ~Uextp

)
(xi, tn)

∥∥∥∥
∞
.

By following the methodology from Theorem 2.5.1, we can get the desired result.

2.8 Numerical Results

In this section, we present numerical results for some test problems on the piecewise-

uniform rectangular mesh Q
N,M

to validate the theoretical results derived in the previous

section. We have considered system of linear convection-diffusion problem and semilinear

convection-diffusion problem. For all examples, we perform the numerical experiments

by choosing the constant α = 0.5.

2.8.1 Upwind based numerical scheme

Example 2.8.1. Consider the following system of parabolic IBVP on Q = (0, 1)×(0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
− ∂u1

∂x
+ (1 + x)u1 − u2 = (x2 − x)(t2 + 1) exp(−t),

∂u2

∂t
− ε2

∂2u2

∂x2
− ∂u2

∂x
+ (1 + 2x)u2 − u1 = (x− 1)(t2 − 4t) exp(−4t),

u1(x, 0) = 0, u2(x, 0) = 0,

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1].
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As the exact solution of the Example 2.8.1 is not known, we use the double-mesh

principle to obtain the accuracy of the numerical approximation of the proposed scheme,

which is described as follows:

Let ~Un
i be the numerical approximation of ~u(x, t) on mesh Q

N,M
with N mesh-

intervals in the spatial direction and M mesh-intervals in the time direction and ~U2n
2i

be the numerical solution obtained on the fine mesh Q
2N,2M

, which contains the mesh

points of the original mesh and their midpoints.

For l = 1, 2, we calculate the maximum pointwise errors and uniform errors by

dN,Mε,l = max
0≤n≤M

max
0≤i≤N

∣∣Un
l,i − U2n

l,2i

∣∣ , dN,Ml = max
Sε

dN,Mε,l .

In addition, we determine the corresponding order of convergence and the uniform order

of convergence by

pN,Mε,l = log2

(
dN,Mε,l

d2N,2M
ε,l

)
, pN,Ml = log2

(
dN,Ml

d2N,2M
l

)
.

The spatial discretization parameter takes the values N = 32, 64, 128, 256, 512 and

time discretization parameter ∆t = 1/M, M = N/4. Here the singular perturbation

parameters take values from the set Sε = {(ε1, ε2)|ε2 = 2−2, . . . , 2−18, ε1 = 2−4ε2}, which

is a sufficiently small choice to bring out the singularly perturbed nature of the problem.

We have plotted the surface plots of the numerical solution for N = 64,M = 16

with ε1 = 2−8, ε2 = 2−4 in Fig. 2.3 and Fig. 2.4, which confirm the boundary layer

phenomena of solutions of Example 2.8.1.

In Table 2.1, uniform errors and the corresponding orders of convergence for Example

2.8.1 are presented for various values of ε1, ε2 and N . We have plotted the maximum

pointwise errors in loglog plot in Fig. 2.5 and Fig. 2.6, which confirm the order of

convergence.

Example 2.8.2. Consider the following system of semilinear parabolic IBVP on Q =

(0, 1)× (0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
− ∂u1

∂x
+ exp(u1 − u2) = 0,

∂u2

∂t
− ε2

∂2u2

∂x2
− ∂u2

∂x
+ exp(u2 − u1) = 0,

u1(x, 0) =
1− exp(−x/ε1)

1− exp(−1/ε1)
− x, u2(x, 0) =

1− exp(−x/ε2)

1− exp(−1/ε2)
− x,

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1].
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Chapter 2 2.8. Numerical Results

By applying the Newton’s linearization process (2.6.3) to Example 2.8.2, we obtain

the following singular perturbation system of linear parabolic IBVP:

∂up+1
1

∂t
− ε1

∂2up+1
1

∂x2
− ∂up+1

1

∂x
+ exp(up1 − u

p
2)up+1

1 − exp(up1 − u
p
2)up+1

2

= (exp(up1 − u
p
2)− 1)up1 − exp(up1 − u

p
2)up2,

∂up+1
2

∂t
− ε2

∂2up+1
2

∂x2
− ∂up+1

2

∂x
− exp(up2 − u

p
1))up+1

1 + exp(up2 − u
p
1))up+1

2

= − exp(up2 − u
p
1)up1 + (exp(up2 − u

p
1)− 1)up2,

up+1
1 (x, 0) = u1(x, 0), up+1

2 (x, 0) = u2(x, 0),

up+1
1 (0, t) = up+1

1 (1, t) = 0, up+1
2 (0, t) = up+1

2 (1, t) = 0, t ∈ [0, 1].

Hence for a fixed p, we solve the above linearized problem by using the computational

method discussed in Section 2.6. As a convergence criterion for the Newton’s lineariza-

tion process, we use

max
{∣∣∣Un(p)

1,i − Un(p−1)

1,i

∣∣∣ , ∣∣∣Un(p)

2,i − Un(p−1)

2,i

∣∣∣} ≤ 10−7,

where, we choose Un(0)

1,i = Un(0)

2,i = 0 as an initial guess. Once we get the prescribed

tolerance bound we terminate the iteration and take that as the solution to the problem.

Since, the exact solution of Example 2.8.2 is also not known, to obtain the accuracy

of the numerical solution and also to demonstrate the E-uniform convergence of the

proposed scheme, we will follow the double-mesh principle as described previously.

Fig. 2.7 and Fig. 2.8 show the numerical solution of Example 2.8.2, where boundary

layers can be observed. From Table 2.2, we see the monotonically decreasing behavior

of ε-uniform errors obtained for N = 32, 64, 128, 256, 512 and M = N with the singular

perturbation parameters Ŝε = {(ε1, ε2)|(2−18, 2−8), (2−20, 2−10)}. One can also observe

the uniform error behavior via loglog plots given in Fig. 2.9 and Fig. 2.10.

2.8.2 Richardson extrapolation technique

Example 2.8.3. Consider the following system of parabolic IBVP on Q = (0, 1)×(0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
− ∂u1

∂x
+ (1 + x)u1 − u2 = (x2 − x+ 1) exp(−t),

∂u2

∂t
− ε2

∂2u2

∂x2
− ∂u2

∂x
+ (1 + 2x)u2 − u1 = exp(−4t),

u1(x, 0) =
1− exp(−x/ε1)

1− exp(−1/ε1)
− x, u2(x, 0) =

1− exp(−x/ε2)

1− exp(−1/ε2)
− x,

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1].
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Figure 2.3: Surface plot of the numerical solution U1 of Example 2.8.1 for ε1 = 2−8, ε2 =
2−4, N = 64,M = 16.
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Figure 2.4: Surface plot of the numerical solution U2 of Example 2.8.1 for ε1 = 2−8, ε2 =
2−4, N = 64,M = 16.
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Figure 2.5: Loglog plot for the spatial order of convergence associated with numerical
solution U1 for Example 2.8.1.
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Figure 2.6: Loglog plot for the spatial order of convergence associated with numerical
solution U2 for Example 2.8.1.
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Figure 2.7: Surface plot of numerical solution U1 of Example 2.8.2 for ε1 = 2−10, ε2 =
2−6, N = M = 32.

0
0.2

1

0.4
0.6

0.8

0

0.5

1
−1

−0.5

0

0.5

1

x

t

U
2

Figure 2.8: Surface plot of numerical solution U2 of Example 2.8.2 for ε1 = 2−10, ε2 =
2−6, N = M = 32.
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Figure 2.9: Loglog plot for the spatial order of convergence associated with numerical
solution U1 for Example 2.8.2.

10
1

10
2

10
3

10
−2

10
−1

10
0

M
ax

im
um

 E
rr

or

N

 

 

O(N−1ln N)

ε
1
=2−18, ε

2
=2−8

ε
1
=2−20, ε

2
=2−10

Figure 2.10: Loglog plot for the spatial order of convergence associated with numerical
solution U2 for Example 2.8.2.
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Table 2.1: Uniform errors and orders of convergence for Example 2.8.1.

(ε1, ε2) ∈ Sε Number of mesh-intervals N

32 64 128 256 512

dN,M1 1.5232e-02 8.2587e-03 4.5142e-03 2.4143e-03 1.2674e-03

pN,M1 0.8830 0.8714 0.9028 0.9297

dN,M2 1.8285e-02 9.9229e-03 5.2100e-03 2.6692e-03 1.3590e-03

pN,M2 0.8818 0.9294 0.9648 0.9738

Table 2.2: Uniform errors and orders of convergence for Example 2.8.2.

(ε1, ε2) ∈ Ŝε Number of mesh-intervals N

32 64 128 256 512

dN,M1 2.5401e-01 1.9414e-01 1.3103e-01 8.1675e-02 4.8349e-02

pN,M1 0.5077 0.5631 0.6819 0.7564

dN,M2 1.0165e-01 7.1302e-02 4.8036e-02 3.1249e-02 1.9604e-02

pN,M2 0.6967 0.7447 0.7769 0.8079

For l = 1, 2, we calculate the maximum pointwise error and uniform error after

extrapolation by

dN,Mε,l extp
= max

0≤n≤M
max

0≤i≤N

∣∣∣Un
l,i extp − U

2n
l,2i extp

∣∣∣ , dN,Ml extp
= max

S̃ε

dN,Mε,l extp
,

where Un
l,i extp

and U2n
l,2i extp

are the numerical solution obtained after extrapolation on

Q
N,M

and Q
2N,2M

, respectively. We determine the corresponding order of convergence

for each ε1, ε2 by

pN,Mε,l extp
= log2

(
dN,Mε,l extp

d2N,2M
ε,l extp

)
, pN,Ml extp

= log2

(
dN,Ml extp

d2N,2M
l extp

)
.

For this example, the singular perturbation parameters take values from S̃ε =

{(ε1, ε2)|(2−10, 2−0), (2−20, 2−10), (2−30, 2−20), (2−40, 2−30)}. We perform the numerical

experiments by choosing the time step ∆t = 2/N . From Fig. 2.11 and Fig. 2.12, one
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Figure 2.11: Surface plot of the numerical solution U1 of Example 2.8.3 for ε1 =
2−8, ε2 = 2−4, N = 64,M = 16.

can observe the boundary layer behavior of numerical solution of Example 2.8.3. The

calculated maximum pointwise errors and the corresponding order of convergence before

and after extrapolation are presented in Table 2.3, which confirm that the upwind fi-

nite difference scheme (2.5.1) and the extrapolated technique are E-uniform convergent.

Moreover, one can observe that results presented in Table 2.3, reflects the fact that the

extrapolation technique produces almost second-order convergence up to logarithmic

factor. One can also observe the uniform error behavior via loglog plots given in Fig.

2.13 and Fig. 2.14 for Example 2.8.3.

2.9 Conclusions

In this chapter, we have presented a uniformly convergent numerical method for a class

of singularly perturbed system of linear and semilinear parabolic convection-diffusion

problems. A uniform mesh in the temporal direction and a piecewise-uniform Shishkin

mesh for the spatial direction to discretize the domain have been used. The proposed

numerical scheme is of first-order in time and first-order accurate up to logarithmic fac-

tor in space. Next, by fixing the transition parameters in the Shishkin mesh, we have

computed the solution on the fine mesh with 2N × 2M number of mesh-intervals. Fi-

nally, combining the computed solutions obtained on the coarse and the fine meshes,

the Richardson extrapolation technique is implemented and we have shown that the

extrapolation technique improves the almost first-order convergence of the simple up-

winding into almost second-order convergence. Some numerical experiments have been

established to validate the theoretical results.
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Figure 2.12: Surface plot of the numerical solution U2 of Example 2.8.3 for ε1 =
2−8, ε2 = 2−4, N = 64,M = 16.
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Figure 2.13: Visualization of the order of convergence through loglog plot associated
with numerical solution U1 for Example 2.8.3.
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Table 2.3: Comparison of uniform errors and corresponding rate of convergence before
extrapolation and after extrapolation for Example 2.8.3.

S̃ε Extrapo- Number of mesh-intervals N
lation 32 64 128 256 512

dN,M1 Before 5.3054e-02 3.6533e-02 2.3523e-02 1.4413e-02 8.4534e-03

pN,M1 0.5382 0.6351 0.7066 0.7698

dN,M1 extp
After 1.1319e-02 5.0315e-03 2.1665e-03 8.0933e-04 2.7569e-04

pN,M1 extp
1.1697 1.2156 1.4205 1.5536

dN,M2 Before 5.3054e-02 3.6533e-02 2.3523e-02 1.4413e-02 8.4534e-03

pN,M2 0.4757 0.6275 0.7070 0.7717

dN,M2 extp
After 1.2521e-02 5.2347e-03 2.2110e-03 8.1858e-04 2.7839e-04

pN,M2 extp
1.2582 1.2433 1.4334 1.5560
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Figure 2.14: Visualization of the order of convergence through loglog plot associated
with numerical solution U2 for Example 2.8.3.
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CHAPTER 3

Parameter-Uniform Hybrid Numerical Scheme for

Singularly Perturbed System of 1D Parabolic

Convection-Diffusion Problems

This chapter is devoted to the study of hybrid numerical scheme for singularly perturbed

system of 1D parabolic convection-diffusion problems exhibiting overlapping boundary

layers. To solve these problems, we discretize the time derivative by the implicit-Euler

method and the spatial derivatives by a hybrid finite difference scheme on the layer

adapted piecewise-uniform Shishkin mesh. It is proved that the proposed numerical

method converges uniformly in the discrete supremum norm with first-order accuracy

in time and almost second-order accuracy in space. Numerical results are presented in

supporting the theory.

3.1 Introduction

Here, we consider the following class of singularly perturbed system of 1D parabolic

convection-diffusion IBVP on the domain Q := Ωx × (0, T ],Ωx = (0, 1):
∂~u

∂t
+ Lx,~ε~u = ~f, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ [0, T ],

(3.1.1)

where the spatial differential operator Lx,~ε is given by

Lx,~ε ≡ −E
∂2

∂x2
+ A(x)

∂

∂x
+B(x).

The coefficient matrices are given as E = diag(ε1, ε2), 0 < ε1 ≤ ε2 � 1 and A(x) =

diag(a1(x), a2(x)), B(x) = {blm(x)}2
l,m=1. The convection coefficients satisfy a1(x) ≥
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α > 0, a2(x) ≥ α > 0. In addition, we assume that B is an L0 –matrix and satisfy

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0. (3.1.2)

The source term and the initial condition satisfy the following smoothness conditions

~f ∈ (C2
λ(Q))2, ~u0 ∈ (C4

0(Ωx))
2

and the compatibility conditions
~u0(x) = ~0, x ∈ {0, 1},

~f(x, 0)− Lx,~ε ~u0(x) = ~0, x ∈ {0, 1},

~ft(x, 0) + (Lx,~ε)2 ~u0(x)− Lx,~ε ~f(x, 0) = ~0, x ∈ {0, 1}.

(3.1.3)

Under these sufficient smoothness with compatibility conditions imposed on source term,

initial and boundary data, the model problem (3.1.1) admits a unique solution.

This main aim of this chapter is to analyzes the hybrid finite difference scheme for sin-

gularly perturbed system of parabolic convection-diffusion problems. In this method the

time derivative is approximated by the implicit-Euler scheme on uniform mesh and the

spatial derivatives are approximated by the hybrid numerical scheme on the piecewise-

uniform Shishkin mesh. The hybrid difference scheme uses the classical central difference

method whenever the local mesh size allows us to do this without losing stability but em-

ploys the midpoint upwind difference method away from the boundary layers. Then we

show that the proposed scheme is first-order in time and almost second-order convergent

in space.

We organize the rest of this chapter as follows: The analytical behavior of the exact

solution is discussed in Section 3.2. Section 3.3 describes the uniform convergence of

the semidiscrete scheme and later we discuss the asymptotic behavior of the solutions

of the semidiscrete problems. In Section 3.4, we study the piecewise-uniform Shishkin

mesh and provide the detailed construction of the newly proposed hybrid finite difference

scheme. Section 3.5 contains the main theoretical result. In Section 3.6, we present the

numerical experiments to validate the theoretical results. Finally in Section 3.7, we

summarize the main conclusions of this chapter.

3.2 Analytical Behavior of the Solution

The differential operator defined in (3.1.1) satisfies the following maximum principle.

Lemma 3.2.1. (Maximum Principle) Let
(
∂
∂t

+ Lx,~ε
)

be the differential operator

given in (3.1.1). Then for ~Y ≥ ~0 on ∂Q and
(
∂
∂t

+ Lx,~ε
)
~Y ≥ ~0 in Q, we have ~Y ≥ ~0,

for all (x, t) ∈ Q.
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Proof. By following the approach discussed in Lemma 2.2.1, one can prove the maxi-

mum principle.

Next, we present the derivative bounds with respect to spatial and temporal variable,

of the exact solution of the model problem (3.1.1).

Theorem 3.2.2. For all non-negative integers k and k0 satisfying 0 ≤ k + k0 ≤ 2 and

l = 1, 2, the derivatives of the exact solution ~u of the IBVP (3.1.1) satisfies

∣∣∣∣ ∂k+k0ul
∂xk∂tk0

∣∣∣∣ ≤


C, for k = 0,

C
(
1 + ε−1

l B1
εl

(x)
)
, for k = 1,

C
(
1 + ε−1

l

(
ε−1

1 B1
ε1

(x) + ε−1
2 B1

ε2
(x)
))
, for k = 2.

Proof. By following the technique of Theorem 2.2.4, we can get the desired result.

3.3 The Time Semidiscretization

First, we discretize the time domain Υ
M

by uniform mesh with mesh-size ∆t, such that

ΥM = {tn = n∆t, n = 0, · · · , M, ∆t = T/M}, where M is the number of mesh-points

in the time direction.

Now, we introduce a time semidiscretization process by means of the following

implicit-Euler scheme:
~u0(x) = ~u(x, 0), x ∈ Ωx,

(I + ∆tLx,~ε)~un+1(x) = ~un(x) + ∆t ~f(x, tn+1),

~un+1(0) = ~un+1(1) = 0.

(3.3.1)

By using Lemma 2.3.1, one can easily obtain the maximum principle for the differ-

ential operator (I + ∆tLx,~ε). Also, we get

‖(I + ∆tLx,ε1)−1‖∞ ≤
1

1 + β∆t
, ‖(I + ∆tLx,ε2)−1‖∞ ≤

1

1 + β∆t
. (3.3.2)

Next, define the local truncation error ~en+1 for the time semidiscrete scheme (3.3.1) by

~en+1 = ~u(x, tn+1)− ~̃u
n+1

(x),

where ~̃u
n+1

(x) is solution of following system: (1 + ∆tLx,~ε)~̃u
n+1

= ~u(x, tn) + ∆t ~f(x, tn+1),

~̃u
n+1

(0) = ~̃u
n+1

(1) = 0.
(3.3.3)

By using Lemma 2.3.2, one can obtain that

‖~en+1‖∞ ≤ ~C(∆t2).
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Thus, the global error corresponding to the scheme (3.3.1) satisfies

sup
n≤T/∆t

‖~u(x, tn)− ~un‖∞ ≤ ~C∆t. (3.3.4)

Hence, we conclude that the time semidiscretization process is uniformly convergent of

first-order in time.

Note: As a technical requirement, we assume that

|Lx,~ε~u(x, tn)| ≤ ~C, |L2
x,~ε~u(x, tn)| ≤ ~C. (3.3.5)

3.3.1 Asymptotic behavior of the solutions of semidiscrete
problems

To prove the uniform convergence of the semidiscrete problem (3.3.3), we need a more

precise decomposition of the exact solution ~̃u
n+1

of the time semidiscrete problem (3.3.3).

Lemma 3.3.1. The exact solution of (3.3.3) is decomposed in the following way

~̃u
n+1

(x) = ~η~̃w
n+1

(x) + ~̃z
n+1

(x), (3.3.6)

where the components ~̃w
n+1

(x) and ~̃z
n+1

(x) satisfy

w̃n+1
l (x) = exp(−al(1)(1− x)/εl), ηl =

εl
al(1)

dũn+1
l

dx
(1), l = 1, 2,∣∣∣∣dkz̃n+1

l (x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k+1

l B1
εl

(x)
)
, k = 1, 2,

∣∣∣∣dkz̃n+1
l (x)

dxk

∣∣∣∣ ≤ C
(
1 + ε2−k

l

(
ε−1

1 B1
ε1

(x) + ε−1
2 B1

ε2
(x)
))
, k = 3, 4.

(3.3.7)

Proof. To establish the derivative bounds of ~̃z
n+1

(x), first we need to acquire the

derivative bounds for ~̃u
n+1

(x). Assume that ~% =
(
~̃u
n+1
− ~u(x, tn)

)
/∆t, then ~% is the

solution of the following problem (I + ∆tLx,~ε)~% = −Lx,~ε~u(x, tn+1) + ~f(x, tn+1)

~%(0) = ~0, ~%(1) = ~0.
(3.3.8)

From (3.3.8), one can express ~u as the solution of the BVP: Lx,~ε~̃u
n+1

(x) = −~%+ ~f(x, tn+1)

~̃u
n+1

(0) = ~0, ~̃u
n+1

(1) = ~0.
(3.3.9)

By following the argument from Theorem 2.2.4, we can obtain that∣∣∣∣dũn+1
1

dx
(0)

∣∣∣∣ ≤ C,

∣∣∣∣dũn+1
1

dx
(1)

∣∣∣∣ ≤ Cε−1
1 ,

∣∣∣∣dũn+1
1

dx
(x)

∣∣∣∣ ≤ C
(
1 + ε−1

1 B1
ε1

)
, ∀x ∈ Ωx.
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In a similar manner, one can show∣∣∣∣dũn+1
2

dx
(0)

∣∣∣∣ ≤ C,

∣∣∣∣dũn+1
2

dx
(1)

∣∣∣∣ ≤ Cε−1
2 ,

∣∣∣∣dũn+1
2

dx
(x)

∣∣∣∣ ≤ C(1 + ε−1
2 B1

ε2
), ∀x ∈ Ωx.

Differentiating first component of (3.3.9) with respect to x and rearranging, we get

−ε1
d3ũn+1

1

dx3
+ a1

d2ũn+1
1

dx2
= −d%1

dx
+
df1

dx
− da1

dx

dũn+1
1

dx
− d(b11ũ

n+1
1 + b12ũ

n+1
2 )

dx
. (3.3.10)

To acquire the bound for d2ũn+1
1 /dx2, one needs to obtain the estimate for d%1/dx.

Assume that ~Φ = Lx,~ε~%, which satisfies
(1 + ∆tLx,~ε)~Φ = −L2

x,~ε~u+ Lx,~ε ~f(x, tn+1),

~Φ(0) =
1

∆t
(~f(0, tn+1)− Lx,~ε~u(0, tn+1)),

~Φ(1) =
1

∆t
(~f(1, tn+1)− Lx,~ε~u(1, tn+1)).

By using the compatibility condition for ~f given in (2.1.5) with |L2
x,~ε~u| ≤ ~C and

Lx,~ε~u(0, tn+1) = ~f(0, tn+1), Lx,~ε~u(1, tn+1) = ~f(1, tn+1), we get |~Φ| ≤ ~C, x ∈ Ωx.

The component %1 is the solution of the BVP: −ε1
d2%1

dx2
+ a1

d%1

dx
+ b11%1 = Φ1 − b12%2,

%1(0) = %1(1) = 0.
(3.3.11)

By following the technique of Theorem 2.2.4, we obtain that∣∣∣∣d%1

dx

∣∣∣∣ ≤ C
(
1 + ε−1

1 B1
ε1

(x)
)
, ∀x ∈ Ωx.

Using the above bound and methodology of Lemma 2.3.4 in (3.3.10), we get∣∣∣∣d2ũn+1
1

dx2

∣∣∣∣ ≤ C
(
1 + ε−2

1 B1
ε1

(x)
)
.

In a similar way, one can obtain the corresponding bounds for the higher derivatives of

component ũn+1
1 . Analogously, we can get the desired derivative bounds for ũn+1

2 .

By using decomposition (3.3.6), it holds that

|z̃n+1
l (0)| ≤ C, |z̃n+1

l (1)| ≤ C,

∣∣∣∣d z̃n+1
l

dx
(0)

∣∣∣∣ ≤ C,
d z̃n+1

l

dx
(1) = 0, l = 1, 2. (3.3.12)

Next, we consider

Lx,ε1~̃z
n+1

= −%1 + f1 − b11(ũn+1
1 − z̃n+1

1 )− b12(ũn+1
2 − z̃n+1

2 )

+η2(a1(1)− a1(x))
dw̃n+1

1

dx
≡ φ1(x). (3.3.13)
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Chapter 3 3.3. The Time Semidiscretization

By using the argument from [15] and bounds (3.3.12), we obtain that∣∣∣∣dkz̃n+1
1

dxk

∣∣∣∣ ≤ C
(
1 + ε−k+1

1 B1
ε1

(x)
)
, k = 1.

An analogous result holds for component z̃n+1
2 .

Differentiating (3.3.13) with respect to x and rearranging, we obtain

Lx,ε1
d~̃z

n+1

dx
=
dφ1

dx
− d a1

dx

d(ũn+1
1 − η1w̃

n+1
1 )

dx
− d b11

dx
z̃n+1

1 − d b12

dx
z̃n+1

2 ≡ φ2(x). (3.3.14)

By employing the previous bounds, one can easily deduce that

|φ2(x)| ≤ C
(
1 + ε−1

1 B1
ε1

(x)
)
.

Since d~̃z
n+1

/dx is bounded at the boundary points, then it follows that∣∣∣∣dkz̃n+1
1

dxk

∣∣∣∣ ≤ C
(
1 + ε−k+1

1 B1
ε1

(x)
)
, for k = 2. (3.3.15)

In a similar way, one can obtain derivative bounds for component z̃n+1
2 .

Again differentiating (3.3.14) with respect to x, we obtain

Lx,ε1
d2~̃z

n+1

dx2
=
dφ2

dx
−da1

dx

d2(ũn+1
1 − η1w̃

n+1
1 )

dx2
−db11

dx

d z̃n+1
1

dx
−db12

dx

d z̃n+1
2

dx
≡ φ3(x). (3.3.16)

And, the associated boundary conditions satisfy the following estimates∣∣∣∣d2z̃n+1
1

dx2
(0)

∣∣∣∣ ≤ C,

∣∣∣∣d2z̃n+1
1

dx2
(1)

∣∣∣∣ ≤ Cε−1
1 .

By employing the required derivative bounds of components z̃n+1
l , l = 1, 2, we get

|φ3(x)| ≤ C
(
1 + ε−1

1 B1
ε1

(x) + ε−1
2 B1

ε2
(x)
)
.

By using technique of Lemma 2.3.4 in (3.3.16), we get∣∣∣∣d3z̃n+1
1

dx3

∣∣∣∣ ≤ C
(
1 + ε−1

1

(
ε−1

1 B1
ε1

(x) + ε−1
2 B1

ε2
(x)
))

In a similar manner, one can deduce that∣∣∣∣d3z̃n+1
2

dx3

∣∣∣∣ ≤ C
(
1 + ε−1

2

(
ε−1

1 B1
ε1

(x) + ε−1
2 B1

ε2
(x)
))

By using the previous technique, we can obtain the derivative bounds for k = 4.

Ph.D. Thesis 58

TH-2098_136123007



Chapter 3 3.4. The Discrete Problem

3.4 The Discrete Problem

In this section, we describe the piecewise-uniform Shishkin mesh for the spatial dis-

cretization of the domain and study error analysis for the proposed numerical scheme

used to discretize the problem (3.3.3) for the spatial variable.

3.4.1 The piecewise-uniform Shishkin mesh

The piecewise-uniform Shishkin mesh is constructed by dividing the domain Ω
N

x into

three subdomains such as [0, 1 − τε2 ], [1 − τε2 , 1 − τε1 ] and [1 − τε1 , 1]. Then divide

[0, 1− τε2 ] into N/2 mesh-intervals, and divide [1− τε2 , 1− τε1 ] and [1− τε1 , 1] into N/4

mesh-intervals. Then, the discretized spatial domain Ω
N

x look like

Ω
N

x = {0 = x0, x1, . . . , xN/2 = 1− τε2 , . . . , x3N/4 = 1− τε1 , . . . , xN = 1},

where

τε2 = min

{
1

2
, τ0ε2 lnN

}
and τε1 = min

{
1

4
,
τε2
2
, τ0ε1 lnN

}
,

τ0 is a constant will be chosen later. Fig. 3.1 displays a typical piecewise-uniform

Shishkin mesh.

0 1− τ"2
1− τ"1

1

Figure 3.1: Visualization of piecewise-uniform Shishkin mesh Ω
N

x for N = 16.

Therefore, the step sizes of the mesh Ω
N

x are given by

hi =


H1 =

2(1−τε2 )

N
, i = 1, . . . , N/2,

H2 =
4(τε2−τε1 )

N
, i = N/2 + 1, . . . , 3N/4,

H3 =
4τε1
N
, i = 3N/4 + 1, . . . , N.

(3.4.1)

It is clear from (3.4.1) that N−1 ≤ H1 ≤ 2N−1, H2 = 4τ0(ε2 − ε1)N−1 lnN, and H3 =

4τ0ε1N
−1 lnN . Let us denote h̃i = hi+hi+1 for i = 1, . . . , N−1 and ρεli = hi/εl, l = 1, 2,

for i = 1, . . . , N . When v(xi) = vi, we define vi−1/2 = (vi + vi−1)/2.

3.4.2 The hybrid scheme

For spatial discretization of (3.3.3), we use the hybrid scheme which is a proper combi-

nation of the midpoint upwind scheme and central difference scheme. More precisely, for

spatial derivatives, we apply the midpoint upwind scheme in the outer regions [0, 1−τε2 ]
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Chapter 3 3.4. The Discrete Problem

and central difference scheme in the boundary layer regions (1−τε2 , 1−τε1 ], and [1−τε1 , 1].

Hence, the proposed numerical scheme takes the following form:

Ũn+1
1,i−1/2 + ∆tLNmu,ε1

~̃
U
n+1

i = 1
2
(u1(xi−1, tn) + u1(xi, tn)) + ∆tfn+1

1,i−1/2,

for 1 ≤ i ≤ N/2,

Ũn+1
2,i−1/2 + ∆tLNmu,ε2

~̃
U
n+1

i = 1
2
(u2(xi−1, tn) + u2(xi, tn)) + ∆tfn+1

2,i−1/2,

for 1 ≤ i ≤ N/2,

Ũn+1
1,i + ∆tLNcen,ε1

~̃
U
n+1

i = u1(xi, tn) + ∆tfn+1
1,i , for N/2 < i ≤ N − 1,

Ũn+1
2,i + ∆tLNcen,ε2

~̃
U
n+1

i = u2(xi, tn) + ∆tfn+1
2,i , for N/2 < i ≤ N − 1,

~̃
U
n+1

0 =
~̃
U
n+1

N = ~0,

(3.4.2)

where

LNmu,ε1
~̃
U
n+1

i ≡ −ε1δ
2
xŨ

n+1
1,i + a1,i−1/2D

−
x Ũ

n+1
1,i + b11,i−1/2Ũ

n+1
1,i−1/2 + b12,i−1/2Ũ

n+1
2,i−1/2,

LNmu,ε2
~̃
U
n+1

i ≡ −ε2δ
2
xŨ

n+1
2,i + a2,i−1/2D

−
x Ũ

n+1
2,i + b21,i−1/2Ũ

n+1
1,i−1/2 + b22,i−1/2Ũ

n+1
2,i−1/2,

LNcen,ε1
~̃
U
n+1

i ≡ −ε1δ
2
xŨ

n+1
1,i + a1,iD

0
xŨ

n+1
1,i + b11,iŨ

n+1
1,i + b12,iŨ

n+1
2,i ,

LNcen,ε2
~̃
U
n+1

i ≡ −ε2δ
2
xŨ

n+1
1,i + a2,iD

0
xŨ

n+1
2,i + b21,iŨ

n+1
1,i + b22,iŨ

n+1
2,i .

(3.4.3)

After rearranging the terms in (3.4.2), the difference scheme takes the following form:

L̂Nε1
~̃
U
n+1

i ≡ r−1,iŨ
n+1
1,i−1 + rc1,iŨ

n+1
1,i + r+

1,iŨ
n+1
1,i+1 + q−1,iŨ

n+1
2,i−1 + qc1,iŨ

n+1
2,i + q+

1,iŨ
n+1
2,i+1

= 1
2
(u1(xi−1, tn) + ∆tfn+1

1,i−1) + 1
2
(u1(xi, tn) + ∆tfn+1

1,i ), for 1 ≤ i ≤ N/2,

L̂Nε2
~̃
U
n+1

i ≡ r−2,iŨ
n+1
2,i−1 + rc2,iŨ

n+1
2,i + r+

2,iŨ
n+1
2,i+1 + q−2,iŨ

n+1
1,i−1 + qc2,iŨ

n+1
1,i + q+

2,iŨ
n+1
1,i+1

= 1
2
(u2(xi−1, tn) + ∆tfn+1

2,i−1) + 1
2
(u2(xi, tn) + ∆tfn+1

2,i ), for 1 ≤ i ≤ N/2,

L̂Nε1
~̃
U
n+1

i ≡ r−1,iŨ
n+1
1,i−1 + rc1,iŨ

n+1
1,i + r+

1,iŨ
n+1
1,i+1 + q−1,iŨ

n+1
2,i−1 + qc1,iŨ

n+1
2,i + q+

1,iŨ
n+1
2,i+1

= u1(xi, tn) + ∆tfn+1
1,i , for N/2 < i ≤ N − 1,

L̂Nε2
~̃
U
n+1

i ≡ r−2,iŨ
n+1
2,i−1 + rc2,iŨ

n+1
2,i + r+

2,iŨ
n+1
2,i+1 + q−2,iŨ

n+1
1,i−1 + qc2,iŨ

n+1
1,i + q+

2,iŨ
n+1
1,i+1

= u2(xi, tn) + ∆tfn+1
2,i , for N/2 < i ≤ N − 1,

~̃
U
n+1

0 =
~̃
U
n+1

N = ~0,

(3.4.4)
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Chapter 3 3.4. The Discrete Problem

where the coefficients are given by

r−1,i = ∆t r−mu,1,i + 1
2
, rc1,i = ∆t rcmu,1,i + 1

2
, r+

1,i = ∆t r+
mu,1,i,

q−1,i = ∆t q−mu,1,i, qc1,i = ∆t qcmu,1,i, q+
1,i = 0, for 1 ≤ i ≤ N/2,

r−1,i = ∆t r−cen,1,i, rc1,i = ∆t rccen,1,i + 1, r+
1,i = ∆t r+

cen,1,i,

q−1,i = 0, qc1,i = ∆t qccen,1,i, q+
1,i = 0, for N/2 < i ≤ N − 1,

and 

r−2,i = ∆t r−mu,2,i + 1
2
, rc2,i = ∆t rcmu,2,i + 1

2
, r+

2,i = ∆t r+
mu,2,i,

q−2,i = ∆t q−mu,2,i, qc2,i = ∆t qcmu,2,i, q+
2,i = 0, for 1 ≤ i ≤ N/2,

r−2,i = ∆t r−cen,2,i, rc2,i = ∆t rccen,2,i + 1, r+
2,i = ∆t r+

cen,2,i,

q−2,i = 0, qc2,i = ∆t qccen,2,i, q+
2,i = 0, for N/2 < i ≤ N − 1,

here, the above coefficients are described, for l = 1, 2, as follows

r−mu,l,i =
−2εl

h̃ihi
−
al,i−1/2

hi
+
bll,i−1/2

2
,

rcmu,l,i =
2εl

hi+1hi
+
al,i−1/2

hi
+
bll,i−1/2

2
,

r+
mu,l,i =

−2εl

h̃ihi
,

q−mu,1,i =
b12,i−1/2

2
, q−mu,2,i =

b21,i−1/2

2
,

qcmu,1,i =
b12,i−1/2

2
, qcmu,2,i =

b21,i−1/2

2
,

q+
mu,l,i = 0,

and



r−cen,l,i =
−2εl

h̃ihi
− al,i

h̃i
,

rccen,l,i =
2εl

hi+1hi
+
bll,i
2
,

r+
cen,l,i =

−2εl

h̃ihi+1

+
al,i

h̃i
,

q−cen,l,i = 0,

qccen,1,i = b12,i, q
c
cen,2,i = b21,i,

q+
cen,l,i = 0.

3.4.3 Error analysis

We will study about the stability of the proposed hybrid numerical scheme (3.4.2) here.

Later, we discuss the convergence analysis of the spatial discretization process.

Assumption 1. Suppose that N ≥ N0, where

N0

lnN0

≥ max {τ0‖a1‖∞, τ0‖a2‖∞} , (3.4.5)(
‖b11‖∞ + ∆t−1

)
≤ αN0,

(
‖b22‖∞ + ∆t−1

)
≤ αN0. (3.4.6)

The difference operator satisfies the following discrete maximum principle.

Lemma 3.4.1. (Discrete maximum principle) Let L̂N~ε be the difference operator

given in (3.4.4), and we assume that the coefficients of matrices A(xi), B(xi), satisfy
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conditions (3.4.5) and (3.4.6) respectively. Assume that a mesh function {~̃Z
n+1

(xi)}Ni=0

satisfies
~̃
Z
n+1

(0) ≥ ~0 and
~̃
Z
n+1

(1) ≥ ~0. Then L̂N~ε
~̃
Z
n+1

(xi) ≥ ~0 in ΩN
x implies that

~̃
Z
n+1

(xi) ≥ ~0 at each point of Ω
N

x .

Proof. We will prove this lemma by contradiction. Assume that there exist xi∗ ∈ ΩN
x

such that

min
{
Z̃n+1

1 (xi∗), Z̃
n+1
2 (xi∗)

}
= min

{
min
xi∈ΩN

x

Z̃n+1
1 (xi), min

xi∈ΩN
x

Z̃n+1
2 (xi)

}
< 0,

without loss of generality we assume that Z̃n+1
2 (xi∗) ≤ Z̃n+1

1 (xi∗). Consider the second

component of L̂N~ε
~̃
Z
n+1

(xi∗) as

L̂Nε2
~̃
Z
n+1

(xi∗) ≡ r−2,iZ̃
n+1
2 (xi∗−1) + rc2,iZ̃

n+1
2 (xi∗) + r+

2,iZ̃
n+1
2 (xi∗+1)

+q−2,iZ̃
n+1
1 (xi∗−1) + qc2,iZ̃

n+1
1 (xi∗) + q+

2,iZ̃
n+1
1 (xi∗+1). (3.4.7)

Firstly, we take the case for 1 ≤ i ≤ N/2. To deduce L̂Nε2
~̃
Z
n+1

(xi∗) < ~0, it is enough to

show that r−2,i < 0. By using (3.4.6), we get

r−2,i = ∆t

(
−2ε2

h̃ihi
−
a2,i−1/2

hi
+
b22,i−1/2

2

)
+

1

2

= ∆t

(
−2ε2

2H2
1

−
a2,i−1/2

H1

)
+

∆t

2

(
b22,i−1/2 + ∆t−1

)
≤ ∆t

(
−2ε2

2H2
1

−
a2,i−1/2

H1

)
+

∆t

2
(‖b22‖∞ + ∆t−1)

≤ −C1ε2∆tN2 − C2
∆t

2
(a2,i−1/2N − αN) < 0.

Next, we assume that N/2 + 1 ≤ i ≤ N . To show L̂Nε2
~̃
Z
n+1

(xi∗) < ~0, it is enough to

obtain that r+
2,i < 0. Using assumption (3.4.5), we have

r+
2,i = ∆t

(
−2ε2

h̃ihi+1

+
a2,i

h̃i

)
≤ −∆t

h̃i

(
2ε2

hi+1

− ‖a2‖∞
)
< 0,

which contradicts the hypothesis of the lemma. Hence, we get the desired result.

Truncation error

Now, for the numerical scheme (3.4.4), we define the local truncation error as

ζ1

i,~̃u
n+1 = L̂Nε1 [~̃u

n+1

i − ~̃
U
n+1

i ] = ∆t ζ1,x

i,~̃u
n+1 , ζ2

i,~̃u
n+1 = L̂Nε2 [~̃u

n+1

i − ~̃
U
n+1

i ] = ∆t ζ2,x

i,~̃u
n+1
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where

ζ1

i,~̃u
n+1 =



r−1,iũ
n+1
1,i−1 + rc1,iũ

n+1
1,i + r+

1,iũ
n+1
1,i+1 + q−1,iũ

n+1
2,i−1 + qc1,iũ

n+1
2,i + q+

1,iũ
n+1
2,i+1

−1
2

(
ũn+1

1,i−1 + ∆t(Lx,ε1~̃u
n+1

)(xi−1)
)
− 1

2

(
ũn+1

1,i + ∆t(Lx,ε1~̃u
n+1

)(xi)
)
,

for 1 ≤ i ≤ N/2,

r−1,iũ
n+1
1,i−1 + rc1,iũ

n+1
1,i + r+

1,iũ
n+1
1,i+1 + q−1,iũ

n+1
2,i−1 + qc1,iũ

n+1
2,i + q+

1,iũ
n+1
2,i+1

−
(
ũn+1

1,i + ∆t(Lx,ε1~̃u
n+1

)(xi)
)
, for N/2 < i ≤ N − 1,

ζ2

i,~̃u
n+1 =



r−2,iũ
n+1
2,i−1 + rc2,iũ

n+1
2,i + r+

2,iũ
n+1
2,i+1 + q−2,iũ

n+1
1,i−1 + qc2,iũ

n+1
1,i + q+

2,iũ
n+1
1,i+1

−1
2

(
ũn+1

2,i−1 + ∆t(Lx,ε2~̃u
n+1

)(xi−1)
)
− 1

2

(
ũn+1

2,i + ∆t(Lx,ε2~̃u
n+1

)(xi)
)
,

for 1 ≤ i ≤ N/2,

r−2,iũ
n+1
2,i−1 + rc2,iũ

n+1
2,i + r+

2,iũ
n+1
2,i+1 + q−2,iũ

n+1
1,i−1 + qc2,iũ

n+1
1,i + q+

2,iũ
n+1
1,i+1

−
(
ũn+1

2,i + ∆t(Lx,ε2~̃u
n+1

)(xi)
)
, for N/2 < i ≤ N − 1,

therefore, one can deduce the following relation:

ζ1,x

i,~̃u
n+1 =

 LNmu,ε1~̃ui − (Lx,ε1~̃u)i−1/2, for 1 ≤ i ≤ N/2,

LNcen,ε1~̃ui − (Lx,ε1~̃u)(xi)), for N/2 < i ≤ N − 1,

(3.4.8)

ζ2,x

i,~̃u
n+1 =

 LNmu,ε2~̃ui − (Lx,ε2~̃u)i−1/2, for 1 ≤ i ≤ N/2,

LNcen,ε2~̃ui − (Lx,ε2~̃u)(xi)), for N/2 < i ≤ N − 1.

(3.4.9)

Thus, ζ1,x

i,~̃u
n+1 , ζ

2,x

i,~̃u
n+1 are the truncation error components corresponding to the hybrid

scheme used for stationary singularly perturbed system of convection-diffusion problem.

Lemma 3.4.2. Let ~g = (g1, g2)T be a smooth function defined on [0, 1] Then, for 1 ≤
i ≤ N/2, the following estimates for the truncation error hold true∣∣LNmu,ε1(~gi)− (Lx,ε1~g)i−1/2

∣∣ ≤ Cε1

∫ xi+1

xi−1

|g(3)
1 (s)|ds

+Chi

∫ xi

xi−1

(
|g(3)

1 (s)|+ |g(2)
1 (s)|+ |g(1)

1 (s)|
)
ds,

∣∣LNmu,ε2(~gi)− (Lx,ε2~g)i−1/2

∣∣ ≤ Cε2

∫ xi+1

xi−1

|g(3)
2 (s)|ds

+Chi

∫ xi

xi−1

(
|g(3)

2 (s)|+ |g(2)
2 (s)|+ |g(1)

2 (s)|
)
ds,

(3.4.10)
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and, for N/2 < i ≤ N/2,∣∣LNcen,ε1(~gi)− (Lx,ε1~g)(xi)
∣∣ ≤ Chi

∫ xi+1

xi−1

(
ε1|g(4)

1 (s)|+ |g(3)
1 (s)|

)
ds,

∣∣LNcen,ε2(~gi)− (Lx,ε2~g)(xi)
∣∣ ≤ Chi

∫ xi+1

xi−1

(
ε2|g(4)

2 (s)|+ |g(3)
2 (s)|

)
ds.

(3.4.11)

Proof. By following the technique from proof of [40, Lemma 3.3], one can obtain the

required estimates.

To obtain appropriate estimates for the local truncation errors τ 1

i,~̃u
n+1 , ζ2

i,~̃u
n+1 , firstly

we derive estimates of the truncation errors ζ1,x

i,~̃u
n+1 , ζ

2,x

i,~̃u
n+1 in the following lemma.

Lemma 3.4.3. The truncation error given in (3.4.8) and (3.4.9) satisfy the following

estimates:

ζ1,x

i,~̃u
n+1 ≤



C

[
(ε1 + hi)hi +

B1
ε1

(xi)

max{ε1, hi}
+

B1
ε2

(xi)

max{ε2, hi}

]
, for 1 < i < N

2
,

C
[
(ε1 + hi)hi + ε−1

1 B1
ε1

(xi) + ε−1
2 B1

ε2
(xi)

]
, for i = N

2
,

C
[
H2

2 +H2
2

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)]
, for N

2
< i ≤ 3N

4
,

C
[
H2

3 +H2
3

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)]
, for 3N

4
< i ≤ N − 1,

ζ2,x

i,~̃u
n+1 ≤



C

[
(ε2 + hi)hi +

B1
ε1

(xi)

max{ε1, hi}
+

B1
ε2

(xi)

max{ε2, hi}

]
, for 1 < i < N

2
,

C
[
(ε2 + hi)hi + ε−1

1 B1
ε1

(xi) + ε−1
2 B1

ε2
(xi)

]
, for i = N

2
,

C
[
H2

2 +H2
2

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)]
, for N

2
< i ≤ 3N

4
,

C
[
H2

3 +H2
3

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)]
, for 3N

4
< i ≤ N − 1.

Proof. In this proof we consider different cases depending on the location of mesh

points xi ∈ Ω
N

x . Denote ζ l,x
i,~̃z

n+1 and ζ l,x
i,~̃w

n+1 , as the local truncation errors corresponding

to components z̃n+1
l (x) and w̃n+1

l (x), respectively.

Case 1 (Outer region): For 1 ≤ i ≤ N/2. Here we consider two subcases, to find the

appropriate estimate depending upon ρεli , l = 1, 2.

Subcase 1. When ρεli ≤ 1, l = 1, 2. First we shall estimate the truncation error related

to z̃n+1
1 . By using the derivative bounds (3.3.7) in (3.4.10), we obtain that∣∣∣ζ1,x

i,~̃z
n+1

∣∣∣ =
∣∣∣LNmu,ε1~̃zi − (Lx,ε1~̃z)i−1/2

∣∣∣
≤ C(ε1 + hi)hi + C

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)

+ Chiε
−1
1

(
B1
ε1

(xi) +B1
ε2

(xi)
)

≤ C(ε1 + hi)hi + C
(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
. (3.4.12)
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In a similar way, one can deduce that∣∣∣ζ2,x

i,~̃z
n+1

∣∣∣ ≤ C(ε2 + hi)hi + C
(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
. (3.4.13)

In addition, we have∣∣∣ζ1,x

i,~̃w
n+1

∣∣∣ ≤ Cε−1
1 B1

ε1
(xi),

∣∣∣ζ2,x

i,~̃w
n+1

∣∣∣ ≤ Cε−1
2 B1

ε2
(xi). (3.4.14)

Hence, by utilizing the estimate of error terms
∣∣∣ζ l,x
i,~̃z

n+1

∣∣∣ , ∣∣∣ζ l,x
i,~̃w

n+1

∣∣∣ , l = 1, 2, we

obtain ∣∣∣ζ1,x

i,~̃u
n+1

∣∣∣ ≤ C(ε1 + hi)hi + C
(
ε−1

1 B1
ε1

(xi+1) + ε−1
2 B1

ε2
(xi+1)

)
, (3.4.15)∣∣∣ζ2,x

i,~̃u
n+1

∣∣∣ ≤ C(ε2 + hi)hi + C
(
ε−1

1 B1
ε1

(xi+1) + ε−1
2 B1

ε2
(xi+1)

)
. (3.4.16)

Subcase 2. When ρεli ≥ 1, l = 1, 2. Arguing in the same way done in Subcase 1, we

can obtain that∣∣∣ζ1,x

i,~̃z
n+1

∣∣∣ ≤
 C(ε1 + hi)hi + C

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
, for 1 ≤ i < N/2,

C(ε1 + hi)hi + Chiε
−1
1

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
, for i = N/2,

(3.4.17)

using hi = hi+1 = H1 and sk exp(−s) ≤ C, for all s ≥ 0, k a positive integer, in

the first inequality. In a similar way, we get∣∣∣ζ2,x

i,~̃z
n+1

∣∣∣ ≤
 C(ε2 + hi)hi + C

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
, for 1 ≤ i < N/2,

C(ε2 + hi)hi + Chiε
−1
2

(
B1
ε1

(xi) +B1
ε2

(xi)
)
, for i = N/2.

(3.4.18)

Next, we will acquire error estimate for the component, ~̃w

ζ1,x

i,~̃w
n+1 = r−mu,1,i(w̃1,i−1 − w̃1,i) + r+

mu,1,i(w̃1,i+1 − w̃1,i) +
1

2
ε1(w̃

′′

1,i + w̃
′′

1,i−1)

−1

2
(a1,iw̃

′

1,i + a1,i−1w̃
′

1,i−1)− 1

2
(b11,iw̃1,i − b11,i−1w̃1,i−1)

−1

2
(b12,i−1w̃2,i + b12,iw̃2,i−1). (3.4.19)

By using (3.3.6), we obtain the following estimates:∣∣∣∣12ε1(w̃
′′
1,i + w̃

′′
1,i−1)

∣∣∣∣ ≤ Cε−1
1 exp(−a1(1)(1− xi)/ε1),∣∣∣∣12(a1,iw̃

′
1,i + a1,i−1w̃

′
1,i−1)

∣∣∣∣ ≤ Cε−1
1 exp(−a1(1)(1− xi)/ε1),∣∣∣∣12(b11,iw̃1,i − b11,i−1w̃1,i−1)

∣∣∣∣ ≤ C exp(−a1(1)(1− xi)/ε1),∣∣∣∣12(b12,i−1w̃2,i + b12,iw̃2,i−1)

∣∣∣∣ ≤ C exp(−a2(1)(1− xi)/ε2).

(3.4.20)
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From (3.4.2), we get∣∣r−mu,1,i∣∣ ≤ 2ε1

h̃ihi
+
a1,i−1/2

hi
+
b11,i−1/2

2
≤ C

hi
,
∣∣r−mu,1,i∣∣ ≤ 2ε1

h̃ihi+1

≤ C

hi+1

. (3.4.21)

Now, for 1 ≤ i < N/2, using (3.3.7) and (3.4.21), we obtain that∣∣r−mu,1,i(w̃1,i−1 − w̃1,i) + r+
mu,1,i(w̃1,i+1 − w̃1,i)

∣∣ ≤ Ch−1
i exp(−a1(1)(1− xi+1)/ε1).

(3.4.22)

Hence, by applying the estimates (3.4.20) and (3.4.22) in (3.4.19), we have∣∣∣ζ1,x

i,~̃w
n+1

∣∣∣ ≤ Ch−1
i exp(−a1(1)(1− xi+1)/ε1) + exp(−a2(1)(1− xi+1)/ε2)

≤ Ch−1
i (exp(−a1(1)(1− xi+1)/ε1) + exp(−a2(1)(1− xi+1)/ε2)) .(3.4.23)

In a similar way, one can deduce that∣∣∣ζ2,x

i,~̃w
n+1

∣∣∣ ≤ Ch−1
i (exp(−a1(1)(1− xi+1)/ε2) + exp(−a2(1)(1− xi+1)/ε2)) .

(3.4.24)

Next, consider for i = N/2. By employing (3.3.7) and (3.4.21), we have∣∣r−mu,1,i(w̃1,i−1 − w̃1,i) + r+
mu,1,i(w̃1,i+1 − w̃1,i)

∣∣
≤
∣∣r−mu,1,i (exp(−a1(1)H1/ε1)− 1) + r+

mu,1,i (exp(a1(1)H2/ε1)− 1)
∣∣×

exp(−a1(1)(1− xi)/ε1)

≤
[
C

H1

(1− exp(−a1(1)H1/ε1)) +
2ε1

H2(H1 +H2)
(exp(a1(1)H2/ε1)− 1)

]
×

exp(−a1(1)(1− xi)/ε1)

≤
(
C

H1

+
C

H1 +H2

)
exp(−a1(1)(1− xi)/ε1) ≤ CH−1

1 exp(−a1(1)(1− xi)/ε1)

≤ Cε−1
1 exp(−a1(1)(1− xi+1)/ε1), (3.4.25)

using exp(θ) ≥ 0 and exp(θ) ≤ 1 +Cθ in closed and bounded intervals of θ, in the

above inequality. By using (3.4.20) and (3.4.25) in (3.4.19), we obtain∣∣∣ζ1,x

N/2,~̃w

∣∣∣ ≤ C
(
ε−1

1 exp(−a1(1)(1− xi+1)/ε1) + ε−1
2 exp(−a2(1)(1− xi+1)/ε2)

)
.

(3.4.26)

In a similar way, one can get∣∣∣ζ2,x

N/2,~̃w

∣∣∣ ≤ C
(
ε−1

1 exp(−a1(1)(1− xi+1)/ε1) + ε−1
2 exp(−a2(1)(1− xi+1)/ε2)

)
(3.4.27)
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Hence, by applying estimates (3.4.17), (3.4.18), (3.4.23), (3.4.24), (3.4.26) and

(3.4.27) in (3.3.6), we obtain

∣∣∣ζ1,x

i,~̃u
n+1

∣∣∣ ≤
 C(ε1 + hi)hi + Ch−1

i

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
, for 1 ≤ i < N/2,

C(ε1 + hi)hi + C
(
ε−1

1 B1
ε1

(xi+1) + ε−1
2 B1

ε2
(xi+1)

)
, for i = N/2,

∣∣∣ζ2,x

i,~̃u
n+1

∣∣∣ ≤
 C(ε2 + hi)hi + Ch−1

i

(
B1
ε1

(xi+1) +B1
ε2

(xi+1)
)
, for 1 ≤ i < N/2,

C(ε2 + hi)hi + C
(
ε−1

1 B1
ε1

(xi+1) + ε−1
2 B1

ε2
(xi+1)

)
, for i = N/2.

Case 2 (Inner region): For N/2 + 1 ≤ i ≤ N . By using (3.3.7) and (3.4.11), we get
∣∣∣ζ l,x
i,~̃z

n+1

∣∣∣ ≤ Ch2
i + Chiε

−1
l

(
B1
εl

(xi+1)−B1
εl

(xi−1)
)
, l = 1, 2,∣∣∣ζ l,x

i,~̃w
n+1

∣∣∣ ≤ Chiε
−2
l

(
B1
εl

(xi+1)−B1
εl

(xi−1)
)
, l = 1, 2.

Finally, combining
∣∣∣ζ1,x

i,~̃z
n+1

∣∣∣ and
∣∣∣ζ1,x

i,~̃w
n+1

∣∣∣, we have∣∣∣ζ1,x

i,~̃u
n+1

∣∣∣ ≤ Ch2
i + Chiε

−2
1

(
B1
ε1

(xi+1)−B1
ε1

(xi−1)
)

= Ch2
i + Chiε

−2
1 B1

ε1
(xi) sinh(αhi/ε1) ≤ Ch2

i + Ch2
i ε
−3
1 B1

ε1
(xi)

≤ Ch2
i + Ch2

i

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)
. (3.4.28)

Hence, the error term ζ1,x

i,~̃u
n+1 in (1− τε2 , 1− τε1 ] can be expressed as∣∣∣ζ1,x

i,~̃u
n+1

∣∣∣ ≤ CH2
2 + CH2

2

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)
,

whereas in subinterval (1− τε1 , 1], the error term ζ1,x

i,~̃u
n+1 satisfies∣∣∣ζ1,x

i,~̃u
n+1

∣∣∣ ≤ CH2
3 + CH2

3

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

)
.

An analogous result holds for ζ2,x

i,~̃u
n+1 . This completes the proof.

Lemma 3.4.4. The local truncation error satisfies the following estimates:

ζ1

i,~̃u
n+1 ≤



C∆t

(
(ε1 + hi)hi +

B1
ε1

(xi)

max{ε1, hi}
+

B1
ε2

(xi)

max{ε2, hi}

)
, for 1 < i < N

2
,

C∆t
(
(ε1 + hi)hi + ε−1

1 B1
ε1

(xi) + ε−1
2 B1

ε2
(xi)

)
, for i = N

2
,

C∆t
(
H2

2 +H2
2

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

))
, for N

2
< i ≤ 3N

4
,

C∆t
(
H2

3 +H2
3

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

))
, for 3N

4
< i ≤ N − 1,
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ζ2

i,~̃u
n+1 ≤



C∆t

(
(ε2 + hi)hi +

B1
ε1

(xi)

max{ε1, hi}
+

B1
ε2

(xi)

max{ε2, hi}

)
, for 1 < i < N

2
,

C∆t
(
(ε2 + hi)hi + ε−1

1 B1
ε1

(xi) + ε−1
2 B1

ε2
(xi)

)
, for i = N

2
,

C∆t
(
H2

2 +H2
2

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

))
, for N

2
< i ≤ 3N

4
,

C∆t
(
H2

3 +H2
3

(
ε−3

1 B1
ε1

(xi) + ε−3
2 B1

ε2
(xi)

))
, for 3N

4
< i ≤ N − 1.

Proof. These estimates will directly follow from Lemma 3.4.3.

From Lemma 3.4.4, we have just found estimates for the local truncation error that

are not uniform in ε1, ε2. Next, we define mesh function ~Sε2,i = (Sε2,i, Sε2,i)
T as follows:

Sε2,i(µ) =
N∏

j=i+1

(
1 +

µhj
ε2

)−1

, for i = 0, . . . , N − 1,

and we take Sε2,N(µ) = 1, where µ is a positive constant.

Lemma 3.4.5. If µ < α/2, then under the hypothesis (3.4.5) and (3.4.6), for l = 1, 2,

we have the following estimate

L̂Nεl ~Sε2,i(µ) ≥


C∆t

max{ε2, hi+1}
Sε2,i(µ), for 1 ≤ i ≤ N/2

C∆t

ε2

Sε2,i(µ), for N/2 < i ≤ N − 1.

Proof. First, we consider the case for 1 ≤ i ≤ N/2. We have

L̂Nε1 ~Sε2,i(µ) = r−1,iSε2,i−1(µ) + rc1,iSε2,i(µ) + r+
1,iSε2,i+1(µ)

+q−1,iSε2,i−1(µ) + qc1,iSε2,i(µ) + q+
1,iSε2,i+1(µ)

= ∆tLNmu,ε1 ~Sε2,i(µ) +
1

2
Sε2,i(µ)

(
1 +

(
1 +

µhi
ε1

)−1
)
≥ ∆tLNmu,ε1 ~Sε2,i(µ).

It is easy to verify that (Sε2,i(µ)− Sε2,i−1(µ)) =
µhi
ε2

Sε2,i−1(µ), and if µ ≤ α/2, we get

LNmu,ε1 ~Sε2,i(µ) = − 2µε1

(hi + hi+1)ε2

(Sε2,i(µ)− Sε2,i−1(µ)) + a1,i−1/2
µ

ε2

Sε2,i−1(µ)

+
(
b11,i−1/2 + b12,i−1/2)

) (Sε2,i(µ) + Sε2,i−1(µ))

2

≥ C
µ

ε2

Sε2,i−1(µ)

(
a1,i−1/2 −

2µε1hi
ε2(hi + hi+1)

)
≥ CαSε2,i(µ)

ε2 + µhi
≥ CSε2,i(µ)

max{ε2, hi}
.

Hence, under the condition µ ≤ α/2, one can obtain

L̂Nεl ~Sε2,i(µ) ≥ C∆t

max{ε2, hi}
Sε2,i(µ), l = 1, 2.
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Similarly, for N/2 < i ≤ N − 1, we get

L̂Nε1 ~Sε2,i(µ) = ∆tLNcen,ε1 ~Sε2,i(µ) + Sε2,i(µ) ≥ ∆tLNcen,ε1 ~Sε2,i(µ).

Next, we have

LNcen,ε1 ~Sε2,i(µ) = − 2µε1

(hi + hi+1)ε2

(Sε2,i(µ)− Sε2,i−1(µ)) +
a1,i

hi + hi+1

(Sε2,i+1(µ)− Sε2,i−1(µ))

+ (b11,i + b12,i) (Sε2,i(µ))

= LNmu,ε1 ~Sε2,i(µ) +

(
a1,i

µ2hihi+1

ε2(hi + hi+1)

)
Sε2,i−1(µ) ≥ CSε2,i(µ)

ε2

,

(for i > N/2, the term LNmu,ε1 contains a1,i, b11,i, b12,i instead of a1,i−1/2, b11,i−1/2, b12,i−1/2,

but this is insignificant). Hence, under the condition µ ≤ α/2, we have

L̂Nε1 ~Sε2,i(µ) ≥ C∆t

ε2

Sε2,i(µ).

By using similar argument, one can deduce that

L̂Nε2 ~Sε2,i(µ) ≥ C∆t

ε2

Sε2,i(µ).

This complete the proof.

To prove the uniform convergence of the hybrid scheme, we will use the following

technical result.

Lemma 3.4.6. If µ < α/2, then the following bounds hold true:

1. B1
ε2

(xi) ≤ Sε2,i(µ), for i = 0, . . . , N − 1. (3.4.29)

2. Sε2,N/2(µ) ≤ CN−µτ0 . (3.4.30)

Proof. 1. For each j, we have

exp(−αhj/ε2) ≤ exp(−µhj/ε2) ≤
(

1 +
µhj
ε2

)−1

.

Multiply these inequalities for j = i+ 1, . . . , N , we obtain B1
ε2

(xi) ≤ Sε2,i(µ).

2. Proof of (3.4.30) follows from [88, Lemma 3.1].

Next, we discuss the convergence analysis of the hybrid scheme (3.4.4).

Theorem 3.4.7. Let ~̃u
n+1

(xi) and
~̃
U
n+1

i be the exact and discrete solutions of (3.3.3)

and (3.4.4) respectively, then we have the following bounds

|~̃u
n+1

i − ~̃
U
n+1

i | ≤


~C(N−2 +N−ατ0), for 1 ≤ i ≤ N/2,

~C(τ 2
0N
−2 ln3N +N−ατ0), for N/2 < i ≤ N − 1,

(3.4.31)

where N ≥ N0 satisfies conditions given in (3.4.5) and (3.4.6).
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Proof. Define the discrete barrier function

~Bouti = ~C


(
(ε1 + ε2 + hi)hi + (ε−1

1 + ε−1
2 )
)

(1 + xi), for hi ≤ ε1

(ε1 + ε2 + hi)hi(1 + xi) +

(
1 +

µhi+1

ε2

)
Sε2,i(µ), for hi ≥ ε1.

Consider the following inequality

ε−k1 B1
ε1

(ξ) ≤ ε−k2 B1
ε2

(ξ), for ξ < 1− τ0ε1, k = 1, 2, . . . . (3.4.32)

Then, by using (3.4.29) and Lemmas 3.4.4 and 3.4.5 with (3.4.32), we can obtain that

|L̂Nε1 ~B
out
i | ≥ ζ1

i,~̃u
n+1 , |L̂Nε2 ~B

out
i | ≥ ζ2

i,~̃u
n+1 , for 1 ≤ i ≤ N/2.

Thus, by using the discrete maximum principle given in Lemma 3.4.1 for the operator

L̂N~ε = (L̂Nε1 , L̂
N
ε2

)T on domain [0, 1−τε2 ] with (3.4.30) and εl ≤ CN−1, l = 1, 2, we obtain

that

|~̃U
n+1

i − ~̃
U
n+1

i | ≤ ~C
(
N−2 +N−µτ0

)
, for 1 ≤ i ≤ N/2.

For N/2 + 1 ≤ i ≤ N − 1, the discrete barrier function is defined by

~Binni = ~C


(
(N−2 +N−µτ0)(1 + xi) +H2

2ε
−3
2 (xi − (1− τε2))

)
, for N

2
+ 1 ≤ i < 3N

4
,(

(N−2 +N−µτ0)(1 + xi) +H2
3 (ε−3

1 + ε−3
2 )(xi − (1− τε1))

)
, for i > 3N

4
.

Hence, as a result, we get |L̂
N
ε1
~Binni | ≥ ζ1

i,~̃u
n+1 , |L̂Nε2 ~B

inn
i | ≥ ζ2

i,~̃u
n+1 , for N/2 < i ≤ N − 1,

~Binni ≥ |~̃U
n+1

N/2 −
~̃
U
n+1

N/2 | and ~Binni ≥ |~̃U
n+1

N − ~̃
U
n+1

N |.

It is clear that the operator L̂N~ε satisfies the discrete maximum principle on [1−τε2 , 1].

Therefore, we obtain that

|~̃u
n+1

i − ~̃
U
n+1

i | ≤ ~Binni ≤ ~C
(
τ 2

0N
−2 ln3N +N−µτ0

)
, for N/2 < i ≤ N − 1.

Hence, the proof is completed.

An immediate consequence of the above convergence result is the following error

estimate.

Corollary 3.4.8. For a fixed τ0 ≥ 2/µ, there exists a constant C such that

|~̃u
n+1

i − ~̃
U
n+1

i | ≤


~C N−2, for 1 ≤ i ≤ N/2

~C N−2 ln3N, for N/2 < i ≤ N − 1.
(3.4.33)
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Therefore, the hybrid numerical method (3.4.4) is uniformly convergent of order

almost two with respect to the spatial variable.

Corollary 3.4.9. If we take N−ν ≤ C∆t with 0 < ν < 1, then from (3.4.33) we obtain

|~̃u
n+1

i − ~̃
U
n+1

i | ≤

{
~C∆t N−2+ν , for 1 ≤ i ≤ N/2

~C∆t N−2+ν ln3N, for N/2 < i ≤ N − 1.
(3.4.34)

This bound is required to prove the uniform convergence of the fully discrete scheme.

3.5 The Fully Discrete Scheme

In the previous section, we have discussed the time and spatial discretization. By com-

bining results from previous sections, this section provides the E-uniform error estimate

for the numerical solution of the fully discrete scheme on the mesh Q
N,M

= Ω
N

x ×Υ
M

:

~U0
i = ~u0(xi), i = 0, . . . , N,

L̂Nε1 ~U
n+1
i = 1

2
(Un

1,i−1 + ∆tfn+1
1,i−1) + 1

2
(Un

1,i + ∆tfn+1
1,i ), for 1 ≤ i ≤ N/2,

L̂Nε2 ~U
n+1
i = 1

2
(Un

2,i−1 + ∆tfn+1
2,i−1) + 1

2
(Un

2,i + ∆tfn+1
2,i ), for 1 ≤ i ≤ N/2,

L̂Nε1 ~U
n+1
i = Un

1,i + ∆tfn+1
1,i , for N/2 < i ≤ N − 1,

L̂Nε2 ~U
n+1
i = Un

2,i + ∆tfn+1
2,i , for N/2 < i ≤ N − 1,

~Un+1
0 = ~Un+1

N = ~0, for n = 0, . . . ,M − 1,

(3.5.1)

where ~Un
i is the fully discrete approximation to the exact solution ~u(x, t) of (3.1.1) in

the domain Q
N,M

.

Theorem 3.5.1 (Global error). Let ~u(xi, tn) be the exact solution of (3.1.1) and {~Un
i }

be the discrete solution of the fully discrete scheme (3.5.1). Assume that N ≥ N0 satisfies

(3.4.5), (3.4.6) and N−ν ≤ C∆t with 0 < ν < 1. Then, if µ < α/2 and τ0 ≥ 2/µ, the

error associated to the fully discrete scheme (3.5.1) satisfies

‖~u(xi, tn)− ~Un
i ‖∞ ≤


~C(∆t+N−2+ν), for 1 ≤ i ≤ N/2

~C(∆t+N−2+ν ln3N), for N/2 < i ≤ N − 1.
(3.5.2)

Proof. By using the technique of Theorem 2.5.1, we can get the desired result.

3.6 Numerical Results

In this section we verify computationally the theoretical results obtained in the pre-

vious section. Error and convergence rate for the hybrid finite difference scheme are

presented for the following test problem. In this test problem, we perform the numerical

experiments by choosing the constant τ0 = 4.2 and the time step ∆t = 0.8/N .
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Example 3.6.1. Consider the following system of parabolic IBVP on Q = (0, 1)×(0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
+ (1 + x)

∂u1

∂x
+ (2 + x)u1 − xu2 = t(x2 − x+ 1)e−t,

∂u2

∂t
− ε2

∂2u2

∂x2
+ (1 + x)

∂u2

∂x
+ (2 + 2x)u2 − xu1 = t2(x3 − x+ 1)e−4t,

u1(x, 0) =
1− e(−(1−x)/ε1)

1− e(−1/ε1)
− (1− x), u2(x, 0) =

1− e(−(1−x)/ε2)

1− e(−1/ε2)
− (1− x),

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1].

As the exact solution of Example 3.6.1 is not known, we have used the double mesh

principle, described in the previous chapter. For our experiments, the singular pertur-

bation parameters takes values from Sε = {(ε1, ε2)|ε2 = 2−16, . . . , 2−30, ε1 = 2−10ε2}.
To visualize the appearance of the boundary layers in the numerical solutions of

Example 3.6.1, we have plotted the numerical solution in Fig. 3.2 for ε1 = 2−7, ε1 = 2−5

and N = 64. From Fig. 3.2, one can notice the overlapping behavior of the two curves

in the rightmost diagram.

From Table 3.1, we see the monotonically decreasing behavior of maximum errors,

which confirm that the proposed numerical scheme (3.5.1) is E-uniformly convergent.

From Table 3.1, one can observe that the numerical order of convergence of the hybrid

scheme is almost equal to two. One can see the comparison of the maximum errors and

the order of convergence for upwind scheme and hybrid scheme in Table 3.1. Further,

we have ploted N vs. the maximum errors in Fig. 3.3 and Fig. 3.4 in loglog scale.

To show the influence of the parameter τ0 in the order of convergence, we have

performed numerical experiment for Example 3.6.1 with different values of τ0. This

results are given in Table 3.2. In fact, τ0 should satisfy the condition τ0 ≥ 2/µ > 4/α.

Since in the Example 3.6.1, where α can be chosen as α = 1. From Table 3.2, one can

notice, when τ0 < 4.2, the order of convergence is not reflecting the theoretical results.

In Table 3.3, we have given the numerical results for different ∆t, which explains that the

choice ∆t = 0.8/N is not necessary to produce almost second order uniform convergence.

3.7 Conclusion

In this chapter, we have proposed a finite difference numerical scheme for a class of

singularly perturbed system of parabolic convection-diffusion problems. It has been

shown theoretically that the proposed scheme is E-uniformly convergent with first-order

accurate in time and almost second-order accurate in space. Numerical results are carried

out to show the accuracy of the proposed numerical method.
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Figure 3.2: Numerical solution of Example 3.6.1 for ε1 = 2−7, ε2 = 2−5 and N = 64 at
time t = 1.

Table 3.1: Comparison of uniform errors and corresponding rate of convergence between
hybrid scheme and upwind scheme for Example 3.6.1.

Sε Scheme Number of mesh-intervals N
64 128 256 512 1024

dN,M1 Upwind 6.6749e-02 4.4731e-02 2.4708e-02 1.3162e-02 7.4942e-03

pN,M1 0.5682 0.7851 0.8159 0.8492

dN,M1 Hybrid 7.7391e-02 2.4202e-02 7.2436e-03 2.2541e-03 7.7006e-04

pN,M1 1.6098 1.7406 1.6869 1.6549

dN,M2 Upwind 6.5946e-02 4.3683e-02 2.5472e-02 1.3648e-02 7.1537e-03

pN,M2 0.6017 0.7659 0.8862 0.9384

dN,M2 Hybrid 7.4526e-02 2.4622e-02 7.2725e-03 2.2586e-03 7.7284e-04

pN,M2 1.5977 1.7594 1.6870 1.6472

Table 3.2: Uniform errors and corresponding rate of convergence for Example 3.6.1 with
different values of τ0.

ε1 = 2−14, τ0 Number of mesh-intervals N
ε2 = 2−10 64 128 256 512 1024

dN,M1 3 1.0291e-02 4.4886e-03 2.1372e-03 1.1142e-03 5.3687e-04

pN,M1 1.1978 1.0715 0.9242 1.0566

dN,M2 2.4556e-02 1.1687e-02 5.3928e-03 2.4589e-03 1.2033e-03

pN,M2 1.0712 1.1158 1.1330 1.0310
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Figure 3.3: Visualization of the order of convergence through loglog plot for numerical
solution U1 of Example 3.6.1.
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Figure 3.4: Visualization of the order of convergence through loglog plot for numerical
solution U2 of Example 3.6.1.

Table 3.3: Uniform errors and corresponding rate of convergence for Example 3.6.1.

Sε Number of mesh-intervals N/temporal mesh-size ∆t
64/1

5
128/ 1

20
256/ 1

80
512/ 1

320
1024/ 1

1280

dN,M1 7.3705e-02 2.4995e-02 7.8918e-03 2.4213e-03 7.2316e-04

pN,M1 1.5601 1.6632 1.7046 1.7434

dN,M2 6.6894e-02 2.3076e-02 7.6319e-03 2.4159e-03 7.2894e-04

pN,M2 1.5355 1.5963 1.6595 1.7287
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CHAPTER 4

Uniformly Convergent Numerical Scheme for

Singularly Perturbed System of 1D Parabolic

Convection-Diffusion Problems with Interior Layers

In this chapter, we present the analysis of an upwind based finite difference scheme for

singularly perturbed system of 1D parabolic convection-diffusion equations with discon-

tinuous convection coefficient and source term. First, we discretize the domain with

uniform mesh in the temporal direction and layer resolving piecewise-uniform Shishkin

mesh in the spatial direction. The numerical scheme used to discretize the continuous

problem, consists of the implicit-Euler scheme for the time derivative and the classical

upwind scheme for the spatial derivatives. The proposed scheme is uniformly convergent

of almost first-order in space and first-order in time. Numerical examples are carried

out to verify the theoretical results.

4.1 Introduction

Denote the domain for describing the model problem by Q− = Ω−x × (0, T ], Q+ =

Ω+
x × (0, T ], Q = Ωx × (0, T ], Ω−x = (0, ξ), Ω+

x = (ξ, 1), Ωx = (0, 1).

Consider the following class of singularly perturbed system of 1D parabolic

convection-diffusion problems on the domain Q− ∪Q+:
L~ε~u ≡

∂~u

∂t
− E ∂

2~u

∂x2
+ A(x)

∂~u

∂x
+B(x)~u = ~f, (x, t) ∈ Q− ∪Q+,

~u(x, 0) = ~g0(x) ∀x ∈ Ωx,

~u(0, t) = ~g1(t), ~u(1, t) = ~g2(t) ∀ t ∈ [0, T ],

(4.1.1)

with E = diag(ε1, ε2) A = diag(a1, a2) and and B = {blm}2
l,m=1. The coefficients of
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convection matrix A are given by

a1(x) =

 a−1 (x), x ∈ Ω−x

a+
1 (x), x ∈ Ω+

x ,
a2(x) =

 a−2 (x), x ∈ Ω−x

a+
2 (x), x ∈ Ω+

x .

We assume that the convection coefficients and source terms satisfy
|[a1]| ≤ C, |[a2]| ≤ C, |[f1]| ≤ C, |[f2]| ≤ C, at x = ξ

α∗1 ≥ a−1 (x), a−2 (x) ≥ α1 > 0, x < ξ,

−α∗2 ≤ a+
1 (x), a+

2 (x) ≤ −α2 < 0, x > ξ,

(4.1.2)

In addition, suppose that B is an L0−matrix with

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0. (4.1.3)

It will be assumed that the convection coefficient A is sufficiently smooth on Ω−x ∪ Ω+
x ,

whereas the source term ~f(x, t) is sufficiently smooth on Q− ∪ Q+ and the reaction

coefficient B is a sufficiently smooth function on Ωx.

The exact solution ~u = (u1, u2)T satisfies the following interface conditions

[ul] = 0,

[
∂ul
∂x

]
= 0, at x = ξ, l = 1, 2. (4.1.4)

We define the jump of the solution components ul, denoted by [ul], across the point of

discontinuity x = ξ by

[ul] (ξ, t) = ul(ξ
+, t)− ul(ξ−, t), where ul(ξ

±, t) = lim
x→ξ±0

ul(x, t).

The singular perturbation parameters satisfy 0 < ε1 ≤ ε2 � 1. Due to the presence of

discontinuity in the convection coefficient A(x) and the source term ~f(x, t), the exact

solution ~u(x, t) of the problem (4.1.1)-(4.1.4) possesses overlapping interior layers in the

neighborhood of the point x = ξ. In fact, the nature of the interior layer depends on

the sign of the convection coefficient A(x) on either side of the line of discontinuity.

We assume that the data of the model problem ~g0, ~g1 and ~g2 are sufficiently smooth

functions and also satisfy the following compatibility conditions

~g0(0) = ~g1(0), ~g0(1) = ~g2(0),

∂~g1(0)

∂t
= E ∂

2~g0(0)

∂x2
− A(0)

∂~g0(0)

∂x
−B(0)~g0(0) + ~f(0, 0),

∂~g2(0)

∂t
= E ∂

2~g0(1)

∂x2
− A(1)

∂~g0(1)

∂x
−B(1)~g0(1) + ~f(1, 0).

(4.1.5)
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The outline of this chapter is as follows: In Section 4.2, we discuss the analytical

behavior of the continuous problem and introduce decomposition of the exact solution

to obtain a priori bounds for the solution and its derivatives. We describe the piecewise-

uniform Shishkin mesh and also introduces the implicit upwind finite difference scheme in

Section 4.3. Later, we establish the error analysis. In Section 4.4, some numerical results

are shown, which corroborate in practice the order of uniform convergence. Finally in

Section 4.5, we summarize the main conclusions.

4.2 The Continuous Problem

This section provides the analytical behavior of the exact solution ~u of the model problem

(4.1.1). The differential operator of continuous problem (4.1.1) satisfies the following

maximum principle.

Lemma 4.2.1. (Maximum Principle). Suppose that a vector-valued function ~ψ satisfies
~ψ(x, t) ≥ ~0 on ∂Q. Let L~ε ~ψ ≥ ~0 for all (x, t) ∈ Q− ∪Q+ and [~ψx](ξ, t) ≤ ~0, t > 0 then
~ψ(x, t) ≥ ~0, for all (x, t) ∈ Q.

Proof. By following the methodology from [89, Theorem 2.2], one can prove the maxi-

mum principle result.

An immediate consequence of the maximum principle is the following stability result,

which establishes the uniqueness of the exact solution.

Lemma 4.2.2. Let ~u(x, t) be the solution of (4.1.1), then

‖~u‖∞ ≤ ‖~u‖∞,∂Q +
1

ϑ
‖L~ε~u‖∞,

where ϑ = min

{
α1

ξ
,
α2

1− ξ

}
.

Proof. Define the barrier functions ~Φ±(x, t) = (Φ±1 ,Φ
±
2 )T (x, t) as

Φ±1 (x, t) = Φ±2 (x, t) =


‖~u‖∞,∂Q +

x

ϑξ
‖L~ε~u‖∞ ± ~u(x, t), x ≤ ξ, t ∈ [0, T ]

‖~u‖∞,∂Q +
(1− x)

ϑ(1− ξ)
‖L~ε~u‖∞ ± ~u(x, t), x > ξ, t ∈ [0, T ].

By applying the maximum principle (Lemma 4.2.1) to the function ~Φ±(x, t) over the

domain Q, we can obtain the required result.
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4.2.1 Bounds on the solution and its derivatives

In this subsection, we discuss the analytical aspect of the exact solution ~u of model

problem (4.1.1). Later, we study about the decomposition of exact solution and also

discuss their derivative bounds.

We will obtain the bounds of the partial derivatives of the exact solution ~u on the

subdomains Q− and Q+ separately. First consider the subdomain Q
+

and introduce a

new function ~u∗ on the domain Q
+∗

which is a sufficiently large neighborhood of Q
+

beyond the point of discontinuity x = ξ so that Q
+ ⊂ Q

+∗
. We define an extended

domain Q+∗ as Q+∗ = Ω+∗
x × (0, T ], Ω+∗

x = (ξ, 1 + κ), κ� 1 and the extended function

~u∗ as solution of 

L∗~ε~u
∗ = ~f ∗, in Q+∗,

~u∗(x, 0) = ~g∗0(x), on Γ+∗
b = {(x, 0) : x ∈ Ω+∗

x },

~u∗(ξ, t) = ~g∗1(t), on Γ+∗
l = {(ξ, t) : t ∈ [0, T ]},

~u∗(1, t) = ~g∗1(t), on Γ+∗
r = {(1, t) : t ∈ [0, T ]},

(4.2.1)

with

L∗~ε~u
∗ ≡ (L∗ε1 , L

∗
ε2

)T ≡ ∂~u∗

∂t
− E ∂

2

∂x2
+ A∗(x)

∂

∂x
+B∗(x).

Here the coefficients A∗, B∗ and source term ~f ∗ with the initial and boundary conditions

~g∗0, ~g
∗
1 and ~g∗2 are the smooth extension of associated functions from the domain Ω

+

x to

Ω
+∗
x and Q

+
to Q

+∗
respectively. We assume that the extended initial and boundary

conditions, i.e. ~g∗0, ~g
∗
1 and ~g∗2 with source term ~f ∗ satisfy similar compatibility conditions

as given in (4.1.5).

By following the technique from proof of Theorem 2.2.4, for k0 = 0, 1, 2, we can

obtain that

∣∣∣∣∂k+k0u∗1
∂xk∂tk0

(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q+∗,

C
(
1 + ε−1

1 B+
ε1

(x)
)
, for k = 1, (x, t) ∈ Q+∗,

C
(
1 + ε1−k

1

(
ε−1

1 B+
ε1

(x) + ε−1
2 B+

ε2
(x)
))
, for k = 2, 3, (x, t) ∈ Q+∗,

and

∣∣∣∣∂k+k0u∗2
∂xk∂tk0

(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q+∗,

C
(
1 + ε−1

2 B+
ε2

(x)
)
, for k = 1, (x, t) ∈ Q+∗,

C
(
1 + ε1−k

2

(
ε−1

1 B+
ε1

(x) + ε−1
2 B+

ε2
(x)
))
, for k = 2, 3, (x, t) ∈ Q+∗.

Similar methodology can be extended to obtain required derivative bounds of ~u∗ in Q−∗.
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By using derivative bounds of the extended function ~u∗, the exact solution ~u of the

model problem (4.1.1) will satisfy the following derivative bounds.

Lemma 4.2.3. For all non-negative integers k, k0 such that 0 ≤ k ≤ 3 and 0 ≤ k0 ≤ 2,

the exact solution ~u satisfies estimate, for l = 1, 2, as follows:

∣∣∣∣ ∂k+k0ul
∂xk∂tk0

(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q−,

C
(
1 + ε−1

l B−εl (x)
)
, for k = 1, (x, t) ∈ Q−,(

1 + ε1−k
l

(
ε−1

1 B−ε1(x) + ε−1
2 B−ε2(x)

))
, for k = 2, 3, (x, t) ∈ Q−,

∣∣∣∣ ∂k+k0ul
∂xk∂tk0

(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q+,

C
(
1 + ε−1

l B+
εl

(x)
)
, for k = 1 (x, t) ∈ Q+,(

1 + ε1−k
l

(
ε−1

1 B+
ε1

(x) + ε−1
2 B+

ε2
(x)
))
, for k = 2, 3, (x, t) ∈ Q+,

To gather some understanding of the qualitative behavior of the solution ~u(x, t) of

(4.1.1), we consider a numerical example.

Example 4.2.4. Consider the model problem (4.1.1) with zero initial, boundary data

and values of A,B, ~f are given by

a1(x) =

 1 + x, x ∈
(
0, 1

2

)
−(2 + x), x ∈

(
1
2
, 1
)
,

a2(x) =

 1 + x2, x ∈
(
0, 1

2

)
−(2 + x2), x ∈

(
1
2
, 1
)
,

B(x) =

(
4 + x −2 + x

−2− x 4 + 2x

)
,

f1(x, t) =

{
−2(1 + x2t2), for x < 1

2
,

3(1 + xt2), for x > 1
2
,
f2(x, t) =

{
−(1 + x2t2), for x < 1

2
,

(1 + x3t), for x > 1
2
,

with ε1 = 2−8, ε2 = 2−6.

The interior layer behavior at x = ξ can be seen in Fig. 4.1. Also, Fig. 4.1 confirms

the overlapping interior layers phenomena in the solution of the model problem (4.1.1).

Next, we discuss the sharper bound of the exact solution through decomposition of

exact solution into the smooth and layer component. To derive the derivative bounds

of the smooth and layer component, we follow the technique from [45]. Consider x∗ =

2ε1 ln(1/ε1)/α. We define the extended functions ~v∗ = (v∗1, v
∗
2)T , ~̂v

∗
= (v̂∗1, v̂

∗
2)T in the
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Figure 4.1: Numerical solutions for Example 4.2.4 for N = 128 at time t = 1.

domains [ξ, 1 + κ]× [0, T ] and [−κ, ξ]× [0, T ], respectively, for l = 1, 2, as follows:

v∗l (x, t) =


3∑

k=0

(x− (ξ + x∗))k

k!

∂k+k0ul
∂xk∂tk0

(ξ + x∗, t), ξ ≤ x ≤ ξ + x∗,

u∗l (x, t), ξ + x∗ ≤ x ≤ 1 + κ,

(4.2.2)

and

v̂∗l (x, t) =


u∗l (x, t), −κ ≤ x ≤ ξ − x∗,

3∑
k=0

(x− (ξ − x∗))k

k!

∂k+k0ul
∂xk∂tk0

(ξ − x∗, t), ξ − x∗ ≤ x ≤ ξ.
(4.2.3)

where k0 = 0, 1, 2. Next, we discuss the derivative bounds for ~v∗ in the domain [ξ, 1 +

κ]× [0, T ]. Analogously, one can obtain bounds for derivative of ~̂v∗.

By using Lemma 4.2.3, we obtain that∣∣∣∣∂k+k0u1

∂xk∂tk0
(ξ + x∗, t)

∣∣∣∣ ≤ C
(
1 + ε−k1 B+

ε1
(ξ + x∗)

)
≤ C(1 + ε2−k

1 ), 0 ≤ k ≤ 1.

Assume that x ∈ [ξ, ξ + x∗], then, by using (4.2.2), one can acquire that∣∣∣∣∂k+k0v∗1
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C
(
1 + ε2−k

1

)
, 0 ≤ k ≤ 1, 0 ≤ k0 ≤ 2. (4.2.4)
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In a similar way, one can estimate derivative bounds for k = 2, 3. Next, we consider the

derivative bounds for component v∗2 in the domain [ξ, ξ + x∗]. For k = 0, 1, we get∣∣∣∣∂ku2

∂xk
(x∗, t)

∣∣∣∣ ≤ C
(
1 + ε−k2 B+

ε2
(ξ + x∗)

)
≤ C(1 + ε2−k

2 ).

By applying the previous technique, one can obtain that∣∣∣∣∂k+k0v∗2
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C(1 + ε2−k
2 ), 0 ≤ k ≤ 1. (4.2.5)

A simple calculation leads to deduce the required estimate for k = 2, 3. Next, we consider

x ∈ [ξ + x∗, 1 + κ], it follows that∣∣∣∣∂k+k0v∗1
∂xk∂tk0

(x, t)

∣∣∣∣ =

∣∣∣∣∂k+k0u∗1
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C
(
1 + ε−k1 Bε1(ξ + x∗)

)
≤ C(1 + ε2−k

1 ), 0 ≤ k ≤ 1.

In a similar way, one can obtain the higher order derivative bounds for the component

v∗1. Analogously, one can obtain derivative bounds for the component v∗2. By using the

previous methodology, we can have the same derivative bound estimates for ~̂v
∗

in the

domain [−κ, ξ] × [0, T ]. Therefore, for l = 1, 2, both functions ~v∗ and ~̂v
∗

satisfy the

following estimates:
∣∣∣∣∂k+k0v∗l
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C(1 + ε2−k
l ), 0 ≤ k ≤ 3, 0 ≤ k0 ≤ 2,∣∣∣∣∂k+k0 v̂∗l

∂xk∂tk0
(x, t)

∣∣∣∣ ≤ C(1 + ε2−k
l ), 0 ≤ k ≤ 3, 0 ≤ k0 ≤ 2.

(4.2.6)

Now, we define the smooth component ~v as follows

~v(x, t) =

 ~̂v
∗
(x, t), for (x, t) ∈ Q−,

~v∗(x, t), for (x, t) ∈ Q+.
(4.2.7)

and the layer component ~w is defined by

~w(x, t) = ~u(x, t)− ~v(x, t), (x, t) ∈ Q− ∪Q+. (4.2.8)

Lemma 4.2.5. For all non-negative integers k, k0 such that 0 ≤ k ≤ 3, 0 ≤ k0 ≤ 2 and

l = 1, 2, the smooth component ~v and layer component ~w satisfy the following estimates∣∣∣∣ ∂k+k0vl
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C(1 + ε2−k
l ), 0 ≤ k ≤ 3, (x, t) ∈ Q− ∪Q+,

∣∣∣∣∂k+k0w1

∂xk∂tk0
(x, t)

∣∣∣∣ ≤
 C, for k = 0, (x, t) ∈ Q−,

C
(
ε−k1 B−ε1(x) + ε−k2 B−ε2(x)

)
, for k = 1, 2, 3, (x, t) ∈ Q−,
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∣∣∣∣∂k+k0w1

∂xk∂tk0
(x, t)

∣∣∣∣ ≤
 C, for k = 0, (x, t) ∈ Q+,

C
(
ε−k1 B+

ε1
(x) + ε−k2 B+

ε2
(x)
)
, for k = 1, 2, 3, (x, t) ∈ Q+,

∣∣∣∣∂k+k0w2

∂xk∂tk0
(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q−,

Cε−k2 B−ε2(x), for k = 1, 2, (x, t) ∈ Q−,

Cε−1
2

(
ε−2

1 B−ε1(x) + ε−2
2 B−ε2(x)

)
, for k = 3, (x, t) ∈ Q−,

∣∣∣∣∂k+k0w2

∂xk∂tk0
(x, t)

∣∣∣∣ ≤


C, for k = 0, (x, t) ∈ Q+,

Cε−k2 B+
ε2

(x), for k = 1, 2, (x, t) ∈ Q+,

Cε−1
2

(
ε−2

1 B+
ε1

(x) + ε−2
2 B+

ε2
(x)
)
, for k = 3, (x, t) ∈ Q+.

Proof. By using (4.2.6) and definition of the smooth component (4.2.7), we get∣∣∣∣ ∂k+k0vl
∂xk∂tk0

(x, t)

∣∣∣∣ ≤ C(1 + ε2−k
l ), 0 ≤ k ≤ 3, 0 ≤ k0 ≤ 2 and l = 1, 2,

where (x, t) ∈ Q− ∪ Q+. By employing decomposition (4.2.8) and using the technique

from [10, Lemma 4], one can obtain the desired results for the layer component ~w. This

completes the proof.

4.3 Domain Discretization

Consider the domain Q = Ωx × [0, T ] and let N ≥ 16 be an even positive integer. Here,

we construct a rectangular mesh Q
N,M

= Ω
N

x × Υ
M

, which is a combination of the

piecewise-uniform Shishkin mesh condensed around the overlapping interior layers for

the spatial variable and a uniform mesh for the temporal variable. On the time domain

[0, T ], we introduce uniform mesh such that

Υ
M

= {tn = n∆t, n = 0, . . . ,M, ∆t = T/M}.

Then, we define the transition parameters τ−ε1 , τ
−
ε2
, τ+

ε1
and τ+

ε2
as follows

τ−ε2 = min

{
ξ

2
,
2ε2

α
lnN

}
, τ−ε1 = min

{
ξ

4
,
τ−ε2
2
,
2ε1

α
lnN

}
,

τ+
ε2

= min

{
1− ξ

2
,
2ε2

α
lnN

}
, τ+

ε1
= min

{
1− ξ

4
,
τ+
ε2

2
,
2ε1

α
lnN

}
.

A piecewise-uniform mesh Ω
N

x is constructed by dividing the spatial domain [0, 1] into

six subintervals as

[0, 1] = [0, ξ− τ−ε2 ]∪ [ξ− τ−ε2 , ξ− τ
−
ε1

]∪ [ξ− τ−ε1 , ξ]∪ [ξ, ξ+ τ+
ε1

]∪ [ξ+ τ+
ε1
, ξ+ τ+

ε2
]∪ [ξ+ τ+

ε2
, 1].
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Then subdivide [0, ξ − τ−ε2 ] and [ξ + τ+
ε2
, 1] into N/4 mesh-intervals, and subdivide each

of the other four subintervals into N/8 mesh-intervals. The proposed Shishkin mesh can

be seen in the figure 4.2.

0 1

ξ ξ + τ+
"1

ξ + τ+
"2

ξ − τ−
"1

ξ − τ−
"2

Figure 4.2: Piecewise-uniform Shishkin mesh Ω
N

x for N = 32.

Assume that τ−ε1 = τ+
ε1

= 2ε1 lnN/α and τ−ε2 = τ+
ε2

= 2ε2 lnN/α , as otherwise N−1 is

exponentially small relatively to εl, l = 1, 2 (and in this case the method can be analyzed

in the classical way). Also, when τ−ε1 = τ−ε2/2, τ
+
ε1

= τ+
ε2
/2, therefore ε2 = O(ε1), and the

result can be easily obtained.

4.3.1 Numerical scheme

For the discretization of the continuous problem (4.1.1), the following implicit upwind

finite difference scheme is used on the mesh Q
N,M

:

~U0
i = ~g0(xi), for i = 0, . . . , N

LN,M~ε
~Un+1
i ≡ (D−t − Eδ2

x + AiD̂
∗
x +Bi)~U

n+1
i

= ~fn+1
i , for i = 1, . . . , N/2− 1, N/2 + 1, . . . N − 1,

D+
x
~Un+1
i −D−x ~Un+1

i = 0, for i = N/2,

~Un+1
0 = ~g1(tn+1), ~Un+1

N = ~g2(tn+1),

for n = 0, . . . ,M − 1,

(4.3.1)

where difference operator D̂∗x is defined as

D̂∗x~U
n
i =

 D−x
~Un
i , i < N/2,

D+
x
~Un
i , i > N/2.

The finite difference operator given in (4.3.1), satisfies the following discrete maxi-

mum principle result.

Lemma 4.3.1. (Discrete maximum principle) Suppose that a mesh function ~Zn+1
i

satisfies ~Z ≥ ~0 on ∂QN,M . Then, LN,M~ε
~Zn+1
i ≥ ~0, for all (xi, tn) ∈ QN,M and D+

x
~Zn+1
N/2 −

D−x ~Z
n+1
N/2 ≤ ~0, for n = 0, . . . ,M − 1, implies that ~Zn+1

i ≥ ~0 for each point of QN,M .
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Proof. By following the approach as discussed in Lemma 2.4.1, one can prove the

maximum principle.

An immediate consequence of this discrete maximum principle and Lemma 4.2.2, the

following stability result holds.

Corollary 4.3.2. If ~Un+1
i is the solution of discrete problem (4.3.1), then

‖~U‖∞ ≤ ‖~U‖∞,∂QN,M +
1

ϑ
‖LN,M~ε

~U‖∞,

where ϑ = min

{
α1

ξ
,
α2

1− ξ

}
.

This concludes that the discrete scheme (4.3.1) is stable.

4.3.2 Error analysis

This subsection deals with the error analysis of the proposed numerical scheme (4.3.1).

We split the error term as follows:

LN,M~ε (~Un+1
i − ~u(xi, tn+1)) = (L~ε − LN,M~ε )~u(xi, tn+1)

= (L~ε − LN,M~ε )~v(xi, tn+1) + (L~ε − LN,M~ε )~w(xi, tn+1).

(4.3.2)

The following results will be used in the proof of truncation error estimate.

Lemma 4.3.3. Let ~g(x) = (g1(x), g2(x))T be a smooth function defined on [0, 1]. Then,

for l = 1, 2, the following estimates for the truncation error hold true∣∣(Lεl − LN,Mεl
)~gi
∣∣ ≤ Cεl

∫ xi+1

xi−1

|g′′′l (s)|ds + C

∫ xi

xi−1

|g′′l (s)|ds, for 0 < i < N/2,

∣∣(Lεl − LN,Mεl
)~gi
∣∣ ≤ Cεl

∫ xi+1

xi−1

|g′′′l (s)|ds + C

∫ xi+1

xi

|g′′l (s)|ds, for N/2 < i < N,

where ~gi = ~g(xi).

Proof. By following the methodology of [40, Lemma 3.3], one can prove the above

estimates.

Now, we will discuss the error estimate for the smooth and layer components, sepa-

rately.

Lemma 4.3.4. At each mesh point (xi, tn) ∈ QN,M , the error associated to the smooth

components satisfy the following estimates∣∣∣(L~ε − LN,M~ε )~v(xi, tn+1)
∣∣∣ ≤ C(N−1 + ∆t), (xi, tn+1) ∈ (QN,M ∩Q−) ∪ (QN,M ∩Q+).
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Proof. Note that∣∣(Lε1 − LN,Mε1
)~v(xi, tn+1)

∣∣

≤



C

(
ε1

3
(hi + hi+1)

∥∥∥∥∂3v1

∂x3

∥∥∥∥
∞

+
hi
2

∥∥∥∥∂2v1

∂x2

∥∥∥∥
∞

+
∆t

2

∥∥∥∥∂2v1

∂t2

∥∥∥∥
∞

)
,

for 1 ≤ i ≤ N
2
− 1,

C

(
ε1

3
(hi + hi+1)

∥∥∥∥∂3v1

∂x3

∥∥∥∥
∞

+
hi+1

2

∥∥∥∥∂2v1

∂x2

∥∥∥∥
∞

+
∆t

2

∥∥∥∥∂2v1

∂t2

∥∥∥∥
∞

)
,

for N
2

+ 1 ≤ i ≤ N − 1.

Then, by using hi ≤ CN−1 and the derivative bounds of ~v given in Lemma 4.2.5, we get

∣∣(Lε1 − LN,Mε1
)~v(xi, tn+1)

∣∣ ≤ C(N−1+∆t), for

{
1 ≤ i ≤ N

2
− 1

}
∪
{
N

2
+ 1 ≤ i ≤ N − 1

}
.

(4.3.3)

In a similar manner, one can obtain that

∣∣(Lε2 − LN,Mε2
)~v(xi, tn+1)

∣∣ ≤ C(N−1+∆t), for

{
1 ≤ i ≤ N

2
− 1

}
∪
{
N

2
+ 1 ≤ i ≤ N − 1

}
,

(4.3.4)

which leads to the desired result.

Lemma 4.3.5. The error associated to the layer components satisfy the following esti-

mate:

∣∣∣(L~ε − LN,M~ε )~w(xi, tn+1)
∣∣∣ ≤



~C (N−1 + ∆t) , for xi ∈ [0, ξ − τ−ε2 ] ∪ [ξ − τ+
ε2
, 1]

~C
(
ε−1

2 N−1 lnN + ∆t
)
,

for xi ∈ (ξ − τ−ε2 , ξ − τ
−
ε1

] ∪ [ξ + τ+
ε1
, ξ + τ+

ε2
),

~C
(
(ε−1

1 + ε−1
2 )N−1 lnN + ∆t

)
,

for xi ∈ [ξ − τ−ε1 , ξ) ∪ (ξ, ξ − τ+
ε1

].

Proof. We split the proof of the error estimate into two different cases depending on

the location of mesh points.

Case 1: (Interior layer region) First consider the subinterval (ξ− τ−ε2 , ξ− τ
−
ε1

]. By using

the inequality

ε−k1 exp

(
−(ξ − τ)α

ε1

)
≤ Cε−k2 exp

(
−(ξ − τ)α

ε2

)
, for τ < ξ − τ−ε1 , k = 1, 2, . . . ,
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and Lemma 4.2.5 with Lemma 4.3.3, we obtain∣∣(Lε1 − LN,Mε1
)~w(xi, tn+1)

∣∣ ≤ C∆t+ C

(
ε1

∫ xi+1

xi−1

∣∣∣∣∂3w1

∂x3
(x, tn+1)

∣∣∣∣ dx
+

∫ xi

xi−1

∣∣∣∣∂2w1

∂x2
(x, tn+1)

∣∣∣∣ dx)
≤ C∆t+ C

(
N−1 lnN

(
ε−1

1 B−ε1(xi) + ε−1
2 B−ε2(xi)

))
≤ C

(
∆t+ ε−1

2 N−1 lnNB−ε2(xi)
)
. (4.3.5)

In a similar manner, one can obtain that∣∣(Lε2 − LN,Mε2
)~w(xi, tn+1)

∣∣ ≤ C∆t+ C

(
ε2

∫ xi+1

xi−1

∣∣∣∣∂3w2

∂x3
(x, tn+1)

∣∣∣∣ dx
+

∫ xi

xi−1

∣∣∣∣∂2w2

∂x2
(x, tn+1)

∣∣∣∣ dx)
≤ C

(
∆t+ ε−1

2 N−1 lnNB−ε2(xi)
)
. (4.3.6)

Next, we consider the subinterval [ξ − τ−ε1 , ξ). By applying the previous argument, for

l = 1, 2, we get∣∣(Lεl − LN,Mεl
)~w(xi, tn+1)

∣∣ ≤ C∆t+ C
(
N−1 lnN

(
ε−1

1 B−ε1(xi) + ε−1
2 B−ε2(xi

))
≤ C

(
∆t+N−1 lnN

(
ε−1

1 B−ε1(xi) + ε−1
2 B−ε2(xi

))
. (4.3.7)

In a similar way, for subinterval (ξ, ξ + τ+
ε1

], one can obtain the following bound∣∣∣(L~ε − LN,M~ε )~w(xi, tn+1)
∣∣∣ ≤ ~C

(
∆t+N−1 lnN

(
ε−1

1 B+
ε1

(xi) + ε−1
2 B+

ε2
(xi
))
. (4.3.8)

Finally, we take the subinterval [ξ + τ+
ε1
, ξ + τ+

ε2
). By applying the inequality

ε−k1 exp

(
−(τ − ξ)α

ε1

)
≤ Cε−k2 exp

(
−(τ − ξ)α

ε2

)
, for τ > ξ + τ+

ε1
, k = 1, 2, . . . ,

and Lemma 4.2.5 with Lemma 4.3.3, we acquire∣∣(Lεl − LN,Mεl
)~w(xi, tn+1)

∣∣ ≤ C∆t+ C
(
N−1 lnN

(
ε−1

1 B+
ε1

(xi) + ε−1
2 B+

ε2
(xi)

))
≤ C

(
∆t+ ε−1

2 N−1 lnNB+
ε2

(xi)
)
. (4.3.9)

Case 2: (Outer layer region) For 1 ≤ i ≤ N/4 and 3N/4 ≤ i ≤ N − 1. From (4.2.8)

and using the technique from Case 1, one can deduce that∣∣∣(L~ε − LN,M~ε )~w(xi, tn+1)
∣∣∣ ≤ ~C(N−1 + ∆t), for 1 ≤ i ≤ N/4 and 3N/4 ≤ i ≤ N − 1.

(4.3.10)

By combining results (4.3.5)-(4.3.10), the desired estimates follow.

The main result of this chapter is discussed in the following theorem.
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Theorem 4.3.6. Let ~u(x, t), ~Un
i be the solutions of the (4.1.1) and (4.3.1), respectively.

Then, the error satisfy the following bound:

|~Un
i − ~u(xi, tn)| ≤ ~C(N−1(lnN)2 + ∆t),

where C is independent of N,∆t and ε1, ε2.

Proof. Firstly, we consider the error estimate at the point of discontinuity xi = ξ:∣∣∣(D+
x −D−x

) (
~Un+1
N/2 − ~u(ξ, tn+1)

)∣∣∣
=

∣∣∣∣(D−x −D+
x

)
~u(xN/2, tn+1) +

(
∂~u

∂x

)
(ξ, tn+1)

∣∣∣∣ (4.3.11)

≤
∣∣∣∣D−x ~u(xN/2, tn+1)− ∂~u

∂x
(xN/2, tn+1)

∣∣∣∣+

∣∣∣∣D+
x ~u(xN/2, tn+1)− ∂~u

∂x
(xN/2, tn+1)

∣∣∣∣
≤

CN−1 + CN−1
(
τ+
ε1
ε−1

1

(
ε−1

1 B+
ε1

(xi) + ε−1
2 B+

ε2
(xi)

))
CN−1 + CN−1

(
τ+
ε1
ε−1

2

(
ε−1

1 B+
ε1

(xi) + ε−1
2 B+

ε2
(xi)

))


+

CN−1
(
τ−ε1ε

−1
1

(
ε−1

1 B−ε1(xi) + ε−1
2 B−ε2(xi)

))
CN−1

(
τ−ε1ε

−1
2

(
ε−1

1 B−ε1(xi) + ε−1
2 B−ε2(xi)

))
 .

Define the discrete barrier function ~χ±B(xi, tn+1) = ~Θ(xi, tn+1) ± (~Un+1
i − ~u(xi, tn+1)),

~Θ = (Θ1,Θ2)T , for l = 1, 2, as follows

Θl(xi, tn+1) = C(N−1+∆t)+C N−1 lnN



ε−1
2 (xi − (ξ − τ−ε2)), xi ∈ (ξ − τ−ε2 , ξ − τ

−
ε1

]

(ε−1
1 + ε−1

2 )(xi − (ξ − τ−ε1)), xi ∈ (ξ − τ−ε1 , ξ]

(ε−1
1 + ε−1

2 )(ξ + τ+
ε1
− xi), xi ∈ [ξ, ξ + τ+

ε1
)

ε−1
2 (ξ + τ+

ε2
− xi), xi ∈ [ξ + τ+

ε1
, ξ + τ+

ε2
),

0, otherwise.

Using the error estimate of the smooth and layer components given in Lemma 4.3.4 and

Lemma 4.3.5 with (4.3.11), we can show that LN,M~ε ~χ±B(xi, tn+1) ≥ ~0, for (x, t) ∈ (QN,M ∩Q−) ∪ (QN,M ∩Q+),

(D+
x −D−x ) ~χ±B(xi, tn+1) > ~0, for (x, t) ∈ {ξ} × [0, T ].

(4.3.12)

Applying the discrete maximum principle (Lemma 4.3.1) to ~χ±B(xi, tn+1) on the domain

Q
N,M

and by using (4.3.12), we conclude that

|~Un+1
i − ~u(xi, tn+1)| ≤ ~C(N−1(lnN)2 + ∆t),

This completes the proof.
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4.4 Numerical Results

In this section, we present some numerical results to illustrate the accuracy of the pro-

posed method and the theoretical analysis, we consider two numerical examples on the

piecewise-uniform rectangular mesh Q
N,M

. For both the test problems, the errors and

the corresponding order of convergence are presented in the form of tables and figures.

Example 4.4.1. Consider the following system of parabolic IBVP on Q = (0, 1)×(0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
+ a1(x)

∂u1

∂x
+ 4u1 − 2u2 = f1(x, t),

∂u2

∂t
− ε2

∂2u2

∂x2
+ a2(x)

∂u2

∂x
− 2u1 + 4u2 = f2(x, t),

u1(x, 0) = 0, u2(x, 0) = 0,

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1],

where the convection coefficients are

a1(x) =

 1, 0 < x < 1
2
,

−2, 1
2
< x < 1,

a2(x) =

 2, 0 < x < 1
2
,

−1, 1
2
< x < 1,

and the source terms are given by

f1(x, t) =

 −2, 0 < x < 1
2
,

3, 1
2
< x < 1,

f2(x, t) =

 −2, 0 < x < 1
2
,

2, 1
2
< x < 1.

Example 4.4.2. Consider the following system of parabolic IBVP on Q = (0, 1)×(0, 1]:

∂u1

∂t
− ε1

∂2u1

∂x2
+ a1(x)

∂u1

∂x
+ (4 + x)u1 − (2− x)u2 = f1(x, t),

∂u2

∂t
− ε2

∂2u2

∂x2
+ a2(x)

∂u2

∂x
− (2 + x)u1 + (4 + 2x)u2 = f2(x, t),

u1(x, 0) = x(1− x), u2(x, 0) = x(1− x2),

u1(0, t) = u1(1, t) = 0, u2(0, t) = u2(1, t) = 0, t ∈ [0, 1],

where the convection coefficients are given by

a1(x) =

 1 + x, 0 < x < 1
2
,

−(2 + x), 1
2
< x < 1,

a2(x) =

 1 + x2, 0 < x < 1
2
,

−(2 + x2), 1
2
< x < 1,

and the source terms are

f1(x, t) =

 −2(1 + x2t2), 0 < x < 1
2
,

(3 + xt2), 1
2
< x < 1,

f2(x, t) =

 −(1 + x2t2), 0 < x < 1
2
,

(1 + x3t), 1
2
< x < 1.
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For the numerical experiments, the singular perturbation parameters take values from

the set Sε = {(ε1, ε2)|ε2 = 2−5, . . . , 2−9, ε1 = 2−2ε2}, which is sufficiently a small choice

to bring out the singularly perturbed nature of the problem. To visualize the appearance

of the interior layers near the point of discontinuity at x = 1/2 in the numerical solution

of Example 4.4.1, we have plotted the numerical solution in Fig. 4.3, Fig. 4.4 whereas

Fig. 4.5 and Fig. 4.6 show the interior layers phenomena of Example 4.4.2.

From Tables 4.1 and 4.2, we see the monotonically decreasing behavior of ε-uniform

errors, which ensures the ε-uniform convergence of the proposed scheme (4.3.1). Also

from Tables 4.1 and 4.2, we observe that the numerical order of convergence of the

proposed scheme is almost equal to one. In order to reveal the numerical order of

convergence, we have plotted the maximum point-wise errors in loglog plot for Example

4.4.1 in Fig. 4.8 and 4.8, which again shows the accuracy of the numerical scheme. For

Example 4.4.2, we have presented the loglog plot for the maximum errors in Fig. 4.9

and Fig. 4.10.

4.5 Conclusions

In this chapter, an upwind difference scheme is proposed for solving singularly perturbed

system of 1D parabolic convection-diffusion equations of the form (4.1.1) with discon-

tinuous convection coefficients and source terms. To obtain the uniformly convergent

solution by the proposed numerical scheme, we have used the piecewise-uniform Shishkin

mesh fitted to the overlapping interior layers for the spatial domain and a uniform mesh

for the temporal domain. Error analysis is provided which shows that the numerical

method is approximately first-order accurate. Numerical experiments validate the the-

oretical findings.

Table 4.1: Uniform errors and the corresponding order of convergence for Example 4.4.1.

ε1, ε2 ∈ Sε Number of mesh-intervals N
32 64 128 256 512 1024

dN,M1 8.4982e-02 5.9682e-02 3.9308e-02 2.4560e-02 1.4929e-02 8.9017e-03

pN,M1 0.5098 0.6024 0.6785 0.7181 0.74607

dN,M2 9.5801e-02 6.8158e-02 4.5651e-02 2.9271e-02 1.8191e-02 1.0960e-02

pN,M2 0.4911 0.5782 0.6411 0.6862 0.7310
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Figure 4.3: Surface plot of the numerical solution U1 for ε1 = 2−8, ε2 = 2−6 and
N = 128, M = 32 of Example 4.4.1.
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Figure 4.4: Surface plot of the numerical solution U2 for ε1 = 2−8, ε2 = 2−6 and
N = 128, M = 32 of Example 4.4.1.
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Figure 4.5: Surface plot of the numerical solution U1 for ε1 = 2−8, ε2 = 2−6 and
N = 128, M = 32 of Example 4.4.2.
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Figure 4.6: Surface plot of the numerical solution U2 for ε1 = 2−8, ε2 = 2−6 and
N = 128, M = 32 of Example 4.4.2.
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Figure 4.7: Loglog plot associated with numerical solution U1 for Example 4.4.1.
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Figure 4.8: Loglog plot associated with numerical solution U2 for Example 4.4.1.
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Figure 4.9: Loglog plot associated with numerical solution U1 for Example 4.4.2.
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Figure 4.10: Loglog plot associated with numerical solution U2 for Example 4.4.2.
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Table 4.2: Uniform errors and the corresponding order of convergence for Example 4.4.2.

ε1, ε2 ∈ Sε Number of mesh-intervals N
32 64 128 256 512

dN,M1 3.8799e-02 2.6244e-02 1.7482e-02 1.0981e-02 6.5893e-03

pN,M1 0.5640 0.5861 0.6709 0.7367

dN,M2 1.0162e-02 6.7527e-03 4.3469e-03 2.5592e-03 1.4281e-03

pN,M2 0.5897 0.6355 0.7643 0.8416

Ph.D. Thesis 94

TH-2098_136123007



CHAPTER 5

A Robust Fractional-Step Method for Singularly

Perturbed System of 2D Parabolic

Convection-Diffusion Problems

This chapter presents a numerical method to solve singularly perturbed system of 2D

parabolic convection-diffusion problems. The numerical scheme comprises of a fractional-

step method on uniform mesh for time discretization and the classical upwind scheme on

a piecewise-uniform Shishkin mesh for spatial discretization. For the proposed scheme,

the stability analysis is presented, and parameter-uniform error estimates are derived. It

is shown that the numerical scheme is uniformly convergent with respect to the singular

perturbation parameter. The proposed numerical method is applied to a test problem

to verify the theoretical results numerically.

5.1 Introduction

We consider the following class of singularly perturbed 2D system of parabolic

convection-diffusion IBVP on the domain G := D× (0, T ], D = Ωx×Ωy = (0, 1)× (0, 1):

∂~u

∂t
+ L~ε ~u = ~f, (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(5.1.1)

where the spatial differential operator L~ε is given by

L~ε ≡ −E
(
∂2

∂x2
+

∂2

∂y2

)
+ A1(x, y)

∂

∂x
+ A2(x, y)

∂

∂y
+B(x, y).

The coefficient matrices of the model problem (5.1.1) are given as E = diag(ε, ε), 0 <

ε� 1 with A1 = diag(a11, a12), A2 = diag(a21, a22) and B = {blm}2
l,m=1.
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Chapter 5 5.2. Continuous Problem and Solution Bounds

In this chapter, we have proposed an upwind based numerical scheme on piecewise-

uniform Shishkin mesh for discretization in the spatial derivatives and the fractional-

step method for discretization in the time derivative for solving the singularly perturbed

system of 2D parabolic convection-diffusion problem (5.1.1). The proposed scheme is

shown to be ε-uniformly convergent in the discrete maximum norm and also almost first-

order accurate with respect to the spatial variable and first-order accurate with respect

to the temporal variable. Apart from this, the proposed numerical scheme carries the

advantage of a fractional-step method, in which, one solves 1D stationary problem with

respect to spatial variables x and y alternately.

We organize the rest of the chapter as follows: In Section 5.2, we discuss the existence

of the exact solution to the model problem (5.1.1). Also, we describe the analytical

behavior of the exact solution. Section 5.3 introduces the time semidiscretization, which

uses the fractional-step method. Later in this section we discuss the asymptotic behavior

of the solutions of the resulting semidiscrete problems and their spatial derivatives. In

Section 5.4, we define the spatial discretization by using an upwind finite difference

scheme on a piecewise-uniform Shishkin mesh. The fully finite difference scheme is given

in Section 5.5 and also the main theoretical result, namely, the ε-uniform convergence

theorem is established. In Section 5.6, we present the numerical results for a test problem

to validate the theoretical findings.

5.2 Continuous Problem and Solution Bounds

Throughout this chapter, we assume that the coefficients of the convection matrices

Al(x, y), l = 1, 2, satisfy the following positivity conditions

a11(x, y), a12(x, y) > α1 > 0, a21(x, y), a22(x, y) > α2 > 0, α = min{α1, α2}, (5.2.1)

and the matrix B(x, y) satisfies
bll(x, y) > γβ > 0, blm(x, y) ≤ 0, for l 6= m,

min
(x,y)∈D

{b11(x, y) + b12(x, y), b21(x, y) + b22(x, y)} ≥ β > 0.
(5.2.2)

Also γ1 = max
D
{|b12(x, y)| /b11(x, y)}, γ2 = max

D
{|b21(x, y)| /b22(x, y)},

0 ≤ γ := max{γ1, γ2} < 1. (5.2.3)

We assume that the data of the 2D parabolic IBVP (5.1.1) satisfy following smooth-

ness and compatibility conditions

~f ∈ (C2
λ(G))2 and ~u0 ∈ (C4

0(D))2. (5.2.4)
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and 

~u0(x, y) = ~0, on ∂D,

~f(x, y, 0)− L~ε~u0(x, y) = ~0, on ∂D,

~ft(x, y, 0) + (L~ε)2~u0(x, y)− L~ε ~f(x, y, 0) = ~0, on ∂D,

~f(x, y, t) = ~0, on {0, 1} × {0, 1} × (0, T ],

(5.2.5)

Under these smoothness and compatibility conditions imposed on the functions ~u0 and
~f , the exact solution ~u of model problem (5.1.1) exhibits a regular boundary layer of

width O(ε) in the neighborhood of the sides along x = 1 and y = 1 of D and corner

layer at point (1, 1).

Lemma 5.2.1. (Maximum Principle). Let
(
∂
∂t

+ L~ε
)

be the differential operator

defined in (5.1.1) and assume that the matrices A1, A2 and B satisfy the conditions

given in (5.2.1) and (5.2.2), respectively. Then for ~z ≥ ~0 on ∂G and
(
∂
∂t

+ L~ε
)
~z ≥ ~0 in

G, we have ~z ≥ ~0 for all (x, y, t) ∈ G.

Proof. We prove this lemma by contradiction. Assume that there exists a point

(x0, y0, t0) ∈ G such that

min{z1(x0, y0, t0), z2(x0, y0, t0)} = min

{
min

(x,y,t)∈G
z1(x, y, t), min

(x,y,t)∈G
z2(x, y, t)

}
< 0.

Without loss of generality we assume that z1(x0, y0, t0) ≤ z2(x0, y0, t0). It follows that(
∂z1

∂t
+ (L~ε)1 ~z

)
(x0, y0, t0) ≤ b11(x0, y0)z1(x0, y0, t0) + b12(x0, y0)z2(x0, y0, t0) < 0,

which contradicts the hypothesis of this lemma, therefore ~z ≥ ~0 for all (x, y, t) ∈ G.

Define the decoupled differential operators by

Ll v =
∂v

∂t
− ε

(
∂2

∂x2
+

∂2

∂y2

)
v + a1l(x, y)

∂v

∂x
+ a2l(x, y)

∂v

∂y
+ bll(x, y)v, l = 1, 2.

It can be easily verified that the differential operator Ll satisfies the maximum principle.

Lemma 5.2.2. If v ∈ C(G) ∩ C2(G), with Ll v = φ on G and v = ψ on G. Then v

satisfies

‖v‖∞ ≤ ‖φ/bll‖∞ + ‖ψ‖∞.

Proof. Consider the barrier function

ϕ = ‖φ/bll‖∞ + ‖ψ‖∞.
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Chapter 5 5.2. Continuous Problem and Solution Bounds

Clearly, we have ϕ ≥ v on ∂G. And for all (x, y, t) ∈ G, we obtain

Llϕ(x, y, t) = bll(x, y, t) (‖φ/bll‖∞ + ‖ψ‖∞)

≥ bll(x, y, t) |(φ/bll)(x, y, t)| = |φ(x, y, t)| = |Llv(x, y, t)| .

By applying the maximum principle for Ll, the required result follows.

Next, we construct a sequence of uncoupled problems whose solutions converge to the

exact solution of the continuous problem (5.1.1).

Lemma 5.2.3. Let ~u be the solution of (5.1.1). For  = 0, 1, . . . , define the sequence of

vector-valued functions ~u[] = (u
[]
1 , u

[]
2 )T as follows: let ~u[0] be any function in (C(G))2

and for  = 0, 1, . . . , the function ~u[] satisfy
L1u

[]
1 = f1 − b12u

[−1]
2 , L2u

[]
2 = f2 − b21u

[−1]
1

~u[](x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u[](x, y, t) = ~0, on ∂D × [0, T ].

(5.2.6)

Then lim→∞ ~u
[] = ~u. Furthermore, we have

‖~u‖∞ ≤
1

1− γ

(
1

γβ
‖~f‖∞ + ‖~u0‖∞

)
. (5.2.7)

Proof. For  = 0, 1, . . ., set ~eu = ~u − ~u[] . Then, for  ≥ 1, ~eu is the solution of the

following problem:  L1e
[]
u1 = −b12e

[−1]
u2 , e

[]
u1(x, y, t) = 0 on ∂G,

L2e
[]
u2 = −b21e

[−1]
u1 , e

[]
u2(x, y, t) = 0 on ∂G.

From Lemma 5.2.2, we obtain
∥∥∥e[]

u1

∥∥∥
∞

=
∥∥∥b12e

[−1]
u2 /b11

∥∥∥
∞
≤ γ1

∥∥∥~e[−1]
u

∥∥∥
∞
,∥∥∥e[]

u2

∥∥∥
∞

=
∥∥∥b21e

[−1]
u1 /b22

∥∥∥
∞
≤ γ2

∥∥∥~e[−1]
u

∥∥∥
∞
.

Hence, one can deduce that

‖~e[]
u ‖∞ ≤ γ‖~e[−1]

u ‖∞ ≤ γ‖~e0]
u ‖∞.

It implies that ‖~e[]
u ‖∞ → 0, i.e., lim→∞ ~u

[] = ~u.

Next, consider ~u[0] = ~0. And set ~̂e
[]

u = ~u[] − ~u[−1] for  = 0, 1, . . .. From (5.2.6), it is

easy to verify that

L1ê
[]
u1

= −b12ê
[−1]
u2

, L2ê
[]
u2

= −b21ê
[−1]
u1

.
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Again, by using Lemma 5.2.2, we get∥∥ê[]
u1

∥∥
∞ =

∥∥b12ê
[−1]
u2

/b11

∥∥
∞ ,

∥∥ê[]
u2

∥∥
∞ =

∥∥b21ê
[−1]
u1

/b22

∥∥
∞ ,  = 2, 3, . . . .

Which implies that ‖~̂e
[]

u ‖∞ ≤ γ‖~̂e
[−1]

u ‖∞ for  = 2, 3, . . .. Consequently, we have

‖~̂e
[]

u ‖∞ ≤ γ−1‖~̂e
[1]

u ‖∞, for  = 1, 2, . . . .

Therefore,

‖~̂e
[1]

u ‖∞ = ‖~u[1]‖∞ ≤
1

γβ
‖~f‖∞ + ‖~u0‖∞.

Hence, for all  = 1, 2, . . ., one can obtain that

‖~̂e
[]

u ‖∞ ≤ γ−1

(
1

γβ
‖~f‖∞ + ‖~u0‖∞

)
.

Finally, we get

‖~u‖∞ = lim
1→∞

∥∥∥∥∥
1∑
=1

~̂e
[]

u

∥∥∥∥∥
∞

≤ lim
1→∞

1∑
=1

‖~̂e
[]

u ‖∞ ≤
1

1− γ

(
1

γβ
‖~f‖∞ + ‖~u0‖∞

)
.

An immediate consequence of Lemma 5.2.3 is the following corollary, which discusses

the existence and uniqueness of the exact solution of the model problem (5.1.1).

Corollary 5.2.4. The continuous problem (5.1.1) admits a unique solution.

Proof. If ~f = ~u0 = ~0, then one can easily see from (5.2.7) that ~u = ~0 is the only solution

of (5.1.1). By using the standard theory for solutions of system of partial differential

equations from [42, Section 7.5], one can show that the system of PDE (5.1.1) has a

unique solution.

Lemma 5.2.5. For all non-negative integer k0 satisfying 0 ≤ k0 ≤ 2, the time derivatives

of the exact solution ~u of the IBVP (5.1.1) satisfy the following estimate∣∣∣∣∂k0 ~u∂tk0
(x, y, t)

∣∣∣∣ ≤ ~C, for all (x, y, t) ∈ G.

Proof. By following the argument of Theorem 2.2.4, the desired result follows.

In remaining part of this section, the decomposition of the exact solution is discussed.

Also, we establish sharper bounds on the derivatives of the exact solution ~u of the model

problem (5.1.1). To find these bounds, the solution ~u is decomposed as follows:

~u(x, y, t) = ~v(x, y, t) + ~w(x, y, t), (x, y, t) ∈ G.
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Chapter 5 5.2. Continuous Problem and Solution Bounds

The regular component ~v can be obtained from
L∗~ε~v ∗ = ~f ∗, in G∗ = D∗ × (0, T ],

~v ∗(x, y, 0) = ~u ∗0 (x, y), in D∗,

~v ∗(x, y, t) = ~0, in ∂D∗ × [0, T ],

(5.2.8)

as a restriction to G, where D∗ is the smooth extension of D and A∗1, A
∗
2, B

∗, ~f ∗ are the

smooth extensions of A1, A2, B, ~f to G∗, also ~u∗0 is an smooth extension of ~u0 to D.

Next, ~w will be decomposed in terms of layer components as follows

~w = ~w1 + ~w2 + ~w12,

where the boundary layer component ~w1 can be obtained as a restriction to G of the

exact solution of the following problem

L∗∗~ε ~w ∗∗1 = ~0, in G∗∗ = D∗∗ × (0, T ],

~w ∗∗1 (x, y, 0) = ~0, in D∗∗,

~w ∗∗1 (x, y, t) = −~v ∗∗, in ∂D∗∗1 × [0, T ],

~w ∗∗1 (x, y, t) = ~0, in ∂D∗∗2 × [0, T ],

(5.2.9)

where D∗∗ is the smooth extension of D near the vertex (1, 1), ∂D∗∗1 is an extension of

side x = 1 beyond the vertex (1, 1) and ∂D∗∗2 = ∂D∗∗ \ ∂D∗∗1 and also ~v ∗∗ is a smooth

and compatible extension of ~v(1, y, t) to ∂D∗∗1 , as well as A∗∗1 , A
∗∗
2 , B

∗∗ are the smooth

extensions of A1, A2, B to G∗∗.
The function ~w ∗∗2 is the smooth extension of the boundary layer function ~w2 to G

and it satisfies the following IBVP:

L∗∗~ε ~w ∗∗2 = ~0, in G∗∗ = D∗∗ × (0, T ],

~w ∗∗2 (x, y, 0) = ~0, in D∗∗,

~w ∗∗2 (x, y, t) = ~0, in ∂D̃∗∗1 × [0, T ],

~w ∗∗2 (x, y, t) = −~̃v ∗∗, in ∂D̃∗∗2 × [0, T ],

(5.2.10)

where D̃∗∗2 is an extension of side y = 1 beyond the vertex (1, 1) and D̃∗∗2 = D∗∗ \ D̃∗∗2
~̃v ∗∗ is a smooth and compatible extension of ~v(x, 1, t) to ∂D̃∗∗2 .

Finally, the corner layer component ~w12 is the solution of
L~ε ~w12 = ~0, in G = D × (0, T ],

~w12(x, y, 0) = ~0, in D,

~w12(x, y, t) = −(~v + ~w1 + ~w2), in ∂D × [0, T ].

(5.2.11)
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By following the technique of [38, Lemma 2.3 ] and [39, Theorem 4.1] with Lemma 5.2.5

(bounds of time derivative of exact solution), one can conclude that the smooth and

layer components, ~v, ~w1, ~w2, ~w12 satisfy the following estimates:∣∣∣∣ ∂ks+kt~v

∂xkx∂yky∂tkt
(x, y, t)

∣∣∣∣ ~C,∣∣∣∣ ∂ks+kt ~w1

∂xkx∂yky∂tkt
(x, y, t)

∣∣∣∣ ≤ ~Cε−kxB1
ε (x)∣∣∣∣ ∂ks+kt ~w2

∂xkx∂yky∂tkt
(x, y, t)

∣∣∣∣ ≤ ~Cε−kyB1
ε (y),∣∣∣∣ ∂ks+kt ~w12

∂xkx∂yky∂tkt
(x, y, t)

∣∣∣∣ ≤ ~Cε−ks min{B1
ε (x), B1

ε (y)}

(5.2.12)

where ks = kx + ky, and ks + 2kt ≤ 4, for all (x, y, t) ∈ D × [0, T ].

5.3 Time Semidiscretization

In this section, we propose the numerical scheme which discretizes the continuous prob-

lem (5.1.1) in the time direction. Before getting into the details of the time semidis-

cretization process, we split the spatial differential operator L~ε as L~ε = L~1,~ε + L~2,~ε ,

where L~1,~ε and L~2,~ε are given by
L~1,~ε ≡ (L11,ε, L12,ε)

T = −E ∂
2

∂x2
+ A1(x, y)

∂

∂x
+B1(x, y),

L~2,~ε ≡ (L21,ε, L22,ε)
T = −E ∂

2

∂y2
+ A2(x, y)

∂

∂y
+B2(x, y),

where the coefficients of matrices B`(x, y) = {b`lm(x, y)}2
l,m=1, ` = 1, 2 are given by

blm = b1
lm(x, y) + b2

lm(x, y), l,m = 1, 2.

In addition, we assume that the reaction coefficient matrices B`(x, y), ` = 1, 2, satisfy

the following conditions:
b`ll(x, y) > γ`β, b`lm(x, y) ≤ 0, for l 6= m, l,m = 1, 2, ` = 1, 2,

min
(x,y)∈D

{b`11 + b`12, b
`
21 + b`22} ≥ βl > 0 > 0, ` = 1, 2.

(5.3.1)

Let us consider the decomposition of the source term as ~f = ~f1 + ~f2, where ~f1 =

(f11, f12)T and ~f2 = (f21, f22)T satisfy the following conditions:

fl m(x, 0, t) = fl m(x, 1, t) = 0, fl m(0, y, t) = fl m(1, y, t) = 0, for l,m = 1, 2. (5.3.2)
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Chapter 5 5.3. Time Semidiscretization

The fractional implicit-Euler method for the time semidiscretization on the uniform

mesh Υ
M

= {tn = n∆t, n = 0, 1, . . . ,M, ∆t = T/M} is described as follows:

~u0 = ~u0(x, y), (x, y) ∈ D, (5.3.3)
(
I + ∆tL~1,~ε

)
~un+1/2(x, y) = ~un(x, y) + ∆t ~fn+1

1 (x, y), (x, y) ∈ D,

~un+1/2(0, y) = ~0, ~un+1/2(1, y) = ~0, y ∈ [0, 1],
(5.3.4)

and 
(
I + ∆tL~2,~ε

)
~un+1(x, y) = ~un+1/2(x, y) + ∆t ~fn+1

2 (x, y), (x, y) ∈ D,

~un+1(x, 0) = ~0, ~un+1(x, 1) = ~0, x ∈ [0, 1].
(5.3.5)

In such a way, one can obtain the numerical approximation ~un(x, y) to the exact solution

~u(x, y, t) of the model problem (5.1.1).

Lemma 5.3.1. (Maximum Principle). Let (I + ∆tL~l,ε), l = 1, 2, be the differential

operators defined in (5.3.4)-(5.3.5) and assume that the entries of the matrices A` and

B` satisfy the conditions given in (5.2.1) and (5.3.1). Then for ~zn+1 ≥ ~0 on ∂D and

(I + ∆tL~l,ε)~zn+1 ≥ ~0 in D, we have ~zn+1 ≥ ~0 for all (x, y) ∈ D.

Proof. We prove this lemma by contradiction. We prove the maximum principle related

to the operator (I + ∆tL~1,ε). One can prove for second operator in an analogous way.

Assume that there exists a point (x0, y0) ∈ D such that

min{zn+1
1 (x0, y0), zn+1

2 (x0, y0)} = min

{
min

(x,y)∈D
zn+1

1 , min
(x,y)∈D

zn+1
2

}
< 0.

Without loss of generality we assume that zn+1
1 (x0, y0) ≤ zn+1

2 (x0, y0). Then the first

component of (I + ∆tL~1,ε)~zn+1 satisfies

(I + ∆tL11,ε)~z
n+1(x0, y0) ≤ (1 + ∆tb1

11)zn+1
1 (x0, y0) + ∆tb1

12z
n+1
2 (x0, y0) < 0,

which contradicts the hypothesis of this lemma, therefore ~zn+1 ≥ ~0 for all (x, y) ∈ D.

Stability

Next, we will discuss the stability of the semidiscrete scheme (5.3.3)-(5.3.5). By using the

stability and consistency, one can easily prove the convergence analysis of the numerical

scheme by following the classical arguments.

Since the operators (I + ∆tL~l,ε), l = 1, 2, satisfy the maximum principle (given in

Lemma 5.3.1), it follows that

‖(I + ∆tL~1,~ε)
−1‖∞ ≤

1

1 + β1∆t
, ‖(I + ∆tL~2,~ε)

−1‖∞ ≤
1

1 + β2∆t
. (5.3.6)

These estimates ensure stability of the time semidiscrete scheme (5.3.3)-(5.3.5).
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Consistency

The local truncation error ~en+1 of the semidiscrete scheme (5.3.3)-(5.3.5) at the time

level tn+1 is defined by

~en+1 = ~u(tn+1)− ~̂u
n+1

,

where ~̂u
n+1

is the solution of
(
I + ∆tL~1,~ε

)
~̂u
n+1/2

(x, y) = ~u(tn) + ∆t ~fn+1
1 (x, y), (x, y) ∈ D,

~̂u
n+1/2

(0, y) = ~0, ~̂u
n+1/2

(1, y) = ~0, y ∈ [0, 1],

(5.3.7)

and 
(
I + ∆tL~2,~ε

)
~̂u
n+1

(x, y) = ~̂u
n+1/2

(x, y) + ∆t ~fn+1
2 (x, y), (x, y) ∈ D,

~̂u
n+1

(x, 0) = ~0, ~̂u
n+1

(x, 1) = ~0, x ∈ [0, 1].

(5.3.8)

The next lemma shows the consistency result of the time semidiscrete scheme.

Lemma 5.3.2. The local truncation error corresponding to the time semidiscrete scheme

(5.3.7)-(5.3.8) satisfies the following estimate

‖~en+1‖∞ ≤ C(∆t)2.

Proof. By using the Taylor’s expansion and the maximum principle ( Lemma 5.3.1),

one can obtain the required result.

Uniform convergence

The global error of the time semidiscrete scheme (5.3.3)-(5.3.5) at the time level tn is

given by
~En = sup

n≤T/∆t
‖~u(tn)− ~un‖∞ .

By applying the stability (5.3.6) and consistency (Lemma 5.3.2), we obtain the following

result.

Lemma 5.3.3. If we assume the hypothesis of Lemma 5.3.2, then we have

sup
n≤T/∆t

‖~u(tn)− ~un‖∞ ≤ C∆t.

Hence, we conclude that the time semidiscretization process is uniformly convergent

of order one.
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5.3.1 Asymptotic behavior of the semidiscrete solution

In this subsection, we study the analytical behavior of the exact solution ~̂u
n+1

of the

time semidiscrete scheme (5.3.7)-(5.3.8). First, we discuss the analytical behavior of the

exact solution of (5.3.7) and their derivatives.

Lemma 5.3.4. The differential operators L1m,ε, m = 1, 2, satisfy the following estimates

‖L1m,ε~u‖∞ ≤ C, ‖L2
1m,ε~u‖∞ ≤ C, m = 1, 2.

Proof. We use the bound of the smooth component ~v and the layer components ~w1, ~w2

and ~w12 given in (5.2.12) to prove the required estimate. By using the derivative bounds

of ~v given in (5.2.12), for m = 1, 2, it is clear that L1m,ε~v, L2m,ε~v, L2
1m,ε~v and L2

2m,ε~v are

uniformly bounded.

Next, we will prove similar bounds for the layer components. First we decompose ~w1

as ~w1 = ~w1
1 + ε~w2

1 + ~w3
1, where ~w1

1, ~w
2
1 and ~w3

1 satisfy the following IBVPs:

∂ ~w1
1

∂t
+ A1(x, y)

∂ ~w1
1

∂x
+ A2(x, y)

∂ ~w1
1

∂y
+B(x, y)~w1

1 = ~0, in G,

~w1
1(x, y, 0) = ~0, in D,

~w1
1(0, y, t) = ~0, ~w1

1(1, y, t) = −~v(1, y, t), in [0, 1]× [0, T ],

~w1
1(x, 0, t) = ~0, ~w1

1(x, 1, t) = ~0, in ∂D2 × [0, T ],

(5.3.9)


∂ ~w2

1

∂t
+ A1(x, y)

∂ ~w2
1

∂x
+ A2(x, y)

∂ ~w2
1

∂y
+B(x, y)~w2

1 =

(
∂2 ~w1

1

∂x2
+
∂2 ~w1

1

∂y2

)
, in G,

~w2
1(x, y, t) = ~0, in ∂G,

(5.3.10)

and 
∂ ~w3

1

∂t
(x, y, t) + L~ε ~w3

1 = ε2

(
∂2 ~w2

1

∂x2
+
∂2 ~w2

1

∂y2

)
, in G,

~w3
1(x, y, t) = ~0, in ∂G.

(5.3.11)

From (5.3.9), (5.3.10) and (5.3.11), we can get∣∣∣∣∂ks+kt ~wl1(x, y, t)

∂xkx∂yky∂tkt

∣∣∣∣ ≤ ~C, l = 1, 2, for ks + 2kt ≤ 2, (5.3.12)

and ∣∣∣∣∂ks+kt ~w3
1(x, y, t)

∂xkx∂yky∂tkt

∣∣∣∣ ≤ ~Cε2−ks , for ks + 2kt ≤ 2. (5.3.13)
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By employing (5.3.12), we obtain |L~1,~ε ~wl1| ≤ ~C, for l = 1, 2. Now, applying the operator

L~1,~ε in (5.3.11) on the domain G, we have
∂(L~1,~ε ~w3

1)

∂t
(x, y, t) + L~ε (L~1,~ε ~w3

1)(x, y, t) = ~Ξw, in G,

L~1,~ε ~w3
1(x, y, t) = ~0, in ∂G,

(5.3.14)

where

~Ξw = ε

(
∂2A2

∂x2

∂ ~w3
1

∂y
+ 2

∂A2

∂x

∂2 ~w3
1

∂x∂y
+ 2

∂B2

∂x

∂ ~w3
1

∂x
+
∂2B2

∂x2
~w3

1 −
∂2A1

∂y2

∂ ~w3
1

∂x

−2
∂A1

∂y

∂2 ~w3
1

∂x∂y
− 2

∂B1

∂y

∂ ~w3
1

∂y
− ∂2B1

∂y2
~w3

1

)
+ A2

∂A1

∂y

∂ ~w3
1

∂x
− A1

∂A2

∂x

∂ ~w3
1

∂y

+A2
∂B1

∂y
~w3

1 − A1
∂B2

∂x
~w3

1 +
∂B1

∂t
~w3

1.

By using the bound of ~w3
1 given in (5.3.13), it is easy to show that |~Ξw| ≤ ~C. Use, the

maximum principle to obtain that |L~1,~ε ~w3
1| ≤ ~C, which implies that |L~1,~ε ~w1| ≤ ~C. In a

similar way, we can obtain that |L~1,~ε ~w2| ≤ ~C and |L~1,~ε ~w12| ≤ ~C, by using appropriate

decomposition of layer components ~w2 and ~w12.

By combining the bounds of |L11,ε~v|, |L11,ε ~w1|, |L11,ε ~w2| and |L11,ε ~w12|, one can get

that |L11,ε ~u| ≤ C. In a similar way, we can prove the estimates for remaining terms of

Lemma 5.3.4.

The exact solution ~̂u
n+1/2

(x, y) of (5.3.7) can be decomposed in the following way:

~̂u
n+1/2

(x, y) = ~cy~̂v
n+1/2

(x, y) + ~̂z
n+1/2

(x, y). (5.3.15)

Lemma 5.3.5. The components ~̂v
n+1/2

(x, y) and ~̂z
n+1/2

(x, y) satisfy the following esti-

mates:

v̂
n+1/2
l (x, y) = exp

(
−a1l(1, y)(1− x)

ε

)
, cly =

ε

a1l(1, y)

∂û
n+1/2
l

∂x
(1, y), (5.3.16)

∣∣∣∣∣∂kẑ n+1/2
l

∂xk
(x, y)

∣∣∣∣∣ ≤ C
(
1 + ε−k+1B1

ε (x)
)
, 0 ≤ k ≤ 4, l = 1, 2. (5.3.17)

Proof. By following the approach from proof of Lemma 3.3.1 and using Lemma 5.3.4,

one can obtain the required estimate.

Next, we consider the derivative bounds for the exact solution ~̂u
n+1

(x, y) of (5.3.8).

In the right hand side of (5.3.8), we have ~̂u
n+1/2

(x, y). Therefore, to acquire bounds

for the derivative of ~̂u
n+1

(x, y) with respect to y, one needs to obtain derivative bound
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of ~̂u
n+1/2

(x, y) with respect to y. By differentiating (5.3.7) w.r.t y and using estimates

from Lemma 5.3.5, we obtain∣∣∣∣∣∣∂
k~̂u

n+1/2

∂yk
(x, y)

∣∣∣∣∣∣ ≤ ~C
(
1 + ε−kB1

ε (y)
)
, 0 ≤ k ≤ 4. (5.3.18)

Therefore, it follows that

‖L2m,ε
~̂u
n+1/2

‖∞ ≤ C, ‖L2
2m,ε

~̂u
n+1/2

‖∞ ≤ C, m = 1, 2. (5.3.19)

Next, the exact solution ~̂u
n+1

(x, y) of (5.3.8) can be decomposed in the following way:

~̂u
n+1

(x, y) = ~cx~̂v
n+1

(x, y) + ~̂z
n+1

(x, y). (5.3.20)

Lemma 5.3.6. The components ~̂v
n+1

(x, y) and ~̂z
n+1

(x, y) satisfy the following esti-

mates:

v̂ n+1
l (x, y) = exp

(
−a1l(x, 1)(1− y)

ε

)
, clx =

ε

a1l(x, 1)

∂ûn+1
l

∂y
(x, 1), (5.3.21)

∣∣∣∣∂kẑ n+1
l

∂yk
(x, y)

∣∣∣∣ ≤ C
(
1 + ε−k+1B1

ε (y)
)
, 0 ≤ k ≤ 4, l = 1, 2. (5.3.22)

Proof. By using bounds (5.3.19) and following the argument of Lemma 3.3.1, we can

obtain the required derivative bounds.

5.4 Analysis of the Spatial Discretization

We discretize problem (5.3.7)-(5.3.8) on a rectangular mesh DNε = Ω
N

x × Ω
N

y ⊂ D (for

simplicity, we assume that the number of mesh points is same for both the spatial

variables), where Ω
N

x , Ω
N

y are constructed as follows:

Define the transition parameters τx, τy which are used to separate the coarse and

fine parts of the meshes in both the spatial directions, by

τx = min

{
1

2
, σxε lnN

}
, τy = min

{
1

2
, σyε lnN

}
,

where σx, σy are positive constants to be chosen later. Now, we define the mesh Ω
N

x by

dividing the interval [0, 1] into two subintervals such as [0, 1− τx], [1− τx, 1], then divide

each subinterval into N/2 mesh-intervals and analogously we proceed in the y-direction.

Hence, the step sizes in both the spatial directions will be described as hx,i = xi − xi−1, i = 1, . . . , N, h̃x,i = hx,i + hx,i+1, i = 1, . . . , N − 1,

hy,j = yj − yj−1, j = 1, . . . , N, h̃y,j = hy,j + hy,j+1, j = 1, . . . , N − 1.
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0 1− τx 1

1− τy

1

Figure 5.1: A typical example of piecewise-uniform Shishkin mesh DNε for N = 8.

Note that when τx = τy = 1/2, the mesh will become uniform and N−1 is exponen-

tially small relative to ε (and in this case the method can be analyzed in the classical

way).

Also, assume that Hx = 2(1−τx)/N, Hy = 2(1−τy)/N and hx = 2τx/N, hy = 2τy/N

are the mesh widths in [0, 1−τx], [0, 1−τy] and [1−τx, 1], [1−τy, 1], respectively. Then,

one can easily see that

N−1 ≤ Hx, Hy ≤ 2N−1, hx = 2σxεN
−1 lnN, hy = 2σyεN

−1 lnN.

5.4.1 The finite difference scheme

Let us denote that ΩN
x,ε = Ω

N

x ∩ (0, 1), ΩN
y,ε = Ω

N

y ∩ (0, 1). For simplicity, denote

that a1l,i = a1l(xi, y), a2l,j = a2l(x, yj), l = 1, 2 and also bml1,i = bml1(xi) bml2,j =

bml2(x, yj), l,m = 1, 2.

For spatial discretization of (5.3.7)-(5.3.8), we propose the following finite difference

scheme:
~̂
U

0

xi,yj
= ~u0(xi, yj), (xi, yj) ∈ D

N

ε , (5.4.1)
(
I + ∆tLN~1,~ε

)
~̂
U
n+1/2

xi,y
= ~u(xi, y, tn) + ∆t ~fn+1

1 (xi, y), (xi, y) ∈ DNε ,

~̂
U
n+1/2

0,y = ~0,
~̂
U
n+1/2

1,y = ~0, y ∈ Ω
N

y ,

(5.4.2)
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(
I + ∆tLN~2,~ε

)
~̂
U
n+1

x,yj
=
~̂
U
n+1/2

x,yj
+ ∆t ~fn+1

2 (x, yj), (x, yj) ∈ D
N

ε ,

~̂
U
n+1

x,0 = ~0,
~̂
U
n+1

x,1 = 0, x ∈ Ω
N

x ,

(5.4.3)

where LN~1,~ε = (LN11,ε, LN12,ε)
T and LN~2,~ε = (LN21,ε, LN22,ε)

T are given by
LN~1,~ε ≡ −Eδ

2
x + A1(xi, y)D−x +B1(xi, y),

LN~2,~ε ≡ −Eδ
2
y + A2(x, yj)D

−
y +B2(x, yj).

To simplify the notation, we rewrite the above difference operators as follows:(
I + ∆tLN~1,~ε

)
~̂
U
n+1/2

xi,y
= L̂N~1,~ε

~̂
U
n+1/2

xi,y
,(

I + ∆tLN~2,~ε
)
~̂
U
n+1

x,yj
= L̂N~2,~ε

~̂
U
n+1

x,yj
.

After rearranging the terms in (5.4.1)-(5.4.3), the numerical scheme takes the following

form:

L̂N11,ε
~̂
U
n+1/2

xi,y
≡ r1,−

1,i Û
n+1/2

1,xi−1,y
+ r1,c

1,i Û
n+1/2

1,xi,y
+ r1,+

1,i Û
n+1/2

1,xi+1,y
+ q1,c

1,i Û
n+1/2

2,xi,y

= u1(xi, y, tn) + ∆tfn+1
11 (xi, y), (xi, y) ∈ DNε ,

L̂N12,ε
~̂
U
n+1/2

xi,y
≡ r1,−

2,i Û
n+1/2

2,xi−1,y
+ r1,c

2,i Û
n+1/2

2,xi,y
+ r1,+

2,i Û
n+1/2

2,xi+1,y
+ q1,c

2,i Û
n+1/2

1,xi,y

= u2(xi, y, tn) + ∆tfn+1
12 (xi, y), (xi, y) ∈ DNε ,

~̂
U
n+1/2

0,y = ~0,
~̂
U
n+1/2

1,y = ~0, y ∈ Ω
N

y ,

(5.4.4)



L̂N21,ε
~̂
U
n+1

x,yj
≡ r2,−

1,j Û
n+1
1,x,yj−1

+ r2,c
1,jÛ

n+1
1,x,yj

+ r2,+
1,j Û

n+1
1,x,yj+1

+ q2,c
1,jÛ

n+1
2,x,yj

= Û
n+1/2

1,x,yj
+ ∆tfn+1

21 (x, yj), (x, yj) ∈ D
N

ε ,

L̂N22,ε
~̂
U
n+1

x,yj
≡ r2,−

2,j Û
n+1
2,x,yj−1

+ r2,c
2,jÛ

n+1
2,x,yj

+ r2,+
2,j Û

n+1
2,x,yj+1

+ q2,c
2,jÛ

n+1
1,x,yj

= Û
n+1/2

2,x,yj
+ ∆tfn+1

22 (x, yj), (x, yj) ∈ D
N

ε ,

~̂
U
n+1

x,0 = ~0,
~̂
U
n+1

x,1 = ~0, x ∈ Ω
N

x ,

(5.4.5)

where the coefficients rm,•l,k , q
m,•
l,k , l,m = 1, 2, 1 ≤ k ≤ N − 1, are given by r1,−

l,i = ∆t r1,−
l,x,i, r1,c

l,i = ∆t r1,c
l,x,i + 1, r1,+

l,i = ∆t r1,+
l,x,i, q1,c

l,i = ∆t q1,c
l,x,i

r2,−
l,j = ∆t r2,−

l,y,j, r2,c
l,j = ∆t r2,c

l,y,j + 1, r2,+
l,j = ∆t r2,+

l,y,j, q2,c
l,j = ∆t q2,c

l,y,j.
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with 

r1,−
l,x,i =

−2ε

h̃x,ihx,i
− a1l,i

hx,i
,

r1,c
l,x,i =

2ε

hx,i+1hx,i
+
a1l,i

hx,i
+ b1

ll,i,

r1,+
l,x,i =

−2ε

h̃x,ihx,i+1

,

q1,c
1,x,i = b1

12,i, q1,c
2,x,i = b1

21,i,



r2,−
l,y,j =

−2ε

h̃y,jhy,j
− a2l,j

hy,j
,

r2,c
l,y,j =

2ε

hy,j+1hy,j
+
a2l,j

hy,j
+ b2

ll,j,

r2,+
l,y,j =

−2ε

h̃y,jhy,j+1

,

q2,c
1,y,j = b2

12,j, q2,c
2,y,j = b2

21,j.

5.4.2 Error analysis

Here, we study the stability of the proposed numerical scheme (5.4.4)-(5.4.5). Finally,

we will analyze the ε-uniform convergence.

The difference operator satisfies the following discrete maximum principle.

Lemma 5.4.1. (Discrete maximum principle) Let L̂Nlm,ε, l,m = 1, 2, be the differ-

ence operators given in (5.4.4)-(5.4.5). Then for any mesh function ~Z, if ~Z ≥ ~0 on

∂DNε and L̂Nlm,ε ~Z ≥ ~0 in DNε , then we have ~Z ≥ ~0 for all (xi, yj) ∈ D
N

ε .

Proof. By following the approach discussed in Lemma 2.4.1, one can prove maximum

principle.

The discrete operator
(
I + ∆tLNlm,ε

)
, l,m = 1, 2, satisfy the maximum principle, one

can easily obtain the following stability bound:∥∥∥(I + ∆tLNlm,ε
)−1
∥∥∥
∞
≤ 1

1 + β`∆t
, for l,m = 1, 2, ` = 1, 2. (5.4.6)

Hence, the proposed numerical scheme (5.4.2)-(5.4.3) is uniformly stable in the supre-

mum norm. Next, we discuss some technical results which will be used to prove the

uniform convergence of the difference scheme (5.4.4)-(5.4.5).

Define the mesh function

Si(λ) =
N∏

k=i+1

(
1 +

λhx,k
ε

)−1

,

where λ is a constant to be fixed later.

Lemma 5.4.2. If we assume that λ ≤ α1/2, then the following estimates hold:

L̂N1l,ε~Si(λ) ≥ C(λ)∆t

max{ε, hx,i}
Si(λ), l = 1, 2,

for 1 ≤ i ≤ N − 1, ~Si(λ) = (Si(λ), Si(λ))T .
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Proof. We consider

L̂N11,ε
~Si(λ) = r1,−

1,i Si−1(λ) + r1,c
1,iSi(λ) + r1,+

1,i Si+1(λ) + q1,c
1,iSi(λ)

≥ Si(λ)

[
r1,−

1,i

((
1 +

λhx,i
ε

)−1

− 1

)
+ r1,+

1,i

((
1 +

λhx,i+1

ε

)
− 1

)]

= Si(λ)

[
a11,i∆t

hx,i

(
λhx,i

ε+ λhx,i

)
+

2ε∆t

h̃x,ihx,i

(
λhx,i

ε+ λhx,i

)
− 2λ∆t

h̃x,i

]

≥ Si(λ)
λ∆t

h̃x,i

(a11,i − 2λ)hx,i
(ε+ λhx,i)

≥ C(λ)∆t

max{ε, hx,i}
Si(λ).

In a similar manner, one can easily obtain the estimates for the operator L̂N12,ε.

Lemma 5.4.3. For λ > 0, the following bounds hold true:

1. Si(λ) ≥ exp(−λ(1− xi)/ε).

2. If hx,i ≤ ε for k ≥ i+ 1, then

N∏
k=i+1

(
1 +

λhx,k
ε

)−1

≤ C
N∏

k=i+1

exp

(
−2λhx,i

ε

)
.

Proof.

1. For each k, we have exp

(
−λhx,k
ε

)
≤
(

1 +
λhx,k
ε

)−1

.

Multiply these inequalities for k = i + 1, . . . , N , we obtain exp(−λ(1 − xi)/ε) ≤
Si(λ).

2. Since, hx,i ≤ ε for k ≥ i + 1. Therefore exp(2λhx,i/ε) ≤ exp(2λ). One can easily

obtain that exp(2λ) ≤ C, for sufficiently large positive constant C. Hence, we have

exp

(
2λhx,i
ε

)
≤ C

(
1 +

λhx,k
ε

)
.

Multiply these inequalities for k = i+ 1, . . . , N , we obtain the desired result.

Truncation error

In the remaining part of this section, we study the error analysis of the spatially dis-

cretized scheme (5.4.4)-(5.4.5). We will show the convergence of the discrete solution

of problem (5.4.4) to the exact solution of (5.3.7), analogously one can obtain the error

analysis for (5.3.8).
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Now, for the numerical scheme (5.4.4), we define the local truncation error as follows

ζ
1,n+1/2
i,u =

(
I + ∆tLN11,ε

)
~̂u
n+1/2

(xi)− (I + ∆tL11,ε) ~̂u
n+1/2

(xi)

= ∆t ζ
1,n+1/2
x,u , 1 ≤ i ≤ N − 1,

ζ
2,n+1/2
i,u =

(
I + ∆tLN12,ε

)
~̂u
n+1/2

(xi)− (I + ∆tL12,ε) ~̂u
n+1/2

(xi)

= ∆t ζ
2,n+1/2
x,u , 1 ≤ i ≤ N − 1,

(5.4.7)

therefore 
ζ

1,n+1/2
x,u =

(
LN11,ε − L11,ε

)
~̂u
n+1/2

(xi),

ζ
2,n+1/2
x,u =

(
LN12,ε − L12,ε

)
~̂u
n+1/2

(xi).

(5.4.8)

For l = 1, 2, the truncation error ζ
l,n+1/2
i,u is used for 1D convection-diffusion problem

(5.3.7), where the dependence on the parameter y is omitted.

Lemma 5.4.4. The local truncation error given in (5.4.7) satisfies the following esti-

mate:

∣∣∣ζ l,n+1/2
i,u

∣∣∣ ≤


C

[
∆t hx,i +

∆t

max{ε, hx,i}
B1
ε (xi+1)

]
, for 0 < xi ≤ 1− τx,

C
[
∆t hx,i + ∆t hx,i ε

−2B1
ε (xi)

]
, for 1− τx < xi < 1,

where l = 1, 2, also C is independent of both hx,i and perturbation parameter ε.

Proof. We consider different cases depending on the location of the mesh point xi ∈ ΩN
x,ε.

Case 1. (Outer region): For 0 < xi ≤ 1 − τx. To find the appropriate estimate, we

consider two subcases depending upon the mesh width hx,i and parameter ε.

Subcase (i). If hx,i ≤ ε. By applying (5.3.17) and (4.3.3), we obtain∣∣ζ l, n+1/2
x,z

∣∣ ≤ C ε
[
hx,i + ε−1B1

ε (xi+1)
]
≤ C

[
hx,i +B1

ε (xi+1)
]
, l = 1, 2.

In addition, one can get∣∣ζ l, n+1/2
x,v

∣∣ ≤ C ε−1B1
ε (xi+1), for l = 1, 2.

Therefore, combining
∣∣∣ζ l, n+1/2
x,z

∣∣∣ , ∣∣∣ζ l, n+1/2
x,v

∣∣∣ , l = 1, 2, with the spatial decomposition

(5.3.15), we deduce that∣∣ζ l, n+1/2
x,u

∣∣ ≤ C
[
hx,i + ε−1B1

ε (xi+1)
]
, for l = 1, 2. (5.4.9)
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Subcase (ii). Assume that hx,i ≥ ε. By following the similar argument as in Case 1,

we obtain ∣∣ζ l, n+1/2
x,z

∣∣ ≤ C
[
hx,i +B1

ε (xi+1)
]
, for l = 1, 2. (5.4.10)

For 1 ≤ i < N/2, we have∣∣ζ1,n+1/2
x,v

∣∣ =

∣∣∣∣r1,−
1,x,i v̂

n+1/2
1 (xi−1) + r1,c

1,x,i v̂
n+1/2
1 (xi) + r1,+

1,x,i v̂
n+1/2
1 (xi+1)

+q1,c
1,x,i v̂

n+1/2
2 (xi)−

(
− ε∂

2v̂
n+1/2
1 (xi)

∂x2
+ a11(xi)

∂v̂
n+1/2
1 (xi)

∂x

+
(
b1

11(xi)
)
v̂
n+1/2
1 (xi) + b1

12(xi)v̂
n+1/2
2 (xi)

)∣∣∣∣
= v̂

n+1/2
1 (xi)

[
r1,−

1,x,i

(
e−a11(1)hx,i/ε − 1

)
+ r1,+

1,x,i

(
ea11(1)hx,i+1/ε − 1

)
+a11(1)

(a11(1)− a11(xi))

ε

]
≤ Ch−1

x,i B
1
ε (xi+1) + Cε−1B1

ε (xi). (5.4.11)

In a similar manner, one can easily obtain the estimate for ζ
2,n+1/2
x,v . By combining results

(5.4.10), (5.4.11), for l = 1, 2, we get∣∣∣ζ1,n+1/2
x,u

∣∣∣ ≤ ∣∣∣ζ1,n+1/2
x,z

∣∣∣+
∣∣∣ζ1,n+1/2
x,v

∣∣∣ ≤ Chx,i + C ε−1B1
ε (xi) + Ch−1

x,i B
1
ε (xi+1)

≤ Chx,i + Ch−1
x,i B

1
ε (xi+1),

using exp(−θ) ≤ 1 +Cθ, where θ = ε/hx,i+1 in the above inequality. Same estimate will

hold for
∣∣∣τ 2,n+1/2
x,u

∣∣∣, using analogous technique.

For i = N/2, by following the similar technique used in (5.4.11), one can obtain that∣∣ζ l,n+1/2
x,v

∣∣ ≤ C h−1
x,i B

1
ε (xi), l = 1, 2. (5.4.12)

Hence combining estimates (5.4.10) and (5.4.12), for l = 1, 2, we get∣∣ζ l,n+1/2
x,u

∣∣ ≤ C hx,i + C h−1
x,i B

1
ε (xi+1).

Case 2. (Inner region): For 1 − τx < xi < 1. By applying the derivative bound

estimates (5.3.17) and (4.3.3), we have∣∣ζ l, n+1/2
x,z

∣∣ ≤ Chx,i +
(
B1
ε (xi+1)−B1

ε (xi−1)
)
≤ C hx,i

(
1 + ε−1B1

ε (xi+1)
)
, l = 1, 2.

and ∣∣ζ l, n+1/2
x,v

∣∣ ≤ C hx,i ε
−2B1

ε (xi+1), l = 1, 2. (5.4.13)
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For l = 1, 2, adding both the above estimates, one can get∣∣ζ l,n+1/2
x,u

∣∣ ≤ C hx,i + C hx,i ε
−2B1

ε (xi+1).

By combining these estimates, we can obtain the desired result.

Next, we discuss the convergence theorem for the numerical scheme (5.4.2) which

will be used to prove the convergence analysis of the fully discrete difference scheme in

the next section.

Lemma 5.4.5. Let ~̂u
n+1/2

(x, y) and
~̂
U
n+1/2

xi,y
be the continuous and the discrete solutions

of (5.3.7) and (5.4.2), respectively. If we assume that σx ≥ 1/α1 and λ = α1/2, then we

have the following error bound∣∣∣∣~̂un+1/2
(xi, y)− ~̂

U
n+1/2

xi,y

∣∣∣∣ ≤ ~CN−1 lnN, y ∈ Ω
N

y,ε, (5.4.14)

where C is a positive constant independent of y, ε and N .

Proof. To estimate the error term

∣∣∣∣~̂un+1/2
(xi, y)− ~̂

U
n+1/2

xi,y

∣∣∣∣, we consider the following

discrete barrier function

B±cd(xi) = ~Bu ±
(
~̂u
n+1/2

(xi, y)− ~̂
U
n+1/2

xi,y

)
, for 0 ≤ i ≤ N,

where ~Bu = (Bu, Bu)T is defined as

Bu(xi) =


Chx,i(1 + xi) + C

hx,i
ε
Si(λ), for hx,i ≤ ε,

Chx,i(1 + xi) + CSi+1(λ), for hx,i ≥ ε.

If hx,i ≤ ε, by employing Lemma 5.4.2 and Lemma 5.4.3, we obtain that

L̂N11,ε
~Bu ≥ C∆thx,i + C

hx,i
ε

∆t

max{ε, hx,i}
Si(λ) ≥

∣∣∣ζ1,n+1/2
i,u

∣∣∣ ,
In a similar way, one can show that L̂N12,ε

~Bu ≥
∣∣∣ζ2,n+1/2
i,u

∣∣∣.
Consider the case hx,i ≥ ε, from Lemma 5.4.2 and Lemma 5.4.3, we obtain that

L̂N11,ε
~Bu ≥ C∆thx,i + C

∆t

hx,i
Si+1(λ) ≥

∣∣∣ζ1,n+1/2
i,u

∣∣∣ .
An analogous estimate holds for the error component ζ

2,n+1/2
i,u . Therefore, by applying

the discrete maximum principle (Lemma 5.4.1) to ~B±cd(xi), we deduce that∣∣∣∣~̂un+1/2
(xi, y)− ~̂

U
n+1/2

xi,y

∣∣∣∣ ≤ ~CN−1 ln N.
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Lemma 5.4.6. Let ~̂u
n
(x, y) be the exact solution of (5.3.7)-(5.3.8) and

~̂
U
n

xi,yj
be the

spatial semidiscrete solution of (5.4.2)-(5.4.3). Then, the following error estimate holds:∣∣∣∣~̂un+1
(xi, yj)−

~̂
U
n+1

xi,yj

∣∣∣∣ ≤ ~CN−1 lnN, for all (xi, yj) ∈ D
N

ε , (5.4.15)

where ~C is a positive constant independent of ε and N .

Proof. Let ~̂u
n+1/2

(x, y) be the exact solution of (5.3.7) and its numerical approximation

be
~̂
U
n+1/2

xi,y
. Then from Lemma 5.4.5, we have∣∣∣∣~̂un+1/2

(xi, y)− ~̂
U
n+1/2

xi,y

∣∣∣∣ ≤ ~CN−1 lnN, y ∈ Ω
N

y .

Next, we introduce the auxiliary equation
(
I + ∆tLN~2,~ε

)
~̃
U
n+1

x,yj
= ~̂u

n+1/2
(x, yj) + ∆t ~fn+1

2 (x, yj), (x, yj) ∈ D
N

ε ,

~̃
U
n+1

x,0 = ~0,
~̃
U
n+1

x,1 = ~0, x ∈ Ω
N

x ,

(5.4.16)

By following the argument used in Lemma 5.4.5, one can obtain that∣∣∣∣~̂un+1
(x, yj)−

~̃
U
n+1

x,yj

∣∣∣∣ ≤ ~CN−1 lnN, x ∈ Ω
N

x .

The error term can be expressed as

~̂u
n+1

(xi, yj)−
~̂
U
n+1

xi,yj
= ~̂u

n+1
(xi, yj)−

~̃
U
n+1

xi,yj
+
~̃
U
n+1

xi,yj
− ~̂
U
n+1

xi,yj
.

Also, we have

~̃
U
n+1

xi,yj
− ~̂
U
n+1

xi,yj
=
(
I + ∆tLN~2,~ε

)−1
(
~̂u
n+1/2

(xi, yj)−
~̂
U
n+1/2

xi,yj

)
.

Then, by using the stability condition (5.4.6), the required result (5.4.15) follows.

The spatial semidiscretization defined on the piecewise-uniform Shishkin mesh is

uniformly convergent of almost first-order (up to a logarithmic factor). An immediate

consequence of the above theorem is the following result.

Lemma 5.4.7. If N−ν ≤ C∆t with 0 < ν < 1, then from (5.4.15), one can have the

following estimate:∣∣∣∣~̂un+1
(xi, yj)−

~̂
U
n+1

xi,yj

∣∣∣∣ ≤ ~C∆tN−1+ν lnN, (xi, yj) ∈ D
N

ε . (5.4.17)

This error estimate helps us to obtain the uniform convergence of the numerical

solution of the fully discrete scheme in the following section.
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5.5 The Fully Discrete Scheme

Combining the time semidiscretization scheme (5.3.7)-(5.3.8) and the spatial discretiza-

tion (5.4.4)-(5.4.5), the following fully discrete scheme is deduced on the mesh GN,M =

DNε ×Υ
M

:

~U0
xi,yj

= ~u0(xi, yj), (xi, yj) ∈ D
N

ε ,

L̂N11,ε
~U
n+1/2
xi,y ≡ r1,−

1,i U
n+1/2

1,xi−1,y
+ r1,c

1,iU
n+1/2

1,xi,y
+ r1,+

1,i U
n+1/2

1,xi+1,y
+ q1,c

1,iU
n+1/2

2,xi,y

= Un
1,xi,y

+ ∆tfn+1
11 (xi, y), (xi, y) ∈ DNε ,

L̂N12,ε
~U
n+1/2
xi,y ≡ r1,−

2,i U
n+1/2

2,xi−1,y
+ r1,c

2,iU
n+1/2

2,xi,y
+ r1,+

2,i U
n+1/2

2,xi+1,y
+ q1,c

2,iU
n+1/2

1,xi,y

= Un
2,xi,y

+ ∆tfn+1
12 (xi, y), (xi, y) ∈ DNε

~U
n+1/2

0,y = ~0, ~U
n+1/2

1,y = ~0, y ∈ Ω
N

y ,

(5.5.1)





L̂N21,ε
~Un+1
x,yj

≡ r2,−
1,j U

n+1
1,x,yj−1

+ r2,c
1,jU

n+1
1,x,yj

+ r2,+
1,j U

n+1
1,x,yj+1

+ q2,c
1,jU

n+1
2,x,yj

= U
n+1/2

1,x,yj
+ ∆tfn+1

21 (x, yj), (x, yj) ∈ D
N

ε ,

L̂N22,ε
~Un+1
x,yj

≡ r2,−
2,j U

n+1
2,x,yj−1

+ r2,c
2,jU

n+1
2,x,yj

+ r2,+
2,j U

n+1
2,x,yj+1

+ q2,c
2,jU

n+1
1,x,yj

= U
n+1/2

2,x,yj
+ ∆tfn+1

22 (x, yj), (x, yj) ∈ D
N

ε ,

~Un+1
x,0 = ~0, ~Un+1

x,1 = ~0, x ∈ Ω
N

x ,

(5.5.2)

where the coefficients rm,•l,k , q
m,•
l,k , l,m = 1, 2, 1 ≤ k ≤ N − 1, are described in (5.4.1)

and ~Un
xi,yj

= ~U(xi, yj, tn) is the discrete approximation to the exact solution ~u(x, y, t) of

the model problem (5.1.1).

Theorem 5.5.1. (Global error) Let ~u(x, y, tn) be the exact solution of (5.1.1) and
~Un
xi,yj

be the numerical solution of the fully discrete scheme (5.5.1)-(5.5.2) at time level

tn = ∆t. If N−ν ≤ C∆t with 0 < ν < 1, then the global error associated with the

numerical method (5.5.1)-(5.5.2) satisfies∥∥∥~u(xi, yj, tn)− ~Un
xi,yj

∥∥∥
∞
≤ C(∆t+N−1+ν lnN), (xi, yj, tn) ∈ GN,Mε . (5.5.3)

where C is a positive constant independent of ε and N .

Proof. By using the methodology from the proof of Theorem 2.5.1, the desired result

(5.5.3) follows.
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5.6 Numerical Results

In this section, we present numerical results obtained by applying the numerical method

described in Section 5.5 to a test problem. For the sake of simplicity, we have chosen the

decomposition for the reaction term as: b1
lm(x, y, t) = b2

lm(x, y, t) = blm(x, y, t)/2, l,m =

1, 2, in the test problem.

Example 5.6.1. Consider the following system of parabolic IBVP on G = (0, 1)2×(0, 1]:

∂u1

∂t
− ε∆u1 +

(
1 +

xy

2

) ∂u1

∂x
+ (1 + x2y)

∂u1

∂y
+ (4 + 2(x2 + y2))u1 − (x2 + y2)u2

= xy(1− x)(1− y)t2 + x2y2(1− x)(1− y)e−t,

∂u2

∂t
− ε∆u2 + (1 + x2y)

∂u2

∂x
+

(
1 +

x2y

2

)
∂u2

∂y
− (2x2 + y2)u1 + (2 + (2x2 + y2))u2

= xy(1− x2)(1− y2)t+ xy(1− x)(1− y)e−t,

~u(x, y, 0) = ~0, (x, y) ∈ (0, 1)2,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, 1],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, 1].

The exact solution of Example 5.6.1 is not known, in order to compute maximum

error and order of convergence of the proposed scheme, we use the double mesh principle

which is described as follows:

Let ~U2n
x2i,y2j

denotes the numerical solution obtained on the fine mesh G2N,2M
ε = D2N

ε ×
Υ2M with 2N mesh-intervals in both x- and y-directions and 2M mesh-intervals in the

t-direction, which contains the mesh points of the original mesh and their midpoints.

Then for each ε, the maximum pointwise error and the uniform error are calculated by

EN,M
l,ε = max

(xi,yj ,tn)∈GN,M
ε

∣∣∣U2n
l,x2i,y2j

− Un
l,xi,yj

∣∣∣ , EN,M
l = max

Sε

EN,M
l,ε , l = 1, 2.

The corresponding order of convergence is given by

PN,M
l,ε = log2

(
EN,M
l,ε

E2N,2M
l,ε

)
, PN,M

l = log2

(
EN,M
l

E2N,2M
l

)
, l = 1, 2.

For the numerical computation, we have taken the number of intervals in the spatial

and temporal directions as N = 8, 16, 32, 64, 128, and M = N/4, respectively. For

evaluating the uniform error and the order of convergence, we consider the singular

perturbation parameters from the set Sε = {ε| ε = 2−2, . . . , 2−10}.
In order to visualize the numerical solution for Example 5.6.1, we displayed the

surface plots of the numerical solution components U1 and U2 in Fig. 5.2 and Fig. 5.3

at t = 1.

Ph.D. Thesis 116

TH-2098_136123007
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Figure 5.2: Numerical solution U1 of Example 5.6.1 for ε = 2−14 with N = 32, M = 8.

For various values of N and M , the maximum errors EN,M
l and the corresponding

order of convergence PN,M
l for Example 5.6.1 are presented in Table 5.1. The numerical

results given in this table reveal the convergence of almost first-order in space and first-

order in time, independent of ε.

In order to reveal the numerical order of convergence, we have plotted N vs. the

maximum pointwise errors in loglog plot in Fig. 5.4 and Fig. 5.5 which again confirms

the almost first-order convergence of the numerical solution.

5.7 Conclusion

In this chapter, a computational method has been proposed for solving singularly per-

turbed system of 2D parabolic convection-diffusion IBVP. To accomplish this purpose,

the scheme is constructed on a special rectangular mesh involving the tensor-product of

1D piecewise-uniform Shishkin meshes for the spatial discretization and uniform mesh

for the temporal discretization. In the proposed numerical scheme we have combined

the fractional-step method for the time discretization and the classical upwind differ-

ence scheme for the spatial discretization. It has been proved that the numerical scheme

converges ε-uniformly with almost first-order (up to a logarithmic factor) accurate in

space and first-order accurate in time. Numerical results are presented to validate the

efficiency of the proposed scheme.

Ph.D. Thesis 117

TH-2098_136123007



Chapter 5 5.7. Conclusion

Figure 5.3: Numerical solution U2 of Example 5.6.1 for ε = 2−14 with N = 32, M = 8.
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Figure 5.4: Loglog plot for the spatial order of convergence associated with numerical
solution U1 of Example 5.6.1.
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Table 5.1: Uniform errors and the corresponding orders of convergence for Example
5.6.1.

ε ∈ Sε Number of mesh-intervals N

8 16 32 64 128

EN,M
1 1.6937e-03 1.1800e-03 7.2475e-04 4.0656e-04 2.2103e-04

PN,M
1 0.5214 0.7031 0.8340 0.8792

EN,M
2 4.8767e-03 3.3157e-03 1.9569e-03 1.1518e-03 6.9843e-04

PN,M
2 0.5566 0.7607 0.7646 0.8217
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Figure 5.5: Loglog plot for the spatial order of convergence associated with numerical
solution U2 of Example 5.6.1.
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CHAPTER 6

Uniformly Convergent Fractional-Step Method for

Singularly Perturbed System of 2D Parabolic

Reaction-Diffusion Problems

This chapter discusses the numerical solution of singularly perturbed system of 2D

parabolic reaction-diffusion problems. The proposed numerical scheme consists of a

fractional-step method on uniform mesh for time discretization and the classical cen-

tral difference scheme on a piecewise-uniform Shishkin mesh for spatial discretization.

Parameter-uniform error estimates are derived and it has been proved that the proposed

numerical scheme is of first-order convergence in time and second-order convergence up

to a logarithmic factor in space. To support the theoretical results, numerical experi-

ments are carried out.

6.1 Introduction

In this chapter, we consider the following singularly perturbed system of 2D parabolic

reaction-diffusion IBVP on the domain G := D × (0, T ],D = Ωx × Ωy = (0, 1)× (0, 1):

∂~u

∂t
+ L~ε ~u = ~f, (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(6.1.1)

where the spatial differential operator L~ε is given by

L~ε ≡ −E2∆ +B(x, y, t).

The diffusion and reaction coefficients of the model problem (6.1.1) are given by E =

diag(ε, ε), 0 < ε � 1 and B = {blm}2
l,m=1, respectively. Throughout this chapter, the
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reaction coefficient matrix B(x, y, t) satisfies the following conditions:
bll(x, y, t) > γβ > 0, blm(x, y, t) ≤ 0, for l 6= m,

min
(x,y,t)∈G

{b11(x, y, t) + b12(x, y, t), b21(x, y, t) + b22(x, y, t)} ≥ β2 > 0.
(6.1.2)

Also we assume that γ1 = max
G
{|b12| /b11}, γ2 = max

G
{|b21| /b22},

0 ≤ γ := max{γ1, γ2} < 1. (6.1.3)

We consider the following smoothness assumptions for the source term and the initial

condition:
~f ∈ (C2

λ(G))2 and ~u0 ∈ (C4
0(D))2, (6.1.4)

with the compatibility conditions at the corner points

~u0(x, y) = ~0, on ∂D,

~f(x, y, 0)−L~ε~u0(x, y) = ~0, on ∂D,

~ft(x, y, 0) + (L~ε)
2~u0(x, y)−L~ε

~f(x, y, 0) = ~0, on ∂D,

~f(x, y, t) = ~0, on {0, 1} × {0, 1} × (0, T ].

(6.1.5)

Under the above assumptions, the model problem (6.1.1) admits a unique solution,

which exhibits the boundary layer along sides x = 0, 1 and y = 0, 1 with corner layers

at (0, 0), (1, 0), (0, 1) and (1, 1).

The rest of this chapter is organized as follows: In Section 6.2, we discuss some

results concerning to the analytic behavior of the exact solution. In Section 6.3, the

time semidiscretization has been introduced and this section ends with discussion of

the asymptotic behaviour of the exact solution of the semidiscrete problems resulting

after the time discretization. The spatial discretization process has been introduced by

using a finite differences scheme on a piecewise-uniform Shishkin mesh in Section 6.4.

Later, we deduce the main convergence result of this chapter. Numerical results are

presented in Section 6.5 and the chapter ends with Section 6.6 that summarize the main

conclusions.

6.2 The Continuous Problem

In this section, we concentrate on analytical aspect of the exact solution ~u(x, t) of the

continuous problem (6.1.1).

Ph.D. Thesis 121

TH-2098_136123007



Chapter 6 6.2. The Continuous Problem

Lemma 6.2.1. (Maximum Principle). Let
(
∂
∂t

+ L~ε

)
be the differential operator

defined in (6.1.1) and assume that the coefficients of the matrix B satisfies (6.1.2).

Then for ~z ≥ ~0 on ∂G and
(
∂
∂t

+ L~ε

)
~z ≥ ~0 in G, we have ~z ≥ ~0, for all (x, y, t) ∈ G.

Proof. We prove this lemma by contradiction. Assume that there exists a point

(x0, y0, t0) ∈ G such that

min{z1(x0, y0, t0), z2(x0, y0, t0)} = min

{
min

(x,y,t)∈G
z1(x, y, t), min

(x,y,t)∈G
z2(x, y, t)

}
< 0.

Without loss of generality we assume that z1(x0, y0, t0) ≤ z2(x0, y0, t0). Then, we have(
∂z1

∂t
+ (L~ε)1 ~z

)
(x0, y0, t0) ≤ b11(x0, y0, t0)z1(x0, y0, t0) + b12(x0, y0, t0)z2(x0, y0, t0) < 0,

which contradicts the hypothesis of the lemma, hence ~z ≥ ~0, for all (x, y, t) ∈ G.

Next, define the decoupled differential operators by

Ll v =
∂v

∂t
− ε

(
∂2v

∂x2
+
∂2v

∂y2

)
+ bll v, l = 1, 2.

Lemma 6.2.2. Let ~u be the solution of the model problem (6.1.1). For  = 0, 1, . . . ,

define the sequence of vector-valued functions ~u[] = (u
[]
1 , u

[]
2 )T as follows: let ~u[0] be any

function in C(G)2 and for  = 0, 1, . . . , the function ~u[k] satisfy
L1u

[]
1 = f1 − b12u

[−1]
2 , L2u

[]
2 = f2 − b21u

[−1]
1

u
[]
l (x, y, 0) = u0l(x, y), (x, y) ∈ D, l = 1, 2,

u
[]
l (x, y, t) = 0, on ∂D × [0, T ], l = 1, 2.

(6.2.1)

Then lim→∞ ~u
[] = ~u. Furthermore, we have

‖~u‖∞ ≤
1

1− γ

(
1

γβ
‖~f‖∞ + ‖~u0‖∞

)
. (6.2.2)

Proof. By following the methodology of Lemma 5.2.3, one can obtain the required

estimate.

From Lemma 6.2.2, one can also conclude that the continuous problem (6.1.1) has a

unique solution.

Lemma 6.2.3. For all non-negative integer k0 satisfying 0 ≤ k0 ≤ 2, the time derivatives

of the exact solution ~u of the IBVP (6.1.1) satisfy the following estimate∣∣∣∣∂k0~u∂tk0
(x, y, t)

∣∣∣∣ ≤ ~C, for all (x, y, t) ∈ G.

Proof. To prove the bounds of the time derivative of exact solution ~u of (6.1.1), we

consider various cases.
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Case 1. Firstly, we consider the case for k0 = 0. From Lemma 6.2.2, we have

‖~u‖∞ ≤
1

1− γ

(
1

γβ
‖~f‖∞ + ‖~u0‖∞

)
.

By using the regularity of the source term ~f and the initial condition ~u0 as given in

(6.1.4), we can obtain that |~u(x, y, t)| ≤ ~C for all (x, y, t) ∈ G.

Case 2. Next, consider k0 = 1. On ∂D × [0, T ], we have ~u = ~0 therefore ~ut = ~0. By

using the regularity condition (6.1.4), we get |~ut(x, y, 0)| ≤ ~C for all (x, y) ∈ D.

Differentiating (6.1.1) with respect to t, we get(
∂

∂t
+ L~ε

)
~ut(x, t) = ~utt + L~ε ~ut = ~ft −Bt~u. (6.2.3)

Therefore, we have

∣∣∣∣( ∂

∂t
+ L~ε

)
~ut(x, t)

∣∣∣∣ ≤ ~C, as ~ft, Bt are sufficiently smooth functions.

By using the maximum principle, Lemma 6.2.1, one can obtain that |~ut| ≤ ~C.

Case 3. Finally, we consider the case for k0 = 2. On ∂D × [0, T ], we have ~u = ~0,

therefore ~ut = ~0 and ~utt = ~0. Again, by using the regularity condition (6.1.4), we get

|~utt(x, y, 0)| ≤ ~C, for all (x, y) ∈ D.

Differentiating (6.2.3) with respect to t, we get(
∂

∂t
+ L~ε

)
~utt(x, t) = ~uttt + L~ε ~utt = ~ftt − 2Bt~ut −Btt~u. (6.2.4)

Since, ~ftt, Bt and Btt are sufficiently smooth, by using the maximum principle given in

Lemma 6.2.1, we can show that |~utt| ≤ ~C. This completes the proof.

Lemma 6.2.4. For all non-negative integer k satisfying 0 ≤ k ≤ 4, the exact solution

~u of the IBVP (6.1.1) satisfy the following estimate∣∣∣∣∂kul∂xk
(x, y, t)

∣∣∣∣ ≤ C
(
1 + ε−iBε(x)

)
,

∣∣∣∣∂kul∂yk
(x, y, t)

∣∣∣∣ ≤ C
(
1 + ε−iBε(y)

)
,

where l = 1, 2 and (x, y, t) ∈ G.

Proof. By using the technique of [38, Lemma 2.3 ] and Lemma 6.2.3, one can obtain

the required estimate.

6.3 The Time Semidiscretization

In this section, we discuss about the time semidiscretization process of the IBVP (6.1.1)

and later, we establish the asymptotic behavior of the exact solution of the resulting

semidiscrete problem.
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Firstly, we split the spatial differential operator L~ε as L~ε = L~1,~ε + L~2,~ε where L~1,~ε

and L~2,~ε are given by
L~1,~ε ≡ (L11,ε, L12,ε)

T = −E2 ∂
2

∂x2
+B1(x, y, t),

L~2,~ε ≡ (L21,ε, L22,ε)
T = −E2 ∂

2

∂y2
+B2(x, y, t),

where the coefficients of matrices B`(x, y, t) = {b`lm(x, y, t)}2
l,m=1, ` = 1, 2 are defined by

blm(x, y, t) = b1
lm(x, y, t) + b2

lm(x, y, t), l,m = 1, 2.

We decompose the source term as ~f = ~f1 + ~f2, where ~f1 = (f11, f12)T and ~f2 = (f21, f22)T

satisfy the compatibility conditions:{
fl m(x, 0, t) = fl m(x, 1, t) = 0,

fl m(0, y, t) = fl m(1, y, t) = 0, for l,m = 1, 2.
(6.3.1)

In addition, assume that the reaction coefficient matrices B`(x, y, t), satisfy the following

conditions:
b`ll(x, y, t) > γ`β > 0, b`lm(x, y, t) ≤ 0, for l 6= m, l,m = 1, 2, ` = 1, 2,

min
(x,y,t)∈G

{b`11 + b`12, b
`
21 + b`22} ≥ β2

` > 0, with β = min{β1, β2}.
(6.3.2)

First, consider the uniform mesh Υ
M

= {tn = n∆t, n = 0, 1, . . . ,M} for the time

discretization. Then, we discretize time derivative by the fractional-step method. Let

~un(x, y) be the semidiscrete solution of the following problem:

~u0 = ~u0(x, y), (x, y) ∈ D, (6.3.3)
(
I + ∆tL n+1

~1,~ε

)
~un+1/2(x, y) = ~un(x, y) + ∆t ~fn+1

1 (x, y),

~un+1/2(0, y) = ~0, ~u
n+1/2
2 (1, y) = ~0, y ∈ [0, 1],

(6.3.4)

and 
(
I + ∆tL n+1

~2,~ε

)
~un+1(x, y) = ~un+1/2(x, y) + ∆t ~fn+1

2 (x, y),

~un+1(x, 0) = ~0, ~un+1(x, 1) = ~0, x ∈ [0, 1].
(6.3.5)

Lemma 6.3.1. Let
(
I + ∆tL n+1

~1,~ε

)
be the differential operator defined in (6.3.4) and

assume that the coefficients of the matrix B1 satisfy (6.3.2). Then ~zn+1/2(0, y) ≥ ~0 and

~zn+1/2(1, y) ≥ ~0 on [0, 1] with
(
I + ∆tL n+1

~1,~ε

)
~zn+1/2 ≥ ~0 in D, we have ~zn+1/2 ≥ ~0, for

all (x, y) ∈ D.
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Proof. By following argument of Lemma 5.3.1, one can prove the maximum principle.

By using the methodology from (2.3.2), we can get

‖(I + ∆tL n+1
~1,~ε

)−1‖∞ ≤
1

1 + β2
1∆t

, ‖(I + ∆tL n+1
~2,~ε

)−1‖∞ ≤
1

1 + β2
2∆t

. (6.3.6)

Next, we define the local truncation error ~en+1 of the semidiscrete scheme (6.3.3)-

(6.3.5) as follows:

~en+1 = ~u(tn+1)− ~̂u
n+1

,

where ~̂u
n+1

is solution of the following system:
(
I + ∆tL n+1

~1,~ε

)
~̂u
n+1/2

(x, y) = ~u(tn) + ∆t ~fn+1
1 (x, y),

~̂u
n+1/2

(0, y) = ~0, ~̂u
n+1/2

(1, y) = ~0, y ∈ [0, 1],

(6.3.7)

and 
(
I + ∆tL n+1

~2,~ε

)
~̂u
n+1

(x, y) = ~̂u
n+1/2

(x, y) + ∆t ~fn+1
2 (x, y),

~̂u
n+1

(x, 0) = ~0, ~̂u
n+1

(x, 1) = ~0, x ∈ [0, 1].

(6.3.8)

Lemma 6.3.2. The local truncation error satisfies

‖~en+1‖∞ ≤ C(∆t)2.

Lemma 6.3.3. The global error of the time semidiscrete scheme (6.3.3)-(6.3.5) satisfies

the following estimate

sup
n≤T/∆t

‖~u(tn)− ~un‖∞ ≤ C∆t.

Hence, we conclude that the semidiscrete scheme (6.3.3)-(6.3.5) is of first-order uni-

formly convergent.

Now, we discuss the asymptotic behavior of the exact solutions of the semidiscrete

BVP (6.3.7)-(6.3.8) in order to estimate the local truncation error associated with the

spatial discretization of the semidiscrete problems.

Lemma 6.3.4. For all non-negative integer k satisfying 0 ≤ k ≤ 4, the exact solution
~̂u
n+1/2

of the semidiscrete problem (6.3.7)-(6.3.8) satisfies the following estimate∣∣∣∣∣∂kûn+1/2
l

∂xk

∣∣∣∣∣ ≤ C
(
1 + ε−kBε(x)

)
, (6.3.9)∣∣∣∣∂kûn+1

l

∂yk

∣∣∣∣ ≤ C
(
1 + ε−kBε(y)

)
, l = 1, 2. (6.3.10)
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Proof. By using the maximum principle (Lemma 6.3.1) and the uniform boundedness

of ~u(tn) and ~fn+1
1 (x, y), we obtain that ‖~̂u

n+1/2
‖∞ ≤ C. Next, define ~Θ = L n+1

~1,~ε
~̂u
n+1/2

is the solution of the following problem:
(
I + ∆tL n+1

~1,~ε

)
~Θ = L n+1

~1,ε
~u(tn) + ∆tL n+1

~1,~ε
~fn+1
1 (x, y),

~Θ(0, y) = ~0, ~Θ(1, y) = ~0, y ∈ [0, 1].
(6.3.11)

By applying the derivative bounds of ~u(tn) (Lemma 6.2.4), one can obtain that∣∣∣L n+1
~1,ε

~u(x, y, tn)
∣∣∣ ≤ ~C. Also, by using the smoothness of source function ~fn+1

1 , we

have
∣∣∣L n+1

~1,~ε
~fn+1
1 (x, y)

∣∣∣ ≤ ~C. Therefore, by employing the maximum principle, we get

that ‖~Θ‖∞ ≤ C. Next, ~̂u
n+1/2

can be written as the solution of the following problem
L n+1
~1,~ε

~̂u
n+1/2

= ~Θ,

~̂u
n+1/2

(0, y) = ~0, ~̂u
n+1/2

(1, y) = ~0, y ∈ [0, 1].

(6.3.12)

For l = 1, 2, by using a similar approach carried out in Lemma 3.3.1, we can deduce that∣∣∣∣∣∂kûn+1/2
l

∂xk
(x, y)

∣∣∣∣∣ ≤ C
(
1 + ε−kBε(x)

)
, 0 ≤ k ≤ 4.

Next, we differentiate (6.3.7) with respect to y and apply the previous technique and

bounds from Lemma 6.2.4 to obtain∣∣∣∣∣∂kûn+1/2
l

∂yk
(x, y)

∣∣∣∣∣ ≤ C
(
1 + ε−kBε(y)

)
, l = 1, 2, 0 ≤ k ≤ 4.

Now, it can be easily verified that

‖L n+1
2m,ε

~̂u
n+1/2

‖∞ ≤ C, ‖(L n+1
2m,ε)

2 ~̂u
n+1/2

‖∞ ≤ C, m = 1, 2. (6.3.13)

By using the previous technique, for 1 ≤ k ≤ 4, we can obtain that∣∣∣∣∂kûn+1
l

∂yk

∣∣∣∣ ≤ C
(
1 + ε−kBε(y)

)
, l = 1, 2.

This completes the proof.

Next, by following the technique of [38], we consider the decomposition of the exact

solution ~̂u
n+1/2

(x, y) of (6.3.7) as follows

~̂u
n+1/2

(x, y) = ~̂v
n+1/2

(x, y) + ~̂w
n+1/2

(x, y)

where the smooth component ~̂v
n+1/2

and layer component ~̂w
n+1/2

satisfy following esti-

mates:∣∣∣∣∣∂kv̂ n+1/2
l

∂xk

∣∣∣∣∣ ≤ C(1 + ε2−k),

∣∣∣∣∣∂kŵ n+1/2
l

∂xk

∣∣∣∣∣ ≤ Cε−kBε(x), 0 ≤ k ≤ 4. (6.3.14)
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In a similar manner, one can decompose the exact solution of ~̂u
n+1

(x, y) of (6.3.8) as
~̂u
n+1

= ~̂v
n+1

+ ~̂w
n+1

and show that∣∣∣∣∂kv̂ n+1
l

∂yk

∣∣∣∣ ≤ C(1 + ε2−k),

∣∣∣∣∂kŵ n+1
l

∂yk

∣∣∣∣ ≤ Cε−kBε(y), 0 ≤ k ≤ 4. (6.3.15)

These bounds will be used in the truncation error analysis of the fully discrete scheme

in the next section.

6.4 The Spatial Discretization

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives in the semidiscrete scheme (6.3.7)-(6.3.8).

The piecewise-uniform Shishkin mesh

Let the rectangular mesh DNε be defined by the tensor product of the 1D Shishkin

meshes, i.e., DNε = Ω
N

x × Ω
N

y ⊂ D, which is constructed as follows:

First, we define the transition parameters τx, τy by

τx = min

{
1

4
,

2

β
ε lnN

}
and τy = min

{
1

4
,

2

β
ε lnN

}
.

In the analysis, we shall assume that τx = τx = (2/β)ε lnN . Note that when τx = τy =

1/4, the mesh will become uniform, therefore, in this case the classical approach can be

applied for derivation of the truncation error estimates.

To obtain the piecewise-uniform Shishkin mesh, we divide the domain Ω
N

x into three

subintervals such as [0, τx], [τx, 1 − τx] and [1 − τx, 1]. Then divide [τx, 1 − τx] into

N/2 mesh-intervals and divide subintervals [0, τx], [1 − τx, 1] in to N/4 mesh-intervals.

Analogously, we proceed for Ω
N

y . Fig. 6.1 exhibits piecewise-uniform Shishkin mesh DNε .

The step sizes in both the spatial directions are given by hx,i = xi − xi−1, i = 1, . . . , N, h̃x,i = hx,i + hx,i+1, i = 1, . . . , N − 1,

hy,i = yi − yi−1, i = 1, . . . , N, h̃y,i = hy,i + hy,i+1, i = 1, . . . , N − 1.

The finite difference scheme

For simplicity, denote that bm,n+1
l1,i = bml1(xi, y, tn+1), bm,n+1

l2,j = bml2(x, yj, tn+1), l,m = 1, 2.
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0 τx 1− τx 1

τy

1− τy

Figure 6.1: A typical example of piecewise-uniform Shishkin mesh DNε for N = 16.

For spatial discretization of (6.3.7)-(6.3.8), we propose the following finite difference

scheme: 

~̂
U

0

xi,yj
= ~u0(xi, yj), (xi, yj) ∈ D

N

ε ,(
I + ∆tL n+1,N

~1,~ε

)
~̂
U
n+1/2

xi,y
= ~u(xi, y, tn) + ∆t ~fn+1

1 (xi, y),

~̂
U
n+1/2

0,y = ~0,
~̂
U
n+1/2

1,y = ~0, y ∈ Ω
N

y ,

(6.4.1)


(
I + ∆tL n+1,N

~2,~ε

)
~̂
U
n+1

x,yj
=
~̂
U
n+1/2

x,yj
+ ∆t ~fn+1

2 (x, yj),

~̂
U
n+1

x,0 = ~0,
~̂
U
n+1

x,1 = 0, x ∈ Ω
N

x ,

(6.4.2)

where L n+1,N
~1,~ε

= (L n+1,N
11,ε , L n+1,N

12,ε )T and L n+1,N
~2,~ε

= (L n+1,N
21,ε , L n+1,N

22,ε )T are given by
L n+1,N
~1,~ε

≡ −E2δ2
x +B1(xi, y, tn+1),

L n+1,N
~2,~ε

≡ −E2δ2
y +B2(x, yj, tn+1),

where δ2
x, δ

2
y are central difference operators associated with x, y variables, respectively.

Lemma 6.4.1. (Discrete maximum principle) Let (I+∆tL n+1,N
~l,~ε

), l = 1, 2, be the

difference operators given in (6.4.1)-(6.4.2). Then for any mesh function ~Z, if ~Z ≥ ~0

on ∂DNε and (I + ∆tL n+1,N
~l,~ε

) ~Z ≥ ~0 in DNε , then we have ~Z ≥ ~0 for all (xi, yj) ∈ D
N

ε .
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Proof. By following the approach discussed in Lemma 2.4.1, one can prove maximum

principle.

Hence, the discrete operator
(
I + ∆tL n+1,N

lm,ε

)
satisfy stability condition (6.3.6).

Next, we define the fully discrete scheme as follows:
~U0
xi,yj

= ~u0(xi, yj), (xi, yj) ∈ D
N

ε ,(
I + ∆tL n+1,N

~1,~ε

)
~U
n+1/2
xi,y = ~Un

xi,y
+ ∆t ~fn+1

1 (xi, y),

~U
n+1/2

0,y = ~0, ~U
n+1/2

1,y = ~0, y ∈ Ω
N

y ,

(6.4.3)

and 
(
I + ∆tL n+1,N

~2,~ε

)
~Un+1
x,yj

= ~U
n+1/2
x,yj + ∆t ~fn+1

2 (x, yj),

~Un+1
x,0 = ~0, ~Un+1

x,1 = ~0, x ∈ Ω
N

x .
(6.4.4)

In the following subsection, we discuss the convergence analysis of the proposed numer-

ical scheme.

6.4.1 Error analysis

For the discrete problem (6.4.1), we define the local truncation error as follows

ζ
1,n+1/2
i,u =

(
I + ∆tL n+1,N

11,ε

)
~̂u
n+1/2

(xi)−
(
I + ∆tL n+1

11,ε

)
~̂u
n+1/2

(xi)

= ∆t ζ
1,n+1/2
x,u , 1 ≤ i ≤ N − 1,

ζ
2,n+1/2
i,u =

(
I + ∆tL n+1,N

12,ε

)
~̂u
n+1/2

(xi)−
(
I + ∆tL n+1

12,ε

)
~̂u
n+1/2

(xi),

= ∆t ζ
2,n+1/2
x,u , 1 ≤ i ≤ N − 1.

(6.4.5)

therefore 
ζ

1,n+1/2
x,u =

(
L n+1,N

11,ε −L n+1
11,ε

)
~̂u
n+1/2

(xi),

ζ
2,n+1/2
x,u =

(
L n+1,N

12,ε −L n+1
12,ε

)
~̂u
n+1/2

(xi).
(6.4.6)

Let g ∈ C4(0, 1) be a smooth function defined on [0, 1]. Then the Taylor’s expansion

shows that

∣∣(gxx − δ2
xg
)
i

∣∣ ≤


2|(gxx)i|[xi−1,xi+1], if hi 6= hi+1

1

2
(hi + hi+1)|(gxxx)i|[xi−1,xi+1], if hi 6= hi+1

1

12
(hi)

2|(gxxxx)i|[xi−1,xi+1], if hi = hi+1.

(6.4.7)

Next, we discuss the error analysis for the numerical scheme (6.4.1).
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Lemma 6.4.2. Let ~̂u
n+1/2

(x, y) and
~̂
U
n+1/2

xi,y
be the exact and the discrete solutions of

(6.3.7) and (6.4.1), respectively, satisfy the following error bound:∣∣∣∣~̂un+1/2
(xi, y)− ~̂

U
n+1/2

xi,y

∣∣∣∣ ≤ ~C N−2 ln2N, y ∈ Ω
N

y , (6.4.8)

where C is a positive constant independent of y, ε and N .

Proof. From (6.4.6), we have

ζ l,n+1/2
x,u = ε2

(
∂2v̂

n+1/2
l

∂x2
− δ2

xv̂
n+1/2
l

)
+ ε2

(
∂2ŵ

n+1/2
l

∂x2
− δ2

xŵ
n+1/2
l

)
, l = 1, 2.

First, consider the error term corresponding to the smooth component. If xi ∈
{τx, 1 − τx}, then we use the second bound of (6.4.7) otherwise use the third bound of

(6.4.7) with (6.3.14) to get

ε2

∣∣∣∣∣∂2v̂
n+1/2
l

∂x2
− δ2

xv̂
n+1/2
l

∣∣∣∣∣ ≤
 CεN−1, xi ∈ {τx, 1− τx}

CN−2, otherwise
(6.4.9)

Next, we deduce the error estimate for the layer component. Here, we consider the cases

for outer region and inner region separately. First, we assume the case for the outer

region, i.e., xi ∈ [τx, 1− τx]. By using the first estimate of (6.4.7) and derivative bound

(6.3.14), we obtain

ε2

∣∣∣∣∣∂2ŵ
n+1/2
l

∂x2
− δ2

xŵ
n+1/2
l

∣∣∣∣∣ ≤ C

[
exp

(
−βxN/4−1

ε

)
+ exp

(
−β(1− x3N/4+1)

ε

)]
= 2C exp

(
−βτx
ε

)
exp

(
βhN/4
ε

)
≤ CN−2. (6.4.10)

Next, we consider the case for the inner region, i.e., xi ∈ (0, τx) ∪ (1− τx, 1). Again, by

applying the third estimate of (6.4.7) and derivative bound (6.3.14) to deduce

ε2

∣∣∣∣∣∂2ŵ
n+1/2
l

∂x2
− δ2

xŵ
n+1/2
l

∣∣∣∣∣ ≤ CN−2 ln2N. (6.4.11)

Define the piecewise linear function ϕε as follows

ϕε(x) =


xτ−1

x , for x ∈ [0, τx],

1, for x ∈ [τx, 1− τx],

(1− x)τ−1
x , for x ∈ [1− τx, 1],

Now, we define the discrete barrier function as follows

~B±rd(xi) = ~CN−2 ln2N(1 + ϕε(xi))±
(
~̂u
n+1/2

(xi, y)− ~̂U
n+1/2

xi,y

)
, for 0 ≤ i ≤ N.
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Hence, as a result, we get∣∣∣(I + ∆tL n+1,N
11,ε

)
~B±rd(xi)

∣∣∣ ≥ 0,
∣∣∣(I + ∆tL n+1,N

12,ε

)
~B±rd(xi)

∣∣∣ ≥ 0, for 0 ≤ i ≤ N.

Thus, by using the discrete maximum principle (Lemma 6.4.1), we can get (6.4.8).

Lemma 6.4.3. Let ~̂u
n
(x, y) be the exact solution of (6.3.7)-(6.3.8) and

~̂
U
n

xi,yj
be solution

of the semidiscrete scheme (6.4.1)-(6.4.2). Then, the following error estimate holds:∣∣∣∣~̂un+1
(xi, yj)−

~̂
U
n+1

xi,yj

∣∣∣∣ ≤ ~C N−2 ln2N, for all (xi, yj) ∈ D
N

ε , (6.4.12)

where ~C is a positive constant independent of ε and N .

Proof. By following the proof of Lemma 5.4.6, we can obtain the required estimate.

Now, by following the similar technique as presented in Chapter 5, one can deduce∣∣∣∣~̂un+1
(xi, yj)− ~̂U

n+1

xi,yj

∣∣∣∣ ≤ ~C∆tN−2+ν ln2N, (xi, yj) ∈ D
N

ε , (6.4.13)

where N−ν ≤ C∆t with 0 < ν < 1.

By combing results from Lemma 6.3.3 and Lemma 6.4.3 and stability condition

(6.3.6) with (6.4.13), we can obtain the main convergence result as follows:

Theorem 6.4.4. Let ~u(x, y, tn) be the exact solution of (6.1.1) and ~Un
xi,yj

be the solution

of the discrete problem (6.4.3)-(6.4.4). If N−ν ≤ C∆t with 0 < ν < 1, then there exists

a constant C, independent of ε and N , such that∥∥∥~u(xi, yj, tn)− ~Un
xi,yj

∥∥∥
∞
≤ C(∆t+N−2+ν ln2N), (xi, yj, tn) ∈ GN,Mε . (6.4.14)

Proof. By using the methodology from the proof of Theorem 2.5.1, the desired result

follows.

6.5 Numerical Results

In this section, we shall present the numerical results obtained by the discrete scheme

(6.4.3)-(6.4.4). We have chosen the decomposition for reaction term as: b1
lm(x, y, t) =

b2
lm(x, y, t) = blm(x, y, t)/2, l,m = 1, 2, in the following test problem.
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Example 6.5.1. Consider the system of 2D parabolic reaction-diffusion IBVP on G :=

(0, 1)2 × (0, 1]:

∂u1

∂t
− ε2∆u1 + (4 + 2(x2 + y2)t)u1 − (x2 + y2)t u2 = f1(x, y, t),

∂u2

∂t
− ε2∆u2 + (4x2 + y2)t u1 + (2 + (2x2t+ y2t2))u2 = f2(x, y, t),

~u(x, y, 0) = ~0, (x, y) ∈ (0, 1)2,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, 1],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, 1],

where the source term ~f = (f1, f2)T is given by f1 = xy(1− x)(1− y)t2 + x2y2(1− x)(1− y)e−t,

f2 = xy(1− x2)(1− y2)t+ xy(1− x)(1− y)e−t.

Since the exact solution of Example 6.5.1 is not known, the accuracy of the numerical

solution will be determined by using the double mesh principle, i.e., the mesh obtained

for GN,Mε = DNε × ΥM will be exactly taken to produce another set of mesh G2N,2M
ε =

D2N
ε ×Υ2Mwith 2N mesh-intervals in both the x- and y-directions and 2M mesh-intervals

in the t-direction, by bisecting the original mesh GN,Mε .

For each ε, the maximum point-wise error is calculated by

EN,M
l,ε = max

(xi,yj ,tn)∈GN,M
ε

∣∣∣U2n
l,x2i,y2j

− Un
l,xi,yj

∣∣∣ , EN,M
l = max

Sε

EN,M
l,ε , l = 1, 2,

where Un
l,xi,yj

is the computed solution with N mesh-intervals in both the x- and y-

directions and M mesh-intervals in the t-direction and U2n
l,x2i,y2j

is the numerical solution

at 2N mesh-intervals in both the x- and y-directions and 2M mesh-intervals in the

t-direction. And the orders of convergence are calculated by

PN,M
l,ε = log2

(
EN,M
l,ε

E2N,2M
l,ε

)
, PN,M

l = log2

(
EN,M
l

E2N,2M
l

)
, l = 1, 2.

From Table 6.1, we see that the order of convergence is one. Therefore, we can con-

clude that the global errors are dominated by the errors corresponding to the time

discretization. In order to reveal the numerical order of convergence, we have plotted

the maximum pointwise errors in log-log scale for Example 6.5.1 in the Fig. 6.4 and Fig.

6.5, which again shows the accuracy of the numerical scheme.

In order to visualize the numerical solution of Example 6.5.1, we display the surface

plots of the numerical solutions U1 and U2 in Fig. 6.2 and Fig. 6.3. From the surface

plots, one can observe the layer behavior of the numerical solution.
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To show the contribution to global error of both spatial and time discretizations, we

calculate the following orders of convergence

PN,Ml,ε = log2

(
EN,M
l,ε

E2N,4M
l,ε

)
, PN,Ml = log2

(
EN,M
l

E2N,4M
l

)
, l = 1, 2.

To calculate the second-order uniform convergence of the numerical solution, we

have taken the number of intervals in the spatial and temporal directions as N =

8, 16, 32, 64, 128, and M = 2, 8, 32, 128, 512, respectively. For evaluating the maximum

error and order of convergence, we consider the singular perturbation parameters from

the set Sε = {ε| ε = 2−10, 2−12 . . . , 2−20} which is a sufficiently small choice to bring out

the singularly perturbed nature of the problem.

Note that, we have divided the time step by four, whereas the mesh points in space

is doubled at each spatial direction. The reason for choosing such divisions is that, the

order of convergence in time is one, but the order of convergence in space is almost

two. Therefore, the contributions of order of convergence associated with the spatial

discretization and the time discretization can be adjusted. One can verify from Table

6.2, the almost second-order of convergence and thus we conclude that the global errors

are dominated by the errors corresponding to the space discretization. As a complement

of this observation, we have displayed the maximum pointwise errors over the full domain

for Example 6.5.1 in Fig. 6.6 and Fig. 6.7.

6.6 Conclusions

In this chapter, we have analyzed a numerical scheme for a class of singularly perturbed

system of 2D parabolic reaction-diffusion problems. For discretizing the time derivative,

a fraction-step method on the uniform mesh has been used and then the central difference

scheme on the piecewise-uniform Shishkin mesh has been used for the resulting 1D

stationary problems. Truncation error estimate and the stability analysis are obtained.

Error estimate are derived for the proposed numerical scheme which shows that the

the numerical scheme is ε-uniformly convergent of almost second-order in space and

first-order in time. Numerical experiments confirm the theoretical findings for system of

parabolic reaction-diffusion problems.

Ph.D. Thesis 133

TH-2098_136123007



Chapter 6 6.6. Conclusions

00.20.40.60.81
00.20.40.60.81

0

2

4

6

x 10
−3

yx

U
1

Figure 6.2: Surface plot of the numerical solution U1 for ε = 2−10, N = 64, M = 4.
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Figure 6.3: Surface plot of the numerical solution U2 for ε = 2−10, N = 64, M = 4.

Ph.D. Thesis 134

TH-2098_136123007



Chapter 6 6.6. Conclusions

100 102M

10-4

10-3

10-2

10-1

100

M
ax

 E
rr

o
r

O(∆ t)
-12

-16

-20

Figure 6.4: Loglog plot (for the temporal order of convergence) associated with numerical
solution U1 of Example 6.5.1.

100 102
M

10-4

10-3

10-2

10-1

100

M
ax

 E
rr

o
r

O(∆ t)

-12

-16

-20

Figure 6.5: Loglog plot (for the temporal order of convergence) associated with numerical
solution U2 of Example 6.5.1.
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Figure 6.6: Visualization of the order of convergence (with respect to spatial variable)
through loglog plot associated with numerical solution U1 of Example 6.5.1.
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Figure 6.7: Visualization of the order of convergence (with respect to spatial variable)
through loglog plot associated with numerical solution U2 of Example 6.5.1.
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Table 6.1: Uniform errors and the corresponding orders of convergence for Example
6.5.1.

ε ∈ Sε Number of mesh-intervals N/temporal mesh-size ∆t

8/1
2

16/1
4

32/1
8

64/ 1
16

128/ 1
32

EN,M
1 3.0990e-03 1.6282e-03 8.4090e-04 4.2792e-04 2.1700e-04

PN,M
1 0.9485 0.9532 0.9746 0.9796

EN,M
2 1.1557e-02 5.6603e-03 2.4997e-03 1.5610e-03 8.2221e-04

PN,M
2 1.0298 1.0156 0.9728 0.9948

Table 6.2: Uniform errors and the corresponding orders of convergence for Example
6.5.1.

ε ∈ Sε Number of mesh-intervals N/temporal mesh-size ∆t

8/1
2

16/1
8

32/ 1
32

64/ 1
128

128/ 1
512

EN,M
1 3.0990e-3 1.3277e-3 4.7668e-4 1.5254e-4 4.4517e-5

PN,M1 1.2229 1.4778 1.6439 1.7767

EN,M
2 1.1557e-2 3.9458e-3 1.3179e-3 3.9545e-4 1.1019e-4

PN,M2 1.5504 1.5821 1.7366 1.8435
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CHAPTER 7

Analysis of Uniformly Convergent Numerical

Scheme for Singularly Perturbed System of 2D

Parabolic Reaction-Diffusion Problems

In this chapter, we devise a uniformly convergent numerical scheme to solve singularly

perturbed system of 2D parabolic reaction-diffusion problems. The proposed numerical

scheme consists of the central difference scheme on piecewise-uniform Shishkin mesh

for spatial semidiscretization processes and the implicit-Euler scheme on uniform mesh

for time discretization. We derive error estimate for the proposed numerical scheme,

which shows that the scheme is E-uniformly convergent of almost second-order (up to a

logarithmic factor) in space and first-order in time. Numerical results are presented to

validate the theoretical results.

7.1 Introduction

In this chapter, we consider the following singularly perturbed system of 2D parabolic

reaction-diffusion IBVP on the domain G := D × (0, T ],D = Ωx × Ωy = (0, 1)× (0, 1):

∂~u

∂t
+ L~ε ~u = ~f, (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(7.1.1)

where the spatial differential operator L~ε is given by

L~ε ≡ −E2∆ +B(x, y, t).

The diffusion and reaction coefficients of the model problem (7.1.1) are given as E =

diag(ε1, ε2), 0 < ε1 ≤ ε2 � 1 and B = (blm)2×2, respectively.
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We assume that the coefficients of reaction matrix B satisfy
blm > γβ > 0, blm ≤ 0, for l 6= m, with b21 > b12,

min
(x,y,t)∈G

{b11 + b12, b21 + b22} ≥ β2 > 0.
(7.1.2)

Also assume that B satisfies the coercivity condition, i.e., there exist κ > 0 such that

~ξ TB~ξ ≥ κ2~ξ T ~ξ, for all ~ξ ∈ R2, in G. (7.1.3)

Under sufficient smoothness with compatibility conditions imposed on the source term

and the initial data (discussed in Chapter 6), the model problem (7.1.1) admits a unique

solution, which follows from [42].

The main objective of this chapter is to propose a uniformly convergent numerical

scheme for the singularly perturbed system of 2D parabolic reaction-diffusion problems

(7.1.1) on layer-adapted Shishkin mesh. Initially, we discretize the IBVP (7.1.1) in space

by employing the central difference scheme on layer-resolving Shishkin mesh. Later on,

we integrate the resulting stiff initial-value problems by the implicit-Euler scheme on

uniform mesh. We prove that the proposed method is E-uniformly convergent of almost

second-order in space and first-order in time.

The rest of the chapter is organized as follows: In Section 7.2, we have discussed

derivative bounds of the exact solution and solution decomposition has been established.

In Section 7.3, the spatial semidiscretization has been introduced and we have provided

its error analysis. For the time discretization, we have used implicit-Euler scheme on

uniform mesh in Section 7.4. Later, the uniform convergence of the fully discrete scheme

has been established. Numerical results are presented in Section 7.5. Finally in Section

7.6, we summarize the main conclusions.

7.2 Derivative Bounds and the Solution Decompo-

sition

In this section, we discuss the partial derivative bounds of the exact solution ~u of the

model problem (7.1.1) with respect to spatial variables.

For sake of simplicity, set ~Bk(x) = (B1
k(x), B2

k(x))T , where B1
k(x), B2

k(x) are given by

B1
k(x) =

(
1 + ε−k1 Bε1(x) + ε−k2 Bε2(x)

)
, k = 1, 2, 3, 4,

B2
k(x) =

(
1 + ε−k2 Bε2(x)

)
, k = 1, 2,

B2
k(x) =

(
1 + ε2−k

2

(
ε−2

1 Bε1(x) + ε−2
2 Bε2(x)

))
, k = 3, 4,

where β ∈ (0, κ).
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Define matrix B∗(x, y, t) as

B∗ = {b∗lm}2
l,m=1, with b∗ll = bll, b

∗
lm = blm

Bmk
Blk

, l 6= m.

By using assumptions (7.1.2) and (7.1.3), we obtain that

~ξ TB∗~ξ ≥ κ2~ξ T ~ξ, in G, for all ~ξ ∈ R2. (7.2.1)

For the derivation of the spatial partial derivative bounds of the exact solution ~u of

the model problem (7.1.1), without loss of generality we assume that the initial condition

is identically zero. To establish the spatial derivative bounds of the exact solution ~u, we

follow the methodology of Kellogg et al. [38, Lemma 2.3].

Lemma 7.2.1. The spatial derivatives of the exact solution ~u of the model problem

(7.1.1) satisfy the following estimates:∣∣∣∣∂ku1

∂xk

∣∣∣∣ ≤ C
[
1 + ε−k1 Bε1(x) + ε−k2 Bε2(x)

]
, k = 1, 2, 3, 4,∣∣∣∣∂ku2

∂xk

∣∣∣∣ ≤ C
[
1 + ε−k2 Bε2(x)

]
, k = 1, 2,∣∣∣∣∂ku2

∂xk

∣∣∣∣ ≤ C
[
1 + ε2−k

2

(
ε−2

1 Bε1(x) + ε−2
2 Bε2(x)

)]
, k = 3, 4,

for all (x, y, t) ∈ G.

Proof. First, we derive bounds for the partial derivatives of exact solution ~u on the

initial and boundary points. Since ~u(x, y, 0) = ~0 for (x, y) ∈ D, it implies that ∂k~u/∂xk =

∂k~u/∂yk = ~0 for (x, y) ∈ D. Next, we consider ~u(x, 0, t) = ~u(x, 1, t) = ~0 in x ∈
[0, 1], t ∈ [0, T ] which implies that ∂k~u/∂xk = ~0. Next, take ~u(0, y, t) = ~u(1, y, t) = ~0

for y ∈ [0, 1], t ∈ [0, T ], which implies that ∂k~u/∂yk = ~0. For a fixed t ∈ [0, T ],

by using the technique of [52, Lemma 4] and Lemma 6.2.3, we can deduce that, for

(0, y, t), (1, y, t), y ∈ [0, 1] and t ∈ [0, T ]:∣∣∣∣∂ku1

∂xk

∣∣∣∣ ≤ C(ε−k1 + ε−k2 ), k = 1, 2, 3, 4

and ∣∣∣∣∂ku2

∂xk

∣∣∣∣ ≤ Cε−k2 , k = 1, 2,∣∣∣∣∂ku2

∂xk

∣∣∣∣ ≤ Cε−2
2 (ε2−k

1 + ε2−k
2 ), k = 3, 4.
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To establish the derivative bounds of the exact solution ~u in G, we use the induction

principle. Differentiating (6.1.1) with respect to x, k times, we get

∂k+1~u

∂xk∂t
− E2∆

(
∂k~u

∂xk

)
+B

∂k~u

∂xk
=

k−1∑
k2=0

 k

k1

 ∂k−k1B

∂xk−k1
∂k1~u

∂xk1
=: ~Φk, (7.2.2)

where ~Φk satisfies |~Φk| ≤ CBk−1(x), as consequence of inductive hypothesis. Next, define

∂k~u/∂xk = (B1
kũ1, B2

kũ2)T . Then, we have
∂B1

kũ1

∂t
− ε2

1∆ (B1
kũ1) + b11 (B1

kũ1) + b12 (B2
kũ2) = Φk,1,

∂B2
kũ2

∂t
− ε2

2∆ (B2
kũ2) + b21 (B1

kũ1) + b22 (B2
kũ2) = Φk,2.

After simplification it is easy to express the above equations as
∂ũ1

∂t
− ε2

1∆ũ1 − 2ε2
1

1

B1
k

∂B1
k

∂x

∂ũ1

∂x
+

(
b11 − ε2

1

1

B1
k

∂2B1
k

∂x2

)
ũ1 + b12

B2
k

B1
k

ũ2 =
Φk,1

B1
k

,

∂ũ2

∂t
− ε2

2∆ũ1 − 2ε2
2

1

B2
k

∂B2
k

∂x

∂ũ2

∂x
+ b21

B1
k

B2
k

ũ2 +

(
b22 − ε2

2

1

B2
k

∂2B2
k

∂x2

)
ũ2 =

Φk,2

B2
k

.

From definition of matrix B∗ and barrier function ~Bk(x), it is easy to verify that

∂~̃u

∂t
− ε2

2∆~̃u− 2ε2β
∂~̃u

∂x
+ (B∗ − β2I)~̃u ≤

~Φk

~Bk
. (7.2.3)

Taking inner product by ~̃u in (7.2.3) and using assumption (7.2.1), one can deduce that

∂ûk
∂t
− ε2

2∆ûk − 2ε2β
∂ûk
∂x

+ 2(κ2 − β2)ûk ≤ C‖~̃u‖∞, (7.2.4)

where ûk = 1
2
|~̃u|2. Using the estimate of boundary condition of ~u, it follows that

‖~̃u‖∞,∂G ≤ C. Therefore, employing the maximum principle on scalar parabolic problem

(7.2.4), we get ‖~̃u‖∞ ≤ C. Hence, by definition of ~̃u, we obtain that∣∣∣∣∂kul∂xk
(x, y, t)

∣∣∣∣ ≤ CBlk(x), for k = 1, 2, 3, 4 and l = 1, 2,

where (x, y, t) ∈ G. This completes the proof.

Next, we discuss the derivative bounds of the exact solution ~u of the continuous

problem (7.1.1) with respect to spatial variable y.
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Lemma 7.2.2. Let ~u be solution of (7.1.1), then the partial derivatives of ~u with respect

to y satisfy following bounds∣∣∣∣∂ku1

∂yk

∣∣∣∣ ≤ C
[
1 + ε−k1 Bε1(y) + ε−k2 Bε2(y)

]
, k = 1, 2, 3, 4,∣∣∣∣∂ku2

∂yk

∣∣∣∣ ≤ C
[
1 + ε−k2 Bε2(y)

]
, k = 1, 2,∣∣∣∣∂ku2

∂yk

∣∣∣∣ ≤ C
[
1 + ε2−k

2

(
ε−2

1 Bε1(y) + ε−2
2 Bε2(y)

)]
, k = 3, 4.

Proof. By following the technique of proof of Lemma 7.2.1, one can derive the required

estimates.

Here, we consider a numerical example to show boundary layer behavior of exact

solution ~u.

Example 7.2.3. Consider the model problem (7.1.1) on G := (0, 1)2 × (0, 1]:

Assume that the reaction matrix B as

B =

(
5 −3

−1 4

)

and the source term ~f = (f1, f2)T is given by

f1 = 1 + xy, f2 = 1 + x2y2,

with zero initial and boundary data.

For fixed t = 1, the computed solution is shown in Fig. 7.1 along x = y line. One

can see from Fig. 7.1(b) and Fig. 7.1(c), the differences in layer behavior of both the

numerical solution components U1 and U2.

Next, we derive sharper bounds on the derivatives of the exact solution ~u of the

problem (7.1.1), which will be used later in the error estimate. Here, we consider x∗ =

2ε1/α ln(1/ε1) ≤ 1/4. For l = 1, 2 and (x, y, t) ∈ G, set

vl(x, y, t) =



4∑
k=0

(x− x∗)k

k!

∂kul
∂xk

(x∗, y, t), 0 ≤ x < x∗,

ul(x, y, t), x∗ ≤ x ≤ 1− x∗,
4∑

k=0

(x− 1 + x∗)k

k!

∂kul
∂xk

(1− x∗, y, t), 1− x∗ < x ≤ 1.

(7.2.5)

and

~w(x, y, t) = ~u(x, y, t)− ~v(x, y, t), (x, y, t) ∈ G, (7.2.6)
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(a) Original plot along x = y line

x
y

0

0.005

0.01

0.015

0.02

0.025

1
10.9960.9920.99

                  U
1

                   U
2

(b) Layer behavior along x = y line
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(c) Overlapping layer behavior along x = y line

Figure 7.1: Plots of the numerical solution along the line x = y, for ε1 = 2−16, ε2 = 2−10

with discretization parameter N = 64 at time t = 1.
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Chapter 7 7.2. Derivative Bounds and the Solution Decomposition

where ~v is smooth component and ~w is layer component.

Now, we discuss the derivative bounds for both the components ~v, ~w with respect

to the spatial variable x only. Analogously, one can deduce derivative bounds of both

components ~v, ~w for spatial variable y.

Lemma 7.2.4. For all non-negative integer k satisfying 0 ≤ k ≤ 4, the smooth compo-

nent ~v and layer component ~w satisfy the following estimates:∣∣∣∣∂kvl∂xk

∣∣∣∣ ≤ C
(
1 + ε2−k

l

)
, 0 ≤ k ≤ 4, l = 1, 2

and ∣∣∣∣∂kw1

∂xk

∣∣∣∣ ≤ C
(
ε−k1 Bε1(x) + ε−k2 Bε2(x)

)
, 0 ≤ k ≤ 4,∣∣∣∣∂kw2

∂xk

∣∣∣∣ ≤ Cε−k2 Bε2(x), 0 ≤ k ≤ 2,∣∣∣∣∂kw2

∂xk

∣∣∣∣ ≤ C
(
ε2−k

2

(
ε−2

1 Bε1(x) + ε−2
2 Bε2(x)

))
, k = 3, 4,

for all (x, y, t) ∈ G.

Proof. By using Lemma 7.2.1, we obtain that∣∣∣∣∂ku1

∂xk
(x∗, y, t)

∣∣∣∣ ≤ C
(
1 + ε−k1 Bε1(x∗) + ε−k2 Bε2(x∗)

)
≤
(
1 + C1ε

−k
1 ε2

1 + C2ε
−k
2 ε2

1

)
≤ C(1 + ε2−k

1 ), 0 ≤ k ≤ 4.

Assume that x ∈ [0, x∗], then use definition of the smooth component from (7.2.5) to

deduce that ∣∣∣∣∂kv1

∂xk
(x, y, t)

∣∣∣∣ ≤ C
(
1 + ε2−k

1

)
, 0 ≤ k ≤ 4. (7.2.7)

Next, we consider the second component in x ∈ [0, x∗], for k = 0, 1, 2, we have∣∣∣∣∂ku2

∂xk
(x∗, y, t)

∣∣∣∣ ≤ C
(
1 + ε−k2 Bε2(x∗)

)
≤ C(1 + ε2−k

2 ).

Therefore, by using the previous technique, one can easily deduce that∣∣∣∣∂kv2

∂xk
(x, y, t)

∣∣∣∣ ≤ C
(
1 + ε2−k

2

)
, 0 ≤ k ≤ 2. (7.2.8)

A simple calculation leads to obtain the required estimate for k = 3, 4 for the smooth

component v2.
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In a similar manner, we can obtain the required estimate in [1 − x∗, 1]. For x ∈
[x∗, 1− x∗], it is easy to verify that∣∣∣∣∂kv1

∂xk
(x, y, t)

∣∣∣∣ =

∣∣∣∣∂ku1

∂xk
(x, y, t)

∣∣∣∣ ≤ C
(
1 + ε−k1 Bε1(x∗) + ε−k2 Bε2(x∗)

)
≤ C

(
1 + ε2−k

1

)
, 0 ≤ k ≤ 4.

An analogous result holds for the smooth component v2. By using the decomposition

(7.2.6), we can obtain the desired results for the layer component ~w.

Lemma 7.2.5. Suppose that ε1 < ε2. Then, the layer component ~w = (w1, w2)T can be

decomposed as

w1 = w1,ε1 + w1,ε2 , w2 = w2,ε1 + w2,ε2 ,

where the layer components wl,εl , l = 1, 2 satisfy following estimates∣∣∣∣∂2w1,ε1

∂x2

∣∣∣∣ ≤ Cε−2
1 Bε1(x),

∣∣∣∣∂2w2,ε1

∂x2

∣∣∣∣ ≤ Cε−2
2 Bε1(x)∣∣∣∣∂3w1,ε2

∂x3

∣∣∣∣ ≤ Cε−3
1 Bε2(x),

∣∣∣∣∂3w2,ε2

∂x3

∣∣∣∣ ≤ Cε−3
2 Bε2(x).

Further, the layer component ~w = (w1, w2)T can be decomposed as

w1 = w̄1,ε1 + w̄1,ε2 , w2 = w̄2,ε1 + w̄2,ε2 ,

and these layer components satisfy∣∣∣∣∂2w̄1,ε1

∂x2

∣∣∣∣ ≤ Cε−2
1 Bε1(x),

∣∣∣∣∂2w̄2,ε1

∂x2

∣∣∣∣ ≤ Cε−2
2 Bε1(x)∣∣∣∣∂4w̄1,ε2

∂x4

∣∣∣∣ ≤ Cε−2
1 ε−2

2 Bε2(x),

∣∣∣∣∂4w̄2,ε2

∂x4

∣∣∣∣ ≤ Cε−4
2 Bε2(x).

Proof. By using the methodology of [52, Lemma 5] and [49, Lemma 2], one can derive

required estimates.

7.3 The Spatial Semidiscretization

In this section, we describe the layer-adapted Shishkin meshes for the spatial directions,

then we discretize the spatial derivatives of the model problem (7.1.1) by using the

central difference scheme. Before closing this section, we will discuss the truncation

error estimate for the spatial discretization process.
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7.3.1 Discretization of the domain

We discretize the problem (7.1.1) on a rectangular mesh DNε = Ω
N

x × Ω
N

y . The mesh

transition parameters τx,ε1 , τx,ε2 , τy,ε1and τy,ε2 are defined by

τx,ε2 = τy,ε2 = min

{
1

4
,
2ε2

β
lnN

}
, and τx,ε1 = τy,ε1 = min

{
1

8
,
τx,ε2

2
,
2ε1

β
lnN

}
.

We construct the mesh Ω
N

x by dividing the interval [0, 1] into five subintervals such

as [0, τx,ε1 ], [τx,ε1 , τx,ε2 ] [τx,ε2 , 1 − τx,ε2 ], [1 − τx,ε2 , 1 − τx,ε1 ] and [1 − τx,ε1 , 1]. Then divide

[τx,ε2 , 1 − τx,ε2 ] into N/2 mesh-intervals and divide other subintervals in to N/8 mesh-

intervals. Analogously, we proceed for Ω
N

y . The step sizes in both the spatial directions

will be expressed as hx,i = xi − xi−1, i = 1, . . . , N, h̃x,i = hx,i + hx,i+1, i = 1, . . . , N − 1,

hy,j = yj − yj−1, j = 1, . . . , N, h̃y,j = hy,j + hy,j+1, j = 1, . . . , N − 1.

Figure 7.2 shows a typical discretized domain with the Shishkin meshes.

1− τy;"1

1− τy;"2

τy;"2

τy;"1

0

1

τx;"1
τx;"2

1− τx;"2 1− τx;"1

1

Figure 7.2: Example of Shishkin mesh DNε for N = 16

Note that when τx,ε2 = τy,ε2 = 1/4, the meshes will become uniform and N−1 is

exponentially small relative to ε2, therefore, in this case the classical approach can be
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Chapter 7 7.3. The Spatial Semidiscretization

applied for derivation of the truncation error. If τx,ε1 = τx,ε2/2, τy,ε1 = τy,ε2/2 then

ε2 = O(ε1) and the result can be easily obtained. Therefore, we only consider the case

τx,ε1 < τx,ε2/2, and τy,ε1 < τy,ε2/2.

7.3.2 The semidiscrete scheme

Here, we present the numerical scheme (finite difference spatial semidiscretization) for

the model problem (7.1.1) to obtain the approximation of the exact solution ~u(xi, yj, t),

where (xi, yj) are the mesh points of the rectangular mesh DNε . Let us denote [·]N the

restriction of a function defined on Ωx to Ω
N

x . The central difference scheme is used

to approximate the differential operator L~ε. Thus, ~uN(t) is defined as the solution of

following IVP of the form ~u ′N(t) + LN~ε ~uN(t) = [
~̃
f ]N(t), in DNε ,

~uN(0) = [~u0]N ,
(7.3.1)

where LN~ε is spatial discretization of the system of the elliptic reaction-diffusion operator

L~ε and the source term
~̃
f is given by

[
~̃
f ]N(t) =


~f(xi, yj, t), (xi, yj) ∈ DNε ,

~0, (xi, yj) ∈ ∂DNε = DNε \ DNε .

Hence, the difference scheme can be expressed as follows:

LNε1~uN(t)(xi, yj) ≡ r1
i,j−u1N (t)(xi, yj−1) + r1

i−,ju1N (t)(xi−1, yj)

+r1
i,ju1N (t)(xi, yj) + r1

i,j+u1N (t)(xi, yj+1)

+r1
i+,ju1N (t)(xi+1, yj) + q1

i,ju2N (t)(xi, yj),

for i, j = 1, . . . , N − 1,

LNε1~uN(t)(xi, yj) ≡ u1N (xi, yj, t) = 0, for i, j = 0, N,

LNε2~uN(t)(xi, yj) ≡ r2
i,j−u2N (t)(xi, yj−1) + r2

i−,ju2N (t)(xi−1, yj)

+r2
i,ju2N (t)(xi, yj) + r2

i,j+u2N (t)(xi, yj+1)

+r2
i+,ju2N (t)(xi+1, yj) + q2

i,ju1N (t)(xi, yj),

for i, j = 1, . . . , N − 1,

LNε2~uN(t)(xi, yj) ≡ u2N(xi, yj, t) = 0, for i, j = 0, N,

(7.3.2)
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where the coefficients are given by

rli,j−(t) =
−2εl

h̃y,jhy,j
, rli−,j(t) =

−2εl

h̃x,ihx,i
, l = 1, 2,

rli,j+(t) =
−2εl

h̃y,jhy,j+1

, rli+,j(t) =
−2εl

h̃x,i+1hx,i
,

rli,j(t) = bll(xi, yj, t)− rli,j−(t)− rli−,j(t)− rli,j+(t)− rli+,j(t),

q1
ij(t) = b12(xi, yj, t), q2

ij(t) = b21(xi, yj, t).

(7.3.3)

Lemma 7.3.1. (Discrete maximum principle) Let LN~ε , be the difference operators

given in (7.3.2)-(7.3.3). If [~f ]N ≥ ~0 and [~u0]N ≥ ~0, for any (xi, yj) ∈ D
N

ε , then we have

~uN(t) ≥ ~0 for all (xi, yj, t) ∈ D
N

ε × [0, T ].

Proof. We prove this lemma by contradiction. Assume that there exists a point

(xi∗ , yj∗) ∈ DNε , t > 0 such that

min {u1N (t)(xi∗ , yj∗), u2N (t)(xi∗ , yj∗)}

= min

{
min

(xi,yj)∈DN
ε

u1N (t)(xi, yj), min
(xi,yj)∈DN

ε

u2N (t)(xi, yj)

}
< 0,

without loss of generality we assume that u1N (t)(xi∗ , yj∗) ≤ u2N (t)(xi∗ , yj∗). Therefore,

it follows that u′1N (t)(xi∗ , yj∗) ≤ 0 for t ∈ (0, T ].

Next, consider the first component of the source term as

f1(xi∗ , yj∗ , t) = u′1N (t)(xi∗ , yj∗) + LNε1~uN(t)(xi∗ , yj∗)

≤ r1
i,j−u1N (t)(xi∗ , yj∗−1) + r1

i−,ju1N (t)(xi∗−1, yj∗)

+r1
i,ju1N (t)(xi∗ , yj∗) + r1

i,j+u1N (t)(xi∗ , yj∗+1)

+r1
i+,ju1N (t)(xi∗+1, yj∗) + q1

i,ju2N (t)(xi∗ , yj∗) < 0,

which contradicts the hypothesis of the lemma, therefore, we have ~uN(t) ≥ ~0, for all

(xi, yj, t) ∈ D
N

ε × [0, T ].

An immediate consequence of Lemma 7.3.1 is the following result.

Corollary 7.3.2. If a vector function ~φ defined on DNε × [0, T ], ~φ(xi, yj, 0) ≥ ~0 and it

satisfies that

~φ ′(t)(x, y) +
(
LN~ε

~φ(t)
)

(x, y) ≥ ~0, ∀(x, y, t) ∈ DNε × [0, T ],

then, ~φ(t)(x, y) ≥ ~0 for all (x, y, t) ∈ DNε × [0, T ].
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7.3.3 Truncation error

Next, we define the global error ~eN(t) and the local truncation error ~eLN(t) for spatial

discrete scheme (7.3.1) at any time t ∈ [0, T ], as follows

~eN(t) = [~u(t)]N − ~uN(t), ~eLN(t) =

(
d

dt
+ LN~ε

)
[~u(t)]N −

[(
∂

∂t
+ L~ε

)
~u(t)

]
N

.

By using the smoothness properties of ~u, the local truncation error ~eLN(t) can be written

as

~eLN(t) = LN~ε [~u(t)]N − [L~ε~u(t)]N . (7.3.4)

From the definition of the global error ~eN(t) and the local truncation error ~eLN(t), we

deduce the following relation (
d

dt
+ LN~ε

)
~eN(t) = ~eLN(t). (7.3.5)

The local truncation error ~eLN(t) can be written as

~eLN(t) = ~eLx,N(t) + ~eLy,N(t),

where

~eLx,N(t) = E2
(
[~uxx(t)]N − δ

2
x~uN(t)

)
, ~eLy,N(t) = E2

(
[~uyy(t)]N − δ

2
y~uN(t)

)
.

Also, express the global error as ~eN(t) = ~ex,N(t) + ~ey,N(t). Hence, we split (7.3.5) as

follows: (
d

dt
+ LN~ε

)
~ex,N(t) = ~eLx,N(t), (7.3.6)

(
d

dt
+ LN~ε

)
~ey,N(t) = ~eLy,N(t). (7.3.7)

Here, we analyze the error related to (7.3.6), analogously one can proceed for (7.3.7).

By using the solution decomposition (7.2.6), the local truncation error can be ex-

pressed as  ~eLx,N(t) = E2 ([~vxx(t)]N − δ2
x~vN(t)) + E2 ([~wxx(t)]N − δ2

x ~wN(t)) ,

~eLy,N(t) = E2
(
[~vyy(t)]N − δ

2
y~vN(t)

)
+ E2

(
[~wyy(t)]N − δ

2
y ~wN(t)

)
.

By following the approach of [49] and using the derivative bound of smooth and layer

component (given in Lemma 7.2.4 and Lemma 7.2.5) with appropriate estimate from
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(6.4.7), the local truncation error ~eLx,N(t) =
(
(~eLx,N)1, (~e

L
x,N)2

)
(t) satisfies

(
~eLx,N

)
l
(t) =



CN−2 ln2N, for xi /∈ {τx,ε1 , τx,ε2 , 1− τx,ε2 , 1− τx,ε1} , l = 1, 2,

C(ε1ε
−1
2 N−1 +N−2), for xi ∈ {τx,ε1 , 1− τx,ε1}, l = 1,

C(ε−1
1 ε2N

−1 +N−2), for xi ∈ {τx,ε1 , 1− τx,ε1}, l = 2,

C(ε2
1ε
−1
2 N−1 +N−2), for xi ∈ {τx,ε2 , 1− τx,ε2}, l = 1,

C(ε2N
−1 +N−2), for xi ∈ {τx,ε2 , 1− τx,ε2}, l = 2.

Next, we construct barrier functions for the truncation error. Define the piecewise linear

functions ϕε1 and ϕε2 as follows

ϕεl(x) =


xτ−1

x,εl
, for x ∈ [0, τx,εl ],

1, for x ∈ [τx,εl , 1− τx,εl ],

(1− x)τ−1
x,εl
, for x ∈ [1− τx,εl , 1],

for l = 1, 2. The discrete barrier function ~Ψ(xi, yj, t) is given by

~Ψ(xi, yj, t) = ~CN−2 ln2N (1 + ϕε1(xi) + ϕε2(xi)) c± ~ex,N(t)(xi, yj).

It is easy to verify that
~Ψ′(t)(xi, yj) +

(
LN~ε

~Ψ(t)
)

(xi, yj) ≥ ~0, ∀(xi, yj, t) ∈ DNε × [0, T ],

~Ψ(t)(xi, yj, 0) > ~0, ∀(xi, yj) ∈ D
N

ε .

Therefore, by using the maximum principle given in Lemma 7.3.1 on DNε × [0, T ], we

obtain that

|~ex,N(t)| ≤ ~CN−2 ln2N.

By following the similar technique, one can show that |~ey,N(t)| ≤ ~CN−2 ln2N .

We have the following truncation error estimate for the spatial discretization process

(7.3.1).

Theorem 7.3.3. Let ~uN(t) be the numerical approximation of the exact solution ~u of

model problem (7.1.1). Then, the global error ~eN(t) satisfies

‖~eN(t)‖∞ ≤ CN−2 ln2N, for all t ∈ [0, T ]. (7.3.8)

Hence, we conclude that the spatial discretization is an almost second-order uniformly

convergent scheme.
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7.4 The Discrete Problem

In this section, we introduce the numerical scheme (consists of the implicit-Euler method)

to discretize the semidiscrete problem (7.3.1). Later, the convergence analysis of the fully

discrete scheme has been established.

7.4.1 The fully discrete scheme

We consider the implicit-Euler method for the time discretization. Consider the uniform

mesh Υ
M

= {tn = n∆t, ∆t = T/M, n = 0, 1, . . . ,M}. Assume that ~unN is the numerical

approximation of ~uN(tn), be the solution of the following fully discrete scheme:
~unN − ~un−1

N

∆t
+ LN,M~ε ~unN = [

~̃
f ]N(tn), n = 1, . . . ,M,

~u0
N = [~u0]N .

(7.4.1)

The fully discrete scheme (7.4.1) can be expressed as
(
I + ∆tLN,M~ε

)
~unN = ~un−1

N + ∆t[
~̃
f ]N(tn),

~u0
N = [~u0]N .

(7.4.2)

By following the technique described in Lemma 6.2.3, one can obtain the following time

derivative estimate

‖~u ′′N(t)‖∞ ≤ C, t ∈ [0, T ]. (7.4.3)

Stability

Lemma 7.4.1. The difference operator
(
IN + ∆tLN,M~ε

)
defined in (7.4.2) satisfies sta-

bility condition as follows: ∥∥∥∥(I + ∆tLN,M~ε

)−1
∥∥∥∥
∞
≤ 1.

Proof. By following the methodology of [14], it can be easily deduced.

Consistency

The local truncation error ~enN of the numerical scheme (7.4.1) at the time level tm is

defined by

~enN = ~uN(tn)−
(
I + ∆tLN,M~ε

)−1
(
~uN(tn−1) + ∆t[

~̃
f ]N(tn)

)
.
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Lemma 7.4.2. The local truncation error corresponding to the discrete scheme (7.4.1)

satisfies the following estimate

‖~enN‖∞ ≤ C(∆t)2.

Proof. By applying the Taylor expansion on ~uN(tn−1) and using the derivative bound

(7.4.3) with stability condition (Lemma 7.4.1), one can obtain the desired estimate.

Convergence

Define the global error in time for numerical scheme (7.4.1) as follows

~E n
N = ~uN(tn)− ~unN .

By combining the consistency and stability results, we obtain the convergence results:

Lemma 7.4.3. The global truncation error of the discrete scheme(7.4.1) satisfies

| ~E n
N‖∞ ≤ C∆t.

Proof. By combining the stability result (Lemma 7.4.1) and the consistency result given

in Lemma 7.4.2, we get the required result.

7.4.2 Uniform convergence

We define the global error at each spatial mesh point (xi, yj) and at each time level tm

as usual, i.e.,
~En
i,j = ~u(xi, yj, tn)− ~unN(xi, yj).

The main result of this chapter is discussed in the following theorem.

Theorem 7.4.4. The global truncation error satisfies

‖ ~En
i,j‖∞ ≤ C(N−2 ln2N + ∆t),

where constant C is independent of ε1, ε2, N and M .

Proof. Split the error contribution of the time and the spatial discretization process as

follows:

‖ ~En
i,j‖∞ ≤ C‖~u(xi, yj, tn)− ~uN(tn)‖∞ + ‖ ~En

N‖∞.

By combining the uniform convergence results of the spatial and the time discretization

process (7.3.8) and Lemma 7.4.3 respectively, we obtain the required estimate.

Ph.D. Thesis 152

TH-2098_136123007



Chapter 7 7.5. Numerical Results

7.5 Numerical Results

To illustrate the accuracy of the numerical method and the theoretical results of the error

analysis, we present some numerical results. The numerical experiments are performed

by choosing the time discretization parameter ∆t = 1/M .

Example 7.5.1. Consider the following system of 2D parabolic reaction-diffusion IBVP

on G := (0, 1)2 × (0, 1]:

∂u1

∂t
− ε2

1∆u1 + (2 + x2y2t2)u1 − (1 + x2y2t)u2 = e−txy(1− x)(1− y),

∂u2

∂t
− ε2

2∆u2 − (x2y2t)u1 + (4 + x2y2t2)u2 = e−tx2y2(1− x)(1− y),

~u(x, y, 0) = (x+ y + 1, x2y2 + 1)T , (x, y) ∈ (0, 1)2,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, 1],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, 1].

For our experiments, the singular perturbation parameters takes value on the set

Sε = {(ε1, ε2)|(2−12, 2−10), (2−16, 2−12), (2−20, 2−14)}, which is a sufficiently small choice

to bring out the singularly perturbed nature of the problem.

From Table 7.1, we can see that the order of convergence is one. Therefore, we can

conclude that the global errors are dominated by the errors corresponding to the time

discretization. In order to visualize the numerical order of convergence, we have plotted

the maximum pointwise errors in loglog plot for Example 7.5.1 in Fig. 7.3 and Fig. 7.4,

which again shows the accuracy of the numerical scheme.

From Table 7.2, one can verify the almost second-order convergence and therefore,

we conclude that the global errors are dominated by the errors corresponding to the

space discretization. To visualize the order of convergence of the numerical solutions,

we have also plotted the maximum point-wise errors for Example 7.5.1 and in Fig. 7.5

and Fig. 7.6.

7.6 Conclusions

In this chapter, we have numerically solved the singularly perturbed system of 2D

parabolic reaction-diffusion problem of the form (7.1.1), using the uniform mesh for

the temporal domain and the piecewise-uniform Shishkin mesh for the spatial domains.

For discretizing the spatial derivatives, central difference scheme has been used and then

the implicit-Euler scheme has been used in the resulting semidiscrete scheme. For the

proposed scheme, the stability and error analysis have been carried out, which shows
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Figure 7.3: Loglog plot (for the temporal order of convergence) associated with numerical
solution U1 of Example 7.5.1.

that the method converges uniformly with second-order (up to a logarithmic factor) in

space and first-order in time. Along with the analysis, we have presented numerical

example to verify the theoretical findings.

Table 7.1: Uniform errors and the corresponding orders of convergence for Example
7.5.1.

Sε Number of mesh-intervals N/temporal mesh-size ∆t

16/1
8

32/ 1
16

64/ 1
32

128/ 1
64

EN,M
1 2.4424e-02 1.3726e-02 7.3077e-03 3.7730e-03

PN,M
1 0.8313 0.9094 0.9537

EN,M
2 2.3839e-02 1.2967e-02 6.9265e-03 3.6540e-03

PN,M
2 0.8784 0.9046 0.9226
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Figure 7.4: Loglog plot (for the temporal order of convergence) associated with numerical
solution U2 of Example 7.5.1.
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Figure 7.5: Loglog plot associated with numerical solution U1 of Example 7.5.1.
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Table 7.2: Uniform errors and the corresponding orders of convergence for Example
7.5.1.

Sε Number of mesh-intervals N/temporal mesh-size ∆t

16/1
8

32/ 1
32

64/ 1
128

128/ 1
512

EN,M
1 3.9144e-02 1.3726e-02 3.7693e-03 9.6636e-04

PN,M1 1.5118 1.8646 1.9637

EN,M
2 3.6640e-02 1.2967e-02 3.6592e-03 9.5164e-04

PN,M2 1.4986 1.8252 1.9430
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Figure 7.6: Loglog plot associated with numerical solution U2 of Example 7.5.1.
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CHAPTER 8

Summary and Future Scopes

This chapter is devoted to a brief overview of main results achieved in this thesis. It

also highlights the scope for possible extension and future investigations.

8.1 Summary of the Results

The main core of this thesis is to develop E-uniform fitted mesh methods for solving

singularly perturbed system of parabolic PDEs in one- and two-dimensions. The results

of this thesis with some important observations are briefly described below:

• A uniformly convergent upwind finite scheme is proposed and analyzed for sin-

gularly perturbed system of 1D parabolic convection-diffusion problems. First,

the time derivative is discretized by the implicit-Euler scheme on uniform mesh.

Then, the spatial derivatives are substituted by the classical upwind scheme on

piecewise-uniform Shishkin mesh in the resulting time semidiscrete problem. It

is shown that the numerical method is almost first-order accurate in the discrete

supremum norm. This computational technique is extended for singularly per-

turbed system of linear and semilinear parabolic convection-diffusion problems.

Later, a post-processing technique is discussed, which improves the accuracy of

the proposed numerical scheme on the piecewise-uniform Shishkin mesh. Numeri-

cal experiments are conducted to validate the theoretical findings.

• Next, a parameter-uniform hybrid numerical is considered for solving singularly

perturbed system of 1D parabolic convection-diffusion IBVP on Shishkin mesh.

The scheme consists of the implicit-Euler scheme for the time derivative and the

hybrid numerical scheme for the spatial derivatives. Hybrid numerical scheme is a

proper combination of midpoint scheme and central difference scheme. It is shown

that the discrete solution obtained by this technique is almost second-order spatial
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accurate in the discrete supremum norm, provided the perturbation parameters ε1

and ε2 satisfy ε1, ε2 ≤ N−1 (the most important case from practical point of view).

Numerical results are presented to verify the theoretical error estimates.

• Then, singularly perturbed system of 1D parabolic convection-diffusion with dis-

continuous convection coefficient and source term is analyzed using implicit-Euler

for the time derivative and upwind difference for the spatial derivative on piecewise-

uniform spatial mesh and uniform time mesh. The parameter-uniform error esti-

mates are derived for the numerical solution. To support the theoretical results,

numerical experiments are carried out. Moreover, maximum errors are plotted in

the loglog scale to show the convergence rate.

• In the literature, so far there exist no result where a singularly perturbed system

of 2D parabolic convection-diffusion problem is solved numerically. To discretize

the time derivative, the fractional-step method is used. Then the classical upwind

scheme is used on the piecewise-uniform Shishkin meshes in the spatial directions,

for the 1D stationary problems resulting of the previous step. Error estimates are

derived for the numerical scheme, which are independent of the singular perturba-

tion parameter ε. Numerical results reveal the theoretical error estimate.

• We proposed a parameter-uniform fractional-step method to solve singularly per-

turbed system of 2D parabolic reaction-diffusion IBVP with one perturbation pa-

rameter. The theoretical and numerical results explains that the error converges at

the rate of first-order in temporal variable and almost second-order in the spatial

variables.

• Finally, we have solved numerically the singularly perturbed system of 2D parabolic

reaction-diffusion problems with different perturbation parameters. First, spatial

derivatives are discretized by the central difference scheme on piecewise-uniform

Shishkin mesh. Then, the time derivative is discretized, in resulting IVP, by the

implicit-Euler scheme on uniform mesh. It is shown that the error estimate ob-

tained for the proposed numerical scheme is almost second-order accurate in space

and first-order in time. Numerical results are produced to validate the theoretical

error estimates.

8.2 Scope for Future Work

A brief outline, describing the possible extensions of the current work to be carried out

in the future with suitable model problems, are presented below:
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In Chapter 2 we presented the numerical analysis for singularly perturbed weakly

coupled system of parabolic convection-diffusion IBVP exhibiting boundary layers. The

problem is analyzed using implicit-Euler difference scheme for the time derivative and

upwind difference scheme for the spatial derivative on a layer-adapted mesh.

The numerical scheme applied developed in Chapter 2 can be applied to strongly

coupled system of parabolic convection-diffusion problem of the form
∂~u

∂t
− E ∂

2~u

∂x2
−A(x)

∂~u

∂x
+ B(x)~u = ~f, (x, t) ∈ Q,

~u(x, 0) = ~u0(x), x ∈ Ωx,

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(8.2.1)

where E = diag(ε1, ε2) and A(x) = (alm(x))2×2, B(x) = (blm(x))2×2. The coefficients

matrices A,B satisfy the following positivity conditions:
a11(x) ≥ α > 0, a22(x) ≥ α > 0,

min
x∈Ωx

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0.

In addition assume that B is an L0 -matrix. The coefficients of matrices A, B, source

term ~f are sufficiently smooth.

The hybrid difference scheme discussed in Chapter 3 can be applied to the above

model problem (8.2.1) and also one can use this numerical scheme to obtain higher

order numerical approximate solution of the model problem discussed in Chapter 4.

In Chapter 4, we analyzed upwind based difference scheme for singularly perturbed

system of parabolic convection-diffusion with discontinuous convection coefficient and

source term. One can use this method to solve system of convection-diffusion problem

with degenerate convective term and a discontinuous source term of the form
∂~u

∂t
− E2∂

2~u

∂x2
− µx2p+1A(x)

∂~u

∂x
+B(x)~u = ~f, (x, t) ∈ Q̃− ∪ Q̃+,

~u(x, 0) = ~u0(x), x ∈ [−d, d],

~u(0, t) = ~0, ~u(1, t) = ~0, t ∈ (0, T ],

(8.2.2)

where 0 ≤ µ � 1, E = diag(ε1, ε2), µ ≤ ε1, ε2, Q̃
− = (−d, 0) × (0, T ] and Q̃+ =

(0, d) × (0, T ]. The coefficients of convection matrix A(x) = diag(a1, a2) and reaction

matrix B(x) = (blm(x))2×2 are sufficiently smooth and satisfy the following conditions
a1(x), a2(x) ≥ α > 0, x ∈ [−d, d]

min
x∈[−d,d]

{b11(x) + b12(x), b21(x) + b22(x)} ≥ β > 0.
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The source term ~f(x, t) is sufficiently smooth on Q̃− ∪ Q̃+.

In Chapter 5, we considered singularly perturbed system of 2D parabolic convection-

diffusion problem with one parameter. It will be interesting to develop fractional-step

method for system of 2D parabolic IBVP of the form

∂~u

∂t
− E

(
∂2~u

∂x2
+
∂2~u

∂y2

)
+ A(x, y)

∂~u

∂x
+B(x, y)~u = ~f, (x, y, t) ∈ G,

~u(x, y, 0) = ~u0(x, y), (x, y) ∈ D,

~u(0, y, t) = ~u(1, y, t) = ~0, (y, t) ∈ [0, 1]× [0, T ],

~u(x, 0, t) = ~u(x, 1, t) = ~0, (x, t) ∈ [0, 1]× [0, T ],

(8.2.3)

where E = diag(ε1, ε2) with A = diag(a1, a2) and B = {blm}2
l,m=1. We assume that the

matrices A, B are sufficiently smooth and satisfy the following conditions

a1(x, y), a2(x, y) > α > 0,

bll(x, y) > γβ > 0, blm(x, y) ≤ 0, for l 6= m,

min
(x,y)∈D

{b11(x, y) + b12(x, y), b21(x, y) + b22(x, y)} ≥ β > 0,

γ1 = max
D
{|b12(x, y)| /b11(x, y)}, γ2 = max

D
{|b21(x, y)| /b22(x, y)}.

We assume that the source term and initial data of the model problem (8.2.3) are satisfy

certain smoothness conditions.

Finally, in Chapter 7, we presented uniformly convergent numerical scheme to solve

singularly perturbed system of 2D parabolic reaction-diffusion problem. It will be in-

teresting to develop parameter uniform computation technique to solve system of 2D

parabolic reaction-diffusion type problem with discontinuous source term.
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