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Abstract

This dissertation deals with the design and analysis of smart functionally graded (FG)
plates using a 1-3 piezoelectric fiber-reinforced composite (PFRC). Two types of graded
plates namely isotropic FG plate (ceramic-metal) and laminated FG composite plate are
considered for the analysis. The PFRC acts as a material of actuator layer which is either
directly attached to the surface of the host plate or attached to the same in the form of
active constrained layer damping (ACLD). First, a geometrically nonlinear vibration
analysis of smart isotropic FG plates (ceramic-metal) with a heated plate-surface is
performed in the frequency-domain. The composition of ceramic and metal constituents
in the isotropic FG plate is considered to vary from ceramic to metal across the thickness
of the plate according to a simple power-law, and the ceramic-rich surface is exposed to
a high temperature across the thickness of the plate. The PFRC-layer directly attached to
the host plate-surface is utilized to induce smart damping in the overall FG plate, and
the effects of plate-surface temperature on the nonlinear vibration characteristics of the
smart FG plate in the frequency domain as well as on the corresponding control-
performance of PFRC-actuator are investigated. The analysis is further extended for
investigating the effect of FG plate-surface temperature on the control-performance of
PFRC-actuator when it is used in the form of ACLD-layer. As a novel development, the
Golla-Hughes-McTavish (GHM) method is implemented to model the constrained
viscoelastic layer of ACLD arrangement for the analysis of nonlinear frequency
responses of smart isotropic FG plates under the plate-surface temperature. An
incremental finite element (FE) model of the overall smart heated FG plate is developed
in the frequency-domain and the corresponding FE equations of motion are solved using
an arc-length extrapolation solution technique in combination with a proposed strategy
for determination of incremental arc-length. The numerical illustrations show a potential
use of PFRC as a material for distributed actuator or active constraining layer of ACLD
arrangement in control of nonlinear frequency responses of heated isotropic FG plates.
The analysis reveals the significant effects of initial thermal bending of the overall smart
FG plate on its nonlinear dynamic behavior in the frequency-domain. The effects of
temperature, constituent-volume fractions in FG substrate, fiber volume fraction in
PFRC and fiber orientation angle in PFRC on the active damping in the overall smart FG
plate are presented. For the use of PFRC-actuator/ ACLD layer in the form of a patch, a
new numerical strategy for determining its effective size and location over the surface of
host FG plate is also presented.

Next, the design and analysis of smart laminated FG composite plates are carried out
considering one (ACLD) of the smart layers to induce active damping in the overall
plate. The substrate laminated FG composite plate is constructed through the
proposition of a new lamination scheme that involves the design of a graded orthotropic
fiber-reinforced composite ply. The main objective in this design is to achieve
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continuous variations of material properties and stresses along the thickness direction of
laminated composite plates. The graded orthotropic composite ply is supposed to be a
stack of uniformly oriented unidirectional fiber-reinforced composite layers. Every layer
is comprised of one row of horizontally coplanar continuous fibers. The fiber-volume
fraction (FVF) varies among the layers following a simple power-law that yields graded
material properties of the composite ply across its thickness. Its effective graded elastic
properties are predicted utilizing FE procedure in conjunction with an available concept
of homogeneous model for FG composites. Utilizing this graded ply as well as
conventional composite ply, the new lamination scheme is demonstrated through the
conversion of a conventional laminated composite plate (CLCP) into a conventional-
graded laminated composite plate (CGLCP). The suitability of this conversion/new
lamination scheme is substantiated through the nonlinear bending analysis of both the
plates (CLCP and CGLCP) and also, the nonlinear frequency response analysis of the
same plates integrated with an ACLD layer. The bending responses of both the plates
reveal ample changes of laminate-rigidity and maximum values of stresses for the
conversion of a CLCP into a CGLCP while achieving the advantage of continuous
variations of material properties in the thickness direction. Apart from this static result,
the evaluated frequency responses of both the smart plates (CLCP and CGLCP) reveal
close dynamic characteristics of a CGLCP to those of the corresponding CLCP. But, this
similarity primarily depends on the way of utilization of graded orthotropic composite
ply in the implementation of proposed lamination scheme. The change in the control-
performance of ACLD-layer due to this conversion of CLCP is also numerically
evaluated and presented in the dissertation.
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NOTATIONS

Notations used throughout the thesis are listed. Notations less frequently used, or that

have different meaning or different forms at different contexts, are defined where they
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Chapter 1

INTRODUCTION

1.1 Introduction

Composite materials are being widely used in aerospace, automobile industries and
other structural applications due to their advantages of light weight, high strength-
to-weight ratio, high stiffness-to-weight ratio, good fatigue resistant properties, good
corrosion resistance properties etc. The major drawback of composite laminates is the
mismatch of material properties at the interface of two adjacent laminae which
eventually causes the delamination under high thermal and/or mechanical stresses.
In order to overcome this drawback, a new class of composite materials are
developed which are comprised of two or more constituent materials with
continuously varying composition of constituents particularly along the thickness
direction. These materials are generally referred as functionally graded materials
(FGMs) (Koizumi 1993). In the recent years, there has been large number of research
works reported in the broad area of FGMs and in the dynamic responses of
structures made of such materials in particular. In the direction of control of flexible
structures made of such FGMs, smart FGM structures emerged as one of the
important area of research where in smart materials are embedded in or mounted on
FGM structures to achieve their self-sensing and self-controlling capabilities.
However, researchers reported the problems associated with the deployment of
commonly used monolithic piezoelectric layer/patches as distributed actuators in
such smart structures mainly because of their low control authority. While exploring
the enhancement of control authority of such actuators, a new class of composites
known as piezoelectric composites (PZCs) were developed which could be used as
materials for distributed actuators having higher control authority associated with
other advantages over the conventional monolithic piezoelectric actuators. Among
all the PZCs proposed till the date, piezoelectric fiber-reinforced composite (PFRC) is
a promising PZC particularly in control of bending deformation of structures (Ray

and Mallik 2004, 2005; Ray and Sachade 2006). In order to achieve more effective use
1
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of monolithic piezoelectric or PZC actuators in control of vibration of structural
components, researchers proposed to use a viscoelastic layer embedded between the
host structure and the piezoelectric constraining actuator leading to what is known
as active constrained layer damping (ACLD) ( Baz 1993; Baz and Ro 1995a; Baz and
Ro 1995b; Baz and Poh 1996). Analogous to the concept of FGMs, researchers have
tried to develop graded fiber-reinforced composite (GFRCs) where the fiber volume
fraction (FVF) and/or fiber orientation angle are supposed to be varied within a
fiber-reinforced composite lamina. This concept of GFRC provides graded material
properties within a fiber-reinforced composite lamina which certainly improve the
performance of composite structures in various aspects like reduction of thermal
stresses, reduction of stress concentration etc. Employing the same concept of GFRC,
the problem of delamination of composite laminates due to high stress concentration
at the inter-laminar interfaces could also be alleviated through the reduction of
mismatch of material properties at such surfaces.

The current research direction is to combine all or some of the aforesaid concepts
for further development of smart FG (ceramic-metal) structures and smart graded
fiber-reinforced composite (GFRC) structures. In order to do so, first review of
literature on the linear and the nonlinear analyses of FG structures, smart structures,
smart FG structures, GFRC structures and smart GFRC structures is performed. A
brief review on the use of piezoelectric fiber-reinforced composite (PFRC) and the
active constrained layer damping (ACLD) of smart structures is also done. Next,
based on the review of literature, the scope of research for this thesis is identified and
the objectives of this dissertation are defined. Subsequently, the contributions in the
field of smart FG structures made towards the preparation of this dissertation are

delineated. In the end, organization of the chapters is outlined.

1.2 Functionally graded materials (FGMs)

Functionally graded materials (FGMs) are the advanced class of microscopically
inhomogeneous composite materials which have been used in various engineering
applications. In the quest of developing high temperature-barrier-materials, the
concept of FGMs was first proposed by material scientists in Japan in 1984. Later in

the year 1987, a project to develop advanced high thermal resistant materials for
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space programme began under the auspices of STA (Agency of Science and
Technology). In this project, FGM (SiC-C FGM) was developed as the super heat
resistant materials for base of fuselage of space planes, hemi-spherical bowls for nose
cones etc. However, the concept of FGM became available in the literature in 1993
(Koizumi 1993). The ceramic-metal FGM (Koizumi 1993) is basically a particulate
composite in which single composition gradient is created along the thickness
direction through exponential or power-law distributions of ceramic and metal
particles. These graded materials are microscopically heterogeneous and, attributed
by the smooth and continuous variations of material properties along any/all of the
reference coordinate directions. The graded material properties of such FGMs are
usually computed utilizing three homogenization methods namely power-law

distribution, exponential distribution and Mori-Tanaka scheme (Belabed et al. 2014).

Fig. 1.1 Schematic diagram of functionally graded material (FGM) (Markworth et al.
1995).

Figure 1.1 shows the microstructure of a FGM (Markworth et al. 1995). This FGM
consists of ceramic and metal constituents which are varied from one surface to the
other surface along the thickness direction. The smooth and continuous variations of
composition of constituents along the thickness direction of the FG component yield
continuous variations of effective material properties which in turn result continuous

stresses in the same direction. The ceramic phase increases the temperature resistant

3
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properties of the material while the metallic phase provides sufficient strength and
stiffness. The continuous variations of stresses remove the chance of delamination
that usually occurs in the equivalent laminate of ceramic and metallic layers. This
concept of FGM is not only of interest in developing temperature barrier-materials
but also in developing new functional materials. The graded properties of these
materials can be tailored according to the design requirements and also have the
advantage to alleviate the effect of delamination present in conventional laminated
composites. Functionally graded materials can be broadly divided into two groups
namely thin and bulk FGMs. Thin FGMs are basically surface coatings which are
produced by physical or chemical vapour deposition (PVD/CVD), plasma spraying,
self-propagating high temperature synthesis (SHS) etc. Bulk FGMs are volume of
materials which require more labour intensive processes. Bulk FGMs are
manufactured using powder metallurgy technique, centrifugal casting method, solid
freeform technology etc. Even though FGMs were initially used for few structural
components in aircraft, but the same also have lot of potentials in other high
temperature structural applications such as turbine components, nozzles, cutting
tools and scaffolds for tissue engineering (Wolfe and Singh 1998; Pompe et al. 2003;
Cooley 2005). Since the time of reporting of FGMs, it has been an important area of
research due to its potential usefulness in different fields of applications. Some of
these researches which are especially relevant to this thesis work in the study of

dynamic behaviour are described in the following sections.

1.2.1 Linear static analysis of FG plates

Lot of studies on the linear thermo-elastic behaviour of FG plates have been reported
in the literature. These studies are basically on the development of analytical and
numerical models of FG plates under the thermal and mechanical loads. Abbasi and
Meguid (2000) studied the thermo-elastic behaviour of functionally graded beams,
plates and shells. This study reveals the effects of volume fractions of the constituent
materials on the thermo-elastic responses of the FG structures. Reddy and Cheng
(2001) presented three-dimensional thermo-mechanical deformation characteristics
of simply-supported FG rectangular plates using asymptotic method. The

temperature, displacements and stresses of the plate are computed for different
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volume fractions of the ceramic and metallic constituents, and they could serve as
benchmark results to assess similar results using two-dimensional approximate plate
theories. Kashtalyan (2004) presented three-dimensional elasticity solutions for a
simply-supported FG plate subjected to transverse loading. Dependence of stress
and displacement fields on the inhomogeneity ratio, geometry and loading is
examined and discussed. Lanhe (2004) derived equilibrium and stability equations
for a moderately thick rectangular FG plate under thermal loads, and reported the
influences of the plate aspect ratio, the relative thickness, the gradient index and the
transverse shear. Ferreira et al. (2005) developed collocation multi-quadric radial
basis functions to analyze static deformations of a simply-supported FG plate using
third-order shear deformation theory. The computed results are found to agree well
with the solution of the problem by an alternative meshless method. Chi and Chung
(2006a, 2006b) developed closed-form solutions for a simply-supported rectangular
FG plate subjected to transverse loading. The analytical solutions of P-, S- and E-
FGM plates are compared with the similar finite element results. This comparison
reveals that the formulations for the solutions of FGM plates and homogeneous
plates are similar, except for the bending stiffness of plates. Zhang and Wang (2007)
used the Navier analytic method to study the thermo-elastic deformations or quasi-
static thermo-viscoelastic deformations of functionally graded thin plates under
mechanical or thermal load. Matsunaga (2009) presented a two-dimensional higher
order shear deformation theory for the evaluation of displacements and stresses in
FG plates subjected to mechanical and thermal loads. It was reported that the present
2D higher-order approximate theories could accurately predict the stresses and
displacements of simply supported FG plates. Zhao et al. (2009) presented
mechanical and thermal buckling analyses of FG ceramic-metal plates with arbitrary
geometry including square and circular holes at the centre of the plates. This study
exhibits the influences of volume fraction exponent, boundary conditions, hole
geometry and hole size on the buckling strengths of these plates. Alibeigloo (2010)
presented analytical solutions for the three-dimensional thermo-elastic behaviour of
simply-supported rectangular FG plates. This study examined the effects of
temperature change, applied mechanical load, gradient index, aspect ratio and

thickness-to-length ratio on the deformation characteristics of the FG plate.
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Fereidoon et al. (2011) presented a bending analysis of FG plates under transverse
loading using the polynomial differential quadrature (PDQ) and the harmonic
differential quadrature (HDQ) methods. It was shown that the formulation for thin
FG plates was similar to that for homogeneous plates, except that the plane strain

components of the middle surface in FG plates were not zero.

1.2.2 Nonlinear static analysis of FG plates

Thin and flexible FG plates under thermo-mechanical loads are susceptible to
undergo large/nonlinear deformations. So, the nonlinear thermo-elastic analysis of
thin FG plates is an important issue that has been addressed by many researchers.
Praveen and Reddy (1998) developed a nonlinear finite element model of a FG plate
for investigating its static nonlinear behaviour under thermo-mechanical loads. Yang
(1999) developed an analytical model for the calculation of stresses in FG plates and
showed that the corresponding solutions could also be used to study the time and
temperature dependence of the stresses in a structure. Woo and Meguid (2001)
presented analytical solutions for large deflection of FG plates and shallow FG shells
under the combined action of mechanical and thermal loads. In this study, the effects
of material properties and geometry of the plate on the stress field were addressed.
Shen (2002) presented the nonlinear bending analysis of functionally graded plates
subjected to uniform/sinusoidal transverse loads in thermal environment and
reported the influence of temperature-rise on nonlinear bending of FG plates. Yang
and Shen (2003) studied large deflection and postbuckling behaviour of rectangular
FG plates under transverse as well as in-plane loads using a semi analytical method.
Tsunglinwu et al. (2006) studied the effects of volume fractions of constituents of an

FG plate on its nonlinear static as well as dynamic responses.

1.2.3 Linear dynamic analysis of FG plates

Yang and Shen (2001) studied the linear dynamic response of initially stressed thin
FG plate subjected to distributed impulsive loads. Yang and Shen (2002) have also
investigated free and transient vibration of initially stressed FG plates in thermal
environment. Vel and Batra (2004) presented three-dimensional exact solutions for

free and forced vibrations of simply-supported FG plates. Park and Kim (2006)
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investigated thermal postbuckling and vibration responses of FG plates. Li et al.
(2009) studied free vibration characteristics of FG plates in thermal environment
using three-dimensional linear theory of elasticity. Hashemi et al. (2010) presented
analytical solutions for free vibration of moderately thick rectangular FG plates.
Akbarzadeh et al. (2011) presented analytical solutions for dynamic behaviour of a
simply-supported FG plate subjected to thermo-mechanical loads. Based on a higher
order shear deformation theory, Nguyen et al. (2014) performed isogeometric finite
element analysis of FG plates for investigating their static, free vibration and

buckling responses.

1.2.4 Nonlinear dynamic analysis of FG plates

Besides the linear dynamic analyses of FG plates, their nonlinear dynamic analyses
have also been reported by many researchers. Reddy (2000) developed both
analytical and finite element models of FG plates, and analysed the effects of
varying material properties on the stresses and transverse deflection. Huang and
Shen (2004) investigated the significant effects of temperature field and phase-
volume-fraction distribution on the nonlinear dynamic responses of FG plates in the
thermal environment. Chen (2005) presented the effects of the amplitude of
vibration, initial conditions and volume fractions of constituents on the nonlinear
vibration characteristics of a FG plate. Sundararajan et al. (2005) presented a finite
element model of FG plates to study their nonlinear free vibration characteristics
under thermal environment. Woo et al. (2006) performed nonlinear free vibration
analysis of FG plates and showed that the nonlinear coupling effects could play a
major role in dictating the fundamental frequency of FG plates. Chen et al. (2006)
derived nonlinear partial differential equations for the vibration of an initially
stressed FG plate based on classical plate theory. It was concluded that the nonlinear
frequency responses of FG plates are sensitive to the state of initial stress, the
amplitude of vibration and the volume fractions of constituents. Chen and Tan (2007)
studied the effects of initial stress, geometrical imperfection and phase-volume
fractions on the nonlinear dynamic responses of FG plates. Allahverdizadeh et al.
(2008) derived semi-analytical solutions for nonlinear free and forced axisymmetric

vibration of a thin circular FG plate. The results illustrate the nature of variation of
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free-vibration frequency of a axisymmetric circular FG plate with respect to its
vibration-amplitude and phase-volume fractions. Tornabene et al. (2009) derived 2D
quadrature solutions for vibration analysis of FG conical, cylindrical and annular
plates. Ke et al. (2010) studied nonlinear vibration of FG beams, and observed the
corresponding vibration responses at positive and negative amplitudes due to the
presence of quadratic nonlinear terms arising from bending-stretching coupling.
Aljjani et al. (2011) studied the nonlinear vibration of FG rectangular plates. The
Pseudo arc-length and collocation technique are utilized in this study to obtain
correct natural frequencies of the plate under thermal environment. Zhang et al.
(2011) studied nonlinear oscillations and chaotic dynamics of a simply-supported
rectangular plate based on asymptotic perturbation method. Hao et al. (2011)
presented an analysis on nonlinear dynamic characteristics of a simply-supported FG
rectangular plate subjected to transverse and in-plane excitations in the presence of
time-dependent temperature. Mohammad and Singh (2011) investigated the large
amplitude free and forced vibration characteristics of shear deformable FG plates
using higher order shear deformation theory. This study presents the nature of
variation of nonlinear frequency-ratio with the amplitude-ratio for different values of
parameters like plate-aspect-ratio and phase-volume fractions. Upadhyay and
Shukla (2013) investigated the nonlinear static and dynamic responses of FG skew
plates under different types of mechanical load. This study addresses the effects of
phase-volume fractions, skew angle and boundary conditions on the nonlinear

displacement as well as moment responses of FG skew plates.

1.3 Smart structures

Design of lightweight and flexible structures is becoming an important issue for
increasing space activities. These structures are susceptible to undergo large
vibrations with long decay time because of their flexibility and low internal
damping. This often leads to the structural fatigue and instability which result in
serious deterioration on the performance of the structures under operation. Such
possibilities of failure can be mitigated by integration of an active control system
onto the host structure and the performance of the overall structure under operation

can be enhanced. In the quest for developing high performing lightweight flexible
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structures, a concept was emerged to develop the structures with self-controlling
and/or self-monitoring capabilities. Utilizing the coupled interaction between
electric and elastic fields in a piezoelectric material Tiersten (1969) and Forward
(1981) introduced the feasibility of the effectiveness of the piezoelectric actuators to
damp out two closely spaced orthogonal bending modes of a cylindrical fiber glass
mast employing a simple control law. Next, Chirappa and Claysmith (1981)
demonstrated the effectiveness of the use of distributed piezoelectric actuator for
controlling the deformable mirror surface. Subsequently, the design and analysis of
an active control of thin cantilever beam using piezoelectric materials was presented
by Bailey and Hubbard (1985); Crawley and Luis (1987); Bruke and Hubbard (1987)
and Im and Atluri (1989). Miller and Hubbard (1987) introduced the use of
piezoelectric materials as distributed sensors. After this, Tzou and Panditha (1987)
used these materials for tactile sensors of robot manipulators. Crawley et al. (1988)
demonstrated the use of piezoelectric technology for control of intelligent structures.
However, flexible structures integrated with distributed actuators and/or sensors
made of piezoelectric materials are able to achieve self-controlling and self-sensing
capabilities. Such structure is customarily known as “Smart structures” (Crawley et

al. 1988) and a typical smart structure is schematically illustrated in Fig. 1.2.

Piezoelectric

Actuator Laye\\ Controllerf
Y

Amplifier

Piezoelectric
Base Strucrure Sensor Layer

Fig. 1.2 Schematic representation of smart structure.

Such a structure is capable of adapting or taking corrective action to changing
operating conditions. The passive material part of a smart structure (Fig. 1.2) is the
load bearing part i.e. the host structure and the active material parts of the same are

the layers/patches of piezoelectric materials which perform the operations of sensing

9
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and actuation. Piezoelectric materials can easily be integrated with the load bearing
structures by surface bonding or embedding into it and do not significantly alter the
passive stiffness characteristics of the host structures (Crawley et al. 1988). The load
bearing part or the passive part of the smart structure is generally called as substrate
which can be beams, plates or shells.

A great deal of research on smart structures has already been reported on the
exact solutions (Ray et al. 1993; Heyliger et al. 1995; Chen et al. 1996, Heyliger 1997;
He 1998; Batra et al. 1996; Ray et al. 1998; Luo and Tong 2003; Kumari et al. 2003; Vel
and Batra 2001) , analytical solutions (Tzou and Gadre 1989; Crawley and Lazarus
1991; Dimitriads et al. 1991a; Tauchert 1992; Clark et al. 1993), finite element (FE)
analysis (Robbins and Reddy 1991; Wang and Rogers 1991; Ha et al. 1992; Rao and
Sunar 1993; Hwang and Park 1993; Samantha et al. 1993; Robbins Jr and Reddy 1996;
Sze and Yao 2000; Lee and Saravonos 2000; Tian and Shen 2002; Gornandt and
Gabbert 2002; Cho and Oh 2004;Thornburgh et al. 2004; Mannini and Gaudenzi
2004; Hamed and Negm 2004; Giannopoulos and Vantomme 2005; Cotoni et al.
2006; Giannopoulos and Vantomme 2006; Zemcik et al. 2007; Maiti and Sinha 2011;
Kapuria , Yasin and Hagedorn 2014) and active vibration control analysis ( Baz and
Poh 1988, 1990; Lee and Moon 1990; Tzou and Gadre 1990; Tzou and Tseng 1990,
1991; Tzou 1991; Lee et al. 1991; Baz et al. 1992; Hanagud et al. 1992; Chaudhury and
Rogers 1993; Birman 1993; Devasia et al. 1993; Gu et al. 1994; Baz and Poh 1996;
Varadan et al.1997; Ray 1998; Koko et al. 1998; Agarwal and Treanor 1999; Stobener
and Gaul 2000; Dong and Tong 2001; Balamurugan and Narayanan 2001, Sun et al.
2002; Narayanan and Balamurugan 2003; Ray 2003; Nguyen and Tong 2004;
Kusculuoglu and Royston 2005; Gabbert et al. 2006; Nejhad et al. 2006; Gupta et al.
2006; Nguyen and Tong 2007; Balamurugan et al. 2007; Sateesh and Maiti 2009,
Kapuria and Yasin 2014; Kapuria and Yasin 2014; Kapuria and Yasin 2013). The
concept of smart structures has also been implemented for active control of rotor
dynamic systems (Lin et al. 1993), aerospace structures (Song et al. 1992; Crawley
1994; Zhou et al. 1995) international space station (Scioscio et al. 2005), sound
radiated from vibrating structures (Fuller et al. 1989; Dimitriads and Fuller 1991b;
Fuller et al. 1992; Steven et al. 2001). Further more this concept has been used for

structural health monitoring as a non-destructive evaluation technique (Liu and

10
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Chang 2002; Goshal et al. 2003; Mook et al. 2003; Sastry et al. 2004; Johnson et al.
2004; Giurgiutiu et al. 2004; Zayas et al. 2007).

1.3.1 Smart FG structures

The FG materials have several advantages over the convectional composites and
hence find their wide applications especially for aerospace structures. The aerospace
structures are generally lightweight flexible structures and always require advanced
structural design that could be achieved through the use of the concept of smart
structure. So, the concept of smart structure is extensively employed for designing
similar flexible FG structural components. If an FG structure is integrated with
piezoelectric sensor and/or actuator patches for achieving its self-sensing and/or
self-controlling capabilities, then the overall FG structure may be called as smart FG
structure. A great deal of research has already been carried out on this topic and also
reported in the literature. Wang and Noda (2001) presented an analysis of a smart FG
structure using piezoelectric distributed actuator and found that the smart actuator
could control both the stress and thermal deformation effectively. Ootao and
Tanigawa (2001) studied the performance of a piezoelectric actuator for controlling
the transient thermo-elastic displacements of FG plates. Chen et al. (2002) developed
a three-dimensional theory for free vibration analysis of smart FG rectangular plates.
Liew et al. (2003) performed the static and dynamic analyses of smart FG plates
under a temperature gradient, and determined the optimum configurations of the
piezoelectric sensor/actuator pairs for effective control of FG plates under various
thermal as well as mechanical loads. Zhong and Shang (2003) derived three-
dimensional exact solutions for a simply-supported smart FG plate, and studied the
influences of the different FG material properties on the structural response of the
plate to the mechanical and electric stimuli. Liew et al. (2003) developed a finite
element model for the static and dynamic pizeo-thermo-elastic analyses of smart FG
plates under thermal environment. This work presents the effects of the constituent-
volume fractions and the influence of feedback control gain on the static and
dynamic responses of the FG plates. Liew et al. (2004) presented numerical results for
shape control of FG plates under a temperature gradient by optimizing the voltage

distribution for the open-loop control and the displacement control-gain values for
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the closed-loop feedback control. They also carried out similar study of optimal
control of FG plates using genetic algorithm (Liew et al. 2004). Altay and Kmeci
(2005) derived two-dimensional approximate equations for vibration of FG piezo-
electro-magnetic plate. Shen (2005) presented post-buckling analysis for a simply-
supported shear deformable FG plate integrated with piezoelectric distributed
actuators, where the smart FG plate was considered to be subjected to a combined
load of mechanical, electrical and thermal loads. In this study, the effects of
temperature-rise, constituent-volume fractions, applied voltage, the character of in-
plane boundary conditions as well as initial geometric imperfections on the post-
buckling responses of the smart FG plate are studied. Ebrahimi and co-workers
(2008, 2009) carried out an analytical investigation on the free vibration behaviour of
thin/moderately thick circular FG plates integrated with two uniformly distributed
actuator layers made of piezoelectric material (PZT4). This study exhibits effect of
variation of the gradient index of FG plate on its free vibration characteristics.
Shakeri and Mirzaeifar (2009) presented a finite element formulation based on layer-
wise theory for analysing the quasi-static and free vibration response of smart FG
plates to impulse loads. The authors (Shakeri and Mirzaeifar, 2009) showed that the
non-linear distribution of electric potential in thick piezoelectric layers could be
captured using the proposed model. Xiang and Shi (2009) studied FG-piezoelectric
sandwich cantilever plates under an applied electric field and/or a thermal load for
finding out the influences of electro-mechanical coupling, FG index and temperature
change on the bending behaviour of piezoelectric actuators or sensors. Mehrabadi et
al. (2009) presented free vibration analysis of a smart FG circular plate using classical
plate theory (CPT). In this work, the phase-volume fractions were varied for different
boundary conditions and their effects on the resonant frequencies were studied.

The smart FG structures are usually thin-walled flexible structures embedded
with piezoelectric distributed actuators. Since such thin-walled and flexible smart FG
structures are prone to undergo large/nonlinear deformations, researchers have
already carried out nonlinear static and dynamic analyses of smart FG structures for
the purpose of understanding more realistic structural behaviour of the same under
thermo-mechanical loads. Yang et al. (2003) presented semi-analytical solutions for

large amplitude vibration of rectangular FG laminated plates integrated with
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piezoelectric sensors and actuators. Results of this study illustrate that the
normalized frequency of the FG laminated plate is very sensitive to vibration
amplitude, out-of-plane boundary support, temperature change, in-plane
compression and the side-to-thickness ratio. The same study (Yang et al. 2003) also
shows that FG laminated plates change the inherent “hard-spring” characteristic to
“soft-spring” behaviour at large vibration amplitudes. Huang and Shen (2004)
analyzed the nonlinear vibration responses of a smart FG plate under the thermal
environment. The host FG plate is integrated with piezoelectric layers and the
corresponding analysis reveals significant effects of temperature field and
constituent-volume fractions of FG substrate on the nonlinear dynamic response of
overall smart FG plate. Yang et al. (2004) carried out a nonlinear bending analysis of
smart FG plates in the thermal environment using a differential quadrature method.
This analysis addresses nonlinear bending characteristics of smart heated FG plates
in regard to the applied actuator-voltage, the constituent-volume fractions and the
temperature gradient. Ebrahimi and Rastgoo (2009) presented nonlinear analytical
solutions for a circular FG plate coupled with piezoelectric layers. These analytical
solutions reveal controlled dynamic characteristics of the smart circular FG plate
with respect to the applied actuator-voltage, thermal environment and constituent-
volume fractions in FG substrate plate. Ebrahimi and Rastgoo (2009) also carried out
similar nonlinear analysis of thin smart circular pre-stressed FG plate to illustrate the
control of nonlinear deflections and natural frequencies using high control voltages.
Yiqi and Fuming (2010) analysed the actively controlled/uncontrolled nonlinear
dynamic response of a FG plate integrated with piezoelectric layers and
demonstrated corresponding influences of mechanical load, electric load,
constituent-volume fraction in FG substrate and geometric parameters. Fakhari et al.
(2011) developed a finite element model of smart FG plate for investigating its
nonlinear free and forced transient vibration characteristics under thermo-electro-
mechanical load. The numerical results in this study illustrate the effects of FG
volume fraction exponent, applied voltage to piezoelectric layers, thermal load and
vibration amplitude on the nonlinear free/forced vibration characteristics of the
smart FG plate. Behjat and Khoshravan (2012) carried out nonlinear static and free

vibration analyses of smart FG plates under different sets of mechanical and

13

TH-1385_10610306



Introduction

electrical loads. The corresponding numerical results illustrate the effects of material

composition and boundary conditions on nonlinear responses of smart FG plates.

1.4 Piezoelectric composites

In the development of smart structures, the monolithic piezoelectric materials are
extensively utilized because of their commercial availability. However, there are
some limitations in the use of monolithic piezoelectric actuators. These actuators are
vulnerable to accidental breakage during handling and bonding procedures due to
their inherent brittle nature especially to conform to curved surfaces of host
structure. Apart from this brittle nature, these actuators provide low control-force
because of the small magnitudes of their stress/strain coefficients. It is also difficult
to achieve the control-force in a particular direction using such actuators. These
drawbacks in the use of monolithic piezoelectric actuators lead to the development of
a new class of composite materials named as piezoelectric composites (PZCs). In PZC
materials, the reinforcements are made of the existing monolithic piezoelectric
materials while the matrix is the conventional polymer material. The use of polymer-
matrix causes enhanced flexibility and conformability of PZCs while tailoring of
piezoelectric reinforcement within the polymer matrix provides wide range of
material properties as compared to the existing monolithic piezoelectric materials.
Being a composite material, such PZCs have the ability to cause anisotropic
actuations those are useful to have control-force in the desired directions. Research
on tailoring of piezoelectric stress/strain coefficients through the proposition of
different PZCs started in 1980s. Chan and Unsworth (1989) derived a simple
micromechanics model for the analysis of piezoelectric ceramic/polymer 1-3
composites. Smith and Auld (1991) predicted the effective properties of vertically
reinforced 1-3 piezoelectric composites using the strength of material approach of
micromechanics. These materials have improved mechanical performance and
electro-mechanical coupling, and are useful for studying the thickness mode
oscillations of structures. In order to attain the in-plane actuation by the piezoelectric
composites, Bent et al. (1995) developed piezoelectric fiber composites. But, since the
control authority of these piezoelectric composite materials is very low, Bent and

Hagood (1997) extended this work for intensifying the control authority of these
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materials using interdigitated electrodes which create the electric field along the
length of the piezoelectric fibers. These composites are known as Active Fiber
Composites (AFCs). Zhang and Shen (2007) investigated the usefulness of AFCs for
vibration control of flexible structures. Macro-fiber composites were developed by
National Aeronautical Space Agency (NASA) to improve control authority of smart
composite actuators (Wilkie et al. 2000). Mallik and Ray (2003) proposed the concept
of horizontally reinforced 1-3 piezoelectric composite (PFRC) and predicted the
effective electro-elastic properties of this composite. Kumar and Chakraborty (2008)
presented a micromechanics model to predict the thermal, mechanical and electrical
properties of the horizontally reinforced 1-3 piezoelectric composite. Kapuria S,
Kumari (2011) presented three dimensional micromechanics model based on isofield method
for predicting the effective properties of PFRC material. The constructional features of the
lamina made of the horizontally (Mallik and Ray 2003) and vertically (Smith and
Auld 1991) reinforced 1-3 piezoelectric composite materials are schematically
illustrated in Figs. 1.3 (a) and (b), respectively. It is to be noted that the designation
“1-3” represents the connectivity pattern of these composite materials. Of the
connectivity pattern, 1-3, the first digit refers to the number of connectivity of the
fiber reinforcement while the second indicates the number of connectivity of the

matrix phase (Newnham et al. 1978).

Surface Electrode Epoxy Matrix

¥
Piezoelectric Fibet ¥ Piczoelectric Fiber
| EpoxyMatrix 7 Surface Electrode

(@)

Fig. 1.3 Schematic diagram of (a) horizontally and (b) vertically reinforced 1-3 piezoelectric
composites.
The piezoelectric fibers in the lamina of the horizontally reinforced 1-3

piezoelectric composite material (Mallik and Ray 2003) are aligned horizontally such

that they are parallel to each other and coplanar with the top and bottom surfaces of
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the lamina. The fiber orientation angle with respect to the x -axis is denoted by y . In

case of the lamina of the vertically reinforced 1-3 piezoelectric composite material
(Smith and Auld 1991), the piezoelectric fibers are aligned in the vertical plane such
that they are coplanar with either the xz plane or the yz plane while they may be

inclined in the vertical plane making an angle y with the vertical direction (z).
The effective piezoelectric coefficient (e3;) of the horizontally reinforced 1-3

piezoelectric composite (Mallik and Ray 2003) has improved magnitude as compared
to the similar magnitude of corresponding monolithic piezoelectric fiber. Since this

piezoelectric coefficient (e3;) quantifies the in-plane actuation force due to the
applied electric field in the thickness direction, the improved magnitude of e

results greater in-plane actuation force. For this advantage, horizontally reinforced 1-
3 piezoelectric composite (PFRC) has been utilized widely as a material for
distributed actuator especially in control of bending deformations of thin-walled
flexible structures. As per the present direction of research, some of the researches on
the use of PFRC for controlling static and dynamic responses of FG plates are
furnished here. Ray and Sachade (2006) derived exact solutions for the static analysis
of FG plates integrated with a layer of piezoelectric fiber reinforced composite
(PFRC) material. The numerical results in this study reveal that the coupling of
bending and extension takes place in the FG plates even if the PFRC layer is not
subjected to the applied voltage. Reddy and Ray (2007) derived the closed form
solutions for optimal control of vibration of smart FG plate and demonstrated the
change in the controlled response of smart FG plate for the placement of PFRC
actuator on the softest side of FG substrate instead of the stiffest side of the same. A
similar bidirectional flexure analysis of smart FG plate has also been reported by
Shiyekar and Kant (2010).

Although the actuation-capability of PFRC actuators is higher than that of
monolithic piezoelectric actuators (Ray and Sachade 2006; Reddy and Ray 2007), but
its (PFRC) applications are limited to thin-walled flexible structures which normally
undergo large/nonlinear deformations. So, in the use of PFRC actuators for thin
flexible FG plates, the large/nonlinear deflection analysis of such smart FG plates has
been addressed in the literature. Panda and Ray (2008) presented a nonlinear static
finite element analysis of simply-supported smart FG plates in the presence/absence
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of the thermal environment. This study presents the effect of variation of
piezoelectric fiber orientation angle in the PFRC patches on their actuation-capability
for counteracting the large deflections of FG plates. Xia and Shen (2009) presented
the nonlinear vibration responses of a shear deformable FG plate integrated with
PFRC actuators in thermal environment. This analysis reveals that the effect of
control voltage on the natural frequency of an FG plate with PFRC actuators is larger

than that of the same FG plate with monolithic piezoelectric actuators.

1.5 Active constrained layer damping

Although the smart composite materials are developed in order to have better
performance of smart structures, but still they are unable to provide good enough
control authority. This is due to the fact that there is a huge difference between the
electrically and mechanically induced stresses in the smart structure which makes
them incompatible with the host structure. Thus, the quest for further improvement
in the performance of the smart structures led to the concept of active constrained
layer damping (ACLD) treatment (Nostrand et al. 1994; Baz and Ro 1995a,995b;
Azvine et al. 1995; Varadan et al. 1996; Kumar and Singh 2012).

Actuator Viscoelastic C Restoring
laver E(lelﬁilg\ dLésla)a‘m‘m _____Pactionﬂ____h
i 3 anced shear) i —
[T TAZLTTANNY
Host structure Motion of | — ——________,f" ‘)
Undeformed structure Deformed

Fig. 1.4 Working principle of active constrained layer damping treatment (Illaire and
Kropp, 2005).

Figure 1.4 shows the ACLD arrangement consisting of a layer of viscoelastic
material constrained between the host structure and an active constraining layer
made of piezoelectric material. When the host structure undergoes bending
deformation, the active constraining layer not only restrains the constrained soft
viscoelastic layer to undergo transverse shear deformation but also enhances its
transverse shear deformation to cause improved damping characteristics of the
overall structure over the passive constrained layer damping (PCLD). If the

constraining layer is not subjected to applied voltage, the treatment turns out to be
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the conventional passive constrained layer damping (PCLD) treatment. Thus, the
ACLD treatment provides the attributes of both active and passive damping acting in
unison because of the fact that the passive damping mechanism is integral to this
treatment. Also, the task of controlling the transverse shear deformations of soft
viscoelastic layer is compatible with the low control authority of the piezoelectric
actuators. Hence, the ACLD treatment has earned wide acceptability for efficient and
reliable active control of flexible structures (Shen 1994 1997; Yellin and Shen 1996;
Ray and Baz 1997; Shi et al. 2004; Illaire and Kropp 2005; Koma and Mehrabian 2011).
Since stiffness and damping of the viscoelastic materials have to be considered while
developing the structural dynamic model, the GHM (Golla-Hughes-McTavish)
technique (Golla et al. 1985) is one of the useful tool for modelling these materials in
the time-domain.

Some of the available studies for active constrained layer damping of plates using
monolithic piezoelectric or piezoelectric composite actuators are furnished here.
Zhang and Zhang (1998) presented the active control and passive control of thin
plates using LOR control strategy. The numerical results show that the hybrid
control technique used is better for vibration control of plates. Park and Baz (1999)
investigated the active control of plates theoretically as well as experimentally using
proportional and derivative control laws. The results obtained indicate the potential
advantage of ACLD treatments for damping of structural vibration in comparison to
passive constrained layer damping (PCLD). Sung and Sze (2000) studied the
vibration responses of composite laminates integrated with a smart constrained layer
damping using finite element method. Chantalakhana and Stanway (2001) presented
numerical as well as experimental studies of active constrained layer damping of
clamped-clamped plates and showed the suppression of different modes of vibration
of plates within certain frequency range. Sheng and Zhao (2004) presented active
control of structural vibration and acoustic radiation of a fluid loaded composite
plate using finite element approach, and demonstrated the usefulness of ACLD
treatment to induce more effective damping in the overall smart plate. Ray and
Reddy (2004) presented active structural acoustic control of laminated composite

plates using PFRC as the constraining layer. The significant effect of variation of
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piezoelectric fiber orientation angle in the PFRC layer on controlling the structure-
borne sound radiated from thin laminated plates has been studied.

For better utilization of monolithic piezoelectric as well as piezoelectric
composite distributed actuators in control of vibration of FG structures, the idea of
ACLD treatment has also been utilized by many researchers. Lim et al. (2002)
developed a three-dimensional closed-loop finite element model to study actively
and passively damped vibration characteristics of a FG structure. The results
obtained showed that ACLD is somewhat better for vibration suppression than
either the purely passive or the active system and provides higher structural
damping with less control gain when compared to the purely active system. Ray
(2006) investigated the performance of PFRC as a material of the constraining layer
of ACLD treatment for active control of FG plates. The analysis revealed that the
activated patches of the ACLD treatment are more effective in controlling the
vibration of FG plates when the patches are attached to the surface of the FG plates
with minimum stiffness than when they are attached to the surface of the same with
maximum stiffness. Panda and Ray (2008) studied geometrically nonlinear vibration
of FG laminated composite plates integrated with a patch of active constrained layer
damping. Panda and Ray (2009) presented the geometrically nonlinear dynamic
analysis of FG plates integrated with a patch of active constrained layer damping
(ACLD) treatment. The analysis suggests the potential use of the ACLD treatment
with its constraining layer made of the PFRC material for active control of
geometrically nonlinear forced vibrations of FG laminated composite plates. They
also studied the effect of piezoelectric fiber orientation angle in the active
constraining PFRC layer on the damping characteristics of the overall FG plates.
Inman and Yang (2013) investigated the frequency dependent viscoelastic dynamics
of a multifunctional composite structure using finite element analysis. The authors
(Inman and Yang 2013) also conducted experiments for verification of numerical

results obtained through finite element analysis.

1.6 Graded fiber-reinforced composites
In recent years, the concept of FGM has been further utilized by many researchers to

develop light weight, high strength functionally graded fiber-reinforced composites
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for alleviating several structural discrepancies in the use of traditional fiber-
reinforced composite laminates. These FG composites are a new class of fiber-
reinforced composite materials and generally known as graded fiber-reinforced
composites (GFRCs) or functionally graded fiber-reinforced composites (FGFRCs).
Generally, a GFRC/FGFRC has varying fiber volume fraction (FVF) and/or fiber
orientation angle (FOA) which create the graded material properties within the
domain of the material. Since these parameters (FVF and FOA) could easily be
tailored to meet specific requirement in the design of a structural component,
GFRCs/FGFRCs have found wide applications especially for reducing thermal
deflection of composite laminates, stress concentration near a cut-out within a
composite laminate and inter-laminar stress concentration in composite laminates. A
considerable number of reports are available in the literature for the design and
analysis of graded fiber-reinforced composite (GFRC) lamina with varying fiber
volume fraction (FVF) along its in-plane directions. Martin and Leissa (1990) first
proposed a GFRC lamina by varying the FVF along one of the in-plane directions
and derived exact solutions of a plane stress problem under different boundary
conditions. Subsequently, the work was extended to investigate the effects of graded
material properties of a GFRC plate on its critical buckling loads and resonant
frequencies (Leissa and Martin 1990). The variation of fiber spacing or FVF along in-
plane direction of GFRC lamina was also utilized for mitigating some of the
structural problems like high stress concentration, reinforcement of shear walls etc.
(Shiau and Cheu 1991; Siau and Lee 1993; Meftah et al. 2007,2008). The variation of
FVF along the thickness direction of a GFRC lamina was introduced by Wetherhold
et al. (1996) for eliminating or controlling thermal deflections of composite laminates.
In this study, a FG symmetric laminated fiber-reinforced composite beam with
varying FVF along the thickness direction is analysed to demonstrate the advantage
of creating graded material properties for controlling the thermal deflection of the
laminated beam. Kubiak (2005) considered variable FVF across the width of a thin-
walled rectangular composite plate and investigated its dynamic response under the
in-plane pulse loading. Benatta et al. (2008) considered continuous variation of FVF
along the thickness direction of a short FG fiber-reinforced composite beam for

demonstrating the effects of different distributions of FVF on the bending response

20

TH-1385_10610306



Introduction

of the beam. Bedjilili et al. (2009) presented free vibration characteristics of a
symmetric composite beam with the variable FVF along the thickness direction and
reported the effect of varying FVF on the natural frequencies. Kuo and Shiau (2009)
presented the effect of variation of FVF along the thickness direction of a laminated
composite plate on its critical buckling loads and natural frequencies. Oyekoya et al.
(2009) developed a finite element model of a composite plate having functionally
variable FVF along any of the axes of reference coordinate system. The study showed
enhancement of structural integrity and strength maximization of composite
structures through gradation of material properties. Bouremana et al. (2009)
performed a thermo-elastic analysis of a symmetric laminated composite beam in
order to minimize the thermal deformation of the beam by varying its FVF along the
thickness direction. Fu et al. (2010) proposed various gradient-designs across the
thickness of the fiber-reinforced composite plates including non-uniform
distributions of fiber-orientation and FVF. This three-dimensional analysis
demonstrated exact stresses in the proposed kinds of laminated composite plates.
This study also demonstrated the methods for reduction of inter-laminar stress-
concentration problem in the composite laminates. Kargarnovin and Hashemi (2012)
presented buckling analysis of multilayered cylindrical shell with variable FVF along
longitudinal direction. Tahouneh et al. (2013) considered a thick annular graded
fiber-reinforced composite plate of variable FVF along the thickness direction and
analyzed its free vibration characteristics.

Similar to FVF, the fiber-orientation angle is another important parameter for
creating graded material properties along the thickness direction of a fiber-reinforced
composite lamina. Batra and Jin (2005) analyzed a graded composite plate of variable
fiber-orientation angle along the thickness direction and investigated the effect of the
variation of fiber-orientation angle in the plate on its resonant frequencies. Han et al.
(2009) presented linear and nonlinear analyses of composite plates/shells those have
variable fiber-orientation angle along the thickness direction according to a sigmoid
distribution. This analysis revealed the effect of the varying fiber orientation on the
mechanical responses of the structures. Cho and Rowlands (2009) presented an
optimized local fiber-orientation angle near the holes or notches of composite

structure in order to reduce associated tensile stress concentration. Panda and Ray
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(2009) presented the controlled nonlinear transient responses of laminated composite
plates of variable fiber-orientation angle along the thickness direction. Yas and
Aragh (2010, 2011) analyzed the free vibration characteristics of cylindrical panels
with continuous variations of FVF and fiber-orientation angle along the radial
direction. The same authors (Yas and Aragh 2010, 2011) also presented free vibration
characteristics of fiber-reinforced plates/panels resting on elastic foundations
considering continuous variation of fiber-reinforcement in the thickness direction.
The study indicates the advantages of graded composite laminated plates/panels
over the traditional composite laminated plates/panels.

In the aforesaid available studies on the design and analysis of structural
behavior of graded fiber-reinforced composite lamina/laminate, the graded material
properties are estimated using standard micromechanics theories. Since the
implementation of standard micromechanics theories in a straight forward manner
may not provide good enough estimation of graded material properties of a GFRC
lamina (Aboudi et al. 1995), new micromechanics models have been developed by
several researchers particularly for particulate and fiber-reinforced FG composites.
Aboudi et al. (1995,1999) proposed a coupled higher-order theory for functionally
graded composites with partial homogenization. Although this higher-order theory
provides good estimations of material properties of FG solids, but the requirement of
this theory could be justified through a parallel work of Reiter and Dvorak
(1997,1998). Reiter and Dvorak (1997, 1998) proposed a micromechanics model for
graded composite materials using standard micromechanics theories. This
micromechanics model does not support the requirement of higher-order theory in
evaluation of graded material properties of FG solid but, it is addressed that the
higher-order theory is required only for the locations of low field averages and high

gradients within the domain of a FG solid (Dvorak and Zuiker, 1994).

1.7 Research motivation and objectives

Literature review was performed with an objective of understanding the state-of-art
research in the broad area of smart FGM structures with a particular interest in
control of vibration of such structures. The literature review reveals that a substantial

number of research-works have been reported on the linear vibration analysis of
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smart FG (metal-ceramic) plates under the thermal environment. However, the
analyses on the nonlinear vibration of the same are still less in number. Moreover,
these analyses address the time-domain responses of FG plates integrated either with
the monolithic piezoelectric/piezoelectric composite actuators or the layer/patches
of ACLD treatment. Similar to these nonlinear time-domain analyses, the nonlinear
frequency-domain analysis of smart FG plates under the thermal environment is an
equally important issue with reference to the control authorities of monolithic
piezoelectric/piezoelectric composite actuators and ACLD treatment. Since this
issue has not yet been addressed in the literature, an investigation on the nonlinear
vibration characteristics of smart FG (metal-ceramic) plates in the frequency-domain
deserves a thorough investigation. These time-domain responses of heated smart FG
plates exhibit the variations of its nonlinear vibration characteristics and
corresponding control-performance of piezoelectric actuators with time for standard
transient loads. Similar to the transient loads, the same plate may be utilized under
harmonic mechanical excitations which appear in many engineering structural
applications. In this case of harmonic mechanical excitations, the variations of its
vibration characteristics as well as the control-performance of piezoelectric actuators
with frequency of operation are the main concerns those are not yet available in the
literature. In view of this, one of the objectives of the present research is decided as
the frequency-domain analysis of non-linear vibration of smart FGM (metal-ceramic)
plates under the thermal environment. Specially, the effect of temperature on the
nonlinear vibration characteristics of smart FG plates and, also on the corresponding
control authorities of piezoelectric composite (PFRC) actuator and ACLD treatment
has been investigated.

A considerable number of studies on the graded fiber-reinforced composite
(GFRC) laminas/laminates with varying fiber-volume fraction (FVF) and/or fiber-
orientation angle along the thickness direction are reported in the literature. These
studies are carried out mainly for improved structural characteristics of laminated
composite structures. The applications of GFRC for attaining continuous variations
of stresses/material properties across the thickness of a composite laminate are also
addressed in limited literatures in which the graded material properties are created

through the variation of fiber-orientation angle. The variation of fiber-orientation
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angle within an FRC lamina yields a GFRC lamina but, the orthotropic material
properties of FRC switch to anisotropic material properties to reach GFRC. This
alteration of material properties may not be acceptable in general. So, the FVF
becomes an important parameter in creating an orthotropic GFRC lamina. However,
the use of orthotropic GFRC lamina in attaining continuous variations of
stresses/material properties across the thickness of a composite laminate has been
demonstrated in only one literature (Fu et al. 2010) till the date. Although this study
(Fu et al. 2010) shows continuous variations of stresses by the use of orthotropic
GFRC laminas, but the stress-concentration for every in-plane normal stress arises at
the top/bottom surface of the laminate. Moreover, the use of GFRC lamina for all
layers of laminate and the consideration of low FVF at interlaminar surfaces of plies
may significantly affect the rigidity of the laminate. This issue of the change of
laminate-rigidity is not addressed in the same study (Fu et al. 2010) while achieving
continuous variations of stresses/material properties in the thickness direction. So,
further research is needed on the design and analysis of graded laminated composite
structures especially by the use of graded orthotropic composite laminas. Thus,
another objective of present research is decided to design a graded laminated
composite plate through the proposition of a microstructure of orthotropic GFRC
laminas in such a manner that the stresses/material properties vary continuously
retaining sufficient laminate-rigidity and stresses within their permissible values.
This objective is decided with the aim of developing advanced composite structures.
However, an associated issue in the design of such advanced composite structures is
the suppression of their vibration that is often carried out using piezoelectric
actuators or the same in advanced form of active constrained layer damping (ACLD).
So, the analysis of vibration characteristics of graded laminated fiber-reinforced
composite plate integrated with a layer of ACLD is chosen as an additional objective

in the present research.

In order to fulfil the aforesaid objectives in the present research, the following

theoretical analyses are carried out,

(@) Harmonically excited nonlinear vibration of heated FG (metal-ceramic) plates

integrated with PFRC distributed actuator layer.
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Piezo-viscoelastically damped (ACLD) nonlinear frequency response analysis
of FG (metal-ceramic) plates with a heated plate-surface.

Determination of size and location of PFRC/ACLD patch over the surface of
FG (metal-ceramic) substrate plate for effective control of nonlinear frequency
responses of the overall smart FG plate with/without a heated plate-surface.
Design and evaluation of effective elastic properties of a graded orthotropic
fiber-reinforced composite lamina.

Design and analysis of graded laminated fiber-reinforced composite plates with
an objective of continuous variations of stresses/material properties in the
thickness direction.

Nonlinear frequency response analysis of graded laminated fiber-reinforced

composite plates integrated with an ACLD layer.

1.8 Contributions

The following contributions in the field of smart FG structures have been made

towards the preparation of the dissertation,

(@)

(b)

TH-1385_10610306

A geometrically nonlinear incremental finite element model of FG (metal-
ceramic) plate integrated with PFRC-actuator layer is developed for investigating
the effect of host-plate-surface temperature on the nonlinear dynamic behaviour
of the overall smart FG plate in the frequency-domain. The effect of temperature
on the smart damping in the overall FG plate caused by PFRC-actuator layer is

presented.

A three-dimensional incremental finite element model of FG plates (metal-
ceramic) integrated with an ACLD layer is developed for the geometrically
nonlinear frequency response analysis of the overall FG plate under a host-plate-
surface temperature. A time-domain model (GHM model) of material modulus
function of constrained viscoelastic layer in ACLD arrangement is implemented
for the analysis of overall FG plate in the frequency-domain. The effect of host-

plate-surface temperature on the control authority of ACLD layer is investigated.

An arc-length extrapolation technique (Lau et al. 1990) is implemented for

numerical solutions of nonlinear incremental finite element equations of motion
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of smart FG plates. In this implementation of the solution procedure (Lau et al.
1990), a new strategy for selecting the arc-length in each incremental step is

proposed in order to reduce the difficulties in the convergence of solutions.

(d) A new numerical strategy for determination of size and location of PFRC/ACLD
patch over the host-plate-surface for effective control of vibration of overall smart

FG plate is presented.

(e) A microstructure for graded orthotropic fiber-reinforced composite lamina with
varying fiber-volume fraction (FVF) in the thickness direction is designed and its
(lamina) effective graded elastic properties are estimated using finite element
procedure in conjunction with an available micromechanics model for FG

composites (Reiter and Dvorak 1997,1998).

(f) A novel lamination scheme is proposed in the design of composite laminates
using conventional as well as graded orthotropic fiber-reinforced composite
plies. The objective in this proposed lamination scheme is to attain continuous
variations of stresses/material properties in the thickness direction retaining

sufficient laminate-rigidity and stresses within their permissible values.

(g) The conversion of a conventional laminated composite plate into a graded
laminated composite plate according to the proposed lamination scheme is
demonstrated and its (conversion) suitability is justified through the static as well
as dynamic analyses of both (conventional and graded) the plates. The effect of
this conversion as per the proposed lamination scheme on the control authority

of ACLD layer is also investigated.

1.9 Dissertation overview

A brief introduction and review of literature on the linear/nonlinear analysis of FG
structures, smart structures, piezoelectric composite materials, and graded fiber-
reinforced composite laminas/laminates are presented in Chapter 1. Subsequently,

the scope and objectives of the present research are outlined.

Chapter 2 deals with the nonlinear frequency response analysis of smart FG

(metal-ceramic) plates under a host-plate-surface temperature. The host FG plate is
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integrated with a PFRC-actuator layer. First, a geometrically nonlinear incremental
finite element model of the smart FG plate is derived for the analysis in the
frequency-domain. Next, the implementation of an incremental arc-length solution
methodology is presented along with a new strategy for selecting the arc-length in
each incremental step. Finally, the numerical results are presented for investigating
the effect of temperature in substrate FG plate on the nonlinear vibration
characteristics of the overall smart FG plate in the frequency-domain and, also on the

corresponding control authority of PFRC-actuator layer.

In Chapter 3, the nonlinear frequency responses of FG plates integrated with an
ACLD layer are presented through the derivation of a nonlinear incremental finite
element model of overall FG plates. The implementation of time-domain model
(GHM method) of material modulus function of viscoelastic layer for the analysis of
overall FG plate in the frequency-domain is presented. The numerical results in this
chapter present the effect of temperature at host-plate-surface on the nonlinear
frequency responses of overall smart FG plates. The effect of the same (temperature)
on the performance of ACLD layer in control of nonlinear frequency responses of FG
plates is also presented.

A new numerical strategy for determination of size and location of PFRC-
actuator/ ACLD patch over the surface of FG substrate plate for effective control of
frequency responses of overall FG plates is presented in Chapter 4. The numerical
results in this chapter present the effective size and location of PFRC-actuator/ ACLD
patch in the absence as well as the presence of host-plate-surface temperature.

A microstructure for graded orthotropic fiber-reinforced composite laminas with
varying fiber-volume fraction along the thickness direction is presented in Chapter 5.
First, the constructional features of microstructure are illustrated and then, a
formulation for estimating graded material properties is presented. Subsequently, a
three-dimensional finite element model of corresponding representative volume
(RV) is derived for numerical evaluation of effective graded material properties. A
new lamination scheme in the design of graded laminated composite plates is
proposed in this chapter. The new lamination scheme is demonstrated through the
conversion of a conventional laminated composite plate into a graded laminated

composite plate. A finite element model of conventional/graded laminated
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composite plate is derived for bending analyses of both (conventional and graded)
the laminated composite plates. Finally, the suitability of proposed lamination
scheme is substantiated through the comparison between the bending responses of
both the laminated composite plates.

The suitability of new lamination scheme proposed in Chapter 5 is again
substantiated in Chapter 6 through the evaluation of nonlinear frequency responses
of both (conventional and graded) the laminated composite plates. Every
(conventional/graded) laminated composite plate is considered to be integrated with
an ACLD layer and a corresponding incremental finite element model is derived for
the analysis of overall smart laminated composite plate in the frequency-domain. The
numerical results present the vibration characteristics of both the laminated
composite plates in the frequency-domain, which also indicate the changes in
dynamic characteristics of conventional laminated composite plate when it is
converted to graded laminated composite plate. The changes in control authority of
ACLD layer due the conversion of substrate composite plate are also presented.

Finally, the major conclusions from the work carried out and the scopes for
further work are outlined in Chapter 7. The list of references is provided at the end of

the dissertation.
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Chapter 2

HARMONICALLY EXCITED NONLINEAR VIBRATION OF
HEATED FUNCTIONALLY GRADED PLATE INTEGRATED
WITH PIEZOELECTRIC COMPOSITE ACTUATOR LAYER

This chapter deals with the nonlinear frequency-response analysis of a smart FG plate
with a heated plate-surface. The substrate FG plate is integrated with a PFRC actuator-
layer and the effect of temperature on the performance of this smart actuator layer in
control of nonlinear frequency-response of smart FG plate is investigated. The analysis
also reveals the effect of temperature on the non-linear vibration characteristics of the
smart FG plate in the frequency domain. An incremental closed-loop finite element
model of the smart FG plate is developed for the analysis. The numerical results are
evaluated by implementing an arc-length extrapolation (Lau et al. 1990) solution
strategy along with the proposition of a new strategy for selecting incremental arc-

length.

2.1 Introduction

The literature review in the previous chapter (Chapter 1) shows limited studies
(Ebrahimi and Rastgoo, 2009a, 2009b; Xia and Shen 2009; Yiqgi and FuYiming 2010;
Fakhari et al. 2011; Behjat and Khoshravan 2012) on the geometrically nonlinear
vibration analysis of smart FG (ceramic-metal) plates under thermal environment.
Moreover, these studies were carried out mainly for investigating the performance of
monolithic piezoelectric or PFRC actuators (Mallik and Ray 2003) for nonlinear vibration
control of FG plates under transient mechanical loads. The nonlinear vibration analysis
of smart heated FG plates under the harmonic mechanical load is an equally important
issue that is not yet reported in the literature. Therefore, a nonlinear frequency-response
analysis of FG plates integrated with a PFRC actuator layer is carried out in this chapter.
The temperature-dependent material properties of FG substrate plate are assumed to be
graded along the thickness direction according to a power-law distribution in terms of

volume fractions of its ceramic and metal constituents (Praveen and Reddy 1998; Woo
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and Meguid 2001). The ceramic-rich surface of the FG plate is considered to be exposed
to a high temperature while the metal-rich surface of the same is in the room
temperature. The smart actuator layer is attached to the metal-rich surface in order to
keep it (actuator) out of thermal effect. The analysis is mainly for investigating the effect
of high substrate-plate-surface temperature on the harmonically excited nonlinear
vibration characteristics of smart FG plates and also, on the corresponding actuation-
capability of PFRC actuator layer. A negative velocity feedback control strategy is
utilized so as to achieve smart damping in the overall plate. Based on the von Karman
nonlinear strain-displacement relations, an incremental closed-loop finite element model
of the overall smart FG plate is derived by assuming its (plate) periodic motion. An arc-
length extrapolation technique with a new strategy for determining the arc-length is
used for numerical solutions. The numerical results are presented according to the

aforesaid objectives of the present analysis.

2.2 Problem statement and incremental finite element formulation

Figure 2.1 shows a FG plate integrated with a PFRC layer. The FG substrate plate is
made of two homogeneous and isotropic constituent materials such as ceramic and
metal. The middle plane of the substrate FG plate is considered as the reference plane
and one corner (Fig. 2.1) of the reference plane is considered as the origin of the
reference coordinate system such that x=0,a and y=0,b represent the boundaries of
the overall laminated FG plate. The thickness of the FG substrate plate is denoted by #

and that of the PFRC layer is symbolized by /,. One of the top and bottom surfaces of
the substrate FG plate is ceramic rich surface while the other surface is the metal rich
surface. The ceramic rich surface is considered to be exposed to a high temperature (7))
and the metal rich surface is always exposed to the room temperature (7, = 300 K). The

planes parallel to the reference plane are assumed to be isothermal planes and the
temperature varies only across the thickness of the substrate FG plate. The PFRC layer is
always attached to the metal surface of the FG substrate that is exposed to the room
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temperature. This attachment removes the effect of temperature on the PFRC layer. The
piezoelectric fibers in the PFRC layer are longitudinally aligned in the plane parallel to

the xy-plane and oriented at angle y with respect to the x-axis.

Surface electrode

Piezoelectric fiber
Epoxy matrix

Y v
A X  PFRC layer
b
hp FG substrate plate
h 77777777777 =X

Fig. 2.1 Schematic diagram of FG plate integrated with a layer of piezoelectric fiber
reinforced composite (PFRC).

The state of strain and the state of stress at a point in the overall laminated plate can be

expressed as,
T
lal=le. ¢ & and{s}=1{¢,. &.}' (2.1)

{o,}=fo, o, oy} and{o}={0, o.} (2.2)

y xz
where ¢ and & are the normal strains along x and y directions, ¢, is the in-plane shear
strain in the xy-plane; ¢ and & _ are the transverse shear strains in the yz and xz-
planes, respectively.c, and o, are the normal stresses along x and y-directions,

respectively; o, is the in-plane shear stress in the xy-plane; o _and o, are the

transverse shear stresses in the yz and the xz -planes, respectively. In Egs. (2.1) and (2.2),
b and s subscripts represent the bending and the transverse shear counterparts of the
strain/stress vector, respectively. The graded material properties of FGMs are usually
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computed utilizing three homogenization methods namely power-law distribution,
exponential distribution and Mori-Tanaka scheme (Belabed et al. 2014). Among these
three schemes, power-law distribution scheme based on the rule of mixture is employed
in the present work. This scheme for modeling the FG material is chosen at present in
view of its extensive utilization in many available research papers. According to the rule
of mixture, the effective material properties of the FG plate made of ceramic and metal

constituent materials can be expressed as (Reddy and Chin 1998),
P(z,T)=F(T)*xV.(2) + F(T)xV,(2) (2.3a)

where, P(T) and P, (T) are the temperature dependent material properties of ceramic
and metal constituents, respectively; V.(z) and V,(z) are the corresponding volume

fractions which vary along the thickness direction of the plate according to a simple
power-law as,

V.=(0.5+(=D*(z/n))', ¥, =(1-V,) (2.3b)
where, n (0 £ n < ) is the volume fraction index and it determines the variations of
volume fractions of two constituent materials along the thickness direction of the plate;
A is a positive integer. The top surface of the plate can be modeled as either ceramic rich
or metal rich according to the value of A4 as 1 or 2, respectively. Inserting Eq. (2.3b) in

Eq. (2.3a), the following expression can be obtained that defines all material properties

like Young's modulus (E(r,T), Poisson’s ratio (v(r,T)), coefficient of thermal

expansion (a(7,T), thermal conductivity (x(7,7) etc.,
P(z,T)=(P(T)= P(T))(0.5+(~1)* (z/h))" + P,(T) (2.3¢)

The constitutive relations of the FG substrate plate can be written as,
{ov}=[Ci1({e}—{a"}AT), {ol} =[CHel}, k=1

{d"}={a(2) a,(z) O, AT=T(z)-T,,
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E(z) |1 0 E(z) P
K1 z k1 _ z
[CS]_2(1+V(Z))L) 1}'[@] 1-v*(z) viz) 1 0 @4
1-v(z)
0 0 >

where, a,(z) and «/ (z) are the coefficients of thermal expansion along x and y-

directions respectively. 7'(z) is the temperature at any point in the FG plate and 7; is
the reference temperature that is considered as equal to the room temperature
(T,=T,=300 K). The temperature distribution (7(z)) across the thickness of the FG
plate can be determined by the solution of the following one-dimensional steady state

heat conduction equation,

__[k( )dT(z)} g

T(z)_,, =T and T(z)_, =T, when A=2

T(z)|z=h/2 =T and T(z)|z=7h/2 =T when A=1 (2.5)

The solution of in Eq. (2.5) can be written as (Woo and Meguid, 2001),

k(z)=(k. =k )x((mulxzx2+h)/ (2xh))" +k, (2.5a)

The constitutive relations of the PFRC material at stress-free reference temperature can

be written as (Mallik and Ray 2003),
(o} =[G e} - 1B 1E), {ol} =[CINe} -[2)(E} D)} =[G ' (e} + [2] (e} +[ENE},

k=2
_ |G G G N T
[G1=|C. C. G ,[c’q—{ " 5‘5},{@% 0 & 0,
G G G s S5 e 0 g
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00 7, o
— — — €5 6 0
[eb] =10 0 €5 |, [es] == — (2.6)
00 2 €y €y 0
36

In Egs. (2.4) and (2.6), the superscript k¥ denotes FG substrate plate or PFRC layer
according to its value as 1 or 2, respectively. [Cf] and [5 Sk ] are the transformed elastic
coefficient matrices;[e, ] and [e,] are the transformed piezoelectric coefficient matrices
and [€] is the transformed dielectric constant matrix with respect to the reference co-
ordinate system (xyz ).

The electric field vector {E} and the electric displacement vector {D} appearing
in Eq. (2.6) are given by,

{E}={E, E, E}'and {D}={D, D, D.}' 2.7)

where, E, Ey and E_ are the electric fields along x, y and z-directions, respectively;

D, D, and D, are the corresponding electric displacements. The top and bottom

surfaces of the PFRC layer are considered to be fully electroded isopotential surfaces.
Since its thickness is considered as very small, the electric fields can be assumed as:
E ~0, E,~0 and E.=-V/h,, V being the applied voltage across the top and the

bottom electrode- surfaces of the PFRC layer. Since a thin laminated plate is considered
in the present analysis, the kinematics of deformation of the overall laminated plate is
defined according to the first order shear deformation theory (FSDT) as,

u(x,y,z,t)=u,(x,y,t)+z6.(x,y,t),
v(x,y,z,t):vo(x,y,t)JrzHy(x,y,t),

w(x,y,z,t)=w,(x,y,t) (2.8)

where, u, v and w are the displacements at any point of the overall plate along x, v
and z-directions, respectively; u,, v, and w, are the translational displacements at any

point on the reference plane along x, y and z directions, respectively; 6. and 6, are
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the rotations of the normal to the reference plane with respect to y and x-axes,
respectively. A state of deformation of the overall plate can be defined in terms of the
generalized displacements (u,, v,, w,, ¢, and 6,) which can also be expressed in the
form of a generalized displacement vector as follows,

{dy=luy, v, w, 6, 6,1 (2.9)
In accordance with the kinematics of deformation given by Eq. (2.8), the von Karman

nonlinear strain displacement relations can be expressed as,

{5b} =5 {8bL} +{‘9bN} + Z{K}

{g }: ou, 0v, 6u0+8vo |
" ox oy oy oOx |’

T
ifow,) 1fow,)  ow, ow,
{ng}_ Py >y ,

2{ ox 2( oy ox oy

i 06, 00 !
{e.}= oty Moy |, = e S T2, % (2.10)
’ oy 7 ox ox oy oOx Oy

For an applied uniformly distributed transverse mechanical load of intensity p, the first
variation of the total potential energy (J7,) of the overall smart FG plate can be written
as (Tierstien, 1969),

p

5ij
0

O ey

{irkﬂ( } {op}+ {58 {cf })dz—T{5E {D}|,_, dz— (5wxp)}dydx

k=1

(2.11)

where, 0 is an operator for first variation. Substituting Eqgs. (2.4), (2.6) and (2.10) in Eq.

(2.11), the following expression for 6Tp can be obtained,
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{0, )" +{J8, )"
{0, )" +{Je, )"
{0, )" +{J8, )"
{08, )" +108, )" )14}~ {0} (B} ~(Swx p)

{gbL} + {ng}> +{ox}'[B <{gbL} + {ng}>
1y + {5k} [D,1{x} + {0e,} [4,1{e,} —

4]
> dydx
)
)

o>

(A, )XV {6} (B, ) xV — {8} (A} xV -

|
or, =[] :
{

(2.12)

In Eq. (2.12), [A, ] is the extensional stiffness, [A,] is shear stiffness, [B, ] is the bending-

extension coupling stiffness, [D, ] is the bending stiffness matrices are as follows,

Iy, Iy Iy By -
(A= [ [Cl. dz+ j [Ci1lis dz,[A ] = [ [CE1ly dz+ [ [CEl, dz,
hy Iy, hy
hk+] hk+] hk+l hk+l
[B]—J.[Ck |klde+J- Ck 1oy zdz, [ J.[C]lkl 2dZ+j[C]|k22

Ty

The closed form integrations in the stiffness and thermo-elastic constants are performed
utilizing the symbolic integral function in MATLAB. Thermo-elastic coupling vectors

({A;} ,{B;}) are as follows,

(k= 1 or- f(j(’z) ADAT()],., dz,
E(2)

(Brh= [ 1 0 ===a(AT(2)|,., 2dz,

—v(2)
The electro-elastic coupling vectors ({A,,},{B,,} ,{A,} ) are as follows,

hk+] hk+l

{Bbe}=j[5b][0 0 —1/hp]T|k:22dz,{Abe}=j[?b][O 0 —1/h,1"|_,dz,
Iy hy,
{Ase}zhkf[zs][o 0 —InT'|_,dz (2.13)

For the vibration of the overall plate, the first variation of its total kinetic energy (67, )

can be written as follows,
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ab| 2 My ab . .
ST =[[|> [([60 o0 swlp'li o w]')dz |dydx = [ [({5d)" [m]{d} pydx
00| k=l p, 00
(2.14)
where, p* is the mass density of the k -th layer and [i] is given by,
2 Iy
(=Y | <([Nmt]T+z[Nmr]T) p"([Nmt]+z[NW])>dz
k=1 p,
1 00 0O 0 0010
IN I=0 1 0 0 O,IN_I=/0 0 0 0 1 (2.15)
0 01 0O 0 00 0O

The governing equations of motion of the overall smart FG plate for its vibration can be
derived employing the Hamilton’s principle as follows,

T(&TK — 5T, )dt=0 (2.16)

t
Substituting Egs. (2.12) and (2.14) in Eq. (2.16), the following simplified equation can be

obtained,

{8dY A} + ({08, )" + {0, )T ) 4,1({E5 ) + {8 })
+{OY 1B, 1({e,,} + (e 1)+ ({06, ) + {08, 3T )IB, s} +
j [0 jo" {0k} [D, 1o} + 48,1714, 1e,} — ({06, " + {05, )" )4, |dvelxdt =0

(0K} By} — ({08, 1T + {Oe,0 1T ) {4, 1<V — (0K} (B, x T
{0} {A, Y xV = (Swx pxcos(at))

(2.17)
For the steady state vibration of the overall FG plate with the circular frequency as @, a

state of vibration can be defined by specifying {d} and . A neighboring state
corresponding to a given state of vibration ({d,}, @) can be expressed in addition of

corresponding increments ({Ad} and Aw),
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{di}:[”m Upi Wy,

{d}={d}+{Ad}, o=(0,+Aw)

0

xi

01" {Ad}=[Au, Av, Aw, A0, AG,]'

(2.18a)

(2.18b)

Also, the incremental form of strain vectors can be expressed as,

lewt = {gsz} +{Ag, } {ent = {gliN} +

()=} +{Ax) e} = {e} +{Ae )

{Aent,

(2.19)

where, {¢,,}, {&,}, {x'} and {&!} are the strain vectors for the given state of

deformation {d,} while {Ag,,}, {Asg,,}, {Ax} and {Acg }

increments as follows,

oAy,

o,

L

are the corresponding

OAu, A,
ox ox
OAv, 0AG
e e R A
Y o
OAu, OAv, OAO  BAO
+— Y + X
oy oy
Owy Obw, 1 aAw,
p 1 ox ox 2\ ox
+A 2
Y ow,; ON 1 OA
L (A= S |
ol oy oy 2| ay (2.20)
+
" Ow,; OAW, N ow,; AW, N O0Aw, OAw,
o oy oy ox | o ay

The isoparametric elements based on FSDT suffer from shear-locking in case of the

analysis of thin plates. In order to eliminate this discrepancy, the selective integration

strategy is to be performed (Cook RD, John Wiley and Sons 2002). This integration

strategy is followed in the present use of isoparametric element. The accuracy in the

present results is verified as illustrated in Tables 2.1 of the thesis. The side to thickness

TH-1385_10610306
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ratio of the present plate is considered as 66.67 and the shear locking phenomena is not
observed in the corresponding results. The overall plate is discretized by 9-node

isoparametric quadrilateral elements. Thus, the displacement field within a typical

element can be expressed as {d}=[N]{d‘} (2.21)

where, {d°} is the elemental nodal displacement vector and [/N] is the shape function

matrix. Substituting Eqs. (2.18a) and (2.19) in Eq. (2.17) and then using Eq. (2.21), the

following simplified equation for a typical element can be obtained,

C DM IV K K A+
J.S{AdE}T [Ky, 14d; } + K A + K 14d] } + [ Ky {Ad°} dt =0
1 (P} BT}~ (P} — BV —{ P fcos(wt)

(2.22)

In Eq. (2.22) the expressions of elemental linear stiffness matrix ( [K[]) ; non-linear
stiffness matrices ([K&,1,[K¢ 1.[Ksn J,[KSy1) Slinear thermal load ({P}) and nonlinear
thermal load ({P{‘}) vector, linear electrical load vector ({P*} Jand nonlinear electrical

load , mechanical load vector ({Py,} ), Mass matrix ([M‘]) are,

[Ki1=], (BT ([AJIB; 1+ [B,][B.1) +[B.1'([B,1B; 1+ [D, 1[B.]) + [B.I'[A.][B.]MA.,
[Kil=], ([B: T LA+ (BT [B,1)[By ]+ [BY] ([A,1B; 1+ [B, 1B, I)MA,,
[Ki1=], (BT LA I+ [BT'[B, )[BT+ [BYT" ([A, 1B 1+ (B, [B.1)MA,
[Kinil=], (BT IAIBGDAA, [Kin1= [, (BIT'[A 1By DA,
(B} =], (BT (A +[BT (B A, AR} =], (BYT'{ADdA,,
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(P} =[, (B 1"{A,}+[B,I'{B,} +[B.J'(A,})dA, ,

e

(B} =], ((BRI'{ADAA, (P} =[ (NT'O 0 p 0 0] )dA,
[M]= ], (INT' ][N DA, (2.222)

where, A, is the area of a typical element in the xy-plane. The different strain-

e

displacement matrices appearing in Eq. (2.22a) are given by,

[B,1=[L;1INT, [By;1=[Ly1[N1, [B.1=[L.][N],

[B,1=IL,1IN1, [BY1=[L\1IN], [By]=[Ly][N]

9 0 000 I 5 ]
ox 000 — 0
v 0o 2 000 o
L, 1= B JqL]=|0 0 0 © %,
2% 900 000 2 2
| Oy Ox ] i ox |
1s 04
; 2 Ox Ox
00 — 01 ow
oy [L.]=l0 0 19 ¢
[Ls]: a L 2 6]/ ay 4
00 — 10 ow.
ox 00 M 4 g
i ox oy |
0 0 awOiiJrlaAwoi 0
Oox Ox 2 Ox Ox
Ly=|0 o %l 104w, 0 0
N

O 4
oy oy 2 0y Oy
0 0 8w0i2+8w0ii+8Awoi 0 0
Ox 0y Oy Ox Ox Oy
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0 0 Oy, 0 OB, O 0 0
Ox Ox Ox Ox

[1=/0 0 Cwy O | 08w, 0 00
dy % oy oy

0 0 8w0i+8Awo £+ 8w0i+8AwO 0 0 0

| Ox ox )oy oy oy )ox |

(2.23)

In Eq. (2.22), the bending and shear counterparts of the total stiffness matrix are
formulated separately and the selective integration can be applied in a straight forward

manner.

2.2.1 Implementation of harmonic balance method (HBM)

An approximate periodic solution of Eq. (2.22) for the nonlinear vibration of overall
smart FG laminated plates can be obtained by harmonic balance method (HBM) (Von
and Ewins, 2001). According to this method, multiple harmonics are anticipated in the
periodic solution. Therefore, the periodic solution can be expanded following the

Fourier series as follows,
F
{d°} ={a,} + z<{a, }cos(rat)+14{b, } sin(ra)t)> (2.24)
r=1

where, {a,} is the time-independent elemental nodal displacement vector; {a,} and

{b.} are the elemental nodal displacement vectors for the amplitudes in r-th harmonic
term. ¢is the number of harmonic terms . In order to ease the formulation, Eq. (2.24)

and its time derivatives are written as follows,

(@) =[S X |, {d = ox[STHX}, {d'} =-o" x[S;]{X}
[S°1=[[I] [I]cos® [I]sin® . . . . [I]cos(FO) [I]sin(FO)]

[Sf]:[[O] —[I]sin@ [I]cos@ . . . —gx[I]sin(FO) qx[I]cos(PH)]

41

TH-1385_10610306



Chapter 2: Harmonically excited nonlinear ... PFRC actuator layer

[S;1=[[0] [I]cos® [I]sing . . . q’x[I]cos(FO) gq’x[I]sin(FO)]

wey=[la)" @) wy . et BT (2.25)

In Eq. (2.25), 8 = wxt; [I] and [0] are the unit and null matrices, respectively. Using Eq.

(2.18), the corresponding incremental vectors ({Ad‘}, {Ad°} and {Ade}) can be
obtained as,

(ad'} =[S I{AX"|, {Ad'} =[S [{AX"} + AafST]{X;
{Ad°} = o [S{AX"} + 200, A S ]{ X | (2.26)
The expressions in Eq. (2.26) are obtained considering small increment over a given state

that assumes, A@[S;]JAX =0 and A@[S;]AX =0. For the present form of solution

(Egs. (2.24)-(2.26)), the nonlinear strain-displacement matrices (Eq. (2.23)) can be

modified as follows,

By |=(IBY,] 1Byl [BYL.......BGI IBEINST =IBylISI",
By |=(IBY1 1Byl IByl.......BYI IByINST" =IBL IS,
By |=(IBY! 1Bl B{'L.......AByf"l 1By IS =IBZIS T (2.27)

where, [B,1/[B1/[BY1, [BL1/[B41/BY], [BL1/[BL'1/[BY] are in similar form
of [By;1, [By1,[B%1, respectively and are given in Eq. (2.27a). These matrices are the
functions of {a,} and/or {Aa,}, {a,} and/or {Aa}, {b} and/or {Ab} according to

their superscripts 0, ra, rb (r=1,2,3,....... F), respectively.

[B:1=[Ly1IN1, [BY1=[Ly1IN], [Byl=[Ly]IN]
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0 0 low, & 0 0 0 0 ow,, 0 |1 oAw, 0 0 0
2 63; ox Ox Ox 2 0Ox Ox
Lo]=lo 0 189 o ol ow,. 0 10Aw, 0 ,
N [L,]=]0 0 + 00
20y % oy dy 2 Oy Oy
00 Wuld 0 0 0 w0 Gwy o w0 o
i Oox Oy | | 0x 9y Oy ox Oox Oy ]
0 d oy 0, Obw, 0 o
Ox Ox Ox Ox 57
: z/a
=10 o owy 0 oAw, 0 - (2.27a)
oy oy oy oy
0 0 8w0i+6Aw0 i+ 6w01+8Aw0 o 0 0
i Ox ox Joy \ Oy oy )ox

2.2.2 Smart damping

The velocity feedback control strategy is utilized in the present model in order to utilize
the PFRC actuator in the form of smart dampers. The transverse velocity (w) at the
middle point on the top surface of the actuator layer is measured by locating a velocity
sensor at the same location. This transverse velocity is feed back in the form of voltage

across the electrodes of actuator layer by means of a feedback control-gain as follows,

V =k, i, ==k, (i, +Aw, ) (2.28)

where, L'US is the velocity of sensing point in the form of an increment Aws over wsi ;
k, is the feed-back control gain. The form of solutions (Egs. (2.25) and (2.26)), w_ and
Aw,_ appearing in Eq. (2.28) can be written as,

o s
wsi =w; X[Sl ]{wsi}’
St St St St

AZ'US:wix[SfHAws}—i—wa[Swasi},{wvi}:[wlq W WF'bT'

{Awy}z[Awﬁ“ AW L AW Awa]T,

S N
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[Sf}z[—sin(a)t) cos(wt) . . . . —gxsin(For) qxcos(Fa)t)] (2.29)

In Eq. (229), w/Aw" and w, /AW’ (r=1, 2, 3, ...... F) are the amplitudes

corresponding to cosine and sine terms in 7" -harmonic. Introducing Eq. (2.29) in Eq.
(2.28), the following expression of V' can be obtained,

V=, {w, } e {aw, }+A0{w,}) (2.30)

Substituting Egs. (2.25), (2.26) ,(2.27) and (2.30) in Eq. (2.22), the simplified equation can

be written as follows,

[Kifaxp+ AKX =—{f}+H{A A+ Aw|Cl{w ) -w[C{Aw,}
(2.31)

In Eq. (2.31), the different matrices are as follows,
K 1= (—w MK 1+IKG K ) K= (=20, M),

Y= (=w MK K K XY (T = ((PIAHPEN , Lf™=(BM ),

NNit

[Mf]=j;2 [T [M1[S51]d6, K} 1= fe ISTIK; NS |d6

92
1

ser* < fA (IBlf]TlAb]+[BK]T[Bh])[B‘N]dAe>[S"]T+IS‘3]T[S‘3]< fA IBYT" (IAb][Blf]+[Bh][BK])dAE>][SE]d9

Ks )= [ 9
IKlevit] :f:z

1S [BI"IA,I+IB I"IB, B JdA NS +ISITISK | 1BXT (1A NBH4IB,IB 1\dA )|IS°1d6
A b b K b Ni 4 A N b b bk e

[SflT[5€1< fA [ij]T[Ab][BjW]dAE>[SE]T[SCI

[5€1T1561< fA [BZ,tIT[Ab][BfV]dAe>[S€]T[S€] de,

0,
(Pl = f{) |
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1

do \P= [ (ST ) do,

[S“]T[S“]< I )[BﬁflT{AT}dAeNdG,{RME}: | 192<1561T{PA;}>(10,
44

TH-1385_10610306



Chapter 2: Harmonically excited nonlinear .... PFRC actuator layer

()= {[s T oL TIs 1L (3] tadja s o @32)
Since the response of the overall plate is assumed as periodic, the angle limits (i.e. §, and

6,) are considered for one cycle/period (i.e. 0 to 27 ). Assembling the elemental

equations (Eq. (2.31)) in the whole domain of the overall plate, the following global

equation can be obtained,
K {AaX+AuK X} =—{ 1A (w0 +Aw)C {w, ) -w,C {Aw, } (2.33)

Now, the displacement vectors ({wsi }, {Aws } ) corresponding to the sensing point
velocity  (w_ ) can be expressed in terms of the global displacement vectors ({X ; } ,
{AX }) using a transformation matrix ([N s] ) as follows,

{w,}=[NJ{X} and {Aw, }=[N |{AaX} (2.34)
Introducing Eq. (2.34) in Eq. (2.33), the simplified equation can be written as,
K KAX}+AwlK, KX ={f"1—{f1,
ICI=ICIN 1, K I1=(IK I+ w,Cl), K, |=(KI+ICl), £ =(tf"1+£),
F={F1+wICHX, 1) (2.35)
Equation (2.35) can also be expressed in the following form,
{AX} ={fi}-AD{f}, (2:36)

where {£,} ={K (£} -1, 1) =K T [K HX ) (2.36a)

in which, the relations w,=w,x®, and Aw=w xA®P are introduced utilizing the

fundamental frequency (w, ) of vibration.
45

TH-1385_10610306



Chapter 2: Harmonically excited nonlinear ... PFRC actuator layer

2.3 Solution methodology

In the present solution methodology (Cheung et al. 1990; Hellwig and Crisfield 1995),
the increment over a state of vibration is constrained by an arc-length (As) and the
solutions for an assigned arc-length (As) in an incremental step are evaluated using
direct iteration method. The arc-length (As) in each incremental step yields a

constrained equation as follows,
{AX}H{AX]) + AD* = As? (2.37)

Introducing Eq. (2.36) in the constrained Eq. (2.37), the following quadratic equation can

be obtained,

CA®* +C,AD+C, =0

C = (szfz +1), C, = (flez +f2Tf1)/ G = (flel _ASZ) (2.38)

The incremental solutions over a state of vibration corresponding to an assigned arc-

length (As) can be predicted utilizing an arc-length extrapolation technique (Cheung et
al,, 1990). Let a state of vibration is defined as: {A}=[X" @] and {A,}, {A,},
(A}, {A,,} are the m number of solution points. Then the next solution point

(A

) for arc-length ( As') can be obtained as,

S " tm+1 _t]
{Amﬂ}-g@( = ]>{A,.}

m+1

S; :\/ | <Ai(j)_Ai—1(j)> (2.39)
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where, N, is the number of elements in {A}. The predicted solutions
(A} :[{Xp}T ®,]) yield the predicted increments: {AA } z[{AXp}T A(Dp] and
those are taken as the initial solutions for the iteration within an incremental step. In
each iteration within an arc-length incremental step, the coefficient vectors {f,}and {f,}
are updated using either the predicted solution (for first iteration) or the solution of
previous iteration. Then, these coefficient vectors are used to obtain two roots (A®, and
A®,) from Eq. (2.38) along with the corresponding solutions ({AX,},{AX,}) from Eq.
(2.36). If the roots (A®, and A®,) are imaginary, then recalculation is required by

assigning a new value of As. Otherwise, for two real roots, the correct one can be
determined by the least distance from the predicted solution (for first iteration) or the

previous iterative solution as follows,

Al = JZ<AA1 () =AY B = \/Z<AA2<J'>-A0<J'>>2 :

j=1 j=1

(AA}=[AXT AD ], (AN} =[AX] AD,]

for Al <Al,, A® =A®, and {AX}={AX,}
or

for Al, <Al,, AD =Ad, and {AX}={AX,} (2.40)

where, {A,} is the predicted solution or the previous iterative solution. The new
solutions (A®,{AX}) along with the converged solutions (®,, {X,}) of previous
incremental step are again used to form the coefficient vectors {f,} and {f,} in the
subsequent iteration and the process goes on till the convergence of solutions.

For a particular arc-length incremental step, the required number of iteration for
the convergence of solution depends on the corresponding assigned value of As. For an

assigned value ofAs, the number of iteration may rise or the difficulty in the

convergence of solution may arise in case where the response curve takes sharp turn. In
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order to ease this difficulty, the As in an incremental step is determined based on the
corresponding magnitudes of the largest component of {AX} and A® . The allowable
increments for the largest component of {AX} and A® are first decided from

experience and those are taken as the reference values (AX,,.,A® ). Following these

reference increments, the value of As is decided by executing the following routine:
1. Take an initial large value of As .

2. Determine the extrapolated point (®,,{X,}) using Eq. (2.39) and also the
corresponding increments (A® ,{AX }).

3. Compare the magnitudes of largest component of {AX,} and Aw, with the
corresponding reference values (AX,,., AD, ).

4. If the magnitudes of both the increments are less than the corresponding

reference values (AX, ., AD, ), take the value of As for the current incremental

step.
5. Otherwise, if any one or both the increments are greater than the corresponding

reference values (AX, ., A® ) decrease the current As and recalculate from

step 2.

In this process, the solution in an incremental step is controlled by the
incremental displacement and/or incremental frequency while the involvement of arc-
length (As) procedure reduces the number of iteration for the convergence of solution.

In the present solutions, constant values of AX, . and A®, are considered for

evaluating the whole response curve. But, these reference increments may be varied in
different incremental steps depending on the difficulty in the convergence of solution.
For the prediction of initial solution utilizing arc-length extrapolation technique, the
number of previously converged solution points i.e. the value of m (Eq. (2.39)) is an
important factor. For higher value of m, the error in the predicted solution will be

more. However, in the present solutions, three previously converged solution points
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(m=3) are considered i.e. the quadratic arc-length extrapolation is considered for

prediction of initial solution.

2.4 Numerical results and discussion

In this section, the numerical results for investigating the nonlinear dynamic behavior of
the smart heated FG plates in the frequency-domain are presented. The numerical
results also asses the performance of PFRC distributed actuator for controlling the
harmonically excited nonlinear vibration of heated FG plates. A square FG substrate
plate (a=b=400 mm, h=6 mm) is considered and the PFRC layer attached to the top

surface of the substrate plate is considered to have a thickness (1,) of, 250 pm. Unless
otherwise mentioned, the piezoelectric fiber orientation angle (y ) and the piezoelectric
fiber volume fraction (v;) in the PFRC actuator layer are considered as 0° and 40%,

respectively. The substrate FG plate is considered to be composed of zirconium
(ceramic) and aluminum (metal). The temperature dependent material properties of

these constituent materials are given by (Noda, 1999),

Aluminium alloy:
E(T)=(74+23x107°T -11x107°T? +51x107°T?) GPa,

a(T)=(1.6x10"+3.45x10"°T-33x107"'T* +2.4x10™T’) K1,

k(T) =218 WmK- (2.41)
Zirconium:

E(T)=(225-20x107T -90x107°7T* +4x107°T") GPa,

a(T)=(1.48x107° =22x10°T +1.15x10™"'T? +4x107°T?) K7,

k(T)=(11x10"+1.6x10°T+19x107T* =97x10""'"T?) WmK-  (2.42)

Since the thermal conductivity (k(T)) of the ceramic constituent material is weakly

dependent on the temperature variation, it is assumed as a constant having a value of
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1.5 W mK-1. The Poisson’s ratio is assumed to be constant having a value of 0.33 over the
domain of the substrate FG plate. For a given temperature gradient, the temperature
distribution in the FG plate can be determined from Eq. 2.5. Subsequently, the effective
material properties at any point in the substrate FG plate can be computed using Egs.

(2.41), (2.42) and (2.3). The effective material properties of the PFRC actuator layer

corresponding to the fiber orientation angle as 0°(y =0") are given by (Mallik and Ray

2003),
326 43 0 .
[Cl=| 43 72 0 |GPa, [ék]z{‘s }GPa,
=0 120
0 0 129
e, =—6.76C/m> and e, =—0.076 C/m (2.43)

The circular frequency (w) of the applied uniformly distributed transverse harmonic
mechanical load (pxcos(ot)) is considered near the fundamental frequency of the overall
plate. The boundaries of the overall plate are considered to be simply supported

(vo=w,=0,=0at x=0,a and u,=w,=6,=0at y=0,b).

Since the periodic response of the overall smart FG plate is anticipated in
combination of different harmonics, the number of harmonic terms in the Fourier series is
an important consideration for correct frequency repose. It is observed that one term
(F=1, Eq. (2.24)) of the Fourier series can give the accurate response up to an amplitude
of 08xh (Ribeiro and Petyt 2000). In the present analysis, the maximum transverse
deflection of the overall plate during its vibration is considered to be limited to /1 and that
is evaluated considering three harmonic terms ( F =3, Eq. (2.24)). According to the form of

the solution (Eq. (2.24)), the transverse deflection at the middle point of the overall plate

during its vibration can be written as: w® +w'(t), where, w'(t) is the time-dependent

displacement with respect to the equilibrium position w’. For presenting the frequency

response of the overall plate, the maximum value of w'(t) within a time-period at a
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t
max

frequency is calculated and represented as:W'=w!  /h, while the corresponding

equilibrium position is represented as: W*° =w® /h. The value of W' corresponding to a
frequency of vibration of the overall plate changes as the PFRC actuator layer electrically
induces the damping in the overall plate. It is observed from the frequency response of
the overall plate that the maximum change in the value of W' due to the induced
damping by the PFRC layer occurs at the peak-point of a frequency response. Thus, in the

present work, the performance of the PFRC actuator layer for inducing smart damping in

the overall plate is measured in terms of the change in time-dependent deflection (Wptmk)

at the peak-point of the frequency response curve.

In the present FE model, the elements are considered in square shape. A
convergence study for the present FE model is carried out through the computation of
peak point-deflection near fundamental frequency for different meshes of the overall
plate and it is illustrated in Table 2.1. It may be observed from this table that a 8x8 mesh
could provide sufficient numerical accuracy and hence the present results are evaluated

considering the same FE mesh of the smart plate.

Table 2.1 Convergence study for the present FE model of the overall smart plate.

Mesh size 2x2 4x4 6x6 8x8
W, 0.2147 0.2088 0.2067 0.2066

2.4.1 Validation of the present incremental finite element model
In order to verify the present incremental nonlinear dynamic finite element
formulation, implementation of HBM and solution methodology, first the fundamental

natural frequency of the FG plate (1,~0, k,=0) is computed in the absence/presence

of a temperature gradient across the thickness of the substrate plate.
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Table

2.2 Comparison of

fundamental

natural

frequency

(w,)

parameter

(Q=w,(a* /h)p,(1-v*)/E, ) of FG plate in the absence and in the presence of a

temperature gradient across its thickness

Description Q) (Huang and Shen, 2004) | Q (present)
n=1T =300K, T, =300K 7.555 7.553
n=1T =400K, T =300K 7.514 7.512
n=2,T =300K, T, =300 K 6.777 6.774
n=2,T =400K, T, =300 K 6.728 6.724

Table 2.3 Comparison of frequency ratio (w/w, ) vs. W' relation for nonlinear free vibration

of FG plate with a temperature gradient (I’ =400K, T =300K, 11=2)

W' 0.2 0.4 0.6 0.8 1.0
wlw, (Huang and Shen, 2004) 1.021 1.082 1.175 1.255 1.437
wlw, (present) 1.020 1.083 1.177 1.258 1.440

It may be observed from Table 2.1 that the present results are in good agreement with

the similar results given in Huang and Shen (2004).This comparison validates the

present finite element formulation. The relationship in between the amplitude (W')

and the frequency () for the nonlinear free vibration of the plate is evaluated and

presented in Table 2.2 along with the published results Huang and Shen (2004). Table 2.2

shows an excellent agreement of the present results with those reported in Huang and

Shen (2004) and this comparison verifies the implementation of HBM as well as present

solution methodology.
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2.4.2 Effect of fiber-volume fraction (v, ) of PFRC actuator layer

In the absence of temperature

gradient (7. =17, = 300 K), Fig.

2.2 illustrates the controlled

nonlinear frequency responses of

the overall FG plate for different
values of fiber volume fraction

(vs) of the PFRC actuator layer

(i.2 1:3 1:4 1.5

while the values of control gain o(x 1000 rad/s)

(k;) and mechanical load-

| ] Fig. 2.2 Nonlinear frequency responses of the overall
amplitude (p) remain constant. FG plate for different values of fiber volume fraction

(v;) of the PFRC actuator layer (p= 400 N / mz,
A=1, k,=100, T. =T, =300K, n=1).

It could be noted that the
responses corresponding to 60%

and 100% fiber volume fractions

c . c 0.32

(vs) are identical. Figure 2.2 also

demonstrates significant variation 0-318F

in the control authority of the PFRC . 0316a_ o< o1

n . g w o _ o

actuator layer as its fiber volume % e o % &

0.314} . o L
. . . -] X

fraction (v,) varies. However, in v S0
0.312}

the present analysis, the

performance of the PFRC actuator 0'3_19() _7-5 -6.0 _4.5 _3.0 _1.5 0 1.5 3-0 4.5 6.0 7.5 q(

w (degree)

for controlling the harmonically ;
Fig. 2.3 Variation of peak-point deflection (nggk) of

excited nonlinear vibration of the controlled nonlinear frequency response of the
overall FG plate with the fiber orientation angle ()
in the PFRC actuator layer (p= 400N / m*, A=1,

k,=100, T. =T =300 K, n=2).

heated FG plate is investigated
considering a fiber volume fraction

(v;) of 40%.
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2.4.3 Effect of fiber-orientation angle (i) of PFRC actuator layer

Figure 2.3 shows the variation of peak-point deflection (W,

Lea) Of controlled nonlinear

frequency response of the overall FG plate for different values of piezoelectric fiber
orientation angle () in the PFRC actuator layer. This figure suggests a better use the
PFRC actuator layer when its piezoelectric fiber orientation angle is, +45°. But, the

negligibly small variation in the magnitude of W

e (Fig. 2.3) indicates insignificant

effect of ¥ on the control authority of PFRC actuator layer. Thus, the present
investigations are carried out considering the piezoelectric fiber orientation angle in the

PFRC actuator layer as, 0°.
2.4.4 PFRC layer on metal/ceramic rich surface of substrate FG plate

Figure 2.4 illustrates the controlled

0.4

nonlinear frequency responses of the - ) i — =2
----- A=1

overall smart FG plate when the PFRC
actuator layer is attached either to the
ceramic rich top surface (4=2) or to the
metal rich top surface (A=1) of the
substrate ~ FG  plate. ~ This  figure

demonstrates a better control authority of 10 . \
25 1.3 1.35 14

the PFRC actuator layer when it is attached o(x 1000 rad/s)

to the metal rich surface of the host FG  Fig. 2.4 Nonlinear frequency responses of the
overall FG plate when the PFRC layer is attached
either to the ceramic rich (A =2) or to the metal rich
results are evaluated considering the PFRC ~ (A=1) top surface of the FG substrate plate

(T.=T,=300K, n=2, p =300 N / m’, k,=100).

plate. Following this observation, further

actuator layer on the metal rich top surface

of the FG substrate plate.
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2.4.5 Effect of load-amplitude (p)

0.45 400 -
0.4] —P=100 N/m?2 . —p=100 N/m
B p=300 N/m? P I b p=300 N/m?
----- p=500 N/m? i 300]----- p=500 N/m?
% / o
,/ .
P28 13 132 131 136 138 14 7 132 134 136 138 14
(a) o(x 1000 rad/s) (b) o(x 1000 rad/s)
0.5 350
0.4 300p
250}
205 x
2 £ 200
>
0.2 150
100}
0.1
0_0‘ L M L
100 200 300 400 500  “foo 200 300 400 500
(c) p (N/m?) (d) p(N/m?)

Fig. 2.5 (a) Nonlinear frequency responses of the overall FG plate and (b) the corresponding
variations of control voltage, variations of (c) the peak-point deflection (W;El,k) and (d) the

. ) with the load amplitude (300K, k,=100, =2, A =1).

corresponding control voltage (pr

Figure 2.5(a) represents the nonlinear frequency responses of the overall FG plate for
different values of load-amplitude ( p) when the control gain (%,) remains constant in
room temperature (T, =T, =300 K). The corresponding variations in the required

control voltage across the thickness of the PFRC actuator layer are also illustrated in Fig.
2.5(b). These figures indicate that a significant damping in the overall FG plate can be

achieved in expense of feasible applied control voltage across the thickness of PFRC

actuator layer. The peak-point deflections (W;El,k) of frequency responses and the

corresponding required control voltages (V) are plotted against load-amplitude (p)

in Figs. 2.5(c) and 2.5(d), respectively. These figures demonstrate an important fact that a
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higher value of load-amplitude (p ) causes more nonlinearity in the frequency response
(Fig. 2.5(a)), but the corresponding variations in W/,, and Ve (Figs. 2.5(c)-(d)) are

peal

linear.

2.4.6 Effect of control gain (%)

0.35 200

03]
150

= S 100
s
01 50
P28 13 132 134 136 138 14 92 1.25 1.3 1.35 1.4 1.45
(@ w(x 1000 rad/s) (b) w(x 1000 rad/s)

Fig. 2.6 (a) Nonlinear frequency responses of the overall FG plate for different values of
control gain (k,), (b) the corresponding variation of required control voltage (1, =T =300

K, n=2, A=1, p =300N / m’).

Figure 2.6(a) demonstrates the nonlinear frequency responses of the overall FG plate for
different values of the feedback control gain (&, ) while the load-amplitude ( p ) and the
temperature gradient (T, =T, = 300 K) remain constant. Figure 2.6(a) shows that the
PFRC actuator layer is capable to induce more damping in the overall FG plate when a
higher value of control gain (k,) are assigned. From Fig. 2.6(b), it is also observed that
when the mechanical load-amplitude remains constant, higher values of control gain

(k,) do not cause the increase in the maximum value of required control voltage (V).

An important aspect in the present analysis is to investigate the effect of temperature

gradient (T, >300 K, T, = 300 K) across the thickness of the substrate FG plate on its

nonlinear dynamic behavior in the frequency-domain and also on the control authority

of PFRC actuator layer.
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2.4.7 Effect of ceramic rich surface temperature (7))

0
.
0.2 ‘\._9‘
) e
o 04 "o,
] o
o e“\\
& 08 o,
2
a‘\
0.8 e,
.
. o
T 450 500 550 600
T (K)

Fig. 2.7 Initial thermal bending deflections of the
overall FG plate for different ceramic rich surface

temperatures (11=1,A=1, T, =300 K).

“[L1/N1-Linear/ndnlinear(T_=350K),L2/N2-Linear/nonlinear(T =400K),L3/N3-Linear/nonlinear(T =450K),
L4!N4-Linear.’nonlinear(Tc:SOOK),L5/N5-Linear.’non|inear(Tc:SSOK),LS.’NG-Linear/nonIinear(Tc:GOOK)

0.4} .

0.3

0.2

0.1

92

1.5 1.6
®(x 1000 rad/s)

Fig. 2.8 Linear and nonlinear frequency responses of the overall FG plate for different
ceramic rich surface temperatures (1=1, A=1, k, =100, T, =300 K, p =100 N / m” for

linear responses and p =400 N / m” for nonlinear responses).
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The temperature of the bottom ceramic rich surface of the FG plate causes an initial
bending deformation of the overall FG plate along the negative z-direction. It is
observed that due to an applied harmonic mechanical load, the variation of this initial

bending deflection with the frequency of vibration is negligibly small. Therefore, at a

temperature gradient, it is reasonable to assume that the equilibrium position (WW*) of
the overall FG plate is constant to its initial thermal bending deflection at all frequencies
of vibration. Figure 2.7 illustrates the initial thermal bending deflections of the overall
FG plate for different ceramic rich surface temperatures. The linear and the nonlinear
frequency responses of the overall FG plate corresponding to different ceramic rich
surface temperatures are shown in Fig. 2.8. The linear and the nonlinear frequency
responses at a particular temperature gradient are achieved by applying a lower

(p=100 N/m?2) and a higher (p =400 N/m?2) values of mechanical load-amplitude. It

should be noted that although the difficulty in the convergence of

1.8} 1

1.6} o

wy(x 1000 radfs)

1.4} g"‘

1-2 L L L A L
325 35 400 450 500 550 600

T (K)

Fig. 2.9 Variation of fundamental frequency («,) of vibration with the
ceramic rich surface temperature (T.) (p=100 N /m*, A =1, k,=100,
n=1, T =300 K).
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solutions arises in evaluation of the nonlinear frequency responses under a temperature

0.06
0.0af T -
0.02}

0 "

.
.
______
_________

-0.02}

A @ (x 1000 rad/s)

-0.04}

-0.0

50 400 450 500 550 600
T (K)

Fig. 210 Difference between the frequencies (Aw) corresponding to the
peak-points of linear and nonlinear frequency responses of the overall FG
plate at each ceramic rich surface temperature (11=1, A =1, k,=100, T, =300

K, p=100 N/ m?for linear responses and p =400 N/ m?for nonlinear

responses).

gradient, but the peak points of the response curves are distinctly obtained as shown in

the results. It may be observed from Fig. 2.8 that the fundamental frequency (w,) of
vibration of the overall FG plate decreases up to a certain value of increasing ceramic
rich surface temperature (1, =375 K). After that, it (w,) increases with further increase
of temperature (T ). It should be noted here that while the initial decrease in the
fundamental frequency (w,) with the increase in T is a known fact, the increase in the
same (w, ) for further increase in temperature (1. >375 K) is due to the significant effect
of initial thermal bending of the overall FG plate at high temperature (T ). In Fig. 2.9 the

fact of initial thermal bending seen in Fig. 2.8 is also demonstrated by plotting the

variation of fundamental frequency (w, ) with the ceramic rich surface temperature (1.).

Another important effect of initial thermal bending of the overall FG plate on its
nonlinear dynamic behavior in the frequency-domain can also be observed from Fig. 2.8

that the hardening structural behavior of the overall FG plate switches from to softening
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one as the ceramic rich surface temperature increases from room temperature to a higher

temperature. In  Fig. 210, the difference between the frequencies,
(Aa)z(a)|mnlimr —a)|h.nm)) corresponding to the peak-points of linear and nonlinear

responses at each ceramic rich surface temperature is plotted in order to show the
switching of the structural behavior in a clear manner. It is known that the
positive/negative value of this frequency difference indicates hardening/softening
structural behavior of the plates. Thus, as demonstrated in Fig. 2.10, the overall FG plate

turns to behave as a softening structure when the ceramic rich surface temperature (1)

exceeds a value about 500 K. Figure 2.11(a) shows the peak-points (W;mk

) of nonlinear
frequency responses for different ceramic rich surface temperatures (1). The effect of

ceramic rich surface temperature on the performance of PFRC actuator layer for
controlling the harmonically excited nonlinear vibration of the overall FG plate is also

significant as can be noticed from Fig. 2.8.

0.37 . . . . 380
0.36 360
340
& 0.35 .
s 2 320
0.34 >
300
0.33 280
0.32 26
325 400 450 500 550 600 95 400 450 500 550 600
(@) T_(K) (b) T_(K)

Fig. 211 (a) Variations of the peak point (W;El,k) of frequency response and (b) the

corresponding control voltage (mG) with ceramic rich surface temperature (1.) (p =400

N /m?, r=1, k,=100, n=1, T, =300 K).
It may be observed from Fig. 2.11(a) that for constant values of control gain (k,) and
mechanical load-amplitude (p), the magnitude of W;E,”k increases with the increasing

ceramic rich surface temperature (). But, the same again decreases after a certain value
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of ceramic rich surface temperature (i.e. about 450 K (Fig. 2.11(a)). Although this result

shows more control authority of PFRC actuator layer at very high temperature (T ), but

the corresponding maximum value of required control voltage (V,,

) (at a constant gain
value) significantly increases as can be noticed from Fig. 2.11(b). In fact, since it happens
at a high frequency (Fig. 2.8), the corresponding required control voltage reaches to a

higher value. Therefore, Fig. 2.11(b) suggests a lesser value of control gain (k,) at higher

temperature in view of the permissible applied voltage across the thickness of the PFRC

actuator layer.

2.4.8 Effect of volume fraction index () of FG substrate plate

In the presence of a temperature gradient (T, = 500 K, T, =300 K) across the thickness
of the FG substrate plate, the frequency responses (linear and nonlinear) and the

corresponding equilibrium positions (W?) for different values of volume fraction index

(n) of the FG substrate are shown Figs. 2.12 and 2.13 respectively.

As the value of n increases, the amount of metal in the FG substrate plate increases
resulting in more temperature in the substrate plate at a constant temperature gradient.
Thus, the initial thermal bending deflection of the overall FG plate increases as the value
of n increases at a constant temperature gradient. Since the higher value of n causes a
softer overall FG plate, the fundamental frequency of vibration decreases with the
increasing value of 1 as demonstrated in Fig. 2.12 (from linear responses). But, when the
initial bending deflection corresponding to this increase of n becomes too large, this
characteristic may change i.e. the fundamental frequency of vibration increases with the
increasing value of 1. Figure 2.13 illustrates this fact as the value of n increases from 0.2

to 5.0 in the presence of a temperature gradient (T, = 500K, T, = 300 K).
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5
“[L1/N1-Linearmonlinear(n=0.2),L2/N2-Linear/nonlinear(n=0.5),L3/N3-Linear/nonlinear(n=1),
L4/N4-Linear/nonlinear(n=2),L5/N5-Linear/nonlinear(n=3),L6/N6-Linear/nonlinear(n=4),
0.45 7/N7-Linear/nonlinear(n=>5)

0.35
0.3

£ 025
0.2
0.15

0.1

0.05

35 1.5 1.6 1.7 1.85
w(x 1000 rad/s)

Fig. 2.12 Linear and nonlinear frequency responses of the overall FG plate for different
values of volume fraction index (1) (A=1,k,=100,T, =300 K, T, =500K, p=100 N / m?for

linear responses and p =400 N / m” for nonlinear responses).

Fig. 213 Initial thermal bending deflections
(W*(al2.b/2,0)) of the overall FG plate for

different values of volume fraction index (77) of
the FG substrate plate at a constant temperature
gradient (1. =500 K, T =300K, A =1).
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Figure 2.14 shows the variation of fundamental frequency (w,) with n for the
temperature gradient T, = 500 K and T, = 300 K. It may be observed that although the

fundamental frequency (w, ) decreases with the increasing value of 17, but it (w, ) again

increases beyond 7n=1.5. The earlier results demonstrate an alteration of structural
behavior of the overall plate for increase in temperature gradient from a lower value to a
higher value. At a constant temperature gradient, this observation may also appear if the

value of n increases to a high value.

1.8

-
~
R
Q

wglx 1000 radis)
—
[=1]
\
'

1.5} n‘ﬂ-e--e—e"e'

Fig. 2.14 Variation of fundamental frequency (®,) of vibration
with the volume fraction index (71) of the FG substrate plate in
presence of temperature gradient (1 =500K,T = 300 K, p =100

N /m*, A =1,k,=100).

Figure 2.15 illustrates this fact by plotting the difference between the

—a)lmm)) corresponding to the peak-points of linear and

nonlinear

frequencies Aw = (a)

nonlinear responses (Fig. 2.12) for different values of 7. This figure shows a change of
structural behavior of the overall FG plate when the value of 1 exceeds a value about
0.8 in the presence of a temperature gradient (T, = 500 K, T, = 300 K). The variation in
the control authority of PFRC actuator with the volume fraction index (7) of FG

substrate plate is demonstrated in Fig. 2.16. For constant values of control gain (k,) and

load-amplitude (p). Figure 2.16(a) illustrates the peak-points (W ) of nonlinear

peak
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frequency responses for different values of n in the presence/absence of temperature

gradient.

0.01

lh\

0.005} "o
)
©
© 0
S )
o
-~
= -0.005}
s \

.
0.01 .
-0.015 a
0.2 1

Fig. 2.15 Difference between the frequencies (A@w) corresponding to the
peak-points of linear and nonlinear frequency responses for different
volume fraction index (1) (T.=500 K, T, = 300 K, A=1,k,=100,p =

100N /m” for linear response and p=400 N /m’for nonlinear

The variation in the corresponding required control voltage (V,,; ) is also illustrated in

Fig. 2.16(b). Since an increased value of Wptmk indicates lesser damping in the overall FG

plate, Fig. 2.16(a) demonstrates a decrease in the control authority of the PFRC actuator
layer at a higher value of n. The figure (Fig. 2.16(b)) for the corresponding control

voltage shows a relatively higher rate of increase of required control voltage (V,,,

) with
the increasing value of 1 when there is a temperature gradient (T, = 500 K, T,, = 300

K). Thus, in order to limit the applied voltage across the thickness of the PFRC layer to

its (voltage) permissible value, this result suggests a lower value of control gain (k,) for

the higher value of 7 in the presence of a temperature gradient.
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0.4 T v v v 400 y
e
.
o

0.38 66 06 G- 000 ad

. P | s

-0~ 350F -
= tee e ad
V-4 G g
0.36 2
ﬁ ’E' ﬁ
wd o a 300

250
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Fig. 2.16 Variations of (a) peak-point deflection (Wptmk) of nonlinear frequency response

and (b) the corresponding required control voltage (mek) with the volume fraction index

(n) (p =400 N / m*, A=1,k,=100, T, = 300 K).

2.4.9 Effect of FG substrate plate-thickness (/)

In Fig. 2.17 the effect of FG substrate plate thickness on the control authority of PFRC

actuator layer is demonstrated. For constant values of control gain (k, ), load-amplitude
(p) and temperature gradient (1. = 500 K, T, = 300 K), Fig. 2.17(a) illustrates the peak-

point deflections (W) of frequency responses of the overall plate for different values

peak
of substrate FG plate thickness. The corresponding required control voltages (V) are
also illustrated in Fig. 2.17(b). In these figures, Wpteuk and the corresponding V,, both

decrease with the increasing FG substrate plate thickness. This result indicates a better
control authority of the PFRC actuator layer with lesser amount of required control

voltage in case of thicker FG substrate plates.
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0.8 60
o6 500
< < 400
w204 I
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O 6 7 & s 10 4 5 & 7 8 9§ 1
(a) h(mm) (b) h{mm)

Fig. 2.17 Variations of (a) the peak-point deflection (W;eak) of frequency response and (b)
the corresponding required control voltage (V) of the overall FG plate with the substrate

FG plate thickness (1) (p =400 N / m*, L =1,k ,=100,T =300 K, T, =500 K, 1=1).

2.5 Conclusions

A nonlinear dynamic incremental finite element model of smart FG plates with a heated
plate-surface is developed for analyzing its nonlinear dynamic characteristics in the
frequency-domain. The substrate FG plates are integrated with a smart PFRC layer. The
PFRC layer induces smart damping in the overall FG plate as it is activated by external
voltage supplied according to the negative velocity feedback control strategy. The
temperature in the substrate FG plate is spatially distributed and assumed to be varied
only in the thickness direction. The temperature-dependent material properties of the
FG plates are graded in the thickness direction according to a simple power law and
expressed in terms of the volume fractions of ceramic and metal constituent materials.
Based on the von Karman nonlinear strain displacement relations and the first order
shear deformation theory, the nonlinear incremental finite element equations of motion
in the time-domain are derived employing the Hamilton’s principle. The motion of the
overall smart heated FG plate is assumed as periodic and modeled following the Fourier
series representation in order to express the nonlinear incremental equations of motion
in the frequency-domain. For the numerical solutions of these incremental equations of

motion in the frequency-domain, an arc-length extrapolation technique is utilized and
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also a new strategy for selecting the arc-length in each incremental step is described in

the present work.

The numerical results from this chapter reveal the following important observations:

1.

TH-1385_10610306

The initial flexural deformation of the overall FG plate due to the ceramic rich
surface temperature remains almost constant during its vibration under the

harmonic mechanical load of any frequency.

Normally, the fundamental frequency of vibration of the overall FG plate
decreases as its temperature increases. But, because of the corresponding
increase of initial bending deformation, the fundamental frequency of vibration
of the overall FG plate increases beyond a certain value of increasing

temperature.

The overall FG plate usually exhibits hardening structural behavior. But in the
presence of a high temperature, the same may behave as a softening structure

due to the effect of its initial thermal bending deformations.

The increase in temperature of the substrate FG plate significantly affects the
control authority of the PFRC actuator layer and also causes higher value of

required control voltage at a constant value of feedback control gain.

The fundamental frequency of vibration of the overall FG plate decreases with
the increase of metal-volume fraction in the FG substrate. However, in the
presence of a temperature gradient across the thickness of the FG substrate plate,
the fundamental frequency of vibration may increase when the increasing metal-

volume fraction exceeds a certain value.

In the presence of a temperature gradient across the thickness of the FG substrate
plate, the overall plate may alter its hardening structural behavior to softening

one as the metal-volume fraction in the substrate plate increases.

67



Chapter 2: Harmonically excited nonlinear ... PFRC actuator layer

7. The control authority of PFRC layer decreases for increase of metal-volume
fraction with constant values of control gain, load amplitude and temperature

gradient.

8. Use of a higher metal-volume fraction in the presence of a temperature gradient
across the substrate plate-thickness needs a lower value of control gain to keep
the maximum value of applied voltage within its (voltage) permissible value for

PFRC actuator.

9. A better control authority of PFRC actuator with lesser control voltage is

observed for thicker substrate FG plates.
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Chapter 3

PIEZO-VISCOELASTICALLY DAMPED NONLINEAR
FREQUENCY-RESPONSE OF FUNCTIONALLY GRADED
PLATES WITH A HEATED PLATE-SURFACE

This chapter presents the control of variation of smart FG plates incorporating a
constrained viscoelastic layer between the host FG plate-surface and the PFRC layer with
an objective of enhanced damping especially at high temperature applications.
Incremental finite element formulation along with GHM method for modeling the
viscoelastic layer is described in details along with the solution strategy for solution of
active vibration of such smart structures. Based on the formulations, numerical results are
presented to substantiate the efficacy of ACLD in enhancing the effective damping. In
addition effects of important parameters such as initial thermal deflection, temperature,
volume fraction on the controlled non-linear dynamic response are also presented in this

Chapter.

3.1 Introduction

For high temperature of a surface of substrate FG plate, the control-capability of the
PFRC actuator layer decreases resulting in lesser active damping within the overall smart
FG plate. Meaningful damping in the overall FG plate at high temperature, could still be
enhanced to some extent through its (PFRC actuator layer) utilization in the form of
ACLD layer (Baz 1993; Baz and Poh 1995) and this issue is not yet addressed in the
literature especially for the vibration of FG plates under harmonic mechanical load. Thus,
it is important to study the use of an ACLD layer instead of PFRC actuator layer, with an
aim of achieving increased damping. The PFRC actuator layer is considered as the active
constraining layer of ACLD layer and the negative velocity feedback control strategy is
utilized for activating the actuator layer. The nonlinear vibration characteristics of the
overall FG plate need to be evaluated in the frequency-domain to investigate the effect of

substrate-plate-surface temperature on the actuation-capability of ACLD layer. The
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constrained viscoelastic layer (ACLD) is modeled in the time-domain utilizing Golla-
Hughes-McTavish (GHM) method. First, the incremental closed-loop finite element
equations of motion of the overall plate are derived in the time-domain. Next, these
equations are expressed in the frequency-domain assuming periodic motion of the overall
plate. The solution methodology as discussed in Section 2.3,(Chapter 2) is utilized for
numerical evaluation of nonlinear frequency responses of the overall plate. The analysis
reveals a potential use of PFRC actuator layer in the form of ACLD layer. The analysis
also reveals the significant effect of initial thermal bending of the overall smart FG plate
on its nonlinear dynamic characteristics in the frequency-domain. The effects of
temperature, metal-volume fraction in FG substrate, fiber volume fraction in PFRC and
fiber orientation angle in PFRC on the actuation-capability of ACLD layer are also

presented.

3.2 Problem Statement and Incremental Finite Element Formulation

PFRC layer

Surface electrode

Piezoelectric fiber
Epoxy matrix

Viscoelastic layer

-—-—=— X\ FG substrate plate

Fig. 3.1 Schematic diagram of FG plate integrated with a layer of ACLD treatment.

Figure 3.1 shows a FG plate integrated with a layer of ACLD treatment. It is a modified
form of the previous smart FG plate (Fig. 3.1) in which an ACLD layer is attached to the
top surface of the FG substrate plate instead of PFRC layer. The constraining layer of
ACLD is made of PFRC. The thickness of the constrained viscoelastic layer is denoted by,

h, while other geometrical parameters are denoted by the same symbols as those are in

Fig. 2.1. The substrate FG plate is made of two homogeneous and isotropic constituent
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materials such as ceramic and metal. The bottom ceramic rich surface of the substrate is
considered to be exposed to a high temperature while the metal rich top surface of the
same is always exposed to the room temperature (7, = 300 K). Material properties (P ) of

the substrate FG plate are assumed to vary along the thickness direction as the functions
of volume fractions and material properties of the constituent materials according to a
simple power law (Praveen and Reddy 1998, Woo and Meguid 2001). The planes parallel
to the reference plane (z=0) are assumed to be isothermal planes and the temperature
varies only across the thickness of the substrate FG plate. The ACLD layer is attached to
the metal rich surface of FG substrate in order to keep it apart from the thermal effect. The
piezoelectric fiber alighment remains the same as those illustrated in Fig 2.1. The state of
strain and the state of stress at a point in the overall laminated plate are defined by Eq.

(2.1) and Eq. (2.2) respectively,
{gb}z{gx gy gxy}T and {85} = {gyz gxz}T (21)

{o}={o, o, oy} and{c}={c,. o.}

(2.2)
The substrate FG plate, viscoelastic layer and PFRC layer within the overall plate are
denoted by the symbol & according to its value as 1, 2 and 3, respectively. The
constitutive relations for substrate FG plate and PFRC layer are illustrated in Eq. (2.4) and
Eq. (2.6), respectively in which the value of & for PFRC layer is taken as 3 for the present
overall analysis. According to the material properties of FG plate (Eq.(2.3)) and present
thermal environment , the temperature-distribution within the FG plate can readily be
obtained from (Eq. 2.5a). The uni-axial, isothermal stress-strain relation for an isotropic

linear viscoelastic material is given by (Christensen, 1982),
t 0
o(t) = E(t)£(0) + j E(t—1)~e(r)dr (3.1)
0 or
where, E(f) is the time dependent relaxation modulus and &(t) is restricted to be zero for

t € (—0,0). The constitutive relations for this linear isotropic viscoelastic material can be

written as,

{of} =[CRIE@) (ef (0)3+ j;[cg‘ ]E(r—r)%{eg‘(r)}dr,
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(0¥ ) =1ck ek O + [ [CK1G( - 1) Ltk (o)) (3.2)
0 ot
where,
. 1 v 0 Lo
[Cl=—F]v 1 0o |, [cf]:[ }
V0 0 a-vy2 01
G()=E()/2(1+V), k=2 (3.2a)

The superscript £ in Eq. (3.2) denotes constrained viscoelastic layer as per its value as 2.
The constraining PFRC layer is activated by applying external voltage (V) across its top
and bottom electrode-surfaces. Moreover, since a thin constraining PFRC layer is

considered, the electric field components are assumed as, E, =0, Ey ~0 and E,=-V / hp.

Since a thin overall laminated FG plate is considered in the present analysis, the
kinematics of deformation of the overall laminated plate is defined according to the layer-

wise FSDT as follows,

u(x,y,2,8) = uy(x, ¥, 1)+ 200,(x, y, ) + 238, (x, Y, t) + 237, (x, Y, 1) ,
0" (x,y,2,) = v, (x, Y, £) + 20, (x, y, 1) + 258, (X, Y, ) + 237, (X, Y, 1),

W (x,y,2,t) = w,(x,y,t) (3.3)

where,

z =z,25 =2y =0 for k=1,

zi=h/2,zy=(z-h/2),zi =0 fork=2,

zi=h/2,z5=h,,z{ =(z-h/2-h,) fork=3 (3.3a)
where, u*, v and w" are the displacements at any point of the k™ layer along x, y and
z -directions, respectively; u,, v, and w, are the translational displacements at any point
on the reference plane along x, y and z directions, respectively; 6 /6,, ¢ /¢, and

7. /v, are the rotations of the normal to the middle plane of substrate FG plate,
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viscoelastic layer and PFRC layer, respectively with respect to y / x axis. According to the

displacement field given in Eq. (3.3), the state of deformation of the overall plate can be
defined in terms of the generalized displacements

(uO’ Uyr Wy, 0.,

X

0, b, b, Vo 7V, ) which can also be expressed in the form of a

generalized displacement vector as follows,
{d} = [uO UO wO 9){ ¢x ]/x gy ¢y ]/y ]T (34)

Following the displacement field given by Eq. (3.3), the von Karman nonlinear strain

displacement relations can be written as,

{et ={en} +ewl +21{x,},

{ey ={e )+ [z Ux.) (35

where, the generalized strain vectors ({¢,,},{e,y},{x,} 1€.} {1k} ) and the z-coordinate

matrices ([z, ],[z}]) are as follows,

ou, Ov, Ou, Ov, !
{en} = - Tt ,

ox oy Ox 0oy
2 2 T
1(ow, 1{ ow, ow, Ow,
{SbN } =5 Y ’
2\ ox 2 oy Ox 0oy

T
{Kb}:{aex . o % % 2, 20,00 o0 % or. W}

9% Ly
ox oOx oOx oy O O Oy Ox oy Ox Oy Ox

ow, ow, '
{ss}={— —} ,
oy Ox

k}=16, ¢ 7. 6, ¢, 7},
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Z Z 2 0 0 0 0 0 0
[zi]=|0 0 0 zZ 2Z£ 2 0 0o o],
00 0 0 0 0 z& & 2

k k k
0z, 0z, 0z,

0 0 0 5 5 5
k1 Z 74 Z
[=]= Y (36)
4 222 73 0 0 0
0z 0z Oz

For an applied uniformly distributed harmonic transverse mechanical load of intensity,

p(x,,t), the first variations of total potential energy (J7,) and total kinetic energy (0T )

of the overall FG plate at any time ¢ can be written as (Tiersten, 1982),

A B T T T _
ST, = ! ! {; sz ({55,5} {or}+{oe!} {as"})dz— ]j {6E)"(D} .., dz—(&wxp)}dydx
(3.7)
5TK=ﬁ{ihM<[5a" 50" sw']ptlat o zbk]T>dz]dydx (3.8)

where , § is an operator for first variation and p" is the mass density of the k -th layer.
The values of hy /hy,1 for k=1,2and 3 are, hy=-h/2, hp =h/2, h3=(h/2+h,) and
hy=(h/2+hy+hy). Substituting Eqgs. (2.4), (2.6), (3.2), (3.3), (3.4) and (3.5) in Egs. (3.7)

and (3.8), the following simplified equations can be obtained,

(102 + (e )T VAR (epr ) + ey 1) + (00} T TBE Ve )+ ey ) + 10500} + L0y T YIBER Ty )
+{owy} (DB 1y} +00) T TAS W) + o} TTB ) + {0} [BE T} + o} T [DE (k)
5T, = [ Jo| - (1001 ™ +{0n T ) At —101,)T By} - ({001 T +{0an )T MAgelV — 109, T (B lV ~ (05 1AV fdyds

0
()T (Bee}V — (90 p) {824 T G(1) ([ A2 (0)) + (B 1 (O))) + (0} G(8) (B2 1 () + (D2 i (O)}) +

166" Gle =) 1421 e (B ) o 10 T oGO0 1L a1+ DF 1 oo |

(3.9)
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ST, =

O‘—,:.

j<{§d VT[] d}>dydx (3.10)

In Egs. (3.9) and (3.10), the rigidity matrices ([A;’], [A"], [B,)1, [B,2], [Dy’ ], [BL1,
[B1, [DF], [AZ], [B2], [B.], [D?]), thermo-elastic coupling vectors ({A;}, {B,}),
electro-elastic coupling vectors ({A,,}, {B,.}, {A,}, {B.}) and the mass matrix ([#71]) per

unit area are as follows,

Iy
[A4)]= J[cknk vdz+ [ [Cillis dz,

Iy Iy

ar1= [ 1€l o [ 1€ 2,

Iy Iy

Iy,

[Bi]= j[ckuzbnkldmj [Ci 11241y dz,

Iy

Iy

B)1= [ (ZT1C 1 dz+ | [ZTIC ), dz,

Iy Iy

Iy
[D71= [ [Z][C Iz |k1dz+J 21" [C Iz s dz,

Iy Iy

J[Ck [2!] |k1dz+j [C 1124y dz,

Iy

Iy Ty
BB]_ I[Z |k1dz+j [Ck]lkzdzl
Iy Iy
Iy Iy
[DF]= j [z T'[CE 2y dz+ J [z T'[CH 12, dz,
i
A= [0 1 o2 g@ary,, 2,
Iy 1_V(Z)
Ny E(Z)

.[[ z]'[1 1 O]Tl_—vz)a(z)Ale:l dz,

Iy
By

B} = [ (T80 0 —yh T dz,

Iy
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hk+]

B} = [[ZT[ello 0 -] dz,

Iy

T Iy

[AN= [ [Cl dz, [BX]= [ [ZTICH,., dz,

Iy,

T

{Ad=[1gllo 0 —ynT_, dz,

Iy

hk+l

A= [[2lo o -ynI'|_ dz.

Iy

Pyt

[B31= [ ICHIzt]),., dz,

T
Iy

[D:1= [ [ZTICA 2], dz,

Iy

[m]=ki'kf (12,17 +1Z.,1) 0 (12,1412, 1)z,

10000 0O0 00
Z =0 1 0 0 0 0 0 ,
00100 0O 00O
000z 2z 2z 0 0 0
zf1=0 0 0 0 0 0 z =z =z (3.11)
0000 0 0 O 0

The constrained layer damping of vibration of the overall FG plate is mainly achieved by
the transverse shear deformation of the constrained viscoelastic layer (Baz 1993).
Moreover, since the extensional stiffness of the viscoelastic layer is very small as
compared to that of the substrate plate, the extensional stiffness of the viscoelastic layer is
not considered in the expression of total potential energy (Eq. (3.9)). A state of steady-state
vibration of the overall FG plate with a circular frequency () is defined in similar

incremental form as given in Eq. (2.18a). So, the given displacement vector ({d,}) and

corresponding increment vector for the present problem can be written as,

{di}=[u0i Vo Wy Oy Py Vu Hyi ¢yi 7yz‘]T’
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{Ad }=[Au, Av, Aw, A6, Ag, Ay, A6, A4, A;/y]T (3.12)

Corresponding to the incremental displacement vector, the generalized strain vectors

(Eq.(3.5)) can be expressed as,

{ew}= {EZL} +{Ag,

{e.}={el} +{ae},

—_——

A

——
Il

{x}+{AK) (3.13)
where, {g,}, {ey}, i)}, {e}and{x!} are the strain vectors for the given sate of

deformation {d,} while {Ag,}, {A¢,}, {Ax,},{AKk,} and {As} are the corresponding

increments as follows,

T
{2 o'

{A%}:{&m% &y%}T
y o

(A ) 0D 28, 2Ay, MG, OMJ, 3Dy, oAG, OMG, ong OM, oby, by, '
ey o ax . oy oy oy ey o oy ox oy ox |

T
(e} - vy Mo, 1 (aAwo jz vy, w1 ot " ow, 0Aw, &y 0w, (v, O
Mol e a2 ax ay oy 2\ oy x oy oy ax (o oy )|

(A }=[A0, Ap. Ay, AG, Ag, Ay,T (3.14)
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For deriving the finite element model of the overall FG plate, it is discretized by 9-node
isoparametric quadrilateral elements. Accordingly, the generalized displacements within

typical element can be expressed in terms of its (element) nodal displacement vector as
illustrated in Eq. (2.21) {d}=[N]{d‘} . Substituting Eqgs. (3.12) and (3.13) in Egs. (3.9) and
(3.10) and then using Eq. (2.21), the following simplified equations for a typical element

can be obtained,

[KST4 + K 1A+ [Kg, 1 () + [KS 1A + Ko 14
8T¢ =8{Ad")' | +[Kiy J{Ad'} — (B}~ {PY'} — {BF}V — {PE}V — Py (1))

ARG O+ K]0 21 () + (o () o

STY = S{Ad ) (IM° e} +[M°]{Ad"}) (3.15)

where,

ki) [B:1" (LA 11B; 1+ [BR1(B, 1) + [B, I ([B1[B; 1+ D} 1(B,, ]) }me,

+B.I" ([A”1[B.]+[BA1[B,.]) + [B..]" ([BS1[B.]1+ [D!][B,.])
(K= ], (B T LA T+ B, J'[Bi 1) By + [By 1" (LA 1B, 1+ [BL (B, 1)MA,
[Ki]=], (BT 1AL+ (B, T [BIT)[By 1+ [BA] (LA” 1B 1+ [B311B, T)MA,,
[Kiwl =, ((BNT'[AVI(By A
[Kin]=[, ((BAI'TA](By])dA
(P} =], (BT A} +[B,.1" {B; A

(B} =], ((BVI"{A A
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(P} =], (BUI"{ADAA, ,
(P} =], (BT (AL +[By 1 (B} + BT (AL} +[B, ] (B A,

(Fu}=[, (INT'T0 0 p 0 0I')dA,, [M]=[ (NT'[mINDA,,

[K:1=[[B.I"([A21[B.]+[B1[B, 1)+ (B, I" ([B31[B.]+ [D][B,.])dA,

A[’

(3.15a)

In Eq. (3.15a), A, is the area of a typical element in the xy-plane. The different strain-

displacement matrices appearing in Eq. (3.15a) are as follows,
[B,1=[L,1IN1, [By;1=[Ly 1IN,
[B.1=[L]INT, [B, ]=IL,JIN],

[BY1=[Ly 1IN, [B,]=[L,]INT,[By]=I[Ly]1INI,

0 law"iEOOOOOO
2 Ox Ox
ow
[LM]=00l 9 000000
25‘y5y ’
ow .
00 9 40000 0
| ox Oy |
002000000
[L]= p
00 2000000
ox
0 0 wy 0 | 10Aw, 000000
Oox 0x 2 0Ox Ox
[L,]=]0 o Oy 0 (1040, 05 4 g 0 0 0],
oy oy 2 oy oy
0 0 S0 Gy 0 G803 o g 0 0
Ox oy 0Oy Ox Ox Oy |
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0 0 %i+aAw0i 00 0 0O00O0
ox ox ox Ox
dy oy oy oy
0 0 {awoi+6Awoji+[aw°i+aAw°Ji 000 O0O0O0
ox ox oy oy dy )ox
000 9 o 0 0 0 ©0
ox
000 0 2 0 0 0
ox
0
o000 O — 0 0 O
ox
0
Oo00 0O O O — 0 O
qy
000 O O 0 O 9 0
4 [LhK]_ ay ’
0
Oo00 0O O O O o0 —
oy
000 2 9 0O 0 0 0
oy Ox
000 0 A 0 0
oy Ox
000 O O 0 O N
] oy ox
0
— 0 0 0 0 0 0 O0U0O
ox
L 0
[L,]=|] 0 — 0 0 0 0 0 0 O,
Y
29 5000000
| Oy Ox ]
[0 001 00 0 0 O] (3'16)
00 0O01UO0UO0TO0OTFO0
L ]= 00 0O0O0OT1TUO0TO0OFO
K 000 O0O0O0OT1TTUO0OFO
000 O0O0O0OO0OT1TTO0
_0 000 0O0O0D O 1_

In Eq. (3.15), the bending and shear counterparts of the total stiffness matrix are

formulated separately so as to implement the selective integration in a straight forward
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manner. The governing equation of motion of the overall FG plate are derived by
employing the extended Hamilton's principle (Eq. (2.16)). Substituting Eq. (3.15) in Eq.
(2.16), the following simplified elemental governing equations of motion of a typical

element can be obtained,

[M1{d; ) +[MI{A"} +[K; 14d s +[KE 1A +[Kgy 14d! ) + K, 1{Ad¢)
+[Kfm] {df} + [K;,N] {Ad*}— {PLTE} - {PA?} - {PLEE} xV - {P,ﬁe} xV =0 (3.17)

e e e ot C
(PO KIGOE O K], Gl i)+t (0o |

3.2.1 Implementation of GHM model

The viscoelastic materials are usually characterized by frequency and temperature
dependent complex modulus. Use of this complex modulus model of viscoelastic layer in
the nonlinear frequency response analysis decreases the computational speed for
convergence of solutions. In order to avoid this discrepancy, the material is first modeled
in the time-domain using GHM method (Golla and Hughes, 1985). Subsequently, it is
transferred to the frequency-domain. According to the GHM model of viscoelastic
material, the complex modulus is represented as a series of mini-oscillator terms in the

Laplace-domain as follows,

. R s> +2& @ s
sG(s)=G" 14 a,——— qu —
- S 2805+ @,

(3.18)

The factor G” is the value of the modulus in equilibrium and R represents the number of
mini-oscillator terms. The constants, «,, fq and @, govern the shape of the modulus
function in the complex S-plane and those can be obtained by curve fitting the
experimental data. The form of the complex modulus (sG(s)) is introduced in Eq. (3.17)

by taking its (Eq. 3.17) Laplace transform. Subsequently, the inverse Laplace transform of

the resulting equation gives the following equations of motion in the time-domain,

[ME1(d; )+ [ M A + (K 1 )+ K A + (K s+ (K5 HAd ) + (Ko, 1))

R 3.19
H[Kg HAd) = DU [K, ({25} + {Az ) = (P} +{PF BV + (P < V +{Py | o)
q=1
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(g} +(az)) + 28 @, (1) +{az))+ ) (120} +{Az)) = & ({de) + (Ad°)) (3.20)
where, ¢ =(1,2,........ ,R); {z;} and {Az}are the elemental nodal auxiliary dissipation
coordinate vector and the corresponding increment vector, respectively. The matrices

(IK;.1, IK},1) appearing in Eq. (3.19) are as follows,

[K..]= <[K§]+ [KI1G™(1+ i%)>, [K,1=[K[1G e, (3.21)

3.2.2 Implementation of harmonic balance method (HBM)

In order to express the equations of motion in the frequency-domain, the harmonic

balance method (HBM) is utilized by assuming periodic motion of the overall FG plate.
According to this method, the expression of elemental nodal displacement vector ({d}) is
given in Eq. (2.24). Following the same form of solution for auxiliary dissipation

coordinates, the corresponding vector ({z,} ) could be expressed as,

{26k ={a b+ i<{aqr}cos(ra)t) +{b,, }sin(rer)) (3.22)

where, {a,} is the time-independent elemental nodal auxiliary dissipation coordinate

vector; {a, } and {b,} are the elemental nodal auxiliary dissipation coordinate vectors for
the amplitudes in r-th harmonic term. For the sake of simplicity in the present
formulation, the vectors ({d°},{d’},{d‘}, {Ad°},{Ad’},{Ad"}) in Eq. (3.19) and the
nonlinear strain displacement matrices (IB,],IB,l,IB{l) in Eq. (3.16) are expressed in

similar forms as presented in Egs. (2.25), (2.26) and (2.27). The same strategy is also
implemented for elemental nodal auxiliary dissipation coordinate vector that yields the

following expressions,
{z) =[S 1Xc} (2} = ox[S;1{XC} (50} = -0 x[Ss1{X¢ ),
(az;) =[5°1{AX;
(A2} = o[SI1{AX: )+ A0[S1{XE |,
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{AZ0) = —a;iz[sg]{AX;} —2wz-Aw[S§]{X;}

Xy =[la,)" da,)" BT L g, b
AX ) =[{Aa,)" {Aa,)T (AbYT L HAg,T (AT (3.23)
3.2.3 Implementation of control strategy
The external voltage across the thickness of PFRC constraining layer is supplied according
to the negative velocity feedback control-strategy (Eq. (2.28)). According to this control-
strategy and present form of solutions, the supplied voltage (/') could be expressed in
term of the sensing point displacement as it is derived in the previous chapter (Eq. (2. 30)).

Substituting Egs. (2.26), (3.23), (2.27) and (2.30) in Eq. (3.19)-(3.20) and then using Galerkin

procedure, the simplified equation can be written as,

[KiT{AX"} — i[wa] AXS ={f {7+ 7 — (0,4 Ao)[Cl{w,} — o[CHAW } +{f}Aw
(3.24)

(KL HAX S = [Kg, HAX D = {fi + {fo A0, =12, R, (3.25)
In Egs. (3.24) and (3.25), the different vectors and matrices are as follows,
(K1 =(—w]IM{HIK K KD,
R
(= (WIMET=IK =K =K DX K XY, (T =(P+ 5,
g=l1

{fol =20, [M; X7},

K5, 1= [ (ST is")ae,
M= [ (s TIMANS) o

92
1

[Ki. 1= [ (STIKE IS a6,
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[K;1= [ (s T@ils e,

(K 1= [ 18T (02151 + 2, 6,015:1+ @217 o,

949
I

(Fil = [T (Gl Do)+ [ [ST (~oflSi]+28, 001511+ 015" ol
(£21= [ ST (20[8:1+28,,[5)d01x;),

(ST ([, (BLF1AN)+ BT BB MAL)S T
HSTIS'N [ (BT (AS1(BL1 + BB, )dA.)

K= [

[5°146,

[ST( f, (BEIAN T+ 1B, BB A )T
HSTIS'Y f, 1BAT (AFI(B] + (BB, A

e

[Kil= [

[5°]46,

[Kini= [ [ST1S°Y [, [BET AT B A, TS| ab,

e2
1

K= [ [STIS°Y [, BT AT B JA, I TS do,
(Pl = [ (S TR ) v,

(0= [ S0, (BT A A, ab,
()= [ (ST RO,

(1= [ (15T {REY+[STISY, (BT AP aa, )isilao (326)

e

Since the response of the overall plate is assumed as periodic, the angle limits (i.e. 6, and
0,) are considered for one cycle/period (i.e. 0 to 27). Assembling the elemental

equations (Eq. (3.24) and (3.25)) in the whole domain of the overall plate, the following

global equation can be obtained,
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[K,J{AX §— i[KW] AX =+ T =0+ A0)[Cl{w} —olCl{Aw} +{f,}Aw

(3.27)
(K, HAX} —[K, JAX,} = {fi )+ fuAo, =12, R. (3.28)

Making use of the expression of sensing-point displacement ({w_},{Aw_}) in term of the

global displacement vector ({x,},{AX}) (Eq. 2.34), the simplified form of Eq. (3.27) can be

written as,

[K.] {AX}—qf;[KW] AX) = {3+ D+ o,
[K1=[K]+o[C,
(£} ={f,}-olCHX},
{fod={f.1-IClH{X;}, ICI=IC] IN (3.29)

Now, the governing equations of motion of the overall plate (Egs. (3.28) and (3.29)) can be

written within single expression as,

[Keq]{AXeq} = {feq} +{ ;;}Aa) (330)
where,
K.l —IK,, | =K, . . =Kl
K, —IK,I (0] . [0]
IK,,] [0] =K, . . [0]
[Keq]: ' . . o ' ,
K] [0] [0] oo =K ]
[1AX) ) (f)
{AX )} {f)
{AX,} {f .}
{AX }= L= fo
eq eq .
AX ) {f x)
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] [T+
fr) o
{f,,)
()= fell (] 0 (3.30a)
fud] | 0

Equation (3.30) can also be expressed in the following form,

{AX, ) ={fi}+ AD{f,}

Y =IK, 1 f) A=K, T (3.31)

where, the relations ®=w,/w, and A®=Aw/w, are introduced utilizing the fundamental
frequency (w,) of vibration. For numerical evaluation of frequency responses of the

overall FG plate, Eq. (3.31) is solved utilizing a solution methodology as presented in

Section 2.3 in Chapter 2.

3.3 Numerical results and discussions
An FG plate integrated with a ACLD layer is considered as shown in Fig. 3.1. The
geometrical properties of the FG plate are considered as: a=b=400 mm, h=6 mm. The

constraining PFRC layer is considered to have a thickness (h,) of, 250 pm. The

piezoelectric fiber orientation angle (y ) and the piezoelectric fiber volume fraction (v, )

in the PFRC actuator layer are considered as 0° and 40%, respectively. Simply-supported
boundary conditions of the overall FG plate are considered and a uniformly distributed
transverse harmonic mechanical load is applied. The temperature dependent material
properties of the metal and ceramic constituent materials of FG substrate plate are

considered as given in Section 2.4 Chapter 2. For the viscoelastic layer, the thickness ()
of 1 mm is considered unless mentioned and its material properties in terms of the GHM

parameters are considered as given in table below (Shi et al., 2004), (G™=3.877x10*
N/m2, p=789.5 kg/m3).
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Table 3.1 GHM parameters

o= | 2.3263x104 | W, 6.6169x106 | €, = 3.0787

a,= | 41977x101 | &, = | 3.2854x104 | £, = | 1.4288x102

o, = | 3.5174x10! | W, 4.7515x10% | £,= | 6.1785x102

Following the same procedure as illustrated for the analysis of previous smart FG

plate (Chapter 2), the frequency responses of the overall smart FG plate are computed in

terms of the parameter W' while the corresponding equilibrium position of the overall

plate is represented by the parameter WW* (Section 2.4). The damping in the overall plate

caused by the ACLD layer is measured in terms of the parameter W, , (Section 2.4). The

eak
maximum value of W' is considered as less than /i and three terms (r=1, 2, 3) of the

Fourier series are considered for the present solutions.
3.3.1 Validation of the present incremental finite element model

For verification of present nonlinear incremental finite element model, the linear and

1 1 1 0.016
the nonlinear free vibration A method

0.014] ----- Complex stiffness method

responses of the FG substrate 0012

plate are evaluated without 0.01
“20.008

ACLD layer (hp ~0, h,~0,

0.006

V=0). It is observed that the 0.004
0.002
computed fundamental natural 0 . . . ,
125 13 135 1.4 145 15
frequency parameter (Q) and o(x 1000 rad/s)

the  nonlinear  frequency- Fig. 3.2 Forced linear frequency responses of the

amplitude relations do mnot gverall FG plate (p=10 N / m*, k ,=30, T.=T =300

deviate from the similar results K, n=1).

for previous verification (Table

2.1 and Table 2.2). However, for verifying the implementation of GHM method, the forced
linear frequency response of the overall plate are evaluated by modeling the material

properties of the viscoelastic layer according to the complex stiffness method. In Figure
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3.2, the obtained frequency response is compared with that when the GHM method is
used for modeling the viscoelastic layer. It may be observed from Fig. 3.2 that the results
using GHM method are in good agreement with those obtained using complex stiffness

method thus verifying the implementation of GHM method in the present formulation.

3.3.2 Effect of control gain (k,)
Figure 3.3 illustrates the nonlinear frequency response curves when the PFRC layer is
either a passive constraining layer (PCLD, k,=0) or an active constraining layer (ACLD,

k,#=0). The same figure also 05

——PFRC, kd=100
shows the frequency response oab - PCLD, k=0
PN/ i p— ACLD, k =100

curve when the active PFRC Al
actuator layer is directly attached
to the substrate plate-surface.

From the PCLD and ACLD

1 1.2 1..25 1:3 1.235 1:4 1.:45 1.5
responses, it may be observed o(x1000 radls)

h. h, i k,=0) PFR
that the active (k,=0) C Fig. 3.3 Nonlinear frequency responses of the overall

constraining layer significantly  FG plate (T, =T,,=300K, n=2, p =500 N / m").
increases the damping in the

overall FG plate compared to that when it is a passive (k,=0) constraining layer. This

result implies a potential use of PFRC actuator as the active constraining layer for ACLD
treatment for controlling the nonlinear vibration of FG plates in the frequency-domain. It
may also be observed from Fig. 3.3 that the actuation-capability of active PFRC layer
increases significantly when it acts as an active constraining layer instead of a simple
actuator layer directly attached to the substrate plate-surface. So, Fig. 3.3 indicates to
employ the PFRC actuator in the form of ACLD layer for effective control of vibration of
FG plates.
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1.2 1.25 73 135 14 12 1.25 1.3 1.35 1.4
(@ {=1000 rad/s) ®) w(x 1000 rad/s)

Fig. 3.4(a) Nonlinear frequency responses of the overall FG plate and (b) the
corresponding variations of control voltage (1. =T,, =300 K, n=2, p =500 N /m?).

Figure 3.4(a) demonstrates the nonlinear frequency responses of the overall FG plate
for different values of feedback control gain (k,) when the mechanical load-amplitude
(p ) remains constant in the absence of thermal effect. The corresponding variations of
required control voltage are also illustrated in Fig. 3.4(b). It may be observed from these
figures that the damping in the overall plate can be increased by assigning a higher value
of control gain (k,). Although a higher value of control gain raises the maximum value of
required control voltage across the thickness of the PFRC constraining layer, but it is
within the reasonable range (Fig. 3.4(b)). In case of the direct integration of PFRC actuator
layer over the surface of substrate plate, similar results in Fig. 2.6 show that the
maximum value of control voltage remains almost constant for any value of control gain
(k,) (with a constant value of, p). However, it should be noted here that the value of

control gain (k,) would be assigned so that the corresponding voltage across the

thickness of the PFRC actuator layer would not exceed its permissible value.

3.3.3 Effect of substrate FG plate-surface temperature (7))

Figures 3.5-3.8 illustrate the effect of ceramic-rich surface temperature (7.) on the
nonlinear vibration characteristics of the overall smart FG plate in the frequency-domain

and also, on the corresponding damping caused by the ACLD layer. The overall plate

89
TH-1385_10610306



Chapter 3:Piezo-viscoelastically damped .... heated plate-surface

undergoes thermal bending deformations along the negative z-direction due to the
bottom ceramic-rich surface temperature. Similar to the previous analysis (Chapter 2), this
initial thermal bending deflection of the overall plate at a temperature remains almost
constant during its vibration under an applied harmonic mechanical load of any
frequency. So, the initial thermal bending deflection of the overall plate due to a ceramic-
rich surface temperature of substrate plate may be considered as the equilibrium position
of the overall plate during its vibration at any frequency. Figure 3.5 illustrates the initial
thermal bending deflections of the FG plate integrated with ACLD layer for different
bottom ceramic-rich surface temperatures of substrate plate. For the same temperatures,
the corresponding linear and nonlinear frequency responses are demonstrated in Figs.
3.6(a)-(b). It could be noted here that the difficulty in the convergence of solutions arises
due to the sharp turn of different solution components (harmonic terms). But, the peak-
point deflection of every frequency response curve is distinctly obtained as shown in the

results.

-I}OO 350 400 450 500 550 600
T (K)

Fig. 3.5 Variations of thermal bending deflections of
the overall FG plate with increasing bottom ceramic

rich substrate-plate-surface temperature (1) (11=1,

T,=300K, p=500 N / m?).
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“[La/Na-Linearmoniinear (T_=500K),
L5/N5-Linear/nonlinear (Tc=550K),
L6/N6-Linear/nonlinear (Tc=600K)

05 v v x
L1/N1-Linear/nonlinear (Tc=350K),

L2/N2-Linear/nonlinear (Tc=400K),
L3/N3-Linear/nonlinear (Tc=450K)

04f 04f

o(x 1000 rad/s)

Fig. 3.6 Linear and nonlinear frequency responses of the overall FG plate for different

ceramic rich substrate-plate-surface temperatures (71=1,k,=50, T, =300 K, p = 100

N / m’ for linear responses and p =500 N / m’ for nonlinear responses).

wolx 1000 rad/s)

350 400 450 500 550 600
T(K)

Fig. 3.7 Variation of fundamental frequency (®,) of
the overall FG plate with the ceramic rich substrate-
plate-surface temperature (1) (p = 100

2
N /m?*,n=1, T =300K, k, =50).
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Figures 3.6(a)-(b) illustrate the same observations as those are obtained from Figs.

(2.8). In the present case (ACLD), the variation of fundamental frequency (w,) of the

[

overall plate with temperature (7)) is presented in Fig. 3.7. In comparison to Fig. 2.9, Fig.
3.7 shows that the limiting value of temperature (T,) for alteration of nature of variation

of fundamental frequency (w,) remains almost the same (1. =375 K) for both the cases

(ACLD layer and PFRC layer). For the FG substrate plate integrated with ACLD layer, the

difference between the frequencies (A®,. = (@) oniinear — (©peai Viinear ) corresponding

to the peak-points of linear and nonlinear frequency response curves for every
temperature (7)) is plotted in Fig. 3.8. A comparison of this results (Fig. 3.8) with similar
results in Fig. 2.10 implies that the limiting temperature (7,) corresponding to alteration

of structural behavior of the overall smart FG plate does not depend on the type of smart

layer (ACLD layer and PFRC layer).

Figure 3.9(a) shows the peak-point deflections (W

) Of the nonlinear frequency

responses (Fig. 3.6) for different
temperatures (T.). The corresponding 0.041"'""""--0\
values of required control voltage (V) % 0.02 \'\..\
are also illustrated in Fig. 3.9(b). It may be é 5 \\“
observed from Fig. 3.9(a) that for constant X ‘\.\
values of control gain (k,) and load- ;i 0.02 \.*a,‘*
amplitude (p), the magnitude of W, , oo
325 400 500 600

increases with the increasing temperature T (K)
c

(T.). Thus, the increased initial thermal

bending  deflection at a  higher

temperature (T, ) causes lesser damping

in the overall FG plate in expense of
higher required control voltage (Fig.
3.9(b)) across the thickness of PFRC

Fig. 3.8 Difference between the frequencies (Aw,,, )

corresponding to the peak-points of linear and
nonlinear frequency responses of the overall FG
plate (Fig. 3.6) at each ceramic rich surface

temperature (1) (n=1, k,=50, T, =300 K, p =100

N /m’for linear responses and p

N/ m? for nonlinear responses).

= 500

constraining layer. It may be noted by comparing the results in Fig. 3.9 with those in Fig.

TH-1385_10610306
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2.11 that the nature of variation of the magnitude of W

e Within a range of temperature

(T,) differs when the ACLD layer is used instead of PFRC layer even though the nature of

variation of corresponding control voltage remains almost the same.

0.36 200
0.34 180
g 160
5 0.32 g
- O ﬁ
0.3 >3 140
0.28 120
10
0.2 29 400 500 600 25 400 500 600
@ T (K) (b) T,(K)

Fig. 3.9 Variations of (a) the peak-point deflection (Wpt

.. ) of frequency response curve

and (b) the corresponding control voltage (Vp ) with the ceramic rich substrate-plate-

eak

surface temperature (1,) (p =500 N /m?, k,=50, n=1, T, =300 K).

3.3.4 Effect of volume-fraction index (71) of substrate FG plate

Figure 3.10 illustrates the linear and the nonlinear frequency responses of the overall plate
for different values of volume fraction index (7 ) of the FG substrate plate in the presence
of a ceramic-rich surface temperature (1. =600 K). The equilibrium position of the overall
plate corresponding to its linear/nonlinear frequency responses at each value of 7 is also
shown in Fig. 3.11. The linear frequency responses in Fig. 3.10 imply the variation of
fundamental frequency (w,) of the overall FG plate with the volume fraction index (7 )
that is also clearly presented in Fig. 3.12. This figure exhibits similar observations as those
which obtained from the analysis of FG plates integrated with PFRC layer (Fig. 2.14). So,
the nature of variation of fundamental frequency with volume fraction index (1) does not
change due to the use of ACLD layer instead of PFRC layer (Figs. 3.12 and 2.14). The effect
of volume fraction index (7 ) of the FG substrate plate on the performance of ACLD layer
for controlling the nonlinear vibration of overall FG plate in the frequency-domain is

illustrated in Fig. 3.13. For two different temperatures (1. =300 K and 600 K), Fig. 3.13(a)
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shows the variation of the peak-point deflection (W,

) of the nonlinear frequency
response curve (Fig. 3.10) with the volume fraction index (7). The variation in the

corresponding required control voltage (V) is also presented in Fig. 3.13(b). It may be

observed from Fig. 3.13 (a) that the damping in the overall plate caused by the ACLD
layer is not much dependent on the volume fraction index (7 ) when the overall plate is at
room temperature (T, =T =300 K). But for a higher temperature (T, >300 K, T =300 K),
the increased initial thermal bending deflection caused by the increase of n significantly
affects the actuation-capability of ACLD layer. Recalling similar results in Figs. 2.16(a), it
may be noted that the nature of variation of damping in the overall plate with the volume

fraction index (7 ) changes as the PFRC layer is substituted by ACLD layer.

0.5

L1/N1-Linear/nonlinear (n=0.2), L2/N2-Linear/nonlinear (n=1), |
L3/N3-Linear/nonlinear (n=2), L4/N4-Linear/nonlinear (n=3),
[L5/N5-Linear/nonlinear (n=4), L6/N6-Linear/nonlinear (n=>5)

0.45

0.4
0.35

0.3

%2 025
0.2

0.15

0.1

0.05

1.6 1.7 1.8 1.9 2 21 2.2 23
o(x 1000 rad/s)

Fig. 3.10 Linear and nonlinear frequency responses of the overall FG plate for different
values of volume fraction index (1) (k,=50,T, = 300 K, T,= 600 K, p=100 N / m’for

linear responses and p =500 N / m” for nonlinear responses).
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Fig. 3.11 Initial thermal bending deflections of the overall FG plate for different volume
fraction index (71) of the FG substrate plate (T, =600 K, T, =300 K).

wglx 1000 rad/s)

Fig. 3.12 Variation of linear fundamental frequency (®,) of overall FG plate with volume
fraction index (71) of the FG substrate plate in the presence of a temperature gradient
(1.=600 K, T, =300 K).
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0.45 300
—o—Tc=300K . —o—Tc=300K )
0.4 =~ T _=600K o - 2502~ T =600K L
I"\-ﬂ ............. I = L e e
L 035} e s 200}"s.. w
: S N
-« o ﬁ
0.25 100
2 5
047 1 2 3 4 5 PR 2 3 4 5
(a) n (b) n

Fig. 3.13 Variations of (a) the peak point deflections (Wpteak) of the nonlinear frequency
response curve (Figure 3.10) and (b) the corresponding control voltage (mG) with the
volume fraction index (71) of the FG substrate plate (T,, =300 K, k;, =50, p= 500
N /m?).

3.3.5 Effect of viscoelastic layer-thickness (/1)

Figure 3.14(a) illustrates the variation of the peak-point deflection (Wpt ) of the nonlinear

eak
frequency response curve with the thickness (/) of the constrained viscoelastic layer for

two different ceramic-rich surface temperatures (T, =300 K and 600 K). The variations in

) are also illustrated in Fig. 3.14(b). It

eak

the corresponding feedback control voltage (V,
may be observed from these figures that for constant values of control gain (k,) and
temperature (T.), the peak-deflection (ermk) and the corresponding required control
voltage (V) both significantly decrease with the increasing &, up to about, h,= 2 mm.

Beyond this value of h,, there are insignificant variations of W, , and V. Thus, the

peak
increase of damping in the overall plate is restricted to certain value of thickness of the
constrained viscoelastic layer. It may also be observed from Fig. 3.14(a) that for a
particular temperature (T,), the damping in overall FG plate significantly increases with
the increase of k, when the value of h, remains between 0.5 mm and 1.5 mm. This
signifies an optimal thickness of the constrained viscoelastic layer for effectual utilizations

of PFRC actuator layer as well as viscoelastic layer.
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Fig. 3.14(a) Variations of peak-point deflection (W;

.o ) of nonlinear frequency response and

(b) the corresponding required control voltage (Vp ) with the constrained viscoelastic layer

eak

3.3.6 Effect of fiber volume

fraction (v,) in constraining 0.18
PFRC layer 016
0.14
Figure 315 illustrates the o2l
frequency responses of the overall % 04
plate for different values of 0.08
piezoelectric fiber volume fraction 0.06
(v,) of PFRC active constraining 0.04
0'0%.2 1..25 1:3 1.255 1.4

layer. It may be observed from o(x 1000 rad/s)

this figure that for constant values

Fig. 3.15 Nonlinear frequency responses of the
overall FG plate for different values of fiber

volume fraction (vf) in the PFRC constraining

layers (p=500 N /m*, k,=100, T, =T, =300 K,
n=2).

of control gain (k,) and load-
amplitude (p), the damping in

the overall plate caused by ACLD
layer significantly varies with the

piezoelectric fiber volume fraction (v, ) and the maximum damping in the overall plate is
achieved for, v,=0.8. Since the same observation is also obtained from the previous

analysis of FG plate integrated with PFRC layer (Fig. 2.2), one should consider 80% fiber
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volume fraction of PFRC for both cases (ACLD layer and PFRC actuator layer). But,
practically it is considered at present as 40% because of the practical difficulties in

achieving a PFRC with a very high (80%) fiber volume fraction.
3.3.7 Effect of fiber orientation angle (i) in constraining PFRC layer

For constant values of control gain

(k,) and load-amplitude (p ), Fig. UZ:_

3.16 demonstrates the variation of 03l

peak-point deflection (W, ) of i 0_25W

the frequency response curve for 0.2r 1

different values of piezoelectric 0.15}

fiber orientation angle (y ) in the 0.5 T > 5 20
v (degree)

PFRC constraining layer. The

lowest magnitude of W/ in Fig.  Fig. 3.16 Variation of peak-point deflection (Wpteuk)

peak
o . . of controlled nonlinear frequency response curve
3.16 indicates a particular fiber  (vith the fiber orientation angle () in the PFRC

orientation angle (y =145°) for constraining layer (p=500N / m’, k,=100,
effective use of PFRC constraining T, = T,,=300K, n=1).
layer. Since the same observation has also been obtained from the previous analysis (Fig.

2.3), the piezoelectric fiber orientation angle (y ) in the PFRC actuator layer would always

be considered as, +45°. But practically, any value of y could be considered because of its

(v ) insignificant effect on W (Figs. 3.16 and 2.3).

peak

3.3.8 Effect of substrate FG plate thickness (/)

Figures 3.17(a) and 3.17(b) illustrate the variations of the peak-point deflection (Wpteak

) of
the nonlinear frequency response curve and the corresponding feedback control voltage

(v

e ) Tespectively with the thickness (h) of substrate FG plate when the control-gain

(k,) and the load-amplitude (p ) remain constant. It may be observed from these figures

that for a particular temperature (T ), both the peak-deflection (Wptmk) and corresponding
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control voltage (V,,, ) decrease with the increasing thickness (/) of substrate FG plate.

Because of the higher rate of decrease in the value of W, , or V,

. L N case of higher

temperature (T ), the responses for both the temperatures (T, =600 K and 300 K) merge at

a higher value of, h . This may be due to the lesser magnitude of initial thermal bending

deflection for thicker (more rigid) FG plate.

1
—— T _=500K 400 —e— T _=500K

0.8 --e-- T_=300K --e-- T _=300K

(a) h(mm) (b) h(mm)

Fig. 3.17(a) Variations of (a) peak-point deflection (Wpteuk) of the nonlinear frequency
response curve and (b) the corresponding feedback control voltage (V,,) with the FG
substrate-plate-thickness (/1 )( p =500 N /m?,k,=50, T, =300 K, 11=1).

3.4 Conclusions

In this chapter, an incremental nonlinear dynamic finite element model of FG plates
integrated with an ACLD layer is developed. The present derivation is an extension of
previous one (Section 2.2) due to the use of PFRC actuator layer as a constraining layer of
ACLD treatment of vibration of overall FG plate. The analysis basically represents the
effect of temperature on the nonlinear frequency responses of FG plates integrated with
ACLD layer and also, on the corresponding actuation-capability of PFRC constraining
layer. The PFRC constraining layer is activated by supplying external voltage according to
negative velocity feedback control strategy. The kinematics of deformation of the overall
plate is defined following the layer-wise FSDT and the geometric/kinematic nonlinearity
of the same is considered according to the von Karman nonlinear strain-displacement
relations. The GHM method is utilized for modeling the viscoelastic layer in the time-

domain. Employing the Hamilton’s principle, the incremental nonlinear finite element
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equations of motion of the overall plate are first derived in the time-domain.
Subsequently, those are expressed in the frequency-domain assuming the periodic motion
of the overall plate according to the Fourier series. The incremental nonlinear finite
element equations of motion in the frequency-domain are solved using a numerical
solution methodology as presented in Section 2.3. The numerical illustrations in the
present chapter reveal that the use of a viscoelastic material in the form of ACLD layer
drastically improves the actuation-capability of PFRC actuator as compared to that when
it (PFRC actuator) is directly attached to the substrate-plate surface. The analysis also
reveals that the damping caused by ACLD layer is not remarkably dependent on the
volume fraction index of FG substrate plate at room temperature. But, for higher
temperatures, the same (damping) is affected significantly by the increase of volume
fraction index of substrate plate. In the use of ACLD layer with PFRC constraining layer,
the analysis suggests an optimal value of constrained viscoelastic layer for achieving
effective damping in the overall smart FG plate. Except the issue of damping in the
overall smart FG plate, other characteristics of linear/nonlinear frequency responses of
heated smart FG plate do not vary significantly due to the use of ACLD layer instead of
PFRC layer.
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Chapter 4

SIZE AND LOCATION OF PFRC/ACLD PATCH FOR
EFFECTIVE CONTROL OF NONLINEAR VIBRATION OF
FG PLATS WITH A HEATED PLATE-SURFACE

This chapter presents the size and location of PFRC-actuator/ACLD patch over the
surface of substrate FG plate for effective control of nonlinear vibration of the overall
smart FG plate. A numerical procedure is proposed for determination of effective size
and location of PFRC-actuator/ACLD patch. The numerical results illustrate these

parameters (size and location) with and without consideration of thermal effect.

4.1 Introduction

The preceding chapters dealt with the performance of PFRC actuator/ACLD layer in
control of nonlinear frequency responses of FG plates with a heated plate-surface. Since
the PFRC is comprised of long, thin and brittle piezoelectric fibers, the breakage of fibers
during its operation is a possible occurrence that eventually hampers the corresponding
actuation-capability. So, such piezoelectric actuators are generally used in the form of
patches instead of the form of layer. If the PFRC is used in the form of a patch, then the
location of PFRC actuator/ ACLD patch over the surface of the FG substrate plate and its
(patch) size are important parameters for effective control of vibration of the overall FG
plate. In the present chapter, these important parameters (size and location) are
determined through the proposition of a numerical procedure in conjunction with the
developed nonlinear finite element models of overall smart FG plates in the preceding

chapters.

4.2 Numerical procedure for effective size and location of

PFRC/ACLD patch

In order to find out the best location of the ACLD/PFRC patch over the top surface of

FG substrate plate, the importance of the ACLD/PFRC material at every point on the
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top surface of the FG substrate plate is numerically tested. The finite element
descritization of the smart FG plate is done such that each element represents the size of
PFRC patch and the centroid of each element is considered to be the location of the
patches. First, an ACLD/PFRC layer is considered throughout the top surface of the
substrate plate. Then, a differential patch of ACLD/PFRC surrounding a point under

test is removed and the peak-point (W;euk) of nonlinear frequency response curve

corresponding to this configuration of the overall plate is evaluated. The differential area
of the ACLD/PFRC patch is v
taken as constant such that the A PERClayer

total area of the rest of
ACLD/PFRC layer remains
the same for all test points. A

number of test points on the FG substrate plate
top surface of the FG substrate

plate are considered. Then, for

constant values of control gain

(k;), load-amplitude (p) and Fig. 4.1 Schematic diagram of FG plate integrated with a

temperature (7.); the peak- layer of PFRC.
point (W;mk) of nonlinear

Y PFEC bayer
frequency response curve A

corresponding to each test
point are evaluated and

represented by the surface plot

for the variation of Wptmk as

- —- = I F: subsirate phite

illustrated in Figs. 4.5-4.8. In

the absence and the presence
of temperature (7,), Figs. 4.5 Fig. 4.2 Schematic diagram of FG plate integrated with a
laver of ACLD treatment.
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and 4.6, respectively illustrate the surface plots for the variation of Wpteak in case of PFRC

actuator layer attached to the top surface of the FG substrate pate. Figures 4.7 and 4.8

demonstrate the same for ACLD layer.

The differential patch of PFRC removed
surrounding a typical test point

PFRC layer

FG substrate plate

lhhpo— ——— L%

Fig. 4.3 Schematic diagram of a differential patch of PFRC removed surrounding a typical test
point

The differential patch of ACLD removed

surrounding a typical test point PFRC layer
7Y
b
z
L
1* Viscoelastic layer
: T hfp— ~— = X\ FG substrate plate
a

Fig. 4.4 Schematic diagram of a differential patch of ACLD removed surrounding a typical test
point
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%
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o
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0.4
04 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
(c) x(m)(y=b/2) (d) y(m)(x=al2)

Fig.4.5(a) Surface plot for the variation of (W;mk) with the different test points on the top
surface of FG substrate plate, (b) corresponding contour plot,(c)-(d) variations of (Wptmk) with

the different test points along x- direction (y=0/2) and y direction(x=al2) (p =400 N / m?,
A=1, k,=100, T. =T, =300K, 1n=2).

Since the removal of differential PFRC patch from an important location/point

eak

significantly affects the actuation-capability of PFRC layer, the corresponding Wpt

would have more value. Thus, the surface plot for the variation of Wpt . in Fig. 4.5(a)

implies that the area surrounding the middle point on the top surface of substrate FG
plate is the most important location of PFRC patch for effective control of vibration of

the overall FG plate. This location is also elaborated in Fig. 4.5(b) by the corresponding
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contour plot. Along with this best location of the PFRC patch, other important

parameters like its dimensions along x and y directions (Fig. 4.1) can also be estimated

from Figs. 4.5(c)-(d). Figures 4.5(c)-(d) represent the variations in the value of W;El,k

along x -direction (at y=b/2) and y-direction (at x =a/2), respectively.

0.4
/ A
0.3
E o2
-9
0.1
N\ 4
00 0.2 0.4
{a) y(m) 00 x{m) (b) x{m)
0.39 0.39
0.385 0.385
E 0.38 3 0.38
- O . - -
= =
0.375 0.375
0'370 0.2 0.4 0'370 0.2 0.4
(c) x(m){y=b/2) (d) y(im)(x=a/2)

Fig. 4.6 (a) Surface plot for the variation of (Wptmk) with the different test points on the top

surface of FG substrate plate, (b) corresponding contour plot,(c)-(d) variations of Wptegk with

the different test points along x -direction (y=>b/2) and y— direction (x=al2) (PFRC patch,
p=400 N /m*, A=1, k,=100, T =300 K, T =500 K, 1=1).

These figures show that the points at the middle zone (x=a/2, y=0b/2) are almost

equally important but the importance of the points towards the edges of the plate

decreases at a greater rate. Thus, the dimensions of the PFRC patch along x and y
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directions can be estimated within the area defined by, x=0.1 m, x=03 m, y=0.1m

and y =0.3 m (Figs. 4.5(c)-(d)). In the presence of a ceramic-rich surface temperature

0.4
0.3
==
0.1
0
0 01 02 03 04
(@) y(m) o0 x(m) (b x(m)
-2 03 <% 03
2% 0.1 02 03 D04 0-2655 01 02 03 04
{c) x(m){y=h/2) {d) y(m){x=a/2)

Fig. 4.7 (a) Surface plot for the variation of (W;El,k) with the test points on the top

surface of FG substrate plate, (b) corresponding contour plot,(c)-(d) variations of Wptmk

with the test points along x -direction (y=0b/2) and y— direction (x=a/2) (ACLD patch,
p=500 N /m’, k,=50, T. =T, =300 K, 1 =1).

(T. =500 K), the location of PFRC patch does not alter as it is indicated in Figs. 4.6(a)-(b).
But, Figs. 4.6(c)-(d) show that the dimensions (size) of the patch along x and y

directions would not be the same as those estimated in earlier case (Figs. 4.5(c)-(d)). In
this case, a larger stretch of the patch along each of x and y-directions may be
considered for estimating the effective size/dimensions of the patch. In case of the use of

ACLD patch in the absence of temperature (7.), Fig. 4.7(a) shows the surface plot of

W;egk with test points (from which a differential ACLD patch is removed) and 4.7(b)
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shows the corresponding contour plot. Figures 4.7(c)-(d) show the variation of Wpteak

along x and y directions, respectively indicating the sensitivity of ACLD location on the

Wptmk . Similarly in the presence of temperature (7,),

0 0.1 0.2 0.3 0.4
y(m) 0 0 X(ITI) (b) x(m)

0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
(©) x({m)(y=b/2) (d) y(m)(x=a/2)

Fig. 4.8(a) Surface plot for the variation of (Wptmk) with the test points on the top
surface of FG substrate plate, (b) corresponding contour plot, (c)-(d) variations of

W;mk with the test points along x-direction (y=b/2) and y—direction (x=al2)
(ACLD patch, p=400 N / m’, k,=50, T, =300K, T. =500 K, 1=1).

Fig. 4.8(a) shows the surface plot of W;egk with test points and 4.8(b) shows the
corresponding contour plot. Figures 4.8(c)-(d) show the variation of Wptmk along x and y

directions, respectively indicating the sensitivity of ACLD locations on the W! . Also,

peak *

from Figs. 4.7(c)-(d) and 4.8(c)-(d), the same estimation for effective dimensions of
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ACLD patch could be made as that is done for PFRC patch in the absence of temperature
(T.) (Figs. 4.5(c)-(d)). It should be noted that the above mentioned location and size of

PFRC actuator/ACLD patch are determined for effective control of nonlinear vibration
of FG plates corresponding to its fundamental mode of vibration. For other modes of
vibration of the same, these effective parameters (size and location) may be different and
can be determined following the same numerical procedure as described in the present
work. However, in the present estimations of size and location of PFRC/ACLD patch
over the surface of FG substrate plate for effective control of a particular mode of
vibration of overall plate, none of the available optimization algorithms is utilized. So,
the estimated size and location of PFRC/ACLD patch are called at present as “effective

size and location of patch” instead of “optimal size and location of patch”.

4.3 Conclusions

In this chapter, a numerical procedure is described for estimating size and location of
PFRC/ACLD patch over the top surface of substrate FG plate for effective control of
vibration of overall FG plate. This procedure is implemented in conjunction with the
incremental nonlinear finite element models of the overall FG plate developed in the
preceding chapters. For a particular mode of vibration of the overall FG plate, the
numerical results reveal that the effective location of PFRC/ACLD patch over the top
surface of FG substrate plate does not alter due to the presence of ceramic-rich surface
temperature. But, the effective size of the same (patch) may alter in effect of the presence
of temperature. An indicative change of effective size of PFRC patch due to the existence
of temperature gradient across the thickness of substrate FG plate is observed while
similar temperature gradient has no significant effect on the same (effective size) of

ACLD patch.
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Chapter 5

DESIGN OF LAMINATED COMPOSITE PLATES USING
GRADED ORTHOTROPIC FIBER-REINFORCED
COMPOSITE PLIES

This chapter deals with the design of graded fiber-reinforced composite laminates. A
new lamination scheme is proposed through the design of a graded orthotropic fiber-
reinforced composite lamina with varying fiber-volume fraction along the thickness
direction. The main objective of the overall design is to eliminate the property mismatch
at the inter-laminar surfaces of composite laminates. The numerical results are presented

to substantiate the efficiency of the proposed lamination scheme.
5.1 Introduction

The laminated fiber-reinforced composite structures suffer from an obvious drawback of
delamination under the high mechanical and/or thermal stresses mainly because of the
mismatch of material properties in the thickness direction. For alleviating such a
drawback without affecting orthotropic elastic properties of composite plies, a design of
graded fiber-reinforced composite laminate has been presented in a recent study (Fu et
al. 2010). In this study, the concept of FGM is utilized and the continuous variations of
material properties as well as stresses across the thickness of composite laminate are
achieved by means of low fiber volume fraction (FVF) at interlaminar surfaces of
composite plies. But, this low FVF in all plies may hamper the laminate-rigidity that is
not addressed in the same study. Also, another problem of stress-concentration for every
in-plane normal stress arises at the top/bottom surface of the laminate that eventually
raises the maximum value of the same stress. In order to achieve continuous variations
of material properties across the thickness of a composite laminate without affecting
orthotropic elastic properties of composite plies, laminate-rigidity and maximum values
of stresses, a new lamination scheme is proposed in this study. The proposed lamination

scheme is implemented through the design of a graded orthotropic fiber-reinforced
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composite lamina with varying FVF across its (lamina) thickness. The proposed strategy
of lamination utilizes graded as well as conventional orthotropic composite plies. The
graded composite plies work mainly for eliminating the mismatch of material properties
at the interlaminar surfaces of plies while the conventional plies strengthen the overall
laminate. The new lamination scheme is demonstrated through the conversion of a
conventional laminated composite plate (CLCP) into a conventional-graded laminated
composite plate (CGLCP). A bending analysis of these plates (CLCP and CGLCP) is
carried out for investigating the suitability of present conversion of a CLCP through the
corresponding changes in laminate-rigidity, stress-mismatch at interlaminar surfaces,

stress-concentration and maximum values of stresses in the laminate.

5.2 Present graded composite lamina

Figure 5.1(a) shows a unidirectional continuous fiber-reinforced composite lamina. The
fibers within the lamina are oriented in parallel to x axis and a typical cross-section of
the lamina in yz-plane is illustrated in Fig. 5.1(b). The thickness of the lamina is denoted
by, A.. The basic building block of this composite is a fiber-matrix pack that is in shape

of a rectangular parallelepiped. A fiber-matrix pack is comprised of a continuous fiber
embedded within the epoxy matrix and its longitudinal, lateral and transverse directions

are in parallel to x, y and z axes, respectively. The axes of a fiber-matrix pack and its

fiber lie on the same line in parallel to x axis while the cross-sections of both are
considered in shape of square section. The fiber is supposed to be perfectly bonded with

the matrix-phase and the linear elastic materials for both the phases are assumed. The

side of the square cross-section of a fiber is denoted by a, and that of the corresponding
fiber-matrix pack is denoted by, a . The volume fractions of fiber and matrix phases
within a fiber-matrix pack are designated by the symbols, v, and o, , respectively. A

group of fiber-matrix packs having horizontally coplanar axes is designated as a layer of

fiber-matrix packs and it (layer) is denoted by, ¢-layer (Fig. 5.1(b)). Also, the axes of any

110

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

two vertically consecutive fibers/fiber-matrix packs lie on the same vertical plane (Fig.

5.1(b)).

he <
hei2 1|
< Z Matrix
vfm” Power law curve dec de % Fiber e
B e SEs B B B I—O—l/ki {=Q2Nc+1)
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<
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Fig. 5.1 Schematic diagram of (a) graded composite lamina, (b) a sectional view ( yz -plane) and

(c) variation of FVF according to power-law.

The composite lamina is considered to be composed of (2N, +1) number of layers in
such a way that the same number of layers (N_) are stacked above and below the

middle layer (¢= (N, +1)). All fiber-matrix packs within a layer are of identical FVF
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while the FVF varies among the layers. The variation of FVF among the layers is

considered
Matrix
VA Fiber 7Z dc
! - i
777777777777777777 - l=(2Nc+1)
TV‘; Z=2Nc
N
=
IR e =(Vehd)
*} 7777777777777777777 -—— {=(Nc1) =Y
7777777777777777777 - Z=Nc
Q
Q
-~
- Z=2
- Z=1
dc
B le

Fig. 5.2 Schematic diagram of RV of the graded unidirectional continuous fiber-
reinforced composite lamina (Fig. 5.1).

according to a simple power-law. For the sake of simplicity in consideration of power-
law, the maximum value of FVF is taken at the middle plane (z=0) of the lamina and it
(FVF) symmetrically decreases to a minimum value along both (+z and -:z) directions
from the middle plane according to the power-law (Fig. 5.1(c)). Although the use of
power-law provides a continuous variation of FVF along the thickness direction (z), but
the FVF of a layer is taken corresponding to a point on the power-law curve where the
centre-line of that layer intersects (Figs. 5.1(b)-(c)). Since identical square cross-section

(a,) of all fiber-matrix packs within the composite lamina is considered, the variation of
FVF among the layers is achieved by the layer-wise variation of fiber-cross-section. For

instance, the side (4 ) of square cross-section of fibers within a layer (¢ -layer) with the

EVF of v, (¢

Il
—
$
[\
M

....... ,2N_ +1)) is, a;.:ac\/g . However, according to this
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constructional strategy, the fiber-matrix packs within the middle layer have maximum

FVF while the same within the top/bottom layer have minimum FVF.

5.3 Graded effective elastic properties

Since every layer is comprised of identical fiber-matrix packs (Fig. 5.1(b)), a
representative volume (RV) as shown in Fig. 5.2 may be chosen as an elemental volume
for predicting the effective graded elastic properties of the composite lamina. A
boundary face of RV is defined by its normal direction. So, its six boundary faces are

denoted by, +x, —x, +y, -y, +z and -z planes. The effective graded elastic properties

of the present composite lamina are estimated following a concept of homogeneous
model of FG materials proposed by Reiter and Dvorak (1997, 1998). The original work of
Reiter and Dvorak (1997, 1998) is for the particulate micro-structure of a two-phase
graded material with single composition gradient. In this proposition (Reiter and
Dvorak 1997, 1998), the medium of FG solid is modeled by stacking several parallel
homogeneous layers along the direction of variation of composition gradient. The
constituent volume fractions of layers are assigned following the single composition
gradient of the FG solid. Then, the effective properties of every layer are determined
using either Mori-Tanaka method or Self-consistent scheme depending on the location
of that layer within the FG solid. However, following this proposition, every fiber-
matrix pack of RV (Fig. 5.2) of present composite is assumed as a homogeneous layer
while the layers within the RV are of different FVFs. In the present prediction of
effective properties of every homogeneous layer, first volume-average elastic properties
of RV are estimated. Subsequently, the effective properties of every homogeneous layer
are extracted from the volume-average properties of RV. Since the layers are coupled
within the RV, the prediction of effective properties of homogeneous layers from the
volume-average properties of RV includes the effect of coupled interaction among the
layers on their effective properties. It should be noted that the effective properties of
homogeneous layers in the work of Reiter and Dvorak (1997, 1998) are estimated
considering every layer as a discrete representative volume element (RVE). However,

for the present graded fiber-reinforced composite, negligibly small effect of this coupled
113

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

interaction among the layers on their effective properties is observed as it is quantified

in later section.

The volume-average stress ({7} ) and strain ({z}) field quantities over the volume of

RV can be expressed in terms of the similar field quantities ({5'},{"}) of layer-volumes

as follows,

(2N, +1)
{o}= Z v'{c'},
/=1
(2N, +1)
{e}= Z v'E'},
(=1
o' =V"|V

(5.1)

where, 7! and V' are the volumes of ¢ layer and RV, respectively. Similar relations can

also be written for ¢ layer as follows,
&'} = (05,1 +0L15.}),
&' =(v, €/} +0,15)),
l 4 L
v, =V, 1V,
ol =V, V"
(5.2)
where, V; and V! are the volumes of fiber and matrix phases in the ¢* layer;
{5;} / {E;:} and {G,}/{z.} are the volume-average stress/strain vectors for fiber and

matrix phases of ¢/ layer. Substituting Eq. (5.2) in Eq. (5.1), the following expression for
the volume-average stress vector ({7} ) of RV can be obtained,
(2N, +1)

@= 2 V(e +0,15,) (53)

(=1

The constitutive relations for the fiber and matrix phases within a layer (¢) can be
written as,
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G} =IC,1{g/ 3,

G, =1C,14,} (54)
where, [C,] and [C,] are stiffness matrices for fiber and matrix phases, respectively.
Substituting Eq. (5.4) in Eq. (5.3), the following expression of {7} can be obtained,

(2N,+1)
@= Y v (VIC, 15} +ulIC, 1(EL) (5.5)
(=1
The volume-average strain vector ({z‘}) for (" layer is connected with that ({z}) of RV
by,
& =111,
(2N, +1)

> o' A=1]

=1
(5.6)
where, [4'] is the volume-average strain concentration matrix for o layer and [/] is
the unity matrix. Similarly, the volume-average strain vectors ({5}} ,{€}) for fiber and

matrix phases within a layer (£ ) can be expressed in terms of the volume-average strain

vector ({¢}) of RV as,
&y =141},
Z =141z},
(2N, +1)

> VAVl = (1]

(=1

(5.7)
where, [Zj;] and [Z,f;] are the volume-average strain concentration matrices of fiber
and matrix phases in (" layer. Substituting Eq. (5.2) in Eq. (5.6) and then using Eq. (5.7),
the following expression of the volume-average strain concentration matrix ([4‘]) for

(" layer can be obtained,

115

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

[4']=(v)[4]1+0,[4,]) (58)

Introducing Eq. (6.7) in Eq. (5.5) and then using Eq. (5.8), the following relation between

the volume-average stress and strain vectors of RV can be obtained,

(&} =1C1z},
[€1= . [v' (v} (e 1G4+ 1€, 004 D) |

(5.9)
Equation (5.9) describes the volume-average elastic properties of RV. For the assumption
of homogenized layers (7 ), these average properties (Eq. (5.9)) would be the average of
effective properties of all layers within the RV. For a homogeneous layer (¢ ) within the

RV, the effective constitutive relation can be written as,
('} =IC"1") (5.10)

where, [55] is the effective stiffness matrix for the ¢ homogeneous layer. Now, since

all homogeneous layers are coupled within the RV, Eq. (5.10) can be inserted into Eq.
(5.1). Subsequently, using the relation given in Eq. (5.6), the following expression can be

obtained,

(2N, +1)

o} = Z W'[C 14" D {E} (5.11)

Comparing Eq. (5.9) with Eq. (5.11), the following expression for [C’] can be obtained,

[€1=0; (€)= IC A AT +1C, ] G12

Equation (5.12) represents the expression of effective elastic matrix ([C']) of ¢™

homogeneous layer within the RV. The strain concentration matrices ([Z; 1,[4']) are the

key factors for evaluation of [C']. Since these strain concentration matrices are defined

with respect to the volume-average strain of RV, the effect of coupled interaction among
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the layers within the RV on their (layers) effective properties is included. However, the
strain concentration matrices ([Zj;],[z ‘1) for different layers in RV may be evaluated
using available micromechanics theories like Mori-Tanaka method, Self-consistent
method etc. Although these micromechanics theories provide quick predictions of
effective properties of the composite, but the same could also be evaluated numerically
using finite element (FE) procedure that may provide more realistic predictions of
effective properties of the composite (Odegard 2004). So, the FE procedure is followed in
this work by deriving a three-dimensional FE model of RV as presented in the next
section. According to the theorem of average strain for composite materials, the
homogeneous displacement boundary conditions over the boundary surfaces of RV are
applied in order to compute its (RV) volume-average strain ({£}) using the following

expression,

{5}=;(ZVIV {Se}d%) (5.13a)

where, N, is the total number of elements within the FE model of RV; {¢,} is the strain

vector at any point within the ¢” element; ¥, is the volume of ¢” element. Similar to

Eq. 5.13(a), the volume-average strains of a layer (/) and corresponding fiber

counterpart can be computed from the FE model of RV using the following expressions,

(5.13b)

where, N’ is the number of elements within the ¢ layer; N ; is the number of elements

within the fiber phase of ¢” layer. Six types of homogeneous displacement boundary

conditions are considered as those are demonstrated in Table 5.1. Every type of these
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boundary conditions provides one non-zero strain component of {¢} that yields the
corresponding columns of [A4'] and [4 ;] according to Egs. (5.6) and (5.7), respectively.
Thus, all columns of the concentration matrices ([17151, [A;i]) can be computed by

applying the six types of boundary conditions (Table 5.1) separately on the FE model of
RV. However, in order to estimate the effective elastic properties of homogeneous layers
using the FE model of RV, there are basically four aforesaid expressions (Egs. (5.6), (5.7),
(6.12) and (5.13)) are to be utilized in association with the appropriate boundary
conditions (Table 5.1).

Table 5.1 Boundary conditions for determining elements of {E }

Boundary conditions Elements of {£}

=0, =0 E RELE, =E =7, =V,=7,=0

ul ,=0,

=0, u|+x:(5g><ﬁc) , v|_y

W|—z :O’ W|+z =0

0 = i % - e
u|_x:0, U|+x:0 ’ V|—y:O/ V|y:(‘9y><ac)/ EyFEETETY T Ty =0

., =0, v, =0

120, 4 =0, 0,0, | z~ch5 =5, =7, ~7. 7, -0
W, =0, =(Zxh)
d, =0, =Ml xh), Wl =0, | 7.%7.5=5=E=7.=7,=0
W, =Wy xac)
u =0, =(V5%xh), W =0, VRV =8,=8.%7,=7,=0

0
W|+x :(12%‘2 xte)

u|_y :OI u|y :(%ng ><ac)l V|_)C :OI 77xyz7/xy’gx :Ey :gz =V :?/yz :O

0
v, =y xe)
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5.4 Finite element model of RV

The strain vector at any point within the RV can be written as,
— T
{g} - {8)5 8y 82 yyz yxz 7/xy} (514)
and the strain displacement relation is,

ou ov
£ =—, & =—}
toox Y oy

ow ((%t 6vj
gz:_’ }/Wz -+t >

0z oy Ox
yxz =(a_u+a_wj) 7/2 F @—'—% (514&)
0z Ox oz oy

where, ¢, £, and ¢, are the normal strains along x, y and z directions, respectively; y_

and y,. are the transverse shear strains in the xz and yz-planes, respectively; y  is the
in-plane shear strain in the xy plane.
u(x,y,z), v(x,y,z), w(x,,z) are the displacements at any point in the RV along x, y

and z directions, respectively.
Similar to the strain vector (Eq. (5.14)), the stress vector at any point within the RV can
be written as,
— 1
{o}={o, o, 0, 7, 7. 7.} (5.15)
where, 0, o, and o, are the normal stresses along x, y and z directions, respectively;
7.. and 7 are the transverse shear stresses in the xz and yz-planes, respectively;

TY

. 18 the in-plane shear stress in the xy-plane.

The displacement components (1, v and w) at any point within the RV can be expressed

in the form of a displacement vector ({67 }) as follows,
{c?} = {u v w}T (5.16)
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Substituting Eq. (5.16) in Eq. (5.14), the strain vector ({¢}) at any point within the RV can

be expressed as follows,

tey=[L]{d}
- T
9 9 0 o 2 9
ox 0z Oy
[L]=]| O 9 0 Y 0 & (5.17)
oy 0z ox
4 Cama © 0
i 0z Oy Ox ]

The constitutive relations for fiber and matrix phases within the RV can be written as,

{o'}=[C'l{e"}, s=1,2 (5.18)

where, the superscript s denotes fiber or matrix phase according to its value as 1 or 2,
respectively; the matrix ([C"]) is the stiffness matrix for fiber or matrix phase. The first

variation of strain energy (oU ) of RV can be expressed as,
2
_ sy T s
SU = ij (6e'y {o*}av. (5.19)

where, O is an operator for first variation; V. is the volume of fiber (s=1) or matrix
(s=2) phase.
Using Egs. (5.17)-(5.18) in Eq. (5.19), the first variation of strain energy (oU ) can be

written as,
oU = ZJV «{é‘d}T[L]T[CS][L]{al}dVv (5.20)

For deriving FE model of RV, its volume is discretized using 27-node isoparametric
hexahedral element. The displacement vector ({a7 1) for i" node of an element can be

expressed as,

{d}=tu, v w}',i=1,23.,27

(5.21)
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The displacement vector at any point within a typical element can be written as,

{‘?} - [N]{‘?e} (5.22)

where, [N ] is the shape function matrix and {c§ ‘} is the elemental nodal displacement

vector. Using Eq. (5.22) in Eq. (5.20), the simplified expression for the first variation of

strain energy (6U°) of a typical element can be written as,
sU* ={sd*) [k ]{d) (5.23)
where,
[k T=J. ([~ [ [ ][e1[w])av: (5.23a)
where, V¢ is the elemental volume within fiber (s = 1) or matrix (s = 2) phase volume.

Upon assembling the elemental equations (Eq. (5.23)) into the global space, the global

expression for the first variation of strain energy can be obtained as,
U ={6X} [K]{X) (5.24)

where, [K] is the global stiffness matrix; {)~( } is the global nodal displacement vector.

The specified nodal displacements over the boundary surfaces of RV could be

incorporated in the expression of strain energy (Eq. (5.24)) following a simple procedure

as demonstrated by Cook et al. (2003). For a specified nodal displacement (say, X j
element of {)~( }), the first variation of the corresponding element (X ;) of the global

nodal displacement vector ({X}) is equal to zero (5.X ;= 0).So, the ™ row of [K] is to
be deleted and a column of [K] with the same index (/) (say, {/;}) is also to be removed

for constituting the displacement load vector as follows,

sU={s%,} (KX |+1/3K)) (5.25)
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In Eq. (5.25), [K,] and {X,} are the resulting global stiffness matrix and global nodal

displacement vector after imposition of specified nodal displacement (X ;). Equation

(5.25) can also be written in generalized form when a number of nodal displacements

(N, ) are specified as,

sU={sX} ([K]{ %} -P}) (5.26)
where,
N, }
{P=—> {f}X; (5.26a)
j=1

According to the principle of minimum potential energy (06U =0), the following

governing equations of equilibrium can be obtained as,
(KX} = {P) (5:27)

For the specified displacement boundary conditions (Table 5.1) over the boundary
surfaces of the RV, the corresponding displacement field can be obtained by the solution
of Eq. (5.27). Utilizing this displacement field, the volume-average strain vectors of RV,
layers and fiber phase of a layer can be computed using Egs. (5.13a-b).

5.5 Finite element formulation for graded laminated composite

plate

The main objective in the design of present graded fiber-reinforced composite lamina is
to utilize it for reducing the mismatch of material properties and stresses at the inter-
surfaces of plies in laminated composite structures. In order to substantiate this intent, a
bending analysis of laminated composite plates comprised of presently designed graded
composite plies is performed. Since a higher side-to-thickness ratio for laminated
composite plates is considered in the present analysis, geometrically nonlinear bending

analysis of the plates is carried out using FE procedure.
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Figure 5.3 shows a laminated composite plate. The length, width and height of
the plate are denoted by a, b and #, respectively. Unless otherwise mentioned, the
plies are of uniform thickness. The middle plane of the plate is considered as the
reference plane and a corner of this plane is the origin of the reference coordinate system
(oxyz) (Fig. 5.3). Since a thin laminated plate is considered, the kinematics of
deformation of the overall plate is defined according to the first order shear deformation
theory (FSDT) as given in Eq. 2.8 with a shear correction factor as 5/6 (Reddy 2003)

Equation 2.8 can be rewritten as,
u(x,y,z,t)=u,(x,y,t)+z0.(x,y,t),
o(x,y,z,t)=v,(x,y,t)+26,(x,y,t),

w(x,y,z,t)=w,(x,y,t) (2.8)

Fig. 5.3 Schematic diagram of a laminated graded composite plate.

According to this displacement field (FSDT) and von Karman nonlinear strain-

displacement relations, the strain vectors and its first variation can be written as,
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{e,} = (L1 +[Ly 1+ 2L, D{d}, fe) = [L]{d}

{06,} = (IL,1+[Ly 1+ 2L, 1){od}, (e} =[Lod} (5.28)
where,
&t 0 0 00
ox
0
[L;1=] 0 @ 0 00 ;
Ay 0 0O
| Oy Ox 1
0 0 1028 o
2 Ox 0x
=0 0 L9 4 ¢
2 0y oy ,
0 0 w9 0 0
i ox Oy ]
000 9
ox
[L.]=/0 0 O O s ,
oy
000 KW °
| oy Ox |
0 0 S0 0 0
ox Ox
[Li1=]0 0 Pl 0 0
ay 8]/ ’
0o WO D
i Ox 0y Oy Ox
00 ai 01
[L]= 4 (5.28a)
00 i 1 0
ox
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In Eq. (5.28), {d} is the generalized displacement vector as given in Eq. (2.9) and

repeated here as follows,

{d}:[uo Uy Wy ex ey]T (2'9)

Since the material properties of graded composite plies vary along the thickness
direction (z), their stiffness coefficients can be expressed as the functions of thickness-
coordinate (z). Accordingly, the constitutive relations for a graded composite ply can be

written as,
{o)} = [Ci(2)l{e)},

=GN}, k=1,23.....N

where,
ch(z) ©5(z) Ti(z)

[Cy(2)]=|Th(2) Th(2) Tl2)|,
Ce(z) T(2) Tg(2)

o [0 2o
¥ LAz) z;;@J 62)

where, the superscript & denotes a particular ply within the laminate. N, is the total

number of plies.[C¥(z)] and [Ci(2)] are the transformed stiffness matrices of k" -ply
with respect to the reference coordinate system (xyz ).
For an applied uniformly distributed transverse mechanical load of intensity, p,

the first variation of the total potential energy (7T, ) of the laminated composite plate can

be written as,

N,

ol =

p

[ (16efy 0!} + {068 o) Mz~ (5p) ydx - (530)

Iy

!

Substituting Eqs. (5.28)-(5.29) in Eq. (5.30), the following expression for 6T, can be

o'—.‘

k=1

obtained,
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or [ [ 16y (([L, T+ LT (4,1, 1+ [Ly 1) + [L T IBIL, 1+ [Ly D+ .
= - X
L (L, 1 L OIBIL ]+ (LT IDNL 1+ LA L)} —(5W p)

(5.31)
In Eq. (5.31), the rigidity matrices ([A,],[A.],[B ],[D ]) are given by,
[A]=X [ [Ci )Mz,
[A1=2 ] [ @)z,
[B1= 2. [Ch(2)edz,
[D1=. [ [Ch()dz
(5.32)

where, A, and A,,, are the thickness (z)-coordinates of the bottom and top surfaces of

k" ply, respectively. For deriving FE model of the plate, the xy -plane of the plate is

discreatized using 9-node isoparametric quadrilateral element. Correspondingly, the

generalized displacement vector (Eq. (2.9)) within a typical element can be written

according to Eq. (2.21) ({d}=INHKd‘}). Employing the principle of minimum potential
energy (6T, =0) after the substitution of Eq. (2.21) in Eq. (5.31), the equilibrium equations

for a typical element can be obtained as,

([K;1+[K 1) 4d ) = {P°} (5.33)
where,

[K}1=[K}, ]+ (K],
[Ki1=], (BITAIIB.I)A,,

[Ki1=], (BT (LA, ](B; 1+ BILB. 1) + B 1" ([BILB; 1+ [DI[B]) A,
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[Kil=[, (BT 1A+ BB By1+ [BAT ([A, 1B, 1+ [BI[B.)) A,

(=], (INI'l0 0 p 0 0]')dA,
(5.33a)

In Eq. (5.33a), A, is the area of a typical element in the xy -plane; [K]] and [K},] are the
linear and nonlinear counterparts of the elemental stiffness matrix; [K;,] and [K],] are

the bending and shear counterparts of the linear elemental stiffness matrix ([K[]); {P }

is the elemental nodal load vector. The forms of different strain-displacement matrices

appearing in Eq. (5.33a) are similar to those given in Eq. (2.23) where the operator
matrices ([Li], [Ly], [L.], [L.], [Li]) are defined in Eq. (5.28a). In the present
formulation, since the bending ([K],]) and shear ([K].]) counterparts of the linear
stiffness matrix ([K[]) are separately formulated, the selective integration can be
implemented in a straight forward manner. Assembling the elemental equations (Eq.
(6.33)) in the global space, the global nonlinear FE equations of equilibrium of the
laminated composite plate under the uniformly distributed transverse mechanical load
can be obtained as,

([K, J+[Ky]){X} = {P} (5-34)
where,[K;] and [K] are the linear and nonlinear counterparts of the global stiffness

matrix; {P} is the global nodal load vector;{X} is the global nodal displacement vector.

5.6 Numerical results and discussions

In this section, first the effective elastic properties of the present graded fiber-reinforced
composite lamina are evaluated using the present FE model of RV and appropriate
boundary conditions (Table 5.1). Next, the geometrically nonlinear bending responses of
laminated composite plates are evaluated for the use of presently designed graded

composite plies. The merits and demerits in the use of graded composite ply within the
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laminated composite plates are discussed. Finally, the demerits are eliminated through
the proposition of a new lamination scheme utilizing presently designed graded

composite ply as well as conventional composite ply.

5.6.1 Verification of present finite element model of RV

Since a similar graded fiber-reinforced composite lamina is not available in the
literature, the present FE model of RV and boundary conditions (Table 5.1) are verified

considering uniform FVF (v, = 0.6) for all fiber-matrix packs/layers within the RV.

Table 5.2 Comparison of elastic constants obtained from present analysis for a lamina
(AS4/3501-6 unidirectional continuous fiber reinforced composite, v = 0.6) with the similar

published results
Elastic Present | Analytical | Analytical | Analytical | Experime | Experimental
constants results results results results ntal results (Sun
(GPa) (Sun and (Chamis (Reley and results and Chen
Chen 1984) Whitney (Daniel 1988)
1990) 1966) and Lee
1990)
E, 142.60 142.9 1429 142.9 142 139
E, 9.51 9.20 9.79 9.78 10.30 9.85
G, 5.92 5.50 6.53 5.80 7.60 5.25
G,; 3.05 _ 3.01 _ 3.8 _
Viy 0.25 0.26 0.26 0.25 _ 0.3
Vys 0.38 _ 0.42 _ _ _

The computed effective elastic coefficients are compared with similar elastic coefficients
of an identical unidirectional fiber-reinforced composite analyzed by earlier researchers
(Reley and Whitney 1966; Chamis 1984; Sun and Chen 1988, 1990; Daniel and Lee 1990).
This comparison is illustrated in Table 5.2. It may be observed from Table 5.2 that the
present results are in good agreement with the available analytical results (Reley and
Whitney 1966, Chamis 1984; Sun and Chen 1990) and experimental results (Sun and
Chen 1988; Daniel and Lee 1990). Thus, the accuracy of present FE model of RV and the
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appropriateness of boundary conditions (Table 5.1) used in prediction of effective elastic
coefficients of fiber-reinforced composites are verified.
5.6.2 Effective elastic properties of graded composite lamina

In the present composite lamina, the materials for the matrix and fiber phases are
considered as Epoxy (E = 3.5 GPa, v = 0.35) and high modulus glass (£=110 GPa,
v =0.22), respectively (Jones 1999). The continuous variation of FVF across the thickness

of the composite lamina according to a simple power-law can be defined as,

v, = (1 +(-1)’ {%D (5.35)

where, the maximum value

—n=1.0

of FVF (v}') is considered at

the middle plane (z=0) of

the lamina and the minimum
value of the same (v,) is
considered as zero at the

top/bottom surface of the

lamina; n is the power-law

exponent (0<n<w); 1 is a

positive integer.
Fig. 5.4 Variations of FVF (V,) across the thickness of

The variation(of Ot aloggpghe composite lamina for different values of power-law

thickness direction is™ exponent ().

symmetric with respect to the middle plane (z=0) of the lamina and this variation
along the positive or the negative z-direction from the middle plane (z=0) can be
obtained by even or odd value of A, respectively. According to this power-law, the

variations of FVF (v, ) for different values of power-law exponent (7 ) are illustrated in
Fig. 5.4. The maximum FVF (v} ) at the middle plane (z=0) is considered as 0.6 for any

value of n.So, the FVF of the middle layer (¢ = (N, + 1), Fig. 5.4) remains constant as 0.6
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for any value of n. Except the middle layer, the FVF of any layer decreases with the
increase of the power-law exponent (7 ) (Fig. 5.4). In order to reduce the difference of the

magnitudes of various elastic coefficients at the top/bottom surface of the composite

x10

. . 2
(C) C33 (Pa) X 1010

Fig. 5.5 Effective elastic coefficients (Cf | ,Cﬁz ,C§3) of different homogeneous layers in RV and
the corresponding fitted curves (N, =5 or 7, > :Cé for N, =5, — :Cé -fitted curve for

N,=5,% :C:; for N, =7, --:Cé ~fitted curve for N, = 7).

lamina, lower value of FVF in the top (¢ = (2N, +1))/bottom (¢ =1) layer is desired.

This requirement could be attained by considering higher value of » (Fig. 5.4). However,
the value of n and the total number of layers within a specified thickness of composite

lamina are important factors according to the practical design-aspects of the composite
lamina. For a high value of n, the top/bottom layer (¢ =1 or (2N, +1)) has very low

value of FVF that may cause difficulties in fabrication of the graded composite lamina.
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For a constant value of n, similar difficulties may arise when the number of layers
increases within a specified thickness of the lamina. Although these aspects are to be
taken care in practice, the present theoretical study is carried out considering the

maximum value of n as 2.0 and the maximum number of layers (2N, +1) as 7 within a

constant thickness (350 pm) of composite lamina.

0.5 0.5
0.4} 0.4
0.3} 0.3
0.2} 0.2
0.1} 0.1
éu ﬂ. ENO 0
0.1} 0.1
0.2} 0.2
0.3} 0.3
-0.4f 0.4
05 15 2 25 3 35 05 1.5 2 25 3 35 s 25 5
(a) 53544 (Pa) ' _x .10“ _(b) _ ' ' Cy  (Pa) x10°
0.4
0.3
0.2
0.1
0.1
0.2
0.3
0.4

1 15 2 25 3 35 4 45 5 55
© Cgs P2) x10°

Fig. 5.6 Effective elastic coefficients (CL,C;]'S,C&) of different homogeneous layers in RV and
the corresponding fitted curves (N, =5 or7, > :Cé for N, =5, — :Cé -fitted curve for
N,=5,% :ij for N, =7, ":Cé ~fitted curve for N, =7).

For a particular value of power-law exponent (n=1), Figs. 5.5-5.7 illustrate the
effective elastic coefficients (c};) of different homogeneous layers within the RV. The

total number of layers is considered as either five (N, =35) or seven (N, =7) within a

constant thickness of RV. In these figures (Figs. 5.5-5.7), the computed magnitude of a

coefficient for a homogeneous layer is plotted corresponding to the z-coordinate of its
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(layer) centre. For any of the two cases (N, =5 or 7), it may be observed from these
figures that the nature of variation of a coefficient along the thickness (z) direction is
similar to that of FVF. So, for the sake of simplicity in its (graded lamina) macroscopic
applications, the continuous variation of every coefficient along the thickness (z)

direction is assumed and it is modeled by a power-law as follows,

max min 2
Cij(Z):(CiJ -G >X{1+('1)Ax[h_z

[

] +Co (5.36)
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Fig. 5.7 Effective elastic coefficients (sz ,Cf3 ,C§3) of different homogeneous layers in RV and
the corresponding fitted curves ( N, =5 or 7, P :ij for N, =5 ,— :ij fitted curve for
N,=5, ¥ :C;forNt =7, --:Cé ~fitted curve for N, = 7).

where, Ci* and C;JT““ are maximum and minimum values of a coefficient (Cl.j )

respectively. n_is the power-law exponent that determines the shape of the fitted curve
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through the computed magnitudes of a coefficient for different homogeneous layers of
RV. According to the aforesaid power-law (Eq. (5.36)), the fitted curves for all
coefficients are shown in the same figures (Figs. 5.5-5.7) and the corresponding
parameters (C;", C,;ni“ N
thickness (/1) of RV, Figs. 5.5-5.7 demonstrate an important observation that the nature
of variation of a coefficient does not depend on the total number (¥, ) of layers within

the RV. Therefore, the increased number of layers within a specified thickness of RV is

required mainly for alleviating the flaw in the assumption of continuous variations of

coefficients.

Table 5.3 Cgﬂ = Clr]m " and n_ corresponding to the fitted curves in Figs. 5.5-5.7 according to the

power-law (Eq. (5.36))

) are furnished in Table 5.3. For constant values of n and

c CI™(x10 GPa) CI™(x10 GPa)

N,=5 | NN=7 | N,=5 | N,=7 | N,=5 [N, =
Co| 70304 | 70275 | 11642 | 1.1450 1.20 1.20
Co| 17723 | 17868 | 058576 | 0.60412 | 1.80 1.90
Cy| 18725 | 18747 | 057722 | 0.60057 | 1.80 1.90
C,| 031938 | 031936 | 013838 | 0.14016 | 1.67 1.80
Cy| 048418 | 048416 | 013922 | 014390 | 1.67 1.80
Ceo| 049643 | 049119 | 013879 | 0.14380 | 1.67 1.80
C,| 061747 | 0.61604 | 031027 | 031464 | 1.80 1.85
C| 061945 | 0.61082 | 031017 | 0.31451 1.60 1.85
C,| 044026 | 043962 | 032318 | 032027 | 1.00 1.00

For different values of n, the variations of effective elastic coefficients across the

thickness of RV (N,=7) are illustrated in Figs. 5.8-5.10. The magnitudes of the

parameters (C™, CI™,n ) corresponding to the fitted curves (Figs. 5.8-5.10) are also

ij 7
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illustrated in Table 5.4. It may be observed from Figs. 5.8-5.10 that every coefficient (c,)

has its maximum magnitude at the middle layer for any value of n. Moreover, this
maximum magnitude does not vary with n because of the constant value of FVF at the

middle layer. Except the middle layer, the magnitudes of effective coefficients (C,) of

any layer decrease for the increase of power-law exponent (7).

However, Figs. 5.8-5.10 and Table 5.4 illustrate an important observation that the
increasing value of n yields the reduction in the difference between the magnitudes of
two coefficients like (C;; and C,,) or (C4y and Css) or (C;, and C,3) at the top/bottom
layer of RV. The magnitudes of these pairs of coefficients at the top/bottom layer of RV

may also be almost equal (C,,~C,,, C,,~C,,, C,~C,,) for certain value of n asitis 2.0 at
present case (C;]‘.‘in , n=2.0, Table 5.4). However, this reduced mismatch among the

magnitudes of material constants at the top/bottom surface of graded composite lamina
is a useful fact for accomplishing continuous variations of material properties and

stresses across the thickness of composite laminates as it is shown in later section.

Table 5.4 Cir;ax , Clr]m "and 1, corresponding to the fitted curves in Figs. 5.8-5.10 according to the
power-law (Eq. (5.36))

TH-1385_10610306

Cij Cirjnax (x10 GPa) C,.;.“in (x10 GPa) n.
n =1.0 n =15 n =20 n =1.0 n =15 n=201 n=10 | n=15] n =20
C,, | 70275 7.0300 7.0331 1.1450 0.66247 | 0.52100 1.20 1.55 1.90
C,,| 1.7868 1.7756 1.7672 0.60412 | 0.56701 | 0.54300 1.90 25 3.40
C,, | 1.8747 1.8728 1.8710 0.60057 | 0.56529 | 0.54400 1.90 2.50 3.40
C, | 031936 | 031937 | 031642 | 0.14016 | 0.13165 | 0.13050 1.80 2.25 2.90
C,, | 048416 | 0.48422 | 0.48435 | 0.14390 | 0.13136 | 0.12900 1.80 2.40 3.10
C,, | 049119 | 049628 | 0.50054 | 0.14380 | 0.13133 | 0.12900 1.80 2.40 3.25
C,, | 0.61604 | 0.61751 | 0.61837 | 0.31461 0.30393 | 0.30138 1.85 2.30 3.25
C,, | 0.61082 | 0.61053 | 0.61053 | 0.31451 0.30387 | 0.30117 1.85 2.30 3.20
C,, | 043962 | 0.44016 | 0.44197 | 032027 | 0.30550 | 0.30132 1.0 1.23 1.60
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In the foregoing estimation of effective elastic properties of present graded fiber-
reinforced composite lamina, the homogeneous layers are considered to be coupled
within the RV. The importance of this consideration (coupled layers) can be verified
through a parallel estimation of effective properties of every homogeneous layer in RV
by taking it (layer) as a discrete representative volume element (RVE). For every layer of

RV (N, = 7), Table 5.5 illustrates the magnitudes of effective elastic coefficients (C;)

which are predicted either for coupled (C) layers or for decoupled/discrete (DC) layers.
It may be observed from Table 5.5 that a little difference between these two
considerations (C and DC) occurs for the inner layers (¢/=3, 4, 5). Thus, this result
suggests that any of the approaches (C/DC) could be followed in estimation of effective

graded elastic properties of present graded fiber-reinforced composite.

Table 5.5 Magnitudes of effective elastic coefficients (Cij ) predicted either for coupled (C)
layers or for decoupled/discrete (DC) layers (N, =7, n=1)

C,(x10GPa) | k=1 [k=2]k=3[k=4[k=5] k=6 [ k=7
e 1481 | 3319 [ 5159 [ 7.012 | 5.159 | 3319 | 1481
DC 1481 | 3325 | 5221 | 7.065 | 5221 | 3325 | 1481
C, |C 0.640 | 0.797 | 0.954 | 1111 | 0.954 | 0.797 | 0.640
DC 0.639 | 0.860 | 1.239 | 1.876 | 1.239 | 0.860 | 0.639
C, |C 0.639 | 0.794 | 0.948 | 1.103 | 0.948 | 0.794 | 0.639
DC 0.639 | 0.860 | 1.239 | 1.876 | 1.239 | 0.860 | 0.639
C. |C 0.146 | 0.180 | 0.214 | 0.247 | 0.214 | 0.180 | 0.146
DC 0.147 | 0.184 | 0.238 [ 0.328 | 0.238 | 0.184 | 0.147
C. |C 0.154 | 0.204 | 0.254 | 0303 | 0.254 | 0.204 | 0.154
DC 0.155 | 0219 | 0.321 [ 0483 | 0321 | 0219 | 0.155
C. |C 0.154 | 0.203 | 0.253 | 0302 | 0.253 | 0.203 | 0.154
DC 0.155 | 0.219 | 0.321 [ 0483 | 0.321 | 0.219 [ 0.155
C, |LC 0.324 | 0366 | 0411 | 0454 | 0411 | 0366 | 0.324
DC 0.324 | 0367 | 0.468 | 0.612 | 0.468 | 0367 | 0.324
C, |C 0.324 | 0.366 | 0.410 | 0453 | 0.410 | 0366 | 0.324
DC 0.324 | 0367 | 0.468 | 0.612 | 0.468 | 0367 | 0.324
C, |C 0.326 | 0371 | 0.422 | 0470 | 0422 | 0371 | 0.326
DC 0.326 | 0.374 | 0.405 | 0445 | 0.405 | 0374 | 0.326
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Fig. 5.8 Effective elastic coefficients (Cf 1IC2€2/C§3) for different homogeneous layers in RV and

the corresponding fitted curves for different values of power-law exponent (71) (N, =7,

Vi =06, > :C; for n=1.0, —:C;-fitted curve for n=1.0, ¥ :Cé for n=1.5, w:Cl -

fitted curve for n =1.5, I:I:ij for n=2.0, -=: ij -fitted curve for n =2.0).

136

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

5

W

0.4p
0.3p
0.2p
0.1p

z/h
=

-0.1p
0.2}
-0.3p
0.4}

0.5

(a)

5
C.. (Pa) x10°

© C,q (Pa) o’

Fig. 5.9 Effective elastic coefficients (Cf;4 ,C_f,s /Cés) for different homogeneous layers in RV and

the corresponding fitted curves for different values of power-law exponent (71) (N, =7,

v}’7 =0.6, > :ij for n=1.0 , —:ij-fitted curve for n=1.0, ¥ :ij for n=1.5, - .Cl -

Yy

fitted curve for n =1.5, I:I:ij for n=2.0, -=: Cé ~fitted curve for n =2.0).
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Fig. 5.10 Effective elastic coefficients (sz ,CfB ,653) for different homogeneous layers in RV and

the corresponding fitted curves for different values of power-law exponent (71) (N, =7,

v}’7 =0.6, > :ij for n=1.0 , —:ij-fitted curve for n=1.0, ¥ :Cf]- for n=1.5, - :ij -

fitted curve for n =1.5, n:Cé forn=2.0, ---: C; -fitted curve for n =2.0).

In the aforesaid graded fiber-reinforced composite lamina (Fig. 5.1), the variation of FVF
is considered to be symmetric with respect to the middle plane (z=0 ) of the lamina. The
material properties at the top surface of the lamina are the same as those on the bottom
surface of the same. This lamina (Fig. 5.11) has its minimum stiffness at its top/bottom
surface while the maximum stiffness of the same is achieved at the middle plane (z=0).
However, similar graded lamina could also be designed for maximum stiffness at one of

its top and bottom surfaces while the other surface of the same has minimum stiffness.
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Fig. 5.11 Schematic diagrams of (a) graded fiber-reinforced composite lamina and (b) micro-
structure of a typical yz-section of the graded fiber-reinforced composite lamina (/" is the

maximum value of FVF)
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Fig. 5.12 Schematic diagram of representative volume (RV) of the graded fiber-reinforced

composite.

Figure 5.11 shows such a lamina that is equivalent to the top half of the previous

lamina (Fig. 5.1).The maximum FVF at the bottom surface of the lamina is considered as

0.6 while the minimum FVF is considered at the top surface of the same lamina as zero.

Four layers (N, = 4) are considered and the corresponding RV is shown in Fig. 5.12.

Following the aforesaid procedure for evaluation of effective graded properties, the

TH-1385_10610306
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variations of material properties of this lamina (Fig. 5.11) are illustrated in Fig. 5.13 and

Table 5.6 considering two values of power-law exponent (n= 1 and 2). Figure 5.13 and

Table 5.6 show similar variations of elastic constants as those are illustrated for the top

half of previous graded lamina (Fig. 5.1, Figs. 5.8-5.10, Table 5.4 ).
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Fig. 5.13 Variations of elastic constants (C;; ) across the thickness of the graded composite

lamina for different values of power-law exponent (7 ).
The consideration of uniform FVF (v, =0.6) in all fiber-matrix packs of RV (Figs. 5.2

and 5.12) yields a conventional unidirectional fiber-reinforced composite lamina. So, the
present graded composite lamina is basically a modified form of conventional
unidirectional fiber-reinforced composite lamina and this modification is carried out by

varying the FVF across the thickness of the lamina. However, the magnitudes of elastic
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coefficients of conventional composite lamina with FVF of 0.6 are illustrated in Table 5.7
and these magnitudes may be compared with the similar magnitudes (Figs. 5.8-5.10,
Tables 5.4 and 5.6) for graded lamina. It may be observed from Tables 5.4, 5.6, 5.7 and
Figs. 5.8-5.10, 5.13 that the average magnitude of any elastic coefficient decreases when
the conventional lamina is converted into the graded fiber-reinforced composite lamina
according to the present design. Thus, the overall stiffness of the graded composite

lamina is lesser than that of the conventional composite lamina.

Table 5.6 Numerical values of C;*", C;’i“ and n,

c, CI™(x10 GPa) | Ci™(x10 GPa) n,
n=1 n=2 n=1 n=2 |n=1|n=2
C, 704 | 702 | 065 | 065 | 1.05 | 21

C,/Cy | 120 1.25 0.626 0.62 1.0 2.2

C, 0.274 027 | 0.1448 | 0.14 1.1 1.9

C,/C, | 0332 033 |01449 | 0.15 1.1 22

C,/C, | 0501 0.48 0.338 0.32 1.0 1.6

C, 0.527 | 0.495 | 0.337 0.34 0.9 1.6

Table 5.7 Elastic constant for the composite ply of uniform FVF of 0.6

C;;(x10 GPa)
Cll C22 /C33 C44 CSS /C66 C12 /C13 C23
7.027 1.787 0.319 0.491 0.616 0.634

5.6.3 Graded laminated composite plates

The present graded fiber-reinforced composite lamina is designed with an objective of
reduced mismatch of material properties and stresses at the interlaminar-surfaces in
laminated composite structures. To substantiate this, presently two conventional
laminated composite plates (CLCPs) are considered and their conventional plies are

replaced by present graded plies (Fig. 5.1). In this conversion of a CLCP into a graded
141
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laminated composite plate (GLCP), the stacking sequence and other geometrical
properties of the laminated plate are not altered. Also, the numerical study for both
plates (CLCP and GLCP) is carried out without altering the boundary conditions
(simply-supported) and intensity of uniformly distributed transverse load. The FVF of
the conventional composite plies is taken as 0.6 while the maximum FVF of the graded

composite plies is considered as 0.6. The corresponding material properties of plies are,

Epoxy: E= 3.5GPa, v = 0.35.

High modulus glass: E =110 GPa, v =0.22.

The linear/nonlinear bending responses of laminated plates (CLCP and GLCP) are
evaluated using the present FE formulation for laminated composite plates and direct
iteration method. The transverse deflections, loads and stresses are presented in terms of

the following dimensionless parameters respectively,

W=w/h,
o—|2 ][]
E, | (h
_ o, hY
o i x|—|,
|pl) \a
h3
T :_yx_
" lel a]

(5.37)
where, E, is the Young’s modulus of fiber-phase material and the transverse deflection

(w) is evaluated at the middle point of the plate.
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5.6.3.1 Verification of FE model of laminated composite plate

The present FE formulation

1.2
for bending analysis of
1t
laminated composite plates
is verified through the 0.8f
computation of > 0.6}
dimensionless  transverse
0.4}
deflection (W) at the
middle point of a simply- 0.2 —present FE result
. B Liew et al. (2004)
supported conventional . .
0 500 1000 1500 2000 2500
symmetric cross-ply Q
(00/900/00) laminated Fig. 5..14 Comparison. of di.mension.less transverse
deflections (/') at the middle point of a simply-supported
composite plate. The conventional symmetric cross-ply (0°9/90°/0°) laminated

. . plate with the similar results for an identical plate
computed  dimensionless analyzed by Liew et al. (2004).

transverse deflections for

different applied mechanical loads (Q ) are plotted in Fig. 5.14 together with the similar
results for an identical plate analyzed by Liew et al. (2004). Figure 5.14 shows an
excellent agreement of present results with the similar published results (Liew et al.
2004) thus verifying the accuracy of the present FE formulation for laminated composite

plates.

5.6.3.2 Bending responses of GLCPs

Figure 5.15 illustrates the transverse deflection (W) vs. load (Q) curves for symmetric
and asymmetric CLCPs/GLCPs. For any of the plates (symmetric/asymmetric), Fig. 5.15
shows lesser rigidity of GLCP as compared to that of corresponding CLCP. Moreover,
the rigidity of GLCP decreases as its graded plies are made of higher power-law
exponent (7). For liner and nonlinear bending deformations of symmetric CLCP/GLCP,

two different mechanical loads (p = 10 N/m?2, 5 kN/m?) are considered from Fig.
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5.15(a). Corresponding to these mechanical loads, the distributions of dimensionless

stresses (7, , 0, ) across the thickness of the symmetric GLCP/CLCP are demonstrated in

Figs. 5.16(a)-(d). It may be observed from Figs. 5.16(a)-(d) that there is a significant
stress-mismatch at the interface of 0° and 90° plies of CLCP. But, this stress-mismatch
could significantly be reduced by the use of present graded composite plies. Also, this
stress-mismatch could almost be eliminated using the graded plies of higher power-law
exponent (n). Similar stress-distributions for asymmetric GLCP/CLCP are also
presented in Fig. 5.17. In this case, the values of mechanical load (Q ) corresponding to
linear and nonlinear deformations of asymmetric GLCP/CLCP are chosen from Fig.
5.15(b). The results in Fig. 5.17 exhibit similar observations as those are obtained for

symmetric plates (Fig. 5.16).

1.2 . . . . - 1.2

o
o

0.} - 0.8
o6t S/ : 2 06
o4 Y/ 04
i/ —GLCPn=
28 ! 0.2
e - GLCPn=2
A CLCP
0 : 0
o 2z 4 6 8 10 12 (b)
(a) Q

Fig. 5.15 Variations of dimensionless transverse deflection (V) at the middle point of (a)

symmetric (00 / 90" / 00) and (b) asymmetric (900 / 0° / 90’ / 00) cross-ply laminated
composite plates with the dimensionless transverse mechanical load (Q).
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Fig. 5.16 Distributions of the dimensionless stresses (5x,5y) across the thickness of the

graded/conventional symmetric cross-ply (00 /90° / 00) laminated composite plate under

the (a)-(b) linear (p = 10 N /m’) and (c)-(d) nonlinear (p =5 kN /m’) bending
deformations.
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Fig. 5.17 Distributions of the dimensionless stresses (5x,5y) across the thickness of the
graded /conventional asymmetric cross-ply (90° /0°/90° /0°) laminated composite
plate under the (a)-(b) linear (p=10 N/ mz) and (c)-(d) nonlinear (p=5 kN / mz)
bending deformations.

5.6.4 Conventional-graded laminated composite plates

The continuous stresses in Figs. 5.16-5.17 indicate similar nature (continuous) of
variations of material properties across the thickness of laminate. But, the discrepancies
like the increase of maximum value of every stress (Figs. 5.16-5.17) and the decrease of
laminate-rigidity (Figs. 5.15) arise in forming a GLCP through direct substitution of
conventional plies of a CLCP. In order to eliminate these demerits retaining the merit of
continuous variations of stresses/material properties, a new lamination scheme is

proposed in the present study by utilizing graded as well as conventional composite
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plies within the same laminate. These two (graded and conventional) different types of
plies are utilized within a laminate in such a manner that the graded plies work mainly
for achieving continuous variations of material properties while the conventional plies
strengthen the laminate. Since this type of laminated plate is composed of graded as well
as conventional laminas, it (laminated plate) is presently designated as conventional-
graded laminated composite plate (CGLCP). However, in this strategy of lamination, a
graded ply is considered to have maximum stiffness at one of its top and bottom
surfaces while the other surface of the same has minimum stiffness. So, the graded ply

illustrated in Fig. 5.11 is utilized.

o 0’ Layer h/5
h/3 0 Layer -
0 THBS Layer h/10
:; 90" BHTS Layer h/10
h| W3 90° Layer 90° Layer h/5
90° THBS Layer W10
o 0’ BHTS Layer h/10
h/3 0 Layer -
0 Layer h/5
(@
h/4 0" Layer 0" Layer w3
h/4 90’ Layer 0° THBS Layer W6
h >
0
h/4 0° Layer 90" BHTS Layer h/6
h/4 90° Layer 90" Layer /3
(b)

Fig. 5.18 Modified stacking sequences for conventional-graded composite plates (a) symmetric
and (b) asymmetric laminated.
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Fig. 5.19 Variations of elastic constants (Cl-j) across the thickness of the symmetric
conventional-graded laminated composite plate (CGLCP, n = 2).

It should be noted that this graded composite ply (Fig. 5.11) can be utilized in its two
forms. The first one is for its stiffer top-surface and softer bottom-surface. The next one is
just reverse of the first one. Corresponding to these two forms of the graded ply (Fig.
5.11), it is designated either as top-hard-bottom-soft (THBS) ply or as bottom-hard-top-
soft (BHTS) ply. Utilizing these two forms of the graded ply, two conventional
laminated composite plates of symmetric (0°/90°/0°) and asymmetric (90°/0c/900/0°)
stacking sequences are modified as illustrated in Fig. 5.18. The total thickness of the
laminate is not altered for this modification of stacking sequence and the thickness of
THBS layer or BHTS layer is considered as half of that for the conventional composite-
ply within the same laminate. It may be observed from Fig. 5.18 that a pair of THBS and
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BHTS layers is used between two conventional layers in order to reduce the mismatch of
material properties at their inter-surface. For symmetric laminate (Fig. 5.18(a)), a pair of
THBS and BHTS layers is inserted at every inter-surface of 0° and 90° layers. If the same
procedure is followed in case of asymmetric laminate (Fig. 5.18(b)), then three pairs of
THBS and BHTS layers are required. But, as the stiffness of a THBS/BHTS layer is lesser
than that of a conventional layer and a constant laminate-thickness is considered in this
conversion, too many THBS/BHTS layers within a laminate may cause considerable
reduction of its (laminate) rigidity. Thus, the stacking sequence of asymmetric
conventional laminate is modified considering only one pair of THBS and BHTS layers
as illustrated in Fig. 5.18(b).

For a particular value of power-law exponent (7 = 2), the variations of different

elastic coefficients (C; ) across the thickness of laminates (CGLCPs) are demonstrated in

Fig. 5.19. It may be observed from Fig. 5.19 that the elastic coefficients continuously vary
across the thickness of the laminate (CGLCP). Also, the symmetric nature of variation of
elastic properties of CLCP does not alter as it (CLCP) is converted to CGLCP. For the
conversion of asymmetric (90°/0°/90°/0°) CLCP into a CGLCP, the corresponding

variations of elastic coefficients (C; ) across the thickness of CGLCP are illustrated in Fig.

5.20. This figure shows that the asymmetric CLCP remains as asymmetric laminate after
its conversion into CGLCP.

Figure 5.21 illustrates the deflection (W) vs. load (Q) curves for symmetric and
asymmetric CGLCPs (Figs. 5.18). Similar responses of corresponding symmetric and
asymmetric CLCPs are also illustrated in the same figure. In comparison to the previous
results (Fig. 5.15), it may be observed from Fig. 521 that the rigidity of the
symmetric/asymmetric CGLCP is significantly increased towards the same of
corresponding symmetric/asymmetric CLCP. This occurs because of the use of
conventional plies. It may also be observed that there is no significant change in the
rigidity of a CGLCP due to the change of the value of power-law exponent (») because
the stiffness of every graded ply in CGLCP is not a major issue in its (CGCLP) design.

149

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

0.5
0.4
0.3
0.2
0.1

z/h
[—]

-0.1
-0.2
-0.3
-0.4

035 20 20 60 30 100
() Cij (GPa)

0.5
0.4
0.3
0.2
01

L

zlh
-]

-0.1
-0.2
-0.3
-0.4
-0.5

@)

0.5
0.4

]
L}
L}
]
0.3 !
]
2

=== C“ H

0.2
0.1 At

= mmmm CGG-

zh
=]
‘!'H

-0.1 ke TS
-0.2
-0.3 E
-0.4 E
-0.5 I
(<) C. (GPa)

Fig. 5.20 Variations of elastic constants ( Cz'/‘ ) across the thickness of the asymmetric

conventional-graded laminated composite plate (CGLCP, n =2 ).
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Fig. 5.21 Variations of dimensionless transverse deflection (V) at the middle point of (a)

symmetric and (b) asymmetric cross-ply laminated composite plates with the
dimensionless transverse mechanical load (Q).

For two different loads (p = 10 N/m? 5 kN/m?) corresponding to linear and

nonlinear bending deformations of symmetric CGLCP, the distributions of stresses

(o,,0,) across the thickness of the laminate are illustrated in Fig. 5.22. It may be

observed from Fig. 5.22 that the stresses are almost continuously distributed across the
thickness of the plate. It is also interesting to observe in comparison to Fig. 5.16 that the
maximum value of every stress component does not alter for the conversion of a
symmetric CLCP into a symmetric CGLCP. Similar to the previous results (Figs. 5.16), a
higher value of power-law exponent (7) causes lesser stress-discontinuity at the
interlaminar-surfaces in CGLCP. In the case of conversion of an asymmetric CLCP into
an asymmetric CGLCP, the stress distributions are demonstrated in Fig. 5.23 that
exhibits similar observations as those are obtained from the symmetric case (Fig. 5.22).
The foregoing results (Figs. 5.19-5.23), show that the proposed lamination scheme
provides continuous variations of material properties and stresses across the thickness

of laminated plate. This advantage could be achieved with ample changes of laminate-
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rigidity and maximum values of stresses in the laminate. In this conversion there is no

appearance of stress-concentration.
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Fig. 5.22 Distributions of the dimensionless stresses (EX,&/) across the thickness of the

conventional-graded
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laminated

composite plate under its (a)-(b) linear (p =10 N / mz) and (c)-(d) nonlinear (p =5 kN / mz)

bending deformations.
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Fig. 5.23 Distributions of the dimensionless stresses (Ex,Ey) across the thickness of the
conventional-graded (Fig.5.18(b))/ conventional asymmetric cross-ply (90° /0° /90° /0°)
laminated composite plate under its (a)-(b) linear (p =10 N / mz) and (c)-(d) nonlinear (p =
5 kN / m’ ) bending deformations.

5.7 Conclusions

In this chapter, a graded orthotropic fiber-reinforced composite lamina is designed and
it is utilized for achieving continuous variations of material properties and stresses
across the thickness of composite laminates through the proposition of a new lamination
scheme. The graded composite lamina is basically a stack of horizontal layers of
unidirectional continuous fiber-reinforced composite. Every layer is comprised of one
row of horizontally coplanar continuous fibers embedded within epoxy matrix. The
fibers in all layers are aligned in the plane of the lamina and orientated uniformly. The
FVF varies among the layers following a simple power-law. All fibers within a layer

have identical cross-sectional area while the same (area) varies layer-wise in order to

153

TH-1385_10610306



Chapter 5:Design of laminated composite plates ... composite plies

accomplish the variation of FVF among the layers. The volume-average elastic
properties of the graded composite lamina are estimated using FE procedure. These
average properties are then expressed as graded elastic properties in the direction of
variation of FVF utilizing an available concept of homogenous layers in FG composites.
The numerical analysis on the effective properties of graded composite lamina reveals
identical nature of variation of every elastic coefficient as it (nature) is for the variation
of corresponding FVEF. It is observed that the number of composite layers within a
specified thickness of lamina does not have much effect on the nature of variation of any
effective elastic coefficient. The number of layers within a specified thickness of lamina
is important only for physically achievable continuous variations of effective elastic
coefficients.

The utilization of the present graded composite lamina within the laminated
composite plates is demonstrated for the cases of two conventional laminated composite
plates (CLCPs). A new lamination scheme is proposed for conversion of these CLCPs
into conventional-graded laminated composite plates (CGLCPs) using graded as well as
conventional composite plies. In this conversion, the prime intent of continuous
variations of material properties across the thickness of composite laminate is achieved.
The corresponding changes in the laminate-rigidity and maximum values of stresses in
the laminate are substantiated through the numerical evaluation of bending responses of
plates (CLCPs and CGLCPs). The numerical results for bending analysis of plates reveal
ample changes of laminate-rigidity and maximum values of stresses while achieving the
continuous variations of material properties and stresses across the thickness of laminate

by means of aforesaid conversion/lamination scheme.
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Chapter 6

NONLINEAR FREQUENCY RESPONSE ANALYSIS OF A
SMART GRADED FIBER-REINFORCED COMPOSITE
LAMINATED PLATE

In this chapter, dynamic characteristics of conventional- graded laminated composite
plate (CGLCP) in the frequency domain is presented. In addition, a smart CGLCP
having an ACLD layer and an active constraining layer of PFRC is also considered for
studying the active damping of vibration of such graded laminated composite plates.
Many of the equations already described in previous chapters have been referred and

again repeated in this chapter for the convenience of the reader.

6.1 Introduction

In the preceding chapter, a design of graded fiber-reinforced composite laminated plate
is demonstrated through the conversion of conventional laminated composite plate
(CLCP) into conventional-graded laminated composite plate (CGLCP). The bending
analysis (Chapter 5) of these laminated composite plates (CLCP and CGLCP) reveals
ample changes of laminate-rigidity and maximum values of stresses in the laminate
while achieving the advantage of continuous variations of material properties along the
thickness direction. However, for general use of the proposed graded laminate (CGLCP)
as a structural member, it is important to investigate the dynamic characteristics of such
graded laminate and compare these with similar characteristics of corresponding
conventional laminate (CLCP). Since the present work is performed towards the
development of advanced laminated composite structures, an associated issue is the
suppression of their vibration that is often carried out using piezoelectric actuators
(Bailey and Hubbard 1985; Miller and Hubbard 1987; Crawley and Luis 1987) or the
same in advanced form of ACLD (Baz 1993; Baz and Ro 1995; Ray and Baz 1999; Ray
2006). Presently, a layer of ACLD with an active constraining layer of PFRC (Mallik and
Ray 2003) is considered and the changes in its (ACLD) actuation-capability due to the
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use of CGLCP instead of CLCP are investigated by analyzing the frequency responses of
the plates (CLCP and CGLCP) integrated with a layer of ACLD. The active damping in
the overall smart laminated plate is achieved by supplying external voltage according to
negative velocity feedback control strategy. First, an incremental finite element model of
smart CGLCP is derived for its dynamic analysis in the frequency domain. Next, the
numerical results are presented to illustrate the dynamic characteristics of a CLCP due
to its conversion into a CGLCP. The corresponding changes in active damping caused by

ACLD layer are also illustrated through the same numerical results.

6.2 Incremental finite element formulation

// y
h VA
p
hv
b
h E(\ -=—X
\\ . : PFRC layer

Viscoelastic layer

Graded laminated plate

Fig. 6.1 Schematic diagram of a graded laminated composite plate integrated with
ACLD layer.

Figure 6.1 shows a graded laminated composite plate integrated with a layer of ACLD.
The constraining layer of ACLD is made of PFRC. The top and bottom surfaces of PFRC
constraining layer are fully electrode-surfaces in order to activate this smart layer by
supplying external voltage (V). The number of layers within the substrate graded
laminated plate is denoted by, N,. In addition, the (N, + 1)" and (N, + 2)" layers are
the viscoelastic and PFRC layers, respectively. The middle plane of the substrate

laminated plate is considered as the reference plane and the origin of the reference
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coordinate system is located at one corner of the reference plane (Fig. 6.1). The
boundaries of the overall plate are represented by, x=0,a and y =0,b. The thickness of
the substrate plate/viscoelastic layer/PFRC layer is denoted by, #/ h / h, . The
alignment and orientation of piezoelectric fibers in the PFRC constraining layer are the
same as those shown in Fig. 3.1. The state of strain and the state of stress at any point
within the overall laminated composite plate are defined by Eq. (2.1) and Eq. (2.2) which

are repeated here for the convenience of the reader,

lai=te g &) fa)=le. &) (2.1)
{o)=lo, o, o,}', lo}={o,. o.} (2.2)

For the analysis of FG plates, several shear deformation theories are addressed in the
literature (Reddy 2003; Benachour et al. 2011; Bouiadjra et al. 2013; Larbi et al. 2013;
Bouderba et al. 2013; Tounsi et al. 2013; Meziane et al. 2013; Zidi et al. 2014; Hebali et al.
2014; Belabed et al. 2014) to account parabolic distributions of transverse shear strains
with/without transverse stretching. However, these shear deformation theories are
important particularly for thick plates or even thin plates vibrating at higher modes
(Benachour et al. 2011). Generally, the transverse shear strains are very small in thin
plates and thus their analysis may be carried out considering classical plate theory (CPT)
or first order shear deformation theory (FSDT) (Reddy 2003). Presently, a thin laminated
plate (side-to-thickness ratio as 100) is considered and it is analyzed corresponding to its
fundamental bending mode of vibration. Thus, the layer-wise FSDT as illustrated in Eq.
(3.3) is considered for defining its (laminated plate) kinematics of deformation with a
shear correction factor of 5/6 (Reddy 2003). The layer-wise FSDT as presented in Eq.

(3.3) is again rewritten here,
u(x,y,2,8) = ug(x,y,8)+ 2[0,(x, v, 1)+ 28, (x, y, t) + 237, (x,y,t) ,
0" (x,Y,2,t) =0, (X, Y, ) + 26, (x,y, 1)+ 236, (x,y, ) + 237, (x, ¥, 1),

W (x,y,2,t) = w,(x,y,t) (3.3)
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where, the different z-co-ordinates (zf,z%,z¥) for the present laminated plate are as

follows,
zi=z,25 =z =0 for1<k<N,_,
zi=h/2,25=(z-h/2),zi =0 fork = (N, +1),
zi=h/2,z5=h,,z{ =(z—h /2-h,) fork = (N_ +2) (6.1)
Considering von Karman nonlinear strain-displacement relations and displacement field
given by Eq. (3.3), the strain vectors ({g,}, {'}) for k" layer of the overall laminated

plate can be expressed by Eq. (3.5) as follows,

{en} ={en} + et +z ),

{et=t{e ) +[20{x ) (35

The generalized strain vectors and the z-co-ordinate matrices in Eq. (3.5) are given in

Eq. (3.6).The constitutive relations for a layer (1< 4 < N_) within the laminated substrate

plate can be written according to Eq. (5.29) as follows,

{oy} = [Cy(2)]{es )

o} =[C(e) (5:29)
where, k=1,2,3,....... N, for viscoelastic layer (k = (N, +1)) and PFRC layer (k = (N, +2))
are expressed in Egs. (3.2) and (2.6) respectively. A thin PFRC constraining layer with
top and bottom electrode-surfaces is considered. The voltage is supplied across the
electrode-surfaces that yields the electric field components as E, ~0 , E, ~0 and
E,=-V /h,. For an applied uniformly distributed harmonic transverse mechanical load

of intensity, p(x,y,t), the first variations of the total potential energy (7,) and the total

kinetic energy (0T) ) of the overall laminated composite plate at any time (#) can be

written as (Tiersten 1969),

hk+l

oT ZE jfz Ji" ({oet} toth+{oet} otz [ (OB (D gy oy d2—(60)p) fly

Iy
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5TK=TI > f([sa 60 oswlp'n v wl')dz dydxzﬂ({ad}T[m]{d})dydx (6.3)

p" is the mass density of the k" -layer of the overall laminated plate. Similar to the

previous incremental formulation in Chapter 3, a state of vibration of overall laminated

composite plate is defined by Egs. (2.18a) that can be rewritten as,
{d} ={d,} +{Ad}, o = (0, + Aw) (2.18a)

where, the explicit forms of displacement vector ({d,}) and corresponding increment

({Ad } ) are illustrated in Eq. 3.12 as follows,

{di}:[”m Vo Wy Oy By Va Hyi ¢yi Vyi]T'

{Ad }=[Au, Av, Aw, AO, Ag, Ay, AG, Ag, Ay,]' (312)

Accordingly, the incremental forms of generalized strain vectors ({¢,,},{¢,y} ,{&,},{Kx,},
{x,}) within the strain vectors ({¢}}, {¢*}) can be represented by Egs. (3.13) as follows,

{ent= {E;L} +{Ag, },
{ew}= {E;N} +{Agn},

{ry} = {xy} +{AK, ),

{e}={e}+{Ae},

k) ={x}+{AxK,) (3.13)

where, (g}, {6}, i)}, {¢'} and {«!} are the strain vectors for the given sate of
deformation {d,} while {A¢,}, {A¢,}, {Ak,} ,{AKx,} and {Ae } are the corresponding
increments are illustrated in Eq. 3.14.

For deriving finite element model of the overall plate, the plane of the plate is
discretized using 9-node quadrilateral isoparametric element and the displacement field
within a typical element is defined by Eq. (2.21) which can be rewritten as,

{dy=[NJ{d*} (2.21)
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Using Egs. (56.29), (2.6), (3.2), (3.5), (2.18a), (3.13) in Egs. (6.2) and then using Eq. (2.21),
the following simplified expression for the first variation of total potential energy (s7;)

for a typical element can be obtained as,

[KE 16t 3+ KA s+ LK et} + [KS A S+ [K g 14}
8T =5{Ad"} | +{Kiyy MA@}~ (PF}V (B} ~ {P ()} +K G (0))

| 3 . (6.4)
ARGl @+t (o

1

Thus, the different sub-matrices in Eq. (6.4) are defined by the same expressions as those

are given in Egs. (3.15a)-(3.16). However, the expressions of different rigidity matrices (

A, A”, B}, By, D, B}, B3, D, A?, B}, B,, D?) and electro-elastic coupling vectors (

A,, B,, A,, B,) are modified for the use of several layers (1< k < N,) instead of single

layer (k =1) within the substrate plate as follows,

N, +2 Iy

Al= Y jEﬁdz,

k=1,k#(N,+1) hy

N+2 iy

AP = Z J-Efdz,

k=1,k#(N +1) I,

Iy
2 k
A = I G Ik:(N5+1) dz,

hk
N+2 Iy

By= Y. |G,
k=1,k#(N_+1) I,
N+2 g
13 T =k
Bi= Y [@)ce,

k=1,k#(N_+1) I,

N+2 I

Bi= Y [cia,
k=1,k#(N_+1) I,
hk+l
2 k _k
B, = j Csz, |k=(N5+l) dz,
Iy
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N, +2 By
Bif = z I(zf)TCfdz ,

k=L k(N +1)

NA42 T
13 T =k k
D, = E .[(zh) Cyz,dz,

k=1,k#(N;+1) I,

hk+l
2 _ k\T ~k _k
Ds - I (zs) Cs zs |k:(N5+1) dZ
Iy
N+2 Iy

D;3= Z J‘(zsk)TEfzfdz,

k=tk#(N+1)

hk+1
By, = J. (z;)" [0 0 _1/hP]T le=(v,+2) 82
Iy

Iy
B, = J. (zf)TEs[O 0 _l/hP]T |k=(N,.+2) dz

hy

hk+l
B521 = I (z;()TCf |k:(N5+1) dz ,
Iy
hk+l
A, = j G0 0 —1/1,1 |y dz
I
hk+1
A = I a0 0 ~1/1 1" |y 42 (6.5)

hy
The first variation of kinetic energy &7, of a typical element can be expressed in similar
for 67 given in Eq. (3.15) as follows,

ST = [ [{tod) " [ml{d) )dydx (3.15)

O ey
S ey

where, the form of [m] is modified for several layers (1< k < N,) within the laminated

substrate plate as follows,

(N, +2) T

=Y [{(1Z.] +12,,1) P (1Z,,1+12},1)) dz

k=1 Iy
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10000 0O0 00
Z.,=0 1000 00 00,
0010 00 00
000z 2z 2 0 0 0
ZE =0 0 0 0 0 z z¥ z (6.6)
000 0 0 0 0 0

The governing elemental equations of motion are derived by substituting the

expressions of first variations of elemental potential energy (67, , Eq. (6.4)) and kinetic

energy(sT;, Eq. (3.15)) in the expression (Eq. (2.16)) of Hamilton's principle as follows,

(M1 y + [ M 1A +[KE T4y ) +[KG A} + KR 14elf§ + LK 1A} + Ky 1}
ARG AT KGO )+ K Gl =0 ) -2 (0] o - 67)
(R pxV =B} <V = {Py(8)}

The constrained viscoelastic layer within ACLD layer is modeled in the time-domain
using Golla-Hughes-McTavish (GHM) method (Golla and Hughes, 1985). According to
the GHM method, the material modulus function is represented as a series of mini-

oscillator terms in the Laplace domain that is illustrated earlier in (Eq. 3.18) and could be

rewritten as,.

+2~@
sG(s) = G* 1+Zaq ZS 24,8

+2§a)s+a) (3.18)

This material modulus function could be introduced in Eq. (6.7) following a procedure
as presented in Section 3.2.1 and the resulting governing equations of motion of the
overall laminated plate can be obtained in the same form as those are given in Egs.

(3.19)-(3.20) as follows,

[MC1{d;}+[MTA Y+ K] (s} + K] A+ K 1{ds )+ K5 HAD Y+ K 1)
HKE AL} i[ < }+{Az}> (BFYxV +{PEy <V +{Py, )

(3.19)
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(g} +(az)) + 28,0, (1) + Azl + ) ({0} +{Az)) = & ({dc} +{Ad))  (3.20)
where, g = (1,2,........ ,R); {z;} and {Az }are the elemental nodal auxiliary dissipation
co-ordinate vector and the corresponding increment , respectively. The matrices (IK; I,
[K},1) in Eq. (3.19) are given in Eq. (3.21),

R
[K; 1=([K;1+[KIG"(1+ Y a,) ), [K; 1=K G e, (3.21)

q=1
The steady state vibration of the overall smart laminated composite plate is assumed as
a result of steady state excitation and it is actively controlled by supplying the external
voltage across the thickness of PFRC constraining layer according to the velocity

feedback control strategy (Eq. (2.28)) as follows,

V =k, =k, (b, + Atb, ) (2.28)

The steady state motion of the overall plate during its vibration could be modeled by

harmonic balance method (HBM) in which the forms of solutions ({Ad‘},{z;}) are

expressed in Egs. (2.24) and (3.22),

{d}={a,} + i (1a, }cos(rar) +{b, }sin(ron))
r=l (2.24)

{25} = {ao} + i<{aqr}cos(ra)t) +{b,} sin(ra)t)>
= (3.22)

Using these forms of solutions, the resulting equations of motion after implementation
of GHM method can be expressed in the frequency-domain. A similar conversion of
equations of motion from time-domain to frequency-domain along with the present
control strategy is presented in Sections 3.2.2 and 3.2.3. Following the same procedure,

the global equations of motion in the frequency-domain can be expressed in a form as

described by Eq. (3.27-3.28) which are reproduced as,

[KJ{AX }— ZR:[KW] AX = {3+ = (0 + Aw)[C 1w, —olCl{Aw } +{f,}Aw

(3.27)
(K, HAX) —[K,, HAX, ) = {fi} H {fud Ao, =12, R, (3.28)
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Now, expressing the displacements ({Aw_},{w_}, Eq. (2.30)) at sensing point in terms

of the global nodal displacement vectors ({X,},{AX} ) according to Eq. (2.34),

({w, }=[NJ{X,} and {Aw, }=[N J{AX}).
The final form of equations of motion can be represented as given in Eq. (3.30) that is
rewritten as,

(K, HAX,} = (£, } +{f21a0 630)
The methodology for solutions of this form of equations is described in Section 2.3 and it
is also followed at present in evaluation of the nonlinear frequency responses of the

graded laminated composite plate integrated with a ACLD layer.

6.3 Numerical results and discussions

The primary objective in the present design of a graded composite lamina (Fig. 5.1) and
CGLCP (Fig. 5.18) is to achieve the continuous variations of material properties and
stresses along the thickness direction. This is verified in Chapter 5 and it may be
concluded that the detrimental effects of mismatch of material properties at the inter-
laminar surfaces of laminated composite structures can be eliminated by the use of
present graded composite lamina. However, for this modification of CLCP into CGLCP,
the corresponding changes in the dynamic behavior of the structure is another
important issue that is numerically evaluated in the present section considering the
symmetric and asymmetric CGLCPs/CLCPs (Figs. (5.18(a)-(b))) integrated with a layer
of ACLD. The geometrical properties of the overall laminated plate are considered as,

a=b=04 m, h=4 mm, hp = 250 um, h,=1 mm. Unless otherwise mentioned, the
piezoelectric fiber orientation angle (y ) and the FVF in the PFRC constraining layer are

considered as 0° and 40%, respectively. The material properties of the PFRC
corresponding to its 40% FVF are given in Section 2.4. The material properties of the
viscoelastic layer in terms of the GHM parameters are given in Section 3.3 (Table 3.1)
The simply supported boundary conditions (v,=0,w,=0,0,=0,4, =0,y =0at x=0,a
and u,=0, w,=0, 6. =0, ¢, =0, y. =0 at y=0,b) over the boundaries of the overall

laminated composite plate are considered. The overall plate is subjected to a uniformly
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distributed transverse harmonic mechanical load as it is considered in the previous
problem (Chapter 3). The responses at the middle point of the overall plate are evaluated
for presenting the numerical results. Since the transient transverse displacement (w(t))
at the middle point of the overall plate is in combination of different harmonics, the
maximum value of w(t) within a period of vibration at a frequency is computed and

presented as, W = w(t),,., /. Similar to the previous numerical analysis (Section 3.3),

the maximum value of W is considered as less than hand three terms (r=1, 2, 3) of

Fourier series are considered for the solutions. Also, the maximum displacement (W, )

of the frequency response corresponding to the fundamental mode of vibration of the
overall laminated plate is taken as a parameter for measuring the active damping in the

overall laminated plate cause by ACLD layer.

Table 6.1 Verification of fundamental natural frequency

Dimension less
fundamental natural
Laminated plate frequency
present (Reibero and
Petyt 1999)
Laminate (00 /90° / 00) 15.222 15.191
Laminate (0 /90° /0° /90°) | 10.361 10.231

6.3.1 Verification of present finite element formulation

The present incremental finite element formulation is verified through the computation

of linear and nonlinear free vibration responses of CLCPs without ACLD layer (h,~0,
h,~ 0, k,= 0). The computed dimensionless natural frequencies of symmetric and

asymmetric CLCPs are illustrated in Table 6.1 together with the similar results available
in the literature Reibero and Petyt (1999). The responses for nonlinear free vibration of a
symmetric CLCP are tabulated in Table 6.2 together with the similar results for an
identical plate analyzed in Han and Petyt (1997). It may be observed from these tables
that the present results are in excellent agreement with the previously published results

(Han and Petyt 1997; Reibero and Petyt 1999) thus verifying the present formulation.
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Next, the implementation of GHM method is verified by modeling the stiffness of

viscoelastic layer according to the conventional complex stiffness method.

Table 6.2 Comparison of nonlinear frequency ratio (@ / @,) for a fully clamped rectangular

laminated composite plate with the similar results given by Han and Petyt (1997) (w, is the

fundamental natural frequency).

w 0.2 0.4 0.6 0.8 1.0 1.2
o/ o,
(Han and Petyt | 1-0058 | 1.0232 [ 1.0516 | 1.0903 | 1.1382 | 1.1941
1997)
@/ @, (Present) | 1-0056 | 1.0281 | 1.0493 [ 1.0892 | 1.1363 | 1.1945

6.3.2 Free vibration response of CLCP/CGLCP

Figure 6.2 illustrates the linear

0.04
frequency responses of overall —— GHM method

0.035} —==-complex stiffness method
asymmetric CLCP when the 003l
constrained viscoelastic layer is 0.025) FAY

modeled using either GHM 2 o002}

method or complex stiffness 0.015¢
method. It may be observed from 0.01p
Fig. 6.2 that the result for GHM no0er
u L i
hod is i ith 0.6 0.7 0.3 0.9 1
method is in good agreement wit o (x 1000 rad/s)

that for conventional complex

Fig. 6.2. Linear frequency responses of asymmetric
overall CLCP when the constrained viscoelastic
verifies the implementation of layer is modeled using either GHM method or
complex stiffness method (p =50 N/m?, k, =25,

Laminate: ( 90’ / 0° / 90’ / OO).

stiffness method. This comparison

GHM method in the present
formulation of a laminated
composite plate integrated with a layer of ACLD.

Table 6.3 illustrates the dimensionless natural frequencies for first four bending
modes of symmetric and asymmetric CGLCPs/CLCPs. It may be observed from this
table that the natural frequency of any mode of vibration insignificantly varies with the

value of power-law exponent (n). But, for any value of power-law exponent (n ), the
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natural frequency decreases when a CLCP is converted to a CGLCP. This may be mainly
due to the fact that the decrease of average stiffness of the laminate for incorporation of
graded plies. As a consequence, the decrease in average stiffness of the laminated plate
depends on the number of graded plies and the corresponding thickness (of graded
plies) utilized for conversion of CLCP into CGLCP. However, this difference in the
frequency of free vibration does not change significantly when the laminated plates
freely vibrates at a moderate amplitude as it is illustrated in Table 6.4 considering the

nonlinear free vibration of a laminated plate (CLCP/CGLCP) near its fundamental

frequency.

Table 6.3 Dimensionless natural frequencies (Q = wa’,/p / (Emhz) ) for first four

bending modes of symmetric and asymmetric CGLCPs/CLCPs ( £, is the Young's

modulus of matrix-phase material).

Dimensionless natural frequency (£2)

Laminate ) ) ) )
GLCP (n=1) 24.125 52.874 83.626 102.751
S . GLCP (n = 2) 23.706 51.838 82.626 101.301
ymmetric

CLCP 25.312 55.379 87.771 107.678

GLCP (n=1) 21.897 62.301 62.301 92.663

Asymmetric GLCP (n =2) 21.760 61.880 61.880 92.024
CLCP 24.536 71.155 71.155 104.761

Table 6.4 Dimensionless frequencies (Qza)aqup/(Emhz) ) for different

amplitudes of free vibration of symmetric and asymmetric CGLCPs/CLCPs (o is

near the fundamental frequency).

TH-1385_10610306

Dimensionless frequency (€2)
Laminate
w 0.2 0.6

GLCP (n=1) 24.214 24.478 24.917

Symmetric | GLCP(n=2) [ 23.792 24.047 24.465
CLCP 25.395 25.724 26.244

GLCP (n=1) 22.001 22.307 22.811

Asymmetric | _GLCP (n=2) 21.860 22.158 22.646
CLCP 24.627 24.961 25.486
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6.3.3 Effect of load- amplitude (p)

Figure 6.3(a) shows the controlled nonlinear frequency responses of symmetric CGLCP

(n=1) and CLCP for different values of load-amplitude ( p) with a constant value of

feedback control gain (%, ). The corresponding variations of required control voltage

(c)

0.8
0.7
0.6
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=-=+-CLCP, p = 500 Nim’
-==-CGLCP, p = 1200 N/m?
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0.6 0.7
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o (x 1000 rad/s)

....... CGLCP, k =100
—— CLCP, k, =100
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0.6 0.7

0.8

® (x 1000 rad/s)

o’
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0 L
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Fig. 6.3 (a) Nonlinear frequency responses of the overall symmetric CGLCP (»n = 1)/CLCP

( 0° / 90° / 0° ) and (b) the corresponding variations of control voltage ( kd =100 );

variations of (c) peak-amplitude ( VVPE . ) of frequency response curve and (d) the

corresponding control voltage (mek ) with the load-amplitude ( p ).
across the thickness of the PFRC constraining layer of ACLD arrangement are also
illustrated in Fig. 6.3(b). It may be observed from these figures that the frequency
responses shift a little towards lower frequency when the substrate CLCP is replaced by
CGLCP. This may be mainly due to the decrease in the stiffness of the overall plate as a
CLCP is converted to CGLCP. But, there are no significant changes of peak-amplitude of
vibration and the corresponding required control voltage for a particular value of load-
amplitude. In order to exemplify this observation, the variations of peak-amplitude

( VI/petuk eak

) of frequency response curve and the corresponding control voltage (V, ) with
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the load-amplitude are illustrated in Figs. 6.3(c) and 6.3(d), respectively. Similar results

in case of the conversion of an asymmetric CLCP to an asymmetric CGLCP are also
demonstrated in Fig. 6.4. In this case of asymmetric laminated composite plates, changes
of peak-amplitude and corresponding control voltage for the modification of CLCP into
CGLCP are more than those of the previous case (Fig. 6.3). These changes of peak-
amplitude and corresponding control voltage (Fig. 6.4) also increase as the load-

amplitude increases or the overall plate encounters greater nonlinear deformation.

0.8 350
—— CGLCP, p = 300 Nim? —— CGLCP, p = 300 Nim?
0.7] .~ cLCP, p = 300 Nim? 4 " 300|----- CLCP, p = 300 Nim? a
0.6| ===~ CGLCP, p = 800 Nim? I 250 ===-CGLCP, p =500 N/im’ i
P CLCP, p = 800 Nim? e e CLCP, p = 500 N/im? Y
X — g
i < 200 i
s o4 [ k=2 £
I < 150 !
0.3f ;o [
7 'e } !
I
0.2} A 100
041 50 .
0 L L L L L L 0 L L L L L L -
03 04 05 06 07 08 09 1 03 04 05 06 07 08 09 1
(a) o (x 1000 rad/s) (b) o (x 1000 rad/s)
0.8 350
----CGLCP, k =100 ----CGLCP, k =100
0.7 - 1 - |
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204
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0 s s \ \ \ s 0 s \ \ \ s s
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() p (N/m2) (d) p (N/m?)

Fig. 6.4 (a) Nonlinear frequency responses of the overall asymmetric CGLCP (»n = 1)/CLCP
(90° /0° /90° /0°) and (b) the corresponding variations of control voltage (k, =100);

variations of (c) peak-amplitude (VVW . ) of frequency response curve and (d) the

corresponding control voltage (prk ) with the load-amplitude ( p ).

In case of the symmetric laminates of a specified thickness (Fig. 5.18 (a)), the original

conventional plies of CLCP are retained and the graded plies are used between the
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conventional plies in the corresponding CGLCP. But, in asymmetric laminates of a
specified thickness (Fig. 5.18(b)), the 2nd and 3rd conventional plies of CLCP are replaced
by the graded plies for its modification into CGLCP. Thus, although the continuous
stresses in the both (symmetric and asymmetric) CGLCPs are achieved (Figs. 5.22-5.23),
but the modified stacking sequence for CGLCP within a constant thickness of laminate is

an important issue for close dynamic response of CGLCP to that of corresponding

CLCP.
0.8
n=1, p=500 Nim’
0.7 =*=*"n=2,p =500 Nim’ A
....... n=1, p= 1200 Nim? ,'..1":
Fros
0.5t o
H
= 04} i
1
1]
0.3} ‘
0.2}
01}
0 : ' ) .
0.5 0.6 0.7 0.8 0.9 1
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Fig. 6.5 Nonlinear frequency responses of the overall (a) symmetric and (b)
asymmetric CGLCPs for different values of power-law exponent (7 )(%, = 100).
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6.3.4 Effect of power law exponent (n)

The change in frequency response of symmetric/asymmetric CLCP for its modification
into symmetric/asymmetric CGLCP is illustrated in Figs. 6.3-6.4 considering a particular
value of power-law exponent (n =1) of the graded plies in CGLCP. Now, if the value of
power-law exponent for graded plies in CGLCP is considered as either 1 or 2, then the
corresponding frequency responses of symmetric and asymmetric CGLCPs are
illustrated in Figs. 6.5(a) and (b), respectively. For a particular value of load-amplitude,
it may be observed from Figs. 6.5(a)-(b) that there is no significant effect of power-law
exponent (n ) of graded plies within the symmetric/asymmetric CGLCP on its (CGLCP)

frequency response.

6.3.5 Effect of control gain (x,)

For a constant load-amplitude, the variation of peak-amplitude (W

") Of frequency

response curve of symmetric CLCP/CGLCP with the control gain (4, ) is demonstrated

in Fig. 6.6(a). The variation of corresponding control voltage (V) is also illustrated in

eak

Fig. 6.6(b). Similar results for asymmetric CLCP/CGLCP are also shown in Figs. 6.6(c)-
(d). It may be observed from these figures that the ACLD layer can induce a significant
damping in the CGLCP/CLCP in expense of reasonable applied voltage. The nature of

variation of peak-amplitude with control gain (&, ) does not differ as a CLCP is modified
into a CGLCP. But, for a particular value of control gain (%,), the damping in the

CGLCP is less than that (damping) in the corresponding CLCP.

6.3.6 Effect of viscoelastic-layer thickness ( », ) in ACLD

arrangement

Figures 6.7(a) and (b) illustrate the variations of peak-amplitude of frequency response
curve with the thickness (4, ) of the constrained viscoelastic layer for overall symmetric
and asymmetric CLCPs/CGLCPs, respectively. The load-amplitude for a particular type

(symmetric or asymmetric) of laminate remains constant. It may be observed from these
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figures that the nature of variation of peak-amplitude with the thickness of viscoelastic

layer remains the same as a CLCP is converted into a CGLCP.

0.34 260
--&-- CGLCP, n = 1, p = 500 N/m? --&- GGLCP, n = 1, p = 500 N/m?
240
0.37R:., —¥—CLCP, p = 500 N/m* —¥—CLCP, p = 500 N/m?
N 220
0.3
200
0.28 % 180
K] >
3 0.26 . 160
= g
0.24 > 140
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0.22
100
0.2 8
0.18 . \ . 60 : ; :
50 100 150 200 250 50 100 150 200 25
(a) Ky (b) kg
0.34 240
0.32 --&~ GGLCP, n = 1, p = 300 N/m? --&-- CGLCP, n =1, p = 300 N/m?
’ —¥—CLCP, p = 300 N/im? 220 —— ¢\ cp, p = 300 N/m?

(volt)
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Fig. 6.6 Variations of peak-amplitude (Wpeak) of frequency response curve and the

corresponding control voltage (Vpeak) with the control gain (%,); (a)-(b) symmetric
CGLCP/CLCP, (c)-(d) asymmetric C GLCP/CLCP.

It may also be observed from the same figures that for any value of control gain (%, ), the

damping in the overall symmetric/asymmetric laminate (CLCP/CGLCP) significantly
increases up to certain value of the increasing thickness of constrained viscoelastic layer
(Fig. 6.7). Also, there is no effective utilization of active constraining layer (PFRC) at a
higher thickness of the constrained viscoelastic layer. However, for any of the laminates,

the variations of peak-amplitude for two different values of control gain (#,) show that

the active constraining layer (PFRC) effectively increases the damping in the overall
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laminate for an increase of control gain (k,) when the constrained viscoelastic layer is of

small thickness. Thus, for effective use of the active constraining layer (PFRC), a small

thickness of the viscoelastic layer is to be assigned.

0.7

-6 CGLCP,n=1,k_ =100
0.65 —5—CGLCP,n=1,k, =150
--%- CLCP, k =100
-%--CLCP, k =150

0.5 1 15 2 25 3
(@) h, (mm)

0.7

@ CGLCP, n =1, k, =100
—=—CGLCP,n=1,k, =150
0.6 --%- CLCP, k=100

- - CLCP, k= 150

peak

(b)

Fig. 6.7 Variation of peak-amplitude (Wpeak) of frequency response curve with

the thickness of the constrained viscoelastic layer, (a) symmetric
CGLCP/CLCP, (b) asymmetric CGLCP/CLCP.

6.3.7 Effect of fiber-orientation angle () in PFRC layer

The variations of peak-amplitude of frequency response curve with the piezoelectric
fiber orientation angle () in the PFRC constraining layer of ACLD layer are illustrated
in Figs. 6.8(a) and (b) for symmetric and asymmetric CLCP/CGLCP, respectively. For
symmetric laminates (CLCP and the corresponding CGLCP), it may be observed from
Fig. 6.8(a) that the maximum actuation-capability of ACLD layer occurs when the
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piezoelectric fibers in PFRC layer are oriented at an angle of +45°. But, the same ()

changes to £90° for asymmetric laminates (CLCP and the corresponding CGLCP) (Fig.
6.8(b)). It may also be observed from Fig. 6.8 that the nature of variation of peak-
amplitude with y does not alter as a CLCP is converted to CGLCP. But, the significant

change in the magnitude of peak-amplitude may occur especially at the angle (y) of

maximum actuation-capability of ACLD layer.

0.46

===-CGLCP,n=1 ——CLCP

0.45

0.44

peak
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Fig. 6.8 Variation of peak-amplitude (Wpeak) of frequency response curve with the

piezoelectric fiber orientation angle (i ) of PFRC constraining layer; (a) symmetric
CGLCP/CLCP, (b) asymmetric CGLCP/CLCP (k, = 100, p = 800 N/m?).

6.4 Conclusions
In order to achieve continuous variations of material properties across the thickness of a

CLCP, a new lamination scheme is proposed in Chapter 5 that is basically the
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conversion of a CLCP into a CGLCP utilizing graded as well as conventional composite
plies. For this conversion, the corresponding changes in the dynamic characteristics are
demonstrated in the present chapter through the analysis of nonlinear frequency
responses of CLCP/CGLCP integrated with an ACLD layer. The constraining layer of
ACLD layer is made of PFRC. For achieving active damping in the overall laminated
plate, the external voltage across the thickness of PFRC constraining layer is supplied
according to a negative velocity feedback control strategy. The frequency response
analysis of overall CLCP/CGLCP is carried out through an incremental finite element
formulation based on the first order shear deformation theory (FSDT) and von Karman
nonlinear strain-displacement relations. Employing the Hamilton’s principle, the
incremental finite element equations of motion of the overall laminated plate are first
derived in the time-domain and then these are expressed in the frequency-domain
assuming periodic vibration of the same (overall plate). The numerical results for free
vibration of the overall laminated plate (CLCP/CGLCP) in the frequency-domain reveal
a decrease of every natural frequency when a CLCP is modified into a CGLCP. But, this
decrease does not alter significantly when the plates vibrate freely at moderate
amplitude. The numerical illustrations also reveal that the modified stacking sequence
for CGLCP within a constant thickness of laminate is an important issue for close
response of CGLCP to that of the corresponding CLCP. The same issue is also important
for the changes in actuation-capability of ACLD layer and corresponding required
control voltage even though the nature of controlled response does not alter for the
modification of conventional laminate (CLCP). It is observed that the value of power-
law exponent used for micro-structure of (Fig.5.12) graded composite ply does not have

much effect on the responses of CGLCP.
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Chapter 7

CONCLUSIONS

Based on the numerical results and discussions of problems addressed in the present
thesis, important conclusions inferred have been summarized in this chapter.
Conclusions are presented in two parts viz. general conclusions and specific conclusions.

Some of the general conclusions drawn from the present work are as follows:

7.1 General conclusions

1. An incremental three dimensional finite element model of the isotropic FG plates
integrated with a PFRC-actuator layer is developed for their geometrically
nonlinear frequency-response analysis in the presence of temperature gradient
across the thickness of substrate FG plate.

2. An arc-length extrapolation technique (Lau et al. 1990) is implemented for the
numerical solutions along with the proposition of a new strategy for selecting the
arc-length in each incremental step.

3. The developed FE model along with arc-length extrapolation technique has been
used to study the effect of temperature on the vibration characteristics of smart
FG plate in frequency-domain.

4. As a novel development, an incremental three dimensional FE formulation for
geometrically nonlinear frequency-response analysis of heated isotropic FG
plates integrated with an ACLD layer is proposed.

5. Performance of the PFRC actuator layer in active control of vibration of smart FG
plate has been studied and the effects of different important parameters relevant
to PFRC have been understood.

6. Numerical results reveal that temperature gradient across the thickness of FG
plate has a pronounced effect on the performance of a PFRC/ACLD in control of
smart FG plate.

7. Sensitivity of size and location of PFRC/ACLD patches on control performance
has been studied and, optimal size and location has been recommended.
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8. A new design of graded fiber-reinforced composite lamina is proposed and the

effective elastic properties of such lamina are determined.

9. CEfficacy of such graded lamina in mitigating the high inter-laminar stresses has
been demonstrated by performing numerical stress analysis of laminates made of
such laminas.

10. Performance of graded laminates are compared with that of conventional

laminates to demonstrate the superiority of the proposed graded laminate.

7.2 Specific conclusions

The following specific conclusions are drawn from the work carried out in this

thesis.

1.

It is observed that the PFRC-actuator layer can induce more damping in the overall
smart isotropic FG plate when it is attached to the metal-rich surface of substrate FG
plate instead of its (smart layer) attachment to the ceramic-rich surface of the same

substrate plate.

A piezoelectric fiber orientation angle in the PFRC-actuator layer has negligibly
small effect on the controlled frequency responses of the overall smart isotropic FG

plate.

Initial thermal bending deflection of the overall smart FG plates, due to temperature
gradient across the thickness of the substrate isotropic FG plate remains almost
constant during vibration under a harmonic excitation of any frequency.

It is observed that fundamental frequency of vibration of FG plate initially decreases
as the temperature gradient increases. But beyond a certain value of temperature,
fundamental frequency starts to increase due to the significant effect of thermal
bending of the overall FG plate.

The increase of initial thermal bending deflection may also cause softening structural
behavior of the overall FG plate although it (overall plate) usually exhibits hardening

structural behavior.
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6. In the case of a constant temperature gradient, fundamental frequency of a FG plate
deceases as metal volume fraction increases but beyond a certain value of metal

volume fraction, fundamental frequency of the same increases.

7. It is observed that the initial temperature gradient and hence the initial thermal
bending deflection significantly affects the control performance of a smart FG plate
having PFRC actuator layer.

8. At a high temperature gradient, the initial thermal bending deflection causes a
significant increase in the control voltage requirement to achieve effective damping
of vibration of smart FG plate.

9. Requirement of such high voltage limits the use of PFRC actuators in terms of
exceeding the limit of externally applied voltage.

10. It is observed that the active damping in the overall smart FG plate may increase
with the increase of temperature when it (overall plate) alters its hardening
structural behavior to softening one at a high temperature. But, since this occurs at
high frequency of vibration of the overall plate, the corresponding required control
voltage according to velocity feedback control strategy reaches to too high value that

may be impractical for the use of PFRC-actuator layer.

11. The dynamic analysis of isotropic FG plates integrated with ACLD layer reveals that
the active damping in the overall plate significantly increases when PFRC-actuator
layer is used in the form of ACLD layer instead of its (PFRC) direct attachment to the
host-plate-surface. However, the dynamic characteristics of the overall smart
isotropic FG plate remain almost the same if the PFRC-actuator layer is substituted
by the ACLD layer. The only change appears in the active damping within the
overall FG plate.

12. It is observed that a higher thickness of viscoelastic layer in ACLD arrangement
causes ineffective utilization of corresponding active constraining layer (PFRC) for

inducing active damping in the overall smart FG plate. A small thickness of
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viscoelastic layer is to be considered in view of the effective use of both the layers

(viscoelastic and PFRC layers) in ACLD arrangement.

13. It is observed for a particular mode of vibration of the overall smart FG plate that the
effective location of the PFRC-actuator/ ACLD patch on the surface of substrate FG
plate is independent of temperature gradient across the thickness of substrate plate.

But, its (patch) effective size may vary for different temperature gradients.

14. The numerical analysis of effective properties of graded orthotropic fiber-reinforced
composite lamina reveals that the nature of variation of any elastic coefficient is
similar to the corresponding nature of variation of FVF along the thickness direction.

15. For a particular functional (power-law) variation of FVF, the nature of variation of
any elastic coefficient is not dependent on the number of layers of coplanar
unidirectional fibers across a constant thickness of the lamina. The number of such
layers of coplanar fibers within a specified thickness of lamina is important only for

the variations of elastic coefficients in a continuous manner.

16. The bending analysis of both the plates (CLCP and CGLCP) reveals ample changes
of laminate-rigidity and maximum values of stresses within the laminate while
achieving the advantage of continuous variations of material properties along the

thickness direction.

17. The nonlinear frequency response analysis of both the laminated composite plates
(CLCP and CGLCP) integrated with an ACLD layer reveals that the dynamic
characteristics of a CLCP may be close to those of the corresponding CGLCP. But,
this similarity primarily depends on the way of utilization of graded orthotropic
composite ply in the implementation of proposed lamination scheme. This
observation also holds for the active damping within the overall smart laminated

composite plate caused by ACLD layer.

18. From the frequency response analysis of CGLCP integrated with an ACLD layer, it is
observed that the value of power-law exponent corresponding to the variation of
FVF of graded composite ply does not have much effect on the dynamic behavior of
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the overall smart CGLCP in the frequency domain. This observation implies to
consider a value of power-law exponent of graded composite ply based on the static

analysis of CGLCP.

7.3 Scope for future work

Although the objectives of this thesis have been fulfilled by the contributions presented
in the preceding chapters of this dissertation, further research may still be pursued for
the development of high performing smart graded structures. Some of the future works
which may be readily undertaken in line with the present work are as follows,

Although the objectives of this thesis have been fulfilled by the contributions presented
in the preceding chapters of this dissertation, further research may still be pursued for
the development of high performing smart graded structures. Some of the future works

which may be readily undertaken in line with the present work are as follows,

(@) Development of analytical model for geometrically nonlinear analysis of smart
isotropic FG plate/shell under the harmonic excitation in the presence of
temperature gradient across the thickness of host FG plate. Although this study is
presently carried out using FE procedure, but the same could be performed
analytically that is still unavailable in the literature. The main difficulty in the
development of analytical model is the consideration of mode-shapes under thermal
environment. The thermal environment imposes time-invariant thermal
deformation of the smart plate and the mode-shapes of vibration would be coupled
with this thermal deformation. A simple approach is to consider mode-shapes of
vibration and the time-invariant thermal mode of deformation separately in the
solution. But, one may not get accurate results in this approach that needs further

investigation.

(b) Design of graded orthotropic fiber-reinforced composite lamina with varying length
of fibers along the thickness direction. In the present design of graded fiber-

reinforced composite, the variation of fiber-volume fraction is achieved through the
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variation of cross sectional area of fibers. But there may be practical difficulty in
sustaining the fibers of too small cross sectional area under large deformation. This
difficulty may be alleviated through the variation of length of fibers along the
thickness direction instead of the cross sectional area. This arrangement provides
greater flexibility of the lamina and there will be no chance of fiber-failure. But, the
practical difficulty arises in fabrication of such lamina due to the presence of short
as well as continuous fibers with a specified strategy of their arrangement.
However, this work could be performed for further theoretical development of

graded fiber-reinforced composite lamina.

(c) The experimental verifications of the theoretical models developed in this thesis are
also an important scope for further research work. In the present theoretical
development of smart FG plates, a significant control-power of 1-3 piezoelectric
composite actuators is observed. Certain new dynamic characteristics of the heated
isotropic FG plates are also found. In order to verify these theoretical findings, the
corresponding experiential studies are inevitable issues which are the subsequent

studies.
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