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PHASES AND CRITICAL ANALYSIS OF QUANTUM SYSTEMS IN
PRESENCE OF QUASIPERIODIC POTENTIAL
Shilpi Roy

Disorder is universal in quantum systems. It has an enormous effect on elec-
tronic motion in solids. Consequently, the system undergoes a localization tran-
sition from a metal to an insulator under the drive of random disorder strength
in three dimensions. On the contrary, another type of deterministic potential,
namely, the quasiperiodic (QP) potential allows exhibiting of the localization
transition in one-dimensional systems.

In this thesis, our primary motivation is to study the localization proper-
ties corresponding to a dimer model in presence of the QP potential. More
specifically, the dimer model has been chosen for the purpose of breaking the
self-dual symmetry, thereby aiming to introduce mobility edge (ME) in the one-
dimensional system. The combination of these two, such as the dimerization
and the QP potential, reveals a noteworthy observation. In particular, the re-
sults which are analyzed via computing the participation ratio, eigenenergies,
density of states and finite-size scaling analysis etc., imply a reentrant local-
ization transition that transcends the existing conventional theory in literature.
Further, we analyzed the critical behavior corresponding to this reentrant local-
ization transition using a multifractal analysis, followed by a critical state anal-
ysis, and via computing the Hausdorff dimension. Moreover, this dimer model,
aided by p-wave superconducting pairing in presence of QP potential, preserves
topological properties, which was missing in the purely dimerized model with

QP potential. Thus by exploring the localization and the topological properties,
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we have reported significant results on a series of phase transitions occurring
in the system. While studying the localization properties via participation ratio,
fractal dimension and level spacing, we inferred two different types of anoma-
lous MEs in addition to realizing a multifractal phase. Further, by examining
the topological properties via calculating the real-space winding number and
the number of Majorana zero modes, we observe several phase transitions from
topologically trivial to topologically Anderson to Anderson localized phase. In
the end, in addition to the non-interacting one-dimensional quantum systems,
we have also studied a two-dimensional interacting system in presence of a
QP potential. Using the site-decoupled mean-field approximation, percolation
analysis and the finite-size scaling analysis, we have explored the phase dia-
gram, and subsequently investigated the critical properties of the various phase

transitions occurring in the system.
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CHAPTER 1
INTRODUCTION

The study of electronic transport properties in quantum systems is a topic under
constant focus in condensed matter physics. The understanding of electronic
transport in the presence of periodic potential is well established. In such sys-
tems, the solution of the Schrodinger equation follows the Bloch theorem [9].
Thus, the resulting eigenstates spread uniformly over the entire lattice, yielding
a metallic behavior by the systems. However, disorder is ubiquitous in ma-
terials, which enormously affects the experimental results. Thus, the question
arises, what will happen to the motion of electrons in the non-interacting sys-
tems in presence of in-homogeneous or non-periodic background? According
to general perception, the conductivity should decay with the strength of dis-
order present in the system. This problem was solved by P. W. Anderson and
discovered a very unusual phenomenon [10]. This phenomenon emerges as a
complete vanishing of the conductivity beyond a critical disorder strength, irre-
spective of the kinetic energy of the electrons. Later, this is known as Anderson
localization (AL), leading to the metal-insulator transition in random disorder
systems. Further, the scaling theory of localization developed by Abrahams,
Anderson, Licciardello, and Ramakrishnan allows exploring the dimensional
dependency of the localization transition [11]. Consequently, it is illustrated
that the AL transition (i.e., metal-insulator transition) occurs only in a system
dimension higher than two [12, 13]. On the other hand, there is a complete
localization exhibit corresponding to all the single-particle eigenstates for one
and two-dimensional systems. However, studying the localization transition
remains challenging due to the process of disorder averaging in numeric com-

putation, especially for large systems and the inability to treat disorder as a
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controllable quantity in physical systems.

The discovery of ultracold atoms in optical lattices provides an enormous
opportunity to recreate the AL transition in the lab. In 2008, Billy et al. first
observed this phenomenon in an experiment using the speckle potential in an
optical lattice [1]. At the same time, there is an experiment reported by Roati
et al. to observe AL using quasiperiodic (QP) potential [4]. This potential can
be generated by superposing two or more optical potentials corresponding to
two incommensurate wavelengths [14, 15| 16]. Most interestingly, a localization
transition occurs in presence of QP potential in one-dimensional system, and

thus is in sharp contrast to the random potential.

The QP potential belongs to the intermediate regime of periodic and random
potential, yielding a deterministic nature [17]. A paradigmatic model to study
quantum transport in the presence of QP potential is the Aubry-André (AA)
model [18]. The model shows a phase transition from a metal to an insulator
through a critical transition point. The transition can be understood by a fas-
cinating property known as the self-duality. The self-dual point also coincides
with that of the Harper model [19]. The Harper model was introduced in a two-
dimensional lattice model in presence of perpendicular magnetic field. The en-
ergy spectrum of the model was studied by Hofstadter [20] who showed a self-
similar structure of the energy spectrum to emerge in presence of an external
magnetic field. The structure is known as the "Hofstadter Butterfly”. However,
the breaking of the self duality of the AA model, or further generalizations of it
have shown to exhibit the localization transition associated with more involved

physics [21}, 22, 23] 24, 25| 26, 27, 28, 29, 30, 31, 132, 33} 134].

Subsequently, in a certain generalized AA model, and in other quasiperiodic
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systems the transitions from the extended to the localized phases are often as-
sociated with a critical region where both the extended and the localized states
coexist [35, 136, 137, 38]. The key feature of this critical region is the existence of
mobility edge (ME) which corresponds to a critical energy separating the ex-
tended and the localized states of the system [12]. Due to the recent progress
in the field of quantum gases in optical lattices, realizing localization transi-
tion, and exploring the possible existence of the ME in quasiperiodic systems
have gained considerable interest [39, (15, 36, 40, 31, (16, 41}, 37, 142, 143, 44] lead-
ing to their recent experimental observations [45, 46| 47, 148, 49]]. It is known
that the eigenstates at the mobility edge are multifractal in nature [50]. In-
terestingly, a QP potential can host regimes comprising of critical (multifrac-
tal) states in a wide range of parameter space, leading to a multifractal phase
[35, 51} 22, 52, 53]]. These multifractal states are fundamentally different from
the extended and the localized states, thereby making it feasible to explore new
opportunities in different branches of physics, such as, non-ergodic physics, An-
derson localization transition, and transport properties of the systems at the
critical point etc. [50, 54, 55]. Conventionally, the mobility edge is considered as
a critical point between the extended and the localized states. However, some
works have reported different kinds of mobility edges that are realized interven-
ing the multifractal and the extended phases, and also between the multifractal

and the localized phases [51} 22].

Apart from the localization transition in 1D, this potential offers a range
of interesting physics, including critical eigenstaes behavior [50, 26} 25| 56, 57,
58, 24] 159, 23, 160, 22], fractal (self-similar) energy spectra [59, 61], many-body-
localization [54)} 62, 63, 64], and topology [65, 66, 67] which have been studied

in great detail in a variety of systems [68]. The potential is found in a vast area
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of systems, such as optical lattices [4, 49, 14 21} 169, 60, 48], photonic crystals
[70, 71,72, 173}, 74], phononic medium [75}[76], cavity polaritons [77, 78], Moiré

lattices [79], superconducting circuits [80] etc.

1.1 Tight binding model

The study of electronic transport properties in a solid-state material is one of
the focused topics in condensed matter physics. Generally, the motion of the
carriers in materials is described by a suitable theoretical model, which allows
for analyzing the properties of the material. Tight-binding model is one of such
model which accounts for the motion in the presence of atomic or ionic poten-
tials; however, it excludes inter-particle interactions. In this model, the elec-
trons are assumed to be bound to the core of the atoms, resulting in assigned
discrete atomic sites. Therefore, the tight-binding approximation holds only for

the lower atomic orbitals.

Let us demonstrate the utility of the tight binding model in the simplest situ-

ation, namely a one-dimensional (1D) chain with L number of atoms in Fig.

t

~
¢ .
joogrl 2

¢

¢
3 j+

4

Figure 1.1: A one-dimensional lattice with the nearest-neighbor hopping
strength ¢ is shown here.
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The corresponding Hamiltonian is given by,
L L
H=1) (@,¢+he)+ > Vil (1.1)
j=1 j=1

where ¢ is the nearest-neighbor tunneling strength. The creation (annihilation)
operator to create (destroy) an electron at site j is given by c; (c;). The onsite
potential, due to the (periodic) presence of the atoms, is represented by V;. The
atomic orbitals are chosen as the basis eigenstates in the tight binding approxi-

mation.

We further simplify the above Hamiltonian [Eq. by considering a con-
stant onsite periodic potential and neglecting it. Thus, the Hamiltonian be-

comes,
L
H= tZ(ejHe, +h.c). (1.2)
j=1

Now, using the Fourier transformation,

1 -
AT AT —ikja
& =7 Ek c.e (1.3)

where k and a are the quasi-momenta and the lattice constant, respectively. The
lattice constant is taken to be unity (a = 1). Here, the summation is taken over all

the values of k within the first Brillouin zone (BZ) [-r, 7]. Substituting Eq.
in Eq.[1.2) we get,
H = Z E(k)ele, (1.4)
K

where the dispersion relation is given by,
E(k) = =2t cos(k). (1.5)

In general, depending on the landscapes of the onsite potential, the properties

of the material change significantly.
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Figure 1.2: The initial state of the BEC is shown in (a). AL localization of
the BEC is observed in (b). This figure is taken from Ref. [1].

1.2 Anderson localization

It was well established that, in presence of a periodic potential, the single-
particle eigenstates are extended in nature. Thus, the effects of disorder, which
can be introduced in the system through external agencies or present inherently,
act as a perturbation. Hence, it was expected that the nature of the eigenstates
would still remain extended in presence of finite disorder. However, in 1958, P.
W. Anderson discovered that, in a non-interacting system beyond a critical dis-
order strength, all the single-particle eigenstates become completely localized
irrespective of the tunneling energy of the electrons. Thus, ceasing the motion
of each electron within a small region results in an insulating phase. This phe-
nomenon is known as Anderson localization (AL) [10]. In a non-interacting sys-
tem, this is the key mechanism behind the metal-insulator transition. The local-
ization phenomenon results from the interference effect of multiple reflections

of single-particle eigenstates by the scatters, which are randomly arranged. Un-
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like the periodic potential, the phases and the amplitudes of the reflected waves
are quite different in a disordered medium. As a result, the waves would inter-

fere destructively and decay exponentially in position space as,
Y(x) ~ e ol (1.6)

where ¢ denotes the localization length and x, is the point from which the decay

of the envelope starts for |x — xo| >> 1.

As a practical example, AL in matter waves was first observed by Billy et al.
in 2008 [1]. This experiment deals with the Bose-Einstein condensation (BEC)
in a 1D waveguide in presence of controlled disorder. In particular, the disor-
der is created via an optical speckle field. To begin with, BEC is confined in
an opto-magnetic hybrid trap. This trap combines a longitudinal magnetic trap
and a horizontal (along the z-axis) optical waveguide, which leads to transverse
confinement. Further, by turning off the longitudinal confinement at r = 0,
it is observed that BEC tends to spread out over the waveguide along the z-
direction. In the later case, by adding optical disorder to the above discussed
system and further turning off the longitudinal confinement, it is illustrated that
the spreading of the BEC arises; however, it stops rapidly in contrast to the pre-
vious case (See Fig. (b)). In addition to the matter wave, the localization ef-
fect in the disordered background can be observed in a plethora of classical and
quantum systems, such as in light waves [81) [82], ultrasound waves [83, [84],
microwave [85], quantum waves [86, 187], optical lattices [88, 189, 90| 91], and

photonic lattices [92].

The AL phenomenon in a tight binding non-interacting model can be stud-
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ied by the Hamiltonian, which is given by,
L L
H = —tZ(c;ch + h.c.) + Z ejcjcj (1.7)
J=1 j=1

where 1 is the hopping strength between nearest-neighbor sites. c; (c)) is the
creation (annihilation) operator of an electron at the site j. The onsite energy at
each lattice is uniformly distributed. The random energies (¢;) are assumed to
be taken from an energy range [-W/2 : +W/2] , where W is the random poten-
tial strength. It is observed that all the single-particle eigenstates are localized
corresponding to W > 0, while they are extended for W = 0 in one dimension.
Thus, the system suffers a complete localization in presence of an infinitesimal
disorder. The same is true for two-dimensions (2D) as well, which disallows
any possibility of a transition from conducting to insulating states. However,

there is a metal-insulator phase transition observed in higher dimensions.

1.2.1 Scaling theory of localization

In 1979, Abrahams, Anderson, Licciardello, and Ramakrishnan (known as the
‘gang of four’) introduced the scaling theory of localization [11]. This theory
demonstrates the dimensional dependency of the localization transition using a

single parameter scaling.

In order to understand the theory of localization, we chose a measure of the
effect of disorder, which is conductance. While it has a finite value correspond-
ing to the metallic phase, it vanishes for the insulating phase. More specifically,
Thouless introduced the formula for the dimensionless conductance, which is
given by, [93]

¢=G (—) (1.8)

TH-3097 176121109 8



Here, g(L) does not depend on the microscopic details of the material. However,
it has a dependency on the system size L. The main idea of the scaling theory
suggests that the conductance of a d-dimensional block with volume (BL)? (B
is an integer) is only dependent on the conductance of B! number of blocks
corresponding to the volume L¢. In other words, the conductance can be written
as,

g(BL) = flg(L), B] (1.9)

which suggests a re-scaling of g(L) into g(BL) can be possible using the function
g(L) and the scaling factor B. Furthermore, Eq. can be written in differential

form as,

_ dUng(L))

B(g) “dnD)

(1.10)

where the scaling function g is only depend on the conductances.

Now, we want to study the asymptotic behavior of the function g(g) corre-

ﬁ(g) Extended
B dlog g
[ log ¢

3D
2D

Localized 1D Quasi-extended

Figure 1.3: A Schematic plot is shown for the scaling function p(g) as a
function of In(g) corresponding to 1D, 2D, and 3D. This figure
is taken from Ref. [2].
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sponding to two limiting cases of weak and strong conductance g(L). In the
weakly disordered limit, the eigenstates are extended in nature; hence it follows

Ohm’s law. Thus the Ohmic conductance has the form,
g(L) = oL*? (1.11)

where o is the dc conductivity of the material. Thus, the scaling function 3(g)

has the form,
Bg) = (d - 2). (1.12)
On the other hand, the eigenstates are localized in nature for the strong disorder

limit. As aresult, the eigenstate falls off exponentially over space. Therefore, the

conductance assumes the form,
g=goe ™ 5 L>>¢ (1.13)

and subsequently,

B~ ln(i) (1.14)

where the characteristic conductance is defined by g.. The scaling theory pre-
dicts that 5(g) is monotonic and continuous. Thus a continuous interpolation be-
tween the extended and the localized regimes is possible, as shown in Fig [[1.3].
Following the figure, positive values of g (i.e. 8 > 0) signify the conductance
to increase with the system size L, which will eventually diverge in the ther-
modynamic limit. Thus, the asymptotic behavior of the scaling function will
be,

B =d-2. (1.15)
On the other hand, the negative values of § (i.e. 8 < 0) indicate the diminishing
conductance with the system size L, which will vanish in the thermodynamic

limit. Thus, the function will be of the form,

B(g) = In(g/go)- (1.16)
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Now, for system dimension d < 2, it is observed from the graph that g is al-
ways negative. Hence, the system will show an insulating behavior for any
finite amount of disorder. However, this is not the case for dimension d > 2.
A crossover between the metallic and insulating regimes occurs at § = 0. The

crossing point acts as the critical transition point of the metal-insulator transi-

tion.

1.3 Optical lattice

A brief introduction of the optical lattice is thought as necessary for demonstrat-
ing the phenomenon of AL and explaining properties of interacting cold atomic
gases. In real materials, the effects of disorder and interactions are unavoidable.
Considering all these effects in a theoretical model makes it a difficult problem,
and at times impossible to incorporate all the effects. It is rather required to
choose a model which concentrates on specific features of the system. On the

other hand, this chosen simplified model may not be verified by experiments

ry
H
:
.
.
5
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L
»
Y
L
"

Figure 1.4: A 3D optical lattice can be generated using three orthogonal
laser sources. The figure is taken from Ref. [3].
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as it possible misses out many key ingredients. For example, realizing a phase
transition in a many body system on a crystal lattice in a controlled and tractable
manner may never be possible. In these circumstances, the optical lattice opens
anew and versatile doorway by tuning the disorder and interaction by external
means. As a result, the optical lattice provides a tool to validate many of these

theoretical models experimentally.

Optical lattices can be generated by interfering two coherent counter-
propagating laser lights. Consequently, an optical standing wave with a pe-
riodic pattern is generated. The period of the potential is 1/2, with A being the
wavelength of the laser light. Mathematically, the periodic potential can be rep-
resented as,

V(x) = Vy sin®(kx) (1.17)

where Vj is the depth of the potential and & is the wave vector of the laser light.
The nature of the potential, such as attractive or repulsive, depends on the in-
tensity of the laser light along its propagating direction. In addition to that, the
geometry and the depth of the lattice are tunable with an unprecedented pro-
cession. By adjusting the wavelength and the angles of the laser source, it is
possible to create various geometries of the potential according to the require-
ment of the study. Also, the depth of the potential depends on the intensities of
the laser light. By allowing more number of laser sources, different dimensional
(1D, 2D, and 3D) potentials can be created (see Fig.[1.4). The optical lattice pro-
vides a range of potential geometries to trap the atoms. These trapped atoms
loose almost all the kinetic energy and hence are at very low temperature. At
this temperature, the quantum effect starts to dominate. In order to achieve
such lower temperatures, a laser cooling technique is used. This method is de-

veloped by Chu, Cohen-Tannudji, and Phillips [94, 95| 96]. Several methods of
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laser cooling exist owing to a significant technological development. Doppler
cooling is the most popular one. Other methods are polarization gradient cool-
ing [97], Anti-stokes cooling [98], Raman cooling [97], etc. We give a brief intro-

duction of the Doppler cooling technique, and ignore the rest.

In the Doppler cooling method, the laser light frequency is kept at a lower
value than the resonance frequency of the atom. As a result, the moving atoms
along the direction of laser light absorb more photons due to the Doppler ef-
fect. Thus atoms will suffer a scattering of photons in the opposite direction of
the laser. During the scattering process, an atom emits a photon and pushes
an equal amount of the momentum in a random direction. This process occurs
repeatedly, resulting in the lowering of the average speed of the atoms. Sub-
sequently, the kinetic energy of the atom decreases, leading to cooling of the

atom.

Ultracold atoms in optical lattices are used in experiments to study several
interacting phenomena, such as, quantum phase transition, Bose-Einstein con-
densation, magnetism, and many more. More significantly, it acts as a quantum

simulator [3].

1.3.1 QP potential in optical lattices

Although AL is observed in several systems, direct detection of the eigenstates
in real experiments with materials makes it difficult to achieve. However, the
controlled tuning of disorder and interaction in ultracold atoms loaded on opti-
cal lattices provides a great opportunity to verify this phenomenon of localiza-

tion. AL is actually observed in the lab using optical potential via two different
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methods. In one method, it is studied using the speckle potential [4], and in an-
other one, the potential is quasiperiodic (QP) or incommensurate in nature [1].
The speckle potential is random in nature, which is not the focus of the thesis.
Let us emphasize on the QP potential which can be produced by the superposi-

tion of two optical potentials, which is given by [Fig[1.5(a)],
Vopi= % cos(2kx) + % cos(2kBx + 6) (1.18)

where the first term represents the primary potential which creates the under-
lying lattice, and the second term represents the secondary potential which acts
as a perturbation. The two potentials are incommensurate that the ratio of their
wavelength can not expressed as a rational fraction, namely, p/g (Where p and
g are coprime integers) with respect to each other, giving rise to an irrational
B value. As a result, the effective potential breaks the translational symmetry

of the primary lattice, and energy gets arranged quasiperiodically. A paradig-

EW Main lattice (periodic)

b
l?fsfﬁfﬁf?f%]f\f\f\?\ Disorder

Secondary lattice (periodic)

Bichromatic lattice (nonperiodic)

o ® ©® ®© @ © @

flooceceee
PePe®Oe S0

Transport ﬁ Localization

Figure 1.5: The creation of effective quasiperiodic potential using bi-
choramic optical lattice is shown in (a). The absorption images
of BEC as a function of time is shown in (b). The strength of
incommensuration of the columns (left to right) are taken as
A/J =0,A/J =18,A/J =42, and A/J =7, respectively. The
figure is taken from Ref. [4].
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matic, tight-binding model that describes the QP potential in a one-dimensional

system is studied by Aubry and André in 1980 [99].

In 2008, Roati et al. first observed the AL transition in matter waves using
quasiperiodic potential. One of the key results of them is shown in Fig [1.5(b)].
Their experiment captures the spatial distribution of the atoms using absorp-
tion images as time progresses. It is observed that the eigenstates are expanded
ballistically and span the entire lattice, signifying the emergence of an extended
state when there is no disorder present (A/t = 0). In another extreme limit, for
large values of A, for example, A/t = 7, the diffusion vanishes, hence indicating
localization of the eigenstates. Therefore, a transition from extended to localized
states similar to the AL is observed using QP potential even in one dimension.
However, as discussed earlier, AL in presence of random potential necessitates

a critical dimension, namely, 3D.

1.4 Aubry-André model

It is observed that, the localization transition is also possible in deterministic
potential in contrast to the uncorrelated (Anderson) type. A one-dimensional
system in presence of quasiperiodic (QP) potential or in an incommensurate
lattice is one of the most studied platforms. The QP potential belongs to an

intermediate regime of the periodic and a random potential.

A paradigmatic model to study quantum transport in presence of QP po-
tential is the Aubry-André (AA) model. This tight-binding model shows a one-
dimensional periodic lattice in presence of onsite quasiperiodic modulation. We

observe the quasiperiodic modulation in Fig.|1.6/as a function of the site index
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o
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Figure 1.6: A one-dimensional quasiperiodic potential is shown as a func-
tion of the site index. In order to plot this potential we choose
B = (V5 —1)/2. We observe the distribution of the onsite ener-
gies, which are within the the width [-1 : 1].

Jj. The Hamiltonian of the model is given by,
L L

H = tZ(cL]cj +hc)+ A Z cos(2nB] + Q)Cj.Cj (1.19)
=1 =1

where the nearest-neighbor hopping strength is represented by . 1 is the onsite
potential strength. 6 denotes the phase of the potential. The periodicity of the
potential is given by 1/8. The important aspect of the AA model is the incom-
mensurability of the periodic potential with respect to the underlying lattice
(which is periodic) and is guaranteed by choice of an irrational number of 8. In
numerical and experimental studies, it is generally considered to have a finite
lattice with periodic boundary conditions. In this case, the periodic potential
is no longer truly incommensurate, and carefulness has to be exercised when
enhancing the system size so as to discuss the thermodynamic limit. Thus, the
B value is chosen as an approximate value. It is known that any irrational value

can be written as a continued fraction expansion. The approximate value of 8

is taken as a ratio of subsequent Fibonacci numbers E Nl;l , where Fy_, and Fy are

F,

the periods of the primary and the secondary lattice, respectively (see Eq.[1.18).
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The ratio of two Fibonacci numbers converges to the “golden ratio” in the ther-
modynamic limit. So here we choose § = ( V5-1)/2 as an inverse of the’ golden

mean " which is also known as a Diophantine number [100].

The model shows that corresponding to the particular values of 8, the Hamil-
tonian undergoes a phase transition from all single-particle extended eigen-
states for 1 < 2f to a scenario comprising of completely localized eigenstates
for A > 2t, yielding a critical transition point at A = 2. The reason behind the
sharp transition is the self-dual property of the Hamiltonian, which we shall

discuss later.

1.4.1 Self-dual property

The localization transition in the AA model occurs due to the self-dual symme-
try which is unique and inherent to the model. Subsequently, the Hamiltonian
exhibits a sharp localization transition at the specific value of A (1 = 2f), result-
ing in no mobility edge. A mobility edge is the critical energy that separates
the extended states from the localized ones. If the self-dual symmetry is broken,
the localization transition becomes energy-dependent, and the system is said to
have a mobility edge. Thus, this is one of the most interesting properties of the

AA model. We demonstrate it below.

In the real-space formalism, the Hamiltonian [Eq.[1.19] can be written as,

H = tZ(ln)(n + 1|+ |n+ 1)Xn|) + AZ cos(2nBn) |n){n| (1.20)

where the phase term is ignored. Now, introducing a basis transformation,

k) = % Z 2N |y (1.21)
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where these momentum states are eigenstates of the momentum operator cor-

responding to the eigenvalue

kK = kF]_lmOdFl. (122)

The inverse transformation is obtained by multiplying both side by e *2#m
and sum over k, which is given by,
. 1 .
e—tZﬂkﬁm|k> - ezZﬂkﬂ(n—m)|n>
D)
n (1.23)
= \/Zln).
Hence,
1 ;
) = — ) e 2™ |k, (1.24)
)
Similarly, we can also find,
1 ;
k+ 1y = — ) 2By, (1.25)
Ly

Subsequently, the inverse transformation is obtained by multiplying both sides
by, e"?™#"_ Thus we get,

Z e—i2nﬁkm| k+1) = L\/_ Z Z o2k o= i2mkfm ei27rﬂn|n>
L k n

k

1 j —m) i2nfn

= 5 2L e (1.26)

k n

1 "

3 S 5nme127r,8n|n>.

)
Hence,
Iny = Z e i2mkpm g=i2mBn e 4 1 (1.27)

k

By substituting Eq. and Eq. into the real-space eigenvalue equation

Eq.[I.20, we get,
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H= tZ(In)(n + 1]+ n+ 1)n) + 2 Z cos(2aBn)|n)n|

_ L —2npkn i2nBk’ (n+1) ’ £ —2nBk(n+1) i2nBk'n ’
DI DI N KK+ 7D ) e PPNV (K|

n k k’ k k'

t . - ’
+a Z cos(27r,8n)z Z Z e~ 2N RTBR R ey (| ]
n k k'

_r —DrkBn_i2nk'B(n+1) | —i2xkB(n+1) i2nk’ Bn) ,
_LGlzk:;(e e ‘e e WK |

A i2npn —2npny —i2nkBn i27Bk'n ’
tor Z Zkl ;(e + emiZmBnye e k(K|

t , , , p : , ,
— Z(Z Z Z ezZn,Bn(k —k)el27r/3k |k><k1| + Z Z Z ezZn,Bn(k —k)e—z27rﬁk|k><k/|)

n k kK’ n k Kk’

A 2npn(k’ +1-k) ’ 2nBn(k’—1-k) ’

+Z<§n]§k];e |k><k|+zn]§k];e 15Y4)

= ZtZ cos(2nBk)lk)<k| + g Z(lk}(k + 1| + [k + 1)<k]).
k k

(1.28)

Therefore, the eigenvalue equation in momentum space is given by,
A
H=3 Zk: (Ik><k + 1]+ [k + 1><k|) + 2t Zk: cos(2rpk)|k)<k]). (1.29)

By comparing Eq. and Eq. two critical observations can be made. The
real-space eigenvalue equation appears the same as the the momentum space
eigenvalue equation at A = 2¢ under the Fourier transformation. In addition to
that, the hopping strength (r) and the QP potential strength (1) get exchanged. In
order to satisfy these two conditions, all the single-particle eigenstates should
be extended and localized in nature corresponding to 4 < 2¢t and 4 > 2t, re-
spectively. As a result, 1 = 2t acts as the critical transition point. Hence, a QP

potential induces a localization transition in one dimension at this critical point.

In order to have a precise understanding of the self-duality in the AA model,
we can follow the probability distribution of the eigenstate corresponding to the

real and momentum space Hamiltonians Eq. and Eq. as a function of
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Figure 1.7: Here we show the probability distribution of the eigenstates as
a function of potential strength (1) corresponding to (a) the real
space and (b) the momentum space. This Figure is originally
taken form the Ref. [5].

the QP potential strength A in Fig The real-space probability distribution
plot in Fig[1.7(a) shows a broadening while approaching the critical transition
point A = 2¢ from above, that is from a higher value of 1. As a result, the system
hosts a longer range coupling. On the other hand, we observe that no broaden-
ing occurs in the momentum space density profile in Fig[1.7(b). It is observed
that, instead the coupling occurs between distant momentum values. Therefore,
the momentum values rearranged themselves due to the basis transformation.

As a result, the localization transition occurs at the self-dual point A = 21.

The self-dual point also coincides with the Harper model. Before introduc-
ing the AA model to study the localization phenomena, this Harper model was

introduced in a 2D, and the energy spectrum was later studied by Hofstadter.
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1.4.2 Harper model

Consider an electron is moving in a 2D square lattice in the x — y plane in the
presence of the perpendicular uniform magnetic field, B = BZ. In the Landau
gauge, we can use for the vector potential A = (0, Bx,0) where B = ¥ x A. Using
Peierls substitutions where hopping term in the presence of magnetic field are
given by,
- tg,(;;exp[i—e f A”.dzj (1.30)
he

where dI’ represents the link between the sites n and m on the lattice.
A tight-binding model for the single-particle eigenstates y(x, y) is given by,
ie
Ll (x+a,y) + Y(x — a, )] + LY (x + a, y)exp(;Bxa)+
—le
+Y(x — a, y)exp(%Bxa)] = EY(x,y) (1.31)

where 1,(1,) is the tunneling strength between neighboring sites along the x(y)
axis. The lattice constant is given by a. Here, the y-coordinate is cyclic, so the

solution can be taken as,

Y(x,y) = u(x)exp(ik,y). (1.32)

Further simplifying by discretizing the eigenstate via u, = u(na) where n is an

integer. Thus, we have

t(Ups1 + Uy_y) + 21, cos(2nfpn + kya)u, = Eu, (1.33)

Bd?e
hc

where 8 = Z£¢, which defines the number of magnetic flux quanta per plaquette

in the lattice.

Now, it is noticeable that, the above equation can be mapped into the AA

model Hamiltonian [Eq. [1.19] by substituting for ¢t = #,, 1 = 2¢t,, and ¢ = k,a.
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Thus the problem of an electron traversing in a QP potential is analogous to
that of an electron traversing a square lattice with a perpendicular magnetic
tield. Hofstadter later studied the Harper model. In this study, it is observed
that the eigenspectrum takes on a self-similar structure when plotted over a
range of different rational values of 8. The structure is known as the “"Hofstadter
Butterfly”. Using this self-similar structure, Hofstadter was able to show that

the spectrum for irrational g formed the so-called Cantor set.

1.4.3 Characterization of localization properties

In order to discern the localization properties of the AA model, we calculate the
eigenvalues and the eigenstates of the Hamiltonian Eq. [I.19]. Since the local-
ization phenomenon can be captured via both of these quantities, we will thus
employ them one by one. Using the eigenstates of the Hamiltonian, we compute
two quantities, which are inverse participation ratio (IPR) and normalized par-
ticipation ratio (NPR). These are found to be the most used tools in the literature

to study the localization properties of the system.

The Schrodinger equation corresponding to the onsite QP potentian will be
given by,
Hly) = El) (1.34)

where E is the energy eigenvalues of the Hamiltonian. Also, any single-particle

eigenstate can be expanded in the site basis, which is given by,
EDNIL (1.35)
J

where ¢, is the amplitudes of the eigenvector at the site j. Now, for the given
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Figure 1.8: (a) The average value of the IPR and the NPR are plotted as a
function of A. (b) The energy spectrum of the AA Hamiltonian
is shown as a function of A. The color bar represents the IPR
value associated with the energy eigenvalues.

state |), we define the IPR in the real space as ,
IPR = Z 16,1 (1.36)
J

IPR measures the inverse number of sites occupied by the given states. It is pos-

sible to understand the properties of this parameter by considering two limiting
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1-—

0.8
0.6
~
N
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0 1 2 3 4
A

Figure 1.9: The IPR values are shown corresponding to all the eigenstates
as a function of A.
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cases. For the uniformly distributed eigenstate over L sites, we have

¢ = L\/_L (1.37)
then the IPR parameter will behave as,
IPR = Z (i)4 _ L (1.38)
N
For the localized eigenstate on a single site, we have,
¢; =06 (1.39)

hence, the IPR parameter will have a finite value that is O(1).

Further, the properties of the normalized participation ratio (NPR) show an

exact opposite behavior compared to the parameter IPR, which is given by,

L
R=) [qub, ] . (1.40)
=1
Thus, for a given extended state,
NPR ~ O(1) (1.41)
and corresponding to the localized state,

NPR ~ 1/L. (1.42)

Moreover, the average value of the IPR and NPR over entire single-particle

eigenstates are given by,
L
(IPR) = )" IPR,
n=1

L
(NPR) = Z NPR, (1.43)

n=1
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Figure 1.10: Here, we plot the probability distribution of the eigenstate as
a function of site index (jj) corresponding to (a) 4 = 1.0 (b)
A =4.0. In this calculation, the system size is taken as L = 610.

where n represents the eigenstate index.

Numerically, we plot the average IPR and the NPR as a function of the QP
potential strength A in Fig.|1.8|(a). The plot shows a sharp transition at the criti-
cal transition point A. = 2¢ eliminating the possibility of a mobility edges which
it should be. Next, the localization transition is followed by observing the en-
ergy spectrum. Thus, we show the energy spectrum as a function of A in Fig.
(b). The color bar in the plot shows the IPR values of the respective eigenstates.
In order to clear our observation, we plot the IPR value corresponding to all the
eigenstates as a function of A in Fig. A phase transition is observed from
an extended to a localized phase, resulting in a critical nature at the transition
point. The eigenstates at the transition point differ from those of the extended
and the localized phases; instead, they appear multifractal. Further, we show
the probability distribution of the eigenstates as a function of the site index (})
corresponding to the extended and localized nature in Fig. (a) and (b) , re-

spectively. For the first case, we chose the lowest energy state at 4 = 1.0 while
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for the later case, 4 = 4.0. It is illustrated that, the extended state is uniformly
distributed throughout the lattice, yielding a finite probability at each lattice
site. On the other hand, the localized state is comprised of some of the lattice

sites. We shall discuss the nature of the critical state in the formalism chapter.

1.5 Experiment to theoretical model

The Hamiltonian of the system in presence of optical potential Eq. (1.18) is given

by,
n d?
H = o + Vop sin (k,,px) + V,, sin?(k,,x + o) (1.44)

where V,, and V,, are the strengths of primary and secondary potentials, re-
spectively. In addition, k,, and &, represent the wave vectors corresponding to
primary and secondary potentials. It is convenient to rewritten the Hamiltonian

in terms of recoil energy of the primary lattice, which is
272
7 n’k;,

P 2m

(1.45)

with m being the mass of the electron. In addition to that, we choose a dimen-
sionless variable, namely,

y= kopx- (146)

Thus we get,

n’(y) + —= sin’(By + ¢)
Er £ (1.47)

V()V .
=H,, + — smz(ﬁy + ¢)
E,

where g = & = j—f The secondary potential does not alter the position of the
op
lattice sites. This only acts as a perturbation and shifts the energies with an

amplitude -
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The experimental set up can be mapped onto the theoretical AA model. In
order to do that, the eigenstate y is expanded in the Wannier basis of the lower

band of primary lattice, which can be written as,

W) = D &w)). (1.48)

J
The Wannier state are labeled by |w;), which are maximally localized around the
site index j. Thus the AA Hamiltonian which is expended in the Wannier state

basis can be written as,

H = (Y|H )

o (1.49)
= Z C; ¢ {wilH|w ;).
i,j

In the tight-binding limit, assuming the following approximation leads to

(wWilHlw;) ~ €0;; + 16; js1 + 5;‘,]'% f|Wi()’)|2 sinz(,By + ¢)dy (1.50)
p
with
€ = fwi(y)ﬁopwi(y) (151)
and
= [ )iy (1.52)

The hopping integral ¢ is sufficient to approximated by the overlap of nearest-
neighbor Wannier states with the Hamiltonian H,, and the energy ¢ is the on-
site contribution of H,,. We can drop the constant energy by choosing suitable
energy offset. The last term Eq. represents the corrections to the nearest-

neighbor hopping ¢ due to the secondary lattice.

Using the relation,

[1 —cos(2By + 2¢)]

- (1.53)

sin’(By + ¢) =
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we shall have,
[ i sin gy + oty
— cos(2api +26) [ (P cospdy (1.54)
= cos(27pBi + 6) f w1 cos(2By)dy

where 6 = 2¢. By simplifying, we get,

VOS
=5 f Iwi () cos(2By)dy. (1.55)
p
Hence,
(W,lHlWJ> ~ 606,-,j + tdi’ﬁ.l + 5,‘,1'/1 COS(Zﬂﬁi - 9) (156)

Therefore, the Hamiltonian of the bicromatic potential can be written as,
H=1) (@,¢;+hc)+A) cosnpi+0)eTe; (1.57)
J J

which is also the form of the Hamiltonian of the AA model [Eq.[1.19].

1.6 Outline of the thesis

In chapter 1, we start our discussion by solving a 1D tight-binding model,
which acts as a theoretical model to describe the motion of an electron in non-
interacting systems. Under the tight-binding approximation, we further study
the electronic transport properties in presence of disorder, resulting in the An-
derson localization (AL) phenomenon. Having the theoretical and experimental
overview of the AL phenomenon, it is concluded that the metal-insulator tran-
sition is only achievable for a system dimension greater than two. On the other

hand, it is established that AL transition occurs in one-dimensional systems in
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the presence of a deterministic potential, namely quasiperiodic (QP) or incom-
mensurate potential. Further, the possibility of creating this potential using op-
tical lattices makes it a suitable platform to explore the physics regarding the
AL in experiments. Consequently, we discuss the experimental achievements
of this potential and the interesting properties of its theoretical model, namely,

the Aubry-André model.

In Chapter 2, we mainly focus on the formalism and models, which will be
used in the later chapters of the thesis. In the first part of the chapter, we discuss
formalism to analyse the properties of eigenstates and eigenspectra correspond-
ing to a Hamiltonian. As a consequence, we explore the multifractal properties
in the study of eigenstates. In addition to that, we discuss the theory of the
Hausdorff dimension and level spacing as a tool to study the eigenspectra. Fur-
ther, before explaining the critical state analysis for the localization study in
presence of QP potential, we elaborately discuss the theory of phase transition
and its critical phenomena. In the later part, we present a detailed explanation
of topology in condensed matter systems. This section comprises of topologi-
cal band theory, symmetries, and classification of topological phases. We also
present an extensive discussion on the one-dimensional Su - Schrieffer - Heeger
(SSH) and Kitaev chain models as examples of topological insulators and super-
conductors since these are the representative models in the subsequent chapters.
Finally, we also discuss an interacting model, which is the Bose-Hubbard model.
We briefly introduce this model, and subsequently, explore different phases and

their properties which are emerged in this model.

In chapter 3, we study a one-dimensional chain in presence of onsite QP

potential, described by the pure AA model. In addition to that, we also study
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the generalized version of the model by incorporating off-diagonal QP mod-
ulation. Using the critical state analysis, we study the critical behavior in the
localization transition, which occurs in the pure AA model. Further, we study
the off-diagonal AA model. We observe a phase transition from an extended
phase to a multifractal phase as a function of the off-diagonal potential strength
in the absence of any onsite potential. We established our results via fractal

dimension and finite-size scaling analysis.

In chapter 4, we study a one-dimensional dimerized chain, also known as
the Su - Schrieffer - Heeger (SSH) model, in the presence of QP potential at
the two sublattices in a unit cell. We analyze the localization properties of this
model using the participation ratio, eigenenergies, density of states, and finite-
size scaling analysis. The result of our analysis shows a reentrant localization
transition. In particular, it undergoes a localization transition at a specific critical
potential strength through a mobility edge. Further, an intermediate (critical)
phase associated with the mobility edge appears in larger disorders. Finally, at

strong potential strength, the second localization transition sets in.

In chapter 5, as the next step, we want to comprehend the critical behav-
ior corresponding to the reentrant localization transitions in detail in our sub-
sequent research work. Consequently, we observe two localization transitions
through two critical phases. As a result, the system hosts four critical points as
a function of the potential strength. The critical behavior of these phase transi-
tions is explored using the multifractal and critical state analysis. In addition to
that, we explore the critical properties of eigenenergies by calculating the Haus-

dorff dimension.

In chapter 6, we study a one-dimensional dimerized Kitaev chain in pres-

TH-3097 176121109 30



ence of onsite QP potential. The dimerized Kitaev chain is comprised of a one-
dimensional SSH chain and a Kitaev chain. Thus the system possesses topolog-
ical properties. Thus, in this chapter, we study the localization and the topo-
logical properties of the system separately. In the context of the localization
study, we explore a series of phase transitions using participation ratio, fractal
dimension, and level spacing. On the other hand, by computing the real-space
winding number and the number of Majorana zero modes, we analyze the topo-
logical properties of this model. Moreover, a finite-size scaling analysis is shown

for both cases.

In chapter 7, we study a two-dimensional interacting system in presence of
QP potential. Aided by a site-decoupled mean-field approximation, percolation
scenario, and finite-size scaling analysis, we explore the phase diagram of this
system and study the critical behavior associated with the phase transitions.
In the analysis, we observe a quasiperiodically induced mixed (QM) phase in

addition to the BG phase in presence of the QP potential.

In chapter 8, we conclude with the main results obtained in various chapters.
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CHAPTER 2
FORMALISM AND MODELS

Since one of our primary focus of this thesis lies on the critical state analysis
and the spectral properties of the model Hamiltonians, in the first section of this
thesis, we outline the details of this approach. In this context, a single-particle
state can be written in terms of the superposition of eigenstate |m) corresponding

to the eigenspectrum E,, of H as,

L

W) = D¢\ Im) (2.1)

i=1

where ¢!" denotes the amplitude corresponding to a lattice site i and m denotes
an eigenstate index. Overall understanding of physical properties of the system
can be achieved just by studying these eigenstates (Jy)) and eigenspectra (E,,).
Here, we study the scaling behavior of the eigenstates via multifractal analy-
sis, and that of the eigenspectra by analyzing the Hausdorff dimension [60] and
level-spacing [22]. We shall describe all of these in the following. In addition
to that, we shall elaborately illustrate a general discussion on the phase tran-
sition and critical phenomena associated with it. Following this general idea,
we discuss a critical state analysis method to explore the critical behavior of the
localization transition in presence of QP potential, thereby computing the phase

transition point, critical exponents, and scaling functions [103]].

On the later section, we shall discuss the topological properties in condensed
matter system, as topology plays an important role in chapter 4, 5 and 6 in our
thesis. The topological phases of matter offer remarkable and intriguing phe-
nomena that aid in understanding of the crucial symmetries and physical prop-
erties of systems [65,104,105]. In particular, we are interested in two categories,

which are the topological insulator (TI) [106] and topological superconductor
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(TSc) [107]. As the simplest example of the TI, the Su- Schrieffer-Hegger (SSH)
[108] model is well established. This model comprises two sublattices in a unit
cell with staggered hopping strength within and between the unit cells. The
topological properties of the model are characterized by zero-energy modes,
which are localized at the boundary. In addition to this, the topological super-
conductors (TSCs) have received immense attention due to their relevance to
the field of topological quantum computation [107]. The Majorana zero modes
(MZMs), thought to be found in the TSCs, are considered flawless candidates for
them to be used as qubits [109,110]. The unique property of the MZMs to have
a great deal of importance for their non-local nature with complete localization
occurring at the boundaries of the chain, and hence robust to any local pertur-
bations [111} 112]. A prototype theoretical model to study the TSCs and the
properties of the MZMs is the Kitaev chain model [113]. The model describes a
one-dimensional tight-binding spinless fermions in the presence of p-wave su-
perconducting correlations. The MZMs are quasiparticle excitations that obey
non-Abelian statistics. Recently, several theoretical models have been proposed
to find the signature of MZMs [114, 115| 116, 117]. From the experimental
perspective, the most studied and accepted proposal is the semiconductor-
superconductor hybrid systems [118} 119,120, 121} 122]. Other than that, there
are some other realistic models developed as well [123} 124, 125]]. Subsequently,
we present the formalism for the real and momentum space winding number

calculations. Specifically, we have used the real-space formalism.

Finally in the last section, we add interaction and thereby discussing Bose-

Hubbard model and its phase properties.
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2.1 Eigenstate properties

The localization transition in the AA model signifies a transition from an ex-
tended state to a localized state. However, at the transition point, the behavior
of the eigenstate is neither extended nor localized. As a result, the properties of
the eigenstate at the transition point become significantly interesting and non-
trivial. It shows that the eigenstate is self-similar, hence fractal in nature. Later,
it was realized that the critical eigenstates are not only fractal, instead, they are
multifractal. A spectrum possessing family of fractals implies a multifractal be-

havior of the eigenstates of the system.

2.1.1 Multifractals analysis

In this thesis, the scaling nature of the eigenstates is done by studying the mul-
tifractal analysis. The classification of the eigenstates, such as the localized, ex-
tended or the critical states can be performed via computing the inverse partic-

ipation ratio (IPR). The IPR of the m-th eigenstate is defined as [24, 22| 50],

L
IPR™ = %" [p™|* (2.2)
i=1

Since an IPR value is not sufficient to describe the underlying physics of an
eigenstate associated with the critical nature, the higher moment of the IPR is
more fundamental in that case. Therefore, a multifractal nature of the eigen-
states can be identified through the generalized IPR and its scaling exponent 7,
using the relation,

L
PR = 3" ¢ — L7, (2.3)

i=1
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where 7, is also known as the mass exponent and ¢ is a real number. The mass
exponent vanishes for the localized states, whereas it varies linearly with the
system dimension d for the delocalized state as 7, = d(g — 1). Furthermore,
the scaling exponents of the multifractal states can be characterized by a non-
linear relation where d (see above) is no longer an integer and further acquire a

g dependence, which can be written as,
Tq = Dolg - 1), (2.4)

where D, denotes the fractal dimension of the eigenstates. Therefore, an ex-
tended and a localized state have respectively 1 and 0 as their fractal dimensions
while an intermediate value of D, (between 1 and 0) denotes the fractal nature
of the eigenstates. Further, by setting the value for g = 2, the fractal dimension

(D;) can be defined as [22},160],

log(IPR)

D, = — lim —=———.
S = log(L)

(2.5)

Where L denotes the length of the system.

2.2 Eigenspectrum analysis

Generally, the fractal dimension carries the information about the eigenstates
of the system. Also, we can complement our analysis via the eigenspectrum

corresponding to the Hamiltonian.
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2.21 Level-spacing

In this thesis, we shall be calculating another quantity, namely, the energy level
spacing, which uses the eigenenergies. In this calculation, we use the energies
corresponding to the entire spectrum. Suppose, the energy eigenvalues are ar-
ranged in ascending order, thatis, E, < E, < .. < E; where Lis the system length.
Now, corresponding to a given energy E, withn =1, 2, .. L, the even-odd and

the odd-even spacings can be calculated via [22],
Sy 0 = Eop — By (2.6)

s07¢ = E2n+1 — Ezn. (27)

n

Due to the presence of doubly degenerate eigenvalues in the extended phase,
the value of s;™° will be zero, while s will not be zero. Thus a gap will oc-
cur in the spectrum. On the other hand, there will be no gap in the localized
phase. However, a distribution of fluctuations for s and s ¢ will be present

corresponding to the critical phase.

2.2.2 Hausdorff dimension

The understanding of the details of the energy spectrum at the critical regime
can be computed by the Hausdorff dimension of the system. A direct box-
counting method is applied for this analysis. Considering the total number of
boxes required to be N, for a given box length [ such that N, spans over the entire

energy spectrum. N; shows a power-law behaviour with [ as [60],

N, o [7PH (2.8)
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Figure 2.1: A schematic typical phase diagram is shown for fluid in the

T — P plane. The figure is taken from https://en.wikipedia.
org/wiki/Phase_transition#/media/File:Phase-diag2.svg.

where, Dy denotes the Hausdorff dimension corresponding to the energy spec-

trum. The non-trivial fractal nature of the spectrum is characterized by the frac-

tional value of Dy, thatis, 0 < Dy < 1.

2.3 Phase transition

To begin with, we wish to comprehend the fundamental concept of phase transi-
tion. In order to do that, let us consider a well-known example of phase diagram

in fluid systems. It is illustrated in Fig. [2.1| that there are several phases of mat-

ter, such as solid, liquid, and gaseous phases, corresponding to the values of the
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system parameters namely, pressure (P) and temperature (7). Moreover, each
of the coordinates of the boundaries between the distinct phases in the T — P
plane are referred to as the equilibrium states. Hence, two or more phases can
coexist in each of these equilibrium states. For example, all the three phases co-
exist at the triple point. Generally, a phase transition can be understood by the
singularity in free energy under an external tuning parameter which can either
be pressure, temperature, density, magnetic field, etc. Further, for the sake of
characterizing different phases, a quantity can be assigned, known as the order
parameter vanishing of which (or its divergence) indicates a phase transition.
It can be calculated using free energy. A phase transition is strictly defined in
the thermodynamic limit, that is, n — oo (the number of particles) and v —
(volume of the system), however, * (density) remains constant. It is usually

categorized into two classes: first and second-order phase transition.

A first-order phase transition can be easily understood via the above-
discussed phase diagram Fig. Consider a piece of ice at a temperature that
is kept at a lower value of temperature than the melting point (0°C). Now, by
heating it up, the temperature slowly increase. Further, we may observe that,
upon approaching its melting point, the temperature remains constant despite
adding more heat until the complete meltdown of ice occurs. Consequently, a
coexistence of solid and liquid phases is found at the phase transition point,
and latent heat becomes an essential parameter for a phase transition. In con-
clusion, phases coexisted at the first-order phase transition, and the latent heat
is involved. Moreover, the order parameter and the first derivative of the free
energy show discontinuity at the temperature at which the phase transition oc-

curs.
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Spin-up
Critical point

Spin-down

Figure 2.2: A schematic phase diagram is shown for iron in the 2 —T plane.
The red line indicates a first-order phase boundary, while the
phase transition is continuous at the critical point.

In order to understand the second-order (also known as the continuous
phase transition), we shall focus on the liquid-gas phase boundary in Fig.
It is noticeable that the phase boundary line ends at a critical point without
crossing it, resulting in a continuous phase transition from a liquid to a gas.
As a consequence, no coexistence of phases is observed at the transition point,
implying no essential distinction between liquid and gaseous phases. Hence,
the phenomenon does not involve latent heat. In the phase diagram, all other
phase transitions are of first-order categories, while only the transition through

the critical point behaves as a second-order transition.

Another popular example of phase transition is observed in magnetic sys-
tems and is shown in Fig. It is depicted that there are two phases compris-

ing of spin-up and spin-down, separating through a phase boundary at & = 0,
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where i denotes the magnetic field. At the boundary, two phases appear to co-
exist, indicating it to be a first-order phase transition. However, magnetization,
which acts as an order parameter for the scenario, drops to zero at a finite tem-
perature. Finally, the phase boundary terminates at the critical point resulting
in a phase transition from a ferromagnet to a paramagnet. The temperature at
which it happens is known as the Curie temperature. Consequently, the order
parameter vanishes, and the fundamental distinction between the phases dis-

appears, which distinguishes it from the first-order transition.

2.3.1 Critical phenomena

We are interested in understanding the important features around the critical
point. The collective behavior of the critical point which is associated with the
continuous phase transition known as critical phenomena. In general, the be-
havior around the critical point is fascinating and complicated at the same time,
thereby offering a huge motivation to study various intricate properties of phase
transitions. In 1869, T. Andrews discovered a remarkable manifestation of criti-
cality in an experiment using CO, [126]. It was observed that the size of droplets
of CO, becomes similar to the wavelength of the incident light upon approach-
ing the critical point from above. Consequently, scattered lights are visible with
bare eyes. This phenomenon is known as the critical opalescence, implying
strong fluctuations occurring at large length scales. The characteristic distance
over which fluctuations occur is known as the correlation length denoted by
(é). It depicts that, while approaching the critical point, it diverges, which is
expressed via,

&~ lel™ (2.9)
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where ¢ = (T -T,)/T, denotes the reduced temperature, which refers to a dimen-
sionless measure of distance from the critical point. v represents the correlation
length exponent. Moreover, the fluctuations are slow in nature around critical-
ity, known as critical slowing down. Thus, it is also observed that the correlation

time (¢;) also diverges, which is given by,

E~ E~ET (2.10)

where z denotes the dynamical critical exponent. In the example of the magnetic
phase transition, it is observed that the above-discussed power law singularities
of the correlation length (¢) and time (¢;) scales lead to the power law singular-
ities of other observables, such as, magnetization (m), susceptibility (y), specific

heat (C), which are, respectively written as,

m~ (—&)° (2.11)
x ~ @77 (2.12)
C~(e)™. (2.13)

Therefore, a critical point can be characterized by the critical exponents, namely,
@, B, v, v, and z corresponding to the expressions discussed above in Eq. [2.9-

2.13].

2.3.2 Scaling theory

Next, we wish to understand the phenomenological description of critical
points via scaling theory. This theory provides a powerful mechanism for an-
alyzing numerical and experimental data. It was first proposed by Widom as

a scaling hypothesis [127]. The scaling hypothesis states that the singular part
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Scated magnetization

Scaled temperature

Figure 2.3: Experimental data corresponding to different magnetic materi-
als are shown in scaled magnetization-temperature plane. This
plot is taken from Ref. [6].

of the free energy is a generalized homogeneous function [6]. In general, the

homogeneous function will satisfy,

f(x) = d’f(ax). (2.14)
For example, we consider a function f(x) = cx?, then

flax) = a’f(x) (2.15)

hence

f(x) = a f(ax).

Therefore, a scale transformation of distance has been done so that the function
at a ‘distance’ x is the same as that at another distance ax when multiplying

with a™. Hence, a generalized homogeneous function will satisfy the following
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relation, given by,
f(x,y) = af(a’x,ay). (2.16)

Similarly, the scaling hypothesis at the critical point can be expressed as,
G(AH,A’s) = AG,(H, &) (2.17)

where G,(H, ¢) is the singular part of the Gibbs potential per spin, G(H, €). a and

b are the scaling powers of magnetic filed (H) and temperature (T), respectively.

Using these two exponents a and b, it is possible to find expressions among
the critical exponents, known as the scaling laws. For example, we already
know the critical exponents corresponding to C, m* and y are a, 28, and vy, re-

spectively. These critical exponents are related via a scaling law, given by
a+2B+y=2. (2.18)

In general, there are several relations possible between the critical exponents.

The scaling law is one of the important characteristics of the scaling ap-
proach. Another important feature is the data collapse. We shall explore this
concept using an example. We consider an equation state of magnetization at
the critical point. Hence we take derivative of the Eq. with respect to mag-

netic field (H), given by,
m(A°H, A’e) = A" m(H, €). (2.19)

Since Eq. is true for any positive value of A, thus we shall make a choice of
A = H™'/%. By substituting this in the Eq. we get,

my = m(l,ey) = F(en) (2-20)

where the magnetization and temperature are scaled via

m

= Hl_—a/a (221)

my
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and
I
T Hbla

(2.22)

EH

The function 7 (x) = m(1, x) is known as the scaling function. Fig. shows a
plot of the scaled magnetization as a function of scaled temperature for differ-
ent values of H. It is illustrated that, according to the scaling hypothesis, all the
curves corresponding to various values of H will collapse onto a single univer-
sal curve. The result implies a universal phenomenon satisfied by all of these
different systems at the critical point. Therefore, we can conclude that, at the
critical point, the system forgets its microscopic details except for the space di-
mension and the symmetries possessed by the system. Further, depending on
the critical exponents and scaling functions, various continuous phase transi-
tions are classified into distinct universality classes. In Fig. we observe all
the data curves to have the same critical exponents and scaling function, indi-

cating an identical universality class for all of them.

Until now, our study was based on phase transition at non-zero tempera-
tures, where the transition happens due to thermal fluctuations. In addition,
there is another kind of phase transition possible at the limit of lower tempera-
ture value. At this temperature, the phase transition occurs due to the variation
of non-thermal parameters such as, magnetic field, pressure, chemical compo-
sition, etc. To make it more concrete, we shall study the phase transitions in-
duced by the variation of the parameters of the Hamiltonian that describes the
system. This is known as the quantum phase transition [128]. In condensed
matter physics, there are several quantum phase transitions observed, which
are metal-insulator transition, superfluid-insulator transition, ferromagnetic to
anti-ferromagnetic transition, and many more. We shall be dealing with only

quantum phase transition, and ignore thermal effects. However, the above dis-
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cussion on the critical properties etc. are equally valid as those we have seen
for the ‘classical” phase transitions. We shall only discuss the features that are

important for our subsequent discussion.

2.3.3 Critical state analysis

In general, localization in a disordered system can also be characterized by us-
ing the normalized participation ratio, (NPR) which for the m-th eigenstate is

defined as, [following Eq.

L -1 (m)
PR
NPR™ = [L > |¢§m>|4] - — (2.23)
i=1

where L is the system size and PR is the participation ratio (PR=1/IPR). In the
extended regime, PR grows linearly with system size L, while it vanishes in the
localized regime in the thermodynamic limit. For further analysis, we consider
the average value of NPR. Following the averaged NPR values; we can identify

the order parameter for the localization transition as, [103]]
PR
o= 7 = VNPR. (2.24)

In the vicinity of the phase transition, the observables show power law be-

haviour with their critical exponents behaving as,
o~ (-¢ef ; PR ~ &7 ; E~lel™. (2.25)

Here, & = (41— 4.)/ A, is the reduced disorder potential strength with A. being the
critical disorder strength for the localization transitions and ¢ is the correlation
(or localization) length. g, v and v are the order parameter exponent, participa-

tion ratio exponent and the correlation length exponent respectively.
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Following Ref. [103] the order parameter o associated to two different sys-

tem sizes yields a function R[L, L’], which is given by

,.log(o}/o)
T gy

(2.26)
The critical point for the transition A, and the critical exponent ratio y/v are de-
termined using the above two system size-variable function R[L, L’]. The vari-
ation of R[L, L'] with the strength of the potential in the vicinity of the critical
point for several pairs of system of sizes L and L’ intersect each other at a com-
mon fixed point. The critical potential strength 1. and the exponent ratio y/v are

determined from the abscissa and the ordinate of the common crossing point

respectively.

In the vicinity of the critical point, a finite-size scaling form of the order

parameter o for finite system is defined by,
o =LP"FEL'") (2.27)

where F' is a scaling function . Similarly, a finite-size scaling form of PR for a

tinite sized system is defined by,
PR = ""G(eL'") (2.28)

where G is another scaling function. Using Eq.(2.24), Eq.(2.28) can be re-written
as,

o’L = L""G(eL') (2.29)

which can be further expressed as,
o? =" 'G(el") (2.30)

Hence, a plot of L'/ versus L' for different system sizes L should fall onto

a single curve denoted by G(¢L!”) if the critical potential strength 1. and the
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Figure 2.4: The figure shows distinct values of the genus (g) corresponding
to different geometrical shapes. The value of the genus is spec-
ified by the number of holes. The figure is taken from Ref. [7].

critical exponents are correctly determined. In chapter 3 [Ref.[3] and 5 [Ref. 5],
we will utilize the above prescription to study the critical properties for the

localization transitions.

2.4 Topology

In our thesis, we shall encounter yet another important concept, namely, topol-
ogy. Topology is a mathematical concept that categorizes various geometrical
objects into classes. Two objects belong to the same topological class if the de-
formation of their properties (such as shape) is continuous. The deformation
rule is restricted to bending or stretching without tearing it apart, or puncturing
a hole. This can be easily understood with a simple example in the following. It
is illustrated that a sphere can be smoothly deformed into a disk. On the other
hand, it can not be deformed into a doughnut. Thus a quantity is assigned to
distinguish a sphere and a doughnut based on the number of holes, known as
the genus denoted by (g). Therefore, two objects with different g values can-

not be deformed into one another, resulting in topologically distinct phases.
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Subsequently, same value of g corresponding to two objects implies them to be

topologically equivalent.

Introducing Guess-Bonnet theorem, which states that integral of a Gaussian
curvature K over the surface of an object S, resulting in an integer topological

invariant, which is given by,

1
X=— f KdA (2.31)
2 S
where y = 2 - 2g. In Fig we depict various values of g corresponding to

distinct geometrical objects, which belong to different topological classes.

Including this concept in the solid state band theory is one of the most ex-
citing advancements in condensed matter physics. Here, the Hamiltonians of
the system play the role of geometrical objects. Subsequently, topology studies
the properties of the Hamiltonians, which possess an energy gap under smooth
deformations. In the current scenario, smooth deformations suggest transfor-
mations of the Hamiltonians via changing any of the associated parameter, pro-
vided the energy spectrum remains gapped. Thus, two Hamiltonians when con-
tinuously transformed into one another without closing the energy gap, they are
topologically equivalent, and, hence belong to the same topological class. The
classification of topological classes is determined based on certain symmetries,
such as, time-reversal symmetry (TRS), particle-hole symmetry (PHS), and chi-

ral symmetry (CS). We will discuss them in the following.

2.4.1 Symmetries

In quantum mechanics, symmetry operations signify a transformation that con-

serves all the probabilities of possible measurements made in the system. Sup-
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pose |¢) and |¢) are two states in the Hilbert space. Thus the preservation of

probabilities of measurements under symmetry transformation suggests that,

KOWI0@)| = Kylp)l (2.32)

where O denotes a symmetry operator. Now, suppose the symmetry operator is

linear and unitary (OAITOAI = I), which satisty,
O1(aly) + blg)) = aO1lyy + bO, |y (2.33)

and
(0y10,9) = W010\1¢) = (Ylp) (2.34)

where a and b are complex coefficients. On the other hand, if the symmetry is

anti-unitary, which satisfies,
Os(aly) + blgy) = a* Oslys) + b* 0ol (2.35)

and
(01029} = WI0,0:10)" = (YI)". (2.36)
Any anti-unitary operator can be represented by a product of a unitary operator

(0)) and a complex conjugate (), given by

0, = O/'K. (2.37)

Time-reversal symmetry

In the time-reversal symmetry operator, the time variable ¢ transforms into —¢,
thereby reversing the direction of time or equivalently, we wish to examine
whether the physical properties remain invariant if the velocity of the particle is

reversed. It is denoted as 7. In order to understand the properties of 7, we need
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to consider an infinitesimal time evolution of a given state [y). Subsequently,
7y) is the time-reversal partner of |y). Now, we consider two situations follow-
ing the condition that |) remains invariant under the time-reversal operation.
In the first situation, we act the time-reversal operator (7) on the state |y) and

subsequently move forward in time by 6z, which is given by,

(1 - i%ét)Tll//). (2.38)

In another situation, the state |¢) moves backward in time 6t first and then acts

the time reversal operator on it, which is given by,
H
T(l ; i%m)w/). (2.39)

By equating Eq and Eq[2.39, we have,

(1 _ i%ét)ﬂw _ T(l ; i%ét)ll//) (2.40)

which yields,
—iHt = TiH. (2.41)

Now, if we assume 7 is a linear and unitary operator, then the relation in Eq
suggests,

Ht = —-7H. (2.42)

This result implies that for our given state [i/) and corresponding energy E,
the time-reversal partner 7|y) would be a state corresponding to an energy —E,
which is absurd. Hence, it can be concluded that 7 is an anti-linear and anti-

unitary operator, which also suggests,
[t,H] =0 (2.43)

or

tHt ' = H. (2.44)
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Particle-hole symmetry

In particle-hole symmetry (PHS) operation, the operator () changes the sign of
both energy and momentum. PHS operator is also an anti-unitary operator. As

a consequence, the Hamiltonian is invariant under the PHS if it follows
PHRYP™! = —H(-K). (2.45)

Hence, it satisfies an anti-commutation relation. PHS signifies that, if the eigen-
state and the eigenvalue of the Hamiltonian H (l?) at momentum I?, are given by

¥ and E, respectively. Then we have,
HOPY = -PH(K)P = —EPy. (2.46)

Hence, the result implies that Py is also an eigenstate of the Hamiltonian cor-
responding to opposite energy and momentum. In general, this symmetry is

inherent in superconductors.

Chiral symmetry

In the chiral symmetry (CS) operation, the operator (C) changes the sign of en-
ergy only while the momentum remains unchanged. Unlike the time-reversal
and particle-hole symmetry, C is a unitary operator. The Hamiltonian is invari-
ant under CS if it follows,

CH&)C™' = —H(K). (2.47)

Hence, it satisfies an anti-commutation like PHS. Subsequently, it implies that,
if y and FE are the eigenstate and the eigenvalue of a Hamiltonian at momentum
(), then Cy will also be an eigenstate of the Hamiltonian corresponding to an

energy —E.
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Classification of Topological insulator /Topological superconductors

SYMMETRY DIMENSION
CLASSES TRS PHS CS D=1 D=2 D=3
Standard A (uni- 0 0 O 0O zZ 0
tary)
Al (or- +1 0 O 0 O 0
thogonal)
All (sym- -1 0 O 0 Z 7
plectic)
Chiral Alll 0 0 +1 Z 0 Z
(chiral
unitary)
BDI (chi- +1 +1 +1 Z 0 0
ral orthog-
onal)
CII (chiral -1 -1 +1 Z 0 7
symplec-
tic)
BdG D (p- 0 +1 0 Z Z 0
wave)
C (d- 0 -1 0 0O Z O
wave)
DIII (p- -1 +1  +1 4, 7 VA
wave TRS
SC)
CI (d- +1 -1 +1 0O 0 Z
wave TRS
SC)

Table 2.1: Topological classification table is present here.
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2.4.2 Classification of Topological Phases of Matter

Depending on the above-discussed fundamental discrete symmetries, various
topological phases of Hamiltonians can be classified. Generally, there are ten
combinations possible by these 3 symmetries where each of the combinations
implies a symmetry class. This classification scheme is known as the tenfold
way, which is shown in Table. A symmetry class satisfied by a topological
phase is termed as non-trivial. On the other hand, in the absence of any topo-
logical phase, the symmetry class is known as trivial. There are five non-trivial
and five trivial symmetry classes exist in the Table. In addition, non-trivial sym-
metry classes are labeled by Z or Z,, known as the topological invariant. A
topological invariant characterizes distinct topological phases. For example, Z,
invariant can have two values, such as, 1 and 0, corresponding to non-trivial
and trivial phases, respectively. In addition, Z invariant can have any integer
values which are corresponding to the non-trivial phase, while 0 denotes the

trivial phase.

Finally, the classification of topological phases can be extended by including
spatial symmetries, such as, translational or rotational symmetries. The exten-
sion of these symmetries results in a more involved table, which we skip dis-

cussing here.

In this thesis, we shall focus on the SSH and Kitaev chain models as examples
of topological insulators and topological superconductors (in a restricted sense).

Therefore, we shall discuss these two models in the following.
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2.4.3 Topological band theory

Before moving forward, we start our discussion on topological classification of
insulators. Following the band theory of solids, an insulator can be charac-
terized by an energy gap between the ground state and excited states. It has
been discussed that, the Hamiltonians corresponding to topologically equiva-
lent insulators under a adiabatic transformation of parameters does not close
the energy gap. While, topologically nonequivalent insulators suffer a phase
transition through a gap closing point. Therefore, topological band theory aims
to classify topologically distinct Hamiltonians. In addition, it characterizes the
gapless states, which also contribute to the understanding of topological prop-

erties. Further, Berry phase is also a key concept in the topological band theory.

In crystalline materials, the electronic wave function is defined by the Bloch’s

theorem, which is given by,
W) = Fu(P). (2.48)

The amplitude function uy(7) is periodic with the periodicity of the underlying
lattice, that is,

u(7 + R) = uy(P (2.49)

where k denotes the crystal momentum, which lies in the Brillouin zone
(BZ) [129]. This BZ acts as a surface over which the integral of the Gaussian
curvature is taken. To understand the analogue of the '(Gaussian) curvature’ for

a quantum system, we need to explore Berry phase and Berry connection [130].
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Berry phase

Consider, a physical system corresponding to a Hamiltonian H(S) where § is
a parameter. The solutions of the time-independent Schrédinger equation is
given by,

H(S)n(S)) = ELS)in(S)) (2.50)

where states [n(S)) are normalized. Suppose, the initial state of the system is
given by (S (¢ = 0))). Now, if we vary the parameter Y slowly along a path C,
how do the state varies? According to the adiabatic theorem, if we slowly vary
the Hamiltonian, in that case, the system initially in the nth eigenstate, will reach
at nth instantaneous eigenstate of H (S(?) at later time ¢. Thus, the system will

start to evolve from [1n(S (0))) to [n(S(1))). At time ¢, the evolved state is given by,

() = e V(S (1))). (2.51)

Following Schrédinger equation, we can write

d
HE @) lp() = =1 (2.52)
Thus,
E.S@)In(S (1)) = h(iem)m@ ) + i LinS ) (2.53)
" dt dt ’ '
Now, multiplying both sides with (S ()|, we find,
E,(5(0)) - if(n(S (t))I%In@ (1)) = h(%em). (2.54)
Subsequently,
1 [ ! d
o) =+ f ES))dt —i f (n(§ (r’))wln(s,‘* (t)))dr (2.55)
0 0

where the first term represents the familiar dynamical phase corresponding to

the time evolution of the Hamiltonian. The second term is known as the Berry
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Figure 2.5: A schematic diagram of polyacetylene is shown here.

phase or the geometric phase. It is irreducible, unlike the dynamical phase. The

Berry phase is given by,

5 d
. f SOV W s (2.56)
0

Hence, the Berry connection or the Berry vector potential can be written as,

’ gp—
yu=i [ SIS G 257)
s
=i f (n(S$HIVgln(Sy.dS (2.58)
So
St
. f A(S).dS (2559)
So
where
£,(8) = in(S)IVgln(S) (2.60)
Further, the Berry curvature can be computed via,
F =VxA, (2.61)

We are interested in 1D quantum system for which the above discussion leaves
loose ends which will be stitched later when we discuss the topological invari-

ant, namely, the winding number.

TH-3097 176121109 56



B B B B B

Figure 2.6: A schematic diagram of the SSH model comprising of two sub-
lattices A and B in a unit cell. The intra-cell and the inter-cell
hoping strengths are given by ¢, and t,, respectively. Dimeriza-
tion strength is denoted by ¢ = 1,/1,.

2.5 Topological insulator: SSH model

2.5.1 Model

The simplest example of a one-dimensional topological insulator is the Su-
Shriffer-Hegger (SSH) model [108]. In 1979, this model was introduced to study
an organic molecule, “polyacetylene”. The molecule comprising of a chain of
carbon atoms, which is shown in Fig. It is observed that, due to Peierls’s
instability, consecutive carbon atoms are connected by strong and weak bonds.
Thus, the tunneling strength alters between them, resulting in two carbon atoms
in a unit cell. In the tight-binding limit, the Hamiltonian of the model, which is

shown in Fig. given by,

2

-1

N
- Z( sena )+ 0 Y (6, 40n + e (2.62)

n

Il
—_

where the unit cell index is represented by n withn = 1, 2, . . ,N. In each
unit cell, there are two sublattices, which are labeled as A and B, respectively.
Thus the length of the system is denoted as L = 2N. 6,'1 4 (Caa) and 6;‘;,3 (¢n.B)

are the creation (annihilation) operators of an electron at site (n,A) and (n, B),
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respectively. The intra-cell hopping strength between two sublattices within a
unit cell is given by #,. Subsequently, the inter-cell hopping strength between
two sublattices from consecutive unit cells is given by #,. ¢ = ,/t, denotes the
dimerization strength, which acts as a dimensionless variable to tune the bond

strength of the model.

Our aim is to incorporate QP potential in this dimer model and subsequently,
study the interplay of dimerization and potential. We shall report our observa-

tions in chapter 4 and 5.

2.5.2 Bulk properties

Under the periodic boundary condition, the Hamiltonian Eq. can be diago-

nalized using the Fourier transformations are given by,

PN ikn A
ChA = —= € CkA (263)
VL4
bop = —— > ey p. (2.64)
g3 ﬁ k )

where the lattice constant is taken to be unity. Note that k is a scalar here. Now,

substituting Eq. and Eq. in the real-space Hamiltonian Eq. we get,

H= Z &l Harar (k)i (2.65)

k
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Figure 2.7: Here, we show the dispersion relation corresponding to vari-
ous values of the inter-cell hopping strength (1,). In this calcu-
lation, the intra-cell hopping strength (z,) is taken as #; = 1.0.

where H,, ., (k) is the bulk-Hamiltonian corresponding to the expression written

as,

0 1 ¥ he ™
Ho, ar (k) = (2.66)
hH+ fgeik 0
=(t) + t cos(k))o, + t, sin(k)oy, (2.67)
=d(k).¢ (2.68)

where k lies within the first BZ, that is, -7 < k < 7 and & = (0, 0y, 0,) denotes

the Pauli matrices.

Therefore, the components of the vector d(k) are given by,

d, =t + t,cos(k) (2.69)
d, = t, sin(k) (2.70)
d, = 0. (2.71)
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Figure 2.8: Here we have shown the magnitude of the d(k) vector for trivial
and topological cases. The trajectories of the tip of the vector
d(k) (k belongs to the first BZ) are shown in the d, — d, plane
corresponding to the conditions, which are (a) #, > #, (trivial),
(b) 1 = 1, (gap closing point), and (c) #; < 1, (topological).

The eigenstates of the bulk-Hamiltonian are given by

-

E(k) = +d(k) = + \/(rf + 2 + 2111, cos(k)) (2.72)

which yields the dispersion relation corresponding to various values of t,) in
Fig while #; = 1. Here, the results indicate a flat band corresponding to
t, = 0. Moreover, an energy gap (Essu) between the filled (lower) and empty
(upper) bands corresponding to #; # , (i.e., for , = 0.5 and 1.5) and k = +n, is
given by,

Essu = It — 1. (2.73)

Therefore, it is depicted that, both the conditions for #, < #; and t, > #, are im-
plying a band gap with an insulating nature. However, we shall see later that,
the first case corresponding to #, > t, satisfies a trivial, while the other one with
t < 1, is topological in nature. Subsequently, these insulating phases can be dis-
tinguished depending on the topological invariant, which is the bulk winding
number. Finally, the band gap vanishes at a point ¢, = #,, demonstrating the con-
ducting nature of the model. Further, we study the properties of the vector d(k)
in the d, — d, plane within the BZ in Fig.[2.8|(a-c). In general, the tip of the vector

I(k) traces out in a closed circle, which is represented by the radius 7, and center
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Figure 2.9: We show a schematic diagram of the trivial phase in (a) and the
topological phase in (b) corresponding to no isolated site and
one isolated site per edge, respectively.
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Figure 2.10: The energy spectrum E is plotted as a function of 6. The color
bar represents the IPR values corresponding to each of the
eigenstates.

point (¢,,0). Consequently, the bulk winding number denotes the total num-
ber of times the vector cf(k) winds the origin. Therefore, the dispersion relation
in addition to d(k) vector performs the computation of the winding number.
As a result, gapped insulating phases corresponding to #; > t, and #; < 1, are

distinguished by trivial and topological nature, respectively. Mathematically,
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Figure 2.11: Probability distributions of the eigenstates as a function of site
index is shown for zero energy in (a) and non-zero energy in
(b). The system size is taken as L = 300.

winding number can be computed via,

f dk—log(h(k)) (2.74)

where h(k) = t; + e *. Hence, v = 0 or 1 signify the trivial and topological

phases, respectively.

2.5.3 Finite-size properties

Now we are interested in studying the SSH model with a finite length, which
provides another way of understanding the topological properties. Thus, we
consider open boundary conditions for the analysis. To begin with, we shall dis-

cuss two limiting cases (also known as fully dimerized limit), which are given

by

¢ Case I: when 1, # 0 but 7, = 0 (trivial)

* Case II: when #; = 0 but #, # 0 (topological).
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Here, we present these fully dimerized conditions of the SSH model in Fig.
corresponding to both cases (I and II). In the first case [see Fig. (a)], it is ob-
served that, the entire chain breaks into N number of disconnected dimers. On
the other hand, in the second case [see Fig. (b)], there is N — 1 number of
dimers, in addition to two single sites at both ends of the chain. Since no poten-
tial energy is associated with the Hanimtonian, thus these two sites carry zero
energy. Therefore, we can infer that, zero-energy modes are present when the
intra-cell hopping is absent in this model. Further, examining what will happen
at the intermediate values or away from the extreme limits is essential. To do
that, we calculate the energy eigenvalues of the Hamiltonian corresponding to
the dimerization strength 6. Fig shows the energy spectrum as a function
of 6 where the color bar represents the IPR (see Eq. values corresponding
to each eigenstate. The observation shows that the system hosts a bulk gap for
d < 1. Subsequently, all the bulk states (non-zero energy states) are extended in
nature (IPR ~ 1/L). On the other hand, by increasing the dimerization strength J,
zero modes appear in the spectrum. Further, we study these zero-energy states
intuitively, we plot the probability distribution of the eigenstates corresponding
to these zero and non-zero-modes [Fig (a,b)] demonstrates a completely
localized at the boundaries and extended throughout the lattice, respectively.
Thus, the zero energy edge modes localized at the system boundaries character-
ize the topological properties of the model. Consequently, topological difference
is understandable through these zero energy edge modes, implying a topologi-

cal phase transition occurring at 6 = 1.

Finally, we infer that the topological properties of the SSH model can be
characterized by the bulk winding number and the localized zero edge modes.

The connection between these two refers to the bulk-boundary correspondence,
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well known in the literature. The bulk-boundary correspondence identifies as
one of the crucial features of topological insulators. According to this theory, the
topological invariants corresponding to the bulk properties can be characterized

by the edge modes at the boundaries of the system.

2.6 Topological superconductor: Kitaev chain

Kitaev chain is a paradigmatic model to study a one-dimensional spinless p-
wave superconductor [113]. The tight-binding Hamiltonian of the system is
given by,

. 1
F AF A At oA - At At At A
H=-t ;(cjcjﬂ + cj+]cj) + A(CjCj1 + cj+lcj) —u Zi:(cjcj - 5) (2.75)

where ¢t denotes the nearest-neighbor hopping strength. 6;(6.,-) represents the
fermionic creation(annihilation) operators at site j. The onsite chemical poten-
tial is given by u. The p-wave superconductor correlation is denoted by A. We

choose r = 1 and A to be a real parameter.

In chapter 6, we shall add QP potential in this model. Subsequently, we
shall report our finding in the context of localization properties and topological
features of this model.

2.6.1 Bulk properties

Since the system is translationally invariant, thus we can apply the Fourier

transformation to diagonalize the Hamiltonian in the momentum basis. Thus,
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Figure 2.12: Dispersion relation is shown corresponding to different val-
ues of chemical potential . In this calculation, we have taken

tr=A=1.

we introduce a particle/hole or Nambu spinor, which is given by,

vl = (e,
where

& = § e *ig;

J

and k lies in the first BZ. Accordingly, the Hamiltonian can be written as,

1
H= 3 ; WIH (kg

corresponding to 2 x 2 BAG Hamiltonian H(k), can be written as,

—2tcos(k) — u —2iA sin(k)
H(k) =

2iA sin(k) 2tcos(k) +
The energy eigenvalues of the Hamiltonian is given by,

1/2
E.(k) = +|(2t cos(k) + p)* + 4A? sin®(k)
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Figure 2.13: Topological phase diagram is shown in the A/t — u/t plane.

In Fig. we show the dispersion relation corresponding to various values
of the chemical potential (u), namely, 4 = 0.0, 1.0, 2.0, and 3.0 in unit of the
hopping t. In this calculation, we have chosen ¢ = A = 1. It is illustrated that, the
energy gap Exiwer = E+ — E_ depends on momentum k. In addition to that, the
system becomes gapless at u = 2. In the first BZ, the gap closing point occurs at

k= +m.

2.6.2 Topological phase diagram

The BdG Hamiltonian [Eq. 2.79] by construction respects the PHS. Conse-
quently, for each eigenstate |) corresponding to an energy +E, there has to be
another eigenstate #|i) corresponding to energy —E. In addition to that, time-

reversal symmetry is present, which is given by 7 = IK. The product of the
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Figure 2.14: Schematic presentations of coupling between Majorana
fermions are shown here. The topologically trivial case is
presented in (a), while the topologically non-trivial cases are
shown in (b) and (c), possessing isolated Majorana fermions
are the boundaries. A general pictorial representation com-
prising all the couplings is shown in (d).

above symmetries yields the chiral symmetry, which is given by C = 7. Thus,
the Kitaev chain belongs to the BDI symmetry class allowing the winding num-

ber as the topological invariant. Hence, the winding number is given by,

1 T
V= — f ow(k)dk (2.81)
2 J_,

where w(k) = arg [2A sin(k) + i(2t cos(k) + p)]. The topological phase is character-
ized by v = 1, while it is 0 corresponding to the trivial phase. Finally, we in
Fig. we show the phase diagram in the A/t — u/t plane. It is depicted that
the topological phase emerges corresponding to |u/f] < 2 for A # 0. A phase

transition from the topological to the trivial phase occurs at u/t = +2.
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2.6.3 Majorana zero modes

Topological phases are also distinguished by the presence of Majorana zero
modes (MZMs). Any Dirac fermion can be written in terms of Majorana

termions, which are given by,
1 .
¢j = ~5:(; = ig)) (2.82)

ch= %( fi+ig)). (2.83)

Similarly, each of the Majorana fermions can be written in terms of the Dirac
fermions, given by,

fi=iCct—c)) (2.84)

g =(ch+¢)) (2.85)

By substituting Eq. and Eq. in the Hamiltonian [Eq. 2.75]], we will get

the Hamiltonian in the Majorana basis. The nearest-neighbor hopping terms of

the Hamiltonian Eq.[2.75] can be transformed as,

clesr = <——>< )(f, ig))(f; — ig))

(2.86)
Z[fjfjﬂ —ifigje1 +igfjv1 + 8;8j+1]
and
T — (F
= Z[fj+1fj +igjfi —ifjn&) + 818,
Thus, we get,
+ it
—t(c;cjvr + C;HC]') = _E[gjfjﬂ = figj1l- (2.88)
The superconducting correlation terms are transformed as,
1 1 . .
CiCjy1 = (_2_i)(_2_i)(fj - lgj)(fj+1 - lgj+1)
(2.89)

1 ) )
= _Z[fjfjﬂ —ifigjv1 —igifis1 — &i&j+1]
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and

Foog

Cin1€; = (cjcjsn)

1 (2.90)
= _Z[fjﬂfj +iginfi+tifis18 — &j+18/]

which yields,

Ai
Alejeji + e = —Lfigjn + 8fuil- (2.91)

J+17j
In addition, the onsite term can be written as,

’ 1.1 _ _
¢jej = (=) +ig)(f; = ig;) oo
1 .

= 5[1 + lgjfj]

Finally, the Hamiltonian, in terms of Majorana fermions, is written as,

1
t i P i
H = _[Z(chjH + cj+1cj) + Alcjcjer + cj+lcj) —uzi:(cjcj — 5) (2.93)

= %Z[(t+ A)figi + (t = A fing; + ufig;l.

Now we discuss two special cases in the following.

* Topologically trivial case (A = =0and x < 0)
In this case, the Hamiltonian becomes,
Iy
H=-% Zjl gif; (2.94)

which can be seen in Fig. (a). Here, all the Majorana fermions at the

same site are connected pairwise, resulting in no isolated at the edges.
¢ Topologically non-trivial case (A =7 > 0 and u = 0)

In this case, the Hamiltonian becomes,

H= itZ Figin (2.95)
J
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Figure 2.15: (a) Energy spectrum is plotted as a function of chemical po-
tential 1 corresponding to r = A = 1. (b) The probability dis-
tribution of the zero-energy mode as a function of site index
J is shown. In this calculation, the system length is taken as
L =100.

subsequently, the Majorana fermions coupled in a fashion which are
shown in Fig. (b-c) It is observed that by the combination of the hop-
ping strength (¢) and superconducting pairing term (A), a Dirac fermion
split into two Majorana components which can be found at each end of the
chain. These two Majorana modes do not appear in the Hamiltonian be-
cause of their zero energy. As a result, these zero-energy Majorana modes
are robust against perturbation. This situation exists up to a parameter
range |u| < 2t. Beyond this limit, the edge modes gain energy and hy-
bridize with the bulk band.

2.6.4 Finite-size properties

Here, we study the real-space properties of the Kitaev chain. In order to do

that, we solve the Hamiltonian under the open boundary condition. Fig. (a)
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shows the energy spectrum as a function of x corresponding to r = A = 1. We ob-
serve a phase transition from topologically non-trivial to trivial phase through a
gap closing point at u = 2. The topological(trivial) phase is characterized by the
presence(absence) of the zero-energy states. Further, we also plot the probabil-
ity distribution of the zero-energy states as a function of site index () in Fig.
(b) corresponding to two distinct points of u = 0.5 and 2.5, which belong to the
topologically non-trivial and trivial phases, respectively. We observe a local-
ized behavior by the zero-energy states, while the bulk state shows an extended

nature.

2.6.5 Real-space winding number

Until now, our understanding has been based on the system without any ex-
ternal potential. However, in presence of a potential the scenario would be dif-
ferent. it is well established that the system remains topologically non-trivial
for weaker potential strength as long as the relevant symmetries protecting the
topology remain unbroken. However, a strong potential strength undergoes a
phase transition from a non-trivial to a trivial phase. Since any disorder breaks
the translational symmetry of the a Hamiltonian, we shall use the real-space
winding number as the topological invariant [131}132]. The real-space winding
number is defined as,

y = %Tr(FQ[Q, X]) (2.96)

where I and X are the chiral symmetry and the position operator, respectively.

The operator, O can be calculated as,

L
Q= > (NG 177D (2.97)

J=1
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where |j/) = T™!|j) and |y denotes the eigenstates of the Hamiltonian. T'r repre-
sents the trace of the sites with the given length L’ = £, where L represents the

system length.

2.7 Bose-Hubbard model

In an effect to study the critical properties for an interacting system, we have
explored the physics of the Bose-Hubbard model in presence of a QP potential

using mean-field theory.

In 1963, the Hubbard model was first introduced by J. Hubbard, describing
the electronic configuration in strongly correlated systems [133]. Consequently,
this model was invented to study the fermionic system. Later, in 1989, the idea
got extended to the bosonic systems by Fisher et al., yielding the Bose-Hubbard
model (BHM) [134]. In 1998, Jaksh et al. proposed an experiment using the
ultracold bosonic atoms in optical lattices, which was realized by M. Greiner et

al. in 2002 [135].

The Bose-Hubbard model Hamiltonian can be written as [135],
H=-t) blb;+ % Doagag =D+ > (=g (2.98)
<i,j> J J
where ¢ denotes the nearest-neighbor hopping strength. lA)j (b ;) represents the
bosonic creation (annihilation) operator and 71; = lA);l; ; is the number operator at
site j which follows the usual bosonic relation (b i» 13;] = ¢0;j. The onsite interac-
tion potential strength is given by U,. u and g; represent the chemical potential

that maintains the particle number and onsite external potential, respectively.

Since this model has been well studied through the years, an extensive study
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of this topic has been reported in the literature. Here we only present concise
known results in the context of the properties of the BHM, which are relevant to

our study in the chapter. 7.

2.7.1 Phases of the BHM

In this discussion, we ignore the third term of the Hamiltonian for simplifica-
tion. Thus, the Hamiltonian becomes,
rip Uoxo o s
H:—;Zbibj+72n,-(nj—1). (2.99)
<i,]> J
Depending on the system parameters, such as, hopping strength (), on-site in-
teraction potential strength (Uy) and the occupation density p = ¥ (where N

and L represent the number of atoms and lattice sites), there are several phases

emerge in the system. Lets now explore them in the following.

e The perfect superfluid limit (% — 0)

In this limit the kinetic energy is excessively larger than the interaction
potential strength, that is  >> U,. As a result, the atoms are tending to
extend throughout the entire lattice, hence called the superfluid phase.
All the atoms occupy the superfluid ground state corresponding to zero
momentum (k = 0), which is given by [136],
L N
Wse e (51 10) (2:100)
j=1

average density of bosons is a fraction for the superfluid case.

¢ The perfect Mott insulator limit (2 — )
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Figure 2.16: A phase diagram of a homogeneous BHM is shown here. The
lobe shapes from the phase diagram represent the MI phase,
while the rest belong to the SF phase. The vertical line indi-
cates the critical transition points. The figure is taken from
Ref. [8].

In this limit, the onsite interaction potential strength (U;) dominates over
the hopping strength (), that is, t << Ujy. As a results, the atoms are lo-
calized at the lattice sites, hence called Mott insulating phase. The many-
body ground state can be written as [136],
L n
Wy e ([ ]5]) 10y (2.101)
=1

J
where n; denotes the number of atoms in each lattice site j, which is as

integer here.
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2.7.2 Phase diagram

In Fig. we show the phase diagram in the parameter space p/U, — zt/Uy
plane. z denotes the coordination number which depends on the system di-
mension d via z = 2d. Here, we observe the MI phase with a lobe shape cor-
responding to an integer occupation densities per site, thatis, p = 1, 2, ... It
is illustrated that, at t = 0, the energy gap (E,) in the particle-hole excitation
spectrum is equal to the onsite interaction strength U,. With increasing the hop-
ping strength, the MI phase remains constant until the critical hopping strength
1e = z2t./Up. Further, increasing the hopping strength beyond the 7., the system
exhibits a phase transition to the SF phase. In the SF phase occupation density
does not remain integer due to the extended nature of the atoms. Following
the mean-field approximation, the boundary between SF and MI phases can be

analytically calculated, which is given by [137],

t 1 =p+u/Uy)p—-p/U,)
— == . 2.102
Up =z (I +u/Uy) ( )

We induce a QP potential in the Hamiltonian given in Eq. and study the

resulting phase diagram in chapter.7.
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CHAPTER 3
PROPERTIES OF A TIGHT BINDING CHAIN IN PRESENCE OF ONSITE
AND HOPPING QUASIPERIODIC POTENTIAL

In this chapter, our motivation is twofold. It has been realized that, quan-
tum systems with a quasiperiodically modulated hopping/off-diagonal term
or an onsite potential, or both of them exhibit distinct physical characteristics
[59,167, 66]. Thus, it will be interesting to explore them one by one. In addition,
in the last chapter, we have studied the formalism of the critical state analysis
in sec. Before applying it to more complicated systems, we aim to em-
ploy that formalism for the pure AA model (onsite QP modulation) [18], and
its generalized version (off-diagonal and onsite, both being quasiperiodically
modulated). In the first part, we shall apply the critical state analysis on the
pure AA model, and hence computing the critical potential strength and the
corresponding critical exponents. At the end, we shall comment on the univer-
sality class based on the data collapse plot and establish a scaling law between
these critical exponents. In the second part, we shall modulate the hopping
strength quasiperiodically on a one-dimensional tight-binding chain together
with an onsite quasiperiodic term. Such a model will allow us to compare the
results for the pure AA model. We shall obtain the phase diagram, fractal di-
mension, and finite-size scaling analysis, and conclude our results at the end of

the chapter.
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Figure 3.1: (a)The order parameter o, corresponding to various system
sizes are plotted. In this calculation, the system sizes are taken
as L = 610, 987, 1597, 2584, 4181. (b) The two system sizes
variable R[L, L'] in the vicinity of the critical point A, is shown
corresponding to sets of [L, L'], which are written in the legend
of the figure.

3.1 Critical-state analysis of the pure AA model

The Hamiltonian of the AA model in presence of onsite QP potential is shown in
Eq. to be self contained, we write it again here. The pure AA Hamiltonian
is given by,

L L
H= tZ(cLlcj +hc)+ A Z cos(2nBj + Q)C;F.Cj. (3.1)

J=1 Jj=1

It is known that the Hamiltonian undergoes a phase transition from a com-
pletely extended phase to a localized phase through a critical transition point
A, = 2t [138,[18]. Here, in our calculation, without any loss of generality we
set t = 1. Using the critical state analysis, discussed in the second chapter
(sec.[2.3.3), we can validate the phase transition scenario, and the critical point
of the AA model [18].

Here, we start our discussion by calculating NPR values corresponding to

each of the eigenstates for the Hamiltonian written in Eq. These computed
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NPR values yield the order parameter, which we denote by . In the calcula-
tion of o, we take an average value of the NPR over all the eigenstates corre-
sponding to the AA Hamiltonian. We want to observe how the order parameter
behaves under the influence of the onsite QP potential present in the system.
Thus, we plot o for different lengths, that is, o, as a function of 1 in Fig. (@)
corresponding to various system sizes, namely L = 610, 987, 1597, 2584, 4181.
There is a subtle point that deserves special mention here. The sizes chosen are
all members of the Fibonacci sequence, and the ratio of two successive number

obey a golden ratio, such as, 8 = (V5 — 1)/2.

We notice that the response of o as a function of A is significantly different
while approaching towards the critical point from above or below the critical

potential strength (1.). Subsequently, o, becomes system size independent for

L
VL

is phase separation occurs around A = 2. Further, this observation leads us

A < A., while it scales as corresponding to 4 > A.. Thus, it is clear that there
to compute the two system sizes variable, namely R[L, L] in the vicinity of A..
Hence, in Fig. 3.1/ (b) we plot R[L, L'] as a function of A corresponding to several
sets of L and L'], which is shown in the legend of the figure. It is observed that,
curves corresponding to distinct L and L’ cross each other at a specific point. The
abscissa and the ordinate of the crossing point supply information of the critical
transition point (1.) and the critical exponents or a ratio of two of them namely,
(y/v) , respectively. Subsequently, the crossing point from our calculation yields

A. ~2.00 and y/v ~ 0.55.

Moreover, the correlation length exponent (v) can be computed using the
data collapse method. Here, we plot o'iLl‘% versus |e|L' (see Eq. i corre-

sponding to several system sizes, L = 2584, 4181, 6765, and 10946 which again

TH-3097 176121109 78



5 .
J] > L = 2584
cqjocq Ae = 2.00 = 0.0001 oL — 4181

N T
L v== ' o L = 10946
T3 |
9
C\lbq2'
b

1_

0 ey OF 0)101} 9)n

-50 0 50

Figure 3.2: A data collapse with the o7 data in the vicinity of the transi-
tion point corresponding to various system sizes are shown
here. In this calculation the system sizes are taken as L =
2584, 4181, 6765, and 10946.

are members of the Fibonnacci family in Fig. We expect that, corresponding
to the correct values of the critical transition point (1.) and the critical expo-
nents, all the data curves will collapse onto each other, yielding a single uni-
versal curve. Therefore, this plot satisfies the scaling hypothesis by following
Eq. where G(¢L'"”) denotes the single curve. In our analysis, we observe a
nice data collapse by yielding 1. = 2.00+0.0001, v = 1.00+0.02, and y = 0.54+0.02.
Therefore, the calculated critical transition point by the method we used here
exactly matches with the known results available in the literature. In addition
to that, the choices that satisfy the data collapse method can also be checked
from the plot Fig.3.1|(b). Furthermore, we can validate all the computed critical

exponents, which satisfy a hyper-scaling relation [103], given by,

2
—ﬁ+Z:1.

(3.2)
4 4

The order parameter o, and participation ratio PR;=1/IPR,, scales with L via
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Figure 3.3: Here we calculate the exponent ratio, y/v and g/v by plot-
ting In(o,) and In(PR;) as a function of In(L) in (a) and (b),
respectively. In this calculation the system sizes are taken as
L = 1597, 2584, 4181, 6765, and 10946.

the relations given by,

oL ~LP" ; PR~ L (3.3)

which are obtained from Eq. Thus, the log-log plots of the observables (o,
and PR, ) with the system sizes, L result in a linear straight line corresponding to
slopes, B/v and y/v, respectively. Thus, we plot In(c;) and In(PR;) as a function
of In(L) for different sizes L = 1597, 2584, 4181, 6765, and 10946 in Fig.
The critical exponents obtained from these plots are given by g/v = 0.226 and
v/v = 0.54. Therefore, using the value of 8/v and y/v, we can clearly satisfy the
hyper-scaling relation in Eq.|[3.2|at A, = 2.00.

Finally, we calculate the fractal dimension (D,) [see Eq. for definition]
corresponding to all the eigenstates as a function of A in Fig. (a). A sharp
localization transition is observed at A = 2 where the values of D, turn out to be
fractions. As expected, the result also matches with the ratio of critical exponent
y/v = 0.54 from the above calculation, which is an average study over all the
eigenstates. Thus, we can conclude that all the eigenstates are multifractal in

nature at the transition point. In order to understand this scenario intuitively,
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Figure 3.4: (a) The fractal dimension (D,) is shown for all the eigenstates
as a function of the potential strength A. (b) The probability
distribution of the ground state as a function of site index ()
corresponding to A = 2 is shown. In this calculation, the system
size is taken as L = 610.

we plot the probability distribution of the ground state as a function of site index
(/) for the system size L = 610 in Fig. 3.4{(b). We clearly observe a fractal nature

of the eigenstate.

3.2 Generalized AA model: case of modulated hopping

In this section, we wish to extend our study by exploring a more generalized
version of the pure AA model. We chose a one-dimensional chain in presence
of onsite QP potential, which is already known as the AA model. Moreover,
we include a quasiperiodically modulated hopping in addition to the uniform
nearest-neighbor hopping strength. In the tight-binding limit, the Hamiltonian
of the system is given by [139],

H= Z(r + V) @85+ he) + Z cos(2Bj) &1¢; (3.4)

J J
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Figure 3.5: (a) The phase diagram is shown via average of fractal dimeni-

son (D) as function of A; and A,. In this calculation, the system
size we consider is L = 4181.

where ¢ denotes the nearest neighbor uniform hopping strength. Following the
AA model, the onsite potential varies quasiperiodically, corresponding to po-
tential strength A,. Further, we incorporate an inhomogeneity in the hopping

strength via cosine modulations, which is given by,
Vi = 4, cos(2nB)). (3.5)

where A, represents the QP modulation strength of the hopping term. 6;(6 ;) is
the creation(annihilation) operator at the site j. The periodicity of both mod-
ulations (hopping and onsite QP potentials) are denoted by 1/8. As usual,
we choose $ to be an irrational number, in particular a golden value, which

isf = % Here, all the energies are taken as a unit of ¢, thatis, 7 = 1.
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3.2.1 Phase diagram

Now, we intend to understand how the localization properties are affected un-
der the competition between 1, and A,. In order to do that, we start our analysis
by calculating the fractal dimension (D) [see Eq. corresponding to all the
eigenstates of the Hamiltonian. In Fig. we plot a phase diagram from the
information obtained via the average value of D, ({(D,)) over all the eigenstates
as a function of A, and A,. Different phases, such as extended, localized, and
critical phases, are separated by a color bar. Specifically, red (blue) in the color
bar denotes the extended (localized) phase, while the intermediate color rep-
resents a critical phase comprising of eigenstates that are critical in nature. By
recalling the known results corresponding to 4; = 0, the Hamiltonian can be
mapped onto the pure AA model Hamiltonian [[18]]. Consequently, a complete
localization transition occurs at 4, = 2 from a completely extended phase to a

localized phase.

On the other limit, corresponding to 4, = 0 the system undergoes a phase
transition from an extended to a critical/multifractal phase at 4, = 1. Thus, a
conventional localization transition is absent in this scenario. In order to under-
stand the nature of the eigenstates that belong to the critical phase needs more
attention. We shall explore them in the following paragraph. Further, the local-
ization transition is observed with increasing the value of 4, till 4; < 1. Beyond
this limit of 1;, the system suffers a complete localization for any strength of the

onsite QP potential strength.
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Figure 3.6: (a) We show the (D,) as function of A, corresponding to various
values of ;. For the finite-size scaling analysis, we choose the
system sizes, which are L = 6765, 4181, 2584, 1597,and 987.

3.2.2 Finite-size scaling analysis

Next, a finite-size analysis is required for a concrete understanding of the
phase transitions, that are clearly observed in the phase diagram. Thus, we
plot D, averaged over all the eigenstates as a function of the onsite potential
strength A, for various values of 4, = 0.0, 0.5, 1.0 in Fig. In this calcula-
tion, the fractal dimension is calculated by choosing the system sizes, such as,
L = 6765, 4181, 2584, 1597,and 987. We observe that, (D,) varies from 1 to 0
by changing 1, corresponding to 4; = 0. Also, it is interesting to check that,
at 1, = 2, the value of (D,) is 0.5, which we have found in the pure AA case.
Furthermore, we observe the onset of localization transitions starts early corre-

sponding to 4; = 0.5 and 1.0 compare to the pure AA condition, that is 4, = 0.0,
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Figure 3.7: Here, we plot D, as a function of 1, and eigenstate indices in
(a) corresponding to 4, = 0.0. The system size for this cal-
culation is taken as L = 987. Next, in (b) we show the (D,)
as function of A; corresponding to 4, = 0.0. For the finite-
size scaling analysis, we choose the system sizes, which are
L = 6765, 4181, 2584, 1597,and 987.

Now we only focus on the off-diagonal part of the Hamiltonian. Thus, we
plot the fractal dimension D, for all the eigenstates as a function of 4; corre-
sponding to A, = 0.0 in Fig.[3.7](a). All the eigenstates exhibit a phase transition
from an extended to a multifractal states at 1, ~ 1, resulting in an absence of
a mobility edge. In Fig.[3.7] (b), we also plot the (D) as a function of 1, corre-
sponding to 4, = 0.0. It clearly reveals that, beyond 1, ~ 1, the eigenstates are

multifractal in nature, yielding fractional value of (D).

3.3 Conclusions

We consider a one-dimensional non-interacting chain in presence of QP poten-

tial, which is studied by the pure AA model. In addition, we choose a gen-
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eralized version of the AA model by modulating the hopping term quasiperi-
odically in addition to its uniform nearest-neighbor strength. In the pure AA
model, a metal-insulator phase transition under the competition between the
kinetic and potential energy is well established. As an exercise, using the criti-
cal state analysis, we have computed the critical transition point, which exactly
matches with the known result (1 = 2¢). Moreover, we have calculated the crit-
ical exponents and established the scaling law between them. Also, we have
added the QP modulation hopping term in this model. By computing the frac-
tal dimension, we have found that the system hosts a phase transition from an
extended phase to a multifractal phase in the absence of the onsite QP potential.
We have verified our results via finite-size scaling analysis. Finally, we observe
that at a higher value of the hopping modulation strength, the system behaves
as the Anderson model in 1D, thereby causing localization of all the eigenstates

for any finite value of the onsite potential strength.
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CHAPTER 4
REENTRANT LOCALIZATION TRANSITION IN PRESENCE OF A
QUASIPERIODIC POTENTIAL

4.1 Introduction

So far it has been well established that after the system undergoes a localiza-
tion transition, all the states remain localized forever with increasing disorder
strength. In this chapter we show that this is not always true. This is indeed
the case for a tight-binding chain with two atoms per unit cell, or equivalently a
dimerized hopping. By dimerized hopping we mean that the inter-cell hopping
is different than the inter-cell one. The model is known as the SSH Model [108].
We shall show that in such a one dimensional dimerized lattice with staggered
quasiperiodic disorder, the competition between dimerization and quasiperi-
odic disorder leads to a "reentrant localization’ transition. This means, some of the
localized states become once again conducting for a range of the quasiperiodic
potential. Further increase in the disorder strength leads to a second localization
transition where all the states become eventually localized. The corresponding
Hamiltonian thus contains elements of both the AA and the SSH models, and
the reentrant localization transition is a competition between the dimerization
and the quasiperiodic potential. This re-entrant localization transition is also
associated with separate critical regions hosting the mobility edges (MEs) in the

spectrum.

Here, we start the analysis by presenting a model Hamiltonian correspond-
ing to two special cases, such as the uniform and the staggered disorder cases.

This two scenarios correspond to the onsite QP potential distribution at the lat-
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tice sites in a unit cell. In the uniform disorder case, the strengths of the potential
at the two sublattices are the same, while they are equal and opposite in mag-
nitude for the staggered disorder case. In particular, we study the localization
properties of this system by analyzing the phase diagram. In addition, the pres-
ence of the onsite potential in the dimer model (SSH model) breaks the chiral
symmetry, thereby making the resultant system to loose the topological prop-
erties. Consequently, no zero energy edge mode is expected to be observed.
However, we are still interested in studying the QP potential effects on the edge
modes which were otherwise there when there was no quasiperiodic potential.
Finally, we support our observations by using a finite-size scaling analysis and

conclude our results.

4.2 Model

We consider a one dimensional dimerized lattice with onsite quasiperiodic po-

tential which is given by the Hamiltonian; [140]
N N-1
H= -1 ) @ ia+he)=n ) @, \bip+he)
i=1 i=1

N N
+ 3 Aaiipcos2nB2i = D]+ Y gt p cos[27B(20)]. (4.1)
i=1 i=1

This is a chain of N unit cells comprising of two sublattice sites A and B. i rep-
resents the unit cell index and L = 2N is the length of the chain. 6J 4 (€ia) and
6j 3 (Cip) are the creation (annihilation) operators corresponding to sites in the A
and B sublattices which we denote by (i, A) and (i, B) and the site number oper-
ators are denoted as ;4 and 7; 5. The intra- and inter-cell hopping strengths are

represented by ¢, and #, respectively and A.c. stands of the hermitian conjugate.
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The strength of the onsite potential at the sublattice site A (B) is represented by
A4 (1g) and S determines the period of quasiperiodic potential. The uniform and

staggered disorder are introduced by assuming A4 = 4 = 1and 44 = -1z = 1in

Eq.[.1] respectively.

The model Eq. 4.T)in the limit of vanishing disorder i.e. A = 0, is the paradig-
matic Su-Schrieffer-Heeger (SSH) model [108] which exhibits a trivial (when
) > 1,) to topological (when 1, < t,) phase transition through a gap closing point
at t; = t,. An extension study on the topological aspects of this model is written
in Sec. This phase transition is protected by the chiral symmetry of the sys-
tem, which we have discussed elaborately in subsec. Note that in presence
of finite onsite disorder this symmetry is explicitly broken. A variety of studies
are focused on investigating the effect of disorder on the topological properties
of the SSH model, where both the diagonal (onsite) and the off-diagonal (hop-
ping) disorder are considered separately [141, 142} 143]. In particular, while the
chiral symmetry of the SSH model is preserved in the case of finite hopping dis-
order, it is explicitly broken at any finite value of the onsite disorder strength.
Therefore, in the latter case, the zero-energy edge modes of the clean system
become energetic in the presence of any finite disorder. Efforts have been made
to understand such interesting scenarios in the context of the nature of chirality
[144], the interplay between long-range hopping and disorder [145], and also
the possible existence of the mobility edge [146]. In Ref. [146] it is shown that
the SSH model superimposed with a QP hopping disorder may yield a mobility

edge in the spectrum.

We show that for both types of disorder, the system undergoes a localization

transition as a function of A exhibiting the SPME when #, # 1,. However, an
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interesting scenario happens in the case of staggered disorder where the system
returns back to a critical regime after the first localization transition hosting a
second SPME at higher values of A. This interesting and counter-intuitive re-
sult reveals the re-entrant behaviour of the localization transition and the SPME

which we shall elaborately discuss in the following.

4.3 Results

We choose 8 = (V5 -1)/2, a Diophantine number [100] in our work and fix the
intra-cell hopping, #, = 1 as the energy scale. For convenience, we define a quan-
tity, namely ¢ defined by 6 = £,/1; which controls the hopping dimerization in
Eq. The system size considered in our simulations is up to L = 13530, that is,
N = 6765 unit cells. We explore the effects of uniform and staggered disorder in
both the limits of dimerization in Eq.4.1{such as ¢ < 1 and § > 1. To analyze the
physics of the model shown in Eq. 4.1, we rely on the inverse participation ratio
(IPR) (see Eq. and the normalized participation ratio (NPR) (see Eq. [1.40),
which are the two most significant diagnostic tools to characterize the localiza-
tion transition. Before proceeding with the staggered A case we first highlight

the physics associated with the case of uniform A for comparison.

4.3.1 Uniform disorder

Here, we consider the system with a uniform disorder which is incorporated by
choosing 1, = 13 = 1 in Eq. In the limit of 6 = 1, Eq. .1] corresponds to

the pure AA model which exhibits a localization transition without any SPME.
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Figure 4.1: Figure shows the (IPR) (magenta) and (NPR) (black) are plotted
as a function of A for (a) 6 = 0.5 and (b) 6 = 3 for a system of
size L = 13530. The shaded regions indicate the critical or the
intermediate regimes. The color maps in the insets show the
corresponding plots of IPR associated to all eigenmodes E with
respect to A and the color bars represent the values of IPR.

However, moving away from this limit, we show that the localization transition
occurs through a critical regime hosting the SPME for both 6 < 1 and 6 > 1. To
identify the localization transitions we plot the (IPR) and the (NPR) as a function
of A for the two exemplary points, namely, § = 0.5 and 6 = 3 in Fig.[#.1[(a) and (b)
respectively. Following Eq. (IPR) and (NPR) denote the averages of the IPR
and NPR computed by considering all the eigenstates for a particular value of
A. It can be seen that contrary to the simple AA model (¢ = 1), the plots for the
(IPR) and the (NPR) do not sharply cross each other at the duality point 4 = 2
[17] for both the values of 6. Rather they cross each other at very different values
of 1 and also exhibit a coexisting region where both the (IPR) and the (NPR) are
finite (shaded regions). This signifies the presence of both the localized and the

extended states for a range of 1 (0.7 < A < 1.4 whend =05and 1.6 <1 < 34
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when ¢ = 3) which are the critical phases exhibiting the SPMEs. Clearly after

the localization transition all the states remain localized as a function of A.

The localization transition and the existence of the SPME can be easily in-
ferred from the energy spectrum and the associated IPR of the individual states.
We plot the IPR associated to the energy spectra, E corresponding to the Hamil-
tonian in Eq.[.I|for 6 = 0.5 and 3 in the insets in Figs.[4.T(a) and (b) respectively.
Here, the eigenenergies are color coded with the corresponding IPRs. Due to
the dimerized nature of the model (Eq.[4.1), we get two distinct energy bands
at 1 = 0 and in this limit the energy levels are completely extended for both the
trivial (Fig. [4.1(a)) and the topological (Fig. [4.1(b)) cases. As the value of A in-
creases, the gaps between the bands in both the dimerized limits tend to vanish
beyond a critical 4. Clearly, in both the cases, the fully extended (blue) and the
localized regions (red) are separated by a critical phase where both extended
and localized states coexist for a range of values of A which host a SPME. Quite
expectedly, in Fig. [£.1(b), the appearance of the localized states at A = 0 are the
topological edge modes present in the middle of the gap. We shall discuss the
fate of these edge modes later. Note that other minibands with some states in
the gaps between them appear in the energy spectrum due to the quasiperiodic

disorder which are irrelevant for the present analysis.

4.3.2 Staggered disorder

Now, we consider the system with a staggered disorder which is introduced by
choosing 44 = -1 = 1in Eq. Further, we discuss the role of staggered dis-

order on the localization transition. Following the analysis similar to the case
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Figure 4.2: (a) and (b) show the (IPR) and the (NPR) for § = 1.5 and 2.2
respectively for the case of staggered disorder and L = 13530.
The shaded regions represent the critical phases. (Inset) shows
the (NPR) for L = 1974, 3194, 5168, 8362, 13530 and oo (light to
deep blue).

of uniform disorder we compute the (IPR) and the (NPR) by moving away from
the AA limit, i.e. § = 1. In this case also one expects a qualitatively similar
localization transition as in the uniform disorder case with some quantitative
difference. This is confirmed in our analysis which shows the extended to local-
ization transition through a critical phase where both (IPR) and (NPR) are finite
for a range of values of §. As it is well known and already mentioned before, in
quasiperiodic lattices exhibiting localization hosting the SPME, for the values of
A prior to (beyond) the critical phase, all the states of the system are extended

(localized).

Once the system is in the localized phase, it remains localized as a function of
the strength of the quasiperiodic potential, 1. As a result, one gets (IPR) # 0 and

(NPR) = 0 for all values of A after the critical regime. However, surprisingly in
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Figure 4.3: (a) The upper half of the energy eigenvalue spectrum super-
imposed with their respective IPR shows the extended, critical
and localized states. (b)The IPR associated to the eigenstate in-
dices as a function A for ¢ = 2.2 for a system of size L = 3194.

presence of the staggered disorder, we find that for some intermediate values of
J, the system undergoes two localization transitions through two critical phases
as a function of 1. This re-entrant localization behaviour can be very well dis-
cerned by together analyzing (IPR) and (NPR) . In Figs.[4.2(a) and (b) we show
(IPR) and (NPR) corresponding to two different values of dimerization such as
6 = 1.5 and 2.2 respectively for L = 13530. Clearly for § = 1.5 (Fig.[4.2(a)), there is
a transition to the localized phase through a critical region for the range of A be-
tween 0.9 < A < 2.5. After the localization transition i.e. for A > 2.5, all the states
are localized. On the other hand, for 6 = 2.2 (Fig.[4.2(b)), there exists two critical
regions in the range 0.9 < 1 < 1.8 and 2.3 < A < 2.9 where both (IPR) and (NPR)
are finite. In the region between the two critical phases and again beyond the
second critical phase, the system is fully localized. This indicates that the sys-
tem also hosts two SPMEs as a function of 1. Note that the extent of the second
critical region occurs for a small range of 1. In order to rule out any finite size

effects, we perform finite size extrapolation of the (IPR) and (NPR) considering
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Figure 4.4: (a)Shows the IPR (red squares) and NPR (blue circles) of differ-
ent eigenstates for ¢ = 2.2 and 1 = 1.2 (upper panel) and 1 = 2.7
(lower panel). The states with finite IPR in the extended regime
are the emerging edge modes in the fractal gaps. (b) Shows the
DOS for 6 = 2.2 and A = 1.2 (upper panel) and A = 2.7 (lower
panel). The vertical lines separate the extended and localized
regions. (c) and (d) show the edge states and the correspond-
ing IPRs for uniform and staggered disorder respectively for
0 = 1.5 (left panel) and 6 = 5 (right panel). E~ (blue dot-dashed)
and E* (red dashed) corresponding to the two edge states along
with their IPR i.e. IPR™(blue solid) and IPR* (red dotted).

data for different system sizes such as L = 1974, 3194, 5168, 8362, 13530. The
inset of Fig. b) shows the (NPR) data for various system sizes including the
one at L — oo for § = 2.2, which we shall discuss in details in the later section.

This clearly indicates the stability of the second critical region.

This re-entrant localization feature is clearly visible in the energy spectrum

TH-3097 176121109 95



encoded with the corresponding IPR as shown in the Fig. £.3(a). For clarity
we depict only the upper band of the spectrum which shows a series of the
extended-critical-localized-critical-localized regions as a function of A. This fea-
ture is also seen by plotting the IPR of the individual eigenstates as shown in
Fig.[4.3(b). The deep-red patches appearing in Fig.[4.3(a) and (b) for2.2 < 1 < 2.9
are due to the presence of the second critical region and the second SPME. We
further confirm the existence of the SPME by plotting the IPR and the NPR for
the individual eigenstates of the system in the critical regime. Fig.[4.4(a), shows
the IPR and NPR for all the eigenmodes for 6 = 2.2 at 4 = 1.2 and 2.7 in the up-
per and lower panels respectively. The plots show a clear distinction between
the extended states (finite NPR) from the localized states (finite IPR) of the spec-
trum. Similar signature is also seen in the density of states (DOS) by analyzing
it with the IPR of the individual states indicating the existence of the mobility
edge as shown in Fig.[4.4(b) (see figure caption for detail). We also find that the

re-entrant physics is also seen in the ¢ < 1 limit.

4.3.3 Phase diagram

Finally, we present the key results in the form of a phase diagram as displayed
in Fig.[4.5(b) for the case of staggered disorder in the ¢ - A plane. To this end, we

calculate a quantity, n which is introduced in [102} 41], given by,
7 = log,[(IPR) X (NPR)] (4.2)

which helps us to distinguish between the critical phase from the extended and
the localized phases. In order to understand better, we start with a limiting case.

If the system hosts any of the phases, for example, an extended or a localized
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Figure 4.5: Phase diagrams in ¢ and A plane for (a) uniform disorder and
(b) staggered disordered cases. The filled black squares are the
data points obtained by examining the IPR and NPR plots. (See
text for details). The color bar on the top stands for the values
of n.

phase, then  value survives due to either of the average values of IPR or NPR,
resulting in the condition < —log,,(L). Subsequently, the critical phase starts
with the mixture of eigenstates for n > —log,,(L). On the other hand, since IPR
and NPR are inversely related, thus, the system will exhibit its other limit for the
critical phase when there are an equal number of the extended and the localized

states present in the spectrum, that is, (IPR) = (NPR).

The phase diagrams is obtained by computing the quantity . The presence
of the critical region (blue region bounded by the symbols) is clearly distin-
guished from the fully extended or the fully localized regions (red regions) in
the phase diagram. Note that the critical regions are separated by the a narrow
passage at 6 = 1 (AA model), where a sharp localization transition occurs. It can
be seen that for a range of § one encounters two critical regimes with increase in

A which is the key finding of our analysis. However, this re-entrant feature does
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not appear in the case of uniform disorder (compare Fig. #.5(a)). We comple-
ment the above findings by directly locating the boundaries (filled squares) of
the critical region by examining the values of (IPR) and (NPR) in the theormo-
dynamic limit. This non-trivial feature of the re-entrant localization transition
and the SPME can be attributed to the competition between the hopping dimer-
ization and the staggered disorder that renders extended nature to some of the
low energy localized states. The detailed analysis the above requires further

investigation.

It is worth mentioning that the re-entrant localization phenomena and the
mobility edge occurs in both the limits of the dimerization (see Fig. [4.5(b)).
Hence, an important conclusion can be drawn at this point is that the underly-
ing topological properties has no role in establishing the re-entrant localization

transition.

434 Edge modes

Having analyzed the physics of the bulk spectrum, we discuss about the fate of
the topological zero energy edge modes as a function of the disorder strength.
We note that the initially localized zero modes (at 4 = 0) become energetic and
finally hybridize into the bulk bands with increase in A for both uniform and
staggered disorder cases as already shown in Fig. [4.1(b) and Fig. [4.3|a) respec-
tively. To explicitly understand the behavior of these modes, we separately plot
the edge modes as a function of 1 in Fig. 4.4/ along with their IPR. We consider
two different values of ¢, namely, 6 = 1.5 and ¢ = 5 which represent weak and

strong dimerization limits pertaining to the topological regime. As mentioned
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Figure 4.6: (a) The (IPR) for all the lengths including the one at the ther-
modynamic limit are shown which show negligible finite size
effects. (b) Finite size extrapolation of the (IPR) is shown for
some selected values of A. It can be seen that the (IPR) remains
finite throughout the region of interest.

earlier, owing to the breaking of the chiral symmetry induced by the quasiperi-
odic potential, both the edge modes, namely, the particle mode (E* shown by
a dashed red line) and the hole mode (E~ shown by a dot-dashed blue line)
asymmetrically separate out from each other towards the opposite bands as 1
increases (Fig. [4.4(c)) for the case of uniform potential. However, in the case
of the staggered disorder, both the edge modes move differently towards the
lower band (Figs. d)) [147]. Eventually for all the cases, beyond certain criti-
cal values of A, E* and E~ tend to merge with each other. We also plot the corre-
sponding IPR for both the modes as IPR* (dotted red) and IPR™ (solid blue). It
can be seen that in all the four cases the IPR initially decrease and then increase
as a function of A. In the case of weak dimerization (6 = 1.5), initially the states
are not fully localized. As the value of A increases, the states tend to become
delocalized and then become fully localized. On the other hand, in the case of

strong dimerization, the states which are fully localized (IPR ~ 1) at the begin-
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Figure 4.7: (a) The (NPR) for all the lengths including the one at the ther-
modynamic limit clearly shows the re-entrant behaviour. (b)
Finite size extrapolation of the (NPR) is shown for some se-
lected values of A.

ning (small 1) tend to be delocalized and then become localized again. This
re-entrant localization of the edge states is slow as a function of 1 in the case for

larger 6.

4.3.5 Finite-size scaling

Here we perform a finite-size scaling analysis to establish our observations
gained from the above section. In order to do that, we plot the values of (IPR)
and (NPR) as a function of the potential strength A for various system sizes such
as L = 1974,3194,5168,8362 and 13530 corresponding to 6 = 2.2 (reentrant lo-
calization regime) in Fig. (a) and Fig. [4.7] (a), respectively. In addition, we
compute the behavior of them in the thermodynamic limit, that is L — co. Con-
sequently, we observe the finite-size effects by light blue curves to the deep blue

curves corresponding to (NPR) plot in Fig. 4.7| (a). Thus it clearly indicates the
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existence of a second critical region even in the large L limit, and hence signal
a re-entrant behavior of the localization transition. However, the average IPR,
namely (IPR) tells a different story. It is depicted that all the curves correspond-

ing to different sizes merge into one another for (IPR) in Fig. 4.6/ (a).

Further, in order to compute the nature of (IPR) and (NPR) in the thermody-
namic limit, we study the scaling analysis in Fig.4.6|(b) and Fig.4.7|(b). Thus we
plot both the (IPR) and (NPR) as a function of 1/L for some representative val-
ues of 4, suchas A = 1.5, 2, 2.5, and 3.5. While Fig. (b) illustrates finite values
corresponding to all the four values of 4, Fig.|4.7|(b) depicts the re-entrant behav-
ior. Thus (NPR) is used as an appropriate observable to identify the re-entrant
behavior. Further, it is interesting to notice that at 1 = 1.5, the (NPR) value is
finite, thereby indicating an extended nature of the eigenstates. By increasing
the value of 4, thatis 1 = 2, (NPR) — 0 at L — oo, exhibiting the first localization
transition. The finite-size extrapolation is done via fitting a cubic polynomial to
the data points. Further, at 1 = 2.5, (NPR) again yields a finite value, thereby
undergoing a transition from the localized to the extended phase. Finally, we
observe another localization transition by approaching (NPR) — 0 at 1 = 3.5

and L — oo.

44 Conclusions

We have studied the localization transition in a dimerized lattice with staggered
quasiperiodic disorder. We show that the system undergoes a re-entrant lo-
calization transition as a function of disorder strength for a range of values of

dimerization. The re-entrant localization occurs in both the regimes of dimer-
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ization and each localization transition is associated with the SPME. We confirm
this finding by examining the participation ratios, the single particle spectrum
and the behavior of the individual eigenstates and present a phase diagram
depicting all the above findings. For completeness we also analyse the phase
diagram in the case of uniform disorder which shows the usual localization
transition and the SPME. Further we discuss the fate of the zero energy edge
modes as a function of disorder strength which were initially localized in the
absence of any disorder due to the topological nature of the model. At the end,

a finite-size scaling analysis is done in order to support our observations.

The re-entrant feature may reveal interesting physics in transport and dy-
namical properties of quantum particles. An immediate extension could be to
study the stability of this re-entrant phenomenon in the context of many-body
localization. Due to the phenomenal experimental progress in systems of ultra-
cold atoms in optical lattices to simulate dimerized latticed [148|149], quasiperi-
odic systems [150, 45] and the recent experiment on disorder induced topologi-
cal phase transition using '"'Yb [151], our findings can in principle be simulated

in the state-of-the art quantum gas experiments.
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CHAPTER 5
CRITICAL STATE PROPERTIES OF THE REENTRANT LOCALIZATION
TRANSITION

5.1 Introduction

In the last chapter, we have observed a striking manifestation of a re-entrant
localization transition in a dimerized tight-binding chain in presence of a
quasiperiodic potential. It was shown such a system undergoes two localiza-
tion transitions at the single particle level. In other words, for some specific
dimerization strengths and as a function of the onsite potential, the system first
demonstrates a localization transition where all the single particle states get lo-
calized. Further increase in the potential strength turns some of the localized
states extended, and eventually the system undergoes another localization tran-
sition at a larger potential strength where all the single particle states get local-
ized for the second time. Both these localization transitions are found to occur
through two intermediate regions hosting the mobility edges (MEs) resulting in
four critical points as a function of the quasiperiodic potential strength. While
the detailed phase diagram depicting the re-entrant localization transition asso-
ciated to this model has been discussed in sec. a thorough understanding
of the phase transitions can be unveiled via a quantitative analysis of the critical

properties which is relevant and of topical interest.

In this chapter, we study the critical properties of the re-entrant localization
transition described above. By using appropriate critical state analysis, which
is explained in sec. we explore the critical points associated to different

transitions, that is, extended — intermediate — localized — intermediate — lo-
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calized transition as a function of the strength of the quasiperiodic potential.
While from our analysis as detailed in this chapter, we are able to obtain the
critical points, critical exponents, and scaling behaviour associated with the first
localization transition, that is the extended — intermediate — localized — inter-
mediate transitions, however, at the second localization transition, the scaling
behaviour is not well captured. We further analyse the eigenspectra near the
localization transitions and find the existence of multifractal states and identify

the critical regimes.

In the following, we describe the model Hamiltonian sec. to make the
subsequent discussion self contained. Hence we describe our results on the
phase diagram in sec. followed by the multifractal analysis (sec.[5.3.2), crit-
ical state analysis (sec. and compute the Hausdorff dimension (sec.5.3.4).
Finally we conclude our results in (sec. 5.4).

5.2 Model

The Hamiltonian with hopping dimerization and staggered quasiperiodic po-

tential on a one-dimensional chain is written as [Follow Eq.[4.1],

N
Hpm = -1 Z(GIL,Bé”,A + H.c.)

n=1
N-1

~ty ) (@}, uns + He)
n=1
N
+ Z Aufig s cos[2mB(2n — 1) + 4]
n=1

N
+ > Agity 5 cos[2nB(2n) + g] (5.1)

n=1
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where L = 2N with N being the number of unit cells that are denoted by the in-
dex n and L is the total system size. Here, a unit cell comprises of two sublattice
sites, namely, A and B where the corresponding creation (annihilation) operators
are denoted by éj,, 4 (€r4) and éz, 5 (Cu.p) respectively. 71, 4 and 71, 5 are the number
operators at the two sublattice sites. The inter-cell hopping between the two
sublattices is denoted by #, and ¢, refers to the intra-cell hopping. The hopping
dimerization is introduced by defining 6 = #,/¢;, and making ¢ # 1. We have
taken #, as the unit of energy throughout the study. The on-site quasiperiodic
potential at the sublattice site A (B) is given by A4 (15). The quasiperiodicity is
achieved by considering an irrational . In particular, we take it as the inverse of

the golden mean, namely 8 = (‘BT_I)

[23]. ¢ denotes the phase difference between
the lattices that form the quasiperiodic lattice. In our studies, we consider very
large system sizes L up to a maximum of 35422 sites for which ¢ can be set to

zero without any loss of generality.

5.3 Results

5.3.1 Phase diagram

The localization properties of the model shown in Eq. 5.1| has been discussed
in detail in chapter. 4/ [140]. It has been observed that the system exhibits a re-
entrant localization transition in the limit of staggered disorderi.e. 14 = -1z = 4,
which has been depicted as a phase diagram in the ¢ - A plane in Fig. (see
Ref. for details). Note that the phase diagram shown in Fig.[5.1(a) has been

obtained by utilizing the behaviour of the average participation ratios, such as
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Figure 5.1: Phase diagram is plotted as a function of hopping dimeriza-
tion 6 and disorder strength 2 in (a). In (b), a schematic picture
of the series of transitions is shown for § = 2.2 (mark by the
dashed line in (a)).

the average inverse participation ratios (IPR) and the normalized participation
ratio (NPR) (see Eq. , respectively as a function of A. Here, (IPR) and (NPR)
are calculated by taking the average over all the eigenstates corresponding to
the Hamiltonian shown in Eq. The different phases in the phase diagram
are computed by using a quantity 7, which is described in Eq. [#.2]in chapter. [

[41]).

In the phase diagram of Fig.[5.I[a), the red regions correspond to the ex-
tended or localized phases and the central blue region bounded by the dark
symbols is the intermediate phase. It can be seen from the phase diagram that
for a range of values of §, the system undergoes two localization transitions as
a function of 1 indicating the re-entrant localization transition. Although, the

re-entrant localization is feasible in both the regimes of hopping dimerization
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Figure 5.2: The generalized IPR is plotted as a function of different system
sizes L and corresponding to different moments of the inten-
sity g. The slope of the curves are characterized by the mass
exponent 7,. We have shown three distinguishing behavior of
7, by considering the potential strength 1 in the extended, mul-
tifractal and localized regions in (a), (b) and (c) respectively. We
have considered A = 0.5 and eigenstate index (m/L) = 0.5 in (a)
, A =0.903 (first critical point) and eigenstate index (m/L) = 0.1
in (b), and A = 4 and eigenstate index (m/L) = 0.5 in (c). For all
the cases, we have taken 6 = 2.2.

corresponding to 6 < 1 and ¢ > 1, for our discussion we restrict ourselves in the
regime of 6 > 1 for concreteness. For our analysis, we explore the critical prop-
erties for a cut through the phase diagram along the y— axis at 6 = 2.2 (dashed
yellow line in Fig.5.1(a)). As A is increased, the system as a whole undergoes
two localization transitions through two intermediate phases exhibiting a series
of transitions from extended - intermediate - localized - intermediate - local-
ized phases occurring at four critical points, A;, 1,, A3 and A4 respectively as
schematically depicted in Fig.[5.1(b) [152]. In the following our focus is to study
the fractal nature of the eigenstates and eigenspectra across these transitions

and determine the transition points through a finite-size scaling analysis.
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Figure 5.3: The values of D, as a function of 1 and eigenstate index (m/L)
are plotted for ¢ = 2.2.

5.3.2 Multifractal analysis

As already discussed in the previous section, the two localization transitions in
this case occur through two intermediate regions. In analogy with the direct lo-
calization transition in the case of the AA model and other models where the lo-
calization transition occurs through an intermediate region, we expect existence
of multifractal eigenstates in the intermediate phases. Thus, to explore deeper
into the nature of the states in different regions we perform a multifractal anal-
ysis 22] of the eigenstates and calculate the associated fractal dimensions to

arrive at an intuitive picture for the critical regions.

In our analysis, by following Eq. (2.5), we first obtain the correlation dimen-
sion, denoted by D,. Hence, it can be calculated as the slope of the log(IPR,) ver-
sus log(L) plot corresponding to different states as shown in Fig.|5.2|(red circles).
Furthermore, in order to gain insights about the variation of D, over the entire

spectrum, we plot D, as a function of eigenstate index and A at 6 = 2.2 in Fig.
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Figure 5.4: (a-e) of the figure show the eigenstates as a function of site in-
dex i corresponding to 4 = 1.0, 1.5, 2.0, 2.5, and 3.5 for the
eigenstate index (m/L = 0.5) and 6 = 2.2. As a comparison, (f-)
of the figure represent the eigenstates behaviour correspond-
ing to 6 = 1.5 and m/L = 0.5. The system size taken for the
calculation is L = 3194.

which clearly shows the existence of the extended, the localized and the mul-
tifractal states. While the expected re-entrant feature can be seen from Fig.
a clear understanding of this can be achieved from the structure of the eigen-
states. In this regard, we plot the eigenstates for different values of A, namely,
A1=1.0, 1.5, 2.0, 2.5, and 3.5 for a particular eigenstate with indexm/L = 0.5 as a
function of the site index i in Fig.[5.4|(a-e). It is observed that the wavefunction at
A = 1.0 spreads over the entire lattice uniformly, indicating its extended nature.
At A = 1.5, the behavior is more like a fractal state, where a large fluctuation in

the probability amplitude can be seen. A localized state is observed following

TH-3097_176121109 109



Figure 5.5: D" and Dy'® are plotted as a function of 1in (a) and (b) respec-
tively for 6 = 2.2.

the system characteristics at 2 = 2.0. At A = 2.5, the fractal nature reappears, and
finally as expected, the wavefunction becomes completely localized at 1 = 3.5.
As a further check, we have plotted the eigenstates corresponding to the identi-
cal values of A which are 4 = 1.0, 1.5, 2.0, 2.5, and 3.5 for another dimerization
strength 6 = 1.5 as function of site index i in Fig. 5.4 (f) where the re-entrant

behaviour is absent.

To complement the above analysis to distinguish the nature of the states, we
compute the average values of D, over the eigenstates. In Fig.[5.5(a), we plot
D3 as a function of A, where the extended and localized phases are character-
ized by D" = 1 and 0 respectively. Whereas, 0 < D" < 1 implies the presence
of the states that are multifractal in nature. The average value of D, is calculated
by considering some of the states from the middle of the spectrum. In addition
to that, we also examine the variation of the exponents by considering differ-

ent values of ¢ > 2 (¢ = 3, 4, 5) that correspond to the higher moments of the

eigenstates. We obtain signatures which exactly match with the nature of the
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Figure 5.6: The order parameter o is plotted as a function of 1 correspond-
ing to four different critical transition points 1;, 4, 43, and
A4. We consider the states within a narrow band with indices
(m/L) =[0t00.05],[045to 0.5], [ 045 to 0.5 ] and [ 0.45 to
0.5 ] for the calculation of o in (a), (b), (c), and (d) respectively.
The color gradient in increasing order indicate different system
sizes from small to large. The curve with deep blue color is ob-
tained by using finite-size extrapolation.

extended, the multifractal, and the localized states of the spectrum as shown
in Fig.[5.2(a-c) respectively. A clear understanding of these features can also be
achieved by plotting D} for the entire range of 1. In Fig. 5.5(b), we plot Dy
as a function of A for ¢ = 2, 3, 4 and 5. The ¢ dependence of D}’ indicates the
presence of multifractal states. In Fig. different transitions are marked by

the vertical dashed lines.
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Figure 5.7: Figure shows the finite-size scaling analysis for several values
of 1. The system sizes are L = 3194, 5168, 8362, 13530, and
21892..

5.3.3 Critical state analysis

In this section, we follow the critical state analysis formalism discussed in
sec. Subsequently, we establish the transition points by analysing the be-
haviour of the order parameter o which is directly related to the NPR of the
eigenstates corresponding to the Hamiltonian Eq. From the definition, o for
different lengths should approach zero at the localization transition. Therefore,
it will be possible to estimate all the critical points by using the finite-size ex-
trapolation of o. For this purpose, we compute o by considering the eigenstates
in a narrow band near the approximate transition boundaries. The choice of a
narrow band is due to the presence of the ME for which the transition occurs
at different critical A for different states. We plot o for different system sizes,
namely, L = 3194, 5168, 8362, 13530 and 21892 as a function of A in Fig. a-d)
across the transition points 1;, 4,, 43 and 14 respectively. A finite-size extrapola-

tion reveals that for all the cases, o in the limit of L — oo falls to a minimum after
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Figure 5.8: Figure shows the plot of R [L, L'] in the vicinity of the first crit-
ical quasiperiodic potential strength A, in (a), the second crit-
ical quasiperiodic potential strength 1, in (b) , and third criti-
cal quasiperiodic potential strength A3 in (c) corresponding to
§ = 2.2. The insets show the data collapse with the o data in
the vicinity of the first, second and third critical points. Good
data collapse is observed for all the transition points. The exis-
tence of single universal scaling functions can easily be inferred
from the data collapse. We have done the calculations by tak-
ing an average over the states in the band with indices m/L =
[ 0 to 0.05 ] for the first critical point and the states in the band
with indices m/L = [ 0.45 to 0.5 ] for the second and third criti-
cal points of the energy spectrum for the study.

a critical A for different transitions. As an example we have shown a finite-size
scaling analysis of o corresponding to several values of 4 = 0.8, 0.85, 0.9, 0.95,
and 1.0 across the first critical point in Fig. The extrapolated values of o
tending to zero for larger values of A clearly indicate a localization transition.
This analysis defines the relevant range of A for our exploration of the critical
properties. Once the limits of A around the critical transition points are identi-

fied we use them to calculate the function R [L, L] (see Eq. (2.20)).

We first focus on the first localization transition which involves two critical
points, such as 4; and A, corresponding to the extended-intermediate and in-
termediate - localized transitions. Similar to the case of o, for our analysis, to
compute the function R [L, L'] we use the eigenstates corresponding to a narrow
band of the spectrum. We plot R [L,L’] as a function of A for both the transi-

tions around 4, and 4, in Figs. 5.§(a) and (b) respectively. The crossing of all
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Figure 5.9: The functions R [L, L] are plotted as a function of 1 in the vicin-
ity of the fourth critical point 14 at 6 = 2.2. We have done the
calculations by taking an average over the states in the band
with indices m/L = [ 0.45 to 0.5 ] of the energy spectrum for the
study.

the curves at a single point in both the figures (Fig. a) and (b)) allows to
obtain the critical points as 1, = 0.903 and 1, = 1.836. As already mentioned
in Sec. following Eq. curves of 2L versus L' for different sys-
tem sizes, L = 8362, 13530, 21892 and 35422 collapse with the estimated crit-
ical strength 4; = 0.903. A perfect data collapse is obtained by considering
y/v = 0.83 £0.05 and v = 1.8 for 4, = 0.903 as shown in the inset of Fig. a).
Similarly, for the second critical point (1, = 1.836), a perfect data collapse is ob-
tained by setting y/v = 0.77 + 0.04 and v = 1.7 (inset of Fig.5.§(b)). Note that the
y/v considered for the data collapse matches fairly well with the ordinate corre-
sponding to the points of intersection of R [L, L'] as a function of 1 in Figs.[5.8{(a)
and (b).

We now turn our focus on to the second localization transition through the
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Figure 5.10: The exponent ratio y/v is calculated via plotting the log(PR))
as a function of log(L) for different system sizes of L =
1974,3194,5168, 8362, 13530, 21892 corresponding to three dif-
ferent critical points such as 4,, 4, and 4s.

second critical region as depicted in Fig. This involves two transitions,
namely, localized-intermediate and intermediate - localized transitions at the
critical points A3 and A, respectively. Following a similar scaling hypothesis
as above, for the localized - intermediate transition, we obtain the crossing of
R [L,L’] data at a single point as depicted in Fig. 5.8| (c) resulting in a value of
A3 = 2.127. Further, by using the value of 13, a perfect data collapse is achieved
in the o2 L'7"" versus eL!” plot by setting y/v = 0.79 + 0.03 and v = 1.7 as shown
in the inset of Fig. (c). This suggests that the two transitions occurring at
A and A3 corresponding to the transitions to and from the first localised phase
(intermediate - localized and localized - intermediate) belong to the same uni-

versality class.

It is now expected that the transition to the second localized phase i.e. the
fourth transition occuring at A, falls under the same universality class as that of

the second and third transitions observed at A, and 1;. However, in our scal-
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Figure 5.11: The exponent ratio, /v is calculated via plotting the order
parameter, o, as a function of different system lengths (L)
corresponding to three different critical potential strengths,
namely, 4;, 4,, and 4.

ing analysis, we find an anomalous scaling behaviour of R [L, L’], which is why
we have failed to achieve an accurate critical point 14 and the associated expo-
nents (see Fig.[5.9). The actual reason for this behaviour can be attributed to the

anomalous distribution of extended state (NPR# 0) near the transition.

Furthermore, we reconfirm that the critical exponents from the scaling rela-
tion of the PR, which denotes the participation ratio corresponding to different
system sizes using Eq. and can be written as PR, ~ L”/*. From this relation,
a plot between log(PR;) and log(L) for different lengths L at the critical point
should result in a straight line with slope y/v. We performed this analysis at all
the three critical points, such as 4,, 4, and 4; in Fig. and obtain the values of
v/vas 0.83+0.05,0.77+0.04 and 0.79 +£0.03 respectively. The exponents obtained

in our analysis should satisfy a hyper-scaling law expressed as, [103]

By, (5.2)
\4 v
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Using the hyper-scaling relation given in Eq. it will be possible to extract

another ratio of the exponents i.e. 8/v via

5:1(1—1). (5.3)

y 2 %

Since at the critical point ¢ = L, from Eq. we have o, ~ L#". In order
to establish the hyper-scaling relation we plot log(c;) as a function of log(L)
for different system sizes corresponding to the three critical points 1;, 1,, and
A3 as depicted in Fig. The slopes of the curves yield the exponent ratios
B/v = 0.086 + 0.03, 0.116 + 0.02 and 0.1 + 0.02 for 4; = 0.903, 1, = 1.836 and
A3 = 2.127 respectively. These values of the exponent ratios y/v (0.83, 0.77 and
0.79) and B/v (0.086, 0.116 and 0.100) clearly satisfy the hyper-scaling relation
(Eq.[5.2) at the critical points.

5.3.4 Hausdorff dimension

In our case, we also compute the Hausdorff dimension Dy by following Eq.
(for details see [sec. 2.2.2]) in two different critical regions corresponding to
A = 1.2 and 2.5, which respectively denote the first and the second intermediate
regimes. In Fig. we plot the total number of required box N; as a function
of box length / which exhibits a power law behaviour with exponent Dy = 0.61
(blue squares) and 0.85 (green diamonds) for A4 = 1.2 (first intermediate regime)
and 2.5 (second intermediate regime) respectively. For comparison, we have
plotted the corresponding AA limit (6 = 1, 44 = Az = A = 2) (red circles) which
yields Dy = 0.5 [61]. We identify the former case as 'DIM’” while the latter case
is specified as "AA’. From the analysis, it is realized that the Hausdorff dimen-

sion, in this case, is different from the standard AA model. It is observed that
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Figure 5.12: Figure shows N, as a function of box length / in the log-log
scale corresponding to 4 = 1.2 ( blue squares) and 1 = 2.5
(green diamonds). We identify these two cases as ‘DIM’ and
the corresponding chosen 6 = 2.2. For comparison, we have
shown the result for the pure AA limit (6 = 1 red circles). We
identify the case as "AA’. The slopes of these plots give the
Hausdorff dimensions which are obtained as Dy = 0.61 and
0.85 for 4 = 1.2 and 2.5 respectively. Note that for the AA
model Dy = 0.5. The system size considered for the calcula-
tionis L = 13530.

the Dy corresponding to the first intermediate region possesses a larger value
than the pure AA case, comparatively describing a less dense energy spectrum.
Therefore, more number of mini gaps appear in the spectrum, resulting in a
fractal nature. In addition to that, the second intermediate region holds a larger
value of Dy compared to the pure AA and the first intermediate region of the
dimerized model, thereby indicating a more fractal nature. Hence, we conclude
that the energy spectrum is fractal in the presence of quasiperiodic potential.
However, the combined effect of dimerization and the staggered quasiperiodic
potential causes the spectrum to be more fractal than the pure AA model. In
addition, the spectrum of the second intermediate region is more fractal than

the first one.
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5.4 Conclusions

A one-dimensional quasiperiodic lattice model in the presence of hopping
dimerization and a staggered on-site quasiperiodic potential exhibits re-entrant
localization transitions. The transitions occur for a range of dimerization
strength through two intermediate phases resulting in four critical points. In
this work, we have performed the multifractal analysis of the eigenstates and
found that the states within the intermediate phases are multifractal in nature.
Further, we characterize these transition points by using appropriate critical
state analysis for different order parameters. We also obtain the associate critical
exponents which are found to obey the hyper-scaling laws. It is also observed
that the second (intermediate - localized) and the third (localized - intermediate)
phase transitions belong to the same universality class. Note that while we are
able to accurately determine the first three critical points associated to the first
localization transition, we fail to determine the last critical point of transition to
the second localized phase. Finally, we have calculated the Hausdorff dimen-
sion at the two critical regions which are found to be different from the standard

AA limit.
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CHAPTER 6
CRITICAL ANALYSIS AND TOPOLOGICAL PHASES OF DIMERIZED
KITAEV CHAIN IN PRESENCE OF QUASIPERIODIC POTENTIAL

6.1 Introduction

In the previous chapters, we have explored a reentrant localization transition
and critical properties associated with it in a one-dimensional dimerized model
(SSH model [sec.[2.5])) in presence of staggered quasiperiodic (QP) potential. We
further plan to explore another aspect of this dimerized model in the QP poten-
tial background as detailed below. It is known that the SSH model looses its
topological properties due to the breakdown of the chiral symmetry in the pres-
ence of an onsite potential. However, incorporating p-wave superconducting
correlations, in combination with the SSH model (or in other words, dimerized
hopping), aids in the topological features of the model due to another sym-
metry, namely the particle-hole symmetry, which is present inherently in a su-
perconductor. A theoretical paradigmatic model to study a one-dimensional
p-wave superconductor is known as the Kitaev chain model [sec. . Among
the members of the generalized Kitaev model [153, 154, 155,52} 156], we are in-
terested in a dimerized Kitaev chain, which is shown to have significant interest
[114] 157, 158| 159]. A dimerized Kitaev chain is a hybrid model with a one-
dimensional SSH chain and a Kitaev chain which possesses very rich physics
and symmetry properties. There are signatures of a trivial phase, SSH-like, and

Kitaev-like topological phases present in a single system.

Further, the interplay of topology and disorder have gained a lot of atten-

tion in recent years. Up till now, it is known that a topological phase sur-
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vives in presence of a weak disorder. However, there will be a transition
from the topologically non-trivial phase to the topologically trivial phase in
the strong disorder limit. Very recently there has been a remarkable observa-
tion where the presence of disorder can drive a trivial phase to a topological
phase, known as the topological Anderson insulator[160]. Subsequently, several
other models have reported the same behavior theoretically and experimentally
[161,162,[163|164]165]. The dimerized Kitaev chain in the presence of a random

potential has also demonstrated a similar behavior [166].

Drawing motivations from the above results, in this chapter we consider a
dimerized Kitaev chain in the presence of onsite QP potential. Here, we study
the localization and the topological properties of this model via computing sev-
eral important physical quantities. We observe a series of phase transitions oc-
curring in the system, such as extended-critical-localized phases due to the com-
petition between the dimerization and the QP potential strength. We infer that
our model hosts a critical phase consisting of two different anomalous mobility
edges separating the extended and the localized phases, and a second one inter-
vening the critical and the localized phases. Hence a broad regime with critical
(multifractal) states arise, resulting in an extended multifractal phase. This is a
significant result. In addition to this, we study the properties of the zero-energy
edge modes. We find that the onsite QP potential will drive the system from
a topologically trivial to a non-trivial (Topological Anderson) phase beyond a
certain critical dimerization strength. Beyond this critical strength, it exhibits
another transition from a topologically non-trivial phase to the Anderson local-

ized phase in presence of a strong QP potential.

The rest of the chapter is organized as follows. First, we describe the model
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in sec. Further, the results are reported and analyzed in sec. Here,
we discuss the localization properties in sec. and topological features in
sec. Finally, we conclude our observations in sec.

6.2 Model

Here we consider a one-dimensional spinless fermionic chain comprising of two
distinct atoms (sublattices) in a unit cell. The hopping and the p-wave super-
conducting pairing strengths are assumed to alternate between strong (within
the unit cell) and weak bonds (between the unit cells). Moreover, the onsite
chemical potentials (1) at the two sublattices within a unit cell are modulated

quasiperiodically. The Hamiltonian of such a system is represented by [167],

N-1

N
H o=t ) (140 gema+ He)=t ) ((1 =0, iéms + He

m

—_

=

-1

sha+HeJra Y (- 0]

m,A m
=1

+A ((1 + )t

m

At
w1ACmB Tt H.c.)

= 1M1=

[/JAC;,Acm,A + MBC,—:LBCm,B) (61)
1

3
I

where the quasiperiodically modulated onsite chemical potentials at the two

sublattices are denoted by,
Ha = Aa cos[2aB(2m — 1) + @]

up = Agcos[2nB(2m) + @].

Here, the length of the chain is represented by L = 2N with the unit cell index
m (=1, 2, ..., N). In each unit cell, there are two sublattice sites, namely, A and
B with the corresponding number operators being 7,4 and #,,5, respectively.

The creation (annihilation) operators to create an electron at the sublattice sites
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(m,A) and (m, B) are given by 6;, 4 (Ema)and é;, 5 (Cm.p), respectively. The intra-cell
(strong) and inter-cell (weak) hopping strengths are defined by #(1+¢) and #(1-0¢)
with ¢ and ¢ being the nearest-neighbour hopping strength and the dimension-
less dimerization strength, respectively. To keep the hopping term positive, we
impose a constraint on the dimerization strength, namely, |[6] < 1. Similarly, the
intracell (strong) and intercell (weak) p-wave superconducting paring strength
of the system are defined by A(1 + §) and A(1 — 6). The onsite quasiperiodic po-
tential strengths at the two sublattices are denoted by A4 and A3, respectively.
The periodicity of the potential is given by 1/3. In this work, g is taken as the

golden ratio, that is, 8 = (‘BT_D

. The phase term of the potential is represented
by ¢ which is taken as zero. We keep the p-wave pairing strength to be real
and positive, that is, A = 0.5. Additionally, we choose the onsite quasiperiodic

potential strengths 14 and A5 to be equal and opposite in magnitude, that is,

As = —Ag = . We have taken ¢ as the unit of energy throughout, thatis, t = 1.

In the presence of a p-wave superconducting pairing, the Hamiltonian has
terms quadratic in the fermionic creation (and annihilation) operators. Thus,
the Hamiltonian can be solved by using the Bogoliubov-de Gennes (BdG) trans-
formation. In order to do that, we define a quasiparticle operator obtained via

superposition of the single-particle creation (c') and annihilation (c) operators,

namely,
N
T _ (n) T (1)
¢n - Z [unlz,acm,a + Vn’:,acm,a] (62)
m=1,a=A,B

where @ and n denote the sublattice index and the energy band index, respec-

tively. ulp), and v\, are the amplitudes of the wavefunction at the sublattice sites
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(m, @), which we are taken to be real. Subsequently, the wavefunction becomes,

W) = ¢510) (6.3)
N
= D ek + VenallO). (6.4)
m=1,a=A,B

Hence, the Schrodinger equation, can be written as,

A B ||um, Uyt
=E, (65)
R 21 s U7

where A and B are matrices, whose components are given by,

Apo = —t(1+ 5)[5<m,A),(m,B) o 5(m,B),(m,A)] (6.6)
ol 5)[5(m+1,A),(m,B) + 5(m,B),(m+1,A)]

= HUAO(m.A) (mA) — MBO(n,B).(m.B)

Bm,a = A(l + 5)[6(m,A),(m,B) - 5(m,B),(m,A):| (67)

A(l — 6)[5(m,3),(m+1,A) - 5(m+1,A>,(m,B>]-

Using the BAG equations in (Eq.[6.5), the single-quasiparticle spectrum (E,), and

the amplitudes uf,’,’,)(, and v,(ﬁ)a of the wavefunction can be calculated.

The particle-hole symmetry is inherently present in the BAG Hamiltonian.
Thus corresponding to each particle-like solution (1’ and v") with eigenener-
gies +E, there will be a hole-like solution with —E. Only the zero-energy states

(E = 0) are self-conjugate.
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6.3 Results

In this chapter, we shall study the effect of an onsite QP potential on the lo-
calization properties via analysing the eigenenergies and the eigenstates of the
Hamiltonian, and explore the topological properties using the real-space wind-
ing number and the number of the of MZMs present in the system. The results
will elucidate the critical properties of the model and shed light on the topolog-

ical features as well [167].

6.3.1 Localization properties

In this section, we explore the localization properties of the eigenstates of the
system under periodic boundary condition. In order to do that, we use two
diagnostic tools, such as inverse participation ratio (IPR) and the normalized
participation ratio (NPR) to distinguish between the extended, critical, and lo-
calized properties. The IPR and the NPR corresponding to the n™ eigenstate of
the BAG Hamiltonian are defined as [140],

N

PR = 3 [l + ] (6.8)
m=1,a=A,B
and
N -1
NPR(”):[L ~3 [quq’i,)alﬂlv,ﬁ’ffal“ﬂ (6.9)
m=1,a=A,B

where u,(,ﬁ‘fa and v%’?a are the solutions of the BAG equations. It is known that the

IPR value of an extended state goes to zero, while for the localized state, it is
always stays finite and acquires a value "1’ in the thermodynamic limit. On the
other hand, the NPR value denotes finite values corresponding to an extended

state, while, for the localized state, it tends to zero in the thermodynamic limit.
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Figure 6.1: The phase diagram is shown using the variable 7 as a function
of 6 and A. The length of the chain we consider for the calcula-
tionis L = 5168.

Moreover, we are interested in the global properties of the model. Since our
system respects the particle-hole symmetry, we only consider the quasiparticle
spectra of the BAG Hamiltonian in our calculations. Hence, the average of the

IPR and the NPR are given by [140],

PRy =1y IPR® (6.10)

(NPR) =13~ NPR"™.

6.3.2 Phase diagrams

To begin with, we present a phase diagram with the help of (IPR) and (NPR) in
the parameter space defined by the dimerization strength (¢6) and the QP poten-
tial strength (1) in Fig In order to obtain a detailed illustration of the phase
diagram, we need to segregate different phases, such as the extended, critical

(intermediate), and the localized phases. The coexistence of different types of
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states gives rise to the critical phase. Thus, we introduce the quantity, 7 which
is discussed in Eq. Although, the value of n distinguishes the critical phase
from the extended and the localized ones, it is, however incapable of distin-
guishing between the localized phase from the delocalized phase. Thus, it only
helps us to identify the critical phase in the phase diagram. Hence, we need

another quantity to discern the localized phase from the delocalized phase.

Following Eq.[2.5] the average value of the fractal dimension calculated over
a narrow band comprising of a few low-lying quasiparticle states and the BAG
quasiparticle spectrum are denoted by (D,) and D,, respectively. Again, the av-
erage value of the fractal dimension will not capture the overall nature of the
system. Thus, we need to consider both the quantities, namely, n and the aver-
age value of the fractal dimension (D,) together to acquire a good knowledge

on the emergent phases of the system.

In Fig we show the phase diagram using 5 in the parameter space
spanned by ¢ (dimerization strength) and 1 (QP potential). It denotes the global
nature of the system, with the ‘Blue” color corresponding to the extended and
the localized phases and the ‘red” color refers to the critical phase of the system.
Therefore, the system hosts a critical phase over a large parameter regime de-
noted by ¢ and 4. Among the two extreme cases, that is, when no dimerization
is present (6 = 0), it is observed that, all the eigenstates are extended in nature
up to a value 4 ~ 1. Upon increasing the potential strength, the eigenstates
become critical (multifractal). On the contrary, in the strong dimerization limit
(6 = 1), all the states are localized irrespective of the values of 1. Further, at an
intermediate point of the dimerization strength, say, 6 = 0.6, it is observed that

an extended phase persists up to 4 ~ 1, beyond which, a critical phase appears
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Figure 6.2: (a) The fractal dimensions (D,) are shown for the the BdG
quasiparticle spectrum as a function of 4. The system length
is taken as L = 8362. (b) A phase diagram using the fractal
dimensions ({D,)) is plotted as a function of ¢ and A. In this
calculation, we consider only a band of low-lying energy states
from the quasiparticle spectrum. The length of the chain we
consider for the calculation is L = 5168.

which persists up to a value given by A, ~ 2.4. Finally, the localization transi-
tion occurs at values larger than the critical 1., leading to a completely localized

phase.

In Fig 6.2 (a), we show an intuitive picture of the eigenspectrum and their
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sensitivity to the variation of A for § = 0.6. Hence, we plot D, corresponding
to the BAG quasiparticle spectrum as a function of the QP potential strength,
A. Different eigenstates experience localization transitions at different values
of the potential indicating the presence of an energy-dependent phase transi-
tion. In this situation, since mobility edge is not appropriate terminology, we
wish to address it as an anomalous mobility edge onwards. Thus an anomalous
mobility edge should be observed in the presence of the dimerization and the
staggered potential. In general, it is observed that the lower energy states of
the spectrum (near the zero energy) are necessary to demonstrate a localization
transition at large values of A. In comparison, the higher energy states undergo
a transition at weaker potential strengths. For small values of 4, all the quasi-
particle eigenstates are extended in nature, thereby giving rise to a completely
delocalized phase. Beyond this, the onset of localization occurs at 1 ~ 1 corre-
sponding to of the higher energy states, leading to a critical phase comprising
of a mixture of the extended and the localized states. Hence, an anomalous mo-
bility edge appears between the extended and the localized states. Interestingly,
while with the increase in 4, the critical phase persists, the extended nature cor-
responding to the lower energy states is replaced by the critical (multifractal)
states within a range of A given by 1.5 < A4 < 2.5. Thus we observe another
anomalous mobility edge, which arises between the critical (multifractal) and

the localized states. Finally, at a higher value of 2, all states become localized.

Therefore, we infer that the lower energy eigenstates experience a series of
transitions, namely, from the extended to critical (multifractal) and hence to the
localized one. This indicates the presence of a critical region sandwiched be-
tween the extended and the localized phases. However, corresponding to the

higher energy states, there is a sharp transition from an extended to a local-
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ized phase. Thus, our results offer two different anomalous mobility edges, one
between the extended and the localized and another between the critical (mul-
tifractal) and the localized phases. Hence obtaining two different anomalous
mobility edges in the dimerized Kitaev chain model in presence of a QP poten-

tial comprises of an important highlight of our work.

In Fig[6.2](b), we show the average value of the fractal dimension ((D,)) in the
parameter space spanned by of 6 and A corresponding to a band of lower energy
states appearing in Fig[6.2] (a). It is depicted that in the case of weaker potential
strengths (small ), all the eigenstates are extended in nature irrespective of the
value of ¢ (0 < 6 < 1). Beyond the critical point, 1 ~ 1, a critical phase appears
with critical (multifractal) nature of the eigenstates within 0.2 < ¢ < 0.8. These
multifractal states are affected by larger values of §, resulting in shrinking of
the critical phase. Finally, a complete localization occurs at stronger potential
strengths. Therefore, we observe three distinct phases, such as, the extended,
critical (multifractal), and the localized as a function of the QP potential strength

A.

It is noticeable that, in Fig[6.1and Fig[6.2|(b), the area of the extended phase
are not identical, it rises in Fig|6.2| (b). In Fig the phase diagram is shown
via computing a quantity . In addition, Fig. 2(b) is obtained via computing
the average value of the fractal dimension by considering some of the low-lying
quasiparticle states. In the first case, the extended phase comprises of all the
eigenstates which are extended in nature. On the other hand, the critical phase
hosts a mixture of the extended and the localized states. Therefore, in the cal-
culation of the average value of a fractal dimension, some of the contributions

of the extended states from the critical phase enhance the area of the extended
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Figure 6.3: The fractal dimension (D) as a function of eigenstate index ra-
tio (n/L) are shown in (a) 4 = 0.50, 6 = 0.60, (b) 2 = 1.70,
6 = 0.60, and (c) 4 = 3.00, 6 = 0.60 for various system sizes,
mentioned in the figure.
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Figure 6.4: The level spacing as a function of eigenstate index ratio (n/L)

are shown in (a) 1 = 0.50, 6 = 0.60, (b) 2 = 1.70, 6 = 0.60, and (c)
A =3.00, 6 = 0.60. The system length is taken as L = 8362.

phase in Fig[6.2) (b), which can be seen from Fig[6.2] (a).

6.3.3 Fractal dimension

In order to have a complete understanding of these different phases, we study
D, by considering different system sizes, such that, L = 8362, 5168, 3194, 1974,
and 1220, which are shown via different colors in Fig[6.3] In Fig we plot D,
as a function of the eigenstate index ratio (n/L) corresponding to three represen-

tative points (parameter values) from each of the phases. For the dimerization
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Figure 6.5: The probability distribution of eigenstates as a function of site
indices (j) are shown for (a) 24 = 1.5, (b) 1 = 1.55, (c) 1 = 2.4,
and (d) A = 2.45 corresponding to 6 = 0.6. The system size we
consider here is L = 8362.

strength, 6 = 0.6, we choose 4 = 0.5 for the extended phase, 1 = 1.7 for the crit-
ical (multifractal) phase, and 1 = 3.0 for the localized phase. In Fig[6.3|(a), it is
observed that, the values of D, corresponding to all the states move towards the
value D, = 1 as L increases, implying a the presence of a completely extended
phase in the thermodynamic limit. Most interestingly, in Fig|6.3| (b), the values
of D, fluctuate around a value D, = 0.6 for different L, thereby demonstrating
a fractal nature. However, the higher energy states approach towards a value
D, = 0 with increasing L, indicating a localized behavior. Thus we observe an
anomalous mobility edge to occur between the multifractal and the localized
states. Finally, in Fig[6.3|(c), we find that all the states corresponding to both the
lower and the higher energies approach zero with increasing L, thereby exhibit-

ing a completely localized phase.
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Figure 6.6: The average value of fractal dimension ({(D,)) as a function of
system sizes are shown in (a) 1 = 0.50, 6 = 0.60, (b) 2 = 1.70,
6 = 0.60, and (c) 4 = 3.00, 6 = 0.60. The system sizes are taken
as L = 5168, 3194, 1974, and 1220.

6.3.4 Level-spacing

Following the theory of level-spacing, which is explained in sec. we study
the localization properties of the system via eigenenergies. In Fig |6.4| we plot
the level-spacing corresponding to the same parameter choices as that for the
calculation of D, in Fig which are 2 = 0.5, 1.7, and 3.0 for § = 0.6. In
this study, we expect to witness a gap in the extended phase corresponding to
A = 0.5 shown in Fig[6.4| (a). Later, for A = 1.7 in Fig[6.4] (b), distinctly noticeable
fluctuations occur in the lower energy spectrum. While the higher energy states
are localized in nature. Further, at 1 = 3 in Fig (c), no gap between s, ° and

597¢ is observed thereby indicating a localized behavior.

n

6.3.5 Probability distribution

The nature of an extended state is to spread over the entire lattice, while the
localized states only span over a very few lattice sites. In contrast, a multifrac-
tal state is fundamentally different from the above two, implying neither an

extended nor a localized behavior. To have a clear visualization of the phase
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transition, we plot the probability distribution of the eigenstates as a function of
the site indices in Fig[6.5] We observe that, the probability distribution at A = 1.5
and 6 = 0.6 (Fig[6.5|(a)) spreads uniformly over the entire lattice, hence denoting
an extended nature. Further, at 1 = 1.55 and ¢ = 0.6 (Fig (b)), we observe
a fluctuating nature of the states, which aids us in identifying it as multifractal
states. Afterwards, at A = 2.4 and § = 0.6 (Fig|6.5|(c)) the state is a multifractal,
and finally at 1 = 2.45 and 6 = 0.6 (Fig (d)), the states are highly localized

and span over only a few of the lattice sites.

6.3.6 Finite-size analysis

Finally, to have a concrete validation of the extended-critical-localized phase
transition, we perform a finite-size scaling analysis of the fractal dimension. In
order to do that, we calculate (D,) using a narrow band consisting of low-lying
quasiparticle eigenstates, which is plotted as a function of the system lengths.
The system sizes are taken as L = 5168, 3194, 1974, and 1220. The intercept
of the linear plot will provide the value of (D) in the thermodynamic limit. In
Fig we show the scaling behavior of (D,) with the system sizes correspond-
ing to 1 = 0.5 (extended) in Fig[6.6(a), A = 1.7 (critical) in Fig[6.6|(b), and 1 = 3.0
(localized) in Fig (c) for a dimerization strength 6 = 0.6. Following this, we
also show (D) as a function of A corresponding to various ¢ values in Fig
(a). The results clearly distinguish between the three phases by demonstrating
a value 1 for the extended phase, a fractional value (between 0 to 1) for the crit-
ical phase, and zero for the localized phase, which we have also inferred earlier
from the phase diagram presented in Fig 6.2 (b). In addition to this, we also

study the variation of the average D, (D,) over the quasiparticle spectra as a
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Figure 6.7: (a) The average value of D, ((D,)) over a narrow band of states

and (b) The average value of D, (D,) over the quasiparticle
spectrum as a function of 1 are shown.

function of A for L = 8362, 5168, 3194, 1974, and 1220 in Fig (b) correspond-
ing to 6 = 0.6. The crossing of the curves at 1. = 1 implies a phase transition
from an extended to a critical phase. However, the critical to the localized phase
transition is not clearly captured. The results match with the phase diagram

presented in Fig[6.1]
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Figure 6.8: The real-space winding number is plotted as a function of A.
The length of the chain we consider for the calculation is L =
5168.

6.3.7 Topological properties

In this section, we investigate the topological properties of the zero-energy edge
modes that emerge in our model. In general, it is known that the topologically
non-trivial phase appears to be robust for weak values of potential. However,
there is a phase transition from the topological non-trivial to the trivial phase in
presence large QP potential. Thus a topological invariant is required to identify
them separately. Here, we shall characterize the topological nature by the topo-
logical invariant (see below) and the number of the MZMs. Since the potential
breaks the translational symmetry, we shall use the real-space winding number

as the topological invariant which is explained in sec.2.6.5
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6.3.8 Topological and universal Phase diagrams

In Fig we show the phase diagram via the real-space winding number v as
a function of ¢ and A using periodic boundary condition. While v has a value
1 corresponding to the topological phase, it is 0 for the trivial phase. Here,
we observe a topologically non-trivial phase up to 4 ~ 3 corresponding to no
dimerization (¢ = 0). In addition, the model has a topologically trivial phase at
the strong dimerization limit (6 = 1). However, a certain region of ¢, namely,
0.5 < ¢ < 0.8 shows an intriguing nature. It is illustrated that, in this region, the
system is in a topologically trivial phase for the clean limit (1 = 0). With increas-
ing A and beyond the moderate values, the system enters into a topologically
non-trivial regime which spans over a range of A. Finally, the model exhibits a
transition from the topologically non-trivial to an Anderson localized phase at

large QP potential strengths.

In the absence of the onsite potential, that is, 4 = 0, the system possesses
the translational invariance which allows us to write the Hamiltonian in the

momentum space,

H() = ) v Ho(k (6.11)
k

where ¥, = (cxa, Cr.ps cfk’ e cfk’ »)- Hence, the Bloch Hamiltonian is given by,

0 h(k) 0 g(k)
1 (k) 0 —g*(k) 0
Ho(k) = (6.12)
0 —g(k) 0 —h(k)
g (k) 0 —h* (k) 0
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Figure 6.9: A universal phase diagram as a function of dimerization
strength (6) and QP potential strength (1) is shown. We ob-
tained three phases such as extended, localized, and critical,
corresponding to the bulk states of the system. In addition to
that, depending on the properties of the localized zero-energy
edge modes, topological and trivial phases are specified.

where

h(k) = —t(1 + 6) — t(1 = §)e *a

and

g(k) = —=A(1 + 6) + A(1 — )e .

Here a is the lattice constant which is taken to be unity in the following calcula-

tion. Hence, the spectrum of the Hamiltonian is given by,

E(k) = + \/ h(OP + 120 + [h(K)g* (k) + g(kh* (k). (6.13)

From the energy spectrum, we find at k = 0 and x,

E(0) = +2A6 + V472 (6.14)
and
E(n) = £2A + V41252 (6.15)
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Figure 6.10: Eigenenergies are shown as function of A in (a). Zero-energy
edge modes and a bulk mode are plotted as a function of 1 in
(b). IPR value corresponding to the zero-energy edge modes
as function of 2 is shown in (c). The length of the chain we
consider for the calculation is L = 8362.

The corresponding gap closing condition from Eq. is given by,
47 = AN*5° (6.16)

which using Eq. yields,
4A* = 41767 (6.17)

Therefore, from Eq. we have,

A*=6> whent=1 (6.18)

A = +6. (6.19)

Since we have considered A = 0.5 in our analysis, we observe the gap closing

occurring at 6 = 0.5 corresponding to 4 = 0.

We also include a universal phase diagram that contains information on both
the localization properties and the topological features in Fig. In the pa-
rameter space defined by 6 — 1, we show trivial and topological phases in the

extended, localized, and the critical regimes which are shown in the figure.
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Figure 6.11: The probability distribution of eigenstates (near first transi-
tion) as a function of site indices (j) are shown corresponding
to(@a)d=1.1,6 = 0.6 and (b) 4 = 1.15, § = 0.6. The length of
the chain we consider for the calculation is L = 8362.

6.3.9 Bulk-boundary correspondence

The real-space winding number extracts the details of the topological proper-
ties using the bulk states of the Hamiltonian. We also need the information on
the edge modes to understand the bulk-boundary correspondence. Thus, we
show some of the energy eigenvalues around the zero-energy as a function of
A corresponding to ¢ = 0.6 in Fig (@). The result exclusively shows that
the bulk gap closes at 1 ~ 1.1. Later, with increasing A, the zero modes persist
up to 4 = 2.4. Finally, the two edge modes hybridize and merge with the bulk
bands. For a clear visualization, we plot the zero energy edge modes and a sin-
gle bulk mode in Fig (b). Moreover, it is also fascinating to learn about the
localization properties of these two edge modes. Thus, we show the IPR value

corresponding to both of them as a function of A in Fig (c). It is observed
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Figure 6.12: The probability distribution of the eigenstates (near second
transition) as a function of site indices (j) are shown corre-
sponding to (a) 4 = 2.35, 6 = 0.6, (b) 4 = 2.40, 6 = 0.6, and (c)
A =245,6 = 0.6. The length of the chain we consider for the
calculation is L = 8362.

that the modes are extended in nature with IPR= O up to A ~ 1.1. With increasing
A, the states are localized at the two edges of the lattice up to a value such that
A < 2.4. Beyond A > 2.4, the edge modes get hybridized with the bulk bands,

and a complete Anderson localization transition occurs.

6.3.10 Probability distribution

We shall complement these results with the probability distribution of the en-
ergy eigenstates corresponding to the zero modes. In Fig we plot the prob-
ability distribution of the edge states as a function of the first gap closing point.
While in Fig (a), the eigenstates are distributed uniformly throughout the
lattice, Fig [6.1T(b) shows that localization occurs at the edges of the lattice, in-
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dicating a topological behavior. Further, in Fig we plot the probability
distributions of three of the eigenstates corresponding to three closely values
of second transition point of 4, namely, 1 = 2.35, 2.4, and 2.45. Following the
previous analysis, the distribution shows that the eigenstates are located at the
edges in Fig (a), thereby demonstrating the presence of the zero-energy
edge mode. Fig (b) shows fluctuations that are occurring across the lattice
sites, indicating an emergence of a multifractal behavior, and hence implies the
presence of a critical point. Finally, in Fig|6.12)(c), the eigenstates show localized
behavior that spans over a few of the sites in the bulk of the lattice, signalling

the emergence of the localized states due to Anderson localization transition.

6.3.11 Finite-size analysis

Finally, we show the finite size analysis to characterize the topological phase
transition corresponding to ¢ = 0.6 in Fig In this calculation, we chose the
system sizes, such as, L = 8362, 5168, 3194, 1974, and 1220, which are shown
with different colors. In Fig (a), we plot the real-space winding number v
as a function of A for different system sizes. The variation of v with A shows
an sharp transition from 0 to 1 (beyond A4 = 1), indicating a phase transition
from a topologically trivial to non-trivial (Topological Anderson) at a particular
value A4,. The phase appears to persist up to a value A, for all system sizes.
Later, a second transition occurs, from a topologically non-trivial (Topological
Anderson) to an Anderson localized phase. The same behavior is also obtained
from the plot of the counts of the number of zero energy edge modes (Majorana
zero modes (MZM)) as a function of A in Fig (b). The information exactly

matches the results from the real-space winding number calculations. We also
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Figure 6.13: The real-space winding number (v) as a function of A4 is shown
in (a). The number of Majorana zero modes (MZMs) as a func-
tion of Ais shown in (b). The energy bulk gap AE as a function
of Ais shown in (c). all the plots are shown for § = 0.6 and var-
ious system sizes, mentioned in the figure.

calculate the bulk gap AE = E, - E, in Fig (c) where AE = 0 represents the
gap closing points. Here we show the presence of the topologically non-trivial

phase via a shaded region that in blue color.

6.4 Conclusions

In this chapter, we have studied the localization and topological properties of a
one-dimensional dimerized Kitaev chain in the presence of an onsite QP poten-
tial. The localization properties demonstrate phase transitions from an extended
to a critical and hence to a localized phases due to the competition between the
dimerization strength and the QP potential strength. One of the prime observa-
tions is the existence of the critical phase comprising of two different anomalous
mobility edges separating the extended-localized and critical-localized phases.
Hence a broad region of the critical states are results in a multifractal phase.
Additionally, the topological properties of the model computed via the wind-

ing number in real-space and the number of Majorana zero modes existence in
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the system, have shown that a moderate value of the QP potential can induce
a topologically trivial to a non-trivial (Topological Anderson) phase transition
beyond a certain critical dimerization strength. Beyond this, a non-trivial phase
will undergo another transition to the Anderson localized phase at large values

of the QP potential.
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CHAPTER 7
PHASES OF INTERACTING BOSONS IN PRESENCE OF
QUASIPERIODIC POTENTIAL

7.1 Introduction

In this chapter, we wish to explore an interacting model in presence of quasiperi-
odic (QP) potential within a mean-field theory (MFT). We choose interacting
bosons loaded in in (optical) lattices which are described by the Bose-Hubbard
model (BHM) [135, [168]. The preliminaries of the model are explained elabo-
rately in sec. By tuning the system parameters, namely hopping and in-
terparticle interaction a transition from a superfluid (SF) to a Mott insulator
(MI) phase can be experimentally observed in a clean environment [169]. Apart
from the role of interaction, the interplay of disorder and interaction assumes
a crucial role in hosting the new quantum phases in this system. Engineering
random disorder using speckle laser beams, multi-component Bose gas or non-
commensurate multi-chromatic lattices etc is common, and yield a glassy phase
[170, 171}, 172,173} [174] characterized by finite compressibility and vanishing SF
order parameter [170,1171,[175| 176,170, 91,177], known as the Bose glass phase.

Here instead of a random potential, we include a QP potential which can be
contemplated as arising from a two-color sublattice with wavelength, A, and 1,
that are incommensurate with each other. We investigate how such a QP po-
tential influences the phase diagram of interacting bosons on a lattice. Very re-
cently, the ground state phase diagram of a two-dimensional ultracold Bose gas
in optical lattices in presence of QP potential has been studied using quantum

Monte Carlo (QMC) [178] and mean-field approximation (MFA) [179, 180] tech-
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niques. In addition to the BG phase, they have found signatures of an additional
phase, namely, the quasiperiodic induced mixed (QM) phase. It is observed that
in the QM phase, majority of the lattice sites belongs to the MI phase while rest
of the lattice sites will show finite value of the SF order parameter. Through nu-
meric computation of the site decoupled Bose Hubbard Hamiltonian, we have
reconfirmed the presence of such phases. Additionally, we have performed crit-

ical state analysis corresponding to the phase transitions.

In this chapter we shall study a system of interacting particles on a 2D op-
tical lattice in presence of a QP potential using MFA. Additionally, the phase
transitions are tracked more accurately via percolation theory. Further, we have
performed a finite-size scaling analysis to find out the nature of the BG-SF or

the QM-SF phase transitions.

The rest of the chapter is organized as follows. First, we describe the model
in sec. which is followed by the discussion of the results in [sec. [7.3.1}
sec.[7.3.5]. Finally we conclude our results in sec.

7.2 Model

Here we consider a BHM that describes the general properties of ultracold
atoms loaded in a two dimensional (2D) square lattice in the presence of the
QP potential. The corresponding Hamiltonian is written as [135} 181}, 178],
H=—t) (@a;+hc)= ) (u=-eii+ ) %ﬁ,-(ﬁ,- - 1) (7.1)
<i,j> i i
where 4! (4;) denotes the creation (annihilation) operator and #; represents the

occupation number operator at site i. ¢ refers the hopping amplitude between
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the nearest-neighbor lattice sites, i and j. The particle density can be controlled
via the chemical potential i, while the repulsive on-site interaction strength is
denoted by U. Here, ¢ represents the two dimensional QP potential at a site in

a 2D square lattice, i € (n,m) which is given by, [178, (179} (180, 182]
G = —a( cos [27B(n + m) + ] + cos [278(n — m) + a]) (7.2)

where A denotes the strength of the potential, n,m being the site indices and
« = [0, 2] is a phase factor. B determines the periodicity of the QP potential. In
our work, we have assumed g = M/L where M and L are co-prime integers. Our
assumption is based on the continued fraction expansion [183] which allows
one to incorporate the periodic boundary conditions on a square lattice, L x L.
We choose 8 = \/%, which fixes the possible system sizes to be L = 55,99 and 239
etc [184].

In order to study the phase transition between different quantum phases, we

shall employ the MFA to decouple the hopping term as follows [185) 186],
aja; = (@), + aj(a;) - (@})}a,) (7.3)

where ( ) denotes the equilibrium value of an operator and defining the SF or-
der parameter at site i as, ¥; = (4;). Now substituting the superfluid order pa-
rameter in Eq.(7.1), the BHM can be written as a sum of single site Hamiltonians

as, H = ,; H"F where,

HYE = —zt(¢ia; + h.c.) + 2t — (1 — €)it; +

1

u. .
> il = 1). (7.4)

Here ¢; = (%) >.;¥; and the sum over j includes all nearest-neighbors of a site i

in a square lattice, z is the coordination number.
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Randomly chosen initial local order parameters are used to get local ground
state by diagonalizing the mean field Hamiltonian [Eq.(7.4)]. This process is re-
peated at all lattice sites, and hence the state corresponding to the entire lattice
generates a global ground state. The self-consistency is checked at each step of
the process, until the global order parameters converge within a certain accu-
racy (in our computation, the accuracy is taken an 0.001). By using the global
ground state [¥;) of the Hamiltonian, various physical quantities, such as, the
SF order parameter y;, the occupation number, p;, and the compressibility k; are
computed using the following relations,

12
yi = (Yolail¥e); pi = (Yelnil¥o); ki = [Z[Plz - (Pi)z]- (7.5)
i=1
In addition to that, the average SF order parameter (¥) and the compressibility

(k) are defined via,

) RS )Ry IR

where the con fig in the subscript refers to the fact that results are averaged over
different QP realizations within the range @ = [0 : 27]. To explore the role of a QP
potential, here we shall use three representative values implying weak, moder-

ate and strong potential strengths, namely, 1/U to be 0.18, 0.30, and 0.55 [187].

7.3 Results

A phase diagram in a clean system is described in sec. 2.7l where a SF to MI
phase transition is observed. In presence of the QP potential, a direct transi-
tion from the SF to MI phase is intervene by a BG or QM phases depending on

the strength of chemical potential. In the MI phase, each lattice site hosts same
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(and integer) number of bosons, and has vanished SF order parameter and com-
pressibility, while the SF phase comprises of non-integer occupation densities,
tinite superfluid order parameter, and compressibility. A non-integer occupa-
tion number emerges corresponding to the BG phase; however, the superfluid
order parameter remains zero. On the other hand, the QM phase looks more
insulating in nature, and less like the SF phase. Thus it behaves as a pseudo-SF

or weak-SF phase.

7.3.1 SF order parameter and compressibility

To understand the critical nature of the BG or the QM phase, and also to locate
the transition points separating one quantum phase from another, we shall now
study the behaviour of the site average SF order parameter (¥), and the com-
pressibility (k) for different strengths of QP potential. To this effect, two rep-
resentative values of the chemical potential are considered, such as, u/U = 0.4
specifically while focusing on the BG phase, and /U = 1.0 for discussing the
QM phase. The choice of the values for the chemical potential will becomes
clear as we go ahead with the discussion. The variation of ¥ and & are shown in
the Fig[7.1](a) for BG and Fig[7.1|(b) for QM phases corresponding to config = 50

realizations of the QP potential.

For 4/U = 0.4, a small QP strength, that is, /U = 0.18 becomes sufficient
to destroy the MI phase and induce the BG phase, resulting in the MI-SF phase
transition to occur at a relatively small value of the hopping strength, namely,
at zt./U ~ 0.134 [Fig[7.1] (a)]. With gradual increase of the potential strength, the

BG phase now encroaches in between the MI and the SF phases by suppressing
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Figure 7.1: The variation of the average SF order parameter ¥ (open sym-
bols) and compressibility « (filled symbols) are shown in (a) for
the MI-BG-SF (u/U = 0.4) and in (b) for the QM-SF (u/U = 1.0)
phases corresponding to the different QP potential strengths.

the Mott insulating phase, thereby lowering the values for the critical transi-
tion point. While a slightly higher value of QP strength almost destroys the MI

phase, leaving the system to only consist of the BG and SF phases at /U > 0.3.

For u/U = 1.0, the behavior of ¥ and k indicate different features in Fig
(b). In particular, we obtain the SF order parameter, ¥ ~ 0.2 and the compress-
ibility, k < 0.1 for /U = 0.18. With increasing 1/U, ¥ and k become vanishingly
small at zz,/U = 0.04, thereby pointing towards an insulator like phase. Such
a phase seems to be more dominant than the SF phase, and possibly gives an

insight on the QM-SF phase transition.

Although by looking at the ¥ and k, one can get the qualitative information
about the critical zt./U separating different quantum phases. However, it fails
to provide more information about the appearance of the QM phase, and pre-

cisely locate the the critical tunneling strengths for the phase transitions. Thus
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we suggest of a more elegant technique, namely, the percolation technique by

introducing a new quantity, namely, indicator in the following subsection.

7.3.2 Indicators of MI, BG, QM and SF phases

General conclusions achieved from ¥ and & indicate that it is reasonable to de-

fine an indicator (y) as [188),[189]

sites with ¢; # 0 and p; # integer
total number of sites X

(7.7)

In addition, we can also define another quantity, namely ¥ by changing the nu-
merator of the above Eq. to the “sites with ¢; = 0 and p; = integer”. These
definitions imply that the MI phase corresponds to y = 1, while the SF phase is
characterized by y = 1. Any intermediate value, such as 0 < y < 1 signifies the
presence of the BG phase. For numerical convergence, we have set the tolerance
of y; < O(107") and p; = m + 6, where 6 ~ O(107%) and m is an integer for the MI
phase. The variation of y and y for the parameters discussed above are shown

as a function of z¢/U in Fig.[7.2|(a) for u/U = 0.4, and Fig.[7.2|(b) for 1/ U, = 1.0.

For /U = 04, it is observed that the MI phase exists up to a value zt/U =
0.132 corresponding to /U = 0.18 [Fig. a)]. Similar numbers have been in-
ferred from the plots of the average SF order parameter, and the compressibility
as well. Beyond these critical hopping strengths, the values of p; turn from in-
teger to fractions, giving rise to the SF phase characterized by finite values of
Y. With increasing the potential strength to /U = 0.3, it is seen that, y becomes
finite at a lower value, that is, of zt/U = 0.028. Further rise to 1/U > 0.55, the
presence of the BG phase is stabilized over a broader region with larger values

of zt/U. Also, the MI phase corresponds to a narrow region of zt/U =~ 0.020
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Figure 7.2: The variation of the indicator as a function of the hopping
strength zt/U is shown in (a) for the MI-BG-SF (u/U = 0.4) and
(b) for the QM-SF (u/U = 1.0) phases corresponding to the dif-
ferent QP potential strengths.

which is shown in Fig. (a) (inset). Thus the MI phase becomes unstable in
presence of a large QP potential, since the order parameters at individual site
delocalize across the lattice, thereby resulting in the presence of only BG and SF

phases.

For the other choice of the chemical potential, that is, u/U = 1.0, we have
plotted y (instead of x) to access the signature of the QM phase corresponding
to different values of the potential strengths. It shows that ¥ # 0 till z¢/U = 0.046
for /U = 0.18, and with QP strength increasing up to 1/U > 0.3, one gets y # 0
at higher values of zt/U [Fig.[7.2(b)]. This implies that the insulating phase is
now distributed over a large region of the parameter space, thus paving the
way for the appearance of the QM phase. The QM phase behaves mostly like
an insulating phase, with very weak superfluid character. Thus one can expect
that the majority of the lattice sites will host integer occupation densities, except

for a tiny region where strong particle correlations will exist. Consequently, we
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infer that the QM phase corresponds to ¥ > 0.5 with a patch of the SF region.

The above observations suggest that the determination of a precise transition
point from the MI-BG phase can be done via y or y. But the presence of the QM
phase, and hence determination of the BG-SF or the QM-SF phase boundaries
remain challenging. We shall turn our attention to the percolation analysis to

overcome these hurdles in the next subsection.

7.3.3 Percolation appearance and cluster size distribution

Since we are interested in the BG and the QM phases, our primary focus will be
on the BG-SF and the QM-SF phase transitions, and hence compute the critical
points to enumerate the nature of the BG and the QM phases. The BG phase
constitutes of a number of isolated SF clusters that are surrounded by the MI
clusters. The SF cluster is an island that is formed by the non-integer occupa-
tion densities, while the MI cluster is formed with sites having integer occupa-
tion densities. Thus the onset of superfluidity begins when these separated SF
clusters coalesce together to percolate or span through the entire lattice for the
tirst time. The QM phase hosts a situation where the majority of the lattice sites
belong to the MI cluster, with at least one SF percolating cluster. Therefore, our
requirements culminate into finding out the first percolating cluster exhibited

in the SF phase corresponding to both the types of potential.

To facilitate a visual understanding, we show the real space density plots, p;
are shown in Fig. [7.3| corresponding to a single realization of the QP potential,
for /U = 0.2. The light green circles indicate p; =integer, while the red circles

are for p; #integer values. The horizontal (vertical) axis is the lattice site along
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Figure 7.3: The real space plots of the occupation densities, p; for lattice
size L X L = 55 x 55 for the MI, QM, BG and SF phases cor-
responding to QP potential, 1/U = 0.2. Top row shows the
phase evolution from MI (zt/U = 0.0) (a) - BG (zt/U = 0.101)
(b) - SF (z2t/U = 0.12) (c) at u/U, = 0.4. Bottom row shows
the phase evolution from QM (zt/U = 0.005) (d) - Near QM-SF
(zt/U = 0.025) (e) - SF (zt/U = 0.04) (f) at /U, = 1.0.

the x (y) direction. In all the three cases, there is a clear evolution from one

quantum phase to another. Let us discuss them below.

Fig. [7.3| (top row) shows the phase evolution from MI (zt/U = 0.0) (a) - BG
(zt/U = 0.1) (b) - SF (zt/U = 0.12) (c) at u/Uy = 0.4 for 1/U = 0.2. The MI phase
in (a) gradually transforms into the BG phase, having scattered or island-like

SF clusters that are surrounded by the MI clusters (b). Finally these SF clusters
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percolate into the superfluid phase resulting the formation of a spanning cluster

across the lattice (c).

Fig.[7.3]| (bottom row) displays the phase evolution from QM (zz/U = 0.005)
(d) - near QM-SF (zt/U = 0.025) (e) - SF (z¢t/U = 0.04) (f) at u/U, = 1.0 for
A/U = 0.2. In Fig. [7.3(d), one can easily understand that the majority of the
lattice sites with ¥ > 0.5 remain in the MI phase, while there is one SF percolat-
ing cluster, which is essentially the signature of the QM phase. Subsequently,
this QM phase gradually transforms into the SF phase, whence one or more SF
percolating clusters appear with y < 0.5 from a region near the QM-SF phase (e)
to the SF phase (f).

In order to understand the QM and BG phases more rigorously, and to get
an idea of the first percolating cluster, that we shall compute the mean cluster

size which is defined as [190],

X PPsp(x)
cs = 7.8
MeablSSe 20 7.8)

where ps,(y) represents the total number of the occupied sites corresponding to
the p-th cluster, with the percolating clusters are not included in the sum. Here,
we shall employ the well known Hoshen-Kopelman algorithm that is mostly
used in percolation problems. It works under the union-find principle to com-

pute the the SF cluster formation [191].

The variation of M., corresponding to different lattice sizes is shown for
the BG-SF in Fig. [.4(a-b), and the QM-SF phase transitions in Fig. [7.4(c) for
A/U = 0.55. For BG-SF phase corresponding to u/U = 0.35, M., increases as a
function of y and attains a maximum at a critical value, y.(L) [Fig. . Beyond
this, y.(L), M., starts to decrease hinting at the formation of the first percolat-

ing cluster across the lattice. This behaviour seems to be analogous to that of
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Figure 7.4: The Mean cluster size, M., in (a) and M, = M./L in (b) for
the BG-SF phase and the QM-SF phase in (c) as a function of y
corresponding to the different lattice size.

the 2D random percolation problem, where M, attains a peak value at a criti-
cal threshold y.(L — o) = 0.592. Thus we can infer that the values of y.(L) are
0.546,0.621, and 0.674, and thus it moves away from the critical point y.(L — o)
[Fig.[7.4(a)] with increasing system sizes. Here the corresponding system sizes
are chosen as L = 24,39, and 55 respectively for the QP potential. This clearly
indicates that the system experiences a finite size effect which we discuss in the

next section.

We have shown the mean cluster size for QM-SF phase transition corre-
sponding to u/U = 0.5 in Fig.[7.4(c) for /U = 0.55. For u/U = 0.5 [Fig.[7.4(c)],
M., is nearly symmetric with respect to variation in y, and the overall behaviour
remains similar to that of the BG-SF phase as shown in Fig. [7.4(a-b). It attains a
maximum value at (L) = 0.513, 0.583, and 0.567 for the system sizes stated

above, which is again a value close to y (L — ).

However, the re-scaled mean cluster size, that is, M., = M.,/L shows that all
the curves overlap onto each other, and become maximum at a single critical
point, namely, y.(L > 99) = 0.695 for the BG-SF [Fig. b)] and y.(L > 99) =
0.650 for the QM-SF [Fig. [7.4{c)(inset)] phase transitions for large system sizes.
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Figure 7.5: The percolation probability, P, as a function of n = zt/U in
the BG-SF phase for different lattice size corresponding to QP
in (a). x.(L) vs L' plot for QP and random potential in (b).
Finite-size scaling for QP potential is shown in (c).

This implies there is no explicit finite size dependence of the system for L > 99.

7.3.4 Finite-size scaling and critical exponents

Endowed with the understanding of the mean cluster size, and how to deal
with the finite size effects, it is therefore necessary to look into the extent of the
percolating cluster in real space at the onset of the BG-SF or QM-SF phases. For

that purpose, we define another quantity, P,,.,. via [190} 192} 193],

Sites in a spanning cluster

(7.9)

perc —

Total number of occupied sites

It is expected that the P, = 0 in both the MI and the BG phases, while
P # 0 for the SF and the QM phases. To explore the finite size effects, the
variation of P,,.. is shown in Fig. [7.5 for the BG-SF phase, and Fig. 7.6|for the
QM-SF phase corresponding to different system sizes, L by considering config =

100 different realizations.

For the BG-SF phase, we have shown P, as a function of zt/U (say, n =

157



zt/U ) for /U = 0.55 and p/U = 0.35 in Fig. [7.5(a). It shows that all the three
curves pass through a critical point, namely, . ~ 0.1105 for a smaller system
size, namely, L < 55. Thus the finite-size effects can be taken care by using a

universal scaling form.

At the critical point, i, P,... follows a scaling behavior, which may be as-

sume as, [190,192, 193],

Pperc(L, 77) = L_ﬁ/vﬁ(n - r]c)Ll/V (710)

where p is the universal scaling function, and S, v are the critical exponents.
By choosing proper values of 8, v, and with the values 7. obtained earlier, the
observables show a length invariant behaviour, where different curves collapse
on to each other which validates the existence of a universal scaling function
(see Eq. . It can be shown that the average size (S,,) of the SF percolating
cluster varies with system size, L at the percolation threshold (y.) via, (S,,) ~ L%
where dj is the fractal dimension of the SF percolating cluster. It is related to the
critical exponents and the system dimension d through d; = d — /v [190), 192,
193]

In order to find a suitable value of the exponent v, we need to locate y.(L)
at which a spanning cluster appears for the first time. This can be obtained
through the mean value of the distribution defined by the derivative of P,

with respect to y, namely, v ‘() via y.(L) = fo dP””‘ o L™, where y.(L) can be

1cn

identified as the value for which ¢ corresponds to a maximum.

We have plotted y.(L) against L™, and found that the best straight line fit
is observed for v; = 1.33 + 0.03 for the QP potential [Fig.[7.5| (b)]. Such a value
is again close to one corresponding to the random potential in 2D obtained via

QMC studies [190} 194]. Finally, having obtained v and 7. values and choosing
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the QM-SF phase for different lattice sizes in (a) and finite-size
scaling in (b) for QP potential.

B/v = 0.04 +0.02, a suitable data collapse is observed [Fig.[7.5(c)]. Subsequently,
the fractal dimension, dy appears to be dy ~ 1.96 + 0.02. Therefore, we can
conclude that, the phase transitions from the BG to the SF phase belong to the

same universality class for the QP potential.

For the QM-SF phase, the variation of P, with n = zt/U is shown in
Fig.[7.6(a) for u/U = 0.5 at /U = 0.55. Here, all the three curves cross at the
critical hopping strength given by 7. ~ 0.0963 [Fig. [7.6(a)]. x.(L) against L™/
plot shows a best fit straight line for v, = 0.67 + 0.05 [Fig. [7.6(a)(inset)]. With
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Figure 7.7: Phase diagrams (top row) are shown for (a) 4/U = 0.18 , and
(b) /U = 0.55 corresponding to QP potential.

these value of v, and 8/v = 0.03 = 0.01, we have achieved a perfect data collapse
for the QM-SF phase [Fig. b)]. The value of such a critical exponent (v) cal-
culated using our percolation based mean field approach agrees very well with
that from the QMC results obtained in Ref.[178] for the QM-SF phase transition.
Moreover, the phase transition from the QM-SF phase belongs to a different

universality class as that for the BG-SF phase transition.

For large system sizes, all the curves collapse onto each other, thereby justi-
fying that a further scaling is not required for the BG-SF [Fig.[7.5(a)(inset)], and
the QM-SF phase transitions [Fig. [7.6(b)(inset)] for L > 99.

7.3.5 Phase Diagram

The quantum phases can be characterized based on the SF percolating cluster
which is summarized in Table The resultant phase diagrams in the y — z¢

plane are shown in Fig. [7.7 where we have only scanned up to the second MI
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lobe for config = 30 realizations.

MI QM BG SF
Iy (0 =1 ¥>05 0<y < xe Ye<y<1
1*P pere 0 £0 0 £0

Table 7.1: Characterization of the quantum phases based on x (¥) and P,..

For 1/U = 0.18, the phase diagram consists of all four phases, such as, the MI,
BG, QM and the SF phases which are marked by different colours in Fig.[7.7(a).
The BG phase portrays a lobe structure similar to the MI lobe, and the chemical
potential is now shifted by an amount +21/U on either side of the MI lobes.
Apart form the BG phase, we have also found the signature of the QM phase,
which forms like an envelope over the BG phase for small values of u/U. The
feature is more pronounced at /U = 1, which is a degenerate point between the

two consecutive MI lobes.

With increasing strength of the QP potential, the MI phase becomes more
vulnerable, and the BG phase completely destroys the insulating phase at a crit-
ical value, A./U = 0.25. Further rise in the strength of the potential, for example
to a value 1/U = 0.55, the system consists of all the phases, except the MI phase,
and the regions spanned by the BG and the QM phases dominate due to the
localization effects [Fig. [7.7(b)]. Thus the QM phase behaves as a pseudo or a
weak superfluid (WSF) phase and stabilizes with increasing QP strengths. All
these phase diagrams are in qualitative agreement with the QMC [178] and the
MFA results obtained in Ref.[179, [180], where the signature of the QM phase,
namely, the wSF or the weak BG (wWBG) is also observed, and the wSF phase

seems to stabilize at larger values of 1/U.
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7.4 Conclusions

In conclusion, we have studied a two-dimensional Bose-Hubbard model in
presence of a quasiperiodic (QP) potential and realized the emergence of var-
ious quantum phases, such as MI, BG, QM, and the SF phase in the phase dia-
gram. A site decoupling mean field approach (MFA) aided by the percolation
scenario is used to track various transition points accurately. While, as expected,
the QP potential intervenes between the MI and the SF phases, a new phase
more like the insulating phase, denoted as the QM phase is realized. In addi-
tion, a finite-size scaling analysis is performed and universal scaling relation is
obtained. The critical exponents reveal that the BG to the SF and the QM to SF
phase transition belong to a different universality classes. Besides, no explicit
tinite-size dependence for large system sizes has been observed. We have found
that our critical exponents are in good agreements with those obtained from the

OMC results.
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CHAPTER 8
CONCLUSIONS

The electronic transport properties in disordered systems have been an intense
subject of study in physics through the years. The theoretical and experimen-
tal inquiries of solid-state materials result in an unavoidable property, namely
the presence of disorder, which begets the localization phenomenon. After the
discovery of the localization transition by P. W. Anderson in random potential
systems, the topic became a fundamental prototype in several arenas of con-
densed matter physics due to its novel applicabilities not only in solids but also
in sound, light, and ultracold atomic gases. One of the significant consequences
of the localization phenomenon is a metal-insulator transition in three dimen-
sions, which is an example of a quantum phase transition. However, it was soon
realized that a system suffers a complete localization in one and two dimensions
at an infinitesimal disorder, thereby demonstrating no phase transition. Such a
transition is only possible in three dimensions. On the contrary, this localization
transition is possible to achieve in the one-dimensional system in presence of

quasiperiodic (QP) potential. Such potential is a key ingredient of this thesis.

A theoretical model to study the QP potential is the Aubry-André (AA)
model. The model shows a sharp localization transition in a one-dimensional
system, thereby exhibiting no evidence of mobility edge (ME). However, there is
a possibility to observe ME in a quantum system in presence of QP potential by
destroying the self-dual symmetry, which is one of the fundamental properties
of the AA model. Among several possibilities of breaking this symmetry, we
particularly choose a dimer model. Thus, the presence of intra-cell and inter-

cell hopping in a one-dimensional chain, popularly known as the Su-Schriffer-
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Hegger (SSH) model, suits our purpose. In addition, this model has intriguing
topological characteristics, which have been studied as an example of a paradig-
matic model of a topological insulator. Thus motivated by these two aspects,
such as localization properties due to the QP potential and topological proper-
ties in the dimer model, we set our theoretical background to investigate further

into the metal insulator transition and beyond.

To begin with, we consider the SSH model in presence of QP potential at
the two sites in a unit cell. The strength of the potential applying to both the
sublattices is equal and opposite, termed as staggered disorder case. According
to common wisdom, it is known that once the localization sets in, it remains
localized as a function of disorder strength. However, our observation contra-
dicts this behavior. In the staggered disordered case, the system hosts the first
localization transition corresponding to a potential strength, hence inducing a
complete localization. By increasing the potential strength further, some of the
eigenstates become extended again, resulting in occurrence of ME in the sys-
tem. Finally, at a large value of the potential strength, the system undergoes
another localization transition, and eventually at very large potential strengths,
one encounters a complete localization. Therefore, we infer that our system
hosts a reentrant localization transition as a function of QP potential strength
corresponding to a specific range of the dimerization strength due to the com-
petition between them. The observations are performed via participation ratio,

eigenenergies, density of states, and finite-size scaling analysis.

In the next chapter, we have explored the critical behavior associated with
the reentrant phase transition observed in the model discussed in the previous

paragraph. In particular, the reentrant transition occurs through two intermedi-
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ate (critical) phases hosting MEs. Hence, we have investigated the eigenstates
that belong to these critical phases by performing multifractal analysis. In ad-
dition, four transitions occur from an extended — intermediate — localized
— intermediate— localized phases as a function of the QP potential strength
through four critical points. Using the critical state analysis, we are able to com-
pute the critical potential strengths and critical exponents corresponding to the
tirst, second, and third transitions. However, due to the quantum fluctuation
of the observables, the fourth critical point was hand to find. Moreover, it was
noticeable that the second and third phase transitions belong to the same uni-
versality class. In addition to the analysis of the eigenstates, we have also ex-
plored the eigenenergies at the two critical regions by computing the Hausdorff
dimension. The results indicated distinct values of this quantity, namely the

Hausdorff dimension corresponding to both these regions.

The onsite QP potential in the SSH model is unable to preserve its topolog-
ical properties by energizing the zero energy edge modes. Hence the sublattice
(chiral) symmetry disappears. Thus, until now, we have not encountered any
topological properties in our system. In our next chapter, we aim to bring back
the discussion of the topological properties of the SSH model in presence of on-
site QP potential. In order to do that, we have incorporated p-wave supercon-
ducting correlations in our model. Consequently, the model shows a topological
nature due to particle-hole symmetry, which is intrinsic in the superconductor.
The theoretical model to study the p- wave superconductor is known as the Ki-
taev chain model. This model is particularly interesting for its application in
quantum computation. Our model thus becomes a hybrid model comprising
of a one-dimensional SSH chain and the Kitaev chain, known as the dimerized

Kitaev chain model. In this chapter, our aim is to study the localization and
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the topological properties of the dimerized Kitaev chain model in presence of
QP potential. In the analysis of the localization properties via participation ra-
tio, fractal dimension, and level spacing, the system hosts several phase transi-
tions from extended to intermediate/critical, subsequently critical to localized,
as a result of the competition between the dimerization and the QP potential
strength. In addition, we have observed that the critical phase comprising of
two distinct anomalous MEs. While one of the anomalous ME appears between
the extended and localized states, the other one separates multifractal states
from the localized one, resulting in hosting a multifractal phase. Moreover, we
have studied the topological properties of this model via computing the real-
space winding number as the topological invariant and the number of Majorana
zero modes. It is illustrated that the system exhibits a phase transition from a
topologically trivial to a non-trivial, that is, a topological Anderson phase as a
function of QP potential beyond a specific critical dimerization strength. Finally,
at a large value of the QP potential, the system undergoes another transition

from the topological Anderson phase to the Anderson localized phase.

To go beyond the paradigm of the non-interacting one-dimensional systems,
we also have explored a two-dimensional interacting system in our last chap-
ter. Here, we have studied interacting bosons in a square lattice in presence
of QP potential using mean-field theory (MFT). There are several phases, such
as Mott-insulator (MI) and superfluid (SF), in addition to the Bose-glass (BG)
and a new phase known as the quasiperiodically induced mixed phase (QM),
are observed in the phase diagram. Using the percolation analysis aided by the
finite-size scaling analysis, we have calculated the critical transition point and
critical exponents corresponding to the BG to the SF and the QM to the SF phase

transition.
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We believe that our findings on the effects of the QP potential on different
quantum models, and the critical analysis performed in this thesis shall initiate

turther studies to unravel more information on the subject.
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