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ABSTRACT

In spectral graph theory, mixed graphs are crucial because they give a structure in which
directed and undirected edges may coexist. If every edge of a mixed graph is undirected, then

such a graph is known as an undirected graph.

An important problem in spectral graph theory is to understand when all eigenvalues of
the (0, 1)-adjacency matrix of an undirected graph are integers. An undirected graph with this
property is called integral. The notion of integral undirected graph was first introduced by
Harary and Schwenk in 1974, and they raised the problem of determining undirected integral
graphs. Many researchers attempted to solve this problem in the last few decades, yet it
remains unsolved completely. In general, the problem of characterizing integral undirected
graphs seems challenging to answer. Many researchers investigated some special classes of
graphs such as trees, graphs with restricted degrees, regular graphs and undirected Cayley

graphs for their integrality.
A mized graph G is a pair (V(G), E(G)) of sets, where V(G) # () and

E(G) € (V(G) x V(G)) \ {(uv,u): uweV(G)}.

In spectral graph theory, various types of adjacency matrices of graphs are defined and studied.

In the thesis, we consider the following three adjacency matrices of a mixed graph G.

(i) The (0,1)-adjacency matriz of G, denoted A(G), is the matrix [ayy|, where a,, is given
by
1 if (u,v) € E(G)

Qyy =
0 otherwise.

(ii) The Hermitian-adjacency matriz of G, denoted H(G), is the matrix [hy,], where hy, is

given by

1 if (u,v) € E(G) and (v,u) € E(G)
i if (u,v) € E(G) and (v,u) ¢ E(G
—i if (u,v) € E(G) and (v,u) € E(G)

~—

0 otherwise.

(iii) The Hermitian-adjacency matriz of second kind of G, denoted K(G), is the matrix [kyy),

where k,, is given by

xiii
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L if (u,0) € B(G) and (v,u) € B(G)
1+ivV3 s (u,v) € E(G) and (v,u) ¢ E(G
=3 (u,0) ¢ B(G) and (v,u) € B(G)

~—

0 otherwise.

In this thesis, we discuss the following four types of integrality of mixed graphs.

(i) H-integral mixed graph: A mixed graph is said to be H-integral if the eigenvalues of its

Hermitian-adjacency matrix are integers.

(ii) HS-integral mixed graph: A mixed graph is said to be HS-integral if the eigenvalues of

its Hermitian-adjacency matrix of second kind are integers.

(ili) Gaussian integral mixed graph: A mixed graph is said to be Gaussian integral if the

eigenvalues of its (0, 1)-adjacency matrix are Gaussian integers.

(iv) Eisenstein integral mixed graph: A mixed graph is said to be Eisenstein integral if the

eigenvalues of its (0, 1)-adjacency matrix are Eisenstein integers.

We first characterize H-integral and HS-integral mixed Cayley graphs over abelian groups.
Thereafter, we generalize these characterizations to normal mixed Cayley graphs. We also
show that a normal mixed Cayley graph is Gaussian integral (respectively Eisenstein integral)
if and only if it is H-integral (respectively HS-integral). Further, we introduce two sums
that are equal to an integer multiple of the Ramanujan sum. Indeed, the eigenvalues of the
Hermitian-adjacency matrix (respectively the Hermitian-adjacency matrix of second kind) of
a mixed circulant graph can be expressed in terms of these sums. We also express these sums

in terms of the generalized Mébius function.

Xiv
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Introduction

The study of eigenvalues of matrices associated to a graph is an essential component of alge-
braic graph theory. It is used in numerous fields, such as chemistry, social science, electrical
engineering, architecture, computer science, and many others. Graph theorists use different
types of matrices to represent a graph, depending on the problem and their preferences. The
(0, 1)-adjacency matrix and the Laplacian matrix are two of the most widely used ones. Specif-
ically, eigenvalues of these matrices associated to undirected Cayley graphs gained popularity
due to their significance in algebraic graph theory and applications in expanders, chemical
graph theory, and quantum computing. A large number of findings on eigenvalues of matrices

associated to Cayley graphs was made in the last few decades, see [33] for a survey.

An important problem in spectral graph theory is to understand when all eigenvalues of
a matrix associated to a graph are integers. An undirected graph with this property is called
integral. In this chapter, we introduce some basic concepts and results that are used in the
subsequent chapters. Also, we give an overview of the research on integral undirected Cayley

graphs that are available in the literature. An overview of the thesis is given in the last section.

1.1 Mixed graphs

A mized graph G is a pair (V(G), E(G)) of sets, where V(G) # () and
E(G) C (V(G) x V(@) \ {(u,u): ueV(G)}.

We call V(G) (respectively E(G)) the vertex set (respectively edge set) of the mixed graph G.
The elements of V(G) (respectively E(G)) are called vertices (respectively edges) of G.

In the absence of any specification, the vertex set V(G) is assumed to be {1,...,n}. If
(u,v), (v,u) € E(G), then we say that there is an undirected edge from the vertex u to the
vertex v. Similarly, if (u,v) € E(G) but (v,u) ¢ E(G), then we say that there is a directed
edge from the vertex u to the vertex v. A mixed graph can have both undirected and directed

edges. For an example of a mixed graph, see Figure 1.1. A mixed graph G is said to be an

1
TH-3122_186123009



CHAPTER 1. Introduction 2

undirected graph if all the edges of G are undirected. A mixed graph G is said to be a directed
graph if all the edges of G are directed. Throughout the thesis, we consider i = y/—1 and

Wp, 1= exp (%) For z € C, let Z denote the complex conjugate of z.
1
V(G) ={1,2,3}
E(G) 7 {(17 2)a (27 3)7 (1’ 3)7 (3a 1)}
2 e 3

Figure 1.1: A mixed graph

Assume that G is a mixed graph with n vertices. In spectral graph theory, various types
of adjacency matrices are defined and studied. In the thesis, we consider the following three

adjacency matrices of a mixed graph G.

(i) The (0,1)-adjacency matriz of G, denoted A(G), is the matrix [ay,]|, where a,, is given
by
1 if (u,v) € E(G)

Aypy =
0 otherwise.

The eigenvalues of A(G) are called the eigenvalues of G. The spectrum of G is the
multi-set of the eigenvalues of G. If G has at least one directed edge, then A(G) is not

symmetric, and so the eigenvalues of G need not be real numbers.

(ii) The Hermitian-adjacency matriz of G, denoted H(G), is the matrix [hy,|, where hy, is
given by

1 if (u,v) € E(G) and (v,u) € E(
i if (u,v) € E(G) and (v,u) € E(G
—i if (u,v) € E(G) and (v,u) € E(G

0 otherwise.

~— ~—

In 2012, Bapat et al. [8] introduced the notion of a 3-colored digraph and its adjacency
matrix. The Hermitian adjacency matrix is a special case of the adjacency matrix of
a 3-colored digraph; see [8] for details. Later on, Liu et al. [32] and Guo et al. [21]
discussed it independently. The eigenvalues of H(G) are called the H-eigenvalues of G.
The H-spectrum of G is the multi-set of the H-eigenvalues of G.

TH-3122_186123009



CHAPTER 1. Introduction 3

(iii) The Hermitian-adjacency matriz of second kind of G, denoted K(G), is the matrix [ky,],

where k,, is given by

1 if (u,v) € E(G) and (v,u) € E(Q)
LHVS  f (u,v) € E(G) and (v,u) ¢ E(Q)
W5 if (u,0) ¢ B(G) and (v,u) € E(G)

0 otherwise.

The Hermitian-adjacency matrix of second kind was introduced by Mohar [35]. The
eigenvalues of K(G) are called the HS-eigenvalues of G. The HS-spectrum of G is the

multi-set of the HS-eigenvalues of G.

Let us consider the mixed graph G shown in Figure 1.1. The (0,1)-adjacency matrix, the

Hermitian-adjacency matrix and the Hermitian-adjacency matrix of second kind of G are given

below.
011 0 i 1 0 s
AG) =10 0 1 HG)=|-i 0 i K(G)=|1=8 o 1443
10 0 1 i 0 1 =8 g

A major drawback of the (0,1)-adjacency matrix of a mixed graph is that it need not be
symmetric, and hence it need not have real eigenvalues. An alternative of the (0,1)-adjacency
matrix is the (0, 1, —1)-adjacency matrix. The (u,v)-th entry of this matrix is 1 if there is a
directed edge from u to v or an undirected edge from u to v, —1 if there is a directed edge from v
to u, and 0 otherwise. This alternative is surely natural. However, (0, 1, —1)-adjacency matrix
is skew-symmetric only for directed graphs. To overcome this disadvantage for mixed graphs,
the Hermitian-adjacency matrix is defined. The Hermitian-adjacency matrix incorporates
both the (0,1)-adjacency matrix of an undirected graph and the (0,1, —1)-adjacency matrix
of a directed graph. However, it is not clear whether the Hermitian-adjacency matrix of a
mixed graph is the best choice in respect of investigating relationship between its eigenvalues
and combinatorial properties. In this context, Mohar [35] introduced the Hermitian-adjacency
matrix of second kind by replacing i with wg and —i with w? in the Hermitian-adjacency
matrix. He observed that the sixth root of unity is more natural in relation to combinatorial
properties since wﬁ.wg =1 and wg + wg‘ = 1. Since wg + wg = 1, two oppositely directed edges
between u and v contribute 1 to the corresponding entries of the adjacency matrix.

Note that the numbers in the set {a+1b : a,b € Z} are called Gaussian integers. Similarly,
the numbers in the set {a + wsb : a,b € Z} are called Eisenstein integers. Assume that G is a

mixed graph.

TH-3122_186123009



CHAPTER 1. Introduction 4

(i) The graph G is said to be H-integral, if all the H-eigenvalues of G are integers.
(ii) The graph G is said to be HS-integral, if all the HS-eigenvalues of G are integers.

(iii) The graph G is said to be Gaussian integral, if all the eigenvalues of the (0, 1)-adjacency

matrix of G are Gaussian integers.

(iv) The graph G is said to be Fisenstein integral, if all the eigenvalues of the (0, 1)-adjacency

matrix of G are Eisenstein integers.

1 1 4
1 2
O—>——0
G
2 Gy 3 2 Gs 3
1 4 1
6 2
5 3
2 3 4
G4 G5

Figure 1.2: The mixed graphs G, G2, G3, G4, G5, and Gg

We remark here that if G is an undirected graph, then A(G) = H(G) = K(G), and
therefore the terms H-integral, HS-integral, Gaussian integral and Eisenstein integral have the
same meaning. However, if G has at least one directed edge, then A(G) # H(G) # K(G).
Consider the mixed graphs G, Go, Gs, G4, G5, and Gg shown in Figure 1.2. In Table 1.1, we

mention the integralities of these mixed graphs.

An H-integral (HS-integral, Gaussian integral or Eisenstein integral) undirected graph
is called an integral undirected graph. The concept of integral undirected graphs was first
introduced by Harary and Schwenk [22] in 1974, and they raised the question of determining
integral undirected graphs. In the last few decades, many researchers attempted to solve this
problem, which is still not solved completely. In general, the problem of determining all integral
undirected graphs seems challenging to answer. Many researchers explored some special classes

of undirected graphs such as trees, graphs with restricted degrees, and regular graphs for their

TH-3122_186123009



CHAPTER 1. Introduction 5

Mixed graph | H-integral ? | HS-integral ? | Gaussian integral ? | Eisenstein integral 7
G, Yes Yes Yes Yes
G No No Yes Yes
Gs Yes Yes No No
G4 Yes No Yes No
Gs Yes Yes No No
Ge No Yes No Yes

Table 1.1: Integralities of the mixed graphs G1,Gsa, G3, G4, G5, and Gg

integrality. We summarize some significant achievements on integral undirected graphs in the

following.

e In 1976, Bussemaker and Cvetkovié [12] proved that there are exactly 13 connected cubic
integral undirected graphs. A few months later, Schwenk [38] reported the similar result

independently using some other techniques.

e In 1979, Watanabe [44] showed that an integral undirected tree other than Ky does not
have a complete matching. In the same year, all integral undirected trees with at most

one vertex of degree more than 2 were determined by Watanabe and Schwenk [45].

e In 1998, Cvetkovié et al. [16] found 1888 possible 4-regular bipartite integral undirected
graphs.

e In 2000, Baliriska et al. [5, 6, 7] proved that there are exactly 263 connected integral

undirected graphs with at most 11 vertices.

e In 2003, Stevanovi¢ [41] determined all 24 connected 4-regular integral undirected graphs

avoiding +3 in the spectrum.

e In 2005, Lepovié¢ et al. [29] proved that there are 93 non-regular, bipartite integral

undirected graphs with maximum degree four.

e In 2009, Ahmadi et al. [2] showed that the total number of adjacency matrices of integral

undirected graphs with n vertices is at most 2(3)=5 for a sufficiently large n.

e In 2010, Csikvari [15] constructed integral undirected trees with arbitrarily large diam-

eters. Further research on integral undirected trees can be found in [10, 11, 42, 43].

TH-3122_186123009



CHAPTER 1. Introduction 6

1.2 Mixed Cayley graphs

Throughout the thesis, I' is considered to be a finite group with identity element 1. For
x € T, let ord(z) denote the order of z. If g and h are elements of the group I', then we call h
a congugate of g if g =z~ ha for some z € T'. The conjugacy class of g, denoted Cl(g), is the
set of all conjugates of g in I'. Define Cr(g) to be the set of all elements of I that commute
with g. The exponent of a group I', denoted exp(I'), is the least common multiple of the orders
of all elements of I'. We denote the group algebra of I over a field F by FI'. That is, FI is the
set of all formal sums ) agg, where a4 € F, and we assume 1.g = g to have I' C FT".

Let S be a subset g%rf‘ that does not contain the identity element 1. If S is closed under
inverse, that is, a = € S for all a € S, then it is said to be a symmetric set. Similarly, ifa=! & S
for all @ € S, then it is said to be a skew-symmetric set. Define S := {u € S: u=! ¢ S} and
S—li={u':u e S}. Clearly, S is symmetric if and only if S = S~!. Similarly, S is symmetric
if and only if § = (). Further, S\ S is symmetric, while S is skew-symmetric. The mized Cayley
graph Cay(T', S) is a mixed graph, where V(Cay(I',S)) =T and

E(Cay(T,S)) = {(a,b): a,b €T, ba""' € S}.

If S is symmetric (respectively skew-symmetric), then we call Cay (T, S) an undirected Cayley
graph (respectively a directed Cayley graph). A mixed Cayley graph Cay(T, S) is called normal
if S is the union of some conjugacy classes of I'. The mixed Cayley graph Cay(Z,, S) is known
as a mixed circulant graph, and it is denoted by Circ(Z,, 5).

An H-integral (HS-integral, Gaussian integral or Eisenstein integral) undirected Cayley
graph is referred to be an integral undirected Cayley graph. We summarize some major achieve-

ments on integral undirected Cayley graphs in the following.

e In 1982, Bridge and Mena [9] gave a characterization of integral undirected Cayley graphs
over abelian groups. Later on, the same characterization was rediscovered by Wasin So

[39] for cyclic groups in 2006.

e In 2009, Abdollahi and Vatandoost [1] proved that there are exactly seven connected
cubic integral undirected Cayley graphs.

e In 2010, Klotz and Sander [25] proved that if an undirected Cayley graph Cay(T',S)
over an abelian group I is integral, then the set S belongs to the Boolean algebra B(T")
generated by the subgroups of I'. Moreover, they conjectured that the converse is also

true, which was proved by Alperin and Peterson [3].

e In 2014, Ku et al. [28] proved that normal undirected Cayley graphs over symmetric

groups are integral.
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e In 2017, Lu et al. [34] gave necessary and sufficient condition for the integrality of
undirected Cayley graphs over the dihedral group D, := (a,bla™ = b* = 1,bab = a~1).
In particular, they completely determined all integral undirected Cayley graphs over the
dihedral group D, for a prime p.

e In 2019, Cheng et al.[13] obtained several sufficient conditions for the integrality of
undirected Cayley graphs over the group Ty, := (a,bla®” = 1,a" = b%,b~tab =a~!). In
particular, they also completely determined all integral undirected Cayley graphs over

the group T}, for a prime p.

In 2011, Xu and Meng [46] gave a sufficient condition for Gaussian integrality of mixed
circulant graphs. Additionally, they conjectured that the condition is also necessary. Later,

Li [30] confirmed this conjecture in 2013.

1.3 Some basics of representation theory

In this section, we discuss some basic definitions and results of representation theory that
are used throughout the thesis. A representation of a finite group I' is a homomorphism
p: I' = GL,(C), where GL,(C) is the set of all n x n invertible matrices with complex entries.
Here, the number n is called the degree of p. Two representations p; and po of I' of degree n

are equivalent if there is a T' € GL,,(C) such that T'p;(x) = p2(x)T for each z € I'.
Let p: I' = GL,(C) be a representation of I'. The character x,: I' — C of p is defined

by setting x,(x) := Tr(p(x)) for « € T', where Tr(p(z)) is the trace of p(x). By degree of x,,
we mean the degree of p, which is simply x,(1). If W is a p(x)-invariant subspace of C" for
each z € T', then we say that W is a p(I')-invariant subspace of C". If {0} and C" are the
only p(T')-invariant subspaces of C", then we say p an irreducible representation of I, and the

corresponding character x, an irreducible character of I.

For a group I', we denote by IRR(I') and Irr(I") the complete set of non-equivalent irre-
ducible representations of I' and the complete set of non-equivalent irreducible characters of

I', respectively.

Lemma 1.3.1 ([40)). If Z,, :={0,1,...,n — 1} is the cyclic group under addition modulo n,
then Irv(Zy,) = {¢r: 0 < k <n — 1}, where ¢px(j) = wiF for each j,k € {0,1,...,n—1}.

Lemma 1.3.2 ([40]). Let I'1 and 'y be two abelian groups of order m and n, respectively. If
Irr(Ty) =41, ..., om} and Irr(T'2) = {p1,...,pn}, then

hr(ly ®@T2) = {: 1 <k <m,1 <1< n},

where Y2 I'1 @ Iy — C* and Yp(z,y) = ¢r(x)pi(y) for x € T1,y € Iy,
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Theorem 1.3.3 ([40]). Let T be a finite group and p be a representation of T of degree k with

corresponding character x. If x € T’ and ord(xz) = m, then the following assertions hold.

(1) p(z) is similar to a diagonal matriz with diagonal entries €1, ..., €, where €' =1 for

each i € {1,...,k}.

k
(i1) x(x) = > €, where €* =1 for eachi € {1,...,k}.
i=1

(iii) x(z71) = x(x).
Proof. Note that p(x)™ is an identity matrix. Therefore, p(x) is diagonalizable, and that its

eigenvalues are m-th roots of unity. Thus the proofs of Part (i) and Part (ii) follow.

Again, zo~! = 1 gives that p(z~!) = p(z)~!. Therefore if x(z) = Zle €;, we have that
X@ ) =Xl 6 " = K& = x@). 0

For a representation p: I' — GL,(C) of I, define p: I' — GL,(C) by p(z) := p(z), where
p(x) is the matrix whose entries are the complex conjugates of the corresponding entries of
p(x). Note that if p is irreducible, then p is also irreducible. Hence we have the following

lemma. See Proposition 9.1.1 and Corollary 9.1.2 in [40] for details.

Lemma 1.3.4 ([40]). Let T' be a finite group and Irr(T') = {x1,...,xn}- If 7 € {1,...,h},
then there exists k € {1,...,h} satisfying X, = X;j, where x.: I' = C such that X (z) = xx(x)
for each x € T.

Theorem 1.3.5 ([40]). Let I" be a finite group and x,y € I'. If Irr(T') = {x1,..., xn}, then
()

> xi(@)xu(e) = Tl =k

z€l 0  otherwise,
(i)

|Cr(z)| if © and y are conjugates to each other

0 otherwise.

h
D xil@)x(y) =
=1

For a function f: I' — C, let [f(yz™!)]zyer be the matrix whose rows and columns are

indexed by the elements of I', and for z,y € T', the (z, y)-th entry of the matrix is f(yz~1).

Theorem 1.3.6 ([18]). Let I' be a finite group and Irr(T') = {x1,...,xn}- If [: T - Cisa

class function, then the spectrum of the matriz [f(yz ™))y yer is {]%, ..., [yn)% )}, where

— g L @) and dy = (1)
J zel

Y=

for each j € {1,...,h}.
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1.4 TIrreducible factors of cyclotomic polynomial over Q(i)

Let K be a field containing a subfield F. Then the field K is said to be an extension of F.
The dimension of the vector space K over F is denoted by [K : F]. If a € K then the smallest
subfield of K, containing both F and the element a, is denoted by F(a). Similarly, if a,b € K
then the smallest subfield of K, containing both F and the elements a and b, is denoted by
F(a,b).

In this section, we factorize the n-th degree cyclotomic polynomial into two irreducible
factors over Q(i) for n = 0 (mod 4). This factorization is useful in characterizing H-integral
mixed Cayley graphs over abelian groups in Chapter 2. Let n be a fixed positive integer such
that n > 2. We review some basic definitions and notations from [39]. For a divisor d of n,

define

M, (d) :={dk: 1 <dk <n—1} and

Gn(d) == {dk: 1 < dk < n — 1, ged(dk, n) = d}.
It is clear that My(n) = Gn(n) =0, My(d) = dM= (1) and Gy(d) = dG=(1). For h,g € N, we
write h | g to mean that h divides g.
Lemma 1.4.1 ([39]). If n = dg for some d,g € N, then M, (d) = UG, (hd).

hlg

Let n =0 (mod 4). For a divisor d of % and r € {0,1,2,3}, define
M} (d) :={dk: 0 <dk <n—1,k=r (mod 4)}.
For a divisor d of %,7 € {1,3} and g € N, define the sets

Gr(d):={dk: 1 <dk <n—1,ged(dk,n) =d,k =r (mod 4)},

Dy :={k: k is an odd divisor of g} and

Dy = {k: k divides g,k =7 (mod 4)}.
It is clear that Dy, = D U D;. Also, G}(d) = dGl%(l) and G3(d) = ng%(l). In the next
two lemmas, we partition the set M) (d) in terms of G (d). These partitions are used to find
some suitable factorizations of the polynomials 21 —iand 27 +1in Lemma 1.4.6. Thereafter,

Lemma 1.4.6 is used to prove the irreducibility over Q(i) of two specific factors of the cyclotomic

polynomial in Theorem 1.4.11.
Lemma 1.4.2. If n = 4dg for some d,g € N, then the following assertions hold.

(i) M,(d)UM;(d) = U Gn(hd).

h€Dy
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(it) My (d) = U Gn(2hd).

heDy

(iii) MY(d) = M, (4d) U {0}.

Proof. (i) Let dk € M}(d) U M3(d) and h = ged(k,g). Since k = 1 or 3 (mod 4), it follows

(iii)

that k is an odd integer, and so h € D,. Hence gcd(dk,n) = ged(dk,4dg) = hd, and
it implies that M}(d) U M3(d) € U Gn(hd). On the other hand, if x € U G, (hd)
then there exists an h € D, such tﬁ:zggcd(x, n) = hd. So there exists xg € %egtglch that
r = hdrg and ged(wo, 73) = 1. Since 74 is an even integer and ged(zo, 75) = 1, z is an
odd multiple of d. Note that M} (d) U M?2(d) is the set of all odd multiples of d between
0 and n. Thus = € M}(d) U M?2(d), and so hg} Gn(hd) € M}(d) U M3(d). Hence the

desired equality follows.

Let dk € M2(d) and h = ged(%,g). Since k = 2 (mod 4), we see that ged(k,4g) = 2h.

This gives ged(dk, n) = ged(dk, 4dg) = 2hd, and so M2(d) C |J G,(2hd). On the other
heD,

hand, if z € U Gp(2hd), then there exists h € D, such that ged(x,n) = 2hd. So there

heD,
exists zg € Z such that x = 2hdzo and ged(zo, 575) = 1. Since 575 is an even integer

and ged(wo, 575) = 1, xo is an odd integer. Now h and x¢ are odd integers, and so
letting o = 2hxg, we get * = ad, where a = 2 (mod 4). Hence z € M?2(d), and so
U Gn(2hd) € M2(d). Thus the desired equality follows.

heDy

By definition, we have
M2(d) = {dk: 0 < dk < n — 1,k = 4a for some a € Z}

={4ad: 1 <4ad <n—1 for some a € Z} U {0}

— M, (4d) U {0}. O

Lemma 1.4.3. If n = 4dg for some d,g € N, then the following assertions hold.

(i) GL(d)NG3(d) = 0.

(it) Gn(d) = Gp(d) UG (d).

i) Mid) = (Y Gtk ) U (U Gaiha)).

1 3
hEDg hEDg

(i) 3@ = (U G ) u (Y Ghna).

1 3
heDg heDy

Proof. (i) It is clear from the definitions of G1(d) and G2 (d) that GL(d) N G2 (d) = 0.
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(ii) Since G1(d) C Gp(d) and G2 (d) C G, (d), we have GL(d)UG3 (d) € Gp(d). On the other
hand, if x € G,(d) then 2 = da for some . Note that ged(a, ) = 1, and so « is an odd
integer. Thus a = 1 (mod 4) or a = 3 (mod 4). Hence G, (d) C GL(d) UG3(d). Thus
the desired equality follows.

(iii) Let dk € M} (d) so that k = 1 (mod 4). Lemma 1.4.2 gives an h € D, satisfying
dk € Gp(hd). Thus by Part (ii), we have dk € GL(hd) or dk € G3(hd).
Case 1. Assume that h = 1 (mod 4). Suppose, on the contrary, that dk € G2 (hd), that
is, dk = ahd with o = 3 (mod 4) and ged(a, 75) = 1. Thus we have k = ah = 3 (mod 4),
a contradiction. Hence dk € G (hd).
Case 2. Assume that h = 3 (mod 4). Suppose, on the contrary, that dk € G (hd). As
in Case 1, we get a contradiction in this case also. Hence dk € G2 (hd). Thus

My (d <UG1hd) (UG3hd>

heD} heD}
On the other hand, if ahd € G, (hd) with h € Dj and o = 1 (mod 4), then we get
ah =1 (mod 4), that is, ahd € M(d). Similarly, if Shd € Gj(hd) for h € D3 and
B =3 (mod 4), then also Bhd € M}(d). Therefore

<UG1 hd) <U03 hd)gM;(d).

heD} heD3

Thus the desired equality follows.

(iv) The proof of this part is similar to the proof of Part (iii). For the sake of completeness,
we provide the proof. Let dk € M2(d) so that k = 3 (mod 4). Lemma 1.4.2 gives an
h € D satisfying dk € Gy, (hd). Thus by Part (ii), we have dk € G} (hd) or dk € G3(hd).
Case 1. Assume that h = 1 (mod 4). Suppose, on the contrary, that dk € G} (hd), that
is, dk = ahd with « = 1 (mod 4) and ged(a, 75) = 1. Thus we have k = ah = 1 (mod 4),
a contradiction. Hence dk € G2 (hd).
Case 2. Assume that h = 3 (mod 4). Suppose, on the contrary, that dk € G2 (hd). As

@ hd

in Case 1, we get a contradiction in this case also. Hence dk € G.(hd). Thus

M3 (d (UGShd> (Uclhd>

heD} heD3
On the other hand, if ahd € G3(hd) with h € D; and a = 3 (mod 4), then we get
ah = 3 (mod 4), that is, ahd € M3(d). Similarly, if Bhd € GL(hd) for h € Dg’ and
B =1 (mod 4), then also Bhd € M2(d). Therefore

<UG3 hd) <UGl hd)gMg(d).

hED1 h€D3
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Thus the desired equality follows. O

Let n be a fixed positive integer, where n > 2. The cyclotomic polynomial ®,(zx) is the

monic polynomial whose zeros are the primitive n*® roots of unity. That is,

a€Gn(1)

Clearly, the degree of ®,,(z) is ¢(n), where ¢ is the Euler phi function, that is, ¢(n) = |G,(1)|.

See [23] for more details about cyclotomic polynomials.

Lemma 1.4.4 ([23]). 2" — 1 =[] ®a(z) and ®,(z) € Zx].
d|n

Theorem 1.4.5 ([23]). The cyclotomic polynomial ®,(x) is irreducible in Z[z].

Note that ®,(z) is irreducible over Q(«) if and only if [Q(«,wy) : Q(a)] = ¢(n), where
a € C. See Section 13.2 in [17] for more details. In particular, ®,(z) is irreducible over Q(i) if
and only if [Q(i,wy,) : Q(i)] = ¢(n). Also, Q(wy) does not contain the number i if and only if
n # 0 (mod 4). Thus, if n Z 0 (mod 4) then [Q(i, wy) : Q(wy)] = 2 = [Q(i), Q], and therefore

[Q(iawn) : @(Wn)] X [Q(wn) : Q]
[Q() : Q]

[Q, wn) : Q)] = = [Q(wn) : Q] = ¢(n).

Hence for n # 0 (mod 4), the polynomial ¢, (x) is irreducible over Q(i).
If n =0 (mod 4) then Q(i,w,) = Q(wy,), and so

[Qi,wn) : Q) _ o(n)
R®:Q 2

[Q@, wn) : Q)] =

Hence the polynomial @, (x) is not irreducible over Q(i) for n = 0 (mod 4).

For n = 0 (mod 4), we factorize ®,(z) into two irreducible monic polynomials over Q(i).

From Lemma 1.4.3, we know that G,,(1) is a disjoint union of GL(1) and G3(1). Define

ol (z) = H (z —w?) and @3 (z) := H (x —wy).

a€GL (1) a€G3 (1)
It is clear from the definition that ®,(x) = ®1(2)®3 ().

Lemma 1.4.6. If n =0 (mod 4), then the following assertions hold.

(i) ot ~i= 11 ®4(x) T1 24 (@)

heDl " heD3

(i) 2i+i= [] ®%(z) ] @1%(:,;).

heDl " heD3
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Proof. (i) Note that |M}(1)| = 2 and w? is a root of xi — i for each a € M} (1). Therefore

ri—i= H (x —wy)

a€M}(1)
H H T — H H T — using Lemma 1.4.3
heDln a€Gl (h) heD3 a€G3 (h)
=11 II @-wo II 1I ¢ ), since D), = D, D; = D3,
heD] aehGlﬂ(l) heD3 aehG3 1)
= 11 H DI I =
heD} aEG1 heD3} a€G3 (1)
=[] 2k H @ (2)
heD} heD3?

In the last line of the preceding equalities, we use the fact that w’ is a primitive »-th

root of unity.

(ii) Note that [M3(1)] = % and wd is a root of x4 +1i for each a € M3(1). Therefore

i +i= H (:U—wf{)

a€eM3(1
= H H (x — wy) H H (z —wy), using Lemma 1.4.3
heD1 a€G3 (h hED:"% a€GL(h)
=11 1l @-« Il I
heD}, achGH (1) heD3 achGY, (1)
h
=11 II @G- Il 1I
heD} aeG3, (1) heD3} aeGY, (1)
h h
4 3 1
= 11 % (2) 11 1 (). O
heD}, heD3

Corollary 1.4.7. If n = 0 (mod 4), then the factors ®L(x) and ®3(x) of ®,(x) are monic

polynomials in Z(i)[x] of degree ﬂ.

Proof. By definition, ®}(z) and ®3(x) are monic. Also, G,,(1) = GL(1) U G3(1), a disjoint
union and that |G (1)| = |G3(1)|. Therefore, the degree of each of ®},(x) and ®3 () is p(n)/2.
Now we use induction on n to show that ®}(x), ®}(x) € Z(i)[z]. For n = 4, the polynomials
®}(z) := 2 —1iand ®}(z) := z + i are clearly in Z(i)[z]. Assume that ¢} (z) and ®3(z) are in

Z(i)[x] for k < n with k = 0 (mod 4). By Lemma 1.4.6, ®}(r) = 211 and &3 (x) = 2141,

z) =[] b (x) 11 % () and g(z =11 % (2) 11 b (x)

heD} heD} heD} heD}
h#£1 hAT

where
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Clearly, f(z) and g(x) are monic polynomials. By induction hypothesis f(x),g(x) € Z(i)[x].
Now it follows by “long division” that ®L(x) € Z(i)[z] and ®3(z) € Z(i)[x]. Hence the proof
is complete by induction O
Corollary 1.4.8. Ifn =0 (mod 4), then J = 3 ¢ (2).

deDn
Proof. Using Lemma 1.4.6, we get 22 +1 = [I ®=(z). Now the proof follows by comparing

deDy, d

the degree of both side of this equation. O
Corollary 1.4.9. If n is a positive even integer, then § = Y ¢ (%) .
deD,
Proof. Since 2n = 0 (mod 4) and 2 =0 (mod 4) for all d € D,,, we find that ¢(2}) = 2p(2)
for d € Dy, = Da,. Thus by Corollary 1.4.8, 2 = > (&) = Y 2p(2). O
deDay, deDy

From Lemma 1.4.6, the next corollary follows easily.
Corollary 1.4.10. If n = 2% with k > 2, then ®!(z) = 27 + i and ®3(z) = 27 — i.

Note that if [F(«) : F] = k, then there is a unique irreducible monic polynomial p(x) € F[z]
of degree k having a as a root. See Section 13.2 in [17] for more details.

Theorem 1.4.11. Ifn = 0 (mod 4), then the factors ®}(z) and ®3(x) of ®,,(x) are irreducible
monic polynomials in Q(i)[x] of degree @.

Proof. Let n = 0 (mod 4). In view of Corollary 1.4.7, we only need to show that ®}(z) and
®3 () are irreducible over Q(i). We have [Q(i,w,) : Q(i)] = @. Then there is a unique
irreducible monic polynomial p(xz) € Q(i)[x] of degree @ having w, as a root. Since w,
is also a root of ®!(z), we have ®!(z) = p(x)f(x) for some f(z) € Q@i)[z]. As ®l(z) is a
monic polynomial of degree (n)/2, we have f(z) = 1. Hence ®.(x) = p(x), that is, ®L () is
irreducible. Similarly, for an @ € G3 (1), we have [Q(i,w?) : Q(i)] = @. Now, proceeding as
in the case of irreducibility of ®L(x), we find that ®3(x) is also irreducible. O

1.5 Irreducible factors of cyclotomic polynomial over Q(ws)

In this section, we factorize the n-th degree cyclotomic polynomial into two irreducible
factors over Q(ws) where n = 0 (mod 3). This factorization is useful in characterizing HS-
integral mixed Cayley graphs over abelian groups in Chapter 3. Let n = 0 (mod 3). For a
divisor d of §,7 € {0,1,2} and g € N, define the sets

na(d) :={dk:0<dk <n—1,k=r (mod 3)},
n3(d) :=={dk: 1 <dk <n—1,gcd(dk,n) = d,k =r (mod 3)},
Dy 3 :={k: k divides g,k # 0 (mod 3)} and

Dy 5 := {k: k divides g,k = r (mod 3)}.
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It is clear that Dy 3 = D;’g U D§73. In the next two lemmas, we partition the sets Mghg(d) and
M 5(d) in terms of G, 5(d). These partitions are used to find some suitable factorizations
of the polynomials 5 + w3 and z1 + w? in Lemma 1.5.3. Thereafter, Lemma 1.5.3 is used
to prove the irreducibility over Q(ws) of two specific factors of the cyclotomic polynomial in

Theorem 1.5.7.

Lemma 1.5.1. Ifn =0 (mod 3), d divides 5, and g = 35, then

My 5(d) UM 3(d) = | Gn(hd).

he€Dg 3

Proof. Let dk € Mig(d) U Mi?’(d). Lemma 1.4.1 gives that

M} 4(d) U M2 3(d) € My (d) = | Gn(hd).

h|3g

Thus there exists a divisor h of 3¢ such that dk = ahd, for some o € Z with ged(a, %9) =1
Now we have h = g and k is not a multiple of 3, which implies that h | g and h is not a

multiple of 3. Thus h € Dgy3, and so dk € |J Gp(hd). Conversely, let v € |J Gp(hd).

h€Dgy 3 h€Dy 3

Then there exists h € D, 3 such that * = ahd, where a € Z and ged(«, %g) = 1. Note that o
and h are not multiples of 3. Thus ah =1 or 2 (mod 3), and so = € M$73(d) U Mi3(d). Thus
the desired equality follows. O

We now prove that Gy, (d) is a disjoint union of G, 5(d) and G, 5(d).
Lemma 1.5.2. Ifn =0 (mod 3), d divides 5 and g = 53, then the following assertions hold.
(i) Gy 5(d) NG, 5(d) = 0.

(ii) Gn(d) = G#,s(d) U G%,S(d)'

i) M) = (U Ghytha))u( U G2glna).

heD} 5 heD? 4
(i) 3250 = (Y G2t ) U U Ghsna).
heD} 5 heD2 4
Proof. (i) It is clear from the definitions of G}, 3(d) and Gi,z&(d) that G, 5(d) N G?L73(d) = 0.
(i) Since G}, 3(d) € Gy (d) and G} 3(d) € Gy (d), we have G, 3(d) U G? 3(d) € Gp(d). Con-
versely, let © € G,,(d). Then x = da for some « satisfying ged(«, 3g) = 1, and therefore
a =1or2 (mod 3). Hence G,,(d) C G%L’g(d) UG%,3(d)- Thus the desired equality follows.

(iii) Let dk € M) 3(d) so that k = 1 (mod 3). By Lemma 1.5.1, there exists h € Dy3
satisfying dk € Gy, (hd). Thus dk € G,, 3(hd) or dk € G} 3(hd).

TH-3122_186123009



CHAPTER 1. Introduction 16

Case 1. Assume that h = 1 (mod 3). Suppose, on the contrary, that dk € Giﬁ(hd),
that is, dk = ahd for some o = 2 (mod 3) satisfying ged(a, %g) = 1. Then we have
k= ah =2 (mod 3), a contradiction. Hence dk € G}, 5(hd).

Case 2. Assume that h =2 (mod 3). Proceeding as in Case 1, we get dk € Giﬁ(hd).

Case 1 and Case 2 altogether implies M,1L’3(d) - < U G,1173(hd)> U < U G?L,?)(hd)).

1 2
heDg,i’» heDy,3

Conversely, if ahd € G,lug(hd) with h € D;73 and @ = 1 (mod 3), we get ah =1 (mod 3),
that is, ahd € M, 3(d). Similarly, Shd € G} 5(hd) with h € D§’3 and 8 = 2 (mod 3),
)

implies that Shd € Mﬁyg(d). Therefore < U G}L73(hd)> U ( U G%B(hd)) C M%’g(d .

heD] o heD? 5
Thus the desired equality follows.
(iv) The proof of this part is similar to the proof of Part (iii). For the sake of completeness,
we provide the proof. Let dk € M} 3(d) so that k =2 (mod 3). By Lemma 1.5.1, there
exists h € Dy 3 satisfying dk € Gy, (hd). Thus dk € G, 3(hd) or dk € G}, 3(hd).

Case 1. Assume that h = 1 (mod 3). Suppose, on the contrary, that dk € G}L73(hd),
that is, dk = ahd for some a = 1 (mod 3) satisfying ged(a, %g) = 1. Then we have
k = ah =1 (mod 3), a contradiction. Hence dk € G%ﬁ(hd).

Case 2. Assume that i = 2 (mod 3). Proceeding as in Case 1, we get dk € G, 5(hd).

Case 1 and Case 2 altogether implies M,QL’:,,(d) - < U G72173(hd)> U < U G}w’(hd)).

heD] o heD? o
Conversely, if ahd € G%g(hd) with h € D;,g) and a = 2 (mod 3), we get ah = 2 (mod 3),
that is, ahd € M7 3(d). Similarly, Shd € G}, 5(hd) with h € D;g and 8 = 1 (mod 3),

implies that Shd € M} 5(d). Therefore ( U G%yg(hd)> U ( U G}hg(hd)) C M7 3(d).

heD] o heD? 5
Thus the desired equality follows. O
Note that ®,(z) is irreducible over Q(ws) if and only if [Q(ws,wy) : Q(ws)] = ¢(n). See
Section 13.2 in [17] for more details. Also, Q(w,,) does not contain the number ws if and only
if n # 0 (mod 3). Thus, if n # 0 (mod 3) then [Q(ws,wy) : Q(wy)] = 2 = [Q(w3),Q], and

therefore

[Q(ws, wn) : Qwn)] X [Qwn) : Q] _
[Q(ws) : Q)

Further, if n =0 (mod 3) then Q(ws,wy,) = Q(wy), and so

Qes,wn) Q] _ p(n)
[Q(ws) : Q] 2

Note that Q(w3) = Q(wg) = Q(iv3). Therefore, ®,(x) is irreducible over Q(ws), Q(wes) or

Q(iv/3) if and only if n # 0 (mod 3).

[Q(ws, wn) : Qws)] =

[Q(ws, wn) : Qws)] =

TH-3122_186123009
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Let n =0 (mod 3). From Lemma 1.5.2, we know that G, (1) is a disjoint union of G

and G2 3(1). Define

D, 5(x) = H (x—wfi) and @7 4(x):=

aGG}L’S(l)
It is clear from the definition that ®,(x) = ®), 5(x)®2 5().

Lemma 1.5.3. If n =0 (mod 3), then the following assertions hold.

I1 ok

heD) 4

3(@)

(i) ©5 — w3 =

(i) 5 —ws = ] <D
heD;, 4

Proof. (i) We have ]Még( l=— 3

note that D}L 3= Dn 3 and Dn 3= = D2 o Therefore
9 3 9

T3 — w3 = H (x — wp)
a€M; (1)
= 1T 10 II 11
heDln s a€@,, 5(h) heng’3 a€G} 5(h)
=10 II G@-w II Il @-w)
heD}. 4 aehGI (1) heD? 5 aEhGQ%’S(l)
I II @@y II II @@

heD], 5 a€Gh 4(1)
. n

H ‘1)1%,3(95)

heD}L3

heD2 4

H @%,3(@

heD}ly3

a€G, 4(1)

In the last line of the preceding equalities, we use the fact that wﬁ

root of unity.

na(L)

and w? is a root of 25 — ws for each a € M7}L73(1). Also

using Lemma 1.5.2

is a primitive 7-th
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(ii) We have \M23(1)| 7 and wy; is a root of x5 — w? for each a € ]\42 3(1). Therefore

o5 3= [ @-wd)

aGMTQLYS(l)

H H (x —wy) H H (x —wy), using Lemma 1.5.2

heD1ﬂ73 a€G} 4(h) heDZ’%3 a€@G}, 5(h)

a a
L |
heD] 4 aEhG (1) heD2 4 aehGl%ﬁ(l)

hya
11 H (e~ 11 11
heD] 4 aeG’%’S(l) heD? 4 aeG’l%’S(l)

2 1
I 2550 ]I s
heD} 4 heD2 4

Corollary 1.5.4. If n = 0 (mod 3), then @k:’(x) and @%’3(33) are monic polynomials in

Z(ws)[z] of degree £ (n)

Proof. By definition, <I> and <I>2 3(x) are monic polynomials. Since the sizes of G}m(l)
and G%73(1) are equal to £ —n) the polynomlals ol 3(z) and @%’3(:1:) are of degree @. Now

apply induction on n to show that f1>n’3( x), @%,3( ) € Z(ws)[x]. For n = 3, the polynomials

2

P} 5(2) == = — w3 and ¥3 5(z) := x — w3 are clearly in Z(ws3)[z]. Assume that ®k73(a:) and
@i’g(aﬁ) are in Z(ws)[z] for k < n with £ = 0 (mod 3). By Lemma 1.5.3, <I>}L73(m) = 23 W3 gnd

f(z)
2
@%73(1‘) = 1:3(7;3, where
H <I)n 3(z H <I> ) and g(z H <I> () H @1%73(@
heD;, 4 heD? 4 heD} 4 heD? 4
h#1 h#1

Clearly, f(x) and g(x) are monic polynomials. By induction hypothesis, f(z), g(x) € Z(ws)|x].
Now it follows by “long division” that <I>71173(:c) € Z(ws)[z] and @%73(30) € Z(ws)[x]. Hence the

proof is complete by induction.

Corollary 1.5.5. If n =0 (mod 3), then

dGDng,

Proof. Using Lemma 1.5.3, we get 23 4ot 1= [T ®=z(x). Now the proof follows by

dEDn73
comparing the degree of both side of this equation.

From Lemma 1.5.3, the next corollary follows easily.

Corollary 1.5.6. If n = 3% with k > 1, then P} 5(z) = 23 —ws and @if’(:n) =35 —wl.

O

O
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Theorem 1.5.7. Ifn = 0 (mod 3), then @}173(33) and @,2173(33) are irreducible monic polynomials

in Q(ws)[x] of degree @.

Proof. Let n =0 (mod 3). In view of Corollary 1.5.4, we only need to show the irreducibility
of @) ;(z) and @%73(1:) over Q(wsz). We have [Q(ws,wy) @ Q(ws)] = @. Then there is a
unique irreducible monic polynomial p(z) € Q(ws)|[x] of degree @ having w, as a root. Since
wy, is also a root of @], 5(x), we have that ®}, 5(z) = p(z)f(x) for some f(x) € Q(ws)[x]. Also
®) 5(x) is a monic polynomial of degree ¢(n)/2, and so f(x) = 1. Hence @71173(1‘) = p(z),
that is, @), () is irreducible. Similarly, [Q(ws3,w?) : Q(ws)] = @ for a € G2 5(1). Now,

proceeding as in the case of irreducibility of ®;, 3(x), we find that ®2 ;(z) is also irreducible. []

1.6 Integral undirected Cayley graphs

In this section, we discuss some known characterizations of integral undirected Cayley
graphs.

Suppose T is a finite group. Let B(I") be the boolean algebra generated by the subgroups
of I'. That is, B(I') is the set whose elements are obtained by intersections, unions and
complements of subgroups of I'. For example, B(Zg) is generated by the subgroups {0}, {0, 3},
{0,2,4}, and Zg. Define an equivalence relation ~ on I such that z ~ y if and only if y = zF
for some k € G,,(1), where m = ord(z). See [3] for details. For x € T, let [z] denote the
equivalence class of x with respect to the relation ~. Note that minimal non-empty sets in a
boolean algebra are called its atoms. For example, the atoms of B(Zg) are the sets {0}, {3},
{1,5}, and {2,4}.

We notice that « ~ y if and only if for all subgroup S of I', either z,y € S or x,y € S.
That is, for all subgroup S of I either [z] C S or [z] C S€ for each z € T'. Further, we see that

r%Gm(l)

where m = ord(z). Thus [z] € B(I"). The following theorem shows that the atoms of B(I") are

precisely the equivalence classes [z].
Theorem 1.6.1 ([3]). The atoms of the boolean algebra B(T') are the sets [x] for each x € T.

Proof. Assume that A is an atom of B(I") and z,y € A. Since A is an atom, A C (z) and
A C (y), and hence A C (x) N (y). This gives y = 2", where 1 <r <m and m = ord(z). Now
x € AC (x)yNn{(z"), and so = € (z"), which gives r € G,,,(1). Thus = ~ y, and hence A = [z].
Conversely, assume that x € I'. Using the fact that either [z] C S or [z] C S€ for all subgroup
S of ', we find that either [x] C S or [z] C S¢ for all S € B(I"). Hence, [z] is an atom. O
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By Theorem 1.6.1, we observe that each element of B(I') can be expressed as a disjoint

union of the equivalence classes of the relation ~ on I". Thus
B(T) ={[z1]U---Ulzg]: x1,...,2 €T,k € N}.
In 2006, Wasin So [39] characterized integral circulant graphs.

Theorem 1.6.2 ([39]). An undirected circulant graph Circ(Zy, S) is integral if and only if
de

where 2 C {d: d | n}.

The following result by Klotz and Sander [25] provides a sufficient condition for the inte-
grality of undirected Cayley graphs over abelian groups.

Theorem 1.6.3 ([25]). If I' is an abelian group and S € B(T'), then the undirected Cayley
graph Cay (T, S) is integral.

For the particular case when I is a cyclic group, Klotz and Sander used Theorem 1.6.2 to

show that the sufficient condition in Theorem 1.6.3 is also necessary.

Theorem 1.6.4 ([25]). An undirected circulant graph Circ(Zy,,S) is integral if and only if
S e B(Zy).

However, Theorem 1.6.2 and Theorem 1.6.4 are equivalent to each other due to the fact
that G,(d) is an atom of B(Z,) if d < n and d | n. In the same paper [25], Klotz and Sander
further conjectured that Theorem 1.6.4 would be true for any finite abelian group. One year

later, they proved their own conjecture for a particular class of abelian groups.

Theorem 1.6.5 ([26]). Let I' = Zy, ® -+ ® Zp, be an abelian group. If ged(ng,n;) < 2 for
each i # j, then an undirected Cayley graph Cay(I',S) is integral if and only if S € B(T).

The conjecture of Klotz and Sander [25] was finally confirmed by Alperin and Peterson
in [3]. However, the same result was proved by Bridges and Mena [9] in 1982 using some

terminologies that are different from [3].

Theorem 1.6.6 ([3],[9]). If T is an abelian group, then an undirected Cayley graph Cay(T,S)
is integral if and only if S € B(T).

Godsil and Spiga [19] improved Theorem 1.6.6 further, as stated in the next theorem.
Additionally, the “if” portion of this result was also proved in [20] and [27].

Theorem 1.6.7 ([19]). Let T' be a finite group and Cay(T',S) be a normal undirected Cayley
graph. Then Cay(I',S) is integral if and only if S € B(I").
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1.7 Two important equivalence relations

In this section, we present two equivalence relations on specific subsets of a finite group.
The equivalence classes of these two relations play major roles in the characterization of H-

integral and HS-integral mixed Cayley graphs that are discussed in the subsequent chapters.
Let I' a finite group. Let I'(4) be the set of all € I" satisfying ord(z) =0 (mod 4). That

is, ['(4) :={z € T': ord(z) =0 (mod 4)}. Define an equivalence relation ~ on I'(4) such that
x =~ y if and only if y = 2* for some k € G}, (1), where m = ord(z). Observe that if x,y € T'(4)
and x =~ y then = ~ y, but the converse need not be true. For example, consider x = 5
(mod 12), y = 11 (mod 12) in Zy3. Here z,y € Z12(4) and z ~ y, but x % y. For z € T'(4), we
denote the equivalence class of z with respect to the relation ~ by [z]. For I'(4) # 0, define
D(T") to be the class of all skew-symmetric subsets S, where S = [z1] U --- U [zx] for some
z1,..., 2, € I'(4). For I'(4) = 0, define D(T) := {@}. Thus

{[[xl]]U---U[[.%'k]]:wl,...,$k€r(4),k€N,
D(I) = and 271 ¢ [a;] for all 1 <i,j <k} ifT(4)#0
{0} if T'(4) = 0.

Similarly, let T'(3) := {z € I': ord(z) = 0 (mod 3)}. Define an equivalence relation ~
on I'(3) such that # ~ y if and only if y = z* for some k € G}nyg(l), where m = ord(x).
Observe that if z,y € I'(3) and z ~ y then x ~ y, but the converse need not be true. For
example, consider z = 5 (mod 12), y = 7 (mod 12) in Zj3. Here x,y € Z12(3) and = ~ y,
but = % y. For z € T'(3), we denote the equivalence class of = with respect to the relation
~ by (). For I'(3) # 0, define E(T') to be the set of all skew-symmetric subsets S, where
S = {(x1)) U+ U{xg) for some z1,...,2, € ['(3). For ['(3) = 0, define E(T") := {0}. Thus

{<<l’1>> U---u <<a:k>> X1,...,Tk € F(3), k eN,
E(T) = and ;' & ((x;) forall 1 <i,j <k} if T'(3) # 0
{0 if I'(3) = 0.

1.8 Overview of the thesis

After presenting the basic fundamentals in Chapter 1, the main work of the thesis is divided

into the following six chapters:

Chapter 2: H-integral mixed Cayley graphs over abelian groups. The results
of this chapter are published in The Electronic Journal of Combinatorics, 28(4):P4.46,
2021.
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Chapter 3: HS-integral mixed Cayley graphs over abelian groups. The results
of this chapter are published in Linear Algebra and its Applications, 645:68-90, 2022.

Chapter 4: H-integral and Gaussian integral normal mixed Cayley graphs.

The results of this chapter are available in arXiv:2110.03268.

Chapter 5: HS-integral and Eisenstein integral normal mixed Cayley graphs.
The results of this chapter are available in Linear Algebra and its Applications, 669:1-23,
2023.

Chapter 6: Ramanujan type sum. The results of this chapter are published in Dis-
crete Mathematics, 346(1):113142, 2022 and Theory and Applications of Graphs, 10(1):3,
2023.

Chapter 7: Future work.

In Chapters 2 and 3, we give characterizations of H-integrality and HS-integrality of mixed
Cayley graphs over abelian groups, respectively. We extend the main results of Chapters 2
and 3 to normal mixed Cayley graphs over finite groups in Chapters 4 and 5, respectively.
In addition, we characterize Gaussian integral normal mixed Cayley graphs in Chapter 4.
Similarly, we characterize Eisenstein integral normal mixed Cayley graphs in Chapter 5. In
Chapter 6, we introduce two sums that are equal to an integer multiple of the Ramanujan
sum. These sums play an important role in the expression of the eigenvalues of H-integral and
HS-integral mixed circulant graphs. We express these sums in terms of the generalized Mobius

function. In the last chapter, we outline some possible future direction of research.

We refer the reader to [17, 40] for all terminologies and results that are used in the thesis

but not defined or presented explicitly.
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H-integral mixed Cayley graphs over abelian groups

In 1982, Bridges and Mena [9] characterized integral undirected Cayley graphs over abelian
groups (Theorem 1.6.6). In 2012, the same result was proved by Alperin and Peterson [3] using
some terminologies that are different from [9]. However, Bridges and Mena proved the result
in a broader sense. For s € T, let P; be the permutation matrix whose rows and columns are
indexed by elements of T" such that the (z,zs)-th entry of Ps is 1 for each z € T'. For S C T,
let P = > g Ps. Bridges and Mena showed that for an abelian group I, a complex linear
combination of the matrices in {Ps: s € '} is a rational matrix with rational eigenvalues if

and only if it is a rational linear combination of the matrices in {Pg: @ is an atom of B(I')}.

In this chapter, we use Theorem 1.6.6 to characterize H-integral mixed Cayley graphs over
abelian groups. In the first section, we present some notations for an abelian group and express
the H-eigenvalues of a mixed Cayley graph over an abelian group in terms of the irreducible
characters of the group. We further show that a mixed Cayley graph over an abelian group
is H-integral if and only if both of its undirected and directed portions are H-integral. In the
second section, we find a sufficient condition for which a mixed Cayley graph over an abelian
group is H-integral. In the last section, we show that the sufficient condition obtained in

Section 2 is also necessary.

2.1 Preliminaries

Let I' be an abelian group of order n. Then I' is isomorphic to the direct product of cyclic

groups of prime power order, that is
ngnl ®...®an’

where n = ny ---ny, and n; is a power of a prime number for each j € {1,...,k}. If " is an
abelian group, then throughout the thesis, we use the following terminologies:

e We consider I'' as Zj,, ® - -+ ® Zy,, of order n, where n =ny...n.

23
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e We consider the elements x € I' as elements of the cartesian product Z,, x --- X Zy,,
that is
r = (r1,...,7t), where x; € Zy; for each j € {1,...,k}.
e Addition in I' is done coordinate-wise modulo n; for each j.

e For a positive integer k and a € T, we denote by ka or a* the k-fold sum of a to itself,

(=k)a = k(—a), 0a = 0, and inverse of a by —a.

e Since I' is an abelian group, every irreducible representation of I' is 1-dimensional, and
thus it can be identified with its characters. Hence IRR(I") = Irr(T").
e By Lemma 1.3.1 and Lemma 1.3.2, we have Irr(T") = {¢o: o € T'}, where
k
Ya(x) = wa{j% for each o = (a1, ..., a),x = (x1,...,z) € I (2.1)
j=1

The following lemma can be easily proved.
Lemma 2.1.1. IfT is an abelian group, then the following assertions hold.
(i) Ya(x) = Yp(a) for all z,a € T.
(1) (Yo ()9 = (Yo (x))" D =1 for all z,a € T.

Lemma 2.1.2 ([4, 18]). If T is an abelian group, then the H-spectrum of the mized Cayley
graph Cay(T',S) is {7a: @ € '}, where yo = Ao + Ha,

Moo= > Yals) and po =1  ($a(s) — ¢a(—s)) for each a € T.

s€S\S seS

Proof. Define f: T" — {0, 1,1, —i} such that

1 ifseS\S
i ifses
f(s) = _
—i ifse (9)7!
0 otherwise.

Since I' is an abelian group, the conjugacy classes of I' are singleton sets. Therefore, f is a
class function. The Hermitian adjacency matrix of the mixed Cayley graph Cay(T', S) is equal
to [f(y — @)]zyer. Thus the result follows from Theorem 1.3.6. O

Next two corollaries are special cases of Lemma 2.1.2.
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Corollary 2.1.3 ([25]). If T is an abelian group, then the H-spectrum (or spectrum) of the
undirected Cayley graph Cay(I',S) is {\o: o € T'}, where Ay = A_ and
Aa = Zwa(s) for each o € T.
ses
Proof. Note that S = (), and so s € S if and only if —s € S. Using Lemma 2.1.2, we have

Ao = Z'L/}a(s) = Zw—a(_s) = Zw—a(s) = Aa- 0

s€S seS seS
Corollary 2.1.4. IfT' is an abelian group, then the H-spectrum of the directed Cayley graph

Cay(T', S) is {ta: o € T}, where pio = —pi—o and
po =1 (Va(s) = ¢a(—5)) for each a €T.
Proof. Note that S\ S = 0. UsiS: Lemma 2.1.2, we have
po =1 (Wa(s) = Ya(=5) =1)_ (¥_al—5) = ¢_a(s)) = —p_a. O

seSs seS

By Part (ii) of Lemma 2.1.1, we have that ¥, (x) is an algebraic integer for each a,x € T.
Further, it is well known that the sum, difference, and product of algebraic integers are also
algebraic integers. Hence v,, Ay and p, are algebraic integers for each o € I'. It is also well

known that if a rational number is an algebraic integer, then it is an integer.

Theorem 2.1.5. If T is an abelian group, then the mized Cayley graph Cay (T, S) is H-integral
if and only if each of the undirected Cayley graph Cay(T', S\ S) and the directed Cayley graph
Cay (T, S) are H-integral.

Proof. Assume that the mixed Cayley graph Cay (T, S) is H-integral. Let 7, be an H-eigenvalue
of the mixed Cayley graph Cay(T',S). By Lemma 2.1.2, Corollary 2.1.3 and Corollary 2.1.4,
we have 74, = Aq + fta and y_o = Ay — po for each o € ', where A\, is an H-eigenvalue of
the undirected Cayley graph Cay(T', S\ S) and p, is an H-eigenvalue of the directed Cayley
graph Cay (T, S). Thus A\, = wﬁ-% € Q and po = 25== € Q. As A\, and pi, are algebraic
integers, S0 A, ttq € Q implies that A\, and p, are integers. Thus the undirected Cayley graph
Cay(T', S\ S) and the directed Cayley graph Cay(T", S) are H-integral.

Conversely, suppose each of Cay(T", S\ S) and Cay(T", S) are H-integral. Then Lemma 2.1.2
implies that Cay([', S) is H-integral. O

2.2 A sufficient condition for H-integrality of mixed Cayley

graphs over abelian groups

Due to Theorem 2.1.5, to find a characterization of the H-integral mixed Cayley graph
Cay (T, S), it is enough to find individual characterizations of the H-integral undirected Cayley
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graph Cay(T', S\ S) and the H-integral directed Cayley graph Cay(I',S). The H-integral
undirected Cayley graph Cay(T', S \ S) is characterized in Theorem 1.6.6. So our attempt is

to characterize the H-integral directed Cayley graph Cay(T,S).
Recall that I'(4) is the set of all z € T' satisfying ord(z) = 0 (mod 4). It is clear that

exp(I') =0 (mod 4) if and only if I'(4) # (. For x € I'(4) and r € {0, 1,2, 3}, define
M, (z) :={zF: 1 <k <ord(z),k =r (mod 4)}.
Fora € I'and S C T, define a+ S :={a+s:s € S} and -5 := {—s: s € S}. Also, (a)

denotes the cyclic subgroup of I' generated by a. Note that —s denotes the inverse of s, that

is —s = ™71 where m = ord(s).
Lemma 2.2.1. IfT" is an abelian group and x € T'(4), then the following assertions hold.
(i) UM, () = (a).
(ii) The sets Mi(x) and Ms(x) are skew-symmetric subsets of T.
(iii) —Mi(x) = Ms(x) and —Ms(x) = Mi(x).
(iv) a+ My(x) = Ms(x) and a + Ms(x) = My(x) for all a € Ma(x).
(v) a+ Mi(z) = Mi(z) and a + Ms(z) = Ms(x) for all a € My(z).
Proof. (i) The proof follows from the definitions of M, (z) and ().
(ii) If 2¥ € My(x) then —a* = 2"~ % & M;(z), as k = 1 (mod 4) implies n — k = 3 (mod 4).

Thus M (x) is a skew-symmetric subset of I'. Similarly, Ms3(z) is also a skew-symmetric

subset of T'.

(iii) Note that k =1 (mod 4) if and only if n —k = 3 (mod 4), and —z* = 2", Using these
facts, we get —M(x) = M3(x) and —M3(x) = M (x).

(iv) Let a € My(z) and y € a + My(x). Then a = ¥ and y = 2% + 2¥2 = 2M1+%2 where
k1 =2 (mod 4) and k2 = 1 (mod 4). Since k; + k2 = 3 (mod 4), we have y € Mz(x)
implying that a + M;(z) C Ms(x). Since sizes of the sets Mi(z) and Ms(x) are equal,
we have a + M (x) = M3(x). Similarly, a + Ms(x) = M;(x) for all a € My(z).

(v) The proof is similar to the proof of Part (iv). O

Lemma 2.2.2. IfT is an abelian group and x € T'(4), then
i( Yo tals) = Y %(s)) €z
SEM; () sEM3(x)

for each a € T'.
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Proof. Let x € I'(4), a € I' and

po=i( X vl - X walo)

sEM; () sEMs(x)

Case 1. Assume that there exists a € Ms(x) such that ¢, (a) # —1. We have

(5 o0 3 0)

sEM3(z) seEM;i(x)
—i( X e X val)
s€a+M;(z) s€a+Ms(x)
(X wlarn - X alats)
sEM; () SEM3(x)
:_npa ( Z ¢a Z %(8))
SEMl ) SGMg(w)
= —vYa(a)pta

Thus (1 + ¥a(a))pe = 0. Since ¥y (a) # —1, we have pu, =0 € Z.

Case 2. Assume that there exists a € My(z) such that ¢, (a) # 1. Proceeding as in Case 1,
we get puo, =0 € Z.

Case 3. Assume that ¥,(a) = —1 for all a € Ms(x) and ¢, (a) = 1 for all a € My(z). Let
s € M3(z), so that s = 23 for some r € Z. We have 2%" € My(z) and 2> € My(z), and so
VYo (z7) = 1 and 94 (2?) = —1. Therefore 14 (5) = Vo (2 )he(2?) e (z) = =)o (x). Similarly,
if s € My(z) then 1 (s) = Yo (z). Therefore

i T wlm T 6a) =)

seMi(x) seM3(x)

Note that 2% € My(x) and p, is an eigenvalue of a Hermitian matrix. Hence 1, (z)* = 1 and
o is real, and so 1, (z) = +i. Thus e = £2|M;(x)| € Z. O

For m =0 (mod 4) and r € {1, 3}, recall that
G, (1) ={k: k=r (mod 4),gcd(k,m) = 1}.

Also, recall the equivalence relation ~ on I'(4), for which = ~ y if and only if y = z* for
some k € G (1), where m = ord(x). For z € T'(4), recall that [x] is the equivalence class of x

with respect to the relation =.

TH-3122_186123009



CHAPTER 2. H-integral mixed Cayley graphs over abelian groups 28

Lemma 2.2.3. IfI' is an abelian group, v € I'(4) and m = ord(x), then the following asser-
tions hold.

(i) [o] = {a*: k € G, (1)}
(it) [-=] = {a*: k € G},(1)}.
(iii) [x] N [—=] = 0.

(w) [x] = [x] U [—=].

Proof. (i) Lety € [x]. Then y ~ x, and so ord(y) = ord(x) = m and there exists k € G ()
such that y = z¥. Thus [2] C {z*: k € G} (1)}. On the other hand, let z = 2* for some
k € Gl (1). Then ord(z) = ord(z), and so # ~ z. Thus {z*: k € G} (1)} C [z]. Hence
the desired equality follows.

(ii) Note that —z = 2™~ ! and m — 1 = 3 (mod 4). By Part (i), we have
[-a] = {(=2)": k € G (1)} = {=" D" k€ G}, (1)}
= {z 7% keGL(1)}

= {z*: ke G3,(1)).
(iii) Since G} (1) N G2 (1) = 0, we have by Part (i) and Part (ii) that [z] N [~z] = 0.

(iv) Since [z] = {2*: k € G,»(1)} and G,,(1) is a disjoint union of G} (1) and G2 (1), we
have by Part (i) and Part (ii) that [z] = [z] U [—z]. O

Note that Lemma 2.2.3 also holds for non-abelian group. For g € Z and r € {1, 3}, recall
the sets

Dy :={k: k is an odd divisor of g} and
Dy = {k: k divides g,k =1 (mod 4)}.

Lemma 2.2.4. IfI" is an abelian group, x € I'(4), m = ord(z) and g = 3, then the following

assertions hold.

(i) Mi(z)UMs(x) = U [2"].

heDy

i) o) = (U 1) 0 (U [-a"1)

1 3
heDg heDy

i) M) = (U =0'T) U (U 1),

heD; heDg
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Proof. (i) Let 2* € My(z) U M3(x), where k = 1 or 3 (mod 4). To show z* € (J [2"], it is

h€Dy

enough to show that =¥ ~ 2" for some h € D,. Let h = ged(k, g) € D,. Note that

dlzFy = ™ "™ T ).
) = k)~ gedlg Ry b )

Also, as h = ged(k,m), we have (z¥) = (z"). Therefore 2¥ = 2" for some j € G,(1),

where ¢ = ord(z") = 2. Thus 2* ~ 2", where h = ged(k, g) € Dy. Therefore, we get
a* € (U [z"]. Conversely, let z € |J [z"]. Then there exists h € D, such that z = 2/J

h€Dy heDy
where j € G4(1) and ¢ = m. Now h € D, and ¢ = 0 (mod 4) altogether implies
that both h and j are odd integers. Thus hj =1 or 3 (mod 4), and so z € M;(x)UM;3(z).
Hence M;(x) U Mz(z) = U [z"].

h g

(ii) Let 2% € M;(z), where k = 1 (mod 4). By Part (i), there exists h € Dy and j € G,4(1)
such that 2* = 2" where q = m. Note that k£ = jh (mod m). If h =1 (mod 4)
then j € Gy(1), else j € Gi(1). Thus using Part (i) and Part (i) of Lemma 2.2.3, if

h =1 (mod 4) then 2* ~ z", else 2* ~ —2". Hence

e (U k) U-1)

1 3
heDg heDy

Conversely, assume that z € < U [[xh]]> U ( U [[—xh]]>. This gives z € [z"] for an

heD} heD3
h € D} or z € [-z"] for an h € D3. In the first case, by Part (i) of Lemma 2.2.3, there
exists 7 € Gé(l) with g = m such that z = 2. Similarly, for the second case, by
Part (ii) of Lemma 2.2.3, there exists j € G’g(l) with ¢ = m such that z = 2", In

both the cases, hj =1 (mod 4). Thus z € M;(x), and so

(Ut u(UI-1) cmn.

1 3
heDg heDy

Hence the desired equality follows.

(iii) The proof of this part is similar to the proof of Part (ii). For the sake of completeness,
we provide the proof. Let z* € M;(x), where k = 3 (mod 4). By Part (i), there exists
h € Dyand j € Gy4(1) such that 2% = 2", where ¢ = m. Note that k = jh (mod m).
If h =1 (mod 4) then j € G3(1), else j € G4(1). Thus using Part (i) and Part (ii) of

Lemma 2.2.3, if h =1 (mod 4) then 2* ~ —2", else 2* ~ 2". Hence

M) € (U 1-'1) u( U 1),

1 3
heDg heDy
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Conversely, assume that z € ( U [[l‘h]]> U < U [[:ph]]> This gives z € [—2"] for an

1 3
heDy heDy

h e D; or z € [z"] for an h € D;. In the first case, by Part (ii) of Lemma 2.2.3, there

exists j € Gg(l) with ¢ = m such that z = 2. Similarly, for the second case, by
Part (i) of Lemma 2.2.3, there exists j € G§(1) with ¢ = m such that z = 2. In

both the cases, hj =3 (mod 4). Thus z € M3(x), and so

(U=1) o U I'1) € pato)

b 3
hEDg hEDg

Hence the desired equality follows. O

Lemma 2.2.5. If T is an abelian group and x € T'(4), then i( > Yal(s)— > wa(s)> eEZ
sefx] se[—x]
for alla eT.

Proof. Note that there exists x € I'(4) with ord(z) = 4. Apply induction on ord(z). If
ord(x) = 4, then Mj(x) = [z] and M3(z) = [—z]. Hence by Lemma 2.2.2

i< > dals) = Y wa(s)> €Z forallael.

s€lz] s€[—z]

Assume that the statement holds for all = € I'(4) with ord(z) € {4,...,4(9 — 1)}. We prove
the statement for ord(z) = 4¢g. Lemma 2.2.4 gives that

M) = (U L) u( U L) and bt = (U l-"T)u( U L")

1 3 1 8,
heDg heDy heDg heDy

If ord(z) = 4g, h € Dy and h > 1, then ord(z") € {4,...,4(g — 1)}. By induction hypothesis

i( PO EEY wa(s)) e€Zforallael.

s€fzh] s€[—zh]

Now we have

(2 - Z@%(s)) (X va) - X valo))

SEM; () seMs( s€fz] s€[[—z]
+ > i( > tals) = D %(s))
heDlh>1 *sefzh] s€[—zh]
+ > i( > tals) = > %(s))
heD3h>1 " se[—zh] se€zh]
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Therefore

i( X - X va) =i T va - X wale)

sefx] se[—x] seMi(x) seMs3(x)
_ i( > vl = X wnlo)
heD},h>1 *selzh] s€[—zh]
+ > i< Y dals) = > %(s))
heD3,h>1  *selzh] se[—zh]

Hence by Lemma 2.2.2 and induction hypothesis, i( S Yal(s)— D wa(s)> is an integer
s€[x] se[—x]
for each o € I'. Thus the proof follows by induction. O

For T'(4) # 0, recall that D(T") is the set of all skew-symmetric subsets of I' of the form
[x1] U--- U [zk] for some z1, ...,z € T'(4). For I'(4) = 0, recall that D(T") = {0}.

Theorem 2.2.6. Let I' be an abelian group. If S € D(T'), then the directed Cayley graph
Cay(TI', S) is H-integral.

Proof. Assume that S € D(T"). We get S = [z1] U --- U [zx] for some z1,...,z; € T'(4). Let
o be an H-eigenvalue of the directed Cayley graph Cay(T',.S). By Lemma 2.1.4, we have

ua=i§<¢a() Va( > ;gﬂ; ( (—s)>. (2.2)

Applying Lemma 2.2.5 in Equation (2.2), we find that p, is an integer for each a € I'. Hence,
the directed Cayley graph Cay(T", S) is H-integral. O

Theorem 2.2.7. Let T' be an abelian group. If S\ S € B(I') and S € D(T), then the mized
Cayley graph Cay (T, S) is H-integral.

Proof. By Theorem 2.1.5, Cay(T',S) is H-integral if and only if each of Cay(T',S \ S) and
Cay(T, S) are H-integral. Thus the result follows from Theorem 1.6.6 and Theorem 2.2.6. [

2.3 Characterization of H-integral mixed Cayley graphs over

abelian groups

In this section, first we prove that there does not exist an H-integral directed Cayley graph
Cay (T, S) for exp(T') # 0 (mod 4) and S # (). Thereafter, we prove that the sufficient condition
on S for the H-integrality of the mixed Cayley graph Cay(T,S), as stated in Theorem 2.2.7,

is also necessary.
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Theorem 2.3.1. IfI' is an abelian group and exp(I') Z 0 (mod 4), then the directed Cayley
graph Cay(T', S) is H-integral if and only if S = (.

Proof. Let the H-spectrum of the directed Cayley graph Cay(I',S) be {po: @ € I'} and
¢ = exp(I'). Assume that ¢ # 0 (mod 4) and Cay(I',S) is H-integral. By Corollary 2.1.4,
we have po = —p—o € Q and

o = 12 (Va(s) —a(—s)) for each a € T.

ses

Note that, ¢ (s) and ¢, (—s) are £ roots of unity for o € T', s € S. Fix a primitive ¢! root
w of unity and express ¥,(s) in the form w’ for some j € {0,1,...,¢ —1}. Thus

Ma:iZ(wa( ¢a Za’j s

seS

where a] 6 Q(i). Since po € Z, we have that w is a root of the polynomial p(z), where
p(x) Z ajx? — po € Q(i)[z]. Since £ # 0( mod 4), ®y(z) is irreducible in Q(i)[z]. Thus

p(w) = 0 and ®y(x) is a monic irreducible polynomial over Q(i) having w as a root. Therefore

!is also a root of p(z). Note that, if ¥4(s) = w’ for some

®y(x) divides p(x), and so w™
j€{0,1,...,£—1} then ¥_,(s) = w™. We have
-1

0=pw™") = aw — o = pi—a — fa-
=0

Thus fi—q = pla, and hence o = 0 for all o € T'. Hence S = ().
Conversely, if S = ) then all the H-eigenvalues of Cay(T', S) are zero. Thus Cay(T',S) is
H-integral. O

Lemma 2.2.3 gives that corresponding to each equivalence class of the relation ~, we get
two equivalence classes of the relation ~. Define F' to be the matrix [Fy,] of size n x n, whose
rows and columns are indexed by the elements of I' such that Fy, := i), (y) for each z,y € T
Note that each row of F' corresponds to a character of I' and F'F* = nl,, where F'* is the
conjugate transpose of F. Let the coordinates of v € Q" be indexed by the elements of I', and
let v, denote the coordinate of v indexed by x. We note here that there exists v € Q" such
that F'v € Q™. For example, let a € I'(4) and u be the vector in Q" whose coordinates are

indexed by the elements of I', where
1 ifz e [d]
u, =49 -1 ifzefa!]
0 otherwise.

By Lemma 2.2.5, we have Fu € Q".
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Lemma 2.3.2. Let I' be an abelian group, v € Q", and let the coordinates of v be indexed by
the elements of I'. If F'v € Q™, then

(i) Vo = —v_, for each x € T;
(it) vy = vy for all x,y € T'(4) satisfying x ~ y;

(111) vo =0 for allz € T\ T'(4).
Proof. Let F, and F, denote the columns of F' indexed by = and y, respectively, and assume
that u = Fv € Q™.

(i) We use the fact that 1, (y) = ¥—»(y) = ¥(—y) for each z,y € I'. Again
1
u=Fv or, Fu=F'Fv=(nl,))v or, —Fu=veQ"
n

Thus
1
Vyp = —
n

(F*u), = % Z Eu, = %Z ie(x)u, = —% Z i (—x)u,

ael’ a€el a€el

= —% Z i) (—2)u,

a€el

1
_ *
= —E F_xaua
ael

I
I
<|

= Vi

(ii) If I'(4) = 0 then there is nothing to prove. Now assume that I'(4) # (). Let =,y € I'(4).
If 2 ~ y, then there exists k € G} (1) such that y = z*, where m = ord(x) = ord(y).
Assume that x # y, so that & > 2. Using Lemma 2.1.1, we see that the entries of F)
and Fy are i times an m'™ root of unity. Fix a primitive m'" root w of unity, and express

each entry of F, and Fj in the form iw’ for some j € {0,1,...,m — 1}. Thus

m—1
nvy = (F*u), = Z a;jw’,
j=0
m—1 )
where a; € Q(i) for all j. Thus w is a root of p(z), where p(z) := a;x? —nv, € Q(i)[z].
j=0

Therefore p(z) is a multiple of the irreducible polynomial ®. (z). This, along with
k€ Gl (1), gives that w¥ is also a root of p(z). As y = x¥ implies that 1, (y) = ¥4 (z)*

m—1

for all a € T, we have (F*u), = . a;w". Hence
3=0
m—1
0= p(wk) = ajwl’” —nvy = (F'u)y — nvy = nvy — nv,.
j=0
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This gives v, = vy.

(iii) Let € '\ T'(4) and r = ord(z) # 0 (mod 4). Fix a primitive 7' root w of unity, and

express each entry of F, in the form iw’ for some j € {0,1,...,r — 1}. We have

r—1
nv, = (F*u), = Zajwj,
=0

r—1 .
where a; € Q(i) for all j. Thus w is a root of p(x), where p(z) := > ajz? —nv, € Q(i)[z].
§=0
Therefore p(x) is a multiple of the irreducible polynomial ®,.(z), and so w™? is also a root
r—1 .
of p(x). Since o (—x) = Va(z)~"! for all @ € I', we have (F*u)_, = > a;w™’. Hence
§=0
r—1 ‘
0=pw?) = Zajw_j —nvy = (F'u)_, —nvy, =nv_; —nv,.
§=0

Thus v, = v_,. This, together with Part (i), implies that v, =0 for allz € I'\T'(4). O

Theorem 2.3.3. If I" is an abelian group, then the directed Cayley graph Cay(I',S) is
H-integral if and only if S € D(T).

Proof. Assume that the directed Cayley graph Cay(T',S) is H-integral. If T'(4) = (), then by
Theorem 2.3.1 we have S = (), and so S € D(I'"). Now assume that I'(4) # (). Let v be the

vector in Q™ whose coordinates are indexed by the elements of I', where

1 ifxes
V=4 —1 ifzest!

0 otherwise.

We have

(Fv)a :ZFaxvx :ZFax_ Z Foz :12(¢a($) _¢a(_$))~

zel zes rzeS—1 zes

Thus (F'v), is an H-eigenvalue of the H-integral directed Cayley graph Cay(I",.S). Therefore

Fv € Q™, and hence all the three conditions of Lemma 2.3.2 are satisfied for v.
By the third condition of Lemma 2.3.2, v, =0 for all x € '\ I'(4), and so we must have

SUS~t CT(4). Again, let z € S, y € I'(4) and = ~ y. The second condition of Lemma 2.3.2
gives v, = v, which implies that y € S. Thus z € S implies [z] C S. Hence S € D(I'). The

converse part follows from Theorem 2.2.6. ]

The following example illustrates Theorem 2.3.3.
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Example 2.3.1. Consider I' = Zy ® Z4 and S = {(0,1),(1,3)}. The directed Cayley graph
Cay(Zy ®Zy4, S) is shown in Figure 2.1a. We see that [(0,1)] = {(0,1)} and [(1,3)] = {(1,3)}.
Therefore S € D(T"). Further, using Corollary 2.1.4 and Equation (2.1), the H-eigenvalues of

Cay(Zgo ® Zy4, S) are obtained as
P = 1[0 (0,1) — 1o (0,3)] + i[tha(1,3) — 1a(1,1)] for each a € Zg ® Z4,

where

Ya(x) = (—=1)*171i%%2 for each a = (aq, 2),x = (21,22) € Zo ® Zy4.

It can be seen that 1) = f01) = Ko2) = H03) = K10 = K12 = 0, pa1 = —4 and

p1,3) = 4. Thus Cay(Za ® Zs, S) is H-integral.

(0,0) (1,0) (0,0)
(0,1) (1,1) (0,1)
(0,2) (1,2) (0,2)
(0,3) (1,3) (0,3)
(a) §={(0,1),(1,3)} (b) §=1{(0,1),(0,3),(1,3)}

Figure 2.1: The mixed graph Cay(Zs ® Z4, S)

Theorem 2.3.4. IfT is an abelian group, then the mized Cayley graph Cay(I', S) is H-integral

if and only if S\ S € B(T') and S € D(T).

Proof. By Theorem 2.1.5, the mixed Cayley graph Cay(I', S) is H-integral if and only if each
of Cay(T', S\ S) and Cay(T,S) are H-integral. Note that S\ S is a symmetric set and S
is a skew-symmetric set. Thus by Theorem 1.6.6, Cay(T', S \ S) is H-integral if and only if
S\ S € B(I'). By Theorem 2.3.3, Cay(T", S) is H-integral if and only if S € D(I"). Hence the

result follows.

The following example illustrates Theorem 2.3.4.

Example 2.3.2. Consider I' = Zs ® Z4 and S = {(0,1),(0,3),(1,3)}. The mixed Cayley
graph Cay(Zy ® Z4, S) is shown in Figure 2.1b. Observe that S = {(1,3)} = [(1,3)] € D(I")
and S\ S = {(0,1),(0,3)} = [(0,1)] € B(T'). Further, using Lemma 2.1.2 and Equation (2.1),

the H-eigenvalues of Cay(Za ® Z4,S) are obtained as

too = [1Va(0,1) + 140, 3)] + i[t)a(1,3) — ¥ (1,1)] for each a € Zy ® Zy,
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where

Vo (x) = (—1)*1*1i?*2 for each a = (a1, a2),x = (T1,22) € Za ® Zy.

We find that w0y = po,1) = K0 = #a,3) = 2 and po2) = H03) = K1) = H12) = —2.
Thus Cay(Zs ® Z4, S) is H-integral.
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HS-integral mixed Cayley graphs over abelian groups

In this chapter, we use Theorem 1.6.6 to characterize HS-integral mixed Cayley graphs over
abelian groups. In Section 1, we express the HS-eigenvalues of mixed Cayley graphs over an
abelian group in terms of the irreducible characters of the group, and present some preliminary
results. In the second section, we find a sufficient condition for which a directed Cayley graph
over an abelian group is HS-integral. In the last section, we characterize HS-integral mixed
Cayley graphs over abelian groups. The definitions, results, and the flow of arguments in this

chapter have similarities with those in Chapter 2.
3.1 Preliminaries

In this chapter, I' is considered to be an abelian group. Recall all the notations associated

to an abelian group from Section 2.1.

Lemma 3.1.1 ([4, 18]). If T is an abelian group, then the HS-spectrum of the mized Cayley
graph Cay(T',S) is {ya: a € T'}, where vo = Ao + la,

Ao = Z Ya(s) and po = Z (w6¢a(s) + wg@ba(—s)) for each o € T.
seS\S seS

Proof. Define f: T' — {0,1,ws,wq} such that

1 ifseS\S
wg ifsesS

wg ifse(9)!

0 otherwise.

Since I' is an abelian group, f is a class function. The Hermitian adjacency matrix of second

kind of Cay(I',.S) is equal to [f(y — «)]zyer. Thus the result follows from Theorem 1.3.6. [J
The next corollary is a special case of Lemma 3.1.1.

37
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Corollary 3.1.2. IfT' is an abelian group, then the HS-spectrum of the directed Cayley graph
Cay (T, S) is {ua: o € T'}, where

fho = Z (weta(s) + wg¢a(—s)) for each o € T.

s€S
Recall that I'(3) is the set of all x € I satisfying ord(z) = 0 (mod 3). For z € I'(3) and
r € {0,1,2}, define

M, 3(z) := {z¥: 1 <k <ord(z),k = r (mod 3)}.

For a € ' and S C T, recall that a + S := {a+s: s € S} and —S := {—s: s € S}. Also, (a)
denotes the cyclic subgroup of I' generated by a. Note that —s denotes the inverse of s, that

is —s = s~ where m = ord(s).
Lemma 3.1.3. If T is an abelian group and x € T'(3), then the following assertions hold.
(i) UMrs(a) = ().
(11) The sets My 3(x) and My 3(z) are skew-symmetric subsets of I.
(iii) —My3(x) = Mo 3(x) and —Msz(x) = M 3(z).
(v) a+ Mis(z) = M 3(x) and a + My 3(x) = My z(x) for all a € My3(x).
Proof. (i) The proof follows from the definitions of M, 3(x) and (x).

(ii) Let ord(x) = m. If 2% € M; 3(x) then —a* = 2™ % & M; 3(z), as k = 1 (mod 3) gives
m —k =2 (mod 3). Thus M, 3(x) is a skew-symmetric subset of I'. Similarly, M> 3(x)

is also a skew-symmetric subset of I'.

(iii) Let ord(z) = m. As k=1 (mod 3) if and only if m — k =2 (mod 3), and —az* = 2™,
we get *M173(l‘) = ngg(ﬁﬂ). Similarly, *ngg(il?) = MLg(CE).

(iv) Let a € Mps(z) and y € a + My 3(x). Then a = 2% and y = oFt + a2 = ghitke
where k1 = 0 (mod 3) and k9 = 1 (mod 3). Since k1 + k2 = 1 (mod 3), we have
y € Mi3z(xz). This gives a + My 3(z) € Mi3(x), and hence a + M 3(x) = M 3(z).
Similarly, a + My 3(x) = M 3(x) for all a € Mo 3(x). O

Let m =0 (mod 3), r € {1,2} and g € Z. Recall the following definitions from Chapter 1:

m3(1)={k: 1<k <m—1,ged(k,m)=1k=r (mod 3)},

Dy 3 = {k: k divides g,k # 0 (mod 3)} and

Dy 5 = {k: k divides g,k = r (mod 3)}.
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Recall the equivalence relation ~ on T'(3), for which x ~ y if and only if y = 2* for some
k e G}nﬁ(l), where m = ord(z). For z € I'(3), recall that ((x)) is the equivalence class of z

with respect to the relation ~.

Lemma 3.1.4. IfT" is an abelian group, x € T'(3) and m = ord(z), then the following asser-
tions hold.

(i) (@) ={a": k € G}, 5(1)}.
(ii) {—a) ={a*: k € G7,5(1)}.
(iii) () O {(—z) = 0.

(i) [z] = () U ().

Proof. (i) Let y € ((z)). Then y ~ =z, and so ord(y) = ord(x) = m and there exists
k e G}m?)(:v) such that y = 2*. Thus () C {2*: k ¢ G,,3(1)}. On the other hand,
let z = z* for some k € G}n73(1). Then ord(z) = ord(z), and so  ~ z. Thus we have

{zF: k€ G,,3(1)} € ((x)). Hence the desired equality follows.
(i) Note that —z = 2™ ! and m — 1 =2 (mod 3). By Part (i), we have

(=) = {(=2)*: k € G}, 5(D} = {2V ke G 5 (D)} = {z7*: k € G, 5(1)}
— {*: ke G2 5(1)}.

(ili) Since Gy, 3(1) N G, 5(1) = 0, we have by Part (i) and Part (ii) that (z)) N {(—z)) = 0.

(iv) Since [z] = {2F: k € G,,(1)}, and G,,(1) is a disjoint union of G}n’g(l) and G%%?)(l), we
have by Part (i) and Part (ii) that [x] = (z)) U (—z)). O
Note that Lemma 3.1.4 also holds for non-abelian group.

Lemma 3.1.5. IfT" be an abelian group, x € I'(3), m = ord(x) and g = 3, then the following

assertions hold.

(i) Mys(z)UMys(z) = U [z"].

heDy 3

(i) Miae) = (U @) u( U g-ay).

1 2
heD] 4 heD?

i) Maa(o) = (U (=) u( U ).

1 2
heD] 4 hep?
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Proof. (i) Let 2% € Mj3(x) U Mags(z), where k& = 1or2 (mod 3). To show that
¥ € U [2"], it is enough to show z* ~ z" for some h € Dy 5. Let h = ged(k, g) € Dy 3.

h€Dy 3
Note that

m m m
pr— p— —_ —_—— d h.
zcd(m ) ~ ged(g, k)~ b - o4

Also, as h = ged(k, m), we have (z¥) = (z"), and so 2¥ = 2/ for some j € G,(1), where
g = ord(z") = 2. Thus 2* ~ 2", where h = gcd(k, g) € Dy3. Therefore 2% € U [z"].
heDy s

Conversely, let z € |J [z"]. Then there exists h € Dy 3 such that z = 2", where
h€Dgy 3

J € Gyg(1) and ¢ = m. Now h € Dy3 and ¢ = 0 (mod 3) altogether implies that

hj =1or 2 (mod 3), and so z € My 3(z)UMs 3(x). Hence M; 3(x)UMas(z) = U [2"].

h€Dg,3

ord(z")

(ii) Let z¥ € Mj 3(z), where k = 1 (mod 3). By Part (i), there exists h € Dy 3 and j € G (1)
such that 2* = 2, where ¢ = m. Note that k£ = jh (mod m). If h =1 (mod 3)
then j € G} (1), else j € G2 3(1). Thus using Part (i) and Part (i) of Lemma 3.1.4, if
h =1 (mod 3) then z*F ~ ", else ¥ ~ —z". Hence

Ma@ < (U @)oY (-a)

2
heD2 ,

Conversely, assume that z € ( g <<xh>>) U ( U ((—xh))>. This gives z € {(x) for

1 2
h€Dg 3 h€Dg s

an h € Dy 3 or z € {(—a") for an h € D7 5. In the first case, by Part (i) of Lemma 3.1.4,

there exists j € Gé’3(1) with ¢ = m such that z = 2. Similarly, for the second
case, by Part (ii) of Lemma 3.1.4, there exists j € G 5(1) with ¢ = Zed(my Such that

z = 2. In both the cases, hj = 1 (mod 3). Thus z € M; 3(x), and so

(U @) u( U =) < mnato

1 2
heD} 4 hep?

Hence the desired equality follows.

(iii) The proof of this part is similar to the proof of Part (ii). For the sake of completeness,
we provide the proof. Let ¥ € Msz(z), where k = 2 (mod 3). By Part (i), there
exists h € Dy3 and j € G,(1) such that ¥ = 2", where ¢ = zed(my- Note that
k = jh (mod m). If h =1 (mod 3) then j € G373(1), else j € G61173(1). Thus using Part

(i) and Part (ii) of Lemma 3.1.4, if h = 1 (mod 3) then 2* ~ —2" else 2% ~ 2. Hence

M@ e (U =)o U ).

1 2
hEDQB hEDy,ii

Conversely, assume that z € ( U <<—:ch>>> U ( U <<xh>>>. This gives z € ((—") for

1 2
hGDg_’3 }LEDQY?)

an h € D;73 or z € (")) for an h € D;?). In the first case, by Part (ii) of Lemma 3.1.4,
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there exists j € Gag(l) with ¢ = m such that z = 2. Similarly, for the second
case, by Part (i) of Lemma 3.1.4, there exists j € G 5(1) with ¢ = aed(mm Such that

z = 2. In both the cases, hj =2 (mod 3). Thus z € Ms3(x), and so

(U)o U ) €Mt

1 2
heD} 4 hepD?

Hence the desired equality follows. ]

3.2 A sufficient condition for HS-integrality of directed Cayley
graphs over abelian groups

In this section, first we prove that S = () is the only connection set for an HS-integral
directed Cayley graph Cay(T', S) whenever I'(3) = (). After that we obtain a sufficient condition
on the set S for which the directed Cayley graph Cay(T', S) is HS-integral.

Lemma 3.2.1. Let S be a skew-symmetric subset of an abelian group I'. If

S iVB(a(s) — va(—5)) = 0

sES

for all « € T, then S = (.

Proof. Define f: T' — {0,iv/3, —iv/3} such that

iv3 ifse S
fls)=4 —iV3 ifse s
0 otherwise.

By Theorem 1.3.6, Ay := Y iV/3(10(s) —%a(—5)) is an eigenvalue of the matrix [f(y — )]z yer
seS
for each o € T'. If A, = 0 for all & € T, then all the entries of this matrix must be zero. Hence

S =0. O

Theorem 3.2.2. If T is an abelian group and T'(3) = 0, then the directed Cayley graph
Cay(T, S) is HS-integral if and only if S = 0.

Proof. Let the HS-spectrum of the directed Cayley graph Cay(T',S) be {puo: a € T'} and
¢ = exp(T"). Assume that Cay(T',S) is HS-integral and I'(3) = 0, so that £ # 0 (mod 3). By
Corollary 3.1.2,

to = Z(wgwa(s) + witha(—s)) € Z for all € T
s€S
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Note that 14(s) and 1, (—s) are £'* roots of unity for all a € T',s € S. Fix a primitive ¢!

root w of unity and express 1, (s) in the form w’ for some j € {0,1,...,¢ —1}. Thus

/—1
fa = Y (Weta(s) + wita(—s)) = Y _ a;u”,
j=0

SES

where a; € Q(w3). Since pn € Z, we have that w is a root of the polynomial p(z), where
—1

p(x) == Y aja! — po € Q(ws)[x]. Since £ # 0 (mod 3), the polynomial ®y(x) is irreducible
=0

in Q(ws)[xz]. Thus p(w) = 0 and ®y(x) is a monic irreducible polynomial over Q(ws) having

1

w as a root. Therefore ®y(z) divides p(z), and so w™" is also a root of p(z). Note that, if

Vo (s) = w’ for some j € {0,1,...,¢ — 1} then ¥_,(s) = w™7/. We have

Y 1V3(¥als) = va(—5)) = D [(ws — wi)a(s) + (W§ — ws)va(—5)]

SES SES

-1
= Mo — H—a = Ha — Zajwij = _p(wil) =0.
=0

By Lemma 3.2.1, S = (). Conversely, if S = ) then all the HS-eigenvalues of Cay(T',S) are
zero. Thus Cay(T', S) is HS-integral. O

Lemma 3.2.3. If T is an abelian group and x € I'(3), then Y (weta(s) + wita(—s)) is
sEMy 3(x)
an integer for each o € T'.

Proof. Let  €T(3), a €T and i = Y,  (weta(s) + wita(—s)) .

S€M173($)
Case 1. Assume that there exists a € My 3(x) such that ¢, (a) # 1. We have

Ho = Z (W6¢a(5) + wg¢a(_8)) 5 Z wea(s) + Z wgwa(s)

s€M 3(x) seEMi 3(x) s€Mz 3(x)

= Z wea(s) + Z wg¢a(5)

s€a+M; 3(x) s€a+Ma 3(x)

= Yal(a) Z weta(s) + tala) Z wetal(s)

sEMl’g(w) SGMQ;;((E)

= Ya(a)ta-

Thus we have (1 — ¥q(a))puq = 0. Since ¥4 (a) # 1, we get puo =0 € Z.
Case 2. Assume that 1,(a) = 1 for all @ € My3(x). Let s € M 3(x), so that s = 37!
for some 7 € Z. Note that we have 37 € My 3(z), and so ¥, (z%") = 1. Therefore, we get
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Ya(8) = Yo (%) Yo (x) = Vo (z). Similarly, 1a(s) = 1a(2?) for all s € Ms 3(x). Thus

Ha = Z (Wﬁdja(s) + wgl/}a(_s)) = Z WGwOé(S) + Z wgwa(s)

SEM1,3(I) S€M1,3(Cﬂ) SGngg(m)
= | My 3(2)|(wetba() + wgtba(a?))
= —|[ M1 3(2)|(W3ta(T) + witha(2?)).

Note that 2° € My 3(z), and so ¥, (x3) = 1. Therefore 1, () = w3 or w2. If Y, (x) = w3, then
fo = —2|Mi 3(x)|. If o (z) = w3, then p = |Mi 3(x)|. In both the cases, pi, is an integer for
each a € I'. O

For z € I'(3) and a € T, define

Zy(a) = Z (wﬁwa(s) +wg¢a(_3)) "
sE(x)

Lemma 3.2.4. IfT is an abelian group and x € T'(3), then Z,(«) is an integer for each o € T'.

Proof. Note that there exists € I'(3) with ord(z) = 3. Apply induction on ord(z). If
ord(x) = 3, then M 3(x) = ((«)). Hence by Lemma 3.2.3, Z,(«) is an integer for each o € T'.
Assume that the statement holds for each x € I'(3) with ord(x) € {3,...,3(¢ —1)}. We prove
the statement for ord(z) = 3g. Lemma 3.1.5 gives that

Mia@ = (U @) v U o).

1 2
heD] 4 heD?

If ord(z) = 3g,h € D;73 U D§73 and h > 1, then ord(z"),ord(—2") € {3,...,3(¢ — 1)}. By

induction hypothesis, Z,»(«) and Z__ () are integers for all & € I'. Now we have

Z (Wﬁwa(s) . wg"ba@)) = Za:(a) + Z Zyh (a) = Z Z_yh (a)

s€EM1 3(x) heD;!B,h>1 heD§73,h>1

This gives

Zo(@)= > (wetals) +wital(s) = D Zm(a)— Y. Z ()
s€Mi 3(x) heD} 4,h>1 heD? 5 h>1

Hence by Lemma 3.2.3 and induction hypothesis, we find that Z,(a) is an integer for each
a € I'. Thus the proof is complete by induction. O

For T'(3) # 0, recall that E(T") is the set of all skew-symmetric subsets of I' of the form
(1) U...U () for some z1,...,z, € ['(3). For I'(3) = 0, recall that E(I") = {0}.

Theorem 3.2.5. Let I' be an abelian group. If S € E(T'), then the directed Cayley graph
Cay(T', S) is HS-integral.
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Proof. 1t S € E(I'), then S = (1)) U--- U () for some z1,...,x; € ['(3). We have
k
po =Y (weta(s) + wita(—5)) =Y _ Zy,(a).

s€S j=1

Now by Lemma 3.2.4, u, is an integer for each a € I'. Hence the directed Cayley graph
Cay(T',S) is HS-integral. O

3.3 Characterization of HS-integral mixed Cayley graphs over
abelian groups

Let I' be an abelian group of order n. Define E to be the matrix [E,,] of size n x n, whose
rows and columns are indexed by the elements of I' such that E,., := 1, (y) for each z,y € T.
Note that each row of E corresponds to a character of I' and EE* = nl,. We note here that
there exists v € Q(ws3)"™ such that Ev € Q™. For example, let a € I'(3) and u be the vector in

Q(ws3)™ whose coordinates are indexed by the elements of T', where

we if € ((a))
u, =< Wl ifxz e (—a)

0 otherwise.

By Lemma 3.2.4, we have Fu € Q™. For z € C, let #(z) and 3(z) denote the real part and

imaginary part of z, respectively.

Lemma 3.3.1. Let T’ be an abelian group, v € Q(ws)™, and let the coordinates of v be indexed
by the elements of I'. If Ev € Q", then

(i) Vo =v_g forallx € T;
(it) vy = vy for all z,y € T'(3) satisfying x ~ y;
(111) R(vy) = R(v_yg) and I(vy) = S(v_yz) =0 for all z € T'\ I'(3).

Proof. Let E, and E, denote the columns of F indexed by = and y, respectively, and assume

that u = Ev € Q".

(i) We use the fact that ¢, (y) = ¥_»(y) = ¥z (—y) for all z,y € I'. Again

1
u=FEv or, FE'u=FE'Ev=(nl,)v or, —FE'u=veQws".
n
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Thus

vo= L, = LS = L E @ = Y v,

acl’ acl acl’

= % Z wa(_«r)ua

aEF

:7ZE710L E* ) e = V-a-

a€el’

—

(i) If T'(3) = 0, then there is nothing to prove. Now assume that I'(3) # (. Let x,y € T'(3).
If z ~ y, then there exists k € G}n’3(1) such that y = x*, where m = ord(z). Assume
x # y, so that k > 2. Using Lemma 2.1.1, we find that the entries of £, and E, are mth

th

roots of unity. Fix a primitive m"" root w of unity, and express each entry of £, and E,

in the form w’ for some j € {0,1,...,m — 1}. Thus

m—1
nv, = (E*u), = ajuw’,
j=0
m—1 |
where a; € Q for all j. Thus w is a root of p(z), where p(z) := ) ajz? —nv, € Q(ws)[x].
j=0

Therefore p(x) is a multiple of the irreducible polynomial <I)71n73(x). This, along with
ke G}ng(l), implies that w” is also a root of p(x). Asy = ¥ implies that 1, (y) = 1 (x)*

m—1 )
for each a € T', we have (E*u), = Y. ajw*. Hence
=0
m—1
0=p(w) = Z a;wt —nv, = (E*u), — nv, = nv, — nv,.
=0

This gives v, = vy,.

(iii) Let # € '\ T\(3) and r = ord(x) # 0 (mod 3). Fix a primitive 7! root w of unity, and

express each entry of E, in the form w’ for some j € {0,1,...,r — 1}. Thus
r—1
nv, = (E*u), = Z ajw’,
j=0

where a; € Q for all j. Thus w is a root of p(x), where p(z) := i ajx? —nv, € Q(ws)[z].
=0

Therefore p(z) is a multiple of the irreducible polynomial ®,(x), and so w™! is also a
r—1 .

root of p(z). Since 1 (—x) = 9,(x)! for each a € T, we have (E*u)_, = > ajw 7.
j=0

Hence
r—1
0=pw?t) = Zajw_] —nvy = (E*u)_y —nvy = nv_, — nv,.
§=0
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Therefore v, = v_,. This, together with Part (i), implies that (v,) = R(v_;), and
that $(vy) = S(v_y) =0 for all x € T'\ I'(3). O

Theorem 3.3.2. If T is an abelian group, then the directed Cayley graph Cay(T',S) is
HS-integral if and only if S € E(T').

Proof. Assume that the directed Cayley graph Cay(T",S) is HS-integral. If T'(3) = (), then by
Theorem 3.2.2 we have S = (), and so S € E(I'). Now assume that I'(3) # (. Let v be the

vector in Q(ws3)™ whose coordinates are indexed by the elements of I', where

wg ifxesS
V=94 wi ifzxesS!

0 otherwise.

We have

(Ev), = ZEaxvx = ZWGEax + Z ngax = Z (wﬁwa(:ﬂ) + wgqba(—ﬁ)) ¢
zel’ zE€S zeS—1 TES
Thus (EVv), is an HS-eigenvalue of the HS-integral directed Cayley graph Cay(T",S) for each
a € I'. Therefore Fv € Q", and hence all the three conditions of Lemma 3.3.1 are satisfied

for v.
By the third condition of Lemma 3.3.1, v, = 0 for all z € I" \ I'(3), and so we must have

SuUS~t CT(3). Again, let z € S, y € I'(3) and = ~ 3. The second condition of Lemma 3.3.1
gives v, = v,, which implies that y € S. Thus « € S implies (z)) € S. Hence S € E(I'). The

converse part follows from Theorem 3.2.5. O

The following example illustrates Theorem 3.3.2.

Example 3.3.1. Consider the abelian group Zs ® Zs and S = {(0,1),(2,0)}. The directed
Cayley graph Cay(Zs ® Zs,S) is shown in Figure 3.1a. We see that (((0,1))) = {(0,1)} and
((2,0)) = {(2,0)}. Therefore S € E(I'). Further, using Corollary 3.1.2 and Equation (2.1),
the HS-eigenvalues of Cay(Zs ® Zs, S) are obtained as

fho = [WeWa(0,1) + wa1a(0,2)] + [weta(2,0) + wata(1,0)] for each o € Z3 ® Z3,

where

VYo (x) = w3 ws?*? for each o = (a1, ),z = (21, 22) € Z3 ® Zs.

It can be seen that ppo) = 2,p0,1) = —L ko2 = 2,410 = 2401 = —Lpaz = 2,
12,0y = —1, e,y = —4 and jup.9) = —1. Thus Cay(Z3 ® Z3, S) is HS-integral.
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(1,0) (1,0)
(O,O)Aﬂ@,o) (0,0)/0N~(2,0)
(0,1) (1,1) L2,1)  (0,1) (1,1) (2,1)
0,2) (2,2) (0,2) (2,2)

(1,2) (1,2)

(a) S = {<0’ 1)) (270)} (b) S = {(O> 1)? (170)7 (2’0)}

Figure 3.1: The mixed graph Cay(Zs ® Z3,.S)

Lemma 3.3.3. Let S be a skew-symmetric subset of an abelian group T' and t(# 0) € Q. If

Z it\/§(¢a(5) _ 1/)@(—5))

seS

is an integer for each o € I, then S € E(T').

Proof. Let the vector v, whose coordinates are indexed by the elements of I', be defined by

itv3 ifzes
Ve =4 —ity/3 ifze St
0 otherwise.

Since v € Q(w3)™ and a-th coordinate of Ev is 3. itv/3(1a(s) — Ya(—s)), we get Ev € Q™.
ses
Therefore, all the three condition of Lemma 3.3.1 are satisfied for v. By the third condition of

Lemma 3.3.1, S(v,) = 0, and so v, = 0 for all z € T'\I'(3). Thus we must have SUS~! C T'(3).
Again, let z € S, y € I'(3) and = ~ y. The second condition of Lemma 3.3.1 gives v, = vy,
which implies that y € S. Thus « € S implies ((x)) C S. Hence S € E(I"). O

Lemma 3.3.4. Let S be a skew-symmetric subset of an abelian group T' and t(# 0) € Q. If

Z it\/§(¢a(8) - ¢a(_5))

seS

is an integer for each o € T', then > 14(s) is an integer for each o € T.
seSus—1

Proof. Assume that > itv/3(1a(s) — ¥a(—s)) is an integer for each a € I'. By Lemma 3.3.3,
seS
we have S € E(T"), and so S = (1)) U--- U ((zg)) for some x1,...,x; € I'(3). Therefore using
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Lemma 3.1.4, we get SUS™! = [x1]U- - -U[xy] € B(T). Thus by Theorem 1.6.6, Cay(I', SUS™!)

is integral, that is, > 1,(s) is an integer for each o € T. O
seSus—1

Lemma 3.3.5. IfI" is an abelian group, then the mized Cayley graph Cay(I',S) is HS-integral
if and only if Cay(T, S\ S) is integral and Cay (T, S) is HS-integral.
Proof. Assume that the mixed Cayley graph Cay(T', S) is HS-integral. Let the HS-spectrum
of Cay(T', S) be {7o: a € T'}, where v4 = Ao + L,
Aa = Z o (s) and pg = Z(wgwa(s) + withe (—s)) for each a € T.
seS\S ses
Note that {\,: a € T'} is the spectrum of Cay(I', S\ S) and {jq: o € T'} is the HS-spectrum
of Cay(T', S). By assumption v, € Z, and so Y iv/3(¥a(5) — ¥a(—8)) = Ya — V—a € Z for all
seS
a € . By Lemma 3.3.4, we get > 1,(s) € Z for all a € T'. Note that pu,, being a sum
s€8US "
of products of algebraic integers, is an algebraic integer. Also,

1 1 .
Ha = ) Z ¢a(5) + 5 Zl\/g(qba(s) - ¢a(_3)) € Q.
seSusS s€S
Hence f1,, is an integer for each o € I'. Thus Cay(T, S) is HS-integral. Now we have 7, fio € Z,

and 80 Ao = Yo — Ha € Z for each a € T'. Hence Cay(I', S\ S) is also integral.
Conversely, assume that Cay(I',S \ S) is integral and Cay(T',S) is HS-integral. Then

Lemma 3.1.1 implies that Cay(T', S) is HS-integral. O

Theorem 3.3.6. If I' is an abelian group, then the mized Cayley graph Cay(L,S) is
HS-integral if and only if S\ S € B(T') and S € E(T).

Proof. By Lemma 3.3.5, the mixed Cayley graph Cay(T',S) is HS-integral if and only if
Cay(T', S \ S) is integral and Cay(T',S) is HS-integral. Note that S\ S is a symmetric set
and S is a skew-symmetric set. Thus by Theorem 1.6.6, Cay (T, S\ S) is integral if and only if
S\ S € B(T'). By Theorem 3.3.2, Cay(T, S) is HS-integral if and only if S € E(T'). Hence the

result follows. O

The following example illustrates Theorem 3.3.6.
Example 3.3.2. Consider I' = Z3s ® Z3 and S = {(0,1),(1,0),(2,0)}. The mixed Cayley
graph Cay(Zs ® Z3, S) is shown in Figure 3.1b. Here S = {(0,1)} = ((0,1))) € E(T') and
S\ S ={(1,0),(2,0)} = [(1,0)] € B(T'). Further, using Lemma 3.1.1 and Equation (2.1), the
HS-eigenvalues of Cay(Zs ® Zs, S) are obtained as

Yo = [Va(1,0) + 10a(2,0)] + [wetba(0,1) + wi1ia(0,2)] for each a € Z3 @ Zs.

We find v(0,1) = 71,00 = Y(1,2) = %20 = Y2,2) = 0, 70,00 = Y0,2) = 3 and y(1,1) = Y2,1) = —3
Thus Cay(Zz ® Zs, S) is HS-integral.
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H-integral and Gaussian integral normal mixed Cayley graphs

Recall that a mixed Cayley graph Cay(T', S) is called normal if S is a union of some conjugacy
classes of I'. The class of mixed Cayley graphs over an abelian group is a subclass of the class
of normal mixed Cayley graphs. In this chapter, we extend Theorem 2.3.4 to normal mixed
Cayley graphs. Consequently, some definitions and results of this chapter have similarities
with those in Chapter 2. Xu et al. [46] and Li [30] presented a characterization of Gaussian
integral mixed circulant graphs. We find a similar characterization of Gaussian integral normal

mixed Cayley graphs.
4.1 Preliminaries

In this section, we determine the H-eigenvalues of a normal mixed Cayley graph Cay(T',.S)
in terms of the irreducible characters of I'. Finally, we show that the normal mixed Cayley

graph is H-integral if and only if each of its directed and undirected portions are H-integral.

Lemma 4.1.1. Let T’ be a finite group. If Irr(T') = {x1,...,Xn}, then the H-spectrum of the

|

normal mized Cayley graph Cay (L', S) is {[v1]*1,..., [’yh]d%}, where v; = \j + j,

R 1 (s e i (8) — v 8_1
)‘J - Xj(l) seg\SXj( )> Hj Xj(l) SEZS(XJ( ) Xj( ))’

and d; = x;(1) for each j € {1,...,h}.

Proof. Let f:T'— {0,1,i, —i} be the function such that

1 ifseS\S
i ifsefS

—i ifse(S)7!

0 otherwise.

49
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Since S is a union of some conjugacy classes of I', f is a class function. The Hermitian

adjacency matrix of Cay(I', S) is equal to [f(yz~!)]syer. By Theorem 1.3.6,

- )( Y )+ i+ Y <—i>><j<s>),

seS\S ses ses !

and the result follows. O

As special cases of Lemma 4.1.1, we have the following two corollaries.

Corollary 4.1.2. Let T be a finite group. If Irr(T') = {x1,...,xn}, then the H-spectrum (or
spectrum,) of the normal undirected Cayley graph Cay(T, S) is {[\]%, ..., [An]% }, where

1
A== ij(s) and dj = x;j(1) for each j € {1,...,h}.
Xj(l) ses

Corollary 4.1.3. Let T be a finite group. If Irr(T') = {x1,...,Xxn}, then the H-spectrum of

the normal directed Cayley graph Cay(T, S) is {[u1], . .., [un]%}, where
i _ .
W= > (xi(s) = x;(s7")) and d; = x;(1) for each j € {1,...,h}.
J s€S

Lemma 4.1.4. If T is a finite group, then the normal mized Cayley graph Cay(T',S) is H-
integral if and only if Cay(T', S\ S) is integral (or H-integral) and Cay(T',S) is H-integral.

Proof. Let Irr(T') = {x1, ..., xn} and 7; be an H-eigenvalue of the normal mixed Cayley graph
Cay(T', S). By Lemma 4.1.1, we have v; = Aj + p1;, where

1
M= > xi(s) and p; =
4 seS\S

-1
S ) = x(s)
X]( )se§
for each j € {1,...,h}. Assume that Cay(I',S) is H-integral and j € {1,...,h}. By
Lemma 1.3.4, there exists k € {1,...,h} such that X, = x;. If & = j, then we find that

p; =0 and A\j = ;. Thus A\; and p; are integers. For k # j, we have

Ve =T = M + T = Aj — 4y

By assumption, 7; and 7, are integers. As y; = A\j+pu; and v, = \j —p;, we get \; = WT%

and p; = 77;77’“ Thus A\; and p; are rational algebraic integers, and so they are integers. Hence

by Corollaries 4.1.2 and 4.1.3, Cay(T", S\ S) is integral and Cay(T', S) is H-integral.
Conversely, assume that Cay(I', S \ S) is integral and Cay(T',S) is H-integral. Using

Lemma 4.1.1, Cay(T", S) is H-integral. O
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4.2 H-integral normal mixed Cayley graphs

Let the order of the group I' be n and x € Irr(I') be of degree d. Let z € Q(i)I' be

such that © = ) icyg, where ¢, € Z for all g € T'. Define x(z) := ) icgx(g). Note that
g€l gel’
x(9)" = x(¢™) = x(1) = d, and so x(g) is an algebraic integer for each g € T'. Therefore

icyx(g) is an algebraic integer for each g € I', and hence x(z) is an algebraic integer.
Let Irr(T') = {x1,. .., xn}- Let E be the matrix [Ej4] of size h x n, whose rows are indexed

by 1,...,h and columns are indexed by the elements of I" such that E;; = x;(g). Note that
EE* = nlj, and the rank of E is h, where E* is the conjugate transpose of F and I}, is the

h x h identity matrix.
Let Gal(K/F) denote the Galois group of an extension K over the field F. It is well known

that Gal(Q(wn,)/Q) = {oy: 7 € G(1), 0p(wm) = wy, }. For example, see Section 14.5 in [17].
If m =0 (mod 4), then Q(i,wy,) = Q(wy,). Therefore, Gal(Q(i,wy,)/Q(1)) is a subgroup of
Gal(Q(wy,)/Q). Thus Gal(Q(i,w.,)/Q(i)) contains those automorphisms in Gal(Q(w,)/Q)
that fix i. Recall that G,,(1) = GL (1) UG3,(1) and GL (1) N G2,(1) = 0. If r € G} (1) then
o.(i) =1, and if r € G ,(1) then 0,.(i) = —i. Thus

Gal(Q(i, wm)/Q(1)) = Gal(Q(wm)/Q(1)) = {o7: r € Gy (1), or (W) = W]y}

If m #£ 0 (mod 4), then [Q(i,wn) : Q(i)] = ¢(m). Thus the field Q(i, wy,) is a Galois extension
of Q(i) of degree p(m). Any automorphism of the field Q(i, wy,) is uniquely determined by its
action on wy,. Hence Gal(Q(i,wn,)/Q@1)) = {m: r € Gn(1), 7r(wm) = wy, and 7,-(i) = i}.

Let g € T, m = ord(g), and x be a character of I'. By Theorem 1.3.3, x(g) = Zle €,
where €1, ..., € are some m-th roots of unity. If m = 0 (mod 4) and o, € Gal(Q(i,w,)/Q(i)),
then

=1 =1 =1

k
or(x(9)) = (Z > > onler) = e =x(g").
Similarly, if m # 0 (mod 4) and 7, € Gal(Q(i, wy,)/Q(i)), then also 7(x(g)) = x(¢")-
Theorem 4.2.1. Let I' be a finite group and Irr(I') = {x1,...,xn}. If x = ) icyg, where

gel
cqg € Z for all g € T', then x;(x) is an integer for each j € {1,...,h} if and only if the following

conditions hold:

(i) > cs= > ¢ foreach gi,g2 € T(4) and g1 = go;

s€Cl(g1) s€Cl(g2)

(ii) >, cs=— >, ¢ foreachgeT;
seCl(g) seCl(g—1)

(it1) > cs=0 forallge'\T(4).
seCl(g)
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Proof. Let L be a set of representatives of the conjugacy classes in I". Since characters are

class functions, we have

x;j(z) = Z ( Z ics>xj(g) for each j € {1,...,h}. (4.1)

geL ™ seCl(g)

Assume that y;(z) is an integer for each j € {1,...,h}. Let g1,92 € I'(4), g1 = g2 and

m = ord(g;). Therefore, there is r € Gl (1) and o, € Gal(Q(wy,)/Q(i)) such that go = g7

and o,(wm) = wy,. Note that o,(x;(g1)) = x;(g7) for each j € {1,...,h}. Fort € I, let
h

0: = > x;(t)X;, where X;(g) = x;(g) for each g € I'. By Theorem 1.3.5, we have
=1

bu(w) |Cr(t)| if w and t are conjugates to each other
t\u) =
0 otherwise.

So bi(x) = |Cr(t)] > ics € Q(i), and it gives that o,.(0¢(x)) = 6,(z). Since x;(z) is assumed

seCl(¢)
to be an integer, we have o, (x;(z)) = x;j(z) for each j € {1,...,h}. Thus

Crg)l Y ies =04 (2) = 0r(0g,(2) = D or(x5(91))or (X, ()

s€Cl(g1) j=1
h
= xi(9D)x; (@)
j=1
= Ogr (z) = 05, (z) = [Cr(g2)] Y ics.  (4.2)

s€Cl(g2)
Since g1 &~ g2, we have Cr(g1) = Cr(g2). So Equation (4.2) implies that > c¢s= >, cs.

s€Cl(g1) s€Cl(g2)
Hence condition (i) holds. Again

0-x@-v@-Y( ¥ weo-X( ¥ - )ow

gEL " seCl(g) geL *5eCl(g)
:Z< Z ics>xj(g)+z< Z ics>><j(g_1)
gEL  seCl(yg) geL *seCl(g)
:Zl( Z Cs + Z Cs>Xj(g)
geL s€Cl(g) seCl(g—1)
and so
X1(9) 0
Z<ZCS+Z ) = (43)
geL “seCl(g) s€Cl(g~1)
xn(9) 0
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Note that the number of irreducible characters of I' is equal to the number of conjugacy classes
of I', that is, |L| = h. Since characters are class functions and the rank of E is h, the columns
of E corresponding to the elements of L are linearly independent. Thus by Equation (4.3),
YD SR
seCl(g) seCl(g—1)

for all g € L, and so condition (ii) holds.
Let g €e '\ I'(4) and m = ord(g). Then there exists 7,1 € Gal(Q(i, wn,)/Q(i)) such that

Timn—1(wm) = w™ 1. Note that 7,—_1(x;(g)) = x; (g™ 1) for each j € {1,...,h}. Now

ICr(g)| Y ice = O(@) = Tm—1(04(x))

seCl(g)
= Tm-1(x;(9))m-1(X;(2))
j=1
h
=Y xi(g™ " ()
j=1
= Oym-1(z) = 0,1 (z) = |Cr(g™")| Z ics. (4.4)
seCl(g—1)
Since Cr(g) = Cr(9~ '), Equation (4.4) implies that > ¢; = 5. ¢, This, together
s€Cl(g) seCl(g—1)
with condition (ii), gives >, ¢s =0 for all g € I"'\ I'(4). Hence condition (iii) also holds.

seCl(g)
Conversely, assume that all the three conditions of the theorem hold. Let n be the order of

I. If n # 0 (mod 4) then I'(4) = (. Therefore by condition (iii) and Equation (4.1), we have
X;j(z) = 0. Thus, x;(z) is an integer for each j € {1,...,h}. Now assume that n = 0 (mod 4).
Let L(4) be a set of representatives of the conjugacy classes of I'(4). Since characters are class
functions, using condition (iii) we have
x;(z) = Z ( Z ics>xj(g) for each j € {1,...,h}. (4.5)
geL(4) seCl(g)
Let o3, € Gal(Q(i,w,)/Q(i)). Therefore o(w,) = w¥ and k € GL(1). Thus

b= ¥ (3 i Joutrlo)

geL(4) \ seCl(g)
= Z ( Z ics)xj(gk). (4.6)
geL(4) \ seCl(g)

Since g ~ g*, by condition (i) we have Y. ¢s= Y. ¢s From Equation (4.6), we get
s€Cl(g) s€Cl(g")

G = 3 ( ) ics)Xj<gk>=Xj<x>. (47)

geL(4) *seCl(gh)
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The second equality in Equation (4.7) holds, because {¢gF: g € L(4)} is also a set of repre-
sentatives of conjugacy classes of I'(4). Now o (x;(x)) = x;(z) for each k € GL(1), and so
x;j(z) € Q(i). Taking complex conjugates in Equation (4.5), we have

W= Y (X ceu@- 2 (X )l

geL(4) *seCl(g) geL(4) *seCl(g)

= > ( > ics>Xj(g_1)

geL(4) > seCl(g—?)

= x;(z). (4.8)
Thus Equation (4.8) implies that x;(x) € Q. As x;(x) is a rational algebraic integer, it must
be an integer for each j € {1,...,h}. O

For T'(4) # 0, recall that D(T") is the class of all skew-symmetric subsets S of T', where
S = [z1]U---U[xi] for some z1,..., 2, € ['(4). For T'(4) = 0, recall that D(T") = {(@}. Indeed,

we can replace condition (i) of Theorem 4.2.1 by Y ¢ = > ¢ for all z,y € [g] and
seCl(z) seCl(y)
geTI'(4).

Theorem 4.2.2. Let I' be a finite group and Cay(I',S) be a normal directed Cayley graph.
Then Cay (T, S) is H-integral if and only if S € D(T).
Proof. Let Irr(I") = {x1,...,xn} and = ) icyg, where

gel
1 ifges
cg=4 -1 ifge St

0 otherwise.

Observe that x;(z) = Y i(x;j(s) — x;(s71)), and so 28 is an H-eigenvalue of Cay(T",S).
seS

Assume that the normal directed Cayley graph Cay(I',.S) is H-integral. Thus x;(z) is an
integer for each j € {1,...,h}, and therefore all the three conditions of Theorem 4.2.1 are

satisfied for z. By the third condition of Theorem 4.2.1, we get >, c¢;=0forallg € T'\I'(4).
seCl(g)
Note that S is a union of some conjugacy classes of I'. Therefore, if g € S then Cl(g) C S,

and so by the definition of ¢, we get >~ ¢; = [Cl(g)| # 0. Thus SN (I'\T'(4)) = 0, that is,
seCl(g)
S CTI'(4). Again, let g1 € 5, g2 € I'(4) and g1 = g2. By the first condition of Theorem 4.2.1,

weget 0 < > ¢s= > «¢s, which implies that go € S. Thus g; € S gives [g1] C S.
s€Cl(g1) s€Cl(g2)
Hence S € D(I).

Conversely, assume that S € D(I"). Let Cay(I', S) be a normal directed Cayley graph, so

that S is a union of some conjugacy classes of I'. Let

S=leJU---Ulz] =Cl{y) U--- UCLyx) S T(4)
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for some z1,...,%p,y1,...,yx € '(4). Therefore
ST =lar'Tu--- Uz = Clly; HU--- UCIy, ) ST(4).

Now for g1,92 € T'(4), if g1 ~ g2 then Cl(g1),Cl(g2) € S or Cl(g1),Cl(ga) € S~ or
Cl(g1),Cl(g2) € (SUS~He. Here (S U S 1) is the complement of S U S~ in I'. Note
that |Cl(g1)| = |Cl(g2)|. For all the cases, using the definition of ¢4, we have

Z Cs = Z Cs.

s€Cl(g1) s€Cl(g2)

Again, we see that Cl(g) C S if and only if Cl(g~!) C S=!. Therefore

Z Cs = — Z cs =0 or, Z cs = £|Cl(g)| = — Z Cs.

s€Cl(g) seCl(g—1) seCl(g) seCl(g—1)

Further, if g & T'(4) then Cl(¢)N(SUS™!) =0, andso Y. ¢; = 0. Thus the three conditions

s€Cl(g)
of Theorem 4.2.1 are satisfied, and therefore x;(z) is an integer for each j € {1,...,h}.
Consequently, the H-eigenvalue p; := f 8”% of Cay(T, S) is a rational algebraic integer, and
J

hence it an integer for each j € {1,...,h}. O

We give the following example to illustrate Theorem 4.2.2.

Example 4.2.1. Consider the group My := (a,z | a® = 22> = 1,zaz™! = &%), and let

S = {a,a® a®r,a"z}. The conjugacy classes of Mg are {1},{a*},{a?},{a®},{a,a’}, {a®, a"},
{azx,a’z}, {a®z,a"x}, {x, a*z} and {a?x, a®z}. The normal directed Cayley graph Cay(Mig, S)
is shown in Figure 4.1a. We see that S = [a] U [a3z] = Cl(a) U Cl(a3z). Thus S € D(Mg),
and hence Cay(Mig,S) is H-integral. We can also confirm this by finding its H-eigenvalues.
Using the GAP software, the character table of Mg is obtained and given in Table 4.1, where
Irr(Mig) = {x1,-.-,x10}. Further, using Corollary 4.1.3, the H-spectrum of Cay(Mjyg,S) is
obtained as {{u;]': 1 < j < 8} U {[uol*, [10]*}, where puj = 0 for j & {5,6}, us = —8 and
te = 8. Thus all the H-eigenvalues of Cay(Mjig, S) are integers.

Theorem 4.2.3. Let ' be a finite group and Cay(I',S) be a normal mized Cayley graph. Then
Cay (T, S) is H-integral if and only if S\ S € B(I') and S € D(T).

Proof. By Lemma 4.1.4, Cay(T, S) is H-integral if and only if Cay(I', S\ S) is integral and
Cay(T', S) is H-integral. Now the proof follows from Theorem 1.6.7 and Theorem 4.2.2. ]

The following example uses Theorem 4.2.3 to check H-integrality of a normal mixed Cayley

graph.
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7

Example 4.2.2. Consider the group Mg of Example 4.2.1 and S = {a,a?,a’,a",az,a"x}.

The normal mixed Cayley graph Cay(Mig, S) is shown in Figure 4.1b. We have
S = [a] U [a*z] = Cl(a) U Cl(a®) U Cl(a®z).

Therefore S\ S € B(Mjg) and S € D(Mjg). Further, using Lemma 4.1.1, the H-spectrum of
Cay (Mg, S) is obtained as {[yj]lz 1<j<8U {[79}4, [710]4}, where 71 =73 = 76 = v7 = 4,
Yo =74 =" =78 = —4 and 79 = y19 = 0. Thus Cay(Mig, S) is H-integral.

{1} {a*} {a®} {a®} {a,@®} {a%a"} {ax,d’z} {a’r,a"z} {x,a*x} {a*z,dSz}

yi 1 1 1 1 1 1 1 1 1 1
v o1 1 1 1 —1 ~1 -l - 1 1
s 1 1 1 1 1 1 —1 ~1 ¥ | -1
ya 1 1 1 1 | ~1 1 1 . ~1
s 1 I &y -1 i L —i i -1 1
e 1 (S | -1 —i i i —i -1 1
yi 1 1 -1 -1 i —i i —i 1 e
vs 1 1 Bl -1 o i —i i 1 i,
xo 2 =2 21 -2 0 0 0 0 0 0
xio 2 =2 =2 2i 0 0 0 0 0 0

Table 4.1: Character table of Mg

4.3 Gaussian integral normal mixed Cayley graphs

In Chapter 2, we proved that if ' is an abelian group, then [2] U [+~!] = [z] for each
x € T'(4). Note that this result and its proof also hold for non-abelian group. In the subsequent

discussion, we use this fact for non-abelian groups.

Let S be a union of some conjugacy classes of a finite group I' that does not contain 1,

and let Irr(T") = {x1, ..., xn}. Consider the function f: I — {0, 1} defined by

1 ifseS
f(s) =

0 otherwise

in Theorem 1.3.6. We see that ﬁ > x;(s) is an eigenvalue of the normal mixed Cayley
seS
graph Cay(T",S) for each j € {1,...,h}. Indeed, all the eigenvalues of Cay(T",.S) are of this

form. For each j € {1,...,h}, define
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a’x ! at a’x ! at
ax a’x ax a’r
a’ § %; 3 abz a’ abz
ad a ad a
a*r 2 2% i’ a® a*z 2 2% i a®
x a’z x ax
6 7 6 7
a 2 ax a b2 a'x
(a) S ={a,a® a*z,a"r} (b) S ={a,a®,a®a",a’r,a"z}
Figure 4.1: The mixed graph Cay(Mjig, S)
and
i =il
g;(S) = (x;(s) = x;(s7))
J 2Xj(1) ~ J J
seS
We have
—ig;(S) for each j € {1,...,h}. (4.9)
SES

Therefore, the normal mixed Cayley graph Cay(T",S) is Gaussian integral if and only if
fj(S) and g¢;(S) are integers for each j € {1,...,h}.

Theorem 4.3.1. Let " be a finite group. If the normal mized Cayley graph Cay(I',S) is

Gaussian integral, then it is H-integral.

Proof. Let the normal mixed Cayley graph Cay(I',S) be Gaussian integral. Therefore, f;(.5)
and g;(95) are integers for each j € {1,...,h}. Note that 2¢;(5) is an integer H-eigenvalue of
the normal directed Cayley graph Cay(T, S) for each j € {1,...,h}. By Theorem 4.2.2, we
get S € D(T). Let S = 01[:1:]-]] = OlCl(yj) for some z1,..., 2k, y1,...,ys € I'(4). Thus

= =

§u(§)—1zu(ﬂxj]]u[[x ) L:J L:J<01 y;) UCI(y; )) e B().

j=1

Note that x]% 72(7) 1Xj(8) is an eigenvalue of the normal undirected Cayley graph
seSU(S)—
Cay(T, SU(S)™!) for each j € {1,...,h}. By Theorem 1.6.7, v (1) > xj(s)is an integer
s€SuU(S)—1
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for each j € {1,...,h}. Therefore
1

— X;(s) = f;(9) = X (5);
(1 Z J J 27v(1 J
X3 (1) seS\S X;(1) s€SU(S)-1
and hence ﬁ >~ X;(s) is a rational number. Thus, the eigenvalue ﬁ >~ X;j(s) of the
seS\S seS\S

normal undirected Cayley graph Cay(T',S\ S) is a rational algebraic integer, and hence it is
an integer for each j € {1,...,h}. Hence by Theorem 1.6.7, we get S\ S € B(I'). Now the

result follows from Theorem 4.2.3. O

Lemma 4.3.2. Let x € ' and ord(z) = 2'm. Ift > 2 and m is odd, then the following
assertions hold.
3mz2] if m =1 (mod 4)

2?]  if m =3 (mod 4).

X

Wll=g

™

2?]  ifm =1 (mod 4)

i) [z71] =
(i) [=77] 3m[x2] if m =3 (mod 4).

(i) [x] = 2™[z?] U 2™ [2?].

Proof. (i) Assume that t > 2 and k = 2m. Let m = 1 (mod 4) and 232" ¢ 3™ [2?]
for some r € G« (1). Now ged(r, %) = 1, and it implies that ged(3m + 2r,k) = 1 and
3m+2r=1 (m2od 4). We have 2™ 2" € [z]. Thus 23™[2?] C [2]. Now since the sizes
of [z] and x3™[x?] are equal, we have [z] = 23™[2?]. Similarly, if m = 3 (mod 4) then

[z] = z™[2?].

(ii) The proof of this part is similar to the proof of Part (i). For the sake of completeness,
we provide the proof. Assume that ¢ > 2 and k = 2'm. Let m = 1 (mod 4) and
™2 € 2™ [2?] for some r € Gg(l). Now ged(r, &) = 1 implies that ged(m + 2r, k) = 1
and m + 2r = 3 (mod 4). We have 22" € [x~!]. Thus 2™[2z?] C [+~!]. Now since the
sizes of [x7!] and 2™ [2?] are equal, we have [z 1] = 2™ [2?]. Similarly, if m = 3 (mod 4)

then [2~1] = 2™ [2?].
(iii) Using Part (i), Part (ii) and [z] = [«] U [x~!], we get the result in desired form. O

For # € T, define S. := | [s]. We see that if m = ord(x), then

seCl(x)

Sy ={g7'2"g: geT,r € Gu(1)} = |J Cl(s).

s€(x]

The set S is also known as the rational conjugacy class of x. See [18] for details. For each

y € S1, it is clear that Cl(y), [y] € S.. Now let A be a symmetric subset of I such that x € A,
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and Cl(a),[a] C A for each a € A. Let g~'2"g € S., where g € T', r € G,,(1) and m = ord(x).
As [z] € A, we have 2" € A. Now Cl(2") C A, and so g~ 'a"g € A. Thus S! C A, and therefore
Sl is the smallest symmetric subset of I' containing  that is closed under both conjugacy and
the equivalence relation ~. Considering each of the repeated equivalence classes, if any, only
once in |J [s], we can write S = LEJ[H%], where the equivalence classes [z1],...,[x] are

seCl(x) i=1
distinct. We state this fact in the next lemma.

Lemma 4.3.3. If x € I, then there exist distinct equivalence classes [x1], ..., [xe] such that
I3

Sl = Ulxi], where x1,. ..,z € Cl(x).
i=1

Lemma 4.3.4. If y € S}, then S; = S}.

Proof. Let y € S}, so that y = g~ 'a"g for some g € T and r € G,,(1), where m = ord(z).
We see that ord(y) = ord(z) = m. Now let z € S;. Then z = h~1y'h for some h € T and
t € Gp(1). This gives z = h™ly'h = h-lg7la"gh € S.. Conversely, let w € S. so that
w = h~lzth for some h € T and t € G,,(1). Therefore

w=h""a'h = (hg)g (@) talg'h) = (W g)y" (g 'h) €S,
Here r—! is the multiplicative inverse of 7 in the group G,,(1). Hence we conclude that
S; =53 O
Due to Lemma 4.3.4, the sets S. and S; are either disjoint or equal. Hence the class of
distinct subsets of ' of the form S} is a partition of I.

Lemma 4.3.5. Let x € T'(4). If S} = [z1] U--- U [z(] for some x1,...,7, € Cl(z), then
Sl =[23]u--- Ul
Proof. Let m = ord(z) and S} = [z1] U+ U [zy] for some x1 ..., 2, € Cl(x). Assume that the

sets [z1],. .., [z¢] are all distinct. We see that

1
Sl

{gilx%g: gel,re G%(l)}
= { lgfgigelre G%(l)} U {g_le(%M)g: gel,re G%(l)}
= {gilm%g: gel,reGu(l),r< %} U {gilx%g: gelteGp(l),t> %}
={g7'a¥g: geT,r € Gn(1)}
={y*:y e S}
Now noting that {s?: s € [z]} = [z%] and S} = [21]U- - -U[z¢], we have 5’;2 = [2?]U-- -U[m%]. O

Let x € I'(4) be an element of order m. The element x is said to be admissible if " ¢ Cl(z)
for all 7 € G3,(1). The following lemma characterizes admissible elements in terms of skew-

symmetric sets.
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Lemma 4.3.6. If x € T'(4), then x is admissible if and only if the set J [s] is skew-
seCl(x)
symmetric.

Proof. We see that if m = ord(z), then

U [s]={g ta"g: geT,re GL(1)} = U Cl(s)

seCl(x) sez]

Assume that z is not admissible, so that 2" € Cl(x) for some r € G3,(1). Asm—r € G} (1) and

Cl(z) € U [s], we find that 2", 2™ " € (J [s]. Hence J [s] is not skew-symmetric.
seCl(z) seCl(x) seCl(z)

Now assume that |J [s] is not skew-symmetric. Then thereisany =g '2"gc U [s]
seCl(z) seCl(z)
for some r € G} (1) such that y=' € U [s]. Therefore g~'a™ g = y~' = h~'a*h for

seCl(x)

some h € T,k € GL(1). Let t € G, ( ) be the multlipicative inverse of m — r. We have
g tzm=tg = p=1zkh, and it gives ¥ = hg~lzgh~! € Cl(z). Since (m — r)t = 1 (mod 4)
and m —r € G2,(1), we have that t € G2,(1). Thus kt € G,(1) with z** € Cl(z), giving that

x is not admissible. O

Let = € T'(4) be admissible, and define S := |J [s]. The structure and properties of

s€Cl(z)

the set S2 are similar to those of SL. If ' is abelian, then S2 = [#] for each x € T'(4).

For each y € S%, it is clear that Cl(y), [y] € Si. Now let A be a skew-symmetric subset of
I' containing an admissible element z, and Cl(a), [a] C A for each a € A. It is easy to see that
S4 C A. Thus, S2 is the smallest skew-symmetric subset of I' containing z that is closed under
both conjugacy and the equivalence relation . Considering each of the repeated equivalence
classes, if any, only once in  |J [s], we can write S% = U [yi], where the equivalence classes
[vi],-- -, [yr] are distinct. \i/iacg:;te this fact in the next lemma.

Lemma 4.3.7. If x is an admissible element in T'(4), then there are distinct equivalence classes

[vall, - - - [yr] such that 5'4 U lyi], where y1, ...,y € Cl(x).
Lemma 4.3.8. Ify € S, then S4 Si.

Proof. Let y € S%, so that y = g ta"g for some g € ' and r € G} (1), where m = ord(z).
We see that ord(y) = ord(z) = m. Now let z € 5’4 Then z = h~'y'h for some h € T and
t € GL(1). This gives z = h™ly'h = h=lgla"gh € S%. Conversely, let w € S so that
w = h~txth for some h € T and t € G},(1). Therefore

- - - ryr—t - - r1 -
w=h"ta"h=(hg)g (") tglg T h) = (W )y (g 'h) €S,

Here 71 is the multiplicative inverse of r in the subgroup G (1). Thus we conclude that
Sy = S O

Due to Lemma 4.3.8, the sets S and S;l are either disjoint or equal.
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Lemma 4.3.9. If x € I'(4) is admissible, then Sz U ST, = S;.
Proof. Let m = ord(x). We have
SpU Sy ={g 'a"g: g €T,r € G ()} U{g e "g: g €T, € G (1))
={gla"g:geT,r € G (N} U{g 'a"g: g € T,r € G, (1)}
={g'2"g: g €T,r € Gr(1)}
=52 O
Lemma 4.3.10. Let x € ['(4) be an admissible element. If St = [z1] U --- U [x,] for some

z1,..., ¢ € Cl(z), then ST, =[] U -+ U [22].

T
Proof. Let S3 = [z1] U--- U [x,], where @1,...,z, € Cl(z). Then S?_, = [e7uU---U [z

Therefore
Sy=8U8 1= ([z]Ulr' ) U--- U ([z] U [z;1]) = [w1] U+ U [z,
Now the result follows from Lemma 4.3.5. O

For x € T"and j € {1,...,h}, define
C) = iy 3 (o)
seSt
Note that S! € B(I') and C,(j) is an eigenvalue of the normal undirected Cayley graph
Cay (T, S}). As a consequence of Theorem 1.6.7, C,(j) is an integer for each z € I' and
j € {1,...,h}. For a complex number a, recall that ¥(«) and I(a) denote the real and

imaginary parts of «, respectively.

Lemma 4.3.11. Let x € ' and ord(x) = 2!m. If m is odd and t > 2, then
Ca(f) = Os(2™) + X3 (7)) C2 ().

Moreover, Cy(j) is an even integer for each j € {1,... ,h}.

Proof. Let St = [z1]U---U [x] for some z1,..., 7 € Cl(x). For j € {1,...,h}, we have

= (s (@™) + x5 (™)) Co2 (7). (4.10)
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The second equality in the preceding equations follows from Part (iii) of Lemma 4.3.2 and the

fourth equality follows from Lemma 4.3.5.

We apply induction on ¢ to prove that C.(j) is an even integer. Let p; be a repre-
sentation corresponding to x;. If ¢t = 2 then pj(xm)4 is the identity matrix, and so each
eigenvalue of p;(z™) is a 4-th root of unity. Thus, x;(2™) is the trace of a matrix whose
eigenvalues are 4-th roots of unity. Therefore x;(z™) + x;(z3™) = 2R(x;(z™)), an even in-
teger. Hence C(j) is an even integer. Assume that the statement holds for each z € I' with
ord(z) = 2!=1m, where m is odd and t — 1 > 2. Let € T’ with ord(z) = 2!m, where m is odd
and ¢ > 3. Since the order of 2 is 2/~'m, by induction hypothesis C,2(j) is an even integer. If

3m) is

C,2(j) = 0, then clearly Cy(j) = 0, an even integer. By Equation (4.10), x;(z™) + x;(z
a rational algebraic integer whenever C,2(j) # 0. Thus if C,2(j) # 0, then x;(2™) + x;(2°™)
is an integer. Hence by Equation (4.10) and induction hypothesis, C,(j) is an even integer for

each j € {1,...,h}. Thus the proof is complete by induction. O

Let € I'(4) be admissible. For j € {1,...,h}, define

Note that S, (j) is an H-eigenvalue of the normal directed Cayley graph Cay(T, S2) for each
j€{l,...,h}. Since S* € D(T'), by Theorem 4.2.2 S,(j) is an integer for each j € {1,...,h}.

Lemma 4.3.12. Let x € ['(4) be admissible and ord(z) = 2'm. If m is odd and t > 2, then

98 (@) Cya(j) if m =1 (mod 4)
—23(x;(«™))Cy2(j) if m =3 (mod 4).

Moreover, S;(j) is an even integer for each j € {1,...,h}.

Proof. Let S* = [z1] U -- U [z}] for some 1, ...,z € Cl(z). For j € {1,...,h}, we have
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(x;(s) —x;(s71)) if m=1 (mod 4)

X

s
E
=

1
Il
—

w

(s71) if m =3 (mod 4)

X
5

=
m m
= =M
I:l/-\ =

=

<

—~

V)

SN—

|

=

<

r=1gs
k
T 2 2, () —xlar e ifm=1 (mod 4
r=1se|zy
- k
P [ 2](XJ(SCT XG(8) = xj (2 ™x(s7Y))  if m =3 (mod 4)
\ r=1lsec|zs

The third equality in the preceding equations follows from Part (i) of Lemma 4.3.2 and the
fifth equality follows from Lemma 4.3.10. If ¢ = 2, then x;(2°™) and x;(z™) are traces of
matrices whose eigenvalues are 4-th roots of unity. Therefore, S(x;(z%™)) and J(x;(z™)) are
integers. Thus S,(j) is an even integer. Now assume that ¢ > 3. If C,2(j) = 0, then clearly
S.(j) = 0, an even integer. Note that 23 (x;(x>™)) and 23(y;(z™)) are rational algebraic
integers whenever C,2(j) # 0. Thus if C,2(j) # 0, then 23(x;(z*™)) and 23(x;(z™)) are

integers. Since the order of 22 is 2/~!m, by Lemma 4.3.11 S,(j) is an even integer. O

Let S be a nonempty set in D(I") and that S be expressible as a union of some conjugacy
classes of I'. Then S is a skew-symmetric subset of I' that is closed under both conjugacy
and the equivalence relation ~. Let S = Cl(z1) U --- U Cl(zr) = [t1] U --- U [y,] for some
Tlyeeoy ThyYl,- -, Yr € ['(4). We see that

S:Cl(xl)u---UCI(azk):< U [[s]])U---U( U [p]]):silumusik.

s€Cl(z1) s€Cl(z)

Due to Lemma 4.3.8, we can assume that the sets S2

2y S4k are all distinct. In the next

xT

result, we prove the converse of Theorem 4.3.1.

Theorem 4.3.13. If ' is a finite group, then the normal mized Cayley graph Cay(T,S) is

Gaussian integral if and only if it is H-integral.
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Proof. Assume that the normal mixed Cayley graph Cay(I',S) is H-integral. It is enough
to show that f;(S) and g;(S) are integers for j € {1,...,h}. By Theorem 4.2.3, we get
S\S € B(I') and S € D(T'). Therefore S = S3 U---US; for some z1,...,z, € I'(4), where the
sets S ,...,S; are all distinct. By Lemma 4.3.12, Sy, (j) +- - -+ S5, (j) is an even integer. As

9;(S) = 4(S2,(j)+ -+ Sz, (4)), we find that g;(9) is an integer. Observe that S;liUS;l'_l =53,

and so SU(S)~! = 53, U---US} . Therefore f;(S) = ﬁ S X (8)+5(Coy () +. . . +Ca, (4)).
seS\S
By Theorem 1.6.7, X]% >~ x;j(s) is an integer. Also, by Lemma 4.3.11, Cy,(j) is an even
s€S\S
integer for each i € {1,...,r}. Hence we find that f;(S) is an integer. The other part of the

theorem is already proved in Theorem 4.3.1. O
We give the following example to illustrate Theorem 4.3.13.

Example 4.3.1. Consider the normal mixed Cayley graph Cay (Mg, S) of Example 4.2.2. We
have already seen that it is H-integral, and hence it must be Gaussian integral. Indeed, using

Theorem 1.3.6, the spectrum of Cay(Mjg, S) is obtained as
{[)': 1 <5 <8y u{lw]*, o]}, where

v = le(l) [x;(a) + x;(a®) 4+ x;(a®) + x;(a”) + xj(az) + Xj(a7x)} for each j € {1,...,10}.

We find that 1 = 6, 9 = —6, 73 = 2, 74 = —2, %6 = 77 = 2i, 75 = 78 = —2i, and y9 = 710 = 0.
Thus Cay (Mg, S) is Gaussian integral.
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HS-integral and Eisenstein integral normal mixed Cayley graphs

This chapter extends Theorem 3.3.6 to normal mixed Cayley graphs. Additionally, we find a
characterization of Eisenstein integral normal mixed Cayley graphs. We first express the HS-
eigenvalues of a normal mixed Cayley graph Cay(I', S) in terms of the irreducible characters
of I'. In the second section, we find a characterization of HS-integral normal directed Cayley
graphs. In the third section, we extend the characterization obtained in Section 2 to normal
mixed Cayley graphs. In the last section, we show that a normal mixed Cayley graph is HS-
integral if and only if it is Eisenstein integral. Some definitions and results of this chapter

have similarities with those in the previous chapters.
5.1 Preliminaries

In this section, we express the HS-eigenvalues of a normal mixed Cayley graph Cay(T",.5)

in terms of the irreducible characters of I'.

Lemma 5.1.1. Let T be a finite group. If Irr(T') = {x1,...,Xxn}, then the HS-spectrum of the
normal mized Cayley graph Cay(T',.S) is {[yl]d%, — [’yh]d%}, where v; = \j + 15,

1 1 _
Y= LM Do xi(s), = x;(1) D (woxs(s) +wixi(s™h),
J s€S\S J s€S
and d; = x;(1) for each j € {1,...,h}.
Proof. Let f: T'— {0,1,ws, w3} be defined by
1 ifseS\S
we ifse S

wi ifse(9)7!

0 otherwise.
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Since S is a union of some conjugacy classes of I', f is a class function. The Hermitian

adjacency matrix of second kind of Cay(I, S) is given by [f(yz~!)]zyer. By Theorem 1.3.6,

. = bu).

s€S\S se(S)~1

Xi(s) + D wexi(s) +
€s

and the result follows. O
As special cases of Lemma 5.1.1, we have the following two corollaries.

Corollary 5.1.2. Let T be a finite group. If Irr(T') = {x1,..., Xn}, then the HS-spectrum (or
spectrum,) of the normal undirected Cayley graph Cay(T, S) is {[\]%, ..., [An]%}, where

1
Aj = 72)@(5) and d; = x;(1) for each j € {1,...,h}.
xi(1) &=

Corollary 5.1.3. Let T' be a finite group. If Irr(T') = {x1,...,Xn}, then the HS-spectrum of

the normal directed Cayley graph Cay(T,S) is {[ua]™, ..., [un]%}, where
1 5. (o—1 -
pi = PG Z(wﬁxj(s) +wgxj(s™ 7)) and dj = x;(1) for each j € {1,...,h}.
J seS

5.2 HS-integral normal directed Cayley graphs

Let Irr(I") = {x1,. .., xn}- Let E be the matrix [Ej4] of size h x n, whose rows are indexed
by 1,...,h, and columns are indexed by the elements of I such that E;; = x;(g). Note that
EE* = nly and the rank of F is h, where E* is the conjugate transpose of E. This matrix
was also considered in Section 4.2.

Recall that Gal(Q(wm)/Q) = {or: 7 € Gn(1),0/(wm) = w),}. If m = 0 (mod 3), then
Q(ws,wm) = Q(wym). Therefore, the Galois group Gal(Q(ws,wn)/Q(ws)) is a subgroup of
Gal(Q(wm)/Q). Thus Gal(Q(ws,wy,)/Q(ws)) contains those automorphisms in Gal(Q(w,)/Q)
that fix ws. Note that G, (1) = G}m?’(l) U G%%?)(l), a disjoint union. Using o, (w3) = ws for all
r e G}n,3(1) and o, (w3) = w3 for all r € an’g(l), we get

Gal(Q(ws, wm)/Qws)) = Gal(Q(wm)/Q(ws)) = {ov: 1 € Gy 5(1), 07 (wm) = wy, }.

If m # 0 (mod 3), then [Q(ws,wm) : Q(ws)] = ¢(m). Thus the field Q(ws,w,,) is a Galois
extension of Q(ws) of degree ¢(m). Any automorphism of the field Q(ws,wy,) is uniquely

determined by its action on w,,. Hence

Gal(Q(w3,wm)/Q(ws)) = {7 r € Gn(1), (W) = w,,, and 7, (w3) = w3 }.

Let g € ', m = ord(g) and x be a character of I". By Theorem 1.3.3, x(g) = Z?:l €;, where
€1,...,€ are some m-th roots of unity. If m = 0 (mod 3) and o, € Gal(Q(ws,w,,)/Q(ws3)),
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then
k k k
ar(x(9)) = or (Z 61) = or(e) =D e =x(g")-
=1 =
Similarly, if m # 0 (mod 3) and 7, € Gal(Q(ws,w)/Q(ws3)), then also 7,.(x(g9)) = x(g")-

Theorem 5.2.1. Let ' be a finite group and Irr(T') = {x1,...,xn}. If x = " cq9 € Q(w3)T,
gerl’
then x;(x) is rational for each j € {1,...,h} if and only if the following conditions hold:

(i) > cs= > cs foreachgi,go € T'(3) and g1 ~ go;

seCl(g1) se€Cl(g2)

(ii) >, cs= >, c¢s foreach gi,92 € T\T'(3) and g1 ~ g2;
s€Cl(g1) s€Cl(g2)

(i5i) >, es= >, ¢ foreachg€eTl.
seCl(g) se€Cl(g—1)

Proof. Let L be a set of representatives of the conjugacy classes in I'. Since characters are

class functions, we have

xj(z) = Z ( Z cs)xj(g) for each j € {1,...,h}. (5.1)

geL " seCl(g)

Assume that x;(z) € Q for each j € {1,...,h}. Let g1,92 € I'(3), g1 =~ g2 and m = ord(g1).
Therefore, there exist » € G, 3(1) and o, € Gal(Q(wn)/Q(ws)) such that g» = gi and
or(wm) = wy,. Note that o.(x;j(91)) = x;(97) for each j € {1,...,h}. For t € T, let

m

h
0: = > x;(t)X;, where X;(g) = x;(g) for each g € I'. By Theorem 1.3.5, we have
j=1

6,(u) |Cr(t)| if u and t are conjugates to each other
t\u) =

0 otherwise.

So0:(x) = |Cr(t)] Y. e¢s € Q(ws), and it gives that o, (0;(z)) = 6:(x). Since x;(z) is assumed
seCl(t)
to be a rational number, we have o,(x;(z)) = x;j(z) for each j € {1,...,h}. Thus

h
Cr(gn)l Y e =05 (x) = 07(85,(2) = D or(x5(91))or (X, (x))
=1

s€Cl(g1)

<
Il

Il
.M:

X;(91)X; (%)
1

(1) = 0, (2) = |Cr(g2)] Y e (52)

s€Cl(g2)

<
Il

Il
>

Since g1 ~ g2, we have Cr(g1) = Cr(g2). So Equation (5.2) implies that Y ¢s= Y, cs.
sECl(gl) SEC](QQ)
Hence condition (i) holds.
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Now let g1,92 € '\ I'(3), g1 ~ g2, and m = ord(g;). Then there is r € G,,(1) and
7, € Gal(Q(ws, wm,)/Q(ws)) such that g = g7, 7 (wm) = w}, and 7, (w3) = ws. Now proceeding
as in the proof of condition (i), we have >  ¢;= > ¢, Thus condition (ii) also holds.

seCl seCl
Again €Cl(g1) €Cl(g2)
0=x;(z —Z( Y e ) '(9)—Z< > Cs)Xj(g)
geL *seCl(g) geL *seCl(g)
=Z( Y ) 0-2( X e
seCl(g) geL *seCl(g)
:Z( cs>xj~(g),
gEL seCl(g ) s€Cl(g—1)
and so
x1(9) 0
S(X e X oa)| |-l (53)
geL ™ seCl(g) s€Cl(g—1)
! Xn(9) 0

Note that the number of irreducible characters of I' is equal to the number of conjugacy classes
of T, that is, |[L| = h. Since characters are class functions and rank of F is h, the columns
of F corresponding to the elements of L are linearly independent. Thus by Equation (5.3),
Yooes— Y. ES =0 for all g € L, and so condition (iii) holds.
sECl& s€Cl(g—1!
onversely, assume that the three conditions of the theorem hold. Let n be the number of

elements of I'. We have the following two cases.
Case 1. Assume that n = 0 (mod 3). Let o € Gal(Q(ws3,w,)/Q(w3)). Then ox(wy,) = wk

and k € G}%S(l), and so o1 (x;(9)) = x;(g*) for each j € {1,...,h}. Thus

) = ( X e)otula)

geL * seCl(g)
—Z( 3 05>Xj(9k)- (5.4)
geL " seCl(g)

In the sum of Equation (5.4) we have two possible casses, namely, g € I'(3) or g € I' \ I'(3). If
g € I'(3), then using the fact g ~ ¢* and condition (i), we get > cs= 3. cs. Similarly,

s€Cl(g) s€Cl(g)
if g € T'\ T'(3), then using the fact g ~ ¢g* and condition (ii), we get > cs= > cs.
s€Cl(g) s€Cl(gk)
Therefore, we have > ¢s= Y. ¢s for each g € I'. Now from Equation (5.4), we get

seCl(g) s€Cl(gk)

akm(as»zz( ) cs>><j(9k)=><j($)- (5.5)

geLl *seCl(gk)
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The second equality in Equation (5.5) holds, because {g¥: g € L} is also a set of representatives
of conjugacy classes of I'. Now since oy (x;(x)) = x;(x) for each k € G}Lg(l), we have that
Xj(7) € Q(ws).

Case 2. Assume that n Z 0 (mod 3). Let 7. € Gal(Q(ws,wn)/Q(ws)). Then we have
7r(x;(9)) = x;j(g") for each j € {1,...,h}. Note that g ~ g". Therefore using Equation (5.1)

and condition (ii), we have

@) =3 (X o) ntu@)
geL " seCl(g)
= g; (Se%%g) cs>xj (g")
= 2 <sec1(gr) Cs> x;(9")
= x;(2)

This gives that x;(z) € Q(ws). Thus in both the cases, we get x;(z) € Q(ws). Taking complex

conjugates in Equation (5.1), we get

X;(@) = Z( > cs>><j(g)

geL " seCl(g)

Z( > cs>><j(gl)

geL * seCl(g)

(X e)ute

geL seCl(g—1)

(). (5.6)

Il
(]

o

Equation (5.6) implies that x;(z) € Q for all j € {1,...,h}. O

For T'(3) = 0, recall that E(I') = {0}. For I'(3) # 0, recall that E(T") is the set of all
skew-symmetric subsets S, where S = (1)) U--- U {(z)) for some z1, ...,z € I'(3). Indeed,

we can replace condition (i) of Theorem 5.2.1 by > c¢s= Y. ¢ forall z,y € (g)) and
seCl(z) seCl(y)

g € I'(3).
Theorem 5.2.2. Let I be a finite group and Cay(I',S) be a normal directed Cayley graph.
Then Cay(T', S) is HS-integral if and only if S € E(T").

Proof. Let Irr(T") = {x1,...,xn} and z = > ¢qg, where
gel

—w? ifges
cg=14 —ws ifge St

0 otherwise.
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is

Note that —w? = wg and —w3 = wy. Thus y;(z) = S%(—w%xj(s) —wsx;(s71)), and so ijgg
an HS-eigenvalue of Cay(I', S). Assume that the normal directed Cayley graph Cay(T",S) is
HS-integral. Thus x;(x) is an integer for each j € {1,..., h}, and therefore the three conditions

1

of Theorem 5.2.1 are satisfied for z. Using the fact that g ~ g7, and conditions (ii) and (iii)

of Theorem 5.2.1, we get < > cs) =0 for all g € I"\ I'(3). Note that S is a union of
seCl(g)
some conjugacy classes of I'. Therefore, if g € S then Cl(g) C S, and so by the definition

of ¢g, we get S > cs> = % # 0. Thus SN(I"'\T'(3)) = 0, that is, S C T'(3).
seCl(g)
Again, let ¢1 € S, g2 € T'(3) and g1 ~ go. By the first condition of Theorem 5.2.1, we get

0# > ¢ = Y., cs, which implies that go € S. Thus g1 € S gives ((¢1)) € S. Hence
s€Cl(g1) s€Cl(g2)
S e E(T).

Conversely, assume that S € E(I'). Let Cay(T",S) be a normal directed Cayley graph, so

that S is a union of some conjugacy classes of I'. Let
§ = (1) U+++ U (@) = Cl(ys) U-++ U Cl(yy) € T(3)
for some z1,..., 20, y1,...,yx € T'(3). We have
S7H={arh U U = Cllyr ) U+ U Cl(y ) € T(3).

Now for gi,92 € T'(3), if g1 =~ g2 then Cl(g1),Cl(g2) € S or Cl(g1),Cl(g2) € S~ or
Cl(g1),Cl(g2) € (SUS™He Note that |Cl(g1)] = |Cl(ge)|. For all the cases, using the

definition of ¢4, we find
DT i
s€Cl(g1) s€Cl(g2)

Thus condition (i) of Theorem 5.2.1 holds. If ¢g1,90 € T' \ I'(3) and g1 ~ g2, then clearly
Cl(g1),Cl(g2) € T'\ I'(3). Therefore Cl(g;),Cl(g2) € (SUS~1)°. Accordingly,

Z cs=0= Z Cs.

s€Cl(g1) s€Cl(g2)

Hence condition (ii) of Theorem 5.2.1 also holds.
Again for ¢ € T, we have Cl(g) C S if and only if Cl(g~!) € S~!. Therefore we

have > ¢ = ). €, and so condition (iii) of Theorem 5.2.1 also holds. Thus by
seCl(g) seCl(g—1)
Theorem 5.2.1, x;(x) is a rational number for each j € {1,...,h}. Consequently, the HS-
eigenvalue p; := i‘(y 8; of Cay(T,S) is a rational algebraic integer, and hence an integer for
J
each j € {1,...,h}. O

In the following example, we illustrate an use of Theorem 5.2.2.
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I
(3,1,4) (1,2)(3,4)
(2,3,4) (1,3)(2,4)
(4,1,2) (1,4)(2,3)
(1,3,2) (1,2,3)
(3,4,1) (4,2,1)
(2,4,3)

Figure 5.1: The directed graph Cay(A44,{(1,2,3),(4,2,1),(2,4,3),(3,4,1)})

Example 5.2.1. Consider S = {(1,2,3),(4,2,1),(2,4,3),(3,4,1)} in the alternating group
A4. The conjugacy classes of A4 are {I}, C1((1,2)(3,4)),Cl((1,2,3)) and CI((1,3,2)), where

I'=(1)(2)(3)(4),

CI((1,2)(3,4)) = {(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)},

C1((1,2,3)) = {(1,2,3), (4,2,1),(2,4,3),(3,4,1)} and

Cl((1,3,2)) ={(1,3,2),(4,1,2),(2,3,4),(3,1,4) }.

The normal directed Cayley graph Cay(A4,S) is shown in Figure 5.1. We see that
S = ((1,2,3)) U((4,2,1)) U ((2,4,3)) U ((3,4,1)) = CI((L,2,3)). Therefore S € E(T),
and hence Cay(Ay, S) is HS-integral by Theorem 5.2.2. The character table of the group Ay

is given in Table 5.1 [24], where Irr(A4) = {x1, X2, X3, x4} Further, using Corollary 5.1.3, the

HS-spectrum of Cay(A4, S) is obtained as {[u1]', [ua]!, [us]?, [14]®}, where p1 = 4(ws+wl) = 4,

pa = 4(wews + wiwi) = —8, 3 = 4(wew3 + wiws) = 4 and py = 0.

I CI((1,2)(3,4))

C1((1,2,3)) CI((1,3,2))

x1 1 1
x2 1 1
x3 1 1
X4 3 -1

1 1
w3 w?
w3 w3

0 0

Table 5.1: Character table of Ay
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5.3 HS-integral normal mixed Cayley graphs
In this section, we extend Theorem 5.2.2 to normal mixed Cayley graphs.

Lemma 5.3.1. Let S be a skew-symmetric subset of a finite group T and Irr(T') = {x1, ..., xn}-
Let S be expressible as a union of some conjugacy classes of I' and t(# 0) € Q. If

D itV3 (x(s) — x5(s7h)

SES

x;(1)
is an integer for each j € {1,...,h}, then S € E(T).

Proof. Let x = ) ¢49 € Q(ws3)T', where

gel
itv/3 if ges
cg =13 —ity/3 ifge St
0 otherwise.

Note that % = ﬁ S% itv/3 (x;(s) — x;(s71)). Assume that ijgg is an integer for each

j € {1,...,h}. Therefore, all the three conditions of Theorem 5.2.1 are satisfied for z. Using

the fact that g ~ g=!, and conditions (ii) and (iii) of Theorem 5.2.1, we get ( o) cs> =0
seCl(g)

for all g € '\ I'(3), and so we must have S U S~ C I'(3). Again, let g1 € S, g2 € I'(3) and
g1 =~ g2. The first condition of Theorem 5.2.1 gives

S e= 3 e

s€Cl(g1) s€Cl(g2)

Note that > ¢, = itv/3| Cl(g1)|. Therefore > ¢, = itv/3| Cl(g1)|, and so go € S. Thus
s€Cl(g1) s€Cl(g2)

g1 € S implies ((g1)) € S. Hence S € E(T). O

In Chapter 3, we proved that if I' is an abelian group, then ((z)) U {(x~1)) = [z] for each

x € I'(3). Note that this result and its proof also hold good for non-abelian group. In the

subsequent discussion, we use this fact for non-abelian group.

Lemma 5.3.2. Let S be a skew-symmetric subset of a finite group T and Irr(T') = {x1, ..., xn}-
Let S be expressible as a union of some conjugacy classes of I' and t(# 0) € Q. If

D itV3 (x;(s) — x5(s7h)

sES

x;(1)

is an integer for each j € {1,...,h}, then —=— > x;(s) is also an integer for each

Ly
je{l,...,h}.
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Proof. Assume that ﬁ S itv3 (x;(s) — x;j(s71)) is an integer for each j € {1,...,h}. By
seS
Lemma 5.3.1 we have S € E(I"), and so S = ((z1)) U--- U ((zg)) for some z1,...,x; € I'(3).

Therefore, we get
SUS™ = (@) U+ U @) U () Uee U ) = ] U -+ U Lag] € B(D).

Thus by Theorem 1.6.7, Cay(T', S U S~1) is integral, that is, ﬁ Y. xj(s) is an integer
‘ seSUS—1T

for each j € {1,...,h}. O

In the next result, we use the fact that the HS-eigenvalues of a mixed Cayley graph are

algebraic integers. See Theorem 2.6 of [31] for details.

Lemma 5.3.3. If I is a finite group, then the normal mized Cayley graph Cay(T',S) is HS-
integral if and only if Cay(L', S\ S) is integral (or HS-integral) and Cay (T, S) is HS-integral.

Proof. Let Irr(T') = {x1, - ,Xxn}. By Lemma 5.1.1, the HS-spectrum of the normal mixed
Cayley graph Cay(T, 5) is {Pul, .., [y}, where 75 = A + 1,

5=y 0 X s = s See(e) el (e,

s€S\S ses

and d; = x;(1) for each j € {1,...,h}. Note that {IA)%E, ..., [M\]%} is the spectrum of
Cay(T, S\ 'S) and {4, ..., )%} is the HS-spectrum of Cay(T, S).

Assume that the mixed Cayley graph Cay(T',S) is HS-integral. Let j € {1,...,h}. By
Lemma 1.3.4, there exists k € {1,...,h} such that x; = X;. Therefore, x;(1) = xx(1) and

\j = ED > Xj(s_l)_-tl) > Xj(s):ﬁ > Xk(s) = Ak

- _ k _
Xj s€S\S TN ses\s s€S\S

—~| =
~—

Now we have

Vi =W = thl) 2 (woxs(s) +wgx;(s™1)) — Xkl(l) 2 (woxi(s) + wixe(s™))
= ) b))+ )
= i X V3 (ule) ()

TH-3122_186123009



CHAPTER 5. HS-integral & Eisenstein integral normal mixed Cayley graphs 74

By assumption v;,v; € Z, and so j— Z iv3 (x;(s) — xj(s71)) € Z for each j € {1,...,h}.

Therefore by Lemma 5.3.2, we get Xj(]-) Z X;j(s) € Z for each j € {1,...,h}. Since

s€SuU(S)—1
1
D MRS A ey 5 Y30 -6,
J seSuU(S)—1 J
pj is a rational algebraic integer, and hence it is an integer for each j € {1,...,h}. Thus

Cay(T',S) is HS-integral. Now we have v;,u; € Z, and so \; = ; — u; € Z for each
j€{1,...,h}. Hence Cay(T, S \ S) is also integral.

Conversely, assume that Cay(I',S \ ) is integral and Cay(I',S) is HS-integral. Then
Lemma 5.1.1 implies that Cay(I',S) is HS-integral. O

Theorem 5.3.4. Let T be a finite group and Cay(T', S) be a normal mized Cayley graph. Then
Cay (T, S) is HS-integral if and only if S\ S € B(I') and S € E(T).

Proof. By Lemma 5.3.3, Cay (T, S) is HS-integral if and only if Cay (T, S\ S) is integral and
Cay(T', S) is HS-integral. Now the proof follows from Theorem 1.6.7 and Theorem 5.2.2. [

I
(3,1,4) (1,2)(3,4)
(2,3,4) (1,3)(2,4)
(4,1,2) (1,4)(2,3)
(1,3,2) (1,2,3)
(3, 4,1) (4,2,1)
(2,4, 3)

Figure 5.2: The mixed graph Cay(Ay4,.S)

We give the following example to illustrate Theorem 5.3.4.

Example 5.3.1. Consider
S =1{(1,2)(3,4),(1,3)(2,4),(1,4)(2,3),(1,2,3),(4,2,1),(2,4,3),(3,4,1)}

in the alternating group A4. The normal mixed Cayley graph Cay (A4, S) is shown in Figure 5.2.
We find that

S ={(1,2,3)) U{(42, D)) U((2,4,3)) U{(3,4,1)) = CL((1,2,3)) € E(I)
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and
S\ S =[(1,2)(3,4)] U [(1,3)(2,4)] U [(1,4)(2,3)] = CI((1,2)(3,4)) € B(T).

Using Theorem 5.3.4, Cay(A4,S) is HS-integral. The character table of Ay is given in
Table 5.1. Further, using Lemma 5.1.1, the HS-spectrum of Cay(A4,S) is obtained as
{Im]t [alts sl [al?}, where 71 = 3 + 4(ws + wg) = 7, 72 = 3 + 4(wews + wgw3) = =5,
v3 = 3 + 4(wew? + wiws) = 7 and y4 = —1.

5.4 Eisenstein integral normal mixed Cayley graphs

Assume that S is a union of some conjugacy classes of a finite group I', 1 ¢ S and
Irr(T') = {x1,--.,Xxn} Using the function f: I — {0,1} defined by

1 ifse S
f(s) =

0 otherwise

in Theorem 1.3.6, we find that %(1) > x;(s) is an eigenvalue of the normal mixed Cayley
’ seS
graph Cay(T",S) for each j € {1,...,h}. Indeed, all the eigenvalues of Cay(I',.S) are of this

form.
For each j € {1,...,h}, define

£(8) = —— 3" xi(s) and gi(S

(1
X]( seS\S

Z (wx;(s) +wx;(s 1))7
s€S

J

where w = % - %. Let j € {1,...,h}. By Lemma 1.3.4, there exists k € {1, ..., h} such that
Xk = X;- Note that

95(5) + w3(9;(5) — gx(5)) =(1 + w3)g;(S) — w3gk(5)

:12;;1\1/)3 % (; _ “f) X;(s) + (; + l\f Xj(sl)]
(1) 118w
—12;1“)3 > (; - f) x3(5) + (; + 8 Xj(sl):
2 ()

@ 2
s€8

TH-3122_186123009



CHAPTER 5. HS-integral & Eisenstein integral normal mixed Cayley graphs 76

Therefore

th)ZXj(S) = fi(5) + 9;(5) + ws(g;(S) — gx(5))- (5.7)
J seS

Note that if i = X, then f;(S) = () and g;(S)—gs(S) = [£;(S) + g5(S)]—[f(S) + gr(S)].
Therefore if f;(S) + ¢;(S) is an integer for each j € {1,...,h}, then g;(S) — gx(5) is also an
integer for each j € {1,...,h}. Hence the normal mixed Cayley graph Cay(I', S) is Eisenstein
integral if and only if f;(.S) + g;(5) is an integer for each j € {1,...,h}.

Lemma 5.4.1. If T is a finite group, then the normal mized Cayley graph Cay(L',S) is
FEisenstein integral if and only if 2f;(S) and 2g;(S) are integers of the same parity for each
jed{l,...,h}.

Proof. Assume that the normal mixed Cayley graph Cay(I',S) is Eisenstein integral. Then
fi(S) +g;(S) and g;(S) — gr(S) are integers for each j € {1,...,h}, where x; = X;. Note that

(8~ 0x(8) = == > = (@) =),

-~ 3
seSs

Therefore by Lemma 5.3.2, ﬁ >, xj(s) € Z. Using

seSU(S)—!
1 1 iv3 _
2g;(5) = e sesuz(;)_l X;j(s) — e Sezsg(Xj(S) —x;(s7),

we find that 2¢;(S) is an integer. Since 2f;(S) = 2(f;(S) +g;(S)) —2¢g;(S), we see that 2f;(S)
is also an integer of the same parity with 2g;(S).

Conversely, assume that 2f;(S) and 2g;(S) are integers of the same parity for each
j € {1,...,h}. Then f;(S) + g;(S) is an integer for each j € {1,...,h}. Hence the nor-
mal mixed Cayley graph Cay(I",S) is Eisenstein integral. O

Lemma 5.4.2. The normal mized Cayley graph Cay (L', S) is Eisenstein integral if and only
if £;(S) and g;(S) are integers for each j € {1,...,h}.

Proof. Let j € {1,...,h}. Due to Lemma 5.4.1, it is enough to prove that 2f;(.S) and 2g;(S5)
are integers of the same parity if and only if f;(S) and g;(5) are integers. If f;(S) and g¢;(5)
are integers, then clearly 2f;(S) and 2g;(5) are even integers. Conversely, assume that 2f;(.5)
and 2g;(S) are integers of the same parity. Since f;(.5) is an algebraic integer, the integrality of
2f;(S) implies that f;(.5) is an integer. Thus 2f;(S) is an even integer, and so by assumption

2¢;(S) is also an even integer. Hence g;(.5) is an integer. O

Theorem 5.4.3. Let T’ be a finite group. If the normal mized Cayley graph Cay(T',S) is
Eisenstein integral, then Cay(T',S) is HS-integral.
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Proof. Assume that Cay(I',.S) is Eisenstein integral. By Lemma 5.4.2, we find that f;(S5)
and g¢;(S) are integers for each j € {1,...,h}. Note that f;(S) is an eigenvalue of the nor-
mal undirected Cayley graph Cay(I', S\ S). By Theorem 1.6.7, f;(S) is an integer for each
j€{l,...,h} if and only if S\ S € B(I"). Further,

11) > _i\/g(Xj(S) —x;i(s71) = g;(9) — g (9),

-~ 3
seS
and that g;(S)—gx(S) is an integer for each j € {1,..., h}, where x; = X;. Using Lemma 5.3.1,
we see that S € E(T"). Thus by Theorem 5.3.4, Cay (T, S) is HS-integral. O

Lemma 5.4.4. Let x € I and ord(x) = 3'm. If m # 0 (mod 3), then the following assertions
hold.

(i) If t =1, then [z] = 2™[x3] U 2?™[23].

(ii) If t =1, then

- { 2 U %] U™ (@) U™ (@) if m =1 (mod 3
S U P Ut (@8) UM (aB) i m= 2 (mod 3

(iv) Ift > 2, then

[z] =

{ ™ [x3] U 2823 U 2™ (23)) U 25 (23)) if m=1 (mod 3)
™23 U ¥ [23] U 2™ (2 73) U™ {(x73)  if m =2 (mod 3).

(v) If t > 2, then [z] = 2™ [z3] U 2™ [23]) U 4™ [23] U 25 [23] U 27" [23] U 2™ [23].

(vi) If t > 2, then
() = { xm[x?)] U :1,‘4m<<x—3>> if m=1 (mod 3)
2?23 U5 (23)  if m =2 (mod 3).

(vii) Ift > 2, then

TH-3122_186123009



CHAPTER 5. HS-integral & Eisenstein integral normal mixed Cayley graphs 78

(viii) If t > 2, then

[z Uzt ua™ 23] if m =1 (mod 3)

2?3 U 223 U 28 [23]  if m =2 (mod 3).

() =

Proof. (i) Assume that ord(z) = 3m and m # 0 (mod 3). Let us take 23" € 2™[2?]
for some r € G,,(1). Then ged(r,m) = 1, and so ged(m + 3r,3m) = 1. Therefore
2™[z%] C [z]. Similarly, we have 2™ [23] C [z]. Therefore 2™ [z®] U 2*™[23] C [z]. Note
that [[z]| = ¢(3m) = 2¢(m), [2™[z%]] = ¢(m) = |[r?™[23]|, and that 2™[23] U 22|23
is a disjoint union. Thus, the sizes of [x] and 2™[x3] U 2?™[2?] are equal, and therefore

[z] = 2™[23] U 2™ [23].

(ii) Assume that ord(z) = 3m and m # 0 (mod 3). Let m = 1 (mod 3). We see that
ged(r,m) = 1 if and only if ged(m + 3r,3m) = 1. Also m + 3r =1 (mod 3). Therefore

2™[a®] = {2 e € G(1)} € {2* : k € G 3(1)} = ((2)).

Since the sets ™[z3] and ((z)) are of equal size, we get z™[z%] = ((x)). Similarly, if
m = 2 (mod 3), we have z?™[z%] = (z).

(iii) Assume that p = 3'm, t > 2 and m = 1 (mod 3). Let 2™ € 2™[2?%] for some
re G%(l). Then ged(r, §) = 1, and so ged(m +3r, p) = 1. Thus 2™ [2%] C [z]. Similarly,
2 [x3] C [z]. Now let 2™ +3" € 4™ (=3)) for some r € G2§,3(1)' Again, ged(r, §) =1
implies that ged(4m +3r, p) = 1. Therefore 4™ ({(z73)) C [z]. Similarly, z5™ (2 =3)) C [z].
Thus 2™[23] U 22™[2%] U a4 (x=3) U 2™ (2 ~3)) C [z]. Note that |[z]| = 2 x 3" 1p(m).
Also, [a™ (23] = 2 x 32 (m) = |22 [, [ (2=3) | = 32 p(m) = |55 (&%), and
that 2™ [2z3] U 22™[z%] U 2™ (273)) U 2°™((~3)) is a disjoint union. Thus, the sizes of
[z] and 2™[23] U 22" [23] U 4™ (2 73)) U 2°™{23)) are equal, and hence these two sets

are equal. For m = 2 (mod 3), the proof follows the similar steps as in the case of
m =1 (mod 3).

(iv) The proof is similar to the proof Part (iii). For the sake of completeness, we provide the
proof for the case m = 1 (mod 3). Assume that p = 3'm, ¢t > 2 and m =1 (mod 3). Let
M3 ¢ 2™ [x3] for some 1 € Gg(l). Then ged(r, §) = 1, and so ged(7m + 3r,p) = 1.
Thus "™ [23] C [z]. Similarly, 2%"[2%] C [2]. Now let 2*™+3" ¢ 24 (23)) for some
r € G%’S(l). Again, ged(r,§) = 1 gives ged(4m + 3r,p) = 1. Thus, z*™((z%)) C [z].
Similarly, z°™{(x3)) C [z]. Thus ™™[z%] U 28" [23] U 2™ {(23)) U 25 ((x3)) C [x]. Note
that 27 [23] U 28 [23] U 24 (23)) U 2™ (23)) is a disjoint union, and so its size is equal
to 2 x 317 2p(m) + 2 x 3172¢p(m) + 31" 2p(m) + 3'"2p(m), which is equal to the size
2 x 37 1p(m) of [x]. Hence we have the desired equality.
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(v) Combine Part (iii) and Part (iv), and use [23] = ((z3)) U {(#73)) to get the proof of this
part.

(vi) Assume that p = 3'm, t > 2 and m = 1 (mod 3). We see that if r € Gg(l), then
m + 3r € G} 3(1). Similarly, if r € G%’g(l), then 4m + 3r € G} 3(1). Thus we have
2™ [z U™ ((x73) C (x)). Since the sizes of ™ [z3]Uz*™(x~3)) and ((z)) are equal, we

find that 2™[z%] U 2™ ({(z73)) = ((x)). Similarly, we have 2?™[z3] U 25 (2?®)) = ((z)) for
m =2 (mod 3).

(vii) The proof of this part follows similar steps as in Part (vi). For the sake of completeness,
we provide the proof for the case m = 2 (mod 3). Assume that p = 3'm, t > 2
and m = 2 (mod 3). We see that if r € G%(l), then 8m + 3r € G11L3(1). Also, if
re ng;,’(l), then bm + 3r € Gzl,73(1). Thus 25" [23] U 25 (@=3)) C ((x)). Since the sizes
of ¥ [z3] U 2™ {(x73)) and ((x)) are equal, we find that 5™ [x3] U 25 (z73)) = ().

(viii) Combine Part (vi) and Part (vii), and use [23] = () U (z73)) to get the proof of this
part. ]

Let x € I'(3) be an element of order m. The element x is said to be tolerable if " ¢ Cl(x)
for all r € ng,3(1)- The following lemma characterizes tolerable elements in terms of skew-

symmetric sets. This lemma is similar to Lemma 4.3.6.

Lemma 5.4.5. If x € T'(3), then x is tolerable if and only if the set | {((s)) is skew-
seCl(x)
symmetric.

Proof. We see that if m = ord(z), then
U () = {g712"g: ge,r e G71n73(1)} = |J Cl(s).
s€Cl(z) s€{(x))

Assume that x is not tolerable, so that 2" € Cl(z) for some r € 0%73(1). Asm—re G71n,3(1)
and Cl(z) € U ((s), we find that z",2™™" € U (s). Hence U (s)) is not skew-

seCl(z) seCl(z) seCl(z)
symmetric.
On the other hand, assume that |J ((s)) is not a skew-symmetric set. Then there is an
seCl(z)
y=g tx"ge U (s) for some r € G: 5(1) such that y=' € U ((s). Therefore we have
seCl(x) ’ seCl(z)

g tam g =y ' = hl2*h for some h € T,k € G}mg(l). Let t € G, (1) be the multlipicative
inverse of m — r. We have g tz(m"tg = p=12kt ] and it gives 2t = hg lzgh™! € Cl(x).
Since (m—r)t =1 (mod 3) and m—r € G%L,?)(l), we have that t € Gfmg(l). Thus kt € anﬁ(l)
with z** € Cl(x), giving that x is not tolerable. O

Let z € T'(3) be tolerable, and define S2 := |J ((s)). The structure and properties of the

seCl(z)

set S3 are similar to those of S. and S;. If ' is abelian, then S2 = ((z)) for each z € I'(3).
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For each y € S2, it is clear that Cl(y), (y)) € S3. Now let A be a skew-symmetric subset of
I' containing a tolerable element x, and Cl(a), ((a)) C A for each a € A. It is easy to see that
S3 C A. Thus, S is the smallest skew-symmetric subset of I' containing z that is closed under
both conjugacy and the equivalence relation ~. Considering each of the repeated equivalence

classes, if any, only once in  |J ((s)), we can write S2 = U {(yi)), where the equivalence classes
seCl(x) i=1

{v1)),- -, (yr)) are distinct. We state this fact in the next lemma.

Lemma 5.4.6. If = is a tolerable element in I'(3), then there are distinct equivalence classes

{x1)), ..., {z,)) such that S3 = L_TJ {x4), where x1,...,x, € Cl(z).

Lemma 5.4.7. Ify € S2, then S3 e

Proof. Let y € S2, so that y = g~ 'a"g for some g € I and r € Gin,?)(l), where m = ord(z).
We see that ord(y) = ord(z) = m. Now let z € 53 Then z = h~ly'h for some h € T and
t e G}mg(l). This gives 2 = h™lyth = h=tg~la"gh € S3. Conversely, let w € S2 so that
w = h"1zth for some h € T and t € G}n,3(1)~ Therefore
y _ _ -1 _ -1, _
w=h"ta'h=(h"'g)g~ (") tg(g7'h) = (b g)y" (g~ 'h) € 5.
Here r~! is the multiplicative inverse of r in the subgroup G,lmg(l). Thus we conclude that
Sy =5S3. O
Due to Lemma 5.4.7, the sets S2 and S;’ are either disjoint or equal.

Lemma 5.4.8. Let x € I'(3). If St = [z1] U --- U [wg] for some z1,...,2 € Cl(z), then
Sty =[a}]u-- Ula}].

Proof. Let m = ord(x) and S} = [z1] U+ - U [zg] for some z1 ..., 2 € Cl(z). Assume that the
sets [x1], ..., [x] are all distinct. We see that

5’13:{ _1x3rg:g€I‘,r€G%(l)}
{g :ch:QEF,TEG%(l)} {g 1305 +7")g gGF,rEG%(l)}
{g L35 g g eTyr € G%(l)}

2
{g g gel,re Gy ()r<?}U{g_lx&g:geF,teGm(l),Tg<t<;n}

2
U {g_lx?’tg: gelteGn(l), ?m < t}
={g7'2¥g: geT,r € Gn(1)}
= {y3: yeS,}.

Now noting that {s*: s € [z]} = [2*] and S} = [z1]U- - -U[zy], we have SL; = [z3]U---U[z}]. O
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Lemma 5.4.9. If x € I'(3) is tolerable, then S U S3_, = S}.
Proof. Let m = ord(x). We have
SouSi  ={g'a"g:gel,reG,s(W}u{g la"g: g, r G, 5(1)}
= {gilxrg: gel,re G}n’g(l)} U {gilxrg: gel,re G72n73(1)}

= {g_lxrg: gel',re Gm(l)}

=Sk O

Lemma 5.4.10. Let x € T'(3) be a tolerable element. If S2 = {x1)) U--- U ((zx) for some
x1,...,xp € Cl(z), then SL, = [zf] U--- U [z}].

Proof. Assume that S2 = ((z1)) U -+ U ((x})) for some z1,...,2, € Cl(z). Then we have
83, = (z7) U~ U (1), Therefore

Sz =808 = (fer) U ey M) U~ U (G U () = [z1] U~ U ).

Now the result follows from Lemma 5.4.8. ]

For x € T and j € {1,..., h}, recall that

Cli) = —— 3 x5(5).

Xj(l) seSl

Note that S! € B(I') and C.(j) is an eigenvalue of the normal undirected Cayley graph
Cay(T,S}). As a consequence of Theorem 1.6.7, C,(j) is an integer for each z € I' and

jed{l,...,h}.

Lemma 5.4.11. Let x € T and ord(z) = 3'm. If m # 0 (mod 3) and t > 2, then

20.0)= (X ™ )t

s€Gy(1)

Moreover, 013(j) is an integer for each j € {1,... h}.

Proof. Let S! = [z1]U--- U [x}] for some x1,...,2; € Cl(z) and j € {1,...,h}. We use the
fact that each [z;] can be written as disjoint unions in two different ways using Part (iii) and

Part (iv) of Lemma 5.4.4. For m =1 (mod 3), using Part (iii) and Part (iv) of Lemma 5.4.4,
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we have
2 xils) =D i)+ D xls)
SE[z4] SE[z4] s€E[zi]
= > e+ D> e+ D e+ D> X
s€x™[x?] sex?™[z3] scadmz; ) s€adm(z; )
+ > e+ D e+ D e+ > X
s€xm[z?] s€xd™ [z3] s€xim (@) sex?™(x3)
=) @) + D0 @™ s) + Y X ™)x(s)
s€(z?] s€[x?] s€[x?]
+ ) xEMG )+ D x@™)xi(s) + Y XN () (5.8)
s€(zd) s€[zd] s€(zd)

for each ¢ € {1,...,k}. Similarly, for m = 2 (mod 3), using Part (iii) and Part (iv) of

Lemma 5.4.4, we have

2 ) xi(s) =D xi@xi(s) + D xi@™x(s) + D xi(@i™x(s)

s€[z;] s€[z?] s€[zd] s€[zd]
+ 3 xEMxGs) + Y ™M) + Y X))  (5.9)
s€[x?] s€[x?] s€[x?]

for each i € {1,...,k}. Thus using Equations (5.8) and (5.9), we get

k
5 (X s+ X uEe + X

s€[x3] s€[zd] s€[x?]

+ > x(@™x(s) + Z X5 (™)X (s) + Z X (@™ )5 (s ))

:(xx ) s (@) )+ () + ™)

ZZXJ

1156

(X Xj(xrm)>013 ) (5.10)

T‘EGQ(].)

Here the third equality in Equation (5.10) follows from the fact that xi,...,z; € Cl(z), and

the fourth equality in Equation (5.10) follows from Lemma 5.4.8.
Ca(4)
3

is an integer. Let t = 2, so
d;

that ord(z) = 9m with m # 0 (mod 3). By Theorem 1.3.3, we have x;(z™) = > €, where
(=1

Let d; = x;(1). We apply induction on ¢ to prove that
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€j1,- - - €jd,; are some 9-th roots of unity. We have
dj dj
> @M =) > G e (5.11)
r€Gy(1) reGy(1) £=1 =1 reGy(1)
Note that > €, = (ejr + 6?5)(1 + G?z + 5?@)- Since €, € {1,wg,wd, ..., w§}, we have
TGGg(l)
6 if ng =1
D Gi=1 -3 i e {whuf}
reGy(1)

0 otherwise.

Thus, > €, is an integer multiple of 3 for each ¢ € {1,...,d;}. Therefore by Equa-

reGo(1)
tion (5.11), g:(l)xj(x””) is an integer multiple of 3. Now Equation (5.10) gives that %(J)
reGo
is an integer. Since C,(j) is an integer, integrality of 2 ( ) gives that (J ) is also an integer.
Assume that CyT(J) is an integer for each j € {1,... ,h} whenever ord( ) = 3'"Im with

m # 0 (mod 3) and t > 3. Let ord(z) = 3'm With m % 0 (mod 3) and ¢ > 3. Note that

(J)

ord(z?®) = 3" 'm. Therefore by induction hypothesis is an integer. By Equation (5.10),

Y. xj(x®™) is a rational algebraic integer Whenever Cyu3(7) # 0. Thus, if Cu(j) # 0

s€Gy(1)

then >  x;(2®") is an integer. Therefore by Equation (5.10), 203(3) is an integer, and
s€Go(1)

accordingly 03”3(] ) is an integer. Hence the proof is complete by induction. O

Let x € I'(3) be tolerable. For each j € {1,...,h}, define

T,0) = —— 3 ivV3(x;(5) — x5 (5 ).

Xj(l) €83

Let j € {1,...,h}. Using SL = S2U S3_,, we sece that

COLTO _ 5[ e +Zi¢§<x]-<s>—><j<sl>>}

s€S1 s€83
2X [ Do+ D xis) + ) iVB(x(s) - Xj(S_l)):|
’ €53 s€s3 s€53
1 5. (o1
e [ ZS; (wex;(s) +wgx;(s ))]-

Thus w is an HS-eigenvalue of the normal directed Cayley graph Cay(I', S2). There-
fore by Theorem 5.2.2, M is an integer. Since C;(j) is an integer (by Theorem 1.6.7),
T,(j) is also an integer for each j € {1,...,h}.
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Lemma 5.4.12. Let x € I'(3) be tolerable and ord(z) = 3m. If m # 0 (mod 3), then

o[ VB ECsG) i m=1 (mod 3)
2(J) = N
—2v/33(x; (22™))Cys(4)  if m =2 (mod 3).

Moreover, T“”:g(j) is an integer for each j € {1,... h}.

Proof. Let S2 = ((x1)) U--- U ((x1)) for some w1, ...,z € Cl(z) and j € {1,...,h}. We get

k
TG = ——3 3 iv3(x(s) - x5(5°1)

A e
k
o 2, VAR -l ] ifm= 1 (mod 3
=1selz
- k
le(l) §:1 -, i\/g[xj(x%m)xj(s) — Xj(xi_Qm)Xj(s_l)] if m =2 (mod 3)
\ 1=1sc fi
( Ve kT -
BT ot £ ) - %60 £ 6| it =1amoas)
. 7 i=1 L se[x?] se[x?]
_ . =
22 [t £ e =@ S vl )] ifm=2 mods)
[ iE L seled) sefe?]
- E T R
M52 o) T ) - xE T oul)|  itm=1(meds)
_ ) el sefa?] sefz?]
- V3 kT -
2 2 [ £ ne - RE T ()] ifm=2mods)
AV ia L selz3] s€[z?]
k
_Zﬁ%(xj(g;m))le(l) Zl -, xj(s) if m=1 (mod 3)
=1selz;
= k
2/3306() g X 2, () i m =2 mod
=1selzy

—2v33(x; (™)) Cps(j)  if m =1 (mod 3)
=23 (x;j(z%™))Cy3(j)  if m =2 (mod 3).
Here the second equality follows from Part (ii) of Lemma 5.4.4, and the fourth equality follows
d;
from Lemma 5.4.10. Let d; = x;(1). By Theorem 1.3.3, we have x;(z™) = > €;s, where
/=1

€1, - -,€jd; are cube roots of unity. Therefore, 2v/33(x;j(z™)) is an integer multiple of 3.

Similarly, 2v/33(x;(2*™)) is also an integer multiple of 3. Hence T”?fj ) is an integer for each

jed{l,...,n}. O
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Lemma 5.4.13. Let z € T be tolerable and ord(x) = 3'm. If m # 0 (mod 3) and t > 2, then

23T ) )0l ifm=1 mod 3

seGéY?)(l)

2Tx(j) =
23( S 80| Cali) ifm=2 (mod 3)
sEG’g’?)(l)
Moreover, ng(j) is an integer for each j € {1,...,h}.

Proof. Let S = (1)) U---U ((x})) for some z1,...,2 € Cl(x) and j € {1,...,h}. We use the
fact that each ((x;)) can be written as disjoint unions in two different ways using Part (vi) and
Part (vii) of Lemma 5.4.4. For m = 1 (mod 3), using Part (vi) and Part (vii) of Lemma 5.4.4,

we have

2 ) iVB(s) —xi(s7h)
s€ (@)
= > iVB0G(s) —xisT) + Y 1V3B(G(s) — xi(s7h)
s€ (@) s€ (@)

= > iVB0GE) —xsTD+ D IVBOG(s) = X))

s€axl 3] Sew?m«x;g»
+ ) WBOG() — s+ DD iVBOG(s) = xg(sTh)
sexm[z?] sexi™(a?)
= 3 iVBOGH) T+ Y iVBG(s) — xi(sTY)
s€x [x3] s€x ™ [z)]
+ ivV3(x;(s) = x;(s71)
sexm[x?]
== 2V3S(x;(2l") Y x(5) — 2VBS (™) D xi(s)
s€lad] s€[z?]
—2V33(x; (&™) D x5(s)
s€[x?]
—23( ¥ s0u6m) ¥ ) (512
reGy (1) s€[z7]

for each i € {1,...,k}. Similarly, for m = 2 (mod 3) we have

2 ix/§<xj<s>xj<s—1>>=2¢§( 3 s<><j<x;‘m>>> S ol (513)

s€ (i) r€GE 5(1) se[z3]
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for each i € {1,...,k}. Using Equation (5.12) and Equation (5.13), we get

—2\/§< > S(Xj(ﬂsrm))> le(l) Z > xj(s) ifm=1 (mod 3)

_ reG} 4(1) i=1 se[z?]
= k
2\/§< > %(Xj(xrm))> Xj%l) > x;j(s) ifm =2 (mod 3)
L TEGgyg(l) i=1sez?]
.
—2\/§< >3 S(Xj(azrm))> Cu3(j) ifm=1 (mod 3)
_ TEG%B(I) (5 14)
—2\/§< > %()@(1"”’”))) Cyu3(j) if m=2 (mod 3).
7“60373(1)
The last equality in the preceding equations follows from Lemma 5.4.10. -
i
Let dj = x;(1). Assume that ¢ = 2. By Theorem 1.3.3, we have x;(z™) = ) €js, where
=1
€j1,- -+, €ja; are some 9-th roots of unity. We have
-2v3 ) SOuE@™) =iv3 Y (™) - xi@™)
r€G4 5(1) r€Gy 3(1)
d; dj
=iv3 Y (Z Ge=D_ %’7> (5.15)
reGl (1) =1 =1
d;

Note that > i\/g(egefej}r) = i\/g(Ejg*E?Z)(1+€?€+€?g). Since €0 € {1,wq, w3, ..., w§},
TEG51)73(1)
we see that

49 if ey € {wd,ws
Z i\/§(€;@_€]_€r) _ J { 9 9}

reGl (1) 0  otherwise.

Thus > i\/g(egg —¢€;/) is an integer multiple of 3. Therefore by Equation (5.15), we find

rGGé,S(l)
that —2v/3 Y. S(x;(2™™)) is an integer multiple of 3. Similarly, —2v/3 Y. S(x;(z™))
reGg 5(1) reG3 5(1)
is also an integer multiple of 3. Using Equation (5.14), we find that QT?,’U ) is an integer. Since

T,(7) is an integer, integrality of &3(]) gives that T“”T(]) is also an integer for each j € {1,..., h}.

Now assume that ¢ > 3 and j € {1,...h}. Let

—2\/§< > %(xj(m”m))> if m =1 (mod 3)
. 7”€G§19 3(1)
Az(j) = ’

—zﬁ( 3 %(Xj(x’"m))> if m =2 (mod 3).

TGGaS(l)
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By Equation (5.14), we find that 275 (j) = A4(j)C,3(j). Therefore A,(j) is a rational alge-
braic integer whenever C,3(j) # 0. Thus, if C,3(j) # 0 then A,(j) is an integer. Now by

Lemma 5.4.11 and Equation (5.14), QTI( ) is an integer, and hence T?f] ) is also an integer. [

Let S be a nonempty set in E(I') and S be expressible as a union of some conjugacy
classes of I'. Then S is a skew-symmetric subset of I' that is closed under both conjugacy
and the equivalence relation ~. Let S = Cl(z1) U--- U Cl(zx) = (y1)) U--- U ((y,)) for some
X1y Thy Yy -, Yr € T'(3). We see that

s€Cl(xq) seCl(xy)

S:Cl(xl)u-..ucmk):( U ((s)))U-~U< U <<s)>>:S;Z’1u-~uS§k.

Due to Lemma 5.4.7, we can assume that the sets Sgl, ceey Sgk are all distinct. In the following

result, we also prove the converse of Theorem 5.4.3.

Theorem 5.4.14. If " is a finite group, then the normal mized Cayley graph Cay(L',S) is
Eisenstein integral if and only if it is HS-integral.

Proof. Assume that Cay(T, S) is HS-integral and j € {1,...,h}. Then Cay(I', S\S) is integral,
and so f;(S) is an integer. By Theorem 5.3.4, S € E(I"), which implies that S = S5 U---US3

for some x1,...,z; € I'(3), where the sets Sgl, .. .,Sgk are all distinct. Using the fact that
53U 52;1 =5, we have SU(S)"' =5 U---U Sy,- Therefore
1
W) =g > 00~ gy WAl v )
J seSU(S)—1 |
1< 1<
= > xils) - > VB () —x(7h)
2x;(1) 1=1 seat 6x;(1) < -
=1 seS (=1 seS.

1
k
= %Z (sz(j) - ;Twe(j)> . (5'16)

Let 1 < /¢ < k. Since M is an HS-eigenvalue of the normal directed Cayley graph
Cay(T, S3,), the numbers Cy,(j) and T, (j) are integers of the same parity. By Lemma 5.4.12

and Lemma 5.4.13, T” ) s an integer. Therefore, Cy,(j) and “’ @) are integers of the same
parity. Thus Cy, (j) — %Txe (7) is an even integer, and so g;(.9) is an integer by Equation (5.16).
Hence by Lemma 5.4.2, Cay(I',S) is Eisenstein integral. The other part of the theorem is
proved in Theorem 5.4.3. ]

The following example illustrates an use of Theorem 5.4.14.
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Example 5.4.1. Consider the mixed graph Cay(Ay,S) of Example 5.3.1. We have already
seen that it is HS-integral, and hence it must be Eisenstein integral. We find that the spectrum
of Cay(A4,S) is {[n1]", [2]', [va]', [}, where 71 = 7,92 = 3 + 4wy, 73 = —1 — 4ws, and

~v4 = —1. It is clear that the eigenvalues of Cay(Ay4, S) are Eisenstein integers.
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Ramanujan type sums

In 1918, Ramanujan [37] published a seminal paper in which he introduced a sum (now called

Ramanujan sum) for each n € N and ¢ € NU {0}, defined by

Cu(g) ==Y cos <27;aq>- (6.1)

a€Gn(1)

Indeed, C,(q) is an integer eigenvalue of Circ(Z,,Gp(1)). It is known that C),(q) can be
expressed in terms of certain arithmetic functions. Motivating by this, we introduce two sums
that are equal to an integer multiple of the Ramanujan sum. Indeed, the H-eigenvalues and
HS-eigenvalues of a mixed circulant graph can be expressed in terms of these sums. In Sections

6.2 and 6.3, we express these sums in terms of generalized Mébius function.

6.1 Ramanujan sum and arithmetic functions

For n > 3, the Ramanujan sum can also be written as

2maq
E wod = E 2cos< . )
a€Gn(1) a€Gr(1)
a<y

Note that C),(q) is a special case of C,(j) defined in Chapter 4. For a divisor d of n, we have

Zw deaq—Zw

(lGGn (1) (lGGn a€Gnp(d)

The classical Mobius function p(n) is defined by

1 ifn=1,
p(n) =< (=1)* ifn is a product of k distinct primes,
0 otherwise.
89
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Lemma 6.1.1 ([36]). Ifn € N and t € NU {0}, then
#(5,)

Cn(t) = sO(n)go(zﬂt),

where §; = ged(n, t).
Lemma 6.1.2. Let p be a prime, n € N and t € NU {0}. If p* divides n, then Cy(t) is a
multiple of p.

Proof. Let n = p*m, where k > 2 and p does not divide m. By Lemma 6.1.1, we have
Cn(t) = @(n)%, where 0; = ged(n, t). If 5= has a square factor, then clearly ,u(g‘—t) =0, and
St

hence C,(t) = 0. Else % = p"mq, where 0 <r < 1 and m; | m. We have

#(5) kv i@m)  o(0)e(m)
Ch(t) = p(n)—5~ = p(P"m = w(p'mae).
©)75 )sO(g) ( )cp(prml) o(p")p(m) @'m)
As p(mq) | p(m) and igfg is a multiple of p, we find that C,,(t) is a multiple of p. O

Let § be the indicator function defined by

1 if n=1
d(n) =

0 if n>1

Lemma 6.1.3 ([36]). Ifn € N, then Y u(d) = o(n).
dln

Lemma 6.1.4 ([36]). Ifn € N, then @ =0 #.

dln
Lemma 6.1.5. Ifa,b € N, then “‘(’;gg) =a Y, “(ee).

gcd(i':z)=1

Proof. Let the prime factorizations of a and b be given by a = p{" ...pgkpijll ...p¢ and

b= p’,fﬁfll .. .p,@Tpffll ...p2. We have

o _ (1= 4 ()0 ) (=6 )1 )

A ) 040 k) - )

pb1...Pk
L pr)
pP1...Dk
p(d)

d
d|p1...pk

—a Y M9

ela
ged(e,b)=1
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Here the fifth equality follows from Lemma 6.1.4. O

E. Cohen [14] introduced a generalized Mobius inversion formula of arbitrary direct factor
sets. Let P and @ be two nonempty subsets of N such that if ny, ne € N with ged(ny, ne) =1,
then niny € P (respectively ning € Q) if and only if ny,ne € P (respectively ni,no € Q).
If each integer n € N possesses a unique factorization of the form n = ab with a € P,b € Q,
then the sets P and @ are called direct factor sets of N. In what follows, P denote such a
direct factor set with (conjugate) factor set Q). The Mdbius function can be generalized to an

arbitrary direct factor set P by setting
n
pp(n) == u<d>,
d|n,deP

where p is the classical Mobius function. The function pp is called the generalized Mobius

function with respect to the direct factor set P. For example, p(n) = pygy(n) and ux(n) = 6(n).

Theorem 6.1.6 ([14]). . Ed:eQMP (%) = d(n).

The next result generalizes the Mobius inversion formula to arbitrary direct factor sets.

Theorem 6.1.7 ([14]). If f(n) and g(n) are arithmetic functions, then
ny . ] 5
)= 3" (%) ifand only if g(n) = 3 f(d)up (5) -
djn,deQ i

Note that the sets {2%: & > 0} and {n: n € N and 2 { n} are direct factor sets. Similarly,
the sets {3¥: k > 0} and {n: n € N and 3{n} are also direct factor sets.

Lemma 6.1.8. If P = {2F: k > 0}, then

0 if n is even

u(n) if nis odd.

pp(n) =

Proof. Assume that n is an even integer. Then there exists a positive integer ¢ such that

n = 2'm, where m is an odd integer. Using pu(m) = —u(2m), we get
n ! -
ur) = 3 () = S ut2m) = uom) + (2m) =o.
dn,deP i=0

If n is an odd integer, then 1 is the only divisor of n in P, and so up(n) = u(n). O
Lemma 6.1.9. If P = {3*: k > 0}, then

0 if3|n

u(n) if 3t n.

pp(n) =
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Proof. Assume that 3 | n. Then there exists a positive integer ¢ such that n = 3'm, where

31 m. Using u(m) = —u(3m), we get
pe) = 5 () = S ul3m) = om) + (3m) = .
dn,deP i=0

If 31 n, then 1 is the only divisor of n in P, and so up(n) = u(n). O

6.2 H-eigenvalues of mixed circulant graphs
The next result follows from Lemma 2.1.2.

Lemma 6.2.1. The H-spectrum of the mized graph Circ(Zy,S) is {y0,71,- - Yn—1}, where
V= A
Aj = Z wiF and p; = iZ(wﬁf — w, /%) for each j € {0,1,...,n — 1}.
keS\S keS

The next result follows from Theorem 2.3.4.

Theorem 6.2.2. The mized graph Circ(Zy, S) is H-integral if and only if S\ S = U Gn(d)
de,
and

B 0 if n 20 (mod 4)
Sh=
< U G,ﬁ(d)) U ( U G%(d)) if n =0 (mod 4),

where.%g{d:d|n}, @2U.@3g{d:d|%}, 910(@2U.@3):@ and92093:®.

For n =0 (mod 4) and ¢ € {0,1,...,n — 1}, define

wd _ M
S(g= Y e
a€GL(1)
Observe that
Su@)= Y 2sin (21 d —Su(g) = Wi’ — ™
n(q) = sin - an — Sn(q) = Z —
aeGL (1) aeG3 (1)

Note that S, (¢) is a special case of —S;(j), defined in Chapter 4. By Lemma 6.2.1, —S,(q)
is an H-eigenvalue of the mixed graph Circ(Z,,GL(1)) for each ¢ € {0,1,...,n — 1}. Thus by
Theorem 6.2.2, S, (q) is an integer for each g € {0,1,...,n — 1}.

For n =0 (mod 4) and a divisor d of %, we have

d)—aq aq —aq

S% (Q) _ Z (wn)aq _ (wn _ Z Wn _iwn
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Theorem 6.2.3 ([39]). If d | n and d # n, then the spectrum of the undirected graph
Circ(Zy, Gn(d)) is {No, ..., An—1}, where

)\j:C%(j) for j €{0,1,...,n—1}.

Further, the spectrum is equal to d copies of {C=(0),Cz(1),...,Ca (G —1)}.

Theorem 6.2.4. Let 2y C {d: d | n} and 2o U P35 C{d: d | }}. If 710N (22U Z3) =0 and

Do N D3 =1, then
Y Ca() =Y S=(i)+ Y Sa(h)

deED d€EDo des

is an H-eigenvalue of an H-integral mized circulant graph for each j € {0,1,...n —1}.

Proof. Assume that 2 C {d: d | n}, 20U%Z3 C {d: d | 4}, Z1N(Z2 U Z3) = ) and ZoNZ3 = .
Define the set S by setting S\ S = | G,(d) and
LIS

) g if n#0 (mod 4)
S = (de% > U < U Gg(d)) if n=0 (mod 4).

de D3

By Theorem 6.2.2, Circ(Z,,S) is an H-integral mixed graph. By Lemma 6.2.1, the H-

eigenvalues of Circ(Z,, S) are given by

N 5 op oy &5y &

—aj

dED a€Cn(d) A€ P oGl (d) dEDs acG3 (d)
=) Ca()— ) Sz + ) Sa(j),
deD d€Do deYs
where j € {0,1,...,n —1}. O

From Theorem 6.2.4, it is clear that S, (¢) plays an important role in the expression of
the H-eigenvalues of H-integral mixed circulant graphs. In the next result, we see some basic

properties of Sy, (q). The proofs easily follow from the definition of S,,(q).
Theorem 6.2.5. If n =0 (mod 4), then the following assertions hold.
(i) If t1 =ty (mod n), then S,(t1) = Sy (t2).
(1i) Sp(n —t) = —=S,(t).
(iii) S, (0) = Sn(5) = 0.
(iv) Su(2) = p(n).

(v) Su(3F) = —¢(n).
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Example 6.2.1. If n = 2% and k > 2, then

2k=1if t = 2872 (mod n)

Sp(t) =49 =281 ift =3 x 2872 (mod n)
0 otherwise.
Proof. We have
wat _ wfat 1 _
Sa®) = > Bt = sk el bl = YY),
a€GL (1)

Observe that S, (t) is a sum of a geometric progression of 2¥~! terms with common ratio
—w2t. If t = 2872 (mod n), then W, = i, and so S,(t) = 2¢~1. Similarly, S,(t) = —2*~ for
t =3 x 272 (mod n). Now assume that ¢ Z 28=2 (mod n) and ¢ # 3 x 2872 (mod n), so that

w2 £ —1. Using (—w2)?™" = 1, we have

Thus the result follows. O
Lemma 6.2.6. Let n = 2!m, t > 2, and m an odd integer. Then the following assertions
hold.

(1) ifm=1 (mod 4)

(i) GL(1) = e
2(1)  ifm=3 (mod 4).

m+2Gz(1)  ifm=1 (mod 4)

(i) G (1) = ‘
3m+2Gz2(1) if m=3 (mod 4).
(ii1) Gn(1) = (m+2G=(1)) U (3m +2G=(1)).

Proof. Considering I" to be the cyclic group Z, and x = 1 (mod n), the proof follows from
Lemma 4.3.2. ]

The next lemma is a special case of Lemma 4.3.12. For the sake of completeness, we provide

the proof.

Lemma 6.2.7. Let n = 2'm. If m is odd and t > 2, then

2sin (;ﬁ%) Cx(q) ifm=1 (mod 4)

Sn(q) =
@ 2sin (574 ) Cz(q) if m=3 (mod 4).
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Proof. Noting that Y. w2 = w, 2™, we have
aEG%(l) aGG%(l)

wn? — wy

a€GL (1)

(—i) 3 (wWPmr2oa _, GmE2ay e =1 (mod 4)
aGG% (1)

(<) X (wiMTT g R e = 3 (mod 4)
a€G1% (1)

2F(wi™) Y wi™ if m=1 (mod 4)
aEGI%(l)

2F (W) Y wi™  if m =3 (mod 4)

acGY, (1)
%
2
2

@2™)Ca(g) #m=1 (mod 4)
(WI9)Ca(q)  if m=3 (mod 4)
(!

(w5

- 2sm( )C% q) ifm=1 (mod 4)
2sin (57%r) Cn (q)

G W

2 )Cz(q) if m=1 (mod 4)

)Cz2(q) if m=3 (mod 4)

CQ CQ

2

if m =3 (mod 4).

Here the second equality follows from Part (i) of Lemma 6.2.6. O

Note that 2sin (;’f{) and 2sin (5747 ) are algebraic integers. Since Sy(q) and Cz(q) are

integers, Lemma 6.2.7 gives that 2sin ( ;fiql) and 2sin (574 ) are rational algebraic integers

whenever Cn (q) # 0, and hence they are integers. Thus S,(¢q) is an integer multiple of the

Ramanujan sum.

Theorem 6.2.8. Letn =0 (mod 4) and P = {2": k> 0}. If D3 = (), then

Sp(t) = 20, pp(ny) Z (_1)%&(6),

e
6|6t
gf is odd
ged(ng,e)=1
where §; = ged(,t) and ny = 4%5.
Proof. Let fn(t) :== > wf_iw” We observe that f,,(t) = %(w;—wit—i—wgt—...—wﬁln_l)t).

aeM}(1)
Proceeding as in the proof of Lemma 6.2.1, we find

5 ift=1% (mod n)
fat)=4¢ =2 ift =23 (mod n)
0 otherwise.
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Noting that D} = D%, we use Lemma 1.4.3 to have
4

at —at at —at at —at
f (t) _ E Wn — Wnp _ E : Wy — Wy _ Wy — Wn
n = . = E . = E E .
1 1 1
aeM}(1) deD] aeGl (d) deDy, adG, (1)
d\at d\—at
)" — (wp)

-y oy Wt

deD}, acG}, (1)
= > Sa(b).

deD}

In the last equality, we use the fact that w? is an 2-th root of unity. Consider P = {2*: k > 0}
and Q ={n:n € Nand2{n}. Weseethat QN {d:d|n}=D.uUD3=D.up)=D. Thus

fa(t) = Z S%(t)

deQ,d|n

Therefore Theorem 6.1.7 gives

Sat)= > falOpr (g) + > fawr (%)

dln dln
tE% (mod d) tE?’T‘d (mod d)
d n d n
R @- = @
tz% (mod d) tz% (mod d)
4d n 4d n
= X grela)- 2 gt (10)
t=d (mod 4d) t=3d (mod 4d)
- x () T ()
=1 Céfod 4) =3 d(Eod 4)
= Y (DF2due (4
d|ged (% ,t)
Lis odd

As pp is a multiplicative function [14], we have pup(rs) = pup(r)up(s) whenever ged(r, s) = 1.
Suppose that ged(r, s) > 1. In this case we use Lemma 6.1.8. We see that either rs is even for

which pp(rs) = p(rs) =0 or rs is odd with a square factor for which pp(rs) = u(rs) =0.
Now let §; = ged(%,t) and § = 6ns. We have

TH-3122_186123009



CHAPTER 6. Ramanujan type sums 97

Salt) = 3 (=D 2dup (15) = D (~1)% 2dpup(nee)
d|d¢ de=6¢
L is odd Lis odd
t—d
=2up(ny) Y (=1)2 dpp(e)
d6:5t
% is odd
ged(ng,e)=1
= 2pp(n) Y () E L
tp (Nt P
e|d¢
g—j is odd
ged(ng,e)=1
Thus the proof is complete. O

Corollary 6.2.9. Let n =0 (mod 4). If D3 =0 and ged(%,t) =1, then

t—1
2(—=1) 72 pu (2 if ¢t and 2 are odd

0 otherwise.

Proof. Let P = {2*: k > 0}. Put & = ged(%,¢) =1 in Theorem 6.2.8. We see that e = 1 and

—_n _n
=5 =% Therefore

Salt) =212 (7) D (-DF ur() = 2up (5) D (-1

t odd t odd
2(=1)7 pp (%) iftis odd

0 if t is even.
By Lemma 6.1.8, we have up (%) = 0if 7 is even and pup (%) = U (%) if 7 is odd. Therefore

t—1
2(—1) 2 (2 if t and & are odd
Sn(t) = (=1) /‘(4) ]

0 otherwise.
Hence the proof is complete. O

Corollary 6.2.10. Let n = 4m with m an odd integer. If D3 = (), then

2(=1) 2z Cp(t) iftisodd

0 if ¢t is even.

Proof. Let P = {2F: k > 0}. We use the notations of Theorem 6.2.8. Since % is given to be
odd, we see that d; is odd. Therefore, % i1s odd for each divisor e of §;. Thus if ¢ is an even

te

integer, then 5 is not odd whenever e | &;. Therefore by Theorem 6.2.8, we get Sp(t) = 0.
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Now assume that ¢ is odd. As &; is odd, each divisor e of §; is also odd. Further, D3 = () and m

is odd. Therefore §; = 1 (mod 4). Accordingly, g—f =1 (mod 4) (respectively 3 (mod 4)) if and
1 te—0d¢

only if ¢t = 1 (mod 4) (respectively 3 (mod 4)), whenever e | ;. Therefore (—1)% =(-1) s

Now for 0 <t <n — 1, using Lemma 6.1.8 and Theorem 6.2.8, we have

Sut) = 2p(n) Y ()T _gpumy Y (Y

(&
e|d¢ e|d¢
5 is odd ged(ng,e)=1
ged(ng,e)=1

o) Fum Y M
gcd(:L‘,ite):l

o115 () PO

_2( 1) M( t) @(nt)

_ oy t5t 1m/8)p(m)

=2 )

Here in the fourth step, we use Lemma 6.1.5 with a = d; and b = n;. After that, we consider

ng = (%, and use Lemma 6.1.1 in the last step. O

6.3 HS-eigenvalues of mixed circulant graphs

The next result follows from Lemma 3.1.1.

Lemma 6.3.1. The HS-spectrum of the mized graph Circ(Zy,S) is {v0,Y1s---,Yn—1}, where
Y= A+ 1y
Aj = Z Wik and ;= Z(w6w¥f + wiw, %) for each j € {0,1,...,n — 1}.
keS\S keS
The next result follows from Theorem 3.3.6.
Theorem 6.3.2. The mized graph Circ(Z,, S) is HS-integral if and only if S\ S = U Gn(d)

deD,
and

_ 0 ifn#0 (mod 3)
S =
( U G,ll73(d)> U < U G%vg(d)> if n =0 (mod 3),

where.%g{d:d|n}, .@2U.@3§{d:d|%}, .@1ﬂ(.@2u93):® and92ﬂ93:®.

For n =0 (mod 3) and ¢ € {0,1,...,n — 1}, define
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Recall the definition of T;(j) from Chapter 5. Note that T},(q) is a special case of T, (j) for
cyclic group, and that T,,(¢) = . —2v/3sin <2mq>

aEG}Lﬁ( )
We have
n Tn —
CQ(Q) n 2(Q) _ Z (wGw?Lq_i_wgwnaq)
aEGilﬁ(l)
. (@) Tule
Cnlg)  Tulg .5 -
— = 2+ wwy, 7).
aEG?L 5(1)

By Lemma 6.3.1, C”T@ + T”Q(q) (respectively C"(Q) T”T@)) is an HS-eigenvalue of the mixed
graph Circ(Z,, G$L73(1)) (respectively Circ(Zy, Gn’3( ))) for each g € {0,1,...,n —1}.

For n = 0 (mod 3) and a divisor d of %, we have

Cn(q) T=(q) h
d2 + d2 = Z (wew + wiw, ™)
aEG’}L,:,’(d)
nd Cal)) Tyl
n{q n\gq b
10 B0 5 (o).
aEG%B(d)

Theorem 6.3.3. Let 21 C {d: d | n} and 2,0 Z3 C{d:d | 5}. If 21N (22U Z3) =0 and
DN D3 =1, then

NAOEDD (Cﬁz(j) N Tg2(j)> s <032(j) y T32(j))

deo deDo deY3

is an HS-eigenvalue of a mized circulant graph for each j € {0,1,...n —1}.

Proof. Let 21 C{d: d|n}, 20UP3 C{d: d| 5}, 71N (22U Z3) = b and 2N 3 = (). Define
the set S by setting S\ S = | Gy(d) and

de 2,

) if n#0 (mod 3)
U G#73(d)> ( U G? (d)) if n=0 (mod 3).
d€E Do dePD3

@5
I
~

Using Lemma 6.3.1, the HS-eigenvalues of Circ(Z,, S) are given by

=) Y Wi+ Y Y (wewl +wdwy )+ > > (wew + wiw, ™)

deP1 a€Gn(d) d€Z2 a€G), 4(d) deT3 a€G2 4(d)
Cn(j) Tn(j) Cn(j) Tn(j)
o n (i d d d _ d
_ch(])JrZ( St )+Z( 5 5 )
deD dEDo dEDs
where j € {0,1,...,n —1}. u
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Lemma 6.3.4. Let n = 3'm and m #Z 0 (mod 3). Then the following assertions hold.
(i) Ift =1 then Gn(1) = (m +3G= (1)) U (2m + 3G (1)).

(ii) Ift =1 then
m+3Gza(l) ifm=1 (mod 3)
2m+ 3Gz (1) if m=2 (mod 3).

(iii) If t > 2 then

Grs(1) = -+ SO SG%,s(l)) if m=1 (mod 3)
, (2m +3G2 (1)) U (5m+3G% 5(1) i m=2 (mod 3).

(i) If t > 2 then

GL.@) = (Tm + 3G§(1)) U (4m+ 3G%,3(1)) if m =1 (mod 3)
| (8m +3G2(1)) U (5m +3G% 5(1)) if m =2 (mod 3).

(v) If t > 2 then

L (m—l—SG%(l)) U (4m+3G%(1)) U (7m+3G%(1)) if m=1 (mod 3)
Gn,S(l) =

(2m +3G= (1)) U (5m +3G= (1)) U (8m +3G= (1)) if m =2 (mod 3).

Proof. Considering I" to be the cyclic group Z, and x = 1 (mod n), the proof follows from

Lemma 5.4.4.

O]

The next two lemmas are special cases of Lemma 5.4.12 and Lemma 5.4.13, respectively.

For the sake of completeness, we provide the proofs.

Lemma 6.3.5. Let n = 3m. If m # 0 (mod 3), then

(¢) ifm=1 (mod 3)
(q) if m=2 (mod 3).

X
oy
I
—
&
S
Q
w|3

—T5(q)C

w3

Moreover, T"S(Q) s an integer for each q € Z.

Proof. Note that

Ti(q) = Y V3w —wy™) =iv3(w] — wy?) = —2v33(wd) = 2v33(w3").

aEGés(l)
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Now we have

To(@)= Y iV3(wpl —w,")

aGG}L’S(l)
iﬁ(w?qwi"q — wﬁmqwﬁgaq) if m =1 (mod 3)
o aEG%(l)
i\/g(w%mqwgaq — wEquwﬁ?’aq) if m =2 (mod 3)
a€Gn (1)

—2V3S(wp'?) Y Wl ifm=1 (mod 3)

_ GGG%(l) 3
—2V3S(wa™) Y wi if m =2 (mod 3)
aEG%(l) 2

T3(q)C
-T3(q)C

(q) ifm=1 (mod 3)
(¢) if m=2 (mod 3).

|
el

|3

Here the second equality follows from Part (ii) of Lemma 6.3.4. Since T5(q) € {0, +£3}, we see

that T“T@) is an integer for each ¢ € Z. O

Lemma 6.3.6. Let n = 3'm and m # 0 (mod 3). Ift > 2, then

—2V/3F (W + w4 IO
—2\/§%(w721mq +owima wi’"q)c

(¢q) ifm=1 (mod 3)
(q) if m=2 (mod 3).

w3

2T(q) =

|3

Tn(q)

Moreover, =57 is an integer for each q € Z.

Proof. We use the fact that G71173(1) can be written as disjoint unions in two different ways

using Part (iii) and Part (iv) of Lemma 6.3.4. We have
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aeG}l,s(l) aeG}w(l)
V3 [(wn'd + wa™ + wi )W
—(wn ™ 4 w0 w0y w2 if =1 (mod 3)
> WB[(wa™ 4 w™ o+ wp W™

aEG’% (1)

—(wn ™ wn "™ w0 )wn %) if mo= 2 (mod 3)

2383 (Wi + wp™ 4+ W™ Y W ifm=1 (mod 3)

a€Gn (1) 3
—Qﬂ%(w%mq 4wdm wﬁmq) S wi! if m=2 (mod 3)
CLEG%(I) 3

—2v/3(wi + w™ + w9 C
—2v/3S(wi™ + wi™ 4+ W C

(q) ifm=1 (mod 3)
(q) if m =2 (mod 3).

|
wal3

|3

For t = 2, that is, for n = 9m, we see that

—2vBI (Wi + wp™ 4 wi™) = 2vBS(wd +wp Fuwgl) = Y IVB(wg! —wy ™) = Tu(g).
aEGé,:,)(l)

Similarly, —2v/33(wa™ + wi™? + wi™) = —Ty(g). Thus

(q) ifm=1 (mod 3)
(¢) if m =2 (mod 3).

2T,,(q) =

We see that

-9 if ¢ =3 (mod 9)
To(q) = 9 if g=6 (mod?9)

0 otherwise.

Therefore Ty(q) is a multiple of 3, giving that %@) is an integer. Hence T”g(q) is an integer

for each g € Z. Now assume that t > 3. If C%(q) # 0, then —2v/33(wn'? + wima 4 wzlmq) and

—2\/3%(w%mq 4+ wim 4 wgmq) are rational algebraic integers, and hence both are integers for
Tn(q)
3

each ¢ € Z. By Lemma 6.1.2, C%(q) is an integer multiple of 3. Hence is an integer for

each q € Z. O
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Note that T3(q) € {0, £3}. Therefore, if n = 3m with m # 0 (mod 3), then by Lemma 6.3.5
T.(q) is an integer multiple of the Ramanujan sum. Further, by Lemma 6.3.6, T),(q) is an

integer multiple of the Ramanujan sum whenever n = 3'm with t > 2 and m # 0 (mod 3).

Theorem 6.3.7. Let n =0 (mod 3) and P = {3¥: k > 0}. If D%’g = (), then

o= X () % se()

d|g dlg
L=1 (mod 3) £=2 (mod 3)
Proof. Assume that D2 3 = 0. Let f(t) = 3 iv3(wi — w;9). We have
aGM}l’S(l)
fn(t) 3 _2\/§ Z
aGM}l’S(l)

= —2V3S(w!, + wif + ... + WD),
Note that
Zwy ift =% (mod n)
wh + W F o = Zws ift =2 (mod n)

0 otherwise.

Therefore, we have

falt) = n ift =2 (mod n)

0 otherwise.

Since D% , = D25 =0 and Dy , = D;, 3 using Lemma 1.5.2 we have
37 v 37
BO)= 3, VB -wt)= 3 ) )
aeM} 4(1) deD} 5 aeG}, 73(d)

oY iVBWE —w )

deD), 5 acdGY, (1)
; n,

Sy VB[ - (Wi

deD) 5 a€Gh, (1)
: o,

deD] 4

In the last equality, we use the fact that w? is a primitive 7-th root of unity. Now consider

P={3"k>0}and Q= {n:n € Nand 3{n}. We see that

QN{d:d|n} =D, 3UDn3_ 711,3U®:D711,3
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Thus
fa(t) = Z T%(ﬂ'

deqQ,d|n
Therefore, Theorem 6.1.7 implies that

T.(t)= > fd(t)MP(%)+ ) fd(t)’”(%)

dln dn
tz% (mod d) tz% (mod d)
T we T el
tEg L(ir‘god d) tE% d(|ITrL10d d)
= Y Sdwe(g)+ > sdue(5o)
t=d ?i':d 3d) t=2d ?EﬂZd 3d)
n n
= dlzn —3dup <@) aF dlzn 3dup (3d> : ]
=1 (Hgiod 3) =2 (II?;Od 3)

Corollary 6.3.8. Let n = 3m with 34 m. If D2’3 =0, then

n

—3Cn(t) ift=1 (mod 3)
To(t) = 3C,(t) ift=2 (mod 3)

0 otherwise.
Proof. Let P = {3¥: k > 0}. Since 3 { % and D} 3 = 0, we see that each divisor of % is
congruent to 1 modulo 3. Thus if ¢ = 0 (mod 3), then £ = 0 (mod 3) whenever d | % and
d | t. Therefore by Theorem 6.3.7, we get T),(t) = 0. Now assume that ¢ = 1 (mod 3). Then
£=1 (mod 3) whenever d | % and d | ¢. Therefore by Theorem 6.3.7, we get

T(t)= > —3dup (%)

d|z dJt

Similarly, if ¢ = 2 (mod 3), then 4 = 2 (mod 3) whenever d | % and d | t. Again by Theorem

6.3.7, we get
n
L) = Y 3dup(55)-
d| 2 dlt

Thus
— > 3dup(3y) ift=1 (mod 3)
dlged (% t)

To(t) = > 3dpp(3y) ift=2(mod 3)
dlged(F,t)

0 otherwise.
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Now let §; = ged(5,t) and § = &ny. Using Lemma 6.1.9, we have

> 3dup (55) =Y 8du(55) = Y 3du (‘Z’“)

d|ged(7,t) d|é¢ de=06¢

= Z 3du(ne)

de=0d¢

=3u(n) Y dule)

de=0;
ged(ng,e)=1

sy M

e|de
ged(ng,e)=1

_ 3y () PO
p(m/d¢)p(m)
p(m/o)

= 3C(t).

=3

Here in the sixth step, we use Lemma 6.1.5 with a = §; and b = n;. After that, we consider

ng = 5—”:, and use Lemma 6.1.1 in the last step. Thus the proof is complete. ]

Note that Corollary 6.3.8 is a special case of Lemma 6.3.5.
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Future work

In this chapter, we present few problems that came to our attention while working for this

thesis.

In the thesis, we discuss characterizations of H-integral, HS-integral, Gaussian integral
and Eisenstein integral normal mixed Cayley graphs. So, the search for these four types of
integralities of mixed Cayley graphs are open for investigation for the non-normal case. One
can start this search with the well-known non-abelian groups, namely the dihedral and dicyclic

groups.

Problem 1. Characterize H-integral, HS-integral, Gaussian integral and Eisenstein integral

non-normal mized Cayley graphs over the dihedral and dicyclic groups.

Problem 2. Characterize H-integral, HS-integral, Gaussian integral and Eisenstein integral

non-normal mized Cayley graphs over a finite group.

Suppose I is a finite group and Irr(T') = {x1,...,xn}. Forx € T and j € {1,...,h}, recall
that

Calj) = Xt” S ().

seSl
T =Zpn, Irt(Zyn) = {x1,--.,Xn} With x;(k) = wi for each k € Z, and z = 1 (mod n),
then Co(j) = Yaea.() wi = C,(j). Note that C,(j) is the Ramanujan sum. Using
Lemma 6.1.1, the Ramanujan sum C,,(j) can be calculated by the formula
M gedtnpy)
o gedtagy)
It is natural to ask whether a similar formula can be obtained for C(j) in which the group I'

is non-cyclic.

Problem 3. Determine a formula for Cy(j), involving some arithmetic functions, where x is

an element of a non-cyclic group I'.

107
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