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Abstract

The purpose of the present work is to study the convergence of H!'-Galerkin mixed finite
element method for the linear parabolic partial differential equations. The emphasis is on the
theoretical aspects of such methods.

An attempt has been made in this thesis to study the error analysis for the semidiscrete
and fully discrete schemes with lesser regularity assumptions on the initial data. More precisely,
for homogeneous parabolic problem an energy technique is used to obtain error estimates of
order O(h?t~1/2) with positive time in the L?>-norm for both the solution and the flux when the
given initial data is in H2(2) N Hg (). Further, a parabolic duality argument is used to obtain
optimal order error estimates of order O(h?t~1) for both the solution and its flux when the
given initial function is only in HJ (£2). Analogous results are shown to hold for two dimensional
parabolic problems. Since the smoothing property of the exact solution plays a significant
role in the study of error analysis in the semidiscrete case we, therefore, first investigate the
smoothing property of the exact solution of this problem using energy arguments. Based on
backward Euler method, a fully discrete scheme is analyzed for one-dimensional homogeneous
parabolic problems and almost optimal order error bounds are established.

Optimal order error estimate is the best that one can get between the exact solution
and its numerical approximation when measured globally on the computational domain. But,
there are places (points or lines) in the computational domain where the approximate solution
is more closer to the exact solution than what is predicted by the global error estimates. It
would be advantageous to make use of those points or lines in the modelling process. Therefore,
we study superconvergence phenomenon for the semidiscrete H'-Galerkin mixed finite element
method for parabolic problems. A new approximate solution for the flux with superconvergence
of order O(h¥*3) is realized via a postprocessing technique, where k& > 1 is the order of the
approximating polynomials employed in the Raviart-Thomas element.

A priori error estimates can give asymptotic rates of convergence as the mesh parameter
goes to zero, but often can not provide much practical information about the actual errors
encountered on a given mesh. The question of quantifying the error brings attention to a
posteriori estimates. A posteriori error estimators are computable quantities which bound the
errors or approximate the errors by computed numerical solution and input data of the problem.
Further, to guarantee a good convergence behavior of the discrete solution, one needs to apply
a refinement algorithm based on a posteriori error estimates. Therefore, we study a posteriori
error analysis for the semidiscrete and fully discrete H'-Galerkin mixed finite element method

for parabolic problems. The estimators are derived based on a residual approach.
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Chapter 1
Introduction

The aim of this thesis is to present some theoretical results on the convergence of H'-

Galerkin mixed finite element method for parabolic problems.

1.1 Model Problem

Let © be a bounded domain in R? (d = 1, 2) with smooth boundary 9 and let .J = (0,7

with T' < oco. We shall consider the linear parabolic problems of the form
pe— V- (a(x)Vp) = f(x.t), (x,t) e QxJ (1.1.1)

subject to the homogeneous Dirichlet boundary condition

p(x,t) =0, (x,t) € 00 x J, (1.1.2)

and the initial condition
p(x,0) = po(x), x € Q, (1.1.3)
where p; = %. The coefficient a = a(x) is assumed to be smooth, symmetric and

uniformly positive definite in 2. Further, the source function f is assumed to be smooth
for our purpose.

Equations of the type (1.1.1)-(1.1.3) and nonlinear variants thereof arise in many
applications such as heat diffusion and fluid flow in porous media and stock option
pricing. These problems are also known as evolution problems and they describe physical
and mathematical systems with a time variable, and which behave essentially like heat
diffusing through a medium like metal plate. The heat equation is often used in financial
mathematics in the modelling of options. The famous Black-Scholes option pricing
models differential equation can be transformed into the heat equation allowing relatively

easy solutions.
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1.2 Notations and Preliminaries

In this section, we shall introduce some standard notations and basic results to be used
throughout of this work.

All functions considered here are real valued. Let € be a bounded domain in R?
(d = 1,2), d-dimensional Euclidean space and 02 denote the boundary of Q. Let x =
(x1,Ta,...,xq) €, and let dx = dzy, . ..dx,. Further, let & = (v, ..., ay) be a d-tuple
with nonnegative integer components and denote order of av as |a] = a3 +as + ...+ ag.
Then, by D%p, we shall mean the ath derivative of ¢ defined by

We shall make frequent reference to the following well-known function spaces. For
1 <p < oo, LP(Q2) denotes the linear space of equivalence classes of measurable functions
¢ in Q such that [, [¢(x)[Pdz exists and is finite. The norm on LP() is given by

1
lullzr0) = (/ |¢(1‘)|”dw> , 1<p<oo.
Q

When p = 2, L*(Q) is a Hilbert space with respect to the inner product

(¢,9) = /Q o(x)h(z)da.

By support of a function ¢, supp ¢, we mean the closure of all points z with ¢(z) # 0,

ie.,

supp ¢ = {z : ¢(z) # 0}.

For any nonnegative integer m, C™(2) denotes the space of functions with continuous
derivatives up to and including order m in Q. CJ*(€2) is the space all C™ () functions with
compact support in 2. Also C§°(€2) is the space of all infinitely differentiable functions
with compact support in €.

We now introduce the notion of Sobolev spaces. Let m be the nonnegative integer
and let p be such that 1 < p < co. The Sobolev space of order (m,p) on 2, denoted by
WmP(Q), is defined as a linear space of functions (or equivalence class of functions) in

LP(§2) whose distributional derivatives up to order m are also in LP(Q), i.e.,

Wme(Q) = {¢: D € L(Q) for 0 < |a| < m}.

TH-788_02612301 2



The space W™P(Q) is endowed with the norm

||¢||m7p:||¢||m,p,§2 = (/Q Z |Da¢(;(;)|pd$>

0<]al<m

D=

= ( > ||D°“<Z>||p>, 1<p<oo

0<|a|<m
For p = 2, these spaces will be denoted by H™(Q2). The space H™(2) is a Hilbert space

with natural inner product defined by
@v)= Y [ Doptide. e Q).
0<lal<m €
The Sobolev spaces H™(2) (respectively, Hj"(2)) is also defined as the closure of C™((2)
(respectively, C§°(€2)) with respect to the norm ||¢||,, = ||@|lm2. This result is true

under some smoothness assumption on the boundary 9. Clearly, L?(Q2) = H°(Q) and
H™(Q) = Wm™2(Q). For m = 1, the space H'(Q) is defined by

HY(Q) = {¢: ¢,D¢ € L*(Q)}
and
Hy(Q) ={p € H'(Q) : = 0 on 00Q}.
We shall need the following space:
V = H(div,Q) = {v € (L}(?))*: V- v € L}(Q)}
equipped with the norm
Vllv = (v [? + 11V - v]%) 2.

For a more complete discussion on Sobolev spaces, see Adams [1, 40].

We shall also use the following time-space function spaces in our error analysis.
For a Hilbert space X with norm || - ||x, let LP(0,T; X) be the space of strongly mea-
surable and pth integrable X-valued function ¢ : [0,7] — X. The norm || - || r(0,:x)

is defined as
T 1/p
16llmor) = ( / ||¢<s)||§(ds) 1<p<oo.
0

From time to time we shall make use of the following inequalities for our error analysis
(see, Hardy et al. [42]):

(i) Cauchy-Schwarz inequality: Let ¢ and 1 are both real valued and ¢, ¢ € L*(Q),
then

| / ol < 161l 191

TH-788_02612301 3



(17) Young’s Inequality: Let a,b>0,¢ >0, p, g > 1, % + é = 1. Then

eaP  elTape
ab < — + )
p q

(ii1) Holder’s inequality: For ¢ € LP, ¢ € L% and J + £ =1,
R P

For p = q¢ = 2, the above inequality is known as Schwarz’s inequality.
(iv) Discrete Schwarz’s inequality: Let ¢;,1;,j = 1,2,...,n be positive real numbers.
Then

> oy < (Zcb?) (Zw?) .
j=1 Jj=1 j=1

(v) Poincaré’s Inequality: If Q is a bounded domain in R? (d = 1,2), then there exists
a constant C' = C(€2) such that

lwll < ClIVwll, Yw € Hy(Q).

Below, we shall state without proof, the following continuous version of Gronwall’s

lemma. For a proof, see [69].

Lemma 1.2.1 (Gronwall’s Lemma) Let G(t) be a continuous function and H(t) a
nonnegative continuous function on the interval ty < t < to+a. If a continuous function
F(t) has the property
t
F(t) < G(t) —I—/ F(s)H(s)ds for t € [ty,to + al,
to

then
F(t) <G(t)+ /tG(s)H(s)exp [/tH(T)dT] ds fort € [to,to + al.

to

In particular, when G(t) = C' a nonnegative constant, we have

F(t) < Cexp

/t H(s)ds] fort € [to, to + al.

We note that for nondecreasing nonnegative G, we obtain the above result with C'
replaced by G(t). We shall also use the following discrete version of Gronwall’s lemma,

a proof of which can be found in Pani et al. [67].
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Lemma 1.2.2 (Discrete Gronwall’s Lemma) Let {&,} be a sequence of nonnegative

numbers satisfying

n—1
gn § (079 + Zﬁjfj? fOT'TL 2 07
§=0

where {a,} is a nondecreasing sequence and (; are nonnegative. Then

n—1

En <y eXp(Z B;), forn > 0.

j=0

Unless otherwise stated throughout this work C' denotes a generic positive constant not

necessarily the same at each occurrence.

1.3 Background and Motivation

In this section, we shall discuss a brief survey of the relevant literature concerning the
classical mixed finite element method and the H!-Galerkin mixed finite element method
for parabolic problems. This section also elucidates the motivation for the present study.

The study of mixed finite element method comes from two fundamental math-
ematical models of physics and engineering: The Stokes problem for slow (creeping)
incompressible viscous fluid flow and the Poisson problem arising from invisid fluid flow,
fluid flow in Porous Media, stationary heat conduction and electrostatics. The Stokes
problem can not be discretized by a straightforward Galerkin method as this method
turns out to be unstable by giving non-physical oscillation in the pressure [75]. Fur-
ther, when our primary concern is to compute fluxes or velocities the standard Galerkin
methods lead to a loss of accuracy as they are computed from the approximate solutions
via a postprocessing. However, the mixed finite element method provides direct approx-
imation of the physical quantities such as fluxes or velocities and leads to schemes that
are locally conservative. The main advantage of using mixed formulation lies on the
possibility of introducing further unknowns with a physical interest, such as fluxes or
velocities, so that they can be approximated directly and thus avoiding any numerical
postprocessing yielding an additional source of error. The second variable is usually
related with some derivatives of the primary variable. For example, in the elasticity
equations, the stress can be introduced to be approximated at the same time with the
displacement and in case of the Stoke problem, the two variables are pressure and ve-
locity. The basic principle of the mixed finite element method is to reduce the given
second order partial differential equation into a systems of first order equations. The

word mixed refers to two independent approximations for each variable. Therefore, finite
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element methods in which two spaces are used to approximate two different variables
receive the general denomination of mixed methods. The purpose of this thesis is to
present some convergence results on H'-Galerkin mixed finite element method for the
problems (1.1.1)-(1.1.3). In order to put our results into proper perspective, we shall
relate our work to the existing literature. For this purpose, we first recall the classical

mixed finite element approximation [44] to the problem (1.1.1)-(1.1.3).

Classical Mized Finite Element Method: Introducing u = aVp, we split the system

(1.1.1) into a first order system as:

m—V-u = f (x,t)€QxJ (1.3.1)
au—Vp = 0, (x,1) € Qx J, (1.3.2)

where a = 1/a. Let V = {v € (L*(Q))?: V- v € L*(Q)}. Now, multiplying (1.3.1) and
(1.3.2) by test functions ¢ € L?(Q) and ¥ € V, respectively, and then integrating over

2 we obtain the weak mixed formulation of problem (1.3.1)-(1.3.2) as follows:

(1, 9) = (V-w,0) = (f,9), Vo € L*(2), (1.3.3)
(ou, W)+ (p,V-¥) = 0, VI eV (1.3.4)

with p(0) = po. In (1.3.4), we have used integration by parts formula and the fact that p =
0 on 99Q. Here, (-, -) denotes the standard L?-inner product on €. In order to define finite
element approximations to the solutions {u,p} of (1.3.3)-(1.3.4) we need to introduce
the finite dimensional subspaces of V and L?(€2) made of piecewise polynomial functions.
Let 7, be a triangulation of ) into a finite number of elements called simplexes, i.e., 2 =
Uker, K. Let Vj, and @y, be finite dimensional subspaces of V and L?(Q), respectively.
The mixed finite element approximation is then read as: Find {us,pn} € V5, X @), such
that

(Pt @n) = (Voan, én) = (f,¢n), Vou € Qn, (1.3.5)
(auh, \I’h) + (ph, AV \Ifh) = 0, YU, €'V, (136)

with given pp,(0) € Q. We note that u,(0) is determined by pp,(0) through the equation
(1.3.6).

It is now well-known that the finite element spaces approximating u and p cannot
be chosen independently. The so-called inf-sup or Ladyzhenskaya-Babuska-Brezzi (LBB)
condition [4, 11, 14] is essential if one wants to construct unconditionally stable schemes
with optimal convergence rates. To ensure the existence and convergence of the solution

of the above formulation, it is assumed that
V- Vh C th

TH-788_02612301 6



and there exists a linear operator IIj, : (H'(€2))? — V}, such that
V-, = LaV. (1.3.7)
Here, the operator L, : L*(2) — @y, is the L-projection, i.e,

(¢ — Lnd, ¢n) =0, Vo € L*(Q), ¢p, € Q.

The identity (1.3.7) guarantees that the classical inf-sup condition is satisfied.
Example of spaces of piecewise polynomials that satisfy the conditions stated above are
the triangular and rectangular Raviart-Thomas elements from Raviart and Thomas [70]
and BDM elements from Brezzi, Douglas and Marini [13]. For other examples, see Brezzi
and Fortin [14].

Earlier, the error analysis of mixed finite element methods are developed and
analyzed in [12, 13, 27, 48, 54, 64, 65] for elliptic equations. Subsequently, mixed finite
element methods applied to parabolic problems are discussed in [19, 22, 33, 44, 45, 73].
There is now sizeable literature on mixed methods applied to oil reservoir engineering
problems, see [25, 28, 37], and [71] for references therein. As mentioned before, the
standard mixed finite element procedure has to satisfy the inf-sup or LBB condition
on the approximating subspaces. This restricts the choice of finite element spaces.
Therefore, the mixed formulation that circumvent this stringent condition has been the
subject of intensive research in the past decade [60, 62, 66]. The proposed method which
relaxes the LBB condition is referred to as H'-Galerkin mixed finite element method. A
notable advantage of this approach is that the approximating finite element spaces are

allowed to be of different polynomial degree.

H'-Galerkin Mized Finite Element Method (H'-Galerkin MFEM): To define the H'-
Galerkin mixed formulation for the problem (1.3.1)-(1.3.2) we proceed as follows. Mul-
tiplying (1.3.1) and (1.3.2), respectively, by V - ¥ and V¢ and then integrating over 2

to have

(ou, V) + (V- -u,V-¥) = —(f,V-0), VW eV, (1.3.8)
(Vp,V¢) = (au,Ve), Vo € HY(Q), (1.3.9)

where for the first term of (1.3.8), we have used integration by parts formula and the
fact ps(x,t) = 0 on 9. Then, the H'-Galerkin mixed formulation is to
find {u,p}: [0,7] — V x H(Q) such that
(au, V) + A(u,¥) = —(f,V-¥)+Au,¥), V¥ eV, (1.3.10)
(VP V) = (au, Vo), Yo e H(S) (1.3.11)

TH-788_02612301 7



with u(0) = aVpy and A > 0. The bilinear form A(-, ) is given by
Aw, V)= (V-u,V-T) + A(u, V).
Note that A is chosen appropriately so that A(-,-) is V-coercive, i.e.,
Av,v) > alvlly, vev,
for some ¢; > 0. Further, there exists a positive constant C' such that
[A(u, v)| < Cllullv|v]lv.

Let 7}, be a triangulation of §2 into finite number of elements called simplexes, i.e.,
Q = Ukeq, K with h = max{diam(K) : K € 7,}. Let V;, and W}, be finite dimensional
subspaces of V and H} (), respectively. Standard examples of such finite element spaces

are as follows:
Vh = {V eV : V’K :pK(X) +qu(X), Pk € (Pk;)2, gk € Pk, VKEe& '];L},

and
Wy, ={weclC) : wg€Pi, VK €T, w=0o0n0N},

where Py (K) is the space of polynomials of degree < s on K. Other examples of
approximating spaces can be found in Raviart and Thomas [70].

Now the semidiscrete H*-Galerkin mixed finite element approximation is to find
{up,pn} : [0,7] — V;, x W), such that

(Cﬂlhyt, \I’h) + A(uh, \I/h) = —(f, V- \I/h) —+ )\(uh, \I/h), \V/\Ifh S Vh, (1312)
(Vph, quh) = (ozuh,quh), \V/th < Wh (1313)

with appropriately chosen {u(0),pn(0)}.

Compared to classical mixed finite element method, the H'-Galerkin mixed
method is not subject to the LBB-consistency condition. The approximating finite
element spaces V;, and W), are allowed to be of different polynomial degrees. In contrast
to the standard H'-Galerkin method [23, 61, 78, 79], C'-continuity on the approximating
finite element spaces can be relaxed and gives us freedom to work with computationally
attractive piecewise linear elements.

In an attempt to extend least-squares mixed method to parabolic problems, the
author of [60] has introduced the H'-Galerkin mixed finite element procedure. When
2= (0,1), i.e, for one dimensional parabolic problem it is shown in [60] (with £ = 1 and
r = 1) that

1P = P)ON + l[(w = un) O] < CB* (Ipllooazy + Null ooz + el r2z)) - (1.3.14)

TH-788_02612301 8



where p;, and uy, are H'-Galerkin mixed finite element approximations to the solution
p and its flux u = ap,, respectively. The a priori error estimates in (1.3.14) demand
u; € H*(Q) which in turn require py € H?(Q) N Hi(QY). Therefore, it is natural to
enquire whether one would expect O(h?) order of convergence as in (1.3.14) when py
has lesser regularity. An attempt has been made in this thesis to study the convergence
analysis with lesser regularity assumption on the initial function py,. More precisely, for
homogeneous parabolic problem, error estimates of order O (h?t~'/2) for the solution and
its flux are established for positive time with initial function py € H?(2) N H} () (see,
Theorem 2.2.1). Further, error estimates of order O(h*t~!) for both the solution and
its flux are derived for positive time with py just in H}(Q) (see, Theorem 2.2.2). Since
the smoothing property of the solution plays a significant role in the error analysis we
derive some a priori bounds in terms of initial data in various Sobolev norms. The
crucial technical tools used in our error analysis are the nonstandard energy formulation
and parabolic duality argument. We extend the analysis of one dimensional situation to
two space variables and analogous results are derived (see, Theorem 2.3.1 and Theorem
2.3.2).

We now turn to the time discretization of the homogeneous one dimensional
parabolic problem with Q = (0,1). Let 0 =ty < t; < ... < ty = T be a partition of
the time interval [0, T] with step length At = T/N, for some positive integer N. For
a smooth function ¢ on [0, 7], define ¢" = ¢(t,) and o™ = (¢ — ¢" ') /At. Let U™
and P", respectively, be the approximations of v and p at t = t,, which we shall define
through the following scheme: For n > 1, find {U", P"} € V}, x W), satisfying

(a@tU”,¢h) == A(Un,wh) = )\(Unﬂ,/)h), Yy, € Vi, (1.3.15)
(P one) = (QU", ¢pa), You € Wy (1.3.16)

with given {U° P°} € V;, x W),. Here, V}, is a finite dimensional subspace of H'(().
Based on the backward Euler method, a fully discrete scheme is analyzed for the ho-
mogeneous parabolic problem and almost optimal order error estimates for the solution
and its flux are established in the L*-norm for smooth and nonsmooth initial data, (see,
Theorem 3.2.1 and Theorem 3.3.1), respectively.

Our next objective is to investigate superconvergence phenomena for the H1l-
Galerkin mixed finite element solution of the parabolic problems (1.1.1)-(1.1.3). Su-
perconvergence results are important from an application point of view because they
provide higher order accuracy under reasonable assumption on the grid and with addi-
tional smoothness of the solution [41]. Optimal order error estimate is the best which

one can get between the exact solution and its numerical approximation when measured
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globally on the computational domain. But, there are places (points or lines) where the
approximate solution is more closer to the exact solution [36, 80] than what is predicted
by global optimal order error estimate. It would be advantageous to make use of those
points or lines in the modelling process.

For the analysis of superconvergence, we have considered here a special case of
the finite element partition ’?h of the domain €2 consisting of rectangular elements only.
We discretize () into rectangular sub-domains with boundaries parallel to either the x-
axis or y-axis, respectively. The Raviart-Thomas finite element space V}, of V and the
standard finite element space W), of HJ () are defined as follows (cf. [14], [70]):

Vy = {veV : vl €Qriikr X Qris1, €€ ﬁ}?
Wy, = {wel(Q) : wl€ Qrx, €€ ’]A}L, w = 0 on 0N},

where @), s be the space of polynomials of degree no more than r in the z-direction and
no more than s in the y-direction and k£ > 1. The central feature of our analysis of

superconvergence results lie in the treatment of the following two linear forms
F(v) =(u—mpu,v),

and

F(v) = ((a = mpu);, v),

where 7, u is an appropriately defined local projection [14, 24] and v be any finite element
function. These linear forms are estimated by expanding the interpolation errors u—m,u
and (u—myu); as Taylor series involving only finite number of terms. Each of the terms
in the Taylor expansion is a polynomial. The orthogonality of u — 7m,u and (u — mu),
with certain class of polynomials and the cancellation of line integrals play a crucial role
in deriving superconvergence results.

Earlier, superconvergence results for classical mixed finite element method are
developed and analyzed by Squeff in [74] using quasi-projections of Douglas, Dupont and
Wheeler [24] and the averaging method of Bramble and Schatz [9] for parabolic problems.
Subsequently, one may refer to [19, 34, 38] and references therein for superconvergence
in mixed finite element methods. Compared to [19, 74|, the proposed method can offer

the following added advantages:
e The present method is not subject to inf-sup or LBB-consistency condition.
e The approximating finite element spaces are allowed to be of different polynomial

degrees.
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e Assuming higher regularity on the solution, superconvergence estimate of order
O(h*3) is established for the flux.

The literature concerning superconvergence phenomena for classical mixed finite
element methods can be found in [19, 29, 32, 35, 74] for elliptic and parabolic problems
and for non-fickian flows in porous media, one may refer to [34, 38].

The present analysis yields better convergence result for the flux with higher
regularity assumption. In particular, use of piecewise linear polynomial spaces yields
optimal order error estimate of order O(h?) in the L?-norm for the flux u (see, [60])
whereas our estimate gives of order O(h?*) which indicates superconvergence.

Next, we turn our attention for a posteriori error analysis of H!-Galerkin mixed
finite element method for parabolic problems (1.1.1)-(1.1.3). A priori error estimates
can give asymptotic rates of convergence as the mesh parameter h goes to zero, but
often can not provide much practical information about the actual errors encountered
on a given mesh. The question of quantifying the error brings attention to a posteriori
estimates. A posteriori estimators are quantities which bound the errors or approximate
the errors and can be computed from the knowledge of numerical solution and input
data of the problem. In order to guarantee a good convergence behavior of the discrete
solutions, one usually needs to apply a refinement algorithm based on a posteriori error
estimates. The estimators are utilized in two important ways connected with adaptivity.
The first is the indication for which element to be refined and the second is the stopping
criteria.

In the thesis we concern ourselves on a posteriori error estimate for semidiscrete
H'-Galerkin mixed finite element method for parabolic problems (1.1.1)-(1.1.3). The
semidiscrete a posteriori error analysis is based on the residual approach with mesh

refinement technique. We now define the residuals as follows: For ¢t € J

< Rl(uh),\If > = —(f,V . \I’) — (V . uh,V . ‘If) — (Oéuh,t,‘lf),
(RQ(uhvph)>V¢) = (auhav¢)_(v}7hav¢)v

for all U € V and ¢ € H}(Q). Here, < -,- > denotes the dual inner product and (-, ) is

the standard L2-inner product. The global error estimator is then defined as
) ) 1/2
mni= > (IR a0y + 1R o))
KeTy,

For the purpose of deriving upper bounds for u —uy and p — pj, in the L2-norm in terms
of the estimator ng, we make the following saturation assumption: There is a number
(8 < 1 such that

a(t) = up2 ()| < Bllalt) —un(@)]], t € J, (1.3.17)
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and
IV (= pny2) DI < BIV (P = pa) (D], £ € J. (1.3.18)
The assumptions (1.3.17)-(1.3.18) imply that on the refined mesh 7}, /5 the refined finite

element approximation (w2, pr/2) is a better approximation to the exact solution (u, p)
than (uy,pp). Here 7j, ), is a refinement of 7j, by dividing each triangle into four congruent
ones. These saturation assumptions are motivated by the well-known a priori error
estimates for u(t) — u(t) and V(p — p)(t) (see, e.g., [60], Theorem 3.1 with k =r =2
and k + 1 =r = 2, respectively):

l(w—an)()]| < Clpo,u,p)h? (1.3.19)

and

IV(p = pr) ()]l < C(po, u, p)h*. (1.3.20)

The above a prior: estimates assures us that, in general, a refinement of the mesh and
a reduction of h will lead to an improvement of the finite element solution. However,
(1.3.19) and (1.3.20) provides no information on the improvement for individual cases.
Therefore, we exclude the exceptional cases in which the improvement is very small (cf.
[6]). Generally, one expects that by refining the mesh will significantly reduce the error,
so this is a natural assumption. Based on the assumptions (1.3.17) and (1.3.18), we
derive the upper bounds for the errors u — u; and p — pj in the L2-norm (cf. Theorem
5.3.1).

While there is a sizable literature available for a posteriori error analysis based
on residual approach for classical mixed finite element methods for elliptic problems
3, 8, 16, 39, 49, 50, 51, 88], the literature seems to be limited for parabolic problems.
The previous work on a posteriori error estimates by means of the standard Galerkin
method for parabolic problem can be found in [5, 7, 31, 68, 84], and for nonlinear
parabolic problems in [59, 82, 85]. Recently, a posteriori error analysis of H!-Galerkin
MFEM for second order elliptic equations has been studied in [81]. The analysis in [81]
is performed under a saturation assumption and a Helmholtz decomposition for vector
fields. There is no results available on a posteriori error analysis for parabolic problems
in H'-Galerkin mixed method.

Our next objective is to derive a posteriori error estimates for the H'-Galerkin
mixed finite element method for linear parabolic problems (1.1.1)-(1.1.3) by space-time
discretization. The error analysis is based on Raviart-Thomas finite elements in space
and backward Euler scheme with variable time steps.

Let 0 =1ty < t; < ... <ty =T be a partition of the time interval [0, T, for some
N >1.Set 1, =t, —t,_1, 1 <n < N. Now, for any smooth function ¢ on [0, T], define
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o™ = ¢(t,). With each time step t,,, we associate an affinely equivalent, admissible, and
shape regular partition 7j, of 2 and the corresponding conforming finite element spaces
V7 and W} of V and H;(Q2), respectively. The discrete problem based on backward
Euler method is defined as: Find {u},p}'} € Vi x W' such that forn=1,... N,

n—1

(oo h ), Up) + A(u, U,) = —(f"V-U) + M), ), (1.3.21)

Tn

and

(Vpp, Vén) = (aug, Vy), (1.3.22)

for all U;, € V} and ¢, € W} with given uy(0) to be defined later. With the sequence
of solutions {u}, pi'}, we associate the functions {uy,, pr}, which are piecewise affine on
the time intervals [t,—1,t,],1 < n < N, and equals {u},pjp} at time ¢t =1¢,, 0 <n < N.
Similarly, we denote f,,, the function which is piecewise constant on time intervals
and on each interval (t,_1,t,] is equal to the L?>-projection of f™ onto the finite element
space V1. With the functions {u, pn-} as the solution of the discrete problems (1.3.21)-
(1.3.22), define the residuals Ry j,-(up,) and R p(Wpr, prr), respectively, by

< Ripr(upr), ¥ >= —(f,V-VU) = (V-u,, V- ¥) — (a(up), V), (1.3.23)

and
(R2,h(uh77ph7')7 v¢) — (OCU.hT, v¢) _ (Vph’r? v¢)7 (1324)
for all ¥ € V and ¢ € H}(Q). Here, < -,- > denotes the dual inner product and (-),

denotes the differentiation with respect to time ¢. We rewrite the residual Ry j - (up,) as
< Rl,h,T(uhT)> U >= (th - f7 V- lI])+ < Rll,h(“hT)a v > +(R12,T<uhT)7 qj); (1325)

where Riq 5 (up,) is the spatial residual defined by

n n—1
u, —u,

< Rup(ups), ¥ >= —~(fpr, V- 0) = (V -y, V- 0) — (af ), ¥)  (1.3.26)

Tn

on (t,—1,t,) and Ria,(up,) is the temporal residual defined by
(ngﬂ—(uhT), \I/) = (V . uZ -V- Usnr, V- \I]) on (tn—la tn], (1327)

for all ¥ € V(Q) and 1 < n < N. The error indicator corresponding to the residual

Ry - (up,) is defined as:

Mor = 4> Talfur +Vouiliogn + K||a — w320
Keihn KGThn
+ > Ve = [Fa 0 (1.3.28)
KeThn
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The error indicators corresponding to the residuals Ryy p(up,) and Rop(upr, prr) are

given by
1/2
Mn =9 > e +Vouilfegg + D hic L la(ap — a1 (1.3.29)
Ke;j:h n KEThn ’IL
and
1/2
Non = Z oy, — VPZ”%Q(K) ; (1.3.30)
KeThn

respectively. Here 7y, ;, and 13, denote the measure for the error of the space discretiza-
tion and can be used to adapt the mesh size in space. The second term in 77, - can be
interpreted as a measure for the error of the time discretization.

Our a posteriori error analysis consists of the following two steps. First, we bound
the errors in terms of the residuals through the standard energy argument. In the second
step, the residuals are bounded by the estimators 7y, = and ny,. These estimators are
computable quantities in terms of the problem data uy, f-, 2, T, computed solutions uj
and p}, mesh size hx and the time step 7,,. We derive the upper bounds for the errors
u — uy, and p — pp, (see, Theorem 6.3.1). Such estimators provide bound for the errors
and are useful for modifying meshes and time steps adaptively.

The previous work on space-time discretization a posteriori error analysis for
classical mixed method has been carried out in [18] for parabolic problem. A duality
argument is used in a crucial way to derive a posteriori error estimates in [18]. Compared
to [18], our analysis do not involve edge residuals in the computation of error indicators

and the method is not subject to LBB-consistency condition on finite element spaces.

1.4 Organization of the Thesis

The organization of the rest of the thesis is as follows: Chapter 2 deals with some
new error estimates for H'-Galerkin MFEM for homogeneous parabolic problems with
smooth and nonsmooth initial data in one-space dimension. For the spatially discrete
scheme, optimal order error estimates in L?-norm are derived for the solution and its
flux assuming po € H*(Q) N HY(Q) and py € HL (). Further, an extension to two space
variables is considered and optimal error bounds are shown to hold for both the solution
and its flux.

Chapter 3 deals with the time discretization of the H'-Galerkin MFEM based
on backward Euler scheme for one dimensional homogeneous parabolic problems. Non-

standard energy formulation and a duality argument is used to derive almost optimal
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order error estimates in L2-norm for the solution and the flux when the initial function
po € H?(Q) N HY(Q) and py € HI ().

Chapter 4 is devoted to superconvergence phenomenon of H!-Galerkin MFEM
for parabolic problem (1.1.1)-(1.1.3).

Chapters 5 is devoted to the semidiscrete a posteriori error analysis for the H!-
Galerkin MFEM for parabolic problems. We derive upper bounds for the errors under
a saturation assumption.

In Chapter 6, we study discrete-in-time a posteriori error analysis for the H!-
Galerkin MFEM for parabolic problems. The time discretization is based on backward
Euler method with variable time step and the spatial discretization consists of Raviart-
Thomas finite elements over the spatial mesh. The estimators yield upper bounds on
the errors which are global in space and time.

Finally, Chapter 7 discusses the results highlighting the contributions made by
the thesis and the scope for future investigations.

For clarity of presentation we have repeatedly given equation (1.1.1)-(1.1.3) at
the beginning of every chapter.
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Chapter 2

Semidiscrete H!-Galerkin MFEM

for Parabolic Problems

In this chapter, we derive some new error estimates for the semidiscrete H!'-Galerkin
MFEM for homogeneous parabolic problems under lesser regularity assumption on the
initial function py. Both one and two space variable problems are discussed. Optimal
order error estimates for positive time are shown to hold for the solution and its flux
in L?mnorm assuming py € H?*(Q) N H}(Q) and py € H(Q). We use simple energy

techniques and duality argument.

2.1 Introduction

When our primary concern is to estimate both displacement p and flux u = aVp, we split
the problem (1.1.1) into a system of equations and then apply classical mixed methods,
see [44] and [70]. However, this procedure need to satisfy LBB-consistency condition
on the approximating subspaces which restricts the choice of finite element spaces. For
example, Raviart-Thomas spaces of index k& > 0 are usually used for standard mixed
methods. In order to avoid LBB-consistency condition, the H'-Galerkin mixed finite
element method for parabolic problems was introduced in [60]. Comparing with the
standard H!'-Galerkin method, C'-continuity of the approximating spaces can be relaxed
and gives us freedom to work with computationally attractive piecewise linear elements.
The author of [60] has studied the H'-Galerkin MFEM for parabolic equations and
derived optimal order error estimates in the L? and H'-norms by assuming initial data
po € H3(Q) N H}(Q). An attempt has been made in this chapter to study convergence
analysis of the proposed method under lesser regularity assumption on the initial function

po. More precisely, we establish error estimates of order O(h*~1/2) and O(h*~1) for
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the solution and its flux for positive time when py € H?*(Q2) N Hi(Q) and py € H (),
respectively. The main crucial technical tools used in our analysis are energy techniques
and parabolic duality argument.

The plan of this chapter is as follows. Section 2.2 deals with semidiscrete error
analysis for one dimensional parabolic problem. Section 2.2 contains three subsections.
Some a prior: estimates for the solution w and stability estimates of its semidiscrete
approximation wu, are derived in Subsection 2.2.1. While Subsection 2.2.2 is devoted
to error estimates for H'-Galerkin mixed finite element method with smooth initial
data, the error estimates for nonsmooth initial data are carried out in Subsection 2.2.3.
An extension to two space variable problem is considered in Section 2.3. Analogous
results for smooth and nonsmooth data are established in Subsections 2.3.2 and 2.3.3,
respectively.

Throughout this chapter C' denotes a positive generic constant which may depend
on time 7" but independent of the mesh parameters h, and may not be the same at each

occurrence.

2.2 Error Estimates for One Dimensional Parabolic

Problems

We consider the following one-dimensional homogeneous parabolic problem:

pe— (ape)e = 0, (x,t) € QX J, (2.2.1)
p(0,t) =p(1,t) = 0, teJ (2.2.2)
p(x,0) = po(z), x €, (2.2.3)

where p; = %?, 2 = (0,1) and J denotes the time interval (0,7] with 7' < oo. The

coefficient a = a(z) is assumed to be smooth. Further, a is bounded below and above
by positive constants by and by, respectively i.e.,
bo < a(x) <by, x €. (2.2.4)
Introducing u = ap,, we split the problem (2.2.1) into two first order equations as:
pr—uy =0, p,=ou, (2.2.5)

where o = 1/a. For the error analysis, we shall need the following spaces: H}(Q) =
{we H(Q) : w(0) = w(1) =0} and V = H'(Q). The H'-Galerkin mixed formulation
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is stated as: Find {u,p} € V x H}(2) such that

(aue, ¥) + A(u,¥) = AMu,¥), Vi €V, (2.2.6)
(Pes ) = (Qu,¢,), ¥ ¢ € Hy(S) (2.2.7)

with ug = u(z,0) = a‘%. For the first term in (2.2.6), we have used integration by parts

with respect to x and the Dirichlet boundary conditions py(0,t) = py(1,¢) = 0. The

bilinear form A(-,-) is given by
A(u,v) = (ug, vz) + AMu, v).
Note that A is chosen appropriately so that A(-,-) is V-coercive, i.e.,
A(v,v) 2 collvlli, v €V,

for some ¢y > 0. Moreover, A(-,-) is bounded. That is, there is a positive constant C
such that |A(u,v)| < C||lu||1||v]1-
Let V;, and W), be finite dimensional subspaces of V and H}((Q), respectively.

The finite dimensional spaces V}, and W), satisfy the following approximation properties:

Hel‘f/ {llv = vp|| + Rljv — vp|l1} < Ch2H'UHH2(Q), Yuve Hz(Q),
Vh h

and

inf  {||w — wy| + hllw — wplli} < CR?|w|lg2@), Y w € H*(Q) N H($Q).

wp €W,

The semidiscrete H!'-Galerkin mixed finite element approximation is to find a pair
{un, pn} € Vi x W), such that

(aune, ¥n) + Alun, ¥n) = Mun,¥n), ¥ ¢n € Vi, (2.2.8)
(Phas Pnz) = (Qun, Opo), ¥V o € W (2.2.9)

with initial data uy,(0) = Ljug, where Ly, : L?(Q) — V}, is the standard L? projection.
Since the stiffness matrix associated with (pp ., ¢n.) is positive definite, the system is

uniquely solvable for a consistent initial condition [15].

2.2.1 A Priori Estimates

In this subsection, we shall derive some a priori estimates for the solution u satisfying
(2.2.5). In addition, some stability estimates for its semidiscrete solution w; satisfying
(2.2.8) and (2.2.9) are also obtained. These estimates will be useful in our subsequent

error analysis.
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Lemma 2.2.1 Assume that uy € L*(2). Let u be the solution of (2.2.5). Then, there

1s a positive generic constant C' such that

t
/fmwmwsmmw,iszn.
0

Proof. Choose ¢ = u in (2.2.6) and use coercivity of A(:,) to have

1d
577 Ul 2u@®} + collu®) 1T < Allu()]*

Integration with respect to time from 0 to ¢ yields
t t
o a0l + 2e0 | ute)lBds < (JuolP + [ u(s)ias).
0 0
In view of (2.2.4) and an application of Gronwall’s lemma yields
t
lu(?)]* +/0 lu(s)[lids < Clluoll?, (2.2.10)

which proves the inequality for ¢ = 0. For ¢ = 1, we choose ¢ = tu in (2.2.6) and use

coercivity of A(-,-) to have

Ld

1
5 7 (2@} + cot[u®F < Mtlu@®)] + 5 lla* *u(®)]]*

Integrating from 0 to ¢ and using (2.2.4), we obtain

t t t

tM@W+/sM@M@SC/WM$%k+C/sM@W%

0 0 0

An application of Gronwall’s lemma leads to
t t
tM®W+AsM@ﬁwSCAHMwW&
Using (2.2.10), we obtain
t
tM@W+AﬂM$%kSWmﬁ (2.2.11)

and this proves the desired inequality. Finally, for i = 2, set ¢ = t?u in (2.2.6) and use

coercivity of A(-,-) to have
Ld oy 1y 2 2 2 2 2 1/2 2
5 g 1l Zu®"} + cotlu@)li < Mfu@)” + o™ "u@)]"
Integrating the above equation from 0 to ¢ and using (2.2.4), it now follows that
t t t
Clu@lf + [ Slu)lids < [ sluts)|Pds +C [ @fuls)|Pas
0 0 0
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An application of Gronwall’s lemma leads to

t t
Elu@l + [ Slu)lds < [ sluts)|Pds
0 0

An use of (2.2.11) now yields

t
t]lu(t)]” +/ s*[lu(s)llids < Clluol*, (2.2.12)
0

and this completes the rest of the proof. M

Lemma 2.2.2 Let u be the solution of (2.2.5). Then the following estimates hold true:
t
(@) Ifug €V, then / s () [P ds + [lu(t)][F < Clluoll3-
0
If ug € L*(Q), then
t
(b) / sllus(s)Pds + tllut)[[f < Clluol?,

0
@)Asw%@stcmm?
Proof. Setting ¢ = wu,; in (2.2.6), we have
/ _
o (1) + 5 o CACu(E), (@)} = 5 (e

Integrating the above equation from 0 to ¢, using (2.2.4) and coercivity of A(:,-), we

obtain .
/ lus(s)[I*ds + collu(@)llf < C (Jluollf + lu(®)[I?) -
0
Apply (2.2.10) to complete the proof of (a). To estimate (b), choose 1) = tu; in (2.2.6)

to have

ot (1) |? + 5 S REAC(E), w(®)} = 5 S {elu(t) ) — (o) + 5 A, u(t).

Integrate the above equation from 0 to ¢. Then use coercivity and boundedness of A(-, )

/OtsHus(S)Hst + cot|Ju®)| < C (tHu(t)H2 + /Ot HU(S)\ﬁds) '

The estimate (b) now follows from (2.2.10) and (2.2.11). Finally, to prove (c), choose
Y = t?u; in (2.2.6) to have

1d A 1
2|, 1/2 2, 2% 429 2 20— TH|u)]|? + =tA(u(t), u(t)).
Blla (b + 5 5 {PAWE. )} = 5 5 PP - SO + StAGu), u(o)
Integrate from 0 to t. Then use of coercivity and boundedness of A(-,-) yields
t t
[ s v aluol < ¢ (Pl + [ sl [ slae)pas).
0 0 0

Now, the estimate (c¢) follows from (2.2.10), (2.2.11) and (2.2.12). This completes the
proof of Lemma 2.2.2. W

to obtain

t
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Lemma 2.2.3 Let u be the solution of (2.2.5). Then the following estimates hold true:
t
(a) Ifug €V, then / s||us(s)|[2ds < Cllug|3.
0

t
(b) Ifug € L*(2), then /o $%||us(s)||3ds < Cluoll?.

t
(©) Ifug €V, then / 52uga(s)|[2ds < Clu|.
0

Proof. Differentiating (2.2.6) with respect to time ¢, we have

(aue, ¥) + Alu, ) = Mu, ¥). (2.2.13)

Set ¢ = tu; in (2.2.13) and then use coercivity of A(-,-) to obtain

1d

1
5 7 e @I} + cotlu @I < Mtllu (DI + FlloPui (B

Integrating the above equation from 0 to ¢ and use (2.2.4) to have

t t t
tllue ()] +Co/ sllus(s)llids < C/ sllus(s)l[*ds + C/ lus(s)l*ds.  (2.2.14)
0 0 0

Apply Lemma 2.2.2 for the terms appearing on the right hand side of (2.2.14) to obtain
(a). Next, to prove (b), choose 1) = t*u; in (2.2.13). Then, use coercivity of A(-,-) to
have

1d

5 2 a7} + eot?lua(®) 2 < M@ + el (1)

Integration from 0 to ¢ now leads to

t t
Pl + [ Pluoias < ([ L [
0 0 0

t

s|\u3(s)|\2d5> . (2.2.15)

The desired estimate (b) now follows from Lemma 2.2.2 and Gronwall’s lemma. Finally,
to estimate (c), choose ¥ = t?uy in (2.2.13). Then, integrate the resulting equation from
0 to t and use (2.2.4) to have

t t
/sw%Ww+ﬂmwm§c(/sw%@Ww+/
0 0 0

Now, apply (2.2.14) for the last term on the right hand side of the above equation and

t

t
ﬂ%@ww+/ﬂmwmw)
0

then use Lemma 2.2.2 to complete the proof of (¢). N

Lemma 2.2.4 Let u be the solution of (2.2.5). Then, for uy € V, the following esti-
mates hold true:
(@) tlu@®)3 < Clluolli,
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t
w>Amwasmm%
t
(©) /fmwmwsamm

0
Further, if ug € L*(Q), then
t

@ [ Suls)ds < ClluolPi = 1.2
0

Proof. Note that
lullz = llull® + [lual® + [Juee®
=l + llesll* = llully + llpel”, (2.2.16)

where we have used the fact that u, = p;. Differentiating (2.2.7) with respect to ¢, we

have
(Dats B2) = (s, B2), (2.2.17)
which yields ||pi.|| < Cllug(t)||. Thus, multiplying (2.2.16) by ¢ and using (2.2.14) and

Lemma 2.2.2; we obtain
tlullz < tlullf + Ctllue* < Clluolly,

which proves (a). To prove (b), integrate (2.2.16) from 0 to t and use the fact that
Hptx(t)H S O”Ut(t)H to have

t t t
AWMM@SOQAW@Mw+AWMMWQSOMM7

where we have used Lemma 2.2.1 and Lemma 2.2.2. Next, to estimate (c¢), we first note
that
luaell = fluall® + e |* + tras|* = lluelly + llpea | (2.2.18)

where, we have used py, = .. Differentiating (2.2.7) twice with respect to ¢ to have

(aug, z) = (Dita, O2), (2.2.19)

which yields ||pu.| < Cllug||. Now, using ||pu.| < Clluy| and multiplying (2.2.18) by

2 and integrating from 0 to t, we get

t t t
| Slulids < [ ol + ¢ [ s
0 0 0

The desired estimate now follows from Lemma 2.2.2 and Lemma 2.2.3. Finally, to
estimate (d) for ¢ = 1, multiply (2.2.16) by ¢ and integrate from 0 to ¢ and then use the
fact that ||pe(t)] < Cllu(t)|| to have

t t t
[ tuoias <c ([ sl + [ stuoiPis) <l
0 0 0
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where we have used Lemma 2.2.1 and Lemma 2.2.2. Similarly, for ¢ = 2, multiply
(2.2.16) by t* and integrate from 0 to ¢ and use the fact that ||p.(t)|| < C|lus(t)|| to have

/ Plun)ids < c( / " u(s)2ds + / tﬁuus(s)wds)
o ([ 1ulias+i [ sl

Apply Lemma 2.2.1 and Lemma 2.2.2 to complete the proof of Lemma 2.2.4. H

IN

Below, we prove stability estimates of u;, satisfying (2.2.8) and (2.2.9).

Lemma 2.2.5 Assume that uy € V with up(0) = Lpug. Then there is a positive generic
constant C' such that
@ [ Tuna(s)IPds + (O < Cluolf,

0

t
(b) /0S\Iuh,s(S)IIQdS+tHuh(t)HfSCHuoHZ,

t
(©) / slluna(s)]2ds < Clluol2,

and
t

(@) / 2 Junss(3)[2ds < Clull
hold true.

Proof. Choose 1y, = uy, in (2.2.8) and use coercivity of A(-,-) to have

1d
5%(”041/2“/1(?5)”2) + coflun@®)]IF < Alun(®)]%.

Integration with respect to time from 0 to ¢ yields

" t
ot 2@l + 260 | un(o) s < € (@) + [ n(o)Pas ).
0 0

In view of (2.2.4) and an application of Gronwall’s lemma yields

t
lun(8)]” +/O lun(s)lids < Cllun(0)]|* < Clluo|l*. (2.2.20)
Now, choose 9, = up, in (2.2.8) to have
1d Ad
o2 () + 5 o A (8), un(1) = 5 un ()]

Integrate the above equation from 0 to ¢. Then use (2.2.4) and coercivity of A(,-) to

obtain .
/0 [un,s(s)[12ds + [un ()T < C ([[un(O)]1F + llua(®)]]?) .

Using the estimate of (2.2.20) together with ||Lpuo|l; < C||lug|ly completes the proof of
(a). Following the arguments in Lemma 2.2.1-2.2.3, the rest of the stability estimates

can be easily derived. We, therefore, omit the proof. N
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2.2.2 Error Estimates with Smooth Initial Data

This subsection is concerned with pointwise-in-time error estimates for the solution p
and the flux w in the L?norm when initial data p, € H*(Q2) N H} (). Using (2.2.6),
(2.2.7), (2.2.8) and (2.2.9), we obtain the following error equations:

(o —up)e, ¥n) + Alu — up,bp) = Mu— up,¥p), ¥V by, € Vi, (2.2.21)
(P = Pr)as na) = (a(u—up), dps), ¥V o € Wy (2.2.22)

Define the elliptic projections uy, : [0,7] — V}, and py, : [0,T] — W), by

Alu—Up, ) = 0, Y 9y, € Vi, (2.2.23)
((p = Ph)as Pha) = 0, ¥ ¢ € Wi, (2.2.24)

respectively. Since the direct comparisons between u, u, and p, p, does not yield opti-

mal order of convergence, we, therefore, split the errors u — u, and p — p;, as:

u—u, = (u—1up)+ (T —up)
= 77+9h7
and
p—pn = (p—Dn)+ (Pn—Dpn)
= Pt Ph

It is well-known [60] that 1 and p satisfy the following estimates:
Inll < CR?|lullz and ||n.]| < CB*|luyl2, (2.2.25)

and
lll < CR?|[pll2 and [|p]| < CR*|[pi]l2- (2.2.26)
Using (2.2.21)-(2.2.22) and auxiliary projections (2.2.23)-(2.2.24), we obtain the follow-

ing error equations in 6, and py as follows:

(abh, V) + A(On, Yn) = X0, ¢n) + MO, ¥n) — (ang, ¥n), Yn € Vi, (2.2.27)

and
(Phas Dha) = (a( + On), Bha), 1 € W (2.2.28)

Due to presence of the term 7, in (2.2.27), the standard energy formulation demands

higher regularity on the flux u and which in turn requires higher regularity on p. We,
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therefore, use the following nonstandard energy formulation which is described below.

~

Define (t) as

Note that 5(0) =0 and 6,(t) = 6(t). Integrating (2.2.28) from 0 to ¢, we have

(Bhas Oha) = (O, 1) + (B, G ). (2.2.20)

Further, integrate (2.2.6) and (2.2.8) from 0 to ¢. Then, using u,(0) = Ljug, where

Ly : L*(Q) — V}, be the standard L? projection, we arrive at

(@B, n) + ABh, ¥n) = N7, n) + MO, ) — (an, ). (2.2.30)

The main result concerning smooth data error estimates are given in the following the-

orern.

Theorem 2.2.1 Let {u,p} and {up,pn} be the solutions of (2.2.6)-(2.2.7) and (2.2.8)-
(2.2.9), respectively. Further, let po € H*(Q2) N Hy(Q). Then there is a positive constant
C' independent of h such that

|lu(t) —un(t)] < Ch2t_1/2|]u0||1 < Chzt_l/szon, t>0 (2.2.31)
and
Ip(t) = pr ()] < CR*t|Ipoll2, ¢ > 0. (2.2.32)

The proof of the above theorem requires some preparations. Below, we shall prove a

sequence of auxiliary results which altogether will lead to the desired estimate.

Lemma 2.2.6 Let p, satisfies (2.2.28). Then there is a positive constant C independent
of h such that

[lonll < C (llnll + [16x11) -

Proof. Taking ¢, = pp, in (2.2.28) and using Cauchy-Schwarz inequality, we obtain

||Phss||2 = (phz, prz) = (a0, pha) + (AOh, Phac)
1
< C(||?7H2+H(9h||2)+§||p;m\|2
< C(nl* + 116a*)-

As py, € H}(2), an application of Poincaré’s inequality completes the proof. W
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Lemma 2.2.7 Let 0), satisfies (2.2.27). Then there exists a positive constant C such

that
t t
/0 (]2 + slinl?)ds + / ||eh||2ds].

Proof. Setting 1y, = t0), in (2.2.27) to have

t
0] + / SluPds < C
0

(a@h,t, teh) + A(@h, t@h) = )\(77, téh) + )\(Qh, t@h) — (Oé77t, t@h).
Using coercivity of A(-,-) and Cauchy-Schwarz inequality, we obtain

1d
5 7 o Z0ull%} + cot|0allE < CCEml® + £10]1% + #2[lmel|* + [164]1%)-

Integration from 0 to ¢ leads to
t t t t
tontP+ [ stonlias < €| [ @l slilfias + [ 1onleas] +0 [ sonlpas
0 0 0 0
An application of Gronwall’s lemma completes the rest of the proof. W

Lemma 2.2.8 Let 0}, satisfies (2.2.30). Then there is a positive constant C' such that

t t
/0 1617 ds + [16nl17 < C/O (17l + [In1*) ds.
Proof. Choose ¢, = 0, in (2.2.30) to have
(aBh, On) + A(On, 0n) = M@, 00) + A(On, 0n) — (o, 0).

Use coercivity of A(-,-) and Cauchy-Schwarz inequality and Young’s inequality for the

terms on the right hand side of the above equation to obtain
Co d -~ . ~
la 20,1 + mnehni < Cle) (||?7l|2 +1711% + ||9h|\2> +€C|10x]*.
Integrating from 0 to ¢, it now follows that

t t t
(1-cC) / 16u1%ds + [BE < C() / (AP + lInl1?) ds + C(e) / 10, 12ds,

where we have used the fact gh(()) = 0. Choose € appropriately such that (1 —eC') > 0.

Thus, we obtain

t t t
/O 10u1%ds + B2 < C / (AP + Inl?) ds + C / 10n 12ds.

An application of Gronwall’s lemma completes the rest of the proof. N
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Proof of Theorem 2.2.1. By triangle inequality, we have

[u(®) = un (O < In(®)] + [[6nD]]- (2.2.33)

Using Lemma 2.2.8 in Lemma 2.2.7, we get

t t t t
tont? < ¢ | [ nlpas s [ salas s [aeas [ iaeas]
0 0 0 0
[ s <c [ nias

and from the approximation property (2.2.25), we obtain

Hl6w|2 < CHA U 82Hus||§ds+/ ollul2 ds+/ ||u|]2ds]. (2.2.34)
0

Further, using a priori estimates of Lemma 2.2.4, we obtain

16, < CR*EY?|Jug| 1, (2.2.35)

Since

and
Inll < CR?||ullz < Ch*t?||ug|s. (2.2.36)

Combining (2.2.33), (2.2.35) and (2.2.36) the first inequality (2.2.31) is easily obtained.

To estimate (2.2.32), we again use triangle inequality and Lemma 2.2.6 to obtain

Ip(#) = pe@®IF < lle@I + llon @)
< Ale@Il + @Il + 16 E)1)- (2.2.37)

From the approximation property (2.2.26), we have
Il < Ch*|Ip]-. (2.2.38)
Note that
lellz = lpl* + llpall* + [Ipaall®
< C(llpal® + lIpzall®),

where in the second step, we have used Poincaré’s inequality ||p|| < C||p.||. Since
u = ap,, we have
pll2 < Cllull + lusall) = Cllulls- (2.2.39)
Using (2.2.39) in (2.2.38) and a priori estimate of Lemma 2.2.2, we obtain
o]l < Ch*||ugl|1.- (2.2.40)
Now, putting (2.2.35), (2.2.36) and (2.2.40) in (2.2.37), we arrive at
lp(t) =P < CR*Y2||ugly

< ORIl

and this completes the proof of Theorem 2.2.1. [ |
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2.2.3 Error Estimates with Nonsmooth Initial Data

This subsection is devoted to pointwise-in-time error estimates of u —uy and p— p, when

initial data py € H(Q). Let V* be the dual space of V equipped with the norm

|||y« = sup (U’¢).
vev [[¥lv

The main tool used in our error analysis is the following parabolic duality argument
[19, 63]: For fixed t > 0 and g € V, let {v(s),q(s)} : [0,t) — V x H}(Q) be the

solution of the following mixed problem

(aws, ) — A(v,0p) = —Au,¥), VY eV, s <t, (2.2.41)
(@r, 02) = (av,¢,), ¥V ¢ € Hy(Q) (2.2.42)

with v(t) = ¢ and v(s) = ag,(s). The corresponding semidiscrete H'-Galerkin mixed

finite element approximation read as: Find {vp(s),qn(s)} : [0,t) — Vj, x W}, such that

(Qvhs, n) — Ao, ) = =X op, ¥n), Yo € Vi, s < t, (2.2.43)
(Ghzs Pra) = (QVh, Pha), ¥ on € W (2.2.44)

with vy (t) = Lpg.

The main result for the rough data error estimate is given in the following theorem.

Theorem 2.2.2 Let {u,p} and {up,pn} be the solutions of (2.2.6)-(2.2.7) and (2.2.8)-
(2.2.9), respectively. Let py € HE(Q) and un(0) = Lpug. Then there is a positive
constant C' independent of h such that

u(t) — un(t)|| < Ch*t H|poll1, t >0 (2.2.45)
and
Ip(t) — pa(®)]] < CR*tIpolls, t > 0. (2.2.46)

The proof of the above theorem requires some preparations. Using (2.2.41)-(2.2.44) and
(2.2.6)-(2.2.9), we note that

dii (au(s),v(s)) — (aupn(s),vn(s))} = 0. (2.2.47)

Now integrating (2.2.47) from 0 to ¢, we obtain

(cu(t),v(t)) — (aup(t),vn(t)) = (au(0),v(0)) — (cus(0),v4(0)). (2.2.48)
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With up,(0) = Lpug and v, (t) = Lpv(t) = Lpg, we obtain

(aea(t), g) = (aug, e2(0)), (2.2.49)

where ey(t) = u(t) —uy(t) and é3(s) = v(s) —vx(s) the errors associated with the forward
problem (2.2.6)-(2.2.9) and backward problem (2.2.41)-(2.2.44), respectively. Here, for
the term on the right hand side of (2.2.48), we have used the fact that

(aLpug, v,(0)) = (Lpug, avp(0)) = (ug, avy(0)) = (g, vy(0)).
The following lemma proves to be convenient for nonsmooth data error estimate.
Lemma 2.2.9 If py € H}(Q), then
lea(®)llv= < CR*E Y2 |lugll < Ch*EH2|po 1. (2.2.50)

Proof. From Theorem 2.2.1, we have

lle2(t)]| < Ch2t~2||ug]s. (2.2.51)
From (2.2.49), we notice that
|(aea(t), g)l = |(auo,e5(0))]
< Clluol [le2(0)]] (2.2.52)

Applying the estimate (2.2.51) to the backward problem (2.2.41)-(2.2.44), we obtain
1ea(s)ll < CR2(t = 5)"[lglly, s < t.
As an immediate consequence of the above estimate, we get
[E(0)[| < Ch*t=2lg]]s. (2.2.53)
The estimates (2.2.52) and (2.2.53) now yields

[(ex(t),ag)] < CR*2|g|ly [luol
< CR?t™|lagy [fuoll,

where we have used [|g[l; = [Ja(%)g]i < C|lag|l; and this completes proof of Lemma
2.2.9. |

Proof of Theorem 2.2.2. Integrating (2.2.47) from t/2 to t, we obtain
(au(t), v(t)) — (cun(t),vn(t)) = (au(t/2),0(t/2)) — (aun(t/2),vn(t/2))
= (aex(t/2),v(t/2)) + (qun(t/2), e2(t/2)).
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Since v(t) = g and v, (t) = Lpg, we obtain

|(aes(t), 9)] = [(e(u(t) —un(t)), )]
< Cllea(t/2)[lv+[lv(t/2)[l + Cllea(t/2)]

vellun(t/2)|l1. (2.2.54)
The estimate (2.2.50) applied to ey(t/2) and ex(t/2) yield,

ve < R gl

lea(t/2)]

and
v <O gl

lea(t/2)]

With appropriate modifications in the proof of estimate (b) in Lemma 2.2.2, it is easy

to derive the following a priori estimate for the backward solution v
[o(s)lln < C(t—8)""|gll, s <t,

and hence,
lo(t/2)[ < Ct2|g].

Further, the estimate (b) of Lemma 2.2.5 gives
lun(t/2)ll < Ct~V2||uol.

Using the above estimates in (2.2.54), we obtain

(ea(t)sag)] < CRtuoll gl
< W ol flagll
With 1 = ag, we get
es(t ,_ = B
lea(t) = sup 20 < opaet ) < o2 ol
B A T

and this proves the first estimate (2.2.45). Next, to prove (2.2.46), using (2.2.22) and

Cauchy-Schwarz inequality, we have

(61,x7¢h,x) = (a€27¢h,x)
< Cllea|| |on,qll,

A

where e1(t) = (p — pr)(t) and ey(t) = (u — uy)(t). Thus,

lerell < Cllea|.
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As e; € H}(Q), an application of Poincaré’s inequality and (2.2.45) completes the rest
of the proof. N

Remark. In this section, we discuss semidiscrete error analysis for H'-Galerkin
mixed finite element method for one-dimensional parabolic problems with both smooth
and nonsmooth initial data. More precisely, optimal order error estimates of order
O(h*~1/2) in the L?-norm are established for the solution p and its flux u for positive
time with initial function py € H*(Q)NHE(Q). Further, error estimates of order O(h?t™1)
with positive time are derived in the L2-norm for both the solution p and its flux u
with initial data py € Hg(€2). The proposed method is not subject to LBB-consistency
condition and we don’t require quasiuniformity condition on the finite element mesh.
Compared to [60], our results retain the same order of convergence but with lesser

regularity assumption on the initial data py.

2.3 Error Estimates for Two Dimensional Parabolic

Problems

In this section, we extend the analysis presented in the previous section to two space
variable parabolic problems. Analogous results are shown to hold for both the solution

and its flux. We recall the following parabolic problem:

pe—V-(aVp) = 0, (x,t) €QxJ, (2.3.1)

p(x,t) = 0, (x,t) € 00 x J, (2.3.2)

p(x,0) = po(x), x €, (2.3.3)

where Q is an open bounded domain in R? with smooth boundary 992, J = (0, 7] with
T < oo and py = %. The coefficient matrix a = a(x) is assumed to be smooth,

symmetric and uniformly positive definite in €.
With the flux variable u = aVp, where a = 1/a, (2.3.1) reduces to the following
system:
p—V-u = 0, (x,t) €QxJ (2.3.4)
0, (x,t) € Q x J. (2.3.5)

For the error analysis, we shall need the spaces V = H(div,Q) and H}(Q2). The H'-
Galerkin mixed formulation is stated as: Find {u,p}: [0,7] — V x HJ() such that

ou—Vp =

(aus, O) + A(w,¥) = Au,¥), VT eV, (2.3.6)
(Vp, Vo) = (au,Ve), Vo€ HLHQ) (2.3.7)
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with ug = u(x,0) = aVpy. For the first term in (2.3.6), we have used integration by
parts and the Dirichlet boundary condition p;(x,t) = 0 on 02. The bilinear form A(-,-)
is given by

Aw, V)= (V-u,V-¥)+ A(u, V).

Note that A is chosen appropriately so that A(:,-) is V-coercive, i.e.,
A(v,v) Zallvly, vev,

for some ¢; > 0. Moreover, A(-,-) is bounded. That is, there is a positive constant C'
such that |A(u, v)| < Cllullv|v|v.

Let V;, and W}, be finite dimensional subspaces of V and Hj (), respectively,
satisfying the following approximation properties [60]:

inf {||v — vp| + k|lv = villi} < CR?||v]2, ¥V v € (H*(Q))>.

vLEV

and
inf {||w — wy|| + Allw — w1} < C’h2||w||2, Ywe H2(Q) N H&(Q).

wp €W
Standard examples of approximating spaces can be found in [70]. The semidiscrete H'-
Galerkin mixed finite element approximation is to determine a pair {up,ps} : [0,7] —

V,, x W), satisfying

(Oéuh,t, \Ilh) = A(uh, \I/h> = /\(llh, \Ifh), v \Ifh < Vh, (238)
(Vph, V¢h) =, (auh, V¢h), A (bh € Wh (239)

with uy,(0) = Lyug, where L, : L*(Q) — Vj, is the standard L? projection.

2.3.1 A Priori Estimates

In this subsection, we shall state some a priori estimates for the solution u satisfying
(2.3.4)-(2.3.5). In addition, some stability estimates for its semidiscrete solution uy, satis-
fying (2.3.8) and (2.3.9) are also presented. Following the lines of arguments of Lemmas
2.2.1-2.2.5 in Subsection 2.2.1, it is easy to derive the following a prior: estimates. The

proof is, therefore, omitted.

Lemma 2.3.1 Assumeug € L*(Q2). Let u be the solution of (2.5.4)-(2.5.5). Then there

s a positive generic constant C' such that

t
/ silu(s)lByds < Cllwll?, i = {0,1,2}.
0
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Lemma 2.3.2 Let u be the solution of (2.8.4)-(2.3.5). Then the following estimates
hold true: .

(a) Ifuo €V, then / lus(s)[1*ds + [lu(®)[y, < Clluoly-

If ug etLQ(Q), then

[ slu)Pds + ) < ol
t

© [ Shus)lPds <
0

Lemma 2.3.3 Let u be the solution of (2.3.4)-(2.3.5). Then the following estimates
hold true: ,
(@ uoe V. then [ shu(s)ds < Clhul

0

t
(b) Ifug € L*(Q), then /0 s%||us(s)[3ds < Clluol?,

t
(©) Ifup €V, then / 52, (s)|[2ds < Cl[us|2.
0

Lemma 2.3.4 Let u be the solution of (2.3.4)-(2.3.5). Then, for ug € V, the following
estimates hold true:
(a) tlltu(t)llg < Clluol¥,

w>Ammmwsmmm,
t

© [ Slus)lBds < Cluaff

0
Further, if ug € L*(Q), then

t
u>/§ww@@SWWMwﬂ&
0

Lemma 2.3.5 Assume that ug € V withu,(0) = Lyug. Then there is a positive generic

constantt C such that

M)AHMA%%HWMWWSCWN%
t

@)/swm@ww+mmm&smmw,
0

t
(©) Aﬂ@@%%%SWm%,

and
t

M>A¥WW@stmmm
hold true.
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2.3.2 Error Estimates with Smooth Initial Data

This subsection is devoted to the L?-error estimates for the solution p and the flux u
when py € H?(Q) N H}(Q). Using the equations (2.3.6)-(2.3.9), we obtain the following

error equations:

(a(u — uh)t, \I/h) + A(u — Uy, \I/h) = )\(ll — Uy, \Ifh), YU, € Vh, (2310)
(V(p—pn),Vén) = (a(u—nuy), V), Vo, € Wy, (2.3.11)

We now define the elliptic projections uy, : [0,7] — Vj, and py, : [0,T] — W}, by
Alu—uy,¥;,) =0, V¥, € Vy, (2.3.12)
and
(V(p —pn), Von) =0, V ¢, € Wy, (2.3.13)

respectively. We split the errors u — u, and p — pj, as follows:

u—u, = (u—ﬁh)—l—(ﬁh—uh)
= 7n + Hhv
and
p—pn = (p—Dn)+ (Pn—pn)
= Pt Ph

It is well-known [55, 56, 57] that 1 and p satisfy the following estimates:

Inll < Ch*|lull> and ]| < CR*u]., (2.3.14)

and

ol < CR?|plla and  |pil| < CB?(|ps[o- (2.3.15)

Using (2.3.6)-(2.3.9) and auxiliary projections (2.3.12)-(2.3.13), we obtain the following

error equations in @, and p;, as follows:
(a9h7t, \Ifh) + A(Oh, \I’h) = )\(?7, \I’h) + )\(gh, \I/h) — (Oé’l’]t, \Ifh), \Ifh - Vh, (2316)

and
(Vor, Vor) = (a(n +61),Vor), ¢n € Wi (2.3.17)
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We shall also use the following nonstandard energy formulation. Define 6(t) as

Note that 5’\(0) =0 and é\t(t) = 0(t). Integrating (2.3.17) from 0 to ¢, we have
(V5. Von) = (an, Vn) + (a8, V). (2.3.18)

Further, integrating (2.3.6) and (2.3.8) from 0 to ¢ and using u,(0) = Ljug, where

Ly, : L*(Q) — V}, be the standard L? projection, we arrive at
(@B, Tp) + A0, Uy) = A(B, Ty) + MO, U1) — (am, Ty,). (2.3.19)

The main result concerning smooth data error estimates are given in the following the-

oremn.

Theorem 2.3.1 Let {u,p} and {up,pn} be the solutions of (2.53.6)-(2.3.7) and (2.3.8)-
(2.3.9), respectively. Further, let po € H*(Q2) N HY(Q). Then there is a positive constant
C independent of h such that

Ju(t) — up(t)|| < CR2 Y2 |uglly < CR*tY2||polla, t >0 (2.3.20)
and
Ip(t) — pu(t)|| < CR*t3||polla, t > 0. (2.3.21)

The proof of Theorem 2.3.1 requires some preparations. Below, we shall prove a sequence

of auxiliary results which altogether will lead to the desired estimate.

Lemma 2.3.6 Let py, satisfies (2.3.17). Then there exists a positive constant C' inde-
pendent of h such that

lonll < C(lnll + 164]])-

Proof. Taking ¢, = pp in (2.3.17) and using Cauchy-Schwarz inequality, we obtain

IVoull> = (Vpu, Vo) = (am, Vpn) + (aB), Vpn)
1
< C(||77||2+||9h||2)+§||vph||2
< C(InlP* + (1841

As pn, € H}(2), an application of Poincaré’s inequality completes the proof. W
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Lemma 2.3.7 Let 0, satisfy (2.3.16). Then there ezists a positive constant C' such that

t t t t
tenl + [ slenlids < [ mds+C [ slnlPds+c [ jnfPas
0 0 0 0

Proof. Set W), = 10}, in (2.3.16). Then, using coercivity of A(-,-) and Cauchy-Schwarz

inequality, we obtain
1d

5 7 {120 ]*} + cxt|04 ][ < Il + t10n]1* + £2[lmel|* + [104]1%)-

Integration from 0 to ¢ leads to

t

t t t
164 + / s||eh||2vdssc[ / (llm 12 + slnl2)ds + / ||0h||2ds] e / 51047ds.

An application of Gronwall’s lemma completes the proof. N

Lemma 2.3.8 Let 0, satisfy (2.3.19). Then there ezists a positive constant C' such that

t t
/O 164]1%ds + 18,12 < C / (lmll2 + 17IP) ds.

Proof. Choose ¥, = 6}, in (2.3.19). Then, using coercivity of A(-,-) and Cauchy-Schwarz

inequality, we obtain

ad

1/2g, ||2
o 26n] + 22

18413 < € (I1all16all + 18al16x] + Imlli6nl))

Integrating from 0 to ¢ and using Cauchy-Schwarz inequality and Young’s inequality, we

have

t t t
[ 1oulas+ 18 < c@ [ (1R + InlP +180lR) ds +<C [ fos)Fas.

Choose € appropriately such that (1 — eC') > 0. Thus, we obtain

t t t
/0 16425 + 1843 < © / (IR + Inl) ds + C / 16,13 ds.

Finally, an application of Gronwall’s lemma completes the rest of the proof. M

Proof of Theorem 2.3.1. By triangle inequality, we have

[u(®) —un(®)] < [0 + 041 (2.3.22)

Using Lemma 2.3.8 in Lemma 2.3.7, we get

t t t t
o < | [ Slmlias+ [ stalPas+ [ aias+ [k
0 0 0 0
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Since

t t
/ 1#lds < C / ImlPds,
0 0

and using approximation property (2.3.14), we obtain

t t t
ol < cnt | [ huoitgas+ [l + [ uels] . @a)
0 0 0
Using a priori estimates of Lemma 2.3.4, we obtain
165 < CR2Y2||ug||v, (2.3.24)

and
Il < Ch2lfulls < Ch2E2ugllv. (2.3.25)

Combine (2.3.22), (2.3.24) and (2.3.25) to prove the first inequality (2.3.20). To estimate

(2.3.21), we again use triangle inequality and Lemma 2.3.6 to obtain

lp(&) =pa@®Il <) + llea (@)l
< le@I + Cn@ll + 16x)]))- (2.3.26)

From the approximation property (2.3.15), we have
Il < Ch|Ip]l-. (2.3.27)
Arguing as in (2.2.39), it is easy to obtain
Ipll2 < Clullv. (2.3.28)
Use (2.3.28) in (2.3.27) and then apply Lemma 2.3.2 to obtain
ol < Ch?|lug]lv. (2.3.29)
Combing (2.3.24), (2.3.25), (2.3.26) and (2.3.29), we conclude

lp(t) = pa(®) < Ch?*tV2|luo|lv
< RV Ipoll2,

and this completes the proof of Theorem 2.3.1. [
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2.3.3 Error Estimates with Nonsmooth Initial Data

This subsection is concerned about pointwise-in-time error estimates of u—uy, and p—py,

when initial data py € Hj (). Let V* be the dual space of V equipped with the norm

vl v, 7)
V|lv+s = sup +——=.
VT ey 19

The main tool used in our error analysis is the following parabolic duality argument:
For fixed ¢t > 0 and g € V, let {v(s),q(s)} : [0,t) — V x H}(Q) be the solution of the

following mixed problem

(avs, W) — A(v,¥) = —=A\v,¥), VW eV, s<t (2.3.30)
(Vq, Vo) = (av,Ve), Yo € Hy(Q) (2.3.31)

with v(t) = g and v(s) = aVq(s). The corresponding semidiscrete H'-Galerkin mixed
finite element approximation is defined as: Find {v,(s), qn(s)} : [0,t) — V}, x W}, such
that

(OéVh757 \I/h) — A(Vh, \I/h) = —)\(Vh, \I/h), V\I/h - Vh, s <t (2332)
(th, V¢h) = (OéVh, V¢h)7 V¢h e Wy, <2333)

with v,,(t) = Lpg. Using (2.3.30)-(2.3.33) and (2.3.6)-(2.3.9), we observe that

% (oau,v) — (auy, vp)} = 0. (2.3.34)

Now integrating (2.3.34) from 0 to ¢, we obtain
(au(t), v(£)) — (aun(t), va(t)) = (0 (0),v(0)) — (a1 (0), v1(0)). (2.3.35)
With u,(0) = Lyuo and vi(t) = Ly v(t) = Lyg, we obtain
(aey(t), g) = (auo, €(0)), (2.3.36)

where €;(s) = v(s) — vi(s) denotes the error associated with the backward problem
(2.3.30)-(2.3.33) for s < t and es(t) = u(t) — up(t). To obtain (2.3.36), we have used
the fact

(aLpug, v (0)) = (Lpug, avy(0)) = (ug, av,y(0)) = (aug, vi(0)).
The following lemma proves to be convenient for our future use.
Lemma 2.3.9 Assume that py € H} (). Then
lea(t) v+ < CR*t Y2 |[ug| < Ch*t2 o 1. (2.3.37)
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Proof. We have from Theorem 2.3.1

lea(t)]| < CR*Y2|uo|lv- (2.3.38)
From (2.3.36), we note that
|(aes(t),g)] = |(au, &(0))]
< Clluolf [[ex(0)] (2.3.39)

Apply (2.3.38) to the backward problem (2.3.30)-(2.3.33) to obtain
182(s)]| < Ch*(t — 5) ' igllv, s <t.
As a consequence, we have
[62(0)]] < Ch*t?| g]lv. (2.3.40)

Now (2.3.39) and (2.3.40) yields

IN

Cr*t 2 |lgllv [l
Ch*t 2|l ag]lv ||uoll,

|(e2(t), ag)]

IA

and this completes the proof of Lemma 2.3.9. W

The main result on nonsmooth data error estimate is given in the following theorem.

Theorem 2.3.2 Let {u,p} and {up,pn} be the solutions of (2.3.6)-(2.3.7) and (2.3.8)-
(2.3.9), respectively. Let py € HE(Q) with uy(0) = Lyug. Then there is a positive
constant C' independent of h such that

lu — || < Ch*t|polls, t >0, (2.3.41)
and
Ip = paull < CR*tH|polly, ¢ > 0. (2.3.42)

Proof. Integrating (2.3.34) from t/2 to t, we have

(au(t),v(t)) = (aun(t), vi(t)) = (au(t/2),v(t/2)) — (aun(t/2), vi(t/2))
= (ceq(t/2),v(t/2)) + (up(t/2),ex(t/2)).

With v(t) = g and v,(t) = L,g, we obtain

(aes(t), g)] = [(a(u(t) —un(t)), 8)|
< Clles(t/2)[lv-[Iv(t/2)llv + Cllea(t/2)]

v vel[un(t/2)[|v.(2.3.43)
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The estimate (2.3.37) applied to es(t/2) and €(t/2) yield,

lea(t/2)]

ve < O g,

and
v < Ch2t*1/2||g|].

le2(2/2)]

Now, applying a priori estimate (b) of Lemma 2.3.2 to v, we obtain

Iv(t/2)llv < Ct™12|g].
Further, the estimate (b) of Lemma 2.3.5 gives
lun(t/2)]lv < Ct™2 g
Using the above estimates in (2.3.43), we obtain

[(ex(t), ag)l < Ch*tuo| |g]
< COR*t Y|l [lagll

With ¥ = ag,

(e2(t), V)

< Ch*t M |uo|| < Ch2t7YIpolls,
VelL?(Q) H\D”

lex(t)]| =
which yields (2.3.41). Next, to prove (2.3.42), we have from (2.3.11)

(Ve1,Vor) = (aey, Voy)
< Cllexf| [[Vnl,

where e;(t) = p(t) — pp(t). Thus,
IVer) < Cllex(1)]-

As e; € HY(Q), an application of Poincaré’s inequality and (2.3.41) complete the rest of
the proof. ]

Remark. We have extended the semidiscrete error analysis of one dimensional
parabolic problem to two space dimensions for the proposed H!-Galerkin mixed finite
element method with both smooth and nonsmooth initial data. Analogous convergence
results for the solution p and the flux u are derived. Compared to [60], we require
lesser regularity assumption on the initial data py. The method is not subject to LBB-
consistency condition and we do not require quasiuniformity condition on the finite

element mesh.
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Chapter 3

Fully Discrete H!'-Galerkin MFEM

for Parabolic Problems

In this chapter, the discrete-in-time backward Euler scheme is analyzed for one-dimensional
homogeneous parabolic problems. Almost optimal order error estimates in the L?-norm
for the solution and the flux are derived when the initial function py € H?(2) N Hi(Q)
and py € Hy(Q). We use simple energy technique and duality argument.

3.1 Introduction

Considering the following one-dimensional homogeneous parabolic problem:

pe— (ape)e = 0, (z,t) € QA x J, (3.1.1)
p(0,6) =p(1,t) = 0, teJ, (3.1.2)
p(z,0) = po(z), z€Q, (3.1.3)

where p;, = %Z, 2 = (0,1) and J denotes the time interval (0,7 with 7" < oo. The
coefficient a = a(z) is assumed to be smooth. Further, a is bounded above and below

by positive constants by and by, i.e.,
bo < a(z) < by, x € (3.1.4)
Introducing u = ap,, we split the problem (3.1.1) into a first order system as follows:
pr—ug =0, py = ou, (3.1.5)

where o = 1/a. For the error analysis, we need the following spaces: H}(Q2) = {w €
HY(Q) :w(0) =w(l) =0} and V = H'(Q).
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Let V3, and W), be the finite dimensional subspaces of V' and Hg (), respectively.
Further, let 0 = tg < t; < ... < tpy = T be a partition of the time interval [0, T] with
step length At = T'/M, for some positive integer M. For a smooth function ¢ on [0, T,
define ¢™ = ¢(t,) and 9;¢" = (¢" — ¢"~')/At. Let U™ and P™ be the approximations
of u and p at t = t,,, respectively. Then, the discrete problem based on the backward
Euler method is stated as follows: For n > 1, find {U™, P"} € V}, x W), satisfying

(@O U™, ) + AU ) = XNU™, ), Yo € Vi, (3.1.6)
(P}, dne) = (aU", ¢pe), Yo, € Wy, (3.1.7)
with given {U°, P°} € V}, x W,.
The layout of this chapter is as follows. Section 3.2 deals with error estimates
for H'-Galerkin MFEM with smooth initial data. The error estimates for nonsmooth
initial data are carried out in Section 3.3.

Throughout this chapter C' denotes a positive generic constant independent of h,

At and may not be same at each occurrence.

3.2 Error Estimates with Smooth Initial Data

The aim of this section is to derive L-error estimates for u(t,) — U™ and p(t,) — P"
when the initial function py € H%(Q) N H3 (). At t = ¢, the semidiscrete H'-Galerkin

mixed finite element approximation (2.2.8)-(2.2.9) read as:

(un(tn), ¥n) + A(un(tn), ¥n) = Mun(tn),¥n), ¥ ¥n € Vi, (3.2.1)
(pha:(tn)u(bhw) — (auh(tn>,¢hz), W ¢h S Wh. (322)

Now adding the term adyup(t,) to both sides of (3.2.1), we obtain

(aByun(tn), ¥n) + Alun(tn), ¥n) = Mun(tn), ¥n) + (@Opun(tn) — auns(tn), ¥n). (3.2.3)

Using (3.1.6)-(3.1.7) and (3.2.2)-(3.2.3), we obtain the following error equations:

(@0 (un(tn) — U™),¢bn) + Alun(tn) — U bn) = Mun(tn) — U™, ¢n)
+(o(tn), ¥n), (3.2.4)
and
(Pha(tn) = Py one) = (aup(tn) —U"), dna), (3.2.5)

for all ¢, € Vj, and ¢y, € Wy, Here o(t,,) = a(Opun(t,) —uns(ty)). Setting uy(t,) —U™ =
¢" and py(t,) — P™ = £, the error equations (3.2.4)-(3.2.5) reduce to

(0 (", bn) + A(C" 0n) = A", ¥n) + (0", ), (3.2.6)
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and

(ggv(bhw) - (acn7¢hx)- (327)

Along with the standard energy formulation, we also use nonstandard energy formula-

tion which is described as follows:

Nonstandard Formulation: Multiplying (3.1.6) by At and taking summation over n from

n=1ton=m with 1 <n <m < N, we obtain
ALY (@B U ) + ALY AU ) = AALY (U™, 4),
n=1 n=1 n=1
and hence

(U™ ) + ALY~ AU ) = (aU° 4by) + AAL Y (U™, 4,). (3.2.8)

n=1 n=1
Integrating (2.2.8) from 0 to ¢, we have

t

(aup(t), vr) +/0 A(up(s),v¥p)ds = (aup(0), ) + )\/0 (un(s),vn)ds.
At t = t,,, we obtain
(n(tm), V) + /0 " A(un(s), ¥n)ds = (cun(0), dn) + A /O " (un(s), dn)ds.  (3.2.9)
Using (3.2.8) and (3.2.9) with U° = u;,(0), we obtain
(aC™ n) + ALY A" W) = AAEY (¢ n) + QT (un) ()
E QR () (), (3:2.10)

where

Q) = 6D At i) = [ Aw(s) vn)ds.

Q) (n) = / " Aun(s), ¥n)ds — AAES (un(t), ).

Define E” = At Z?:o ¢’. Clearly, atZ" = (" and EO = (® = 0. Now using the fact that
ALY A ) = A(Z‘m,wh), (3.2.10) reduces to

(@™, n) + A(C™, n) = A(C™, ) + QY (un) (1) + Q3 (un) (). (3.2.11)

The main result concerning smooth data error estimate is given in the following theorem.
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Theorem 3.2.1 Let {u,p} be the exact solution of (3.1.5) and {U™, P"} be the backward
Euler approzimation defined by (5.1.6)-(3.1.7). Then, for n > 1 and po € H?*() N
H}(Q), we have

1\ /2
|u(t,) —U"|| < C<h2+At <1+10gE) > 12 g

IN

1\ /2
C<h2+At <1+10gKt) > tY2)poll2s tn >0 (3.2.12)

and
1\ /2
Ilp(t,) — P"|| < C <h2 + At (1 + log E) ) 1/2Hp0H2, t, > 0. (3.2.13)

The proof of the above theorem requires some preparatory results which are proved

below in a sequence of lemmas.

Lemma 3.2.1 Let (" satisfies (3.2.6). Then there exists a positive constant C' such that

I + A0St < C (Atitiuonw s ucnxﬁ) .
n=1 n=1 n—1
Proof. Taking ¢, = t,¢™ in (3.2.6) and using the identity
(@0, ¢", ") = —3t{t lar/2¢™)1%} + 2 t la28,¢"|1* — HOéI/QC"*lHQ,
we obtain

1 At 1 B
5@{th@1/2€"||2} + A (") + 77fn||041/2@t<’”||2 = §||041/2<” ik
+(0", tn") + AL, nC").

Using coercivity of A(-,-) and applying Cauchy-Schwarz inequality to the right hand

side of the above equation, we obtain

1 " At " "
SOdtalla2 ¢} + B 20| + et
< I 2P 4 ORI + C I + CrlicT

Multiplying by 2At and taking summation n = 1,...,m, we obtain

CthCm”z + CoAtZthCTLH% + (At)QZthOél/QatCnHQ < Atz Hoél/2Cn—1H2
n=1 n=1 —1

e (mthuanuuAtZ HC”H2+AtZth<”H2> ,
n=1 n=1 n=1
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which may be rewritten as

(C = CAE[IC P + (A1) Y~ talla 20T + cort Y tallC"1
n=1 n=1

m m m—1
<c (Atztiuanw FALY ||<”H2> £ OAEY ¢
n=1 n=1 n=1

Choose At sufficiently small so that (C'— C'At) > 0. Then, apply discrete Gronwall’s

lemma to complete the rest of the proof. W

Lemma 3.2.2 Let ("™ satisfies (3.2.11). Then there exists a positive constant C' such
that

l l l
ALY I P+ NICTE < 1AL Q5 (un) (C™)] + ALY Q5 (un)(C™)]-
m=1 m=1 m=1

Proof. Taking ¢, = (" in (3.2.11) and using the identity

A, 08" = LA T} + 5L a@dm 08,

we obtain

fa/2C [+ SALA@" T} + SLAGDET, AT = Q7 (un)(C™)
Q5 (up) (™) + A(C™,¢™),

where we have used 8@" = (". Multiplying by At and summing over m = 1 to m = [,

we obtain

AtZ 1¢™ )12 + A(d ¢!

M) =AY QP (un)(C™)
iy Z Q5 (un) (C™) + At Y AC™, ™)

where we have used ZO = 0. Now, using coercivity of A(-,-) and applying Cauchy-
Schwarz inequality and Young’s inequality to the right hand side of the above equation,

we obtain

l l l
(1—eC)ALD T [IC™* + %HCIII? < ALY QT (un) (¢ 4 1AL Q5 (un)(C™)]
m=1 m=1 m=1
l
Cle)aty lIc™3.
m=1
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Choose € appropriately so that (1 — eC') > 0 and hence, we obtain

l l l
At2||§m||2+(%0—OAt)||?||§ < [AEY QT (un) (M) + A Y Q5 (un)(C™)]
m=1 m=1 m=1

-1

Loary |8
m=1

For sufficiently small At, (% — C'At) > 0. An application of discrete Gronwall’s lemma
completes the rest of the proof. W

Lemma 3.2.3 There is a positive generic constant C' such that
: 1 1~
180 @ (un)(e™)] < O (1+1og ) ual + SITIE
m=1
Proof. Since ZO = 0, we first note that

I !
ALY QP )M = ALY QT (un)(@™)]

l
= At 2@ (un)(€™)} = 1Q4 (un)(C)I-

m=1

An application of the rectangular rule yields

@)@ = |Z [ =) A, )

< Z/ (5~ ty-)llune(s) 1 |
tj—1
t1
= T slnal ds+|\<||12/ (5= ty-1)una(5)nds
ti—1
r t1 1/2 1/2
< 180 ([ sas) ([ slntias) +Atu<u12 [
0 tj—1
- t1 1/2
< catd ([ sl tias)
0

Lot VR 2
@ (3 [ dae) (S o)
j=27ti-1 § j=27ti-1

N N 1\ 12
< Cattul + Cadl (log ;) Tl

1 1~
< CCatPul? + 07 (1og 5 )l + 51T

where in the sixth step we have used Lemma 2.2.5 and this completes the proof. [ |
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Lemma 3.2.4 There is a positive generic constant C' such that

l l
A6 DT QP (C™)] < CAHuol + 5 3 I
m=1 m=1
Proof. An application of the rectangular rule leads to

QI (un) (€ IAZ / j1 — $)0/Ds(un(s), C)ds|
<>\Z/ 1) () 1€ s
<oatle Y [ ol

m " 1/2
< CALC™ Y (A2 </ ||uh,s||2d3>
j=1 tj—1

J

tm
< ontn ([ funtas)
0

< CAHC™ | uoll:
1
< CanPuollt + 31" (32.14)

1/2

where in the sixth step we have used Lemma 2.2.5. Now, multiplying by At and taking

sum m = 1,...,[ yields the desired estimate. W

Lemma 3.2.5 Let ("™ satisfies (3.2.11). Then there exists a positive generic constant
C such that

l
i ~ 1
AFY ICPE+ 1T < Can? (14108 5 ) ol
m=1

Proof. The desired result follows from Lemma 3.2.2, Lemma 3.2.3 and Lemma 3.2.4,
and this completes the proof. [ ]

Lemma 3.2.6 Let ug € V. Then there exists a positive generic constant C such that
m
> tallo™? < CAtuoll7.
=1
Proof. We write ¢" as

tn
o = At /tn_l(s — tn-1)Un,ss(5)ds.
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Note that

c [
ol < 5 [t (o) s
At J, |
C tn ) ) 1/2
< - tnf ss d .
= (A (/tnl(s 1) [[enss (8l S)
Hence,
Cr 45
o™ < 57 [ (5 = b Plna(s) P
At trn_1
Multiplying by #? and summing n = 1,...,m, we have

m m m
>80 < D [ 86—t Plunats) s

n=1"tn-1

< CAtZ/ ?Nlun,ss(s)||ds
< cm/ s |Pds < CALJuol?,

where in the second step we have used t2(s — t,_1)? < s*(At)? and in the third step
Lemma 2.2.5. This completes the proof. N

Lemma 3.2.7 Let (™ satisfies (3.2.6). Then there exists a positive generic constant C
such that

1\ 12
el < oat (14108 )t 2l 1> 0,

Proof. Combining Lemma 3.2.1 with Lemma 3.2.5 and Lemma 3.2.6, we arrive at the

desired estimate. [ |

Proof of Theorem 3.2.1. We rewrite u(t,) — U™ as
u(tn) = U™ = (u(tn) = un(tn)) + ",
By triangle inequality, we have
[ultn) = U™ < flultn) — un(ta)] +[1C"]] (3.2.15)

Using the estimate (2.2.31) at ¢ = ¢,, and Lemma 3.2.7 in (3.2.15) leads to (3.2.12). To

estimate (3.2.13), we can rewrite p(t,) — P™ as

p(tn) — Pt = (p<tn) - ph<tn)) + &
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Again, using triangle inequality, we have
[p(tn) = P"|| < llp(tn) — o)l + 1€71]- (3.2.16)
From (3.2.7), we have

(;L’¢hx) = (Oégn,Qth)
< Ol I nall,

and hence,

1621 < Cli¢ |-
An application of Lemma 3.2.7 now leads to
1 -
1621 < ClI¢"[| < CAL(1 + log Kt)mtnml\pollz-
As &" € Hj(Q), use Poincaré’s inequality to have
1 _
€™ < Cli™ |l < CAH1 +log 52)" 24, *[Ipoll2- (3.2.17)

Now, using the estimate (2.2.32) at t = ¢, and (3.2.17) in (3.2.16) proves (3.2.13). This
completes the proof of Theorem 3.2.1. N

3.3 Error Estimates with Nonsmooth Initial Data

This section is devoted to the L?-error estimates of u(t,) — U™ and p(t,) — P" when the
initial function py € H{(2). The main tool used in our error analysis is the following
discrete parabolic duality argument: For any fixed time ¢,, > 0 and any function G € V},
define {vy,(s), qn(s)} € Vi x Wy, and {(V™)7, o, (Q™)7_o} € Vi x W), to be the continuous
and discrete solutions to the following mixed problems:

Continuous case: Find {vp, qn} : [0,T] — Vj, x W)}, such that

(avns, ¥n) = Alvn, ¥n) = —Aon, ), Vo € Vi, s <t (3.3.1)
(Ghar Ora) = (U, Opa), Yo, € W, (3.3.2)

with Uh(tn) =(G.
Discrete case: Find {V™,Q™} € V;, x W), such that

(@O, V™ ) — AV™ L ahy) = =AV™ ), Yoo, € Vi, m=mn,...,1 (3.3.3)
Q7 One) = (V™ pa), Voou € W, (3.3.4)

with V" = (G.

The main result for nonsmooth data error estimate is given in the following theorem.
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Theorem 3.3.1 Let {u,p} be the exact solution of (3.1.5) and {U™, P"} be the backward
Euler approzimation defined by (3.1.6)-(3.1.7). Then, for n > 1 and py € Hg (), with

up(0) = Lpug, we have
1\ /2
Ju(t,) —U"| <C (h2 + At (1 + log Kt) ) t  pollr, tn >0, (3.3.5)
and
1\ 12
lp(t,) — P"|| < C <h2 + At (1 + log E) > tpolli, tn > 0. (3.3.6)

The proof of the theorem requires some preparations. Using (2.2.8) and (3.3.1), we note
that

d
E{auh, vp} = (Qups, vp) + (Qup, vy s) = 0. (3.3.7)

Further, using (3.1.6) and (3.3.3), we have
(OZU, V>m — (OZU, V)mil

3t(aU, V) = At
B (OéUm, Vm) _ (aUm—l’ Vm—l)
B At
_ (aU™, V™) = (@U™ V™) 4 (U™, V™) — (@U™ V™)
4 At
= (U™, adV™) + (adU™, V™)
= (VLU - (O =0. (3.3.8)
The discrete analogue of (2.2.47) reads:
O { (aup,v) — (U, V)™ = 0. (3.3.9)

Summing over m = 1,...,n, (3.3.9) leads to

{(aup,vy) — (U, V)}" — {(qup, v,) — (aU,V)}* =0,
With vy, (t,) = L,V (t,) = LpG and u,(0) = Lyug, we obtain

(qu}l, LV (t,)) — (U™, V™) = (auy(0), v,(0)) — (aU°, V),

and hence,
(a(uff —U™),G) = (auy(0),v,(0) — V). (3.3.10)

With " = vy,(t,) — V", n < m, and the error associated with discrete backward problem

we have
(¢, G)| < cllun(0)]| 1] (3.3.11)
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where (° = v;,(0) — V. Now, apply Lemma 3.2.7 to (" = vy, (t,) — V" with time reversed

to obtain

_ 1 1/2 B
21 < car Lty ) () Pl b <
1\ 12
< CAt (1+logE) (tn —t,) 2G|

At t, = ty, we have

- 1\ /2
IC°ll < CAt (1 + log Kt) t 121G (3.3.12)
The following lemmas prove to be convenient for nonsmooth data error estimate.

Lemma 3.3.1 With (" = uy(t,) — U™, we have

16"

1\ 12

v < CAt (1 + log —) t.'lpoll, n > 1.

At
Proof. From (3.3.11) and (3.3.12), it follows that

(¢",a@)] < Cllua(0)]] [I°)]

1\ 12
< oL+l ) &G o)

1\ 1/2
< CAt (1+10gE> t 2l aGl Juoll,

where we have used uj,(0) = Lpug and the fact ||us(0)]] < C|lug|| to obtain the desired
estimate. This completes the proof. W

Lemma 3.3.2 With (" = uy(t,) — U™, we have

1\ /2
el < Cat (1 log ;) 6l
Proof. By summing (3.3.9) for m = +1,...,n, where r = [}], we have
(aup,vp) — (U™, V") = (auy,v;,) — (U, V7).
With v = LG, it follows that
(™, G) = (al",v}) + (aU", (7). (3.3.13)
Thus,

[(a¢™, G)| < Ol lv= llvhll + CICT]

v ve [[U ] (3.3.14)
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Lemma 3.3.1 applied to the backward error (" to have

I¢7

1 1/2
ve < CAt (1 + log Kt) t12a|. (3.3.15)

Lemma 3.3.1 with ¢ = ¢, yields

1 1/2
||CT||V*§C’At(1~I—10gA—t) 12 uo|- (3.3.16)

Using a prior: estimates
107l < Ot 2ol

and
loplle < Ct V26,

with (3.3.15) and (3.3.16), we obtain
1\ 12
(0@ < Cat(1+log;) 6l 6]

1\ /2
gom@+mg)tﬂ%wmw.

Hence,
1\ M2
Il < cat(1tiog ) 6l

1\ 1/2
< CAt <1+10gA—t) tn 2 lpolls,

and this completes the proof of Lemma 3.3.2. W

Proof of Theorem 3.3.1. As before, rewriting u(t,) — U™ as
u(tn) — U™ = (uftn) — un(tn)) + ¢
By triangle inequality, we have
[u(tn) = U] < [lultn) — un(tn) | + [1€"]] (3.3.17)

Using the estimate (2.2.45) at ¢ = ¢, and Lemma 3.3.2 in (3.3.17) yields (3.3.5). To

estimate (3.3.6), we can rewrite p(t,) — P™ as
p(tn) — P = (p<tn) _ph(tn)) + gn
Again, using triangle inequality, we have

1p(tn) = P < llp(tn) — pa(ta) | + 11€"]]- (3.3.18)
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From (3.2.7), we have

(gga(bhw) = (QCnv(bhx)

and hence,
€211 < NS

An application of Lemma 3.3.2 leads to

1\
lezl < el < oae (1 1og 5 ) 6wl

As €™ € H} (), apply Poincaré’s inequality to have

1\Y2
Jerl < Gl < oae (1 10p 5 ) ol (33.19)

Combing (3.3.18), (3.3.19) and (2.2.46) we obtain (3.3.6). This completes the proof of
Theorem 3.3.1. W

Remark. In this chapter, we discuss a fully discrete scheme based on backward
Euler method for H'-Galerkin mixed finite element method for one-dimensional ho-
mogeneous parabolic problems with both smooth and nonsmooth initial data. More
precisely, almost optimal order error estimates of order O((h? 4+ At(1 +log 3;)/?)tn 12

in the L% norm are established for the solution p and the flux w with initial function

po € H*(Q) N H{ (). Further, error estimates of order O((h? + At(1 + log )"/2)t,;")
with positive time are derived in the L?-norm for both the solution p and its flux u with
initial data py € Ha(€2). The method is not subject to LBB-consistency condition and

we do not require quasiuniformity condition on the finite element mesh.
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Chapter 4

Superconvergence of H!-Galerkin
MFEM for Parabolic Problems

In this chapter, we study superconvergence phenomenon for the semidiscrete H!-Galerkin
MFEM for parabolic problems (1.1.1)-(1.1.3). The well-known optimal order error esti-
mate in the L?-norm for the flux is of order O(h**!), where k& > 1 is the order of the
approximating polynomials employed in the Raviart-Thomas element [60]. We derive
superconvergence estimate of order O(h*3) between the H'-Galerkin mixed finite ele-
ment approximation and an appropriately defined local projection of the flux variable
when £ > 1. A new approximate solution for the flux with superconvergence of order

O(h**+3) is realized via a postprocessing technique using local projection.

4.1 Introduction

Recalling the parabolic problem:

pe— V- (aVp) = f(x,t), (x,t) € QxJ, (4.1.1)
p(x,t) = 0, (x,t) € 90 x J, (4.1.2)
p(x,0) = po(x), x €, (4.1.3)

where 2 is a bounded domain in R? with smooth boundary 92, J = (0,T] with T' < oo
and p; = %. The coefficient matrix a = a(x) is assumed to be smooth, symmetric
and uniformly positive definite in €. The initial function py(x) and the source function
f(x,t) are assumed to be smooth for our purpose. Our main objective is to investigate
superconvergence phenomena for the H'-Galerkin mixed finite element method for the
problem (4.1.1)-(4.1.3).

Optimal order error estimate is the best that one can get between the exact
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solution and its numerical approximation when measured globally on the computational
domain. But, there are places (points or lines) where the approximate solution is more
closer to the exact solution than what is predicted by the global optimal order error
estimate [32, 36]. It would be advantageous to make use of those points or lines in the
modelling process. Superconvergence results are important from an application point of
view because they provide higher order accuracy under reasonable assumption on the
grid and with additional smoothness of the solution.

Our analysis for the superconvergence results is based on the treatment of the

linear functionals of the forms
F(v) = (u—mu,v), (4.1.4)

and
F(v) = ((u=mu),v), (4.1.5)

where m,u is an appropriately defined local projection of u [14, 24] and v be any finite
element function. These linear forms are estimated by expanding the interpolation errors
u — mpu and (u — mu), in Taylor series involving only finite number of terms. Each
of the terms in the Taylor expansion is a polynomial. The orthogonality property of
u — mpu and (u — mu), with certain class of polynomials play crucial role for deriving
superconvergence result.

This chapter is organized as follows. Section 4.2 deals with some introductory
material for the H!-Galerkin MFEM. In Section 4.3, we derive some auxiliary estimates
useful for analyzing the linear forms. Superconvergence results for the H!'-Galerkin
MFEM are obtained in Section 4.4.

Throughout this chapter, C' denotes a positive generic constant which is inde-

pendent of the mesh parameter A and may not be the same at each occurrence.

4.2 Mixed Finite Element Discretization

With the flux variable u = aVp, problem (4.1.1) can be rewritten in the form of a

first-order system as

pn—V-u = f (x,t) €QxJ (4.2.1)
au—Vp = 0, (x,t) € Qx J, (4.2.2)

where a = 1/a. Here, for our analysis we shall need the following spaces:
V ={ve(L*N)*:V -velL*)}
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equipped with the norm
IVilv = (V[P + 1V - v,

and H}(Q) = {¢p € H'(Q) : ¢ = 0 on 9Q} with usual Sobolev norm. The H!'-Galerkin
mixed formulation is stated as: Find {u,p} :[0,7] — V x H}(Q) such that

(au, U) + A, ¥) = —(f,V-¥)+Au, V), VUV, (4.2.3)
(Vp,V¢) = (au,Ve), Vo € Hy () (4.2.4)

with u(0) = aVpy. For the first term in (4.2.3), we have used integration by parts and
the Dirichlet boundary condition p;(x,t) = 0 on 992. The bilinear form A(-,-) is given
by

A, V)= (V-u,V-¥) + A(u, V).

Note that A is chosen appropriately so that A(:,-) is V-coercive, i.e.,
Av,v) Z alvlly, vev,

for some ¢; > 0. Moreover, A(-,-) is bounded. That is, there is a positive constant C'
such that |A(u,v)| < Cllullv||v]v.

In this work, we have considered a special case of the finite element partition
75, of Q consisting of rectangular elements only. This means that the domain ) have
to be made of rectangular subdomains with boundaries parallel to either the z-axis or
y-axis. Let Vj, and W}, respectively, be finite dimensional subspaces of V and H}(Q)
associated with a rectangular finite element partition 7,, for the domain €. The Raviart-

Thomas space V}, and the standard finite dimensional space W), are defined as follows

(cf. [14, 70]):
Vy = {veV : v|€Quiikr X Qrrt+1, €€ ﬁ},
Wy, = {wel) : wl € Qrk, €€ 75, w =0 on 61},

where ), s be the space of polynomials with degree no more than r in the = direction
and no more than s in the y direction and k& > 1. The semidiscrete H'-Galerkin mixed
finite element approximation is thus defined as follows: Find {u,pn} € V, x W), such
that

(auhﬂg, \I/h) + A(uh, \Ilh) = —(f, V . \I/h) + )\(uh, \Ifh), V\I/h S V07h, (425)
(Vph,quh) = (auh, quh), V(ﬁh e Wy (4.2.6)

with a suitable choice of u,(0) to be defined later. Here, the subspace V;, consists of

all finite element functions which have a varnishing component on the boundary 0f2 in
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the normal direction. For our analysis, we now define the following auxiliary projection

7 [0,T] — Vo, satisfying
A(V — MLV, \I/h) =0, VY, € VO,h' (427)

To construct such a projection operator my,, let e € ﬁ be any rectangular element.
For any sufficiently smooth vector-valued function v € V., define its local projection

TV € Qrt1.k X Qk k41 over each element by using the following system of linear equations
[14]:
/(v —7pv) -npds =0, ¢ € Pr(ly), 1 =1,2,3,4,
l;

/ (v = 75v) - dady = 0, U € Qp_14(€) X Qprs(e),

e

where {l;,1 = 1,2,3,4} stands for the edges of the element e. Using the local operator

75, we can define the global projection operator 7, : [0, 7] — Vg, by setting
(mpv)(x,8) = miv(x, t), Vx = (z,y) € e, e € Ty, (4.2.8)

which also satisfies the relation (4.2.7). The operator 7, can be split into two components
as follows:

TRV = (7101,7@1)2),

where m; and 7y are defined independently to each other.

In this chapter, we shall make use of the following notations. Denote by
‘ll|m,q,Q =5 Z ||Dau||Lq(Q)
|a|=m

the seminorm in the Sobolev space W"4(£2) with integer m > 0 and real number ¢ > 1.

In addition, we denote

1/q

(Blman = Y | D2 1D ll%aqe)

lal=m \ee7,
as discrete seminorm for any piecewise polynomials ¢ = ¢(x,y). For the purpose of our

error analysis, we define the dual norm by

_ (V7‘Ph)
vliv- = sup L),
YrEVo,n H hHV

where V* is the dual space of V4.
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4.3 A Framework for Superconvergence

In this section, we present a framework for superconvergence in H!-Galerkin MFEM.
There are two major steps involved in our analysis. In the first step, we compare the H*-
Galerkin mixed finite element approximation with an appropriately chosen interpolation
of the exact solution in the finite element space. This difference is often smaller than the
global optimal error estimate. In the second step, we investigate the relation between
the exact solution and its interpolation. The interpolant is usually locally defined so that
the second step is easily carried out. Using (4.2.3), (4.2.5) and the auxiliary projection

(4.2.7), we have the following error equation:

(Oé(ﬂ'hu i uh)t, ‘I/h) + A(ﬂ'hu — Up, \I/h) = —(a(u = Whu)t, ‘Ifh)
+)\(u — TTpUu, \Ifh) + )\(7Th11 — Up, \I/h) (431)

for all ¥;, € Vg3. Now, we shall prove the following lemma.

Lemma 4.3.1 Let {u,p} and {uy,pn} be the solutions of the mized problems (4.2.3)-
(4.2.4) and (4.2.5)-(4.2.6), respectively. Further, let u,(0) = mpug. Then there is a
positive constant C' independent of h such that

t
| — un) @ + / I — w3 ds
0

t
SC{/ |lu — 7l
0

Proof. Choose V), = mu — uy, in (4.3.1) and use the coercivity of A(-,-) to obtain

t
Yeds + / |(u — ﬂhu)tH%,*ds} (4.3.2)
0

1d
2dt {HO‘W(W“ x uh)”2} + allmu —wly < Cfl(u—mu)lve |mu — ully

+A|[u — mpu] TRl — Wy ||y + Al mhu — uy |2

V*

< C(e) (Jlu— myul

v 4 l(a = mu)[3.) + eCllmu — w3

Rewriting the above inequality as

1d

2dt {lle?(mu —up)|?} + (e1 — €C)|[mpu — w3, < C(e) (Jlu — mpu

2w = w3 -

Choose € appropriately so that (¢; — eC') > 0. Integrating from 0 to ¢ and using

u,(0) = mug, we obtain

v l(a= w3} ds.

t t
(v — ) ()] + / lmvu — w3 ds < C / {(u - mu)|
0 0

This completes the proof. M

TH-788_02612301 58



Next, our objective is to estimate the terms ||u—mpul|v+ and ||(u —7,u)||v+ separately.

For the vector valued function U, € Vy,, with ), = (¢15, 19;), we note that

‘7:<\11h) = (u — mTp, \Ilh)
= (ug — mur, Y1p) + (ug — moug, Yop)

= Z(Ul — Ty, Yin)e + Z(UQ — T, Yap)e

EG?h eG'ZA—h
= > (p(t), ) + Y (palt), dan)e (4.3.3)
eGTh eeTh

where p1(t) = (u1 — mu)(t) and po(t) = (ug — mous)(t).
Similarly,
F(U) = ((u—mpu), Un)
= ((w1 — mur)e, Yan) + ((ug — m2u2)r, Yon)

3 Z((Ul — MU )t Vin)e + Z((UQ — o), Von e

= e€Ty,
= Z(Plt ), Y1n)e + Z (p2,(t), Yan)e- (4.3.4)
eE'j\‘h 6€7—h

where p14(t) = (u1 — mun)e(t) and pay(t) = (uz — mouz)(?).

We now recall from [36] the following Lemmas. These lemmas will be useful to

estimate the terms appearing on the right hand side of (4.3.3) and (4.3.4).

Lemma 4.3.2 Let e € T;, be a rectangular element with e = [x;, 2;41] X [V, Yj+1]. Let

be a sufficiently smooth function defined on e and satisfy
/wdy =0,71=1,3, (4.3.5)
l;

/xj¢dxdy =0,0<j<k-—1. (4.3.6)

Then, for any integer m < k+ 1, we have

1ot

[ta = zmdsdy -

where Iy and l3 are two vertical edges of the element e, 2h, = x;11 — x; is the length of

la, (Te,ye) is the center of e, and E(z) = (z — z.)? — hZ.
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Lemma 4.3.3 Let e € 75, be a rectangular element with e = (i, Tiv1] X [Yy;, yj+1]. Let U

be a sufficiently smooth function defined on e and satisfy
/ Ydr =0, i = 2,4, (4.3.8)
l;

/y%dasdy =0,0<j<k—1 (4.3.9)

Then, for any integer m < k+ 1, we have

(—1)™ml

/e<y —Ye)"Pdrdy = m

/Em“(y)a;”“@wxdy, (4.3.10)

where ly and ly are two horizontal edges of the element e, 21. = y;11 — y; 15 the length

of l, (xe,ye) is the center of e, and E(y) = (y — y.)* — 72.

To estimate the linear forms (4.3.3) and (4.3.4), we borrow the proof technique
from [36]. An estimate for the first term on the right hand side of (4.3.3) is given in the

following lemma.

Lemma 4.3.4 Let k > 1 be an integer and u,(t) be a sufficiently smooth function. Let
U1y, be a polynomial of degree mo more than k+ 1 in x and k in y, respectively. Let 1q,

be any sufficiently smooth function on e with Wy, = (Y1p,an). Then

_1\k
ke =D+ ([ = [IE@0k et tmdn, (3.1)

(

where the term Jy. represents the area integrals over the element e with the following
estimate:

2k+2
he

| J1 el I [Ut|kr2,pe|V - Whlr—1,ge

£ O
= (2k+2

2k+2
he

ok 2)

|1 k48 pe | V2nlk-1,q. (4.3.12)

1 1
e e T

+( h3k+4|u1|k+3,p,e|¢1h|k+1,q,e,

where 2h, = x;.1 — x; is the width of the element and q is the conjugate of p > 1
satisfying 1/p+1/q = 1.

Proof. Expanding the polynomial ¢, in = as

k+1

1 .
¢1h($7 y) = Z ﬁ(-’ﬂ - xe)@;%h(ﬂfe, y),

1=0
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where each of 92115 (z.,y) is a polynomial of degree no more than k in y. The definition

of 7, implies that p;(¢) is orthogonal to the polynomial space Q1 (polynomials of

degree no more than &k — 1 in = and k in y). Thus,

1
(pl (t)J wlh)e - E (I' N JrG)kﬂl (t)azljwlh(xe? y)dacdy
1
+m /@lj — ) pu (O (e, y)dardy
- Il + IQ,

(4.3.13)

where I;,j = 1,2, are defined accordingly. Notice that Oy (z.,y) € Q1x. Setting
Y = p1(t)0%1(ze,y), we note that the conditions of Lemma 4.3.2 are satisfied with

k=k—1and m = k. Thus, from (4.3.7) it follows that

—1)*
I = ﬁ / E* ()05 20,051 (e, y)drdy.

Since 0%y, (z,y) is linear in z, we have
3§¢1h($e7 y) = a§¢1h(x7 y) + (ze — x)aﬁﬂ%h(f’ Y)-

Substituting the above identity into (4.3.14) gives

—1)*
I = (Z(k‘ _|_>2)|/Ek+1($)8£+2ula]gj@/}lh($,y)d:L‘dy
_<_1)k k+1 k+2,  qk+l
k1 2) / (& =) B (2)0; "m0 Yrn (2, y)dudy.

For the second term of (4.3.15), we use

1
_ k+1 _ k+2
(2 — 2] " (2) = 51— 0 B (2)

to obtain

/(:p — me)EkH(m)@f”uﬁ?l@blh(a@ y)dxdy

1
2%k +-4
!
2k +4

/ axEk+2 ($)a£+2ula];+lwlh(x7 y)dﬂ?dy

/EH?(I)a?gUl@fH%h(% y)dxdy.

Substituting the above estimate in (4.3.15) yields

—1)k
L = (Q(k——l—>2)'/Ekﬂ(x)afﬂulafwh(%y)dxdy

-1 k
MeT +(2)'()2k Y / EM2 ()0 Py 08 o (w, y) dedy

= ]11 + ]12.
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For any sufficiently smooth function o, (z,y), we rewrite the first term I;; of I; as
follows:

—_1)*
= (Q(k +)2)!/Ek+1(x)al;+2u18§_l<a$¢lh"’angh)dl‘dy
_1\k
_(Q(k: Jlr)Q)l /Ekﬂ(x)giwulaf_lay%hdxdy- (4.3.18)

The second term on the right of (4.3.18) can be further simplified by using the integration
by parts in y, yielding

—1)*
Iy = (2(k——|—)2)'/EkH<x>a§+2U13§1(V'\I’h)dxd3/

_ 1)k
ﬁ/EkH(@%aﬁHUlaﬁlwghdxdy

k+1 k+2 k—1
2k+ -~ /l / VB ()08 2, 0F A der. (4.3.19)

Now consider the term I5. Noting that 0¥, (z.,y) € Qoi. Let ¥ = py (£)05 by (ze, y)

Then the conditions of Lemma 4.3.2 are satisfied with k& = k and m = k + 1. Thus, it
follows from (4.3.7) that

_|_

—1)k+1
((21c14>r 4)! / EM2(@)05 P ua 0y (e, y)dady. (4.3.20)

Since 0¥ 1hyy(xe, y) € Qo is constant in z, we have

Iy =

Oy M hin(Te, y) = 0y (2, y).
Substituting the above identity in (4.3.20), we arrive at

_1)kt1
((zlclj)u 2] / BN (@) 05 w07 M pun (w, y)dedy. (4.3.21)

Combining (4.3.17), (4.3.19), (4.3.21) with (4.3.13), we obtain

2:

(p1(t),n)e = 11 + Lo = I1y + L1o + Lo,

where Iy is given in (4.3.19), I12 can be seen in (4.3.17) and I is the corresponding
integral in (4.3.21). Setting

1 k
Jie = lo+L+ % /Ekﬂ(x)@f“ulai_l(v U, )dxdy
(—1)F

+m/Ekﬂ(@ayagﬂulai_ll/)zhdxdy,

(4.3.22)
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we obtain
—1)*
(i) v = D+ ([ = [ @0k 0k
s Jly l2

Here, J; . represent the combined area integrals. Now we estimate the total area integrals
Jie. Since |E(z)] < h%, using Holder’s inequality, we obtain the desired estimate given
in (4.3.23). N

Below, we estimate the second term on the right hand side of (4.3.3).

Lemma 4.3.5 Let k > 1 be an integer and us(t) be a sufficiently smooth function on
the rectangle e. Let 1y, be a polynomial of degree no more than k in x and k + 1 in

y, respectively. Let 1y, be any sufficiently smooth function on e with Vj, = ({1, ap).

Then
(=D)* / k+1 k42, ak-1
t), e=Joe+ —2L—([ — | VE*T (2)0 T u0 dy, 4.3.23
(p2(t); thon) 2, (2k+2)!( g ll) ()0 u20, Yindy ( )
where the term J,. represent the area integral over the element e with the following
estimate:
7 2k+2
|J2,e| < m|u2|k+2,p,e|v'\Ijh|k—1,q,e
7 2k+2
+m|u2|k+3,p,e|¢1h|k—1,q,e (4324)

1 1 2k+4

where 27, = y;1—y; is the width of the element and q is the conjugate of p > 1 satisfying
1/p+1/q=1.

Proof. Expanding the polynomial 15, in y as,

k+1

¢2h(x7 y) - Z %(y - ye>jagzw2h(‘r7 ye)a

=0

where each of 8§¢2h(x, Ye) is a polynomial of degree no more than k in x. The definition
of my implies that po(t) is orthogonal to the polynomial space Q) —1 (polynomials of

degree no more than k in « and k£ — 1 in y). Thus,

1

(pQ(t)u w2h)e = E (y _ ye)kp2(t)a§w2h(x’ ye)dxdy
1
TS / (Y — ye)" " pa(£)0y " op (, ye ) dady,
= bk (4.3.25)
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where I}, j = 3,4, are defined accordingly. Notice that d5thsn(2,y.) € Qp1. Setting
Y = p2(t)OFan(x, ye), we note that the conditions of Lemma 4.3.3 are satisfied with

k=k—1and m = k. Thus, it follows from (4.3.10) that

(=D*

b= Gy | B 00 0 e v)drdy

Since 851/}2;1(% y) is linear in y, we have

Btbon(,ye) = Oftban (@, y) + (ye — y) 04 hon (2, y).
Substituting the above identity into (4.3.26) gives

_ 1 (P
2Dy (2k + 2)!
(—D)F

B (2k + 2)! /(y — go) EMH (y)a§+2u2a];+lw2h<x, y)dzdy.

/ Bt (y)8§+2u285w2h<$, y)dzdy

To deal with the second term of (4.3.27), we use

1

(y — ye) E*(y) = T 48yE’“+2(y)

to obtain

/ (9 — 4e) B () +2uadt oy (2, y) dadly

1

2k +4
-1
2k +4

/ 8, E*+2(y) 0k 0k s (2, ) ddy

/Ek+2(y)a§+3uza];+1¢2h(:c,y)d:z:dy.

Substituting (4.3.28) into (4.3.27) yields

—1)*
(2(]{—%_)2),/Ek+1(y)5§+2u2@§¢2h(%?J)dwdfy

(—1)F
(2k + 2)1(2k + 4)
= I3+ I3.

+

/ EM2(y)0f g0k oy, (2, y) daedy

(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)

For any given smooth function vy, we rewrite the first term I3, of I3 as follows:

—1)*k
Iy = ﬁ/Ek+1(y)a§+2u2a§_l(ay¢2h + Opth1p)dzdy

(=DF

7 k+1 k+2 k—1
_(2k+2)!/e E¥(y)0y " u20, utpunddy.
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The second term above can be further simplified by using the integration by parts in x,

yielding

—1)*
[31 = ﬁ/EkJrl(y)ajJrQUQa;l(V . \I]h>dl'dy

(—1)* k+1 k42, ak-1
Ty Yy
+(2k; n 2) /E ()00, “ug0r )y pdady

VEFT(y a’““‘ a’“ Lapind 4.3.31
2k:+2 /,3 ll Uy Prndy. ( )

Let us consider the term I,. Note that O 4o (2, ye) € Qpo. Set ) = P2 ()05 o (0, ye ).
We note that conditions of Lemma 4.3.3 are satisfied with k = k and m = k + 1. Thus,
it follows from (4.3.10) that

(_1>k+1
/ EM2 ()05 us 0 oo (w, ye ) dady. (4.3.32)

)7 JANIE i
YT 2k+4)

Since 85“@/1%(:5, Ye) € Qro 1s constant in y, we get

aglj—i_leh(xa ye) = ag’/CJrleh(x? y)

Use of the above identity in (4.3.32) gives

__1)k+1
((zkljr 2)! / B2 (y) 0y a0y oy (w, y)dady. (4.3.33)

Combining (4.3.29), (4.3.31), (4.3.33) with (4.3.25), we obtain

4 =

(p2(t), Van)e = I3+ Iy = I3y + I3y + Iy,
where I3y is given in (4.3.31), I3» can be seen in (4.3.29) and I is the corresponding
integral in (4.3.33). Setting

1 k
Joe = I+ 14+ ﬁ /Ekﬂ(y)af”uﬁg’j_l(v - Uy )dxdy

_1\k
+(2</€ Jlr)g)v / B (y)0:0y P us0, ™ ey, (4.3.34)

we arrive at
(=1)" k+1 k42, ak—1
(palt) e = o+ gy ([ = V000 ) vy

where J;, represent the combined area integrals. Now we will estimate the total area
integrals Jy.. Since |E(y)] < 72. Using Holder’s inequality, we obtain the desired
estimate. |

The following two lemmas are concerned with the terms on the right hand side of (4.3.4).
The proof techniques are similar as in Lemma 4.3.4 and Lemma 4.3.5, respectively.

However, for the sake of clarity, we present the proof.

TH-788_02612301 65



Lemma 4.3.6 Let k > 1 be an integer and uy4(t) be a sufficiently smooth function on
the rectangle e. Let 1y, be a polynomial of degree no more than k + 1 in x and k in
y, respectively. Let 1o, be any sufficiently smooth function on e with Vj, = (Y1, ap).
Then

K
(pra0m)e = oot P [ = DB @08, 0 e, (1339

where the term Js. represents the area integral over the element e with the following

estimate:
},2k+2
|J3e] < m|ul,t|k+2,p,e|v'\Ijhlkfl,q,e
J,2k+2
+m|u1,t|k+3,p,e|w2h|k71,q,e (4.3.36)

1 1

2k+4
+ ((2]{; T 2)'(2]{7 T 4) = (2]€ T 4)') he |u1,t|k+3,p,e|w1h|k+1,q,e>

where 2h, = x;01 — x; is the width of the element and q is the conjugate of p > 1
satisfying 1/p+1/q = 1.

Proof. Expanding the polynomial 1y, in x as

a2
77blh(x> y) i Z ;(.T 1 xe)@;@blh(xe, y)a
i=0
where each of @115 (., y) is a polynomial of degree no more than k in y. The definition
of m; implies that p;.(¢) is orthogonal to the polynomial space Qj_1 (polynomials of

degree no more than &k — 1 in z and k in y). Thus,

1
(p1,4(t), V1n)e = ] (z — xe)kpl,t(t) 3£¢1h($e,y)dxdy
1
4 (k+1)! /(3? — 2)¥ o1 () 5 Wy (20, y) ddy
- il (4.3.37)

where I;,j = 5,6, are defined accordingly. Notice that 0%1,(ze,y) € Qii. Let ¢ =
p14(t) Oy, (2o, y). We note that conditions of Lemma 4.3.2 are satisfied with k = k — 1
and m = k. Thus, it follows from (4.3.7) that

1\k
s [ B @0k 0k sy (13.38)

Ii—— 7
° T (2k+2)

Since 0%y, (z,y) is linear in z, we have

hin (e, y) = Oin(z, y) + (ze — )5 Yrp (2, y).
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Substituting the above identity into (4.3.38) gives

—_1)*
e (2(k +)2)! / BN (2)0E P uy , Oy (2, y) dady
_1\k
g |~ B @0 O (o )dady. (4359)

To deal with the second term of (4.3.39), we use

1
_ Fk+1 _ fk+2

to obtain

/ (2= ) B¥ (2)0 2y OF P (e, ) didy

= o /azEkH(x)@?zuLt P ebin(e, y)dody

1
= ohid / B2 ()05 P un s 95 bun(w, y ) dady. (4.3.40)

Substituting the above estimate in (4.3.39) yields

—1)k
Is = (Q(k—Jr)2)'/Ek+1(x)3§+2u1,t Optbwn(x, y)dedy

—_1)*
ok +<2)'()2k +4) / ES ()0, w1 05 i, y)ddy

= I51 = 152. (4341)

For any sufficiently smooth function w9, (x,y), we rewrite the first term I5; of I5 as

follows:

—1)*
I = ﬁ/ EM (2)05 P une 05 (0tbun + Dyban)dardy

_1\k
_(2(k Bz)v / E* (2)0; w0 05 Oyoandardy. (4.3.42)

The second term on the right of (4.3.42) can be further simplified by using the integration

by parts in y, yielding

—1)*
Isy = ﬁ/l@kﬂ(@@iﬁul,tai_l(v"I’h)dﬂfdy

-1 k
+ﬁ/Ek+l($>Gyalf;+2ul,t ai_liﬁzhdxdy

Ek+l k+2 k—1 4.3.4
2]€+2 /Z4 / 8 (9 lﬁghdl’ ( 3 3)
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Now consider the term Is. Noting that 0¥ 4y, (z.,y) € Qox. Choose ) = py (1) OF 1y, (e, y).
We note that conditions of Lemma 4.3.2 are satisfied with k = k and m = k + 1. Thus,
it follows from (4.3.7) that

(~1)*+

[6 = m /Ek+2($)a];+3ul,t a];—i_lwlh(xea y)dxdy- (4344)

Since 0814y, (we, y) € Qo is constant in z, we have

a;ﬁ—lwlh(xe) y) = 8£+1¢1h($a y)

Substituting the above identity in (4.3.44), we arrive at

-1 k+1
Is = ((2/’{;——?—4)' /E’”Q(:c)a];”uu O apyy (0, y)dxdy. (4.3.45)

Combining (4.3.41), (4.3.43), (4.3.45) with (4.3.37), we obtain

(p1,4(t),Yn1n)e = Is + 16 = Is1 + I50 + I,

where I5; is given in (4.3.43), I53 can be seen in (4.3.41) and Is is the corresponding
integral in (4.3.45). Setting

—1)*
Jse = Isa+Is+ ﬁ /Ek“(x)aﬁwul,t OF(V - Uy, )dxdy

—1)*
+(2(k +>2)| / B ()00, ur s 0 handady. (4.3.46)

we obtain

\k
(Pl,t(t)a ¢1h)e = J37e + ﬁ(/ — / )Ek+1(x)8§+2ul7t 83’;_1w2hd$.
N l4 l2

Here, J; . represent the combined area integrals. Now we estimate the total area integral
Js.. Since |E(z)] < h?, using Holder’s inequality, we obtain the desired estimate given
in (4.3.36). M

Next, we have the following result for the second term on the right of (4.3.4).

Lemma 4.3.7 Let k > 1 be an integer and us4(t) be a sufficiently smooth function on
the rectangle e. Let 1qy be a polynomial of degree no more than k in x and k + 1 in
y, respectively. Let 11y, be any sufficiently smooth function on e with Wy, = (1, Vap).
Then

—1)*
(p2,t(t)7¢2h)e = J4,e + Q(kTg)'(/ - / )Ek+1(l')85+2’lt27t 85_1¢1hdy, (4347)
° 13 l1

(
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where the term Jy. represent the area integral over the element e with the following

estimate:
2k42
|Jae] < M|U2,tlk+2,p,elv'qjh|k—1,q,e
2k42
+m|U2,t|k+3,p,e|@/)1h|k—1,q,e (4.3.48)

1 1 2k+4
_'_ <(2k+2)'(2k+4) + (2k+4)'> Te ’uz,t|k+3,p,6|w2h‘k+l,q,€7

where 27, = yj11—y; is the width of the element and q is the conjugate of p > 1 satisfying
1/p+1/qg=1.

Proof. Expanding the polynomial 19, in y as,

k+1
1 .
¢2h(x7 y) = Z ﬁ(y - yeyaZth(wa ye)a
j=0
where each of 851/1%(% Ye) is a polynomial of degree no more than & in x. The definition
of my implies that po,(¢) is orthogonal to the polynomial space Q-1 (polynomials of

degree no more than k in « and k£ — 1 in y). Thus,

1

(p2e(t), Yan)e = 2 (y — ye) P2, (t) 3];¢2h(l’,ye)da;dy
1
+m /(y — ) paa(t) 65+1¢2h($,ye)d:cdy,
' (4.3.49)

where [;,j = 7,8, are defined accordingly. Notice that (?fw%(x, Ye) € Qp1. Setting )=
p2.4(t) 8§¢2h(x, Ye), we note that conditions of Lemma 4.3.3 are satisfied with k=k—1
and m = k. Thus, it follows from (4.3.10) that

-1 k
I; = ﬁ/lyml(y)@gﬂuu 8§¢2h(a:,ye)dasdy. (4.3.50)

Since 851/)2;1(% y) is linear in y, we have
thon(,ye) = Oftban (@, y) + (ye — y)Ob  hon (2, y).

Substituting the above into (4.3.50) gives

(=DF

& M/Ekﬂ(y)azljwult af%h(l’,y)dxdy
-1 k
_ﬁ / (Y — Ye) B (1) ug 08 o (2, y)dwedy.  (4.3.51)
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To deal with the second term of (4.3.51), we use

1

(y — ye) B (y) = %—H@;Ekw(y)

to obtain

/ (4 — ) E* (9)0F iz O o, y)dady

=57 i /81/Ek+2(y)5§+2u2,t a§+1¢2h($,y)dxdy

-1
~ ka4 / EM2(y)0y a0y pon (@, y) daedy. (4.3.52)

Substituting (4.3.52) into (4.3.51) yields

(=D*
= (2/<;+2>!/e BN (y) 0y sz, Oyoan (v, y)dady
(_1)k / k42 k43 k41

T LT WO e 0 Wl y)dedy

= [71 aF 172. (4353)

For any given smooth function 5, we rewrite the first term [7; of I; as follows:

—1)*
In = ﬁ/ B ()0 uz 0, (Oytoon + Ortpan) ddy

—1)*
_(2(1: +)2)| / B (y) 0y Pz, 0y uthrndady. (4.3.54)

The second term above can be further simplified by using the integration by parts in x,

yielding

—1)*
In = gy | B0 a0 (V- idady

_1\k
+ﬁ/Ek“(y)ﬁxak+2uu 85_11/11hd:vdy

Ekz—l—l k+2 k—1 4.3,
g T 0l s, (4359

Let us consider the term 5. Note that 9} 4o, (2, ye) € Qpo. Set U = pay(t) O 4o,
Then the conditions of Lemma 4.3.3 are satisfied with k¥ = k and m = k + 1. Thus it
follows from (4.3.10) that

(=) k42 k+3 k+1
/E ()0 gy 0, ban (7, ye )dxdy. (4.3.56)

ST 2k+4) ),

Since 8§+1w2h(x, Ye) € Qo 1s constant in y, we get

85+1w2h(x7 ye) - ag’;—Hth(xa y)
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Use of the above identity in (4.3.56) gives

—1 k+1
((Qk: i 1! / B2 (y)0y Pz 0y on (w0, y)daxdy. (4.3.57)

Combining (4.3.55), (4.3.53), (4.3.57) with (4.3.49), we obtain

Ig =

(p2.4(t), Yon)e = It + Is = Ir1 + Io + Is,

where [7; is given in (4.3.55), I7o can be seen in (4.3.53) and I is the corresponding
integral in (4.3.57). Setting

1 k
Joe = I+ 1Is+ ﬁ /Ek“(y)@;jwuzt 85_1(V - Uy )dxdy

—1)*
+—<2(k +)2). / EMN(y) 0,00 Pug, 05 M hydady. (4.3.58)

we arrive at

—1)*
(p2,4(t), an)e = Jae + ﬁ(/z / JEFT( )ak+2u2tak Yehindy,
= 3 I

where J, . represent the combined area integrals. Now we will estimate the total area
integrals Jy.. Since |E(y)] < 72. Using Holder’s inequality, we obtain the desired
estimate (4.3.47). W

4.4 Superconvergence Result for the Flux

Recall that the linear form F(¥},) in (4.3.3) is given by:

F(Uy) = Z £),V1n)e ‘1‘2 p2(1), Van)e

GET}L eeTh

= Fi(n) + Fa(thap). (4.4.1)

Applying Lemma 4.3.4 on each element e, we obtain

Fi(in) = Jiet %H'Z / / VEFT (2)0F 20,08 abyp e, (4.4.2)

=

where )9, is chosen to be the second component of the vector valued function Wy.
Observe that the line integral over I is given as an integral along the bottom edge and
the integral over [y is given as the one on the top edge of e. If 4 is not a boundary edge,
then there will be another element e, for which Iy is the top edge and the corresponding
integral on /4 has an opposite sign from the contribution of e. Thus all the line integrals

over the interior edges must cancel each other in the last summation. The line integrals
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over the boundary edges varnishes due to the fact that ¢, = 0 along horizontal boundary
edges. Thus, we obtain
Fi(trn) = Z Jie (4.4.3)
eE'j\-h

Using estimate (4.3.12) with p = ¢ = 2, we obtain

|Fi(rn)] < Z A
6€’ZA}L
h2k+2
> Grgyliand Y Baloras

IN

eeTh
2k+2

+m|U1|k+3,2,e|¢2h|k—1,2,e
1 1
e R
32k+2
m|u1|k+2,2,h|v : ‘I’h|k—1,2,h

+( hzk+4|ul ’k+3,2,e‘w1h|k+1,2,e

IA

ﬁ2k+2

(2k +2)! - 4.4.4
+(2k+2)!|U1|k+3,2,h|¢2h|k 1,2,h ( )

1 1
D T

+( E2k+4|u1|k+372,h|¢1h|k+1,2,h7

where h = max, .z he. By applying the standard inverse inequality to various norms of

W, we arrive at

Fr(@rn)l < CH B |fugfleps 20 all + IV - W)
< CR*3un|pss 2.0/ Wallv. (4.4.5)

Similarly, applying Lemma 4.3.5 on each element e, we will have

Fo(thon) = Z Joe + % Z?(/l3 - /Zl)Ek+1(y)8§+2u28§1w1hdy. (4.4.6)

ecTy, ec’ly

By using the above arguments to the linear form F(tsy) given in (4.4.6) with 7 =

max, .z Te, the corresponding estimate is given by
|Fo(ap)| < CT*2ualkrs2.0(Wallv. (4.4.7)
Substituting (4.4.5) and (4.4.7) into (4.3.3), we obtain
F(a)] < CHS 4+ 7% [u| s a0l Wallv- (448)
Taking h = max(h, 7), we obtain
[F(Wn)| < O ullkra 2.0l allv- (4.4.9)
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Thus, we have

o (im0,

< OR3||[ulf s (4.4.10)
VLEVon [ llv

[(u = mpu)(2)]

Considering the second linear form (4.3.4) consisting of two components:

F(Uy) = D (pra(t), ¥an)e + > (p2u(t), an)e

66?}1 eeTh

= Fi(Yrn) + Fo(ton). (4.4.11)

As before, we need to estimate F (¢1 ) and .%Q(wg’h). Application of Lemma 4.3.6 on

each element e now leads to

Fi(nn) =Y Jse+ 2k+2,z / / VERH Y ()85 20y, 8 Whgpd,  (4.4.12)

6€Th

where 5, is chosen to be the second component of the vector valued function ¥;. Using

the arguments as in deriving (4.4.3), we obtain

Finn) =Y Jae. (4.4.13)

EETh

Now using the estimate (4.3.36) with p = ¢ = 2 to obtain

Fi(@un)l < D sl
eGYA'h
fy2k+-2
Z m’ul,tlk—ﬂ,le‘v : qjh|k—1,2,e

ecTy

IA

2k+2
e
+ (2k + 2)! |1 tlkr3.2.0[Von k1.2,

1 1
vy T oo

}'L2k+2

)hng |u1,t|k+3,2,e |1/11h\k+1,2,e

IN

EYRIEY VW
ok 2y k22l VTl

}'L2k+2

- 4.4.14
+(2;€+2)!|“1,t|k+3,2,h|¢2h|k 1,2,h ( )
1 1

+ ) )%2k+4|u1,t|k+3,2,h|1/11h|k+172,h,

oo es T @iy

where h = max, .7 h.. By applying the standard inverse inequality to various norms of

W, we arrive at

Fi(nn)] < O |urgllssoo(|all + |V - Thl)
CR3 | ugy|lers ool Vv (4.4.15)

IN
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Similarly, applying Lemma 4.3.7 on each element e, we have

- _1\k
Fa(on) = Z Jae + % Z(/I — /l )Ekﬂ(y)@jwu% 65_1¢1hdy. (4.4.16)
7, s !

e€Ty

By using the above arguments to the linear form Fy(thy ;) given in (4.4.16) with 7 =

max, .z Te, the corresponding estimate is given by
[ Falan)] < CF 2 fluzllisazal Uallv. (4.4.17)
Substituting (4.4.15) and (4.4.17) into (4.3.4), we obtain
F(@a)] < OO + 77 [ugllpsn el Pallv-
Taking h = max(h, 7),
F(W)| < CH k20l Pallv. (4.4.18)

Thus,

— \\J
h (0 —mpu)s, Uy)

< ChF3 |y |pys- (4.4.19)
VpEVo,n ”\IJhHV

[(u = myu),|
Now, using (4.4.10) and (4.4.19) in Lemma 4.3.1 we obtain the following result.

Theorem 4.4.1 Let {u,p} and {un,pr} satisfy the mized problems (4.2.3)-(4.2.4) and
(4.2.5)-(4.2.6), respectively. Further, let u,(0) = mpug. Then there is a positive generic

constant C' independent of the mesh size h such that

t 1/2
Iratt) = wn Ol 1 ([ {lullg 4l b ds ) (4.4.20)

Next, we provide a new approximation for u; via a postprocessing of u,. Let
uy, be the finite element approximation to u with the estimate (4.4.20), where m,u is
a projection of u defined by (4.2.7). The interpolation error between u and m,u is
assumed to be worse than O(h*"3). However, because of the estimate (4.4.20) and the
locality of m,u, it is possible to construct a new approximate solution based on u; which
approximates u with the superconvergence order of O(h**3). This new approximate
solution is obtained through an operator P, from the finite element space to a new
finite element space consisting of high order (e.g., of order " on each element, where

r" =k 4+ K/, for some integer k£’ > 0) polynomials with the property:
Phﬂ'hu = Phll. (4421)
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For the Raviart-Thomas element of order 7', we have (cf. [60])
|lu— Pyul| < Ch"Hulfpys. (4.4.22)

Further, we have assumed the L?-boundedness of the operator P,. The construction of

such an operator P, is described in [36].

Theorem 4.4.2 Let {u,p} and {up,pr} satisfy the mized problems (4.2.3)-(4.2.4) and
(4.2.5)-(4.2.6), respectively. Further, let u € [H**3]?, then there is a positive generic

constant C' independent of the mesh size h such that

¢ 1/2
||u<t>—Phuh<t>||s0h’f+3{||u||k+3+(/o (Il 5 + Tl ) ) } (4.4.23)

Proof. By triangle inequality, we have

Ju(t) — Poup(t)]| < la— Pyul + || Pou — Pyuy|
< [Ju— Pyu| + ||Py(mpu — uyg)||
< JJu— Pyu| + ||mpu — uy |
1/2
<

t
CH ¥ N ulpwrs1 + CRPF? (/0 (afls + lhuslizes) ds)

y 1/2
< Chk+3{||u||k+3+</0 (||u||i+3+||uslli+3)d8) }

with &’ = 2. Here, in the third step we have used the L?-boundedness of the operator
Py, and in the fourth step the estimate (4.4.20). This completes the proof. W

Remark. (i) Once uy, is computed, find p, € W, such that
(Von, Voérn) = (aPyup, Vo), Yo, € Wy. (4.4.24)
From (4.2.4) and (4.4.24), we have the following error equation
(V(p—pn),Von) = (a(u— Pyuy), Véy), (4.4.25)

and hence,
IV(p = pn)l| < Clla— Fyuyl]. (4.4.26)

An application of Poincaré’s inequality leads to

lp—pull < Cllu— Pyuy
t 1/2
< ch’f+3{\ru\rk+3+(/o (Iall s + o) s } (4.4.27)
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where in the second step, we have used Theorem 4.4.2.

(77) In this chapter, a new approximate solution for the flux with superconvergence
of order O(h**3) is established via a postprocessing technique using a local projection.
Compared to [19], the present analysis yields better convergence result for the flux with
a higher regularity assumption on the exact solution. Use of piecewise linear polyno-
mial spaces yields optimal order error estimate of order O(h?) in the L?-norm for the
flux u (see, [60]) whereas Theorem 4.4.2 gives order O(h*) for the flux which indicates

superconvergence. The proposed method is not subject to LBB-consistency condition.
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Chapter 5

Semidiscrete A Posteriori Error
Analysis for H!-Galerkin MFEM for

Parabolic Problems

In this chapter, we study semidiscrete a posteriori error analysis for H!-Galerkin mixed
finite element method for parabolic problems. The upper bounds for the errors are

derived under a saturation assumption. Our analysis is based on residual approach.

5.1 Introduction

Recalling the parabolic problem:

pe — V- (a(x)Vp) = f(x,t), (x,t) € Qx J, (5.1.1)
p(x,t) = 0, (x,t) € 00 x J, (5.1.2)
p(x,0) = po(x), x € Q, (5.1.3)

where Q is a bounded domain in R? with smooth boundary 92, p, = % and J denotes
the time interval (0,7] with 7' < co. The coefficient matrix a = a(x) is symmetric and
uniformly positive definite in 2. The source function f(x,t) and the initial data py(x)
are assumed to be smooth functions.

With the flux variable u = aVp, the problem (5.1.1) can be rewritten in the form of a

first-order system as

p—V-u = f (x,t)eQxJ (5.1.4)
au—Vp = 0, (x,t) € Q2 x J, (5.1.5)
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where o« = 1/a. For the purpose of error analysis, we shall need the following spaces:
V={ve(*(0):V-ve L*(O)}
with norm
IVllv = (V[P + 11V - v]%)2,

and H}(Q) = {p € H(Q) : ¢ = 0 on 9N} with the usual Sobolev norm, see [1, 40]. Let
V* be the dual space of V. The H'-Galerkin mixed formulation for the problem (5.1.4)-
(5.1.5) is to determine a pair {u,p} : [0,7] — V x HJ(Q) such that

(au, ¥) + A(w,¥) = —(f,V-U)+ A, V), YU €V, (5.1.6)
(Vp, Vo) = (au, Vo), Vo € Hy(Q) (5.1.7)

with up = u(x,0) = aVpy. The bilinear form A(-,-) is given by
A(w,v) =(V-u,V-v)+ A(u,v), A > 0.
Note that A is chosen appropriately such that A(-,-) is V-coercive, i.e.,
A(v,v) > c|v]3, vEV, (5.1.8)

for some ¢; > 0. For the purpose of H!'-Galerkin mixed finite element procedure, let V,
be a finite dimensional subspace of V consisting of Raviart-Thomas finite elements and
W}, be the standard finite dimensional subspace of H} (). The semidiscrete H'-Galerkin

mixed finite element approximation is to determine a pair {uy, pn} € V,, X W}, such that

(aupy, Up) + Ay, ¥y) = —(f, V- V) + AMug, ¥p), VI, €V, (5.1.9)
(Vor, Vou) = (aus, Vo), Vo, € Wi, (5.1.10)

with given {u(0), p,(0)}.

The literature concerning a posteriori error analysis for standard Galerkin method
can be found in [5, 7, 20, 31, 68, 53] for linear parabolic problems. The previous work on
a posteriori error analysis by means of the classical mixed method for elliptic problems
are described in [3, 8, 16, 39, 47, 49, 50, 51, 86]. To the best of our knowledge there is
no result available for H!-Galerkin mixed finite element method for parabolic problems.
In this chapter, we study the semidiscrete a posteriori error analysis for the problem
(5.1.1)-(5.1.3) by H'-Galerkin mixed finite element method.

This chapter is organized as follows. In Section 5.2, we define error indictors and
derive some auxiliary estimates useful for our a posteriori error analysis. The upper
bounds for the errors in the L?-norms are established in Section 5.3.

Throughout this chapter, C' denotes a positive generic constant which is inde-

pendent of the mesh parameter h and may not be the same at each occurrence.
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5.2 A Framework for A Posteriori Error Analysis

Our semidiscrete a posteriori error analysis is based on residual approach with mesh
refinement technique. Let 7}/, be a refinement of 7, by dividing each triangle K into
four congruent ones. We now define the residuals corresponding to the equations (5.1.9)

and (5.1.10), respectively, as follows: For t € J
< Ri(up), V> = —(f,V-U)—(V-u,, V-¥)— (aup, V), (5.2.1)
(Ro(up,pn), Vo) = (auy, Vo) — (Vpp, Vo), (5.2.2)

for all U € V and ¢ € H}(Q). Here, < -,- > denotes the dual inner product and (-, ) is
the standard L2-inner product. The global error estimator is then defined as
me = 3 (18 ) By + 1Bolwem) o) - (5.2
KET,
Our objective is to establish upper bounds for the errors u—uy, and p —pj, in L?norm in
terms of global estimator ng. We now make the following saturation assumption: there

is a number # < 1 such that
a(t) —upp@)l < Blul) —un(b)], t € J, (5.2.4)
IV® —pre) O < BIV(—pu)@O), t € J (5.2.5)
The assumptions (5.2.4)-(5.2.5) imply that on the refined mesh 75/, the refined finite
element approximation (uy 2, pn/2) is a better approximation to the exact solution (u, p)
than (uy, pn). These saturation assumptions are motivated by the well-known a priori

error estimates for u(t) — u,(t) and V(p — ppn)(t) (see, e.g., [60], Theorem 3.1 with
k=r=2and k+ 1=r =2, respectively):

[(a = wp) ()] < Clpo, u,p)h?, (5.2.6)
and

IV(p = pr)(®)]] < C(po, u, p)h*. (5.2.7)

The above a priori estimates assures us that, in general, a refinement of the mesh and
a reduction of h will lead to an improvement of the finite element solution. However,
(5.2.6) and (5.2.7) provides no information on the improvement for individual cases.
Therefore, we exclude the exceptional cases in which the improvement is very small.
Generally, one expects that by refining the mesh will significantly reduce the error, so
this is a natural assumption. In view of the saturation assumption (5.2.4)-(5.2.5), it will

suffice to establish an upper bound for
[ans2 —unl| and  {|pns2 — pall
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Lemma 5.2.1 Let Ry(uy) be the first residual given by (5.2.1). Further, let u,(0) =

uy,/2(0). Then there is a positive constant C' such that

1/2
(w2 =) (@) < C (Z IIRl(uh)Ilizm,t;V*(K))) -

KET]—L
Proof. Let uy/; be the solution to (5.1.9) on the refined triangulation 7j, /o satisfying the

following weak formulation
(upjaz, Wnya) + A(unse, Yiye) = —(f, V- Wrja) + Mans, Yise), VWi2 € Vi, (5.2.8)

where V)5 is the finite dimensional subspace of V' over the refined triangulation 7y, 5.

Rewriting (5.2.8), we have

(a(upje —up)e, Unyo) + A(ap — up, Wrpa) = —(f, VW) = (V-uy, V-0 ))
—(aupy, ‘Ifh/2) o )\(uh/Z — Up, ‘I’h/z)
= < Ri(up), Ypso > +A(upj2 — up, Uy o).

Choosing ¥}, /2 = uy,/2 — uy in the above equation and using coercivity of A(:,-), Cauchy-

b2

50> 4,0 >0, € >0, we get

Schwarz inequality and the inequality ab < % 4
1d
2 dt {le"2(unss —w) P} +erllune —wally < IR lve [[uns = unllv + Allwsys — us®
< CONR(un) I3+ + €Cllwppe — ually

—|—)\||llh/2 = uh||2.
This can be further rewritten as
1d
577 Loty =)} + (er = eO)fwnye = wal} < CCOIIR (W) + Al — wil
Choose € > 0 so that (¢; —eC') > 0. Integration from 0 to t now leads to

(g — w) @) +C / I — w)(s)3ds < C / 1Ry ()|

Yeds

e / s — w) (s)|ds.

An application of the Grownwall’s lemma yields,

e =w)OF + [ oz = w))lds < € [ [Raw)
<c [ 3 Imw)

KeTy,

<C Y R ()20 v (i)
KeT,

2
v-ds

2
V*(K)

which proves the desired estimate. W
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Lemma 5.2.2 Let Ry(uy) and Ry(up,pp) be the first and second residuals given by
(5.2.1) and (5.2.2), respectively. Then there is a positive constant C' such that

1/2
[(Pry2 —PR) @) < C (Z <||R1(uh)||%2(0,t;v*(l()) + ||R2(uh7ph)||%2(K)>> :

KETh

Proof. Let (up/2,pp/2) be the solution to (5.1.10) on the refined triangulation 7y, of Q

satisfying the weak formulation

(Vpnj2, Vo) = (auy2, Vo), ¥ éna € Wia, (5.2.9)

where W),/ is finite dimensional subspace of W over the refined triangulation 7y, s.

Rewriting (5.2.9), we have

(V(prs2 — pn), Vonse) = (a(ap —ap), Vo) + (Re(un, pr), Vone). (5.2.10)

Choosing ¢p,/2 = pr/2 — pp in (5.2.10) and using Cauchy-Schwarz inequality and Young’s

inequality, we obtain

IV (pnsz = ) I* < Cllange = wnll [V (®rs2 = pu)ll + [1R2(an, p) | 1V (Pr/2 — i)l
< €C|[V(pn2 = pu)lI* + C(€) (I[une — unll® + [|Ra(an, p)*) -

Choose € appropriately so that (1 — eC') > 0. Thus, we obtain

IV (prj2 = pr)lI* < C(llunyz — ]l + [[Re(an, pa)[1%). (5.2.11)

Next, we use Lemma 5.2.1 in (5.2.11) to obtain

IV (Pr2 —Ph)H2 < C (Z HRl(uh)H%Q(O,t;V*(K)) + Z HRZ(uhﬂph)H%Q(K)>

KeTy, KeTy,

< Y (IR e + I Re(un o)l ) - (5:2:12)
KeT,

As (pnj2 — pr) € H(Q), an application of Poincaré’s Inequality lead to the desired

estimate. [ ]

5.3 Proof of the Upper Bound

In this section, we derive upper bounds for the errors u(t) — u,(t) and p(t) — pn(t) in
terms of the error indicator ng. The main result of this section is given in the following

theorem.
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Theorem 5.3.1 Let ngr be the global error estimator given by (5.2.3). Then there is a

positive constant C' such that

[u(t) — ()] < 5

and

< C
> 1_6771%-

Ip(t) — pa(t)|]
Proof. By triangle inequality, we have
[a = un]] < flu = wp ol + [funz — .

Using the saturation assumption (5.2.4) in (5.3.3), we obtain

u— | < [un/2 — unll.

1
1-p
Applying the estimate of Lemma 5.2.1 to (5.3.4), we obtain

1/2
C
lu—w < -7 (Z ||R1(uh)||2L2(0,t;V*(K))>

KETh
C

<

(5.3.1)

(5.3.2)

(5.3.3)

(5.3.4)

which proves the first inequality (5.3.1). Next, to prove (5.3.2), we have from the triangle

inequality
IV (= pu)ll < IV(p = prp2)ll + IV (prj2 = i)l
Using (5.2.5) and (5.2.12) in the above inequality, we obtain
1

INE=pl < =51 0n

1/2
C
i (Z (11 () 20wy + \|R2<uh7ph>u%m)>

KeT,
< C
= 7 ﬁNR,

An application of Poincaré’s Inequality now leads to the desired estimate. This com-

pletes the proof. W

Remark. In this chapter, we discuss the semidiscrete a posteriori error analysis for
H'-Galerkin mixed finite element method for the problem (5.1.1)-(5.1.3). Our analysis

is based on residual approach. The upper bounds for the errors u — u;, and p — p,, are

derived via a saturation assumption. Compared to [8], the present analysis is not subject

to LBB-consistency condition and the error estimators are free from edge residuals.
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Chapter 6

Space-Time Discretization A

Posteriori Error Analysis for
Hl-Galerkin MFEM for Parabolic

Problems

In this chapter, we study discrete-in-time a posteriori error analysis for H!-Galerkin
mixed finite element method for parabolic problems. The time discretization is based
on backward Euler scheme with variable time step and the spatial discretization consists
of Raviart-Thomas finite elements. The main result of this chapter consists of building
error indicators with respect to both time and space approximations. Further, these
indicators yield upper bound for the errors which are global in space and time. Moreover,

there is no restriction on the relation between the step sizes in space and time.

6.1 Introduction

Recalling the parabolic problem:

P — V- (CLVP) = f(X> t)a (Xa t) € x ']7 (611)

p(x,t) = 0, (x,t)€ 00 x J, (6.1.2)

p(x,0) = po(x), x€Q, (6.1.3)

where € is a bounded domain in R? with smooth boundary 0, p, = % and J denotes

the time interval (0,7 with T' < co. The coefficient matrix a = a(x) is assumed to be
smooth, symmetric and uniformly positive definite in 2. The source function f(x,t) and

the initial function pg(x) are assumed to be smooth functions. With the flux variable
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u = aVp, problem (6.1.1) reduces to a first-order system as:

p—V-u = f (x,t)€QxJ (6.1.4)
0

au—Vp = 0, (x,t)€QxJ (6.1.5)

where ov = 1/a. For the purpose of error analysis, we shall need the following spaces:
V={ve(l*N)*:V -velL*N)}

equipped with the norm
IVilv = (Iv[P? + 1V - v[)12,

and

H}(Q) ={p€ H'(Q) : $ = 00n 00}

with the usual Sobolev norm [1, 40]. Let V* is the dual space of V. The H!-Galerkin
mixed formulation for the problem (6.1.4)-(6.1.5) is to seck a pair {u,p} : [0,7] —
V x HJ(Q) such that

(au, ¥)+ A(w,¥) = —(f,V-¥)+A(u,V), VI eV, (6.1.6)
(Vp, Vo) = (au,Vo), V¢ Hy(Q) (6.1.7)

with u(0) = u(x,0) = aVp,. Here, (-,-) denotes the standard L? inner product and the

bilinear form A(-,-) is given by
A(u,v) =(V-u,V-v)+ A(u,v), A >0,

which is V-coercive with suitable choice of .

To start with the time discretization based on backward Euler approximation, let
0=ty <t <...<ty =T be a partition of the time interval [0, T] for some N > 1. Set
Tp = tn —th—1, 1 <n < N. Now, for a smooth function ¢ on [0, 7], define ¢" = ¢(t,,).
With each time step (¢,_1, t,|, we associate an affinely equivalent, admissible, and shape
regular partition 7j, of {2 and the corresponding conforming finite element spaces V}
and W of V and H}(Q), respectively. The discrete problem based on backward Euler
method is stated as follows: Find {u}, pi} € V} x W} such that forn =1,..., N,

n n—1

(Oé( ),\I/h) —l—A(uZ,‘IJh) = —(f”,V : \Dh) —i—A(uZ,\Ifh), (618)

Tn

and

(Vpp.Vén) = (ou}, V), (6.1.9)
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for all ¥, € V7 and ¢p, € W} with given u,(0) to be defined later. With the sequence
of solutions {u}, pi'}, we associate the functions {uy,, ps,} which are piecewise affine on
the time intervals [t,_1,t,],1 < n < N, and equals {u}, p}'} at time t =¢,, 1 <n < N.
Similarly, we denote f., the function which is piecewise constant on time intervals and
on each interval (¢,_1,,] is equal to the L?-projection of f™ onto the finite element space
V. With each time step (t,-1,t,], the partition 7, of Q and the corresponding finite
element spaces Vi and W} satisfy the following conditions (cf. [18, 84]):

1. Affine equivalence: Every element K € 7;, can be mapped by an invertible affine

mapping onto the standard reference element in R?.

2. Admissibility: Any two elements are either disjoint or share a vertex, or a complete

edge.

w

. Shape regularity: For any element K the ratio of its diameter hx to the diameter
pr of the largest inscribed ball is bounded uniformly with respect to all partitions
Thn and to N.

4. Transition condition: For 1 < n < N, there is an affinely equivalent, admissible,
and shape regular partition ’f}m such that it is a refinement of both 7, ,, and 7}, ,,_;
and such that

hg
sup sup sup < Q.

1<n<N geT, , K/€ThniKCK' h
5. Each W' is a subset of H;(Q) and consists of continuous functions which are
piecewise polynomials. The degrees of the polynomials are assumed to be bounded

uniformly with respect to all partitions 7y, ,, and to N.
6. Vi C V is the Raviart-Thomas finite element space corresponding to 7j, .

Condition 1 restricts quadrilateral elements to parallelograms. One can also con-
sider combination of both triangular and quadrilateral elements. Condition 2 excludes
the hanging nodes. Condition 3 is a standard one and allows for locally refined meshes.
However, it excludes anisotropic elements with large aspect ratios. Condition 4 is due
to the simultaneous presence of finite element functions defined on different grids. In
practice the partition 7}, is usually obtained by a combination of refinement and coars-
ening. For 1 < n < N, ﬁm is a refinement of both 7j,,, and 7,,_1. Also, there is a
uniform bound with respect to n on the ratio of the diameters of the elements K’ in
Thn and of elements K in i}m contained in K’. This condition is needed to handle the
functions uf and u}~! simultaneously which are defined on different grids. In this case,

condition 4 restricts only the coarsening.
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The literature concerning space-time discretization a posteriori error analysis for
standard Galerkin method can be found in [2, 43, 46, 76, 84] for linear parabolic problems
and [59, 82, 85] for nonlinear parabolic problems. The previous work on fully discrete a
posteriori error analysis by means of the classical mixed method for parabolic problems
is contained in [86]. So far, there is no result available for H'-Galerkin mixed finite
element method for parabolic problems. In this chapter, we study a fully discrete a
posteriori error analysis based on backward Euler method for the parabolic problem
(5.1.1)-(5.1.3) by H'-Galerkin mixed finite element method.

This chapter is organized as follows. Section 6.2 deals with the equivalence of the
errors with the residuals. In Section 6.3, upper bounds for the errors are established.

Throughout this chapter, C' denotes a positive generic constant which may not

be the same at each occurrence.

6.2 Equivalence of Errors and Residuals

In this section, we show the equivalence of the errors u — uy, and V(p — pp,) with
the residuals Ry, ,(un,) and Ry p(unr, prr), respectively. We now define the residuals

Ry}, -(up,) and Ry p(upr, phr), respectively, by
< RLh,T(uhT), U >= —(f, V- \If) = (V - Upr, V- \I/) — (Oé(ll}”—)t, \I’), (621)
and

(Ron(Unr; Phr ), V@) = (autnr, Vo) = (Vpir, Vo) (6.2.2)

for all U € V and ¢ € H}(Q). Here, < -, > denotes the dual inner product and (-, -) is
the standard L?-inner product. The symbol (-); denotes the differentiation with respect
to time. To begin with, we shall first show the equivalence of the error u — uy,, with the

residual Ry -(up,). The proof is based on standard energy technique.

Lemma 6.2.1 Assume that u,(0) = Lpug, where Ly, is the standard L?-projection onto
Vi Let Ryp-(up,) be defined by (6.2.1). Then, the following lower bound on the error

u — Upr

IRy pr (W) || 2(0,5v @) < € (Jao — Lpuol| + [[u — pe || + [[u = upr || 20 45v ()
(6.2.3)
holds. Conversely, for allmn € [1,N] and 0 <t < t,, the error u — u,, can be bounded
above by

o = w2+ = w3, vy < € (110 = Eattol® + 1Ry () B iv-ca ) -
(6.2.4)
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Proof. The residual Ry, ,(us,) can be rewritten as

< Rl,h,T(uhT), > = —(f, V- \I’> — (V - Upr, V- \I/) — (a(uhT)t, \I/)
= (aw —a(up)y, V) + (V- (u—uy,), V- U),

where we have used (6.1.6). Integrating the above equation from 0 to ¢t with 0 <t < t,,
and applying Cauchy-Schwarz inequality, we obtain

/0 < Rip-(up), ¥ >ds = (04/O (uw—up,)eds, V) + (/0 V- (u—u)ds, V- W)
= (u— ) (t) — (u—up,)(0)), V)

(/V (u—uy,)ds,V - \IJ>

< Cfllu = ape|| + [[ug — Lyuo| } | W]
HIV - (@ =) | 20,1020 IV - V]
< C{lluo — Lnu|| + [lu — uy||

+lu — wpr || 2w @) HIY v

where in the third step we have used the fact u,(0) = uy,-(0) = Ljug and this yields the
estimate (6.2.3). Next, to prove (6.2.4), choose an integer n € [1, N] and time 0 < ¢ < ¢,,.
From (6.1.6) and (6.2.1), we have

(a(u—up ), ¥)+ A(u —wp, V) = —(f,V-¥)—(V-u,V- U
—(a(upr), ¥) + A(u — up,, V)
= < Rl,h,T(uhT), v > +>\(11 — Upr, ‘1/)

for all U € V(). Set ¥ = (u — up,)(+,t) in the above equation. Then, applying
coercivity of A(-,-), Cauchy-Schwarz inequality and Young’s inequality, the resulting

equation becomes

S (e = w0+ el w60l
< [Rinr ()l [0 = wpellv + AlJu — w1
< C(O)1R1pr (une) [+ + eCllu — w5
+ Alu — u |2
Thus,
a4 {la'?(u—w) (O} + (e = €Ol (u— ) ()R
2di ! LR

< C()[ B (unr)|

%* + A|u— uhTH2.
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Choose € > 0 such that (¢; —eC') > 0. Now, integrating from 0 to ¢ and using Gronwall’s

lemma, we obtain
t
¥ = w) O+ [ ) ) s

t
< c(||uo—Lhuo||2+ / | B ()
0

Y ds)

which leads to the desired estimate (6.2.4). Here, we have used the fact that uy.(0) =
u,(0) = Lpug. This completes the proof. W

Our next result shows the equivalence between V(p — pp,) and Ry p(Upr, Phr)-

Lemma 6.2.2 Let Ry p,,(up,) and Rop(Unr, prr) are defined by (6.2.1) and (6.2.2), re-
spectively. Then, the following lower bound on the error V(p — pp,)

[ R, (@hr, pr )| < ClJa = ane || + [[V(p — pir) [} (6.2.5)

holds. Conversely, the error V(p — pp.) is bounded above by

IV(p = pir) || < C {llug — Lawo|| + || Repr(Wnr) | 20,605 9)) + || R2n (War, Dir )|} -
(6.2.6)

Proof. Using (6.1.7) and (6.2.2), we note that

(RQ,h(uhraph7)7 V¢) — (Oéuhr, V¢) - (Vphr, V¢)
= (a(uhT - 11), V¢) — (V(phT F p)v qu)
< Cllu—w [+ IV(p=pur) ) [V

Thus,

R uT) T7V
| Ron(Wnr,pne)|| = sup (Ro.n(Unr, phr), V)
VoeL? () IVl
< Cllu =l + 1V =)l

and this proves the estimate (6.2.5). Conversely, for all ¢ € Hj(2), (6.1.7) and (6.2.2)

leads to
(V(p — p}w—), ng) = (Oé(ll — U.hT), V(b) + (ngh(uhT,phT), V¢) (627)

Choosing ¢ = p — pp, in (6.2.7) and using Cauchy-Schwarz inequality and Young’s

inequality, we obtain

VP =pe) P < Cllu=wir || V(0 = pre) | + | Bop (@i, i) | IV (P = e
C(€) (Il = une |* + | Rop (nr, pie ) 1) + €ClIV (p = por ) I

IA
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Choose € > 0 such that (1 — eC') > 0 and hence, we obtain

IV (= par)I* < C{llu = wpr || + | Rop(unr, i) |17 (6.2.8)

Use (6.2.4) in (6.2.8) to have

IV =pu)lI* < Cllluo — Lyuoll* + || Rur (W) 1720, 0v+ (0
+[| Ron (Whr, par) 1P} (6.2.9)

and this completes the proof. W

Remark. As a consequence of Lemma 6.2.2, we have the following estimate

1P — pnrll < C{llug — Lag|| + || Ripr(Unr) || 22004050+ @)) + [ B2n (Wnr, Par) ||}

where we have used Poincaré’s inequality ||p — pi-|| < C||V(p — pr-)||-
Next, we shall bound the residuals in terms of the error indicators. For this

purpose, we decompose the residual Ry j, (u,) as
< Rl,h,T(uhT>7 U >= (th — f7 V- lI])+ < Rll,h(uhT)7 v > +(R12,T<uhT)7 \I})’ (6210)

where the spatial residual Ry p(up,) and the temporal residual Ris - (uy,) are defined

by
n u; — uZ‘l
< Rup(upr), ¥ >= —(fpr, V-¥) = (V-u;, V- V) - (a(T—),\I/), (6.2.11)
and
(Brzr(anr), ) = (V- up = V-up,, V- 0), (6.2.12)

respectively, on (¢,-1,t,] for all ¥ € V(Q) and 1 < n < N. Since (up,); is piecewise
n_,n—1
constant, it equals % on (t,_1,t,]. We now define the error indicator corresponding

to the first residual Ry j, ,(up,) as

Mae = LD mallfar + V- willTege + D KHOé ] R
KEThn KEThn
+ > wllVe (g — a0 3 (6.2.13)
KE'ZN—hm

The spatial error indicators 1, , and 73, corresponding to the residuals Rqy »(us,) and

Ro p(Wpr, prr) are defined by
1/2

Hin =4 Y M+ Vouh o + > Klla Pew )2 ¢ s (6.2.14)

Kei—hn KeThn
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and
1/2

=18 > llaa) = Voplltag o (6.2.15)

KETh,,
respectively. Here nf, ;, and ny, measure the errors of the space discretization and can
be used to adapt the mesh size in space. The third term in 77, - can be interpreted as a
measure for the error of the time discretization. It can be used for controlling the step

size 1n time.

6.3 Upper bounds for the Errors

In this section, we derive upper bounds for the errors u — uy,, and p — pp, in terms of
the error indicators and input data of the problem. First, we shall show the residuals
are bounded by the error indicators. To begin with, we shall first show the bound for

Ry p(up,) in terms of nfy .

Lemma 6.3.1 Let 07, ;, be defined by (6.2.14). Then, the following estimate holds on
each interval (t,_1,t,], 1 <n <N,

||R11,h<uh7') |

v- < Cli (6.3.1)

where the constant CT depends on the maximal ratio of the diameter of any element K
to its largest inscribed ball. The constant C' in addition depends on the mazimal ratio
of the diameter of any element K' in Ty, to the diameter of any element K in j:h,n

contained in K'.

Proof. Choose an integer n between 1 and N and keep it fixed. The definition of f,,
and equations (6.1.8) and (6.2.11) imply the following Galerkin orthogonality

< Rth(uhT), Y, >= 0, Y, € V. (632)

Define I, : V(2) — V7 the quasi interpolation operator [72, 83|, having values in
the space of continuous, piecewise linear finite element functions corresponding to the
partition 7j,. Consider an arbitrary element K of ’]N}m Denote K’ an element of
Thn such that K C K’'. The interpolation error yields the following estimates for all
U eV(Q):

V- (V= LU) 2y < IV (V= 1Y) L2 xry
CollV - W L2 (i)

N
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IV — 0,9 2y < 19 — 10| 2y < Chbr ||V | 2 ange)
< Cihg|V - 9| 2ap)-

Here, the subset wg consists of all elements that share at least a vertex with K’. The
constants Cy and C} depend on the maximal ratio of the diameter of any element to the
diameter of its largest inscribed ball. The constant C depends on the ratio f;_;;

Since 7, is a refinement of both 7}, and 7,1, integrating over the elements

of ’fhn gives the following representation of the spatial residual
< Ryip(up,), ¥ >= Z {(~frr, V- V) g = (V-up, V- U) e — (af
KG%}LY"

for any ¥ € V(Q). Using Cauchy-Schwarz inequality for integrals and sums and the
Galerkin orthogonality (6.3.2), we arrive at the following inequality,

< Rup(up), ¥ > = < Rup(up), ¥ — L,V >+ < Ry p(up,), [V >
= Z (—th—VUZ,V(\I/—Ih\I/))K

KE;ZV.}LTL
_un—l
+ > (- —h),w—lh\v)K
KEThn
< D e+ VR lzaoIV - (¥ = 1) 2
Keﬁm
—1
+ ) (=) | ) I = @2
KEThn
< Co Y Mur + V- illzao IV - Wl
KE"Z‘:}LJ’L
» hi -
+C1 Y e — 0 Y aollV - Pl
Keﬁw ;i
< max{Cp, C1}| Z [ frr + V- 72
KeThn
+ ) K||@ =D e PO IV )
KeThn KeTh,

< O27711,h ||\I’||V

Here, in the last step we have used the fact that the domain wg only consists of a finite

number of elements and this number is bounded by the maximal ratio of the diameter

hK

of any element to the diameter of its largest inscribed ball and depend on the ratios .

Since ¥ € V is arbitrary, we obtain
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< R uy- 7\1}

>
< 'l (6.3.3)
YEV(Q) 1¥]v ’

This completes the proof of the Lemma. W

Our next objective is to show the bound for the second residual Ry p(upr, ppr) in

terms of 7y, which is given in the following lemma.

Lemma 6.3.2 Let 03y, be defined by (6.2.15). Then, the following estimate holds on
each interval (t,_1,t,], 1 <n <N,

| Ropn(hr, e ) | < 13- (6.3.4)

Proof. With ¢ € Hj(€) and applying Cauchy-Schwarz inequality to (6.2.2), we obtain

(R2,h(uh’r7ph7>7v¢) = Z (QUZ_VP27V¢)L2(K)

KGThyn

< Z lowy — Vppllzzi) IVl L2 x)
KGThyn

< (Z lloay = Vppl[32(x0)) " ( Z IVl 720"
KeTh,n Ke’]—h’n

< nyp IVl

Thus,
R u T?p T 7V¢ n
| Rop(unrppr) = sup Ln(WmPrr) VO) (635

Vel () Vo

which completes the proof. W

The main result of this chapter is stated in the following theorem.

Theorem 6.3.1 Let (u,p) be the solution of the problems (6.1.6)-(6.1.7) and let (upr, prr)
be the solution of the discrete problem (6.1.8)-(6.1.9) with u,(0) = Lyug, where Ly, is
the standard L*-projection. Then, for all 1 < n < N, the following upper bounds on the

errors hold:

lu—w* + o= w7204, v+ () < C{llwo — Lyugl®

| far — f”%Q(O,tn;V*(Q)) + Z(th,7)2}a (6.3.6)

m=1

and
Ip =il < Cfllug — Luuoll® + 1 fur = flZ2(0000v+ ()

Y )+ (154)% (6.3.7)
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Proof. From (6.2.10)-(6.2.12), we have

< Rip-(up), V> = (for —f,V-U)+ < Ryyp(up), ¥ > +H(V-(up —up,),V-0)
< o = IV - Wl + [[Ryy () [ v (W lv
HIV - (ug = up) [V -]
< C{lfar = fll + 1R p(unr) v + 1V - (wg = wpe) [ HIP]lv

which further leads to

[ R1,p,-(0nr) |

ve < C{|[fur = fI + | Rivn(unr)|

ve + ||V (ap — )}
Fix n € [1, N] and 0 <t < t,,. Integrating the above equation from 0 to ¢, we obtain

IR hr ()20 vy < Clllfar — FllZ2 00200 + 1Batn (War) 12200 v+ ) }
+C||V - (up, — uhT)H%Q(O,t;LQ(Q))' (6.3.8)

At t =t,, we have

1/2

n i 1/2
= (Z / ([ R ()| %/*(Q)d‘S)
m=1

tm—1

n 1/2
< o(ZTmmﬁ,h)?) , (6.3.9)
m=1

where we have used Lemma 6.3.1. As uy, is piecewise affine on each time interval

tn
[ Ruwn(un) |z onve@y = ( [ 1 Ratons)
0

(tm—1,tm], we have

= Uy =
uy —uy, = (1 — —1> (upr —up ). (6.3.10)

Tm

Using the identity (6.3.10), we obtain
n tm s — t 2 1/2
IV - (0~ o) o srey = (Z R L A ds>
m=1 tm—1 m

u A — 2
— (09w e [ () s
m=1 tm—1 Tm

" 1/2
— (Z %ﬂ IV - (0} — u’;]—l)||2> : (6.3.11)

m=1
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Using (6.3.9) and (6.3.11) in (6.3.8) with ¢ = t,,, we obtain
1Ry pr (o) [Z2 000wy < Clnr = FllZ2onn20p + i T (11,)°
m=1
S Lt I}
m=1
In view of (6.2.13), we have

IRy () 1220 4w+ () < C { [ fnr = 220,022y + Z(nTh,r)2} : (6.3.12)

m=1

Now using (6.3.12) in (6.2.4) leads to the desired estimate (6.3.6). Next, using (6.3.12)
and (6.3.4) in (6.2.9), we obtain

m=1

IV(p—pruo)|I? < C {Huo — Lyug|® + || far — f”%Q(O,tn;L2(Q)) + Z(UTh,7)2 + (n;,h)2} .

An application of Poincaré’s Inequality leads to the estimate (6.3.7). This completes the
proof of Theorem 6.3.1. W

Remark. In this chapter, we discuss space-time discretization a posteriori error
analysis for H'-Galerkin mixed finite element method based on backward Euler method
with variable time step for the problem (6.1.1)-(6.1.3). Our analysis is based on residual
approach. The upper bounds for the errors are derived in terms of the error indicators
and input data of the problem. The upper bounds are global in space and time. Com-
pared to [18, 86], the present analysis is not subject to LBB-consistency condition and

the error indicators are free from edge residuals.
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Chapter 7
Conclusion and Extension

This chapter is devoted to critical assessment of the results highlighting the contributions
made by this thesis and techniques used in deriving these. It also provides information

for the scope of possible extensions and future investigations.

7.1 Critical Review of the Results

In this thesis, we have studied the H'-Galerkin MFEM for parabolic problems. The
main advantage of using mixed formulation is that it provides direct approximations
to physical quantities such as fluxes and velocities. Compared to the classical mixed
finite element method, the proposed method circumvents the stringent LBB-consistency
condition. In the standard H'-Galerkin method we require C'-continuity of the ap-
proximating spaces [23, 61, 79]. However, in H'-Galerkin MFEM, C'-continuity can be
relaxed and gives us freedom to work with computationally attractive piecewise linear
elements. Also, the proposed method also gives us flexibility to work with two different
finite element spaces for approximating the solution and the flux.

In Chapter 2, a priori error estimates are presented for the semidiscrete H!-
Galerkin MFEM. Both one and two space variable problems are discussed. The author
of [60] has derived optimal order error estimates in L? and H'-norms by assuming initial
data po € H*(Q) N Hj(2). Compared to [60], we study convergence analysis of the
proposed method under lesser regularity assumption on the initial function py. More
precisely, we establish error estimates of order O(h*~1/2) and O(h?*~1) for the solution
and the flux in L%norm for positive time when py € H%(Q) N HY(Q) and py € H (),
respectively (see, Theorem 2.2.1 and Theorem 2.2.2). The main technical tools used in
our error analysis are standard energy argument, non-standard energy formulation and

parabolic duality argument.
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Then, we study the fully discrete H!-Galerkin MFEM for one dimensional homo-
geneous parabolic problem (3.1.1)-(3.1.3) based on backward Euler method in Chapter
3. We have shown that the fully discrete solution converges to the true solution at al-
most optimal rate in the L?-norm for both smooth and nonsmooth initial data. More
precisely, error estimates of order O((h* + At(1 + log ﬁ)lﬂ)t;l/z) in the L?-norm are
established for the solution p and its flux u for positive time with smooth initial function,
i.e., po € H*(Q) N HJ(Q) (see, Theorem 3.2.1). Further, for py € HJ (), error estimates
of order O((h? + At(1 + log 2;)"/?)t,!) with positive time are derived in L*norm for
the solution p and its flux u (see, Theorem 3.3.1). We have used the standard energy
technique, non-standard energy formulation and parabolic duality argument in deriving
these results.

In Chapter 4, we discuss superconvergence phenomenon for the semidiscrete H1-
Galerkin MFEM for parabolic problems (1.1.1)-(1.1.3). The results obtained in this
chapter show an improved accuracy of order O(h**3) between the H!-Galerkin mixed
finite element approximation u;, and an appropriately defined local projection 7, u of the
flux variable, where k£ > 1 is the order of the approximating polynomials employed in
the Raviart-Thomas element and h is the mesh size of the corresponding finite element
partition. In particular, assuming higher regularity on the solution, better convergence
results for the solution and its flux are established. Superconvergence results are im-
portant from an application point of view because they provide higher order accuracy
under reasonable assumption on the grid and with additional smoothness of the solution.
The analysis involves two linear forms (4.1.4) and (4.1.5) in deriving superconvergence
estimates. The linear forms are estimated by expanding the interpolation errors u —m,u
and (u— mpu); in Taylor series involving only finite number of terms. The orthogonality
property of u — m,u and (u — mpu); with certain class of polynomials play a crucial role
for deriving superconvergence result. Superconvergence estimates of order O(h¥*3) are
established in the L2-norm for the solution and the flux without using LBB-consistency
condition (cf. [19]) on the finite element mesh.

Chapters 5 and 6 deal with a posteriori error estimates for H!-Galerkin MFEM
for parabolic problems (1.1.1)-(1.1.3). An adaptive finite element method for numerical
solution of partial differential equations is of great practical importance and has recently
been an active research area [17, 21, 30, 31, 43, 59]. In general, the nature of the exact
solution is not known before hand then it is not clear how to locally refine the finite
element mesh. Recently, methods for automatic mesh refinement the so-called adaptive
methods have been developed which don’t require the user to supply information on the

smoothness of the exact solution. In these methods this information is instead obtained
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through a sequence of computed solutions on successively refined meshes.

The adaptive algorithms are based on sharp a posteriori error estimators. There-
fore, an attempt has been made to obtain a posteriori error estimates for the H'-Galerkin
MFEM for parabolic problems (1.1.1)-(1.1.3). In Chapter 5, we study the semidiscrete a
posteriori error analysis based on residual approach via a saturation assumption (5.2.4)-
(5.2.5). The assumptions says that on the refined mesh 7j/,, the refined finite element
approximation (uy/2,pn/2) is a better approximation to the exact solution (u,p) than
(up, pr). The upper bounds for the solution and its flux are derived (cf. Theorem 5.3.1).
Our analysis is not subject to the LBB-consistency condition and the estimators are free
from edge residuals.

Finally, in Chapter 6, we study a space-time discretization a posteriori error anal-
ysis with variable time step for H!'-Galerkin MFEM. The upper bounds are established
for the solution and its flux in terms of the estimators (cf. Theorem 6.3.1). The error
analysis is carried out in two steps. First, we bound the errors by the residuals through
the standard energy argument. In the second step, the residuals are bounded by the
estimators 7y, . and ny,. These estimators are computable quantities in terms of the
problem data uy, f-, 2,7, computed solutions uj and pj, mesh size hx and the time
step 7,. Such estimators provide bounds for the errors and are very useful for modifying

meshes and time steps adaptively.

7.2 Extensions and Remarks

In this section, we make some informal observations pertaining to the possible extension
of our results to different problems. We shall briefly outline some interesting problems

to be taken up in future.

Non-smooth Error Analysis. In Chapter 2, we study a priori error estimates for the
semidiscrete H!-Galerkin MFEM for both one and two dimensional homogeneous parabolic
problems, when the initial function py € H*(Q) N H}(Q) and py € HY (). In future, we
would like to study the convergence analysis of the proposed method under much lesser
regularity assumption on the initial function, i.e., when the initial function py € L*().
Further, an extension of the proposed method to more general elliptic and parabolic
problems will be considered. Also, a fully discrete scheme based on Crank-Nicolson
method for the non-homogeneous parabolic problem with both smooth and nonsmooth

initial data will be taken up in future.

A Posteriori Error Analysis for Miscible Displacement Problems in Porous Media. The
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miscible displacement of one incompressible fluid by another in a reservoir Q C R? of

unit thickness and local elevation z(x), = € Q is governed by the equation of the form

¢(x)g—g+u~V0—V~(DVc):g, xeN te (7.2.1)

subject to the initial condition

c(x,0) = ¢o(x),x € Q, (7.2.2)
and boundary conditions
— <%X)>(Vp — VO(C)VZ)> v=0,x€00, tel (7.2.3)
w(e

where p is the pressure, x the permeability of the medium, pu the concentration dependent

viscosity, and 1y, the density of the fluid. Incompressibility implies
V-.u=ygq, (7.2.4)

where ¢ = ¢(x,t) is the imposed external flow, positive for injection and negative for
production. Note that the pressure does not appear explicitly in the equation (7.2.1) for
the concentration. It appears implicitly in the concentration only through its velocity

field given by

e il = — Ei: a% {ai(x, ) (gi — (x, c)) ] —q. (7.2.5)

=1
We would like to study a posteriori error analysis for the above problem by H!-Galerkin
mixed method. The error estimators for the pressure and the velocity field to be derived

which will be useful for adaptive algorithm. We wish to take up this problem in future.

Interior Error Estimates for H-Galerkin Mized Methods. Interior error estimates for
finite element discretizations were first introduced by Nitsche and Schatz in [10, 58] for
elliptic problems and Thomée in [77] for parabolic problems. The authors of [58, 77] have
shown that the error in the interior of the domain 2y CC ; CC €2 can be estimated with
the best order of accuracy that is possible locally for the finite dimensional subspace used
plus the error in the weaker norm over a slightly larger domain which measures the effects
from outside of the domain €2. The interior estimates implicitly take into consideration
possible pollution from effects outside of {25. These may be due to the following: (i) the
smoothness of the boundary; (i7) the way in which a given method treats the boundary
conditions; (4i7) the smoothness of the solution outside of €;. Interior error estimates
have also been used successfully to study a posteriori estimators. The author of [30, 31]

introduced two a posteriori error estimators based on local difference quotients of the
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numerical solutions. Their analysis is based on interior convergence theory in [58]. The
interior convergence theory is well understood for standard finite element method (cf.
[87]). But, there are only few results in this area for classical mixed finite element
methods [26]. In future, we would like study interior error estimates for H!'-Galerkin
mixed methods for both elliptic and parabolic problems.

The omission within the realm of this thesis is computational experiments. As our
main objective is to study the theoretical aspects of H!-Galerkin MFEM and their con-
vergence, we have not discussed computational issues. The computational experiments

will be an interesting future work.
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