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Abstract

Consider a communication problem over a directed acyclic network where information is
generated at certain nodes (sources), and certain nodes (terminals) require the information
generated at a subset of the sources. Routing is predominantly used for such a problem.
However, the concept of network coding emerged as an improvisation over routing. Indeed,
for certain class of networks called multicast networks, network coding achieves maximum

possible throughput, which is non-achievable through routing for many multicast networks.

In network coding, every intermediate node of a network can send an arbitrary
function of incoming information through its outgoing edges. Although restriction on op-
eration (functions) performed by the nodes does affect the performance of network coding,
a class of network coding called linear network coding is specially attractive due to well
developed mathematics related to linear maps/functions. This thesis is focused on linear

network coding.

In a generic form of linear network coding, message symbols (chosen from a finite
field) generated at the sources are segregated into blocks of certain length r, called as
the message dimension. Each block of r symbols are then linearly mapped to blocks of [
symbols — one block for each of its outgoing edges. An intermediate node upon receiving
these blocks of [ symbols — one block from each of its incoming edges, linearly maps them
to blocks of [ symbols — one block for each of its outgoing edges. And finally all terminals
receives blocks of [ symbols — one block from each of its incoming edges, and linearly maps
them to blocks of r symbols, in an attempt to retrieve the messages generated by the
sources it demands. If all terminals are successful in their attempt then the network is

said to have a rate 7/l linear solution, or that a rate r/l is linearly achievable.

In this thesis, we consider three aspects of linear network coding, viz, dependency
on message dimension (value of r) to achieve certain rates, dependency on characteristic of

the finite field with varying message dimension to achieve certain rates, and characteristic
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dependent linear rank inequalities to find upper-bound on the rates linearly achievable

over finite fields whose characteristic belongs to a finite/co-finite set of primes.

It is known that a network may not have a rate 1 linear solution when the message
dimension is equal to 1, but have a rate 1 linear solution when the message dimension is
equal to 2. The literature also shows a network which has a rate 1 linear solution if and
only if the message dimension is equal to a positive integer multiple of 2. In our first work
we generalize this result to show that for any integer m > 2, there exists a network which
has a rate 1 linear solution if and only if the message dimension is equal to a positive
integer multiple of m. We then further generalize this result to show that for any two
co-prime integers k and n, and for any integer m > 2, there exists a network which has a
rate k/n linear solution if and only if the message dimension is equal to mk (and [ is equal

to mn).

However, these networks raise another question: if m is the least positive integer
such that a network has a rate 1 linear solution when the message dimension is equal to m,
whether the the network has a rate 1 linear solution if and only if the message dimension
is equal to a positive integer multiple of m. We show that for any positive integer m > 2,
there exists a network which has no rate 1 linear solution if the message dimension is less
than m, but has a rate 1 linear solution for all values of the message dimension greater than
or equal to m. We also generalize this result to show that for any two co-prime integers
k and n, and for any integer m > 2, there exists a network which has a rate k/n linear
solution if and only if the message dimension is equal to wk (and [ is equal to wn) where

w > m.

It is known that the existence of a rate 1 linear solution may depend upon the
characteristic of finite field, i.e., there exist instances of network coding problems in which
a rate 1 linear solution exists if and only if the characteristic of the finite field belongs to a
certain set of primes. But, does the set of characteristics over which a rate 1 linear solution
exists depends upon the message dimension? To the best of our knowledge, no network
has been reported in the literature which has a rate 1 linear solution for some value of the
message dimension if and only if the characteristic of the finite field belongs to a set P,
and for some other value of the message dimension it has a rate 1 linear solution over some
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finite field whose characteristic does not belong to P.

We show that there exists a network where by increasing the message dimension just
by 1, the set of characteristics over which a rate 1 linear solution exists may get arbitrarily
larger, which is not necessarily a superset of original set of characteristics. Such result
would indicate an advantage of higher values of the message dimension. However, this is
not always true. We show that there also exists a network where by increasing the message
dimension just by 1, the set of characteristics over which a rate 1 linear solution exists may
get smaller, which is not necessarily a subset of the original set of characteristics. As a
consequence of these findings, we prove two more results: (i) when the message dimension
is fixed to 1, rings are superior to finite fields in terms of achieving a rate 1 linear solution
over a lesser sized alphabet, (ii) a network having rate 1 linear solutions when the message
dimension is equal to m; as well as when the message dimension is equal to mo may not

have a rate 1 linear solution when the message dimension is equal to m; + mo.

As mentioned earlier, the literature shows that the rate achievable using linear net-
work coding depends upon the characteristic of the finite field. For example, it has been
shown that for a network named as the Fano network, over finite fields of even charac-
teristic, rate 1 linear solution is achievable, but if the characteristic of the finite field is
not 2, then no rate higher than 4/5 is linearly achievable. For such networks, the tightest
upper-bound produced by Shannon information inequalities and non-Shannon informa-
tion inequalities is 1, and neither of these two types of inequalities can produce different
upper-bounds for different characteristics. Such upper-bounds (like 4/5 for odd character-
istics, 1 for even characteristics) may be obtained by using characteristic-dependent linear
rank inequalities, which is a class of linear rank inequalities that hold if and only if the
characteristic of the finite field belongs to a certain finite/co-finite set of primes. For ex-
ample, for the Fano network, using a characteristic-dependent linear rank inequality, the

4/5 upper-bound over finite fields of odd characteristic can be obtained.

We produce three new sets of characteristic-dependent linear rank inequalities and
show their application in obtaining upper-bounds on the linear coding capacity of networks
over a given set of characteristics. For any given set of primes P, the inequalities in the first
set hold if the characteristic of the finite field does not belong to P, and the inequalities
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in the second and third set hold if the characteristic of the finite field belongs to P.
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1. Introduction

Consider a general communication network where a set of sources communicates to a set of receivers
through some links and intermediate nodes. Traditionally, information is sent from the sources to the
receivers using routing whereby the intermediate nodes perform store and forward function. Finding
best throughput using routing is a very difficult problem even in case of multicast networks.

At the beginning of twenty first century, Ahlswede et al. introduced the revolutionary idea of
network coding where nodes can forward arbitrary functions of incoming symbols to their outgoing
links |1]. They showed that network coding can achieve the best throughput of a class of networks
called multicast networks. Multicast networks has a single source with some symbols (belonging to an
alphabet), and all receivers are to receive all of the source symbols. On the contrary, routing cannot
achieve the best throughput of all multicast networks.

Linear network coding is a restricted version of network coding. It has been shown by Li et
al. that linear network coding is sufficient to achieve the best throughput of all multicast networks.
The linearity assumption helps in both algebraically analyzing network coding, and in implementing
network coding in practical networks. An algebraic framework of linear network coding has been
developed by Koetter et al. in [2].

M. Médard et al. conjectured that linear network coding in its generality is also sufficient to
achieve the best throughput if the network has multiple sources and receivers [3]. But this conjecture
has been proven incorrect in [4].

In linear network coding, each source generates a set of symbols from a finite field. These symbols
are called source messages and is represented by a vector. Each edge carries a linear function of the
vectors received by its tail node. These linear functions can be represented by summation of matrix-
vector products. Both the source alphabet (a finite field), and the size of the matrices used to compute
the linear functions, can decide achievibility of a certain rate. This size (of the matrices) is reflected
by two parameters: message dimension and edge dimension. The messages at the source is segregated
into chucks where the number of symbols in each chuck is equal to the message dimension. So the
number of columns of the matrices which multiply the vectors generated by the sources is equal to
the message dimension. In a single use of an edge, it can carry only a limited number of symbols from
the source alphabet. This number is the edge dimension. It is assumed that the edge dimension of
all edges is the same. As this limits the number of symbols an edge carries, it must be reflected on

the size of the matrices. For example, the number of rows of the matrices that multiply the source
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1.1 Background

vectors, must be less than or equal to the edge dimension.

For a network, a d-dimensional vector linear solution over I, means that the source symbols belong
to IF, and using a linear network code having d message dimension, the terminals of the network can
receive all of its demanded source messages (the corresponding set of linear functions used in the
network is called as a d-dimensional vector linear network code). An 1-dimensional vector linear
solution is also called as a scalar linear solution (the corresponding set of linear functions used in the
network is called as a scalar linear network code). In the following section, we give a brief description
on the existing literature related to the role of message dimension and characteristic of the finite field

in linear network coding.

1.1 Background

The concept of network coding was first shown by Ahlswede et al. in the year 2000 [1]. They
showed that the capacity of a multicast network (networks with a single source and multiple terminals
(a terminal is the same as a receiver) where each terminal demands all the messages generated by
the source) is equal to the minimum of the min-cut between all source terminal pairs, and that this
capacity can be achieved using network coding, but not always with routing. Since then, network
coding has been found to be useful in various applications such as: content distribution in peer-to-
peer networks (results in faster downloads than routing), wireless data transfer (saves bandwidth;
see analog network coding), network tomography (reduces the number of probes required), network
security (as data carried by the edges may not be intrinsic source symbols) etc.

In 2003, Li et al. showed that the capacity of all multicast networks can be achieved by using a
form of network coding called as the scalar linear network coding [5]. In scalar linear network coding,
the value of the message dimension is equal to 1. Jaggi et al. presented a deterministic algorithm to
decide the linear functions (that is to be used in an instance of a scalar linear network coding) each
node has to use such that all terminals can retrieve all source messages [6]. Ho et al. showed that if
these linear functions are chosen randomly and if the alphabet is sufficiently large, then the receivers
can retrieve their demands with an arbitrarily small probability of error [7]. Koetter and Médard
developed an algebraic framework to study linear network coding in [2].

Médard et al. showed that the d-dimensional vector linear network coding, where d > 1, is superior

to scalar linear network coding in the sense that a network may have a d-dimensional vector linear
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1. Introduction

solution but no scalar linear solution [3]. They presented a network — named as the M-network —
which has a 2-dimensional vector linear solution, but has no scalar linear solution. Dougherty et al.
showed that the same network has a d-dimensional vector linear solution if and only if d is an even
number [8].

Superiority of d-dimensional vector linear network coding where d > 1 over scalar linear network
coding also holds for multicast networks. Sun et al. showed that there exist multicast networks which
has a d-dimensional vector linear solution over IF,, but has no scalar linear solution over any finite field
whose size is less than or equal to ¢¢ [9]. Etzion et al. very recently showed that the gap between: g,
which is the minimum field size required for a scalar linear solution, and ¢, which is the least number
such that the network has a d-dimensional vector linear solution over a finite field of size ¢, can be very
large |10] (the former quantity being greater). Ebrahimi et al. developed an algorithm to decide the
linear functions in case vector linear network coding and not scalar linear network coding is employed
in a multicast network [11]. Sun et al. also showed that there exists a multicast network which has a
4-dimensional vector linear solution over F5 but does not have a 5-dimensional vector linear solution
over Fo. This shows that a network that has a linear solution over Fg does not necessarily have a
solution over Fg/ where d’ > d. The particular network showed by Sun et al. has a 5-dimensional
vector linear solution over Fys — so it is not that the network does not have a 5-dimensional vector
linear solution over finite fields of characteristics 2.

Even though this thesis and almost all of network coding literature considers the source alphabet
used for linear network coding as a finite field, linear network coding can also be defined over rings or
modules [12]. Very recently, Connelly et al. showed in [12] that if linear network coding over a ring
or a module achieves a certain rate, then linear network coding over some finite field also achieves the
same rate. They also showed that any network that has a scalar linear solution over a commutative
ring which is not a field or over a module, also has a scalar linear solution over a finite field whose size
is less than or equal to that of the ring or the module [13]. Moreover, they show that a d-dimensional
vector linear solution over a finite field implies a scalar linear solution over some ring (may be non-
commutative). In this thesis, we study the role of message dimension when the underlying alphabet
is a finite field, but in one particular instance, we compare the result with the outcome that would
have resulted if the underlying alphabet had been a ring.

A finite field has two parameters: the characteristic of the finite field, and the degree of field
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1.1 Background

extension; together they determine the size of the finite field. Both the size and the characteristic
play an important role in deciding whether a network has a (scalar/vector) linear solution over the
corresponding finite field. We discuss this now in more detail.

Li et al. showed that a multicast network may not have a scalar linear solution unless the size of
the finite field is sufficiently large [5]. Sun et al. showed that having a scalar linear solution over a
certain finite field does not necessarily mean that it has a scalar linear solution over all larger finite
fields |14]. Jaggi et al. [6] showed that all multicast networks has a scalar linear solution over a finite
field whose size is greater than or equal to the the number of terminals. Riis et al. showed a network
which for any positive integer n, has a scalar linear solution if and only if the size of the finite field is
atleast n [15]. In references [14] and [16] the authors show that not only the size, but also the order
and the associated coset numbers of the proper subgroups of the multiplicative group of the finite field
affects the existence of a scalar linear solution in multicast networks.

In [17], Jaggi et al. showed that a network having a scalar linear solution over Fya has a d-
dimensional vector linear solution over IF,. But a network having a d-dimensional vector linear solution
over [F, may not have a scalar linear solution over any finite field whose size is less than or equal to
q? 9,10]. Ebrahimi et al. showed an efficient algorithm to design vector linear network codes that
achieves a vector linear solution in multicast networks [11]. They also conjectured that there exists a
multicast network which has a L-dimensional vector linear solution over a finite field I, but has no
scalar linear solution over any finite field whose size is less than or equal to ¢“. This conjecture was
settled by Sun et al. in [9] by showing an explicit instance of a network exhibiting such a property.
In a recent publication 10|, Etzion et al. showed that the gap between the minimum field size to
achieve a scalar linear solution and the minimum field size to achieve a vector linear solution can be
significantly large (the latter being lesser). Sun et al. in |9 also showed that there exists a multicast
network which has a 4-dimensional vector linear solution over Fo, but has no 5-dimensional vector
linear solution over the same finite field (the network also has a 5-dimensional vector linear solution
over [Fya, so the solution is not characteristic dependent). This shows that over a fixed finite field,
a multicast network may have a vector linear solution for a certain message dimension but not for a
higher message dimension.

Linear solvability of a network may depend upon the terminals receiving sufficient number of

independent linear equations of the demanded messages. A vector linear network code offers a higher
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1. Introduction

ratio of the number of coefficients available to encode/decode messages, to the number of possible
source messages. For example, in an m-dimensional vector linear code over [Fy, there are qm2 coefficients
(number of possible m x m matrices) and ¢™ (number of possible m-length vectors) possible source
messages. In a scalar linear network code over [y, there are ¢ coefficients and ¢ messages. So the
respective ratio increases by a factor of qm2_m. In reference [11], which gives an algorithm to design
capacity achieving vector linear network codes in multicast networks, the authors Ebrahimi et al. —
towards justifying the superiority of vector linear network coding over scalar linear network coding —
wrote: “Thus, vector network coding offers a larger space of choices for optimizing cost parameters,
such as the operational complexity, or the communication block length. Our work takes small steps in
exploring this potential, using a subset of all possible matrices; we believe that the potential of vector
coding is much beyond what this work achieves”.

For multicast networks, the characteristic of the finite field does not play a significant role in the
sense that there does not exist a multicast network that has a scalar linear solution if and only if the
characteristic of the finite field belongs to a certain set of primes.

For non-multicast networks though, the characteristic of the finite field plays an important role.
Reference |12] also shows that as long as there is no restriction on the value of the message dimension,
linear coding capacity is dependent only on the characteristic of the finite field.

Dougherty et al. showed that for any set of polynomials over integers there exists a network which
has a scalar linear solution over F, if and only if the the set of polynomials has a common root in
[F, [18]. This shows that for any finite or co-finite set of primes there exists a network which has a
scalar linear solution if and only if the characteristic of the finite field belongs to the given set.

Dougherty et al. presented a network named as the Fano network which has a vector linear
solution for any message dimension if and only if the characteristic of the finite field is two [4]. The
same authors also presented the non-Fano network which has a vector linear solution for any message
dimension if and only if the characteristic of the finite field is not two |4,8]. Rai et al. showed that
for any finite or co-finite set of primes there exists a network which has a vector linear solution for
any message dimension if and only if the characteristic of the finite field belongs to the given set of
primes [19].

It is worth mentioning that linear network coding may not be the most optimal form of network

coding in terms of achieving a solution. It has been shown that for non-multicast networks, non-linear
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network coding can produce strictly greater throughput than linear network coding. (There are some
benefits for using non-linear network coding in multicast networks as well, such as reduction of the
alphabet size required for a scalar solution [20]). In [4], Dougherty et al. showed that there exists a
network for which non-linear network coding achieves strictly greater throughput than linear network
coding. In [21], Connelly et al. showed an infinite class of networks in which non-linear network coding
achieves strictly greater data rates than linear network coding.

We divide the rest of the introduction into two parts. In the first part, we discuss coding capacity,
linear coding capacity, and the role that information inequalities and linear rank inequalities play in
determining upper-bounds on the capacity and linear coding capacity of a network. In the second
part, we discuss about a branch of mathematics called Matroid theory which has found significant

application in finding the limits of linear network coding.

1.2 Capacity, Information Inequalities, and Rank Inequalities

Capacity of a network is a measure of the best rate at which data that can be transferred from
the sources to the terminals. It is is defined as the supremum of all achievable rates. It becomes
necessary to use supremem instead of maximum so that rates that can be achieved asymptotically is
also incorporated. It has been shown that if a certain rate is achievable over one alphabet then it is
also achievable over any other alphabet [22] (using non-linear network coding) — and this is why the
capacity of a network does not depend upon the source alphabet.

Information inequalities has been shown to be useful to find upper-bounds on the capacity of a
network. For all messages either generated by the sources or transmitted by the edges, a corresponding
random variable is defined. Generally, the random variables corresponding to the messages generated
by the sources are considered as uniformly distributed over the source alphabet. The random variables
corresponding to the message transmitted by an edge is a function of the random variables associated
with the messages received by the tail node of the edge. The collection of all of these random variables
must obey all the information inequalities.

Information inequalities are inequalities obeyed by the entropy of jointly distributed random vari-
ables. The definition of an information inequality is reproduced from [23]: if n is a positive integer,
¢; for 1 < i < k are real numbers, and I; for 1 < i < k are subsets of the set {1,2,...,n}, then an
inequality of the form c¢iH({Aili € I1}) + coH({Aili € I}) + - -+ + e H({Ai]i € Ix}) > 0 is called an
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information inequality if it is obeyed by all jointly distributed random variables Ai, Ao, ..., A,. From
the random variables Ay, Ao, ..., A, a total of 2 — 1 joint distributions can be defined. If the entropy

of these distributions are stacked up, then it forms a 2" — 1 length vector in R2"~1.

Now, if for a
vector in R?"~1 there exist random variables A1, As, ..., A, such that the values of the components of
the vector are equal to the joint entropies of the random variables Aq, As, ..., A,, then the vector is
said to be entropic. The collection of all entropic vectors forms the entropy region. We note that the
definition of information inequalities include only linear information inequalities. It has been shown
in [24] that there also exist non-linear information inequalities.

Applying information inequalities to a network tells us the rates which are impossible to achieve,
and thus produces upper-bounds on its achievable rate. It has been shown that there exist infinite
number of these inequalities [25]. Information inequalities that can be expressed as ) . ¢;I(A;; B;|C;) >
0, where ¢; is a non-negative real number, are called Shannon inequalities. All information inequalities
in three or less variables are Shannon inequalities [26]. The list of Shannon inequalities can be found
in [8], pp.-1951. There exist non-Shannon information inequalities as well. The first four variable
non-Shannon information inequality was discovered by Zhang and Yeung in [27]. More four variable
non-Shannon information inequalities have been shown in [23].

The capacity of a network is always less than or equal to the minimum of min-cut between of
all source terminal pairs (a source and a terminal forms a pair if the terminal demands the message
generated by the source). Moreover, it has been shown that the capacity may be unachievable [22].
Harvey et al. in [28] presented a method to obtain an upper-bound on the capacity by combining
Shannon inequalities with the constraints imposed by the topology of the network and limited ca-
pacity of the edges (the effects of the topology was captured by defining a term named as functional
dominance). It has been shown in [23] that the bound obtained from this method may be further
improved by additionally incorporating non-Shannon information inequalities. A network named as
the Vamos network is a good example to see how these inequalities come together. Vamos network
was first considered in [8], where by applying the non-Shannon inequality discovered by Zhang and
Yeung, it was shown that its coding capacity is upper-bounded by 10/11. This bound was then further
improved to 19/21 by applying other non-Shannon inequalities in [23].

Linear coding capacity is the supremum of all rates achievable using linear network coding. So

linear coding capacity is always less than or equal to capacity (because linear network coding restricts
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all functions to be linear). This is reflected by the fact that in addition to edge capacities and
information inequalities, the rates achievable using linear network coding is further hindered by linear
rank inequalities. Linear rank inequalities are inequalities that are obeyed by dimensions of vector
subspaces of a vector space. It has been shown that for a certain rate to be linearly achievable in a
network, a corresponding representable discrete polymatroid, which is a collection of vector subspaces,
must exist. Linear rank inequalities put bounds on the dimensions of these vector subspaces (of the
discrete polymatroid).

It can be shown that all information inequalities are also linear rank inequalities. This result has
been proved in Theorem 2 of [26]. The authors proved this result by showing that for any collection
of vector subspaces {V;|1 < i < n} of a finite dimensional vector space, there exist random variables
{Xi[1 <4 < n} such that dim(}_ ;. V;) = cH({X;[j € I}) for any I C {1,2,...,n}, where cis a
constant. The opposite result that: a linear rank inequality is also an information inequality is however
not true. Theorem 4 of |26] shows a four variable linear rank inequality: Ingleton’s inequality, which
is not an information inequality.

Hammer et al. showed that for upto three variables, there exists no linear rank inequality which
is not an information inequality (Theorem 3 of [26]). They also showed that for four variables, the
only linear rank inequality which is not an information inequality is the Ingleton inequality and
permutations of its variables (Theorem 5 of [26]). A list of twenty four new linear rank inequalities in
five variables, which are not information inequalities, has been shown in [29].

Reference [30] shows that even an incomplete list of six variable linear rank inequalities crosses
one billion. For seven or more variables, references [31], [32] and [33] show that there exist linear rank
inequalities that hold if the characteristic of the field is among a certain set of values, but may not
hold otherwise. Such an inequality is called as a characteristic-dependent linear rank inequality.

First, Blasiak et al. showed two characteristic-dependent linear rank inequalities of seven variables:
one holds over finite fields of even characteristic, and the other holds over finite fields of odd charac-
teristic [31]. Thereafter, Dougherty et al. showed two more seven variable characteristic-dependent
linear rank inequalities in [32]. Subsequently, two new eight variable inequalities has been presented
in [33]. Applications (finding upper-bounds on the linear coding capacity of networks over finite fields
of a given characteristic) of the inequalities shown in [32] and [33] has been also presented in the

respective papers. In [34], the author showed that for any finite or co-finite set of primes there exists a
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characteristic-dependent linear rank inequality that holds if the characteristic of the finite field belongs

to the given set, but may not hold otherwise.

1.3 Matroids and Linear Network Coding

Matroid Theory is a branch of mathematics which has found significant applications in the analysis
of linear network coding. A number of significant theoretical results on linear network coding has been
discovered due to the connection between the two subjects. The essence of a matroid is to capture
the abstract concept of independence. A matroid is a collection of two sets: a set of elements called
as the ground set, and a set of subsets of the ground set called as the independent set. Intuitively, the
connection between matroids and networks is this: the messages (vector over a finite field) generated
by the sources are independent to each other, and the vectors carried by the edges are dependent on
these source messages; and hence there is a possibility that the collection of vectors being generated
by sources or carried by the edges forms a matroid. This intuitive connection was first mathematically
established in [8]. It was shown that the sources and edges of a network can be mapped to the ground
set of a matroid such that the network has a scalar linear solution over F, if and only if the matroid
is representable over F,. A matroid is representable over IF, if it is isomorphic to a matroid whose
ground set elements are vectors over F, (eg. of a matroid whose ground set elements are vectors: a
matrix; the columns of the matrix forms the ground set, and the subset of the columns which are
independent forms the independent set — more on this in Chapter [2))

In [8], Dougherty et al. developed a method to construct networks from matroids such that if the
network has a scalar linear solution over F,, then the matroid is representable over [F,. Using this
method, in [§], Dougherty et al. — from the Fano matroid, which is representable only over finite fields
of characteristic 2 — constructed a network that has a linear solution if and only if the characteristic
of the finite field is 2. Analogously, from the dual of the Fano matroid: the non-Fano matroid, which
is known to be representable only over finite fields whose characteristic is not 2, a network which has
a linear solution if and only if the characteristic of the finite field is not 2 was constructed [8]. It has
been shown in [4] that a network constructed by combining these two networks has no linear solution
over any finite field; but has a non-linear solution. This proved that linear network coding may be
insufficient to achieve the capacity of a network [4].

Koetter and Médard developed an algebraic framework to study linear network coding in [2].
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Given a network, they constructed a set of polynomial equations such that the network has a scalar
linear solution over [, if and only if the polynomials are satisfiable over F,. The correspondence
between matroid theory and linear network coding was used by Dougherty et al. in [18] to show that
for any given set of polynomials with integer coefficients there exists a network which has a scalar
linear solution over F, if and only if the set of polynomials have a solution over ;. This showed
that determining whether a network has a scalar linear solution is as much difficult as solving a set of
polynomials. An inference of the results in [1§] is that for any finite or co-finite set of prime numbers
there exists a network which has a scalar linear solution if and only if the characteristic of the finite
field belongs to the given set of primes.

Dougherty et al. in [8], using the smallest known non-representable matroid: the Vdmos matorid,
constructed a network named as the Vamos network. They showed that this network does not have
a linear solution for any dimension over any finite field. Moreover, they showed that Shannon in-
equalities produce an upper-bound of 1 on the capacity of the network. But using the Zhang-Yeung
information inequality (a non-Shannon information inequality) an upper-bound strictly lesser than 1
was be obtained. Thus, they concluded that Shannon inequalities are insufficient to compute coding
capacity.

Like scalar linear network coding is related to representable matroids, it has been shown that
vector linear network coding is related to discrete polymatrodis [35]. The main difference between a
matroid and a discrete polymatroid is that in a matroid, rank of each element in the ground set is
either 0 or 1; where in a discrete polymatroid the rank of each element of the ground set can be any
non-negative integer. It has been shown that the sources and edges of a network can be mapped to
the ground set of a discrete polymatroid such that the network has a linear solution in d-dimension
over IF, if and only if the discrete polymatroid satisfies some rules and is representable over F,. A
discrete polymatroid is representable if it is isomorphic to a discrete polymatroid whose ground set

elements are vector subspaces of a finite dimensional vector space.

1.4 Contributions and Organization of this Thesis

Chapter [1] is Introduction. In Chapter [2, we discuss formal definitions of scalar linear network
coding, vector linear network coding, and fractional linear network coding; reproduce some results

and definitions from literature that connect matroid theory and networks solvability; reproduce some
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results on linear functions; and reproduce the proof that shows all information inequalities are also
linear rank inequalities.

The contributions of this thesis is segregated into Chapters and

In reference [3], Medard et al. showed that there exists a non-multicast network which has a 2-
dimensional linear solution but does not have a scalar linear solution. In Chapter 3| we generalize this
result to show that for any positive integer m > 2, there exists a network which has a w-dimensional
vector linear solution if and only if w is a multiple of m. We then show that for any positive integer
m > 2, there exists a network which has a w-dimensional vector linear solution if and only if w is
greater than or equal to m.

We also generalize these results to show that for any positive integers k, n, and m > 2, there exists
a network which has a (wk, wn) fractional linear solution if and only if w is a multiple of m, and there
also exists a network which has a (wk, wn) fractional linear solution if and only if w is greater than or
equal to m. These results conclude that arbitrary large message dimension may be required to achieve
a certain rate using linear network coding.

In Chapter [} we show that there exists a network where by increasing the message dimension just
by 1, the set of characteristics over which a vector linear solution exists get arbitrarily larger, which
is not necessarily a superset of original set of characteristics. Such result would indicate an advantage
of higher message dimensions. However, this is not always true. We also show that there also exists
a network where by increasing the message dimension just by 1, the set of characteristics over which
a vector linear solution exists may get smaller, which is not necessarily a subset of the original set of
characteristics.

As a consequence of these findings, we prove two more results: (i) rings may be superior to finite
fields in terms of achieving a scalar linear solution over a lesser sized alphabet, (ii) existences of an
m1-dimensional vector linear solution and an mo-dimensional vector linear solution do not guarantee
the existence of an (m; + ma)-dimensional vector linear solution.

In Chapter |5, we derive three new sets of characteristic-dependent linear rank inequalities. For
any given set of primes P, the inequalities in the first set hold if the characteristic of the finite field
does not belong to P, but may not hold otherwise; and the inequalities in the second and third set
hold if the characteristic of the finite field belongs to P, but may not hold otherwise. We also show

applications of these inequalities in the same chapter.
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2. Preliminaries

We now present the formal definitions of terms used in this thesis; and reproduce existing results
from the literature which will be used as facts while proving the results of this thesis.

A network is represented by a directed acyclic graph G(V, E). The set V is partitioned into three
disjoint sets: the set of sources S, the set of terminals 7', and the set of intermediate nodes V’. Each
source generates an i.i.d. random process uniformly distributed over a finite field F,. The random
process at any source is independent of all source processes. Each terminal demands the information
generated by a subset of the sources.

To each source node an imaginary incoming edge is added, and this edge carries the message
generated by the corresponding source. For each demand (a demand is a source message demanded by
a terminal) of a terminal, an imaginary outgoing edge is added to the terminal, and this edge requires
to carry the respective demanded source message. Let the imaginary edge added to a source s be
denoted by s’, and let the imaginary edge added from a terminal ¢ be denoted by ¢'.

An edge e has two nodes and an direction. The two nodes are denoted by tail(e) and head(e),
and the direction is from tail(e) to head(e). Such an edge is denoted by (u,v) where u = tail(e) and
v = head(e). For a node v € V|, the set of edges e for which head(e) = v is denoted by In(v), and
the set of edges e for which tail(e) = v is denoted by Out(v). The information/message carried by
an edge e is denoted by Y.. Without loss of generality (w.l.0.g.), it is assumed that all the edges in
the network are unit capacity edges (meaning, in one usage of an edge it carries one symbol from the

source alphabet). There is no delay or error in the network.

2.1 Scalar Linear Network Coding

The term ‘scalar’ in scalar linear network coding indicates the fact that the messages generated
by the sources are elements of a finite alphabet. In majority of works related to linear network coding
this finite alphabet is assumed to be a finite field as this is the case in this thesis as well. However,
there are some works of theoretical importance and also from pedagogical point of view where the
finite alphabet is assumed to be ring, module etc. In this thesis, until unless specified, the assumed
alphabet is a finite field. The generalization of scalar linear network coding is vector linear network
coding — to be discussed in subsection — where the messages generated by the sources are vectors
over F,. The term linear network coding indicates that the messages carried by an edge e is linear

combination of the symbols carried by the edges in In(tail(e)).
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2.2 Vector Linear Network Coding

In scalar linear network coding, for all edge pair (e;,e;) € ' x E an element ¢, ., € F, is assigned.
The collection of all of these elements Ceie; for V(e;, e;) € ExE is called as a scalar linear network code.
For any edge e, if tail(e) = v and In(v) = {e1, e2,...,en}, then Yo = ¢¢, ¢.Ye, +Ceye- Yoo+ e, e Yo, -

If using a scalar linear network code over some finite field F,, each terminal can retrieve one source
symbol from all the sources intended, then the network is said to have a scalar linear solution over IFy.
A network is called as scalar linear solvable if it has a scalar linear solution over some finite field F,,.

Here are some interesting facts on scalar linear network coding:

e All multicast networks — i.e., networks with only one source and all terminals demand the same
information from the source — has a scalar linear solution over some finite field [1]. Jaggi et
al. showed a deterministic algorithm to decide the linear coding coefficients — i.e., the values
Ce;,e; for each edge pair — to achieve a scalar linear solution of multicast networks [6]. Ho et al.

presented a randomized algorithm where these coefficients are chosen randomly [7].

e For any given set of polynomials with integers coefficients, there exists a network which has a

scalar linear solution over F, if and only if the set of polynomials has a common root in F, [1§].

e Non-multicast networks may not have a scalar linear solution. Moreover, non-multicast networks
whose linear coding capacity is equal to 1 may not have scalar linear network coding solution
either. Medard et al. presented a network in [3] which has no scalar linear solution but has a

2-dimensional vector linear solution.

2.2 Vector Linear Network Coding

Vector linear network coding is a generalization of the scalar linear network coding. The term
‘vector’ in vector linear network coding indicates that the messages generated by the sources are
vectors over a finite field F,. The term linear network coding indicates that the messages carried by
an edge is linear combination of the vectors input to the tail node of the edge. The length of the
vectors generated by all sources is the same. This number is called as the message dimension. If
message dimension is equal to m, then the corresponding vector linear network coding is referred as
m-dimensional vector linear network coding.

In Vector linear network coding, for all edge pair (e;,e;) € E x E a matrix C{ei,ej} — known as the

local coding matrix for the edge pair (e;, e;) — is assigned. In an m-dimensional vector linear network
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code over Fy, all matrices Cy, ..y for (€;,€;) € E'x E belong to Fg"*™. For any edge pair (i, €5), if
tail(e;) is a source node, then the local coding matrix is called as an encoding matrix, and if tail(e;)
is a terminal node, then the local coding matrix is called as a decoding matrix. The collection of all
C{ei,ej} for V (e;,ej) € E x E is denoted as an m-dimensional vector linear network code. For any edge
e, if tail(e) = v and In(v) = {e1,e2,...,en}, then Yo = Cro) 1Yo, + Cley o) Yoo + -+ Cre Ve,

If using an m-dimensional vector linear network code over some finite field F,, each terminal can
retrieve m source symbols from its intended sources, then the network is said to have an m-dimensional
vector linear solution over F,. A network is said to be vector linearly solvable for message dimension
m, or that it has a vector linear solution for message dimension m, if it has an m-dimensional vector
linear solution over some finite field. A network is called as vector linearly solvable, or that it has a
vector linear solution, if it has a vector linear solution for some message dimension m over some finite
field IF,. If a network has a scalar linear solution or a vector linear solution, then the network is said
to have a linear solution or to be linearly solvable. Note that an 1-dimensional vector linear solution
is a scalar linear solution.

Here are some interesting facts on vector linear network coding:

e If a network has a scalar linear solution over [Fpa, then it also has an a-dimensional vector linear
solution over [, [17]. But if a network has an a-dimensional vector linear solution over F,,, then

it may not necessarily have a scalar linear solution over [« [14].

e Vector linear network coding can be employed in multicast networks to achieve a linear solution

over a lesser sized alphabet than what would be required to achieve a scalar linear solution |10].

e Algorithm to design the local coding matrices that achieves a vector linear solution in a multicast

network can be found in [11].

e A multicast network having an m-dimensional vector linear solution over some alphabet does
not imply that it has a vector linear solution for all larger vector dimensions [9] over the same

alphabet.

e The M-network is the first network shown to have no scalar linear solution, but has a vector

linear solution for every even message dimension [3,8].

For any given finite or co-finite set of primes, there exists a network which has an m-dimensional
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vector linear solution for any positive integer m if and only if the characteristic of the finite field

belongs to the given set [19].

2.3 Fractional Linear Network Coding

Fractional linear network coding is further generalization of vector linear network coding. The term
‘fractional’ in fractional linear network coding indicates the fact that the length of vectors generated by
the sources may not be equal to the length of the vector carried by the edges (i.e, message dimension
may not be equal to edge dimension).

In a (k,n) fractional linear network coding over F,, each source generates a k-length vector over
[F, and each edge carries an n-length vector over F,. For all edge pair (e;,e;) € E x E a matrix C{ei7ej}
— known as the local coding matrix for the edge pair (e;,e;) — is assigned. If tail(e;) is a source,
then Cle, e,y € F’;X"; if tail(e;) is a terminal, then Cy,, ..y € ]FZXk; otherwise Cl, ..y € Fg™™. The
collection of all C'y, .y for V (€i,ej) € E X E is called as a fractional linear network code. For any edge
e, if tail(e) = v and In(v) = {e1,e2,...,em}, then Yo = Cic, ). Ye, + Cleye}-Yeo + -+ Cre e Yer -

If using a (k,n) fractional linear network code over some finite field F, each terminal can retrieve
k source symbols from each of its intended sources, then the network is said to have a (k,n) fractional
linear solution over F,. A network is said to be as fractional linearly solvable, if it has a (k, n) fractional
linear solution for some k and n over some finite field F,. The ratio % is called the rate. A network
is said to have a rate % fractional linear network coding solution if it has a (dk,dn) fractional linear
network coding solution for some positive integers d, k, n. Note that a (k, k) fractional linear network

code is a k-dimensional vector linear network code.

2.4 Matroids, Polymatroids, and Networks

Matroids and polymatroids are part of mathematics (a branch called matroid theory) and were
developed much earlier to network coding. But both of these mathematical structures have found
many application in the study of network coding. The relation between these two was developed by
Dougherty, Freiling, and Zeger in [8]. They showed a method to construct a network from a matroid
such that some key properties of the matroid gets transferred to the network. For example, from the

Fano matroid which is not representable over finite fields of odd characteristics, they constructed a
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network that has no scalar linear solution over finite fields of odd characteristics. Some of the other
results that were proved using this connection are: insufficiency of linear network coding to achieve
capacity of a general network (in [4]), insufficiency of Shannon information inequality to compute the
capacity of a network (in [8]), unachievability of network coding capacity (in [22]), etc.

In almost all theorems proved in this thesis, rather than matroids, we have used another structure:
discrete polymatroids. Using the results of [8], Kim et al. showed that if a network is matroidal (to be
defined later) then it has a scalar linear solution over a finite field F, if and only if the matroid to which
the network is matroidal is representable over IF,. However, it was not clear at that time whether
there exists matroid analogues that would correspond to vector linear network coding. Rouayheb et
al. showed that multi linear representation of matorids may capture vector linear network coding [36].
But Murilidharan et al. showed that multi linear representations cannot capture all vector linear
solutions [35]. They instead showed that polymatroids are a natural extension of matorids, and
discrete polymatroids — a class of polymatroids — can capture more general forms of network coding
like vector linear network coding and fractional linear network coding. Murilidharan et al. showed in
a theorem (Theorem 1 of [35]) that a network has a vector linear solution in d message dimension if
and only if there exists a corresponding discrete polymatroid with some properties. In many proofs
in this paper, to determine whether a network has a vector linear solution in d message dimension we

have used this theorem.

2.4.1 Matroids

First we define matroid. The following definition is reproduced from [37] (section 1.3.2.). Let Z*

be the set of all positive integers.

Definition 1. Let G be a set and r: 2¢ — {0UZ*} be a function that maps all subsets of G into the

set of non-negative integers such that:

R1 If X C G, then 0 <r(X) < |X]

R2 If X CY CG thenr(X) <r(Y)

R3 If X, Y CG, thenr(XUY)+r(XNY)<r(X)+rY)

Let T be the collection of subsets of G such that if X € T then r(X) = |X|. Then (G,Z) is a matroid

having rank function r. Here G is called the ground set and the elements of T are called as independent
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sets. A matroid (G,T) may also be denoted by a single letter such as M where M = (G,I). The

function r() is called the rank function of the matroid M.

Let us take an example of a matroid. Consider the following matrix A over integers:

100 2 3
A=10 1 0 3 4
0015 6

Any collection of three or lesser number of columns of A are independent and any collection of four or
five number of columns are dependent. Let A(i) denote the ™™ column of A. Let G = {1,2,3,4,5}. For
any X = {j1,j2,.--,Jjx|} C G, let A(X) = |A(j1) A(j2) --- A(Gix) |- Define the rank function
r as r(X) = rank(A(X)) where rank() denotes the usual rank of a matrix. Then M = (G,Z) is a
matroid where Z contains all X C G with | X| < 3.

Here M = (G,Z) is called a vector matroid of A with rank function r(X) = rank(A(X)) for any
X C G. A matroid is a vector matroid if its ground set elements are vectors.

Two matroids M; = (G1,Z;) and My = (G2,Z3) are isomorphic to each other if there exists a
bijection f : G; — G4 such that for any X € G1, X € Z; if and only if the set f(X) € Zs.

A matroid M said to be representable over a finite field F, if M is isomorphic to a vector matroid
of a matrix over IF,.

An alternate but equivalent definition of a representable matroid is given below (not our contri-

bution). This definition will be easier to extend to discrete polymatroids.

Definition 2. A matroid M = (G, T) with the rank function r : 2¢ — {0 UZ*} is said to be repre-
sentable over Fy if there exists one dimensional vector subspaces Vi, Va, ..., Vg of a finite dimensional

vector space over Fy such that for any X C G: r(X) = dim(}_;cx Vi)-

We now reproduce the definition of matroidal networks from [8]. Let N be a network, and let S

be the set of sources in NV, E be the set of edges in N, and V be the set of vertices in N.

Definition 3. [§, Definition V.1, p. 1956] Let M = (G,I) be a matroid with rank function r. The
network N is a matroidal network with respect to M if there exist a function f : {S,E} — G such

that the following conditions are satisfied:

M1 f is one-to-one on S.
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M2 f(S) eT.
M3 for Vv e V, r(f(In(v))) = r(f(In(v) U Out(v))).

Dougherty et al. in [§] proved that a network has a scalar linear solution over F, only if it is
a matroidal network with respect to a matroid representable over IF,. (a scalar linear solution was
translated into a representation of a matroid)

Kim et al. in [38] showed the opposite: if a network is matroidal with respect to a matroid rep-
resentable over Fy then it has a scalar linear solution over F,. (a representation of a matroid was
translated into a scalar linear solution)

Muralidharan et al. in [35] extended the network matroid mapping to network discrete polymatroid
mapping. They also showed that such mappings can correctly capture vector linear network coding

and fractional linear network coding.

2.4.2 Discrete Polymatroids

Discrete polymatroids are generalized versions of matroids. In matroid the rank of a single element
can be either 0 or 1. In discrete polymatroid the rank of a single element of can be any non-negative
integer. There is also a difference in describing matroids and polymatroids as we will see.

First, discrete polymatroid [35,139,/40] is defined. Let G = {1,2,...n}. Also let Z>o = {0UZ™"}.
Define Z% as the set of all n length vector whose elements are in Z>o. If v is an n length vector and
A C G, then v(A) is the vector having only the components indexed by the elements of A, and |v(A)|

is the sum of the components of v(A).

Definition 4. [35, Definition 2, p. 4098] Let p be a function that maps 2€ into Z>q such that
P1 p(¢) = 0.

P2 p(A) < p(B) if AC B.

P3 p(A) + p(B) =2 p(AUB) + p(AN B).

Let D be the collection of all elements x € Z% such that |x(A)| < p(A) for VA C G. Then D is a

discrete polymatroid having rank function p and ground set G.
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A discrete polymatroid D has pya. = d if p follows this additional rule: for VA C G, p(A) < d|A].
By setting ppmae = 1, one can completely describe a matroid [35]. So discrete polymatroids can be
viewed as the generalized version of matroids.

Note that P1 of Definition [4] is less restricted than R1 of Definition [I} because if P1 holds then
R1 may not hold, but if R1 holds then P1 will also hold. This shows that all matroids are also
discrete polymatroids but all discrete polymatroids are not matroids.

Also note that matroids and discrete polymatroids are described differently. For example if the
matroid, which is the vector matroid of the matrix A in equation , is described as discrete

polymatroid D4, we get:

D ={(1,1,1,0,0),(1,1,0,1,0),(1,1,0,0,1),(1,0,1,1,0),(1,0,1,0,1),(1,0,0,1,1),(0,1,1,1,0),
(07 17 1707 1)7 (07 1707 17 1)7 (07 O? 17 17 1)7 (17 1707 0’ 0)7 (1707 ]‘70’ 0)7 (1707 07 ]" 0)7 (1707 07 0’ 1)7
(0,1,1,0,0),(0,1,0,1,0),(0,1,0,0,1),(0,0,1,1,0), (0,0,1,0,1), (0,0,0, 1,1),(1,0,0,0,0),

(0,1,0,0,0), (0,0, 1,0,0), (0,0,0,1,0), (0,0,0,0,1)}.

Definition 5. [35, Definition 3, p. 4099] A discrete polymatroid D with rank function p and ground
set G = {1,2,...n} is said to be representable over F, if there exist vector subspaces Vi,Va,...,V,
of a vector space V' over Fy such that dim(}_;cx Vi) = p(X) for VX C G. The set of vector spaces
{Vi,i € G} is said to form a representation of D. A discrete polymatroid is said to be representable if

it is representable for some field.

In [35] the authors defined the notion of a network being discrete polymatroidal with respect to a
discrete polymatroid. We reproduce the definition below but with some different notations. Let €;, be

h component is one and all other components are zero. Let N be a network

a n length vector whose 4’
whose set of sources is 5, set of edges is F, and set of vertices is V.

The following definition is reproduced from [35].

Definition 6. [35, Definition 7, p. 4102] Let D be a discrete polymatroid with rank function p, and
ground set G = {1,2,...n}. The network N is said to be a (k,n)-discrete polymatroidal network with

respect to the discrete polymatroid D, if there exists a map f:{SUE} — G such that

D1 f is one-to-one on S.
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D3 Vs e S, p(f(s)) =k, and Ve € E, p(f(e)) < n.
D4 p(f(In(v))) = p(f(In(v) U Out(v))), Vv € V.

If X is the message generated by a source s, and if Y, is the symbols carried by an edge e, there is a
one-to-one correspondence between s and X, as well as between e and Y,, and hence, the Definition [f]
holds if S is the set of messages generated by the sources and FE is the set of symbols carried by the
edges.

The following theorem is also reproduced from [35].

Theorem 1. [35, Theorem 1, p. 4102] A network has a (k,n) fractional linear network coding
solution over Fy if and only if it is a (k,n)-discrete polymatroidal network with respect to a discrete

polymatroid D representable over Fy.
When k = n, Theorem [l| reduces to the following.

Theorem 2. A network has a k-dimensional vector linear solution over Fy if and only if it is a

(k, k)-discrete polymatroidal network with respect to a discrete polymatroid D representable over Fy.

In such a case, according to Defintion |§|, discrete polymatroid DD will have ppq: = k. Also note
that if a network is matroidal with respect to a matroid, then it is also (1, 1)-discrete polymatroidal
with respect to a discrete polymatroid which has ppqa = 1.

The following three Lemmas as a result of the relation between discrete polymatroids and linear
solvability. Let S be the set of sources of a network which has a d-dimensional vector linear solution,
and let D be the corresponding discrete polymatroid as per Definition[6] Say S; and Sy are two subsets
of S. Let f be the function that maps the sources and edges of the network to the ground set of D,

and p be the rank function of D. Define g = po f.
Lemma 3. g(Sl, Sg) = g(Sl) + g(SQ).

Proof. For simplicity, we prove for the particular case when S; = {s1,s2} and Sy = {s3,s4}, and
the other possibilities can be proved similarly. Note that according to [D1] of Definition [6] all
sources are mapped to different elements. Now, if the ground set of D is {1,2,...,n}, then ac-

cording to [D2] of Definition |§|, the vector v =3¢ ¢(g) déin is in Dy. Hence, from Definition {4/ we have
[0({f(s1), f(52), F(s3), f(54)})] < p({F (1), f(52), f(s3), f(54)}). Since [v({f(s1), f(s2), f(s3), f(54)})]
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is equal to 4d, this implies: 4d < p({f(s1), f(s2), f(s3), f(s4)}). Also, from [D3] of Definition [6] we
have: p(f(s1)) = p(f(52)) = p(f(s3)) = p(f (1)) = d. So,

p(f(s1)) + p(f(s2)) + p(f(s3)) + p(f(s4)) < p({f (1), f(s2), f(s3), f(s54)}) (2.1)

On the other hand, from [P3] of Definition 4] we have:

p({f(s1), f(s2), f(s3), f(54)}) < p(f(s1)) + p(f(s2)) + p(f(53)) + p(f(54)) (2.2)

From equations and we must have: p({f(s1), f(s2), f(83), f(54)}) = p(f(s1)) + p(f(s2)) +
p(f(s3)) + p(f (s4))- O

Lemma 4. If C C B, then g(A,B) —g(A,C) < g(B) — g(C)

Proof.

g(A,C)+g(B) > g(A, B, C) +g(C) [from [P3] of Definition
or, g(4,C) +g(B) = g(4,B) +g(C)  [as C C B

or, g(B) - g(C) > g(Aa B) — g(Aa C)
O

Lemma 5. Let By and Eo be set of edges such that g(S1, B1) = g(S1) and g(Ss2, Eo) = g(Ss). If Sy is
a subset of S1 and Sy is a subset of Sz, then g(S1, B1) + g(Sa, B) = g(S1, E1, Sa, Es).

Proof. Note that, due to Lemma |3 we have:
g(51, E1) + (52, E2) = g(51, En, 52, E3) (2.3)
Now,

g(Sa, Ea) — g(S2, E)
= g(S1, E1, Sa, Eo) — g(S1, E1) — g(S2, E») [using equation 2.3
S g(S17 Ela 527 EQ) - g(S17 E17 527 EQ)

< g(S2, E2) — g(Ss, F2) [taking A = {S1 U E1} in Lemma 4] (2.4)
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From equation [2.4] we have:

g(Sl7E17527E2) - g<Sl7E17 §27E2) = g(S27E2) - g<§27E2) (25)

g(S1, E1) — (51, B1)

= g(S1, F1, S2, Eo) — g(S2, Ea) — g(S1, F1) [using equation

< g(S1, E1, S2, B2) — g(S1, F1, Sz, E») [applying [P3] of Definition

< g(S1, F1, S, B2) — g(S1, F1, S2, Es) [taking A = S5 \ S in Lemma [4]

< g(S1,F1) —g(51, E1) [taking A = Sy U By in Lemma 4] (2.6)
From equation [2.6| we have:
g(S1, B, Sa, E) — g(S1, B, S2, B2) = g(S1, B1) — (51, E1) (2.7)

Adding equations (2.5) and (2.7) we get:

g(S1, B1,S9, B3) — g(S1, B1, 8o, B) + g(Sh, E1, So, Bs) — g(S1, E1,So, Ea)
= g(S2, E) — g(52, Ea) + g(51, E1) — g(51, E1)
or, g(S1, E1, S2, B2) — g(S1, B1, S, E2) = g(S1, E1, S2, E2) — g(S2, Ea) — (51, E1)

or, g(S1, E1, S9, Eo) = g(S2, E») + g(S1, E1)

2.5 Some Conventions and Lemmas on Co-dimension

It can be seen from Theorem [I|and Definition [5| that existence of a (k,n) fractional linear network
coding solution depends on whether there exists a corresponding representable discrete polymatroid.
For a discrete polymatroid to be representable, there has to exist a certain set of vector subspaces
of appropriate dimension (see Definition . In Chapter [5| we discuss linear rank inequalities that
may decide whether a set of vector subspaces with given dimensions can exist. Here we present some
conventions and lemmas that will be used in Chapter

A list of conventions followed in this thesis:

(i) 327, A; + B is equal to A; + Ay + B, and not equal to (A; + B) + (Ay + B). To indicate the
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latter we write Y2, (A; + B).

(ii) If A is a vector space, then dim(A) denotes the dimension of A. In [32] and [33], H(A) has been
used to denote dim(A), but we have refrained from this notation for our original contents in this

thesis.

(iii) For two vector subspaces A and B of a finite dimensional vector space, < A, B > denotes the
vector space spanned by the vectors in A U B; dim(A, B) denotes the dimension of < A, B >;
dim(A N B) denotes the dimension of the vector space spanned by the vectors in A N B; and
dim(A|B) = dim(A, B) — dim(B).

Grassmann’s Identity states that dim(A) + dim(B) = dim(A, B) + dim(AN B). Hence we have:

dim(AN B) = dim(A) — dim(A|B) = dim(B) — dim(B|A).

(iv) We define what is meant by inverse of a linear function. Let f : A — B be a linear function. If B’
is a subspace of B, then f~!(B’) denotes a vector subspace A’ of A such that f(A’) = B’. (This

may be an abuse of notation as f~!() is not a well defined function unless f() is one-to-one.)

If A is a subspace of V then co-dimension of A in V is codimy (A) = dim(V) — dim(A). The
following lemmas are reproduced from [32]. The proofs of these lemmas are also reproduced here
from [32] (other than Lemma ] for which no proofs has been given in [32]). In all of these lemmas, V

is a finite dimensional vector space, and A, A1, Ao, ..., A,,, B are subspaces of V.

Lemma 6. /32, Lemma 2, p. 2501]

codimy (Nj2; A;) < Z codimy (A;)
i=1

Proof. We prove this by induction. The result trivially holds for m = 1. We show that the result

holds for m = 2.

codimy (A1 N Ag) = dim (V') — dim(A; N Ag)

= dim(V') — (dim(Ay) + dim(Az) — dim(A;, A2)) [from Grassmann’s Identity]
=dim(V) + dim (A1, Az) — dim (A1) — dim(As2)

< dim(V) + dim(V) — dim (A1) — dim(Az2) [Since < Aj, A2 > is a subspace of V]

= codimy (A1) + codimy (As) (2.8)
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Say, the lemma holds for m = k. We then prove that it holds for m = k + 1.

Let C =< Ay, Ay, ..., A >. Then,

codimy (C N Ag+1)< codimy (C) + codimy (Ag+1) [Proceeding similar to equation ([2.8])]
k
< Z codimy (A;) + codimy (Ags1) [due to the induction hypothesis]
i=1
k+1
= Z codimy (A;)
i=1

O]

Lemma 7. [39, Lemma 3, p. 2501] If f : A — B is a linear function and B’ is a subspace of B, then
codima(f~(B')) < codimp(B')

Proof. Let T be the collection of all elements of A such that TU f~1(B’) = A and TN f~1(B’) = {0}.
Also note f(T') N B’ = {0} as otherwise, if b # 0 and b € B’, then any a € A for which f(a) = b is in
f~1(B’), and then, since T N f~1(B’) = {0}, there cannot be any a € T such that f(a) = b (note a
cannot be zero for f to be linear function).

Let 77 be a subspace of T such that f(7') = {0}. Say ¢ € T’ such that ¢ # 0. Now, as
f(t) = 0and 0 € B, we have t € f~1(B’). But the latter is a contradiction to our assumption

that TN f~1(B’) = {0}. Then, we must have 7" = {0}. Now,

codimu(f~1(B")) = dim(T) = dim(f(T)) + dim(T")
= dim((T)) = dim(f(T), BY) = dim(B') [as f(T) B = {0}

< dim(B) — dim(B') = codimp(B")
O

Lemma 8. (32, Lemma 4, p. 2501] There exist linear functions f; : A — A; for 1 < i <m such that

fi+--+ fim=1 on a subspace A’ of A with
codima(A") < dim(A|Aq, Aa, ..., Ap)

Proof. It can be shown that for any vector in the subspace W =< Aj, As,..., Ay > NA there

exists such functions. Let w; for 1 < j < dim(W) be the basis vectors of W. Write each basis
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wj as wj = 2111 x;; where x;; € A;. (one way to construct this sum is this: arbitrarily select a
subspace Ay among Ay, Ay, ..., Ay, such that w; is an element of say Ay, (it must be in at least one of
Aq, As, ..., Ap), and make zy; equal to w; and set all other components equal to zero). Now construct
fi such that f;(w;) = ;5 for 1 <i < m and 1 < j < dim(W), and extend f; over A to construct a

linear function f; : A — A;. Then we have:

fi(wy) + fo(wj) + -+ + fr(wy) = 215 + 225 + -+ + Tiyj = wj (2.9)

dim (W)

Let w be any vector in W where w = ijl cjwj. Then,

fi(w) + fa(w) + - + fn(w)

dim(W) dim(W) dim(W)
= fi( Z cjw;) + faf Z cjw s Z cjw;)
j=1 j=1 j=1
dim (W) dim(W) dim (W)
= Z cjfi(w;) + Z cjfo(ws) + -+ Z cj fm(wy)
j=1 j=1
=c1()_ filw)) + 2> filwa)) + -+ + Cdim(W)(Z fi(Waimwy))
i=1 i=1 =
= cyw1 + w2 + -+ + Caim(W) Wdim(W) [from equation (2.9)]

=w
So f; for 1 < i < m become the functions the lemma asserts. Then A’ = W.

codimp (W)= dim(A) — dim(W) = dim(A) — dim(< Ay, Ag, ..., Ay > NA)
=dim(A) —dim (A1, Ag, ..., Apy) — dim(A) + dim(A, Ay, A, ..., Ap)

= dzm(A]Al, Ag, . 7Am)
O

Lemma 9. [32, Lemma 6, p. 2502] For 1 < i < m, let f; : A — A; be linear functions such that

fitfot -+ fm=0o0nA. Then fi == fn, =0 on a subspace A" of A with
codima(A") < dim(Ay) + dim(As) + - - - + dim(Ay,) — dim(Aq, As, ..., Ay)

Proof. The result is proved by induction. For m = 1, the result holds trivially. Let m = 2. For any

a € A, fi(a)+ fa(a) = 0 implies that fi(a) and f2(a) must be in the same subspace, which is equal to

A; N As. Let Ay be the subspace such that A; U (41 N As) = Ay and A3 N (41 N Ag) = {0} (i.e. Ay
TH-2118 136102023

27



2. Preliminaries

is the complement subspace of A; N Ay in A;). Then for all a € A such that fi(a) € A, it must be
that fi(a) =0 (as fi(a) must also lie in A; N Az); and fa(a) =0 (as fi(a) + f2(a) = 0). Similarly for
all @ € A such that fy(a) lie in Ay — which is defined as the complement subspace of A; N As in Ay —
it must be that fa(a) =0 and fi(a) = 0. So we have A’ = A; U Ay. Then,

codimy(A') = dim(A; N Ag) = dim(Ay) + dim(As) — dim(Ay, As) (2.10)

The induction hypothesis assumes that the result holds for m = k. It is to be shown that the
result holds for m = k+ 1. According to the proposition of the lemma, fi + fo+- -+ fi + fr+1 = 0 on
A. Then proceeding similar to above we know that for any a € A, f1(a) + fa(a) + -+ + fx(a) = 0 and
fr+1(a) = 0 over a subspace A* of A which is the complement subspace of < Ay, Aa, ..., A > NAk11

in A. So,
codima(A*) = dim(A1, Aa, ..., Ax) + dim(Agr1) — dim(A1, A, ..., Ak, Aky1) (2.11)

Due to the induction hypothesis (the assumption of the induction) we also know that over a subspace

A’ of A* we have f; = fo = --- = fr = 0 where,
codim® (A") < dim (A1) + dim(As) + - - + dim(Ay) — dim(Ay, As, . .., Ag) (2.12)
Then,

codima(A")= codim 4 (A*) + codim™ (A)
< dim(Ay) + dim(As) + -+ - + dim(Ag) + dim(Agy1)

i dim(Al, Ag, i-- ,Ak,Ak_H)

2.6 Dimensions of Vector Spaces Obey Information Inequalities

Here we reproduce a proof from [26] which shows that information inequalities are a subset of

linear rank inequalities. First the definition of an information inequality is reproduced from [23].

Definition 7. Let S1,So,..., Sk be subsets of {1,2,...,n} where k and n are positive integers. Let
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a; €R for 1 <i<k. Then an inequality of the form
alH({Ai‘i € 51}) + OJQH({AZ“Z' S SQ}) + -4 OzkH({Aﬂi € Sk}) >0 (2.13)
1s called information inequality if it holds for all jointly distributed random variables Aq, Ao, .., Ay,.

An information inequality is called Shannon-type information inequality if it can be expressed in
the form ( [8]):
> ail(A;, Bi|Ci) >0 (2.14)
i

where I(A;; B;|C;) = H(A,C)+ H(B,C)— H(C)+ H(A, B,C).

Hammer et al. showed in Theorem 2 of [26] that any Shannon information inequality is also
obeyed by dimensions of the vector subspaces of a finite dimensional vector space. But this result
can easily be extended to show that in all information inequalities, if the entropy function is replaced
by the dimension function and the random variables represent vector subspaces, then the inequality
still remains valid. Below we reproduce the first part of the proof of Theorem 2 of [26] (This theorem

proves the result for any vector space, but we only show the part for finite dimensional vector spaces).

Theorem 10. Any linear inequality valid for Shannon entropy is valid for ranks (dimensions) of

vector subspaces of a finite dimensional vector space over any finite field.

Consider vector subspaces V1, Vs, ..., V, of a finite dimensional vector space V over a finite field
Fq. The proof constructs random variables Ri, Rs,..., R, such that for any S C {1,2,...,n}:
dim(Y ;e q Vi) = TUEIESH,

We now show how to construct the random variables Ry, Ra, ..., R, (proof reproduced from [26]).
Consider a random linear function R : V' — F,. Let R; be the restricted function R|y, (domain
restricted to the subset V;). This function is the random variable corresponding to V;.

R|y, is a random linear function that maps each element of V; to an element of F,. All elements of
Vi can be expressed as a dim(V;) length vector over F,. Then R|y, can be expressed as a 1 x dim(V})
sized matrix (since all linear functions can be represented as a matrix transformation) (This matrix
right multiplies the vector). Since there can be ¢®*™(Vs) number of 1 x dim(V;) matrices, H(R|y;) =
dim(V;)logq.

For the vector subspace » . oV; where S C {1,2,...,n}, the corresponding constructed ran-

€S
dom variable is Ry~ v;. Like earlier, R[s> v, is a 1 x dim(};cg Vi) sized matrix; and hence

TH-2118 136102023

29



2. Preliminaries

H(Rl|y,_ vi) = dim(3_;cg Vi)logq. This completes the proof.
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3. Dependency of a linear solution on the message dimension

It is known that scalar linear network coding is sufficient to achieve the capacity of all multicast
networks. However, there are non-multicast networks having no scalar linear solution but have a
vector linear solution. To the best of our knowledge, till we started our work in 2015, there were five
such reported networks/class of networks in the literature. Here’s a chronological list: (i) Lehman
et al. in [41] showed that from an unsatisfiable 3-CNF formula a network can be constructed such
that the network has no scalar linear solution but has a 2-dimensional vector linear solution. (ii)
Médard et al. in [3] showed a network, named as the M-network, which has no scalar linear solution
but has 2-dimensional vector linear solution. We reproduce this network in Fig. The network
has four sources si, so, 3,54 and four terminals t1,%9,t3,t4. The message vector generated by the
source s; is denoted by X;. The demands of the terminals are shown below each terminal inside round
brackets. The proof that the M-network does not have a scalar linear solution can be found in [3].
A 2-dimensional vector linear solution of the M-network is reproduced in Fig. from [3]. In [§] the
M-network was shown to have a d-dimensional vector linear solution if and only if d is a multiple of
2. (iii) Riis, in |42], showed two networks (in Fig. 5 and Fig. 7 of [42]) which have no scalar linear
solutions but both have a 3-dimensional vector linear solution. (iv) The non-Pappus network shown
by Rouayheb et al. in [43] has no scalar linear solution but has a 2-dimensional vector linear solution.
(v) Muralidharan et al. showed a network in Fig. 4 of [35] that has no scalar linear solution but has
a 2-dimensional vector linear solution.

To the best of our understanding, it is not shown in the literature how the networks of (i), (iii),
(iv) and (v) behave for other/higher message dimensions. But, from the M-network of (ii), a natural
question emerges: whether for any positive integer m > 2, there exists a network which admits an m
dimensional vector linear solution but has no vector linear solution over any finite field when message
dimension is less than m.

In [8], it was shown that the notion of scalar linear solvability of networks can be captured by
matroids. Specifically, it was shown that a network is scalar linearly solvable only if it is a matroidal
network associated with a representable matroid over a finite field. The converse of this result was
proved in [38]. [35] generalized the results of [8] and [38] to the vector linearly solvable networks and
showed that the existence of an m dimensional vector linear network code solution implies the existence
of a discrete polymatroid with certain properties and vice versa. To show that for any positive integer

m > 2 there exists a network which has an m dimensional vector linear solution but has no vector
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linear solution for a message dimension less than m, either one has to give construction of such a
network, or equivalently, one can construct a discrete polymatroid such that it is representable if the
rank of its every element is allowed to be less than or equal to m, but not representable if the rank of
its every element is strictly lesser than m [35]. To the best of our knowledge, neither such a network
has been presented in the literature nor it has been shown that for every integer m > 2 there do not
exist such networks; likewise in the area of matroid theory, no discrete polymatroid having the above
mentioned property has been reported nor it has been shown that such a discrete polymatroid does
not exist.

First, we show that for any positive integer m > 2 there exists a network N, which has a w-
dimensional vector linear solution if and only if w is a multiple of m. This shows that indeed, for any
positive integer m > 2 there exists a network which has no w-dimensional vector linear solution for
any w less than m, but has a m-dimensional vector linear solution.

Subsequent to our work, in reference [44] a network named as the Dim-k network was presented,
which behaves similar to the network N, shown by us. The Dim-k network has an w-dimensional
vector linear solution if and only if w is a positive integer multiple of k. The M-network, the network
N, for all integers m > 3, and the Dim-k network for all integers £ > 3 have a common property:
for each network, there exists a positive integer m such that the network has a w-dimensional vector
linear solution if and only if w is a positive integer multiple of m (to the best of our knowledge there
exists no other network in the literature whose behaviour for message dimensions greater than 3 has
been analysed). Is this a general property of all networks that have a vector linear solution but have
no scalar linear solution? We answer this question in the negative by showing that for any positive
integer m > 2, there exists a network which has no vector linear solution if the message dimension is
less than m, but has a vector linear solution for all message dimensions greater than or equal to m.
We prove this result by constructing a network that we name as the MDim-m (m > 3) network (short
form of ‘modified Dim-m’).

We also generalize these results to show that (i) for any positive integer m > 2, there exists a
network which has a (wk, wn) fractional linear solution if and only if w is a multiple of m, (ii) for any
positive integer m > 2, there exists a network which has a (wk,wn) fractional linear solution if and
only if w is greater than or equal to m.

In Section [3.1] we show that for any positive integer m there exists a network which has a w-
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34 3. Dependency of a linear solution on the message dimension

s; 55 83 sy
X)) (Xy) (X3) (Xy)

g ) I3 Iy
(X;.X3) (X1.X,) (X5,X3) (X5X,)

Figure 3.1: The M-network reproduced from [3].

X]a Xj’a X]a X4a X2a X3a X2a X4a
le X3b le X4b XZb X3b XZb X4b

Figure 3.2: A 2-dimensional vector linear solution of the M-network.
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3.1 Generalized M-network

dimensional vector linear solution if and only if w is a positive integer multiple of m. In Section 3.2
we show that for any positive integer m, there exits a network which has a (wk,wn) fractional linear
solution if and only if w is a positive integer multiple of m. In Section [3.3] we show that for any
positive integer m > 2, there exists a network which has a w-dimensional vector linear solution if and
only if w is greater than or equal to m. We then generalize these results to show that for any positive
integers k, n, and m > 2, there exists a network which has a (wk, wn) fractional linear solution if and

only if w is greater than or equal to m.

3.1 Generalized M-network

Theorem 11. For any positive integers m > 2 and d, there exists a network which has a d-dimensional

vector linear solution if and only if d is a multiple of m.

Proof. We prove this result using the network shown in Fig. We show that the network N,
presented in Fig. [3.3] has a d-dimensional vector linear solution if and only if d is a multiple of m.
First we give a description of the network.

N, has m? sources and m™ terminals. The sources are partitioned into m sets Si,So,. .., Sm
where S; = {si1, 8i2, ..., 8im} for 1 <i < m (so each of these sets contains m number of source nodes).

The source s;; generates the message X;;. Below we list the edges in the network:
(i) An edge (s;j,u;) for 1 <i,j < m.
(ii) An edge e;; = (u;,v;) and an edge e;; = (u;,v;) for 1 <i<mandm+1<j<2m—1.
(i) An edge (vj,tj) for 1 <i<2m—1and 1 <j<m™.

The message transmitted over the edge (s;;,u;) is considered to be equal to X;;. The message trans-
mitted over the edge e;; is denoted by Y;; for 1 <i <m, 1 < j < 2m—1; and the message transmitted
over the edge (v;,t;) is denoted by Z;j for m+1<i<2m—1and 1 <j<m™.

Each terminal demands a unique tuple of m source messages where the i*" element of the tuple
could be any element from the set S;. So there are m™ number of such tuples; and for each such tuple
there is a terminal that demands the message vector generated by the sources in the tuple. W.l.o.g,
we assume that ¢; demands the source messages: Xq1, Xo1,..., Xin1.

We note that for m = 2, N,, is the M-network presented in [3].
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36 3. Dependency of a linear solution on the message dimension

Figure 3.3: A communication network A, — named as the “generalized M-network”— has a d-
dimensional vector linear solution if and only if d is a multiple of m.
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3.1 Generalized M-network

Our proof, in principle, is similar to that used in [§] to show that the M-network is not a matroidal

network. First we consider the only if part. So, we show that if A, has a d-dimensional vector

linear solution then d is a multiple of m. From Theorem [2] we know that if A, has a d-dimensional

vector linear solution then it is a (d, d)-discrete polymatroidal network with respect to a representable

discrete polymatroid. Let this discrete polymatroid be ID. Also let p be the rank function of . From

Definition 4| we get that for a network to be a (d, d)-discrete polymatroidal network there must exists

a function that maps the sources and edges of the network to the elements of D conforming to the

rules of mapping given in the definition. Let f be this function. Now let g = po f. (In Definition @,

S is the set of sources and F is the set of edges, but if X, is the message generated by a source s, and

if Y, is the symbols carried by an edge e, there is a one-to-one correspondence between s and X, as

well as between e and Y, and hence, the Definition [6] holds if S is the set of messages generated by

the sources and F is the set of symbols carried by the edges.)

Our proof depends on the following two sets of inequalities.

Set I:
g(Y11, X1j,) + 8(Ya2, X2j5) + -+ + 8(Yim, Ximji) < (2m — 1)d (3.1)
where j; € {1,2,...,m}, for 1 <i<m.
Set II:
g(Yii, Xi1) + g(Yii, Xi2) + -+ + g(Yis, Xim) > (2m — 1)d for 1 <i <m. (3.2)
Claim 1. The inequalities in Set I hold true.
Proof.
g(Y11, X11) + (Yoo, Xo1) + -+ + 8(Yim, Xom1)
= g(Y11, X11, Y2, Xo1, - - -, Yo, Xon1) [using Lemma [5| repetitively]
< g(}/ila Xlla }/227 X21a ceey Ymma Xmla Z(m+1,1)7 Z(m+271)7 ceey Z(Qm—Ll))
=g(Y11, Y22, - s Yoo, Zimt1,1)5 - -+ » Z(2m—1,1)) (3-3)
< (2m —1)d. (3.4)
The equation ([3.3)) is true because the terminal ¢; computes (X171, Xo1, ..., X;n1) from the messages

TH-2118 136102023

37



3. Dependency of a linear solution on the message dimension

Y11, Y22, s Yo, Z(mg1,1) Z(m+2,1)s - - - Z(2m—1,1)}- Equation (3.4) is true because each element can

have rank maximum of d and there are (2m — 1) elements. This concludes the proof of Claim O
Claim 2. The inequalities in Set II hold true.

Proof. We will give the proof of the inequality for ¢ = 1. The rest can be proved similarly. First we
show that g(Yj;) = g(Yi;) =dfor 1 <i <m,m+1 < j < 2m — 1. Since all source messages are

independent,

m?d = g(X11, X12, - - - » Xom)

< &(X11,- - s Xoms Yits+ -+ » Yo Yagmad)s - - - Yim(ame))

= &(Yi1, Ya2, - > Yo Yima1ys Yigms2y -« - Yin(zm—1)) (3.5)
< g(Y11) +g(Yoo) + - + 8(Youm) + 8(Yigmt1)) +8Yigmto2) + - + 8(Ym@m—1))

< md+m(m —1)d = m?d.
Equality in follows because every symbol is demanded by some terminal. Hence,
g(Yi1) + 8(Y2) + - - + &(Vinm) + 8(Yi(m+1)) + 8YVi(m+2) + - - + 8YVim@m-1)) = m*d. (3.6)
Since, there are m? terms and each term can take a maximum value of d,
gVi) =gVij) =dfor1<i<mandm+1<j<2m-—1. (3.7)
Now we prove the inequality:

g(Yi1, X11) + g(Yi1, Xi2) + - - + (Y11, Xim)
> g(Yi1, X11, X12) + g(Y11) + - - + g(Y11, Xim) [applying P3 of Definition

> g(Yi1, X1, X2, Xi3) + 2g(Y11) + - - + g(Y11, X1im)

> g(Y11, X11, X12, ..., X1mm) + (m — 1)g(Y11)

=md+ (m—1)d = (2m — 1)d.
Here we have used condition [P3] from Definition[l|repeatedly. This concludes the proof of Claim[2 [

We prove the theorem by finding a constraint on the rank function using the inequalities in Set I
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and Set II. We show that g(Yj;, X;;) = W for 1 < i,7 < m. We will give the proof only for

(2m—1)d

g(Yim, Xm1) = w. The rest can be proved similarly. To prove that g(Yim, Xm1) = , we

consider an inequality from Set I which has g(Ym, Xim1) on the left hand side. We then eliminate
(one by one) all the rest of the terms except g(Ym, Xim1) from left hand side using other inequalities

from the Set I and inequalities from Set II. Consider the inequality:
g(Y11, X11) + g(Ya2, Xo1) + -+ + g(Youm, Xp1) < (2m — 1)d. (3.8)

Now consider all other inequalities from Set I which differ only at the first term of the above inequality.

There are exactly m — 1 such inequalities. These inequalities are written below:

g(Y11, X12) + g(Ya2, Xo1) + - - + (Yo, Xim1) < (2m — 1)d

g(Yi1, Xu3) + g(Yao, Xo1) + - - + g(Yom, Xom1) < (2m — 1)d

g(Y11, Xim) + 8(Yaz, Xo1) + - - - + 8(YVim, Xm1)<(2m — 1)d.
Summing up all of the above m — 1 inequalities and the inequality in the equation (3.8]), we get:
g(Yi1, X11) + g(Yi1, Xa2) + -+ + g(Yi1, Xim) + m{g(Yoz, Xo1) + - - - + g(Yium, Xin1) } < m(2m — 1)d.

From Set II, we know that g(Y11, X11) + g(Y11, X12) + - - + g(Y11, X1m) > (2m — 1)d. Substituting

this in the above equation, we get:
m{g(Yaz, X21) + g(Ya3, X31) + - + 8(Yonm, Xm1) } < m(2m — 1)d — (2m — 1)d. (3.9)

Note that the term g(Y11, X11) has been eliminated in the equation (3.9). In the similar manner as

above, we can show that
for 2 < j <m: m{g(Yas, X2;) + g(¥33, X31) + - - - + &(Yimm, Xpm1) } <m(2m — 1)d — (2m — 1)d.
Summing up the above m — 1 inequalities and the inequality in the equation (3.9)), we get:

mg(Yag, Xo1) + mg(Yaz, X22) + - - - + mg(Yaz, Xom) + m?g(Vaz, Xz1) + - + m*g(YVium, Xim1)

<m?*(2m —1)d —m(2m — 1)d.  (3.10)

From Set II, we have g(Ya2, Xo1) + g(Yag, Xo2) + - - - + g(Y11, Xom) > (2m — 1)d. Using this inequality
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3. Dependency of a linear solution on the message dimension

in the equation (3.10]), we have:
ng(Ygg, X31)+ -+ ng(Ymm, Xm1) < m2(2m —1)d —2m(2m — 1)d. (3.11)

Note that, in the above inequality, the term g(Ya2, Xo1) from the equation (3.9)) has been eliminated
and thereby the terms g(Y71, X11) and g(Yag, Xo1) from the equation (3.8)) have been eliminated. In

this way, eliminating term after term from the left hand side of the equation (9), we get

m™ Lg(YVim, Xm1) < m™ 1 (2m — 1)d — (m — 1)m™ 2(2m — 1)d (3.12)

2m — 1
And hence,  g(Yom; Xom) < =14, (3.13)
m

Similarly, it can be shown that

(2m —1)d

g(Ymmy ij) < -

for 2 < j <m. (3.14)

From Set II, we have that g(Ym, Xim1) + € Ymm, Xm2) + - -+ + 8(Yoms Xmm) = (2m — 1)d. Hence, it

must be that

gV Xom1) = w. (3.15)

Note that for any integer m, ged(2m — 1, m) = 1. Also, by definition, the rank function is integer
valued. Therefore, for g(Y;;, X;j) to be a positive integer, d has to be a positive integer multiple of m.
Thus, by Theorem [2], for AV, to be vector linearly solvable, it is necessary that the message dimension
is a positive integer multiple of m.

Now we prove the if part by describing a coding scheme that achieves an m dimensional vector
linear solution. In fact, our coding scheme is a routing scheme. Let the k" symbol of the source S
is denoted by Xjj;; where 1 < k < m. The edge e; for 1 < ¢ < m carries the following m length
vector: [Xji1, Xio1,..., Xim1]. And the edge e;; for 1 < i < mand m+1 < j < 2m — 1, carries
the vector [X;1(j_m+1), Xiz(j—m+1)s - - - s Xim(j—m+1)]- Now, for any terminal it can be seen that the
demands can be satisfied just by routing the required symbols from v; for 1 < ¢ < 2m — 1 to the
terminals. For example, the demands of the terminal ¢; is met in the following way: the terminal ¢;
gets X;11 from the message coming from (v;,#1) for 1 <i < m; and [ X141y, Xo1(j41)s - - - » Xm1(j+1))

for 1 <j <m —1 from the edge (vm+j,t1)- O

As a consequence of Theorem [11], we have the following corollary:
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3.2 Role of Message Dimension in Fractional Linear Network Coding

Corollary 12. For any positive integer m there exists a network which has no w-dimensional vector

linear solution if w < m.

3.2 Role of Message Dimension in Fractional Linear Network Cod-
ing

In the above section we have seen that for any positive integer m > 2 there exists a network which
has a w-dimensional vector linear solution if and only if w is an integer multiple of m. In this section
we extend this result to fractional linear network coding. We show that for any positive integers k, n,
and m > 2 there exists a network which has a (wk,wn) fractional linear network coding solution if
and only if w is a positive integer multiple of m. Using this result we establish the fact that for any
positive rational number k/n and for any arbitrary large number m, there exists a network in which
to achieve a k/n linear coding rate the message dimension has to be larger than m.

Towards establishing this result, for any network N we first define a network called as the n-
factored network of A. Let us consider a network A. Without loss of generality assume that each
source of A/ generates only one random process and each terminal demands information from only one
source. (The following transformation preserves solvability. If a source s generates r random processes,
then add r new nodes; let each of these new nodes generate only one unique random process from
the r random processes generated by s; from each of these new nodes add an outgoing edge to the
original source node s; and let s act as an intermediate node and not a source. If a terminal ¢ demands
messages from r sources; then add r» new nodes; let each of these new nodes demand information from
only one unique source from the r sources demanded by t; from ¢ add an outgoing edge to each of
these new nodes; and let ¢ act as an intermediate node and not a terminal. It can be easily shown that
the resultant network is solvably equivalent to the original network. Note that N does not necessarily
has to be a multiple-unicast network to satisfy this property.)

To construct the n-factored network of A/ a sub-graph is added to each of the sources and each
of the terminals. For each source node s in A, the sub-graph added to s is shown in Fig. This
sub-graph contains n new source nodes s, S9,...,5, and an intermediate node s’. For 1 < i < n
each source s; is connected to s’ by an edge (s;, s’). The node s is connected to s by an edge (s, s).
Similarly, for each terminal node ¢ the sub-graph added to t is shown in Fig. This sub-graph

contains m new terminal nodes say ti,ts,...,t, and an intermediate node say t. The node t' is
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3. Dependency of a linear solution on the message dimension

S] SZ S

Figure 3.4: Sub-graph that attaches to the source node s in the original network. Nodes s1, so, ..., Sy,
s', and edges (s;,s') for 1 <i <mn and (¢, s), are part of this sub-graph.

Figure 3.5: Sub-graph that attaches to the terminal node ¢ in the original network. Nodes t1, to, ..., ty,,
t', and edges (t',¢;) for 1 < i <n and (¢,t'), are part of this sub-graph.

connected to each terminal ¢; by an edge (¢',t;) for 1 < i < n; and ¢ is connected to ¢’ by an edge
(t,t'). In the n-factored network of A/, the nodes s and ¢ are intermediate nodes. The demands of
the terminals in the n-factored network of A/ are set in the following way. If any terminal ¢ of N
demands information from a source s, then in the n-factored network of A, each of the n terminals
in the sub-graph connected from ¢ demands the message generated by one unique source present in
the sub-graph connected to s, i.e., in the figure say ¢; demands s;. We now consider the following

theorem.

Theorem 13. For any network N, the n-factored network of N has a (1,n) fractional linear network

coding solution over Fy if and only if N has an n-dimensional vector linear solution over Fy.

Proof. Let us denote the the n-factored network of A/ by N™. Consider a source node s and a
terminal node ¢ of N such that ¢ demands the messages generated by s. Both of these two nodes
are intermediate nodes in N™. As earlier, let the non-source node in the sub-graph that attaches to
s be denoted by s’; the non-terminal node in the sub-graph that attaches to ¢ be denoted by t’; the
source nodes connected to s’ be denoted by s1, s2, ..., s,; and the terminal nodes connected from ¢’ be
denoted by t1,to,...,t,. Without loss generality we assume that t; demands the message generated

by the source s; for 1 <4 < n. Let the messages transmitted by the edges (s',s) and (¢,t') of N™ be
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denoted by Yy ) and Y{; ;) respectively. And let the random process generated by the source s; be
denoted by Xj;.

Consider the only if part. We show that a (1,n) fractional linear network code solution for N
implies a n-dimensional vector linear solution of N. To show this, we will design the local coding
matrices of N/ using the local coding matrices of N™. In N™ let the local coding matrix associated

with the edge pair ((si, s'), (s, 5)) be denoted by A, 5. Then we have:
YV(S/’S) = A(sl,s)Xsl -+ 14(5278)2(82 g A(sn,s)Xsn'

For 1 <i<n, A, s is a local coding matrix of size n x 1 (an m-length column vector); and X, is an

element from the finite field ;. It can be seen that the n-length vector Yy ,y can also be represented

as
X,
Xs,
}/(s’,s) = |:A(51,s’) A(52,s’) oo A(sn,s’):|
A%
T
Let Ag be the matrix [A(Sl o) A(52 o) A(Sn S,)} , and X, be the vector [X31 X, - X,

So, for any edge e emanating from s, we have Y, = A.A;X;, where A, is the local coding matrix
associated with the edge pair ((s',s),e). Now, for the same edge e, this can be easily achieved in N/
if the vector X generated at s is multiplied by AcAs. Hence the message Y(; ;) received by the edge
(t,t") of N™ can also be received by t of N.

At the terminal ¢; for 1 < i < n, Xj, is retrieved by ¢; in N™ from Yty So there exists a decoding
matrix A, of size 1 x n such that X, = AtiY(t,t’)- Let the matrix Ay Ay - Ay, ' be denoted
by A;. Then the vector X can be decoded by t of AV with the operation AtY (i)

Let us now consider the if part. We show that an n-dimensional vector linear solution in A implies
an (1,n) fractional linear coding solution of N. For 1 < i < n, let the matrix A, o) be an n x 1
column vector whose i element is one and all other elements are zero; and let Ay, be an 1 x n row
vector whose i element is one and all other elements are zero. For the local coding matrices of the

rest of the edge pairs in N, copy the local coding matrix of the corresponding edge pairs from N.

Then the solution is immediate. O
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We now further generalize Theorem

Theorem 14. For any network N, and positive numbers a,b,l where | > ab, the b-factored network
of N has an (a,l) fractional linear coding solution over Fy if and only if N has an (ab,l) fractional

linear network coding solution over F,.

Proof. The proof of this theorem is similar to that of Theorem only the size of the local coding
matrices are different. Let us denote the b-factored network of A" by A®. Let the nomenclature of
sources and edges in A/? remain the same as that has been used for the network A/ Theorem

If N has an (a,1) fractional linear coding solution, then X, for 1 < i < b is an a-length vector,
and A, o) is an | X a sized matrix. Accordingly, A; is of size [ x ab, and X is an ab-length vector.
At the terminals, Ay, is of size a x [; and hence A; is of size ab x [.

Consider the only if part. Proceeding similar to Theorem if an edge e emanating from s in
N? carries the message A.AsX,, then the same can be obtained in A. At the terminal ¢, multiplying
Y1) by At retrieves X.

The proof of if part is also similar to the proof of if part of Theorem Let us say A, ) =
|:0a(i1)><a Liva o(lai)xa} T. Then the node s in A/® can retrieve the ab-length message X;. As N/
has an (ab,l) fractional linear network coding solution, terminal ¢ can retrieve the information Xj if
all the local coding matrices of the in-between edge pairs of A® are copied from N. Then, by setting
Ay, = |:Oa(i1)><a Liva o(abai)xa} the message vector X, can be computed at ¢; by the operation
Ay, Y(t’,ti)- O

Now, using this above theorem we prove the following result:

Theorem 15. Let N,, be the generalized M-network for m = dn. The n-factored network of N, has

a (w,wn) fractional linear network coding solution if and only if w is an integer multiple of d.

Proof. Let the n-factored network of A, be denoted by N™. From Theorem [I4] it can be seen that
N™ has a (w,wn) fractional linear network coding solution if and only if NV, has a (wn, wn) fractional
linear network coding solution. However, from Theorem [11] we know that for the latter to hold wn

must be an integer multiple of dn. This implies that w must be an integer multiple of d. O

This lemma leads to the following corollary.

Corollary 16. For any positive integer d and n, there exists a network which has a (w,wn) fractional

linear network coding solution if and only if w is an integer multiple of d.
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Consider a network A/. Replace each edge of N/ by k parallel edges. Name the resultant network

as [|=k-

Theorem 17. N has an (a, kl) fractional linear solution if and only if N, has an (a,l) fractional

linear solution.

Proof. First we show the ‘if” part. Let e be an edge in AV which is replaced by & parallel edges in Nj—.
Each each of these parallel edges carry [ symbols. These symbols can be accumulated to construct
a kl-length vector. Then M|=k network would still have some fractional linear solution if one edge
out of the [ parallel edges carry the ki-length vector, and other edges carry no symbols. Now, if the
remaining edges carrying no symbol can be deleted, and if this is done for every edge, the resultant
network becomes N with a (r, kl) fractional linear network code solution.

We now prove the ‘only if’ part. Let an edge e carry a kl-length vector in N. This edge is replaced
by k parallel edges in M|=k' Let the kl symbols carried by e be distributed among k parallel edges
such that no edge carries any more than [ symbols. This is to be for every edge e of N. Since this
transformation does not disrupts the information received by the downstream edges or nodes, the

network achieves a (a, 1) fractional linear solution. O

Theorem 18. For any positive integers k, n, and d, there exists a network which has a (wk,wn)

fractional linear network code solution if and only if w is a multiple of d.

Proof. Consider the generalized M-network N, for m = dkn. Let N be the n-factored network of
Nyin. It can be seen from Theorem that N™ has a (w,wn) fractional linear solution if and only
if w is an integer multiple of dk. Replace each edge of N by k parallel edges. Name the resultant
network as /\/'ﬁl:k We show J\fﬁ”‘:k is a network that Theorem [18| proposes to exist.

First consider the only if part. We assume /\/W:k has a (wk,wn) fractional linear network code
solution. Then from Theorem N™ has a (wk,wkn) fractional linear solution. But due to The-
orem this implies wk is a positive integer multiple of dk, which in turn implies w is a positive
integer multiple of d. So =k has a (wk,wn) fractional linear only if w is a multiple of d.

Now consider the if part. Let us say that w is a multiple of d. Then N™ has a (wk,wkn)
fractional linear solution. Hence, from Theorem (17| we get that ﬁ;k has a (wk,wn) fractional linear

solution. O

From Theorem we have the following corollary:
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Corollary 19. For any rational number % and for any arbitrarily large number x, there exists a
network which has a rate % fractional linear network coding solution only if the message dimension is

larger than x.

Proof. Let a be any given number. Let x be any positive integer greater than a. Then, setting d = x

in Theorem guarantees existence of such a network. O

3.3 MDim-m network

In Section [3.1] we showed that for any positive integer m > 3 there exists a network which has a
vector linear solution if and only if the message dimension is a multiple of m (particular case for m = 2
was shown in [3] and [8]). Subsequent to our work, in reference [44] a network named as the Dim-k
network was presented. The Dim-k network behaves like the generalized M-network N,,,: Dim-k has
an w-dimensional vector linear solution if and only if the message dimension is a multiple of k. Both
networks reduces to the M-network for the special case of m = 2 and k = 2 respectively, but for higher
values of m and k their topological constructions are different.

In this section, we show that for any positive integer m there exists a network which has no w-
dimensional vector linear solution if w is less than m, but has a w-dimensional vector linear solution
for all w greater than or equal to m. We prove this result by constructing a network which is a
modification of the Dim-k network shown in [44]. We have named this network as MDim-m network
which is a short form of ‘modified Dim-m network’.

First we describe the MDim-m network. The MDim-m network is a modified version of the Dim-m
(originally named as Dim-k) network shown in [44]. The MDim-m for m = 3 is shown in Fig.|3.6| There
are m? sources and the sources are segregated into m sets: S; for 1 < i < m, with each set having m
sources. For any fixed ordering, let the j™ source in S; be denoted by sij. The network has two sets of
intermediate nodes U = {u1,u,...,un} and V = {v1,v2,...,Vm, Um41}. The source s;; is connected
to the node u; by an edge (s;5,u;) for 1 <4,j < m. The node u; and v; is connected by m — 1 parallel
edges, and the k' edge is denoted by (u;, vs, k) for 1 < k < m—1. Let E; = {(u;, v, k)|1 <k <m—1}.
Node u; for 1 <4 < m is connected to the node vy, 1 by an edge €;(;,4.1) = (Wi, Vppg1)-

Let T denote the set of all terminals. Each node v; for 1 <17 < m is connected to each terminal
t € T by m—1 parallel edges (directed from v; to t). The node v,,+1 is connected to each terminal

t € T by an edge (vm+1,t). T is partitioned into m sets: T; for 1 < i < m — 1, and a set T*. A
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Sip Sz 813 Sa1 S22 S23 S31 S32 33

S13 S13
S21 S21
S32 533 |

S]I s S A 512 5‘3
S22 S21
‘ S33 ‘ | S31
b W

T T, T

i

Figure 3.6: The MDim-m network for m = 3. The elements of the vector under each terminal are the
sources from which messages are demanded. Note that 77 and 75 have 3 terminals demanding the
same sources. A terminal ¢t € T' is connected to node the v; for 1 < i< m by m—1 edges. To protect
clarity we represent these m—1 edges with a thicker but single edge.

terminal ¢ in T; demands a unique tuple of m source messages (but two different terminals belonging
respectively to T; and T} for ¢ # j may demand the same set of sources). This unique tuple is decided
following these rules: (1) all ¢ € T; demands the message generated by the source s;; (2) for each
j€{1,2,...,m~1}, j # i, terminal ¢ € T; must demand one source from the set {s;1, 552, ..., Sjm—1)}
(note it doesn’t demand sjy,) (3) t € T; demands any one source from set S,,. It can be seen that
each T; has m(m — 1)(™2) terminals (to choose one element from (m — 1) elements of each set S; for
1<j<m-—1,j#1i, and one element from m elements of S,,). The set T* is further partitioned into
m — 1 subsets: 17,75, ...,T; ;. Each of T; for 1 <7 <m — 1 contains m terminals. For any fixed

ordering the j* terminal for 1 < j < m in T7" demands messages from the sources: s;,, S;;, and all

sources in the set {sg1|l <k <m —1, k #i}. (Note that MDim-m is the M-network for m = 2.)

Theorem 20. For any positive integer m > 3, the MDim-m network has a w-dimensional vector

linear solution if and only if w is greater than or equal to m — 1.

Proof. First we show the ‘only if’ part. Let f be the function that maps the network MDim-m to
a discrete polymatroid D such that the conditions of Definition [6] are satisfied. Let p be the rank

function of D, and let g = p o f. Say that the MDim-m has a d-dimensional vector linear solution.
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Claim 3. g(F1) =g(E2) = =g(Em) = (m—1)d

Proof. As per D3 of Definition [6] g(si;) = d. So,

m
m2d = Z g(sij) = (511, 5125 - - Smm) [using Lemma (4
ij=1
< g(811, o Smmy B, B, C1(m+1)s - +> em(m+1))
= g(Ela Ey,y ... Enp, C1(m+1)s -+ em(m—‘rl)) (316)
< g(E)+ - +8(Em) + gleigm+1)+ -+ +8(emm+1))- (3.17)

Equation holds because of D4 and the fact that every source message is demanded by some
terminal, which must be retrieved from E; U {e;m41)|l < i < m}. Since E; contains m — 1 edges,
using D3 of Definition @ we get g(E;) < (m — 1)d, and also g(e;(m41)) < d for 1 < i < m. So for
equation to hold we must have: g(E;) = (m — 1)d for 1 < i < m. O

Claim 4. for1 <i<m:
g(Ei, si1) + g(Ei, si2) + -+ + 8(Ei, sim) = (m” —m + 1)d.
Proof. This is proved by using the Definition

g(Ei, si1) + g(Ei, si2) + - - - + g(Ei, sim) > &(Ei, Sit, Si2, - - -, Sim) + (m — 1)g(E;) (3.18)
= g(si1, 52, - - - Sim) + (m — 1)g(E;)

=md+ (m —1)(m —1)d = (m* = m + 1)d.
equation (3.18]) is obtained by using P3 of Definition. 4| (m — 1) times. O

As per Definition [f| and Definition [5] for any X C {SUE}, f(X) maps X to a subset of G, and for
each j = f(x;), where z; € X, there exists a vector space V; such that dim (> _y, cx Vi) = 8(X).

Then, for any 1 <17 < m:

md = g(si1, .-, Sim) = &(€i, i1y - Sim) [from D3, D4]
or, md = dzm( Z Vf(Siz)) = dzm( Z Vf(Siz) + Vf(ei))- (3.19)
I=1,....m I=1,....m

Since for any two vector space U and V, dim(U) + dim(V) = dim(U U V) + dim(U N'V'). Then, for

TH-2118 136102023

48



3.3 MDim-m network

any 1 <i,j <m, i # j,

dim( Z Vitsa) + Vites) + dim( Z vf(sjl)+vf(ej))

I=1,...m =1,...
— dzm Z Vf(s ) +Vf Z F(sj1) +Vf ))—i—dzm Z stl +Vf (ed) (Z F(si1) +Vf e])))
I=1,...m I=1,...m I=1,...m I=1,.

Then from D3 of Definition |§| and using equation (3.19):

d“n Vi) + Vies Z Vi) + Vien)) = 0.
=1,....,m I=1,....m

This implies, for any 1 <4, 7,1,k < m:

dim((Vi(su) + Vicen) 0 (Vics;) + Vieey))) =0

So, dim(Vi(s,y) + Vie) + dim(Vis,) + Viiey)) = dim(Viis,) + Ve + Vi) + Viey)

or, g(si, ei) + g(sjk.€5) = 8(sit, €, Sjk, €5)- (3.20)

It can be seen that equation (3.20) can also be obtained by using Lemma

Claim 5. Let 1 < j1,j2,- -y jm-1 <m—1 and 1 < j,, < m. Then for 1 <i < m—1 the eqns. (3.21
and shown below hold

g(B1,815,) + -+ + 8(Ei-1, S(i—1)j;_,) + &(Bi; 8i1) + 8(Eit158(i41)j;0) T
4 g(Em, Smjp) < (m?> —m+1)d (3.21)
g(Er,s11) + -+ &8(Bic1,56-1)1) + &(Ei; $im) + 8(Eiv1, SGr1)1) + -+

4 8Bty Sn1y1) + 8By smz,) < (m® —m 4 1)d. (3.22)

Proof. According to the network description there exists a terminal t € T; that demands the mes-
. . h . .
sages from sources in {sij,, s2j,, - - o Sy SiLs S(i41)j (1417 -y Smjm > and the (jm)™ terminal in

T} demands the messages from sources {s11, .., (1)1, Sims S(i4+1)1> -» S(m—1)1, Smy }- Proof of (3.21)):

g(E1,815,) + -+ 8(Ei-1, S(i—1)j,_,) + 8(Ei, si1) + &(Eit1, 8(i41)j,n) T+ 8(Em, Smjin)

=g(E1, 8151, -+ Ei, Sity -+, By Smijn) [using equation ([3.20])].
< g(Elv S1j1s-- > Ei7 Sily .- ’Ema Smim (Um+1’ t))

:g(El,...,Ei,...,Em,(Um+1,t)) [Due tOtETH

<m(m—1)d+d=(m*—m+1)d. [D3 of Definition [].
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3. Dependency of a linear solution on the message dimension

Proof of equation (3.22)) is similar (due to demands of t € T™). O
Claim 6. For each i € {1,2,...,m — 1} there exist at least two distinct values of j in the range

1 < j <m such that g(E;, si;) > (m—1)d+ 1. And there exists at least one value of j € {1,2,...,m}

&(
such that g(Em, Smj) > (m —1)d + 1.

Proof. Say for some value of i there exists no such j. Then g(E;,s;5) = (m — 1)d for 1 < j < m (as
g(E;) = (m —1)d and g(F;, sij) > g(E;)). But if these values are substituted in the equation given by
Claim {4} we get: m(m — 1)d > (m? — m + 1)d, which is a contradiction.

We show that there exist at least 2 such j for 1 <7 < m — 1. Say, for some 1 <i < m — 1 there is
only one value of j for which g(Fj, s;;) > (m—1)d+1. Hence, g(E;, s;j) = (m—1)d for any 5’ # j. Then
to satisfy equation of Claim and equation of Claim we must have: g(E;, s;;) = (m — 1)d + d.
We show this is not possible. Let j,, € {1,2,...,m} be such that g(E, Smj,.) = (m — 1)d + 1.
Case I: j € {1,2,...,m —1}.
equation tells us that there exist an | € {1,2,....m—1}, l # i, and 1 < j1,...,Jm-1 < m—1

such that

m

g(E,sn) + Y Bk skj,) + 8(Ei, 5i5)<(m*~m+1)d.
k=1,k+l,i

SUbStitUting g(El7Sll) > (m L 1)d7 for 1 < k <m— ]-ak; 7é 7;7l7 g(Ek78k]k) > (m B 1)da g(E’LvSZ]) =
(m —1)d+d, and g(Em, $mj,,) > (m —1)d + 1, we have:

(m=1)(m—=1)d+(m—-1)d+d+1<(m?>—m+1)d
or, (m* =m+1)d+1< (m? —m +1)d. (3.23)

equation (3.23)) is a contradiction.
Case II: j =m

From equation (3.22)), we have:

m—1
Z Ek73k1 +g(Euszm) +g(Em73mjm)<(m m+1)d.
k=1,k#im

Substituting g(Fk,sk1) > (m—1)d for 1 < k < m —1, k # i,l, g(Ei, $im) = (m — 1)d + d, and

g(Em, Smj,,) > (m —1)d + 1, same contradiction as equation (3.23]) can be obtained. O

Claim@guarantees that there exist 1 < jo, ..., jm—1 < m—1and 1 < j,, < m such that g(E;, s;,) >
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3.3 MDim-m network

(m—1)d+1 for 2 <i < m. Now, from equation (3.21)) of Claim [5, we have:
g(E1, s11) + 8(E2, 527) + 8(E3, 8355) + -+ + 8By $mj,) < (m* —m +1)d. (3.24)

In Equation ([3.24), substituting g(E1, s11) > (m — 1)d, and for ¢ # 1: g(E;, s;5,) > (m —1)d + 1, we

get:

(m—1)d+ (m—1)((m—1)d+1) < (m?> —m + 1)d
or, (m—1)(md+1) < (m—1)md+d

or,d>m —1.

For any positive integer m > 3, we now show that the MDim-m network has a w-dimensional vector
routing solution for any w > m — 1 (‘if part’). We first give an (m — 1)-dimensional vector routing
solution. We denote the message vector generated at the source s;; by X;;, and the k" component of
Xij by Xiji. Let the edges in Fj; for 1 <4 < m carry all components of the vector X;;, and the last m—2
components of each vector X;; for 2 < j < m (Note that m — 1+ (m —2)(m — 1) = (m — 1)(m — 1)).
The messages carried by €;(;,41) for 1 <4 < m are shown in Table It can be seen that if Table
is followed then a terminal ¢ € T; needs no more than m — 1 symbols through (vp,+1,%), and if t € T,

then (vy,+1,t) carries no more than 2 symbols.

Table 3.1: Messages carried by {(u;, vpm+1)|1 < i <m} whend =m — 1.

Leimin) [ C2miny | [ en-nmin) | emmsy) |
X121 X201 | Xne1)21 Xm21
X131 X231 | X131 Xm31
Xim1 | Xom1 | | Xnenmr | X

Now, if the terminals that demand the exact same set of sources are considered as one (since
they receive information from the same set of edges, this does not affect solvability), then MDim-m
network is a sub-network of the Dim-m network of [44], and hence it has an m-dimensional vector
routing solution. Furthermore, an (m — 1)-dimensional vector routing solution and an m-dimensional
vector routing solution guarantees an (2m — 1)-dimensional and (2m — 2)-dimensional vector routing
solution. So the case for m = 3 is already solved. We now show that MDim-m has an (m + k)-

dimensional vector routing solution for 1 <k <m —3 and m > 4. For 1 <i <m —1, let the edges in

TH-2118 136102023

51



3. Dependency of a linear solution on the message dimension

Table 3.2: Messages carried by {(uj, vm+1)|1 < i <m} when d =m + k.

’ €1(m+1) ‘ €2(m+1) ‘ ‘ €(m—1)(m+1) ‘ Em(m+1) ‘
X121 Xoo1 | Xm-1)21 Xmi1
Xi31 Xo31 | Xm-1)31 Xma1
Xim=-01 | Xom-11 | " | Xn—1)m-1)1 | Xm(m-2)1
Xim1 Xom1 1 [ X m-1)m1 Xm(m-1)1
X1im2 Xom2 | Xm—1)m1 Xmm1
X1m3 Xoms " X(mfl)m3 Xmi12
Xim@k+2) | Xomk+2) | | Xm—Dm@+2) | Xmk2

E; carry all components of the vector Xjq, last m + k — 1 components of X;; for 2 < j <m —1, and
the last m — 2 components of X;,, (Note m+k+(m—2)(m+k—1)+m—2= (m—1)(m+k)). Edges
in E), carries the last m + k — 2 components of X,,; for 1 < j <k, and the last m + k — 1 components
of Xppj for k+1<j <m (Note k(m+k—2)+(m—k)(m+k—1) = (m—1)(m —k)). The symbols
not sent through {F;|1 <4 < m} are carried by {€;(m+1)|1 <i < m} as shown in Table

It can be seen that for a terminal ¢t € T}, the edge (vy,+1,t) carries no more than m + 1 symbols.
Notice that no terminal demands any two vectors from the set {X;,|l <i < m —1}. Soift € T*
demands Xj,, for some 1 <i < m — 1, then v,,4+1 carries no more than k + 4 symbols (k + 2 symbols
of X;;, and maximum 2 symbols of X,,; for some 1 <[ < k). So we must have £ +4 < m + k, or,

m > 4. O

We now show that there exists a network which has a (wk,wn) fractional linear solution if and

only if w is greater than or equal to d.

Theorem 21. Consider the MDim-m network for m = dn + 1. The n-factored network of MDim-m

has a (w,wn) fractional linear network coding solution if and only if w is greater than or equal to d.

Proof. Let the n-factored network of MDim-m be denoted by MDim™-m. From Theorem [14]it can be
seen that MDim"-m has a (w, wn) fractional linear network coding solution if and only if MDim-m has
a (wn,wn) fractional linear network coding solution. However, from Theorem 20| we know that for the

latter to hold wn must be greater than or equal to m—1. Now, wn >m—1=wn >dn=w >d. [
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Corollary 22. For any positive integers d and n, there exists a network which has a (w,wn) fractional

linear network coding solution if and only if w is greater than or equal to d.

Theorem 23. For any positive integers k, n, and d, there exists a network which has a (wk,wn)

fractional linear network code solution if and only if w is greater than or equal to d.

Proof. Consider the MDim-m for m = dkn+1. Let MDim"-m be the n-factored network of MDim-m.
Replace each edge of MDim"-m by k parallel edges. Name the resultant network as MDimﬁ:k—m.
Theorem [17) says that MDimit_, -m has a (wk,wn) fractional linear solution if and only if MDim"-m
has a (wk, wkn) fractional linear solution. But from Theorem [2I] MDim"-m has a (wk, wkn) fractional
linear solution if and only if wk is greater than or equal to dk, which in turn implies w is greater than

d. So MDim"‘:k—m is the network that the theorem proposes to exist. ]

Corollary 24. For any rational number % and for any arbitrary large number m, there exists a network
which has a rate % fractional linear network coding solution if and only if the message dimension is

larger than m.

3.4 Network Coding Solution but No Routing Solution

The network shown in the proof of Theorem has a (wk,wn) fractional linear network code
solution if and only if w is a multiple of d. We also showed in the proof of Theorem that the
network has a (wk,wn) fractional routing solution if and only if w is a multiple of d. In light of
this result, it is an interesting question whether all networks which have a (wk,wn) fractional linear
network code solution if and only if w is an integer multiple of an integer, have a (wk,wn) routing
solution as well. We answer this question in negative by constructing an example network N, shown
in Fig. We show that N, neither has a (1,2) fractional linear network code solution, nor has a
(2,4) routing solution, but it has a (2,4) fractional linear network code solution.

Let Yj; be the set of symbols carried by the edge (u;,v;), Y(u1,0x) be the set of symbols carried by
the edge (u1,v*), and Y;3 be the set of symbols carried by the edge (u;,v3). Also denote the message
carried by the edge (vs,t;) by Z3;) for 1 < i < 36. Because of the demands of the terminals, all
symbols from the sources s11, s12, s13 and s34 must pass though the edges (u1,v1) and (u1,vs3). Also

let the source s;; generate the message X;; for 1 <¢<2,1 <5 <4.
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3. Dependency of a linear solution on the message dimension

S11 S12 813 Su4 So1 Sp2 Sp3 Sy

t g 4 L b36

Figure 3.7: A network N,. Each terminal ¢; for 1 < ¢ < 36 demands information from a unique
combination of 4 sources, two of which belongs to {si1, s12, 513,514}, and the other two belongs to
{s21, 822, S23, s24}. The terminals ¢ and ¢5 demands to compute the message generated by all sources
in {s11, $12, $13, $S14}- We show that N, has a (2,4) fractional linear network code solution, but it
neither has a (1, 2) fractional linear network code solution, nor has a (2, 4) fractional routing solution.

First let us say that N, has a (1,2) fractional linear network coding solution. As per Theorem
N has a (1,2) fractional linear network code solution over some finite field Fy if and only if it is a
(1, 2)-discrete polymatroidal network with respect to a discrete polymatroid D representable over F,.
Let f be the function that maps the source nodes and the edges of N, to the elements of I such that
N is a (1, 2)-discrete polymatroidal network with respect to D (f follows the rules shown in Definition
@. Let p be the rank function of D. Now let g = po f.

Say Xii,, X1, € {X11, X2, Xu3, X14} and Xogj,, Xoj, € {Xo1, X292, Xo3, Xo4}. Then, there exists a
terminal ¢, among {t1,t2,...,t36} that demands the messages {X1;,, X1i,, Xoj,, X2j, }. Let ¢, be that

terminal. Hence,

g(Y11, X145y, X14,) + 8(Yao, Xoj,, Xoj,)
= g(YH, Xlil s X12‘2 s YQQ, X2j1 s X2j2) [using Lemma repetitively]

g g(Ylla X1i1 ) X1i27Y227 X2j1 B X2j27 Z(37n)) — g(}/lla }/227 Z(37n)) S 4 + 2=0. (325)
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3.4 Network Coding Solution but No Routing Solution

Now, consider the following inequality.

8 = g(X11, X12, X13, X14, Xo1, Xo2, X3, Xo4)
< g(Xi1, X12, X13, X14, Xo1, X2, X23, Xo4, Y11, Y22, V13, Y23)
= g(Y11, Y22, Y13, Y23)
< g(Y11) + g(Y22) + g(Y13) + g(¥23)

<8.

Since g(Y;;) < 2, hence it must be that g(Y11) = g(Y22) = g(Y13) = g(Y23) = 2.

Now, we have the following result:

g(Y11, X11, X12) + g(Y11, X13, X14)
> g(Y11, X11, X192, X13, X14) + g(Y11) [from rule P3 of Definition [4]
= g(X11, X12, X13, X14) + g(Y11)

—4+2=6.
Similarly for i = 1,2 if Un, Uiz C { X1, Xi2, Xi3, Xia}, |[Un = |Us2| = 2, and U;j1 N U2 = (), we have:
g(Yii, Xu,, ) + g(Yii, Xu,,) > 6. (3.26)
From equation , we know that the following two inequalities are true.

g(Y11, X11, X12) + g(Yaz, Xo1, X22) < 6

g(Y11, X11, X12) + g(Yaz, Xo3, Xo4) < 6.
By summing both of the above inequalities, we get:
2g(Y11, X11, X12) + g(Ya2, Xo1, Xo2) + g(Yaz, Xo3, Xo4) < 12. (3.27)

From equation (3.26) we know:

g(Yaz, Xo1, Xo2) + g(Yaz, Xo3, Xo4) > 6. (3.28)
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Substituting equation (3.28]) in Equation (3.27)), we get:

2g(Y11, X11, X12) <6

g(Y11, X11, X12) < 3.

In a similar way, if Xg is any subset of {X;1, X2, Xi3, Xja} for i = 1,2 and |Xg| = 2, it can be shown
that,

g(Yii, Xr) < 3. (3.29)

Consider the following inequality.

g(Y11, X11, X12) + g(Y11, X11, X13) + g(Y11, X1, X14)

> g(Y11, X11, X12, Xa3) + g(Y11, X11) + (Y11, X11, X14) [rule P3 of Definition [{]
> g(Y11, X11, X12, X13, X14) + 28(Y11, X11)

= g(X11, X12, X3, X14) + 2g(Y11, X11)

= 4+2g(Y11,X11). (330)
Since, from equation ([3.29) we know g(Y11, X11,X15) < 3, for j = 2,3, 4, we have from equation ((3.30):

3.3 >4+ 2g(Y11, X11)

)
or, g(YH,XH) S 5 (331)

Similarly for j = 2, 3,4 it can be shown that:

)
g(Y11, X1;) < > (3.32)
Now,

g(Y11, X11) + g(Y11, X12) + g(Y11, X13) + (Y11, X14)

> g(Y11, X11, X12) + g(Y11) + (Y11, X13) + 8(Y11, X14)
> g(Y11, X11, X12, X13) + 2g(Y11) + g(Y11, X14)

> g(Y11, X11, X12, Xu3, X14) + 3g(Y11)

> g(X11, X12, X13, X14) + 3g(Y11)

=446 =10. (3.33)
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Xllh XIZb Xle Xl4b XZIb X22h X23b X24h
Xl]a X]Za Xl}a X]4a XZ]A XZZa XZ}a X24a

{ ul . . . u2
X Xo1a
X2 X Xaib
XiatXiay /' Xy, X3 X
X3 tX i3 X3 Xiap X
Xi2a+X12p X2 X Xosp
XX Xia X::

t

Figure 3.8: A coding scheme showing a (2,4) fractional linear network coding solution for N.

Since from equations and , each of the term in the right hand side of equation is
less than or equal to %, and the four terms must sum to make at least 10, it must be that g(Y11, X11) =
g(Y11, X12) = g(Y11, X13) = g(Y11, X14) =
g(Ya2, X22) = g(Y22, X23) = g(Ya2, Xo4) =

Since according to definition[d] a rank function of a discrete polymatroid always maps the argument

. In a similar fashion, it can be shown that g(Ya2, X21) =

IS SIS

to an integer, and since 2 does not divides 5, the assumption that N is a (1, 2)-discrete polymatroidal
network with respect to a discrete polymatroid D is invalid. Thus N, does not have a (1,2) fractional
linear network coding solution.

Let us now assume that A, has a (2,4) routing solution. Let the source s;; generate the message
[ Xija Xijpl-

Say X1 = { X114, X116, X124, X120, X130, X136, X140, X146} Then Y11, Y(y, 4), Y13 C X1. Because
of the demands of the terminals we have, Y11 U Y3 = X;. Also note that |Y11| < 4, Y(uw*) < 4 and
[Yoo| < 4. Since, | X;| = 8, it must be that Y13 N Y13 =0, and X5 \ Y11 = Y13 (\ is the setminus sign).
Now, since the terminal ¢ must compute all the symbols contained in X;, we have Y7 UY(UM,*) = Xi.
However, as |X;| = 8, and |Y11] < 4, Yiui,o6) < 4, it must be that Yy, .. = X1 \ Y1;. By similar
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argumentation, because of the demands of the terminal ¢3, we have Y, .. = X1\ Y13. Therefore
X1\Y11 = X1\ Yi3. But, as X; \ Y11 = Yi3, we have Y13 = X \ Y13, which is certainly not true and
hence a contradiction.

A (2,4) fractional linear network code solution for N, is shown in Fig[3.8
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4. Dependency of Characteristic Set on the Message Dimension in Linear Network Coding

For multicast networks, the characteristic of the finite field does not play a significant role in the
sense that there does not exist a multicast network which has a scalar/vector linear solution if and
only if the characteristic of the finite field belongs to a certain set of primes.

For non-multicast networks, the existence of a vector linear solution may depend upon the charac-
teristic of the finite field, i.e., there exist instances of network coding problems in which a vector linear
solution exists if and only if the characteristic of the finite field belongs to a certain set of primes. It
has been shown in [18] that for any set of polynomials with integer coefficients, there exists a network
which has a scalar linear solution over a finite field if and only if the set of polynomials have a common
root over the field. This showed that for any set of primes, there exists a network which has a scalar
linear solution if and only if the characteristic of the finite field belongs to the given set of primes.
This result was generalized in [19] to show that for any set of primes there exists a network which
has a vector linear solution for any message dimension if and only if characteristic of the finite field
belongs to the given set of primes.

Consider a network which has a scalar linear solution if and only if the characteristic of the finite
field belongs to P. We first consider the problem that whether such a network can have a vector linear
solution over a larger set of primes (characteristics)? To the best of our knowledge, for all networks
presented in the literature, if a network has a scalar linear solution if and only if the characteristic of
the finite field belongs to a set P, then for any positive integer d, the network has a d-dimensional
vector linear solution if and only if the characteristic of the finite field belongs to P.

We first show that there exists a network which, for any given set of primes P, has a scalar linear
solution if and only if the characteristic of the finite field belongs to P, but has a 2-dimensional vector
linear solution over all finite fields. This shows that if the message dimension is increased from 1 to 2,
the set of characteristics over which a vector linear solution exists may get larger. We also show that a
similar behaviour may be observed if the message dimension increased from 2 to 3. For any three sets
of primes P, P, and P53, we show that there exists a network which has a scalar linear solution if and
only if the characteristic of the finite field belongs to P;, has a 2-dimensional vector linear solution
if and only if the characteristic of the finite field belongs to {P;, P>}, and has a 3-dimensional vector
linear solution if and only if the characteristic of the finite field belongs to { Py, P», Ps}.

The above two results may indicate that a higher message dimension is superior to a lower message

dimension in terms of achieving a vector linear solution over a larger set of characteristics. (Note: A
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network having a scalar linear solution over I, always has a d-dimensional vector linear solution over
F,, but not vice versa. So a d-dimensional vector linear solution over a finite field can be said to be
superior to a scalar linear solution over the same finite field.) But such a hierarchy does not exist
between two message dimensions greater than 1. We show that for any two sets of primes P; and P,
there exists a network which has a 2-dimensional vector linear solution if and only if the characteristic
of the finite field belongs to { P, P»}, but has a 3-dimensional vector linear solution if and only if the
characteristic of the finite field belongs to Ps.

We also show that, if a network has vector linear solutions for two different message dimensions,
the set of characteristics over which the network has the vector linear solution for the higher some
message dimension, may not be a subset or a superset of the set of characteristics over which the
network has the vector linear solution for the lower message dimension.

As a consequence of these results, we prove two more properties of linear network coding. First,
recently linear network coding over finite ring alphabets has been studied. In three papers [13], [44],
and |12], Connelly et al. answer many questions on whether linear network coding over ring alphabets
offer any advantage over linear network coding over finite fields. The size of a finite ring could be any
positive integer, where as the size of a finite field is always power of a prime; so it is natural to suspect
that there could be some advantage at least in terms of achieving a linear solution over a lesser sized
alphabet. In [13] it has been shown that if a network has a scalar linear solution over some finite
commutative ring which is not a field, then the network also has a scalar linear solution over a finite
field whose size is less than or equal to the size of the ring. We have found that, for any prime number
p, there exists a network which has a scalar linear solution over a finite field if and only if the size of
the finite field is a power of p, but has a scalar linear solution over a non-commutative ring of size
16. Since, all networks that have a scalar linear solution over a finite field of size ¢ also have a scalar
linear solution over a finite commutative ring of size ¢ (because a field is also a commutative ring),
but all networks that have a scalar linear solution over a finite non-commutative ring of size ¢ does
not have a scalar linear solution over a finite field whose size is less than or equal to ¢, we conclude
that, in general, finite rings are superior to finite fields in terms of achieving a scalar linear solution
over a lesser sized alphabet.

Second, it is known that, an m-dimensional vector linear solution and an ms-dimensional vector

linear solution over the same finite field guarantees the existence of an (m; + mg)-dimensional vector
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4. Dependency of Characteristic Set on the Message Dimension in Linear Network Coding

linear solution. We show that for a network, the existences of an mi-dimensional vector linear solution
and an mg-dimensional vector linear solution guarantees the existence of an (m; + mg)-dimensional
vector linear solution if and only if the respective my and mo dimensional vector linear solutions exist
over the same finite field. We prove this result by showing that there exists a network which has a 2-
dimensional vector linear solution and a 3-dimensional vector linear solution, but has no 5-dimensional
vector linear solution.

In Section [4.1] we present three networks, using which, the results claimed above is proved in

Section The chapter is concluded in Section [4.3]

4.1 Networks Char-¢-y, Gi, G», and G3

In this section, we present four networks Char-¢-y, G1, Go2, and Gs3, using which we prove the main

results of the chapter.

4.1.1 The Char-¢-y network

In [12], Joseph Connelly and Kenneth Zeger presented a network named as the Char-¢ network
which has a vector linear solution for any message dimension if and only if the characteristics of the
finite field divides ¢. Inspired by the Char-q network, we construct a network that we name as the
Char-g-y network, where y is a label of a source node. This Char-¢-y network will be used for each
and every proof presented in this chapter. The source labelled by y is distinguished from the rest
because no terminal demands y. We show that if the middle edges of the network do not transmit any
information generated by the source y, then the Char-g-y has a scalar linear linear solution over any
finite field. But if the middle edges transmit any symbol generated by y, then the Char-g-y network
has a vector linear solution if and only if the characteristic of the finite field divides ¢q. The purpose of
constructing such a network is that we will attach this network to another network in such a way that
if the other network does not receive any information about y from one of Char-g-y network’s middle
edges, then the other network would render linearly unsolvable for a particular message dimension
(thereby forcing the characteristic of the finite field to be a divisor of ¢ for the network to have a
vector linear solution for that particular message dimension).

We first give a description of the Char-¢-y network. For ¢ = 2, the Char-¢-y network is presented
in Fig. [4.1] Tt has ¢ + 3 sources and ¢ + 3 terminals. In ¢-y of the Char-g-y network, ¢ is a positive

TH-2118 136102023

62
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a y X; X, X3

ns

Figure 4.1: The Char-¢g-y network for ¢ = 2. The network has 5 sources and 5 terminals. Out of the
5 sources, 2 sources are labelled as a and y, and the rest 3 sources are labelled as x1,x2, and x3. The
Char-2-y network has 5 middle edges: e, eo,e3,e4 and e5. The demands of each terminal is shown
below the terminal’s label. Note that the source y is not demanded by any of the terminals.

integer (a product of primes), and y is a source label. The source nodes in the Char-g-y network are
labelled as: a,y,21,22,...,2¢+1 (the reason of why the first two labels a and y are different from
the rest will be clear when we will use this network to prove theorems), and the terminal nodes are
labelled as: t1,%2,...,t44+3. The intermediate nodes of the Char-g-y network are union of these two

sets: {m1,ma,...,mgy3} and {ni,ng,...,ngr3}. The list of the edges are given below.
o for 1 <i<gq+3: e; = (my,n;) (these are the middle edges).
o for1<i<g+1andi=qg+3: (a,m;).
e fori=1and4<i<qg+3: (y,my).
e for1<i<qg+1,2<j<qg+3,and j#i+1: (x;,m;).

e for1 <i<gqg+2: (ni,ti) and (nq+3,ti).
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o for 1 <i<q+2: (ng,tg43)

o for 1 <i<gq (m,t1).

for i =2,3: (y,t;).

(a,tq42).

The demands of the terminals are given below.
e {1 demands wg41.
o for 1 <i<qg+1: t;y; demands z;.
e t,43 demands a.

Among the local coding matrices of the Char-g-y network, let the encoding matrices (local coding
matrices associated with each source-edge pair) be denoted by C{s,ey where s is a source and e is an
edge, let the decoding matrices (local coding matrices associated with each edge-terminal pair) be
denoted by Cy. ;) where e is an edge and ¢ is a terminal, and let all other local coding matrices be

denoted by C{ei,ej} where both e; and e; are adjacent edges. We now define the following matrices.
(1) M; = Cfami),eitCla(ami)y for 1 <i<g+1landi=q+3.
(i) Ai = Cymy),ei}Clys(ymy fori=Tand 4 <i <q+ 3.
(i) Wi = Cl@imy)e;}Ctas(@imy)y for 1 <i<g+1,2<j<g+3,and j #i+1.
(V) Tix = Cni ) 4} Clesmati} for 1 <i < g +2.
(V) Tiz = Ctng 5,00t} Clegiss(ngssit)} for 1 <i<g+2.

(Vi) Z; = C{(n“ for1<i<g+2.

tq+3)tq+3} C{ei,(m tq+3)}

Let the message carried by the edge e; be denoted by Y., for 1 < i < ¢ + 3. Below we list the
expressions of these messages. Let the message vector generated by the source a be denoted by a,
the message vector generated by the source y be denoted by y, and the messgae generated by x; for

1 <% < g+ 1 be denoted by x;. Then,

Y;l = M1a+A1y (41)
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q+1
Yo, = Maa+ Y Wio (4.2)
=2
q+1
}/;3 = Mga + W(371)l'1 + Z W(37Z')1U7; (43)
=3
q+1
fora<j<q+1: Y., =Mja+ Ajy+ Z Wi (4.4)
i=LiA(j-1)
q
Yoo = Agiay+ Y Wigrai (4.5)
i=1
q+1
Yeprs = Myrsa+ Agray + Y Wigis i (4.6)
=11

We now prove the following lemma.

Lemma 25. Over a finite field whose characteristic does not divide q, for any positive integer d, the

Char-q-y network has a d-dimensional vector linear solution if and only if Ay is zero.

Proof: First consider the ‘only if” part. Due to the demands of the terminal ¢;, from equations

(4.1) and (4.6]), we have the following equations.

Ty My + T1oMy13 =0 (4.7)
Ti1 A1 + T12Aq+3 =0 (48)

Due to the demands of terminal ¢5, from equations (4.2) and (4.6)), we have the following equations.

To1 My + T22Mq+3 =0 (410)
TQQW(q+371) = I (411)
for2<i<gqg+1: T21W(27i) + T22W(t1+3’i) = 0. (4.12)

Due to the demands of terminal ¢3, from equations (4.3)) and (4.6]), we have the following equations.

T35 M3+ T32Myy3=0 (4.13)
TsaWiz1) + 132Wigq31) =0 (4.14)
T3sWigis2) = 1 (4.15)
for3<i<q+1l: TuWa+TWerss =0. (4.16)
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4. Dependency of Characteristic Set on the Message Dimension in Linear Network Coding

Due to the demands of the terminal ¢; for 4 < j < g+ 1, from equations (4.4) and (4.6)), we have:

TjnMj +TjpMgy3 =0
TjAj+TjpAg3 =0
TixWigesg-1) =1

for1 <i< q—+ l,i 75] —1: leW(jJ) + j}'QW(q_i_gﬂ') = 0.

Due to the demands of the terminal ¢449, from equations (4.5)) and , we have:

Tig+21Ag+2 + T(g42)2Aq+3 =0
for I<i<q: TgaanWigs2) + Lig+2)2Wig+3,) =0

Tig+2)2Wi(g+3,4+1) = 1.
Due to the demands of the terminal t,3, from equations (4.1))-(4.5), we have:

WMy + ZoMs + ... + Zq+1Mq+1 =1

Z1A1 + Z4 Ay + ... + Zq+2Aq+2 =0
q+2
for1<i<q+1: Z ZiW;n =0.
J=2,j#i+1

(4.17)
(4.18)
(4.19)

(4.20)

(4.21)
(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

From equations (4.9)), (4.11)), (4.15), (4.19) and (4.23), we get: Tjo is invertible for 1 <1i < g+ 2,

and W, 3;) is invertible for 1 < i < ¢ + 1. Then, from equations (4.12), (4.14), (4.16), (4.20) and

(4.22)): Ty is invertible for 2 < i < g + 2, and W;;) is invertible for 2 < j < ¢+2,1<i < qg+1,

i1
From equations (4.7)), (4.10), (4.13]) and (4.17), we have:

for2<i<q+1: M =-T; ' TiaMy3.
Substituting equation in equation , we get:
Z\ My~ (Z2T5 To + -+ ZgaT 1y, Tige1)2) Mgs = 1.
From equations , and , we have:

ford<i<q+2: Aj=-T;'TinAzs.
TH-2118_136102023
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Substituting equation (4.29)) in equation (4.25)), we get:

Zy Ay~ (ZaTyy Tz + - + Zga Tl ), Tig22) Agis = 0- (4.30)

From equations (4.12)), (4.14]), (4.16)), (4.20) and (4.22)), we have:

for2<j<q+2,1<i<q+1li#j—1:Wyay==T;"TsWi30)- (4.31)

Substituting equation (4.31]) in equation (4.26)), for 1 <i < ¢+ 1 we have:

q+2
> 4T TpWgean =0 (4.32)
§=2,j#i+1

Since W4434) for 1 <4 < g+ 1 has been already shown to be invertible, for 1 <i < ¢+ 1, we must

have:
q+2

> ZT;'Tp =0. (4.33)
i=2,5Ai+1
Expanding equation (4.33|) for each value of 1 <1i < ¢+ 1, we have:

Z3T51 Tap + ZaTy Taz + -+ + Zgw2 T 1, Tigr2)2 = 0 (4.34)
ZyT5y Too + ZaTy Taz + -+ + Zg2 T 91 Tigr2)2 = 0 (4.35)

(4.36)
23Ty Toz + Z3Tgy Ty + ZaTyy Tuz + -+ Zga T g1y, T2 = 0. (4.37)

Substituting equation (4.37)) in equation (4.28) we get:
My =1 (4.38)

Adding the g + 1 equations shown in equations (4.34)-(4.37), i.e. by performing the operation
+1 x~g+2 -1 )
Al ?:2,j;éi+1 ZjT Tj2, we have:
U( 22Ty Toz + Z5T31 oo + ZuTyy Ta + -+ + Zgu2 Ty T(gr2)2) = 0- (4.39)
Since the characteristic of the finite field does not divide ¢, we must have ¢ # 0 in the finite field.
Then, from equation (4.39)), we must have:

Z2T2_11T22 + ZgT?)_llT32 + Z4T4_11T42 4+ 4 Zq+2T(;i2)1T(q+2)2 = 0. (440)
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For each value of 1 <1 < ¢+ 1, subtracting equation from , we get:
for 2 <j<q+2: ZT;'Tjz =0. (4.41)
Substituting the values set by equation in equation , we get:
Z1A1 =0 (4.42)

Since Z; is invertible due to equation (4.38]), we must have A; = 0. This proves the only if part.
To show the ‘if” part, we present a scalar linear solution of the Char-g-y network. In this case all
the local coding matrices are elements of the underlying finite field. Chose suitable coding coefficients

such that the middle edges carry the following information.

Yo, =a
q+1
for2<i<qg+1:Y, =a+ Z T
j=1,j#i—1
q
Yoo = > i
j=1
q+1
Yegs =a+ Z Lj
j=1

It can be easily seen that if the middle edges carry information as shown above, all the terminals can
compute its desired information. [ |

We now proof the following lemma.

Lemma 26. Over a finite field whose characteristic divides q, the Char-q-y network has scalar linear

solution even when A; #0 fori=1 and 4 <i < q+ 3.

Proof: Let the characteristic of the finite field be p. Chose suitable coding coefficients such
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that the middle edges carry the following information.

Ye, =a+y (4.43)
Ye, =a+x2+ 23+ + Tgp1 (4.44)
Yoo =a+x1+23+ -+ 2441 (4.45)
g+1
fora<i<g+1:Y,=a+y+ Z T (4.46)
j=1,ji—1
Ye,., =@F Z i (4.47)
g+1
Ye,is :a—i—y—i—ij. (4.48)

Terminals ¢; for 1 <4 < ¢+2 receives its desired symbols by subtracting the sum of Y, and the symbols

received from the direct edges, from Y, ,. Terminal ;43 retrieves a by the operation: Zf;z Y, as

q+2 q+1
ZY (p+1) a-l-py-l—prj—a (4.49)
7=1

4.1.2 Network G;

In this subsection we present a network that we label as G;. Network G is constructed by joining
together the M-network and the Char-¢g-y network. Recall from [3] that the M-network has four
sources and four terminals, where each terminals demand two sources. The sources of the M-network
are grouped into two subsets (a,b) and (Z,7), and each terminal demands a unique tuple of two
sources with the condition that none of the terminals can demand either of (a,b) and (z,%). The four
terminals of the M-network are labelled as t1,t2,t3 and t4. The Char-¢-y network consist of ¢ + 3
sources: @,y,Z1,...,Zq+1, and ¢ + 3 terminals: 5,26, ..., te47. G1 is shown in Fig. for ¢ = 2. The
Char-g-y network and the M-network are connected to construct G; in the following way: the sources
a and g are made common to both of the networks, and an edge (7i1,¢4) (where 77 is the head node
of 1) connects edge é; of the Char-g-7 network to the terminal 4 of the M-network. Let the message
carried by the edge €; be denoted by Y;.

The reason these two networks are connected as such is the following. We know that the M-network

does not have a scalar linear solution; but we figured that if the terminal ¢4 receives an extra symbol

TH-2118 136102023

69



4. Dependency of Characteristic Set on the Message Dimension in Linear Network Coding
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Figure 4.2: Network Gy for ¢ = 2. This network is a conjunction of the M-network and a Char-2-y
network (with sources a and y common to both networks). The demands of the terminals are written
below the label of the terminals. Terminals £y, to, 3 and 4 demands two source messages. The sources
a,b,z,y are the four sources of the M-network, and @, ¥, Z1, T2, T3 are the 5 sources of the Char-2-7
network.

which is a function of @ and 7, then the network does have a scalar linear solution. In Gy, terminal #4
can have this extra information if the message Yz, is a function of §. But, from Lemma [25] we know
that if Yz, is a function of g, then the characteristic of the finite field has to divide g, thus limiting
the set of finite fields that over which a scalar linear solution exists.
Gy will be used to prove some of the theorems in this chapters. We here prove that for odd message
dimensions, G1 has a vector linear solution if and only if the characteristic of the finite field divides q.
Let f be the function that maps the network G; to a discrete polymatroid Dy such that Gy is a

discrete polymatroidal network with respect to D;. Let p be the rank function of D;. Now let g = po f.

Lemma 27. For any odd number d, the network G has a d-dimensional vector linear solution if and

only if the characteristic of the finite field divides q.

Proof: Consider the ‘only if’ part. We show that if the characteristic of the finite field does not
divide g, then G; has no odd dimensional vector linear solution. Since the characteristic either divides
q or does not divide ¢, proving the latter statement would prove the ‘only if’ part. Let’s assume that

over a finite field whose characteristic does not divide ¢, G; has a d-dimensional vector linear solution
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for any odd number d. Due to the demands of terminal ¢; we get the following:

g(Yi1,a) + g(Yoz, ) = g(Y11,a, Yoo, &) [using Lemma [5| repetitively]
<g(Y11,a,Ys2,%,Z1)
= g(Y11, Ya2, Z1) [due to the demands of #1]

< 3d. [as rank of each element is less than or equal to d].  (4.50)
Similar to equation (4.50)), due to the demands of #1,%2 and 3 we have the following equations.

g(Y11,a) + g(Y22,9) < 3d (4.51)

g(Y11,0) + g(¥22,7) < 3d. (4.52)

Since the characteristic of the finite field does not divide ¢, from lemma 25| we know that the message

carried by Yg, is not a function of ¥.

g(Y11,a) +d+d> g(Ya,a) + g(Ya2) + g(Z4)
> g(Yi1, a, Yoz, Zs)
= g(Y11,a, Yoo, Z4, Yz,) [since Yz, is function of only a]
= g(Y11,a, Ya2, Z4, Yz, , b, ) [due to the demands of 4]
> g(a, Y22,b,7)
= g(a,b) + g(¥Y2, 7la,b)
= g(a,b) + g(Y22,) [since {Y22, 7} is independent of {a, b}]

= 2d + g(¥22,79). (4.53)

From equation (4.53)), we get that
g(Y11,a) > g(Ya2,9). (4.54)

We know:

< g(Y11) +g(Y13) + g(Y22) + g(Y23)
TH-2118_136102023
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< 4d. (4.55)
Since rank of any element is less than or equal to d, from equation (4.55)), we get:
g(Y11) = g(V13) = g(¥a2) = g(Y23) = d. (4.56)

We also have:

g(Yi1,a) + g(Y11,b)

> g(Y11,a,b) + g(Y11) [using rule [P3] of Definition

= g(a,b) +g(Ya1)

=3d [we used equation (£.56))]. (4.57)
Similar to equation we have:
g(Y22,7) + g(Ya2,9) = 3d. (4.58)
Adding equations (£.50) and (4.51]), we get:

(Y117 )-I_g()/QQa )+g(Yé2’ )<6d

or, 2g(Y11,a) < 3d [substituting equation (4.58)]

3d
or, g(Y11,a) < — (4.59)
Adding equations (4.50)) and ( , we get:
g(Y11,a) + g(Y11, b) + 2g(Yae,z) < 6d
or, 2g(Yaq,Z) < 3d [substituting equation (4.57))]
3d
or, g(Ya2,7) < e (4.60)
From equation (4.54]) we have:
3d
g(Y2,9) < 5 (4.61)

Since d is an odd integer, let d = 2n — 1 where n is any positive integer. Then, from equations (4.60))
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and (4.61)), we have:

3(2n -1 3 1

g(Yar,z) < ( n2 ) =3n — B :371—24‘5 (4.62)
3(2n -1 3 1

g(Y22,7) < ( n2 ) g0 5 =3 =243 (4.63)

Since the rank function g() is integer valued by definition, from equations (4.62]) and (4.63)), we have:

g(YQQ, .’f) <3n-—-2 (464)

g(Ya2,9) < 3n — 2. (4.65)

Substituting values from equation (4.64) and (4.65]) in equation (4.58)), we get:

6n —4>3d=3(2n—1) = 6n — 3. (4.66)

Equation results in 3 > 4, which is a contradiction.

We now show the ‘if’ part of the proof. We show that G; has a scalar linear solution (thereby
having a vector linear solution for any message dimension) if the characteristic of the finite field divides
g. Let the edges Yg, for 1 < ¢ < g + 3 carry the messages as indicated by equations —.
Then, the terminals t5 to t447 can retrieve its desired information (the terminals in the Char-¢-y part
retrieves its desired information as shown in Lemma . Now, in the M-network part, let Y;; = a,
Yi3 =0, Yoo = 7, and Ya3 = 3. Then, it can be easily seen that terminals 1, and 3 can retrieve its
desired information. The terminal #; receives a from Y71, b from Z4, a + 3 from Yz,, and as a result it

can deduce g as well (by subtracting a from a + 7). |

4.1.3 Network G,

In this section, we present another network that we label as Go. In Fig. of Chapter |3] for each
value of a positive integer m > 2 we constructed a network N, called as the generalized M-network.
For convenience N3 is produced in Fig. [£.3] The network Gs is a conjunction the network A, the
Char-¢’-z network, and some additional edges. For ¢’ = 2, the network Gs is shown in Fig. [4.4

In the N3 part of Gy, the nine sources are: a,b,c,r,s,w,z,y,z. The messages carried by edges
(vi,u;) and (v;,uj) for i =1,2,3, j = 4,5 is denoted by Yj; and Yj; respectively. For terminals ¢; for
1 <4 < 27 there exists an edge (u;,t;) for j =1,2,3,4,5. For 1 < i <27, the message carried by the

edge (u4,t;) is denoted by Zy ;, and the message carried by the edge (us,t;) is denoted by Zs ;.
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The ¢’ + 3 source nodes of the Char-¢’-z network are: a,z,x1,..., 2441 (note that the N3 network

and Char-¢’-z network has sources a and z in common). Edge e; is the middle edge of the Char-¢’-x

network which has paths from a and z, but not from any other sources. The message carried by e; is

denoted by Ye,.

The additional edges that are not part of A3 and Char-¢’-z, are listed below:

(w,t7), (w,tg), (w,tg), (w,t16), (w,t17), (w,t18).

(C, tlg), (C, tg()), (C, tgl), (C, t22), (C, tgg), (C, t24).

(a,t25).

(y,t26)-

[} (head(el), t25).

We first develop some general equations that hold for the network G,. Let f be the function that

maps the network Go to a discrete polymatrid Dy such that Go is a discrete polymatroidal network

with respect to Ds. Let p be the rank function of e, and let pyer < d. Now let g = po f. Then we

have the following equations:

g(Ylla (Z) + g(}/é27 T) + g(Y33, l‘)
=g(Y11,a, Yo, 7, Y33, x) [using Lemma [5| repetitively]
S g(}/lla a, YQQ) r, }/337 Z, Z4,17 Z5,1)

< g(Y11,Y22,Y33, Z41,Z51) [due the demands of 1]

< 5d [since rank of any element is less than or equal to d].

Similar to equation (4.68)), we have the following equations:

g(Y11,a) + g(Yaz,7) + (Y33, ) < 5d
g(Y11,a) + g(Ya2,7) + g(¥33,2) < 5d
g(Y11,a) + g(Yaa, s) + g(¥s3,2) < 5d
g(Y11,a) + g(Ya2, s) + (Y33, ) < 5d

g(Yi1,a) + g(Yaz, s) + g(Y¥s3,2) < bd
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4. Dependency of Characteristic Set on the Message Dimension in Linear Network Coding

g(Y11,0) + g(Yao, 1) + g(¥33,2) < 5d (4.74)
g(Y11,b) + g(Yaa, ) + g(Ya3,y) < 5d (4.75)
g(Y11,0) + (Yoo, 1) + g(Y33,2) < 5d (4.76)
g(Y11,b) + g(Yae, s) + g(¥a3, %) < 5d (4.77)
g(Y11,b) + g(Yaa, s) + g(Ya3,y) < 5d (4.78)
g(Y11,b) + g(Yaa, s) + g(¥33,2) < 5d (4.79)
g(Y11, ¢) + g(Yaa, w) + g(Y33, 2) < 5d. (4.80)

We also have the following inequalities:

g(Yi1,a) + g(Y11,0) + g(Yi1,¢) > 5d (4.81)
g(YQQ, ’l“) T g(ng, S) + g(}/QQ, w) Z 5d (482)
g(Ya3,2) + g(Y33,%) + g(Y¥33,2) > 5d. (4.83)

We prove one of equations (4.81))-(4.83) and the rest can be prove similarly.

g(Y11,a) +g(Y11,b) + g(Y11,0)

> g(Yi1,a,b) + g(Y11) + g(Yi1,¢) [applying rule [P3] of Definition
> g(Y11,a,b,¢) + 2g(Y11)

= g(a,b,¢) + 2g(Y11)

= bd.

Adding equations (4.81))-(4.83)), we have:

g(Yi1,0) +g(Yi1,0) + Vi1, ¢) + (Y2, 7) + &(Yo2, 5) + &(Yaa, w) + (Vs 7)
+ g(Y33,9) + &(Y33,2) > 15d
or, (g(Y11,a) + g(Y22,7) + 8(Ys3,2)) + (8(Y11,0) + (Y22, 5) + &(Ys3, 7)) + &(Y11,¢)

+ g(YQQ, w) + g(Ygg, Z) > 15d. (4.84)

But as equations (4.68]), (4.78]) and (4.80) hold, from equation (4.84]), we have:

g(Y11,a) +g(Yao,7) + g(¥Y33,2) = 5d (4.85)
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g(Y11,b) + g(Ya, s) + g(Ys3,y) = 5d

g(Y11,¢) + g(Yaz, w) + g(Ys3, 2) = 5d.
Similarly, rearranging equation (4.84)), we get the following equalities:

g(Y11,a) + g(Yaz,7) + g(Y33,9) = 5d
g(Y11,a) + g(Yaa, s) + g(Ys3,x) = 5d
g(Yi1,a) + g(Yaz,s) + g(Ys3,9y) = 5d
g(Y11,b) + g(Yoa,7) + g(Y33,2) = 5d
g(Yi1,b) + g(Yao, ) + g(Ys3,y) = 5d

g(Yi1,b) + g(Yaz, s) + g(Ys3, ) = 5d.
Subtracting equations from , we get:
g(Y11,a) = g(Y11,b).
Subtracting equations from , we get:
g(Yaz, ) = g(¥az, s).
Subtracting equations from , we get:

g(Y337 117) = g(Y337 y)

As equations (4.68]), (4.78) and (4.80) holds, from equation (4.84) we also have:

(8(Y11,a) + g(Yaz,7) + (Y33, 7)) + (g(Y11,b) + g(Yaz, 5) + &(V33,9)) + g(Y11,0)

+ g(Ya2,w) + g(¥33, 2) = 15d.
Rearranging terms in equation (4.97)), we have:

(g(Y11,a) +g(Y11,0) + g(Y11,¢)) + (8(Ya2,7) + g(Y22,5) + g(Ya2,w)) + (g(V33, 2)

+ g(Ya3,y) +g(Ya3,2)) = 15d.
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As equations (4.81))-(4.83]) holds, we must have:

g(Y11,a) + g(Y11,b) + g(Y11,¢) = 5d (4.99)
g(Yao,7) + g(Yaz, 5) + g(Yaz, w) = 5d (4.100)
g(Ys3,2) + g(Y33,y) + (Y33, 2) = 5d. (4.101)

Applying equations (4.94)-(4.96]) to equations (4.99)-(4.101)), we have:

2g(Y11,a) +g(Ya1,¢) = 5d (4.102)
2g(Ya2,7) + g(Ya2,w) = 5d (4.103)
2g(Y33,2) + g(Y33,2) = 5d. (4.104)

Multiplying equation (4.70) by 2 and then adding to equation (4.87)), we have:

2(g(Y11,a) + g(Yaz,7) + (Y33, 2)) + g(Y11,¢) + g(Yo2, w) + g(¥33,2) < 15d

or, 5d + 5d + 3g(Y33, z) < 15d [substituting equations (4.102)) and (4.103)]

or, 3g(Ys3,2) < 5d

5d
or, g(Ys3,2) < X (4.105)

We now derive one more equation that must hold if the characteristic of the finite field does not
divide ¢’. Note that in such a case Y;, in the Char-¢’-x network is independent of x (from Lemma7

and is a function of only a. So due to the demands of terminal ¢95, we have:

g(Y11,a,¢) + g(Ya2, w) 4 g(V33, )

= g(Y11, Y22, Y33, a,c,w, x) [using Lemma [5| repetitively]

< g(Y11,Yo2, Y33, 0, c,w,x, Z4 07, Z5 27)

= g(Y11, Y22, Y33,a,c,w,x, Z4 27, Z5.27, Ye, )

= g(Y11, Y22, Y33, 0, Zy 27, Z5 27, Ye, ) [due to demands of to5]

= g(Y11, Y22, Y33, 0, Z4 27, Z5 27)

= g(Ya2, Y33, Zu o7, Z5,27) + 8(Y11, a|Ya2, Y33, Z4 27, Z5 27)

< g(Yao, Y33, Za27, Z527) + g(Y11, @)

< 4d +g(Y11,a). (4.106)
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It can be seen that due to terminals t1,t14, and to7 all of the source messages are to be retrieved

from {Yj;,Yi;]i =1,2,3 and j = 4,5}. Then like equation (3.7)) it can be shown that Y;; = d. Then,

g(Y117 a, C) + g(Yila CL)

= g(Y117 a, C) + g(ifllv b) [from equa‘tion "
> g(Yi1,a,¢,b) + g(Yi1) [using rule [P3] of Definition
> 4d.
Then we have
gY11,a,¢) > 4d — g(Y11,a). (4.107)

Substituting equation in equation , we have:
g(Y11, w) + g(Yas, ) < 2g(Y11,0). (4.108)
We first show that G5 has no scalar linear solution.
Lemma 28. The network Go has no scalar linear solution over any finite field.

Proof: Note that equations (4.106))-(4.108]) cannot be used as they hold only if the characteristic
of the finite field divides ¢’; and current lemma is to be shown to be true over all finite fields. Let us

assume that the network has a scalar linear solution. Then, ppq, < 1 where p is the rank function of

Do, with respect to which Gs is a discrete polymatroidal network.
Since d = 1, and the rank function of a discrete polymatroid is always an integer, from equation

(4.105) we have: g(Y3s,2z) < 1. Since 1 = g(z) < g(Y33, 2), we must have:
g(Ys3,2) = 1. (4.109)
Substituting equation in equation , we have:
g(Y11,¢) + g(Yar, w) = 4. (4.110)

Since rank of any element is less than or equal to 1, we have g(Yi1,¢) < 2 and g(Yaz,w) < 2. Then

equation (4.110]) implies:
g(Y11,¢) =2. (4.111)
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Substituting equation (4.111)) in equation (4.102)), we have:

Qg(Yn, a) =3
3
or, g(Y11,a) = 7 (4.112)
Equation (4.112)) is a contradiction as the rank function always outputs an integer. [ |

We now prove the following lemma.

Lemma 29. The network Ga has a 2-dimensional vector linear solution if and only if the characteristic

of the finite field divides q'.

Proof:

Consider the ‘only if’ part. We show that if the characteristic of the finite field does not divide ¢’
then network Go has no 2-dimensional vector linear solution. We prove this result by contradiction.
Assume that Gy has a 2-dimensional vector linear solution even when the characteristic of the finite
field does not divide ¢’. So we have ppq: = d = 2 for the discrete polymatroid Ds.

Since the rank function of a discrete polymatroid is integer valued, from equation (4.105)), we have:

g(Vis,2) < 3. (4.113)

Substituting equation (4.113)) in equation (4.104)), we have:

g(Yss, z) > g (4.114)
Then it mus that

g(Yss, x) > 4. (4.115)
Since rank of an element is less than or equal to 2, we must have:

g(Vs3,z) = 4. (4.116)
Substituting equation in equation , we have:

g(Ys3,z) = 2. (4.117)
Substituting equation in equation , we have:

g(Y11,0) + g(Yaz, w) = 8. (4.118)
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Figure 4.5: A 2-dimensional vector linear solution of Go for ¢/
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Since rank of an element is less than or equal to 2, we must have:

g(YH,C) =4 (4.119)

g(Yoz, w) = 4. (4.120)
Substituting equation (4.119) in equation (4.102), we have (note d = 2):

g(Yi1,a) = 3. (4.121)

Substituting equations (4.116)), (4.120)), and (4.121)) in equation (4.108), we have: 8 < 6, which is a

contradiction.

To prove the ‘if’ part we present a 2-dimensional coding scheme over a finite field whose charac-
teristic divides ¢’. In fig. we show a 2-dimensional vector linear solution of Go when ¢/ = 2. This
coding scheme can easily be extended for any value of ¢’. (For a different value of ¢/, only a decoding
matrix in the Char-¢’-x network changes (see equation ) [ |

Now, consider the following lemma.

Lemma 30. The network Go has a 5-dimensional vector linear solution if and only if the characteristic

of the finite field divides ¢'.

Proof: Consider the ‘only if’ part. We show that if the characteristic of the finite field does
not divide ¢’ then network G, has no 5-dimensional vector linear solution. We prove this result by
contradiction. Assume that Gs has a 5-dimensional vector linear solution when the characteristic of
the finite field does not divide ¢’. So we have d = 5 for the discrete polymatroid Ds.

Since the rank function of a discrete polymatroid is integer valued, from equation (4.105)) we have:
g(Yss, z) <8. (4.122)

From equation we get that 25 — g(Y33, z) must be divisible by 2 (otherwise g(Y33,z) would not
be an integer). Hence g(Y33, z) must be an odd number. For similar reasoning, from equations (4.102)
and we get that g(Y71,¢) and g(Yae, w) must be odd numbers.

Then, since 5 = g(z) < g(Yas, 2), either g(Y33,2) =5 or g(Ys3,2) = 7.
Case I: g(Y33,2) = 5.
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Substituting g(Y3s,z) = 5 in equation , we get:
g(Y11,¢) + g(Ya2, w) = 20. (4.123)
Since rank of any union of two elements is less than or equal to 10, we must have
g(Y11,¢) = g(Ya2,w) = 10. (4.124)

But equation (4.124)) is a contradiction because as we have argued, g(Y11,c¢) and g(Y22,w) must be
odd numbers.

Case II: g(Y33,2) =T7.
Substituting g(Y3s, z) = 7 in equation (4.104]) we have:

g(Ys3, ) = 9. (4.125)
Substituting g(Y3s3, z) = 7 in equation , we get:
g(Y11,¢) + g(¥az, w) = 18. (4.126)
Since neither of g(Y11,¢) and g(Yaz, w) can be equal to 10 (as 10 is an even number), we must have:

g(Y11,¢) =9 (4.127)

g(Yao,w) = 9. (4.128)

Substituting equation (4.127)) in equation (4.102)) we have:

g(Y11,a) = 8. (4.129)

Substituting equations (4.125)), (4.128)), and (4.129) in equation (4.108)), we have: 18 < 16, which is a

contradiction.

To prove the ‘if” part we now design a 5-dimensional vector linear solution when the characteristic
of the finite field divides ¢. We first note that G, has a 3-dimensional vector linear solution over all
finite fields. This is because, from Theorem [I1] of Chapter [3] we know that A3 has a 3-dimensional
vector linear solution over all finite fields, and from Lemma 25 we know that the Char-¢’-z network
has a vector linear solution for any message dimension over all finite fields whose characteristic divides

q'. Now, from Lemma [29] we get that G has a 2-dimensional vector linear solution over a finite field
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whose characteristic divides ¢’. So a 5-dimensional vector linear solution can easily be constructed. m

4.1.4 Network Gs

We now present the final network of this section: Gz. This network is a conjunction of one N3, one
Char-q1-s network, one Char-q;-y network, one Char-go-b network, and some additional edges. We
show the network Gs in Fig. for ¢ = 2 and g9 = 3.

The source nodes of N3 are: a,b,c,r,s,w,z,y,2. Some of the nodes of N3 are labelled as
U1, U2, V3, U1, U2, U3, us, and us. The message carried by the edges (vi,u;) and (v, u;) for i = 1,2,3
and j = 4,5 are denoted by Yj; and Yj; respectively. For 1 < i < 27, the message carried by the edge
(u4,t;) is denoted by Z4 ;, and the message carried by the edge (us,t;) is denoted by Zs ;.
Nodes a, s, x1,22,...,2Zq+1 are source nodes of the Char-qi-s network, nodes a,y,x1,22,.. .., T¢,+1
are the source nodes of the Char-g;-y network, and a,b, x1,22,...,24,+1 are the source nodes of the
Char-go-b network. Note that the source a is common between all four networks (A3, Char-g;-s,
Char-q;-y, Char-go-b). In Section where we described the Char-g-y network, the middle edges
of the Char-g-y were labelled as: eq,ea,...,e,43. Since we have three networks of the same class, we
name the middle edges of the Char-¢;-s network as: e, e3,.. ., e; 1 4; the middle edges of the Char-¢;-y
network as: ¥, e, ... ,ezl+3, and the middle edges of the Char-ga-b network as: e, eg, ey 622+3. The
message carried by the edge eg is denoted by Ye{ for 1 <i<q+3,j€ {s,y,b}. Also note that the
the tail node of ef has paths from only two sources: a and s, tail(e!) has paths from only a and y;
and tail(e?) has paths from only a and b.

The additional edges not contained in N3, or Char-¢q;-s, or Char-q;-y, or Char-¢o-b, are listed

below:

(i) (9ts), (v, t11), (v, tar), (Y, ta3)-

(i) (z,t9), (2,t18), (2,t21), (2,t24), (2,t27).
(iii) (s,t13), (s,t15).

(iv) (w, t25), (w, tag), (w,tar).

We show that G3 has a scalar linear solution if and only if the characteristic of the finite field
divides ¢, and has a 2-dimensional vector linear solution if and only if the characteristic of the finite

field divides at least one of ¢; and ¢o.
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Let f be the function that maps the source nodes and the edges of G3 to the ground set of a
discrete polymatroid D3 such that Gs is a discrete polymatroidal network associated with Ds. Let p
be the rank function of D3. Now let g = po f. As g() is a rank function of a discrete polymatroid, it

obeys the rules given in Definition

Lemma 31. G3 has a scalar linear solution if and only if the characteristic of the finite field divides
q1-

Proof: First we prove the ‘only if’ part. We show that if the characteristic of the finite field
does not divide ¢;, then Gs does not have a scalar linear solution. This is proved by contradiction.

Assume that G3 have a scalar linear solution even when the characteristic of the finite field does not

divide ¢;. Using Lemma [5] we have:
g(Ylla G) + g(}/Q27 T’) + 8(1{"‘)3, x) - g(Ylla }/’22’ Y'337 a,r, .Z') (4130)
Then,

g(Y11,a) + g(Yaz,7) + g(¥33, )

= g(Y11, Yoz, Y33,a,7, 7)

< g(Y11,Y22,Y33,a,7,2, Z41,Z51)

= g(Y11, Y22, Y33, Z41, Z5,1) [due to the demands of t1]

<5. (4.131)

In equation [£.131] we have used the fact that for N3 to have a scalar linear solution, rank of any
element of the ground set of D3 (with respect to which Gs is a discrete polymatroidal network) is less
than or equal to 1 (see Definition [4)).

Similarly we have:

g(Y11,a) +g(Yao,7) + g(Yss,y) <5 (4.132)
g(Y11,a) + g(Yaa,7) +g(¥s3,2) <5 (4.133)
g(Y11,a) + g(Yaz,s) + g(¥33,2) <5 (4.134)
g(Y11,a) + g(Yao,s) + g(¥33,2) <5 (4.135)
g(Y11,a) + g(Yao, w) +g(Ya3, ) < 5 (4.136)
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g(Y11,a) + g(Yao, w) + g(Y33,) <5 (4.137)
g(Y11,b) +g(Yao,7) +g(Ya3,7) <5 (4.138)
g(Y11,0) + g(Yaz,7) + g(¥33,2) <5 (4.139)
g(Y11,b) + g(Yao, w) + g(Y33,2) <5 (4.140)
g(Y11,¢) + g(Yoo, 1) + g(¥33,2) <5 (4.141)
g(Y11,¢) + g(Yao,7) + g(¥33,) <5 (4.142)
g(Yi1,¢) + g(Yaa, 8) +g(¥s3,2) <5. (4.143)

We now show that g(¥3) = g(¥ij) =1 for i =1,2,3 and j = 4,5.

9= g(a? bv ¢TS5 W,T,Y, Z)
= g(avbv ¢, raSawvxvyvZ7Y117Y14aY15a}/22a}64a}65a1/337)%47}%5)
= g(Y11, Y14, Y15, Yoz, Yau, Yos5, Y33, Y34, Y35)

< g(V11) + g(Y14) + &(Y15) + g(Ya2) + g(Y2a) + &(Y25) +g(V33) + &(¥34) + £(Y35)

< 9.
This indicates that
g(Y11) +g(Y1a) +g(Yi5) + g(Ya2) + g(Yaa) + g(Y2s) + g(V33) + g(¥34) +g(Y35) = 9. (4.144)

Since the value of each of the terms in the left hand side of the above equation is less than or equal

to 1, and since 9 of these terms must add up to 9, we must have
g(Yii) =g(Yi;) =1fori=1,2,3 and j =4,5. (4.145)
Using the rule [P3] of Definition |4| we can show the following:

g(Y11,a) +g(Y11,b) + (Y11, ¢)

> g(Y11,a,b) + g(Y11) + g(Y11,¢)
> g(Y11,a,b,¢) + 2g(Y11)

= g(a,b,c) +2g(Y11)

=5 [Y11 =1 from (4.145))]. (4.146)
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Similarly we have:

g(Yi1,7) +g(Y11,8) + g(Y11,w) > 5 (4.147)

g(V1,2) +g(Y11,y) + g(Ya1, 2) > 5. (4.148)

Adding equations (4.131]), (4.132)), and (4.133)), we have:

3(g(Y117 G) + g(b% ’I“)) + g(Y'33’ .’L') ¥ g(Y337 y) + g(YE’)37 Z) <15
3(g(Y11,a) + g(Yoo,7)) < 10 [substituting from (|4.148))]

(8(Y11,a) + g(Ya2,7) < 10/3. (4.149)
Since rank of any element is less than or equal to 1 we have:

g(Y11,a) + g(Yaz, s) + g(Y¥33,y) < 6. (4.150)

From equations (4.134)), (4.135)), (4.150)), and (4.148]), we have:

3(g(Y11,a) + g(Yaz, 5)) < 11. (4.151)

Similarly from equations , , and , we have:
3(g(Y11,a) + g(Ya2, w)) < 11. (4.152)
From equations , , and , we have:
3g(Y11,a) + g(Yaz,7) + g(Ya2, s) + g(Yae, w) < 32/3. (4.153)
Substituting equation , we have:
g(Y11,a) < 17/9. (4.154)

As the value of a rank function is always an integer, we have g(Yi1,a) < 1. As g(Yi1,a) > g(a), we

must have:

g(Y11,a) = 1. (4.155)
Similarly it can be shown
g(Yaz,r) =1 (4.156)
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g(Yss,x) = 1. (4.157)
Then, we have the following equations.

g(Y11la) = g(Yi1,a) —gla)=1-1=0 [see Sec. for notation meaning] (4.158)
g(Yo|r) = g(Ya2,7) —g(r) =1-1=0 (4.159)

g(Ysslz) = g(¥s3,2) — g(z) =1-1=0. (4.160)

We also have:

g(alY1) = g(a,Y11) —g(Y11)=1-1=0 (4.161)
g(r[Yaz) = g(r,Ya2) —g(Ya2) =1-1=0 (4.162)
g(z|Ys3) = g(, Ya3) — g(¥s3) =1—-1=0. (4.163)

Case I: The characteristic of the finite field neither divides ¢; nor gs.
Hence, the components of b,q, and y in Yes, Yezl/, and Ye'i respectively is zero; and, Ye§,Yev{, and Y;z{
are functions of only a (this is due to Lemma [25).

Then,

5> gla,r, v, Zy4, Z5,14)
=gla,r,z, 2414, Z514) + gY11|a) + g(Yaz|r) + g(Yas|z) [from , , and ]
> gla,r,x, Zy14, Zs14) + gNiila, vz, Zajga, Zs1a) + g(Yoz|a, v, @, Y11, Za4, Z514)

+ g(Yss|a,r, x, Y11, Yoo, Z4 14, Z514)
=g(a,r,x,Y11,Y22,Y33, Zy 14, Z514)
= g(a, r,x,Yei,Ye?, Yez{,Yll, Ya0,Y33, Z4 14, Z5,14) [as Yei,Yeg, and Ye’{ are functions of al
=g(a,r, z, Yo, Yoo, Y;zl,,YH, Ya2,Y33, Z4 14, Z5,14, b, 5,Y) [due to the demands of t14]

> g(a,r,x,b,s,y) = 6.

which is a contradiction, and hence Gz does not have a scalar linear solution over such a finite field.
Case II: The characteristic of the finite field divides g2 but it does not divide q;.
Over such a finite field the component of b in Y;l{ from Char-gs-b network may be non-zero, but

the components of s and y in Yes and Ye?{ respectively is zero. Since Case I already handles the case
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if the component of b in Yez{ is zero, we assume that the component of b in Y;fl, is non-zero. We have:

g(Yaz, Yay) +1

= g(Yaa, Yas) + g(Y25) [from equation (4.145))]
> g(Yaz, Yau, Y25)

= g(Ya2, You, Yo5,7, 5, w)

= g(’r, S, w) + g(YQQ, You, YQ5’T, S, w) = 3.

Then we have, g(Ya2,Y24) > 2. But as rank of any element is less than or equal to 1 (for a scalar

solution to exist), we have: g(Ya2,Y24) < 2. So we must have:

g(Yoo, Yoy) = 2. (4.164)
Similarly we have:

g(Y11,Y14) =2 (4.165)

g(Y33,Y34) = 2. (4.166)

Since g(Y11, Y14,b) > g(Y11, Y14) and g(Yi1, Y14,b) < 3, g(Y11, Y14, b) is either equal to 2 or 3.
Case ITa: g(Yi1,Y14,0) = 3.

At terminal t16 we have:

g(Y11, Y14, 0) + g(Yaz, You, w) + g(¥33, Y34, 7)

= g(Y11, Y14, b, Yoo, You, w, Y33, Y34, ) [reasoning is similar to equation ]
= g(Y11,Y14,b, Y0, Yoy, w, Y33, Y34, 2, Z4 16)

< g(Y11, Y14, 0, Yoo, You, w, Y33, Y34, , Z4 16, Z5,16)

= g(Y11, Y14, Yoo, You, Y33, Y34, Z4 16, Z5.16) [due to the demands of t¢]

= g(Y11, Y14, Yo2, Yo4, Y33, Y34, Z5 16)

<7 (4.167)

Similarly we have:

g(Y11, Y15, 0) + g(Ya2, Yo5, w) + g(Ya3, Y35, 2) < 7. (4.168)
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From equation (4.155)), we have:

g(Y33, Y34, )
= g(Ys3,2) + g(Y34]Y33, 7)
=14 g(Y34|Y33,7) [from equation (4.157))]

<2

We also have:

g(Y33, Y34, 7) = g(Y33, Y34) + g(2|Y33, Y34) > 2.

From equations and , we have:

g(Ys3, Y34, 7) = 2.

Substituting equation in equation we have:
g(Y11, Y14, b) + g(Yaz, Yos, w) <'5.

Since by assumption of the case condition g(Yi1,Yi4,b) = 3, we have:

g(Yag, Yoy, w) < 2.
We now have:

g(Ya2, Yo4, 5) + g(Yao, You, w)

> g(Ya2, Yo, s,w) + g(Yag, Yau) [using rule [P3] of Def.

> g(Yag, You, s, w) + g(r|Yaz) + g(Ya2, Yo4) [using equation (4.162)]
> g(Yao, Yo, s, w) + g(r|Yaz, Yau, 5, w) + g(Ya2, Y24)

= (Y22, Yau, 5,7, w) + g(Ya2, Ya4)

>3+2=5 [using equation (4.164])].
Substituting equation (4.176)) in equation (4.177)), we get:

g(Ya2, Y4, s) > 3.
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Then we must have:

g(Ya2, Y24, 5) = 3. (4.179)

Now, due to the demands of terminal ¢4, we have:

g(Y11,Y14,0) + g(Ya2, Y24, 5) + g(V33, Y34, %)

= g(Y11, Y14, b, Yoz, You, 5, Y33, Y34, %)

= g(Y11,Y14,b, Y22, Y04, 5, Y33, Y34, y, Z414)

> g(Y11,Y14,b, Y22, You, s,Y33, Y34, y, Z4 14, Z5 14, @)

= g(Y11,Y14, 0, Y29, Y04, 5, Y33, Y34, 4, Zu14, Z5,14, @, Yes, You, Yoo )
= g(Y11, Y14, Yoo, Y24, Y33, Y4, Za 14, Z5 14,0, Yes, You, Yor)

= g(Y11, Y14, Y22, Ya4, ¥33, Y34, Z5 14,0, V)

< g(Y11,a) + &(Y14, Y22, Ya4, Y33, Y34, Z514, V)

<147=8 [using equation (4.155))]. (4.180)

Substituting equation (4.179) and noting that g(Yi1, Yi4,0) = 3 as per the case condition, from equa-

tion (4.180)), we have:
g(Yss, Yaa, ) < 2. (4.181)

Now, due to the demands of terminal ¢15, we have:

g(Y11,Y14,0) + g(Yo2, Yau, 5) + g(Y33, Y34, 2)

= g(Y11, Y14, b, Yo, Ya4, 5, Y33, Y34, 2)

= g(Y11,Y14,b, Y0, Y04, 5,Y33, Y34, 2, Z4 15)

> g(Y11, Y14, 0, Y22, Y04, 5,Y33, Y34, 2, Z4 15, Z5.15)
= g(Y11, Y14, Yoo, You, Y33, Y34, 2, Z4. 15, Zs5,15)

= g(Yi1, Y14, Yoo, Y04, Y33, Y34, 2, Z5 15)

<8. (4.182)

Substituting equation (4.179) and noting that g(Y11, Yi4,0) = 3 as per the case condition, from equa-

tion (4.182]), we have:
g(Y33,Y34,2) < 2. (4.183)
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We now have:

g(Y33, Y34, x) + g(Y33, Yaa, y) + (Y33, Y34, 2)
> g(Ya3, Y3y, 2, y) + g(Y33, Yas) + g(Y33, Y34, 2)
Z g(yé?n YE’)47 x,Y, Z) + Zg(Y33> Y34)

=3+4="1. [from equation (4.166))] (4.184)

However, substituting equations (4.174), (4.181)), and (4.183)) in equation (4.184)), we have: 6 > 7,

which is a contradiction.
Case IIb: g(YH, Y14, b) = 2.
We have:

g(Y11,Y14,0) + g(Y11, Y15, 0)

> g(Y11, Y14, Y15,0) + g(Y11,0)

=3+ g(Y11,b) + gla|Y11) [using equations (4.145]) and (4.161)]

>3+ g(Y11,0) + g(alY11,b)
=3+ g(YH, a, b)
=3+ g(a7 b) + g(Y11|a, b)

> 5. (4.185)
Substituting the case condition g(Yi1, Yi4,b) = 2 in equation , we get:
g(Y11,Y15,0) > 3. (4.186)
We also know that g(Y71,Y15,b0) < 3. So we must have:
g(Y11,Y15,0) = 3. (4.187)

Note that equation (4.187)) is very similar to the case condition of Case Ila. Like equation (4.174)) it
can be shown that

g(Ys3, Y35, 2) = 2. (4.188)

Substituting equation (4.188)) and equation (4.187)) in equation (4.168)), which holds in this case as
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well, we get:

g(Ya2, Yo5, w) < 2. (4.189)

Similar to equation the following can be shown:
g(Y22, Y25, 5) + (Y22, Y25, w) = 5. (4.190)
Using the fact that g(Ya2, Yo5, w) < 2 (from (4.189)), from equation (4.190)), we have:
g(Yas, Y25, 5) = 3. (4.191)
Similar to equation , we get:
g(Y11, Y15, 0) + g(Yao, Y25, 5) + g(Va3, Ya5,9) < 8. (4.192)
Substitution equations and in equation , we get:
g(Ys3, Y35,9) < 2. (4.193)
Similar to equation , we have:
g(Y11,Y15,0) + g(Yaz2, Yas, 5) + g(¥33, Y35, 2) < 8. (4.194)
Substituting equations and in equation , we have:
g(V33,Y35,2) < 2. (4.195)
Similar to equation we also have:
g(Ys3, Va5, ) + g(Ya3, Va5, y) + (Y33, Y5, 2) > 7. (4.196)

However, substituting equations (4.188]), (4.193) and (4.195)) in equation (4.196]), we have: 6 < 7,

which is a contradiction.

We no consider the ’if* part. We show that there is a scalar linear solution if the characteristic of
the finite field divides ¢;. The solution when ¢; = 2 is shown in Fig The solution can be easily
extended to all values of ¢ .

Lemma 32. G3 has a 2-dimensional vector linear solution if and only if the characteristic of the finite
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Figure 4.7: A scalar linear solution of Gz for g1 = 2 and ¢2 = 3 when the characteristic divides ¢;.
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field divides q1 or qs.

Proof: Consider the ‘only if’ part. We show that if the characteristic of the finite field divides

neither of ¢; or go then there exists no 2-dimensional vector linear solution of G3. Assume otherwise.

Note that in such a case Ye’{»Ye‘i and Yezl/ are not a function of b, s, and y respectively (Lemma .

Also note that rank of any element is less than or equal to 2 (for the network to have a 2-dimensional

vector linear solution). We have:

g(Y11,a) + g(Ya2,7) + g(¥33, )

= g(Y11, Y29, Yas,a,r, x) [using Lemma [5| repetitively]
< g(Y11,Y22,Y33,a,7,2,Z41,Z51)

= g(Y11,Y22,Y33, 241, Z5,1)

< 10.
Similarly we have:

g(Y11,a) + g(Y22,7) + g(¥a3,) < 10
g(Y11,a) + g(Yaa,7) + g(¥33,2) <10
g(Y11,a) + g(Y22, ) + g(¥33,2) < 10
g(Y11,a) + (Y22, s) + g(¥33,2) < 10
g(Y11,a) + g(Ya2,w) + g(Y33,2) < 10
g(Y11,a) + g(Y22, w) + g(¥33,9) < 10
g(Y11,b) + g(Ya2,7) + g(¥33,2) < 10
g(Y11,b) + g(Yao,r) + g(Ys3,2) < 10
g(Y11,b) + g(Yaz, w) + g(Yas,2) < 10
g(Y11,¢) + g(Yaa,7) +g(Ys3,2) <10
g(Y11,¢) +g(Yaz, 7) + g(¥s3,4) <10

g(Y11,¢) + g(Yaa, s) + g(Ys3,z) < 10.

(4.197)

(4.198)
(4.199)
(4.200)
(4.201)
(4.202)
(4.203)
(4.204)
(4.205)
(4.206)
(4.207)
(4.208)

(4.209)

Proceeding similarly to how equation (4.145)) was obtained in the previous Lemma, it can be show
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that
g(Yi) =g(Yi;) =2fori=1,2,3 and j =4,5. (4.210)

In the same way equation (4.146)) was proved, the following equations can be proved:

g(Y11,a) + g(¥11,b) + g(Y11,¢) > 10 (4.211)
g(Yi1,7) + g(Y11,8) + g(Yi1,w) > 10 (4.212)
g(Ya1, ) + g(Ya1,y) +g(Y11,2) > 10. (4.213)

Adding equations (4.197)), (4.198]), and (4.199), we have:

3(g(Y11,a) + g(Yaz, 7)) + 8(Ys3,2) + g(Y33,7) + g(¥33, 2) < 30
3(g(Y11,a) + g(Yaz,7)) < 20 [from equation (4.211))]

(8(Y11,a) + g(Ya2,7) < 20/3. (4.214)
Since rank of each element is less than or equal to 2, we have

g(Yi1.a) + g(Yaz, s) + g(Yss,y) < 12. (4.215)

From equations (4.200]), (4.201)), (4.215)), and (4.211)), we have:

3(g(Y11,a) + g(Yaz, 5)) < 22. (4.216)

Similarly we have:

3(g(Y11,a) + g(Ya2, w)) < 22. (4.217)
From equations , , and , we have:
3g(Yi1,a) + g(Y11,7) + g(Y11, 8) + g(Y11, w) < 64/3. (4.218)
Substituting equation , we have:
g(Y11,a) < 34/9. (4.219)

As the output of a rank function is always an integer, the rank of g(Y11,a) must be either 1, 2, or
3. However, as g(a) = 2, g(Yi1,a) is either equal to 2 or 3. Similarly it can be shown that either

g(Yaa,7) = 2 or g(Yae,r) = 3; and either g(Y33,2) = 2 or g(¥33,2) = 3.
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We will now consider many several cases that may arise. In Fig. we present these cases for the
purpose of easy following.
Case I: g(Y11,a) = 3.
From equation , we get the following possibilities: g(Yi1,b) = 3 and g(Y11,¢) = 4; g(Y11,b) =
4 and g(Y11,¢) = 3; g(Y11,b) = 4 and g(Yi1,¢) = 4.
Case L.1: g(Y11,a) =3, g(Y11,b) = 3, g(Y11,¢) = 4.
Case 1.1.1: g(Y11,a) =3, g(Y11,b) = 3, g(Y11,¢) = 4, g(Yao,r) = 3.
From equation , we get the following possibilities: g(Ya2,s) = 3 and g(Yoo,w) = 4;
g(Yas,s) =4 and g(Yaz,w) = 3; g(Yaa,s) = 4 and g(Yao,w) = 4.
Case I.1.1.1: g(Y11,a) = 3, g(Y11,b) = 3, g(Y11,¢) =4, g(Yaa,7) = 3, g(Ya2,s) = 3, g(Yaz, w) = 4.
Substituting the values set by the case condition in equation , we get g(Yss,y) < 3. Now
as equation holds, it must be that g(Yas,z) = 3, g(Y33,y) = 3, and g(Y33,2) = 4.
We then have:

g(Yas, Yas, z) = g(Ya3,2) + g(Y34|Y33, 7)

=3+ g(Y34|Y33, JJ) < 5 (4.220)

Similarly we can show the following equations.

g(Y11,Y14,a) <5 (4.221)
g(Y11,Y15,a) <5 (4.222)
g(Y11,Y14,0) <5 (4.223)
g(Y11,Y15,b) <5 (4.224)
g(Ya,Y24,7) <5 (4.225)
g(Yaz, Yo5,7) <5 (4.226)
g(Y22,Ya4,8) <5 (4.227)
g(Y22,Y25,5) <5 (4.228)
g(Ys3,Y35,2) <5 (4.229)
g(Y33, Y34,y) <5 (4.230)
g(Ya3, Y35,9) < 5. (4.231)
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Case I: g(Y;,a)=3

Case II: g(Y;;,a)=2

Case 1.1: 8(Y;,,0)=3, 8(Y ;;,¢)=4 Case 1.2: 8(Y;.0

Case I.1.1: g(Y5,,1)=3 Case 1.1.2: 8(Yp.r)=2

Case L1.1.1: 8(Y22,8)=3, g(Y pp,w)=4 Case 1.1.1.2: 8(Y2.5)=4, 8(Y 5p,w)=3 Case 1.1.1.3: 8(Y2,8)=4, g(Y ,,w)=4

)=4, g(Y ;;,¢)=3

Case 1.3: 8(Y;;,.0)=4, g(Y ;;,c)=4

%

Case 1.3.1: 8(Yp,,r)=3

7 _ Case 1.2.1: 8(Yp,1)=3

Case 1.2.2: 8(Yp,,1)=2

Case 1.3.2: 8(Y;,,1)=2

Case I.1.1.1.1: 8(Y33.Y3,%)=5 Case L1.1.1.2: 8(Y33.Y3,x)=4
Case L1121 8(Y33.Y303)=4 Case L1.1.1.2.2: 8(Y33.Y3,9)=5 Case IL1: 8(Y,1.b)=4, 8(Y ;1,c)=4, g(Yp,1)=3
Case 1.2.1.1: 8(Y25,5)=3, 8(Y 5,w)=4 Case 1.2.1.2: 8(Y2,8)=4, (Y 5,w)=3 Case 1.2.1.3: 8(Y2,8)=4, 8(Y 5o,w)=4

Case 11.2: WD\:‘WVHAV WQ\:‘QH% 8(Y5,,1)=2

in the proof of Lemma [32]

ivisions

: The case di

Figure 4.8
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We also have the following;:

g(Y11, Y14, a) + g(Y11, Y14, b) + g(Y11, Y1, €)
> g(Y11,Y14,0a,0) + g(Y11, Y14) + g(Y11, Y14, €)
> g(Y11, Y14, a,b,¢) + 2g(Yi1, Yia)

>6+8=14. [from equation (4.210))]

Similarly it can be shown that:

g(Y11,Y15,a) + g(Y11, Y15, b) + g(Y11, Yi5,¢) > 14 (4.232)
g(Ya2, Y24, 7) + g(Ya2, Yau, 8) + g(Yaz2, Ya4, w) > 14 (4.233)
g(Yaz, Ya5,7) + g(Yaz, Y25, 5) + g(Ya2, Y25, w) > 14 (4.234)
g(Y33, Yaa, ) + g(Ya3, Y34, y) + g(Y33, Y34, 2) > 14 (4.235)
(Y33, Y35, %) + g(Ya3, Y35,9) + g(¥33, Y35, 2) > 14. (4.236)

Similar to equation it can be shown that g(Y33, Y34) = 4. Then because of equation
and that g(Y33, Ys4, ) > g(Y33, Ya4), we have either g(Yas, Yaq,2) = 4 or g(Yas, Y34, ) = 5.
Case 1.1.1.1.1: g(Yi1,a) = 3, g(Y11,b) = 3, g(V11,¢) = 4, g(Ya,7) = 3, g(Ya2,5) = 3, g(Yao, w) = 4,
g(Y33, Yaq,2) = 5.

Due to the demands of terminal ¢;, we have:

g(Y11, Y14, a) + g(Yao, Yau,7) + g(Y33, Y34, )

= g(Y11, Y14, a, Yoo, Yoy, 7, Y33, Y34, 2) [reasoning is similar to equation ]
= g(Y11,Y14,0a,Y02, Yoy, 7, Y33, Y3y, 2, Z4 1)

< g(Y11, Y14, 0, Y02, You, 7, Y33, Y34, 0, Z4 1, Z5 1)

= g(Y11, Y14, Yoo, You, Y33, Y34, Z4 1, Z5.1)

= g(Y11, Y14, Yoo, You, Y33, Y34, Z5 1)

< 14. (4.237)

Similarly, due to the demands of terminals ¢4 and t; respectively the following equations can be
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determined.

g(Y11,Y14,a) + g(Yao, You, ) + (Y33, Y34, 2) < 14

g(Y11, Y14, a) + g(Yoz, You, w) + g(¥Y33, Y34, 2) < 14.

Adding equations (4.237)), (4.238]), and (4.239)), we have:

38(Y11, Y147 G) + g(}/Q27 }/247 T’) + g(Y227 Y247 3) e g(Y227 Y247 w) + 3g<Y337 Y347 J") S 42.

Substituting the case condition and equation (4.233)) in equation (4.240)), we have:

g(Y11,Y14,a) < 13/3.

(4.238)

(4.239)

(4.240)

(4.241)

Since the rank function is always an integer, and that g(Y11, Y14) = 4 (the latter can be proved similarly

to equation (4.165)), we have:
g()/ila Y147 (1) =4.

We now have:

g(Y11,Y14,a) + g(Y11, Y15, a)

> g(Yi1, Y14, Yis,a) + g(Yi1, a).
We also have:

6 =g(a,b,c)
<gla,b,¢,Y11,Y14,Y15)

= g(Y11, Y14, Y15)

< g(Y11) +g(Y4) +g(Y15)

< 6.

Equation (4.244)) indicates that

g(Y11,Y14,Y15) = g(Y11) + g(Y14) + g(Y15) = 6.

(4.242)

(4.243)

(4.244)

(4.245)

Substituting equation (4.245]) and the case condition g(Yi1,a) = 3 in equation (4.243]), we have:

g(Y11, Y14, a) + g(Y11, Yis,a) > 9.
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Substituting equation (4.242)) in equation (4.246|), we get

g(Y11,Y15,a) > 5. (4.247)

As equation (4.222)) holds, we have:
g(Y11,Y15,a) = 5. (4.248)

Similarly to equation (4.237)), due to terminals t19 and t19, we have:

g(}/lla }/147 b) + g(}/QQa }/24’ 7") + g(Y337 Y34) CL’) S 14 (4249)

g(Y11, Y1, ¢) + g(Yaz, Yoy, 1) + g(Va3, Y34, ) < 14. (4.250)
Adding equations , , and , we get:
g(Y11,Y14,a) + g(Y11, Y14, b) + g(Ya1, Y14, €) + 3g(Yaz, Yau, 1) + 3g(Y33, Y34, 7) < 42. (4.251)
Substituting equation and the case condition g(Y3s, Y34, x) = 5, we get:
g(Yao, You,r) < 13/3. (4.252)

Since like equation (4.164) it can be shown that g(Ya2,Y24) = 4, and that rank function is integer
valued, we must have:

g(Ya2, You, 1) = 4. (4.253)

Similar to equation , it can be shown that:
g(Y22, You,7) + g(Ya2, Ya5,7) > 9. (4.254)
Substituting equation in equation and noting equation , we have:
g(Yas, Yo5,7) = 5. (4.255)

Like equation (4.237)), dues to terminals t1,ts and t3, the following equations hold true.

g(Ylla Y15a CL) + 8(3/227 }/253 ’I") + g(1/337 1/2357 m) S 14 (4256)
g(Y11,Y1s,a) + g(Yoo, Yos,7) + g(Y33, Y35, 9) < 14 (4.257)
g(Y11,Y1s,a) + g(Yoz, Yos,7) + g(Y33, Y35, 2) < 14. (4.258)
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Substituting equations (4.248) and (4.255)) in equations (4.256)), (4.257) and (4.258) respectively, we
get the following:

g(Ys3, Ys5,2) <4 (4.259)
g(Ys3,Ys5,y) < 4 (4.260)
g(Ys3,Y35,2) < 4. (4.261)

Substituting equations (4.259), (4.260f), and (4.261)) in equation (4.236) we get 12 > 14, which is a

contradiction. Hence, N3 does not have a 2-dimensional vector linear solution under this case.
Case 1.1.1.1.2: g(Y11,a) = 3, g(Y11,b) = 3, g(Y11,¢) =4, g(Yaa,r) = 3, g(Yaa,s) = 3, g(Yoo,w) =4,
g(Y33, Y34, 2) = 4.

We show that this case condition leads to g(Yi1, Y15,a) = 4. We know:

6 =g(z,y,2)

< g(z,y,2, Y33, Ya4, Y35)

= g(Y33, Y34, Y35)

< g(Y33) + g(Y34) + (V35)

< 6. (4.262)
Equation indicates that
g(Ys3, Y34, Y35) = g(Ya3) + g(Y34) + g(Y35) = 6. (4.263)
We also have:

g(Ys3, Y34, ) + g(Y33, Y35, 7)
Z g(}%37}%47}/r357x) + g(ytj’?”x)

>6+3=9 [using equation (4.263]) and that g(Y33,z) = 3. (4.264)
Substituting the case condition g(Y3s, Y34, ) = 4 and equation (4.229)) in equation (4.264)), we have:

(Y33, Y35, 2) = 5. (4.265)
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Due to the demands of terminal ¢1, we have:

g(Y11, Y15, a) + g(Yao, Yos,7) + g(V33, Y35, )

= g(Y11, Y15, a, Yoo, Yo5, 7, Y33, Y35, 2) [reasoning is similar to equation ]
= g(Y11,Y1s5,a, Y0, Yo5, 7, Y33, Y35, 2, Zs5 1)

< g(Y11,Y15,a, Y22, Yo5,7, Y33, Y35, 2, Z5.1, Z41)

= g(Y11, Y15, Yoo, Yos5, Y33, Y35, Z5 1, Z4.1)

= g(Y11, Y15, Yoo, Yos, Y33, Y35, Z4 1)

< 14. (4.266)

Similarly due to the demands of terminals t4 and t; respectively the following equations can be

determined.

g(Y11,Y15,a) + g(Yaz, Yas5, 5) + g(¥33, Y35, 7) < 14 (4.267)

g(Y11,Y1s5,a) + g(Yao, Yas, w) + g(¥a3, Y35, 2) < 14. (4.268)

Adding equations (4.266)), (4.267]), and (4.268]), we have:

3g(Y11, Y15, a) + (Yoo, Yos, ) + g(Ya2, Yas, s) + g(Yaz, Yos, w) + 3g(Ya3, Yas, ) < 42. (4.269)

Substituting equations (4.234]) and (4.265]) in equation (4.269)), we have:
g(YH, Y15, CL) S 13/3. (4.270)

Since the rank function is always an integer, and that g(Y11, Y15) = 2 (the latter can be proved similarly

to equation (4.165))), we have:
g(Y11,Y15,a) = 4. (4.271)

Case 1.1.1.1.2.1: g(YH,CL) = 3, g(YH, b) = 3, g(YH, C) = 4, g(YQQ,T) = 3, g(Yég, S) = 3, g(YQQ,w) = 4,
g(Y33, Y34, 7) = 4 and g(Y33, Y34,y) = 4.
Substituting the case conditions in equation (4.235)) we have: g(Y33, Y34, 2) > 6. Since, as per the

lemma we intend to prove, the rank of an element is less than or equal to 2, we have:

g(Y33, Y34, 2) = 6. (4.272)
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Due to the demands of the terminal tg, we have:

g(Y11,Y14,a) + g(Yao, You,7) + g(Y33, Y34, 2)

= g(Y11, Y14, a, Yoo, Yo4, 7, Y33, Y34, 2) [reasoning is similar to equation ]
= g(Y11,Y14,a, Y22, You, 7, Y33, Y34, 2, Zs )

< g(Y11, Y14, 0, Y20, You,7, Y33, Y34, 2, Z4 6, Z5 6)

= g(Y11, Y14, Yoo, You, Y33, Y34, Z4 6, Z5 6)

= g(Y11, Y14, Yoo, You, Y33, Y34, Z5 6)

< 14. (4.273)
Substituting equation (4.272)) in equation (4.273|), we have:
g(Y11, Y14, a) + g(Ya2, You,7) < 8. (4.274)

Now, similar to equations (4.165) and (4.164) it can be shown that g(Y11, Y14) = 4 and g(Yae, Yo4) = 4.

Then we have:

g(Y11,Y14,a) > 4 (4.275)

g(Ya2, Yau,7) > 4. (4.276)

Substituting equations (4.275)) and (4.276]) in equation (4.274)), we must have:

g(lfu, 1/14, a) =4. (4.277)
Similar to equation (4.264]) it can be shown that
g(YH, Yi4, CL) + g(Yn, Yis, a) > 9. (4278)

Substituting equations (£.277)) and (4.271)) in equation (4.278)), we have 8 > 9, which is a contradiction.

So N3 does not have a 2-dimensional vector linear solution under this case.
Case I.1.1.1.2.2: g(Y11,a) = 3, g(Y11,b) = 3, g(Y11,¢) = 4, g(Yoo,r) = 3, g(Ya2, s) = 3, g(Yo2,w) =4,
g(Y33,Y34,2) = 4 and g(¥33, Y34,9) = 5.
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Due to the demands of the terminal ¢5, we have:

g(Y11,Y14,a) + g(Ya2, You, s) + g(Y33, Y34, 9)

= g(Y11, Y14, a, Y2, Yoy, s, Y33, Y34, ) [reasoning is similar to equation (4.130))]

=g(Y11,Y14,a,Y22,Yo4,5,Y33, Y34, 9, Zy 5)

< g(Y11,Y14,0a,Y22,Y04,5,Y33, Y34, 4, Z4 5, Z55)

= g(Y11, Y14, Yoo, You, Y33, V34,9, Zs 5, Z5 5)

= g(Y11, Y14, Yoo, You, Y33, Y34, 9, Z5 5)

= g(Y33, Y34,9) + g(Y11, Y14, Yo2, You, Z5 5|Y33, Y34, 9)

<5+10=15 [ using the case codnition)].

Similar to equations (4.267]) and (4.268]|) the following equations can be shown to hold:

g()/ila Y714a (I) + g(Y22,Y24,7“) + g(yé?n }/'34’1/) < 14

g(yllv Y147 CL) + g(Y227 Y247 w) + g(YEBa }/})47 y) S 14.

Adding equations (4.279)), (4.280)), and (4.281)), we get:

3g(Y11, Y14, a) + g(Yao, You, 1) + g(Yaz, You, 5) + g(Ya2, You, w) + 3g(Ya3, Y34, y) < 43.

Substituting equation (4.233)) in equation (4.282)), we get:
3g(Y115 Yi4a CL) + 3g(Y33) }/2347 y) S 29.
Substituting the case condition g(Y3s, Y34,y) = 5 in equation (4.283), we get:

g(Y11,Y14,a) < 14/3.

(4.279)

(4.280)

(4.281)

(4.282)

(4.283)

(4.284)

Now, similar to equation (4.165) it can be shown that g(Yj1, Y14) = 4. Then, as the rank function is

integer valued and as equation (4.284]) holds, we must have:

g(Y11,Y14,0) = 4.

(4.285)

Substituting equations (4.285)) and (4.271]) in equation (4.278]), which holds in this case as well, we

have 8 < 9, which is a contradiction.
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Case 1.1.1.2: g(Y11,a) =3, g(Y11,b) = 3, g(Y11,¢) =4, g(Yao,7) = 3, g(Yaz,s) =4, g(Ya2,w) = 3.
Substituting the case conditions in equation (4.209)), we have g(Y33,z) < 2. However, as g(z) = 2,
we must have g(Y33, ) = 2. Substituting this value in equation (4.213)), we must have g(Y33,y) = 4
and g(Y3s3,z) = 4. Substituting the latter value along with the case conditions in equation , we
have 11 < 10, which is a contradiction.
Case 1.1.1.3: g(Y11,a) = 3, g(Y11,b) =3, g(Y11,¢) =4, g(Yao,7) = 3, g(Yaz,s) =4, g(Yao,w) = 4.
The proof that N3 does not have a 2-dimensional vector linear solution under case is same as that
of Case 1.1.1.2.
Case 1.1.2: g(Y11,a) = 3, g(Y11,b) = 3, g(Y11,¢) =4, g(Yao,7) = 2.
From equation , we have: g(Yao, s) = 4 and g(Yaq, w) = 4. Substituting values in equation

(4.209), we get: g(Yzs,x) = 2. Then, from equation (4.213), we have g(Yss,y) = g(Y33,2) = 4.
Substituting these values and the case conditions in equation (4.203), we get: 11 < 10, which is a

contradiction.

Case 1.2: g(Y11,a) =3, g(Y11,b) =4, g(Yi1,¢) = 3.

Case 1.2.1: g(Y11,a) = 3, g(Y11,b) = 4, g(Y11,¢) = 3, g(Ya,r) = 3.

Case 1.2.1.1: g(Y11,a) = 3, g(Y11,0) =4, g(Y11,¢) = 3, g(Yaz,7) = 3, g(Yaz, s) = 3, g(Ya2,w) = 4.
From equation we get that g(Y33,2) < 2. Then due to equation it must be that

g(Ys3,y) = 4 and g(Yss, z) = 4. However then equation cannot be satisfied.

Case 1.2.1.2: g(Yi1,a) =3, g(Y11,0) =4, g(Y11,¢) = 3, g(Yao,7) = 3, g(Yaz,s) =4, g(Yaz,w) = 3.

Substituting g(Y11,a) = 3 and g(Ya2, s) = 4 in equation ([4.200), we get:
g(Ys3,2) < 3. (4.286)
Similarly from equation , we get:
g(Y33,2) < 3. (4.287)
Due to the demands of the terminal ¢14, we have:

g(Y11,0) + g(Ya2, 5) + (Y33, )
=g(Y11,b, Y29, s, Yss,7) [reasoning is similar to equation (4.130])]

< g(Y11,b, Y22, 5, V33,4, Za14, Z5,14, e, You, Yop s a)
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= g(Y11,Ya2, Y33, Z414, Z514, Yes, Yo, Yer, )
= g(Y11, Yoo, Y33, Z4,14, Z514, @) [Yes, Yo, Y,; are functions of al
= g(Y11,a) + g(Ya2, Y33, Z4,14, Z5,14| Y11, @)

<3+8=1L (4.288)
Substituting g(Y11,b) = 4 and g(Ya2,s) = 4 in equation (4.288)), we get:
g(Yia,y) < 3. (4.289)

Substituting equations (4.286)), (4.287), and (4.289) in equation (4.213) we get 9 > 10, which is a

contradiction.
Case 1.2.1.3: g(Y11,a) =3, g(Y11,b0) = 4, g(Y11,¢) = 3, g(Yaz,7) = 3, g(Ya2,s) = 4, g(Ya, w) = 4.

The proof that under this case N3 does not have a 2-dimensional vector linear solution is similar
to that of Case 1.2.1.2.

Case 1.2.2: g(Y11,a) =3, g(Y11,b) =4, g(Y11,¢) = 3, g(Yaz,7) = 2.

As rank of any element is less than or equal to 2, substituting g(Yag,r) = 2 in equation ,
we get: g(Yag, s) = 4 and g(Ya2, w) = 4. Then, similar to Case 1.2.1.2 it can be proved that A3 does
not have a 2-dimensional vector linear solution under this case.

Case 1.3: g(Y11,a) =3, g(Y11,b) =4, g(Yi1,¢) = 4.
Case 1.3.1: g(Y11,a) =3, g(Y11,b) = 4, g(Y11,¢) =4, g(Yao,r) = 3.

From equation , we have g(Y33,x) < 3; from equation , we have g(Y33,2) < 3; and
from equation , we have g(Y33,y) < 3. Substituting these values in equation , we get

9 > 10, which is a contradiction.
Case 1.3.2: g(Yi1,a) =3, g(Y11,b) =4, g(Yi1,¢) =4, g(Yoo,7) = 2.

In this case, due to equation (4.212)), we have g(Y22,s) = 4 and g(Ya2,w) = 4. Then, similar to
Case 1.2.1.2 it can be proved that A3 does not have a 2-dimensional vector linear solution under this
case.

Case II: g(Yi1,a) = 2.

Then, form equation (4.211)), we have g(Y11,b) = 4 and g(Y11,¢) = 4.

Case IL.1: g(Y11,a) = 2, g(Y11,b) =4, g(Y11,¢) = 4, g(Ya2,7) = 3.

Using the values set by the case condition, from equation (4.204), we have g(Y3s3,z) < 3, from
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equation (4.205)), we have g(Y33, 2) < 3, and from equation (4.208]), we have g(Y33,y) < 3. Substituting
these values in equation (4.213) we get 9 > 10, which is a contradiction.

Case I1.2: g(Y11,a) =2, g(Y11,b) =4, g(Y1i1,¢) =4, g(Yaa,r) = 2.

Then, from equation ([4.212)), we have g(Y22, s) = 4 and g(Ya2, w) = 4. So substituting g(¥11,b) = 4
and g(Y22,w) = 4 in equation ([4.206)), we have: g(Y33,z) = 2. Then, from equation (4.213), we have
g(Ys3,y) = 4 and g(Y33,2) = 4. Substituting g(Y11,0) = 4, g(Ya2,s) = 4, and g(Y¥33,y) = 4 in equation
(4.288) we get: 12 < 11, which is a contradiction.

To prove the if part we show a 2-dimensional vector linear coding scheme over a finite field whose
characteristic divides either of g; or ¢o. Since G3 already has a scalar linear solution over finite fields
whose characteristic divides ¢y, it also has a vector linear solution over the same field for any message
dimension. In Fig. we show a 2-dimensional vector linear solution when the characteristic of the

finite field divides g2 = 3. The coding scheme can be easily extended for all values of go. [ |

4.2 Main Results

First we describe what is meant by union of two networks.

Definition 8. Let Ky be a network, and let Vi be the set of all nodes in K1 and let E1 be the set of
all edges in K1. Similarly, let KCo be a network whose set of nodes is denoted by Vo and set of edges is
denoted by Fo. The union of networks IC1 and Ko is a network whose node set is Vi U Vo, and edge

set 1s B U FEs.

The next two theorems shows that by increasing the message dimension just by 1, the set of

characteristics over which a vector linear solution exists may get arbitrarily larger.

Theorem 33. For any finite non-empty set of primes P, there exists a network which has a scalar
linear solution if and only if the characteristic of the finite field belongs to P, but has a 2-dimensional

vector linear solution over all finite fields.

Proof: Let P = {p1,p2,...,pi}- We show that the network G; for ¢ = p; X p2 X - -+ X p; is such
a network. From Lemma [27) we know that G; has a scalar linear solution if and only if characteristic
of the finite field divides gq. Becasue of our chosen value of ¢, the characteristic divides ¢ if and only
if it belongs to P. So G; has a scalar linear solution if and only if the characteristic of the finite field

belongs to P.
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4.2 Main Results

We now show a 2-dimensional vector linear solution over all finite fields. The M-network part of
G1 has a 2-dimensional vector linear solution over all finite fields. In Lemma the Char-¢-y part
of G; was shown to have a scalar linear solution over all finite fields when its middle edges do not
carry any information about . Since, the M-network part is already solved, the middle edges of the
Char-¢-y network do not need the carry any information about . So G; has a 2-dimensional vector

linear solution over all finite fields. [ |

Theorem 34. For any three finite non-empty sets of primes Py, Pa, and Ps3, there exists a network
which has a scalar linear solution if and only if the characteristic of the finite field belongs to P,
has a 2-dimensional vector linear solution if and only if the characteristic of the finite field belongs to
{P1, P2}, and has a 3-dimensional vector linear solution if and only if the characteristic of the finite

field belongs to {Py, Pa, P3}.

Proof: Consider the union of the networks G; (presented in Section and Gs (presented
in Section , and name the resultant network as Gi3. Let the value of ¢ in G; be equal to the
product of the primes contained in Py U P, U Ps. Then according to Lemma[27] G; has a vector linear
solution for any odd message dimension if and only if the characteristic of the finite field belongs to
PLUP,U Ps.

In the G5 network let ¢; be equal to the product of the primes contained in Pj, and let g2 be equal
to the product of the primes contained in P,. Then, from Lemma [31] we get that Gs has a scalar linear
solution if and only if the characteristic of the finite field belongs to P;, and has a 2-dimensional vector
linear solution if and only if the characteristic of the finite field is in P, U Ps.

Now, for the scalar case, since G; has a scalar linear solution only over finite fields whose char-
acteristic belongs to P, U P, U P3, and G3 has a scalar linear solution only over finite fields whose
characteristic belongs to P, G13 (union of the two networks) has a scalar linear solution if and only if
the characteristic of the finite field belongs to P;.

For the case when message dimension is equal to 2, we first note that as shown in Theorem
g1 has a 2-dimensional vector linear solution over all finite fields. Then, since Gz has a 2-dimensional
vector linear solution if and only if the characteristic of the finite field is in P; U P», network Gi3 has
a 2-dimensional vector linear solution if and only if the characteristic of the finite field is in P, U Ps.

For the case when message dimension is equal to 3, we note that part of the G3 network which is

the generalized M-network for m = 3 (shown as network A3 in Chapter [3]) has a 3-dimensional vector
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linear solution over all finite fields. Since the middle edges of Char-¢;-s, Char-g;-y, and Char-g2-b
do not need carry any symbols of s,y, and b respectively (because the the generalized M-network for
m = 3 already has a solution), as shown in Lemma [25 they have a scalar linear solution over all finite
fields. But G; has a 3-dimensional vector linear solution if and only if the characteristic of the finite
field belongs to P, U P, U P53. So the network Gi3 has a 3-dimensional vector linear solution if and only
if the characteristic of the finite field belongs to Py U P, U Ps. [ |

Note: For any given positive integer n, if |Ps| > |P2|+n, then Theorem [34]shows that there exists a
network which has the property that the set of characteristics over which it has a 3-dimensional vector
linear solution is arbitrarily larger than the set of characteristics over which it has a 2-dimensional
vector linear solution.

Theorems [33] and [34] may indicate that a higher message dimension is superior to a lower message
dimension in terms of achieving a vector linear solution over a larger set of characteristics. But the
next theorem shows that such a hierarchy does not exist between two message dimensions greater than
1; it shows that there also exists a network where by increasing the message dimension just by 1, the

set of characteristics over which a vector linear solution exists may get smaller.

Theorem 35. For any two finite non-empty sets of primes P, and P, there exists a network which
has a 2-dimensional vector linear solution if and only if the characteristic of the finite field belongs to
{P1, P2}, but has a 3-dimensional vector linear solution if and only if the characteristic of the finite

field belongs to Ps.

Proof: Consider the union of the networks G; and Gs and denote it by Gio. Let the value of ¢
in network G; be equal to the product of the primes contained in P, and let the value of ¢’ in Go be
equal to the product of the primes contained in {P;, Py}.

Since Gy does not have a scalar linear solution over any finite field (Lemma , the network Gia
does not have a scalar linear solution over any finite field.

As shown in Theorem [33| G; has a 2-dimensional vector linear solution over all finite fields. But
due to Lemma Gs has a 2-dimensional vector linear solution if and only if the characteristic of the
finite field divides ¢’. This implies that G, has a 2-dimensional vector linear solution if and only if the
characteristic of the finite field belongs to {Pi, P,}. So the network Gio has a 2-dimensional vector
linear solution if and only if the characteristic of the finite field belongs to {P;, P»}.

The part of the network Gs which is the generalized M-network for m = 3 (shown as N3 in
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Chapter |3)) has a 3-dimensional vector linear solution over all finite fields. Hence, as the Char-g-x
part of G does not have to carry any symbols of z (because the N3 is already having a 3-dimensional
vector linear solution), Char-g-x has a scalar linear solution over all finite fields (shown in Lemma .
Hence G5 has a 3-dimensional vector linear solution over all finite fields. But from Lemma 27 we know
that G; has a 3-dimensional vector linear solution if and only if the characteristic of the finite field
divides q. Then network Gio has a 3-dimensional vector linear solution if and only if the characteristic
of the finite field belongs to Ps. [ |

Note: For any given positive integer n, if |Pi| is such that |P;| > |P| + n, then Theorem [35| shows
that there exists a network which has the property that the set of characteristics over which it has a
2-dimensional vector linear solution is arbitrarily larger than the set of characteristics over which it
has a 3-dimensional vector linear solution.

The next theorem shows that if a network has vector linear solutions for two different message
dimensions, then it does not necessarily mean that the set of characteristics over which the network
has the vector linear solution for the higher message dimension is a superset of the set of characteristics

over which the network has the vector linear solution for the lower message dimension, and vice versa.

Theorem 36. For any two finite non-empty sets of primes Py and P», there exists a network which
has a 2-dimensional vector linear solution if and only if the characteristic of the finite field belongs to
Py, and has a 3-dimensional vector linear solution if and only if the characteristic of the finite field

belongs to Ps.

Proof: The proof is similar to Theorem (replace {P;, P2} of Theorem 35| by P, i.e., the

value of ¢’ in G is be equal to the product of the primes contained in P;). ]

Theorem 37. For any prime number p, there exists a network which has a scalar linear solution over
a finite field if and only if the size of the finite field is a power of p, but has a scalar linear solution

over a non-commutative ring of size 16.

Proof: We show that the network G; for ¢ = p is such a network. Lemma [25|shows that G; has

a scalar linear solution if and only if the characteristic of the finite field divides p.
Linear network coding over rings has been defined in |13] and [44]. In [44], it has been shown
that all networks which has a vector linear solution over a finite field, also has a scalar linear solution
over some ring. The authors also showed that the M-network has a scalar linear solution over a non-

commutative ring of size 16. On the other hand, from the proof of the ‘if’ part of Lemma [25|it can
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be seen that only addition and subtraction operations required to achieve a scalar linear solution of
the Char-¢-y. Hence the same solution would also work over any ring. Since both the M-network and
the Char-¢-y network have a scalar linear solution over the non-commutative ring of size 16, G; also
has a scalar linear solution over the same ring. ]

Note: For any given positive integer n, if p is selected such that p > n, then for ¢ = p the network
G1 has that property that the size of the alphabet required to achieve a scalar linear solution over a
finite field is arbitrary larger than the size of the alphabet required to achieve a scalar linear solution

over a non-commutative ring.

Lemma 38. There exists a network which has a 2-dimensional vector linear solution and a 3-

dimensional vector linear solution, but has no 5-dimensional vector linear solution.

Proof. We show that the network G2 shown in the proof of Theorem is such a network when the
sets P, and P» are disjoint. We have shown that Gis has a 2-dimensional vector linear solution if
and only if the characteristic of the finite field belongs to P;. We have also shown that Gis has a
3-dimensional vector linear solution if and only if the characteristic of the finite field belongs to Ps.
In Lemma [30] we showed that the network G, has a 5-dimensional vector linear solution if and
only if the characteristic of the finite field divides ¢’ (where ¢’ is the product of primes contained in
Py). Then, for Go to have a 5-dimensional vector linear solution, the characteristic of the finite field
must belong to P;. But as shown in Lemma, for our selected value of ¢ (where ¢ is the product of
primes contained in P,), G; has a 5-dimensional vector linear solution if and only if the characteristic
of the finite field belongs to P». Since P; and P» are disjoint, Gi2 has no 5-dimensional vector linear

solution. O

Due to Lemma [38] we have the following theorem. Note that the ‘if” part of the theorem is trivial

to prove.

Theorem 39. For a network, existences of an mi-dimensional vector linear solution and an ms-
dimensional vector linear solution guarantees the existence of an (mi1 4+ ma)-dimensional vector linear
solution if and only if the m1 and mo dimensional vector linear solutions exists over the same finite

field.
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4.3 Discussion

Recently it has been shown in [12] that linear coding capacity is dependent only on the character-
istic of the finite field. This chapter shows that for different message dimensions, the rate prescribed
by the linear coding capacity may be achieved over different sets of characteristics. For example, the
linear coding capacity of the network G; is 1 and it can be achieved over all finite fields. But we
now know that a rate 1 linear solution can be achieved over all finite fields if and only if the message
dimension is even; for odd message dimensions, a rate 1 linear solution can be achieved if and only if
the characteristic of the finite field divides gq.

It has been shown that there exists characteristic-dependent linear rank inequalities that produce
different upper-bounds on the linear coding capacity over different finite fields. Now as we have
shown that the set of characteristics over which a network has an m-dimensional vector linear solution

depends upon m, can characteristic-dependent linear rank inequalities capture this fact.
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In the literature, it has been shown that the rate achievable using linear network coding depends
upon the characteristic of the finite field. For example, it has been shown that for a network named
as the Fano network, over finite fields of even characteristic, rate 1 is achievable using linear net-
work coding, but if the characteristic of the finite field is not 2, then no rate higher than 4/5 is
achievable. For such networks, the tightest upper-bound produced by Shannon information inequal-
ities and non-Shannon information inequalities is 1, and neither of these two types of inequalities
can produce different upper-bounds for different characteristics (somewhat obvious). For such net-
works, characteristic-dependent linear rank inequalities (a class of linear rank inequalities) can used
to produce different upper-bounds for different characteristics. For example, for the Fano network,
using a characteristic-dependent linear rank inequality, the 4/5 upper-bound over finite fields of odd
characteristic can be obtained [32].

For any given vector space, the subspaces of the vector space obey a set of inequalities known as
linear rank inequalities. For example, dim (V1) + dim(Va) = dim(Vy U Vo) + dim(V; N V3) is a linear
rank inequality (dim(V') denotes the dimension of V). It has been shown that for each rate achievable
using linear network coding, there exists a corresponding set of vector subspaces ( [35] showed that
linear solvability guarantees the existence of a representable discrete polymatroid, which can be seen
as a set of vector subspaces). Any bound on the dimensions of these vector subspaces also results in
a bound on the rates achievable using linear network coding.

It has been shown in [26] that all information inequalities (Shannon inequalities and non-Shannon
inequalities) are also linear rank inequalities if the entropy function is replaced by the dimension
function and the variables represent vector spaces. But there also exist linear rank inequalities that
are not information inequalities. This indicates that the upper-bounds obtained using linear rank
inequalities may be lesser than the upper-bounds obtained using Shannon information inequalities and
non-Shannon information inequalities (because no. of linear rank inequalities = number of Shannon
information inequalities + number of non-Shannon information inequalities + number of linear rank
inequalities that are not information inequalities).

Hammer et al. showed that for upto three variables, there exists no linear rank inequality which
is not an information inequality (Theorem 3 of [26]). The Ingleton inequality: dim(A) + dim(B) +
dim(A, B,C) + dim(A, B, D) + dim(C, D) < dim(A, B) + dim(A,C) + dim(A, D) + dim(B,C) +

dim(B, D), was proved in 1969 by A. W. Ingleton [45]. The proof of this inequality can also be found

TH-2118 136102023

117



5. Characteristic-dependent linear rank inequalities

in [26] and [§]. This inequality has been used in [8] to find an upper-bound on the linear coding
capacity of the Vidmos network. Hammer et al. showed that for four variables, the only linear rank
inequality that is not an information inequality is the Ingleton inequality and permutations of its
variables (Theorem 5 of [26]).

Dougherty et al. presented a list of twenty four new linear rank inequalities on five variables, which
are not information inequalities [29]. In [30] it has been shown that even an incomplete list of six
variable linear rank inequalities cross one billion. For seven or more variables, Blasiak et al. showed
that there exist linear rank inequalities that hold if the characteristic of the field is among a certain
set of primes, but may not hold otherwise. Such an inequality is called as a characteristic-dependent
linear rank inequality. Blasiak et al. showed two such seven variable inequalities: one holds over finite
fields of even characteristic, and the other holds over finite fields of odd characteristic.

In [32], Dougherty et al. developed a novel method where characteristic-dependent linear rank
inequalities were developed from networks which do not have a linear solution over one set of char-
acteristics but has a linear solution over another (complement of the first) set of characteristics. We
name this method as the DFZ Method based on the initials of the authors. In reference [32] they used
this method to develop two new seven variable characteristic-dependent linear rank inequalities: one
holds over all finite fields of odd characteristic but may not hold otherwise (produced from the Fano
network); and another holds over all finite fields of even characteristic but may not hold otherwise
(produced from the non-Fano network).

In [33], Dougherty et al. developed two new eight variable characteristic-dependent linear rank
inequalities. First inequality holds over all finite fields of characteristic not equal to 3 but may not
hold otherwise (this is produced from the T8 network, which is constructed from the T8 matroid); and
the second inequality holds over all finite fields of characteristic equal to 3 but may not hold otherwise
(this is produced from the non-T8 network, which is constructed from the non-T8 matroid).

Eric Freiling — in his thesis — showed that for any finite or co-finite set of primes numbers, there
exists a characteristic-dependent linear rank inequality that holds if the characteristic of the finite
field belongs to the given set, but may not hold otherwise [34].

In the fifth chapter, we — independently of the work of [34] — produce three new sets of linear rank
inequalities for any set of primes P. For any given set of primes P, the inequalities in the first set

hold if the characteristic of the finite field does not belong to P, and the inequalities in the second
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and third set hold if the characteristic of the finite field belongs to P. We also show the application

of these inequalities in computing upper-bounds on the linear coding capacity of networks.

5.1 Three New Sets of Characteristic-Dependent Linear Rank In-

equalities

In this section, we present three new sets of characteristic-dependent linear rank inequalities. For
each set of primes there exists one characteristic-dependent linear rank inequality in each of the sets.

We present these inequalities in the next three theorems.

5.1.1 First Set of Inequalities

)

Theorem 40. For any given set of primes {p1,p2,...,pi}, let A, B1,Ba,...,Bq_1,C, V1, V5, ..
Vo—1, W, XY, Z be vector subspaces of a finite dimensional vector space V' where ¢ = p1 X pa X -+ X

pi- Then the following linear rank inequality holds if V' is a wvector space over a finite field whose

characteristic does not belong to {p1,pa,...,pi}, but may not hold otherwise:
(2q — 1)dim(A) + Z 2dim(B;) + (2q — 2)dim(C) < (¢ — 1)(dim(W) + dim(X) + dim(Y)
+ 2dim(Z —i—Zdzm + (7q — 6)dim(W|A, By, ..., B, 1) + (6¢ — 5)dim(X|By, ..., By_1,C)

q—1
+ > (2q)dim(Vi|X, By, .., Bi_1, Biy1, ., By-1) + (3¢ — 3)dim(Y'|W, X) + (4q — 3)dim(Z|W, C)

=1
( — Ddim(A|Z, V4, ..., Vy-1) + (¢ — 1)dim(C|A,Y)
-1 q—1
+ Z2dzm Bi|By,...,Bi_1,Bis1,...,By-1,Y, Z) + Y dim(C|V;, B;)
i=1 i=1

+ (bg — 4)(dim(A) + Zdzm )+ dim(C) — dim(A, By, ...,By-1,C))

(g —1)( Z dim(B;) + dim(C) — dim(By, ..., By1,C). (5.1)

The proof of the truth of this inequality is given in Section[5.3] Note that the linear rank inequality
in equation (5.1) has 2¢g + 4 number of variables. Before we present the proof we show that this
inequality may not hold if ¢ = 0 over the finite field (note ¢ = 0 when the characteristic belong to the

given set of primes). Let V be ¢+ 1 dimensional vector space over Fpo where p € {p1,p2,...,p;} and «
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Now note that

q
V,=X- > B Y=W-X Z=W-C C=V,—B;
j=1i#i
q—1 q—1
A=A-qC=2-)V C=A-Y Bi=Z-Y- Y B
=1 j=1,j#1

With this setting, all the conditional terms in equation (b.1) becomes zero; and the inequality
returns (6 —5) < (6¢ — 6), or, 6 < 5, which is a contradiction. Hence the inequality in equation (/5.1

is not valid over such a finite field.

5.1.1.1 Application of Inequality in Equation (/5.1)

Consider the network shown in Fig. Let us say that the network shown in Fig. has a (k,n)
fractional linear network coding solution over a finite field whose characteristic does not belong to
{p1,p2,...,m}. Then applying the characteristic-dependent linear rank inequality shown in equation
, we have the following equation, (Fig. shows the variables corresponding to the sources and
the edges)

fary

q—1
(2¢ — Dk + 2k+(2q—2)k§(q—l)(n+n+n+2n)+2n
i=1

(S

Il
N

or, (6g —5)k <6(qg—1)n
k 6(q—1)

or, — <

n~- 6(g—1)+1
However, we do not know the tightness of this bound. For the case of ¢ = 2, the network shown in
Fig. reduces to the well known Fano network, whose linear coding capacity over finite fields of odd
characteristics is equal to 4/5 (proof given in [4] and [32]). But inequality results an upper-bound

6
equal to =.

5.1.2 Second Set of Inequalities

Theorem 41. For any given set of primes {p1,p2,...,m}, let A,B1,Ba,..., By, Vi,Va,...,V, X, Y
be vector subspaces of a finite dimensional vector space V. where ¢ = p1 X pa X --- X p;. Then the

following linear rank inequality holds if V' is a vector space over a finite field whose characteristic
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Figure 5.2: The characteristic-dependent linear rank inequality shown in equation (5.2]) shows that

the linear coding capacity of this network over finite fields whose characteristic divides ¢ can be no

3q
more than TN

belongs to {p1,p2,...,p1}, but may not hold otherwise:
q q
2dim(A) + (q + 1)dim(By) + Y _ 2dim(B;) < (2¢ — 1)dim(X) + dim(Y) + Y _ dim(V;)
1=2 =1
q
+ dim(A|X,Y) + dim(A[VA, ..., Vg, Y) + (g + Ddim(B1| X, Vi) + > _ 2dim(B;| X, V;)
1=2

+ (3q)dim(X|A, By, ..., By) + 2dim(Y |By, ..., By) + (¢ + 2)dim(Vi|A, By, Bs, ..., By)

q
+ > 3dim(V;|A, By, ..., Bi1,Bis,..., By)
=2

q
+ (3¢ + 1)(dim(A) + > dim(B;) — dim(A, By, ..., By)). (5.2)

j=1
The proof of the existence of the inequality is shown in Section Note that the linear rank
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5.1 Three New Sets of Characteristic-Dependent Linear Rank Inequalities

inequality in equation has 2¢ + 3 number of variables.

We here show that this inequality may not hold if ¢ has an inverse over the finite field (which is
equivalent to stating that the characteristic of the finite field does not belong to {p1,p2,...,p}). Let
V be ¢+ 1 dimensional vector space over Fpa where p ¢ {p1,p2,...,p} and « is some positive integer.
Let u; be the 1 dimensional vector space spanned by the ¢+ 1-length vector whose i*" element is equal

to 1 and all other elements are zero. Now, consider the following vector subspaces of V.

q+1
for1<i<gq: B; = w11 X:ZUi A=wu
i=1
g+1 q+1
forl1<i<gq: V= Z u Y:Zui.
G=1,57(i+1) i=2
Now note
q q q
X=A+> B V,i=A+ > B Y=Y B
i=1 j=1,j7#i i=1
q
A=q'O Vi—(g-1)Y) A=X-Y Bi=X -V,
i=1

Hence all the conditional terms in equation ([5.2) becomes zero; and the inequality returns (3¢ + 1) <

(3q), or, 1 <0, which is a contradiction.

5.1.2.1 Application of Inequality in Equation (/5.2)

Consider the network shown in Fig. Let us say that the network shown in Fig. has
a (k,n) fractional linear network coding solution over a finite field whose characteristic belongs to
{p1,p2,...,m}. Then applying the characteristic-dependent linear rank inequality shown in equation
, we have the following equation, (Fig. shows the variables corresponding to the sources and
the edges)
q q
2k + (¢+ Dk + > 2k < (2¢—Dn+n+Y n

=2 i=1
or, (3¢ + 1)k < 3¢gn

k 3q
7*§ .
n_ 3qg+1

or

We do not know however how much tight this bound is. For the case of ¢ = 2, the network shown

in Fig. reduces to the well known non-Fano network, whose linear coding capacity over finite fields
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of even characteristics is equal to 5/6 (proved in [32]). But inequality (5.1 results an upper-bound

6
equal to =.

5.1.3 Third Set of Inequalities

Theorem 42. For any given set of primes {p1,p2,...,pi}, let A, B1,Ba,...,Bg,V1,Va,..., Vg,
XY be vector subspaces of a finite dimensional vector space V. where ¢ = py X pa X -+ X p;. Then
the following linear rank inequality holds if V' is a vector space over a finite field whose characteristic

belongs to {p1,p2,...,p1}, but may not hold otherwise:

(¢ +2)dim(A) + Z 3dim(B;) < (3¢)dim(X) + dim(Y') + Z dim(V;

+ Z4dim(%|A, Bi,...,Bi—1,Biy1,...,By) + (¢ +3)dim(Y|By, B, ..., By)
=1
+ dim(A|Vi, ..., Vg, Y) + (4q + 2)dim(X | A, Bl, ..., Bg) + (¢ +2)dim(A|X,Y)
q

+ 3 3dim(Bi| X, V;) + (4g + 3)(dim(A) + Zdzm — dim(A, By, ..., By,)). (5.3)
=1

The proof of the existence of the inequality is shown in Section Note that the linear rank
inequality in equation has 2¢ + 3 number of variables. Let us show here this inequality may not
hold if ¢ has an inverse over the finite field (which is equivalent to stating that the characteristic of
the finite field does not belong to {p1,p2,...,p}). Let V be g + 1 dimensional vector space over Fja
where p ¢ {p1,p2,...,p} and « is some positive integer. Let u; be the 1 dimensional vector space
spanned by the ¢ + 1-length vector whose i*" element is equal to 1 and all other elements are zero.

Now, consider the following vector subspaces of V.

q+1
A= for 1 <i<gq: B;=1wuit+1 Y:ZW
i=2
q+1 q+1
X:Zui forl1<i<gq:V,= Z uj.
i=1 =LA +)
Now note
q q q
X=A+> B Vi—A+ > B Y =YB
i=1 j=1,j#i i=1
q
A=q'O Vi—(g— 1Y) A=X-Y Bi=X -V,
i=1

Hence all the conditional terms in equation (5.2)) becomes zero; and the inequality returns (4¢g +2) <
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5.1 Three New Sets of Characteristic-Dependent Linear Rank Inequalities

(494 1), or, 2 < 1, which is a contradiction.

5.1.3.1 Application of Inequality in Equation (/5.2))

Let us say that the network shown in Fig. has a (k,n) fractional linear network coding solution
over a finite field whose characteristic belongs to {p1,p2,...,p}. Then applying the characteristic-
dependent linear rank inequality shown in equation ([5.2)), we have the following equation: (Fig.

shows the variables corresponding to the sources and the edges)

(g + 2)dim(A) + Z 3dim(B;) < (3q)dim(X) 4+ dim(Y") + Z dim(V;

or, (49 + 2)k < (4q+ 1)n
el
n_ 4g+2

Note: In [32] the authors presented two characteristic-dependent linear rank inequalities. The second
characteristic-dependent linear rank inequality inequality shown in [32] that holds over finite fields

whose characteristic is equal to 2 is reproduced below in equation (5.4)):

2H(A) + 3H(B) + 2H(C) < H(W) + H(X) + H(Y) + 3H(Z) 4+ 2H(A|Y, Z) + 3H(B|X, Z)
+ H(C|W, Z) + 2H(W|A, B) + 4H(X|A,C) + 3H(Y|B,C) + 6H(Z|A, B,C) + H(C|W, X,Y)

+7(H(A) + H(B) + H(C)H(A, B,C)). (5.4)

Over finite fields of characteristic 2, the characteristic-dependent linear rank inequality obtained from

equation (5.2)) is as follows:

2dim(A) + 3dim(B1) + 2dim(B2) < 3dim(X) + dim(Y') + dim(V1) + dim(V2) + dim(A|X,Y)
+ dim(A[Vi, Va,Y) + 3dim(B1| X, Vi) + 2dim(Ba| X, Va) + 6dim(X|A, B1, By) + 2dim(Y |Bi, Bo)

+ 4dim(V1|A, By) + 3dim(Va|A, By) + 7(dim(A) 4+ dim(B1) + dim(Bz) — dim(A, B, B2)).  (5.5)

It can be seen that equation (5.5)) is the same as equation ([5.4) when in equation ([5.4): A is replaced
by Bs, B is replaced by By, C is replaced by A, Z is replaced by X, W is replaced by Y, X is replaced
by Vi, and Y is replaced by V. As we will show, the proof of equation (5.2)) is a generalization of the

proof of equation ([5.4)).
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5. Characteristic-dependent linear rank inequalities

5.2 A Note on the Proofs of the Inequalities (5.1)), (5.2), and (5.3)

The authors of [32] developed a novel method where characteristic-dependent linear rank inequali-
ties were yielded from the networks whose linear coding capacity is equal to 1 over some characteristics,
but less than 1 over other characteristics. Hereafter, we will refer this method as the DFZ method.
All of the inequalities in this chapter is derived using the DFZ method.

The idea behind the DFZ method is as follows. First - in accordance with the topology of the
network - a set of vector subspaces, and a set of linear functions - that maps the aforementioned vector
subspaces one to another - are constructed. Now, the network not having a rate 1 linear solution over
a finite field means that if the dimensions of all the above considered vector subspaces are equal, then
such a functional assignment won’t exist (because if it had existed then the network would have a rate
1 linear solution). The DFZ method starts with these linear functions and tries to find an equation
— relating the dimensions of the corresponding vector subspaces — that must hold true for such a
functional assignment to exist over the finite filed. This equation is the desired inequality.

Now to obtain this equation, the DFZ method requires to find a subspace (denoted by S) that
becomes a zero subspaces over the given finite field. This subspace must also be expressible as an
intersection of other subspaces. Then, applying Lemma |§| (shown in Chapter on S results the
desired inequality. At present, all the steps of the DFZ method sans finding the set S is algorithmic.
Intuitively, when S becomes the zero subspace, the dimension of the union of the subspaces whose
intersection is equal to S increases (because the common set is null); thereby meaning that more

information has to be sent. This ‘more’ information results the rate to be less than 1.

5.3 Proof of Inequality Shown in

Let V be a finite dimensional vector space and let A, By, Ba,...,By—1,C, V1, Va, ..., V41, W,
X,Y., Z be subspaces of V' for some positive integer q. We now list a set of functions that maps these

subspaces one to another. The mapping of these functions is shown pictorially in Fig.

for1<i<qg—1:fay,:A=V; faz:A—=>Z
fOI‘1§i,j§q—1,j7éi:fBiBjBi—>Bj fOI’lSiSq—l:fBiy:Bi—)Y
for1<i<q—1:fpz:Bi—Z foa:C — A
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5.3 Proof of Inequality Shown in |5_1|

Figure 5.3: In this figure each circle with a label inside represents a vector subspace. We assume
a set of mappings between these subspaces; these mappings are shown with an arrow directed from
the domain to the co-domain (the mappings are shown for one particular values of i and j where

for1<i<gqg-—1:fep, :C = B; for1<i<qg—1:foy :C =V,

foy :C =Y for1<i,j<q-1,j#i: fyp :Vi— Bj
for1<i<g—-1:fyx:Vi—=X for1<i<q—1:fwp, : W = B;
fwa:W—= A for1<i<qg—1:fxp :X —= B;

fxc: X = C fyw:Y =W

frx:Y =X fzc:Z —=C

fow : Z - W.

Due to Lemma [8| we have the following results.
(1) ;-7:_11 fav; + faz = I over a subspace A’ of A where

codima(A") < dim(A|V1, Va, ..., Vy_1,2) (5.6)
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5. Characteristic-dependent linear rank inequalities

(i) for 1 <i<qg-—1: Z?:’j# [B:B; + fB;y + B,z = I Over a subspace B! of B; where

COdimBz.(Bl/-) < dim(Bi\Bl, v 7Bi—17 Bi+17 ooy Bq_l, Y', Z) (57)

(iii) foa + foy = I over a subspace C’ of C' where

codimc(C') < dim(C|A,Y) (5.8)

(iv) for 1 <i<q—1: fep, + fov, = I over a subspace C; of C' where

codimc(C;) < dim(C|B;, Vi) (5.9)

(v) for1<i<qg-—1: Z?:,j# fv.B; + fvix = I over a subspace V; of V; where

COdZ'mVi(Vi/) < dim(Vi|Bl, ce 7Bi—17 Bi+1, ey Bq_l, X) (510)

(vi) fwa+ Z?;f fwn, = I over a subspace W' of W where

codimy (W') < dim(W|A, By, Bs, ..., By_1) (5.11)

(vii) 3;11 fxB, + fxc = I over a subspace X’ of X where

codimX(X/) S dim(X|Bl,BQ,...,Bq,1,C) (512)

(viii) fyw + fyx = I over a subspace Y’ of Y where

codimy (Y') < dim(Y|W, X) (5.13)

(ix) fzc + fzw = I over a subspace Z’ of Z where

codimz(Z") < dim(Z|C, W) (5.14)

Now, let’s consider the following composite functions:

fea+ fwafywfey :C— A (5.15)
for 1 <i<q—1:(fwafyw+ fxp. fyrx)fey : C — B; (5.16)
Ixcfyxfoy : C—C. (5.17)
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Using (5.11)), we have:

q—1
fwafvwfoy + Y fwe fywfoy = fyw foy over a subspace foy oy (W) of C. (5.18)
i=1

Using (5.12)), we have:
q—1

fxefvxfoy + Y fxp.fyxfoy = frxfoy over a subspace foi fy i (X') of C. (5.19)
i=1

Using (5.13)), we have:
fywiley + fyxfoy = foy over a subspace faxl,(Y') of C. (5.20)

We now add functions shown in (5.15))-(5.17) and use equations (5.8), (5.18]), (5.19)), and ([5.20)).

q—1 q—1

fwalvwfoy + Y fwa fywfoy + fxcfyxfoy + Y fxp fyxfov + fea
i=1 =1

= fywley + fyxfey + foa

= foy + fca

= I over a subspace: C” = foy fyiw (W) N foy fyx (X)) N foy (Y)Y N C' of C.

Using Lemma [6] we get:
codime(C") < codime (foy fyw (W) + codime (foy fy x (X)) + codime (foy (Y))
+ codimc(C)
Using , we have:

codim¢(C") < codimyy (W') + codimx (X') + codimy (Y') + codimc(C"). (5.21)

Now, according to Lemma |§| there exists a subspace C of C” over which:

fea+ fwafywfey =0 (5.22)
for 1 <i<q-—1:(fwr fyw+ fxp,frx)foy =0 (5.23)
fxcfyxfoy = —1. (5.24)

q—1
where codimcn (C) < dim(A) + Y _ dim(B;) + dim(C) — dim(A, By, By, ..., Bg_1,C).  (5.25)
=1
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As codimc(C) = codimcC" + codimen C, we have:

q—1
codime (C) < codimy (W) + codimx (X') + codimy (Y') + codimc(C”) + dim(A) + Z dim(B;)
i=1

+ dlm(C) - dzm(A, Bl, BQ, ceey Bq—la C)
Now, let’s consider the following composite functions:

fwalfywifsy + fzwfp,z) : Bi— A

(fws,yw + fxB, fyx)fe,y + fws, fzw B,z : Bi = B;

for 1 <j<q-1,j#i:(fwafyvw+ fxgfyx)fy + fwp; fzw B,z + [B,B; : Bi = B,

Ixcfvxfey + fzefp.z: Bi — C.

Using equation (5.11)), we have:

qg—1

fwalywfsy + Y fws, fywfsy = fywfs,y over a subspace f5 fyy, (W) of B;.

i=j
Using equation (5.11)), we have:

q—1
Jwafzw [,z + Z fwa; fzw B,z = fzw [B,z over a subspace fg}zfgvlv(W’) of B;.
=1

Using equation (5.12)), we have:

qg—1
Ixcfyxfey + Z IxB, fyxfey = frx[p,y over a subspace fgi%ff;}((X’) of B;.
=1

Using equation (5.13)), we have:
fywifBy + fyxfy = fp,v over a subspace f5}(Y') of B;.
i i % B;Y
Using equation (5.13)), we have:
fzw fB,z + fzcfB,z = fB.z over a subspace fgz',(Z') of B;.
BiZ

Consider the subspace B} of B; where:

B! = fpy Frw W) 0 5l f 2 W) 0 f5 frx (XD 0 f55 (V) N f5l2(Z2)) 0 B
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Adding functions shown in - over B! and using equations (5.7)) and ( - -, we get:

fwalfyw sy + fzwfB,z) + Sumg;%fWijYWfBiY + sumg;}fXijYXfBiY
+ Sumg;}fWijZWfBiz + sum?:,j#fBiBj + fxcfyxfey + fzcfB,z
= fywisy + faw Iz + sumiZ] i fo.p;, + fyxfoy + fzofB.2

= fey + Bz + Sum?;},j;ﬁifBiBj =1

Then, according to Lemma @] there exists a subspace B; of B over which:

fwalfyw sy + fzwfp,z) =0 (5.37)

(fwe.fyw + fxB, fyx)IBy + fws; fzwfBiz —1 =0 (5.38)

for 1 <j<q—1,j#i:(fws,fyvw+ fx fyx)fey + fws; fzwfp.z+ f;B;, =0 (5.39)

Ixcfvxfey + fzcfB,z = 0. (5.40)
such that

codimBu( ) < dim(A) + Z dim(B;) + dim(C) — dim(A, B, B, ..., By—1,0C). (5.41)
Applying Lemma [6] to equation (5.36]), we get:

codimp, (Bj) < codimBi(fgi%,f;I}V(W')) + codimBi(fgilsz_‘}V(W')) + codimBi(fgilyf;)l((X’))

+ codimBi(fgily(Y')) + codimBi(fgilz(Z’)) + codimp, (Bj). (5.42)
Applying Lemma [7| to equation (5.42)), we get:

codimp,(BY) < codimy (W') + codimy (W') + codimx (X") + codimy (Y') + codimz(Z")

+ codimp, (BY). (5.43)
From equations (5.41)) and -, we get:
codimp,(B;) = codimp,(BY) + codimBgr(Bi) (5.44)
< 2codimy (W') + codimX(X’) + codimy (Y') + codimz(Z') + codimp, (B}) (5.45)
+ dim(A) + Z dim(B;) + dim(C) — dim(A, B, B, ..., By—1,0). (5.46)
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Consider the following composite functions.

fwafzwfaz : A— A

q—1
for 1 <i<q—1: fwp fawfaz+ fxpfvxfavi+ Y (fxs.fv,x + fv;s,) fav, : A= B
j=L g
q—1
fzcfaz +)_ fxefvxfav; : A= C.
j=1
Using equation (5.11)), we get:

q—1
fwalzwfaz +_ fws fawfaz = faw faz over a subspace [} f75, (W) of A.
i=1
Using equation (5.12)), we get:

q—1 q—1 q—1

> fxefvixfav, + Y (x5, fvxfav,))

=1 - =1 - j=1 -

= fxo Y fvxfav, + O fx8) O fvyx fav;)

B 7j=1 =1 quI

=Y fv,x[fav, over a subspace(z fv;x fav;)”H(X') of A.
j=1 J=1

Using equation (5.10)), we get:
-1 qg—1 q—1

fvxfav, +Y Y fvfay,
=1 i=1 j=1,j#i

q— g—1 g-1
D fuxfay+) . D7 fusfay,
j J=Li=li#j
q- q—1

(fvix + > Jvis)fav,

i=1,i#j

Q

<
Il

LS}

<
Il
—

Il
_

Q<
(R
—_ =

favy; over a subspace fg‘l/l(Vll) N fg‘l,Z (Vy)n---nN fg‘l/qil(Vq/_l) of A.

<.
Il
—

Using equation (5.14)), we get:
faw faz + fzcfaz = faz over a subspace fgé(Z’) of A.

Consider the following subspace A” of A.

qg—1
A" = fazfaw WO Q frxfav,) (X0 fa, (V) N0y (Vi) 0 fag(Z) N AL

Jj=1

TH-2118 136102023

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

132



5.3 Proof of Inequality Shown in |5_1|

Now adding the functions shown in equations (5.47)-(5.49) over A” and using equations (5.6]), (5.50]),
(5-51), (5.52)), and (5.53), we get:

q—1 q—1
fwafzwfaz +Y (fws fzw faz + fxp fvix fav, + Y (Fxsfvix + fv;s,) fav;) + fzc faz
i=1 j=Li
q—1
+ > fxcfvixfay,
=1
q—1 qg—1 g—1
= fawfaz+ Y fvixfav, + Y Y fvfav, + fz0faz
i=1 i=1 j=L i
q—1
=faz+ > fay, =1L (5.55)
j=1
Then, according to Lemma |§| there exists a subspace A of A” over which:
fwafzwfaz —I =0 (5.56)
q—1

for1<i<q-—1: fwpfzwfaz + fxB fvix fav, + Z (fxB. fv,x + fv;B,) fav, =0  (5.57)

J=1j#i

q—1
faefaz +>_ fxcfvxfav, = 0. (5.58)
j=1

such that

codimpn(A) < dim(A) + dim(By) + dim(Bsg) + - - + dim(By—1) + dim/(C)

- dZ’I’I’L(A, Bl, BQ, ce ,qul, C) (559)
Applying Lemma [6] to equation (5.54)), we get:
q—1
codima(A") < codimA(fZ}fZ_I}V(W’)) + codimA((Z Jv,x fav, ) HXN) + coalimA(fg‘l/1 (V)
j=1

+ o codima(fay,  (Vy_1)) + codima(f35(Z') + codima(A').  (5.60)

Applying Lemma [7| to equation ({5.60)), we get:

codim s(A") < codimy (W') + codimx (X') + codimy, V{) + - - - + codimy,_, (V,_;)

+ codimz(Z'") + codim 4(A")
q—1
= codimy (W') + codimx (X") + Z codimy, V;) + codimz(Z") + codim o (A"). (5.61)
i=1
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From equation (5.61)) and (5.59)), we have:

codima(A) = codima(A") + codim an(A)
q—1

< codimwy (W') + codimx (X") + Z codimy, V) + codimz(Z") + codim 4(A") + dim(A)
i=1

+ dim(By) + dim(Bg) + - - - + dim(qul) + dim(C) — dim(A, By, Bo, . .. ,Bg-1, ). (5.62)

For 1 < ¢ < ¢—1 consider the following composite functions. (note that these equations hold for each

different values of 7 in the given range)

Ixs fvixfov, + fep, : € — B; (5.63)
for 1 <j<(¢—1),7#i: (fxB;fvix + fvi;)fcv, : C — B, (5.64)
Ixefvixfev, : C = C. (5.65)

Using equations (5.12)), we have:

qg—1
fxefvixfov, + ) fxn; fvx fov, = fvx fev; over a subspace foy, fix (X') of C. (5.66)
j=1
Using equations ((5.10|), we have:
q—1
fvix fov, + Z Jv;B; fev; = fov, over a subspace fa‘l,l (V) of C. (5.67)
=1

Consider a subspace C/ where
Ci = fovifvix (X)) N foy, (V) 0 Ci (5.68)

Over C] adding the functions shown in equations (5.63))-(5.65)) and using equations (5.9), (5.66) and
(5.67), we get:

q—1
IxB, fvixfov, + fo, + Z (fxB; fvix + fvg;) fevi + fxcfvix fov
=Ly
q—1
= fvixfov,+ fes, + > fvs fov,
j=Li#i
= fev, + fep, = 1. (5.69)

Applying Lemma |§| to equation (5.69)), we get that over a subspace C; we have:

Ixp fvixfev, + fes, =0 (5.70)
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for 1 <j<(q—1),j#i: (fxp;fvix + fvi;) fov, =0 (5.71)

fxcfvixfov, =1 =0. (5.72)
such that

codimy (Cy) < dim(By) + dim(Bz) + - - - + dim(By—1) + dim(C)

—dim(By, Ba,...,B;-1,C). (5.73)

Applying Lemma |§| to equation , we get:
codimc(CY) < codimc(fa‘l,if;ik(X’)) + codimc(fg‘l/i(Vi')) + codimg(Cy). (5.74)

Applying Lemmam to equation , we get:
codim¢ (Cy) < codimx (X') + codimy; (V) + codimc(C;). (5.75)

From equations (5.73)) and (5.75)), we get:

codime(C;) = codimg(C)) + codimcé(é’i) < codimx (X") + codimy,(V}) + codim¢c(C;)

+ dim(Bi) + dim(Bg) + - - + dim(Bg—1) + dim(C) — dim(By, Bz, ..., By-1,C). (5.76)
Consider the following vector subspaces.
for 1 <i<q—1: S, ={ue B;|fpy(u) € foy(C)}. (5.77)
Hence, equation holds over Sp, when fcy is replaced by fp,y. So over Sp, we have:
for 1 <i<(q—1): (fwa, fyw + fxB fyx)fe,y =0 (5.78)

Since equation (5.38) holds over B;, from equations (5.38)) and (5.78)), over a subspace B; N Sp, we

have:

fwa, fzwfeiz =1 (5.79)

Now consider the following subspaces.

for 1 <i<q—1: Rp, ={u€ Bi|fp,z(u) € faz(A)}

for1<i<q—1: Lp, ={u€ Bilfywfpyu) € fzwfaz(A)}.
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So fp,z(Rp,) is a subspace of faz(A). Then, since from equation (5.56) fu 4 is invertible over

fzw faz(A); fwa is also invertible over fzw fp,z(Rp,). Similarly, fyw fp,y(Lp,) is a subspace of

fzw faz(A). Hence fiy 4 is also invertible over fyw fp,v(Lp,). Hence over a subspace Rp, N L, from

equation ([5.37)) we have:
wisy + fzwfpz =0 (5.80)

Applying this equation in equation , over a subspace B; N Rp, N Lp, we have:
fxfyxfey =1 (5.81)
Now consider the following subspace:
for 1<i<qg—1: Sy, ={ueAlfay,(u) € fcm(C’z)}

Hence for 1 < i,j < (¢ = 1),j # 4 (fxB;fvix + fv.B;)fav,(S4,) is a subspace of (fxs;fvix +
fv.B;) fov,(Ci). Hence from equation (5.71)), over S4, we have:

for1<j<(¢g—1),j#i: (fxp;fvix + fv.p;) fay; =0 (5.82)
Applying equation 1} on equation 1} over a subspace ﬂg:—ll Sa, N A we have:
for 1<j<q—1: fwp,fzwfaz+ [xB;fv,xfav; =0 (5.83)

Let us now consider the following subspaces:

for1<i<q—1: La, ={u€ Alfaz(v) € (B;NSg,)} (5.84)
forl1<i<gqg—1: RAi = {u € A‘fvifoVi(u) € fy)(fBiy<Bi N RBi N LBZ-)} (5.85)
S = AN (NIZ{La,) N (N2 Ra,) N (N2 S a,)- (5.86)

For any a € S, from equation (5.58)), we have:

q—1
frofaz(a) + fxefvixfavi(a) =0
i=1
From (5.85) we know there exists a b; € (B; N Rp, N Lp,) such that fy,x fr,(a) = fyxfp,y(bi)
qg—1
So, fzofaz(a) + Y fxcefvxfey(bi) =0
i=1

From equation ([5.81) we know that b; = fxg, fyx fB,v (b;) for any b; € (B; N Rg, N Lp,). So,
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q—1

facfaz(a) + fxefrxfoy fxp fyx oy (i) =0
i=1
q—1

or, fzcfaz(a) + ZfXCfYXfB vIxB fvix fav,(a) =
Using equation (5 , we have:

q—1

facfaz(a) = fxcfrx oy fwn, fzw faz(a) =

i=1
From (5.84) we know there exists a b; € (B; N Sp,) such that faz(a) = fp,z(b}). So,
qg—1

fzcfaz(a ZfXCfYXfBYfWBfZWfBZ() 0

From equatlon we know that b, = fiyp, fzw B,z (b}) for any b, € (B; N Sg,). So,
-1

fzcfaz(a ZfXCfYXfBl (b;) = 0. (5.87)

=1

Since b; € B;, using equation (5.40) in equation (5.87), we have:

fzcfaz(a +ZfZC’fBZ ;) =0

i=1
-1

or, fzcfaz(a +ZfZCfAZ (a) =

qfzcfaz(a) =0. (5.88)

We now argue that for equation to hold for any a € S, S must be a zero subspace. From
equation we know that f4z is one-to-one over A. From equation we know that fp,y(SB;)
for 1 < i < (¢ — 1) is a subspace of foy(C). Because of equation , fxcfyx is one-to-one
over foy(C). So fxcfyx is also one-to-one over fp,y(Sp,). Then, from equation it can be
concluded that fzc fp,z is one-to-one over Sp,. Now, from we know faz(S) is a subspace of
fB,z(B;NSp,) for any 1 <i < q—1. So fzc is one-to-one over faz(S). Moreover, as a pre-condition,
since the characteristic of the finite field does not belong to {p1,p2,...,p1}, ¢ # 0 over the finite field.

Hence for equation ([5.88]) to hold, S must be a zero subspace. Now,

dim(A) = dim(A) — dim(S) = codim (S) = codima(AN (N L4,) N (N Ra,) N (NI} S4,))

Applying Lemma [6, we have:
q—1 q—1 q—1

dim(A) < codima(A) + Z codima(La,) + Z codima(Ra4,) + Z codima(Sa,). (5.89)
i=1 i=1 i=1
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We now calculate some values that would help us in computing a bound over dim(A).

codimp, (Sp,) = codimp,(f5} (fov(C)))
Applying Lemma |7} and noting that from equation (5.24]) foy is one-to-one over C, we have:
codimp,(Sp,) < codimy (foy (C)) = dim(Y) — dim(foy (C)) = dim(Y) — dim(C)

or, codimp,(Sp,) < dim(Y) + codimc(C) — dim(C). (5.90)

codimp,(Rp,) = codimp,(f5'5(faz(A)))
Applying Lemma |7} and noting that from equation ((5.56)) faz is one-to-one over A, we have:
codimp,(Rp,) < codimz(faz(A)) = dim(Z) — dim(faz(A)) = dim(Z) — dim(A)

or, codimp, (Rp,) < dim(Z) + codim(A) — dim(A). (5.91)

codimp, (Lp,) = codimp, (f5y [y (fzw faz(A)))
Applying Lemma [7| and since from equation ((5.56)) fzw faz is one-to-one over A, we have:
codimp,(Lp,) < codimw (fzw faz(A)) = dim(W) — dim(fzw faz(A)) = dim(W) — dim(A)

or, codimp,(Lpg,) < dim(W) + codima(A) — dim(A). (5.92)

codima(Sa,) = codimA(fZ‘l/i (fov,(Ci))
Applying Lemma [7} and noting from equation (5.72)) that foy, is one-to-one over C, we have:
codima(Sa,) < codimy; (fov (Cy)) = dim(V;) — dim(fov,(Ci)) = dim(V;) — dim/(C;)

or, codima(Sa,) < dim(V;) + codime(Cy) — dim(C). (5.93)

codima(Ra,) = codima(fay. fvx (fyx fBy(BiN Rp, N Lg,)))

Applying Lemma [7], we have:

codima(Ra,) < codimx (fyx fp,y(BiN Rp, N Lg,))

= dim(X) — dim(fyxfB,y(Bi N Rp, N Lg,))

From equation we know that fyx fp,y is one-to-one over B; N Rp, N Lp,. So,

codima(Ra,) < dim(X) —dim(B; N Rp, N Lp,)
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= dim(X) + codimp,(B; N Rp, N Lp,) — dim(B;)
Applying Lemma [6] and then substituting codimp,(Rp,) and codimp,(Lp,) from equations
and , we have:
codima(Ra,) < dim(X) + codimp,(B;) + codimp, (Rp,) + codimp, (Lp,) — dim(B;)
or, codima(Ra,) < dim(X) + codimp,(B;) + dim(Z) + codim4(A) — dim(A)
+ dim(W) + codim s(A) — dim(A) — dim(B;)
or, codima(Ra,) < dim(W) + dim(X) + dim(Z) + codimp, (B;) + 2codim a(A) — 2dim(A)

— dzm(Bl) (5.94)

codima(L a,) = codima(fay(fB.2(Bi N Sg,)))

Applying Lemma [7} we have:

codima(La,) < codimyz(fp,z(Bi N Sg,)) = dim(Z) — dim(fp,z(B; N Sg,))

From equation we know that fp,7z is one-to-one over BinS B;- S0,

codima(Ly,) < dim(Z) — dim(B; N Sp,) = dim(Z) + codimp, (B; N Sp,) — dim(B;)
Applying Lemma |§| and then substituting codimp, (Sp,) from equation , we have:
codima(La,) < dim(Z) + codimp,(B;) + codimp,(Sg,) — dim(B;)

or, codima(La,) < dim(Z) + codimp,(B;) + dim(Y) + codimc(C) — dim(C) — dim(B;).  (5.95)

Substituting equation (5.95)), (5.94), and (5.93) in equation (5.89)), we have:

dim(A) < (¢ — 1)(dim(W) + dim(X) + dim(Y') + 2dim(Z)) + Z dim(V;) — 2(q — 1)dim(A)
—2(q — 1)dim(C Z 2dim(B;) + (2q — 1)codima(A) + (¢ — 1)codimc(C)
q—1
+ Z 2codimp, (B;) + Z codimc (Cy). (5.96)
‘ i=1
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Now substituting equations (5.26)), (5.46]), (5.62)) and (5.76) in equation (5.96)), we have:

q—1
dim(A) < (¢ — 1)(dim(W) + dim(X) + dim(Y') + 2dim(Z)) + Z dim(V;) —2(q — 1)dim(A)
i=1
—2(q — 1)dim(C Z 2dim(B;) + (7q — 6)codimy (W') + (6¢ — 5)codim x (X')

—1
+ Y (2q)codimy, (V) + (3¢ — 3)codimy (Y') + (4q — 3)codimz(Z') + (2q — 1)codim a(A")
1

[}

.
Il

q—1 q—1
+ (g — 1)codime(C) + Z 2codimp(B]) + Z codim¢c(CY)
=1 =1

+ (bq — )(dzm(A) dim(A, By,...,By-1,0))

+ (6g — 5)( Z dim(B;) + dim(C)) — (¢ — 1)dim(Bu, . .., Bg—1,C).

Substituting values from equations (5.11)), (5.12)), (5.10), (5.13)), (5.14)), (5.6)), (5.7), (5.8), and (5.9),

we get:
dim(A) < (¢ = 1)(dim(W) + dim(X) + dim(Y") + 2dim(Z Z dim(V;) — 2(q — 1)dim(A)
—2(qg — 1)dim(C Z 2dim(B;) + (7q — 6)dim(W|A, By, ..., Bg-1)
q—1
+ (6g — 5)dim(X|By, ..., By 1,C) + Y _(2q)dim(Vi| X,U%_{ ., B;) + (3¢ — 3)dim(Y|W, X)
=1
+ (4q — 3)dim(Z|W,C) + (2q — 1)dim(A|Z, Vi, ..., Vo—1) + (¢ — 1)dim(C|A,Y)
q—1 q—1
+ Y 2dim(Bi|By, ..., Bi-1,Bij1,..., By1,Y, Z) + Y _ dim(C|Vi, By)
i=1 =1

+ (5¢ — )(dim(A) dim(A, By, ..., By_1,0))

+ (6g — 5) Zdzm ) 4 dim(C)) — (¢ — 1)dim(By,. .., B4_1,C).

5.4 Proof of the Inequality Shown in Equation (/5.2)

This proof is a generalization of the proof of inequality (66) of Theorem 15 presented in [32]. Let
V be a finite dimensional vector space and let A, By, Bo, ..., By, V1, Va,..., Vg, X, Y be subspaces of V/
for some positive integer . We now list a set of functions that maps these subspaces one to another.

These mappings are shown pictorially in Fig. for some particular value of i and j.
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Figure 5.4: In this figure each circle with a label inside represents a vector subspace. We assume a
set of mappings between these subspaces; these mappings are shown with an arrow directed from the
domain to the co-domain (note that these mappings are shown for a particular value of ¢ and j, and
holds for every value if i and j where 1 <i,5 < gq, j # 7).

fax A= X fay A=Y
gay : A=Y for1<i<gq: fay,: A=V,
for1<i<q: fpx:Bi— X fBvi: Bi = V;
fxa: X— A for1<i<gq: fxp,: X = B;
for1<i<gq: fyp :Y = B for1<i<gqg: fra:Vi— A

for 1<4,j<q¢j#i: fvp;: Vi = Bj.
Due to Lemma [8] the following holds:

q
fxa+ Z fxB, = I over a subspace X’ of X where codimx (X') < dim(X|A, B,...,By) (5.97)
i=1
q
fvia+ Z Jvip; = I over a subspace V! of V; where

J=Lj#i
codimy; (V ) < dim(V;|A, B1,...,Bi—1, Bit1,. .. ,Bq) (5.98)
q
Z fyB;, = I over a subspace Y’ of Y where codimy (Y') < dim(Y|By, ..., By) (5.99)
i=1
fax + fay = I over a subspace A’ of A where codim(A’) < dim(A|X,Y) (5.100)
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q

Z fav, + gay = I over a subspace A” of A where codima(A”) < dim(AV4,...,V,,Y)  (5.101)
i=1

for 1 <i<gq: fp,x + fB,v; = I over a subspace B; of B; where

codimp,(B]) < dim(B;|X,V;). (5.102)
Consider the following composite functions.

fXAfAX A= A (5.103)

for 1 <i<gq: fxp,fax + fye, fay : A — B;. (5.104)

Using equation (5.97)), we have:

q

fxafax + ZfXBifAX = fax over a subspace fx(X') of A. (5.105)
=1

Using equation (5.99)), we have:

q

Z fyB, fay = fay over a subspace fg}l,(Y') of A. (5.106)
i=1

Consider a subspace A" where
A" = f(XN N fap(Y)N A (5.107)

Summing the functions shown in equations (5.103|) and m, we have

q
fxafax + ) _(fxB.fax + fyp,fay)

= fax + fay = I over a subspace A" of A. (5.108)

So, due to Lemma [9] there exists a subspace A of A” over which:

fxafax —1=0 (5.109)
for 1 <i<gq: fxp,fax + fvs; fAYZO (5.110)
where codim am(A) < dim(A) + Z dim(B;) — dim(A, By, ..., By). (5.111)

Applying Lemma |§| to equation ([5.107)), we get:

codima(A") < codima(fx (X)) + codima(f 3 (Y")) + codima(A"). (5.112)
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Applying Lemma (7| to equation (5.112)), we get:
codima(A") < codimx (X") + codimy (Y') + codim 4 (A"). (5.113)
From equations ([5.113)) and (|5.111]), we have:

codima(A) = codim (A" + codimm (A) < codimx (X') + codimy (Y') + codim (A"

q
+dim(A) + Y dim(B;) — dim(A, By, ..., By). (5.114)
=1

Now, for each value of 1 < i < g, consider the following composite functions.

Ixafe,x + fviafy, : Bi— A (5.115)
IxB.fB;x : Bi = B; (5.116)
for 1<j<gq,j#i: fxp;fp,.x + fu;f.vi : Bi = Bj. (5.117)

Using equation (5.97)), we have:
q
fxalpx + ZfXijBiX = fB,x over a subspace fgilX(X’) of B;. (5.118)
j=1
Using equation ([5.98)), we have:
q
fviafv, + Z fviB,; fB;vi = fB,v; over a subspace fBTlIVZ(VZ') of V. (5.119)
=L
Consider the following subspace
B! = fpix(X") 0 f5}, (V) N B;. (5.120)

Summing the functions shown in equations (5.115)-(5.117) over B/, we get:

q
Ixale,x + fvafev, + fxB, fB;x + Z (fxB;fB:.x + fviB,; fB:V;)

j=Ljti
q q
= fxafsx + Y fx fex + fuafsyv+ Y, fvisfav,
j=1 j=L A
= fB.x + fBv; [from equations (5.118)) and (5.119))]

=1
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So according to Lemma |§| there exists a subspace B; over which the following identities hold:

fxalex + fv,afpv, =0 (5.121)

fx,fB;x —1=0 (5.122)

for 1 <j<gq,j#i: fxp,fe,x + fvig; fB;v; =0. (5.123)

where codimBzf,/(Bi) < dim(A) + zq: dim(B;) — dim(A, By, ..., By). (5.124)
i=1

Applying Lemma |§| to equation (5.120)), we have:
codimp,(BY) = codimBi(f];X(X’)) + codimBi(fgilvi (V/)) + codimp, (By). (5.125)
Applying Lemma [7| to equation (5.125)), we have:

codimp,(BY) = codimx (X") 4+ codimy,(V}) + codimp, (B}). (5.126)

From equations ((5.124)) and ((5.126f), we have:

codimp,(B;) = codimp,(B;') + codimpn(B;) < codimx (X") + codimy,(V}) + codimp, (B;)

%

q
+dim(A) + Y _ dim(B;) — dim(A, By, ..., By). (5.127)
J=1

Now consider the following composite functions:

q
S frafav,: A A (5.128)
=1
q
for1 <i<gq: Z fVJBZfAVJ + fYB,'gAY : A — B, (5.129)
J=Llj#i

Using equation (5.98)), we have:

q

for1<i<gq: fuafay, + Z fviB; fav; = fav, over a subspace fg‘l/l (V) of A. (5.130)
J=1,j#1
Using equation (5.99)), we have:
q
Z fyB;9Ay = gay over a subspace gg;(Y/) of A. (5.131)
i=1
Consider the following subspace
A" = (N fav. (V) N gy (Y) N A" (5.132)
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Summing the functions shown in equations (5.128)) and (5.129) over A" we get:

ZfVAfAV +Z Z fv;B.fav; + fyB,gay)

i=1 J 1,175%
q
Z fviafav, + Z Z fv;Bi fav; + ZfYB gay
i=1 i=1j= Lﬁfz
q
= fviafav + Z Z fv; B fav; + ZfYB gay
i=1 j=li= 12#]
q
= fvafav + Z Z fviB;fav; + ZfYB gay
=1 i=1 j=1,j7#1 p=1"
q
£ Z fav, + gay Applying equations ((5.130) and ((5.131))
i=1
= 4 Using equation ({5.101]) (5.133)
Then, due to Lemma |§|, over a subspace A of A" we have:
q
> fvafay, —I=0 (5.134)
i=1
q
for1<i<gq: Z Jv;B.fav; + fyB;gay = 0. (5.135)
=1
where,
codim g (A) < dim(A) + Zdzm — dim(A, By, ..., By). (5.136)
Applying Lemma @ on equation ((5.132)), we get:
codima(A™) = Z codim(f V’)) + codima(g 4y (Y')) + codim 4(A"). (5.137)
Applying Lemma m on equation ([5.137)), we get:
codim 4 (A"") Z codimy, (V) + codimy (Y') + codim 4 (A"). (5.138)
Using equations ([5.138]) and (5.136]), we have:
codima(A) = codima(A™) + codim am (A) < Z codimy, (V) + codimy (Y') + codim 4(A”)
+ dim(A) + Z dim(B;) — dim(A, By, ..., B,).  (5.139)
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Consider the following subspaces.

A" = fax(A)

A™ = A" O\ B

AT = fxa(A™)

for 1<i<gq: B = fp,x(Bi)
Bi*=BiNByN---NB;
for2<i<q: Bf* = B{NB;

for 1 <i<gq: B™ = fxp,(B;™).

(5.140)
(5.141)
(5.142)
(5.143)
(5.144)
(5.145)

(5.146)

From equation (5.109) and ([5.140) we know that fx 4 is one-to-one over A*. Now from ((5.140) , we

get fxa(A*) = A, which implies fxa(A4*) C A (as due to (5.141)) A** C A*). This implies A*** C A
(from (5.142)). Then, fxafax(A™) = A™* = fxa(A*), and so we must have A™ = fax(A™).
With similar reasoning, from equation (5.122) and (5.143)-(5.146) we have: B}* = fp, x(B;**) for

1 <i < gq. [This is done in the following way. From equation (5.122)) and (5.143) we know that fxp, is

one-to-one over Bf. Then from (5.143)): fxp,(B}) = B; which implies fx g, (B}*) C B; (due to (5.144)

and (5.145)). This implies B;** C B; (from (5.146)). Then, fxp, fp,x(B**) = B** = fxp,(B),

and so we must have B = fp, x (B;**).]

Let us define the following subspaces:

Sa = {a € Algay(a) € fay(A™")}
for 1 <i<q: 8= {a € Alfav(a) € fow (B}

S=ANS, NS NSyN---NS,.

(5.147)
(5.148)

(5.149)

Let a € S. Then fav,(a) = fB,v;(b;) for some b; € B}** where 1 < i < q. Also gay(a) = fay(a)

for some a € A*™*. So from equations (5.134]) and (5.135|) respectively, we have:

q
S fvafsv(b) = a

i=1

q
and for 1 <i<gq: Z fv,B, fB;v;(bj) + fy, fay(a) = 0.
J=Li#i
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Summing equation (5.121)) for 1 < i < g, we have:

q

> (fxafsx + fvafs)(bi) =0 (5.152)

i=1
Substituting Y7 ; fv;afB,v;(b;) from equation (5.150) in equation (5.152), we have:
q
ZfXAfBiX(bi) =—a (5.153)
i=1
interchanging ¢ and j in equation (5.123]), and then summing for 1 < j < ¢, j # %, we have:

q
for 1<i<q: Y (fxa.fo,x + fv;ptB,v,)(b) =0 (5.154)
J=1,5#i

Substituting ZJ 1j=i 1v; B fB,v; (bs) from equation l) in equation ([5.154]), we have:

q
forl1<i<gq: Z fXBifBjX(bj) — fyB, fay(a) =0 (5.155)
J=1,j71

Substituting fy p, fay (a) from equation (5.110), we have:
for 1 <i<gq: Z fxB,fB;x(bj) + fxB,fax(a) =0 (5.156)
J=1,g#1

For ¢« = 1, from equation ([5.156[), we get:

ZfXBlfBX( i) + fxB, fax(a) =0

j=2
or, fxp, ZfBX )+ fax(a)) =0
7j=2
Since fp;x(bj) € (By N By) for 2 <j <¢; and fax(a) € (A" N By); and as fxp, is invertible

over BY, we have:

Zfo )+ fax(a) = 0. (5.157)

For 2 <i < ¢, from equation ([5.156]), we get:

fxn,( Z fB;x(bj) + fax(a)) =0
J=Lj#i
or, fxp,(fBx(b1) — fB,x( ifB x(bj) + fax(a)) =0
or, i mx(b0) ~ fx (b)) =0 [wsing cquation (T5D)
or, (fi,x(b1) — frux (b)) = 0 [Since f,x(b1) € BY and fyp, is invertible over B! |
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or, fB,x(b1) = fp,x(bi).
Substituting equation (5.158)) in equation ([5.153)), we get:

q
> fxafpx(b) = —a

i=1

or, ¢fxafp x(b1) = —a

Now, if the characteristic of the finite field divides ¢, we must have ¢ = 0. So, —a = 0.
Since this is true for any arbitrary a € S, we must have S = {0}, which implies dim(S) = 0.

Now, dim(A) = dim(A) — dim(S) = codima(S) = codim (AN S, NS NSyN---NS,)

q
< codima(A) + codima(S,) + Z codim 4(S;) [applying Lemma [6].
i=1

Hence, from ([5.147)) we have:

codima(S,) = codima(gyy (fay (A*))) < codimy (fay (A*)) [from Lemma [7]

or, codim(Sy) < dim(Y) — dim(fay (A™))

Since fax(A™) is a subspace of Bj( due to (5.141)) and that A™* = fax(A™)), fxB, fax is

invertible over A™*. So from equation (5.110): fy p, fay is invertible over A***, and hence

(5.158)

(5.159)

(5.160)

fay is invertible over A™*. Then, dim(fay (A***)) = dim(A™"). Hence from eqn. (5.160) we have:

codima(Sy) < dim(Y) — dim(A™) = dim(Y) — dim(fxa(A™))

Now, A™ is a subspace of f4x(A), and over fax(A), fxa is invertible because of eqn. ((5.109)).

So, codimA(Sy) < dim(Y') — dim(A™) = dim(Y") — dim(A* N BY)

= dim(Y) + codimx (A* N BY) — dim(X)

or

codimy(Sq) < dim(Y') + codimx (A*) + codimx (By) — dim(X) [from Lemma [6]

or, codima(S,) < dim(Y) + dim(X) — dim(A*) + dim(X) — dim(B7) — dim(X)

or

codim(Sq) < dim(Y) + dim(X) — dim(fax(A)) — dim(f,x(B1))

codim(S,) < dim(Y) + dim(X) — dim(A) — dim(B)

or

codim 4 (S,) < dim(Y) + dim(X) + codim4(A) + codimp, (B1) — dim(A) — dim(By).

or

TH-2118 136102023

(5.161)

148
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for 1 <i < g, from (5.148]) we have:

codim4(S;) = codzmA(fAV (fB,v;(Bi"™™))) < codimy,(fp,v,(B;*™")) [from Lemma |7

or, codima(S;) < dim(V;) — dim(fp,v,(B;**"))

Since fp,x(B;™) is a subspace of B, fxp, fB;x is invertible over B;**; from equation (5.123)
fv;B, [B,v; is invertible over B;**, and hence fp.y; must be invertible over B;**. So,

codima($1) < dim(Vi) = dim(B;*™) = dim(Vi) — dim(fx 3, (B:™)) (5.162)
Now, B}* is a subspace of fg,x(B;), and over fg,x(B;): fxp, is invertible from eq. .

So, for 2 <7 < g we have:

codimA(S;) < dim(V;) — dim(B;*™) = dim(V;) — dim(B;* N BY)

= dim(V;) + codimx (B;* N B}) — dim(X)

< dim(V;) + codimx (B;*) + codimx (B}) — dim(X) [using Lemma [6]

= dim(V;) + dim(X) — dim(B;) + dim(X) — dim(B}) — dim(X)

= dim(V;) + dim(X) — dim(fp,x(B;)) — dim(fp, x (B1))

= dim(V;) + dim(X) — dim(B;) — dim(B) [using equation (5.122)]

= dim(V;) + dim(X) + codimp, (B;) + codimp, (B1) — dim(B;) — dim(B;) (5.163)
for ¢ = 1 form equation we have:

codim(S1) < dim(Vy) — dim(B1™) = dim(V1) — dim(B1* N B3 N ---N By)

= dim(V1) + codimx (B1* N B3 N --- N By) — dim(X)

q
< dim(Vq) + Z codimx (B;*) — dim(X) [from Lemma [6]

1=1
= dim(V1) + (¢)dim(X Zdzm — dim(X)
= dim(V1) + (¢ — 1)dim(X Zdzm (fB.x(By))
= dim(V1) + (¢ — )dim(X Z dim(B [using equation ((5.122))]
q
= dim(V1) + (¢ — 1)dim(X) + Z codimp, (B;) — Z dim(B;). (5.164)
=1 =
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So, substituting equations ([5.161f), (5.163[), and (5.164)) in equation (5.159)), we have:

q
dim(A) < codima(A) + codima(S,) + Z codim 4(S;)

i=1
or, dim(A) < codima(A) + dim(Y) + dim( ) + codim 4 (A) + codimp, (By) — dim(A)

— dim(By) + dim(V1) 4+ (¢ — 1)dim(X) + Z codimp, (B;) — Z dim(B;) + Z dim(V;)
i=1

+ (¢ — 1)dim(X) + i codimp,(B;) + (¢ — 1)codimp, (B1) — Z dim(B;) — (¢ — 1)dim/(B)
or, dim(A) < codz’mz,:(zfl) + dim(Y) + (2¢ — 1)dim(X) + codzmA(fl) — dim(A)
— (g + 1)dim(B1) + zq: dim(V;) + Zq: 2codimp, (B;) + (q + 1)codimp, (B1) — Z 2dim(B
Substituting values fromi:luations , , and , we get:
dim(A) < Zq: codimy; (Vi) + codimy (Y') + codima(A") + dim(A) + Z dim(B
i=1

—dim(A, By,...,By) + dim(Y) + (2¢ — 1)dim(X) + codimx (X") + codzmy(Y ) + codima(A")

+dim(A) + ) " dim(B;) — dim(A, By, ..., By) — dim(A) — (q + 1)dim(By) + > _ dim(V;
; =1

q
+ Z 2(codimx (X")+codimy, (V}) + codim g, (B;) + dim(A) + Z dim(Bj)—dim(A, By, .., By))
=2
+ (¢ + 1)(codimx (X') + codimy, (V]) + codimp, (B}) + dim(A) + Z dim(B
q
—dim(A, By,...,By)) — Y _ 2dim(B
q
or, dim(A) < (q + 2)codimy, (V{) + Z 3codimy; (V) + 2codimy (Y') + codima(A") + dim(Y)

=2

+ (2q — 1)dim(X) + (3q)codimx (X') + codima(A') — dim(A) = (¢ + 1)dim(By) + Y _ dim(V;)
=1

q
+ Z 2codimp,(B;) + (¢ + 1)codimpg, (BY) Z 2dim(B

+ (Bg + 1)(dim(A —I—Zdzm —dim(A, By, ...,By))

Substituting values from equations ([5.97)), (5.99), (5.98)), (5.100)), (5.102)) and (5.101)), we get:

q
or, dim(A) < (¢ + 2)dim(Vi|A, By, ..., Bg) + > 3dim(V;|A, By, ..., Bi_1, Bi1,. .., By)
=2
+ 2dim(Y|B1, ..., Bq) + dim(A|V1,..., Vg, Y) +dim(Y) + (2¢ — 1)dim(X)

+ (3q)dim(X|A, By, ..., By) + dim(A|X,Y) — dim(A) — (q + 1)dim(By) + Z dim(V;
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q
+ > 2dim(Bi| X, Vi) + (¢ + 1)dim(B1] X, 1) me
=2

+ (3¢ + 1)(dim(A —i—Zdzm — dim(A, By,...,By,))
or, 2dim(A) + (q + 1)dim(By) + Z 2dim(B;) < (2¢ — 1)dim(X) + dim(Y') + Z dim(V;)
=2
+ dim(A|X,Y) + dim(A|V4, ..., Vi, Y) + (¢ + 1)dim(By1| X, V1) + Z 2dim(B;| X, V;)
=2

+ (3q)dim(X|A, By, ..., By) + 2dim(Y|By, ..., By) + (¢ + 2)dim(Vi|A, Bs, ..., By)

q
+ > " 3dim(Vi|A, By, ..., Bi_1, Bis1, ..., By)
1=2

+ (3¢ + 1)(dim(A) + Zdzm —dim(A, By,...,By)).

5.5 Proof of the Inequality Shown in Equation (5.3

We here derive another characteristic-dependent linear rank inequality by defining the set S in

equation (5.149)) in a different way. (So the following content continues from equation ([5.139)).)
For 1 <:< q: SAi = {u S A‘fo(u) E fle(BZ)} (5.165)

Now note that over fp, x(Bi), fx B, is one-to-one from equation (5.122)); and f4x is one-to-one over A

from equation (5.109). Then, over a subspace AN Sa,, fxp,fax is one-to-one. Hence from equation

(5.110), both fyp, and fay are one-to-one over AN Sy, .
Now note that from equation (5.109), we have, over fax (A):

Jaxfxa=1 (5.166)

Consider the composite function fax fxafs,x + faxfv,afB,v;- Due to equation (/5.121)), over B;, we

have:

faxfxafex + faxfvafev, =0 (5.167)

Consider the below subspaces:
for1 <i< q: SBi = {u € BZ|fle(u) € fA)((/_l)} (5.168)
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Then, for any b; € B; N Sp, there exists a € A such that fg,x(b;) = fax(a). So from equation (5.167)),

we have:
faxfxafsix(bi) + faxfv,afsv,(bi) =0
or, fax fxafax(a)+ fax fv,afsv(bi) =0
or, fax(a) + fax fv,afp,v,(bi) =0 [due to equation (5.109))]
or, fB,x(bi) + fax fv,afm,v,(bi) = 0.
So we have:

fB.x + faxfv,afev, =0 (5.169)

Consider the composite function: fxp, fB,x + fxB, faxfv,afB,v;.

Due to equation (5.169)) over B; N SB,, we have:

fxB, fB;x + fxB; faxfviafsv, =0

or, from equation (5.122)): fxp, faxfvafev, =—1. (5.170)

Consider the composite function: fxp, f,x + fxB, fax fv,afp,v, for j # i. Due to equation (5.169)

over B; N Sp,, we have:

fxB;fB:x + fxB; faxfv,afv;, =0

using equation (5.123): — fv;B, fB,v; + fxB, faxfv,afev; = 0. (5.171)

We define the set S as following:

SA = {u S A|g,4y(u) € fAy(AﬂSAl N SA2 Nn---N SAQ)} (5.172)
RAZ' ={ue /Al|fAVZ(u) € fBl\/Z(Bz NSg,)} (5.173)
S=ANANSy NS4, N---NSa, NS;NRy NR; N---NR, . (5.174)

Let a € S. Then from equation (5.135)), for 1 <1 < g we have:

q
> fvsfav, (@) + fyp.gay (@) =0

Jj=1,j#i B

From ([5.172) we know there exists a a € AN (ﬁgzlSAi) such that gay(a) = fay(a). So,

q
Z fviB.fav;(@) + fyp, fay(a) =0
J=1,j#i
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Substituting fyp, fay (a) from equation (5.110]) we have:
q

Y fvifav,(@) = fxpfax(a) =0
J=L i )
Since fay is invertible over AN UJ_;S4,, we can write:

q
S© fvfav, (@) — fxp fax fay fay(a) =0

=1
q
or, »  fvpfav;(@) — fxp,faxfaygay (@) =0
J=L1j#i

From (5.173) we know there exists a bj € B;j N Sp, such that fay,(a) = f5,v,(b;). So,

q
Z fv,s, IB,v, (b)) = fxp fax faygay (@) =0
]Silll,)]sfiltuting fv;B,fB,v,(bj) from equation we have:
q
Z —fxB.fB,x (b)) — fxB.fax faygay (@) =0
ézllﬂ;js;‘céiltuting fB,x(bj) from equation we have:

q
> fxmfaxfvafev () — fxs fax faygay (@) =0

=1y
q
or, Z IxB, faxfv,afav;(a) — fxB,fax faygay(a) =0
=1
q
or, fxB, fax( Z fv,afav, — faygay)(@) =0 (5.175)

J=1.j#1

q

Now from equation (5.134) we have (fy,afav, + Z fv,afav;)(a) = a. So, from (5.175)):
J=Lj#i
fxpifax(@ = fvafavi(a) — faygav(a)) = 0. (5.176)

Let A'~! be the subspace over which fx B, fax is one-to-one. We have already shown that (A N
Sa, NSa,N---NSy,) C AL Since @ € AN S NS4, N--- NS4, we know a € A1 Now,
fviafav,(@) € fv.afev.(BiN Sp,), and from equation (5.170) we know that fxp, fax in one-to-
one over fv.afp,v.(Bi N Sg,). So fu.afay,(a) € A" From we know that fX}I/gAy(d) €
Fay fay (ANS4,NSa,N- NS a,) = (ANS4,NSa,N---NSa,). So, (a—fv,afav,(@)—faygay(a) € AL
Then for equation to hold we must have:

a — fv,afav,(@) — faygay(a) =0

or, fr,afav,(a) = a — faygay(a). (5.177)
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As equation (5.177)) holds for 1 < i < ¢ we have:

q
> fviafav, (@) = gi — qf 9y (@)

i=1

Using equation (5.134)): a = qa — quxl,gAy (a)

If ¢ = 0 over a finite field, we get: a = 0.

As this holds for any a € S, we must have S = {0}. Now we calculate some values that help us

compute an upper-bound over dim(A).

codima(Sa,) = codima(f;x(fB,x(Bi))) < codimx (f,x (B;)) = dim(X) — dim(fp,x (B;))

or, codima(Sa,) < dim(X) — dim(B;) = dim(X) + codimp, (B;) — dim(B;). (5.178)

codimp, (Sp,) = codimp, (f5)x (fax(4))) < codimx(fax(A)) = dim(X) — dim(fax(A))

codimp, (Sp,) < dim(X) — dim(A) = dim(X) + codima(A) — dim(A). (5.179)

dim(A) = dim(A) — dim(S) = codim a(S)
q
or, dim(A) < codima(A) + codim(A) + Z codima(Sa;) + codima(gyy (fay (AN (N,S4,))))
i=1

q
+ ) codima(fay, (f5:vi(BiN S5,)))
i=1

q
or, dim(A) < codims(A) + codim 4 (A) + Z codima(Sa,) + codimy (fay (AN (NE,54,)))

=1

q
+ Y codimy,(fp,v;(Bi N Sp,))
i=1
As over AN (NL_,54,), fay is one-to-one, and as from equation (5.169) over B;N Sp,

fB,v; is one-to-one, we have:

q
or, dim(A) < codima(A) + codim 4(A) + Z codima(Sa,) + codimy (AN (N, S4,))
i=1

q
+ Z codimy,(B; N Sg,)
i=1

q
or, dim(A) < codims(A) + codim 4(A) + Z codima(Sa,) + dim(Y) + codima(AN (N, S4,))
i=1

q
— dim(A) + Z dim(V;) + Z codimp,(B; N Sg,) Z dim(B
i= i=1
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q
or, dim(A) < codima(A) + 2codim 4(A) + Z 2codima(Sa;) + dim(Y) — dim(A)

=1

q q
+ Z dim(V;) + Z codimp,(B;) + Z codimp,(Sp,) Z dim(B
=1 i=1 i=1

Substituting values from equations (5.179)) and (5.178]), we have:

q
dim(A) < codima(A) + 2codim(A) + ) _ 2(dim(X) + codimp,(B;) — dim(By)) + dim(Y")
q q . q
—dim(A) + Z dim(V;) + Z codimp, (B;)+ Z(dim(X)—i—codimA( —dim(A Z dim(B
] =1 =1

or, dim(A) < codima(A) + (q + 2)codim(A) + (3¢)dim(X) + Z 3codimp, (B;)
=1

- Z 3dim(B;) + dim(Y') — (¢ + 1)dim(A) + Z dim(V;
r, (¢ +2)dim(A Z 3dim(B;) < codima(A) + (g + 2)codima(A) + (3¢)dim(X)

q
+ Z 3codimp, (B;) + dim(Y) + Z dim(V;
i=1

r, (¢4 2)dim(A) + Z 3dim(B;) < Z codimy, (V}) + codimy (Y') + codim 4 (A”)
q

+ (q + 2)(codim x (X") + codimy (Y') + codim 4(A")) + (3q)dim(X) + Z 3(codimx (X")

i=1
+ codimy, (V}) + codimp, (B})) + dim(Y) + Z dim(V;

+ (4g + 3)(dim(A —|—Zd2m —dim(A, B1,...,By))

r, (¢ + 2)dim(A) + Z 3dim(B;) < (3q)dim(X) + dim(Y") + Z dim(V; Z dcodimy;, (V,

+ (¢ + 3)codimy (Y ) + codzmA(A”) + (4q + 2)codim x (X') + (q + 2)codzmA(A )

+ Z 3codimp, (B}) + (4q + 3)(dim(A) + Z dim(Bj) — dim(A, By, ..., By))
1=1
r, (¢ + 2)dim(A) + Z 3dim(B;) < (3q)dim(X) + dim(Y) + Z dim(V;

q
+ > 4dim(V;|A, By, .., Bi1,Biy1, .., By) + (q+ 3)dim(Y| By, ..., By) + dim(A[VA, ..., Vg, Y)
=1

q
+ (4q + 2)dim(X|A, By, ..., By) + (¢ + 2)dim(A|X,Y) + > 3dim(B;| X, V;)
=1

TH-2118 136102023

155



5. Characteristic-dependent linear rank inequalities

5.6

+ (4g + 3)(dim(A) + > dim(B;) — dim(A, By,...,By)).  (5.180)
j=1

Discussion

There are some open problems that the derivation of these characteristic-dependent linear rank

inequalities have brought forth.

(i)

(iii)

Given a network and a set of characteristic-dependent linear rank inequalities, it is not clear
applying which inequality would result in the tightest upper-bound on the linear coding capacity
over a given finite field. For example, if the inequalities produced in [34] are applied to the
networks in Fig. and Fig. it produces upper-bounds less tighter than the inequalities in
equations and (5.2 respectively. And if the inequalities of equations and are
applied back to the two networks used in [34] to construct the characteristic-dependent linear
rank inequalities, it produces less tighter upper-bounds in comparison to the inequalities of [34].
It seems like, given a network, to find the best upper-bound, it is better to construct a suitable

linear rank inequality from the scratch.

Can characteristic-dependent linear rank inequalities be algorithmically be generated from net-
works whose linear coding capacity varies with the characteristic of the finite field. We, in the
proofs of these inequalities, have constructed the set S (the set that contains only the zero vector
over certain characteristics but contains more vectors over other characteristics) in an ad-hoc
way. What we do not know is whether there exists an algorithm to search for S systematically.
If this problem is solved, then the whole DFZ method becomes algorithmic and characteristic-
dependent linear rank inequalities can be generated systematically. It would also be interesting

to know what would be the complexity of such an algorithm.

Why our inequalities did not produce tight upper-bounds even for the case when ¢ = 27 Whether
it would have produced a tight upper-bound if the set S had been constructed some other way;
or whether tight upper-bounds are not guaranteed to be produced by the DFZ method. In [32]
also, the authors report that the characteristics-dependent linear rank inequality generated by

the DFZ method produces an upper-bound of 6/7 on the linear coding capacity of the non-Fano
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network over finite fields of even characteristics; whereas its linear coding capacity over such a

finite field is equal to 5/6.

(iv) Each and every instance of the application of the DFZ method (contained in [32], [33], [34], and
in this thesis), produced and upper-bound that is of the form kiﬂ, when the inequality is applied
back to the network using which it has been constructed. We do not know whether this is a
limitation of the DFZ method or it is just these networks that were tried have this similarity in

outcome.

(v) How many characteristic-dependent linear rank inequalities are there when the number of vari-
ables are fixed? When the number of variables are 6 or less, there exists no characteristic-
dependent linear rank inequality. It is not known whether the number of characteristic-dependent

linear rank inequalities having a given finite number of variables is also finite.
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6. Conclusion

It was already shown in [3] that a network may have a rate 1 linear solution, but it may not have
a (1,1) fractional linear solution. In Chapter |3, we showed that (i) a network may have a rate k/n
linear solution, but have no (wk,wn) fractional linear solution unless w is a multiple of a certain
integer, and (ii) a network may have a rate k/n linear solution, but have no (wk, wn) fractional linear
solution unless w is greater than or equal to a certain integer. These results also show that that for
any arbitrary large number m, there exits a network which has no (mk, mn) fractional linear solution
but has a (wk, wn) fractional linear solution for some w > m, hence to achieve a rate k/n, the message
dimension may has to be arbitrary large.

As a result, it is natural to ask that, for a network which is already known to have a vector linear
solution, if the message dimension is fixed to some value (something which may be applicable to a
practical network), can it be guaranteed that a certain rate would always be linearly achievable? Or,
whether for any three positive integers k, n, and d, there exists a network which has a d-dimensional
vector linear solution (same as a (d, d)-fractional linear solution), but for some positive integer w, if
is the least positive integer such that the network has (w, [)-fractional linear solution, then the ratio
w/l is less than or equal to k/n. Or, looking from another direction: if a suboptimal rate is desired,
what is the minimum value of the message dimension for which the desired rate would be achievable?

Our work also shows that a dj-dimensional vector linear solution (d; > 2) is not superior to a
ds-dimensional vector linear solution (dg2 > 2) irrespective of whether dy is greater than d; or d; is
greater than do. This is because a network may have a d;-dimensional vector linear solution but have
no do-dimensional vector linear solution, and vice versa.

The results of Chapter [3|can be combined with the result of [19] to show that for any set of primes
P, and for any positive integer m, there exists a network which has a vector linear solution if and
only if the message dimension is a multiple of m and the characteristic of the finite field belongs to P.
Also, there exists a network which has a vector linear solution if and only if the message dimension is
greater than or equal to m and the characteristic of the finite field belongs to P.

In Chapter [4 we showed that the set of characteristics over which a vector linear solution exists
depends upon the message dimension; as the message dimension is increased, the set of characteristics
over which a vector linear solution exists may get larger as well as may get smaller. We also showed
that a network may have an mj-dimensional vector linear solution and an ms-dimensional vector linear

solution, but have no (mj + mg)-dimensional vector linear solution.
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It has been shown in [12] that linear coding capacity over finite fields is greater than or equal to
linear coding capacity over rings which are not fields. We showed that scalar linear network coding
over rings may be superior to scalar linear network coding over finite fields in terms of achieving a
solution over a lesser sized alphabet. Moreover, we leave an open problem that whether rings are also
superior, again in terms of alphabet size, when the objective is to achieve a vector linear solution.
That is, whether there exists a network which, for some positive integer d, has a d-dimensional vector
linear solution over a finite field if only if the size of the finite field is at least n, but has d-dimensional
vector linear solution over a ring whose size is strictly less than n.

It is known that a network may have a d-dimensional vector linear solution over F,, but have no
scalar linear solution over any finite field whose size is less than or equal to ¢?. We showed that for
any prime number p, there exists a non-multicast network which has a scalar linear solution if and
only if the size of the finite field is a power of the p, but has a 2-dimensional vector linear solution
over all finite fields. This shows new extremes of the reduction in finite field size requirement that can
be achieved by using vector linear network coding.

In Chapter |5, we showed three new sets of characteristic dependent linear rank inequalities. For a
network whose linear coding capacity is different over different finite fields, neither linear rank inequal-
ities that hold over all finite fields nor information inequalities (or their combination) can produce
different upper-bounds over different characteristics. For such networks, characteristic dependent lin-
ear rank inequalities can be used to find upper-bounds on the linear coding capacity over a given
characteristic of the finite field.

The works of Chapter [5] puts more light on the known DFZ method used in the literature to produce
characteristic-dependent linear rank inequalities that hold in general, but obtained from example
networks. A problem that remains open is: can these inequalities be systematically generated, and
how hard that process would be. Such an algorithm could also be used to test whether a given
network’s linear coding capacity varies with the characteristic of the finite field.

Another question that remains open is that whether linear rank inequalities can also capture the
fact that a network may have a vector linear solution but have no scalar linear solution. Also, now as
we have shown in Chapter [ that the set of characteristics over which a network has an m-dimensional

vector linear solution depends upon m, can linear rank inequalities capture this fact as well.
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