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Abstract

The primary aim of this thesis is to study a posteriori error analysis of parabolic interface
problems in a bounded convex polygonal domain in R?. Interface problems arise in various
applications ranging from material science to fluid dynamics when two distinct materials or
fluids with different conductivities or densities or diffusion coefficients are involved. Due to the
discontinuity of the coeflicient along the interface, the solution has a lower regularity in the
entire domain. Therefore, it is not so straightforward to extend the analysis of the parabolic
problem to the parabolic interface problems. This thesis attempts to extend a posteriori error

analysis of parabolic problems to the parabolic interface problems.

A residual-based a posteriori error estimates for both the spatially discrete and the fully
discrete approximations are considered and analyzed. The residual-based a posteriori error
analysis relies on the approximation properties of the Clément-type interpolation operator
introduced by Scott and Zhang [92]. However, to obtain O(h?) convergence with the piecewise
linear elements for such type of operator, one requires the global H? regularity of the solution.
But, as the solution of the parabolic interface problem is only in H(2) globally and hence, the
standard approximation properties do not apply directly for the interface problems. Therefore,
new approximation properties for the Clément-type interpolation operator are derived in this
thesis. An appropriate elliptic reconstruction operator along with the new approximation
results are used to derive a posteriori error bounds for the parabolic interface problems. Almost
optimal order a posteriori error estimates are obtained in the L°°(L?)-norm for the the spatially

discrete approximation.

The fully discrete space-time finite element discretizations based on the backward Euler,
the Crank-Nicolson (CN) and the two-step backward differentiation formula (BDF-2) approx-
imations are also studied in this thesis. The CN approximation is one of the most popular
time-stepping method but it has the lack of smoothing property of the solution operator,
whereas the two-step BDF method exhibits the smoothing property of the solution. The
essential ingredients in both the CN and BDF-2 error analysis are the continuous piecewise

quadratic space-time reconstructions and the new Clément-type interpolation estimates. Op-

xiil
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timal order in time and almost optimal order in space a posteriori estimates are derived in
the L°°(L?)-norm.

In addition, we have also extended our analysis to treat the semilinear parabolic interface
problems. A posteriori error analysis for both the backward Euler and the Crank-Nicolson
approximations are presented. An appropriate modifications of elliptic reconstruction and use
of the new interpolation results are used to derive a posteriori estimates which are of optimal
order in time and almost optimal in space.

Finally, numerical experiments for a two dimensional test problem are performed to study

the asymptotic behaviour of the various error estimators for the linear parabolic interface

problems.

Xiv

TH-1408_09612311



List of Symbols

List of Figure

List of Tables

1

ntroductio

1.1 Problem Statement

1.2 Notations and Prerequisites

1.3 Backeround and Motivati

1.4 Oreanization of the Thesis

2 Spatially Discr

te Error Analysi

2.1 TIntroductio

2.2  Clément-tvpe Interpolation Error Estimates

2.3  Abstract Error Analvsid

3

Fully Discrete

3.1 Introductio

3.2  Abstract Error Analvsid

Fully Discrete

4.1 Introductio

TH-1408_09612311

XV

Contents

XVi
xXxiv

XXV



4.2  Abstract Error Analvsid . . . . . . ..

5 lly Discrete BDF-2 Error Analysis

5.1 Introductionl . . . . ..o,

5.2 Quadratic Space-time BDF-2 Reconstruction . . . . . . . . . . . . . ...

5.3 Abstract Error Analvsid . . . . . . ...

6  Error Analvsis of Semilinear Problems

6.1 Introductionl . . . . o . o o,

6.2 Abstract Backward FEuler Error Analysid . . . . . . . . . . . . ... ...

6.3  Abstract Crank-Nicolson Error Analvsid . . . . . . . . . . . .. . . ...

7 Numerical Assessment

7.1 Results for Backward Euler Approximation . . . . . . . . . . . . . . . ..

7.2  Results for Crank-Nicolson Approximation . . . . . . . . . . . . . . ...

7.3 Results for BDF-2 Approximation . . . . . . . . ... ... ... .....

8 Conclusions and Extensions

8.1 Critical Review of the Resultd . . . . . . . . . . . . . . . . . . ... ...

8.2 FExtensions and Remarkd . . . . . . . . . . e

Bibliography

Xvi

TH-1408_09612311

73
73
77
79

93
93
96
103

115
115
118
121

125
125
127

131



List of Symbols

091 i— 1}

The set of natural numbers

The set of non-negative integers

n-dimensional Euclidean space

The closure of a set A C R?

The interior of a set A C R?

The boundary of a set A

The standard Lebesgue measure of a set A C R?

The cardinality of a set A

Bounded convex polygonal domain in R"

Lipschitz boundary of {2

Subdomain of {2

Boundary of {2, (interface)

The exact solution of the parabolic interface problem
Diffusion coefficient

Forcing term

Initial function

Jump of a quantity v across the interface I”

Unit outward normal to the interface I'

One of the partial derivative of order |a| of ¢ : R* — R
Support of a function ¢

The space of m times continuously differentiable function on {2
The space of all C™ functions with compact support in {2
The space of all infinitely differentiable functions with

compact support in {2

TH-1408_09612311

Xvil




LP(M)

|- ey
<'v >M
wmr(M)

|+ lwme )
|+ lwmp
H™(£2)

-]
-
Hg(£2)
LP(0,T;B)

Hm(Q)

Hm(Q)

|- Nl zeo.r;m)

C(0,7;B)

Te \Tn"
Sk
En

The Lebesgue spaces of order p (1 < p < o0) over a Lebesgue
measurable set M

Norm on LP(M)

Standard L? inner product on M

The Sobolev Spaces of order (m,p),m € N and 1 < p < oo over a
Lebesgue measurable set M

Norm on W"™P(M)

Semi-norm on W"?(M)

Sobolev Hilbert space W™?(2) (m € N)

Norm on H™({2)

Semi-norm on H"™({2)

The completion of C§°(§2) in H™-norm

The standard Bochner space with B is a Banach space (1 < p < 00)

Norm on L*(0,7; B)

The space of continuous function ¢ : [0,7] — B
Norm on C(0,7; B)

Bilinear form

Continuity constant for af(-, -)

Coercivity constant for a(-,-)

Shape regular, conforming triangulation of (2 for the spatially
discrete finite element approximation

Set of all interface triangles

Set of all non-interface triangles

Patch of a triangle K

Set of all internal edges of the triangles in 7},

Set of all edges of the interface triangles in 7"

TH-1408_09612311

Xviil




En\ &,
2n
Sh
Py (K)
113
An

Set of all internal edges of the non-interface triangles in 7Ty, \ 7"
Union of all internal edges in &,

Finite element space for the spatially discrete approximation

The space of polynomials of degree at most 1 over K

L2-projection operator corresponding to the finite element space S,
Discrete elliptic operator corresponding to the bilinear form a(-, -)

for the spatially discrete approximation

The Clément-type interpolation operator corresponding to

the finite element space Sy,

Elliptic reconstruction operator for the spatially discrete approximation
Element residual associated with the spatially discrete approximation
Jump residual associated with the spatially discrete approximation
Elliptic reconstruction error

Parabolic error

Elliptic reconstruction error estimator in the L?-norm for the
spatially discrete approximation

Spatial error estimator for the spatially discrete approximation
Shape regular, conforming triangulation of (2 for the fully discrete
finite element approximation

The finite element space for the fully discrete approximation

Set of all internal edges of the triangles in 7,

Union of all internal edges in &,

Continuous, piecewise linear approximation in time of u(t)
L?-projection operator corresponding to the finite element space S™
Discrete elliptic operator corresponding to the bilinear form a(-, -) for

the fully discrete approximation

TH-1408_09612311

Xix




Hn

Rn

OBE2n

e///BE,n

Z,BE,n
@BE,n

The Clément-type interpolation operator corresponding to the finite

element space S"

Elliptic reconstruction operator for the fully discrete approximation of linear
parabolic interface problem

Linear space-time reconstruction of the fully discrete approximate solution
Element residual for the fully discrete backward Euler approximation

Jump residual for the fully discrete backward Euler approximation

Elliptic reconstruction error estimator for the fully discrete backward Euler
approximation in the H'-norm

Elliptic reconstruction error estimator for the fully discrete backward Euler
approximation in the L?-norm

Space-mesh error estimator for the fully discrete backward Euler
approximation

Temporal error estimator for the fully discrete backward Euler approximation
Data approximation error estimator for the fully discrete backward Euler
approximation

Continuous piecewise linear approximation of f(t)

Crank-Nicolson reconstruction

Parabolic error for the fully discrete Crank-Nicolson approximation

Time reconstruction error for the fully discrete Crank-Nicolson approximation
Elliptic reconstruction error estimator for the fully discrete Crank-Nicolson
approximation

Space-mesh error estimator for the fully discrete Crank-Nicolson approximation
Temporal reconstruction error estimator for the fully discrete Crank-Nicolson
approximation

Space-error estimator for the fully discrete Crank-Nicolson approximation

TH-1408_09612311




’%,CN,n

CKCN,n

QCN,n,la 90N,n,2

Temporal error estimator for the fully discrete Crank-Nicolson
approximation

Coarsening error estimator for the fully discrete Crank-Nicolson
approximation

Data approximation error estimators for the fully discrete
Crank-Nicolson approximation

Piecewise linear approximation of f(t)

BDF-2 reconstruction

Parabolic error for the fully discrete BDF-2 approximation

Time reconstruction error for the fully discrete BDF-2 approximation
Elliptic reconstruction error estimator for the fully discrete

BDF-2 approximation

Space-mesh error estimator for the fully discrete BDF-2
approximation

Temporal reconstruction error estimator for the fully discrete

BDF-2 approximation

Space-error estimator for the fully discrete BDF-2 approximation
Temporal error estimator for the fully discrete BDF-2 approximation
Coarsening error estimator for the fully discrete BDF-2
approximation

Data approximation error estimators for the fully discrete BDF-2
approximation

Elliptic reconstruction operator for the fully discrete backward Euler
approximation of the semilinear problem

Elliptic reconstruction operator for the fully discrete Crank-Nicolson

approximation of the semilinear problem

TH-1408_09612311

poel




Te . SBEn

QSBE,n,i (Z = ]-7 2)

ﬁSCN,n

Parabolic error for the fully discrete backward Euler approximation
of the semilinear problem

Elliptic reconstruction error for the fully discrete backward Euler
approximation of the semilinear problem

Piecewise linear approximation in time of f(t,u)

Linear space-time reconstruction for the backward Euler
approximation of the semilinear problem

Crank-Nicolson reconstruction for the semilinear problem

Elliptic reconstruction error for the fully discrete Crank-Nicolson
approximation of the semilinear problem

Parabolic error for the fully discrete Crank-Nicolson approximation
of the semilinear problem

Time reconstruction error for the fully Crank-Nicolson
approximation of the semilinear problem

Linear space-time reconstruction for the Crank-Nicolson
approximation of the semilinear problem

Elliptic reconstruction error estimator for the fully discrete backward
Euler approximation of the semilinear problem

Space-mesh error estimator for the fully discrete backward Euler
approximation of the semilinear problem

Temporal error estimator for the fully discrete backward Euler
approximation of the semilinear problem

Data approximation error estimators for the fully discrete
backward Euler approximation of the semilinear problem

Elliptic reconstruction error estimator for the fully discrete

Crank-Nicolson approximation of the semilinear problem

TH-1408_09612311

xxil




AN

)

<7re,SCN,n

e SCN .

CKSCN,n

QSCN,n,iai < {17 27 37 4}

Space-mesh error estimator for the fully discrete
Crank-Nicolson approximation of the semilinear problem
Temporal reconstruction error estimator for the fully discrete
Crank-Nicolson approximation of the semilinear problem
Space-error estimator for the fully discrete Crank-Nicolson
approximation of the semilinear problem

Temporal error estimator for the fully discrete Crank-Nicolson
approximation of the semilinear problem

Coarsening error estimator for the fully discrete Crank-Nicolson
approximation of semilinear problem

Data approximation error estimators for the fully discrete
Crank-Nicolson approximation of the semilinear problem
Poincare’s constant

Gronwall’s constant

Elliptic regularity constant

Lipschitz constant

Interpolation constants

TH-1408_09612311

xxiil




List of Figures

1.1

Domain 2 with subdomains 21, 2 and the interface FI .....

1.3

Pictorial representations of the splitting of T, and Exd . . . . . . . . . . ..

1.4

Schematic strategy of the thesisl . . . . . . . . . . . . . ... ...

2.1

7.1

Choice of subdomain F. I ......................

The first plot shows the exact solution and the second one corresponds to the

backward Euler FEM solution. FEM solution is computed _using P; elements

7.2

with 3970 free nodes at T' = 0.1 corresponding to k = 0.015625. . . . . . . .
The first plot shows the exact solution and the second one corresponds to the

Crank-Nicolson FEM solution. FEM solution is computed using|P; elements

7.3

with 16130 free nodes at T' = 0.5 corresponding to k = 0.015625. . . . . . . .

The first plot shows the exact solution and the second one corresponds to

the BDF-2 FEM solution. FEM solution is computed using P; elements with

16130 free nodes at T' = 1 corresponding to k = 0.015625. . . . . . . . . ..

XxXiv

TH-1408_09612311



List of Tables

117

7.2 Backward Euler elliptic reconstruction error estimator in the H'-norml| . . . 118
7.3 Backward Fuler space error estimator! . . . . . . . . . . . . .. ... ... 118
7.4 Backward Fuler temporal error esﬁmaforl ... 118
120

7.6 Crank-Nicolson space-mesh error estimator) . . . . . . . . . . . . . . . ... 120
7.7 Crank-Nicolson temporal reconstruction error estimator! . . . . . . . . . . . 120
S\ NALOr] . . .« v . e e e e e 121

7.9 Crank-Nicolson temporal error estimator! . . . . . . . . . . . . . . .. ... 121
7,10 BDF-2 elliptic reconstruction error estimator. | . . . . . . . . . . . . . ... 123
7.11  BDFE-2 space-mesh error estimator) . . . . . . . . . . . . ..o 123

XXV

TH-1408_09612311



TH-1408_09612311



1

Introduction

The main objective of this thesis is to study a posteriori error analysis of the finite ele-
ment method for the parabolic interface problems. This chapter introduces the problem
and serves to provide some necessary background for the work to follow. It also contains
a brief survey of the relevant literature and motivation for the present work. Finally,

the organization of the thesis is described in the last section of this chapter.

1.1 Problem Statement

Let 2 be a bounded convex polygonal domain in R? with Lipschitz boundary 92, and
let £2; be a subdomain of 2 with C? boundary 0f2; := I" (see, Fig. [LT)). The interface
I' divides the domain {2 into two subdomains {2, and (2 := {2\ (2;. Consider the linear

parabolic interface problem of the form

(1.1.1) u(z,t) — div(B(x)Vu(z,t)) = f(z,t) in 2 x(0,T]
with prescribed initial and boundary conditions

(1.1.2) u(z,0) =up(x) in £2; w=0 on 02 x[0,T]

and jump conditions on the interface

(1.1.3) [u] =0, [5%} =0 across I'x[0,T],

where u; = %, [v] denotes the jump of a quantity v across the interface I, i.e.,
[v](z) = vi(x) —ve(x), x € I with v;(z) = v(z)|e,, ¢ = 1,2, and T' < +o0. The symbol

n denotes the unit outward normal to the boundary 02, := I'. The diffusion coefficient

B(x) is assumed to be positive and piecewise constant on each subdomain, i.e.,

B(x)=p0; for ze€ 2 i=12.

1
TH-1408_09612311



CHAPTER 1. Introduction 2

Figure 1.1: Domain 2 with subdomains {21, {25 and the interface I .

The initial data ug(z) and the forcing term f(x,t) are real valued functions and are
assumed to be smooth. Further, the interface is assumed to be of arbitrary shape but

is of class C? for our purpose.
Interface problems arise in various physical applications such as in material science,

fluid dynamics, solid mechanics, electrodynamics, biomedical and chemical engineering
and so on. The study of parabolic interface problems is motivated by the models of heat
conduction in composite materials (cf. Ladyzenskaja et al. [61]), heat-mass transfer
problem (cf. Jovanovi¢ and Vulkov [57]), transport of a dissolved species in two-phase
incompressible flow problems (cf. Reusken and Nguyen [90]), viscoplasticity and plas-
ticity with hardening as well as perfect plasticity (cf. Carstensen [31]), eddy current
in electromagnetic field theory ( cf. Aldroubi and Renardy [7], Lumer and Weis [73]
and MacCamy and Suri [75]) and cellular signal transduction (cf. Cangiani and Na-
talini [30]). Other interesting models include simulation of the electric potential [66],
water flow in porous media with a source at the interface [80], air-vapour-heat transport
through textile materials [106], electrokinetic flows [25] and solute dynamics across ar-
terial walls [29]. In particular, the case [u] = 0 and [32%] = 0 models the transport of

a dissolved species in two-phase incompressible flow problems, see [90].
Interface problems are often referred to as differential equations with discontinuous

coefficients. The discontinuity in the coefficient is because of the physical phenomena
described above separating two materials or two states. Because of the discontinuity of
the coefficients along the interface I', the interface problems usually lead to non-smooth
solutions. Due to the inherent complexity of these problems and low global regularity
of solutions, the convergence analysis (both a priori and a posteriori error analysis)
of these problems has remained a major part of the mathematical study up to the
present day. A posteriori error analysis of time-dependent problems has attracted much
attention in recent years from both the theoretical and numerical point of view. The

theory of a posteriori error analysis of finite element method for interface problems is a

TH-1408_09612311



CHAPTER 1. Introduction 3

challenging issue in the past few years and yet to be thoroughly explored. Therefore, an
attempt has been made in this thesis to address some of these aspects such as L>(L?)-
norm a posteriori error analysis for the various space-time discretization methods for

the parabolic interface problems by means of the energy technique.

1.2 Notations and Prerequisites

In this section, we introduce some standard notations, function spaces and recall some
basic results to be used in this thesis. All functions considered here are real valued. For
the purpose of introducing notations, we assume that (2 is a polygonal domain in R"
with boundary 0f2. Let = = (z1,2,...,x,) be an n-tuple with dz := dz1dxs . ..dx,.
By the order of «, where o = (ay,a9,...,a,) with a; € Z, (the set of non-negative
integers) we mean |a| := a; + ay + -+ - + a,. Then D% denotes one of the |a|™" order

partial derivatives of ¢ and is given by

|ex]
Da¢, 6 ¢

e a1 as .
0zx]' O0x5* ... 0xon

By the support of a function ¢ on {2 we mean

supp ¢ := {z € 2| ¢(z) # 0}.

We say that ¢ has a compact support in {2 if supp ¢ is a compact set in 2.

Function Spaces. For any non-negative integer m, C™({2) is defined as the space
of m times continuously differentiable functions on 2. Let CJ*(£2) be the space of
all C™(§2) functions with compact support in 2. Further, C§°({2) is the space of all

infinitely differentiable functions with compact support in 2.
Given a Lebesgue measurable set M C R"™ and 1 < p < oo, the Lebesgue spaces

LP(M) refer to the linear space of equivalence classes of measurable functions ¢ on M

such that ||¢||zr(r) < 00, where

Il = ( /M |¢<x>\pdx)p, 1 <p< oo,

|@]|Lomy = esssup |p(x)| < oo, p=o0.
reM
In particular, L*(M) is a Hilbert space with respect to the norm || - ||z = | - | m

induced by the inner product (¢, )y = fM o(x)Y(z)dz.
We now introduce the notion of Sobolev spaces. Let m > 0 be an integer and 1 <

p < oo. The Sobolev space W™P(M) is defined as a linear spaces of functions (or

TH-1408_09612311



CHAPTER 1. Introduction 4

equivalence classes of functions) in LP(M) such that all distributional derivatives up to

order m are also in LP(M), i.e.,
WmP(M) :={¢p € LF(M) | D*¢ € LP(M) for all |a| < m}.

The spaces W™P(M) are Banach spaces with norms

D=

Illwmarey = | Y ID*lnenn for 1<p<oo,

|a|<m

and

Dl wm.oo () = \gﬁ;{@ | D%b(x)||Leerr) for p = oo.

Also, the semi-norms on W"P(M) are defined as

|Blwmoagy = Y, DGl Lom)-
lor|=m
For p = 2, we denote the spaces W™?(M) by H™(M) with the norm || - || gmm) and
the semi-norm | - |gm(aq). For simplicity of notations, whenever M = {2, we will denote

I [lz2e) by Il Il and || - [l @) by |l - |1
The Sobolev space H™({2) is a Hilbert space with the norm induced by the inner

product defined by

(6, D) = / DUGD ) Vg, € H™(1).

|ao|<m

The space H*(£2) is defined as the completion of C§°((2) in the H™-norm. In addition,
the function space H{(£2) is characterized by the elements from H'({2) which vanish

on the boundary of {2, where the boundary values are to be interpreted in the sense of

trace
For 1 < p < oo, we also define the standard Bochner spaces LP(0,T;B), where B is
a real Banach space with norm || - ||, consisting of all measurable functions

¢ :(0,T) — B for which

: .
[6lorm = ( / ||¢<t>m';) <o for 1<p<oo
0

[¢llL=o,riB) = ess sup [[¢(t)||lg <oo for p=oc.
te(0,7)

IThe trace is a continuous (bounded) linear operator v : H*(£2) — L?(942) with v(u) = ul,.

TH-1408_09612311



CHAPTER 1. Introduction 5

Here and in the subsequent chapters, we shall also use the following space. For a given
Banach space B, we define H'(0, T; B) as the space consisting of all measurable functions
¢ :(0,T) — B for which

T T 3
9 1 0,758) == (/0 ||¢(t)||%3dt+/0 ||¢t(t)||]23dt) < o0.

When no risk of confusion exists we shall write L*(B) for L?(0,7;B) and L>*(B) for

L>(0,T;B). Furthermore, C'(0,7;B) is defined as the space of continuous functions

¢ : [0,T] — B with norm ||¢||c(o,r;B) := II%&%HQﬁ(t)HB < 0o. For a complete discussion
telo,

on Sobolev Spaces, one may refer to Adams and Fourier [I], Dautray and Lions [36] and

Grisvard [50].
In addition, we shall also work on the spaces X := HJ(£2) N H?*(£2,) N H?(£2,) and

Y = L*(2) N H' () N H'(§2,) endowed with the norms

19llx = ol myee) + l1@llaz@) + [10]l 2222

and
1olly == Bllc2c2) + Dl ey + 10l 12y,

respectively.

Inequalities. We recall some important inequalities for our subsequent use (see,
Hardy et al. [53]). From time to time we shall also refer to the following well-known
inequalities.

Young’s inequality: If a, b are non-negative integers, and ¢ > 0 then

b < a? N eb?

a — 4+ —.

— 2e¢ 2

An important consequence of the Young’s inequality is the celebrated Holder’s in-

equality. The discrete version of the Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ be such that ?13 + % = 1. Then, for any real

)

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz

numbers a;, b;,1=1,2,...,n,

S Joih < (ZH)

i=1 i=1

S

inequality in R"™.
The integral analogue of the Hélder’s inequality is as follows: Let p,q € [1,00) be
such that % + % = 1. Suppose ¢, : 2 — R are Lebesgue measurable. Then

ol i) < 1ol r) 1Y)l Lo(e)-
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For p = q = 2, the above inequality is known as the Cauchy-Schwarz inequality in

integral form which will be of frequent use.

Lemma 1.2.1 (Poincaré inequality, [24]). Let {2 be a bounded domain in R™. Then

there exists a positive constant Cp = Cp({2) such that
ol < CplIVell Vo € Hy(£2).
An important consequence of the Poincaré’s inequality is that ||V (+)|| defines a norm on
HM (D).
Next, we state the following discrete version of Gronwall’s lemma.

Lemma 1.2.2 (Discrete Gronwall’s lemma, [87]). Let (z,), (yn), and (z,) be non-

negative real sequences and satisfy

xngyn_l_ Z Rk Tk f07“7120>
0<k<n

then

Tp < Yp + Zykzk exp(Z zj> for n > 0.

0<k<n k<j<n

The following lemma is proved to be convenient for later use (see, Lakkis and Makri-
dakis [62]).

Lemma 1.2.3. For a = (ag,ay,...,a,) € R"™ b= (by,by,...,b,) € R"™ and c € R,

and if
lal? < +a-b
then
lall < lel +[lll;
1
n 2
where for any v = (x0.21....2,).y = (Wo.yr,.u) € B, [ o= ZW)
i=0
denotes the standard Fuclidean vector norm, and x-y denotes the standard inner product
on R*1,

Hereafter, we assume that {2 is a bounded polygonal domain in R? with Lipschitz

boundary 0f2.
Existence, Uniqueness and Regularity Results. The existence and uniqueness

of the solutions for both the elliptic and parabolic interface problems are investigated

by numerous authors, see Babuska [§], Chen and Zou [33], Gilbarg and Trudinger [47],
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Girault and Raviart [48], Hackbusch [51], Kellogg [58], Marti [77] and references therein.
For a more general interface problems, the existence and uniqueness results can be found
in Ladyzenskaja et al. [61] and Lumer and Weis [73]. Due to the discontinuity of the
coefficient 3 along the interface I, the solution u in general possess low global regularity
even if the coefficients are very smooth in individual subdomains. We now recall from

[33, [61] the following regularity result associated with the elliptic interface problem.

Theorem 1.2.1. Assume that fi € L*(£2). Then the problem
—div(B(z)Vu(z)) = fi(z) in 2
with Dirichlet boundary condition
v=0 on 00

and jump conditions on the interface

ov
[v] =0, [Ba—n] =0 across I

has a unique solution v € X and satisfies the following a priori estimate

lollx < Cr (A4l

Concerning the regularity of the solution for the parabolic interface problem (LI.II) —
(LL3), we have the following result.

Theorem 1.2.2 (Chen and Zou, [33]). Let f € H'(0,T; L*(£2)) and ug € H}(£2). Then
the problem (L1I) — (LL3) has a unique solution w € L*(0,T; X)N H'(0,T;Y).

Framework for the Finite Element Method. For the purpose of the finite element
approximation of the interface problem (L.I.1l)— (LI.3]), we begin by writing the problem
in weak form: Find v € L>(0,T; H}(£2)) satisfying

(1.2.1) (ug(t), o) +a(u(t),p) = (f(t),p) Yo € Hi(£2), ae. te(0,T],
u(0) = up,

where a(-,-) : Hy(2) x H}(£2) — R is a bilinear form defined by
a(v,w) = (BVv, Vw) You,w € Hy(12)

with V denotes the spatial gradient and f: 2 x [0,7] — R.
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Figure 1.2: Polygonal domain Pg, and Pg, with polygonal boundary I'p of Py, .

The bilinear form a(-, -) is bounded and coercive on Hj(£2), i.e., Jag,vo > 0 such that

(1.2.2) la(v,w)| < ag ||v|1]|w]s Yv,w € H&(Q),
and
(1.2.3) a(v,v) > v vl Vv € Hy(02).

Discretization of the Domain (2. In order to describe the triangulation of the domain
2, we first approximate the domain 24 by a polygon Py, with boundary I'p such that all
the vertices of the polygon lie on the interface I'. Thus, I'p (see, Fig. [[.2]) now splits the
domain {2 into two subdomains Py, and Pg,, where Py, is a polygon approximating the
domain (2. For the purpose of the spatially discrete approximations, let 7, = { K} be
a family of shape regular conforming triangulations of 2. We shall make the following

assumptions on 7, (cf. [33]).

SA1l. If K1, Ky € T, and K; # Ks, then either K1 N Ky = () or K; N Ky share a
common edge or a common vertex. We also assume that each triangle is either in

Pg, or in Py, or intersects the interface I" in at most two vertices.

SA2. Let h := max{hg | hx = diam(K), K € T,}. For K € Ty, the patch Sk is given
by Sk = (Uier, K;)°, where I, := {i € N| 0K;NOK # (), K; € T;,}. We assume
that the patch Sk is uniformly bounded, i.e., there exists a constant C' > 0 such
that

2. <
(1.2.4) %nea%{cardIK} <C,

where card Zy refers to the cardinality of the set Zx.

Next, we introduce some notations. We split the triangulation 7, into three disjoint

sets. The first one refers to the set of all interface triangles, denoted by 7,*, and the
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CHAPTER 1. Introduction 9

other two refers to the set of all non-interface triangles denoted by 7 o, and 7Ty o, with
77L \ 7;L* = 77L,.Ql U 77L,927 where

T = {KeT, | KnIlp+#0D},
Tha, = {Ke€T, | KCPq} for i=1,2.

Let &, := {E} be the set of all internal edges of the triangles K € 7,. Similarly, we
split the set &, into three disjoint sets &, & o, and &, o,, where & refers to the set of
all edges of the interface triangles in 7,* and & o, (i = 1,2) denotes the set of all edges
of the non-interface triangles in 75 o,. Set &, \ & = Eno U Eho,. Let Xy = Upee, E

and the norm | - |5, := || - [|z2(y,)- The pictorial representations of the splitting of 7

and &, are shown in Fig. [.3
Th En

. Ta \ Ty " En\ &,
771,.91 7;L,Q2 gh,.Ql gh,ﬂg

Figure 1.3: Pictorial representations of the splitting of Ty, and &j.

For a shape regular triangulation 7, of {2, consider the finite element space
Sr = {x € Hy(22) | x|k € Py(K) forall K € Tp},

where IP; (K) is the space of polynomials of degree at most 1 over K.
Spatially Discrete Finite Element Approrimation. We define the spatially discrete

finite element approximation wuy, : [0,7] — Sj, of u as follows: Find u,(t) € S, such
that

(125) <uh,t, Xh> + a(uh, Xh) = <f, Xh> VXh c Sh, a.e.t € (O,T],

Uh(-,O) = ]hu0>

where I}, is some chosen projection operator from H}(f2) into the finite dimensional

subspace S,.
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CHAPTER 1. Introduction 10

Next, we rewrite the elliptic operator in a compact form which will be used subse-

quently for the rest of the dissertation.
Representation of bilinear form: Let v, € S,. Then the bilinear form a(-,-) can be

rewritten using Green’s formula as

a(vn,0) = Y (=div(BVu), ) + > (ilBul, )m

KeTy, Ee&y,

(1.2.6) = ((n)a,) + (ilBua], 0)z, Vo € Hy(£2)

where j[fvy,] denotes the spatial jump of 5 Vv, across an element side E € &, and is
defined as

(1.2.7) JlBun]|e(z) == ll_l;% (BVup(z + eng) — BVur(z — eng)) - nE,

where 7 is an arbitrary unit normal vector to E at the point z. The quantity (vj)a
in (L.2.6) denotes the regular part of the distribution —div(8 Vuvy,), and is defined as a

piecewise continuous function such that

(1.2.8) (e, ) = D (—div(BVun), 0)x Vo € H(2).

KeTy

Now, we shift our attention to introduce the space-time finite element discretizations
of the domain for the fully discrete approximations. We shall use the same symbols
as in the spatially discrete case with the index “A” is replaced by “n” to describe the

situation at each time level.
Space-time Discretizations of the Domain. Let P := {(t,_1,t,]}_, be a partition of

0,T] with I, :== (tn-1,ts] and k, := t, — t,—1 be the time steps. Let T, = {K}(0 <
n < N) be the triangulations of {2 at the time level t,. In the context of fully discrete
case, we shall make the following assumptions on 7,. The first two assumptions are
similar to the assumptions SA1 and SA2 (as described in spatially discrete case) with
Ty, is replaced by 7, and h is replaced by h,. The third one is on the compatibility of

triangulations 7,,.

FA1l. If K|, Ky € T, and K| # K, then either K1 N Ky = () or K; N K, share a
common edge or a common vertex. We also assume that each triangle is either in

Pg, or in Py, or intersects the interface I" in at most two vertices.

FA2. Let h, := max{hk | hx = diam(K), K € T,}. For K € T,, the patch Sk is
given by Sk = (Uiez, K;)°, where T = {i € N | 0K, NOK # 0, K; € T,}.
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We assume that the patch Sk is uniformly bounded, i.e., there exists a constant
C > 0 such that

2. <
(1.2.9) Kmez%{cardIK} <C,

where card Zy refers to the cardinality of the set Z.

FA3. Two simplicial decompositions 7,,_; and 7,, of {2 are said to be compatible if they
are derived from the same macro triangulation 7 = 7, by an admissible refinement
procedure which preserves shape regularity (cf. [24] and [91]) and assures that for
any elements K € 7,1 and K’ € T, either KNK' =0, K ¢ K', or K/ C K.
There is a natural partial ordering on a set of compatible triangulations, namely
Too1 < T, if T, is a refinement of 7,_;. Then for a given pair of of successive
compatible triangulations 7,1 and 7,, we define naturally the finest common
coarsening 7, = T, AT,_; with local mesh sizes are given by h, = max{h,_1, h,}.
These conditions allow us to bound the elliptic errors which lie in two adjacent
finite element spaces, i.e., finite element spaces defined on meshes at adjacent time
steps. For a more detailed discussions on compatible triangulations, we refer to
Appendices A and B of [62].

We shall also need the following notations for future use. For 0 < n < N, &, be the
set of all edges { E'} of the triangles K € 7T, which do not lie on 012, and X, := Ugee, E.
Furthermore, we will also use the sets Y.o=XN%, ,and X, =%, UX, ;.

1.3 Background and Motivation

This section reports a brief survey of the relevant literature regarding the interface prob-
lems and elucidates the motivation for the present study. Interface problems occur in
a wide variety of applications in science and engineering and naturally arise when two
dissimilar materials interact across an interface. Due to the irregular geometry of the
interface and the discontinuity of the coefficient along the interface, the analytical solu-
tions are rarely available for interface problems. Therefore, numerical approximation is
the only way to approach such problems. There are several numerical methods in the lit-
erature designed for the interface problems. In practice, a discretization procedure such
as finite difference methods (FDM) and finite element methods (FEM) are adapted. We

first detail a brief account of the literature concerning the FDM for interface problems.
Finite Difference Methods. There has been a considerable research to solve in-

terface problems using FDM, see [5], 21], [54] (65, [67, [70] and references therein. LeVeque

in [65] has proposed an immersed interface method with the second order accuracy for
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the elliptic interface problems using uniform rectangular grid. In [70], Li et al. has
considered the elliptic interface problem in polar coordinates, where they have trans-
formed the interface problem with a nonsmooth or discontinuous solution to a problem
with a smooth solution. Then, a second order finite difference scheme is developed for
the elliptic interface problem in polar coordinates. The authors of [71] have used a
first order finite difference scheme for elliptic interface problem to capture the boundary
conditions across an interface. The resulting linear system is symmetric and same as
the one obtained for the standard Poisson equation in the absence of interface. Further,
this method has been extended to achieve second order accuracy for the elliptic interface
problem in [54]. An implicit finite difference scheme for one dimensional heat equation
with a stationary interface has been developed by Akrivis et al. in [5] to obtain second-
order accuracy in space and time. For two-dimensional parabolic interface problems,
the convergence of the finite difference scheme has been studied by Bojovi¢ in [21]. For
a more detailed discussion on FDM for interface problem, we refer to [67, 68] and the

references quoted therein.
Finite Element Methods. FEM is a powerful and general class of numerical tech-

nique for finding approximate solutions of differential equations over a given domain.
The advantage of finite element method over other numerical techniques lies in its ca-
pability to handle complex geometry in a systematic way and it has a rigorous mathe-
matical foundation. The error analysis of FEM is grouped into two categories: A priori

error analysis and a posteriori error analysis .
A priori error analysis. The a priori error analysis of interface problems by means

of FEM has been investigated by several authors. To begin with, we first present a
brief account of the literature on the elliptic interface problems. The a priori error
analysis of elliptic interface problems can be traced back to the work of Babuska in [§].
Subsequently, it has been studied thoroughly by several authors Barrett and Elliott [16],
Bramble and King [22], Chen and Zou [33], Nielsen [81], Cai et al. [27] and references
therein. In [§], the author has converted the problem to an equivalent minimization
problem and obtained sub-optimal order error estimates in the H'-norm. The word
“optimal order” refers to the classical terminology in the approximation theory (see,
[97]). Then, under some regularity assumptions (both the solution and the normal
derivative of the solution are assumed to be continuous and fourth order differentiable
on each subdomain) on the solution operator, Barrett and Elliott in [16] have shown
the convergence of finite element solution to the true solution at an optimal rate in
both the H' and L?-norms on each individual subdomain. Subsequently, Bramble and

King in [22] have approximated the smooth domain by a polygonal domain and then the
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boundary data are transferred to the polygonal boundaries. The discontinuous Galerkin
finite element method is then applied to the perturbed problem defined on polygonal
subdomains and optimal order error estimates for rough as well as smooth boundary
data for the nonhomogeneous second order elliptic interface problems are obtained.
Later, with reasonable regularity assumption on the true solution, the convergence of
finite element method is studied in [33] and [81]. The authors of [33] have obtained
almost optimal order convergence in both the H' and L?*norms. In [81], Nielsen has
proved optimal order convergence in the H'-norm for the elliptic interface problem in
the presence of arbitrary small ellipticity. While deriving the estimates, the author has
assumed that the interface triangles follow exactly the interface I'. The discontinuous
Galerkin FEM has been studied by Cai et al. in [27] for bounded polygonal domain
in R2. A quasi-optimal a priori error estimates is derived under the assumption that

solutions are only in H'™(§2) with € € (0,1).

Up to now, all literature presented above are about the elliptic interface problems. We
shall now concentrate on the a priori error analysis of finite element approximation of
the parabolic interface problem (LIl — (II3]). The first contribution in this direction
is given by Chen and Zou in [33]. In this article, the authors have considered finite
element method in which domain (2, is approximated by a polygonal domain and then
the fully discrete backward Euler approximation has been studied. Nearly optimal order
estimates in both the L? and H'-norms are obtained with low global regularity of the
solution. Later, Huang and Zou in [55] have proved some new a priori estimates for both
the elliptic and parabolic interface problems. These new estimates contain explicitly the
coefficient 8 and it helps to reflect the physical behaviours of the solutions. Recently,
a new isoparametric type of disctretizations is proposed by Sinha and Deka in [93].
Both the spatially discrete and the fully discrete backward Euler approximations are
analyzed and optimal order convergence are shown to hold in the L?(H') and L*(L?)
norms. Later, the same authors have extended their work to obtain optimal order
convergence in the L°°(L?) and L>(H") norms in [37].

Next, We shall shift our attention to the semilinear parabolic interface problem, i.e.,
when the forcing term f is a function of z,¢, and u. The study of semilinear interface
problems is motivated by models of mass transfer of substances through semipermeable
membranes. Such models arise from various applications in biomedical and chemical
engineering, e.g., modeling of electrokinetic flows, solute dynamics across arterial walls,
and cellular signal transduction, for instance, see [25] and [29]. The existence, uniqueness
and regularity of the solution of the semilinear parabolic interface problems have been

investigated by Feng and Shen in [45]. Although a good number of articles and books
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are devoted to the linear interface problems, but the literature seems to lack on error
analysis of semilinear interface problems in the a priori framework. Sinha and Deka
[95] have studied both the elliptic and parabolic semilinear interface problems in the
framework of Brezzi - Rappaz -Raviart [26]. Optimal energy-norm error estimates are
derived for the semilinear elliptic and parabolic interface problems in [95]. For a more
detailed discussion on the finite element error analysis of semilinear parabolic problems

(in absence of an interface), we refer to [34] 97, O8] and references cited therein.
The reference [68] offers an excellent review of a priori error analysis of interface

problems by means of both FDM and FEM, and also contains a comprehensive list of
literature. For further works on a prior: error analysis of interface problems, one may
refer to Zenfsek [105], Hansbo [52], Li et al. [69], Sinha and Deka [94], Gong et al. [49)],
Jovanovié¢ and Vulkov [56], Massjung [78], Falk and Walker [43], Peterseim [85], Wei et

al. [102] and references therein.
An priori error estimate predicts a bound of the form

(1.3.1) |lu—Ul|lx < C(u, data)h”,

where u and U, respectively, are the exact and finite element solution of a given problem.
C(u, data) is a positive constant depends on the exact solution u and the given data.
Also, h denotes the discretization parameter; r refers to the order of accuracy of the
underlying finite element space and X denotes a specified norm. Observe that the bound
(L3 rely on the exact solution which is unknown for most of the partial differential
equations. Thereby, the a priori error analysis investigates the convergence properties
of the proposed discretizations and proves the asymptotic convergence of the error as
the discretization parameter goes to zero. As a priori error estimate does not provide a
quantitative information on the size of the error and therefore, this automatically brings

to a new diverse error estimation method called a posteriori error estimation technique.
A posteriori error analysis. An a posteriori error analysis leads to a bound for the

error ¢ := u — U in terms of the approximate solution U, the given data and the mesh

parameter h, i.e., a posteriori error estimate is a bound of the form
(1.3.2) |lu—Ullx < n(U,data)h”,

where X' denotes a specified norm. An estimator n(U, data)h” is a computable quantity
which decreases with optimal order with respect to the mesh parameter h requiring the
lowest possible regularity permitted by the problem. In contrast to the a priori error
analysis, the concept of a posteriori error analysis provides techniques for the auto-

matic choice of suitable discretizations leading to efficient approximation algorithms. In
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the recent years, there has been a growing popularity of a posteriori error estimation
technique in engineering and scientific computation community because of its ability
to control the error in the quantity of physical interest. Moreover, a posteriori error
estimation is central to the design of adaptive algorithms to control and minimize the

error.
A posteriori error analysis and adaptive meshing procedure have attracted many

researchers, and a variety of different a posteriori error estimates have been proposed
and analyzed for the parabolic problems. Most of the error estimates can be classified
into residual and recovery types. In residual type error estimates, various residual
quantities such as element and jump residuals are used to bound the error. Whereas
in recovery type, a gradient recovery (postprocessing) operator is applied to the finite
element solution and then compared with the gradients of the exact solution to assess
the error. A posteriori error estimates have also been derived based on the use of
hierarchic bases or equilibrated residuals. In this thesis, we shall restrict ourself only to

the residual-based a posteriori error estimates.
In order to put the results of this thesis into a proper perspective, we present a

brief literature regarding a posteriori error analysis for both the elliptic and parabolic
problems. The research on a posteriori error analysis and adaptive mesh refinement for
the finite element methods for one dimensional elliptic boundary value problems began
in the late 1970’s. The pioneering work on this topic is due to Babuska and Rheinboldt
[9, T0]. The theory of a posteriori error estimation technique is well accepted in the
context of finite element method of elliptic problems. Some comprehensive summary of
works can be found in chronicle order; Babuska and Rheinboldt [11], Bank and Weiser
[13], Eriksson and Johnson [39], Verfiirth [100], Dérfler and Rumpf [38], Ainsworth and
Oden [2], Rannacher [88], and references therein. However, a posteriori error analysis of
the FEM for the parabolic problems has been a topic of research since early ’80s. The
first significant contribution towards the a posteriori error analysis of parabolic problem
is due to Eriksson and Johnson in [40] and subsequent ones in [41] [42]. Eriksson and his
co-worker have obtained optimal order estimates in the L°°(L?)-norm using the parabolic
duality technique. However, their method hinges on the parabolic regularizing effect
which fails to provide estimate in the L?(H')-norm and this motivates one to consider
the standard energy technique. Moreover, the energy technique is the more versatile
method for the finite element error analysis as it is directly based on the variational
formulation of the problem. The extant literature on a posteriori error analysis for the
parabolic problems by means of the energy argument can be found in [18, [32] 86] T01].

An optimal order a posteriori error estimate of residual-type in the L?*(H')-norm has
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been derived by Picasso in [86]. Subsequently in [I01], Verfiirth has derived optimal
order estimate in the L?*(H')-norm and sub-optimal estimate in the L*°(L?)-norm for

the parabolic problem using the energy argument.
In the context of parabolic problems, it has been observed in [86] [10T] that energy

method for a posteriori error analysis yields suboptimal rates in the L°°(L?)-norm.
Since energy method is the most elementary technique for estimating the error in the
a priori error analysis and therefore, this raises a natural question that whether this
method can be applied to a posteriori analysis for the parabolic problems to obtain
optimal bounds in the L>(L?)-norm. Recently, Makridakis and Nochetto in [76] have
successfully addressed this issue by introducing a novel elliptic reconstruction operator
Ry : Sp, — H(£2). This reconstruction operator is a a posteriori dual analogue of
Wheeler’s elliptic projection operator [103] introduced in the context of a priori error
analysis to restore the optimality in the L°°(L?)-norm. The idea behind the introduc-
tion of elliptic reconstruction operator is to extend the traditional energy method in a
priori error analysis to a postertori error analysis to obtain optimal order estimates in
the L°°(L?*)-norm.

To restore the optimality, the usual strategy is to split the total error e := u — U into
two parts e := (u — RpU) + (R,U — U) such that

e parabolic error u — R,U satisfies a variant of original partial differential equation

with a righthand side which can be bounded a posteriori in an optimal way;,

e and well established theory of a posteriori error bounds for elliptic problems can

be used to obtain the spatial (reconstruction) error R,U — U.

Though a large number of literature available on a posterior: error analysis for non-
interface problems, there seems a little existing work in the literature which provides a
posteriort bounds for the interface problems. References and reviews of a posteriori er-
ror analysis for the elliptic interface problems can be found in [19] 27, 28]. Bernardi
and Verfiirth [19] have studied residual-based a posteriori error estimates for the elliptic
interface problem and derived the error bounds in the H'-norm. A new recovery based
a posteriori error bounds are derived in [28] for the conforming linear finite element
approximation to the elliptic interface problems. Recently, Cai et al. [27] have used
discontinuous Galerkin method to study both the residual and recovery-based a pos-
teriori error estimates for the elliptic interface problems. In the context of parabolic
interface problems, a residual-based a posteriori error estimate has been investigated
by Berrone in [20]. Both the upper and lower bounds are derived in the L*(H')-norm.

The author has used the idea of bubble function technique to derive the lower bound.
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It is noteworthy that a posteriori error analysis for interface problems available in the

literature (cf. [19, 20, 27, 28]) are concerned with only in the H'-norm error estimates.
Due to the low global regularity of the solution of the parabolic interface problems, the

extension of the standard a posteriori error analysis of the finite element method for the
parabolic problems to the parabolic interface problems is not straightforward. To the
best of our knowledge the L>°(L?)-norm a posteriori error estimates for the parabolic
interface problems are yet to be explored. Therefore, an attempt has been made in this
thesis to extend the L*(L?)-norm a posteriori error analysis of the purely parabolic
problems to the parabolic interface problems. To begin with, we first study residual-
based a posteriori error estimates for the spatially discrete finite element approximation
of the linear parabolic interface problem (LI.1]) — (IT3). For purely parabolic problems
(in the absence of an interface), it is known that (cf. [101]) the energy method for a
posteriori error analysis yields suboptimal rates of convergence in the L*(L?)-norm.
In order to recover the optimality, Makridakis and Nochetto in [76] have introduced
the idea of elliptic reconstruction technique for the spatially discrete case and then
later prolonged to the fully discrete case in [62] for the parabolic problems. The error
analysis mainly uses the approximation properties of the Clément-type interpolation
operator of Scott and Zhang [92]. However, for a higher order approximation properties
of such type of operator, the analysis of [92] require uw € H"({2),r > 2. For instance,
to obtain O(h?) convergence with piecewise linear element one requires u € H?({2).
But, due to the discontinuity of the coefficient along the interface I", the solution of the
parabolic interface problem (LI — (LL3) is only in H'(£2) globally (Theorem [2.2))
and hence, the standard approximation properties do not apply directly for interface
problems. As a consequence, it is not straightforward to extend the analysis of [76]
to the present problem. Therefore, new approximation properties for a Clément-type
interpolation operator are established (Theorem 2.22). The Sobolev embedding and

extension theorems are used in a crucial way to derive these new approximation results.
For the purpose of a posteriori error analysis, we decompose the total error as

e(t) = u(t) — up(t)
= {u(t) — Rpun(t)} + {Runun(t) — un(t)}
= p(t) +e(t),

where R, is an elliptic reconstruction operator defined in (Z.3.1]). Here, £(t) := Ryup(t)—
up(t) represents the elliptic reconstruction error and p(t) := u(t) — Ryup(t) refers to the
parabolic error. Then a posteriori error bound for the main error (Theorem 2.3.2)) in

a suitable norm is obtained by combining the bounds on the reconstruction error £(t)
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(Lemma 2:37T)) along with the parabolic error p(t) (Lemmal[Z3.2]). We wish to emphasize
that no a posteriori error bounds are available in the literature with respect to the L2-
norm for the elliptic interface problems. Therefore, these new interpolation estimates for
the Clément-type operator are used to derive a reconstruction error estimates in the L2-
norm (LemmaZ3.T]). We use the standard duality technique to derive the reconstruction
error bounds. On the other hand, the parabolic error p(t) is estimated by an appropriate

use of error equation (2:3.19) and the standard energy argument.
Our next aim is to study the fully discrete backward Euler approximation for (LTT]) —

(CI3). For purely parabolic problems, a posteriori error estimates for the fully discrete
backward Euler approximation has been studied by Picasso [86], Verfiirth [101] and
Lakkis and Makridakis [62]. The authors of [86], 10I] have employed piecewise linear
elements in the space discretizations and the backward Euler approximation in the time
discretizations to obtain optimal order a posteriori bounds in the L?(H')-norm. How-
ever, the effect of mesh change is not considered in their error analysis. Subsequently,
Lakkis and Makridakis [62] have studied the fully discrete backward Euler approximation
via reconstruction approach and obtained optimal order estimates in the L>°(L?)-norm.
Further, their analysis also reflects the effect of mesh change behaviour. Motivated by
the above discussions, we have studied the fully discrete backward Euler approximation
for the parabolic interface problem (LIT])— (LI3)) and obtained optimal order estimates
in the L?(H')-norm and almost optimal order bound in the L>(L?)-norm. Analogues
to the spatially discrete case, we split the total error e(t) := u(t) — U(t) into two parts

as

e(t) = wu(t)—U(t)
= {u(®)-6@1); +{0F) -U®)},

where U and © are given by ( B:2.6) and (B.2.7), respectively. In the above, {O(t) —
U(t)} and {u(t) — ©(t)} refer to the elliptic reconstruction error and parabolic error,
respectively, which in turn bounded separately to obtain a posteriori error bounds for
the main error (Theorem [3.2.2]). The reconstruction error {©(t) — U(t)} can be handled
in a manner similar to the spatial discrete case. Whereas, the a posteriori bound for
the parabolic error {u(t) — ©(t)} relies on the energy argument and an appropriate
use of error equation (see, (B.211) in Lemma B.2.2)). An a posteriori error bound for
the parabolic error comprises of several error bounds namely, the spatial error (Lemma
B.2.3), the temporal error (Lemma B.2.4) and the data approrimation error (Lemma

B.2.3).

To obtain higher order accuracy in time, our next objective is to study the fully dis-
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crete Crank-Nicolson approximation for the parabolic interface problem (LI.T])— (LI.3]).
For a continuous, piecewise linear approximation in time, Verfiirth [101] has obtained
suboptimal order a posteriori bounds for the heat equation for the Crank-Nicolson
approximation with the standard energy argument. Later, Akrivis et al. in [4] have
introduced a continuous, piecewise quadratic polynomial so-called Crank-Nicolson re-
construction to recover optimality for the time discretizations for the parabolic problems.
The authors of [4] have not considered the mesh change effect while deriving the a pos-
teriori bound. Subsequently, the effect of mesh change has been considered by Béansch
et al. in [I5] for the Crank-Nicolson approximation for the parabolic problems. The
energy argument is employed to establish optimal order a posteriori error estimate in
the L*°(L?)-norm.

Following the idea of [4, [15], we have defined a quadratic (in time) space-time recon-
struction U for the parabolic interface problem (II.I) — (I.I3) to restore the second

order convergence in time. The reconstruction U is such that

e U is continuous on [0, 7] and

e the difference U — O(t) is an a posteriori quantity and can be bounded in an

optimal way, i.e., of O(k?).

A traditional way to write the error as sum of the terms,

e(t) = u(t)—U(t)

which are then treated separately to obtain main a posteriori error bound (Theorem
4.22). The term p(t) denotes the parabolic error and can be bounded by an a posteri-
ort quantity using the energy argument. The bound on the parabolic error comprises of
the following errors: The temporal error (Lemma [£.2.3), the space-mesh error (Lemma
A2.4), the space error (LemmalE2Z5), the data approzimation error (Lemma [ 20]), and
the coarsening error (Lemma [L.2.7)). The third term e(¢) represents the elliptic recon-
struction error and can be handled in a similar fashion like the fully discrete backward

Euler case, whereas &(t) accounts for the time reconstruction error.
Our next goal is to consider approximations at equidistant time level of parabolic in-

terface problem (LII]) — (LI.3) in which the time derivative is replaced by the two-step
backward differentiation formula (BDF-2) approximation. Although the Crank-Nicolson
approximation is one of the most popular time-stepping method for the parabolic prob-

lems, it has the lack of smoothing property of the solution operator [15], 74, [97]. However,
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it is known that multistep methods are widely used in numerical computations for non-
stationary problems. Among the abundance of methods, the BDF-2 method seems to of
particular interest, for details we refer to [17] 23] [79, 07]. Especially, the BDF-2 method
is stable for constant time steps and is of second order accurate in time. In contrast
to the Crank-Nicolson approximation, this method exhibits the smoothing property of
solution [I7,[63]. For purely parabolic problems (in the absence of an interface), a poste-
riori error estimate for the BDF-2 approximation has been studied by Akrivis et al. in
[3]. The mesh change effect has not been taken into account in their analysis. Therefore,
an attempt has been made to extend the BDF-2 a posteriori analysis of the parabolic
problems to the parabolic interface problems with mesh chang effect. Motivated by the
discussions in [3], a quadratic (in time) space-time reconstruction U is introduced for the
BDF-2 approximation for the parabolic interface problems. A quadratic reconstruction
operator along with the elliptic reconstruction and new approximation properties of a
Clément-type interpolation operator are used to obtain a posteriori error bound in the
L>®(L?)-norm. The main key features of our analysis is that we have incorporated the
effect of mesh modification strategy in the error analysis unlike the work of Akrivis et
al. in [3]. The derivation of a posteriori error bound is based on the energy technique

in the reconstruction framework.
Finally, we now shift our attention to study the semilinear parabolic interface prob-

lems. To discretize the problem in time we have considered both the backward Euler
and the Crank-Nicolson approximations, and in space the standard piecewise linear fi-
nite elements. The forcing term f(xz,¢,u) is assumed to satisfy the Lipschitz condition

with respect to the third argument, i.e., there exists a constant Cp > 0 such that
(1.3.3) |f(z,t,v) — f(z, t,w)| < Crlv—w| Vv,weR.

The aim of this work is to extend our a posteriori error analysis of the linear parabolic
interface problem to the semilinear case. More precisely, the backward Euler and the
Crank-Nicolson a posteriori error analysis are carried out for the semilinear interface
problem using the energy technique in the reconstruction framework. Other worth men-
tioning technicalities for our analysis are new approximation results of the Clément-type
interpolation operator and the discrete version of Gronwall’s lemma (Lemmal[l.2.2]). Op-
timal order estimates in time and nearly optimal order estimates in space in the L>(L?)-
norm are obtained for both the backward Euler and the Crank-Nicolson approximation
(Theorem and Theorem [6.3.2]). For a posteriori analysis of non-interface semilinear

parabolic problems, one may refer to the articles [59] and [60].
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1.4 Organization of the Thesis

This thesis contains the following chapters and is organized as follows.
Chapter [I] introduces the problem and provides the necessary notations and prereq-

uisites. It also contains a brief overview of the existing literature. The motivation for

the present study and the contributions made in this thesis are also highlighted.
Chapter 2 is devoted to the a posteriori error analysis for the spatially discrete finite

element approximation for the linear parabolic interface problem (LI1T]) — (LI3)) using
the elliptic reconstruction technique. New interpolation approximation properties for
the Clément-type interpolation operator [92] are established. The energy method is
used to derive a posteriori error estimates with almost optimal order convergence in the
L>(L?*)-norm.

Chapter Bl provides the a posterior: error analysis for the fully discrete backward
Euler approximation for the problem (LII) — (LL3). The main tools in deriving a
posteriori estimates are new Clément type interpolation estimates and an appropriate
elliptic reconstruction operator. Optimal a posteriori error bounds in the L*(H') norm
and a nearly optimal error estimate in the L>°(L?) norm are established using the energy

argument.
In Chapter dl we derive a posteriori error estimates for the fully discrete Crank-

Nicolson approximation for the interface problem (LTI — (II3). A quadratic space-
time reconstruction plays a central role in the error analysis. We establish a poste-
riori error estimates of almost optimal order in space and second order in time with

respect to the L°°(L?)-norm.
A posteriori  error analysis for the space-time BDF-2 approximation for the linear

parabolic interface problem (LTIl — (LL3) is discussed in Chapter[Bl A quadratic space-
time BDF-2 reconstruction is introduced for the problem and nearly optimal order a

posteriori error bounds are derived in the L°°(L?)-norm.
In Chapter [0l we address the a posteriori error analysis for the semilinear parabolic

interface problems. In time discretization both the backward Euler and the Crank-
Nicolson approximations are considered whereas in space we have considered the stan-
dard piecewise linear finite elements. Our analysis shows that the method yields optimal
order estimates in time and almost optimal order estimates in space in the L°>°(L?)-norm.
The main technical tools used are the energy argument combined with elliptic recon-

struction technique.
In Chapter[1, we perform numerical experiments to study the asymptotic behaviour of

the various error estimators for a test problem. Numerical results validate the optimality
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of the derived estimators.
Finally in Chapter [8] we discuss the critical evaluation of the results presented in this

thesis. This chapter concludes with a brief discussion on the possible extensions and

future work.
For clarity of presentation we have repeatedly mention the equations (LI — (LI.3)

and the relevant preliminary materials at the beginning of each chapter.
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Figure 1.4: Schematic strategy of the thesis.
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Spatially Discrete Error Analysis

In this chapter, we derive residual-based a posteriori error estimates for the spatially
discrete finite element approximation of the linear parabolic interface problem (LI1.1]) —
(CI3). The salient features of the a posteriori error analysis includes: (i) an appropriate
introduction of an elliptic reconstruction operator, and (i7) new approximation results of
the Clément-type interpolation operator. We close this chapter by presenting an almost
optimal order a posteriori error estimate in the L>°(L?)-norm. The interface is assumed

to be of arbitrary shape but is of class C2.

2.1 Introduction

To begin with we first recall the parabolic interface problem of the form
(2.1.1) w(z,t) — div(B(x)Vu(x, t)) = f(z,t) in 2 x (0,T]
with prescribed initial and boundary conditions

(2.1.2) u(z,0) =up(x) in £2;, w=0 on 02 x][0,7T]

and jump conditions on the interface

(2.1.3) [u] =0, [ﬁg_:j =0 across [ x[0,7],

where (2 is a bounded convex polygonal domain in R? with Lipschitz boundary 042, £,
is a subdomain of 2 with C? boundary 02, := I (interface) and 2y := 2\ £2,. Here,
[v] denotes the jump of a quantity v across the interface I'; i.e., [v](x) = vi(x) — va(x),
x € I' with v;(x) = v(z)|g,, i = 1,2 and T' < 4o00. The symbol n denotes the unit
outward normal to the boundary 92 := I'. The diffusion coefficient f(x) is assumed

to be positive and piecewise constant on each subdomain, i.e.,

B(x)=p0; for ze€ 2 i=12.

25
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The initial function ug(x) and the forcing term f(x,t) are real valued functions and

assumed to be smooth.
As a first step towards finite element approximation of (2.1.1]) — (Z.1.3]), we recall the

bilinear form a(-,-) : H3(§2) x H}(2) — R defined by
(2.1.4) a(v,w) = (BVv, Vw) Yu,w € H}(12).

The bilinear form a(-,-) is bounded and coercive on H}({2), i.e., Jag, o > 0 such that

(2.1.5) la(v,w)| < ap v llw]i Yo, w € Hy($2),
and
(2.1.6) a(v,v) > v |lv|lfi Yo € Hy(92).

Then the weak formulation of [ZI.T])— ([2.1.3)) is stated as follows: Find u € L>(0,T; H}(£2))
satisfying

(2.1.7) (uy(t), ) + a(u(t),p) = (f(t),9) Yo € Hy(£2), ae.te (0,7,
u(0) = wup.

Additionally, we also recall the finite element space S;, corresponding to the triangulation
Tr (as described in Chapter [II) as

Si = {x € Hi(®Q) | x|x €Pi(K) forall K €T},

where P (K) is the space of polynomials of degree at most 1 over K. The spatially

discrete finite element approximation wuy : [0,7] — Sy, of w is defined as

(2.1.8) (Unt, xn) + alun,xn) = (fixn) Vxun€Sh aete(0,7],

Uh(‘,O) - Ihu07

where [}, is a chosen projection operator from H{ ({2) into the finite dimensional subspace
Sh.
Next, we recall the representation of bilinear form a(-,-) from Chapter [[I Using

Green’s formula the bilinear form can be represented in more compact form as

(219) a(vhv 4,0) = <(Uh)017 30> + <,j[ﬁfUh]7 @)Eh VSO S H6<Q>7

where the symbols j[Svy] and (vp,)e are defined in (L2.8)) and (L2.7), respectively.
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We now define the L? projection operator for the subsequent use. Let I1} : L?(0) —
Sy, be defined by

(2.1.10) (Il v xn) = (v, xp) for v e L*(2) and Yy, € Sy

Let Ay : Hi(£2) — S;, be the discrete elliptic operator associated with the bilinear
form a(-,-) and be such that for v € H}(2),

(2.1.11) (Apv, xn) = a(v,xn)  VYxn € Sh.

For purely parabolic problem, a posteriori error analysis for the spatially discrete ap-
proximation has been studied by Makridakis and Nochetto in [76] . They have used
elliptic reconstruction in conjunction with the energy technique to derive optimal order
a posteriori error bound in the L°°(L?)-norm. The a posteriori error analysis in [76]
relies on the approximation properties of the Clément-type interpolation operator [92].
The approximation properties for such type of operator are proved in [92] (Theorem
4.1, [92]) under suitable regularity assumptions on functions. In particular, for O(h?)
approximation results using the linear finite elements, the analysis of [92] demands
functions to be in H?(§2). However, in the present case, due to the discontinuity of the
diffusion coefficient § along the interface I' the solution has a lower regularity in the
entire domain (2, usually one has only u € H}(2). Thus, the existing approximation
results do not apply directly. Therefore, the extension of a posterior: analysis of purely

parabolic problems to the parabolic interface problems is not straightforward.
In this chapter, an attempt has been made to extend the a posteriori error analysis

of the spatially discrete approximation of the parabolic problems [76] to the parabolic
interface problem (2.1.1)) — (Z.1.3). The new approximation results for the Clément-type
interpolation operator are established to deal with the interface problems. Other key
technical tools used are an appropriate elliptic reconstruction operator and the energy

argument.
The rest of this chapter is organized as follows. In Section 2.2 we establish new ap-

proximation results for the Clément-type interpolation operator. In Section [2.3], elliptic
reconstruction operator is introduced and a posteriori error estimate of nearly optimal

order in the L>°(L?)-norm is derived.

2.2 Clément-type Interpolation Error Estimates

In this section, we shall prove new approximation properties of the Clément-type in-
terpolation operator in a bounded convex polygonal domain 2 C R?. Clément-type

operators were introduced by Scott and Zhang in [92] for nonsmooth functions.
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(a) z is an interior point

of an element K.

(¢) z is a common
boundary point of some
edges (marked with
broken line) and z is an

interior point of 2.

(b) z is an interior point

of an edge E.

(d) z is a common
boundary point of some
edges (marked with
broken line) and z is a

boundary point of {2.

Figure 2.1: Choice of subdomain F,.

We now follow Scott-Zhang [92] to define the Clément-type interpolation operator.
Let N}, be the set of all interpolation nodes of the triangulation 7. For each z € N,
define
K, if z is an interior point of K € Tp,

E, if z is an interior point of an edge E of the triangle K € T,
Ey, any edge Ey containing z, if z is a common boundary point of some edges
and z is an interior point of the domain (2,

Ey, any edge E, containing z and E, C 842, if z is a common boundary

\ point of some edges and z is a boundary point of the domain (2.

Let {¢.}.en;, be the nodal basis for Sy, ie., ¢,,(2;) = 0;;, where §, ; is the Kronecker
delta. Let {1, }.en;, be a dual basis of {¢, }.en;,, where ¢, : F, — R and

wzi ¢Zj = 5i7j7
F=
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where z; and z; are nodes associated with F,.
The Clément-type interpolation operator #, : X — S is defined by

2.2.1) Sw=3 6. /F L ()v(€)de.

ZGNh
Remark 2.2.1. (i) The first two cases shown in Fig. [2.1(a)|—[2.1(b)| do not arise for the

fitted finite element discretizations.
(i4) We wish to emphasize the fact that for ¢, : WiP(2) — S, the following

estimates hold (cf. [92]): For v € W'P(2),

(2.2.2) v = _Zhvllwmey < Chlg™vlwings,)y, K € Th, 0<m <1<2,

where

1
[>1if p=1 and [ > — otherwise,
p

and the patch

Sk = (Uier K;)°, Ig ={i e N|0K;NOK #0, K; € Ty}
Here, for an A C R?, A° and QA denote the closure, interior and boundary of A,
respectively with respect to the Euclidean norm on R2.

We now state the following approximation properties. The proof of the theorem

essentially uses (2.2.2]) and the trace theorem on reference triangle.

Theorem 2.2.1. Let ¢ : X — Sy, be the standard Clément-type interpolation opera-
tor defined by (2.21]). Then, for the finite element polynomial space of degree < 1, the
following interpolation estimates hold for v € H}($2):

(2.2.3) v = Zwoll < Crah|v]ls,
and
(2.24) v = Zwvlls, < Crah? ol

where the constants Cr ., k € {1,2} are positive and depend only on the shape-regqularity
of the family of triangulations.

Proof. To prove (2.23)), it is enough to obtain the result for individual elements and

then sum up to obtain the result for the entire domain.
Let K € Ty. Then for v € H}(£2), using 222) (with m = 0,p = 2 and [ = 1), we

have

v = Zhollraaey < Chi o] sg).-
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Summing up over all the triangles in 7, we have

(2.2.5) lv— 2wl < Ch > [vlais,),

KeTy

which together with (L2.4]), it now leads to
(2.2.6) lv = Zwoll < Crahllv],

where C;; is a positive constant independent of h and this proves (2.2.3).
For the second estimate (2Z.2.4]), we now recall some classical finite element estimates

from [35]. Consider an arbitrary triangle K € 7, and an arbitrary edge E € &, of K.
Let

Fx : K—K
be an invertible affine transformation which maps the reference triangle K with vertices

(0,0), (1,0) and (0,1) onto K and the horizontal edge E of K onto E of K. In the

above, By (an invertible 2 x 2 matrix) and bx ( a vector in R?) are obtained by using
FK(CALZ) = Qj, 1 S i S 3,

where a; and a; are the vertices of the triangles K and K, respectively. Then

m(K)
m(K)

(2.2.7) IBkll < Chrx  and  |det(Bg)| = < Ch3,.

Here, || Bk| := sup { [Brallpz x(#£0) € ]RQ}, ||x||2 is the standard Euclidean vector

[EP
norm in R? and m denotes the standard Lebesgue measure in R2.

Let ¢ € HY(K) and let ¢ = ¢ o Fx € H'(K). Then, we employ the transformation
rule for integrals (cf. [35]) to have

(2.2.8) 10112 < Clet(Br) [ 9]l 2y < O 1llz200,
and
(2.2.9) IVl 125y < C I Bkl |det(Br) |72 [Vl 2y < C IVl (i)

A standard trace theorem on the reference triangle K implies

(2.2.10) 1]z < ChE 11y
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N

r %

Figure 2.2: A typical patch Sk of a triangle K.

Invoking the transformation rule for the integrals (Z.2.8)) and (2.2.9) in ([2.2.10), we

obtain

(2.2.11) I6llz2) < € { i I9llazci) + W IV 62 } -

We are now ready to derive the approximation properties of the Clément-type interpo-

lation operator over edges.

For E € &, using (Z2.11)) and ([2:22)), we obtain

lo = Aol < C{h o= Fwvllzago + hic IV ~ 2i0) |z }

l

Taking summation over all edges, we have

o= Zrlls, = ZHU—/W”LZ(E)

Ee&;,
1
< C Y i olmse
KeTy,
(2.2.13) < Crah |ols,

where in the last inequality, we have used ([.2.4]) and we thus complete the proof of the

theorem. [

In view of ([Z2:2)), we observe that to obtain O(h?) approximation properties for such
type of operator one requires v € W?P(S) for all K € 7. But, this need not be true for
interface problems. This is because even for K € T, \ T,”, the patch Sk may contain an
interface triangle (see, Fig. 2.2)) and hence, v ¢ W?2?(Sk). Therefore, one can not apply
the approximation properties (2.2.2) directly while dealing with the interface problems.
It is known that the solution of the interface problem u € X, i.e., u has good regularity
in the individual subdomains §2; and 2, (u € H?((2)), but u ¢ H?(£2). Therefore,
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this local higher regularity along with the classical error estimate (Z2.2)), the Sobolev
embedding theorem and extension results are used to derive nearly O(h?) (up to |log h|

factor) new approximation results for such type of operator.

Theorem 2.2.2. Let ¢, : X — S}, be the standard Clément-type interpolation opera-
tor defined by (2.211). Then, for the finite element polynomial space of degree < 1, the

following interpolation estimates hold for v € X :

(2.2.14) lv— 2wl < Crsh?|loghlz ||v]|x,
and
(2.2.15) lo — Zuolls, < Crah? |loghl? |v]|x,

where the constants Cr g, k € {3,4} depend only on the shape-reqularity of the family of

triangulations.

Proof. Let v € X. Then by the Sobolev embedding theorem, v € W'?(2) for all p > 2
(cf. [33]). Let v; = v|g, fori =1,2and vy = vy on I'. Then v; € H%((2;). As the interface
I is of class C?, one can have continuous extension of the functions v; € H?(§2;) onto

the whole domain {2 and obtain a function 9; € H?({2) such that o;|o, = v; for i = 1,2

and

The existence of such kind of extension can be found in Stein (cf. [96]).
We note that in order to derive (2.2.14)), it is enough to derive the estimate over each

triangles.

Clément-type estimates for triangles: To establish the approximation properties
of the Clément-type interpolation operator for triangles, we consider the following two
cases: Firstly, for the non-interface triangles (K € Ty, \ 7,*) and then for the interface
ones (K € 7).

Clément-type estimates for non-interface triangles: Let K € T, \ T;*. Then, either
K € Ty o, or K € Ty, Suppose that K € T ,. Then, using (2.2.2]), we obtain

v — Zwollzwy = 1101 = Zutnlza
(2.2.17) < Chi|o1| m2(sy)-
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Similarly, for K € 7Ty, n,, we have
(2.2.18) v — _Zivll2y < Chi|talm2(si)-

Summing up over all non-interface triangles in Ty, \ 7,%, using (Z2.I7) and 2Z.2I])), we

obtain
Z v — /hUHH(K) = Z v — /hUHm(K) + Z v — /hUHm(K)
KE’T}L\E* KE,T}L,Ql KE’T}L,Q2
(2.2.19) < CR*S Y il + Y, [Balmsi
KE'Th)_Ql K€7’h,92

An application of (L24]), (Z2.16]) together with ([2.2.19]) yields

Z v — Zwvllizwy < CR? {|01|n2) + |02lu2(0) }
KeTu\T;;

(2.2.20) < COR*v|x.

Clément-type estimates for interface triangles: Let K € 7T,". Then, using the Holder’s
inequality and the fact that m(K) < Ch%, we obtain for p > 2 that

o = Zwollfag) < (/K (Jv - /mz)gdx)i </de)1—i

_2
< Ch%) " #llv = ZnollTo)-

An application of (2.2.2)) yields

22
(2221) ||’U — /h,UHLZ(K) S ChK P ||'U||W1,p(SK), P > 2.

Summing up over all the interface triangles in 7, and using (I.2.4]), we obtain for

p>2
_2
Yol = Awlleay < O Y ollwrssg
KeTy KeTy
(2.2.22) < Ch2 5 |ollwrg).

Now, we recall the Sobolev embedding theorem (cf. Ren and Wei [89]) in two dimensions
ie.,

(2.2.23) 0] Loy < Cp2||v]l ey Yo € HY($2),i=1,2 and p > 2.
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Then a simple calculation yields

1
(2.2.24) [vlwis) < Cpz|lv|lx, p> 2.
Going back to (2.2.22)), we now obtain

_2 1
(2.2.25) 37 o= Fwvlleamey < OB rpE|ullx, p > 2.

KeTy

Now, summing up over all triangles in 7, and using (2.2.20) and (2.2.25)), we obtain

lo = Zwvllezey = Y llv = Fwvllza

KeT,
= > v- Awllea + Y v = Zuwllraw
KeTi\T; KeTy

< C {h2 + hQ—%p%} o] x.
Taking p = |logh| for small & in the above, we finally obtain
lo = Awll < Cra h* |loghlz |ullx,

where the constant C; 5 is independent of h, and this completes the proof of (2.2.14]).
To prove the second estimate (2.2.15]), we proceed as follows.

Clément-type interpolation estimates for edges: Analogous to the previous
case, here also the proof proceeds by considering two cases: Clément-type estimates for
edges E € &, \ 5;; = gh,Ql U €h792 and F € g;;

Clément-type estimates for edges B € &, o, U &L q,: Let E € &, o, be any edge of a
triangle K € Ty, o,. Then, using (2.2.11) and (2:2.2)) we obtain

lo = Sl < O {hillo = Fuvliauo +hic 900 = Fo)ll iz |
O {19 = Az + hie IV = ) 1) |

_1 ~ 1 N
C { i Bclinlimacsio + bk hiclnlimegsio |

IN

IA

3
(2.2.26) C hZ [0 2gs,)-

IA

Similarly, for a triangle K € 7j o, and an edge E € &}, o,, we have

3 ~
(2.2.27) ||’U - /}ﬂ)”[ﬁ(]g) < C hf{ |U2|H2(SK)-
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Use of (22226)), (222.27) and (2216 leads to

Z v — /hU||L2(E)

E€EL\EL

(2.2.28)

IN

IA

<

S - Allem+ Y. llo— Zavlliam

E€lh, 0,

Ch?

Eeé‘h,gQ
Z ‘ﬁl‘HQ(SK) + Z ‘7;2‘H2(SK)
K€7—h701 KE'Th’QQ

3 ~ ~
Ch2{||01[|g2() + |02/ #22) }
Ch2|v]|x,

where in the third step, we have used (L.2.4]).

Clément-type estimates for edges E € &: Let E € & be any arbitrary edge of an
interface triangle K € 7,*. Then, in view of (Z.2.11]), we have

_1 1
(2229) ||U — /hUHL2(E) < C {h'K2 ||U — /hUHL2(K) + hiz(HV(U - /}ﬂ))HLZ(K)} .

Arguing as in (2.2.27]), we obtain

1—2
(2.2.30) V(0 = Zho)llz2) < Chy " ||vllwreisge), p> 2,
which together with (2.2.21]) and (2.2.29)) yields

3_2
(2231) ||'U — /h'UHL2(E) S Chlz{ 1 ||'U||W1,p(SK), Y% > W

Now, summing up over all the edges E € & of the interface triangles, using (I.2.4]) and

([2:224)) we obtain for p > 2

Z v = Znvllz2m)

Eec&;

(2.2.32)

3 2
< Ch2r Z [vllwre(sy)
KeTy:
3

2
< Ch27?|v|lwie)
< Chaopifofly, p> 2.

To complete the proof of (Z.2.15]), we use (2.2.28)), (2.2.32)) and take p = | log h| to obtain

lv = Znolls, =

(2.2.33)

IA

<

Z v — /hU||L2(E)

Ecé&y,
C {n+ i ipt} il
Crah? [loghl? |[v]|x,

where the constant Cj 4 is independent of & and depends on the shape-regularity of the

family of triangulations.

O
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Remark 2.2.2. (i) For the purely parabolic problems, the following approximation prop-
erties are well-known for the Clément-type interpolation operator (see, [62]): For v €
H?(£2) and 0 < j < 2, there exists interpolation constants C;, C; such that

(2.2.34) lv = Zwoll < Cl vl mia),
and
(2.2.35) o= Zwvlls, <Cil? 2 [v|ms(a),

The main difference between the approximation properties (2.2.34) — (2.2.35)) and (2.2.14) —
(Z.2.15)) is that in the former one needs H? regularity to obtain O(h?) convergence with

piecewise linear elements, whereas in the later only global H'! regularity is used to obtain
O(h?|log h|) approximation properties for the Clément-type of operator. The low global
regularity on the solution results into the appearance of the factor |logh|z in (Z2.14)
and (2.2.15).

(77) In Chen and Zou [33], similar approximation properties (cf. Lemma 2.1 of [33])
are established for the standard linear interpolation operator in C({2) in the context
of a priori error analysis for interface problems. In the proof, the authors of [33] have
directly used the standard finite element interpolation results to obtain an estimate
over non-interface triangles. Whereas, in the present scenario, to obtain an estimate
oner non-interface triangles one can not apply the standard estimates (2.2.2]) directly
because for some K € T,\T;* and v € H*(K) need not imply v € H?(Sk), Sk refers
to the corresponding patch of a triangle K. We use extension results together with the

embedding results to overcome this difficulty.

2.3 Abstract Error Analysis

In this section, we derive an abstract a posteriori error bound for the quantity
U — Up|| oo = max ||u(f) —up(t)||-
Ju = unll ey o= it fut) = w0
In the error analysis for the spatially discrete approximation of (2IT]) — (ZL3), we
employ the elliptic reconstruction technique of [76]. This elliptic reconstruction operator
for a posteriori error analysis may be thought of as a counterpart of the Wheeler’s

projection introduced in the context of a priori error analysis of parabolic problems.

Definition 2.3.1 (Elliptic reconstruction). Let u, € Sy, be the spatially discrete finite
element solution of the problem (2.1.1]) — (21.3). Then we define the elliptic reconstruc-
tion Ryuy € Hy(£2) of up, €Sy, to be the solution of the following elliptic problem in the
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weak form as

(231) a’(Rhufw SO) = <.f — Uh,ts ()0> VQ)O S Hol(Q)

Remark 2.3.1. (i) The existence and uniqueness of the solution of elliptic problem (2.3.1)
follows from the well established theory of elliptic interface problems and hence, the
elliptic reconstruction is well defined. Further in view of (Z1.8]), this definition may be
expressed by saying that uy, is the finite element solution of the elliptic problem (2.3.1])
with exact solution Rjuy. Therefore, u;, — Ryuy can be bounded in various norms by a

posteriori error estimator for elliptic problems.
(17) For a.e. t € [0,T], we note that u, — Rpuy, is orthogonal to the finite dimensional

subspace S;, with respect to the bilinear form a(-,-), i.e.,
(2.3.2) a(uh — Rpup, Xh) =0 Vy, €Sy

The property ([23.2) is called the Galerkin orthogonality and plays a pivotal role in the

derivation of residual-based a posteriori error estimates.
(77i) To motivate the Definition 231l we rewrite the spatially discrete approximation

(1Y) as
(233) a(uh, Xh) = <f — Upt, Xh> th € Sh, a.e.t e (0, T]

Then the elliptic reconstruction is defined with the help of (2.33]). This idea of the
definition of elliptic reconstruction might be useful to deal with more general type of

linear parabolic interface problems.

Unlike for the purely parabolic problems, a posteriori error estimates for the elliptic
interface problems are not readily available in the literature with respect to the L?
norm. Therefore, we shall derive a posteriori bounds for the elliptic reconstruction
error in both the H! and L? norms. The proof uses the standard energy argument
and relies on the approximation properties of the Clément-type operator derived in the
previous section. Optimal order estimate in the H'-norm and almost optimal order

estimate in the L?-norm are derived for the reconstruction error.

Lemma 2.3.1. Let Ryuyp, be the exact solution of the elliptic problem (2.31) and let
up, be its finite element approximation. Then we have the following reconstruction error

bounds:

C C [
LB = une — (un)alll + =22 b2 [5[Busll|s,
Y0 Yo

IA

| Riun — unlx

IRnun —unl| < Crsh?[loghl? |f —uns — (un)all + Cre h? [loghlz ||j[B8unl|ls,,
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where Crs := Cr3Cr and Crg := Cr4Cr. In the above, Cr;(i = 1,...,4) refer to the

interpolation constants and Cg is the elliptic reqularity constant.

Proof. First, we prove the error estimate in the H' norm. For all ¢ € H}({2), using

(Z37)) and (ZI9) we have

a(Rpup —up, @) = (f —ung, ) — alun, )
(2.3.4) = (f —uns, ©) = ((un)a, ) — (j[Bunl, ¥) 5,

Application of the Galerkin orthogonality (2:3.2]), the Cauchy-Schwarz inequality and
Theorem 2.2.1] now leads to

(f —unt — (un)er, = Znp) — (i[Bunl, 0 = Znp) 5,
1f = une — (n)all lo = Znell + 17 [Bunlll s, le — Zrel =,
(2.3.5) < {cl,l hIf = ung — (un)all +Cr2 b2 [|[Bus] Izh} llell1-

a(Rhuh — Up, <P)

IN

Choose ¢ = Rpup — up, in (2.33]) and then use the coercivity property of the bilinear

form a(-,-) to complete the proof of the first estimate.
For the L2-error estimate, we apply the well-known duality argument. Let w :

[0,7] — X be the solution of the following elliptic problem
(2.3.6) a(v,w(t)) = (Rpup —up,v) Yo € Hy(2), ae tel0,T],
w = 0 on 0f2,

w] = o, [ﬁa—“’

8n} =0 across I,

and w satisfies the regularity estimate (cf. Theorem [[.2.1])
(2.3.7) |lwlx <Cgr || Ruun — usnll,

where Cg is a regularity constant depending on the domain (2. Set v = Rpup — uy in
(23.6). Then use the Galerkin orthogonality property (2:3.2)) to obtain

IRuun — unl® = a(Rpup, — un,w — _Frw)
= a(Rpupn,w — Zrw) — ((up)e, w — Frw)
(2.3.8) —(j[Bup), w — Fhw)z,.

Again, using (2.3.1]) and the Cauchy-Schwarz inequality, we have

(2.3.9) | Ruu = unl® < |If = wng = (un)all w — Fuwll + [ [Bun|| s,

w — /thEh'
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To this end, use Theorem 222l and (23.7)) to have

I Ruun — unl®
< {C1a B [1og bl 1 = uns — (unall + Cra h¥ [log At [j[Bunllls, } lwlx
(2.3.10) < {Crsh*1og hI2 1S = wne = (un)all + Cr.eh? | 1og bl |1 [Bunllls, | I Rnun — il
which yields the second estimate and this completes the rest of the proof. O

Remark 2.3.2. As a consequence of the second estimate of Lemma [2.3.T], one can imme-
diately have an almost optimal order a posteriori error estimate for the elliptic interface

problems in the L?-norm.

Corollary 2.3.1. Differentiating (2.31) with respect to t and assuming f, € L*(0,T; L*(12)),
it follows that

(2.3.11) a((Ruun)e, ) = ((f = uni)i, p) Vo € H&(Q)-
Also, in view of (2.3.3) we have
(2.3.12) a((Rhuh = Uh)t, Xh) =0 \V/Xh €Sy

In order to bound ||(Rpun — up)¢|| we employ the standard duality trick. Consider the
dual elliptic problem with the forcing term (Rpup — up)e. For a.e. t € [0,T], let w € X

be the solution of

(2.3.13)  a(v,w(t)) = (Ruun—up),v) Vo€ Hy(2), ae tel0,T],
w = 0 on 012,

0
[w] = 0, {ﬁa—iﬂ =0 across I.
Further, w satisfies the following reqularity estimate with constant Cr depending on the
domain {2
(2.3.14) Jwllx < Crll(Ruun — un):-

Invoking (2.311), (2.3.13) and arguing the same way as in (2.3.8) — 23.10), we have

the following bound for the time derivative of the reconstruction error.

(2.3.15) |les(t)]| < Crs B2 [loghl2 |(f —uni—(un)a)ill + Cre b |1og |z ||[Bun| s, -
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Residuals. For ¢ € H}(2), the residuals associated with equation (2I.8) is defined

as

)+ alun, ) — (f, @)

)+ ((un)et, 0) + ( J[Bunl, ©) s, — ([ 9)
up)e = fr0) + { lBunl, @)z,

t), o) + (Jn(un(?)), @) s,

(Res, 0) =

Therefore, we associate with (2.1.8)) two residual functions namely, the element residual

and the jump residual.
The element residual is defined as

Rh(uh(t)) = Up == (uh>cl B f7

and the jump residual is defined as
Jn(un(t)) = jlBun].

Further, we define

Ricun(t)) = o funelt) + (i = F(0))

Tlm(®) = o (Tm0)
= jlBungl-

In the above, the equalities are to be understood in the sense of distributions.
Residual-based spatially discrete estimators: We define the following estima-

tors.
The elliptic reconstruction error estimator as

(2.3.16) Osp(un(t)) == Crs h? [logh|z |Ru(un(®)|| + Crg h? [loghlz [|Tn(un(®))|s,,
and the spatial error estimator as
(2.3.17) M p(un(t)) := Crs h® |1og h| [[Ras(un(t))]| + Creh2 [loghl2 | In,(un(t)]s,.

In order to derive the a posteriori error bound, we split the total error e(¢) by considering
the reconstruction Ryu;, € Hj(§2) as an intermediate object as follows: For a.e. ¢ €
[0, 77,

(2.3.18) = p(t) + (D),
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where p(t) := u(t) — Rpup(t) refers to the parabolic error and £(t) := Rpup(t) — un(t)
represents the elliptic reconstruction error.
The following lemma allows us to bound the parabolic error p(t) in the L>°(L?)-norm.

Lemma 2.3.2. Let u be the ezact solution of (Z11)—(21.3) and let uy be its finite
element approzimation obtained by (21.8). Then, the following a posteriori bound holds

for the parabolic error p:

max {|p(t)[| < [[p(0)]] + 2/0 AMs p(un(s))ds.

te[0,T

Proof. In order to bound p(t), we have the following error equation

(pe(t), 0) + alp(t), ) = —(Ruuny(t), o) — a(Rpun(t), o) + (f(t), ©)
(2.3.19) = —(alt),p) Ve Hi(92),

where in the above, we have used (2.3.1]) and (2.1.7)). Setting ¢ = p in (Z:3.19), applying
the coercivity property of the bilinear form a(-,-) and the Cauchy-Schwarz inequality

we obtain

1d

(2.3.20) s 1PN + %Ilp(t)llf < [le: @I o@]-

We integrate (2.3.20) from 0 to ¢. Then, use (2.3.15]) to have

II/)(t)IIQJrWo/0 lp(s)llds < IIp(0)||2+2/0 s p(un(s)) ||p(s)l|ds

(23.21) < o)) {0001+ 2 [ tastin(o))is

te[0,7
and the desired bound for p(t) now follows. O

The main result concerning L°>°(L?)-norm a posteriori estimate is presented below.

Theorem 2.3.2. Let u be the exact solution of (Z11)—(213) and let uy, be its finite
element approximation obtained by (21.8) . Then the following a posteriori error bound
holds:

max Hu(t) — uh(t)H S HUO — IhUOH —+ ﬁ&h(uh(O)) + ﬁ&h(uh(t)) + 2/0 e%SJL(U;L((‘S))CZS.

te[0,7

In the above, the estimators Osp(un(t)) and Msp(un(t)) are defined in (Z:316) and
(2.3.17), respectively.
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Proof. Since e(t) = p(t) — e(t), we use Lemma 23] Lemma 232 and the triangle

inequality to obtain

(2.3.22) le@) < [lp(0)]] + 2/; M 1 (un(s))ds + Os p(un(t)),
which together with

(2.3.23) lpO)]I < lluo = Inuoll + Os w(un(0)),

completes the rest of the proof. O
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Fully Discrete Backward Euler Error Analysis

In this chapter, we shall extend the spatially discrete a posterior: error analysis to the
fully discrete backward Euler approximation for the linear parabolic interface problem
(LII) — (LI3). The space discretization uses the standard linear finite element spaces
that are allowed to change in time and the time discretization is based on the backward
Euler approximation. An appropriate adaption of elliptic reconstruction operator intro-
duced in Chapter 2 plays a major role in the analysis. The main ingredients in deriving
a posteriori estimates are Clément-type interpolation estimates and a linear space-time
reconstruction of the finite element solution. We use only the energy argument to es-
tablish a posteriori error estimates with optimal order convergence in the L?( H')-norm

and almost optimal order in the L>°(L?)-norm.

3.1 Introduction

We shall begin by rewriting the parabolic interface problem. Let {2 be a bounded convex
polygonal domain in R? with Lipschitz boundary 02. Let £2; be a subdomain of 2 with
C? boundary 962, := I'. The interface I" divides the domain {2 into two subdomains {2

and (25 := 2\ 2;. Consider the linear parabolic interface problem of the form
(3.1.1) w(z,t) — div(B(x)Vu(x,t)) = f(z,t) in 2 x(0,T]

with prescribed initial and boundary conditions

(3.1.2) u(x,0) = ug(z) in 2; u=0 on 0 x[0,T]

and jump conditions on the interface

(3.1.3) [u] =0, [5%} =0 across I x[0,T],
43
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where [v] denotes the jump of a quantity v across the interface I, i.e., [v](x) = vi(x) —
vo(z), x € I' with v;(z) = v(z)|g,, i = 1,2 and T' < +o00. The symbol n denotes the unit
outward normal to the boundary 9¢2 := I'. The diffusion coefficient f(x) is assumed

to be positive and piecewise constant on each subdomain, i.e.,
f(x)=p; for e i=1,2.

The initial function ug(x) and the forcing term f(x,t) are real valued functions and

assumed to be smooth.
To present the finite element method for the problem [B.I1) — (B1.3]), we now intro-

duce its weak formulation. Let w € L*°(0,T; H}(£2)) be the solution of the following

problem

(3.1.4) (ug(t), ) +a(u(t),p) = {(f(t),) Yo € Hy(f2), ae. te(0,T),
u(0) = wp,

where the bilinear form a(-,-) : H}(2) x H}(£2) — R is defined by
(3.1.5) a(v,w) = (BVv, Vw) Yu,w € H(12).

The bilinear form af(-, ) is bounded and coercive on H}(2), i.e., Jag, o > 0 such that

(3.1.6) la(v,w)| < ag ||v|1]|w]1 Vv, w € H&(Q),
and
(3.1.7) a(v,v) > v vl Vo€ Hy(02).

Let {S"}o<n<n be a family of finite element spaces corresponding to the triangulation
T, and is defined by

Sn . {X c Hé(Q) }X|K e Py (K) forall K € 7;},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K. The
assumptions on the triangulations are detailed in Chapter [l Let f"(z) := f(z,t,). But
in the sequel, we shall use the shorthand notation f™ for f(z,t,) and drop the space

variable explicitly to avoid clutter in our notation .
The fully discrete backward Euler-Galerkin approximation of the problem (B —

(B.L3) is stated as follows: Given U° = I'u(0), seek U™ € S” (1 < n < N) such that

<Un _ Un—l

(3.1.8) -

7Xn> + a<Un7 Xn) = <fn7 Xn> Vxn € S".
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Here, the operator I? is a suitable projection operator from Hg({2) into S°.
Representation of the bilinear form. As in the spatially discrete case, for v € S™, the

bilinear form a(-, -) can be represented in short form as

(3.1.9) a(v,p) = (Ve ) + ([B0], )z, Ve € Hy(12),

and the symbols have the same meaning as before.
Discrete elliptic operator. The discrete elliptic operator associated with the bilinear

form a(-,-) and the finite element space S™ is the operator A} : H}(2) — S™ such that
forve HY(2)and 0 <n < N,

(3.1.10) (Apv, Xn) = a(v,xn) Yxn €S™

Throughout this chapter, we shall use the following notation: For 1 <n < N,

In the context of purely parabolic problems, a posteriori error analysis for the fully
discrete backward Euler approximation has been studied by Picasso [86], Verfiirth [101]
and Lakkis and Makridakis [62]. The authors of [86), [L01] have used the energy argument
to obtain optimal order estimates in the L?(H')-norm and suboptimal order estimates
in the L>°(L?)-norm. In [62], the elliptic reconstruction technique is adapted to restore

optimality in the L>(L?)-norm using the energy argument.
In this chapter, we derive L>(L?) a posteriori error bounds for the fully discrete

backward Euler approximation of parabolic interface problem B.II) — (B.13). A pos-
teriori error analysis is based on the same principle as in [62], namely, an appropriate
reconstruction operator and the energy argument. Moreover, new approximation results

of the Clément-type interpolation operator also play a vital role in the analysis.
The layout of this chapter is as follows. In Section [3.2] elliptic reconstruction operator

is introduced in the context of the fully discrete backward Euler approximation. In
addition, optimal order a posteriori error bound in the L*( H')-norm and almost optimal
order bound in the L*(L?)-norm are derived for the fully discrete backward Euler

approximation.

3.2 Abstract Error Analysis

In this section, we introduce an elliptic reconstruction operator and discuss the related

a posteriori error analysis for the fully discrete backward Euler approximation.
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Definition 3.2.1 (Elliptic reconstruction). For a fully discrete finite element solution
U™ € S™, we define the elliptic reconstruction R"U™ € H}(§2) of U™ € S™ as the solution
of the following elliptic problem

(3.2.1) a(R"U"™, ) = (f",¢) Vo € Hy (%),

where
_ A0, n =0,
=k U0, 1<n<N.
Note that U" — R"U" is orthogonal to the finite dimensional subspace S" of H&(Q)

with respect to the bilinear form a(-,-), i.e.,
a(U" —=R"U", xn) =0 ¥x, €S", 0<n<N,

which is called the Galerkin orthogonality property in the literature.
We now recall from Chapter [l the following approximation properties of the Clément-

type interpolation operator in the context of fully discrete approximation.

Proposition 3.2.1. Let ¢#, : X — S" be the standard Clément-type interpolation
operator defined by (2.21)). Then, for the finite element polynomial space of degree <1,
the following interpolation estimates hold: For v € H}(§2), we have

o = Znoll < Cra hn 0]y,

(3.2.2) 1
v — Znvlls, < Crz i (v,
and forv e X,
lv = _Zwvll < Crs b2 [loghul2 [lv]|x,
(3.2.3)

3
lv— Zuvlls, <Crahd [logh|? [v]x.

where the constants Cr, k € {1,2,3,4} depend only on the shape-regqularity of the family

of triangulations.

Next, we state the Clément-type interpolation inequalities relative to the finest com-

mon coarsening of 7, and 7,,_; which reflects the mesh change behaviour.

Proposition 3.2.2. Let jn : X — S"NS" ! be the Clément type interpolation oper-

ator with respect to the finest common coarsening of T,, and T,_1, i.e., T =T, ATy
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corresponding to the finite element space S"NS"~! with mesh size h,, = max{hy,, hy_1}.
Then, for the finite element polynomial space of degree < 1, the following is true for
ve X: ‘

o= Fatll s\, < Cra b [oghal? Jo]lx.
where the constant Cr; depends on the shape regularity of the family of triangulations

and on the number of steps required to move from T,_1 to T,.
Further, the approzimation properties (3.2.2) and (3.2.3) hold true in the finite ele-

ment space S* NS"! with hy, replacing hy,.
The following lemma gives bounds on the elliptic reconstruction error.

Lemma 3.2.1. For a finite element approzimation U™ € S™ of the elliptic equation
(321), the following are true for 0 <n < N:

C - Cro W i
(324) R =U"|y < == b If" = (UMall + =2 12 51805,
Yo 0
IR"U™ — U™ < Crs h2 [loghal® || /" — (U™l
(3.2.5) +Cr ha |log hal? ||F[BU™|5..

where the constants Cy ;(j = 1,2, 3,4) are interpolation constants and Cy5 == Cj3Cr and
Cr5:=Cr3Cp.
The proof of the above lemma is analogous to the proof of Lemma[2.3.1] and is therefore

omitted here.
Now, we fix some notations for the subsequent use.
Let U : [0,T] — H}(£2) be a continuous piecewise linear approximation in time of

u(t) defined by
(3.2.6) Ut) =l () U +1,()U", tel,(n=1...,N),

where for 1 < n < N, the Lagrange hat functions [,,_1(¢) and [, () are defined by
t, —t t—t,—
ln_1(t) == ’ and [,(t) := 7 L for tel,

The linear space-time reconstruction O : [0,T] — Hg(£2) of U is defined as

(3.2.7) Ot) =l (O)R"ITU" " +1,)R"U", tel,(n=1...,N).

In the context of the fully discrete case we will also have two residual functions associated
with equation (B.I4]), namely, the element residual and the jump residual.
The element residual is defined as
Ry = (U%)q— (AUY),
(3.2.8) R, = k' (U"—U"Y+ (U )q—f", for nel[l:N],
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and the jump residual is defined as
(3.2.9) J, :=j[pU"], for 0<n<N.

A usual strategy in the error analysis is to split the total error by considering recon-

struction as an intermediate object as follows:
(3.2.10) e(t) :=u(t) —U(t) =p(t) +c(t), tel,.

Here, p(t) := u(t) —O(t) denotes the parabolic error and (t) := O(t) — U (t) refers to the
elliptic reconstruction error. The second term () is the error associate with the elliptic
problem ([B.2.]) can be handled via elliptic a posteriori bounds. Whereas, the first term

can be bounded by an appropriate use of error equation and the energy argument.
Now, we state the main parabolic error equation.

Lemma 3.2.2 (Fully discrete error equation). Let p(t) and e(t) be defined in (3.2.10),
and let the space-time elliptic reconstruction ©(t) be defined in (3.2.7). Then, for
1 <n < N and for each ¢ € H}(82), we have the following error equation for p(t)

(3.2.11) (pe(t), ) +alp(t), p) = —(&(t), ) —a(O(t) — O", ) +(f(t) — ", ), t € L.
Proof. For all p € H}(£2), we use (314) and (321) to have

(oe(t), o) +alp(t),0) = ((u(t) = O(t));,9) + alu(t) — O(t), )
—(6:(t), ) — a(O(1t), p) + (f(t), ¥)
) ) — (ky (U™ = U™TH), 0) — a(O(t), ) + (f, )
), 0) —a(O(t) — 0", 0) + (f(t) — [", ), t €Iy,
and this completes the proof, O

Note that the right hand side of the error equation (8.2.11]) comprises of three terms.
The first term represents the space-mesh error, the second term refers to the temporal
error and the third one is the data approximation error. To derive a posteriori bound
for the parabolic error p(t), we need to estimate the contribution of each error separately

in a sequence of lemmas.

Lemma 3.2.3 (Space-mesh error estimate). For 1 <n <m, let 3,1 be given by

Tn = / " Heut), ple))]dt

Then the following is true:

jn,l S kn %BE,n rtréz}x ||p(t)||7
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where Mpg ., 1s the spatial error estimator given by

~ ~ ~3 ~
Mysn = Crsh2 [loghy|? [|0R,] + Crg hd |logha|? 03,5,
~3 ~
(3.2.12) +Crsha [10g ha|? |03l 5\, Crs = Cr1Cr.

Proof. For 1 <n < m, we use (3.2.6) and (3.2.7) to have

Yoy = / " (edlt), ple))

tn—1
tn

< g tmax e [ R - DU = (R - DU de
€ln tn—1
(3:2.13) = max o) [(R" — DU” — (R* = D

To bound the term |[(R" — ) U™ — (R"! — I)U"!||, we employ the well-known duality
trick. For all v € HJ(£2), let w : [0,T] — X be the solution of the following elliptic

problem:

(3.2.14) a(v,w(t)) = (R*"—DNHU"— (R ' = NHU" ' v), ae te|0,T],
w = 0 on 012,

ow
[w] = 0, {58—11} = 0 across I
satisfying
(3.2.15) |w||x < Cg |(R* — D)U™ — (R™* = DU .

Note that R"U™ — U™ is orthogonal to S™ and hence, it follows that (R™ — I)U" —
(R™!— I)U™ ! is orthogonal to S*NS"~! with respect to a(-,-). Set v = (R" —I)U" —
(R*1 — U™ in (B214). Using the Galerkin orthogonality property in the subspace
S* N S* ! and B.2.1]) we have

IR = U™ — (R™ = DU

=a((R"=1U" — (R =) U" ", w(t))

—a ((R" DU — (R — DU w(t) — jnw(t))

= (Jr = P = (UM a (U N, w(t) = Faw(t))
= (418U = GBU N, w(t) — Faw(t))
(=R, wlt) = Fuw(t)) = (k03n, w(t) = Fyw(t))

Zn
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We now use the Cauchy-Schwarz inequality and Proposition 3.2 (in the space S*NS™~1)
and Proposition B.2.2] to obtain

I(R" = U™ — (R*F — DU"H|*

N N ~3
{czgh?\logh |5 1OR | + Cra hi |log | (03I,
+C 1 b3 \logh 2 ||8Jn’2n\2n} t)lx

where in the last inequality, we have used the elliptic regularity result (3.2.15]). Thus,
in view of (3.2.13), the desired result follows. O

Lemma 3.2.4 (Temporal error estimate). For 1 <n < m, let J, 5 be defined as

tn
%%:/"|wa@—@mmmwt
tn—1
Then
jn,2 S kn %,BE,H max ||p(t) ”7
tely,

where I, gy, represents the temporal error estimator and is given by

LA = £ aUT, =1,

(3.2.16) TopEn =
1 n n
sk llO(f* =0U™)| , 2<n<N.

Proof. We use Definition 3.2.T] and (3.2.7)) to obtain

tn
Tno = / la(lp_ (R IU + 1L,()R"U™ — R"U™, p(t))|dt

tn—1

- /nUmﬂﬂHMR“V”*m@D—MRW”m@Mﬁ

tn—1

tn B .
< / Laa O = 71 ()t
tn—1
where in the second step we have used the fact that l,,_1(t) + [, (t) = 1 for all t € I,,.

(3.2.17) Tnp < i mmax [p(0)|| [ 71 = 71

n

and this completes the proof. O

Lemma 3.2.5 (Data approximation error estimate). For 1 <n <m, let J, 3 be defined
by
tn
Sai= [ 10 = 57 o0

tn—1
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Then
B < o max (9] Z.

n

where the data approximation error estimator Ppg ., for time is given by

1 tn
(3:218) Twai=r- [ 170~ 1"t
n tn—1

Proof. We apply the Cauchy-Schwarz inequality to obtain

ln

Jps < max|p(t)] 1F(E) = £ dt

n tn—1

= knmax||p(t)[|Zsg.n,
tel

and hence, the estimate follows. O

In order to obtain a posteriori error bound for the parabolic error, we have the fol-

lowing result.

Theorem 3.2.1. Let u be the exact solution of (II11)—(313) and let U™ be its fi-
nite element approximation obtained by the backward Fuler fully discrete approzimation
(31.8). Then, for 1 < m < N, the following estimate holds:

tm 3 m
(L B0 +0 [ I0(OIRat) < VEIO)I+4D b (A + Topn + i)
0

te[0,tm]
n=1

where the estimators Mpgn, Jepen and Dpi, are defined in (F212), (3.210) and
(3.2.18), respectively.

Proof. Setting ¢ = p(t) in the error equation ([B.2ZI1]) and using the coercivity of the

bilinear form a(-, -) we have

(3:2.19) 22 p(t)]2+ 22 ||p( )T < eel®), p()|+1a(O() =0, p(t)) [+ [(f"— (), p(t))],

2 dt
which after integration on [t,_1,t,] yields

st = Slotte )+ 3 [ ool < /M{\ (1), ()] + la(O(D) — 7, (1))
£ = F(0) o)}

Summing up over n = 1 : m we have that

tm m
(3.2.20) lp(tm)I? + %/ o) 13t < [lp(0)]* +2> {Tn1 + Tns+ Tns},
0

n=1
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where J,,;(i = 1,2,3) are defined in Lemmas B.2.3 3.2l Since p(t) is continuous in
0, ¢,,], there exists t,, € [0,t,] such that

[poml == [lp(tom)|| = max {|p(t)].
te[0,tm]

Again integrating (3.2.19) between the limits 0 to ¢y, and observing that the integrands

are non-negative, it follows that

tO,m
Lo 2 + 0 / lo(t)2dt

tO,m

<O +2 [ Hetp®lde+2 [ a@o - 6% ple) e

0

2 / T (), () dE
<P +23 { / " {eu(t), p()|dt + / " laO() - e, p(t))| di

tn—1

; / "~ @) )l

(3221)  =[p(O)|>+2> {Tn1 +Tn2+ Tns}

n=1

Now, combine (3.2.20) and (B:2.21]) to have

tm m
lpomll* + %/0 lo@)lIFdt < 2p(0) 17 +4 Y {Jn1 + Tnz + Tns}-

n=1

Invoking Lemmas B.2.3 -{3.2.5 we obtain

tm
0% + 76 / () 2dt

S 2Hp<0)||2 + 4||p0,mH Z kn (ﬂBE,n i %,BE,n + -@BE,n> .

n=1

To this end, we take

D=

tn
a0 = lpounl, an = (% [ ool dt) S<n<m), e= V),
tn

—1

by :== 42 kn (Meen+ Tepen + PeEn), by =0, (1 <n<m),

n=1

and apply Lemma [[.2.3] to complete the rest of the proof. O
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We are now ready to state the fully discrete backward Euler a posteriori error esti-

mates in the L>°(L?) and L?(H') norms for the parabolic interface problem.

Theorem 3.2.2. Let u be the exact solution of (311)—(313) and let U™ be its fi-

nite element approximation obtained by the backward Fuler fully discrete approzimation
(31.8). Then, for each 1 < m < N, the following a posteriori error estimates hold:

s u(t) = U] < V2[RIV = u(O)]| +4 b (Mow+ Topn + Fre.)
o n=1

—|—2 max ﬁBE’Qm,
0<n<m

and

tm % 1 i
)~ Ut 2) < — AV2IRWC —u(0)|| + 4 k, (Mg, + Toven + DREn
(/0 |u(®) = U@} < \/%{ | u(0)| + 4 kn (M, BE, BE, )}

n=1

m 2
+ {Z k‘in (ﬁ]%E,l,n—l + ﬁéE,l,n)} .
=i,

In the above Ogg ., and Ogga, are the elliptic reconstruction error estimators in the

H' and the L*-norms, respectively and are given by

C C 1
(3.2.22) OBg1n = = B (IRl + =2 B2 (|3l 5,
Yo Yo
3
(3223) ﬁBE,Z,n = C[75 hi |1Og hn|% ||Rn|| ‘I'CI,G ha |10g hn|% ||Jn||2n’

and the estimators Mppn, Jepen and Dg, are defined in (3.2.12), (32106) and
(3.2.18), respectively.

Proof. By the triangle inequality, we have
le()ll = llu(t) =T @I < llp)ll + lle(@)]-

As max [,(t) = 1, we have
teln

le@® = llin-1(O)e™™" + La(t)e"]|, ¢ € I
< lama O] e+ [a(O)] [l
< 2 max{"|], e" |}

Again, for t € [0,t,,], using Lemma B.2.1] we obtain

< "l <
(@)l < 2 o [l < 2 max Oz
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which together with Theorem B.2.1] proves the first estimate. To prove the second

estimate, we proceed as follows:
tm tm
[ R = [ e e
0 0
< (Z k:an"‘lII%) + (Z k:n||e"||%>
n=1 n=1

m

(3224) < Z kn (ﬁ%E,l,n—l + ﬁ]%E,l,n) )
n=1

where in the last inequality we have used Lemma [3.2.1l The rest of the proof follows
from ([3.2.24) and Theorem 3.2.T1 O

Remark 3.2.1 (Comparison to the parabolic problems). (i) The temporal error estimator
and the data error estimator appearing in Theorem are similar to that of the
parabolic problems (cf. [62]). The crucial difference between the a posteriori bounds
for the parabolic problems and parabolic interface problems is reflected in the elliptic
reconstruction error estimator in the L?-norm and the spatial error estimator. For
parabolic problems, both the estimators are of O(h?), whereas for the interface problems
these estimators are of order O(h2|logh,|). The appearance of the factor |logh,| in
B223) and (3.2.12) is quite natural as the discontinuity of the diffusion coefficient

reduces the regularity of the solution of interface problems.
(71) We would like to emphasize the fact that the proposed analysis can easily be ex-

tended to treat more general parabolic interface problems in the presence of an interface

function.
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Fully Discrete Crank-Nicolson Error Analysis

This chapter is devoted to the a posteriori error analysis of the fully discrete Crank-
Nicolson approximation for the linear parabolic interface problem (L)) — (L1.3). The
discretization with respect to space is by the piecewise linear finite elements which are
allowed to change in time, and in time we have applied the Crank-Nicolson approxi-
mation. We employ a space-time reconstruction that is piecewise quadratic in time to
derive a posteriori error bound in the L>°(L?)-norm. Our main results are proved using

only the energy argument.

4.1 Introduction

We begin by stating the parabolic interface problem. Let {2 be a bounded convex
polygonal domain in R? with Lipschitz boundary 0f2. Let {2, be a subdomain of 2
with C? boundary 02, := I'. The interface I" now divides the domain 2 into two
subdomains 2, and (2 := 2\ ;. Consider the linear parabolic interface problem of

the form

(4.1.1) w(z,t) — div(B(x)Vu(x,t)) = f(z,t) in 2 x(0,T]
with prescribed initial and boundary conditions

(4.1.2) u(z,0) =up(x) in £2; w=0 on 02 x][0,7T]

and jump conditions on the interface

0
(4.1.3) [u] =0, [Ba—u} =0 across I x[0,T],
n
where [v] denotes the jump of a quantity v across the interface I, i.e., [v](x) = vi(x) —
vo(x), x € I' with v;(x) = v(z)|g,, ¢ = 1,2 and T" < +o00. The symbol n denotes the unit

25
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outward normal to the boundary 02 := I'. The diffusion coefficient [(z) is assumed

to be positive and piecewise constant on each subdomain, i.e.,
f(x)=p; for xze€ 2 i=1,2.

The initial function ug(x) and the forcing term f(x,t) are real valued functions and

assumed to be smooth.
For the purpose of the finite element approximation of (£1.1]) — (£1.3), we begin by

writing the problem in weak form: Find u € L>(0,T; H}(£2)) such that

(414)  (w(t), @) +aut),9) = (f(t)p) Vo€ Hy(2), aete(0,T],

Here, a(-,-) is a bilinear form on H}(£2) defined by
a(v,w) = (BVv, Vw) Yu,w € H}(12).
The bilinear form a(-,-) is bounded and coercive on H}(2), i.e., Jap, o > 0 such that

(4.1.5) la(v,w)| < ag [|v|1[|w]y Yv,w € H&(Q),

(4.1.6) and a(v,v) > Yllv|7 Vv € Hy(R).

In order to discretize the problem (A1) — (413)), we partition the time axis by 0 =
to <ty <--- <ty =T and set I, := (t,_1,t,] with time steps k,, := ¢, — t,—1. Then
for each n = 0,--- , N, we consider the finite element space S" corresponding to the

triangulation 7, as follows:
S":={x € Hy(2) | xlx € P+(K) forall K € T,},

where P (K) is the space of polynomials of degree less than or equal to 1 on K. Hereafter,

we shall use the following notations: For 1 <n < N,
n _ ,n—1 n n—1 n n—1
e e

The fully discrete Crank-Nicolson approximation of the problem (LI1.1]) — (A 13) as-
sociated with the finite element space S™ is stated as follows: Given UY = I?u(0), seek
U™ € S" for 1 <n < N such that
<Un _ Un—l

(4.1.7) -

7Xn> +a (U"_%,xn> = <f”‘%,xn> Vxn € S™.
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Here I} is a suitable projection operator from HJ(£2) into the finite dimensional subspace
SO,

We now recall the following projection operators for later use.

Discrete elliptic operator. The discrete elliptic operator associated with the bilinear
form a(-,-) and the finite element space S™ is the operator A} : H}(2) — S™ such that
for v e HY(N2)and 0 <n < N,

(4.1.8) (Apv, Xn) = a(v,xn) Yxn €S".

L?-projection operator: The L*-projection operator is a map 1} : L*({2) — S™ such
that for v € L*(£2) and 0 <n < N,

(4.1.9) (Ig v, Xxn) = (U, Xn) VXn €8".

Using the above projections, (4.1.7)) can be expressed in distributional form as

n nyn—1
S Sl (AU = 1

For the parabolic problems, Bénsch et al. in [15] has observed that the discrete elliptic

operator A7 on the finer mesh when applied to the coarse grid function U"! in the above

may lead to oscillation during refinement. The same behaviour is naturally expected for

the parabolic interface problems as well. Therefore, following the discussion of [15], we

consider the following modified Crank-Nicolson approximation.
Modified Crank-Nicolson approzimation. Given U° = [Ju(0), find U" € S" (1 <n <
N) such that

U
kn

1 1 —1lymn— n pn—x
+§(AZU")+§P2"(AZ U =115 e,

(4.1.10)
where PJ', Py : S""! — S" be any suitable projection operators. In particular ,one
may choose P' = P} = I1.

Representation of the bilinear form. As before, for v € S™, the bilinear form a(-, -) can

be represented in short form as

(4.1.11) a(v,9) = ((V)a, ) + (j[Bv],9)x, Vo € Hy(£2),

where the symbols have their usual meaning.
A posteriori error bounds with the energy technique for the Crank-Nicolson method

of the linear parabolic problems have been investigated by Verfiirth [I0T], Akrivis et al.
[4] and Bénsch et al. [I5]. A continuous piecewise linear approximation in time has been

used in [101] to obtain suboptimal error bound with respect to the time. Subsequently,
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Akrivis et al. [4] have introduced a novel continuous piecewise quadratic (in time)
Crank-Nicolson reconstruction to restore the optimal convergence (second order) in time
for the linear and nonlinear parabolic problems. Recently, Bansch et al. in [15] have
proposed a continuous piecewise quadratic in time space-time reconstruction to obtain
optimal order bound in the L°°(L?)-norm. The authors of [I5] have also considered the

mesh-change effect in the error analysis.
In this chapter, an attempt has been made to carry over a posteriori error analysis for

the Crank-Nicolson approximation of the parabolic problems(cf. [I5]) to the interface
problem (ATI.T) — (£I13]). This is accomplished by an appropriate quadratic space-
time Crank-Nicolson reconstruction of finite element solution and new Clément-type
interpolation estimates. A posteriori bound of O(k?) in time and O(h2|log h,|) in space

are derived in the L°°(L*)-norm.

The rest of this chapter is planned as follows. In Section 4.2 we define quadratic
space-time reconstruction for interface problem (£I1.T]) — (A 1.3). Further, the abstract a

posterior: analysis of the Crank-Nicolson approximation is also presented in this section.

4.2 Abstract Error Analysis

In this section, we first define space-time quadratic (in time) reconstruction for the
Crank-Nicolson approximation (AII0). The later part of this section is devoted to
the related a posteriori error analysis. For this purpose, we first define the elliptic

reconstruction operator R".

Definition 4.2.1 (elliptic reconstruction, [15]). Let v € S™. Then we define the elliptic
reconstruction R™ : S —s HY(2) by

(4.2.1) a(R™, p) = (A, @) Vo € Hi(£2), 0<n < N.

Note that R™v — v is orthogonal to the finite dimensional subspace S™ of H{ (£2) with

respect to the bilinear form a(-,-), i.e.,
a(R" —v,x,) =0 Vx, €S", 0<n<N\,

which is called the Galerkin orthogonality property in the literature and plays a pivotal

role in the derivation of residual-based a posteriori error estimates.
The following lemma gives the elliptic reconstruction error estimate in the L?-norm.

The proof essentially uses the idea of Lemma 2.3.11 But, for clarity of presentation we

provide here the proof.
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Lemma 4.2.1. For anyv € S" (0 < n < N), the following is true:
1 3 1.
I(R™ = Dol < Crs iy, [log hul 2 [|(AR)v = (v)alll + Crohit [log hul2 ||j[BY]|]5..

where Cr 5 and Cy g are positive constants appearing due to the application of interpolation

constants and the reqularity constant.

Proof. The proof of the lemma will proceed by the duality argument. Let w : [0,7] —

X be the solution of the elliptic problem in the weak form as

(4.2.2) a(z,w(t)) = (R"—=1Dv(t),z) Vze€ Hy(2), ae.tel0,T],

w = 0 on 02,
ow
[w] = 0, {Ba—n} =0 across I

Further, the solution w satisfies the following regularity result
(4.2.3) |wllx < Cr [(R" — 1),

where Cp refers to the regularity constant. Choose z = (R" — I)v in (£2.2). Then,
using the fact that (R"™ — I')v is orthogonal to S™ with respect to the bilinear form a(-, -)
and Definition 4.2.1] we have that

I(R" = Doll* = a((R" = I)v, w)
= a(R"v—v,w— _Zyw)
< [((Ap)v = (@)a, w = Fow) = (j[Bv], w = Zpw) |

To this end, using the Cauchy-Schwarz inequality, Proposition B.2.1] and the regularity
estimate (4.2.3) we obtain

[(R* = 1yo?
1 3 1, =
< {Cra 2 Nog hul} (A0 = (©)all +Crahi [og bl [0, } lwllx
3
< {15 b2 [1og hn ¥ (A7) = ()all +Crs b2 |1og hul21j180] 15, } (R = D)ol
which completes the proof of the lemma. O

We shall use the following notations for the subsequent analysis.
Let U : [0,T] — HJ(£2) be a continuous piecewise linear approximation in time of

u(t) defined by

Ut) = L) U +1,0)U"
(4.2.4) = U4 (t—t, 1)U, tel, (n=1,...,N),
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where for 1 < n < N, the Lagrange hat functions [,,_1(t) and [, () are defined by

t, — 1 t— 1
o and [,(t) := W L for tel,.

(4.2.5) ln1(t) :==
Let ¥,0 : [0,T] — HJ(£2) be continuous piecewise linear functions in time defined by
(4.2.6)  W(t) =1, (t) (P (A NU +1,04) (AHU", tel, (n=1,...,N)

and

(4.2.7) o) =l R U" +L,)R"U", tel,(n=1,...,N),

respectively. Let @ : [0,7] — H{(£2) be a continuous piecewise linear approximation
of f(t) defined by

(4.2.8) B(t) =l (t) P+ 1, () f*, tel, (n=1,...,N).

Now, we rewrite the fully discrete Crank-Nicolson approximation to define the quadratic

space-time reconstruction. Note that (ZII0) can be rewritten in compact form as:

n_ pn n—1
where
(4.2.10) Hy(t,_) = I f(t,y) = ¥(t, ), n>L.

We also define H; : [0,T] — H}(£2) be a piecewise linear function in time defined as

(4.2.11) Hy(t) = II}P(t) = W(t), tel, (n=1,...,N).

Clearly, Hy(-)|1, € P1(I,) with Hi(t, 1) = Hi(t, 1).
Following the idea of [4, [15] we now define the space-time reconstruction for the

Crank-Nicolson error analysis of the parabolic interface problem.

Definition 4.2.2 (space-time reconstruction). The quadratic space-time reconstruction

U:[0,T] — HLN2) of U is defined by

Uty = RO '+ k' (t—tyo) {R*"PM U™ — R0}

t
+/ R"Hi(s)ds, tel, (n=1,...,N).
tn—1
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Observe that U(t,_1) = R" U™, Further, evaluating the integral by the midpoint
rule and recalling (ELIT), we obtain U(t,) = R"U". Thus, U is a continuous function

in time and satisfies the relation
(4.2.12) U,(t) =k, {(R"PHU" = R*'U™'} + R"H(t), t€l, (n=1,...,N).

A usual strategy in the error analysis is to split the total error in such a way that each
quantity can be bounded a posteriori in an optimal way. Following the idea of [15], we

decompose the total error e(t) as follows:

(
(4.2.13) = A

In the above j(t) := u(t) — U(t) denotes the parabolic error, and &(t) := U(t) — U(t)
represents the reconstruction error. Furthermore, the reconstruction error £(¢) may be
split into £(t) := £(t) + &(t), where e(¢) is the elliptic reconstruction error or space
discretization error defined by e(t) := ©(t) — U(t) and () accounts for the time re-
construction error defined by ¢(t) := U(t) — O(t). The a posteriori error bound on the
main error is obtained by treating each term appearing in (£.2.13)). To bound p(¢), the
important step is to establish an appropriate error equation in p, which is stated in the

following lemma.

Lemma 4.2.2. For each p € H}(£2) and for 1 < n < N, we have the following parabolic

error equation

(4.2.14) (Pe(t), 0) +alp(t), p) = (Zu(t), ), t €L
with p(t) = u(t) — O(t) and

() = —alt) = (R = D) {H(t) = Hi(t,_p) }+ { F(6) = B () —w (1)}
(4.2.15) + {l () (Py — D(ATHU — ke (Pr — U™}

n

where the first, second, third and fourth terms in %,(t) refer to the space-mesh error,

space error, data approximation error and coarsening error, respectively.

Proof. Taking the L?-inner product with o(t) in (212), for all p € H}(2), we obtain

<Ut(t), g0> = b (RPPPUT — R @)+ (RMHL(E), ).
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Subtracting the above relation from (£I1.4]) we obtain

(pe(t), o) +alpt), ) = (f(t). ) —a(O(t), p)
—k,H(RMPPU™ = RPTIUMTY @) — (RMHL (1), ).

In view of (.27) and invoking (£.2.1]) we obtain

(Pe(t), ) +alp(t), )
= (f(t) — Hi(t), ) — (R" = I)Hy(t), ) — Lo () (AU, )
— L () ((ANU", o) =k, (RPPPU™ = R0 )

Using (A.2.6), (4.2.9) - (A.2.10)) and rearranging the above terms we finally lead to

(1), ) + alp(t),2)

= () = @) = w(t), ) = (R = D) = Hi(t, 1)), ¢)
—k, (R = D)(U" = PPU™ Y, ) — k' (RPPPU™ — RMIUTY, )
+loa(8) (P = (AU )

= ()= Ia®) - (1), ) = (R = D(Hr(t) — Hi(t,,_
— ki (RT = DU — (R = DU 0) =kt (PP — U™, )
+loa (1) (B = DAZTHU™, )

= — (&), ) = ((R* = DUE(E) — Hilt,-3))s ) + () = Fa() ~¥(1),0)
(e t (P = DA — g (P = DU, ),

N

and this completes the proof. O

Now we shall summarize the notations of the various residual-based estimators as

follows.
For 0 < n < N, we define the elliptic reconstruction error estimator:

1 3 1 . n
(4.2.16) Oonp = Crs hiy |loghy|2 [(ARD)U™ = (U™)all + Crg hi [log |2 [|7[8U]| 5.,

with 61’5 = C[73 CR and CI,G = C[74 CR.
For 1 <n < N, we also define the following estimators.
The space-mesh error estimator:

Moxy = Crsh2 |loghy|? ||k {(ADU" — (AU — (U™ + (U a} |
+Cr hi |loghal2 |k (518U — F1BU™ )} |15,
~3 sl . ‘ _
(4.2.17) +Crg ha |log h, |2 ||k;1 {][5(]”] — j[Bu" 1]} ||§n\§n, Crs = Cr7Cr.
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The temporal reconstruction error estimator:

2 ) \
T {Cns 2 Nog hul 1I(ARV — Yl

(4.2.18) + Cr b |oghal® [8Yulls, + 1901}

%e,CN,n =

with
Vo= —II7D,(t) + Wy (t).

The space-error estimator:

k., 1 "
Foxa = 5 {Cus 2 Nlog hul¥ |41V, = V)l
(4.2.19) +Cr6 hi [log |2 HJ’[B%JHEn}-

The temporal error estimator:

1 (67))
<7e n = —k2 C hn h n nje
oxn = 22y b 10 b (AR = (D)al
1
(4.2.20) + Cra b2 18Vl s, + a0 1Vl }
The coarsening error estimator:

— n n— 1 n n— n—
(4.2.21) Gonn = ko 17 = POU™ | + S 1(B5 = D(AZHU ),

and the data approximation error estimators:

Doxm = 1= fo IF () — D) dt

Dexmz = == Cra h {5 — DM + 15 = D)1}

(4.2.22)

The following theorem gives a posteriori error bounds for the parabolic error p in both
the L*(H') and L>(L?)-norms.

Theorem 4.2.1. Let u be the exact solution of (4.1.1)—(4.1.3) and let U™ be its finite
element approximation obtained by the Crank-Nicolson approzimation ({{.1.10). Then,
for 1 <m < N, the following is true:

tm 2 m
{0+ [} < {2<||ﬁ<0>||2+2knz?m,n>}
bm n:l

1
+ (A%N,m,l + A%N,m,Z) ?

1
2
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with

(4.2.23) AcNym1 =4 i ko (Monn + FLoNn + Donns + Conn) »
n=1

and

(4.2.24) P — i k2 Dox s,

n=1

Here, Mconpn, SoNns TeoNms Gongn and Denni(i = 1,2) are given by (4.2.17) and
(£.2.19) —({/.2.29), respectively.

The proof of Theorem [4.2.1] essentially hinges on several lemmas. These lemmas

provide bounds for the various errors by the appropriate estimators.

Lemma 4.2.3 (Temporal error estimate). Let J,; (1 <n < m) be defined by

in
Tn1 = Qq / 15(¢)|| 2dt.
tn—1

Then
jn,l S kn ‘Z?CN,n’
where Jo N, is given by (4.2-20).
Proof. The proof begins by first estimating &, (t) := Uy(t) — O(t). In view of (EZT) and
(@2T12) we have

Rr"™ — Rn—lUn—l
kn

~ RnPnUn—l _ Rn—lUn—l N
Gi(t) = ! . + R"H,(t) —

pPn n—1 _ 771n N
= R"{l(]k—U-i-Hl(t)}

(4.2.25) — R {ﬁ[l(t) —H, (tn_%)} .

Integrate (EZ25) from t,_; to t. Using the fact that U(t) and O(t) coincide at the nodal

points, we obtain
t ~
(4.2.26) G(t) = / R {Hl (t) — Hl(tn_%)} dt.
tn—1

From (4.2.10) and ([A.2.11), it follows that

(4.2.27) Hy(t) = Hylt, s) = 1T} {qﬁ(t) - gb(tn_l)} - {Ll?(t) . zp(tn_%)} .
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Since l,,—1(t) + 1,(t) = 1,t € I, a simple calculation now yields

B(t) — B(t,y) = (t— t,_)di(1)

and
U(t) — Ll'/(tn_%) = (t— tn_%)u'/t(t).

Thus, in view of (£.2.27)) we obtain

(4.2.28) Hy(t) — Hl(tn_%) =—(t— tn_%) Vo,
where
(4.2.29) Vp i= —II0D(t) + Wy (t).

Substituting (£2.28)) in (£2.26) and evaluating the integral by the mid-point rule we
have that

ﬂw::—L;R%ﬁ—Q%W&

(4.2.30) _ ;p¢%gw—ang

Using coercivity and continuity properties of the bilinear form a(, ), it follows that

wlo @l < a0, 00)
— §(t —tpo1)(tn, —t) a(R" Yy, a(1))
= St~ taa)tn — ) {al(R" ~ DY 6(0) + Dy, 5(1))}
(1231) < b=t} — 1) {al(R" — DV, 5(0) + oo | Va0

We now apply the Galerkin orthogonality property of R" and (£2.1]) to have

a(R" = DY, (1)) = a((R" = I, (1) = Fno(t))
= [((AR)In, () = Fnd(t)) = (Vn)at, (1) = Fno (1))
—(lBYnl;a(t) = Fno(t)) 5|

Application of the Cauchy-Schwarz inequality and Proposition [3.2.1] yield
a((R" = 1)Yn,0(t))

< (AN = GallI6(2) = £u5 Ol + 13182l 15() = Ao ()5,
< {Coaha (ARDY. = Ddall + Crahd 1518Vl } 150,
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which combine with (£.2:31)) leads to
- 1
13Ol € St = bt = 1) G

where G, :=Cr1 hy, [|(A}) V0 — (Vn)all +Cr 2 hé 17[8Yn]l

5, + @o||Vulli- Thus, we finally

arrive at
tn
~ @ -2 2 2
Ini S 5 Qn/ (t —tp_1)"(t, —t)"dt
4/78 tn—1
< kn‘%?CN,n’
1
where Ty, = 120 % k! G? and this completes the proof. O
0

Lemma 4.2.4 (Space-mesh error estimate). Let J,2 (1 <n <m) be given by

t7L
T o= / | (et), (D)) [dt.
tn—1
Then we have

jn,2 S kfin %CN,H ItIéE%X ”ﬁ(t)Ha

where AMcn .y, s given by ({.2.17).

Proof. For 1 < n < m, we first observe that

Jog / "), 50) |dt

tn
< kglrtne%XHﬁ(t)H

[0 tn—1

I(R"— U™ — (R* ' — U™ ||t

(4.2.32) = max [[pO)] (R = DU" = (R = DU,

n

In order to bound the term |[(R™ — I)U™ — (R"™™! — U™}, we use the well-known
duality trick. For all v € H}(£2), let w : [0,7] — X be the solution of the following
elliptic problem

(4.2.33) a(v,w(t)) = (R"—NHU"— (R = NHU" 1 v), ae tel0,T)],
w = 0 on 012,

[w] = 0, {52—1:;] = 0 across I
with
(4.2.34) lwllx < Cr (R = DU — (R"™" = DU
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Since R"U™ — U™ is orthogonal to S", it now follows that (R™ — I)U™ — (R"~! — 1)U"!
is orthogonal to S NS"~! with respect to a(-,-). Set v = (R" —)U" — (R"! — 1)U™!
n (A£2.33). Using the Galerkin orthogonality property in the subspace S* N S"~! and
Definition [4.2.1] we obtain

[(R" = U™ = (R = U™

a((R" =1 U"— (R = U™ ", w(t))

a((R" = U™ = (R = DU, w(t) = Fyu(t))

= (U™ = U")a, w(t) — Fou >> (AU = (U™, w(t) = Fu(t))
= (18U =SBV, wlt) — Fw(t)) -

We now use the Cauchy-Schwarz inequality and Proposition B.2.1] (in the subspace
S® N'S"!) and Proposition [3.2.2] to obtain

|R" - DU = (R* = DU~
< {1 2 Nog hul® (ARDU™ = (AZHU™™" = (U)o + (U™ )l
+Cra hi | log halF[5[BU™) = JBU™ ),
+C 1z hd [loghnl* (58U = 518U Yl s, } wllx
(4.2.35) < by Mexp |(R* = DU — (R* = U™,

where in the last inequality we have used the elliptic regularity estimate (£2.34). Now,

use (A232)) and (£235]) to complete the proof. O

Lemma 4.2.5 (Space error estimate). Let J,3 (1 < n <m) be defined as

tn
jn,3 = /
tn—1

(R = 1) (Halt) = Hlt,_y)) 5(0))| .

Then
jn,?) S knyCN,n max ||ﬁ(t)||7
tel,

where Son,y, is defined in [({.2.19).

Proof. In view of ([L2.28]), we note that

Hl(t) — Hl(tn_%) = —(t - tn—%) yn7
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where ), is defined in (£2Z29). Then, using the Cauchy-Schwarz inequality we obtain

tn
jnB f; J/
tn—1

< IR = DYl max|lp)]
tely

f; kn bePLn DJ@X-Hﬁ(t)Ha
tel,

t—t,_

I(R™ = DYull 1p®)|dt

1
2

where we have used Lemma [£.2.1] and hence the result follows. O

Lemma 4.2.6 (Data approximation error estimate). Let J,,4 (1 < n < m) be defined

tn
jn¢4::: J/
tn—1
1

1 tn B 2
i < o T e O+ 44 Fesna (0 [ 1500 )
n Ui,

—1

as

(£0 = Bty = w(2), (1)) | d:

Then we have

where DNt = 1,2 are given by (4.2.29).
Proof. Using (£.2.11), we obtain

f(t) — Hi(t) —¥(t) =

Thus,
< [ (= b ae [ |(um - néean)|
(4.2.36) - T 4T -

Exploiting the orthogonality property of 11§ and Proposition 3.2 we have

(g = DB p)) = (U5 = D), plt) — Fuplt))

I(I5 = D@ IA(E) = Fup (D]
< Craha (5 = D@ A1

IN

As max |l,,(t)] = 1 and max |l,,_1(¢)| = 1, it follows from (4.2.8]) that

tel, tel,

(715 = D@ < max [l ()] 1175 = D)./ +max | (#)] [|(7Ty = 1) f|

n

= {1y — DM+ Uy = Df .
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Now, Ty, in (£230) is estimated as

in
Do < Craho {IUI5 = D f" M + (U5 — I)f"ll}/ o) 1dt
tn—1

1

1 tn ~ 2

< 1 Toxna (% / Hp(t)H%dt) -
tnfl

Next for the term 77 ,, we use the Cauchy-Schwarz inequality to have
T < maxlp] [ 156 - a0 e
tn—1
= k‘n %N,n,l max || p(2)]]
tely

Altogether these estimates complete the proof. O
Lemma 4.2.7 (Coarsening error estimate). Let J,5 (1 <n <m) be defined as

T = / (kA = PRYU™ 4 (1) (P2 — DA DU, ()] dt.

tn

Then
jn,5 < kn %CN,H max ||ﬁ(t>”7
tely,

where Gen,p, is given by ([({.2.21)).
Proof. Applying the Cauchy-Schwarz inequality, we have
tn
T < [ R PO o) e
tn—1
k- (tn — t) n n—1\rrn—1 ~
+ | @& = DA U a@)]|dt
th—1 n

{10 = Powm= -+ S0y - DA max o)

n

IA

= o max (1),

n

and hence we prove the desired result. O

Proof of Theorem[{.2.1] Setting ¢ = p(t) in (£2ZI4) we have that
1d _ .
SR+ a (ol1), 1)) = (u(0) 5(1).
Recalling the identity 2a(v,w) = a(v,v) + a(w,w) — a(v — w,v —w) Yv,w € H}(2)
and using the continuity and coercitivity of the bilinear form a(-, ), we arrive at

1d

4.2.
(4:2.37) 2 dt

||p()||2+%(Hp(t)||?+llp()!\) SUF@F+ (1), 5(1)) |
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Integrate (£2Z37) from ¢,_; to t, to have

1, . 1, . Y% [ N
S = St + 2 [ (lote)? + 1))
tn—1

ln

«Q - tn ~
<% [T ek [ 1@, 50)
tn—1 tn—1

Summing up over n = 1: m we have that

1A(tm)11® +70/0m (le@IIE + A1) dt

< Hﬁ(0)||2+2{ao/tn lo(t)lI7dt + 2 /t | (Z41(1), £(t)) !dt}
(4.2.38) 4 ||/3(0)||2+§:{3n,1+2 Jn}

where J,,; (i =1,...,5) are defined in Lemmas {.2.3 {4.2.7] respectively.
Since p(t) is continuous in [0, t,,], there exists to, € [0,%,,] such that

o0,m || = ||p(tom)|| = o(2)]-
ol = l13t0.) = max. [17(0)]

Again integrating (4.2.37)) between the limits 0 to ty,, and observing that the integrands

are non-negative, it follows that

15 (to.m) I +%/00,m (@I + llp®)1IF) dt

tO,m

< ||/3(0)||2+ao/00’m ||<~f(lf)||?dt+2/0 [(Z1(2), p(1))|dt
< ||/3(0)||2+Z{ao/n ||5(t)||fdt+2/n |<%’1(t),ﬁ(t)>|dt}

tn—1 tn—1

m 5
(4.2.39) = [|5(0)||* + Z {jn,l + QZ jn,z} :
n=1

=2

Now combining (£.2.38) and (4.2.39) we finally obtain

tm m 5
[15(tom) I +vo/ 1A(t)[13dt < 210> +2 {%1 +2) Jn}
0
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Now, we apply Lemmas [£.2.3] {4.2.7 to obtain
tm m
1 5o.m |* + %/O IAWONIT dt <2 1AO) + D kn Tdenn
n=1

+4 max ([P Y kn {llenn + Fexn + Doxms + Coxn} lomll
te[0,tm]

n=1

m 1 tn %
#43 K onns (0 [ I0)e)
tnfl

n=1

For 1 < n < m, taking

1

tn 2

N CTCZOR
tnfl

¢ {2 <||ﬁ(0)||2 = ZM‘)} 7

by =4 Z kn {AMcnn + Fenn + Donnt + Connt,

n=1

[SIE

and
1
bn = 4k3 QCN,H,Za

in Lemma [[.2.3] the desired result follows. O
Now we present the main theorem of this chapter concerning the fully discrete Crank-

Nicolson a posteriori error estimates in the L°°(L?) norm for the parabolic interface

problem (ALT) — (4.13).

Theorem 4.2.2. Let u be the exact solution of (4.1.1)—(7.1.3) and let U™ be its finite
element approzimation obtained by the Crank-Nicolson approximation {{.1.10). Then,
for each 1 < m < N, the following a posteriori error estimate holds:

2

max [u(t) - U] < V2|RU® —u(0)] + V2 (anﬁfm,n>

te[0,tm]

1
+ (A%N,m,l + AéN,m,Z) :

+2 max Ocny, + max Jie ONms
0<n<m 0<n<m

where the SymbOZS ﬁCN,ny %e,CN,ny %,CN,R} ACN,m,l and ACN,m,Z are deﬁned in m7
(£.2.18), (£.2.20), (4.2.23) and (4.2.2]]), respectively.
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Proof. In view of (A213]), we apply the triangle inequality to have

lu(®) =U@[ < p@N + lle@Il + lle@®)ll, t € L,

2. < 0 Y .
(4:2.40) < max 50)]1+ max 1500 + mas (0]
As max/,(t) =1, for t € I,,, we have

tel,
le@®l = ()" +in(t)e"]

< 2 max{ e, [le"(]}-
Therefore, for t € [0,t,,], using the Lemma 2T we obtain

< <
(4.2.41) le@®)|l < 2 023%’%1“5 | < 2021%)1(% OcNon-

Again, using (£.2.30) we have that

1o ()]l

|5t = tat)t = R

1
< Guax{[(t—taa)(ta = O} (I(R" = DVull + [ 3u]l)
(4.2.42) < Tre.ONms

where e oy is defined in (£2.18)). Finally, we use (£2.40) — (£2.42) and

Theorem [4.2.7] to complete the proof of the theorem. O

Remark 4.2.1 (Comparison to the parabolic problems). The crucial difference between
the a posteriori bounds for the parabolic problems (cf. [I5]) and the parabolic interface
problems is reflected in the elliptic reconstruction error estimator in the L?-norm, the
spatial-mesh error estimator and the spatial error estimator. For parabolic problems,
both the estimators are of O(h2) in the space variable, whereas for the interface prob-
lems these estimators are of order O(h?|log h,|). The appearance of the factor |log h,|
in (£2.16), (12.17) and [A2.19)) is quite natural as the discontinuity of the diffusion
coefficient reduces the regularity of the solution of interface problems. Note that the
temporal reconstruction error estimator is of optimal order in time and nearly optimal

order in space.
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5

Fully Discrete BDF-2 Error Analysis

In the previous two chapters, we have considered the single step methods for the time
discretizations of the linear parabolic interface problem. In this chapter, we discuss
a posteriori error analysis of the two-step backward differentiation formula (BDF-2)
method for the linear parabolic interface problem (LIl — (LL3]). We use the standard
linear finite element spaces in space which are allowed to change in time and the two-
step backward differentiation formula (BDF-2) approximation at equidistant time step
is used for the time discretizations. The essential ingredients in the error analysis are
the continuous piecewise quadratic space-time BDF-2 reconstruction and new Clément-
type interpolation estimates. The error estimates of optimal order in time and almost

optimal order in space are derived in the L>°(L?)-norm using the energy method.

5.1 Introduction

To start with we first revisit the parabolic interface problem. Let {2 be a bounded
convex polygonal domain in R? with Lipschitz boundary 9f2. Let {2; be a subdomain
of 2 with C? boundary 92, := I'. The interface I' now divides the domain 2 into two
subdomains (2, and (2 := 2\ {2;. Consider the linear parabolic interface problem of

the form

(5.1.1) u(z,t) — div(B(x)Vu(x,t)) = f(z,t) in 2 x(0,T]
with prescribed initial and boundary conditions

(5.1.2) u(x,0) = ug(z) in 2; u=0 on 0 x[0,T]

and jump conditions on the interface

(5.1.3) [u] =0, [5%} =0 across I x[0,T],
73
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where [v] denotes the jump of a quantity v across the interface I, i.e., [v](x) = vi(x) —
vo(z), x € I' with v;(z) = v(z)|g,, i = 1,2 and T' < +o00. The symbol n denotes the unit
outward normal to the boundary 9¢2 := I'. The diffusion coefficient f(x) is assumed

to be positive and piecewise constant on each subdomain, i.e.,
f(x)=p; for e i=1,2.

The initial function ug(x) and the forcing term f(x,t) are real valued functions and

assumed to be smooth.
The weak formulation of the (5.I.1) — (5.1.3]) may be stated as: Findu € L>(0,T; H}(£2))

satisfying

(5.1.4) (ug(t), ) +a(u(t),p) = (f(t),) Yo € Hy(2), ae. te(0,T),
u(0) = wp,

where a(-,-) is a bilinear form on Hj(f2) defined by
(5.1.5) a(v,w) = (BVv, Vw) Yu,w € Hy(£2),

and V denotes the spatial gradient. The bilinear form is bounded and coercive on
H} (), i.e., Jag, v > 0 such that

(5.1.6) la(v,w)| < ag v |lwlly Y, w € Hy(£2),
and
(5.1.7) a(v,v) > v |lv]lF Yo € Hy(92).

In this chapter, we consider partition of time axis with constant step-size, i.e., P :=
{(ta—1,t,]}2_, is a partition of [0, T] with I,, := (t,-1,1,], and k := ¢, —t,_1 = % be the
constant time step. Then, for each n = 0,- - -, N, we consider the finite element space

S™ corresponding to the triangulation 7, as follows:
S":={x € Hy(2) | xlx €P1(K) forall KeT,},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K.
Henceforth, we shall use the following notations: For 1 <n < N,

n _ ,n—1 n n—1
gon = ; fn_l' / 2f
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The fully discrete BDF-2 approximation of the problem (5.I.1]) — (5.1.3) associated with
the finite element space S™ is stated below. Given U® = I?u(0), seek for a sequence of

approximations U, ..., U™ such that

1 1 1
(518) <E(Ul - UO)7 X1> + a’(?(UO + Ul)v Xl) = <f§7 X1> le € 817
1 1
<E(§Un — 20" + §Un_2)7 Xn> +a (Una Xn) = <fn7 Xn> Vxn €S", n > 2,
where I} is a suitable projection operator from H}(§2) into the finite dimensional sub-
space S?. As BDF-2 is a two-step method we need two starting values U° and U!. Given
U°, we perform one step with the Trapezoidal method to get U' and then apply BDF-2

method to obtain U2, ..., U™.

Remark 5.1.1. Since both U® and U! are needed to start the procedure, one may attempt
to choose U° = IDu(0) and compute U' by the backward Euler method, i.e.,

1
(519) <%(U1 B U0)> Xl) + a(Ula Xl) = <f1a X1> le € Sl-
At this point we need to comment that although this equation is only first order accurate,
but it is known from the BDF-2 a priori error analysis (cf. [97]) that (5.1.9]) suffices to
obtain a second order approximations U™ to u(t,,). However, this procedure leads to
suboptimal a posteriori error estimates for parabolic problem (cf. [3]) and hence, the

Trapezoidal rule is used to compute U?.

Representation of the bilinear form. As in the spatially discrete case for v € S”, the

bilinear form a(-, ) can be represented in short form as

(5.1.10) a(v,9) = ((v)e,9) + (J[Bv], )z, Vi € Hy(92),

and the symbols have the usual meaning as earlier.
Next, we recall the projection operators for our subsequent use.
Discrete elliptic operator. The discrete elliptic operator associated with the bilinear

form a(, ) and the finite element space S™ is the operator A7 : Hj(§2) — S™ such that
for v e HY(N2)and 0 <n < N,

(5.1.11) (Afv, xn) = a(v,xn) Vxn € S™

L?-projection operator: The L?-projection operator is a map 1} : L*({2) — S™ such
that for v € L?*(2) and 0 <n < N,

(5.1.12) (II§ v, xn) = (v, Xn) Vxn €S™
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For n =1, (5.1.8) can be written in the distributional form as

Ul — IO

1 1 1
p +§(Ai)U1+§(A;)U°:H3fz.

The discrete elliptic operator A} on the finer mesh when applied to the coarse grid
function in the above may lead to oscillation during refinement (cf. [15]). Therefore, in

order to avoid such situation, we consider the modified BDF-2 approximation.
Modified BDF-2 approzimation: For 0 < n < N, seek U™ € S" as follows:

(

U° = Pu(0),

(5.1.13) LU = PLU®) + L(PHA)U + LA = IT3 3,

| {3Um —2PPUt + J(PPPPTHUM Y 4 (AU = I3 f", n>2,

where P*, Py : S""! — S" are suitable projection operators.
A posteriori error estimate of the BDF-2 approximation for the purely linear parabolic

problems has been investigated by Akrivis and Chatzipantelidis in [3]. A continuous
piecewise quadratic function so-called the BDF-2 reconstruction of the approximate
solution U is introduced to obtain the second order convergence for the semidiscrete
time discretization of the parabolic problems. The authors of [3] have shown that
specific choices of the reconstructions lead to reconstruction based on approximation
on one time interval (two-point reconstruction) as well as the reconstruction based on
approximation on two time intervals (three-point reconstruction). However, the effect

of mesh change is not considered in their analysis (cf. [3]).
In this chapter, an attempt has been made to derive a posteriori error bounds for the

fully discrete BDF-2 approximation of the parabolic interface problem (5.1.1]) — (5.1.3))
in the L>®(L?)-norm. Compared to the existing results in [3] for parabolic problems,
our analysis also includes the effect of mesh modification strategy. Error analysis is
based on the methodology developed in [15] [62] for space discretization and [3] for time
approximations. The main key idea in the error analysis is the appropriate space-time

BDF-2 reconstruction.
The rest of this chapter is organized as follows. In Section[5.2], we introduce a quadratic

(in time) space-time BDF-2 reconstruction for the problem. In this section, we also
point out that how BDF-2 reconstruction differs from the Crank-Nicolson reconstruction.
Section 0.3l discusses the abstract a posteriori error analysis for the fully discrete BDF-2

approximation in the L>(L?)-norm.
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5.2 Quadratic Space-time BDF-2 Reconstruction

In this section, we introduce a space-time quadratic reconstruction for the BDF-2 ap-

proximation (E.I13]). For this purpose we recall from [I5] the following definition.

Definition 5.2.1 (Elliptic reconstruction). Let v € S". Then the elliptic reconstruction
R":S"™ — H}(92) is defined as

(5.2.1) a(R™,p) = (Ajv, 0) V€ Hy(R2), 0<n < N.

Note that the elliptic reconstruction R" satisfies the Galerkin orthogonality property.
Now, we fix the following notations for the introduction of quadratic reconstruction.
Let U : [0,T)] — Hg(£2) be a continuous piecewise linear approximation in time of

u(t) defined by

Ult) = LU +1,0)U"
(5.2.2) = U2+ (t—t, ,)OU", tel, (n=1,...,N),

1
2
where for 1 < n < N, the Lagrange hat functions [,,_1(¢) and [, () are defined by

i ¢ t — o
(5.2.3) () = = and () == — L for t e,

Let 7,0 : [0,T] — H}(£2) be the continuous piecewise linear functions in time defined
by

(5.24) W) =L@ (PAT YU + 1,0 (AU, tel, (n=1,...,N),
and
(5.2.5) Ot) =l ()R U" +1,t) R"U", tel,(n=1,...,N),

respectively.
To motivate the definition of the quadratic space-time BDF-2 reconstruction, we rewrite

the fully discrete BDF-2 approximation (B.1.13]) in compact form as

;

UY = IDu(0),

(5.2.6) LU - PIU°) = Hy(t),

| EGUT = 2PpU 4 S(PPPPTYUTR) = Hoft,), 0> 2,
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where

H&f%—W(t )7 n:1,

N=

(5.2.7) Ha(t,) =
Iy fm —w(t,), n> 2.
Next, let & : [0, T] — H}(2) be a piecewise linear approximation of f(¢) defined by

A

(5.2.8) O(t):=(t—t, )Of" +uv,, tel,(n=1,...,N),

1
2

where v, is a constant to be determined appropriately.
We also define H, : [0, 7] — Hj($2) be a piecewise linear function in time defined as

A A

(5.2.9) Hy(t) .= H§o(t) —¥(t), tel, (n=1,...,N).
Clearly ()1, € Pi(Ly).
Definition 5.2.2 (Space-time reconstruction). The quadratic space-time BDF-2 recon-
struction U : [0,T] —s HY82) of U is defined by
Uty == R"U + k7' (t = tor) {(R*OHU = R*U}
(5.2.10) +/t R"Hy(s)ds, t€ I, (n=1,...,N).
tn—1

Observe that U(t,_;) = R*1U™ 1.
Furthermore, evaluating the integral in (52210) by the midpoint rule and recalling

(5.2.9), we obtain
Uta) = (RUIU™ 4 kR, (1)

— (RMIDU™ + kR" {H{)‘un . W(tn_%)} .

Then, U will interpolate R"U" at t = t,, if and only if

U — U

2.11 =
(5 ) Vn k

+U(t, 1).

N=

Thus, U is a continuous function in time and satisfies the following relation
(5.2.12) U,(t) =k {(R"IHU" ™ = R"U" '} + R o(t), t€ I, (n=1,...,N).
Remark 5.2.1. (i) In view of (5.2.8), (5.2.11)) and recalling (5113 we have,

O(t)]1, = IF ()], + (13 — 1) f2,
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where [ f(t)|1, is the piecewise linear interpolant of f at the nodes t,,_; and t,.

Similarly, for n > 2, we have that

; . 1
PO, = 1fO)lr, + 505 — )f”+—{U” (PrPPHUm)
1 1

_(Pn(An 1))Un—2 _ §fn—l‘

l\.’)

The critical observation is that in contrary to the scenario in [4l [I5], the piecewise linear

approximation of f(t), i.e., @(t) is not a continuous function on [0, 7.
(1) In the Crank-Nicolson error analysis, the function H;(t) is chosen in such a way

that it interpolates Hy(t) at t =1, _1 (see, (.2.11))). But in the case of BDF-2 method,
H,(t) and H,(t) do not coincide at the the nodal values and this is because of the choice
of &(t) in (5.2.8). The reason for this choice @(¢) in (5.2.8) is to make U(t) a continuous

function in time.

5.3 Abstract Error Analysis

In this section, we derive residual-based a posteriori error estimates for the BDF-2

approximation.
Following the idea of [15], we decompose the total error e(t) as e(t) := u(t) — U(t) =

p(t) + &(t), t € I, where p(t) := u(t) — U(t) denotes the parabolic error, and é(t) :=
U(t) — U(t) represents the reconstruction error. Furthermore, the reconstruction error
£(t) may be split into £(t) := &(t) + (t), where £(t) is the elliptic reconstruction error
or the space discretization error defined by (t) := O(t) — U(t) and &(t) is the time
reconstruction error defined by 6(t) := U(t) — O(t). Now, with the above splitting, the

error e(t) may be expressed as
(5.3.1) e(t) = p(t) +o(t) +e(t), tel,.

The a posteriori error bound on the main error is obtained by treating each term ap-

pearing in (B.3.1) separately.
To begin with, we shall recall from Chapter 4], the elliptic reconstruction error estimate

in the L?-norm.

Lemma 5.3.1. For anyv € S (0 < n < N), the following estimate holds:

L 3 1 .
[(R" = Iyl < Crs b2 [log hal* [[(AR)o — (v)all + Cr hi log hal* [17]50]]

Xn

The constant appeared are positive constants and depend on the interpolation and regu-

larity constants.
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To bound p(t), the first step is to derive an appropriate error equation, which is stated

in the following lemma.

Lemma 5.3.2. For each ¢ € H}(£2) and for 1 < n < N, we have the following parabolic

error equation

(5.3.2) (0u(t), ) + alp(t), ¢) = (Za(t), 9), €I

with p(t) == u(t) — O(t) and

Bolt) = —alt) = (R" = D) {Fat) = ((t,-3) — ¥(t,_p) } + (£(8) - Halt) — 0 ()
kNI = ITU™ 4 1, ()(Py — DA DU

Proof. Taking the L2-inner product with o(t) in (5.2.12)), we obtain for all ¢ € H}(£2)
<Ut(t), g0> = EYRAITUT = R ) + <R"F12(t), (p> .

Subtracting the above relation from (5.1.4]) we obtain

(Pe(t), o) +alp(t), o) = (f(t),p) —a(O),¢)
NP R e <72"F12(t), (p> :

In view of (5.2.5]) and invoking the definition of elliptic reconstruction (5.2.1I), we obtain
(Bt o) + alp(t) ) = (F(t) = Ha(t), @)
- ((R" = Dn(e), ¢> — L () (AT U™ )
—1, (&) ((ADTU™, o) — kT (RMIFU = R™U 1, ).
Using (5.2.4), (5.2.8), (5:2.11) and rearranging the terms it finally leads to

(pe(t), o) + alp(t), @)
— <f(t) — Hy(t) — W(t),g0> — <(R” — I)(Hs(t) — O(t,_

(P = D)(AHU" )

—kT (R = DU — (R = DU, p)

FRTHT = U™ 0 + L (8) (P = (AU )
= — (a9 — (R = {i) - (b(t,_y) —¥(t,_p)} )

+ () = Holt) = w(t), ) + (k7 = HYU"™ + a5 = DA ),

and this completes the proof. O
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The following theorem provides the a posteriori error bound for the parabolic error
p(t) in the L>°(L?)-norm.

Theorem 5.3.1. Let u be the exact solution of (2.1.1)— (5.1.3) and let U™ be its finite
element approximation obtained by the BDF-2 approximation (Z.1.13). Then, for 1 <
m < N, the following estimate holds for p(t).

tm 3 m :
{tél[l(%x] 1p))1* + 70/0 ||f)(t)||%dt} < {2 <||,5(0)||2 + k‘z Z?BDRn) }

n=1

[NIES

+ (AgpF.m1 + AspFm2)? ,

where

(5.3.3) Apppma =4 zm: k (AMspr n + LBOF n + ZBDF 01 + CBDF L)
n—=1

and

(5.3.4) ABDF m2 == 4 Em: k% Dapr na-

n=1

Here, T, gpry is the temporal error estimator and is defined by

1 (7))
% n = e kz < hn " n nje
JBDF, ~ /120 {Cra b [[(AR)Wn — (Wa)al

(5.35) +Crz 1 1518Wallls, + ao [IWall }

with W, is an a posteriori quantity given by

A

(5.3.6) W, = —II'®,(t) + W, (t) = —(Ha)y(2).
ABpr 1, 15 the space-mesh error estimator defined by

Mypin = Crsh2 [loghu|? [k H{(ANU™ — (A HU L — (U + U™ Ya}|
;3 5ol A R
+Cr6 hi |log hy 2|k~ {j[BU™] — j1BU™ "} |5,

~3 Aol . n . n—
(5.3.7) +Crg hit [log hy |2 |KH{5[BU"] = F1BU" Y 5 55,
k 2 1 n
Fiorn = 7 {Cra b2 |0 hul} [(ADW, = Waa
3 1 .
(5.38) +Cr b |oghal* i8Il }

is the space error estimator with W, is defined in [5.5.0).
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Finally,
1
(5.3.9) Coorn = k(= HE)U"H | + S 1(P = DATHU™

is the coarsening error estimator and Pppr (i = 1,2) are the data approximation error

estimators defined by

Devenn = Jo, (1) —D(0)]dt

(5.3.10) (o)
9}3DF,n,2 = \/% CI,l hn {||(U6L - I)f”} :
The constants Cr;(i = 1,...,8) appeared above are positive and independent of the dis-

cretization parameters, but depend upon the interpolation and the regularity constants.

The proof of Theorem B3I needs some preparation. We note that the bound for j(t)
essentially hinges on several auxiliary results which we shall discuss in detail below. We

start by providing a posteriori error bound on the time discretization error.

Lemma 5.3.3 (Temporal error estimate). Let J,,1 refer to the time discretization error
term and be defined by

tn
Jn1i= ag / 16 (8)||2dt.

tn—1

Then the following a posteriori error bound holds:
Ing <k ‘Z?BDF,W

where T, ppr.n is gwen by [B.3.7).

Proof. Tn order to estimate 6(t), we first estimate 6(t) = U,(t) — O,(t). In view of

(5:2:35) and (5.2.12)), we have

RanUn—l A | Rn—lUn—l R
oi(t) = 0 r + RMH,(t) —

I n—1 _ 7171 R
= R”{—OU r v +H2(t)}

— R {ﬁg(t) . (qg(tn_;) . W(tn_l))} .

RrU™ — Rn—lUn—l
k

Integrating from ¢,_; to ¢t and using the fact that U(t) and ©(t) coincide at the nodal

points, we obtain

(5.3.11) U(t) — 6(t) = /t R {ﬁg(t) - (gﬁ(tn_l) - lP(tn_;)> } dt.
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Using (5.2.4) and (5.2.8)) — (5.2.9), the term within the bracket on the right hand side

can be expressed as

)~ {900, ~w(t, )} = (o) —win) - T
= I} {(t —t,_1)0f" + %‘W + !I/(tn_%)}
() - i
(5.3.12) = (t—t, )I3af" ~ {Ll?(t) . Ll?(tn_%)},

where in the above we have used the fact that (I15)? = II7. Since I, _1(t)+1,(t) = 1,t €

I,,, a simple calculation implies

W(t) —W(t, 1) =t =t, 1) %),

which combine with (5.3.12) leads to

) = —(t =t ) {-IGOf" +W(t)}
= (=t ) {~mpd (1) + w(t)]

(5.3.13) = —(t—t,_1) W,

=

where W, is given by (5.3.6]). Now, substituting (5.3.13)) in (5.3.11]) and evaluating the
integral by the midpoint rule we have that

0(t) — () = —/tle"{(t—tn_%)Wn}

~

Hy(t) = (D(t,_3) = ¥(t,

N[

(5.3.14) = %(t — tn1)(ty — t)R"W,,.
Using coercivity and continuity properties of the bilinear form a(-, -), it follows that
wlo®Ii < a((t),o(t))
= =t (fn — 1) a(RIW (1))
= %(t — tn1)(tn — 1) {a((R" = [)W,, (1)) + a(Wa, 6(1)) }
1

(5.3.15) < St =ta1)(tn =) 1a((R" = 1)W, 6(2)) + aolWallllo(®)]l1} -
We now apply the Galerkin orthogonality property of R™ and Definition [5.2.1] to have
a((R" =I)Wn,0(t)) = a((R" =)Wy, 6(t) = Zno(t))

= |[(AWh,0(t) = Zno(t)) = (Wa)a, 6(t) = Zno (1))
— (iAW, 6(t) = a6 (1)), |-
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An application of the Cauchy-Schwarz inequality and Proposition B.2.1] yields

a((R"—1)W,,a(t))
< AW, = Wo)al 15(6) = 2.6 0)] + [TBWllz, [6(6) — £ (D],
< {Cr i 1450 = W)l + Caz b 1GBWalls, } 1501

Q>

Now, in view of (5.3.15]), we obtain
. 1 .
Wl < 5 =ta1)(tn =) Bu |6 (0)]1,
1
where B,, := Crq hy, [|[APW, — OWo)all + Cra b [[718Walll =, + @ol|Whall1- And hence,

tn
Ju1 < ﬂ@/ (t —tn1)2(t, —t)2dt
tn—1

492 T
< kI oE0
where I pF ., = T o k* B2, and we thus complete the proof. O

The next lemma gives the a posteriori bounds for the space-mesh error.

Lemma 5.3.4 (Space-mesh error estimate). Let J,9 represent the space-mesh error

term and be given by
Gl
Tai= [ 160, p(e) dr
tn—1

Then the following is true:

Jn2 < k AMpprn max @)

with Mppr,, is defined in [(5.3.7).

Proof. For 1 < n < m, we first observe that

Jus = / "), ) |dt

tn
< k' max ()] I(R" = U™ — (R — D)U™ | dt

n tn—1

(5.3.16) = max||p(t)]| [(R" = DU = (R*™" = U™

n

In order to bound the term ||(R™—I)U™ —(R" ' —I)U"!||, we use the standard duality
trick. For all v € H}(£2), let w : [0,7] — X be the solution of the following elliptic
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problem:

(5.3.17)  a(v,w(t)) = (R"—NHU"— (R = NHU"v), ae. tecl0,T],

w = 0 on 012,
ow
[w] = 0, {50—]0} =0 across I’
with
(5.3.18) lwllx < Cr [(R" = U™ = (R™' = U™

Note that (R"—I)U™ — (R" ' —I)U™ ! is orthogonal to S"NS"~! with respect to a(,-).
Set v = (R" — I)U™ — (R*! — I)U"! in (53.1I7). Using the Galerkin orthogonality
property in the subspace S” N S"~! and (E.2.1) we have
I(R" — U™ — (R"™' = DU"|?
=a((R"—=1)U" = (R"" = 1)U" ", w(t))
—a ((R” _ DU — (R — DU, w(t) — jnw(t)>
= (A" = (UM, w(t) = Fww(t))
— (U = (U, w(t) = Faw(t))
— (318U — 518U, w(t) = Fuw(®)) -
We now use the Cauchy-Schwarz inequality, Proposition [3.2.1] (in the subspace S"NS"~1),
Proposition and (5.3.18)) to obtain

I(R" = U™ = (R"F = DU |?
< {ers B2 Noghal? IADU™ = (A U™ = (U + (" )al
+Cra hi [1og hl? 518U7] = 518U" 5,
+C 17 bt |Tog Rl 51807 = J1BU™ 5,05, } ol
<k Mppr, |(R* = DU™ — (R*™ = DU,
which together with (5.3.16]) yields the desired estimate. O
The next lemma captures contributions of the error due to the spatial discretizations.

Lemma 5.3.5 (Space error estimate). Let the space error term J, 5 be defined by

tn
~ [yp—
Jn,?’ = /
tn—1

<(7zn ~ (ﬁQ(t) - (qﬁ(tn_l) - W(tn_%)» , ,a(t)>) dt.

2
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Then the following is true:
Jn3 < kSBDF N ItIgI%XHﬁ(t)Ha

where the estimator Sspr., is defined in (5.3.8).
Proof. From (5.3.13)), we observe that

Hy(t) — (D(t, 1) —W(t

2

D) = —(t =1, ) Wi,

n—3

where W, is defined in (5.3.6)). Then, using the Cauchy- Schwarz inequality and Lemma
6.3 we obtain

(]

tn
v < [ty IR = Dl a0

b

k2 1

1 [(R™ — )W, || max ||(t)]]
tely,

< k SBpFn IPE}X”ﬁ(t)”

n

O

The next lemma shows the contribution on the a posteriori bounds due to the data

approximation error.

Lemma 5.3.6 (Data approximation error estimate). Let J,, 4 denote the data approwi-

mation error term and be defined as

tn
jn,4 = /
tn—1

" 1 tn R 2
o < K Tt max IO+ Fuors (20 [ o1
n tnfl

(£ — Balt) = w(2), (0)) | d.

Then we have

where Dpprn1 and Dppr a2 are defined in (2.3.10).
Proof. In view of (5.2.9]), we have

ft) = Ho(t) =0 (t) =

Thus,
i < (1= a0 ar+ [ (13— (o). o)) at
(5.3.19) = Tip+ Tom
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Exploiting the orthogonality property of 11§ and Proposition B.2.1] we note that

(g = D). plt)) = (U = DB, plt) = Fup(®))
< U = DB 1A(E) ~ Fp(D)]

< Crahn I(115 = DEWO| (01

As S" C Ker(I1}' — I), it follows that (II} — I)(U™ — II3U™ 1) = 0 and

(11§ — I)W(tn_%) = 0. Hence, we deduce that
(175 — DS = k7 |t = tu_a] 15 — D" =
Thus,
Ty < Craha k70T — D" = 7] max]t — 1,y / (8l

1

tn 2

<k Dooras (70 / nﬁ<t>||%dt)
tn—1

Finally, to estimate the first term in (5.3.19), we use the Cauchy-Schwarz inequality to

have
tn R
T, < max|[p(t)]] 1f (&) — 2(t)]| dt
teln tn—1
=k ZBppn,1 max||p(t)],
tel,
and this completes the rest of the proof. O

The Coarsening error is estimated in the following lemma.

Lemma 5.3.7 (Coarsening error estimate). Let J,, 5 represent the coarsening error term
and be defined by

i [T = U a0~ DOATHU 0
tn

Then
Jns < k €ppr,, max|[p(t)],

n

where Gppr,, is defined in (2.3.9).
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Proof. Applying the Cauchy-Schwarz inequality, we have that
tn
S < [ RN IO a0t
tn—1
e (tn B t) n n— n— ~
s [ By - o
tn—1

— k n n— n— ~
< {1 = o=+ S - nearoe i maxi)

n

= k GBpr,, max|[p(t)|,
teln

which completes the proof. O

Now, with the lemmas derived above we prove a posteriori bound for the parabolic
error p(t).
Proof of Theorem[5.31l Set ¢ = p(t) in (5:3.2) to obtain

= NI+ alp(e). (1)) = (@Ba(t) (1))

Use the fact
2a(v,w) = a(v,v) + a(w,w) — a(v —w,v —w) Yo, w € Hy(§2),

together with the continuity and the coercivity of the bilinear form a(-, ), we obtain

1d, . M A Qg . N
(5.3.20) §Ellp(t)H2 + 50 (le®IE + p@IIF) < 70!\0(75)”? + [(Za(t), p(2))] -
Integrate the above from t,,_; to t, to have

I s Y% [ R
S = Slotta I+ 5 [ (ool + o)) e
tn—1

tn

<2 [" ool + / (), (1) d.

tn—1

Summing up over n = 1 : m we obtain

15(tm) 12 + 70 / T (lo@ 12 + 1) 12) dt

< Hﬁ(O)HQJrZ{ao/tn Hé'(t)HfdtJr?/tn |<%(t),ﬁ(t)>\dt}

m 5
(5.3.21) = pO)*+> {Jn,l + 22%,2} :
n=1

1=2

where J,,; (i =1,...,5) are defined in Lemmas [5.3.3 —{5.3.7] respectively.
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Since p(t) is continuous in [0, t,,], there exists to, € [0, t,,] such that
1pomll = [1(tom)]| = max {[p(t)]]

4€[0,tm]

Again integrating (5.3.20) between the limits 0 to #,,, and observing that the integrands

are non-negative, it follows that
to,m
1(to.m) I +%/ (le@IT + 1A0)11T) dt
’ to,m to,m
< [[A(0)|I? +ao/0 ||5(t)||fdt+2/0 |[(Za(1), p(1))] dt

< 1AO)I2 4 i fo [ "’

tn—1

(5.3.22) =0+ {Jn,l +2) Jn} .

Thus, combining (5.3.21]) and (5.3.22)) it finally leads to

tm m 5
1p(t0.m) 1 + 70/ 1A I7dt < 2)1p0)]1> +2) {%1 +2 Zjn} :
0 =2

n=1

o (e)12dt +2 / ' |<%<t>,,a<t>>|dt}

Application of Lemmas [5.3.3 —{5.3.7 now yields

tm
lpoml* + 70/0 lp(®)Idt < 2 (Hp( ||2+kz BDFn)

n=1
m

+ 4k max 1@l Y (Moor. + Sbora + Dok +Ghora)

t€[0,tm] n=1

m tn
T+ 4kES Gooe s (70 / ||ﬁ<t>||%dt)
n=1 tn—1

Finally, for 1 < n < m, we take

D=

tn 2

o=l ani= (o [ o0l ar)
tn—1

{ (HP ||2‘|‘k‘z BDFn)}’

by :=4 Z k (AMsprn + LBoFn + PBDF N1 + EBDFL)

n=1

(S

b, = 4]5 9BDF,n,2
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and apply Lemma [[.2.3] to complete the proof of the Theorem [B.3.11 O
We shall close this chapter with the fully discrete BDF-2 a posteriori error estimate

in the L>°(L?) norm for the parabolic interface problem (5.I1.1) — (5.1.3).

Theorem 5.3.2. Let u be the exact solution of (51.1)—([5.1.3) and let U™ be its finite
element approximation obtained by the BDF-2 approximation (5.1.13). Then, for each

1 <m < N, the following a posteriori error estimate holds:

2

max [lu(t) — U] < V2IRU® ~u(0)]| + V2 (k‘z Tapr n>
te[0,tm] £ ) )

1
2 2 2
+ (ABDF,m,l as ABDF,m,z)

+2 max ﬁBDF,n‘I’ max %e,BDF,n;
nel0:m nel0:m]

where Oppr,,, is the elliptic reconstruction error estimator defined by
3
(5.3.23) Opprn = Crs b, |log hul? [(AR)U™ = (U™)al| + Crg i [log hnl? [|§18U™]]] 5,

and

k2 2 1 n

Fropoin = = {Cis 2 [0ghal? [(ADWL = Wa)al
3 1 .
(5.3.24) + Cr hi [1oghal? 1G18Wal s, + [Wall
is the temporal reconstruction error with W, given by (52.3.0). Moreover, the estimators
Z,BDFJH ABDF,m,L ABDF,m,2; ﬁBDF,n and yre,BDF,n are defined in Theorem [5.3.1
Proof. An application of the triangle inequality in (5.3.1]) yields
le@I < Ap®I+lla@l + @], ¢ € Ly

< max [[p(t)[| + max [[6(¢)]| + max [le(t)].
t€[0,tm] te[0,tm] t€[0,tm]

For t € I,,, we have

le®ll = Il (B + n(t)e"]
< @ "M+ 120 [l
< 2 max{]le"], "I}

Again, for t € [0, t,,], using Lemma [5.3.1] we obtain

(5.3.25) le(®)]| < 2 max |[|€"]| <2 max Oppr .
nel0:m] n€el0,m]
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Also, in view of (5.3.14) we have

(5.3.26)

1 ()]l

IA

<

1
158 = ta1)(ta = )R Wi

%m@X{\(t = o) (tn = O} {I(R" = DWWl + [Vall}

tel,

e BDF

where Z. ppr,, is defined in (5.3.24]). Combine (5.3.25)), (5.3.26) and Theorem [5.3.1] to

obtain the desired result.

O
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6

Error Analysis of Semilinear Problems

This chapter is concerned with a posterior: error analysis of the semilinear parabolic
interface problems. We shall restrict ourself to the case when only the forcing term
is nonlinear. Both the backward Euler and the Crank-Nicolson approximations are
considered for the time discretizations, whereas we have used the standard piecewise
linear finite elements for the spatial discretizations. A posteriori estimate of optimal
order in time and almost optimal order in space is derived in the L°°(L?)-norm. The main
technical tools used are the energy argument combined with the elliptic reconstruction

technique. The forcing term is assumed to satisfy the Lipschitz condition.

6.1 Introduction

We shall start by formally introducing the semilinear parabolic interface problem. Let 2
be a bounded convex polygonal domain in R? with Lipschitz boundary 92. Let 2, be a
subdomain of {2 with C? boundary 92, := I'. The interface I now divides the domain
(2 into two subdomains 2 and (25 := 2\ ;. We consider the semilinear problem of

the form

(6.1.1) w(z,t) — div(B(x)Vu(x,t)) = f(z,t,u) in 2 x(0,7]
with the prescribed initial and boundary conditions

(6.1.2) u(x,0) = ug(z) in 2; u=0 on 0 x[0,T]

and jump conditions on the interface

(6.1.3) [u] =0, [Bg—iﬂ =0 across [ x[0,7],

where 0 < T' < 400 and [v] denotes the jump of a quantity v across the interface I,
ie., [v](z) = vi(z) — vo(x), x € I" with v;(x) = v(z)|q,, i = 1,2. The symbol n denotes

93
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CHAPTER 6. Error Analysis of Semilinear Problems 94

the unit outward normal to the boundary 02, := I'. The diffusion coefficient 3(x) is

assumed to be positive and piecewise constant on each subdomain, i.e.,
f(x)=p; for xze€ (2 i=1,2.

The initial function wug(z) and the forcing term f(z,¢,u) are real valued functions and
assumed to be smooth. We assume that f : 2 x [0,7] x R — R satisfies the Lipschitz

condition in the third argument, i.e., there exists a constant C;, > 0 such that
(6.1.4) |f(z,t,v) — f(x, t,w)| < Crlv—w| Vv,weR.

Further, we shall call back the bilinear form a(-,-) : Hj(£2) x H(£2) — R defined by
(6.1.5) a(v,w) = (BVv, Vw) Yu,w € H}(12).

The bilinear form a(-, ) is bounded and coercive on H}({2), i.e., Jag,vo > 0 such that

(6.1.6) la(v,w)| < ag ||| ]|w]]i Yv,w € H&(Q),
and
(6.1.7) a(v,v) > v vl Vo € Hy(92).

The weak formulation of the problem (G.1.1]) — (6.1.3)) is stated as follows: Find u €
L>=(0,T; H}(£2)) such that

(6.1.8)  (us(t),0) +a(ut),p) = (f(t,u),o) ¢ € Hi(£2), ae.tec (0,T),
u(0) = wup.

Let 7, be a member of a family of triangulations {7, }o<n<ny of 2 and let S™ be the

corresponding finite dimensional space defined as
S*:={x € Hy(2) | x|x € Pi(K) forall K €T,},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K. For
v € S" let f*(v) := f(x,t,,v). Henceforth, we shall use the following shorthand
notations: For 1 <n < N,

n(,m n—1(,n—1 n n—1 n _ ,n—1
fn—%(,un—%) — f"(v )+J2c (v ), T g vTY +2U and Ov" 1= %

Since both the backward Euler and the Crank-Nicolson approximations are analyzed,

we first state these two methods below.
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The fully discrete backward Euler approximation. The standard backward
Euler approximation for problem (GI1) — (6I1.3) may be stated as follows: Given
U® = IPu(0), seek U" € S" (1 <n < N) such that
<Un _ Un—l

(6.1.9) p

,xn> a(U™ xa) = (FHU™)xa) Vo € S

Here, the operator I} is a suitable projection from H}({2) into the finite dimensional

subspace S°.
The fully discrete Crank-Nicolson approximation. The fully discrete Crank-

Nicolson approximation of the problem (G.11]) — (G.I.3) is stated as follows: Let U° =
IDu(0), where I}) is a suitable projection operator from H;(§2) into the finite dimensional
subspace S°. Then, for 1 < n < N, find U™ € S” such that

<Un r Un—l

1.1
(6.1.10) -

7Xn> +a (U"‘%,xn) 3 <f”‘%(U”‘%),Xn> Vxn € S™.

We now recall the following projection operators for our subsequent use.
Discrete elliptic operator. The discrete elliptic operator associated with the bilinear

form a(-, ) and the finite element space S™ is the operator A% : H3(2) — S" such that
for v € Hj(2) and 0 < n < N,

(6.1.11) (Arv, xn) = a(v,xn) Vxa € S™

L?-projection operator: The L*-projection operator is a map 17 : L?(£2) — S" such
that for v € L*(2) and 0 <n < N,

(6.1.12) (I5v, xn) = (v, Xn) Vxn €S™

Motivated by the discussion in Chapter [ we rather consider the modified Crank-

Nicolson approximation.
Modified Crank-Nicolson approzimation. Given U° = IPu(0), for 1 < n < N seek

U™ € S™ such that
1 n nyrn—1 1 nrmm 1 n n—1lrm—1
k:_<U - PrU )+§(AhU)+§P2(Ah u')

n

(6.1.13) = 10 f"2(U"2), 1 <n <N,

where P*, Py : S"™™1 — S" be any suitable projection operators.
Representation of the bilinear form. As before we represent the bilinear form a(-,-) in

short form as

(6.1.14) a(v, ) = (e, 9) + (8], 9)s, Ve € Hy(12),
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where the symbols have the same meaning as in Chapter [l
A posteriori error estimates for the semilinear parabolic problems (in absence of in-

terface) have been studied in the past by Kopteva and Linss [59], Kyza and Makridakis
[60]. In [59], the authors have obtained maximum norm a posteriori error bounds using
the elliptic reconstruction. Whereas, the error analysis of [60] is based on the recon-
struction technique and the energy methods combined with the appropriate fixed point
arguments. The a posteriori error analysis for a general nonlinear parabolic problems
has been studied by Akrivis et al. in [4]. In [4], the authors have considered the Crank-
Nicolson discretization in time only and have shown the second order convergence. The
main aim of this chapter is to extend our previous methodology for linear interface
problem to treat semilinear parabolic interface problems. We use only the energy tech-
nique combined with the reconstruction approach to derive a posteriori error estimators
for (GI1) — (6I.3). More precisely, for the backward Euler approximation, we use
the piecewise linear space-time reconstruction (cf. [62]) whereas, the Crank-Nicolson
analysis uses the quadratic space-time reconstruction (see, e.g., [I5]) of finite element
solution. Other worth mentioning technicalities for our analysis are the new approxi-
mation results of the Clément-type interpolation operator and the discrete version of
Gronwall’s lemma (Lemma [[.2.2]). Optimal order estimates in time and almost optimal
order estimates in space in the L°°(L?)-norm are obtained for both the backward Euler

and the Crank-Nicolson approximations.
The outline of this chapter is as follows. In Section 6.2, we derive a posteriori error

estimates for the backward Euler approximation of the semilinear parabolic problem.
Section discusses the related a posteriori analysis for the Crank-Nicolson approxi-

mation.

6.2 Abstract Backward Euler Error Analysis

In this section, we first introduce the elliptic reconstruction operator and then discuss

the related a posteriori error analysis for the backward FEuler approximation.

Definition 6.2.1 (Elliptic reconstruction). For a fully discrete finite element solution
U™ € S™ obtained from (6.1.9), we define the elliptic reconstruction RyU™ € Hy(£2) of

U™ € S™ as the solution of the following elliptic problem written in the weak form as
(6.2.1) a(RRU™, ) = (f".0) Vi € Hy(2),

where
. AVU°, n =0,
fri=
o) - k(U -0, 1<n<N.

n
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Note that the operator R} satisfies the Galerkin orthogonality property.
Now, we state the following elliptic reconstruction error bound for the fully discrete

finite element approximation in the L?-norm. Following the arguments used in deriving
the estimates (3.2.3]) the proof of lemma can be easily obtained. We therefore, refrain

from giving the details.

Lemma 6.2.1. For a finite element approzimation U™ € S™ of the elliptic equation
(621), the following is true for 0 < n < N:

= L 3 1. n
IRy = DUl < Crs hi; |log ha|2 (| f* = (U™)alll + Cr hi |log b [IF[BU™)] ..,

where 61,5 = C[73CR and CI,G = C[ACR.

In order to derive the a posteriori error bound, we split the total error e(t) := u(t) —

U(t) by considering the reconstruction ©(t) as an intermediate object as follows:
(6.2.2) e(t) :=p(t) —&(t), t€ I, where p(t) :=u(t) — O(t), &(t) :== O(t) — U(t),
where U(t),t € I, is defined by
(6.2.3) U) =l U + 1,00 U", tel,(n=1...,N).
The functions [,,_1(t) and [,(t) are given by

iy = 1 t—th

(6.2.4) ln_1(t) == ? and [,(t) == ’ fort € I,

and O is the piecewise linear interpolant of the reconstruction operator defined by
(6.2.5) O) =L, ORI U ' +L,(t)RyU", tel,(n=1...,N).

In the above, p(t) refers to the parabolic error and &(t) represents the elliptic recon-

struction error.
With p(t) and £(¢) as above, for 1 < n < N and for each ¢ € H}(§2), we have by

simple calculation the following parabolic error equation:
(Be(t), ) +al(p(t),p) = —(&(t),p) — a(O(t) = O", p)
(6.2.6) + (f(@,t,u) = f*(U"),¢), t €.

Now we define the following residual-based error estimators which will be used in the

subsequent analysis of the fully discrete backward Euler approximation.
The elliptic reconstruction error estimator: For 0 <n < N,

1, 4 3 1. n
(627)  Ospen = Crshi [loghy|2 || " — (U™)all + Cre hd [log hn|> [15[8U"]|l s,
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The space-mesh error estimator: For 1 <n < N,

A~ A~ 1 A~ ~3 ~ 1 A
%SBE,n = CI,B hi |10g hn|§ ||8Rn|| +C[,6 h% |loghn|§||0Jn|
A3 ~ ~
(628) —I—CLg thL |log hn|% ||0J"||§n\ﬁn’ C[78 = C]77CR,

ﬁn

where

Ry = (Uo)ol_(AgUo)a
R, = k' (U"—U"")+(U"g—f* for 1<n<N

denote the element residuals and
J, =j[pU" for 0<n< N

refers to the jump residual.
The temporal error estimator: For 1 < n < N,

6.29) 5 3 IQU° = fHUY) + U], n=1,
4y e,SBE,n ‘—
Lk |0 (PO —0UM) |, 2<m < .

The data approzimation error estimators: For 1 < n < N,

-@SBE,n,l = VCL maX{HgnHa ||5(n—1)H}’

-@SBE,n,Q = é L::l ||f(l’, t> U) - fn(Un)Hdt

(6.2.10)

A posteriori error bound for the parabolic error p(t) relies on a sequence of auxiliary

lemmas.
Below, we shall state first Lemmas [6.2.21-{6.2.3| without proofs. The proofs follow the

same line as in Chapter 3

Lemma 6.2.2 (Space-mesh error estimate). With #spg, as in (6.2.8), let 3,1 repre-

sent the space-mesh error term and be given by

%wzané@ﬁ@Hﬁ

Then we have

I < ky Msppn, thé?}}X 1p@)].

TH-1408_09612311



CHAPTER 6. Error Analysis of Semilinear Problems 99

Lemma 6.2.3 (Temporal error estimate). With I, spen as in (6.2.9), let 3,2 denote

the temporal error term and be defined by

T ;:/” la (8(t) — 6", 5(t)) | dt.

tn—1

Then we have
Jn2 < ky TesBEn mz}x @)

Lemma 6.2.4 (Data approximation error estimate). With Zspg 1 and Pspgn2 as in

(62.10), let the data approzimation error term be represented by J,, 5 and be defined as

T i / " (Flantu) — O, p(0))] d.

Then we have

VCr
Ty < Bk, max|p()
2e tel, tn1

—I—/{?n -@SBE,n,l max ||p( )” aF kn-@SBE,n,2 max ||ﬁ(t)||
tely, tel,

2 S (1) 2t

Proof. We rewrite the integrand in J,, 3 as

(fla,t,u) = fAU™),6(t) = (f(z,t,u) — fz,t,0(t)), 5(t))
+ (f(a,t,0(1)) = Fla,t, U)), (1))
+ (fa £, U() — F1U™), (8)) -
Then
Yo B /ttn (f(a.tu) — F.t,0()), ()| dt
+/ttn |(fz,t,0(t) — f(z,t,U(t), pt))] dt
n / "t ) — U, pe)] dt
(6.2.11) ‘= Tpy+ Tpo + Tps.

Using the Cauchy-Schwarz inequality, (6.1.4]) and the Young’s inequality, we obtain

IN

1f (z,t,u) = f (@t 0@) @)l
< Ve Ipl 1a)lh

ﬁ{“p;j“ +§||ﬁ<t>H%}=

[(f(z.t,u) = f(z,t,0(1)), p(t))]

IN
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where € is any positive real number to be chosen appropriately.

Thus,
2
T, < w—/ {M—i %mw@m
VCr e\/C_
(6.2.12) < Yok, ma (02 + £)2dt.

To estimate the second term in (6.2.11]), we use the Cauchy—Schwarz inequality and

([6.1.4)) to obtain
|(f(2,t,0(t) = fla,t,U1), (1)) < VCo [O) = UMD |2t
In view of (5.2.3), it follows that

|[(f(@,t.0(t) = f(x,t,U)), 5(t))]

n n—1lymn— n— t—ln- n n =
@{}?{n&lUl—U o+ [ g =0t st
Therefore,
\/ CL 1 _
< =n—
To < =5 ka {11+ 170} max || p(2)|
(6.2.13) = kn DsEn E%E}X”ﬁ(t)n

Finally to estimate 7}, 3, we use the Cauchy-Schwarz inequality to have

Ta < maxlp®ll [ It U0) = O db

(6214) E— kn QSBE,n,Q Itréz}x ||15(t>||7
which in conjunction with (6.212) and (6.2.13) complete the desired proof. O

Now, we apply the above lemmas to derive the a posteriori error bound for the

parabolic error p(t) in the L°°(L?)-norm.

Theorem 6.2.1. Let u be the exact solution of (C1.1)—(6.1.3) and let U™ be its finite
element approximation obtained by the backward Euler approzimation (G1.9). Then,
for 1 < m < N, the following a posteriori error bound holds:

{max (¢ )H2+/OmHﬁ(t)||?dt}2 < {2¢6(m) (0|}

tE[O tm]
+4Cq(m) Z kn {AMsprn + Tospin + DspEn1 + DspEnz}
n=1

where Cg(m) is a positive constant due to the Gronwall’s lemma and the quantities

MspEn, TesBEn, DspEni(l =1,2) are given in (6.2.8)— (6.2.10), respectively.
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Proof. Setting ¢ = p(t) in (6.2.6]) and using (6.1.7), we have

LN + La0l; < 1) 50 | +1a(6() — 6", p(1))
(62.15) HF ) = F1U"), ).

Integrate the above from t,,_; to t, to have

1 = 1 — /70 o — ~ ~ ~
SIPE)I? = 5llpt-)]* + —/ 1A 1¥dt < oy + Tnz + Tns,
tn—1

2
where J,,;(i = 1,2,3) are defined in Lemmas [6.2.2] {6.2.4] respectively. Summing up
over n =1 :m we have
tm m
(6.2.16) ()17 + 70/ A7t < O +2 > {Tn1 + Tnz + Tns}-
0 n=1

Since p(t) is continuous in [0, t,,], there exists to, € [0, t,,] such that

oo.mll = l|p(To.m)Il = o(t)|].
[0l = Ialtoan)ll = max (2]

Again, integrate (6.2.15]) between the limits 0 to fy,, and note that the integrands are

non-negative, it follows that

tO,m e
(6.217) [[p(tom)]I* + %/ lp@)IIFdt < O] +2 > {3n1 +Tnz + Jus}
0

n=1

Thus, combining (6.2.16]) and (6.2.17) we finally lead to

tm e
1(to.m) |1 + 70/ @) 117de < 2P0 +4 Y {Fns + Tnz + Tns} -
0

n=1

Now, using Lemmas [6.2.2 {6.2.4, we obtain

tm
||/)o7m||2+vo/ a1yt < 2p(0)I*
0

+4 max ||P ) Z kn {MspEn + TespEn + PsEn + ZsBEn2}

€0,t
sel0¢ n=1

2,/C "
#2000+ 26V [ 0
€ — tely, 0

Therefore,

max [p(t)[* < 2[p(0)]* + (2¢€v/Co — ) IIﬁ(t)Hfdt

t€[0,tm]

+4  max ||P i Z ko {AMsprn + TosBEn + DssEn1 + DsBEn2}

[0 m n—1
2v/Cr, &
+ o max |[p(2)]
€ t€[0,tn]
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Choose € > 0 be such that (2e€+/Cr —70) > 0 and use of the discrete Gronwall’s Lemma
1.2.2] with
I, o= 2

“m = ms
€

T = MAX 1A(t)

t’m
g = 2] p0)] + / 1(t) 2t

+4 max lp(t)]] Z kn{AMspEn + Tesprn + DspEnt + DsEn2)

[0 tm

n=1
to obtain
t’m
tén[oagx]llp( )|I> + C(m) /0 1p@)]I3dt < 2Ca(m) ||p(0)]

+4Cq(m) tg&%x] lp)|l Z kn {AMsprn + TosBEn + DsBEni + DsBEn2})
stm n:1

where Cg(m) := 2 max {1, ZQiC_L N eXp{QiC_L ( Z k‘])}}

n=1 n<j<m

Finally, we take

te[O oo

a0 = max [0, an = {cg<m> | e dt}2 (1 <n<m)
¢ = {2Ce(m) |50)|2)}2 .

by :=4Cq(m Zk {AMspEn+ Tesprn + DsBEn1 + DsBEn2)

n=1

and
b, :=0(1 <n<m)

and invoke Lemma to complete the proof. O]

The following theorem presents the fully discrete backward Euler a posteriori error
estimate in the L°°(L?)-norm for the semilinear parabolic interface problem (E.I.1]) —
@.13).

Theorem 6.2.2. Let u be the exact solution of (6.1.1)— [(61.3) and let U™ be its finite
element approximation obtained by the backward Euler approzimation (G1.9). Then,

for each 1 < m < N, the following a posteriori error estimate holds:

max [[u(t) — U(1)] < {2 Ca(m)}? [ROUC — u(0)]

te[0,t

+4 Ca(m Zk‘ {AMsprn + Tesprn + DspEn1 + DspEn2}

n=1

+ 2 max O: .
0<n<m SBE,n

TH-1408_09612311



CHAPTER 6. Error Analysis of Semilinear Problems 103

The estimators Ospg.n, MspEn, JospEn and DspEai(i = 1,2) are given by ([6.2.71) —
([6.2.10), respectively.

Proof. By the triangle inequality, we have
(6.2.18) le(@)Il = llu(®) = U@ < 2@ + 1@, t € In.

As max,(t) = 1 we have
tel,

lE® = Mla-a @)™V + L]t € L,
< 2 max{|e"]), [|g" ]|}

Again, for t € [0, t,,], using Lemma [6.2.T] we obtain

el < 2 max. Gsorn

which combine with Theorem [6.2.1] proves the desired result. O

6.3 Abstract Crank-Nicolson Error Analysis

For the purpose of the fully discrete Crank-Nicolson error analysis, we now define the
space-time quadratic reconstruction for the Crank-Nicolson approximation (€.1.13]). For

this, we recall the definition of elliptic reconstruction from [15] [62].

Definition 6.3.1 (elliptic reconstruction). Forv € S", we define the elliptic reconstruc-

tion R2v of v as the solution of the following elliptic problem
(6.3.1) a(Riv, ) = (A, @) V€ H(R), 0<n < N.

Now, we shall introduce some notations for further use.
Let ¥ : [0,T] — H;(£2) be continuous piecewise linear function in time defined by

(6.3.2)  W(t) =1, () (P (A NU +1,0#) (AHU", tel, (n=1...,N),

where [,,_1(t) and [,,(t) are given by (6.2.4]).
Also, let & : [0,7] — HL(£2) be a continuous piecewise linear interpolant of f(t)

defined by
(6.3.3) G(t) ==l () fPHU D) + L) AU, tel, (n=1...,N).

Next, to define space-time reconstruction we rewrite the fully discrete Crank-Nicolson
approximation (6.I13]) in the compact form as:
ur — ppunt

(6.3.4) :

= Hg(tn_%), n 2 1,
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where

V) = IR (U) — Wt

(6.3.5) Hy(t, ), n>1.

1
n—j3

We also define H : [0,T] — HL(£2) be a piecewise linear function in time defined as

v

(6.3.6) Hy(t) := IIM(t) — (), tel, (n=1,...,N),

and H(t, 1) = Hy(t, 1).
Inspired by the idea of |4, [15], we now define below the space-time Crank-Nicolson

reconstruction U/ of the Crank-Nicolson finite element solution U.

Definition 6.3.2 (space-time reconstruction). The quadratic space-time reconstruction
U: 0, 7] — H}(2) of U is defined by

Ut) == REW"™ +ky (t—to) {REPHU™ —RETIU™
+/t R'Hs(s)ds, t €I, (n=1,... N).
tn1
Observe that U is a continuous function in time and satisfies the relation
(6.3.7) U(t) =k, {(RIPMHU™ ! =R} + RIH, (1), t€l, (n=1,...,N).
To derive the a posteriori estimates we decompose the total error e(t) := u(t) — U(t) as
(6.3.8) e(t) == p(t) + a(t) + £(¢), t € I,

where j(t) := u(t) — U(t) denotes the parabolic error, (t) := U(t) — O(t) refers to the
time reconstruction error and £(t) := O(t) — U(t) denotes the elliptic reconstruction

error. Here, é(t) is the continuous piecewise linear function in time defined by
(6.3.9) Ot) =l (O RIU +1,)RU", tel,(n=1...,N).

Now, we shall state the following a posteriori error bounds for the elliptic reconstruction
error £(t). The proof follows exactly on the same line as in Lemma [£.2.7] and therefore,

we refrain from doing proofs here.

Lemma 6.3.1. For a finite element approzimation U™ € S™ of the elliptic equation
(6.31), the following is true for 0 < n < N:

3
[(R2 — D)ol < Crsh? [1og hul2 | A0 — (v)all| + Cre ha |log hal? [|5180] 5.,

where C]75 = CLgcR and 6176 = CI,4CR-
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Now we define the various residual-based estimators for our subsequent use.
The elliptic reconstruction error estimator: For 0 < n < N,

3
(6.3.10) Gsonn == Crs b2 |loghal> (AU = (U™)al| +Cr6 b [1og hl? [|F[BU™]] 55
The space-mesh error estimator: For 1 <n < N,
Msoxg = Crg h% [loghu|? [k {(ADU™ = (AU = (U™ + (U™ Nal |
~3 ~
+Cr6 i [log hu|? [k {51BU™] = JBU™ ]} |1,
~3 A1 — 1 n . n—
(6.3.11) +Crs hi |log hn|2 ||kt {518U™ = §[BU" T} I 505,
with C]78 = C[77CR.
The temporal reconstruction error estimator:
/{32
Frosonn = == {Crs b2 [loghul (A7) 20 = (Z2)al
(6:3.12) +Cr b |loghaf? 582,15, + 1211}

The space-error estimator:

k,, 1 n
Fsonn = 5+ {Crs b2 |loghal? [(ADZ, = (Z,)al

3 1 .
(6.3.13) +Crg hi [loghy|2 ||J[5Zn]||zn}-
The temporal error estimator:

L 2 (Cr o | (AD)Z — (Z2)al]

’%,SCN,n 120 n

1
(6.3.14) +Cra hi 1825, + a0 120l }
The coarsening error estimator:
- n n— 1 n n— n—
(6.3.15) Gsonn =k (T =TT+ SII(F = D(=A77HU" .

The data approximation error estimators:

;

D = 15 VO K {Crs 12 [1og hul (ADZ0 = (Z0)al
+Cr hit |1og hal® 1182015, + 11211}
(6.3.16) Dscnn,2 = VO, max{[[&" 7, €1},
Dscnna = 1 Ji0, 1f (@t U) = S(o)dt,
Dscxma = = Cin b {n(m PUAREA 1}||}-
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Next, we state a series of lemmas to drive a posteriori error bounds for the parabolic

error p(t).

Lemma 6.3.2 (Space-mesh error estimate). With #scn,n as in (623.11), let T, 5 rep-

resent the space-mesh error term and be given by

tn
L= [ Ia@p0)]d
tn—1
Then the following is true:
1;%2 f; k21~¢zéCPLn ?é?XW|ﬁ(t)“'

Lemma 6.3.3 (Space error estimate). With Ssen, as in (6.3.13), let Z,, 5 denote the

space error term and be defined as

tn
1;%3 = J/P
tn—1

((RE=1) (Ha®) = Halt,_y)) . 5(0))| at.

Then
1;%3 S; kn;?%CPLn DJ@XW|ﬁ(t)”-
tely,

Lemma 6.3.4 (Coarsening error estimate). With scn .y, as in (6.3.17), let Z,, 5 denote

the coarsening error term and be defined as
Lo ;:/ [kt (1 = T U™ " + Ly (0)(Py = D (=AU, p(t)) | dt.
tn
Then
Z;LS f; kn QgéCPLn IIHQXW|ﬁ(t)|L
tely,

The proofs of Lemmas [6.3.2] -{6.3.4] can be treated in a similar manner as

Lemmas £.2.41 -{4.2.7] of Chapter @ and hence, the details are omitted.
The following lemma gives the a posteriori error bound for the temporal error &(t).

Lemma 6.3.5 (Temporal error estimate). With J.scnn as in (6.3.19), let Z,,1 refer to

the error term due to time discretization and is defined by

tn
T,y = ao/ 15(8)2dt.
tn—1

Then
"/1 << k7 :;7 ,SCN,n"
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v

Proof. In order to estimate &(t) we first estimate &,(t) := U,(t) — O4(t). In view of

([637) and ([6.39) we have
5 PnUn—l —_ynr o
a(t) = R¢ {1k5— + H3(t)}
= R {Hy(t) ~ Halt, 1)}

Integrating from ¢,_; to t and using the fact that U(t) and ©(t) coincide at the nodal

points, it now leads to
t ~
(6.3.17) 5(t) = / R {Hg(t) —Hg(tn_%)}dt.
tn—1

Now, using (6.3.5]) — (6.3.6) and a simple calculation yields

fy(t) = Hyt,_y) = 1T {&() - (e
)

= mp{(t—t,_ B} — {(t — t,_) w®) }
(6.3.18) = —(t—ty1)2,
with
(6.3.19) Z, = —II0®,(t) + Wy(t).

Substituting (6.3.18) in (63.I7) and evaluating the integral by the midpoint rule we
have that

5(t) = —/t RZ{(t—tn_%)Zn}
(6.3.20) - %(t—tn_l)(tn—tmgzn.

Using the coercivity and continuity properties of the bilinear form a(-,-), it follows that

wloe@®Ii < alo(t),a(t))
= S ta)(t — 1) a(RIZ,,5(1)
(6.3.21) < %(t = o) (tn — 1) {a((RE = 1) 25, 5(1)) + aol|Zulllo (@)1} -

We now apply the Galerkin orthogonality property of R” and (6.3.1]) to have

a(RE—1)Zn,5(t)) = [((AR) Zn — (Zn)et, (1) = Fno ()| |16 20],0(t) — Fno (1)),
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An application of the Cauchy-Schwarz inequality and Proposition B.2.1] yields

a((R2 = D)Z,,5(0)
< IAD 2.~ (Zalll50) = LW + 178215, 15() — Fu3(0)
< {Criha 104D Z0 — (Z)all + Cra b ITBZ0] 5, } 15(0) 1

Qc

Zn

Thus, in view of (6.3.21)), we obtain

W eI < 5t = ta)(t = ta) D [|5(1)]1,

l\DI»—t

1
where D, := {c,,1 ho (AP 20 = (Z2)alll + Cra b2 |15 [820) 15, +a0||znu1}. Thus, we

finally arrive at

tn
. < D? t—t, 1)%(t, — t)%dt
e AT

< k ‘7 ,SCN,n»
where I %on, = 1;0 4 k* D2 and we thus complete the proof. O
Lemma 6.3.6 (Data approximation error estimate). With Zscnni(i = 1,...,4) as in

(6.3.16), let Z,,4 denote the data approzimation error term and be defined as

tn
In,4 = /
tn—1

o

() = Hylt) = 0(0), (1) )| e

Then we have

Ve b max 30

- 2e tely, 3
+kn {Psonni1 + Dsonne + DsoNns ) ftlglix o)l

1
1 tn 2
+M%%M@/rwm@-
tn—1

Proof. With an aid of (6.3.6)), we first rewrite the integrand in Z,, 4 as

e [

Toa (t)||2dt

Y

f(l’,t, u) - H3(t> - lp@) = f('rv t7u> - Hgé@)
(6.3.22) - ( Fla,tu) — qﬁ(t)) (- D).
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Further, we split the first term of (6.3.22) to obtain

tn
In,4 S /
tn

-1
tn

<f(:):,t, w) = £, 4, 0), p(6))| at

+ <f x,t,é(t),ﬁ(t)>‘dt
%—f (F(@.t,6(1)) = flat,U®), 4(0))| at
+ tn <fxtU é(t),b(t)>‘dt

+/ (175 — 1)) (1))
t
T"+T§+T§+T5+Tg.

Then using the Cauchy-schwarz inequality and the Young’s inequality, we have

(flastow) = flat,0),50)| < Ve ION 1501
<V (a0l + 51A012)-

and hence,
N Ve
77 < Y2 by max 0P + <5 [ ot
€ tely, tn—1

Again, using the Cauchy-schwarz inequality once more and (6.3.20) we obtain

(Flat,0) = fl@,t,0(0),50))|
<wth—futamwmw
< Ve 10l )
s§¢aﬁ—m4uf%mww—nawuww}M@w

Therefore,

T

IN

m {I(Re = D) Za]l + 121} maxp(0)]

= kn Dsonn max |[p(t)])

n

Exactly following the same argument of (G.2.13)), we have

T3 < ky Dsonn,2 max ()]
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Again, invoking the Cauchy-schwarz inequality it follows that

ln

@ < max|p(t)] If (.8, U(2) — 2(1)]

n tn—1

= ko Dsorms max [[5(0)])
tely,

Finally to estimate 77', we exploit the orthogonality property of II§ and Proposition
[B.2.1] to have

/\
3
3
~
SN—
Kic
e
~
S—
¢
—~
~
S~—
\/
Il

(T = DB, 5(8) — Fui(1))
< Ty = DEWIIAE) — Fui0)]
< Cra b (TG — DEW 15 1.

As max |l,,(t)] = 1 and max |l,,_1(¢)| = 1, it follows from ([6.3.3]) that

tel, tel,

(125 — D) < max [l (8)] [|(Zy = D" + max|l,(6)] (5 = 1) "]

n n

= (15 = D+ 1z = D,

and hence,

1 tn 2
77 <k Fuox (0 [ Io0ar)
tn—1
and this completes the proof of the lemma. O

As a consequence of the above lemmas we derive the a posterior: error bound for the

parabolic error p(t) in the following theorem.

Theorem 6.3.1. Let u be the exact solution of (6.1.1)—([6.1.3) and let U™ be its finite
element approximation obtained by the Crank-Nicolson approximation (G1.13). Then,
for 1 < m < N, the following is true:

tm 3 2
{tén[oix} ||P()||2+/0 ||/5(t)||%dt} < {2CG( <||P ||2+Zk SCNn>}

o

HIa T )
where
Y1 = 4Cq(m) Z kn (Mscnn + Fsonn + Dsenna + Dson 2
n=1
(6.3.23) Dscnon,s + Csonn)
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and
(6.3.24) Yin2 :=4Cq(m) Z ki DscN -
n=1

%SCNJL; tsﬂSCN,n; f%,SCNJL; %SCNJL; @SCN,n,i(i = 1774) are deﬁned mn M) and
(6.313)— (6.3.10), respectively.

Proof. For each ¢ € H}(£2) and for 1 < n < N, using (6.3.7), (6.1.8) and rearranging

the terms we have the following error equation for p(t)

(6.3.25) (2:(1), o) £ alp(t), 0) = (As(t), ), t € I,
where p(t) := u(t) — O(t) and

Bt) = =& (1) — (RE = 1T) (Hs(t) - Halt,,_,
L (1) (B = DA YU — kL (PP~ I>U" L

Setting ¢ = p(t) in (6.3.25)), we have

1d

SO + alp(t), 5(E) = (#s(t), 5(1))

Using the fact that 2a(v, w) = a(v,v) + a(w,w) — a(v — w,v — w) Yv,w € H}(N) and
using the properties (6.1.6]) and (€.1.7) of the bilinear form a(-,-), we arrive at

(6326) 5 BN+ 22 (oI + 15O < T lo(2) I + [(8s(6), Ao

Integrating the above from ¢, _; to ¢, and summing up over n = 1 : m, we obtain
tm
()12 +70/ (le@IF + lIp@)I17) dt < [|p(0)]*
0
tn
e oo [ Iotarr2 [ .o
tn 1 tnfl
6327 ||2+z{ n1+zzzm},

where Z,,; (i = 1,...,5) are defined in Lemmas [6.3.21 {6.3.0l
Since p(t) is continuous in [0, t,,], there exists to,, € [0, t,,] such that

[P0 mll = llAtom)ll = max JIAE)
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Again, integrating (6.3.26]) between the limits 0 to ¢, and observing that the integrands
are non-negative, it follows that

15(tom)lI? +70/0ij (e + 1@)I7) dt
< ||ﬁ(0)||2+2{ao/n IIO‘(t)II?dH?/tn |<9?3(t),/3(t)>|dt}

(6.3.28) ||2+Z{ n1+2ZIm}.

Thus, combining (6.3.27)) and (6.3.28)), we finally lead to

1t +70/0 " a3 < 2050)]P +2Z{ - +2sz}.

n=1

Using Lemmas [6.3.2] {6.3.6] we obtain

tm
IIﬁ(to,m)||2+%/0 AT dt < 2{\\p ||2+Z’f scm}

n=1

+4 max |[|p()]| Z kn {AMscnn + Lsenn + Dsonni + Dsonn,2
te[0,tm] —

1
m o t E
+PscNm3 + Gsonpn ) + 4 E ki Dscnna (70/ ||:5(t)||%dt)
p—il

n=1

2
\/C_LZk max||p H2—|—26\/CL/ (t)|]3dt.

Therefore,
tm
s D) < {np 2+ Zk } + @V -0 [ ol
+4, max ||P )| Zk‘ {AMsonn + Fsonn + Dsenmt + Dsenn,2
n=1

mo tn L\ 2
+Psenns + Goonn + 4D kE Dsonma (Vo/ ||f3(t)H1dt)

n=1 tn—1

2v/Cr, &

2O b a0

Choose € > 0 to be such that (2€+/Cr, —70) > 0 and invoking Lemma [[L.2.2] with
7z e= 2

“m = ms
€

Ty = MAX 1o(t)
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{np )I? + Zk } / O

4 kn {A#scnn + Sscnn + Dsennt + Dsonn
+ tII[IOEtX]Hp HZ {Mscnn + Fsenm + Dsenng + Dscnn,2

1
mo th b
+DsceNns + Gsonn t + 4 Z ki Dsen o a (70 / 15(t) ||%dt> ;

n=1 tn—1

we obtain

tm
e [OF+ [ a0l < 2Cam) {np H2+Zk }

+ 4Cq(m ) 1 ||P ||Zk‘ {Msonn + Fsonn + Dsonnt + Dsonn2

n=1

1 tn 2
+DsoNns + Gsonn} + 4Ca(Mm) ki Dsonon.a (Vo / 1p(t) ||%dt) ;
tn—1

where Ci(m) = 2 max{l, ZméC_L k., exp{2\éC_L ( Z kj)}}

n=1 nj<m
Finally, we take

1
2

ag = max ||p(t)], {CG ) (o —2€+/Cr) / AT dt} (1 <n<m),

te[0,tm]
= {QCG(m) <|lﬁ(0)ll2 +) kn%,zscm) } )
n=1

by :=4Cq(m Zk {Mscnn + Fsonn + Dsenmy + DscNmz + Dsenns + Csonn ) s

n=1

N[

b, :== 4Cq(m) k:,% Denng (1 <n<m),

and invoke Lemma [[.2.3] to complete the rest of the proof. O

We are now prepared to state the fully discrete Crank-Nicolson a posteriori error

estimate in the L>(L?) norm for the semilinear parabolic interface problem (E.IT]) —

6L3).

Theorem 6.3.2. Let u be the exact solution of (6.11)—(6.1.3) and let U™ be its finite
element approrimation obtained by the Crank-Nicolson approrimation (6.1.13). Then,
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for each 1 < m < N, the following a posteriori error estimate holds:

(NI

tg[l(gx}||u(t)—U(t)|| < {QCG(m) <||730U0 ||2+§ kn scm)}
1
2 2 b

+ (T, +75,) 42 Jmax @’SCN,n + ax Treson

where the estimators are given in Theorem [6.3. 1.

Proof. By the triangle inequality, we have for ¢t € I,

<
el < e 17(0)] + maxc 50|+ maxc (o)L

As max/,(t) = 1, we have
tel,

IEDOT = a1 ()™ + L ()]
< Al @1 EH 4 15 (0)] 1127

< 2 max{[|l&"]], "I}, t € I
Again for ¢t € [0, t,,], using Lemma [6.3.1] we obtain
= < =T <
(6.3.29) lE@Il < 2 max [[€%] <2 max Osonn.

In view of (6.3.20), we have that

y 1 n
IOl = N5 —ta1)(ta —t)REZall
1 n
< gmax{|(t —to)(tn = 1)} (1(R¢ — 1) Zull + 11 24]1)
(6.3.30) < Tie,SCNm»
which in combination with (6.3.29) and Theorem [6.3.1] completes the proof. O
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Numerical Assessments

This chapter reports the numerical results for a two dimensional test problem to validate
the theoretical findings. Our main objective is to understand the asymptotic behaviour
of the various estimators. We perform numerical tests on uniform meshes with uniform
time-steps. All computations are carried out using MATLAB-7.8. Bisection algorithm
[6, 104] is used to generate the refined triangulations. In the first section, we present
the behaviour of the estimators of Chapter Bl In Section [Z.2] we discuss the behaviour
of the estimators of Chapter [ Finally, Section is devoted to study the behaviour
of the estimators of Chapter [Bl

7.1 Results for Backward Euler Approximation

In this section, the asymptotic behaviour of the error estimators obtained in Theorem
3.2.2] for the backward Euler approximation is studied for the following test problem.

Example 7.1.1. We shall solve the parabolic interface problem (LII) — (LL3) in a
domain 2 = (0,2) x (0,1) C R% The interface occurs at = 1 so that we choose
2, =(0,1)x(0,1), 25 = (1,2) x (0, 1) and the interface I = 2, N (2,. We shall consider
the following problem in §2:

ug(z,y,t) — div(B(z, y)Vu(z,y,t)) = f(z,y,t) in 2 x(0,T],
U(l’,y,O) = UO(x7y> n ‘Qu

u(z,y,t) = 0 on 02 x[0,T],
[u] =0, [ﬂg—z] = 0 across I'x[0,T],

where n denotes the unit outer normal vector on I" and V denotes the spatial gradient.

115
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We choose
1 if (x,y) € (X,
Blz,y) =
if (z,y) € (2.

1
2

We select the forcing term f such that the exact solution is given by

exp(sin(t)) sin(mz) sin(ry) in 2 x T,
u(z,y,t) =
—exp(sin(t)) sin(27rz) sin(mry) in 29 x T.

Let {Tn}o<n<n be a family of conforming triangulations of Q2 at the time level t,,.
Then for each n = 0,--- , N, we consider the finite element space S™ corresponding to

the triangulation 7, as follows:
S":={x € Hy(2) | xlx € P(K) for all K € T,},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K. For

Exact Solution of the Problem at T = 0.1 Finite Element Solution at T = 0.1 with 3970 ndof

] 0.5 0.5
0- \
0 0
-
2 05 -05
. o 1
L o5 1 ! B
: 0.5
2 0 2 0

Figure 7.1: The first plot shows the exact solution and the second one corresponds to the
backward FEuler FEM solution. FEM solution is computed using P elements with 3970 free

nodes at T' = 0.1 corresponding to k = 0.015625.

each numerical experiment, we choose a sequence of mesh sizes (h(i) : i € [1 : I]) to
which we couple a sequence of time steps (k(z) : i € [1 :1]), k(i) = 0.1 x h(i). Here,
[ denotes the number of runs ranging from 1 to 4 in each of the experiment. For each

run, the spatial mesh size becomes half of the previous mesh size.
For each run i € [1 : ], we compute the following quantities of interest at the final

time point ty =T = 0.1.
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e The elliptic reconstruction error estimators:

N 1/2
max ﬁBEZn and E knﬁBEln .
OSHSN [t - Piatl

n=

e The space error estimator:

N
Z knv%BE,n-
n=1

e The temporal error estimator:

N
E kn %,BE,n-
n=1

We have dropped the data approximation estimator from study. The experiment is

carried out with P; elements. All the constants involved in the estimators are taken to

be 1.
For each quantities of interest we observe its experimental order of convergence (EOC).

The EOC is defined as follows: For a given finite sequence of successive runs (indexed
by i), the EOC of the corresponding sequence of quantities of interest F(i) (estimator

or part of an estimator) itself is a sequence defined by

_ log(E(i+1)/E®))
log(h(i + 1)/h(i)) °

where h(i) denotes the mesh size of the run i. The value of EOC of a given estimator

EOC(E(:))

indicates its order.
The numerical results at the final time point t;y =71 = 0.1 are shown in the

Tables [(.1] — [.4l

Table 7.1: Backward Euler elliptic reconstruction error estimator in the L?-norm.

l(runs) h k maXo<n<nN ﬁBE’Qm EOC

1 0.125000 | 0.0125000 4.42127e-01 -
0.062500 | 0.0062500 1.30997e-01 1.7
0.031250 | 0.0031250 3.68663e-02 1.8

= GCRE \V)

0.015625 | 0.0015625 1.01123e-02 1.8
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Table 7.2: Backward Euler elliptic reconstruction error estimator in the H'-norm.

I(runs) h k (N knOppan)? | EOC
1 [0.125000 | 0.0125000 8.38003e-01 -
2 | 0.062500 | 0.0062500 7.08467¢-01 0.2
3 ] 0.031250 | 0.0031250 3.51657e-01 1.0
4 ]0.015625 | 0.0015625 1.74902¢-01 1.0

Table 7.3: Backward Euler space error estimator.
[(runs) h k ij:lk:n//lBEm EOC
1 | 0.125000 | 0.0125000 | 2.92903e-01 -
2 ] 0.062500 | 0.0062500 | 7.39044¢-02 | 1.9
3 ] 0.031250 | 0.0031250 | 1.86888¢-02 | 1.9
4 | 0.015625 | 0.0015625 | 4.72710e-03 | 1.9

Table 7.4: Backward Euler temporal error estimator.

I(runs) h k SN knTepea | BOC
1 |0.125000 | 0.0125000 | 1.00924e-01 ;
2 | 0.062500 | 0.0062500 | 4.98260e-02 | 1.0
3] 0.031250 | 0.0031250 | 2.47862e-02 | 1.0
4 |0.015625 | 0.0015625 | 1.23662¢-02 | 1.0

7.2 Results for Crank-Nicolson Approximation

We shall consider the same example as in Section [[.1] with 7" = 0.5. In this section, we

examine the numerical behaviour of the error estimators presented in Theorem [4.2.2] for
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Exact Solutionat T = 0.5 Finite Element Solution at T = 0.5 with 16130 ndof
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Figure 7.2: The first plot shows the exact solution and the second one corresponds to the
Crank-Nicolson FEM solution. FEM solution is computed using P; elements with 16130 free
nodes at T' = 0.5 corresponding to k = 0.015625.

the Crank-Nicolson approximation. We choose a sequence of mesh sizes (h(i) : ¢ € [1:(])
to which we couple a sequence of time steps (k(i) : ¢ € [1 : {]), k(i) = h(i). Here, [
denotes the number of runs in each of the experiment. For each run, the spatial mesh
size becomes half of the previous mesh size. For each run ¢ € [1 : [], we compute the

following quantities of interest:

e The elliptic reconstruction error estimator:

2 max ﬁCN -
0<n<N ’

The space-mesh error estimator:

N
Z ]fn e%CNJL.
n=1

The temporal reconstruction error estimator:

max <71:e,CN,n-

0<n<N
e The space error estimator:
N
E kn yCN,n-
n=1
e The temporal error estimator:

N 1/2
(zzkn 9) |
n=1
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We dropped the data approximation estimators and coarsening estimator from study.
The experiment is carried out with P; elements. For each quantities of interest we
observe its experimental order of convergence (EOC). The numerical results at the final

time point ty = T = 0.5 is shown in the following tables.

Table 7.5: Crank-Nicolson elliptic reconstruction error estimator for the L? norm.

[(runs) h k 2maxo<p<nOcnyn | EOC
1 0.125000 | 0.125000 7.12016e-01 -
2 0.062500 | 0.062500 2.01035e-01 1.8
3 0.031250 | 0.031250 5.52205e-02 1.8
4 0.015625 | 0.015625 1.49632¢-02 1.8

Table 7.7: Crank-Nicolson temporal reconstruction error estimator.

Table 7.6: Crank-Nicolson space-mesh error estimator.

I(runs) h k SN kn Mex, | EOC
1 | 0.125000 | 0.125000 | 6.74251e-01 -
2 ] 0.062500 | 0.062500 | 1.81810e-01 | 1.8
3 10.031250 | 0.031250 | 4.89326e-02 | 1.8
4 ] 0.015625 | 0.015625 | 1.31191e-02 | 1.8

[(runs) h k MaXo<p<N Jre,cNn | EOC
1 0.125000 | 0.125000 2.51878e-01 -
2 0.062500 | 0.062500 3.41547e-02 2.8
3 0.031250 | 0.031250 6.43236e-03 2.1
4 0.015625 | 0.015625 1.45975e-03 2.1
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Table 7.8: Crank-Nicolson space error estimator.

I(runs) h k SNk, Fenn | EOC
1 ]0.125000 | 0.125000 1.29627 -
2 | 0.062500 | 0.062500 | 1.87101e-01 | 2.7
31 0.031250 | 0.031250 | 2.61481e-02 | 2.8
4 ]0.015625 | 0.015625 | 3.58048e-03 | 2.8

Table 7.9: Crank-Nicolson temporal error estimator.

I(runs) h k 25Nk w2 | EOC
1 ]0.125000 | 0.125000 2.63965e-01 -
2 | 0.062500 | 0.062500 4.54763e-02 2.5
3] 0.031250 | 0.031250 8.80471e-03 2.2
4 10.015625 | 0.015625 1.88063e-03 2.2

7.3 Results for BDF-2 Approximation

We continue our experiment with the same Example [[.1.1] with 7" = 1 for the BDF-2

approximation and discuss the behaviour of the estimators presented in Theorem [5.3.2

We choose a sequence of mesh sizes (h(i) : i € [1 : {]) to which we couple a sequence of
time steps (k(i) : ¢ € [1:1]), k(7) = h(i). Here, [ denotes the number of runs in each of

the experiment. For each run, the spatial mesh size becomes half of the previous mesh

size. For each run ¢ € [1 : [], we compute the following quantities of interest:

e The elliptic reconstruction error estimator:

2 max ﬁBDFn-
0<n<N ’

e The space-mesh error estimator:

N
k Z AMBDF -

n=1
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Exact Solutionat T =1 Finite Element Solution at T = 1 with 16130 ndof
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Figure 7.3: The first plot shows the exact solution and the second one corresponds to the

BDF-2 FEM solution. FEM solution is computed using P; elements with 16130 free nodes at
T =1 corresponding to k = 0.015625.

e The temporal reconstruction error estimator:

max yre,BDF,n-
0<n<N

e the space error estimator:
N
k E ZBDF n-
n=1

e The temporal error estimator:

a7 1/2
(zkzz?BDF,n) |
n=1

We dropped the data approrimation estimators and coarsening estimator from study.
For each quantities of interest we observe its experimental order of convergence (EOC).

The numerical results at the final time point txy = T = 1 is shown in the following
tables.
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Table 7.10: BDF-2 elliptic reconstruction error estimator.

[(runs) h k 2maxo<,<nOppr,, | EOC
1 0.125000 | 0.125000 9.74194e-01 -
2 0.062500 | 0.062500 2.82299e-01 1.7
3 0.031250 | 0.031250 7.84522e-02 1.8
4 0.015625 | 0.015625 2.13764e-02 1.8

Table 7.11: BDF-2 space-mesh error estimator.
I(runs) h k kSN Mypp, | EOC
1 0.125000 | 0.125000 | 9.60257e-01 -

2 0.062500 | 0.062500 | 2.62328e-01 1.8
3 0.031250 | 0.031250 | 7.08575e-02 1.8
4 0.015625 | 0.015625 | 1.89977e-02 1.8

Table 7.12: BDF-2 temporal reconstruction error estimator.

[(runs) h k maxo<p<N JreBprn | EOC
1 0.125000 | 0.125000 2.02147e-01 -
2 0.062500 | 0.062500 2.72313e-02 2.8
3 0.031250 | 0.031250 5.10425e-03 2.1
4 0.015625 | 0.015625 1.15608e-03 2.1
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Table 7.13: BDF-2 space error estimator.

I(runs) h k kSN Fppa | EOC

1 0.125000 | 0.125000 2.09685 -
0.062500 | 0.062500 | 3.02654e-01 2.7
0.031250 | 0.031250 | 4.22972e-02 2.8

= W N

0.015625 | 0.015625 | 5.79179e-03 2.8

Table 7.14: BDF-2 temporal error estimator.

I(runs) h k 2k T 2pr.) 2 | EOC
1 |0.125000 | 0.125000 4.23807e-01 -
2 1 0.062500 | 0.062500 7.27666e-02 2.5
3 ]0.031250 | 0.031250 1.40435¢-02 2.2
4 ] 0.015625 | 0.015625 2.99236e-03 2.2

Numerical results for the backward Euler approximation reveal that the elliptic recon-
struction and the space error estimators (Table [[Il and Table [.3]) have nearly optimal
rates of convergence in the L?-norm. From Tables [7.2 and [7.4] we observe that the
elliptic reconstruction error estimator in the H'-norm and the temporal error estimator

have optimal rates of convergence which matches with that of the error’s norm.
For the Crank-Nicolson approximation, numerical results for the elliptic reconstruction

and the space-mesh error estimators show the nearly optimal order convergence (cf.
Table and Table [7.6]) whereas EOC shows that the temporal reconstruction error
estimator (cf. Table [[7), the space error estimator (cf. Table [[.8)) and temporal error

estimator (cf. Table [[.9) decreases with optimal order.
Finally, the numerical experiment for the BDF-2 approximation indicates nearly op-

timal order convergence for the elliptic reconstruction estimator (Table [[I0) and the
space-mesh estimator (Table[.I1). From Tables[.T2{7.14, EOC of BDF-2 temporal re-
construction error estimator, the space error estimator and the temporal error estimator

show optimal rates of convergence.
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Conclusions and Extensions

This chapter is devoted to the critical assessment of the results highlighting the con-
tributions made by this thesis and techniques used in deriving these. We conclude by

providing some information for the scope of possible extensions and future investigations.

8.1 Critical Review of the Results

In this thesis, we have studied residual-based a posteriori error estimates for both the
linear and semilinear parabolic interface problems in a bounded convex polygonal do-
main in R%2. The interfaces are assumed to be of arbitrary shape but are smooth for
our purpose. A posteriori error bounds in the L*(L?)-norm are derived for various
space-time discretization methods for the parabolic interface problems. The derivation
of residual-based a posteriori error bounds mainly rely on the approximation properties
of the Clément-type interpolation operator. However, in the present case due to the dis-
continuity of the coefficient along the interface I', the solution of the parabolic interface
problem is only in H'(§2) globally. For a higher order approximation properties of such
type of operator, the analysis of [92] require v € H"({2),r > 2 and hence the standard
results can not be applied directly. One of the main focal point of this thesis is the
derivation of new Clément-Type interpolation estimates (cf. Theorem [22.2)) with low
regularity condition on the function. We comment that this new approximation proper-
ties of the Clément-type interpolation operator can be used to derive a posteriori error
bound for a wider class of time-dependent interface problems in the L>(L?)-norm. The

critical review of the results of each chapter is presented below.
Chapter 2 studies a posterior: error analysis for the spatially discrete approximation

for parabolic interface problem (LI.I) — (LI.3)) in a bounded convex polygonal domain
in R2. The essential tool used in the error analysis is the appropriate elliptic reconstruc-

tion operator. It should be mentioned that in contrast to [76] we have defined elliptic
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reconstruction operator via the spatially discrete approximation (ZI.8). The elliptic
reconstruction of finite element solution is used as an intermediate object to split the
total error into two parts, namely the parabolic error and the elliptic error. Then the
L>(L*)-norm a posteriori error bound for the main error (cf. Theorem 2:3.2) is ob-
tained by estimating each term separately. As pointed out before, due to the low global
regularity of the solution the standard approximation properties of the Clément-type
interpolation operator can not be applied directly here. However, if the interface is
smooth then one can expect higher local regularity property of the solution operator
(cf. [33]). This higher local regularity property along with the extension results and the
Sobolev embedding theorem are exploited to establish new approximation properties
for the Clément-type interpolation operator. As a result of these new Clément-type
approximation properties we are able to prove a reconstruction error estimates in the
L? norm (see Lemma 2.3.T)) which plays a key role in deriving a posteriori error bounds
in the L>(L?) norm for the parabolic interface problems. This reconstruction error
bound permits us to obtain naturally L?>-norm a posteriori error bound for the elliptic
interface problems. More importantly, our analysis relies only on the energy technique.
Almost optimal error estimate in the L>(L?)-norm is established. The proposed a pos-
teriori error analysis can easily be extended to treat more general parabolic interface

problems.
In Chapter B, we have studied a posteriori error analysis for the fully discrete backward

Euler approximation for the linear parabolic interface problem ([II]) — (LI.3]). The
essential components used in the analysis are: (i) The appropriate elliptic reconstruction
of finite element solution obtained by the backward Euler approximation, and (ii) the
approximation results of the Clément-type interpolation operator. We use only the
energy argument to establish a posterior: error estimates with optimal order convergence

in the L?(H')-norm and almost optimal order in the L>°(L?)-norms (cf. Theorem B3.2.2)).
Chapter Ml is devoted to the a posteriori error analysis of the fully discrete Crank-

Nicolson approximation for the problem (LI.I]) — (LT.3]). The space discretization uses
the standard piecewise linear finite elements while we have used the Crank-Nicolson
approximation for the time discretization. The a posteriori error estimate thus obtained
is optimal in time and almost optimal order in space with respect to the L>°(L?)-norm
(cf. Theorem [A.22]). The main technical tools used are new approximation properties of
the Clémet-type interpolation operator and the quadratic (in time) space-time Crank-

Nicolson reconstruction.
Chapter [ deals with a posteriori error analysis for the BDF-2 approximation. In

contrast to the Crank-Nicolson reconstruction, quadratic space-time BDF-2 reconstruc-
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tion is nontrivial. The main crucial part is to define a linear approximation to f(¢) in
such a way that it ultimately gives a continuous piecewise quadratic reconstruction in
time (cf. (B210)). Optimal order estimate in time and nearly optimal order estimate
in space are established in the L>(L?)-norm (cf. Theorem [(5.3.2)). The proposed error
analysis also extends the work of Akrivis et al. [3] for the parabolic problems with mesh

modification strategy.
Chapter [0l studies a posteriori error estimates for the semilinear parabolic interface

problems. The space discretization uses the standard piecewise linear finite elements
while we have used both the backward Euler and the Crank-Nicolson approximations for
the time discretization. The a posteriori error estimates are derived which are optimal in
time and almost optimal order in space with respect to the L>°(L?)-norm (cf. Theorem
and Theorem [6.3.2]). The main crucial part in the error analysis is to handle the
forcing term appropriately by a posteriori quantity. A key argument of our proof is the
appropriate elliptic reconstruction operator combined with the energy technique. Other
worth mentioning technicalities for our analysis are the approximation results of the
Clément-type interpolation operator and a discrete version of Gronwall’s lemma. The

forcing term is assumed to satisfy the Lipschitz condition.
Chapter[fis concerned with numerical assessment of the proposed estimators of Chap-

ters 3-8l All computations are carried out using the software MATLAB 7.8. The main
emphasis is to observe the asymptotic behaviour of the estimators presented in Theo-
rem 3.2.2, Theorem and Theorem Numerical experiments reveal that the
estimators decrease with nearly optimal order in space and optimal order in time which

validate our theoretical findings.

8.2 Extensions and Remarks

Interface problems have a wide variety of applications in science and engineering and
arise naturally when two dissimilar materials interact across an interface. Despite being
common, they remain intensely difficult to tackle as the discontinuity of the diffusion
coefficient reduces the regularity of the solution. Therefore, the convergence analysis of
these problems are some of the greatest challenges in computational mathematics today
and has attracted a lot of attention over the past years. To the best of our knowledge the
results presented in this thesis are reported for the first time in the context of parabolic
interface problems. Now, we shall briefly outline some interesting aspects for future

developments.
Interface problem in presence of an interface function. In this thesis, we have

considered the problems with zero jump conditions on the interface. However, many
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physical problems are characterized by interface problems with nonzero jump condition.

More precisely, consider the following problem

(8.2.1) u(z,t) — div(f(x)Vu) = f(z,t) in 2 x (0,7
with prescribed initial and boundary conditions

(8.2.2) u(z,0) =up(x) in £2; w=0 on 052 x][0,T]

and jump conditions on the interface

(8.2.3) [u] =0, {BS—Z] = g(z,t) across I x[0,T].

The existence and uniqueness of the solution of this problem can be found in [33 [61].
The main challenge in the a posteriori error analysis is to obtain the approximation
property for the interface function g(z,¢). A natural extension of our work is to study
a posteriori error analysis of (B21]) — (8.2.3)) for various space-time finite element ap-
proximations. We believe that this new approximation properties of the Clément-type

interpolation operator will play a vital role in the error analysis.
Nonlinear interface problem. Let {2 be a bounded domain in R? with smooth

boundary 9f2. We consider the following nonlinear parabolic interface problem
(8.2.4) u(z,t) + Lu= f(x,t) in 2 x (0,7

with prescribed initial and boundary conditions

(8.2.5) u(z,0) =ug(x), x€2; wu=0 on 02 x[0,T],

where the operator L is of the form

(8.2.6) Lu ==V - (B(x,u)Vu) + ag(x,u)u.

The functions 3, ag : 2 xR — R are such that the operator L is strongly monotone and

Lipschitz continuous. We assume that a is of the form

ﬁ(x7£>:ﬁk<$7£)7 *TE‘Q/C? £€R(k:1,2),

where [y : {2 Xx R — R are continuous, {2y is a subset of 2 with sufficiently smooth
boundary I" and (2 = 2\ (4 U I'). In this case, equation (824 is satisfied only
for © € (2, (k = 1,2), and on the interface I" the following interface conditions are

prescribed

ui(x,t) = wuo(x,t),

B1(z, up)ng () — Bo(x, ug)ng () g(z,t),
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across I, where ug(z,t) = u(x,t) |n,, k= 1,2 and (n1,ny) is the unit outer normal to
interface I

It will be interesting and challenging to extend the analysis of the linear interface
problems to the nonlinear problems. Although some investigations concerning a pri-
ori error analysis have been made for the nonlinear elliptic interface problems [44] 105],
but the a posteriori error analysis of such problem remains unexplored. The nonlinear
case is far more complicated and certainly requires additional effort. We would like to

explore this issue in future.
A posteriori error analysis of unfitted FEM. A further extension of the present

a posteriori analysis could be the analysis of the unfitted finite element method. In the
thesis, we have only considered fitted finite element method where the discretization is
done in such a way that grid points lie on the interface. Currently, one of the most dif-
ficult problem in computational science is the moving interface problems. The moving
interface problems are frequently encountered in many physical applications, for in-
stance, the Stefans problem for simulating temperature distribution undergoing a phase
transition such as ice melting into water [12], modeling of the island dynamics in epi-
taxial growth [14], incompressible Stokes flow problems with moving interfaces [64, Q9]
and many more. Biological fluid dynamics is an another rich source of problems with
complex geometry and frequently the interaction of fluids with moving elastic structures,
e.g., the study of blood flow in the heart [84]. Different methods have been developed
to tackle the situation when the interfaces changes its topology in time. One of the
well known method is the unfitted finite element method. The unfitted grid methods
are usually preferred as it avoids the expensive remeshing required for fitted methods

to tackle moving interface problems.
Anisotropic a posteriori error analysis. In Chapters 2 {6l a posteriori error

bounds are derived in the isotropic setting. In an isotropic finite element method, the
aspect ratio (ratio of the diameters of the circumscribed and inscribed circles of a finite
element) is bounded by a constant. But, the recent literature survey reveals that this
restriction on mesh can be relaxed and one can achieve a given level of accuracy with
reduced degrees of freedom using anisotropic mesh [46] [72]. For this attractive features,
anisotropic a posteriori error estimates have recently received much attention. The basic
principle behind this method is to apply some postprocessing technique to approach the
error gradient. Among the techniques available in the literature, Zienkiewicz-Zhu (ZZ)
estimator is one of the most popular in practice. However, for interface problems it
has been shown in [82] [83] through various examples that these type of estimator over-

refine regions where there are no errors, and hence fails to reduce the global error. In
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[28], the authors have pointed out that the gradient recovery technique is not practical
for interface problems. Therefore, it seems promising to recover flux in the H(div)
conforming finite element spaces space via mixed finite element method to derive a
posteriori error bound for parabolic interface problems using anisotropic finite element

discretizations.
Computational aspect. The only omission with in the realm of this thesis is numer-

ical study of the behaviour of the estimators of semilinear parabolic interface problems.
The implementation of the estimators derived in Chapters [3 —{@ in devising adaptive

algorithm will be an interesting future project.
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