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Abstract

Gaining a detailed insight into the molecular kinetics of the biomolecular systems

is the fundamental step to comprehend the human health. In the present thesis,

our focus is on the development of a new class of enhanced kinetic sampling meth-

ods for construction of the kinetic network of biomolecular systems using Markov

State Model (MSM) approach. Here a new concept of validity time is introduced

to address the uncertainty/error in an MSM due to missing states/pathways and a

theoretical framework for calculation of validity time is provided to quantify the com-

pleteness of an MSM. An efficient and accurate construction of MSM with desired

validity time is accomplished by a suite of new algorithmic developments: namely

Swarm MD, State-constrained MD (SC-MD) and Programmed state-constrained

MD (PSC-MD). The newly developed methods and concepts are used to construct

MSM for Single Molecule Force Spectroscopy (SMFS) experiments with the objec-

tive of rapidly construction of kinetic network using a stretching force to accelerate

rare conformational transitions of biomolecules involving multiple states and kinetic

pathways. An idea of master-MSM for constant-probe separation experiments in a

Force-Spectroscopy (FS) setup is proposed to predict the connection between topo-

logically different kinetic networks constructed at distinct trap separations. On the

basis of the idea of master-MSM, a Time-Dependent MSM (TD-MSM) formalism is

developed where the external stretching force to the system is a function of time.

The TD-MSM approach enables us to get the new molecular insights into the ki-

netic, thermodynamics and mechanical properties of the system. Finally, we extend

the Master-MSM method at constant-probe separation to constant-force experiment

to predict the intrinsic kinetic properties (kinetic rates at zero-force conditions) of

slow transitions at lower computational cost by a handful of simulations at various

stretching forces.
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an anchor separation of 16 Å. The corresponding force is plotted as a

function of time in panels (c) and (d) from the MSM and the direct

SMD simulations. The force calculated from the MSM by employing

Eq. (5.35) with the effective spring constants listed in Table 5.1. The

force for each state is weighted by the probabilities from panels (a)

and (b) to obtain the total effective force on the system. . . . . . . . 99

5.11 (a) Work done calculated at separations d = 16-26 Å with pulling
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Chapter 1

Introduction

1.1 General Introduction

Living organisms are made of cells; cell contains many biochemical components such

as protein, lipid, nucleic acid and carbohydrate. But living cells are not only the

collections of these macromolecules also, they are extraordinarily “self-organized” or

ordered and self-replicated. The most obvious thing about living organisms is their

astounding diversity. The functions performed by these macromolecules play an es-

sential role in every day life of every living being. The most fascinating questions

about living cells are how organisms use energy to do work, communicating with and

sensing the environment and how a living system is growing and self-perpetuating.

Even today, although scientists have unraveled many mysteries of life, we still do not

understand many of the dynamical features of the molecules that are the essence of

living systems and play pivotal role in controlling the human health or preventing

many human diseases.

To understand the variety and complexity of living world, it is essential to study

the various biological phenomena at every energy level, from atoms and molecules

to cells, organisms and environment. The amazing pace of advancement in our un-

derstanding of biology, chemistry and physics has engendered cumulative specialized

fields involving the development of new approaches, both in the laboratory and in

computer models and the combination of these different approaches can provide us

important insights into the microscopic world of life on the molecular level to un-

lock the mystery of life. This highly interdisciplinary research area accompanies

life-science by accumulating idea, exchanging methods and knowledge from physics,

biology, chemistry, computer science and medicine. Among the various interdisci-

plinary research, Biophysics is the field which integrates physics, biology and even

1
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chemistry by using the physical toolkits, namely, the methods of mathematical anal-

ysis and computer modeling to solve the mystery and complexity of life by simple

principles of physics and chemistry.

Changes in configurations of proteins and nucleic acids underpin the majority

of emergent biological phenomena in daily life. Many of the human diseases are

the result of failure of some proteins to remain in their native state, partly due

to abnormal protein folding. In many cases, the functioning of a protein involves

conformational changes. Elucidating the details of the kinetics of such proteins is

essential for deciphering their functions. Examples of such protein systems are ki-

nases activation (enzymes that phosphorylate other protein and are responsible for

aberrant cellular signaling in cancer), G-protein coupled receptor signaling (key sig-

naling proteins that sense a wide range of extracellular signals such as hormones,

drugs, photons, ions, etc.), Ligand-binding proteins such as Myoglobin and intrin-

sically disorders proteins such as amyloid-β. Many neurological diseases such as

Creutzfeldt-Jakob, Mad Cow and Alzheimer’s are also hypothesized to result from

protein mis-folding. Therefore, a deeper insight into the kinetics of biomolecules is

important to control the human health as well as to uncover more complex questions

in molecular biology. The studies on molecular structure and kinetics are mainly

focused on the following key questions: the structural definition of conformational

states of system, the mechanism of system’s conformational change, the structure

of transition states, the kinetic pathways between conformational states and the

height of barriers connecting these key conformations. Finding answers to these key

questions remains a unifying paradigm of biophysical studies.

1.2 Experimental Techniques to Study Biomolec-

ular Systems

Over last decade, the investigation of internal dynamics and function of biomolecules

as well as their stability became possible due to advanced and refined experimental

methods like Nuclear magnetic resonance (NMR) Spectroscopy1–3, X-ray crystallog-

raphy, Electron Microscopy. X-ray crystallography4 can provide us atomic details

of a protein or a nucleic acid along with information of ligands, inhibitors, ions and

other molecules that are incorporated into the crystal by examining X-ray diffraction

pattern. NMR spectroscopy is unique among the available methods for characteri-

zation of the structure of biomolecules as NMR data can be recorded in solution. In

2
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Electron Microscopy, a beam of electrons is used to obtain 3D images directly to de-

termine the structure of large macromolecules. In general, Electron Microscopy com-

bines the information obtained from X-ray crystallography and NMR spectroscopy

to sort out the atomic details. Relaxation-dispersion NMR can see transiently pop-

ulated, partly unfolded state of proteins. Förster resonance energy transfer (FRET)

experiments are being used to study protein-protein interactions inside living cell,

in vivo protein transport or turnover phenomena, the biological structure4–7 and to

seek the information about metabolic or signaling pathway8. Single-molecule force

spectroscopy (SMFS), like, the Atomic force microscopy (AFM), Optical traps or

Magnetic tweezers can detect forces resulting from conformational changes, bind-

ing or activation events and hence examines the mechanical properties or force-

induced unfolding-folding dynamics of proteins with unprecedented details at the

single molecule level9–15. The unfolding and refolding of titin and bacteriorhodospin

or ligand-dependent fluctuation of calmodulin are well-known examples16–19. Surface

plasmon resonance (SPR)20–23 allows the analysis of binding kinetics, affinity and

selectivity of proteins, DNA, other small molecules to surface immobilized capture

agents by detecting and quantifying interactions between molecules at a surface.

However, in many cases biomolecules’ structure and dynamics are not amenable for

investigation experimentally or expensive to perform using experimental techniques.

Moreover, no conventional experiment allows us for access to all timescales of mo-

tion with atomic resolution. Molecular Dynamics (MD) simulations can provide a

solution to this problem to some extent.

1.3 Molecular Dynamics for Biomolecular Simu-

lations

Molecular dynamics (MD) is a technique for computer simulation of complex sys-

tems, modelled at the atomic level. Nowadays, classical Molecular Dynamics (MD)

simulation has become an incredibly powerful and frequently used tool in obtaining

microscopically resolved information on biomolecules which is not easily accessible

by existing experimental tools. MD simulations can be used for inorganic systems as

well as for organic or biomolecular systems. MD allows us to study the interaction

between molecules on a microscopic level, such as the influence of ions on the stability

of a biomolecule and their coordinated behaviour towards a solute. MD simulations

are successfully applied to a wide range of problems in different fields including solid

state physics, chemistry, material sciences and biology. It involves solving Newton’s
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equations of motion for a collection of interacting particles. In MD simulation, a

potential model is provided by the theorist and then calculations are carried out

by the computer, following a strategy based on a physical potential model. Thus

computer experiment (MD simulation) serves as a bridge between the experiment

and theory. MD simulations provide a picture of microscopic behavior under con-

trolled conditions and statistical mechanics provides the mathematical link between

the microscopic behavior and macroscopic properties (thermodynamics). MD was

first developed in the late 50s and started its journey with the pioneering applica-

tions to the dynamics of liquids by Alder, Wainwright, Rahman in the late 1950s

and early 1960s24–27. There are two main families of MD methods: classical MD

and “quantum” or “first-principles” MD simulations. In classical MD, molecules are

treated as classical objects; everything that explicitly involves the laws of quantum

physics, e.g., the motion of electrons, is neglected which make it much less compu-

tationally expensive than quantum mechanics, whilst still allowing all the atoms of

a protein to be simulated. It has been found that neglecting the electrons does not,

in general, prevent the method from generating realistic dynamics of molecule. In

“first-principle” MD simulations, interatomic potential are calculated from Density

Functional Theory (DFT); a different approach proposed by Car and Parinello since

the 1980s28, takes into account the quantum nature of the chemical bond explicitly.

Car-Parinello MD (CPMD) method is being used in the case (ex. chemical bonding,

the presence of important non-covalent intermediates and tunneling of protons or

electrons etc.) where the electronic motions of the system are involved. However,

the use of “Quantum” MD is computationally expensive. At present, in this thesis,

we consider only classical MD simulations.

1.4 Challenges in MD Simulations

Understanding the kinetics of biomolecules via MD simulations has been an aspi-

ration of computational biologist since the inception of the field. Unfortunately,

they are often too short to capture the biologically relevant timescales for the vari-

ous complex process such as protein-folding, protein-ligand binding, macromolecular

aggregation and conformational transitions with sufficient statistical accuracy. The

main challenges that must be overcome to achieve efficient simulations to imitate

the system correctly are: the sampling problem and analysis of massive amount of

MD data. Moreover, for many complex systems the free energy (FE) landscape is

rugged and corrugated. In such a case, the FE landscape of the system contains
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multiple deep competing free-energy minima separated by large free energy barriers

and the system may be trapped within such basins for long-time. The presence of

such kinetic traps make the process slow. The understanding of such slow processes

is considerably more challenging by using only MD studies.

The major hurdle in MD simulation is the sampling problem since an atomistic

millisecond-long MD simulations requires iterating over the calculation cycle 1012

times due to the stiffness of the equation of motion (timestep is limited to fs). This

expense is compounded by large system sizes (∼105 atoms for explicit solvent simula-

tions) and the necessity to witness many events for statistical confidence. This makes

the computational resources required to capture the events of biological significance

like the conformational transitions including folding29,30, complex conformational

rearrangements between native protein substates31,32, and ligand binding process33

which span a wide range of timescales usually many microseconds, milliseconds

or longer via simulation, enormous. An ever increasing amount of computational

power34,35 and advancement in specialized software and hardware have allowed us

to reach increasing system sizes and simulation timescales from picoseconds up to

a few milliseconds36. For example, the present generation of computers takes the

amenities of efficient parallelization of MD codes and accelerators (GPU, multi-core

CPU) to speed up the process. The most popular simulation codes (AMBER37,

CHARMM38, GROMACS39 or NAMD40) have long been compatible with the mes-

saging passing interface (MPI). In addition, for truly understanding the dynamics, a

single long MD trajectory is inadequate, one needs to generate the sufficient number

of trajectories due to the stochastic nature of molecular kinetics. Furthermore, to

identify all possible kinetic traps on the folding pathway of slow kinetic processes

the length of MD trajectory should be very long. There have been a number of

approaches introduced that are aimed to enhance the sampling, which often in-

volve modifying the energy landscape of a system or increasing the temperature to

speed up its transitions between different states. Such methods include, for example,

Umbrella sampling41 (US), Transition path sampling42,43 (TPS), Metadynamics44

and new variants of Metadynamics45–48, Adaptive biasing force method49, Confor-

mational flooding50, Replica exchange51, On-The-Fly Kinetic Monte Carlo52, Self

guided MD53 and many others that were reviewed by Berne and Straub54. Yet, for

complex biomolecular systems, an automatic and unsupervised realization of such

an adaptive sampling procedure is not always trustworthy as they often need the

information a priori about the system. For example, generalized ensemble methods,

such as the replica-exchange method based on the idea of random walk of the system

5
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in temperature space, may lead to the unrealistic dynamics of the complex system,

where the entropic barrier dominates over the energetic barrier because entropic

barriers will become more inviolable at high temperature. However, an obvious

strategy is to perform a series of parallel simulations from several starting confor-

mations which have now been become possible with the availability of the present

HPC systems.

Secondly, even if one could run a sufficient number of long simulations, analyzing

massive amount of data resulting from multiple MD trajectories and turning them

to a meaningful knowledge are the next challenges faced by simulators to gain sci-

entific insight from simulations. One of the most common analysis technique is the

projection of free energy landscape onto few order parameters. This method will

be valid if the chosen order parameters represent truly reaction coordinates for the

process of interest. But for complex system there is always possibility the chosen or-

der parameter may not be correct. Other popular machine learning approaches and

quantitative approach like principal component analysis (PCA) are able to identify

key conformational states and some features of the dynamics. But these methods

fail to be exploited for extracting the kinetic information embedded in the MD

data. Markov State Models (MSMs) provide a potential solution to tackle aforesaid

problems by using the statistical information encoded in the data. The other avail-

able approaches for the kinetic characterization of the system are: Diffusion Map55,

Kinetic distance and Kinetic Map56, Markov transition Models57, Time-lagged in-

dependent component analysis (TICA)58,59, and kernel TICA60. Noteworthy, in the

last ten years, since the inception of MSMs, it has gained considerable attention

within the biomolecular simulations community to yield a novel insight into protein

realistic kinetics in terms of state-to-state transition, bridging the gap from molec-

ular dynamics on nanoseconds to folding on milliseconds.

1.5 Markov State Model (MSM)

Markov State Model (MSM)61–65 is, in essence a kinetic network model for represent-

ing the knowledge of molecular kinetics. Basically, an MSM depicts the accessible

conformational states to the system, the essential (slow) dynamical process and their

timescales, the distinct transition pathways between the relevant metastable states,

the kinetic rate between the conformational states and occupancy of the system in

metastable states. The MSM provides a kinetic map of a biomolecule under study

6

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 7 — #45

1.6 Mathematical Background of the MSM

associated with the informations about what are the likelihood of residing in a state,

how fast the system can move from one state to another state and the chance oc-

currence of the transition between two important intermediate states. Hence MSM

facilitates understanding of the essential dynamics or decisions regarding where to

run a new simulation to scour the conformational map. Thus two main applications

of the MSM are; i) to qualitatively understand the key features of the dynamics and

ii) to reconstruct dynamical trajectories of the system. While the former application

can be useful for understanding mechanisms or building order parameters/reaction

coordinates, the latter application can be useful for computing ensemble-averaged

quantities of interest.

1.6 Mathematical Background of the MSM

Markov State Models approximate the dynamics of the system by deriving a discrete-

state continuous (or discrete) time master equations where the system passes through

a sequence of states {xk ∈ S} drawn from a model dependent state-space S at tran-

sition times {t0 < t1 < t2 < t3 < − − −}. Equivalently the sequence of states (xk)

can be viewed as Markov chain associated with an inhomogeneous Poisson process,

that is, first-order dynamics (with exponential decay) with rate Q(t) that generates a

sequence of waiting times δtk for the interval between transitions. Then the dynam-

ics of the system under consideration can be modeled by a continuous (or discrete)

time master equation, characterized by a matrix of phenomenological rate constants

describing the rate (inverse of waiting time, δtk) of interconversion between states (or

transition probability between states), where the local potential energy minima are

identified as states and the intrastate transition rates are estimated from transition

state theory66–72. MSM partitions the configuration space into a number of distinct

states, called metastable states, such that the intra-state transitions are fast but

the inter-state transitions are slow. Such separation of timescales ensures that the

model is Markovian, in that the probability of being in a given state at time t+ ∆t

depends only on the state at time t. Here ∆t is the lag time or observation interval

for which the rate matrix (transition probability matrix) model is constructed and

shorter than the timescale of the process of interest with a reasonable number of

states. So ∆t turns to be an important parameter to determine the quality of an

MSM. The key steps while building an MSM at room temperature are: i) identifica-

tion of states, ii) finding the rate constants for the moves from the states. Once the

transition matrix or rate matrix is constructed, many dynamical features and ther-
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modynamic information such as stationary probability distribution on microstates,

ensemble averages of molecular observables, or the free energy differences between

macrostates, relaxation timescales, transition pathways can be extracted by solving

master equation.

1.7 Advances in MSM Building Approaches

MSMs have recently become a very successful approach in capturing the long-time

scale conformational dynamics of complex system with multitude of metastable

states. MSMs have the power to compute many important thermodynamic, ki-

netic, and mechanistic molecular quantities more directly and unambiguously than

with conventional MD analyses. In this paradigm, the dynamics of the system is de-

scribed by state-to-state transitions by seeding the trajectories from multiple short

independent MD runs rather than attempting to generate one realization of an en-

tire process and thus provide better predictions at the microsecond or millisecond

scale with nanosecond timescales MD data. There are several recent reviews on dis-

cussing the Markov State Model and its application to biological systems73–76. The

noteworthy example is the fully automated MSM construction by post-analyzing

long MD trajectories, has been pioneered by Pandey and co-workers77. Adaptive

sampling algorithms for MSM construction take this statistical approach a step fur-

ther78–81. In adaptive sampling techniques, one first obtains an initial model of the

entire process of interest, then new simulation are performed from states that are

least populated. Weber and Pandey have shown that such adaptive sampling re-

sults a dramatic reduction in statistical uncertainty in the observable of interest.

Once sufficient sampling is obtained, MSM can be used at multiple resolution by

varying the degree of coarse-graining64,82. Still, all of the MSM building techniques

are limited by the state discretization error (systematic error) due to Markov ap-

proximation of continuous dynamics on discretized state space and statistical error

associated with the uncertainty in rate constant estimation due to limited quantity

of data. McGibbon et al.83 have reported use of Hidden Markov Model (HMM)

as an alternative approach of regular MSM which provides a way to discard the

Markovian approximation for optimal construction of MSMs.

Already a number of software packages, named by EMMA63, PyEMMA84 and

MSM-Builder85 have been developed to facilitate the construction, validation and in-

terpretation of MSMs. In addition, MSMExplorer86 software is used for visualization

8
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purpose of MSM network. The above two softwares (EMMA and MSM-Builder) fol-

low the same basic operation for MSM construction (data clustering, transition ma-

trix estimation, lumping kinetically similar micro-states to macro-states by PCCA

(pairwise criterion comparison approach) method, identification of highest flux path-

way by TPT (Transition path theory)). Herein states are obtained by categorizing

similar conformations on the basis of some dimension reduction algorithms such as

clustering technique, PCA analysis and TICA analysis. A major advantage of clus-

tering is that it is less biased since no reaction coordinate has to be assumed a priori.

Recently, Pande and his coworkers have suggested that Ward’s minimum variance

method is the best way for predicting cluster assignments of MD data set among

the existing clustering algorithms87. The rates of interconversion between states are

estimated from simulation trajectories by a statistical approach such as maximum-

likelihood estimation (MLE) or Bayesian statistics. In both of the MSM-building

softwares, the models are validated by implied timescales (internal timescales of

relaxation) and Chapman-Kolmogorov test. The difference is that MSMbuilder is

suitable for large number of clusters which has been optimized by rapid RMSD clus-

tering whereas EMMA deals with the smaller MSM and puts focus on the quality

of MSM by statistical validation of MSM and reduction of statistical uncertainty of

quantities of interest. The availability of these open software tools enable a rapid

advancement in this field and these software packages are rapidly evolving with new

development. For example, very recently an improved MSM estimator which cor-

rects the error in the transition probability estimation due to short non-equilibrium

simulation along with the reduced state decomposition error by exploiting frame-

work of observable operator model, is implemented in PyEMMA88.

1.8 Applications of the MSM

MSMs have now been successfully used predominantly to study macromolecule’s fold-

ing mechanism, protein-ligand binding process, peptide dynamics, peptide aggre-

gation, protein conformational changes, self-assembly, intrinsically disordered pro-

teins and connection between simulated and kinetic experimental data such as

temperature-jump or fluorescence correlation spectroscopy.73 One other potential

application where MSMs can make a greater impact is look into the complex dy-

namics of non-equilibrium system where the system is influenced by an external

perturbations as non-equilibrium perturbations of protein folding MSMs reveal the

dynamically frozen states in their conformational landscape. Very recently, few

9
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approaches have been proposed for constructing MSM of the system under non-

equilibrium conditions89–93. The notable examples are extraction of kinetic equilib-

rium properties by building re-weighted MSM from potential biased MD trajecto-

ries93 and building MSM for periodically driven non-equilibrium systems caused by

external fields89. In this thesis a special attention is paid to such a category of non-

equilibrium experiments, which in this case is the single molecule force spectroscopy

(SMFS) experiment and is discussed in next paragraph.

1.9 Single Molecule Force Spectroscopy (SMFS)

as a Potential Candidate for the Application

of MSM

Over the last two decades, SMFS has emerged as a powerful tool by scientific commu-

nity to probe the energy landscape and interaction of biomolecules. In SMFS a force

is applied on a single molecule to induce a structural change and thus enables single

protein molecule to be unfolded over a well-defined reaction coordinate which would

be otherwise rarely sampled. Force is not only a tool to explore and examine proteins;

many biological systems experience force in a physiological environment. Besides,

many biological macromolecules take part in various cellular processes ranging from

replication, transcription, translation and protein degradation, to cell adhesion and

transport by using mechanical force. So it is important to know how the biomolecules

respond mechanically to forces exerted on them. To manipulate a single-molecule

by force, the most popular experimental techniques94 are optical tweezers95, mag-

netic tweezers96,97 and the atomic force microscope (AFM)98–102. Typically, in these

approaches, one end of the molecule is connected to a surface or tip leaving the

other end free to interact with either the tip, another molecule or a surface, and the

force vs extension of the molecule are measured. This technique is typically used

to measure relatively large forces in biological terms (pN-nN) and conformational

changes are monitored with sub-nanometer resolution. The study of force-extension

curves provides us an exciting opportunity to understand the mechanical and elas-

tic properties of the molecule and hence gained widespread attention to probe a

diverse range of biological systems, including proteins, DNA, RNA and their com-

plexes103–111. The application of forces in MD simulation is realized by mimicking

AFM or optical tweezers experiments. As analogous to mechanical springs, the har-

monic potentials are used to manipulate individual atoms, residues or chains. The
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combination of MD simulation and experiment enables to identify the key events in

the force-induced unfolding of protein and explores the energy landscape of complex

systems.

1.10 Motivation and Contribution to the Research

The present thesis is organized into seven chapters. In this chapter we have dis-

cussed the theoretical background and present-state of the art of the MSM. In the

next chapter, we provide a brief presentation of the computational techniques em-

ployed in our studies, namely, molecular dynamics (MD) and kinetic Monte Carlo

(KMC) method. The perspective which propels us towards our research goal and

the primary contributions to this thesis are discussed briefly in the following .

Despite the substantial advantage of MSM building techniques and their wide-

spread usage, one thing that is often ignored is that MSM is subjected to uncer-

tainty/error due to finiteness in the number of MD trajectories for MSM building;

even if they collectively exceed microsecond timescales, there are bound to be rare

states and kinetic pathways missing from MD data. In the worst case, missing states

can be important to the ensemble-averaged quantities calculated from an “incom-

plete” MSM. When the missing states and pathways are relevant to the dynam-

ics, they may compromise the MSM accuracy. The lack of a systematic approach

to ascertain the completeness of an MSM remains a major bottleneck. So a con-

ceptual framework is required to produce reliable MSM that accounts for missing

states/pathways. With this motivation our first study introduces a new concept of

validity time of an MSM which quantifies the completeness of an MSM. The validity

time of an MSM is the time-scale in which MSM is guaranteed to yield the correct

dynamics. Herein, a theoretical framework is proposed to calculate the validity time

of an MSM to discard the uncertainty/error within the MSM due to missing kinetic

information and identify relevant states/kinetic pathways in the time-scale of inter-

est. The usefulness of the validity time is demonstrated by constructing an MSM

of solvated alanine dipeptide. Our first study mainly emphasizes the danger arising

from missing relevant states and pathways in an MSM network, and usefulness of

validity time of MSMs and other related kinetic network models.

Our second study presents a new class of enhanced kinetic sampling methods

for MSM construction along with the concept of validity time. In this work, we
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have developed new algorithms, namely, Swarm MD, State-constrained MD (SC-

MD) and Programmed state-constrained MD (PSC-MD) method to construct MSMs

more efficiently and accurately than ad-hoc seeding of trajectories from different

states or ad-hoc pruning of inadequately sampled kinetic pathways. The important

contribution in this work is the development of an adaptive method, named by, Pro-

grammed state-constrained MD (PSC-MD) to accelerate the extension of validity

time for directing the simulation in an efficient manner. The developed procedures

of constructing MSM of desired validity time are assessed with the help of a proto-

type network model. Finally, we demonstrate the application of MSMs of a desired

validity time to study deca-alanine molecule kept under tension. With the funda-

mental concept of validity time, we have shown that to predict the dynamics of the

system at nanosecond timescale, microsecond long MD data are required and the

absence of relevant state/pathways in the MSM can lead to incorrect prediction of

the observed kinetic and thermodynamic properties.

The usual analysis of SMFS experiments involves an excessively coarse-grained

view. For example, a 1-D reaction coordinate between the“folded”and“unfolded”sta-

tes invoked in the interpretation of SMFS experiments hides the complexity of a free

energy landscape with multiple states and kinetic pathways. Resolving the individ-

ual states can avoid complicated force-dependent rate maps arising from incorrectly

lumping multiple intermediate states and competing pathways. Unfortunately, the

inability to experimentally observe microscopic structural changes in a molecule

presents an obstacle towards gaining higher resolution. A potential solution is to

fill gaps in our understanding of the experimental force-extension curve with the

help of the kinetic models derived bottom-up from molecular simulations. With this

context, here our objective is to find out that how the idea of using a stretching force

to accelerate rare transitions may be applied to rapidly construct kinetic networks

using computer simulations. We have introduced an idea of master-MSM or MSM-0

for constant-probe separation (d) experiments in a Force-Spectroscopy (FS) set up to

predict the connection between topologically different kinetic networks constructed

at distinct trap separations based on the Bell-Evans-Polanyi (BEP) principle. The

method may be adapted to experiments where the probe-separation or the force is

varied as a function of time. The time dependence of force is then inherited by the

MSM leading to the new concept of time-dependent MSM (TD-MSM). Our proposed

TD-MSM model can predict the change in the kinetic network of a single molecule

for time-varying anchor separation or pulling force experiment in FS setup. This

can open up the possibility of exploring the force induced folding/unfolding dynam-
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ics on a complex energy landscape comprising of multiple pathways associated with

biomolecules.

Though TD-MSM approach in our previous study enables us to understand the

connection between topologically different kinetic networks at various constant probe

separations (d), it is not trivial to extract the intrinsic kinetic properties from such

experiments. So, we have extended the Master-MSM method to SMFS experi-

ments under constant pulling force (F ) for recovering the kinetic rates at zero-force

conditions. The similar approach based on BEP principle followed in constant-d

ensemble is also adopted in the constant-F ensemble. In our computational study of

constant-F experiment we have considered three small systems: peptide, DNA and

RNA structures. Here, instead of constant trap separations, the tension is main-

tained via equal and opposite forces (F ) applied to the two ends of the molecule.

The programmed state constrained MD (PSC-MD) techniques mentioned previously

is used to construct the MSM of desired validity time at various force conditions.

Next, we can extract the rates at zero-force conditions by extrapolating the kinetic

rate vs force plot based to zero force on the BEP principle and reconstruct the free

energy landscape. The reliability of our model is inspected by comparing the in-

trinsic kinetic rates obtained from the actual simulations at zero-force conditions to

that obtained from constant-F experiment.

Finally, I summarize the major conclusions of the work of this thesis and present

our future perspectives.
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Chapter 2

Overview of Methods

2.1 Molecular Dynamics (MD) Simulations

In general, molecular modeling encompasses several theoretical methods and compu-

tational techniques, which are used to model (simulate) the behaviour and features

of biomolecules. Among various computational techniques, MD method is the most

popular technique applied in the fields of computational physics, chemistry and bi-

ology, as well as in bio-informatics and material science to study molecular systems

ranging from small chemical compounds to large biological complexes and material

assemblies. The basic features of MD simulations is to record the time evolution

of the system of N particles interacting via a prescribed potential by integrating

Newton’s equation of motion,

mi
d2ri
dt2

= Fi(t) (2.1)

where mi denotes the mass of the ith particle and Fi(t), the conservative force on

ith particle given by the derivative of potential function U is given by,

Fi(t) = −∇i

N∑
i=1

N∑
j>i

U(rij(t)) (2.2)

where rij(t) = |ri(t)− rj(t)|.

Molecular dynamics normally employs crystal structure from the Protein Data

Bank (PDB) as the starting structure of a multitude of biomolecules and adds veloc-

ities and coordinates through a combination of complex algorithms, physical chem-

istry and physics. The velocity-Verlet algorithm112 is commonly used in many molec-
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ular dynamics software packages to solve N -body problems. In this algorithm, time

is discretized into individual “timesteps” and Taylor expansions are used to update

the next positions and velocities of each atom at each time t (Frenkel and Smit,

2002113):

ri(t+ ∆t) = ri(t) + vi(t)∆t+
Fi(t)∆t

2

2mi

vi(t+ ∆t) = vi(t) +

[
Fi(t+ ∆t) + Fi(t)

2mi

]
∆t

(2.3)

where ri(t), vi(t), and Fi(t), is the position, velocity and force vectors relevant to

atom i at time t respectively, and mi is the mass. The velocity-Verlet algorithm

[Verlet, 1967112] is calculated in three consecutive steps; first the new positions are

updated, from this the new velocities can be computed, followed by calculation of

the new forces. The positions of the particles of the system are evolved in time

according to Eq. (2.1). Each timestep provides a snapshot from which the ensemble

statistics are averaged and calculated. A simple flow diagram of a standard MD

algorithm is shown in Fig. 2.1.

Figure 2.1: A simple diagram of the standard MD algorithm.
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We used NAMD40 molecular dynamics package for all our simulations. This

package is a suite of programs that allows users to simulate biomolecule using vari-

ous MD methods including metadynamics44, steered molecular dynamics (SMD)205,

Adaptive biasing method (ABF)49, Umbrella sampling (US)41 etc.

2.1.1 Connection to Statistical Mechanics

Thermodynamics or equilibrium properties are obtained using statistical mechanics

from MD simulation data. The value of an observable Q is calculated as the average

< Q > measured over time and space of Q which is produced by different molecular

conformations. In order to get the correct value, Q has to be weighted by the

probability P of a conformation to occur; integrated over momenta (~p) and positions

(~r), namely

< Q >=

∫ ∫
Q(~p, ~r)P (~p, ~r)dpdr. (2.4)

It is often very difficult to sample the whole conformational space by MD. However,

if conformations that are relevant for the average are sampled properly, <Q> can

be calculated from this finite set of conformations. The ergodic hypothesis assumes

that if the relevant configurations are sampled during a MD simulation that is long

enough, then, the phase space average of observables is same as that of time average.

Averages are then calculated as

< Q >MD= lim
τ−→∞

1

τ

τ∫
0

Q(t)dt (2.5)

where t is the instantaneous time and τ is the total simulation time.

2.1.2 Force Field and the Potential Energy Function

In order to calculate the force felt by each atom, the first step is to compute the

potential energy function, U . Although a precise calculation of the potential energy

of a N atom system would have to consider the contribution of each individual atom,

pair, triplet and so forth, most molecular dynamics programs (including the NAMD

package used to perform all simulations reported in this thesis) describe the potential

energy using a more simplistic three component picture. In this scheme the potential
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has the following basic form:

U(r) = Ubonded(r) + Unon−bonded(r) + Uspecial(r) (2.6)

which is only dependent on the positions of each atom where each atom is repre-

sented by a point with position vector r. As we can see the potential energy function

of our system consist of three terms. The first term is the bonded term and it con-

siders interaction within a molecule. It comprises of bond stretching, angle bending,

torsional-angle rotation, and improper dihedral angle distortion. The latter is re-

sponsible for keeping the proper hybridization type for particular groups of atoms.

When deviating from an ideal reference value of a length or an angle in these terms,

the potential energy rises as,

Figure 2.2: Depiction of the coordinates used to describe bonded interactions in
the interatomic interaction potential of a MD force field: (a) bond-length (r), (b)
angle (θ) and (c) dihedral angle (φ) between two atoms connected by three covalent
bonds in a molecule.

Ubonded(r) =
∑
bonds

1

2
Kb(r − r0)2 +

∑
bond
angles

1

2
Kθ(θ − θ0)2 +

∑
improper
dihedral
angles

1

2
Kξ(ξ − ξ0)2+

∑
dihedral
angles

1

2
Kφ[1 + cos(mφ− φ0)].

(2.7)
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The letter b, θ, ξ, and φ represent the bond lengths, bond angles, improper dihedral

angles, and torsional dihedral angles. The bond stretching (r), bond bending (θ)

and dihedral angle (φ) distortion are shown in Fig. 2.2. The variables with a 0 as

subscript are the reference or ideal values and they are parameters of the force field.

Generally all interactions have a harmonic functional form, except for the torsional

dihedral-angle term which has a trigonometric form. The labels K stands for force

constants.

Non-bonded energies are calculated using two terms, the first being the Lennard-

Jones terms114 describing the van der Waals interaction115, and the second one

being the Coulomb term116 dealing with the electrostatic interactions of partial

charges of the atoms. The former term describes atomic repulsion due to atom-

atom overlap and the attraction due to London dispersion interactions117. The

non-bonded interaction energy is expressed as,

Unon−bonded(r) =
∑
atom
pairs

(
C12

r12
− C6

r6
) +

∑
atom
pairs

qiqj
4πε0ε1r

. (2.8)

In Eq. (2.8), r is the distance between the two atoms for which the non-bonded en-

ergy is calculated, 4πε0 is a constant, and ε1 denotes the relative dielectric permittiv-

ity. C12, C6, qi and qj are the force-field parameters. The constants are taken from

standard parameterization schemes such as CHARMM38 and AMBER37. Some-

times potential energy includes the special term (Uspecial in Eq. (2.6)) to ensure

proper hydrogen bonding, though this term is superfluous if appropriate van der

Walls and Coulombic term are used.

2.1.3 Ensemble Types

An ensemble is a collection of all possible thermodynamic systems, which have di-

verse microscopic states but the same macroscopic or thermodynamic state. The

properties of an ensemble are subjected to specific constraints as listed below:

� Microcanonical ensemble (NVE): The thermodynamic state can be de-

scribed by a fixed number of atoms (N), volume (V ), and energy (E).

� Canonical Ensemble (NVT): The thermodynamic state is defined with a

fixed number of atoms (N), volume (V ), and temperature (T ).

� Isobaric-Isothermal Ensemble (NPT): This ensemble is characterized by

a fixed number of atoms (N), pressure (P ), and temperature (T ).
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� Grand canonical Ensemble (µVT): The thermodynamic state for this en-

semble is distinguished by a fixed chemical potential (µ), volume (V ), and

temperature (T ).

2.1.4 Periodic Boundary Conditions for Explicitly Solvated

Systems

In order to avoid large time consumption and surface effect reasonably, the simula-

tion must use small sample size. Periodic boundaries conditions (PBC) make this

possible for a simulation by using a procedure in which the particles are exposed to

forces as if they were in a bulk fluid. As shown in Fig. 2.3, the cubic or non-cubic

Figure 2.3: Representation of periodic boundary condition (PBC) in two dimen-
sion. The central simulation cell is replicated infinitely in each direction.

box is conceptually employed to model the space of an infinite system. During the

simulation, the periodic image of each atom moves in exactly the same way each

atom moves in the central box, that is, original box. If one atom leaves its box

during the simulation, it is substituted with an image particle that comes in from

the opposite side. Hence, the topology of the system is correctly represented, while

the number of particles inside the center box is conserved. Ensuring that a large

enough box is used to minimize interactions between proteins and their images, is

generally the most important factor to avoid the “finite” size effect and boundary

effect of the simulation box.
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2.1.5 Temperature and Pressure Control in Ensembles

In order to control the temperature in NPT/NVT ensembles, several algorithms have

been developed, including Berendsen118, Langevin119, Andersen120 and Nosé-Hoover

thermostat121. We will confine ourselves to a discussion to those implemented in

NAMD40.

Since the velocities of atoms are function of temperature; we can write from the

equipartition theorem,

E =
3

2
kBT =

1

2
mv2

T =
1

3

mv2

kB
.

(2.9)

Then a common way for controlling temperature is the rescaling of the velocities

(up or down) in successive time steps to maintain a constant temperature. Such

modification can trigger the system to perform a non-Newtonian behaviour. So the

Berendsen thermostat diminishes the effect of velocity scaling by pairing the system

to an external heat bath at constant temperature Tbath such that the change in

temperature is proportional to the difference in temperature between unit cell and

heat bath. Then, the rate of change of the temperature can be expressed as

dT (t)

dt
=

1

τT
(Tbath − T (t)) (2.10)

where T is the temperature calculated from the simulation, Tbath is the temperature

of the heat bath and τT is the coupling parameter. The Langevin thermostat applies

friction and random forces to momenta of particles to overcome the problem as a

consequence of “hot solvent and cold solute”. In the Langevin thermostat, heat is

transferred from heat bath to unit cell via collision between particles of heat bath to

those of simulation box instead of a direct heat transfer from heat bath to simulation

box. In NAMD, this is implemented via the Langevin equation122,

mi
d2r

dt
= Fi(ri(t))− γi

dri(t)

dt
mi +Ri (2.11)

where a frictional force with coefficient γi and a stochastic force, Ri with <R> =

0, simulating the thermal noise, are applied to the system. The terms, mi and

Fi represent the mass and force calculated from the potential on the ith particle.

The stochastic force R(t) has a Gaussian probability distribution with correlation

function

< Ri(t)Rj(t
′) >= 2γkBTδijδ(t− t′) (2.12)
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where kB is the Boltzmann’s constant and δ(t− t′) is the Dirac delta function. The

choice of γi determines whether the frictional or stochastic forces dominate. Clearly,

the simulation employing Langevin thermostat for temperature control, is not deter-

ministic due to use of stochastic force. Andersen thermostat assigns the velocity of

random particles to new velocity from a Maxwellian distribution. The Nosé-Hoover

thermostat applies a thermal reservoir and additional friction expressions to the

equations of motion.

The idea of pressure coupling methods (Berendsen barostat118, Nosé-Hoover

barostat123, Nosé-Hoover Langevin piston method etc.) are very similar to those

in temperature coupling thermostats. For controlling the pressure, the dimension of

simulation box and atom coordinates are scaled at every time step. The Berendsen

barostat employs a pressure bath analogous to the heat bath described above. In

fact, the change in instantaneous pressure has a similar form to Eq. (2.10).

dP (t)

dt
=

1

τP
(Pbath − P (t)) (2.13)

where P (t) is the instantaneous pressure, Pbath the pressure of the bath and τP the

pressure coupling parameter. The volume of the system is then scaled by a factor

µ,

µ = 1− κ δt
τP

(P − Pbath) (2.14)

where κ is the isothermal compressibility. The new coordinates, r′, are given by

r′i = µ
1
3 ri. (2.15)

The Langevin piston Nosé-Hoover method is implemented in NAMD by coupling

Langevin piston method124 to Nosé-Hoover method to obtain a constant pressure

and constant temperature of the system . This method of pressure coupling is used

in MD simulation throughout this thesis. Barostats are key to MD simulations

because usually it is not feasible to build simulation system in which the particle

density is high enough so that the pressure is close to atmospheric pressure.

2.1.6 Treatment of Short-range and Long-range Interaction

One of the most computationally expensive parts of a molecular dynamics program

is the calculation of the non-bonded interaction energies. In a pairwise model, the
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computational expenses for this calculation is scaled for a system with N particles

as O(N2). The Lennard-Jones potential (first term in Eq. (2.8)) is only significant

over a very short range and it has very little effect to atoms at distant points. A

common way to reduce the computational effort of calculating its effect is to impose

a distance cut off beyond which the Lennard-Jones potential is set to zero. But it

needs an additional computation of distances between the atoms and comparison

with the cut off (introducing N(N − 1) calculation). In order to avoid this problem,

advantage is taken of the fact that the neighbours of an atom are unlikely to move

by large amount of distance over 10-20 timesteps. So, a list of the atoms which fall

within the “pairlisidist” (slightly larger than cut off) are generated at the beginning

of each cycle and are assumed to contain every atom that passes within the cut off

distance during entire cycle, means that distance comparisons need to be calculated

much less frequently. Hence, a gain in computational efficiency is achieved.

The truncation of the van der Walls potential energy at cut off distance intro-

duces a discontinuity in potential energy (hence force) at the cut off. In order to

prevent problems with energy conservation due to discontinuity in potential energy,

most MD codes multiply the real potential by a switching potential factor which

goes smoothly to zero at the cut off. This change to the potential is often only

introduced a short distance before the cut off.

Unlike the Lennard-Jones contribution, the electrostatic contribution to the po-

tential is significant at long distances as well as short distance owing to slow decay

of Coulombic term with distance r . So, it requires numerous calculation (O(N2))

to determine the full-electrostatic potential. In order to diminish the computational

workload, Ewald summation (first described in 1921125) takes the advantage of in-

finite effect of periodic boundary condition by splitting the potential into short and

long range contributions and has now become a standard tool for macromolecular

simulations. In this approach, the long range contribution can be represented as

a sum over the Fourier transforms of the potential and the charge density. This

sum converges rapidly (as O(N3/2) rather than O(N2)) and hence can be truncated

with little error. However, a significant gain in terms of computational workload is

obtained. Further Particle Mesh Method (PME)126 is implemented to improve the

computational performance; scaling as O(NlnN) and thus permitting the routine

calculation of electrostatics without any cut off for periodic system. This method of

treatment of electrostatics interaction is employed throughout this thesis.
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2.1.7 Constrained Dynamics

The integration timestep used in a simulation is determined by the fastest motions

in the system. For a biomolecular system the fastest motions are the vibrations of

hydrogen atoms bound to heavy atoms (X-H bond). If one assumes that the X-H

bond vibrations do not contribute strongly to the overall dynamics of the system

then the lengths of these bonds can be constrained and the integrator allowed to

proceed more rapidly. The “SHAKE” algorithm by Ryckaert127 assumes that the

length of the hydrogen bond can be considered constant. In this algorithm, first the

unconstrained equation of motion are solved, then the atomic positions are mod-

ified. Another analytical variant of SHAKE algorithm, named by “SETTLE”, is

specially developed for rigid water model to constrain bonds in water molecules128.

The NAMD code makes use of SETTLE to constrain hydrogen atoms within water

molecules and RATTLE129 for those in all other atoms. This combination allows

to extend the timestep to 2 fs, rather than 1 fs as required in unconstrained dynamics.

2.1.8 Single-Molecule Force Probe MD Simulation

Although MD allows the simulations of molecular systems on the nano- to microsec-

ond time scale, many processes in biology require longer time scales. The dynamics

can be accelerated by adding biasing potentials or external forces into the calcula-

tion. In this thesis, we put special attention on force probe simulations with two

pulling protocol, constant velocity and constant force, those are already implemented

in NAMD. In force probe simulation, a force is applied to a set of atoms to guide it

in a particular direction (or set of directions over time), the technique is known as

steered molecular dynamics (SMD).

Constant Velocity
For constant velocity pulling, a harmonic potential Vspring is added to the atoms of

the pull group,

Vspring =
k

2
[r(t)− rspring(t)]

2 (2.16)

where k is the spring constant, r(t) is the position of the center of mass (COM) of

the pulled atoms and rspring is the position of the spring. The force is given by,

F (t) = k[r(t)− rspring(t)] (2.17)

and is applied by moving the spring position rspring(t) with constant velocity v along
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a chosen reaction coordinate

rspring(t) = rspring(t = 0) + vt. (2.18)

For weak spring, the loading rate |Ḟ| =
dVspring

dt
= kv is directly proportional to

pulling velocity v. The pulling force Fspring on the COM of a group of atoms is

redistributed among masses of the atoms weighted to the individual atoms.

Constant Force
In constant force mode, either a linear potential is applied to tilt the energy land-

scape in the direction of the reaction coordinates or the force is added directly to the

calculated forces for each atom of the pull group. The resulting time-independent

tilt of the energy landscape permits a direct insight into the kinetics of the probed

system by looking at the unfolding of the system.

2.1.9 Energy Minimization Schemes

The initial conformation of the biomolecules is taken from a published structure for

the protein or nucleic acid from which the rest of the system (solvent, ion, lipid)

is constructed. The initial geometry of the system does not necessarily correspond

to one of the stable/lowest energy conformation. Therefore, it is essential to bring

the system in its stable conformation by carrying out an energy minimization be-

fore starting the actual simulation. Energy minimization is a numerical procedure

of finding the energy minima on the potential energy surface (PES) starting from

higher energy state. During an energy minimization, the geometry of the system is

changed in a stepwise fashion such that the energy of the system is reduced as shown

in Fig. 2.4. After a number of steps, the global or local energy minima on the PES is

reached. In general, the energy-minimization is performed by gradient optimization.

The most popular energy minimization techniques are: Newton-Raphson Method,

Steepest Descent Method and Conjugate Gradient Method.

Newton-Raphson Method:

Newton-Rapshon method is based on the Taylor expansion of the PES at the current

geometry. According to this method, the geometry (x) is updated in every step as

xnew = xold −
E ′(xold)

E ′′xold
. (2.19)
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Figure 2.4: Sliding of the molecule towards the energy minima in the process of
energy minimization in a stepwise fashion.

The method is computationally expensive as it requires the calculation of first and

second derivative of geometry at each point. Yet, usually it takes fewer steps to

reach the energy minima.

Steepest Descent Method: The Steepest Descent method does not require the

calculation of second derivative, it relies on the approximation that second derivative

is constant. Therefore, the equation to update the geometry becomes

xnew = xold − γE
′
(xold), (2.20)

where γ is a constant. In this method, first the geometry minimization takes place in

the direction opposite to the largest (i.e. steepest) gradient at the initial point. Once

a minimum in first direction is achieved, next minimization is carried out starting

from that point and moving in the remaining steepest directions. This process is

continued until a minimum has been reached in all directions within a sufficient tol-

erance. This method is much faster at each step than the Newton-Raphson method

but due to the approximation, it needs more steps to find the energy minima. In ad-

dition, this method is not very efficient in many dimensions because it easily winds

up in a zig-zag pattern which does not move towards the minimum efficiently.

Conjugate Gradient Method: In the Conjugate Gradient method, the first part

of the search takes place in the direction of the largest gradient, just as in the
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Steepest Descent scheme. However, to avoid some of the oscillating back and forth

that often plagues the steepest descent method as it moves toward the minimum,

the conjugate gradient method mixes a little of the previous direction in the next

search. This allows the method to move rapidly to the minimum as illustrated in

Fig. 2.5 for a system with two geometrical coordinates. The equations for the con-

Figure 2.5: The counter plot of a function, with the steps of the steepest descent
method in green and of the conjugate gradient method in blue.

jugate gradient method in two or more dimension are more complex than those of

the other two methods.

2.1.10 All-atom vs Coarse-Grained Models

The conventional all-atom molecular modeling of biomolecule’s structure and dy-

namics remains difficult for many complex systems mostly due to larger system size

and long timescales. Lowering the resolution from all-atom to coarse graining (CG)

of biomolecules opens up the possibility of exploring the dynamics of the system at

longer timescales. The term“coarse-graining” is used to refer to the simplified model

of molecules by grouping several atoms of it into one component, thus reducing the

degrees of freedom of system and allowing the simulation to be run for relatively long

timescales. The CG model is desirable as it is more manageable computationally

in simulations and more amenable to theoretical treatment. In the past few years,

CG models have been used successfully for studying the protein folding mechanism

and protein-protein interaction, prediction of protein structure, modeling of complex

dynamic processes and modeling of membrane protein. The various coarse-graining

models and their applications in biomolecular systems are discussed in Ref. 130.
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Most popular coarse-grained models are residue-based coarse graining (RBCG)

and structure based coarse graining (SBCG). In RBCG model of protein or lipid,

several atoms are grouped onto a single “bead”. The bead is placed at center of mass

of atomic group which defining it and the different bead interact with each other

through an effective potential. The SBCG model is used to design the large macro-

molcule assemblies. In SBCG model, the shapes of the large molecules consisting

of thousands of atoms are represented with a small number of beads. Furthermore,

the arrangement of the bead is tuned to reproduce the shape of the molecule such

as that are available from a X-ray diffraction or NMR data. Then, the interactions

between beads are parameterized from all-atom simulations of bead components.

The RBSG model has been widely used to lipid-protein system involving large-scale

conformational changes while the SBCG model to polymeric systems.

As stated earlier coarse-grained simulations are particularly useful for large sys-

tems on long timescales. This kind of simulation gives a semi-quantitative picture of

how a large system behaves over time. But in many cases, the important degrees of

freedom may be eliminated due to coarse graining, thus may lose important kinetic

information which is the main disadvantage of coarse-grained molecular dynamics

(MD) simulations.

2.2 Monte Carlo

Monte Carlo (MC) method is a most popular numerical statistical method based

upon the repeated sampling of random elements to compute the result. From

its definition it is clearly understood that it doesn’t give us exact results such as

“real” mathemathical analysis might, relies on the game of chance or probability

theory. The general approach of MC is to create an experiment with a random

element and to perform the experiment repeatedly to estimate the result. Typically,

MC methods are used for simulation of complex physical experiment but for also

for optimization models in finance. Furthermore, they are suitable for solving ana-

lytical problems such as high-dimensional or particular types of different equations

with complex boundary condition. In the context of biomolecular simulation, they

provide a stochastic approach to explore the molecular level configurational space

available to a system at equilibrium. Unlike MD, they are not representative of the

true dynamics of the system, but allow the calculation of thermodynamic properties

of the system.
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The underlying concept is to take a three-dimensional protein structure and use

this as the starting point for a random walk in conformational space. At each step

along this walk the probability of a given change in conformation is dependent on the

change in energy required from the previous state. In order to ensure thermodynam-

ically correct sampling the probability of visiting a particular state r is proportional

to the Boltzmann factor ρ(rN) = e−βU(rN )/kBT . The generation of configurations

according to a distribution is called importance sampling. The most commonly used

method for achieving the importance sampling is Metropolis Monte Carlo method

using Markov Chain process that is discussed below.

2.2.1 Markov Chain

A Markov chain describes a stochastic process in which the state of a system (here,

the instantaneous atomic configuration) changes randomly with time and has no

memory of previous states. At each step in time, we apply some new randomness to

determine the next step in a way that is a function of current time. An important

property of Markov processes is that it doesn’t matter how the system arrived to its

current state, the probability that it will move to any other state at the next time

step only depends on where it currently is. In the context of a Metropolis Monte

Carlo simulation, the basic procedure to generate a Markov chain are:

(i) At some step i, the system has an atomic configuration (state A).

(ii) The configuration is randomly perturbed to generate a new atomic configura-

tion (state B). A typical perturbation might be a single-particle displacement. An

atom is randomly picked and displaced it by small random amount in x, y and z

directions. In general, these perturbations are termed Monte Carlo moves.

(iii) The new configuration will be accepted or rejected by choosing an acceptance

criterion in such a way that the long-time trajectory correctly generates the config-

urations according to canonical probability ρ(rN) distribution.

(iv) The trajectory includes the states of the system after each acceptance or rejec-

tion.

In order for this approach to work, we need a way to decide how to accept or

reject the proposed configurations in our simulations. The most commonly used

method for choosing the next state is the Metropolis algorithm. This algorithm uses

random work in the phase space with transition probability to go from state m to

state n equal to 1 if the move is downhill in energy (∆Unm < 0), if the move is

uphill in energy (∆Unm > 0) then the move is accepted with a probability defined

by the ratio of probabilities of initial and final states, that is, mathematically can
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be written as

P (r′|r) = min

(
1, e
− 1

kBT
(U(r′)−U(r))

)
. (2.21)

where kB is the Boltzman constant and T is the temperature.

2.2.2 Detailed Balance Condition

Now imagine the system has evolved for some time randomly according to Markov

chain. Suppose P (m, t) is the probability of being in configuration m at time t,

P (n, t) the probability of being in configuration n at time t, w(m → n, t) is the

probability of going from state m to state n per unit time (transition probability).

Then we have according to Chapman-Kolmogorov (C-K) equation

P (m, t+ 1) = p(m, t) +
∑
n

[w(n→ m)P (n, t)− w(m→ n)P (m, t)]. (2.22)

In the limit ∆t −→ 0 (continuous time), the C-K Equation (Eq. (2.22)) can be

expressed as

dP (m, t)

dt
=
∑
n

[w(n→ m)P (n, t)− w(m→ n)P (m, t)], (2.23)

known as Master equation in continuous time space. At long time limit we want

P(m,t) to be p(m). Clearly, a sufficient condition for equilibrium (time independent)

known as the so-called detailed balance condition, is given as

w(n→ m)P (n, t) = w(m→ n)P (m, t). (2.24)

The metropolis acceptance criterion satisfies the detailed balance equation. This

can be applied to any probability distribution, but if we choose the Boltzmann

distribution we have

w(m→ n)

w(n→ m)
=

P (n)

P (m)
=

1
Z

exp(− Un

kBT
)

1
Z

exp(− Um

kBT
)

= exp(−Unm
kBT

) (2.25)

The partition function is not involved in the above expression, it only involves the

known quantity temperature (T ). So we can easily calculate the potential energy

(∆U) difference between two conformational states from the above expression.

There is another kind of Monte Carlo algorithm, Kinetic Monte Carlo, (KMC)52,

to address the kinetics of the evolving system, which has been discussed in next
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section. In general, the difficulty in efficiently choosing conformational steps for the

random walk results in high rejection rates and also slow convergence of 1√
N

(where

N is the number of samples) making Monte Carlo simulations less attractive for

biomolecular systems than molecular dynamics.

2.2.3 Kinetic Monte Carlo Method

With MD we can only reproduce the dynamics of the system upto several microsec-

onds. Slow kinetic processes cannot be modeled. Metropolis MC samples con-

figurational space and generates configurations according to the desired statistical-

mechanics distribution but can not be used to study the dynamics of system. Kinetic

Monte Carlo (KMC) method is an alternative computational technique that can be

used to study kinetics of slow processes. In Metropolis MC method, we decide

whether to accept a move by considering the potential energy difference between

two states whereas in KMC method, we use kinetic rate that depend on the energy

barrier between the states. The basic idea behind KMC is to use increment of time

which are defined by the transition rates of all processes and formulated such a way

that they relate to the microscopic kinetics of the system.

The main trick involved in the KMC simulation is described in the following.

As transition between two states for a Markov process depends on only the kinetic

rate (or free energy barrier) between them, a stochastic process can be designed to

propagate the system correctly from state to state. In that case, the probability of

observing a sequence of states and escape times in KMC simulation is same as that

obtained from MD data. Hence, the resultant KMC trajectory will be indistinguish-

able from a long MD trajectory. The steps of KMC algorithm are:

(i) Suppose the system is in initial state i.

(ii) Generate an exponential distribution of time (tj) for an escape pathway to state

j. The actual process takes place along the pathway.

(iii) Select the escape pathway for which tj is minimum or the escape time of fastest

transition.

(iv) Advance the overall clock time by tminj and discard the other times drawn from

exponential distribution.

(iv) Move the system to new state jmin.

(v) New simulation begins from new state jmin and process repeats.

In this way the KMC algorithm involves cataloguing of all the possible kinetic events,

and calculating the escape rates associated with these processes.
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Therefore, the couping of KMC method with MD method can be utilized as an

accelerated MD method to study the long-timescale dynamics of large biomolecular

system.
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Validity Time of a Markov State

Model

3.1 Introduction

Markov state models (MSMs)61–65 and other related kinetic network models are fre-

quently used to study the long-timescale dynamical behavior of biomolecular and

material systems. MSMs are detailed kinetic network models wherein the configura-

tional space of a biomolecule under study is partitioned into states. The dynamical

evolution of the system is approximated in terms of state-to-state transitions. The

number of states can range between tens to thousands depending on the complexity

and level of coarse-graining. Each node in the network denotes a metastable state of

the system while the connections between the nodes provide rates of interconversion

between the states. MSMs have become useful tools for probing the dynamics of

nucleic acids and proteins131–134, for example, folding and unfolding events at long

time scales. Though we restrict ourselves to biomolecular systems, MSMs are closely

related to kinetic Monte Carlo (KMC) models135–137 used in the materials and reac-

tions areas for studying catalysis138, crystal growth139, material processing140, and

adsorption phenomena141 to name a few. Both approaches solve a master equation

and have benefited from the exchange of ideas between the respective communi-

ties. For instance, knowledge of the network structure can be exploited to accelerate

the KMC dynamics by eliminating fast degrees of freedom142–145. Despite their

widespread usage, some aspects of MSM construction are still poorly understood.

A key step in the MSM construction entails determining states and kinetic path-

ways to be included in the model. The availability of a large number of parallel

processors has enabled rapid construction of high fidelity MSMs using brute-force

33

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 34 — #72

3.1 Introduction

molecular dynamics (MD) calculations146–148. Herein states and kinetic pathways

are identified via coarse-graining several independent MD trajectories. The MD tra-

jectories can be seeded from different starting configurations, which allows for better

sampling of the configurational space. Other simulation techniques offering resolu-

tion greater than the MSMs can also be employed149–151. Enhanced thermodynamic-

sampling techniques that can sample rare events with large energy barriers can aid

in the efficient construction of the model152–156. However, often overlooked is an

additional challenge associated with building MSMs (and indeed with KMC models

as well157); namely, a fundamental limitation remains that the entire configura-

tional space cannot be sampled by a finite number of MD trajectories, that is, a

MSM is never complete. Even when the MD trajectories used for network-building

collectively exceed microsecond time scales, there are bound to be rare states and

pathways missing from the MD data. When relevant states and pathways are miss-

ing from the constructed MSM, thermodynamic/kinetic quantities being sought can

be inaccurate. The main purpose of this chapter to highlight the danger arising from

missing relevant states and pathways in a network, develop a strategy to quantify the

completeness of a kinetic network model, and identify regions of configuration space

relevant to the dynamical evolution, which can guide further network construction.

Many network-building procedures entail pruning/lumping of states and kinetic

pathways to enforce detailed balance and avoid absorbing states. Although the

length of the MD trajectory used to build a network is generally reported, it is not

enough to establish the maximum duration for which the dynamics is faithfully pre-

dicted by the network model. In the worst case, missing states can be important to

the ensemble-averaged quantities calculated from an “incomplete” network model.

Given that network models are nowadays generated by seeding the MD calculations

starting from different states while using a variety of computational tricks, comparing

the dynamics from models for the same system is subject to error/uncertainty result-

ing from the missing kinetic information. A conceptual framework that accounts for

missing states/pathways will bolster endeavors to generate reliable network models.

Estimators for missing rates from a state first developed in Refs. 158 and 159 have

been applied to different material systems157,160–162. However, more than the missing

rates, conceptually, it is the time scale where the missing pathways become relevant

to the dynamics that is of interest. The largest time scale where the network model

continues to yield the correct dynamics, termed as the validity time for the model, is

introduced here. The validity time allows one to systematically compare the behavior
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of two models of the same system while accounting for known kinetic rates, topology,

and relaxation times of the network, as well as missing pathways and states that

have not been included in the model. The main idea is contingent on identifying

states that may have a large probability flux into configurational space that is not

part of the existing model. One can then compute the validity time where the error

in the dynamics is small, that is, the existing network model can be regarded as

complete till its validity time and is safe to use. The theoretical underpinning of the

validity time is discussed in the present chapter. The usefulness of the validity time

is illustrated in Sec. 3.4 by constructing MSM of Alanine dipeptide that has been

studied extensively in the past77,161–163,186–190.

3.2 MSM Methodology: Construction, Validation

and Error

The goal of MSM building is to reproduce the long-timescale conformational dy-

namics of a biomolecular system from the ensemble of relatively short molecular

dynamics trajectories by solving Master equation. In MSM paradigm, the stochas-

tic conformational dynamics of a biomolecular system is modeled as discrete-time

Markov chain164 or a continuous-time master equation model with coarse-grained

time165 with the key assumptions that dynamics are Markovian (memoryless), er-

godic and reversible with respect to unique stationary distribution. Any model is

said to be Markovian if the system reaches local equilibrium within a state before

attempting to exit to another state. The construction of an MSM boils down to

two key steps: i) discretization of continuous state-space to discrete Markov states.

ii) computation of the transition probability matrix, P or rate matrix, T of state-

to-state transitions. The transition probability, Pij(τ) between two state i and j is

defined as the conditional probability of transitioning from state i to j in an interval

(time resolution) called the lag time, τ of the model whereas the element of rate

matrix, kij is the inverse of time elapsed in state i before escaping to state j. In

discrete-time Markov model formalism, the time-evolution of the system is governed

by the Chapman-Kolmogorov equation; written as,

π(t = nτ) = P (nτ)π(t = 0) = [P (τ)]nπ(t = 0) (3.1)

where π is the vector of probabilities of occupying any of the Markov states at time

t . As the system reaches the global equilibrium, the detailed balance condition will
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be satisfied,

Pjiπeq,i = Pijπeq,j. (3.2)

where πeq,i denote the equilibrium probability of state i. Alternatively, the continuous-

time master equation is written as

dπ(t)

dt
= Tπ(t) (3.3)

and the evolution equation has the formal solution of the form,

π(t) = exp(−Tt)π(0) (3.4)

which describes the time evolution of the system among the discrete state in a con-

tinuous time. Once the transition probability matrix or rate matrix is constructed,

the eigen spectrum gives us the important kinetic and thermodynamic information.

Eigenvalues are related to the relaxation timescales of the dynamical processes and

the corresponding eigenvectors denotes the associated structural changes. Time de-

pendence of ensemble averaged quantities can be obtained by solving the master

equation. A large body of work has focused on the discrete time MSM formalisms

where the model is characterized by transition probability matrix.

The specific challenges to build a MSM are: i) what should be the correct state

definition to decompose the conformational space in a kinetically meaningful scheme.

ii) what should be the state decomposition algorithm to construct a transition ma-

trix or rate matrix in an efficient manner. The state decomposition algorithm should

produce a decomposition for which dynamics appear to be Markovian at lag time τ .

The common way for partitioning the conformational space into metastable states,

followed by most popular MSM building procedures are first by dividing the MD

data into an appropriate set of discrete states based on their structural similarity

and then lumping the kinetically similar microstates to macrostates. The discrete

partitioning of the state space may lead to a deviation of Markov model dynamics

from true dynamics, known as discretization or systematic error. Also, due to lim-

ited quantity of trajectory data there is always a statistical error in the estimation of

each element of transition matrix. An important aspect is to balance the statistical

and the systematic error of MSMs; while a fine partitioning will minimize discretiza-

tion error, the fine partitioning with the limited quantity of trajectory data increases

the statistical error. An optimization of both type of errors in MSMs construction

may be possible by an approach which is itself adaptive.
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Now, the MSM constructed from a given set of MD trajectories depends sensi-

tively on how it was constructed. The lag time, τ is a crucial parameter to access the

accuracy of the Markov Model. Therefore, it is necessary step to choose a lag time

and validate the model against the simulation data. In conventional MD techniques,

the value of τ is picked such that the implied timescale plot is independent on τ .

The implied timescales (relaxation timescales of a model) can be computed from the

eigenvalues of transition probability matrix (P ) as,

ti = − τ

lnλi
(3.5)

where ti is the relaxation time, τ is the lag time, and λi is ith largest eigenvalue esti-

mated at τ . For a correct choice of the lag time, the implied timescales are plotted

as a function of increasing τ . At sufficient large value of τ , the implied timescale

will be independent on τ , implying that exponential of transition matrix will be

identical to that of transition matrix constructed at longer time interval of obser-

vation. The shortest time interval of observation for which the implied timescales

start to be constant with τ is chosen as appropriate lag time, that can be correlated

as longest internal equilibrium time, τint of any discrete state and the model should

be Markovian for all lag time τ >> τint. Once a lag time is selected, the further

validation can be done by comparing the dynamics to raw simulation data whether

the Chapman-Kolmogorov equality (Eq. (3.1)) holds with statistical uncertainty.

For the rest of thesis we use continuous time Markov Models instead of discrete-

time MSM formalisms. Note that, in this chapter we are discussing about the uncer-

tainty due to missing states /pathways which is different from recent considerations

of error/uncertainty in MSMs. Also, most MSM-building procedures entail prun-

ing/lumping of states and kinetic pathways to enforce detailed balance and avoid

sink states in the MSM to achieve ergodicity. In our approach of MSM construction,

the detailed balance condition is not imposed and also, sink states are taken into

account. Here we have not carried out the conventional tests such as the implied

timescale plots used in discrete time MSM formalisms. Instead, we have checked if

the system obeys first order kinetics from the distribution of the escape times from

the various states. More details about first order kinetics are discussed in Sec. 4.2.2

of the next chapter.
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Consider a MD trajectory of a duration τMD. Analysis of the trajectory using a

combination of distance metrics166–171 and clustering methods,64,172 and tests for

the Markovian approximation (e.g., implied time scales for discrete-time MSMs148

and tests for first-order behavior for continuous time MSMs161) can yield information

about the states of the system and the associated kinetic rates. Although states are

randomly visited in the trajectory, the occupation πS(t) for a Markov state S at

time t is deterministic and is given by the master equation,

d

dt
πS(t) =

∑
S
′ 6=S

kS′→SπS′ (t)−
∑
S′ 6=S

kS→S′πS(t). (3.6)

Here, kS→S′ is the kinetic rate from S to state S
′
, and kS′→SπS′ and kS→S′πS denote

the inflow and outflow probability flux for S. Kinetic rates can be obtained using a

statistical approach, such as maximum likelihood estimation (MLE)173. While Eq.

(3.6) forms the basis of a MSM, the MSM constructed using finite MD trajectories

is approximate because of various errors174,175, statistical uncertainty176,177, as well

as missing kinetic information158,159. Here, we shall focus on error from the missing

kinetic information. Equation (3.6) can be written as the continuous-time MSM,

dπ

dt
= Tπ, (3.7)

where T is the rate matrix. Equations (3.6) and (3.7) are solved with a specified

initial distribution and rate matrix.

The number of states and pathways in the MSM can increase when additional

MD data are made available. Pathways with large (small) probability flux are more

(less) likely to be selected in the dynamics. Due to a number of factors including

randomness inherent in sampling, time scales accessed, the network topology, and

the starting conformation, it is possible that certain pathways that have a reason-

ably large probability flux are still missing in the MD trajectory. As a consequence,

states that can be reached only via the missing pathways are also missing in the

MSM. It is well known that topologically different MSMs are often generated for the

same system when MD calculations are seeded from different starting conformations

that are separated by large free energy barriers (even when enhanced conformation

sampling techniques are used152,163,178–182). The MD time spent in each state is a

key parameter that affects the MSM accuracy.
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It is convenient to define a time τV termed as the MSM validity time such that

all kinetic pathways that are likely to be selected within τV are present in the ex-

isting MSM. Pathways that are less relevant can be missing from the MSM without

affecting the accuracy of the kinetic model. MD data pertaining to less relevant

pathways do not result in appreciable increase in τV . Next, we relate τV to the MD

time.

3.3.1 Core, Periphery and Missing States

States in Eq. (3.6) can be partitioned into three types: core, periphery, and missing

states as shown in Fig. 3.1. A state where the system has resided for a significant

time in the MD calculation is termed a core state. The probability flux out of the

core states can be estimated from the MD data, that is, they constitute the source

terms in Eq. (3.6). For the remainder of our discussion, a MSM is the core net-

work model, and we use these terms interchangeably. The MSM is ergodic since

Figure 3.1: Partitioning of whole conformational states into three types: core, pe-
riphery, and missing states. The retangular diagram represents the full configuration
space. The black dot within inner circle indicates the initial state for the simulation
and red dots are the states generated through simulation. Each red dot enclosed by
the inner circle represents the core state and periphery states are denoted by red
dots within the region between inner and outer circle. The states outside the outer
circle are the missing states which are actually not found in the MD simulation. The
pathways between the states are shown by arrow lines. The sum of the flux from
core states to periphery and missing states constitute the total leakage flux from
core region.
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it is possible to reach a core state from any part of the network. States that are

visited for a short time in the MD calculation preventing estimation of kinetic rates

from such states with reasonable confidence are termed as periphery states. Note

that the rates from core states to periphery states might be available. The need

for periphery states will become clear in Sec. 4.4 of chapter 4. These states are

redundant at the MSM validity times. Periphery states correspond to absorbing or

sink states in Eq. (3.6). The dynamics of periphery states can be quite different

from the one predicted by the MSM at longer times. We term a network model

comprising of core and periphery states as a full network model. The validity time

of a MSM can be increased by performing additional MD in the core and periphery

states. A periphery state becomes a core state when sufficient time has been spent

in the state so that one/more kinetic rates can be estimated. States that have never

been visited in the MD trajectory are termed as missing states. Some missing states

later become periphery or core states as additional MD is performed. Estimates for

the rates from the core states to the missing states are given in Sec. 3.3.2.

Figure 3.2 shows the structure of the rate matrix in Eq. (3.7) constructed with

MD where core, periphery, and missing states are considered. Each off-diagonal

Figure 3.2: Structure of a rate matrix in the master equation [Eq. (3.7)] when
independent MD trajectories are used to build a Markov state model (MSM). π(t)
denotes the occupation column vector.

term in the row (column) j in the matrix denotes the kinetic rates into (from) the

state j. Core (periphery and missing) states are placed at the top (bottom) of the

occupation vector on the right-hand side of Eq. (3.7). The matrix can be divided

into three parts. The top-left (green) corner involves the core states, that is, it forms

the rate matrix for the MSM. We lump the periphery and missing states together
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as absorbing states. The last column of the matrix contains the rates from the

absorbing states. The rates are set to zero. The bottom row of the matrix contains

estimates of rates (termed as leakage rates) from the core states to the absorbing

states. As we shall show next, the validity time of the MSM is determined by the

leakage rates, which in turn depends on the time spent in the core states. The

validity time for the core network can be made large when all leakage rates are kept

small.

3.3.2 Upper Bound for the Missing Rate from a Core State

Consider a collection of pathways from a state S with total rate k. Assuming first

order kinetics, the probability of not selecting these paths in time tS spent in S is

exp(-ktS). The likelihood that the rate equals - lnδ/tS given that the probability

of these paths are not selected in MD is δ. All values of k that result in likelihood

greater than δ satisfy k < - lnδ/tS. Thus, (1 - δ) can be regarded as a confidence

associated with the estimate for k. An upper bound for the missing rates for a core

state S is given by

kmaxS =
ln(1/δ)

tS
. (3.8)

Note that the entire MD duration τMD =
∑

S tS. Similarly, an upper bound for the

missing flux consistent with the MD data is Fmax
S (t) = kmaxS πS(t).

3.3.3 Leakage Flux from Core Network

For a core state S, Eq. (3.6) can be rewritten in terms of the core (C), periphery

(P), and missing (M) states as,

dπS
dt

=
∑
S′∈C

(kS′→SπS′ − kS→S′πS)− FS. (3.9)

where the leakage flux is,

FS =
∑

S′∈P∪M

(kS→S′πS − kS′→SπS′ ). (3.10)

In the worst-case scenario, using Eq. (3.8) to replace FS with an upper bound, we

define the maximum leakage flux from S as

F leak
S = kleakS π̂S = π̂S

 ln(1/δ)

tS
+
∑
S′∈P

kS→S′

 . (3.11)
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The caret denotes maximum leakage into the missing/periphery states. State occu-

pations are obtained by solving,

dπ̂S
dt

=
∑
S′∈C

(kS′→Sπ̂S′ − kS→S′ π̂S)− F leak
S . (3.12)

The leakage flux can be ignored when

∣∣∣∣∣ ∑
S′∈C

(kS′→Sπ̂S′ (t)− kS→S′ π̂S(t))

∣∣∣∣∣ � F leak
S (t).

Once a state with large leakage is detected, one can analyze the source of leakage.

Large leakage due to kmaxS implies additional MD in state S would be beneficial.

The other possibility is that one or more periphery states have become important to

the dynamics. By performing additional MD, a periphery state S
′

is converted into

a core state and its contribution to the leakage flux is eliminated. The flux from the

core to periphery states is determined by the network topology. Topologies where

the core states are connected to a large number of periphery states generally have a

short validity time. The missing flux from state S can be made small by performing

MD calculations in S, which extends the time tS.

The occupation, π̃S(t) is obtained by solving the MSM,

dπ̃S
dt

=
∑
S′∈C

(kS′→Sπ̃S′ − kS→S′ π̃S). (3.13)

Detailed balance is not assumed, that is, presence of both forward and backward

pathways is not required. Dynamics from the core network [Eq. (3.13)] and full

network [Eq. (3.12)] models diverge beyond the validity time. Consider a special

case where the stationary distribution π̃stS is attained and leakage in the full network

model becomes significant at time scale τ beyond the relaxation timescales. We

write
dπ̂S
dτ

= −kleakS π̂S; π̂S(0) = π̃stS . (3.14)

Since the core network dynamics is fast, the ratio of occupations for two core states

is fixed, i.e., π̂S(τ) = π̂S(0)f(τ) with f(τ) denoting the probability of residing in

the core states at time τ . Equation (3.14) is rewritten as,

df(τ)

dτ
= −kleakf(τ); f(0) = 1, (3.15)

and

kleak =
∑
S

kleakS π̃stS . (3.16)
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Here, kleak denotes the total leakage rate for the network. The occupation for a core

state S is

π̂S(t) = π̃stS exp(−kleakt). (3.17)

In general, Eqs. (3.12) and (3.13) need to be solved simultaneously to determine

the validity time for the core network. For convenience, we can approximate the

validity time scale τV in terms of the time constant for leakage, namely,

τV =
1

kleak
. (3.18)

According to Eq. (3.17), the core state occupations decrease by a factor of exp(-1) at

these time scales. The advantage of Eq. (3.18) is that only the core network model

needs to be solved to calculate the validity time using Eq. (3.16). The assumption in

Eqs. (3.16)–(3.18) that the relaxation time scale within the core network is smaller

than the time scale associated with probability leakage is violated when the MD

time accumulated in core state(s) is shorter than the relaxation time scale. Note

that in this work, a version of Eq. (3.18) using the time-dependent occupations is

employed for calculating the validity time.

3.4 Illustration of Usefullness of the Validity Time

by Building a Markov State Model of Alanine

Dipeptide

A. System Setup

A single molecule of alanine dipeptide (N-acetyl-N-methyl-L-alanylamide) (shown

in Fig. (3.3)) was placed with 390 pre-equilibrated TIP3P water molecules in a

periodic box of dimension 2.3× 2.3× 2.3 nm3. We employed the CHARMM27 force

field183.

B. Simulation Protocols

Equilibration at constant pressure of 1 atm was performed. Next we performed en-

ergy minimization for 1600 steps using conjugate gradient method. MD calculations

using Langevin thermostat were performed at 300 K with NAMD184. Particles mesh

Ewald electrostatics was employed for electrostatics terms. RATTLE129 and SET-

TLE128 algorithms were applied to covalent bond involving hydrogen in water and
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Figure 3.3: Structure of Alanine-dipeptide. θ, φ, ψ and ξ are the dihedral angles.

peptide, respectively. A time step of 2 fs was used. Independent MD trajectories

were generated using different random seeds. The system configuration was checked

for transition after every 100 MD steps by comparing the structure to a database

of states. Structures were compared using Kabsch algorithm with a tolerance of

1.5 Å. A match is said to be occurred when non-hydrogen of the alanine dipeptide

molecule lie within the tolerance. A short MD calculation for τ = 0.8 ps is addi-

tionally performed to avoid counting of the recrossing events as transitions. A MSM

of alanine-dipeptide (Fig. 3.4) was constructed from a swarm of independent MD

trajectories by using swarm MD calculations (see flow chart in Fig. 4.2 of chapter

4, detailed discussion is provided in the next chapter).

3.4.1 Markov State Model for Alanine Dipeptide

A MSM constructed for solvated alanine dipeptide at 300 K is shown in Fig. 3.4.

States and kinetic pathways were found by analyzing on−the−fly several thousand

MD trajectories as they were being generated in parallel as discussed in previous

section. States 1-5 (Fig. 3.5) form the core network. Detection of states 1-4 is

possible within 0.1 µs MD, while detection of state 5 can require longer trajectories.

States 1 and 3 closely represent the αR conformation of alanine dipeptide. States

2 and 4 are associated with β/(PII;φ = -85◦ and ψ = 160◦)/(C7eq;φ = -86◦ and ψ

= 79◦) structures of the system, while state 5 can be identified as the C7ax (φ =

76◦ and ψ = -62◦) conformation (see Ref. 185 ). Occasionally, the system will visit

11 other states (see Fig. 3.4) only to quickly return to the core states. We consider

these 11 states as periphery states. Kinetic rates were estimated using MLE when

a pathway is sighted 10 times or more. Standard error in rates shown in Fig. 3.4 is

computed using the Bootstrap method.
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Figure 3.4: Markov state model for solvated alanine dipeptide at 300 K. States
are numbered in the order they were discovered with MD. States 1-5 are core states
and 6-16 are periphery states. Kinetic rates are shown along with the number of
sightings for the event in parentheses.

Figure 3.5: Structure of the 5 core states of Alanine-dipeptide.

The free energy map in the in (φ, ψ) space obtained using standard MD calcu-

lations at 300 K with setup mentioned earlier is shown in Fig. 3.6. The free energy
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Figure 3.6: Free energy map (in units of kBT ) at 300 K from MD simulations.
State 5 is not accessible at the timescles accessed.

map is in good agreement with one in the top-left panel of Fig. 3.6 of Ref 186.

The free energy of states 2-4 with respect to state 1 obtained by solving the MSM

shown in Fig. 3.4 is -0.06, 2.28 and 1.596 kcal/mol, respectively, which is in good

agreement with the free energy map shown above as well as free energy difference

mentioned in Ref. 187. Transitions between β/PII/C7eq structures are known to

be fast (less than ps at 300 K) as reported in Ref. 188, which is found to be true

also with our results in Fig. 3.4. The rate for moves from 1 to 2 (alpha-helix to

beta strand transitions) is estimated to be 0.045 ps−1 (mean escape time of ∼ 22

ps) which is comparable to previous estimates (Ref. 189). The activation barriers

for the moves 2-5, 5-2, and 5-4 are 6.55, 5.7, and 5 kcal/mol respectively. The cor-

responding barriers in vacuum190 are less than 7, 5, and 5 kcal/mol respectively.

Figure 3.7 shows the core state occupation in dashed lines obtained by solving

Eq. (3.13). Although the MD trajectory exceeds 0.3 µs, it is conceivable that in the

worst-case scenario absorbing-states will be visited via pathways that are missing in

the core network model. The leakage flux, calculated based on the rates from core

states to periphery states and the missing rate from each core state using δ = 0.1,

is included in the full network model of Eq. (3.12). Equations (3.12) and (3.13)

agree at short times [Fig. 3.7(a)]; however, they diverge at longer time scales [Fig.

3.7(b)]. In the worst case, all core state occupations will decay exponentially with

the same rate consistent with Eq. (3.14).

Suppose the system is trapped/equilibrated in N core states corresponding to

deep basins in the energy landscape and periphery states are absent, the MD time
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Figure 3.7: Occupation for core states (states 1-5) of Fig. 3.4 found by solving the
core network [Eq. (3.13), dashed black line] and full network [Eq. (3.12), red line]
models at (a) short (log-log) and (b) long (semilog) time scales. Both models were
constructed using MD trajectories. The full network model denotes the worst-case
scenario where probability leakage into periphery/missing states occurs because of
which the core state occupations decay exponentially at long time scales. The core
network model is a compact MSM that does not contain any periphery/missing
states.

tS for a core state S is proportional to π̃stS , that is, tS = π̃stS τMD where τMD is the

entire MD duration. Equation (3.16) simplifies to

κleak = N
ln(1/δ)

τMD

. (3.19)

Subsequent coarse-graining of states into superstates can result in a more compact

MSM, but the validity time is still determined by the total time spent in the super-

state.

3.5 Discussion

MSMs have the potential to become even more powerful computational tools in the

future for studies of biomolecular, materials, and reacting systems as new advances

emerge that enable one to accurately encode the kinetic and thermodynamic in-

formation on the multidimensional landscape in terms of state-to-state transitions.

Unfortunately, MSMs constructed bottom-up from finite MD trajectories are rarely

complete, which has a direct implication on its accuracy. Since the (kinetic) infor-

mation content in a single trajectory can be different from that of an ensemble at the
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same length of time, questions related to validity of the MSM due to missing infor-

mation arise. We introduce the fundamental concept of validity time of an MSM to

quantify its completeness. The concept guarantees that all states and kinetic path-

ways that are relevant to the dynamics will be present in the MSM provided the

time scales accessed by the model are smaller than its validity time. Put differently,

this concept helps us understand the time scales where states and pathways missing

in the available MD data or the MSM can become relevant to experimentally mea-

surable quantities, and differences between the experimental quantities and MSM

predictions might originate from the missing information in the MSM. A general

framework that relates the kinetic uncertainty in the model to the validity time,

missing states and pthways, network topology, and statistical sampling is provided

here. Our methodology is flexible in terms of its ability to handle a wide-range of

kinetic rates, number of states, relaxation times in the network, topology of the

network, as well as missing pathways and states that have not been found with MD.

The fundamental concept of validity time introduced here can be used alongside

standard MSM building strategies.
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Methods Developed for Building

Markov State Model: Swarm MD,

State-Constrained MD and

Programmed State-Constrained

MD Calculations

4.1 Introduction

MSMs are usually constructed bottom-up using brute-force molecular dynamics

(MD) simulations when the model contains a large number of states and pathways

that are known a priori. However, the resulting network generally encompasses only

parts of the configurational space, and regardless of any additional MD performed,

several states and pathways will still remain missing. This implies that the duration

for which the MSM can faithfully capture the true dynamics, which we term as the

validity time for the MSM, is always finite and unfortunately much shorter than the

MD time invested to construct the model. In the previous chapter, we have pro-

vided a theoretical framework to calculate the validity time. Our focus here lies on a

class of methods that build MSM of longer validity time where the starting state is

known but the final conformation is unknown. Although various temperature bias-

ing schemes191–195, applied directly or indirectly to construct MSM, there are certain

challenges of existing MSM building approaches, namely, (i) systematically deter-

mining the states of the system, (ii) generating the MSM rapidly without the need

for extensive MD calculations, that present obstacles while studying more complex
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systems. Pandey and his co-workers have pioneered the development of an auto-

mated procedure for building of MSMs by using replica exchange MD (REMD) to

seed MD trajectories and then post-analyzing long MD trajectories61,146,147. These

methods63,172 employ kinetic clustering approaches, which requires the desired num-

ber of states as input to generate the MSM. The correct choice of inputs requires

some degree of experience. Wales and co-workers have employed energy-minimized

configurations of the protein as the Markov state using an implicit solvent force

field196. In addition, in most approaches conformational sampling of the biomolec-

ular system using standard MD can be inadequate for building an accurate MSM

when the system remain trapped in certain states for extended period of time. Mc-

Cammon and his co-workers have attempted to address this issue by using an accel-

erated molecular dynamics approach called the hyperdynamics method197,198. The

hyperdynamics method employs a boost potential that is applied to overcome large

energy barrier and escape a potential energy basin. We believe that prior insights

required to choose the boost potential for most protein systems are generally lacking.

Here we have developed a different approaches, named by Swarm MD calcu-

lations to build an MSM on-the-fly while MD calculations are being performed.

A State-constrained MD (SC-MD) method is developed to search for the kinetic

pathways from selective states. An enhanced kinetic-sampling technique called pro-

grammed state-constrained MD (PSC-MD) calculation is presented that guides se-

lection of states, where additional MD must be performed to extend the validity time.

We apply our PSC-MD method in conjugation with Swarm MD and SC-MD

method to construct MSM of desired validity time. First, we describe the rationale

for our strategy of MSM construction in Sec. 4.2. We then outline our procedures,

namely, Swarm-MD, SC-MD and PSC-MD in Secs. 4.3 and 4.4 respectively. The

use of PSC-MD calculation to generate a MSM of desired validity time is illustrated

in Sec. 4.5 with the help of a prototype network models that are completely known

to us. We demonstrate application of MSMs of desired validity time to study of

stretched deca-alanine under tension in Sec. 4.6 employing the methods developed

here. Using the concept of validity time, we conclude that a large number of rarely

visited states are also relevant to the dynamics.
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4.2 Rationale Behind our MSM Strategy

The key steps while building an MSM at room temperature are: i) identification of

states, ii) finding the rate constant for the moves from the states. The philosophy

of our approach, which is general and significantly different from past attempts, is

discussed below.

4.2.1 Potential Energy Superbasins and Kinetic Pathways

Solvated proteins can have a large number of degrees of freedom due to the presence

of solvent molecules. The potential energy landscape associated with the system is

corrugated and contains several potential basins separated by small energy barriers.

Although the solvent molecules can be arranged in many possible configurations,

the protein molecule prefers a smaller set of configurations due to the presence of

strong covalent bonds. Typically, large energy barriers are involved when the protein

conformation changes. Based on this premise, we believe that the energy landscape

involving solvated protein systems can be represented in terms of potential energy

superbasins, where a superbasin is a collection of energy basins that are accessible to

each other via fast low barrier moves (e.g., solvent molecule rearrangements), while

an escape out of one superbasin to another involves rare event or infrequent event

(e.g., a protein conformation change). This concept is illustrated in Fig. 4.1 which

shows a schematic of two superbasins in a one-dimensional potential energy surface.

It is expected that a superbasin contains a large number of potential energy basins,

and that two superbasins can be separated by a collection of higher-energy basins

that do not belong to either state.

The presence of large energy barriers between the superbasins A and B implies

that the system will remain trapped inside the superbasin A for a long time. Occa-

sionally, the system is able to overcome the energy barrier and ventures into B. An

escape from a superbasin can be detected by tracking the protein conformation and

ensuring the system remains trapped in the state B long enough for the event to clas-

sify as a successful transition. Although multiple pathways may exist between two

states, these pathways contain common features such as dihedral angles, end-to-end

distance, helix content, native contact etc. that are modified as the system traverses

between two states. Assuming that superbasin escape event is a Poisson process,

that is, first-order dynamics should be obeyed, a rate constant can be estimated for

the lumped pathways comprising of all possible pathways connecting the two states.

Once the important states of the system is clear, if required, the mechanism can
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Figure 4.1: Schematic of two superbasins or (coarse) states (outlined in green) in a
one-dimensional potential energy surface. The basins in a particular superbasin can
be accessed in the dynamics by overcoming small barriers, such as those correspond-
ing to solvent molecule rearrangements. The system can escape from a superbasin
to another superbasin by overcoming a large potential energy barrier, such a change
in the protein conformation. Two superbasins can be separated by basins (outlined
in yellow) that belong to neither superbasin. These outlier basins will depend on
the tolerances used in the state detection algorithm.

be investigated separately using other techniques named by state-constrained MD

calculations which is described in Sec. 4.4.

4.2.2 Estimating Rate Constants

A special property of a discrete state, continuous time Markov process is that the

waiting times t for transition from a state S are exponentially distributed. Let

us consider a particular type of move α from the state S. According to first order

kinetics, the probability p(t)dt associated with the move α in an infinitesimally small

time interval [t, (t+ dt)] is given by,

p(t)dt = exp(−kαt)kαdt, (4.1)

where t denotes the time elapsed in the state, and kα is the rate constant of α at the

temperature T . In Eq. (4.1) the probability that the system resides in the state till

time t is given by exp(−kαt), while the probability for the escape to occur during

the time dt is given by kαdt. From Eq. (4.1) the waiting time t is given by the
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expression,

p(t) = kαexp(−kαt). (4.2)

Here p(t) is the probability density for escape (waiting) times of the move α, which

can be derived by assuming that the system spends a long time in the state before an

escape occurs. The probability of observing at least one escape in the time interval

[0,t] is given by the cumulative density function,

F (t) = 1− kαexp(−kαt). (4.3)

The average time for escape is 1/kα. Since the kinetic pathways from state S are

supposed to be independent, escape times or waiting times of kinetic pathways be-

tween states is also exponentially distributed, that is, the pathways are first-order

processes. With this assumption, we employ the maximum likelihood estimation

(MLE)203 method to estimate the kinetic rate as kα = n/tMD, where n denotes the

number of times a move has been observed and tMD is the total MD time elapsed

for this move. Although we employ likelihood estimates for the rate constant in our

MSMs, the probability density from MLE rate constant should be in good agreement

with the observed time distribution161.

4.3 Swarm MD Claculations

In order to identify the relevant state, we seek a sequence of state-to-state transitions

beginning from state S of Fig 4.1 using a swarm of independent MD calculations

in parallel. We call this approach the swarm MD method since the trajectories

will independently wander on the energy landscape while new states are discovered

on-the-fly and the state information is shared between the MD calculations (see

flowchart in Fig. 4.2). After a successful transition from a state a thermalization

step is performed in the latest state to avoid the recrossing events where the system

escapes a state only to quickly return to the same state which are not considered

as successful transitions200–202. As an escape from a state is detected the system

should remain trapped in new state long enough before the next transition to ensure

the Markovian behaviour of the process. After thermalization, the time required

for the transition is recorded as waiting time or escape time. Each time an escape

is observed to a new state of the system that is missing in the state database,

the new state is added to the database. The process is continued until a specified

number of transitions is detected or the accrued MD time exceeds a predefined limit.
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Figure 4.2: Flowchart for swarm MD calculation. A large munber of processors
independently perform molecular dynamics (MD) calculations.

Furthermore, the crucial step to this process is that database of states is shared by

all processors.

4.4 State Constrained MD and Programmed State

Constrained MD

Adaptive sampling methods177,204 that seek rare-configurations so that new MD tra-

jectories can be seeded from such configurations, are generally used for calculating

thermodynamic properties. Relevant kinetic information can be gained by efficiently

extending the MSM validity time. If state S is poorly sampled in a dynamical tra-

jectory even though it is relevant, one will require a longer trajectory with the hope

that at some point enough transitions from the state will be sampled. Such situa-

tions can be tackled using state-constrained MD (SC-MD) calculations. In SC-MD

calculations, one performs MD in state S while checking for a transition at regular

intervals. Once a transition is detected, the MD calculation is stopped, the waiting
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Figure 4.3: Flowchart for a state-constrained calculation. The overall steps are
similar to a swarm calculation (see fig. 4.2), except that the system is returned to a
chosen state S each time an escape is found.

time and final state are noted. A fresh independent MD calculation is seeded from S

such that the system is in thermal equilibrium. The flowchart of SC-MD calculation

is shown in Fig. 4.3. More transitions from S are sought. This prevents the system

from freely diffusing over the potential energy landscape and confines it to a partic-

ular state for the purpose of detecting kinetic pathways from that state, calculating

the rates, and lowering leakage flux of state S. Core- and full-network models (Eqs.

3.13 and 3.12) can be constructed efficiently with programmed state constrained

MD (PSC-MD) by automatically targeting states with the largest leakage flux and

performing SC-MD calculations in those states. The flowchart of PSC-MD method

is given in Fig. 4.4.

PSC-MD method provides a way to increase the validity time of MSM by lowering

the largest contribution to the leakage rate kleak systematically. In this approach, the

first step is to calculate the validity time (Eq. 3.18) of an existing MSM constructed

from swarm MD calculations starting from initial state S by solving core-(and full-)
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Figure 4.4: Flow chart for programmed state constrained MD (PSC-MD). Note
that here MD can be replaced with another dynamical method.

network models (as in Eq. 3.12). Next, the leakage flux (FS in Eq. 3.11) from all

the core states to the missing states and the periphery states at validity time (τV )

are calculated separately, and the missing pathway or the periphery state associated

with the largest leakage flux is identified. If a periphery state S
′

is found to be

accountable for maximum leakage flux from core states then, a state-constrained

simulation is performed in periphery state S
′

until sufficient number of transitions

is obtained from state S
′

and state S
′

will be considered as a new core state in

core-network model. In the other case, if the largest leakage flux is due to a miss-

ing pathway from a core state S then, a state constrained is carried out in state S

to get desirable number of transitions from state S. Thereafter, next cycle of the

process begins with validity time calculation of new core-(and-full) network model.

As a consequence, one-by-one the periphery states are included within core-network

model. Thus, the validity time is extended systematically by reducing the leakage

flux to the periphery/missing states from the core-states.
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Let us consider the case where the largest leakage is due to a kinetic pathway

from a core state S to a peripheral state S
′
. The MD time spent in state S

′
on

average in a trajectory of duration τMD, which is given by,

tS′ = πavg
S′
τMD (4.4)

can be made significantly large to ensure that the validity time is not lowered by

inclusion of S
′

as core state. Here, πavg
S′

= τ−1
MD

tMD∫
0

πS′ (t)dt; the occupancy of the

system in state S
′

on average. Rarely-visited states with small values of πS′ present

a challenge as they require long MD trajectories. Suppose we require that the fastest

rate kf from state S
′

is selected at least m times in the MD calculation, we conclude

that on average kfπ
avg

S′
τMD = m, that is, extending the validity time is limited by

the rate kf which determines the duration of MD as,

τMD =
m

kfπ
avg

S′
. (4.5)

where m denotes the number of transitions needed for estimating the rate with rea-

sonable statistical accuracy. This issue can be tackled using SC-MD calculations

where an MD calculation is started in the state S
′

and it is returned to the same

state once an escape is detected. The duration of MD required is τMD = m/kf .

The computational speed-up over regular MD given by 1/πavg
S′

can be phenomenal

in most biomolecular systems due to the typically small values of πavg
S′

.

The PSC-MD scheme usually introduces many periphery states in the network

model as it is used to build the MSM in patches. Occasionally, states are chosen

from one part of the network for SC-MD calculations, and later, another part may

be selected based on the calculated leakage flux. When the largest leakage is from

core state S to a periphery state S
′
, state-constrained MD is performed in S

′
until S

′

becomes a core state. In summary, in PSC-MD method, one identifies configurations

where kinetic information appears inadequate as starting states for subsequent MD.

While ad− hoc SC-MD similar to such approaches can result in some improvement

in computational efficiency, an impressive speedup is expected from PSC-MD where

the objective is to determine the core/peripheral state that currently has the largest

leakage rate and perform MD in that state for a chosen duration. In this way

PSC-MD extends the validity time in an efficient manner. Hence, PSC-MD is more

efficient than regular MD.
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4.5 Prototype Example

That the validity time is a vital parameter for quantifying the MSM accuracy be-

comes evident by examining simple networks that are fully known to us from the

outset. We consider a landscape containing trapping states, which is representative

of deep basins of protein systems.

4.5.1 Network with Trapping States

Energy landscapes of biomolecular systems often contain low lying minima sep-

arated by large barriers. The inset of Fig. 4.5 shows a one-dimensional net-

work with 5 states. Initially the system is in state 2. The rate is calculated as

k = 105exp(−∆F/kBT )ps−1, where ∆F is the energy barrier given in the caption of

Fig. 4.5, kB is the Boltzmann constant, and T = 300 K is the temperature. Since

the barrier for the move from state 2 to 3 is large (0.35 eV), the system remains

trapped in states 1-2 at short times. States 4 and 5, which are also kinetic traps,

are accessed at longer times.

Figure 4.5: Fraction of time spent in states belonging to the 1-D network shown
in the inset over the course of the simulation. The x-axis denotes the time elapsed
in a dynamical trajectory. Energy barrier for forward moves from left to right are
0.3, 0.35, 0.1, and 0.2 eV. Barriers for backward moves from left to right are 0.2,
0.1, 0.45, and 0.3 eV. The system resides in state 2 at time t = 0 ps.

A dynamical trajectory is generated using a kinetic Monte Carlo procedure

wherein a move is selected randomly from the current state with a probability pro-

portional to its rate and the time is advanced by −ln(ξ)/kS. Here, ξ is a uniform

random deviate and kS is the sum of rates from the current state S. An MSM is
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constructed with the help of the dynamical trajectory. Kinetic rates are estimated

using MLE when a pathway is sighted 10 times or more.

The fraction of time spent in a state in the dynamical trajectory is plotted in

Fig. 4.5. After the initial transient, the occupations for states 1-2 have reached a

plateau. Based on the short dynamical trajectory, one may correctly conclude that

the MSM containing only states 1-2 will suffice at short time scales. The picture

changes at the longer time scales. After 50 ns states 4-5 are accessed and the fraction

of time spent in states 1-2 decays. State 3 is not shown in Fig. 4.5 for convenience.

Similar behavior is expected from other dynamical trajectories started from state 2,

although the time required to access states 4-5 will vary. The relevance of state 3

cannot be ignored as it provides access to states 4-5. Thus, the MSM should include

states 1-5 at longer time scales. So when should one include states 3-5 to ensure

that the MSM remains accurate?

PSC calculations were performed with state 2 as the starting state. The validity

time is calculated using δ = 0.1, that is, the confidence associated with the esti-

mate for kinetic rate is 90%. Initially, the MSM contains only two states and the

MSM validity is extended by performing state-constrained calculations in states 1-2.

The leakage rate from Eq. (3.19) of chapter 3, namely, 2ln(1
δ
) = τMD, is in close

agreement with PSC calculations (Fig. 4.6(a)) where τMD is the total MD duration.

The validity time keeps increasing with the MD time except for an abrupt decrease

when the periphery states 3-5 are detected (Fig. 4.6(b)). All states and pathways

were available in the MSM at 553 ns. The corresponding validity time was 20.1

ns. Although we are aware of the total number of states and pathways in this toy

model, in general for complex systems such as proteins, whether the network model

is complete will remain unknown to us. Therefore, one would continue to search for

newer states and pathways. At longer times, the leakage rate is given by 5ln(1/δ)
τMD

(see Eq. (3.19) of chapter 3).

It can be shown that the fraction of time spent in states 1-2 is identical for

the dynamical trajectory of Fig. 4.5 and the state-constrained calculations of Fig.

4.6 at short times. Similar behavior is true for states 4-5 at longer times. Therefore,

conclusions from Fig. 4.6(b) can be extended to Fig. 4.5. From Fig. 4.6(b), an

MSM generated from a 40 ns long dynamical trajectory is valid only till 8 ns. The

MSM of Fig. 4.5 only contains the pathways between states 1-2 at 40 ns, that is, the

pathways missing in the MSM are less relevant to the dynamics till approximately
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Figure 4.6: Leakage flux calculated using Eq. (3.19) of chapter 3 (dashed line)
and state-constrained calculations (filled circles). (b) Validity time calculated for the
MSM constructed for the network in Fig. 4.5 using state-constrained calculations
(orange line). The number of core states shown in filled grey circles increases as
the trajectory grows longer. The x-axis in both panels denotes time elapsed in the
dynamical trajectory.

8 ns. This is confirmed in Fig. 4.7, where the time-dependent state occupations

are plotted. States 3-5 are visited before 60 ns in Fig. 4.5, which corresponds to a

validity time of approximately 10 ns. This implies states 1-5 should be present in

a MSM when 10 ns time scales are accessed. Fig. 4.7 shows that roughly in 1 in

10 dynamical trajectories the system will be in state 5 at 10 ns. When 1/10 is set

as the tolerance limit, the dynamical behavior can no longer be predicted using a

two-state MSM, highlighting the importance of missing pathways.
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Figure 4.7: State occupation for the network shown in Fig. 3.7 of chapter 3
obtained by solving the MSM with validity time of 104 ns. Initial state is 2.

4.6 Markov State Model of Stretched Deca-alanine

Section 3.3 in chapter 3 and Sections 4.4-4.5 lead to the conclusion that the MSM

validity time is always shorter than the duration of MD used to construct the MSM.

This has serious implications on longtime studies using MSMs. Despite this, crucial

insights can be obtained with MSMs. We demonstrate this aspect by building an

MSM with a desirable validity time to study the kinetics of a deca-alanine molecule

in vacuum under tension. A capped deca-alanine (Ala10) with acetylated N-terminus

and amidated C-terminus was selected for the study. The initial configuration was

obtained from the 104-atom helical model of Ref. 205. The Cα atoms at the two

ends (residues 1 and 10) are tethered to two anchor points by harmonic restraints

with a spring constant of 0.86 kcal·mol−1Å−2 (Fig. 4.8 inset). The anchor separa-

tion d is kept fixed during the construction of a MSM and fluctuations in molecular

extension, and forces are measured.

Past studies of deca-alanine demonstrated that the unravelling of the helical

structure results in higher free-energy configurations, although the presence of metastable

configurations of stretched deca-alanine has not been reported. Hence, specific 3D

meta-stable structures encountered in the dynamics are determined as d is varied

between 16 and 26 Å. Questions related to appropriateness of employing the same

Markov state definitions and pathways across different anchor separations as well

as changes in the kinetic rates are examined. Analysis of dominant configurations

helps us to probe the importance of multiple pathways for unravelling of the helical

structure as the molecule is stretched. Since helix winding/unwinding is a reversible

process, helical and stretched configurations coexist, which causes the force expe-
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rienced by the AFM tip to fluctuate. Ensemble-averaged forces from MSMs and

MD are compared. Through this study, we conclude that forces are inaccurately

predicted using MSMs with short validity time, thus highlighting the important role

of missing states/pathways in ensemble-averaged quantities.

MSMs are constructed on-the-fly with 90% confidence (δ = 0.1) (sec Sec. 3.3.2 of

previous chapter) using thousands of short-MD calculations that are run in parallel

as part of the PSC procedure. All MD simulations were performed with NAMD

2.9184 with the CHARMM36 force fields206. Temperature was held at 300K us-

ing a Langevin thermostat. Bonds involving hydrogen atoms were constrained to

their equilibrium values using RATTLE129. An integration time step of 2 fs was

used. States were determined by comparing the backbone atoms after aligning the

molecule using the Kabsch algorithm. A tolerance of 3 Å was found to be suitable

for identifying the states. MD snapshots were collected every 0.2 ps because of rapid

interconversion between the states. A transition was said to have successfully oc-

curred when the system continues to reside in the new state for at least 1.2 ps after

the transition was detected in the MD trajectory. This prevents recrossing events

to be counted as transitions.

Steered MD simulations were performed with the deca-alanine for several nanosec-

onds to obtain a preliminary collection of unfolded structures. These configurations

were provided as inputs to several nanosecond-long regular MD trajectories with

chosen anchor separations. A preliminary catalog of states was constructed that

could be employed with different anchor separations. States were indexed in the

order they are found. State-constrained MD calculations, which are more efficient

than regular MD (see Sec. 4.4), were used to confirm Markovian behavior and that

the kinetic pathways can be described as a first-order process. Poor MSM validity

was achieved when states or MD duration were selected ad-hoc in the state con-

strained MD calculations. For example, in a preliminary MSM-building attempt we

found a 4 µs long MD trajectory resulted in a validity time of 0.064 ns, which is the

reason why only PSC-MD calculations are performed.

The full network model consisted of 810 states. Most states are periphery states.

The number of core states and their relevance varies with anchor separation. State

occupation at d = 16 Å obtained by solving an MSM of 65 ns validity is shown in

Fig. 4.8. The MSM constructed using a 9 µs trajectory contains 25 core states and

78 pathways. The system was initially present in state 2 shown in Fig. 4.10. Rapid
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Figure 4.8: Occupation for the top-four states using a MSM with 65 ns validity
time when the anchor separation d = 16 Å. The force-spectroscopy setup for deca-
alanine in vacuum at 300 K is shown in the inset. Harmonic restraint is applied to the
light-green colored Cα atoms. Open circles show state 1 occupation from a 5-state
MSM with 2 ns validity time (constructed from a 0.57 µs long MD trajectory).

conversion to α-helical configuration (state 1) with a large rate of 0.44 ps−1 is ob-

served consistent with previous studies. The average distance between the terminal

Cα atoms is 16.4 Å for state 1. Another dominant configuration, namely state 288,

is selected beyond 100 ps with nearly 10% probability. State 288 is accessible from

state 1 with a small rate of 1.4 ns−1. As a consequence, state 288 is absent in an

MSM with a shorter validity time and the time-dependent occupation for state 1

from such an MSM is incorrectly predicted (see open circles in Fig. 4.8). This be-

havior is analogous to the one observed in Fig. 4.5. State 288 is preferred over state

2 for two reasons. First, it has an end-to-end distance smaller than that of state 2,

which is favored at compressive conditions. Second, the average α-helicity for states

1, 2, and 288 are 0.8, 0.2, and 0.74, respectively. Multiple backbone hydrogen bonds

impart more stability to state 288 than state 2. It appears that a two-state model

(states 1 and 288) might suffice for the calculation of average force at d = 16 Å.

The AFM set up of deca-alanine and structures of state 1 and state 288 are shown

in Fig. 4.9.

The abundance of energetically-favorable stretched-out configurations causes state

288 to lose its relevance at higher anchor separations, but state 1 still continues to

be relevant. Figure 4.10 shows the dominant core states for anchor separations 22

and 23 Å. The unravelling of a helical structure to an elongated one proceeds via

multiple intermediate states. For instance, one pathway for visiting state 17 from

state 1 involves only “local” readjustments. First, a partial opening of lower coils
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Figure 4.9: (a) Deca-alanine molecule in a AFM set-up where two ends of deca-
alanine are connected to anchor points by two harmonic springs of equal spring
constant, ktether, at constant anchor separation d. (b) The structure of state 1 and
state 288.

Figure 4.10: Network model obtained when the anchor separation is (a) 22 and
(b) 23 Å. Only frequently visited states are shown. State 3 (encircled) is the starting
configuration for the subsequent figures.

(C-terminal) is observed (state 1 to 6 via state 2) followed by subsequent stretching

of the lower coils (state 6 to 17). Table 4.1 shows the α-helicity and 310 helicity of

states along the pathways from states 17→6→2→1 computed from state-constrained

MD simulations. State 2 has the largest 310-helicity, that is, 310-helical conforma-

tions form the intermediates between the folded and the unfolded state. The rates

of folding/unfolding depend on the anchor separation as given in Fig. 4.11. Alter-

natively, fluctuations in the middle residues can frequently cause deformation in the
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Table 4.1: Average α-helicity and 310-helicity of states along a folding pathway.

State α-Helicity 310-Helicity

1 0.081 0.08
2 0.201 0.21
6 0.021 0.19
17 0.013 0.15
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Figure 4.11: States of stretched deca-alanine a) state 1, b) state 2 and c) state 6.
Rates of folding and unfolding as a function of the anchor separation along the path
d) state 2 to 1 and e) state 6 to 2.

helix (state 1 to 3) that may sometimes lead to an elongated configuration (state

3 to 6). States 2, 3, and 6 have a non-negligible 310-helicity. State 6, which is an

essential intermediate for both pathways, can be reached faster from states 2 and 3

as the anchor separation is increased. The preferred winding/unwinding mechanism

proceeds predominantly at the C-terminal, that is, the former pathway.

In the past, the end-to-end distance has been employed as a reaction coordinate

for stretched deca-alanine. End-to-end distance distribution for a state tends to be

sharply-peaked with a standard deviation of nearly 1-2 Å; however, the distribution

is a function of the anchor separation. Large overlap in end-to-end distribution for

the core states makes it practically impossible to distinguish states when only end-

to-end distances are employed. Inclusion of the 3D structure, which is implicit in
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our state description, helps resolve intermediate states and state-specific properties.

In particular, we are interested in the stiffness of deca-alanine, which determines

the force on the AFM tip. The stiffness, calculated using state-constrained MD

calculations (a detailed description of state-specific stiffness calculation is given in

Secs. 5.4.1 and 5.4.2 of the next chapter), is found to vary from one state to another

depending on the intramolecular interactions. Presence of strong hydrogen bonds in

state 1 results in a large spring constant of 39.44 pN/Å. On the other hand, state

3 has a smaller spring constant of 25.38 pN/Å. A natural consequence is that the

average force experienced by the AFM tip can be altered by as much as 100 pN

in either direction during a state-to-state transition because of the differences in

the state-specific spring constants. The average force is given by the sum of force

experienced for each state times the state occupations.

MSMs are sensitive to small changes in the anchor separation [see Figs. 4.10(a)

and 4.10(b)]. Pathways between states 6 and 9 are absent in the MSM for d =

22 Å, but they are dynamically more relevant at validity times of 8 ns when d =

23 Å. Forward and backward rates are found for many pairs of states. Exceptions

in Fig. 4.10(a) include the move from state 1 to 6, although this is not an issue

since a stationary solution is obtained without the requirement of detailed balance.

The rate constants involving the core states vary over several orders of magnitude

between 10−1 and 10−5 ps−1. Exponential increase/decrease in rates is witnessed be-

tween 16 and 26 Å as shown in Figs. 4.11(d) and 4.11(e). While a handful of states

can describe the dynamics for small anchor separations, additional states should be

included in the MSM when the molecule is stretched extensively. An explosion in

the number of core states is witnessed from 36 to 78 states between 22 and 25 Å.

Correspondingly, the validity time plummets by almost 10 times from 12 ns at 22 Å

separation to 1.5 ns at 25 Å separation for a 0.5 µs long MD trajectory. Note the

length of (PSC)-MD trajectory required to reach the nanosecond-long validity time.

Figure 4.12 shows the evolution obtained with different MSMs for anchor sepa-

rations between 22 and 25 Å. The rise and fall in the relevance of states and kinetic

pathways is witnessed. The initial state of the system is state 3. One might ex-

pect that the helical structures (state 1) would not be selected at high separations;

however, even at 24 Å separation there is a 1% chance of finding state 1. This

is attributed to the lower energy of state 1 and the small stiffness of the tethers.

In other words, it is possible for the tether to stretch to an extent where state 1

can still be visited in the dynamics at 24 Å separation. State 3 is an important
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Figure 4.12: Probability evolution for different anchor separations. Numbers de-
note the state index in Fig. 4.10. The initial state of the system was state 3. The
MSM validity time exceeded 1 ns in all cases.

configuration between 22 and 25 Å separation. The maximum state 3 occupation

is witnessed around 23 Å. States 9, 6, and 17 compete with each other at large

anchor separations. As the number of core states increases, there is an increased

chance that the system will visit these states. The occupation in all other core states

combined is shown in the dashed lines in Fig. 4.12. The time spent in the top-five

states decreases from 96% at 22 Å separation to 30% at 26 Å separation. Based on

Fig. 4.12, the stationary solution for deca-alanine is reached at nearly 100 ps, that

is, time-dependent forces can be resolved only at sub-100 ps time scales.

The free energy difference for a state A with respect to state B is calculated

from the stationary distribution as ∆FA−B = −kBT ln(pA/pB), where p denotes the

stationary occupation of a state. Since the stationary solution depends on the rel-

evant pathways, absence of one or more pathways can introduce errors in the free

energies. Occupations in Fig. 4.12 were used to calculate the free-energy difference

between the states. Insights into the separation-dependence of the kinetic rates can

be obtained from the Bell-Evans-Polyani principle207,208. Consider states 1 and 2.

Since the free energy of state 1 increases with reference to state 2 as deca-alanine

is stretched, the free barrier for the move from 1 to 2 (2 to 1) decreases (increases),

which explains the corresponding shift in the rate constants as shown in Fig. 4.11(d).

Similarly, the free energy of state 2 decreases with respect to state 6, causing the

rate constant from state 2 to 6 to increase (Fig. 4.11(e)).
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Figure 4.13 shows the time-dependent ensemble-averaged force experienced by

the AFM tip corresponding to the evolution shown in Fig. 4.12 for different an-

chor separation. Average forces were computed for the individual core states using

Figure 4.13: Solid lines show the average force acting on the AFM tip when the
deca-alanine is stretched (using MSMs with validity time exceeding 4 ns). Behavior
for anchor separation 22-25 Å is shown. Steady state forces calculated from the
MSM (line) and MD (filled-circles) shown in inset are in good agreement.

state-constrained MD. Since the force experienced with state 3 is smaller than with

state 1, the average force increases with time at 22 Å separation as state 1 occu-

pation increases (see Fig. 4.12). Although state 3 plays a minor role in the wind-

ing/unwinding of deca-alanine, it is important for calculation of average forces due

to its large occupancy. Beyond 23 Å separation, one finds that state 2 is preferred

over state 3. The average force decreases with time since the force experienced with

state 2 is smaller than with state 3. The average force at steady-state from the

MSM and MD are in good agreement (Fig. 4.13 inset) validating our MSM. Such

an agreement between MD and the MSM is not witnessed when the validity time is

small as many relevant states are missing. The sudden drop in the slope of the force-

separation curve is attributed to the smaller stiffness of states encountered at higher

separations. As shown in Fig. 4.14, the work done in pulling deca-alanine from a

compact to a stretched configuration can be calculated using the MSMs as follows.

MSMs constructed for d = 16, 18, 20, 22, 23, 24 and 25 Å provide average force and

end-to-end distance for the molecule. We assume that molecule is stretched by mov-

ing one anchor point infinitely slowly, allowing us to calculate the work done using

the MSMs since the molecule reaches steady state for each value of anchor separation

d. The calculated work done is in agreement with previous values in the literature205.
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Figure 4.14: Work done while pulling deca-alanine is calculated using MSMs con-
structed shown in orange filled circles. Good agreement is observed with Ref.205.
Each symbol is obtained from a separate MSM constructed for the anchor separation
d mentioned in the figure.

Weaker electrostatic interactions are expected when deca-alanine is present in

water. To mimic the effect of water, we construct MSMs at anchor separations 16

and 24 Å with a dielectric constant of 80. In order to find common features in the

dynamical behavior for dielectric constants 1 and 80, the list of 810 states obtained

previously was used as the starting known structures for our new calculations. Deca-

alanine was initially kept in state 3. The dominant states for anchor separation of

16 Å include states 1, 20, 113, and 288. Figure 4.15(a) shows that the occupation

for state 3 decreases continually in time. As in Fig. 4.8, a maximum value of the

occupation for state 1 is witnessed. However, the steady state occupation for state

1, namely, 0.401, is much smaller than the one observed in Fig. 4.8. The occupation

for other states combined increases to a significant value. We find that 11 states

possess steady state occupations greater than 0.01. By considering the full network

model, we conclude that the MSM obtained with 10.8 ns long MD calculations has

a validity time of nearly 30 ps. At 30 ps, the difference in the state 1 occupations

in the MSM and the full network model has exceeded 0.1. More states are observed

with the anchor separation of 24 Å. 25 states possessed a steady state occupation

in excess of 0.01 with state 3 being the only state common to both Figs. 4.12 and

4.15 with d = 24 Å. The total number of core states was found to be 137 using 53 ns
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Figure 4.15: Probability evolution for anchor separations 16 Å [panels (a) and
(b)] and 24 Å [panels (c) and (d)] using the dielectric constant of 80 to mimic deca-
alanine in water. Numbers denote state index. Initial state of the system was state
3. Left panels [(a) and (c)] show results from the MSM while right panels [(b) and
(d)] show results obtained with the full network model.
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long PSC-MD. Figures 4.15(c) and 4.15(d) show state occupations as a function of

time from the MSM and the full network model. Predictions from the two models

diverge at nearly 0.1 ns. One can determine whether states and kinetic pathways

in the present MSM will continue to remain relevant at longer time scales only by

extending the validity time of the MSM.

4.7 Discussion

Unfortunately, the kinetic information embedded in the kinetic network model or

Markov State Model (MSM) constructed bottom-up using molecular dynamics (MD)

trajectories are rarely complete due to inadequate sampling while studying the long-

time dynamics of biomolecular system. The uncertainty due to missing states and

rates has a direct bearing on the accuracy of the model. As a consequence, it has

generally been difficult to compare kinetic studies of biomolecular systems. There-

fore, to ensure the goodness of MSM, an MSM-building procedure is desired which

would be longer validity time compared to the time required to build it. So, the de-

velopment of a suite of new class of methods, namely, Swarm MD, State-constrained

MD (SCMD) and Programmed state constrained (PSC-MD) method to construct

MSMs more efficiently and accurately than ad-hoc seeding of trajectories from differ-

ent states or ad-hoc pruning of inadequately sampled kinetic pathways are discussed

here. A computational procedure, called the Swarm MD method is used for system-

atically building an MSM on-the fly by performing the MD simulation and analyzing

the MD data simultaneously whereas in the other MSM building procedures, MSMs

are constructed generally by post-analyzing the MD data. States-constrained MD

calculations are employed for searching the kinetic pathways the quickly from states

that are of interest. The advantage of SCMD is that sampling is performed in a

confined space which enhances our chances of finding sufficient transitions between

two states. Development of PSC-MD calculations in this chapter provides efficient

means for extending validity time of an MSM. MSMs with sufficiently large validity

time provide following key insights into the stretching of deca-alanine. Unwinding

of deca-alanine proceeds mainly via breaking of hydrogen bonds at the C-terminal.

Characterization of states might not be possible only using simple reaction coordi-

nates such as end-to-end distance. Each state possesses its own mechanical char-

acteristics, e.g., spring constants, that ultimately determine the force experienced

by the AFM tip in the force spectroscopy (FS) setup. To calculate the force, one

also needs to estimate the state occupations accurately. It is not straightforward to
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guess the relevant states/pathways at different anchor separations. The list of rele-

vant states and kinetic pathways, and associated rates, that is, the network topology,

can change dramatically with the anchor separation. The size of the MSM increases

for large anchor separations, which has a direct bearing on the amount of MD re-

quired to know the state occupations accurately. Our studies demonstrate that the

absence of relevant states/pathways in the MSM can lead to incorrect prediction of

the kinetic and thermodynamic quantities being sought, which is the main reason

why studies employing MSMs and other related kinetic network models should state

the validity time of the model.
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Chapter 5

Master-MSM for Constant Probe

Separation Experiment in Single

Molecule Force Spectroscopy Set

Up and Time-Dependent Markov

State Model (TD-MSM)

5.1 Introduction

A stretching force applied on a biomolecule such as a peptide or a nucleic acid

strand can induce structural changes in the molecule as well as radically alter the

kinetic depending on how the molecule is stretched209–211. Single molecule force

spectroscopy (SMFS) setups such as AFMs, optical or magnetic tweezers employed

in various modes, constant force, constant extension, force-ramp, force-jump, and

more recently, extension clamp experiments212–217 enable us to study an array of

systems under mechanical tension. Recent advances in single-molecule approaches

have become powerful tools to provide unprecedented insights into the underlying

energy landscape of proteins, probe interactions between molecules, and even ex-

plore important structural transitions such as unzipping of DNA. In this chapter,

we discuss how a similar idea can be exploited for rapidly constructing a detailed

kinetic network model of the biomolecule using computer simulations, that is, ki-

netic information pertaining to rare transitions can be recovered by stretching the

biomolecule at conditions where transitions are more frequent.

73

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 74 — #112

5.1 Introduction

One potential beneficiary of such an approach would be SMFS experiments them-

selves. In such force spectroscopy (FS) experiments, typically the force applied to

the system is recorded as a function of end-to-end distance, thereby producing a

force-extension curve218–222. The force extension curve characterizes the molecule’s

elasticity and may provide valuable new information about the protein kinetics. An

applied force can alter the dynamics of the system and transitions are identified from

the rips in the force-extension curves. Despite the high precision of force measure-

ments, a quantitative description of the high dimensional dynamics of biomolecule

under tension requires utmost care. Moreover, such conventional analysis of SMFS

experiments involves an excessively coarse-grained view223–230. For instance, a 1-D

reaction coordinate between the “folded” and “unfolded” states invoked in the inter-

pretation of SMFS experiments hides the complexity of a rough multi-dimensional

free energy landscape with multiple states and kinetic pathways231. Resolving the

individual states can avoid complicated force-dependent rate maps arising from in-

correctly lumping multiple intermediate states and competing pathways. Unfortu-

nately, the inability to experimentally observe microscopic structural changes in a

molecule presents an obstacle towards gaining higher resolution. Kinetic models

derived bottom-up from molecular simulations may be able to fill gaps in our un-

derstanding of the experimental force-extension curve. While this may provide un-

precedented insights, it also raises broader questions whether i) detailed microscopic

kinetic model can be sufficiently versatile to encompass a wide range of stretching

experiments and ii) it is possible to convert between network models applicable for

each type of SMFS experiment, for example, constant force or extension, without

the need to generate a new model for each new experiment.

Usual analysis of SMFS experiments involves a top-down approach where the

goal is to de-convolute the effects of handles, obtain the barrier height along a re-

action coordinate between the “folded” and “unfolded” states of the molecule, and

probe rare molecular transitions such as the dissociation of a ligand or the unfold-

ing of a domain223–229. The classic Bell-Zhurkhov232 model gives the kinetic rate

of rupture of a molecule, k(F ), in terms of a force (F ) dependent barrier height

(k(F ) = k0e
βFx∗). Here the parameters, x∗ is the distance between the free energy

minimum and the barrier along the reaction coordinate, k0 is the intrinsic rate which

can be recovered from the experimental data, and β = 1/kBT , kB is the Boltzmann

factor and T is the temperature. A modified model by Evans and Ritchie233 giving

the distribution of forces for unfolding a molecule has been widely used to analyze

data in force-ramp experiments. However, both models assume that the barrier
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does not vary with the applied force. Dudko and coworkers developed a method

also based on Kramer’s theory that includes a barrier that moves with an applied

force to obtain an analytical expression for the force distribution for certain land-

scape profiles224, namely, the cusp or linear cubic single-well free energy surfaces as

function of the pulling coordinate. More recently Zhang and Dudko227 extended the

formalism to treat systems with multiple barriers subjected to time dependent force

to recover the force dependent rate-maps from the experimental data. The methods

described above are applicable when all the intermediate states lie on a single path-

way. However, when multiple states and competing pathways are involved which

may have been triggered differently due to the stretching force, these will be dis-

cussed with a simple example in this chapter and there exists no general formalism

to describe the landscape.

Complementing the top-down approaches in silico studies have provided valu-

able insights into the mechanics of molecules under tension229,234,235. Wales et al.236

applied geometry optimization techniques to study the energy landscape of two pro-

teins (L and G) as a function of a static pulling force using coarse-grained models.

Methods such as steered molecular dynamics simulations205 can provide a window

into the dynamics of a molecule under stretching in atomistic detail, however, finding

the relevant events in folding/unfolding pathways and interpreting the calculated en-

ergy barriers encountered by the molecule remains an important challenge. Markov

state models (MSMs) parametrized by molecular dynamics (MD) simulations have

been used widely to study folding/unfolding/dynamics of peptides in the absence

of external pulling forces62. Our objective is to develop a method to predict the

change in the network model at a given stretching condition (probe separation or

static force) based on underlying connections between the thermodynamics and ki-

netics of the system. Analogous to kinetic theories in electrochemistry (the Butler

Volmer model237,238), we find that the forward and backward rates between two

states depends on an intrinsic rate that quantifies the kinetic facility available for

the pathway and a quantity that we term the thermodynamic disposition for the

move. Upon stretching, as in a force ramp experiment, the barrier for a particular

kinetic pathway can change by an amount that can be understood in terms of a

simple theory if the molecule has sufficient time to visit multiple states while the

average force/extension varies slowly. A time-dependent MSM based on this for-

malism is the outcome of this study. Actually, the connection between MSMs at

different stretching conditions via the Bell-Evans-Polanyi (BEP)207,208 principle is

the cornerstone of this study. To get a detailed understanding of how the dynamics
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is influenced by a pulling force (static or dynamic), one does not require separate

MD calculations at various stretching conditions rather the time-dependent MSM

adapted to recover the dynamics from different FS protocols. Here we propose a

theory that can be used to analyse and predict changes in the kinetic network of

a single molecule under a pulling force as in a SMFS setup and most significantly,

provide a microscopic picture of the dynamics of the system. One straightforward

implication is that parts of the kinetic network and the free energy landscapes that

are challenging to sample in the absence of an applied force can then be recovered.

The assumptions made above are tested by comparing force-extension curves

of deca-alanine in vacuum under a SMFS position clamp setup from the theory to

the ones obtained with all-atom MD using the same force-field. The deca-alanine

molecule, a classic example of an alpha-helix with minimal interference from side-

chain interactions is chosen as a platform to test the framework. Markov state

model(s) describing the kinetics of deca-alanine stretched to different anchor sep-

arations are first constructed bottom-up using molecular dynamics calculations.

These measurements yield the elastic, thermodynamic and kinetic parameters of

the time-dependent MSM. Also, we have attempted to predict the dynamics in the

Force-ensemble experiment without actual simulations at constant force conditions

to show that it is possible to convert between network models applicable for each

type of SMFS experiment without the need to generate a new model for each new

experiment.

5.2 Theoretical Basis

5.2.1 Markov State Models of Force Sepctroscopy Setup

Consider a molecule tethered at both ends by harmonic springs to two fixed anchor

points mimicking a dual optical trap setup (see Fig. 5.1). The spring constant of

the device molecule interaction used in this study is 0.86 kcal·mol−1Å−2 which is

significantly higher than typical experimental values. In this analysis, we assume a

position-clamp setup in which the instantaneous force varies with the anchor separa-

tion as in the absence of a feedback loop. The anchor separation denoted by d, is the

control parameter. We assume that the molecule can exist in stable conformations

corresponding to basins in the free energy landscape such that transitions between

states are infrequent, that is, the Markovian assumption is valid, a Markov State
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Figure 5.1: (a) Illustration of an alanine decapeptide in a dual optical trap setup.
The oligopeptide is connected by harmonic springs to two static anchor points at
the two ends. In the simulation setup, the Cα atoms of the first and last residues
are harmonically restrained to two fixed points to mimic the setup. The elastic rod
model corresponding to the peptide conformation in (a) is depicted in (b). An elastic
cylinder of the same length (distance between the first and last Cα atoms) as the
peptide is suspended by springs between two fixed points. (c) MSM-0 constructed
for constant position experiment can be applied to other stretching experiments like
(d) constant force, force-ramp and force-jump experiment.

Model (MSM) given by

dπ(d)/dt = T (d)π(d) (5.1)

offers a means to approximate the dynamics in terms of state-to-state transitions

where π(d) is the occupation probability vector for the states and T (d) is the rate

matrix. We assume that the same state definitions can be applied consistently across

a range of stretching conditions. At equilibrium at a given anchor separation, d, the

occupation πS(d) of state S relative to that of a reference state R given by πR(d) at

separation d is,

πS(d)/πR(d) = exp(−β∆AS,R(d)) (5.2)

where ∆AS,R(d) = AS(d)−AR(d) is the free energy difference between the two states

at the anchor separation d, and AS/R(d) is the free energy of state S/R at d.

Molecular dynamics simulations at specified values of the anchor separation can

be used to obtain a catalogue of states along with the rate matrix and equilibrium

occupancies. The occupancies and kinetic rates depend on separation d. Thus a
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kinetic theory is required that can provide this information if we want to model a

pulling experiment where d is a parameter that varies with time as it is not feasible

to recalibrate the MSM at every possible value of the anchor separation. We there-

fore, seek a model that can be used to predict the changes in the kinetic network

over a range of anchor separations using a small number MSMs at different spacings.

5.2.2 Bell-Evans-Polanyi Principle

In physical chemistry, the Bell-Evans-Polanyi (BEP)207,208 principle states that the

difference in activation energy between two reactions of the same family is pro-

portional to the difference of their enthalpy of reaction. The relationship can be

expressed as,

Ea = A+ α∆H (5.3)

where Ea is the activation energy of a reference reaction of the same class, ∆H is the

enthalpy of reaction and α characterizes the position of the transition state along

reaction coordinate. The BEP model is a linear energy relationship that serves as

an efficient way to calculate activation energy of many reactions within a distinct

family. The activation energy may be used to characterize the kinetic rate parameter

of a given reaction through application of the Arrhenius equation. According to this,

a rate constant k is the product of a pre-exponential factor A and an exponential

term, written as,

k = Ae−Ea/RT (5.4)

where R is the gas constant, Ea is the activation energy and T is the temperature.

The BEP model assumes that the pre-exponential factor of the Arrhenius equa-

tion and the position of the transition state along the reaction coordinate are the

same for all reactions belonging to a particular reaction family. Actually, we test

the validity of the BEP principle in the context of MD simulations of peptide under

tension.

5.2.3 Estimating the Kineic Rate of Conformational Tran-

sition from BEP Principle

We now seek a relation between the kinetic rates and the anchor separations along

the lines of the BEP principle207,208. Let kf and kb denote the forward and reverse

rates for transition between states S and R. Using transition state theory (see
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Appendix A.1), the forward and reverse rates are given by

kf (d) = νfexp(−β∆Af (d))

kb(d) = νbexp(−β∆Ab(d))
(5.5)

respectively, ∆Af (d) and ∆Ab(d) are the forward and reverse free energy barriers

for the transition from state S to R, that is, the difference between the free energy

at the saddle point and the basins of S and R (see Fig. 5.2(a)). The pre-factors

Figure 5.2: (a) Free energy profile against the reaction coordinate ξ for the transi-
tion from state S to R at anchor separation d0 and d. (b) The shift in the location
of the saddle point for the transitions is obtained assuming the free energy to be a
linear function of ξ in each basin. (c) The amplified picture of the energy profile
along reaction coordinate ξ near the saddle point.

νf and νb are assumed to be constant, independent of d and the temperature T .

We suppose that the states S and R lie on a one-dimensional reaction coordinate, ξ

which, unlike previous theories does not necessarily represent the pulling direction

in general. Figure 5.2(b) depicts the variation of the free energy as a function of

ξ in the vicinity of the saddle point. We assume the free energy to have a linear

dependence on the coordinate in the vicinity of the saddle point, while tanθ and

tanφ correspond to the effective gradient of the free energy along ξ for the states S
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and R respectively. In Fig. 5.2(c) A†(d) is the saddle point free energy and AS/R(d)

is the free energy of the basins S/R at trap separation d respectively. From Fig.

5.2 we see that ∆Af (d) = A†(d) − AS(d) and ∆Ab(d) = A†(d) − AR(d). Now, at

equilibrium, the ratio of the forward to reverse kinetic rates is given by,

kf (d)

kb(d)
=
νfexp(−β∆Af (d))

νbexp(−β∆Ab(d))
=

exp
(
− β(A†(d)− AS(d))

)
exp
(
− β(A†(d)− AR(d))

) = exp
(
−β(AR(d)−AS(d))

)
.

(5.6)

To get the thermodynamic consistency in Eq. (5.6), we infer that prefactors for

the forward and backward reaction should be equal, that is, νf = νb. Defining

∆ASR(d) = AR(d)− AS(d), this equation can be rewritten as,

kf (d)

kb(d)
= exp(−β∆ASR(d)) (5.7)

where ∆ASR(d) denotes the change in free energy for a transition from state S to R

at anchor separation d.

Now, let us evaluate the change in free energy barrier with the change in anchor

separation d. We treat the MSM at a particular anchor spacing, d0 (= 16 Å in our

example) as the reference MSM. The value of the free energy for the state S along

ξ is approximated as,

AS(ξ; d0) = tan(θ)ξ + CS (5.8)

for reference MSM. The effect of increasing the anchor separation to d is to lift the

free energy profile vertically by an amount ∆AS leading to the approximation,

AS(ξ; d) = tan(θ)ξ + CS + (AS(d)− AS(d0))

= tan(θ)ξ + CS + ∆AS(d)
(5.9)

at anchor separation d. Similarly for the state R, the free energy as a function of ξ

is given by,

AR(ξ; d) = −tan(φ)ξ + CR + (AR(d)− AR(d0))

= −tan(φ)ξ + CR + ∆AR(d).
(5.10)

Now, let us focus on the saddle point. The free energies of the state S at the location

of the saddle point (denoted as ξ†) with anchor separation d0 and d are given by,

A†S(ξ†(d0)) = AS(d0) + ∆Af (d0) = (tanθ)ξ†(d0) + CS (5.11)
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and

A†S(ξ†(d)) = AS(d) + ∆Af (d) = (tanθ)ξ†(d) + CS + (AS(d)− AS(d0)) (5.12)

respectively. Similarly, for anchor spacing d and d0, the free energies for the energy

landscape R at the saddle point ξ† are,

A†R(ξ†(d0)) = AR(d0) + ∆Ab(d0) = (−tanφ)ξ†(d0) + CR (5.13)

and

A†R(ξ†(d)) = AR(d) + ∆Ab(d) = (−tanφ)ξ†(d) + CR + (AR(d)− AR(d0)). (5.14)

From Eq. (5.11)-Eq. (5.14) we have the following four terms

AS(d0) + ∆Af (d) = (tan(θ)ξ†(d) + CS (5.15a)

AS(d0) + ∆Af (d0) = (tanθ)ξ†(d0) + CS (5.15b)

AR(d0) + ∆Ab(d) = (−tanφ)ξ†(d) + CR (5.15c)

AR(d0) + ∆Ab(d0) = (−tanφ)ξ†(d0) + CR. (5.15d)

The terms in Eq. (5.15) are used to obtain the shift in the saddle point location

due to varying anchor separation, ξ†(d)− ξ†(d0) as,

∆Af (d) = ∆Af (d0) + (tanθ)(ξ†(d)− ξ†(d0))

∆Ab(d) = ∆Ab(d0) + (−tanφ)(ξ†(d)− ξ†(d0)).
(5.16)

By rearranging the terms in Eq. (5.16), finally, we have

∆Af (d)−∆Af (d0)

tanθ
=

∆Ab(d)−∆Ab(d0)

−tanφ
. (5.17)

Then by using Eq. (5.17) we can derive the barrier expression as,

∆Af (d)−∆Ab(d) = [A†(d)− AS(d)]− [A†(d)− AR(d)] = AR(d)− AS(d) = ∆ASR(d)

⇒ ∆Ab(d) = ∆Af (d)−∆ASR(d)

⇒ ∆Af (d) = ∆Ab(d) + ∆ASR(d).

(5.18)
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Finally,

∆Af (d)−∆Af (d0)

(tanθ)
=

∆Ab(d)−∆Ab(d0)

(−tanφ)
=

∆Af (d)−∆ASR(d)−∆Af (d0) + ∆ASR(d0)

(−tanφ)

⇒ ∆Af (d)−∆Af (d0)

(tanθ)
=

∆Af (d)−∆Af (d0)

(−tanφ)
− ∆ASR(d)−∆ASR(d0)

(−tanφ)

⇒
{

∆Af (d)−∆Af (d0)
}[ 1

tanθ

]
=

∆Af (d)−∆Af (d0)

(−tanφ)
+
χ(d)

tanφ

⇒
{

∆Af (d)−∆Af (d0)
}[

1 +
tanθ

tanφ

]
= χ(d)

tanθ

tanφ

∆Af (d) = ∆Af (d0) +
tanθ

tanθ + tanφ
χ(d)

∆Af (d) = ∆Af (d0) + αfχ(d).

(5.19)

Similarly for backward pathways,

∆Af (d)−∆Af (d0)

(tanθ)
=

∆Ab(d) + ∆ASR(d)−∆Ab(d0)−∆ASR(d0)

(tanθ)
=

∆Ab(d)−∆Ab(d0)

(−tanφ)

⇒ ∆Ab(d)−∆Ab(d0)

tanθ
+

∆ASR(d)−∆ASR(d0)

tanθ
=

∆Ab(d)−∆Ab(d0)

−tanφ

⇒ ∆Ab(d)−∆Ab(d0)

tanθ
+

∆Ab(d)−∆Ab(d0)

tanφ
= −∆ASR(d)−∆ASR(d0)

tanθ

⇒
{

∆Ab(d)−∆Ab(d0)
}[

1 +
tanθ

tanφ

]
= −χ(d)

⇒ ∆Ab(d)−∆Ab(d0) = −χ(d)

[
tanφ

tanθ + tanφ

]
= −χ(d)

[
1− tanθ

tanθ + tanφ

]
= −χ(d)(1− αf )

⇒ ∆Ab(d) = ∆Ab(d0)− (1− αf )χ(d)

⇒ ∆Ab(d) = ∆Ab(d0)− αbχ(d).

(5.20)

In compact notation we write,

∆Af (d) = ∆Af (d0) + αfχ(d)

∆Ab(d) = ∆Ab(d0)− αbχ(d)
(5.21)

where

χ(d) = ∆ASR(d)−∆ASR(d0). (5.22)

The term χ(d) which we call the mechanical disposition for the transition, gives the

difference between the free energy change that occurs for the transition between the

states S and R as the anchor separation is varied. The free energy barrier increases
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when χ > 0. The χ term measures the thermodynamic preference for the states

upon application of a force relative to the rate at separation d0. Other two terms

in Eq. (5.21), αf = tanθ
tanθ+tanφ and αb = tanφ

tanθ+tanφ depends on the geometry of the

barrier in the vicinity of the saddle point.

Now, from Eqs. (5.5) and (5.21) we can relate the kinetic rate at separation at

d to the rate at reference separation d0 as,

kf (d) = νfexp(−β∆Af (d)) = νfexp(−β{∆Af (d0) + αfχ(d)})
⇒ kf (d) = νfexp(−β{∆Af (d0)})exp(−βαfχ(d))

⇒ kf (d) = kf (d0)exp
(
− βαfχ(d)

)
.

(5.23)

kb(d) = νbexp(−β∆Ab(d)) = νbexp(−β{∆Ab(d0)− (1− αf )χ(d)})
⇒ kb(d) = νbexp(β{∆Ab(d0)})exp(β(1− αf )χ(d))

⇒ kb(d) = kb(d0)exp
(
β(1− αf )χ(d)

)
⇒ kb(d) = kb(d0)exp

(
βαbχ(d)

)
.

(5.24)

Finally, the forward kinetic rate of the transitions between the two states at sepa-

ration, d related to that at the reference separation d0 is given as

kf (d) = kf (d0)exp(−βαfχ(d)) (5.25)

and the backward kinetic rate is given as,

kb(d) = kb(d0)exp(βαbχ(d)). (5.26)

For sake of brevity, the pair of states has not been explicitly mentioned in the nota-

tion for kf , kb, νf , νb, ∆Af (d), ∆Ab(d), αf , αb and χ(d). When the trap separation

d is a function of time, the mechanical disposition and the rate matrix become time-

dependent. The kinetic rate parameters kf (d0), kb(d0) and the symmetry parameter

α are estimated from MSMs constructed at constant d, as described next.

In practice, to get the kinetic rates at any specified value of the anchor separation,

one needs the factor α and the mechanical disposition (χ). Here it is convenient for

us to consider the forward and backward pathways separately instead of reporting

αf and αb for a pair of states to check the validity of the proposed kinetic model. In

order to accurately predict the kinetic rates within a range of anchor separation, we

need to generate a few MSMs from which the co-factor αf may be calculated using
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the equation,

lnkf (d) = lnkf (d0) +
αf
kBT

(∆ASR(d)−∆ASR(d0)) (5.27)

from the plot of the kinetic rates as a function of the free energy differences
[
χ(d) =

∆ASR(d)−∆ASR(d0)
]

between two selected states. Here χ(d) at d can be obtained

using the quadratic dependence of free energy on d as discussed in the next section.

Choosing a reference value of anchor separation, d0, a detailed MSM is con-

structed that contains relevant states alongside the kinetic parameters of Eq. 5.25.

We term this master-MSM as MSM(d0) or simply MSM-0. Note that MSM-0 con-

tains a list of states and kinetic pathways that would be relevant for certain/entire

range of extensions to be sampled with the model, the associated kinetic parameters

include kf (d0) and αf , and the thermodynamic parameter (χ). MSM-0 is a precur-

sor for Time-Dependent MSM (TD-MSM ) at a variety of stretching conditions.

5.2.4 Model for Calculating Free-energy Dependence on An-

chor Separation

A kinetic model should be consistent with thermodynamics. In a constant-d exper-

iment, the probability of residing in a state S, πS(d), is given by

πS(d) =

∫
r∈S

exp(−βE)dr

∣∣∣∣∣
d

Z(d)
(5.28)

where Z(d) is the partition function at trap separation d involving the integral over

entire phase space that are accessible at d and E is the energy term. Hence we can

express the free energy (AS) of the states (S) as a function of the probe separation

(d) as,

AS(d) = −kBT lnπS(d)− kBT lnZ(d). (5.29)

At equilibrium, the detailed balance requires,

kf (d)πeqS (d) = kb(d)πeqR (d). (5.30)

Combining Eqs. (5.7) and (5.30) we have, πR(d)/πS(d) = exp(−β∆ASR(d)) which

is also consistent with Eq. (5.29). Thus, the free energy difference (ASR = AR−AS)
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can be calculated on the basis of the equilibrium state occupations from the MSMs

at the different values of d as,

∆ASR(d) = −kBT ln(πeqR (d)/πeqS (d)). (5.31)

Hence the free energy difference (note that, ∆AS,R = AS −AR) between two states

S and R is expected to vary with a change of the anchor separation from d to d0 as,

AS,R(d)− AS,R(d0) = −kBT
(

ln
πS(d)

πR(d)
− ln

πS(d0)

πR(d0)

)
. (5.32)

When the molecule possesses a large stiffness, in the simplest scenario, it is reason-

able to assume that the energetic contributions to the free energy will dominate over

entropy. The main contribution to the free energy change arises from the potential

energy associated with the states as the molecule is pulled. In the simplest case,

we assume that as in the case of energy, the free energy of state S has a quadratic

dependence on the anchor separation. Also, since ∆AS,R = ∆AS,P −∆AR,P suggests

that we may write an expression for AS(d), the free energy associated with a state

at an anchor separation d as,

AS(d) = cS0 + cS1 d+ cS2 d
2 − kBT lnZ(d). (5.33)

More generally the quadratic dependence of free-energy on d can be written as a

function of time,

AS(d) = cS0 (d, t) + cS1 (d, t)d+ cS2 (d, t)d2 − kBT lnZ(d, t) (5.34)

Here the coefficients cS0 , cS1 , cS2 may be obtained from fitting -kBT lnπS(d) vs d curve

obtained from the MSMs as shown in Fig. 5.8 of Sec. 5.4.3.

5.3 Methods

5.3.1 System Setup

The model of a capped deca-alanine with acetylated N-terminus and amidated C-

terminus was generated using the 104-atom helical model of Ref. 205 as the initial

configuration. The Cα atoms at the two ends (residues 1 and 10) are tethered to

two anchor points by harmonic restraints with a spring constant of 0.86 kcal/mol/Å2

(Fig. 5.1). The anchor separation d is kept fixed during the construction of a MSM
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and fluctuations in molecular extension and forces are measured. The MSM was

generated using the adaptive algorithm, programmed state constrained MD (PSC-

MD) as described in Sec. 4.4 of previous chapter.

5.3.2 Simulation Protocols

All MD simulations were performed with NAMD 2.9184 with the CHARMM36206

force fields. Temperature was held at 300 K using a Langevin thermostat. Bonds

involving hydrogen atoms were constrained to their equilibrium values using RAT-

TLE129. An integration time step of 2 fs was used. Steered MD simulations were

performed with the deca-alanine (without the tethers) for several nano-seconds to

obtain a preliminary collection of unfolded structures. These configurations were

provided as inputs to the Swarm MD procedure. In addition SMD simulations with

various pulling speeds (1, 0.1 and 0.01 Å/ns) were performed with selected initial

states to compare with the TD-MSM results.

5.3.3 MSM Construction Protocols Using Swarm MD and

Programmed State Constrained (PSC) MD

MSMs (Fig. 5.3) are constructed on-the-fly with 90% confidence using thousands

of short-MD calculations that are run in parallel as part of the PSC-MD method.

PSC-MD is used to initiate trajectories from rare states until the transitions from

the state have been mapped adequately, ensuring that the MSMs are complete with

90% confidence (or, δ = 0.1) (see Sec. 3.3.2 of Chapter 3). The independent tra-

jectories share and contribute to a common catalogue of states but are otherwise

not coupled. States are determined by comparing the backbone atoms after aligning

the molecule using Kabsch algorithm. A tolerance of 3 Å was found to be suitable

for identifying the states. Standard practices, such as assessing the quality of the

Markov approximation161 were employed (discussed in Sec. 4.2 of previous chapter)

besides verifying the presence of a sharp single-peaked distribution for force and

end-to-end distance for each Markov state. MD snapshots were collected every 0.2

ps because of rapid interconversion between the states. A transition was said to

have successfully occurred when the system continues to reside in the new state for

at least 1.2 ps after the transition was detected in the MD trajectory. This prevents

recrossing events to be counted as transitions. Kinetic rates were determined using

a maximum likelihood analysis. PSC-MD procedure was used to build and progres-
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sively refine the MSMs at various anchor separation d = 16, 18, 20, 22, 23, 24, 26 Å

by increasing the validity time associated with it as explained in previous chapter.

5.4 Results and Discussions

Master-MSM (MSM-0) - Markov State Model at Reference

Anchor Spacing d0

Regular MSMs for the deca-alanine system constructed using MD calculations for a

range of anchor separations from 16 to 26 Å demonstrate a large topological variation

with d. As expected, the dominant state(s) were found to change across the range

of anchor separations studied. These topological differences arise due to missing

states and pathways as they become relevant to the dynamical evolution at the new

stretching condition. Although the total number of states discovered through the

self-learning algorithm was found to be large (810), the actual number of states

relevant at any stretching condition was quite small. In particular, we found that

ten states (numbered 1, 2, 3, 4, 5, 6, 9, 17, 113 and 288) that dominate the dynamics

of the system over the entire range of anchor separations studied. However, if the

folding/unfolding process is under investigation, low occupancy states numbered 6

and 17 are found to play an important role. At small extensions (d<20 Å), the

compact states 1 and 288 (see Fig. 4.9(b) in Chapter 4) have high occupancies

while at higher extensions, the stretched configurations shown in Fig. 5.3 dominate.

Figure 5.3 shows a detailed MSM constructed that contains 10 states, choosing d0 =

16 Å, alongside the kinetic parameters of Eq. (5.25). We term this master-MSM as

MSM(d0) or simply MSM-0. This master-MSM forms the basis for generating the

TD-MSM.

The Composition of the MSM is Found to Vary Significantly

with the Anchor Separation

At an anchor separation of 16 Å, only two states accounted for 95% of the total

occupancy, whereas at 24 Å anchor separation more states were required to capture

the same occupation probability. A total of 10 states were required to construct the

TD-MSM in the range 16 Å to 26 Å anchor separations, while maintaining a 95%

threshold of occupancy at any anchor separation. The network comprising of all

the ten relevant states is displayed in Fig. 5.3 with representative images for all the

states.
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Figure 5.3: The Markov state model (MSM-0) for the deca-alanine system (N- ter-
minus at the top) at the anchor spacing of 16 Å. The arrows represent the pathways
observed in the MSMs constructed at anchor spacings between 16 to 26 Å.

Figure 5.4 shows the variation of the probability of occupation of the four domi-

nant states (1, 2, 3 and 9) with increasing validity time of MSM for different anchor

spacing. The probabilities are saturated/stabilized between 10 and 100 ps validity

time. At anchor separation 22 Å, states 2 and 3 show significant occupation prob-

ability (comparable to state 1). At higher anchor spacing state 1 is almost absent.

State 3 is the dominant configuration for spacing between 22 and 25 Å. Indeed,

states 2, 3 and 9 may be considered to be intermediate hubs in any unfolding path-

way.

An explosion in the number of core states is witnessed from 36 to 78 states

between 22 to 25 Å. Most of the dominant states are those that had very low proba-

bilities of occupation when the anchor spacing was small. Many of these structures

were found to deviate significantly from the α-helical structure of the peptide. With

increasing anchor spacing, the net number of hydrogen bonds was found to decrease,

with the hydrogen bonds at the C-terminal end being disrupted first, an exception

being state 4 in which the N-terminal unravels. However, a part of the decrease

in the number of hydrogen bonds from the α-helical structure (state 1) was offset

by the formation of new hydrogen bonds, commensurate with the 310 helix struc-

ture. Correspondingly, the validity time plummets by almost 10 times from 12 ns

at 22 Å separation to 1.5 ns at 25 Å separation for 0.5 µs long MD trajectory. The
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Figure 5.4: Variation of the occupation probability of four dominant states with
increasing validity time of the MSM for a range of anchor separations (between 16
and 26 Å).

rate constants involving the core states vary over several orders magnitude between

10−1-10−5 ps−1.
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Even with the simple example chosen in this study, we find that the (coarse-

grained) two-state model usually invoked in experimental analysis of folding/unfolding

transitions may not effectively capture the dynamics.

5.4.1 Force Model

We assume that the deca-alanine molecule behaves as a harmonic spring with a

spring constant associated with a state that depends intrinsically on the chemical

interactions, namely the structure and interactions. However, in several previous

studies of biomolecular systems, the native or extended state of the system have

been approximated as harmonic oscillators239–241. Now, we require a force-separation

relation for each state to compute the average forces acting on the molecule. Let

us consider the molecule in state S to be modelled as an elastic rod with spring

constant, kS and an equilibrium length, leqS in the absence of pulling forces, as shown

in Fig. 5.1(b). The molecule extends due to the applied force according to the

spring model while it resides in a particular state. SC-MD calculations can provide

the average end-to-end distance versus d and the average force FS(d) experienced

in state S. Overall, the stiffness of deca-alanine was found to lie in the range 20-80

pN/Å across all the states visited in our calculations. The potential energy (ES(d))

of the molecule-device system comprises of the sum of the molecular potential energy

in a state S and the spring energy of the tethers. The former is given by US(d) =

U0 + (1/2)kSxS(d)2 where d is the extension with respect to the equilibrium length,

leqS , in the absence of applied force and the latter is given by, TS(d) represented as

harmonic springs with a spring constant of ktether at the two ends of the molecule.

The force may be evaluated using the average elongation of the molecule in state

S along the direction of stretching, lS(d), as a function of the anchor spacing d, in

the expression FS(d) = kS(lS(d)− leqS ). We assume that all the terms, the force, the

fluctuating elongation of the molecule as well as the equilibrium length, have been

projected in the direction of stretching (along z direction in our case). The difficulty

in using the expression above arises because both the force and the elongation are

fluctuating quantities and are not controlled directly in the setup described. An

alternate view of the setup is to consider the entire molecule-tether system as an

effective spring. The net force vanishes when the anchor spacing d = leqS . Hence,

any deviation of the anchor separation d from the equilibrium length of the molecule
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will result in a force having a form,

F = keffS (d− leqS ) (5.35)

where keffS represents the effective stiffness of the molecule-tether system while the

molecule resides in state S (not simply spring constant of the molecule).

However, we must exercise caution in applying the model of Eq. (5.35) since

the actual setup as shown in Fig. 5.1(b) is clearly not 1-dimensional and hence an

equivalent spring constant such as 1/keffS =1/kS+2/ktether can not be applied here as

it is relevant for 1-models in the absence of thermal fluctuations. Also temperature-
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Figure 5.5: Contour plot of total energy (panels a,d)/force (panels b,e) as a func-
tion of the equilibrium length of the state (abscissa) leqS and the anchor separation

distance (y-axis) d for two pre-specified molecular spring constants, 80 pN/Å and
20 pN/Å respectively. (e) Average force plotted as a function of d − leqS for the
two given molecular state spring constants kS. The effective stiffness of the system
(comprising of three springs in series: the two tethers and the molecule) is obtained
from the slope of the force vs. d − leqS curve. (f) The plot of the effective spring
constant vs. spring constant of the molecular state S. We obtain a relation between
the effective spring constant (keffS ) and molecular spring constant (kS).

related fluctuations in the end-to-end distance and 3-D orientation both determine

FS(d). Furthermore, the relation between the effective spring constant of the system,

keffS , and the state spring constant kS, is not clear. In the absence of closed integral
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forms for the average force and energy experienced by the molecule, we resort to

Metropolis Monte Carlo calculations for the force and energy in terms of three pa-

rameters, kS, lSeq, and d describing the system in Fig. 5.1(b) where the three springs

are connected in series. The stiffness of the springs of the tethers is kept fixed in

the Metropolis calculations at 0.86 kcal/mol/Å2. Figure 5.5(a-d) shows the force

and energy response surface as a function of the equilibrium length of the state leqS
and the anchor separation d for two specified molecular spring constants kS (20 and

80 pN/Å). The Metropolis calculations shows that the average force varies linearly

with the difference between the anchor separation and the state equilibrium length

(Fig. 5.5(c)), thus validating the one-dimensional model proposed in Eq. (5.35). In

addition the energy (E) of the system was found to vary as E ∝ (d− leqS )2.

5.4.2 Elastic Properties of the States

Force vs. anchor spacings curves (Fig. 5.6) obtained from SC-MD simulations were

used to obtain the effective spring constants, keffS (from the slopes) and equilibrium

lengths leqS (from the intercepts) associated with the relevant states (Fig. 5.3) as

discussed above. The correlation coefficients of the linear fits confirm that the ef-

fective spring model is a good approximation for the system for each of the states

considered. As shown in Fig. 5.6, the compact configurations such in state 1 and

288 are associated with a higher spring constant than more facile structures. State

4, which shows unraveling at the N terminal also leads to a higher effective stiffness.

Interestingly, the extended structure represented by state 17 also has a high effec-

tive stiffness which may be attributed to the tadpole like structure. The part of the

molecule that is unwound from the helix is almost fully stretched.

Since we know the relationship between effective spring constant (keffS ) and state

spring constant (kS) from Fig. 5.5(f) we can now obtain the state spring constant

(kS) for the state S. Determining the state spring constant from the effective spring

constant becomes an inverse problem. The effective spring constants, state spring

constants and the equilibrium lengths of the molecule for some of the significant

states are provided in Table 5.1. The state-specific elastic parameters display an

interesting behaviour. The stiffness of deca-alanine was found to lie in the range

20-50 pN/Å across the 10 states in Fig. 5.1. Large α-helicity in state 1 results in

kS = 40 pN/Å. State 3, which has a 310-helicity content of 0.21 has a smaller spring

constant of 25 pN/Å. On the other hand, the unfolded state 17 has kS = 48 pN/Å

as the dihedral angles are stretched to achieve such a configuration. The state equi-
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Figure 5.6: Average force obtained from state-constrained molecular dynamics
calculation plotted at constant values of d. Using fz = keffS (d− leqS ) to describe the
relation between the force and anchor separation d, we obtain the values of keffS and
leqS for state S from the slope and intercept of the best linear fit respectively.

Table 5.1: State-specific spring constants and the equilibrium lengths.

State No. keffS (pN/Å) kS(pN/Å) leqS (Å)

1 21.707 39.44168 13.97475

2 18.115 23.74025 16.12421

3 18.616 25.37929 14.85013

6 18.916 26.37949 18.28716

9 23.067 50.7662 17.01738

17 22.811 48.27667 21.50761

113 19.58 28.73651 14.69714

4 22.387 44.31409 18.03055

5 18.957 26.32888 17.36825

288 20.621 32.97698 13.75539
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librium length and the effective stiffness are used in the following discussion on free

energy dependence on the anchor separation d, that is, Energy ∝ (d− leqS )2. We also

note that at high extension, the effective harmonic spring model is not adequate and

anharmonic correction terms are required to calculate the energy.

Force-Anchor Separation Curve from Direct MD is in Excellent Agree-

ment with that from MSM

The force vs. anchor separation plot in Fig. 5.7 compares the variation of the force

Figure 5.7: Plot of the force vs. the anchor separation from (i) plain MD (sky
colour) and (ii) MSM (margenta colour) constructed with dominant states account-
ing for 95 % of total occupation probability at a given stretching condition.

with anchor separation from two sources: MD simulations with fixed anchor sep-

arations and from the Markov state model constructed with states accounting for

95% of the total occupation probability of the system. The stiffness and equilibrium

lengths in the Table 5.1 are used in the expression (5.35) in the Force model to calcu-

late the force for each state, which is then weighted by the appropriate probabilities

from the MSM to obtain the total force at a give anchor separation. The plot shows

that the MSM prediction is in excellent agreement with direct MD simulations with

harmonic restraints to keep fix the anchor separation at specified d (deviations lie

within 3%).
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5.4.3 Thermodynamic Properties of the States

The free energy, calculated as the negative of the logarithm of the relative proba-

bilities of the top ten dominant states (−kBT ln(πS(d)), from the MSMs at various

anchor separations between 16 to 28 Å are shown in Fig. 5.8. In each case, a

Figure 5.8: The free energy as a function of the anchor separation for the various
states. The circles represent the values obtained from the MD simulations while the
lines represent quadratic fits of the data.

quadratic fit was performed to obtain the coefficients of the quadratic Eq. (5.34).

Excellent quadratic polynomial fit for the free energy of state S as a function of d

is obtained in Fig. 5.8, which in turn yields the mechanical disposition factor χ(d)

from Eq. (5.22) for any trap separation, d, within the range considered.

5.4.4 The kinetic Rates of Relevant Moves from the MSM

The variation of the kinetic rates with the anchor separation, as obtained from the

MSMs constructed at the selected anchor spacings are shown in Fig. 5.9. Coupled

with the coefficients of Eq. (5.34) obtained from Fig. 5.8, the plots are used to cal-

ibrate the model in the Eq. (5.25), thus enabling a direct calculation of the kinetic

rates as a function of the anchor separation. We note that in several cases, the ki-

netic rates varied over several orders of magnitude with changing anchor separation.

In most cases, the fits as per Eqs. (5.34) and (5.25) are excellent thus validating the

kinetic model proposed. The move from state 3 to 2 (Fig. 5.9(c)) is an outlier, in

which the fit is poor. In the absence of an alternative theory to predict the kinetic

rates, it may be useful to apply a linear fit for such cases where the data does not

obey the model.
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Figure 5.9: The kinetic rates for the relevant moves plotted against the anchor
separation d. The circles represent the rates obtained from the MD simulations
using MLE. The lines represent the fits according to Eq. (5.25) which incorporates
the free energy fits as per Eq. (5.34).

A list of the values of kinetic rate calculated by using Eq. (5.27) for the relevant

pathways is shown in Table 5.2. Instead of reporting αf and αb for a pair of states, we

report the kf (d0) and αf values for the forward and backward pathway separately.

Table 5.2: Kinetic parameters for pathways.

Initial state Final state kf (d0)(ps−1) αf

1 1 2 0.00034839 -0.54709

2 1 3 6.1015e-005 -0.59274

3 1 9 6.8156e-006 -0.49303

4 1 113 0.00046631 -0.53674

5 1 288 0.00019553 -0.48526

6 2 1 0.82791 -0.45990

7 2 3 0.016057 -0.40825

8 2 4 2.313e-008 -1.17633

9 2 5 0.00025552 -0.53338

10 2 6 1.7435e-005 -0.73261

11 2 9 0.0013838 -0.38311

12 2 113 0.073205 -0.80283

13 3 1 3.1789 -0.48172

14 3 2 0.030502 -0.08193

15 3 5 0.00015933 -0.66092

16 3 9 0.0038348 -0.46981
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17 3 113 0.037626 -0.38923

18 4 3 0.11062 -0.34478

19 4 9 0.030867 0.03810

20 5 2 1.9037 -0.35666

21 5 3 0.13986 -0.10560

22 5 6 0.043155 0.11139

23 5 9 0.000755 1.38952

24 5 113 0.49061 -0.35890

25 6 2 3.123 -0.42062

26 6 3 0.018211 -0.42137

27 6 5 0.0077344 0.15267

28 6 9 0.00015996 0.35658

29 6 17 6.5916e-006 -0.69357

30 9 1 2.7062 -0.34448

31 9 2 0.10142 -0.32410

32 9 3 0.066837 -0.25349

33 9 4 0.035147 1.85045

34 9 5 1.5273e-007 -3.93712

35 9 6 5.8563e-006 -0.91877

36 17 6 7.0329 -0.49613

37 113 1 0.25134 -0.45849

38 113 2 0.0009167 -0.71395

39 113 3 6.6838e-005 -0.77097

40 113 5 1.4377e-006 -0.61275

41 113 9 5.621e-005 -0.48036

42 288 1 0.0012743 -0.35428

43 288 2 0.00012598 -0.39950

44 288 3 2.0084e-005 -0.42861

Note that the sum of the geometrical terms for the forward (αf ) and reverse (αb) for a

pathway between a pair of state is ∼ 1 which also verifies our proposed kinetic model.
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5.5 Time-Dependent Markov State Model (TD-

MSM)

Our interest lies in the application of MSMs for time-dependent anchor separations

d (or forces). Although we have discussed all the basic concepts underpinning the

time-dependent Markov state model in the theory sections, one critical aspect that

has to be considered are the relevant timescales in the system. The fastest times

that are relevant are the vibrational timescales of the atomic motions. Next are

the internal relaxation timescales of the states which depends on the definitions

of the states, that is, the level of coarse-graining involved in the system and also

on the external forces applied. For the moment, we consider static pulling condi-

tions (that is, fixed anchor separations). The MSM will be valid only at timescales

larger than the internal relaxation timescales of the states, a necessary condition

to satisfy Markovian property. Finally, the longest relevant timescales correspond

to the equilibration times for the full network models, that is, the times at which

thermodynamic equilibration is achieved over the full network. The time-dependent

MSM that we propose correspond to the case where the anchor separation d varies

slowly allowing the system to remain Markovian at all times, that is, the timescales

associated with pulling are larger than the internal relaxation timescales involved.

So in our time-dependent MSM (TD-MSM) formalism, we assume that vibrational

timescales, τvib � relaxation timescales within a Markov state, τS � network relax-

ation timescales and timescales with pulling. In this work we ignore both the short

timescales at which the system is non-Markovian as well as the very long timescales

where there are deeper questions regarding the propagation of uncertainty and the

validity-time of an MSM. The derivation presented in the previous section for con-

stant anchor position mode can be extended to time-dependent extension of the

molecule at small stretching rates. The key step involved includes specifying the

range of stretching conditions where the MSMs are valid, determining the list of

relevant states/pathways over the entire range, and allowing rate matrix (T ) to be

a function of time. We term the resulting MSM,

d

dt
= T (t)π(t) (5.36)

as a TD-MSM. The transition rates and the rate matrix need to be evaluated from

MSM-0 for the prevailing value of the extension in a force ramp experiment. Using

Eq. (5.27), to obtain the kinetic rates for the relevant moves for anchor separa-

tions at which MSMs are not available, the evolution of the state probabilities with
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time for stretching (constant rate pulling experiments) are obtained by solving Eq.

(5.36) alongside an equation specifying the rate of change of anchor separation using

a Runge-Kutta 4-5 ODE solver with an initial condition.

5.5.1 Results of Pulling Expriment

The corresponding plots of force vs. time generated from the TD-MSM are shown in

Fig. 5.10(c-d) alongside similar plots generated from direct pulling MD simulations

Figure 5.10: (a-b) shows the evolution of probabilities of the 10 major states over
700 (70) ns at a pulling speed of 0.01(0.1) Å/ns, with the system initially in state
1 (null occupancies of all other states ) starting with an anchor separation of 16 Å.
The corresponding force is plotted as a function of time in panels (c) and (d) from
the MSM and the direct SMD simulations. The force calculated from the MSM by
employing Eq. (5.35) with the effective spring constants listed in Table 5.1. The
force for each state is weighted by the probabilities from panels (a) and (b) to obtain
the total effective force on the system.

in which the N-terminal Cα was pulled using a moving constraint (with stiffness 0.86

kcal/mol/Å2) at a velocity of 0.1 and 0.01 Å/ns. Five independent SMD trajectories

were generated starting from the same initial state and initial position of dummy

atom while the C-terminal Cα atom was constrained by a harmonic tether. We find

that the TD-MSM generated results are in excellent agreement with the results of

direct SMD calculations. In both cases, the system was initially in state 1. As the

system is pulled the occupancy of state 1 undergoes a slight dip, while the system

transits between states 1 and 288. But a higher extensions, the occupancy of state
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288 diminishes to zero even though state 1 registers a high probability even at inter-

mediate stretching (with d ∼ 20Å). Eventually, the compact structures are replaced

by the stretched out configurations such as states 2, 3 and 9.

5.6 Work Done Calculation in Pulling Experiment

It is possible to recover the free-energy (FE) difference of system from non-equilibrium

work measurement in a thermodynamics transformation by applying Jarzynski re-

lationship242. According to second law of thermodynamics, the average work done

(W ) on the system can not be smaller than the free energy difference (∆F ) between

the initial and final state in a thermodynamics transformation,

W ≥ ∆F (5.37)

where W − ∆F is the dissipated work associated with the increase in entropy in

a irreversible process. However, Jarzynski discovered a relationship between the

free energy difference between two states and the irreversible work done along an

ensemble of trajectories connecting the two states which holds the equality as,

e−β∆F =< e−βW > (5.38a)

or equivalently,

∆F = −β−1lnexp(−βW ) (5.38b)

regardless of the speed of the process. In the steered MD (SMD)205 simulation,

one end of the molecule is fixed and the other end of the molecule is pulled by a

dummy atom with constant velocity v and spring constant k. A guiding potential

φ(r;λ) = (k/2)[ξ(r) − λ]2 is added to control the end-to-end distance ξ(r) where λ

is a control parameter which distinguish the different states of system as a function

of time. The work done on the system is calculated as,

W0−→t = −kv
∫ t

0

dt′[ξ(rt′)− λ0 − vt′] (5.39)

where the control parameter is fixed to λ0 for starting configuration of the SMD

simulation. The free energy difference ∆F between two configurations A and B

of a classical parameter-dependent system characterized by two different values of
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the control parameter λ(λA, λB) can be expressed in terms of canonical partition

function (Z) as,

∆F = −kBT ln
ZλB
ZλA

. (5.40)

Thus the free energy difference (∆F = −β−1ln(Z(dS′ )/Z(dS)) between two states

correspond two different values of anchor separations, namely, dS and dS′ , can be

obtained from non-equilibrium measurement of work performed on the system to

switch from one ensemble to another by using Jarzynski equality.
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Figure 5.11: (a) Work done calculated at separations d = 16-26 Å with pulling
velocity 0.1 Å/ns. Inset shows force at constant-d values. (b) Force versus anchor
separation for a cyclic-pulling experiment (d-vs-t in top-left inset). Bottom-right
inset shows state occupations as a function of time. States 17, 4, and 5 are not
shown here because of their small probabilities. States 1, 2, 3, 6, and 9 are depicted
by red, blue, purple, green and black lines, respectively.

The work done (shown in Fig. 5.11(a)) in pulling the deca-alanine from a compact

to a stretched configuration is calculated using MSM-0 assuming that the molecule

is stretched infinitely slowly. With the state-specific forces and end-to-end distances

known for the selected values of d as well as the corresponding equilibrium state

occupations from MSM-0, we obtain the average force and end-to-end distance for
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the molecule (see inset Fig. 5.11(a)) for average force versus d. The work done was

calculated using numerical integration from the starting from end-to-end distance

l(d0) = 16 Å, that is, W (d) =
∫ l(d)

l(d0)
F (d)dl. Dashed line in Fig. 5.11(a) shows the

work done calculated using SMD calculations with a pulling velocity 0.1 Å/ns such

that the process was reversible (as in Park et al.205). In this case, the work done

in stretching the system between any two reference separations is equal to the free-

energy difference between the initial and final states. Thus, an attractive feature

of the kinetic model generated from MSM-0 is that it yields the thermodynamic

behavior.

5.6.1 The Behaviour of the System in a Cyclic-Pulling Ex-

periment at Different Pulling Rates

We attempted to extend the MSM-0 to other stretching experiments. Let us consider

cyclic pulling experiments where the anchor separation is increased at constant rate

v (Å/ns) from a minimum to a maximum separation, and subsequently the separa-

tion is decreased with a rate -v (Fig. 5.11(b) top-left inset). At slow pulling rates less

than 1 Å/ns the F -d plot in stretching and compression cycle overlap. The scenario

changes when the molecule is pulled at timescales shorter than the MSM relaxation

timescales leading to the hysteresis shown in Fig. 5.11(b). The origin of the hystere-

sis in the F -d plot in Fig. 5.11(b) lies in the difference in the relaxation rates from

compressed to extended configurations and rates for the reverse direction, as evident

from the state occupations in Fig. 5.11(b) inset. These results are in good agreement

with the average force calculated using steered MD trajectories in Fig. 5.11(a) inset.

5.7 Connection between the kinetics in the Force

and Constant Trap-Separation Ensembles

Let us now consider constant-force ensemble experiments. Since the force F simul-

taneously depends on trap separation (d), the end-to-end distance and the orienta-

tion, the value of d fluctuates about a certain value in a particular state. A sudden

jump in d can be experienced in a MD trajectory when the molecule visits a new

state. States in MSM-0 can be directly employed with constant-F ensemble as long

as states missing in MSM-0 remain inconsequential to the dynamics. This aspect

can be tested by straightforward MD calculations that ascertain the dominance of
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MSM-0 states. Obtaining a rate constant in terms of F is more challenging. Here our

attempt is to get the rate constants of pathways in constant-F ensemble experiments.

5.7.1 Theory

A constant force (F ) is maintained on deca-alanine. As a result, the value of d fluc-

tuates about a certain value in a particular state. The fluctuations in are expected

because F depends not only on d and the end-to-end distance but also the orienta-

tion, that is, there are several degrees of freedom. This behavior is similar to what

happens with constant d experiments where the end-to-end distance, orientation and

force can fluctuate. In a constant-F ensemble, the probability of residing in a state

S is given by,

πS(F ) =

∫
r∈S

exp(−βE)dr

∣∣∣∣
F

Z(F )
. (5.41)

Z is the function involving the integral over entire phase space. We can define the

free energy (A) of the state as,

πS(F ) =
exp(−βAS(F ))

Z(F )
. (5.42)

such that the partition function is written in terms of the discretized state space as,

Z(F ) =
∑
S′

exp(−βAS′ ). (5.43)

An expression for the free energy as a function of F is desired. Since the average

force and d are related to each other through the equation,

F = keffS (d− leqS ) (5.44)

which is already stated in the Eq. (5.35), let us assume that the configurational

space sampled in a constant F experiment in state S closely matches the landscape

sampled in the constant d experiment where the anchor separation is dS(F ), that

is, the d value that will result in average force F with state S. Thus Eq. (5.41)

becomes,

πS(F ) =

∫
r∈S

exp(−βE)dr

∣∣∣∣∣
dS(F )

Z(F )
. (5.45)
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The numerator in Eq. (5.45) appears in the probability of occupying state S for

constant d experiment, that is,

πS(dS(F )) =

∫
r∈S

exp(−βE)dr

∣∣∣∣∣
dS(F )

Z(dS(F ))
. (5.46)

For brevity, we drop F dependence from dS(F ). This expression can be written in

terms of the free energy (A) as a function of d, that is,

πS(dS) =
exp(−βAS(dS))∑

S′
exp(−βAS′ (dS))

. (5.47)

where A has been calculated from the MSMs constructed for constant d and a

numerical fit is given by,

AS(d) = −kBT lnπS(d)− kBT lnZ(d) = cS0 + cS1 d+ cS2 d
2 − kBT lnZ(d). (5.48)

Combining Eqs. (5.45) and (5.47) we write

πS(F ) =
πS(dS)

Z(F )
Z(dS). (5.49)

The probability πS(dS) is already known to us from expression (5.48) and written

as,

−kBT lnπS(dS) = cS0 + cS1 (dS) + cS2 (dS)2. (5.50)

So we rewrite Eq. (5.49) as,

πS(F ) =
exp(−β(cS0 + cS1 (dS) + cS2 (dS)2)

Z(F )
Z(dS) (5.51)

Also noting that dS=(keffS )−1F + leqS we can write

AS(dS) = pS0 + pS1F + pS2F
2 − kBT lnZ(d). (5.52)

Where,

pS0 = cS0 + cS1 l
eq
S + cS2 (leqS )2

pS1 = cS1 (keffS )−1 + 2cS2 (keffS )−1leqS

pS2 = cS2 (keffS )−2

(5.53)
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Thus finally Eq. (5.49) becomes

πS(F ) =
exp(−β(pS0 + pS1F + pS2F

2))

Z(F )
Z(dS). (5.54)

Finally, we write,
πS(F )

πR(F )
=

exp(−βAS(F ))

exp(−βAR(F ))
. (5.55)

or,

AS(F )− AR(F ) = −kBT ln

πS(F )

πR(F )


= −kBT ln

[
exp(−β(pS0 + pS1F + pS2F

2))

exp(−β(pR0 + pR1 F + pR2 F
2))

Z(dS)

Z(dR)

] (5.56)

We can now write,

AS(F )− AR(F ) = AS(dS)− AR(dR)

= −β−1ln(πeqS (dS)/πeqR (dR))− β−1ln(Z(dS)/Z(dR))
(5.57)

This allows us to build the free energy of a state as a function of F as,

AS(F ) = −kBT lnπS(dS)− kBT ln
Z(dS)

Z(d0)
(5.58)

We write Eq. (5.58) as,

AS(F ) = −kBT lnπS(dS) +W (dS) (5.59)

where W (dS) is the work done to bring the anchor separation to dS from d0. Finally,

recognizing that the kinetic model measures the change in the rates in terms of the

relative free energies of the states with respect to a reference, we write,

kf (F ) = kf (d0)exp(−βαfη(F )); (5.60)

the equivalent version of Eq. (5.25) in the constant-F ensemble. Here η(F ) is

the mechanical disposition at constant force F . The rate is kf (d0) when anchor

separation is d0. The mechanical disposition (η(F )) at constant force F is given by,

η(F ) = ∆ASR(F )−∆ASR(d0)

= (AR(F )− AS(F ))− (AR(d0)− AS(d0)).
(5.61)
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Since,

AR(d0)− AS(d0) = (cR0 − cS0 ) + (cR1 − cS1 )d0 + (cR2 − cS2 )d2
0, (5.62)

we finally write,

η = −kBT ln

[
πR(dR)

πS(dS)

]
− kBT ln

[
Z(dR)

Z(dS)

]
−
(
(cR0 − cS0 ) + (cR1 − cS1 )d0 + (cR2 − cS2 )d2

0

)
.

(5.63)

Or since total free energy of system in a state S at trap separation d0 is A(d0) =

−kBT lnπS(d0)−kBT lnZ(d0), from Eq. 5.59 we can write the mechanical disposition

factor as,

η = −kBT ln

[
πR(dR)/πR(d0)

πS(dS)/πS(d0)

]
+ (W (dR)−W (dS)). (5.64)

5.7.2 Result

The Eq. (5.60) is the equivalent version of Eq. (5.25) in the constant-F ensemble.

Equations (5.22, 5.60, 5.36, 5.59) can be solved to obtain the occupation as a function
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Figure 5.12: Equilibrium occupations at constant-force values between 0 and 100
pN are predicted using constant-d occupations (Eq. (5.59)). Symbols are MD values
at constant-F . The combined state (1 + 288) is denoted by purple while states 2,
3, 113, 9, and 17 are denoted by green, red, yellow, black, and blue symbols/lines,
respectively.

of time. Fig. 5.12 shows the free energy of the 10 states calculated using Eq. (5.59)

for constant force values between 0 and 100 pN. State 1 and 288 dominate throughout

this range. States 2, 3 and 113 are also important. Relative free energies for selected

states calculated directly from constant-force MD calculations are in good agreement

106

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 107 — #145

5.7 Connection between the kinetics in the Force and Constant Trap-Separation Ensembles

with the MSM (Fig. 5.12). States not included in MSM-0 become relevant beyond

F = 100 pN. Figure 5.13(a) shows a comparison between the relaxation modes

from MSMs predicted using constant-d ensemble and the MSMs constructed using

MD calculations at constant force. Eigenvalues/eigenvectors of the rate matrix are

Figure 5.13: Eigenvalues (absolute values) for the fastest, second slowest, and
slowest relaxation modes for the MSM predicted from constant d ensemble (lines)
and MSMs constructed using MD at different constant force values (symbols). (b)
Selected kinetic rate at constant force values between 0 and 80 pN predicted from
constant-d ensemble (lines). Symbols denote the corresponding values from direct
MD simulations at constant force.

calculated. One eigenvalue is zero since the sum of probabilities is constant while

the remaining eigenvalues are negative and indicate the timescales required to reach

equilibrium. Good agreement is observed with the fastest, second slowest and slowest

eigenvalues/eigenvectors from both MSMs. The kinetic rates obtained from direct

MD at 0-80 pN are compared with the predictions from constant-d ensemble in Fig.

5.13(b). Good agreement is observed for kinetic pathways 2-1 and 9-1. Overall the

rates are within one order of magnitude within the MD rates.
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5.8 Discussion

We have shown that the time-dependent MSMs constructed using MD can be a use-

ful tool for obtaining molecular-scale insights into the dynamics of a molecule being

stretched. An obvious difficulty in applying MSMs in studies of pulling experiments

is that a single MSM constructed at a particular trap separation or constant force

will not suffice to describe the kinetic and thermodynamic behaviour over a range

of separations. We demonstrate that the essence of the dynamics is captured by

the construction of a master-MSM (MSM-0) comprising of a list of states that are

relevant over the range of trap separations of interest alongside a rate parametriza-

tion that relates the changes in the kinetic network to thermodynamic changes (Eq.

(5.25)). The utility of the MSM-0 formalism lies in the fact that one can, in princi-

ple, extrapolate the network to low or even zero force conditions (as shown in Fig.

5.13), to predict the kinetics and thermodynamics of the molecule in its original, un-

biased energy landscape. Stretching experiments that control separation or force by

keeping it constant or changing it as a function of time can directly employ MSM-

0 without generating new MSMs from scratch using MD. We have demonstrated

the TD-MSM method for cyclic pulling experiments that reveal hysteresis at high

pulling speeds. Our attempt to predict changes in the kinetic network with stretch-

ing have revealed that the rates depend on both initial and final states via the free

energy differences, that is, the kinetic model also obeys thermodynamics. We have

also provided a theoretical basis for relating force spectroscopy experiments in differ-

ent ensembles (e.g., constant force or trap separation) which may provide a deeper

understanding of single molecule experiments. Note that instead of comparing the

ensemble averaged forces, one can generate stochastic realizations of state-to-state

transitions from the time-dependent MSM using kinetic Monte Carlo52. In such a

case, the average force experienced in the current state is recorded as the force F (t).

Finally, in this chapter, we have dealt exclusively with constant trap separations

and variations thereof. The connection with constant force ensemble was addressed

indirectly. In the next chapter, we will directly apply the MSM-0 formalism to

constant force experiments.
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Chapter 6

Extension of Master-MSM to

Constant Force Experiment in

Force-Spectroscopy Setup

6.1 Introduction

Decoding the dynamics of biomolecules remains one of the grand challenges in sci-

ence. Typically, the kinetics of folding/unfolding is described as a diffusive search

for the global minimum in a corrugated free energy landscape. However, even small

molecules may sample an extraordinarily large number of conformations on an inher-

ently multidimensional landscape owing to the large number of degrees of freedom,

which is why the problem continues to be so daunting even in the age of super-

computers. In recent years, single molecule experiments have been used to probe

the energy landscape of biomolecules with notable success. In particular, the 1D

landscape profiles have been investigated experimentally using single molecule force

spectroscopy techniques such as AFMs and optical tweezers. In the previous chapter

we described how the idea of using a stretching force to accelerate rare transitions

may be applied to rapidly construct kinetic networks using computer simulations.

The approach may be considered as a kind of accelerated MD method that allows

the rapid sampling of the landscape. The primary challenge addressed in the study

was to find a connection between topologically distinct Markov State Models con-

structed at different probe separations based on the thermodynamics of the system.

The theoretical basis of the study was the Bell-Evans-Polyani principle (BEP)207,208

that provided the connection between the kinetics and underlying thermodynamics,

enabling the construction of the MSM-0 (or master-MSM) comprising of a list of
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states that are relevant over the range of trap separations of interest alongside a

rate parametrization relating the changes in the kinetic network to thermodynamic

changes. Furthermore, we showed that if the anchor separation was varied as a func-

tion of time, the model inherits the time dependence, resulting in a time-dependent

network that can be predicted based on a handful of simulations at a few probe sep-

arations. While the method was found to be effective in the case of the d-ensemble,

that is, with the trap separation held constant, the question arises if a similar ap-

proach can be adopted in the force-ensemble, that is, with a constant force applied

at both ends. A priori it is not obvious that such an underlying relation between

the network models at various forces may exist. However, if such a relation is found

to hold, it would not just provide a symmetric counter-part to the Master-MSM

formalism at constant trap separations, but provide an opportunity to directly mea-

sure the rates at zero-force conditions, that is, reconstruct the original free-energy

landscape. Here, we extend the Master-MSM method to SMFS experiments under

constant pulling force to recover the kinetic rates at zero-force conditions.

6.2 Theoretical Basis

Here, we extend the Master-MSM method to SMFS experiments under constant

pulling force or force-ramp conditions. In experimental setups, the biomolecule is

attached via a soft polymer linker to the cantilever or a large bead. The total

extension varies stochastically while a constant force can be maintained using a

computer controlled feedback loop. Variations of the method includes probing the

response of a molecule under a steadily increasing force (force-ramp technique), or

suddenly changing the force-level (force-jump technique)223–230. Let us consider a

time homogeneous Markov process for a system with n-states where π represents

the probability of residence of the system in each of its n states. The time evolution

of such a system is given by the continuous time master equation:

dπ(t)

dt
= T (F )π(t). (6.1)

approximates the dynamics in terms of state-to-state transitions while providing

control over the model resolution. Here T (F ) is the rate matrix at applied constant

force F . Suppose πS(F ) is the equilibrium residence probability associated with state

S at a constant stretching force F and we assume that the same state definitions

can be applied consistently across a range of stretching forces (F ). Free energy
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differences between any pair of states can be estimated from the equilibrium state

occupations from the MSM at force F , that is, ∆ASS′ (F ) = AS′ (F ) − AS(F ) =

β−1ln(πeqS (F )/πeq
S′

(F )) where β = 1
kBT

; kB is the Boltzmann constant and T is the

temperature.

6.2.1 Calculate Kinetic Rate of Transition at Various Con-

stant Force

Consider a kinetic pathway S 
 S
′

connecting the states S and S
′

(as shown in

Fig. 6.1). Applying the transition state theory, the kinetic rates for the forward and

reverse pathways are given by kf (F ) = νfexp−β∆Af (F ) and kb(F ) = νbexp−β∆Ab(F ),

respectively. The kinetic rates are dependent on the applied force F . The pre-

exponential factors νf and νb are assumed to be constant, and ∆Af (F ) and ∆Ab(F )

are the forward and reverse energy barriers, which also depend on the applied force.

Figure 6.1: Schematic diagram showing how the energy landscape around the
basins S and S

′
are altered when the force is changed from F0 to F .

As in our previous study, following the Bell-Evans-Polyani principle, we assume

that in the vicinity of each basin, the free energy profile along the reaction coordinate

(ξ) is linear as shown in Fig. 6.1. Suppose the free energy in the S basin at

applied force F0 may be given by the expression AS(ξ, F0) = (tanθ)ξ + CS where

CS is a constant. At a different force, F , the expression is changed to AS(ξ, F )

= (tanθ)ξ + CS + (AS(F ) − AS(F0)), that is, the profile is vertically shifted by

a constant independent of ξ. A similar expression is obtained for the free energy

profile in the S
′

basin is given by AS′ (ξ, F0) = −(tanφ)ξ + CS′ and AS′ (ξ, F ) =

−(tanφ)ξ + CS′ + (AS′ (F ) − AS′ (F0)) at F0 and F respectively. Now consider the
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shift in location of the saddle point along the reaction coordinate ξ as the force is

changed from F0 to F . At the reference force F0, the free energy at the saddle point

(ξ∗) as measured in the S basin, is given by,

A∗S(ξ∗(F0)) = AS(F0) + ∆Af (F0) = (tanθ)ξ∗(F0) + CS. (6.2)

where ∆Af (F0) is the forward barrier at F0. As the force is changed to F , the saddle

shifts to A∗S(ξ∗(F )) = AS(F ) + ∆Af (F ) = (tanθ)ξ∗(F ) + CS + (AS(F ) − AS(F0)).

Hence,

AS(F0) + ∆Af (F ) = (tanθ)ξ∗(F ) + CS. (6.3)

Similarly, when calculated from the S
′

basin, the saddle point free energy may be

estimated as,

A∗
S′

(ξ∗(F0)) = AS′ (F0) + ∆Ab(F0) = −(tanφ)ξ∗(F0) + CS′ (6.4)

at the reference F0. At a force F , this is shifted to A∗
S′

(ξ∗(F )) = AS′ (F )+∆Ab(F ) =

−(tanφ)ξ∗(F ) + CS′ + (AS′ (F )− AS′ (F0)). Hence,

AS′ (F0) + ∆Ab(F ) = −(tanφ)ξ∗(F ) + CS′ (6.5)

Eqs. (6.2) and (6.3) give the shift in the forward barrier due to the change in the

applied force,

∆Af (F ) = ∆Af (F0) + (tanθ)(ξ∗(F )− ξ∗(F0)). (6.6)

Similarly, the change in the barrier for the reverse transition may be expressed as,

∆Ab(F ) = ∆Ab(F0)− (tanφ)(ξ∗(F )− ξ∗(F0)) (6.7)

Finally, we have,

∆Af (F )−∆Af (F0)

tanθ
=

∆Ab(F )−∆Ab(F0)

−tanφ
(6.8)

Now, the difference between the forward and the reverse barriers at a tension, F ,

is equal to the free energy difference between the two states. ∆Af (F )−∆Ab(F ) =(
A∗(F )−AS(F )

)
−
(
A∗(F )−AS′ (F )

)
= AS′ (F )−AS(F ) = ∆ASS′ (F ). Here, the free

energy change along the forward pathway is denoted by ∆ASS′ (F ) = AS′ (F )−AS(F )
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where AS(F ) denotes free energy of state S. Hence, Eq. (6.8) can be cast as,

∆Af (F )−∆Af (F0)

tanθ
=

(
∆Af (F )−∆ASS′ (F )

)
−
(
∆Af (F0)−∆ASS′ (F0)

)
−tanφ

(6.9)

or

(
∆Af (F )−∆Af (F0)

)( 1

tanθ
+

1

tanφ

)
=

(
∆ASS′ (F )−∆ASS′ (F0)

)
tanφ

(6.10)

Finally, defining η(F ) = ∆ASS′ (F ) − ∆ASS′ (F0), the free energy barrier ∆Af at

applied forces F and F0 are related through the equation,

∆Af (F ) = ∆Af (F0) + αfη(F ) (6.11)

where η(F ) is termed as the mechanical disposition at force F , measures the ther-

modynamic preference for states S and S
′

upon application of a force relative to

a reference condition. αf = tanθ/(tanθ + tanφ) is a symmetry parameter related

to the slopes of the free energy profiles in the two basins. Each pair of states that

are kinetically connected is characterized by its own mechanical disposition as well

as the symmetry parameter. The free energy difference increases from that at the

reference force F0 to F when η(F ) > 0. The kinetic rate, kf (F ) is related to the

rate at stretching force F0 as,

kf (F ) = kf (F0)exp(−βαfη(F )). (6.12)

Similarly, the backward rate kb(F ) = kb(F0)exp(β(1−αf )η(F )). Please make a note

that η corresponds to χ term used in the previous chapter. For sake of brevity, the

pair of states has not been explicitly mentioned in the notation for kf , kb, νf , νb,

∆Af (d), ∆Ab(d), αf , αb and η(F ). Generally, αf and αb are constants for a given

pair of states. Eq. (6.12) gives a prescription for calculating the kinetic rate for a

given transition at a force, in the absence of data at that force, provided that the

other parameters are known. An interesting revelation of this analysis is the relation

between the kinetics and thermodynamics of the system. The transition rates be-

tween two states depend on the free energy difference between them. When the force

F is a function of time, such as in a force ramp experiment, the time-dependence is

inherited by the mechanical disposition and rate matrix.

We next illustrate how the kinetic rate parameter kf (F0), the symmetry param-
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eter α and η(F ) are estimated from MSMs constructed at constant F . The basic

building blocks for the model are: a) definitions of Markov states, b) a linear relation

between the logarithm of a transition rate and the free-energy difference between

the end-states of the respective transition, c) a model for the dependence of the free

energy of each Markov state on the applied tension. In the absence of a reliable

model predicting the relation between free energy and applied force, we perform a

linear or quadratic fit the data from the calculation at various forces. Next, the

kinetic parameters kf (F0) and αf are estimated by fitting Eq. (6.12) to rates in the

MSMs at different values of F . The kinetic rates at the reference tension, kf (F0),

are directly obtained from the MSM constructed at the force F0. Then the corre-

sponding kinetic rate at zero force condition can be predicted by extrapolating the

Eq. (6.12) to F = 0 pN.

6.3 Deca-alanine as Test Model for Master-MSM

Method in Constant-Force Experiments

6.3.1 System Setup

In our computational study, we consider a deca-alanine molecule in vacuum. The

model of a capped deca-alanine with acetylated N-terminus and amidated C-terminus

was generated using the 104-atom helical model of Ref. 205 as the initial configura-

tion. Equal and opposite forces (F ) applied to Cα atoms at the two ends as shown

in Fig. 6.2. MSMs of the deca-alanine system were constructed at F = 30, 40, 50,

60, 70, 80 and 90 pN.

Figure 6.2: The deca-alanine molecule in constant-Force experiment set up. Equal
and opposite forces (F ) are applied on CA atoms at N-terminal and C-terminal ends
of deca-alanine.
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6.3.2 Simulation Protocols

All MD simulations were performed with NAMD 2.91184 and the CHARMM36206

force-field parameters. Temperature was held at 300 K using a Langevin thermostat.

Bonds involving hydrogen atoms were constrained to their equilibrium values using

RATTLE129. An integration time step of 2 fs was used.

6.3.3 MSM Construction Protocols using Programmed State

Constrained (PSC) MD

The programmed state constrained MD (PSC-MD) technique (see Sec. 4.4 of

chapter 4) is used to identify the states and pathways on-the-fly. The PSC-MD

method entails launching independent MD trajectories and tracking the conforma-

tional changes of the evolving systems. Each time a transition to a different state

is detected, the transition time and the final state are recorded and the system is

returned to the initial state, that is, a new trajectory is initiated with the original

configuration to sample additional transitions. Hence, instead of allowing the sys-

tem to freely evolve dynamically, it is confined to specific states to record sufficient

transitions. The PSC-MD methods enables one to systematically increase the “va-

lidity time” of an MSM as described in Sec. 4.4 of chapter 4. A catalogue of states

of deca-alanine is generated by comparing the backbone atoms after aligning the

molecule using the Kabsch algorithm using a tolerance of 3 Å. MD snapshots were

collected every 0.2 ps due to the rapid interconversion between states. A transition

is said to have occurred when the system remains in the new state for at least 1.2 ps

after the transition is detected in the MD trajectory. Kinetic rates for the detected

pathways are calculated using a maximum likelihood estimation (MLE) analysis.

Only those transitions that were sampled at least ten times were included in the

construction of the MSMs.

6.3.4 Results and Discussions

We have constructed MSMs of the deca-alanine system at various forces between 30

and 90 pN. In each case, the accrued MD time was approximately 2.1 µs while the

corresponding validity time was between 8-16 ns. Although, about 1300 states were

detected, only about 6 states (shown in Fig. 6.3) were found to have a combined

occupancy 0.99 in all out calculations. The MD time, validity time, number of

relevant states with 99% occupancy at the various values of force ranges from 30 pN
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Table 6.1: Validity time and number of relevant states of MSM of deca-alanine at
various forces ranging from 30 pN to 90 pN.

Force
(pN)

Accrued MD
(µs)

Validity Time
(ns)

States Required for
99% Occupancy

30 2.047 16.384 1 (0.8966), 288 (0.097)

40 2.347 8.192 1 (0.925), 288 (0.0669)

50 2.336 16.384 1 (0.9503), 288 (0.04)

60 2.324 16.384
1(0.957), 288(0.028),
2(0.004), 113(0.0038)

70 1.894 8.192
1(0.951),288(0.027),
2(0.0063), 113(0.0049)

80 1.863 8.192
1 (0.955), 288(0.0115), 2
(0.0109),113(0.0072), 3(0.006)

90 2.33 8.192
1(0.939), 2(0.0194), 3(0.0125), 113
(0.0102, 288(0.0052), 20(0.0036)

Figure 6.3: The structures of the top six relevant states of deca-alanine in the
constant-F ensembles ranging between 30 pN and 90 pN.

to 90 pN are listed above in table 6.1.

6.3.5 Thermodynamic Properties of States

Figure 6.4(a) shows the variation of the free energy, defined asAS(F ) = −kBT lnπeqS (F )

with the applied force F . Here, πeqS (F ) is the probability of residence in a given state

at equilibrium at a constant stretching force F . The lines denote quadratic fits to
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the data. One of the key ingredients of the methodology is the variation of the free

energy associated with relevant states with applied force.

Figure 6.4: (a) Plot of the free energy vs. the applied force for the various states.
Symbols represent the value computed from PSC-MD calculations. The lines repre-
sent a quadratic fit applied to the data in each case. (b) Parity plot used to verify
detailed balance for the kinetic pathways detected in the calculations. Each point
represents a kinetic pathway where the ordinate gives the ratio of the forward to re-
verse rates while the abscissa represents exp(−βASS′ (F )). Here ASS′ (F ) represents
the free energy difference between the two states S and S

′
when a stretching force,

F , is applied and β is the reciprocal of kBT where kB is the Boltzmann constant
and T is the temperature.

Thermodynamic consistency requires
kf (F )

kb(F )
= exp(−β∆ASS′ (F )). Since detailed

balance is not inbuilt in the MSM construction method, it is verified in the parity

plot in Fig. 6.4(b) which compares the ratio of forward to backward kinetic rates,
kf (F )

kb(F )
, for the transitions detected in the simulations to the corresponding Boltzmann

factor exp(−β∆ASS′ (F ). Overall, the detected transitions obey detailed balance.
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6.3.6 Extracting Rates at Zero-Force

Table 6.2 provides values for kf (F0) and αf for pairs of states.

Table 6.2: The kinetic rate parameter for transitions.

Initial state Final state αf Rate kf (F0)(ps−1)

1 288 0.456596 1.23E-04

1 2 0.764375 9.52E-04

1 113 0.61237 9.23E-04

1 3 0.741206 5.94E-04

1 20 0.842141 6.13E-04

288 1 0.389748 2.41E-03

288 2 0.43566 8.61E-04

288 113 0.362568 5.29E-04

288 3 0.507158 3.55E-04

288 20 0.459932 4.79E-04

2 1 0.298804 1.66E-01

2 288 0

2 113 1.24497 2.88E-02

2 3 0.515991 3.76E-02

2 20 1.10849 1.42E-02

113 1 0.342567 2.866E-01

113 288 0

113 2 1.10053 2.42E-03

113 3 0.418856 2.60E-03

113 20 0

3 1 0.257173 5.04E-01

3 288 0

3 2 -0.02487 2.33E-02

3 113 0.277862 1.63E-02

3 20 0

20 1 0.392022 3.59E-01

20 288 0

20 2 0.89773 5.00E-03

20 113 0.209582 2.72E-02

20 3 0.567472 1.99E-02
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Choosing F0 = 60 pN, a detailed MSM is constructed that contains six states,

alongside the kinetic parameters of Eq. (6.12). We term this master-MSM as

MSM(F0) or simply MSM-0. Note that MSM-0 contains a list of states and kinetic

pathways that would be relevant for certain/entire range of forces to be sampled

(30-80 pN), the associated kinetic parameters include kf (F0) and αf , and the ther-

modynamic parameter η(F ). MSM-0 is a precursor for TD-MSMs at a variety of

stretching conditions.

The kinetic rate parametrization was used to calculate the corresponding rates

at force-free conditions. The symbols in Fig. 6.5 indicate the kinetic rates directly

calculated from the MSMs at 30, 40, 50, 60, 80, 90 and 100 pN, while the broken

lines indicate the fit in according to Eq. (6.12). The predicted rates at 0 pN, ob-

Figure 6.5: Kinetic rates of relevant pathways obtained from the MSMs at var-
ious forces. The symbols represents the kinetic rates obtained from the PSC-MD
calculations. The lines refer to Eq. (6.12).
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tained from the intercepts on the y-axis, are compared to the actual rates obtained

from direct simulations in the duration of 0 pN runs. A good agreement between

the predicted and directly calculated rates are observed. The estimated rates for

slow transitions, such as that from state 1 to 3 (Fig. 6.5(a)), which are of the order

10−5 ps−1, were in good agreement with the predicted rates.

For slow transitions, with rates ∼ 10−5 ps−1 or lower, an accurate determination

of kinetic rates would require long trajectories (∼ several microseconds or longer).

However, the method outlined here shows how an estimate for such rates may be ob-

tained at lower computational cost by a handful of simulations at various stretching

forces. Hence the method described here may be classified as an enhanced kinetic

sampling technique.

6.3.7 Comparison of the Kinetic Rates Predicted from the

force (F ) and trap separation (d) Ensembles for the

Deca-alanine Model

In our previous study (Sec. 5.7 of chapter 5) of the kinetics in the d-ensemble (that

is, constant trap separations), we had attempted to predict the dynamics in the F -

ensemble without actual simulations at constant force conditions. The free energy

associated with a state, S, in the F -ensemble was given by,

AS(F ) = −β−1ln
(
πeqS (dS)

)
− β−1ln(Z(dS/Z(d0))) (6.13)

(as mentioned in Eq. (5.58) of chapter 5) where Z(dS) is the partition function

in the constant-d ensemble with trap separation dS. Crucial to this formulation

is a mechanical model for the molecule that can relate the trap separation to the

force. Based on the force-extension relations obtained from the constant-d MD cal-

culations, a harmonic spring model characterized by distinct equilibrium lengths and

effective spring constants (encompassing the spring constant of the tethers with that

of the molecule) for each state, was deemed suitable. We further assumed that the

energy landscape sampled by the molecule when it is in state S at constant F is the

same as the one at the corresponding constant separation dS = leqS +F/keffS . Hence,

in Eq. (6.13), dS is the trap separation corresponding to an applied force, F for the

system in state S. Finally, we obtain a relation for the kinetic rate at force F based

on parametrization in the constant-d ensemble, kf (d0)exp(−βαfζ(F )); the equiva-

lent version of Eq. (6.12). Here ζ(F ) = ∆AS,S′ (d) − ∆AS,S′ (d0) is the mechanical

disposition estimated for constant-d conditions.
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Figure 6.6: (a) Eigenvalues (absolute values) for the fastest, second slowest and
slowest relaxation modes are shown for the MSM predicted from constant-F ensem-
ble (lines) and MSMs constructed using constant trap-separations (d) and extended
to constant-F using Eq. (6.13) (symbols). (b) Selected kinetic rates at constant
force values between 0-80 pN predicted from constant-F ensemble (lines). Symbols
denote the corresponding values from the constant force predictions using constant-d
ensemble MSMs.

Here, we compare the predictions from constant–F ensemble MSMs parametrized

by constant-d data with the results directly obtained from the MSM formalism in

the constant-F ensemble. Figure 6.6(a) shows a comparison between the relaxation

modes in the two setups. The eigenvalues/eigenvectors of the rate matrix are calcu-

lated from the MSMs from the two formalisms. Since the sum of the probabilities

is constant, one eigenvalue is zero and the remaining eigenvalues are negative in-

dicating the timescales required to reach equilibrium. Good agreement is observed

with the fastest, 2nd slowest and slowest eigenvalues/eigenvectors from both MSMs.

The kinetic rates obtained from constant-F MSMs at 0-80 pN are compared with the

predictions from constant-d ensemble in Fig. 6.6(b). Good agreement is observed for

kinetic pathway 2-1. Overall the rates predicted from the d-ensemble parametriza-

tion are within one order of magnitude within the rates directly predicted in the

F -ensemble.

6.4 Network Model of TBA under Tension in Ex-

plicit Solvent: Prediction of Kinetic Rates at

Force-free Conditions

As our second example, we consider a Thrombin Binding Aptamer (TBA) model.

Thrombin binding aptamer (TBA) is one of the most studied synthetic oligonu-
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cleotides, a single stranded DNA with the Guanine rich sequence 5′-GGTTGGTGTG-

GTTGG-3′ 244, can fold into G-quadruplex (G4) structure that is an anti-parallel

orientation with a chair-like conformation245 (as shown in Fig. 6.7). An aptamer is

a DNA/RNA oligonucleotide, exhibits a specific binding activity towards a protein

target244,246. It modulates the action of target biomolecule and therefore, serves as

a drug candidate in many diseases247. TBA binds to thrombin and has interest-

ing anticoagulant properties244,248 against thrombin. The anti-thrombin activity of

TBA has spurred investigations into the structural and kinetic properties of TBA.

TBA also serves as a testbed for exploring DNA-protein interactions. Furthermore,

the G4 structures are commonly found in the human telomere region and onco-

gene promoter region and the formation of such structure at the telomere region by

any means may be able to treat cancer by blocking the action of telomerase249–252.

Therefore, a deeper insight into the molecular kinetics of TBA system carries impli-

cation not only for cardiovascular therapy, but also can predict the mechanism of

G4 structure formation in Guanine-rich nucleic acids.

Figure 6.7: Schematic representation of 15-mer TBA and K+ complex.

The G-quadruplex structure are formed by the self-assembly of guanine-rich

oligonucleotides. The underlying repeating motif of G-quaruplexes is the G-tetrad

(also termed as G-quartet). Each G-tetrad has four guanines arranged in square

planar manner, stabilized by Hoogsteen-like hydrogen bond in which each guanine

base both accepts and donates two hydrogen bonds253. The G-quadruplex is further

stabilized through a cation (typically Na+ and K+) binding in its central binding
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site located between the two quartets which reduces the repulsion between the aro-

matic oxygen atoms (O6) in neighbouring guanines254,255. The G4 structure of TBA

consists of two planar Guanine-quartets connected by two intervening TT and one

TGT loop256–259. The two lateral TT loops of TBA bind with exosite-I of Throm-

bin whereas the TGT loop has been associated with exosite-II260. The small size

of the 15-mer TBA molecule makes it a good target for investigations into fold-

ing/unfolding dynamics of G-quadruplexes.

Several MD studies have reported investigations of the fundamental structural

conformations and dynamics of TBA in presence of cations (K+, Na+, Sr+ etc.)258,261–264.

For example, Kim et al.261 carried out all atom replica exchange molecular dynam-

ics (REMD) simulation to generate the the folding mode of TBA and free energy

map261. Extremely long MD simulations of the order of a few microseconds con-

cluded that the TGT loop of TBA stabilizes the entire structure of the complex

in presence of the K+ ion and the TT loops are directly involved in the binding

with the thrombin258. The study on TBA by NMR experiment in Ref. 265 revealed

that the unfolding of TBA molecule takes place by uncoupling of the base pairs-

G1-G15, G2-G14 and G5-G11 based on hydrogen exchange rate, then following by

opening of TGT loop and finally opening through TT loop. However, the folding

of G-quadruplex structure is far slower and more complex than fast-folding protein

process as reported by experiments on different quadruplex structure266,267 including

TBA265,268 and MD simulation studies. The presence of several kinetic traps on the

folding pathway of TBA presents obstacles towards the construction of detailed ki-

netic network model of TBA. Recently, Zeng et al. employed MD and MSM method

to understand the unfolding mechanism of TBA269. In this chapter, we construct

Master-MSM in a constant-force setup as previously described for the deca-alanine

molecule. The goal of the study is to verify if the method outlined may be applied to

more complex solvated systems to efficiently elucidate long-timescale conformational

changes and kinetic rates.

6.4.1 System Setup

As a starting point, we took a NMR structure of 15-mer TBA from Protein Data

Bank (PDB) code: 148D270. The system was solvated in a (58× 58× 68 Å3) water

box with 6919 water molecules and neutralized with 14 K+ atoms. Then additional

19 K+ and 19 Cl− atoms were placed to keep 150 mM KCl concentration of the

system. Consequently, the total number of atoms in solvated TBA system were

21141. Since no metal ion are not included in the native PDB file we placed a K+
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ion manually at the center of G-quadruplex core. We performed steered MD (SMD)

simulations by applying an equal and opposite constant force F to atom C5′ atom

at 5′ end and C3′ atom at 3′ end of the TBA molecule as shown in Fig. 6.8.

Figure 6.8: The folded G-quadruplex structure of a TBA molecule. Guanine and
Thymine residues are represented by yellow-green and red colors respectively. The
constant force F is applied on the C5′ atom (blue circle) of residue 1 and C3′ atom
(purple circle) of residue 15 in opposite direction. A potassium ion (K+) denoted
by pink circle is kept at the centre.

6.4.2 Simulation Protocols

All the MD simulation were performed using NAMD version 2.11184 with the force

field CHARMM36206. Initially the system was relaxed using the conjugated gradient

energy minimization algorithm by 10000 steps and equilibrated for 500 ps first in

NPT ensemble. We kept the temperature at 310 K by coupling the system to a

Langevin heat bath. The atomic configurations were saved every 4 ps for further

analysis. The time step of integration was set to 2 fs and the non-bonded cut-off

distance was set to 10 Å to treat the long-range interaction by applying Particle Mesh

Ewald (PME) method. After NPT simulation a 5 ns long NVT simulations were

performed to select initial conformations (that were slightly different from native

structure) for parallel long SMD simulations with constant force.
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6.5 MSM Construction Protocols using Parallel

Long Constant-Force SMD Trajectories

For construction of MSM with constant-F ensembles, we carried out parallel MD

simulations at different force F = 0, 10, 20, 30, 40 pN from different starting con-

formations. The number of trajectories and total time length of MD simulations

generated at various constant force conditions are listed in Table 6.3. The nine

Table 6.3: List of SMD simulations at various forces.

Constant
Force (pN)

Number of MD
trajectories

Length of each
MD trajectories

(ns)

Total length
Total MD duration

(µs)

0 98
20 (91 trajectories)
300 (9 trajectories) 3.9

10 96 20 1.9

20 96 20 1.9

30 96 20 1.9

40 96 20 1.9

MD trajectories at force free conditions were continued upto 300 ns due to the slow

dynamics observed. Note that, unlike the previous example, the network models of

the TBA molecule were constructed via post-analysis of MD trajectories instead of

on-the-fly.

6.5.1 Construction of MSM-0 for the TBA under Tension

Due to the slow dynamics observed in our preliminary analysis, a coarse-grained net-

work model was generated using a one-dimensional reaction coordinate, the distance

between C5′ and C3′ atoms of the first and last residues respectively, termed the

extension length. The configurational states were identified by binning the extension

length of the molecule in equispaced windows of width 6 Å. A total of 13 states were

identified with extension range given in Table 6.4. Representative configurations for

the states, named in order of discovery, are provided in Fig. 6.9.
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Table 6.4: List of the states of the TBA molecule and the range of extension lengths
for each state. The range includes the lower bound but not the upper bound in each
case. The states are labeled in order of detection in the MSM construction method.

State

Extension Length Range

(Å) State

Extension Length Range

(Å)

1 12-18 8 48-54

2 18-24 9 54-60

3 6-12 10 60-66

4 24-30 11 66-72

5 30-36 12 72-78

6 36-42 13 >78

7 42-48

Figure 6.9: Typical structures of the intermediate states on the unfolding pathway.
The residues Guanine (G) and Thymine (T) are represented by yellow-green and
purple colors respectively. The blue and red circles at the two ends of the molecules
indicate C5′ atom at 5′ end and C3′ atom at 3′ end respectively at which opposite
forces are applied.
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Figure 6.10(a) shows the variation of the free energy, defined asAS(F ) = −kBT lnπeqS (F )

associated with state S at an applied force F . Here, πeqS (F ) is the probability of

residence in a given state at equilibrium at a constant stretching force F , kB is the

Boltzmann constant and T is the temperature. The lines denote quadratic fits to the
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Figure 6.10: (a) Plot of the free energy vs. the applied force for the various
states. Symbols represent the value computed from PSC-MD calculations. The lines
represent a quadratic fit applied to the data in each case except for state 13. (b)
Parity plot used to verify detailed balance for the kinetic pathways detected in the
calculations. Each point represents a kinetic pathway where the ordinate gives the
ratio of the forward to reverse rates while the abscissa represents exp(−βASS′ (F )).
Here ASS′ (F ) represents the free energy difference between the two states S and S

′

when a stretching force, F , is applied and β is the reciprocal of kBT where kB is the
Boltzmann constant and T is the temperature.

data for all cases except state 13 (state with extension length > 78 Å), where a linear

fit was performed since the state was detected at only two of the forces. States 1, 3

and 4, seen to have compact structures, were found to have diminishing free energies

at lower forces, that is, increased occurrence unlike the remaining states. Kinetic

rates of transition between states were calculated using MLE. Only those transitions
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that were detected at least ten times were considered for generating the MSM. The

parity plot in Fig. 6.10(b) comparing the ratio of the forward to backward rates

of transition between pairs of states to the corresponding ratio of residence prob-

abilities of the states indicates that detailed balance is satisfied. At each of the

four forces, 10, 20, 30 and 40 pN, a 1-d network model was generated using the

detected transitions. 20 pN was selected as the reference force. The network model

constructed at 20 pN is shown in Fig. 6.11. As in the case of the deca-alanine

1

3

2

4

5

6

7

8

9

10

11

Figure 6.11: Markov state model generated at 20 pN.

molecule in Sec. 6.3, the kinetic parameters kf (F0) and αf are estimated by fitting

Eq. (6.12) to rates in the MSMs at different values of F in Fig. 6.12. Figure 6.12

shows kinetic rates of relevant pathways obtained from the MSMs at various forces.

The kinetic rates at the reference tension, 20 pN, kf (F0), are directly obtained from

the MSM constructed at the force F0. Table 6.5 provides values for kf (F0) and αf

for pairs of states. The catalogue of states and the kinetic parameters of Eq. (6.12)

comprise the MSM-0 of the TBA system.

Table 6.5: The parameters for the kinetic rates of transition for the TBA molecule.

Initial State Final State

Rate
kf (F0)

(ps−1)

αf=
tanθ

(tanθ+tanφ)

1 2 1.29E-03 0.459847

1 3 3.78E-04 0.251809

2 1 7.32E-04 0.072973
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2 4 9.12E-04 0.082613

3 1 1.11E-03 0.114201

4 2 8.26E-04 0.038677

4 5 1.39E-03 0.170062

5 4 8.34E-04 0.463098

5 6 1.42E-03 0.009504

6 5 1.11E-03 -0.11232

6 7 1.54E-03 0.062182

7 6 1.36E-03 -0.00709

7 8 8.78E-04 -0.06927

8 7 1.34E-03 -0.02777

8 9 1.15E-03 0.043072

9 8 9.20E-04 0.00912

9 10 1.53E-03 0.04283

10 9 1.66E-03 0.103562

10 11 1.52E-03 -0.00936

11 10 1.99E-03 -0.05168
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Figure 6.12: (a)-(f) Kinetic rates of relevant pathways obtained from the MSMs at
various forces. The symbols represent the kinetic rates obtained from the analysis
of MD trajectories. The lines refer to Eq. (6.12). In panel (f) connecting lines (from
Eq. (6.12)) are not available for several pathways which were observed only at high
forces (>20 pN).

The MSM-0 formalism was then used to predict the relevant kinetic rates at

zero-force conditions. The predicted rates were then compared to the rates obtained

from direct simulations at force-free conditions in Fig. 6.13. Although, the rates

for every transition detected in the force range 10-40 pN, could be extrapolated via

Eq. (6.12) to zero-force conditions, the actual simulations yielded only a handful of

rates, between states 1-2 and 5-6. The free energy differences at zero-force conditions

required for the calculation of the rates were obtained from the extrapolation of the

quadratic fits to the free energy plot in Fig. 6.10(a). Although several other states

and associated transitions were detected in the zero-force MD calculations, the rates
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Figure 6.13: Kinetic rates of relevant pathways at zero-force. Solid symbols rep-
resent the rates obtained directly from zero-force MD simulations. Empty symbols
of the same type indicate the rates at the forces 10, 20, 30 and 40 pN obtained from
SMD calculations. The dashed lines of the same color indicate the rates predicted
by Eq. (6.12). The predicted rates at zero-force conditions are indicated by the
y-intercepts of the dashed lines.

are not presented here due to insufficient sampling. The estimated rates (dashed

lines in Fig. 6.13) were found to be in reasonably good agreement with the observed

rates (solid symbols in Fig. 6.13).

6.6 Molecular Simulations of RNA hairpin un-

der tension: Prediction of Kinetic Rates at

a Specified Force

As our third example, we consider a RNA hairpin model. Ribonucleic acid (RNA)

has been found to be associated with a variety of cellular processes271 including

regulation of gene expression and protein synthesis272,273. To execute their function

RNA molecules need to be folded into specific three dimensional structure. There

are two aspects of RNA folding. The first one is the prediction of 3-D structure

from the RNA sequences274,275. The second aspect concerns the kinetic mechanism

by which the formation of assembly of 3D functionally competent structure takes

place starting from unfolded conformations. At a first glance, it would seem that

RNA folding mechanism should be simple at least in comparison to the better inves-

tigated protein folding problem. But the rugged nature of energy landscape arising

due to polyelectrolyte character of the phosphate backbone, ion-RNA interaction

in vivo, base stacking and base pair formation by Watson-Crick hydrogen bond-
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ing276; contribute to the complexity of RNA folding. Furthermore, their propensity

to be misfolded due to the formation of various stable base pairs and base stacks is

a major folding problem encountered by RNA molecules. The RNA folding mecha-

nism has been studied extensively in vitro and several ribozyme folding paradigms

have been revealed277–290. Despite the significant progress in understanding RNA

folding, many aspects of RNA folding remain unsolved, for example, the identifica-

tion of intermediate states and unfolding pathways of small RNA molecules, RNA

hairpins or larger RNA structures is not easy as they require rigorous analysis to

study the slow dynamical process of RNA. A few single-molecule force-spectroscopy

measurements291–295 and pulling simulations296–299 were carried out on RNA hairpin

to probe folding energy landscape of RNA molecule but they provide a little infor-

mation about kinetic properties. We apply the method described in the preceding

sections in order to illuminate possible intermediate states and kinetic pathways us-

ing MSM-0 constructed with a handful of SMD simulations of a target RNA hairpin

molecule at various constant forces.

6.6.1 System Setup

Initial coordinates for the RNA hairpin structure with sequence UCUUCGGG (Fig.

6.14) were taken by extracting eight residue from the X-ray structure 1C0O300 which

has a sequence-GGGUCUUCGGGUCC. We deleted the first 3 and last 3 nucleotides

Figure 6.14: Hairpin structure of RNA molecules with sequence UCUUCGGG.
The color code for the residue URA, CYT and GUA are green, red and blue respec-
tively.

of the initial RNA hairpin model with a 4-bp helix and retained the 2-bp at the

middle. The RNA system was solvated in a periodic water box of 1622 TIP3P water
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molecules with a box size 30× 32× 56 Å3, and additional 5 sodium (Na+) ions were

added to neutralize the system. Then, 5 Na+ and 5 Cl− ions were placed to ionize

the system with a salt concentration of 150 mM. The total number of atoms in the

solvated RNA hairpin model was 5088. As a part of SMD simulation with constant

force, equal and opposite forces (F ) were applied at the C5′ atom of the first residue

and C3′ atom of the last residue as shown in Fig. 6.14.

6.6.2 Simulation Protocols

To perform all the simulations, we used NAMD 2.11183 and CHAMM36206 force field

parameters. The system temperature was kept at 310 K by coupling the system to

a Langevin heat bath. The integration time step was set to 2 fs. The PME method

was used to calculate the long range electrostatics with a charge grid spacing of ∼1 Å

and a cutoff of 10 Å was applied to the Lennard-Jones and direct space electrostatic

interactions. The solvated system was first minimized (by 10000 conjugate gradient

cycles) at 310 K. Then, 1 ns NPT simulation at 310 K with 1 atm constant pressure

was carried out to equilibrate the density of the solvated system. This was followed

by 5 ns long NVT simulations under equivalent conditions to collect the starting

configuration of PSC calculations (see Sec. 4.4 of chapter 4).

6.6.3 Construction of Kinetic Networks for the RNA Hair-

pin

The PSC algorithm was applied to generate the MSMs with specified validity times

with constant forces varying between 90 and 140 pN. The network models were gen-

erated using a one-dimensional reaction coordinate, the distance between C5′ and

C3′ atoms of the first and last residues respectively, termed the extension length. In

this case, a bin width of 5 Å was selected for classifying the configurational states.

A total of 7 states were identified with extension range given in Table 6.6. Repre-

sentative configurations for the states, named in order of discovery, are provided in

Fig. 6.15.
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Table 6.6: List of the states of the RNA hairpin and the range of extension lengths
for each state. The range includes the lower bound but not the upper bound in each
case. The states are labeled in order of detection in the MSM construction method.

State Extension Length Range (Å)

1 15-20

2 20-25

3 25-30

4 30-35

5 35-40

6 40-45

7 >45

Figure 6.15: Typical structures of seven states of RNA hairpin. The color code
for the residue GUA (G), URA (U) and CYT (C) are blue, yellow-green and red
respectively. The green and purple circles indicate the C5′ atom of residue 1 and
C3′ atom of residue 8.

The parity plot in Fig. 6.16(a) comparing the ratio of the forward and backward

rates of transition between pairs of states to the corresponding ratio of residence

probabilities of the state indicate detailed balance to be satisfied. Figure 6.16(b)

shows the variation of the free energy, defined as AS(F ) = −kBT lnπeqS (F ) associ-
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Figure 6.16: (a) Parity plot used to verify detailed balance for the kinetic path-
ways detected in the calculations. Each point represents a kinetic pathway where
the ordinate gives the ratio of the forward and backward rates while the abscissa
represents exp(−βAss′ (F )). (b) Plot of the free energy vs. the applied force for the
various states. Symbols represent the value computed from PSC-MD calculations.
The lines represent a quadratic fit applied to the data in each case.

ated with state S at an applied force F . As in the previous examples, πeqS (F ) is

the probability of residence in a given state at equilibrium at a constant stretching

force F , kB is the Boltzmann constant and T is the temperature. The lines denote

quadratic fits to the data. States 1, 2, 3 and 4, seen to have compact structures,

were found to have diminishing free energies at lower forces, that is, increased oc-

currence unlike the remaining states. Kinetic rates of transition between states were

calculated using MLE. As in the previous examples, only those transitions that were

detected at least ten times were considered for generating the MSMs and are pre-

sented in the discussion.

At each of the six forces, 90, 100, 110, 120, 130 and 140 pN, an MSM was

generated using the detected transitions. 110 pN was selected as the reference force.

MSM-0 was constructed using the catalogue of states and rate parameters obtained

from the MSMs constructed at the forces between 100-140 pN. Note that 90 pN

MSM was not used to calculate the rate parameters. The network model constructed

at 110 pN is shown in Fig. 6.17(a). As in the case of the deca-alanine molecule in

Section 6.3, the kinetic parameters kf (F0) and αf are estimated by fitting Eq. (6.12)

to rates in the MSMs at different forces (between 100 and 140 pN) in Fig. 6.17(b-c).

Table 6.7 provides values for kf (F0) and αf for pairs of states.
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Figure 6.17: (a) Markov state model generated at 110 pN. (b)-(c) Kinetic rates of
relevant pathways obtained from the MSMs at various forces. The symbols represent
the kinetic rates obtained from the analysis of MD trajectories. The lines refer to
Eq. (6.12) generated with the MSMs at 100, 110,120, 130 and 140 pN. The rates
at 90 pN, obtained by extrapolating via Eq. (6.12) (as represented by the dashed
lines) are compared to the directly computed kinetic rates at 90 pN PSC calculations
(empty symbols).

Table 6.7: Kinetic parameters for the RNA molecule.

Initial State Final State

Rate
kf (F0)

(ps−1)

αf =
tanθ

(tanθ+tanφ)

1 2 1.04E-02 0.101699

2 1 8.39E-03 0.862183

2 3 2.97E-03 0.260046

3 2 8.13E-04 0.091414

3 4 4.56E-03 0.14365

4 3 6.40E-04 0.251428

4 5 9.83E-03 0.146387

5 4 1.22E-03 0.753261
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6.7 Discussion

5 6 5.73E-03 0.139405

6 5 2.78E-03 0.861036

6 7 1.45E-03 0.528748

7 6 1.27E-01 0.474352

The master-MSM or MSM-0 thus constructed for the RNA hairpin system was

used to predict the network model at 90 pN through Eq. (6.12) and the quadratic fit

to the free energies of the relevant states shown in Fig. 6.16(b). The predicted rates,

indicated by the dashed lines in Fig. 6.17(b) and (c), are in good agreement with

the rates computed directly from PSC-MD calculations at 90 pN (empty symbols in

Fig. 6.17(b)-(c)).

6.7 Discussion

Using an extended approach of the Master-MSM method for constant trap separa-

tion experiments in FS set up, here we construct a master-MSM for constant-force

experiments to predict the intrinsic kinetic properties of the system from constant-F

ensemble MD data. The underpinning concept behind our methodology is the rela-

tion between the kinetic rates at different force conditions based on the BEP principle

and extrapolating the kinetic rate vs force plot to zero-force. For this purpose, first

we construct a few kinetic network models at various constant forces within a range

to capture the fully extended configuration of the system. Next, a master-MSM

(MSM-0) is constructed at reference force (F0) along with a parametrization of ki-

netic rates which is the basis of our methodology. The methodology presented here is

demonstrated by taking three examples of deca-alanine, TBA and RNA-hairpin sys-

tems. The thermodynamic consistency of the system is ensured by checking detailed

balance condition for each relevant kinetic pathway. The reliability of our model is

verified by a comparison of the relaxation timescales and kinetic rates obtained from

constant-F and constant-d ensemble data of deca-alanine. The method presented

here can be considered as an enhanced kinetic method, can help us to predict the

kinetic rates of transition between relevant states at zero force. Thus, the present

approach may provide a overall insight into the unfolding mechanism of kinetically

slow systems and unfolding free energy profile of the system under consideration at

force-free conditions with less computational effort by taking the advantage of the

fact that application of force induce the transitions to occur more quickly.
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Chapter 7

Conclusions

In this thesis, we have developed a new class of enhanced kinetic sampling methods

for biomolecular simulations. Our focus is on kinetics unlike most other meth-

ods are centered on thermodynamic aspects. Thermodynamic studies of systems

mainly involve the description of free energy landscapes and equilibrium properties

of the system, but it does not help us to get kinetic properties such as transition

rates and barrier heights. In this thesis, data for the conformational dynamics of a

biomolecular system governed by the classical equation of motion was generated us-

ing molecular dynamics simulations. The main focus of the research is on the efficient

construction of kinetic network from MD trajectories that is human comprehensible

and provides a deeper view of molecular kinetics distilled from a massive amount of

data. Markov State Model (MSM) is such an example of molecular kinetic network.

So, the first part of our thesis places a special attention to the construction of MSM

much accurately and efficiently. To ensure the accuracy of MSM, a theoretical frame-

work of calculation of validity time (τV ) of an MSM has been proposed. For efficient

generation of MSM and extension of validity time, a self-learning algorithm has been

developed. The second part of our thesis focuses on the construction of MSM for

Single-molecule Force Spectroscopy (SMFS) taking the advantage of the fact that

application of force can induce conformational transitions that are otherwise rarely

sampled. However, the application of force on the system perturbs the dynamics

of the system and the extraction of equilibrium kinetic properties from perturbed

dynamics is not straight-forward. Moreover, probing kinetics of biomolecular sys-

tems under tension is complicated due to the presence of multiple intermediate state

connected by multiple kinetic pathways. In order to address these challenges, we

have introduced the idea of master-MSM for finding a connection between topologi-

cally distinct MSMs (at different stretching conditions) based on Bell-Evans-Polanyi

principle. Then a Time-Dependent Markov State Model (TD-MSM) has been pro-
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posed by using the concept of master-MSM to predict the non-equilibrium dynamics

of the system in SMFS. There are various modes of SMFS: force-ramp, force-jump,

constant-force etc. We have attempted to show that our model is sufficiently versa-

tile to encompass various kind of SMFS experiments. We have employed the concept

of master-MSM directly to constant-force experiments to recover the intrinsic kinetic

properties of the system.

The primary challenges for building an MSM are choosing a good state defi-

nition for generation of conformational states and computation of kinetic rates of

transition between conformational states. We used different methods in the various

systems those we have probed. In case of the deca-alanine molecule, the states were

generated by comparing the backbone atoms after aligning the molecule using the

Kabsch algorithm where two consecutive conformations in MD frames were catego-

rized as different states if their structural similarity differ by a tolerance value. For

determination of correct tolerance value, we carried out a preliminary analysis with

multiple swarm MD calculations using various tolerances. An examination of the

state-wise histograms for various parameters, such as distances between specified

atoms, helped us to choose the tolerance. In contrast, for TBA and RNA-hairpin

systems, we adopted a coarse-grained approach where states were distinguished by

taking into account only one reaction coordinate. In this approach, the distance be-

tween the C5
′

and C3
′

atoms of the first and last residues was defined as extension

length (ξ) and splitted into several windows up to maximum value of ξ to cover a

full extension range of the system. The interval per window was kept 6/5 Å for

TBA/RNA system. Then we extracted the representative conformation for each

window of extension. In future, we can take advantage of various clustering tech-

niques for better decomposing of the conformational space. In this thesis, we used a

Maximum Likelihood Estimation (MLE) method to calculate the kinetic rate. For

the MLE method to be valid, the observed kinetic rates of each kinetic pathway are

required to obey exponential distribution according to first order kinetics. There-

fore, first order kinetics was verified for several pathways.

Next, we addressed the uncertainty in MSM due to missing kinetic information

by introducing the concept of validity time. Within the timescale of validity time the

dynamics of the system can be predicted faithfully with a chosen accuracy. Beyond

the validity time, the MSM-predicted kinetics may diverge from the true kinetics of

the system due to the occurrence of rare transitions that were missing in the MSM.

A theoretical framework was provided for the calculation of validity time and using

140

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 141 — #179

an MSM of solvated Alanine dipeptide we concluded that it is important to state

the validity time of an existing MSM to describe the dynamics accurately.

With the object of efficiently increasing the validity time of an MSM, we de-

veloped swarm MD and state-constrained MD (SC-MD) methods for an accurate

and efficient construction of MSM. An adaptive method, named by programmed

state constrained MD (PSC-MD) method was developed to accelerate the extension

of the validity time of MSM. The new methods and concepts were demonstrated

by a prototype example and deca-alanine under tension as test model. The study

on deca-alanine reveals that the missing states may be relevant to the dynamics at

longer timescales.

Pursuing an idea first developed in SMFS experiments, we then developed an

enhanced kinetic sampling strategy that is based on applying forces on molecules

to enhance kinetic rates. We developed the idea of a master-MSM or MSM-0

for constant-probe separation (d) experiments to predict the connection between

topologically different kinetic networks constructed at distinct trap separations. In

addition, the availability of state-specific force models enable calculation of force-

extension behaviour in a variety of ensembles. Changes in the network topology

upon stretching is related through a thermodynamic quantity termed as mechanical

disposition (χ). On the basis of the idea of constructing master-MSM at a reference

extension, a time-dependent MSM (TD-MSM) was proposed to study the dynamics

of time-dependent pulling force experiments where the time dependence is inherited

in the model. Here the exploitation of the concept of SMFS in construction of MSM

can help us to get a detailed insight into kinetic, thermodynamics and mechanical

properties of the system.

Although the constant-d (trap separation) ensemble allows one to understand

the time evolution of non-equilibrium system, it is not trivial to predict the intrin-

sic kinetic rates. Hence, we extended the technique to the constant force ensemble

with the aim of recovering the zero-force network. We demonstrated how the method

can provide meaningful information about long timescale dynamics without actually

performing simulation at force-free conditions. Our approach was demonstrated by

previously well-studied system-deca alanine and applied to TBA and RNA-hairpin

systems.

At this point of our methodology for construction MSM in SMFS experiments
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needs further investigation and improvement. We have started with a simpler ex-

ample of deca-alanine system which has only one secondary component (helix struc-

ture). Our approximation about the linearity of potential energy surface (PES) near

saddle point and quadratic approximation of free-energy difference on anchor sepa-

ration in TD-MSM approach were found to be valid for deca-alanine system. Real

protein systems have both helical and beta strand components and exhibit tertiary

structure. Hence, the feasibility of using these methods on more complicated pep-

tides need to be tested. Furthermore, we can improve our methodology by taking

parabolic form of PES near saddle point instead of linear form. In our study of

elastic properties we have considered the deca-alanine molecule as harmonic spring

associated with a spring constant and equilibrium length for each state. It is not

obvious whether such models would hold for more complicated structures. Systems

of increasing complexity may require new models to explain their elastic behaviour.

In bigger systems, kinetic trapping remains a major challenge. Therefore, for the

TBA and the RNA system, we opted to verify our ideas using a coarse-grained

1-dimensional reaction coordinate. However, this entails loss of valuable kinetic in-

formation. The complexity of the dynamics on a multi-dimensional landscape may

be uncovered by constructing MSM using multiple degrees of freedom. Finally, we

believe that the method can be extended to investigate the various biomolecular

process including protein/nucleic acid folding, protein-ligand binding, peptide ag-

gregation, dynamics of intrinsic disordered proteins etc.

142

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 143 — #181

Appendix A

Basic Theory and Analysis

Techniques

A.1 Theory

A.1.1 Rate Constant and Transition State Theory

The rate constant normally depends on the absolute temperature, and the functional

form of this relationship was first proposed by Arrhenius in 1889 to be:

k = Āexp[−Ea/RT ] (A.1)

where the activation energy, Ea and the pre-exponential or frequency factor, Ā, both

do not depend on the absolute temperature. The Arrhenius form of the reaction

rate constant is an empirical relationship. However, transition-state theory provides

a justification for the previously used Arrhenius formulation, as is discussed below.

The discussion on reaction rate involves two important theories: (1) collision

theory and (2) transition-state theory. The collision theory tells us how frequently

the molecules involved actually have to bump into each other, and allows the cal-

culation of the efficiency of a reaction, that provides the maximum possible rate.

Unfortunately, collision theory tells us nothing about steric factors or the activation

energy, and these parameters must be determined experimentally. To calculate the

rate constants, we need to consider the chemical properties of the reactants and

the activated complex. This is done with either a statistical mechanical approach

or chemical thermodynamic approach, named by “Transition State Theory” (TST),

developed by Henry Eyring in 1935. The TST is also known as activated complex
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A.1 Theory

Figure A.1: Illustration of the Gibb’s free energy of activation.

theory.

In a chemical reaction, all the structures in the vicinity of this transition state

may be considered as the “activated complex”, which is very reactive. Although

the terms “transition state” and “activated” complex are often used synonymously,

the transition state does not have a chemically significant life time. In a chemical

reaction, a motion along the “forward” direction will lead to the products. The

fundamental assumption of activated complex theory is that transition state is in

equilibrium with the reactant and product. According to Eyring equation the tran-

sition state rate constant is:

k = (kBT/h)e−∆G‡/RT

=
kBT

h
e−

∆H‡
RT e

∆S‡
R

(A.2)

where ∆G‡ (=∆H‡-T∆S‡) is the Gibb’s free energy of activation, ∆H‡ is the en-

thalpy of activation and ∆S‡ is the entropy of activation. Here, kB is the Boltzmann

constant, h is the Planck constant, T is the thermodynamic temperature and R is

the universal Gas constant. As shown in the Fig. A.1 above, free energy of activa-

tion represents the difference in energy between the reactant state and the activated

complex (transition state), or,

∆G‡ = G(activated complex)−G(reactants). (A.3)
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A.1 Theory

Figure A.2: Illustration of the transition state theory rate constant.

Note that this activation enthalpy quantity, ∆H‡, is analogous to the activation

energy quantity, Ea, when comparing the Arrhenius equation (Eq. (A.1)) with the

Eyring equation (Eq. (A.2))

The TST formalism for a chemical reaction that proceeds along the reaction co-

ordinate over the transition state has been also extended to study the time evolution

of a system undergoing conformational transitions. In the context of conformational

transition, the TST formalism approximates the classical rate constant for escape

from state A to some adjacent state B as equilibrium outgoing flux through the

dividing surface between A and B (Fig. A.2). The dividing surface is a 3N-1 di-

mensional hyperplane, a Transition state (TS), that represents a bottle neck for

going from an initial to a final state. If there are no correlated dynamical events,

the TST rate is the exact rate constant otherwise TST can be corrected for recross-

ing effects to give the exact rate. The TST rate from a state A (kTSTA→ ) through a

dividing surface at x1 = q is simply proportional to the Boltzmann probability of

being at the dividing surface relative to the probability of being anywhere in state

A. Mathematically,

κTSTA→ =<| dx1

dt
| δ(x1 − q) >A . (A.4)

Here the angular bracket indicates the ratio of Boltzmann-weighted integrals over

6N-dimensional phase space (configuration space r and momentum space p). Dirac

delta function picks out the probability of the system being at the dividing surface,

relative to everywhere it can be in state A. For simplicity here, the dividing surface

is at x1 = q, involving only the reaction coordinate x1 (x1 ∈ r).

145

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 146 — #184

A.2 Analysis Techniques

A.1.2 Harmonic Transition State Theory

The harmonic approximation of TST is often used to calculate TST rate constants.

Harmonic TST (HTST) is often referred as Vineyard theory301. In HTST, we re-

quire that transition pathway is characterized by a saddle point on the potential

energy surface. One assumes that the potential energy near the basin minimum is

well described (out to displacements sampled thermally) with a second-order energy

expansion, that is, the vibrational modes are harmonic and that same is true for the

modes perpendicular to the reaction coordinate at the saddle point. The dividing

surface is taken to be the saddle plane (the hyperplane perpendicular to the reaction

coordinate at the saddle point), and evaluation of the average in Eq. (A.4) for a

system with N moving atoms gives the simple form

κHTST =

3N∏
i

νmini

3N−1∏
i

νsadi

exp(−∆E/k
B
T ). (A.5)

Here ∆E is the static barrier height (energy difference between the saddle point and

the minimum) and kB is the Boltzmann constant. In the pre-exponential factor,

{νmin} are the 3N normal mode frequencies at the minimum and {νsad} are the

3N-1 non-imaginary normal mode frequencies at the saddle. The computation of

kHTST thus requires information only about the minimum and the saddle point for

a given pathway. The analytic integration over the whole phase space thus leaves

a very simple Arrhenius temperature dependence. Although the exponent depends

only on the static barrier height, there is no assumption that the trajectory passes

exactly through the saddle point. To the extent that there are no recrossing and

the modes are truly harmonic, this is an exact expression for the rate. We have

employed this HTST expression of kinetic rate in our TDMSM approach.

A.2 Analysis Techniques

Root Mean Square Deviation (RMSD)

The RMSD distinguishes the extent that a particular particle translates from a

defined reference point in the simulation system. The RMSD is calculated according
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A.2 Analysis Techniques

to,

RMSD =

√√√√√ N∑
i=1

(
r(t)− r(t0)

)2

N
=
√
〈∆r2〉

where r(t0) is the reference position, r(t) is the location of a particle in timestep t,

and N is the total number of atoms in the molecule. Before calculating the RMSD

value for a single snapshot, each snapshot is rotated and translated to superpose

itself on the reference coordinates by Kabsch algorithm, in order to filter out large-

scale motions that are not indicative of conformational changes.

A.2.1 Kabsch Algorithm

Kabsch algorithm is a method used to calculate the optimal rotation matrix which

minimizes the RMSD between two paired set of points. This algorithm works in

three step: a translation, the computation of a covariance matrix, and the compu-

tation of the optimal rotation matrix.

Translation: Both sets of coordinates must be translated first, so that their centroid

coincide with the origin of the coordinate system. This is done by subtracting the

point of origin from the coordinates of the respective centroid. The centroids are

just the average point and can be calculated as foloows:

T =


x

y

z



centroidT =
1

N

N∑
i=1

T i

where T i are points in dataset P.

Computation of the covariance matrix: The second step consist of calculating

a cross-covariance matrix between two set of paired points, P and Q. In matrix

notation,

A = P TQ,
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A.2 Analysis Techniques

or, using summation,

Aij =
N∑
k=1

PkiQkj

Computation of the optimal rotation matrix:

First, calculate the Singular value decomposition (SVD) of the covariance matrix A

as

A = V ΣW T

where V is orthogonal, Σ is diagonal, and W is orthogonal matrix. If A is a square

matrix then V , Σ and W are the same size as well.

Next, decide whether we need to correct our rotation matrix to ensure a right-

handed coordinate system. It is possible by computing d as

d = sign(det(WV T ))

Finally the optimal rotation matrix is calculated as:

U = W


1 0 0

0 1 0

0 0 d

V T .

We can express total squared distance (E) between two set of conformations with n

points vectors as a function of the optimal rotation matrix, U:

E =
n∑
i=1

||pi − qiU ||2.

The RMSD is then

RMSD =
√
E/N.

A.2.2 H-bond

Hydrogen bonding is a special type of dipole-dipole attraction between molecules,

not a covalent bond to a hydrogen atom. H-bond interaction occurs when a hydrogen

atom bounded to a strongly electronegative (ex. N, O, F etc.) atom exists in the

vicinity of another electronegative atom with a lone pair of electrons. This bonds are

generally stronger than ordinary dipole-dipole and dispersion forces, but weaker than

true covalent and ionic bonds. Formation of H-bonds between donors and acceptors
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A.2 Analysis Techniques

is defined by two parameters: the distance between the donor (D) and acceptor (A),

and 2) the angle defined by D-H-A. In our measurements, the distance cutoff was

set at 3.4 Å and the maximum angle was set to 30◦.

A.2.3 Helicity

The calculation of α-helix, 310 and π-helical contents of a protein are done by VMD

package.

A.2.4 Runge-kutta-Fehlberg Method (RKF45)

Runge-Kutta is a numerical solver providing an efficient explicit method solve Ordi-

nary Differential Equation (ODE) initial value problems. We have used the standard

Runge Kutta 4-5 method to compute the approximate solution of Eq. (5.36). It has

a procedure to determine if the proper step size h is being used. At each step, two

different approximations (step size h and h/2) for the solution are made and com-

pared. If the two answers are in close agreement, the approximation is accepted.

If the two answers agree to more significant digits than required, the step size is

increased.

Each step requires the use of the following six values:

k1 = hf(xk, yk),

k2 = hf
(
xk +

1

4
h, yk +

1

4
k1

)
,

k3 = hf
(
xk +

3

8
h, yk +

3

32
k1 +

9

32
k2

)
,

k4 = hf
(
xk +

12

13
h, yk +

1932

2197
k1 −

7200

2197
k2 +

7296

2197
k3

)
,

k5 = hf
(
xk + h, yk +

439

216
k1 − 8k2 +

3680

513
k3 −

1859

4104
k4 −

11

40
k5

)
,

k6 = hf
(
xk +

1

2
h, yk −

8

27
k1 + 2k2 −

3544

2565
k3 +

1859

4104
− 11

40
k5

)
.

(A.6)

Then an approximation to the solution of the ODE is made using a Runge-Kutta

method of order 4:

yk+1 = yk +
25

216
k1 +

1408

2565
k3 +

2197

4101
k4 −

1

5
k5. (A.7)

where the four function values k1, k2, k3, k4 and k5 are used. Notice that k2 is not

used in formula (Eq. (A.7)). A better value for the solution is determined using a
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Runge-Kutta method of order 5:

zk+1 = yk +
16

135
k1 +

6656

12, 825
k3 +

28, 561

56, 430
k4 −

9

50
k5 +

2

55
k6. (A.8)

The optimal step size sh can be determined by multiplying the scalar s times the

current step size h. The scalar s is

s =

(
tol h

2|zk+1 − yk+1|

)1/4

≈ 0.84

(
tol h

|zk+1 − yk+1|

)1/4

. (A.9)

where tol is the specified error control tolerance.

A.2.5 Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) method is the procedure of seeking the value

of one or more parameters for a given statistics which maximizes the known like-

lihood distribution. The likelihood of a set of data is the probability of obtaining

that particular set of data, given the chosen probability distribution model.

Let us consider a random sample X1, X2, X3,......,Xn from an unknown popula-

tion whose assumed probability depends on some unknown parameter θ. The goal

of data analysis in MLE method is to find a point estimator (u(X1, X2, X3, ...., Xn)

such that u(x1, x2,−−−xn) is a ‘good’ point estimate where x1, x2,−−−−, xn are

the observed values of the random sample. Suppose the probability density function

of each Xi is f(xi; θ) we can define the likelihood function (Lik(θ)) as

Lik(θ) = P (X1 = x1, X2 = x2, ......, Xn = xn) = f(x1; θ)·f(x2; θ)·f(x3; θ) =
n∏
i=1

f(xi; θ)

(A.10)

The maximum likelihood estimate (θ̂) for the parameter θ is that value of θ that

maximizes Lik(θ). For computational convenience, the MLE estimate is obtained

by maximizing the log-likelihood function:

l(θ) =
n∑
i=1

log(f(xi|θ)) (A.11)

For example, a random sample X = (X1, ...., Xn) is assumed to follow Poisson

distribution:

P (X = x) =
λxe−λ

x!
(A.12)
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A.3 Softwares and Programming Languages Used

with parameter λ, then our goal will be a good estimate of λ using the data

x1, x2, ...., xn that we obtained from our specific random sample. Now the log likeli-

hood will be:

l(λ) =
n∑
i=1

(xilogλ− λ− logxi!)

= logλ
∑
i=1

nxi − nλ−
n∑
i=1

logxi!

(A.13)

We need to find the maximum by finding the derivative:

l′(λ) =
1

λ

n∑
i=1

xi − n = 0 (A.14)

which implies that the estimate should be

λ̂ =

n∑
i=1

xi

n
= x̄ (A.15)

A.3 Softwares and Programming Languages Used

� VMD: Package for visualizing, animating and analyzing the biomolecular sys-

tem.

� NAMD: MD simulation package.

� Xmgrace: 2-d plotting program.

� Matlab: Software for programming language and plotting data.

� Gephi: Software for visualization and exploration of networks.

� Programming Lanuguage: Fortran, tcl and SH.
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Appendix B

Biomolecules’ Structure

Most of the molecules found in the cell are able to intricate itself into folded, well-

defined three-dimensional structure to perform its function correctly and efficiently.

The main classes of biomolecules are lipids, carbohydrates, protein and nucleic acid.

Each type of macromolecules possesses distinct chemical properties that suit it for

the functions which it serves in the cell. In a range of standard molecular biology

textbooks302,304 detailed overviews of biomolecule’s structure and function has been

obtained. In this appendix we will give the brief description of the structure and

function of protein and nucleic acid.

B.1 Protein

Protein are the most versatile biological macromolecules present in the cell of all

living organisms and responsible for most of the complex functions that make life

possible. Much of the contexture of human body are made from poly-proteins; mus-

cle, hair, cartilage, ligaments, nails, feathers - these are all mainly protein materials

(keratine, actin and myosin, etc.). It perform an astonishing variety of function span-

ning every level of cellular processes. The catalysis of chemical reactions, metabolic

regulation, selective transport of small molecules, intra and inter cellular messaging,

the maintenance of cell shape as well as DNA replication, repair and translation,

hormones such as insulin, antibodies, defense and many more are the examples

of protein functions. Despite their phenotypic variation all proteins share a com-

mon underlying composition; all are polymer chain formed from the 20 amino acid

monomers. An enormous diversity of sizes and structure arises in nature from the

possible different combination of amino acids. Protein function is almost dependent

on protein structure. So a good understanding of the nature of protein structure and

the conformational dynamics of the specific protein being formulated are essential

153

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 154 — #192

B.1 Protein

for pharmaceutical target based drug design.

B.1.1 Amino Acid

Figure B.1: The structure of an
amino acid. (Taken from Wiki-
Doc305)

Amino acids plays a central role as building block

of protein containing a central carbon atom (α-

carbon, CA or C), an amine group (-NH2), a car-

boxylic acid group (-COOH), a hydrogen atom

and a distinctive side-chain group (-R). The typi-

cal chemical structure of an amino acid is shown

in Fig. B.1. The amino group attached to the

central carbon atom immediately adjacent to

the carboxylic acid group. Those are the most

common alpha-amino acid where side-chain con-

stituent R-group connected to α-carbon. There

are 20 different types of amino acid and protein

consist of a unique combination of amino acids drawn from this 20-members library.

The reason amino acids can be linked together because of strong interaction of the

acidic -NH2 group at the left side of one to the acidic group -COOH group at the

right side of another and in this way they are stick together to form a peptide bond.

The chain is said to run from its amino (or N) terminus to its carboxyl (or C) ter-

minus as shown in Fig. B.2(a).

Figure B.2: (a) The condensation of two amino acids to form a peptide bond. (b)
The mirror image of asymmetric isomer of Amino-acids. The L-form is shown on
the left an the D-form on the right. ((a) Taken from WikiDoc305 and (b) taken from
Wikipedia306)
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All alpha-amino acids except glycine have achiral center at their α-carbons.

Glycine has two hydrogens on its α-carbon, and therefore it is achiral. Due to its size

and achiral property glycine is a very flexible amino acid and tends to break helical

and other secondary structure of proteins. Besides glycine, all proteogenic amino

acids can exist in either of two optical isomers, called L (levorotaty) or D (dextro-

rotary) amino acids, which are mirror images of each other (Fig. B.2(b)). Biological

systems have evolved to use the L-form almost exclusively. D-amino acids are very

rare and found in some proteins produced by enzyme posttranslational modifications.

The side-chain denotes the physical and chemical properties of protein. Accord-

ing to charge and polarity of side-chain the structures shown in Fig. B.3 can be

Figure B.3: Classification of 20 amino acids. (Taken from Biology Exams 4 U307)

grouped into the following categories: (1) Nonpolar or hydrophobic (low propensity

to be in contact with water) amino acids as Alanine, Valine, Leucine, Isoleucine,

Proline, Phenyalanine and Glycine. (2) neutral (uncharged) but polar amino acids

as Serine, Threonine, Glutamine, Asparagine, Tyrosine, Tryptophan and Methion-

ine. The polar amino acid usually participate in hydrogen bonds as proton donor

and acceptor. (3) Charged amino acid (energetically favorable contact with water)

include acidic amino acids (which have a net negative charge at pH 7.0), and basic

amino acids (which have a net positive charge at neutral pH). The table B.1 shows
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the abbreviation and properties of amino acids. The side chains in charged amino

acid often make salt bridge (a non-covalent interaction among ionized sites). The

acidic amino acid are Aspartic acid and glutamic acids and Lysine, arginine and

histidine are the example of acidic amino acid. Cysteine and methionine are the

Sulphur containing amino acids. Tyrosine, Tryptophan, phynyalanine contains an

aromatic group in their side chain. Most of the naturally occurring amino acids are

Table B.1: Proteinogenic amino acids, with corresponding one-letter symbols, the
three-letter symbols and the properties of the side-chains.

Amino Acid 3-Letter 1-Letter Mass (Da) polarity
Charge
(pH 7)

Alanine Ala A 89.98 nonpolar neutral

Arginine Arg R 174.20 polar positive

Asparagine Asn N 132.12 polar neutral

Aspartic acid Asp D 133.10 polar negative

Cysteine Cys C 121.15 non-polar neutral

Glutamic acid Glu E 147.13 polar negative

Glycine Gly G 75.07 nonpolar neutral

Glutamine Gln Q 146.15 polar neutral

Histidine His H 155.16 polar positive

Isoleucine Ile I 131.17 nonpolar neutral

Leucine Leu L 131.17 nonpolar neutral

Lysine Lys K 146.19 polar positive

Methionine Met M 149.21 nonpolar neutral

Phenylalanine Phe F 165.19 nonpolar neutral

Proline Pro P 115.13 nonpolar neutral

Serine Ser S 105.09 polar neutral

Threonine Thr T 119.12 polar neutral

Tryptophan Trp W 204.23 nonpolar neutral

Tyrosine Tyr Y 181.19 polar neutral

Valine Val V 117.15 nonpolar neutral

indispensable. Human body can produce only 11 of total 20 proteinogenic amino

acids, are named as non-essential amino acid. These are the Tryptophan, Histidine,

Arginine, Leucine, Isoleucine, Lysine, Valine, methionine, phenylalanine, Threonine.

For the remaining nine external supplementation is needed on the basis of food, are

called essential amino acids.
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There are four identified level of protein structure: primary, secondary, tertiary

and quaternary (shown in Fig. B.5). The level of complexity increases from pri-

mary to quaternary structure. Proteins are synthesized as a primary structure, and

secondary, tertiary, and quaternary structures are arising from interactions between

progressively more distant amino acids in the primary structure as a result of protein

folding.

B.1.2 Peptide Chains and Primary Structure

The simplest level of protein structure, primary structure is the unique sequence

of amino acids in each polymer chain which make protein. The sequence is pro-

vided by a series of steps called transcription (the use of a DNA strand to make

a complimentary messenger RNA strand - mRNA) and translation (the mRNA

sequence is used as a template to guide the synthesis of the polypeptide). In trans-

lation process the mRNA carries information and is translated in 3-letter sequences

called codons (1 codon = 1 amino acid) with the help of ribosomes (rRNA) and

tRNA molecules. RNA codons are read by our biological machinery and turned into

polypetide through translation. Often, post-translational modifications, such as gly-

cosylation or phosphorylation, occur which are necessary for the biological function

of the protein. The code for translation is degenerate and is shown in Fig. B.4. A

Figure B.4: The RNA code that specifies which amino acids to be included in a
protein four bases (U, A, C and G) to make up one codon during a protein synthesis.

change in the gene’s DNA sequence may lead to a change in the amino acid sequence

of the protein. Even changing just one amino acid in a protein’s sequence can effect

the protein’s overall structure and function. The primary structure is usually shown
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using abbreviations for the amino acid residues. Using three letter abbreviations, a

bit of a protein chain might be represented as- NH+
3 -LYS-Ala-His-Gly-Lys-Lys-

Val-Leu-Gly-Ala-COO−.

B.1.3 Secondary Structure

Secondary structure is the local spatial arrangement of a polypeptide’s backbone

atom without consideration of the conformation of its side chain. Protein’s sec-

ondary structure includes the regular repetitive pattern arises from interactions be-

tween near-by amino acid (within about of 10 units of each other) as the polypeptide

starts to fold into its functional 3-D form. The common structural elements in sec-

ondary structure are α-helix, β-sheets and turn which are discussed in below.

Helices:
The most common motif in the helical secondary structure of proteins, the α-helix

(Fig. B.5(b)). The α-helix is right-handed, has 3.6 residues per turn formed by hy-

drogen bonding of C=O group of the nth residues to the amino group of the (n+4)th

and a pitch of 5.4 Å. So the terminal NH and CO groups of peptide chain are in-

volved in hydrogen bond formation and the side chains are not involved in the H

bonds that maintain the α-helix structure. As a result, the ends of α helices are

polar and consequently they are most frequently found on the surface of proteins.

The α helices of proteins have an average length of ∼12 residues, which corresponds

to over three helical turns, and a length of ∼18 Å and consecutive residues make an

angle of 1000 around the helical axis.

Apart from α-helix there are two other helix structures: 3-turn helix (310 helix)

and 5-turn helix (π helix). In 310 helix, carbonyl group of residue n interacts with

the nitrogen of the amide group in residue n+3 (H bond pattern between n and

n+3). There are 3 residues per turn, consecutive residues make an angle of 1200

around the helical axis, a helical rise per residue of 2 Å, and a helical pitch of 5.8-6

Å. Hydrogen bonds within a π-helix display a repeating pattern in which the back-

bone C=O of residue n hydrogen bonds to the backbone NH of residue n+5. The

310 helix is more tightly coiled and π helix is more loosely coiled than α-helix. Both

of them are rarely found within stable configuration of protein because they are not

energetically favorable due to their structural variation from general α-helix.

β-Sheets and Turns:
Unlike the α-helix, which is formed of one continuous region, β sheets form a series
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Figure B.5: Levels of protein organization from primary to quaternary structure.
in cartoon representation of Tertiary structure, α and β subunits are shown in green
and red respectively. (Taken from Wikipedia308)

of adjacent strands separated by turn regions. These strands are usually around

five residues long and can either run parallel or anti-parallel to one another (Fig.

B.5(b)). The residues in the strands adopts an extended conformation which allows

the adjacent CO and NH groups to hydrogen bond. The β-turns are usually defined

by four amino acids turning back on themselves.

Random Coil:
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That which cannot be classified as one of the standard three (helix, β-sheet and

β-turn) classes is usually grouped into a category called “random coil”. In a random

coil, the only relationship between amino acids is that they are linked to the adjacent

amino acid through the peptide bond.

B.1.4 Tertiary Structure

Tertiary structure (Fig. B.5(c)) refers to three-dimensional structure of a single pro-

tein molecule, when α-helices and β-sheets are folded into a compact globule. These

secondary structure elements are joined together by regions called loops. Loop re-

gions rarely contain hydrogen bonds between residues but often hydrogen bond with

surrounding water molecules. The lack of internal bonding results in these regions

being much less well ordered than the structural elements and consequently they

exhibit greater flexibility.

B.1.5 Quaternary Structure

The quaternary structure (Fig. B.5(d)) is a larger assembly of several polypeptide

chains or protein molecules, stabilized by the same non-covalent interactions and

disulfide bonds like the tertiary structure. Although, many proteins do not have the

quaternary structure and function as monomers.

The binding of either another protein or a small molecule in a location other

than any active site can alter either the tertiary or quaternary structure of a pro-

tein (or complex of proteins). These changes underly the phenomenon of allosteric

regulation in which they act to either increase or decrease activity. Small molecule

binding to regions other than the active sites of a complex can also impact upon

protein function.

B.1.6 Protein Folding

The process by which the protein arrives at its final native conformation is known

as folding. The process of folding occurs on a timescale ranging from microseconds

to milliseconds. The folding in this state is driven by the hydrophobic interactions,

formation of salt bridges, tight packing of side chains and disulfide bonding.

160

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 161 — #199

B.1 Protein

B.1.7 Torsion Angles between Peptide Groups and the Ra-

machandran Diagram:

The conformation of the backbone of peptide chain can be described by the torsion

angles (also called dihedral angles or Ramachandran angle). These two angles de-

scribe the rotation around the Cα-N bond (φ) and the Cα-C bond (ψ) (Fig. B.6(a)).

These angles, φ and ψ, are both defined as 1800 when the polypeptide chain is in its

fully extended conformation and increase clockwise when viewed from Cα atom309.

Figure B.6: (a) The φ, ψ dihedral angles in a single amino acid. (b) A Ramachan-
dran plots the observed φ and ψ angles on the x and y axes respectively. (Taken
from UCSF Computer Graphics Lab310)

Due to the steric constrained imposed upon conformational freedom and there-

fore the torsional angles of a polypeptide backbone by the attached sidechains, the

accessible φ/ψ conformational space are limited. Sterically forbidden conformations,

such as the one shown in Fig. B.6(b) have the dihedral angles values that would

bring atoms closer than the corresponding van der Walls distance. This type of

plot known as a Ramachandran plot which is named after its inventor, G. N. Ra-

machandran. Most areas of Ramachandran plot represent forbidden conformations

of a polypeptide chain.
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B.2 Nucleic Acid

The nucleic acids are the molecular repositories for genetic information and are

referred to as the “molecules of heredity”. The structure of every protein, and ulti-

mately of every cell constituent, is a product of information programmed into the

nucleotide sequence of a cell’s nucleic acids. The two main classes of nucleic acids are

deoxyribonucleic acid (DNA) and ribonucleic acid (RNA). DNA is carrier of genetic

information and RNA is the genetic material of certain viruses, but it is also found

in all living cells, where it plays an important role in certain processes such as the

making of proteins. In fact, the central dogma of modern biology is

DNA −→ mRNA −→ Protein.

Information coded in DNA directs the synthesis of different RNA molecules. RNA

molecules fall into several different categories:

Ribosomal RNA (rRNA): It is required for building Ribosomes, which are struc-

tures necessary for protein synthesis.

Transfer RNA (tRNA): It serves to transfer individual amino acid molecules

from the general cytoplasm to their appropriate location in a growing polypeptide

during protein synthesis.

Messenger RNA (mRNA): It carries the specific instructions for building a spe-

cific protein.

DNA directs protein synthesis through a multi-step process. First, DNA is copied to

mRNA through the process of transcription. Then translation produces a polypep-

tide with an amino-acid sequence that is completely specified by the sequence of

nucleotides in the RNA. A simple code, the same for all living things on this planet,

governs the synthesis of protein from mRNA instructions.

Nucleic Acids are linear polymer, composed of four different types of nucleotides.

It is in the sequence of the nucleotides in the polymers where the genetic information

is located. Nucleotides are made up of three structural subunits: Nitrogenous bases,

Pentose Sugar and phosphate. Figure B.7 shows the schematic diagram of nucleic

acids and the structure of nucleotide. The base covalently conjugated to the first

carbon of a pentose sugar (ribose or deoxyribose) but without the phosphate group,

called Nucleoside. The chemical linkage between monomer units in nucleic acids is

a phosphodiester bond.

1. Pentose Sugar: A pentose sugar is a monosaccharide with five carbon atoms,

D-ribose in RNA and D-2-deoxyribose in DNA. A perusal of the structure of the two

162

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 163 — #201

B.2 Nucleic Acid

Figure B.7: (a) Schematic diagram of Nucleosides, Nucleotides, and Nucleic acids.
(b) Structure of Nucleotide.

types of sugars reveals that D-ribose is the parent sugar while D-2-deoxyribose is a

derivative in which OH group on C2
′

has been replaced by an H atom. [Note that in

chemical nomenclature of Fig. B.7(b), the carbon atoms of sugars are designated by

primed numbers, that is, C-1
′
, C-2

′
, C-3

′
etc., while the various atoms in the bases

lack the prime (′) sign and are designated by the cardinal numbers, that is, 1, 2, 3

etc.] An important property of the pentoses is their capacity to form esters with

phosphoric acid. In this reaction the OH groups of the pentose, especially those at

C3
′

and C5
′
, are involved forming a 3

′
, 5
′
- phosphodiester bond between adjacent

pentose residues. This bond, in fact, is an integral part of the structure of nucleic

acids.

2. Nitrogeneous base: The bases are the Heterocyclic-“molecule with at least

one ring containing an atom other than carbon”, either derivatives of pyrimidine

or purine. The purines are adenine (A) and guanine (G), and the pyrimidines are

cytosine (C) and thymine (T). A fifth pyrimidine base, called uracil (U), usually

takes the place of thymine in RNA and differs from thymine by lacking a methyl

(-CH3) group on its ring. The schematic structures of Nucleotide bases are shown

in Fig. B.8.

3. Phosphate.: The Phosphate group (-PO4) is the derivative of Phosphoric acid

(H3PO4) and the repeating part of the nucleic acid backbone. A phosphate group

is attached to the sugar molecule in place of -OH group on the 5
′

carbon.
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Figure B.8: Schematic structures of Nucleotide base.

B.2.1 DNA and RNA Structure

A molecule of DNA is formed by million of nucleotides joined together by a chain. In

fact, DNA is typically consist of double strand of nucleotides while RNA is usually

a single-strand helix consisting of shorter chains of nucleotides. In DNA structure,

the sugar-phosphate chain are outside and the bases lie on the inside, where they are

linked to complementary bases on the other strand through hydrogen bonds (shown

in Fig. B.9(a)), known as Watson-Crick base pairing. ADE (A) always pairs with

THY (T) through two hydrogen bonds, and GUA (G) always pairs with CYT (C)

through three hydrogen bonds. The spans of A:T and G:C hydrogen-bonded pairs

are nearly identical, allowing them to bridge the sugar-phosphate chains uniformly.

Unlike DNA, RNA can fold upon itself with the folds stabilized by short areas of

complementary base pairing within the molecule, forming a three-dimensional struc-

ture (shown in Fig. B.9(b)). In addition, DNA can fold into variety of structures

which include G-quadruplex (G4 structures) DNA, three-stranded triplex DNA etc.
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Figure B.9: (a) Structure of double-stranded DNA and single-stranded RNA. (b)
Illustration of single-stranded RNA folding by hydrogen boding between comple-
mentary bases. (Taken from Lumen Microbiology311)

B.2.2 Watson-Crick and Hoogsteen Base Pairing

In all canonical duplex structures including B-DNA, A-DNA, and Z-DNA, the so-

called Watson-Crick base pairs are found. Figure B.10 shows the Watson-Crick

base-pairing of guanine with cytosine and adenine with thymine. In A-T base pair

three two hydrogen bonds are found between A-N6 and T-O4, and A-N1 and T-N3

positions, and in a G-C base pair three hydrogen bonds are found between G-O6

and C-N4, G-N1 and C-N3, and G-N2 and C-O2 positions. In a Hoogsteen base

pair, the nucleotide base (A) is “flipped” in comparison to the Watson-Crick pairing

as shown in Fig B.11. In Hoogsteen pairing the N7 of adenine is bonded to the N3

of thymine. Also, there are a difference in geometry between the two types of base

pairing. In a normal Watson-Crick base pair, the two C1 atoms are equidistant at

about 10.5 Å, whereas in Hoogsteen pair the distance is 8.65 Å. Majority of nu-

cleotide bases in DNA are linked together with Watson-Crick pairing.

165

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 166 — #204

B.2 Nucleic Acid

Figure B.10: Schematic illustration of Watson-Crick base pairing. Hydrogen bonds
are shown as dashed lines. (Taken from atdbio312)

Figure B.11: Schematic illustration of Hoogsteen base pairing in comparison to
Watson-Crick base pairing. Hydrogen bonds are shown as dashed lines.
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[65] C. Schütte, F. Noé, J. Lu, M. Sarich, and E. Vanden-Eijnden. Markov state
models based on milestoning. J. Chem. Phys., 134 (20), 204105 (2011).

[66] H. Eyring. The activated complex in chemical reactions. J. Chem. Phys., 3
(2), 107 (1935).

[67] K. J. Laidler and M. C. Klng. The development of Transition-State theory. J.
Phys. Chem., 87 (15), 2657-2664 (1983).

[68] K. D. Ball and R. S. Berry. Realistic master equation modeling of relaxation
on complete potential energy surfaces: kinetic results. J. Chem. Phys., 109
(19) 8557-8572 (1998).

[69] Y. Levy, J. Jortner, and O. M. Becker. Dynamics of hierarchical folding on
energy landscapes of hexapeptides. J. Chem. Phys., 115 (22), 10533-10547
(2001).

[70] P. N. Mortenson and D. J. Wales. Energy landscapes, global optimization
and dynamics of the polyalanine Ac(ala)8NHMe. J. Chem. Phys., 114 (14),
6443-6454 (2001).

[71] P. N. Mortenson, D. A. Evans, and D. J. Wales. Energy landscapes of model
polyalanines. J. Chem. Phys., 117 (3), 1363-1376 (2002).

[72] D. A. Evans and D. J. Wales. Folding of the GB1 hairpin peptide from discrete
path sampling. J. Chem. Phys. 121 (2), 1080-1090 (2004).

171

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 172 — #210

BIBLIOGRAPHY
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[97] L. Chen, A. Offenhäusser, and H.-J. Krause. Magnetic tweezers with high
permeability electromagnets for fast actuation of magnetic beads. Rev. Sci.
Instrum., 86 (4), 044701 (2015).

[98] K. Mitsui, M. Hara and A. Ikai. Mechanical unfolding of a(2)-macroglobulin
molecules with atomic force microscope. FEBS Lett., 385 (1-2), 29-33 (1996).

[99] J. Zlatanova, S. M. Lindsay, and S. H. Leuba. Single molecule force spec-
troscopy in biology using the atomic force microscope. Prog. Biophys. Mol.
Biol., 74 (1-2), 37-61 (2000).

[100] H. Clausen-Schaumann, M. Seitz, R. Krautbauer, and H. E. Gaub. Force spec-
troscopy with single bio-molecules. Curr. Opin. Cell Biol., 4 (5), 524-530
(2000).

173

TH-1782_136121016



“My thesis” — 2018/1/12 — 16:10 — page 174 — #212

BIBLIOGRAPHY

[101] T. Hoffmann and L. Dougan. Single molecule force spectroscopy using polypro-
teins. Chem. Soc. Rev., 41 (14), 4781-4796 (2012).

[102] V. Barsegov, D. K. Klimov, and D. Thirumalai. Mapping the energy landscape
of biomolecules using single molecule force correlation spectroscopy: theory
and applications. Biophys. J., 90 (11), 3827-3841 (2006).

[103] M. Wolny, M. Batchelor, P. J. Knight, E. Paci, L. Dougan, and M. Peckham.
Stable single α-helices are constant force springs in proteins. J. Biol. Chem.,
289 (40), 27825-27835 (2014).

[104] Y. Chen, S. E. Radford, and D. J. Brockwell. Force-induced remodelling of
proteins and their complexes. Curr. Opin. Struct. Biol., 30, 89-99 (2015).

[105] P. Zheng and H. Li. Direct measurements of the mechanical stability of zinc-
thiolate bonds in rubredoxin by single-molecule atomic force microscopy. Bio-
phys. J., 101 (6), 1467-1473 (2011).
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