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Abstract

Let V be a finite and nontrivial alphabet. A word is a finite sequence of symbols
drawn from V . A partial word is a word in which letters in some positions may
not be known. Such a position is said to have a hole. A partial word w is said to
be primitive if it is not contained in some power of a word. This thesis reports a
theoretical investigation on the language of primitive partial words, a special type of
bordered partial words, and palindromes in partial words.

We explore the position of the language of primitive partial words in conventional
Chomsky hierarchy. We prove that the language of primitive partial words is not
regular, not linear and not a deterministic context-free language. The pumping
lemmata and the closure properties of language classes are used to prove these results.
The language of nonprimitive partial words is shown to be a non-context-free language.
We give a 2DPDA automaton to recognize the language of primitive partial words
with one hole. We also prove that the language of nonprimitive words is an indexed
language. We study several combinatorial properties such as denseness and reflectivity
of the language of primitive partial words.

We study combinatorial properties that preserves primitivity in partial words
with one hole under several point mutation operations such as deletion of a symbol,
insertion of a symbol, substituting a symbol by another symbol, and exchanging
two distinct consecutive symbols. The languages of non-del-robust primitive partial
words with one hole and non-exchange-robust primitive partial words are proven to
be non-context-free. A lower bound on the number of del-robust primitive partial
words with one hole of length n over an alphabet of size k is given.

A partial word w is bordered if there exist words x, y, z such that w is contained
in both xy and zx. For a given alphabet V , an involution θ is a mapping such that
θ(θ(u)) = u for all u ∈ V ∗, and an antimorphic involution is an antimorphism, that is,
θ(uv) = θ(v)θ(u) for all u, v ∈ V ∗. We extend the concept of bordered partial words
to pseudo-bordered partial words or θ-bordered partial words under the assumption
that θ is either a morphic involution or an antimorphic involution. A partial word u
is said to be θ-bordered if it is contained in xy and in zθ(x) for some x, y, z ∈ V +.
We present a comparative study of θ-bordered partial words and characterize the set
of θ-bordered partial words when θ is an antimorphic involution. A necessary and
sufficient condition for a partial word to be θ-unbordered which is based on θ-contained
prefixes and suffixes is given. We do a counting of the number of θ-borders of a partial
word w = (uθ(u))i where u is unbordered as well as θ-unbordered partial word. The
set of θ-unbordered partial words is shown to be a disjunctive language. It is proven
that the set of all θ-unbordered partial words is regular when θ is an antimorphic
involution, and the set of all θ-bordered partial words is not context-free when θ is a
morphic involution. We also introduce the notion of θ-primitivity, θ-conjugacy and
θ-commutativity in partial words. We provide a characterization of partial words x
and y such that x is a θ-conjugate of y.
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Lastly, we initiate a study of palindromes and pseudo-palindromes in partial words,
and identify various properties in relation with primitive partial words. In particular,
we give a bound on the number of palindromes in the conjugacy class of a primitive
palindromic partial word. The number of θ-borders of a partial word uj for some j
when θ is a morphic involution is given. A lower bound on the number of θ-borders
of some power of a θ-palindromic partial word with arbitrary number of holes is also
given.
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Chapter 1

Combinatorics on Partial Words

1.1 Introduction

The origin of combinatorics on words goes back to the 20th century and initiated
by the work of Axel Thue on square-free words (words without having consecutive
repetitions such as xx) [4]. A systematic study of words appeared in a series of Thue’s
papers where several combinatorial problems related to sequences of symbols were
solved using the tools of discrete mathematics. The first infinite square-free word
was given by Axel Thue in his work. His contributions were mainly concerned with
repetitions in words, and usage of iterated morphisms for studying such repetitions.

The research in combinatorics on words has emerged due to development in
discrete mathematics and theoretical computer science. The collective works of group
of researchers under the pseudonym of Lothaire give an account of the topic in series of
books; namely combinatorics on words [69], algebraic [70] and applied combinatorics
on words [71]. It has numerous applications including the field of coding theory [5],
formal language theory [47], graph theory [84] and semigroup theory [69]. Two
fundamental properties of words, namely periodicity and borderedness play a vital
role in many research areas including string algorithms [22,26,28,42,62,63], theory
of codes [5], data compression algorithm [89], computational biology [46], and serial
data communication systems [23].

Primitive words are words that cannot be expressed as an integer power of
another shorter word. Primitivity is one of the most fundamental and explored
property of words. Primitive words play an important role in formal language theory,
coding theory and combinatorics on words. The theory of primitive words has been
extensively studied and many combinatorial properties have been identified; see for
example [34,54,72,78,80,81].

Partial words, a canonical extension of words, are words that may have some
unknown symbols known as “holes” or “do not know” symbols and has been introduced
by Berstel and Boasson [3]. The holes are represented by the symbol ♦. The motivation
behind introducing partial words was stimulated by practical problems in Molecular
biology such as in comparison of two genes. For example, alignment of two DNA
sequences can be viewed as construction of two partial words which are compatible.

1
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Chapter 1. Combinatorics on Partial Words

Another motivation for studying partial words is that partial words can be used to
store the information in compact form known as universal partial words [24].

The book of Francine Blanchet-Sadri “Algorithmic Combinatorics on Partial
Words” [9] gives an overview of works on partial words. Several concepts and results on
partial words have been investigated, for example, conjugacy and commutativity [8,19],
periodicity [7], Fine and Wilf’s Theorem [7, 10, 17], unbordered partial words [14],
avoidability of sets [12, 18, 20], critical factorization theorem [15] and equations on
partial words [11]. Also partial words has been used as a tool for DNA encoding
purposes [66]. The language of partial words has been investigated in several ways, for
example, the language of partial words in relation to pcodes [6], punctured codes [65],
and languages of partial words related to regular language of full words [30]. Recently,
Blanchet-Sadri et al. [2] developed an approach that can compute the number of
partial words having a set of strong and weak periods, and the number of partial
words having a maximum border length. The problem of longest common compatible
extension for each pair of positions (i, j) in a partial word has been studied in [16].

This thesis presents a theoretical investigation of problems on primitive partial
words and a variation of bordered partial words known as pseudo-bordered partial
words. In particular, following are the main goals of the thesis.

• Explore the position of the language of primitive partial words in the conventional
Chomsky hierarchy.

• An indexed grammar for the language of nonprimitive words.

• Describe a Two-way Deterministic Pushdown Automata (2DPDA) that recognize
the set of primitive partial words with one hole.

• Characterize and study combinatorial properties of the sets of primitive partial
words which are robust under point mutation operations.

• Prove that the language of non-exchange-robust primitive partial words is not a
context-free language over an alphabet.

• Initiate the study of θ-bordered partial words which is an extension of bordered
partial words where θ is either a morphic or an antimorphic involution.

• Prove that the language of θ-unbordered partial words is a disjunctive language
where θ is a morphic involution.

• Prove that the set of θ-bordered partial words is not a context-free language
under the assumption of θ to be a morphic involution.

• Provide a characterization for θ-conjugacy and θ-commutativity of two partial
words.

• Combinatorial properties of palindromes and θ-palindromes in partial words.

2
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1.2. Thesis Outline

• Count the number of θ-borders of a partial word uj, j ≥ 1, where u is a primitive
palindromic partial word with one hole under the assumption that θ to be a
morphic involution.

1.2 Thesis Outline

The rest of the thesis is organized as follows.

Chapter 2: Preliminaries

In this chapter, we review the basic concepts on words and partial words. We mention
the well-known results which are used later in the thesis. This chapter introduces the
notations and definitions on partial words.

Chapter 3: The Language of Primitive Partial Words

In this chapter, we study the language of primitive partial words over a nontrivial
alphabet and investigate the position of the language of primitive partial words. We
prove that the language of primitive partial words is not regular, not linear and not
a deterministic context-free language. The language of nonprimitive partial words
is shown to be a non-context-free language. We describe a 2DPDA automaton that
accepts the set of primitive partial words with one hole. We give an indexed grammar
for the language of nonprimitive words over an alphabet and prove that the language
of nonprimitive words is an indexed language.

Chapter 4: Robustness of Primitive Partial Words

In this chapter, we extend the notion of robustness of primitive words to primitive
partial words. Under this setting, we consider various point mutation operations such
as deletion of a symbol, insertion of a symbol, exchanging two distinct consecutive
symbols and substitution of a symbol by another symbol. We give the structural
characterization of each class of primitive partial words with one hole, and explore
some important combinatorial properties related to each of the aforementioned classes.
It is proved that the languages of non-del-robust primitive partial words with one
hole and non-exchange robust primitive partial words are not context-free over a
nontrivial alphabet. We also provide a lower bound on the number of non-del-robust
primitive partial words with one hole of length n over an alphabet of size k.

Chapter 5: Pseudo-Bordered Partial Words

In this chapter, we consider the problem of θ-(un)bordered 1 partial words which
is a combined extension of θ-(un)bordered words and bordered partial words where

1(un)bordered means either a bordered or an unbordered word.

3
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Chapter 1. Combinatorics on Partial Words

θ is an involution. An involution θ is a mapping such that θ2 is an identity, that
is, θ2(w) = w for every w ∈ V ∗. A function θ over an alphabet V is said to be a
morphism if θ(uv) = θ(u)θ(v) and an antimorphism if θ(uv) = θ(v)θ(u) for all words
u, v ∈ V ∗. A nonempty partial word w is said to be θ-bordered if there exist nonempty
words x, y, z such that w is contained in xy and also contained in zθ(x). We identify
several important combinatorial properties of θ-(un)bordered partial words under
the assumption of θ to be (anti)morphic 2 involution. A necessary and sufficient
condition for a partial word to be θ-unbordered is given in terms of contained prefixes
and contained suffixes. For a given partial word u which is unbordered as well as
θ-unbordered, we count the number of θ-borders of the partial word of the form
(uθ(u))i for i ≥ 1. We also prove that the set of θ-unbordered partial words is a
disjunctive language. The set of θ-unbordered partial words is shown to be a regular
language under the assumption of θ being an antimorphic involution. It is proved
that the language of θ-bordered partial words is not a context-free language when
θ is a morphic involution. The θ-unbounded annihilator of a language of partial
words is proved to be a post-plus language. We introduce the notion of θ-primitive
partial words and study its basic properties. The concepts such as θ-conjugacy and
θ-commutativity property of partial words is studied, and a characterization of partial
words x and y such that x is a θ-conjugate of y is given.

Chapter 6: Palindromes and Pseudo-Palindromes

In this chapter, we study the notion of palindromes in partial words. Palindrome is a
well studied topic in formal languages, automata theory and word combinatorics. It is
known that the language of palindromes over an alphabet is a context-free language.
A partial word u is said to be a palindrome if u is compatible to ur where ur is the
reverse of u. For a partial word u, we provide necessary and sufficient condition
for the concatenation of u and ur to be nonprimitive. For an even length primitive
palindromic partial word, there are exactly two palindromes in its conjugacy class.
We introduce the notion of θ-palindromes in partial words and establish a relation
between θ-palindromes and θ-bordered partial words for (anti)morphic involution θ.
We count the number of θ-borders of a partial word uj when θ is a morphic involution.

We conclude our thesis by giving a set of conclusions where the future directions
of study are discussed.

2(anti)morphic means either a morphic involution or an antimorphic involution.

4
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Chapter 2

Preliminaries

This chapter presents the definitions and basic concepts on total words and partial
words that are used in the rest of this thesis. It states mathematical notations along
with the existing results on words and partial words.

2.1 Words

An alphabet is a nonempty finite set whose elements are called as symbols or letters.
We use V to denote an alphabet. If V is a singleton set then we call it trivial;
otherwise we call it nontrivial. We assume V to be nontrivial throughout this thesis.
A total word or word is a finite sequence of symbols drawn from V . We use the
term “word” or “string” interchangeably. Formally, a word w = a0 · · · an−1 is a total
function w : {0, . . . , n− 1} → V where ai ∈ V for all i ∈ {0, . . . , n− 1}.

The length of a word w over a given alphabet V is the total number of symbols
that appear in w and is denoted by |w|. For a word w over an alphabet V , we use
α(w) to denote the set of distinct symbols that appear in w, and |α(w)| is the number
of distinct symbols in w. The word which does not contain any symbol is called the
empty word and is denoted by ε; so |ε| = 0.

Example 2.1. Let V = {a, b, c} be an alphabet. Then w = bbaaa is a word of length
5 and α(w) = {a, b}.

For any m ∈ N0, V
m denotes the set of all strings of length m over V . We use

V ∗ to denote the set of all finite length strings over V , and V + for the set of all
nonempty strings. Therefore, V ∗ = ∪m≥0V m and V + = V ∗ \ {ε}. A language L is
a set of strings over an alphabet V , that is, L ⊆ V ∗. For two words u and v, the
concatenation of u and v is denoted by u ·v (or simply uv) where ‘·’ is the juxtaposition
or concatenation operator. This operation is associative, that is, for any u, v, w ∈ V ∗,
(uv)w = u(vw). However, the operation is not commutative and in general for two
strings u, v, uv 6= vu. Also, for any string u ∈ V ∗, uε = εu = u. For a language
L ⊆ V ∗, we use length(L) = {|x| | x ∈ L}.

5
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Chapter 2. Preliminaries

Prefix, Suffix and Factor

Let w = xyz be a word where x, y, z ∈ V ∗. We call y as a factor of the word w, and it
is a central factor if x 6= ε and z 6= ε. The word y is said to be a prefix (respectively,
a suffix) of the word w if x = ε (respectively, z = ε). The ith symbol of a word w
is denoted by w[i − 1] for 1 ≤ i ≤ |w|. We use w[i..j] to represent the factor that
starts and ends at the positions i and j, respectively for 0 ≤ i ≤ j ≤ |w| − 1, that is,
w[i..j] = w[i]w[i+ 1] . . . w[j]. Thus, w[0..j − 1] is the prefix of length j of a word w,
and the word w[j..|w| − 1] of length |w| − j is the suffix of w.

For a word w, we denote Pref (w) = {u ∈ V + | ∃v ∈ V ∗, w = uv} and Suff (w) =
{u ∈ V + | ∃v ∈ V ∗, w = vu} as the set of all prefixes and suffixes, respectively.
Similarly, the set of proper prefixes and proper suffixes of a word w is defined as
PPref (w) = {u ∈ V + | ∃v ∈ V +, w = uv} and PSuff (w) = {u ∈ V + | ∃v ∈ V +, w =
vu}, respectively.

Primitive and Periodic Words

For a word u, the nth power of u is defined inductively as u0 = ε and un = un−1 · u
for n ≥ 1. A word u is said to be primitive if it cannot be expressed as an integer
power of a shorter word, that is, u = vn implies that u = v and n = 1. Note that ε is
not a primitive word as it can be expressed as ε2 = ε. The set of primitive words over
an alphabet V is denoted as QV , or simply Q when V is understood. If u = vn and
v ∈ Q then v is called the primitive root of u and is denoted by

√
u. Observe that

when u is a primitive word then
√
u = u. We use the notation ZV , or simply Z when

V is understood, to denote the set of all nonprimitive words over an alphabet V . For
example, w = abab = (ab)2 is a nonprimitive word, whereas u = abb is a primitive
word over the alphabet {a, b}.

For a word w = a0 . . . an−1 where ai ∈ V and 0 ≤ i ≤ n− 1, an integer p is said
to be a period of w if ai = ai+p for 0 ≤ i < n− p. A word can have several periods.
The smallest period of a word w is called the period of w.

Example 2.2. Consider a word w = abbabbabb over an alphabet V = {a, b}. The
periods of w are 3 and 6. The smallest period is 3 and hence the period of w is 3.

Conjugacy, Commutativity and Borders

Conjugacy and commutativity are two important word properties which are used to
solve many word equations (see for example, [41] and [72]). For a group G operating
on a set S, an element x ∈ S is conjugate to another element y ∈ S if there exists
an element z ∈ G such that x = zy. Similarly, two words u and v are said to
conjugate if there exist x, y ∈ V ∗ such that u = xy and v = yx. We use u ∼ v to
denote the conjugacy relation between two words u and v. Observe that for a word
w, its conjugates are obtained by cyclic permutations of letters in w. The set of
all conjugates of a word w is denoted by Conj (w). The conjugacy relation ∼ is an
equivalence relation. The number of conjugates in a conjugate class are different for

6

TH_2064_136123006



2.1. Words

a primitive and a nonprimitive word. For a primitive word w of length n, Conj (w)
has exactly n elements. For a nonempty word w ∈ Z, there exists a unique primitive
word x such that w = xn, and hence |Conj(w)| = |x|.
Example 2.3. Let V = {a, b} be the alphabet. Let w1 = aabab be a primitive
word and w2 = abab be a nonprimitive word. Then Conj (w1) = {aabab, baaba,
abaab, babaa, ababa} and Conj (w2) = {abab, baba}.

Two nonempty words x and y are said to commute if xy = yx. The following
example illustrates the commutative property of two words.

Example 2.4. Let x = ab and y = abab be two nonempty words. It is easy to observe
that x · y = y · x and hence x and y commute to each other.

A word w is said to be bordered if there exists a nonempty proper prefix of w
which is also a suffix. Formally, a word w is bordered if and only if there exist
nonempty words x, y, z such that w = xy = yz and y is said to be a border of w. A
nonempty word which is not bordered is called as unbordered. Such words turn out
to be primitive, that is, an unbordered word cannot be written as a power of another
word. A word can have several borders. A border x ∈ V + of a word w is called a
minimal border if for any y ∈ V + such that |y| < |x| then y is not a border of w.

Example 2.5. Let w = abababa be a word over the alphabet V = {a, b}. The
nonempty borders of w are a, aba and ababa where a is the minimal border of w.

Morphisms

A homomorphism or morphism is a mapping that maps every letter to a string and is
then extended to an arbitrary string by concatenation operation. Formally, a function
h : V ∗1 → V ∗2 is a morphism if h(xy) = h(x)h(y) for all x, y ∈ V ∗1 . Note that h(ε) = ε.

Example 2.6. Let V1 = V2 = {a, b} and h be a morphism such that h(a) = ba and
h(b) = b. For the word w = baab, we have h(w) = h(baab) = h(b)h(a)h(a)h(b) =
bbabab.

Definition 2.7. Let h : V ∗1 → V ∗2 be a homomorphism. Then h is said to be

(a) nonerasing if h(a) 6= ε for all a ∈ V1.

(b) uniform if |h(a)| = |h(b)| for all a, b ∈ V1.

(c) injective if h(x) = h(y) then x = y for all x, y ∈ V ∗1 .

Palindrome

Let w = a0 · · · an−1 be a word. We use the symbol wr to denote the reverse of a word
w and wr = an−1 · · · a0. The word w is called a palindrome if w = wr. For example,
the word w = abba is a palindrome.

Definition 2.8 (Reflective Language). A language L is said to be reflective if xy ∈ L
implies that yx ∈ L for all x, y ∈ V ∗.

7
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Chapter 2. Preliminaries

2.2 Partial Words

A partial word is a word in which letters at some positions may be unknown. Such
positions are known as “holes” or “do not know” symbols. A partial word w of length
n over an alphabet V can be defined as a partial function w : {0, 1, . . . , n− 1} → V .
For i ∈ {0, 1, . . . , n − 1}, if w[i] is defined then we say that i belongs to domain of
w denoted by D(w); otherwise we say i belongs to the set of holes of w denoted by
H(w). We use the symbol ♦ to denote a hole and ♦ is not a symbol in alphabet V .
A total word is a partial word with empty set of holes.

Example 2.9. Let V = {a, b} be the alphabet. Let w = ab♦ba♦b be a partial word.
Then the domain and set of holes of w are D(w) = {0, 1, 3, 4, 6} and H(w) = {2, 5},
respectively.

A partial word can be seen as a total word over the extended alphabet V ∪ {♦}.
We use V♦ for this extended alphabet. The concatenation of two partial words is
defined as it is for total words.

We denote V ∗♦ as the language of partial words with arbitrary number of holes
and V +

♦ = V ∗♦ \ {ε} is the set of nonempty partial words. The length of a partial
word w is the number of symbols in w including the hole ♦. The notation α(w), for a
partial word w, denotes the set of distinct symbols from the alphabet V excluding
♦, and |α(w)| is the number of distinct symbols from the alphabet V . Two partial
words u and v are said to be equal if H(u) = H(v) and D(u) = D(v), and u(i) = v(i)
for all i ∈ D(u). We define containment and compatibility which are useful in study
of partial words.

Definition 2.10. [Containment & Compatibility] Let u and v be two partial words
over an alphabet V and |u| = |v|.
(a) The partial word u is said to be contained in partial word v if D(u) ⊆ D(v) and

u(i) = v(i) for all i ∈ D(u). The containment relation is denoted by ⊂.

(b) The partial words u and v are said to be compatible if there exists a partial word
w such that u ⊂ w and v ⊂ w. The notation ↑ is used to denote the compatibility
relation between two partial words.

Note that containment relation is not symmetric whereas compatible relation is
symmetric but not transitive. For two compatible partial words u and v, a partial
word w can be constructed in a way such that the domain of w is the union of the
domains of u and v. Such a word is called as the least upper bound (lub) of the
partial words u and v and is denoted by u ∨ v.

Example 2.11. Let V = {a, b} be an alphabet and u = a♦b♦ba, v = abb♦♦a be two
partial words. Then D(u) = {0, 2, 4, 5}, D(v) = {0, 1, 2, 5}. Here u is compatible to
v but u is not contained in v as D(u) * D(v). The least upper bound of u and v is
the partial word abb♦ba.

As partial words can be viewed as total words over the extended alphabet, the
terms prefix, suffix and factor are defined as for total words.

8
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2.2. Partial Words

Periods of a Partial Word

Unlike the periods of a total word, there are two different types of periods of a partial
word; (i) strong period or period, and (ii) weak (local) period. Let w = a0 . . . an−1 be
a partial word of length n. A strong period of a partial word w is a positive integer
p such that ai = aj whenever i, j ∈ D(w) and i ≡ j mod p 1. A weak period or
local period of a partial word w is a positive integer p such that ai = ai+p for all
0 ≤ i < n − p whenever i, i + p ∈ D(w). There may be several strong periods or
local periods of a partial word. If a partial word w has a strong period p, we call w
is p-periodic, and if w has a local period p, we call w is locally p-periodic. A period
(local period) k of a partial word is said to be minimal if all other periods (local
periods) are larger than k.

Example 2.12. Let w = abc♦♦cacc be a partial word over the alphabet V = {a, b, c}.
Here w is locally 3-periodic but is not 3-periodic.

It is worthy to mention some important differences between words and partial
words.

1. Every locally m-periodic word is m-periodic.

2. Even if the length of a partial word w is multiple of a local period of w, w need
not to be a power of a shorter partial word.

The set of all strong periods of a partial word w is denoted by P(w) and the minimal
strong period is denoted by p(w).

Example 2.13. Consider a partial word w = ♦aba♦baa over the alphabet V = {a, b}.
Then P(w) = {3, 6} and p(w) = 3.

Primitive Partial Word

A partial word u is said to be primitive if there does not exist a word v such that
u ⊂ vn with n ≥ 2 [8]. Note that if u is primitive and u ⊂ w then w is also primitive.

Example 2.14. A partial word w = ab♦a is a primitive partial word over the alphabet
V = {a, b}.

We use the symbols Qp and Qp(or, Zp) to denote the language of primitive partial
words and language of nonprimitive partial words over an alphabet.

The root of a partial word is a set of total words. The root of a partial word u is
defined as follows:

√
u = {v | v is a total primitive word and u ⊂ vn for some n ≥ 1}

1i ≡ j mod p means i− j is divisible by p, i.e., i and j leaves the same remainder when divided
by p.

9
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Chapter 2. Preliminaries

Unlike for a total word, the root of a partial word is not unique. For example, consider
a partial word u = a♦ab over the alphabet V = {a, b}. Then u ⊂ abab = (ab)2 and
also u ⊂ aaab. Hence

√
u = {ab, aaab}.

Next we recall the following rules which are useful to deal with the computation
in partial words.

Lemma 2.15 ( [9]). Let u, v, w, x and y be partial words.

(a) Multiplication: If u ↑ v and x ↑ y then ux ↑ vy.

(b) Simplification: If ux ↑ vy and |u| = |v| then u ↑ v and x ↑ y.

(c) Weakening: If u ↑ v and w ⊂ u then w ↑ v.

Lemma 2.16 ( [9]). Let u, v, x, y ∈ V ∗♦ such that ux ↑ vy.

(a) If |u| ≥ |v| then there exist partial words w and z such that u = wz, v ↑ w and
y ↑ zx.

(b) If |u| ≤ |v| then there exist partial words w and z such that v = wz, u ↑ w and
x ↑ zy.

Similar to total words, the concepts of conjugacy, commutativity and borders
have been defined in partial words. Let u and v be two partial words. Then u and v
are conjugate if there exist partial words x and y such that u ⊂ xy and v ⊂ yx. For
example, the partial words u = ab♦♦b and v = b♦bab are conjugate because u ⊂ xy
and v ⊂ yx for x = ab and y = bab. Two partial words x and y are said to commute
if xy ↑ yx.

Blanchet-Sadri et al. [14] extended the definition of border to partial words. A
nonempty partial word u is said to be bordered if one of its proper prefix is compatible
to a suffix of u of the same length. A partial word u is unbordered if there exist no
nonempty words x, y and z such that u ⊂ xy and u ⊂ zx. Unbordered partial words
also turn out to be primitive [8]. A nonempty word x is a border of a partial word u if
there exist y, z ∈ V ∗ such that u ⊂ xy and u ⊂ zx. A border x of a partial word u is
said to be minimal if for all words y with |y| < |x| implies that y is not a border of u.

Example 2.17. For the partial word w = ab♦b♦ab, border of w is ab. Hence w is a
bordered partial word.

The combinatorial results such as commutativity and conjugacy are not true in
case of partial words with arbitrary holes. To accommodate several results from total
words to partial words, the structure of partial words through a sequence of positions
need to be observed carefully. Thus, some special kinds of partial words have been
defined and are taken from [9].

Definition 2.18. Let k and l be two positive integers satisfying k ≤ l and z = xy be
a partial word with |x| = k and |y| = l. For 0 ≤ i < k + l, we define the sequence of i
relative to k, l as seqk,l(i) = (i0, i1, . . . , in+1) where

10
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2.2. Partial Words

(a) i0 = i = in+1

(b) For 1 ≤ j ≤ n, ij 6= i

(c) For 1 ≤ j ≤ n+ 1, ij is defined as, ij =

{
ij−1 + k if ij−1 < l,
ij−1 − l otherwise.

Definition 2.19 ((k,l)-special partial word). Let k, l be two positive integers
satisfying k ≤ l and let u be a partial word of length k + l. We say that u is (k,l)-
special if there exists 0 ≤ i < gcd(k, l) such that seqk,l(i) = (i0, i1, . . . , in+1) contains
at least two positions that are holes of u while u[i0] u[i1] · · ·u[in+1] is not 1-periodic.

The following example illustrates the above definitions.

Example 2.20. Let u = cac♦c♦cb♦b be a partial word and let k = 4 and l = 6.
As the gcd of 4 and 6 is 2, we compute the seq4,6(0) and seq4,6(1). Then we have,
seq4,6(0) = (0, 4, 8, 2, 6, 0) and seq4,6(1) = (1, 5, 9, 3, 7, 1).

seq4,6(0) = u(0)u(4)u(8)u(2)u(6)u(0) = cc♦ccc

seq4,6(1) = u(1)u(5)u(9)u(3)u(7)u(1) = a♦b♦♦ba

The first sequence seq4,6(0) does not satisfy the conditions while the sequence seq4,6(1)
has two holes and is also not 1-periodic. Hence the partial word u = cac♦c♦cb♦b is
(4, 6)-special.

Definition 2.21 ({k, l}-special partial word). Let k, l be two positive integers such
that k ≤ l and u ∈ V ∗♦ with |u| = k + l. Then u is said to be {k, l}-special if there
exists 0 ≤ i < gcd(k, l) such that either of the conditions hold:

(a) seqk,l(i) has two positions that are holes and is not 1-periodic.

(b) seqk,l(i) has two consecutive positions that are holes.

Remark 2.22. If a partial word u is (k, l)-special then it is also {k, l}-special.

Thus the example given in Example 2.20 is also {k, l}-special. But the converse
does not hold true and shown in the following example.

Example 2.23. Let u = cacac♦ca♦♦ be a partial word and k = 4 and l = 6. Thus,
calculating seq4,6(0) and seq4,6(1), we have

seq4,6(0) = u(0)u(4)u(8)u(2)u(6)u(0) = cc♦ccc

seq4,6(1) = u(1)u(5)u(9)u(3)u(7)u(1) = a♦♦aaa

Observe that seq4,6(1) contains two consecutive positions which are holes of u, and
hence u is {4, 6}-special. Since both of the sequences seq4,6(0) and seq4,6(1) are
1-periodic then u is not (k, l)-special.

11
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Chapter 2. Preliminaries

2.3 Results on Words

Several results on total words are known. We recall some of the existing results on
primitive words.

Lemma 2.24 (Lyndon and Schützenberger [72]). For every nonempty word w, there
exists a unique primitive word x and a unique integer n ≥ 1 such that w can be
expressed as w = xn.

The following theorem shows the necessary and sufficient condition in which a
nonempty word will have an identical prefix and suffix.

Theorem 2.25 (Lyndon and Schützenberger [72]). Let x, y, z be nonempty words.
Then xy = yz if and only if there exist words u ∈ V +, v ∈ V ∗ such that x = uv, z = vu
and y = (uv)nu for some integer n ≥ 0.

The above theorem also shows an alternative way to check whether two words
x and z are conjugates of each other. Two nonempty words x and z are said to
conjugate if there exists a word y ∈ V ∗ such that xy = yz. The next result deals with
the commutativity of two words.

Theorem 2.26 (Lyndon and Schützenberger [72]). Let u, v ∈ V +. Then uv = vu if
and only if there exists a primitive word x ∈ Q such that u = xm, v = xn for some
integers m,n.

Next we recall an important result on periodicity which is also known as periodicity
theorem of Fine and Wilf.

Theorem 2.27 (Fine and Wilf [41]). Let u and v be nonempty words with |u| =
m, |v| = n, and d = gcd(m,n). If ui and vj for some i, j ∈ N share a common prefix
(or common suffix) of length at least m+n− d, then u and v are powers of a common
primitive word of length d.

Fine and Wilf’s periodicity theorem can be restated in the following way. Let u be
a word. If for some p, q ∈ N+, u is p-periodic and q-periodic and |u| ≥ p+q−gcd(p, q)
then u is gcd(p, q)-periodic. The length p+ q − gcd(p, q) is optimal. For example, let
w = aaabaaa over V = {a, b} and |w| = 7. The word w is having periods 4 and 6 but
w does not have period 2 = gcd(4, 6). Hence |w| = p1 + p2 − gcd(p1, p2) is optimal.

The next result deals with a word equation by Lyndon and Schützenberger which
shows that the equation has only trivial solution.

Theorem 2.28 (Lyndon and Schützenberger [72]). Let u, v, w ∈ V +. The word
equation uivj = wk with i, j, k ≥ 2 holds if and only if there exists a word z such that
u, v and w are powers of z.

The following result is a direct consequence of Theorem 2.28.

Corollary 2.29. Let u and v be two primitive words such that u 6= v. Then uivj ∈ Q
for all i, j ≥ 2.

12
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2.4. Results on Partial Words

Lemma 2.30 (Shyr and Yu [87]). If u, v ∈ Q with u 6= v then there is at most one
nonprimitive word in the language u+v+.

The next proposition shows that a primitive word u cannot be a proper factor of
uu.

Proposition 2.31 (Choffrut and Karhumäki [25]). Let u be a word. Then u is
primitive if and only if u is not a factor of uu, that is, uu = xuy implies that either
x = ε or y = ε.

The following theorem shows that if two words x and y are conjugates and x is a
power of some primitive word then y is also same power of a primitive word.

Theorem 2.32 (Shyr and Thierrin [86]). Let x = u1u2 and y = u2u1 be conjugates.
Then x = pi for some p ∈ Q if and only if y = qi for some q ∈ Q.

2.4 Results on Partial Words

In this section, we recall some of the existing results on partial words which are
used later in the thesis. The following result for partial words is an extension of
Theorem 2.25.

Lemma 2.33 (Blanchet-Sadri and Luhmann [19]). Let x, y be nonempty partial
words, and z be a word. If xz ↑ zy then there exist words u, v such that x ⊂ uv, y ⊂ vu
and z ⊂ (uv)iu for some i ≥ 0.

Lemma 2.33 does not hold true if z is not a full word. For example, let x = b, y = a
and z = ♦aa. Then xz = b♦aa and zy = ♦aaa and xz ↑ zy. If there exist full words
u and v such that x ⊂ uv, then it must be that b = uv. This makes it impossible for
y = a ⊂ vu.

The next result deals with the conjugacy of two partial words similar to total
words but under the assumption that the partial word xz ∨ zy is |x|-periodic.

Theorem 2.34 (Blanchet-Sadri and Luhmann [19]). Let x, y and z be nonempty
partial words. If xz ↑ zy and xz ∨ zy is |x|-periodic then there exist partial words u, v
such that x ⊂ uv, y ⊂ vu and z ⊂ (uv)nu for some n ≥ 0.

The above result is illustrated by the following example.

Example 2.35. Let x = ♦ba, y = ♦b♦ and z = b♦ab♦♦♦♦. Then we have

xz = ♦bab♦ab♦♦♦♦

zy = b♦ab♦♦♦♦♦b♦

xz ∨ zy = bbab♦ab♦♦b♦

Observe that xz ↑ zy and xz ∨ zy is |x|-periodic. Putting u = bb and v = a, we
can verify that x ⊂ uv, y ⊂ vu, and z ⊂ (uv)nu for some n ≥ 0.

13
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Chapter 2. Preliminaries

Similar to the commutativity result of two words, the following theorem states
the condition for two partial words u and v commute each other such that uv has at
most one hole.

Theorem 2.36 (Berstel and Boasson [3]). Let u and v be nonempty partial words
such that uv has at most one hole. If uv ↑ vu then there exist a word w ∈ V + such
that u ⊂ wm and v ⊂ wn for some m,n ≥ 1.

The above result does not hold for partial words having two or more holes. For
example, consider the partial words u = a♦b and v = ♦abb. Then, uv = a♦b♦abb ↑
♦abba♦b = vu, but it is not possible for u and v to be contained in powers of a
common word.

The following result is about the commutativity equation in partial words having
two or more holes.

Theorem 2.37 (Blanchet-Sadri and Luhmann [19]). Let u and v be nonempty partial
words such that neither uv nor vu is {|u|, |v|}-special. If uv ↑ vu then there exists a
word w such that u ⊂ wm and v ⊂ wn for some integers m and n.

The next two results provide other sufficient conditions for two words u and v to
commute each other.

Lemma 2.38 (Blanchet-Sadri and Luhmann [19]). Let u, v be nonempty words and
w be a partial word with at most one hole. If w ⊂ uv and w ⊂ vu then uv = vu.

The above result is not true in case of partial words having two or more holes.
For example, consider the partial word w = a♦b♦ over the alphabet V = {a, b}. For
u = abb and v = a, we have w ⊂ uv and w ⊂ vu but uv 6= vu.

Lemma 2.39 (Blanchet-Sadri and Luhmann [19]). Let u, v be nonempty words and
w be a non {|u|, |v|}-special partial word. If w ⊂ uv and w ⊂ vu then uv = vu.

The next result extends the well-known result of Fine and Wilf’s periodicity
theorem for partial words.

Theorem 2.40 (Blanchet-Sadri and Hegstrom [17]). Let u be a partial word and u
is locally p-periodic and locally q-periodic.

(a) If u is having 2n holes and |u| ≥ (n+ 1)(p+ q)− gcd(p, q), then u is gcd(p, q)-
periodic.

(b) If u is having (2n+ 1) holes and |u| ≥ (n+ 1)(p+ q), then u is gcd(p, q)-periodic.

The bound (n + 1)p + q − gcd(p, q) and (n + 1)(p + q) turns out to be optimal.
For example, aaaabaaaa♦aa has one hole, is locally 5-periodic and locally 8-periodic,
has length 12 = 5 + 8− 1, but is not 1-periodic.

Similar to the language of primitive words, the language of primitive partial words
is also closed under the cyclic permutation operation which is stated in the next
result.

14
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Proposition 2.41 (Balnchet-Sadri [8]). Let u, v be partial words. If there exists a
word x ∈ Q and for some integer n such that uv ⊂ xn then vu ⊂ yn for some primitive
word y ∈ Q.

By Proposition 2.31, it is known that a word u is primitive if it is not a central
factor of uu. Similar result also holds for partial words with one hole.

Proposition 2.42 ( Balnchet-Sadri [8]). Let u be a partial word with one hole. Then
u is primitive if and only if uu ↑ xuy for some partial words x, y implies that x = ε
or y = ε.

The above proposition does not hold in case of partial words having two or more
holes. For example, let u = a♦b♦ be a primitive partial word. Then uu = a♦b♦a♦b♦ ↑
xuy where x = a and y = ♦b♦. Hence u is compatible to a central factor of uu with
x 6= ε and y 6= ε but u is a primitive partial word.

The following lemma is the extension of Proposition 2.42 and holds for primitive
partial words having two or more holes.

Lemma 2.43 ( Balnchet-Sadri [9]). Let u be a partial word having two or more holes.

(a) If uu ↑ xuy for some partial words x, y implies x = ε or y = ε, then u is primitive.

(b) If uu ↑ xuy for some nonempty partial words x and y satisfying |x| ≤ |y|, then
the following hold:

(i) If |x| = |y|, then u is not primitive.

(ii) If u is not (|x|, |y|)-special, then u is not primitive (it is contained in a
power of a word of length |x|).

(iii) If u is (|x|, |y|)-special, then u is not contained in a power of a word of
length |x|.

The following lemma states that for a partial word u with one hole having two or
more distinct letters, at least one of u or ua is a primitive partial word.

Lemma 2.44 (Balnchet-Sadri [8]).

(i) Let u be a partial word with one hole such that |α(u)| ≥ 2. If a is any letter
then u or ua is primitive.

(ii) Let u1, u2 ∈ V +
♦ such that u1u2 has one hole and |α(u1u2)| ≥ 2. If a is any

letter then u1u2 or u1au2 is primitive.

15
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Chapter 3

The Language of Primitive Partial
Words

In this chapter, we investigate the position of the language of primitive partial words
in conventional Chomsky hierarchy.

3.1 Introduction

The important role of primitive words across several research areas including formal
language theory [47,84], coding theory [5,86], string matching [28], word combinatorics
[69–71] and many others has drawn attention of researchers. Recall that, a nonempty
word u is said to be primitive if it cannot be expressed as an integer power of another
word, that is, if u = vn then it implies that u = v and n = 1.

The language of primitive words Q has been extensively studied and many facts
have been proved regarding the relation of Q with the traditional formal language
classes. The language of primitive words Q is known to be not regular [33], not
linear [50], not a Deterministic Context-free Language (DCFL) [68] but it is a
Context-sensitive Language (CSL) [64]. However, it is still an open question whether
the language of primitive words Q is context-free or not [34, 37, 67, 81]. There is a
linear time algorithm based on Proposition 2.31 to test whether a given word u is
primitive.

Organization. The outline of the rest of this chapter is as follows. The next section
contains some fundamental concepts and describes the hierarchy of languages of
partial words. Section 3.3 contains some basic results on primitive partial words. In
Section 3.4, we show that the language of primitive partial words with at most one
hole is a dense language. In Section 3.5, we prove that the language of primitive
partial words is not regular, not linear and not a deterministic context-free language.
In Section 3.6, we give a 2DPDA automaton that accepts the language of primitive
partial words with one hole. An indexed grammar for the language of nonprimitive
words is given in Section 3.7. Section 3.8 contains some conclusions.

17
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Chapter 3. Classification of Qp in Chomsky hierarchy

3.2 Hierarchy of Partial Words

A partial word u is said to be primitive if there does not exist a word v such that
u ⊂ vn, n ≥ 2. Note that if u is a primitive partial word and u ⊂ v, then v is
primitive as well [8]. We denote V ∗i as the set of partial words over V with at most i
holes, and the language of partial words is denoted by V ∗p or V ∗♦ . We use V ∗p and V ∗♦
interchangeably. Observe that the following relation holds.

V ∗0 ⊂ V ∗1 ⊂ V ∗2 ⊂ · · · ⊂ V ∗i ⊂ · · ·

where V ∗0 = V ∗. Thus, V ∗p =
⋃
i≥0 V

∗
i . Thus, we can have

V ∗p = V ∗0 ∪ V ∗1 ∪ V ∗2 ∪ V ∗3 ∪ · · ·

We use the notation Qi
p to denote the language of primitive partial words with at

most i holes. We know that Q∪Q = V ∗ where Q is the set of all nonprimitive words.
The root of a partial word w is defined as follows,
√
w = {p | p is primitive and total and there exists k such that w ⊂ pk}.

Hence a partial word has a set of total words as root. For a language L of partial
words, we define

√
L = {u | w ∈ L and u ∈

√
w}.

For example, consider a partial word w = a♦ over the alphabet V = {a, b}. Since
a♦ ⊂ ab and a♦ ⊂ a2, hence

√
a♦ = {ab, a}.

Q2
p

V ∗2

Q1
p

Q
1

p

Q0
p = Q Q

V ∗0

V ∗1

Q
2

p

V ∗i = Qi
p ∪Q

i

p

Figure 3.1: The hierarchy of languages of partial words

We denote the language of primitive partial words and the language of nonprimitive
partial words as Qp and Qp respectively. Therefore,

Qp = Q0
p ∪Q1

p ∪Q2
p ∪Q3

p ∪ · · ·
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3.3. Properties of Primitive Partial Words

and Qp ∪Qp = V ∗p . The language of partial words with at most i holes can be viewed
as hierarchy of formal languages. Figure 3.1 shows the hierarchy of languages of
partial words.

3.3 Properties of Primitive Partial Words

In this section, we discuss some basic concepts such as bordered partial word and
reverse of a partial word. We present some results in reference to these properties.

Let w be a partial word. The reverse of the partial word w is denoted by wr and
it is obtained by reversing the order of the symbols in w. For example, the reverse of
w = a♦ba is wr = ab♦a. We see below a result that relates the reverse of a partial
word with primitivity.

Proposition 3.1. A partial word w ∈ V ∗p is primitive if and only if wr is also
primitive.

Proof. Let w ∈ V ∗p be a primitive partial word. Suppose, the reverse of w, that is, wr

is not primitive. So, wr ⊂ zk for some z ∈ Q and k ≥ 2. We can write w = (wr)r. So,
w = (wr)r ⊂ (zk)r = (zr)k for k ≥ 2 which is a contradiction. Hence wr is primitive.

The other direction can be proved similarly.

The Proposition 2.41 shows that the language of primitive partial words Qp is
reflective.

Corollary 3.2. The language Qp is reflective.

Corollary 3.3. The language Qp is reflective.

Proof. Let w = uv be a nonprimitive partial word. Let w = uv ⊂ xn for n ≥ 2 but
vu /∈ Qp. If vu is primitive then by Proposition 2.41 uv is also primitive which is a

contradiction. Hence, vu ∈ Qp.

We denote the language of power of primitive partial words Q
(i)
p , and defined as

Q(i)
p = {ui | u ∈ Qp}

In our next result, we show that the language Q
(i)
p is closed under cyclic permutation.

Proposition 3.4. Let u, v be two nonempty partial words. If uv ∈ Q(i)
p for i ≥ 1

then vu ∈ Q(i)
p .

Proof. For i = 1, let uv ∈ Qp. By using Corollary 3.2, we conclude that vu ∈ Qp.

For i ≥ 2, let uv ∈ Q(i)
p , that is, there exists a primitive word x such that uv ⊂ xi.

Let x = yz for some y ∈ V + and z ∈ V ∗. Hence u ⊂ (yz)my and v ⊂ z(yz)n where
m + n + 1 = i. Since x = yz ∈ Q and Q is closed under the cyclic permutation,
thus zy ∈ Q. Hence vu ⊂ z(yz)n(yz)my = (zy)nzy(zy)m = (zy)m+n+1 = (zy)i which

proves that vu ∈ Q(i)
p .
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Chapter 3. Classification of Qp in Chomsky hierarchy

The following corollary immediately follows from Proposition 3.4.

Corollary 3.5. The language Q
(i)
p is reflective.

Let u = xyz be a nonempty partial word over an alphabet V where x, z ∈ V ∗♦ and
y ∈ V +

♦ . The partial word y is called as factor of u. If x 6= ε (respectively, z 6= ε),
then x (respectively, z) is called the nonempty prefix (respectively, nonempty suffix)
of u. Recall that, a partial word w is bordered if there exist words x, y and z such
that w ⊂ xy and w ⊂ yz.

Lemma 3.6. Let u be a partial word such that u ⊂ vk, k ≥ 2 where v ∈ Q. Let w be
a factor of u with |w| > |v|. Then w is bordered.

Proof. Let u be a partial word and w is a factor of u. Hence u = xwz for some x,
z ∈ V ∗♦ . Consider the partial word wzx which is a conjugate of u. We know that the
language of primitive partial words is reflective. Using Proposition 2.41, since u is
contained in kth power of v, the partial word wzx will also be contained in kth power
of some conjugate t of v. Hence we can write w ⊂ tjt′ for j ≥ 1 and t′ is a nonempty
prefix of t. Then w is contained in t′t′′t′ where t′t′′ = tj and hence w is bordered.

By Proposition 2.42, if u is a primitive partial word with at most one hole and
uu ↑ xuy then either x = ε or y = ε. In our next result we prove that for n ≥ 2, un−1

is not compatible to a central factor of un where u is a primitive partial word with
one hole.

Lemma 3.7. Let u be a nonempty partial word with one hole. Then u is primitive if
and only if un−1 is not compatible to a central factor of un for all n ≥ 2.

Proof. (⇒)
We prove it by induction on n.
Base Case: Let n = 2. Assume that u is compatible to a central factor of
u2. Then there exist nonempty partial words t and s such that u2 ↑ tus where
|u| = |t|+ |s|, and t and s are prefix and suffix of u2, respectively. Thus there
exist two partial words x and y such that u = tx, u = ys. Hence uu = txys ↑ tus
implies that u ↑ xy.

Now, |u| = |x| + |y| = |t| + |x| = |y| + |s|. Thus |t| = |y| and |x| = |s|. Also
tx = ys and |t| = |y| implies t = y and x = s which further implies u = ys = yx.
Hence, xy ↑ yx. Thus, by using Theorem 2.36 there exists a nonempty word
v such that x ⊂ vm and y ⊂ vn for some m,n ≥ 1. Hence, u ⊂ vm+n, a
contradiction.

Induction Hypothesis: Let us assume that the result is true for 2 ≤ k ≤ n−1,
that is, uk−1 is not compatible to a central factor uk.

Induction Step: Now we prove the result for n = k, that is, we will prove that
uk is not compatible to a central factor of uk+1. Assume that uk is compatible to
a central factor of uk+1. Thus, uk+1 = tvs such that v ↑ uk for some nonempty

20

TH_2064_136123006



3.4. Partial Primitivity and Density

partial words t, s with |u| = |t| + |s| and t and s are prefix and suffix of u,
respectively. Since |t|, |s| < |u| then u = ty = zs for some nonempty partial
words y, z ∈ V +

♦ . Now, uk+1 = uuk−1u = tyuk−1zs. As v ↑ uk, we have
yuk−1z ↑ uk. Since y and z are nonempty uk−1 is compatible to a central factor
of uk which is a contradiction to the inductive hypothesis, which implies that
uk is not compatible to a central factor of uk+1.

Hence if u is a primitive partial word then un−1 cannot be compatible to a
central factor of un for all n ≥ 2.

(⇐)
Assume that u is not a primitive partial word. Then there exists a nonempty
word z such that u ⊂ zk, k ≥ 2. Now, un ⊂ znk = zzk(n−1)zk−1. Since
un−1 ⊂ zk(n−1) we have un ↑ zun−1zk−1, and thus un−1 is compatible to a central
factor of un, a contradiction.

However, Lemma 3.7 does not hold for partial words having two or more holes. For
example, consider a partial word w = a♦b♦ ∈ Qp. We have ww = a♦b♦a♦b♦ ↑ xwy
where x = a and for some y ↑ ♦b♦. Hence w is compatible to a central factor of ww.

3.4 Partial Primitivity and Density

We now explore the denseness property of the language of primitive partial words.
We prove that the language of primitive partial words with at most one hole Q1

p is
dense over an alphabet V in V ∗1 .

A language L ⊆ V ∗ is called a dense language if for every word w ∈ V ∗, there
exist words x, y ∈ V ∗ such that xwy ∈ L [55]. Let k be a positive integer. A language
L ⊆ V ∗ is called right k-dense (strictly right k-dense) if for every u ∈ V ∗, there exists
a word x ∈ V ∗, |x| ≤ k (1 ≤ |x| ≤ k), such that ux ∈ L, that is, uXk ∩ L 6= ∅ where
Xk = {x ∈ V ∗ | |x| ≤ k}. A language L is called right dense if it is right k-dense for
all k ≥ 1. It is known that the language of total primitive words Q is dense and given
in the following result.

Lemma 3.8 ( [78]). The language of primitive words Q is right dense.

A language L is said to be minimal (strictly) right k-dense if L is (strictly) right
k-dense language and does not contain any proper (strictly) right k-dense language.

The definition of dense language, right k-dense, strictly right k-dense can be
extended for partial words in similar manner.

Definition 3.9. A language of partial words L ⊆ V ∗♦ is said to be dense over an
alphabet V if for every partial word w ∈ V ∗p there exist partial words x and y such
that xwy ∈ L.

We define a strict language of partial words with at most one hole. Let V ∗1 (s) =
V ∗1 \ {x♦x | x ∈ V ∗}.
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Chapter 3. Classification of Qp in Chomsky hierarchy

Corollary 3.10. Q1
p is right 1-dense in V ∗1 (s).

Proof. The proof follows from Lemma 2.44.

Theorem 3.11. The language Q1
p is dense over an alphabet V in V ∗1 .

Proof. Consider a partial word w with at most one hole . Let |w| = n, n ≥ 1.
There are two different cases depending upon whether w is primitive partial word or
nonprimitive partial word.

Case 1. Let w is a primitive partial word. By choosing x = ε and y = ε, we have
xwy = w ∈ Q1

p.

Case 2. Let w be a nonprimitive partial word. Here we consider two possibilities
depending on whether w is contained in power of a symbol from the alphabet or
power of a word having two or more distinct letters.

(i) Let w ⊂ an, n ≥ 2 for some symbol a ∈ V . It can be easily seen that wbn ∈ Q1
p

where a and b are two distinct letters. Here x = ε and y = bn for some b 6= a
such that xwy ∈ Q1

p.

(ii) Let w ⊂ xk, where |α(x)| ≥ 2 and k|n. By choosing x = ε and y = bn, we have
xwy ∈ Q1

p.

Hence, for every w ∈ V ∗1 , there exist x, y ∈ V ∗1 such that xwy ∈ Q1
p. So Q1

p is
dense over the alphabet V in V ∗1 .

Lemma 3.12. Let L be a minimal right 1-dense language of primitive partial words
with at most one hole over an alphabet V . Then the following statements hold:

(a) L ∩ V♦ 6= ∅.

(b) For every integer n ≥ 1 and every w ∈ V ∗1 (s) such that w ⊂ an, a ∈ V there
exists b ∈ V, b 6= a such that wb ∈ L.

(c) If L is minimal strictly right 1-dense and if ua, ub ∈ L with

u ∈ V ∗{♦}V ∗ \ {x♦x | x ∈ V ∗}

and a, b ∈ V then a = b.

Proof. (a) Since L is minimal right 1-dense, then it is also right 1-dense. From the
definition, there exists a partial word x ∈ V ∗1 , |x| ≤ 1 such that εx ∈ L. Since ε
is not primitive, so |x| = 1 and x ∈ L ∩ V♦. Hence L ∩ V♦ 6= ∅.

(b) Since w ⊂ an for a ∈ V , so w is not a primitive partial word. Since L is right
1-dense, there exists a partial word x with |x| ≤ 1 such that wx ∈ L. This implies
x = b for some b ∈ V and b 6= a.
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3.5. The Language Qp in Chomsky Hierarchy

(c) For the sake of contradiction, suppose that a 6= b. Consider the set L−{ub}. The
set L− {ub} is not strictly right 1-dense. So there exists v ∈ V ∗{♦}V ∗ \ {x♦x |
x ∈ V ∗} such that {v}V ∩ (L−{ub}) = ∅. As L is minimal strictly right 1-dense,
then {v}V ∩ L 6= ∅. So it follows that, there exists some y ∈ V such that vy ∈ L.
From vy /∈ (L−{ub}), it follows that vy = ub. Since y ∈ V , then y = b and v = u.
Now {u}V ∩ (L−{ub}) = ∅. Since ua ∈ L−{ub}, we obtain a contradiction and
hence a = b.

3.5 The Language Qp in Chomsky Hierarchy

In this section, we shall prove that the language of primitive partial words Qp is not
regular, not linear as well as not a deterministic context-free Language (DCFL). Also
we shall prove that the language of nonprimitive partial words Qp over a nontrivial
alphabet is not a context-free language.

The linear Diophantine equation is given in the next Lemma which is required to
prove Theorem 3.14.

Lemma 3.13 ( [33]). For any fixed integer k, there exists a positive integer m such
that the equation system (k−j)xj +j = m, j = 0, 1, . . . , k−1 has a nontrivial solution
with appropriate positive integers x1, . . . , xj > 1.

In order to prove that the language of primitive partial words Qp is not regular,
we will use the pumping lemma for regular languages given in Appendix A.1.

Theorem 3.14. Qp is not a regular language.

Proof. Suppose that the language of primitive partial words Qp is a regular language.
So there exists a finite state automaton and n > 0 is the pumping length depending
upon the number of states in that automaton for Qp.

Consider the partial word w = an♦am♦amb,m > n. Note that w is a primitive
partial word over V where |V | ≥ 2 and a 6= b. Since w ∈ Qp and |w| ≥ n, then it
must satisfy the other conditions of pumping lemma for regular languages. So there
exists a decomposition of w into x, y, z such that w = xyz, |y| > 0, |xy| ≤ n and
xyiz ∈ Qp for all i ≥ 0.

Let x = ak, y = a(n−j), z = aj−k♦am♦amb. Now choose i = xj and we know by
Lemma 3.13 that for every j ∈ {0, 1, . . . , n− 1}, there exists a positive integer xj > 1
such that xyxjz = aka(n−j)xjaj−k♦am♦amb = a(n−j)xj+j♦am♦amb = am♦am♦amb ⊂
(amb)3 /∈ Qp which is a contradiction. Hence the language of primitive partial words
Qp is not regular.

Next we prove that the language of primitive partial words Qp is not linear.
To prove this, we use the standard pumping lemma for linear languages given in
Appendix A.2.
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Chapter 3. Classification of Qp in Chomsky hierarchy

Theorem 3.15. Qp is not a linear language.

Proof. Suppose that the language of primitive partial words Qp is linear. Let m ≥ 1
be an integer. Consider z = amba2m+m!b♦m ∈ Qp be a partial word over the alphabet
V = {a, b} and a 6= b. Since |z| ≥ m, so there exists a factorization of z into u, v, w, x, y
such that it satisfies the conditions of pumping lemma for linear languages.

Now, in the factorization of z = uvwxy, we have |uvxy| ≤ m which necessarily
implies that |uv|, |xy| ≤ m. So, uv ∈ a∗ and xy ∈ ♦∗. For i = 1 + m!

|vx| , we should have

zi = uviwxiy = am+n′ba2m+m!b♦m+n′′ ∈ Qp for some non-negative n′ and n′′ such
that n′ + n′′ = m!. But zi = am+n′ba2m+m!b♦m+n′′ = am+n′bam+n′′am+n′b♦m+n′′ ⊂
(am+n′bam+n′′)2 /∈ Qp, which is a contradiction. Hence Qp is not linear.

In our next result, we show that the language of primitive partial words is not a
deterministic context-free language and we use the closure properties of DCFL. In
particular, the set of DCFLs are closed under complementation and the intersection
of a deterministic context-free language and a regular language is a DCFL.

Theorem 3.16. Qp is not a deterministic context-free language.

Proof. Suppose that the language of primitive partial words Qp is deterministic
context-free. As the set of DCFLs is closed under complementation, the complement
of Qp, that is, Qp is also a DCFL.

Also, we know that the intersection of a DCFL with a regular language is also
a DCFL. Therefore, Qp ∩ {a∗b∗a∗b∗} = {anbmanbm | m,n ∈ N} is also a DCFL. But
the language {anbmanbm | m,n ∈ N} is not a context-free language (CFL) which can
be proved by using pumping lemma for CFLs. Hence it is a contradiction that the
language of primitive partial words Qp is a DCFL. Therefore the language Qp is not
deterministic context-free.

In the following theorem, we prove that the language of nonprimitive partial words
Qp is not context-free. We prove it by using the pumping lemma for context-free
languages which is given in Appendix A.3.

Theorem 3.17. Qp is not a context-free language.

Proof. We prove it by contradiction. Let us assume that Qp is a CFL. Let n > 0 be

an integer that is guaranteed to exist by pumping lemma. Since Qp is context-free,

then it satisfies all the conditions of Lemma A.3. So for every partial word z ∈ Qp

with |z| ≥ n, z can be factorized into uvwxy such that |vwx| ≤ n, |vx| > 0 and
uvtwxty ∈ Qp for all t ≥ 0.

Consider the partial word z = an+1♦n+1an+1bn+1 where a, b ∈ V and are distinct.
It is easy to follow that z ∈ Qp as z ⊂ (an+1bn+1)2. There will be different possibilities
depending on whether the substrings v and x contain one type of symbol or more
than one alphabet symbol or hole.
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Case 1. If v and x contain only one type of symbol. Either we shall have vwx = ap

or vwx = bp or vwx = ♦p for p ≤ n. Suppose vwx = ap from the first part of
a’s. Let u = ai, v = aj, w = ak, x = al and y = am♦n+1an+1bn+1 such that
j + k + l = p and j + l ≥ 1. Consider uvtwxty for t = 2.

uv2wx2y = ai+2j+k+2l+m♦n+1an+1bn+1

= an+1+j+l♦n+1an+1bn+1 /∈ Qp as j + l ≥ 1

Other cases where vwx consists of only a’s from the second part or only b’s can
be handled similar way. We consider vwx consist of only ♦’s separately.

Case 2. If v and x contain different types of symbols. We will have the following
choices: (a) vwx = ap♦q (b) vwx = ♦paq (c) vwx = apbq. We consider the first
case and the other cases can be proved similarly. Let vwx = ap♦q. Here we
have three possibilities.

(i) v = ap1 , w = ap2 , x = ap3♦q

(ii) v = ap1 , w = ap2♦q1 , x = ♦q2

(iii) v = ap1♦q1 , w = ♦q2 , x = ♦q3

Let us consider subcase (i). Let v = ap1 , w = ap2 , x = ap3♦q where p1+p2+p3 =
p. For t = 2, we have

uv2wx2y = an+1+p1♦qap3♦n+1an+1bn+1 /∈ Qp.

Similarly the other two subcases can be proved.

Case 3. Let vwx = ♦p. Suppose u = an+1♦i, v = ♦p1 , w = ♦p2 , x = ♦p3 and
y = ♦jan+1bn+1 where p1 + p2 + p3 = p, p1 + p3 ≥ 1 and i+ j + p = n+ 1. Now
uvtwxty = an+1♦i+p2+jan+1bn+1 /∈ Qp for t = 0.

The other cases are similar to one of the above three cases. Hence the language
of nonprimitive partial words Qp over a nontrivial alphabet is not a context-free
language.

3.6 2DPDA for Q1
p

In this section, we prove that the language of primitive partial words with one hole Q1
p

is accepted by a two-way pushdown automaton (2DPDA). Let us recall the definition
of 2DPDA.

A 2DPDA is the same as ordinary DPDA but with an additional ability to move
its input head in both the directions. We use Z0 as the bottom of stack and one left
end and one right end symbol as ` and a, respectively.
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Definition 3.18 ( [88]). A 2DPDA, P , consist of 7-tuples

P = 〈S, I, T, δ, s0, Z0, st〉,

where

(a) S is the states of the finite control.

(b) I is the input alphabet (excluding ` and a).

(c) T is the pushdown list alphabet (excluding Z0).

(d) δ is a mapping on (S − {st})× (I ∪ {`,a})× (T ∪ Z0). The value of δ(s, a, A)
is one of the forms (s

′
, d, push B), (s′, d), or (s′, d, pop) where s

′ ∈ S,B ∈ T and
d ∈ {−1, 0,+1}. We assume a 2DPDA makes no moves from the final state st.

(e) s0 ∈ S is the initial state of the finite control.

(f) Z0 is the special symbol that indicates the bottom of the pushdown list.

(g) st is one of the designated final state.

In the above definition δ(s, a, A) indicates the transition function of a machine when
it is in the state s, has the symbol A on top of the stack and the input head has read
a symbol a. The three possible actions for δ(s, a, A) are: (s

′
, d, push B) provided B 6=

Z0, (s
′
, d) and (s

′
, d, pop) if A 6= Z0. In these transitions the machine enters in state

s′ and moves its input head in the direction d, where d = −1, +1 or 0, to indicate to
move its head to left, right or remain stationary, respectively. The operation push
B means add the symbol B on the top of pushdown list and pop means remove the
topmost symbol from the pushdown list.

The following lemma shows that for a primitive partial word of length n, there
are n primitive partial words in its conjugate class.

Lemma 3.19. Let w be a primitive partial word with |w| = n. Then the cardinality
of the class of conjugates is n.

Proof. Let w be a primitive partial word over an alphabet V of length n. Thus every
new partial word which is generated by cyclic permutation of w is a conjugate of w.
Since w is primitive and we know that a cyclic permutation of a primitive partial
word is also primitive, each of the conjugate of w is also primitive. Therefore, the
number of such conjugates of w is n. This proves our claim.

In [80], a 2DPDA that recognizes the language of primitive words Q is presented.
We show that a 2DPDA can also be constructed for Q1

p by using the similar idea.

Theorem 3.20. Q1
p is accepted by a 2DPDA.
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Proof. The informal idea is as follows: Let P be a 2DPDA. Let ` w a be the input
partial word with at most one hole augmented with two end markers. If w = ε, P
rejects. If not, then P moves its head towards a . P skips the last symbol of w and
pushes the remaining symbols of w onto its stack. Again P moves to a, pushes all
symbols of w onto the stack and pops one symbol. If we write the input w = xw′y
with x, y ∈ V ∪ {♦} (assuming |w| ≥ 2), the contents of the stack will be:

w′yxw′Z0

The automaton P compares w with the pushdown contents one symbol at a time.
If the symbols match (assuming that a 6= b and ♦ = a for any a ∈ V ), the head
moves right and P pops the pushdown. If in this way the entire word w is completely
scanned and is compatible to a factor of w′yxw′ P rejects (by assuming that the hole
♦ is compatible to any of the symbol in V ).

If a mismatch is encountered P moves the input head back to ` and pushes
the symbols scanned during this move. Then P pops the topmost symbol from the
pushdown and repeats the process. If the pushdown becomes empty then P accepts.

Hence the 2DPDA accepts w if and only if w is not compatible to a factor of
w′yxw′. By Proposition 2.42 such a partial word is primitive.

Observe that the idea used in above result does not work for the set of primitive
partial words with two or more holes. We illustrate in the following example.

Example 3.21. Let w = a♦b♦ be a primitive partial word with two holes. By
the method described in Theorem 3.20 we have x = a, y = ♦ and w′ = ♦b. Now
w′yxw′ = ♦b♦a♦b and w is compatible to a factor of w′yxw′.

Next we show that the language of primitive partial words Qp over an alphabet
V is accepted by a Random Access Machine (RAM) model of computation in linear
time. A RAM is a simple model of computation equipped with an input tape that is
accessed sequentially during the computation. It requires the input and its length to
be available before the RAM computation starts. For more details, see [48].

Next we prove the following result which shows the optimality to recognize a
primitive partial word.

Lemma 3.22. The language Qp of primitive partial words over a nontrivial alphabet
V is accepted by a RAM in linear time. The bound is optimal.

Proof. In [9], a linear time algorithm has been given to recognize the set of primitive
partial words for RAM model of computation. We use the standard adversary
argument to prove the optimality. Consider an input w of length n and w is stored in
the input array as t[0], . . . , t[n− 1].

Let w be a partial word such that w ⊂ an for a ∈ V . Suppose, RAM answers on w,
without looking at each letter of the input. Let i ∈ {0, . . . , n− 1} be a position such
that RAM has not looked at position i of the input. RAM would therefore answer the
same on partial word w′ = aib♦an−i−2 and, partial word w. But the former partial
word is nonprimitive and the latter is a primitive partial word. Hence at least |w|,
that is, n operations are required in the worst case.
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3.7 Indexed Grammar for Z

In this section, we study a new type of grammar for the language of nonprimitive
words known as indexed grammar that was introduced by Alfred V Aho [1]. An
indexed grammar is an extension of context-free grammar and is a proper subset of
context sensitive grammar. The corresponding language recognized by an indexed
grammar is known as indexed language. We present the definition of indexed grammar
along with some examples.

Definition 3.23. An indexed grammar is a 5-tuple G = (N, T, F, P, S) where

(a) N is the finite set of non-terminals.

(b) T is the finite set of terminal symbols.

(c) F is the set of flags or indices of which the elements are ordered pairs.

F = {(A, χ) | A ∈ N, χ ∈ (N ∪ T )∗}

The elements of F are called index productions.

(d) P is the finite set of production rules in the form of ordered pairs

P = {(B, α) | B ∈ N, α ∈ (NF ∗ ∪ T )∗}

(e) S is a special non-terminal which is the start symbol.

When there are no flags, an indexed grammar is equivalent to a context-free
grammar. Unlike we expand only a nonterminal in context-free grammars, we
expand nonterminals or flags in indexed grammar. The flags or indices f ∈ F ∗ are
successively applied on nonterminals in ordered pairs (A, f) and produce the string
of terminals, and does not have any effect on terminals. In the production rules,
the flags f ∈ F ∗ will be distributed over the nonterminals to generate the terminal
strings. The language of an indexed grammar G is called as an indexed language and
L(G) = {w ∈ T ∗ | S ∗−→

G
w}.

While deriving the string w ∈ L(G), the intermediate strings α ∈ (NF ∗ ∪ T )∗ are
called as sentential forms. A sentential form α directly generates a sentential form β
if either of the following holds:

1. Let the production B → X1η1X2η2 . . . Xkηk and applying this production on
α = γBσϕ, we have, γX1η1X2η2 . . . Xkηkσϕ which gives β = γX1θ1X2θ2 . . . Xkθkϕ
for 1 ≤ i ≤ k, θi = ηiσ if Xi ∈ N or θi = ε if Xi ∈ T .

or

2. Let α = γBfσϕ and B → X1X2 . . . Xk is an index production in the index f .
Then we have β = γX1θ1X2θ2 . . . Xkθkϕ where for 1 ≤ i ≤ k, θi = σ if Xi ∈ N or
θi = ε if Xi ∈ T .
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In the first case, σ ∈ F ∗ has been distributed over the production or index
production nonterminals. In the second case, f has been consumed when the index
production of f has been applied.

Next, we illustrate the concept of indexed grammar by the following examples.

Example 3.24 ( [1]). Consider the language L = {anbncn | n ≥ 1}. It is known that
the language L is context sensitive but not context-free. The language L can be
generated by the following indexed grammar G:

G = ({S, A, B}, {a, b, c}, {f, g}, P, S) where
P = [S → aAfc, A→ aAgc, A→ B ]
f = [B → b], g = [B → bB]

The above grammar generates the strings of the form anbncn for n ≥ 1.

Let us consider another example.

Example 3.25. Consider the language L1 = {anbn2
an|n ≥ 1}. The language L1 can

be generated by the following indexed grammar.

G = ({S, T, A, B, C}, {a, b}, {f, g}, P, S)
where

P = [ S → Tf, T → Tg, T → ABA ]

is the set of production rules, and

f = [A→ a,B → b, C → b], g = [A→ aA,B → bBCC,C → bC]

are the index production rules.

Next we give an indexed grammar for the language of nonprimitive words. It is
known that the language of nonprimitive words is not a context-free language.

Theorem 3.26. The language of nonprimitive words Z is an indexed language.

Proof. Consider the indexed grammar G =< N, T, F, P, S > for the language of
nonprimitive words Z where N = {S, A, B, C}, T = {a, b}, F = {f, g, h} and

P = {S → Af,A → Ag | Ah | B,B → CC,C → CC} is the set of production
rules, and

g = [C → aC], h = [C → bC], f = [C → ε] are the index productions.

Next we prove that the above indexed grammar generates the language of non-
primitive words. We prove in both directions, that is, L(G) ⊆ Z and Z ⊆ L(G).

(⇒) Let w be a word that is generated by the indexed grammar G. To generate
w, the initial production rule S → Af is applied.

If w = ε, the production rules A → B and B → CC are subsequently applied.
Then the distribution of index f over nonterminal C generates ε which is a nonprimitive
word.
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If w 6= ε, either one of the production rules A→ Ag or A→ Ah is applied. The
only way to generate terminal symbols is to use the production rule A → B. The
repeated application of production rules B → CC and C → CC generates the number
of copies of a word to be formed. Then the index production rules g = [C → aC]
or h = [C → bC] is applied to generate terminals a or b respectively. Finally, f is
applied on C to generate the word w and, w ∈ Z. Thus, L(G) ⊆ Z.

(⇐) Let w = xn be a nonprimitive word with n ≥ 2.
Depending upon the primitive word x, we apply the production rules and index

production rules to generate the word x. To start with, the initial production rule
S → Af is applied. Then the production rules A → Ag or A → Ah is applied
repeatedly to generate the corresponding indices of word x. To generate n number
of copies of x, the production rules B → CC and C → CC are applied. Then
the distribution of indices over the nonterminals generate the word w = xn. Thus,
Z ⊆ L(G).

Hence Z = L(G) and Z is an indexed language.

Let us illustrate the above grammar by deriving a string in the following example.

Example 3.27. Let w = (abb)2 be a nonprimitive word. The following is the
derivation steps for w.

S → Af
→ Ahf
→ Ahhf
→ Aghhf
→ Bghhf
→ CghhfCghhf
→ aChhfCghhf
→ abChfCghhf
→ abbCfCghhf
→ abbCghhf
∗−→ abbabb = (abb)2

3.8 Conclusions

We discussed the language of primitive partial words and provided a hierarchy of
languages of partial words. We proved that the language of primitive partial words
is not regular, not linear and is not a deterministic context-free language. We also
proved that the language of nonprimitive partial words is not a context-free language
over a nontrivial alphabet. A 2DPDA automaton has been given to recognize the
set of primitive partial words with one hole. An indexed grammar to recognize the
language of nonprimitive words has been given.
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Chapter 4

Robustness of Primitive Partial
Words

In this chapter, we study several operations on primitive partial words that preserves
primitivity. In particular, the operations that we consider are deletion of a symbol,
insertion of a symbol, exchange of two distinct consecutive symbols and substitution
of a symbol by another symbol from the underlying alphabet.

4.1 Introduction

When we study an algebraic structure, we are interested in investigating the operations
which preserve some property of the underlying structure. Primitivity of words is an
important property in the field of word combinatorics. Thus, it is worth considering
the operations under which the property primitivity can be preserved. In [78], Păun
et al. considered the effect of point mutation operations on primitive words such as
deleting a symbol, inserting a symbol, substituting a symbol by another symbol and
the operation of taking prefixes. The preservation of primitivity property has also
been studied with respect to homomorphisms; [75,76,79].

In [31], Jürgen Dassow et al. have investigated the edit distance operation under
which a word ww′ is primitive where w is a given primitive word and w′ is a modified
mirror image or modified copy of w. For two words w and w′, the edit distance of
w and w′ is the minimal number of changes, deletions and insertions of letters to
transform w into w′. Blanchet-Sadri, Nelson and Tebbe [21] extended the work of
Dassow et al. [31] to partial words with one hole and studied the notion of preservation
of primitivity in partial words.

We state some of the existing results on the robustness of primitive words and
some properties on primitive partial words that will be useful later in this chapter.

The following result shows that for any nonempty word u, appending two distinct
letters a and b from the alphabet, at least one of ua or ub is primitive.

Lemma 4.1 ( [78]). For every word u ∈ V + and all symbols a, b ∈ V , where a 6= b,
at least one of the words ua, ub is primitive.
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Lemma 2.44 shows the possibility of obtaining a primitive partial word by append-
ing a symbol or removing a symbol in any nonempty partial word. Specifically, if u is
a nonempty partial word with one hole, then at least one of the u or ua is primitive
for a ∈ V .

The next result holds for partial words with one hole of some particular type.

Proposition 4.2 ( [8]). (a) Let u be a partial word with one hole which is not of
the form x♦x for any word x. If a and b are distinct letters, then ua or ub is
primitive.

(b) Let u1 and u2 be partial words such that u2u1 has one hole and is not of the form
x♦x for any word x. Then at most one of the words u1au2 with a ∈ V is not
primitive.

The following proposition shows the possibility of obtaining primitive word by
deletion of a symbol in a primitive word.

Proposition 4.3 ( [78]). Every word w ∈ Q, |w| ≥ 2, can be written in the form
w = u1au2, for some u1, u2 ∈ V ∗, a ∈ V , such that u1u2 ∈ Q.

Organization. The rest of this chapter is organized as follows. In Section 4.2, we
discuss the preservation of primitivity of partial words with one hole with respect to
deletion operation. We call the set of primitive partial words with one hole which are
robust to deletion operation as del-robust primitive partial words. We characterize the
set of primitive partial words with one hole which are not del-robust and prove that
the language of non-del-robust primitive partial words with one hole is not context-free
over an alphabet. In Section 4.3, we explore the primitive partial words that are robust
to exchange operation where we exchange two consecutive distinct symbols from the
underlying alphabet. We prove that the language of non-exchange-robust primitive
partial words is not context-free over an alphabet in Section 4.4. We investigate the
preservation of primitivity of partial words with respect to substitution operation
along with some combinatorial properties in Section 4.5. We finally conclude this
chapter in Section 4.6.

4.2 Del-Robust Primitive Partial Words

In this section, we discuss the robustness of primitive partial words with one hole
with respect to deletion of a symbol or a hole. This special class of primitive partial
words with one hole is referred as del-robust primitive partial words with one hole.

We have the following result for primitive partial words with one hole that gives
an alternative to obtain new primitive partial words by deletion of either a symbol or
a hole.

Lemma 4.4. Every primitive partial word with one hole w with |w| ≥ 4, w = v1abv2
such that v1v2 6= x♦x, x ∈ V ∗ can be written as w = u1au2 such that u1u2 ∈ Qp.
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Proof. Given that |w| ≥ 4 and w = v1abv2 for some v1, v2 ∈ V ∗♦ , and v1v2 has exactly
one hole. Also v1v2 is not of the form x♦x for some x ∈ V ∗. From Proposition 4.2(b),
at least one of the v1av2 or v1bv2 is primitive. If v1av2 is primitive then u1 = v1a and
u2 = v2. If v1bv2 is primitive then u1 = v1 and u2 = bv2.

The class of primitive partial words with one hole which remains primitive upon
deletion of a symbol or a hole is a subclass of primitive partial words with one hole.
A prefix (suffix) of length k of a partial word w is denoted as pref(w, k) (suff(w, k)),
respectively, where k ∈ {0, 1, . . . , |w|} and pref(w, 0) = suff(w, 0) = ε. We define the
del-robust primitive partial words with one hole as follows.

Definition 4.5 (Del-Robust Primitive Partial Words). A primitive partial word w
of length n with one hole is said to be del-robust if and only if the partial word

pref(w, i) . suff(w, n− i− 1)

is a primitive partial word for all i ∈ {0, 1, . . . , n− 1}.

Note that a del-robust primitive partial word must remain primitive on deletion
of any symbol or the hole. The number of such partial words is infinite. For example,
a♦bba and am♦bn for m, n ≥ 2 are del-robust primitive partial words with one hole.

We denote the set of all del-robust primitive partial words with one hole by Q1D
p

over an alphabet. It is obvious that the language of del-robust primitive partial words
with one hole is a subset of Q1

p and hence w ∈ Q1
p for all w ∈ Q1D

p where Q1
p be the

set of all primitive partial words with one hole. Let Q1
p(1) = Q1

p ∪ {ε}, and for all
n ≥ 2 let Q1

p(n) = {un | u ∈ Q1
p}.

Proposition 4.6. Let m and n be two distinct positive integers. Then the sets Q1
p(m)

and Q1
p(n) are disjoint.

Next we study a subset of primitive partial words with one hole in which deletion
of a symbol or a hole results in a nonprimitive partial word. We call such partial
words as non-del-robust primitive partial words with one hole and the set is denoted
by Q1D

p .

Definition 4.7 (Non-Del-Robust Primitive Partial Words). A primitive partial word
w with one hole is said to be non-del-robust if and only if

pref(w, i) . suff(w, n− i− 1)

is not a primitive partial word for some i ∈ {0, 1, . . . , n− 1}.

Thus Q1D
p = Q1

p \Q1D
p where ‘\’ is the set difference operator. The number of such

non-del-robust words is infinite. For example, a♦b, ban♦ for n ≥ 1 are non-del-robust
words.

Next we give complete structural characterization of those primitive partial words
with one hole which are in the set Q1

p but not in Q1D
p , that is, deletion of a symbol or

hole from such words will result in nonprimitive partial words.
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Theorem 4.8. A primitive partial word w with one hole is in the set Q1D
p if and

only if w ⊂ uk1u1au2u
k2 for some u1, u2 ∈ V ∗ and u = u1u2, a ∈ V , k1, k2 ≥ 0 and

k1 + k2 ≥ 1.

Proof. The necessary and sufficient parts are proved as follows.

(⇐) Let us consider a primitive partial word with one hole w ⊂ uk1u1au2u
k2 where

u1u2 = u and a ∈ V . If the symbol in w which is contained in the letter a in the
word uk1u1au2u

k2 is deleted then the obtained partial word will be contained in
exact integer power of u which is nonprimitive. Hence, w is a non-del-robust
primitive partial word.

(⇒) Let w be a primitive partial word with one hole which is non-del-robust. Therefore
w can be written as w = w1cw2 for some c ∈ V♦ such that w1w2 is not a primitive
partial word. Thus w1w2 ⊂ un for some u ∈ Q and n ≥ 2. Hence, w1 ⊂ uru1
and w2 ⊂ u2u

s for r, s ≥ 0 and r + s ≥ 1 such that u1u2 = u. Therefore for
r = k1 and s = k2, w = w1cw2 ⊂ uk1u1au2u

k2 where c ⊂ a.

Observe that the language of primitive partial words with one hole Q1
p is closed

under cyclic permutation. Similar result also holds for the language of del-robust
primitive partial words with one hole Q1D

p .

Lemma 4.9. The language of del-robust primitive partial words with one hole Q1D
p

is reflective.

Proof. We prove it by contradiction. Let a partial word w = xy ∈ Q1D
p such that

yx /∈ Q1D
p . Since w ∈ Q1D

p , hence w ∈ Q1
p. So yx ⊂ uk1u1au2u

k2 for some k1 and k2
where u = u1u2, a ∈ V and k1 + k2 ≥ 1. We consider two cases depending upon the
inclusion of the letter a either in y or in x.

Case 1 When the letter a is included in y, we consider two subcases.

Case 1.1 If u1au2 is completely in y, then y ⊂ uk1u1au2u
ru′1 and x ⊂ u′2u

s

where u′1u
′
2 = u, r + s + 1 = k2. Now xy ⊂ u′2u

suk1u1au2u
ru′1 which will

not be del-robust after deletion of the symbol for which a is replaced and
the obtained partial word will be nonprimitive. This is a contradiction to
the assumption that xy ∈ Q1D

p .

Case 1.2 If u1au2 is not completely in y, that is, some portion of u2 is in y,
then y ⊂ uk1u1au

′
2 and x ⊂ u′′2u

k2 where u = u1u2 and u2 = u′2u
′′
2. Now

xy ⊂ u′′2u
k2uk1u1au

′
2 which will not result in a del-robust primitive partial

word after deletion of the symbol for which a is replaced. Moreover, the
partial word will be contained in (u′′2u1u

′
2)
k1+k2+1 and xy is a nonprimitive

partial word. Hence it is a contradiction.
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Case 2 If a is included in x, we need to consider two cases with similar proofs as in
the previous case.

Hence the language of del-robust primitive partial words with one hole Q1D
p is

reflective.

The next result immediately follows from Lemma 4.9.

Corollary 4.10. Q1D
p is reflective.

Next we prove that if a primitive partial word w with one hole is del-robust then
its reverse wr is also del-robust.

Lemma 4.11. If w ∈ Q1D
p then wr ∈ Q1D

p .

Proof. We prove it by contradiction. Let w be a del-robust primitive partial word
with one hole. Suppose, the reverse of w, wr is not del-robust, that is, w ∈ Q1D

p but
wr /∈ Q1D

p . Using the structural characterization of non-del-robust primitive partial
words, we have wr ⊂ umu1au2u

n where u = u1u2, m+ n ≥ 1. Now,

(wr)r = w ⊂ (umu1au2u
n)r

(umu1au2u
n)r = (ur)n(u2)

rar(u1)
r(ur)m

Since u = u1u2, we have ur = (u2)
r(u1)

r. Thus,

w ⊂ ((u2)
r(u1)

r)n(u2)
ra(u1)

r((u2)
r(u1)

r)m.

It is clear that w is non-del-robust which is a contradiction to the assumption. Hence
for w ∈ Q1D

p , wr ∈ Q1D
p .

Our next result is related to Theorem 4.8 which shows that a primitive partial
word with one hole is non-del-robust if it is contained in a cyclic permutation of a
nonprimitive word followed by a symbol.

Proposition 4.12. A primitive partial word w with one hole is in the set Q1D
p if

and only if w is either contained in una or in its cyclic permutation for some u ∈ Qp

where a ∈ V , n ≥ 2, and |α(u)| ≥ 2.

Proof. We prove the necessary and sufficient conditions as follows:

(⇒) Let w ∈ Q1
p be non-del-robust, that is, w ∈ Q1D

p . So w is contained in the
word which is of the form upu1cu2u

q for some u = u1u2 ∈ Q and c ∈ V . By
Corollary 4.10, Q1D

p is reflective. Then consider the partial word w′ which
is a cyclic permutation of w and contained in the word u2u

qupu1c. Hence
w′ ⊂ u2u

qupu1c = (u2u1)
p+q+1c is also in Q1D

p . Thus, w will also be contained
in a word of the form una or in its cyclic permutation.

(⇐) Let w be either contained in the word una or its cyclic permutation. Deletion
of that symbol in w for which the symbol a is replaced from una gives a
nonprimitive partial word w′ ⊂ un which is nonprimitive. Hence, w ∈ Q1D

p .
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Based on Proposition 2.42, there is an algorithm that recognizes whether a given
partial word w with at most one hole is primitive and use the fact that if w is primitive
and ww ↑ xwy then it implies that either x = ε or y = ε. Observe that if a partial
word with one hole w is in set Q1D

p then there exists a cyclic permutation of w that
contains a nonprimitive partial word of length |w| − 1. Also note that ww contains
all the cyclic permutations of w.

In the following result we give a necessary and sufficient condition for a primitive
partial word with one hole to be non-del-robust which follows from the Theorem 4.8.

Corollary 4.13. Let w be a primitive partial word with one hole. Then w is non-
del-robust if and only if ww contains at least one nonprimitive partial word factor of
length |w| − 1.

Proof. The necessary and sufficient conditions are proved as follows.

(⇒) Let w be a primitive partial word with one hole. Let w ∈ Q1D
p . Since w is non-

del-robust then w ⊂ upu1au2u
q for some u ∈ Q, u1u2 = u, a ∈ V and p+ q ≥ 1.

So, ww ⊂ upu1au2u
qupu1au2u

q which has a factor u2u
qupu1 = (u2u1)

p+q+1 of
length |w|−1. Since p+q+1 ≥ 2, so (u2u1)

p+q+1 is a nonprimitive word. Hence
a factor of ww contains one nonprimitive partial word of length |w| − 1.

(⇐) Let the partial word ww has a nonprimitive factor of length |w| − 1 where
w ∈ Q1

p. So, ww ⊂ u1v
nu2, where u1, u2 ∈ V ∗, |vn| = |w| − 1, v ∈ Q and n ≥ 2.

There are two cases depending upon whether vn entirely lies in w or partly in
w.

Case 1 Let vn, n ≥ 2 is entirely lies in w. Since |vn| = |w| − 1, so w ⊂ vna.
The deletion of that particular symbol c ∈ V♦ for which the symbol a is
replaced will give a nonprimitive partial word. Hence, w is non-del-robust.

Case 2 Let vn be partially in w and ww ⊂ u1v
nu2. Since the language of

nonprimitive words Z is reflective, so u2u1v
n ∈ Z. So there exists a partial

word x such that xx ⊂ u2u1v
n where x is a cyclic permutation of w. If vn

is entirely in x, then either x ⊂ avn or x ⊂ vna. In both cases the word x
is a non-del-robust primitive partial word. As w is a cyclic permutation of
x and Qp is reflective, we conclude that w is a non-del-robust partial word.

4.2.1 Q1D
p is not Context-free

In this section, we investigate the relation between the language of non-del-robust
primitive partial words with one hole Q1D

p and the language classes in Chomsky

hierarchy. In particular, we show that Q1D
p is not a context-free language (CFL) over

a nontrivial alphabet V .
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Theorem 4.14. Q1D
p is not a context-free language.

Proof. We prove it by contradiction. Let us assume that Q1D
p is a CFL. Let n > 0

be an integer which is the pumping length that is guaranteed to exist by pumping
lemma. Since Q1D

p is context-free, then it satisfies all the conditions of Lemma A.3.
Consider a string w = anbnanbnanbn♦ where a, b ∈ V and are distinct. It is clear that
w ∈ Q1D

p and of length at least n.
Hence, by the pumping lemma for CFL, w can be factorized into uvxyz such that

|vy| ≥ 1, |vxy| ≤ n and for all i ≥ 0, uvixyiz ∈ Q1D
p . There are several possibilities,

that we consider below, depending on whether the substrings v and y contain more
than one symbol or hole.

Case 1 When both v and y contain one type of symbol, that is, v does not contain
both a’s and b’s, and same holds for y. Consider one such case. Let v and y
contain only a’s from the first set of a’s. Let vy = ak for some k > 0. Let u = aj ,
vxy = ap and z = aqbnanbnanbn♦ such that j ≥ 0 and j + p + q = n. Now
for i = 0, we have uvixyiz = ajap−kaqbnanbnanbn♦ = aj+p+q−kbnanbnanbn♦ =
an−kbnanbnanbn♦ /∈ Q1D

p for k > 1 and for k = 1, we have an−1bnanbnanbn♦ ⊂
(an−1bna)3 /∈ Q1D

p .

Similar cases can be handled if both v and y contain only symbol b.

Case 2 If v and y contain more than one type of symbol. There will be several
cases depending upon whether v contains combinations of a’s and b’s and y
contains only one type of symbol or v contains one type of symbol and y contains
the combination of symbols or x contains combinations of a’s and b’s. Let us
consider one such case.

Let vxy = ajbk for some j and k such that 0 < j + k ≤ n. Observe that
j > 0, k > 0 otherwise it will fall into Case 1. Suppose u = al, v = aj1 , x =
aj2 , y = aj3bk and z = bpanbnanbn♦ such that j1 + j2 + j3 = j, l + j = n, and
k+p = n. For i = 0, the string uvixyiz = al+j2bpanbnanbn♦ /∈ Q1D

p as l+ j2 < n
and p < n.

Similarly other cases in which v and y contain more than one symbol can be
handled.

Case 3 Let us consider the last case. If vxy = bp♦ then there are following possibili-
ties:

(i) If the symbol ♦ is in vy then vy = bl♦ and x = bp−l. For i = 0, uvixyiz =

anbnanbnanbn−p /∈ Q1D
p .

(ii) If the symbol ♦ is in x then v = bl, y = ε and x = bp−l♦ and l ≥ 1. Now,

uvixyiz = anbnanbnanbn−l♦ /∈ Q1D
p for i = 0.

Observe that one of the above cases will occur. Since all the above cases result in a
contradiction, the assumption that the language of non-del-robust primitive partial
words with one hole Q1D

p is context-free is not true.
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4.2.2 Counting n-Length Partial Words in Q1D
p

In this section, we give a lower bound on the number of del-robust primitive partial
words with one hole of length n. We use the following notations in counting. Denote
by Q1D

p (n) (respectively, Q1D
p (n)) the set of del-robust (respectively, non-del-robust)

primitive partial words with one hole of length n over an alphabet V .
We use some existing results and notations from [9] on counting of primitive words

as well as primitive partial words. Let Ph,k(n) (respectively, Nh,k(n)) denote the set
of primitive (respectively, nonprimitive) partial words with h holes of length n over
an alphabet of size k. Also, denote by Ph,k(n) (respectively, Nh,k(n)) the number of
primitive (respectively, nonprimitive) partial words with h holes of length n over an
alphabet of size k. Let Th,k(n) denote the total number of partial words of length n
with h holes over V . We have, from [13],

Th,k(n) = Ph,k(n) +Nh,k(n),

=

(
n

h

)
kn−h =

n!

h!(n− h)!
kn−h

Theorem 4.15 ( [9]). N1,k(n) = nN0,k(n).

A consequence of Theorem 4.15 is as follows.

Corollary 4.16 ( [9]). P1,k(n) = n(P0,k(n) + kn−1 − kn).

Next we give an upper bound on the number of non-del-robust primitive partial
words of length n over an alphabet of size k.

Theorem 4.17. The following inequality holds:

|Q1D
p (n)| ≤

{
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1) if 2 6 | (n-2),
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1)− 2k2 else.

Proof. We give a constructive proof of the theorem. A non-del-robust primitive partial
word with one hole of length n can be obtained in two ways; either by inserting a hole
♦ in a nonprimitive word w, |α(w)| ≥ 2 of length (n− 1) or inserting a symbol a ∈ V
in a nonprimitive partial word with one hole w of length (n−1) with |α(w)| ≥ 2 . But
the first case results in repetition because all those partial words that will be generated
by inserting ♦ in a word w ∈ Zn−1 are already in the second case because the words
are obtained from partial words by replacing holes. Thus we will consider only the
second case, that is, inserting a symbol a ∈ V in a partial word w ∈ N1,k(n− 1) to
obtain non-del-robust primitive partial words with one hole of length n.

Take a partial word w ∈ N1,k(n− 1). The number of new partial words that will
be generated by inserting a symbol a ∈ V in w is

|{w1aw2 | w = w1w2, w1, w2 ∈ V ∗♦ }| = n− |w|a
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Now for a partial word w ∈ N1,k(n− 1), the total number of partial words generated
by inserting any symbol a ∈ V is∑

a∈V

|{w1aw2 | w = w1w2, w1, w2 ∈ V ∗♦ }| = nk − (n− 2)

where k is the size of the alphabet.
As we can observe that there are nonprimitive partial words with one hole which

remains nonprimitive by inserting a symbol a ∈ V and we need to discard such partial
words from consideration. Such partial words are either of the form {w | w ⊂ an} or
{x♦x | x ∈ V +}.

First, we consider partial words with one hole w of the form w ⊂ an for some
a ∈ V . Since position of a hole generates different partial words, the number of such
partial words that are contained in power of a particular symbol is (n − 1); and
hence there are total k(n − 1) nonprimitive partial words over an alphabet of size
k. Inserting the symbol a ∈ V before and after ♦ gives two different partial words.
Thus, the total number of partial words is 2k(n− 1).

Also, there are some nonprimitive partial words which are contained in an−1 but
inserting a symbol b where b 6= a gives a nonprimitive partial word. For example,
aa♦aa. Inserting b 6= a either in suffix (respectively, prefix) gives us aa♦aab (re-
spectively, baa♦aa) which are nonprimitive. Thus, for a partial word with one hole
which is contained in an−1, placing a letter either in suffix or prefix generate two
nonprimitive partial words. For partial word w ⊂ an−1, a ∈ V , there are 2k ways
to generate a nonprimitive partial word. Since |V | = k, there are total 2k2 ways to
generate a nonprimitive partial words. Those case in which (n− 2) is divisible by 2,
we have to subtract some extra partial words. Hence,

|Q1D
p (n)| ≤

{
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1) if 2 6 | (n-2),
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1)− 2k2 else.

Now the lower bound on the count of number of del-robust primitive partial words
with one hole of length n can be obtained by subtracting the number of non-del-robust
primitive words with one hole of length n from the total number of primitive partial
words of length n with one hole. This gives us

|Q1D
p (n)| = P1,k(n)− |Q1D

p (n)|

|Q1D
p (n)| ≥ P1,k(n)−

{
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1) if 2 6 |(n− 2),
[nk − (n− 2)]N1,k(n− 1)− 2k(n− 1)− 2k2 else.

4.3 Exchange-Robust Primitive Partial Words

In this section, we consider the set of primitive partial words with one hole which
are robust to exchange operation. A partial word in exchange-robust class remains
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primitive when any two consecutive distinct symbols in a partial word are exchanged.
For example, consider w = abaaa♦ ∈ Qp, but exchanging position 2 and 3 we have
w′ = aabaa♦ ⊂ (aab)2 /∈ Qp.

Definition 4.18 (Exchange-Robust Primitive Partial Words with One Hole). A
primitive partial word w = a0a1 · · · ai+1ai+2 · · · an−1 of length n with one hole is said
to be exchange-robust if and only if

pref(w, i) . ai+1ai . suff(w, n− i− 2)

is a primitive partial word for all i ∈ {0, 1, . . . n− 2}.

Remark 4.19. We consider the hole ♦ and a symbol from alphabet are distinct. If
the symbol a and the hole ♦ are adjacent, we exchange a and ♦.

We denote Q1X
p as the set of all primitive partial words with one hole which are

exchange-robust over an alphabet V . Clearly, the set of all exchange-robust primitive
partial words with one hole is a subset of Q1

p. There are infinitely many primitive
partial words with one hole which are exchange-robust. For example, an♦bna, n ≥ 2
is exchange-robust.

Our next result concerns the exchange of two different symbols at consecutive
places in a nonprimitive total word. We prove that the new word obtained by
exchanging any two distinct consecutive symbols at any position in a nonprimitive
word results a primitive word.

Lemma 4.20. Let w be a total word with |α(w)| ≥ 2. If w = x1abx2 ∈ Z with a 6= b
then x1bax2 ∈ Q.

Proof. We prove it by contradiction. Let w be a nonprimitive word. Then there
exists a unique primitive word u such that w = um, m ≥ 2. We can express
w = um1u1abu2u

m2 where u1abu2 = u and m1, m2 ≥ 0, m1 + m2 ≥ 1. Assume
for contradiction that w′ = um1u1bau2u

m2 /∈ Q. As we know the languages Q and
Z are reflective, then it is enough to consider the word abu2u

m2um1u1. Suppose
abu2u

m2um1u1 = vm and bau2u
m2um1u1 = yn, m, n ≥ 2 and y ∈ Q. Let p be the

common suffix of vm and yn. The words vm and yn have common suffix of length
m|v| − 2 and n|y| − 2, respectively. We have |p| = m|v| − 2 = n|y| − 2. It is not
possible to have m = n = 2 which is not feasible.

So at least one of m and n is strictly greater than 2. Without loss of generality,
let us assume that m ≥ 3 and n ≥ 2. Now,

2|p| = m|v|+ n|y| − 4
⇒ |p| = m

2
|v|+ n

2
|y| − 2

⇒ |p| ≥ |y|+ |v|+ 1
2
|v| − 2 (∵ m ≥ 3 and n ≥ 2)

Since |v| ≥ 2, we obtain that |p| ≥ |y|+ |v| − 1. Hence by Theorem 2.27, v and y are
powers of the same primitive word which is a contradiction. Thus bau2u

m2um1u1 ∈ Q
which implies that w′ = um1u1bau2u

m2 ∈ Q.
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The above result does not hold for partial words having one or more holes.
Consider a partial word w = a♦baab ∈ Zp. If we exchange b and a, we have
w′ = a♦abab ⊂ (ab)3 /∈ Qp.

Next we study the class of primitive partial words with one hole in which exchange
of two distinct consecutive symbols results in a nonprimitive partial word. We call
this set of partial words as non-exchange-robust primitive partial words with one hole.
We denote the set of non-exchange-robust primitive partial words with one hole over
an alphabet V as Q1X

p . Observe that Q1X
p ∪Q1X

p = Q1
p.

Definition 4.21 (Non-exchange-robust Primitive Partial Words). A primitive partial
word with one hole is said to be non-exchange-robust if and only if exchange of two
distinct consecutive symbols results in a nonprimitive partial word.

In the following theorem, we give the structural characterization of non-exchange-
robust primitive partial words with one hole.

Theorem 4.22. A primitive partial word w with one hole is non-exchange-robust if
and only if w is contained in some word of the form uk1u1abu2u

k2 , a, b ∈ V, a 6= b
where k1 + k2 ≥ 1 and u1bau2 = u.

Proof. We prove the necessary and sufficient conditions as follows:
(⇐) Let w be a primitive partial word with one hole. Suppose w = v1xyv2 ⊂
uk1u1abu2u

k2 where a 6= b such that v1 ⊂ uk1u1, v2 ⊂ u2u
k2 , x ⊂ a and y ⊂ b. If

we exchange x and y, we get w′ = v1yxv2 ⊂ uk1u1bau2u
k2 such that u1bau2 = um

for m ≥ 1. Hence w′ ⊂ uk, k ≥ 2 where k1 + m + k2 = k and thus w is not an
exchange-robust primitive partial word.

(⇒) Let w ∈ Q1
p which is not an exchange-robust partial word. Then there exists

at least one consecutive positions where exchanging them makes the partial word
nonprimitive. The partial word w can be written as either v1abv2 where v1, v2 ∈ V ∗♦
or v1a♦v2 or v1♦av2 where v1, v2 ∈ V ∗. In the first case, as we have exactly one hole,
it is exactly in one among v1 or v2. Let w′ = v1bav2 ∈ Zp that is w′ = v1bav2 ⊂ um

for m ≥ 2. Now v1 ⊂ uiu1 and v2 ⊂ u2u
j for i, j ≥ 0 and i+ j ≥ 1. Combining both

we have v1bav2 ⊂ uiu1bau2u
j where u1bau2 = uk for k ≥ 1.

The other two cases can be handled similarly.

We have, Q1X
p = Q1

p \Q1X
p . There are primitive partial words of arbitrary length

which are non-exchange-robust; for example, (ab)n♦a(ab)n for n ≥ 1. We denote the
set of exchange-robust (non-exchange-robust, respectively) primitive partial words

with arbitrary number of holes by QX
p (QX

p , respectively).

The set of Q1X
p is not closed under the cyclic permutation unlike the language of

del-robust primitive partial words with one hole. For example, consider a partial word
abbabb♦ab ∈ Q1X

p . One of the cyclic permutation of the partial word is ababbabb♦,
which is exchange-robust.

In Theorem 3.11, we prove that the language of primitive partial words with
at most one hole is dense over an alphabet V . Next we show that the language of
exchange-robust primitive partial words with one hole is not dense.
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Proposition 4.23. The language Q1X
p is not right 1-dense.

Proof. It is sufficient to find one partial word for which we cannot find any word
which satisfies the condition. Let w = x♦x be a primitive partial word with one hole
where x ∈ V ∗. Let us assume that w is not an exchange-robust primitive partial word.
Here both wa and wb are not primitive. Hence, we cannot find a word z with |z| ≤ 1
for w such that wz ∈ Q1X

p . Thus Q1X
p is not right 1-dense.

For the above result, such partial word exists. For example, take w = aaba♦aaba /∈
Q1X
p and if we concatenate a or b at the right end of w then we obtain a nonprimitive

partial word.

4.4 QX
p is not Context-free

In this section, we prove that the language of non-exchange-robust primitive partial
words is not a context-free language over a given alphabet. In our proof, we use
the fact that intersection of a context-free language and a regular language is also a
context-free language. We also use the result that the family of context-free languages
are closed under generalized sequential machine (gsm) mapping, and for details;
see [36].

Theorem 4.24. The language of non-exchange-robust partial words is not context-free
over the alphabet V = {a, b}.

Proof. Consider the regular language R = ba+ba+ba+ba+. Consider the language

L = {ban1ban2ban3ban4 | n1, n2, n3, n4 ≥ 1, (|n1 − n3| ≤ 1, |n2 − n4| ≤ 1,

|(n1 + n2)− (n3 + n4)| = 0 or 2) and (n1 6= n3 or n2 6= n4)} (4.1)

We claim that QX
p ∩R = L.

The inclusion QX
p ∩ R ⊇ L is easy to observe. For the converse, let us take a

word w = ban1ban2ban3ban4 ∈ QX
p ∩ R. As w ∈ QX

p , then w can be represented as
w = u1abu2 such that u1bau2 ∈ Z. We have the following possibilities of exchanging.

Case 1. aban1−1ban2ban3ban4

Case 2. ban1−1ban2+1ban3ban4

Case 3. ban1+1ban2−1ban3ban4

Case 4. ban1ban2−1ban3+1ban4

Case 5. ban1ban2+1ban3−1ban4

Case 6. ban1ban2ban3−1ban4+1
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Case 7. ban1ban2ban3+1ban4−1

Observe that all the above cases are in the language QX
p only if we have

(1) n1 6= n3 or n2 6= n4 (otherwise ban1ban2ban1ban2 /∈ Q)

(2) |n1 − n3| ≤ 1, |n2 − n4| ≤ 1, |(i + j) − (k + l)| = 0 or 2 (otherwise the word
w′ ∈ QX

p

Hence the inclusion QX
p ∩R ⊆ L.

As we know that a CFL is closed under the gsm mapping then using a sequential
transducer (a gsm), the language QX

p ∩R can be translated into a new language

L′ = {an1bn2cn3dn4 | n1, n2, n3, n4 ≥ 1, |n1 − n3| ≤ 1, |n2 − n4| ≤ 1,

|(n1 + n2)− (n3 + n4)| = 0 or 2 and (n1 6= n3 or n2 6= n4)} (4.2)

Now we prove that L′ is not a context-free language. Assume for contradiction that
L′ is context-free. Let N > 0 be a constant which exists by the pumping lemma. As
L′ satisfies Ogden’s lemma (see Appendix A.4), then every w ∈ L′, |w| ≥ N can be
decomposed into w = uvxyz such that the following conditions hold: (i) vxy contains
at most N marked symbols, (ii) v and y have at least one marked symbol, (iii) and
uvixyiz ∈ L′ for all i ≥ 0.

Consider a string w = an1bn2cn3dn4 such that n1 = N, n2 = N, n3 = N + 1
and n4 = N − 1. As |n1 − n3| ≤ 1, |n2 − n4| ≤ 1, |(n1 + n2) − (n3 + n4)| = 0 and
n1 6= n3, n2 6= n4 then w ∈ L′. Let us mark all the occurrences of b which are at least
N of them. Now we can decompose w = uvxyz in such a way that all the conditions
of Ogden’s lemma are satisfied.

Clearly, neither v nor y contain two different symbols. There are two cases
depending on whether vy contains an occurrence of a or not.

(I) Suppose vy does not contain any occurrence of a. In this case, we have u =
aNbi1 , v = bm1 , x = bm2 , y = bm3 such that m1 +m3 ≥ 1, k1 = m1 +m2 +m3

and z = bN−(k1+i1)cN+1dN−1. For i = 2, uv2xy2z = aNbN+(m1+m3)cN+1dN−1 =
ap1bp2cp3dp4 which is a contradiction as |p2 − p4| ≥ 2.

(II) Suppose vy contains occurrences of a. Let v = aj and y = bk for j, k ≥ 1. If
j < k, then for a large value of i, we can have w′ = uvixyiz = ap1bp2cp3dp4 such
that |p1 − p3| > 1 which is a contradiction. Therefore we must have j ≥ k.
Consider the word uvixyiz which becomes aN−j+jibN−k+kicN+1dN−1. For i = 5,
we have w′′ = aN+4jbN+4kcN+1dN−1 where |(N+4j)−(N+1)| = 4j−1 ≥ 3, |(N+
4k)−(N−1)| = 4k+1 ≥ 5 and |(N+4j+N+4k)−(N+1+N−1)| = 4(j+k) ≥ 8
which is a contradiction.

Hence L′ is not context-free. As we know that the family of context-free languages
is closed under sequential transducers and intersection with regular languages, we
conclude that QX

p is also not context-free.
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4.5 Subst-Robust Primitive Partial Words

In this section, we study another subset of primitive partial words that remain primitive
on substitution of a symbol by another symbol from the underlying alphabet.

We refer to the definition of substitute robust total words [78] and define symbol
substitution in partial words as follows. Consider a nonempty partial word with one
hole x ∈ V +

1 . We define

one(x) = {x1bx2 | x = x1ax2, x1, x2 ∈ V ∗1 , a, b ∈ V, a 6= b}.

Let L ⊆ V ∗♦ and x ∈ L. Then x is called subst-robust (with respect to L) if
one(x) ⊆ L.

Definition 4.25 (Subst-Robust Primitive Partial Words). A primitive partial word
w with one hole is said to be subst-robust if and only if one(w) ⊆ Q1

p.

Remark 4.26. Since ♦ is considered as a place holder for any of the symbol from
the given alphabet, we assume that only a symbol a ∈ V can be substituted by another
symbol b ∈ V such that a 6= b.

Proposition 4.27 ( [78]). If L consists of only subst-robust words, then L = {w ∈
V ∗ | |w| ∈ length(L)}.

The above proposition does not hold in case of partial words with one or more
holes. For example, let L′ = {a♦b, b♦b, b♦a, a♦a}. Though L′ is subst-robust, it does
not contain all the partial words with one hole of length three.

We use the symbol Q1S
p to denote the set of subst-robust primitive partial words

with one hole which remain primitive on substitution of a symbol by another symbol
from the given alphabet. There are infinitely many primitive partial words with one
hole which are subst-robust. For example, w = (ab)n♦ for n ≥ 2 is subst-robust. It is
worth mentioning here that there are primitive partial words with one hole which are
at the same time exchange-robust and subst-robust. An example of such partial word
is

wm = ♦aba2b2 . . . ambm

for m ≥ 2 over V = {a, b}.
Let w = ab♦a be a primitive partial word over the alphabet V = {a, b}. Sub-

stituting last occurrence of a by b will generate a nonprimitive partial word. Thus,
there are primitive partial words with one hole in which substituting one symbol
by another symbol generates a nonprimitive partial word, and we call that set of
primitive partial words as non-subst-robust primitive partial words with one hole. We
use the notation Q1S

p to denote the set of non-subst-robust primitive partial words
with one hole. Formally,

Q1S
p = {w | w = u1au2 ∈ Q1

p and w
′ = u1bu2 /∈ Q1

p, b 6= a}.

Observe that Q1S
p = Q1

p \Q1S
p . Next, we characterize the set of primitive partial words

with one hole which are not subst-robust.
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Theorem 4.28. A primitive partial word with one hole w = xay where x, y ∈
V ∗♦ , a ∈ V is not subst-robust if and only if it is contained in a word of the form
uk1u1au2u

k2 where x ⊂ uk1u1, y ⊂ u2u
k2 with k1 + k2 ≥ 1 such that u1bu2 = u where

a 6= b.

Proof. (⇒) Let us assume that w = xay is a non-subst-robust primitive partial
word with one hole. Then there exists a position in w in which one symbol can
be substituted by another symbol and makes it nonprimitive. Let w′ = xby be
the nonprimitive partial word and hence w′ = xby ⊂ um, m ≥ 2 for some u ∈ Q.
Therefore, we have x ⊂ uk1u1, y ⊂ u2u

k2 such that u1bu2 = u for b 6= a. Hence
w ⊂ uk1u1au2u

k2 .
(⇐) Let w be a primitive partial word with one hole and w = xay ⊂ uk1u1au2u

k2 ,
k1 + k2 ≥ 1 where x, y ∈ V ∗♦ , a ∈ V with x ⊂ uk1u1 and y ⊂ u2u

k2 . Also, it is given
that substituting a symbol b 6= a, we have u1bu2 = u. If we substitute a symbol
b 6= a in w = xay, we get w′ = xby such that w′ = xby ⊂ uk1uuk2 = uk1+k2+1 and
k1 + k2 + 1 ≥ 2. Hence w = xay is not subst-robust.

Next we show that the language of subst-robust primitive partial words with
one hole is closed under cyclic permutation. We know that two partial words x
and y are conjugate if there exist partial words u and v such that x ⊂ uv and
y ⊂ vu. A language L is closed under conjugacy relation if for every w ∈ L, the cyclic
permutations of w are also in L.

Lemma 4.29. The language Q1S
p is closed under conjugacy relation.

Proof. We prove it by contradiction. Let w = v1v2 be a primitive partial word with
one hole such that w ∈ Q1S

p . Suppose w′ = v2v1 /∈ Q1S
p . Then w = v1v2 ∈ Q1S

p implies
w = v1v2 ∈ Qp. Since w′ = v2v1 /∈ Q1S

p then we can write w′ = v2v1 ⊂ uk1u1au2u
k2

such that u1bu2 = u for some b ∈ V and b 6= a. We consider two subcases depending
on whether a is in v1 or in v2.

Case 1. If the symbol a is contained in v2 then we consider the following possibilities.

Case 1.1 If entire u1au2 is from v2 then v2 ⊂ uk1u1au2u
ru′1 and v1 ⊂ u′2u

s where
u = u′1u

′
2 and r + s+ 1 = k2. Now v1v2 ⊂ u′2u

suk1u1au2u
ru′1. Substituting

a by b, we obtain a nonprimitive partial word which is a contradiction that
v1v2 ∈ Q1S

p .

Case 1.2 If a portion of u2 is from v2 then v2 ⊂ uk1u1au
′
2 and v1 ⊂ u′′2u

k2 where
u2 = u′2u

′′
2. Now v1v2 ⊂ u′′2u

k2uk1u1au
′
2 which will result a nonprimitive

partial word after the symbol a is substituted by the letter b. Moreover
v1v2 ⊂ (u′′2u1bu

′
2)
k1+k2+1 and v1v2 is not subst-robust primitive partial

word.

Case 2. If the symbol a is not contained in v2 then we can handle two different
subcases similar to Case 1.

45

TH_2064_136123006
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Hence the language of subst-robust primitive partial words Q1S
p is closed under

conjugacy relation.

The following corollary is a consequence of Theorem 4.28.

Corollary 4.30. A primitive partial word with one hole w ∈ Q1S
p if and only if it is

either contained in unu′a or it’s cyclic permutation for some u ∈ Qp and u′b = u for
b 6= a.

Proof. The proof of necessary and sufficient conditions are as follows:
(⇒) Let w = xay be a primitive partial word with one hole which is not subst-robust.
Then w = xay ⊂ uk1u1au2u

k2 for some u ∈ Q such that x ⊂ uk1u1, y ⊂ u2u
k2 ,

u1bu2 = u and k1 + k2 + 1 ≥ 2. As the language Q1S
p is reflective, then yxa ⊂

u2u
k2uk1u1a = (u2u1b)

k1+k2u2u1a = xk1+k2x′a where x = u2u1b and x′ = u2u1.
(⇐) Let w be a partial word. If w is contained in unu′a where u′b = u or it’s cyclic

permutation then by substituting a by b where b 6= a, we obtain w′ ∈ un+1 which is a
nonprimitive partial word. Hence w is not a subst-robust primitive partial word.

There is a linear time algorithm to test whether a given partial word with one
hole is primitive which is based on the property that a primitive partial word u is
not compatible to a proper factor of uu. In this chapter we defined several subclasses
of primitive partial words with one hole that are robust to different operations such
as del-robust primitive partial words, exchange-robust primitive partial words and
subst-robust primitive partial words. It is easy to observe that whether a primitive
partial word with one hole w of length n is del-robust can be tested in O(n2). Let u
be a partial word of length n. A letter from each position of u can be removed, and
primitivity of transformed partial word of u can be tested in O(n) time. For a partial
word of length n, that process can be repeated and the primitivity of partial word u
can be tested in O(n2) time. Similarly, in other cases we also can have simple O(n2)
time algorithm to test their respective robustness property.

4.6 Conclusions

We have discussed a special subclass of primitive partial words with one hole, referred
to as del-robust primitive partial words. We have characterized such partial words
and identified several properties. We have also proved that the language of non-del-
robust primitive partial words with one hole Q1D

p over a nontrivial alphabet is not a
context-free language. We have given a lower bound on the number of such partial
words of a given length.

We have also investigated the exchange-robust and substitute robust primitive
partial words with one hole. The structural characterization of each of the aforemen-
tioned class of primitive partial words with respect to underlying operations have been
discussed, and also some important combinatorial properties related to each of the
class have been identified. We have shown that the language of non-exchange-robust
primitive partial words is not a context-free language.
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Chapter 5

Pseudo-Bordered Partial Words

In this chapter, we consider a variation of bordered partial words known as pseudo-
bordered partial words for various pseudo-identity functions. Pseudo-bordered partial
words is also known as θ-bordered partial words, where θ is assumed to be either a
morphic involution or an antimorphic involution.

5.1 Introduction

Borderedness property of words is one of the fundamental notion in combinatorics
on words and formal language theory. The set of all unbordered words is a proper
subset of the set of all primitive words. The importance of bordered words have wide
range of applications such as in string matching algorithms [27, 28], data compression
algorithms [89], coding theory [5] and digital transmission systems [23].

One of the central problem in DNA computing is to find a good encoding scheme.
In DNA computing, DNA strands are the basic blocks for proteins and carriers of
information. The information encoded as a single strand of DNA contains basically
the same information as its Watson-Crick(WK)-complement. The Watson-Crick
complementarity property allows the information encoding strands to interact with
each other to form a double strand in a process known as base pairing. The information
equivalence between two strands in a biomolecule of DNA paved the road further
by mathematical formalization of the Watson-Crick (WK) complementarity in DNA
strands (wherein for a DNA alphabet 4 = {A, T, C,G}, A is a WK-complement of T
and vice versa, and G is a WK-complement of C and vice versa).

Motivated by the applications of primitivity, periodicity in several fundamental
areas and close connection of the field of combinatorics on words with Mathematics
initiated an interest to generalize these classical notions for pseudo-identity functions
instead of identity functions. Several classical properties including primitivity, peri-
odicity, conjugacy, borderedness property and palindromes have been extended for
various pseudo-identity functions [29,43,44,56,57,60,61,73,74]. Bordered words have
been studied with respect to homomorphisms, that is, characterization of unbordered
preserving morphisms are given in [38].

Mathematically, the Watson-Crick complementarity has been modeled as an
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antimorphic involution θ over an alphabet V . An involution θ is a function such that
θ2 is an identity function, that is, θ2(x) = x for all x ∈ V ∗. A function θ : V ∗ → V ∗ is
said to be a morphism if θ(uv) = θ(u)θ(v), and an antimorphism if θ(uv) = θ(v)θ(u)
for all u, v ∈ V ∗. A DNA strand u over the DNA alphabet contains the same
information as its WK-complement, denoted by θ(u). Basically, the WK-complement
of a DNA strand is the reverse complement of the original strand. Recall from
Chapter 2, a word w is bordered if and only if there exist words x, y, z such that
w = xy = yz and y is said to be a border of w. Kari and Mahalingam [58] defines
a word w to be θ-bordered if there exists a word x ∈ V + that is a proper prefix
of w, while θ(x) is a proper suffix of w. A word which is not θ-bordered is called
θ-unbordered, and the set of all θ-unbordered words is denoted by Dθ(1).

In [66], Peter Leupold proposed the idea of using partial words as a tool to find the
good encodings for DNA computing purposes. Along with the WK-complementarity
for a DNA alphabet, he proposed that the “do not know symbol”, ♦ is mapped to
itself, that is, θ(♦) = ♦.

A nonempty partial word u is said to be bordered if there exists a nonempty prefix
of u that is compatible with a nonempty suffix of u [14]. A partial word which is
not bordered is called unbordered. Motivated by Peter Leupold’s work in [66], and
generalization of classical notion of (un)bordered1 words to that of θ-(un)bordered2

words, [58], we generalize the notion of (un)bordered partial words to θ-(un)bordered
partial words. A nonempty partial word u is said to be θ-bordered if there exist
nonempty words x, y, z such that u ⊂ xy and u ⊂ zθ(x).

Organization. The outline of this chapter is as follows. We begin by reviewing basic
concepts and notations of θ-bordered and θ-unbordered partial words in Section 5.2. In
Section 5.3, we prove several combinatorial properties of θ-(un)bordered partial words
that includes closure properties as well as characterization of the set of θ-unbordered
partial words for antimorphic involution θ. In Section 5.4, we give necessary and
sufficient conditions for a partial word to be θ-unbordered which is based on the
concept of θ-contained prefixes and conatined suffixes. We also count the number of
θ-borders of a partial word w = (uθ(u))i where u is unbordered as well as θ-unbordered
partial word. In Section 5.5, we prove that the set of all θ-unbordered partial words
Dθ♦(1) is a disjunctive language. Section 5.6 discusses the classification of sets of
θ-(un)bordered partial words and introduces new language classes in connection with
θ-(un)bordered partial words. In Section 5.7, we define θ-primitive partial words for
(anti)morphic3 involution and discuss some basic properties of it. Section 5.8 defines
the concept of θ-conjugacy and θ-commutativity for partial words, and provides a
characterization such that one is a θ-conjugate of the other with concluding remarks
in the Section 5.9.

1By (un)bordered word we mean either a bordered or an unbordered word.
2By θ-(un)bordered word we mean either a θ-bordered or a θ-unbordered word.
3By (anti)morphic involution, we mean either a morphic or an antimorphic involution.
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5.2 Basics of θ-bordered Partial Words

In the following definition, we extend the definition of θ-(un)bordered words to θ-
(un)bordered partial words. The notion of contained prefixes and contained suffixes
are introduced to accommodate θ-(un)bordered partial words. We denote the set of
contained prefixes and contained suffixes as CPref and CSuff respectively. Similarly,
the set of proper contained prefixes and proper contained suffixes are denoted by
PCPref and PCSuff, respectively. We define the notion of contained prefixes, contained
suffixes, proper contained prefixes and proper contained suffixes as follows.

CPref(w) = {x ∈ V + | ∃y ∈ V ∗, w ⊂ xy}

CSuff(w) = {x ∈ V + | ∃y ∈ V ∗, w ⊂ yx}

PCPref(w) = {x ∈ V + | ∃y ∈ V +, w ⊂ xy}

PCSuff(w) = {x ∈ V + | ∃y ∈ V +, w ⊂ yx}

We denote the relations of a word u being a contained prefix, contained suffix, proper
contained prefix and proper contained suffix of a partial word w by u ≤cp w, u ≤cs w,
u <cp w and u <cs w respectively, and define them as follows.

Definition 5.1.

(a) For w ∈ V ∗♦ and u ∈ V ∗, u ≤cp w if and only if w ⊂ uv for some v ∈ V +.

(b) For w ∈ V ∗♦ and u ∈ V ∗, u ≤cs w if and only if w ⊂ vu for some v ∈ V +.

(c) For w ∈ V ∗♦ and u ∈ V +, u <cp w if and only if w ⊂ uv for some v ∈ V +.

(d) For w ∈ V ∗♦ and u ∈ V +, u <cs w iff w ⊂ vu for some v ∈ V +.

We illustrate the above definitions in the following example.

Example 5.2. Let V = {a, b} be an alphabet and u = a♦b be a partial word over V .
Then CPref (u)= {a, aa, ab, aab, abb}, CSuff (u) = {b, ab, bb, aab, abb}, PCPref (u) =
{a, aa, ab} and PCSuff (u) = {b, ab, bb}.

In the following definition, we define the relations such as θ-contained prefix,
θ-contained suffix, and θ-border of a partial word.

Definition 5.3. Let θ be either a morphic or an antimorphic involution on V ∗♦ .

(a) For w ∈ V ∗♦ and u ∈ V ∗, u ≤θ♦cp w if and only if w ⊂ θ(u)v for v ∈ V ∗.

(b) For w ∈ V ∗♦ and u ∈ V ∗, u ≤θ♦cs w if and only if w ⊂ vθ(u) for v ∈ V ∗.

(c) For a partial word u ∈ V ∗♦ , x ∈ V ∗ is said to be a θ-border of u if x ≤θ♦d u, that
is, u ⊂ xy and u ⊂ zθ(x).
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(d) ≤θ♦d = ≤cp ∩ ≤θ♦cs .

(e) For w ∈ V +
♦ and u ∈ V ∗, u <θ♦

cp w if and only if w ⊂ θ(u)v for v ∈ V +.

(f) For w ∈ V +
♦ and u ∈ V ∗, u <θ♦

cs w if and only if w ⊂ vθ(u) for v ∈ V +.

(g) <
θ♦
d = <cp ∩ <θ♦

cs .

(h) For w ∈ V ∗♦ , u ∈ V ∗ is said to be a proper θ-border of w if u <
θ♦
d w.

(i) For w ∈ V +
♦ , define by L

θ♦
d (w) = {u ∈ V ∗ | u <θ♦

d w}, the set of all θ-borders of a
partial word w.

(j) ν
θ♦
d (w) = |Lθ♦d (w)|.

(k) Denote by Dθ♦(i) = {w ∈ V +
♦ | ν

θ♦
d (w) = i}, the set of all partial words with

exactly i θ-borders for i ≥ 1.

From the above definitions, a partial word u ∈ V +
♦ is said to be θ-bordered if

u ⊂ xy and u ⊂ zθ(x) for y, z ∈ V +. In Definition 5.3, if θ is an identity function

then the relations ≤θ♦cp , ≤θ♦cs and ≤θ♦d become contained prefix, contained suffix, and
borders respectively. The set of all partial words which are not θ-bordered are called
θ-unbordered and is denoted by Dθ♦(1). Note that ε is a θ-border of every nonempty
partial word.

Example 5.4. Let θ be a morphic involution such that θ(a) = b, θ(b) = a, θ(♦) = ♦.

Consider the partial word u = a♦ab over V = {a, b}. Then L
θ♦
d (u) = {ε, a, aba} and

ν
θ♦
d (u) = 3. Hence u ∈ Dθ♦(3).

5.3 Properties of θ-bordered Partial Words

In this section, we discuss some properties of θ-bordered and θ-unbordered partial
words which includes the transitivity, closed under cyclic permutation property, dense-
ness of the set of all θ-unbordered partial words, for morphic as well as antimorphic
involution θ. We also provide a characterization of the set of θ-bordered partial words
for an antimorphic involution θ.

Remark 5.5. The set of borders and θ-borders of a partial word need not be the
same.

Example 5.6. Let u = abb♦a and θ be a morphic involution such that θ(a) =
b, θ(b) = a, θ(♦) = ♦. Observe that a is a border of u while ab is a θ-border of u but
neither a is a θ-border of u nor ab is a border of u.

Remark 5.7. A bordered partial word may not be a θ-bordered partial word and vice
versa.

50

TH_2064_136123006



5.3. Properties of θ-bordered Partial Words

Example 5.8. Let us consider the DNA alphabet V = {A, T, C, G} and θ be
(anti)morphic4 involution such that θ(A) = T, θ(T ) = A, θ(C) = G, θ(G) = C and
θ(♦) = ♦. The partial word u = A♦GT is θ-bordered but not bordered. Similarly
the partial word v = AG♦A is bordered but not θ-bordered.

The following observations follow directly from the definition.

Lemma 5.9. Let θ be either a morphic or an antimorphic involution over an alphabet
V♦.

(a) A θ-bordered partial word u ∈ V +
♦ has length greater than or equal to 2.

(b) For u ∈ V +
♦ , if u ⊂ {u1, u2, . . . , un} then θ(u) ⊂ {θ(u1), θ(u2), . . . , θ(un)}.

Lemma 5.10 ( [56]). Let θ be a morphic or an antimophic involution and let u ∈
V + \Dθ(1). Then there exists v ∈ V ∗ with |v| ≤ |u|

2
such that v is a proper θ-border

of u.

However, when θ is a morphic involution, the above lemma does not necessarily
hold for partial words. For example, let V = {A,C,G, T} and let θ be a morphic
involution such that θ(A) = T , θ(T ) = A, θ(G) = C, θ(G) = C and θ(♦) = ♦. Let

u = AG♦CG be a partial word. Then, the θ-borders of u are L
θ♦
d (u) = {ε, AGC}

and there is no proper θ-border v of u such that |v| ≤ |u|
2

.
It has been shown in [58] that in case of total words, if θ(a) 6= a for all a ∈ V then

a+ ⊆ Dθ(1). However, this result does not necessarily hold in case of partial words as
any partial word ending or beginning with ♦ has a trivial 1-letter border.

The next result establishes a connection between the set of all θ-borders of a
partial word u and the set of all θ-borders of θ(u).

Lemma 5.11. Let u ∈ V +
♦ be a partial word. If θ is a morphic involution then

L
θ♦
d (θ(u)) = θ(L

θ♦
d (u)) and if θ is an antimorphic involution then L

θ♦
d (u) = L

θ♦
d (θ(u)).

Proof. Let θ be a morphic involution, and let v ∈ Lθ♦d (u). This implies that u ⊂ vx
and u ⊂ yθ(v) for some x, y ∈ V +. Hence θ(u) ⊂ θ(v)θ(x) and θ(u) ⊂ θ(y)θ(θ(v)).

Now θ(v) is a θ-border of partial word θ(u), that is, θ(v) ∈ L
θ♦
d (θ(u)) and hence

θ(L
θ♦
d (u)) ⊆ L

θ♦
d (θ(u)). Similarly, let v ∈ Lθ♦d (θ(u)). Then θ(u) ⊂ vp and θ(u) ⊂ qθ(v)

for some p, q ∈ V +. Hence we have u ⊂ θ(v)θ(p) and u ⊂ θ(q)θ(θ(v)) which implies

that θ(v) ∈ Lθ♦d (u) and hence L
θ♦
d (θ(u)) ⊆ θ(L

θ♦
d (u)). Thus L

θ♦
d (θ(u)) = θ(L

θ♦
d (u)).

Let θ be an antimorphic involution and let v ∈ Lθ♦d (u). This implies that u ⊂ vx
and u ⊂ yθ(v) for some x, y ∈ V +. Hence θ(u) ⊂ θ(x)θ(v) and θ(u) ⊂ θ(θ(v))θ(y) =

vθ(y). Thus v ∈ Lθ♦d (θ(u)) and hence L
θ♦
d (u) ⊆ L

θ♦
d (θ(u)). Similarly, let v ∈ Lθ♦d (θ(u)).

Then θ(u) ⊂ vx′ and θ(u) ⊂ y′θ(v) for some x′, y′ ∈ V + which implies u ⊂ θ(x′)θ(v)

and u ⊂ vθ(y′). Hence v ∈ L
θ♦
d (u) and L

θ♦
d (θ(u)) ⊆ L

θ♦
d (u). Thus, L

θ♦
d (u) =

L
θ♦
d (θ(u)).

4By (anti)morphic involution, we mean either a morphic or an antimorphic involution.
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Recall that a language of partial words L ⊆ V ∗♦ is said to be reflective if xy ∈ L
implies that yx ∈ L for all x, y ∈ V ∗♦ . A reflective language can be seen as a language
that contains all the cyclic permutations of a word w whenever w ∈ L. From the
Definition 5.3(k), Dθ♦(i) is the language of partial words having exactly i θ-borders.
Next, we illustrate that Dθ♦(i) is not necessarily closed under the relation of cyclic
permutation in the following example.

Example 5.12. Consider a partial word u = ababa♦a over V = {a, b} such that

θ(a) = b, θ(b) = a and θ(♦) = ♦. For θ to be a morphic involution, L
θ♦
d (u) =

{ε, ab, abab, ababab} and hence u ∈ Dθ♦(4). Consider u′ = aababa♦ which is a cyclic

permutation of u. Then L
θ♦
d (u′) = {ε, a} and hence u′ ∈ Dθ♦(2). Similarly, if θ

is an antimorphic involution then for w = aa♦, w ∈ Dθ♦(2) but one of its cyclic
permutation w′ = a♦a ∈ Dθ♦(1).

Hence for a given i ≥ 1, Dθ♦(i) is not necessarily closed under the cyclic permuta-
tion with respect to either a morphic or an antimorphic involution.

The following result shows the transitivity of the relation <
θ♦
d for an antimorphic

involution θ, and establishes a relation between partial words u, v, w such that u <
θ♦
d v

and v <
θ♦
d w when θ is a morphic involution.

Proposition 5.13. Let u ∈ V ∗, v ∈ V + and w ∈ V +
♦ such that u <

θ♦
d v, v <

θ♦
d w. If

θ is a morphic involution then u is a border of w, and if θ is an antimorphic involution
then u <

θ♦
d w.

Proof. Since u <
θ♦
d v, we have v = ux and v = yθ(u) for x, y ∈ V +. Also v <

θ♦
d w

implies that w ⊂ vp and w ⊂ qθ(v) for some p, q ∈ V +.
If θ is a morphic involution, then w ⊂ vp = uxp and w ⊂ qθ(v) = qθ(yθ(u)) =

qθ(y)u. Hence u is a border of w.
If θ is an antimorphic involution, then w ⊂ uxp and w ⊂ qθ(ux) = qθ(x)θ(u)

which implies that u <
θ♦
d w.

Corollary 5.14. The relation <
θ♦
d is transitive when θ is an antimorphic involution.

We mention the following result from [58] that establishes a relation between two
different θ-borders of a total word. In particular, for a total word w, if u and v are
two distinct θ-borders of w then either u is a border of v or v is a border of u when
θ is a morphic involution, and u (respectively, v) is a prefix of v(respectively, u)
when θ is an antimorphic involution.

Lemma 5.15 ( [58]). Let u, v, w be such that u, v ∈ V +, u 6= v and u <θ
d w and

v <θ
d w. If θ is a morphic involution, then either v <d u or u <d v. If θ is an

antimorphic involution then either v <p u or u <p v.

The Lemma 5.15 need not hold for partial words as shown in the following example.

Example 5.16. Let V = {a, b} and θ be (anti)morphic involution such that θ(a) = b,
θ(b) = a and θ(♦) = ♦.
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(a) Let θ be a morphic involution. Let w = a♦bbba. Then L
θ♦
d (w) = {ε, ab, aab}. We

can choose u = ab and v = aab. Observe that neither v <d u nor u <d v.

(b) Let θ be an antimorphic involution and w = ab♦ab. Then L
θ♦
d (w) = {ε, a, ab,

aba, abb, abba, abaa}. We can choose u = aba and v = abba and observe that
neither v <cp u nor u <cp v.

From the Example 5.16, it is clear that for a partial word u ∈ V +
♦ , the set L

θ♦
d (u)

is not necessarily a totally ordered set with respect to the relation <d when θ is
a morphic involution. Also, if θ is an antimorphic involution, then L

θ♦
d (u) is not

necessarily a totally ordered set with respect to <cp, and θ(L
θ♦
d (u)) is not necessarily

a totally ordered set with respect to <cs.
The following lemma provides a characterization of θ-bordered partial words

in case of an antimorphic involution θ. We provide both necessary and sufficient
condition for a partial word to be θ-bordered.

Lemma 5.17. Let θ be an antimorphic involution. A nonempty partial word u ∈ V +
♦

is θ-bordered if and only if u ⊂ avθ(a) for some a ∈ V and some v ∈ V ∗.

Proof. (⇒) Let u be a θ-bordered partial word. Then there exist x, y, z ∈ V + such
that u ⊂ xy and u ⊂ zθ(x). Let x = ap for some a ∈ V and p ∈ V ∗. Thus
θ(x) = θ(ap) = θ(p)θ(a) which implies u ⊂ apy, and u ⊂ zθ(p)θ(a). Hence we can
write u ⊂ avθ(a) for some v ∈ V ∗.
The converse is obvious.

Next we study some properties related to θ-unbordered partial words and prove
that the set of θ-unbordered partial words is a dense set for an antimorphic involution
θ.

Corollary 5.18. Let θ be an antimorphic involution.

(a) For all u ∈ V ∗♦ , u ∈ Dθ♦(1) if and only if θ(u) ∈ Dθ♦(1).

(b) Let θ(a) 6= b for a, b ∈ V . Then Dθ♦(1) is a dense set.

(c) Let u be a partial word over V which does not begin with a hole and let a, b ∈ V
be such that θ(a) = b and a 6= b. Then either ua or ub is θ-unbordered.

(d) For all x, z ∈ V +
♦ and y ∈ V ∗♦ , we have xyz ∈ Dθ♦(1) if and only if xz ∈ Dθ♦(1).

Proof.

(a) Let us assume that θ(u) /∈ Dθ♦(1) and u ∈ Dθ♦(1). By Lemma 5.17, θ(u) ⊂ ayθ(a)
for some y ∈ V ∗ and a ∈ V . Thus, θ(θ(u)) = u ⊂ aθ(y)θ(a) which is a
contradiction to the fact that u is θ-unbordered. Let θ(u) ∈ Dθ♦(1) and u /∈ Dθ♦(1).
Then u ⊂ bxθ(b) for some x ∈ V ∗ and b ∈ V . Hence θ(u) ⊂ bθ(x)θ(b) which
shows that θ(u) is a θ-bordered partial word, a contradiction.

53

TH_2064_136123006



Chapter 5. Pseudo-Bordered Partial Words

(b) Consider a partial word y ∈ V +
♦ . We can choose x = a and z = b such that

xyz ∈ Dθ♦(1) since θ(a) 6= b. Hence Dθ♦(1) is a dense set.

(c) Let us assume that both ua and ub are θ-bordered partial words. Then by
Lemma 5.17, there exist α, β ∈ V and y, z ∈ V ∗ such that ua ⊂ αyθ(α) and
ub ⊂ βzθ(β) which implies a = θ(α) and b = θ(β). Since u does not begin with a
hole, we have u = cp for c ∈ V and p ∈ V ∗♦ , that is, u = cp ⊂ αy and u = cp ⊂ βz
which implies c = α = β which further implies that a = b which is a contradiction.

(d) Let us assume that xz /∈ Dθ♦(1) and xyz ∈ Dθ♦(1). Then by Lemma 5.17,
xz ⊂ apθ(a) for p ∈ V ∗ and a ∈ V . Thus, xyz ∈ Dθ♦(1) depends only on the first
letter of x and last letter of z. Since x, z ∈ V +

♦ , xyz ∈ Dθ♦(1) contradicts to the
assumption that xz /∈ Dθ♦(1) and vice versa.

The statement (c) of above Corollary 5.18 does not hold for a partial word that
begins with a hole as illustrated by the following example.

Example 5.19. Let V = {a, b} and θ be (anti)morphic involution such that θ(a) = b,
θ(b) = a and θ(♦) = ♦, and let u = ♦abb♦. Then both ua = ♦abb♦a and ub = ♦abb♦b
are θ-bordered partial words.

In Lemma 5.17, we have given the characterization of θ-bordered partial words for
an antimorphic involution θ, and it is clear that the minimal θ-border of a θ-bordered
partial word u is a ∈ V which itself is a θ-unbordered word. However, the minimal
θ-border of a θ-bordered partial word in case of a morphic involution need not be a
θ-unbordered word. For example, if for a, b ∈ V , let θ(a) = b, θ(b) = a and θ(♦) = ♦,
and let u = abb♦a. Then the minimal θ-border ab = a · θ(a) is not θ-unbordered.

The next result relates the minimal border and other borders of a total word
under the assumption of θ being a morphic involution.

Lemma 5.20 ( [58]). Let θ be a morphic involution and θ(a) = a for all a ∈ V . If x
is the minimal border of u, then for all other borders y 6= x of u, y is bordered.

The above lemma does not necessarily hold in case of partial words.

Example 5.21. Let V = {a, b} and θ be a morphic involution such that θ(a) =
a, θ(b) = b and θ(♦) = ♦. Consider a partial word u = a♦bbbaab. The minimal
θ-border of u is ab. However aab is also a θ-border of u but aab is θ-unbordered.

5.4 Catenation of θ-bordered Partial Words

In this section, we give a necessary and sufficient condition for a partial word u to
be θ-unbordered in terms of set of contained prefixes and set of contained suffixes.
We also prove that for (anti)morphic involution θ, the set of θ-unbordered partial
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words Dθ♦(1) is a post-plus language. We give a count on the number of θ-borders of
a partial word of the form ((uθ(u))i where u is a unbordered partial word as well as a
θ-unbordered partial word and θ is assumed to be a morphic involution.

We have a characterization of θ-bordered partial words in Lemma 5.17 when θ is an
antimorphic involution. The next lemma in similar lines provides a characterization of
θ-unbordered partial word for (anti)morphic involution θ in terms of set of contained
prefixes and contained suffixes. Note that, the characterization provided in Lemma 5.17
is stronger than the one provided latter when θ is an antimorphic involution.

Lemma 5.22. Let θ be either a morphic or an antimorphic involution on V ∗♦ . Then for
all u ∈ V +

♦ with |u| ≥ 2, u is θ-unbordered if and only if θ(PCPref (u))∩PCSuff (u) =
∅.

Proof. We prove from both directions as follows.
(⇒) Let u be a θ-unbordered partial word. Assume that θ(PCPref(u))∩PCSuff(u) 6= ∅.
Let x ∈ θ(PCPref(u)) ∩ PCSuff(u). Then u ⊂ θ(x)u2 and u ⊂ u1x for u1, u2 ∈ V +.
Thus u /∈ Dθ♦(1), a contradiction.

(⇐) Let θ(PCPref(u)) ∩ PCSuff(u) = ∅. Assume that u is a θ-bordered partial
word. Then there exist v, x, y ∈ V + such that u ⊂ vx and u ⊂ yθ(v) which implies
θ(v) ∈ θ(PCPref(u)) ∩ PCSuff(u), a contradiction.

It is clear from the previous lemma that for an antimorphic involution θ, a partial
word u is θ-bordered if and only if θ(PCPref(u)) ∩ PCSuff(u) 6= ∅.

In Corollary 5.23, we give a necessary and sufficient condition for concatenation
of two θ-unbordered partial words to be θ-unbordered follows from Lemma 5.22.

Corollary 5.23. Let θ be either a morphic or an antimorphic involution and let
u, v ∈ V +

♦ be two θ-unbordered partial words. Then uv is θ-unbordered partial word if
and only if θ(CPref (u)) ∩ CSuff (v) = ∅.

Proof. (⇐) Let u, v ∈ V +
♦ and assume that θ(CPref(u)) ∩CSuff(v) = ∅. Let uv be a

θ-bordered partial word. Then we have the following cases to consider.

Case 1: Let θ be an antimorphic involution. Then uv ⊂ ayθ(a) for some y ∈ V +
♦

and a ∈ V . Hence θ(a) ∈ θ(CPref(u)) ∩ CSuff(v) which is a contradiction.
Hence uv is a θ-unbordered partial word.

Case 2: Let θ be a morphic involution. Since uv is a θ-bordered partial word,
uv ⊂ xy and uv ⊂ zθ(x) for some y, z ∈ V +. Then we consider following cases.

Case 2.1 If |x| ≤ |u| and |θ(x)| ≤ |v|. In this case x ∈ CPref(u) and θ(x) ∈
CSuff(v). Hence θ(x) ∈ θ(CPref(u)) ∩ CSuff(v) which is a contradiction.

Case 2.2 If |x| ≤ |u| and |θ(x)| > |v|, that is, uv has a θ-border longer than
v. Now the corresponding θ-contained suffix of uv is θ(u′v′) for some
θ-contained suffix of u where u = u1u2, u2 ⊂ θ(u′) and v ⊂ v′. By the
definition of θ-border, θ(u′) matches a contained prefix of u which shows
that u is θ-bordered and hence a contradiction.
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Case 2.3 If |x| > |u|, we can argue in the similar way to Case 2.2 and show
that v is a θ-bordered partial word which is a contradiction.

Since all the cases lead to contradiction, we have that uv is a θ-unbordered partial
word.

(⇒) Let u, v ∈ V +
♦ and let u, v be θ-unbordered partial words. Assume that uv is

also θ-unbordered partial word and θ(CPref(u))∩CSuff(v) 6= ∅. Let x ∈ θ(CPref(u))∩
CSuff(v). Then x = θ(u1) = v2 for some u = u′u′′, v = v′v′′, u′ ⊂ u1, v

′′ ⊂ v2 where
u′, u′′, v′, v′′ ∈ V +

♦ . Now, uv = u′u′′v′v′′ ⊂ u1u2v1θ(u1) where u′′ ⊂ u2 and v′ ⊂ v1
which implies that uv is a θ-bordered partial word which is a contradiction. Hence
θ(CPref(u)) ∩ CSuff(v) = ∅.

The following result provides a necessary and sufficient condition under which a
partial word uivj is θ-bordered.

Corollary 5.24. Let θ be either a morphic or an antimorphic involution and let u, v
be two partial words. Then θ(CPref (u))∩CSuff (v) 6= ∅ if and only if θ(CPref (u i))∩
CSuff (v j ) 6= ∅ for i, j ≥ 1.

Proof. (⇒) Let us assume that θ(CPref(ui))∩CSuff(vj) = ∅ for i, j ≥ 1. Then clearly
θ(CPref(u)) ∩ CSuff(v) = ∅, a contradiction. Hence if θ(CPref(u)) ∩ CSuff(v) 6= ∅,
then θ(CPref(ui) ∩ CSuff(vj) 6= ∅
(⇐) Assume that θ(CPref(u)) ∩ CSuff(v) = ∅ and θ(CPref(ui)) ∩ CSuff(vj) 6= ∅.
Then there exists x ∈ V + such that x ∈ θ(CPref(ui)) ∩ CSuff(vj). Then we have
x = θ(ũkũ1) = ṽ2ṽ

l where ũ = ũ1ũ2, ṽ = ṽ1ṽ2, u ⊂ ũ, v ⊂ ṽ such that ũ1 ∈ CPref(u)
and ṽ2 ∈ CSuff(v), ũ1, ṽ2 ∈ V ∗ and k, l ≥ 1.

Let θ be a morphic involution. Since x = θ(ũkũ1) = ṽ2ṽ
l, θ(ũ1) ∈ θ(CPref(u))∩

CSuff(v) which is a contradiction.
Let θ be an antimorphic involution. Then x = θ(ũkũ1) = θ(ũ1)θ(ũ

k) = ṽ2ṽ
l. Let

u = u1u2 ⊂ ũ1ũ2 = ũ such that u2 ∈ V +
♦ . Hence we can write x = θ(ũ1)θ((ũ1ũ2)

k) =
θ(ũ1)θ((ũ1ũ2)

k−1)θ(ũ2)θ(ũ1) = θ(ũ1)yθ(ũ1) = ṽ2ṽ
l where y = θ((ũ1ũ2)

k−1)θ(ũ2) which
implies that θ(ũ1) ∈ θ(CPref(u)) ∩ CSuff(v) which is a contradiction.

In the next result we prove that if a partial word x1x2 is θ-unbordered then the
partial word x1x

2
2 is θ-unbordered as well.

Proposition 5.25. Let x1, x2 ∈ V +
♦ and θ be either a morphic or an antimorphic

involution. If x1x2 is a θ-unbordered partial word, then x1x
2
2 is also a θ-unbordered

partial word.

Proof. Let θ be an antimorphic involution. Suppose, x1x
2
2 is a θ-bordered partial

word. Then by Lemma 5.17, there exists a ∈ V and y ∈ V ∗ such that x1x
2
2 ⊂ ayθ(a).

Since x1, x2 are both nonempty partial words, we have x1x2 ⊂ axθ(a) for x ∈ V ∗
which is a contradiction. Hence x1x

2
2 is θ-unbordered.

Let θ be a morphic involution and x1x
2
2 be θ-bordered. Then there exist u, x, y ∈ V +

such that x1x
2
2 ⊂ ux and x1x

2
2 ⊂ yθ(u). Then we have following cases to consider.
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Case 1: |u| ≤ |x1|. Then there exists α ∈ V ∗ such that x1 ⊂ uα.

Case 1.1 If |θ(u)| ≤ |x2|. Then for some β ∈ V ∗, x2 ⊂ βθ(u) which implies
x1x2 ⊂ uαβθ(u), a contradiction.

Case 1.2 If |x2| < |θ(u)| ≤ |x22|. Then for x2 = ββ1, β1x2 ⊂ θ(u) where β1 ∈ V +
♦

and β ∈ V ∗♦ which implies β1ββ1 ⊂ θ(u). Let θ(u) = α1α2 such that
β1 ⊂ α1 and x2 ⊂ α2. Thus, x1x2 ⊂ uαββ1 ⊂ uαβα1 = θ(α1)θ(α2)αβα1,
a contradiction.

Case 1.3 |θ(u)| > |x22|. Then for x1 = ββ1, β1x
2
2 ⊂ θ(u) where β1 ∈ V +

♦ and
β ∈ V ∗♦ . This implies x1x2 ⊂ uαx2 ⊂ θ(u1)θ(u2)θ(u2)αx2 where θ(u) =
u1u2u2 such that β1 ⊂ u1 and x2 ⊂ u2. Also, x1x2 = ββ1x2 ⊂ βu1u2, a
contradiction.

Case 2: |x1| < |u| ≤ |x1x2|. Then there exists α ∈ V ∗ such that x1x2 ⊂ uα.

Case 2.1 If |θ(u)| ≤ |x2|. Then for some β ∈ V ∗, x2 ⊂ βθ(u). Similarly,
x1x2 ⊂ x1βθ(u) and x1x2 ⊂ uα, a contradiction.

Case 2.2 |x2| < |θ(u)| ≤ |x2x2|. Then for x2 = ββ1, β1x2 ⊂ θ(u) where
β1 ∈ V +

♦ and β ∈ V ∗♦ . Let θ(u) = u1u2 where β1 ⊂ u1, x2 ⊂ u2 for
some u1 ∈ V +, u2 ∈ V ∗. Thus, x1x2 ⊂ uα = θ(u1)θ(u2)α. Similarly,
x1x2 = x1ββ1 ⊂ x1βu1, a contradiction.

Case 2.3 |x2x2| < |θ(u)| < |x1x2x2|. Then for x1 = ββ1 and θ(u) = u1u2u2,
β1 ⊂ u1 and x2 ⊂ u2 where β ∈ V ∗♦ , β1 ∈ V +

♦ and u1, u2 ∈ V +. Thus,
x1x2 ⊂ uα = θ(u1)θ(u2)θ(u2)α. Similarly, x1x2 = ββ1x2 ⊂ βu1u2, a
contradiction.

Case 3: |x1x2| < |u| < |x1x2x2|. Then for u = u1u2u3 and x2 = ββ1, x1 ⊂ u1,
x2 ⊂ u2 and β ⊂ u3 where β, β1 ∈ V +

♦ .

Case 3.1 |x2| < |θ(u)| ≤ |x2x2|. Then for x2 = ss1 and θ(u) = u′u′′ such that
s1 ⊂ u′ and x2 ⊂ u′′ where s ∈ V ∗♦ , s1 ∈ V +

♦ for some u′ ∈ V +, u′′ ∈ V ∗.
Also, u = u1u2u3 = θ(u′)θ(u′′). Now, since x2 ⊂ u2 as well as x2 ⊂ u′′, we
will get that |u2| = |θ(u′′)| which will further imply that |u1u3| = |θ(u′)| and
hence θ(u′) = u1r, u2 = rp and θ(u′′) = pu3 where r, p ∈ V +. Thus, x1x2 =
x1ss1 ⊂ x1su

′. Similarly, x1x2u3 ⊂ u1u2u3 = u1rpu3 = θ(u′)pu3 which, by
length argument further implies that x1x2 ⊂ θ(u′)p, a contradiction.

Case 3.2 |x2x2| < |θ(u)| < |x1x2x2|. Then for θ(u) = u′1u
′
2u
′
2 and x1 = ss1,

s1 ⊂ u′1 and x2 ⊂ u′2 where s, s1 ∈ V +
♦ . Also, u = u1u2u3 = θ(u′1)θ(u

′
2)θ(u

′
2).

Now, since x2 ⊂ u2 as well as x2 ⊂ u′2, i.e., θ(x2) ⊂ θ(u′2), we will get that
|u1| > |θ(u′1)|, |u2| = |θ(u′2)| and |u3| < |θ(u′2)| which implies u1 = θ(u′1)y
and θ(u′2) = y′u3 for y, y′ ∈ V +. Thus, u = θ(u′1)yu2u3 = θ(u′1)y

′u3y
′u3

which implies that y = y′. Hence, x1x2 = x1ββ1 ⊂ u1u3β1 = θ(u′1)yu3β1.
Similarly, x1x2 = ss1x2 ⊂ su′1u

′
2 = su′1θ(y)θ(u3), a contradiction.
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Since all the cases lead to contradiction, we have x1x
2
2 ∈ Dθ♦(1).

We generalize the result of Proposition 5.25 and prove that if x1x2 is θ-unbordered
then x1x

k
2 for k > 1 is also θ-unbordered.

Lemma 5.26. Let x1, x2 ∈ V +
♦ and θ be either a morphic or an antimorphic involution.

If x1x2 is a θ-unbordered partial word, then x1x
k
2 for k ≥ 2 is also a θ-unbordered

partial word.

Proof. Let θ be an antimorphic involution. Suppose, x1x
k
2 for k ≥ 2 is a θ-bordered

partial word. Then by Lemma 5.17, there exists a ∈ V and y ∈ V ∗ such that
x1x

k
2 ⊂ ayθ(a). Since x1, x2 are both nonempty partial words, we have x1x2 ⊂ axθ(a)

for x ∈ V ∗ which is a contradiction. Hence x1x
k
2 is θ-unbordered.

Now, let θ be a morphic involution. We will prove the result by induction on k.
Base Case: For k = 2, x1x

2
2 is θ-unbordered by Proposition 5.25.

Inductive hypothesis: Let us assume that the result holds for k = n, that is,
x1x

n
2 is θ-unbordered.
Inductive step: Next we prove the claim for k = n + 1. Suppose x1x

n+1
2 is

a θ-bordered partial word. Then we have x1x
n+1
2 ⊂ ux and x1x

n+1
2 ⊂ yθ(u) where

u, x, y ∈ V +.

Case 1: |xn+1
2 | < |θ(u)| < |x1xn+1

2 |. Then α1x
n+1
2 ⊂ θ(u) for some x1 = αα1 where

α, α1 ∈ V +
♦ .

Case 1.1: |x1xn2 | < |u| < |x1xn+1
2 |. Then x1x

n
2β ⊂ u for some β ∈ V +

♦ and
x2 = ββ1 where β1 ∈ V +

♦ . We have θ(α1)θ(x
n
2 )θ(x2) ⊂ u which implies

that θ(α1)θ(x
n
2 )θ(β)θ(β1) ⊂ u. Also x1x

n−1
2 x2β = x1x

n−1
2 ββ1β ⊂ u. Thus

θ(α1)θ(x
n
2 )θ(β)θ(β1) ↑ x1xn−12 ββ1β. Considering the length argument, we

have θ(α1)θ(x
n
2 ) ↑ x1xn−12 β. By augmenting β1 both sides, θ(α1)θ(x

n
2 )β1 ↑

x1x
n−1
2 ββ1 = x1x

n
2 = αα1x

n
2 . Hence θ(α1x

n
2 )β1 ↑ αα1x

n
2 which implies that

there exists a partial word w such that θ(α1x
n
2 )β1 ⊂ w and αα1x

n
2 ⊂ w.

Let α1x
n
2 ⊂ v for some v ∈ V +. Then v ∈ θ(CPref (x1xn

2 )) ∩ CSuff (x1xn
2 )

which shows that x1x
n
2 is θ-bordered and hence a contradiction.

Case 1.2: |u| ≤ |x1xn2 |. Then x1x
i
2β ⊂ u for some x2 = ββ1 where β ∈

V +
♦ , β1 ∈ V ∗♦ and i < n. Thus θ(α1)θ(x

n+1
2 ) ⊂ u which implies that

x1x
i
2β ↑ θ(α1)θ(x

n+1
2 ) = θ(α1)θ(x

n
2 )θ(β)θ(β1). Now, we have x1x

i−1
2 ββ1β ↑

θ(α1)θ(x
n
2 )θ(β)θ(β1) and by length argument, x1x

i−1
2 β ↑ θ(α1)θ(x

n
2 ). By

augmenting β1x
n−i
2 on both the sides, we get x1x

i−1
2 ββ1 x

n−i
2 = x1x

n
2 =

αα1x
n
2 ↑ θ(α1)θ(x

n
2 )β1x

n−i
2 = θ(α1x

n
2 )β1x

n−i
2 . Hence there exists a partial

word w such that αα1x
n
2 ⊂ w and θ(α1x

n
2 )β1x

n−i
2 ⊂ w. Let α1x

n
2 ⊂ v

and thus v ∈ θ(CPref (x1xn
2 )) ∩ CSuff (x1xn

2 ) which implies that x1x
n
2 is

θ-bordered and hence a contradiction.

Case 2: If |θ(u)| ≤ |xn+1
2 | then by similar argument we can obtain a contradiction.

Since all the cases lead to contradiction, we conclude that x1x
n+1
2 ∈ Dθ♦(1).
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Hence x1x
k
2 is θ-unbordered partial word for all k > 1.

The following corollary is a direct consequence of Lemma 5.26.

Corollary 5.27. Let x1, x2 ∈ V +
♦ and θ be either a morphic or an antimorphic

involution. If x1x2 is a θ-unbordered partial word, then for any k > 1, xk1x2 is also a
θ-unbordered partial word.

A language L ⊆ V ∗ is called a post-plus language if for u, v ∈ V ∗, uv ∈ L implies
that uv+ ⊆ L [92]. Similarly, we define post-plus language in partial words as follows:

Definition 5.28. A language L ⊆ V +
♦ of partial words is said to be a post-plus

language if for two partial words u, v ∈ V ∗♦ , uv ∈ L implies that uv+ ⊆ L.

Corollary 5.29. For (anti)morphic involution θ, Dθ♦(1) is a post-plus language.

Proof. The proof directly follows from Lemma 5.26.

In Proposition 5.31, for a partial word u which is unbordered and θ-unbordered as
well, we provide the number of θ-borders of a partial word which consists of alternating
pattern of u and θ(u) for a morphic involution θ such that θ is not identity on V .
The following result is required for the proof of Proposition 5.31.

Lemma 5.30. Let θ be a morphic involution such that θ(a) 6= a for all a ∈ V and
let u ∈ Dθ♦(1) ∩D♦(1). Then for w = (uθ(u))n, u1 <cp u and u ⊂ u′ for some u′ and

u1, we have (u′θ(u′))ju1, (u
′θ(u′))ju′θ(u1) /∈ Lθ♦d (w) for all 1 ≤ j < n.

Proof. We prove it by contradiction.
Let us assume that (u′θ(u′))ju1 ∈ L

θ♦
d (w). Then there exist α, β ∈ V + such

that w ⊂ (u′θ(u′))ju1α and w = (uθ(u))n ⊂ β(θ(u′)u′)jθ(u1). Since |u1| < |u|,
θ(u1) <cs θ(u), that is, u1 <cs u and also u1 <cp u. This implies u /∈ D♦(1), a
contradiction.

Now, let us assume that (u′θ(u′))ju′θ(u1) ∈ Lθ♦d (w). Then there exist α′, β′ ∈ V +

such that w ⊂ (u′θ(u′))ju′θ(u1)α
′ and w = (uθ(u))n ⊂ β′(θ(u′)u′)jθ(u′)u1. Since

|u1| < |u|, u1 <cs θ(u), that is, θ(u1) <cs u and also u1 <cp u. This implies
u /∈ Dθ♦(1), a contradiction.

In the following proposition, we count the number of θ-borders of a partial word
of the form (uθ(u))i where we assume that u is a unbordered partial word as well as
a θ-unbordered partial word.

Proposition 5.31. Let θ be a morphic involution such that θ(a) 6= a for all a ∈ V ,
and let u ∈ D♦(1) ∩Dθ♦(1). Then w = (uθ(u))i ∈ Dθ♦(m) for all i ≥ 1 where

m = 1 + kl + k3l + . . .+ k(2i−1)l

and k is the size of the alphabet and l = |u|♦.
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Proof. Let l = |u|♦ be a nonnegative integer.

Let i = 1, that is, w = uθ(u). Then clearly ε ∈ Lθ♦d (w). Observe that any uj such
that u ⊂ uj will be a θ-border of w. The number of such uj’s depend on the number

of holes in u. Hence ν
θ♦
d (w) ≤ 1 + kl.

Let x ∈ Lθ♦d (w) be such that x 6= ε and x 6= uj for all j such that u ⊂ uj. Then
there exist α, β ∈ V + such that w = uθ(u) ⊂ xα and w = uθ(u) ⊂ βθ(x).

Let |x| < |u|. Then x <cp u and θ(x) <cs θ(u), i.e, x <cs u which implies u /∈ D♦(1),
a contradiction. Now, let |x| > |u|. Then x = u′x2 and θ(x) = x′1θ(u

′) where u ⊂ u′,
for some u′, x2, x

′
1 ∈ V +. Thus w = uθ(u) ⊂ xα = u′x2α which implies x2 <cp θ(u),

that is, θ(x2) <cp u since |u′| = |u|. Also w = uθ(u) ⊂ βθ(x) = βθ(u′)θ(x2) which
implies θ(x2) <cs θ(u), that is, x2 <cs u since |x2| < |u|. Thus u /∈ Dθ♦(1), a
contradiction. Hence uθ(u) ∈ Dθ♦(1 + kl).

Let i = 2, that is, w = uθ(u)uθ(u). Observe that any words α, β such that u ⊂ α
and uθ(u)u ⊂ β will be θ-borders of w. Also by Lemma 5.30, u′θ(u′)u1, u

′θ(u′)u′

θ(u1) /∈ Lθ♦d (w) where u ⊂ u′ for any u′ and u1 <cp u. Thus ν
θ♦
d (w) = 1 + k|u|♦ +

k|uθ(u)u|♦ , that is, (uθ(u))2 ∈ Dθ♦(1 + kl + k3l).

Now, let i > 2, then we have w = (uθ(u))i. When i > 2, any words α1, α2, . . . , αi
such that u ⊂ α1, uθ(u)u ⊂ α2, (uθ(u))2u ⊂ α3, . . . , (uθ(u))i−1u ⊂ αi will be θ-
borders of w. By Lemma 5.30, w will not have any border of the form βu′ where
(uθ(u))j ⊂ β and u′ <cp u with j < i. Hence the number of θ-borders of w = (uθ(u))n

depends on the number of holes present in u, uθ(u)u, (uθ(u))2u, . . . , (uθ(u))i−1u.

Thus ν
θ♦
d (w) = 1 + kl + k3l + . . .+ k(2i−1)l.

Hence w = (uθ(u))i ∈ Dθ♦(m) where

m = 1 + kl + k3l + . . .+ k(2i−1)l

5.5 Disjunctivity of the Set of θ-unbordered Par-

tial Words

For a language L ⊆ V ∗, the principal congruence PL determined by L is defined as
follows: for any x, y ∈ V ∗ such that x 6= y, x ≡ y(PL) if and only if uxv ∈ L ⇔
uyv ∈ L for all u, v ∈ V ∗. The index of PL is the number of equivalence classes of PL.
The language L is said to be disjunctive if PL is the identity, that is, for any x 6= y
there exist u, v ∈ V ∗ such that uxv ∈ L and uyv /∈ L or vice versa. Every disjunctive
language is dense and every dense language contains a disjunctive subset, [85]. It is
clear from the definition of disjunctive language that every disjunctive language has
infinitely many principal congruence classes whereas a regular language has finitely
many principal congruence classes. Hence no disjunctive language can be regular.

The following lemma provides a necessary and sufficient condition for a language
to be disjunctive.
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Lemma 5.32. [82] Let L ⊆ V ∗. Then the following two statements are equivalent:

(a) L is a disjunctive language.

(b) If u, v ∈ V +, u 6= v, |u| = |v|, then u 6≡ v(PL).

Recall that, a partial word can be viewed as a total word over an extended alphabet
V♦, and hence the definition of principal congruence and disjunctive language can be
extended for partial words in a similar way.

Lemma 5.33. Let L ⊆ V ∗♦ . Then the following two statements are equivalent:

(a) L is a disjunctive language.

(b) If u, v ∈ V +
♦ , u 6↑ v, |u| = |v|, then u 6≡ v(PL).

Proof. (a)⇒ (b) It is straightforward.
(b)⇒ (a) We prove that if |u| = |v| and u ≡ v(PL) then u ↑ v.

Let x ≡ y(PL). Assume that for a, b ∈ V , a 6= b and let M = max{|xb|, |yb| }.
Then it is clear that both xbaM and ybaM are primitive. Now xw ≡ yw(PL) by setting
w = baM which implies that (xw)2 ≡ xwyw ≡ ywxw(PL). Since |xwyw| = |ywxw|
and xwyw ≡ ywxw(PL), we get xwyw ↑ ywxw. Thus, xw and yw are commutative
partial words. However, xw and yw are primitive, which implies that xw ↑ yw which
shows that x ↑ y by the length argument. Hence L is a disjunctive language.

It has been shown that the set of all (total)words with exactly i borders, D(i) is
disjunctive [52] and the set of all words with exactly i θ-borders, Dθ(i) is disjunctive for
morphic involution θ [57] for all i ≥ 1. Here we prove that the set of all θ-unbordered
partial words is a disjunctive language for a morphic involution. In order to prove
the disjunctivity of the language of partial words Dθ♦(1), we need several auxiliary
lemmas as follows.

Lemma 5.34. Let θ be a morphic involution and a, b ∈ V such that a 6= b and
θ(a) 6= a. Let x, y ∈ V m

♦ for m > 0. Then

(a) am+1xθ(b) ∈ Dθ♦(1).

(b) If x = θ(b)x′′ for x′′ ∈ V ∗♦ and k > m, then (akyθ(b))(akxθ(b)) ∈ Dθ♦(1).

Proof.

(a) Let us assume that am+1xθ(b) /∈ Dθ♦(1). Then there exist u, α, β ∈ V + such that
am+1xθ(b) ⊂ uα and am+1xθ(b) ⊂ βθ(u). Then we have following two cases to
consider.

Case 1: |u| ≤ m + 1. Then u = an and θ(u) = x′2θ(b) where n ≤ m + 1 and
x = x1x2 with x2 ⊂ x′2 and x1, x2 ∈ V +

♦ which implies u = an = θ(x′2)b
which further implies that a = b, a contradiction.
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Case 2: m + 1 < |u| ≤ 2m + 1. Then u = am+1x′1 and θ(u) = ajx′θ(b) where
for x = x1x2, x ⊂ x′, x1 ⊂ x′1, x1 ∈ V +

♦ , x2 ∈ V ∗♦ and j < m + 1. This
implies u = am+1x′1 = θ(aj)θ(x′)b which further implies that θ(a) = a, a
contradiction.

Since all the cases lead to contradiction am+1xθ(b) ∈ Dθ♦(1).

(b) Let us assume that (akyθ(b))(akxθ(b)) /∈ Dθ♦(1). Then there exist u′, α′, β′ ∈ V +

such that (akyθ(b))(akxθ(b)) ⊂ u′α′ and (akyθ(b))(akxθ(b)) ⊂ β′θ(u′). Then we
have following cases to consider.

Case 1: |u′| ≤ k. Then u′ = an for n ≤ k which implies (akyθ(b))(akxθ(b))
⊂ β′θ(u′) = β′θ(an) which further implies θ(a) = θ(b), i.e., a = b, a
contradiction.

Case 2: k < |u′| < m + k + 1. Then u′ = aky′1 where y = y1y2, y1 ⊂ y′1 and
y1, y2 ∈ V +

♦ . Also, θ(u′) = anx′θ(b) = anθ(b)x′′′θ(b) where for x = θ(b)x′′,
x′′ ⊂ x′′′ and n < k. Thus (akyθ(b))(akxθ(b)) ⊂ u′α′ = θ(an)bθ(x′′′)bα′

which due to the fact that n < k implies a = b, a contradiction.

Case 3: |u′| = m+ k+ 1. Then u′ = aky′θ(b) and θ(u′) = akx′θ(b) where y ⊂ y′

and x ⊂ x′. Thus u′ = aky′θ(b) = θ(ak)θ(x′)b which implies θ(a) = a, a
contradiction.

Case 4: m+ k+ 1 < |u′| ≤ 2k+m+ 1. Then u′ = aky′θ(b)aj where y ⊂ y′ and
j ≤ k. Also, θ(u′) = y′2θ(b)a

kx′θ(b) where for y = y1y2, y2 ⊂ y′2, y1 ∈ V ∗♦ ,
y2 ∈ V +

♦ and x ⊂ x′. Thus u′ = aky′θ(b)aj = θ(y′2)bθ(a
k)θ(x′)b which implies

a = b, a contradiction.

Case 5: 2k + m + 1 < |u′| ≤ 2k + 2m + 1. Then u′ = aky′θ(b)akx′1 where
for x = x1x2, x1 ⊂ x′1, x1 ∈ V +

♦ , x2 ∈ V ∗♦ and y ⊂ y′. Also, θ(u′) =
any′θ(b)akx′θ(b) where n < k and x ⊂ x′. Thus, (akyθ(b))(akxθ(b)) ⊂
β′θ(u′) = β′θ(ak)θ(y′)bθ(ak)θ(x′1). Now, since |bakx′1| ≤ |akxb|, bθ(ak)
θ(x′1) ≤cs akxθ(b) and hence a = b, a contradiction.

Since all the cases lead to contradiction, (akyθ(b))(akxθ(b)) ∈ Dθ♦(1).

Next we prove the following result under the assumption that the alphabet contains
at least three distinct letters and θ is a morphic involution.

Lemma 5.35. Let θ be a morphic involution and V be an alphabet with |V | > 2 and
let a, b ∈ V such that θ(a) 6= a, a 6= b and a 6= θ(b). Let x 6↑ y, x, y ∈ V m

♦ , m > 0,
x, y ∈ θ(b)V ∗♦ . Then for all i ≥ 1,

am+1yθ(b)(θ(am+1xθ(b))am+1xθ(b))i−1θ(am+1xθ(b)) ∈ Dθ♦(1).
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Proof. Let us assume that w = am+1yθ(b)(θ(am+1xθ(b))am+1xθ(b))i−1 θ(am+1x θ(b))
/∈ Dθ♦(1). Then there exist u, α, β ∈ V + such that w ⊂ uα and w ⊂ βθ(u). Let
w = w′θ(am+1xθ(b)) where w′ = am+1yθ(b)(θ(am+1xθ(b))am+1x θ(b))i−1. Then we
have following cases to consider.

Case 1: |u| ≤ m+ 1. Then u = ak for 1 ≤ k ≤ m+ 1. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(ak)

which implies θ(a) = b, a contradiction.

Case 2: m + 1 < |u| ≤ 2m + 1. Then u = am+1y′1 where for y = y1y2, y1 ∈ V +
♦ ,

y2 ∈ V ∗♦ and y1 ⊂ y′1 for some y′1 ∈ V +. Also, since x = θ(b)x′ for x′ ∈ V ∗♦ ,

w = w′θ(am+1)bθ(x′)b ⊂ βθ(am+1)θ(y′1).

Since |am+1y′1| < |am+1bx′b|, θ(am+1)θ(y′1) <cs θ(a
m+1)bθ(x′)b which implies

θ(am+1)bθ(x′)b ⊂ β′θ(am+1)θ(y′1) where β′ ∈ V + which further implies that
θ(a) = b, a contradiction.

Case 3: |u| = 2m+ 2. Then u = am+1y′θ(b) where y ⊂ y′ for some y′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1)θ(y′)b

which by length argument implies θ(x) ⊂ θ(y′), i.e., x ⊂ y′. Also, y ⊂ y′ and
hence x ↑ y, a contradiction.

Case 4: 2m + 2 < |u| ≤ 3m + 3. Then u = am+1y′θ(b)θ(ak) for k ≤ m + 1 and
y ⊂ y′ for some y′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1)θ(y′)bak

which implies a = b, a contradiction.

Case 5: 3m + 3 < |u| ≤ 4m + 3. Then u = am+1y′θ(b)θ(am+1)θ(x′1) where for
x = x1x2, x1 ∈ V +

♦ , x2 ∈ V ∗♦ , x1 ⊂ x′1 and y ⊂ y′ for some x′1, y
′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1)θ(y′)bam+1x′1.

Now, since |am+1x′1| ≥ |xb|, θ(ak)bθ(x′)b ⊂ am+1x′1 where k < m+ 1, x = θ(b)x′

for x′ ∈ V ∗♦ which implies a = b, a contradiction.

Case 6: |u| = 4m+ 4. Then u = am+1y′θ(b)θ(am+1)θ(x′′)b where x ⊂ x′′ and y ⊂ y′

for some x′′, y′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1)θ(y′)bam+1x′′θ(b)

which implies θ(a) = a, a contradiction.
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Case 7: 4m + 4 < |u| ≤ 5m + 5. Then u = am+1y′θ(b)θ(am+1x′′θ(b))ak where
k ≤ m+ 1, x ⊂ x′′ and y ⊂ y′ for some x′′, y′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1y′θ(b))am+1x′′θ(b)θ(ak)

which implies θ(a) = b, a contradiction.

Case 8: 5m+ 5 < |u| ≤ 6m+ 5. Then u = am+1y′θ(b)θ(am+1x′′θ(b))am+1x′1 where
for x = x1x2, x1 ⊂ x′1, x1 ∈ V +

♦ , x2 ∈ V ∗♦ , x ⊂ x′′ and y ⊂ y′ for some
x′1, x

′′, y′ ∈ V +. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1y′θ(b))am+1x′′θ(b)θ(am+1)θ(x′1).

Now, since |bam+1x′1| ≤ |am+1xb|, θ(b)θ(am+1)θ(x′1) ≤cs θ(am+1xθ(b)). This
implies θ(am+1xθ(b)) = θ(am+1)bθ(x′)b ⊂ β′θ(b)θ(am+1)θ(x′1) where β′ ∈ V ∗

and x′ ∈ V ∗♦ which further implies θ(a) = θ(b), i.e., a = b, a contradiction.

Case 9: |u| = (2m+ 2)(2i− 1). Then u = am+1y′θ(b)(θ(am+1x′ θ(b))am+1x′ θ(b))i−1

where i ≥ 2, x ⊂ x′ and y ⊂ y′ for some x′, y′ ∈ V +. Thus,

w = am+1yθ(b)(θ(am+1xθ(b))am+1xθ(b))i−1θ(am+1xθ(b))

= am+1yθ(b)θ(am+1xθ(b))(am+1xθ(b)θ(am+1xθ(b)))i−1

⊂ βθ(am+1y′θ(b))(am+1x′θ(b)θ(am+1x′θ(b)))i−1

which implies θ(x) ⊂ θ(y′), i.e., x ⊂ y′ and also y ⊂ y′ which further implies
x ↑ y, a contradiction.

Case 10: (2m + 2)(2i − 1) < |u| ≤ (2m + 1)(2i − 1) + (m + 1). Then u =
am+1y′θ(b)(θ(am+1x′θ(b))am+1x′θ(b))i−1θ(ak) where x ⊂ x′, y ⊂ y′ for some
x′, y′ ∈ V + and k ≤ m+ 1. Thus,

w = w′θ(am+1xθ(b)) ⊂ βθ(am+1y′θ(b))(am+1x′θ(b)θ(am+1x′θ(b)))i−1ak

which implies a = b, a contradiction.

Case 11: (2m+ 2)(2i− 1) + (m+ 1) < |u| ≤ (2m+ 1)(2i− 1) + (2m+ 1). Then u =
am+1y′θ(b)(θ(am+1x′θ(b))am+1x′θ(b))i−1θ(am+1)θ(x′1) where for x = x1x2, x1 ⊂
x′1, x1 ∈ V +

♦ and x2 ∈ V ∗♦ for some y′, x′1 ∈ V +. Thus, w = w′θ(am+1xθ(b)) ⊂
βθ(am+1y′θ(b))(am+1x′θ(b)θ(am+1x′θ(b)))i−1am+1x′1. Now, since |am+1x′1| < |am+1xb|,
am+1x′1 <cs θ(a

m+1xθ(b)), i.e., θ(am+1x θ(b)) ⊂ β′am+1x′1 where β′ ∈ V + which
implies a = θ(a), a contradiction.

Since all the cases lead to contradiction,

amyθ(b)(θ(amxθ(b))amxθ(b))i−1θ(amxθ(b)) ∈ Dθ♦(1).
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In Theorem 5.36, we prove that the language of θ-unbordered partial words is a
disjunctive language which make use of the results Lemma 5.33, Lemma 5.34 and
Lemma 5.35.

Theorem 5.36. Let θ be a morphic involution and let V be an alphabet with |V | > 2
such that for a, b ∈ V , a 6= b, a 6= θ(b) and θ(a) 6= a. Then the set of all θ-unbordered
partial words Dθ♦(1) is a disjunctive language.

Proof. Let i ≥ 1 and x, y ∈ V n
♦ , x 6↑ y, m′ = n+ 2, n > 0. Let u = am

′
θ(b) and

v = θ(b)(θ(am
′
θ(b)xθ(b))am

′
θ(b)xθ(b))i−1θ(am

′
θ(b)xθ(b)).

Since a /∈ {b, θ(a)}, by Lemma 5.34 am
′
θ(b)xθ(b) ∈ Dθ♦(1) and by Proposition 5.31,

uxv = [am
′
θ(b)xθ(b)θ(am

′
θ(b)xθ(b))]i ∈ Dθ♦(m).

where m(= 1 + kl + k3l + · · · + k(2i−1)l) > i ≥ 1 for u′ = am
′
θ(b)xθ(b), l = |u|♦ and

k = |V | > 2. Also, by Lemma 5.35

uyv = am
′
θ(b)yθ(b)(θ(am

′
θ(b)xθ(b))am

′
θ(b)xθ(b))i−1θ(am

′
θ(b)xθ(b)) ∈ Dθ♦(1).

Thus for x, y ∈ V ∗♦ and x 6↑ y, we have uxv /∈ Dθ♦(1) and uyv ∈ Dθ♦(1).
Therefore x 6≡ y(PDθ♦ (1)) for every x 6↑ y, |x| = |y|. Hence, by Lemma 5.33, Dθ♦(1)

is a disjunctive language.

5.6 Pseudo-Bordered Partial Words and Language

Classes

In this section, we study the languages of θ-unbordered and θ-bordered partial words
with respect to the conventional language classes in Chomsky hierarchy. We prove that
the set of all θ-unbordered partial words is regular when θ is an antimorphic involution,
and the set of all θ-bordered partial words is not a context-free language when θ is a
morphic involution. We introduce the concept of Dθ♦(1)-concatenate partial word
which is an extension of the concepts defined in [52,57]. We also extend the concept
of θ-non-overlapped language, [57], for partial words and provide a necessary and
sufficient condition for a language of partial words to be θ-non-overlapped when θ is
assumed to be a morphic involution (Proposition 5.41).

Theorem 5.37. Dθ♦(1) is a regular language when θ is an antimorphic involution
on V ∗♦ .

Proof. From Lemma 5.17, all the partial words of the form axb where a, b ∈ V, x ∈
V ∗♦ , b 6= θ(a) are θ-unbordered. Also by Lemma 5.9, a ∈ V♦ is also θ-unbordered.
Hence Dθ♦(1) = V♦∪L where L =

⋃
a, b∈V aV

∗
♦ b, b 6= θ(a). Since V is a finite alphabet,

L is regular. Hence Dθ♦(1) is a regular language.
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Next we prove that the language of θ-bordered partial words is not a context-free
language for a morphic involution θ.

Theorem 5.38. Let θ be a morphic involution such that θ(a) 6= a for all a ∈ V .
Then the language of θ-bordered partial words over V is not a context-free language.

Proof. Since θ(a) 6= a for all a ∈ V , there exists b ∈ V such that θ(a) = b. Also,
θ(♦) = ♦. Let L be a language of θ-bordered partial words.

Let us assume that L is context-free. Let n > 0 be the constant defined by
pumping lemma for context-free languages. Since L is context-free, it must satisfy the
conditions of the pumping lemma. Thus, for every partial word z ∈ L with |z| ≥ n, z
can be factorized into uvwxy such that |vwx| ≤ n, |vx| > 0 and uviwxiy ∈ L for all
i ≥ 0.

Consider a partial word z1 = an+1♦n+1an+1. Observe that z1 is θ-bordered since
z1 ⊂ (an+1bn+1)an+1 and z1 ⊂ an+1θ(an+1bn+1) = an+1bn+1an+1. There are two cases
depending upon whether vwx is a substring of an+1♦n+1 or ♦n+1an+1.

Case 1: vwx is a substring of an+1♦n+1. Note that every θ-border w of zi is of the
form w = ap for some p ∈ V ∗ since zi begins with a. We consider the following
subcases depending on whether vwx contains ♦ or not.

Case 1.1 Suppose vwx does not contain any ♦, that is, vwx is a substring of
an+1 of z1. Then for i ≥ 2, we get zi = am♦n+1an+1 where m > n + 1.
Hence for m′ > n+ 1, z2 = uv2wx2y = am

′
♦n+1an+1 /∈ L, a contradiction.

Case 1.2 Suppose vwx contains at least one ♦, that is, either v or x must
include at least one ♦. Consider z0 = uwy = ak♦jan+1 where k ≤ n + 1,
j < n+ 1. Since j < n+ 1, akt with |t| = j cannot be a θ-border of z0 and
hence z0 /∈ L, a contradiction.

Case 2: vwx is a substring of ♦n+1an+1. The proof for this case is similar to that
of Case 1 and leads to a similar contradiction.

Since all the cases lead to contradiction, the language of θ-bordered partial words L
over V is not a context-free language.

Let V = {a, b, c, d} and θ be (anti)morphic involution such that θ(a) = b, θ(b) = a,
θ(c) = d, θ(d) = c and θ(♦) = ♦. Let u = ad♦d. Clearly, u ∈ Dθ♦(1). Let us consider
the decomposition of u = u1u2 such that u1 = ad and u2 = ♦d. Then u1 ∈ Dθ♦(1)
but u2 = ♦d /∈ Dθ♦(1) as ♦d ⊂ cd. Hence, it is not necessary that any θ-unbordered
partial word can be decomposed as a concatenation of two θ-unbordered partial
words. However, if such a decomposition exists for a θ-unbordered partial word u
then u is said to be Dθ♦(1)-concatenate partial word. Similarly, a partial word u is
said to be completely Dθ♦(1)-concatenate if u = u1u2 for u1, u2 ∈ V +

♦ , implies that
u1, u2 ∈ Dθ♦(1).

In case of total words, the set of completely Dθ(1)-concatenate words over an
alphabet V is a regular language, [57]. However, no partial word u ∈ V +

♦ such that
|u| > 2 and contains one or more holes can be completely Dθ♦(1)-concatenate.
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Proposition 5.39. For (anti)morphic involution θ there does not exist any completely
Dθ♦(1)-concatenate partial word u such that |u| > 2 and u contains at least one hole.

Proof. Let u ∈ V +
♦ be a partial word with at least one hole. Then there will always

exist a decomposition u = u1u2 such that u1 = ay♦ /∈ Dθ♦(1) (or u1 = ♦ya) for
y ∈ V ∗♦ and u2 ∈ V +

♦ . Hence u can never be a completely Dθ♦(1)-concatenate partial
word.

In Theorem 5.23, we have given a necessary and sufficient condition for concatena-
tion of two θ-unbordered partial word to be θ-unbordered. However, this result may
not hold for catenation of partial words which are not θ-unbordered. Hence we extend
the concept of θ-non-overlapped language for partial words, which is a generalization
of concepts defined in [90] and [57].

Definition 5.40. A pair of partial words u, v ∈ V +
♦ such that u 6↑ v is said to be θ-non-

overlapped if and only if θ(CPref(u)) ∩ CSuff(v) = ∅ and θ(CPref(v)) ∩ CSuff(u) = ∅.
A language of partial words L is said to be θ-non-overlapped language if L ⊆ Dθ♦(1),
u, v ∈ L and θ(u) 6↑ v implies u, v are θ-non-overlapped.

For a language L of partial words, by L
(2)
θ , we denote a language L

(2)
θ = {uθ(u)|u ∈

L}.

Proposition 5.41. Let L ⊆ V +
♦ and θ be a morphic involution. Then L is θ-non-

overlapped language if and only if L ⊆ Dθ♦(1) and L2\L(2)
θ ⊆ Dθ♦(1).

Proof. Let L ⊆ V +
♦ . Assume that L is θ-non-overlapped language. Then L ⊆ Dθ♦(1).

Let u, v ∈ L be such that θ(u) 6↑ v, then uv ∈ L2\L(2)
θ . Suppose uv /∈ Dθ♦(1). Then

there exist w, x, y ∈ V + such that uv ⊂ wx and uv ⊂ yθ(w). Let |w| > |u|. Then for
w = w1w2, let v = v1v2 be such that u ⊂ w1 and v1 ⊂ w2 where w1, w2 ∈ V + and
v1, v2 ∈ V +

♦ . Thus uv ⊂ wx = w1w2x and uv ⊂ yθ(w) = yθ(w1)θ(w2). Since u ⊂ w1,
we get v ⊂ w2x and v ⊂ αθ(w2) for α ∈ V +. Thus v /∈ Dθ♦(1), a contradiction since
L ⊆ Dθ♦(1). We will reach a similar contradiction if we assume that |w| > |v|. If
|w| ≤ |u| and |w| ≤ |v|, then w ∈ CPref(u) and w ∈ θ(CSuff(v)), a contradiction

since L is a θ-non-overlapped language. Hence uv ∈ Dθ♦(1) and L2\L(2)
θ ⊆ Dθ♦(1).

Conversely, assume that L ⊆ Dθ♦(1) and L2\L(2)
θ ⊆ Dθ♦(1). Let u, v ∈ L

such that θ(u) 6↑ v, that is, uv ∈ L2\L(2)
θ . Suppose u, v are not θ-non-overlapped.

Then either θ(CPref(u)) ∩ CSuff(v) 6= ∅ or θ(CPref(v)) ∩ CSuff(v) 6= ∅. Let α ∈
θ(CPref(u)) ∩ CSuff(v). Thus there exist u1, u2, v1, v2 ∈ V +

♦ such that u = u1u2,
v = v1v2, u1 ⊂ θ(α) and v2 ⊂ α. Thus uv = u1u2v1v2 ⊂ θ(α)u2v1α which implies
uv /∈ Dθ♦(1), a contradiction. We will reach a similar contradiction if we assume that
θ(CPref(v)) ∩ CSuff(u) 6= ∅. Thus, θ(CPref(u)) ∩ CSuff(v) = ∅ and θ(CPref(v)) ∩
CSuff(u) = ∅ for every u, v ∈ L, θ(u) 6↑ v and L ⊆ Dθ♦(1), that is, L is θ-non-
overlapped language.

Recall the concept of θ-unbounded annihilator αub(u) = {v ∈ V +|uv ∈ Dθ(1)}
defined in [53] which is a generalization of unbounded annihilator defined in [93]. We
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extend the concept of θ-unbounded annihilator for a nonempty partial word u as
follows;

αub♦(u) = {v ∈ V +
♦ |uv ∈ Dθ♦(1)}.

In our next result, we prove that for a θ-unbordered partial word u, if we raise the
power of the set of proper contained suffixes of u then it is a subset of θ-unbounded
annihilator of u.

Proposition 5.42. Let θ be (anti)moprhic involution on V ∗♦ . If u ∈ Dθ♦(1), then
(PCSuff (u))+ ⊆ αub♦(u) where PCSuff(u) is the set of all proper contained suffixes
of u.

Proof. Let u ∈ Dθ♦(1) and let v = u1u2 · · ·uk for some ui ∈ PCSuff(u) and 1 ≤ i ≤ k.

Let θ be a morphic involution. Suppose that uv /∈ Dθ♦(1). Then there exist
α, α′, β′ ∈ V + such that uv ⊂ αα′ and uv ⊂ β′θ(α). Then we consider following two
cases:

Case 1: |α| > |v|. Let u ⊂ u′u′′ and v = v′ such that θ(α) = u′′v′ and u′, u′′ ∈ V +

which implies u′′ ∈ CSuff(u). Also, uv ⊂ αα′ = θ(u′′)θ(v′)α′ which implies
u′′ ∈ θ(CPref(u)) which further implies that u /∈ Dθ♦(1), a contradiction.

Case 2: |α| ≤ |v|. We also have v = u1u2 · · ·uk for ui ∈ PCSuff(u) where 1 ≤ i ≤ k.
Thus we have following two subcases:

Case 2.1 If |α| < |uk|. Then uk = uk′uk′′ and θ(α) = uk′′ for uk′ , uk′′ ∈
V +. Since uk ∈ PCSuff(u), for u = u1u2, u2 ⊂ uk = uk′uk′′ and thus
u ⊂ u1uk′uk′′ which implies uk′′ ∈ CSuff(u) where u1 ∈ V +

♦ . Also, uv ⊂
αα′ = θ(uk′′)α

′ implies that uk′′ ∈ θ(CPref(u)) and hence u /∈ Dθ♦(1), a
contradiction.

Case 2.2 |α| ≥ |uk|. Then θ(α) = u′′juj+1 · · ·uk such that uj = u′ju
′′
j where

u′j, u
′′
j ∈ V +. Since uj ∈ PCSuff(u) and u′′j ∈ CSuff(uj), we have u′′j ∈

CSuff(u). Also, uv ⊂ αα′ = θ(u′′j )θ(uj+1) · · · θ(uk)α′ implies u′′j ∈ θ(CPref(u))
which further implies that u /∈ Dθ♦(1), a contradiction.

Since all the cases lead to contradiction, we have (PCSuff(u))+ ⊆ αub♦(u).

Now, let θ be an antimorphic involution. Assume that uv /∈ Dθ♦(1). Then by
Lemma 5.17, uv ⊂ ayθ(a) for y ∈ V ∗ and a ∈ V . Let y = y1y2 such that u ⊂ ay1
and v = y2θ(a) for y1, y2 ∈ V ∗. This implies a ∈ CPref(u). Also, v = u1u2 · · ·uk =
y2θ(a) implies that θ(a) ∈ CSuff(uk) which along with the fact that uk ∈ CSuff(u)
further implies that a ∈ θ(CSuff(u)) and hence u /∈ Dθ♦(1), a contradiction. Thus
(PCSuff(u))+ ⊆ αub♦(u).

Next we define θ-unbounded annihilator for a language of partial words in the
following definition.
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Definition 5.43. Let L ⊆ V +
♦ . The θ-unbounded annihilator of the language L is

defined as;

αub♦(L) = {u ∈ V +
♦ | Lu ⊆ Dθ♦(1)}

Proposition 5.44. Let L ⊆ V +
♦ such that for every u ∈ V +

♦ contains at least one
non-hole position and V ⊆ θ(CPref (L)), then αub♦(L) = ∅.

Proof. For any u ∈ V +
♦ , let u ⊂ u′a for u′ ∈ V ∗ and a ∈ V . Since V ⊆ θ(CPref(L)),

there exists v ∈ L such that v ⊂ θ(a)v′ for v′ ∈ V ∗. Thus vu ⊂ θ(a)v′u′a /∈ Dθ♦(1)
which implies Lu 6⊆ Dθ♦(1) which further implies αub♦(L) = ∅.

Next we prove that for a language of partial words L ⊆ V +
♦ , αub♦(L) is a post-plus

language.

Theorem 5.45. For any L ⊆ V +
♦ , αub♦(L) is a post-plus language.

Proof. Let u, v ∈ V ∗♦ be such that uv ∈ αub♦(L). Then for all w ∈ L, we get
wuv ∈ Dθ♦(1). Furthermore, by Proposition 5.26 wuv+ ⊆ Dθ♦(1) which implies
Luv+ ⊆ Dθ♦(1) which further implies uv+ ⊆ αub♦(L). Thus αub♦(L) is a post-plus
language.

5.7 θ-Primitive Partial Words

In this section, we extend the concept of primitivity to accommodate partial words
under involution mappings. We first extend the notion of a period to θ-strong and
θ-weak period of a partial word where θ is (anti)morphic involution.

Definition 5.46. Let θ be (anti) morphic involution and u be a partial word over V .

(a) A θ-(strong) period of a partial word u is a positive integer p such that u(i) = u(j)
or u(i) = θ(u(j)) whenever i, j ∈ D(u) and i ≡ j mod p. In such a case, we call
u to be θ-p-periodic.

(b) A θ-weak period of u is a positive integer p such that u(i) = u(i+ p) or u(i) =
θ(u(i + p)) whenever i, i + p ∈ D(u). In such a case, we call u to be weakly
θ-p-periodic.

If a partial word is θ-p-periodic then it is weakly θ-p-periodic as well, but converse
does not hold always. Let us illustrate the above definitions with the help of a
following example.

Example 5.47. Let V = {A,C,G, T} and let θ be (anti)morphic involution such that
θ(A) = T , θ(T ) = A, θ(G) = C, θ(C) = G and θ(♦) = ♦. Let u = A♦♦TC♦TGA,
then u is θ-3,5,6,8-periodic. Similarly, v = A♦♦TG♦♦CTG is weakly θ-2,3,5,8-
periodic. However v is not θ-2-periodic.
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Next we define the concept of θ-power also known as pseudo-power for a partial
word which is required to define θ-primitive partial word.

Definition 5.48. Let θ be (anti)morphic involution. A partial word w = u1u2 · · ·un
is said to be contained in θ-power of a word u if u1 ⊂ u and, either ui ⊂ u or ui ⊂ θ(u)
for all i ∈ {2, . . . , n}. More specifically, a partial word w ∈ V +

♦ is said to be contained
in pseudo-power of a nonempty word u relative to θ, if w ⊂ u{u, θ(u)}∗.

Definition 5.49 (θ-primitive partial word). A partial word w is said to be θ-primitive
if there exists no nonempty word u such that w ⊂ u{u, θ(u)}+.

We use the symbol Qpθ to denote the set of all θ-primitive partial words. If
w ⊂ u{u, θ(u)}∗ and u is a shortest such word, then u is said to be a θ-primitive root
of w. Formally,

ρθ,♦(w) = {x : x is a θ-primitive (total) word and w ⊂ x{x, θ(x)}n, n ≥ 0}.

It is known that every nonempty word has an unique primitive root, and also an
unique θ-primitive root for a morphic as well as an antimorphic involution θ, [29].
However, in case of partial words, the primitive root of a partial word need not be
unique, [8]. Similarly, the θ-primitive root of a partial word need not be unique as
shown in the following example.

Example 5.50. Let V = {A, T, C,G} and θ be an antimorphic involution such that
θ(A) = T, θ(T ) = A, θ(C) = G, θ(G) = C, θ(♦) = ♦. Let w = A♦CG♦T . It can
be observed that w ⊂ ATCθ(ATC), w ⊂ ACCθ(ACC), w ⊂ AGCθ(AGC) and
w ⊂ AACθ(AAC).

Proposition 5.51. If a partial word w ∈ V +
♦ is θ-primitive then it is also primitive.

Proof. Let w be a θ-primitive partial word. Suppose w is not primitive. Then there
exists a word u ∈ V + such that w ⊂ uk with k ≥ 2. Hence w is also contained in
θ-power of u which is a contradiction. Thus, w is a primitive partial word.

The converse of the above proposition need not be true as illustrated by the
following example.

Example 5.52. Let V = {a, b} and θ be an antimorphic involution such that
θ(a) = b, θ(b) = a and θ(♦) = ♦. Let w = abb♦ ∈ Qp but w = abb♦ ⊂ aθ(a)θ(a)a
and hence w is not a θ-primitive partial word.

Since θ-primitive partial word is primitive, the Lemma 3.7 applies to θ-primitive
partial words as well. However, a θ-primitive partial word x with one hole can be
compatible to a central factor of a word in {x, θ(x)}2\x2, as demonstrated by the
following example.
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Example 5.53. Let V = {A,C,G, T} and θ be an antimorphic involution such that
θ(A) = T, θ(T ) = A, θ(G) = C, θ(C) = G and θ(♦) = ♦. Then for x = A♦CG, we
can see that θ(x)θ(x) = CG♦TCG♦T ↑ CGA♦CGAT . Similarly, let V = {a, b, c}
and θ be an antimorphic involution such that θ(a) = b and vice versa, and θ(c) = c.
Then for x = a♦c, xθ(x) = a♦cc♦b ↑ aa♦c♦b.

The language of primitive partial words is closed under cyclic permutation. How-
ever, the class of θ-primitive partial words not necessarily closed under cyclic permu-
tation which as shown in the following example.

Example 5.54. Consider the DNA alphabet V = {A, T, C,G} and let θ be a
morphic involution where θ(A) = T, θ(T ) = A, θ(C) = G, θ(G) = C and θ(♦) = ♦.
Let w = AC♦GTC be a primitive partial word. Consider a cyclic permutation of w,
w′ = CAC♦GT ⊂ (CA)2θ(CA) which is not a θ-primitive partial word.

5.8 θ-Conjugacy and θ-Commutativity

In this section, we define the concept of θ-conjugacy and θ-commutativity for partial
words where θ is (anti)morphic involution.

Definition 5.55. Let θ be either a morphic or an antimorphic involution on V ∗♦ . A
partial word u is a θ-conjugate of another partial word w if there exists v ∈ V ∗♦ such
that uv ↑ θ(v)w.

It is known that θ-conjugacy is a transitive relation for total words when θ is
a morphic involution, [60]. However, this may not hold in case of partial words as
demonstrated by the following example.

Example 5.56. Let V = {a, b, c} and let θ be a morphic involution such that
θ(a) = b, θ(b) = a, θ(c) = c and θ(♦) = ♦. Let u = a♦bc, w = ♦acb and v = b♦ab.
It is easy to see that for x = acb and y = c, u ⊂ xy, w ⊂ θ(y)x and hence u is a
θ-conjugate of w. Similarly, for α = b and β = acb, w ⊂ αβ and v ⊂ θ(β)α and hence
w is a θ-conjugate of v. Now, if we assume that there exist x′, y′ ∈ V +

♦ such that
u ⊂ x′y′ and v ⊂ θ(y′)x′, then it is easy to observe that x′ must begin with a and
θ(y′) must begin with b, that is, y′ must begin with a. Hence x′ = a and y′ = abc,
but then v = b♦ab 6⊂ θ(y′)x′ = baca. Hence θ-conjugacy relation is not transitive for
a morphic involution θ.

The result from Theorem 2.34 provides a characterization of partial words such
that x is a conjugate of y. It has been illustrated in the Example 2.35 which is
required for a better understanding of Theorem 5.57.

In the following theorem, we provide a characterization of partial words x and y
such that x is a θ-conjugate of y.

Theorem 5.57. Let x and y be nonempty partial words and θ be a morphic involution
on V ∗♦ . If there exists a partial word z such that xz ↑ θ(z)y and xz ∨ θ(z)y is |x|-θ-
periodic, then there exist partial words u, v such that x ⊂ uv and one of the following
holds:
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(a) y ⊂ vθ(u) and z ⊂ (θ(u)θ(v)uv)iθ(u) for some i ≥ 0.

(b) y ⊂ θ(v)u and z ⊂ (θ(u)θ(v)uv)iθ(u)θ(v)u for some i ≥ 0.

Proof. Let m > 0 be such that m|x| > |z| > (m− 1)|x|. Let x = x1y1 and y = y2x2
where |x1| = |x2| = |z| − (m− 1)|x| and |y1| = |y2|. Let z = x′1y

′
1x
′
2y
′
2 · · ·x′m−1y′m−1x′m

where |x′1| = |x′2| = · · · = |x′m| = |x1| = |x2| and |y′1| = |y′2| = · · · = |y′m−1| = |y1| =
|y2|. Note that such m always exist. Now, since xz ↑ θ(z)y,

x1 y1 x′1 y′1 x′2 y′2 · · · x′m−1 y′m−1 x′m ↑
θ(x′1) θ(y′1) θ(x′2) θ(y′2) θ(x′3) θ(y′3) · · · θ(x′m) y2 x2

By the length argument we get, x1 ↑ θ(x′1), y1 ↑ θ(y′1), x′1 ↑ θ(x′2), y′1 ↑ θ(y′2),
. . . , x′m−1 ↑ θ(x′m), y′m−1 ↑ y2, x′m ↑ x2. Here, we have two different cases. If m is odd,
then

x1 ↑ θ(x′1) ↑ x′2 ↑ θ(x′3) ↑ · · · ↑ θ(x′m) ↑ θ(x2)

and
y1 ↑ θ(y′1) ↑ y′2 ↑ θ(y′3) ↑ · · · ↑ y′m−1 ↑ y2.

Similarly, if m is even then,

x1 ↑ θ(x′1) ↑ x′2 ↑ θ(x′3) ↑ · · · ↑ x′m ↑ x2

and
y1 ↑ θ(y′1) ↑ y′2 ↑ θ(y′3) ↑ · · · ↑ θ(y′m−1) ↑ θ(y2).

Also, xz ∨ θ(z)y is |x|-θ-periodic. For 1 ≤ i ≤ |x1|, consider the partial word

(x1)(i) (x′1)(i) (x′2)(i) · · · (x′m−1)(i) (x′m)(i) ∨
(θ(x′1))(i) (θ(x′2))(i) (θ(x′3))(i) · · · (θ(x′m))(i) (x2)(i)

It is clear that the above word is 1-θ-periodic, say with letter ai ∈ V♦. Similarly, for
1 ≤ j ≤ |y1|, the partial word

(y1)(j) (y′1)(j) (y′2)(j) · · · (y′m−2)(j) (y′m−1)(j) ∨
(θ(y′1))(j) (θ(y′2))(j) (θ(y′3))(j) · · · (θ(y′m−1))(j) (y2)(j)

is 1-θ-periodic, say with letter bj ∈ V♦. Now, let u = a1a2 · · · a|x1| and v = b1b2 · · · b|y1|.
Two cases arise depending on whether the value of m is even or odd.

Case 1. Let m be odd. Then x1 ⊂ u, x2 ⊂ θ(u), y1 ⊂ v and y2 ⊂ v. Then
x = x1y1 ⊂ uv, y = y2x2 ⊂ vθ(u) and z = x′1y

′
1x
′
2y
′
2 · · ·x′m−1y′m−1x′m ⊂

(θ(u)θ(v)uv) · · · (θ(u)θ(v)uv)θ(u) = (θ(u)θ(v)uv)
m−1

2 θ(u).

Case 2. Let m be even. Then x1 ⊂ u, x2 ⊂ u, y1 ⊂ v and y2 ⊂ θ(v) and
z = x′1y

′
1x
′
2y
′
2 · · ·x′m−1 y′m−1x

′
m ⊂ (θ(u)θ(v)uv) · · · (θ(u)θ(v)uv)θ(u)θ(v)u =

(θ(u)θ(v)uv)
m−2

2 θ(u) θ(v)u.
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5.8.1 θ-Commutativity

Definition 5.58. Let θ be either a morphic or an antimorphic involution. A partial
word u ∈ V +

♦ is said to θ-commute with a partial word v ∈ V +
♦ if uv ↑ θ(v)u.

We define the θ-commutativity order of a partial word v as u ≤θ♦c v if and only
if v ⊂ ux and v ⊂ θ(x)u for some x ∈ V ∗. By L

θ♦
c (v) = {u : u ∈ V ∗, u ≤θ♦c v}, we

denote the set of all partial words that θ-commute with v and ν
θ♦
c (v) = |Lθ♦c (v)|. For

a positive integer i ≥ 1, we define Cθ♦(i) = {v : v ∈ V +
♦ , ν

θ♦
c (v) = i}.

We illustrate θ-commutative partial words in the following example.

Example 5.59. Consider the DNA alphabet V = {A, T, C,G} and θ be an an-
timorphic involution such that θ(A) = T, θ(T ) = A, θ(C) = G, θ(G) = C and
θ(♦) = ♦. Let v = A♦G♦ and x = CTAGA♦G♦. Now θ(x) = ♦C♦TCTAG and
vx = A♦G♦ · CTAGA♦G♦ ↑ θ(x)v = ♦C♦TCTAG · A♦G♦. Hence, v θ-commutes
with x.

In [59], it is shown that for all a ∈ V such that a 6= θ(a), a+ ⊆ Cθ(1) whenever θ
is either a morphic or an antimorphic involution. This result does not hold in case of
partial words which is illustrated in the following example.

Example 5.60. Let V = {a, b} and θ be an antimorphic involution such that
θ(a) = b, θ(b) = a and θ(♦) = ♦. Consider the partial word u = a♦ and observe that

u ⊂ a2. For v = a, x = b, we have u ⊂ vx and u ⊂ θ(x)v. Hence, a ∈ Lθ♦c (u) and thus
u /∈ Cθ♦(1).

In our next result, we provide a relation between θ-bordered partial words and
θ-commutativity. In particular, we prove that if x and y are two θ-unbordered partial
words such that x 6↑ y then x and y do not θ-commute each other where θ is a morphic
involution.

Lemma 5.61. Let x, y ∈ Dθ♦(1) such that x 6↑ y and θ be a morphic involution. Then
xy 6↑ θ(y)x.

Proof. Let x, y be two θ-unbordered partial words and let xy ↑ θ(y)x. Then we have
the following cases to consider.

Case 1. |x| = |y|. Then x ↑ y which is a contradiction.

Case 2. |x| > |y|. Then there exists a partial word z ∈ V + such that x ↑ θ(y)z
and x ↑ zy, that is, x ↑ zθ(θ(y)). Assume that θ(y) ⊂ u for some word u ∈ V +.
Hence x ⊂ uz and x ⊂ zθ(u) which implies that x is a θ-bordered partial word,
a contradiction.

Case 3. |x| < |y|. Then there exists t ∈ V +
♦ such that θ(y) ↑ xt and y ↑ tx. Now we

have θ(y) ↑ xt and hence y ↑ θ(xt) = θ(x)θ(t). Suppose t ⊂ u for some u ∈ V +.
Then y ↑ tx ⊂ ux and y ↑ θ(x)θ(t) ⊂ θ(x)θ(u). Hence y is θ-bordered partial
word, a contradiction.
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Since all the cases lead to contradiction we have xy 6↑ θ(y)x.

The result from Theorem 2.36 provides a characterization of partial words u
and v that commutes with each other. On similar lines, in the following result, we
provide a characterization for partial words u and v such that u θ-commutes with v
for (anti)morphic involution θ.

Theorem 5.62. Let u, v ∈ V +
♦ such that u θ-commute with v, that is, uv ↑ θ(v)u

and uv ∨ θ(v)u is |v|-periodic.

1. If θ is a morphic involution then v ⊂ yx, u ⊂ (xy)ix as well as v ⊂ θ(x)θ(y)
for i ≥ 0 and x ∈ V +, y ∈ V ∗.

2. If θ is an antimorphic involution then v ⊂ yx, u ⊂ (xy)ix for i ≥ 0 as well as
v ⊂ θ(y)θ(x) where x ∈ V +, y ∈ V ∗.

Proof. We prove the result only for a morphic involution as the proof for an antimor-
phic is similar. Let uv ↑ θ(v)u and uv ∨ θ(v)u is |v|-periodic. Then by Theorem 2.34,
there exist x ∈ V + and y ∈ V ∗ such that θ(v) ⊂ xy, v ⊂ yx and u ⊂ (xy)ix for some
i ≥ 0. Furthermore, θ(v) ⊂ xy implies that v ⊂ θ(xy) = θ(x)θ(y) as θ is a morphic
involution.

5.9 Conclusions

We introduced the notion of θ-(un)bordered partial words which is a generalization
of (un)bordered partial words, and extended the results on θ-bordered words to
partial words for the case when θ is a morphic as well as an antimorphic involution.
In particular, we provided the characterization of θ-unbordered partial words for
antimorphic involution θ, and gave the necessary and sufficient condition for the
concatenation of two θ-unbordered partial words to be θ-unbordered for morphic
involution θ. We initiated a study of disjunctivity properties of set of θ-unbordered
partial words, and proved that the set of all θ-unbordered partial words Dθ♦(1) is
a disjunctive language. We proved that, for an antimorphic involution θ, the set
Dθ♦(1) is regular, and the set of all θ-bordered partial words is not context-free for
a morphic involution θ. We introduced the notion of θ-primitivity, θ-conjugacy and
θ-commutativity in partial words and provided a characterization for a partial word
to be θ-conjugate of another partial word.

74

TH_2064_136123006



Chapter 6

Palindromes and
Pseudo-Palindromes

In this chapter, we study the notion of palindromes and pseudo-palindromes in partial
words which are extension of palindromes in total words. We also explore some
combinatorial properties related to palindromes and pseudo-palindromes.

6.1 Introduction

Palindromicity is a well studied property in formal language theory and word combi-
natorics. Study of palindromes in the field of word combinatorics has been motivated
by the work of A. De Luca [32] and Lyndon and Schützenberger [72]. It is well-known
that the language of palindromes over a finite alphabet is a linear context-free lan-
guage [48]. A string is a palindrome if it reads forward the same as backward. Let
w = a0a1 . . . an−1 be a word of length n with ai ∈ V for 0 ≤ i ≤ n− 1. The reverse
of w is the word wr = an−1 . . . a1a0. Then the word w is said to be a palindrome if
w = wr. For example, the string “madam” is a palindrome.

Several combinatorial and algorithmic problems on palindromes have been taken
into consideration such as unavoidability of primitive and palindromic words [40],
palindromic richness [83] and involutively palindromes [61]. There is a linear time
algorithm to count the number of distinct palindromes in a word [45]. The language
of palindromic words has been studied with respect to the class of regular as well
as context-free languages. In [51], Horváth, Karhumäki and Klejin have given the
characterization of palindromic languages in relation to regular as well as context-free
languages. Dömösi, Horváth, Ito and Katsura, [35], have investigated the languages
which are primitive as well as palindromic, and proved that the language of primitive
palindromes is not a context-free language. Also the language of primitive palindromes
has been studied with respect to unavoidability class of languages. In [40], Fazekas,
Leupold and Shikishima-Tsuji proved that the language of primitive words which are
not palindromes are unavoidable for context-free languages.

A partial word w over an alphabet is said to be a palindrome if w ↑ wr. A
partial word x is said to be a θ-palindrome if x ↑ θ(x) where θ is either a morphic
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or an antimorphic involution. When θ is an identity function, θ-palindromes be-
come palindromes in partial words under the assumption of θ being an antimorphic
involution.

Organization. This chapter is organized as follows. We begin with Section 6.2 by
defining the palindromes in partial words and study some properties in relation with
primitive partial words. We provide a necessary and sufficient condition for the
concatenation of a partial word w and its reverse wr to be a nonprimitive partial word.
The bound on the number of palindromes in the conjugacy class of a primitive partial
word which is also a palindrome is studied in Section 6.3. We define θ-palindromes
for partial word and establish a connection between θ-bordered and θ-palindromic
partial words in Section 6.4. For a primitive partial word with one hole u, we count
the number of θ-borders of uj for some j when θ is a morphic involution. We give a
lower bound on the number of θ-borders of some power of a θ-palindromic primitive
partial word with arbitrary number of holes. We end this chapter with a concluding
remark in Section 6.5.

6.2 Palindromes in Partial Words

In this section, we define palindromes in partial words and study the properties of
palindromes in connection with primitive partial words.

Definition 6.1. A partial word w is said to be a palindrome if wr ↑ w where wr is
the reverse of w.

Example 6.2. Let w = ab♦b♦a. Then wr = a♦b♦ba and w ↑ wr. Hence w is a
palindromic partial word.

We know that for a partial word w, there is a set of total words in which w can be
contained. If at least one of the total words from that set is nonprimitive, then w is
considered as a nonprimitive partial word. Similarly, the idea for a partial word w to
be a palindrome is that among that set of words in which w is contained, if at least
one word is found to be a palindrome, then the partial word w is considered to be a
palindrome. Recall that a word is primitive if and only if it is not a nontrivial power
of any other word. We use the symbol Pal to denote the language of palindromic
words. The result in Proposition 3.1 shows that a word w is primitive if and only if
wr is primitive.

Next we observe that the concatenation of a partial word w with its reverse wr

generates a nonprimitive partial word.

Proposition 6.3. Let w be a palindromic partial word. Then wwr and wrw are
nonprimitive partial words.

Proof. Let w ∈ V ∗♦ be a palindrome. We have w ↑ wr. By the definition of compati-
bility there exists a word v such that w ⊂ v and wr ⊂ v. Hence wwr ⊂ v · v = v2 by
the law of multiplication. Thus wwr is nonprimitive.
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Similarly, it is easy to follow that wrw is a nonprimitive partial word.

We use the symbol Pal♦ to denote the set of partial words which are also palin-
dromes. We can observe that the language Pal♦ contains both primitive and nonprim-
itive partial words. For example, the palindromes a♦b♦aa and ab♦♦ba are primitive
and nonprimitive partial words, respectively.

Lemma 6.4 ( [91]). Let u, v ∈ V +. If uv ∈ Pal∩Q then either u /∈ Pal or v /∈ Pal.

But the above result does not hold in case of partial words.

Example 6.5. Let u = a, v = b♦ be two partial words. Observe that uv = ab♦ ∈
Pal♦ but, both u ∈ Pal♦ and v ∈ Pal♦.

The following proposition shows that if a word uv which is the catenation of a
nonempty palindrome u and a nonempty word v is a palindrome then vu is not a
palindrome.

Proposition 6.6 ([91]). Let u be a nonempty palindrome and v ∈ V +. If uv ∈ Pal∩Q
then vu /∈ Pal.

The above result need not be true for partial words as illustrated by the following
example.

Example 6.7. Consider the partial words u = a♦ and v = ba over an alphabet V =
{a, b}. Observe that u is a palindrome whereas v is not and, uv = a♦ba ∈ Pal♦ ∩Qp.
But vu = baa♦ is also a palindrome.

Next we characterize the structure of palindromes in partial words. Note that
the set of all palindromic partial words Pal♦ can contain even length as well as odd
length palindromes.

Proposition 6.8. (a) An even length palindromic partial word w can be expressed
as w = xy such that |x| = |y| and y ↑ xr.

(b) An odd length palindromic partial word w can be expressed as w = xay such that
|x| = |y|, a ∈ V♦ and y ↑ xr.

Observe that the language of palindromic partial words over an alphabet V is
context-free. Next we give a context-free grammar for the language of palindromic
partial words over a two letter alphabet, which can be generalized to any finite size
alphabet.

Lemma 6.9. The language of palindromic partial words Pal♦ is context-free over V
where V = {a, b}.
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Proof. Consider the context-free grammar G = 〈V, T, P, S〉 for Pal♦ where V =
{S, A, B}, T = {a, b, ♦}, S is the starting symbol and the set of production rules
P are as follows:

S −→ aSa | bSb | aS♦ | ♦Sa | bS♦ | ♦Sb | ♦S♦
S −→ a | b | ♦ | ε

For completeness, we prove that the context-free grammar given above generates
the palindromes in partial words over an alphabet {a, b}.

To prove our claim, we will show in both directions, that is, L(G) ⊆ Pal♦ and
Pal♦ ⊆ L(G).
(⇒) Let w be a partial word generated by the grammar G. We prove by using
induction on the number of derivation steps from the set of production rules.

Base Case: If the number of derivation step is one then one of the four productions
S → a, S → b, S → ♦, S → ε will be used. Since a, b,♦ and ε are palindromes, the
base case holds.
Induction: Assume that it is true for all the partial words x ∈ V ∗♦ which are derived
by using n derivation steps, that is, x is a palindrome. Consider a partial word
w which is derived by (n + 1)-steps. Now w will be one of the form w = αxβ for
α, β ∈ {a, b}♦ and α ↑ β. By induction hypothesis, x is derived by using n-steps
and x ↑ xr. Thus, w = αxβ ↑ (αxβ)r = βxrα = wr and w is a palindrome. Hence,
L(G) ⊆ Pal♦.

(⇐) Let w be a partial word which is also a palindrome. We prove by using induction
on the length of w.
Base Case: If |w| = 0 or |w| = 1. Then w is one of the form w = ε, w = a or w = b,
and w can be generated by using the rules S → ε, S → a or S → b.
Induction: Let us assume that |w| ≥ 2. Since w ↑ wr, then the first and last symbols
of w must be compatible. Then w = αxβ for α, β ∈ {a, b}♦ and x ↑ xr by induction

hypothesis. If w = αxβ for α ↑ β then by using induction hypothesis G
∗

=⇒ x. We can
obtain w = αxβ for α ↑ β by using one of production rule from G which is of the form
S → aSa, S → aS♦, S → ♦Sa, S → ♦S♦ for a ∈ {a, b}. Thus, w is a palindromic
partial word and w ∈ L(G). Hence Pal♦ ⊆ L(G).

We conclude that L(G) = Pal♦.

Next we define the perfect shuffle of two words of same length and give a necessary
and sufficient condition for a partial word to be an even length palindrome.

Definition 6.10. Let u = u1u2 · · ·un and v = v1v2 · · · vn be two words of length
n. The perfect shuffle of u and v is denoted as u � v and defined as u � v =
u1v1u2v2 · · ·unvn. For example, let u = plnrm and v = aidoe, and then u � v =
palindrome.

Proposition 6.11. A partial word x is an even length palindrome if and only if there
exist partial words y and z such that x = y� z and z ↑ yr.
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Proof. We prove the necessary and sufficient conditions as follows.
(⇐) Let y and z be two partial words such that x = y � z and z ↑ yr. Suppose
y = a1a2 · · · an and z = b1b2 · · · bn. Thus z = b1b2 · · · bn ↑ yr = anan−1 · · · a1 and
x = a1a2 · · · an� b1b2 · · · bn = a1b1a2b2 · · · anbn ⊂ uur for some u ∈ V ∗. Hence x is an
even length palindrome.
(⇒) Let x be a partial word which is also an even length palindrome. Then x ⊂ uur

for some word u ∈ V ∗. Since x is an even length palindrome, we can write x = x1x2
where |x1| = |x2|. We can construct y and z by taking the alternating positions of x.
Hence we can write x = y� z where z ↑ yr.

In our next result, we identify a relation between palindromes and primitive roots
in total words.

Theorem 6.12. Let u and v be two total words. If u, uv and uvr are palindromes,
then v is also palindrome. Moreover, there exists a primitive word x ∈ V ∗ such that x
is also a palindrome for which u, v ∈ x∗.

Proof. Let u = u1u2 · · ·um and v = v1v2 · · · vn where ui, vj ∈ V for i = 1, . . . ,m and
j = 1, . . . , n. We have three cases to consider.

Case 1. Ifm = n. We have uv = u1u2 · · ·umv1v2 · · · vm and uvr = u1u2 · · ·umvmvm−1
· · · v1. Since uvr is a palindrome, u1 = v1, u2 = v2, . . . , um = vm which implies
that u = v. Thus, v is a palindrome.

Case 2. If m < n. We have uv = u1u2 · · ·umv1v2 · · · vmvm+1 · · · vn and uvr =
u1u2 · · ·umvnvn−1 · · · vmvm−1 · · · v1. Since uvr is a palindrome, u1 = v1, u2 =
v2, . . . , um = vm and vnvn−1 · · · vm+1 is a palindrome. Since uv is a palindrome,

u1 = vn = v1

u2 = vn−1 = v2

um = vn+1−m = vm

and v1v2 · · · vn−m is a palindrome. Now, for v = v1v2 · · · vmvm+1 · · · vn , we have
v1v2 · · · vn−m is palindrome and vnvn−1 · · · vm+1 is palindrome which implies that
vm+1vm+2 · · · vn is also a palindrome.

Now we see that, for i = 1 to m,

vi = vn+1−i

and for i > m,

vm+1 = vn = v1 = vn−m, vm+2 = vn−1 = v2 = vn−m−1

Similarly, we can show that vi = vn+1−i for all i > m. Thus, v is a palindrome.

Case 3. If m > n, we can prove that v is a palindrome similar to Case 2.
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Since uv is a palindrome,

uv = (uv)r = vrur = vru (6.1)

From the Equation (6.1) and Theorem 2.25, there exist words p and q such that
v = pq, vR = qp and u = (pq)ep for e ≥ 0.

We have v = vr which implies that pq = (pq)R = qrpr = qp. Thus there exists
a word z such that p, q ∈ z∗. Since v 6= ε, v = pq 6= ε, hence z 6= ε. Let x be the
primitive root of z. Because p, q ∈ x∗, u = (pq)ep ∈ x+ and v = pq ∈ x+. Therefore
uv = xm for some m ≥ 1. Since uv is a palindrome, it implies that xm is also a
palindrome. Hence xm = (xm)r = (xr)m which proves that x = xr.

It is known that the primitive root of a palindromic total word is again a palindrome,
that is, for w ∈ V +, w is a palindrome if and only if

√
w is also a palindrome [32].

But this does not hold in case of partial words. For a palindromic partial word w, all
the roots in the set need not be palindromic. For example, consider a partial word
w = a♦b♦ for which w ⊂ {aaba, aabb, abba, abbb}. The root abba is a palindrome
whereas the root abbb is not a palindrome.

The following result gives a necessary and sufficient condition for the concatenation
of a partial word and its reverse to be nonprimitive.

Theorem 6.13. Let w be a nonempty partial word with |α(w)| ≥ 2. Then the word
wwr is nonprimitive if and only if at least one of the following conditions hold:

(a) The partial word w is a palindrome.

(b) The partial word w has a strong period 2n and for some n, n | |w| such that
w[1 . . . 2n] is a palindrome, if it exists, that is, 2n ≤ |w|.

Proof. We prove the necessary and sufficient conditions as follows:
(⇐) Suppose w is a palindrome. Therefore, w ↑ wr. Thus there exists a word x such
that w ⊂ x and wr ⊂ x. So wwr ⊂ xx and wwr is nonprimitive.

Suppose there exists n such that n | |w| and w[1 . . . 2n] is a palindrome. Thus,
w[1 . . . n] ↑ w[2n . . . n + 1]. Hence there exists a word y[1..n] such that w[1 . . . n] ⊂
y[1 . . . n] and w[n + 1 . . . 2n] ⊂ y[1 . . . n]r. Hence wwr is contained in a nontrivial
power of y[1 . . . n]y[1 . . . n]r and wwr is nonprimitive.
(⇒) Let us assume that wwr is a nonprimitive palindrome. There are two different
cases depending upon the degree of wwr is even or odd.

Case 1. If the degree of wwr is even, then wwr ⊂ xk, k ≥ 2 and k is even. Thus,
w ⊂ x

k
2 and wr ⊂ x

k
2 which implies that w ↑ wr. Hence w is a palindrome.

Case 2. If the degree of wwr is odd. Since wwr is nonprimitive palindrome, then
wwr ⊂ xk where x ∈ V + and |α(x)| ≥ 2. The odd value of k implies that
|x| must be even. Considering the length of w, it can be seen that w must

be bordered with overlap of length |x|
2

. Also |x| is a strong period of w as
well as of wr. Since wwr is a palindrome, by looking at the center of wwr, we
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have w[1 . . . |x|
2

] ↑ w[ |x|
2

+ 1 . . . |x|]r. So w[1 . . . |x|
2

] · w[ |x|
2

+ 1 . . . |x|] must be a

palindrome. So n = |x|
2

and the conditions are satisfied.

6.3 Conjugates and Density of Palindromes

Recall that a language L ⊆ V ∗ is said to be reflective if xy ∈ L implies that yx ∈ L
for all x, y ∈ V ∗. In Proposition 2.41, it has been shown that the language of
primitive partial words is reflective. The cyclic permutation on a partial word can be
considered as an operation. The cyclic permutations of a partial word can be obtained
by cutting a prefix and pasting it at the end. An invariant property of primitive
partial words is that primitive partial words are closed under cyclic permutation.
The cyclic permutations of a primitive partial word forms the conjugacy class of
that primitive partial word. It has been shown that the number of conjugates in the
conjugacy class of a primitive partial word of length n is n in Lemma 3.19.

For a partial word w, if w is a palindrome, it is not necessary that all its cyclic
permutations are also palindromes. For example, let w = abb♦ be a palindromic
partial word. Then Conj (w) = {abb♦, ♦abb, b♦ab, bb♦a}. Consider one of its
conjugate w′ = ♦abb which is not a palindrome. Thus, for a partial word, palindrome
property is not closed under cyclic permutation.

Consider a partial word w = abba♦bba which is a nonprimitive and palindromic
partial word. In its conjugacy class, there is a partial word baabba♦b which is also
a palindrome. Thus, for a primitive partial word w with at most one hole which is
also a palindrome, the set of cyclic permutations of w does not contain arbitrary
number of palindromes. The following result gives a bound on the number of primitive
palindromes in the set of cyclic permutations of a partial word with at most one hole.
We consider two cases, viz., even and odd length primitive partial palindromes.

Theorem 6.14. Let w be an even length primitive palindromic partial word with
at most one hole. Then the conjugacy class of w contains exactly two primitive
palindromes.

Proof. Let w = xy be an even length primitive palindromic partial word with at
most one hole where |x| = |y| = |w|

2
and y ↑ xr. So w = xy ↑ xxr and yx ↑ xrx are

palindromes in the given partial word. Suppose apart from these two partial words
there is one more palindrome in the conjugacy class of w. Let x′y′ be the palindrome
which is obtained by less than |w|

2
cyclic permutation steps where y′ ↑ x′r. Let us

assume that x′ = u and y′ ↑ ur. Thus, uur is compatible to a factor of xxrx. This
gives a factorization of x = x1x2x3 where x1 is the nonempty prefix of x until the
start of x′, x3 is the nonempty factor of y that is compatible to a suffix of u until the
start of y′, and x2 is possibly the empty string between x1 and x3 in x.

We know that u = (ur)r. So u ↑ (xr2x
r
1x1)

r = xr1x1x2. Similarly, we have
ur ↑ (x2x3x

r
3)
r = x3x

r
3x

r
2. If x2 = ε then we have u ↑ ur. So u is a palindrome and
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x′y′ ↑ uur implies that x′y′ is nonprimitive. If x2 6= ε then it can be seen that x′y′ is
compatible to an internal factor of uuruur. As x′y′ ↑ uur, so uur ↑ uuruur. Hence
by Proposition 2.42, x′y′ is nonprimitive which is a contradiction to the fact that
the conjugacy class of a primitive partial word contains only primitive partial words.
Therefore xy and yx are the only palindromes in the conjugacy class of w.

The above result does not hold for an even length primitive palindromic partial
words having two or more holes as illustrated in the following example.

Example 6.15. Let w = a♦♦b♦a be a primitive partial word of even length which
is also a palindrome with two holes. The conjugate class of w is

Conj(w) = {a♦♦b♦a, aa♦♦b♦, ♦aa♦♦b, b♦aa♦♦, ♦b♦aa♦, ♦♦b♦aa}

The partial words a♦♦b♦a, ♦aa♦♦b, b♦aa♦♦ and ♦♦b♦aa in the set Conj(w) are
palindromes.

In case of total words, it is known that every odd length palindrome which is also
primitive is unique in its conjugate class [36]. However, this is not true in case of
partial words, and there may be more than one palindromes in the conjugacy class
of an odd length primitive palindromic partial word. This is shown in the following
example.

Example 6.16. Let w = a♦bba be a partial word over V = {a, b}. Observe that w
is a primitive palindromic partial word and is of odd length. The conjugacy class of
w is {a♦bba, aa♦bb, baa♦b, bbaa♦, ♦bbaa}, and the partial words a♦bba and baa♦b
are two palindromes.

In the following result, we prove that if the catenation of a partial word and its
reverse is contained in a nontrivial power of some word, then the word is a palindrome.

Lemma 6.17. Let u be a partial word such that u��↑ur. If uur ⊂ xk, k ≥ 2 then x is
a palindrome and k is an odd number.

Proof. Suppose k is even. Then uur ⊂ xk = (x
k
2 )2 which implies that u ↑ ur. This

is a contradiction. So k is odd. As |uur| is even and k is odd, then |x| is even. Let
x = yy′ where |y| = |y′|. We can observe that a prefix of u of length |y| is contained
in y and a suffix of length |y′| of ur is contained in y′. Hence y′ = yr and x = yyr.
Now x = yyr = xr and thus x is a palindrome.

Next we show that if an integer power of a partial word is a palindrome then the
partial word is itself a palindrome.

Lemma 6.18. For a partial word w, if wn is a palindrome for n ≥ 1 then w is a
palindrome.
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Proof. We prove it using strong induction on n. For n = 1, the statement is true. Let
us assume that it is true for all k < n that is if wk is a palindrome for all k ≤ n− 1,
then w is a palindrome. Now we will prove it for n.

Suppose that wn is a palindrome. We can write wn = wn−1w = w1wn−1. Now,
wn = wwn−1 ↑ (wn)r = (wr)n = (wr)(wr)n−1. As |w| = |wr| and wn−1 ↑ (wr)n−1 then
by simplification, we have w ↑ wr. Hence w is a palindrome.

The concatenation of two palindromic partial words need not be a palindrome.
For example, let u = ab♦ and v = baab. Both u and v are palindromes but uv is not a
palindrome. In [39], Fazekas et al. presented a necessary and sufficient condition for
the concatenation of two words to be a palindrome. We have the following observation.

Corollary 6.19. Let u and v are two palindromic partial words. If u and v are
contained in powers of some palindromic word z then uv is a palindrome.

The converse of the above result is not true which is shown in the following
example.

Example 6.20. Consider the partial words u = a and v = b♦ over the alphabet
V = {a, b}. It is easy to see that both u and v are palindromes. Now uv = ab♦ is a
palindrome and u ⊂ a and v ⊂ b2. Thus, u and v are not contained in power of a
palindromic word.

Next we see the relation between palindromic partial words and bordered partial
words. We know that a nonempty partial word w is called bordered if one of its proper
prefixes is compatible with its suffix of the same length. Otherwise, if no nonempty
words x, y and z exist such that w ⊂ xy and w ⊂ zx then w is called unbordered. If
w is unbordered and w ⊂ w′, then w′ is unbordered as well. A bordered partial word
need not be a palindrome, whereas a palindrome is always bordered. For example,
for the partial word w = aba♦, w is a bordered partial word but not a palindrome.

Proposition 6.21. Let w be a nonempty partial word. If w is a palindrome then it
is bordered.

Proof. Let w = xyz be a palindromic partial word where x, z ∈ V♦ and y ∈ V ∗♦ . Since
w is a palindrome, then x ↑ z. Hence w is bordered.

In our next result, we give a necessary and sufficient condition for a bordered
partial word to be a palindrome.

Theorem 6.22. A bordered partial word w is palindrome if and only if w = xy or
w = xay for some x and y where |x| = |y|, a ∈ V♦ and y ↑ xr.

Proof. We prove the necessary and sufficient conditions as follows:
(⇐) Let w = xy or w = xay for some nonempty partial words x, y such that |x| = |y|
and y ↑ xr. In the first case, if w = xy and y ↑ xr, then we can write w = xy ↑ xxr
and hence w is a palindrome and bordered. In the latter case, if w = xay such that
|x| = |y|, a ∈ V♦ and y ↑ xr. So w ↑ xaxr. Hence w is a palindrome and bordered.

83

TH_2064_136123006



Chapter 6. Palindromes and Pseudo-Palindromes

(⇒) Let w be a bordered and palindromic partial word. From Proposition 6.8, we
know that every palindromic partial word can be written as either w = xy or w = xay
where |x| = |y| and y ↑ xr and a ∈ V♦.

Next we prove that the language of palindromic partial words is dense over an
alphabet V . Recall that a language of partial words L ⊆ V ∗♦ is called dense if
V ∗♦wV

∗
♦ ∩ L 6= ∅, that is, for every partial word w ∈ V ∗♦ there exist partial words x

and y such that xwy ∈ L.

Lemma 6.23. The language Pal♦ is dense over an alphabet V .

Proof. Let u ∈ V ∗♦ . There are two possibilities depending on whether u is a palindrome
or not.

Case I Let u be a palindrome. So we can choose x = y = ε and we will have
xuy ∈ Pal♦.

Case II Let us assume that u is not a palindrome. Taking x = ε and y = z where z
is a partial word and z ↑ ur, we have xuy ∈ Pal♦.
Hence the language of partial palindromes Pal♦ is dense.

6.4 θ-Palindromic Partial Words

In this section, we introduce the notion of θ-palindromes for partial words under
the assumption of θ to be (anti)morphic involution. The notation Palθ denotes the
set of θ-palindromes in total words over an alphabet. We prove some combinatorial
properties of θ-palindromic partial words in connection with θ-borders of a partial
word. We count the number of θ-borders of a power of a palindromic primitive partial
word with one hole assuming θ to be a morphic involution.

Definition 6.24. A partial word u ∈ V ∗♦ is said to be a θ-palindrome if and only if
u ↑ θ(u) where θ is either a morphic or an antimorphic involution.

Example 6.25. Let θ be an antimorphic involution such that θ(a) = b, θ(b) = a
and θ(♦) = ♦. Consider a partial word u = a♦♦bb. Then θ(u) = θ(b)θ(b)θ(♦)
θ(♦)θ(a) = aa♦♦b and hence u ↑ θ(u). Thus, u is a θ-palindromic partial word.

We use the notation Palθ♦ for the set of all θ-palindromic partial words over an
alphabet. Let us recall the following result which gives the number of θ-borders of a
θ-palindromic word of length n.

Lemma 6.26 ( [58]). Let θ be an antimorphic involution and x be a θ-palindromic
word of length n. Then x ∈ Dθ(n).

However, the above result does not necessarily hold for partial words.
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Example 6.27. Let θ be an antimorphic involution such that θ(a) = b, θ(b) = a and
θ(♦) = ♦. Let u = a♦♦bb be a partial word of length 5. It is easy to see that u ↑ θ(u).

Now, L
θ♦
d (u) = {ε, a, aa, aab, aaa, aaab, aabb} and u ∈ Dθ♦(7).

Consider an example. Let θ be an antimorphic involution such that θ(a) = b,
θ(b) = a and θ(♦) = ♦. For u = ab♦aa♦b , we have θ(u) = a♦bb♦ab. Since u 6↑ θ(u),

u /∈ Palθ♦ . We have L
θ♦
d (u) = {ε, a, ab, abb}. Let us consider another partial word

v = auθ(a) = aab♦aa♦bb. For v, we have L
θ♦
d (v) = {ε, a, aa, aab, aabb}. Observe that,

for u /∈ Palθ♦ , u ∈ Dθ♦(4) and v = auθ(a) ∈ Dθ♦(5). We generalize the result as
follows.

Proposition 6.28. Let θ be an antimorphic involution and x ∈ V ∗♦ such that x /∈
Palθ♦. Then for all i ∈ N, x ∈ Dθ♦(i) if and only if axθ(a) ∈ Dθ♦(i+ 1).

Proof. (⇐) Let v = axθ(a) ∈ Dθ♦(i+ 1). Then L
θ♦
d (v) = {ε, av1, av2, . . . , avi} for all

vi ∈ CPref(x) which implies that θ(vi) ∈ CSuff(x). It is not possible to have x ⊂ vi
because then θ(x) ⊂ vi and x ⊂ vi will imply that x ↑ θ(x), and hence x ∈ Palθ♦
which is a contradiction. Hence for all 1 ≤ j ≤ i− 1, avj ∈ L

θ♦
d (v) implies that

vj <
θ♦
d x. Thus L

θ♦
d (x) = {ε, v1, v2, . . . , vi−1} and x ∈ Dθ♦(i).

(⇒) Let x be a partial word with x /∈ Palθ♦ and x ∈ Dθ♦(i). Then L
θ♦
d (x) =

{ε, v1, v2, . . . , vi−1} and for all u ∈ Lθ♦d (x), u <
θ♦
d x implies that there exist y, z ∈ V +

such that x ⊂ uy and x ⊂ zθ(u). Let v = axθ(a). We have v ⊂ auyθ(a) = auy1
and v ⊂ azθ(u)θ(a) = z1θ(u)θ(a) for some y1 = yθ(a), z1 = az. Observe that for

all u ∈ Lθ♦d (x), au ∈ Lθ♦d (v). Suppose there exists a word w such that w ∈ CPref(x)

such that w /∈ L
θ♦
d (x) and aw <

θ♦
d v. Then there exist some p, q ∈ V + such that

v ⊂ awp and v ⊂ qθ(w)θ(a). If |x| = |w| then x ⊂ w and x ⊂ θ(w) which implies that
θ(x) ⊂ θ(θ(w)) = w. Hence x ↑ θ(x) which shows that x ∈ Palθ♦ , a contradiction. If
|w| < |x| then w ∈ CPref(x) which implies that x ⊂ wy2 and x ⊂ z2θ(w) for some

y2, z2 ∈ V + which is a contradiction to the assumption that w /∈ L
θ♦
d (x). Hence

L
θ♦
d (v) = {ε, a, av1, av2, . . . , avi−1} which implies that v = axθ(a) ∈ Dθ♦(i+ 1).

Next we recall a result which talks about the number of θ-borders of a θ-primitive
word which is a θ-palindrome as well.

Proposition 6.29 ( [58]). Let u be a θ-palindromic primitive word and j ≥ 1 be an
integer.

(a) For a morphic involution θ, νθd(u
j) = νθd(u) + j − 1.

(b) For an antimorphic involution θ, νθd(u
j) = |uj| = j × |u|.

Both the above results are not true in case of partial words.

Example 6.30. Let V = {a, b} and θ be (anti)morphic involution.
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(a) Let θ be a morphic involution such that θ(a) = a, θ(b) = b and θ(♦) = ♦. Let

u = b♦a be a partial word. We have u ↑ θ(u) and L
θ♦
d (u) = {ε, ba}. Let v = u2

and L
θ♦
d (v) = {ε, ba, baa, bba}, and hence νθd(u

2) 6= νθd(u) + 2− 1.

(b) Let θ be an antimorphic involution such that θ(a) = b, θ(b) = a and θ(♦) = ♦.
For u = a♦b, u ↑ θ(u) and hence u ∈ Palθ♦ . Let v = u2 = a♦ba♦b. Then we

have L
θ♦
d (u) = {ε, a, aa, ab} and L

θ♦
d (v) = {ε, a, aa, ab, aab, abb, aaba, abba, aabaa,

abbaa, aabab, abbab}. Observe that ν
θ♦
d (u2) 6= 2× |u|.

To prove Proposition 6.31, we recall a result from Chapter 3 which states that a
nonempty partial word u is primitive if and only if un−1 is not compatible to a central
factor of un for all n ≥ 2.

We have the following result to count the number of θ-borders of some power of a
partial word with one hole when θ is a morphic involution.

Proposition 6.31. Let θ be a morphic involution and j ≥ 2. Let u ∈ V +
♦ be a

θ-palindromic primitive partial word with one hole, then

ν
θ♦
d (uj) = ν

θ♦
d (u) + k + k2 + · · ·+ kj−1

where k is the size of the alphabet.

Proof. Let u = a1a2 · · · an be a primitive partial word with one hole. Since u is
θ-palindrome for a morphic involution θ, u ↑ θ(u). Thus a1a2 · · · an ↑ θ(a1a2 · · · an) =
θ(a1)θ(a2) · · · θ(an) which implies that ai = θ(ai) for all i ∈ {1, 2, . . . , n}. Hence

ν
θ♦
d (u) = νd(u), where νd(u) is the number of borders of the partial word u.

For j = 2, u2 = uu will have exactly two holes and since u is primitive, by
Lemma 3.7, u will not be compatible to a central factor of u2. The borders of u2 will
include the borders of u. Moreover, u will be a proper prefix and as well as proper
suffix of u2. Since u has one hole, that hole can be replaced by any of the k symbols
from the alphabet V . Thus ν

θ♦
d (u2) = νd(u

2) = νd(u) + k.
For uj, by Lemma 3.7 observe that uj−1 is not compatible to a proper factor of uj .
Hence, all of u, u2, . . . , uj−1 are proper prefixes as well as proper suffixes of uj. Also
uj−1 has exactly j − 1 holes. Thus,

ν
θ♦
d (uj) = ν

θ♦
d (u) + k + k2 + · · ·+ kj−1.

Corollary 6.32. Let θ be a morphic involution and let u be a primitive partial word
with one hole. If u ∈ Dθ♦(i) ∩ Palθ♦ ∩Qp then for j ≥ 2,

uj ∈ Dθ♦(i+

j−1∑
p=1

kp)

where k is the size of the alphabet.
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In our next result, we give a necessary and sufficient condition for a partial word
to be a θ-palindrome under an antimorphic involution θ.

Lemma 6.33. Let w ∈ V +
♦ be a partial word and θ be an antimorphic involution.

Then w ∈ Palθ♦ if and only if w = xyz with x ∈ V +
♦ , y ∈ V ∗♦ such that z ↑ θ(x) and

y ∈ Palθ♦.

Proof. We prove the necessary and sufficient condition as follows.
(⇐) Let w = xyz be a nonempty partial word such that z ↑ θ(x) with y ∈ Palθ♦ .

Hence y ↑ θ(y). Now θ(w) = θ(xyz) = θ(z)θ(y)θ(x) ↑ xyθ(x). Hence w ↑ θ(w) and
thus w ∈ Palθ♦ .

(⇒) Let w ∈ V +
♦ be a partial word and w ∈ Palθ♦ . Then w ↑ θ(w). Since |w| ≥ 2, we

can write w as xyz with x, z ∈ V +
♦ , y ∈ V ∗♦ and |x| = |z|. From w ↑ θ(w), we have

xyz ↑ θ(xyz) = θ(z)θ(y)θ(x). Comparing both sides, we get y ↑ θ(y) and z ↑ θ(x)
and hence y ∈ Palθ♦ .

In Proposition 6.31, we count the number of θ-borders of some integer power of
a θ-palindromic primitive partial word with one hole. Next, we count the number
of θ-borders of some power of a θ-palindromic primitive partial word with arbitrary
number of holes and provide a lower bound.

Lemma 6.34. Let u be a θ-palindrome and primitive partial word. Let w = uj for
j ≥ 1 and θ be a morphic involution. Then

ν
θ♦
d (w) ≥ ν

θ♦
d (u) +

j−1∑
i=1

k|u
i|♦

where k is the size of the alphabet.

Proof. We give a constructive proof of the lemma. Let θ be a morphic involution.
Let u = a1 . . . an be a θ-partial palindrome. Then u ↑ θ(u), that is, a1a2 . . . an ↑
θ(a1)θ(a2) . . . θ(an) which implies that ai = θ(ai), ∀i ∈ {1, . . . , n}. Let L

θ♦
d (u) =

{ε, u1, u2, . . . , uk}. Let w = u(j) = u . . . u (j times). If j = 1 then ν
θ♦
d (w) = ν

θ♦
d (u)

which satisfies the condition. For j ≥ 2, observe that u1, u2, . . . , uj−1 are proper
prefixes as well as proper suffixes of uj.

Consider the case where u is a proper prefix and proper suffix of uj for j = 2. The
number of contained prefixes as well as contained suffixes of u is same as the number
of words in the set in which u is contained. If u has i number of holes then u will be
contained in the set of total words S = {u1, u2, . . . , uki} where k is the size of the
alphabet and |S| = ki. Each of the element in the set S is a θ-border of uu. Also
there may be some other proper prefixes of uu of length more than |u| which are also
a θ-border of uu. Hence

ν
θ♦
d (u2) ≥ ν

θ♦
d (u) + k|u|♦ .
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Similarly, u and uu are proper prefixes as well as proper suffixes of uj for j = 3. We
have ν

θ♦
d (u3) ≥ ν

θ♦
d (u) + k|u|♦ + k|uu|♦ . Hence in general, we have

ν
θ♦
d (w) = ν

θ♦
d (uj) ≥ ν

θ♦
d (u) +

j−1∑
i=1

k|u
(i)|♦ .

In the following lemma, we prove that for two nonempty total words u and v, if
uv is a primitive word as well as a θ-palindrome then either u is not a θ-palindrome
or v is not a θ-palindrome under the assumption of θ to be an antimorphic involution.

Lemma 6.35. Let u, v ∈ V + and θ is an antimorphic involution. Then uv ∈ Palθ∩Q
implies that u /∈ Palθ or v /∈ Palθ.

Proof. We prove it by contradiction. Let us assume that both u ∈ Palθ and v ∈ Palθ.
Then u = θ(u) and v = θ(v). Also uv ∈ Palθ implies that uv = θ(uv) = θ(v)θ(u) = vu.
Then by Theorem 2.26, we know that both u and v are the powers of same word,
that is, there exists a word x ∈ Q such that u = xi and v = xj for i, j ≥ 1. Now
uv = xi · xj = xi+j = xk for k ≥ 2 which is a contradiction to the assumption that
uv ∈ Q. Hence either u /∈ Palθ or v /∈ Palθ.

Lemma 6.36. Let u ∈ Palθ and θ be either a morphic or an antimorphic involution.
If u = x(yx)i, i ≥ 1 for some x, y then x, y ∈ Palθ.

Proof. Let u ∈ V + be a θ-palindrome. Then u = θ(u). Given that u = x(yx)i for
some i ≥ 1. If θ is a morphic involution then u = θ(u) implies that u = x(yx)i =
θ(x)(θ(y)θ(x))i. Since |x| = |θ(x)| then x = θ(x) and y = θ(y). Hence x, y ∈ Palθ.

If θ is an antimorphic involution then u = x(yx)i = θ(x(yx)i) = θ(x)(θ(x) θ(y))i.
Similarly, |x| = |θ(x)| implies that x = θ(x) and y = θ(y). Hence x, y ∈ Palθ.

Corollary 6.37. Let u ∈ Palθ and θ is either a morphic or an antimorphic involution.
If u = (xy)ix for some x, y then x, y ∈ Palθ.

Proof. It follows from Lemma 6.36.

In the next result, we prove that for a given θ-palindromic primitive word u, if uv
is a θ-palindromic primitive for some v ∈ V ∗ then vu is not a θ-palindrome.

Proposition 6.38. Let u ∈ V + be a θ-palindrome where θ is an antimorphic involu-
tion and v ∈ V ∗.

(a) If uv ∈ Palθ ∩Q implies that vu /∈ Palθ.

(b) If vu ∈ Palθ ∩Q then uv /∈ Palθ.
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Proof. Consider the first statement. Given that u ∈ Palθ, uv ∈ Palθ which implies
that u = θ(u) and uv = θ(uv) = θ(v)θ(u) = θ(v)u. Then by Theorem 2.25, there exist
x1, y1 ∈ V ∗ such that u = (x1y1)

i1x1, v = y1x1 and θ(v) = x1y1 for some i1 ≥ 0. As
u = θ(u), by Lemma 6.36 x1, y1 ∈ Palθ. If y1 = ε, we have uv = xi1+2

1 /∈ Q which is a
contradiction. Similarly, if x1 = ε, we have uv = yi1+2

1 /∈ Q which is a contradiction.
Assume the contrary, that is, vu ∈ Palθ. Hence vu = θ(vu) = θ(u)θ(v) = uθ(v).

Now vu = uθ(v) implies that there exist x2, y2 ∈ V ∗ such that v = x2y2, θ(v) = y2x2
and u = (x2y2)

i2x2 for i2 ≥ 0. As u ∈ Palθ, by Lemma 6.36, x2, y2 ∈ Palθ. We have
the following two cases to consider.

Case 1. v = y1x1 = x2y2. We have u = (x1y1)
i1x1 = (x2y2)

i2x2. Since
|x1y1| = |y1x1|, we conclude that x1y1 = y1x1. By Theorem 2.26, there exists
a word p such that x1 = pi, y1 = pj which implies that uv = (x1y1)

i1x1y1x1 =
p(i+j)(i1+1)+i /∈ Q, a contradiction.

Case 2. θ(v) = x1y1 = y2x2. Also we have u = (x2y2)
i2x2 = (x1y1)

i1x1. By length
argument |x2y2| = |y2x2, we conclude that x2y2 = y2x2. By Theorem 2.26,
there exists a word q such that x2 = qi, y2 = qj which implies that uv =
(x2y2)

i2x2x2y2 = q(i+j)i2+2i+j /∈ Q, a contradiction.

Therefore uv ∈ Palθ ∩Q implies that vu /∈ Palθ. Similarly, second statement holds
true.

6.5 Conclusions

In this chapter, we extended the notion of palindromes and θ-palindromes in partial
words and identified several combinatorial properties that relate primitive partial
words and palindromes. We provided a necessary and sufficient condition for the
concatenation of a partial word and its reverse to be a nonprimitive partial word.
For an even length primitive partial word w with at most one hole which is also a
palindrome, we proved that there are exactly two palindromes in its conjugacy class.
We counted the number of θ-borders of a partial word uj, j ≥ 1 where u is a primitive
partial word with one hole as well as palindromic. Also the number of θ-borders of a
θ-palindromic partial word raised to some integer power is given.
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Chapter 7

Conclusions and Future Works

In this chapter, we summarize the thesis and its contributions. We also state some of
the problems related to the thesis work which are open and are of interest for further
research.

We have studied the language of primitive partial words with respect to Chomsky
hierarchy. We have characterized several robust subclasses of language of primitive
partial words under various point mutation operations. We have also considered
a variation of bordered partial words known as pseudo-bordered partial words and
identified some combinatorial properties related to pseudo-palindromes.

We began with Chapter 1 by giving the motivation for the Combinatorics on
words and partial words, and stated the overview of the thesis. In Chapter 2, we
presented the necessary fundamentals and existing results which were required for
understanding this thesis work.

In Chapter 3, we studied the position of the language of primitive partial words Qp

over an alphabet V in conventional Chomsky hierarchy. We proved that the language
of primitive partial words Qp is not regular, not linear and not a deterministic context-
free language. We also proved that the language of nonprimitive partial words Qp is
not a context-free language. But whether the language of primitive partial words is
context-free or not is still open. We presented a 2DPDA automaton to recognize the
language of primitive partial words with one hole. An indexed grammar to generate
the set of nonprimitive words has been given.

In Chapter 4, we investigated the robustness of primitive partial words. Primitivity
of partial words is an important property in combinatorics on partial words. We
explored several point mutation operations such as deletion of a symbol, insertion of
a symbol, exchanging two distinct consecutive symbols and substituting a symbol by
another symbol. We characterized non-del-robust, non-exchange-robust and non-subst-
robust primitive partial words with one hole. We also proved certain combinatorial
properties related to each of the aforementioned classes. We provided a lower bound
on the number of primitive partial words with one hole of length n over an alphabet
of size k that are robust under deletion operation.

In Chapter 5, we extended the notion of bordered partial words to pseudo-bordered
partial words under the assumption of an arbitrary involution function. We also
investigated the properties of θ-bordered and θ-unbordered partial words for morphic as
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well as antimorphic involutions θ. We proved some basic properties of θ-(un)bordered
partial words that includes closure properties as well as characterization of the set
of θ-unbordered partial words for an antimorphic involution θ. It has been shown
that the set of all θunbordered partial words Dθ♦(1) is a disjunctive language. The
language of θ-unbordered partial words has been proved to be regular under the
assumption of θ being an antimorphic involution. Also we proved that the language of
θ-bordered partial words is not a context-free language when θ is a morphic involution.
The concepts such as θ-primitivity, θ-conjugacy and θ-commutativity are studied with
respect to (anti)morphic involution θ. The characterization for two partial words x
and y such that x is θ-conjugate of y has been provided.

In Chapter 6, we considered the notion of palindromes in partial words which is
an extension of palindromes in total words. A necessary and sufficient condition has
been given to show under what conditions the concatenation of a partial word and its
reverse is nonprimitive. We provided a bound on the number of palindromes in the
conjugacy class of an even length primitive palindromic partial word. We proved that
the language of palindromes in partial words is context-free as well as dense language.
We also introduced the notion of θ-palindromes where θ can be either a morphic or
an antimorphic involution. We counted the number of θ-borders of a partial word uj

when θ is a morphic involution.
Some unsolved questions related to the problems addressed in the thesis are given

below, which might be of interest for research in future.

• Whether the language of primitive partial words Qp is context-free or not is one
of the central problem to investigate.

• We conjecture that the set of primitive partial words with at least two holes is
recognized by a 2NPDA.

• Construction of an Indexed grammar for the set of primitive words would be
interesting.

• The complete characterization of several classes of primitive partial words with
arbitrary number of holes which are del-robust, exchange-robust, subst-robust
have to be investigated. Also one can explore primitive partial words under the
operation of taking prefixes.

• We have simple O(n2) algorithm to test whether a given primitive partial word
is either del-robust, exchange-robust or subst-robust. It would be interesting to
find linear time algorithms for above robustness property on primitive partial
words.

• Effect of homomorphisms on primitive partial words to preserve primitivity can
be investigated.

• Further research on θ-(un)bordered partial words including disjunctivity prop-
erties of languages related to Dθ♦(i).
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• It will be interesting to study the extended Fine and Wilf’s theorem, criti-
cal factorization theorem, Lyndon-Schutzenberger equations with respect to
(anti)morphic involutions θ.

Summary of Our Work

Languages Context-free Approach

Qp ? -

Qp No Pumping Lemma

Q1D
p ? -

Q1D
p No Pumping Lemma

QX
p No Ogden’s Lemma and Closure properties of gsm

Dθ♦(1) Yes Grammar

Dθ♦(i), i ≥ 2 No Pumping Lemma

Pal♦ Yes Grammar

Table 7.1: Summary of different languages and their position with respect to context-
free class

Languages Reflective
Qp Yes

Qp Yes
Qi
p Yes

Q1D
p Yes

Q1D
p Yes

Q1X
p No

Q1S
p Yes

Dθ♦(i) No

Table 7.2: Reflectivity of different languages
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Appendix A

Pumping Lemmata

We recall the pumping lemmata for regular, linear and context-free languages which
are used to show that the language of primitive partial words is not regular, not
linear and the language of nonprimitive partial words is not context-free in Chapter 3.
We also prove that the language of non-del-robust primitive partial words with one
hole Q1D

p and the language of θ-bordered partial words under the assumption θ to
be morphic are not context-free languages by using pumping lemma. We also recall
Ogden’s lemma to show that the language of non-exchange-robust primitive partial
words over an alphabet is not context-free in Chapter 4.

Lemma A.1 (Pumping Lemma for Regular Languages [48]). For a regular language
L, there exists an integer n > 0 such that for every word w ∈ L with |w| ≥ n, there
exist a decomposition of w as w = xyz such that the following conditions holds.

(i) |y| > 0,

(ii) |xy| ≤ n, and

(iii) xyiz ∈ L for all i ≥ 0.

Lemma A.2 (Pumping Lemma for Linear Languages [49]). Let L be a linear language.
There exists an integer n such that any word p ∈ L with |p| ≥ n, admits a factorization
p = uvwxy satisfying the following conditions.

(i) |uvxy| ≤ n,

(ii) |vx| > 0, and

(iii) uvmwxmy ∈ L ∀m ∈ N.

Lemma A.3 (Pumping Lemma for Context-free Languages [48]). Let L be a CFL.
Then there exists an integer n > 0 such that for every u ∈ L with |u| ≥ n, u can be
decomposed into vwxyz such that the following conditions hold:

(a) |wxy| ≤ n.

(b) |wy| > 0.
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(c) vwixyiz ∈ L for all i ≥ 0.

Lemma A.4 (Ogden’s Lemma [77]). For every context-free language L, there exists
a positive integer N such that every string z ∈ L in which at least N symbols are
distinguished, that is, marked can be written in the form z = uvwxy for u, v, w, x, y ∈
V ∗ such that the following conditions hold:

(i) vwx contains at most N marked symbols

(ii) v and x together have at least one marked symbols

(iii) for all i ≥ 0, uviwxiy ∈ L.
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