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Abstract

The early history of our observable universe and its development are based on two major
poles: cosmic inflation and big-bang nucleosynthesis (BBN). The inflation successfully
creates the homogeneous, isotropic, and spatially flat universe, and BBN successfully
produces all the light elements with correct abundance values. These two phenomena
happen at two widely separated energy scales with inflation at around 1016 GeV and
BBN at around 10 MeV. However, except in some phenomenological studies, not much
physics is understood of the stage which occurs between the two, mainly because of the
lack of observations. Inflation creates exponentially large empty space contained with
only homogeneous inflaton fields. Hence, the natural physical process that could occur
is the transfer of inflaton energy into the standard model fields, which can subsequently
set the initial condition for BBN. The phase where this energy transfer from inflaton to
radiation happens is called reheating. Based on our current theoretical understanding,
this phase consists of many non-trivial physical phenomena such as perturbative, non-
perturbative quantum particle production, thermalization, etc. In all these physical
phenomena during reheating, what assumes that the central stage is the homogeneous
oscillating inflaton. How the radiation fields are coupled with the inflaton, how the
produced radiation is thermalized, and how long the decay processes last are some of
the central questions that are still the active areas of research in reheating. The lack of
experimental observations makes this phase essentially unconstrained. However, there
are many attempts to constrain the reheating phase through some indirect cosmological
observables such as primordial gravitational wave, primordial magnetic field, dark matter
abundance, and cosmic microwave background (CMB) anisotropy, and these are the main
topics of discussion in our present thesis work. We have two main themes of the present
thesis, which are as follows:

Modeling the dynamics of reheating: Suppose the inflaton coupling with the
radiation field is sufficiently high. In that case, the initial stage of the reheating phase
may become non-perturbative, and the resonant non-thermal growth of particle number
dominates the process as compared to the perturbative one due to coherent inflaton
oscillations. Motivated by this, in the second chapter, we propose a Two-phase reheating
scenario where the dynamics describe the aforementioned initial non-perturbative stage
with an effective equation of state followed by the standard perturbative reheating. Some
model-independent lattice simulation results are incorporated as the boundary conditions
while solving the dynamical equations of the proposed scenario. Due to the initial non-
thermal phase, it predicts maximum reheating temperature (Tmax

re ), which turned out to be
lower than that of the standard perturbative single-phase prediction. However, the initial
seed value of the effective equation of state significantly affects the value of that maximum
reheating temperature. We further generalize the scenario by including dark matter
(DM), which is assumed to be produced from the radiation bath. We studied possible
constraints on different inflaton coupling and DM production cross-sections considering
CMB anisotropy and DM abundance.

Reheating phase is observationally not very well understood, and hence phenomenolog-
ical construction of such phase is challenging. In the conventional approach, we introduce
arbitrary coupling among the inflaton and daughter fields which could only be constrained
through indirect observations. Therefore, any cosmological predictions of such approaches
depend on the unknowns and hence are not robust, which could be observationally verified.
To obtain universal predictions and gain an insight into the reheating process itself, in the
second part of chapter five, we took a model-independent approach by switching off all
unknown couplings between the inflaton and daughter sector. Surprisingly, we discovered
that universal gravitational interaction is enough to reheat our universe with some definite
predictions. We named such a scenario Gravitational reheating (GRe). Our analysis
revealed that gravitational reheating is consistent with a very restricted class of inflation
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models and narrow reheating temperature and DM mass ranges.
Signatures of reheating on cosmological observable: To decode the signatures
of reheating, we have studied the evolution of various fundamental fields while passing
through the reheating phases, which are as follows:

• Through primordial magnetic field: In the third chapter, we have shown that
the reheating phase can play a crucial role in alleviating strong coupling and back-
reaction problems in the inflationary magnetogenesis model along with the CMB.
Faradays, electromagnetic induction changes the magnetic field dynamics drastically
during the reheating phase, and this phenomenon not only converts a large class of
magnetogenesis models observationally viable without any theoretical problem but
also can uniquely fix the average inflaton equation of state.

• Through primordial gravitational waves (GWs): In chapter four, we closely
examine the effects of the reheating phase on the spectrum of primordial GWs
observed today. We show that the perturbative decay of the inflaton leads to
oscillations in the GWs spectrum, which can possibly help us interpret finer aspects
of the reheating mechanism if observed. We also examine the effects of a secondary
phase of reheating driven possibly by an exotic, non-canonical, scalar field, and
interestingly for a suitable value of the Equation of state parameter, the GWs can be
of the strength, as suggested by the recent NANOGrav observations.

• Through Gravitational dark matter: In the first part of chapter five, we have
analyzed a minimal production mechanism of dark matter, where dark matter
is assumed to be produced from inflaton and radiation bath through only the
gravitational interaction during reheating. Ignoring any other internal parameters
except the dark matter mass and spin, a particular inflation model such as α-attractor,
with a specific scalar spectral index (ns), has been shown to uniquely fix the dark
matter mass.
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xv

Notations and Conventions
.

Throughout this thesis we use natural units ℏ=c=kB=ϵ0=1. In this unit Reduced Planck mass
is given by Mp =

1√
8πG

.

Greek indices µ,ν and so on go over the four space-time co-ordinates xµ = [x0, x1, x2, x3]T

with x0 for the time coordinate.

Minkowski metric is given by ηµν = diag[1,−1,−1,−1].

Latin labels i, j, k and so on go over the three spatial co-ordinates.

Spatial vectors are written in boldface.

The Ricci tensor, defined in terms of the Christoffel symbols, is

Rµν = ∂λΓ
λ
µν − ∂νΓ

λ
µλ + ΓλλρΓ

ρ
µν − ΓρµλΓ

λ
νρ, (1)

and the Ricci scalar is R = gµνRµν .

The spatial Fourier transform of a field f(x) is fk =
∫
f(x)e−ik.xd3x/(2π)3 and the inverse

transform is f(x)=
∫
fke

ik.xd3k.
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Introduction 1

..everything can be created from nothing, And "everything
might include a lot more than what we can see. In the
context of inflationary cosmology, it is fair to say that
the universe is the ultimate free lunch.”

Alan Guth in ’THE INFLATIONARY COSMOLOGY’

1.1 Big-Bang cosmology and the need for inflation

The theoretical foundation of the standard model of cosmology began with two striking
observations: 1) The further away the two galaxies are larger their receding velocity, which
suggests that our universe is expanding in time. 2) Universe is filled with Cosmic Microwave
Background (CMB) radiation which is homogeneous and isotropic in nature [1, 2], which
suggests that our universe is spatially homogeneous and isotropic. To make our long story
short, these two observations paved the solid foundation of standard theoretical big-bang
cosmology, which essentially deals with the expanding universe at a very large scale with
the two fundamental principles of spatial homogeneity and isotropy. In spite of having great
success of standard Big-Bang cosmology in explaining many observational facts, standard
big-bang invites fundamental problems and questions as well, which are deeply connected with
the initial condition from which our universe is supposed to start its journey. The obvious one
is the big-bang singularity which naturally arises due to diverging energy density when we
look back at the time. Dealing with this obvious one has been theoretically challenging and
intimately connected with understanding the nature of gravity at the quantum level. However,
the standard model of cosmology has few non-obvious problems, out of which two are well
known as the Horizon and the flatness problem, and all these are studied in the framework of
Freedman-Lemaitre-Robertson-Walker (FLRW) cosmology.

3
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1. Introduction

1.1.1 FLRW Cosmology

Studying cosmology begins with the following FLRW metric, which obeys spatial homogeneity
and isotropy,

ds2 = dt2 − a(t)2
(

dr2

1− k r2
+ r2dθ2 + r2 sin2θ dϕ2

)
(1.1)

where a represents the scale factor and t is the cosmic time. k specifies the constant curvature
of the spatial three-dimensional space with k = (1, 0,−1) corresponding to closed, flat, and
open cosmological universe accordingly. The governing equations are the Einstein equation

Rµν −
1

2
Rgµν = 8πGTµν (1.2)

where the Ricci tensor and the Ricci scalar are defined as

Rµν = ∂λΓ
λ
µν − ∂νΓ

λ
µν + ΓλλρΓ

ρ
µν − ΓρµλΓ

λ
νρ ; R = gµνRµν . (1.3)

For the standard Big-Bang cosmology, the large-scale universe is expected to be isotropic
and homogeneous, and hence the energy-momentum tensor Tµν is naturally assumed as
time-dependent with vanishing anisotropic stress part,

T 00 = ρ(t), T ij = −a(t)−2δij P (t) . (1.4)

Where ρ and P are symbolized as the total energy density and pressure of the universe,
respectively. With these components of the energy-momentum tensor, the Friedman equations
1.2 lead to the following two independent equations for the scale factor and the energy density,

H2 =

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.5)

ä

a
= −4πG

3
(ρ+ 3P ) . (1.6)

Where H = ȧ/a is identified as Hubble parameter. Throughout our thesis, we will confine
ourselves to the case k = 0, which is precisely related to the flatness problem mentioned earlier.
Subsequently, the Friedmann equations for k = 0 are

H2 =
ρ

3M2
p

; Ḣ +H2 =
1

6M2
p

(ρ+ 3P ) . (1.7)

The reduced Planck mass Mp is defined as Mp =
√

1/8πG = 2.4×1018 GeV. If we consider the
universe is filled with a single energy component with the following equation of state P = ωρ,
one obtains the solution,

a(t) = t
2

3(1+ω) ; ρ = ρω0

(
a

a0

)−3(1+ω)

For ω ̸= −1

a(t) ∝ eHt ; ρΛ = Λ For ω = −1. (1.8)

Where the constant equation of state ω = (0, 1/3,−1) corresponds to matter, radiation,
and cosmological constant dominated universe, respectively. Based on a large number of

4
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1.1. Big-Bang cosmology and the need for inflation

Figure 1.1: The conformal diagram in the standard FRW cosmology. The light cones correspond to two opposite
points in the observed CMB that did not have any overlapping region before the singularity point. As a result, they were
never in causal contact in the conventional Big Bang model.

cosmological observations, currently, we live in a cosmological constant dominated universe.
As we go backward in time, the universe becomes matter-dominated and radiation-dominated.
If we consider all the energy components together, the Hubble equation assumes the following
form,

H(z)2 = ρr0

(
a

a0

)−4

+ ρm0

(
a

a0

)−3

+ Λ =
ρ0c

2

3M2
p

(
Ωm0 (1 + z)3 +Ωr0(1 + z)4 +ΩΛ

)
. (1.9)

The new parameters, Ωm0 = ρm0 /ρ
0, Ωr0 = ρr0/ρ

0, ΩΛ
0 = ρΛ0 /ρ

0, are the density parameter at
present t = t0, a = a0 for matter, radiation, and cosmological constant respectively which
are normalized by the critical energy density 3M2

pH
2
0 = ρ0c = ρm0 + ρr0 + Λ measured at

present. The scale factor is expressed in terms of redshift parameter: z = a0/a(t) − 1. At
present, the value of z = 0. The current estimated value of those density parameters are
Ωm0 ≃ 0.3, Ωr0 = 10−5, and ΩΛ

0 ≃ 0.7. One can solve the above equation numerically; however,
it is obvious from the above equation and also solutions of Eqs.1.8 that the energy density
diverges, which is the well-known Big-Bang singularity. However, in this thesis, we deal with
reheating era, which connects the radiation and the early inflation era. In the following section,
we will discuss problems that demand the need to introduce an inflationary paradigm in the
standard Big-Bang cosmology.

1.1.2 Horizon Problem

This is the problem that naturally arises from the first observation we mentioned in the
beginning: 1) Further away two galaxies are, the larger the receding velocity from each other,

5
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1. Introduction

Figure 1.2: Casually disconnected Hubble patches

which can be mathematically expressed in terms of scale factor a(t) as,

D(t) ∝ a(t) =⇒ vrec =
dD

dt
∝ da

dt
=

1

a

da

dt
a(t) = HD(t), (1.10)

where (D(t), vrec) are the distance between any two galaxies and receding velocity, respectively.
Where H = ȧ/a is the Hubble constant. However, it is not a constant in time, which will be
very important for our later purpose. The beginning of the universe in the finite past (around
13 billion years) immediately creates a conceptual problem for the standard big-bang paradigm.
The trouble emerges if we assume the distance between any two galaxies, a(t) is larger than a
particular value LH ,

D(t) ≥ LH =
c

H(t)
=⇒ vrec ≥ c, (1.11)

c is the velocity of light. It signifies that the expanding universe can be divided into multiple
causally disconnected patches separated by the Hubble horizon of size LH = 1/H. Two systems
living in two causally disconnected patches will evolve independently. Their physical properties
are naturally expected to be different. What has been observed experimentally is the extremely
homogeneous and isotropic distribution of radiation (CMB) and matter across a large number
of Hubble patches. Surprisingly the very foundation of standard big-bang is based on those
two assumptions of homogeneity and isotropy. The standard big-bang expansion we have been
discussing so far is decelerated in nature. This essentially suggests that the Hubble volume
increases with time for the radiation or matter-dominated universe. For example, radiation
dominated universe.

a(t) ∼ t1/2 =⇒ H(t) =
1

2t
=⇒ LH(t) = 2ct. (1.12)

Therefore, the region of space we are able to access today say at t0 within the present Hubble
volume, (red circle in Fig-1.2) can be thought of as the collection of N = LH(t0)/LH(tdec) ∼ 104

number of disconnected Hubble patches in the past at time tdec(< t0). And, the radiation we
see today (t0) because of the causal connection was actually originated or, in cosmological
language, decoupled in the past (tdec) from those causal disconnection patches. The point of
photon decoupling at a particular time in the past is observed as three dimensional CMB surface
(known as the last scattering surface) in the observer’s sky from which CMB photons originated.
Surprisingly from the distribution of radiation known as Cosmic Microwave Background (CMB),
the radiation temperature Tcmb which is one of the important physical properties, turns out be

6
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1.1. Big-Bang cosmology and the need for inflation

Figure 1.3: A sky map of the Cosmic Microwave Background temperature [Image courtesy: ESA website].

extremely homogeneous background temperature Tcmb = 2.7K up to a very tiny fluctuation,
δTcmb/Tcmb = 10−5. This observation challenges the very successes of the standard big-bang
paradigm and its fundamental assumptions, which are appeared to be self-contradicting. Such
uniform nature of CMB indicates that in the past, CMB photons must be in causal contact.
But the conformal time elapsed between the initial and CMB decoupling time indicates a
serious issue: most of the CMB spots have non-overlapping past light cones, and they were
never in causal contact (see Fig.1.1 in this context). The natural question appears in mind
that nearly 104 disconnected patches formed cosmic microwave backgrounds, and they did not
get sufficient time to communicate; then why do they have almost the same temperature and
densities? This is the so-called Horizon problem. Before making the above statement more
precise, let us introduce the concept of particle horizon.
Augular size of the Particle horizon: To further refine the above statement, we consider
the comoving particle horizon, which is defined as the maximum comoving distance traveled
by the photon from the beginning of Big-Bang to any arbitrary later time t as

χph(t) =

∫ t

0

dt′

a(t′)
= τ(t)− τ(0) . (1.13)

Where τ is the conformal time. Such horizon size measures the maximum volume of the space at
time t, which is causally connected. In the CMB experiment, measurement is done in terms of
angular coordinates. Therefore, at the time of decoupling, let us calculate the angle subtended
by the comoving particle horizon, θhor with respect to the observer at present. θhor is defined
as the ratio between the comoving particle horizon at the time of CMB decoupling χdec and
the comoving angular diameter distance dA of the CMB surface at t = tdec or equivalently at
the redshift parameter zdec ≃ 3400.

θhor =
χph(tdec)

dA
. (1.14)

7
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1. Introduction

Figure 1.4: The solution to the horizon problem: Conformal diagram for inflationary cosmology. Hubble sphere
shrinks during inflation which is otherwise expanded during the standard cosmological evolution (still dark energy takes
over the dominating component of the universe). Here the singularity of the standard FRW cosmology is replaced by
the reheating surface. Interestingly introducing inflation now, all points in CMB were in causal contact as they have
overlapping regions before the singularity.

The comoving angular diameter of an object at the time of decoupling can again be expressed
as

dA =

∫ zdec

0

dz

H(z)
, (1.15)

By using the Eq.1.9 one can numerically estimate

χph(tdec) = τ(tdec)− τ(0) , dA = τ(0)− τ(zdec) . (1.16)

Plugging the expression, one numerically evaluates the angle θhor ∼ 1.16◦. Based on causality,
one should not expect to have any correlation when θ > 2θhor ∼ 2.3◦. Therefore, the main
conflict with observation is why the correlation in CMB exists even for θ ≥ 2◦.
Furthermore, on a large scale, the tiny temperature anisotropy measured in the CMB has
a nearly scale-invariant power spectrum (for this instance, see Fig.1.3). Such fluctuation in
temperature can be explained in terms of tiny fluctuation in the matter density at the epoch of
photon decoupling, and later such fluctuations act as a seed for large-scale structure formation.
The standard Big-Bang cosmological scenario fails to describe the origin of such fluctuation in
the density spectrum as well.

1.1.3 Solution of the Horizon Problem

It is clear from the above discussion that the horizon problem in the standard cosmology arises
due to the growing Hubble sphere. A simple solution would be to introduce an additional phase

8
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1.1. Big-Bang cosmology and the need for inflation

with a shrinking Hubble radius in the early universe, specifically before the usual standard
Big-Bang. If the phase lasts long enough, the horizon problem can be avoided. The decreasing
Hubble radius requires a strong energy condition violating phase 1 + 3ω < 0, which implies

d

dt
(aH)−1 < 0 . (1.17)

Now, due to the shrinking Hubble radius, the standard Big Bang singularity is pushed toward
a negative conformal time

τi ∝
2

1 + 3ω
a

1
2
(1+3ω)

i = −∞ for ω < −1

3
. (1.18)

Therefore, the integration in Eqn. (1.13) is now controlled by the lower limit. Fig.1.4 shows the
new conformal diagram by introducing an additional inflationary era. The widely separated
points in CMB now get enough time to intersect before the conventional singularity point
τ = 0. Thus the uniform structure of CMB is no longer a mystery. Further, now the standard
initial singularity point indicates the time of reheating and the time both before and after
τ = 0 exists. Due to the decreasing comoving Hubble radius, the large-scale re-entering of the
present universe is inside the horizon before the end of the inflation (for this instance, see Fig.
3).The period of inflation successfully solves the horizon problem.

1.1.4 Solution of the Flatness problem

The flatness problem is closely related to the initial energy value problem of a Newtonian
particle moving under gravity. In the context of the standard Big Bang, an important question
is how one sets the initial energy of the uniformly distributed matter at the beginning. This can
be clearly understood from the Friedmann equation 1.9 when written in terms of normalized
energy density parameter Ω = ρ/ρc as

Ω− 1 = Ωk =
k

a2H2
, (1.19)

where ρc = 3M2
pH

2 is the critical energy density at any arbitrary time. The initial energy
distribution will be determined by the unknown parameter k, which is the curvature of the
special section measuring the deviation of Ω from unity. The recent observation of the anisotropy
in CMB suggests |Ωk| < 0.005 with the 95% CL at the present epoch. This can immediately be
attributed to the near flatness of the special section. The natural solution could be to set k = 0
without any physical reason, which is precisely the flatness problem of the standard Big-Bang
scenario. However, insisting that k be non-zero but small in the present universe invites severe
fine-tuning problems. Due to decreasing comoving Hubble radius (aH)−1 going backward
in time, Ωk decreases with extreme precision. At the time of BBN, |ΩBBNK − 1| << 10−17,
considering TBBN ∼ 1 MeV and zeq ∼ 103. However, at GUT era with TGUT ∼ 1016 GeV, it
becomes |ΩGUTK − 1| << 10−55. Thus, we must set the initial condition precisely; otherwise,
the universe collapses or expands too fast before the large-scale structure can form. This issue
in standard cosmology is known as the flatness problem.

As we mentioned earlier, the curvature |1− Ω| is related to the evolution of the comoving
Hubble radius (aH)−1, and whenever it increases with time, curvature grows. In contrast with
the standard evolution, during inflation, (aH)−1 decreases, and the universe is moved towards
flatness. Hence including inflation, we can precisely set the initial conditions that solve the
flatness problem. During inflation, the solution of Ω = 1 is an attractor type.

9
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1.1.5 Conditions for inflation

What we observed in our previous discussion is that particularly the decreasing behavior of the
comoving Hubble sphere seems to be the defining property of inflation which can simultaneously
resolve the horizon and the flatness problem. In this section, we will elaborate on this and
further understand the details behavior of the inflationary phase. The decreasing Hubble
radius implies accelerated expansion,

d

dt
(aH)−1 =

d

dt
(ȧ)−1 = − ä

(ȧ)2
< 0 ⇒ ä > 0 . (1.20)

For our latter purpose, let us define a new parameter called slow roll parameter ϵ as

d

dt
(aH)−1 = −1

a
(1− ϵ) , where ϵ ≡ − Ḣ

H2
> 0 . (1.21)

The nomenclature of the parameter ϵ can be understood from the perspective of the matter
field, which will be responsible for the inflation to occur. The decreasing comoving horizon
then corresponds to

ϵ = − Ḣ

H2
= −d lnH

dN
< 1 (1.22)

where we define another parameter called inflationary e-folding number N , which measures
the magnitude of expansion and is defined as

N =

∫
d lna =

∫
H dt . (1.23)

So far, we have discussed and defined the geometric quantities of inflationary spacetime.
However, all these properties can be translated into the properties of the energy-momentum
tensor, which needs to follow by the matter field. One of the Friedmann equations is

Ḣ +H2 = − 1

6M2
p

(ρ+ 3P ) = −H
2

2

(
1 + 3

P

ρ

)
. (1.24)

Inserting the above Eqn.(1.24) in the expression of ϵ, one can find

ϵ =
3

2

(
1 +

P

ρ

)
< 1 , (1.25)

which implies w = P
ρ < −1/3. Therefore, the most important conclusion we arrived at from

the condition of inflation is that the matter field which can lead to inflaton is required to
produce negative pressure in the system.

1.1.6 Duration of inflation

From our discussion so far, it is understood that inflation can successfully resolve the standard
cosmological problems. A natural question now is what should be the duration of the inflation
to solve the Horizon problem. The straightforward answer is that to solve the Horizon problem,
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1.2. Inflationary dynamics and setting the background for reheating

the comoving Hubble radius at the beginning of the universe (aIHI)
−1 must be greater than

the observed universe today

(aIHI)
−1 > (a0H0)

−1 . (1.26)

After the end of the inflation, taking only the radiation domination still present day, the ratio
between the comoving Hubble radius at the end of the inflation and toady be

a0H0

aendHend
∼ aend

a0
=

T0
Tend

∼ 10−28 . (1.27)

To estimate the above number, we consider the evolution of the Hubble parameter as H ∝ a−2

due to radiation domination after inflation. Further, use has been made of the straightforward
relation between the scale factor and the radiation temperature T as a(t) ∝ 1/T . The
temperature at the end of the inflation is approximately assumed as Tend ∼ 1015 GeV and the
present-day CMB temperature as T0 = 10−3 eV. The Eqn.(1.26) suggests that

(aIHI)
−1 > (a0H0)

−1 ∼ 1028 (aendHend)
−1 , (1.28)

which implies aend
aI

> 1028. Therefore, the crude estimation of the e-folding number during
inflation must be N = ln(aend

aI
) > 64 or in other words, to solve the Horizon problem successfully,

inflation requires roughly 60 e-folds.

1.2 Inflationary dynamics and setting the background for
reheating

In this section, we consider the most common model of single-field inflation where a scalar
field, the inflaton ϕ, drives the inflation. The value of the field ϕ depends on both position in
space (x⃗) and time. Each field value has an associated potential energy density V (ϕ). As the
field value changes with time, it also has a kinetic energy density. Consider a scalar field, the
inflaton ϕ, minimally coupled to Einstein’s gravity with the canonical kinetic term, the action
reads

S =

∫
d4x

√
−g

[
M2
p

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
+ Smatter (1.29)

where V (ϕ) is an arbitrary function and four-dimensional Ricci scalar R derived from the metric
gµν . Smatter, the matter action term includes the complete information concerning the other
components of the matter sector, such as the terms representing the couplings between the
inflaton to other sectors, including the Standard Model Lagrangian. At the background label,
our universe is isotropic and homogeneous on a large scale. Hence, to solve the inflationary
dynamics, one can safely assume all the background fields are only time-dependent. From the
Euler-Lagrange equation for the inflaton field, inflaton field follows the following equation,

ϕ̈+ 3Hϕ̇− ∇⃗ϕ
a2

+ V ′(ϕ) = 0 , (1.30)

where V ′(ϕ) = dV (ϕ)
dϕ . The energy-momentum tensor of the scalar field can be written as

Tµν = ∂µϕ∂νϕ− gµν

(
1

2
gαβ∂αϕ∂βϕ− V (ϕ)

)
. (1.31)
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The energy density ρϕ and pressure density Pϕ can be calculated from the time-time and
space-space component of the stress-energy tensor accordingly, as

ρϕ = T 0
0 =

1

2
ϕ̇2 + V (ϕ) +

(∇ϕ)2

2a2
(1.32)

Pϕ =
T ii
3

=
1

2
ϕ̇2 − V (ϕ)− (∇ϕ)2

6a2
. (1.33)

Homogeneity and isotropy condition infers that the dominating component of the scalar field
should be the function of t only, and the inflaton condensate delivers a classical background
during the inflation as well as at the initial stage of reheating. Thus the energy density and
pressure of the homogeneous scalar field can be simply written as

ρϕ =
1

2
ϕ̇2 + V (ϕ), Pϕ =

1

2
ϕ̇2 − V (ϕ) . (1.34)

From the above expression, we can immediately realize that in order to have inflation, one needs
to satisfy V (ϕ) >> ϕ̇2 such that Pϕ ∼ −ρϕ or, in other words, potential energy dominates
over the kinetic energy drives the inflation. Upon substitution of the evolution equation of ρϕ
(Eqn.1.34) into the Friedmann equation (Eqn.1.7), one can find

H2 =
1

3M2
p

(
1

2
ϕ̇2 + V (ϕ)

)
(1.35)

Now, the Euler-Lagrangian equation for ϕ, which is also known as the Klein Gordon equation,
turns out as

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0 , (1.36)

where the V ′(ϕ) term acts as a force, and the expansion of the universe Hϕ̇ leads to friction.

1.2.1 Slow-roll inflation

We have already derived the equation of motion of the inflaton (Klein-Gordon equation) and
have shown how the accelerated expansion is possible. Combining the Klein-Gordan equation
Eqn. (1.36) together with the Friedmann equation Eqn. (1.35), we can derive the continuity
equation as

Ḣ = −1

2

ϕ̇2

M2
p

, (1.37)

Upon substitution of the above equation into the definition of ϵ (Eqn.(1.22)), one can find

ϵ =
1

2

ϕ̇2

M2
pH

2
. (1.38)

During inflation ϵ < 1, implies that the kinetic term makes a small contribution to the total
energy density. This is the necessary condition for inflation, referred to as the slow-roll condition
justifying its name we have introduced before.
This is not enough to have met such a slow roll condition, and it further needs to persist long
enough period of time so that one obtains sufficient inflationary e-folding number mentioned
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before. Hence, dynamics have to be highly damped, and thus we require another slow roll
condition associated with the change of ϵ itself,

|η| = |ϵ̇|
Hϵ

=
dlnϵ

dN
= 2

ϕ̈

Hϕ̇
− 2

Ḣ

H2
= 2(ϵ− δ) < 1, (1.39)

where δ defined as the dimensionless acceleration per Hubble time δ = − ϕ̈

Hϕ̇
and both

{ϵ, |δ|} << 1, indicates {ϵ, |η|} << 1. Therefore to make inflation happen and persists
{ϵ, |δ|} << 1, this is the so-called slow roll approximation. The slow-roll condition indicates
the following simplification in the Friedmann and Klein-Gordon equation

H2 ≃ V (ϕ)

3M2
p

, 3Hϕ̇ ≃ V ′(ϕ) . (1.40)

Substituting the above equation Eqn.(1.40) into (1.38), one can find

ϵ =
M2
p

2

(
V ′(ϕ)

V (ϕ)

)2

; η ≃M2
p

V ′′(ϕ)

V (ϕ)
. (1.41)

The total e-folding number of accounting accelerated expansion

N =

∫ aend

aini

d lna =

∫ tend

tini

H(t)dt , (1.42)

where aini and aend are the scale factor associated with beginning of inflation at tini and end
of inflation (set by the condition ϵ(tend) = 1) respectively. In the slow-roll regime, we can write
the e-folding number before the inflation end be

N =

∫ ϕend

ϕini

1√
2ϵ

dϕ

Mp
. (1.43)

ϕI and ϕend are the field values defined at the boundaries.
In the later part of this chapter, we consider various inflationary models and calculate infla-
tionary quantities. To get an understanding about the motion of the inflaton field, we consider
specific form of the potential as V (ϕ) = 1

2m
2ϕ2 (chaotic inflation model [3]). For slow roll,

inflaton field assumes the super-Planckian value ϕ >
√
2Mp ≡ ϕend. The approximate analytic

expression of the slow-roll trajectory and the expansion takes the following expression

ϕ̇ ≃ −
√

2

3
Mpm, a ≃ aini exp

[
mt√
6Mp

(
ϕini −

Mpm√
6
t

)]
. (1.44)

This is obviously valid within the slow-roll regime but for a broad range of initial values ϕini
leading to an inflation solution as an attractor.

1.2.2 End of inflation and beginning of reheating

Successful inflation must feature a graceful exit into the deacceleration stage in order to get
back to the standard cosmology. In the chaotic inflation model, the graceful exit problem
can be avoided naturally. The inflationary phase comes to an end dynamically once the slow
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roll condition is violated and the homogeneous inflaton field starts to oscillate around its
minimum. Assuming quadratic inflaton potential considered above, one can immediately obtain
the approximate oscillatory solution as

H ≃ 2

3t

(
1 +

sin (2mt)

2mt

)
, (1.45)

ϕ ≃ 2
√
2Mp cos(mt)√

3mt

(
1 +

sin (2mt)

2mt

)
. (1.46)

Detailed study of this phase is our main objective of the present thesis. The inflation itself
is not the complete story of the early universe. Even though it successfully inflates the
universe, the problem arises with connecting the inflationary phase with the standard Big-Bang
Nucleosynthesis (BBN), which happens later with a comparatively lower energy scale in the
radiation-dominated era. This is where the story becomes even more non-trivial. After the
inflation end, the space becomes empty except homogeneous distribution of inflaton fields.
Then, our natural mechanism would be to transfer the inflaton energy in order to set the
ideal initial condition for the standard big-bang Nucleosynthesis (BBN). Hence, the inflaton
has to decay through dynamical processes called reheating, which essentially bridges the two
distinct phases of inflation and the standard radiation domination. The oscillating scalar field
after the end of inflation behaves like the classical background, which will decay into radiation.
Depending upon the inflaton coupling strength with the radiation field, inflaton can decay
through both perturbative or non-perturbative channels, and consequently, the duration of
reheating can be long or short. Such behaviors are expected to leave their imprints on various
cosmological observables, which will be discussed throughout the thesis. In this thesis, we will
mainly focus on the perturbative decay of inflaton, and it is called perturbative reheating. Our
primary goal of this section would be to introduce the perturbative reheating scenario briefly.
During reheating, the Hubble expansion of the universe will be mainly dominated by the
oscillating homogeneous scalar field with a generic form of the inflaton potential V (ϕ) ∝ |ϕ|2n
near its minimum. Since the expansion time scale is always greater than the oscillation time
scale of the inflaton, in the perturbative limit, the expansion can be generically described by
an effective inflaton equation of state ωϕ averaging over the single oscillation. Multiplication
of the Kelin-Gordan equation (Eqn.1.36) by ϕ and averaging over one oscillation, we can find

⟨ϕ̇2⟩ ≃ ⟨ϕV ′(ϕ)⟩ . (1.47)

The energy and pressure density using the above estimation (Eqn.1.47) leads to

ρϕ ≃ 1

2
⟨ϕ̇2⟩+ ⟨V (ϕ)⟩ = (n+ 1) ⟨V (ϕ)⟩ , (1.48)

Pϕ ≃ 1

2
⟨ϕ̇2⟩ − ⟨V (ϕ)⟩ = (n− 1) ⟨V (ϕ)⟩ , (1.49)

which implies the average inflaton equation of state

ωϕ =

(
n− 1

n+ 1

)
. (1.50)

For quadratic type potential, n = 1, the equation of state behaves as non-relativistic matter
like ωϕ = 0. Whereas, for quartic type potential n = 2, the equation of state behaves as
radiation-like ωϕ = 1/3. When n ≤ 1/2, ωϕ ≤ −1/3 which implies that the universe inflates
as ä > 0. However, Oscillations about minima always lead to a decelerating universe with
ω > −1/3.
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Figure 1.5: Left panel: The evolution of inflaton and radiation energy densities as a function of normalized scale
factor with Tre = 108 GeV and ωϕ = 0. Right panel: Variation of the effective equation of state ωeff as a function of
normalized scale factor with same reheating paremeters as left panel.

1.2.3 Perturbative reheating dynamics

In conventional reheating studies, we typically consider the perturbative reheating scenario ([4]).
In such a scenario, after the inflation end, the inflaton energy density ρϕ, gradually disintegrates
into the radiation energy density ρR following the Boltzmann equations. Consequently, the
effective EoS parameter during the reheating phase becomes time-dependent (for this instance,
see right panel of Fig. 1.5). In our analysis below, for simplicity, we shall consider that the
EoS parameter ωϕ of the inflaton field during the phase of reheating remains constant.
The primary idea of perturbative reheating can be illustrated with the following phenomenolog-
ical equations for inflaton decaying into daughter fields containing only the massless radiation
particles. [5–8]

ρ̇ϕ + 3H(1 + wϕ)ρϕ = −Γϕ(1 + wϕ)ρϕ (1.51)
ρ̇R + 4HρR = Γϕ(1 + wϕ)ρϕ . (1.52)

supplemented with the Hubble equation H2 = (ρϕ + ρR)/3M
2
p . The phenomenological decay

width Γϕ is introduced, which will govern the entire process of transferring inflaton energy
with density (ρϕ) to radiation energy with density (ρR). After the decay process is completed,
the daughter/radiation field will thermalize, and the reheating phase is set to end. The end of
reheating is typically identified with the condition Γϕ = H that indicates the point where the
decay term starts to dominate over expansion. Hence, the decay process will be completed
within a short time scale after this point (for better understanding, see Fig. 1.5). Once the
inflaton equation of state is given, considering the evolution of ρϕ + ρrad = ρeff together, we
can define the effective equation of state during reheating as

ωeff =

〈
3pϕ + ρR
3(ρϕ + ρR)

〉
. (1.53)

Hence, ωeff will essentially lie between (ωϕ, 1/3) through non-trivial dynamics for decaying
inflaton ρϕ and the increasing radiation field ρR (see right panel of Fig. 1.5).
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During this process, if one assumes the produced radiation to be instantaneously thermalized,
the associated radiation temperature T can be obtained from the Stefan-Boltzmann law,

ρR =

(
π2

30

)
greT

4 . (1.54)

Where gre represents the effective degrees of freedom associated with the radiation bath
calculated at the end of the reheating. Assuming Γϕ is a constant parameter, and the inflation
equation of state wϕ = 0 throughout reheating, the expression for the inflaton energy density
turns out to be

ρϕ(t) = ρendϕ

(
a

aend

)−3

eΓϕ(t−tend), (1.55)

where ρendϕ ∼ V (ϕend) represents total inflaton energy density at inflation end. V (ϕend), aend
are the value of the potential and scale factor at inflation end. The scale factor varies as
a(t) ∝ t2/3 and Hubble parameter H(t) = 2/3t during the reheating phase dominated by the
matter equation state. Using those relations, one can estimate the radiation component as

ρR(t) ≃
3

5
ρendϕ

(
t

τϕ

)[
1−

(
tend
t

) 5
3
]
, (1.56)

where τϕ is the inflaton decay time identified as τϕ ≡ Γ−1
ϕ . The initial condition for the

radiation component set as ρR = 0 . The evolution of both inflaton and the radiation energy
density as a function of the normalized scale factor is shown in the left panel of Fig. 1.5.
From Fig. 1.5, we can see that starting with zero; the radiation component quickly gets to a
maximum value just after the inflation ends and then decreases due to the universe’s expansion,
and the rate of decrease changes when the decay term is comparable with the expansion rate.
From the definition of the temperature given in Eq. (1.54), we can determine the maximum
possible radiation temperature as

Tmax ∼ g
− 1

4
re V (ϕend)

1
8 (Mp Γϕ)

1
4 (1.57)

The inflaton decay will be complete at the instant when t = 1/Γϕ at H ∼ Γϕ. Thus, one
can determine the reheating temperature Tre from the radiation temperature at the end of
reheating as

H = Γϕ ≃
ρ

1
2
R√
3Mp

≃

(
π
√
gre

90
1
2

)
T 2
re

Mp
. (1.58)

From the above equation, one can express reheating temperature in terms of decay width as

Tre =

(
90

greπ2

) 1
4√

ΓϕMp . (1.59)

Another important reheating parameter is the reheating e-folding number Nre, which provides
the information about the duration of reheating, expressed as

Nre = log

(
are
aend

)
(1.60)
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1.2. Inflationary dynamics and setting the background for reheating

where are is the scale factor at reheating end. There are some possible values of Tre

10MeV ≲ Tre ≲ V (ϕend)
1
4 (1.61)

where the lower bound is from the BBN constraints, and the inflationary energy scale sets the
upper bound. Still, now there is no such cosmological observable that can directly constrain
the reheating phase. Accordingly, we have to depend on indirect measurements such as CMB,
dark matter, primordial gravitational wave, primordial magnetic field, etc., which is one of the
main goals of the thesis.

1.2.4 When perturbative reheating is valid?

We have discussed the decay of the inflaton into radiation by an effective phenomenological
decay width Γϕ. In this section, our essential plan is to discuss its origin briefly in terms
of fundamental interaction and the possible limits on the inflaton decay where perturbative
reheating is possible. However, non-perturbative particle production mechanisms can not
be ignored during reheating if the coupling is strong enough. Consequently, let us note the
parameter space in which the perturbative mechanism of reheating will work well over the
non-perturbative one. In the following discussion, we assume a few fundamental interactions
and the possible limits:

1.2.4.1 Scalar ϕχ2 interaction

Let’s start our discussion with the case where inflaton decays into pair of scalar particles
ϕ → χχ with the interaction term as follows L = −gϕχ2. In this case, we can calculate the
vacuum decay width of the inflaton in terms of coupling parameter as [9]

Γϕ→χχ =
g2

8πmϕ

√
1−

(
2mχ

mϕ

)2

≃ g2

8πmϕ
, (1.62)

where mϕ,mχ are identified as the mass of the inflaton and produced daughter particle,
accordingly, and g represents the coupling constant. The mode function for the produced
particle χk can follow the Mathieu equation,

χ̈k + (Ak − 2q cos(2z))χk = 0. (1.63)

Where, z = (mϕt− 2z− π/2), Ak = 4k2/m2
ϕ, q = 4gΦ/m2

ϕ. The amplitude of the inflaton field
at the start of the oscillation is represented by Φ. The solution to the above Mathieu equation
turns out as χk ∝ exp(µkz). The resonance is effective as long as

q2m ≳ H (1.64)

From the resonance condition, one can estimate the validity of perturbative reheating in terms
of the dimensionless coupling constant g̃ = g/mϕ as ∗ [10]

g̃ ≤
V

1
4
end

ϕend

(
mϕ

24Mp

) 1
2

, (1.65)

∗The initial amplitude Φ can be replaced by ϕend, the field value at the end of inflation, which essentially
denotes a lower bound on the inflaton decay width
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which further can be expressed in terms of the decay constant as

Γϕ ≤
V

1
2
end

ϕ2end

(
m2
ϕ

192πMp

)
=⇒ Γcriϕ (model) =

V
1
2
end

ϕ2end

(
m2
ϕ

192πMp

)
(1.66)

Thus, if the decay width fulfills the above condition, the reheating dynamics are governed by
only the perturbative scenario. Once we fixed the model Γcriϕ (model) qualitatively separates
the non-perturbative and perturbative regions.

1.2.4.2 Scalar ϕχ3 interaction

In this case, we assume three-body decay of the inflaton and interaction Lagrangian leads

L = −yϕχ3 , (1.67)

where the coupling constant is y. For the three-body decays of the inflaton field ϕ → χχχ
vacuum decay width associated with inflaton can be calculated by Dalitz plot [11] as,

Γϕ→χχχ =
y2mϕ

3!64 (2π)3
. (1.68)

The mode function, χk, is determined from the same Mathieu equation. Therefore, the previous
analysis for ϕχ2 interaction can be correlated if we replace g̃mϕΦ → h2Φ2 and the condition
on the perturbative reheating turns out as

q ∽
y2Φ2

m2
ϕ

≤ 1 . (1.69)

The lower bound on the coupling parameter for resonance can be computed under the sub-
stitution Φ → ϕend. The significance of the perturbative reheating is followed by the above
equation and can be illustrated in terms of decay rate as,

Γϕ ≤
m3
ϕ

3!64 (2π)3 ϕ2end
=⇒ Γcriϕ (model) =

m3
ϕ

3!64 (2π)3 ϕ2end
(1.70)

1.2.5 Inflaton decaying into a pair of fermions

Let us move our discussion to another possibility where the inflaton field decays into massless
fermions obeying the following Yukawa interaction

Lint = −hϕψ̄ψ , (1.71)

here, h denotes the dimensionless coupling constant. The vacuum decay width is shown as

Γϕ→ψ̄ψ =
h2mϕ

8π
. (1.72)

In this scenario, the validity condition for the perturbative reheating, as shown in [12], can be
expressed as [12],

q =
h2Φ2

m2
ϕ

≤ 1 . (1.73)
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1.2. Inflationary dynamics and setting the background for reheating

Therefore, concerning the decay rate, the equation (5.3) is written as,

Γϕ ≤
m3
ϕ

ϕ2end (8π)
=⇒ Γcriϕ (model) =

m3
ϕ

ϕ2end (8π)
(1.74)

In our discussion in chapter-2, we proposed a Two-phase reheating scenario where we can
identify a similar critical decay at the transition point of effective non-perturbative dynamics
to the perturbative. There we will also examine whether the above conditions for different
decay channels are consistent with our analysis or not.

1.2.6 Cosmological perturbations from inflation

During inflation, tiny fluctuations originate from the quantum effects, considered to be the
source of the large-scale structure of our observable universe. Until now, we have assumed ϕ(t),
the inflaton field as the homogeneous field in the FLRW background. Nonetheless, the quantum
fluctuations will show inhomogeneities. As long as these inhomogeneities are considered to be
small, we can apply the perturbation theory, then the inflaton field reads

ϕ(x, t) = ϕ(t) + δϕ(x, t). (1.75)

Due to these small fluctuations in the field, the inflation will end at different times in the different
regions of space. Thus, the different regime will inflate differently, and, as a result, a small
inhomogeneous energy density distribution δρ(x) appear. This small density fluctuation can
be explained by the observed temperature fluctuations in the Cosmic microwave background.

δϕ(x, t) → δρ(x, t) → ∆T (x) (1.76)

In the following subsections, we will investigate the dynamics of these perturbations in the
standard inflationary background [13–18]. The inhomogeneities observed in the CMB are
extremely small around ∆T/T ≃ O(10−5), which implies that at the time of CMB decoupling,
the universe can be treated as nearly homogeneous and the inhomogeneities are small enough
to be estimated with the linear order perturbation theory. Expanding the Einstein equations
to the first order, we can analyze the evolution of those perturbations

δGµν = 8πGδTµν (1.77)

The above equation indicates that we can consider the perturbation metric and matter field
separately. We will discuss the basics of perturbation theory in the following discussion.

1.2.7 Metric perturbation

Energy and matter are the leading sources of curvature in spacetime geometry, and fluctuations
in the matter field, as given in Eq. (1.75) will generate fluctuations in the metric. Therefore it
is essential to compute the effect of those small fluctuations on the homogeneous background
of our universe. This section will first discuss the general form of perturbation and its essential
properties. The general form of the metric perturbation can be parameterized as

ds2 = (1 + 2Φ) dt2 − 2a(t)Bi dt dx
i − a2(δij + hij) dx

i dxj (1.78)
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In accord with their behavior under the local spatial rotation group, the 10 degrees of freedom
of the perturbation δgµν(x) can be decomposed into the scalar vector and tensor components.

δgµν ≡
(
δg00, δg0i, δgij

)
(1.79)

We can write this more explicitly as

• 4 scalar degrees of freedom → δg00 ≡ Φ.

• 4 divergence-less vector degrees of freedom → (B̂i, Êi). One of which appears as follows,

δg0i ≡ Bj = ∂jB︸︷︷︸
scalar

+ B̂j︸︷︷︸
vector

where ∂jB̂j = 0.

• 2 divergence-less and trace-less tensor degrees of freedom → δgij ≡ hij

hij = 2Ψδij + 2∂i∂jE +
(
∂iÊj + ∂jÊi

)
+ 2ĥij where ∂iÊi = ∂iĥij = ĥii = 0.

The benefit of such a decomposition is at the linear level. With the help of the linearized Einstein
equation, we can examine the evolution of those three classes of perturbations independently. It
is easy to represent the scalar-vector-tensor(SVT) decomposition in Fourier space. Henceforth,
the Fourier decomposition of fluctuations can be written as

Xk =

∫
d3xX(t,x)eik·x where, X ≡ (δϕ, δgµν , · · · ) (1.80)

Under the consideration of linear perturbation theory, the main outcome is that the vector
perturbation only contains a decaying mode [19], which is also predicted from the general
coordinate invariance since the gravity sector only holds two propagating degrees of freedom.
Accordingly, we will bypass vector mode throughout our analysis. To move our discussion
further, let us represent the transformation properties of fluctuation modes with the coordinate
transformation (t→ t+ α, xi → xi + β,j) as

Φ → Φ− α̇,

B → B +
β̇

a
+

1

a
α,

Ψ → Ψ+Hα,

E → E +
β

a2
,

ĥij → ĥij .

(1.81)

The transformations convey that all the perturbation variables are not physical or gauge
dependent. As an example, ĥij is a gauge-invariant perturbation. However, these transformation
properties will help us determine the gauge-invariant perturbation variable that we eventually
specify as the curvature perturbation observed in the Cosmic microwave background. Before
defining those physical perturbations, let us discuss the perturbation of energy-momentum
tensor, particularly for inflaton.

20

TH-2748_176121018



1.2. Inflationary dynamics and setting the background for reheating

1.2.8 Gauge invariant variable and power spectrum for scalar mode

Until now, we discussed different variables of perturbation and their transformation proper-
ties. Here, we assume a specific gauge-invariant quantity [19], named comoving curvature
perturbation (R) that is defined as

R = Ψ− H

ρ̄+ p̄
δq , (1.82)

where scalar part of the 3-momentum density is identified as δq that can be written as

T 0
i = δqi = ∂iδq + δ̂qi . (1.83)

One can clearly notice that R is an invariant quantity under the general coordinate transfor-
mation. If we assume the homogeneous inflaton field, the momentum density comes out as
T 0
i = − ˙̄ϕ∂iδϕ. Thus, the co-moving curvature perturbation follows the subsequent form,

R = Ψ+
H
˙̄ϕ
δϕ . (1.84)

In order to proceed further, convenient way to assume a particular gauge

δϕ = 0, gij = a2
[
(1− 2R)δij + hij

]
, ∂ihij = hii = 0 . (1.85)

The applicability of this choice is that, since in this gauge, the inflaton field is unperturbed,
and R acts as a gauge-invariant quantity; all the other scalar perturbation (Φ, B) can be
written in term of R(t,x) (see, for instance, Ref. [16]). Most significantly Ψ measures the
three-curvature of the spatial section as R(3) = (1/3)∇2Ψ. Therefore in the gauge (1.85), one
can write the quadratic action for comoving curvature perturbation R as

S(2) =
1

2

∫
d4xa3

ϕ̇2

H2

[
Ṙ2 − 1

a2
(∂iR)2

]
. (1.86)

Taking the following Mukhanov variable

v = zR with z2 = 2a2
1
2 ϕ̇

2

H2
= 2a2ϵ , (1.87)

the equation of motion for each individual mode turns out to be

v′′k +
(
k2 − z′′

z

)
vk = 0. (1.88)

Where "prime" represents derivative with respect to conformal time, the functions z in the
overhead equation explicitly depend on the background dynamics; due to that, it is challenging
to find a general solution analytically. Therefore, it is usually solved numerically. However, we
can find a solution under various limits for inflationary background.

To calculate various correlation functions for this fluctuation, one must quantize this with
proper boundary conditions. The steps are similar to the standard free field quantization
process. We enable the mode functions vk to quantum operator as

vk → v̂k = vk(η)âk + v∗−k(η)â
†
−k , (1.89)
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where the creation and annihilation operators â†−k and âk are follow the standard canonical
commutation relation. [

âk, â
†
−k

]
= (2π)3δ(k− k′), (1.90)

given that the mode functions are normalized as

〈
vk, v

′
k

〉
≡ i

ℏ
(v∗kv

′
k − v∗kvk) . (1.91)

The above condition delivers us the suitable boundary condition for the solution of Eq. (1.88).
The vacuum or the ground state identified as

âk |0⟩ = 0 . (1.92)

To analyze the solution analytically and find the form of the spectrum, we assume the de Sitter
limit H = const.( ϵ→ 0), which implies

z′′

z
=
a′′

a
=

2

η2
, =⇒ z ∼ 1

η
, (1.93)

and the expression for the mode function in (1.88) turns out to be

v′′k +
(
k2 − 2

η2

)
vk = 0 . (1.94)

The exact solution of the above equation reads

vk = α
e−ikη√

2k

(
1− i

kη

)
+ β

eikη√
2k

(
1 +

i

kη

)
. (1.95)

The free parameters α and β represent the non-uniqueness of the mode functions and can
be set uniquely in the subhorizon limit |kη| ≫ 1 using the condition Eq. (1.91). These fixes
α = 1, β = 0, indicating the unique Bunch-Davies vacuum and the mode function,

vk =
e−ikη√
2k

(
1− i

kη

)
=⇒ vk ∝

1

η
, (1.96)

The last solution is the approximate one and is estimated in the super-horizon limit. At
this present stage an essential result one can obtains for the super-horizon modes |kη| → 0,
Rk = z−1vk → constant. Thus, co-moving curvature perturbation freezes out during inflation
once they become super-horizon modes. This point will effectively give rise to the physical
observables associated with various correlations of Rk. The power spectrum is One such
observable representing a two-point correlation function in momentum space. For simplicity
assuming de Sitter limit, at the point of horizon crossing a(tk)H(tk) = k, the two-point
correlation function of the curvature perturbation Rk = (Hvk)/(ϕ̇a) behaves in the following
manner

⟨Rk(t)Rk′(t)⟩ = (2π)3δ(k+ k′)
H2
k

(2k3)

H2
k

ϕ̇2k
= (2π)3δ(k+ k′)P̄R(k). (1.97)
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1.3. Spectrum of GWsgenerated during inflation

The dimensionless power spectrum PR(k) is generically expressed as

P̄R(k) =
2π2

k3
PR(k), (1.98)

with,

PR(k) =
H2
k

(2π)2
H2
k

ϕ̇2k
. (1.99)

We have computed the power spectrum under the de-Sitter approximation. if we assume all
the quantities are slowly varying, then the scale dependence of the power spectrum is evaluated
by spectral index ns as

ns − 1 =
d lnPR(k)

d ln k
≃ −6ϵV + 2ηV . (1.100)

We will be utilizing the second relation for the spectral index throughout our thesis.
We will explain how we will use this point to convey the CMB temperature with the

primordial perturbation in Section 1.3.2. In the subsequent Sub-section, let us briefly discuss
the tensor mode.

1.3 Spectrum of GWsgenerated during inflation

We start our discussion with a brief description of the equations governing the tensor perturba-
tions and assuming de-sitter inflation to calculate the spectrum of GWs. Then we introduce
the observational quantity of our interest, the dimensionless energy density of GWs.

1.3.1 Generation of GWs during inflation

The tensor perturbation is indicated by hij that represents the GWs in the FLRW universe. If
we consider tensor perturbations, the line element of the spatially flat FLRW universe is given
by [20]

s.2 = a2(η)

{
−dη2 + [δij + hij(η,x)] x. ix. j

}
. (1.101)

As the tensor perturbations are transverse and traceless, they must fulfill the conditions
∂i hij = 0 and hii = 0. We may assume that there is no anisotropic stress are present. In such
a scenario, the equation of motion for tensor perturbations hij can be expressed as

h′′ij + 2
a′

a
h′ij −∇2 hij = 0. (1.102)

In the quantization process, the tensor perturbations may be decomposed in terms of the
Fourier modes hk in the following manner [14, 16, 17, 21–27]:

ĥij(η,x) =

∫
d3k

(2π)3/2
ĥkij(η) e

ik·x

=
∑

λ=+,×

∫
d3k

(2π)3/2

[
âλk ε

λ
ij(k)hk(η) e

ik·x + âλ†k ελ∗ij (k)h
∗
k(η) e

−ik·x
]
,(1.103)
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where ελij(k) indicates the polarization tensor, with the index λ representing the polarization +

or × of the GWs. The polarization tensor follows the relations δij ελij(k) = ki ελij(k) = 0, with
the normalization condition εij λ(k) ελ

′∗
ij (k) = 2 δλλ

′ . The operators (âλk, â
λ†
k ) represent the

annihilation and creation operators associated with the wave vector k. They shall attend the
following commutation relations: [âλk, â

λ′
k′ ] = [âλ†k , â

λ′†
k′ ] = 0 and [âλk, â

λ′†
k′ ] = δ(3)(k − k′) δλλ

′ .
Since there are no source of anisotropic stresses, the Fourier mode hk fulfills the following
differential equation

h′′k + 2
a′

a
h′k + k2 hk = 0. (1.104)

The tensor power spectrum PT(k) can be identified as

⟨0|ĥijk (η) ĥ
k′
ij (η)|0⟩ =

(2π)2

2 k3
PT(k) δ

(3)(k + k′), (1.105)

where the vacuum state |0⟩ is described as âλk|0⟩ = 0 for all k and λ. By using the above
decomposition, one can find

PT(k) = 4
k3

2π2
|hk|2, (1.106)

and the spectrum is calculated on super-Hubble scales during inflation. Inspired by the form
of the second-order action which governs the tensor perturbation hij , the Fourier mode hk is
generally noted in terms of the Mukhanov-Sasaki variable uk as hk = (

√
2/Mp) (uk/a). The

Mukhanov-Sasaki variable uk can satisfy the following equation [14, 16, 17, 21–27]

u′′k +

(
k2 − a′′

a

)
uk = 0. (1.107)

We shall focus our discussion on the slow-roll inflation and work with the de Sitter approximation,
wherein the scale factor can be expressed as a(η) = (1−HI η)

−1, with HI indicates the constant
Hubble scale during the inflationary era. In such a scenario, a′′/a = 2H2

I / (1−HI η)
2, and to

solve Eq. (1.107) we assume Bunch-Davies initial condition. The solution to Eq. (1.107) reads

uk(η) =
1√
2 k

[
1 +

iHI a(η)

k

]
e−i k η. (1.108)

Or, analogously, one can write

hk(η) = hk(a) =

√
2

Mp

iHI√
2 k3

[
1− i k

HI a(η)

]
e−i k/HI ei k/[HI a(η)] (1.109)

where the above mentioned de Sitter form sets a(η). Let us consider that the end of the
inflationary era set at conformal time ηf such that 0 < ηf < H−1

I , and let af = a(ηf ). Upon
using the conditions mentioned above, the tensor power spectrum at af is given by

PT(k) =
2H2

I

π2M2
p

(
1 +

k2

k2f

)
, (1.110)

where the mode that exit the Hubble radius at the end of the inflation is identified as kf = af HI .
For k ≪ kf , the above spectrum transforms to

PT(k) ≃
2H2

I

π2M2
p

, (1.111)
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which is the standard scale-invariant spectrum explained in the scenario of de Sitter inflation [14,
16, 17, 21–27]. In the slow-roll inflationary models, the tensor power spectrum must contain a
small spectral tilt that we have ignored in our discussion. Equivalent to the scalar spectral
index, the tensor spectral index is identified as

nT ≡ d lnPT(k)

d ln k
= −2ϵ ≃ −2ϵV . (1.112)

When normalized with respect to that of the scalar fluctuations, tensor fluctuations are known
as a scalar to tensor ratio r, which is generally quoted in the context of cosmological observation,

r ≡ PT(k)

PR(k)
= 16ϵ ≃ 16ϵV . (1.113)

1.3.1.1 The dimensionless energy density of GWs

Let us move our discussion toward the main observable quantity of our interest, viz., the
dimensionless energy density of the gravitational waves. We are interested in estimating the
quantity over the wave number domain, which reenters the Hubble radius during reheating
and radiation domination periods.

The energy density of GWs ρGW (η) can be expressed as (see, for example, Refs. [20, 28])

ρGW (η) =
M2
p

4 a2

(
1

2
⟨ĥ′2ij⟩+

1

2
⟨|∇ĥij |2⟩

)
, (1.114)

ρGW (k, η) is defined as the energy density per logarithmic interval and can be expressed as
defined through the relation

ρGW (η) =

∫ ∞

0
d ln k ρGW (k, η). (1.115)

Utilizing mode decomposition Eqn.(1.103) together with the expressions for ρGW (η), one can
obtain ρGW (k, η) as

ρGW (k, η) =
M2
p

a2
k3

2π2

(
1

2
|h′k(η)|2 +

k2

2
|hk(η)|2

)
. (1.116)

The associated dimensionless energy density ΩGW (k, η) expressed as

ΩGW (k, η) =
ρGW (k, η)

ρc(η)
=
ρGW (k, η)

3H2M2
p

, (1.117)

where ρc = 3H2M2
p is represent the critical density. The dimensionless energy density ΩGW (k, η)

calculated today, which we symbolized as ΩGW (k).
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Figure 1.6: Constraints in the r vs. ns plane for the Planck 2018 analysis. We have also shown BICEP/Keck data
with Planck 2018 plus BAO data to improve Constraints in the r vs. ns plane [Image courtesy: BICEP/Keck website].

1.3.2 Observational constraints

So far, we have described the theoretical framework to understand the dynamics of different
matter fields and their fluctuations with gravity. However, as highlighted before, our goal is to
understand the cosmological observations that can fit with the theoretical prediction. This
section will also emphasize how we can relate the inflationary paradigm with the fluctuations
in the CMB that we observed today. The properties of those fluctuations can be determined
through their evolution. However, we have seen those fluctuations produced during the primor-
dial inflation era. Notably, at k = aH various modes of those fluctuations leave the Hubble
horizon. On the other hand, after inflation end, with time, the co-moving Hubble radius 1/aH
increases and indicates that the outgoing fluctuating modes which leave during inflation will
re-enter the horizon at present. That is clearly shown in Fig. 1.6. Accordingly, after horizon
re-entry, at all scales, those curvature perturbation modes will eventually evolve into density
perturbations on the matter components, which ultimately will be imprinted on CMB. These
perturbations oscillate due to gravity and thermodynamic pressure combined once they re-enter
the horizon. Since various peaks are present in the temperature correlation functions, these
coherent oscillations may be encoded in the CMB. Those peaks due to the different horizon
exits/re-entry offer remarkable evidence for the inflationary phase.
The primordial power spectrum for tensor modes, ∆t and scalar curvature, ∆R, are parameter-
ized by spectral index and amplitudes of their respective fluctuations as

PR ≡ AR

(
k

k∗

)ns−1

, PT ≡ AT

(
k

k∗

)nT

; (1.118)

Where k∗ is the the pivot scale set from Planck [29]. From the data of CMB temperature
fluctuation, we can find that the amplitude of the curvature fluctuation, which is measured at
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1.4. Models and inflationary parameters

the pivot scale of k∗ = 0.05 Mpc−1 be

AR = (2.196± 0.060)× 10−9. (1.119)

The value of the primordial spectral tilt turns out as

ns = 0.9649± 0.0042 at 68% CL ; (1.120)

In addition to that, the possible bound on the tensor to scalar ratio at 95%CL from the Planck
2018 baseline analysis [2] be

PT

PR
= r0.05 < 0.11. (1.121)

We can also add BICEP/Keck data with Planck 2018 and BAO data to improve the constraint
on ns as well as r. Including BICEP/keck data, the restriction on r tightens from r0.05 < 0.11
to r0.05 < 0.034.

1.4 Models and inflationary parameters

In this section, we will discuss a few slow-roll inflationary models and calculate the inflationary
parameters and predictions that we will be considering throughout our thesis.

1.4.1 Chaotic inflation

Although the chaotic inflation model is not favorable with the cosmological observations, we
consider this potential for its simplicity. The form of the chaotic inflation potential is given by,
[3]

V (ϕ) =
1

2
m4−nϕn. (1.122)

Where n must be an even integer. If we assume the absolute value of the field, then we can also
include the odd integer of n. The mass scale m can be written in terms of CMB observable as

m =Mp

(
3π2r AR

) 1
4−n

(
1− ns
n (n+ 2)

) n
2(4−n)

. (1.123)

As ∼ 10−9 represents the amplitude of the inflaton fluctuation measured from Planck. The
effective inflaton mass mϕ can be defined by the following relation

m2
ϕ = ∂2ϕ V (ϕ), (1.124)

which is same as m for n = 2 and it is constant for n = 2. For this model, we can connect
CMB parameters (ns, r) with inflationary parameters such as the inflationary e-folding number,
Nk as

Nk =
n+ 2

2 (1− ns)
− n

4
, r =

8n

n+ 2
(1− ns) . (1.125)
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Furthermore, we will need the value of the scalar field’s energy density ρendϕ at the inflation end
to evolve the background beyond inflation. This quantity can be extracted from the condition
ϵ = 1. Using this condition, one can express ρendϕ in terms of the potential value at the inflation
end V (ϕend), as

ρendϕ ∼ 3

2
V (ϕend) =

3

4
m4−n

(
nMp√

2

)n
, (1.126)

Combining these above equations, one can establish the relationship between the CMB
observables and reheating parameters through inflation.

1.4.2 Natural inflation

The potential for this model is given by [30, 31]

V (ϕ) = Λ4

[
1− cos

(
ϕ

f

)]
. (1.127)

where Λ indicates the height of the potential, which sets the inflationary energy scale, and f
represents the axion decay constant that controls the width of the potential. Λ can be fixed
from CMB normalization. Further, by tuning the parameter f , we can suit this model with
observation. In the discussion later, we will look at two representative values f = (10Mp, 50Mp),
which stand marginally consistent with Planck. The inflationary parameter Nk, the tensor to
scalar ratio r, and V (ϕend) can be written as

Nk =
f2

M2
p

ln

(
2f2(f2(1− ns) +M2

p )

(2f2 +M2
p ) (f

2(1− ns)−M2
p )

)
; r =

f2(1− ns)−M2
p

f2/4
;V (ϕend) =

2Λ4M2
p

2f2 +M2
p

,

(1.128)
where the scale Λ can be extracted using constraints from CMB anisotropies as

Λ =

(
3π2M2

pAR(f
4(1− ns)

2 −M4
p )

2f2

) 1
4

. (1.129)

1.4.3 α−attractor model

Here, we assume a class of theoretical models that unifies an extensive number of inflationary
scenarios parameterized by α, known as α-attractor (in this context, see Refs. [32, 33]). This
class of models has a conformal characteristic that leads to a universal prediction for inflationary
observables. The potential of this paradigm is described in the canonical framework as

V (ϕ) = Λ4

[
1− e

−
√

2
3α

ϕ
Mp

]2n
. (1.130)

The CMB power spectrum naturally fixes the mass scale Λ, which defines the energy scale
of inflation. The shape of the canonically normalized inflaton potential near its minimum is
determined by the parameter α. For n = 1 and α = 1, the above potential turns into the well
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known Higgs-Starobinsky model [34, 35]. The quantity Nk and r can be determined by using
the slow-roll approximation (see, for instance, Ref.[10])

Nk =
3α

4n

[
e

√
2
3α

ϕk
Mp − e

√
2
3α

ϕend
Mp −

√
2

3α

(ϕk − ϕend)

Mp

]
, rk =

64n2

3α

(
e

√
2
3α

ϕk
Mp − 1

)2 .(1.131)

Using the condition ϵ(ϕend) = 1, ϕend and V (ϕend) can be written in terms of the parameters
α and n as

ϕend
mp

≃
√

3α

2
ln

(
2n√
3α

+ 1

)
, V (ϕend) = Λ4

(
2n

2n+
√
3α

)2n

(1.132)

Using the constraints from the CMB, the parameter Λ can be determined, and it can be
expressed in terms of the CMB Observables such as As, ns, and r:

Λ =Mp

(
3π2rAR

2

)[
2n(1 + 2n) +

√
4n2 + 6α(1 + n)(1− ns)

4n(1 + n)

]n
2

(1.133)

Using the current bound of ns, r from Planck [29], we can give a suitable bound of the
parameters Λ, α and n, which are compatible with the Planck data.

1.4.4 Minimal plateau model

The non-polynomial modification of the power-law potential is the minimal plateau inflationary
model. The potential associated with minimal plateau inflation is given by [36]

Vmin = Λ
m4−nϕn

1 +
(
ϕ
ϕ∗

)n , (1.134)

where m and ϕ∗ both represent the mass scale. The parameter Λ and m can be fixed from
CMB normalization. A wide range of ϕ∗ values predicts a lower tensor-to-scar ratio for different
values of n consistent with the Planck data [29]. For this model, the inflationary e-folds Nk

and r turn out as

r =
8M2

pn
2

ϕ2
(
1 +

(
ϕ
ϕ∗

)n)2 , Nk =

ϕend∫
ϕk

−ϕ (ϕ
n
∗ + ϕn)

nM2
pϕ

n
∗

dϕ . (1.135)

The initial conditions to the subsequent dynamics after inflation is given by V (ϕend), which
can be written as

V (ϕend) =
m4−nϕnend

1 +
(
ϕend
ϕ∗

)n , (1.136)

where

m =

(
3π2M4

p r AR

2Λϕnk

(
1 +

(
ϕk
ϕ∗

)n)) 1
4−n

. (1.137)
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In our analysis, we set Λ = 1.

This section aims to show how inflation makes the universe homogeneous and isotropic
at a large scale which is required from the observational point of view. However, It is not
that simple. At the inflation end, the universe is cold and non-thermal. On the other hand,
to set the universe for big-bang nucleosynthesis, we need a successful theory that predicts a
universe very close to thermal equilibrium at temperatures around 10 MeV. Due to that reason
reheating can be an integral part of early universe cosmology. Reheating should incorporate
the production of standard model particles and dark matter. In the remaining sections of
the Thesis, we deal with our current understanding of reheating after inflation. We should
demonstrate that the details of the reheating phase rely on the underlying theory of particle
physics beyond the Standard Model as well as how we can understand this phase through
imprints on the various cosmological observables.

1.5 Proposal of the thesis

Over the past few decades, our knowledge about the cosmic history of the universe has been
improved due to the precise measurements of the temperature anisotropies in the CMB [2, 29].
The observations provide adequate evidence for an early inflationary phase. In the framework
of inflation, one can beautifully explain the homogeneous and isotropic universe at a large scale
with negligible spatial curvature and the scale-invariant the primordial curvature perturbations
(see reviews [16, 26, 34, 37–41]). On the other hand, in the framework of big-bang, the
prediction of big-bang nucleosynthesis (BBN) builds on detailed information about nuclear
reactions and points toward a hot and dense universe at a late time scale tBBN ∼ 1 s at
equilibrium temperature TBBN ∼ EBBN ∼ 1 MeV, predicts quantities such as light-element
abundances [42]. Thus the early evolution of our observable universe arrived at two major poles:
cosmic inflation and big-bang nucleosynthesis. High-precision measurements constrain both
inflation and nucleosynthesis, and to date, both theories match observations with impressive
accuracy.

Despite these successes, we still have an inadequate understanding of connecting these two
important eras in cosmic history. Since the typical inflationary energy scale at the end can be
as high as 1016 GeV, with the duration corresponding to ∆tinf ≥ 10−36 s, there is a massive
gap in terms of energy (and time) scale between the periods of inflation and BBN, which is
poorly understood from both theory and observation. The electroweak symmetry-breaking
and QCD phase transitions represent an intermediate stage between inflation and BBN at an
energy scale of around 100 GeV but are still unable to cover the entire energy gap.

After inflation, most of the information about potentially complicated dynamics washed
out before BBN. As a result, present cosmological experiments are unable to probe the period
between inflation and BBN. In spite of this difficulty, we must try to understand the period
between inflation and BBN better for both theoretical and observational reasons. On the
phenomenological ground, to connect the inflationary cosmology to the BBN, it is necessary to
understand how the universe transitioned from the cold, dark, and homogeneous inflaton field
dominated universe to the hot, thermalized, radiation-dominated state. The transition era
from inflation end to radiation domination is identified as reheating phase when the energy of
the inflaton must be transferred to relativistic degrees of freedom as the dominant components
collectively called radiation and leaving a hot, thermal, radiation-dominated universe. Most
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importantly, this reheating process not only explains the cosmic origin of the radiation and
dark matter (DM) component that we observe today but also accounts for the production
of the primordial black holes (PBHs), gravitational waves(GWs), as well as the generation
of matter-antimatter asymmetry observed in our universe (baryogenesis). The dynamics of
reheating are rich and have a potential source of observational signature that can provide clues
to how inflation can be connected with known high-energy physics. To get a complete picture,
any proposed unified theory of high-energy physics must include a complete understanding of
both inflation, reheating, and the later expansion history of the universe.

With the current advances in observational cosmology, the constraints on inflation improving,
reheating will be an essential part of research in the coming years. Unlike inflation, the phase of
reheating is not constrained by any direct observables. One of the most interesting observational
implications of reheating is its effect on the expansion history of the universe between inflation
and BBN, which influences the relation between physical scales of the CMB mode that we
observe today and that at the time of Horizon exit during the beginning of the inflation.
Therefore, the poorly constrained post-inflationary expansion history, especially the reheating
phase, influences predictions for cosmological observables of specific inflation models [43–47].

The preliminary study regarding reheating phase focused on perturbative decays of individ-
ual inflaton into daughter particles [5, 6, 48]. However, at the end of inflation, the inflaton
field oscillated around the minimum of its potential and could involve highly nonperturbative
resonances, known as preheating stage [7, 8, 49–54]. This phase is governed by parametric
resonance and may be analyzed in a linearized approximation to first order in field fluctuations.
Moreover, perturbative decays of the inflaton still play a crucial role at the later stages of the
reheating process and help to complete the transfer of energy from the inflaton to the mostly
radiation particles.

Investigations in the field of reheating have been focused on two main challenges. 1) Studies
the background dynamics of reheating with an understanding of the different stages in the
reheating process, from nonlinear fragmentation of the fields soon after inflation to the stage
which leads to the thermalization of the universe in a radiation-dominated universe at some
reheating temperature and accounting the production of all particles including dark matter,
radiation to get perfect state of our present universe. 2) Understanding the reheating phase
through various cosmological observables such as the primordial magnetic field, gravitational
waves, dark matter, etc. Several efforts have been dedicated to observational signatures of
reheating [55–59], as well as their implications for inflationary observables [45, 60–66]. These
two areas we are mainly focusing on in this Thesis.

The entire Thesis is divided into six chapters, including the introduction. This Thesis is
meant to start with a brief overview of the inflationary paradigm with a general introduction
to the field of reheating after inflation and the motivation behind the Thesis (chapter one). In
chapter two, we initially provided a brief description of the standard Single-phase reheating
scenario, and then we analyzed our proposed Two-phase reheating, where the initial preheating
phase is described by effective dynamics followed by the perturbative reheating. Moreover, we
also include dark matter production during reheating for completeness. In chapter three, we
try to understand the phase of reheating in the light of the large-scale magnetic field we observe
today. Chapter four discusses how we can decode the early and late time reheating phases
through imprints on primordial gravitational waves. Finally, in chapter five, to shed light
on the model-independent observable predictions, we propose a reheating scenario where the
inflaton is coupled with all the daughter fields only gravitationally and successfully reheating
the universe without introducing any arbitrary interactions among the fields. We provide a
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brief conclusion and future directions in chapter six.
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Part II

Dynamics of reheating: towards
decoding its signatures
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Reheating constraints through decaying inflaton : Single-phase
to Two-phase reheating 2

”The most important thing accomplished by the ultimate
discovery of the 3◦K radiation background (Penzias and
Wilson, 1965) was to force all of us to take seriously the
idea that there was an early universe”

Steven Weinberg, in The First Three Minutes: A Modern View of the
Origin of the universe

Unlike inflation models, the reheating phase is poorly constrained due to a lack of direct
observations. Furthermore, this phase is generically assumed to erase all its microscopic details
due to inherent thermalization, which plays an important role in achieving the thermalized
radiation-dominated universe. All these facts do not prevent one from studying such a phase
due to its immense importance in terms of new physics phenomena in connection with inflaton
decay which can influence various cosmological observables, and this will be our main focus of
the present thesis. One can certainly imagine that the modified expansion history of the universe
due to reheating prior to the hot Big-Bang nucleosynthesis (BBN) [42, 67–69], will naturally
affect the physical size associated with any scale which could be observed in Cosmic microwave
background (CMB) [70], and hence gives rise to the possibilities of indirectly constrain the
dynamics of reheating. Further, the underlying process of reheating along thermalization while
the inflaton is decaying into various daughter fields is widely believed to have connections with
various fundamental cosmological issues related to the production of baryon asymmetry in the
universe (baryogenesis) [71–77], the origin of dark matter [78] to name a few. Recently, there
are interesting studies on how the reheating process can influence the propagation as well as
generation of primordial gravitational waves [79–89].

Therefore, the dynamics of reheating are rich and will have important observational signa-
tures. In this chapter, our primary focus will be to discuss the inflaton decaying into various
fields, their observables, and constraints. We will discuss the process in the framework of
perturbative reheating, which has been widely discussed in the literature [4]. However, most
interesting observation of how reheating phase can possibly constrain the inflationary dynamics
through CMB was first proposed in [45, 47, 90] (see Fig.2.1 in this context). In those analyses,
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the reheating dynamics were modeled by an effective equation of state parameters. Further
generalization has been made by considering the full system of Boltzmann equations of inflaton
decaying into daughter fields system [91]. Our studies will be fully based on these two scenarios
and the subsequent development of a more realistic framework that can be connected with
various real cosmological observables. To this end, we would like to advertise the fact that
the Boltzmann approach [91] turned out to be more realistic as it can naturally incorporate
the dark matter sector, and consequently, the dark matter sector can be linked with the
visible sector through CMB observation ([92]). For our purpose, we name the above-discussed
perturbative reheating scenario as single-phase reheating.

After the end of inflation, the inflaton oscillates around its minimum, which is known to
produce daughter particles through parametric resonance for appropriate coupling. Such a
non-perturbative phase is known as preheating. In general preheating has been proved to be
inefficient in completely reheating the universe. Hence, it must be followed by perturbative
reheating. Combining both these phases in a single framework has not been studied in the
literature, and this is precisely the analysis we discuss in the present chapter based on our paper
[93]. The present scenario with two combined phases will be called two-phase reheating. After
setting the stage of the single-phase reheating along with its constraints, we discuss in detail
two-phase reheating. For the sake of simplicity, we described the non-perturbative preheating
phase considering an effective equation of state, and while solving Boltzmann equations, we will
not perform lattice simulation; rather, all the universal outcomes of the lattice simulation will
be imported [94–96], as crucial inputs in our two-phase dynamics. If the inflaton potential is
quadratic in nature V (ϕ) ∝ ϕ2 at its minimum, the lattice simulation shows that after the end
of preheating, the equation of state (EOS) of the system does not reach that of the radiation.
On the other hand if V (ϕ) ∝ ϕn with n ≥ 4, the EOS reaches at the radiation equation of
state ω → 1/3 at the end of preheating [60, 95–97]. Generically, it has been observed in the
lattice simulation that after the end of preheating, only 50% of the inflaton’s initial energy
decays into radiation. All these important results will be considered crucial inputs in our
two-phase reheating analysis. For the purpose of the reader, let us briefly describe the main
idea behind the two-phase reheating model: Endowed with the above few universal features
of lattice results, we will parameterize the initial non-perturbative stage (henceforth, phase I
with an effective equation of state (ωeff ). This phase is assumed to be continued until the
inflaton energy decays into 50% of its initial energy, and the subsequent perturbative stage
(henceforth, phase II) follows. While evolving through phase I and connecting to phase II, the
total energy conservation sets a stringent restriction the possible values of ωeff during phase I
as opposed to the conventional analysis [45, 47, 90]. Furthermore, the perturbative decay in
phase II will be restricted by the CMB constraints [91].
The plan of this chapter is as follows: In sec.2.1, we describe the general analysis of single-phase
reheating. In sec.1.2.4, we will try to specify the possible limits on perturbative reheating
considering some specified form of the interaction between inflation and radiation fields.
Finally, in sec.2.2, we analyze our proposed two-phase reheating. Here are the details of this
section 2.2. In sub-sec.2.2.1, we illustrate the strategy of our numerical study for Two-phase
reheating. After that, in sub-sec.2.2.2, we will try to find out an analytical estimation of
the maximum radiation temperature and reheating temperature. Next, in sub-sec.2.2.3, we
consider different inflationary models and analyze them in the context of the Two-phase
scenario and compare it with conventional reheating dynamics. sub-sec.2.2.4 analyzes the
possible constraints on the coupling parameter corresponding to different inflaton-radiation
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2.1. Single phase reheating

Figure 2.1: The evolution of the comoving Hubble scale ( 1
aH

) connects the inflationary phase with the CMB. The
end of the inflation is denoted by point B. The inflationary phase and radiation-dominated era connect through the
reheating phase. The points D1 and D2 are the ending point of the reheating era for two different effective equations of
state ωeff = (0, 1/6) respectively. For a particular value of the spectral index (lower values of ns, towards nmin

s ), the
reheating temperature calculating by considering ωeff = 1/6 is quite lower in comparison with ωeff = 0. That’s why for
that particular values of ns, the duration of the reheating era is quite wider for ωeff = 1/6 in connection with ωeff = 0
(Nre2 > Nre1).

field interactions. Furthermore, in sub-sec.2.2.5, we include additional dark matter components
and discuss the viable restrictions on the dark matter parameter space for the Two-phase
reheating scenario.

2.1 Single phase reheating

After inflation, the inflaton oscillates around its minimum, and the reheating phase starts.
Depending upon the coupling parameters, nonperturbative reheating may occur. Before we
directly jump into constructing the Two-phase reheating model where the initial stage is
dominated by nonperturbative reheating, let us first elaborate on widely studied single-phase
reheating with two types of scenarios: 1) Reheating phase is described by an effective equation
of state (EoS) parameter ωeff . 2) The perturbative reheating scenario where the inflaton
decays into radiation with a constant decay width Γϕ.

2.1.1 Reheating constraints analysis for dynamics described by an
averaged EoS parameter

For this scenario, we follow the effective fluid description of reheating dynamics proposed in
[45, 47, 90], where inflaton energy is assumed to be converted into radiation instantaneously
at the end of reheating. The dynamics is parametrized by a thermalization temperature Tre,
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e-folds Nre counted from the end of the inflation, and an effective EoS ωeff .
If one assumes a constant effective EoS during reheating, the total energy density at the end of
the reheating ρre can easily be related to the energy density at the end of the inflation ρendϕ as

ρendϕ

ρre
=

(
aend
are

)−3(1+ωeff )

, (2.1)

where aend represents the scale factor at the end of inflation, and are refers to the end of
reheating. Writing this above equation in terms of e-folds

Nre = ln

(
are
aend

)
=

1

3 (1 + ωeff )
ln

(
ρendϕ

ρre

)
=

1

3 (1 + ωeff )
ln

(
3

2

V (ϕend)

ρre

)
. (2.2)

The reheating temperature can be related to the energy density at the end of the reheating as

ρre =
π2

30
gre T

4
re , (2.3)

where gre represents effective degrees of freedom associated with radiation.
The main goal of this reheating constraint analysis is to understand the relations among early
universe inflation dynamics, intermediate reheating dynamics, and late time dynamics. A
particular cosmological scale k going out of the horizon during inflation will reenter the horizon
during late time cosmological evolution. This fact will provide an important relation among
different phases just mentioned as follows:

ln

(
akHk

a0H0

)
= −Nk −Nre + ln

(
areHk

a0H0

)
, (2.4)

where, a particular scale k satisfies the relation k = a0H0 = akHk. (a0, H0), are the cosmolog-
ical scale factor and Hubble constant at the present time, respectively. Furthermore, making
the standard assumption that the entropy is conserved during the evolution from the end of
reheating to the current phase, one can estimate the reheating temperature in terms of the
present CMB temperature in the following manner

gs, reT
3
re =

(
a0
are

)3(
2T 3

0 + 6
7

8
T 3
ν0

)
, (2.5)

where gs, re represents the effective number of degrees of freedom for entropy at reheating.
(T0, Tν0 = (4/11)1/3T0), temperature of the CMB photon and neutrino background at the
present day respectively. Upon substitution of Eqn.(2.4) into (2.5), one can arrive at the
following well known relation

Tre =

(
43

11gre

) 1
3
(
a0T0
k

)
Hke

−Nke−Nre = Gke−Nre , (2.6)

where Gk =
(

43
11gre

) 1
3 (a0T0

k

)
Hke

−Nk . Equating Eqns.(2.6), (2.3), and (2.2) e-folding number
Nre turns out as

Nre =
4

(1− 3ωeff )

[
−1

4
ln

(
45

π2gre

)
− 1

3
ln

(
11gs, re
43

)
− ln

(
k

a0T0

)
− ln

(
V

1/4
end

Hk

)
−Nk

]
.

(2.7)
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In our subsequent study, we identify the cosmological scale k as the pivot scale set by Planck,
k/a0 = 0.05 Mpc−1 and gre = gs, re ∼ 100. Before defining any inflationary model, using these
values, one can obtain a simplified expression for Nre

Nre =
4

1− 3ωeff

[
61.6− ln

(
V

1/4
end

Hk

)
−Nk

]
. (2.8)

2.1.2 Reheating constraints analysis for perturbatively decaying inflaton

As a second possibility, we shall consider the perturbative reheating scenario. In such a case,
after inflation, the inflaton energy density, say, ρϕ, gradually decays into the radiation energy
density, say, ρR, with the decay process being governed by the Boltzmann equations. As a
result, the effective EoS parameter during the reheating phase becomes time-dependent. In
our analysis below, for simplicity, we shall assume that the EoS parameter ωϕ of the scalar
field during the reheating phase remains constant. Such an assumption is valid as far as the
oscillation time scale of the inflaton is much smaller than the Hubble time scale. This turns
out to be generally true when the field is oscillating immediately after the end of inflation, and
we should point out that such a behavior has also been seen in lattice simulations [94, 95, 98].
Hence, for a wide class of inflationary potentials that behave as V (ϕ) ∝ ϕ2n near the minimum,
the time-averaged EoS parameter of the inflaton can be expressed as ωϕ = (n− 1)/(n+ 1) [99].
We should emphasize that this scenario is different from the one considered in the previous
section wherein the explicit decay of the inflaton field was not taken into account. Specifically, in
the earlier case, the energy density of the inflaton was supposed to be converted instantaneously
into the energy density of radiation at a given time, leading to the end of the phase of reheating.
Let us explain the methodology of our analysis that helps us identify the regime of its validity,
which will further motivate the reader to consider a physically more acceptable Two-phase
reheating process. While discussing this, we will see one of the important results: the existence
of a maximum reheating temperature. Subsequently, the generalization to the Two-phase
reheating will show how the maximum reheating temperature reduces depending upon the
initial condition. Let us start with the following Einstein equation for the cosmological scale
factor and conservation of energy:

n̈re = −2ṅ2re +
1− 3ωϕ
6M2

p

ρϕ (2.9)

ρ̇ϕ + 3ṅre(ρϕ + pϕ) + ρ̇R + 4ṅreρR = 0,

Where "ρϕ" and "ρR" are the energy densities of two different components: inflaton and
radiation, respectively. At any instant of time during reheating, we parametrize the duration
of reheating by e-folding number nre(t) = ln(a/ai), where "a" is the cosmological scale factor.
The time derivative of nre is the Hubble expansion parameter ṅre = H during reheating.
The fundamental difference between our present analysis followed from [91] and that in
[45] is the consideration of Eq.2.9, where we consider the multiple dynamical components.
Furthermore, the effective equation of state defined in the introduction, ωeff is time-dependent
and interpolates between two values (ωϕ, 1/3). However, in [45], the authors have taken it
to be constant during their analysis. Therefore, we employ realistic decay dynamics in the
reheating constraint analysis and provide a new framework to go beyond, which is our main
purpose of the present section. Keeping the above points in mind, let us express the total
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energy density as,

ρR + ρϕ = e−4nre

(
ρiϕ + (1− 3ωϕ)

∫ t

ti

ρϕe
4nrednre

)
. (2.10)

which is followed by the conservation eq.2.9. The index "i" stands for the initial stage of
reheating, which also marks the end of inflation. At the beginning of reheating we set ρR(ti) = 0.
For solving the above set of equations, the boundary condition is set by the inflaton energy
density as ṅre(ti) = H(ti) =

√
ρiϕ/3M

2
p . The physical quantity of our interest is the ratio of

the radiation energy density and the inflaton energy density. From eq.2.10, one gets

ρfR
ρiϕ

= e−4Nre −
ρfϕ
ρiϕ

+ (1− 3ωϕ)e
−4Nre

∫ f

i

ρϕ
ρiϕ
e4nrdnre . (2.11)

Where "f" corresponds to the final value of radiation density. We define the total e-folding
number during reheating as Nre = nre(tf ).
The usual approach is to define the EoS of the total energy density during reheating and study
its evolution. However, here we consider only the radiation part with inflaton during reheating
and try to understand the evolution of its temperature Trad as a function of scalar spectral
index and finally connect the temperature with CMB one on a large scale [91]. The reheating
temperature Tre is identified with radiation temperature Trad at thermal equilibrium between
the decaying inflaton and the radiation. From the entropy conservation of thermal radiation,
the relation among Trad = Tre at equilibrium can be expressed as given in Eqn.2.6. In our
subsequent study, we compare our result with the corresponding estimated scalar spectral
index ns = 0.9682± 0.0062 [100, 101].

Following the discussion in the introduction for the perturbative reheating and considering
the inflaton decay width to be Γϕ, once obtains the maximum radiation temperature as,

Tmaxrad ≃

(
392M2

p (ṅ
i
re)

2

π2gre

) 1
8 √

Tre. (2.12)

Where, the standard definition of reheating temperature Tre = 0.45 (200/gre)
1/4√ΓϕMp has

been used. From the above equation, if one identifies a special point where two temperature
meets, Tmaxrad = Tre, one gets an approximate analytical expression for the maximum possible
reheating temperature for a given decay width. Our numerical analysis also shows the maximum
reheating temperature at the aforementioned special point,

Tmaxre ≃

(
392ρiϕ
3π2gre

) 1
4

. (2.13)

Interestingly, the maximum reheating temperature Tmaxre can be computed exactly for a special
case when wϕ = 1/3. The corresponding result is as follows,

Tmaxrad |ωϕ=
1
3

≃

(
30ρiϕ
π2gre

Γϕ
4ṅi + Γϕ

) 1
4

(2.14)
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2.1. Single phase reheating

Tmaxre |ωϕ=
1
3

= lim
Γϕ≫4ṅi

Tmaxrad |ωϕ=
1
3
=

(
30ρiϕ
π2gre

) 1
4

.

This expression is exactly the same as previously discussed. For this special value of ωϕ = 1/3,
we also have exact expression for all the reheating parameters (Tre, Nre) as follows,

Tre = Gk

1−

√√√√ 4ρiϕ
3M2

pΓ
2
ϕ

ln

[
1−

π2greG4
k

32.5V (ϕend)

]− 1
2

. (2.15)

Nre =
1

2
ln

1−
√√√√ 4ρiϕ

3M2
pΓ

2
ϕ

ln

[
1−

π2greG4
k

32.5V (ϕend)

] (2.16)

At this point, let us again emphasize the fact that as long as we are in the perturbative
regime, the relation among the scalar spectral index ns and the reheating temperature Tre can
be understood from our detailed analysis above.

2.1.2.1 Procedure for numerical analysis and boundary condition

Let us describe the strategy of our numerical study. We can identify the inflation model-
dependent input parameters as Nk, Hk, V (ϕend) as function of spectral index ns for a particular
CMB scale k. Considering simple canonical inflation potential, the CMB observables can be
related to the slow-roll parameters and value of Hk (Hubble parameter at the point of horizon
exit of CMB mode) as

ns = 1− 6ϵk(ϕk) + 2ηk(ϕk) , r = 16ϵk(ϕk) , Hk =
πMp

√
rkAs√
2

, (2.17)

where we have used the slow roll approximation and As = H4/(4π2ϕ̇2). From the slow-roll
approximation, we also obtain

H2
k ≃ 1

3M2
p

V (ϕk) , (2.18)

where ϕk is the value of the scalar field ϕ at the Hubble crossing of mode k. Likewise, another
inflation model-dependent input parameter, Nk denotes the e-fold at which the wave number k
leaves the Hubble radius when counted from the end of inflation

Nk = log

(
aend
ak

)
=

∫ ϕk

ϕend

3

2

V (ϕ)

V ′(ϕ)
dϕ =

∫ ϕend

ϕk

|dϕ|√
2ϵvMp

, (2.19)

where, the field value at the end of inflation ϕend for a particular scale k, is computed from the
condition of the end of inflation,

ϵ(ϕend) =
1

2M2
p

(
V ′(ϕend)

V (ϕend)

)2

= 1, (2.20)

where ak and aend are the scale factors at the horizon crossing of mode k and at the end of
inflation, respectively. The above equations (2.17), (2.18), and (2.19) establishes the relation
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

between the observable quantities (ns, As, r) and the parameter in the potential at the leading
order in ϵk and ηk. As the initial conditions for subsequent reheating dynamics are set by the
end of the inflation, the reheating parameters Nre, Trad will implicitly depend upon the scalar
spectral index ns for a given scale; therefore, one can establish the connection between CMB
anisotropy and reheat through inflation.
During this perturbative reheating dynamics various components of the total energy density
satisfy the following standard Boltzmann equations [4, 91],

ρ̇ϕ + 3H(1 + ωϕ)ρϕ + Γϕρϕ(1 + ωϕ) = 0 , (2.21)

ρ̇R + 4HρR − Γϕρϕ(1 + ωϕ) = 0 . (2.22)

To solve these equations numerically, we need to identify the initial conditions for the individual
field components that can be written as

ρϕ(A = 1) =
3

2
V (ϕend) ; ρR(A = 1) = 0 , (2.23)

where the rescaled scale factor is defined as A = a/aend. Once we numerically solve the
reheating dynamics, we can define reheating temperature Tre from the radiation temperature
Trad when the condition H(t) = Γϕ is satisfied,

H(Are)
2 =

(
Ȧre
Are

)2

=
ρϕ(Γϕ, Are, n

k
s) + ρR(Γϕ, Are, n

k
s))

3M2
p

= Γ2
ϕ , (2.24)

where Are is the normalized scale factor at the end of the reheating. Accordingly, the reheating
temperature in terms of radiation temperature (Trad) is expressed as,

Tre = T endrad =

(
30

π2g∗(T )

)1/4

ρR(Γϕ, Are, n
k
s)

1/4 . (2.25)

Now connecting equations (2.24), (2.25), and (2.6), we can establish one to one correspondence
between Tre and Γϕ.

Unifying dark sector: Earlier, we discussed the reheating process, where inflaton decays
only into radiation. In the present discussion, we add additional dark matter components and
discuss the impact on dark matter phenomenology. The assumption is that inflaton decays into
radiation and then radiation to dark matter. The methodology of the analysis will be the same
as before, except the new additional dynamical equations for dark matter. The subsequent
perturbative phase will now be governed by two more parameters related to the dark matter
component. Apart from the inflaton equation of state ωϕ and the inflaton decay constant
Γϕ, we have a thermal average of dark matter annihilation cross-section ⟨σv⟩, and the dark
matter mass MX . The corresponding dimensionless comoving energy densities’ dynamics will
be governed by the Boltzmann equation [91].

Φ′ = −c1
A1/2Φ√

Φ

A
3ωϕ

+ R
A + X⟨EX⟩

mϕ

, (2.26)

R′ = c1
A

3(1−2ωϕ)

2 Φ√
Φ

A
3ωϕ

+ R
A + X⟨EX⟩

mϕ

+ c2
A−3/2⟨σv⟩2⟨EX⟩Mp√

Φ

A
3ωϕ

+ R
A + X⟨EX⟩

mϕ

(
X2 −X2

eq

)
, (2.27)
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2.1. Single phase reheating

X ′ = −c2
A−5/2⟨σv⟩Mpmϕ√

Φ

A
3ωϕ

+ R
A + X⟨EX⟩

mϕ

(
X2 −X2

eq

)
. (2.28)

where, for numerical purposes, the dimensionless variables are defined as

Φ ≡
ρϕa

3

mϕ
; R ≡ ρRa

4 ; X ≡ nXa
3 . (2.29)

Here prime ′ represents the derivative with respect to A. The average energy of the dark matter
particle is expressed as ⟨EX⟩ = ρX

nX
≃
√
M2
X + 9T 2 [4]. The equilibrium number density of the

dark matter particle can be described in terms of the modified Bessel function of the second
kind [4]

neqX =
gT 3

2π2

(
MX

T

)2

K2

(
MX

T

)
, (2.30)

and the constants c1 and c2 are delineate as,

c1 =

√
3
8πMpΓϕ

m2
ϕ

, c2 =

√
3

8π
. (2.31)

Where g represents internal degrees of freedom associated with dark matter particles. The
initial conditions to solve the Boltzmann equations are set at the end of inflation to be,

Φ(1) =
3

2

V (ϕend)

m4
ϕ

; R(1) = X(1) = 0 . (2.32)

Now including the dark matter component, the condition for ending of the reheating dynamics
is set by the following equation,

H2 =
ρϕ(Γϕ, Nre, ns) + ρR(Γϕ, Nre, ns)) + ρX(Γϕ, Nre, ns)

3M2
p

= Γ2
ϕ . (2.33)

supplemented with the observational constraint namely the relation between reheating tem-
perature follows from the above equation and present CMB temperature T0 = 2.7K ≃
2.35× 10−13 GeV though the relation Eq.(2.6). the additional observational constraint is the
observed value of the dark matter abundance defined as ΩX [2, 102]

ΩXh
2 = ⟨EX⟩

X(TF ) TF AF
R(TF ) T0 mϕ

ΩRh
2 = 0.1199± 0.0022, (2.34)

which is expressed in terms of radiation abundance ΩR (ΩRh2 = 4.3 × 10−5). TF is the
temperature at the very late time when both comoving dark-matter and radiation energy
components become constant. While solving the Boltzmann equations, the above-mentioned
conditions will constrain the dark matter parameter ⟨σv⟩ (thermal average of the cross-section
times velocity) for a fixed value of the dark matter mass, MX , and the inflaton decay constant
in terms reheating temperature.
Another important motivation for this chapter would be to incorporate the non-perturbative
aspects of reheating into our formalism, which we discussed in our subsequent section. Before
going into this in detail, let us point out the regime of validity of perturbative reheating, which
we already discussed in section-1.2.4 for different coupling. In our subsequent analysis, we
also want to examine whether the critical condition on the decay channel, which indicates the
transition from non-perturbative to perturbative dynamics, is consistent with our analysis or
not for the different inflationary models.
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

Figure 2.2: The evolution of the comoving Hubble scale ( 1
aH

) connects the inflationary phase with the CMB. The end
of the inflation is denoted by point B. The inflationary phase and radiation-dominated era connect through the reheating
phase, which contains two different regions, the effective non-perturbative reheating era, and the perturbative reheating
era. C denotes the ending point of the non-perturbative reheating era. The points D1 and D2 are the ending point of
the perturbative reheating era for two different inflaton equations of state during perturbative reheating ω1

ϕ = (0, 0.2)

respectively. For the perturbative reheating era with the inflaton equation of state ω1
ϕ = (0, 0.2), the e-folding number,

basically, the duration of the perturbative process are different. For a particular value of the spectral index (lower values
of ns, towards nmin

s ), the decay width calculating by considering ω1
ϕ = 0.2 is quite lower in comparison with ω1

ϕ = 0.
That’s why for that particular values of ns, the duration of the perturbative era is quite wider for ω1

ϕ = 0.2 in connection
with ω1

ϕ = 0 (Nre2 > Nre1).

2.2 Two-phase reheating: Regime of effective nonperturbative
and perturbative reheating

Preheating is the standard and well-studied mechanism to consider the non-perturbative effect
during reheating. This stage is essentially the combination of a highly non-linear process of
parametric resonance and subsequent thermalization. The well-known fact is that the non-
perturbative preheating mechanism does not completely decay inflaton into the radiation field.
Therefore, subsequent perturbative decay will be necessary to complete the reheating process.
To the best of our knowledge, the reference [91] has considered this issue for the first time and
studied perturbative reheating, followed by preheating considering a specific model of chaotic
type inflation. However, generically the preheating mechanism is model-dependent. Hence,
combining the end of preheating and subsequent model-independent perturbative reheating
is somewhat irreconcilable. Therefore, our objective in the following sections would be to
reconcile these two phases.

Instead of dwelling on explicit non-perturbative computation during the preheating stage,
we will adopt an effective model-independent approach following the reference [45]. The basic
idea is to assume the dynamics of preheating to be solely governed by an effective equation of
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2.2. Two-phase reheating: Regime of effective nonperturbative and perturbative reheating

state ωeff supplemented with the total energy conservation law in terms of its constituents. As
already emphasized in the introduction, the information about the non-perturbative dynamic
will be encoded, considering its universal features in our effective dynamics.

As pointed out already, during the non-perturbative dynamics, inflaton decay is not
complete, and typically it is around 50% of its total comoving energy, which is being transferred
into the daughter fields. Furthermore, in inflation models with quadratic potential near the
minimum, the non-perturbative reheating does not lead to the equation of state, ω = 1

3 , which
is expected at the endpoint of reheating [95, 98]. Our essential idea would be to correctly
utilize those results as the endpoint conditions of our proposed effective dynamics in place of
preheating. After the end of this, the usual Boltzmann perturbative reheating process will
follow. The second phase completes the reheating process by leading to the correct state
equation with relativistic degrees of freedom as the dominant components collectively called
radiation. Fig.2.2 illustrates our methodology of calculation. Throughout this section, we call
this a two-phase reheating process.
phase-I: (Effective non-perturbative phase) During the early stage of reheating, the phase will
be described by total energy density ρT = ρR + ρϕ and the constant effective equation state
weff . Hence the evolution will be described by,

ρT = ρTe

(aend
a

)3(1+ωeff )
, (2.35)

where ρTe is the total energy density at the end of the inflation. aend is the scale factor at
the end of the inflation. In this section, we will build up our formalism by considering two
matter components with ρϕ, ρR as the inflaton energy density and radiation energy density,
respectively, at any instant of time. In the subsequent section, we will add dark matter as a
third component as an extension. Nonetheless, from the total energy expression, one can write
down the following equation follows from Eq.(2.35),

ρ̇ϕ + ρ̇R + 3H(1 + ωeff )(ρϕ + ρR) = 0 . (2.36)

To reduce the number of unknown parameters, to this end we will also utilize total energy
conservation relation considering individual equation of state of the inflaton (ωϕ) and the
radiation field (ωR = 1/3) described as

ρ̇ϕ + 3H(1 + ωϕ)ρϕ + ρ̇R + 4HρR = 0 . (2.37)

Given the aforementioned constraint relation, one obtains the possible restricted value of the
effective equation of state, ωeff . To find those restrictions we combine above two EQs.(2.36)
and (2.37), and obtain the following consistency relation,

ρR
ρϕ + ρR

=
3 (ωϕ − ωeff )

3ωϕ − 1
. (2.38)

Right at the end of inflation or the beginning of the preheating phase, the energy density
of the radiation part will naturally be close to zero ρR ≃ 0. As time evolves, ρR increases
due to decaying inflaton. This initial condition automatically restricts the possible values
of ωeff to be very close to that of the inflaton equation of state ωϕ. , Of course, more
appropriate approach would be to assume the inflaton equation of state evolving from the
value very close to ωϕ to the value required in the next phase. We will comment on this issue
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

at the appropriate place during our discussion. However, from the usual numerical lattice
simulation, the inflaton dominates the preheating phase’s significant duration. Hence, the
equation of state will naturally be close to that of the inflaton field. Thus, our effective
dynamics approach towards preheating truly captures all these necessary properties of the non-
perturbative dynamics. As ωeff turned out to be no longer a free parameter and constrained
by the above consistency relation (2.38), our following analysis will be based on this important
result. Throughout our study we consider models for which the inflaton equation of state
during phase-I ωϕ = 0, and consequently following Eq.2.38 we choose two values of effective
equation of state ωeff = (10−6, 10−3). This choice will automatically fixes the initial radiation
densities during phase-I as ρR/(ρϕ + ρR) = (3× 10−6, 3× 10−3). We will see the maximum
reheating temperature crucially depends upon these initial conditions.

Phase-II: (Perturbative phase) Once the preheating dynamics end the usual Boltzmann
perturbative reheating follows. During this period various components of the total energy
density satisfy the following standard Boltzmann equations [4],

ρ̇ϕ + 3H(1 + ω1
ϕ)ρϕ + Γϕρϕ(1 + ω1

ϕ) = 0 , (2.39)

ρ̇R + 4HρR − Γϕρϕ(1 + ω1
ϕ) = 0 , (2.40)

where the inflaton field ϕ decays into radiation with the decay rate Γϕ. ω1
ϕ represents inflaton

equation of state during perturbative reheating. Important to note that inflaton equation of
state during phase-I, ωϕ is taken to be different than that of phase-II, ωϕ. This is where we
will again consider lattice simulation results as another important input.

Now that we have identified the full reheating phase in terms of two distinct stages, we
will numerically solve all those equations self consistently. With the appropriate dimensionless
rescaled variables for the inflaton and radiation energy densities,

Φ =
ρϕa

3(1+ωϕ)

m
(1−3ωϕ)
ϕ

; R = ρRa
4 , (2.41)

governing equations for the effective dynamical preheating phase turn into the following form,

Φ′

A
3ωϕ

+ R′

A = 0 ,

Φ′

A
2+3ωϕ

+ R
A4 [3(1 + ωeff )− 4] + R′

A3 +
3Φ (ωeff−ωϕ)

A
3(1+ωϕ) = 0

 , Phase I (2.42)

and the associated governing equations for the subsequent perturbative phase will reduce into

Φ
′
+ C1(1 + ω1

ϕ)
A1/2Φ
X = 0 ,

R
′ − C1(1 + ω1

ϕ)
A

3(1−2ω1
ϕ)

2 Φ
X = 0

 . Phase-II (2.43)

The rescaled scale factor is defined as A = a
aend

. "Prime"(′) represents derivative with respect
to A. The constant C1 and redefined variables are,

X =

√
Φ

A3ω1
ϕ

+
R

A
; C1 =

√
3MpΓϕ
m2
ϕ

. (2.44)

mϕ is the mass of the inflaton. In the next section, we will describe the methodology for
solving the above set of equations numerically.
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2.2. Two-phase reheating: Regime of effective nonperturbative and perturbative reheating

2.2.1 Procedure for numerical analysis and boundary conditions

In section (2.1.2.1), we already identify inflationary model-dependent input parameters as a
function of scalar spectral index ns for a given scale. Moreover, as the initial conditions for
the reheating phase followed by the inflationary dynamics, the reheating parameters Nre and
Tre will implicitly depend upon the scalar spectral index ns. Therefore, one can show the
connection between CMB anisotropy and the reheating through inflation.
Phase-I initial condition: The initial conditions for phase-I of the reheating dynamics
(effective non-perturbative era) are set by the end of inflation at A = 1 and the equation (2.38).
Those are as follows,

Φ(A = 1) =
3

2

V (ϕend)

m4
ϕ

; R(A = 1) =
3 (ωeff − ωϕ)

1− 3ωeff
Φ(A = 1) . (2.45)

Subsequent perturbative dynamics will now crucially depend on the endpoint of the first
phase of reheating, namely the phase-I. On this issue, we rely on the actual non-perturbative
lattice simulation results [94, 95, 98] considering a specific model of reheating where the
inflaton field is assumed to couple with the reheating field. This system has been studied
quite extensively [103, 104] in the literature by using the publicly available numerical package
LATTICEEASY[105] and its parallelized version CLUSTEREASY[106]. The non-perturbative
analysis for different inflationary models has been proved to yield some universal results, which
will be our important input for the numerical analysis. Extensive works on non-perturbative
reheating analysis yield an important fact that only the 50% of the total comoving inflaton
energy density is getting transferred into the daughter field. Additionally, the inflaton equation
of state tends to achieve a steady-state value depending upon the power-law form of the
inflaton potential near its minimum. For example, if one assumes the inflaton potential to be of
power-law from V (ϕ) ∼ ϕn, for chaotic type model namely n = 2, the non-perturbative phase
ends with a steady value of the equation of state ∼ 0.2. However, for other values of n ≥ 4, the
equation of state approaches ω = 1

3 at the endpoint of the non-perturbative reheating. These
are the crucial quantitative results from the non-perturbative preheating dynamics we will be
utilizing in our analysis for the phase-II dynamics.

Phase-II initial condition: After the phase-I dynamics, the pertubative dynamics will
automatically follow. However, an important point would be to identify the appropriate
boundary conditions. The starting moment of phase-II will be set by the normalized scale
factor Anpre = anpre/aend which is the ratio between the scale factor at the end of the effective
non-perturbative epoch namely phase-I anpre, and the end of the inflation. The initial conditions
for the dimensionless comoving densities are

Φ = Φ(Anpre) ;
R(Anpre)

R(Anpre) + Φ(Anpre)
≃ 1

2
. (2.46)

It is important to realize that the initial condition is determined by 50% decay of the total
comoving energy density ρT . Further, we have numerically checked that our results do not
seem to depend both qualitatively as well as quantitatively much on the amount of decay
within 40% − 60% of the total energy at the end of phase-I. For the analysis, we further
assume the inflaton equation of state ω1

ϕ ≃ 0.2 irrespective of the models under consideration.
This approximate value is again another important input from the Lattice simulation. For
comparison, we also consider the cases where either phase-I or phase-II evolution completely
governs the reheating dynamics.
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

Determining the reheating parameters: Once we solve the reheating dynamics
numerically, we can define reheating temperature Tre when the condition (2.24) is satisfied.
Accordingly, the reheating temperature in terms of radiation energy density is expressed in
Eqn. (2.25). Furthermore, Now the e-folding number during reheating Nre consists of two
contributions carried out in two distinct phases as

Nre = log

(
are
aend

)
= log

(
are
anpre

anpre
aend

)
= Npre +Nnpre , (2.47)

Npre = log

(
are
anpre

)
; Nnpre = log

(
anpre
aend

)
, (2.48)

where Npre and Nnpre are the e-folding number during perturbative and effective nonperturba-
tive region respectively. Combining equations (2.6) and (2.47), we obtain the most important
modification of Eq.(2.6) relating the reheating and inflationary parameters,

Tre =

(
43

11gre

)1/3(a0T0
k

)
Hke

−Nke−Nnpree−Npre . (2.49)

Now connecting equations (2.24), (2.25) and (2.49), we can establish one to one correspondence
between Tre and Γϕ.

As described before, we will consider three possible cases and compare the results

Case-I Nnpre ̸= 0 , Npre ̸= 0 Phase-I + Phase-II

Case-II Nnpre ̸= 0 ; Npre = 0 Kamionkawski et al [45] (See section (2.1.1))

Case-III Nnpre = 0 ; Npre ̸= 0 Phase-II (Discussed in the previous section(2.1.2))

(2.50)

To this end, let us specifically mention case II, when perturbative dynamics cease to exist.
This particular procedure proposed in [45], has been studied quite extensively in the literature
[91]. In this particular phase, dynamics is solely governed by the effective equation of state
ωeff . The explicit decay of inflaton does not appear in the computation. However, information
about the decay constant Γϕ is extracted from the equilibrium condition Γϕ = H, where the

reheating temperature (Tre) is defined as Tre = 0.2
(
200
gre

)1/4
(ΓϕMp)

1/2. However, not to ignore
an important difference between the phase-I described before and the approach devised in [45]
or case-II for the present study is the additional conservation equation (2.38). This essentially
differentiates the regime of applicability of these two approaches. Phase-I dynamics is assumed
to be applicable in the early non-perturbative regime. Whereas, since condition (2.38) does
not exist, the original Kamionkowski et al. [45] approach is effectively applicable throughout
the full period of reheating without any microscopic details. Further, the value of ωeff is no
longer constrained to be very closed to the inflaton equation of state during phase-I. This
relation helps us to compare the results for various scenarios we consider. To avoid symbol
confusion whenever we study case-II, we use the symbol ωKeff instead ωeff which
we reserve for two-phase reheating dynamics.
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2.2. Two-phase reheating: Regime of effective nonperturbative and perturbative reheating

2.2.2 Maximum radiation temperature and reheating temperature: The
analytic study

Before moving on to a particular model, let us analytically estimate the maximum reheating
temperature and its dependence upon the initial condition following the same line as before.

Considering the standard definition of radiation temperature Trad =
(

30
π2gre

ρR

)1/4
, and com-

puting the radiation energy density during phase II following the Eqs.(2.39), (2.40), (2.36) and
(2.37) the approximate radiation temperature assumes the following form (see appendix 6.2 for
details calculation)

Trad =

(
ρinϕ Γϕ(1 + ω1

ϕ)

βx4Hin

[
2

5− c

(
x

5−c
2 − 1

)
+
ρinR
ρinϕ

(
1− x

c+3
2

c+ 3
+

Hin

Γϕ(1 + ω1
ϕ)

)])1/4

, (2.51)

where x, β, c and Hin express as

x =
a

anpre
, β =

π2gre
30

, c = 3ω1
ϕ , Hin =

√
ρinϕ

√
3MP

. (2.52)

In the above expression ρinϕ , ρinR represent inflaton and radiation energy density respectively at
the end of phase-I or the beginning of phase-II

ρinϕ = ρϕ(a = anpre) , ρ
in
R = ρR(a = anpre) . (2.53)

The maximum radiation temperature defined at the point xmax = amax/anpre, where dTrad
dx = 0,

which gives us the maximum radiation temperature for Two-phase reheating expressed in terms
of dimensionless comoving densities,

Tmaxrad ≃ D1/4

1 + (3 + c)R(Anpre)

8Φ(Anpre)A
1−c
npre

1− x
c+3
2

max,p

c+ 3
+

√
Φ(Anpre)A

−3(1+ω1
ϕ)

npre m4
ϕ

√
3MpΓϕ(1 + ω1

ϕ)


 (2.54)

D =

2Γϕ

√
3M2

pΦ(Anpre)A
−3(1+ω1

ϕ)
npre m4

ϕ

(3 + c)βx4max,p


1/4

, xmax,p =

(
8

3 + c

) 2
5−c

. (2.55)

One particularly notices the correction term in the maximum radiation temperature due to
initial comoving radiation density R(Anpre) at the beginning of phase II. It boils down to well
know expression Tmaxre = D1/4 in the R(Anpre) = 0 limit. In this above expression, we ignored
the contribution of dark matter. However, generically during the reheating period, dark matter
is not the dominant component, therefore, the numerical value of the reheating temperature
will not be affected. The analytic expression for the dimensionless comoving density during
phase II related to the density at the end of inflation will be

Φ(Anpre) = (1− 3ωeff ) Φ(A = 1)A
−3ωeff
npre . (2.56)
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Where Anpre is the normalized scale factor at the end of the effective dynamics (phase I)

Anpre =
1− 3ωeff
3ωeff

. (2.57)

One of our important results from the above expression for the maximum reheating temperature
is the highest radiation temperature, which is defined at Tmaxrad = Tmaxre corresponding to a given
nmaxs . As we change the value of ωeff = (10−3 → 10−6), the maximum reheating temperature
changes as Tmaxre = (1013 → 1010) GeV. Once we set R(Anpre) = 0, the maximum reheating
temperature becomes Tmaxre ∼ 1015 GeV as expected (see Eqs.(2.13). Proceeding further, we
can also obtain the approximation expression for the reheating temperature itself. Utilizing
the expression of the Hubble constant at the equilibrium point (Hre = Γϕ), and subsequent
entropy conservation, one arrives at the following expression

T 4
re ≃

x4reρ
in
ϕ

β

[
G4β

ρinϕ
+

5− c

2 (c+ 3)

ρinR
ρinϕ

(
G4β

ρinϕ
−
ρinR
ρinϕ

)
xc−1
re

]
. (2.58)

Where, xre = are/anpre can be recognize as

xre =

(
α

η

) 1
c−1

, (2.59)

Here

α =
G4β

ρinϕ
; η =

5− c

2

(
G4β

ρinϕ
−
ρinR
ρinϕ

) ρinR
(c+ 3) ρinϕ

+
5− c

2

3M2
pH

2
in

ρinϕ

(
1 + ω1

ϕ

)2
(
G4β

ρinϕ
−
ρinR
ρinϕ

) .
(2.60)

For the detailed derivation of all the aforementioned equations for the reheating temperature,
see Appendix 6.2. Now we will consider a class of inflationary models of inflation and analyze
our proposed Two-phase reheating scenario.

2.2.3 Inflation models and numerical results

Based on our methodology discussed above, we will now consider a class of inflationary models
for which the inflaton potentials assume to be quadratic form. We will also point out the regime
of validity of the effective non-perturbative and perturbative era for the different inflationary
models. After the inflation, the inflaton field generically oscillates around the minimum of
its potential V (ϕ). Reheating field coupled with the oscillating inflaton is generically prone
to non-perturbative particle production. Our objective is to replace these non-perturbative
dynamics with an effective dynamical equation, which is solely governed by the effective
equation of state, ωeff supplemented with the additional constraint relation Eqn.(2.38). We
have already observed that during phase-I, ωeff is close to that of the inflaton equation of
state, ωϕ. Near the minimum of the potential if the form is taken to be power law as ∝ ϕn,
over multiple oscillations, the average inflaton equation of state is expressed as [99]

ωϕ =
Pϕ
ρϕ

≈ ⟨ϕV ′(ϕ)− 2V (ϕ)⟩
⟨ϕV ′(ϕ) + 2V (ϕ)⟩

=
n− 2

n+ 2
. (2.61)
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Figure 2.3: We plot the evolution of the different energy components (inflaton and radiation) with the normalized
scale factor for chaotic inflation model with n = 2. The blue and green curve indicates the variation of comoving densities,
the inflaton, and radiation density, respectively, for our proposed two-phase dynamics (case-I). The red and pink line
represents the normalized scale factor at the ending of phase I and II accordingly. Furthermore, the solid and dashed
curves correspond to the two different values of the effective equation of state ωeff = (10−3, 10−6). Whereas, the result
for considering standard non-perturbative lattice simulation, during phase I, is shown by the dashed black and brown line.

For n = 2 model, ωϕ assumes dust like equation of state (ωϕ = 0). Throughout the subsequent
study, we consider those inflationary models which have quadratic potential near their minimum.
Therefore, during phase-I of reheating, we set ωϕ = 0. To this end, let us emphasize again that
during phase-II, when the reheating dynamics enter into the perturbative phase, we assume
the inflaton equation of state ω1

ϕ ≃ 0.2, which is one of the important lattice simulation results
mentioned earlier. Further, we analyze phase-I dynamics considering two specific choices of
the effective equation of state ωeff = (ωϕ + 10−3, ωϕ + 10−6) which are closed to ωϕ.

2.2.3.1 Plots and important model-independent observations :

Before we go into a detailed discussion on various inflationary models, let us first illustrate
different plots and important model-independent observations. For each model we have drawn
two different plots: one in (Γϕ vs N) space where it shows the variation of reheating e-folding
number N depending upon the inflaton decay constant. As noted earlier, we have considered
different scenarios. For our proposed Two-phase reheating scenario (case-I), we have studied
two possible values of the phase-I effective equation of state, ωeff = 10−3 corresponding to
solid green and solid black curves, and ωeff = 10−6 corresponding to dotted green and dotted
black curves. For all cases, ωϕ = 0. One of the most important outcomes of our analysis is
the emergence of a critical inflaton decay constant Γϕ = Γcriϕ denoted by red dots associated
with each particular ωeff . This indicates the fact that for Γϕ > Γcriϕ , the reheating period will
be dominated by phase-I, effective non-perturbative dynamics, otherwise, it is perturbative
dominated. The critical value of inflaton decay constant increases with the decreasing ωeff .
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This can be understood from several interconnecting physical effects. First of all most important
Eq.(2.38),

R(A = 1) =
(ωeff − ωϕ)

1− 3ωeff
Φ(A = 1), (2.62)

which not only fixes the approximate value of ωeff but also sets the initial condition for
phase-I dynamics. Further, the larger the value of ωeff , the higher will be initial radiation
density R(A = 1) which automatically leads to a smaller value of phase-I e-folding number
Nnpre. Therefore, a particular Γϕ will naturally lead to larger Npre, as associated with each
Γϕ there exits a reheating temperature which follows from Tre ∝ e−Nre = e−(Npre+Nnpre). On
the other hand critical Γcriϕ is a point where Npre = Nnpre in N vs Γϕ space. From these two
conditions, one can argue that transition from perturbative to non-perturbative reheating
phase would occur for a larger critical value Γcriϕ for larger ωeff value. Given a reheating
model with specific inflaton-daughter field interaction, we have also discussed the existence
of critical inflation decay constant Γcriϕ (model) which were shown by vertical red lines in the
plots. From the theoretical values of the critical inflaton decay constant, (Γϕ vs Nk) plots
indicate that the value of ωeff must lie within (10−3, 10−6) irrespective of the inflationary
models considered. At this point let us understand the physical meaning of non-vanishing
initial radiation density ρR(A = 1) ≃ (10−3, 10−6)ρinϕ considering ωeff = (10−3, 10−6). We
replace the full non-perturbative dynamics with effective dynamics, which naturally does not
capture the complete picture. Typically non-perturbative phase contains three distinct phases:
parametric resonance phase, thermalization phase, and steady-state phase. And this is the
initial parametric resonance phase, where explosive particle production can naturally give rise
to the required initial radiation density ρR(A = 1) ≃ 10−6 ∼ 10−3 in the unit of total density
ρϕ almost instantly.

To see whether our proposed phase I dynamics is justified or not, we compare our result
with actual non-perturbative results. In order to do that, we use non-perturbative lattice
simulation during the preheating, considering a specific inflaton-reheating field interaction
1
2g

2ϕ2χ2. In all the lattice simulation results, the initial radiation density typically assumes
ρR(A = 1) ≃ 10−4 in units of initial inflaton energy density, which essentially lies within what
we have considered. Once the preheating phase reaches the steady-state condition, we again
solve perturbative dynamics and found that the reheating ends at around the same value of
Are (shown by the dashed black line), where our two-phase reheating ends for ωeff = 10−3

(solid pink line) and for ωeff = 10−6 (dashed pink line) accordingly. Therefore, our effective
Two-phase reheating approach seems to capture the essential properties of non-perturbative
lattice results, except for the non-perturbative e-folding number, which will be taken up in the
future.

Nevertheless, for comparison, in the same plot, we also have drawn the total reheating
e-folding number for the other two cases: dotted pink lines for case II and solid blue lines for
case III mentioned before. It turns out that the total number of reheating e-folding numbers
for case-II, case-III, and the case-I, Nre = (Nnpre +Npre) are almost the same for all different
values of the equation of state.

In an another class of plots in (ns vs Tre) space, we describe the variation of reheating
temperature Tre with respect to the scalar spectral index ns. From these plots, we can read
that the Two-phase reheating process (case-I) is crucially dependent upon the value of ωeff .
Furthermore, case-I results are qualitatively similar to that of the case-II for ωKeff = 0.212.
On the other hand, perturbative reheating (case-III) results are qualitatively similar to that
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of the case-II for ωKeff = 0. For the usual perturbative reheating scenario (case-III) the
semi-analytic approach discussed before reveals the existence of maximum possible reheating
temperature ∼ 1015 GeV. Our numerical computation also indicates the same thorough
solid blue lines. Further, case-II scenario also has the same prediction of model-independent
maximum reheating temperature Tmaxre irrespective of the value of its effective equation of
state ωKeff = (0, 0.212) shown through solid pink lines and dotted pink lines respectively. For
conventional reheating dynamics (case-II & case-III), the maximum reheating temperature
directly corresponds to instantaneous reheating with the total e-folding number Nre → 0. This
can also be straightforwardly connected with the maximum possible scalar spectral index nmaxs .
The proposed two-stage reheating dynamics (case-I) instead predicts very different results
in this regard. First of all, instantaneous reheating ceases to exit in this scenario because
of its underlying assumptions. As Npre → 0, Nre → Nnpre, which automatically leads to
different values of (Tmaxre , nmaxs ) followed from the condition Nre = Nnpre, which naturally
assumes model independent values such as Nnpre ∼ 6 for ωeff = 10−3, and Nnpre ∼ 12
for ωeff = 10−6. The smaller the effective equation of state during phase-I, larger will be
its duration Nnpre and consequently Tmaxre will be reduced. As expected from our earlier
analytical calculation the important results are the values of maximum reheating temperature
Tmaxre ∼ (1013, 1010) GeV for ωeff = (10−3, 10−6) respectively. The physical origin of these
two different limiting temperatures is clear from the fact that the increase of Tre is directly
connected with the increase of Γϕ. Hence with the increasing temperature reheating dynamics
undergoes a transition from perturbative to non-perturbative regime at particular critical
temperature T crire associated with Γcriϕ , leading to a distinct value of Nnpre which is different
for different ωeff value. This leads to different Tmaxre . Therefore, an important conclusion we
can arrive at is that given the approximate estimates of model specific critical decay width
Γcriϕ (model), the maximum reheating temperature Tmaxre should be within (1010 − 1013) GeV,
irrespective of the dynamics of the second phase-II and inflationary model under consideration.
However, we must note that the associated maximum values of the nmaxs are model-dependent,
which will be discussed for each model.

2.2.3.2 Chaotic inflation

For a brief description of this model, see section (1.4.1). Here, for the purpose of our study,
we only consider n = 2 mainly because ωϕ = 0. The details of the initial conditions and
the relation between reheating temperature (Tre) and inflationary index (nks), we follow the
methodology explained in the section (2.2.1).
Observations: Important results for chaotic inflation are depicted in Fig.(2.4). As stated
at length, the initial effective equation of state ωeff plays a crucial role in driving the whole
reheating dynamics. For our purpose we took two sample values (10−3, 10−6). According to
these two values, the critical values of the inflaton decay constants are found to be Γcriϕ =

(2.46 × 103, 2.73 × 10−7) GeV. Similarly, we can address critical values (transition from
perturbative to non-perturbative reheating) in terms of reheating temperature. For this model,
the critical values of the reheating temperature set to be T crire ≃ (2.7×1010, 3×105) GeV with for
the equation of state ωeff = (10−3, 10−6). This entails the fact that If Γϕ > Γcriϕ (Tre > T crire ),
the reheating phase will be dominated by non-perturbative process.

For concreteness, let us bring specific reheating models into consideration. We have discussed
three different interaction models with associated non-perturbative constraints equations (1.70),
(1.66) and (1.74). Associated with those we have theoretical values of the critical inflaton decay
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Figure 2.4: We plot on the left side, the variation of the e-folding number as a function of inflation decay width
(Γϕ) and on the right side, variation of reheating temperature (Tre) as a function of ns for chaotic inflation model with
n = 2. The plot on the left side, variation of Nnpre ( e-folding number during first phase of reheating), Npre (e-folding
number during perturbative reheating) are shown by black, and green lines (solid and dashed) for two different values of
ωeff = (10−3, 10−6). The intersection points of Nnpre and Npre for different values of ωeff are shown by red circle.
The blue and dashed pink lines indicate the variation of the e-folding number during reheating for purely perturbative,
and the analysis is given by Kaminkowski et al. 2014 [45] with ωK

eff = 0 respectively. The thick dashed, thin dashed, and
solid red line corresponds to the three different values of the decay constant at the transition point of non-perturbative to
the perturbative era from the theoretical point of view provided by equations (1.74), (1.66) and (1.70). All plots are
drawn within 2σ range of ns [29]. The light brown region is below the electroweak scale Tew ∽ 100 GeV and the violet
region below 10−2 GeV would ruin the predictions of big bang nucleosynthesis (BBN).

.

constants Γcriϕ (model) = (0.003, 0.5, 11.8) GeV respectively. The first two values correspond to
inflaton decaying into the scalar particle, and the third one corresponds to decaying into a
pair of fermionic particles. Interestingly, comparing those numerical and theoretical values of
Γcriϕ , one can observe that the initial effective equation of state ωeff during phase-I must lie
within (10−3, 10−6). This essentially suggests that all the three models of inflaton interaction
will lead to initial radiation density within the value (10−3, 10−6) instantaneously, which we
can immediately read off from Fig.(2.3).

In all the reheating scenarios discussed and proposed so far, a model-independent maximum
reheating temperature exists. However, the associated maximum value of the spectral index
nmaxs turned out to be model dependent. In the conventional perturbative reheating discussed
before, and also the constraints from reheating (case-II) scenario, Nre → 0 provides the
condition for nmaxs . For Two-phase reheating scenario (case-I) the phase-I effective dynamics
is inevitable, which leads to different condition Nre ≈ Nnpre for the maximum possible nmaxs

compatible with CMB observation. Furthermore, for each model one can define minimum
spectral index nmins which can be associated with minimum possible reheating temperature
set by BBN constraints [67]-[69], which is Tminre = 10−2 GeV. Taking into account both the
possibilities, for case-I we obtain the possible bound on the spectral index 0.9628 ≤ ns ≤ 0.9653
and 0.9628 ≤ ns ≤ 0.9649 for ωeff = (10−3, 10−6) respectively. For case-II [45], the bound is
0.955 ≤ ns ≤ 0.9654, 0.9629 ≤ ns ≤ 0.9654 for ωKeff = (0, 0.212) respectively. Additionally,
for purely perturbative dynamics case-III, one obtains 0.9555 ≤ ns ≤ 0.9657. Important to
remind at this point, all these bounds are consistent with CMB within 2σ error of ns. From
the maximum nmaxs , the maximum value of the inflationary e-folding number (Nmax

k ) can be
obtained. For example for case-I scenario we have Nmax

k ≃ (57, 56) with effective equation
of state ωeff = (10−3, 10−6) respectively. Whereas, for case-II, Nmax

k ≃ 57 and for case-III,
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Figure 2.5: All plots are the same as in the previous Fig.2.4. The main difference is that here we have plotted for
the natural inflation model for f = (10, 50)Mp.

.

Nmax
k ≃ 58.

The variation of the reheating temperature as a function of the spectral index for the
different reheating mechanisms is shown in Fig.(2.4). The behavior of reheating temperature
with respect to ns appears to be model-independent.

2.2.3.3 Axion inflation

The details of this model and the initial conditions to solve the differential equations for the
effective non-perturbative and perturbative era are provided in secs (1.4.2) and (2.2.1). Here,
to be consistent with CMB data, we consider two sample super-Planckian values of the axion
decay constant, f = (10, 50)Mp.

Observations: The main results of the axion inflationary model are depicted in Fig.
(2.5). As has been mentioned earlier we have considered two sample values of the axion decay
constant f = (10, 50)Mp. For a fixed value of axion decay constant, f = 10Mp, the critical
values of inflaton decay constant assume Γcriϕ ≃ (3.7 × 104, 1.1 × 10−7) GeV, and that of
the reheating temperatures are T crire ≃ (4 × 1010, 1.8 × 105) GeV. Similarly for f = 50Mp,
Γcriϕ ≃ (2.7× 104, 1.1× 10−7) GeV and T crire ≃ (9× 1010, 1.9× 105) GeV. For both the cases
the effective equation of states are taken to be ωeff = (10−3, 10−6). One the other hand the
theoretical value of the critical inflaton decay constants for three different interacting reheating
models are calculated to be, Γcriϕ (model) = (2.8 × 10−3, 0.45, 10.8) GeV for f = 10Mp, and
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Table 2.1: Reheating models and their associated bound on inflationary parameters (Axion
inflation)

f = 10Mp

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.9618 0.9618 0.9541 0.9619 0.9545

nmaxs 0.9643 0.9639 0.9644 0.9644 0.9646

Nmax
k 57.06 56.39 57.23 57.23 57.58

f = 50Mp

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.96275 0.96275 0.9549 0.9629 0.9554

nmaxs 0.9653 0.9649 0.9654 0.9654 0.9657

Nmax
k 57.14 56.48 57.31 57.31 57.81

Γcriϕ (model) = (3.2× 10−3, 0.51, 12.3) GeV for f = 50Mp. Those values of decay constants are
determined from equations (1.70), (1.66) and (1.74) accordingly. Let us point out again that
the first two values correspond to inflaton decaying into the scalar particle, and the third one
corresponds to decaying into a pair of fermionic particles. Here again, from the left panel of
Fig.2.5, one concludes that if the universe undergoes Two-phase reheating, considering the
specific interaction during reheating the initial ωeff during phase-I must lie within (10−3, 10−6).
The lower limit of ns has been set by the minimum possible reheating temperature due to the
big-bang nucleosynthesis (BBN) constraint. With increasing spectral index from its minimum
value nmins along with decay width, the perturbative e-folding number Npre depreciates towards
zero and the total e-folding number, Nre approaches towards Nnpre which is identified as the
point of Tmaxre and nmaxs . Following the discussion of chaotic inflation model, in the Table (2.1),
we provide possible limiting value the inflationary parameters (nmins , nmaxs , Nmax

k ) parameters
for three different reheating scenarios. These limiting values, in turn, will restrict the possible
values of reheating parameters. Therefore, the more we decrease the error of the inflationary
parameter, the more precisely we will be able to fix the reheating parameters.

2.2.3.4 α−attractor model

We have already discussed how this kind of inflationary model can be related to CMB observables
in sec-1.4.3. Moreover, all the initial conditions for phase-I and II will be the same as before
(for this instance, see section (2.2.1)). For our purpose, we have taken two values of α(1,100)
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Figure 2.6: All plots are same as in the previous Fig.(2.4). The main difference is that here we have plotted for
α-attractor model for α = (1, 100) with n = 1. However, the plot for α = 1 and n = 1 is for Higgs-Starbinsky model.

.

with n = 1 and compared their outcomes.
Observaions: With two sample values of α = (1, 100), the model dependent critical

values of the inflaton decay constant assume Γcriϕ (model) = (0.069, 5.03, 260.3) GeV and
(0.01, 1.6, 42.2) GeV for three different kinds of the decay processes. Whereas our numerical
analysis predicts the critical decay constant to be Γcriϕ = (3.44×103, 1.37×10−7) GeV for α = 1

and Γcriϕ = (1.27× 104, 3.90× 10−6) GeV for α = 100 with ωeff = (10−3, 10−6) respectively.
Within these values, all the model-dependent critical decay constants must lie (see Fig. (2.6)).
In addition to that, the reheating temperature connected with the critical value of the inflaton
decay constant turns out to be T crire ≃ (2.3× 105, 3.5× 1010) GeV for α = 1 and for α = 100,
T crire ≃ (1.2× 106, 7.2× 1010) GeV with ωeff = (10−6, 10−3) accordingly. Similar to the other
inflation model discussed above, in Table-(2.2), the possible constraints on the inflationary
parameters can be obtained.

2.2.3.5 Minimal plateau model

In the minimal plateau model scenario, the details of this potential and the inflation model-
dependent input parameters, which are essential to determine the initial conditions for the
subsequent reheating dynamics, are mentioned in section(1.4.4). Here for numerical purposes,
we have chosen ϕ∗ = (0.001, 0.1)Mp with n = 2. As we mentioned earlier, our main intention
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Table 2.2: Reheating models and their associated bound on inflationary parameters (α-attractor
model)

Higgs-Starobinsky model (α = 1)

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.9626 0.9626 0.9548 0.9628 0.9552

nmaxs 0.9652 0.9648 0.9653 0.9653 0.9656

Nmax
k 55.36 54.72 55.52 55.52 56.02

α = 100

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.966 0.966 0.9587 0.9661 0.959

nmaxs 0.9684 0.968 0.9685 0.9685 0.9657

Nmax
k 56.73 56.03 56.91 56.91 57.27

is to see the modification in reheating parameters (Tre, Nre) in comparison with the usual
single-phase analysis

Observations: The important results of the minimal plateau inflationary model are
depicted in Fig.(2.7). In this model the value of Γcriϕ (model) for three different decay process
assume Γtheoϕ = (0.7, 34.2, 2749.2) GeV for ϕ∗ = 0.01, and (15.3, 231.7, 5.8 × 104) GeV for
ϕ∗ = 0.001Mp. As usual those values are obtained from Eqs.(1.70, 1.66, 1.74) with ϕ∗ =
(0.01, 0.001)Mp accordingly. On the other hand our numerical analysis estimates the value of
Γcriϕ = (2.3×103, 4.8×10−7) GeV for ϕ∗ = 0.01Mp, and Γcriϕ = (394.7, 2.7×10−8) GeV for ϕ∗ =
0.001Mp. As discussed for other inflationary scenarios, for each model parameter value of ϕ∗
two bracketed values of Γcriϕ are calculated for ωeff = (10−3, 10−6) respectively. The reheating
temperature linked with the decay width Γcriϕ , can be found to be T crire ≃ (2.80×105, 2.25×1010)

GeV considering ϕ∗ = 0.01Mp, and for ϕ∗ = 0.001Mp, T crire ≃ (5.80× 104, 8.76× 109) GeV with
ωeff = (10−6, 10−3) accordingly. Interestingly, for this minimal inflation scenario a specific
choice of ϕ∗ = 0.01Mp, ωeff = 10−3, Γcriϕ approximately matches with that of Γcriϕ (model) for
a specific reheating scenario when inflaton decaying into a pair of fermionic particles with the
interaction ϕψ̄ψ. Similarly for ϕ∗ = 0.001Mp, ωeff = 10−3, we found Γcriϕ ≃ Γcriϕ (model) when
reheating dynamics is governed by the inflaton decaying into pair of scalar particles with the
interaction ϕχ2. Associated with the reheating temperature, the bound on the inflationary
parameters is given in Table-(2.3).
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Figure 2.7: All plots are the same as in the previous Fig.2.4. The main difference is that here we have plotted for
the minimal inflation model with ϕ∗ = (0.01, 0.001)Mp, n = 2.

2.2.4 Constraining the inflaton coupling parameters

So far, we have discussed mainly understanding the reheating parameters and their constraints
from reheating. In this section we qualitatively translate those results into constraints on
coupling parameters (g̃ = g/mϕ, y, h) corresponding to specific inflaton-scalar interactions
g̃mϕϕχ

2, yϕχ3, and inflaton-fermion interaction hϕψ̄ψ respectively. So far, our analysis was
independent of the specific inflaton interaction model. Therefore, the inflaton decay width was
a free parameter with one-to-one correspondence with the reheating temperature. Constraining
reheating models is very challenging from the perspective of its observational limitations.
Therefore, indirect constraints on the inflaton coupling parameters through reheating dynamics
would be significant from the model building point of view. Reheating temperature estimates
the allowed ranges of dimensionless coupling parameters via the inflaton decay constant Γϕ.
This section for illustration only considers two observationally viable inflationary models:
Higgs-Starobinsky and minimal plateau models with n = 2, which are consistent with the
current observational bound on r < 0.064 [29].
Bounds on couplings: The constraints on different coupling constants are shown in figure
2.8. Plots show how the dimensionless coupling parameter g̃, h, and y are intimately linked
with CMB anisotropy via the inflationary observables such as (ns, rk) for different types of
reheating dynamics. The mapping Tre → Γϕ → (g̃, y, h) are directly followed from Eqs.(1.62,
1.68, 1.72, 2.25). From these equations, we obtain the constraints on the coupling parameters
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Table 2.3: Reheating models and their associated bound on inflationary parameters (Minimal
plateau model)

ϕ∗ = 0.01Mp

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.9703 0.9703 0.9637 0.9702 0.9640

nmaxs 0.9723 0.972 0.9722 0.9722 0.9725

Nmax
k 54.16 53.58 53.96 53.96 54.55

ϕ∗ = 0.001Mp

Inflationary
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

nmins 0.9700 0.9700 0.9632 0.9698 0.9636

nmaxs 0.9720 0.9717 0.9719 0.9719 0.9722

Nmax
k 53.57 53.00 53.38 53.38 53.96

with respect to the inflationary parameters. Any realistic reheating scenario should include
all possible inflaton coupling based on underlying symmetry. Therefore, the assumption
that a specific inflaton coupling’s contribution is the dominant one throughout the entire
reheating period may not be relevant. Hence, a more pragmatic approach would be to construct
particle physics motivated models, which we left for our future study. However, as a toy
model analysis, the present study may guide us in building scenarios that include all the
standard model fields. Nevertheless, based on our reheating discussions so far, we compare
the constraints for all the cases. To this end let us point out that in terms of a mathematical
expression, the decay width Γϕ associated with the coupling parameters g̃ and h is the same.
Therefore, for each model under consideration we have two different figures in the (g̃/h, ns)
and (y, ns) space. Given the observation from CMB temperature anisotropy, the coupling
parameters for the Higgs-inflation model, which are assumed to be responsible for entire
reheating process, are found to be constrained within 1.31× 10−17 ≤ (g̃, h) ≤ 0.01 (solid black
curve) and 1.38× 10−17 ≤ (g̃, h) ≤ 2.55× 10−5 ( dotted green curve) for two different values of
effective equation state ωeff = (10−3, 10−6) respectively. Whereas for the same values of the
effective equation of state the coupling constant y for three body interaction (yϕχ3) lies within
8.07× 10−16 ≤ y ≤ 0.85 (solid black curve), and 8.47× 10−16 ≤ y ≤ 1.50× 10−3 (dotted greed
curve). Important but straightforward to note that the largest values of the coupling constant
g̃max/hmax = (0.01, 2.55 × 10−5), and ymax = (0.85, 1.50 × 10−3) correspond to maximum
reheating temperature Tmaxre = (1010, 1013) GeV respectively. Reemphasizing the fact that two
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Figure 2.8: We have plotted the spectral index dependence of the dimensionless coupling constant g̃ = g
mϕ

with

gϕχ2 interaction, y with three bodies yϕχ3 interaction and Yukawa coupling with yϕψψ̄ interaction. The upper two plots
are for the Higgs-Starobinsky inflation model, and the lower two plots are for the minimal plateau inflation model with
ϕ∗ = 0.001Mp, n = 2. The solid and dashed pink line corresponds to the usual reheating dynamics given by Kaminkowski
et al. [45] for ωK

eff = (0, 0.212) respectively. The solid blue line indicates the results of the perturbative analysis. The
results for our developed two-phase reheating mechanism are represented by the solid black line and dashed green line for
ωeff = (10−3, 10−6) accordingly. In the first and third plots, the solid and dashed red line implies the transition point
from parametric resonance to perturbative dynamics for two different kinds of interaction, gϕχ2 and yϕψψ̄, measured
from theoretical constraints provided by the equation (1.65) and (1.73). Similarly, in the second and fourth plot, the solid
red line corresponds to the three bodies yϕχ3 interaction. Additionally, the solid and dashed sky blue line indicates the
coupling constant at the intersection points of the e-folding numbers, Nnpre and Npre, above which value the effective
dynamics start dominating over perturbative dynamics for ωeff = (10−3, 10−6) respectively. All the plots are drawn
within the minimum and maximum values of the spectral index. The minimum values of the spectral index (nmin

s )
corresponds to Tre ≈ 10−2 GeV and for maximum values of spectral index (nmax

s ), Nre ≈ Nnpre in our analysis and
Nre → 0 in conventional reheating dynamics.

different limiting values of coupling constants are realizable only in the high-temperature limit
for two different ωeff . All the above estimates are for the two-phase reheating process (case-I).
For the other two scenarios, the bounds on the coupling constant can be read from Table-(2.4).
The interesting interplay between the inflationary theory parameters and the emergent reheating
parameters governed by the CMB anisotropy gives important constraints on the theory itself.
Apart from having the maximum possible values of the coupling constants, compatible with
CMB observations, there exists a critical value of the same born out of Γcriϕ , which entails
whether the reheating is perturbative or non-perturbative phase dominated. For minimal
plateau model, we found (g̃cri ≈ 3.46 × 10−5) for ωeff = 10−3, which closely matches with
the associated perturbative constraints g̃cri(model) ≈ 2.38× 10−5. For the Higgs-Starobinsky
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Table 2.4: Reheating models and their associated bound on coupling parameters

Higgs-Starobinsky model

Coupling
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

g̃min, hmin 1.31× 10−17 1.38× 10−17 1.06×10−17 1.13× 10−17 1.15× 10−17

g̃max, hmax 0.01 2.55× 10−5 2.52 1.71 2.48

ymin 8.07× 10−16 8.47× 10−16 6.51×10−16 6.98× 10−16 7.10× 10−16

ymax 0.85 1.50× 10−3 155.10 105.31 152.76

Minimal plateau model (ϕ∗ = 0.001Mp)

Coupling
parameter

Case-I (Two-phase) Case-II Case-III (Per-
turbative)

ωeff = 10−3 ωeff = 10−6 ωKeff = 0 ωKeff = 0.212 ωϕ = 0

g̃min, hmin 8.74× 10−17 9.27× 10−17 4.62×10−17 1.58× 10−16 2.70× 10−17

g̃max, hmax 5.90× 10−3 1.19× 10−5 1.79 1.30 1.12

ymin 5.38× 10−15 5.71× 10−15 2.84×10−15 9.73× 10−15 1.66× 10−15

ymax 0.36 7.37× 10−4 110.26 80.31 68.93

inflation model, hcri ≃ 5.3× 10−5 for ωeff = 10−3 and the associated perturbative constraints
for Yukawa interaction is hcri(model) ≃ 1.33 × 10−5. Therefore, we can infer from this
observation that our two-phase reheating scenario essentially captures the necessary features
of the non-perturbative phase.
So far, we have discussed the reheating dynamics considering inflaton and radiation as the two
dynamical components. However, as we all know, dark matter is another important constituent
of our present universe. One of this component’s important properties is that its coupling with
the standard model fields must be very weak. Apart from this, not much is known about its
other fundamental properties, such as charge, mass, and coupling. Experimental searches of
this particle are going on across the globe without much success till now. The searches include
both directly as well as indirectly observing the properties of this object and, finally, jointly
constraining the parameter region. We will study the dark matter phenomenology-based CMB
parameter space following our previous work [92]. We essentially generalize our Two-phase
reheating formalism and include dark matter as the third dynamical matter component.
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2.2. Two-phase reheating: Regime of effective nonperturbative and perturbative reheating

2.2.5 Unifying the dark sector

In the previous section, we discussed the Two-phase reheating process, where inflaton decays
only into radiation. In the present discussion, we add additional dark matter components and
discuss the impact on dark matter phenomenology. The assumption is that inflaton decays
into radiation and then radiation to dark matter. The methodology of the analysis will be the
same as before, except for the new additional dynamical equations for dark matter.

Phase-I:(Effective non-perturbative phase) The dynamics is governed by

ρt = ρϕ + ρR + ρX = ρend

(aend
a

)3(1+ωeff )
, (2.63)

where the new component ρX is the energy density of the dark matter particle with mass MX

and energy of the dark matter is expressed as ⟨EX⟩ =
√
M2
X + 9T 2 [4]. T is the temperature.

The above equation can be written in differential form as,

ρ̇ϕ + ρ̇R + ˙ρX + 3H(1 + ωeff )(ρϕ + ρR + ρX) = 0 . (2.64)

Besides the above equation, we consider an additional conservation equation characterizing the
dynamics of every individual energy component during this phase as,

ρ̇ϕ + 3H(1 + ωϕ)ρϕ + ρ̇R + 4HρR + ˙ρX + 3HρX = 0 . (2.65)

To solve the above equations (2.65) and (2.64), we need one more condition. We define the
ratio of the dark matter and the radiation energy density as γ = ρX

ρR
. After combining the

above two equations one finds,

ρR
ρϕ + ρR + ρX

=
ρR

ρϕ + ρR + γρR
=

3 (ωϕ − ωeff )

3 ωϕ (1 + γ)− 1
. (2.66)

At the initial stage of the reheating, radiation energy density must be very small ρR ≃ 0.
Hence, as discussed extensively for the two-component reheating, here also ωeff must assume
the value very close to the inflaton equation of state ωϕ, at least near the beginning. In terms
of dimensionless variable, this phase can be written as

Φ′

A3ωϕ
+
R′

A
+

⟨EX⟩X ′

mϕ
= 0 , (2.67)

Φ′

A2+3ωϕ
+

R

A4
[3(1 + ωeff )− 4] +

3⟨EX⟩X
mϕA3

ωeff +
R′

A3
+

3Φ(ωeff − ωϕ)

A3(1+ωϕ)
+
X ′⟨EX⟩
mϕA2

= 0 ,

(2.68)

here the dimensionless dark matter density X = ρX
⟨EX⟩a

3.
Phase-II (perturbative phase)The subsequent perturbative phase will now be governed

by two more parameters related to the dark matter component followed by the Eqns. (2.26),
(2.27), and (2.28), the only difference is that the inflaton equation of state is replaced by ω1

ϕ.
Initial conditions: The general form of the initial conditions during the first phase of

reheating (phase-I) are,

Φ(1) =
3

2

V (ϕend)

m4
ϕ

, R(1) =
3 (ωeff − ωϕ)

1− 3 ωeff (1 + γ)
Φ(1) , X(1) =

γ mϕ

⟨EX⟩
R(1) . (2.69)
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

The initial values of the energy densities for the phase II will be set at the normalized scale
factor Anpre as

Φ = Φ(Anpre);
R(Anpre)

R(Anpre) + Φ(Anpre) +X(Anpre)
≃ 1

2
;X(Anpre) =

γ mϕ

⟨EX⟩
R(Anpre). (2.70)

As described in detail in section 2.2.1, radiation energy density is again assumed to be 50%
of the total comoving energy density right after the completion of phase-I. Therefore, the
dark matter number density will automatically be fixed for a given γ value. All the required
equation of states for two different phases are assumed to take the same approximate values
ω1
ϕ ≃ 0.2 and ωϕ ≃ 0. The methodology of solving the dynamics will be the same as before

except for some additional constraints in the dark sector after the end of reheating, which is
already described in section (2.1.2.1).
The detailed analysis only on phase-II has already been done in [91] including the dark
matter phenomenology. Nevertheless, we only consider dark matter production via a freeze-in
mechanism. This mechanism indicates that the dark matter will never reach equilibrium with
the thermal bath. This kind of dark matter is known as FIMP (feebly interacting dark matter)
[107–117]. We can illustrate the production of dark matter via the Freeze-in mechanism
through the heavy mediator during reheating is sensitive to the early history of the universe
before the UV dominated era [118–127].
Physical constraints: Further constraints on the dark matter parameter space will be
inherited if one considers various theoretical limits on the scattering cross-section. The cross-
section can not be arbitrarily large. Perturbative unitarity usually limits the cross-section ⟨σv⟩
in term of mass, ⟨σv⟩max = 8π

M2
X

[128], which are shown by pink solid lines in Figs.(2.9, 2.10).
On the other hand, we will also have another bound on the cross-sections coming from the
fact that during reheating dark matter production peaks around the temperature of T∗ = MX

4
[4]. This provides a natural condition on the dark matter number density nX(T ) < neqX (T∗) as
for T < T∗ the dark matter production would be frozen, and it must be diluted subsequently
due to the expansion of the universe. Aforementioned condition on the dark matter number
density sets an upper bound on the cross-section ⟨σv⟩ ≈ ⟨σv⟩T=T∗ [4] [129]

⟨σv⟩∗ ≤ 7× 10−14

(
2

g

)(
g∗(T∗)

10

)(
10

g∗(Tre)

) 1
2
(

MX

10GeV

)(
100MeV

Tre

)2

GeV −2 . (2.71)

We call it as reheating bound in the plot. This condition is depicted by black solid lines and
black dotted lines for perturbative and two-phase reheating scenarios respectively in Figs.(2.9,
2.10). We have shown both of these bounds in the subsequent plots for different inflation
models once we fixed the dark matter mass. Interesting observation that can be made from this
theoretical constraint is that given a dark matter mass, the perturbative unitarity bound and the
dynamical condition Eq.2.71 modify the possible range of allowed ns values obtained from the
previous analysis. This can directly shed light on the inflationary model building. Conversely,
one can state that for a given inflationary model, CMB can shed light on the possible nature of
the dark matter candidate via reheating phase.

Nevertheless, unifying the dark sector into a single reheating framework is the primary
motivation of this section. The basic philosophy is to look into further constraints on the dark-
matter parameter space in a more realistic framework of Two-phase reheating dynamics and
compare it with that of the usual perturbative reheating analysis [91]. An important outcome is
the constraints due to CMB temperature anisotropy. Particularly, constraints imparted on the
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Figure 2.9: In the first two plots, we have plotted the contour of ΩXh
2 = 0.12 in the ns − ⟨σv⟩ plane with a fixed

value of dark matter mass within the minimum and maximum values reheating temperature for the Higgs-Satrobinsky
model. In the case of Two-stage reheating, we have chosen a fixed value of γ = 10−11 (ratio of the dark-matter energy
density to the radiation density) during the first stage of reheating. The allowed parameter space is shown by the shaded
region below the contour line. The pink horizontal line corresponds to the unitarity bound. The solid and dashed black
line corresponds to the reheating bound for two different reheating processes. On the right-hand side, we have plotted
the maximum permitted values of dark matter mass as a function of the spectral index for three different values of γ.
Here the solid and dashed lines are for ωeff = (10−3, 10−6) respectively.

.

dark matter and inflationary parameter space (⟨σv⟩−ns) by the CMB anisotropy could enable
us to constrain the viable inflationary models through dark matter observable. Conversely,
given a viable inflationary model, CMB can potentially shed light on the possible properties
of dark matter. Keeping this in mind, we study dark matter phenomenology considering two
observationally viable inflationary models: Higgs-Starobinsky and minimal plateau models,
which are consistent with the current observational bound on r < 0.064 [29].

2.2.5.1 Higgs-Starobinsky model and dark matter phenomenology

We have already discussed about the model in the introduction section (1.4), and the constraints
on the reheating parameters (Nre, Tre) in terms of spectral index (ns) determined in section
(2.2.1). The inclusion of dark matter does not affect much on those parameters. Therefore, the
main constraints will be on the thermally averaged cross-section times velocity (⟨σv⟩) and the
dark matter mass MX . The first two plots of Fig.2.9 depict the variation of annihilation cross-
section as a function of the spectral index for two different values of dark-matter mass MX =
(1, 103) GeV. The range of ns is taken to be within (nmins , nmaxs ) depending upon the model of
reheating. For comparison, we include the perturbative reheating scenario [91] as well. Since the
viable range of scalar spectral index ns is reduced for the Two-phase reheating than that of the
perturbative case, consequently the allowed range of ⟨σv⟩ is shrunk as shown by green dotted
and blue dotted lines. Due to larger allowed range of ns (nmins ≃ 0.956, nmaxs ≃ 0.9655), the
perturbative reheating [91] widens the allowed range of dark matter annihilation cross-section
as 2.25×10−39 ≤ ⟨σv⟩ ≤ 4.2×10−19 for MX = 1 GeV and 2.3×10−42 ≤ ⟨σv⟩ ≤ 2.51×10−5

for MX = 103 GeV. Whereas for Two-phase reheating scenario, for both values of dark matter
mass, we can observe the narrower range of (nmins ≃ 0.9626, nmaxs ≃ 0.9652) for ωeff = 10−3

and (nmins ≃ 0.9626, nmaxs ≃ 0.9648) for ωeff = 10−6. These ranges of ns are well within the
1σ range of spectral index, ns = 0.9649± 0.0042 (68 % CL, Planck TT,TE,EE+lowE+lensing)
from Planck [29]. Detailed constraints on the annihilation cross-section for Higgs inflation
model are provided in Table-(2.5). Therefore, one can observe the significant differences on the
allowed range of dark matter annihilation cross-section for two different reheating scenarios
(perturbative and Two-phase). It is important to note that the dark matter parameter space is
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

Table 2.5: Model parameters and associated constraints on the dark matter parameters for
different reheating dynamics:Higgs-Starobinsky model

MX = 1 GeV

Constraints due to reheating bound

Case-I (Two-phase) Perturba-
tive

Case-I (Two-phase) Perturba-
tive

ωeff = 10−3 ωeff = 10−6 ωϕ = 0 ωeff = 10−3 ωeff = 10−6 ωϕ = 0

nmins 0.9626 0.9626 0.9560 0.9626 0.9626 0.9560

nmaxs 0.9652 0.9648 0.9655 0.9645 0.9643 0.9619

⟨σv⟩min 3.2× 10−37 1.7× 10−34 2.2×10−39 1.6× 10−34 7.7× 10−32 1.7×10−32

⟨σv⟩max 8.1× 10−31 3.1× 10−27 4.2×10−19 8.1× 10−31 3.1× 10−27 4.2×10−19

MX = 103 GeV

Constraints due to reheating bound

Case-I (Two-phase) Perturba-
tive

Case-I (Two-phase) Perturba-
tive

ωeff = 10−3 ωeff = 10−6 ωϕ = 0 ωeff = 10−3 ωeff = 10−6 ωϕ = 0

nmins 0.9626 0.9626 0.9561 0.9626 0.9626 0.9568

nmaxs 0.9652 0.9648 0.9655 0.9652 0.9648 0.9650

⟨σv⟩min 9.5× 10−41 1.6× 10−37 2.3×10−42 9.5× 10−41 1.6× 10−37 2.0×10−41

⟨σv⟩max 8.1× 10−34 3.1× 10−30 2.5× 10−5 8.1× 10−34 3.1× 10−30 8.5×10−12

constrained by the CMB anisotropy through the inflationary models, or alternatively one can
state, how various dark matter experimental observations can have the potential to constrain
the inflationary model through our unified reheating analysis.

The inclusion of dark matter dynamics and the associated theoretical constraints discussed
in the previous section has put further limits on the range of ns compatible with the dark
matter observation. For example, the perturbative reheating scenario modifies the highest
possible value of the spectral index nmaxs as → 0.9619 , and for Two-phase reheating dynamics
nmaxs shifts as (0.9652, 0.9648) → (0.9645, 0.9643) with ωeff = (10−3, 10−6) accordingly
for MX = 1 GeV. This modified maximum ns condition leads to the minimum values of
the dark matter cross-section ⟨σv⟩min ≈ 1.66 × 10−32 GeV−2 for perturbative case and
⟨σv⟩min ≈ (1.65× 10−34, 7.75× 10−32) GeV−2 for Two-phase reheating case with two different
values of ωeff = (10−3, 10−6). Instead of MX = 103 GeV , the unitary bound put stringent
constraints on nmins , only for perturbative process. Further, dynamics during reheating
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2.2. Two-phase reheating: Regime of effective nonperturbative and perturbative reheating

(reheating bound) bounds the cross-section within 1.98 × 10−41 ≤ ⟨σv⟩ ≤ 8.5 × 10−12 for
perturbative scenario. However, for MX = 103 GeV, there is no effect of theoretical constraints
on the bound of dark matter annihilation cross-section obtained from the Two-phase reheating
analysis.

From the first two plots of Fig.(2.9), we read the variation of the cross-section for two different
effective equations of state ωeff . As we decrease the value of the ωeff from 10−3 → 10−6, the
e-folding number Nnpre, which is nearly independent of inflationary parameter changes from
5.8 → 12.2. Another interesting consequence of the Phase-I dynamics is the maximum possible
value of dark matter mass Mmax

X . To understand the underlying reason behind the origin of
Mmax
X , we have computed analytic expressions considering relativistic dark matter. The dark

matter number density at the point of freeze-out nfX (see appendix 6.2) is expressed as

nfXx
3
f = ninX + ⟨σv⟩f(xf ) , (2.72)

where expressions of various symbols are given in the appendix. xf = Af/Anpre and Af is the
normalized scale factor when both comoving dark matter and radiation components become
constant. By using the above expression, we can obtain dark matter abundance as

ΩXh
2 ≃

⟨EX⟩fx−3
f

ρR(xf )

T (xf )

Tnow

(
ninX + ⟨σv⟩f(xf )

)
ΩRh

2

=

√
M2
X + 9T (xf )2x

−3
f

ρR(xf )

T (xf )

Tnow

(
ninX + ⟨σv⟩f(xf )

)
ΩRh

2 .

(2.73)

The above expression indicates that the dark matter abundance increases with increasing
dark matter mass. Moreover, at a particular value of the dark matter mass, the dark matter
component’s initial number density (ninX ) will also play in the final value of the observed dark
matter abundance, ΩXh2 = 0.12. It can be observed from the equation (2.73), if MX > Mmax

X ,
then ΩXh

2 always ≥ 0.12. Therefore the maximum possible dark matter mass can be obtained
from the above equation considering ΩXh

2 = 0.12 as

Mmax
X = T (xf )

√√√√(0.12 β

ninX

TnowT (xf )2

ΩRh2x
−3
f

)2

− 9 . (2.74)

, which is dependent on the initial dark matter number density for the phase-II evolution,

ninX =
γ mϕ

⟨EX⟩
3 (ωeff − ωϕ)

1− 3 ωeff (1 + γ)
Φ(Anpre)A

−3
nprem

3
ϕ . (2.75)

For a given γ, the initial value of X is clearly set by the value of ωeff . Therefore, for
a given value of phase-I dynamics parameters ωeff and γ, a particular value of the dark
matter mass exits above which present value of the dark matter abundance, ΩXh2 ≈ 0.12
can not be achieved irrespective of the cross-section values. Eqs.(2.74) and (2.75) illustrate
the behavior of Mmax

X , inversely proportional to γ as for a fixed value of the spectral index
(ns). From the third plot of Fig.(2.9), we can also observe the same. Likewise for ns = 0.9635,
Mmax
X = (2.38 × 107, 2.38 × 103, 0.238) GeV with γ = (10−12, 10−8, 10−4) accordingly once

we fixed ωeff = 10−3. Furthermore, from the third plot of Fig.(2.9), one can observe that
Mmax
X is nearly independent of the choice of ωeff except for a small deviation as one approach

toward nmaxs . The straightforward answer could be that Mmax
X is proportional to the freeze-out

radiation temperature T (xf ), which remains invariant with the choice of ωeff value.
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating
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Figure 2.10: All plots are the same as in the previous Fig.2.9. The main difference is that here we have plotted for
minimal plateau inflation model with ϕ∗ = 0.001Mp, n = 2.

2.2.5.2 Minimal plateau inflation model

The details of this model are discussed in section 1.4. As was already the case for Higgs’s
inflation, for the minimal inflation model also, the reheating parameters such as (Tre, Nre) will
not be modified much because of dark matter dynamics. The reason is that the contribution of
dark matter in the background evolution during the reheating phase is insignificant. Throughout
this analysis, we consider ϕ∗ = 0.001Mp, which satisfies the CMB observation. Another
motivation is that as one increases the ϕ∗ value, the models assume simple power law. Details
constraints on the dark matter parameter space can be read off from Fig.2.10. Furthermore, the
numerical values are provided in the table-2.6. From the figure we observed a similar behavior
of dark matter annihilation cross-section as a function of the spectral index for two different
values of ωeff = (10−3, 10−6) with dark matter mass MX = (1, 103) GeV . For minimal model
we again identify the maximum allowed values of dark matter mass Mmax

X followed by the
equations (2.74) and (2.75). Furthermore, for a given value of ns, the Mmax

X turns out to be
linearly varying with γ . Like, for ns = 0.9705, Mmax

X ≃ (1.5× 107, 1.5× 103, 0.15) GeV with
γ = (10−12, 10−8, 10−4).

2.3 Summary and discussion:

After inflation, reheating has been studied extensively in the literature, either through a
perturbative or non-perturbative approach. However, it is believed that both approaches
independently should not capture the complete picture of the complicated dynamics. We,
for the first time, study this phase to the best of our knowledge, taking into account both
approaches together motivated by our previous work [95]. However, instead of considering
explicit non-perturbative decay of the inflaton field through parametric resonance, we model the
initial phase by effective dynamics governed by the standard conservation laws and parametrized
by a constant effective equation of state (ωeff ). The combined form of conservation laws and
the initial condition of the reheating dynamics put constraints on the effective equation of state
during the effective non-perturbative process calling it as phase-I. However, during perturbative
analysis due to explicit decay of the inflaton field into radiation, we obtain the non-trivial
time-dependent effective equation of state. At this stage, let us remind the reader that in all the
PLANCK analysis [29] on constraining the inflationary models weff is assumed to be a constant
free parameter during reheating, which follows from the proposal described in [45]. What we
argue is that those assumptions should not be correct. After inflation, every inflationary model
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2.3. Summary and discussion:

Table 2.6: Model parameters and associated constraints on the dark matter parameters for
different reheating dynamics: Minimal plateau model

ϕ∗ = 0.001Mp,MX = 1 GeV

Constraints from reheating bound

Case-I (Two-phase) Perturba-
tive

Case-I (Two-phase) Perturba-
tive

ωeff = 10−3 ωeff = 10−6 ωϕ = 0 ωeff = 10−3 ωeff = 10−6 ωϕ = 0

nmins 0.96975 0.96975 0.9636 0.96975 0.96975 0.9636

nmaxs 0.9719 0.9716 0.9722 0.97136 0.9712 0.9692

⟨σv⟩min 1.3× 10−36 6.8× 10−34 8.6×10−39 3.8× 10−34 7.3× 10−32 2.9×10−32

⟨σv⟩max 1.9× 10−30 7.3× 10−27 1.4×10−12 1.9× 10−30 7.3× 10−27 1.4×10−12

ϕ∗ = 0.001Mp,MX = 103 GeV

Constraints from reheating bound

Case-I (Two-phase) Perturba-
tive

Case-I (Two-phase) Perturba-
tive

ωeff = 10−3 ωeff = 10−6 ωϕ = 0 ωeff = 10−3 ωeff = 10−6 ωϕ = 0

nmins 0.96975 0.96975 0.9643 0.96975 0.96975 0.9651

nmaxs 0.9719 0.9716 0.9722 0.9719 0.9716 0.9720

⟨σv⟩min 3.8× 10−40 6.30× 10−37 9.1×10−42 3.8× 10−40 6.3× 10−37 1.8×10−41

⟨σv⟩max 1.9× 10−33 7.3× 10−30 2.5× 10−5 1.9× 10−33 7.3× 10−30 7.4×10−14

has its own characteristic oscillatory period, which contributes to the equation of state during
reheating. Therefore, considering weff as a free parameter loses some of the fundamental
characteristic properties of the inflaton potential itself. Furthermore, if reheating occurs for a
longer period of time, the time-dependent weff during the perturbative process should also
be very important to get precise constraints on any inflationary model. This is where our
analysis not only can play an important role in better understanding the inflationary models
but also opens up the possibility of understanding the micro-physics of the reheating process
through CMB physics. As we can clearly see how the CMB power spectrum constrains the
value of inflation-radiation coupling parametrized by Γϕ through reheating temperature Tre.
The usual connection between Γϕ and Tre will not be correct anymore once we consider the
decaying inflaton as it is a well-known fact that during the reheating process, even at the end
of reheating time, Γϕ = H, inflaton does not decay into radiation completely. Therefore, one
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

Table 2.7: Different inflationary models and associated values of Γcriϕ (T crire ), measured in units
of GeV (ϕ∗ and f in units of Mp)

α-attractor Axion Minimal plateau

α = 1 α = 100 f = 10 f = 50 ϕ∗ = 0.01 ϕ∗ = 10−3

T crire

(
ωeff = 10−3

)
3.5×1010 7.2×1010 4.0×1010 9.0×1010 2.2× 1010 8.8× 109

T crire

(
ωeff = 10−6

)
2.3× 105 1.2× 106 1.8× 105 1.9× 105 2.8× 105 5.8× 104

Γcriϕ
(
ωeff = 10−3

)
960.0 1.3× 104 3.7× 104 2.7× 104 2.3× 103 394.7

Γcriϕ
(
ωeff = 10−6

)
1.4×10−7 3.9×10−6 1.1×10−7 1.1×10−7 4.8×10−7 2.7 ∗ 10−8

Γcriϕ→χχχ (model) 0.07 0.01 2.8×10−3 3.2×10−3 0.70 15.30

Γcriϕ→χχ (model) 5.03 1.60 0.45 0.51 34.20 231.70

Γcri
ϕ→ψ̄ψ

(model) 260.30 42.20 10.80 12.30 2.7× 103 5.8× 104

certainly needs to take into account this fact while calculating Tre and its connection with
the scalar power spectrum ns in the analysis. However, all the previous theoretical as well as
in PLANCK analysis, complete decay of inflaton is assumed while relating the cosmological
scales exiting and re-entering the horizon at two different time scales. Therefore, based on the
Two-phase reheating scenario, our prediction of reheating temperature corresponding to the
inflationary power spectrum is more accurate than the previous analysis.
At first, we analyzed the viable constraints on the decay width as well as reheating parameters
(Nre, Tre) considering the decay of the inflaton field in the perturbative Boltzmann framework.
Perturbative dynamics have been shown to give rise to a maximum reheating temperature
Tmaxre ≃ 1015 naturally, which essentially corresponds to almost instantaneous reheating. As
long as the decay width is in the perturbative regime, the result from the only perturbative
process is trustworthy. However, because of the straightforward relation between Tre, and
Γϕ, a high reheating temperature limit can correspond to non-perturbative phenomena. This
fact motivates us to include non-perturbative aspects of reheating through effective dynamics.
In our present scenario, the universe passes through two distinct phases during reheating.
Combining the inflation and subsequent standard big-bang evolution with the intermediate
Two-phase reheating, our approach predicts the critical value of the inflaton decay constant
Γcriϕ depending upon the phase-I equation of state ωeff .
The critical point naturally defined at Nnpre = Npre. Therefore, if Γϕ < Γcriϕ , the reheating
phase will be dominated by perturbative one and vice versa. We also compare our numerical
results of Γcriϕ with the critical decay width obtained from the theoretical consideration
for different type of inflaton-reheating field interactions gϕχ2, yϕχ3, hϕψψ̄. It turns out
that all the theoretical values of Γcri(model) correspond to an effective phase-I equation of
state ωeff within 10−3 ∼ 10−6. Our actual lattice simulation results also appeared to be
compatible with this conclusion (see Fig.2.3). A summary table-2.7 for Γcriϕ is given for three
observationally viable model. The inclusion of the initial non-perturbative phase naturally
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2.3. Summary and discussion:

changes the maximum reheating temperature value because of its perturbative definition. Tmaxre

is no longer defined at the point of instantaneous reheating Nre ≃ 0, rather is defined at
Nre ≈ Nnpre, which is equivalent in saying the phase-II e-folding number Npre ≃ 0. At the
end of phase-I, approximately 50% of the total comoving energy density remains in the form
of the inflaton, which naturally leads to different Tmaxre defined in the perturbative phase-II
dynamics. This phase further sets the final equation of the state of the system to 1/3. All
these results have been shown to be crucially dependent upon the phase-I effective equation
of state ωeff . As one changes the value of ωeff from 10−3 → 10−6, the phase-I e-folding
number Nnpre changes from 6 → 12. The maximum reheating temperature Tmaxre accordingly
changes from (1013 → 1010) GeV. Therefore, the conclusion that can be emphasized is that
the value of reheating temperature may encode the information about the non-perturbative
phase. Furthermore, all the inflationary models which are compatible with the observed CMB
anisotropy predict the same maximum reheating temperature (Tmaxre ) for a given ωeff . This is
reminiscent of the maximum reheating temperature Tmaxre obtained for purely perturbative
reheating dynamics irrespective of the inflation model. Keeping this point in mind, we have
performed a comparative analysis of different existing reheating formalisms such as conventional
reheating dynamics (case II) and purely perturbative analysis (case III) with our proposed
Two-phase (case-I). For both cases II and III, the model-independent maximum value of the
reheating temperature turns out to be Tmaxre ≃ 1015 GeV, which is reduced to 1013 ∼ 1010

GeV when considering Two-phase reheating for ωeff = 10−3 ∼ 10−6. Further, the Two-phase
reheating scenario constraints the inflation model within a very narrow range of allowed scalar
spectral index compatible with CMB anisotropy.
Further generalization has been analyzed by including the dark matter component as one
of the decay products of the inflaton. Depending upon the mass dark matter annihilation
cross-section versus scalar spectral index parameter space has been shown to be reduced
because of Two-phase reheating as compared to that of standard reheating dynamics, which can
be observed from Fig.2.9 and 2.10. Details of the allowed parameter space for various models
can be obtained from the tables 2.5 and 2.6. Because of the non-trivial initial condition for
Two-phase dynamics, there exists a maximum possible mass Mmax

X above which dark matter
turned out to be overproduced no matter how small the annihilation cross-section is assumed.
In the summary table 2.8, we provide numerical values of maximum possible dark matter mass
allowed for different viable models under consideration. As just stated, the value of Mmax

X is
directly connected to γ (γ = ρX

ρR
), which is defined during phase I. Once we fixed the spectral

index for a particular inflation model and these values of Mmax
X are nearly independent of the

choice of ωeff .
Nonetheless, one important point we should understand is that the existing reheating scenarios,

either perturbative or non-perturbative, are not the complete description of this phase. A
unified description that connects both non-perturbative and perturbative dynamics is more
appropriate. In our present study, we, for the first time, try to construct such a unified
description. As a first attempt toward this goal, we describe non-perturbative preheating
dynamics by effective dynamics. Our present formalism is particularly suited for the class of
inflation models with quadratic potential near its minimum. For inflaton potential with a power
greater than two, lattice results generically predict the equation of state 1

3 after the end of
non-perturbative dynamics [95]. So for those models, our Two-phase reheating is not applicable.
We will be considering this case in our future work. Instead of considering an effective non-
perturbative approach, actual non-perturbative dynamics integrated with a perturbative one
would be more appropriate. Recently an interesting approach has been proposed to describe
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2. Reheating constraints through decaying inflaton : Single-phase to Two-phase reheating

Table 2.8: Models and their associated values of Mmax
X , measured in units of GeV

Higgs-Starobinsky model

γ = 10−12 γ = 10−8 γ = 10−4

ωeff
(
10−3

)
ωeff

(
10−6

)
ωeff

(
10−3

)
ωeff

(
10−6

)
ωeff

(
10−3

)
ωeff

(
10−6

)
Mmax
X (min) 1.4× 104 1.1× 105 1.4 10.6 1.4× 10−4 1.1× 10−3

Mmax
X (max) 11.7× 108 11.6× 108 11.7× 104 11.6× 104 11.7 11.6

Minimal plateau model (ϕ∗ = 0.001Mp)

γ = 10−12 γ = 10−8 γ = 10−4

ωeff
(
10−3

)
ωeff

(
10−6

)
ωeff

(
10−3

)
ωeff

(
10−6

)
ωeff

(
10−3

)
ωeff

(
10−6

)
Mmax
X (min) 1.4× 104 1.0× 105 1.4 10.4 1.4× 10−4 1.0× 10−3

Mmax
X (max) 6.8× 108 6.7× 108 6.8× 104 6.7× 104 6.8 6.7

preheating phenomena in the Boltzmann framework [130]. In our present Two-phase reheating
dynamics, the aforementioned non-perturbative Boltzmann framework could be natural to
integrate with the perturbative Boltzmann equations. Another important fact we have not
considered is the temperature dependency of the effective numbers of relativistic degrees of
freedom (g∗). Constant effective degrees of freedom is reasonably good approximation for a
wide range of temperature [131, 132] till the QCD hadronic transition happens at around 102

MeV scale, around which the vale of effective degrees of freedom changes as g∗ = 100 → 10
[133, 134]. So our eventual plane in the future is to calculate dark matter and the reheating
parameter space accurately by acknowledging the precise evolution of those degrees of freedom
in the thermal bath [135–137].
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Understanding the phase of reheating through primordial
magnetic field and CMB 3

”God runs electromagnetics on Monday, Wednesday, and Friday
by the wave theory, and the devil runs it by quantum theory
on Tuesday, Thursday, and Saturday.”

Lawrence Bragg

In the previous chapter, we proposed two-phase reheating, where the initial preheating
phase is described by effective dynamics followed by perturbative reheating. We discussed in
detail the constraints on the inflaton and dark matter parameter space considering CMB and
present DM abundance. In this chapter, we will consider yet another interesting observable
associated with the primordial magnetic field. The primordial magnetic field, together with
CMB, will be shown to provide further constraints on the dynamics of reheating and inflation
models. We will specifically focus on how the present-day Large-scale magnetic field (LSMF)
combined with the CMB anisotropy can probe the reheating phase of the universe. For LSMF
we consider simple model of primordial magnetogeneis [138–141]. Primordial magnetogenesis
models have been studied quite extensively in the literature [142–148]. The well known
mechanisms is to explicit break the conformal invariance in the electromagnetic sector. It is
well known that due to conformal invariance free electromagnetic theory does not experience
the conformally flat cosmological universe in four dimensions. Hence, to overcome such a
problem one usually invokes extra scalar degrees of freedom which directly couples with the
electromagnetic field. Such a theory has been shown to generate a non-zero vacuum expectation
value of the electromagnetic field from a quantum vacuum without any source term. However,
the dynamical nature of the conformal breaking coupling invites new problems which are
known as strong coupling and back-reaction problems [149, 150]. For the sake of completeness,
we will discuss those problems in detail as we go along. Our main goal of this chapter would be
to show how some of such problems can be alleviated by considering the dynamics of reheating
[141]. This in turn along with the observation of large-scale magnetic fields in the present
universe provides new constraints on the reheating dynamics. Taking into account both the
CMB anisotropic constraints on the inflationary power spectrum and the present value of the
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3. Understanding the phase of reheating through primordial magnetic field and CMB

large-scale magnetic field, our analysis reveals an important connection among the reheating
parameters (Tre, wre), magnetogensis models and inflationary scalar spectral index (ns).

The universe is observationally shown to be magnetized over a wide range of scales. Zeeman
splitting, synchrotron emission, and Faraday rotation are some of the fundamental physical
mechanisms by which the existence of a magnetic field can be probed. Various astrophysical
and cosmological observations of those quantities tell us that our universe is magnetized over
scales starting from our earth, the sun, stars, galaxies, galaxy clusters, and the intergalactic
medium (IGM) in voids. In the galaxies and galaxy clusters of a few to hundred-kilo parsecs
(kpc) scale, the magnetic fields have been observed to be of order a few micro Gauss [151–153].
The γ-ray observations of GRB 190114C, the observed long-term GeV-TeV light curve of the
BLAZAR MRK 421 and BLAZAR MRK 501 suggest that even the intergalactic medium (IGM)
in voids can host a weak ∼ 10−16 − 10−20 Gauss magnetic field, with the coherence length
as large as Mpc scales [154–162]. Furthermore, future space-based γ−ray observatories such
as MAST with improved sensitivity will be able to probe the strength of the extra-galactic
magnetic field(EGMF) even below B < 10−18 G using the pair echo method [163]. Additionally,
Jedamzik et al. [164] derive an upper limit on the PMFs, which is ∼ 47 pG for scale-invariant
PMFs, using MHD computation. Therefore, all these efforts and observations hint at the
importance of understanding large-scale magnetic fields in the theoretical framework. In this
context, our main focus of this chapter would be to understand the evolution of large-scale
magnetic fields. We will not concentrate on the magnetogenesis scenario, which has already
been studied quite extensively in the literature [139, 142–144, 146]. As the mechanism of
inflationary magnetogensis is essentially the same, we will specifically consider the well-known
Ratra model [138] for our study. Once the electromagnetic field is generated during inflation,
the subsequent evolution occurs through the time-evolving plasma. The magnetic field at
the cosmological scale can evolve and survive even today while passing through the plasma
state[165, 166] of our universe before the structure formation. Therefore, the time-evolving
plasma proves to be an ideal environment to have sustainable evolution and growth of the
magnetic field. Usual magnetic hydrodynamic evolution in the time-evolving plasma requires
a tiny seed initial magnetic field. In the cosmological context, the well-known mechanism
for such a seed field is primordial inflationary magnetogenesis. Inflation provides us with a
unique mechanism for producing coherent magnetic fields for a wide range of scales. Mpc
scale magnetic field can survive until today as a cosmological relic whose magnitude could be
∼ 10−9 − 10−20 G. On the other hand, at small scales, this tiny inflationary magnetic field
can play as a seed field which will be further enhanced by the well-known Galactic dynamo
mechanism[152, 167–170]. A similar mechanism can also be obtained from the Electroweak
Phase Transition (EWPT) [171–174].

We consider a standard scenario of inflationary magnetogenesis where the kinetic term of the
electromagnetic field is conformally coupled with a scalar field. Background inflation dynamics
naturally produce a large-scale electromagnetic field that subsequently evolves through the
reheating phase. Instead of going into the details of the magnetogenesis mechanism, we
concentrate on dynamics during reheating considering various inflationary models. In our
analysis, we assume the negligible Schwinger effect on magnetogenesis. This chapter is arranged
as follows: in section 3.1, we discuss the I2FF model of inflationary magnetogenesis and show
how Faraday’s induction effect impacts the present-day magnetic field strength. Moreover, we
also discuss in detail the methodology of probing the reheating phase through the present-
day large-scale magnetic field combined with CMB anisotropy. In section 3.2, we derive an
approximate analytical expression that relates the magnetic power spectrum in the present
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universe with reheating parameters. In section 3.3, we finally show how our analysis constrains
the reheating and magnetogenesis model considering a few observationally viable inflationary
scenarios.

3.1 Inflationary magnetogenesis: General discussion

During inflation, the large-scale magnetic field is generated out of the quantum vacuum and
then subsequently evolves through various phases of our universe. Therefore, the evolving
magnetic field must encode valuable information about the reheating. Considering the present
value of the large-scale magnetic field, we can place constraints not only on the parameters of
the reheating phase but also on the magnetogenesis model itself. Contrary to the convention,
the crucial point of our present analysis is the assumption of conductivity being negligible
until the end of reheating. The reason being the universe turns into the plasma state nearly
at the end of reheating. From a large number of studies [45, 47, 90, 91], it is observed that
almost the entire period of reheating is primarily dominated by inflaton. In the context of the
inflationary magnetogenesis scenario, this particular assumption has recently been proposed to
be important [141] during reheating. Conventionally after the end of inflation, the magnetic
field on the super-horizon scales is assumed to be redshifted with respect to the scale factor
a as B2 ∝ 1/a4 provided inflaton energy density transfers into plasma instantaneously, and
the universe becomes a good conductor instantly right after the end of inflation. Hence, the
electric field ceases to exist. However, in the reference, [141] it has been shown that if the
conductivity remains small, redshifts of magnetic energy density become slower, B2 ∝ 1/a6H2,
due to electromagnetic Faraday induction. Here H is the Hubble parameter. This helps one to
obtain the required value of the present-day large-scale magnetic field considering a large class
inflationary model, which we describe below.

3.1.1 Quantizing the Ratra model: Electromagnetic power spectrum

The simplest magnetogenesis scenario we will be considering here is known as Ratra model
[138] with the interaction Lagrangian I(ϕ)2FF . In this interacting Lagrangian, the conformal
symmetry is explicitly broken by the scalar field coupling function I(ϕ). During inflation, the
model generally predicts a strong primordial electric field than the magnetic field, and that
can backreact to invalidate the mechanism itself. We discuss the model in detail and show how
the reheating phase can cure this backreaction problem. In the frame of a comoving observer
having four-velocity uµ (ui = 0, uµu

µ = −1), the magnetic and electric fields are defined as

Eµ = uνFµν , Bµ =
1

2
ϵµνρσu

σF νρ. (3.1)

Where, Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor and ϵµνρσ is a totally antisym-
metric tensor. The background is the well-known FLRW metric with the time-dependent scale
factor a(τ) expressed in conformal coordinate,

ds2 = a(τ)2
(
−dτ2 + dx2

)
. (3.2)

As already described before, the gauge field action is taken to be,

S = −1

4

∫
d4x

√
−gI(τ)2FµνFµν , (3.3)
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At this point, let us point out that one can consider other inflationary magnetogeneis models
with axion-electromagnetic field coupling [175–177], higher curvature coupling [178, 179] and
apply our methodology presented here to not only constraint the reheating phase but also
make the models under consideration viable.

In the inflationary magnetogenesis scenario, the essential idea is to quantize the electro-
magnetic field in the classical inflationary background. Here I(τ)2 ≡ I(ϕ(τ)), therefore, is
the time-dependent coupling arising from some classical background scalar field. To maintain
generality, we do not specify any background dynamics of the scalar field. Through this
coupling, the electromagnetic field experiences the spatially flat expanding FLRW background.
To quantize the field components, Aµ are expressed in terms of irreducible scalar and vector
components as follows,

Aµ = (A0, ∂iS + vi) with ∂iVi = 0 . (3.4)

In the standard canonical quantization procedure, one writes Vi in terms of the annihilation
(ak) and the creation operator (a†k) as

Vi(τ, x) =
∑
p=1,2

∫
d3k

(2π)3
ϵ
(p)
i (k)

{
eik.xa

(p)
k u

(p)
k (τ) + e−ik.xa

†(p)
k u

∗(p)
k (τ)

}
, (3.5)

here the ϵ(p)i (k) is the polarization vector corresponding to the two polarization direction
p = 1, 2, which satisfy the following relations, ϵ(p)i (k)ki = 0 , ϵ

(p)
i (k)ϵ(q)i (k) = δpq. The creation

and annihilation operators in Eq.(3.5) namely a(p)k and a†(p)k are time-independent. They satisfy
the commutation relation

[a
(p)
k , a

(q)
h ] = [a

†(p)
k , a

†(q)
h ] = 0 , [a

(p)
k , a

†(q)
h ] = (2π)3δpqδ(3)(k-h) . (3.6)

All the dynamics of the field will be encoded into the mode function which satisfies the following
equation of motion,

u
(p)′′
k + 2

I ′

I
+ k2u

(p)′
k = 0. (3.7)

Where the prime denotes derivative with respect to the proper time τ . Conventionally the
electromagnetic power spectrum is expressed in terms of those mode functions as follows,

PE(k) =
k3

2π2a4

∑
p=1,2

|u(p)′k |2 ; PB(k) =
k5

2π2a4

∑
p=1,2

|u(p)k |2. (3.8)

However, an elegant way to express the above power spectrum is in terms Bogliubov coefficient
which has direct physical interpretation in terms of quantum particle production. This
Hamiltonian is written in terms of time-independent creation and annihilation operator as
follows,

H =
I2(τ)

2

∑
p=1,2

(
k|u(p)k |2 + 1

k
|u′(p)k |2

)(
a
(p)†
k a

(p)
k + a

(p)
−ka

(p)†
−k

)
+

(
k(u

(p)
k )2 +

1

k
(u

′(p)
k )2

)
a
(p)
k a

(p)
−k

+

(
k(u

(p)∗
k )2 +

1

k
(u

∗′(p)
k )2

)
a
(p)†
−k a

(p)†
k +

1

2

(
a
(p)†
k a

(p)
k − a

(p)
−ka

(p)†
−k

)
.

76

TH-2748_176121018



3.1. Inflationary magnetogenesis: General discussion

This is not diagonal. Therefore, to diagonalize, we employ the Bogoliubov transforma-
tion. In this transformation, new set of time-dependent creation and annihilation operators
(b

(p)
k (τ), b

(p)†
k (τ)) are defined in term of old ones. And the new basis of the Hilbert space so

constructed diagonalizes the above Hamiltonian,

b
(p)
k (τ) = α

(p)
k (τ)a

(p)
k + β

(p)∗
k a

(p)†
−k , b

(p)†
k (τ) = α

(p)∗
k (τ)a

(p)†
k + β

(p)
k (τ)a

(p)
−k. (3.9)

Where α(p)
k and β(p)k are the Bogoliubov coefficients defined as

α
(p)
k (τ) = I

(√
k

2
u
(p)
k +

i√
2k
u
′(p)
k

)
(3.10)

β
(p)
k (τ) = I

(√
k

2
u
(p)
k − i√

2k
u
′(p)
k

)
. (3.11)

The Bogoliubov coefficients follow the following normalization condition

|α(p)
k |2 − |β(p)k |2 = 1 (3.12)

With all these ingredients one represents the power spectrum in terms of Bogoliubov coefficients,
α
(p)
k and β(p)k as follows,

PE(k) =
k4

4π2a4I2

∑
p=1,2

|α(p)
k − β

(p)
k |2 ; PB(k) =

k4

4π2a4I2

∑
p=1,2

|α(p)
k + β

(p)
k |2 (3.13)

Considering the super-horizon limit, the above expressions for the electromagnetic power
spectrum can be further simplified by extracting the amplitude and phase of those coefficients.
By using the normalization condition Eq (3.12) one can write,

|α(p)
k ± β

(p)
k |2 = 1 + 2|β(p)k |2 ± |β(p)k |

√
1 + |β(p)k |2 cos{arg(α(p)

k β
∗(p)
k )} (3.14)

Where, the phase factor is expressed as arg(α(p)
k β

∗(p)
k ) ≡ π + θ

(p)
k . In the following discussion,

we consider a specific model of the electromagnetic coupling function.

3.1.1.1 Magnetogenesis: Modelling the coupling function

In order to study further, we consider the following widely considered power law form of the
coupling function [138]

I(τ) =


(
aend
a

)n
a ≤ aend

1 a ≥ aend,

(3.15)

where aend is the scale factor at the end of inflation. At this stage, let us point out that, in all
the previous analyses, n has been considered to be an integer. For generality, we assume n to
be arbitrary. In the end, we want to constrain its value through observation. Furthermore,
after the end of inflation, the function form of I(ϕ) will be chosen in such a way that the usual
conformal electrodynamics is restored.
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Our first interest is to understand how the large-scale magnetic field is assumed to be
produced during the initial stage of inflation. In order to do that, we assume the Hubble
parameter to be constant throughout our analysis. This also helps us to give a clear picture in
terms of analytic solutions. The perfect de-Sitter background with Hubble parameter Hinf ,
one obtains the solution for the mode function as,

uk =
1

2I

(
π

aHinf

) 1
2

H
(1)

−n+ 1
2

(
k

aHinf

)
, (3.16)

which leads to the Bunch-Davies vacuum state at the sub-Horizon scale. H(1)

−n+ 1
2

(
k

aHinf

)
is

the Hankel function of the first kind. The Hankel functions are defined in terms of the Bessel
function of the first and second (Neumann) kinds.

Hν

(
k

aHinf

)
= Jν

(
k

aHinf

)
+ iYν

(
k

aHinf

)
(3.17)

Here ν = −n ± 1
2 . Defining a new variable z = k/aHinf , the time dependent Bogoliubov

coefficient are expressed as,

αk =
(πz

8

) 1
2

{
H

(1)

−n+ 1
2

(z)− iH
(1)

−n− 1
2

(z)

}
; βk =

(πz
8

) 1
2

{
H

(1)

−n+ 1
2

(z) + iH
(1)

−n− 1
2

(z)

}
(3.18)

As we have already described before, our focus is to understand the reheating constraints on
inflationary and magnetogenesis models considering the CMB anisotropy and LSMF field,
which are naturally classified as large-scale observables. Our discussion will be mainly in the
super-horizon limit. Therefore, within this limit following conditions will be satisfied

1

|β(p)k |2
≪ θ

(p)
k ≪ 1. (3.19)

This essentially suggests that any mode starting from the Bunch-Davis vacuum at the sub-
horizon scale transforms into a highly squeezed state, parametrized by |β(p)k |2 ≫ 1, after its
horizon exit during inflation. Using this condition, one gets the following simplified form of
the electromagnetic power spectrum,

PE(k) ≃
k4

4π2a4I2

∑
p=1,2

4|β(p)k |2 ; PB(k) ≃
k4

4π2a4I2

∑
p=1,2

|β(p)k |2
(
θ
(p)
k

)2
(3.20)

For the arbitrary value of n, the final expression for the spectrum assumes the following forms,

PE(k) ≃
4k4

2π2a4I2

(πz
8

){
H

∗(1)
−n+ 1

2

(z)H
(1)

−n+ 1
2

(z) + iH
∗(1)
−n+ 1

2

(z)H
(1)

−n− 1
2

(z)

}
− 4k4

2π2a4I2

(πz
8

){
iH

∗(1)
−n− 1

2

(z)H
(1)

−n+ 1
2

(z)−H
(1)

−n− 1
2

(z)H
∗(1)
−n− 1

2

(z)

}
(3.21)

PB(k) ≃
k4

2π2a4I2

(πz
8

){
H

∗(1)
−n+ 1

2

(z)H
(1)

−n+ 1
2

(z) + iH
∗(1)
−n+ 1

2

(z)H
(1)

−n− 1
2

(z)

}
78

TH-2748_176121018



3.1. Inflationary magnetogenesis: General discussion

− k4

2π2a4I2

(πz
8

){
iH

∗(1)
−n− 1

2

(z)H
(1)

−n+ 1
2

(z)−H
(1)

−n− 1
2

(z)H
∗(1)
−n− 1

2

(z)

}
{
arg

[
πz

8

(
H

(1)

−n+ 1
2

(z)− iH
(1)

−n− 1
2

(z)

)(
H

∗(1)
−n+ 1

2

(z)− iH
∗(1)
−n− 1

2

(z)

)]
− π

}2

(3.22)

In our final numerical analysis, we will be considering this expression. To this end, it is
important to remind the reader, that the widely studied case with a positive integer value of n
leads to the following simplified form of the electromagnetic power spectra at the superhorizon
scale (k ≪ aHinf ) as [141]

PE(k) ≃
8Γ(n+ 1

2)
2H4

inf

I2π3

(
k

2aHinf

)−2(n−2)

; PB(k) ≃
8Γ(n− 1

2)
2H4

inf

I2π3

(
k

2aHinf

)−2(n−3)

.(3.23)

With this expression, subsequent magnetic field evolution has been widely studied, considering
the magnetic energy density decreasing as |B|2 ∼ 1/a4.

3.1.1.2 After inflation dynamics: reheating

In order to associate the observed current magnetic field with the magnetic field produced
during inflation, it is essential to study the subsequent evolution. Most of the studies so far
considered the fact that when I2 becomes constant at the end of the inflation, the co-moving
photon density |β(p)k |2 is conserved. Consequently, the magnetic power redshifts as PB(k) ∝ a−4

until today. Before embarking on our proposal, let us briefly discuss the widely studied case
for the sake of completeness. Thus, at the end of the inflation, the phase parameter (θendk ) and
the photon density (|βendk |2) are identified as

θendk = {Arg [αk (zend)β∗k(zend)]− π} , (3.24)

|βendk |2 =
(πzend

8

){
H

∗(1)
−n+ 1

2

(zend)H
(1)

−n+ 1
2

(zend) + iH
∗(1)
−n+ 1

2

(zend)H
(1)

−n− 1
2

(zend)

}
−
(πzend

8

){
iH

∗(1)
−n− 1

2

(zend)H
(1)

−n+ 1
2

(zend)−H
(1)

−n− 1
2

(zend)H
∗(1)
−n− 1

2

(zend)

}
. (3.25)

Here we define zend ≡ k/aendHinf . For any arbitrary values of n, the magnetic power spectrum
is

Pend
B (k) ≃ k4

2π2a4end

(
θendk

)2
|βendk |2 . (3.26)

For positive integer n, the expression above Eqn.(3.26) boils down to

Pend
B (k) ≃

8Γ(n− 1
2)

2

π3
H4
Inf

(
k

2aendHInf

)−2(n−3)

, (3.27)

at the super-horizon scale k ≪ aHinf . Considering nontrivial dynamics, the magnetic power
spectrum at the present universe can be correlated with the magnetic power at the end of the
inflation through the following standard equation

PB0(k) ≃ Pend
B (k)

(
aend
a0

)4

. (3.28)
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Higgs -Starobinsky Inflation
n = 2
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Figure 3.1: We plot the variation of the present magnetic field’s strength as a function of the
spectral index within 2σ range of ns from Planck [29] for the Higgs-Starobinsky inflationary
model. It is clear that the required magnetic field strength (10−9 ∼ 10−22) G is difficult to
achieve within the conventional framework unless one introduces a slow decreasing rate of
magnetic energy density in some early state of the universe evolution.

Where aend/a0 can be expressed in terms of inflationary e-folding number (Nk) as

aend
a0

=
aend
ak

k′

a0HInf
=

(
k′

a0

)
eNk

HInf
. (3.29)

Here k′/a0 = 0.05M−1
pc is taken as pivot scale set by Planck observation. By combining

equations (3.27), (3.28), and (3.29), the expression for the magnetic power considering integer
values of n, follow the equation

PB0 ≃
Γ(n− 1

2)
2

23−2nπ3

(
k

a0

)6−2n( k′
a0

)2n−2

e2(n−1)Nk . (3.30)

It has already been observed and also shown in Fig.(3.1) the well-known fact that magnetic
strength of order 10−9 − 10−22 Gauss on 1 Mpc scales [139, 156, 180, 181] can not be obtained
by the above magnetic power spectrum for high-scale inflation model such as Higgs-Starobinsky
inflation. Several models have been constructed to avoid this problem without much success
related to the theoretical issues which we discuss in the next section. From here itself, we
will advocate the importance of considering the effect of reheating more seriously than the
model building. In the recent paper [141], authors have shown that considering negligible
electrical conductivity during reheating, Faraday’s law of electromagnetic induction plays an
interesting role in modifying the magnetic field evolution. Therefore, we want to see how this
induction effect can safely generate the presently observed magnetic field for different high-scale
inflationary models. Consideration of CMB anisotropy into the analysis further reveals an
intricate interconnection among various apparently disconnected cosmological parameters
such as (ns, PB0, Tre, wre). Consequently, our analysis opens up an interesting new possibility
of probing the reheating dynamics and simultaneously constraining the inflationary and
magnetogenesis model parameters through the evolution of the primordial magnetic field,
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which has not been considered before.
After the end of inflation, the assumption of the gauge kinetic function I(ϕ) being unity
renders the post-inflationary evolution of the electromagnetic field as standard Maxwellian.
Therefore, further production of gauge field from the quantum vacuum ceases to exist. The
electromagnetic field produced during inflation will cross the horizon and turn into the classical
one, which will evolve during this phase. In the Fourier space, the mode function solution of
the free Maxwell equation is,

u
(p)
k =

1√
2k

{α(p)
k (zend)e

−ik(τ−τend) + β
(p)
k (zend)e

−ik(τ−τend)} , (3.31)

here τend represents the end of inflationary era. For the arbitrary value of n, the phase factor
is calculated to be

θ
(p)
k =

{
Arg

[
α
(p)
k (zend)β

(p)∗
k (zend)

]
− π

}
− 2k (τ − τend) . (3.32)

Where the elapsed conformal time is obtained as

τ − τend =

∫ a

aend

da

a2H
. (3.33)

Since there is no further production of gauge field, the photon number density |βk|2 becomes
independent of time and follows the same equation (3.25) as before. However, as emphasized
already, the Faraday induction will come into play during this phase. To see this, let us first
express the magnetic power spectra at the end of reheating parametrized by the scale factor
(are) as

PBre(k) ≃
k4

2π2a4re
(θrek )2|βendk |2 , (3.34)

where θrek is the phase parameter at the end of the reheating era, which is defined as,

θrek = {Arg [αk (zend)β∗k(zend)]− π} − 2k

∫ are

aend

da

a2H
. (3.35)

A notable term of the above expression is the second one which leads to the non-conventional
dynamics of the magnetic field. Assuming the constant equation of state during reheating
dynamics the special term boils down to the following simple form,

2k(τ − τend) →
4k

3ω + 1

(
1

aH
− 1

aendHinf

)
. (3.36)

The phase term contributes to the dynamics of the magnetic power spectrum in two different
ways. The conventional one will be associated with the redshift factor ∝ a−4 emerging from
the first term in the right-hand side of the Eq.(3.32). The important one is associated with the
redshift factor ∝ a−6H−2 emerged out from k/aH term. As the expansion of the universe is
decelerating after inflation, the leading contribution to the evolution of the magnetic power
would be controlled by the latter one Eq.(3.32). However, the electric field energy dilutes
following the conventional form

PE(k) ≃
2k4

π2a4
|βendk |2 . (3.37)
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For large scale (k ≪ aH), the above expression boils down to,

PE(k) ≃
8Γ(n+ 1

2)
2

π3
H4
inf

(
k

2aendHinf

)−2(n−2) (aend
a

)4
, (3.38)

for integer values of n. After the end of reheating, inflaton energy is converted into conducting
plasma containing all the standard model particles. Due to large electrical conductivity, the
primordial electric field decays to zero, and comoving large-scale magnetic energy density
freezes to a constant value until today. Therefore, the final general expression of our interest is
the present-day magnetic field strength given as

PB0(k) = PBre(k)

(
are
a0

)4

≃ k4

2π2
(θrek )2|βendk |2 1

a40
. (3.39)

If we take the integer value of n, at the super horizon scale, the above expression will transform
into [141]

PB0(k) ≃
8Γ(n− 1

2)
2

π3
H4
inf

(
k

2aendHinf

)−2(n−3)(aend
a0

)4

{
1 + (2n− 1)

∫ are

aend

da

a

aendHinf

aH

}2

, (3.40)

where a0 is the scale factor at the present time. In the next section, we will briefly discuss
standard theoretical issues related to the magnetogenesis model.

3.1.2 Discussion on strong coupling and backreaction problem

In order to generate the large-scale magnetic field of required strength, conventional magnetoge-
nesis models encounter either the strong coupling or backreaction problem. In order to alleviate
these issues, several attempts [140, 149, 182–195] have been made either by advocating different
forms of the gauge coupling function or taking non-trivial dynamics of the coupling fields during
reheating. In the context of the simplest magnetogenesis model proposed in [138], the gauge
kinetic function I(τ) can essentially be interpreted as time-dependent effective electromagnetic
coupling. By considering field-theoretic argument and experimental observations [149, 150]
it is generically argued that the model either suffers from the strong coupling problem or
backreaction problem.
In our previous discussion, we have chosen the effective electromagnetic coupling function as a
monomial function of the scale factor,

I =
(aend

a

)n
= eNkn , (3.41)

where Nk = ln(a/aend) associated with a particular scale k is identified as the e-folding number
during inflation. It is clear from the above expression that once the value of n is chosen to be
negative, the gauge kinetic function increases during inflation. Now the behavior of I(τ) is so
chosen that it boils down to unity after inflation. Therefore, during inflation, its magnitude must
be less than unity. This is where the origin of the strong coupling problem in the electromagnetic
sector lies. Under the field redefinition Aµ →

√
IAµ, the effective electromagnetic coupling

αeff , defined through the fermion-gauge field interaction Lint = eAµJ
µ modified as

αeff =
e2

4πI
=
α

I
. (3.42)
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e is the charge of the fermionic field contributing to the electric current. α is the standard
electromagnetic coupling. Nonetheless, as one goes early in the inflationary phase, the
effective electromagnetic coupling necessarily becomes very large, which turns the theory
non-perturbative. The perturbative computation of magnetogenesis discussed in our previous
section will no longer be valid. Keeping this problem aside, if we still follow the analysis as
before, large effective electromagnetic coupling αeff , will naturally suppress the gauge field
production. This may lead to the magnetic field according to the observed value without any
backreaction problem.

On the other hand, if one considers positive values of n ≥ 0, the whole reasoning expressed
just now will be reversed. The gauge kinetic function I(τ) will be larger than unity, and
hence the perturbative magnetogenesis analysis will be perfectly valid for this case. However,
a considerable reduction of the effective electromagnetic coupling αeff ∝ 1/I(τ), specifically
during the early inflationary stage of our interest, significantly enhances the production of
electromagnetic energy. In such a scenario, the quantum production of electromagnetic energy
may take over the background energy density. This is precisely the backreaction problem,
which jeopardizes the very idea of quantum production from a fixed inflationary background.
To avoid the backreaction problem, the energy density of the gauge field must be smaller
than the total background energy density ρtot = 3M2

pH
2
Inf . For subsequent calculation, let us

define the useful parameter which quantifies the amount of background energy density during
inflation against the gauge field energy density ρA as,

ρA
ρtot

≤ ζ . (3.43)

Where ζ is associated with the amplitude of the curvature perturbation measured from CMB
anisotropy. The CMB observation constrain the amplitude of the curvature perturbation as
ζ = 4.58× 10−5 [29]. The total gauge field energy density at a given scale factor aT during
inflation can be calculated by using equations (3.13) and (3.18) as

ρA(aT ) = ρE(aT ) + ρB(aT ) =
I(aT )

2

2

∫ kT

kIR

dk

k
{PE(k, aT ) + PB(k, aT )}

=
I(aT )

2

2

∫ kT

kIR

dk

4πkHinf

(
k

aT

)5
{∣∣∣∣H(1)

−n− 1
2

(
k

aTHinf

)∣∣∣∣2 + ∣∣∣∣H(1)

−n+ 1
2

(
k

aTHinf

)∣∣∣∣2
}
.

In the above expression, the k-integration ranges from kIR to kT . Associated with our
observable universe, the IR cutoff kIR corresponds to the highest mode that exits the horizon
at the beginning of the inflation or approximately the CMB scale, and kT ∼ aTHinf denotes
the mode that crosses the horizon at any arbitrary scale a = aT . In order to avoid backreaction,
the energy density across the scales emerging during inflation (ak ≤ aT ≤ aend), should satisfies
the condition (3.43). So we can set a limit on index 0 < n < nmax of the gauge coupling
function above which the Eq.(3.43) will be violated. Thus within the aforementioned range of
n, we can take care of strong coupling and backreaction problems simultaneously.
For example, the scale-invariant electric power spectrum which corresponds to n = 2, the total
gauge field energy density at the end of the inflation is

ρA = ρE + ρB ∼ 9

4

H4
Inf

π2
Nk +

H4
Inf

8π2
(
1− e−2Nk

)
. (3.44)

The ratio between the gauge field and the total background energy density is always less
than the amplitude of the curvature perturbation (ρA/ρtot ∼ 10−10) for all allowed values of
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the spectral index. For the scale-invariant electric power spectra model, therefore, the back
reaction, as well as the strong coupling problem, can be avoided. However, during the entire
inflation period, such models generically produce a magnetic field of insufficient strength and
we will see how the reheating phase helps to enhance the magnitude of the magnetic field to a
desirable strength.

Another interesting case is when the generated magnetic field is scale-invariant, which
corresponds to n = 3. However, immediate problem arises in the electric field power spectrum

PE(k) ∝
(

k
aHInf

)−2
→ ∞ (see equation 3.23), which increases rapidly in the large scale limit

k
aHInf

→ 0. Hence electrical energy density exceeds the background inflaton energy density
much before the end of the inflation. However, it can be cured by changing the coupling
function as follows,

I(τ) =


(
abr
a

)n
a ≤ abr

1 a ≥ abr,

(3.45)

where abr is the scale factor defined at a particular point during inflation when

ρE(abr) + ρB(abr)

3M2
pH

2
Inf

= ζ . (3.46)

Therefore, the primary assumption is that the standard maxwell theory is recovered at a point
abr not after the end of inflation. In such a scenario, one can naturally solve the backreaction
problem for the n = 3 magnetogenesis model. However, from the detailed analysis, we found it
difficult to obtain the magnetic field within the observable limit. The magnetic field strength
turns out to be within (10−45 − 10−50) G, which is very small compared with the observational
limit. We will discuss this possible scenario in our future work. In our subsequent discussion,
we will mainly concentrate on the model with the scale-invariant electric power spectrum
during inflation.

3.1.3 Reheating dynamics: Connecting Reheating and Primordial
magnetic field via CMB

By now, it has become clear that the primary importance of the reheating phase is to enhance
the strength of the large-scale magnetic field to the required order. We understood the fact
that Faraday’s law of electromagnetic induction plays a crucial role in this regard. Therefore,
to obtain the correct order of the current magnetic field, understanding the reheating dynamics
as well as the evolution of the magnetic field during this period will be of utmost importance.
To do that, we will consider two possible reheating models and compare the result.

Case-I: Dynamics described by an effective EoS parameter : For this, we follow
the effective one fluid description of reheating dynamics proposed in [45], where inflaton energy
is assumed to be converted into radiation instantaneously at the end of reheating (see, for
instance, section (2.1.1) for details).

Reheating parameters and primordial magnetic field : Since electrical conductivity
during the entire period of reheating is assumed to be negligible, the electric field continues to
exist in the post-inflationary era until the universe becomes a perfect conductor. This is the
non-zero electric field during reheating, whose dynamics will significantly change the dynamics
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of the magnetic field and produce a strong magnetic field today.
For this present reheating model, the phase parameter at the end of the reheating θrek in
equation (3.35) can be defined as,

θrek = {Arg [αk (zend)β∗k(zend)]− π} − 4

3 ωeff + 1

(
k

areHre
− k

aendHInf

)
, (3.47)

where Hre is the Hubble rate at the endpoint of reheating. Using the evolution of effective
density ρ ∝ a−3(1+ωeff ), one can extract the information about the Hubble parameter at the
end of reheating (Hre) as

Hre = HinfA
− 3

2
(1+ωeff )

re , (3.48)

with the normalized scale factor Are = are/aend = eNre . For integer values of n, the earlier
expression of the phase parameter turns out as

θrek ≃ 2

2n− 1

k

aendHinf

{
1 +

4n− 2

3ωeff + 1

(
aendHinf

areHre
− 1

)}
. (3.49)

Furthermore, utilizing equations (3.49) and (3.34), one can obtain the magnetic power spectrum
during the reheating epoch as,

PBre(k) ≃
8Γ(n− 1

2)
2

π3H−4
Inf

(
k

2aendHinf

)−2(n−3) (aend
a

)4{
1 +

(
4n− 2

3ωeff + 1

)(
aendHinf

aH
− 1

)}2

.

(3.50)

After reheating, the conductivity of the universe becomes sufficiently large. As a consequence,
the electric field dies out very fast, and the magnetic field redshifts as PB ∝ a−4 till today.
Since the comoving magnetic power spectrum is conserved after reheating, the present-day
magnetic field obeys the following relation [141]

PB0(k) ≃
8Γ(n− 1

2)
2

π3H−4
Inf

(
k

2aendHInf

)−2(n−3)(aend
a0

)4{
1 +

(
4n− 2

3ωeff + 1

)(
aendHinf

areHre
− 1

)}2

,

(3.51)

where the ratio between the scale factor a0 and are, considering entropy conservation can be
expressed as

a0
are

=

(
11gs,re
43

) 1
3 Tre
T0

. (3.52)

From the preceding expression, we observe that the magnetic field’s present strength explicitly
depends on the reheating and inflationary parameters. Therefore, this opens up a new possibility
for probing the early phases of the universe, particularly the reheating phase, through the
large-scale magnetic field. For a specific value of the spectral index, the PB0 has a one-to-one
correspondence with the effective equation of state of reheating ωeff and reheating temperature
Tre. Therefore, an important conclusion we arrived at is that the effective equation of state is
no longer a free parameter; rather, it can be fixed by the present value of PB0 via CMB.
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3. Understanding the phase of reheating through primordial magnetic field and CMB

Case-II: Perturbative reheating dynamics: In the earlier case, we have not taken into
account explicit decay of the inflaton field, and additionally, the effective equation of state was
assumed to be constant. In this case, we consider a perturbative reheating scenario following
the methodology discussed in [91] (see, for instance, section (2.1.2) for details).

Connecting reheating and primordial magnetic field : In order to connect the
reheating and primordial magnetic field through the CMB, it is necessary to understand the
cosmological evolution of the electromagnetic field during the post-inflationary epoch, especially
during reheating, which modifies the present strength of the magnetic power spectrum. As we
consider the perturbative decay of the inflaton field during reheating, the phase parameter
(3.35) now explicitly depends on the evolution of the two energy components, ρϕ and ρR with
time

θrek = {Arg [αk (zend)β∗k(zend)]− π} − 2k

are∫
aend

√
3Mp√

ρϕ(a) + ρR(a)

da

a2
. (3.53)

Furthermore, for integer values of coupling parameters at the super horizon scale, one can find
[141]

θrek ≃ 2

2n− 1

k

aendHInf

1 + (2n− 1)

are∫
aend

√
3Mp√

ρϕ(a) + ρR(a)

aendHinf

a

da

a

 , (3.54)

where the time-dependent density components will be followed from Eqns.(2.21) and (2.22).
Thus, after combining equations (3.40), (3.52), and (3.54), one can obtain the magnetic power
spectrum in the present universe as

PB0(k) ≃
Γ(n− 1

2)
2

π3
22n−3 (2.6× 1039)

(6.4× 10−39)2n−6

(
k

a0
Mpc

)−2(n−3)(11gs,re
43

) 2−2n
3
(
Tre
T0

)2−2n

(
Hinf

GeV

1

Are

)2(n−1)
1 + (2n− 1)

Are∫
1

√
3MpHInf√

ρϕ(a) + ρR(a)

dA

A2


2

G2 . (3.55)

In the preceding expression, we can clearly see the appearance of the reheating parameters,
which are the function of inflationary observables. Therefore, we will be able to put bounds
on the reheating as well as inflationary model parameters. As we emphasized before, from
the measurement of the CMB anisotropy, our goal of this chapter would be to constraints the
reheating dynamics through inflationary parameters considering the present strength of the
magnetic field P1/2

B0
.

3.2 Magnetic power spectrum in the present universe in terms
of reheating parameters: an analytic study

Before employing the numerical analysis, in this section, we present an approximate calculation
for the present value of the magnetic power spectrum and estimate its value in terms of
reheating parameters (Tre, Nre). Following our previous work [93], the radiation temperature
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assumes the following form considering Case-II reheating scenario,

Trad ≃

{
2Γϕ(1 + ωϕ)

5− 3ωϕ

3M2
pHInf

βA4

(
A

5−3ωϕ
2 − 1

)} 1
4

, (3.56)

where β = π2gre/30. Further, utilizing the above expression of the radiation temperature,
we can calculate the approximate expression of the reheating temperature. Subsequently, at
the point of Are the condition H(Are) = Γϕ is satisfied, and one can define the reheating
temperature as

Tre ≃

2Γϕ(1 + ωϕ)

5− 3ωϕ

3M2
pHinf

βA
3+3ωϕ

2
re

 1
4

. (3.57)

Here the decay width Γϕ and the normalized scale factor at the end of reheating (Are) can be
approximated as,

Γϕ ≃
(5− 3ωϕ)βG

4A
3ωϕ−5

2
re

6M2
pHInf

, Are ≃

(
(5− 3ωϕ)

2βG4

12(1 + ωϕ)2M2
pH

2
Inf

) 1
1−3ωϕ

, (3.58)

where, G =
(

43
11gs,re

) 1
3 (a0T0

k′

)
Hke

−Nk . From the Eqn.(3.34) it is obvious that during reheating
phase, the electromagnetic power spectrum is crucially dependent upon the evolution of the
phase θk, which gives rise to the induced magnetic field. Importantly after the reheating phase
ends large-scale magnetic field freezes inside the plasma. Therefore, the hierarchy between
the inflationary and reheating energy scale sets the strength of the magnetic field today after
the inflation. This naturally leads to interesting constraints on the reheating parameters
(Tre, Nre, weff ) through the current value of the large-scale magnetic field. Inflaton energy
density dominates during the initial period of the reheating phase, which enables one to obtain
an approximate solution of the inflaton energy density as

ρϕ(A) = ρendϕ A−3(1+ωϕ)e−Γϕ(t−ti) ≃ ρendϕ A−3(1+ωϕ) . (3.59)

This helps us to obtain the approximate Hubble parameter as

H(A) =

√
ρϕ(A) + ρR(A)

3M2
p

≃
HInf

A
3(1+ωϕ)

2

√√√√
e−Γϕ(t−ti) +

A
3(1+ωϕ)

2

η
≃

HInf

A
3(1+ωϕ)

2

√√√√
1 +

A
3(1+ωϕ)

2

η
,

(3.60)

where η =
(5−3ωϕ)Hinf

2Γϕ(1+ωϕ)
. With all the above approximate expressions, one can arrive the

following expression of the present magnetic power spectrum

PB0(k) ≃
Γ(n− 1

2)
2

π3
22n−3 (2.6× 1039)

(6.4× 10−39)2n−6

(
k

a0
Mpc

)−2(n−3)(11gs,re
43

) d
3
(
Tre
T0

)d(Hinf

GeV

1

Are

)−d

{
1 + (2n− 1)

[
2

3ωϕ + 1

(
η

3ωϕ+1

3(1+ωϕ) − 1

)
+

4

3ωϕ − 1
η1/2

(
A

3ωϕ−1

4
re − η

3ωϕ−1

6(1+ωϕ)

)]}2

G2 .

(3.61)

where d = 2 − 2n. Interestingly, our analytical expression of the magnetic power spectrum
roughly matches the numerical values.
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3. Understanding the phase of reheating through primordial magnetic field and CMB

3.3 Inflation models and numerical results

The main aim of our study is to see how the present value of the large-scale magnetic
field, together with CMB anisotropy, can be used to probe the reheating dynamics and put
combined constraints on the reheating and inflationary parameters space. We consider different
inflationary models and study how the present limits on the magnetic field strength constrain
the effective reheating equation of state ωeff in terms of the inflationary scalar spectral index
ns. Further, the allowed range of the current magnetic field can be shown to impose an upper
limit on the values of the spectral index nmaxs and effective equation of state ωmaxeff , which
in turn provides a bound on the maximum possible reheating temperature Tmaxre . Moreover,
to connect reheating parameters such as (Tre, ωeff ) with the present magnetic field power
spectrum P1/2

B0
, we take into account the gauge kinetic function with power n = 2. We also

studied interesting constraints on the maximum possible value of the magnetogenesis model
parameter n = nmax and associated maximum reheating temperature Tmaxre for the different
inflationary models.

3.3.1 Geneal discussion on our results

In the conventional study, the magnetic energy density is assumed to be diluted adiabatically
with the universe’s expansion as 1/a4 starting from the end of inflation. This framework never
gives rise to enough present-day magnetic field strength for high reheating temperatures. In
comparison, the high reheating temperature is generically expected in the effective field theory
framework. It is in this parlance dynamics of the magnetic field during reheating should be
important to understand. The most important point of our study is the constraints set on
the effective reheating equation of state ωeff . With a particular present-day value of PB0 ,
the CMB anisotropic constraint and entropy conservation law automatically fix the reheating
equation of state uniquely. Interestingly, this would place a severe restriction on the inflaton
potential, which we will study in detail in our subsequent work. We mainly concentrate on the
scale-invariant electric power spectra (n = 2) and their evolution for two possible reheating
scenarios discussed before. One corresponds to the instantaneous conversion of inflaton energy
to radiation at the end of the reheating. The second one is perturbative reheating, where
inflaton energy density is transferred into radiation gradually with finite inflaton decay width.

Case-I, dynamics described by an effective EoS parameter : Even though we
consider the scale-invariant electric field, it is important to remember that it will survive only
until the end of reheating. This will condition the magnitude of the large-scale magnetic field
in the present-day universe. This intertwined nature of the reheating, inflationary parameters
and the large-scale magnetic field is depicted in Fig.(3.2). From the first panel of Fig.(3.2),
we can clearly predict a unique value of ωeff associated with a specific choice of the present
magnetic field strength once one fixes the scalar spectral index ns. Additionally, for a given
ωeff , the reheating temperature is also determined uniquely. Therefore, taking into account
CMB constraints, the reheating phase, conditioned by the negligible electrical conductivity, can
be uniquely probed by the evolution of the primordial magnetic field .
In order to have quantitative understanding of our analysis, in the Tables-(3.1), (3.3) and (3.6),
important reheating parameters such as ωeff and Tre for different sample values of the current
magnetic field are given for a particular values of the spectral index ncentrals = 0.9649. For any
specific choice of the current magnetic field strength within the observational limit, there exists
a maximum allowed value of the spectral index nmaxs and associated ωmaxeff , which further leads
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Figure 3.2: We plot the magnetic field variation on the upper left side as a function of the effective equation of
state for a fixed value of the spectral index. The light pink region indicates the not allowed region as the strength of
the magnetic field in that region is less than 10−22 G ( observed value of the magnetic field on scales ≈ 1Mpc must be
B0

cosmic > 10−22 G [139]). The allowed value of the present magnetic field range from 10−22 G to the point where the
reheating temperature reaches 10−2 GeV (comes from BBN constraints), marked as a solid and dashed red line. In the
middle, we have plotted the variation of reheating temperature as a function of the spectral index for three different
values of the current magnetic field P1/2

B0
= (10−18, 10−20, 10−22) G. The light brown region indicates the reheating

temperature (Tre) below 10−2 GeV , which would ruin the predictions of big bang nucleosynthesis (BBN). In the last plot,
we have shown the variation of the effective equation of state as a function of the spectral index (ns) with two different
values of P1/2

B0
= (10−20, 10−22) G, within the minimum and maximum values of reheating temperature. The deep and

light green band indicates 1σ and 2σ range of ns from Planck [29]. Here we have plotted the results for three different
inflationary models (Natural inflation, Higgs-Starobinsky inflation, minimal plateau model) for the k-independent electric
power spectrum (n = 2).

to the maximum permissible value of the reheating temperature shown in the Tables (3.2),
(3.4), (3.7). We consider three distinct values of P1/2

B0
= (10−18, 10−20, 10−22) G throughout

the discussion. Most importantly, results for the case of instantaneous reheating scenario are
the constraints on the effective reheating equation of state 0.15 < ωeff < 0.33 for quadratic
inflaton potential near its minimum. Furthermore, the minimum limiting value of magnetic
field (P1/2

B0
< 10−22) G, set an associated maximum reheating temperature around ∼ 1 TeV.

Therefore, magnetogenesis models with scale-invariant electric fields appear to be compatible
with only the low-scale inflationary model.
Perturbative reheating model (case-II) : The present-day magnetic field and the reheating
temperature are intimately connected through the inflaton equation of state, which can be
guessed from the previous analysis. However, perturbative reheating is observed to be better
suited for understanding the nature of both the inflaton and magnetogenesis models. An
important characteristic outcome in considering the perturbative reheating scenario is that the
evolution of the large-scale magnetic field permits us to understand the nature of the inflaton
field and its observational viability through the constraints on the inflaton equation of state.
For example, as long as the scale-invariant power spectra model is concerned, ωϕ = 0 can not
produce the required strength of the magnetic field, which indicates the fact that an inflaton field
with quadratic potential near its minimum is not compatible with the observation. However,
assuming a higher inflaton equation of state ωϕ = (p− 2)/(p+ 2) > 1

3 the observable magnetic
field strength can be successfully generated within the perturbative reheating framework shown
in the last two plots of the figs.(3.3). Further, considering the magnetic field strength within
the observational limit, the maximum and minimum allowed values of the spectral index ns,
the inflaton equation of state ωϕ and the associated reheating temperature are provided in the
Tables (3.5), (3.8) for different inflationary models.
With this general discussion, in the following sections, we consider various inflationary models
and discuss their quantitative predictions in detail.
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Figure 3.3: In the first two plots, we have shown the variation of the present-day magnetic
field as a function of the spectral index within the minimum and maximum values of the
reheating temperature for different inflationary models, considering the perturbative dynamics
of reheating with inflaton equation of state (ωϕ = (0, 12 ,

2
3)). The light pink region indicates

the not allowed region as the strength of the magnetic field in that region is less than 10−22

G ( observed value of the magnetic field on scales ≈ 1Mpc must be B0
cosmic > 10−22 G [139]).

We plot on the lower left side the variation of the inflaton equation of state ωϕ as a function of
the spectral index for two different values of the magnetic field P1/2

B0
= (10−15, 10−18) G. On

the lower right side, we have plotted the variation of reheating temperature as a function of
the spectral index with the same fixed values of the P1/2

B0
. The light brown region indicates the

reheating temperature (Tre) below 10−2 GeV , which would ruin the predictions of big bang
nucleosynthesis (BBN).

3.3.2 Natural inflation

We already mentioned the details of this model in sec.1.4. As we have the connection relation
(Eqs. 3.51, 3.55) between the reheating parameters and the parameters of magnetogenesis
model, in the following, we discuss their implications and various constraints for the inflationary
magnetogenesis model with n = 2 for two aforementioned reheating scenarios.
In the first panel of the Fig.(3.2), for PLANCK central value of ns = 0.9649, the reheating

equation of state ωeff has to be bounded within a very small window (0.294, 0.304) which
is close to the radiation equation of state. The upper bound is associated with the BBN
limit of Tre ∼ 10−2 GeV. From the third panel of Fig.(3.2), one observes that with the
decreasing magnetic field, the maximum allowed reheating temperature is increasing, which
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Table 3.1: Probing reheating phase (fixing effective equation of state and reheating temperature)

Natural inflation model (f = 50Mp)

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

ns Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

ωeff 0.9649 0.303 0.299 0.294

Tre (GeV) 0.033 3.36 339.30

Table 3.2: Constraining reheating and inflationary parameters through inflationary magnetoge-
nesis

Natural inflation model (f = 50Mp)

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

nmins 0.9645 0.9630 0.9612

nmaxs 0.9654 0.9654 0.9654

ωmineff 0.2842 0.2171 0.1523

ωmaxeff 0.3307 0.3303 0.3298

Tminre (GeV) 10−2 10−2 10−2

Tmaxre (GeV) 0.16 16.42 1.6× 103

seems intuitively obvious as reheating e-folding is accordingly decreasing. All the above results
are for the case-I reheating scenario.

For the perturbative reheating (case-II) model with ωϕ = 0, the large-scale magnetic field’s
maximum strength is ∼ 10−28 G, which is much smaller compared to the observational limit.
Hence we can conclude that the natural inflation model is not compatible with the large-scale
magnetic field observation within the perturbative reheating framework. This is attributed to
the fact that axion potential is quadratic in nature near its minimum.

3.3.3 α−attractor model

The details of this model is already given in sec.(1.4). We consider α−attractor model with
α = 1 for two different reheating scenarios described before. Detail prediction and model
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3. Understanding the phase of reheating through primordial magnetic field and CMB

Table 3.3: Probing reheating phase (fixing effective equation of state and reheating temperature)

Higgs-Starobinsky inflation model

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

ns Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

ωeff 0.9649 0.3093 0.3061 0.3019

Tre (GeV) 0.044 4.45 447.62

Table 3.4: Constraining reheating and inflationary parameters through inflationary magnetoge-
nesis

Higgs-Starobinsky inflation model

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

nmins 0.9644 0.9629 0.9611

nmaxs 0.9653 0.9653 0.9653

ωmineff 0.2852 0.2185 0.1538

ωmaxeff 0.3314 0.3311 0.3307

Tminre (GeV) 10−2 10−2 10−2

Tmaxre (GeV) 0.16 15.7 1.6× 103

constraints can be read from Figs.(3.2), (3.3) and Tables (3.3), (3.4), (3.8). Taking a particular
central value of the scalar spectral, ns = 0.9649, the effective equation of state is constrained
within a very narrow range (0.302, 0.310). As has been mentioned and also seen for the axion
model, a large-scale magnetic field appeared to be consistent with low reheating temperature
with maximum value ∼ 1 TeV for P1/2

B0
∼ 10−22 G.

For the perturbative case, ωϕ = 0 turned out to be observationally unsuitable. However, for
the model with p = (3, 5) where the inflaton equation states assume ωϕ = (0.5, 23) accordingly,
are observed to be potentially consistent with observation. Most importantly the perturbative
reheating supports higher value of reheating temperature Tmaxre ∼ (2.4× 104, 2.1× 106) GeV for

magnetic field strength P
1
2
B0

∼ 10−22G, with ωϕ = (0.5, 23) respectively. Quantitative values of
all the reheating parameters and inflationary parameters (ns, ωϕ, Tre) corresponding to different
sample values of P1/2

B0
are provided in Table-(3.5). This can provide us clear picture of the
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Table 3.5: Constraining reheating and inflationary parameters through inflationary magnetoge-
nesis: Perturbative reheating dynamics (Here for α−attractor model α = 1 and for minimal
model ϕ∗ = 0.01 Mp)

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

Scale invariant electric field (n = 2)

10−15 G 10−18 G

α− attractor minimal α−attractor (α = 1) minimal

nmins 0.966125 0.969224 0.964075 0.96580

nmaxs 0.96905 0.9666 0.96838 0.9700

ωminϕ 0.412 0.500 0.286 0.3100

ωmaxϕ 0.99 0.99 0.99 0.99

Tminre (GeV) 10−2 10−2 10−2 10−2

Tmaxre (GeV) 3.5× 103 200.1 2.32× 105 4.0× 103

Table 3.6: Probing reheating phase (fixing effective equation of state and reheating temperature)

Minimal plateau model (ϕ∗ = 0.01Mp)

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

ns Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

ωeff 0.9722 0.32725 0.3264 0.3253

Tre (GeV) 0.023 2.28 228.6

viability of the α−attractor model in the context of inflationary magnetogenesis scenarios.

3.3.4 Minimal plateau model

In this section, we will introduce a special class of the inflationary model, the minimal plateau
models proposed in [36]. For details of this model see sec.(1.4). For the numerical purpose, we
choose ϕ∗ = 0.01Mp.
Details constraints on the reheating parameter space can be read from Figures (3.2), (3.3)
and Tables (3.5), (3.6),(3.7) and (3.8). Let us point out that for the minimal-inflation model,
the constraints on the reheating parameters in terms of scalar spectral index and large-scale
magnetic field qualitatively differ from that of the α−attractor model shown in Fig.(3.3).
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Table 3.7: Constraining reheating and inflationary parameters through inflationary magnetoge-
nesis

Minimal plateau model (ϕ∗ = 0.01Mp)

Parameters Current value of the magnetic field (P1/2
B0

) measured in unit of Gauss

Scale invariant electric field (n = 2)

10−18 G 10−20 G 10−22 G

nmins 0.972 0.9707 0.9693

nmaxs 0.9722 0.9722 0.9722

ωmineff 0.3144 0.239 0.1743

ωmaxeff 0.32725 0.3264 0.3253

Tminre (GeV) 10−2 10−2 10−2

Tmaxre (GeV) 0.023 2.3 228.6

Table 3.8: Different inflationary models and their associated bounds on reheating temperature
(Tre) and present magnetic field (P

1
2
B0), measured in units of Gauss (Perturbative reheating

dynamics)

Parameters α-attractor model (α = 1) Minimal model (ϕ∗ = 0.01Mp)

ωϕ = 0.5 ωϕ = 2/3 ωϕ = 0.5 ωϕ = 2/3

P
1
2
B0 (minimum) 10−22 10−22 10−22 10−22

P
1
2
B0 (maximum) 3.4× 10−14 2.9× 10−11 6.0× 10−16 2.3× 10−13

nmins 0.9662 0.9669 0.9687 0.9678

nmaxs 0.9672 0.9688 0.9694 0.9694

Tminre (GeV) 10−2 10−2 10−2 10−2

Tmaxre (GeV) 2.4× 104 2.1× 106 1.7× 103 2.3× 104

This difference can be attributed to the qualitatively different nature of the potential near its
minima and the initial condition at the beginning of reheating. The numerical values and their
constraints of reheating parameters (ωeff , Tre) for different sample values of P1/2

B0
can be read

from the Table-(3.7) for reheating dynamics described by an effective EoS, and Table-(3.8),
third panel of Fig.(3.3) for perturbative reheating case.
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Table 3.9: Different inflationary models and their associated bounds on reheating temperature
(Tre) and present magnetic field (P

1
2
B0) (measured in units of Gauss ), considering maximum

allowed value of the coupling parameter nmax (here for Axion model, we consider f = 50 Mp

and for Minimal model ϕ∗ = 0.01 Mp)

Parameters Axion Higgs-Starobinsky Minimal

nmaxs (0.9654) ncentrals nmaxs (0.9653) ncentrals nmaxs (0.9722)

nmax 2.136 2.138 2.142 2.144 2.179

P
1
2
B0 (minimum) 10−22 10−22 10−22 10−22 10−22

P
1
2
B0 (maximum) 2.6× 10−13 5.5×10−14 4.2×10−14 1.3×10−14 2.3× 10−14

Tminre (GeV) 10−2 10−2 10−2 10−2 10−2

Tmaxre (GeV) 2.3× 107 5.8× 106 4.9× 106 1.4× 106 2× 106

ωmineff 0.3281 0.2762 0.3297 0.2904 0.3218

ωmaxeff 0.3309 0.3042 0.3315 0.3120 0.3274

3.3.5 Constraining magnetogenesis model: maximum possible value of n
and corresponding reheating temperature Tre

The scaling properties of the large-scale magnetic field as a function of momentum are not
particularly well understood from the observation point of view. Throughout this chapter,
though, we have emphasized two special cases of interest related to scale-invariant electric field
(n = 2) and scale-invariant magnetic field (n = 3). Any other value of n, which is not special,
could have observational relevance in the near future. Keeping this motivation in mind, in
this section, we study the possible range of n values, which can give rise to the observable
strength of the magnetic field. As has already been described before, the direct constraint on
the value of n will come from the strong coupling and the backreaction problem leading to
the fact that n should lie within 0 ≤ n ≤ nmax, where nmax can be determined from Eqns.
(3.43) and (3.44). Our primary goal in this section is to pinpoint the value of nmax for different
models under consideration. From Fig.(3.4), we can clearly see that the permissible range of
nmax for various inflationary models should lie approximately within (2.15− 2.3). As has been
observed before, conventional magnetogenesis scenarios are generically viable for low-scale
inflationary models or, in other words, low reheating temperature regimes. This turned to
be untrue for higher n ∼ nmax. In order to calculate reheating temperature associated with
the maximum possible value of the n, we consider two sample value of the spectral index
ns = (ncentrals = 0.9649, nmaxs ). Irrespective of the inflationary models under consideration,
reheating temperature can be observed as high as ∼ 107 GeV without any backreaction problem.
In Table (5.2), we have provided the limiting values of the (ωeff , Tre,P

1/2
B0

) for two different
values of the scalar spectral index ns.
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3. Understanding the phase of reheating through primordial magnetic field and CMB

Minimal plateau Inflation ϕ* = 0.01Mp

Higgs-StarobinskyInflation
Natural Inflation f = 50Mp
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Figure 3.4: We plot the variation of maximum value of n (nmax) as a function of spectral
index within 2σ range, ns from Planck [29] for different inflationary model. In this plot the
maximum values of the spectral index correspond to the instantaneous reheating condition
Nre → 0.

3.4 Summary and discussion:

Among all the well-known magnetogenesis scenarios, inflationary magnetogenesis is a well-
motivated and simple mechanism to explain the large-scale magnetic field of our universe.
In this chapter, we specifically focus on the effect of reheating phase on the evolution of the
inflationary magnetic field. In this regard, Faraday’s effect of magnetic induction plays an
important role. The primary assumption behind this mechanism to act during reheating is
the negligible electrical conductivity. As a result, the strong electric field can survive during
this phase and is dynamically converted into a magnetic field. Hence the resulting primordial
magnetic field energy density does not evolve as radiation energy density (1/a4) during this
phase; instead, it evolves as ∝ 1/H2a6 till the end of the reheating phase. After the end of
the reheating electric field dies out fast due to the large electric conductivity and comoving
magnetic energy density freezes out until today. Considering this physical effect, the present-day
amplitude of the magnetic field originated during inflation becomes observationally viable with
a specific set of reheating parameters. Our motivation for this work is to figure out these
constraints on the reheating parameters, which directly shape the inflation and magnetogenesis
models.
We have derived explicit connection among the inflationary (ns), reheating (ωeff , Tre), and
magnetogenesis (n) model parameters assuming two different reheating scenarios. The large-
scale magnetic field gives stringent constraints on both the reheating parameters depending
upon the models under consideration. Considering both backreaction and strong coupling
problems into account, the maximum allowed value of n would be nmax ∼ 2.3 for all the models,
such as natural inflation, Higgs-Starobinsky, and the minimal plateau model. The associated
maximum allowed value of n, the reheating temperature has been shown to lie within a wide
range of (10−2, 107) GeV.

We also have some definite predictions once we fix the model and the large-scale magnetic
field. For reheating scenario with a constant equation of state ωeff , once we fixed the scalar
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3.4. Summary and discussion:

spectral index, a unique value of ωeff is predicted to be associated with the specific choice of
the present-day magnetic field. This unique ωeff , further predicts a specific value of reheating
temperature Tre. The quantitative values of those parameters for n = 2 magnetogenesis model
are provided in the Tables (3.1), (3.3) and (3.6). As reheating and inflationary parameters
are connected, the present-day strength of the magnetic field also provides possible limits on
the inflationary scalar spectral index. This extra bound from inflationary magnetogenesis
essentially narrows down the possible value of ns within the 1σ range of ns = 0.9649± 0.0042
(68% CL, Planck TT,TE,EE+lowE+lensing) from Planck [29] (shown in Tables (3.2), (3.4),
and (3.7) for different inflationary models). Model-independent constraint on the effective
equation of state is obtained as (0.15 < ωeff <

1
3). One of the main drawbacks of describing

the reheating dynamics by a constant ωeff is that it does not enable us to decode the nature
of the inflation potential near its minimum. This drawback motivated us to consider the
reheating in the perturbative framework where inflation equation of state is described by
ωϕ ≡ (p− 2)/(p+ 2) with inflaton potential V (ϕ) ∼ ϕp near its minimum.

For the perturbative reheating scenario, the inflation equation of state ωϕ ≳ 0.28 is found
to be observationally viable for P1/2

B0 ≳ 10−18 G. Increasing the lower limit of the observable
magnetic field will further increase the lower limit of ωϕ. We think it is extremely interesting
in the context of inflation model building. This observation provides a strong constraint on the
possible form of the inflaton potential near its minimum with p ≳ 3.6 considering the aforesaid
observable limit of the present-day magnetic field strength. Furthermore, if one considers the
higher equation of state, the high-scale inflation model with reheating temperature as high as
107 GeV is possible. The main outcomes of the perturbative analysis for the different inflationary
models are shown in Table-(3.5) and (3.8). In this chapter, we develop the methodology to
probe the reheating phase, combining both the present value of the large-scale magnetic field
and CMB anisotropy. For that, we considered the simplest magnetogenesis scenario, the
so-called Ratra’s model. Different magnetogenesis models can be studied straightforwardly
following the formalism developed in this chapter to probe reheating phase. This has already
been applied in the recent papers [196, 197]. The only differences that may arise are in the
allowed reheating and inflationary parameters space. However, to distinguish those models, we
need more physical observables such as primordial gravitational wave [198], dark matter, etc.
Our eventual plan in the future is to obtain some universal constraints on the reheating and
inflationary parameters taking into account various cosmological observables just mentioned.
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Decoding the phases of early and late time reheating through
imprints on primordial gravitational waves spectrum 4

”When gravitational waves reach the earth, the waves
stretch and squeeze space. This is a tiny stretch and
squeeze. Far too small to detect with ordinary human
senses.”

Kip Thorne

Attempts to understand the reheating phase in the literature can be broadly classified
into two categories: (i) Studying the background dynamics during reheating which reveals
the connection among the inflationary scalar spectral index ns, reheating temperature, and
the reheating equation of state [45, 47, 90, 91]. (ii) Looking for the direct observable imprints
of reheating on various cosmological observable with regard to the primordial magnetic field,
gravitational waves, dark matter, etc. The last two chapters were devoted to understanding
the dynamics of reheating and constraints, taking into account CMB anisotropy, dark matter
abundance, and the strength of large-scale magnetic fields in the present universe. In this chap-
ter, we study the evolution of inflationary stochastic gravitational waves, which can potentially
encode the dynamical information of reheating in a certain frequency range associated with
the reheating phase. In this chapter, our eventual plan would be to decode the phases of early
and late time reheating through imprints on primordial gravitational waves.
The inflationary scenario offers the most attractive mechanism for the generation of the pri-
mordial perturbations (for the original discussions, see Refs. [199–202]; for reviews, see, for
example, Refs. [14, 16, 17, 21–27]). The existence of primordial gravitational waves (GWs) is
one of the profound predictions of inflationary dynamics (for the initial discussions, see, for
example, Refs. [203, 204]; for recent reviews on the generation of primary and secondary GWs,
see, for instance, Refs. [205, 206]). If the primordial GWs or their imprints are detected, it will
not only prove the quantum origin of the perturbations, it can also, in principle, provide us
with insights into the fundamental nature of gravitation. The primordial GWs provide a unique
window to probe the dynamics of our universe during its very early stages, which seems difficult
to observe by any other known means. However, the extremely weak nature of the gravitational
force makes the detection of GWs rather challenging. Decades of effort towards detecting GWs
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have finally achieved success only in the last few years with the observations of GWs from
merging binary black holes and neutron stars by LIGO [207–218]. These observations have led
to a surge of experimental proposals across the globe to observe GWs over a wide range of
frequencies. The proposed GW observatories include advanced LIGO (10–103Hz) [219], ET
(1–104Hz) [220, 221], BBO (10−3–10Hz) [222–224], DECIGO (10−3–1Hz) [225–228], eLISA
(10−5–1Hz) [229–231], and SKA (10−9–10−6Hz) [232].

Apart from various astrophysical mechanisms that can generate GWs, as we mentioned,
inflation provides an exclusive mechanism to produce GWs of quantum mechanical origin (for
discussions on the generation of primary and secondary GWs, see, for instance, Refs. [233–246]
and references therein). The tensor perturbations generated from the quantum vacuum are
amplified during inflation, which subsequently evolves through the various phases of the universe
until they reach the GW detectors today. Therefore, the spectrum of primordial GWs today is
a convolution of their origin as well as dynamics. On the one hand, they contain the signatures
of the mechanism that generates them, viz. the specific model that drives inflation as well
as the initial conditions from which the perturbations emerge. On the other, they also carry
the imprints of the dynamics of the subsequent cosmological phases as the GWs propagate
through them. As is well known, immediately after inflation, the universe is expected to be
reheated through the decay of the inflaton into radiation, which eventually leads to the epoch
of radiation domination. In this chapter, we shall examine the evolution of primordial GWs
with special emphasis on the effects due to the epoch of reheating. Specifically, our aim is to
decode the mechanism of reheating from the the spectrum of GWs today.

Over the years, major cosmological observations have considerably improved the theoretical
understanding of the various epochs of our universe [29, 247, 248]. However, due to the lack of
direct observational signatures, the phase of reheating remains poorly understood. The effects
of reheating on the dynamics of GWs have already been examined in the standard cosmological
scenario (see, for instance, Refs. [28, 249–255]) as well as in certain non-standard scenarios (see,
for example, Refs. [86, 88, 256–264]). Moreover, the imprints of specific microscopic physical
effects on the spectrum of GWs — such as decoupling neutrinos [265, 266] or the variation
in the number of relativistic degrees of freedom in the early universe [267–269] — have also
been explored. In this chapter, we shall study the effects of reheating on the spectrum of
primordial GWs over a wide range of scales and illustrate the manner in which the spectrum
captures specific aspects of the different phases. We shall consider two of the simplest reheating
mechanisms. We shall first consider a scenario wherein the reheating phase is described by an
averaged equation of state (EoS) parameter, with reheating ending instantaneously [45, 47, 90].
We shall then consider a scenario wherein there is a gradual change in the EoS parameter from
its initial value during the phase of coherent oscillations to its eventual value during radiation
domination achieved through the perturbative decay of the inflaton [4, 91, 93, 270, 271]. We
shall explicitly illustrate the effects of the reheating dynamics on the spectrum of GWs. It
seems worthwhile to highlight here that the following aspects of the reheating dynamics can,
in principle, be decoded from the spectrum of primordial GWs: (i) the shape of the inflaton
potential near its minimum which is responsible for the end of inflation and the dynamics
during reheating, (ii) the decay width of the inflaton, which governs the entire process of
reheating and therefore determines the reheating temperature, and (iii) the thermalization time
scale over which the EoS parameter during the period of coherent oscillations of the inflaton
say, wϕ, is modified to the EoS parameter corresponding to radiation. Further, it is expected
that determining the inflaton decay width and the thermalization time scale would permit us
not only to arrive at the form of the coupling between the inflaton and radiation, but also help
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us understand the nature of the coupling amongst all the relativistic degrees of freedom. We
shall briefly discuss these possibilities in this chapter, and we shall return to examine the issue
in greater detail in a future effort.

Finally, we shall also consider the implications of our analysis on the recent observations
involving the pulsar-timing data by the North American Nanohertz Observatory for Gravita-
tional Waves (NANOGrav), which has been attributed to stochastic GWs [272, 273]. A variety
of mechanisms can possibly occur in the early universe have been explored in the literature to
explain this interesting observation [246, 246, 274–287]. We find that introducing a secondary
phase of reheating — apart from the original, inflaton driven, primary reheating phase — can
account for the NANOGrav observations. We introduce an exotic, non-canonical scalar field
to drive such a phase and show that a suitable EoS for the non-canonical field can lead to
primordial GWs of strength as observed by NANOGrav.

This chapter is structured as follows. In sec. 4.1, we shall briefly sketch the arguments
leading to the standard scale-invariant spectrum of GWs generated in de Sitter inflation. We
shall also discuss the typical inflationary model that we shall have in mind when we later
discuss the effects due to reheating. Moreover, we shall introduce the dimensionless density
parameter ΩGW characterizing the spectrum of GWs. In sec. 4.2, we shall discuss the evolution
of the tensor perturbations during the epoch of reheating. We shall first consider the scenario
wherein the epoch of reheating is described by an averaged EoS parameter associated with the
inflaton. Such a description allows us to arrive at analytic solutions for the tensor perturbations
during the epoch. We shall also consider the scenario of perturbative reheating wherein we take
into account the continuous decay of the inflaton into radiation. As it proves to be involved
in constructing analytical solutions for the background as well as the tensor perturbations in
such a case, we shall resort to numerics. In sec. 4.3, we shall briefly discuss the evolution of
the tensor perturbations during the epoch of radiation domination and arrive at the spectrum
of GWs today by comparing the behavior of the the energy density of GWs in the sub-Hubble
domain with that of radiation. In secs. 4.4 and 4.5, we shall evaluate the the dimensionless
energy density of GWs today that arise in the two types of reheating scenarios mentioned
above. We shall focus on the spectrum of primordial GWs over wave numbers (or, equivalently,
frequencies) that correspond to small scales which reenter the Hubble radius either during
the epochs of reheating or radiation domination. In sec. 4.6, we shall numerically evaluate
the inflationary tensor power spectrum and discuss the behavior of the the spectrum of GWs
today close to the scale that leaves the Hubble radius at the end of inflation. In sec. 4.7, we
shall outline the manner in which we should be able to decode various information concerning
the epochs of inflation and reheating from the observations of the anisotropies in the cosmic
microwave background (CMB) and the spectrum of GWs today. In sec. 4.8, we shall evaluate
the spectrum of GWs in a scenario involving late time production of entropy and discuss the
implications for the recent observations by NANOGrav. Lastly, in sec. 4.9, we shall conclude
with a summary of the main results.

Before we proceed further, a few clarifications concerning the conventions and notations
that we shall adopt are in order. We shall work with natural units such that ℏ = c = 1, and set
the reduced Planck mass to be Mp = (8πG)−1/2. We shall adopt the signature of the metric
to be (−,+,+,+). Note that Latin indices shall represent the spatial coordinates, except for k,
which shall be reserved for denoting the wavenumber of the tensor perturbations, i.e. GWs. We
shall assume the background to be the spatially flat Friedmann-Lemaître-Robertson-Walker
(FLRW) line element described by the scale factor a and the Hubble parameter H. Also, an
overprime shall denote differentiation with respect to the conformal time η. We should mention
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that the frequency, say, f , is related to the wave number k of the tensor perturbations through
the relation

f =
k

2π
= 1.55× 10−15

(
k

1Mpc
−1

)
Hz (4.1)

and, as convenient, we shall refer to the spectrum of GWs either in terms of wave numbers or
frequencies.

4.1 Spectrum and energy density of GWs generated during
inflation

In this section, we shall briefly recall the main equations governing the tensor perturbations
(see detailed discussions in the introduction sec-1.3). The tensor power spectrum is expressed
as

PT(k) =
2H2

I

π2M2
p

(
1 +

k2

k2f

)
, (4.2)

where kf = af HI is the mode that leaves the Hubble radius at the end of inflation. For k ≪ kf ,
the above spectrum reduces to

PT(k) ≃
2H2

I

π2M2
p

, (4.3)

which is the well-known scale-invariant spectrum often discussed in the context of de Sitter
inflation [14, 16, 17, 21–27]. Actually, in slow roll inflation, the tensor power spectrum will
contain a small spectral tilt, which we shall choose to ignore in our discussion. We should
emphasize the point that the above scale invariant spectrum is valid only for k ≪ kf since the
de Sitter form for the scale factor would not hold true close to the end of inflation. Therefore, in
our discussion below, we shall mostly restrict ourselves to wave numbers such that k < 10−2 kf .
In sec. 4.6, we shall evaluate tensor power spectrum numerically in the inflationary model of
interest to arrive at the present day spectrum of GWs near kf .

In order to illustrate the results later, we shall focus on a specific inflationary model that
permits slow roll inflation. We shall consider the so-called α-attractor mode. For details of this
model see sec.(1.4). We should mention that, hereafter, we shall set the potential parameter
α to be unity. The dimensionless energy density of the gravitational waves ΩGW (k, η) is
calculated as

ΩGW (k, η) =
ρGW (k, η)

ρc(η)
=
ρGW (k, η)

3H2M2
p

, (4.4)

where ρc = 3H2M2
p is the critical density at time η.

The observable quantity of interest is the dimensionless energy density ΩGW (k, η) evaluated
today, which we shall denote as ΩGW (k). We shall often refer to ΩGW (k) or, equivalently,
ΩGW (f) [recall that f is the frequency associated with the wave number k, cf. Eq. (4.1)], as
the spectrum of GWs today. In the following sections, we shall evolve the tensor perturbations
through the epochs of reheating and radiation domination. As we shall see, at late times during
radiation domination, once all the wave numbers of interest are well inside the Hubble radius,
the energy density of GWs behaves in a manner similar to that of the the energy density of
radiation. We shall utilize this behavior to arrive at the spectrum of GWs today.
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4.2. Evolution of GWs during reheating

4.2 Evolution of GWs during reheating

In order to follow the evolution of the tensor perturbations post inflation, it proves to be
convenient to write (in this context, see, for instance, Ref. [28])

hk(η) = hP

k χk(η), (4.5)

where hP

k denotes the primordial value evaluated at the end of inflation, and is given by [cf.
Eq. (1.109)]

hP

k = hk(af ) =

√
2

Mp

iHI√
2 k3

(
1− i k

kf

)
e−i k/HI ei k/kf . (4.6)

The quantity χk is often referred to as the tensor transfer function, which obeys the same
equation of motion as hk, viz. Eq. (1.104).Clearly, the strength of the primordial GWs observed
today will not only depend on the amplitude of the tensor perturbations generated during
inflation, but also on their evolution during the subsequent epochs. In this section, we shall
discuss the evolution of the transfer function χk during the epoch of reheating. As we mentioned
earlier, we shall consider two types of scenarios for reheating. We shall first consider the
case wherein the period of reheating is described by the constant EoS parameter, say, wϕ,
often associated with the coherent oscillations of the scalar field around the minimum of the
inflationary potential. We shall assume that the transition to radiation domination occurs
instantaneously after a certain duration of time. In such a case, as we shall see, the transfer
function χk can arrive at analytically. We shall then consider the scenario of perturbative
reheating wherein there is a gradual transfer of energy from the inflaton to radiation. It
seems difficult to treat such a situation analytically and, hence, we shall examine the problem
numerically. To follow the evolution of GWs in the post-inflationary regime, we shall choose to
work with rescaled scale factor as the independent variable rather than the conformal time
coordinate. If we define A = a/af , where af = a(ηf ) is the scale factor at the end of inflation,
then we find that the equation governing the transfer function χk is given by

d2χk
dA2

+

(
4

A
+

1

H

dH

dA

)
dχk
dA

+
(k/kf )

2

(H/HI)2A4
χk = 0, (4.7)

where, recall that, kf = af HI denotes the wave number that leaves the Hubble radius at the
end of inflation. Our aim now is to solve the above equation for the transfer function during
the epoch of reheating. As is evident from the equation, the evolution of GWs is dictated by
the behavior of the Hubble parameter. Therefore, if we can first determine the behavior of
the Hubble parameter during reheating, we can solve the above equation to understand the
evolution of transfer function χk during the epoch. We shall also require the initial conditions
for the transfer function χk and its derivative dχk/dA at the end of inflation, i.e. when a = af
or, equivalently, when A = 1. Since we have introduced the transfer function through the
relation (4.5), clearly,

χI
k(A = 1) = 1. (4.8)

Also, on using the solution (1.109) and the expression (4.6) for hP

k , we find that

dχI
k(A = 1)

dA
= −

(k/kf )
2

1− i ( k/kf )
≃ 0, (4.9)
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where the final equality is applicable when k ≪ kf . We shall make use of these initial conditions
to determine the transfer function during the epoch of reheating. In the following two sub-
sections, we shall discuss the solutions in the two scenarios involving the instantaneous and
gradual transfer of energy from the inflaton to radiation.

4.2.1 Reheating described by an averaged EoS parameter

Let us first consider the scenario wherein the epoch of reheating is dominated by the dynamics
of the scalar field as it oscillates at the bottom of an inflationary potential, such as the
α-attractor model (1.130) we had introduced earlier. In such a case, the evolution of the scalar
field can be described by an averaged EoS parameter, say, wϕ [45, 47, 90]. The conservation of
energy implies that the energy density of the inflaton behaves as ρϕ ∝ a−3 (1+wϕ), which, in
turn, implies that the Hubble parameter behaves as H2 = H2

I A
−3 (1+wϕ). Note that, H = HI

when A = 1, as required. As a result, during such a phase, equation (4.7) governing the tensor
transfer function reduces to the form

d2χk
dA2

+ (5− 3wϕ)
1

2A

dχk
dA

+
(k/kf )

2

A1−3wϕ
χk = 0. (4.10)

The general solution to this differential equation can be expressed as

χRH
k (A) = A−ν

[
Ck J−ν/γ

(
k

γ kf
Aγ
)
+Dk Jν/γ

(
k

γ kf
Aγ
)]

, (4.11)

where Jα(z) denote Bessel functions of order α, while the quantities ν and γ are given by

ν =
3

4
(1− wϕ), γ =

1

2
(1 + 3wϕ) . (4.12)

The coefficients Ck and Dk can be arrived at by using the conditions (4.8) and (4.9) for the
transfer function χk and its derivative dχk/dA at end of inflation, i.e. when A = 1. We find
that the coefficients Ck and Dk can be expressed as follows:

Ck =
π k

2 γ kf

[
1

1− i (k/kf )

] [
k

kf
Jν/γ

(
k

γ kf

)
−
(
1− i k

kf

)
J(ν/γ)+1

(
k

γ kf

)]
csc

(
π ν

γ

)
,

(4.13)

Dk = − π k

2 γ kf

[
1

1− i (k/kf )

] [
k

kf
J−ν/γ

(
k

γ kf

)
+

(
1− i k

kf

)
J−(ν/γ)−1

(
k

γ kf

)]
csc

(
π ν

γ

)
.

(4.14)
We shall later make use of these coefficients and the solution (4.11) to eventually arrive at the
spectrum of GWs today. It is useful to note here that the quantity dχRH

k /dA is given by

dχRH
k

dA
=

k

kf
A−1+γ−ν

[
Ck J−(ν/γ)−1

(
k

γ kf
Aγ
)
−Dk J(ν/γ)+1

(
k

γ kf
Aγ
)]

. (4.15)

We should mention here that the duration of the reheating phase is characterized by the
number of e-folds Nre and the reheating temperature Tre can be expressed in terms of the
equation of state parameter wϕ and the inflationary parameters as follows (in this context, see,
for example, Refs. [45, 47]):

Nre =
4

(3wϕ − 1)

[
N∗ +

1

4
ln

(
30

π2 gr,re

)
+

1

3
ln

(
11 gs,re
43

)
+ ln

(
k∗
a0 T0

)
+ ln

(
ρ
1/4
f

HI

)]
,

(4.16)
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4.3. Evolution during radiation domination and the spectrum of GWs today

Tre =

(
43

11 gs,re

)1/3(a0HI

k∗

)
e−(N∗+Nre) T0, (4.17)

where T0 = 2.725K is the present temperature of the CMB and H0 denotes the current value
of the Hubble parameter. Moreover, note that k∗/a0 represents the CMB pivot scale, with a0
denoting the scale factor today. We shall assume that k∗/a0 ≃ 0.05Mpc−1. We should also
point out that N∗ denotes the number of e-folds prior to the end of inflation when the pivot
scale k∗ leaves the Hubble radius.

4.2.2 The case of perturbative reheating

In such a case, after inflation, the inflaton energy density, say, ρϕ, gradually decays into the
radiation energy density, say, ρR, with a constant decay width Γϕ. As a result, the effective EoS
parameter during the reheating phase becomes time-dependent. For a wide class of inflationary
potentials that behave as V (ϕ) ∝ ϕ2n near the minimum, the time-averaged EoS parameter of
the inflaton can be expressed as wϕ = (n − 1)/(n+ 1) [99]. We should emphasize that this
scenario is different from the one considered in the previous section wherein the explicit decay
of the inflaton field was not taken into account. Specifically, in the earlier case, the energy
density of the inflaton was supposed to be converted instantaneously into the energy density of
radiation at a given time, leading to the end of the phase of reheating. In due course, we shall
demonstrate the manner in which the detailed mechanism of reheating leaves specific imprints
on the spectrum of primordial GWs observed today.

The evolution of the energy densities ρϕ and ρR can be followed by the coupled Boltzmann
Eqns. (2.21) and (2.22). For further details of this perturbative reheating model, like the initial
conditions, methodology of numerical analysis, how reheating ends, etc., see section (2.1.2.1).

With the solutions to the coupled background equations (2.21) and (2.22) at hand, we shall
proceed to solve the differential equation (4.7) for the transfer function χk during reheating. To
illustrate the nature of the solutions, we have plotted the behavior of the Hubble parameter H
and the transfer function χk in Fig. 4.1 during the period of perturbative reheating. We have
chosen specific values for the EoS parameter wϕ, the reheating temperature Tre, and wave
number k in plotting the figures. We have considered a wave number so that the mode reenters
the Hubble radius during the period of reheating. As one would have expected, while the
amplitude of the transfer function is a constant on super-Hubble scales, it decreases as the
mode reenters the Hubble radius and begins to oscillate once inside.

4.3 Evolution during radiation domination and the spectrum of
GWs today

The Hubble parameter during the radiation dominated epoch evolves as

H2 = H2
re

A4
re

A4
(4.18)

with Hre and Are denoting the Hubble parameter and the rescaled scale factor at the end of
reheating, respectively. During radiation domination, the transfer function is governed by the
equation

d2χk
dA2

+
2

A

dχk
dA

+
(k/kre)

2

A2
re

χk = 0, (4.19)
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Figure 4.1: The evolution of the Hubble parameter H (in blue, on the left) and the amplitude
of the tensor transfer function χk for a given wave number (in blue, on the right), obtained
numerically in the case of the perturbative reheating scenarios, have been plotted as a function
of A = a/af over the domain 1 ≤ A ≤ Are, which corresponds to the period of reheating. We
have also indicated the lapse in time in terms of e-folds (counted from the end of inflation)
on the top of the two figures. We have assumed that wϕ = 0 and have set Tre = 103GeV in
plotting the quantities. We have chosen the wave number to be k ≃ 2× 1012Mpc−1, which
corresponds to the frequency of f ≃ 3× 10−3Hz [cf. Eq. (4.1)]. The wave number has been
chosen so that it renters the Hubble radius during the epoch of reheating. The slope of the
straight line describing H(A) (on the left) is −3/2, which is consistent with wϕ = 0. We find
that the slope changes as A approaches Are indicating the beginning of the transition to the
radiation dominated epoch. The vertical line (in red, on the right) indicates the time when the
mode reenters the Hubble radius. As expected, the transfer function proves to be constant on
super-Hubble scales and it oscillates once the mode is inside the Hubble radius.

where kre = areHre is the mode which reenters the Hubble radius at the end of the reheating
era. The above differential equation can be immediately solved to arrive at the following
general solution:

χRD
k (A) =

1

A

{
Ek e

−i (k/kre) [(A/Are)−1] + Fk e
i (k/kre) [(A/Are)−1]

}
. (4.20)

The coefficients Ek and Fk need to be determined by matching this solution and its derivative
with the solution (4.11) during the epoch of reheating and its derivative at A = Are. Upon
carrying out the matching at the junction between the eras of reheating and the radiation
domination, we find that the coefficients Ek and Fk can be expressed as

Ek =
Are
2

[(
1 +

i kre
k

)
χRH
k (Are) +

i kre
k

Are
dχRH

k (Are)

dA

]
= i

Are
2

kre
k

Ek, (4.21a)

Fk =
Are
2

[(
1− i kre

k

)
χRH
k (Are)−

i kre
k

Are
dχRH

k (Are)

dA

]
= −i Are

2

kre
k

Fk,(4.21b)

where we have also introduced the quantities Ek and Fk which we shall make use of later. At
this stage, we should mention that the quantities χRH

k (Are) and dχRH
k (Are)/dA and hence the

coefficients Ek and Fk will depend on the details of the reheating mechanism. In particular,
they will be different for two the types of reheating mechanisms under consideration.

106

TH-2748_176121018



4.3. Evolution during radiation domination and the spectrum of GWs today

Since we have set hk = hP

k χk, where hP

k denotes the primordial amplitude of the tensor
perturbations [cf. Eq. (1.116)], the energy density of GWs ρGW (k, η) is given by [cf. Eq. (4.5)]

ρGW (k, η) =
M2
p

a2
k3

2π2
|hP

k |2
(
1

2
|χRD
k

′(η)|2 + k2

2
|χRD
k (η)|2

)
. (4.22)

On using the definition (1.106) of the inflationary tensor power spectrum PT(k), this energy
density of GWs can be expressed as

ρGW (k, η) =
M2
p

4 a2
PT(k)

(
1

2
|χRD
k

′(η)|2 + k2

2
|χRD
k (η)|2

)
. (4.23)

Upon substituting the solution (4.20) in the above expression, we obtain ρGW (k, η) to be

ρGW (k, η) =
M2
p k

2

8 a2f A
4
PT(k)

{(
|Ek|2 + |Fk|2

) [
2 +

(
kreAre
k A

)2
]

+Ek F
∗
k

(
kreAre
k A

)2 (
1 +

2 i k A

kreAre

)
e−2 i (k/kre) [(A/Are)−1]

+E∗
k Fk

(
kreAre
k A

)2 (
1− 2 i k A

kreAre

)
e2 i (k/kre) [(A/Are)−1]

}
. (4.24)

We had mentioned earlier that we shall be interested in the range of wave numbers which
reenter the Hubble radius during the epochs of reheating and radiation domination. At late
times during radiation domination such that A/Are ≫ 1, all the modes of our interest would be
well inside the Hubble radius, i.e. k A≫ 1. In such a case, we find that, the above expression
for ρGW (k, η) simplifies to be

ρGW (k, η) =
M2
p k

2

4 a2f A
4
PT(k)

(
|Ek|2 + |Fk|2

)
. (4.25)

Hence, the corresponding dimensionless parameter describing the energy density of GWs, viz.
ΩGW (k, η), is given by

ΩGW (k, η) =
k2

12 a2f H
2A4

PT(k)
(
|Ek|2 + |Fk|2

)
=

k2reA
2
re

48 a2f H
2A4

PT(k)
(
|Ek|2 + |Fk|2

)
,

(4.26)
where we have made use of the expressions (4.21) relating the coefficients Ek and Fk to the
quantities Ek and Fk. During radiation domination, H2A4 = H2

reA
4
re. Also, recall that,

kre = areHre. On using these relations, at late times during radiation domination, we obtain
that

ΩGW (k, η) =
PT(k)

48

(
|Ek|2 + |Fk|2

)
. (4.27)

The task that remains is to explicitly determine the quantities Ek and Fk. In the special case
of instantaneous reheating, Are = 1 and kre = kf . Therefore, on using the conditions (4.8)
and (4.9), one can readily show that

Ek =
1− 2 i (k/kf )− 2 (k2/k2f )

1− i (k/kf )
, Fk =

1

1− i (k/kf )
. (4.28)
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For k ≪ kf , we find that, Ek ≃ Fk ≃ 1, which lead to

ΩGW (k, η) =
PT(k)

24
=

H2
I

12π2M2
p

, (4.29)

where, in arriving at the final expression, we have made use of the scale invariant inflationary
tensor power spectrum (4.3). In other words, the dimensionless density parameter ΩGW (k, η) is
strictly scale invariant over all wave numbers in the instantaneous reheating scenario. Evidently,
such a behavior can be expected to be hold true even when we have an epoch of reheating
with wϕ = 1/3, a result we shall encounter in due course.

Note that the energy density of GWs behaves as a−4 [cf. Eq. (4.25)], exactly as the energy
density of radiation does. Such behavior should not come as a surprise and it arises due to
the fact that the modes of interest are well inside the Hubble radius at late times (say, close
to the epoch of radiation-matter equality) during radiation domination. On utilizing this
property, the dimensionless energy density parameter ΩGW (k) today can be expressed in terms
of ΩGW (k, η) as follows:

ΩGW (k)h2 =

(
gr,eq
gr,0

) (
gs,0
gs,eq

)4/3

ΩR h
2 ΩGW (k, η) ≃

(
gr,0
gr,eq

)1/3

ΩR h
2 ΩGW (k, η), (4.30)

where ΩR denotes the present day dimensionless energy density of radiation. We should
mention that, while gr,eq and gr,0 represent the number of relativistic degrees of freedom at
equality and today, respectively, gs,eq and gs,0 represent the number of such degrees of freedom
that contribute to the entropy at these epochs. Further, the Hubble parameter today, as usual,
has been expressed as H0 = 100h km sec−1Mpc−1.

The spectrum of primordial GWs in the reheating scenario with an averaged EoS parameter
can be expected to be different when compared to the one arising in the perturbative reheating
scenario, In the following two sections, we shall derive the spectrum of primordial GWs at the
present epoch in the two cases.

4.4 Spectrum of GWs in reheating described by an averaged
EoS parameter

Before we go on to discuss the results, we should mention that the spectrum of GWs arising
in the scenario wherein the epoch of reheating is described by an averaged EoS parameter
and the transition to radiation domination is assumed to occur instantaneously at a given
time has been evaluated earlier in the literature (see, for instance, Refs. [249, 251, 257]; for a
recent discussion, see Ref. [88]). However, we find that, in the earlier investigations, the initial
conditions that determine the dynamics during reheating have not always been chosen to be
consistent with the dynamics during inflation. In this chapter, we shall consider a specific
model of inflation and we shall show that model dependent initial conditions play a primary
role in determining the range of frequencies which reenter the Hubble radius during reheating.
Therefore, in this section, we shall reanalyze the effect of the averaged EoS parameter during
reheating (with appropriate initial conditions) on the spectrum of GWs. We shall briefly discuss
the derivation of the spectrum of GWs and arrive at the shape of the spectrum in the domains
k < kre and k > kre. In the next section, we shall compare the results with those that arise in
the case of perturbative reheating.
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4.4. Spectrum of GWs in reheating described by an averaged EoS parameter

It should be clear from the expression (4.27) that we shall require the quantities Ek and Fk
to arrive at the spectrum of GWs. Using Eqs. (4.21), we can express Ek and Fk as

Ek =

(
1− i k

kre

)
χRH
k (Are) +Are

dχRH
k (Are)

dA
, (4.31a)

Fk =

(
1 +

i k

kre

)
χRH
k (Are) +Are

dχRH
k (Are)

dA
. (4.31b)

Also, recall that the transfer function at the end of the epoch of reheating χRH
k (Are) is given by

Eq. (4.11), with the coefficients Ck and Dk being described by Eqs. (4.13). During radiation
domination, we have H2A4 = H2

reA
4
re. Since kf = af HI and kre = areHre, we find that

we can write Are = (kf/kre)
1/γ . As a result, the Bessel functions in the expression (4.11)

for χRH
k (Are) depend on the ratio (k/kre). Note that, in contrast, the coefficients Ck and Dk

depend only on the ratio k/kf . As we mentioned earlier, we have been interested in arriving
at the spectrum over wave numbers such that k < 10−2 kf . For small z, the Bessel function
Jα(z) behaves as (see, for instance, Ref. [288])

lim
z≪1

Jα(z) ≃
1

Γ(1 + α)

(z
2

)α
, (4.32)

where Γ(z) denotes the Gamma function. Clearly, in such a limit, the Bessel functions involving
the largest negative value for the index α can be expected to dominate. Since 0 ≤ wϕ ≤ 1, the
quantities ν and γ are always positive [cf. Eq. (4.12)]. Hence, in the limit k ≪ kf , we find
that it is the term involving Dk in Eq. (4.11) that will dominate. For the above reasons, the
quantity χRH

k (Are) can be approximated as follows:

χRH
k (Are) ≃ A−ν

re Dk Jν/γ

(
k

γ kre

)
, (4.33)

with the coefficient Dk being given by

Dk ≃ − π

Γ(−ν/γ)
csc

(
π ν

γ

) (
k

2 γ kf

)−ν/γ
. (4.34)

Let us first arrive at the shape of the spectrum in the domain k ≪ kre. In such a domain, we can
use the form (4.32) for the Bessel function Jν/γ [k/(γ kre)] that appears in the expression (4.33)
above for χRH

k (Are). On doing so and utilizing the identity Γ(z) Γ(1− z) = π/sin (π z) [288],
we find that, in the domain k ≪ kre, the quantity χRH

k (Are) reduces to unity. Under the same
conditions, we find that the quantity dχRH

k (Are)/dA vanishes. Therefore, it should be evident
from the expressions (4.31) that, in the limit k ≪ kre, Ek ≃ Fk ≃ 1. In other words, the
spectrum of GWs today is scale invariant over this domain and its present day amplitude is
given by

ΩGW (k)h2 ≃
(
gr,0
gr,eq

)1/3

ΩR h
2 PT(k)

24
≃ ΩR h

2 H2
I

12π2M2
p

. (4.35)

In arriving at the final expression, we have assumed that gr,0 ≃ gr,eq and have made use of the
tensor power spectrum (4.3) arising in de Sitter inflation. We should mention that this result
is the same as in the case of instantaneous reheating. This result should come as a surprise
since these large scale modes are on super-Hubble scales during the epoch of reheating and
hence are not influenced by it.
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Let us now turn to the domain k ≫ kre. Since the limit k ≪ kf continues to be valid, the
term involving Dk in Eq. (4.11) remains the dominant term. Therefore, χRH

k (Are) is again
described by Eq. (4.33), with Dk given by Eq. (4.34). However, the argument of the Bessel
function in Eq. (4.33) is now large. For large z, the Bessel function Jα(z) behaves as (see, for
instance, Ref. [288])

lim
z≫1

Jα(z) ≃
√

2

π z
cos [z − π α− (π/4)] . (4.36)

Therefore, in the domain k ≫ kre, we find that the quantity χRH
k (Are) and its derivative

dχRH
k (Are)/dA behave as

χRH
k (Are) ≃ − 1√

π
Γ

(
1 +

ν

γ

) (
k

2 γ kre

)−(ν/γ)−(1/2)

cos

(
k

2 γ kre
− π ν

γ
− π

4

)
, (4.37)

Are
dχRH

k (Are)

dA
≃ − 2 γ√

π
Γ

(
1 +

ν

γ

) (
k

2 γ kre

)−(ν/γ)+(1/2)

sin

(
k

2 γ kre
− π ν

γ
− π

4

)
, (4.38)

with ν and γ being given by Eq. (4.12). On substituting these expressions in Eqs. (4.31), we
obtain the corresponding Ek and Fk to be

Ek ≃ F∗
k ≃ −2 i γ√

π
Γ

(
1 +

ν

γ

) (
k

2 γ kre

)−(ν/γ)+(1/2)

exp i

(
k

2 γ kre
− π ν

γ
− π

4

)
(4.39)

so that

|Ek|2 = |Fk|2 =
4 γ2

π
Γ2

(
1 +

ν

γ

) (
k

2 γ kre

)nGW

, (4.40)

where we have defined nGW to be

nGW = 1− 2 ν

γ
= −

2 (1− 3wϕ)

1 + 3wϕ
. (4.41)

If we substitute these results in the expression (4.30), we obtain the spectrum of GWs today
in the domain k ≫ kre to be

ΩGW (k)h2 ≃
(
gr,0
gr,eq

)1/3

ΩR h
2 PT(k)

24
|Ek|2 ≃ ΩR h

2 H2
I

12π2M2
p

4 γ2

π
Γ2

(
1 +

ν

γ

) (
k

2 γ kre

)nGW

.

(4.42)
In other words, for wave numbers such that k ≫ kre, the spectrum of GWs today has the
index nGW . Notably, the index vanishes when wϕ = 1/3. Also, while the spectrum is blue for
wϕ > 1/3, it is red for wϕ < 1/3. Moreover, in the extreme cases wherein wϕ vanishes or is
unity, we have nGW = −2 and nGW = 1, respectively.

On utilizing the expression (4.11) for the transfer function during reheating and the
expressions (4.21) to determine the quantities Ek and Fk, we can arrive at the complete
spectrum of GWs by substituting the expressions in Eq. (4.27). In Fig. 4.2, we have plotted
the spectrum of GWs today that arise in the case of the α-attractor model (1.130) for a set of
values of the EoS parameter wϕ. In plotting the spectra, we have chosen the other parameters
in such a fashion that the reheating temperature is Tre = 3GeV in all the cases. The figure
clearly illustrates the qualitative features we discussed above: (i) the spectrum is strictly
scale invariant for k < kre, and (ii) the spectrum has the index nGW for k > kre. We have
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Figure 4.2: The behavior of the dimensionless energy density of primordial GWs observed
today, viz. ΩGW (f), has been plotted over a wide range of frequencies. The spectrum has been
obtained analytically and it corresponds to the case wherein the post-inflationary phase is
described by the EoS parameter wϕ and reheating is expected to occur instantaneously at a given
time. We have considered the scenario wherein the inflationary potential is described by the
α-attractor model (1.130). We have illustrated the spectra for the cases wherein n = (1, 2, 3, 5)
(in black, brown, green and magenta), which correspond to wϕ = (0, 1/3, 1/2, 2/3). We should
mention that we have chosen the parameters such that Tre = 3GeV in all the cases. In the
figure, we have also included the sensitivity curves of the different ongoing and forthcoming
GW observatories (in varied colors, on top). Note that, as expected, the spectrum is strictly
scaled invariant for frequencies such that f < fre = kre/(2π). However, for larger frequencies
such that f > fre, while the spectrum has a red tilt for wϕ < 1/3, it has a blue tilt for
wϕ > 1/3. Interestingly, we find that, for a suitably large value of wϕ, the spectrum of GWs
already intersects the sensitivity curves of some of the observatories over a certain range of
frequencies. Moreover, we find that, for a high value of wϕ, the spectra cross the BBN bound
of ΩGW h2 < 10−6 at suitably large frequencies.

plotted the spectra for wϕ = (0, 1/3, 1/2, 2/3), which correspond to the values n = (1, 2, 3, 5)
for the index in the potential (1.130). We should mention that these cases lead to the indices
nGW = (−2, 0, 2/5, 2/3), as expected. In the figure, we have also included the sensitivity
curves of some of the current and forthcoming GW observatories (for a discussion on the
sensitivity curves, see Ref. [289] and the associated web page). Interestingly, we find that, for
a set of inflationary and reheating parameters, the spectra already intersect the sensitivity
curves. Moreover, we find that the BBN bound, viz. ΩGW (kf )h

2 ≤ 10−6 (in this context,
see, for instance, Ref. [290] and the reviews [205, 206]), can be violated for wϕ > 1/3, which
leads to constraints on the EoS parameter wϕ for a given kf and vice-versa. As we have
emphasized, Fig. 4.2 depicts the interesting dependence of the value of kf on the inflationary
model parameter n due to different initial conditions at the beginning of reheating. This
interdependence of kf and the EoS parameter wϕ can be translated into the constraints on
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the reheating temperature Tre and scalar spectral index ns through the aforementioned BBN
bound. For instance, in the figure, the spectrum corresponding to wϕ = 2/3 clearly crosses the
BBN bound at large frequencies. These clearly suggest that observations of the spectrum of
GWs today can lead to interesting constraints on primordial physics.

4.5 Spectrum of GWs in the case of perturbative reheating

In the perturbative reheating scenario, the inflaton continuously transfers its energy to radiation
after the end of the inflationary epoch. As a result, the effective EoS parameter during the
reheating era, say, weff , becomes time-dependent. It can be expressed as

weff =
3wϕ ρϕ + ρR
3 (ρϕ + ρR)

, (4.43)

where, recall that, the evolution of the energy densities of the inflaton and radiation, viz. ρϕ
and ρR, are governed by the Boltzmann equations (2.21) and (2.22), while wϕ is the EoS
parameter describing the inflaton. Such a time dependence of the effective EoS parameter has
been explicitly demonstrated earlier (see, for example, Refs. [91, 93]). It has been illustrated
that, while immediately after the termination of inflation, weff is approximately equal to wϕ,
after a certain time, the effective EoS parameter smoothly transits from wϕ to 1/3, which
indicates the onset of the epoch of radiation domination. We should emphasize again here
that such a reheating scenario is different from the case considered in the previous section
where the inflaton energy density is assumed to be converted instantaneously into radiation
after a certain period of time. Specifically, in the previous reheating scenario, weff remains
equal to wϕ during the whole of reheating era and, at a particular time, weff sharply changes
to 1/3. These differences in the dynamics of the reheating scenarios should be reflected in the
spectrum of GWs today. The corresponding features in the GW spectrum can, in principle,
help us probe the microscopic mechanisms operating during the era of reheating.

We shall now proceed to compute the spectrum of GWs at the present time, i.e. ΩGW (k) or,
equivalently, ΩGW (f), in the case of the perturbative reheating scenario. As we had discussed,
we shall analyze this case numerically. With the solution to the Hubble parameter H(A)
at hand, we proceed to solve for the transfer function χk(A) during the epoch of reheating,
as we had outlined in section 4.2. The numerical solutions are determined using the initial
conditions (4.8) and (4.9). With the solutions at hand, we arrive at the spectrum of GWs at the
current epoch for different sets of reheating temperature and the EoS parameter wϕ describing
the inflaton. The results we have obtained are illustrated in Figs. 4.3 and 4.4 for the cases of
wϕ < 1/3 and wϕ > 1/3, respectively. Let us now highlight a few points concerning the results
plotted in the two figures. Let us first broadly understand the spectra in Fig. 4.3 wherein we
have plotted the results for wϕ = 0. In the figure, we have illustrated the dimensionless energy
density of GWs today as a function of the frequency f . We have considered the case wherein
the inflationary potential is described by the α-attractor model (1.130), and have plotted the
results for n = 1 (which corresponds to wϕ = 0) and a set of values of Tre. We have also
included behavior of the effective EoS parameter weff , which we have plotted as a function of
frequency using the relation f = aH/(2π). The plot indicates the evolution of the parameter
weff as the modes with different frequencies f reenter the Hubble radius (in this context,
also see the earlier efforts [91, 93]). Note that larger wave numbers or, equivalently, larger
frequencies reenter the Hubble radius earlier than the smaller ones. The plot clearly highlights
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Figure 4.3: The behavior of the dimensionless energy density of primordial GWs today,
viz. ΩGW (f), has been plotted over a small (in black, on the left) as well as a wide range of
frequencies (in red, green, brown and black, on the right). We have considered the scenario
wherein the inflationary potential is described by the α-attractor model (1.130) with n = 1,
which corresponds to wϕ = 0. We have plotted the spectrum of GWs for the following values
of the reheating temperature Tre: 1010GeV (in red, on the right), 106GeV (in black on the
left and green on the right), 2TeV and 2GeV (in brown and black on the right). Note that,
we have also illustrated the behavior of the effective EoS parameter weff (in blue, in the figure
on the left) as a function of the frequency f , which has been determined using the relation
f = aH/(2π). In other words, weff(f) (marked on the y-axis on the right hand side of the
figure on the left) represents the effective EoS parameter at the instant when the mode with
the frequency f reenters the Hubble radius. We have also indicated the frequencies associated
with the wave numbers kre and kf (as vertical red and green lines, on the left). Moreover,
we have demarcated the regime (in pink) wherein the transition from weff = 0 to weff = 1/3
occurs. We should point out that the spectrum of GWs exhibits oscillations in the region
of the transition. Further, we have included the sensitivity curves of different ongoing and
forthcoming GW observatories (in the figure on the right).

the transition from the inflaton dominated universe to the epoch of radiation domination,
achieved through the mechanism of perturbative reheating. The transition is clearly reflected
in the behavior of the effective EoS parameter which changes smoothly from weff = 0 at early
times (i.e. at large frequencies) to weff = 1/3 at late times (i.e. at small frequencies). In the
figure, we have indicated the frequencies associated with the wave numbers kf and kre and
have also marked the domain of the transition to highlight these points.

Let us now point out a few more aspects of the results presented in Fig. 4.3. In the figure, we
have also plotted the spectrum of GWs for a few different values of the reheating temperature.
Further, we have included the sensitivity curves of different current and forthcoming GW
observatories. Note that the plots suggest that the spectra of GWs remain scale invariant over
wave numbers k < kre which reenter the Hubble radius during the radiation dominated epoch.
This result should not come as surprise. As we have pointed out earlier, these modes are on
super-Hubble scales during the period of reheating and hence are unaffected by the process.
Therefore, they carry the scale invariant nature of the spectrum of GWs generated during
inflation. However, modes with wave numbers kre < k < kf reenter the Hubble radius during
the epoch of reheating and hence they carry the signatures of the mechanism of reheating.
For the value of wϕ = 0 we have worked with in Fig. 4.3, we find that the spectrum exhibits
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a strong red tilt for k > kre. In fact, we find that the red tilt occurs over this range of wave
numbers whenever wϕ < 1/3. Moreover, for lower values of the reheating temperature, the
red tilt begins to occur at smaller wave numbers. Such a behavior can be attributed to the
fact that when the reheating temperature is lower, the epoch of reheating lasts longer. Since
reheating is delayed, the mode with wave number kre reenters the Hubble radius at a later time
or, equivalently, leaves the Hubble radius during inflation at an earlier time thereby suggesting
that it will have a smaller wave number. We should mention here that these features in the
spectrum of GWs are similar to the behavior in the simpler reheating scenario we discussed in
the last section.

Interestingly, we find that the perturbative reheating scenario leaves telltale imprints on
the spectrum of GWs which can possibly help us decipher finer details of the mechanism
of reheating. We find that the spectrum exhibits a burst of oscillations near kre. It should
be clear from Fig. 4.3 that the oscillations occur over modes which leave the Hubble radius
during the period of the transition when weff changes from its initial value of wϕ to the final
value of 1/3. Recall that, in the perturbative reheating scenario, the reheating temperature is
identified as the temperature associated with the energy density of radiation at the instance
when H(Are) = Γϕ. Consequently, it is at this point of time that the change in the effective
EoS parameter with respect to the scale factor is the maximum. This aspect is reflected in
the peak that arises in the spectrum of GWs exactly at the wave number kre which re-enters
the Hubble radius when H(Are) = Γϕ. We should also mention that these features in the
spectrum of GWs spectrum are not limited only to the case of wϕ = 0 and Tre = 106GeV, but
also arise for all possible sets of values of (wϕ < 1/3, Tre). In order to highlight this point, in
Fig. 4.3, we have illustrated the spectrum ΩGW (f) for different values of reheating temperature
Tre. However, note that, the frequency around which the spectrum begins to exhibit a red tilt
increases as the reheating temperature increases. This is expected for the reason we discussed
above, viz. that the period of reheating is shorter for a higher reheating temperature as a
result of which the wave number kre of the mode which re-enters at the end of reheating turns
out to be larger. Lastly, we should mention that, for wϕ < 1/3, the spectrum of GWs is indeed
compatible with the BBN constraints.

To illustrate the dependence of the spectrum of GWs on wϕ, in Fig. 4.4, we have plotted
the spectrum for wϕ = 1/2 [i.e. for n = 3 in the potential (1.130)] and a set of values of the
reheating temperature, just as in Fig. 4.3. Clearly, the spectrum of GWs is scale-invariant over
frequencies corresponding to k < kre. But, in contrast to the wϕ = 0 case, the spectrum has a
strong blue tilt at higher frequencies. Also, as expected, the higher the reheating temperature,
the larger is kre, for reasons, we have discussed earlier. Moreover, we find that the spectrum
exhibits a burst of oscillation around kre, exactly as in the wϕ = 0 case. Further, the maximum
of the oscillation occurs at the instance when kre reenters the Hubble radius and the width
of the oscillation coincide with the period of transition from weff = wϕ = 0.5 to weff = 1/3.
Finally, we should mention that the spectra exhibit a blue tilt for k > kre whenever wϕ > 1/3.

The above arguments clearly indicate that the details of epoch of reheating significantly
affects the spectrum of GWs. Therefore, the characteristic features of ΩGW (f) can considerably
aid us in garnering an adequate amount of information regarding the reheating phase. Upon
comparing Figs. 4.2 and 4.3 (or 4.4), it is clear that the perturbative reheating mechanism,
wherein the transfer of energy from the inflaton to radiation occurs smoothly, leads to oscillations
in the spectrum of GWs in contrast to the simpler model wherein the transition to radiation
domination occurs instantaneously. We believe that such quantitative differences can provide
us with stronger constraints on the mechanism of reheating. Specifically,
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Figure 4.4: The spectrum of GWs today have been illustrated in the same manner as in
the last figure. But, in contrast to the previous figure wherein we had considered the case
wϕ = 0 [or, equivalently, n = 1 in the potential (1.130)], we have set wϕ = 0.5 (i.e. n = 3) in
arriving at the plots above. Note that, as in the case of wϕ = 0, the spectrum is scale invariant
over frequencies corresponding to k < kre. However, the spectrum has a strong blue tilt at
higher frequencies. Importantly, for some values of the reheating temperature, the spectra
intersect the sensitivity curves of the various GW observatories which immediately translate
to constraints on the parameters wϕ and Tre that characterize the epoch of reheating. In the
figure, we have also included the BBN constraint (as the horizontal black line, on the right),
which corresponds to ΩGW h2 < 10−6.

• The presence of the oscillating feature in the spectrum of GWs, in particular, the width
of the oscillation can provide us with information concerning the time scale over which
weff makes the transition from wϕ to 1/3.

• As we have discussed above, the peak of the oscillation occurs at k = kre. Thus, identifying
the location of the peak of the oscillation in the spectrum can help us determine the
Hubble scale at the end of reheating or, equivalently, the decay rate Γϕ of the inflaton to
radiation. In other words, the observation of the peak can indicate the strength of the
coupling between the inflaton and radiation in given a decay channel.

4.6 Spectrum of GWs near the end of the inflation

Until now, while discussing the tensor power spectrum generated during inflation, for simplicity,
we had assumed that inflation was of the de Sitter form. This had led to a scale invariant power
spectrum for scales such that k ≪ kf [cf. Eq. (4.3)], where kf denotes the wave number that
leaves the Hubble radius at the end of inflation. However, potentials such as the α-attractor
model (1.130) of our interest actually leads to slow-roll inflation and, as we had mentioned
earlier, in such cases, there will arise a small tensor spectral tilt. Moreover, even the slow roll
approximation will cease to be valid towards the end of inflation. Therefore, to understand
the nature of the inflationary tensor power spectrum close to the wave number kf , the easiest
method seems to evaluate the spectrum numerically.

There exists a standard procedure to evaluate the spectrum of perturbations generated
during inflation (in this context, see, for instance, Ref. [291]). The modes are typically evolved
from the Bunch-Davies initial conditions when they are well inside the Hubble radius and the
spectra are evaluated in the super-Hubble domain when the amplitude of the perturbations
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Figure 4.5: The inflationary tensor power spectrum arising in the α-attractor model of
interest (on the left) as well as the corresponding spectrum of GWs today (on the right)
have been plotted for frequencies close to the wave number kf . The inflationary spectra have
been computed numerically and we have made use of the analytical solutions for the tensor
transfer function χk during the post-inflationary epochs to arrive at the spectrum of GWs
today. We have plotted the spectrum of GWs today, viz. ΩGW (f), for a few different values of
the reheating EoS parameter wϕ and a specific reheating temperature. We find that, while the
inflationary power spectrum begins to behave as k2 near kf , the corresponding spectra of GWs
today behave as k4.

have frozen. Such an approach works well for the large scale modes. But, since we are interested
in the tensor power spectrum over small scales, in particular, with wave numbers close to kf ,
these modes would not be able to spend adequate amount of time in the super-Hubble regime.
Hence, in these situations, the best approach would be to evaluate the spectrum at the end
of inflation. In Fig. 4.5, we have plotted the inflationary tensor power spectrum computed
numerically in the α-attractor model of our interest. Actually, in the figure, we have also
plotted the spectra of GWs today ΩGW (f) for a few sets of values of the EoS parameter wϕ
and a specific value of the reheating temperature. Having computed the inflationary spectra
numerically, we have used the analytical forms for the tensor transfer function post-inflation to
arrive at the ΩGW (f). Note that the inflationary spectral shape begins to change for wave
numbers close to kf . In fact, we find that the inflationary tensor power spectrum PT(k)
behaves as k2 for wave numbers close to and beyond kf . This is not surprising and occurs
due to the fact that these modes have either hardly left or remain inside the Hubble radius at
the end of inflation. Therefore, the modes are essentially of the Minkowskian form leading
to the k2 behavior of the power spectrum. From the structure of energy density of GWs [cf.
Eq. (1.116)], it is easy to establish that the corresponding ΩGW (k) would behave as k4 over
this domain of wave numbers. It is easy to see from Fig. 4.5 that ΩGW (f) indeed behaves
as expected around and beyond kf . Further, from the figure, we can see that kf is crucially
dependent on the structure of the inflationary potential. For reheating dynamics described by
an effective EoS parameter wϕ, we can write kf in terms of the potential parameter n, the
reheating parameters (TreNre) and the inflationary parameter N∗ as follows:

kf = af Hf = k∗
Hf

HI
eN∗ = k∗

(
Vf

2H2
I M

2
p

)1/2

eN∗ = k∗

(
π2gre
90

)1/2
T 2
re

HIMp
eN∗+[3n/(n+1)]Nre ,

(4.44)
where we have been careful to distinguish between the value of Hk∗ ≃ HI and Hf , i.e. the
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Hubble parameters evaluated at the moment when the pivot scale k∗ crosses the Hubble radius
and at the end of the inflation, respectively.

4.7 CMB, the spectrum of GWs, and the microscopic reheating
parameters

As is well known, the observations of the anisotropies in the CMB by missions such as
Planck can be explained in a simple and successful the manner by invoking an early phase
of inflation [14, 16, 17, 21–27]). Nevertheless, the characterization of the inflaton is far from
complete because of the lack of adequate observational constraints, particularly over scales
smaller than the CMB scales. The spectrum of GWs is possibly the only probe that can provide
us with direct access to the physics operating during the epochs of inflation and reheating. In
this section, we shall discuss the manner in which we can extract the properties of the inflaton
by combining the observations of the CMB and GWs.

As we have already mentioned, the spectrum of GWs carries signatures which reflect some
details of the mechanism of reheating. Recall that, the primary aspect of the reheating phase
is the time evolution of the EoS parameter from the initial value of wϕ associated with the
inflaton to the final value of 1/3 corresponding to radiation. The phase can be generically
divided into three stages based on the underlying physical processes that operate. In what
follows, we shall discuss these stages and the corresponding imprints on ΩGW (f).

To facilitate the discussion, let us introduce the spectral index nGW = d lnΩGW /d ln k
associated with the spectrum of GWs. Interestingly, we find that all the three stages leave
distinct imprints on the spectral index nGW , and we have illustrated the behavior of nGW (f) for
the α-attractor model (1.130) in Fig. 4.6. Note that the first and longest stage is when H ≪ Γϕ,
i.e. when the inflaton is decaying very slowly and hence the background dynamics is dominated
by the EoS parameter wϕ governing the inflaton. The spectral index nGW is associated with
modes that reenter the Hubble radius during the stage is given by nGW = 2 (3wϕ−1)/(3wϕ+1).
In Fig. 4.6, we have indicated the nGW (f) associated with wϕ = 0 and 1/2. In the subsequent
stage, as the Hubble parameter approaches Γϕ, the decay of the inflaton becomes increasingly
efficient, and the effective EoS parameter begins to change rapidly. The corresponding effects
are reflected in the variation of nGW over modes which reenter the Hubble radius during the
transition, as highlighted in Fig. 4.6. However, this intermediate stage is the shortest among
the three stages and it ends when Hre = Γϕ, i.e. when the rate of decay of the inflaton to
radiation is at its maximum. The most important of the three stages is the final stage of
thermalization which is characterized by the time scale ∆tth. It is the time scale over which the
decay products of the inflaton thermalize among themselves. In fact, it is this mechanism that
determines the actual initial temperature of the radiation dominated phase contrary to the
conventional definition of reheating temperature Tre defined when H = Γϕ. The thermalization
process and the associated time scale ∆tth would crucially depend upon nature of all the
decay products of the inflaton as well as the detailed dynamics of the decay process. These
details will determine the manner in which the EoS parameter changes during this stage and
its variation will be imprinted in the behavior of nGW (f) as we have illustrated in Fig. 4.6.
Note that there arises a frequency range, say, ∆fth, associated with the time scale ∆tth, and
the variation of the spectral index nGW over this domain can provide us with clues to the
physics operating during the stage.

117

TH-2748_176121018



4. Decoding the phases of early and late time reheating through imprints on primordial gravitational
waves spectrum

α - attractor model
α = 1, Tre = 106 GeV

Δfth3

Δfth1

Γ
ϕ

=
H
(A

re
)

-10 -5 0 5
-20

-10

0

10

20

lnf

n
GW

n
=
1 n

=
3

n
=
5

α- attractor model
α = 1

0.955 0.960 0.965 0.970 0.975

10-9

10-5

0.1

1000.0

107

ns

f
re

(H
z)

Figure 4.6: Left: The variation of the index nGW associated the spectrum of primordial
GWs observed today in the case of the perturbative reheating scenario has been plotted as a
function of frequency f for two different values of the inflaton EoS parameter wϕ = (0, 1/2)
(as solid and dashed lines) for the α-attractor potential (1.130). We have a fixed value of the
reheating temperature to be Tre = 106GeV in arriving at the plot. In the figure (on the left),
we have also explicitly highlighted the behavior of nGW for modes that re-enter the Hubble
radius during the following regimes: (i) reheating phase dominated by the inflaton (as solid
and dashed lines, in magenta), (ii) the period of rapid transition of the EoS parameter from wϕ
to 1/3 (as solid and dashed lines in blue), and (iii) the radiation dominated epoch (in green).
We have also demarcated the domain in frequency associated with the thermalization time
scales in the figure (as shaded regions in dark and light blue). These quantities have been
denoted as ∆f1th and ∆f3th for wϕ = 0 and 1/2, respectively. Right: We have illustrated the
variation of the frequency fre = kre/(2π) as a function of the scalar spectral index ns for three
different values of n = (1, 3, 5) (in blue, black and pink) for the α-attractor model. We have
also indicated the 1-σ and 2-σ confidence regions (as light and dark bands in red) associated
with the constraint on scalar spectral index ns from Planck [29]

Therefore, from the CMB observations and the spectrum of GWs, we can, in principle, ex-
tract the following essential information regarding the nature of the inflaton and the underlying
physical process taking place during reheating.

(i) Effective inflaton EoS parameter wϕ: The nature of inflaton potential near its minimum or,
equivalently, the effective EoS parameter wϕ associated with the decay of the inflaton can be
determined from the spectral index of GWs through the relation

wϕ =
1

3

(
2 + nGW
2− nGW

)
. (4.45)

(ii) Inflaton decay width Γϕ: Once we have arrived at the EoS parameter describing the inflaton,
the effective inflaton decay constant Γϕ can be determined from the CMB and the spectrum of
GWs in the following fashion. As we have already mentioned, for modes with wave numbers
k < kre, the amplitude of the tensor perturbations will remain approximately constant from
the time the modes leave the Hubble radius during inflation till they renter the Hubble radius
during the epoch of radiation domination. Due to this reason, over this range of modes, the
spectrum of GWs at late times retains the same shape as the spectrum of tensor perturbations
generated during inflation. Therefore, using Eq. (4.35), the scale-invariant amplitude of the
spectrum of GWs can be utilized to estimate the approximate energy scale near the end of
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inflation. In the limit of high reheating temperature, we have

ΩGW h2 ≃ ΩR h
2 H2

I

6π2M2
p

(4.46)

and, as a result,

HI ≃

(
6π2M2

p ΩGW h2

ΩR h
2

)1/2

(4.47)

which, in turn, allows us to express the energy density at the end of inflation as follows:

ρf ≃
18π2M4

p ΩGW h2

ΩR h
2

. (4.48)

From the observed spectrum, we can, in principle, determine wave numbers kre and kf , which
are the wave numbers that reenter at the end of the epoch of reheating and leaving the Hubble
radius at the end of inflation, respectively. In Fig. 4.6, we have illustrated the dependence of
kre on the scalar spectral ns for different values of the parameter n of the α-attractor model. In
a manner similar to the existence of a maximum possible reheating temperature, we notice that
there arises a maximum possible value for the frequency associated with the wave number kre.
We find that, generically, fmax

re ≃ 107Hz, irrespective of the values of the other parameters
involved. It would be interesting to study further implications of this point. Nonetheless, the
aforementioned wave numbers satisfy the following relations

kf = af Hf ≃ af HI , kre = areHre = Are af Γϕ. (4.49)

Considering perturbative reheating, one can obtain an approximate analytical expression for
the normalized scale factor Are at the end of the reheating to be (in this context, see Ref. [93])

Are =

(
4 ρf (1 + wϕ)

2

G4 β (5− 3wϕ)2

)−1/(1−3wϕ)

, β =
π2 gr,re
30

, G =

(
43

11 gre

)1/3 (a0HI

k∗

)
T0 e

−N∗ .

(4.50)
The primary assumption in arriving at the above expressions is that the energy scale does not
change significantly throughout the entire period of inflation. With all the above expressions
at hand, we find that the inflaton decay constant Γϕ can be written in terms of the observable
quantities as

Γϕ =
kreHI

Are kf
=
kre
kf

(
6π2M2

p ΩGW h2

ΩR h
2

)1/2(
72π2M4

p ΩGW h2 (1 + wϕ)
2

ΩR h
2 G4 β (5− 3wϕ)2

)1/(1−3ωϕ)

. (4.51)

One can then immediately obtain the following analytic expression for the reheating tempera-
ture:

Tre =
G
Are

=

(
43

11 gre

)1/3 kf HI

k∗H0

(
72π2M4

p ΩGW h2 (1 + wϕ)
2

ΩR h
2G4 β (5− 3wϕ)2

)1/(1−3wϕ)

T0. (4.52)

So far, we have expressed the inflation decay constant and the reheating temperature in terms
of the observables associated with the CMB and the spectrum of GWs today. To understand
the exact nature of the coupling, the subsequent thermalization processes right after reheating
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(i.e. when Γϕ = Hre) becomes important. Therefore, let us now compute the thermalization
time scale.

(iii) Thermalization time scale ∆tth: Thermalization is an important non-equilibrium phe-
nomenon that is ubiquitous in nature. At the end of the phase of reheating, when the rate at
which the inflaton decays into radiation have attained a maximum, the subsequent thermaliza-
tion phase leads to the epoch of radiation domination. In this process, thermalization time
scale ∆tth is an important observable which crucially depends on the nature of the initial state
as well as the interactions among the internal degrees of freedom. Also, it is the initial state
which encodes the information about the coupling between the inflaton and the other fields
to which the energy is being transferred. Hence, if we can arrive at ∆tth from the spectrum
of GWs, valuable information regarding the fundamental nature of the coupling parameters
between the inflation and other fields at very high energies can, in principle, be extracted. The
thermalization time scale is defined as

∆tth = tth − tre, (4.53)

where tre is the time corresponding to the end of reheating and tth denotes the time at the end
of the thermalization process, which leads to the beginning of the actual radiation dominated
epoch. In order to obtain an approximate analytic expression, during this regime, we shall
assume that the scale factor behaves as a ∝ t2/3 (1+w). This can be justified since we can express
the effective EoS parameter during the thermalization phase using the following perturbative
expansion:

w =
1

tth − tre

∫ tth

tre

dt

[
wR + (wϕ − wR)

ρϕ
ρR

+ · · ·
]
≃ 1

3
+

(
wϕ −

1

3

)
x+O(x2), (4.54)

where, x = 1
tth−tre

∫ tth
tre

dt
ρϕ
ρ
R

and wR = 1/3 is the EoS parameter describing radiation. Note
that, during the thermalization phase ρϕ ≪ ρR and, hence, x≪ 1. This particular fact enables
us to obtain the leading order expression for the thermalization time scale in terms of the
observable quantities that we discussed. On utilizing the above form for the EoS parameter,
we find that the leading order behavior of the scale factor at Γϕ = Hre can be written as

are ≃
(
tre
t1

)2/[3 (1+ω
R
)] [

1−
2x (wϕ − wR)

3 (1 + wR)
2

ln

(
tre
t1

)
+ · · ·

]
, (4.55)

where t1 is a constant we have introduced for purposes of normalization. Upon using the
relations kre = areHre, kth = athHth and Hre = Γϕ, we can express the reheating time tre and
the thermalization time tth in terms of the wave numbers kre and kth as

tre =

(
kth
pR

)1/(p
R
−1)

t
p
R
/(pR−1)

1 +O(x), tth =

(
kre
pR

)1/(p
R
−1)

t
p
R
/(p

R
−1)

1 +O(x). (4.56)

We can also express Γϕ in terms of normalized time t1 as

Γϕ ∼
(
pR
t1

)p
R
/(p

R
−1)

k
−1/(p

R
−1)

re +O(x), (4.57)

where we have introduced the quantity pR = 2/[3 (1 + ωR)]. Utilizing all the above equations,
we finally obtain the final expression for the thermalization time scale to the leading order in x
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to be

∆tth ∼


kPR

p
p
R
/(p

R
−1)

R

(
k
−1/(p

R
−1)

re
Γϕ

)
+O(x), in terms of Γϕ,

kPR
p
p
R
/(p

R
−1)

R

(
Gk

−p
R

/(p
R

−1)
re
HI Tre

)
+O(x), in terms of Tre.

(4.58)

Here kPR
=
(
kth
p
R

)1/(p
R
−1)

−
(
kre
p
R

)1/(p
R
−1)

. In the above expressions, an important point one
should remember is that the value of the wave numbers kre and kth are, in general, dependent
on the decay width of the inflaton. Therefore, the overall thermalization time scale is a
non-trivial function of Γϕ.

The thermalization time scale crucially depends on the initial number density of the
decayed particles compared with the thermalized ones. The initial number density at the
instant when Γϕ = Hre can be approximately estimated to be ni ≃M2

p H
2
re/mϕ =M2

p Γ
2
ϕ/mϕ,

and, in arriving at this expression, it has been assumed that the momentum of the decay
products is as large as the mass mϕ of the inflaton [292, 293]. If we consider the particles
to have thermalized at the reheating temperature Tre, then the number density can again
be approximately determined to be nth ≃ T 3

re ≃ Γ
3/2
ϕ M

3/2
p . Hence, the ratio of the particle

number densities nth and ni turns out to be

nth
ni

≃
mϕ√
ΓϕMp

=

(
m2
ϕAre kf

Mp kreHI

)1/2

. (4.59)

This is one of the crucial parameters in the context of the thermalizing plasma which dictates
the kind of physical processes that occur during thermalization [292–296]. At this stage, we are
unable to extract the inflaton mass mϕ from the observations in a model independent manner.
However, given the mass of the inflaton, along with the CMB observations, Eq. (4.59) will
have two generic possibilities, viz.

• ni < nth: The particle number density is smaller than the thermalized ones, which means
that, at the end of reheating, the universe is under-occupied. For example, if one
considers marginal inflaton-scalar (ξ) coupling such β ϕ ξ3, inflaton-Fermion (ψ) Yukawa
coupling β ϕ ψ̄ ψ, the inflaton decay width behaves as Γϕ ∼ β2mϕ which implies that
ni/nth ∼

√
mϕ/Mp < 1.

• ni > nth: The particle number density is larger than the thermalized ones, i.e. at the
end of reheating, the universe is over occupied. For example, if one considers any Planck
suppressed operator containing a coupling between the inflaton and the reheating field,
the decay width behaves as Γϕ ∼ m3

ϕ/M
2
p , which implies that ni/nth ∼

√
Mp/mϕ > 1.

(iv) Determination of microscopic interactions: From our discussion above for the two cases,
it is clear that if we can determine the value of nth/ni from the combined observations of
the CMB and GWs, the fundamental nature of the inflaton-reheating field coupling such as
‘β’ can be extracted. Furthermore, interestingly, it has been pointed out that, depending on
the aforementioned two conditions for the initial, non-thermal states generated by the end of
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reheating, the behavior of the thermalization time scale in terms of the microscopic variables
will be very different, and will behave as (in this context, see Ref. [292])

∆tth ∼

 α−2m
1/2
ϕ T

−3/2
th , for under-occupied initial states such that ni < nth,

α−2 T−1
th , for the over-occupied initial state scuh that ni > nth,

(4.60)

where α denotes the gauge interaction strength among the decayed particles, and Tth is the final
thermalization temperature. Hence, it is extremely important to recognize that, once we know
the inflaton mass mϕ and the final thermalization temperature Tth [the latter can be computed
once the reheating dynamics is fixed, by using Eqs. (4.59) and (4.60)], the gauge interaction
strength can, in principle, be computed in terms of the observable quantities through the
relations

α ∼


T
−1/2
th k

−1/2
PR

p
−p

R
/[2 (p

R
−1)]

R

(
k
−1/(p

R
−1)

re
Γϕ

)−1/2

, for HI >
m2

ϕ Are kf
Mp kre

,

(
mϕ

T 3
th

)1/2
k
−1/2
PR

p
p
R
/[−2 (p

R
−1)]

R

(
k
−1/(p

R
−1)

re
Γϕ

)−1/2

, for HI <
m2

ϕ Are kf
Mp kre

.

(4.61)

We expect to carry out a detailed study on these important issues in a future publication.
Having examined the effects of the epoch of reheating on the spectrum of GWs today, let
us now turn to discuss the effects that arise due to a secondary phase of reheating. As we
shall see, such a phase can have an important implication for the recent observational results
reported by NANOGrav [272, 273].

4.8 Spectrum of GWs with late time entropy production and
implications for the recent NANOGrav observations

In Secs. 4.4 and 4.5, while arriving at the spectrum of GWs ΩGW (f) today, we had assumed
that the perturbations were generated during inflation and had evolved through the epochs of
reheating and radiation domination. In such a scenario, the entropy of the universe is conserved
from the end of reheating until today. In fact, we had earlier utilized the conservation of
entropy to relate the temperature Tre at the end of reheating to the temperature T0 today.
Recall that, for simplicity, we had assumed that the spectrum of tensor perturbations generated
during inflation was strictly scaled invariant [cf. Eq. (4.3)]. We also found that, for wave
numbers k < kre, the evolution of the tensor perturbations through the standard epochs of
reheating and radiation domination does not alter the shape of the spectrum of GWs observed
today, i.e. ΩGW (f) remains scale invariant for f < fre = kre/(2π).

Over the last decade or so, there has been an interest in examining scenarios wherein there
arises a short, secondary phase of reheating sometime after the original phase of reheating which
immediately follows the inflationary epoch (see, for example, Ref. [297]). It has been shown that
such a modified scenario can also be consistent with the the various observations [257, 298, 299].
A secondary phase of entropy production can occur due to the decay of an additional scalar
field (which we shall denote as σ) that can be present, such as the non-canonical scalar fields
often considered in high energy physics or the moduli fields encountered in string theory∗. In

∗It is for this reason that the secondary phase is sometimes referred to as the moduli-dominated epoch.
The scalar field could have emerged from an extra-dimensional modulus field or due to some higher curvature
effects [300, 301]
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this section, we shall discuss the effects of such a secondary phase of reheating (which occurs
apart from the primary phase of reheating considered earlier) on the spectrum of GWs observed
today. As we shall see, the secondary phase of entropy production leads to unique imprints
on the spectrum of GWs which has interesting implications for the recent observations by
NANOGrav [272, 273].

Let us first calculate the reheating temperature associated with the secondary phase of
reheating. We can expect the entropy to be conserved during the radiation dominated epoch
sandwiched between the two phases of reheating. On following the chronology of evolution
mentioned above and, upon demanding the conservation of entropy, we can arrive at the relation
between the temperature Tre at the end of the first phase of reheating and the temperature at
the beginning of the second phase of reheating, say, TσR. We find that they can be related as
follows:

gs,re a
3
re T

3
re = gs,σR a

3
σR T

3
σR, (4.62)

where (gs,re, gs,σR) and (are, aσR) denote the relativistic degrees of contributing to the entropy
and the scale factor at the end of the primary reheating phase and at the start of the second
phase of reheating (or, equivalently, at the end of the first epoch of radiation domination),
respectively. Using the above relation, we can express the original reheating temperature Tre
in terms of the temperature TσR at the beginning of the secondary phase of reheating as

Tre =

(
gs,σR
gs,re

)1/3

eN
(1)
RD TσR, (4.63)

where N (1)
RD

= ln (aσR/are) denotes the duration of the first epoch of radiation domination
in terms of the number of e-folds. Similarly, we can relate the temperature at the end of
the secondary phase of reheating, say, Tσ, to the temperature T0 today by demanding the
conservation of entropy after the onset of the second epoch of radiation domination. On doing
so, we obtain that

Tσ =

(
43

11 gs,σ

)1/3 (a0
aσ

)
T0, (4.64)

where gs,σ and aσ represent the degrees of freedom contributing to the entropy and the scale
factor at the end of the the secondary phase of reheating. If aeq denotes the scale factor at the
epoch of matter-radiation equality, then the above expression for Tσ can be written as

Tσ =

(
43

11 gs,σ

)1/3 ( a0
aeq

)
eN

(2)
RD T0. (4.65)

The factor a0/aeq can be expressed in terms of the quantity a0/ak through the relation

a0
aeq

=

(
a0
ak

)
e
−
[
Nk+Nre+N

(1)
RD +Nsre+N

(2)
RD

]
, (4.66)

where ak denotes the scale factor when the mode with the wave number k crosses the Hubble
radius during inflation, while Nk represents the number of e-folds from the time corresponding
to ak to the end of inflation. Moreover, recall that Nre denotes the duration of the first phase
of reheating. It should be evident that the quantities Nsre and N (2)

RD
represents the duration

(in terms of e-folds) of the secondary phase of (say, moduli dominated) reheating and the
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second epoch of radiation domination, respectively. With k set to be the pivot scale k∗, on
substituting the above expression for a0/aeq in Eq. (4.65), we obtain that

Tσ =

(
43

11 gs,σ

)1/3 (a0HI

k∗

)
e
−
[
N∗+Nre+N

(1)
RD+Nsre

]
T0, (4.67)

which is the temperature at the end of the secondary phase of reheating.
Note that the above expression for Tσ can be inverted to write N (1)

RD
as

eN
(1)
RD =

(
43

11 gs,σ

)1/3 (a0HI

k∗

)
e−[N∗+Nre+Nsre]

(
T0
Tσ

)
. (4.68)

This relation, along with Eq. (4.63), immediately leads to the following expression for the
original reheating temperature Tre in terms of the parameters associated with the late time
entropy production:

Tre =

(
43

11 gs,re

)1/3 (a0HI

k∗

)
F−1/3 e−(N∗+Nre) T0. (4.69)

In this relation, the factor F represents the ratio of the entropy at the end and at the beginning
of the secondary phase of reheating, and it is given by

F =
s(Tσ) a

3
σ

s(TσR) a3σR
, (4.70)

where s(T ) denotes the entropy at the temperature T . If we now assume that the secondary
phase of reheating is described by the EoS parameter wσ, then we can arrive at the following
useful relations between the Hubble parameter and the temperature at the end and at the
beginning of the secondary phase of reheating:

Hσ =

(
γ1 Tσ

γ2 F 1/3 TσR

)3 (1+wσ)/2

HσR, Tσ =

(
γ1

γ2 F 1/3

)3 (1+wσ)/(1−3wσ) (gr,σR
gr,σ

)1/(1−3wσ)

TσR,

(4.71)
where the quantities γ1 and γ2 are defined as

γ1 =

(
gr,re
gr,σR

)1/4

, γ2 =

(
gs,re
gs,σ

)1/3

. (4.72)

Clearly, the factor F controls the extent of entropy produced at late times. And, in the
absence of such entropy production, the factor F reduces to unity. Also, in such a case, the
expression (4.69) for the reheating temperature Tre reduces to the earlier expression (4.17), as
required.

Let us now turn to discuss the spectrum of GWs that arises in such a modified scenario.
As we mentioned above, for simplicity, we shall assume that the secondary phase of reheating
is described by the EoS parameter wσ. In order to arrive at ΩGW (k) in the new scenario, we
shall follow the calculations described in sec. 4.4 wherein we have evaluated the spectrum
analytically. To highlight all the relevant scales involved and also to aid our the discussion
below, in Fig. 4.7, we have illustrated the evolution of the comoving Hubble radius in the
modified scenario. Specifically, in the figure, we have indicated the new scales kσR and kσ
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Figure 4.7: A schematic diagram illustrating the evolution of the comoving Hubble radius
(aH)−1 plotted (in green) against the number of e-folds N = ln a. In the diagram, we have also
delineated the various epochs that are relevant for our discussion. In the above plot, we have
assumed that the EoS parameter wϕ describing the primary reheating phase is less than 1/3.
However, we have assumed that the EoS parameter, say, wσ, associated with a string modulus
or a non-canonical scalar field driving the secondary phase of reheating is greater than 1/3. In
the figure, apart from the wave numbers k∗, kre and kf we had encountered earlier (indicated
as red, brown and yellow, dashed lines), we have indicated the scales kσR and kσ (as dashed
lines in purple and black) which correspond to wave numbers that reenter the Hubble radius
at the beginning and at the end of the second phase of reheating, respectively.

which are the wave numbers that reenter the Hubble radius at the start and at the end of the
secondary phase of reheating.

Before we go on to illustrate the results, let us try to understand the the shape of ΩGW (k)
that we can expect in the modified scenario involving late time production of entropy.

• For wave numbers k < kσ: As we mentioned above, kσ represents the wave number of
the mode that reenters the Hubble radius at the onset of the second epoch of radiation
domination or, equivalently, at the end of the secondary phase of reheating. Therefore, the
range of wave numbers k < kσ (but with wave numbers larger than those corresponding
to the CMB scales) reenter the Hubble radius during the second epoch of radiation
domination. Since they are on super-Hubble scales prior to their reentry, they are not
influenced by the background dynamics during the earlier epochs. Hence, the spectrum
of GWs for these range of modes can be expected to be scale invariant, which implies
that the corresponding spectral index nGW vanishes identically.

• For wave numbers kσ < k < kσR: Recall that, kσR denotes the wave number that reenters
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the Hubble radius at the beginning of the secondary phase of reheating. As in the case
of modes that reenter the primary phase of reheating, we can expect the spectrum of
GWs over this range of wave numbers to exhibit a spectral tilt which depends on the
EoS parameter wσ. We find that, over this range of wave numbers, ΩGW (k) behaves as

ΩGW (k) ∼ k2 (3wσ−1)/(3wσ+1). (4.73)

Consequently, the spectral index of the primordial GWs over this range of wave numbers
turns out to be nGW = 2 (3wσ − 1)/(3wσ + 1). In others words, over the domain
kσ < k < kσR, the spectrum has a blue tilt for wσ > 1/3 and a red tilt for wσ < 1/3.

• For wave numbers kσR < k < kre: These range of wave numbers reenter the Hubble
radius during the first epoch of radiation domination. Hence, we can expect the spectrum
of GWs to be scale invariant over this range. It is important to recognize that the
amplitude of the spectrum ΩGW (k) over this range will be greater or lesser than the
amplitude over k < kσ (i.e. over wave numbers which reenter the Hubble radius during
the second epoch of radiation domination) depending on whether the EoS parameter wσ
(characterizing the second phase of reheating) is greater than or less than 1/3.

• For wave numbers kre < k < kf : These correspond to wave numbers that reenter the
Hubble radius during the first phase of reheating and, as we have discussed before, the
spectrum of GWs over this range of wave numbers is expected to behave as

ΩGW (k) ∼ k2 (3wϕ−1)/(3wϕ+1). (4.74)

In other words, the corresponding spectral index is given by nGW = 2 (3wϕ−1)/(3wϕ+1),
which has a blue or red tilt depending on whether wϕ is greater than or less than 1/3.

The behavior we have highlighted above can be clearly seen in Fig. 4.8 wherein we have plotted
the quantity ΩGW (f) in scenarios involving the second phase of reheating. In arriving at
the plots in the figure, we have set the inflaton the EoS parameter to be wϕ = 0 and have
assumed that TσR = 1GeV. Note that, for a given inflaton EoS parameter wϕ, we have two
parameters, viz. ns and F , which control the global shape of the spectrum of GWs. We have
plotted the spectrum for different values of F with a fixed value of ns as well as for different
values of ns with a fixed F . In order to highlight the effects due to the additional generation
of entropy, we have plotted the results for the limiting values of zero and unity for the EoS
parameter wσ governing the second phase of reheating. We should point that if a canonical
scalar field also dominates the secondary phase of reheating, then for V (σ) ∝ σ2n, we have
wσ = (n− 1)/(n+1) so that for the above mentioned limiting values can be achieved for n = 1
and n→ ∞, respectively. One can also consider a more exotic, non-canonical, scalar field with
a Lagrangian density of the form L ∼ (∂σ)µ − σ2n, where µ is a rational number, to drive the
second phase of reheating. In such a case, it can be shown that the EoS parameter is given by
(in this context, see, for example, Ref. [302])

wσ =
n− µ

n (2µ− 1) + µ
, (4.75)

with the expression reducing to the canonical result for µ = 1, as required. Such a model can
lead to the extreme values of wσ = 0 (for n = µ) and wσ ≃ 1 for [n ≃ µ/(1− µ)] that we have
considered, without unnaturally large values for a dimensionless number, as it occurs in the
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Figure 4.8: The spectrum of GWs observed today ΩGW (f) has been plotted in the modified
scenario with late time production of entropy. We have illustrated the results for the cases
wherein ns is fixed and the quantity F is varied (on the left) as well as for the cases wherein F
is fixed and ns is varied (on the right). We have set wϕ = 0 and TσR = 1GeV in arriving at the
above plots. Also, we have considered the extreme values for wσ to demonstrate the maximum
levels of impact that the generation of entropy at late times can have on the spectrum of GWs.
Interestingly, we find that for a set of values of the parameters associated the secondary phase
of reheating, the spectrum ΩGW can have amplitudes as suggested by the recent observations
by NANOGrav [272, 273].

canonical case. It seems worthwhile to explore such models in some detail as they could have
interesting phenomenological implications. We find that the effects on ΩGW (f) over the range
f < fre due to the late time creation of entropy has important implications for the recent
observations by the NANOGrav mission. Recall that, recent observations by the NANOGrav
mission suggest a stochastic GW background with an amplitude of ΩGW h2 ≃ 10−11 around
the frequency of 10−8Hz [272, 273]. Clearly, the frequency lies in the domain f < fre. In the
absence of a second phase of reheating, evidently, the amplitude of ΩGW in the nano-Hertz
range of frequencies is rather small, much below the sensitivity of the NANOGrav mission, as
we had seen in Secs. 4.4 and 4.5. However, as we have discussed, the late time decay of an
additional scalar field such as the moduli field leads to a spectrum with a blue tilt for wσ > 1/3
over the frequency range fσ < f < fσR, where fσ and fσR are the frequencies associated with
the wave numbers kσ and kσR. Therefore, in such a modified scenario, it is possible to construct
situations that result in ΩGW of the strength indicated by NANOGrav, albeit with rather large
values for ωσ and relatively low values of the reheating temperature of 10 < Tre < 103GeV,
as illustrated in Fig. 4.8. To motivate high values for the EoS parameter, as we mentioned,
it seems interesting to consider a non-canonical model of a scalar field that leads to an EoS
parameter as in Eq. (4.75). We should clarify that to avoid pathological behavior, in the model,
we can consider parameters lying within the domains n > 0 and µ > 0. In such a case, one
can obtain that wσ ∼ 1 for µ in the range 0 < µ < 1. Moreover, note that, in the modified
scenario with late time entropy production, to be compatible with the NANOGrav results, the
reheating temperature Tre has to be less than 103GeV, which implies a low decay width for
the inflaton. Further, from Fig. 4.8, it can be easily seen that the modified scenario can be
strongly constrained by many of the forthcoming GW observatories such as SKA, BBO, LISA
and DECIGO.

In the pulsar-timing data considered by NANOGrav, the spectrum of the characteristic
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strain hc(f) induced by the GWs is assumed to be a power law of the form [272, 273]

hc(f) = ACP

(
f

fyr

)(3−γ
CP

)/2

, (4.76)

where ACP refers to the amplitude at the reference frequency fyr = 1yr−1 = 3.17× 10−8Hz,
and γCP is the timing-residual cross-power spectral density. The dimensionless energy density
of GWs today ΩGW (f) is related to characteristic strain hc(f) induced by the GWs through
the relation (in this context, see the recent review [303])

ΩGW (f) =
2π2 f2

3H2
0

h2c(f). (4.77)

Upon utilizing the form (4.76) for the characteristic strain, the energy density of GWs today
can be expressed in terms of the amplitude ACP and the index γCP as follows:

ΩGW (f) =
2π2 f2yr
3H2

0

A2
CP

(
f

fyr

)5−γ
CP

. (4.78)

As we have discussed above, in the scenario with late time entropy production, it is the power
associated with the modes that reenter the Hubble radius during the secondary phase of
reheating that are consistent with the NANOGrav results [cf. Fig. 4.8]. Over this domain of
wave numbers, since the index of the spectrum of GWs is given by nGW = 2 (3wσ−1)/(3wσ+1),
where wσ is the EoS parameter describing the secondary phase of reheating, clearly, we can set
γCP = 5−nGW . We can utilize the constraints from the NANOGRav results on the parameters
ACP and γCP to arrive at the corresponding constraints on, say, the EoS parameter wσ and
the reheating temperature Tre associated with the primary phase. We have illustrated these
constraints in Fig. 4.9. We have illustrated the constraints for the two possibilities, viz. with the
reheating temperature Tre associated with the primary phase fixed and the EoS parameter wσ
describing the secondary phase of reheating varied as well as with wσ fixed and Tre varied.
These constraints suggest that only low reheating temperatures (say, Tre < 10GeV) and very
high values of the EoS parameter wσ (with wσ ≃ 1) are compatible with the NANOGrav data.

4.9 Conclusions

In this chapter, we have attempted to understand the effects of reheating on the spectrum
of primordial GWs observed today. As a specific example, we had considered the so-called
α-attractor model of inflation and had evolved the tensor perturbations from the end of inflation
through the epochs of reheating and radiation domination to eventually arrive at the spectrum
of GWs today. Moreover, we had considered two different scenarios to achieve reheating. In
the first scenario, the epoch is described by a constant EoS parameter wϕ and the transition
to radiation domination is expected to occur instantaneously [45]. Such simpler modeling of
the reheating mechanism allowed us to study the evolution of the GWs analytically. In the
second and more realistic scenario of perturbative reheating wherein the evolution of the energy
densities are governed by the Boltzmann equations, the inflaton decays gradually and the
transition to the epoch of radiation domination occurs smoothly. The effective EoS parameter
in such a scenario changes continuously from its initial value of weff = wϕ to the final value
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Figure 4.9: The constraints from NANOGrav on the parameters ACP and γCP have been
utilized to illustrate the corresponding constraints on the EoS parameter wσ describing the
secondary phase of reheating and the reheating temperature Tre associated with the primary
phase. In the figures, we have included the 1-σ and 2-σ contours (in black) arrived at by the
NANOGrav analysis based on the five-frequency power-law fit [272]. We have projected the
results into the γCP-ACP plane for the following two possibilities: (i) a scenario wherein Tre
is fixed and the parameter wσ is varied (on the left), and (ii) a scenario wherein wσ is fixed
and Tre is varied (on the right). Note that we have assumed that wϕ = 0 and TσR = 0.1GeV
in arriving at the above plots.

of weff = 1/3. As it proves to be difficult to obtain analytical solutions in the perturbative
reheating scenario, we examined the problems at hand numerically.

Note that we are interested in the spectrum of GWs today over scales that are considerably
smaller than the CMB scales. These scales reenter the Hubble radius either during the phase
of reheating or during the epoch of radiation domination. In both the models of reheating we
have considered, the spectrum of GWs today ΩGW (f) is scale-invariant over wave numbers
that reenter the Hubble radius during the epoch of radiation domination (i.e. for k < kre). The
scale invariant amplitude over this domain can help us extract the inflationary energy scale
in terms of the present radiation abundance since H2

I /M
2
p ∼ 6π2ΩGW /ΩR [cf. Eq. (4.46)].

The spectrum of GWs today has a tilt over wave numbers kre < k < kf which reenter the
Hubble radius during the phase of reheating. The spectral tilt nGW = 2 (3wϕ − 1)/(3wϕ + 1)
is red or blue depending on whether wϕ < 1/3 or wϕ > 1/3. Clearly, the observation of the
tilt will allow us to determine the reheating parameters such as the EoS parameter wϕ and
the reheating temperature Tre. These will allow us to determine the behavior of the inflaton
near the minimum of the potential. Moreover, the constraint on the reheating parameters, in
turn, can help us constrain the inflationary parameters such as the scalar spectral index ns.
Further, in the realistic perturbative reheating scenario, there arises an important feature
in the spectrum of GWs around wave numbers that reenter the Hubble radius towards the
end of the phase of reheating. The spectrum exhibits distinct oscillations near the frequency
fre and we find that the width of the oscillation reflects the time scale over which the EoS
parameter changes from the inflaton dominated value of wϕ to that of 1/3 in the radiation
dominated epoch (cf. Figs. 4.3 and 4.4). In fact, the peak of the oscillation occurs at fre,
which can be associated with the end of perturbative reheating (i.e. when H = Γϕ). We find
that, at this instant, the rate of change of the effective EoS parameter exhibits a maximum.
This can help us further in determining the inflaton decay rate Γϕ in terms of the observed
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quantities, as expressed in Eq. (4.51). The end of reheating is to be followed by the most
important stage of thermalization. From the width of the oscillation in the spectrum, one
can extract information about thermalization time scale ∆tth [cf. Eq. (4.58)] as well as the
nature of the thermalization process depending upon over-occupied or under occupied initial
state set by the end of reheating [cf. Eq. (4.60)]. It turns out that the ratio of the thermalized
particle density to the initial decaying particle density (i.e. nth/ni) depends on the inflaton
mass, inflationary energy scale and the wave numbers kre and kf . Therefore, given the inflaton
mass, the spectrum of primordial GWs at the present epoch can be utilized to determine the
ratio nth/ni, which is one of the important parameters describing the thermalizing plasma.
Once the value of nth/ni is extracted, the strength of the gauge interaction, say, α, among
the reheating decay products can be obtained [cf. Eq. (4.61)]. We should mention that the
oscillatory feature in the spectrum of GWs is encountered for all possible values of wϕ and Tre.
We find that the range of frequencies around which the oscillations arise shifts towards higher
frequencies as the reheating temperature increases. This can be attributed to the fact that, for
a higher value of Tre, the duration of reheating proves to be shorter and, as a result, the wave
number kre which reenters at the end of reheating becomes larger.

Apart from the effects due to the standard phase of reheating, we had also considered the
signatures on the spectrum of GWs due to a secondary phase of reheating. Such a secondary
phase can arise due to the decay of additional scalar fields such as the moduli fields, which can
lead to the production of entropy at late times. The moduli-dominated phase, which can be
described by a constant EoS parameter wσ (as the primary phase of reheating), leads to a tilt in
the spectrum over the range of wave numbers that reenter the Hubble radius during the epoch.
Remarkably, we have shown that for wσ > 1/3 and certain values of the reheating temperature,
the production of entropy at late times can lead to ΩGW (k) that correspond to the strengths
of the stochastic GW background suggested by the recent NANOGrav observations [272, 273].
We should clarify that such a possibility cannot arise in the conventional reheating scenario
wherein the entropy remains conserved from the end of reheating until the present epoch. In
fact, the assumption of the secondary phase of reheating and the NANOGrav observations
indicate a low reheating temperature of Tre ≲ 103GeV. We are currently examining different
models to understand the wider implications of such interesting possibilities.
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Gravitational production during reheating phase: the possibility
of purely Gravitational reheating 5

”You sometimes speak of gravity as essential and inherent
to matter. Pray do not ascribe that notion to me, for the
cause of gravity is what I do not pretend to know, and
therefore would take more time to consider of it.”

Isaac Newton

In this chapter, we systematically develop a new reheating scenario where minimal grav-
itational interaction plays an important role which was ignored in the literature due to its
supposedly weak strength. So far, our discussions were mainly focused on the reheating
scenarios where direct couplings among inflaton and daughter fields are free parameter and
hence naturally lacks robust cosmological predictions. In this section, we take a systematic
approach toward building a reheating scenario that can provide model-independent observable
predictions. We shall start our discussion in the dark matter (DM) sector first, where it is
assumed to be produced from both inflaton and radiation bath through minimal gravitational
interaction only. Since the gravitational production process is always present, we can’t ignore
this. However, to achieve the radiation-dominated universe, we introduce arbitrary coupling
between inflaton and standard model particles. Subsequently, we remove this arbitrariness and
switch off all possible unknown parameters, which implies the inflaton sector is coupled with
the observable sector only through gravitational interaction. Interestingly, only gravitational
interaction turned out to be enough to reheat our universe successfully.

Cosmological observation over more than half a century made us believe that the observable
universe is made of visible and invisible components [24, 29, 42, 67–69, 247, 248]. Regarding the
visible components, we have acquired and inculcated a great deal of knowledge about its very
existence and fundamental properties. However, apart from the existential evidences through
multiple observations such as galaxy rotation curve, large scale structure, CMB [29, 304–308],
invisible components are far from our present understanding. Dark matter is one of the invisible
components which attracts lot of attention due to its seemingly unavoidable entente with the
visible components in quantum field theoretic framework [107, 108, 110–112, 114–117, 309–321].
Even though very few effective field theory parameters such as mass and cross-section are
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sufficient to explain the very existence of dark matter (DM), ignorance/non-detection[322–326]
of its fundamental characters may seem indicative to suffering of going beyond the present
framework of experimental and theoretical approaches [327–330]. List of conventional particle
physics approaches towards DM production being nearly exhaustive, ideas of gravitational
mechanism of dark matter [331–342] seems to suggest that simplest possibilities going beyond
the convention, still have a lot of unexplored provisions. Gravity so far plays an extremely
passive role in understanding the physical properties of standard model particles. However,
difficulties in incorporating gravity in the quantum field theory framework are due to funda-
mental reason. Nevertheless, based on our present understanding, the physical laws depend on
the energy scale of interest. At low energy (≲ 1 TeV), the SM particles may have effectively
isolated themselves from gravity as long as their fundamental properties are concerned. At high
energy, however, this must not be true; rather, particles and gravity may not have independent
identities on their own. String theory is an elegant example that subscribes to such an idea.
The gravitational production of dark matter may fall along this line of thought. At the classical
level, Einstein’s equivalence principle suggests that gravity universally couples with particles
irrespective of their intrinsic properties except for mass. However, suppose we tend to apply
this at the quantum level, where two different particle sectors are coupled through gravitons.
In that case, the production cross-section does depend on intrinsic properties such as spin and
charge, hence violating the equivalence principle. In this section, we start our discussion one
of such scenarios where DM is produced through inflaton annihilating into fermion/bosonic
through s-channel graviton exchange. Given an inflationary model, our focus will be on the
reheating phase of the universe. Reheating phase with matter domination has already been
studied [334, 335]. We generalize such a study for an arbitrary reheating equation of state.
We also include the effect of production from the radiation bath for completeness. Hence, the
produced dark matter will have thermal and non-thermal components that are generically
non-cold in nature. These different production mechanisms of non-cold DM lead us to further
study in detail their phase-space distribution depending upon the reheating equation of state.
We will see how depending upon the type of dark matter, the distribution function contains
distinct features and its dependence on the reheating equation of state. Those properties play a
significant role in the clustering of matter on galactic and sub-galactic scales. Observing those
small scale matter power spectrum by mapping the Lyman-α [343–350] forest of absorption
lines of light from low redshift (z = 2 − 4) quasars can differentiate different non-cold DM
production mechanism and its intrinsic properties. [351–353].
After successfully generating the present dark matter abundance through gravitational pro-
duction during the reheating phase, a natural question we can ask: is it possible to reheat our
universe purely gravitationally?. Surprisingly, such a scenario has turned out to be possible
because the energy scale of any physical processes during reheating could be as large as
∼ 1015 GeV, and that leads gravity mediated decay process to become strong enough to reheat
the universe. This is the possibility we will also explore in this chapter. We will name it
gravitational reheating (GRe). In this phase, DM mass is the only free parameter except,
of course, the inflationary parameters. We will see how such less freedom naturally makes
GRe a unique mechanism as compared to reheating scenarios discussed so far in the literature
[4, 10, 45]. All the massless decay products from inflaton will be collectively called radiation,
and massive ones are DM. Given the present state of the universe, we showed that the GRe
scenario was consistent with a very limited class of inflation models and a narrow range of DM
masses. However, if DM couples with the radiation bath, gravitational production sets the
maximum limit on the DM mass [354]. It is the s-channel graviton exchange process through
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which inflaton converts its energy to radiation and DM during reheating. Gravitaton exchange
processes between radiation bath and DM will be ignored due to its sub-dominant contribution
(see detailed study in [340, 354, 355]).

5.1 Gravitational dark matter production

After the period of exponential expansion, the inflaton field begins to oscillate around its
minima with decaying amplitude. In the framework of quantum field theory, the time-dependent
inflaton field can naturally decay into various daughter fields such as radiation, dark matter
particles, etc. However, the decay process non-trivially depends on the inflaton coupling with
those daughter fields. In order to have successful reheating, the inflaton is generically assumed
to have direct coupling with the radiation field, which will be the dominating component after
the end of reheating. However, we discuss the situation when all the interactions are purely
gravitational in section 5.2.
In this section, we first describe the framework of such a scenario. For completeness, dark matter
is assumed to be produced both from the radiation bath with a thermal-averaged cross-section
⟨σv⟩ as a free parameter and from the gravitational decay of the inflaton field. The gravitational
production of dark matter has been proved to be dominated by the annihilation of inflaton zero
modes through the s-channel graviton exchange process; namely, ϕϕ→ SS/ff/XX, where ϕ
is the inflaton and S, f , and X indicate scalar, fermionic and vector dark matter, respectively
[337–339]. The interaction Lagrangian for s-channel gravitational production of dark matter
can be universally described by the coupling of the dark matter energy-momentum tensor Tµν

with the tensor metric perturbation hµν as [331–333]

L =
1

2Mp

(
hµνT

µν
ϕ + hµνT

µν
S/f/X

)
. (5.1)

Associated with this action, the corresponding decay widths can be calculated as [334, 336]

Γϕϕ→SS =
ρϕmϕ

1024πM4
p

(
1 +

m2
s

2m2
ϕ

)2√
1− m2

s

m2
ϕ

, (5.2)

Γϕϕ→ff =
ρϕm

2
f

4096πM4
p mϕ

(
1−

m2
f

m2
ϕ

) 3
2

, (5.3)

Γϕϕ→XX =
ρϕmϕ

32768πM4
p

√
1−

m2
X

m2
ϕ

(
4 + 4

m2
X

m2
ϕ

+ 19
m4
X

m4
ϕ

)
. (5.4)

Where ms/f/X is the mass of the scalar, fermionic, and vector dark matter, respectively, and the
effective mass of the inflaton is symbolized as mϕ. At this point, we would like to point out that
gravitational production of dark matter from radiation is also possible, and the production rate
per unit time per unit volume is followed by Eq.(5.18). Such production is strongly suppressed
compared to the production from inflaton, which we have shown in sec-5.1.5 . However, for
high reheating temperature 1015 ≳ Tre ⪆ 1013 GeV, fermion type dark matter gravitationally
produced from the radiation bath has been observed to satisfy correct abundance in a certain
range of fermion mass. We have numerically checked the result, which is shown in Fig.5.7. We
will not include this possibility in detail in our subsequent mathematical discussions. However,
we will describe the numerical results of such a scenario as we go along.
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5.1.1 Boltzmann Framework

Let us discuss the setup for the gravitational production of dark matter in the context of
conventional reheating dynamics where the inflaton decays into radiation with a constant
decay width Γϕ to reheat our universe. In this regard the Boltzmann equations for three
density components for inflaton ρϕ, radiation ρR, and the total dark matter number density
nY =

(
nrY + nϕY

)
can be written as [4, 91, 270]

ρ̇ϕ + 3H (1 + ωϕ) ρϕ + (Γϕ + Γϕϕ→Y Y ) ρϕ (1 + ωϕ) = 0 , (5.5)

ρ̇R + 4H ρR − Γϕ ρϕ ( 1 + ωϕ )− 2 ⟨σv⟩ ⟨EY ⟩r
[
(nrY )

2 −
(
neqY
)2 ]

= 0 , (5.6)

ṅrY + 3H nrY + ⟨σv⟩
[
(nrY )

2 −
(
neqY
)2 ]

= 0 , (5.7)

ṅϕY + 3H nϕY −
ρϕ ( 1 + ωϕ )

⟨EY ⟩ϕ
Γϕϕ→Y Y = 0 , (5.8)

where nrY and nϕY are the DM number density gravitationally produced from the thermal bath

and the decay of the inflaton field, respectively. ⟨EY ⟩r =
√
m2
Y + (3Trad)

2 and ⟨EY ⟩ϕ =√
m2
Y + m2

ϕ are the average energy per dark matter particle produced from the thermal bath
[4] and inflaton decay respectively. The equilibrium number density of the dark matter particles
can be expressed by the modified Bessel function of the second kind as,

neqY =
g̃Y T

3
rad

2π2

(
mY

Trad

)
K2

(
mY

Trad

)
, (5.9)

Additionally, the energy associated with each gravitationally produced dark matter particle
can be calculated from the energy and momentum conservation of the annihilation-like ϕϕ→
SS/ff/XX process as

0 = p1 + p2 ; 2mϕ =
√
p21 +m2

Y +
√
p22 +m2

Y = 2
√
p21 +m2

Y . (5.10)

Here p1 and p2 are the momenta of two gravitationally produced dark matter particles. The
above equations assume the fact that the homogeneous background inflaton is at rest, and
hence the energy stored in each gravitationally produced dark matter particle will be of the
order of mϕ. In order to solve the above set of Boltzmann equation we define the following
dimensionless variables corresponding to different energy components,

Φ =
ρϕA

3 ( 1+ωϕ )

(mend
ϕ )4

, R =
ρRA

4

(mend
ϕ )4

, Y r =
nrY A

3

(mend
ϕ )3

, Y ϕ =
nϕY A

3

(mend
ϕ )3

. (5.11)

Where, A = a/aend and mend
ϕ are the normalized scalar factor and the effective mass of the

inflaton field at the end of the inflation respectively.
We will focus our analysis on considering a class of inflationary model called the α-attractor
model [32, 33], which unifies the large class of inflationary models parameterized by α and n.
The details of this model are given in sec-1.4.3. One of the important parameters, the inflaton
mass mϕ can be calculated from the second derivative of the inflaton potential. Since reheating
happens near the minimum of the potential we first expand the inflaton potential Eqn.(1.130)
in the limit of ϕ << Mp as

V (ϕ) ≃ λϕ2n , (5.12)
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where λ = Λ4
(√

2
3α

1
Mp

)2n
. Therefore,

m2
ϕ = V ′′(ϕ0(t)) ≃ 2n ( 2n− 1 )λ

1
n ρ

n−1
n

ϕ (5.13)

In order to derive the above expression, we assume that the instantaneous value of the ϕ0(t)
fulfills the following relation

ρϕ(t) = V (ϕ0(t)) (5.14)

The methodology concerning the standard perturbative scenarios is discussed in section-
2.1.2.1. Furthermore, cosmological observation on the dark matter abundance ΩY h

2 provides
aconstraint relation as [2, 102]

ΩY h
2 = mY

(
Y r(AF ) + Y ϕ (AF )

)
R (AF )

TF AF

Tnowmend
ϕ

Ωrh
2 = 0.12 , (5.15)

where the present day radiation abundance ΩRh
2 = 4.3 × 10−5 and TF is the radiation

temperature determined at a very late time AF , when both comoving radiation and dark
matter energy density became constant. Solving Boltzmann equations and utilizing the
conditions mentioned in Eqs.(2.6), (5.15), we can constrain the dark matter parameters
(⟨σv ⟩, mY ) in terms of (Tre, ns). The dark matter particles produced from radiation bath
populated the early universe with two possible mechanisms: 1) The produced dark matter
particles reach thermal equilibrium, and as the temperature falls below the dark matter mass,
the number density of dark matter freezes out. This mechanism is referred to as the freeze-out
mechanism [132, 137, 356–361]. 2) The interaction of the dark matter particles with radiation
bath could be too weak to attain thermal equilibrium before it freezes out. This mechanism
is referred to as the freeze-in [362] mechanism, and the produced dark matter particles are
generally known as feebly interacting dark matter (FIMP) [107, 108, 110–112, 114–117, 312].
For the gravitationally produced dark matter freeze-in mechanism will be effective, and dark
matter produced from the radiation bath will have both possibilities of freeze-in and freeze-out
production. However, we will consider the freeze-in mechanism for dark matter in both cases.

5.1.2 Constraining the dark sector

As already emphasized in the beginning, the production of gravitational dark matter is
an interesting, physically motivated scenario that needs detailed exploration. Following
the references on gravitational dark matter [331–334, 336], in this chapter we explore the
observationally viable dark matter scenarios in terms of different inflationary models. Important
reheating parameters such as the equation of state ωϕ associated with the inflaton potential
and reheating temperature Tre will play an important role in constraining the parameters such
as the maximum possible mass of the dark matter. Moreover, since we consider the dark matter
production from the radiation bath, we also place constraints on the average cross-section
times velocity ⟨σ v ⟩. The dark sector may have different possibilities in terms of the nature of
the dark matter and the number of components.

5.1.3 Single component dark matter

In our present framework, we have two different underlying production mechanisms. To under-
stand the construction from each, one examines the evolution of different density components
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Figure 5.1: Upper panel: The variation of the maximum allowed values of the dark matter mass
(mmax

Y ) as a function of the scalar spectral index (ns) corresponding to the fixed value of the dark
matter abundance ΩY h

2 ≃ 0.12 for the cases wherein ωϕ = (0, 0.2, 0.29, 0.39, 0.5, 0.67, 0.99)
(in green, red, black, orange, blue, magenta, and purple). We have considered the scenario
where the α− attractor model describes the inflationary dynamics. We have indicated the
1− σ range of spectral index ns (as the violet band) associated with the constraints from the
Planck [29]. Further, the sky blue band corresponds to the dark matter masses lighter than 10
KeV, indicating the Lyman-α bound [350, 363]. Lower panel: We have illustrated the variation
of the reheating temperature as a function of the maximum allowed dark matter mass for seven
different values of ωϕ covering the entire possible range of ωϕ (0, 1). Further, the yellow region
shows the allowed parameters space, whereas the light green indicates the forbidden region.
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Figure 5.2: The variation of the maximum allowed dark matter mass mmax
Y over a range of

inflaton equation of state ωϕ = (0, 1) for five different values of the reheating temperature
Tre = (10−2, 103, 106, 1010, 1015) GeV (showed in magenta, black, blue, green, and red). The
sky blue band indicates restriction from Lyman-α observations, and the yellow shaded region
indicates the allowed parameters in mmax

Y − ωϕ plane.

during reheating, as shown in Fig.5.3. The production of dark matter components due to
gravity mediation will naturally occur at the very beginning of the reheating phase when the
inflation energy density is maximum, and this is depicted by the green curve. On the other
hand, the dark matter production from the radiation bath will follow the evolution of radiation
itself which is depicted by a solid red curve. Therefore, maximum production will naturally
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Table 5.1: Different inflaton equation of state, associated bound on scalar spectral index (ns),
reheating temperature Tre (measured in units of GeV) and dark matter mass mY (measured in
units of GeV), considering purely gravitational production of dark matter.

Parameters ωϕ = 0 ωϕ = 0.5 ωϕ = 0.99

ϕϕ→ SS ϕϕ→ ff ϕϕ→ SS ϕϕ→ ff ϕϕ→ SS ϕϕ→ ff

nmins 0.9596 0.9604 0.9648 0.9648 0.9645 0.9645

nmaxs 0.9656 0.9656 0.9672 0.9672 0.9676 0.9700

Tminre 1.8× 104 3.5× 105 10−2 10−2 1.4× 107 10−2

Tmaxre 1015 1015 1015 1015 1015 1015

mmax
Y (min) 960 8.0× 109 1.1× 10−3 6.1× 107 10−5 1.4× 104

mmax
Y (max) mend

ϕ mend
ϕ 600 5.0× 109 640 6.0× 109

Table 5.2: Different reheating temperatures, associated bound on inflaton equation state
ωϕ, and dark matter mass mY (measured in units of GeV), considering only gravitationally
produced dark matter.

Parameters Tre = 10−2 GeV Tre = 103 GeV Tre = 1010 GeV

ϕϕ→ SS ϕϕ→ ff ϕϕ→ SS ϕϕ→ ff ϕϕ→ SS ϕϕ→ ff

ωminϕ 0.11 0.15 0.05 0.09 0.0 0.0

ωmaxϕ 0.56 1.0 0.71 1.0 1.0 1.0

mmax
Y (min) 10−5 1.4× 104 10−5 8.7× 105 9.2× 10−3 1.4× 108

mmax
Y (max) mend

ϕ mend
ϕ mend

ϕ mend
ϕ 3.5× 107 5.2× 1011

occur near the end of reheating, as depicted by the solid black line. Finally, combining both
the gravitational production and production from radiation bath will contribute to the current
dark matter abundance. An interesting aspect of such products of the same type of dark
matter from two different mechanisms is that it will lead to a mixture of components with
different velocity distribution, whose density perturbation may grow differently and provide
distinct signatures in the small-scale structure, which will be studied in our future publication.

Anyway, for the case of a purely gravity-mediated scenario, the mass of the dark matter
is the only parameter. Therefore, in this scenario reheating dynamics is controlled by two
parameters (Γϕ,mY ) and two constraints relations Eq.(2.6), (5.15). Hence, the dynamics
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Figure 5.3: We have plotted the evolution of the different energy components (inflaton,
radiation) and the number density of dark matter as a function of the normalized scale factor
(alternatively, the e-folding number is counting after the inflation) for α− attractor model with
α = 1. The blue and red curve indicates the variation of the comoving densities of inflaton
and radiation, respectively. Further, the black and green curve shows the evolution of the
comoving number densities (Y r, Y ϕ) in arbitrary units produced from the radiation bath and
the inflaton (mediated by gravity), accordingly. Moreover, the dotted black curve shows the
evolution of the total comoving dark matter number density (Y r + Y ϕ), where we are taking
into account both possibilities of the dark matter production.

are determined completely by the inflation model under consideration instead of the non-
gravitational dark matter production scenario, which contains annihilation cross-section as an
additional parameter. A large class of inflationary models such as α-attractor endows with a
degenerate prediction of large-scale observables, namely, scalar spectral index (ns) and tensor to
scalar ratio (r) but with distinguishing properties in terms of their effective inflaton equation of
state ωϕ during reheating. Such degeneracy can be lifted during reheating, considering various
other observables. For example, primordial gravitational waves encode distinct signatures
depending on the reheating equation of state [88, 89]. In our present analysis also for a given
equation of state ωϕ, solely gravitationally produced dark matter will assume distinct value
of its mass mmax

Y in compatible with dark matter abundance as can be seen in the Fig.5.1,
5.2 and the shaded yellow regions are the only allowed parameter plane which are either
bounded by the value of ωϕ ∼ (0, 1) or by the minimum Tminre ≃ 10−2GeV set by the BBN and
maximum Tmaxre ≃ 1015 GeV set by the instantaneous reheating. Therefore, simple dark matter
mass produced gravitationally during reheating can give valuable information about inflaton
potential. An important point we should remember is that the condition H = Γϕ leads to
unique reheating temperature Tre for a given ns and this is precisely the reason the present
dark matter abundance is satisfied for a fixed dark matter mass. However, the suffix "max" in
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Figure 5.4: Upper panel : ⟨σ v ⟩ vs. ns plotted for three different gravitationally produced
dark matter scenarios: ϕϕ→ SS (scalar dark matter), ϕϕ→ ff (fermionic dark matter) and
ϕϕ → XX (vector dark matter) considering α−attractor model with α = 1, n = 1 (Higgs-
Starobinsky model). The yellow-shaded region corresponds to the dark matter abundance
ΩY h

2 ≤ 0.12. The dashed green line implied the results when we took into account one
possibility: dark matter production from the radiation bath and the solid green line correspond
to both possibilities: dark matter can be produced from the decay of inflaton as well as from
the radiation bath. The lower limit on the spectral index is given by the perturbative unitarity
limit of cross-section ⟨σv⟩max = 8π

m2
Y

(shown by the red dashed line). Whereas the upper limit
is associated with that particular value of the spectral index or reheating temperature when
only gravitational production of the dark matter is sufficient to produce the correct relic of the
dark matter. So any value of ns above this is excluded because this leads to an overabundance.
Lower panel : Variation of ⟨σ v ⟩ as function of dark matter mass mY . The upper limit on
dark matter mass is associated with that particular value of the dark matter mass mmax

Y when
only gravitational production of the dark matter is sufficient to produce the correct relic.

mmax
Y is due to the reason that this is the maximum possible dark matter mass in (⟨σv⟩ Vs mY )

plane satisfies the abundance ΩY h
2 = 0.12, when finite dark matter coupling with the radiation

bath is included in the process; and it is in the limit ⟨σv⟩ → 0, when mY → mmax
Y as shown in

Figs. 5.4, 5.5. The generic expression of mmax
Y is assumed as,

mmax
Y =

G β Tnow
nreY A3

re

(
ΩY h

2

Ωr h2

)
now

, where Are =

(
12M2

p H
2
end ( 1 + ωϕ )

2

G4 β ( 5− 3ωϕ )2

) −1
(1− 3ωϕ)

. (5.16)

The number density nreY is calculated at the end of reheating with normalized scale factor Are
and associated expressions for each component are

nreX ≈ 3

4096π

( 1 + ωϕ )

( 1 + 3ωϕ )

(
Hend

Are

)3

, (5.17)

nres ≈ 3

512π

( 1 + ωϕ )

( 1 + 3ωϕ )

(
Hend

Are

)3

,
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Figure 5.5: Upper panel : ⟨σ v ⟩ vs. ns, the description of this figure is the same as previous
Fig.5.4; the main difference is that here we have plotted for α−attractor model with α = 1 and
n = 3. In addition to that, the lower limit on the spectral index corresponds to instantaneous
reheating (Nre → 0). Lower panel : ⟨σ v ⟩ vs. mY , the description of this figure is the same as
previous Fig.5.4. The sky blue band indicates restriction from Lyman-α observations.

nref ≈
m2
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We should emphasize at this point that the above expression for the dark matter mass is
sensitive to (Hend, ωϕ). Detailed derivation and the associated symbols of the above expressions
are given in the appendix 6.2. Any value of the dark matter mass above mmax

Y is excluded
because of overabundance. In Fig.5.1, we have shown the allowed dark matter masses mmax

Y as
a function of the spectral index and reheating temperature for different inflaton equations of
state ωϕ = ( 0, 0.2, 0.29, 0.39, 0.50, 0.67, 0.99 ) and assumed different single component dark
matter species namely, scalar, fermion and vector. Therefore, we cover the whole possible range
of inflaton equation of state ωϕ = ( 0, 1 ) and the allowed parameter space is shown by the
shaded yellow region in the (Tre−mmax

Y ) plane. It suggests that for the entire range of inflaton
equation of state between (0, 1), the allowed mass of the scalar and vector dark matter must
lie between (10−13, 1013) GeV. And for the fermionic dark matter, the possible range turns out
to be (104, 1013) GeV. Here, one should notice the distinct mass range allowed for the dark
matter for boson and fermion. Bosonic dark matter mass can be as low as in the eV range,
which can be identified as an axion-like particle . It would be interesting to study in detail in
this direction. Anyway, as has already been pointed out, there is a one-to-one correspondence
between the dark matter mass and the reheating temperature, we provide possible constraints
on the value of (ns, Tre, mmax

Y ) in terms of different inflaton equations of states in Table-5.1.
To determine the possible bound on the minimum value of the dark matter mass, we use the
additional constraints arising from the Lyman-α forest data set, which in turn impose further
restrictions on the inflationary and reheating parameters (ns, Tre). Additionally, in Fig.5.2, we
have shown the allowed dark matter mass as a function of the inflaton equation of state for

140

TH-2748_176121018



5.1. Gravitational dark matter production

different sets of reheating temperature. Interestingly, depending upon the inflaton equation of
state, the allowed DM mass range changes, and it shrinks to a point as ωϕ approaches towards
1/3. The analytic expression of that specific mass (cf. Eq.5.16 and 5.17) turned out to be
dependent on the two factors, inflation energy scale Hend and inflaton equation of state ωϕ.
Moreover, the possible bound on the inflaton equation of state and the mass of the dark matter
for different sample values of reheating temperatures are shown in Table-5.2.

When dark matter production from radiation bath is included in the reheating process,
Figs.5.4, 5.5 depict the region of allowed cross-section ⟨σv⟩ in terms of ns for two distinct
values of the inflaton equation of state ωϕ = ( 0, 0.5 ) respectively. It is clear from the figures
that for finite cross-sections with mY < mmax

Y , the production from radiation bath is always
dominating compared to that of gravitational production. However, as one approach toward
mmax
Y , gravity-mediated dark matter production is increasingly dominated considering the

fixed value of ΩY h2 ≃ 0.12. This fact entails the value of ⟨σv⟩ approaching towards zero for
not to overproduce the dark matter. Another important point is to note that for mY > Tre,
there always exists a maximum cross-section for a given temperature once we fixed ωϕ. In the
in-set of all the figures, we show how the cross-section is approaching zero, and gravitational
dark matter contributes to the abundance. Last three plots of fig.5.4 and 5.5 also show the
similar behavior in (⟨σv⟩ Vs mY ) plane near the maximum possible dark matter mass.

Due to entropy conservation constraints, we generally observed that reheating temperature
is sensitive to the inflationary scalar spectral index ns. The spectral index ns is observationally
bounded with a central value [29, 364]. Because of this bounded region, one naturally obtains
a limit on the reheating temperature. Furthermore, we get different bounds on this reheating
temperature for different dark matter masses as all are intertwined through the reheating
dynamics and inflationary dynamics. For example from fig.5.4, for ωϕ = 0 (ωϕ < ωr), the
upper bound on the reheating temperature turns out as Tmaxre ≃ ( 4.9× 1011, 4.0× 1012 ) GeV
for scalar and vector dark matter respectively with ms/X = 106 GeV, and Tmaxre ≃ 1.4× 1013

GeV for fermionic dark matter with mf = 5 × 1010 GeV. However, for ωϕ = 0.5 > 1/3, one
obtains Tminre ≃ ( 1.6× 107, 2.8× 104 ) GeV for scalar and vector dark matter with ms/X = 1
GeV and Tminre ≃ 3× 106 GeV for fermionic dark matter with mf = 5× 108 GeV. In addition
to that, the lower limit on the scalar spectral index is set by the BBN temperature for those
models where ωϕ < 1/3 and instantaneous reheating for ωϕ > 1/3. In the allowed range of
ns, the cross-section can not be arbitrarily large due to unitarity limit on the cross-section
⟨σ v ⟩max = 8π/m2

Y . This will further constraint ns and Tre. For n = 1 model, the lower
limit on the scalar spectral index is modified due to the perturbative unitarity limit on the
cross-section. Moreover, the modification on the lower limit of ns changes the minimum allowed
value of the reheating temperature. Such as for ωϕ = 0, Tminre ≃ ( 180, 6.4 × 106 ) GeV for
scalar/vector (ms/X = 106 GeV) and fermionic dark matter (mf = 5× 1010) respectively.

5.1.4 Two-component dark matter

For the sake of completeness, in this section, we will briefly discuss the two-component dark
matter scenario and the constraints on the parameter space. We explore possible allowed mass
ranges when it is produced gravitationally. Since the behavior of scalar and vector dark matter
is qualitative same, we assume the present-day abundance of total dark matter is composed of
scalar and fermionic type particles. The dynamical equation will be the same as previously
discussed in Eqs.(5.5)-(5.8), with no production from the radiation bath. From Fig.5.6, it is
clear that not all the range of mass is allowed, and as expected, it is explicitly dependent upon
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Figure 5.6: Two-component dark matter scenario: mf vs. ms were plotted for three
different values of inflaton equation of state ωϕ = ( 0, 0.5, 2/3 ) considering different reheating
temperatures (shown by different colored line). Those lines corresponds to the fixed value of
the present dark matter abundance ΩX(s+f) h

2 ≃ 0.12. For all the cases, we consider purely
gravitationally produced dark matter. The dark matter sector consists of two sectors, one for
scalar and another one for fermionic dark matter. Here the α− attractor model with α = 1
describes the inflationary dynamics, and the yellow shaded region shows the allowed dark
matter masses.

the reheating equation of state or rather types of the inflaton potential near its minimum. For
each plot, the yellow shaded region is the allowed parameter space if we include all possibilities
of reheating temperature. The region is either bounded by the maximum reheating temperature
∼ 1015 GeV, and the BBN Bound 10−2 GeV, or by mmax

Y discussed in the previous section.
An interesting observation of this analysis is that there exists a one-to-one correspondence

between scalar and fermionic dark matter masses. For a fixed combination of (Tre, ωϕ), we
can uniquely determine the mass of one component once another component is fixed. The
maximum allowed mass for any one component is associated with the single component dark
matter scenario, which we already discussed earlier. However, the minimum value of the
mass approaches zero as the system starts dominated by only one component, either scalar or
fermionic dark matter.

5.1.5 Comparison on gravitational DM production from inflaton and
radiation bath

In our discussions so far, we considered gravitational dark matter production purely from the
inflaton annihilation. However, in principle, gravitational production from the radiation bath
will contribute, which we mentioned before, to be sub-leading compared to the production from
inflaton. This section will show through an explicit calculation that this is indeed the case.
For the case of s-channel DM production from inflaton we have decay rates in Eqs.(5.2)-(5.4).
For the production of gravitational dark matter from the radiation bath during reheating has
already been studied [117, 340–342], and the decay rate per unit physical volume is expressed
as

R(T ) = γ
T 8

M4
p

, (5.18)

where γ = 1.9 × 10−4 for scalar dark matter, γ = 1.1 × 10−3 for fermionic dark matter or
γ = 2.3× 10−3 for vector dark matter. In addition to usual inflaton and the DM component
from inflation we have modified radiation dynamics and an additional dark matter production
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Figure 5.7: Variation of reheating temperature as a function of dark matter mass for two
different gravitationally produced dark matter scenarios: 1) dark matter generated only from
inflaton scattering (shown in solid line) 2) We took the contribution from inflaton as well
as SM scattering (shown in dashed line). These results are for fermionic dark matter with
three different inflaton equations of state ωϕ = (0, 0.5, 0.99). Furthermore, the light red band
indicates the dominating contribution in the dark matter relic from thermal bath over inflaton
scattering.

channel from radiation bath as follows:

ρ̇r + 4H ρr − Γϕ ρϕ ( 1 + ωϕ ) + R(T ) ⟨EY ⟩r = 0 , (5.19)
ṅY (R) + 3H nY (R) − R(T ) = 0 , (5.20)

where nY (R) is the DM number density produced from the radiation bath due to gravitational
interaction.
Now let us compare the results for dark matter production from radiation bath mediated
by gravity with the production from inflaton. The associated expressions for comoving dark
matter number density in terms of reheating temperature calculated at the end of reheating
for different types of dark matter, produced from either inflaton or radiation bath are (see
appendix 6.2)

nres A3
re ≈ 8nreX A3

re ≈
3

512π

( 1 + ωϕ )

( 1 + 3ωϕ )

β2 T 8
re e

6Nre (1+ωϕ)

9M4
p Hend

,

nref A3
re ≈

3

2048π

1 + ωϕ
1− ωϕ

(
mf

mend
ϕ

)2
β2 T 8

re e
6Nre (1+ωϕ)

9M4
p Hend

, (5.21)

nreY (R)A
3
re ≈

2γ

3 ( 1− ωϕ )

e
3
2
Nre ( 3+ωϕ ) T 8

re

M4
p Hend

.
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To derive above equation, we use the following approximate relation, H2
re = ρreR /3M

2
p =

β T 8
re/(3M

2
p ) = H2

endA
−3 (1+ωϕ)
re , which indicates that at the end of reheating the universe is

dominated by radiation. The dark matter production from the radiation bath is maximum
when radiation temperature is maximum which is approximately equivalent to taking Nre = 0.
Therefore, it would be sufficient to compare the above comoving densities for different production
channels at the point of instantaneous reheating;

nsR =
nres A3

re

nreY (R)A
3
re

=

(
3

512π

( 1 + ωϕ )

( 1 + 3ωϕ )

β2

9

)
×
(
3 ( 1− ωϕ )

2 γ

)
(5.22)

nfR =
nref A3

re

nreY (R)A
3
re

=

 3

2048π

( 1 + ωϕ )

( 1− ωϕ )

β2

9

(
mf

mend
ϕ

)2
×

(
3 ( 1− ωϕ )

2 γ

)
(5.23)

From the above two equations it can be checked that for any ωϕ, nsR >> 1 (cf. Eq.5.21).
Hence, comoving dark matter number density for scalar/vector produced from inflaton always
dominates over the production from the radiation bath. However, for fermionic dark matter
dominating production channel is crucially dependent on (mf/m

end
ϕ ). For example, if the

reheating is instantaneous and the value of the fermionic dark matter mass produced from
inflaton assumes mf ≃ 10−3mend

ϕ , then nfR << 1 which makes nref sub-dominant compared
to nreY (R). If we convert this into reheating temperatures, it can be easily shown that above
Tre ⪆ 1013 GeV, the production of fermionic dark matter from radiation bath will always
dominate over the production from inflaton field and it is less sensitive to the inflaton equation
of state (see Fig.(5.7)). In Fig.5.7, solid lines correspond to gravitational dark matter production
from inflaton scattering, and dotted lines correspond to dark matter production from both
inflaton as well as radiation bath. The light red shaded region within 1015 ≳ Tre ≳ 1013 GeV
clearly shows that the production from the inflaton field is sub-leading compared to that from
the radiation bath. Depending upon the reheating equation of state, the mass range of the
fermionic dark matte is observed to be slightly different.

So far, we have discussed dark matter production from both inflaton and radiation and its
intimate connection with the inflationary and reheating parameters. In the following sections,
we will focus on a minimal production mechanism called Gravitational reheating, where both
radiation and dark matter are produced from inflaton through gravitational interaction only.

5.2 Gravitational reheating

Reheating is a natural physical phenomenon after inflation when DM and all SM fields can be
produced. The simplest scenario would be the gravitational production of both DM and SM
from inflaton through an s-channel graviton exchange, which is free from any choice of coupling.
This production mechanism has a precise observational prediction and further restricts the
evolution of the early universe. We will see that as we go along.
The dynamical equations in the context of Gravitational reheating (GRe) are [4]

ρ̇ϕ + 3H(1 + ωϕ)ρϕ + ΓTϕρϕ(1 + ωϕ) = 0 ,

ρ̇R + 4HρR − ΓRadϕϕ→RR ρϕ(1 + ωϕ) = 0 , (5.24)

ṅY + 3HnY −
ΓDMϕϕ→Y Y

mϕ
ρϕ(1 + ωϕ) = 0
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where, (ρϕ, ρR, nY ) are inflaton energy density, radiation energy density and dark matter
number density respectively. The total inflation decay width is ΓTϕ = ΓRadϕϕ→RR + ΓDMϕϕ→Y Y .
The gravitational decay width of inflaton to fundamental fields are given in Eqns.(5.2), (5.3)
and (5.4) [331–334, 336]. The symbols (R, Y ) represent scalar (S), fermion (f), and vector
particles (X). Pauli spin blocking renders inflaton to fermion decay width proportional to
the fermion mass mf . This immediately indicates ΓRadϕϕ→ff ≪ ΓRadϕϕ→SS ,Γ

Rad
ϕϕ→XX , as the mass

of the radiation, constituents are small and hence, we ignore the fermionic contribution in
radiation bath throughout. Consequently, ΓRadϕϕ→RR = ΓRadϕϕ→SS + ΓRadϕϕ→XX = (1 + γ)ΓRadϕϕ→SS ,
with γ = 1/8. For DM, we analyze individual species. Massless graviton can also be part of
the radiation bath through s-channel production, whose decay width will be suppressed due to
its tensorial structure like the electromagnetic field. We ignore it in our analysis throughout.

5.2.1 Computing reheating parameters:

In order to calculate quantities during reheating namely, reheating e-folding number (Nre),
reheating temperature (Tre), and maximum radiation temperature (Tmax), we can evaluate
following equation from Eq.(5.24),

d (ρRA
4) = ΓRadϕϕ→RR ρϕ (1 + ωϕ)

A3 dA

H
(5.25)

where, A = a/aend is normalized scale factor. Suffix ”end” corresponds to the end of inflation.
The production of radiation will depend on the inflaton energy density only, and hence,
maximum production occurs at the beginning of reheating. During this early stage, inflaton
is naturally the dominating component. Neglecting decay term, therefore, ρϕ approximately
evolves as ρϕ = ρendϕ A−3 ( 1+ωϕ ) , where, ρendϕ = 3M2

p H
2
end denotes the inflaton energy density

at the end of inflation. Consequently, the Hubble parameter becomes,

H =
Λ2

√
2Mp

(
2n

2n+
√
3α

)n
A− 3

2
(1+ωϕ) = HendA

− 3
2
(1+ωϕ) . (5.26)

Upon substitution of Eqn.(5.26) in the expression of the comoving radiation energy density
Eqn.(5.25), one can find

d (ρRA
4) = 3 (1 + γ)M2

p Hend Γ
Rad
ϕϕ→SS (1 + ωϕ)A

3
2
(1+ωϕ) dA (5.27)

For gravitationally produced scalar radiation, corresponding decay width

ΓRadϕϕ→SS ≃
ρϕmϕ

1024πM4
p

. (5.28)

Where mϕ represents the effective mass of the inflaton that can be defined as

mϕ =
√
V ′′(ϕ0(t)) =

√
2(1 + ωϕ) (1 + 3ωϕ)

(1− ωϕ)2
λ

1−ωϕ
2 (1+ωϕ) ρ

ωϕ
1+ωϕ

ϕ = mend
ϕ

(
ρϕ

3M2
p Hend2

) ωϕ
1+ωϕ

(5.29)

where, mend
ϕ is the mass of the inflaton calculated at the end of the inflation. To derive above

equation, we consider α− attractor model Eq.(1.130) as the inflationary model. With this we
now calculate (Nre, Tre, Tmax). Substitution of the decay term for scalar radiation Eq.(5.28)
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into the comoving radiation energy density, Eqn.(5.27) and performing the integration, one
can find

ρR =
9 (1 + γ)H3

endm
end
ϕ ( 1 + ωϕ )

512π (1 + 15ωϕ)A4

(
1−A−

1+15ωϕ
2

)
(5.30)

The above equation suggests that radiation production quickly happens at the beginning of
reheating for large inflaton energy density and then comoving energy density freezes out. The
behavior of this radiation plasma is that initially, it grows up to a maximum value, where we
defined maximum temperature Tmax; after that, it simply redshifts due to expansion. In order
to calculate the maximum radiation temperature, we must first determine the scale factor
Amax for which the radiation energy density maximized, d ρRdA |A=Amax = 0. This condition leads
to

Amax =

(
3 (3 + 5ωϕ)

8

) 2
1+15ωϕ

, (5.31)

which implies that

(Tmax)
4 =

9(1 + γ)H3
endm

end
ϕ (1 + ωϕ)

512βπ(1 + 15ωϕ)A4
max

(
1−A

−
1+15ωϕ

2
max

)
(5.32)

Here, β = π2gre/30 and gre denotes the effective number of degrees of freedom associated with
the radiation bath at the point of reheating.
End of reheating is defined at the point where ρϕ = ρR as long as it satisfies BBN temperature
bound. It turns out that when ωϕ < 1/3, the above condition is equivalent to H ≃ ΓRadϕϕ→RR,
which may not necessarily be true for ωϕ > 1/3. The reason behind this is that the inflaton
dilutes itself much faster than its decay for higher EoS. Therefore, Eq.5.30 with the condition
of reheating end one obtains the reheating e-folding number Nre as,

Nre =
1

3ωϕ − 1
ln

(
512π M2

p (1 + 15ωϕ)

3 (1 + γ)Hendm
end
ϕ (1 + ωϕ)

)
, (5.33)

By using the above equation (Eq.5.33) one immediately computes the reheating temperature
as,

Tre =

(
9 (1 + γ)H3

endm
end
ϕ ( 1 + ωϕ )

512β π (1 + 15ωϕ)
e−4Nre

)1/4

(5.34)

Furthermore, entropy conservation from the reheating end to present gives an additional
important relation between (Tre, Nk) as [45]

Tre =

(
43

11 gre∗

)1/3 (a0Hend

k

)
e−(Nk+Nre) T0 , (5.35)

Where, the use has been made of the relation akHk = a0H0 for k being CMB pivot scale,
k/a0 = 0.05 Mpc−1. T0 = 2.7250 K is the present CMB temperature.
Model independent constraints: The Eq.5.34 along with Eq.5.35 is one of our most im-
portant results, which indicates that the reheating temperature is determined completely
by the inflationary parameters, (ωϕ, Hend,m

end
ϕ ). Here, we first discuss the generic bounds

on de-Sitter type inflation without specifying any particular model. Using the following
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Figure 5.8: Left panel: Variation of Tre as a function ωϕ (blue line) and ns (red line). The
purple region below 10−2 GeV is forbidden from BBN bound. Right panel: Compare our
result with the observational 68% and 95% CL constraints from BICEP/Keck data, in the
(ns, r) plane.

approximate relation mend
ϕ ≃

√
(1 + ωϕ)(4 + 12ωϕ)/(1− ωϕ)2Hend (under the assumption

ϕend ∼Mp), one immediately gets ωϕ within (0.60, 0.99) and Hend within (1× 109, 5× 1013)
GeV. This narrow and closed bound are derived form the minimum reheating temperature
Tminre = TBBN = 10−2 GeV and maximum possible value of the de-sitter Hubble scale at the
end of inflation, Hmax

end ≃ πMp

√
rAs/2 calculated at upper limit on r = 0.036 [364] (see Fig.5.8).

Using these bounds GRe predicts reheating temperature to be Tre ≲ 108 GeV. Furthermore,
using Eq.5.35 we found that inflationary e-folding number Nk has to be within a very narrow
range (62, 63). Therefore, to have successful GRe, viable de-Sitter inflation models will be those,
which give Nk ∼ (62, 63), reheating EoS closer towards kination and predict reasonably low
values of Tre. This is indeed the case as we will discuss for α-attractor model.
Model dependent constraints: In order to see how GRe can constrain the α-attractor model,
we numerically solve all the equations and the bounds on the model parameters are found to be,
{(200 ≥ n ≥ 4.75), (200 ≥ n ≥ 5.15)} and {(0.9681 ≤ ns ≤ 0.9687), (0.9671 ≤ ns ≤ 0.9687)}
for α = (1, 10) and can be decoded from Fig.5.8. The bounds are well within the 1σ range of
ns = 0.9649± 0.0042 (68 % CL, Planck TT,TE,EE+lowE+lensing) from Planck [29]. CMB
normalization AS ∼ 10−9 is the only observed quantity that has been used in the above computa-
tion. The reheating temperature turned out to be bounded within 10−2GeV ≤ Tre ≤ 2×106GeV
for α = 1 and 10−2GeV ≤ Tre ≤ 2 × 105GeV for α = 10, where the lower limit is set by
BBN (see Fig.5.8). Maximum Tre predicted by the inflation model turns out to be consis-
tent with the model-independent bound Tre < 108 GeV. Finally, model predicts Nk within
{(62.5, 63.3), (64.6, 64.9)} for α = (1, 10) accordingly. In our following discussions, we will
consider all the above bounds to derive the DM mass.

5.2.2 DM phenomenology

In particle physics, DM is still an ill-understood subject. Experimental direct detection proves
to be challenging due to its unknown but tiny interaction with the nucleons. However, if the
interaction is only gravitational, which is explicitly known, we may need to go beyond the
conventional methods of detecting it. Planckian interacting dark matter has recently gained
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Figure 5.9: Variation of ωϕ with respect to DM mass.

interest in the literature [334, 336]. In our GRe scenario, similar to radiation, dark matter is
also coupled with inflaton suppressed by Planck mass. Therefore, DM mass mY is the only
free parameter. Interestingly such scenarios naturally fix the DM mass through its abundance
and inflaton model under consideration. Dynamics of DM is governed by [cf.Eq.(5.24)]

d(nY A
3) =

Γϕϕ→Y Y

mϕ

ρϕ (1 + ωϕ)

H
A2 dA. (5.36)

One should note that ΓDMϕϕ→ff ∝ ρϕ/mϕ, which makes fermion production slower compared to
bosonic one during reheating. However, production of both DMs and radiation are expected
to be completed well before the end of reheating. As a result, the comoving (nY , ρR) become
constant at reheating end. Therefore, present DM abundance can be safely calculated at the
reheating end and is expressed as

ΩY h
2 =

mY nY (Are)A
3
re

ρR(Are)A4
re

AreTre
T0

ΩR h
2 = 0.12, (5.37)

ΩRh
2 = 4.16× 10−5 is the present radiation abundance.

After straightforwardly integrating the Eq.5.36, one finds the comoving DM number density,
ncomY = nYA

3
re, at the end of reheating for fermion and scalar/vector(see Appendices 6.2 for

details calculation),

ncomf ≃
3H3

end

2048π

1 + ωϕ
1− ωϕ

(
mf

mend
ϕ

)2 (
1− e−

3Nre
2

(1−ωϕ)
)
,

ncomS = 8ncomX =
3H3

end (1 + ωϕ)

512(π + 3πωϕ)
, (5.38)

respectively. Now, using this comoving number density and the abundance Eq.5.37 we constrain
the DM mass.
Model independent constraints on mY : We have already obtained the model indepen-

dent constraint on (Hend, ωϕ) on which ΩY h
2 depends explicitly through Eqs.5.38. Therefore,

successful GRe along with the correct DM relic abundance immediately put tight constraints
on the allowed mass range for fermionic DM as, 2× 105 GeV ≤ mf ≤ 3× 108 GeV, and for
scalar/vector DM as 50 eV ≤ mS , γmX ≤ 1000 GeV. Origin of higher mf can be understood
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Figure 5.10: Left panel : Behavior of ΩkGW over a wide a range of frequency f = k/2π for
α = 1 with two different ωϕ. Right panel : Ωkend

GW Vs ωϕ for three different values of α and
the shaded regions are forbidden from three different BBN bounds.

from the additional mass suppression (mY /mϕ)
2 in the ϕϕ → ff decay width, which sup-

presses the fermionic DM number density. This requires an enhanced value of mf to satisfy
the abundance.
Model dependent constraints on mY : Considering α = (1, 10) in the Fig.5.9 we plotted
(mY Vs ωϕ) within the allowed range of ωϕ obtained previously. An important point to realize
from the figure is that for a specific value of ωϕ DM mass is unique. The allowed fermionic
masses turned out to be within {(7× 106, 9× 107), (3× 106, 2× 107)} GeV for α = (1, 10).
For bosonic DM, it is within {(60, 1000), (30, 400)} eV for α = (1, 10). Therefore, in addition
to selecting a limited class of inflation models successful GRe predicts DM mass mY within a
very narrow range of values.

5.2.3 Primordial gravitationl waves (PGWs) and constraints:

PGWs, (see Refs.[203–206]) is one of the profound predictions of inflation. It plays as a unique
probe of the early universe. Particularly, the evolution of GWs and their amplitude are sensitive
to the inflationary energy scale and the post-inflationary EoS of the universe. Extremely weak
coupling with matter fields helps PGWs to carry precise information about its origin and
subsequent evolution over a large cosmological time scale. Even though, we have not observed
PGWs yet [220, 222, 225, 232, 365, 366], simple cosmological upper bound on its strength
during BBN will be shown to further tighten the bounds on the parameters discussed above.
We focus on the behavior of PGWs spectrum for modes within kre < k < kend which re-enter
the horizon during GRe after inflation. (kre, kend) re-enter the horizon at the end of inflation
and at the end of GRe respectively. Assuming GRe phase is dominated by ωϕ, the PGWs
spectrum today is calculated as (see sec.4.4 in chapter-4 for detailed derivation)

ΩkGWh
2 ≃ ΩRh

2PT (k)
4µ2

π
Γ2

(
5 + 3ωϕ
2 + 6ωϕ

)(
k

2µkre

)nGW

(5.39)

Where, µ = 1
2(1 + 3ωϕ) and the index of the spectrum, nGW = −(2− 6ωϕ)/(1 + 3ωϕ). The

tensor power spectrum is, PT (k) = H2
end/12π

2M2
p . To this end we would like to state that for

k < kre, PGWs spectrum today is ΩkGW (k)h2 ∼ ΩRh
2H2

end/12π
2M2

p , which is scale-invariant
for de-Sitter inflation. Eq.5.39 indicates that ΩkGW increases with increasing k for ωϕ > 1/3
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(see Fig.5.10). The effective number of relativistic degrees of freedom during BBN place an
upper limit on ΩkGW (see Fig.5.10) [290]. We will analyze how this upper limit will give even
tighter constraints on the parameters.
Model independent constraints: The maximum possible k = kend and the relation kend/kre =
Exp[Nre(−1+3ωϕ)/2] indicate Ωkend

GW h2 being dependent only on (ωϕ, Hend), and hence provide
further constraints in (ωϕ, Hend). Considering constraints on Ωkend

GW h2 within (1.7× 10−6, 8.4×
10−6) from different data set (see Fig.5.10), allowed range of EoS becomes 0.97 < ωϕ ≤ 0.99.
This is much tighter compared to the constraints from GRe only and increasingly hints towards
the GRe phase being kination domination. This stringent constraint on ωϕ turned out to
be consistent only with the inflationary e-folding number around Nk ≃ 62. Constrain on
(Hre, Tre,mf ) remains nearly same as before, but scalar DM mass range further tightens into
(400, 1000) eV.
Model dependent constraints: First panel of the Fig.5.10 suggests, if one considers most
conservative bound on Ωkend

GW h2 ≤ 1.7 × 10−6 obtained from data set Planck-2018 + BI-
CEP2/Keck array [367], α = 1 with ωϕ ≃ 0.99 appears to be the only allowed model which
satisfies all the constraints. However, once relaxing the bound within (1.7× 10−6 ≤ Ωkend

GW ≤
8.4× 10−6) taking into account WMAP7[1] and SPT[368], allowed range of ωϕ get narrowed
down within {(0.96, 0.99), (0.986, 0.990)} for α = (1, 5) accordingly. Whereas, any α > 10
are completely excluded. Within the allowed value of α = (1, 10)), maximum allowed range
of scalar spectral index ns becomes (0.9671, 0.9683), reheating temperature Tre becomes
(2 × 105, 2 × 106) GeV, fermionic DM mass becomes (107, 108) GeV, and scalar/vector DM
mass becomes (400, 1000) eV. However, all these ranges actually shrink towards their lower
value as one goes from α = 1 → 10.

5.3 conclusions

In this chapter, our focus is on the background dynamics of reheating and DM phenomenology.
In the first half, we studied the production of DM matter from the decay of inflaton mediated by
gravitational interaction. For completeness, we also include the production from the radiation
bath. This is the reason in the (⟨σv⟩ Vs mY ) parameter space the gravitationally produced dark
matter appeared to have unique mass value mmax

Y (see Figs.5.5, 5.4) for which the present dark
matter abundance is satisfied. The value of mmax

Y is uniquely determined by the inflationary
energy scale Hend, and inflaton effective equation of state during reheating ωϕ (see Fig.5.1, 5.2),
which are expressed in Eq.5.17. We studied the constraint on the DM mass considering vector,
scalar, and fermion type dark matter considering both the CMB power spectrum and the dark
matter abundance. For bosonic dark matter, the observationally viable mass range turned out
to be within (1013 − 10−13) GeV. Therefore, gravitationally produced dark matter of mass
in the eV range can be identified as an axion field. However, to obtain such a low bosonic
dark matter mass through gravitational production, we found that the reheating equation
of state needs to be closed to unity, which is equivalent to kination domination. We will
study this fact in detail in the future. For fermionic dark matter mass range turned out to be
mmax
f = (1013 − 104) GeV. Importantly, it is observed that the allowed DM mass range shrinks

to a point as ωϕ approaches 1/3, which is clearly observed in Fig.5.2. We discussed single
and two-component dark matter scenarios and the constraints on the dark matter parameters
consistent with both CMB and dark matter abundance.

In the second half of the chapter, we moved our discussion to the GRe scenario, which
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Figure 5.11: Plot of ⟨σv⟩ Vs mY of fermionic (left panel) and scalar (right panel) DM. The
Yellow band corresponds to minimum DM mass bound taken from [369].

successfully obtained our present state of the universe through only gravitational interaction
after inflation. Being DM mass as the only free parameter, successful GRe puts stringent
constraints on possible DM mass and may pave the way towards constructing DM models. The
scenario further discards a large class of inflation models that are otherwise consistent with
the PLANCK. Considering available bounds on PGWs spectrum and DM abundance, GRe
selects those inflation models which gives around unique Nk ∼ 62, and inflaton EoS within
0.97 < ωϕ ≤ 0.99 during reheating. Consequently reheating temperature must be Tre < 108

GeV, fermionic DM mass should lie within 2×105 GeV < mf < 3×108 GeV, and scalar/vector
DM mass within 400 eV < mS , γmX < 1000 eV. The abovementioned results are obtained
without specifying any model except the generic de-Sitter type inflation. However, considering
a specific model such as α-attractor, narrower bounds are obtained due to its small prediction
of r. α turned out to be strictly bounded within (1, 10). Furthermore, ns strictly lies within
(0.9671, 0.9683), Tre lies within (2× 105, 2× 106) GeV, fermionic DM mass lies within (107, 108)
GeV, and scalar/vector DM mass lies within (400, 1000) eV.

To this end, let us point out that if we take into account the modified decay widths properly
accounting for the oscillating inflaton zero-mode [355], all our predictions remain quantitatively
the same except the fermionic DM mass range shifted towards the lower value by one order.
So far, if DM sector couples directly with the radiation bath with thermally averaged cross-
section times velocity ⟨σv⟩, then the DM masses obtained previously transformed into maximum
one mmax

Y in (⟨σv⟩,mY ) space [354] (see Fig.5.11). Upon decreasing DM mass, to our surprise,
the existence of nearly model-independent minimum DM mass mmin

Y is observed where freeze-in
and freeze-out mechanisms meet together. Such observation was also never reported before in
the literature. This phenomenon is expected as decreasing mY requires increasing ⟨σv⟩ during
freeze-in, and at its threshold value mmin

Y the DM thermalizes with radiation bath where
freeze-out begins. The value of mmin

Y turned out as ∼ 150 eV for fermion DM irrespective model
parameters. However, for fermionic DM, the most compact DM-dominated object called dwarf
spheroidal galaxies are known to provide the lowest bound (Tremaine-Gunn (TG) bound) on its
mass mf ≥ 590 eV at 68% CL [369] shown in yellow shaded region. Finally, we want to point
again that mmax

Y is set to be the maximum possible DM mass for both freeze-in (⟨σv⟩ → 0)
and freeze-out (⟨σv⟩ → ∞) scenarios if one satisfies the present DM abundance. Therefore,
if DM with mY > mmax

Y is detected, it will rule out the possibility of purely gravitational
reheating after inflation.
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Conclusions 6

”We’re always, by the way, in fundamental physics, always
trying to investigate those things in which we don’t
understand the conclusions. After we’ve checked them
enough, we’re okay.”

Richard P. Feynman

In this thesis, we have mainly focused our analysis on constraining the dynamics of reheating
after inflation. Reheating phase influences the relationship between the physical scales of the
CMB mode today and that at the time of Horizon exit during the beginning of the inflation.
Consequently, one can expect some indirect bound on the dynamics of reheating from CMB
through a particular inflation model. In this thesis keeping the CMB constraints, we further
extend our analysis to connect reheating dynamics with various disconnected cosmological
parameters, which help us to investigate the new possibility of understanding this era.
We have focused on two main directions: 1) Investigate the background dynamics of reheating
to explain the present state of our Universe more reasonably. 2) Understanding the imprints
of reheating on different cosmological observables. Below we discuss the main findings of the
thesis.

6.1 Summary of chapters

Chapter 1:

In this chapter, we prepare the introduction and the motivation leading to the thesis work. This
chapter begins with a brief introduction to the standard cosmological scenario. We first shed
light on FLRW cosmology, discuss both Horizon and the flatness problem and show how the
period of inflation successfully solves the Horizon as well as the flatness problem. Then we give
a brief summary of the inflationary paradigm, such as homogeneous dynamics of inflation, slow
roll conditions, end of slow-roll inflation, and introduce conventional perturbative reheating
dynamics. Finally, we discuss Cosmological perturbations from inflation, the spectrum of the
gravitational wave during inflation, and conclude this chapter with this thesis’s motivation.
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Some of the brief outlines of different chapters can be found in this chapter, which are some
initial ideas regarding the work done in other chapters.

Chapter 2:

In Conventional perturbative reheating, inflaton energy density gradually decays into the energy
density of the daughter particles assuming a specific interaction between inflaton and daughter
fields. However, there must be an initial stage of reheating involving highly nonperturbative
processes, known as preheating, when the occupation number of field quanta for both the
inflaton and daughter field(s) grows exponentially due to parametric resonance. A systematic
study of reheating constraints incorporating the nonperturbative phase for various interactions
and inflationary modes is missing in the literature. Therefore, in this chapter, after discussing
the possible models of single-phase reheating and how this model can be constraints through
CMB considering a particular inflation model, we moved our discussion towards a proposed
model of reheating, named Two-phase reheating, where the initial nonperturbative preheating
phase is described by an effective equation of state followed by the usual perturbative reheating.
Some of the important universal results of lattice simulation during preheating, which is
irrespective of the inflationary model, have been considered crucial inputs in our Two-phase
dynamics. In this framework, detailed phenomenological constraints have been obtained on
the inflaton couplings with reheating fields and dark matter parameters in terms of the cosmic
microwave background (CMB) through the constrained inflationary scalar spectral index. It is
observed that the conventional reheating scenario generically predicts the maximum reheating
temperature Tmaxre ∼ 1015 GeV, corresponding to an almost instantaneous transition from
the end of inflation to radiation domination. This fact will naturally lead to the problem
of nonperturbative inflaton decay, which is in direct conflict with the perturbative reheating
itself. Taking into account this effective nonperturbative dynamics as the initial phase, our
model of Two-phase reheating scenarios also predicts a model-independent maximum reheating
temperature, which does not correspond to the instantaneous process. Furthermore, Tmaxre

is predicted to lie within
(
1013, 1010

)
GeV if CMB constraints on inflaton couplings with

a different reheating field are taken into account. We have further studied in detail the
dark matter phenomenology in a model-independent manner and show how dark matter
parameter space can be constrained through CMB parameters via the inflationary spectral
index. Considering dark matter production during reheating via the freeze-in mechanism, its
parameter space has been observed to be highly constrained by our Two-phase reheating than
the constraints predicted by the conventional reheating scenarios, which are believed to be
theoretically incomplete.

Chapter 3:

Till now, there are no direct observational probes of the reheating period, and as a result, our
understanding is severely limited. The primordial magnetic field, together with CMB, can
provide a probe of the early reheating phase. In this chapter, we will specifically focus on how
the present-day Large-scale magnetic field (LSMF) combined with the CMB anisotropy can
probe the reheating phase of the universe, followed by the standard inflationary phase. For
LSMF we consider simple model of primordial magnetogeneis. This chapter shows that the
reheating phase can play a crucial role in alleviating strong coupling and back-reaction problems
in the inflationary magnetogenesis model along with the cosmic microwave background. The
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6.1. Summary of chapters

electrical conductivity is assumed to be negligible during the entire period of reheating, and
the Faraday electromagnetic induction changes the magnetic field’s dynamics drastically. Our
detailed analysis reveals that this physical phenomenon not only converts a large class of
magnetogenesis model observationally viable without any theoretical problem but also can
uniquely fix the perturbative average inflaton equation of state, ωϕ = p − 2/p + 2 during
reheating given a specific value of the large scale magnetic field. This observation hints at the
inflaton to assume the potential of the form V (ϕ) ∼ ϕp near its minimum with p ≥ 3.5 if one
considers the limitations of the present-day strength of the large-scale magnetic field to be
B0 ≥ 10−18 G. Our analysis opens up a new avenue toward constraining the inflationary and
magnetogenesis model together via reheating.

Chapter 4:

Primordial gravitational waves (GWs) carry the imprints of the dynamics of the universe
during its earliest stages. With a variety of GW detectors being proposed to operate over
a wide range of frequencies, there is great expectation that observations of primordial GWs
can provide us with an unprecedented window into the physics operating during inflation
and reheating. In this chapter, we closely examine the effects of the regime of reheating on
the spectrum of primordial GWs observed today. We consider a scenario wherein the phase
of reheating is described by an averaged equation of state (EoS) parameter with an abrupt
transition to radiation domination as well as a scenario wherein there is a gradual change in the
effective EoS parameter to that of radiation due to the perturbative decay of the inflaton. We
show that the perturbative decay of the inflaton leads to oscillations in the spectrum of GWs,
which, if observed, can possibly help us decipher finer aspects of the reheating mechanism. We
also examine the effects of a secondary phase of reheating arising due to a brief epoch driven
possibly by an exotic, non-canonical, scalar field. Interestingly, we find that, for suitable values
of the EoS parameter governing the secondary phase of reheating, the GWs can be of strength
as suggested by the recent NANOGrav observations. We conclude with a discussion of the
wider implications of our analysis.

Chapter 5:

In this chapter, we have started our discussion with a minimal production mechanism of DM
during reheating, where DM is assumed to be produced from inflaton and radiation baths
through only the gravitational interaction. The gravitational process is always present; we
can’t ignore this process. Ignoring other internal parameters except for the DM mass and
spin, a particular inflation model such as α-attractor, with a specific scalar spectral index ns
has been shown to fix the dark matter mass of the present Universe uniquely. For fermion
type dark matter we found the mass mf should be within (104 − 1013) GeV, and for boson
(vector) type DM, the mass ms/X turned out to be within (10−13 − 1013) GeV. Interestingly, if
the inflaton equation of state ωϕ → 1/3, the DM mass also approaches towards unique value,
mf ∼ 1010 GeV and ms/X ∼ 103 ( 8 × 103 ) GeV . However, here we assume that inflaton
decays into radiation with a constant decay width to achieve a radiation-dominated universe
at the end of reheating. Such an approach generally lacks potential cosmological predictions
and is difficult to verify through observation. Accordingly, we moved our discussion to take a
systematic approach toward such a goal to shed light on the model-independent observable
predictions. Without introducing any arbitrary interactions among the fields, we propose a
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reheating scenario where the inflaton is coupled with all the daughter fields only gravitationally.
This scenario not only successfully reheats the Universe but also discards many possible models
of dark matter and inflation that are otherwise consistent with PLANCK.

6.2 Future plan

Several perspectives have been found during the thesis work that needs further study. Some of
them are listed below, subject to my future research direction.

• Primordial black hole formation during reheating: Primordial black holes (PBHs)
formation in the early universe can be described as a result of huge contraction during
the Big Bang. The PBHs are one of the intriguing dark matter candidates as they behave
as stable, cold, non-interacting massive objects. Moreover, the gravitational wave (GW)
from PBHs received interest in terms of detection after the discovery by LIGO (GW
detection event GW150914 ) of gravitational radiation from merging BHs. In the context
of the impact of reheating on PBH production, very few studies are available in the
literature. Moreover, a systematic study of PBH formation incorporating reheating phase
is also missing. Accordingly, our primary goal is to analyze the effects of reheating on
PBH formation in a systematic manner for different scenarios.

• Growth of the density perturbations during reheating phase Reheating phase is
very difficult to probe; till now, this phase has been ill-understood. Small-scale density
perturbations can provide a probe of the early Universe. The density perturbation of dark
matter (DM) may grow during this phase due to gravitational instability. The early DM
microholes can be formed from that enhanced perturbation if the free-steaming length is
smaller than the horizon, which can open up new possibilities to learn about the reheating
phase using gamma-ray observation. Then it becomes fascinating to understand the
evolution of the density perturbations in both radiation and DM for various background
dynamics of reheating.

• Dark matter production from inflaton freeze-out: After the inflation, the inflaton
field generically oscillates around the minimum of its potential. Reheating fields coupled
with the oscillating inflaton are in general prone to nonperturbative particle production.
This study can be done by using the publicly available numerical package LATTICEEASY
and its parallelized version CLUSTEREASY. Extensive works on nonperturbative re-
heating analysis yield an important fact that roughly the 50% of the total comoving
inflaton energy density is getting transferred into the daughter field. Additionally, the
inflaton equation of state tends to achieve a steady-state value depending upon the
power-law form of the inflaton potential near its minimum. If the inflaton equation of
state ωϕ < 1/3, then the inflaton field reaches thermal equilibrium with radiation bath,
and comoving inflaton energy density freezes before reaching the radiation equation of
state. Therefore, to get radiation dominated universe, we need to decay this inflaton
field perturbatively, which can be the sole source of non-thermal dark matter. Finally,
we must find the suitable dark matter parameter space to get the correct present-day
dark matter relic.

• Observing various characteristics of inflation and reheating through the
imprints on the gravitational waves: Primordial gravitational waves (GWs) carry
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the imprints of the dynamics of the universe during its earliest stages. With a variety of
GW detectors being proposed to operate over a wide range of frequencies, there is great
expectation that observations of primordial GWs can provide us with an unprecedented
window to the physics operating during inflation and reheating. GWs spectrum can
decode various aspects of reheating. For example, during the initial stage of reheating, the
inflaton field oscillates, which can be coupled with some reheating field. The numerical
package LATTICEEASY can obtain the dynamical evolution of those fields, and can
be imprinted through the gravitational wave spectrum. In addition to that, The end of
reheating is to be followed by the most important stage of thermalization. Some important
information about this thermalization process, like thermalization time scale and the
nature of the thermalization process depending upon the over-occupied or under-occupied
initial state set by the end of reheating, can be extracted from GWs spectrum.
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Two-phase reheating: Analytic study

Analytic expression of Tmax

After the end of the effective non-perturbative dynamics, the usual perturbative analysis follows
and the governing Boltzmann equations are

ρ̇ϕ + 3H(1 + ω1
ϕ)ρϕ = −Γϕρϕ(1 + ω1

ϕ) (1)

ρ̇R + 4HρR = Γϕρϕ(1 + ω1
ϕ) + 2⟨EX⟩⟨σv⟩

(
n2X − n2X,eq

)
(2)

˙nX + 3HnX = −⟨σv⟩
(
n2X − n2X,eq

)
(3)

In order to solve analytically, we assume the inflaton energy density to follow the equation,

ρϕ = ρinϕ

(
a

ain

)−3(1+ω1
ϕ)

e−Γϕ(1+ω
1
ϕ)(t−ti) ≃ ρinϕ

(
a

ain

)−3(1+ω1
ϕ)

. (4)

Here Γϕ is the time-independent inflaton decay constant. Notice that the effect of the decay
constant is being ignored assuming the fact that at the initial stage of perturbative reheating
inflaton energy is the dominant one. ρiϕ and ti are initial density and initial time during the
perturbative era respectively. Using the above equation the radiation energy can be solved as
follows,

d
(
ρRa

4
)
=
(
Γϕρϕ(1 + ω1

ϕ)a
4 + 2⟨EX⟩⟨σv⟩

(
n2X − n2X,eq

)
a4
)
dt

=

(
Γϕρ

in
ϕ e

−Γϕ(t−ti)a
3(1+ω1

ϕ)

in a1−3ω1
ϕ(1 + ω1

ϕ) + 2⟨EX⟩⟨σv⟩
(
n2X − n2X,eq

)
a4
)
dt

≃ Γϕρ
in
ϕ a

3(1+ω1
ϕ)

in a−3ω1
ϕ
da

H
+ 2⟨EX⟩⟨σv⟩

(
n2X − n2X,eq

)
a3
da

H
.

(5)

Using the following expression for the Hubble parameter,

H =

√
ρinϕ

(
a
ain

)−3(1+ω1
ϕ)

+ ρinR

(
a
ain

)−4

√
3Mp

, (6)

where ρinR is the initial radiation density at the beginning of perturbative phase. For the
reheating temperature computation, we ignore the effect of dark matter whose contribution has
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been verified to be negligible in our full numerical computation. By solving Eq.5 we obtain,

ρRa
4 = ρRa

4
in + Γϕρ

in
ϕ a

3
in

a∫
ain

(a/ain)
−3ω1

ϕ (1 + ω1
ϕ)da(√

3MP

)−1

√
ρinϕ

(
a
ain

)−3(1+ω1
ϕ)

+ ρinR

(
a
ain

)−4

ρRx
4 = ρinR + Γϕρ

in
ϕ (1 + ω1

ϕ)

x∫
1

x2−3ω1
ϕdx(√

3MP

)−1
√
ρinϕ x

1−3ω1
ϕ + ρinR

= ρinR +
Γϕρ

in
ϕ (1 + ω1

ϕ)

Hin

x∫
1

x
3−c
2 dx√

1 +
ρinR
ρinϕ
xc−1

≃ ρinR +
Γϕρ

in
ϕ (1 + ω1

ϕ)

Hin

x∫
1

x
3−c
2

(
1−

ρinR
2ρinϕ

xc−1

)
dx

(7)

In the above expression, we neglected higher-order terms of ρinR /ρ
in
ϕ . Additionally in terms

of radiation temperature Trad =
(

30
π2g∗

ρR

)1/4
the above equation transforms into following

expression,

βT 4x4

ρinϕ
=

Γϕ(1 + ω1
ϕ)

Hin

[
2

5− c

(
x

5−c
2 − 1

)
+
ρinR
ρinϕ

(
1− x

c+3
2

c+ 3
+

Hin

Γϕ(1 + ω1
ϕ)

)]
. (8)

Here x, β, c and Hin defined as

x =
a

ain
, β =

π2g∗(T )

30
, c = 3ω1

ϕ , Hin =

√
ρinϕ

√
3MP

. (9)

The maximum radiation temperature can be found by taking derivative of the above equation
(8) with respect to x and set it to zero

4βT 3

ρinϕ

dT

dx
=

−4Γϕ(1 + ω1
ϕ)

Hinx5

[
3+c
4 x

5−c
2 − 2

5− c
+
ρinR
ρinϕ

(
c−5
8 x

c+3
2 + 1

c+ 3
+

Hin

Γϕ(1 + ω1
ϕ)

)]
= 0 . (10)

In the limit of ρϕ/ρR ≪ 1 (perturbative approximation), the values of x at the point of
maximum radiation temperature appear as

xmax,p =

(
8

3 + c

) 2
5−c

. (11)

In our present analysis, the expression of x associated with maximum radiation temperature
leads to the following relation

xmax ≃
(

8

3 + c

) 2
5−c

[
1−

ρinR
ρinϕ

(
c− 5

8(c+ 3)
x

c+3
2

max,p +
1

c+ 3
+

Hin

Γϕ(1 + ω1
ϕ)

)]
= xmax,p [1− z] ,(12)

where z = ρinR
ρinϕ

(
c−5

8(c+3)x
c+3
2

max,p +
1
c+3 + Hin

Γϕ(1+ω
1
ϕ)

)
. Now after replacing the expression of xmax

into the above Eq.8, the maximum radiation temperature turns out as

Tmax ≃
(

Γϕ(1+ω
1
ϕ)ρ

in
ϕ

βHinx4max,p

2
3+c

)1/4
[
1 + 3+c

2
ρinR
ρinϕ

(
1−x

c+3
2

max,p

c+3 + Hin

Γϕ(1+ω
1
ϕ)

)]1/4
(13)
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≃
(

Γϕ(1+ω
1
ϕ)ρ

in
ϕ

βHinx4max,p

2
3+c

)1/4
[
1 + 3+c

8
ρinR
ρinϕ

(
1−x

c+3
2

max,p

c+3 + Hin

Γϕ(1+ω
1
ϕ)

)]
. (14)

In the above expression we have neglected higher order terms of ρinR /ρ
in
ϕ . Next, we will try to

express all initial densities in terms of the inflaton energy density at the end of the inflation
ρendϕ . The effective non-perturbative phase-I dynamics solves the radiation and inflaton energy
density in terms of ρendϕ . Therefore, during phase I the dimensionless radiation energy density
RI(A) can be correlate with inflaton energy density ΦI(A) (using (2.36), (2.37) and (2.41)) as

RI(A) =
3ωeff

(1− 3ωeff )
ΦI(A) A . (15)

The initial densities during phase II (perturbative era) in terms of dimensionless comoving
energy densities are identified as

ρinϕ = Φ(Anpre)A
−3(1+ω1

ϕ)
npre m4

ϕ , ρ
in
R = R(Anpre)A

−4
nprem

4
ϕ . (16)

Furthermore, we can relate the Φ(Anpre) in terms of Φ(A = 1) as,

Φ(Anpre) = (1− 3ωeff ) Φ(A = 1)A
−3ωeff
npre , (17)

where, Anpre is the normalized scale factor at the end of the effective dynamics. Anpre is
defined when the dimensionless comoving radiation energy density becomes 50% of the total
comoving energy density, R(Anpre)

Φ(Anpre)+R(Anpre)
≃ 1

2 =⇒ Φ(Anpre) ≃ R(Anpre). Using Eq.15 one
can find Anpre and corresponding e-folding number Nnpre as

Anpre =
1− 3ωeff
3ωeff

, Nnpre = ln (Anpre) . (18)

From our analytic expression above, we obtain Nnpre ∼ (5.8, 12.7) for two values of ωeff =
(10−3, 10−6) accordingly. These values of the e-folding number during phase I almost exactly
match our numerical result.
The final expression for the maximum radiation temperature in terms of comoving energy
densities is given by

Tmax ≃ D1/4

1 + (3 + c)R(Anpre)

8Φ(Anpre)A
1−c
npre

1− x
c+3
2

max,p

c+ 3
+

√
Φ(Anpre)A

−3(1+ω1
ϕ)

npre m4
ϕ

√
3MpΓϕ(1 + ω1

ϕ)


 , (19)

where

D =

2Γϕ(1 + ω1
ϕ)

√
3M2

pΦ(Anpre)A
−3(1+ω1

ϕ)
npre m4

ϕ

(3 + c)βx4max,p


1/4

. (20)

Combining equations from (15) to (20), we obtain maximum radiation temperature as a function
of Φ(A = 1) (dimensionless comoving inflaton energy density at the end of the inflation).
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Figure 1: Variation of reheating temperature (Tre) as a function of ns for Higgs-Starobinsky and axion inflation
model with ωeff = 10−3 in the framework of two-phase analysis. The solid blue line indicates the result from approximate
analytical expression (equation 21) whereas the solid black line shows results from numerical analysis. The light brown
region is below the electroweak scale Tew ∽ 100 GeV , and the violet region below 10−2 GeV would ruin the predictions
of big bang nucleosynthesis (BBN).

.

Analytic expression of inflaton decay width Γϕ and Tre

Assuming the end point of reheating as xre = are/anpre, and considering equation (8), reheating
temperature can be obtained as

T 4
re =

Γϕρ
in
ϕ (1 + ω1

ϕ)x
−4
re

βHin

 2

5− c

(
x

5−c
2

re − 1

)
+
ρinR
ρinϕ

1− x
c+3
2

re

c+ 3
+

Hin

Γϕ(1 + ω1
ϕ)

 . (21)

Using Eq.2.49 (entropy conservation of thermal radiation), one arrives at the following relation

T 4
re =

(
43

11gre

)4/3(a0T0
k

)4

H4
ke

−4Nke−4Nnpree−4Npre = G4

(
are
anpre

)−4

= G4x−4
re , (22)

where

G =

(
43

11gre

)1/3(a0T0
k

)
Hke

−Nke−Nnpre . (23)

Comparing equation (21) and (22), we obtain Γϕ in terms of xre

Γϕ =

(
G4β

ρinϕ
−
ρinR
ρinϕ

)
Hin

(1 + ω1
ϕ)

 2

5− c

(
x

5−c
2

re − 1

)
+
ρinR
ρinϕ

1− x
c+3
2

re

c+ 3

−1

,

≃

(
G4β

ρinϕ
−
ρinR
ρinϕ

)
Hin

(1 + ω1
ϕ)

5− c

2
x

c−5
2

re

[
1 +

5− c

2 (c+ 3)

ρinR
ρinϕ

xc−1
re

]
.

(24)

Reheating temperature is defined when the inflaton field comes in thermal equilibrium with
the radiation bath at the point,

H(xre)
2 =

ρϕ(xre) + ρR(xre)

3M2
p

≃ ρR(xre)

3M2
p

= Γ2
ϕ . (25)
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Analytical expression of dark matter abundance and origin of maximum dark matter mass Mmax
X

In the above equation, we ignore the contribution of inflaton energy density to be negligible.
Using the expression for the radiation energy density we can obtain the decay width as follows,

Γ2
ϕ ≃

(
G4β

ρinϕ
−
ρinR
ρinϕ

)2
H2
in

(1 + ω1
ϕ)

2

(
5− c

2

)2

xc−5
re

[
1 +

5− c

c+ 3

ρinR
ρinϕ

xc−1
re

]
. (26)

In the earlier expression, we can ignore the second term in the third bracket since xre ≫ 1 for
most of the values of the spectral index. As a result, the Γ2

ϕ can now be written as

Γ2
ϕ ≃

(
G4β

ρinϕ
−
ρinR
ρinϕ

)2
H2
in

(1 + ω1
ϕ)

2

(
5− c

2

)2

xc−5
re . (27)

Furthermore, the radiation energy density at the ending point of reheating era ρR(xre) can be
expressed as

ρR(xre) ≃ x−4
re ρ

in
ϕ

 2

5− c

Γϕ

(
1 + ω1

ϕ

)
Hin

x
5−c
2

re +
ρinR
ρinϕ

1−
Γϕ

(
1 + ω1

ϕ

)
Hin

x
c+3
2

re

c+ 3

 (28)

Combining equations (24) and (28) one can find

ρR(xre) = βT 4
re ≃ x−4

re ρ
in
ϕ

[
G4β

ρinϕ
+

5− c

2 (c+ 3)

ρinR
ρinϕ

(
G4β

ρinϕ
−
ρinR
ρinϕ

)
xc−1
re

]
. (29)

Now equating this above equation with Γ2
ϕ (eqn 27), one arrives at the following expression

xre =

(
α

η

) 1
c−1

, (30)

Here

α =
G4β

ρinϕ
, η =

5− c

2

(
G4β

ρinϕ
−
ρinR
ρinϕ

) ρinR
(c+ 3) ρinϕ

+
5− c

2

3M2
pH

2
in

ρinϕ

(
1 + ω1

ϕ

)2
(
G4β

ρinϕ
−
ρinR
ρinϕ

) .(31)

By utilizing the above equation, we can easily fix decay width (Eqn 24) and reheating
temperature (Eqn 29) as they are the function of xre. Besides, the maximum reheating
temperature and associated maximum possible value of the spectral index (nmaxs ) can also be
defined at the point xre → 1 (Npre → 0). To check whether our analytical calculations predict
the correct result, we plot reheating temperature as a function of the spectral index (Fig.1)
and compare it with our numerical result.

Analytical expression of dark matter abundance and origin of
maximum dark matter mass Mmax

X

The relevant Boltzmann equation for the evolution of dark matter during perturbative reheating
phase is expressed as

d(nX a
3 ) = −a3 ⟨σ v ⟩

[
n2X − (neqX )2

]
dt = −a2 ⟨σ v ⟩

[
n2X − (neqX )2

] dt
H

. (32)
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Two-phase reheating: Analytic study

Let us assume that the dark matter particles are relativistic (MX << T ) and never reach
chemical equilibrium (nX << neqX ) during reheating. Therefore Eqn.32 can be approximated
as

d(nX a
3 ) =

a3 ⟨σ v ⟩ (neqX )2

aH
da ≃ g2

π4
a2 ⟨σ v ⟩T 6

H
da , (33)

where we use the equilibrium distribution of the dark matter in the relativistic limit

neqX =
g T 3

π2
. (34)

Here g counts the number of degrees of freedom associated with the dark matter particles. The
Hubble parameter during perturbative reheating can be expressed as

H = Hinx
−3 (1+ω1

ϕ) ; x = a/ain . (35)

In terms of new variable x, the expression (33) can be rewritten as

d(nX x
3 ) =

g2

π4
x2 ⟨σ v ⟩T 6

H
dx , (36)

Upon substitution of the Eqns (8) and (35) in Eqn.(36), one can find

d(nX x
3 ) ≃ γ1 ⟨σv⟩

(
x

11+c
4 − 3 (5− c)

4γ

ρinR
ρinϕ

x
1
4
(7+5 c)

)
dx (37)

where,

γ =
Γϕ

(
1 + ω1

ϕ

)
Hin

; γ1 =
g2 ρinϕ
π4

(
2γ

β(5− c)

)3/2√
3Mp (38)

Straightforward integration of the above Eqn.(37), the comoving number density is found to be

nfXx
3
f ≃ ninX + ⟨σv⟩f(xf ) , (39)

where f(xf ) can be expressed as

f(xf ) = γ1

[
4

15 + c

(
x

15+c
4

f − 1

)
− 3 (5− c)

(11 + 5 c) γ

ρinR
ρinϕ

(
x

11+5c
4

f − 1

)]
(40)

Here, the rescaled factor at the point of freeze-in is defined as xf , when both comoving dark
matter and radiation components become constant. The dark matter relic can be obtained in
terms of radiation abundance ΩR (ΩRh2 = 4.3× 10−5) as

ΩXh
2 =

ρX(xf )

ρR(xf )

T (xf )

Tnow
ΩRh

2 =
⟨EX⟩fx−3

f nfX(xf )x
3
f

ρR(xf )

T (xf )

Tnow
ΩRh

2 = 0.12 . (41)

Inserting the expression of nfXx
3
f (equation (39)) into the above equation, one can arrive at

the following equation for the dark matter abundance,

ΩXh
2 ≃

⟨EX⟩fx−3
f

ρR(xf )

T (xf )

Tnow

(
ninX + ⟨σv⟩f(xf )

)
ΩRh

2 , (42)
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Analytical expression of dark matter abundance and origin of maximum dark matter mass Mmax
X

The average energy of the single component dark matter at the point of freeze-in can be
expressed as

⟨EX⟩f ≃
√
M2
X + 9T (xf )2 ≃ 3T (xf )

(
1 +

M2
X

18T (xf )2

)
(relativistic approximation) (43)

Therefore, by Connecting the above two equations (42) and (43), one arrives at the following
expression

ΩXh
2 ≃

3x−3
f ρR(xf )

−1/2(1 +
M2

Xβ
1/2ρR(xf )

−1/2

18 )

β1/2Tnow

(
ninX + ⟨σv⟩f(xf )

)
ΩRh

2 . (44)

Maximum possible dark matter mass (Mmax
X )

The approximate analytical expression of dark matter abundance (equation (44)) indicates
that the dark matter abundance increases with increasing dark matter mass. Moreover, at
a particular value of the dark matter mass, the dark matter component’s initial number
density (ninX ) is sufficient to produce the present observed value of the dark matter abundance
ΩXh

2 = 0.12. We define this particular value of the dark matter mass as Mmax
X . We can

clearly see from equation (44), if the mass of the dark matter MX > Mmax
X , the abundance

ΩXh
2 always ≥ 0.12. Therefore the condition for the maximum possible dark matter mass can

be written as

ΩXh
2 ≃

√
M2
X + 9T (xf )2x

−3
f

ρR(xf )

T (xf )n
in
X

Tnow
ΩRh

2 = 0.12 . (45)

The outcome of this equation is the maximum possible mass, Mmax
X , which is determined to be

Mmax
X = T (xf )

√√√√(0.12 β

ninX

TnowT (xf )2

ΩRh2x
−3
f

)2

− 9 . (46)
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Gravitational dark matter production:
Analytic study

Analytic expression of maximum dark matter mass mmax
Y

The expression for the relic abundance Eq.5.15 indicates that the dark matter abundance
increases with increasing the dark matter mass. Consequently, there should exist a maximum
allowed dark matter mass mmax

Y associated with each viable value of the spectral index or
reheating temperature. The evolution of the gravitationally produce dark matter number
density follows from the equation

d (nY a
3 ) =

Γϕϕ→Y Y

mϕ

ρϕ ( 1 + ωϕ )

H
a2 da . (47)

Comoving number density of scalar dark matter: The comoving number density at the
end of the reheating era is followed by the equations (5.2), (47) and found to be

nres A3
re =

∫ Are

1

ρ2ϕ ( 1 + ωϕ )

1024πM4
p

(
1 +

m2
s

2m2
ϕ

) √
1− m2

s

m2
ϕ

A2 dA

H
≈
∫ Are

1

ρ2ϕ ( 1 + ωϕ )

1024πM4
p

A2 dA

H
.

(48)
Ignoring the sub-dominated effect of the dark matter production in the evolution of the inflaton
energy density, the inflaton energy density shall follow the following equation

ρϕ = ρendϕ A−3 ( 1+ωϕ ) e−Γϕ ( 1+ωϕ ) ( t− tend ) ≈ ρendϕ A−3 ( 1+ωϕ ) , (49)

where ρendϕ is the inflaton energy density at the end of the inflation. As the initial stage of
the perturbative reheating is dominated by the inflaton energy density, the main contribution
in the gravitationally produced dark matter sector is coming at the initial stage. Therefore,
we can ignore the effect of the decay constant Γϕ in determining the gravitationally produced
dark matter number density. The Hubble parameter during perturbative reheating can be
approximated as

H = HendA
− 3

2
( 1+ωϕ ) , (50)

where Hend =
√
ρendϕ /3M2

p is the Hubble parameter at the end of the inflation. Upon
substituting the equations (49) and (50) in the expression of the comoving gravitationally
produced dark matter number density ( Eqns.48 ), we obtain

nres A3
re ≈

( ρendϕ )2 ( 1 + ωϕ )

1024πM4
p Hend

∫ Are

1
A− 1

2
( 5+3ωϕ ) dA =

3

512π

( 1 + ωϕ )

( 1 + 3ωϕ )
H3
end

[
1− A

− 3
2
( 1+3ωϕ )

re

]
.

(51)
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Gravitational dark matter production: Analytic study

Comoving number density of fermionic dark matter: The relic abundance of the dark
matter is obtained from the comoving dark matter number density, calculated at the end
of the reheating. Inserting the expression for the decay width Eq.5.3) into the Eq.47, the
corresponding number density of the dark matter for this present scenario turns out to be

nref A3
re =

∫ Are

1

ρ2ϕm
2
f ( 1 + ωϕ )

4096πM4
p m

2
ϕ

(
1−

m2
f

m2
ϕ

)
A2 dA

H
≈
∫ Are

1

ρ2ϕm
2
f ( 1 + ωϕ )

4096πM4
p m

2
ϕ

A2 dA

H
.

(52)
The inflaton mass m2

ϕ can be calculated from the second derivative of the inflaton potential.
Since reheating happens near the minimum of the potential we first expand the inflaton
potential in the limit of ϕ << Mp as

V (ϕ) ≃ λϕ2n , (53)

where λ = Λ4
(√

2
3α

1
Mp

)2n
. Therefore,

m2
ϕ = V ′′(ϕ0(t)) ≃ 2n ( 2n− 1 )λ

1
n ρ

n−1
n

ϕ (54)

Upon substituting the equations (54), (50) and (49) into the expression (52), one can find
the gravitationally produced comoving fermionic dark matter number density at the end of
reheating as

nref A
3
re =

H3
endm

2
f λ

ωϕ−1

ωϕ+1 ν(ωϕ)

4096π (1 + 3ωϕ)
(
H2
endM

2
p

) 2ωϕ
1+ωϕ

[
1−A

− 3
2(1−ωϕ)

re

]
≃ 3

2048π

1 + ωϕ
1− ωϕ

H3
end

(
mf

mend
ϕ

)2

,

(55)

where ν(ωϕ) = 3
1−ωϕ
1+ωϕ (1− ωϕ) and mend

ϕ indicates effective mass calculated at the end of the
inflation. We use the relation ωϕ = (n − 1)/(n+ 1), to find the above relation of comoving
dark matter number density in terms of ωϕ.
Comoving number density of vector dark matter: For vector dark matter, the comoving
number density can be written as (Combining Eqns.5.4 and 47)

nreX A3
re =

∫ Are

1

ρ2ϕ ( 1 + ωϕ )

32768πM4
p

√
1−

m2
X

m2
ϕ

(
4 + 4

m2
X

m2
ϕ

+ 19
m4
X

m4
ϕ

)
A2 dA

H
≈
∫ Are

1

ρ2ϕ ( 1 + ωϕ )

8192πM4
p

A2 dA

H
.

(56)
We can see that in the limit of mX << mϕ, the above expression can be related with the
comoving number density for the scalar dark matter (Eqn.48) through a 1/8 factor. Therefore,

nreX A3
re =

1

8
nres A3

re = − 3

4096π

( 1 + ωϕ )

( 1 + 3ωϕ )
H3
end

[
A

− 3
2
( 1+3ωϕ )

re − 1

]
. (57)

Expression for mmax
Y : As we mentioned earlier, the dark matter relic ΩY h

2 could be expressed
in terms of present radiation abundance ΩR h

2 as

ΩY h
2 =

ρY (Are )

ρR (Are )

Tre
Tnow

Ωr h
2 =

mY A
−3
re (nreY A3

re )

β T 3
re Tnow

Ωr h
2 , (58)

170

TH-2748_176121018



Comoving number density of the gravitationally produced dark matter from SM scattering:

where β = π2gre/30. In the context of the perturbative reheating dynamics, one can obtain
the approximate analytical expression for the reheating temperature Tre and the normalized
scale factor Are at the end of the reheating to be (in this context, see Ref. [93])

Tre = G Are−1, G =

(
43

11 gs,re

) 1
3
(
a0 T0
k

)
Hk e

−Nk , Are =

(
12M2

p H
2
end ( 1 + ωϕ )

2

G4 β ( 5− 3ωϕ )2

) −1
(1− 3ωϕ)

.

(59)
Inserting expression of the reheating temperature into the expression of the present-day dark
matter relic (admitting only gravitationally produced dark matter), the maximum allowed
dark matter mass can be written as

mmax
Y =

G β Tnow
nreY A3

re

ΩY h
2

Ωr h2
. (60)

By utilizing the above equations with the expression of the comoving number density for
gravitationally produced dark matter (Eqns. 51, 55 and 57), we can easily fix mmax

Y .

Comoving number density of the gravitationally produced dark
matter from SM scattering:

The evolution of the gravitational produced dark matter number density from radiation bath
is followed by the Eqn.5.20 as

d(nY (R)A
3) = γ

T 8

M4
p

A2 dA

H
. (61)

In the perturbative reheating scenario, the analytical expression for the radiation temperature
during reheating can be obtained as

T = γ
1/4
3 A− 3

8
(1+ωϕ), γ3 =

6

5− 3ωϕ

M2
p Hend

β
Γϕ ( 1 + ωϕ ) . (62)

Upon substitution of the Eqn.62 along with Eqn.50 in equation 61, the comoving number
density turns out to be

nreY (R)A
3
re =

γ γ23
M4
p Hend

∫ Are

1
A

1
2
( 1−3ωϕ ) dA =

2

3 (1− ωϕ)

γ γ23
M4
p Hend

[
A

3
2
(1−ωϕ)

re − 1

]
(63)

As the normalized scale factor at the end of the reheating Are >> 1 (except for the temperature
associated with the instantaneous reheating), the above equation is simplified as

nreY (R)A
3
re =

2

3 (1− ωϕ)

γ γ23
M4
p Hend

A
3
2
(1−ωϕ)

re ≃ 2γ

3 ( 1− ωϕ )

e
3
2
Nre ( 3+ωϕ ) T 8

re

M4
p Hend

. (64)

To find the above-simplified form, we use the approximate analytic expression for reheating
temperature Tre = γ

1/4
3 A

− 3
8
(1+ωϕ)

re [92, 93].
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