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ABSTRACT

Transport of a solute through a flowing solvent has several important applications in
diverse fields, such as biology, chemistry, chromatography, environment fluid mechanics
etc. Due to its importance in different fields, it has been a topic of interest since mid of
twentieth century. In the available literature on solute transport during the last decades,
the main focus was either to obtain the dispersion coefficient or to address the mean
concentration distribution rather than the transverse concentration distribution. In some
environmental or industrial processes, we need information not only on dispersion coef-
ficients or the longitudinal mean concentration, but also on the transverse concentration
distribution and its uniformity over the cross-section. Study of the transverse concentra-
tion distribution in steady or oscillatory flows has a great significance in estuaries and
other coastal regions. Prediction of accurate pollutant distribution and peak pollutant
concentration are of matter of concern. Also knowledge of the transport coefficients of
solute transport under oscillation of the boundary is very useful in the hydrodynamic
theory of lubrication. The influence of chemical reaction on solute transport has a great
significance in blood flow through human arteries. This study also has importance regard-
ing the shear-driven flows encountered in micro motors, micro channels and other micro
fluidic systems.

The thesis work is aimed to provide analytical expressions for transport coefficients,
mean concentration and transverse real concentration. Detailed study on transverse con-
centration distribution and its uniformity throughout the channel cross-section is also
carried out.

The present thesis begins with a brief introduction along with the overview and ob-
jective on its topic. A fundamental concept of Taylor dispersion process is discussed.
Further, we include the basic information and procedure of multi-scale method. This is
followed by a brief description of reversible and irreversible boundary reactions. A de-
tailed literature review of the topic is also presented. Five problems are studied in this
thesis.
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In the first work, an analytical study is presented to explore two-dimensional concen-
tration distribution in an open channel flow with absorbing channel bed. Simple ana-
lytical expressions are derived for transverse concentration distribution with the help of
multi-scale method of homogenization. This study explores mean and real concentration
distributions after an initial time when transient behaviour completely dies out. In this
study, effects of bed absorption on solution dispersion as well as on transverse unifor-
mity are discussed. Results reveal that transverse concentration of the solute should be
preferred over the mean concentration to analyse the absorption effect more accurately.

The next study explores two-dimensional concentration distribution in an open channel
flow with reversible phase exchange kinetics between the channel bed and fluid phase.
Simple analytical expressions for transverse concentration distribution are obtained with
the help of multi-scale method of homogenization. This work explains the pattern of
transverse real concentration distribution and uniformity over the cross-section of the
channel. Effects of phase exchange parameters on solute dispersion are discussed. It
is found that for slow phase exchange kinetics with small retentive channel bed, solute
concentration distribution becomes uniform faster.

In the third work, an attempt is made to find analytical expressions for mean and
transverse real concentrations by using a multi-scale homogenization technique and to ex-
plore the evolution of transverse concentration distribution for oscillatory Couette flows
for inert boundary walls. Effects of Stokes boundary layer thickness on dispersion coeffi-
cient and transverse variation of concentration distribution are observed. The study also
suggests a time scale that would be more appropriate to characterize the initial transition
stage of the transport process to approach transverse uniformity.

In the forth endeavour, the solute is assumed to undergo reversible and irreversible
reactions at the channel bed. Simple analytical expressions are derived for steady and
oscillatory components of dispersion coefficients. Absorption induced dispersion coeffi-
cients are also found. It is seen that absorption induced dispersion coefficient can be
negative unlike the leading order dispersion coefficients. Study also discusses the effects
of Stokes boundary layer thickness along with the chemical reaction parameters, i.e., bed
absorption parameter, retention parameter, Damkohler number on the solute dispersion.

Finally, the present thesis deals with a problem that discusses the effects of non-
linear chemical reaction on dispersion coefficients for an oscillatory Couette flow. A two-
dimensional mathematical model is formulated by taking into account the chemical decay
and a phase exchange kinetics between bulk phase and sorbet boundaries. The main
purpose of this work is to visualize the effects of nonlinear chemical decay reactions and
the roles of different factors or parameters on transport coefficients. This work reveals
that increase in order of nonlinearity in mobile phase decay reduces the mass depletion in
the flow and increase in order of nonlinearity in the immobile phase decay enhances the
advection speed for large retention parameter.
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NOMENCLATURE

Superscript
·̂ Dimensional quantity
·∗ Complex conjugate
· Time average

Symbol
〈·〉 Sectional average
O(·) Bachmann-Landau order notation

Notation
C Concentration of the solute in the fluid phase
Cs Concentration of the solute in the stationary phase
C(i), i = 0, 1, 2, . . . Developed terms of the asymptotic expansion of C
D Molecular diffusivity
DT Dispersion coefficient
DTa Apparent dispersion coefficient
DTs Steady component of the dispersion coefficient
DTw Oscillatory component of the dispersion coefficient
Dβm
Ts Steady component of the bed absorption induced

dispersion coefficient
Dβm
Tw Oscillatory component of the bed absorption induced

dispersion coefficient
Da Damkohler number
Da1, Da2 Damkohler number for lower and upper boundaries
h Channel width
k (= kb) Reversible (or backward) rate constant
kf Forward rate constant
k1, k2 Reversible reaction rates at lower and upper boundaries
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xii

K0 Reaction coefficient for linear decay reaction
K1 Advection coefficient for linear decay reaction
l Characteristic longitudinal length
m Order of non-linearity of decay reaction at the boundary
n Order of non-linearity of decay reaction in the flow
Pe Peclet number
Qm Released mass of the injected solute
R Retardation factor
R Transverse concentration variation rate
Sc Schmidt number
t Time variable
t0, t1, t2 Fast, medium, slow time variables
Tp Flow period
T0, T1, T2 Time scale for lateral diffusion (basic time scale), advection,

longitudinal diffusion
Tr Ratio of basic time scale to flow period
U Steady component of the oscillatory plate velocity
u Longitudinal flow velocity
us Steady component of the velocity field
uw Oscillatory component of the velocity field
x, y Spatial variables

Greek letters
α, α1, α2, αm Retention parameter or partition coefficient
β, βm Bed absorption parameters
δ Dirac delta function
δs Stokes boundary layer thickness
ε (= h

l
) Perturbation parameter

ζ, ζ1, ζ2, ζ3 Advection coefficients
η Spatial variable
µ Non-linear decay reaction rate occurring in the fluid phase
µs1, µs2 Non-linear decay reaction rates occurring at the lower

and upper boundaries
ν Kinematic viscosity
τ Time variable
ξ, ξ1, ξ2, ξ3 Reaction coefficients
Ψ Ratio of the non-linear decay reaction rate occurring at the

boundary to that of in the bulk flow
ω Angular frequency of the oscillation
Ω Dimensionless angular frequency of the oscillation
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CHAPTER 1

INTRODUCTION

1.1 Overview

The solute dispersion in a fluid flow is an important topic of research in modern times and
it has wide applications in diverse fields, such as biology [12,23,55], chromatography [56]
and environment fluid mechanics [15–17, 62, 70–72]. These phenomena can be observed
in daily life, for example, releasing a mass of chemical into a river, exhausting of air
pollutants from plants, transport of dissolved chemicals through blood vessels and so on.
Dispersion of solute in flowing fluid takes place due to the combined effects of molecular
diffusion (longitudinal and lateral) and convection (forced and natural).

Theoretically as well as experimentally, the longitudinal dispersion of an inert (i.e.,
non-adsorbing) solute in an incompressible fluid flow through a tube of circular cross-
section was first studied by G. I. Taylor [60]. Since then, this mechanism is termed as
Taylor dispersion. Taylor dispersion resembles molecular diffusion, but it is indeed an
outcome of the interaction between transverse variations of velocity shear and transverse
diffusion of the solute, which raises the rate of spreading of the solute in a flowing fluid.
He found an analytical expression for the dispersion coefficient by neglecting molecular
diffusion in the direction of flow as DT = a2〈u〉2/48D, which is a measure of the rate at
which the solute spreads out longitudinally in the flow geometry. Here D is the molecular
diffusivity, a is the tube radius and 〈u〉 is the average velocity of the flow. Taylor [61]
also obtained a condition 4l

a
� a〈u〉

D
� 6.9 for which the above expression for dispersion

coefficient is valid, where l is the characteristic length of the pipe.
Bournia et al. [8] studied experimentally the longitudinal dispersion of a finite slug of

a gas flowing through a circular tube. They showed that the condition 4l
a
� a〈u〉

D
, set by

Taylor, could be relaxed but the condition a〈u〉
D
� 6.9 is very important.

Aris [2] extended the Taylor analysis for arbitrary cross-section and derived the effec-
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2 Chapter 1. Introduction

tive expression of dispersion coefficient for circular pipe as a special case. He improved
the Taylor′s expression by using the method of moments as Deff = D+a2〈u〉2/48D, where
Deff is termed as effective dispersion coefficient. This analysis also removed the validity
condition a〈u〉

D
� 6.9, which was imposed by Taylor.

Numerically as well as experimentally Bailey and Gogarty [5] verified Taylor analy-
sis without considering the longitudinal molecular diffusion. From their numerical re-
sults, it is possible to extract an expression for dispersion coefficient (DT ) as DT =

t0.082a1.836〈u〉2/48D0.918, where t is the time. Despite a slight time dependence, the co-
efficient is quite similar to Taylor dispersion coefficient a2〈u〉2/48D. Their experimental
results also verified the fact that the dispersion coefficient increases with an increase in
time, for a fixed velocity. However experimental results failed to agree with Taylor’s
results even for wide range of dimensionless time, τ(= Dt

a2 ) > 2.
Evans and Kenney [13] have analysed the gaseous flow through straight and curved

tubes. They found that the experimental results for gas having velocities between 1 and
16 cm/s agree well with the analytical solution of this problem for a straight tube derived
by Aris. In particular, at low velocities, the effective dispersion coefficients tend to the
molecular diffusivities. They also showed that the presence of a bend in the tube slightly
reduces the effective longitudinal dispersion coefficient.

Ananthakrishnan et al. [1] found the exact numerical solution for a laminar flow in
a tube by finite difference method (alternating direction implicit method proposed by
Peaceman and Rachford [46]). They considered both longitudinal and radial diffusion that
can cover wide range of dimensionless time (0.01 to 30) and Peclet number (1 to 23000)
for comparison with other analytical and experimental results. They showed that the
effect of longitudinal molecular diffusion is negligible for high Peclet number (Pe > 100)
and for Pe < 100 that effect is significant. They also showed that if the dimensionless
time is sufficiently large then longitudinal molecular diffusion is negligible for all values
of Peclet number and consequently satisfies the Taylor theory of dispersion.

Lighthill [26] derived a simple analytical solution applicable for very short time period
after the release of solute in a Poiseuille flow. He also neglected the effect of longitudinal
diffusion and studied the initial development of solute dispersion by solving the resulting
equation with the help of Fourier transform. The solution of Lighthill [26] for initial
spreading of solute concentration is a good approximation at dimensionless time τ < 0.1.

Gill [18] proposed a series solution method for a fully developed laminar tube flow,
which can predict local concentration distribution. The solution was accurate for a wide
range of Peclet number. His analysis also included the analytical expression of mean
concentration distribution for a large time. Dispersion coefficient obtained from his study
is exactly same as of Aris [2] and reduced to Taylor dispersion coefficients as Pe→∞.

Gill and Sankarasubramanian [20] found analytical solutions of an unsteady convection
diffusion problem by using series expansion method proposed by Gill [18]. They found a
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1.2. Some useful terminologies 3

time dependent dispersion coefficient that increases rapidly when the dimensionless time
τ ≤ 0.2 and remains fixed after τ = 0.5. The time dependent dispersion coefficient
exactly becomes equal to that of Aris [2] after τ = 0.5 and hence Taylor-Aris theory
becomes applicable. Further, they also showed that at large time their solution for mean
concentration distribution agreed well with the solution of Taylor and Aris works [2, 60].

Gill and Sankarasubramanian [21] studied dispersion of a non-uniform solute in fully
developed laminar flow. They used series expansion method of Gill [18] to study the
behaviour of transport coefficients (advection and dispersion coefficients) and mean con-
centration distribution of a solute, which had non-uniform initial distributions. They
showed that for dimensionless time τ < 0.5, the longitudinal dispersion coefficient de-
creased with the decrease in the initial slug radius. However, for τ > 0.5 longitudinal
dispersion coefficient was independent of slug radius and approached to Aris dispersion
coefficient.

Several physical and chemical processes are responsible for solute transport in the
flowing fluid. The physical processes affecting the solute concentrations include advec-
tion, diffusion, dispersion and flow geometry. The chemical processes affecting the solute
concentrations include reaction in the flow and boundaries. Some important terminologies
are required to discuss to proceed further.

1.2 Some useful terminologies

Some important terminologies that associated with solute dispersion are listed below:

• Solute

Solute can be any substance that is transported downstream by a flowing fluid.

• Diffusion

Diffusion is a process by which the mass of solute is transported from a region of
high concentration to a region of low concentration as a result of random motion of
molecules.

Mathematically, diffusion can be described by Fick’s law. It states that the rate of
flow of the diffusing solute is proportional to the gradient of concentration of the
solute. If q is the amount of solute passing through a reference surface of unit area
per unit time (mass flux of the solute), if C is the concentration of the substance,
then q = −D ∂C

∂x
, where D is the diffusion coefficient of the solute and x is the

longitudinal coordinate, which is perpendicular to the surface area.
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4 Chapter 1. Introduction

• Advection
Advection is a process by which the mass of solute is transported from one place to
another due to the surrounding medium.
Mathematically, advection is represented by u∂C

∂x
, where u is the advective velocity.

• Dispersion
Dispersion is the mixing or spreading of the mass of a solute by the combined action
of velocity gradient and diffusion.
Dispersion along the direction of the flow is called longitudinal dispersion and along
the lateral (radial) direction is known as transverse dispersion.

• Mobile and immobile phases
The mobile phase is the fluid phase of the flow where the solute moves downstream.
The immobile phase is the stationary phase where the solute can be retained or
absorbed.

• Adsorption and desorption
Adsorption is a surface process, where a gas or liquid is accumulated on a liquid or
solid surface.
Desorption is a reverse phenomenon, where a solute (gas or liquid) is released from
or through a surface (liquid or solid).

• Absorption
Absorption is a bulk phenomenon, where the solute absorbed in the sorbet bound-
aries.

• Chemical reaction
Chemical reaction is a process in which one or more substances, the reactants, are
converted to one or more different substances, the products. It can be homogeneous
and heterogeneous.
Homogeneous reaction is any of a class of chemical reactions that occur in a single
phase (gaseous, liquid, or solid).
Heterogeneous reaction is any of a class of chemical reactions in which the reactants
are components of two or more phases (solid and gas, solid and liquid, two immis-
cible liquids). It can be reversible and irreversible. If a reaction proceeds in both
the directions (forward and backward) simultaneously, then the reaction is called
reversible reactions. If reaction proceeds to completion in one direction only and
reactants are completely converted into products, then the reaction is termed as
irreversible reaction.

• Partition Coefficient
Partition coefficient or retention parameter is the ratio of the solute concentration
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in immobile phase to the solute concentration in mobile phase for the equilibrium
isotherm.

1.3 Basic transport equation
The continuity principle states that the rate of change of a scalar quantity in any dif-
ferential control volume is the balance of the amount of quantity transported across the
boundaries and the amount of quantity produced or removed in the volume. Therefore,
mathematically the conservation equation for the scalar is defined as,

∂C

∂t
= −∇ · q + S, (1.1)

where C is the concentration of the scalar, t is the time, q is the total flux of the scalar
through the boundaries and S is the source or sink term inside.

For mass transport phenomena, the total flux q is equal to the sum of advective mass
flux (qa) and diffusive mass flux (qd). The advection of the scalar, caused by the movement
of the fluid particles across the boundaries due to the flow, is depended on the velocity
and the scalar concentration. Thus, the advective flux can be defined as,

qa = uC, (1.2)

where u is velocity relative to its coordinates. Diffusion of species, caused by random
molecular motions, is governed by the Fick’s Law as,

qd = −D∇C, (1.3)

whereD is the molecular diffusion coefficient or the mass diffusivity and∇C is the gradient
of the scalar concentration.

Thus, by using Eqs. (1.2) and (1.3), the transport equation (1.1) can be rewritten as,

∂C

∂t
+∇ · (uC) = ∇ · (D∇C) + S. (1.4)

1.4 Taylor dispersion model

The longitudinal dispersion of a solute in a solvent flowing through a tube of circular
cross-section was first studied by Taylor [60]. He assumed that longitudinal diffusion was
symmetrical about the central line of the tube and considered the transport equation (1.4)
as,

∂C

∂t
+ u

∂C

∂x
= D∇2C, (1.5)

where x is the axial distance.
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6 Chapter 1. Introduction

He focused his analysis for sectionally averaged concentration (〈C〉) and derived a sim-
ple one-dimensional diffusional like equation from Eq. (1.5), by neglecting the longitudinal
diffusion term as,

∂〈C〉
∂t

= DT
∂2〈C〉
∂η2

, (1.6)

where η (= x− 〈u〉t) is an axis of reference moving with the mean speed of the flow.
Here, DT is the dispersion coefficient. Taylor provided an estimated analytical expres-

sion for the dispersion coefficient DT , which was a measure of the rate of spreading out
of the solute longitudinally in the flow geometry, as DT = a2〈u〉2/48D. He observed that
there was an increase in the diffusion along the flow direction due to velocity shear across
the tube. This enhanced diffusion is known as “Taylor dispersion”. Taylor dispersion
resembles molecular diffusion but it is a combined action of lateral solute diffusion and
transverse variations of velocity shear.

Taylor dispersion is basically an idea for the evolution of sectionally averaged or trans-
verse mean concentration, which is leading to a Gaussian distribution. Taylor showed that
after a transient initial stage (t > 0.1a

2

D
) of the transport, Eq. (1.6) becomes valid, i.e.,

the transverse mean concentration satisfies a one-dimensional diffusion like equation.

1.5 Analytical Approaches

Solute dispersion in steady and oscillatory flows has been studied analytically with various
techniques, adopted by researchers to find the dispersivity, mean and real concentration
distributions.

• Method of moment: Aris [2, 4] first presented concentration moment method,
which has the ability to capture temporal variation of solute dispersivity at the ini-
tial times. Concentration moments at different orders can give different statistical
information for the solute. First, second, third and forth-order moments measure
the transport velocity, dispersivity, skewness, kurtosis of the concentration cloud
respectively. Although this method is unable to give a direct concentration distri-
bution for the mean and real concentration distributions.

• Mean concentration expansion method: Mean concentration expansion method
is first introduced by Gill [18, 20, 21]. In this method, concentration is expanded
into mean concentration and its longitudinal derivatives. Substitution of expanded
expression for concentration into the governing transport equation leads to a gener-
alized dispersion model. This method derives the analytical expression for the mean
and real concentration distributions.
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• Multi-scale method: Expanding the solute concentration into multiple scales
and performing a asymptotic analysis, this method gives a simplified advection
diffusion equation for the dominant concentration. Once the dominant concentration
is known, one can get the other order modification function and most importantly
the mean and transverse concentrations. Although this is not an exact solution, but
it gives a good approximation at large times.

In this thesis, we have applied multi-scale method to explore the evolutions of solute
concentration distribution.

1.6 Multi-scale method

The multi-scale method of homogenization which is also called multi-scale perturbation
analysis, was first proposed by Mei et al [32]. The method comprises of techniques used to
construct effective macro-scale models from the complicated micro-scale models. Method
is used to receive a sample of the same composition and structure in the whole volume.
Generally at micro level a material (fluid) is inhomogeneous. Material properties are
well defined and have rapid variation at micro level. Fundamental approach is to first
construct micro-scale models, and then to deduce the macro-scale models by properly
averaging over the micro-scale. Motive is to bypass the material properties from micro-
level to macro-level and find an equation that governs the global variations of material
properties at micro scale. The main idea here is to obtain effective equations for the slow
time scale variable over long time scales by averaging over rapid variations of the fast
variables.

1.6.1 Aim of this method

• To receive a sample of the same composition and structure in the whole volume.

• To derive simpler macroscopic models from complicated microscopic models.

1.6.2 Assumptions

• Material should change its physical properties without any changes in the chemistry
of components.

• Material properties are periodic in micro scale.

• The perturbation or ordering parameter (ε) for asymptotic analysis is assumed to
be too small (ε� 1).
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1.6.3 Procedure

The procedure of this method as follow:

I The physical properties are characterized by different length and time scales. First,
one has to identify the micro and macro scales for both length and time scales.

I The small perturbation parameter (ε) has to be identified for asymptotic analysis.

I Multiple-scale variables (fast, slow) are introduced and expanded the original deriva-
tives (spatial or time) in terms of newly introduced variables by chain rule.

I Need to expand the solute concentration by the asymptotic expansion, which was
first introduced by Fife and Nicholes [14], into multiple scales.

I Deduce boundary value problems (BVP) for a typical period of successive orders.
The leading order BVP (O(1)) is homogeneous. The solution for leading order
unknown is indeterminate and independent of the micro-scale variables.

I Higher order problems (O(ε), O(ε2), · · ·) are inhomogeneous. A solvability condition
is required to solve it. Using the averaged equation as a solvability condition and
assuming the linearity of the solution, express the higher order solution in terms of
leading order solutions.

I Taking the average of the inhomogeneous micro-scale problem at the order O(ε2),
i.e., the solvability condition at second-order gives the equation, which governs the
macro-scale behaviour of the leading order unknown. Also one can derive the effec-
tive constitutive coefficient in terms of micro-scale material properties.

I Finally, all the averaged equation (solvability conditions) of all order are added
and the equation in original variable is rewritten. This equation leads to a one-
dimensional advection diffusion equation.

The need of this technique lies with the fact that the traditional one scale approaches
are not accurate enough at macro level and not efficient enough at micro level.

1.7 Reversible phase exchange kinetics

Dispersion affected by a reversible reaction has become a concern of many studies. Shankar
and Lenhoff [56] studied the gas chromatography in a coated tube within a retentive
layer. Phillips and Kaye [47] studied the effect of reversible phase exchange on the solute
transport in a two-phase system. Ng and Yip [42] presented a theory for the transport in
open-channel flow of a chemical species under the influence of kinetic sorptive exchange

TH-2205_126123016



1.8. Irreversible reaction 9

between phases that are dissolved in water and sorbed onto suspended sediments. In a
reversible reaction, the solute may chemically react to the channel boundaries. The solute
is assumed to be completely miscible in the fluid. During the flow, a reversible exchange
between different phases of the chemical species may take place across the interface. The
reversible phase exchange consists of two physical processes, adsorption and desorption.
In adsorption, a part of the solute is retained at the boundary and in desorption, the
retained solute come back to flow again. If the solute undergoes a phase exchange with
the lower channel boundary, then the rate of change of concentration of the stationary
phase is balanced by the diffusive mass concentration flux in reversible reaction and is
given by,

D
∂C

∂y
=
∂Cs
∂t

, (1.7)

where C is the concentration of the fluid phase, Cs is the concentration of the stationary
phase.

Phase exchange will take place in either forward or backward direction, which can be
described by a first-order linear kinetics [42] as

∂Cs
∂t

= kfC − kbCs, (1.8)

where kf and kb are the forward (adsorption) and backward (desorption) rate constants.
At the equilibrium state, these two phases will have their concentrations in a fixed ratio

Cs/C = kf/kb = α, (1.9)

where α is the partition coefficient or retention parameter that relates the concentrations
C and Cs.

Now, from Eqs. (1.7), (1.8) and (1.9) first-order kinetics reversible reactions at the
channel bed can be expressed as

D
∂C

∂y
=
∂Cs
∂t

= k(αC − Cs), (1.10)

where k = kb is the reversible reaction rate constant.

1.8 Irreversible reaction

Beside boundary adsorption (retention) and desorption, a solute may absorbed irreversibly
at the boundary interface. Gupta and Gupta [24] studied the phenomenon of dispersion
of reactive contaminants in the bulk of the liquid flowing through a parallel channel in
the presence of a first-order heterogeneous chemical reaction. Sankarasubramanian and
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Gill [54] explored the study of a first-order inter-phase mass transfer in a tube by using
the generalized dispersion model proposed by Gill and Sankarasubramanian [20,22]. The
effect of the boundary reaction on the longitudinal dispersion in shear flows was discussed
by Smith [59], using the delay-diffusion equation.

If the solute absorbed at lower channel boundary, then the diffusive mass concentration
flux in irreversible reaction is balanced by the rate of absorption, which is linearly pro-
portional to the concentration at the channel bed. Mathematically, irreversible reaction
can be described by

D
∂C

∂y
= βC, (1.11)

where β is the absorption rate constant.

1.9 Objectives

The specific objectives of this work are:

F To present a multi-scale analysis for the concentration distribution in laminar steady
and oscillatory channel flows, where the solute may undergo reversible or irreversible
chemical reaction with the channel boundaries.

F To obtain analytical expressions for dispersion coefficient and both mean and trans-
verse real concentrations up to certain order using multi-scale method of homoge-
nization.

F To observe the effects of flow and reaction parameters on dispersion coefficient, mean
and two-dimensional transverse concentration distributions.

F To discuss the uniformity in transverse real concentration over the channel cross-
section.

1.10 Motivation and thesis contribution

In the available literature on solute transport during last decades, the main focus was
either to obtain the dispersion coefficient or to address the mean concentration distribution
rather than transverse concentration distribution. In some environmental or industrial
processes, we need information not only on dispersion coefficients or the longitudinal mean
concentration, but also on the transverse concentration distribution and its uniformity
over the cross-section. Study of the transverse concentration distribution in steady or
oscillatory flow has a great significance in estuaries and other coastal regions. Prediction of
accurate pollutant distribution and peak pollutant concentration are of matter of concern.
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The present work is to provide analytical expressions for dispersion coefficients, mean
concentration and transverse real concentration. Also detailed study of transverse con-
verse concentration distribution and its uniformity throughout the channel cross-section
are given in this work.

♣ In first problem, an analytical study is presented to explore two-dimensional con-
centration distribution in an open channel flow with absorbing channel bed. Simple
analytical expressions are derived for transverse concentration distribution with the
help of multi-scale method of homogenization. This study explores mean and real
concentration distributions after an initial time when transient behaviour completely
dies out. This study also concerns about the non-uniformity of concentration vari-
ation over the channel cross-section and effects of bed absorption on it.

♣ The second study explores two-dimensional concentration distribution in an open
channel flow with reversible phase exchange kinetics between the channel bed and
the fluid phase. Simple analytical expressions are derived for transverse concen-
tration distribution with the help of multi-scale method of homogenization. This
work includes the pattern of transverse real concentration distribution and unifor-
mity over the cross-section of the channel. Effects of phase exchange parameters on
solute dispersion are discussed.

♣ In third problem, an attempt is made to find analytical expressions for mean and
transverse real concentrations by using a multi-scale homogenization technique and
to explore the evolution of transverse concentration distribution for oscillatory Cou-
ette flows between two infinite parallel inert walls. Effects of Stokes boundary layer
thickness on dispersion coefficient and transverse variation of concentration distri-
bution are observed. The study also suggests a time scale, which would be more
appropriate to characterize the initial transition stage of the transport process to
approach transverse uniformity.

♣ In fourth problem, we extended the previous work on chemical reactive boundaries.
Here the solute undergoes reversible and irreversible reactions at the channel bed.
Simple analytical expressions are derived for steady and oscillatory components of
dispersion coefficients. Absorption induced dispersion coefficients are also found.
Effects of Stokes boundary layer thickness along with the chemical reaction param-
eters, i.e., bed absorption parameter, retention parameter, Damkohler number on
the solute dispersion are discussed.

♣ In last problem, the effects of non-linear chemical reaction on dispersion coefficients
for an oscillatory Couette flow are discussed. A two-dimensional mathematical
model is formulated by taking into account the chemical decay and a phase exchange
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kinetics between bulk phase and sorbet boundaries. The main purpose of this work
is to visualize the effects of nonlinear chemical decay reactions and the roles of
different factors or parameters on transport coefficients.

1.11 Organization of the work

This thesis is organized as follows.

� In Chapter 2, solute dispersion in an open channel flow with absorbed bed is dis-
cussed.

� In Chapter 3, the effects of phase exchange kinetics on solute dispersion in an open
channel flow are studied.

� Chapter 4 deals with the study of the two-dimensions solute concentration distri-
bution in an oscillatory Couette flow between two infinite parallel plates.

� Effects of reversible and irreversible solute dispersion on oscillatory Couette flow are
studied in Chapter 5.

� Chapter 6 discusses about the effects of non-linear chemical decay reactions in the
flowing fluid and the channel boundaries on oscillatory Couette flow.

� In Chapter 7, conclusions of the thesis work and future directions are presented.
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CHAPTER 2

SOLUTE DISTRIBUTION IN AN OPEN CHANNEL FLOW
WITH BED ABSORPTION

2.1 Introduction

It is well known that the extensively applied Taylor dispersion model predicts the longi-
tudinally distributed mean concentration. There are two fundamental issues which are
equally important for the Taylor dispersion problem. Firstly, when does the mean con-
centration obey the dispersion model and how does the mean concentration approach to
longitudinal Gaussian distribution? Secondly, how does the transverse real concentration
approach transverse uniformity? Taylor first estimated the length of the initial stage,
which is needed for the dispersion model to hold. In his pioneering work, Taylor showed
that the time scale 0.1 a2/D (a was the tube radius and D was the molecular diffusivity)
was characterized the initial stage of the dispersion. Chatwin [9] proposed an asymptotic
series expansion of concentration and studied how the mean concentration approached to
longitudinal normality. He proposed a time scale 1.0 a2/D, which was an estimate of time
scale for the mean concentration to reach longitudinal normality. Literature on solute
transport, until last decade, mostly dealt with the first issue. However, the second issue
has remained unexplored. Earlier, researchers believed that cross-sectional concentration
variation was negligible for the Taylor dispersion stage of the transport process and mean
concentration was enough to demonstrate the solute dispersion process. But, the recent
study by Wu and Chen [67,68] reveals that transverse variation is significant for a longer
period of time. They derived the analytical expression for the two-dimensional transverse
concentration distribution. In many environmental and industrial processes, transverse
concentration distribution is very useful compared to the longitudinal mean concentra-

Content of this chapter is published in the journal Communications in Nonlinear Science and Non-
linear Simulation, 65 (2018), 1–19.
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14 Chapter 2. Solute distribution in an open channel flow with bed absorption

tion. They also analysed the transverse uniformity of concentration cloud for laminar
steady flows and proposed a time scale 10 a2/D, which was an estimate of time scale for
the real concentration to reach transverse uniformity.

Taylor dispersion process in an open channel flow with boundary reaction has been
studied extensively by many. However, efforts have been limited to determine the Taylor
dispersion coefficients in the one-dimensional effective diffusion equation for the mean
concentration [38, 42]. The exact peak position of real concentration distribution is a
concern, rather than that of the mean concentration distribution. Wang and Chen [62]
explored the transverse concentration distribution in an open channel flow with bed ab-
sorption by extending the Aris-Gill expansion method and analysed the initial skewed
transient behaviours of the solute cloud. Sometimes, for a long channel, in order to study
the solute concentration at locations far from the solute source, one does not need to
know the initial transient behaviour of the solute cloud.

In this chapter, an analytical study is presented to explore two-dimensional concen-
tration distribution in an open channel flow with absorbing channel bed. Analytical ex-
pressions are derived for transverse concentration distribution with the help of multi-scale
method of homogenization. This study explores mean and real concentration distributions
after an initial time when transient behaviour completely dies out. This study also con-
cerns about the non-uniformity of concentration variation over the channel cross-section
and the effects of bed absorption on it. The specific objectives of this work are: (I) to
present a multi-scale analysis of the concentration distribution in an open channel flow
with bed absorption, (II) to obtain analytical expressions for the transverse real concen-
trations up to third-order approximations, (III) to observe the effects of bed absorption
on transverse variations of concentration distribution, (IV) to discuss the uniformity in
transverse real concentration over the channel cross-section.

2.2 Formulation of the problem

A laminar, fully developed, unidirectional open channel flow with a separation width
h is considered. A Cartesian coordinate system has been used assuming longitudinal
direction as x̂-axis and vertical direction as ŷ-axis. The solute is considered to undergo
an irreversible bed absorption at the channel bed and to disperse throughout the channel
under a flow velocity û(ŷ), which is given by,

û(ŷ) = u0

(
2
ŷ

h
− ŷ2

h2

)
, (2.1)

where u0 is the flow velocity of the free surface. Schematic diagram of the flow geometry
is given in Fig. (2.1).
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2.2. Formulation of the problem 15

ŷ = 0

ŷ = h
ŷ

x̂

5

û(ŷ)

∂Ĉ
∂ŷ = 0

D∂Ĉ
∂ŷ = β̂Ĉ(x̂, 0, t̂)

Figure 2.1: Sketch for the instantaneous release of solute in open channel flow with bed
absorption.

The problem for the transport of the solute can be formulated as follows:

∂Ĉ

∂t̂
+ û

∂Ĉ

∂x̂
= D

(
∂2Ĉ

∂x̂2
+
∂2Ĉ

∂ŷ2

)
, 0 < ŷ < h, (2.2)

where Ĉ is the solute concentration, t̂ is the time, D the molecular diffusivity of the solute
in the fluid is assumed to be constant.

The initial and boundary conditions are respectively given as,

Ĉ(x̂, ŷ, t̂)|t̂=0=
Qm

h
δ(
x̂

h
), (2.3)

D
∂Ĉ

∂ŷ

∣∣∣∣
ŷ=0

= β̂Ĉ(x̂, 0, t̂), (2.4)

∂Ĉ

∂ŷ

∣∣∣∣
ŷ=h

= 0, (2.5)

and
Ĉ(x̂, ŷ, t̂)|x̂→±∞= 0, (2.6)

where Qm is the released mass, δ(·) the Dirac delta function and β̂ is the bed absorption
parameter.
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16 Chapter 2. Solute distribution in an open channel flow with bed absorption

2.3 Multi-scale method of homogenization

2.3.1 Scales selection

Associated with two length scales h (channel width) and l (characteristic longitudinal
length of the solute cloud), three distinct time scales for transport process are considered.
These are T0, T1 and T2, where, T0 = h2/D as the diffusion time across the width of
the channel h, T1 = l/〈û〉 as the advection time across the characteristic length l, and
T2 = l2/D as diffusion time across l. Their ratios are

T0 : T1 : T2 = 1 :
1

ε
:

1

ε2
,

where ε = h
l
(� 1) is used as the perturbation parameter.

2.3.2 Dimensionless governing equation and velocity profile

Dimensionless parameters are introduced as

x =
x̂

l
, y =

ŷ

h
, u =

û

〈û〉
, t =

t̂

h2/D
, Pe =

〈û〉h
D

, C =
Ĉ

Qm/h
, β =

β̂l

D
, (2.7)

where Pe is the Peclet number, β is the dimensionless absorption parameter and the angle
bracket denotes section average defined as

〈û〉 =

∫ 1

0

û dy. (2.8)

The non-dimensional forms of governing equation, initial and boundary conditions can
be obtained as

∂C

∂t
+ εPe u

∂C

∂x
= ε2

∂2C

∂x2
+
∂2C

∂y2
, 0 < y < 1, (2.9)

C(x, y, t)|t=0= δ(
x

ε
), (2.10)

∂C

∂y

∣∣∣∣
y=0

= εβC(x, 0, t), (2.11)

∂C

∂y

∣∣∣∣
y=1

= 0, (2.12)

C(x, y, t)|x=±∞= 0. (2.13)

The dimensionless velocity profile becomes

u(y) =
3

2
(2y − y2). (2.14)
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2.3. Multi-scale method of homogenization 17

2.3.3 Asymptotic analysis

For the asymptotic analysis, the homogenization technique of Mei et al. [32] is employed.
The concentrations C is expanded into multiple scales as:

C = C(0) + εC(1) + ε2C(2) + ε3C(3) +O(ε4). (2.15)

Based on these time scales, fast, medium and slow time variables are introduced
accordingly

t0 = t, t1 = εt, t2 = ε2t.

Now, the original time derivative, according to the chain rule, becomes

∂

∂t
=

∂

∂t0
+ ε

∂

∂t1
+ ε2

∂

∂t2
. (2.16)

Substitution of Eqs. (2.16) and (2.15) into Eqs. (2.9), (2.11) and (2.12) results in(
∂C(0)

∂t0
− ∂2C(0)

∂y2

)
+ ε

(
∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
− ∂2C(1)

∂y2

)
+ ε2

(
∂C(0)

∂t2

+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
− ∂2C(0)

∂x2
− ∂2C(2)

∂y2

)
+ · · · = 0, 0 < y < 1,

(2.17)

∂C(0)

∂y
+ ε

(
∂C(1)

∂y
− βC(0)

)
+ ε2

(
∂C(2)

∂y
− βC(1)

)
+ · · · = 0, y = 0, (2.18)

∂C(0)

∂y
+ ε

∂C(1)

∂y
+ ε2

∂C(2)

∂y
+ · · · = 0, y = 1. (2.19)

For leading order (O(1)), Eqs. (2.17)–(2.19) give:

∂C(0)

∂t0
=
∂2C(0)

∂y2
, 0 < y < 1, (2.20)

∂C(0)

∂y

∣∣∣∣
y=0

=
∂C(0)

∂y

∣∣∣∣
y=1

= 0. (2.21)

The general solution of Eq. (2.20) is obtained as,

C(0) = C
(0)
0 (x, t1, t2) +

∞∑
n=1

Re

[
C(0)
n (x, t1, t2)einπy

]
e−n

2π2t0 . (2.22)

The channel is assumed to be shallow so that the transverse diffusion is accomplished
within the first time scale, which is very small. The series part of Eq. (2.22) dies out
exponentially with the fast time variable t0 and is considered to be insignificant for the
time variable t1 ≥ O(1) [33], if we interested in long time behaviour.
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18 Chapter 2. Solute distribution in an open channel flow with bed absorption

So, the solution can be considered as,

C(0) = C(0)(x, t1, t2). (2.23)

For first-order (O(ε)), Eqs. (2.17)–(2.19) give:

∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (2.24)

∂C(1)

∂y

∣∣∣∣
y=0

= βC(0), (2.25)

∂C(1)

∂y

∣∣∣∣
y=1

= 0. (2.26)

As the time scale t0 is much larger compared to t1, the second term of the L.H.S. of
equation (2.24) can be neglected. So, Eq. (2.24) becomes

∂C(0)

∂t1
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1. (2.27)

Further, taking a section average of Eq. (2.27) w.r.t the spatial variable y subject to
the conditions (2.25) and (2.26), we get

∂C(0)

∂t1
+ Pe〈u〉∂C

(0)

∂x
= −βC(0). (2.28)

Subtracting (2.28) from (2.27), we get

Pe(u− 〈u〉)∂C
(0)

∂x
− βC(0) =

∂2C(1)

∂y2
, 0 < y < 1. (2.29)

This equation suggests the following substitution

C(1) = Pe F (y)
∂C(0)

∂x
+ βM(y)C(0), (2.30)

where the coefficients F (y) andM(y) are to be found by eliminating C(1) from Eqs. (2.29),
(2.30), (2.25) and (2.26), and matching terms associated with ∂C(0)

∂x
and C(0) respectively.

On matching term associated with ∂C(0)

∂x
, the function F (y) is governed by

d2F

dy2
= u− 〈u〉, 0 < y < 1, (2.31)
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2.3. Multi-scale method of homogenization 19

with the following conditions

dF

dy

∣∣∣∣
y=0

=
dF

dy

∣∣∣∣
y=1

= 0, (2.32)

and
〈F 〉 = 0. (2.33)

Similarly, equating the terms associated with C(0), the function M(y) is governed by

d2M

dy2
= −1, 0 < y < 1, (2.34)

with the following conditions
dM

dy

∣∣∣∣
y=0

= 1, (2.35)

dM

dy

∣∣∣∣
y=1

= 0, (2.36)

and
〈M〉 = 0. (2.37)

For second-order (O(ε2)), Eqs. (2.17)–(2.19) give:

∂C(0)

∂t2
+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1, (2.38)

∂C(2)

∂y

∣∣∣∣
y=0

= βC(1)(x, 0, t), (2.39)

∂C(2)

∂y

∣∣∣∣
y=1

= 0. (2.40)

Again, as the time scale t0 is quite larger compared to both t1 and t2, the third term
of L.H.S. of Eq. (2.38) can be neglected. So, Eq. (2.38) becomes

∂C(0)

∂t2
+
∂C(1)

∂t1
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
. (2.41)

On taking a section average of Eq. (2.41) w.r.t the spatial variable y subject to the
conditions (2.39) and (2.40), we get

∂C(0)

∂t2
+
∂〈C(1)〉
∂t1

+ Pe
〈
u
∂C(1)

∂x

〉
=
∂2C(0)

∂x2
− βC(1)(0). (2.42)
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20 Chapter 2. Solute distribution in an open channel flow with bed absorption

Using Eqs. (2.30), (2.33) and (2.37), the following terms of Eq. (2.42) can be found

∂〈C(1)〉
∂t1

= 0, (2.43)

〈
u
∂C(1)

∂x

〉
= Pe 〈uF 〉∂

2C(0)

∂x2
+ β〈uM〉∂C

(0)

∂x
, (2.44)

and

C(1)(0) = Pe F (0)
∂C(0)

∂x
+ βM(0) C(0). (2.45)

Substituting of these terms in Eq. (2.42) gives

∂C(0)

∂t2
+ βPe

(
〈uM〉+ F (0)

)∂C(0)

∂x
=
(

1− Pe2 〈uF 〉
)∂2C(0)

∂x2
− β2M(0)C(0). (2.46)

Multiplying Eq. (2.28) by ε, and Eq. (2.46) by ε2 and adding together, we obtained,

∂C(0)

∂t0
+ ε

∂C(0)

∂t1
+ ε2

∂C(0)

∂t2
+
(
εPe 〈u〉+ ε2βPe 〈uM〉+ ε2βPe F (0)

)∂C(0)

∂x
= ε2

(
1

−Pe2〈uF 〉
)∂2C(0)

∂x2
−
(
εβ + ε2β2M(0)

)
C(0).

(2.47)

Rewriting Eq. (2.47), in original time variable, as

∂C(0)

∂t
+
(
εPe 〈u〉+ ε2βPe 〈uM〉+ ε2βPe F (0)

)∂C(0)

∂x
= ε2

(
1− Pe2〈uF 〉

)∂2C(0)

∂x2

−
(
εβ + ε2β2M(0)

)
C(0).

(2.48)

On solving the two systems of Eqs. (2.31)–(2.33) and Eqs. (2.34)–(2.37), one can get

F (y) = −y
4

8
+
y3

2
− y2

2
+

1

15
, (2.49)

and
M(y) = −y

2

2
+ y − 1

3
. (2.50)

Using Eqs. (2.49), (2.50), (2.8) and (2.14) one can find the followings

〈uF 〉 = − 2

105
, (2.51)

and
〈uM〉 =

1

15
. (2.52)
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2.3. Multi-scale method of homogenization 21

Now, from Eq. (2.48) we get

∂C(0)

∂t
+ εPe

(
1 +

2

15
εβ
)∂C(0)

∂x
= ε2

(
1 +

2

105
Pe2

)∂2C(0)

∂x2
−
(
εβ − 1

3
ε2β2

)
C(0). (2.53)

Using dimensionless variable βm(≥ 0) = β̂h
D
, one can get

∂C(0)

∂t
+ εPe

(
1 +

2

15
βm

)∂C(0)

∂x
= ε2

(
1 +

2

105
Pe2

)∂2C(0)

∂x2
−
(
βm −

1

3
β2
m

)
C(0). (2.54)

For significant non-zero exponential decay occurring because of bed absorption, the
term (βm− 1

3
β2
m) should be increasing and greater than zero, which implies 0 < βm 6 1.5.

Using the transformation C(0) = we−(βm− 1
3
β2
m)τ and the initial and boundary condition

given in Eqs. (2.3) and (2.6), the solution in new variable τ = t and η = x̂
h
−Pe(1+ 2

15
βm)t

be
C(0) =

1√
4πDT τ

exp
(
− η2

4DT τ
− (βm −

1

3
β2
m)τ

)
, (2.55)

where the effective dispersion coefficient

DT = 1 +
2

105
Pe2. (2.56)

Subtract Eq. (2.42) from Eq. (2.41) one can get

∂C(1)

∂t1
+ Pe u

∂C(1)

∂x
− Pe

〈
u
∂C(1)

∂x

〉
=
∂2C(2)

∂y2
+ βC(1)(0). (2.57)

Derivative of both sides of Eq. (2.30) with respect to t1 gives

∂C(1)

∂t1
= −Pe2〈u〉F ∂

2C(0)

∂x2
− βPe F ∂C

(0)

∂x
− βPe〈u〉M∂C(0)

∂x
− β2MC(0). (2.58)

After using Eqs. (2.30), (2.58) and (2.44), in Eq. (2.57), it becomes

(
− Pe2〈u〉F + Pe2 uF − Pe2〈uF 〉

)∂2C(0)

∂x2
+ β

(
− Pe F − Pe F (0)− Pe〈u〉M + Pe uM

−Pe〈uM〉
)∂C(0)

∂x
+ β2

(
−M −M(0)

)
C(0) =

∂2C(2)

∂y2
.

(2.59)

The above equation suggests the following substitution,

C(2) = Pe2 X(y)
∂2C(0)

∂x2
+ βPe Y (y)

∂C(0)

∂x
+ β2Z(y)C(0), (2.60)

where the coefficients X(y), Y (y) and Z(y) are to be found by eliminating C(2) from
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22 Chapter 2. Solute distribution in an open channel flow with bed absorption

Eqs. (2.60), (2.59), (2.39) and (2.40) and matching terms associated with ∂2C(0)

∂x2 , ∂C(0)

∂x
and

C(0) respectively.

On matching terms associated with ∂2C(0)

∂x2 , the function X(y) is governed by

d2X

dy2
= uF − 〈u〉F − 〈uF 〉, 0 < y < 1, (2.61)

with the following conditions

dX

dy

∣∣∣∣
y=0

=
dX

dy

∣∣∣∣
y=1

= 0, (2.62)

and
〈X〉 = 0. (2.63)

Similarly, matching terms associated with ∂C(0)

∂x
, the function Y (y) is governed by

d2Y

dy2
= uM − 〈u〉M − 〈uM〉 − F − F (0), 0 < y < 1, (2.64)

with the following conditions
dY

dy

∣∣∣∣
y=0

= F (0), (2.65)

dY

dy

∣∣∣∣
y=1

= 0, (2.66)

and
〈Y 〉 = 0. (2.67)

Similarly, matching terms associated with C(0), the function Z(y) is governed by

d2Z

dy2
= −M −M(0), 0 < y < 1, (2.68)

with the following conditions
dZ

dy

∣∣∣∣
y=0

= M(0), (2.69)

dZ

dy

∣∣∣∣
y=1

= 0, (2.70)

and
〈Z〉 = 0. (2.71)

On solving three consecutive systems of equations (given in Eqs. (2.61)–(2.71)) one
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2.3. Multi-scale method of homogenization 23

can get

X(y) =
3

896
y8 − 3

112
y7 +

19

240
y6 − 1

10
y5 +

1

30
y4 +

1

30
y3 − 1

42
y2 +

2

1575
, (2.72)

Y (y) =
7

240
y6 − 7

40
y5 +

3

8
y4 − 1

3
y3 +

1

15
y2 +

1

15
y − 1

45
, (2.73)

and

Z(y) =
1

24
y4 − 1

6
y3 +

1

3
y2 − 1

3
y +

4

45
. (2.74)

For third-order (O(ε3)), Eqs. (2.17)–(2.19) give:

∂C(1)

∂t2
+
∂C(2)

∂t1
+
∂C(3)

∂t0
+ Pe u

∂C(2)

∂x
=
∂2C(1)

∂x2
+
∂2C(3)

∂y2
, 0 < y < 1, (2.75)

∂C(3)

∂y

∣∣∣∣
y=0

= βC(2)(x, 0, t), (2.76)

∂C(3)

∂y

∣∣∣∣
y=1

= 0. (2.77)

The time scale t0 is much larger compared to t1 and t2, so the third term of L.H.S. of
Eq. (2.75) can be neglected. Equation (2.75) becomes

∂C(1)

∂t2
+
∂C(2)

∂t1
+ Pe u

∂C(2)

∂x
=
∂2C(1)

∂x2
+
∂2C(3)

∂y2
, 0 < y < 1. (2.78)

Further on taking a section average of Eq. (2.78) w.r.t. the spatial variable y subject
to the conditions (2.76) and (2.77), we get

Pe
〈
u
∂C(2)

∂x

〉
= −βC(2)(0). (2.79)

Subtracting Eq. (2.79) from Eq. (2.78), we get

∂C(1)

∂t2
+
∂C(2)

∂t1
+ Pe

(
u
∂C(2)

∂x
−
〈
u
∂C(2)

∂x

〉)
=
∂2C(1)

∂x2
+
∂2C(3)

∂y2
+ βC(2)(0). (2.80)

The first two terms of Eq. (2.80) can be found as

∂C(1)

∂t2
= Pe F (1− Pe2〈uF 〉)∂

3C(0)

∂x3
+ β

(
M(1− Pe2〈uF 〉)− Pe2F (〈uM〉+ F (0))

)
×∂

2C(0)

∂x2
− β2Pe

(
M(〈uM〉+ F (0)) + FM(0)

)∂C(0)

∂x
− β3MM(0)C(0),

(2.81)
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24 Chapter 2. Solute distribution in an open channel flow with bed absorption

∂C(2)

∂t1
= −Pe3〈u〉X∂3C(0)

∂x3
− βPe2(〈u〉Y +X)

∂2C(0)

∂x2
− β2Pe(Y + 〈u〉Z)

∂C(0)

∂x
− β3ZC(0).

(2.82)

Following similar process like previous order, we may express

C(3) = Pe3 I(y)
∂3C(0)

∂x3
+ βPe2 J(y)

∂2C(0)

∂x2
+ β2Pe K(y)

∂C(0)

∂x
+ β3L(y)C(0), (2.83)

where the coefficients I(y), J(y), K(y) and L(y) are to be found as follows.

On matching with terms associated with ∂3C(0)

∂x3 , the function I(y) is governed by

d2I

dy2
= uX − 〈u〉X − 〈uX〉 − F 〈uF 〉, 0 < y < 1, (2.84)

with the following conditions
dI

dy

∣∣∣∣
y=0

=
dI

dy

∣∣∣∣
y=1

= 0, (2.85)

and
〈I〉 = 0. (2.86)

Similarly, equating the terms associated with ∂2C(0)

∂x2 , the function J(y) is governed by

d2J

dy2
= uY − 〈u〉Y − 〈uY 〉 −X −X(0)− F 〈uM〉 −M〈uF 〉 − FF (0), 0 < y < 1,

(2.87)

with the following conditions
dJ

dy

∣∣∣∣
y=0

= X(0), (2.88)

dJ

dy

∣∣∣∣
y=1

= 0, (2.89)

and
〈J〉 = 0. (2.90)

Equating the terms associated with ∂C(0)

∂x
, the function K(y) is governed by

d2K

dy2
= uZ − 〈u〉Z − 〈uZ〉 − Y − Y (0)−M〈uM〉 − FM(0)−MF (0), 0 < y < 1,

(2.91)

with the following conditions
dK

dy

∣∣∣∣
y=0

= Y (0), (2.92)
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dK

dy

∣∣∣∣
y=1

= 0, (2.93)

and
〈K〉 = 0. (2.94)

Equating the terms associated with C(0), the function L(y) is governed by

d2L

dy2
= −Z − Z(0)−MM(0), 0 < y < 1, (2.95)

with the following conditions
dL

dy

∣∣∣∣
y=0

= Z(0), (2.96)

dL

dy

∣∣∣∣
y=1

= 0, (2.97)

and
〈L〉 = 0. (2.98)

On solving four consecutive system of equations, one can get

I(y) = − 3

78848
y12 +

9

19712
y11 − 907

403200
y10 +

29

5040
y9 − 103

13440
y8 +

1

280
y7 +

1

300
y6

− 1

210
y5 +

13

12600
y4 +

1

1575
y3 +

2

17325
y2 − 14

160875
,

(2.99)

J(y) = − 211

403200
y10 +

211

40320
y9 − 41

1920
y8 +

19

420
y7 − 179

3600
y6 +

1

60
y5 +

13

630
y4 − 2

105
y3

+
1

3150
y2 +

2

1575
y +

8

17325
,

(2.100)

K(y) = − 11

6720
y8 +

11

840
y7 − 7

144
y6 +

13

120
y5 − 49

360
y4 +

1

15
y3 +

2

105
y2 − 1

45
y +

13

4725
,

(2.101)

L(y) = − 1

720
y6 +

1

120
y5 − 1

24
y4 +

1

9
y3 − 13

90
y2 +

4

45
y − 16

945
.

(2.102)

In a similar way, one can find the further terms Cn, (n = 4, 5, 6, . . .), whose expressions
are too long and cumbersome, and therefore omitted here. Without bed absorption effect,
the functions F (y), X(y) and I(y) are similar to the functions obtained in the work of
Wu and Chen [67].
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2.4 Results and discussion
In the following subsections, distributions of mean and transverse concentrations and their
dependence primarily on the parameters Pe and βm are discussed. The mean concentra-
tion distribution can be obtained from Eqs. (2.15) and (2.55) as

〈C〉 = C(0) =
1√

4πDT τ
exp

(
− η2

4DT τ
− (βm −

1

3
β2
m)τ

)
. (2.103)

According to the asymptotic expansion given in Eq. (2.15), the two-dimensional con-
centration distribution up to third-order is derived as

C = C(0) + εC(1) + ε2C(2) + ε3C(3)

= (1 + βmM + β2
mZ + β3

mL)C(0) + Pe(F + βmY + β2
mK)

∂C(0)

∂η

+ Pe2(X + βmJ)
∂2C(0)

∂η2
+ Pe3 I

∂3C(0)

∂η3
. (2.104)

This expression is much simpler and relatively easier to deal with compared to the
analytical results obtained by others, such as Wang and Chen [62]. In order to verify
accuracy of the above analytical solution, the transverse concentration distribution is
compared with the results of existing studies [62, 67]. We also performed numerical sim-
ulation for the above advection-diffusion problem governed by the differential equation
with the initial and boundary conditions as given by Eqs. (2.2)–(2.6).

One can rewrite Eq. (2.9) in dimensionless form with the help of dimensionless space
and time variables {η, τ}, as

∂C

∂τ
+ Pe(u− 1− 2

15
βm)

∂C

∂η/Pe
=

1

Pe2

∂2C

∂(η/Pe)2
+
∂2C

∂y2
. (2.105)

The longitudinal diffusion term (first term of R.H.S. of the above equation), whose
effect is insignificant for large value of Pe, can be neglected and the equation finally
becomes

∂C

∂τ
+ Pe(u− 1− 2

15
βm)

∂C

∂η/Pe
=
∂2C

∂y2
. (2.106)

Now, by solving the above equation numerically, results are presented in Pe inde-
pendent system {η/Pe,C Pe}. Figures (2.2) and (2.3) show the comparison between
analytical and numerical results of the present work and results of Wu and Chen [67] and
Wang and Chen [62]. Results are compared at the channel bed for βm = 0 and βm = 1.
Following the figures, it can be claimed that our analytical results show a very good
agreement with our numerical results as well as the already existing analytical results.
However, the comparison shows a slight discrepancy at the initial stage, as our analytical
study suggests that results may not be fully reliable at the initial period of time.
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Figure 2.2: Comparison of transverse concentration distributions between present and
previous results at different times for y = 0 and βm = 0.

2.4.1 Mean concentration distribution

Effects of Pe on mean concentration can be observed from Fig. (2.4). The graphs show
that with the increase of Pe, the peak of mean concentration gradually decreases and
become flatter. As Pe increases, molecular diffusion also increases, which helps the solute
to spread longitudinally.

In the expression of effective dispersion coefficient DT (Eq. (2.56), the first term on
the R.H.S. (i.e., the constant 1) represents the effects of longitudinal diffusion. The term
usually is neglected when compared with the last term of the expression for Pe > 100 [18].
Consequently, one can obtain expressions independent of Pe for mean concentration in a
new system {η/Pe,〈C〉Pe} as

〈C〉Pe =

√
105

8πτ
exp

(
− 105

8τ

( η

Pe

)2

− (βm −
1

3
β2
m)τ

)
. (2.107)

Longitudinal distributions of mean concentration in the channel are shown in Fig. (2.5).
Absorption at channel bed mainly depletes solute concentration, which causes reduction
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Figure 2.3: Comparison of transverse concentration distributions between present and
previous results at different times for y = 0 and βm = 1.
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Figure 2.4: Longitudinal distributions of the mean concentrations for different Pe, where
βm = 1.

in mean concentration distribution as well. Figure (2.5a) shows that the bed absorption
significantly decreases the overall mean concentration distribution with the increase of
βm. Temporal evolutions of mean concentration distribution are depicted in Fig. (2.5b)
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Figure 2.5: Longitudinal distributions of mean concentration.
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Figure 2.6: Transverse concentration distribution at τ = 1 for different Pe, where βm = 1.

for βm. Figure shows that the mean concentration reduces with time in the central region
of the moving solute. However, concentration away from the centroid increases with time
due to diffusion.

2.4.2 Transverse concentration distribution

The variation of transverse concentration distribution with Pe is illustrated in Fig. (2.6).
Figure (2.6a) shows that peak of the solute concentration at channel bed moves upstream
with the increase of Pe. Near the channel bed, the flow becomes diffusion dominated as
velocity is very low there. In addition, at higher Pe, the diffusion rate goes down, as
molecular diffusivity D is inversely proportional to Pe. So, near the bed and at higher
Pe, solute does not move much compared to the flow near the surface and solute stays at
the upstream with respect to moving coordinate. On the other hand, peak of the solute
concentration moves downstream at free surface. As the flow is advection dominated at
the free surface, solute is carried away by the flow and spread longitudinally.
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y

η/Pe

Figure 2.7: Concentration contours: horizontal coordinate represents as η/Pe and the
vertical one as y.

As discussed above, for Pe > 100, one can easily get a Pe independent expression
for transverse concentration distribution in the new coordinate system {η/Pe,C Pe}.
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Equation (2.104) gives,

C Pe =

√
105

8πτ

[
(1 + βmM + β2

mZ + β3
mL) + (F + βmY + β2

mK)
∂

∂(η/Pe)
+ (X + βmJ)

∂2

∂(η/Pe)2
+ I

∂3

∂(η/Pe)3

]
exp

(
− 105

8τ

( η

Pe

)2

− (βm −
1

3
β2
m)τ

)
.

(2.108)

In order to intuitively demonstrate the solute concentration transport process in an
open channel flow, the concentration contours are plotted in Fig. (2.7) for different βm and
τ . Initially, the solute is injected across the line η = 0 and dispersed through the channel
under the effects of advection and lateral diffusion. The coordinate system in the figures
is allowed to move longitudinally with velocity Pe(1 + 2

15
βm) to ensure that the centroid

of the concentration cloud remains at the origin in each case. Figures show that in the
absence of absorption at the channel bed, the solute with higher concentration is found
at the free surface in the downstream and near the bed in the upstream. This is because
of different combinations of scalar diffusion and advection effects. Near the free-surface,
advection process is dominant and combination of this with the diffusion results in higher
concentration of solute in the downstream region compared to that in the upstream region.
Whereas, near the bed, the flow is diffusion dominated and advection process is not that
significant. So, the solute will be diffused in the downstream as well as in the upstream
region and high concentration of solute will be found in the upstream region near the
origin. When absorption takes place at channel bed, it depletes the solute concentration
near the channel bed and consequently the overall concentration in the channel gradually
decreases. The remaining solute cloud moves with the free surface.
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Figure 2.8: Transverse concentration distribution for different βm at τ = 1.
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Figure (2.8) illustrates the transverse variation of concentration distribution for dif-
ferent βm at τ = 1. In order to discuss the concentration variations in the upstream and
downstream sections, two typical cross-sections at η/Pe = −0.2 and at η/Pe = 0.2 are
chosen. In this study, a parabolic flow profile is considered throughout the channel where
the flow attains its maximum velocity at the free surface and minimum velocity at the
channel bed. Figure (2.8a) reveals that in the upstream cross-section at η/Pe = −0.2, the
concentration increases in the lateral direction from free surface to the channel bed and
becomes maximum at the bed. The released slug moves towards the upstream through
diffusion and simultaneously gets advected by the flow at a faster rate near the free surface
and relatively at much slower rate near the bed. This leads to form a higher concentra-
tion zone near the channel bed. The case is reverse across a typical downstream section
at η/Pe = 0.2 as plotted in Fig. (2.8b), the concentration decreases in the vertically
downward direction having its maximum at the free surface. Flow velocity is higher near
the free surface where longitudinal spreading of the scalar substance is fast, which causes
higher concentration zone near the free surface. Such phenomena have also been discussed
by Wu and Chen [67], and Wang and Chen [62]. Figures also show that concentration of
the solute reduces with the increase in bed absorption (βm).

Concentration distribution over typical upstream and downstream cross-sections can
be seen from Fig. (2.9). In the absence of bed absorption, transverse concentration varia-
tion first increases up to a certain value and then decreases with the chosen section plane
moving away from the centroid in both downstream and upstream directions. When bed
absorption takes place, it depletes the solute near the channel bed and the concentration
variation gets reduced in the upstream whereas it increases in the downstream at each
cross-section. Temporal evolutions of cross-section distribution of the solute are plotted in
Fig. (2.10). The graphs show that non-uniformity in the concentration distributions over
the channel cross-section decrease with time in the upstream as well as in the downstream
region.

Concentration distributions at different heights along with the mean concentration
for various combinations of βm and τ are shown in Fig. (2.11). Figures show that con-
centration curves at different heights become closer to the mean with increasing time.
It concludes that non-uniformity of transverse concentration distribution reduces with
time due to the effect of lateral diffusion. When bed absorption takes place, it depletes
solute concentration near the upstream bed. It also reduces the concentration variation
and makes the distribution uniform over the upstream cross-section. Concentration at the
bed over the mean concentration should be preferred to analyse the bed absorption effects
more accurately, as there is a difference between the concentration profiles at the bed and
that of the mean concentration (as seen in Fig. (2.11)) and may generate significant errors
in the results.
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Figure 2.9: Concentration distribution over typical cross-sections for different βm at time
τ = 2.5.
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Figure 2.10: Concentration distributions for different dimensionless times at η/Pe = −0.2
and 0.2, where βm = 1.0.

In order to discuss the uniformity of transverse concentration variations, an indicator
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Figure 2.11: Concentration distribution at different heights for different combinations of
βm and τ .

R is adopted [68] as

R(η, τ) =
max
0≤y≤1

C(η, y, τ)− min
0≤y≤1

C(η, y, τ)

C(0, 0, τ)
× 100%,
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which is the transverse variation in the cross-section against the centroid of the concen-
tration cloud.
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Figure 2.12: Longitudinal distributions of the vertical concentration variation rates.

Figure (2.12) demonstrates the longitudinal distribution of the transverse concentra-
tion variation rate for open channel flow. Figure (2.12a) shows the transverse concen-
tration variation rate of the solute in a flow without bed absorption. The graph shows
that variation rates are symmetrical about the centroid of the solute cloud and maximum
variation rate moves away with times from solute centroid. This feature is similar to the
results obtained by Wu and Chen [67] for open channel flow without bed absorption effect.
Effects of bed absorption on concentration variation rate are plotted in Fig. (2.12b). Fig-
ure shows that concentration variation rate increases in the downstream. It can be added
that the variation rate becomes higher in the downstream when bed absorption takes
place. In downstream location, higher concentration appears near the free surface and
concentration reduces at the channel bed due to bed absorption. This increases the con-
centration variation rate in the downstream, consequently increases the non-uniformity in
concentration distribution. On the other hand, in the upstream, initially concentration is
high at upstream bed but when bed absorption takes place it reduces the solute concentra-
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tion near the channel bed and consequently reduces the non-uniformity in the upstream.
As time increases, peak concentration value at upstream decreases and the bimodal graph
becomes unimodal. Maximum concentration rate always remains in downstream region.
Comparing with Fig. (2.12a), it can be concluded that bed absorption increases the non-
uniformity over the channel cross-section in the downstream location of channel centroid.
Figures (2.12c) and (2.12d) show the concentration variation rate for different βm at the
time τ = 1 and 10 receptively. With the increase in βm, maximum concentration variation
rate increases in the downstream and consequently increases the non-uniformity. At large
time τ = 10, the maximum peak in the upstream almost vanishes.

2.5 Conclusions

Multi-scale method of homogenization is used to study two-dimensional transport phe-
nomena of a solute in an open channel flow having absorbing bed. Analytical solutions are
obtained for transverse real concentrations up to third-order approximations. This work
presents the patterns of transverse real concentration distribution and uniformity over
the cross-section of the channel. An indicator is adopted that measures the concentration
variation rate over the channel cross-section. Some important observations are as follows:

1. Mean and transverse real concentrations decrease with the increase of bed absorption
parameter (βm) value.

2. Bed absorption generates large non-uniformity in transverse concentration over the
channel cross-section, especially in the downstream.

3. Real concentration of the solute over the mean concentration should be preferred to
analyse the bed absorption effects more accurately.

4. Our analytical solutions are relatively simpler and easier for post-processing. Re-
sults obtained through our analytical solutions agree well with the existing analytic
solutions of other studies.
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CHAPTER 3

SOLUTE DISPERSION IN AN OPEN CHANNEL FLOW
WITH SORPTIVE CHANNEL BED

In the previous chapter, the effects of irreversible boundary reaction for an open channel
flow are discussed. Boundary reaction can be reversible in nature. We discuss about the
effects of reversible reaction in this chapter.

3.1 Introduction

Effect of partitioning between phases on axial dispersion behaviour was initially analysed
by Westhaver [66]. Since the pioneering work of Taylor [60], the study of solute dispersion
has been extended in various ways to account for partitioning effects [3]. Reversible
phase exchange and partitioning is important to different applications in chromatography
[56], physiological transport [12,47,48], and also in environmental contaminant transport
[35,36,49].

Purnama [49] generalized the work of Taylor [60] to account for dispersion of contam-
inant in the presence of both reactions and retention at the flow boundary. Expressions
are derived for the longitudinal shear dispersion coefficient. For turbulent flow in an open-
channel, the dispersion of a passive contaminant is significantly increased by the presence
of the bed retention. Purnama [50] also generalized the method of moments to account for
dispersion of chemically active solutes in the presence of both reactions and retention at
the flow boundary. He showed that the longitudinal shear dispersion coefficient increases
and the skewness decreases as the retentive layer width increases, provided that the effect
of chemical reaction at the flow boundary is not very large.

Ng [35] presented an analytical study on the transport of a chemical contaminant
resulting from the discharge of contaminated fine solid particles into a turbulent open-
channel flow. He found that the advection velocity and dispersion coefficient for the

37
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chemical transport will change with space and time according to the local sediment con-
centration. Because of sorptive exchange between dissolved and sorbed phases, the trans-
port of the dissolved phase is affected by the suspended particulates. Moreover, he showed
that the dispersion of the dissolved chemical was higher for larger particulates. Similar
observation was experimented by him while investigating the effects of kinetic sorptive
exchange on the dispersion of a sorbing solute in a sediment-laden open-channel flow [36].
Following this work, Ng and Yip [42] studied a more general problem by taking a finite
fall velocity of particulates, which will lead to non-trivial effects on the transport of the
solute. Although the widely used method of moments gives a great deal of information
about the distribution of solute concentration across the flow as it disperses, it has the
disadvantage that it does not give a direct expression for real concentration distribution.
Applications in the risk assessment for toxic pollutant transport in environmental fluid
flows require detailed information on the transverse real concentration distribution.

In this chapter, an analytical study is presented to explore two-dimensional concentra-
tion distribution for an open channel flow with reversible phase exchange kinetics between
the channel bed (immobile phase) and fluid phase (mobile phase). Analytical expressions
are derived for transverse concentration distribution with the help of multi-scale method
of homogenization. This study explores mean and real concentration distributions after an
initial time when transient behaviour completely dies out. This study also concerns about
the non-uniformity of concentration variation over the channel cross-section and effects of
bed absorption on it. The specific objectives of this work are: (I) to present a multi-scale
analysis for the concentration distribution in an open channel flow with sorptive channel
bed, (II) to obtain analytical expressions for dispersion coefficient as well as for mean
and transverse real concentrations up to second-order approximation, (III) to observe the
effects of phase exchange kinetics on dispersion coefficient and two-dimensional transverse
concentration distribution, (IV) to discuss the uniformity in transverse real concentration
over the channel cross-section.

3.2 Formulation of the problem

A laminar, fully developed, unidirectional open channel flow with a separation width h

in a Cartesian coordinate system (longitudinal x̂-axis and vertical ŷ-axis) is considered.
The solute is assumed to undergo an reversible phase exchange with the channel bed and
disperse throughout the channel under the flow velocity û, which is given as

û(ŷ) = u0

(
2
ŷ

h
− ŷ2

h2

)
, (3.1)

where u0 is the flow velocity of the free surface. Schematic diagram of the flow geometry
is shown in Fig. (3.1).
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3.2. Formulation of the problem 39

Consider the transport of a reactive solute through the flow mentioned above. The
solute is assumed to be completely miscible in the fluid. During the flow, a part of the
solute is retained at the boundary and the rest moves with the fluid. In the phase where
solute flows with the flowing fluid is termed as mobile or fluid phase and the phase in
which the solute retains at the boundary is called immobile phase.

It is also assumed that the solute undergoes a reversible phase exchange between
mobile and immobile phases. Phase exchange will take place in either forward or backward
direction, which can be described by a first-order linear kinetics [42], as

∂Ĉs
∂t

= kf Ĉ − kbĈs, (3.2)

where Ĉ is the concentration (mass of solute per bulk volume of fluid) of the mobile
phase, Ĉs is the concentration (mass of solute per surface area of the channel bed) of the
immobile phase. The terms kf and kb are the forward and backward rate constants for
the sorption reaction respectively. At the equilibrium state, these two phases will have
their concentrations in a fixed ratio as,

Ĉs/Ĉ = kf/kb = α̂, (3.3)

where α̂ is the partition coefficient or retention parameter that relates the concentrations
Ĉ and Ĉs. From Eqs. (3.2) and (3.3), first-order kinetics reversible reaction at the channel
bed can be expressed as,

∂Ĉs
∂t

= k(α̂Ĉ − Ĉs),

where k = kb is the reversible reaction rate constant.
The problem for transport of the solute can be formulated as follows:

∂Ĉ

∂t̂
+ û

∂Ĉ

∂x̂
= D

∂2Ĉ

∂x̂2
+D

∂2Ĉ

∂ŷ2
, 0 < ŷ < h, (3.4)

where t̂ is the time, D is the molecular diffusivity of the solute in the fluid assumed to be
constant.

The initial and boundary conditions are respectively given as

Ĉ(x̂, ŷ, t̂)|t̂=0=
Qm

h
δ(
x̂

h
), (3.5)

D
∂Ĉ

∂ŷ
= 0, ŷ = h, (3.6)

D
∂Ĉ

∂ŷ
=
∂Ĉs

∂t̂
= k(α̂Ĉ − Ĉs), ŷ = 0, (3.7)

TH-2205_126123016



40 Chapter 3. Solute dispersion in an open channel flow with sorptive channel bed

ŷ = 0

ŷ = h
ŷ

x̂

5

û(ŷ)

∂Ĉ
∂ŷ = 0

D∂Ĉ
∂ŷ = ∂Ĉs

∂t̂
= k(α̂Ĉ − Ĉs)

Figure 3.1: Sketch for the instantaneous release of solute in open channel flow with sorptive
channel bed.

and
Ĉ(x̂, ŷ, t̂)|x̂→±∞= 0, (3.8)

where Qm is the released mass and δ(·) is the Dirac delta function.

3.3 Multi-scale Method of Homogenization
3.3.1 Scales selection

Associated with two length scales h (channel width) and l (characteristic longitudinal
length of the solute cloud), there are three distinct time scales for transport process. The
basic time scale is taken as the diffusion time across the width of the channel h. The
reversible phase exchange is assumed to achieve equilibrium locally within this basic time
scale. Therefore, basic time scale can be written as,

T0 = O(h2/D) = O(k−1).

Time scale for advection down the channel is one order of magnitude longer than T0:

T1 = l/〈û〉 = T0/ε.

Time scale for axial diffusion is two order of magnitude longer than T0:

T2 = l2/D = T0/ε
2.

Their ratios are
T0 : T1 : T2 = 1 :

1

ε
:

1

ε2
,

where ε = h
l
(� 1) is used as the perturbation parameter.
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3.3.2 Dimensionless governing equation and velocity profile

Dimensionless parameters are introduced as

x =
x̂

l
, y =

ŷ

h
, u =

û

〈û〉
, t =

t̂

h2/D
, Pe =

〈û〉h
D

, C =
Ĉ

Qm/h
, Cs =

Ĉs
Qm

,

, Da =
kh2

D
, α =

α̂

h
, (3.9)

where Pe is the Peclet number, Da is the Damkohler number, α is the dimensionless
retention parameter and the angle brackets denote section average defined as

〈û〉 =

∫ 1

0

û dy. (3.10)

Then the governing equation and boundary conditions can be rewritten as

∂C

∂t
+ εPe u

∂C

∂x
= ε2

∂2C

∂x2
+
∂2C

∂y2
, 0 < y < 1, (3.11)

∂C

∂y
= 0, y = 1, (3.12)

∂C

∂y
=
∂Cs
∂t

= Da(αC − Cs), y = 0. (3.13)

The dimensionless velocity profile is

u(y) =
3

2
(2y − y2). (3.14)

3.3.3 Asymptotic analysis

For the asymptotic analysis, the homogenization technique of Mei et al. [32] is employed.
The concentrations C and Cs are expanded into multiple scales as:

C = C(0) + εC(1) + ε2C(2) +O(ε3), (3.15)

and
Cs = C(0)

s + εC(1)
s + ε2C(2)

s +O(ε3). (3.16)

Based on these time scales, fast, medium and slow time variables are introduced
accordingly

t0 = t, t1 = εt, t2 = ε2t.
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The original time derivative becomes, according to the chain rule

∂

∂t
=

∂

∂t0
+ ε

∂

∂t1
+ ε2

∂

∂t2
. (3.17)

Substitution of Eqs. (3.17) and (3.15) into Eqs. (3.11)–(3.13) results in(
∂C(0)

∂t0
− ∂2C(0)

∂y2

)
+ ε

(
∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
− ∂2C(1)

∂y2

)
+ ε2

(
∂C(0)

∂t2

+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
− ∂2C(0)

∂x2
− ∂2C(2)

∂y2

)
+ · · · = 0, 0 < y < 1,

(3.18)

∂C(0)

∂y
+ ε

∂C(1)

∂y
+ ε2

∂C(2)

∂y
+ · · · = 0, y = 1, (3.19)

∂C(0)

∂y
+ ε

∂C(1)

∂y
+ ε2

∂C(2)

∂y
+ · · · = ∂C

(0)
s

∂t0
+ ε

(
∂C

(0)
s

∂t1
+
∂C

(1)
s

∂t0

)
+ ε2

(
∂C

(0)
s

∂t2
+
∂C

(1)
s

∂t1

+
∂C

(2)
s

∂t0

)
+ · · · = Da(αC(0) − C(0)

s ) + ε
(
Da(αC(1) − C(1)

s )
)

+

ε2
(
Da(αC(2) − C(2)

s )
)

+ · · · , y = 0.

(3.20)

For leading order (O(1)), Eqs. (3.18)–(3.20) give:

∂C(0)

∂t0
=
∂2C(0)

∂y2
, 0 < y < 1, (3.21)

∂C(0)

∂y
= 0, y = 1, (3.22)

∂C(0)

∂y
=
∂C

(0)
s

∂t0
= Da(αC(0) − C(0)

s ), y = 0. (3.23)

The general solution of Eq. (3.21) becomes

C(0) = C
(0)
0 (x, t1, t2) +

∞∑
n=1

Re

[
C(0)
n (x, t1, t2)einπy

]
e−n

2π2t0 . (3.24)

The width of the channel is considered to be narrow enough so that transverse diffusion
takes place almost immediately (within the first time scale) after the release. It is observed
from the equation that the numerical value of the series part decreases exponentially with
fast time variable, and it become insignificant for t1 ≥ O(1) [33]. Considering above facts,
dependency of C(0) on y and t0 in a larger time may be neglected. So, the solution can
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3.3. Multi-scale Method of Homogenization 43

be considered as
C(0) = C(0)(x, t1, t2). (3.25)

Evidently, for long time evolution, diffusion has enough time to smooth out lateral
variations. Therefore, the leading order concentration is independent of y across the
channel section [40]. On removing the dependence of C(0) on y, the boundary condition
(3.23) gives

C(0)
s = αC(0). (3.26)

For first-order (O(ε)), Eqs. (3.18)–(3.20) give:

∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (3.27)

∂C(1)

∂y
= 0, y = 1, (3.28)

∂C(1)

∂y
=
∂C

(0)
s

∂t1
+
∂C

(1)
s

∂t0
= Da(αC(1) − C(1)

s ), y = 0. (3.29)

As the time scale t0 is much larger compared to the time scale t1, the partial derivative
terms w.r.t. t0 can be neglected [70]. So, Eq. (3.27) becomes

∂C(0)

∂t1
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1. (3.30)

Taking a section average of Eq. (3.30) w.r.t. the spatial variable y subject to the
conditions (3.28) and (3.29), we get

∂C(0)

∂t1
+ Pe

〈u〉
R

∂C(0)

∂x
= 0, (3.31)

where R = 1 + α is the retardation factor.
Subtracting (3.31) from (3.30), we get

Pe
(
u− 〈u〉

R

)∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1. (3.32)

These equation suggest the following substitutions

C(1) = Pe F (y)
∂C(0)

∂x
, (3.33)

C(1)
s = Pe Fs

∂C(0)

∂x
, (3.34)

where the coefficients F (y) and Fs are to be found as follows. On matching terms asso-
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ciated with ∂C(0)

∂x
, the function F (y)is found to be governed by

d2F

dy2
= u− 〈u〉

R
, 0 < y < 1, (3.35)

with the following conditions
dF

dy
= 0, y = 1, (3.36)

dF

dy
= −α〈u〉

R
= Da(αF − Fs), y = 0, (3.37)

and
〈F 〉 = 0. (3.38)

For second-order (O(ε2)), Eqs. (3.18)–(3.20) give:

∂C(0)

∂t2
+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1, (3.39)

∂C(2)

∂y
= 0, y = 1, (3.40)

∂C(2)

∂y
=
∂C

(0)
s

∂t2
+
∂C

(1)
s

∂t1
+
∂C

(2)
s

∂t0
= Da(αC(2) − C(2)

s ), y = 0. (3.41)

The time scale t0 is much larger time scale compared to t1 and t2, the partial derivative
terms w.r.t. t0 can be neglected. So, equation (3.39) becomes

∂C(0)

∂t2
+
∂C(1)

∂t1
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1. (3.42)

On taking a section average of Eq. (3.42) w.r.t. the spatial variable y subject to the
conditions (3.40) and (3.41), we get

R
∂C(0)

∂t2
+
∂〈C(1)〉
∂t1

+
∂C

(1)
s

∂t1
+ Pe

〈
u
∂C(1)

∂x

〉
=
∂2C(0)

∂x2
. (3.43)

Using Eqs. (3.31), (3.33), (3.34) and (3.38), one can get the following

∂C(1)

∂t1
= −Pe2 〈u〉F

R

∂2C(0)

∂x2
, (3.44)

∂〈C(1)〉
∂t1

= 0, (3.45)

∂C
(1)
s

∂t1
= −Pe2 〈u〉Fs

R

∂2C(0)

∂x2
, (3.46)
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u
∂C(1)

∂x
= Pe uF

∂2C(0)

∂x2
, (3.47)

and 〈
u
∂C(1)

∂x

〉
= Pe 〈uF 〉∂

2C(0)

∂x2
. (3.48)

Substitution of Eqs. (3.45), (3.46) and (3.48) in Eq. (3.43), we get

∂C(0)

∂t2
=

(
1

R
− Pe2 〈uF 〉

R
+ Pe2 〈u〉Fs

R2

)
∂2C(0)

∂x2
. (3.49)

Multiplying Eq. (3.31) by ε and Eq. (3.49) by ε2 and adding together one obtains,

∂C(0)

∂t0
+ε
∂C(0)

∂t1
+ε2

∂2C(0)

∂t2
+εPe

〈u〉
R

∂C(0)

∂x
= ε2

(
1

R
−Pe2 〈uF 〉

R
+Pe2 〈u〉Fs

R2

)
∂2C(0)

∂x2
. (3.50)

Rewrite Eq. (3.50) in original time variable as

∂C(0)

∂t
+ εPe

〈u〉
R

∂C(0)

∂x
= ε2

(
1

R
− Pe2 〈uF 〉

R
+ Pe2 〈u〉Fs

R2

)
∂2C(0)

∂x2
. (3.51)

On solving the two system of Eqs. (3.35)–(3.38), one can get

F (y) = −1

8
y4 +

1

2
y3 − 1

2R
y2 −

(
1− 1

R

)
y +

2

5
− 1

3R
, (3.52)

Fs =
2

5
R− 11

15
+

1

3R
+

(
1− 1

R

)
1

Da
, (3.53)

and using Eqs. (3.14) and (3.52) one can find

〈uF 〉 = − 3

35
+

1

15R
. (3.54)

With the help of the initial and boundary conditions given in equations (3.5) and
(3.8), the solution of (3.51) in terms of the new variable τ = t and η = x̂

h
− Pe 〈u〉

R
t, can

be obtained as,

C(0) =
1√

4πDT τ
exp

(
− η2

4DT τ

)
, (3.55)

where
DT =

1

R
− Pe2 〈uF 〉

R
+ Pe2 〈u〉Fs

R2
, (3.56)

is the effective diffusive coefficient or dispersion coefficient.
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Eliminating ∂C(0)

∂t2
from Eqs. (3.42) and (3.43), one can get

∂C(1)

∂t1
+ Pe u

∂C(1)

∂x
− Pe 1

R

〈
u
∂C(1)

∂x

〉
− 1

R

∂C
(1)
s

∂t1
=
α

R

∂2C(0)

∂x2
+
∂2C(2)

∂y2
. (3.57)

After substituting Eqs. (3.44), (3.46), (3.47) and (3.48) in Eq. (3.57), we get

∂2C(2)

∂y2
=

{
− α

R
+ Pe2

((
u− 〈u〉

R

)
F − 〈uF 〉

R
+
〈u〉Fs
R2

)}
∂2C(0)

∂x2
. (3.58)

The time scale t0 is much larger time scale compared to t1 and t2, the boundary
condition at channel bed, Eq. (3.41) becomes (taking first equality of Eq. (3.41))

∂C(2)

∂y
=
∂C

(0)
s

∂t2
+
∂C

(1)
s

∂t1
, y = 0. (3.59)

Using Eqs. (3.26), (3.49) and (3.46), Eq. (3.59) becomes

∂C(2)

∂y
=

{
α

R
− Pe2

(
α〈uF 〉
R

+
〈u〉Fs
R2

)}
∂2C(0)

∂x2
, y = 0. (3.60)

In the equations (3.58) and (3.60), one may neglect the first term associated with
∂2C(0)

∂x2 on R.H.S for large Pe (usually Pe is very large for practical purpose). Hence one
can take the substitution for the equation as

C(2) = Pe2X(y)
∂2C(0)

∂x2
, (3.61)

C(2)
s = Pe2Xs

∂2C(0)

∂x2
, (3.62)

where the coefficients are to be found as follows. On matching the terms associated with
∂2C(0)

∂x2 , one can get

d2X

dy2
=
(
u− 〈u〉

R

)
F − 〈uF 〉

R
+
〈u〉Fs
R2

, 0 < y < 1, (3.63)

with the following conditions
dX

dy
= 0, y = 1, (3.64)

dX

dy
= −α〈uF 〉

R
− 〈u〉Fs

R2
= Da(αX −Xs), y = 0, (3.65)

and
〈X〉 = 0. (3.66)
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On solving Eqs. (3.63)–(3.66), one can get

X(y) =
3

896
y8 − 3

112
y7 +

(
1

20
+

7

240R

)
y6 +

(
3

40
− 7

40R

)
y5 +

(
− 3

10
+

7

24R
+

1

24R2

)
×y4 +

(
1

5
− 1

6R2

)
y3 +

(
3

70R
− 7

30R2
+

1

6R3
+

1

2R2Da
− 1

2R3Da

)
y2

+

(
3

35
− 58

105R
+

4

5R2
− 1

3R3
− 1

R2Da
+

1

R3Da

)
y − 26

525
+

8

35R

− 13

45R2
+

1

9R3
+

1

3R2Da
− 1

3R3Da
,

(3.67)

and

Xs = − 26

525
R +

146

525
− 163

315R
+

2

5R2
− 1

9R3
− 3

35Da
+

31

35RDa
− 22

15R2Da
+

2

3R3Da

+
1

R2Da2
− 1

R3Da2
.

(3.68)

In a similar way, one can find the further terms Cn, (n = 3, 4, 5, . . .), whose expressions
are too long and cumbersome, and therefore omitted here. Without phase exchange effect
(α = 0 or R = 1), the functions F (y) and X(y) becomes

F (y)
∣∣∣
α=0

= −1

8
y4 +

1

2
y3 − 1

2
y2 +

1

15
, (3.69)

X(y)
∣∣∣
α=0

=
3

896
y8 − 3

112
y7 +

19

240
y6 − 1

10
y5 +

1

30
y4 +

1

30
y3 − 1

42
y2 +

2

1575
, (3.70)

which are similar to those obtained in the work of Wu and Chen [67].

3.4 Results and discussion

In the following subsections, Taylor dispersivity, distributions of mean and of transverse
concentrations are discussed. Taylor dispersivity and the concentrations depend on the
parameters α and Da. While the parameter α is the normalized partition coefficient or
retention parameter, which is in other word, the ratio of solute distributed between the
phase sorbed at channel bed and that dissolved in the fluid. The parameter Da, which
is the ratio of the reversible reaction rate to the molecular diffusion rate, represents the
significance of the kinetics of the phase exchange. Smaller and larger Da’s imply slower
and faster phase exchange kinetics respectively.

In the expression of effective dispersion coefficientDT (Eq. (3.56)), the first term on the
R.H.S. (i.e., the constant 1/R) represents the effects of longitudinal diffusion. The term
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usually is neglected when compared with the last term of the expression for Pe > 100 [18].
Hence, dispersion coefficient becomes

DT ≈ Pe2 DTa, (3.71)

where
DTa = −〈uF 〉

R
+
〈u〉Fs
R2

, (3.72)

is the apparent dispersion coefficient, depends on α and Da.
The mean concentration distribution can be obtained from Eqs. (3.15) and (3.55) in

a new Pe independent system {η/Pe,〈C〉Pe} as

〈C〉Pe = C(0) Pe =
1√

4πDTaτ
exp

(
− (η/Pe)2

4DTaτ

)
. (3.73)

According to the asymptotic expansion given in Eq. (3.15), the two-dimensional con-
centration distribution up to second-order is derived as

C Pe = 〈C〉Pe+ F
∂(〈C〉Pe)
∂(η/Pe)

+X
∂2(〈C〉Pe)
∂(η/Pe)2

. (3.74)

As we have not come across any literature that can be used directly to compare with
the solution of the present problem, so results of the present study for α = 0 (ie. without
phase exchange) are compared with the results of Wu and Chen [67] and also with our
previous study (in Chapter 2) without considering bed absorption effects in Fig. (3.2).
Figure shows an excellent agreement, which, in turn, ensures the accuracy and reliability
of the present solution.

3.4.1 Dispersivity

The explicit form of the apparent dispersion coefficient can be derived from Eqs. (3.53),
(3.54) and (3.72) as

DTa =
1

R

{
17

35
− 4

5R
+

1

3R2
+

1

RDa
− 1

R2Da

}
. (3.75)

In the inert case (when α = 0 or R = 1), the dispersion coefficient becomes

DTa

∣∣∣
α=0

=
2

105
, (3.76)

which is same as the one obtained by Wu and Chen [67].
Effects of partition coefficient (α) and kinetics (depends on Da) on dispersion coeffi-

cient are shown in Fig. (3.3). Figure shows that dispersion coefficient increases with the
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Figure 3.2: Comparison of transverse concentration distributions between present and
previous results at different times, where y = 0 and α = 0.
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Figure 3.3: Variations of dispersion coefficient with α for different Da.

initial increase of α up to a certain value and then decreases for further increase of α.
The occurrence of this maximum value may be due to bed retention that allows solute
to retain at the channel bed and after a while (depending on Da) it is released back into
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Da Max{DTa} αm
Max{DTa}
DTa|α=0

0.1 1.5490 0.5154 81.3225
1 0.2194 0.6588 11.5185
10 0.0981 1.2386 5.1502
100 0.0886 1.4317 4.6515
· · · · · · · · · · · ·
∞ 0.0876 1.4557 4.5990

Table 3.1: Values of maximum dispersion coefficients at maximum α for different Da.

the flow at the upstream side, by that time the maximum concentration cloud moves
from its original position. This creates a long tail of the solute cloud and consequently
increases solute dispersion through the channel, as also discussed in the work of Ng and
Rudraiah [41]. Further increase of α beyond a critical value will decrease the dispersion
coefficient value due to the higher retardation factor, which drag down the ability of solute
spreading along the concentration gradient. It is also observed that slow phase exchange
kinetics (Da� 1) gives rise to larger values of dispersion coefficients than the fast kinetics
(Da > 1) as solute is retained for a longer time in the former case and is slowly released
into the flow that enhances the solute dispersion. Such a phenomenon is reported in Ng
and Yip [42]. Also it is noticed that increase in dispersion coefficient is very sharp when
channel bed just turned from perfectly inert to slightly retentive. These observations can
be verified mathematically.

From Eq. (3.75), the gradient of DTa at α = 0 is

dDTa

dα

∣∣∣∣
α=0

=
4

35
+

1

Da
, (3.77)

which is always positive and is large for small Da. This fact indicates that the curve has
a very steep gradient for Da � 1, which causes sharp increase in dispersion coefficient.
The dispersion coefficient can reach at the maximum value at α = αm, where

αm =
1

17

(
11− 35

Da
+

√
189− 175

Da
+

1225

Da2

)
. (3.78)

The values of maximum DTa for different Da are listed in table 3.1. The dispersion
coefficients reach their maximum values when the phase exchange coefficient or retention
parameter is in the range of 0.5–1.5 (as Da tends to 0, limiting value of αm approaches
0.5). Further increase in α will cause dispersion coefficient to decrease as reversible phase
exchange process retards the advection speed 1/R, which is always smaller than the initial
velocity. It can be observed from the table 3.1, that forDa = 0.1, the maximum dispersion
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coefficient value is more than 81 times the value of the coefficient (2/105) for the inert
case (α = 0). Such a huge impact of phase exchange kinetics on dispersion coefficient is
extremely remarkable.

3.4.2 Mean concentration distributions

From Eq. (3.73), the explicit form of the mean concentration distribution can be written
as

〈C〉Pe =

exp
[
− (η/Pe)2

/
4
R

{
17
35
− 4

5R
+ 1

3R2 + 1
RDa
− 1

R2Da

}
τ
]

√
4π
R

{
17
35
− 4

5R
+ 1

3R2 + 1
RDa
− 1

R2Da

}
τ

. (3.79)

The present study is not intended to focus on the longitudinal skewness of concen-
tration cloud at initial times. The expression for mean concentration becomes exactly
similar to that of Taylor dispersion model. The expression of mean (Eq. (3.79)) can give
an excellent result after some initial time when the longitudinal skewness completely dies
out.

Da αm α = 0.001 α = 0.01 α = 0.1 α = 0.3 α = 0.5 α = 1 α = 3 α = 5 α = 10
0.1 0.5154 1.6528 0.8238 0.3190 0.2369 0.2267 0.2442 0.3820 0.5223 0.8395
1 0.6588 1.9868 1.6313 0.8666 0.6497 0.6081 0.6163 0.8027 0.9767 1.3253
10 1.2386 2.0326 1.9389 1.4404 1.1011 0.9861 0.9056 0.9892 1.1276 1.4368

Table 3.2: Peak values of mean concentration distributions for different values of α and
Da at τ = 1.

Longitudinal distribution of mean concentration in the channel are shown in Fig. (3.4).
Figure (3.4a) shows the distribution curves of mean for different values of α. Figure shows
that peak value of the mean concentration distribution decreases with the increase of α
up to a maximum value αm ≈ 0.6588 (graph not shown) as dispersion coefficient increases
in that range. Further increase of α causes the peak value to increase. As large α delays
the solute transport by slowing down the transport velocity. The result is reported in
table 3.2. Variations of longitudinal distribution of mean concentration with Da can be
observed from Fig. (3.4b). Figure shows that for a fixed value of α, peak value of the mean
concentration increases as Da increases. For Da� 1, the reversible reaction rate is much
faster than the diffusion rate. Solute moves back quickly to the fluid from the immobile
phase (i.e., the channel bed) and increases the solute concentration in the mobile phase.
The result is reverse in the case of Da � 1, as molecular diffusion rate dominates the
reversible reaction rate and makes the mean concentration distribution more blunt and
flatter.
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Figure 3.4: Longitudinal distribution of mean concentration at τ = 1.

3.4.3 Transverse real concentration distribution

The two-dimensional concentration distributions for mobile and immobile phases can be
written explicitly up to second-order as

C Pe =

{
1 + F ∂

∂(η/Pe)
+X ∂2

∂(η/Pe)2

}
exp

[
− (η/Pe)2

4
R{ 17

35
− 4

5R
+ 1

3R2 + 1
RDa
− 1
R2Da
}τ

]
√

4π
R

{
17
35
− 4

5R
+ 1

3R2 + 1
RDa
− 1

R2Da

}
τ

, (3.80)

Cs Pe =

{
α + Fs

∂
∂(η/Pe)

+Xs
∂2

∂(η/Pe)2

}
exp

[
− (η/Pe)2

4
R{ 17

35
− 4

5R
+ 1

3R2 + 1
RDa
− 1
R2Da
}τ

]
√

4π
R

{
17
35
− 4

5R
+ 1

3R2 + 1
RDa
− 1

R2Da

}
τ

. (3.81)

In order to intuitively demonstrate the effects of reversible phase exchange in the so-
lute transport process in an open channel flow, the concentration contours are plotted
in Figs. (3.5) and (3.6). Initially, the solute is injected across the line η = 0 and dis-
persed throughout the channel under the effects of advection and lateral diffusion. The
coordinate systems in the figures are allowed to move longitudinally with velocity Pe/R
to ensure that the centroid of the concentration cloud always remains at the origin in
each case. From Fig. (3.5), it can be seen that how reversible phase exchange affects the
solute dispersion compared to its inert counterpart. When the channel bed just changes
from inert to slightly retentive (say, α = 0.01) and Da = 0.1, concentration distribution
becomes more dispersed due to slow kinetics, which increases the solute dispersion in the
flow. Further increase of Da increases the solute concentration in the channel as the faster
rate of exchange between the channel bed and fluid phase increases solute concentration
in the fluid phase. It is possible that for a slightly retentive channel bed (α� 1), the dis-
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y

η/Pe

Figure 3.5: Mobile phase concentration contours at τ = 1: horizontal coordinate repre-
sents η/Pe, vertical coordinate represents y.

persion process is more akin to the inert boundary case subject to a fast phase exchange
(Da � 1) between mobile and immobile phases. The maximum concentration of the
solute after τ = 1 for α = 0 is 2.1367 and for α = 0.01 the maximum concentrations are
0.8865, 1.7237 and 2.0307 for Da = 0.1, 1 and 10, respectively. From the figure it is also
observed that for large α (say, α = 25), concentration is higher than with inert channel
bed because of higher retention capacity of the channel bed. As bed retention increases,
retardation factor reduces the ability of the solute to move along the concentration gra-
dient, which was also reported by Ramon et al. [51]. The maximum concentrations of
the solute after τ = 1 for α = 25 are 3.0753, 5.1054 and 5.4903 for Da = 0.1, 1 and 10,
respectively. Plots in Fig. (3.6) show the two-dimensional concentration distributions for
different combinations of τ and α. It is observed that for a smaller bed retention, higher
concentration zone appears in the downstream free surface due to flow advection, and with
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y

η/Pe

Figure 3.6: Mobile phase concentration contours for Da = 1: horizontal coordinate rep-
resents η/Pe, vertical coordinate represents y.

the increase in retention parameter, the solute concentration decreases as the channel bed
holds some fraction of solute temporally which allows to enhances the solute dispersion.
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Further increase of α will retard the flow advection, consequently will cause the higher
concentrations zone in both downstream and upstream sides. It is also noticeable that
concentration is higher in the upstream channel bed than that in the downstream free sur-
face for large value of α. The maximum solute concentration of upstream and downstream
sides at τ = 0.5 are 3.8724 and 3.0550 respectively for α = 10.
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Figure 3.7: Mean concentration with immobile phase concentration for different α at
τ = 6, where Da = 1.

Variation of immobile phase concentration distribution is depicted in Fig. (3.7). As a
comparison, mean concentration in the mobile phase is shown in the figure. Figure reveals
that increase in retention parameter always increases the immobile flow concentration as
retention capacity of the channel bed increases with the increase in α. It is also observed
from the figure that for large value of α (α ≥ 1), immobile phase concentration can be
higher compared to the mean concentration in the fluid phase.

In order to discuss the uniformity in transverse concentration variations of the mobile
flow, an indicator R is adopted [68] as

R(η, τ) =
max
0≤y≤1

C(η, y, τ)− min
0≤y≤1

C(η, y, τ)

C(0, 0, τ)
× 100%,

which is the transverse variation in the cross-section against the centroid of the concen-
tration cloud.

Figure (3.8) demonstrates longitudinal distributions of the transverse concentration
variation rate for open channel flow. Figure (3.8a) shows the transverse concentration
variation rate of the solute in a flow for inert channel bed. The graph shows that varia-
tion rates are symmetrical about the centroid of the solute cloud and peak of the maximum
variation rate moves away with times from the solute centroid. Effects of retention param-
eter on concentration variation rate are plotted in Figs. (3.8b)–(3.8d). Figures show that
for α = 0.1, initially variation rate higher at some downstream locations. In downstream
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Figure 3.8: Longitudinal distribution of the transverse concentration variation rate.

location, higher concentration appears near the free surface and concentration reduces at
the channel bed due to bed retention. This increases the concentration variation rate in
the downstream, consequently increases the non-uniformity in concentration distribution.
On the other hand, in the upstream, initially concentration is high at upstream bed but
when phase exchange takes place it reduces the solute concentration near the channel
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bed and consequently reduces the non-uniformity in the upstream. When bed retention
increases variation rate also increases in both upstream and downstream sides. But max-
imum variation rate appears at upstream bed due to slow advection and strong retention
effects. Influences of Da on transverse variation rate are displayed in Fig. (3.8e). It is
shown from the figure that as Da increases, maximum variation rates on both upstream
and downstream increase. When Da � 1, molecular diffusion rate dominates the re-
versible reaction rate and consequently the maximum variation rate is reduced. But the
result is reverse for the case of Da� 1, where the reversible reaction rate dominates over
diffusion and increases the solute concentration in the flow and also the maximum varia-
tion rate. With the increase of Da, maximum variation rate in upstream increases faster
than that in the downstream and for fast kinetics (Da = 10), the maximum variation rates
in both sides are almost equal to each other (Variation rates for Da = 10 in upstream
and downstream sides are 54.86% and 54.88% respectively). Maximum variation rates for
different combinations of α and Da are reported in table 3.3. It can be noted that for
slow kinetics (Da = 0.1), subject to small retention capacity of the channel bed, variation
rates are smaller than that in the inert case (α = 0). So, it can be concluded from the
table that for small values of α and Da, i.e., for slow kinetics with small retentive channel
bed, solute concentration distribution will become uniform at a faster rate.

Da α = 0 α = 0.001 α = 0.01 α = 0.1 α = 0.3 α = 0.5 α = 1 α = 3 α = 5 α = 10
0.1 40.32 35.94 30.97 30.42 30.69 31.05 32.22 39.82 49.62 72.45
1 40.32 39.74 36.55 33.64 35.33 37.47 43.12 62.78 76.52 98.33
10 40.32 40.31 40.22 41.26 44.94 48.18 54.88 72.71 84.41 103.34
15 40.32 40.33 40.41 42.08 45.94 49.16 55.72 73.20 84.77 103.55

Table 3.3: Peak values of R with increasing α, where τ = 1.

3.5 Conclusions

The solute dispersion in an open channel flow that involves phase exchange between mo-
bile and immobile phases is studied using multi-scale method of homogenization. Effects
of retention parameter and phase exchange kinetics on dispersion coefficient, mean and
transverse real concentrations are discussed. Analytical solutions are obtained for trans-
verse real concentration up to second-order approximation. This work includes the pattern
of transverse real concentration distribution and uniformity over the cross-section of the
channel. An indicator for characterizing the transverse concentration variation rate is
adopted, which measures the concentration variation rate over the channel cross-section.
Some important conclusions are as follows:

1. As Da increases, the dispersion coefficient decreases.
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2. With the increase of α, dispersion coefficient increases up to some maximum value
αm and later it decreases.

3. If the channel bed is slight retentive and the phase exchange kinetics is very slow then
solute disperses very fast owing to higher value of dispersion coefficient. Whereas,
if the channel bed is highly retentive and the phase exchange kinetics is very fast,
then the solute disperses slowly as large values of α retard the flow advection and
also the solute releases faster from the channel bed to the flowing fluid owing to the
higher value of Da.

4. For smaller values of α and Da, solute concentration distribution becomes uniform
faster. It is possible that for slow kinetics subject to small retentive channel bed,
transverse concentration distribution becomes uniform more quickly than their inert
counterpart.
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CHAPTER 4

CONCENTRATION DISTRIBUTION IN AN
OSCILLATORY COUETTE FLOW

In the previous two chapters, we have studied the solute transport in a steady open channel
flow, where the solute may undergo reversible or irreversible boundary reaction with the
channel wall. Analytical solutions are obtained for transverse real concentration up to
certain order of approximation by multi-scale method of homogenization. In this chapter,
we are going to study the solute dispersion in an oscillatory Couette flow. Analytical
expressions for mean and transverse concentration distribution are derived.

4.1 Introduction
The study of dispersion in oscillatory flows is important to model shear-driven flows en-
countered in micro motors, micro channels and other micro fluidic systems. Knowledge
of solute dispersion under oscillation of boundary is important in the hydrodynamic the-
ory of lubrication. Aris [4] analysed the longitudinal dispersion coefficient of solute in
an oscillatory flow through a circular tube under a periodic pressure gradient by using
his method of moments. He concluded that if the amplitude of the fluctuations in the
pressure gradient is larger than the mean pressure gradient, then the contribution of the
flow oscillation in solute dispersion will be significant. Chatwin [10] derived the explicit
expressions for dispersion coefficient for a tube. He also showed the effects of oscillatory
flow parameters on solute dispersion coefficient and concluded that the effects are promi-
nent at low frequency of the flow oscillation. Watson [65] used the concept proposed by
Chatwin to study the passive contaminant dispersion in an oscillatory pressure-driven
flow in a tube with arbitrary cross-section. He showed that, for a given tidal volume, the
flux of the solute increase significantly for high frequency of oscillation.

Content of this chapter is published in the journal Proceedings of the Royal Society A, 475 (2019)
20180483.
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In the available literature on solute transport during last decades, the main focus was
either to obtain the dispersion coefficient or to address the mean concentration distribu-
tion [9,11,19,35,69,76,77] rather than transverse concentration distribution. Smith [57,58]
analysed the variance of the solute cloud and derived the time averaged dispersion coeffi-
cient during the initial time in an oscillatory flow. He showed that the concentration cloud
might contract and expand periodically as the dispersion coefficient sometimes could be
negative due to the reversing flow. Yasuda [74, 75] analysed the longitudinal dispersion
in an oscillatory flow forming a boundary layer during the initial stages, and studied how
the longitudinal dispersion was generated by the shear effect of the oscillatory flow. A
new definition of the vertical average of the dispersion was proposed to get rid of the neg-
ativity of the dispersion coefficients. Though two-dimensional concentration distributions
had been considered in the above studies, main focus was only on the dispersion coeffi-
cient. In some environmental or industrial processes, we need information not only on
dispersion coefficients or the longitudinal mean concentration, but also on the transverse
concentration distribution and its uniformity over the cross-section. Wu and Chen [67,68]
systemically analysed the transverse uniformity of concentration cloud for laminar steady
flows by extending the homogenization technique of Mei et al. [32]. They showed that
the approach to the transverse uniformity of the concentration was much slower than the
approach to the longitudinal normality of the mean concentration. Study of the trans-
verse concentration distribution in an oscillatory flow has a great significance in estuaries
and other coastal regions. Prediction of accurate pollutant distribution and peak pol-
lutant concentration are of matter of concern. In recent progress, Wang and Chen [64]
illustrated the evolution of transverse concentration distribution in an oscillatory flow by
their simplified Aris-Gill expansion technique [63]. They derived transverse concentration
distribution up to first-order approximation and described its approach to uniformity.
They also showed that the approach to the transverse uniformity of the concentration for
reversal laminar flows was slower than that in steady flows [67,68].

Dispersion of inert matter in oscillatory flows has been studied in the classical works of
Aris [4] and Watson [65]. Effects of different flow parameters on transport coefficients in
oscillatory flows with linear boundary chemical reactions have been explored analytically
with the help of homogenization technique in many existing studies [38–40,44]. Paul and
Mazumder [45] analysed effects of nonlinear chemical reaction on transport coefficients
in steady and oscillatory flows. Evolution of mean concentration for oscillatory flows
has been studied by Mazumder and his co-workers using a modified moments method
[6, 27, 29, 30, 34]. Their focus was more on an early period of the dispersion process.
As mentioned earlier, concerns are so far mainly on distribution of mean concentration,
transverse concentration distribution of solute cloud and its dependence on different flow
parameters are yet to be explored.

TH-2205_126123016



4.2. Formulation of the problem 61

The aim of this chapter is to find the analytical expressions for mean and transverse
real concentrations by multi-scale homogenization technique and to explore the evolution
of transverse concentration distribution for oscillatory Couette flows. The specific objec-
tives of this work are: (I) to present a multi-scale analysis for the determination of the
Taylor dispersivity for the oscillatory Couette flow, (II) to obtain analytical expressions
for mean and transverse real concentrations up to third-order approximation, (III) to
discuss the validity of Taylor dispersion model by obtaining analytical solutions for mean
concentration, (IV) to observe the effects of Stokes boundary layer thickness on disper-
sion coefficient and transverse variation of concentration distribution, (V) to discuss the
uniformity in transverse real concentration over the channel cross-section.

4.2 Formulation of the problem

A laminar, one-dimensional plane Couette flow of an incompressible viscous fluid between
two infinite parallel flat plates with a separation width h is considered. A Cartesian
coordinate system is used in which the longitudinal and transverse coordinates are x̂ and
ŷ respectively. The lower plate at ŷ = 0 is assumed to be stationary, whereas the upper
one at ŷ = h oscillates in its own plane with a prescribed velocity

û(h, t̂) = U [1 + φRe(e−iωt̂)],

where U is the steady component of the velocity of the upper plate, φ is a factor such
that φU represents the amplitude of the oscillatory velocity component, ω is the angular
frequency of the oscillation, t̂ is time and Re stands for real part. As the flow is influenced
by the oscillation of the upper plate, the velocity profile of the flow can be considered as,

û(ŷ, t̂) = ûs +Re(ûwe
−iωt̂), (4.1)

where ûs(ŷ) = Uŷ/h and ûw(ŷ) = Uφ sin σ̂ŷ
sin σ̂h

are the steady and oscillatory components of
the velocity field respectively. Here σ̂2 = iω/ν or σ̂ = (1 + i)/δ̂s and δ̂s =

√
2ν/ω is the

thickness of the Stokes boundary layer resulting from the oscillation of the upper plate,
where ν is the kinematic viscosity of the fluid. Schematic diagram of flow geometry is
given in Fig. (4.1).

Associated with oscillatory Couette flow, the problem of transport of the substance
can be formulated as follows:

∂Ĉ

∂t̂
+ û

∂Ĉ

∂x̂
= D

(
∂2Ĉ

∂x̂2
+
∂2Ĉ

∂ŷ2

)
, 0 < ŷ < h, (4.2)

where D, the molecular diffusivity of the substance in the fluid, is assumed to be constant.
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ŷ = 0

ŷ = h
ŷ

x̂

û(ŷ, t̂)

û(h, t̂) = U [1 + φ cosωt̂]

û(0, t̂) = 0

Figure 4.1: Sketch for Couette flow with stationary lower boundary and oscillatory upper
boundary.

The initial and boundary conditions are respectively given as,

Ĉ(x̂, ŷ, t̂)|t̂=0=
Qm

h
δ
( x̂
h

)
, (4.3)

∂Ĉ

∂ŷ

∣∣∣∣
ŷ=0

=
∂Ĉ

∂ŷ

∣∣∣∣
ŷ=h

= 0, (4.4)

and
Ĉ(x̂, ŷ, t̂)|x̂→±∞= 0, (4.5)

where Qm is the released mass and δ(·) the Dirac delta function.

4.3 Multi-scale Analysis

4.3.1 Scales selection

Associated with two length scales h (channel width) and l (characteristic axial length
of the solute cloud), there are three distinct time scales for transport process, i.e., T0 =

2π/ω = h2/D as the diffusion time across the width of the channel h, T1 = l/U as the
advection time across the characteristic length l, and T2 = l2/D as diffusion time across
l. Their ratios are

T0 : T1 : T2 = 1 :
1

ε
:

1

ε2
,

where ε = h
l
(� 1) used as the perturbation parameter.
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4.3.2 Dimensionless governing equation and velocity profile

Dimensionless parameters are introduced as

x =
x̂

l
, y =

ŷ

h
, u =

û

U
, t =

t̂

h2/D
, Pe =

Uh

D
, C =

Ĉ

Qm/h
, Ω =

ωh2

ν
, Sc =

ν

D
,

where Pe is the Peclet number, Ω is the dimensionless frequency parameter and Sc is the
Schmidt number.

The Peclet number Pe is a ratio of the relative characteristic time of diffusion process
(h2/D) to the convection process (h/U) across the channel width. Alternatively, it can
be defined as the ratio of the rate of advection ( 1

h/U
) to the rate of diffusion ( 1

h2/D
). The

parameter Ω is the ratio of time (h2/ν) taken by viscosity for smoothing out the vorticity
variation in the transverse direction to the flow period (1/ω). The Schmidt number Sc is
the ratio of viscous diffusion to the molecular diffusion [6].

The non-dimensional governing equation and boundary conditions can be rewritten as

∂C

∂t
+ εPe u

∂C

∂x
= ε2

∂2C

∂x2
+
∂2C

∂y2
, 0 < y < 1, (4.6)

∂C

∂y

∣∣∣∣
y=0

=
∂C

∂y

∣∣∣∣
y=1

= 0. (4.7)

The dimensionless velocity profile is

u(y, t) = us +Re(uwe
−iΩSc t), (4.8)

where us(y) = y and uw(y) = φ sinσy
sinσ

are the steady and oscillatory components of the
velocity field, respectively. In the expression of uw, σ =

√
iΩ or σ = (1 + i)/δs, where

δs = δ̂s/h =
√

2/Ω is the dimensionless Stokes boundary layer thickness. So, Ω (= 2/δ2
s) is

inversely proportional to the square of the dimensionless Stokes boundary layer thickness.
Therefore, a small value of Ω implies a large viscous layer near the oscillatory upper wall
and vice versa for large Ω.

4.3.3 Homogenization

For the asymptotic analysis, the homogenization technique of Mei et al. [32] is employed.
Based on the time scales mentioned before fast, medium and slow time variables are
introduced accordingly,

t0 = t, t1 = εt, t2 = ε2t.
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According to the chain rule, the original time derivative becomes

∂

∂t
=

∂

∂t0
+ ε

∂

∂t1
+ ε2

∂

∂t2
. (4.9)

The concentration C is expanded by the asymptotic expansion, which was first intro-
duced by Fife and Nicholes [14], into multiple scales as,

C(x, y, t) = C(0)(x, y, t0, t1, t2) + εC(1)(x, y, t0, t1, t2) + ε2C(2)(x, y, t0, t1, t2)

+ε3C(3)(x, y, t0, t1, t2) +O(ε4),
(4.10)

where C(n),(n = 1, 2, 3, . . .) are the developed terms, which are purely oscillatory functions
of the short time variable t0.

Substitution of (4.9) and (4.10) into (4.6) and (4.7) results in(
∂C(0)

∂t0
− ∂2C(0)

∂y2

)
+ ε

(
∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
− ∂2C(1)

∂y2

)
+ ε2

(
∂C(0)

∂t2

+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
− ∂2C(0)

∂x2
− ∂2C(2)

∂y2

)
+ · · · = 0, 0 < y < 1,

(4.11)

∂C(0)

∂y
+ ε

∂C(1)

∂y
+ ε2

∂C(2)

∂y
+ . . . = 0, y = 0, 1. (4.12)

For the leading order (O(1)), Eqs. (4.11) and (4.12) give:

∂C(0)

∂t0
=
∂2C(0)

∂y2
, 0 < y < 1, (4.13)

∂C(0)

∂y

∣∣∣∣
y=0

=
∂C(0)

∂y

∣∣∣∣
y=1

= 0. (4.14)

The general solution of Eq. (4.13) becomes

C(0) = C
(0)
0 (x, t1, t2) +

∞∑
n=1

Re

[
C(0)
n (x, t1, t2)einπy

]
e−n

2π2t0 . (4.15)

Clearly, for long time evolution, since the series terms die out quickly because of the
exponential decay, C(0) becomes independent of t0; thus, one can omit the series part and
take the solution to be

C(0) = C(0)(x, t1, t2). (4.16)

For the first order (O(ε)), Eqs. (4.11) and (4.12) give:

∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (4.17)
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∂C(1)

∂y

∣∣∣∣
y=0

=
∂C(1)

∂y

∣∣∣∣
y=1

= 0. (4.18)

On taking time average of these equations w.r.t. the fast time variable t0, we get

∂C(0)

∂t1
+ Pe us

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (4.19)

∂C(1)

∂y

∣∣∣∣
y=0

=
∂C(1)

∂y

∣∣∣∣
y=1

= 0, (4.20)

where overbar denotes time average w.r.t. t0. The time average of a function f defined
by f [33, 37] as,

f =
ΩSc

2π

∫ t0+ 2π
ΩSc

t0

fdt0, (4.21)

where 2π
ΩSc

is the dimensionless flow period. Here C(0) is invariant under t0 and C(n),
(n = 1, 2, 3, . . .) are purely oscillatory functions of t0, i.e., C(n)(t0) = C(n)(t0 + 2π

ΩSc
).

Hence, from Eq. (4.21) one can get, C(0) = C(0) and ∂C(n)

∂t0
= 0, for n = 1, 2, 3, etc .

Further, taking a section average of Eq. (4.19) w.r.t. the spatial variable y subject to
the conditions (4.20), we get

∂C(0)

∂t1
+ Pe〈us〉

∂C(0)

∂x
= 0, (4.22)

where angle brackets denote section average w.r.t. y. The section average of a function v
defined by 〈v〉 [33] as

〈v〉 =

∫ 1

0

vdy. (4.23)

Here, C(0) is invariant under y, that implies 〈C(0)〉 = C(0) and also one can get by

using the above definition,
〈
∂2C(n)

∂y2

〉
= ∂C(n)

∂y

∣∣∣∣
y=1

− ∂C(n)

∂y

∣∣∣∣
y=0

, for n = 1, 2, 3, etc.

Subtracting (4.17) from (4.22), we get

∂C(1)

∂t0
+ Pe

[
(us − 〈us〉) +Re(uwe

−iΩSc t0)

]
∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1. (4.24)

This equation suggests the following substitution:

C(1) = Pe[F (y) +Re(G(y)e−iΩSc t0)]
∂C(0)

∂x
, (4.25)

where the coefficients F (y), G(y) are to be found as follows. On matching with the steady
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terms associated with ∂C(0)

∂x
, the function F (y) will be governed by

d2F

dy2
= us − 〈us〉, 0 < y < 1, (4.26)

with the boundary conditions

dF

dy

∣∣∣∣
y=0

=
dF

dy

∣∣∣∣
y=1

= 0, (4.27)

and
〈F 〉 = 0. (4.28)

Similarly, equating the oscillatory terms associated with ∂C(0)

∂x
, one can get

d2G

dy2
+ λ2G = uw, 0 < y < 1, (4.29)

and
dG

dy

∣∣∣∣
y=0

=
dG

dy

∣∣∣∣
y=1

= 0, (4.30)

where
λ2 = iΩSc, or λ = Sc1/2σ. (4.31)

For the second order (O(ε2)), Eqs. (4.11)–(4.12) give

∂C(0)

∂t2
+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1, (4.32)

and
∂C(2)

∂y

∣∣∣∣
y=0

=
∂C(2)

∂y

∣∣∣∣
y=1

= 0. (4.33)

On taking time average of these equations w.r.t. the fast time variable t0 (as defined
in Eq. (4.21)), we get

∂C(0)

∂t2
+
∂C(1)

∂t1
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1, (4.34)

and
∂C(2)

∂y

∣∣∣∣
y=0

=
∂C(2)

∂y

∣∣∣∣
y=1

= 0. (4.35)

Averaging Eq. (4.34) w.r.t. space variable y (as defined in Eq. (4.23)) subject to the
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boundary conditions (4.35), the equation becomes

∂C(0)

∂t2
+
∂〈C(1)〉
∂t1

+ Pe

〈
u
∂C(1)

∂x

〉
=
∂2C(0)

∂x2
. (4.36)

Subtracting Eq. (4.36) from Eq. (4.32) one can get

∂C(2)

∂t0
+
∂C(1)

∂t1
+ Pe

(
u
∂C(1)

∂x
−
〈
u
∂C(1)

∂x

〉)
− ∂〈C(1)〉

∂t1
=
∂2C(2)

∂y2
, 0 < y < 1. (4.37)

With the help of Eqs. (4.8), (4.22), (4.25) and (4.28), one can get the following

∂〈C(1)〉
∂t1

= 0, (4.38)

∂C(1)

∂t1
= −Pe2〈us〉

[
F (y) +Re(G(y)e−iΩSc t0)

]∂2C(0)

∂x2
, (4.39)

u
∂C(1)

∂x
= Pe

[
usF +

1

2
Re(uwG

∗) +Re{(uwF + usG)e−iΩSc t0}+
1

2
Re(uwGe

−2iΩSc t0)
]

×∂
2C(0)

∂x2
,

(4.40)

and 〈
u
∂C(1)

∂x

〉
= Pe

[
〈usF 〉+

1

2
Re〈uwG∗〉

]∂2C(0)

∂x2
, (4.41)

where ∗ denotes the complex conjugate.

Substitution of terms (4.38) and (4.41) in (4.36) gives

∂C(0)

∂t2
=
(

1− Pe2[〈usF 〉+
1

2
Re〈uwG∗〉]

)∂2C(0)

∂x2
. (4.42)

Multiplying Eq. (4.22) by ε, Eq. (4.42) by ε2 and adding together we get

∂C(0)

∂t0
+ ε

∂C(0)

∂t1
+ ε2

∂C(0)

∂t2
+ εPe 〈us〉

∂C(0)

∂x
= ε2

(
1− Pe2[〈usF 〉+

1

2
Re〈uwG∗〉]

)∂2C(0)

∂x2
.

(4.43)

Rewriting Eq. (4.43) in original time variable the equation becomes,

∂C(0)

∂t
+ εPe 〈us〉

∂C(0)

∂x
= ε2

(
1− Pe2[〈usF 〉+

1

2
Re〈uwG∗〉]

)∂2C(0)

∂x2
. (4.44)

In order to get an one-dimensional diffusion like equation from the above equation,
we use new variables (as in [70]), τ = t and η = x̂

h
− Pe 〈us〉t. Hence, the above equation
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becomes
∂C(0)

∂τ
= DT

∂2C(0)

∂η2
, (4.45)

where
DT = 1 + Pe2(DTs +DTw) (4.46)

is the Taylor dispersivity. The constant 1 represents the contribution of the effective
longitudinal diffusion to Taylor dispersion. The terms DTs and DTw are, respectively, the
dispersion coefficient components due to the steady and oscillatory flows, respectively:

DTs = −〈usF 〉, (4.47)

and
DTw = −1

2
Re〈uwG∗〉. (4.48)

Here, the new coordinate system {η, τ} allows to view the mass transport from an
observer moving at a speed of Pe 〈us〉.

The solution of Eq. (4.45) with the initial and boundary conditions given in equations
(4.3) and (4.5) is

C(0) =
1√

4πDT τ
exp

(
−η2

4DT τ

)
, (4.49)

which is a longitudinal Gaussian distribution.

Using Eqs. (4.38)–(4.41) in (4.37), we get

∂C(2)

∂t0
+ Pe2

[
{(us − 〈us〉)F − 〈usF 〉}+

1

2
Re(uwG

∗ − 〈uwG∗〉) +Re[{(us − 〈us〉)G

+uwF}e−iΩSc t0 ] +
1

2
Re(uwGe

−2iΩSc t0)
]∂2C(0)

∂x2
.

(4.50)

This equation suggests the following substitution:

C(2) = Pe2[P (y) +Re(Q(y) + T (y)e−iΩSc t0 + S(y)e−2iΩSc t0)]
∂2C(0)

∂x2
. (4.51)

On matching with the steady terms associated with ∂2C(0)

∂x2 , the function P (y) is gov-
erned by

d2P

dy2
= (us − 〈us〉)F − 〈usF 〉, 0 < y < 1, (4.52)

with the following conditions

dP

dy

∣∣∣∣
y=0

=
dP

dy

∣∣∣∣
y=1

= 0, (4.53)
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and
〈P 〉 = 0. (4.54)

Similarly, matching with oscillatory non-exponential terms, the function Q(y) will be
governed by

d2Q

dy2
=

1

2
(uwG

∗ − 〈uwG∗〉), 0 < y < 1, (4.55)

with the following conditions

dQ

dy

∣∣∣∣
y=0

=
dQ

dy

∣∣∣∣
y=1

= 0, (4.56)

and
〈Q〉 = 0. (4.57)

Similarly, the function T (Y ) satisfies the boundary value problem,

d2T

dy2
+ λ2T = (us − 〈us〉)G+ uwF, 0 < y < 1, (4.58)

and
dT

dy

∣∣∣∣
y=0

=
dT

dy

∣∣∣∣
y=1

= 0. (4.59)

While S(y) satisfies

d2S

dy2
+ 2λ2S =

1

2
uwG, 0 < y < 1, (4.60)

and
dS

dy

∣∣∣∣
y=0

=
dS

dy

∣∣∣∣
y=1

= 0. (4.61)

For the third-order (O(ε3)), Eqs. (4.11)–(4.12) give

∂C(1)

∂t2
+
∂C(2)

∂t1
+
∂C(3)

∂t0
+ Pe u

∂C(2)

∂x
=
∂2C(1)

∂x2
+
∂2C(3)

∂y2
, 0 < y < 1, (4.62)

and
∂C(3)

∂y

∣∣∣∣
y=0

=
∂C(3)

∂y

∣∣∣∣
y=1

= 0. (4.63)

Averaging Eq. (4.32) w.r.t. time variable t0 followed by space variable y subject to the
boundary conditions (4.33), the equation becomes

∂〈C(1)〉
∂t2

+
∂〈C(2)〉
∂t1

+ Pe

〈
u
∂C(2)

∂x

〉
=
∂2〈C(1)〉
∂x2

. (4.64)
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Subtracting Eq. (4.64) from Eq. (4.62) one can get

∂C(1)

∂t2
+
∂C(2)

∂t1
+
∂C(3)

∂t0
+ Pe

(
u
∂C(2)

∂x
−
〈
u
∂C(2)

∂x

〉)
− ∂〈C(1)〉

∂t2
− ∂〈C(2)〉

∂t1
+
∂2〈C(1)〉
∂x2

=
∂2C(3)

∂y2
, 0 < y < 1.

(4.65)

Using (4.8) and (4.51), one can get the following

∂〈C(1)〉
∂t2

=
∂〈C(2)〉
∂t1

=
∂2〈C(1)〉
∂x2

= 0, (4.66)

∂C(1)

∂t2
= Pe{1 + Pe2(DTs +DTw)}

[
F +Re(Ge−iΩSc t0)

]∂3C(0)

∂x3
, (4.67)

∂C(2)

∂t1
= −Pe3〈us〉

[
P +Re(Q+ Te−iΩSc t0 + Se−2iΩSc t0)

]∂3C(0)

∂x3
, (4.68)

u
∂C(2)

∂x
= Pe2

[
usP +Re(usQ+

1

2
uwT

∗) +Re{(uwP + uwRe(Q) + usT +
1

2
u∗wS)

×e−iΩSc t0}+Re{(1

2
uwT + usS)e−2iΩSc t0}+

1

2
Re(uwSe

−3iΩSc t0)
]∂3C(0)

∂x3
,

(4.69)

and 〈
u
∂C(2)

∂x

〉
= Pe2

[
〈usP 〉+Re{〈usQ〉+

1

2
〈uwT ∗〉}

]∂3C(0)

∂x3
. (4.70)

Substitution of these terms in (4.65) gives

∂C(3)

∂t0
+ Pe3

[
{(us − 〈us〉)P − 〈usP 〉+DTsF}+Re{(us − 〈us〉)Q− 〈usQ〉 −

1

2
F 〈uwG∗〉

+
1

2
(uwT

∗ − 〈uwT ∗〉)}+Re[{(us − 〈us〉)T + (DTs +DTw)G+ uwP + uwRe(Q)+

1

2
u∗wS}e−iΩSc t0 ] +Re[{(us − 〈us〉)S +

1

2
uwT}e−2iΩSc t0 ]

+
1

2
Re(uwSe

−3iΩSc t0)
]∂3C(0)

∂x3
.

(4.71)

This equation suggests the following substitution:

C(3) = Pe3[H(y) +Re(I(y) + J(y)e−iΩSc t0 +K(y)e−2iΩSc t0 + L(y)e−3iΩSc t0)]
∂3C(0)

∂x3
.

(4.72)
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On matching with the steady terms associated with ∂3C(0)

∂x3 , the function H(y) is gov-
erned by

d2H

dy2
= (us − 〈us〉)P − 〈usP 〉 − 〈usF 〉F, 0 < y < 1, (4.73)

with the following conditions

dH

dy

∣∣∣∣
y=0

=
dH

dy

∣∣∣∣
y=1

= 0, (4.74)

and
〈H〉 = 0. (4.75)

Similarly, matching with oscillatory non-exponential terms, the function I(y) will be
governed by

d2I

dy2
= (us − 〈us〉)Q− 〈usQ〉 −

1

2
〈uwG∗〉F +

1

2
(uwT

∗ − 〈uwT ∗〉), 0 < y < 1, (4.76)

with the following conditions
dI

dy

∣∣∣∣
y=0

=
dI

dy

∣∣∣∣
y=1

= 0, (4.77)

and
〈I〉 = 0. (4.78)

The function J(y) is governed by

d2J

dy2
+λ2J = (us−〈us〉)T+(DTs+DTw)G+uwP+uwRe(Q)+

1

2
u∗wS, 0 < y < 1, (4.79)

and
dJ

dy

∣∣∣∣
y=0

=
dJ

dy

∣∣∣∣
y=1

= 0. (4.80)

Similarly, the function K(y) satisfies the boundary value problem,

d2K

dy2
+ 2λ2K = (us − 〈us〉)S +

1

2
uwT, 0 < y < 1, (4.81)

and
dK

dy

∣∣∣∣
y=0

=
dK

dy

∣∣∣∣
y=1

= 0, (4.82)

while L(y) satisfies
d2L

dy2
+ 3λ2L =

1

2
uwS, 0 < y < 1, (4.83)

TH-2205_126123016



72 Chapter 4. Concentration distribution in an oscillatory Couette flow

and
dL

dy

∣∣∣∣
y=0

=
dL

dy

∣∣∣∣
y=1

= 0. (4.84)

On solving the system of equations (4.26)–(4.30), one gets,

F (y) =
y3

6
− y2

4
+

1

24
, (4.85)

and
G(y) = − iφδ2

s

2(Sc− 1)

[
d1 sinλy + d2 cosλy +

sinσy

sinσ

]
, (4.86)

where, d1 = − σ
λ sinσ

, and d2 = σ(cosσ−cosλ)
λ sinλ sinσ

.

Using (4.85) and (4.86), one can find the following

〈usF 〉 = − 1

120
, (4.87)

〈uwG∗〉 =
iφ2δ2

s

2(Sc− 1)

{
σ∗

λ∗ sinσ∗ sinσ

(
sin(σ + λ∗)

2(σ + λ∗)
− sin(σ − λ∗)

2(σ − λ∗)

)
+
σ∗(cosσ∗ − cosλ∗)

λ∗ sinλ∗ sinσ∗ sinσ

(
1− cos(σ + λ∗)

2(σ + λ∗)
+

1− cos(σ − λ∗)
2(σ − λ∗)

)
+

1

sinσ∗ sinσ

(
sin(σ − σ∗)
2(σ − σ∗)

− sin(σ + σ∗)

2(σ + σ∗)

)}
,

(4.88)

and

〈G(y)〉 = − iφδ2
s

2(Sc− 1)

[
− σ(1− cosλ)

λ2 sinσ
+
σ(cosσ − cosλ)

λ2 sinσ
+

1− cosσ

σ sinσ

]
. (4.89)

On solving the system of equations (4.52)–(4.61), one gets,

P (y) =
y6

180
− y5

60
+
y4

96
+

y3

144
− y2

160
+

1

4032
,

(4.90)

Q(y) = −1

2

[
φ2

(λ2 − σ2) sinσ

{
d∗1
2

(
cos(σ + λ∗)y

(σ + λ∗)2
− cos(σ − λ∗)y

(σ − λ∗)2

)
+
d∗2
2

(
y

σ + λ∗
+

y

σ − λ∗

−sin(σ + λ∗)y

(σ + λ∗)2
− sin(σ − λ∗)y

(σ − λ∗)2

)}]
− 1

4
〈uwG∗〉y2 + e1,

(4.91)

T (y) = e2 cosλy + e3 sinλy + A1(y) + A2(y),

(4.92)
S(y) = e4 cos(

√
2λ)y + e5 sin(

√
2λ)y + A3(y),

(4.93)
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where the functions A1(y),A2(y) and A3(y) are

A1(y) =
φ

sinσ

[{
− σ

(λ2 − σ2)2
y2 +

σ

(λ2 − σ2)2
y +

8σ3

(λ2 − σ2)4
+

4σ

(λ2 − σ2)3

}
cosσy

+

{
1

6(λ2 − σ2)
y3 − 1

4(λ2 − σ2)
y2 −

(
4σ2

(λ2 − σ2)3
+

1

(λ2 − σ2)2

)
y +

2σ2

(λ2 − σ2)3

+
1

2(λ2 − σ2)2
+

1

24(λ2 − σ2)

}
sinσy

]
,

(4.94)

A2(y) =
φ

λ2 − σ2

[
d1

{(
− y2

4λ
+

y

4λ

)
cosλy +

y

4λ2
sinλy

}
+ d2

{
y

4λ2
cosλy +

(
y2

4λ

− y

4λ

)
sinλy

}
+

1

sinσ

{
− 2σ

(λ2 − σ2)2
cosσy +

(
y

λ2 − σ2
− 1

2(λ2 − σ2)

)
sinσy

}]
,

(4.95)

A3(y) =
φ2

2(λ2 − σ2) sinσ

[
d1

2

{
cos(σ − λ)y

2λ2 − (σ − λ)2
− cos(σ + λ)y

2λ2 − (σ + λ)2

}
+
d2

2

{
sin(σ − λ)y

2λ2 − (σ − λ)2

+
sin(σ + λ)y

2λ2 − (σ + λ)2

}
+

1

4 sinσ

{
1

λ2
− cos(2σ)y

λ2 − 2σ2

}]
,

(4.96)

and the constant e1, e2, e3, e4 and e5 are

e1 =
1

2

[
φ2

(λ2 − σ2) sinσ

{
d∗1
2

(
sin(σ + λ∗)

(σ + λ∗)3
− sin(σ − λ∗)

(σ − λ∗)3

)
+
d∗2
2

(
1

2(σ + λ∗)
+

1

2(σ − λ∗)

−1− cos(σ + λ∗)

(σ + λ∗)3
− 1− cos(σ − λ∗)

(σ − λ∗)3

)}]
+

1

12
〈uwG∗〉,

(4.97)

e2 =
1

λ sinλ

{
dA1

dy

∣∣∣∣
y=1

+
dA2

dy

∣∣∣∣
y=1

− cosλ

(
dA1

dy

∣∣∣∣
y=0

+
dA2

dy

∣∣∣∣
y=0

)}
, (4.98)

e3 = −1

λ

(
dA1

dy

∣∣∣∣
y=0

+
dA2

dy

∣∣∣∣
y=0

)
,

(4.99)

e4 =
1√

2λ sin(
√

2λ)

(
dA3

dy

∣∣∣∣
y=1

− cos(
√

2λ)
dA3

dy

∣∣∣∣
y=0

)
, (4.100)

e5 = − 1√
2λ

dA3

dy

∣∣∣∣
y=0

. (4.101)

On solving the system of equations (4.73)–(4.75), one gets,

H(y) =
y9

12960
− y8

2880
+

y7

2240
+

y6

17280
− y5

2400
+

y4

11520
+

y3

24192
+

y2

8960
− 13

453600
. (4.102)
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Analytical expressions for the functions I(y), J(y), K(y) and L(y) could be obtained
by solving the equations (4.76)–(4.84). As the expressions in the concerned equations are
too large and complicated to solve analytically, we have solved these equations numerically.
Some of those numerical values for a typical case are presented in the table 4.1. From the
table it can be observed that the values of the functions of third-order approximations are
so small, that they will have negligible contributions in modifying the mean and transverse
concentration distributions. So, it would not be a wise and worthy exercise to consider
higher order expressions (fourth and higher) in the calculations.

y I(y)× 103 J(y)× 103 K(y)× 103 L(y)× 103

0 −0.0158− 0.1727i −0.1161 + 0.0708i −0.0026 + 0.0230i −0.0171 + 0.0026i
0.25 −0.0106− 0.1219i −0.0907 + 0.0787i 0.0163 + 0.0369i −0.0151 + 0.0109i
0.5 0.0031 + 0.0061i −0.0243 + 0.0710i 0.0737 + 0.0527i −0.0055 + 0.0275i
0.75 0.0104 + 0.1223i 0.0445 + 0.0240i 0.1460 + 0.0421i 0.0112 + 0.0394i

1 0.0098 + 0.1594i 0.0727− 0.0125i 0.1805 + 0.0252i 0.0211 + 0.0417i
Average
Value (e.g.
〈I〉 × 103)

0 −0.0230 + 0.0507i 0.0812 + 0.0390i −0.0018 + 0.0250i

Table 4.1: Numerical values of transverse functions for δs = 1, where φ = 1 and Tr = 1.

Analytical solution for mean concentration up to third-order becomes

〈C〉 = C(0) + ε〈C(1)〉+ ε2〈C(2)〉+ ε3〈C(3)〉

= C(0) + εPe Re[〈G(y)〉e−iΩSc t]∂C
(0)

∂x
+ ε2Pe2 Re[〈T (y)〉e−iΩSc t + 〈S(y)〉e−2iΩSc t]

× ∂2C(0)

∂x2
+ ε3Pe3 Re[〈J(y)〉e−iΩSc t + 〈K(y)〉e−2iΩSc t + 〈L(y)〉e−3iΩSc t]

∂3C(0)

∂x3
,

(4.103)

and third-order transverse concentration will be

C = C(0) + εPe [F (y) +Re(G(y)e−iΩSc t)]
∂C(0)

∂x
+ ε2Pe2[P (y) +Re(Q(y) + T (y)e−iΩSc t0

+S(y)e−2iΩSc t0)]
∂2C(0)

∂x2
+ ε3Pe3[H(y) +Re(I(y) + J(y)e−iΩSc t0

+K(y)e−2iΩSc t0 + L(y)e−3iΩSc t0)]
∂3C(0)

∂x3
.

(4.104)

In the expression of effective dispersion coefficient DT (Eq. (4.46)), the first term on
the R.H.S. (i.e., the constant 1) usually is neglected when compared with the last term
of the expression for Pe > 100 [18]. It indicates that diffusion in longitudinal direction
is neglected in this study by restricting the Peclet number to be high. Peclet number
generally becomes very large and high in engineering problems, where the flow becomes
advection dominated. Consequently, one can obtain expressions independent of Pe for
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mean and real concentrations in a new system {η/Pe,〈C〉Pe} as

〈C〉Pe = C(0)Pe+Re[〈G(y)〉e−i(2πTr)τ ]∂(C(0)Pe)

∂(η/Pe)
+Re[〈T (y)〉e−i(2πTr)τ + 〈S(y)〉

×e−i(4πTr)τ ]∂
2(C(0)Pe)

∂(η/Pe)2
+Re[〈J(y)〉e−i(2πTr)τ + 〈K(y)〉e−i(4πTr)t + 〈L(y)〉e−i(6πTr)τ ]

×∂
3(C(0)Pe)

∂(η/Pe)3
,

(4.105)

and

C Pe = C(0)Pe+ [F (y) +Re{G(y)e−i(2πTr)τ}]∂(C(0)Pe)

∂(η/Pe)
+ [P (y) +Re{Q(y) + T (y)

×e−i(2πTr)τ + S(y)e−i(4πTr)τ}]∂
2(C(0)Pe)

∂(η/Pe)2
+ [H(y) +Re{I(y) + J(y)

×e−i(2πTr)τ +K(y)e−i(4πTr)τ + L(y)e−i(6πTr)τ}]∂
3(C(0)Pe)

∂(η/Pe)3
,

(4.106)

where the parameter Tr represents the ratio of the characteristic time required for vertical
mixing to the flow period (Tp) and can be defined [64,74] as

Tr =
T0

Tp
=
h2/D

2π/ω
=

ΩSc

2π

(
=

Sc

πδ2
s

)
. (4.107)

Here, T0 is the basic time scale, which can be described as, the time required for the
transverse variation of concentration in the vertical direction being smear out through
diffusion.

It is concluded from Eq. (4.105) that as τ → ∞, 〈C〉 tends to C(0), i.e., transverse
mean concentration asymptotically approaches C(0). Hence, for large times, the transverse
mean concentration satisfies a diffusion like equation (4.45). In the expression (4.105),
the exponential term contributes an additional modification on the mean concentration
distribution, which decays with time and does not affect the long-time distribution pat-
tern.

4.4 Results and discussion

In the following subsections, Taylor dispersivity, distributions of mean and transverse
concentrations are discussed. The variation of the velocity profile, oscillatory dispersion
coefficient and the concentrations depend on the parameters δs and Sc. Based on the
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assumptions on first time scale (T0) and the dimensionless angular frequency (Ω), one
can get Ω−1 = O(Sc), which implies δs2 = O(Sc). For dispersion to be significant, one
may expect that δs > O(1), equivalently the flow is slow enough for the Stokes boundary
layer thickness to be at least comparable with the channel width. Similarly, δs � O(1)

represents the flow is so fast that the Stokes boundary layer is just a tiny fraction of the
channel width. Figure (4.2) shows the variations of the velocity profile given in Eq. (4.8).
If the amplitude of oscillation (φ) is zero, the velocity profile reduces to a simple shear
flow (u(y) = y), which is plotted in Fig. (4.2a). Figures (4.2b)–(4.2d) show the variations
of oscillatory Couette flow for different values of δs when φ = 1 and Tr = 1.
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Figure 4.2: Velocity profile of (a) Steady flow, (b - d) Couette flow for different δs within
one oscillation, where Tr = 1.

4.4.1 Dispersivity

From Eqs. (4.47), (4.48), (4.87) and (4.88), the explicit forms for steady and oscillatory
components of dispersion coefficient can be written as

DTs =
1

120
, (4.108)
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and

DTw =
φ2δ2

s

4(Sc− 1)
Im

{
σ∗

λ∗ sinσ∗ sinσ

(
sin(σ + λ∗)

2(σ + λ∗)
− sin(σ − λ∗)

2(σ − λ∗)

)
+
σ∗(cosσ∗ − cosλ∗)

λ∗ sinλ∗ sinσ∗ sinσ

(
1− cos(σ + λ∗)

2(σ + λ∗)
+

1− cos(σ − λ∗)
2(σ − λ∗)

)}
,

(4.109)

where Im stands for the imaginary part.
Here, the value 1/120 for DTs is in exact agreement with that obtained by Ng and

Bai [40] and a good agreement with the value 0.0083, which is the steady-state value of
dispersion coefficient obtained by Bandyopadhyay and Mazumder (see Fig. 5 in [6]). The
limiting value of DTw is calculated for δs = 0 as the expression of DTw (Eq. (4.109)) is
indeterminate at δs = 0. The expression for DTw is similar to that of Ng and Bai [40] for
the case of inert boundaries. Using L’Hospital’s rule, one can find the finite limits of DTw

(Eq. (4.109)) at δs = 0 and Sc = 1.
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Figure 4.3: Variation of oscillatory dispersion coefficient with δs for different (a) Sc and
(b) φ.

The variation of dispersion coefficient DTw with the oscillation parameter δs is il-
lustrated in Fig. (4.3). The figure shows that the dispersion coefficient DTw increases
monotonically with δs. Yasuda [74] also observed that dispersion process increases with
the increase in δs. DTw increases in δs up to unity and for δs beyond unity, no significant
change in dispersion coefficient is noticed. Behaviour of DTw with δs for different Sc can
be seen from Fig. (4.3a). The figure illustrates that with the increase in the value of Sc,
the value of DTw decreases. As Sc increases, the rate of increase in momentum diffusivity
is more compared to that in molecular diffusion. So that dispersion for the solute will
be less for higher value of Sc. Figure also shows that for δs � 1, DTw is independent
of Sc. Figure (4.3b) shows that with the increase of φ, dispersion coefficient increases.
Increase in the amplitude of the upper plate oscillation (φ),increases the axial diffusion in

TH-2205_126123016



78 Chapter 4. Concentration distribution in an oscillatory Couette flow

the transport of solute in the flowing fluid. Figure (4.3) also verifies the earlier claim of
Ng [38, 39] that lim

δs�1
DTw = φ2

2
DTs, for ∀Sc. So, for φ = 1 and for very slow oscillation,

DTw value becomes 1/240 ∼ 0.0042. It can be observed from Fig. (4.3a) that, for the same
situation (φ = 1, δs � 1), DTw converges to the above value 0.0042 and is in agreement
with Ng’s results. One can easily verify that the graphs given in Fig. (4.3b) also follow
the relation lim

δs�1
DTw = φ2

2
DTs.

4.4.2 Different order of asymptotic expansion

From the asymptotic expansion (4.10) we can write the mean and transverse concentration
distributions in {η, y, τ} coordinates as

〈C(η, y, τ)〉 = 〈C(0)(η, τ)〉+〈C(1)(η, y, τ)〉+〈C(2)(η, y, τ)〉+〈C(3)(η, y, τ)〉+O(ε4), (4.110)

C(η, y, τ) = C(0)(η, τ) + C(1)(η, y, τ) + C(2)(η, y, τ) + C(3)(η, y, τ) +O(ε4), (4.111)

where C(0)(η, τ) can be found from Eq. (4.49) and C(i)(η, y, τ), (i = 1, 2, 3, · · ·) are from
Eqs. (4.25), (4.51) and (4.72). Basically, C(i)(η, y, τ) represents difference between ith and
(i− 1)th order approximations.

Figures (4.4) and (4.5) show the longitudinal distribution along the channel calculated
as asymptotic expansions from zeroth to third-order. Initially, before τ = 3.25, each
order term plays a significant role in the longitudinal distribution. As time proceeds, the
contribution of higher order expansion to the distribution diminishes gradually. After
τ = 3.25 as shown in figures, higher than the second-order can be truncated without
causing much errors. This is also well verified by the tables 4.2 and 4.3, where we have
calculated the order percentage [63] to observe the effect of each order expansion. So, after
for τ > 3.25, second and third oder approximation graph almost overlapped and difference
of them becomes very small. So, it might be enough to evaluate the approximate solutions
up to second-order as (for larger τ > 5.25)

〈C(η, y, τ)〉 = 〈C(0)(η, τ)〉+ 〈C(1)(η, y, τ)〉+ 〈C(2)(η, y, τ)〉, (4.112)

C(η, y, τ) = C(0)(η, τ) + C(1)(η, y, τ) + C(2)(η, y, τ). (4.113)

4.4.3 Mean concentration distribution

Evolution of mean concentration distribution can be seen from Fig. (4.6), where for
δs = 0.25 and 1, the longitudinal distribution of third-order mean plotted over one oscil-
lation period. It can be seen from the figure that, time evolution of the curves of mean
concentration shows an oscillatory movement along the longitudinal direction. As the so-
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Figure 4.4: Longitudinal distribution of mean concentration, calculated as asymptotic
expansions from zeroth to third-order.

τ max{〈C(1)(η,y,τ)〉}
C(0)(0,τ)

× 100% max{〈C(2)(η,y,τ)〉}
C(0)(0,τ)

× 100% max{〈C(3)(η,y,τ)〉}
C(0)(0,τ)

× 100%

1.25 27.7823 6.0815 1.6087
3.25 17.2316 2.3392 0.3843
5.25 13.5556 1.4479 0.1871
10.25 9.7031 0.7416 0.0686

Table 4.2: Order percentages for mean concentration, here 〈C(i)(η, y, τ)〉 represents dif-
ference between ith and (i− 1)th order approximations of mean concentration.

lute spreads out due to lateral diffusion and advection, the peak of the mean concentration
decreases gradually with the increase in time. Such an evolution of mean concentration
has also been reported by Jiang and Grotberg [25] for tube flow.

Figure (4.7) shows the difference rate between third-order mean concentration 〈C〉
and the solution of the Taylor dispersion model C0 at a fixed axial location η/Pe = 0.25

for different δs. When 〈C〉 approaches to C0, in other words, when the difference between
these two quantities becomes negligibly small, transverse mean concentration satisfies a
one-dimensional diffusion like equation. Figure illustrates that for δs = 0.25, after some
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Figure 4.5: Longitudinal distribution of transverse concentration at oscillatory upper plate
(i.e., at y = 1), calculated as asymptotic expansions from zeroth to third-order.

τ max{C(1)(η,1,τ)}
C(0)(0,τ)

× 100% max{C(2)(η,1,τ)}
C(0)(0,τ)

× 100% max{C(3)(η,1,τ)}
C(0)(0,τ)

× 100%

1.25 49.4147 13.8498 5.6867
3.25 30.6489 5.3273 1.3586
5.25 24.1105 3.2974 0.6615
10.25 17.2583 1.6890 0.2426

Table 4.3: Order percentages for transverse concentration at y = 1, here C(i)(η, 1, τ)
represents difference between ith and (i− 1)th order approximations of transverse real
concentration at y = 1.

short time, 〈C〉 approaches C0 whereas for the values δs > 0.25, the transverse mean takes
a long time to reach the Taylor dispersion stage (where difference is negligibly small). The
parameter δs is increased with the increase in oscillation period of the plate. So, when δs
value is small, plate oscillation will be fast. For fast oscillation, effects of plate oscillation
are restricted in a very thin boundary layer at the upper plate and there is a little effect
of plate oscillation on solute except in a thin boundary layer. The effective boundary
layer becomes thicker as the value of δs increases further. Consequently, the oscillation
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Figure 4.6: Longitudinal distribution of mean concentration distribution, where φ = 1.0,
Tr = 1.
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Figure 4.7: Variation of difference rate function of third-order mean with Taylor’s mean
with time at η = 0.25 for different δs, where Tr = 1 (dotted line represents a horizontal
line at origin).

of the plate becomes slow but more effective on the solute dispersion. For a fixed δs, the
amplitude of the difference of two means of the solute cloud gradually decreases as time
increases.

4.4.4 Transverse concentration distribution
In order to study the complete solute transport in an oscillatory Couette flow, instead of
just mean concentration distribution, we have derived the transverse real concentration
(Eq. (4.106)). The accurate two-dimensional concentration distribution and its evolution
in oscillatory flows are of essential significance to various applications such as, environ-
mental risk assessment, ecological restoration, etc. Although transverse real concentration
was proposed by Gill [18] and Chatwin [9], Wu and Chen [68] first analysed the evolution
of it.
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y

η/Pe

Figure 4.8: Concentration contours for steady and oscillatory flows (Tr = 1): horizontal
axis represents η/Pe, vertical axis represents y.

The two-dimensional concentration contours are plotted in Fig. (4.8) for steady and
oscillatory flows over a period of time. The scalar is injected initially across the line
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η = 0 and dispersed through the channel under the effects of advection and diffusion.
The coordinate system in the figure longitudinally moves with the velocity Pe 〈us〉, that
ensures centroid of the concentration cloud remains at origin with respect to steady state
velocity but movement of the centroid can be affected by oscillatory component of the
velocity. The first sub figure, shows the concentration distribution for steady state flow,
where concentration centroid fixed at origin. The second and third sub figures of Fig. (4.8),
show the effect of flow oscillation, where the centroid cloud moves back and forth for fast
and slow oscillations. In the downstream, by the influence of upper plate oscillation, the
solute near the upper plate moves with higher speed, which creates higher concentration
zone near the upper plate. On the other hand, in the upstream, higher concentration zone
appears near the stationary lower plate, as movement of the solute is much slower due to
slow velocity near the lower plate. It is also noticed that the speed with which the upper
plate moves, solute fails to move with same speed and it creates a phase lag between flow
velocity and the movement of the solute.
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Figure 4.9: Transverse variation of concentration distribution by typical cross-sections for
steady and oscillatory flows, where Tr = 1.
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Figure (4.9) illustrates the transverse variation of concentration distribution for steady
and oscillatory flows. In order to observe the concentration variations in the upstream
and downstream sections properly, two typical cross-sections η = −0.15 and η = 0.15

with two different times τ = 1.25 and 1.75 are considered. According to Figs. (4.9a) and
(4.9c), for a typical upstream cross-section at η = −0.15, the concentration increases in
the lateral direction from upper plate to lower plate. As pointed out earlier, velocity
is slow at an area near the lower plate where longitudinal spreading of solute is very
slow, which causes to form a higher concentration zone near the lower plate. The case
is reverse across a typical downstream section at η = 0.15 as plotted in Figs. (4.9b) and
(4.9d), the concentration decreases in the lateral direction from the upper plate to the
lower plate. This happens because of the velocity difference over the cross-section of the
channel. Flow velocity is faster near the oscillatory plate where longitudinal spreading of
the scalar substance is fast, which causes higher concentration zone near the oscillatory
plate. Initially, the flow is dominated by advection, which results in large concentration
variation across the channel at time τ = 1.25. At a later times, lateral diffusion becomes
active from oscillatory plate to the stationary plate in the downstream and it becomes
reverse in the upstream. This lateral diffusion smears out the concentration variation and
makes the distribution uniform across the channel. These results resemble with those
obtained by Wu and Chen [67] for open channel flow.

To discuss the uniformity of transverse concentration variations, an indicator R is
adopted (following [67,68]) as

R(η, δs, τ) =
max(C(η, y, δs, τ))−min(C(η, y, δs, τ))

C(0, 0, δs, τ)
× 100%, (4.114)

which is the transverse variation in the cross-section against the centroid of the concen-
tration cloud.

Figure (4.10) shows the longitudinal distributions of the transverse concentration vari-
ation rates. From the figure, it can be seen that as the solute cloud moves longitudinally
from the origin, concentration variation rate increases from zero to a maximum and then
decreases to zero again. As the solute moves relatively faster near the oscillatory upper
plate of the channel cross-section, maximum variation rate occurs near the upper plate in
the downstream. On the other hand, the maximum variation rate occurs near the lower
plate in the upstream due to slow movement of solute near lower plate. Figure (4.10a)
illustrates the concentration variation rates for simple shear flow. The graph shows that
variation rates are symmetrical about the centroid of the solute cloud and maximum
variation rate moves away with times from solute centroid. This feature is similar to the
results obtained for other steady flows [67]. Transverse variation rates for oscillatory flows
with δs = 0.25 and 1.0 are depicted in Figs. (4.10b) and (4.10c). Figure (4.10) shows that
as δs increases, the maximum variation rate also increases. Figure also indicates that
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Figure 4.10: Longitudinal distribution of transverse concentration variation rates, where
Tr = 1.

the diminishing of the transverse concentration variation is a large time-scale process,
which can be characterized by the dimensionless time as τ ∼ 10 (same as for steady state
study [67, 68]), compare to the scale of τ ∼ 1 suggested by Chatwin [9] for longitudinal
normality and that of τ ∼ 0.1 by Taylor for dispersion of the mean concentration.

4.5 Conclusions

Multi-scale methods of homogenization is applied to explore the two-dimensional solute
transport in an oscillatory Couette flow. Variations of dispersion coefficient with different
flow parameters are discussed. Analytical solutions are obtained for the first time for mean
and transverse real concentrations up to third-order approximation. By obtaining the
mean concentration, the validity of Taylor dispersion model for an oscillatory Couette flow
are discussed. This work includes the pattern of transverse real concentration distribution
and uniformity over the cross-section of the channel. Some important conclusions are as
follows:
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1. Dispersion of solute in a flowing fluid increases with the increase in Stokes boundary
layer thickness.

2. For slow oscillation of the upper plate, third-order mean will reach Taylor dispersion
stage after a long time period compared to the case of fast oscillation of the plate.

3. A time scale up to 10h2/D is suggested to characterize the initial transition stage
of the transport process to approach transverse uniformity.
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CHAPTER 5

SOLUTE DISPERSION IN AN OSCILLATORY COUETTE
FLOW WITH WALL REACTIONS

In the previous chapter the solute dispersion in an oscillatory Couette flow for inert
boundary wall is studied. The effects of Stokes boundary layer on solute dispersion are
examined. In this following chapter, we discuss about the effects of both reversible and
irreversible boundary reactions on oscillatory Couette flow.

5.1 Introduction

There have been many attempts to extend the work of Taylor for oscillatory flows. Disper-
sion of solute in an oscillatory flow has been studied by Aris [4], Chatwin [9], Smith [59],
Mukherjee and Mazumder [34], Ng [37] and others. These studies are limited to inert
boundary conditions. Flowing solute may be chemically reactive with the channel wall.
The reaction may be homogeneous or heterogeneous. In a homogeneous reaction, the
chemical reacts with the flowing fluid and in a heterogeneous reaction, the chemical re-
acts at the boundary. The latter may be reversible or irreversible. In reversible reaction,
solute is assumed to partition between flowing fluid and adsorbing layer. The adsorbed
solute again gets back to the flowing fluid. In irreversible reaction, solute totally absorbed
into the boundary of the flow geometry. Davidson and Schroter [12], and Phillips and
Kaye [47] studied a reversible phase exchange reaction. Mazumder and Das [27], and
Jiang and Grotberg [25] have studied the effects of wall absorption in an oscillatory tube
flow. Influences of both reversible and irreversible reactions in oscillatory flows have been
studied by Ng [38, 39]. Reactions may be linear or non-linear type. Effects of linear re-
versible or irreversible reactions at the wall on solute dispersion have been investigated
by Gupta and Gupta [24], Purnama [49], Sarkar and Jayaraman [55], Mazumder and
Mondal [28], Paul and Mazumder [44] and others. Revelli and Ridolfi [52, 53], Paul and
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88 Chapter 5. Solute dispersion in an oscillatory Couette flow with wall reactions

Mazumder [45] have considered the effects of nonlinear chemical reaction on transport
coefficients in steady and unsteady flows.

In existing literature on solute transport in oscillatory flows, the main focus was ei-
ther to obtain the dispersion coefficient or to address the mean concentration distribution.
For some environmental or industrial processes, not only the dispersion coefficient or the
longitudinal mean concentration, but also the transverse concentration distribution and
its uniformity over the cross-section are equally useful. Wu and Chen [67, 68] systemi-
cally analysed the transverse uniformity of concentration cloud for laminar steady flows
by extending the homogenization technique proposed by Mei et al. [32]. In recent work,
Wang and Chen [64] studied the transverse concentration distribution up to first-order
approximation for oscillatory flow with inert boundary wall. In this study, an analytical
study is presented to explore two-dimensional concentration distribution due to an oscil-
latory Couette flow, where solute may undergoes reversible and irreversible reactions with
the channel bed. Simple analytical expressions are derived for both mean and transverse
concentration distributions with the help of multi-scale method of homogenization.

The aim of this chapter is to find the analytical expressions for mean and transverse
real concentrations by multi-scale homogenization technique and to explore the evolution
of transverse concentration distribution for oscillatory Couette flows. The specific ob-
jectives of this work are: (I) to present a multi-scale analysis for the solute dispersion
in an oscillatory Couette flow, (II) to obtain all the steady and unsteady components
of dispersion coefficients, (III) to obtain analytical expressions for mean and transverse
real concentrations up to second-order approximations, (IV) to observe the effects of flow
parameters, phase exchange kinetics, bed absorption on dispersion coefficient, mean and
transverse concentration distributions, (V) to discuss the uniformity in transverse real
concentration over the channel cross-section.

5.2 Formulation of the problem

A laminar, one-dimensional plane Couette flow between two infinite parallel flat plates
with a separation width h is considered. The lower plate at ŷ = 0 is assumed to be
stationary whereas the upper one at ŷ = h oscillates in its own plane with a prescribed
velocity

û(h, t̂) = U [1 + φRe(e−iωt̂)],

where U is the steady component of the velocity of the upper plate, φ is a factor such
that φU represents the amplitude of the oscillatory velocity component, ω is the angular
frequency of the oscillation, t̂ is time and Re stands for real part. As the flow is influenced
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by the oscillation of the upper plate, the velocity profile of the flow can be considered as,

û(ŷ, t̂) = ûs +Re(ûwe
−iωt̂), (5.1)

where ûs(ŷ) = Uŷ/h and ûw(ŷ) = Uφ sin σ̂ŷ
sin σ̂h

are the steady and oscillatory components of
the velocity field respectively. Here σ̂2 = iω/ν or σ̂ = (1 + i)/δ̂s and δ̂s =

√
2ν/ω is the

thickness of the Stokes boundary layer resulting from the oscillation of the upper plate,
where ν is the kinematic viscosity of the fluid.

During the flow some part of the fluid completely absorbed by reversible bed reaction
or/and undergoes reversible phase exchange with the channel bed. In the phase where
solute flows with the flowing fluid is called mobile or fluid phase and the phase in which
the solute retains at the channel bed is termed as immobile phase.

It is assumed that the solute undergoes a reversible phase exchange between mobile
and immobile phases. Phase exchange will take place in either forward or backward
direction, which can be described by a first-order linear kinetics as

∂Ĉs
∂t

= kf Ĉ − kbĈs, (5.2)

where Ĉ is the concentration (mass of solute per bulk volume of fluid) of the mobile
phase, Ĉs is the concentration (mass of solute per surface area of the channel bed) of the
immobile phase. The terms kf and kb are the forward and backward rate constants for
the sorption reaction respectively. At the equilibrium state, these two phases will have
their concentrations in a fixed ratio

Ĉs/Ĉ = kf/kb = α̂, (5.3)

where α̂ is the partition coefficient or retention parameter that relates the concentrations
Ĉ and Ĉs. From the equations (5.2) and (5.3) first-order kinetics reversible reaction at
the channel bed can be expressed as

∂Ĉs
∂t

= k(α̂Ĉ − Ĉs),

where k = kb is the reversible reaction rate constant.

Associated with oscillatory Couette flow, the problem of transport of the substance
can be formulated as follows:

∂Ĉ

∂t̂
+ û

∂Ĉ

∂x̂
= D

(
∂2Ĉ

∂x̂2
+
∂2Ĉ

∂ŷ2

)
, 0 < ŷ < h, (5.4)

where D, the molecular diffusivity of the substance in the fluid, is assumed to be constant.
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The initial and boundary conditions are respectively given as

Ĉ(x̂, ŷ, t̂)|t̂=0=
Qm

h
δ
( x̂
h

)
(5.5)

D
∂Ĉ

∂ŷ
= 0, ŷ = h, (5.6)

D
∂Ĉ

∂ŷ
− β̂Ĉ =

∂Ĉs

∂t̂
= k(α̂Ĉ − Ĉs), ŷ = 0, (5.7)

and
Ĉ(x̂, ŷ, t̂)|x̂=±∞= 0, (5.8)

where Qm is the released mass and δ(·) the Dirac delta function.

5.3 Multi-scale Analysis

5.3.1 Scales selection

Associated with two length scales h (channel width) and l (characteristic axial length
of the solute cloud), there are three distinct time scales for transport process, i.e., T0 =

2π/ω = h2/D = O(k−1) as the diffusion time across the width of the channel h, T1 = l/U

as the advection time across the characteristic length l, and T2 = l2/D as diffusion time
across l.

Time scale for the diffusion time across the width of the channel h:

T0 = 2π/ω = O(h2/D) = O(k−1).

Their ratios are
T0 : T1 : T2 = 1 :

1

ε
:

1

ε2
,

where ε = h
l
(� 1) used as the perturbation parameter.

5.3.2 Dimensionless governing equation and velocity profile

Dimensionless parameters are introduced as

x =
x̂

l
, y =

ŷ

h
, u =

û

U
, t =

t̂

h2/D
, Pe =

Uh

D
, C =

Ĉ

Qm/h
, Ω =

ωh2

ν
, Sc =

ν

D
, Cs =

Ĉs
Qm

,

Da =
kh2

D
, α =

α̂

h
, β =

β̂l

D

where Ω is the dimensionless frequency parameter and Sc is the Schmidt number.
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The non-dimensional governing equation and boundary conditions can be rewritten as

∂C

∂t
+ εPe u

∂C

∂x
= ε2

∂2C

∂x2
+
∂2C

∂y2
, 0 < y < 1, (5.9)

∂C

∂y
= 0, y = 1, (5.10)

∂C

∂y
− εβC =

∂Cs
∂t

= Da(αC − Cs), y = 0. (5.11)

The dimensionless velocity profile is

u(y, t) = us +Re(uwe
−iΩSc t), (5.12)

where us(y) = y and uw(y) = φ sinσy
sinσ

are the steady and oscillatory components of the
velocity field respectively. In the expression of uw, σ =

√
iΩ or σ = (1 + i)/δs, where

δs = δ̂s/h =
√

2/Ω is the dimensionless Stokes boundary layer thickness.

5.3.3 Homogenization

For the asymptotic analysis, the homogenization technique of Mei et al. [32] is employed.
Based on the time scales mentioned before, fast, medium and slow time variables are
introduced accordingly

t0 = t, t1 = εt, t2 = ε2t.

The original time derivative becomes, according to the chain rule

∂

∂t
=

∂

∂t0
+ ε

∂

∂t1
+ ε2

∂

∂t2
. (5.13)

The concentration C is expanded into multiple scales as:

C = C(0) + εC(1) + ε2C(2) +O(ε3), (5.14)

where Cn,(n = 1, 2, 3, . . .) are the developed terms, which are purely oscillatory functions
of the short time variable t0. Substituting (5.13) and (5.14) into (5.9) - (5.11) we have,(

∂C(0)

∂t0
− ∂2C(0)

∂y2

)
+ ε

(
∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
− ∂2C(1)

∂y2

)
+ ε2

(
∂C(0)

∂t2
+
∂C(1)

∂t1

+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
− ∂2C(0)

∂x2
− ∂2C(2)

∂y2

)
+ · · · = 0, 0 < y < 1,

(5.15)
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∂C(0)

∂y
+ ε

∂C(1)

∂y
+ ε2

∂C(2)

∂y
+ · · · = 0, y = 1, (5.16)

∂C(0)

∂y
+ ε

(
∂C(1)

∂y
− βC(0)

)
+ ε2

(
∂C(2)

∂y
− βC(1)

)
+ · · · = ∂C

(0)
s

∂t0
+ ε

(
∂C

(0)
s

∂t1
+
∂C

(1)
s

∂t0

)
+ε2
(
∂C

(0)
s

∂t2
+
∂C

(1)
s

∂t1
+
∂C

(2)
s

∂t0

)
+ · · · = Da(αC(0) − C(0)

s ) + ε
(
Da(αC(1) − C(1)

s )
)

+

ε2
(
Da(αC(2) − C(2)

s )
)

+ · · · , y = 0.

(5.17)

For leading order (O(1)), Eqs. (5.15) and (5.17) give:

∂C(0)

∂t0
=
∂2C(0)

∂y2
, 0 < y < 1, (5.18)

∂C(0)

∂y

∣∣∣∣
y=0

=
∂C(0)

∂y

∣∣∣∣
y=1

= 0. (5.19)

The general solution of Eq. (5.18) becomes

C(0) = C
(0)
0 (x, t1, t2) +

∞∑
n=1

Re

[
C(0)
n (x, t1, t2)einπy

]
e−n

2π2t0 . (5.20)

Clearly, for long time evolution, since the series terms die out exponentially quickly
because of the exponential decay, C(0) becomes independent of t0; thus, one can omit the
series part and take the solution as,

C(0) = C(0)(x, t1, t2). (5.21)

For first-order (O(ε)), Eqs. (5.15) and (5.17) give:

∂C(0)

∂t1
+
∂C(1)

∂t0
+ Pe u

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (5.22)

∂C(1)

∂y
= 0, y = 1, (5.23)

∂C(1)

∂y
− βC(0) =

∂C
(0)
s

∂t1
+
∂C

(1)
s

∂t0
= Da(αC(1) − C(1)

s ), y = 0. (5.24)

Taking time average of these equations w.r.t the fast time variable t0, we get

∂C(0)

∂t1
+ Pe us

∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1, (5.25)
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∂C(1)

∂y
= 0, y = 1 (5.26)

∂C(1)

∂y
− βC(0) = α

∂C(0)

∂t1
= Da(αC(1) − C(1)

s ), y = 0, (5.27)

where overbar denotes time average w.r.t t0 as

f =
ΩSc

2π

∫ t+ 2π
ΩSc

t

fdt0. (5.28)

Further, taking a section average of Eq. (5.25) w.r.t the spatial variable y subject to
the conditions (5.26) and (5.27), we get

∂C(0)

∂t1
+ Pe

〈us〉
R

∂C(0)

∂x
+
β

R
C(0) = 0, (5.29)

where R = 1 + α is the retardation factor and angle brackets denote section average as

〈v〉 =

∫ 1

0

vdy. (5.30)

Subtracting (5.22) from (5.29), we get

∂C(1)

∂t0
+ Pe

[(
us −

〈us〉
R

)
+Re(uwe

−iΩSc t0)

]
∂C(0)

∂x
=
∂2C(1)

∂y2
, 0 < y < 1. (5.31)

These equations suggest the following substitutions

C(1) = Pe[F (y) +Re(G(y)e−iΩSc t0)]
∂C(0)

∂x
+ βM(y)C(0), (5.32)

C(1)
s = [Fs +Re(Gse

−iωt0)]
∂C(0)

∂x
+ βMsC

(0), (5.33)

where the coefficients F (y), G(y), Fs and Gs are to be found as follows.

On matching with the steady terms associated with ∂C(0)

∂x
, the function F (y) is governed

by
d2F

dy2
= us −

〈us〉
R

0 < y < 1, (5.34)

with the following conditions
dF

dy
= 0, y = 1, (5.35)

dF

dy
= −α〈us〉

R
= Da(αF − Fs), y = 0, (5.36)

and
〈F 〉 = 0. (5.37)
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Similarly, equating the oscillatory terms associated with ∂C(0)

∂x
, one can get

d2G

dy2
+ λ2G = uw 0 < y < 1, (5.38)

dG

dy
= 0, y = 1, (5.39)

dG

dy
= −λ2Gs = Da(αG−Gs), y = 0, (5.40)

where
λ2 = iΩSc, or λ = Sc1/2σ. (5.41)

On matching with the steady terms associated with C(0), the functionM(y) is governed
by

d2M

dy2
= − 1

R
0 < y < 1, (5.42)

with the following conditions
dM

dy
= 0, y = 1, (5.43)

dM

dy
= − 1

R
= Da(αM −Ms) + 1, y = 0. (5.44)

For second-order (O(ε2)), Eqs. (5.15)–(5.17) give:

∂C(0)

∂t2
+
∂C(1)

∂t1
+
∂C(2)

∂t0
+ Pe u

∂C(1)

∂x
=
∂2C(0)

∂x2
+
∂2C(2)

∂y2
0 < y < 1, (5.45)

∂C(2)

∂y
= 0, y = 1, (5.46)

∂C(2)

∂y
− βC(1) =

∂C
(0)
s

∂t2
+
∂C

(1)
s

∂t1
+
∂C

(2)
s

∂t0
= Da(αC(2) − C(2)

s ), y = 0. (5.47)

Averaging Eq. (5.45) w.r.t time variable t0 followed by space variable y subject to the
boundary conditions (5.46), the equation becomes

∂C(0)

∂t2
+

1

R

∂〈C(1)〉
∂t1

+ Pe
1

R

〈
u
∂C(1)

∂x

〉
+

1

R

∂C
(1)

s

∂t1
=

1

R

∂2C(0)

∂x2
− β

R
C1(0). (5.48)
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Subtracting Eq. (5.48) from Eq. (5.45), one can get

∂C(2)

∂t0
+
∂C(1)

∂t1
+ Pe

(
u
∂C(1)

∂x
− 1

R

〈
u
∂C(1)

∂x

〉)
− 1

R

∂〈C(1)〉
∂t1

− 1

R

∂C
(1)

s

∂t1
− β

R
C1(0)

=

(
1− 1

R

)
∂2C(0)

∂x2
+
∂2C(2)

∂y2
, 0 < y < 1.

(5.49)

Using (5.12), (5.32) and (5.37), the following terms of (5.49) can be found as,

∂〈C(1)〉
∂t1

= 0, (5.50)

∂C(1)

∂t1
= −Pe2〈us〉

[
F (y) +Re(G(y)e−iΩSc t0)

]∂2C(0)

∂x2
, (5.51)

u
∂C(1)

∂x
= Pe

[
usF +

1

2
Re(uwG

∗) +Re{(uwF + usG)e−iΩSc t0}+
1

2
Re(uwGe

−2iΩSc t0)
]

×∂
2C(0)

∂x2
+ β(usM +Re(uwMe−iΩSc t0)

∂C(0)

∂x
,

(5.52)

〈
u
∂C(1)

∂x

〉
= Pe

[
〈usF 〉+

1

2
Re〈uwG∗〉

]
∂2C(0)

∂x2
+ β〈usM〉

∂C(0)

∂x
, (5.53)

∂CS1

∂t1
= −Pe2Fs

〈us〉
R

∂2C(0)

∂x2
− Pe β

R
(Fs + 〈us〉Ms)

∂C(0)

∂x
− β2

R
MsC

(0), (5.54)

where ∗ denotes the complex conjugate.

Substituting these terms in (5.48), one gets

∂C(0)

∂t2
+ Pe

β

R

(
F (0) + 〈usM〉 −

〈us〉Ms

R
− 1

R
Fs

)
∂C(0)

∂x
=
{ 1

R
− Pe2

( 1

R
〈usF 〉+

1

2R

×Re〈uwG∗〉 − Fs
〈us〉
R2

)}∂2C(0)

∂x2
− β2

R

(
M(0)− Ms

R

)
C(0).

(5.55)
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Multiplying Eq. (5.29) by ε, Eq. (5.55) by ε2 and adding them, we obtain

∂C(0)

∂t0
+ ε

∂C(0)

∂t1
+ ε2

∂C(0)

∂t2
+ εPe

{
〈us〉
R

+
εβ

R

(
F (0) + 〈usM〉 −

〈us〉Ms

R
− 1

R
Fs

)}
∂C(0)

∂x

= ε2
{ 1

R
− Pe2

( 1

R
〈usF 〉+

1

2R
Re〈uwG∗〉 − Fs

〈us〉
R2

)}∂2C(0)

∂x2

−εβ
(

1

R
+ εβ

M0

R
− εβMs

R2

)
C(0).

(5.56)

Using dimensionless variable βm(≥ 0) = β̂h
D
, Eq. (5.56) can be written, in original time

variable, as

∂C(0)

∂t
+ εPe

{
〈us〉
R

+
βm
R

(
F (0) + 〈usM〉 −

〈us〉Ms

R
− 1

R
Fs

)}
∂C(0)

∂x
= ε2

{ 1

R
− Pe2

( 1

R

×〈usF 〉+
1

2R
Re〈uwG∗〉 − Fs

〈us〉
R2

)}∂2C(0)

∂x2
− βm

(
1

R
+ βm

M(0)

R
− βm

Ms

R2

)
C(0).

(5.57)

Let τ = t and η = x̂
h
− Peζ t, equation becomes

∂C(0)

∂τ
+ Peζ

∂C(0)

∂η
= DT

∂2C(0)

∂η2
− χC(0), (5.58)

where
ζ =
〈us〉
R

+
βm
R

(
F (0) + 〈usM〉 −

〈us〉Ms

R
− 1

R
Fs

)
, (5.59)

χ = βm

(
1

R
+ βm

M0

R
− βm

Ms

R2

)
, (5.60)

and the Taylor dispersivity

DT =
1

R
+ Pe2(DTs +DTw). (5.61)

The term 1/R represents the contribution of the effective longitudinal diffusion to
Taylor dispersion. The terms DTs and DTw are, respectively, the dispersion coefficient
components due to the steady and oscillatory flows and can be written as

DTs = − 1

R
〈usF 〉+ Fs

〈us〉
R2

, (5.62)

DTw = − 1

2R
Re〈uwG∗〉. (5.63)

Here, the new coordinate system {η, τ} allows to view the mass transport from an
observer moving at a speed of Peζ.
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The solution of Eq. (5.58) with the initial and boundary conditions given in equations
(5.5) and (5.8) is

C(0) =
1√

4πDT τ
exp

(
− η2

4DT τ
− χτ

)
, (5.64)

which is a longitudinal Gaussian distribution.

Substitution of terms (5.50)–(5.54) in (5.49) gives

∂C(2)

∂t0
+ Pe2

[
{(us −

〈us〉
R

)F − 1

R
〈usF 〉}+

1

2
Re(uwG

∗ − 1

R
〈uwG∗〉) +

〈us〉
R2

Fs +Re[{(us

−〈us〉
R

)G+ uwF}e−iΩSc t0 ] +
1

2
Re(uwGe

−2iΩSc t0)
]∂2C(0)

∂x2
+ βPe

[
(us −

〈us〉
R

)M

− 1

R
〈usM〉 −

F

R
− F0

R
+
Fs
R2

+
〈us〉
R2

Ms +Re[(uwM −
1

R
G)e−iΩSc t0 ]

]
×∂C

(0)

∂x
− β2

(
M

R
+
M(0)

R
− Ms

R2

)
C(0) =

∂2C(2)

∂y2
.

(5.65)

This equation suggests the following substitution,

C(2) = Pe2[P (y) +Re(Q(y) + T (y)e−iΩSc t0 + S(y)e−2iΩSc t0)]
∂2C(0)

∂x2
+ βPe[X(y) +Re(

Y (y)e−iΩSc t0)]
∂C(0)

∂x
+ β2ZC(0).

(5.66)

On matching with the steady terms associated with ∂2C(0)

∂x2 , the function P (y) is gov-
erned by

d2P

dy2
= (us −

〈us〉
R

)F +DTs, 0 < y < 1, (5.67)

with the following conditions
dP

dy
= 0, y = 1, (5.68)

dP

dy
= −α

R
〈usF 〉 −

〈us〉
R2

Fs = Da(αP − Ps), y = 0, (5.69)

and
〈P 〉 = 0. (5.70)

Similarly, matching with oscillatory non-exponential terms, the governing equation of
the function Q(y) becomes,

d2Q

dy2
=

1

2
(uwG

∗ − 1

R
〈uwG∗〉), 0 < y < 1, (5.71)
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with the following conditions
dQ

dy
= 0, y = 1, (5.72)

dQ

dy
= − α

2R
〈uwG∗〉 = Da(αQ−Qs), y = 0, (5.73)

and
〈Q〉 = 0. (5.74)

Similarly, the function T (Y ) satisfies the boundary value problem,

d2T

dy2
+ λ2T = (us −

〈us〉
R

)G+ uwF, 0 < y < 1, (5.75)

dT

dy
= 0, y = 1, (5.76)

dT

dy
= −〈us〉

R
Gs − λ2Ts = Da(αT − Ts), y = 0. (5.77)

While S(y) satisfies

d2S

dy2
+ 2λ2S =

1

2
uwG, 0 < y < 1, (5.78)

dS

dy
= 0, y = 1, (5.79)

dS

dy
= −2λ2Ss = Da(αS − Ss), y = 0. (5.80)

On matching with the steady terms associated with ∂C(0)

∂x
, the function X(y) is gov-

erned by

d2X

dy2
= (us −

〈us〉
R

)M − 1

R
〈usM〉 −

F

R
− F (0)

R
+
Fs
R2

+
〈us〉Ms

R2
, 0 < y < 1, (5.81)

with the following conditions
dX

dy
= 0, y = 1, (5.82)

dX

dy
= −α

R
〈usM〉+

F (0)

R
− Fs
R2
− 〈us〉

R2
Ms = Da(αX −Xs) + F (0), y = 0, (5.83)

and
〈X〉 = 0. (5.84)

On matching with the oscillatory terms associated with ∂C(0)

∂x
, the function Y (y) is
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governed by
d2Y

dy2
+ λ2Y = −G

R
+ uwM, 0 < y < 1, (5.85)

dY

dy
= 0, y = 1, (5.86)

dY

dy
= −λ2Ys −

Gs

R
+G(0) = Da(αY − Ys) +G(0), y = 0. (5.87)

On matching with the terms associated with C(0), the function Z(y) is governed by

d2Z

dy2
= −M

R
− M(0)

R
+
Ms

R2
, 0 < y < 1, (5.88)

dZ

dy
= 0, y = 1, (5.89)

dZ

dy
=
M(0)

R
− Ms

R2
= Da(αZ − Zs) +M(0), y = 0. (5.90)

On solving the system of equations (5.34)–(5.44), one gets,

F (y) =
1

6
y3 − 1

4R
y2 − α

2R
y +

α

4R
+

1

12R
− 1

24
, (5.91)

and
G(y) = − iφδ2

s

2(Sc− 1)

[
d1 sin(λy) + d2 cos(λy) +

sin(σy)

sinσ

]
, (5.92)

where
d1 = −

[σ(Da− λ2)

λαDa

sinλ

sinσ
+ σ cotσ

][
λ cosλ+ (Da− λ2)

sinλ

αDa

]−1

, (5.93)

d2 = −Da− λ
2

λ2αDa

[
λd1 +

σ

sinσ

]
, (5.94)

and
M(y) = − 1

2R
y2 +

1

R
y − 1

3R
, (5.95)

Fs = α
( α

4R
+

1

12R
− 1

24
+

1

2DaR

)
, (5.96)

Gs = − φ

λ2(λ2 − σ2)

(
λd1 +

σ

sinσ

)
, (5.97)

Ms =
α

R

(
− 1

3
+

1

Da

)
. (5.98)

Using (5.91)–(5.95), one can find the following

〈usF 〉 = − α

24R
− 1

48R
+

1

80
, (5.99)
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〈usM〉 =
1

24R
, (5.100)

〈uwG∗〉 =
iφ2δ2

s

2(Sc− 1)

{
d1
∗

sinσ

(
sin(σ − λ∗)
2(σ − λ∗)

− sin(σ + λ∗)

2(σ + λ∗)

)
+

d2
∗

sinσ

(
1− cos(σ − λ∗)

2(σ − λ∗)

+
1− cos(σ + λ∗)

2(σ + λ∗)

)
+

1

sinσ∗ sinσ

(
sin(σ − σ∗)
2(σ − σ∗)

− sin(σ + σ∗)

2(σ + σ∗)

)}
,

(5.101)

and
〈G(y)〉 = − iφδ2

s

2(Sc− 1)

[
d1

λ
(1− cosλ) +

d2

λ
sinλ+

1− cosσ

σ sinσ

]
. (5.102)

On solving the system of equations (5.67)–(5.90), one gets,

P (y) =
1

180
y6 − 1

60R
y5 +

(
1

96R2
− α

24R

)
y4 +

(
α

24R2
+

α

24R
− 1

144
+

1

72R

)
y3

+

(
− 5α

96R2
+

α2

16R3
− 1

96R2
+

α

48R3
+

1

240R
+

α

8R3Da

)
y2 +

(
1

30R
− α2

8R3

− 1

80
− α

4R3Da
− α

24R3
− α

48R2
+

α

24R
− 1

48R2

)
y +

29

4032
+

α

12R3Da

− 3

160R
− 11α

480R
+

α

72R3
+

5α

288R2
+

α2

24R3
+

17

1440R2
,

(5.103)

Q(y) = −1

2

[
φ2

(λ2 − σ2) sinσ

{
d∗1
2

(
cos(σ + λ∗)y

(σ + λ∗)2
− cos(σ − λ∗)y

(σ − λ∗)2

)
+
d∗2
2

(
y

σ + λ∗

+
y

σ − λ∗
− sin(σ + λ∗)y

(σ + λ∗)2
− sin(σ − λ∗)y

(σ − λ∗)2

)}]
− 1

2R

(
1

2
y2 + αy

)
〈uwG∗〉+ e1,

(5.104)

T (y) = e2 cosλy + e3 sinλy + A1(y) + A2(y), (5.105)

S(y) = e4 cos(
√

2λ)y + e5 sin(
√

2λ)y + A3(y), (5.106)

X(y) = − 1

30R
y5 +

(
1

12R
+

1

24R2

)
y4 +

(
α

12R2
− 1

18R
− 1

12R2

)
y3 +

(
− 1

4R3Da

+
α2

8R3
+

1

24R
− α

24R3
− 1

48R2
+

1

4R2Da
− 13α

48R2
+

α

4R3Da

)
y2 +

(
− α

2R3Da

− 1

12R
+

1

8R2
− 1

2R2Da
+

1

2R3Da
− α2

4R3
+

7α

24R2
+

α

12R3

)
y − 31

720R2

+
1

6R2Da
− 1

6R3Da
+

11

360R
− α

36R3
− 11α

144R2
+

α2

12R3
+

α

6R3Da
,

(5.107)

Y (y) = e6 cosλy + e7 sinλy + A4(y) + A5(y), (5.108)
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Z(y) =
1

24R2
y4 − 1

6R2
y3 +

(
1

2R2Da
+

1

3R2
− α

6R3
− 1

2R3Da

)
y2 +

(
− 1

R2Da
− 1

3R2

+
α

3R3
+

1

R3Da

)
y +

1

3R2Da
+

4

45R2
− α

9R3
− 1

3R3Da
,

(5.109)

where the functions A1(y), A2(y), A3(y), A4(y) and A5(y) are

A1(y) =
φ

sinσ

[{
− σ

(λ2 − σ2)2
y2 +

σ

R(λ2 − σ2)2
y +

8σ3

(λ2 − σ2)4
+

4σ

(λ2 − σ2)3
+

ασ

(λ2 − σ2)2

× 1

R

}
cosσy +

{
1

6(λ2 − σ2)
y3 − 1

4R(λ2 − σ2)
y2 −

(
4σ2

(λ2 − σ2)3
+

1

(λ2 − σ2)2

+
α

2R(λ2 − σ2)

)
y +

2σ2

R(λ2 − σ2)3
+

1

2R(λ2 − σ2)2
+

(
α

4R
+

1

12R
− 1

24

)
× 1

λ2 − σ2

}
sinσy

]
,

(5.110)

A2(y) =
φ

λ2 − σ2

[
d1

{(
− y2

4λ
+

y

4λR

)
cosλy +

y

4λ2
sinλy

}
+ d2

{
y

4λ2
cosλy +

(
y2

4λ

− y

4λR

)
sinλy

}
+

1

sinσ

{
− 2σ

(λ2 − σ2)2
cosσy +

(
y

λ2 − σ2

− 1

2R(λ2 − σ2)

)
sinσy

}]
,

(5.111)

A3(y) =
φ2

2(λ2 − σ2) sinσ

[
d1

2

{
cos(σ − λ)y

2λ2 − (σ − λ)2
− cos(σ + λ)y

2λ2 − (σ + λ)2

}
+
d2

2

{
sin(σ − λ)y

2λ2 − (σ − λ)2

+
sin(σ + λ)y

2λ2 − (σ + λ)2

}
+

1

4 sinσ

{
1

λ2
− cos(2σ)y

λ2 − 2σ2

}]
,

(5.112)

A4(y) = − φ

R(λ2 − σ2)

[
d1

(
− y

2λ
cosλy

)
+ d2

(
y

2λ
sinλy

)
+

1

λ2 − σ2

sinσy

sinσ

]
, (5.113)

A5(y) =
φ

R sinσ

[{
2σ

(λ2 − σ2)2
(y − 1)

}
cosσy +

{
− 1

2(λ2 − σ2)
y2 +

1

λ2 − σ2
y + 4σ2

× 1

(λ2 − σ2)3
+

1

(λ2 − σ2)2
− 1

3(λ2 − σ2)

}
sinσy

]
,

(5.114)
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and the constants e1, e2, e3, e4, e5, e6 and e7 are

e1 =
1

2

[
φ2

(λ2 − σ2) sinσ

{
d∗1
2

(
sin(σ + λ∗)

(σ + λ∗)3
− sin(σ − λ∗)

(σ − λ∗)3

)
+
d∗2
2

(
1

2(σ + λ∗)
+

1

2(σ − λ∗)

−1− cos(σ + λ∗)

(σ + λ∗)3
− 1− cos(σ − λ∗)

(σ − λ∗)3

)}]
+

1

2R

(
1

6
+
α

2

)
〈uwG∗〉,

(5.115)

e2 =

(
λ sinλ+

Da

Da− λ2
αλ2 cosλ

)−1[
Da

Da− λ2
φ cosλ

{
1

2Rλ2(λ2 − σ2)

(
λd1 +

σ

sinσ

)
− αλ2

sinσ

(
8σ3

(λ2 − σ2)4
+

2σ

(λ2 − σ2)3
+

ασ

R(λ2 − σ2)2

)}
+
dA1

dy

∣∣∣∣
y=1

+
dA2

dy

∣∣∣∣
y=1

−
(
dA1

dy

∣∣∣∣
y=0

+
dA2

dy

∣∣∣∣
y=0

)
cosλ

]
,

(5.116)

e3 = −1

λ

[
Da

Da− λ2

{
αλ2e2 −

φ

2Rλ2(λ2 − σ2)

(
λd1 +

σ

sinσ

)
+
φαλ2

sinσ

(
8σ3

(λ2 − σ2)4

+
2σ

(λ2 − σ2)3
+

ασ

R(λ2 − σ2)2

)}
+
dA1

dy

∣∣∣∣
y=0

+
dA2

dy

∣∣∣∣
y=0

]
,

(5.117)

e4 =

(√
2λ sin(

√
2λ) +

2Da

Da− 2λ2
αλ2 cos(

√
2λ)

)−1[
dA3

dy

∣∣∣∣
y=1

− cos(
√

2λ)

{
dA3

dy

∣∣∣∣
y=0

+
2Da

Da− 2λ2
αλ2A3(0)

}]
,

(5.118)

e5 = − 1√
2λ

[
dC

dy

∣∣∣∣
y=0

+
2Da

Da− 2λ2
αλ2{e4 + A3(0)}

]
, (5.119)

e6 =

(
λ sinλ+

Da

Da− λ2
αλ2 cosλ

)−1[
φDa

R(Da− λ2)

{
1

λ2(λ2 − σ2)

(
λd1 +

σ

sinσ

)
+

2αλ2σ

(λ2 − σ2)2 sinσ

}
cosλ+

φd2

λ2 − σ2
cosλ−

(
dA4

dy

∣∣∣∣
y=0

+
dA5

dy

∣∣∣∣
y=0

)
cosλ

+
dA4

dy

∣∣∣∣
y=1

+
dA5

dy

∣∣∣∣
y=1

]
,

(5.120)

e7 =
1

λ

[
φDa

R(Da− λ2)

{
1

λ2(λ2 − σ2)

(
λd1 +

σ

sinσ

)
+

2αλ2σ

(λ2 − σ2)2 sinσ

}
+

φd2

λ2 − σ2

− Da

Da− λ2
αλ2e6 −

dA4

dy

∣∣∣∣
y=0

− dA5

dy

∣∣∣∣
y=0

]
.

(5.121)
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Analytical solution for mean concentration up to second-order becomes

〈C〉 = C(0) + ε〈C(1)〉+ ε2〈C(2)〉

= C(0) + εPe Re[{〈G〉+ βm〈Y 〉}e−iΩSc t]
∂C(0)

∂x
+ ε2Pe2 Re[〈T 〉e−iΩSc t + 〈S〉e−2iΩSc t]

× ∂2C(0)

∂x2
,

(5.122)

and the second-order transverse concentration is

C = (1 + βmM + β2
mZ)C(0) + εPe [F + βmX +Re{(G+ βmY )e−iΩSc t}]∂C

(0)

∂x
+ ε2Pe2

×[P +Re(Q+ Te−iΩSc t0 + Se−2iΩSc t0)]
∂2C(0)

∂x2
.

(5.123)

For third-order (O(ε3)), Eqs. (5.15)–(5.17) give:

∂C(1)

∂t2
+
∂C(2)

∂t1
+
∂C(3)

∂t0
+ Pe u

∂C(2)

∂x
=
∂2C(1)

∂x2
+
∂2C(3)

∂y2
, 0 < y < 1, (5.124)

∂C(3)

∂y
= 0, y = 1, (5.125)

∂C(3)

∂y
− βC(2) =

∂C
(1)
s

∂t2
+
∂C

(2)
s

∂t1
+
∂C

(3)
s

∂t0
= Da(αC(3) − C(3)

s ), y = 0, (5.126)

Averaging the transport equation of third-order w.r.t. time t0 and space variable y and
combining all the steady terms associated with ∂2C(0)

∂x2 , we get the dispersion coefficient
Dβm
Ts as,

Dβm
Ts = βm

[
− P (0)

R
− 〈usX〉

R
+
Ps
R2

+
〈us〉Xs

R2
+
〈usF 〉Ms

R2
+
〈usM〉Fs

R2
+
F (0)Fs
R2

− Fs
2

R3

−2〈us〉FsMs

R3

]
.

(5.127)

Similarly, for oscillatory terms, we get, the dispersion coefficient Dβm
Tw as,

Dβm
Tw = βmRe

[
Ms

2R2
〈uwG∗〉 −

1

2R
〈uwY ∗〉 −

1

R

{
Q(0)− Qs

R

}]
. (5.128)

Finally, using these two additional dispersion coefficients in Eq. (5.61) and neglecting
the term 1/R (the term 1/R usually is neglected when compared with the other terms of
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the expression for Pe > 100), the equation becomes

DT = Pe2DTa, (5.129)

where
DTa = DTs +DTw +Dβm

Ts +Dβm
Tw, (5.130)

is the effective overall dispersion coefficient. Now, one can rewrite Eq. (5.64) as,

C(0) =
1

Pe
√

4πDTaτ
exp

(
− (η/Pe)2

4DTaτ
− χτ

)
. (5.131)

Using Eq. (5.95) and Eq. (5.98), Eq. (5.60) becomes,

χ = βm

{
1

R
+
αβm
R3

(
1

3
− 1

Da

)
− βm

3R2

}
(5.132)

One can obtain Pe independent expressions for mean and real concentrations from
Eqs. (5.122) and (5.123) in a new system {η/Pe,〈C〉Pe} as

〈C〉Pe = C(0) Pe+Re[〈G(y)〉+ βm〈Y (y)〉e−i(2πTr)τ ]∂(C(0) Pe)

∂(η/Pe)
+Re[〈T (y)〉e−i(2πTr)τ

+〈S(y)〉e−i(4πTr)τ ]× ∂2(C(0) Pe)

∂(η/Pe)2
,

(5.133)

and

C Pe = (1 + βmM(y) + β2
mZ(y))C(0) Pe+ [F (y) +Re{(G(y) + βmY (y))e−i(2πTr)τ}]

×∂(C(0) Pe)

∂(η/Pe)
+ [P (y) + βmX(y) +Re{Q(y) + T (y)e−i(2πTr)τ

+S(y)e−i(4πTr)τ}]∂
2(C(0) Pe)

∂(η/Pe)2
,

(5.134)

where C(0) is given by Eq. (5.131) and the parameter Tr represents the ratio of the
characteristic time required for vertical mixing to the flow period (Tp) and can be defined
as,

Tr =
T0

Tp
=
h2/D

2π/ω
=

ΩSc

2π

(
=

Sc

πδ2
s

)
. (5.135)

Here, T0 is the basic time scale, which can be described as the time required for the
transverse variation of concentration in the vertical direction to smear out by diffusion.

For significant non-zero exponential decay to occur, the term χ should be positive and
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of increasing trend, which implies

βm ≤
1

2
R2

(
1

3
+

α

Da

)−1

. (5.136)

The equation (5.131) is valid if the effective overall dispersion coefficient DTa is greater
than zero. Using (5.34)–(5.36), (5.62) can be derived as,

DTs = − 1

R

〈
d2F

dy2
F

〉
+ Fs

〈us〉
R2

=
1

R

〈(
dF

dy

)2〉
+

1

R

dF

dy
F

∣∣∣∣
y=0

+ Fs
〈us〉
R2

=
1

R

〈(
dF

dy

)2〉
+

α

R3Da
〈us〉2,

(5.137)

which is always positive. Using (5.38)–(5.41), (5.63) can be derived as,

DTw = − 1

2R
Re

〈
d2G

dy2
G∗
〉

=
1

2R

〈∣∣∣∣dGdy
∣∣∣∣2〉+

1

2R
Re

(
dG

dy
G∗
∣∣∣∣
y=0

)
=

1

2R

〈∣∣∣∣dGdy
∣∣∣∣2〉− αDa

2R
|G(0)|2Re

(
λ2

Da− λ2

)
=

1

2R

〈∣∣∣∣dGdy
∣∣∣∣2〉+

αDa

2R
|G(0)|2 (ΩSc)2

Da2 + (ΩSc)2
,

(5.138)

which is also always positive. So, both the dispersion coefficientsDTs andDTw are positive
definite. Unlike these two, other two coefficientsDβm

Ts andDβm
Tw may not be always positive.

In the next section, we shall discuss the behaviours of these absorption-induced dispersion
coefficients.

5.4 Results and discussion
5.4.1 Dispersion coefficients
DTs and DTw:

The explicit form of the steady state component of dispersion coefficient DTs can be found
from Eq. (5.62) as,

DTs =
1

120R
+
(

1 + 3α +
6

Da

) α

24R3
. (5.139)

In the inert case (α = 0), the dispersion coefficient becomes

DTs|α=0 =
1

120
, (5.140)

which is same as that obtained by Ng and Bai [40].
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From Eqs. (5.63) and (5.101), one can obtain the explicit form of oscillatory component
of dispersion coefficient DTw as (real part of the last term of Eq. (5.101) is zero),

DTw =
φ2δ2

s

4R(Sc− 1)
Im

{
d1
∗

sinσ

(
sin(σ − λ∗)
2(σ − λ∗)

− sin(σ + λ∗)

2(σ + λ∗)

)
+
d2
∗

sinσ

(
1− cos(σ − λ∗)

2(σ − λ∗)
+

1− cos(σ + λ∗)

2(σ + λ∗)

)}
,

(5.141)

where Im stands for the imaginary part.
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Figure 5.1: Variation of dispersion coefficients DTs and DTw with α for different Da,
where Sc = 0.1, φ = 1.
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Figure 5.2: Variation of ratio of two dispersion coefficients DTs and DTw with α and δs
respectively for different Da, where Sc = 0.1, φ = 1.

Effects of partition coefficient (α) and phase exchange kinetics (Da) on dispersion
coefficients DTs and DTw are shown in Fig. (5.1). Figure shows that dispersion coefficients
increase with the increase of α up to a certain value and then decreases for further increase.
The occurrence of this maximum value may be due to bed retention that allows solute to
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retain at the channel bed and after a while (depending on Da) it is released back into the
flow at the upstream side, by that time the maximum concentration cloud moves from its
original position. This creates a long tail of the solute cloud and consequently increases
solute dispersion through the channel. Further increase of α beyond a critical value will
decrease the dispersion coefficients due to the higher retardation factor, which drags down
the ability of solute spreading along the concentration gradient.

The figures show that stronger kinetics or weaker phase exchange rate (i.e., smaller
Da) gives rise to larger values of both of the dispersion coefficients. These observations
can be verified mathematically.

From Eq. (5.139), the gradient of DTs at α = 0 is

dDTs

dα

∣∣∣∣
α=0

=
1

30
+

1

4Da
, (5.142)

which is always positive and is large for small Da. This fact indicates that the curve has
a very steep gradient for Da � 1, which causes sharp increase in dispersion coefficient.
Similarly one can observe the same for DTw. From Fig. (5.1), one can also observe that
the value of DTs is larger than that of DTw. That can be also noticed from the ratio
graph of both the coefficients in Fig. (5.2). Figure (5.2a) shows that the values of the
ratio DTw/DTs are lie in 0.1−0.5 and the values of DTw are comparable with DTs for large
α. The variation of the ratio DTw/DTs with δs are plotted in Fig. (5.2b). Figure shows
that for δs > 1, DTw/DTs tends to the value 0.5, which verifies the earlier claim of Ng
and Bai [40] that for slow oscillation, the oscillatory component of dispersion coefficient
is half of steady state dispersion coefficient.

Dβm
Ts and Dβm

Tw:

Both the coefficients Dβm
Ts and Dβm

Tw appear due to absorption at channel bed. It can be
seen from Eqs. (5.127) and (5.128) that expression for both the coefficients are linearly
proportional to the bed absorption. The value of the bed absorption parameter βm is
taken as unity for plotting figures.

The explicit form of the steady state component of dispersion coefficient due to bed
absorption Dβm

Ts can be found from Eq. (5.127) as,

Dβm
Ts = βm

(
9

4R4Da2
− 9

4R4Da
− 3

4R3Da2
− 1

6R5
+

1

R5Da
+

31

60R4
− 377

720R3
+

31

180R2

+
91

60R3Da
− 4

15R2Da
− 3

2R5Da2

)
.

(5.143)

TH-2205_126123016



108 Chapter 5. Solute dispersion in an oscillatory Couette flow with wall reactions

α
0 0.5 1 1.5 2

D
β
m

T
s

-0.05

0

0.05

0.1

0.15

0.2

0.25

Da = 0.1

Da = 1

Da = 10

(a)

α
0 0.2 0.4 0.6 0.8 1

D
β
m

T
w

×10
-4

-8

-6

-4

-2

0

2

Da = 0.1

Da = 1

Da = 10

(b) δs = 0.1

α
0 0.2 0.4 0.6 0.8 1

D
β
m

T
w

-0.1

0

0.1

0.2

0.3

0.4

Da = 0.1

Da = 1

Da = 10

(c) δs = 1

Figure 5.3: Variation of dispersion coefficients Dβm
Ts and Dβm

Tw with α for different Da,
where Sc = 0.1, φ = 1.

In the inert case (when α = 0, i.e., R = 1), the dispersion coefficient Dβm
Ts becomes

Dβm
Ts

∣∣∣
α=0

= − 1

720
βm. (5.144)

Effects of bed retention on Dβm
Ts are shown in Fig. (5.3a). The coefficient is not always

positive like the leading order coefficients DTs and DTw. Dβm
Ts is negative for α = 0

(Eq. (5.144)). Variations of the graph of Dβm
Ts are similar to the earlier coefficients, that

increases for certain value of α. For very small values of α and Da, the increase is very
sharp. These observations can be verified mathematically by finding the gradient of the
curve at α = 0.

From Eq. (5.143), the gradient of Dβm
Ts at α = 0 is

dDβm
Ts

dα

∣∣∣∣
α=0

= βm

(
− 1

144
− 1

60Da
+

3

4Da2

)
, (5.145)

which indicates that the plot of Dβm
Ts is more sharper than that of DTs for very strong

kinetics (Da� 1).
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The coefficient Dβm
Tw can be evaluated from Eq. (5.128) by using (5.73), (5.98), (5.101),

(5.104) and (5.108). We have numerically calculated the coefficient Dβm
Tw, as expressions

are too long and cumbersome to find out the explicit analytical expression.
Variations of Dβm

Tw are depicted in Figs. (5.3b) and (5.3c). Figure (5.3b) shows the
behaviour of Dβm

Tw when the flow oscillation is fast. For δs = 0.1, which corresponds to
fast oscillation of the upper plate, dispersion coefficient diminishes with wall retention for
different Da. For fast oscillation, effects of plate oscillation are restricted in a very thin
boundary layer at the upper plate and there is a little effect of plate oscillation on solute
except in a thin boundary layer, where contribution of velocity shear in solute dispersion is
limited and fluid far from the upper plate is not affected by the shear-induced dispersion.
Variations of Dβm

Tw with thicker boundary layer (δs = 1) are shown in Fig. (5.3c). Figure
shows that unlike the thin boundary layer, the coefficient is increases with wall retention
when boundary layer is thick. A thicker boundary layer creates a larger zone, where
velocity shear increases the concentration gradient, which in turn increases the solute
dispersion. Further increase of α will retard the flow advection and reduces the ability
of the solute to move along the concentration gradient, consequently decreases the solute
distribution.
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Figure 5.4: Contour of DTa = 0 for different βm, where δs = 1, Sc = 0.1, φ = 1. DTa is
positive and negative on the right and the left sides on each contour line respectively.

It is proved that DTs and DTw (leading order dispersion coefficients) are both positive
definite. Unlike these two, absorption induced dispersion coefficients Dβm

Ts and Dβm
Tw can

be negative, zero or positive. For Eq. (5.131) to be well defined, we must need the overall
effective dispersion coefficient DTa to be positive. In Fig. (5.4), the contour plots of
DTa = 0 are displayed for different βm. The coefficient DTa also depends on δs, Sc and
φ. Contour plots are shown here only for δs = 1, Sc = 0.1 and φ = 1. In this figure, the
value of DTa is positive and negative on the right and the left sides of the corresponding
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contour respectively. Figure also shows that the values of DTa can turn into positive from
negative as the bed absorption parameter βm decreases.
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Figure 5.5: Contour of βm = 1
2
R2(1

3
+ α

Da
)−1.

It is mentioned earlier that for significant non-zero exponential decay, the parameters
βm, α and Da must satisfy Eq. (5.136). In Fig. (5.5), the contour for βm = 1

2
R2(1

3
+ α

Da
)−1

is plotted. The region that satisfies Eq. (5.136), is the right upper part of each contour line.
Figure shows that more (Da, α) are included in that region when βm value decreases. In
the following part, for evolution of mean and transverse concentration, parameter values
that satisfy both DTa > 0 and the equation Eq. (5.136) are considered.

5.4.2 Mean concentration distribution

Longitudinal distributions of the mean concentration in the channel are shown in Fig. (5.6).
Figure (5.6a) presents the temporal evolutions of mean concentration for δs = 1. The evo-
lution curves of mean concentration move back and forth as a result of flow oscillation,
and spread out as a result of lateral diffusion and advection. Figure (5.6b) displays the
distribution curves of mean for different values of α. Figure shows that peak value of the
mean concentration distribution decreases with the increase of α up to a maximum value
as solute dispersion increases in that range. Further increase of α causes the peak value
to increase. As large values of α delay the solute transport by slowing down the transport
velocity. Variation of longitudinal distribution with Da can be observed from Fig. (5.6c).
Figure reveals that for a fixed value of α, peak value of the mean concentration increases
as Da increases. For Da > 1, the reversible reaction rate is much faster than the diffusion
rate. Solute moves back quickly to the fluid from the immobile phase (i.e., the channel
bed) and increases the solute concentration in the mobile phase. The result is reverse
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Figure 5.6: Longitudinal distribution of mean concentration distribution, where δs = 1,
Tr = 1, φ = 1.

in the case of Da < 1, as molecular diffusion rate dominates the reversible reaction rate
and makes the mean concentration distribution more blunt and flatter. Effects of βm on
mean concentration are depicted in Fig. (5.6d). Figure shows that with the increase of
bed absorption, mean concentration decreases as absorption depletes solute concentration
at the channel bed.

5.4.3 Transverse concentration distribution

The two-dimensional concentration contours are plotted in Figs. (5.7) and (5.8) to visu-
alize the effects of bed absorption and retention on real transverse concentration distri-
bution. The scalar is injected initially across the line η = 0 and dispersed through the
channel under the effects of advection and molecular diffusion. The coordinate system in
the figure moves longitudinally with the velocity Pe ζ, which ensures that the centroid
of the concentration cloud remains at the origin with respect to steady state velocity
but movement of the centroid can be affected by oscillatory component of the velocity.

TH-2205_126123016



112 Chapter 5. Solute dispersion in an oscillatory Couette flow with wall reactions

y

η/Pe

Figure 5.7: Concentration contours at τ = 1.25 for different α, where Da = 1, δs = 1,
φ = 1, Tr = 1: horizontal coordinate represents η/Pe, vertical coordinate represents y.

Influences of bed retention on transverse concentration distribution compared to its inert
counterpart can be seen from Fig. (5.7). When the channel bed changes from inert (i.e.,
α = 0) to slightly retentive (say, α = 0.1), the solute concentration decreases as the
channel bed holds some fraction of solute temporally, which allows to enhance the solute
dispersion and concentration distribution becomes more dispersed. Further increase of
α will retard the flow advection, consequently causes the higher concentration zone in
both downstream and upstream sides. From the figure it is also observed that for large α
(say, α = 10), concentration is higher than that of the flow with inert channel bed owing
to higher retention capacity of the channel bed. As bed retention increases, retardation
factor reduces the ability of the solute to move along the concentration gradient.

Contour plots in Fig. (5.8) display the effects of phase exchange rate kinetics on two-
dimensional concentration distribution. Figure shows that the concentration distribution
becomes more dispersed due to slow kinetics (smaller Da), which increases the solute
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y
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Figure 5.8: Concentration contours at τ = 1.25 for different Da, where βm = 1, δs = 1,
φ = 1, Tr = 1: horizontal coordinate represents η/Pe, vertical coordinate represents y.

dispersion in the flow. Further increase of Da increases the solute concentration in the
channel as the faster rate of exchange between the channel bed and fluid phase increases
solute concentration in the fluid phase.

In order to clearly visualize the solute transport at the channel bed and near the
oscillatory plate, concentration distributions at y = 0 and y = 1 are depicted in Fig. (5.9)
for different combinations of α, Da and βm. Figure exhibits that concentration at upper
plate is higher than that at the channel bed for small values of α. With the increase of
α, concentration at the channel bed increases faster than that at the upper plate and for
higher α, concentration even higher than at the oscillatory upper plate. Bed retention
allows for a temporal storage, which increases the solute dispersion more near the channel
bed than that at the other parts of the channel. When bed retention is high, it takes
large amount of solute from the flow and consequently the retardation factor weighs
down the ability of the solute and increase the solute concentration at the channel bed.
This increasing effect is strengthen by fast phase exchange rate (larger Da), as storage
mass at the channel bed quickly releases the mass to the flow that increases the solute
concentration. When bed absorption takes place, it depletes solute more near the channel
bed and the solute concentration gets reduced at a faster rate at the channel bed than
that at other parts of the channel.

In order to discuss the uniformity of transverse concentration variations, an indicator
R is adopted [68] as

R(η, δs, τ) =
max(C(η, y, δs, τ))−min(C(η, y, δs, τ))

C(0, 0, δs, τ)
× 100%, (5.146)
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Figure 5.9: Concentration distributions at y = 0 and y = 1, where δs = 1, Tr = 1,
τ = 1.25, φ = 1.

which is the transverse variation in the cross-section against the centroid of the concen-
tration cloud.

Figure (5.10) demonstrates the longitudinal distribution of the transverse concentra-
tion variation rate for the oscillatory Couette flow. Effects of retention parameter are
plotted in Figs. (5.10a) and (5.10b). Figures reveal that the transverse concentration
variation rate decreases when channel bed changes from inert to slightly retentive. So-
lute dispersion increases with the increase in α and consequently decreases the transverse
variation rate. Further increase in α increases the variation rate as strong wall retention
increases solute concentration in the flow. In the presence of absorption, the variation rate
becomes higher in the downstream whereas in the upstream it becomes lower. In down-
stream locations, higher concentration appears near the free surface and concentration
gets reduced at the channel bed due to bed absorption. This increase in concentration
variation rate in the downstream causes increase in the non-uniformity nature of the con-
centration distribution. On the other hand, in the upstream, initially solute concentration
is high at the upstream bed but once bed absorption takes place, the solute concentration
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Figure 5.10: Longitudinal distributions of the transverse concentration variation rates,
where δs = 1, Tr = 1, τ = 1.25, φ = 1.

gets reduced near the channel bed and consequently the non-uniformity in the upstream
concentration also gets reduced. Increase in bed retention effect increases concentration
variation rate and the rate is higher for upstream locations. Figures (5.10c) and (5.10d)
display the effects of phase exchange kinetics on transverse variation rates. It is seen from
the figure that as Da increases, maximum variation rates on both upstream and down-
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stream increase. When Da is large, reversible reaction rate dominates over the diffusion
rate and increases the solute concentration in the flow, and also the maximum variation
rate. Behaviours of transverse variation rate with time can be seen from Figs. (5.10e) and
(5.10f). Peak concentration variation rate decreases with time as solute moves away from
its centroid with increasing time.

5.5 Conclusions

Multi-scale methods of homogenization is applied to explore the two-dimensional concen-
tration transport in an oscillatory Couette flow with reversible and irreversible reactions at
stationary channel bed. Variations of dispersion coefficient with different flow parameters
are studied. Analytical solutions are obtained for mean and transverse real concentrations
up to second-order of approximation. This work includes the pattern of transverse real
concentration distribution and its uniformity over the cross-section of the channel. Some
important observations are as follows:

1. The dispersion coefficients, induced by bed absorption, can be negative unlike other
steady or oscillatory dispersion coefficient components.

2. Small retention effect and stronger kinetics lead to a higher value of leading order
dispersion coefficients.

3. Concentration at upper plate is higher than that at the channel bed for small re-
tention effect.

4. Concentration at channel bed increases with the increase in retention value and can
be higher than the concentration at the oscillatory plate.

5. The transverse concentration variation rate decreases when channel bed changes
from inert to slightly retentive. Further, increase in retention parameter increases
the variation rate as strong wall retention increases solute concentration in the flow.

6. When bed absorption takes place, the variation rate becomes higher in the down-
stream than that in the upstream. But for very strong bed retention effect, variation
rate can be higher in the upstream compared to that in the downstream.
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CHAPTER 6

EFFECTS OF NONLINEAR CHEMICAL REACTIONS ON
TRANSPORT COEFFICIENTS

In the previous chapter the solute dispersion in an oscillatory Couette flow reversible and
irreversible boundary reactions is studied. In this chapter, we discuss about the effects
of nonlinear chemical decay reactions on transport coefficients in an oscillatory Couette
flow.

6.1 Introduction

There exist a large number of literature on Taylor dispersion under the effects of either
flow oscillation or chemical reaction. Dispersion of solute in an oscillatory flow has been
studied by Aris [4], Chatwin [9], Smith [59], Mukherjee and Mazumder [34], Ng [37]
and others. Davidson and Schroter [12], and Phillips and Kaye [47] studied a reversible
phase exchange reaction. Mazumder and Das [27], and Jiang and Grotberg [25] have
studied the effects of wall absorption in an oscillatory tube flow. Reaction may be either
homogeneous or heterogeneous. In homogeneous reaction, chemical reacts with the flowing
fluid and in heterogeneous reaction, chemical reacts at the boundary. The latter may be
reversible (wall retention) or irreversible (wall absorption). Effects of linear reversible or
irreversible reactions at the wall on solute dispersion have been investigated by Gupta
and Gupta [24], Purnama [49], Sarkar and Jayaraman [55], Mazumder and Mondal [28],
Paul and Mazumder [44] and others. In his work, Ng [39] has included a reversible
phase exchange along with the wall absorption in an oscillatory pipe flow. Dispersion in
oscillatory Couette flow without reaction has been studied by Mazumder and co-workers
[6, 43] using a modified moments method. Solute transport in oscillatory Couette flow
with sorptive boundaries has been analysed by Ng and Bai [40].

Content of this chapter is published in the journal Acta Mechanica, 228 (2017) 2391–2412.
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118 Chapter 6. Effects of nonlinear chemical reactions on transport coefficients

In addition to previously mentioned literature, many exiting studies include only linear
(first-order) homogeneous or heterogeneous reaction. A limited number of studies have
explored about the case when the reactions are nonlinear. Such studies include the work
of Revelli and Ridolfi [52,53]. They have shown the effects of nonlinear chemical reactions
on suspended material in sediment-laden turbulent streams. In their recent study, Paul
and Mazumder [45] analysed the effects of nonlinear chemical reaction on transport coef-
ficients in steady and oscillatory tube flows. They considered both the homogeneous and
heterogeneous nonlinear reaction effects in the flow, but such limited attempts are too
deficient considering its vast environmental and biological importance. Still there remains
a lot to explore on the effects of higher order chemical reactions on solute transport in
other flow geometries.

The proposed study is an important topic from application point of view. As knowl-
edge of the transport coefficients of solute transport under oscillation of boundary is very
useful in the hydrodynamic theory of lubrication [7]. The influence of chemical reaction in
the study of solute transport has a great significance in blood flow in human arteries [31].
This study also has importance to the shear-driven flows encountered in micro motors,
micro channels and other micro fluidic systems [73].

The aim of this chapter is to explore the effects of nonlinear chemical decay phenomena
on transport coefficients in an oscillatory Couette flow. A 2-D mathematical model is
formulated by taking into account the chemical decay and a phase exchange kinetics
between bulk phase (mobile phase) and sorbet boundaries (immobile phases). This is the
generalization of the work of Ng and Bai [40] as in this study decay terms are included
in both in mobile as well as immobile phase. In this analysis, the decay reaction is
(i) nonlinear and (ii) different for the mobile and immobile phases. An 1-D differential
model of the cross-sectional averaged concentration of the mobile phase is obtained that
provides analytical expressions for three transport coefficients by using mathematical
homogenization technique, a powerful way of dealing with multi-scale problems to deduce
the effective equations on the larger scale. The work also discusses the effects of different
parameters related to this flow on transport coefficients.

6.2 Formulation of the problem
A laminar, one-dimensional plane Couette flow between two infinite parallel flat plates
with a separation width h is considered. The lower plate at ŷ = 0 is assumed to be
stationary whereas the upper one at ŷ = h oscillates in its own plane with a prescribed
velocity

û(h, t̂) = U [1 + φRe(e−iωt̂)],

where U is the steady component of the velocity of the upper plate, φ is a factor such that
φU is the amplitude of the oscillatory velocity component, ω is the angular frequency of
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6.2. Formulation of the problem 119

the plate oscillation, t is time and Re stands for real part. The velocity profile of the flow
can be found as

û(ŷ, t̂) = ûs +Re(ûwe
−iωt̂), (6.1)

where ûs(ŷ) = Uŷ/h and ûw(ŷ) = Uφ sin σ̂y
sin σ̂h

are the steady and oscillatory components of
the velocity field respectively. Here σ̂2 = iω/ν or σ̂ = (1 + i)/δ̂s and δ̂s =

√
2ν/ω, where

ν is the kinematic viscosity of the fluid and δ̂s is the Stokes boundary layer thickness.

Consider the transport of a reactive chemical species through the flow as mentioned
above. The chemical is assumed to be completely miscible in the fluid. During the flow,
a part of the chemical is retained at the boundary and the rest moves with the fluid. In
the phase where chemical flows with the flowing fluid is termed as mobile phase and the
phase in which the chemical retains at the boundary is called immobile phase. At the
equilibrium state, these two phases will have their concentrations in a fixed ratio

Ĉs/Ĉ = α̂,

where Ĉ is the concentration (mass of chemical per bulk volume of fluid) in the mobile
phase, Ĉs is the concentration (mass of chemical per surface area of wall) in the immobile
phase and α̂ is the partition coefficient that relates the concentrations Ĉ and Ĉs.

In mobile phase, the chemical is assumed to undergo nonlinear decay reaction with
the flowing fluid. So, the transport problem of the reactive chemical can be formulated
as

∂Ĉ

∂t̂
+ u

∂Ĉ

∂x̂
= D

∂2Ĉ

∂x̂2
+D

∂2Ĉ

∂ŷ2
− µ̂Ĉn, 0 < ŷ < h, (6.2)

where D is the molecular diffusivity of the chemical in the fluid assumed to be constant,
µ̂ represents nonlinear decay reaction rate occurring in the bulk flow and n is the corre-
sponding order of that.

In the immobile phase, it is assumed that the chemical undergoes a reversible phase
exchange as well as a nonlinear decay reaction, as a result its concentration in the immobile
phase (Ĉs) is controlled by phase exchange with mobile phase and also by the decay
reaction at the boundary. So, evaluation of immobile phase concentration can be written
as,

∂Ĉs

∂t̂
= k(α̂Ĉ − Ĉs)− µ̂sĈm

s ,

where k is the reversible reaction rate constant, µ̂s and m are the reaction rate and order
of the nonlinear decay reaction rate occurring at the boundary respectively.

So, the boundary conditions for Eq. (6.2) at the lower and upper boundaries can be
written as,

D
∂Ĉ

∂ŷ
=
∂Ĉs1

∂t̂
= k1(α̂1Ĉ − Ĉs1)− µ̂s1Ĉm

s1, ŷ = 0, (6.3)
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−D∂Ĉ
∂ŷ

=
∂Ĉs2

∂t̂
= k2(α̂2Ĉ − Ĉs2)− µ̂s2Ĉm

s2, ŷ = h. (6.4)

The subscripts 1 and 2 are used to denote quantities associated with the lower and
upper boundaries.

6.3 Assumptions

The following assumptions are made to carry out the perturbation analysis:

1. As the fully developed situation is the primary interest in this study, a long time is
assumed to be elapsed since the application of the chemical into the flow.

2. Two length scales l and h are considered, where l is the characteristic axial distance
for the chemical cloud. Assume that the channel width h is very thin as compared
to l, so that the ratio

ε = h/l(� 1)

becomes small enough to use as an ordering parameter.

3. Three distinct time-scales are considered for appreciable effects of diffusion, convec-
tion and chemical reaction. In this study, it is assumed that one oscillation period
of the flow is sufficient for the diffusion to take place across the entire geometry.
This period is considered to be the basic time scale. The reversible phase exchange
is assumed to achieve equilibrium locally after a few number of oscillations within
this time scale. Therefore, this time scale can be written as,

T0 = 2π/ω = O(h2/D) = O(k−1).

Time scale for advection down the channel is one order of magnitude longer than
T0:

T1 = l/U = T0/ε.

Time scale for axial diffusion/dispersion is two order of magnitude longer than T0:

T2 = l2/D = T0/ε
2.

Based on these time scales, one may introduce accordingly

t0 = t̂, t1 = εt̂, t2 = ε2t̂,

which are the fast, medium and slow time variables respectively.
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4. The Peclet number is equal to the order of unity:

Pe ≡ Uh/D = O(1).

6.4 Asymptotic Analysis

Initially, one needs to set the terms, involved in the governing equation and boundary
conditions, to the same order of magnitude. Let us assume that the lateral diffusion
is two order of magnitude greater than the axial diffusion and one order of magnitude
greater than the advection. The reactions play an important role in the chemical transport
process if the time scale for reactions are comparable with advection. So, the nonlinear
reactions occurring in the bulk flow and at the boundaries are all comparable with the
advection.

Now inserting the order symbol ε in Eqs. (6.2), (6.3) and (6.4) to indicate the relative
magnitude of the terms, we have the followings:

∂Ĉ

∂t̂
+ εû

∂Ĉ

∂x̂
= ε2D

∂2Ĉ

∂x̂2
+D

∂2Ĉ

∂ŷ2
− εµ̂Ĉn, 0 < ŷ < h, (6.5)

D
∂Ĉ

∂ŷ
=
∂Ĉs1

∂t̂
= k1(α̂1Ĉ − Ĉs1)− εµ̂s1Ĉm

s1, ŷ = 0, (6.6)

−D∂Ĉ
∂ŷ

=
∂Ĉs2

∂t̂
= k2(α̂2Ĉ − Ĉs2)− εµ̂s2Ĉm

s2, ŷ = h. (6.7)

For the asymptotic analysis, the homogenization technique of Mei et al. [32] is em-
ployed. The concentrations Ĉ, Ĉs1 and Ĉs2 are expanded by the asymptotic expansion,
which is first introduced by Fife and Nicholes [14] into multiple scales as:

Ĉ(x̂, ŷ, t̂) = Ĉ(0)(x̂, ŷ, t1, t2) + εĈ(1)(x̂, ŷ, t0, t1, t2) + ε2Ĉ(2)(x̂, ŷ, t0, t1, t2) +O(ε3), (6.8)

Ĉs1(x̂, t̂) = Ĉ
(0)
s1 (x̂, t1, t2) + εĈ

(1)
s1 (x̂, t0, t1, t2) + ε2Ĉ

(2)
s1 (x̂, t0, t1, t2) +O(ε3), (6.9)

Ĉs2(x̂, t̂) = Ĉ
(0)
s2 (x̂, t1, t2) + εĈ

(1)
s2 (x̂, t0, t1, t2) + ε2Ĉ

(2)
s2 (x̂, t0, t1, t2) +O(ε3). (6.10)

Here, Ĉ(n) and Ĉ
(n)
si , (i=1,2) are the developed terms, which are purely oscillatory

functions of the short time variable t0.

The original time derivative becomes, according to the chain rule:

∂

∂t̂
=

∂

∂t0
+ ε

∂

∂t1
+ ε2

∂

∂t2
. (6.11)
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Substituting (6.8)–(6.11) into (6.5)–(6.7), we obtain(
∂Ĉ(0)

∂t0
−D∂

2Ĉ(0)

∂ŷ2

)
+ ε

(
∂Ĉ(0)

∂t1
+
∂Ĉ(1)

∂t0
+ û

∂Ĉ(0)

∂x̂
−D∂

2Ĉ(1)

∂ŷ2
+ µ̂Ĉ(0)n

)
+ ε2

(
∂Ĉ(0)

∂t2

+
∂Ĉ(1)

∂t1
+
∂Ĉ(2)

∂t0
+ û

∂Ĉ(1)

∂x̂
−D∂

2Ĉ(0)

∂x̂2
−D∂

2Ĉ(2)

∂ŷ2
+ nµ̂Ĉ(0)n−1

Ĉ(1)

)
+ · · · = 0.

(6.12)

D
∂Ĉ(0)

∂ŷ
+ εD

∂Ĉ(1)

∂ŷ
+ ε2D

∂Ĉ(2)

∂ŷ
+ . . . =

∂Ĉ
(0)
s1

∂t0
+ ε

(
∂Ĉ

(0)
s1

∂t1
+
∂Ĉ

(1)
s1

∂t0

)
+ ε2

(
∂Ĉ

(0)
s1

∂t2
+
∂Ĉ

(1)
s1

∂t1

+
∂Ĉ

(2)
s1

∂t0

)
+ . . . = k1(α̂1Ĉ

(0) − Ĉ(0)
s1 ) + ε

(
k1(α̂1Ĉ

(1) − Ĉ(1)
s1 )− µ̂s1Ĉ(0)m

s1

)
+ε2
(
k1(α̂1Ĉ

(2) − Ĉ(2)
s1 )−mµ̂s1Ĉ(0)m−1

s1 Ĉ
(1)
s1

)
+ . . .

(6.13)

D
∂Ĉ(0)

∂ŷ
+ εD

∂Ĉ(1)

∂ŷ
+ ε2D

∂Ĉ(2)

∂ŷ
+ . . . =

∂Ĉ
(0)
s2

∂t0
+ ε

(
∂Ĉ

(0)
s2

∂t1
+
∂Ĉ

(1)
s2

∂t0

)
+ ε2

(
∂Ĉ

(0)
s2

∂t2
+
∂Ĉ

(1)
s2

∂t1

+
∂Ĉ

(2)
s2

∂t0

)
+ . . . = k2(α̂2Ĉ

(0) − Ĉ(0)
s2 ) + ε

(
k2(α̂2Ĉ

(1) − Ĉ(1)
s2 )− µ̂s2Ĉ(0)m

s2

)
+ε2
(
k2(α̂2Ĉ

(2) − Ĉ(2)
s2 )−mµ̂s2Ĉ(0)m−1

s2 Ĉ
(1)
s2

)
+ . . .

(6.14)

For leading order (O(1)), Eqs. (6.12)–(6.14) give:

∂Ĉ(0)

∂t0
= D

∂2Ĉ(0)

∂ŷ2
, 0 < ŷ < h, (6.15)

D
∂Ĉ(0)

∂ŷ
=
∂Ĉ

(0)
s1

∂t0
= k1(α̂1Ĉ

(0) − Ĉ(0)
s1 ), ŷ = 0, (6.16)

−D∂Ĉ
(0)

∂ŷ
=
∂Ĉ

(0)
s2

∂t0
= k2(α̂2Ĉ

(0) − Ĉ(0)
s2 ), ŷ = h. (6.17)

By the method of separation of variables, the general solution of Eq. (6.15) becomes

Ĉ(0) = Ĉ
(0)
0 (x̂, t1, t2) +

∞∑
n=1

Re

[
Ĉ(0)
n (x̂, t1, t2)ei(nπ/h)ŷ

]
e−(n2π2D/h2)t0 . (6.18)

Evidently for long time evolution, Ĉ(0) is independent of t0, since the series terms die
out quickly because of the exponential decay, thus the series part can be canceled out and
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the solution becomes
Ĉ(0) = Ĉ(0)(x̂, t1, t2). (6.19)

The two boundary conditions (6.16) and (6.17) give

Ĉ
(0)
s1 = α̂1Ĉ

(0), ŷ = 0, (6.20)

Ĉ
(0)
s2 = α̂2Ĉ

(0), ŷ = h. (6.21)

As expected, at the leading order, the mobile phase of the chemical is at local equilib-
rium with the immobile phase.

For first-order (O(ε)), Eqs. (6.12)–(6.14) give:

∂Ĉ(0)

∂t1
+
∂Ĉ(1)

∂t0
+ û

∂Ĉ(0)

∂x̂
= D

∂2Ĉ(1)

∂ŷ2
− µ̂Ĉ(0)n , 0 < ŷ < h, (6.22)

D
∂Ĉ(1)

∂ŷ
=
∂Ĉ

(0)
s1

∂t1
+
∂Ĉ

(1)
s1

∂t0
= k1(α̂1Ĉ

(1) − Ĉ(1)
s1 )− µ̂s1Ĉ(0)m

s1 , ŷ = 0, (6.23)

−D∂Ĉ
(1)

∂ŷ
=
∂Ĉ

(0)
s2

∂t1
+
∂Ĉ

(1)
s2

∂t0
= k2(α̂2Ĉ

(1) − Ĉ(1)
s2 )− µ̂s2Ĉ(0)m

s2 , ŷ = h. (6.24)

Taking time average of these equations w.r.t. the fast time variable t0, we get

∂Ĉ(0)

∂t1
+ ûs

∂Ĉ(0)

∂x
= D

∂2Ĉ(1)

∂ŷ2
− µ̂Ĉ(0)n , 0 < y < h, (6.25)

D
∂Ĉ(1)

∂ŷ
=
∂Ĉ

(0)
s1

∂t1
= k1(α̂1Ĉ(1) − Ĉ(1)

s1 )− µ̂s1Ĉ(0)m

s1 , ŷ = 0, (6.26)

−D∂Ĉ
(1)

∂ŷ
=
∂Ĉ

(0)
s2

∂t1
= k2(α̂2Ĉ(1) − Ĉ(1)

s2 )− µ̂s2Ĉ(0)m

s2 , ŷ = h, (6.27)

where overbar denotes time average w.r.t. t0 as

f =
ω

2π

∫ t̂+ 2π
ω

t̂

fdt0. (6.28)

Further, taking a section average of Eq. (6.25) w.r.t. the spatial variable y subject to
the conditions (6.26) and (6.27), we get

∂Ĉ(0)

∂t1
+
〈us〉
R

∂Ĉ(0)

∂x̂
+
µ̂

R
Ĉ(0)n = 0, (6.29)
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where angle brackets denote section average as

〈v〉 =
1

h

∫ h

0

vdŷ, (6.30)

and
R = 1 + (α̂1 + α̂2)/h, (6.31)

is the retardation factor.

Using (6.20) and (6.21) in (6.23) and (6.24) respectively and eliminating ∂Ĉ(0)

∂t1
from

(6.22)–(6.24) and (6.29), we get Eqs. (6.22)–(6.24) as

∂Ĉ(1)

∂t0
+

(
u− 〈ûs〉

R

)
∂Ĉ(0)

∂x̂
+ µ̂

α̂1 + α̂2

hR
Ĉ(0)n = D

∂2Ĉ(1)

∂ŷ2
, 0 < ŷ < h, (6.32)

D
∂Ĉ(1)

∂ŷ
= −α̂1

〈ûs〉
R

∂Ĉ(0)

∂x̂
− µ̂α̂1

R
Ĉ(0)n +

∂Ĉ
(1)
s1

∂t0
= k1(α̂1Ĉ

(1) − Ĉ(1)
s1 )− µ̂s1Ĉ(0)m

s1 , ŷ = 0,

(6.33)

−D∂Ĉ
(1)

∂ŷ
= −α̂2

〈ûs〉
R

∂Ĉ(0)

∂x̂
− µ̂α̂2

R
Ĉ(0)n +

∂Ĉ
(1)
s2

∂t0
= k2(α̂2Ĉ

(1)−Ĉ(1)
s2 )− µ̂s2Ĉ(0)m

s2 , ŷ = h.

(6.34)

These equations suggest the following substitutions

Ĉ(1) = [F (ŷ) +Re(G(ŷ)e−iωt0)]
∂Ĉ(0)

∂x̂
+M(ŷ)Ĉ(0)n +N(ŷ)Ĉ(0)m , (6.35)

Ĉ
(1)
s1 = [Fs1 +Re(Gs1e

−iωt0)]
∂Ĉ(0)

∂x̂
+Ms1Ĉ

(0)n +Ns1Ĉ
(0)m (6.36)

and

Ĉ
(1)
s2 = [Fs2 +Re(Gs2e

−iωt0)]
∂Ĉ(0)

∂x̂
+Ms2Ĉ

(0)n +Ns2Ĉ
(0)m , (6.37)

where, the coefficients F (ŷ), Fs1, Fs2, G(ŷ), Gs1, Gs2,M(ŷ),Ms1,Ms2, N(ŷ), Ns1 and Ns2

are to be found as follows.

On matching with the steady terms associated with ∂Ĉ(0)

∂x̂
, we find the function F (ŷ)

is governed by

D
d2F

dŷ2
= ûs −

〈ûs〉
R

, 0 < ŷ < h, (6.38)

with the boundary conditions

D
dF

dŷ
= −α̂1

〈ûs〉
R

= k1(α̂1F − Fs1), ŷ = 0, (6.39)

−DdF
dŷ

= −α̂2
〈ûs〉
R

= k2(α̂2F − Fs2), ŷ = h. (6.40)
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Similarly, equating the oscillatory terms associated with ∂Ĉ(0)

∂x̂
, we get

D
d2G

dŷ2
+ iωG = ûw, 0 < ŷ < h, (6.41)

D
dG

dŷ
= −iωGs1 = k1(α̂1G−Gs1), ŷ = 0, (6.42)

−DdG
dŷ

= −iωGs2 = k2(α̂2G−Gs2), ŷ = h. (6.43)

Equating the coefficients of Ĉ(0)n , we get

D
d2M

dŷ2
= µ̂

α̂1 + α̂2

hR
, 0 < ŷ < h, (6.44)

D
dM

dŷ
= − µ̂α̂1

R
= k1(α̂1M −Ms1), ŷ = 0, (6.45)

−DdM
dŷ

= − µ̂α̂2

R
= k2(α̂2M −Ms2), ŷ = h. (6.46)

Equating the coefficients of Ĉ(0)m , we get

D
d2N

dŷ2
= 0, 0 < ŷ < h, (6.47)

D
dN

dŷ
= 0 = k1(α̂1N −Ns1)− µ̂s1αm1 , ŷ = 0, (6.48)

−DdN
dŷ

= 0 = k2(α̂2N −Ns2)− µ̂s2αm2 , ŷ = h. (6.49)

For second-order (O(ε2)), Eqs. (6.12)–(6.14) give:

∂Ĉ(0)

∂t2
+
∂Ĉ(1)

∂t1
+
∂Ĉ(2)

∂t0
+ û

∂Ĉ(1)

∂x̂
= D

∂2Ĉ(0)

∂x̂2
+D

∂2Ĉ(2)

∂ŷ2
− nµ̂Ĉ(0)n−1

Ĉ(1), 0 < ŷ < h,

(6.50)

D
∂Ĉ(2)

∂ŷ
=
∂Ĉ

(0)
s1

∂t2
+
∂Ĉ

(1)
s1

∂t1
+
∂Ĉ

(2)
s1

∂t0
= k1(α̂1Ĉ

(2)−Ĉ(2)
s1 )−mµ̂s1Ĉ(0)m−1

s1 Ĉ
(1)
s1 , ŷ = 0, (6.51)

−D∂Ĉ
(2)

∂ŷ
=
∂Ĉ

(0)
s2

∂t2
+
∂Ĉ

(1)
s2

∂t1
+
∂Ĉ

(2)
s2

∂t0
= k2(α̂2Ĉ

(2) − Ĉ(2)
s2 )−mµ̂s2Ĉ(0)m−1

s2 Ĉ
(1)
s2 , ŷ = h.

(6.52)

Averaging Eq. (6.50) w.r.t. time variable t0 followed by space variable ŷ subject to the
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boundary conditions (6.51) and (6.52), we get

∂Ĉ(0)

∂t2
+

1

R

∂〈Ĉ(1)〉
∂t1

+
1

R

〈
û
∂Ĉ(1)

∂x̂

〉
+
nµ̂

R
Ĉ(0)n−1

〈Ĉ(1)〉+
1

hR

[
∂Ĉ

(1)
s1

∂t1
+
∂Ĉ

(1)
s2

∂t1

]
=
D

R

∂2Ĉ(0)

∂x̂2
.

(6.53)

Using (6.1), (6.29), (6.35), (6.36) and (6.37), we can get the followings

∂〈Ĉ(1)〉
∂t1

= −〈F 〉〈ûs〉
R

∂2Ĉ(0)

∂x̂2
− µ̂〈F 〉

R

∂Ĉ(0)n

∂x̂
− 〈M〉〈ûs〉

R

∂Ĉ(0)n

∂x̂
− 〈N〉〈ûs〉

R

∂Ĉ(0)m

∂x̂
− nµ̂

R

×〈M〉Ĉ(0)2n−1

− mµ̂

R
〈N〉Ĉ(0)n+m−1

,

(6.54)

〈
û
∂Ĉ(1)

∂x̂

〉
=

(
〈ûsF 〉+

1

2
Re〈ûwG∗〉

)
∂2Ĉ(0)

∂x̂2
+ 〈ûsM〉

∂Ĉ(0)n

∂x̂
+ 〈ûsN〉

∂Ĉ(0)m

∂x̂
, (6.55)

nĈ(0)n−1

〈Ĉ(1)〉 = 〈F 〉∂Ĉ
(0)n

∂x̂
+ n〈M〉Ĉ(0)2n−1

+ n〈N〉Ĉ(0)n+m−1

, (6.56)

∂Ĉ
(1)
s1

∂t1
= −Fs1

〈ûs〉
R

∂2Ĉ(0)

∂x̂2
− µ̂

R
Fs1

∂Ĉ(0)n

∂x̂
−Ms1

〈ûs〉
R

∂Ĉ(0)n

∂x̂
−Ns1

〈ûs〉
R

∂Ĉ(0)m

∂x̂
− nµ̂

R

×Ms1Ĉ
(0)2n−1

− mµ̂

R
Ns1Ĉ

(0)n+m−1

,

(6.57)

∂Ĉ
(1)
s2

∂t1
= −Fs2

〈ûs〉
R

∂2Ĉ(0)

∂x̂2
− µ̂

R
Fs2

∂Ĉ(0)n

∂x̂
−Ms2

〈ûs〉
R

∂Ĉ(0)n

∂x̂
−Ns2

〈ûs〉
R

∂Ĉ(0)m

∂x̂
− nµ̂

R

×Ms2Ĉ
(0)2n−1

− mµ̂

R
Ns2Ĉ

(0)n+m−1

,

(6.58)

where ∗ denotes the complex conjugate.

Substitution of these terms in (6.53) gives

∂Ĉ(0)

∂t2
−DT

∂2Ĉ(0)

∂x̂2
+ ζ1

∂Ĉ(0)n

∂x̂
+ ζ2

∂Ĉ(0)m

∂x̂
+ χ1Ĉ

(0)2n−1

+ χ2Ĉ
(0)n+m−1

= 0, (6.59)

where

DT = D
R

+ 1
R

〈
F

(
〈ûs〉
R
− us

)〉
+ 〈us〉

hR2 (Fs1 + Fs2)− 1
2R
Re〈uwG∗〉,

ζ1 = µ̂
hR2 (α̂1〈F 〉 − Fs1) + µ̂

hR2 (α̂2〈F 〉 − Fs2)− 1
R

〈
M

(
〈ûs〉
R
− ûs

)〉
− 〈ûs〉

hR2 (Ms1 +Ms2),

ζ2 = − 1
R

〈
N

(
〈ûs〉
R
− ûs

)〉
− 〈ûs〉

hR2 (Ns1 +Ns2),

χ1 = nµ̂
hR2 (α̂1〈M〉 −Ms1) + nµ̂

hR2 (α̂2〈M〉 −Ms2),

TH-2205_126123016



6.5. Transport coefficients 127

χ2 = nµ̂
R
〈N〉 − mµ̂

R2

(
〈N〉+ 1

h
(Ns1 +Ns2)

)
.

6.5 Transport coefficients

Finally, combining the relationships (6.29) and (6.59) we get

∂Ĉ(0)

∂t̂
−DT

∂2Ĉ(0)

∂x̂2
+ ζ̂1

∂Ĉ(0)n

∂x̂
+ ζ̂2

∂Ĉ(0)m

∂x̂
+ ζ̂3

∂Ĉ(0)

∂x̂
+ χ̂1Ĉ

(0)2n−1

+χ̂2Ĉ
(0)n+m−1

+ χ̂3Ĉ
(0)n = 0,

(6.60)

where ζ̂3 = 〈ûs〉
R

, χ̂3 = µ̂
R
and other coefficients are same as defined earlier.

Here, ζ̂i’s (i = 1, 2, 3) are the effective coefficients for advective terms, χ̂i’s (i = 1, 2, 3)
are the effective coefficients for the reaction terms and

DT =
D

R
+ D̂Ts + D̂Tw (6.61)

is the dispersion coefficient, where D̂Ts and D̂Tw are respectively the dispersion coefficients
due to the steady and oscillatory flows:

D̂Ts =
1

R

〈
F

(
〈ûs〉
R
− ûs

)〉
+
〈ûs〉
hR2

(Fs1 + Fs2), (6.62)

D̂Tw = − 1

2R
Re〈ûwG∗〉. (6.63)

6.5.1 Dispersion coefficient due to steady flow:

On solving the system of equations (6.38)–(6.40), one can get

F (ŷ) = F (0) +
U

D
(
ŷ3

6h
− ŷ2

4R
− α̂1ŷ

2R
), (6.64)

Fs1 = α̂1F (0) +
α̂1

k1

U

2R
, (6.65)

Fs2 = α̂2F (0) + α̂2(−1− 4α̂1

h
+

2α̂2

h
)
Uh2

12RD
+
α̂2

k2

U

2R
, (6.66)

where F (0) is an undetermined constant, which will be canceled out to zero. On substi-
tuting (6.64)–(6.66) in (6.62) to determine the explicit expression for D̂Ts as

D̂Ts =

[
1+7

α̂1

h
−3

α̂2

h
+16

(
α̂1

h

)2

+6

(
α̂2

h

)2

−8
α̂1

h

α̂2

h

]
U2h2

120R3D
+

(
α̂1

k1

+
α̂2

k2

)
U2

4hR3
. (6.67)

TH-2205_126123016



128 Chapter 6. Effects of nonlinear chemical reactions on transport coefficients

6.5.2 Dispersion coefficient due to oscillatory flow:

On solving the system of equations (6.41)–(6.43), G(y) is obtained as,

G(ŷ) = − iφUSc

ω(Sc− 1)

[
a sin λ̂ŷ + b cos λ̂ŷ +

sin σ̂ŷ

sin σ̂h

]
, (6.68)

where a and b are complex constants, and

λ̂2 = iω/D, or λ̂ = Sc1/2σ̂, (6.69)

in which Sc = ν/D is the Schmidt number.

To obtain an explicit expression for D̂Tw, two complex constants a and b are to be
determined. Let us first rewrite the boundary conditions (6.42) and (6.43) as

Gs1 =
iξ̂1

ω
G, D

dG

dy
= ξ̂1G ŷ = 0, (6.70)

Gs2 =
iξ̂2

ω
G, −DdG

dy
= ξ̂2G ŷ = h, (6.71)

where

ξ̂1 = − iωk1α̂1

k1−iω and ξ̂2 = − iωk2α̂2

k2−iω .

Now with the help of (6.70) and (6.71), one can get the following values of a and b for
different cases.

When reversible kinetic phase exchange reaction is effective only on the lower boundary
(i.e., ξ̂1 6= 0 and ξ̂2 = 0), then

a =

[
Dσ̂λ̂

ξ̂1

sin λ̂h

sin σ̂h
− σ̂ cot σ̂h

][
λ̂ cos λ̂h− Dλ̂2

ξ̂1

sin λ̂h

]−1

, (6.72)

b =
D

ξ̂1

(
aλ̂+

σ̂

sin σ̂h

)
. (6.73)

If reversible kinetic phase exchange reaction is effective only on the upper boundary
(i.e., ξ̂1 = 0 and ξ̂2 6= 0), then

a = − σ̂

λ̂ sin σ̂h
, (6.74)

b =

[
D

ξ̂2

σ̂ cot σ̂h+ 1 + a

(
D

ξ̂2

λ̂ cos λ̂h+ sin λ̂h

)][
D

ξ̂2

λ̂ sin λ̂h− cos λ̂h

]−1

. (6.75)

When reversible kinetic phase exchange reaction is effective on both the boundaries
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(i.e., ξ̂1 6= 0 and ξ̂2 6= 0), then

a =

[
Dσ̂

sin σ̂h

(
cos σ̂h

ξ̂2

+
cos λ̂h

ξ̂1

)
+

(
1− D2σ̂λ̂

ξ̂1ξ̂2

sin λ̂h

sin σ̂h

)]
×
[(
− 1 +

D2λ̂2

ξ̂1ξ̂2

)
sin λ̂h−

(
1

ξ̂1

+
1

ξ̂2

)
Dλ̂ cos λ̂h

]−1

,

(6.76)

b =
D

ξ̂1

(
aλ̂+

σ̂

sin σ̂h

)
. (6.77)

If reversible kinetic phase exchange reaction is not effective on any of the boundaries
(i.e., ξ̂1 = 0 and ξ̂2 = 0), then

a = − σ̂

λ̂ sin σ̂h
, (6.78)

b =
σ̂(cos σ̂h− cos λ̂h)

λ̂ sin σ̂h sin λ̂h
. (6.79)

Substituting (6.68) into (6.63), we can get an explicit expression for the dispersion
coefficient due to oscillatory flow as

D̂Tw =
(φU)2Sc

2Rω(Sc− 1)
Im

{
a∗

sin σ̂h

[
sin(σ̂ − λ̂∗)h
2(σ̂ − λ̂∗)h

− sin(σ̂ + λ̂∗)h

2(σ̂ + λ̂∗)h

]
+

b∗

sin σ̂h

[
1− cos(σ̂ − λ̂∗)h

2(σ̂ − λ̂∗)h
+

1− cos(σ̂ + λ̂∗)h

2(σ̂ + λ̂∗)h

]}
,

(6.80)

where Im stands for the imaginary part. By L’Hospital’s rule one can show that the
above expression has a finite limit as Sc→ 1.

6.5.3 Effective coefficients for advective and reactive terms:

In transport equation (6.60), ζ̂i’s and χ̂i’s (i = 1, 2, 3) are the effective coefficients for
advective and reactive terms respectively. ζ̂1, χ̂1 and χ̂3 represent the effects of nonlinear
reactions in the bulk flow, ζ̂2 represents effects of nonlinear reaction at the boundary and
coupled effect of both the reactions can be obtained from χ̂2.

In order to find the explicit expression for ζ̂i’s and χ̂i’s (i = 1, 2, 3), first one needs to
solve the systems (6.44)–(6.49), which gives

M(ŷ) = M(0) +
µ̂(α̂1 + α̂2)

hRD

ŷ2

2
− µ̂α̂1

RD
ŷ, (6.81)

Ms1 = α̂1M(0) +
µ̂α̂1

Rk1

, (6.82)
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Ms2 = α̂2M(0) +

[
h(α̂2 − α̂1)

2D
+

1

k2

]
µ̂α̂2

R
, (6.83)

N(ŷ) = N(0), (6.84)

Ns1 = α̂1N(0)− µ̂s1
k1

αm1 , (6.85)

Ns2 = α̂2N(0)− µ̂s2
k2

αm2 . (6.86)

To find the undetermined constants F (0), M(0) and N(0), without loss of generality
let us take,
〈F (ŷ)〉 = 〈M(ŷ)〉 = 〈N(ŷ)〉 = 0,

which gives,

F (0) = −U
D

(
h2

24
− h2

12R
− α̂1h

4R

)
, M(0) = µ̂α̂1h

2RD
− µ̂(α̂1+α̂2)h

6RD
and N(0) = 0.

Now, we can find the explicit expression for ζ̂i’s and χ̂i’s (i = 1, 2, 3) as

ζ̂1 = − µ̂Uh2

12R3D

[
5
α̂2

1

h2
+ 3

α̂2
2

h2
− 4

α̂1α̂2

h2
+
α̂1

h
− α̂2

h
+ 12

(
α̂1

h

D

k1h2
+
α̂2

h

D

k2h2

)]
, (6.87)

ζ̂2 =
U

2hR2

[
µ̂s1
k1

α̂m1 +
µ̂s2
k2

α̂m2

]
, (6.88)

ζ̂3 =
U

2R
, (6.89)

χ̂1 = −nµ̂
2h2

3R3D

[
α̂2

1

h2
+
α̂2

2

h2
− α̂1α̂2

h2
+ 3

(
α̂1

h

D

k1h2
+
α̂2

h

D

k2h2

)]
, (6.90)

χ̂2 =
mµ̂

hR2

[
µ̂s1
k1

α̂m1 +
µ̂s2
k2

α̂m2

]
, (6.91)

χ̂3 =
µ̂

R
. (6.92)

6.5.4 Normalised transport coefficients:

Let us introduce the following normalised variables

C(0) =
Ĉ(0)

C0

, α1 =
α̂1

h
, α2 =

α̂2

h
, ξ1 =

ξ̂1h

D
, ξ2 =

ξ̂2h

D
, Da1 =

k1h
2

D
, Da2 =

k2h
2

D
,

µ =
µ̂

k
Cn−1

0 , µs1 =
µ̂s1
k1

hm−1Cm−1
0 , µs2 =

µ̂s2
k2

hm−1Cm−1
0 , σ = σ̂h, λ = λ̂h, δs =

δ̂s
h
,

where Da1 and Da2 are Damkohler numbers for the lower and upper boundaries respec-
tively. In the expression of µ, one assumes k = k1 only when the lower boundary is
sorbing, k = k2 only when the upper boundary is sorbing and without loss of generality
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k = k1 = k2 when both the boundaries are sorbing. Using this normalised variables,
Eq. (6.60) can be written as,

∂C(0)

∂t
−
[
D

R
+DTs

U2h2

D
+DTw

U2h2

D

]
∂2C(0)

∂x2
+ 〈us〉ζ1

∂C(0)n

∂x
+ 〈us〉ζ2

∂C(0)m

∂x

+〈us〉ζ3
∂C(0)

∂x
+ kχ1C

(0)2n−1

+ kχ2C
(0)n+m−1

+ kχ3C
(0)n = 0,

(6.93)

where two dispersion coefficients are

DTs =

[
1 + 7α1 − 3α2 + 16α1

2 + 6α2
2 − 8α1α2

]
1

120R3
+

(
α1

Da1

+
α2

Da2

)
1

4R3
(6.94)

and

DTw =
φ2δs

2

4R(Sc− 1)
Im

{
a∗

sinσ

[
sin(σ − λ∗)
2(σ − λ∗)

− sin(σ + λ∗)

2(σ + λ∗)

]
+

b∗

sinσ

[
1− cos(σ − λ∗)

2(σ − λ∗)
+

1− cos(σ + λ∗)

2(σ + λ∗)

]}
.

(6.95)

The constants a and b are as follows:
When only the lower boundary is sorbing, then

a =

[
σλ
ξ1

sinλ
sinσ
− σ cotσ

][
λ cosλ− λ2

ξ1
sinλ

]−1

, b = 1
ξ1

(
aλ+ σ

sinσ

)
.

When only the upper boundary is sorbing, then

a = − σ
λ sinσ

, b =

[
1
ξ2
σ cotσ + 1 + a

(
1
ξ2
λ cosλ+ sinλ

)][
1
ξ2
λ sinλ− cosλ

]−1

.

When both the boundaries are sorbing, then

a =

[
σ

sinσ

(
cosσ
ξ2

+ cosλ
ξ1

)
+

(
1− σλ

ξ1ξ2
sinλ
sinσ

)][(
− 1 + λ2

ξ1ξ2

)
sinλ−

(
1
ξ1

+ 1
ξ2

)
λ cosλ

]−1

,

b = 1
ξ1

(
aλ+ σ

sinσ

)
.

When none of the boundaries is sorbing, then
a = − σ

λ sinσ
, b = σ(cosσ−cosλ)

λ sinσ sinλ
.

In all the cases, ξj =
(1−ikj/ω)Dajαj

1+(kj/ω)2 , kj/ω = Dajδs
2/(2Sc), where j = 1, 2.

Analytical expressions for both the dispersion coefficients obtained here are similar to
those obtained by Ng and Bai [40]. This immediately implies that there is no effect of
decay reaction on the dispersion coefficients. New findings of this work are advection and
reaction coefficients, and their expressions are,

ζ1 = −µDa
6R3

[
5α1

2 + 3α2
2 − 4α1α2 + α1 − α2 + 12

(
α1

Da1

+
α2

Da2

)]
, (6.96)

ζ2 =
1

R2

[
µs1α

m
1 + µs2α

m
2

]
, (6.97)
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ζ3 =
1

R
, (6.98)

χ1 = −nµ
2Da

3R3

[
α2

1 + α2
2 − α1α2 + 3

(
α1

Da1

+
α2

Da2

)]
, (6.99)

χ2 =
mµ

R2

[
µs1α

m
1 + µs2α

m
2

]
, (6.100)

χ3 =
µ

R
. (6.101)

Here, in the expressions of ζ1 and χ1 different conditions are used, which are Da = Da1

only when the lower boundary is sorbing, Da = Da2 only when the upper boundary is
sorbing and Da = Da1 = Da2 when both the boundaries are sorbing.

When there is no nonlinear reaction in the bulk flow and at the boundary, i.e., the
chemical undergoes only reversible phase exchange with the flowing fluid. All but the
coefficient ζ3 will vanish. As, for this case, µ = µs1 = µs2 = 0, so Eq. (6.93) reduces to

∂C(0)

∂t
−
[
D

R
+DTs

U2h2

D
+DTw

U2h2

D

]
∂2C(0)

∂x2
+ 〈us〉ζ3

∂C(0)

∂x
= 0, (6.102)

where, the coefficients DTs, DTw and ζ3 are same as given by earlier expressions. This
equation coincides with the one obtained by Ng and Bai [40] in their work.

When both the decay reactions occurring in the bulk flow and at the boundary are of
first-order (linear), i.e., n = m = 1, Eq. (6.93) reduces to

∂C(0)

∂t
−
[
D

R
+DTs

U2h2

D
+DTw

U2h2

D

]
∂2C(0)

∂x2
+ 〈us〉(ζ1 + ζ2 + ζ3)

∂C(0)

∂x

+k(χ1 + χ2 + χ3)C(0) = 0,

(6.103)

where, all the coefficients are same as defined earlier. The reaction(K0) and advection(K1)
coefficients can be written as

K0 = χ1 + χ2 + χ3, K1 = ζ1 + ζ2 + ζ3, (6.104)

which will measure mass depletion and advection speed of the chemical respectively.

6.6 Results and discussions

Three different sorbing cases are analysed with the help of graphs. The cases are defined
as follows:

Case 1: only lower boundary is sorbing (i.e., α1 > 0, α2 = 0),
Case 2: only upper boundary is sorbing (i.e., α1 = 0, α2 > 0),
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Case 3: both boundaries are sorbing (i.e., α1 > 0, α2 > 0).
The oscillatory dispersion coefficient DTw depends on δs and Sc. The boundary layer

thickness parameter δs increases with the increase in oscillation period of the plate. Figure
(6.1a) shows the variation of DTw with the Schmidt number Sc for different sorbing cases.
Figure shows that for all the cases, DTw decreases with the increase in Sc. Here, Case 1
shows a sharp decrease in DTw with increase in Sc and for inert boundaries, DTw remains
invariant against Sc. From Case 3, one can understand that the combined effect of Case
1 and Case 2 reduces the dispersion effects noticeably, particularly when Sc < 1. The
influence of DTw with δs is shown in Fig. (6.1b). The dispersion coefficient DTw increases
gradually with the increase in δs for all the sorbing cases. The enhancement effect of DTw

gradually reduces with increase in δs and becomes invariant as the value of δs crosses
unity.

Sc

0.5 1 1.5

D
T
w

0.005

0.01

0.015

0.02
Case 1 : α1 = 1.0

Case 2 : α2 = 1.0

Case 3 : α1 = α2 = 1.0

Case 4 : α1 = α2 = 0.0

(a) δs = 1.0

δs

0.5 1 1.5

D
T
w

0.01

0.02

0.03

0.04
Case 1 : α1 = 1.0

Case 2 : α2 = 1.0

Case 3 : α1 = α2 = 1.0

Case 4 : α1 = α2 = 0.0

(b) Sc = 0.1

Figure 6.1: Variation of dispersion coefficient DTw with (a) Schmidt number Sc and (b)
oscillation parameter δs for various cases, where Sc = 0.1, φ = 1.0 and Da1 = Da2 = 1.0.

The effect of phase partitioning (α) and kinetics (Da) on both the dispersion coeffi-
cients DTs and DTw are shown in Fig. (6.2) for different sorbing cases. Figures show that
stronger kinetics or weaker phase exchange rate (i.e., smaller Da) gives rise to the larger
values of both the dispersion coefficients. From the figures one can also observe that the
value of DTs is larger than that of DTw for all the cases.

Effects of different parameters on different advection and reaction coefficients for all
sorbing cases are discussed in the following paragraphs. Without loss of generality, n =

m = 2 is taken for numerical plotting.
Figure (6.3) shows variations of the reaction coefficient χ1 , which is associated with

the bulk flow reaction, with α1 or/and α2 for different degrees of nonlinearity n. Figure
(6.3a) depicts phase exchange effects at both lower and upper boundaries. It may be
mentioned that at both the boundaries, effects are similar, as χ1 is symmetric about
α1 and α2. Figure (6.3b) represents the case when phase exchange effects are active
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Figure 6.2: Dispersion coefficients DTs and DTw as function of α and Da, where Sc = 0.1,
φ = 1.0 and δs = 1.0.

at both boundaries simultaneously. Reaction coefficient χ1 has no role to play when
n = 0. For a fixed non-zero value of n, initially the graph of χ1 decreases sharply to
a minimum with increase of α and subsequently it approaches to zero asymptotically .
Higher degree of nonlinearity for the decay reaction in the bulk flow reduces the influence
of the coefficient χ1. Similar observation on the reaction coefficient has been reported by
Paul and Mazumder [45]. The effects are prominent when α is smaller. Among all the
cases, the largest value of the reaction coefficient χ1 is found in the 3rd case whereas,
both Cases 1 and 2 show the lowest one. Figure (6.4) shows the changes of the advection
coefficient ζ2, which is associated with the immobile flow reaction, with α1 or/and α2 for
different degrees of nonlinearity m. Here, Fig. (6.4a) represents both the cases when one
of the boundaries (lower or upper) is sorbing and Fig. (6.4b) represents the case when
both the boundaries are sorbing. Figures are showing that advection coefficient increases
for m > 2 and remain almost stationary for m ≤ 2 as α increases. Larger degree of
nonlinearity for the decay reaction at the boundaries increases the advection speed as α
increases.
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Figure 6.3: The reaction coefficient χ1 as a function of α for different values of n, where
µ = 0.1 and Da1 = Da2 = 1.0.
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Figure 6.4: The advection coefficient ζ2 as a function of α for different values of m, where
µs1 = µs2 = 0.1.

The effects on reaction coefficient χ1 for different values of Da can be seen from
Figs. (6.5a) and (6.5b). Figures indicates that stronger kinetics of the phase exchange or
smaller Da will give larger value of the reaction coefficient χ1 for all the cases. For low
retention effect, the value of the coefficient χ1 decreases sharply to a certain value and
then increases with the increase in retention effect.

Behaviours of the three transport coefficients χ1, χ3 and ζ1 with nonlinear bulk flow
reaction rate µ for different sorbing cases can be seen from Fig. (6.6). Figures (6.6a)
and (6.6b) show the variation of χ1 and χ3 respectively with reaction rate µ. As χ1 and
χ3 are symmetric about α1 and α2, both Case 1 and Case 2 coincide with each other.
In all the cases, χ1 decreases whereas χ3 increases monotonically with the increase of
bulk flow reaction rate. Among all the cases, Case 3 shows a lower reaction coefficient
value. Figure (6.6c) shows the corresponding effects on ζ1, which decreases monotonically
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Figure 6.5: The nonlinear reaction coefficient χ1 as a function of α for different values of
Da, where n = 2 and µ = 0.1.

as µ increases. Figures show that value of transport coefficients are small when both
boundaries are sorbing as the retardation factor is the largest in this case.

Linear variations of the advection coefficient ζ2 with nonlinear reaction rate µs1 or/and
µs2 are presented in Fig. (6.7). Variations of ζ2 for different sorbing cases are shown in
the figure for different values of retention parameter αi (i = 1, 2). Advection coefficient ζ2

contributes more for a higher value of the retention parameter and increases monotonically
with nonlinear immobile phase reaction rates. The advection coefficient ζ2 becomes even
more active when both the boundaries are sorbing.

When both the reactions, occurring in the bulk flow and at the boundaries, are lin-
ear (i.e., n = m = 1), the reaction coefficient K0 and the advection coefficient K1 are
calculated from the expression (6.104). A parameter Ψ = µsi/µ (i = 1, 2) is introduced
so that Ψ <,=, > 1 according to the nonlinear reaction rate constant for the immobile
phases is less than, equal to and greater than the corresponding value for the mobile phase
respectively. The changes of the reaction coefficient K0 with the retention parameter α is
shown in Figs. (6.8) and (6.9). It is visible from the figures that the reaction coefficient K0

decreases with α. Figure (6.8) shows the effects of the reaction rates µ, µs1 and µs2 on the
reaction coefficient K0 with the retention parameter α for different sorbing cases. Figures
are showing that higher decay reaction rate causes the larger value of reaction coefficient
K0 and it decreases sharply initially and asymptotically approaches to a constant value as
α increases. The value of K0 is smaller in the Case 3 compared to all other sorbing cases.
Figure (6.9) shows the variations of the reaction coefficient K0 with retention parameter
α for different values of Da. Figures reveal that strong kinetics of the phase exchange or
smaller Da gives a larger reaction coefficient K0, which is a departure from the one found
by Paul and Mazumder [45]. The reason for this discrepancy could be due to difference
in geometry. Flow between two parallel infinite plates is considered in the present study
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Figure 6.6: The transport coefficients χ1, χ3 and ζ1 as a function of µ for different sorbing
cases, where n = 2 and Da1 = Da2 = 1.0.
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Figure 6.7: The nonlinear advection coefficient ζ2 as a function of µs for different values
of α, where m = 2 and µ = 0.1.

whereas, pipe flow was studied by them. The case when both boundaries are sorbing
shows the smaller value of reaction coefficient K0.
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Figure 6.8: The reaction coefficient K0 as a function of α for different values of µ, where
Da1 = Da2 = 1.0.
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Figure 6.9: The reaction coefficient K0 as a function of α for different values of Da where
µ = µs1 = µs2 = 0.1.

Figure (6.10) shows the behaviour of the reaction coefficient K0 with the ratio of the
immobile phase reaction rate to the mobile phase reaction rate Ψ (= µsi/µ, i = 1, 2).
It is clear from the figure that when mobile phase reaction rate µ is fixed for all α, the
reaction coefficient K0 increases monotonically as immobile phase reaction rates µs1 and
µs2 increase (increase in Ψ will increase the immobile phase reaction rates for fixed µ)
and the figure also indicates that K0 varies linearly with Ψ when µ is fixed. Figure also
shows that decrease in Ψ for fixed immobile reaction rates µs1 and µs2 (i.e., increase in
µ) will increase the reaction coefficient. Thus, increase of both the reaction rates increase
the mass depletion, as expected.

Similar kind of behaviour as we have seen for the reaction coefficient K0, can also be
observed in the case of the advection coefficient K1 from Fig. (6.11) when it varies with
the retention parameter α for different values of Da. Figures show effects of retention
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Figure 6.10: Variation of reaction coefficient K0 with the ratio Ψ for different values of
α, where Da1 = Da2 = 1.0.

parameter on K1 for different sorbing cases. For all three sorbing cases, it can be seen
that the advection coefficient K1 decreases monotonically with the retention parameter α.
In other words, phase exchange can retard the advection speed and this is also observed
by Ng and Rudraiah [41]. When the phase exchange rate is very slow (i.e., Da is small),
the values of the advection coefficient K1 becomes larger for all the sorbing cases.

Figure (6.12) shows the nature of the reaction coefficient K1 with the ratio of the
immobile phase reaction rate to the mobile phase reaction rate Ψ. For fixed µ, the
reaction coefficient K1 increases monotonically (like K0) as immobile phase reaction rates
µs1 and µs2 increase. This is not true when immobile phase reaction rates µs1 and µs2

remain fixed and K1 varies with the mobile phase reaction rate µ. Figure indicates that
increase in the immobile reaction rate increases the advection speed but result is opposite
for the mobile phase reaction rate. Effect of µ is found to be negligible on K1 for large
values of Ψ. Thus, reaction in immobile phase is more effective compared to reaction in
mobile phase. It is remarkable here that K1 varies almost linearly with Ψ.

6.7 Conclusions

The multi-scale method of homogenization is used to derive an effective transport equa-
tion that governs dispersion, advection and reaction phenomena of a chemical species in
an oscillatory Couette flow. This study has also investigated the effects of decay, which
often affects the fate of solute in the real stream and is very important in forecasting the
evolution of pollutants. The main aim of this study is to determine the three transport
coefficients associated with the oscillatory Couette flow. In a transverse averaged trans-
port equation, the dispersive, advective and reactive fluxes are mostly controlled by the
dispersion, advection and reaction coefficients respectively. So, it is important to learn the
variations of those coefficients for different flow parameters. Decay has been considered
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Figure 6.11: The advection coefficient K1 as a function of α for different values of Da,
where µ = µs1 = µs2 = 0.1.
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in both linear and nonlinear cases and with different rates for the mobile and immobile
phases.

Analytical expressions are obtained for three transport coefficients. Effects of reten-
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tion parameter, phase exchange kinetics and nonlinear decay on transport coefficients
are accounted explicitly for different sorbing cases. As a particular case, second-order
reactions (n = m = 2) are considered in this study for discussion.

Important results found in this work are as follows:

1. Increase in order of nonlinearity in the mobile phase decay reduces the mass deple-
tion in the flow.

2. Increase in order of nonlinearity in the immobile phase decay enhances the advection
speed for large retention parameter.

3. Higher decay reaction rates for both in mobile and immobile phases give rise to a
large amount of mass depletion.

4. Advection speed decreases by the increase of decay rate in the mobile phase but it
increases with the increase of decay rate in the immobile phase.

5. Stronger kinetics or a slower exchange rate leads to larger values of three transport
coefficients.

6. Dispersion effects increase with the increase in the boundary layer thickness.

It may be noted that nonlinear decay reactions do not affect the dispersion coefficients
as they are independent of the parameters involved in nonlinear decay reactions.
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CHAPTER 7

CONCLUSIONS AND FUTURE SCOPE

7.1 Conclusions

This thesis work is to provide analytical expressions for transport coefficients, mean con-
centration and transverse real concentration. Detailed study of transverse concentration
distribution and its uniformity throughout the channel cross-section are also carried out.

An analytical study is presented to explore two-dimensional concentration distribu-
tion in an open channel flow with absorbing channel bed. Results show that mean and
transverse real concentrations decrease with the increase in bed absorption parameter
value. Bed absorption generates large transverse concentration non-uniformity over the
channel cross-section, especially in the downstream. Real concentration of the solute over
the mean concentration should be preferred to analyse the bed absorption effects more
accurately. Our analytical solutions are relatively simpler and easier for post-processing.
Results obtained through this study agree well with the analytical solutions of the existing
studies.

Unlike the bed absorption, reaction may be reversible in nature. We have analysed the
effects of reversible phase exchange kinetics on two-dimensional concentration distribution
in an open channel flow, where the solute retains for some time at the channel bed and
after that it gets back to the flow depending on phase exchange kinetics. It is noted
that as reversible reaction rate (phase exchange rate) increases, the dispersion coefficient
decreases, as a result the peak value of mean concentration increases. It is also observed
that with the increase in α (retention parameter), dispersion coefficient increases up to a
critical value αm and then it decreases. Therefore, the peak value of mean concentration
decreases and the distribution profile of mean concentration becomes flatter and it remains
so till α reaches its critical value αm. Once α crosses its critical value αm, peak value of
mean concentration increases.
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An attempt is made to find analytical expressions for mean and transverse real con-
centrations of a solute by using a multi-scale homogenization technique and to explore the
evolution of transverse concentration distribution in oscillatory Couette flows through two
inert boundary walls. Results show that dispersion of solute in a flowing fluid increases
with the increase in Stokes boundary layer thickness. For slow oscillation of the upper
plate, third-order mean of solute concentration reaches Taylor dispersion stage after a
long time period compared to that in the case of fast oscillation of the plate. A time scale
up to 10h2/D is suggested to characterize the initial transition stage of the transport
process to approach transverse uniformity.

To observe the effects of chemical reaction on solute dispersion in an oscillatory Couette
flow, we have extended the previous work for chemically reactive boundaries. Here, the
solute undergoes reversible and irreversible reactions at the channel bed. It is noticed
that dispersion coefficients, induced by bed absorption, can be negative unlike the other
steady or oscillatory dispersion coefficient components. Results show that small retention
effect and stronger kinetics lead to a higher value of overall dispersion coefficient. It is also
seen that concentration at upper plate is higher than that at the channel bed for small
retention effect. Concentration at channel bed increases with the increase in retention
value and can be higher than the concentration at the oscillatory plate. The transverse
concentration variation rate decreases when channel bed changes from inert to slightly
retentive. Further, increase in retention parameter increases the variation rate as strong
wall retention increases solute concentration in the flow. When bed absorption takes
place, the variation rate becomes higher in the downstream than in the upstream. But
for very strong bed retention effect, variation rate can be higher in upstream than in the
downstream.

As the reaction effect may be nonlinear both in the flow as well as at the boundaries, the
final work discusses the effects of non-linear chemical reaction on dispersion coefficients
for an oscillatory Couette flow. Results show that increase in order of nonlinearity in
the mobile phase decay reduces the mass depletion in the flow. Increase in order of
nonlinearity in the immobile phase decay enhances the advection speed for large retention
parameter. Higher decay reaction rates for both in mobile and immobile phases give rise
to a large amount of mass depletion. Advection speed decreases due to the increase in
decay rate in the mobile phase but it increases with the increase in decay rate in the
immobile phase. Stronger kinetics or a slower exchange rate leads to larger values of
three transport coefficients. It is also observed that dispersion effects become more with
the increase in the boundary layer thickness.
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7.2 Future scope

Some possible extensions of the present work can be carried out in the future and they
are as follows:

• In first two problems, we have obtained the two-dimensional concentration distri-
bution for a steady open channel flow by using multi-scale analysis. Similar work
can be done for other steady flows, e.g., tube flow, annular tube flow, packed tube
flow, wetland flow.

• In last three problems, the concentration distribution of a solute for an oscillatory
Couette flow between two infinite parallel flat plates have been studied. The flow
considered here has taken place due to pure oscillation of upper plate with zero
pressure gradient of the fluid. This work can be extended by considering periodic
pressure gradient to observe the combined effects of plates and pressure pulsation
on solute dispersion.

• Multi-scale analysis can be applied in various non-Newtonian fluid models, e.g.
Casson model, Carreau model, Carreau–Yasuda model to find the two-dimensional
concentration distribution. As recent progress is done to find the transport coeffi-
cients and the mean concentration distribution, it may be useful to understand the
transport of drug/proteins in plasma in blood flow through the vessels.
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