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Abstract
Over the past few decades, remarkable advances in precision observational cosmology have

significantly deepened our understanding of the early Universe. Observations of the cosmic mi-
crowave background (CMB) have firmly established the inflationary paradigm, which success-
fully resolves the horizon and homogeneity problems and explains the origin of the nearly scale-
invariant spectrum of primordial curvature perturbations. In contrast, the post-inflationary
reheating phase remains poorly constrained, primarily because its dynamics occur at small,
currently unobservable scales by the CMB. Nevertheless, reheating plays a pivotal role in cos-
mic history, as it bridges the vast gap in energy and time scales between the end of inflation
and the onset of hot Big-Bang nucleosynthesis (BBN). Moreover, reheating sets the initial con-
ditions for BBN and can generate a variety of cosmological relics, including gravitational waves
(GWs), dark matter (DM), and large-scale magnetic fields. The imprints left by reheating
on these relics, therefore, provide a promising avenue to probe this otherwise elusive epoch
through cosmological observations.

At the same time, the origin of large-scale magnetic fields observed in the intergalactic
medium and cosmic voids remains one of the longstanding open problems in modern cosmology.
Astrophysical mechanisms alone fail to explain the presence of non-vanishing magnetic fields
in such low-density environments, strongly motivating a primordial origin. In this thesis,
we investigate the interplay between non-instantaneous reheating scenarios and primordial
magnetogenesis, with the goal of understanding how reheating dynamics influence present-day
cosmological relics and their observational signatures, particularly in gravitational waves.

Among the various magnetogenesis mechanisms, inflationary magnetogenesis has been ex-
tensively studied as a viable source of large-scale magnetic fields. However, such scenarios often
suffer from severe strong-coupling and backreaction problems. In this thesis, we demonstrate
that the post-inflationary evolution of electromagnetic fields—especially during the reheating
era—plays a crucial role in alleviating these issues. By analyzing different limits of the elec-
trical conductivity, we show that both the strong-coupling and backreaction problems can be
significantly relaxed. In particular, in the zero-conductivity limit, an efficient conversion be-
tween electric and magnetic energy densities takes place, with the effect being most pronounced
for modes that remain outside the horizon during reheating. Depending on the duration and
dynamics of the reheating phase, this energy transfer can substantially enhance the magnetic
field strength, leading to present-day values consistent with current observational bounds. Fur-
thermore, we find that within certain regions of parameter space, the secondary gravitational
waves sourced by electromagnetic fields can dominate over the primary inflationary contribu-
tion and can be probed by future GW detectors such as LISA, DECIGO, and BBO. Although
the electromagnetic spectra are blue-tilted, the resulting present-day GW spectrum exhibits
multiple spectral breaks, whose shape and location sensitively depend on the detailed dynamics
of reheating.

We then extend our analysis to post-inflationary magnetogenesis scenarios in which the
TH-4115_206121111



vii

gauge-field coupling remains active after the end of inflation and continues to source magnetic
fields during reheating. Even in the presence of a matter-like evolution during reheating, we
find that a significant large-scale magnetic field can be generated. Notably, although these
scenarios typically produce strongly blue-tilted magnetic spectra, the late-time production of
magnetic fields allows the present-day magnetic field strength observed in cosmic voids to
be explained without encountering strong-coupling or backreaction issues. We further show
that these models naturally generate a sizable secondary GW background in the intermediate
frequency range, characterized by a broken power-law spectrum. The slope and amplitude of
the GW signal are governed by the magnetic spectral index as well as the reheating parameters,
including the equation of state wre and reheating temperature Tre, making them potentially
testable with future GW observations.

We also explore an alternative magnetogenesis mechanism involving axion-like particles
(ALPs) during the post-recombination epoch, when the Universe is dominated by neutral hy-
drogen and the electrical conductivity drops significantly. In this regime, ultra-light ALPs can
efficiently transfer their energy to gauge fields, particularly for modes that reenter the horizon
during the early oscillatory phase of the axion field. We find that this mechanism can generate
large-scale magnetic fields on length scales exceeding 1,Mpc, along with distinctive secondary
GW signatures. Since the generated magnetic fields are inherently helical, the resulting GWs
are also chiral in nature. Consequently, future observations of B-mode polarization, for in-
stance by CMB-S4 experiments, could place meaningful constraints on the axion mass and
axion–gauge-field coupling.

Finally, we propose a novel pathway for the formation of primordial black holes (PBHs)
within post-inflationary magnetogenesis scenarios. PBHs are well-motivated dark matter can-
didates, especially given that the fundamental nature of dark matter remains unknown despite
extensive experimental and theoretical efforts. We demonstrate that magnetic-field-induced
density perturbations generated during reheating can collapse to form PBHs in a mass range
consistent with cold dark matter. The resulting PBH mass spectrum is primarily governed by
the reheating dynamics, and by appropriately tuning the reheating parameters (wre, Tre), we
identify regions of parameter space in which PBHs can account for the entire observed dark
matter abundance. Since strong magnetic fields also efficiently source secondary gravitational
waves, these scenarios predict correlated GW signals that may be observable in future exper-
iments. In this way, our work provides a unified framework that connects two longstanding
open problems in cosmology: the origin of large-scale magnetic fields and the nature of dark
matter.

Overall, this thesis establishes a comprehensive connection between reheating dynamics,
primordial and post-inflationary magnetogenesis, and their observational imprints on gravita-
tional waves, offering new avenues to probe the physics of the early Universe.
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Notations and Conventions
.

• Throughout this thesis, we use natural units ℏ=c=kB=1. In this unit, Reduced Planck
mass is given by MP = 1√

8πG
= 2.435 × 1018 GeV.

• Greek indices µ,ν and so on go over the four space-time co-ordinates xµ = [x0, x1, x2, x3]T

with x0 for the time coordinate.

• Minkowski metric is given by ηµν = diag[−1, 1, 1, 1].

• Latin labels i, j, k and so on go over the three spatial co-ordinates.

• The Ricci tensor, defined in terms of the Christoffel symbols, is

Rµν = ∂λΓλ
µν − ∂νΓλ

µλ + Γλ
λρΓρ

µν − Γρ
µλΓλ

νρ, (1)

and the Ricci scalar is R = gµνRµν
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Cosmological Parameters
Symbol Definition

a Scale factor of the Universe (dimensionless)
H Hubble parameter (s−1)
η Conformal time (s)
w Equation of state parameter, p = wρ (dimensionless)
Ne Number of e-folds (dimensionless)

Ωrad Radiation density parameter (dimensionless)
Ωm Total matter density (dimensionless)

Ωbh
2 Baryon density

Ωch
2 Cold dark matter (CDM)

t0 Age of the Universe
TCMB CMB temperature
zrec Recombination redshift
ns Scalar spectral index
σ8 Density fluctuation amplitude
D/H Primordial deuterium abundance
YP Helium-4 mass fraction
Neff Effective number of relativistic species
ΩΛ Dark energy density parameter (dimensionless)
H0 Present-day Hubble constant

Fields and Particles
Symbol Definition

φ Inflaton field
V (φ) Inflaton potential (GeV4)
χ Secondary scalar field (GeV)
Ak Gauge field mode function
Fµν Electromagnetic field strength tensor (GeV2)
F̃µν Dual of gauge field tensor (GeV2)

Inflationary Parameters
Symbol Definition

ϵφ First slow-roll parameter (dimensionless)
ηφ Second slow-roll parameter (dimensionless)
He Hubble parameter during inflation
Nend e-folding number of the inflationary period

fend = ke/2π Highest comoving frequency associated with the horizon size
at the end of inflation

Table 1: List of cosmological, field, and inflationary parameters.
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Reheating Parameters
Symbol Definition
wre(= P/ρ) Average equation of state during reheating

Tre Reheating temperature
kre Comoving wavenumber that re-enters the horizon at the end

of reheating
fre(kre/2π) Comoving frequency corresponding to kre

Magnetogenesis Parameters
Symbol Definition

B0(k) =
√

PB(k, η0) Present-day magnetic field strength
PB(k, η) = ∂ρB(k, η)/∂ ln(k) Energy spectrum of magnetic field
PE(k, η) = ∂ρE(k, η)/∂ ln(k) Energy spectrum of electric field

nB Magnetic spectral index
nE Electric spectral index

Gravitational Wave Parameters
Symbol Definition

hk Amplitude of tensor perturbation
ρgw Gravitational wave energy density

ΩGWh
2 GW spectral energy density (dimensionless)

ngw GW spectral index
PT Tensor power spectrum

Primordial Black Hole Parameters
Symbol Definition
Mpbh Mass of the PBH
ρpbh Total energy density of PBHs
TBH Black hole temperature

βpbh(ρpbh/ρc) Initial fractional energy density of PBHs
fPBH Present-day PBH fraction as dark matter candidate

Table 2: List of reheating, magnetogenesis, gravitational wave, and PBH parameters.

TH-4115_206121111



Contents

1 Introduction 1

2 Standard and Non-Standard Cosmology 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 FLRW Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Standard Big Bang Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.1 Flatness Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.2 Horizon Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3.3 The Origin of Large-Scale Structure in the Universe . . . . . . . . . . . . 13
2.3.4 Relic Density Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.5 Conditions for solving these problems . . . . . . . . . . . . . . . . . . . . 14

2.4 The theory of Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4.1 α−Attractor-E Inflation model . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Dynamics of Reheating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5.1 Perturbative Reheating Scenarios . . . . . . . . . . . . . . . . . . . . . . 21

2.6 Cosmological Perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.7 Metric Perturbations and Their Decomposition . . . . . . . . . . . . . . . . . . 27

2.7.1 Equation of motion for the curvature perturbation in slow-roll inflation . 32
2.8 Primordial Black Holes: Motivation and Formation Mechanisms . . . . . . . . . 34

2.8.1 Curvature perturbations generated during inflation . . . . . . . . . . . . 35
2.9 Tensor Fluctuations: Quantum and Classical Origin . . . . . . . . . . . . . . . . 46

2.9.1 Quantum Production of Tensor Perturbations during Inflation . . . . . . 50
2.9.2 Inflationary observables and CMB constraints . . . . . . . . . . . . . . . 52
2.9.3 Computing the Dimensionless GWs energy density at today: . . . . . . . 56
2.9.4 Secondary production of the Tensor perturbations due to Electromagen-

tic fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3 Birth of Cosmic Magnetic Fields 64
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.2 Observational Constraints on Large-Scale Magnetic Fields . . . . . . . . . . . . 66
3.3 Inflationary Magnetogenesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3.1 Evolution of the Electromagnetic field during Inflation: . . . . . . . . . . 71
3.3.2 Effect of Schwinger Pair Production . . . . . . . . . . . . . . . . . . . . . 74

xii
TH-4115_206121111



Contents xiii

4 Probing Reheating Phase via Inflationary Magnetogenesis Scenarios and
Secondary Gravitational Waves 80
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2 Magnetogenesis: quantizing the gauge field and evolution of its power spectrum 81

4.2.1 Evolution of electromagnetic power spectrum through different phases . . 82
4.2.2 Evolution During reheating phase: . . . . . . . . . . . . . . . . . . . . . . 84

4.3 Generation of Secondary Gravitational Waves from Electromagnetic field: . . . . 91
4.3.1 Tensor power spectrum during Inflation: . . . . . . . . . . . . . . . . . . 92
4.3.2 Tensor power spectrum during reheating . . . . . . . . . . . . . . . . . . 94
4.3.3 Tensor power spectrum during radiation dominted era . . . . . . . . . . . 95
4.3.4 Spectral Analysis of Primary Gravitational Waves (PGWs) . . . . . . . . 96

4.4 Results and Discussion: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Magnetogenesis from Sawtooth Coupling:
Gravitational Wave Probe of Reheating 108
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.2 Evolution of the Gauge Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5.3 Evolution of the gauge field during inflation and post-inflationary era . . . . . . 112

5.3.1 Production during Reheating . . . . . . . . . . . . . . . . . . . . . . . . 115
5.4 Generation of Gravitational Waves . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.4.1 Production of Secondary GWs . . . . . . . . . . . . . . . . . . . . . . . . 122
5.4.2 Defining the Present-Day Dimensionless Gravitational Wave Spectrum

Energy Density ΩGWh
2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6 The Magnetic Origin of Primordial Black Holes: A Viable Dark Matter
Scenario 132
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.2 Model for Magnetogenesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
6.3 Induced Curvature Power Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 137
6.4 PBH formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.5 GWs from the Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

7 Minimal Magnetogenesis: The Role of Inflationary Perturbations and
ALPs, and Its Gravitational Wave Signatures 156
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
7.2 First stage: Magnetogensis from curvature power spectrum . . . . . . . . . . . 158

7.2.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
7.2.2 Generation of the magnetic field during the inflation era . . . . . . . . . 161

TH-4115_206121111



Contents xiv

7.2.3 Generation of magnetic field for post-inflationary evolution . . . . . . . . 163
7.3 Second stage: Resonant amplification from oscillating ALPs after photon decou-

pling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
7.4 Secondary Gravitational Waves due to Magnetic Fields . . . . . . . . . . . . . . 180
7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

8 Conclusions and Outlook 186
8.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
8.2 Future Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

A Appendix 192
A.1 Computation of Friedmann equations . . . . . . . . . . . . . . . . . . . . . . . . 192
A.2 Detailed calculation of gauge field generation in inflationary perturbed background192
A.3 PBH mass if they form during the reheating era . . . . . . . . . . . . . . . . . . 195
A.4 Post-inflationary contributions to the secondary tensor power spectrum . . . . . 196

A.4.1 Computing the tensor power spectrum for k > kre: . . . . . . . . . . . . . 201

TH-4115_206121111



List of Tables
1 List of cosmological, field, and inflationary parameters. . . . . . . . . . . . . . . x
2 List of reheating, magnetogenesis, gravitational wave, and PBH parameters. . . xi

2.1 List of ΛCDM parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3.1 Present-day magnetic field for non-helical magnetogenesis scenario . . . . . . . . 77

4.1 Minimum reheating temperature for different reheating equations of state . . . . 102

5.1 Upper bound on reheating temperature from the gauge-field backreaction con-
straint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6.1 The lower bound of reheating temperature to avoid the backreaction issue and
its corresponding present-day magnetic field strength at 1 Mpc scale. . . . . . . 136

6.2 Benchmark points for PBH production with corresponding magnetic field strength
and fPBH. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

xv
TH-4115_206121111



Chapter 1

Introduction
The history of modern physics is shaped not only by its remarkable theoretical and experimen-
tal successes, but also by the recognition of the intrinsic limitations of its prevailing frameworks.
Each major theoretical structure has achieved extraordinary explanatory power within a spe-
cific domain of validity, while simultaneously exposing conceptual or empirical inconsistencies
that ultimately necessitated more fundamental descriptions. This dynamic interplay between
success and failure has been central to the evolution of physical theory, guiding the transition
from classical mechanics to quantum field theory and modern particle physics.

The foundations of modern science were laid during the scientific revolution of the sixteenth
and seventeenth centuries. A decisive departure from the Aristotelian–Ptolemaic worldview was
initiated by Nicolaus Copernicus (1473–1543), who, in De revolutionibus orbium coelestium
(1543), proposed the heliocentric model of the solar system. This radical idea challenged the
long-standing geocentric paradigm and redefined humanity’s understanding of cosmic order.
Subsequent advances were enabled by Tycho Brahe (1546–1601), whose unprecedentedly precise
astronomical observations provided the empirical foundation for Johannes Kepler (1571–1630).
Between 1609 and 1619, Kepler formulated his three laws of planetary motion, establishing
that planetary orbits are elliptical and governed by precise mathematical relations.

The emergence of modern observational science was further advanced by Galileo Galilei
(1564–1642), who, beginning in 1609, systematically applied the telescope to astronomical
observations. His discoveries—including the moons of Jupiter, the phases of Venus, sunspots,
and the rugged surface of the Moon—provided decisive empirical support for heliocentrism
and marked the birth of modern observational astrophysics. Equally important was Galileo’s
emphasis on experiment and mathematical description, which became central methodological
pillars of modern physics.

These developments culminated in the synthesis achieved by Isaac Newton (1643–1727). In
his Philosophi Naturalis Principia Mathematica (1687), Newton formulated the laws of motion
and the law of universal gravitation, unifying terrestrial and celestial dynamics within a single
deterministic framework. Classical mechanics successfully described a vast range of phenomena,
from planetary motion to everyday mechanics, and remained the dominant paradigm for more
than two centuries. However, by the late nineteenth century, its failures at relativistic velocities,
in strong gravitational fields, and at microscopic scales revealed the limits of its applicability.
These shortcomings were not merely technical; they signaled the need for fundamentally new
concepts of space, time, and matter.

Parallel to these developments, the early twentieth century witnessed a profound transfor-
mation in our understanding of space and time. In 1905, Albert Einstein introduced the theory
of special relativity, which resolved inconsistencies between classical mechanics and the behav-
ior of light, fundamentally redefining the concepts of space and time. This was followed in 1915

1
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by the theory of general relativity, which provided a geometric description of gravitation as the
curvature of spacetime. General relativity has been confirmed by numerous experimental tests,
ranging from the perihelion precession of Mercury to the direct detection of gravitational waves
in 2015 [1–6]. Nonetheless, its breakdown at spacetime singularities and its non-renormalizable
character when treated as a quantum theory reveal its limitations as a fundamental description
of nature.

In parallel, cosmology underwent a profound transformation into a precision science. The
discovery of the expansion of the Universe by Edwin Hubble provided the first observational
evidence for a dynamical cosmos, while subsequent theoretical developments based on Ein-
stein’s general relativity led to the formulation of the Big Bang model. Key observational
pillars—including the successful predictions of primordial nucleosynthesis and the discovery of
the cosmic microwave background (CMB)—firmly established the hot Big Bang scenario and
its deep connection to high-energy particle physics in the early Universe.

The decisive breakthrough came with increasingly precise observations of the CMB. The
COBE satellite first detected the near-perfect blackbody spectrum and primordial anisotropies,
providing direct evidence for early-Universe fluctuations [7,8]. These results were dramatically
refined by WMAP [9,10], which measured the temperature anisotropies with high precision and
confirmed the consistency of the standard cosmological model. Most recently, the Planck mis-
sion delivered high-resolution measurements of both temperature and polarization anisotropies,
revealing remarkable agreement with inflationary predictions and constraining cosmological pa-
rameters at the percent level [11, 12].

Motivated by both conceptual shortcomings of the standard Big Bang model and its striking
observational successes, Alan Guth [13] and others [14–17] proposed the paradigm of cosmic
inflation to address fundamental issues such as the horizon and flatness problems. Inflation
provides a natural mechanism for generating primordial density perturbations from quantum
fluctuations, which subsequently seed the observed large-scale structure of the Universe [18,19].
The remarkable agreement between inflationary predictions and precision measurements of
the cosmic microwave background (CMB) has elevated early-Universe cosmology to a central
position in modern high-energy physics.

Despite this progress, several fundamental questions remain unresolved:

• Nature of dark matter: A wide range of astrophysical and cosmological observations—
including galactic rotation curves [20–22], gravitational lensing [23,24], microlensing sur-
veys [25,26], and precision CMB measurements [11]—provide compelling evidence for the
existence of non-luminous, non-baryonic matter beyond the Standard Model of particle
physics. However, despite extensive experimental and theoretical efforts, the fundamental
nature and microphysical properties of dark matter remain unknown [11,27,28].

• Dark energy and the cosmological constant problem: Over the past few decades,
multiple independent observations, such as high-redshift Type-Ia supernovae [29, 30],
CMB-anisotropies [11], baryon acoustic oscillations (BAO) [31], large-scale structure
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surveys [24, 32], and weak gravitational lensing, have established that the Universe is
currently undergoing accelerated expansion. Within the framework of general relativ-
ity and a homogeneous and isotropic Friedmann–Lemaître–Robertson–Walker (FLRW)
spacetime, accelerated expansion requires a dominant energy component with negative
pressure, characterized by an equation of state w = p/ρ < −1/3 [33, 34]. The sim-
plest realization of this component is the cosmological constant Λg, corresponding to
w = −1, which accounts for approximately 70% of the present energy density of the
Universe [11, 34]. Nevertheless, understanding the physical origin of dark energy and
resolving the cosmological constant problem [35,36]—namely, the enormous discrepancy
between the observed value of vacuum energy and theoretical expectations from quan-
tum field theory—remain profound open challenge at the interface of cosmology, particle
physics, and gravity.

• Origin and microphysics of inflation: Inflation [13–15] provides a compelling resolu-
tion to the horizon and flatness problems and successfully explains the origin of the nearly
scale-invariant primordial fluctuations observed today [18, 19]. In particular, it predicts
the amplitude of scalar perturbations on large scales, As ≃ 2.1 × 10−9, with a slightly
red-tilted spectral index, in excellent agreement with observations [12]. While inflation is
well described as an effective theory, the fundamental degrees of freedom responsible for
driving inflation, its embedding in a more complete microscopic theory, and its precise
energy scale remain unknown [37,38]. Moreover, the lack of observational access to small
scales limits our ability to discriminate among competing inflationary scenarios [38,39].

• Primordial relics: Despite significant observational advances, the origin of several pri-
mordial relics observed in the present-day Universe remain unclear, signaling gaps in our
understanding of early-Universe physics. These include the origin of the dark matter
abundance [27, 40], a stochastic gravitational-wave background potentially probed by
pulsar timing arrays [41–45], large-scale cosmic magnetic fields, often hypothesized to
have a primordial origin [46,47], and the observed matter–antimatter asymmetry [48,49].

The Standard Model of particle physics and quantum field theory (QFT) have achieved
remarkable success in describing fundamental interactions. However, several present-day relics
observed in the Universe—such as the dark matter abundance, primordial magnetic fields, and
the baryon asymmetry—cannot be explained within this framework alone. If these relics were
produced during the very early stages of cosmic evolution, for instance during inflation or the
pre-reheating epoch, then the post-inflationary dynamics, particularly the reheating era, play
a crucial role in determining their present-day properties.

Despite its importance, the reheating phase remains poorly constrained observationally,
primarily due to the lack of direct probes of small-scale dynamics [50–56]. Late-time processes
such as structure formation and nonlinear gravitational evolution tend to erase or obscure most
of the imprints of reheating, making it challenging to reconstruct this epoch using conventional
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cosmological observables. Nevertheless, a precise understanding of the reheating era is essential
for establishing a complete and consistent picture of the thermal history of the Universe [50,
57–63].

In this context, direct or indirect observational signatures of reheating are of paramount
importance. Motivated by this, the central goal of this thesis is to constrain the dynamics of
the reheating phase using gravitational-wave observations, in the presence of primordial sources
such as magnetic fields or scalar fields that originate at very early times. Gravitational waves,
due to their weak interactions and ability to propagate largely unimpeded through cosmic
history, provide a unique window into otherwise inaccessible epochs of the early Universe.

Throughout this thesis, we investigate how gravitational-wave experiments can be used to
probe both the nature of primordial magnetic fields and the imprints of the reheating era.
In particular, we explore theoretical frameworks and observational signatures that allow us
to connect early-Universe magnetogenesis and scalar-field dynamics with present and future
gravitational-wave observations, thereby shedding light on the physics of reheating and the
origin of primordial relics.

This thesis is organized into seven chapters. It begins with an introductory chapter that
outlines the motivation for this work and provides a brief overview of the historical development
of modern cosmology. This is followed by a discussion of standard and non-standard cosmo-
logical models, highlighting their key successes as well as their limitations. We then review
the origin of primordial magnetic fields and the challenges associated with their generation.
Subsequently, the main results of the thesis are presented in a chapter-wise manner, detailing
each of the studies carried out in this work. Finally, the concluding chapter summarizes the
principal outcomes of the thesis and discusses possible directions for future research.
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Chapter 2

Standard and Non-Standard Cosmology

2.1 Introduction

The standard Big Bang cosmology, together with its modern extension in the form of the
ΛCDM model, provides a highly successful framework for describing the origin and evolution
of the Universe. Based on general relativity and the assumption of large-scale homogene-
ity and isotropy, it is formulated within the Friedmann–Lemaître–Robertson–Walker (FLRW)
spacetime and is capable of explaining a wide range of cosmological observations.

The concept of an expanding Universe, first proposed by Lemaître, was observationally
confirmed by Hubble in 1929 through the discovery that galaxies recede with velocities propor-
tional to their distances. This established the empirical foundation of the Big Bang framework.
In the late 1940s, the theory of Big Bang nucleosynthesis (BBN) successfully predicted the pri-
mordial abundances of light elements, which are in good agreement with observations when
the baryon density is fixed.

A major milestone in cosmology was the discovery of the cosmic microwave background
(CMB) radiation in 1965, interpreted as relic radiation from the early hot Universe. Its black-
body spectrum and temperature anisotropies have been measured with high precision by mis-
sions such as COBE [7,8], WMAP [9,10], and Planck [11,12,64,65]. These anisotropies reveal
acoustic peaks that provide a standard ruler for cosmology and are independently confirmed
through baryon acoustic oscillations (BAO) in large-scale structure surveys [66,67].

The ΛCDM model also gives a consistent description of the thermal history of the Universe,
from the radiation-dominated era to matter domination and the present phase of accelerated
expansion, discovered through Type Ia supernova observations. This late-time acceleration
is naturally explained by the cosmological constant Λg. Furthermore, the model successfully
accounts for the formation and evolution of cosmic structures from nearly scale-invariant pri-
mordial perturbations with scalar spectral index ns ≃ 0.965, consistent with both CMB mea-
surements and large-scale structure observations [12,64,65,68].

One of the most remarkable features of the ΛCDM model is its predictive power: a small
set of cosmological parameters suffices to explain diverse observations across widely separated
epochs, establishing cosmology as a precision science with parameters such as the Hubble
constant and matter density determined to percent-level accuracy. Table 2.1 summarizes some
of the key predictions and their observational confirmations.

5
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Table 2.1: Key observational successes of the standard ΛCDM cosmology. The parameter
values are mainly inferred from the Planck 2018 results [11,69], with independent observational
checks where available.

Quantity ΛCDM (Planck) Observation / Check
H0 67.4 ± 0.5 km s−1 Mpc−1 Local distance ladder ∼ 73 km s−1 Mpc−1 [70]
Ωm 0.315 ± 0.007 Galaxy surveys, BAO [71]
Ωbh

2 0.0224 ± 0.0001 Verified by BBN light-element abundances [72]
Ωch

2 0.120 ± 0.001 Large-scale structure growth [71]
t0 13.80 ± 0.02 Gyr Oldest globular clusters ∼ 13 Gyr [73]
TCMB 2.7255 K COBE/FIRAS blackbody spectrum [74]
zrec ∼ 1100 CMB acoustic peaks [11]
ns 0.965 ± 0.004 Consistent with inflationary predictions [11]
σ8 0.811 ± 0.006 Galaxy clustering, weak lensing [75]
(D/H) 2.5 × 10−5 (2.53 ± 0.02) × 10−5 from quasar absorbers [76]
YP ∼ 0.2467 Metal-poor HII region measurements [77]
Neff 2.99 ± 0.17 Standard Model value 3.046 [11,78]∑
mν < 0.12 eV (95% CL) Consistent with oscillation limits [79]

Despite its success, the standard Big Bang model faces several conceptual challenges, in-
cluding the flatness, horizon, and monopole problems. These issues indicate that, while the
model accurately describes the evolution of the Universe after its earliest moments, it does not
provide a natural explanation for the initial conditions.

To address these shortcomings, the idea of cosmic inflation—a brief period of accelerated
expansion in the early Universe—was introduced. Inflation not only resolves these fundamental
problems but also provides a mechanism for generating the primordial perturbations that seed
large-scale structure.

Before discussing inflation in detail, it is essential to first understand the FLRW cosmology,
which forms the foundation of the ΛCDM model.

2.2 FLRW Cosmology

The study of the universe at its largest scales begins with the assumption that the cosmos
is homogeneous and isotropic on sufficiently large scales, an idea strongly supported by ob-
servations and forming the basis of modern cosmology [80–82]. These symmetries uniquely
lead to the Friedmann–Lemaître–Robertson–Walker (FLRW) description of spacetime. Within
this framework, the dynamics of the cosmic expansion are described by the scale factor and
governed by the Friedmann equations derived from Einstein’s field equations.

Observations of the cosmic microwave background further confirm the high degree of isotropy
of the universe [11], while large-scale galaxy surveys demonstrate homogeneity on sufficiently
large scales [83]. These symmetries strongly constrain the form of the spacetime metric, leading
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uniquely to the FLRW metric, given by [38,84]

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2 + r2(dθ2 + sin2(θ)dϕ2)
]
, (2.1)

where a(t) is the scale factor and k = 0,+1,−1, corresponds to a spatially flat, closed, or open
universe, respectively. Here, we confine a fundamental quantity to the Hubble rate

H = ȧ

a
∝ 1
t
. (2.2)

Here ȧ = da/dt is the derivative of the scale factor with respect to the cosmic time t. It is
useful to rewrite the metric in the following form [38,84]

ds2 = −dt2 + a2(t)
[
dX2 + Sk(X2)(dθ2 + sin2(θ)dϕ2)

]
. (2.3)

where [38,84]

r2 = Sk(X2) =


sinh2(X) if k = −1
X2 if k = 0

sin2(X) if k = +1
(2.4)

Here, X plays the role of a radius. We now redefine the time coordinate as

η =
∫ η dt

a(t) , (2.5)

where η is known as the conformal time. In terms of this conformal time coordinate, the FLRW
metric takes the form [38,84]

ds2 = a2(η)
[
−dη2 + dX2 + Sk(X2)(dθ2 + sin2(θ) dϕ2)

]
. (2.6)

This coordinate system is particularly useful for studying the causal structure of an expanding
spacetime. Light rays follow null paths, ds2 = 0. Since the universe is isotropic, geodesic
solutions correspond to constant θ and ϕ. For a radial light ray (with dθ = dϕ = 0), the metric
reduces to

ds2 = 0 ⇒ a2(η)
[
−dη2 + dX2

]
⇒ dX = ±dη. (2.7)

Thus, in conformal coordinates, the null geodesic satisfies

X(η) = X0 ± (η − η0). (2.8)

This shows that in the η–X plane, light always propagates at 45◦, just as it does in Minkowski
space. In this coordinate system, the comoving distance between two comoving points is simply
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the coordinate difference ∆X, while the corresponding physical distance at time t is given by
dp(t) = a(η) ∆X.

Particle Horizon:
The particle horizon represents the maximum comoving distance that light could have trav-

eled since the beginning of the universe up to some later time η. If we assume that the universe
starts at time ηi, then the comoving distance covered by light is

Xph =
∫ η

ηi

dη′ = η − ηi. (2.9)

The corresponding proper distance is dph(η) = a(η)(η − ηi), which describes the largest region
that could have been in causal contact with an observer at time η. If ηi is finite, then the
particle horizon is also finite. As a result, different regions of the CMB sky may appear to have
never been in causal contact.

Friedmann Equations
To describe the dynamical evolution of an isotropic universe, we must relate the spacetime

geometry to its matter-energy content. This relation is provided by Einstein’s field equations
in the background of the FLRW metric. In this framework, the matter content of the Universe
is modeled as a homogeneous and isotropic perfect fluid. The corresponding energy-momentum
tensor is given by [33,81,82]

Tµν = (ρ+ P )uµuν + Pgµν , (2.10)

where ρ denotes the energy density of the fluid and P = wρ represents its pressure, with w

being the equation of state parameter.
For a comoving observer, the four-velocity is uµ = (1, 0, 0, 0). This implies the non-vanishing

components of the energy-momentum tensor to be T 0
0 = ρ, T j

i = Pδj
i .

Einstein’s field equations are given by ,

Gµν + Λggµν = 8πGNTµν . (2.11)

Here Gµν denotes the Einstein tensor describing the curvature of spacetime, while Tµν

represents the energy–momentum tensor of matter and radiation. The constant GN is New-
ton’s gravitational constant. The parameter Λg is the cosmological constant, which can be
interpreted as a uniform energy density associated with the vacuum and contributes to the
large-scale dynamics of the Universe [34, 35].

For the FLRW metric, the nonzero components of the Einstein tensor are [81, 82]

G0
0 = − 3

a2 (ȧ2 + k); Gj
i = − 1

a2 (2aä+ ȧ2 + k)δj
i (2.12)
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where the dot denotes derivative with respect to cosmic time t.

• The 00 component of Einstein’s equations is

G0
0 + Λgg

0
0 = 8πGNT

0
0 ⇒ H2 =

(
ȧ

a

)2
= 8πGN

3 ρ− k

a2 + Λg

3 (2.13)

where we have used g0
0 = −1.

• Using the spatial components, we obtain

Gi
j + Λgg

j
i = 8πGNT

j
i =⇒ ä

a
= −4πGN

3 (ρ+ 3P ) + Λg

3 (2.14)

Continuity Equation and its solution:
Combining Eq. (2.13) with Eq. (2.14), we can easily obtain the continuity equation (see

Appendix A.1)

ρ̇+ 3H(ρ+ P ) = 0. (2.15)

To solve this equation, we assume a constant equation of state w = P/ρ, which allows us to
rewrite it as

∂ρ

∂t
+ 3(1 + w)Hρ = 0. (2.16)

The general solution of this equation is

ρ(a) = ρ∗

(
a

a∗

)−3(1+w)
, (2.17)

where ρ∗ is the energy density at a reference scale factor a∗.
Thus, for a radiation-like fluid, the energy density scales as ρ(a) ∝ a−4, while for a matter-

like fluid it scales as ρ(a) ∝ a−3. In the special case of w = −1, the energy density remains
constant in time.

To study the behaviour of the scale factor, we first assume k = 0 and Λg = 0. From the
first Friedmann equation, we obtain

ȧ

a
= ±C1/2

N a− 3(1+w)
2 , (2.18)

where we define CN = πGN
3 ρ∗a

3(1+w)
∗ . Since our universe is expanding, we consider the positive

branch. After integration, this gives

a(t) = a∗

[
3(1 + w)

2 H∗(t− t∗) + 1
] 2

3(1+w)

, (2.19)
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Figure 2.1: In the above figures, we have plotted the evolution of the different energy compo-
nents like matter(blue), radiation(magenta), and dark energy(red) as a function of normalized
scale factor (a/a0).

where H∗ =
(

8πGNρ∗
3

)1/2
and t∗ is a reference time.

A special case arises for w = −1, for which the Friedmann equation admits an exponential
expansion of the scale factor, a(t) ∝ eHt. In this scenario, the energy density remains constant,
ρ = const, and consequently the Hubble parameter H is also time-independent.

In Fig. 2.1, we illustrate the evolution of the fractional energy densities of the various
components, defined as Ωi ≡ ρi/ρcrit, as a function of the normalized scale factor a/a0. a0

is the scale factor today. Here, ρi denotes the energy density of the i-th component of the
Universe, while ρcrit = 3H2

0M
2
P is the present-day critical energy density. This representation

allows us to track the relative evolution of each component throughout cosmic history. As
evident from the figure, the universe successively evolves from the radiation domination in
very early times to matter domination, and finally to cosmological domination.

In the standard Big Bang picture, the universe is assumed to have always been dominated
by normal matter with w > 0. The total energy density and pressure can then be expressed as

ρ =
∑

i

ρi, P =
∑

i

Pi, (2.20)

with the equation of state for each component defined as wi = Pi/ρi. The present-day fractional
energy density of each component is Ωi,0 = ρi,0/ρcr,0, where ρcr,0 = 3H2

0M
2
P is the critical

density at present, and H0 is the current Hubble parameter. Observational measurements give
H0 ≃ 67.4 km s−1 Mpc−1 [11].
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The relative curvature contribution at present is given by

Ωk,0 = − k

a2(t0)H2
0
, (2.21)

with a(t0) = a0 = 1 denoting the present-day scale factor. Observations indicate that the
Universe is very close to spatially flat, with Ωk,0 = 0.001 ± 0.002 from cosmological measure-
ments [11].

Using these definitions, the Friedmann equation can be written in terms of the fractional
densities as (

H2

H2
0

)
=
∑

i

Ωi,0a
−3(1+wi) + Ωk,0a

−2. (2.22)

At the present time, this implies the relation

∑
i

Ωi,0 + Ωk,0 = 1. (2.23)

Observationally, the present-day energy content of the Universe is dominated by dark energy
and dark matter. In particular, measurements of the cosmic microwave background, together
with other cosmological probes, indicate ΩΛ,0 ≃ 0.685, Ωm,0 ≃ 0.315, and Ωb,0 ≃ 0.049, while
the curvature contribution remains consistent with zero within observational uncertainties [11].

2.3 Standard Big Bang Cosmology

2.3.1 Flatness Problem

Within the framework of the standard Big Bang cosmology, dominated by ordinary matter or
radiation, the expansion of the universe is always decelerating, i.e., ä < 0. Consequently, the
quantity a2H2 decreases with time, and the deviation from spatial flatness evolves as

Ω − 1 ∝ 1
a2H2 . (2.24)

In such a decelerating background, the comoving Hubble radius (aH)−1 grows with time,
implying that any small departure from flatness (|Ω − 1|) inevitably increases as the universe
expands.

In contrast, present-day observations indicate that the universe is remarkably close to spa-
tial flatness, with Ω ≃ 1 to within a few percent [11]. Extrapolating this condition backwards
in time imposes increasingly severe constraints on the initial deviation from flatness [18,40,85].
At the epoch of recombination (z ∼ 1100), one requires |Ω − 1| < 10−3; during nucleosynthesis
(t ≃ 1 sec), this bound tightens to |Ω − 1| ≲ 10−16. Pushing further to the Planck epoch
(t ∼ 10−43 sec), the initial deviation must have been tuned to an extraordinary precision,
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|Ω − 1| < 10−60.
Such extreme sensitivity to initial conditions highlights the profound fine-tuning necessary

in the standard Big Bang framework to account for the nearly flat universe observed today.
This conundrum is referred to as the flatness problem.

2.3.2 Horizon Problem

Consider a comoving wavelength λ with its corresponding physical scale dph = aλ, which
at some epoch lies within the Hubble radius H−1. In the standard Big Bang scenario, the
expansion is always decelerating. As a result, at later times, the physical wavelength becomes
much smaller than the Hubble radius, implying that a causally connected region can only
encompass a fraction of the Hubble volume.

The maximum comoving distance a photon can travel from an initial time ti to a later time
t is given by

Xph =
∫ η

ηi

dt

a(t) =
∫ a

ai

da

a2H(a) ∼ a(1+3w)/2 − a
(1+3w)/2
i , (2.25)

where Xph denotes the particle horizon. For an equation-of-state parameter w > −1/3, the
particle horizon grows monotonically with time, implying that regions previously outside each
other’s causal domain gradually come into contact.

To quantify this more precisely, the proper particle horizon distance is defined as

dH = a
∫ a

0

da′

H(a′) a′2 . (2.26)

Assuming the universe is dominated by matter and radiation, the Hubble parameter can
be written as

H(a) = H0

√
Ωm,0a−3 + Ωr,0a−4, (2.27)

where H0 is the present-day Hubble parameter. The parameters Ωm,0 and Ωr,0 denote the
present fractional energy densities of matter and radiation, respectively. The matter density
parameter Ωm,0 includes both baryonic and cold dark matter components, while Ωr,0 accounts
for relativistic species such as photons and neutrinos.

Using this expression for H(a), the particle horizon becomes

dH = a
∫ a

0

da′

H0
√

Ωm,0a′ + Ωr,0
= 2a
H0Ωm,0

(√
Ωm,0a+ Ωr,0 −

√
Ωr,0

)
. (2.28)

The angular diameter distance is given by

dA = a
∫ 1

a

da′

H(a′) a′2 = 2a
H0Ωm,0

(√
Ωm,0 + Ωr,0 −

√
Ωm,0a+ Ωr,0

)
. (2.29)
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The ratio of these two quantities, dH/dA, represents the angular radius of the particle
horizon at a given scale factor:

dH

dA

=

√
Ωm,0a+ Ωr,0 −

√
Ωr,0√

Ωm,0 + Ωr,0 −
√

Ωm,0a+ Ωr,0
. (2.30)

The parameters entering this expression are well constrained by cosmological observations.
In particular, measurements of the cosmic microwave background and other probes give H0 ≃
67.4 km s−1 Mpc−1, Ωm,0 ≃ 0.315, and Ωr,0 ≃ 9 × 10−5 [11]. The radiation density parameter
Ωr,0 is dominated by photons and relativistic neutrinos.

This ratio tends to zero as a → 0. At the epoch of recombination, corresponding to a scale
factor arec ≃ 10−3 (or redshift zrec ≃ 1100), substituting the above numerical values gives

dH

dA

(arec) ≃ 0.018. (2.31)

This corresponds to an angular scale of roughly 1◦ on the CMB sky. Thus, the observable
universe at recombination contains on the order of

(
4π

0.018

)2
∼ 104 connected regions.

Nevertheless, observations show that the CMB is highly homogeneous across the entire sky.
The near-uniformity of widely separated regions, which could not have exchanged information
within the standard Big Bang framework, implies a level of fine-tuned initial correlations that
is both unnatural and theoretically unsatisfactory.

This fundamental inconsistency between causal structure and observational evidence con-
stitutes the horizon problem of the standard Big Bang cosmology.

2.3.3 The Origin of Large-Scale Structure in the Universe

The galaxies, galaxy clusters, and the cosmic web observed today are understood as the result
of the gravitational growth of small primordial fluctuations in the early Universe. These initial
perturbations are imprinted in the cosmic microwave background (CMB) as tiny temperature
anisotropies and subsequently evolve under gravitational instability to form the large-scale
structures observed today.

A convenient way to characterize these primordial fluctuations is through the power spec-
trum of the comoving curvature perturbation, denoted by PR(k). This quantity measures the
variance of curvature perturbations per logarithmic interval in wavenumber k, and therefore
encodes the statistical properties and scale dependence of the primordial fluctuations gener-
ated in the early Universe. Observations of temperature anisotropies in the CMB indicate that
these primordial fluctuations had very small amplitudes and were nearly scale invariant. The
corresponding power spectrum is commonly parameterized as

PR(k) ∝ kns−1, ns ≃ 1, (2.32)
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where k is the comoving wavenumber and ns denotes the scalar spectral index. A value ns = 1
corresponds to a perfectly scale-invariant spectrum, known as the Harrison–Zel’dovich spec-
trum, while current observations indicate a slightly red-tilted spectrum with ns ≈ 0.965 [11]
or recently obsered suggest that the spectrum should more scale invaraint nature near CMB
scale where it predict the scalar spectral index ns ≃ 0.974 ± 0.003 [86].

Within the framework of the standard Big Bang cosmology, however, there is no causal
mechanism between the initial singularity and the epoch of last scattering capable of generating
correlations on super-horizon scales. Consequently, this scenario cannot account for the origin
of the nearly scale-invariant primordial fluctuations that seeded the large-scale structure of the
universe.

2.3.4 Relic Density Problem

In the earliest stages of the universe, at temperatures of order T ∼ 1015 − 1016 GeV near
the grand unified theory (GUT) scale, the gauge symmetries of particle physics are expected
to undergo spontaneous breaking. Such phase transitions naturally give rise to a variety of
heavy relics, including magnetic monopoles, superheavy stable particles (such as gravitinos
and moduli), and other states predicted in extensions of the Standard Model.

These relics are typically very massive and behave as non-relativistic matter once the back-
ground temperature falls below their rest mass. Their energy density then scales as a−3, whereas
the energy density of radiation redshifts more rapidly as a−4. Consequently, even if these relics
constitute only a tiny fraction of the total energy budget initially, their slower dilution ensures
that they eventually dominate over the radiation component. This would drive the universe
into a relic-dominated phase well before the epoch of Big Bang nucleosynthesis (BBN).

Such an early matter-dominated epoch would strongly disrupt the successful predictions of
BBN, leading to light-element abundances incompatible with observations. Hence, the so-called
relic density problem arises: GUT-scale phase transitions generically predict an overproduction
of exotic relics whose energy density would come to dominate the universe, in stark contradic-
tion with cosmological data.

2.3.5 Conditions for solving these problems

The standard Big Bang cosmology predicts a decelerating universe with ä < 0, and for a
simple matter or radiation-dominated era, the EoS of our universe is w > −1/3, which means
the standard Big Bang has always had flatness and horizon problems. All these problems can
be resolved if there exists a phase in the early universe satisfying the following conditions:

i) During this phase, the universe undergoes an accelerating expansion of the scale factor
(ä > 0) such that the comoving Hubble radius (aH)−1 decreases with time.

ii) The phase should last long enough so that all the initial relics of unwanted long-lived
particles are sufficiently diluted and cannot affect the late-time evolution.
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iii) The post-phase thermal history should not reintroduce unwanted relics.

• From the Friedmann equation, we have seen that the deviation from spatial flatness
evolves as |Ω − 1| ∝ (aH)−2. If, in the early universe, the quantity (aH) grows substan-
tially with time, then |Ω − 1| will be driven toward zero. Let us assume that at some
initial time the value of this quantity is |Ω − 1|i and at a later time it evolves to |Ω − 1|e.
Then we can write the ratio of the final to the initial values as

|Ω − 1|e
|Ω − 1|i

=
(
aiHi

aeHe

)2
= e−2∆ ln(aH). (2.33)

For many models of accelerated expansion, H changes slowly, so ∆ ln(aH) ≃ N , where
N = ln(ae/ai) is the e-folding number of the phase. To be consistent with observations,
at the Planck time the deviation from flatness must satisfy |Ω − 1|Plank ≤ 10−60. This
means that if we start with some initial value, for example |Ω − 1|i ≃ 1 or 10−1, and
require it to decrease to about 10−60 by the end of the phase, then a simple calculation
shows that the duration of this initial phase must be around N > 60, during which the
universe undergoes accelerated expansion of the scale factor.

• The horizon problem can be addressed in much the same way as the flatness problem. If
the universe undergoes a phase with equation-of-state parameter w < −1/3, the quantity
(aH) increases with time and the comoving horizon shrinks. In this case, the proper
particle horizon at the beginning of this phase can be large enough that the scales we
observe today were once in causal contact.

In the special case of w = −1, corresponding to a phase of accelerated expansion with
constant Hubble rate He, the scale factor evolves as

a(t) = ai e
He(t−ti) = ae e

−He(te−t), (2.34)

where ai and ae denote the scale factor at the onset and at the end of this rapid expansion
phase, respectively.

Including this phase prior to the standard Big Bang evolution, the proper particle horizon
acquires an additional contribution from the interval [ti, te],

dH ≃ a
∫ te

ti

dt
eHe(te−t)

ae
= a

aeHe

(
eN − 1

)
, (2.35)

where N = He(te − ti) is the number of e-folds during the accelerated phase.

In this framework, the ratio of the particle horizon to the angular diameter distance
becomes

dH

dA

≃ H0

aeHe
eN . (2.36)
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2.4. The theory of Inflation 16

Requiring that dH > dA leads to the condition

eN >
aeHe

a0H0
. (2.37)

Thus, the horizon problem is solved provided that the accelerated expansion phase lasts
sufficiently long so that the comoving scale corresponding to the present Hubble radius
(a0H0)−1 was once inside the causal horizon before inflation began.

• As we have discussed for the GUT phase transition, there is a possibility of producing
magnetic monopoles or some long-lived moduli fields. In the standard Big Bang cosmol-
ogy, the universe is dominated either by radiation or by matter, treated as a fluid. For a
long period, the universe was radiation dominated. When the background temperature
drops below the rest mass of these unwanted massive particles, their relic abundance
evolves as Ωrelic ∝ a, which implies that over time the relic density grows. Thus, even
a small initial fraction of such relics could eventually dominate the universe, disrupting
the BBN process and conflicting with current observations. We can express the relic
abundance of these massive particles as

Ωrelic(t) ∝ ni

ρi

(
ai

a(t)

)3 (
Hi

H(t)

)2

, (2.38)

where ni is the initial number density of the particles. Since the number density dilutes
as n(t) ∝ a−3, if these unwanted particles are produced before a special phase in which
the universe evolves exponentially with an equation of state w = −1, then the ratio of the
final to the initial number density is (ne/ni) ∝ e−3N . Here N = ln(ae/ai) is the e-folding
number of this special phase. For w = −1, the Hubble parameter remains nearly constant
in time, i.e., He ≃ Hi, so the relic abundance at the end of this phase is Ωrelic ∝ e−3N .
This means that if the duration of this phase lasts about N ≃ 50 e-folds, the final relic
abundance of produced monopoles is suppressed by a factor of e−150, which is sufficient
to solve the relic problem of magnetic monopoles or other long-lived moduli fields.

2.4 The theory of Inflation

The theory of cosmic inflation, first proposed by Alan Guth in 1979–1980 [13], was introduced to
resolve several fundamental shortcomings of the standard Big Bang cosmology described in the
section above. Inflation is a brief epoch, beginning around 10−36 seconds and ending near 10−32

seconds after the Big Bang, during which the universe underwent an exponential expansion
driven by the potential energy of a scalar field, the inflaton [13–16, 58, 84, 87–96]. While the
inflaton slowly rolls along a flat region of its potential, the rapid expansion simultaneously
addresses the flatness, horizon, and relic-density problems. The exponential growth of the scale
factor dilutes any initial spatial curvature and suppresses relics such as magnetic monopoles or

TH-4115_206121111



2.4. The theory of Inflation 17

moduli fields produced at GUT scales, leaving the universe radiation dominated without excess
relic contamination. Moreover, inflation provides a natural mechanism for generating nearly
scale-invariant primordial fluctuations, a prediction that has been confirmed by observations
of the CMB.

The action for a single canonical scalar field φ(t,x) minimally coupled to gravity with
potential V (φ) is

Sφ =
∫
d4x

√
−gLφ =

∫
d4x

√
−g

[
M2

pl

2 R − 1
2(∂φ)2 − V (φ)

]
, (2.39)

where Mpl =
√

8πGN = 2.18×1018 GeV is the reduced Planck mass. In cosmic time coordinates,
we have √

−g = a3 for the FLRW metric. From the Euler–Lagrange equations,

∂µ δ(
√

−gLφ)
δ∂µφ

− δ(√−gLφ)
δφ

= 0, (2.40)

we can obtain the equation of motion of the inflaton field ϕ as

φ̈+ 3Hφ̇− ∇2φ

a2 + ∂V (φ)
∂φ

= 0. (2.41)

Now, the energy-momentum tensor of a canonical scalar field has the following form:

Tφ
µν = − 2√

−g
δSφ

δgµν
= ∂µφ∂νφ− gµν

(1
2∂αφ∂

αφ+ V (φ)
)

(2.42)

In the FLRW background metric with ds2 = −dt2 − a2(t)δijdx
idxj, the scalar field depends

only on t, and the energy density and pressure are defined as [17,58,84,87,91,93,95]

ρφ = 1
2 φ̇

2 + V (φ) + (∇φ)2

2a2 ; Pφ = 1
2 φ̇

2 − V (φ) − (∇φ)2

6a2 . (2.43)

From the above two equations, we can conclude that if the gradient term (∇φ)2 dominates over
the other two terms, then we obtain ωφ = Pφ/ρφ ≃ −1/3. However, to solve the horizon and
flatness problems, we require wφ < −1/3. This means that during inflation, the gradient of
the inflaton field, which is associated with its fluctuations, must remain small compared with
the other two terms in order to sustain a successful inflationary era.

We can write the inflaton field as a sum of two parts as φ(x, t) = φ0(t) + δφ(x, t), where
one is the homogeneous background field denoted as φ0(t), which only depends on time, and
the other is the fluctuations of the inflaton field denoted as δφ(x, t), which depends on both
time and space. The equation of state during inflation due to a single scalar field φ(x, t) is
defined as

wφ = Pφ

ρφ

=
1
2 φ̇

2 − V (φ) − (∇φ)2

6a2

1
2 φ̇

2 + V (φ) + (∇φ)2

2a2

. (2.44)
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As inflation is driven by the homogeneous background field φ0 and if the potential energy
dominates over the kinetic energy, i.e., φ̇2 ≪ V (φ), then the EoS during inflation is wφ ≃ −1 <
−1/3, which means during this time, the scale factor evolves exponentially, i.e., a(t) ∝ eHt.

The Friedmann equations for the canonical single scalar field are

H2 = 8πGN

3

[1
2 φ̇

2 + V (φ)
]

; ä

a
= −8πGN

3
[
φ̇2 − V (φ)

]
(2.45)

Combining these two, we can get the acceleration equation as Ḣ = −4πGNφ̇
2. To achieve an

accelerated expansion phase, we require that H(t) varies slowly, i.e., Ḣ ∼ 0. Note that to
have a successful inflationary phase, the inflaton potential doesn’t need to be flat; the only
condition we have to satisfy is that the potential energy is dominant over the kinetic energy,
i.e., V (φ) >> φ̇2.

The equation of motion of the background scalar field φ0(t) is given by

φ̈0 + 3Hφ̇0 + V,φ0(φ0) = 0, (2.46)

where V,φ0(φ0) = ∂V/∂φ0. This equation is analogous to that of a particle rolling down a
potential, subject to a friction term proportional to 3Hφ̇0.

In the regime where the friction term dominates, the system admits an attractor solu-
tion, known as the slow-roll solution, given by φ̇0 ≃ −V,φ0(φ0)/(3H). This approximation
is valid when the acceleration term is negligible compared to the friction term, i.e., when
−φ̈0/(Hφ̇0) << 1.

To characterize the inflationary dynamics, we introduce a set of dimensionless slow-roll
parameters [17,58,84,87,91,93,95]

ϵH = 2M2
P

(
H ′(φ)
H(φ)

)2

; ηH = 2M2
P
H ′′(φ)
H(φ) (2.47)

where ϵH and ηH denote the first and second Hubble slow-roll parameters, respectively. For
a successful inflationary phase consistent with observations, the condition ϵH << 1 must be
satisfied initially. In a typical slow-roll scenario, ϵH gradually increases with time and eventually
reaches unity, at which point inflation ends.

For convenience, these parameters can also be expressed in terms of the inflaton field and
its potential as [17,58,84,87,91,93,95]

ϵφ ≃ M2
P

2

(
V,φ(φ)
V (φ)

)2

≃ 3
2

(
φ̇2

0
V (φ)

)
; ηφ ≃ M2

P
2

(
2V,φφ

V
−
(
V,φ

V

)2)
(2.48)

Inflation naturally ends when the condition ϵφ ≃ 1 is satisfied. At this stage, the kinetic
energy of the inflaton field becomes comparable to its potential energy, and the accelerated
expansion (ä > 0) ceases. Subsequently, the inflaton field decays into Standard Model particles
or beyond Standard Model components (e.g., dark matter), initiating the reheating phase.
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The duration of inflation is typically quantified in terms of the number of e-folds,

Nend = ln
(
ae

ai

)
≃
∫ te

ti

H(t)dt ≃
∫ φi

φend

V(φ0)
V,φ0

dφ0. (2.49)

To successfully address the horizon and flatness problems, the duration of inflation is required
to be approximately Nend ≃ 50 − 70.

2.4.1 α−Attractor-E Inflation model

Among the various models to realize inflation, the class of α−attractor models has received
particular attention due to their theoretical robustness and observational viability. These
models naturally arise in the framework of supergravity and conformal field theory, where the
scalar field dynamics are governed by a non-trivial kinetic term characterized by a parameter α.
The parameter α controls the curvature of the scalar field manifold and plays an essential role
in predicting the inflationary parameters like the scalar spectral index ns and tensor-to-scalar
ratio r. Here we mainly discuss a very specific model known as the α−attractor-E model,
where the potential of the inflaton field is [97]

V (φ) = Λ2

1 − exp
−

√
2

3α
φ

MP

2p

(2.50)

Here, Λ sets the overall energy scale of inflation, α determines the curvature of the field space,
and p is a positive integer that controls the steepness of the potential near its minimum. The
parameter Λ can be fixed using CMB observations, while the remaining parameters p and α

determine the spectral behavior of the perturbations at large scales.
For the specific choice α = 1 and n = 1, the potential reduces to the Starobinsky model

of inflation [19], which is one of the most successful models consistent with Planck CMB data.
After the end of inflation, the inflaton field oscillates about the minimum of its potential.
Depending on the stiffness of the potential, the effective equation of state of the inflaton field
is modified and can be approximated as wφ ≃ (p− 1)/(p+ 1).

To constrain the model parameters using CMB observations, an important observable is the
scalar spectral index ns, which is directly measured from large-scale fluctuations in the CMB
anisotropies. Therefore, we treat ns as a free parameter and use it, together with the potential
parameters α and p, to constrain the remaining quantities in the model.

Assuming that the tensor fluctuations observed today originate entirely from quantum fluc-
tuations produced during inflation, the tensor-to-scalar ratio can be related to the inflationary
Hubble scale as Hk∗ ≃ πMP(rAs/2)1/2, where As is the amplitude of the scalar power spectrum
at the CMB pivot scale k∗ ≃ 0.05 Mpc−1 [11]. The scalar spectral index (ns), the amplitude of
scalar perturbations (As), and the tensor-to-scalar ratio (r) are all determined by the curvature
and tensor perturbations; their detailed derivation is presented in Section 2.7.1.
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Figure 2.2: Left figure shows, how the inflaton potential (α−attractor-E model) depend on the
two inflationary parameters p and α. Right figure, we have plotted the evolution of the inflaton
field as a function of cosmic time dimensionless via the inflaton mass mφ. In both panels, the
blue color corresponds to p = 1(wφ = 0) and red colors correspond to p = 2(wφ = 1/3. Here,
the solid lines correspond to α = 1 and the dashed line corresponds to α = 2.

Using these relations, the parameter Λ can be expressed as

Λ = MP

(
3π2rAs

2

)1/4
1 + 3α(1 − ns)

4p+ 2
√

4p2 + 6pα(1 + p)(1 − ns)

p/2

. (2.51)

Now, to set the initial value of the inflaton field value from the observations, we can use the
well-known relation between the slow-roll parameters with the scalar spectral index ns, which
is ns = 1 − 6ϵφ + 2ηφ. Now, utilizing this expression, we can write the initial field value of the
inflaton field φk∗ as

φk∗ =
√

3α
2 MP ln

1 +
4p+ 2

√
4p2 + 6pα(1 + p)(1 − ns)

3α(1 − ns)

 (2.52)

Whereas we can also identify the value of the tensor-to-scalar ratio at the CMB scale via the
model parameters p and α along with the ns as

rk∗ = 192αp2(1 − ns)2[
4p+

√
16p2 + 24αp(1 − ns)(1 + p)

]2 (2.53)

Now for the intial velocity of the inflaton field, we used the Eq.(2.48), and we have define it via
φ̇ ≃ √2ϵφHk∗MP ≃ H2

k∗/(2π
√
As), where we Hk∗ is the value of the Hubble constant at the time

when the pivot scale left the horizon. Although for a perfect de-sitter inflationary background,
the value of the Hubble constant remains unchanged, for a realistic inflationary model, there
have been slight changes in the Hubble constant as inflation goes on. Once inflation ends the
reheating follows.
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2.5 Dynamics of Reheating

Inflation offers a natural framework to explain the large-scale uniformity of the Universe, in-
cluding its near-perfect isotropy, homogeneity, and spatial flatness, as well as the origin of
primordial perturbations. Yet, the inflationary expansion, occurring over an extremely short
interval, leaves the Universe in a cold, dilute, and highly non-thermal state governed by os-
cillations of the inflaton field. Such a post-inflationary state is incompatible with the hot,
dense plasma required for the onset of Big Bang Nucleosynthesis (BBN). To reconcile this,
the Universe must undergo a transition phase in which the inflaton’s energy is converted into
ordinary matter and radiation, thereby producing a thermal bath of relativistic particles. This
stage, known as reheating, is indispensable: it initiates the radiation-dominated epoch, setting
the thermal history that enables both BBN and the formation of the Cosmic Microwave Back-
ground (CMB). Without reheating, the standard hot Big Bang picture could not be realized.

Reheating mechanisms can be perturbative, non-perturbative or combination of the both.
In our work we mostly considered perturbative scenario

2.5.1 Perturbative Reheating Scenarios

Perturbative reheating represents one of the simplest mechanisms through which the inflaton
transfers its energy into radiation. In this scenario, the inflaton field decays gradually while
oscillating around the minimum of its potential. To illustrate, consider the inflaton field φ

coupled to a light scalar field χ through the standard interaction term

Lint ⊃ −1
2g

2φ2χ2, (2.54)

where g is a dimensionless coupling constant and χ is treated as a light radiation-like field.
The corresponding equation of motion for the inflaton is

φ̈+ 3Hφ̇+ V,φ(φ) + g2φχ2 = 0. (2.55)

Here, χ is a quantum field. Since we are primarily interested in the evolution of the inflaton’s
energy density, it is useful to take the expectation value of χ2 in either the vacuum or thermal
state. The quantity ⟨χ2⟩ then acts effectively as a damping term. In the perturbative regime
(g ≪ 1) and at sufficiently late times, this backreaction can be modeled as an additional friction
term proportional to φ̇. Accordingly, the replacement g2φ⟨χ2⟩ −→ Γφφ̇ can be made, where
Γφ denotes the perturbative decay rate of the inflaton. The effective equation of motion then
becomes

φ̈+ 3Hφ̇+ V,φ(φ) = −Γφφ̇, (2.56)

which explicitly demonstrates how the inflaton condensate dissipates its energy into radiation.
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Multiplying Eq. (2.56) by φ̇ and using the relation φ̇2 = ρφ + Pφ, we obtain

dρφ

dt
+ 3H(1 + wφ)ρφ = −(1 + wφ)Γφρφ, (2.57)

where we have used Pφ = wφρφ, with wφ denoting the average EoS of the inflaton field. The
value of wφ can be directly inferred from the form of the inflaton potential near its minimum. In
particular, when the inflaton oscillates around the minimum, the α-attractor-E model reduces
effectively to a power-law potential of the form V (φ) ∝ φ2p. For a general power-law potential,
the average EoS of the inflaton field can be expressed as

wφ = Pφ

ρφ

=
1
2⟨φ̇2⟩ − ⟨V (φ)⟩
1
2⟨φ̇2⟩ + ⟨V (φ)⟩ ≃ p− 1

p+ 1 (2.58)

To obtain the final expression in Eq. (2.58), we have used the relation ⟨φ̇2⟩ = 2⟨V (φ)⟩. It
should be noted that, in deriving the EoS, we neglected the spatial gradient term of the inflaton
field, i.e., (∇φ)2, under the assumption that inflaton fluctuations are negligible compared to
its kinetic energy. This approximation is well justified during the later stages of the reheating
era. However, immediately after inflation, in the preheating stage, this expression is not strictly
valid [98–104]. Similarly, the evolution equation for the radiation energy density can be written
as

dρr

dt
+ 4Hρr = (1 + wφ)Γφρφ (2.59)

Here we add the term (1 + wφ)Γφρφ, which represents the transfer of inflaton energy into
the radiation energy density. The term 4Hρr denotes the Hubble friction, describing how the
radiation energy density evolves due to the background expansion. Since radiation is sourced
by the inflaton through (1 +wφ)Γφρφ, its energy density grows with time until the stage when
ρφ ≃ ρr.

If we assume that during the reheating phase the Universe is dominated by two components,
namely the inflaton field and the radiation field, then the system is governed by the following
set of coupled equations:

ρ′
φ + 3(1 + wφ)

a
ρφ = −(1 + wφ)Γφ

aH
ρφ, (2.60a)

ρ′
r + 4

a
ρr = (1 + wφ)Γφ

aH
ρφ, (2.60b)

where the prime (′) denotes the derivative with respect to the scale factor, i.e., ρ′ = dρ/da.
We rescale the scale factor at the beginning of the reheating as a = ae = 1. along with this we
have the 1st Friedmann equation H2 = 1

3M2
P
(ρφ + ρr).

Initially, the Universe is dominated by the oscillating inflaton field (ρφ ≫ ρr). As the
inflaton decays, its energy density ρφ is converted into radiation, and the radiation energy
density gradually increases with time. The efficiency of this energy transfer depends on the
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Figure 2.3: In the left panel, we plot the evolution of the inflaton energy density ρφ (blue)
and the radiation energy density ρr (red) as functions of the normalized scale factor a/ae. The
evolution is shown for a fixed value of the inflaton decay constant Γφ = 4 × 102,GeV and
assuming a constant equation of state wre = 0, corresponding to a matter-like expansion. In
the right panel, we present the evolution of the background temperature for the same set of
parameters.

decay width of the inflaton Γφ and on the inflaton EoS during reheating. In general, the decay
rate of the inflaton is time-dependent, since it depends on both the EoS and the interaction
between the inflaton and the radiation fields. However, in our analysis, we assume a constant
decay rate for simplicity.

As we know, inflation ends when the slow-roll parameter ϵφ ≃ 1. At this stage, the scale
factor is denoted by ae, and the Hubble constant at the end of inflation is He. We can therefore
set the initial energy density of the inflaton field at ae = 1, where the reheating dynamics
begin, as ρend

φ ≃ 3H2
eM

2
P. For computational purposes, we normalize all energy densities by

ρend
φ such that ρφ(ae) = 1.

For simplicity, we further assume that at the end of inflation the Universe contains only
the inflaton energy density. Although there could be small radiation fluctuations, their ini-
tial energy density is negligible compared to that of the inflaton. Therefore, for numerical
computations, we set the initial conditions as ρφ(ae = 1) = 1, and ρr(ae = 1) = 10−20.

Since radiation is produced from the inflaton, the initial energy density of the radiation
field is negligible. Assuming during the reheating era H >> Γφ and ρφ >> ρr, the analytical
solution of Eq.(2.60) during reheating can be approximately estimate as

ρφ(a) ≃ ρend
φ

(
ae

a

)3(1+wφ)
(2.61a)

ρr(a) ≃
2(1 + wφ)Γφρ

end
φ

(5 − 3wφ)He

(ae

a

) 3(1+wφ)
2

−
(
ae

a

)4
 (2.61b)

H(a) ≃ He

(
ae

a

) 3(1+wφ)
2

(2.61c)

We recall that He is the Hubble constant defined at the end of inflation. The above solutions
are only valid during the reheating era where ρφ >> ρr [105]. From the above, we can see
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that if we consider wφ = 0 (matter like evolution), then the inflaton field energy density goes
as ρφ(a) ∝ a−3, as the radiation energy density goes as ρr(a) ∝ a−3/2. Generally, we know
that radiation energy density goes as ρr(a) ∝ a−4, but during reheating, as the inflaton energy
density directly sources radiation, there is continuous production of the radiation energy up
to the point ρφ ≃ ρr. Here it is clear that both the inflaton energy density (ρφ) and radiation
energy density (ρr) depend on the EoS of the inflaton field, i.e., wφ. We recall that the
EoS of the inflaton field for perturbative reheating scenarios depends on the shape of the
potential near its minima. So the post-inflationary era will significantly impact the reheating
dynamics, although it also depends on the decay width Γφ. Here, both wφ and Γφ are the key
parameters that determine how long the reheating era will sustain. Now, to define the bath
temperature, we assume that the radiation produced by the inflaton decay and thermalizes
instantaneously, thereby creating a background thermal bath. The temperature of the thermal
bath is mainly related to the amount of radiation energy produced at a particular time, so
we can use the Stefan-Boltzmann relation to determine the thermal bath temperature via the
following equation

ρr(a) = π2g∗(Trad)
30 T 4

rad(a) (2.62)

where g∗(Trad) is the effective number of relativistic degrees of freedom associated with the
thermal bath. Now the reheating temperature is defined at the point where both the inflaton
field energy density and radiation energy density get equal, i.e., ρφ(are) ≃ ρr(are), here are is
the normalised scale factor where reheating is completed.

In Fig.2.3, we have plotted the evolution of the energy density ρφ(a) and ρr(a) as functions
of normalised scale factor a for wφ = 0.0 and Γφ = 4 × 102 GeV. Here we have found that
reheating completes near a ≃ 2×107, where ρφ ≃ ρr. Here we also have noticed that during the
reheating era, the inflaton energy density goes as ρφ(a) ∝ a−3(1+wφ) and ρr(a) ∝ a−3(1+wφ)/2.
After the completion of reheating, the radiation energy flows its usual scaling behaviour, i.e.,
ρr(a > are) ∝ a−4, where are represent the value of the normalized scale factor where the
reheating is complete. To get a standard radiation-dominated universe, the reheating phase
must end, and reheating ends when the energy density of the radiation overtake the inflaton
energy density, which happens when the following condition is satisfied, i.e., ρφ(are) ≃ ρr(are).
From the left Fig.2.3, we have seen that when a > are, the inflaton field decays exponentially
and our universe is entirely dominated by the radiation field. Now one can determine the
reheating temperature Tre as

Tre =
(

30
π2gre

∗ (Tre)

)1/4

ρ1/4
r (are) (2.63)

In the right panel of Fig.2.3, we have shown the evolution of the radiation temperature
Trad(a) as a function of normalised scale factor a. From this figure, we have found that the
reheating temperature for wφ = 0.0 and Γφ = 4 × 102 GeV is Trad(a ≃ are) = Tre ≃ 1.4 ×
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1010 GeV. Although there is no direct experimental evidence for the reheating phase, the
reheating temperature remains largely unconstrained. However, a conservative range often
quoted in the literature is [59,106–109]

TBBN ≃ 4 MeV ≤ Tre ≤ 1015 GeV (2.64)

where the lower bound is imposed to ensure that the reheating phase completes before the
onset of BBN, thereby preserving the successful prediction of primordial element abundances,
whereas the upper limit is determined from the inflationary energy scale.

Recasting Cosmological Parameters in Terms of Reheating Equation of State and
Temperature

After reheating, it is typically assumed that there is no significant injection of entropy that could
alter the cosmic microwave background (CMB) or the neutrino background. This assumption
of entropy conservation from the end of reheating to the present epoch implies a3(t)s = const.,
which leads to

g∗,re T
3
re =

(
a0

are

)3 (
2T 3

0 + 6 × 7
8T

3
ν,0

)
, (2.65)

where s is the entropy density, T0 = 2.725 K is the present CMB temperature, and g∗,re denotes
the effective number of relativistic degrees of freedom at the end of reheating.

The present-day neutrino temperature is related to the CMB temperature as Tν,0 =
(

4
11

)1/3
T0.

Substituting this expression into Eq. (2.65), we obtain the following relation between the re-
heating temperature and the present-day CMB temperature:

Tre =
(43 g∗,re

11

)1/3 ( a0

are

)
T0. (2.66)

This relation connects the temperature at the end of reheating with today’s CMB temperature,
under the assumption that the universe evolved through a purely radiation-dominated phase
between reheating and photon decoupling.

Defining the Reheating Temperature Tre: Assuming a single-field inflaton scenario, after
the end of inflation the inflaton field decays into both Standard Model and non-Standard Model
particles. During the early stage of reheating, the inflaton field constitutes the dominant
component of the energy density. Under this assumption, the effective equation of state during
reheating can be approximated as wre ≃ wφ. However, this approximation is not strictly valid
near the completion of reheating, when the energy densities of the inflaton and radiation become
comparable. For simplicity, we assume that the dynamics remain predominantly governed by
wφ.

Several studies have explored the impact of a time-dependent equation of state and found
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that it introduces only minimal corrections to the final results [99,110–112]. Therefore, during
reheating, the evolution of the background energy density is largely dictated by the inflaton
component. Consequently, the evolution of the inflaton energy density during this phase can
be expressed as ρφ = ρend

φ (a/ae)−3(1+wre) [113–116]. Accordingly, the Hubble parameter evolves
H = He (a/ae)−3(1+wre)/2 as [113]. Typically, the reheating temperature is defined at the point
where the inflaton energy density equals the radiation energy density, i.e., ρφ = ρr. If we treat
the radiation component as a bosonic species, its energy density can be written as ρr = π2g(T )

30 T 4.
Using this relation, the reheating temperature can be expressed as [113]

Tre =
(

90H2
eM

2
P

π2g∗,re

)1/4

Exp
[
−3

4Nre(1 + wre)
]
. (2.67)

Alternatively, the duration of the reheating phase can be written as [113]

Nre = 1
3(1 + wre)

ln
(

90H2
eM

2
P

π2g∗,reT 4
re

)
. (2.68)

Computing ke and kre: In the previous paragraph, we discussed the reheating parameters,
which primarily depend on the inflationary quantities such as the tensor-to-scalar ratio r, the
amplitude of the scalar power spectrum As, and the average equation of state wre. Although
the duration of reheating is also related to the decay rate of the inflaton field, denoted by Γφ,
for our purposes we define two relevant scales that will be used throughout our analysis. In
this approach, the reheating parameters are treated as free parameters.

The first scale corresponds to the horizon size at the end of inflation, denoted by ke, and is
defined as [117–119]

ke

a0
=
(43 g∗,re

11

)1/3 (π2g∗,re

90

)1/α
H1−2/α

e T 4/α−1
re T0

M
2/α
P

, (2.69)

where α = 3(1 + wre).
Similarly, the comoving wavenumber associated with the horizon size at the end of reheating

is given by [117–119]

kre

a0
=
(43 g∗,re

11

)1/3 (π2g∗,re

90

)1/2
T0Tre

MP
. (2.70)

From Eq. (2.69), it is evident that the value of ke depends primarily on the inflationary
energy scale He, the reheating temperature Tre, and the equation of state parameter wre. Once
the inflationary energy scale He is fixed, ke is mainly determined by Tre and wre.

So to make our analysis model-independent, we treat the inflationary energy scale (He) as
a free parameter, but it should always satisfy the upper limit by the CMB observations [11].
Once we know the value of the inflationary scale, then the duration of the inflationary era,
which is related to ke is mainly depends on the reheating temperature Tre and the EoS wre. If
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the reheating is completed before the electroweak scale, then the value of the relativistic degree
of freedom remains constant, i.e., g∗,re(Tre > 300 GeV) = 106.75.

2.6 Cosmological Perturbation theory

On large scales, the Universe is well described as homogeneous and isotropic by the FLRW
metric, where all physical quantities depend only on time. This background explains the
cosmic expansion, redshift, and the thermal origin of the CMB.

However, observations reveal small deviations from perfect homogeneity: the CMB shows
anisotropies at the level of ∆T/T ∼ 10−5, and matter forms galaxies and large-scale struc-
tures. To describe these features, we introduce small perturbations around the homogeneous
background,

gµν = ḡµν + δgµν , ρ = ρ̄+ δρ, φ = φ̄+ δφ. (2.71)

Here, barred quantities denote background values, while δ terms represent small spatial fluc-
tuations that seed structure formation via gravitational instability.

These perturbations originate from quantum fluctuations during inflation, stretched to cos-
mological scales and frozen as classical perturbations. Their evolution is studied using cosmo-
logical perturbation theory, leading to observable quantities such as the curvature perturbation
R and tensor perturbations hij, whose statistical properties are described by their power spec-
tra.

2.7 Metric Perturbations and Their Decomposition

Once the need for perturbations on top of the homogeneous FLRW background is established,
the next step is to describe how small perturbations in the spacetime geometry can be math-
ematically formulated. In general relativity, the dynamics of spacetime are encoded in the
metric tensor gµν , and therefore any deviation from perfect homogeneity and isotropy can be
represented as small perturbations to the background metric.

Starting from the background FLRW metric in conformal time η,

ds2 = a2(η)
[
−dη2 + δij dx

idxj
]
, (2.72)

we introduce small perturbations δgµν such that gµν = ḡµν + δgµν .
The most general perturbed metric in conformal coordinates can then be written as

ds2 = a2(η)
[

− (1 + 2Φ) dη2 + 2(B,i + Si) dη dxi +
(

(1 − 2Ψ)δij + 2E,ij + F(i,j) + hij

)
dxidxj

]
,

(2.73)
where the perturbation quantities Φ, Ψ, B, E, Si, Fi, and hij depend on both space and
time. The physical interpretation of each term becomes transparent once we decompose the
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perturbations into scalar, vector, and tensor parts.

Decomposition into Scalar, Vector, and Tensor Modes

Due to the spatial flatness, the FLRW background enjoys SO(3) symmetry. Under this sym-
metry all the perturbation variables can be decomposed into irreducible scalar, vector, and
tensor representation, which evolve independently at linear order.

Scalar modes are described by (Φ,Ψ, B,E), with

Bi = ∂iB, Eij =
(
∂i∂j − 1

3δij∇2
)
E. (2.74)

They encode density and curvature perturbations.
Vector modes satisfy

∂iSi = 0, ∂iFi = 0, (2.75)

and represent transverse rotational perturbations, which typically decay in an expanding uni-
verse.

Tensor modes correspond to gravitational waves and obey

∂ihij = 0, hi
i = 0. (2.76)

They describe the two polarization states of primordial gravitational waves.

Gauge Transformations and Gauge-Invariant Variables

Under an infinitesimal coordinate transformation

xµ → x̃µ = xµ + ξµ, (2.77)

the metric perturbations transform as

δgµν → δgµν − ∇̄µξν − ∇̄νξµ. (2.78)

Considering the following scalar perturbing variable, ξµ = (ξ0, ∂iξ), the scalar perturbations
transform as

Φ̃ = Φ − ξ̇0 −Hξ0; Ψ̃ = Ψ +Hξ0; B̃ = B + 1
a
ξ0 − aξ̇; Ẽ = E − ξ. (2.79)

For any scalar field (let say inflaton field) φ(t,x) = φ̄(t)+δφ(t,x), the perturbation transforms
as

δ̃φ = δφ− ˙̄φ ξ0. (2.80)

Similarly, the energy density can be decomposed as ρ(t,x) = ρ̄(t) + δρ(t,x). Since ρ is also
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a scalar quantity, its perturbation transforms under the gauge transformation as

δ̃ρ = δρ− ˙̄ρ ξ0. (2.81)

Here an overbar denotes the homogeneous background quantity, while δ represents the
corresponding perturbation.

The Bardeen potentials: Utilizing all the above transformations, one defines the gauge-
invariant quantities in the scalar sector,

ΦB = Φ − d

dt

[
a2
(
Ė − B

a

)]
; ΨB = Ψ + aH

(
Ė − B

a

)
. (2.82)

Furthermore, if matter perturbations are included, a particularly important gauge-invariant
quantity is the curvature perturbation on uniform-field (or uniform-density) hypersurfaces,
which plays a central role in cosmological observables.

Curvature perturbation on uniform field hypersurfaces:
To understand the physical meaning of curvature perturbations, it is useful to consider the

intrinsic curvature of spatial hypersurfaces. In the presence of scalar metric perturbations, the
perturbed three-dimensional Ricci scalar of constant-time hypersurfaces is given by

(3)R = − 4
a2 ∇2Ψ, (2.83)

which shows that the metric perturbation Ψ directly characterizes the spatial curvature per-
turbation.

Given a single scalar field ϕ(t,x) = φ̄(t) + δφ(t,x), it is often convenient to evaluate the
curvature perturbation on hypersurfaces where the scalar field is spatially uniform, i.e., δφ = 0.
The curvature perturbation on such hypersurfaces is defined as

R ≡ Ψ − H
˙̄φ δφ. (2.84)

Here, φ̄ denotes the background inflaton field, while δφ represents its fluctuations. However,
the above relation is generally valid for any scalar field.

This quantity represents the perturbation in the intrinsic spatial curvature on hypersurfaces
of uniform scalar field. The combination is manifestly gauge-invariant because both Ψ and δφ
transform under a gauge transformation in such a way that their combination remains invariant.

Alternatively, one can define the curvature perturbation on hypersurfaces of uniform energy
density. In this case the spatial hypersurfaces are chosen such that the total energy density
is homogeneous, i.e. δρ = 0. The curvature perturbation on these hypersurfaces characterizes
the intrinsic spatial curvature associated with the metric perturbation Ψ.

Since the energy density can be decomposed as ρ(t,x) = ρ̄(t) + δρ(t,x), the curvature
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perturbation on uniform energy density hypersurfaces is defined as

ζ ≡ −Ψ − H
˙̄ρ δρ, (2.85)

where ρ̄(t) denotes the homogeneous background energy density and δρ(t,x) represents its
perturbation. The second term accounts for the shift between constant-time hypersurfaces and
hypersurfaces of uniform energy density.

The quantity ζ therefore represents the perturbation in the intrinsic spatial curvature eval-
uated on slices where the energy density is spatially uniform. This combination is gauge-
invariant, since the gauge transformations of Ψ and δρ cancel each other.

For adiabatic perturbations and on superhorizon scales, the curvature perturbations defined
on uniform-field and uniform-density hypersurfaces coincide, giving ζ ≃ −R.

Physical interpretation

The quantity R (or equivalently ζ) represents the spatial curvature perturbation on hyper-
surfaces where the scalar field or total energy density is uniform. It measures the intrinsic
curvature of constant-time hypersurfaces and thus encodes information about the spatial ge-
ometry of the perturbed universe.

Importantly, on superhorizon scales (k ≪ aH), R remains nearly constant in time for
adiabatic perturbations, making it a powerful tool to connect the physics of the early universe
to late-time observables. Its power spectrum, PR(k), determines the statistical distribution of
primordial fluctuations and provides the initial conditions for the formation of cosmic structure
and for the anisotropies in the cosmic microwave background (CMB).

Defining the Power Spectrum:
In quantum field theory, the expectation value of a randomly fluctuating scalar field vanishes,

⟨φ̂(x, t)⟩ = 0, while its variance is non-zero⟨φ̂(x, t)φ̂(x, t)⟩ ̸= 0. Fluctuations are therefore char-
acterized by correlation functions, the simplest of which is the two-point correlation function
whose Fourier representation defines the power spectrum.

The Fourier transform of the scalar field φ(x, t) is defined as

φ(x, t) =
∫ d3k

(2π)3/2 e
ik·x φk(t). (2.86)

The ensemble average of the field variance becomes

⟨φ(x, t)φ(x, t)⟩ =
∫ d3k

(2π)3/2

∫ d3k′

(2π)3/2 e
ix·(k−k′)⟨φk(t)φ∗

k′(t)⟩. (2.87)
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The power spectrum Pφ(k) is defined through

⟨φk(t)φ∗
k′(t)⟩ = 2π2

k3 Pφ(k) δ(3)(k − k′). (2.88)

Substituting Eq. (2.88) into Eq. (2.87), we obtain

⟨φ(x, t)φ(x, t)⟩ =
∫ dk

k
Pφ(k), (2.89)

showing that Pφ(k) gives the contribution to the variance per logarithmic interval in k.
The spectral index is defined as

nφ = d lnPφ(k)
d ln k , (2.90)

and if nφ depends on k, it is referred to as a running spectral index.

Quantization of the Scalar Field To compute the power spectrum from quantum fluctua-
tions of the inflaton field, but this is true for any scalar field, so we can define it as an operator
and expanded in Fourier modes,

φ̂(x, t) =
∫ d3k

(2π)3/2

[
uk(t)ake

ik·x + u∗
k(t)a†

ke
−ik·x

]
, (2.91)

where uk(t) are the mode functions and ak, a†
k are annihilation and creation operators satisfying

the commutation relations

[ak, ak′ ] = 0, [a†
k, a

†
k′ ] = 0, [ak, a

†
k′ ] = δ(3)(k − k′). (2.92)

Canonical quantization implies the normalization condition u∗
ku̇k − uku̇

∗
k = i. Using this

expansion, the vacuum expectation value of the Fourier modes becomes

⟨0|φ̂kφ̂
†
k′|0⟩ = |uk(t)|2 δ(3)(k − k′). (2.93)

Comparing this expression with Eq. (2.88), we obtain

Pφ(k) = k3

2π2 |uk(t)|2. (2.94)

Thus, once the mode function uk(t) is determined from the equation of motion of the scalar
field, the power spectrum of quantum fluctuations follows directly.

Connection to observations

In inflationary cosmology, R originates from the quantum fluctuations of the inflaton field
stretched to cosmological scales. Its two-point correlation function defines the scalar power
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spectrum
⟨RkRk′⟩ = (2π)3δ(3)(k + k′)2π2

k3 PR(k), (2.95)

which can be related to the temperature anisotropies in the CMB and to the large-scale matter
distribution. Therefore, R serves as a direct bridge between the microscopic dynamics of the
early universe and macroscopic cosmological observables.

2.7.1 Equation of motion for the curvature perturbation in slow-roll
inflation

The dynamical variable that governs scalar (curvature) perturbations during single-field infla-
tion is most conveniently written in terms of the Mukhanov–Sasaki variable v(η,x), which is
related to the comoving curvature perturbation R(η,x) by [18]

v ≡ zR, z(η) ≡ a(η) φ̇0

H
= a(η)

√
2ϵφ MP, (2.96)

where a(η) is the scale factor, η is conformal time, an overdot denotes derivative with respect
to cosmic time t, H = ȧ/a is the Hubble rate, MP = (8πGN)−1/2 is the reduced Planck mass
and ϵφ ≡ 3

2

(
φ̇2

0
V (φ)

)
is the first Hubble slow-roll parameter. The relation φ̇2

0 = 2ϵM2
PH

2 was used
to express z in terms of ϵφ.

Starting from the action for scalar perturbations to second order, one obtains the Mukhanov
action [18,82]

S(2) = 1
2

∫
dη d3x

[
(v′)2 − (∇v)2 + z′′

z
v2
]
, (2.97)

where a prime denotes derivative with respect to conformal time η. Variation of this action
yields the Mukhanov–Sasaki equation for each Fourier mode vk(η):

v′′
k +

(
k2 − z′′

z

)
vk = 0. (2.98)

In a quasi–de Sitter (slow-roll) background, the effective potential z′′/z can be written as

z′′

z
=
ν2

φ − 1
4

η2 , (2.99)

where νφ is close to 3/2 (more precisely νφ = 3
2 + ϵφ + ηφ

2 and the corrections are slow-roll
suppressed). With this approximation Eq. (2.98) becomes the Bessel (Hankel) equation whose
general solution is

vk(η) =
√

−η
[
Ak H

(1)
νφ

(−kη) +Bk H
(2)
νφ

(−kη)
]
. (2.100)

Choosing the Bunch–Davies vacuum selects the positive-frequency solution in the short-wavelength
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limit, which fixes Bk = 0 and

vk(η) =
√
π

2
√

−η H(1)
νφ

(−kη). (2.101)

The comoving curvature perturbation for each mode is then Rk(η) = vk(η)/z(η). In the
long-wavelength (superhorizon) limit |kη| ≪ 1 the Hankel function exhibits a power-law be-
havior and Rk approaches a constant (i.e. it “freezes out”):

Rk(η) |kη|≪1−−−−→ vk(η)
z(η) ∝ (−kη)

1
2 −νφ

z(η) ⇒ Rk(η) ≃ const. (2.102)

Evaluating the power spectrum of R at horizon exit k = aH (or equivalently −kη ∼ 1)
gives, to leading order in slow-roll,

PR(k) ≡ k3

2π2 |Rk|2 ≃ 1
8π2ϵ

H2

M2
P

(
k

aH

)3−2νφ

. (2.103)

Hence, the amplitude of scalar perturbations is determined by the Hubble rate during inflation
and the slow-roll parameter ϵφ. Here, H and ϵφ are evaluated at the time when the corre-
sponding mode exits the horizon. In practice, observables are defined at a specific pivot scale,
denoted by k∗.

To compare theoretical predictions with observational data, it is useful to introduce a
phenomenological parameterization of the curvature power spectrum. We parameterize it as

PR = As(k∗)
(
k

k∗

)ns−1+ 1
2

dns
d ln k

ln(k/k∗)+...

. (2.104)

By comparing Eq. (2.103) and Eq. (2.104), we can identify the amplitude of the curvature
perturbations as As ≃ H2

∗/8π2ϵφM
2
P, and the spectral index as ns −1 = 2ϵφ +ηφ. Furthermore,

the tensor-to-scalar ratio can be related to the slow-roll parameters as rk∗ ≃ 16ϵφ.
From CMB observations [11], both the amplitude As and the scalar spectral index ns are

tightly constrained. In particular, the curvature power spectrum at the pivot scale satisfies
PR(k∗) ≃ 10−9 [11]. However, at smaller scales, there are currently no strong observational
constraints on PR(k).

As a result, primordial black hole (PBH) formation is expected to be significant only at
small scales, where a substantial enhancement of the curvature power spectrum is required.
Specifically, PBH formation typically demands a peak amplitude of the order PR(k >> k∗) ∼
O(0.01).
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2.8 Primordial Black Holes: Motivation and Formation
Mechanisms

Primordial Black Holes (PBHs) are hypothetical compact objects that may have formed in
the very early Universe from the gravitational collapse of large overdense regions shortly after
these fluctuations re-entered the Hubble horizon following the end of inflation [120–123]. Un-
like astrophysical black holes, PBHs do not require stellar evolution or baryonic processes for
their formation; instead, they originate purely from gravitational collapse. This fundamental
distinction makes PBHs a unique probe of early-Universe physics.

One of the primary motivations for studying PBHs is their intimate connection with pri-
mordial curvature perturbations generated during or immediately after inflation. Since PBH
formation requires large-amplitude density fluctuations, their abundance and mass spectrum
provide a powerful probe of the primordial power spectrum on small scales, which is oth-
erwise inaccessible to conventional cosmological observations such as the cosmic microwave
background (CMB) and large-scale structure surveys. Furthermore, PBHs are compelling can-
didates for cold dark matter. Over a wide range of masses, PBHs could constitute a significant
fraction, or even the entirety, of the observed dark matter abundance while remaining consistent
with current observational constraints [124]. This possibility offers an attractive alternative to
particle dark matter scenarios and establishes a direct link between early-Universe cosmology
and gravitational physics.

Beyond their role as dark matter candidates, PBHs can also influence the thermal history of
the Universe. Ultra-light PBHs, which evaporate via Hawking radiation before the epoch of Big
Bang Nucleosynthesis (BBN), may contribute to the reheating of the Universe [125]. Moreover,
Hawking evaporation naturally violates all three Sakharov conditions, allowing PBHs to play
a potential role in explaining the observed matter–antimatter asymmetry of the Universe [126,
127].

An important consequence of PBH formation is the generation of secondary gravitational
waves. The large density perturbations required for PBH production correspond to enhanced
curvature perturbations on small scales, which inevitably source second-order gravitational
waves. These induced gravitational waves form a primordial background that carries informa-
tion about small-scale dynamics of the early Universe, which cannot be easily probed through
large-scale observations such as the CMB or structure formation [128–141].

Several mechanisms have been proposed for PBH formation in the early Universe. These
include: (i) inflationary scenarios that generate enhanced curvature perturbations, such as
ultra-slow-roll inflation or multi-field inflationary models [142–156]; (ii) the collapse of over-
dense regions formed during first-order phase transitions, for example through bubble colli-
sions [157, 158]; (iii) the collapse of topological defects, such as cosmic string loops, leading
to PBH formation [159–161]. In addition, primordial magnetic fields can induce curvature
perturbations that may also result in PBH production [162–164].
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Figure 2.4: Evolution of the Hubble horizon as a function of the scale factor, ln(a), shown
together with the evolution of the curvature perturbations. The horizontal lines indicate dif-
ferent comoving wavenumbers, while the blue dashed line marks the comoving wavenumber
corresponding to the enhanced curvature perturbations responsible for primordial black hole
(PBH) formation.

In summary, the study of primordial black holes is motivated by their ability to probe small-
scale primordial perturbations, test inflationary models, constrain early-Universe dynamics,
and provide viable explanations for dark matter and primordial gravitational-wave signals.
With continued progress in both theoretical modeling and observational sensitivity, PBHs
remain a key target for understanding the physics of the early Universe and its observational
imprints.

In this section, we focus primarily on PBH formation mechanisms arising from enhanced
curvature perturbations generated during inflation. To keep the analysis as model-independent
as possible, we assume a log-normal form for the curvature power spectrum and consider
Gaussian statistics for the curvature perturbations [165]. However, in more realistic scenarios,
non-Gaussian effects can significantly influence the PBH formation process and the resulting
abundance, particularly the initial fractional energy density of PBHs [166–169].

2.8.1 Curvature perturbations generated during inflation

Inflation is a phase of accelerated expansion that resolves the horizon and flatness problems.
Quantum fluctuations generated during this epoch are stretched beyond the Hubble horizon
and later become classical, providing the primordial seeds of large-scale structure. In addition
to scalar (curvature) perturbations, inflation also produces tensor modes, whose CMB imprints
probe the inflationary energy scale.

CMB observations tightly constrain the curvature power spectrum at the pivot scale k∗,
yielding As ≃ 2.1 × 10−9 [12]. However, much weaker constraints exist at smaller scales
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(k ≫ k∗), allowing for the possibility of significant small-scale enhancement, particularly in
non-standard inflationary scenarios.

Primordial black holes (PBHs) can form from the gravitational collapse of sufficiently large
overdensities in the early Universe. Since density perturbations are sourced by curvature
perturbations, an enhanced small-scale curvature power spectrum can trigger PBH formation.
During inflation, the comoving Hubble radius shrinks (w < −1/3), causing perturbation modes
to exit the horizon. After inflation, during radiation or matter domination (0 ≤ weff ≤ 1), the
comoving Hubble radius grows, and previously generated super-horizon modes re-enter the
horizon.

Upon horizon re-entry, these modes induce density perturbations. If the overdensity is
large enough that gravity overcomes pressure forces, gravitational collapse can occur, forming
a PBH. Denoting the characteristic PBH scale by kpbh ≫ kcmb, PBH formation requires a
significant enhancement,

PR(kpbh) ≫ PR(kcmb) ∼ 10−9, (2.105)

with density perturbations approximately related by

PR(kpbh) ∼
(
δρ

ρ

)2

. (2.106)

Modes relevant for PBH formation typically re-enter the horizon during the radiation-
dominated era. If their amplitude exceeds a critical threshold, gravitational collapse can occur.
Numerical simulations indicate that in a radiation-dominated Universe, roughly O(0.1) of the
horizon mass may collapse into a PBH [122,123].

Threshold for collapse: The formation of a primordial black hole requires that the density
contrast in an overdense region exceeds a critical threshold value, δ > δc, such that gravita-
tional attraction can overcome the pressure support of the surrounding fluid. The criterion for
PBH formation was first discussed by Carr [123], who showed that collapse occurs when the
density contrast becomes larger than the effective pressure support characterized by the sound
speed squared, c2

s. Physically, the sound speed determines how efficiently pressure waves can
propagate from the center to the boundary of an overdense region and counteract gravitational
collapse.

According to the original argument by Carr (1975) [123], the critical density contrast is
given by δc ≃ w, where w = p/ρ denotes the equation of state (EoS) of the background fluid.
Modern numerical simulations, however, find δc ≃ 0.43–0.47, with the exact value depending
on the density profile and collapse dynamics [170–173].

Primordial black holes (PBHs) are expected to form after inflation when enhanced curvature
perturbations re-enter the horizon. The post-inflationary evolution is uncertain, as the inflaton
field dominates the energy density, allowing for an effective EoS that may deviate from radiation
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domination and even correspond to a stiff-like fluid, wre > 1/3.
Since δc depends on the EoS, it can be expressed as a function of wre [174–176]

δc ≃ 3(1 + wre)
5 + 3wre

sin2
(
π

√
wre

1 + 3wre

)
, (2.107)

which agrees well with numerical results, although it is not valid in the matter-like limit.
In a radiation-dominated era (w = 1/3), analytic estimates give δc ∼ 0.4, consistent with

simulations [170–175]. More generally, numerical studies find δc ≃ 0.4–2/3, demonstrating its
sensitivity to the shape of the density profile [174–176].

PBH formation is characterized using the compaction function C(r), defined as [177–181]

C(r) = 2 δM(r)
R(r) , (2.108)

where δM(r) is the mass excess and R(r) is the areal radius. Collapse occurs when the peak
value satisfies Cmax > δc.

Importantly, δc depends not only on the amplitude but also on the shape of the density
profile. Broader overdensities lead to slower collapse due to distributed gravitational forces,
requiring a larger threshold compared to sharper peaks [171].

Finally, the threshold δc also depends on the origin of perturbations [170–175]. In particular,
curvature perturbations sourced by primordial magnetic fields generate anisotropic stresses that
oppose collapse, leading to a higher δc even in a radiation-dominated background [163].

The mass of PBHs: In general, PBHs form through the gravitational collapse of primordial
density fluctuations shortly after the corresponding modes re-enter the horizon. Since the
physical size of an overdense region at horizon re-entry is comparable to the Hubble radius, the
mass enclosed within the horizon can participate in the collapse and lead to PBH formation.
This implies that the PBH mass is closely related to the horizon mass at the time of formation.

The fraction of the total horizon mass that collapses to form a PBH depends on the detailed
collapse dynamics. However, several numerical simulations have shown that only a few percent
of the horizon mass typically contributes to PBH formation. Therefore, we first compute the
total mass enclosed within the horizon at the time of horizon crossing, t ≃ th,

MH(th) = 4π
3 ρ(th)H−3 . (2.109)

Here, ρ(th) = 3M2
PH

2(th) denotes the total background energy density at the time of horizon
crossing. Substituting this expression into Eq. (2.109), the horizon mass can be written as
MH = 4πM2

PH
−1.

Typically, the PBH mass is related to the horizon mass through Mpbh = γcMH, where γc ∼
0.2 is the collapse efficiency factor [124, 174]. Accordingly, for a given comoving wavenumber
k, the PBH mass at horizon crossing can be expressed as Mpbh(th) ≃ 4πγcM

2
PH

−1. Since a
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comoving mode re-enters the horizon when k = aH, this relation can be rewritten as

Mpbh(th) = 4πγcM
2
PH

−1 = 4πγcM
2
P
a

k
. (2.110)

To estimate the PBH mass explicitly, we must determine the value of the scale factor at the
time of PBH formation. For this purpose, we invoke entropy conservation. For completeness,
let us consider a non-instantaneous reheating scenario characterized by an average equation of
state wre = p/ρ. In this case, the evolution of the Hubble parameter and the scale factor is
given by

a

are
=
(
H

Hre

)−2/3(1+wre)
, (2.111)

where Hre and are denote the Hubble parameter and the scale factor at the end of reheating,
respectively.

In most scenarios, it is assumed that following inflation, the Universe enters a standard
radiation-dominated era during which PBHs are formed. However, the duration of the reheating
phase is uncertain. Here, we consider the possibility that PBHs are formed during the reheating
era, where the background energy density evolves as ρ(a) ∝ a−3(1+wre). As discussed previously,
the PBH mass is related to the horizon size and is typically inversely proportional to the
Hubble parameter, i.e., Mpbh ∝ H−1. In a non-instantaneous reheating scenario, the PBH
mass depends not only on the position of the overdensity peak but also on the reheating
parameters, wre (average EoS during reheating phase) and Tre [182].

Assuming a single-stage reheating phase followed by a standard radiation-dominated era,
with total entropy conserved after reheating, the Hubble parameter during reheating can be
related as follows (for detailed calculations, see Appendix A.3)

H−1 = 1
MP

(
π2g∗,eq

90

) 1
1+3wre (T0

k

) 3(1+wre)
1+3wre

(
g∗,eq

g∗,re

) wre
1+3wre ( Tre

MP

) 1−3wre
1+3wre

(2.112)

Substituting Eqs. (2.112) and (2.110) into the definition of the PBH mass, we obtain

Mpbh ≃ 5.486 × 10−39M⊙

(
γc

0.2

)(
π2g∗,re

90

) 1
1+3wre (T0

k

) 3(1+wre)
1+3wre

(
g∗,eq

g∗,re

) wre
1+3wre ( Tre

MP

) 1−3wre
1+3wre

.

(2.113)

In our calculations, we adopt the reduced Planck mass, MP = 1/
√

8πGN ≃ 4.31 × 10−9, kg ≃
2.183 × 10−39,M⊙, where 1,M⊙ ≃ 1.9985 × 1030, kg denotes the solar mass. If we further
assume that the post-inflationary Universe is immediately dominated by radiation, the above
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expression simplifies to [154,164,183,184]

Mpbh ≃ 1.57 × 1012 M⊙

(
γc

0.2

)( 106.75
g∗,re(T )

)1/6 (
g∗,eq(T0)

3.81

)2/3 (1Mpc−1

k

)2

. (2.114)

From this expression, it is clear that PBHs formed at earlier times correspond to smaller masses,
reflecting the smaller horizon size at earlier epochs. Conversely, PBHs formed at later times
are expected to be more massive, since the horizon size increases with cosmic time during the
post-inflationary evolution.

For example, let us consider a scenario in which the peak of the overdense region is located
at k ≃ 1015 Mpc−1. If the Universe enters a radiation-dominated era immediately after infla-
tion and PBHs form during this radiation-dominated phase, the corresponding PBH mass is
Mpbh ≃ 1.57×10−18M⊙. However, if the post-inflationary evolution proceeds through a matter-
like phase (wre = 0) during reheating, the PBH mass becomes dependent on the reheating tem-
perature Tre. For instance, if reheating ends at Tre = 106 GeV, then for the same peak position
the corresponding PBH mass is Mpbh ≃ 1.36 × 10−18 M⊙. On the other hand, if reheating ends
at Tre = 102 GeV, the corresponding PBH mass decreases to Mpbh ≃ 1.36 × 10−22 M⊙.

PBH abundance: Depending on the amplitude and scale of the primordial curvature per-
turbations, PBHs can form over a wide range of masses. Although PBHs are classical objects
from which nothing can escape, quantum effects modify this picture. It was first shown by
Hawking that black holes emit thermal radiation due to quantum field effects in curved space-
time [185]. This phenomenon is known as Hawking radiation and arises from particle creation
near the event horizon. An observer located far from the black hole perceives it as blackbody
radiation with temperature TBH = ℏc2

8πGNkBM [122,185,186], where kB is the Boltzmann constant
GN is the Gravitational constant and M is the mass of the black-hole.

Due to this particle emission, black holes are not completely black but continuously lose
mass over time. For a Schwarzschild black hole, the mass loss equation

dM
dt = − ℏc4

15360πG2
N

1
M2 = −αBH

M2 , (2.115)

where αBH = ℏc4/15360πG2
N.

Solving Eq. (2.115), we obtain

τ = t− tf = M3
0 − M3(t)
3αBH

. (2.116)

Here, tf denotes the time at which the PBH is formed. The lifetime of a PBH is defined as
the time required for complete evaporation after its formation. Taking the limit M → 0, we
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obtain [187,188]

τev ≃ 5120πG2
N

ℏc4 M3
0 ≃ 407 ×

(
Mpbh

1010 gm

)
sec . (2.117)

A PBH with mass 5×1014 gm has a lifetime comparable to the age of the Universe, whereas
a PBH with mass Mpbh = 109 gm evaporates well before the onset of BBN. This implies that
low-mass PBHs (Mpbh ≤ 1015 gm), which would have evaporated by the present epoch, cannot
serve as viable dark matter candidates.

PBHs with masses Mpbh ≳ 1015 gm can therefore be treated as cold dark matter. For this
reason, it is common practice to quantify the PBH abundance by relating it to the present-day
dark matter density. This is achieved by introducing the parameter [189]

fPBH ≡ Ωpbh

Ωc
, (2.118)

where Ωi ≡ ρi,0/ρc,0 denotes the present-day fractional energy density of the species i. Here,
ρc,0 ≃ 3H2

0M
2
P is the present-day critical energy density. According to recent observations, the

present-day dark matter abundance is Ωch
2 ≃ 0.120 ± 0.001 [71], with h ≃ 0.6736 ± 0.0054

parameterizing the Hubble rate H0 in units of 100 km s−1 Mpc−1 [70].
PBHs behave as non-relativistic matter, and hence their energy density scales as a−3 af-

ter formation. In contrast, the background energy density dilutes differently during different
cosmological epochs. Let us assume that PBHs form during the reheating phase, when the
background energy density evolves as ρ ∝ a−3(1+wre), and that reheating ends at a scale factor
are. In this case, the present-day PBH abundance fPBH can be related to the initial fractional
energy density at formation, βpbh = ρpbh/ρ|t=tf , where tf is the time when the PBH was formed.
One can then write [182]

fPBH = βpbh(Mpbh)Ωmh
2

Ωch2

(
g∗,eq

g∗,re

)(
g∗,re

g∗,eq

) 1
1+wre

(
Tre

Teq

) 1−3wre
1+wre

(
Mpbh

γcMeq

)− 2wre
1+wre

, (2.119)

where Ωmh
2 ≃ 0.1424 [69] represents the present-day total matter density of the Universe.

If we further assume a standard reheating scenario after inflation, corresponding to wre =
1/3, we recover the well-known functional form of fPBH [146,147,154],

fPBH = βpbh
Ωmh

2

Ωch2

(
g∗,eq

g∗,re

)1/4 (
Mpbh

γcMeq

)−1/2

. (2.120)

From the above expression, it is clear that even if PBHs constitute the entirety of dark matter
today, i.e., fPBH ≃ 1, the corresponding fractional energy density at the time of formation must
be extremely small. This enhancement of the PBH fraction arises due to the relative dilution of
the background energy density compared to the PBH energy density as the Universe expands.
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Fractional energy density of PBHs at formation: The initial fractional energy density
of PBHs at the time of formation is defined as βpbh = ρpbh(tf)/ρ(tf), where ρpbh(tf) denotes
the total energy density of PBHs at the formation time tf . This quantity depends on the
total number density of PBHs, which in turn is determined by how the primordial density
fluctuations are distributed over space.

Let us assume that the density contrast δ follows a probability distribution function P (δ),
which can in principle be either Gaussian or non-Gaussian in nature. If PBH formation occurs
only when the density contrast exceeds a critical threshold, δ > δc, the initial fractional energy
density of PBHs at formation can be written as [142–149,167,183,189–197]

βpbh =
∫ ∞

δc

P (δ) dδ . (2.121)

The initial PBH fraction is extremely sensitive to the nature of the underlying distribution
of δ. In particular, for non-Gaussian distributions, the resulting fractional energy density can
be significantly larger compared to the case of a simple Gaussian distribution [166–169]. For
general studies, we consider two different types of distribution functions,

P (δ) =


1√
2πσ

e−(δ−µ)2/2σ2 Gaussian
CN exp

[
−3

2

√
1 + x2

b2

]
Non-gaussian

(2.122)

where CN = 2.13σ−1 and b = 0.84σ [163,164], and µ denotes the mean of the distribution. For
computational convenience, we set µ = 0 when considering a Gaussian distribution. Here, σ
represents the variance of the smoothed density contrast at the mass scale Mpbh, evaluated at
the time when the corresponding scale re-enters the horizon.

For the Gaussian type distribution, we can compute the initial fractional energy density of
the βpbh as a function of the critical density contrast δc and the variance of the distribution σ

as [142]

βpbh =
∫ ∞

δc

1√
2πσ

e− δ2
2σ2 dδ ≃ 1

2Erfc
[
δc√
2σ

]
(2.123)

That means, the initial fractional energy density is very sensitive to the variance of the distri-
bution, which is mainly dependent on the nature of the curvature power spectrum as well as
the value of the critical threshold. When we consider a fully non-Gaussian type distribution,
then to compute the fractional energy density, we have to solve the above integral numerically.

In Fig. 2.5, we show the behavior of the two distribution functions defined in Eq. (2.121), for
a fixed value of the variance σ = 0.1, as a function of the density contrast δ. In the right panel
of Fig. 2.5, we illustrate how the initial fractional energy density of PBHs varies over a wide
range of the variance σ, for a fixed critical density contrast δc = 0.4. It is evident that when
a non-Gaussian distribution is considered, the resulting PBH spectrum becomes significantly
broader, as PBHs can be efficiently produced even for smaller values of the variance.

TH-4115_206121111



2.8. Primordial Black Holes: Motivation and Formation Mechanisms 42

Gaussian

Non-gaussian

-0.4 -0.2 0.0 0.2 0.4

0

1

2

3

4

5

δ

P
(δ
)

for σ=0.1

Gaussian

Non-gaussian

0.01 0.05 0.10 0.50 1

10-16

10-11

10-6

0.1
1.0

σ

β
pb
h
(σ
)

for δc=0.4

Figure 2.5: In the left panel, we have plotted the behaviour of the Gaussian and non-Gaussian
distribution function for a fixed value of variance σ = 0.1 as a function of density contrast δ. In
the right panel, we have plotted the βpbh as a function of variance for a fixed value of δc ≃ 0.4
for these two specific Gaussian and non-Gaussian distribution functions.

This clearly demonstrates that the initial fractional energy density of PBHs is highly sensi-
tive to the choice of the distribution function. In the following subsection, we present a concrete
example to explicitly illustrate how PBH formation depends on both the critical threshold δc

and the assumed distribution function for a specific class of inflationary curvature perturba-
tions.

PBH from primordial fluctuations

Now we are going to discuss how the inflationary curvature perturbation and its properties are
related to the initial fractional abundance of the PBH. The comvoing curvature perturbations
are excited when they leave the horizon during inflation, and it is quantified as the comoving
curvature perturbation R. Generally, these comoving curvature perturbations R are conserved
on super-horizon for an adiabatic evolution during the post-inflationary evolution. When these
enhanced super-horizon modes are re-entered into the horizon, they source the density fluctu-
ations δ. Working in Fourier space, Taylor expanding at leading order in a gradient expansion
of at linear order in R, we can write the density contrast as [198]

δ(x, t) ≃ 2(1 + w)
5 + 3w

∇2R(x)
(aH)2 + O(R2) → δk ≃ −2(1 + w)

5 + 3w

(
k

aH

)2

Rk (2.124)

If we consider that after inflation we have a simple radiation-dominated universe, then we can
replace the value of w = 1/3 and get the density contrast as [142–149,170,198]

δk ≃ −4
9

(
k

aH

)2

Rk. (2.125)
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The power spectrum associated with the density contrast δ in Fourier space as [142–149]

Pδ(k) = 16
81

(
k

aH

)4

PR(k) (2.126)

where PR(k) is the primordial curvature perturbation originated during inflation.
The initial fraction βpbh depends on the form of the distribution function P (δ), which is

primarily determined by the variance of the density contrast. To compute this variance, we
introduce a window function W to smooth the density contrast δ(x, t) over a scale Rl ≃ k−1 ≃
(aH)−1, corresponding to the scale at which PBHs predominantly form, i.e. k ≃ kpbh. The
main purpose of introducing the window function is to eliminate unnecessary contributions
from scales that do not participate in the collapse process. In other words, when computing
the collapse mechanism, we are interested only in those physical scales that are directly involved
in PBH formation.

Accordingly, the variance of the density contrast associated with the primordial power
spectrum is given by [170,189]

σRl ≡ ⟨δ2⟩Rl =
∫ ∞

0
d ln qW2(q,Rl)Pδ(q) = 16

81

∫ ∞

0
d ln qW2(q,Rl)PR(q) (2.127)

where W is the Fourier transform of a real-space window function. In most studies, either a
volume-normalized Gaussian window function or a top-hat window function is employed, which
can be written, as [199]

W(k,Rl) = exp
(

−k2R2
l

2

)
; W(k,Rl) = 3 sin(kRl) − 3kRl cos(kRl)

(kRl)3 . (2.128)

In the remainder of this work, we consistently adopt the Gaussian-type window function.
For computational purposes, we consider a general form of the enhanced inflationary cur-

vature power spectrum, parameterized as [165]

PR(k) = As

(
k

k∗

)ns−1

+ A0 exp
[
−(k − kp)2

∆c k2
p

]
. (2.129)

The first part of the above spectrum satisfies the current CMB observational constraints [11],
with the scalar spectral index ns. Typically, such a spectrum arises from a simple slow-roll
inflationary model, as discussed earlier in Sec. 2.7.1. In contrast, the second part corresponds
to the enhanced curvature power spectrum, which originates from an ultra-slow-roll type in-
flationary model. Since our goal is not to study the detailed features of the ultra-slow-roll
inflationary dynamics, we instead consider a general form of the enhanced curvature power
spectrum, where A0 denotes the amplitude of the peak and kp specifies the position of the
peak. The parameter ∆c controls the shape of the enhanced curvature power spectrum.

In Fig.2.6, we plot the comoving curvature power spectrum PR(k) as a function of the
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Figure 2.6: In the left panel, we plot the comoving curvature power spectrum PR as a function
of the comoving wavenumber k for a fixed value of ∆c = 0.05, where three different colors
correspond to three different values of the peak wavenumber, kp = 1012, , 1013, and 1014Mpc−1.
In the right panel, the comoving curvature power spectrum PR is shown as a function of the
comoving wavenumber for three different values of ∆c = 0.05, 0.04, and 0.03, while keeping the
peak wavenumber fixed at kp = 1012Mpc−1. In both panels, the peak amplitude is taken to be
A0 = 0.1, and the scalar spectral index is fixed at ns = 0.965. The shaded regions indicate the
current and future observational bounds on the curvature perturbation, which may be exceeded
by different experiments operating in different frequency windows.

comoving wavenumber k, expressed in units of Mpc−1. In the left panel of Fig.2.6, we consider
three different peak positions, kp = 1012, , 1013, and 1014 Mpc−1, for a fixed value of ∆c =
0.05. In the right panel, we illustrate the dependence of the curvature perturbation on ∆c by
choosing three different values, ∆c = 0.05, , 0.04, and 0.03, while fixing the peak position at
kp = 1012,Mpc−1. In both panels, we take A0 = 0.1 as the amplitude of the peak frequency
and normalize the scalar spectral index to ns = 0.965 with As ≃ 2.1 × 10−9, consistent with
CMB-scale observations.

As can be seen, at CMB scales the dominant contribution arises from the first term of
Eq. (2.129), while the contribution from the second term depends on the value of kp. Using
this general form of the curvature power spectrum, we now proceed to compute the initial
fractional energy density of PBHs and their contribution to dark matter for both Gaussian and
non-Gaussian type distributions.

Now our goal is to compute the fractional energy density of PBHs at the time of their
formation due to the specific type of curvature perturbation defined in Eq. (2.129). As discussed
earlier, for a Gaussian-type distribution, the initial PBH fraction, i.e., βpbh, mainly depends
on two quantities: the variance associated with the enhanced curvature power spectrum, and
the threshold density contrast δc, above which PBH formation takes place.

Thus, for a generic enhanced curvature power spectrum, the variance σ can be defined as
in Eq. (2.127). For a Gaussian-type window function, the variance can be written as

σ2(Mpbh) = 16
81

∫ ∞

0

dq
q

(qRl)4e−q2R2
l PR(q), (2.130)
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where Rl is the smoothing scale mainly responsible for PBH formation, and Mpbh denotes the
PBH mass.

Since no other scale is present, it is reasonable to set k = R−1
l and use the relation k = aH,

where the perturbation with wavenumber k re-enters the Hubble radius. This allows us to
obtain a relation between Rl and Mpbh. It can be shown [147,200] that Rl and Mpbh are related
as

Rl = 1
k

=
(

2
γc

)1/2 (
g∗,re

g∗,eq

)1/12 ( 1
keq

)(
Mpbh

Meq

)1/2

. (2.131)

Here, keq denotes the wavenumber that re-enters the Hubble radius at the time of mat-
ter–radiation equality, and Meq represents the mass within the Hubble radius at equality.
The quantities g∗,re and g∗,eq denote the effective number of relativistic degrees of freedom
at the times of PBH formation and matter–radiation equality, respectively. One finds that
Meq = 5.83 × 1050 gm. Using this result, the above relation between Rl and Mpbh can be
expressed in terms of the solar mass M⊙ as [147,200]

(
Rl

Mpc

)
=
(

Mpc−1

k

)
= 4.72 × 10−7

(
γc

0.2

)−1/2
(
g∗,re

g∗,eq

)1/12 (
Mpbh

M⊙

)1/2

. (2.132)

Once the inflationary power spectrum is known, Eq.(2.132) can be substituted into Eq.(2.130)
to compute the variance σ2(Mpbh). Using this result, the initial fractional energy density of
PBHs with mass Mpbh can then be obtained. To compute the initial fractional energy density
of PBHs arising from the inflationary curvature power spectrum defined in Eq. (2.129), we
first evaluate the variance of the distribution associated with the curvature power spectrum
using Eq. (2.130). For a Gaussian-type distribution, the initial PBH fraction βpbh can then
be obtained directly from Eq. (2.123). In contrast, for a non-Gaussian-type distribution, the
corresponding integral defined in Eq. (2.121) is evaluated numerically.

We choose the position of the peak such that the resulting PBH mass satisfies Mpbh >

1015 gm, ensuring that the PBHs can survive until the present epoch and thus be treated as
cold dark matter candidates. After computing the initial fractional energy density, the present-
day PBH fraction as a dark-matter candidate, denoted by fPBH, is obtained using Eq. (2.120).

In Fig. 2.7, we plot the present-day PBH abundance as a dark-matter candidate, i.e., fPBH,
as a function of the PBH mass Mpbh expressed in units of solar mass. In the left panel, we
consider three different values of the peak wavenumber, kp = 1012, 1013, and 1014 Mpc−1, while
fixing the parameter ∆c = 0.05, which controls the width of the enhanced spectrum. The
solid lines correspond to the Gaussian-type distribution, whereas the dashed lines represent
the non-Gaussian-type distribution for the same set of parameters.

As shown in Eq. (2.132), the PBH mass is directly related to the position of the peak
wavenumber. Consequently, changing the value of kp shifts the PBH mass window accord-
ingly. In particular, decreasing the value of kp leads to the formation of more massive PBHs.
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Figure 2.7: In this figure, we show the present-day PBH fraction contributing to the dark-
matter abundance, fPBH, as a function of the PBH mass (in units of solar mass). In the left
panel, three different peak positions of the enhanced curvature power spectrum are considered
for a fixed value of ∆c = 0.05. In the right panel, three different values of ∆c are shown,
indicated by different colors, while the peak position is fixed at kp = 1012,Mpc−1. In both
panels, the maximum amplitude is set to A0 = 0.04, and the threshold value of the density
contrast is taken to be δc = 0.4. Solid lines correspond to the Gaussian distribution, whereas
dashed lines represent the non-Gaussian distribution.

This behavior can be understood from Eq. (2.131), or intuitively from the fact that smaller
wavenumbers re-enter the horizon at later times, when the horizon size is larger. Since the
PBH mass is typically a fraction of the horizon mass at re-entry, this results in the formation
of heavier PBHs.

In the left panel, we further observe that, for a fixed type of distribution, the value of fPBH

remains the same when other parameters such as the critical density contrast δc = 0.4 [174,175]
and the peak amplitude are held fixed. However, the initial fractional abundance and the
present-day value of fPBH depend significantly on the nature of the distribution, i.e., whether
it is Gaussian or non-Gaussian.

Similarly, in the right panel of Fig. 2.7, we plot fPBH as a function of the PBH mass Mpbh

for a fixed peak wavenumber kp = 1012 Mpc−1, where three different colors correspond to three
different values of ∆c. This panel illustrates that both the shape of the PBH mass spectrum
and the resulting abundance are sensitive to the value of ∆c. As before, the solid lines denote
the Gaussian-type distribution, while the dashed lines correspond to the non-Gaussian-type
distribution. In both cases, the peak amplitude of the curvature power spectrum is fixed at
A0 = 0.04, and the critical density contrast is set to δc = 0.4. The shaded regions indicate the
observational bounds on fPBH from various experiments.

2.9 Tensor Fluctuations: Quantum and Classical Origin

In this section, we develop the formal framework to describe the evolution of tensor per-
turbations of the metric, commonly referred to as gravitational waves (GWs). These tensor
fluctuations can arise from two distinct origins. First, they may be generated during infla-
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tion when the corresponding modes exit the horizon, representing quantum fluctuations of the
spacetime metric. Second, they can also be produced classically by anisotropic components of
the energy-momentum tensor. In what follows, we establish the equations of motion govern-
ing these tensor modes and discuss the quantization procedure for their dynamical degrees of
freedom in a cosmological background.

Since our primary interest lies in the evolution of tensor modes, we note that vector pertur-
bations generally decay with time and therefore do not contribute significantly to the evolution
of tensor perturbations, except in the presence of non-trivial sources that can sustain them [201].
In the absence of such sources, it is therefore consistent to neglect vector modes.

Accordingly, the perturbed FLRW metric, including only scalar and tensor perturbations,
can be written as [202,203]

ds2 = a2(η)
[
−(1 + 2Φ)dη2 + {(1 − 2Ψ)δij + hij} dxidxj

]
. (2.133)

where hij = h
(1)
ij + h

(2)
ij . Here h(1)

ij denotes the linear-order tensor modes, whose primary source
is the vacuum fluctuations generated during inflation [204–207].

Even if we ignore the first-order tensor modes, non-trivial contributions can still arise from
the second-order tensor modes. These are typically sourced by combinations of the first-order
scalar perturbations, or they may arise directly from the anisotropic component of the energy-
momentum tensor. The second-order Einstein equations are therefore governed by

G(2)
µν = κ2T (2)

µν . (2.134)

Where κ = 8πGN. For the above metric, the spatial component of the second-order Einstein
tensor G(2)

ij is given by [202,203]

G(2)i
j = a−2

[1
4(hi′′

j + 2Hhi′

j − ∇2hi
j) + 2Φ∂i∂jΦ − 2Ψ∂i∂jΦ + 4Ψ∂i∂jΨ

+∂iΦ∂jΦ − ∂iΦ∂jΨ − ∂iΨ∂jΦ + 3∂iΨ∂jΨ

+
(

2Φ∇2Φ − 2Ψ∇2Φ + 4Ψ∇2Ψ + (∇Φ)2 − (∇Φ·∇Ψ) + 3(∇Ψ)2

+2Φ′′Φ + 4HΦ′Φ − 2Ψ′′Ψ − 4HΨ′Ψ
)
δi

j + (higher order terms)
]
. (2.135)

The second-order energy-momentum tensor is given by [202,203]

T (2)i
j = (ρ(0) + P (0))v(1)iv(1)j + P (0)Π(2)i

j + P (1)Π(1)i
j + P (2)δi

j, (2.136)

where ρ, P , v, and Π denote the energy density, pressure, velocity, and anisotropic stress,
respectively.

Tensor perturbations describe the transverse and traceless fluctuations of the spacetime
metric and correspond to gravitational waves. They are represented by a symmetric, trans-
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verse, and traceless rank-2 tensor hij that perturbs the spatial part of the background metric.
The transverse and traceless conditions ensure that hij contains only two physical degrees
of freedom, corresponding to the two polarization states of gravitational waves, commonly de-
noted as h+ and h×. Each polarization evolves as an independent massless field in an expanding
Universe.

To isolate these tensor modes, we act on the spatial components of the Einstein equations
with the projection tensor Pmn

ij (k), yielding [202,203]

Pmn
ij (k)G(2)

mn = κ2Pmn
ij (k)T (2)

mn, (2.137)

where the projection operator Pmn
ij (k) extracts the transverse-traceless component of the energy-

momentum tensor and is defined as

Pmn
ij (k) = Pm

i (k)Pn
j (k) − 1

2Pmn(k)Pij(k), (2.138)

with Pij = δij − ∂i∂j/∆ [202,203].
Since only the transverse-traceless component of the energy-momentum tensor can source

the tensor modes hij(x, η), after applying the projection operator Pmn
ij the left-hand side of

Eq. (2.137) becomes

Pmn
ij G(2)

mn = 1
4(hi′′

j + 2Hhi′

j − ∇2hi
j)

+ Pmn
ij

[
2Φ(1)∂i∂jΦ(1) − 2Ψ(1)∂i∂jΦ(1) + 4Ψ(1)∂i∂jΨ(1)

+ ∂iΦ(1)∂jΦ(1) − ∂iΦ(1)∂jΨ(1) − ∂iΨ(1)∂jΦ(1) + 3∂iΨ(1)∂jΨ(1)
]
. (2.139)

Substituting this expression into Eq. (2.137), the evolution equation for the tensor mode
hij(x, η) can be written as

h
′′

ij(x, η) + 2Hh′

ij(x, η) − ∇2hij(x, η) = Pmn
ij

[
Smn + 2

M2
P
T (2)

mn

]
, (2.140)

where the source term associated with the scalar perturbations is defined as [147,183,184,194–
196,208–219]

Smn(x, η) =2Φ∂i∂jΦ − 2Ψ∂i∂jΦ + 4Ψ∂i∂jΨ
+ ∂iΦ∂jΦ − ∂iΦ∂jΨ − ∂iΨ∂jΦ + 3∂iΨ∂jΨ. (2.141)

Equation (2.140) shows that second-order gravitational waves can be generated by two
distinct sources. The first arises from quadratic combinations of scalar perturbations contained
in the Einstein tensor, represented by Smn(x, η). The second originates from the anisotropic
components of the energy-momentum tensor, represented by T (2)

mn. In the present work, we
focus on the latter contribution from electromagnetic fields.

TH-4115_206121111



2.9. Tensor Fluctuations: Quantum and Classical Origin 49

To solve Eq. (2.140), it is convenient to work in Fourier space. We therefore define the
Fourier decomposition of the tensor perturbation as

hij(x, η) =
∫ d3k

(2π)3/2 e
ik·x

[
h+

k (η)e+
ij(k) + h×

k (η)e×
ij(k)

]
. (2.142)

The two time-independent polarization tensors eij and ēij can be expressed in terms of two
orthonormal basis vectors that are orthogonal to k,

e+
ij(k) = 1√

2
(
e+

i (k)e+
j (k) − e×

i (k)e×
j (k)

)
, (2.143a)

e×
ij(k) = 1√

2
(
e+

i (k)e×
j (k) + e×

i (k)e+
j (k)

)
. (2.143b)

Similarly, the energy-momentum tensor can be decomposed as

2
M2

P
Pmn

ij T (2)
mn = 2

M2
P

∫ d3k
(2π)3/2 e

ik·x
[
e

(+)
ij (k)e(+)mn(k) + e

(×)
ij (k)e(×)lm(k)

]
Tmn(k, η), (2.144)

where

Tmn(k, η) =
∫ d3x′

(2π)3/2 e
−ik·x′

Tmn(x′, η). (2.145)

When solving Eq. (2.140), we consider one polarization state at a time. For each polarization
mode λ, the equation of motion becomes [220–222]

h
′′(λ)
k + 2Hh

′(λ)
k + k2h

(λ)
k = 2

M2
P
e(λ)lm(k)T (2)

lm (k, η). (2.146)

This equation can be solved using the Green’s function method. The full solution can be
written as

h
(λ)
k (η) = h

vac(λ)
k (η) + 2

M2
P

∫ η

ηi

dη̃ Gk(η, η̃)T (λ)
k (η̃), (2.147)

where T (λ)
k (η) = e(λ)lmT

(2)
lm (k, η).

Here hvac(λ)
k (η) represents the homogeneous solution corresponding to vacuum fluctuations

of spacetime, while the second term describes the sourced contribution arising from the energy-
momentum tensor. In our case, this sourced contribution originates from the electromagnetic
field.

The function Gk(η, η1) is the retarded Green’s function associated with the tensor pertur-
bation equation of motion in Eq. (2.146), satisfying

[
∂2

∂η2 + 2H ∂

∂η
+ k2

]
Gk(η, η1) = δ(η − η1), Gk(η, η1) = 0 for η < η1. (2.148)
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In general, the two polarization states of tensor perturbations are statistically independent.
Therefore, the two-point correlation function of the tensor modes can be written as [202, 203,
220–222]

⟨h(λ)
k (η)h∗(λ′)

k′ (η)⟩ = δ(3)(k − k′) δλλ′
2π2

k3 P λ
T(k, η), (2.149)

where P λ
T(k, η) denotes the tensor power spectrum for the polarization mode λ.

From Eq. (2.147), the tensor mode consists of two distinct contributions: the vacuum com-
ponent hvac(λ)

k , arising from quantum fluctuations of spacetime, and the sourced component
generated by the energy-momentum tensor. Since these two contributions originate from inde-
pendent physical processes, they do not mix. Consequently, the total tensor power spectrum
can be written as the sum of two independent components,

P
(λ)
T (k) = P

vac(λ)
T (k) + P

sec(λ)
T (k), (2.150)

where P vac(λ)
T (k) corresponds to the vacuum tensor power spectrum and P

sec(λ)
T (k) represents

the contribution generated by the source terms.
In the following subsection, we discuss these two contributions separately within a simplified

scenario in which the Universe enters a radiation-dominated era immediately after inflation.

2.9.1 Quantum Production of Tensor Perturbations during Inflation

During inflation, the rapid accelerated expansion of the Universe amplifies not only scalar per-
turbations but also generates primordial tensor fluctuations, i.e., gravitational waves, originat-
ing from the quantum vacuum fluctuations of the metric. These tensor modes arise generically
in inflationary scenarios and carry direct information about the energy scale and dynamics of
inflation. In particular, their spectrum is determined by the Hubble parameter during inflation
and the evolution of the background spacetime, providing a unique observational probe of the
earliest stages of the Universe.

For the moment, we assume that no anisotropic stress is present. In this case, the first-
order Einstein equations lead to the following equation of motion for the tensor perturbations
hij(x, η)

h′′
ij(x, η) + 2a

′

a
h′

ij(x, η) − ∇2hij(x, η) = 0. (2.151)

Upon quantization, the tensor perturbations can be decomposed in terms of Fourier modes
hk(η) as follows [202,203,207]

hij(x, η) =
∫ d3k

(2π)3/2

[
aλ

kϵ
λ
ij(k)hk(η)eik·x + aλ†

k ϵ
λ∗
ij (k)h∗

k(η)e−ik·x
]
. (2.152)

Here ϵλ
ij(k) denotes the polarization tensor, where the index λ corresponds to the two

TH-4115_206121111



2.9. Tensor Fluctuations: Quantum and Classical Origin 51

polarization states + and × of gravitational waves. The polarization tensors satisfy the con-
ditions δijϵλ

ij(k) = kiϵλ
ij(k) = 0, and we adopt the normalization ϵijλ(k)ϵλ′∗

ij (k) = 2δλλ′ . In the
above decomposition, the ladder operators obey the standard quantization relations discussed
in Eq.(2.92). In the absence of anisotropic stress, the Fourier mode hk satisfies the differential
equation

h′′
k + 2a

′

a
h′

k + k2hk = 0. (2.153)

In the above equation, the polarization index has been suppressed since, in this case, the
tensor modes are linearly polarized and both polarization states evolve identically.

To solve this equation, it is convenient to introduce the Mukhanov-Sasaki variable vk defined
by hk = (

√
2/MP)(vk/a) [223]. Rewriting Eq.(2.153) in terms of vk, we obtain the equation [38,

223–228]

v′′
k +

(
k2 − a′′

a

)
vk = 0, (2.154)

which corresponds to the equation of motion of a harmonic oscillator with time-dependent
frequency ω2

k(η) = k2 − a′′/a.
In the sub-horizon limit, where ω2

k(η) ≃ k2, the solution of the mode function reduces to a
simple plane wave,

vk = e−ikη

√
2k
, (2.155)

which corresponds to the Bunch-Davies vacuum state for a quantum field in an expanding
spacetime.

In contrast, on super-horizon scales the mode function admits two independent solutions,

vk(η) ∝ a and vk(η) ∝ 1/a2. (2.156)

These correspond respectively to a constant solution h ∝ const and a decaying solution. Con-
sequently, in the super-horizon regime the amplitude of the tensor fluctuation hk(η) remains
approximately constant in time.

For a quasi-de Sitter spacetime, the quantity a′′/a can be expressed in terms of the slow-roll
parameter ϵ as

a′′

a
≃ 2 + 3ϵ

η2 . (2.157)
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Defining a new parameter ν = ϵ+ 3/2, Eq.(2.154) can be rewritten as

v′′
k +

[
k2 − 1

η2

(
ν2 − 1

4

)]
vk = 0. (2.158)

The exact solution of this equation can be expressed in terms of Hankel functions,

vk(η) =
√

−η
[
C1H

(1)
ν (−kη) + C2H

(2)
ν (−kη)

]
, (2.159)

where C1 and C2 are integration constants and H(1)
ν , H(2)

ν denote the Hankel functions of the
first and second kind.

To determine the constants C1 and C2, we impose the condition that at the beginning of
inflation all modes are well inside the horizon, so that the solution matches the Bunch-Davies
vacuum. The asymptotic forms of the Hankel functions for x ≫ 1 are

H(1)
ν (x >> 1) ≃

√
2
πx
ei(x− π

2 ν− π
4 ); H(2)

ν (x >> 1) ≃
√

2
πx
e−i(x− π

2 ν− π
4 ). (2.160)

Matching with the plane-wave solution implies C2 = 0, while the normalization condition
leads to C1 =

√
π

2 e
i(ν+ 1

2 ) π
2 . Substituting these constants gives

vk(η) =
√

2
2 ei(ν+ 1

2 ) π
2
√

−ηH(1)
ν (−kη). (2.161)

Using the generic definition, the tensor power spectrum can be written as

PT(k) = k3

2π2

∑
λ

∣∣∣h(λ)
k

∣∣∣2 . (2.162)

At the end of inflation, all relevant modes lie outside the horizon, and the tensor power
spectrum on super-horizon scales can be written as [117–119,207,229,230]

P vac
T,inf(k) = 8

M2
P

(
He

2π

)2 ( k

aH

)−2ϵ

≃ 2
π2

(
He

MP

)2
. (2.163)

From the above expression, it is evident that in a slow-roll inflationary background (ϵ ≪ 1),
the tensor power spectrum is nearly scale-invariant on large scales. Analogous to the curvature
perturbation spectrum, one can define the tensor spectral index as nT ≃ −2ϵ. Therefore, in
simple slow-roll inflationary models, the tensor power spectrum exhibits a slight red tilt.

2.9.2 Inflationary observables and CMB constraints

Having derived the scalar and tensor primordial power spectra in the previous subsections, we
now relate them to the inflationary observables constrained by Cosmic Microwave Background
(CMB) measurements. Around a reference (pivot) scale kpiv, the scalar and tensor power
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spectra are conventionally parameterized as

PR(k) = As(kpiv)
(
k

kpiv

)ns−1+ 1
2 αs ln(k/kpiv)+···

,

PT (k) = AT (kpiv)
(
k

kpiv

)nT + 1
2 αT ln(k/kpiv)+···

, (2.164)

where As (AT ) denotes the scalar (tensor) amplitude, ns (nT ) is the corresponding spectral
index, and αs = dns/d ln k (αT = dnT/d ln k) represents its running. An additional observable
of particular importance is the tensor-to-scalar ratio,

r ≡ PT (kpiv)
PR(kpiv) . (2.165)

Using the scalar and tensor spectra obtained in Secs. 2.7.1 and 2.9.1, these observables can
be expressed in terms of the slow-roll parameters. To leading order, one obtains

As ≃ H2
∗

8π2ϵφM2
Pl
, AT ≃ 2H2

∗
π2M2

Pl
, r ≃ 16ϵφ,

ns − 1 ≃ −6ϵφ + 2ηφ, nT ≃ −2ϵφ

(2.166)

which satisfy the well-known consistency relation nT = −r/8 for canonical single-field slow-roll
inflation.

The tensor-to-scalar ratio is particularly significant because it determines the energy scale
of inflation. Combining the expressions for As and r yields

H∗ = πMPl

√
rAs

2 , (2.167)

which relates the Hubble scale during inflation directly to the CMB observables.
The latest CMB observations provide stringent constraints on these parameters. At the

pivot scale kpiv = 0.05 Mpc−1, the Planck 2018 analysis finds [11]

As = (2.10 ± 0.03) × 10−9, ns = 0.9649 ± 0.0042, (2.168)

while the combined Planck 2018 and BICEP/Keck analysis constrains the tensor-to-scalar
ratio to [11]

r0.05 < 0.035 (95% C.L.). (2.169)

The observed value ns < 1 indicates that the primordial scalar spectrum is slightly red-
tilted, in excellent agreement with the predictions of slow-roll inflation. Furthermore, the
current upper bound on r implies [11, 12]

H∗ ≲ 5 × 1013 GeV, (2.170)
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Figure 2.8: Constraints on the spectral index ns and the tensor-to-scalar ratio r in the r − ns

plane are shown from Planck 2018 data alone (green), and from the combined analysis including
Planck, BICEP/Keck 2018 (BK18), and Baryon Acoustic Oscillation (BAO) data (cyan). The
inclusion of BK18 and BAO significantly tightens the bounds on both ns and r. [Source figure
BICEP/Keck website].

placing a stringent upper limit on the inflationary energy scale. In the remainder of this
work, the predictions of our model will be confronted with these observational constraints,
particularly in the (ns, r) plane.

Figure 2.8 shows the latest constraints in the (ns, r) plane from the Planck Collaboration
together with the predictions of representative inflationary models. Throughout this thesis, we
will compare the predictions of our model against these observational bounds.

Post-Inflationary evolution of the tensor power spectrum:

Evolution during Reheating Era: Subsequent to inflation, reheating begins with the inflaton’s
energy transforming progressively into radiation, leading to a universe dominated by radiation.
This phase can be characterized by intrinsic inflation parameters encompassing mass, self-
coupling, and interactions with the radiation field. Within the perturbative framework, these
parameters find effective representation through two fundamental quantities namely the reheat-
ing equation of state (wre) and the reheating temperature (Tre). During this epoch, the evolu-
tion of inflation’s energy density is described by ρφ = ρcri(a/ae)−3(1+wre), where ρcri = 3H2

eM
2
P.

Consequently, the Hubble parameter evolves as H2 = H2
e (a/ae)−3(1+wre).

By incorporating these into Eq. 2.153, we obtain the solution for the tensor perturbation
hk during the reheating epoch

hre
k (x) = C1x

l(wre)Jl(wre)(x) + C2x
l(wre)J−l(wre)(x) (2.171)

Where l(wre) = 3(wre − 1)/2(1 + 3wre), and x = kη. The integration constants C1 and C2 are
derived from the inflationary contribution at the end of inflation η = ηe through the continuity
relation of the tensor fluctuations and their first-order derivatives. As our focus rests upon
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modes situated beyond the Hubble radius at the end of the inflationary epoch, we take the
super-horizon limit, characterized by xe = kηe << 1, and obtain [117,118]

C1 = (3 − 2l)Γ(l)
(1 − l) 2l−2

(
k

ke

)2(1−l)

hinf
k (k, ηe) (2.172)

C2 = 2−lΓ(1 − l)hinf
k (k, ηe) (2.173)

In the general scenario, the parameter wre ranges within the interval 0 ≤ wre ≤ 1. Under this
constraint, the function l(wre) consistently assumes negative values. Given our specific interest
in scales that reside beyond the horizon (i.e., k < ke, which in turn implies k/ke < 1), we note
that C2 ≪ C1. Exploiting these considerations tensor power spectrum at the end of reheating
assumes the following form,

P vac
T,re(k, ηre) ≃ k3

2π2 |C2|2
(
k

kre

)2l(wre)

J−l(wre)(k/kre)J∗
−l(wre)(k/kre) (2.174)

The spectral behavior inherent in P vac
T,re assumes two distinct form for two distinct realms:

k∗ < k < kre and kre < k < ke. Now, utilizing Eq.(2.173) and the form of the Bessel function
in these two limits, the tensor power spectrum defined at the end of reheating as

P vac
T,re(k, ηre) ≃ P vac

T,inf ×

 1 for k << kre

D
(

k
kre

)2l−1
for kre < k < ke

(2.175)

where we define D as

D = 21−2lΓ2(1 − l)
π

cos2
[
− k

kre
+ 1

4(1 − 2l)π
]

(2.176)

From the above, we have seen that reheating dynamics are only effective for those modes that
can re-enter the Hubble radius at the end of reheating; otherwise, the spectrum is unaffected
by the reheating dynamics.

Evolution during Radiation Era: After the reheating epoch, the subsequent era is predom-
inantly characterized by radiation, where the background energy density scales as a−4, and
consequently the Hubble parameter behaves as H2 = H2

re(are/a)4, with Hre representing the
Hubble parameter defined at the end of reheating. Within this context, the solution to the
homogeneous component of the tensor evolution, as defined in Eq.2.153, is governed by the
following expression:

hra
k (x) = 1

x

{
D1e

−ix +D2e
ix
}

(2.177)

The integration constants (D1, D2) encapsulate the imprint of the inflationary dynamics and
reheating again through the continuity of tensor fluctuations and their first derivatives at
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the end of reheating η = ηre. Through the application of these conditions, we arrive at the
expression elucidated in

D1(k) =
hλ

k,re(i(k/kre) − 1) − (k/kre)hλ
k,re

′

2i ei(k/kre) (2.178a)

D2(k) =
(k/kre)hλ

k,re
′ + hλ

k,re (i(k/kre) + 1)
2i e−i(k/kre) (2.178b)

It is crucial to emphasize that the characteristics of these coefficients, denoted as D1 and
D2, strongly depend on the inflationary and reheating dynamics. By using Eqs.(2.178) in
Eq.(2.149), we can define the tensor power spectrum during the radiation-dominated era as:

P vac
T,ra(k, η) = k3

2π2
1
x2

{
|D1(k)|2 + |D2(k)|2

}
. (2.179)

The contribution from the earlier phase will enter though the integration constant (D1, D2)
In the two extreme limit, the GW spectrum assumes the following simple forms in the super-
horizon limit (k < kre),

lim
k<kre

P vac
T,ra(k, η) = 1

2k2η2P
vac
T,re(k, ηre), (2.180)

and in the sub-horizon limit (k > kre),

lim
k>kre

P vac
T,ra(k, η) = 1

2k2η2

(
k

kre

)2

P vac
T,re(k, ηre) (2.181)

Here, PT,re(k, ηre) represents the total tensor power spectrum produced from both quantum
fluctuations during inflation and the secondary production from electromagnetic fields up to
the end of reheating.

2.9.3 Computing the Dimensionless GWs energy density at today:

Gravity exhibits weak interactions with matter, ensuring that gravitational waves (GWs) are
effectively decoupled from the rest of the universe on Planck scales. This allows us to neglect
interactions with ordinary matter and self-interactions, assuming that sub-Hubble GWs propa-
gate freely through space after their production (or re-entry into the Hubble radius in the case
of inflationary signals). As the universe expands, the GW energy density decreases similarly
to radiation, i.e., ρgw ∝ a−4. Meanwhile, the physical wave number of GWs evolves as k/a.

We normalize the GW energy density at the time of neutrino decoupling as follows:

ΩGW(k, ην) = ρgw(k, ην)
ρc(ην) (2.182)

Here, ΩGW(k, ην) represents the spectral energy density of GWs per logarithmic comoving
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wavenumber, defined at neutrino decoupling. The GW energy density at this time is given
by [202,215,231]

ρgw(k, ην) = M2
Pk

2

4a2(ην)PT(k, ην) (2.183)

Where PT(k, ην) is the tensor power spectrum defined at neutrino decoupling. The spectrum
of GW energy density per logarithmic frequency interval can be conveniently normalized by
the critical energy density, denoted as ρc(ην), as expressed in Eq. (2.184):

ΩGW(k, ην) = ρgw(k, ην)
ρc(ην) = 1

12
k2PT(k, ην)
a2(ην)H2(ην) (2.184)

Where ρc(ην) = 3H2(ην)M2
P, and MP ≃ 2.43 ∗ 1018GeV represents the reduced Planck mass.

As we know, the energy density of GWs behaves as ρgw ∝ a−4, exactly like the radiation
energy density. We are interested in those modes that are well inside the Hubble radius at a later
time (say, close to the epoch during radiation-matter equality) during radiation domination.
On utilizing this property, the dimensionless energy density parameter ΩGW(k) today can be
expressed in terms of ΩGW(k, η) as follows [202,207,215,231]

ΩGW(k)h2 ≃
(
g∗,0

g∗,eq

)1/3

ΩRh
2ΩGW(k, η) (2.185)

Here, ΩRh
2 ≃ 4.3 × 10−5 represents the present-day dimensionless energy density of the radi-

ation component. Where g∗,eq ≃ g∗,0 ≃ 3.35 are the relativistic degrees of freedom defined at
the matter-radiation equality and present-day, respectively.

Spectrum of Primary Gravitational Waves Ωpri
GW(k)

As we have seen, the tensor power spectrum associated with vacuum fluctuation during inflation
in de-sitter inflationary background is scale invariant in nature. But in the presence of the non-
instantaneous reheating scenarios, the present-day GW spectrum originating from the quantum
fluctuation is modified depending on whether the wavenumber is inside the horizon or outside
the horizon during the reheating era. So, for non-instantaneous reheating scenarios, the spectral
energy density (SED) of the GW produced from the quantum fluctuations is [117–119,207,229]

Ωpri
GW(f)h2 ≃ Ωrh

2

6

(
g∗,0

g∗,eq

)1/3 (
He

MP

)2
×

 1 f < fre,

D
(

f
fre

)−nw

f > fre,
(2.186)

where D ≃ 21−2lΓ2(1 − l)/2π ≃ O(1) and nw = 2(1 − 3wre)/(1 + 3wre) [117,229] and f = k/2π
is the comoving frequency. It has been clear from the above that the super-horizon modes
remain scale invariant, whereas the sub-horizon modes get modified depending on the EoS
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Figure 2.9: In the above figures, we show the spectral energy density of gravitational waves,
ΩGWh

2, as a function of the present-day observable frequency f (Hz) for two different sce-
narios. In the left panel, we fix the reheating temperature at Tre = 102 GeV, where the
three different colors represent three distinct values of the average equation-of-state param-
eter: wre = 0.0 (cyan), 0.333 (blue), and 0.5 (magenta). In the right panel, we fix the
equation-of-state parameter at wre = 0.5 and vary the reheating temperature Tre (in GeV),
as indicated by the three different colors. In both cases, we consider the tensor-to-scalar ratio
to be r0.05 = 0.036, which determines the corresponding inflationary energy scale. The dashed
lines represent the projected sensitivity curves of various proposed GW detection experiments,
while the shaded region denotes the observational bounds obtained from existing measure-
ments.

wre. For wre = 0, the spectra become red tilted, i.e., Ωpri
GW(f > fre) ∝ f−2, whereas for

radiation-like evolution, the spectrum remains scale invariant and we get a blue tilted GW
spectrum for wre > 1/3 reheating scenarios. In Fig. 2.9, we have shown the present-day
GW spectral energy density, ΩGWh

2, as a function of the present-day observable frequency
f (Hz) for two different reheating scenarios. In the left panel of Fig. 2.9, we consider a fixed
reheating temperature Tre = 102 GeV but explore three different possible equations of state:
wre = 0 (matter-like evolution), wre = 1/3 (radiation-like evolution), and wre = 0.5 (kination-
like evolution). As discussed in Eq. (2.186), the modes that remain inside the horizon during
reheating are affected by changes in the post-inflationary expansion history, and their GW
spectral index is determined by the average equation of state as Ωpri

GW(f) ∝ f−nw . For instance,
when wre = 0, the spectrum for f > fre behaves as Ωpri

GW(f > fre) ∝ f−2, whereas for a
radiation-like evolution, it follows Ωpri

GW(f) ∝ f 0. On the other hand, for wre = 0.5, the GW
spectrum exhibits a blue tilt, scaling as Ωpri

GW(f > fre) ∝ f 0.2.
Of particular interest are the modes that remain outside the horizon at the completion of

reheating. Their spectral behaviour remains unchanged and continues to be scale-invariant in
nature, i.e., Ωpri

GW(f < fre) ∝ f 0. In the right panel of Fig. 2.9, we illustrate the dependence
of the spectrum on the duration of the reheating phase. Here, we fix the equation of state at
wre = 0.5 and vary the reheating temperature as Tre = 1, 102, and 104 GeV, represented by
three different colors. Since the equation of state is fixed at wre = 0.5, the spectral slope for
the sub-horizon modes remains the same for all reheating temperatures, but the position of
the spectral break shifts accordingly. A lower reheating temperature corresponds to a longer
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reheating duration, leading the spectral break to appear at smaller values of k, as clearly seen
in the right panel of Fig. 2.9. In both panels, we have taken a fixed value of the tensor-to-scalar
ratio, which determines the inflationary energy scale as He ≃ 10−5MP.

In conclusion, we have clearly seen that non-instantaneous reheating scenarios leave a sig-
nificant imprint on the present-day GW spectrum. The spectral behaviour and the position
of the spectral breaks in the GW spectrum provide valuable information about the reheating
dynamics—specifically, how the background evolution proceeded during this phase and how
long the reheating period extended after the end of inflation.

2.9.4 Secondary production of the Tensor perturbations due to Elec-
tromagentic fields

In the previous subsection, we computed the tensor power spectrum associated with vacuum
fluctuations. In this subsection, we evaluate the tensor power spectrum sourced by electro-
magnetic fields. The two-point correlation function of the tensor modes sourced by the elec-
tromagnetic field can be written as

⟨h(λ)
k (η)h∗(λ′)

k′ (η)⟩ = 4
M4

P

∫ η

ηi

dη1Gk(η, η1)
∫ η

ηi
dη2Gk(η, η2)⟨T (λ)

k T (λ′)
k′ ⟩ (2.187)

where T (λ)
k = eij(λ)(k)P lm

ij T
(EM)
lm . The energy-momentum tensor of the electromagnetic field in

Fourier space is given by

T
(EM)
lm (k, η) = 1

4πa2(η)

∫ d3q
(2π)3/2

[
Bl(q, η)B∗

m(q − k, η) + El(q, η)E∗
m(q − k, η)

−1
2glm

(
Ba(q, η)B∗a(q − k, η) + (Ea(q, η)E∗a(q − k, η)

)]
. (2.188)

Since only the transverse and traceless components can source tensor perturbations, the
application of the projection tensor Plm

ij eliminates all diagonal contributions of the energy-
momentum tensor, leaving only the first two terms as the relevant sources. The polarization
tensor eij(λ)(k) satisfies the normalization condition

eij(λ)(k)e(λ′)
ij (k′) = 2δ⟨λ′

δ(3)(k − k′). (2.189)

Using this relation, the two-point correlation function of the energy-momentum tensor can
be expressed as follows. Under the assumption of statistical homogeneity and isotropy, the
correlator takes the standard form

⟨T (λ)
k T (λ′)

k′ ⟩ = 1
4πa2(η1)

1
4πa2(η2)

∫ d3q
(2π)3

∫ d3q′

(2π)3P
mn
ij (k)P ij

ab(k′)×(
⟨B̃m(q, η)B̃∗

n(q − k, η)B̃∗a(q′, η)B̃b(q′ − k′, η′)⟩

+⟨Ẽm(q, η)Ẽ∗
n(q − k, η)Ẽa(q′, η′)Ẽb(q′ − k′, η′)⟩

)
. (2.190)
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It is evident that the evaluation of ⟨T (λ)
k T (λ′)

k′ ⟩ involves four-point correlation functions such
as ⟨B̃mB̃

∗
nB̃

∗aB̃b⟩. These four-point functions can be expressed in terms of two-point correlation
functions using Wick’s theorem,

⟨B̃m(q, η)B̃∗
m(q − k, η)B̃∗a

m (q′, η′)B̃b
m(q′ − k′, η′)⟩ =

⟨B̃m(q, η)B̃∗
n(q − k, η)⟩⟨B̃∗a(q′, η′)B̃b(q′ − k′, η′)⟩

+ ⟨B̃m(q, η)B̃∗a(q′, η′)⟩⟨B̃∗
n(q − k, η)B̃b(q′ − k′, η′)⟩

+ ⟨B̃m(q, η)B̃b(q′ − k′, η′)⟩⟨B̃∗
n(q − k, η)B̃∗a(q′, η′)⟩. (2.191)

For convenience, we define the comoving electric and magnetic fields as

Bi = a−1B̃i; Bi = a−3B̃i; Ei = a−1Ẽi; Ei = a−3Ẽi. (2.192)

In general, the tensor power spectrum sourced by the anisotropic stress of the electromag-
netic field involves the unequal-time correlation function ⟨T (λ)

k (η)T (λ′)
k′ (η′)⟩, which characterizes

how the source at two different times contributes coherently to the production of tensor per-
turbations. However, retaining the full unequal-time structure makes the analysis analytically
intractable. Therefore, it is common to assume equal-time correlations instead of unequal-time
correlations, which significantly simplifies the calculations.

In most scenarios considered here, magnetic fields are generated during inflation or reheating
and subsequently evolve adiabatically. Consequently, the physical processes responsible for
gravitational-wave production are not significantly affected by the equal-time approximation.
Physically, this assumption is justified when the coherence time of the anisotropic stress is
much shorter than the typical timescale associated with gravitational-wave evolution. In this
regime, the correlation between two different times can be approximated by a delta function in
conformal time, effectively reducing the unequal-time correlation to an equal-time one. In the
remainder of this work, we therefore assume that the source terms are equal-time correlated.

For a non-helical magnetic field, the two-point correlation functions can be expressed in
terms of the corresponding power spectra as

⟨B̃i(k, η)B̃∗
j (k′, η)⟩ = δ(3)(k − k′)(δij − k̂ik̂j)PB(k, η), (2.193)

⟨Ẽi(k, η)Ẽ∗
j (k′, η)⟩ = δ(3)(k − k′)(δij − k̂ik̂j)PE(k, η). (2.194)

Substituting these relations into Eq.(2.187), the tensor power spectrum sourced by electro-
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magnetic fields can be written as [117,118,220–222,229,232–234]

P
sec(λ)
T (k, η) = 2

M4
P

∫ η

ηi

dη1
Gk(η, η1)
a2(η1)

∫ η

ηi
dη1

Gk(η, η1)
a2(η1)

×
∫ ∞

0

dq
q

∫ 1

−1
dµF(k, q, µ)PB(q, η1PB(|k − q|, η1) + PE(q, η1PE(|k − q|, η1)

[1 + (q/k)2 − 2µ(q/k)]3/2 .

(2.195)

In the non-helical case, both polarization states of the electromagnetic field contribute sym-
metrically. In contrast, for helical fields, the two circular polarization modes evolve differently
due to the presence of parity-violating interactions. The scalar kernel can be expressed in a
unified form as [220–222,232,234]

F(k, q, µ) =


2(1 + µ2)(1 + β2), for non-helical fields,
1
16(1 + λµ)2(1 + λβ)2, for helical fields,

(2.196)

where µ = k̂ · q̂ = cos θ and β = k̂ − q · k̂. Here θ denotes the angle between k and q, and
λ = ±1 labels the helicity of the circular polarization states.

From the above expression, it is clear that once the time evolution of the electric and
magnetic fields is known for a given cosmological epoch, and the corresponding Green’s function
is specified, the secondary contribution to the tensor power spectrum can be evaluated by
substituting Eq. (2.196) into Eq. (2.195).

Production of secondary Tensor power spectrum during de-sitter inflationary back-
ground

In the previous subsection, we developed the general formalism for the tensor power spectrum
sourced by the electromagnetic field. As an illustrative example, we now consider a simple
single power-law type magnetic spectrum in order to study the secondary production of ten-
sor perturbations. We assume that due to some non-trivial coupling during inflation, when
the modes exit the horizon, they become excited and produce a significant amount of electro-
magnetic field. After the horizon crossing, the spectrum is assumed to follow a simple single
power-law behaviour.

For simplicity, we consider only the magnetic field contribution in the calculation. In
the final result, however, the tensor power spectrum can be written including contributions
from both electric and magnetic fields. We parametrize the electromagnetic power spectrum
as [117,235–238]

P inf
B (k, η) ≃

H
4
e CB(−kη)nB | − kη| ≤ 1 (Super-horizon scales)

0 | − kη| > 1 (sub-horizon scales)
(2.197)

We recall that here He denotes the Hubble constant during inflation, and we simply assume
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that it remains constant throughout the entire inflationary period.
In the above Eq.(2.198), we use a renormalised form of the power spectrum in which the k4

contribution has been subtracted. This subtraction is necessary because these modes remain in
the Bunch-Davies vacuum state, and the gauge field can only become excited when the modes
leave the horizon. After horizon crossing, the fluctuations can be interpreted as a physical
magnetic field. In practice, the energy density of the super-horizon modes is exponentially
suppressed. For simplicity, we neglect their entire contribution by setting it to zero.

Similarly, the electric field spectrum can be parametrized in the same way. For a simple
power-law behaviour of the electromagnetic field, one can write the above Eq.(2.195) as

P
sec(λ)
T (k, η) = 2

M4
P

∫ ∞

0

dq
q

∫ 1

−1
dµ F(k, q, µ)

[1 + (q/k)2 − 2µ(q/k)]3/2

×
(∫ ηe

ηi

dη1
Gk(ηe, η1)

a2(η1)
P̃1/2

B (q, η1)P̃1/2
B (|k − q|, η1)

)2

(2.198)

In the above equation, Gk(ηe, η1) represents the Green’s function associated with Eq.(2.146).
In a de-sitter inflationary background, the Green’s function is well known and can be written
as [239]

G inf
k (ηe, η1) = Θ(ηe − η1)

k3η2
1

[
(1 + k2η1ηe) sin

(
k(ηe − η1)

)
+ (η1 − ηe) cos

(
k(ηe − η1)

)]
. (2.199)

Before solving Eq.(2.198), we define two dimensionless parameters x = −kη and u = q/k.
Substituting Eq.(2.199) and Eq.(2.198) into the above expression, the tensor power spectrum
sourced by the magnetic field in a de-sitter inflationary background can be written as

P
sec(λ)
T (k, ηe) = 2

(
He

MP

)4
C2

B

∫ umax

umin

du

u

∫ 1

−1
dµ F(u, µ)

[1 + u2 − 2µu](3−nB)/2

×
(∫ xe

xk

dx1

x1
xnB−3

1

{
(1 + x2

1) sin(xe − x1) + (x1 − xe) cos(xe − x1)
})2

(2.200)

Here the lower limit of the integral is xk = −kηk = 1. This lower limit of the time integration
arises from the fact that the gauge field becomes excited only when the modes leave the horizon
during inflation. When a particular mode is inside the horizon, it effectively remains in the
ground state, and therefore it does not contribute to the production of tensor perturbations.

After evaluating the above integral, the tensor power spectrum at the end of the inflationary
era can be written as [117,118,229]

P
sec(λ)
T (k, ηe) ≃ 2

(
He

MP

)4
C2

BFnB(k)I2
inf(k) (2.201)
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where FnB and Iinf are defined as

FnB = 16
3nB

[
1 −

(
k∗

k

)nB
]

+ 112
15(2nB − 3)

(ke

k

)2nB−3

− 1
 . (2.202)

Iinf ≃ 1
3nB

{
1 −

(
k

ke

)nB
}

(2.203)

From Eq.(2.201), it follows that for a blue-tilted or nearly scale-invariant electromagnetic power
spectrum, the resulting tensor power spectrum in a de-sitter inflationary background remains
approximately scale-invariant. However, if the electric or magnetic field spectrum is red-tilted,
the resulting tensor power spectrum is also red-tilted. In such a case, the tensor power spectrum
typically behaves as P sec(λ)

T (k) ∝ k−|nB/E| [240].
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Chapter 3

Birth of Cosmic Magnetic Fields

3.1 Introduction

The origin of cosmic magnetic fields remains one of the long-standing puzzles in modern cos-
mology. Observations across a wide range of astrophysical scales reveal the ubiquitous presence
of magnetic fields in the Universe. In galaxies and galaxy clusters, magnetic field strengths are
observed to be of the order of µ-Gauss [241–244], whereas the intergalactic medium exhibits
much weaker fields with an average strength of order 10−9 − 10−16 Gauss [245–257]. While
magnetic fields on galactic and cluster scales can be efficiently amplified through dynamo
mechanisms, these processes require the presence of pre-existing seed fields. The origin of such
seed fields is still unclear and may trace back to primordial processes in the early Universe.
In particular, when considering large-scale magnetic fields with coherence lengths exceeding
1 Mpc across the sky, no known astrophysical mechanism is capable of generating magnetic
fields of the observed strength.

Observations of cosmic microwave background (CMB) anisotropies provide the most strin-
gent upper bounds on large-scale magnetic fields, yielding B0(1 Mpc) ≤ 10−9 Gauss [245–247].
On the other hand, high-energy γ-ray observations of distant blazars place a lower bound on
the strength of intergalactic magnetic fields, requiring B0(1 Mpc) ≥ 10−17 Gauss [248–251].
Identifying viable mechanisms for the generation of these primordial magnetic seed fields is
therefore crucial for understanding the origin of the magnetized Universe observed today.

Several mechanisms have been proposed for the generation of primordial magnetic fields,
depending on the cosmological epoch and the underlying microphysics responsible for their
origin. The properties of the generated magnetic fields, including their amplitude and spectral
shape, depend sensitively on the background dynamics and the nature of the couplings involved.
Below, we present a structured overview of the most widely studied magnetogenesis scenarios
in the literature.

• Inflationary Magnetogenesis: Inflation provides a natural framework for generating
magnetic fields on cosmological (super-horizon) scales. However, standard electromag-
netism is conformally invariant, which prevents the amplification of magnetic fields in
a conformally flat FRW background. To overcome this limitation, conformal invariance
must be broken by introducing additional couplings to the gauge field. One commonly
studied class of models involves kinetic coupling, where the interaction Lagrangian
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takes the form L = −1
4I

2(ϕ)FµνF
µν or L ∝ γI2(ϕ)FµνF̃

µν [47, 85, 235, 237, 238, 238, 258–
262,262–274], with I(ϕ) depending on the inflaton or a spectator scalar field. For simplic-
ity, I(η) is often parametrized as a time-dependent function of the form I(η) ∝ ηα, where
α is a free parameter [235, 238]. Another well-studied scenario involves axial (parity-
violating) coupling, L ∝ − α

fϕ
ϕFµνF̃

µν [221,275–282], where ϕ is an axion-like inflaton
field, leading to the generation of helical magnetic fields. Additionally, curvature cou-
pling models, such as L ∝ RFµνF

µν or RµνA
µAν , have also been explored [85].

• Magnetogenesis during Cosmological Phase Transitions: Cosmological phase
transitions in the early Universe, such as the electroweak and quantum chromodynam-
ics (QCD) transitions, provide natural environments for the generation of primordial
magnetic fields [47, 231, 283–295]. If a phase transition is of first order, the nucleation,
expansion, and collision of true-vacuum bubbles drive strong out-of-equilibrium dynam-
ics. These processes lead to charge separation, plasma turbulence, and the generation of
electric currents, which can efficiently source magnetic fields through causal magnetohy-
drodynamic mechanisms [288, 292, 296]. The coherence length of the generated fields is
limited by the horizon size at the time of the transition. In the presence of CP-violating
interactions, the resulting magnetic fields may acquire non-zero helicity, triggering an
inverse cascade that transfers magnetic power to larger scales [47, 297, 297–300]. The
resulting magnetic field spectra are typically blue-tilted and depend on the transition
temperature, latent heat, and duration of the phase transition. Such magnetic fields
also act as sources of anisotropic stress, potentially leaving observable imprints in the
stochastic gravitational wave background [231,284–286,301].

• Topological Defects: Topological defects [287, 302], such as cosmic strings [303–307],
domain walls [308], and monopoles [309], can form during symmetry-breaking phase tran-
sitions in the early Universe and provide natural sites for magnetic field generation. The
non-equilibrium dynamics associated with the formation, evolution, and decay of these
defects can induce electric currents and vorticity in the surrounding primordial plasma,
thereby sourcing magnetic fields through causal magnetohydrodynamic processes. In par-
ticular, superconducting cosmic strings can carry persistent currents along their cores,
directly generating magnetic fields in the ambient medium. More generally, the motion
and interaction of defect networks can stir the plasma, leading to turbulent flows that
further amplify magnetic fields. Since these processes are causal, the resulting magnetic
fields are correlated on sub-horizon scales determined by the defect dynamics and the
symmetry-breaking scale, and typically exhibit blue-tilted spectra. These magnetic fields
may also source anisotropic stress, leaving imprints on cosmological observables, including
the stochastic gravitational wave background.

• Higher-Order Cosmological Perturbations: Higher-order cosmological perturba-
tions naturally break the conformal invariance of the gauge field, leading to the excita-
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tion of gauge fields from the vacuum [233, 310]. In this context, velocity perturbations
and relative velocities between oppositely charged particles can induce magnetic fields [].
Although this mechanism can generate magnetic fields on all scales, the resulting field
strengths are typically very weak. Nevertheless, such magnetic fields are unavoidable and
can serve as a minimal primordial magnetic field background.

Among the proposed scenarios, inflationary magnetogenesis and the subsequent post-inflationary
dynamics provide natural frameworks for generating magnetic fields on cosmological scales [311].
These mechanisms typically require the breaking of the conformal invariance of standard elec-
tromagnetism, which can be achieved through couplings to scalar fields, spacetime curvature,
or higher-order operators. Depending on the specific model, the generated magnetic fields may
exhibit distinctive spectral features and correlation properties, potentially leading to observable
imprints such as a stochastic background of gravitational waves. Before discussing in detail the
generation of large-scale magnetic fields during inflation, it is therefore useful to first provide
an overview of how current observational data can be used to place constraints on the strength
of primordial magnetic fields.

3.2 Observational Constraints on Large-Scale Magnetic
Fields

A wide range of astrophysical and cosmological observations provide important constraints
on the strength, coherence length, and origin of large-scale magnetic fields. Since magnetic
fields can influence the dynamics of the Universe at different epochs, from the early radiation-
dominated era to the present day, these observations probe magnetic fields across a broad range
of length scales and cosmic times.

One of the most powerful probes of large-scale magnetic fields is the Cosmic Microwave
Background (CMB). Primordial magnetic fields contribute to the energy–momentum tensor
and act as a source of scalar, vector, and tensor perturbations. Consequently, they modify
the temperature and polarization anisotropies of the CMB. In particular, magnetic fields can
generate vector modes, which are otherwise absent in standard cosmology, and contribute
to B-mode polarization. Measurements of the CMB angular power spectra therefore place
stringent upper bounds on the amplitude of primordial magnetic fields, typically constraining
the comoving field strength smoothed on megaparsec scales to be at most of order nanogauss.
In addition, magnetic fields present during recombination induce Faraday rotation of the CMB
polarization, leading to a frequency-dependent mixing of E- and B-modes, which provides an
independent and complementary constraint.

Additional constraints arise from Big Bang Nucleosynthesis (BBN). Magnetic fields present
in the early Universe contribute to the total energy density and can alter the expansion rate
during the nucleosynthesis epoch. This affects the predicted abundances of light elements.
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The agreement between theoretical predictions and observed primordial abundances therefore
limits the magnetic energy density during BBN, providing indirect but robust constraints on
primordial magnetic fields at very high redshifts.

Observations of Faraday rotation measures of distant extragalactic radio sources offer an-
other important probe of large-scale magnetic fields, particularly in the intergalactic medium.
As linearly polarized radiation propagates through a magnetized plasma, the plane of polar-
ization is rotated by an amount proportional to the line-of-sight component of the magnetic
field and the free-electron density. Statistical analyses of rotation measures, after accounting
for Galactic and source contributions, constrain the amplitude and coherence length of mag-
netic fields on cosmological scales, typically yielding upper limits in the nanogauss range for
megaparsec-scale fields.

Gamma-ray observations of distant blazars provide a unique and complementary method
to probe extremely weak intergalactic magnetic fields. High-energy gamma rays emitted by
blazars interact with the extragalactic background light, producing electron–positron pairs
that subsequently upscatter Cosmic Microwave Background photons to GeV energies. The
presence of intergalactic magnetic fields deflects these charged particles, suppressing or delaying
the secondary gamma-ray signal. The non-observation of such cascade emission has been
interpreted as evidence for a lower bound on the intergalactic magnetic field strength, typically
in the range 10−17–10−15 G, depending on the magnetic field coherence length.

Large-scale magnetic fields may also influence the formation and evolution of cosmic struc-
tures. Magnetic pressure and Lorentz forces can modify the growth of density perturba-
tions, leaving imprints on large-scale structure observables such as the matter power spectrum,
galaxy clustering, and the Lyman-α forest. While these constraints are generally more model-
dependent, they provide additional upper limits on magnetic fields on megaparsec scales.

Taken together, these observational probes place strong and complementary constraints on
large-scale magnetic fields over a wide range of epochs and length scales. While CMB and
large-scale structure observations primarily provide upper limits on primordial magnetic fields,
gamma-ray observations yield lower bounds on intergalactic fields in the late Universe. These
constraints significantly restrict viable scenarios of cosmic magnetogenesis and motivate the
study of additional observational signatures, such as gravitational waves sourced by magnetic
fields, which will be discussed in subsequent sections.

3.3 Inflationary Magnetogenesis

Within the framework of inflationary cosmology, it is widely conjectured that the present-
day large-scale magnetic fields, much like dark matter, may originate as cosmological relics
from the early Universe. In particular, primordial magnetic fields can be generated through
the inflationary dynamics of the electromagnetic (EM) field when its conformal invariance is
broken via non-minimal couplings.
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As a generic framework for inflationary magnetogenesis, we begin by considering the fol-
lowing Lagrangian [264,312]:

L = Lg + Lgs + LgA. (3.1)

Here, Lg represents the purely gravitational sector, while Lgs describes the gravitational in-
teractions of a massive scalar field. Since the standard electromagnetic action is conformally
invariant, an additional interaction term is required to break this invariance and enable the
generation of electric and magnetic fields during inflation. This is achieved by introducing a
coupling function f1,2(ϕ,R) in the electromagnetic sector LgA, which takes the form

LgA = −1
4

√
−ggµνgαβf 2

1 (φ,R)FµαFνβ − 1
4

√
−ggµνgαβf 2

2 (φ,R)FµαF̃νβ (3.2)

= −1
4

√
−gf 2

1 (φ,R)FµνF
µν − 1

4
√

−gf 2
2 (φ,R)FµνF̃

µν . (3.3)

The total Lagrangian corresponding to Eq. (3.1) can then be written as [312]

L = 2κ−2√−gR +
√

−g [gµν(Dµφ)∗(Dνφ) − V (φ)]

− 1
4

√
−gf 2

1 (φ,R)FµνF
µν − 1

4
√

−gf 2
2 (φ,R)FµνF̃

µν . (3.4)

Since all fundamental charged particles are produced after inflation during the reheating
epoch, the covariant derivative can be simplified during inflation by replacing Dµ = ∂µ + ieAµ

with Dµ = ∂µ. Consequently, the Lagrangian reduces to

L = 2κ−2√−gR +
√

−g [gµν(∂µφ)∗(∂νφ) − V (φ)]

− 1
4

√
−gf 2

1 (φ,R)FµνF
µν − 1

4
√

−gγf 2
2 (φ,R)FµνF̃

µν . (3.5)

The total action of the system is therefore given by [221,313]

S = Sg + Sgs + SgA

=
∫
d4x

√
−g

2κ−2R + [gµν(∂µφ)∗(∂νφ) − V (φ)] − 1
4f

2
1 (φ,R)FµνF

µν − 1
4γf

2
2 (ϕ,R)FµνF̃

µν

.
(3.6)

Here, φ is identified with the inflaton field, and R denotes the Ricci scalar. The electro-
magnetic field strength tensor is defined as Fµν = ∂µAν − ∂νAµ, while its dual is given by
F̃ µν = 1

2ϵ
µναβFαβ, with ϵµναβ = 1√

−g
ηµναβ. The functions f1 and f2 represent arbitrary con-

formal symmetry–breaking couplings. For simplicity, we assume f1(φ,R) = f2(φ,R), and γ is
introduced as a parity-violating parameter.

The four-vector potential can be decomposed as Aµ = (A0, ∂iS + Vi). Working in the
Coulomb gauge, defined by A0 = 0 and ∂iV

i = 0, and adopting the spatially flat FLRW metric

TH-4115_206121111



3.3. Inflationary Magnetogenesis 69

in conformal coordinates,

ds2 = a(η)2
(
−dη2 + dx2 + dy2 + dz2

)
, (3.7)

The action takes the form

S =
∫
d4x

√
−g

(
2κ−2R + [gµν(∂µφ)∗(∂νφ) − V (φ)]

+ 1
a4

{
f 2

1 (φ,R)
(1

2A
′
iA

′
i − 1

2∂iAj∂iAj

)
+ γf 2

1 (φ,R)ηijkA′
i∂jAk

})
. (3.8)

Owing to the conformal structure of the electromagnetic sector, the action in Eq. (3.8)
becomes independent of the scale factor. Spatial indices are raised and lowered using the
Kronecker delta. Expanding the vector potential in Fourier space,

Ai(η, x) =
∑
λ=±

∫ d3k

(2π)3 ϵ
λ
i (k)eik·xuλ

k(η), (3.9)

with the reality condition uλ
−k = uλ∗

k , the polarization vectors ϵλ
i (k) satisfy

ϵλ
i (k)ki = 0, δijϵλ

i (k)ϵλ′

j (k) = δλλ′
.

The corresponding mode functions obey the equation of motion [221,235,238,264–266,314]

u
(λ)′′

k + 2f
′
1
f1
u

(λ)′

k + 2γλkf
′
1
f1
u

(λ)
k + k2u

(λ)
k = 0, (3.10)

where the prime denotes differentiation with respect to conformal time η.
Defining the conjugate momentum πλ

k = f 2
1

(
uλ

k
′ + λγkuλ

k

)
, the Hamiltonian can be written

as

H = f 2
1
2

∑
λ=1,2

∫ d3k

(2π)3

(
uλ∗′

k uλ′

k + k2uλ∗
k u

λ
k

)
. (3.11)

Upon quantization, the field variables are promoted to operators and expressed in terms of
time-dependent creation and operators [262,311] as

πλ
k = −if1

√
k

2(aλ
k − aλ†

−k) ; uλ
k = 1

f 1

√
1
2k (aλ

k + aλ†
−k), (3.12)

with the canonical commutation relation

[aλ′

k , a
λ†
k′ ] = (2π)3δλλ′

δ(3)(k − k′).
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The Hamiltonian for each mode k then becomes [262,311]

Hk = k

4
∑

λ

(
aλ†

k a
λ
k + aλ

−ka
λ†
−k + cc

)
=
∑

λ

k

2
(
aλ†

k a
λ
k + aλ

ka
λ†
k

)
, (3.13)

which is diagonal. The time evolution of the system can be described using Bogoliubov trans-
formations,

aλ
k(τ) = αλ

k(τ)aλ
k(0) + βλ∗

k (τ)aλ†
−k(0),

where the Bogoliubov coefficients satisfy |αλ
k |2 − |βλ

k |2 = 1. The quantity |βλ
k |2 corresponds to

the number density of photons produced from the vacuum. The explicit forms of the Bogoliubov
coefficients are consistent with the normalization condition

f 2
1

(
uλ

ku
′∗λ
k − u∗λ

k u
′λ
k

)
= i,

are given by [237]

αλ
k = f1

√k
2u

λ
k + i√

2k
u

′λ
k

 , βλ
k = f1

√k
2u

λ
k − i√

2k
u

′λ
k

 . (3.14)

The electric and magnetic power spectra can be expressed in terms of the mode functions
as [237]

PE = f 2
1k

3

4π2a4

∑
λ=±

|uλ′

k |2, PB = f 2
1k

5

4π2a4

∑
λ=±

|uλ
k |2. (3.15)

To facilitate solving the mode equation, we introduce a new field variable V(λ)
k = f1u

(λ)
k ,

under which Eq. (3.10) transforms into [235,238,264–267,314,315]

V(λ)′′

k +
(
k2 − f ′′

1
f1

+ 2γλkf
′
1
f1

)
V(λ)

k = 0. (3.16)

In terms of this transformed variable, the electric and magnetic power spectra become [235,
236,238,266]

PB(k) = k5

4π2a4

∑
λ=±

|V(λ)
k |2, PE(k) = k3

4π2a4

∑
λ=±

∣∣∣∣∣V(λ)
k

′
− f ′

1
f1

V(λ)
k

∣∣∣∣∣
2

. (3.17)

Using these observables, we will first compute the electromagnetic spectra in a de Sitter
inflationary background without specifying a particular inflationary model, and subsequently
derive constraints on the magnetogenesis parameters from present-day large-scale magnetic
field (LSMF) bounds.
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3.3.1 Evolution of the Electromagnetic field during Inflation:

To solve the evolution of the gauge field during inflation, we have to know the exact nature
of the coupling function. For simplicity, we conisder a simple power-law type behaviour of the
coupling dunction which is defined as [235–238,262,266,311]

f1(η) =
(a/ae)n for a ≤ ae

1 for a > ae
(3.18)

where ae is the scale factor defined at the end of inflation, i.e., η = ηe, where ηe is the conformal
time defined at the end of inflation. No,w depending on the nature of the coupling, which is
mainly defined by the parameter n, the behavior of the magnetic field will get modified [222,
236, 238, 262]. Throughout our analysis, we simply consider de-sitter inflationary background
where the evolution of the scale factor is governed by a(η) ≃ −1/(Heη). So in the de-sitter
inflationary background, we can express the function formed of the coupling function in terms
of the conformal time η as [117,235–238,262,266,311,316]

f1(η) =
(ηe/η)n for a ≤ ae

1 for a > ae
(3.19)

Now, if we look into Eq.(3.16), depending on the γ parameter, either we get a non-helical
magnetic field for γ = 0, or we get a helical magnetic field for a non-zero value of γ, i.e., γ ̸= 0.
We are going to discuss these two scenarios separately.

Non-helical magnetic field: To get a non-helical magnetic field, we consider γ = 0, and
then the equation of motion of the modified mode function is [221,235,238,264–266,314]

V(λ)′′

k +
(
k2 − f ′′

1
f1

)
V(λ)

k = 0. (3.20)

Replacing f ′′
1 /f1 = n(n+ 1)/η2 in the above Eq.(3.20), we obtain

V ′′
k +

(
k2 − n(n+ 1)

η2

)
Vk = 0 (3.21)

The general solution of the above equation can be written in term of Bessel function [235,238,
266,314]

Vk(η) =
√

−η
{
c1Jn+ 1

2
(−kη) + c2Yn+1/2(−kη)

}
(3.22)

To determine the values of c1 and c2, we impose the Bunch-Davies initial condition, assuming
that all observed modes today were deep inside the Hubble horizon at the beginning of inflation.
In the sub-horizon limit | − kη| → ∞, the solution of the gauge field reduces to a simple plane
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wave Vk(−kη → ∞) ≃ e−ikη/
√

2k. Using this as an initial condition, we obtain the integration
constants c1 and c2 as [235]

c1 =
√
π

4k
exp(iπn/2)
cos(−πn) , c2 =

√
π

4k
exp(iπ(1 − n)/2)

cos(−πn) . (3.23)

Combining these results, we express the solution of the gauge field during inflation in terms of
the Hankel function as [117,235,236,238]

Vk(η) =
√

−πη

4 ei(n+1/2)π/2H(1)
n+ 1

2
(−kη). (3.24)

Now replacing this value in the above Eq.(3.17), we can write the electric and magnetic power
spectrum during inflation is [117,235–238]

P inf
B (k, η) = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n+ 1
2
(−kη)

∣∣∣∣2 (3.25a)

P inf
E (k, η) = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n− 1
2
(−kη)

∣∣∣∣2 (3.25b)

As we are mainly interested on the large scale modes which had exit the horizon during inflation,
i.e., k < ke, so all the we are interested on, are outside the horizon at the end of inflation. So
if we take the super-horizon limit −kη < 1, then at the end of inflation i.e., η = ηe, we can
approximate the magnetic and electric power spectrum as [117,235–238]

P inf
B (k, η) = H4

e
8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4

P inf
E (k, η) = H4

e
8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6

 for n > 1
2 , (3.26)

P inf
B (k, η) = H4

e
8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6

P inf
E (k, η) = H4

e
8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4

 for n < −1
2 . (3.27)

From the above, we have found that depending on the nature of the coupling parameter n, the
nature of the magnetic field and electric field spectral behavior get modified.

Backreaction and Strong Coupling problem: In models featuring a coupling of the form
f 2

1FµνF
µν , the effective electromagnetic gauge coupling is given by αem = e2/f 2

1 . Consequently,
if the coupling function satisfies f1 ≪ 1 at the beginning of inflation, the effective gauge
coupling becomes very large. This places the system in the strong coupling regime, rendering
the perturbative treatment of the gauge field unreliable. Conversely, if the scenario is initialized
with f1 ≫ 1 and evolves toward f1 = 1 by the end of inflation, thus restoring conformal
symmetry, the effective gauge coupling remains small throughout, with αem ≲ e2. In such
cases, the model avoids the strong coupling problem.

TH-4115_206121111



3.3. Inflationary Magnetogenesis 73

For the specific choice of the coupling function discussed in Eq. (3.18), we find that for n > 0,
the initial value of the function is very small, f1(ηi) ≪ 1, where ηi denotes the beginning of
the inflationary era. This implies that models with n > 0 generally suffer from strong coupling
issues at early times. In contrast, for n < 0, the coupling function starts with a large value,
avoiding the strong coupling problem altogether. As discussed in Eq. (3.27), for the regime
n < −1/2, the electric and magnetic power spectra exhibit the following behavior

P inf
B (k, η) = H4

e
8π

Γ2
(
|n| − 1

2

)
22|n|−1

π2 (−kη)nE+2, (3.28)

P inf
E (k, η) = H4

e
8π

22|n|+1Γ2
(
|n| + 1

2

)
π2 (−kη)nE , (3.29)

where nE = 4 − 2|n| denotes the spectral index of the electric field. From the above discussion,
it is evident that a scale-invariant magnetic power spectrum requires n = −3. For this specific
choice of the coupling parameter, the electric spectrum scales as PE(k, η) ∝ (−kη)−2, implying
that in the limit | − kη| → 0, the energy density of the electric field diverges. Consequently,
the electric energy density may exceed the inflationary background energy density by the end
of inflation. Therefore, the choice n = −3 leads to a significant backreaction problem.

This consideration imposes both upper and lower bounds on the coupling parameter n. Be-
yond a certain threshold, the backreaction becomes negligible and the model remains consistent.
To determine the lower bound on n, one must compute the total energy density associated with
the electromagnetic field at the end of inflation, i.e., at conformal time η = ηe. For n < 0, the
total energy density of the electromagnetic field is given by

ρinf
EM =

∫ ke

k∗
d ln(k) × PB/E(k, ηe) ≃ H4

e
8π

22|n|+1Γ2
(
|n| + 1

2

)
π2

(1 − (k∗/ke)nE)
nE

. (3.30)

To compute the total electromagnetic energy density, we integrate over the comoving wavenum-
ber k in the range k∗ ≤ k ≤ kend, where k∗ is the pivot scale corresponding to large wavelengths
observable in the CMB, and kend is the smallest scale that exits the horizon at the end of in-
flation. We take the ultraviolet cutoff to be kUV,c = kend, as only those modes that exit the
horizon during inflation are excited via the coupling; modes that remain subhorizon throughout
inflation stay in the Bunch-Davies vacuum and do not contribute to the observable magnetic
field strength.

By requiring that the total energy density of the electromagnetic field remains subdominant
compared to the background inflationary energy density at the end of inflation, we find that
the coupling parameter must satisfy n ≥ −2.2, assuming an inflationary energy scale Hinf ≃
10−5MP and an inflationary duration of Ninf ≃ 55, where Ninf denotes the number of e-folds
between horizon exit of the pivot scale and the end of inflation. Thus, to simultaneously
avoid both the backreaction and strong coupling problems, the allowed range for the coupling
parameter is −2.2 ≤ n < 0. Within this range, the magnetic power spectrum is always blue-
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tilted. For instance, at n = −2, the electric power spectrum becomes scale-invariant, while
the magnetic power spectrum scales as PB(k, ηe) ∝ k2, indicating that most of the magnetic
energy is concentrated near the cutoff scale k ≃ kend. As a result, the amplitude of large-scale
magnetic fields is suppressed at the end of inflation.

3.3.2 Effect of Schwinger Pair Production

One important effect that may influence the evolution of primordial electromagnetic fields is
the Schwinger production of charged particle–antiparticle pairs. In inflationary magnetoge-
nesis models based on a time-dependent gauge kinetic function, a sufficiently strong electric
field can trigger non-perturbative pair production from the vacuum. The produced charged
particles induce an electric current, which acts as an effective conductivity of the medium. As
a result, the conductivity introduces an additional damping term in the gauge-field equation of
motion and can suppress the further amplification of the electromagnetic field. Therefore, it is
important to examine whether the Schwinger effect significantly modifies the magnetogenesis
scenario considered in this thesis.

We begin with the gauge-field action

SA = −1
4

∫
d4x

√
−g I2(ϕ)FµνF

µν , (3.31)

where I(ϕ) is the gauge kinetic function. The time evolution of I(ϕ) breaks the conformal
invariance of electromagnetism and leads to the amplification of gauge-field fluctuations during
inflation and reheating.

Ignoring the induced conductivity, the Fourier modes of the gauge field satisfy

A′′
k + 2I

′

I
A′

k + k2Ak = 0. (3.32)

When the generated electric field becomes sufficiently strong, charged particles are produced
through the Schwinger mechanism. These particles generate an induced conductivity σ, and
the gauge-field equation is modified to

A′′
k +

(
2I

′

I
+ aσ

I2

)
A′

k + k2Ak = 0. (3.33)

The Schwinger effect becomes important when the conductivity term is comparable to or
larger than the amplification term. Therefore, the gauge-field evolution remains essentially
unaffected provided

2I
′

I
≫ aσ

I2 . (3.34)

To estimate the induced conductivity, we follow Ref. [?]. In the relativistic regime, the
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conductivity can be approximated as

σ ≃ 2ene

E
, (3.35)

where ne is the number density of the produced charged particles. The evolution of n is
governed by

n′
e + 2Hne = 2aΓ, (3.36)

where Γ denotes the Schwinger pair-production rate. For a nearly constant electric field,

Γ ≃ (eE)2

4π3 exp
(

−πm2

eE

)
, (3.37)

with m being the fermion mass.
Assuming that the production process reaches a quasi-steady state, one may estimate ne ≃

Γ
H

, which gives

σ ≃ e3E

2π3H
exp

(
−πm2

eE

)
. (3.38)

Since the gauge field is kinetically coupled through I(ϕ), the effective gauge coupling is
given by eeff = e

I
. Consequently, the conductivity term entering Eq. (3.33) is suppressed by the

coupling function. For the class of models considered in this thesis, where the coupling evolves
as I(η) ∝ ηn, the condition in Eq. (3.34) can be written approximately as

2n ≳
e3

2π3I2 exp
(

−πm2

eE

)
. (3.39)

Equation (3.39) shows that the importance of the Schwinger effect depends on both the
fermion mass and the coupling function. For heavy charged particles satisfying m ≫ H,
the exponential factor strongly suppresses pair production, making the induced conductivity
negligible. On the other hand, light charged particles can produce a sizable conductivity, which
may significantly affect the gauge-field evolution.

Throughout this thesis, we restrict our analysis to coupling functions satisfying I(η) ≥ 1 in
order to avoid the strong-coupling problem. Moreover, we consider magnetogenesis parameters
n > 1/2, which are required to generate sufficiently strong magnetic fields. Within this pa-
rameter space, the effective gauge coupling remains sufficiently small, and the Schwinger effect
is expected to have only a limited impact during most of the evolution. Nevertheless, as the
coupling function approaches unity near the end of inflation or reheating, the induced conduc-
tivity can become important and partially suppress the amplification of the electromagnetic
field. Therefore, the Schwinger effect is expected to mainly affect modes leaving the horizon
close to the end of inflation, or equivalently, modes amplified near the end of reheating in the
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sawtooth coupling scenario.
A complete treatment of the Schwinger effect requires solving the coupled evolution of the

gauge field, the induced current, and the produced charged particles self-consistently. Such an
analysis is beyond the scope of the present thesis and is left for future investigation.

Results for Inflationary Magnetogenesis (Non-helical): As discussed earlier, in order
to avoid the strong-coupling problem in this class of magnetogenesis scenarios, we restrict
ourselves to the parameter range −2.2 < n < 0. For this choice of parameters, the magnetic
power spectrum behaves as P inf

B (k, η) ∝ k6−2|n|, which implies that the resulting magnetic
spectrum is always blue-tilted.

For simplicity, we consider an instantaneous reheating scenario. We assume that imme-
diately after the end of inflation, the Universe becomes highly conductive, leading to a rapid
suppression of the electric field, while the magnetic field is frozen on super-horizon scales. Un-
der these assumptions, the present-day magnetic field strength evaluated at the 1 Mpc scale
can be expressed as [117]

B0(1 Mpc−1) ≃ 6.74 × 10−10 2|n|− 1
2 Γ
(

|n| − 1
2

)(1 Mpc−1

ke

)3−|n|

Gauss . (3.40)

We find that both the spectral shape and the present-day amplitude of the generated magnetic
field are highly sensitive to the choice of the coupling parameter n. In particular, variations in
n affect not only the tilt of the magnetic power spectrum but also the overall normalization of
the magnetic field strength today. A precise determination of the present-day magnetic field
predicted by the model therefore requires a detailed understanding of the reheating dynamics
and the subsequent evolution of the electrical conductivity. These aspects will be discussed in
Chapter 3.

In this work, we focus on an instantaneous reheating scenario. Adopting the upper bound
on the tensor-to-scalar ratio, r0.05 ≃ 0.036, together with the scalar amplitude at CMB scales,
As ≃ 2.1 × 10−9 [11], we infer a Hubble scale during inflation of He ≃ 10−5 MP. Substituting
these values into Eq. (2.69), we find that the total duration of inflation corresponds to Ninf ≃ 59
e-folds.

As an illustrative example, using this value in Eq. (3.40), we obtain a present-day magnetic
field strength at the 1 Mpc scale of B0(1 Mpc) ≃ 7.4 × 10−34 G for n = −2, where the magnetic
spectrum is blue tilted. For n = −1.9, the predicted field strength is further suppressed,
yielding B0(1 Mpc) ≃ 2.5 × 10−36 G. The corresponding results for other values of the coupling
parameter n in the instantaneous reheating scenario are summarized in Table 3.1.

Helical-magnetic field:

For the helical magnetogenesis scenario, we consider the coupling function to be of the form
f1(φ,R) = f2(φ,R), where the behaviour of the coupling function f1(φ,R) is defined in
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n −2.1 −2.0 −1.9 −1.8 −1.7
B0(1 Mpc) (in Gauss) 2.2 × 10−31 7.4 × 10−34 2.5 × 10−36 8.7 × 10−39 3.06 × 10−41

Table 3.1: In this table, we list the present-day magnetic field strength evaluated at the 1 Mpc
scale for different values of the coupling parameter n, assuming an instantaneous reheating
scenario.

Eq. (3.19). Using this functional form of the coupling function, the equation of motion for
the mode function V(λ)

k = f(ϕ,R)u(λ)
k can be written as [235,238,266]

V̈(λ)
k (z) +

[ 1
z2

(1
4 − (n+ 1/2)2

)
+ κ

z
− 1

4

]
V(λ)

k (z) = 0. (3.41)

Here, the new variables are defined as z = 2ikη and κ = inγλ, and the over-dot denotes
differentiation with respect to the newly defined dimensionless variable z.

The solution of Eq. (3.41) is given by the well-known Whittaker function [266],

V(λ)
k = C1Wκ,(n+1/2)(z) + C2W−κ,(n+1/2)(−z). (3.42)

To determine the constants C1 and C2, we impose the Bunch–Davies initial condition, which
assumes that all modes observed today were deep inside the Hubble horizon during inflation.
In the sub-horizon limit | − kη| → ∞, the mode function reduces to a simple plane wave,
V(λ)

k,BD = e−ikη/
√

2k. Using this as the initial condition in Eq. (3.42), we obtain [235,238,266]

V(λ)
k (η) = 1√

2k
eiπκWκ,(n+1/2)(2ikη). (3.43)

To study the spectral behavior of the generated electric and magnetic fields in this magne-
togenesis scenario, we simplify Eq. (3.43) in the super-horizon limit, i.e., | − kη| ≪ 1. In this
limit, the Whittaker function reduces to [238,266]

lim
z≪1

Wλ,µ(z) → Γ(−zµ)
Γ
(

1
2 − λ− µ

)z 1
2 +µ + Γ(zµ)

Γ
(

1
2 − λ+ µ

)z 1
2 −µ. (3.44)

Using this asymptotic form in the solution given in Eq. (3.43), one can derive the electric and
magnetic power spectra at the end of inflation for super-horizon modes as [238]

P inf
E (k) = H4

e
4π2

cosh (nπγ)
(1 + γ2)22|n|−2

Γ2(2|n|
Γ2(|n| − i|n|γ)(kηe)4−2|n| (3.45a)

P inf
B (k) = H4

e
4π2

cosh (nπγ)
(1 + γ2)22|n|−2

Γ2(2|n|
Γ2(|n| − i|n|γ)(kηe)4−2|n|

{
γ2 + (1 + 2nγ2)2

(2n− 1)2 (kηe)2
}

(3.45b)

Here we find that both the electric field and the magnetic field exhibit the same spectral
behavior, where the electric and magnetic spectral indices are governed by nB = nE = 4 − 2|n|.
Most interestingly, we also observe that when we set γ = 0, the solution exactly matches the
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non-helical case derived in Eq. (3.28), in which the magnetic field spectrum is more blue tilted
compared to the electric field spectrum.

To avoid the strong coupling problem, we restrict our analysis to the parameter range
−2.2 < n < 0. Furthermore, in order to avoid the backreaction issue, the parameters γ and the
coupling parameter n must be chosen in such a way that the energy density of the produced
electromagnetic fields remains smaller than the background energy density, i.e., ρinf

EM(ηe) ≤
ρφ(ηe). Here, ρφ(ηe) ≃ 3H2

eM
2
P denotes the inflaton energy density evaluated at the end of

inflation.

Present-day magentic field strength: In this specific kind of inflationary magnetogenesis
model, we have found that both the electric field and magentic field have same spectral be-
haviour as well as the amplitude of the electric field and magentic field expoentially depend on
the helicity parameter γ(̸= 0) and the coupling parameter n. If we simple assume instantineous
reheating scenarios with He ≃ 10−5MP then the effective duration of the inflationary era is
Ninf ≃ 59 (using Eq.(2.69)). Now utilizing this value in the above Eq.(3.45), we can write the
present-day magnetic field strength at large scale as

B0(1,Mpc−1) ≃ 1.6 × 10−9 Γ(2|n|) cosh(nπγ/2)
(1 + γ2)2|n|−1Γ(|n| − i|n|γ)

×

γ2 + (1 + 2nγ2)2

(2n− 1)2

(
1Mpc−1

ke

)2


1/2 (
1Mpc−1

ke

)nB/2

Gauss (3.46)

For a quantitative analysis, we first consider γ = 0 with n = −2.0. In this case, the present-
day magnetic-field strength at the 1 Mpc−1 scale is B0(1 Mpc−1) ≃ 7.4 × 10−34 Gauss, which
exactly matches the prediction of the non-helical magnetogenesis scenario. Next, for the same
value of the coupling parameter n = −2.0 but with γ = 0.1, we find that the present-day
magnetic-field strength at the 1 Mpc−1 scale is B0(1 Mpc−1) ≃ 5.6 × 10−10 Gauss. As the value
of γ is increased further, the magnetic-field strength grows exponentially.

Observations of the CMB temperature and polarization anisotropies impose stringent con-
straints on large-scale magnetic fields, requiring the present-day magnetic-field strength to
satisfy B0(1 Mpc−1) ≤ 10−9 Gauss [245–247, 317, 318]. Using this bound, we find that for
n = −2.0, corresponding to a scale-invariant magnetic field spectrum, the helicity parameter
is constrained to be γ ≤ γmax ≃ 0.2. If the magnetic spectral index is changed by varying the
value of n, the corresponding upper bound on the helicity parameter is significantly modified.
For instance, for a blue-tilted magnetic field with nB = 0.2, and assuming an instantaneous
reheating scenario, the upper bound on the helicity parameter is relaxed to γmax ≃ 1.2.

In Fig. 3.1, we plot the present-day magnetic field strength B0(1 Mpc−1) as a function of the
magnetogenesis coupling parameter n (see Eq. (3.19)). For comparison, we consider both types
of magnetogenesis models: the solid curves correspond to the magnetic-field strength predicted
in the helical magnetogenesis scenario, while the dashed curve represents the prediction from
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Figure 3.1: In this figure, we plot the present-day magnetic-field strength at the 1 Mpc−1 scale
over a wide range of the magnetogenesis coupling parameter n, assuming an instantaneous
reheating scenario. We consider two types of magnetogenesis models: the solid curves corre-
spond to the helical magnetogenesis scenario, while the dashed curve represents the non-helical
magnetogenesis scenario. In the helical case, we consider four distinct values of the helicity
parameter, γ = 0.0, 0.1, 0.5, and 1.0, shown by four different colored solid curves. The black
dashed curve denotes the magnetic-field strength predicted by the non-helical magnetogenesis
model.

the non-helical magnetogenesis scenario. In the helical case, we consider four different values of
the helicity parameter, γ = 0.0, 0.1, 0.5, and 1.0, shown by different colors, whereas the black
dashed line denotes the non-helical magnetogenesis case.

We clearly observe that for γ = 0.0 both models yield identical results. This is expected,
since in the limit γ = 0.0 the equation of motion of the helical magnetic field (see Eq. (3.46))
reduces to that of the non-helical magnetic field (see Eq. (3.40)). As the value of γ increases,
the present-day magnetic-field strength also increases, reflecting its exponential dependence on
γ. Moreover, increasing |n| further enhances the generated magnetic-field strength due to its
exponential dependence on |n|.

The key difference between these two magnetogenesis scenarios is that for non-zero γ (̸= 0)
the helical magnetogenesis mechanism produces a significantly stronger magnetic field, which
can readily satisfy the observationally relevant present-day magnetic-field strength without
requiring any additional post-inflationary enhancement [117,237].
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Chapter 4

Probing Reheating Phase via Inflationary
Magnetogenesis Scenarios and Secondary Grav-
itational Waves

4.1 Introduction

In the previous chapter, we discussed the possible origin of large-scale magnetic fields. In
particular, we focused on their generation during the inflationary epoch, when the mode func-
tions exit the horizon. In the presence of a non-trivial coupling, the gauge field can become
excited, leading to the production of a significant amount of magnetic field. Specifically, we
considered a class of models in which the gauge field is kinetically coupled to the background
through an interaction term of the form f 2

1 (η)FµνF
µν , or through an axial coupling of the

form γf 2
1 (η)FµνF̃

µν . These scenarios are commonly referred to as Ratra-type magnetogenesis
models. In such models, it has been shown that explaining the observed large-scale magnetic
fields with the coupling f 2

1 (ϕ)FµνF
µν typically leads to either the strong-coupling problem or

the backreaction problem. In this chapter, we demonstrate that both of these issues can be
alleviated by taking into account the post-inflationary evolution of the electromagnetic fields.

In this work, we show that large-scale magnetic fields can undergo a non-trivial evolution
after inflation, primarily governed by the electrical conductivity of the plasma and the duration
of the reheating phase. Since the thermal history of the Universe and the evolution of electrical
conductivity during reheating remain uncertain, we consider two extreme limiting cases:

1. a highly conducting plasma throughout the reheating epoch, and

2. a reheating phase characterized by negligible electrical conductivity.

We find that the present-day magnetic field strength can be significantly modified in both
scenarios, depending on the duration of reheating, which is controlled by the two parameters:
one is the reheating temperature denoted as Tre, and the other is the average EoS during
reheating, i.e., wre. In particular, in the limit of vanishing conductivity, the energy transfer
between electric and magnetic fields becomes efficient, especially on super-horizon scales. The
efficiency of this conversion is determined by the energy gap between the electric and magnetic
components. Remarkably, we identify a broad region of parameter space in which the observed
large-scale magnetic fields can be explained without encountering either the strong-coupling or
the backreaction problem.

We further investigate the observational imprints of inflationary magnetic fields on the
stochastic gravitational-wave (GW) background. The anisotropic stress of the electromagnetic
field acts as a source for tensor perturbations during the early stages of cosmic evolution [117,
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118, 220–222, 229, 232–234], as we already have discussed in chapter 2. We find that a non-
instantaneous reheating phase leaves distinctive signatures on the present-day GW spectrum
[117]. In particular, the spectrum exhibits a characteristic break at a frequency fre, which
is directly related to the reheating temperature. Moreover, the spectral shape of the GW
background depends not only on the electromagnetic spectral index but also on the average
equation of state wre during reheating [117]. Notably, for stiff-like reheating equations of state
(wre > 1/3), the GW spectrum develops multi-spectral features that could be probed by future
GW observatories such as LISA, DECIGO, and BBO.

This paper is organized as follows. First, we analyze the inflationary and post-inflationary
evolution of electric and magnetic fields in the limiting cases of vanishing and infinite elec-
trical conductivity, and identify the conditions under which large-scale magnetic fields can
be generated without strong-coupling or backreaction problems. We then study how the
electromagnetic-field–sourced GW spectrum is modified by reheating dynamics. Finally, we
demonstrate how spectral features of the GW background can be used to extract information
about the reheating history, including the average equation of state wre and the duration of
reheating, parameterized by the reheating temperature Tre.

4.2 Magnetogenesis: quantizing the gauge field and evo-
lution of its power spectrum

As we mentioned in this chapter, we consider a simple Ratra-type magnetogenesis model, in
which we can generate a non-helical magnetic field during inflation by introducing a time-
dependent coupling function. So the effective action for the electromagnetic field is [47, 85,
235,237,238,238,258,259,262–268]

SEM = −1
4

∫
d4x

√
−ggαβgµνf 2

1 (η)FµαFνβ. (4.1)

we recall that here Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor and Aµ is the vector
potnetial. To solve the gauge field, we simply assume a spatially flat FLRW metric, and we
are working on the Coulomb gauge. We can decompose the vector potential as

Ai(η,x) =
∑

λ=1,2

∫ d3k

(2π)3 ϵ
λ
i (k)eik.xuλ

k(τ), (4.2)

with the reality condition uλ
−k = uλ∗

k , the polarization vector ϵλ
i (k) corresponding to two modes

λ = 1, 2, and satisfies ϵλ
i (k)ki = 0 and ϵλ

i (k)ϵλ′
i (k) = δλλ′ . Whereas the electric and magnetic

power spectrum in term of mode function uλ
k is defined in Eq.(3.15).

Power spectrum can now be computed once we know the mode function uλ
k for a given

inflationary and magnetogenesis model. Since, (PE,PB) are connected to the direct physically
measurable quantities, we chose to take a slightly different but transparent approach by directly

TH-4115_206121111



4.2. Magnetogenesis: quantizing the gauge field and evolution of its power spectrum 82

solving the equations for comoving power spectrum (Pc
E = (a4/f 2

1 )PE,Pc
B = (a4/f 2

1 )PB) as

Pc′

E + 4f
′
1
f1

Pc
E = −Pc′

B (4.3a)

Pc′′

B + 2f
′
1
f1

Pc′

B + 2k2Pc
B = 2k2Pc

E. (4.3b)

The above equations clearly state that once the comoving magnetic power spectrum Pc
B is

known, Pc
E can be automatically obtained from the second equation, and vice versa. Hence,

it is sufficient to set the initial condition for the comoving magnetic spectrum, Pc
B|−kτ→∞ =

k4/4π2f 2
1 , which can be obtained by explicitly solving for the electromagnetic mode function,

(Eq.3.10) for uλ
k, and applying both the Bunch-Davis (BD) vacuum and normalization condi-

tions, namely uλ
k

∣∣∣
BD

= 1/(
√

2kf 2
1 )e−ikη.

4.2.1 Evolution of electromagnetic power spectrum through differ-
ent phases

Our main objective is to trace the evolution of the electromagnetic power spectrum from
the inflationary period to the current era and then compare it with the observed limit on
the magnetic power spectrum. To this end, we will examine the gravitational wave power
spectrum’s development in the presence of this electromagnetic source.

Evolution During inflation:

During Inflation, we assume the ansatz for the gauge coupling function as [237,238,262]

f1(η) =

(

a
ae

)n
for a ≤ ae

1 for a > ae
. (4.4)

Note that after the end of inflation set at ae, the coupling function becomes unity, which
restores the usual conformal symmetry of the electromagnetic field.

To solve for the spectrum analytically, we further assumed inflation to be approximately
de Sitter type, and with this assumption, the scale factor behaves as a = −1/Heη, where He is
the Hubble constant. With the above choice of gauge coupling function, one can easily obtain
the analytic solution for the magnetic power spectrum as

Pc
B = (a4/f 2

1 )PB = (−kη)1+2n(c1Hn+ 1
2
(kη)2 + c2|Hn+ 1

2
(kη)|2 + c3H

∗
n+ 1

2
(kη)2). (4.5)

Where c1, c2, c3 are the integration constants, and (Hn+1/2, H
∗
n+1/2) are the Hankel functions of

the first kind and their complex conjugate. The electric power spectrum can be easily computed
from Eq.(4.3). Since, in the asymptotic past limit, a4Pc

B|−kη→∞ = k4/4π2f 2
1 , one obtains the
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integration constants to be

c1 = c3 = 0 ; c2 = k4

8π

(
1

−kηe

)2n

. (4.6)

Once we obtain the expression for Pc
B, the corresponding electric counterpart can be obtained

from Eq.(4.3), and using Eq. (4.6), we get the final expressions for the electromagnetic power
spectrum [237] as,

P inf
B (k, η) = dρB

dln(k) = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n+ 1
2
(−kη)

∣∣∣∣2 , (4.7)

P inf
E (k, η) = dρE

dln(k) = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n− 1
2
(−kη)

∣∣∣∣2 . (4.8)

To analyse the power spectrum’s characteristics at the super-horizon scale, where all the rel-
evant modes are well outside the Hubble radius at the end of inflation, we consider the limit
where k/aHe << 1. Depending on the sign of n, we can express the electric and magnetic
power spectrum in a simpler form, as explained in [235,237,238]

P inf
B (k, η) = H4

e
8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4

P inf
E (k, η) = H4

e
8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6

 for n > 1
2 , (4.9)

P inf
B (k, η) = H4

e
8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6

P inf
E (k, η) = H4

e
8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4

 for n < −1
2 . (4.10)

After obtaining the power spectrum during inflation, we can use it as a boundary condition to
solve for the power spectrum during reheating. It is important to note that for n > 1/2, the
ratio of the two field strengths turns out to be P inf

B (k)/P inf
E (k) ∝ (kη)−2 ≫ 0. This immediately

suggests that, at the end of inflation, the magnetic field strength dominates over the electric
field strength for n > 1/2. However, it should be emphasized that the case n > 0 suffers from
a strong coupling problem. On the other hand, for n < 0, the situation is reversed: the electric
field strength dominates over the magnetic field strength, i.e. P inf

E (k)/P inf
B (k) ∝ (kη)−2 ≫ 0

and in this case there is no strong coupling issue. To estimate the magnetic field strength at
the end of inflation for a specific set of parameters, we consider an inflationary energy scale
of He ≃ 10−5MP and an inflationary duration corresponding to Ninf = 55 e-folds.Now we can
define the magnetic field strength at the end of inflation as B(k, ηe) =

√
P inf

B (k, ηe). For n = 2,
which corresponds to a scale-invariant magnetic spectrum, the field strength at a comoving
scale of k = 1 Mpc−1 is found to be Bn=2(1 Mpc−1) ≃ 1046 G. In contrast, for n = −2, where
the magnetic spectrum exhibits a scale-dependent behavior with Bn=−2 ∝ k, the field strength
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at the same scale is estimated as Bn=−2(1 Mpc−1) ≃ 1023 G. Notably, for scale-dependent
spectra, the field strength is influenced by the duration of inflation due to the factor (k/ke)nB ,
whereas for scale-invariant spectra, it remains independent of the inflationary duration.

Results for Inflationary Magnetogenesis: The strength of the electromagnetic power spec-
trum at the end of inflation is governed by equations (3.26),(3.27). Assuming an instantaneous
reheating scenario, and the inflationary Hubble parameter He ≃ 10−5MP, we can determine
the present-day magnetic field strength as follows:

B0(k) ≃ 1.84 × 10−12 G
(
k

ke

)2−|n|

×

 2n+ 1
2 Γ(n+ 1

2) for n > 1/2
2n− 1

2 Γ(n− 1
2) k

ke
for n < −1/2

. (4.11)

Notably, the case of n = 2 yields a scale-invariant magnetic field. Despite the scale-invariance,
it faces the challenge of the strong coupling problem due to the large effective electromagnetic
gauge coupling ∝ 1/f 2, at the onset of inflation. However, it can generate a magnetic field
strength of around ∼ 10−11 G. Note that such a strong magnetic field can have a sizable impact
on the tensor-to-scalar ratio, which we will discuss in the GW section. On the other hand,
the n = −2 coupling leads to a scale-dependent magnetic field strength is B0(1 Mpc−1) ≃
1.45 × 10−36 G, which is very small compared with the current observational bound on the 1
Mpc scale [319–321].

As we already have discussed the backreaction and strong coupling issue, for this kind
of model in 3, where we have found that n > 0 have issue with storng coupling, but they
effectively produced sontroger magnetic field at large scale, where as −2.2 < n < 0 brnace has
not issue with strong coupling and backreaction issue, but the produced magnetic field strength
is quite low, as with in this range, the produced magnetic field strongly blue tilted, so most of
the magnetic energy density store in the high frequency. So to avoid the strong coupling and
backreaction issue, we restated our analysis within the limit −2.2 < n < 0.

In the following section, we explore how reheating scenarios involving negligible or low
electrical conductivity (EC) can enhance the magnetic field through induction effects (see, for
instance, [311]).

4.2.2 Evolution During reheating phase:

During reheating, we now consider two extreme cases with regard to the electrical conductivity
of the background medium.

1. High-Conductivity approximation: This is the conventional and well-studied sce-
nario where all fundamental charged particles are efficiently produced immediately after
inflation and get instantaneously thermalised, and the high-temperature background re-
sults in a very large electrical conductivity of the universe. In this high-conductivity
limit, the rapid response of the charged particles causes the electric field to decay almost
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instantaneously, effectively removing it from the post-inflationary dynamics. As a result,
during reheating, only the magnetic field survives. This can be easily understood from
the dynamical equation

Pc′

E + 2σPc
E = −Pc′

B (4.12a)
Pc′′

B + σPc′

B + 2k2Pc
B = 2k2Pc

E. (4.12b)

We assume the background conductivity σ to be constant. Before we embark, on few
points are in order. In the above evolution equation for the comoving electromagnetic
power spectrum during reheating, we assume the gauge coupling function f1(η) = 1 (see
Eq.(4.4)) after the end of inflation a > ae. Further, the equations do not explicitly depend
on the scale factor, and that is due to the underlying conformal invariance of the gauge
fields. During reheating, there is no coupling term to break the invariance like the one in
Eq.(4.1). Our goal is to work in the large conductivity limit. It can be seen that in the
limit σ → ∞, and large scale k → 0, the consistent solution of the above set of equations
would be

Pc
E(η) ≈ 0 =⇒ |E|2 ≈ 0,

Pc
B(η) ≈ B =⇒ |B|2 ≈ B

a(η)4 .

Where the integration constant B = a4
ePc

B(ηe) is calculated at the time of inflation end.
The present-day magnetic field spectrum P0

B with the field strength B0 can therefore be
calculated as

a4
0P0

B(k) ≃ a4
reB =⇒ B0 ≃

√
Ba2

e
a2

0
. (4.13)

We restrict our analysis to parameter regimes that avoid both strong coupling and back-
reaction issues. Since the electric field is no longer present in this case, there is no energy
transfer from the electric field to the magnetic field via the Faraday induction mecha-
nism. Therefore, the magnetic field evolves adiabatically for those modes that remain
super-horizon during reheating. Therefore, the magnetic energy density redshifts as a−4

due to the expansion of the universe. Consequently, the comoving magnetic field power
spectrum at the end of reheating is given approximately by P̃B(k, ηreh) ≃ P̃B(k, ηe) . The
present-day magnetic field strength at 1 Mpc scales for a coupling parameter n = −2
is calculated as B0(1 Mpc−1) ≃ 1.45 × 10−36 G . In contrast, for the lower bound of the
coupling parameter, n ≃ −2.2, the present-day magnetic field strength is enhanced to
B0(1 Mpc−1) ≃ 1.3 × 10−31 G . These estimates suggest that for the coupling parameter
−2.2 < n < 0, it cannot produce sufficient strength of the magnetic field at 1 Mpc scale.
However, for the case of vanishingly small conductivity, we indeed show that sufficient
magnetic field strength can be obtained
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2. Low Conductivity approximation: In this case, we assume that the electrical con-
ductivity of the universe remains small during reheating. This assumption is strongly
motivated by the fact that, during reheating, the electrically neutral inflaton field is the
dominant energy density until the end of reheating. In such a scenario, we are going to
discuss how reheating helps us to explain the current observational limit. They have the
same evolution equation defined in Eq.(4.12). As stated earlier, we assume σ → 0 limit.
So, we can identify the solutions of Eqs(4.12) as comoving electric and magnetic power
spectrum defined as Pc

B = a4PB and Pc
E = a4PE. And the solution of the Eqs(4.12) is

governed by

a4PB = B + E
2 + B − E

2 cos(2k(η − ηe)), (4.14a)

a4PE = B + E
2 − B − E

2 cos(2k(η − ηe)), (4.14b)

where (B, E) are the appropriate initial conditions,

E = a4
eP inf

E (ηe)
f 2(ηe)

= k4

8π
22n+1Γ2

(
n+ 1

2

)
π2

(
k

ke

)−2n

, (4.15)

B = a4
eP inf

B (ηe)
f 2(ηe)

= k4

8π
Γ2
(
n− 1

2

)
22n−1

π2

(
k

ke

)2−2n

(4.16)

In de Sitter space, we can identify it through |−ηe| = 1/ke where ke is the highest
wavenumber that crossed the horizon at the end of inflation. The above two Eqs.
(4.15),(4.16) are evaluated at the end of inflation for the super-horizon modes approxi-
mation.

During the post-inflationary phase, if there is no further gauge field production, the elec-
tromagnetic energy density scales as ρem ∝ a−4 [238, 263–265, 275, 314]. However, it is
important to note that the individual evolution of the electric and magnetic field compo-
nents, E2 and B2, may deviate from each other, as their behavior depends sensitively on
the electrical conductivity of the universe during reheating [237,270,311]. This nontrivial
evolution can be attributed to Faraday induction, through which electric energy can be
converted into magnetic energy, and vice versa, depending on the field strengths [237,311].
For example, the case we just discussed in the above Eq.4.14a, where the Faraday effect
is evident. However, it would be pronounced in large-scale limit kη → 0, when the above
equations are approximated as,

PB = 1
a4 (B + (B − E)k2(η − ηe)2) ≃ B

a4 + B − E
H2a6 k

2, (4.17)

PE = 1
a4 (E − (B − E)k2(η − ηe)2) ≃ E

a4 − B − E
H2a6 k

2, (4.18)
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Where, we utilize the relation η−ηe ∼ 1/(aH). The above equation clearly indicates how
the Faraday effect transfers energy from electric to magnetic modes and vice versa with
time behavior PB ∝ 1/a6H2, which has been discussed earlier in the literature [237,262].

In what follows, we focus on the intermediate regime −2.2 < n < 0, corresponding to
−0.4 < nE < 4, where both strong coupling and backreaction problems are absent. In
this case, as stated earlier electric field is stronger than the magnetic field at the end of
inflation, E ≫ B. The Faraday effect, therefore, leads to an additional enhancement of
the magnetic field, and at the end of reheating, one obtains,

PE(k, ηre) ≃ 1
a4

re
(E + (B − E)k2η2

re) ≃ E
a4

re
(4.19)

PB(k, ηre) ≃ B − (B − E)k2η2
re ≃ Ek2

a6
reH

2
re
. (4.20)

After the end of reheating, assuming the universe is dominated by the relativistic plasma
with infinite conductivity, the electric field quickly decays, and the magnetic field evolves
adiabatically till the present day. The present-day magnetic field B0 can be calculated as

a4
0P0

B(k, ηre) ≃ Ek2

a2
reH

2
re

=⇒ B0 ≃
√

Ek
areHrea2

0
(4.21)

Here, we have observed that due to the Faraday induction effect, there is significant
conversion of electric field energy into magnetic field energy. To highlight this effect,
we present some numerical comparisons for two extreme cases of electrical conductivity.
For the zero electrical conductivity (EC) case with coupling parameter n = −2.0 (nE =
0), where the magnetic field energy density scales as k2, we find that for a reheating
temperature Tre = 10−2 GeV and equation of state wre = 0, the present-day magnetic
field strength is B0(1 Mpc−1) ≃ 1.86 × 10−27 G. In contrast, for the same parameters but
assuming infinite EC, the strength drops to B0(1 Mpc−1) ≃ 8.85 × 10−40 G. Similarly, for
the same reheating temperature with wre = 1/3, we find that the present-day magnetic
field strength in the zero EC case is B0(1 Mpc−1) ≃ 1.27 × 10−15 G, while the infinite
EC case yields B0(1 Mpc−1) ≃ 7.3 × 10−34 G. Therefore, it is evident that for a fixed
reheating temperature, the zero conductivity scenario leads to a significant enhancement
in the magnetic field strength, up to a factor of 1014 − 1019 compared to the infinite
conductivity case, due to efficient electric-to-magnetic energy conversion.

Constraining the Reheating parameter from the Backreaction at the end of Re-
heating: Before we embark on the production of gravitational waves, let us derive a generic
constraints on the reheating parameter space due to additional production of gauge field. As
we now consider a general reheating history, it is important to account for the possibility that
the equation of state (EoS) parameter during reheating satisfies wre > 1/3. In such cases,
the background energy density dilutes faster than the electromagnetic (EM) energy density.
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Specifically, the inflationary energy density evolves as ρϕ(η) ∝ a−3(1+wre), whereas the elec-
tromagnetic energy density evolves as ρem(η) ∝ a−4. This implies that the fractional energy
density of the EM field increases during reheating according to δρem(η) ≡ ρem(η)

ρϕ(η) ∝ a3wre−1 .

Therefore, depending on the reheating dynamics, there may arise a situation in which the EM
energy density becomes comparable to or even exceeds the background energy density.

This scenario is particularly constrained by Big Bang Nucleosynthesis (BBN). If the uni-
verse is dominated by magnetic field energy at the onset of BBN, it might disrupt the formation
of light elements. Since the predictions of BBN are in excellent agreement with observations,
we must impose a consistency condition that the total EM energy density at the end of re-
heating remains subdominant to the background radiation energy density, ρem(ηreh) < ρr(ηreh) .
Imposing this condition leads to nontrivial constraints on the reheating dynamics.

These constraints are further modified depending on the post-inflationary conductivity of
the universe. Let us first consider the case of high electrical conductivity. In this limit,
only the magnetic field survives during reheating. As discussed previously, and within the
allowed parameter range −2.2 < n < 0, the magnetic power spectrum is blue-tilted and evolves
adiabatically, as described by Eq. (3.27). In this high-conductivity regime, the fractional energy
density of the magnetic field evolves as δρB(η) ≡ ρB(η)

ρφ(η) ∝ a3wre−1 , similar to the general EM
case. Thus, for sufficiently large wre, the magnetic field can become dynamically significant and
potentially dominate the energy budget, leading to tight constraints on the reheating duration
and EoS.

δρB(ηre) ≃
(
He

MP

)2 23−nEΓ2
(

3−nE
2

)
(1 − (k∗/ke)nE+2)

24π3(nE + 2) exp[Nre(3wre − 1)] (4.22)

On the other hand, in the zero electrical conductivity limit, both electric and magnetic fields
are present during the reheating era. We assume that the electric field decays only after
reheating completes, when the universe becomes fully dominated by radiation. Therefore,
before the end of reheating, both fields contribute to the total electromagnetic energy density.
To consistently avoid backreaction in this regime, it is essential to account for the combined
influence of both the electric and magnetic fields. Consequently, in the zero conductivity limit,
the electromagnetic fractional energy density must be defined by including contributions from
both components.

δρem(ηre) ≃
(
He

MP

)2 25−nE

24π3

Γ2
(

5−nE
2

)
(1 − (k∗/ke)nE)
nE

+
Γ2
(

3−nE
2

)
(1 − (k∗/ke)nE+2)

4(nE + 2)

 exp[Nre(3wre − 1)] (4.23)

As seen from Eqs.(4.22) and (4.23), the fractional electromagnetic energy density increases
with time only in reheating scenarios with wre > 1/3. For example, in the high-conductivity
limit with wre = 0.5, the minimum reheating temperature required to prevent the magnetic
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Figure 4.1: Lowest allowed reheating temperature (in GeV) as a function of the reheating
equation-of-state parameter wre over a wide parameter range. The three different colors cor-
respond to distinct values of the electric spectral index: nE = 0.01 (blue), nE = 0.1 (red),
and nE = 0.2 (magenta). Solid lines represent the case of vanishing electrical conductivity
(EC), while dashed lines correspond to the high-conductivity limit. Throughout the analysis,
the inflationary energy scale is fixed at Hinf ≃ 10−5MPl.

field from dominating before the onset of the radiation-dominated era is Tmin
re ∼ 10−2 GeV.

In contrast, for the same equation of state but in the zero electrical conductivity limit, the
corresponding minimum reheating temperature is significantly higher, Tmin

re ∼ 3 × 102 GeV.
In Fig. 4.1, we present the lowest allowed reheating temperature, denoted by Tmin

re (in GeV),
as a function of the reheating equation of state parameter wre, for three different values of the
electric spectral index: nE = 0.01, 0.1, and 0.2. These parameter choices ensure that the
model remains free from both backreaction and strong coupling problems during inflation as
well as during reheating. As previously discussed, for wre > 1/3, the background energy density
dilutes faster than the electromagnetic (EM) energy density, allowing the latter to potentially
dominate at later stages of reheating. The curves in the figure indicate the threshold values
of Tre below which the EM field would dominate over the background energy density before
reheating completes.

In this plot, solid lines represent the zero electrical conductivity limit, while dashed lines
correspond to the high conductivity limit. As observed, the constraints in the high conductivity
scenario are less sensitive to the spectral index nE, since only the magnetic field contributes,
and the total magnetic energy density, being strongly blue-tilted, is relatively insensitive to
variations in nE. In contrast, in the zero conductivity case, the majority of the EM energy
budget is due to the electric field, whose energy density is highly sensitive to nE for the chosen
parameter range.

In this work, we neglect the magnetohydrodynamic (MHD) evolution of sub-horizon modes,
which are most susceptible to MHD effects. Consequently, for blue-tilted magnetic spectra,
the estimates provided here are expected to be significantly altered in more realistic scenarios.
However, since a full treatment of MHD dynamics lies beyond the scope of this study, we
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Figure 4.2: Present-day magnetic field strength evaluated at the scale 1 Mpc−1 as a function
of the reheating equation-of-state parameter wre. The three different colors represent three
distinct values of the reheating temperature. Solid lines correspond to nE = 0.01, while dashed
lines indicate nE = 0.20. The left panel shows the case of vanishing electrical conductivity
during reheating, whereas the right panel corresponds to the limit of infinite conductivity.
In both cases, we impose the condition that the total electromagnetic (EM) energy density
remains subdominant to the background energy density throughout reheating, ensuring that
the Universe does not enter a magnetic-field-dominated phase before the onset of Big Bang
Nucleosynthesis (BBN).

present our results as indicative bounds.
Using these bounds, we analyze the behavior of the present-day magnetic field under two

limiting cases, zero electrical conductivity and infinite electrical conductivity during reheating.
In Fig. 4.2, we plot the present-day magnetic field strength as a function of the reheating equa-
tion of state wre, for three different reheating temperatures: Tre = 1 GeV, 105 GeV, and 108 GeV.

In the left panel of Fig. 4.2, corresponding to the zero conductivity limit, we observe that
a significant portion of the electric field energy is converted into magnetic field energy during
reheating. As a result, the present-day magnetic field amplitude is considerably enhanced. In
contrast, the right panel corresponds to the infinite conductivity limit, where no such conversion
takes place. Consequently, the magnetic field strength today is much smaller compared to the
zero conductivity case.

We further observe that increasing the equation of state wre and decreasing the reheating
temperature Tre both tend to enhance the present-day magnetic field strength. This enhance-
ment is driven by the dilution of magnetic energy due to cosmic expansion. For larger wre,
the background energy density redshifts more rapidly, allowing the Universe to reach lower
reheating temperatures over a shorter timescale. As a result, magnetic fields experience less
dilution from expansion, leading to a stronger residual amplitude today.

Moreover, we find that for more blue-tilted electric spectra, the magnetic field strength
at large scales decreases. This is because the magnetic spectrum becomes increasingly blue-
tilted with growing nE, suppressing power on large scales. For instance, considering the zero
conductivity case with nE ≃ 0.01, Tre ≃ 1 GeV, and wre ≃ 0.5, the magnetic field today
at 1 Mpc−1 is B0 ≃ 3.04 × 10−14 G. In contrast, for the same reheating parameters but in
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the infinite conductivity case, the present-day magnetic field is significantly weaker, B0 ≃
3.01 × 10−32 G.

These results highlight the crucial role of post-inflationary gauge field evolution in deter-
mining the final amplitude of the magnetic field. In particular, the electrical conductivity of
the Universe during reheating has a significant impact on the resulting magnetic field strength
observable today.

4.3 Generation of Secondary Gravitational Waves from
Electromagnetic field:

In this section, we focus on the secondary gravitational waves generated during the inflationary
and post-inflationary eras due to the non-trivial production of the electromagnetic (EM) field.
In the present magnetogenesis scenario, a non-helical magnetic field is produced. As discussed
earlier, to avoid the strong coupling and backreaction problems, we restrict our analysis to the
parameter range −2.2 < n < 0. Within this regime, the electric field constitutes the dominant
component, and therefore it is expected to play the primary role in sourcing the tensor modes.

Interestingly, we find that in a de Sitter inflationary background, a scale-invariant or blue-
tilted electric or magnetic spectrum leads to the same scale-invariant tensor power spectrum
during inflation. The final amplitude of the tensor power spectrum depends on the strength of
the electric and magnetic fields at the time of horizon crossing [240].

After the end of inflation, we consider a non-instantaneous reheating scenario. Conse-
quently, the present-day GW spectrum is sensitive to the details of the reheating dynamics.
There are three distinct epochs during which the electromagnetic field can source secondary
GWs.

The first phase corresponds to inflation, when both the electric and magnetic fields are
generated from vacuum fluctuations. This is followed by the reheating phase, during which the
conductivity of the plasma plays a crucial role. If the electrical conductivity is negligible, both
the electric and magnetic fields are present and contribute to GW production. In contrast, if
the Universe becomes highly conducting immediately after inflation, the electric field rapidly
decays, and only the magnetic field continues to source GWs.

Even after the completion of reheating, when the conductivity is very high, the magnetic
field can continue to source GWs up to neutrino decoupling. After neutrino decoupling, free-
streaming neutrinos generate anisotropic stress that compensates the anisotropic stress of the
magnetic field in the plasma, thereby suppressing further GW sourcing.

It is convenient to decompose the tensor power spectrum into two components: one arising
from vacuum fluctuations and the other from the source term. Since these two contributions
are uncorrelated, we write

PT(k, η) = P pri
T (k, η) + P sec

T (k, η), (4.24)
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where P pri
T (k, η) denotes the vacuum contribution and P sec

T (k, η) represents the EM-sourced
component.

For a general power-law electromagnetic spectrum of the form PB/E(k, η) ∝ (kη)nB/E , the
tensor power spectrum at time η can be expressed as [229]

P sec
T (k, η) = 2

M4
P

[∫ η

ηi

dη1a
2(η1)Gk(ηf , η1)PB/E(k, η1)

]2
×
∫ ∞

0

dq

q

∫ 1

−1
dµ

(q/k)nB/Ef(µ, β, λ)[
1 +

(
q
k

)2
− 2µ q

k

] 3−nB/E
2

.

(4.25)

Here, f(k, q, λ) = (1 + µ2)(1 + β2), with µ = k̂ · q̂ and β = k̂ − q · k̂ [222, 229, 246, 322]. The
parameter nB/E denotes the spectral index of the magnetic or electric field, depending on which
component dominates during the time interval from ηi to η.

In the following subsection, we discuss separately the contributions to the secondary tensor
fluctuations arising from each of these different cosmological epochs.

4.3.1 Tensor power spectrum during Inflation:

During inflation, both the electric field and magnetic field were present and continuously gen-
erated, so both fields will contribute to the tensor perturbations. Now to solve the above
Eq.(4.25), we have to know the function behaviour of the Green’s function associated with
the tensor perturbation equation, and in the de Sitter inflationary background, the Green’s
function is well established, and it can be written as [220,232]

G inf
k (η, η′) = 1

k3η′2

[
(1 + k2ηη′) sin(k(η − η′)) + k(η′ − η) cos(k(η′ − η))

]
Θ(η − η′). (4.26)

In general, magnetic fields are produced when they exit the horizon during inflation, and in
the super-horizon approximation, we can write the magnetic and electric power spectrum as a
simple power law type spectrum, which can be parameterized as

P inf
B (k, η) = H4

e C2
B(nB)(−kη)nB ; P inf

E (k, η) = H4
e C2

E(nE)(−kη)nE (4.27)

where nB and nE are the magnetic and electric spectral indices, which mainly depend on the
coupling parameter n. As we are working in the regime, where the model does not have any
strong coupling issue and backreaction issue, i.e. −2.2 < n < 0, so where the electric field
spectral index can be identified as nE = 4 − 2|n|, whereas the magnetic spectral index can be
identified as nB = nE + 2.

Now, for the computation purpose, we have considered the magnetic field part, and solved
the tensor power spectrum defined in Eq.(2.146), only for the magnetic field, but when we
compute the total power spectrum, we consider both the electric field and magnetic field.
As we mentioned, the gauge field is only excited from the Bunch-Davies vacuum when the
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corresponding mode leaves the horizon, so to perform the above time integral, we have to be
careful about it. Let’s assume we are interested in a single wave number k, and its left the
horizon at η = ηk, and we want to compute the tensor power spectrum at the end of inflation,
i.e., η = ηe, then we can write it as

P sec
T (k, η) = 2

M4
P

[∫ η

ηk

dη1a
2(η1)Gk(ηf , η1)PB(k, η1)

]2
×
∫ ∞

0

dq

q

∫ 1

−1
dµ

(q/k)nBf(µ, β, λ)[
1 +

(
q
k

)2
− 2µ q

k

] 3−nB
2
.

(4.28)

To solve the above equation, we have conisder a de sitter inflationary background where
the scale factor simple evolve as a(η) ≃ −1/(Heη) and now utilizing this in the above equation
Eq.(4.28) and replacing the power-law formed of the magnetic power spectrum, we can write
the tensor power spectrum at the end of inflation as

P sec
T (k, η) = 2

(
He

MP

)4
C2

BI2
inf(k, ηe) × FnB(k) (4.29)

where we have defined

Iinf(k) =
∫ ηe

ηk

dη1

η1

Gk(ηe, η1)
η1

(kη1)nB (4.30)

and

FnB(k) =
∫ ∞

0

dq

q

∫ 1

−1
dµ

(q/k)nBf(µ, β, λ)[
1 +

(
q
k

)2
− 2µ q

k

] 3−nB
2

(4.31)

As we have seen that the magnetic field or the electric field can only grow after exiting the
horizon, and for simplicity, we can assume that at the end of inflation η → 0, then we can
further simplify the Green’s function as

G inf
k (0, η′) = 1

k3η′2 [− sin(kη′) + kη cos(kη′)] . (4.32)

It is evident that the primary contribution to Green’s function arises from the super-horizon
scale, particularly in the limit |kη′| ≪ 1. In this regime, we can approximate Gk(η′) ≈ η′/3.
Utilizing these considerations and incorporating all assumptions, we proceed to derive the
tensor power spectrum after inflation within the de Sitter inflationary background

Iinf(k, ηe) ≃ −1
3

∫ xe

1

dx1

x1
xnB

1 ≃ 1
3nB

{
1 −

(
k

ke

)nB
}

(4.33)

Similarly, to compute the FnB(k), we have redefined our variable to a dimensionless variable
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u = q/k and rewritten the above quantity in terms of this new variable u

FnB(k) =
∫ umax

umin

du

u

unBF(µβ)
(1 + u2 − 2µu)(3−nB)/2 (4.34)

As our sourced magnetic field is non-helical, for a non-helical magnetic field, the functional
formed of F(µ, β) is F(µ, β) = 2(1 + µ2)(1 + β2). Now we can see that this integral has a
singularity at u = µ = 1, so above this singularity, we break the integral into two parts

FnB(k) =
∫ 1

umin

du

u

unBF(µβ)
(1 + u2 − 2µu)(3−nB)/2 +

∫ umax

1

du

u

unBF(µβ)
(1 + u2 − 2µu)(3−nB)/2 (4.35)

In the approximation limit, if we compute the above integral, we have found that

FnB(k) ≃ 8
3nB

(
1 −

(
k∗

k

)nB
)

+ 56
15(2nB − 3)

(ke

k

)2nB−3

− 1
 . (4.36)

Here, CE(nE) = 25−nE Γ2( 5−nE
2 )

8π3 determines the amplitude of the electric field.
Interestingly, for a de Sitter inflationary background, we find that when the electric or

magnetic spectra are either blue-tilted or scale-invariant, both fields generate scale-invariant
tensor perturbations [240]. In contrast, for red-tilted electric or magnetic spectra, the resulting
tensor power spectrum becomes scale-dependent and typically follows P sec

T,inf(k, ηe) ∝ k−|nB/E|.
In the present scenario, since the dominant contribution arises entirely from the electric field,
the tensor power spectrum sourced by the electric field is expected to scale as P sec

T,inf(k) ∝(
He
MP

)4
, given that the electric field power spectrum behaves as PE(k) ∝ H4

e . In contrast, the
tensor power spectrum originating from vacuum quantum fluctuations of spacetime follows
P vac

T,inf(k) ∝
(

He
MP

)2
.

For blue-tilted electric spectra with nE > 0, the vacuum contribution typically dominates
on large (CMB) scales, as the electric field power is concentrated at small scales. However,
for nE < 0 (corresponding to n < −2), the electric field becomes red-tilted, with its energy
concentrated on large scales. In this case, it becomes possible for the secondary tensor modes
sourced by the electric field to dominate over the primary vacuum contribution at CMB scales.

4.3.2 Tensor power spectrum during reheating

After inflation, all fundamental particles are produced through the decay of the inflaton field.
The nature of gravitational wave (GW) production in the subsequent reheating era depends
sensitively on the electrical conductivity of the Universe. As previously discussed, in the limit
of negligible conductivity, both electric and magnetic fields are present and evolve freely. In
contrast, in the case of large or infinite conductivity, the electric field is quickly suppressed
due to the high response of charged particles, leaving only the magnetic field. Additionally,
in the zero-conductivity limit, energy transfer from the electric to the magnetic field via the
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Faraday induction mechanism significantly enhances the magnetic field amplitude. However,
such enhancement does not occur in the high-conductivity regime, resulting in much weaker
magnetic fields.

Consequently, in the infinite conductivity limit, the secondary GW production sourced by
the magnetic field is expected to be suppressed, particularly at large scales. Since we are
interested in scenarios that lead to successful magnetogenesis without encountering strong
coupling or backreaction issues, we focus on the case where conductivity during reheating is
negligible, and the coupling parameter lies within the range −2.2 < n < 0. In this regime,
the dominant post-inflationary contribution to the stochastic gravitational wave background
(SGWB) arises from the electric field.

During the reheating phase, the corresponding Green’s function can be expressed as [229]

Gk(x, x1) = θ(x− x1)
πxlx1−l

1
2ksin(lπ) [Jl(x)J−l(x1) − J−l(x)Jl(x1)] (4.37)

Since the tensor power spectrum is sourced by the electric field, the tensor spectrum generated
during reheating due to the electromagnetic field, evaluated at the end of reheating, can be
generally expressed as

P re
T,s = 2H4

e
M4

P

(
k

ke

)2(δ−2)

C2
E(nE)

(
k

ke

)2nE

C2
m,re(xre, xe)FnE(k), (4.38)

where FnE is defined in Eq. (4.36) and Cm,re(xre, xe) is defined as [229]

Cm,re(xre, xe) =
∫ xre

xe
dx1 x

−δ
1 Gk(xre, x1), (4.39)

Upon analyzing the spectrum, we find that the presence of a non-instantaneous reheating phase
introduces an overall factor of the form (kre/κend)2(δ−2), where δ = 4/(1 + 3wre). This indicates
that the amplitude of the spectrum can either be enhanced or suppressed depending on the
equation of state during reheating: it is enhanced for wre > 1/3 and suppressed for wre < 1/3.

Moreover, we observe that for modes that remain outside the horizon during reheating
(k < kre), the secondary tensor spectrum behaves as Pre

s (k ≪ kre, ηre) ∝ k2nE . In contrast, for
modes that re-enter the horizon during reheating (k ≫ kre), the spectrum scales as Pre

s (k ≫
kre, ηre) ∝ k2nE−|nw|−2, where nw = 2(1 − 3wre)/(1 + 3wre).

4.3.3 Tensor power spectrum during radiation dominted era

For this specific choice of coupling, there are no significant additional contributions to the
gravitational wave spectrum from the radiation-dominated era. This is because, following re-
heating, it is generally assumed that all fundamental particles are produced and the Universe
becomes thermalized, resulting in a highly conductive plasma. As a consequence, the elec-
tric field component is rapidly suppressed. However, the magnetic field survives and evolves
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adiabatically, with its energy density decreasing solely due to the expansion of the background.
Therefore, the tensor power spectrum sourced by the magnetic field after reheating, evalu-

ated at the time of neutrino decoupling, is governed by the expression [229].

P λ
ra,SEC

(k, ην) = 2H4
e

k2η2
νM

4
P

(
kre

ke

)2(δ−2)

C2
B(nB)

(
k

ke

)2nB

Ira
2(xν , xre)FnB

(k) (4.40)

We recall that nB = nE + 2 is the magnetic spectral index for n < 0 magnetogenesis scenarios.
Here, Ira(xν , xre) is defined as [229]

Ira(xν , xre) =
∫ xν

xre
dx1

sin(x1 − xν)
x1

. (4.41)

As for the low-frequency regions, we found that Ira = γ1, where γ1 ∼ 0.5 at the epoch of
neutrino decoupling.

In this context, we observe that the tensor power spectrum generated during this phase
includes an overall enhancement factor. This enhancement originates from the dynamics of the
reheating phase: while the background energy density dilutes as a−3(1+wre), the magnetic field
energy density redshifts as a−4. As a result, depending on the equation of state (EoS), the
gravitational wave contribution from magnetic fields can either be enhanced (for wre > 1/3) or
suppressed (for wre < 1/3).

Specifically, within the framework of this magnetogenesis model, a significant contribution
to the tensor spectrum in the frequency range fν < f < fre arises only when wre > 1/3 and the
coupling parameter satisfies n > 1/2. Here, n refers to the coupling constant associated with
the magnetogenesis scenario discussed in the above Eq.(4.4).

4.3.4 Spectral Analysis of Primary Gravitational Waves (PGWs)

For simplicity, we decompose the total dimensionless energy density associated with gravita-
tional waves (GWs) into two distinct components, denoted as ΩGW(f) = Ωpri

GW(f) + Ωsec
GW(f).

Specifically, Ωpri
GW(f) represents contributions originating from quantum vacuum fluctuations,

while Ωsec
GW(f) encompasses the contributions attributed to electromagnetic fields. To compre-

hensively examine the spectral characteristics of GWs across the entire observable frequency
spectrum, we separately discuss two distinct scenarios based on the reheating dynamics, namely,
wre < 1/3 and wre > 1/3.

Primary Gravitational Waves (PGWs) refer exclusively to the contributions arising from
quantum fluctuations during inflation. To analyze the effects of post-inflationary dynamics on
the gravitational wave (GW) spectrum, we consider two distinct regimes: (a) super-horizon
scales, f < fre, where modes remain outside the horizon before the end of reheating, and
(b) sub-horizon scales, fre < f < fend, where modes re-enter the horizon before the end of
reheating. While inflation alone typically generates a scale-invariant tensor power spectrum,
these regimes reveal distinct spectral behaviors. The present-day GW spectrum, produced by
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inflation, can be expressed as [119,229]

Ωpri
GW(f) ≃ 1.12 · 10−17

(
ΩRh

2

4.3 · 10−5

)(
He

10−5MP

)2
×

 1 f < fre

(f/fre)−nw fre < f < fend,
(4.42)

From this expression, we observe that, for super-horizon modes (f < fre), the spectrum remains
scale-invariant, consistent with the inflationary tensor power spectrum. However, for modes
that re-entered the horizon before reheating completed (f > fre), the spectrum is no longer
scale-invariant. Specifically, for reheating scenarios with an equation of state wre > 1/3 (stiff-
fluid-like), the spectrum has a blue tilt, while for wre < 1/3 it has a red tilt. This difference
arises because, in wre < 1/3 scenarios, GW modes that remain inside the horizon for longer
durations experience greater dilution, as the background energy density decays more slowly
compared to the GW energy density. Conversely, for wre > 1/3 scenarios, modes are amplified
by spending longer periods within the horizon, due to the faster decay of background energy
density relative to GW energy density.

Spectral Analysis of Secondary Gravitational Waves (SGWs)

In analyzing the spectrum of secondary gravitational waves (SGWs) over a broad frequency
range, we concentrate on contributions arising from inflationary magnetogenesis, while neglect-
ing the primary gravitational waves sourced by vacuum fluctuations. Two limiting scenarios
are considered based on the conductivity of the Universe during reheating. In the first case, we
assume zero electrical conductivity, where both electric and magnetic fields are present through-
out the reheating phase. In the second scenario, we consider infinite electrical conductivity, in
which only the magnetic field survives and evolves adiabatically after inflation.

Zero Electrical Conductivity during the Reheating Era: Under the assumption of neg-
ligible electrical conductivity during reheating, both electric and magnetic fields persist during
this epoch. In the parameter range that avoids both strong coupling and backreaction issues,
namely −0.4 < nE < 4, the electric field typically dominates. Consequently, the SGW spec-
trum is predominantly sourced by the electric field during inflation and reheating. Although the
magnetic field can contribute to SGW production in the subsequent radiation-dominated era
(up to neutrino decoupling), the contribution from the reheating phase is generally dominant.

The shape of the resulting GW spectrum is sensitive to the background evolution during
reheating. Specifically, for reheating scenarios with an equation of state parameter wre < 1/3,
the present-day SGW spectrum sourced by the electromagnetic field is

Ωsec
GW(f)h2 ≃ 2.26 × 10−26

(
ΩRh

2

4.3 × 10−5

)(
He

10−5MP

)4
I2

infC2
β(nE) Fβ(f)

×

1, f∗ < f < fre,(
f

fre

)−|nw|
, fre < f < fend.

(4.43)
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whereas for the reheating scenarios with wre > 1/3, the spectral behaviour due to EM field is

Ωsec
GW,pinf(f)h2 ≃ 2.26 × 10−26

(
ΩRh

2

4.3 × 10−5

)(
He

10−5MP

)4 ( fre

fend

)2(nw+nE)

C2
β(nE) FnE(f)

×

A1
(

f
fre

)2nE
, f∗ < f < fre,

A2
(

f
fre

)2nE−|nw|
, f > fre

(4.44)

Here, we clearly observe an additional enhancement factor associated with reheating scenarios
where wre > 1/3, which arises from the specific evolution of the background dynamics during
the reheating phase. This enhancement originates from the differential dilution rates between
the background energy density and the electromagnetic (EM) field energy density. For wre >

1/3, the background energy density redshifts more rapidly than the EM field, leading to a
relative amplification of the SGW signal. The coefficients A1 and A2, which characterize this
enhancement, are provided in Appendix A.4.

Infinite Electrical Conductivity During the Reheating Era: In scenarios with infinite
electrical conductivity during reheating, electric fields are rapidly dissipated, implying that any
contributions from electric fields to the secondary gravitational wave (SGW) background arise
solely from their inflationary production. In contrast, magnetic fields can persist and contribute
during both the reheating and radiation-dominated eras. However, as demonstrated, even for
reheating scenarios with wre > 1/3, the magnetic field amplitude remains relatively weak,
rendering the induced SGW signal subdominant compared to the primary gravitational waves
generated during inflation.

Therefore, for reheating scenarios with wre < 1/3, the SGW spectrum retains the same
spectral behavior as described in Eq. (4.43). Conversely, for wre > 1/3, the SGW spectrum is
no longer dominated by the magnetic field alone and may receive non-negligible contributions
from the residual electric field produced during inflation.

Ωsec
GW(f)h2 ≃ 2.26 × 10−26

(
ΩRh

2

4.3 × 10−5

)(
He

10−5MP

)4 ( fre

fend

)2nB/E

I2
infC2

β(nB/E) Fβ(k)

×


(

f
fre

)2nE
, f∗ < f < fre,(

f
fre

)2nE+|nw|
, fre < f < fend.

(4.45)

To achieve a successful magnetogenesis scenario without encountering strong coupling or back-
reaction issues, the zero electrical conductivity limit during reheating is particularly favorable
within the coupling range −2.2 < n < 0 (equivalently, −0.4 < nE < 4). In particular, for the
subclass with n < −2.0 (i.e., nE < 0), the electric field produced during inflation is red-tilted.
This red tilt enhances the power at large scales and can significantly impact the tensor power
spectrum, including at cosmic microwave background (CMB) scales, for both wre < 1/3 and
wre > 1/3 reheating scenarios.
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Figure 4.3: Present-day gravitational-wave energy density ΩGWh
2 plotted as a function of

frequency f (in Hz) for wre = 0, illustrating two different parameter dependencies. In the left
panel, the variation of the GW amplitude with the magnetogenesis parameter nE(= 4 − 2|n|)
is shown for a fixed reheating temperature Tre = 103 GeV, where different colors represent
four distinct values of the electric spectral index. In the right panel, we plotted for different
equations of state wre = 0, 1/3 and 3/5 for a fixed electric spectral index nE = 0.15 with a
fixed value of reheating temperature Tre = 103 GeV.

Most notably, these scenarios can generate a sizable tensor-to-scalar ratio at CMB scales,
potentially exceeding the current observational upper bound r0.05 ≤ 0.036. In the following
discussion, we explore how this observational constraint can be used to place stringent bounds
on both the reheating dynamics and the magnetogenesis model parameter n.
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Figure 4.4: Present-day gravitational-wave energy density ΩGWh
2 as a function of the comoving

frequency f (Hz) for non-helical magnetogenesis with coupling n < −1/2, assuming negligible
electrical conductivity during reheating and a stiff-like equation of state wre = 3/5. The
left panel illustrates how the amplitude and spectral tilt of the GW background depend on
the electric spectral index nE (shown in different colors) for a fixed reheating temperature
Tre = 106 GeV. The right panel highlights the impact of the reheating temperature on both
the amplitude and the peak structure of the GW spectrum for a fixed spectral index nE = 0.2.
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4.4 Results and Discussion:

In Fig. 4.3, we present the present-day gravitational wave (GW) energy spectrum, ΩGWh
2(f),

as a function of the observed frequency f (Hz), for different values of the electric spectral index
nE and the reheating equation of state wre.

In the left panel, we plot the present-day GW spectrum for three different values of the
electric spectral index, nE = −0.20, 0.01, and 0.20, assuming a fixed reheating dynamics.
Specifically, we consider a matter-like evolution after inflation, i.e., wre = 0, and fix the reheat-
ing temperature to Tre = 103 GeV.

Since we assume a matter-like evolution during reheating, the background energy density
dilutes faster than the electromagnetic energy density. Moreover, in the absence of any coupling
after inflation, the post-inflationary contribution from the electromagnetic field is expected to
be subdominant compared to the inflationary contribution. For simplicity, we assume a de
Sitter inflationary background.

For a blue-tilted electric spectrum (nE ≥ 0), the produced secondary GW spectrum is
scale-invariant at low frequencies, corresponding to modes that re-enter during the radiation-
dominated era. In this regime, the spectral energy density behaves as ΩGWh

2(f < fre) ∝ f 0.
However, modes that re-enter during the reheating phase experience additional dilution due to
the matter-like background, leading to a red-tilted spectrum at higher frequencies, ΩGWh

2(f >
fre) ∝ f−2.

On the other hand, for a red-tilted electric spectrum (nE < 0), the GW spectrum exhibits
a red tilt even at low frequencies. In this case, the spectral behavior is given by ΩGWh

2(f <
fre) ∝ f−|nE|, while for higher frequencies, Ωsec

GWh
2(f > fre) ∝ f−2−|nE|.

However, as shown in the left panel of Fig. 4.3, for all three values of nE considered, the
high-frequency GW spectrum behaves as Ωsec

GWh
2(f > fre) ∝ f−2. This behavior arises due to

the dominant contribution from primary GWs. For the chosen parameter set, the primary GW
component dominates over the secondary contribution at high frequencies. In particular, for
wre = 0, the primary GW spectrum follows Ωpri

GWh
2(f > fre) ∝ f−2, as discussed in Eq. (4.42).

In the right panel of Fig. 4.3, we show the GW spectrum for different values of the reheating
equation of state, wre = 0, 1/3, and 3/5, while fixing Tre = 103 GeV and nE = 0.15. An
interesting feature emerges when considering a stiff-like equation of state (wre > 1/3). In this
case, the spectral behavior of the GW background is significantly modified. Notably, even
for a simple single power-law electromagnetic spectrum, the resulting GW spectrum exhibits
multiple spectral features. Depending on the choice of parameters, the resulting GW spectrum
can fall within the sensitivity range of future GW detectors such as LISA, DECIGO, and BBO,
making this scenario observationally testable.

In Fig. 4.4, we present the present-day gravitational wave (GW) spectrum ΩGWh
2(f) as a

function of the observable frequency f (in Hz) for reheating scenarios with an equation of state
wre > 1/3. For such scenarios, the spectrum typically exhibits more spectral features compared
to the wre < 1/3 case, owing to the more complex interplay between primary and secondary
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GW sources.
The left panel illustrates the dependence of the GW spectrum on the electric spectral index

nE, fixing wre = 3/5 and the reheating temperature Tre = 106 GeV. Depending on the value
of nE, we observe a variety of spectral structures: in some cases, the spectrum exhibits three
distinct breaks, in others two, and occasionally only one. This rich spectral behavior arises
from the varying dominance of the different contributions to the GW background.

For instance, considering nE = 0.15 with wre = 3/5 and Tre = 106 GeV, the spectrum near
the CMB scale appears scale-invariant due to the dominance of primary GWs (PGWs) over
secondary GWs (SGWs). At intermediate frequencies f < fre, the spectrum transitions to a
blue-tilted behavior ΩGWh

2(f) ∝ f 2nE , as SGWs sourced by the blue-tilted electric field become
dominant. In the range fre ≪ f ≪ fend, the spectrum shows a red-tilted behavior due to the
suppression of SGWs by reheating dynamics. Finally, at high frequencies f ≫ fre, the spectrum
becomes blue-tilted again, following ΩGWh

2(f) ∝ f |nw|, where PGWs regain dominance.
The right panel of Fig. 4.4 shows the impact of the reheating duration on the present-

day GW amplitude. For a fixed wre = 3/5, increasing the reheating temperature leads to a
gradual suppression of the overall GW amplitude. This behavior is consistent with the scaling
(ke/kre)2|nw|, which parametrizes the enhancement due to electromagnetic field contributions
during reheating for wre > 1/3.

Constraining model parameters through the Tensor-to-Scalar Ratio r: This magne-
togenesis model generates significant electric and magnetic fields capable of producing gravi-
tational waves (GWs) strong enough to pass various sensitivity thresholds and create notable
tensor fluctuations at CMB scales. For wre > 1/3 reheating scenarios, the reheating dynamics
introduce an overall enhancement factor, (ke/kre)|nw|, related to the duration of the reheating
phase. However, constraints on tensor fluctuations at CMB scales, quantified by the tensor-to-
scalar ratio r0.05, place a limit on GW strength at the pivot scale: ΩGWh

2 ≤ 1.14×10−7r0.05As.
Here, As ≃ 2.1 × 10−9 is the current bound on the scalar amplitude at the pivot scale.

Using the limit r0.05 ≤ 0.036, we find that the coupling parameter n for magnetogenesis
should satisfy −2.1 ≤ n ≤ 0. This bound holds universally, even for instantaneous reheating.
For prolonged reheating scenarios with wre > 1/3, these constraints become more robust,
limiting both the reheating dynamics and the magnetogenesis model. Thus, utilizing the upper
bound r0.05 ≤ 0.036 at the pivot scale, we derive the following constraint,

1 ≥ 182 rAsA1

(3 − 2nE)

(
ke

kre

)2|nw| (
k∗

ke

)2nE

C2
E(nE). (4.46)

Using this constraint, we set bounds on the reheating temperature for specific values of
the equation of state (EoS) across five discrete values of the magnetic spectral index nE =
0.01, 0.1, 0.2, 0.3, and 0.4, as shown in Table (4.1).

In our analysis, we treat the reheating equation-of-state parameter wre as a free parameter,
allowing it to take arbitrary values. However, in specific inflationary models—for example,
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wre nE = 0.01 nE = 0.1 nE = 0.2 nE = 0.3 nE = 0.4
Tre (GeV) Tre (Ge)V Tre (GeV) Tre (GeV) Tre (GeV)

0.4 1.77 × 109 − − − −
0.5 5.65 × 1012 1.28 × 107 2.89 − −
0.6 8.2 × 1013 1.46 × 1010 5.41 × 105 − −
0.7 3.59 × 1014 4.86 × 1011 1.92 × 108 4.82 × 104 7.91

Table 4.1: Minimum reheating temperature corresponding to different values of the reheating
equation-of-state parameter wre. The table presents the results for five distinct choices of the
electric spectral index nE, illustrating how the lower bound on the reheating temperature varies
with both wre and nE.

those with power-law potentials of the form V (ϕ) ∝ ϕ2m, wre can be uniquely determined based
on the dynamics of the scalar field. In this work, we adopt a generalized approach by leaving wre

unconstrained. As an illustration, to avoid the overproduction of tensor perturbations at CMB
scales, consider the case where the magnetic spectral index is nE = 0.01 (nearly scale-invariant).
For a reheating equation-of-state wre = 0.4, the lower bound on the reheating temperature is
found to be Tmin

re ≃ 1.77 × 109 GeV. If the reheating temperature falls below this value,
electromagnetic fields generated via this mechanism can produce excessive tensor fluctuations
at large scales, violating current observational constraints on the tensor-to-scalar ratio. We
summarize the lower bounds on reheating temperatures for various parameter combinations in
Table (4.1).

Constraining Reheating and Magnetogenesis Parameters through ∆Neff Bound:
During the epoch of decoupling, the CMB is influenced by the total radiation energy density.

Any excess energy that behaves as radiation-like fields may impact the CMB [323]. In our
case, the primordial GWs carry significant energy, and since GWs evolve as a−4 like radiation,
frequencies f > 10−15 Hz can be treated as extra radiation energy that may affect the CMB
(see related discussions in [231,324]). This excess radiation can be quantified by the additional
relativistic degrees of freedom at decoupling, expressed as ∆Neff, indicating the extra neutrino
species predicted beyond the Standard Model. Using this, we derive the following constraint
[229,231],

∆Neff ≥ 1
Ωγh2

8
7

(11
4

)4/3 ∫ fend

f∗

df

f
ΩGWh

2(f). (4.47)

Assuming the present-day photon density parameter as Ωγh
2 ≃ 2.48 × 10−5, the combined

latest Planck-2018 and Baryon Acoustic Oscillation (BAO) data predict ∆Neff ≃ 0.284 (within
a 2σ range) [11], setting an upper bound on primordial GWs, ΩGWh

2 < 1.67 × 10−6 [68].
At high frequencies, the GW spectrum behaves as ΩGWh

2 ∝ f 2nE for f < fre, while for
modes well within the horizon (f ≫ fre), it follows ΩGWh

2 ∝ f 2nE−nw . Therefore, if 2nE > nw,
the spectrum has a red tilt for f > fre; otherwise, it has a blue tilt. Using this bound, we
find that for reheating scenarios with wre = 0, the maximum allowed magnetic spectral index
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consistent with the ∆Neff bound is nE ≤ 1.0. This constraint also restricts the reheating
temperature for a fixed magnetic spectral index and equation of state (EoS). For instance,
with wre = 0 and nE = 1.0, the reheating temperature should be below Tre < 103 GeV. For
nE = 0.9 and wre = 0, a more relaxed bound is obtained, Tre ≤ 107 GeV.

For higher EoS, wre > 1/3, at high frequencies with nE > 0.3, the GW spectrum follows
ΩGWh

2 ∝ f 2nE+|nw|. In this regime, secondary GW production during inflation is more substan-
tial compared to late-time production, and since the background dilutes faster than the GW
energy density (for wre > 1/3 scenarios), these frequency modes are more enhanced. Thus, for
wre > 1/3, this bound imposes even stronger constraints on both the magnetic spectral index
and reheating dynamics.

In our scenario, both the electric and magnetic fields are generated during inflation and
evolve adiabatically after inflation. As a result, there are two stages during which the elec-
tromagnetic (EM) field can generate significant curvature perturbations: during inflation and
during the reheating era.

On a uniform-density hypersurface, the comoving curvature perturbation is defined as

ζ = −Φ − Hδρ

ρ′ . (4.48)

Since we are interested in the secondary curvature perturbation generated by the EM field, we
neglect the primary contribution from vacuum fluctuations throughout this discussion. The
EM field can source the curvature perturbation in two ways. First, it directly contributes
through the energy-density perturbation, δρ/ρ′. Second, it sources the metric perturbation Φ.
The first contribution becomes important during inflation, when the gauge field is generated
from quantum fluctuations. The second contribution can also be enhanced during reheating,
particularly when the equation of state satisfies wre > 1/3.

Induced curvature perturbation during inflation:
We first consider the curvature perturbation generated during inflation, when the relevant

modes are already outside the horizon. Our goal is to determine which contribution dominates
the induced curvature perturbation on super-horizon scales.

The perturbed Einstein constraint equation in the Newtonian gauge is given by [33,226,227]

3H(HΦ + Ψ′) − ∇2Ψ = −a2δρ

2M2
P
. (4.49)

For super-horizon modes (k ≪ aH), the gradient term satisfies k2Ψ ≪ 1 and can therefore be
neglected. During inflation, this reduces to

ζ inf
Ψ = Ψ ≃ − a2δρ

6H2M2
P

= −1
2
δρ

ρ
. (4.50)
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The contribution from the second term of Eq. (4.48) is

ζ inf
δρ ≃ −Hδρ

ρ̇
≃ − 1

2ϵ
δρ

ρ
, (4.51)

where we have used ρ̇ = −3H ˙̄ϕ2 [38], with ˙̄ϕ denoting the inflaton velocity.
Comparing Eqs. (4.50) and (4.51), we obtain ζ inf

Ψ /ζ inf
δρ = ϵ. Since the slow-roll parameter

satisfies ϵ ≪ 1, the metric contribution is strongly suppressed. Therefore, on super-horizon
scales the induced curvature perturbation is dominated by the energy-density perturbation,
corresponding to the second term in Eq. (4.48).

Induced curvature power spectrum from IMFs:
In our magnetogenesis scenario, the electric field dominates over the magnetic field during

inflation. Consequently, the induced curvature perturbation is mainly sourced by the electric
field.

The curvature power spectrum induced by the electromagnetic field at the end of inflation
is given by [325,326]

P ind
ζ (k, ηe) = 1

8ϵ2ρ2
c

∫ dq

q

∫ 1

−1
dγ

(1 − γ2)PE(q, ηe)PE(|k − q|, ηe)
|1 − q/k|5

, (4.52)

where γ = q̂ · k̂ = cos θ, and θ is the angle between the wave vectors k and q.
Substituting the electric-field power spectrum from Eq. (??) into Eq. (4.52), we obtain

P ind
ζ (k) ≃ 1

72ϵ2

(
He

MP

)4
C2

E(nE)
(
k

ke

)2nE

FnE(k), (4.53)

where

FnE(k) ≃ 4
3

 1
nE

(
1 −

(
k∗

k

)nE
)

+ 1
5 − 2nE

1 −
(
k

ke

)5−2nE
 . (4.54)

In deriving Eq. (4.53), we have used ρc = 3H2
eM

2
P, which is the background inflaton energy

density at the end of inflation.
Equation (4.53) shows that the induced curvature power spectrum depends on both the

amplitude of the electromagnetic field and the slow-roll parameter ϵ. Since ϵ varies only slowly
during inflation, the large-scale behaviour of the spectrum is mainly determined by the factor
k2nE . Therefore, the spectral tilt of the induced curvature perturbation is directly controlled
by the electric-field spectral index.

For the non-helical magnetogenesis scenario considered here, where CE = O(1), the induced
curvature perturbation remains much smaller than the primary curvature perturbation gen-
erated by vacuum fluctuations. The ratio between the induced and primary curvature power
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spectra is

P ind
ζ (k∗)

P vac
ζ (k∗)

≃ π2

9ϵC2
E

(
He

MP

)2 (k∗

ke

)2nE

. (4.55)

Even for an almost scale-invariant electric-field spectrum, the induced contribution remains
subdominant because CE = O(1), while ϵ ∼ 10−4 in the α-attractor E-model considered in this
work.

Post-inflationary contribution for wre > 1/3 reheating:
The situation changes when reheating is characterized by a stiff equation of state, wre > 1/3.

Although the electromagnetic energy density is subdominant during inflation, its fractional
contribution grows during reheating because the background energy density redshifts faster,
δρem

ρ
∝ a3wre−1. Consequently, the induced curvature perturbation can be significantly enhanced

if the reheating period lasts sufficiently long.
For the blue-tilted spectra considered here (nE > 0), most of the electromagnetic energy

is concentrated at small scales. During reheating, these short-wavelength modes enter the
horizon and are efficiently damped by magnetohydrodynamic (MHD) effects. In contrast, the
CMB modes remain outside the horizon throughout reheating and are therefore unaffected by
this damping. Since the scalar amplitude at the CMB pivot scale is tightly constrained to be
As ≃ 2.1 × 10−9, the induced curvature perturbation must satisfy this observational bound.

At super-horizon scales, the induced curvature power spectrum after inflation is

P ind
ζ (k, η > ηe) ≃ 1

9(1 + wre)2
1

ρ2(η)Pδρem(k, η), (4.56)

where Pδρem(k, η) is the power spectrum of the electromagnetic energy-density perturbation,

Pδρem(k, η) =
∫ dq

q

∫ 1

−1
dγ

(1 − γ2)PE(q, η)PE(|k − q|, η)
[1 + q2/k2 − 2γq/k]5/2 . (4.57)

Using the electric-field spectrum, we obtain

P ind
ζ (k, η) = 1

9(1 + wre)2
H8

e C2
E

ρ2(ηe)

(
k

ke

)2nE ( a
ae

)2(3wre−1)
FnE(k). (4.58)

After reheating, the electric field is rapidly dissipated because of the high conductivity
of the primordial plasma. Therefore, it no longer contributes to the curvature perturbation.
Although the magnetic field survives, its energy density on large scales is too small to produce
any significant contribution. The induced curvature power spectrum at the end of reheating is
therefore

P ind
ζ (k, ηre) ≃ 1

81(1 + wre)2

(
He

MP

)4
C2

E

(
k

ke

)2nE
(
ke

kre

)2|nw|

FnE(k). (4.59)
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Requiring this contribution to remain below the observed scalar amplitude gives

As ≥ 20C2
E

243nE(5 − 2nE)(1 + wre)2

(
He

MP

)4 (k∗

ke

)2nE
(
ke

kre

)2|nw|

. (4.60)

Figure ?? shows the minimum reheating temperature as a function of the reheating equation
of state for a fixed tensor-to-scalar ratio, r0.05 = 0.036. The four curves correspond to nE = 0.01,
0.1, 0.2, and 0.3.

For example, when nE = 0.01 and wre = 0.5, the minimum allowed reheating temperature
is approximately Tre ≃ 5 × 103 GeV. Increasing the electric spectral index relaxes this bound
because the induced curvature perturbation becomes smaller. Although the reheating temper-
ature is more strongly constrained for larger values of wre, we find that the induced curvature
perturbation always remains below the observed primordial spectrum for all the cases consid-
ered in this work. Therefore, the model is fully consistent with the CMB constraint on the
scalar curvature perturbation.

4.5 Conclusions

In this chapter, we have investigated the generation of primordial magnetic fields through an
inflationary coupling of the form f 2

1 (ϕ)FµνF
µν , with a particular focus on the effects of non-

instantaneous reheating. We explored how the electrical conductivity during the reheating
phase influences the evolution of electromagnetic fields, analyzing two limiting cases: zero and
infinite conductivity. Our analysis demonstrates that the reheating phase plays a critical role
in determining the present-day strength of magnetic fields on large scales.

By varying the reheating parameters, namely the effective equation of state wre and the
reheating temperature Tre, we showed that it is possible to satisfy current observational bounds
on large-scale magnetic fields within the coupling range −2.1 < n < 0, provided the reheating
scenario involves negligible electrical conductivity. This regime is also free from strong coupling
and backreaction problems. For example, under matter-like reheating (wre = 0) with Tre ≃
10−2 GeV and n ≃ −2.1 (nE ≃ −0.2), the present-day magnetic field strength at the 1 Mpc
scale can reach B0(1 Mpc−1) ≃ 4.26 × 10−25 G. For a radiation-like evolution with the same
parameters, the strength can be as high as B0(1 Mpc−1) ≃ 3.99×10−13 G. In the case of stiff-like
evolution (wre = 0.5), the maximum field strength achievable for nE ≃ 0.25 and Tre ≃ 10−2 GeV
is about B0(1 Mpc−1) ≃ 4.97 × 10−15 G. These results show that for wre > 1/3, slightly blue-
tilted electric spectra can produce magnetic fields strong enough to be detectable in future
gravitational wave experiments.

In the second part of this work, we explored the generation of secondary gravitational
waves (SGWs) from these magnetogenesis scenarios. For wre < 1/3, the SGW spectrum peaks
at high frequencies and could be detectable by future GW detectors. In contrast, for wre > 1/3,
the gravitational wave spectrum undergoes non-trivial evolution and may be relevant even at
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CMB scales, offering potential constraints via future B-mode polarization measurements. Most
notably, higher wre values lead to multiple spectral breaks in the present-day GW spectrum,
which could be observed by experiments like LISA, BBO, DECIGO, or even SKA. While
radiation-like reheating allows the largest magnetic field strengths, the resulting GW signals
often fall below detector sensitivity. However, higher wre scenarios are not only favorable for
magnetogenesis but also offer greater promise for GW detection.

In summary, our results show that to successfully realize inflationary magnetogenesis in
Ratra-type models, without encountering strong coupling or backreaction issues, one must
consider non-trivial reheating scenarios with negligible electrical conductivity. Furthermore,
some parameter ranges allow for the simultaneous generation of detectable gravitational wave
signals. Our study, therefore, provides a crucial framework for connecting inflationary magne-
togenesis with future GW observations and for constraining the physics of reheating.
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Chapter 5

Magnetogenesis from Sawtooth Coupling:
Gravitational Wave Probe of Reheating

5.1 Introduction

In the previous chapter, we demonstrated that the post-inflationary conversion of electric fields
into magnetic fields can successfully explain the origin of large-scale cosmic magnetic fields
without encountering the strong-coupling or backreaction problems. In that analysis, it was
assumed that the electromagnetic (EM) field is generated only during inflation, and that after
the end of inflation the conformal symmetry of the gauge field is automatically restored due
to the nature of the coupling. Under this assumption, the subsequent conversion of electric
energy density into magnetic energy density on super-horizon scales can enhance the magnetic
field amplitude and potentially account for the magnetic fields observed in cosmic voids.

However, this scenario faces difficulties when the post-inflationary evolution of the Universe
is taken into account. In particular, if the reheating phase lasts for a sufficiently long duration,
the absence of further gauge field production leads to a significant dilution of the magnetic
field. Although an efficient conversion of electric energy density to magnetic energy density
can occur on super-horizon scales, the prolonged reheating period suppresses the final magnetic
field amplitude, resulting in a present-day magnetic field strength that is too small to satisfy
observational constraints. To address this issue, in this chapter we investigate a scenario in
which the gauge field continues to be produced after inflation through a sawtooth-type coupling,
allowing continuous magnetic field generation during both inflation and the reheating phase.

Inflation provides a compelling mechanism for generating large-scale magnetic fields from
quantum fluctuations [13–17]. However, the standard electromagnetic action is conformally
invariant, which implies that magnetic fields generated during inflation typically decay as
B ∝ a−2 with the expansion of the Universe. Consequently, explicit breaking of conformal
invariance is required to sustain significant magnetic field strengths. Various mechanisms have
been proposed to achieve this, most commonly through couplings of the form f 2

1 (φ)FµνF
µν .

Nevertheless, many of these models suffer from severe theoretical challenges, including strong
coupling and backreaction problems [221,237,238,259,262–267,270,311,326,326–330].

A key requirement for successful inflationary magnetogenesis is the generation of a nearly
scale-invariant magnetic spectrum on cosmological scales, particularly around 1 Mpc [221,238].
Although some models produce scale-dependent magnetic spectra at large scales, achieving
the required field strength often demands inflationary scenarios with a relatively low energy
scale [236, 331]. Moreover, many existing studies include reheating effects only partially and
often fail to reproduce the observed large-scale magnetic fields once realistic post-inflationary
evolution is taken into account.
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Importantly, the parameters describing reheating are not independent of inflation. In real-
istic cosmological scenarios, the dynamics of reheating are closely connected to the underlying
inflationary model. Even within the simplest perturbative reheating framework, the inflation-
ary parameters—such as the inflationary energy scale He and the number of e-folds Ninf—can
be expressed in terms of two reheating parameters: the effective equation of state wre and the
reheating temperature Tre. Therefore, incorporating reheating consistently is essential for a
realistic description of inflationary magnetogenesis.

In this chapter, we systematically incorporate reheating dynamics using a model-independent
perturbative reheating framework described in [55]. Our analysis shows that reheating plays a
crucial role in determining the evolution of the gauge field. In particular, we find that in many
inflationary magnetogenesis scenarios, a reheating phase characterized by matter-like evolution
and a low reheating temperature leads to an extremely weak present-day magnetic field, well
below observational limits. This indicates that an additional mechanism is required to enhance
the magnetic field amplitude after inflation [117, 237, 311]. We demonstrate that allowing the
coupling responsible for magnetogenesis to remain active during reheating can significantly
modify the magnetic field evolution. In this framework, even though the resulting magnetic
spectrum may exhibit strong scale dependence, a prolonged reheating phase with a sufficiently
low reheating temperature can still produce magnetic field strengths consistent with current
observations.

Another important observational consequence of primordial magnetic fields arises from their
ability to source gravitational waves (GWs). Although large-scale magnetic fields are primarily
inferred through indirect astrophysical observations, their presence in the early Universe can
generate a stochastic gravitational wave background (SGWB). Since gravitational waves inter-
act very weakly with the cosmic plasma, they propagate almost freely through the Universe and
therefore provide a clean probe of the physical processes occurring during and after inflation.

We analyze the gravitational wave signatures produced by inflationary electromagnetic fields
and show that they can generate a potentially observable SGWB signal. Such signals may be
detectable by current and upcoming gravitational wave experiments, including pulsar timing
arrays (PTAs) [41–45,332,333] and the Square Kilometre Array (SKA) [334], as well as future
space- and ground-based detectors such as LISA [335,336], BBO [337–339], DECIGO [340–342],
and the Einstein Telescope (ET) [343,344], or detectors operating in the µHz frequency range
[345,346]. Our results highlight the potential of gravitational wave observations as a powerful
probe of inflationary magnetogenesis and the post-inflationary evolution of the Universe.

This chapter is organized as follows. In Section 5.2, we introduce the magnetogenesis
model based on the coupling f 2

1 (φ)FµνF
µν and show how a modified coupling function can

simultaneously alleviate the strong coupling and backreaction problems. We also discuss the
role of perturbative reheating and analyze how the magnetic spectrum depends on reheating
dynamics. In Section 5.4, we investigate the gravitational wave signatures of the model and
demonstrate that it can generate strong GW signals in the nano-Hz frequency range, potentially
observable by future GW experiments. Finally, in Section 5.5, we summarize our main results
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and discuss their implications for the origin of large-scale cosmic magnetic fields and their
observational signatures.

5.2 Evolution of the Gauge Field

In a spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW) background, the standard
electromagnetic action is conformally invariant. As a consequence, the gauge field cannot be
excited by the cosmological expansion alone. To generate non-trivial electromagnetic fields, it is
therefore necessary to introduce a coupling that breaks this conformal symmetry. A commonly
studied example is a time-dependent kinetic coupling of the form f 2

1 (η)FµνF
µν .

In the presence of such a coupling, the equation of motion for the gauge field mode function
A(λ)

k takes the form

A(λ)′′

k +
(
k2 − f ′′

1
f1

)
A(λ)

k = 0, (5.1)

where primes denote derivatives with respect to conformal time η, and λ represents the polar-
ization state. Once the functional form of the coupling function f1(η) is specified, the evolution
of the gauge field can be determined during the period when the coupling remains active.

in this chapter, we consider a sawtooth-type magnetogenesis scenario, in which the coupling
function remains active not only during inflation but also throughout the reheating phase. This
allows continuous production and evolution of the gauge field during both epochs.

Functional behavior of the coupling function: We assume a broken power-law form for
the coupling function. During inflation, the coupling function increases with the scale factor
following a power-law behavior,

f1(a) ∝ an.

After the end of inflation, during the reheating phase, the coupling function decreases according
to another power-law behavior,

f1(a) ∝ a−m.

The full functional form of the coupling function can therefore be written as

f1(a) =



(
a

ai

)n

, ai ≤ a ≤ ae(
ae

ai

)n (ae

a

)m

, ae ≤ a ≤ are

1, a > are

(5.2)

Here ae and are denote the scale factors at the end of inflation and at the end of reheating,
respectively.

For a de Sitter inflationary background, the scale factor evolves as a(η) = −1/HIη. During
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Figure 5.1: Evolution of the coupling function f1(η) in the early Universe, shown as a function of
ηe/η. In the left panel, a constant reheating equation of state wre = 0 is assumed, and the effect
of two different reheating temperatures is illustrated: Tre = 1 GeV (blue) and Tre = 105 GeV
(red). In the right panel, the reheating temperature is fixed at Tre = 1 GeV, while two different
equations of state are considered, wre = 0 (blue) and wre = 1/3 (red). In both panels, the black
dashed horizontal line marks the reference value f1(η) = 1.

reheating, the scale factor evolution depends on the effective equation of state parameter wre.
In terms of conformal time, the scale factor can be written as

a(η > ηe) = ae

(
η

ηe

)δ

, (5.3)

where the parameter δ is related to the reheating equation of state through δ(wre) = 2/1 + 3wre.
Now, expressing the coupling function in terms of conformal time, we obtain

f1(η) ∝


(

ηi

η

)n
ai ≤ a ≤ ae,(

ηe

η

)α
ae ≤ a ≤ are,

1 a > are

(5.4)

where α = 2nβ/(1 + 3wre), and we define β = Ninf/Nre. Here, Ninf and Nre represent the e-
folding numbers of the inflationary and reheating eras, respectively. This relation must hold to
restore the conformal nature of the gauge field at the end of reheating. In Fig. 5.1, we show the
evolution of the coupling function f1(η) during inflation and the subsequent reheating phase
for two different scenarios. In the left panel, we fix the equation of state to wre = 0, and
plot the behavior of f1(η) for two different reheating temperatures, Tre = 1 GeV (blue) and
Tre = 105 GeV (red) as function of conformal time η. In the right panel, we fix the reheating
temperature to Tre = 1 GeV, and illustrate the effect of two different equations of state, wre = 0
(blue) and wre = 1/3 (red). In both panels, we set n = 1.0. Now, we consider this functional
form of the coupling to solve both the strong coupling and backreaction issues. We will discuss
how this type of coupling is free from both of these. Let us first address the backreaction issue.
If we work in the regime where 0 < n ≤ 2, then both the electric and magnetic spectral energy
densities, PB(k) and PE(k), are blue-tilted in nature. The maximum energy generated during
inflation due to the coupling is proportional to the inflation energy scale, i.e. ρEM ∝ H4

I (for
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instance, see [117, 235, 237, 238]). We note that for n = 2, the spectrum of the magnetic field
is scale-invariant, whereas for other values of n, it becomes scale-dependent [117].

Since we consider the coupling after inflation, there will be further production of the gauge
field during the reheating era. Therefore, the reheating scenario must be constrained to prevent
excessive production of the gauge field.

In models with a coupling of the form f 2
1FµνF

µν , the effective electromagnetic gauge cou-
pling is defined as αem = e2/f 2

1 . As shown in Refs. [117,236], generating (nearly) scale-invariant
magnetic spectra typically requires the coupling function f1(η) to be small at the beginning of
inflation and to grow toward unity by the end of inflation, thereby restoring the conformal sym-
metry of the gauge field action. This setup, however, implies a strong effective gauge coupling
e2/f 2

1 during the early stages of inflation, potentially leading to a strong coupling problem due
to the large interaction strength with the background.

In contrast, in this chapter, we adopt a modified scenario where the coupling function begins
with f1(η) = 1, grows throughout inflation, and reaches a maximum at the end of inflation.
To restore conformal symmetry, f1(η) then decreases during reheating and returns to unity by
the end of the reheating phase [236,331]. Because f1(η) ≥ 1 throughout the entire evolution in
our model, the effective coupling strength e2/f 2

1 remains bounded above by its standard value,
avoiding the strong coupling issue.

To prevent the backreaction problem, we choose model parameters such that the total
energy density of the generated electromagnetic field remains smaller than the background
(radiation) energy density at the end of reheating. This approach, based on the modified evo-
lution of the coupling function, allows us to address both the strong coupling and backreaction
issues, while still producing magnetic fields of sufficient strength to match current large-scale
observational constraints.

In the following subsection, we will solve the gauge field equation within generalized reheat-
ing scenarios. Before proceeding, however, we must first discuss the inflationary and reheating
parameters that will be used throughout the later parts of this paper.

5.3 Evolution of the gauge field during inflation and
post-inflationary era

As this kind of coupling generates a non-helical magnetic field, where both the helicity modes
‘+’ and ‘−’ are equally enhanced from the vacuum, we can simplify our calculations by
dropping the polarization index ‘λ‘ from Eq. (3.10). We further define another variable
Ak(η) = f1A

k,λ
µ (η). Since we have already dropped the polarization index in this definition,

we can rewrite the equation of motion (EoM) of the gauge field in terms of Ak, leading to the
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following equation [347]

A′′
k(η) +

(
k2 − f ′′

1
f1

)
Ak(η) = 0. (5.5)

Replacing f ′′
1 /f1 = n(n+ 1)/η2, we obtain [347]

A′′
k(η) +

(
k2 − n(n+ 1)

η2

)
Ak(η) = 0. (5.6)

The general solution of the above equation is given in terms of Bessel functions

Ak(η) =
√

−η
{
c1Jn+ 1

2
(−kη) + c2Yn+ 1

2
(−kη)

}
. (5.7)

To determine the values of c1 and c2, we impose the Bunch-Davies initial condition, assuming
that all observed modes today were deep inside the Hubble horizon at the beginning of inflation.
In the sub-horizon limit | − kη| → ∞, the solution of the gauge field reduces to a simple plane
wave Ak(−kη → ∞) ≃ e−ikη/

√
2k. Using this as an initial condition, we obtain the integration

constants c1 and c2 as [235]

c1 =
√
π

4k
exp(iπn/2)
cos(−πn) , c2 =

√
π

4k
exp(iπ(1 − n)/2)

cos(−πn) . (5.8)

Combining these results, we express the solution of the gauge field during inflation in terms of
the Hankel function as [117,235]

Ak(η) =
√

−πη

4 ei(n+1/2)π/2H(1)
n+ 1

2
(−kη). (5.9)

Defined the Electric and Magnetic Spectral Energy Density at the End of Inflation:
Once we obtain the solution of the gauge field, we can compute the magnetic and electric

energy densities at the end of inflation, i.e., at η = ηe. We find [117]

PB,inf(k, η) = dρB

d ln k = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n+ 1
2
(−kη)

∣∣∣∣2 , (5.10)

PE,inf(k, η) = dρE

d ln k = k4

8πa4(η)(−kη)
∣∣∣∣H(1)

n− 1
2
(−kη)

∣∣∣∣2 . (5.11)

Here, the subscript ‘inf’ denotes quantities defined during inflation.
To analyze the spectral behavior of the magnetic and electric fields, we simplify the above

equations. We are particularly interested in modes that are far outside the horizon before
the end of inflation, i.e., k < ke. In this regime, we take the super-horizon approximation
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Figure 5.2: Comoving electric and magnetic power spectra, a4PB/E(k), as a function of the
comoving wavenumber k (in Mpc−1). Left panel: Reheating scenario with equation of state
wre = 0. Right panel: Reheating scenario with wre = 1/3. In both panels, the blue curves
correspond to n = 0.3, while the magenta curves correspond to n = 0.5. The reheating
temperature is fixed at Tre = 7 GeV. Solid lines represent the comoving magnetic spectral
energy density, whereas dashed lines denote the comoving electric spectral energy density.

| − kηend| ≪ 1, allowing us to express the above equations in the following form [235,237,238]

PB,inf(k, η) = H4
inf

8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4,

PE,inf(k, η) = H4
inf

8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6

 for n > 1
2 , (5.12)

PB,inf(k, η) = H4
inf

8π

Γ2(|n|− 1
2)22|n|−1

π2 (−kη)−2|n|+6,

PE,inf(k, η) = H4
inf

8π

22|n|+1Γ2(|n|+ 1
2)

π2 (−kη)−2|n|+4

 for n < −1
2 . (5.13)

From the above expressions, we see that for a coupling with n > 0, the magnetic field
spectrum becomes scale-invariant for n = 2, while the electric field follows PE,inf(k) ∝ k2. Since
the electric field spectrum is blue-tilted, it avoids backreaction issues in this case. However,
for n > 2, the magnetic spectrum becomes red-tilted, leading to an infrared (IR) divergence at
large wavelengths. If we set the cutoff wavelength to the current CMB pivot scale, kcut = k∗ =
0.05 Mpc−1, we can impose a strong constraint on n such that the total energy density of the
produced magnetic field remains below the total inflaton energy density. This gives an upper
bound on the coupling parameter n ≤ 2.18. This bound is derived assuming an inflationary
duration corresponding to Ninf = 55 e-folds, where Ninf represents the number of e-folds during
inflation.

Additionally, a scale-invariant magnetic field is also possible for n = −3. However, as our
analysis aims to simultaneously avoid both the backreaction and strong coupling problems, we
discard the n < 0 cases due to their inherent strong coupling issues.
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5.3.1 Production during Reheating

As discussed earlier, the coupling function f1(η) remains active during reheating, leading to
additional magnetic field generation. Incorporating its functional form into the equation of
motion (EoM) for Ak during reheating, we obtain

A′′
k +

(
k2 − α(α + 1)

η2

)
Ak = 0. (5.14)

Here, α is defined as

α = 2m
1 + 3wre

= 2nβ
1 + 3wre

, (5.15)

where β depends on the reheating dynamics, influencing the spectral behavior of the magnetic
field.

The general solution to this equation is

Are
k (k, η > ηe) =

√
kη
{
d1Jα+1/2(kη) + d2J−α−1/2(kη)

}
, (5.16)

where Jν are Bessel functions, and d1 and d2 are integration constants. These constants are
determined by enforcing the continuity of Ak and its first derivative at the transition point
η = ηe.

Applying these conditions yields

d1 = πx1/2
e

2 cos(πα)
[
Ainf

k (xe)J̃−α−1/2(xe) + Ainf
k

′(xe)J−α−1/2(xe)
]
, (5.17a)

d2 = πx1/2
e

2 cos(πα)
[
Ainf

k (xe)J̃α+1/2(xe) − Ainf
k

′(xe)Jα+1/2(xe)
]
, (5.17b)

where xe = −kηe = k/ke, and the auxiliary functions are

J̃α+1/2(xe) = (1 + α)Jα+1/2(xe) − xeJα+3/2(xe)
xe

, (5.18a)

J̃−α−1/2(xe) = αJ−α−1/2(xe) + xeJ−α+1/2(xe)
xe

. (5.18b)

Since we are primarily interested in modes that exited the horizon well before the end of
inflation, i.e., k < ke, we focus on the regime where xe ≪ 1.

Under the super-horizon approximation, the expressions for the coefficients d1 and d2 sim-
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Figure 5.3: Comoving electric and magnetic spectral energy densities, a4PB/E, plotted as a
function of the comoving wavenumber k for two representative reheating scenarios. The left
panel corresponds to an equation of state wre = 0.0 with n = 0.5, while the right panel
shows the case wre = 1/3 with the same value of n. In both panels, blue curves represent
Tre = 10−2 GeV and magenta curves correspond to Tre = 10−1 GeV. Solid lines denote the
magnetic contribution, whereas dashed lines indicate the electric component.

plify to

d1 ≃
√
π

4k

(
−x−n−α−1

e
i2n+α(α− n)Γ(n+ 1/2)

cos(πα)Γ(1/2 − α) + O(2)
)
, (5.19a)

d2 ≃
√
π

4k

(
−x−n+α

e
i2n−α−1(1 + n+ α)Γ(n+ 1/2)

cos(πα)Γ(α + 3/2) + O(2)
)
. (5.19b)

To determine the spectral energy densities of the magnetic and electric fields, we substi-
tute the mode function Ak into the relevant expressions. However, further simplifications are
required to analyze the spectral behavior effectively.

Since we define the comoving spectrum at the end of reheating (η = ηre), the spectrum can
be categorized into two distinct regimes:

• Super-horizon limit: k < kre

• Sub-horizon limit: kre < k < ke

Super-Horizon Limit (k∗ < k < kre)

For super-horizon modes, the spectral energy densities of the magnetic and electric fields are
given by

PB(k, ηre) ≃ H4
e

8π
22n−1(α− n)2Γ2(n+ 1/2)

cos2(πα)Γ2(1/2 − α)Γ2(α + 3/2)

(
xre

xe

)2(α+1)
(
k

ke

)4−2n (
ae

are

)4
, (5.20a)

PE(k, ηre) ≃ H4
e

8π
22n+1(α− n)2Γ2(n+ 1/2)

cos2(πα)Γ2(1/2 − α)Γ2(α + 1/2)

(
xre

xe

)2α
(
k

ke

)2−2n (
ae

are

)4
. (5.20b)

The factor (ae/are)4 arises due to the expansion of the universe from the end of inflation to
the completion of reheating. Notably, the presence of the coupling function during reheating
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enhances the total energy density of super-horizon modes by a factor of (xre/xe)2(α+1). While
the spectral indices of the magnetic and electric fields are determined by the parameter n, the
post-inflationary coupling governs the amplification of these fields.

A particularly interesting case arises for n = 2, where the magnetic field spectrum remains
scale-invariant, while the electric field spectrum exhibits a red tilt. This red tilt leads to an
ultraviolet (UV) divergence in the electric field spectrum. However, even in this case, a truly
scale-invariant magnetic spectrum cannot be achieved due to backreaction issues, which will
be discussed later.

Sub-Horizon Limit (kre < k < ke)

For sub-horizon modes, the spectral energy densities are given by

PB(k, ηre) ≃ H4
e

8π
2
π

22(n+α)(α− n)2Γ2(n+ 1/2)
cos2(πα)Γ2(1/2 − α)

(
k

ke

)2−2(n+α) (
ae

are

)4
, (5.21a)

PE(k, ηre) ≃ H4
e

4π
22(n+α)(α− n)2Γ2(n+ 1/2)

cos2(πα)Γ2(1/2 − α)

(
k

ke

)2−2(n+α) (
ae

are

)4
. (5.21b)

In this regime, both the magnetic and electric field spectra share the same spectral index, which
is consistently red-tilted. As a result, the total electromagnetic (EM) energy density attains
its maximum at k = kre.

Generally, super-horizon modes exhibit a blue-tilted spectrum, whereas sub-horizon modes
remain red-tilted. This spectral behavior arises from the specific form of the gauge field cou-
pling function, which is chosen to address both the backreaction and strong coupling problems
simultaneously. Moreover, the coupling function is designed to restore the conformal nature of
the gauge field by reaching unity at the end of reheating.

To analyze the spectral behavior of the magnetic and electric spectral energy densities,
denoted as PB and PE, we have plotted the comoving magnetic and electric spectral energy
densities, defined as a4PB/E, at the end of reheating as a function of the comoving wavenumber
(in Mpc−1).

In Fig. 5.2, we consider two different values of the coupling constant: n = 0.3 (blue) and
n = 0.5 (red), for two different equations of state (EoS): wre = 0.0 (left panel) and wre = 1/3
(right panel). In both cases, the reheating temperature is fixed at Tre = 7 GeV. The solid lines
represent the magnetic spectral energy density (PB), whereas the dashed lines correspond to
the electric spectral energy density (PE).

For super-horizon modes (k < kre), the spectral behavior of the electric and magnetic fields
differs, as predicted earlier. However, for sub-horizon modes (k > kre), both spectral energy
densities follow the same behavior, as discussed in Eqs. (5.21). Additionally, depending on the
coupling nature, if we aim to generate a significant magnetic field on large scales, we find that
in most cases, the maximum energy density is stored at k ≃ kre for both magnetic and electric
fields.
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Similarly, in Fig. 5.3, we plot the comoving spectral energy density a4PB/E as a function of
the comoving wavenumber k for a fixed coupling parameter n = 0.5, considering two different
EoS values: wre = 0.0 (left panel) and wre = 1/3 (right panel). In both figures, blue represents
Tre = 102 GeV, while red corresponds to Tre = 0.1 GeV. Here, the dashed lines indicate the
comoving spectral energy density of the electric field, whereas the solid lines correspond to the
comoving spectral energy density of the magnetic field.

From Eqs. (5.20), we observe that the super-horizon scaling behavior of the magnetic and
electric fields is dictated by the coupling parameter n. Since we consider a single value, n =
0.5, the spectral tilt remains the same in both panels, even for sub-horizon modes at a fixed
reheating temperature.

Furthermore, in the case of wre = 1/3, the spectral energy density of the super-horizon
electric field modes retains the same amplitude, irrespective of the reheating temperature.
This seemingly counterintuitive behavior arises due to the factor (xre/xe)2α. For wre = 1/3, the
evolution of the relevant background quantities compensates in such a way that the electric
field undergoes the same enhancement regardless of the reheating temperature.

However, for the magnetic field, we find that even in the wre = 1/3 reheating scenario, an
additional enhancement factor, (ke/kre)2, exists. As a result, changing the reheating temper-
ature alters the amplitude of the magnetic field due to this factor, while the spectral index
remains unchanged.

Present-day Magnetic Field Strength In this type of magnetogenesis model, the elec-
tromagnetic fields restore their conformal symmetry after reheating as the coupling function
becomes f1(η > ηre) = 1. Since there are no additional dynamics that break the conformal
nature of the electromagnetic (EM) fields, the effective production of gauge fields ceases after
reheating.

During reheating, all fundamental particles are already produced, and the universe reaches
a high-temperature state, behaving as a highly dense conducting plasma. As a result, the
electric field component rapidly decays and is washed out from the universe. Therefore, after
reheating (during the radiation-dominated era), the only surviving component is the magnetic
field.

Since we are not considering magnetohydrodynamics (MHD) effects and are interested in
modes that remain far outside the horizon during the radiation-dominated era, we can safely
ignore MHD effects for those modes. Typically, these large-scale modes evolve adiabatically
after their production, with the energy density of the magnetic field scaling as ρB ∝ a−4 due
to the expansion of the universe.

Under this assumption, the present-day magnetic field strength can be expressed as

B0(k) ≃ k2
e

(8π)1/2
2n−1/2(α− n)Γ(n+ 1/2)

cos(πα)Γ(1/2 − α)Γ(α+ 3/2)

(
ke

kre

)α+1 (
k

ke

)2−n

. (5.22)
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Figure 5.4: Present-day magnetic field strength B0, evaluated at the scale 1 Mpc−1, shown as a
function of the coupling constant n for two reheating scenarios. The left panel corresponds to
a reheating equation of state wre = 0, while the right panel shows the case wre = 1/3. In both
panels, different colors denote different reheating temperatures Tre. Solid lines correspond to a
tensor-to-scalar ratio r0.05 = 0.036, whereas dashed lines represent r0.05 = 10−4.

EoS wre = 0.0 wre = 1/3
n 0.7 0.8 0.9 0.45 0.5 0.55

Tre(GeV) 104 24.5 0.043 1.02 × 105 58.4 10−2

B0 (G) 4.3 × 10−21 1.7 × 10−16 3.3 × 10−12 2.9 × 10−25 1.66 × 10−19 3.2 × 10−13

Table 5.1: Upper bounds on the reheating temperature obtained from the requirement that the
gauge-field energy density remains subdominant to the background, thereby avoiding backre-
action effects. The bounds are evaluated for selected values of the coupling constant n and for
two reheating equations of state, wre = 0 and wre = 1/3. The table also lists the corresponding
present-day magnetic field strength B0 (in Gauss) associated with these parameter choices.

To analyze the dependency of the present-day magnetic field strength B0(k) on the magnetoge-
nesis parameters (such as the initial coupling constant n) and the reheating dynamics (in terms
of reheating temperature Tre and average equation of state wre), we have plotted B0(1 Mpc−1)
as a function of the coupling parameter n in Fig. (5.4).

In the left panel of Fig. 5.4, we show the present-day magnetic field strength evaluated
at the 1 Mpc scale for wre = 0, where different colors correspond to different values of the
reheating temperature Tre. In the right panel, we plot B0(1 Mpc−1) as a function of the
coupling parameter n for radiation-like reheating scenarios with wre = 1/3.

In both figures, we consider two different values of the tensor-to-scalar ratio r0.05: solid
lines correspond to r0.05 = 0.036, while dashed lines represent r0.05 = 10−4. Since we have fixed
the Hubble parameter during inflation as He = πMP

√
r0.05As/2, changing the value of r0.05

effectively modifies the inflationary energy scale.
From both figures, we observe that for a fixed equation of state wre and reheating tempera-

ture Tre, an increase in the coupling parameter n leads to a gradual increase in the present-day
magnetic field strength. This behavior arises due to the initial value of the gauge field generated
during inflation, which is governed by the factor (k/ke)−2|n|+4.
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Figure 5.5: Fractional energy density of the electromagnetic field, δEM, shown as a function
of the reheating temperature Tre (in GeV) for two different reheating equations of state. The
left panel corresponds to wre = 0.0, while the right panel shows the case wre = 1/3. In both
panels, different colored curves represent different values of the coupling parameter n. The
dark gray shaded region indicates the part of the parameter space where the electromagnetic
energy density becomes comparable to the background energy density, signaling the onset of
significant backreaction effects.

Additionally, we find that lowering the reheating temperature enhances the overall strength
of the gauge field. This effect is due to the prolonged duration of the reheating period, which
allows for increased production of the gauge field during reheating.

Backreaction issue
Including the coupling function f1(η) in the action with the electromagnetic (EM) field

breaks conformal symmetry, leading to significant EM field generation during both inflation
and reheating. To avoid backreaction with the inflaton field at the end of reheating, we must
compute the total energy density produced due to the coupling. The total EM energy density
at the end of reheating is defined as

ρem(ηre) =
∫ ke

kre
d ln(k) {PB(k, ηre) + PE(k, ηre)} , (5.23)

where the integration limits are chosen from kre to ke, since kre is the highest mode that can
re-enter the horizon at the end of reheating. Notably, since the spectrum peaks at k ≃ kre,
extending the lower limit to kcmb does not significantly alter the result.

The fractional energy density of the EM field at the end of reheating is then defined as
δEM = ρem(ηre)

ρc(ηre) , where ρc(ηre) = 3H2(ηre)M2
P, and H(ηre) is the Hubble parameter at the end of

reheating. Utilizing Eq. (5.21) in Eq. (5.23), we obtain:

δEM(ηre) = 1
24

(
He

MP

)2 (kre

ke

)2−2(n+α) 22n+1(α− n)2Γ2(n+ 1/2)
cos2(απ)Γ2(1/2 − α)

×
{

1
Γ2(α + 1/2) + 22α

π

}(
ae

are

)1−3wre

. (5.24)

Here, the term (ae/are)1−3wre accounts for the relative dilution of the EM field energy density
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Figure 5.6: Fractional electromagnetic energy density δEM shown as a function of the coupling
parameter n for two reheating scenarios. The left panel corresponds to an equation of state
wre = 0.0, while the right panel shows the case wre = 1/3. In both panels, different colored
curves represent different reheating temperatures Tre (in GeV). The dark gray shaded region
marks the parameter space where the electromagnetic energy density becomes comparable to
the background energy density, indicating the onset of significant backreaction effects.

compared to the background.
In Fig. 5.5, we illustrate how the fractional energy density of the produced EM field depends

on reheating scenarios and coupling parameters. Specifically, in Fig. 5.5, we plot δEM(ηre) as a
function of reheating temperature Tre (in GeV) for two distinct equations of state: wre = 0.0
(left) and wre = 1/3 (right). Different colors represent different values of the coupling parameter
n.

From the figure, we observe that for a fixed reheating temperature (e.g., Tre = 0.1 GeV),
increasing n leads to a gradual increase in the total energy density. This arises because the
initial EM energy density produced during inflation depends on n. A larger n results in a less
blue-tilted spectrum, leading to a comparatively higher energy density on larger scales.

Since the coupling function during reheating is no longer a free parameter, it strongly
depends on reheating dynamics. This effect is evident in both figures: when the EoS changes,
the EM field production rate is significantly affected due to background evolution. For a
matter-like evolution (ρϕ ∝ a−3), the universe spends a longer duration in reheating compared
to a radiation-like scenario (ρϕ ∝ a−4).

To satisfy the condition f(ηre) = 1, for wre = 0 reheating, we must effectively choose a lower
value of α for a fixed n, while for wre = 1/3, α is relatively larger. A higher α corresponds to
stronger EM field production during reheating. Consequently, for a fixed n and Tre, radiation-
like evolution results in greater EM field production.

Similarly, in Fig. 5.6, we plot δEM(ηre) as a function of n for wre = 0.0 (left) and wre = 1/3
(right), where different colors indicate different reheating temperatures. We find that to avoid
backreaction for wre = 0.0, the maximum allowed coupling parameter is n < 1 for a wide range
of reheating temperatures. For example, for Tre = 1 GeV with wre = 0.0, the maximum allowed
value is nmax ≃ 0.83, while for wre = 1/3, it is nmax ≃ 0.53.

Table 5.1 presents estimates of the lowest possible reheating temperature Tre (in GeV) for
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wre = 0.0 and wre = 1/3, along with the corresponding present-day magnetic field strength at
1 Mpc. We find that: - For wre = 0, ensuring a backreaction-free scenario requires 0.75 ≤ n ≤
0.92, while the reheating temperature remains low: 10−2 ≤ Tre ≤ 102 GeV. - For wre = 1/3,
the allowed n range is narrower: 0.5 ≤ n ≤ 0.55, with a similar reheating temperature range.

Interestingly, a higher reheating temperature leads to stronger magnetic field generation
on small scales. However, the present-day magnetic field strength at 1 Mpc remains relatively
small.

5.4 Generation of Gravitational Waves

Gravitational waves (GWs) are among the most promising probes for investigating the early
Universe. In the context of a de Sitter inflationary background, a primary, nearly scale-invariant
GW spectrum is generically produced. However, the final observed spectrum depends sensi-
tively on the post-inflationary dynamics of the Universe.

A detailed discussion of the primordial GW production from quantum vacuum fluctuations
during inflation has already been presented in Chapter 2 (Section 2.9); therefore, it is not
repeated here. Instead, we focus on the classical production of GWs sourced by electromagnetic
fields.

Nevertheless, when evaluating the present-day GW spectrum, we incorporate contributions
from both the primordial (vacuum) and the electromagnetic sources.

5.4.1 Production of Secondary GWs

In this subsection, we discuss the production mechanisms of secondary gravitational waves
(SGW) sourced by the electromagnetic (EM) field generated during and after inflation. As
analyzed in the earlier sections, for this type of coupling, where both the backreaction issue
and the strong coupling problem are addressed simultaneously, the model parameters must be
chosen such that the large-scale magnetic field generated during inflation remains subdominant
compared to the background energy density.

However, since the coupling function remains active during reheating, we find a significant
enhancement in both the magnetic and electric energy densities, even for modes that remain
outside the horizon before the end of reheating. Notably, the production of the magnetic field
reaches its maximum at the end of reheating, where the coupling function satisfies f(η = ηre) =
1. This allows us to neglect the contribution of tensor perturbations sourced by the EM field
during inflation.

Thus, the dominant production of secondary GWs occurs in two distinct phases:

• During reheating, when the amplified EM energy density acts as a source for tensor
perturbations.
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• During the radiation-dominated era, where any remaining sourced fields (magnetic
field) continue to contribute to GW production.

Generation of Tensor Perturbations During Reheating
For super-horizon modes, the electric field energy density dominates over the magnetic field.

Once the modes re-enter the horizon, both the electric and magnetic fields exhibit the same
spectral behavior with equal amplitude (see Fig. 5.2). Since we are computing the tensor power
spectrum generated during reheating, we can simplify our analysis by neglecting the magnetic
field contribution for now.

The tensor power spectrum induced by the electric field during reheating, evaluated at
η = ηre, is given by

P sec
T (k, ηre) = 2

M4
Pk

4

∫ umax

umin

du

u

∫ 1

−1
dµ

f(µ, γ)
[1 + u2 − 2µu]3/2

×
[∫ xre

xe
dx1a

2(x1)Gk(xre, x1)P1/2
E (ux1)P1/2

E (|1 − u|x1)
]2

(5.25)

Here, we define the dimensionless variable u = q/k and xre = kηre, where ηre is the conformal
time at the end of reheating. The above integral does not admit an exact analytical solution,
but we can rewrite it in the following approximate form

P sec
T (k, ηre) ≃ |B|4

32

(
He

MP

)4 ( k
ke

)2(δ−2n−2α) {
I1(k, ηre) + I2(k, ηre)

}
, (5.26)

where the terms I1 and I2 are defined as

I1(k, ηre) =
∫ 1

umin
du u2u−2(n+α)

∫ 1

−1
dγ f(γ, β)

[∫ xre

xe
dx1x

1−δ
1 Gk(xre, x1)Jα− 1

2
(ux1)Jα− 1

2
(x1)

]2
,

(5.27a)

I2(k, ηre) =
∫ umax

1
du u2u−4(n+α)

∫ 1

−1
dγ f(γ, β)

[∫ xre

xe
dx1x

−1−δ
1 Gk(xre, x1)J2

α− 1
2
(ux1)

]2
. (5.27b)

In these expressions, we have defined umax = ke/k and umin = k∗/k, where k∗ is the pivot
scale observed the CMB, and ke is the highest mode leaving the horizon at the end of inflation.
The overline indicates the oscillation average of the corresponding quantity.

Since an exact analytical solution is not feasible, we evaluate the spectral behavior by
considering specific limits. We are particularly interested in large-scale magnetic fields that
could explain the presently observed cosmic magnetic field. For super-horizon scales (k ≪ kre),
we estimate the tensor power spectrum as

P sec
T (k ≪ kre, ηre) ≃ |B|4

48
22−4αΓ2(l)

Γ4(α + 1
2)Γ2(1 + l)

(
He

MP

)4 1 −
(

k∗
k

)2−2n

(2 − 2n)(2α− δ + 2)

(
xe

xre

)2(δ−2α)
(
k

ke

)4(1−n)

.

(5.28)
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From Eq. (5.28), we observe that the tensor power spectrum due to the electric field follows
P sec

T (k ≪ kre, ηre) ∝ k4(1−n), which is twice the spectral index of the electric field, i.e., PE(k) ∝
k2(1−n) (see Eq. (5.20b)). This result implies that for n > 1, the tensor power spectrum exhibits
a red-tilted spectrum, leading to an overproduction of tensor fluctuations at large wavelengths.
Consequently, this could violate the current observational bound on the tensor-to-scalar ratio,
r0.05 ≤ 0.036 [12,64,65,348].

For instance, considering wre = 0 and a reheating temperature of Tre = 1 GeV, we find that
to satisfy the observational bound on r, the coupling parameter must be constrained as nmax ≤
1.07. However, for the same set of parameters, we find that the produced electromagnetic fields
can easily backreact with the background (see Fig. 5.6).

Generation of tensor perturbation during radiation-dominated era:
After reheating, there is no further production of the gauge field, but during the reheating

era, the production of the gauge field is significant. During reheating, all fundamental particles
are produced from the decay of the inflaton field, and the temperature of the universe was very
high. Consequently, we can assume that the conductivity during the radiation-dominated era
was also very high. In the presence of high conductivity, the electric field decays quickly due
to the rapid response of charged particles (mainly electrons) in the plasma medium, while the
magnetic field freezes (if we ignore magnetohydrodynamics). As we have seen, the magnetic
field strength at the end of reheating is quite high at small scales near k ≃ kre (see Fig. 5.3), and
it can further produce tensor fluctuations. However, the source due to the magnetic field is only
effective up to the neutrino decoupling era, i.e., η = ην , because after neutrinos decouple from
the thermal bath, they can balance the anisotropies induced by the magnetic field [349, 350].
Therefore, for the radiation-dominated era, the time range should be from xre to xν = kην .

P sec
T (k, ην) = 2

M4
Pk

4

(∫ xν

xre
dx1

Gra(xν , x1)
a2(x1)

)2

×
∫ ∞

0

dq

q

∫ 1

−1
dµf(µ, β) P̃B(k, ηre)P̃B(|k − q|ηre)

[1 + (q/k)2 − 2µ(q/k)]3/2

(5.29)

Here, the tilde denotes the comoving quantity, i.e., P̃B(k, ηre) = a4(η)PB(k, η). This is conve-
nient because, after reheating, there is no further production of the gauge field. Due to high
conductivity and the absence of an electric field, the magnetic field evolves adiabatically and,
due to background expansion, dilutes as a−4. To facilitate the time integral separately, we
express the transient power spectrum in terms of these comoving quantities.

Utilizing Eq. (5.21), we can define the comoving magnetic spectral energy density P̃B as

P̃B(k, η > ηre) = k4|B|2

8π

(
k

ke

)−2(n+α+1) (
k

kre

)
J2

α+ 1
2

(k/kre) (5.30)
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here we identify B as

B =
2n+α(α− n)Γ

(
n+ 1

2

)
cos(πα)Γ

(
1
2 − α

) (5.31)

Now, we can write the tensor power spectrum produced during the radiation-dominated
era as

P sec
T,ra(k, η) = k4|B|4

32π2M4
P

(
k

ke

)−4(n+α+1)

x2
re

(∫ xν

xre
dx1

Gk(xν , x1)
a2(x1)

)2

×
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du

u

∫ 1

−1
dµ

f(µ, γ)
[1 + u2 − 2uµ]3/2u

3−2(n+α)(|1 − u|)3−2(n+α)J2
α+1/2(uxre)J2

α+1/2(|1 − u|xre)

(5.32)

We can numerically solve the above integral by performing the time and momentum integrals
separately. However, to analyze the spectral behavior of the tensor power spectrum, we can
also evaluate it analytically by considering two different limits: (i) the spectral behavior of the
tensor power spectrum for modes that remain outside the horizon before the end of reheating
(k < kre), and (ii) the spectral behavior of modes that are inside the horizon before the end of
reheating (k > kre).

Computing the Tensor Power Spectrum for k < kre: For modes that remain outside the
horizon before the end of reheating (k < kre), we can take the limit xre = k/kre < 1 to sim-
plify the integral. We also split the momentum integral into two parts, kcmb/k < u < 1 and
1 < u < ke/k. Utilizing this, we can express the tensor power spectrum as

P sec
T,ra(k, ην) = k4|B|4

32π2M4
P

(
k

ke

)−4(n+α+1)

x2
re

(∫ xν

xre
dx1

Gk(xν , x1)
a2(x1)

)2

×
{
F 1

uu(k, ηre) + F 2
uu(k, ηre)

}
(5.33)

where we define

F 1
uu(k, ηre) =

∫ 1

umin

du

u

∫ 1

−1
dµf(µ, γ)u3−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre) (5.34)

F 2
uu(k, ηre) =

∫ umax

1

du

u4

∫ 1

−1
dµf(µ, γ)u6−4(n+α)J4

α+1/2(uxre) (5.35)

Numerical evaluation shows that F 1
uu(k, ηre) ≫ F 2

uu(k, ηre) (see Appendix A.4). Focusing only
on F 1

uu, in the limit xre ≪ 1 with kcmb/k < u < 1, we find

F 1
uu(k, ηre) ≃ 8

3
2−4(α+1/2)

Γ4(α + 1/2)x
4(α+3/2)
re

1
4 − 2n

1 −
(
k0

k

)4−2n
 (5.36)
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5.4.2 Defining the Present-Day Dimensionless Gravitational Wave
Spectrum Energy Density ΩGWh

2

Gravitational waves (GWs) weakly interact with matter and can freely propagate without
losing their original nature after being produced during a radiation-dominated era. The GW
energy density, which scales as ρGW ∝ a−4, can be normalized by the total energy density at
the production time, ρc(η). Presently, this density parameter is given by

ΩGW(k, η) = ρGW(k, η)
ρc(η) = 1

12
k2PT(k, η)
a2(η)H2(η) , (5.37)

where ρc(η) = 3H2(η)M2
P, with the reduced Planck mass MP ≈ 2.43 × 1018 GeV.

The GW energy density follows the radiation scaling behavior, making modes within the
Hubble radius near radiation-matter equality particularly relevant. The present-day energy
density parameter ΩGW(k)h2 is then given by

ΩGW(k)h2 ≃
(
g∗,0

g∗,eq

)1/3

ΩRh
2ΩGW(k, η), (5.38)

where ΩRh
2 = 4.3 × 10−5, g∗,eq ≃ g∗,0 = 3.35, and denote relativistic degrees of freedom at

equality and today, respectively.
The spectral energy density (SED) of GWs helps us distinguish between different production

mechanisms, such as vacuum fluctuations and sourced fields like the electromagnetic field.

Spectral Behavior of Primary GWs: Primordial gravitational waves (PGWs) originate
from vacuum fluctuations during the inflationary era. As previously discussed, these tensor
perturbations exhibit a nearly scale-invariant spectrum in a de Sitter inflationary background.
However, the present-day amplitude and shape of the PGW spectrum are influenced by the
post-inflationary evolution of the universe. In particular, non-standard reheating scenarios can
significantly modify the spectral behavior of GWs, especially for modes that re-enter the horizon
before the end of reheating. Consequently, the present-day spectrum of PGWs, depending on
the comoving wavenumber, can be characterized by the following expression [117,119,229]

Ωpri
GW(f)h2 ≃

Ωrh
2 g

1/3
∗,0

6 g1/3
∗,eq

H2
e

M2
P

×

 1 f < fre,

D1
(

f
fre

)−nw

f > fre,
(5.39)

where D ≃ 21−2lΓ2(1 − l)/2π ≃ O(1) and nw = 2(1 − 3wre)/(1 + 3wre) [117,229].
For GWs produced solely from vacuum fluctuations, modes remaining outside the horizon

before reheating end are not affected by reheating dynamics and retain a scale-invariant spec-
trum regardless of the equation of state (EoS). However, for modes that re-enter the horizon
before reheating ends, the spectrum depends on the reheating phase dynamics. Specifically, for
wre = 0 (matter-like reheating), the spectrum follows f−2 for f > fre, whereas for wre = 1/3,
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it remains scale-invariant. For wre > 1/3, the spectrum transitions to a blue-tilted behavior,
scaling as f−nw . For instance, with wre = 0.5, the spectrum scales as f 0.4.

Spectral Behavior of Secondary GWs: Similarly, for GWs sourced by electromagnetic
fields, we approximate the SED of secondary GWs as

Ωsec
GWh

2 ≃ Ωrh
2

6

(
g∗,0

g∗,eq

)1/3 (
He

MP

)4 ( ae

are

)2(1−3wre) (xre

xe

)4(α+1)
I2(f, ηre, ην)

×

 A1(f/fend)2(4−2n) f∗ < f < fre

A2(xre/xe)4(n−2)(f/fend)4(1−n−α) fre < f < fend
(5.40)

where we define A1 and A2 as

A1 = |B|42−4(n+1/2)

144 π2(4 − 2n)Γ4(α + 1/2) , (5.41a)

A2 = |B|4

360 π4
1

2(n+ α) − 2 , (5.41b)

where B is defined in Eq. (5.31). Here, Ira(k, kre, kν) is defined as [229]

I(k, ηre, ην) =
∫ xν

xre
dx1

sin(x1 − xν)
x1

. (5.42)

As for the low-frequency regions, we found that I(k < kν) = γ1, where γ1 ∼ 0.5 at the epoch
of neutrino decoupling.

In the above expression, the factor (ae/are)2(1−3wre) arises from the relative dilution of the
magnetic field energy density and background energy density. The magnetic energy den-
sity scales as a−4, whereas the background energy density scales as a−3(1+wre). The factor
(xre/xe)4(α+1) accounts for additional magnetic field production due to coupling during reheat-
ing.

For super-horizon modes, the spectral shape of secondary GWs is governed by the initial
gauge field coupling during inflation via n, yielding a spectral index twice the magnetic spectral
index for super-horizon modes (see Eq. (5.20)). For sub-horizon modes, the spectral tilt is also
twice the magnetic spectral index, scaling as 4(1−n−α) (see Eq. (5.21)). This follows naturally
since the SED of secondary GWs is proportional to the square of the magnetic spectral energy
density (see Eq. (5.29)), i.e., ΩGW(k, η) ∝ P2

B(k, η).
In Fig. 5.7, we present the spectral energy density (SED) of gravitational waves (GWs),

ΩGW, as a function of the comoving frequency f (Hz) for two different values of the equation
of state (EoS) during reheating, wre = 0.0 (left) and wre = 1/3 (right). In both cases, we set
the reheating temperature to Tre = 1 GeV. This choice ensures consistency with the observed
present-day magnetic field at large scales, particularly at 1 Mpc.

From Table 5.1, it is evident that for this class of magnetogenesis models to remain free
from backreaction and strong coupling issues, the reheating temperature must be relatively
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Figure 5.7: Gravitational-wave spectral energy density ΩGWh
2 as a function of frequency f

(in Hz) for different values of the coupling parameter n. In the left panel, we show the case
of matter-like evolution after inflation, while in the right panel, we present the radiation-like
evolution after inflation. In both panels, the reheating temperature is fixed to Tre = 1 GeV.
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Figure 5.8: Gravitational-wave spectral energy density ΩGWh
2 as a function of frequency f (in

Hz) for different reheating scenarios.. In the left panel, we consider a matter-like evolution after
inflation with the initial magnetogenesis coupling parameter n = 0.80. In the right panel, we
consider a radiation-like evolution after inflation with the initial coupling parameter n = 0.5.
In both panels, three different values of the reheating temperature are shown, Tre = 1, 10, and
102 GeV. As the reheating temperature varies, both the amplitude and the peak position of
the GW spectrum change accordingly.

low. For the left panel (wre = 0), we find that to obtain a reasonable magnetic field strength
at 1 Mpc, the coupling parameter must lie within the range 0.8 < n < 0.95, with the reheating
temperature constrained to 10−2 ≤ Tre ≤ 102 GeV. Within this parameter range, the generated
magnetic fields source a significant secondary GW background, detectable not only by future
SKA [334] but also by current PTA observations, including NANOGrav [41], EPTA+IPTA [42],
PPTA [43,44], and CPTA [45].

Although the latest NANOGrav 15-year data suggests a characteristic strain spectral index
γCP = 3.2 (corresponding to an energy density spectral index ngw = 1.8), our magnetogenesis
model naturally predicts a strongly blue-tilted magnetic field spectrum, scaling as PB(f) ∝
f 4−2n. For instance, choosing n = 0.85 gives PB(f) ∝ f 2.3. Since for super-horizon modes
the secondary GW spectrum follows ΩGW(f) ∝ f 2(4−2n), we obtain ΩGW(f) ∝ f 4.6 at nano-Hz
frequencies for Tre = 1 GeV, indicating a highly blue-tilted GW spectrum.

In the right panel of Fig. 5.7, we consider wre = 1/3 with Tre = 1 GeV. To avoid backreaction
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effects, we select n = 0.50, 0.51, 0.52. These values yield sufficient magnetic fields for detection
by future experiments such as SKA. In this case, for super-horizon modes (k < kre), the GW
spectrum scales as ΩGW(f) ∝ f 6 for n = 0.5.

Interestingly, we always observe a peak in the GW spectrum around f ≃ fre, corre-
sponding to the maximum amplitude of the electromagnetic field at k ≃ kre. Identifying
this peak frequency could provide insights into the background temperature at the end of
reheating. Additionally, we find that the spectral slope of the sub-horizon modes is influ-
enced not only by the coupling parameter n but also by the details of the reheating dynamics.
Specifically, for sub-horizon modes, the GW spectrum follows ΩGWh

2(f) ∝ f 4(1−n−α), where
α = 2nNinf/(1 + 3wre)Nre depends on the equation of state and reheating temperature. Our
analysis indicates that when the reheating dynamics resemble a radiation-dominated back-
ground, the resulting magnetic spectrum is more strongly blue-tilted, leading to a correspond-
ingly steeper GW spectrum compared to matter-like reheating scenarios.

In Fig. 5.8, we further explore the impact of reheating temperature by plotting the SED
of GWs for wre = 0.0 (left) and wre = 1/3 (right) for three different reheating temperatures:
Tre = 102 GeV (blue), Tre = 10 GeV (red), and Tre = 1 GeV (gray). For wre = 0.0, we fix
n = 0.80, while for wre = 1/3, we set n = 0.5.

Our results show that both the amplitude and peak position of the GW spectrum vary
significantly with reheating temperature. A higher reheating temperature implies an earlier
end to reheating. To satisfy the condition f(η = ηre) = 1, a larger Tre requires a higher value of
α, which enhances electromagnetic field production during reheating. Consequently, a higher
reheating temperature leads to a stronger peak in the magnetic field spectrum (see Fig. 5.5),
thereby amplifying the secondary GW background. This trend is clearly illustrated in Fig. 5.8,
where increasing Tre results in a larger GW amplitude and a shift in the spectral peak.

5.5 Conclusion

The origin of large-scale magnetic fields, with wavelengths exceeding those of galaxies and
galaxy clusters, remains an open question in cosmology. While several models have been pro-
posed to explain their genesis, their consistency with observational constraints is still a subject
of investigation. In this chapter, we explored a coupling mechanism that can simultaneously
address the issue of strong coupling while avoiding backreaction effects, thereby providing a
viable explanation for the observed present-day magnetic field strength.

Most studies on this topic assume an arbitrary post-inflationary universe; however, in real-
istic reheating scenarios, inflation and reheating are strongly correlated, limiting the range of
permissible parameter values. Our analysis indicates that achieving the required present-day
magnetic field strength is not possible by arbitrarily choosing model parameters. Even when
obtaining the desired field strength, many models necessitate an unrealistically low inflationary
energy scale. In contrast, we have demonstrated that by carefully selecting coupling param-
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eters and considering specific reheating scenarios, one can successfully generate the observed
large-scale magnetic fields without requiring an extremely low inflationary scale.

Many magnetogenesis models suggest that producing sufficiently strong magnetic fields on
cosmological scales requires a scale-invariant or nearly scale-invariant spectrum. However, our
findings indicate that even a strongly blue-tilted spectral behavior can still account for the
observed magnetic field strength. A key requirement for this scenario is a reheating phase
characterized by a low reheating temperature. Specifically, for a matter-like reheating scenario
(wre = 0), we find that in order to satisfy the lower bound on the present-day magnetic
field strength for wavelengths larger than 1 Mpc, the reheating temperature must lie within
the range 10−2Tre < 102 GeV, while the coupling parameter n should be within the interval
0.8 < n < 0.95. Similarly, for a radiation-like reheating scenario (wre = 1/3), we find that
to generate a sufficiently strong magnetic field on large scales, the coupling parameter must
satisfy 0.5 < n < 0.55, with the reheating temperature constrained to 10−2 < Tre < 102 GeV.

An intriguing outcome of our analysis is that the resulting magnetic field spectrum al-
ways exhibits a broken power-law behavior. We further observe that for matter-like reheating
scenarios, the produced field, while still consistent with present-day observations, exhibits a
smaller blue tilt compared to scenarios with a radiation-like reheating phase (wre = 1/3). In
both cases, however, our results consistently point toward a low reheating temperature as a
key requirement for successful magnetogenesis.

In the second part of this study, we explored a potential observational test for this class
of magnetogenesis models via the production of secondary gravitational waves (GWs). Our
results show that for suitable model parameters, the generated electromagnetic (EM) field can
serve as a significant source of GWs with a distinctive spectral signature. If the present-day
magnetic field strength is to be satisfied, the parameter choices lead to a GW spectrum that
peaks in the nano-Hz frequency range, making it compatible with the recently observed PTA
signals [41–45]. Due to the strongly blue-tilted nature of the magnetic spectrum, the resulting
GWs also inherit this characteristic, which can help stabilize the PTA signal within a 2σ limit.

Furthermore, even if we do not aim to explain the present-day large-scale magnetic field
strength, our model allows for the generation of strong magnetic fields at smaller scales, which
can act as prominent GW sources. Depending on the parameter choices, the resulting GW
spectrum could be detectable by future sensitivity curves of LISA [335, 336], DECIGO [340–
342], or BBO [337–339]. Notably, we find that generating such strong GWs does not require a
low inflationary scale; signals consistent with He ≃ 10−5MP can still be easily achieved.

The primary objective of this work has been to investigate the impact of reheating dynamics
on magnetogenesis models and their implications for the present-day magnetic field strength.
Additionally, we have examined how the GW spectrum is influenced by these magnetogenesis
scenarios and their associated reheating history. Our results indicate a distinct spectral be-
havior for the resulting GWs, which varies with the reheating dynamics, allowing for a clear
differentiation between different scenarios. Moreover, the strongly blue-tilted GW spectrum
predicted by these models makes them easily distinguishable from other sources, providing a
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potential observational signature for testing magnetogenesis models in the early universe.
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Chapter 6

The Magnetic Origin of Primordial Black
Holes: A Viable Dark Matter Scenario

6.1 Introduction

Primordial Black Holes (PBHs) are hypothetical black holes that may have formed in the
early Universe, well before the emergence of stars and galaxies. They originate from the
collapse of overdense regions re-entering the Hubble horizon during the post-inflationary era,
seeded by fluctuations generated during inflation as well as post-inflationary dynamics. When
the curvature perturbation amplitude exceeds a critical threshold, gravitational collapse leads
to PBH formation, a mechanism first proposed by Zel’dovich and Novikov [120] and later
developed by Hawking and Carr [121].

Compared to stellar black holes, primordial black holes (PBHs) do not require any stellar
progenitors and are instead governed purely by high-energy physics in the early Universe. This
makes them unique probes of inflation, reheating, and beyond-standard-model phenomena at
energy scales far beyond those accessible to terrestrial particle accelerators.

PBHs have attracted significant attention in recent years due to their potential roles as
dark matter candidates [124,127,136–141,189,351–355], as seeds for supermassive black holes
(SMBHs) [356–358], and as contributors to baryogenesis and cosmic radiation through Hawking
evaporation [127,136–141,353–355].

In addition, PBHs can generate a significant background of secondary gravitational waves,
which may be detectable by future gravitational wave experiments [?, 359,360].

Importantly, primordial black hole (PBH) production is highly sensitive to the small-scale
primordial curvature power spectrum, which remains largely unconstrained by observations
of the CMB and large-scale structure [12, 75, 361, 362]. This lack of constraints opens up the
possibility for mechanisms that can significantly enhance perturbations on small scales.

Among the most extensively studied scenarios are inflationary models featuring an ultra-
slow-roll (USR) phase [142, 142–147, 156, 183, 191, 195–197, 363]. In such models, the inflaton
temporarily undergoes a phase of ultra-slow evolution on a nearly flat potential, leading to a
significant amplification of superhorizon curvature perturbations.

Other proposed mechanisms for PBH formation include bubble collisions during first-order
phase transitions [157,158,364,365], as well as the collapse of topological defects such as cosmic
strings [159–161, 351, 366, 367]. In addition, it has been shown that warm inflation scenarios
can also lead to the production of a significant abundance of PBHs [368].

In this chapter, we propose yet another physically motivated alternative mechanism utiliz-
ing the well-studied inflationary magnetogenesis model. We show that even without a USR
phase, simple magnetic spectra with power law form generated during the early stage of our
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universe (inflation and during reheating), can enhance curvature perturbations sufficiently to
produce PBHs. Most studies on magnetogenesis models focus on matching present-day mag-
netic field observations at large scales and associated gravitational wave production. However,
their impact on primordial curvature perturbations has received comparatively less attention.
Interesting to note that the magnetic field at small scales is poorly constrained, similar to the
inflationary scalar power spectrum. This freedom motivates us to tune the magnetic spec-
trum at small scales rather than tuning the inflatonary phase, and enhance the scalar power
spectrum. By suitably tuning the magnetic spectrum, we indeed show that the scalar power
spectrum can be enhanced sufficiently; therefore, neither an ultra-slow-roll (USR) phase nor
other non-standard inflationary dynamics are required, yet a substantial PBH abundance can
still be achieved.

In this chapter, we focus on a special class of magnetogenesis model (see [118] for details)
that is capable of simultaneously explaining the large-scale magnetic fields observed by various
experiments and producing PBHs that can constitute a partial CDM component. Furthermore,
for specific parameter choices, they can yield a significant PBH abundance in mass ranges where
PBHs could serve as the sole dark matter candidate. We find that the PBH mass is primarily
determined by the reheating temperature, while the PBH fractional energy density depends
both on the reheating dynamics and the present-day magnetic field.

Magnetic fields are observed across a broad range of astrophysical environments, from
kiloparsec (Kpc) to megaparsec (Mpc) length scales, with significant strength. Most intriguing
is the presence of a magnetic field in the intergalactic medium (IGM), with length scales
even larger than Mpc, and a lower bound on the present-day magnetic field strength around
10−17 − 10−15 G [369, 369–371]. Furthermore, at similar scales, the CMB anisotropies yield an
upper bound on the present-day magnetic field strength of order ∼ nG [247, 317, 318]. The
origin of such large-scale magnetic fields remains one of the most challenging problems in
cosmology and has been widely discussed in the literature.

Inflationary magnetogenesis models [13–16,47,117,118,233,235–238,258,259,262,263,275,
326, 329, 331] are among the most popular scenarios. A typical primordial inflationary mag-
netogenesis setup is modeled by introducing couplings between the gauge field and scalar or
pseudoscalar fields, e.g., f 2(ϕ,R)FµνF

µν [47, 117, 235–238, 258, 259, 262, 263, 316, 372–374], or
parity-violating terms like f 2(ϕ,R)FµνF̃

µν [221, 264–266, 266, 267] Here, R is the Ricci scalar,
Fµν = ∂µAν − ∂νAµ, and Aµ denotes the four-vector potential.

For our present purpose, we consider the simplest non-parity-violating magnetogenesis
model. By appropriately choosing the conformal time (η) dependent coupling function f(ϕ,R) =
f(η), we demonstrate that the model can induce large curvature fluctuations leading to pri-
mordial black hole (PBH) production, while simultaneously generating a large-scale magnetic
field within the observable range. As mentioned earlier, we study scenarios where the produced
PBHs survive until today and can act as either fully or partially viable dark matter candidates.
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6.2 Model for Magnetogenesis

In this work, we focus on a magnetogenesis scenario in which the induced overdense regions
collapse to form primordial black holes (PBHs) within a specific mass window, allowing them
to behave as cold dark matter. This requires a mechanism that generates magnetic fields with
a peak at intermediate scales, corresponding to the scales relevant for PBH formation within
the desired mass range.

As discussed in earlier chapters, the sawtooth-type magnetogenesis model produces a broken
power-law magnetic spectrum, where the majority of the electromagnetic energy density is
concentrated around k ≃ kre. Here, kre denotes the comoving wavenumber corresponding to
the horizon scale at the end of reheating.

Since the conformal symmetry-breaking coupling is active during both inflation and re-
heating, the gauge field experiences continuous excitation across these two phases. However,
the dominant contribution to the field amplification arises during the reheating epoch. For
simplicity, we parametrize the comoving magnetic and electric fields at the end of reheating
using a broken power-law spectrum. Consequently, the corresponding energy spectra exhibit
distinct scaling behaviors in different regimes.

In particular, for super-horizon modes (k < kre), the spectra scale as [118],

P̃B(k, ηre) = k4
e

8π
q1

nB
(n)

(α + 1/2)2

(
ke

kre

)2(α+1) (
k

ke

)nB

, (6.1a)

P̃E(k, ηre) = k4
e

8π
q1

nB
(n)
4

(
ke

kre

)2α (
k

ke

)nB−2

. (6.1b)

In the above expression, we note that the electric field exhibits a decaying spectrum compared
to the inflationary case, Eq. (5.12), due to the decreasing value of the coupling function during
reheating. Whereas for the sub-horizon modes (k > kre), the magnetic and electric spectra
behave as [118]

P̃B(k > kre, ηre) ≃ k4
e

4π
q2

nB
(n)
π

(
k

ke

)nB−2(α+1)

, (6.2)

P̃E(k > kre, ηre) ≃ k4
e

4πq
2
nB

(n)
(
k

ke

)nB−2(α+1)

. (6.3)

Where q1
nB

(n) and q2
nB

(n) is defined as

q1
nB

(n) = 22n+1(α− n)2Γ2(n+ 1/2)
cos2(πα)Γ2(1/2 − α)Γ2(α + 1/2) , (6.4a)

q2
nB

(n) = 22(n+α)(α− n)2Γ2(n+ 1/2)
cos2(πα)Γ2(1/2 − α) . (6.4b)

After the end of reheating, the universe enters the standard radiation-dominated era, during
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which the electromagnetic (EM) field regains its gauge-invariant form, and no further am-
plification of magnetic fields occurs. In this phase, all fundamental particles have already
been produced, and the universe exhibits extremely high electrical conductivity. In the high-
conductivity limit, the rapid response of charged particles leads to the suppression of electric
fields, while the magnetic fields evolve adiabatically. This implies that the comoving magnetic
energy density remains constant with time, an assumption valid on sufficiently large scales
where magnetohydrodynamic (MHD) effects are negligible.

Backreaction Issue: Throughout the computation, we treated the gauge field as a pertur-
bative component. Hence, the total EM energy density is assumed to remain smaller than the
background energy density, i.e., ρ = 3H2M2

P, during both the inflationary and post-inflationary
eras. Particularly, the fractional energy density of the EM field at the end of reheating satisfies
δEM = ρem(ηre)/ρbg(ηre) ≤ 1, which ensures that the produced EM field energy density always
stays below the background energy density, even after reheating. Assuming the electric field
decays almost instantaneously due to the high electrical conductivity of the Universe after the
end of reheating, while the magnetic field evolves adiabatically, ρB ∝ a−4, the δem at the end
of reheating assumes,

δEM(ηre) = H2
e

24πM2
P

q1
nB

2(α + 1) − nB

(
are

ae

) 2α−nB
2

(6.5)

To arrive at the above quantity, we have considered EoS during reheating is wre = 0. In
addition to the above, we need to take into account the additional constraint on reheating
temperature Tre > TBBN, the Big-Bang Nucleosynthesis temperature. We further need to take
into account the maximum possible bound on the magnetic field strength at 1 Mpc scale being
≲ 1 nG. To this end, let us point out that in our defined fractional energy density at the end of
reheating, we neglected MHD effects, since they are only relevant for modes that remain deep
inside the horizon at that epoch [375–377]. Therefore, the total energy density of the produced
EM field is not affected by MHD.

Present-day magnetic field and parameter constraints: After reheating, the confor-
mal symmetry of the gauge field is restored, and no further magnetic field production occurs.
Once reheating is completed, the universe becomes radiation-dominated with large conductiv-
ity. Owing to this high conductivity, the electric field component decays almost instantaneously,
while the large-scale modes that remain outside the horizon evolve adiabatically. Therefore,
the present-day magnetic field for different scales can be followed from the following relation
a2

0B0 = a2
reB(ηre), and the eq.6.1a

B0(k) =
√
k4

eq
1
nB

8π

(
ke

kre

)α+1 (
k

ke

)nB/2

. (6.6)

We set all the scales k with respect to this. Given the equation of state wre = 0 which is the case
we will discuss through out the paper, the above constraining equation 6.5 we obtain minimum
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nB 2.1 2.2 2.3 2.4 2.5 2.6
Tre (GeV) 0.01 0.15 4.11 102 2.3 × 103 4.8 × 104

B0(1 Mpc−1) 2.5 × 10−10 2.9 × 10−12 2.8 × 10−14 2.1 × 10−16 1.3 × 10−18 6.4 × 10−21

Table 6.1: In the table above, we have presented the lower reheating temperature Tre (in GeV)
to avoid the backreaction due to the excessive production of the gauge field, and we also listed
the corresponding present-day magnetic field for the 1 Mpc scales (B0) in Gauss unit. Here we
consider the inflationary energy scale as He ≃ 10−5MP and we consider that the EoS during
reheating period is wre = 0 (matter like evolution).

possible reheating temperature tabulated in Tab.6.1 for a given nB and He = 10−5MP, and
the corresponding present-day magnetic field strength at the comoving scale of 1 Mpc. For
example, nB = 2.1, we obtain that the minimum reheating temperature would be Tre ≃ 0.01
GeV, consistent with non-backreaction, and the present-day magnetic field turns out to be
∼ 10−10 G, consistent with the observational upper bound.

Eq.6.6 clearly suggests that as k/kre < 1 for large scale magnetic field, increasing nB reduces
the present day value of the magnetic field as B0(k) ∝ (k/ke)nB/2. Therefore, to remain
consistent with current observational bounds, the magnetic spectral index should be nB > 2.1.
Further, if we consider the nB > 2.5, large-scale magnetic fields can still be generated, but
their strength will fall below the present-day lower bound B0 ⪆ 10−19 G.
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Figure 6.1: In this figure, we present the present-day magnetic field strength B0(k) (in Gauss) as
a function of the comoving wavenumber k (in Mpc−1). The left panel illustrates the dependence
of the magnetic field spectrum on the magnetogenesis parameter nB = 4−2n, with the reheating
temperature fixed at Tre = 1 GeV. In contrast, the right panel shows how the duration of the
reheating era influences both the spectral shape and the amplitude of the magnetic field, for a
fixed magnetic spectral index nB = 2.4. In both cases, we assume an average equation of state
during reheating of wre = 0 and the inflationary energy scale as He ≃ 10−5MP.

In Fig. 6.1, we present the present-day magnetic field strength B0(k) (in Gauss) as a function
of the comoving wavenumber k (in Mpc−1). The left panel illustrates how B0(k) depends
on the magnetogenesis parameter nB, recalling that the magnetic spectral index is given by
nB = 4 − 2n. For this plot, we fix the reheating temperature to Tre = 1 GeV, which results
in a spectral break in the magnetic spectrum at k ≃ 7.8 × 108 Mpc−1. The three colored
curves correspond to nB = 2.4 (red), nB = 2.5 (blue), and nB = 2.6 (magenta). For k < kre
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the magnetic spectrum scales as B0 ∝ knB/2, while for k > kre reheating effects modify the
slope to B0 ∝ knB/2−(α+1). For nB = 2.4, this gives a blue-tilted spectrum B0 ∝ k1.2 on super-
horizon scales and a red-tilted spectrum B0 ∝ k−1.35 on sub-horizon scales, as shown in Fig. 6.1.
Increasing to nB = 2.6 shifts the tilts to B0 ∝ k1.3 and B0 ∝ k−1.05, respectively.

The right panel of Fig. 6.1 illustrates the impact of reheating duration on B0(k). For fixed
nB, the large-scale magnetic field amplitude remains unchanged, while the spectral peak shifts
to higher k as the reheating temperature increases. This shift originates from the spectral
break at k ≃ kre: a higher Tre implies a shorter reheating duration, pushing kre toward larger
frequencies. Consequently, super-horizon modes preserve their scaling, whereas sub-horizon
modes exhibit a Tre-dependent tilt. For instance, at Tre = 10−2 GeV the sub-horizon spectrum
follows B0 ∝ k−1.63, while at Tre = 102 GeV it softens to B0 ∝ k−1.14. In both panels we assume
wre = 0 and He ≃ 10−5MP.

6.3 Induced Curvature Power Spectrum

Primordial magnetic fields (PMFs), if generated in the early universe during inflation or the
subsequent reheating phase, not only provide a viable origin for the large-scale magnetic fields
observed today, but also act as sources of secondary gravitational waves [117, 220–222, 229,
232–234,378] and curvature perturbations [325,326]. In this class of magnetogenesis scenarios
considered here, the magnetic field reaches its maximum strength at the end of reheating.
Consequently, we should expect that the corresponding curvature perturbation induced by the
magnetic field will also peak shortly after reheating. The comoving curvature perturbation on
a uniform density hypersurface is defined as ζ = −Φ − H δρ

ρ′ [38,326,379,380], where H = a′/a,
and prime is with respect to conformal time. Where ρ and δρ are the background energy
density and its fluctuation, respectively. There are two ways the produced magnetic field can
source the curvature: it can directly contribute from the energy density fluctuations denoted
as δρ = δρB [325, 326], and it can also source the curvature through the anisotropies in the
energy-momentum tensor due to the magnetic field via the Bardeen potential Φ [381,382]. To
compute the induced curvature power spectrum due to the magnetic field, we have broken it
into two components, one is ζδρB

= −H δρB
ρ′ and the other is ζΦ = −Φ. The associated curvature

power spectrum can be written as

Pζ(k) = k3

2π2 |ζ(k)|2 = P δρB
ζ (k) + PΦ

ζ (k) + PΦδρEM
ζ (k). (6.7)

Here P δρB
ζ indicates the contribution came from the density fluctuation of the magnetic field

directly and PΦ
ζ denotes the contributions that came from the anisotropic components of the

energy-momentum tensor due to the magnetic field. At the scale of our interest P δρB
ζ ≪ PΦ

ζ ,
the contribution from the cross term PΦδρEM

ζ (k) correlating Φ and H δρEM
ρ′ will be negligibly

small, and we ignore this term ono the term for simplicity.
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To compute the curvature spectrum analytically, we utilize the fact that the maximum
contribution will come from around the peak of the magnetic power spectrum at k = kre, which
is near the end of reheating. Therefore, around this scale we define the induced curvature
perturbations ζB = −δρB/4ρra, where we have used ρ′

ra ≈ −4Hρra with ρra being radiation
energy density. Interesting to note that as both the magnetic field and radiation energy density
dilute as a−4 due to background expansion, ζB remains constant during the radiation-dominated
era. The energy density fluctuations of the magnetic field in Fourier space as [325,326]

δρB =
∫ d3q

(2π)3B(q) ·B(|k − q|). (6.8)
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Figure 6.2: Comoving curvature power spectrum Pζ(k) shown as a function of the comoving
wavenumber k (Mpc−1). In the left panel, the dependence on the magnetic spectral index nB is
illustrated for a fixed reheating scenario with (wre = 0, Tre = 102 GeV). In the right panel, the
effect of the reheating duration on Pζ(k) is shown, while keeping the equation of state fixed at
wre = 0 and the magnetic spectral index at nB = 2.4. In both panels, the black dashed curve
denotes the standard slow-roll inflationary contribution to the curvature power spectrum.

Utilizing this, we can define a two-point correlation function of the magnetic energy density
fluctuation as

⟨δρB(k)δρ∗
B
(k′)⟩ = (2π)3δ(3)(k − k′)2π2

k3 PδρB
(k). (6.9)

Here PδρB
(k) is the known power spectrum associated with the density fluctuation of the

magnetic field. Combining Eq.(6.8) with Eq.(6.9), we get [325,326]

PδρB
(k) =

∫ dq
q

∫ 1

−1
dµ (1 − µ2)PB(q)PB(|k − q|)(

1 + q2

k2 − 2µq
k

)5/2 , (6.10)

where µ = k̂ · q̂ = cos(θ) where θ is the angle between two vector k and q. Here we defined
u = q/k. Now, the induced curvature power spectrum associated with the magnetic energy
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density fluctuation defined at the end of reheating is

P δρB
ζ (k) = 1

16
PδρB

(k)
ρ2

ra
. (6.11)

To compute the exact nature of the curvature power spectrum, we have done numerical integra-
tion. However, the amplitude of the spectrum at peak frequency can be analytically estimated
as

Aζ ≃ 1
24

(
q1

nB

24π

)2 (
He

MP

)4 (are

ae

)2α−nB

(6.12)

. Recall that δem(ηre) is the fractional energy density of the magnetic field defined at the end
of reheating.

Apart from this, we have additional secondary contribution from the modified dynamics
of Bardeen potential Φ sourced by the anisotropic component of the magnetic field [381–
383]. After the reheating, our standard radiation-dominated era begins, and the peak of the
frequency of the magnetic field is now inside the horizon. To track the evolution of the curvature
perturbation due to magnetic field anisotropy, we have to solve the Bardeen potential equation
in the presence of a source. For simplicity, we ignored the contribution originating from the
entropy perturbation due to the magnetic field. In the radiation-dominated era, the evolution
of the Bardeen potential sourced by the magnetic anisotropies is simply governed by [381–383]

Φ′′ + 4
η

Φ′ + k2

3 Φ = −H2

k2

[
k2

3 − 2H′
]

ΠB . (6.13)

In the above expression, we made use of H = 1/η during the radiation-dominated phase.
Further, ΠB(k, η) is the source term associated with the magnetic field, where |ΠB(k)|2 =
⟨ΠB(k)Π∗

B(k)⟩ is define as [381,382]

|ΠB(k)|2 = 36π3

16ρ2a8

∫ dq
q

PB(q)PB(|k − q|)
|k − q|3

F(k, q, µ) . (6.14)

Here PB(k) is the magnetic power spectrum defined in Eq.(6.1a). Here F(k, q, µ) defined
as [381]

F(k, q, µ) = 1 + µ2 + u(2µ− 6µ3) + u2(5 − 12µ2 + 9µ4)
4(1 + u2 − 2uµ) . (6.15)

To solve the above Eq.(6.13), we have used the Green’s function method, where the solution
of the Bardeen potential Φ in the radiation-dominated era can be written as

Φ(k, ην) =
∫ ην

ηre
dη1

(
Gk(ην , η1)

η2
1

)
×
[

1
3 − 2H′

k2

]
ΠB. (6.16)
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Here ην is the conformal time when the neutrinos are decoupled from the background thermal
bath. Recall the fact that as the neutrino’s anisotropy balances the magnetic anisotropy, the
contribution from the magnetic anisotropy after neutrino decoupling is negligible [349, 350].
Here, the Green’s function associated with the differential operator corresponding to the left
hand side of the eq.6.13 is

Gk(η, η1) = Θ(η − η1)
π

√
3η1

2 sin(3π/2)

(
η1

η

)3/2

×
[
J3/2(x̃)J−3/2(x̃1) − J3/2(x̃1)J−3/2(x̃)

]
. (6.17)

In the above we define a new variable x̃ =
√

3 kη. In this magnetogenesis scenario, a magnetic
field is produced starting from inflation to the entire period of reheating era, and post-reheating
gague field production ceases to exist. Owing to the high electrical conductivity, the electric
field decays immediately after the reheating ends, while the magnetic component evolves adia-
batically. During radiation domination, both the background and the magnetic field dilute as
a−4 due to the background expansion, so the quantity ΠB(k, η) remains constant in time. The
amplitude of the comoving magnetic field is constant on super-horizon scales, and it oscillates
with constant amplitude for sub-horizon modes (recall that MHD affects modes deep inside
the horizon, whereas our interest is primarily at the beginning of the radiation-dominated
era [376,377]). As the peak of wave number are inside the horizon during the radiation domi-
nated era beging as magnetic field get its peak at k ≃ kre, we recall that kre the lowest-mode
that can able to re-enter into the horizon at the end of reheating, and PBH is very sensitive
and mainly depend on the peak of the curvature power spectrum so if we consider only the
dominating term then we can write the power spectrum of the Bardeen potential define as
PΦ(k, η) = k3

2π2 Φ2(k, η) as

PΦ(k, η) = k3

2π2

[
−1

3

∫ η

ηre

dη1

η2
1

Gk(η, η1)
]2

|ΠB(k)|2 . (6.18)

Exact analytical computing of the curvature power spectrum due to the magnetic anisotropy
is quite difficult. We have to do the above integral defined in Eq.(6.18) numerically. At
the beginning of the radiation-dominated era, when the peak amplitudes are just inside the
horizon, the curvature power spectrum associated with the Bardeen potential is approximated
as PΦ

ζ (k, η ≃ ηre) ≃ πI2(η, ηre)P
δρB
ζ (k), where I(η, ηre) is define as

I(η, ηre) =
∫ η

ηre

dη1

η2
1

Gk(η, ηre), (6.19)

where P δρB
ζ (k) is the induced curvature power spectrum arising from the magnetic-field en-

ergy density fluctuations, as defined in Eq. (6.11). For super-horizon scales, the time integral
appearing in the source term can be approximated as I(η, ηre) ≃ ln(η/ηre) in a radiation-
dominated background. This logarithmic behavior is well known for magnetically induced
curvature perturbations [381–383].
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In the above analysis, we have considered the contributions from both the electric and
magnetic fields. During reheating, these two components coexist, whereas after reheating the
large electrical conductivity of the primordial plasma rapidly damps the electric field, leaving
only the magnetic field as the surviving component.

For the class of coupling functions considered in this thesis, we always impose I(η) > 1
in order to avoid the strong-coupling problem. Under this condition, the magnetic field is
stronger than the electric field during inflation (see Eq. (5.12)). However, their behaviour
changes during the reheating era. We find that on large scales the electric field becomes the
dominant component, while on small scales the electric and magnetic fields become comparable.
Most importantly, both spectra peak at the same characteristic comoving wavenumber, k ≃ kre.
Consequently, the peak energy densities stored in the electric and magnetic fields are of the
same order of magnitude.

Since the abundance of primordial black holes is mainly determined by the peak of the
electromagnetic energy density, both the electric and magnetic fields contribute at a comparable
level. Figure 5.3 shows the comoving electric and magnetic power spectra as functions of the
comoving wavenumber. It clearly demonstrates that both spectra attain their maximum around
k ≃ kre.

For simplicity, the analytical calculations presented in this chapter are performed using
only the magnetic-field contribution. However, when computing the final primordial black hole
abundance, we include the contribution from both the electric and magnetic fields through the
total electromagnetic energy density.

As mentioned earlier, we focus on the beginning of the radiation-dominated era, during
which primordial black holes (PBHs) are formed. Since, at this epoch, the peak frequency lies
inside the horizon, the peak amplitude of the curvature perturbations induced by the magnetic
field must be computed numerically at the onset of radiation domination. For instance, choosing
nB = 2.40 with a reheating temperature Tre = 102 GeV, we obtain P δρB

ζ (kpeak) ≃ 0.11, while
the inflationary contribution is PΦ

ζ (kpeak) ≃ 0.014. On the other hand, for nB = 2.45 with the
same reheating temperature, the induced curvature power spectrum is significantly suppressed,
yielding P δρB

ζ (kpeak) ≃ 8.89 × 10−5 and PΦ
ζ (kpeak) ≃ 1.08 × 10−5.

The spectral behavior of the total curvature power spectrum can be approximated by a
broken power-law form. Modes that are far outside the horizon at the end of reheating exhibit
a slightly red-tilted spectrum, Pζ(k ≪ kre) ∝ kns−1, where the inflationary curvature perturba-
tions dominate. Since the electromagnetic field spectrum peaks around k ≃ kre, the curvature
power spectrum also develops a peak near this scale. For modes that remain just outside the
horizon at the end of reheating, the spectrum approximately behaves as Pζ(k ≤ kre) ∝ k2nB .
In contrast, modes that re-enter the horizon around the end of reheating, i.e. k ≥ kre, scale as
Pζ(k ≥ kre) ∝ k2nB−4(α+1). For modes deep inside the horizon, the magnetic-field contribution
becomes subdominant due to the decay of the magnetic energy density, and the spectrum again
approaches the inflationary form, Pζ(k ≫ kre) ∝ kns−1.
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Combining these behaviors, the curvature power spectrum can be approximated as

Pζ(k) ≃



As(k/k∗)ns−1 k∗ ≤ k < kSB,1,

Aζ(k/kre)2nB kSB,1 < k ≤ kre,

Aζ(k/kre)nB−2(α+1) kre < k < kSB,2,

As(k/k∗)ns−1 kSB,2 < k < ke,

(6.20)

Here As ≃ 2.1×10−9 denotes the amplitude of the curvature power spectrum at CMB scales [12],
and Aζ is defined in Eq. (6.12). kSB,1 and kSB,2 correspond to the mode associated with the
first and second Spectral Breaks (SB) respectively in the above spectrum. For k > kSB,1, the
secondary (magnetically induced) contribution dominates, while for k > kSB,2 the inflationary
curvature power spectrum again becomes the dominant component.

In Fig. 6.2, we present the comoving induced curvature power spectrum as a function of
the comoving wavenumber k for two distinct scenarios. In the left panel, we fix the reheating
dynamics by choosing wre = 0 and Tre = 102 GeV. The three different colors correspond to
nB = 2.40, 2.45, and 2.50. We find that the peak amplitude changes significantly with nB since
the magnetic field strength is highly sensitive to the magnetic spectral index. In particular, for
fixed reheating scenarios, there exists a threshold value of nB below which the peak amplitude of
the induced curvature spectrum can reach Pζ(kpeak) ≥ 10−2, providing the conditions necessary
for PBH formation.

In the right panel of Fig. 6.2, we show the effect of the reheating duration on the induced
curvature power spectrum for a fixed magnetic spectral index nB = 2.40. The three colors lines
correspond to reheating temperatures Tre = 1,GeV (magenta), 10,GeV (blue), and 102,GeV
(red). We observe that as Tre increases, the peak of the curvature power spectrum shifts
toward higher-frequency modes and its amplitude grows. This behavior originates from our
chosen coupling prescription, in which the coupling is restored to unity at the end of reheating.
Under this condition, the effective post-inflationary coupling α takes larger values for higher Tre,
leading to more efficient gauge field production at the peak wavenumber in high-Tre scenarios
compared to low-Tre ones.

6.4 PBH formation

Primordial black holes (PBHs) are assumed to have formed in the early universe due to the
collapse of overdense regions as they re-entered the Hubble horizon. Unlike black holes formed
through stellar evolution, PBHs originate from the dynamics of the early universe itself. During
the post-inflationary era, sufficiently large curvature perturbations can re-enter the horizon and
collapse under their own gravity to form PBHs. The collapse is only efficient if the local density
contrast, defined as δ = δρ/ρ, exceeds a critical threshold δc. Numerical simulations indicate
that in a radiation-dominated background, the threshold value is approximately δc ∼ 0.4 [174,
175]. If the local perturbation satisfies δ ≥ δc, the region can undergo gravitational collapse to
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form a PBH. In our scenario, we find that the sawtooth-type magnetogenesis model leads to an
enhanced magnetic field energy density peaked at the comoving scale k ≃ kre. The associated
curvature perturbation spectrum reaches a peak amplitude of Pζ(k ≃ kre) ≃ O(0.1), which is
sufficient to trigger PBH formation through gravitational collapse. The mass of the PBHs are
typically equal to the horizon mass at the time of horizon re-entry of the corresponding mode,
where the horizon mass at the formation time is expressed as MH = 4π

3 ρ(th)H−3(th), where
th is the cosmic time when the PBHs are formed and ρ(th) is the total background energy
density during the formation time. Now, if we consider the efficiency factor accounting for the
collapse dynamics, then we can write the PBH mass as Mpbh ≃ 4πγcM

2
PH

−1(th). We recall
that MP = 1/

√
8πG is the reduced Planck mass. Here, H(th) is the Hubble constant during

the formation of the PBHs.
The PBH abundance is exponentially sensitive to the peak amplitude of the induced curva-

ture power spectrum, whereas the mass of the PBHs typically depends on the peak frequency
of the curvature power spectrum. The fractional energy density of the produced PBHs at
the time of formation is quantified as βpbh(Mpbh) = ρpbh(th)/ρ(th), where ρpbh(th) is the ini-
tial energy density of the PBHs at the time of formation. Thus, we can express βpbh(Mpbh)
as [142–149,167,183,190–197]

βpbh(Mpbh) =
∫ ∞

δc

dδ P (δ). (6.21)

Here, P (δ) is the probability distribution of the density contrast δ.
Here P (δ) is the probability distribution of the density contrast originated from the magnetic

field. We recall that the density contrast is defined as δ = δρB/ρrad ∝ B2, so the δ is related to
the energy density of the electromagnetic field, which depends quadratically on the underlying
Gaussian magnetic field and electric field. So we can say that when the density contrast
associated with the electromagnetic field is intrinsically non-Gaussian in nature [382]. To
capture the full non-Gaussian nature of the distribution function, one can use the MCMC
analysis as discussed in [162], but in our computation, we consider a generalized hyperbolic
(GH) distribution function, which can be parameterized as

PNG(x) = CN exp
−3

2

√
1 + x2

b2

 , (6.22)

where CN and b are two free parameters, which are fixed by imposing
∫ ∞

−∞
PNG(x) dx = 1,

∫ ∞

−∞
x2PNG(x) dx = σ2

B. (6.23)

Using these relations, one finds C = 2.13σ−1
B and b = 0.84σB [163], where σB is the standard

deviation of the density fluctuations on the scale corresponding to the mass M . The variance
of the smoothed density contrast on the scale Rl = 1/k is
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benchmark BP1 BP2 BP3 BP4 BP5 BP6
Tre( GeV) 1 1 103 103 105 105

nB 2.28 2.285 2.5 2.505 2.655 2.66
B0,1 Mpc 7.3 × 10−14 5.8 × 10−14 1.4 × 10−18 1.1 × 10−18 3.7 × 10−22 2.8 × 10−22

fPBH 7.5 × 10−4 5.9 × 10−10 1.1 × 10−3 1.4 × 10−11 1.5 × 10−4 1.3 × 10−12

Table 6.2: In the above table, we list representative benchmark points for PBH production,
along with the corresponding present-day magnetic field strength at the 1 Mpc scale in Gauss
units and the maximum value of fPBH at its peak. To obtain this, we have consider wre = 0
and the inflationary energy scale He ≃ 10−5MP.

σ2
B = 16

81

∫ dq
q

(qRl)4W 2Rl)Pζ(q), (6.24)

where we commonly used window functionW (k′R) as a Gaussian, i.e., W (k′Rl) = exp(−k2R2
l /2)

and utilizing this function we get

σ2
B(M) = 16

81

∫ ∞

0

dq
q

(qRl)4e−q2R2
l Pζ(q). (6.25)

Once the behavior of the induced curvature perturbation Pζ is determined, the initial fractional
energy density of PBHs at the time of formation can be computed using Eq. (6.21). We
emphasize that the resulting PBH abundance is highly sensitive both to the choice of the
probability distribution function PNG(x) and to the critical density contrast δc.

It is important to note that the presence of a magnetic field can modify the conventional
collapse criterion due to the additional magnetic pressure and its complex, nonlinear interaction
with the background plasma. Determining the exact value of the collapse threshold in the
presence of magnetic fields would require incorporating all relevant contributions to the collapse
equations and solving the full set of relativistic magnetohydrodynamic equations, which is
beyond the scope of the present work. Nevertheless, an approximate estimate of δc in the
presence of magnetic anisotropies has recently been obtained in Ref. [163].

The argument proceeds as follows. Within an isotropic approximation, the total pressure
and energy density in the presence of a magnetic field are given by ptot = prad + pB and
ρtot = ρrad + ρB, respectively, where rB = ρB/ρrad. The corresponding effective equation of
state can then be written as weff = ptot/ρtot = c2

s + αrB, where the coefficient α encodes
the dynamical evolution of the magnetic field on the relevant length scales. In Ref. [163],
the authors analytically estimated α ≈ 2, although this value is expected to be sensitive to
nonlinear magnetohydrodynamic effects.

In view of these theoretical uncertainties, we do not fix a single value of δc. Instead, we
explore a representative range δc ∈ [0.45, 0.60] in our subsequent analysis and examine how
variations in δc affect both the PBH mass spectrum and the resulting abundance.
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Figure 6.3: In the figure, we show the primordial black hole (PBH) dark matter fraction as
a function of PBH mass, expressed in solar-mass units. We consider three fixed reheating
temperatures, indicated by different colors. For each temperature, the solid and dashed curves
correspond to two different choices of the magnetic spectral index. In all cases, we adopt a
critical density contrast of δc = 0.45. Table 6.2 lists the corresponding present-day magnetic
field strength at the 1 Mpc−1 scale, as well as the peak value of the PBH dark matter fraction.

Now, once we know the behaviour of Pζ(q) near the peak, Eq. (2.130) allows us to compute
the associated variance of the distribution and thereby determine the initial abundance of
PBHs. The mass of the PBHs formed at horizon entry can be expressed as a function of the
comoving wavenumber k as

Mpbh ≃ 1.57 × 1012 M⊙

(
γc

0.2

)( 106.75
g∗,k(T )

)1/6

×
(
g∗,eq(T0)

3.81

)2/3 (1Mpc−1

k

)2

. (6.26)

Here g∗,k is the effective degree of freedom at the time of formation of the PBHs. In our
scenarios, the peak of the induced curvature power spectrum is situated at k ≃ kre. We recall
that kre is the lowest comoving wavenumber that is able to re-enter the horizon at the end of
reheating, which mainly depends on the reheating temperature Tre through Eq. (2.70). Utilizing
the relation, kre = 3.9×108 (Tre/1 GeV) Mpc−1, if one assumes the reheating temperature being
lower than Tre < 107 GeV, we can generate PBHs with masses even larger than Mpbh > 1015 g,
implying that such PBHs can survive until today and contribute as a cold dark matter (CDM)
candidate.

We now define an observable quantity: the present-day mass fraction of dark matter in
PBHs as fPBH(Mpbh) = Ωpbh(Mpbh)/Ωc. Here, Ωc ≃ 0.27 refers to the present-day energy
density fraction of cold dark matter in the universe, normalized by the critical density.

After their formation, PBHs behave as non-relativistic matter, meaning their energy density
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Figure 6.4: In the figure, we plot the primordial black hole (PBH) dark matter fraction as a
function of PBH mass in solar-mass units. We illustrate the dependence of the PBH abundance
on the threshold value of the density contrast, δc, for a fixed reheating parameter with Tre =
103 GeV and wre = 0. For all curves, we adopt a magnetic spectral index of nB = 2.50.

redshifts as ρpbh ∝ a−3, whereas the background radiation energy density redshifts as a−4. As
a result, the PBH energy density grows relative to radiation after formation. In our scenarios,
since PBHs are produced during the radiation-dominated era, the present-day PBH abundance
as a cold dark matter component can be expressed as [146,147]

fPBH(Mpbh) =
(
γc

0.2

)3/2
(
βpbh(Mpbh)
1.46 × 10−8

)
×
(
g∗,k

g∗,eq

)−1/4 (
Mpbh

M⊙

)−1/2

. (6.27)

Here g∗,k ≃ 106.75 and g∗,eq = 3.36 are the relativistic degrees of freedom at the time of PBH
formation and matter-radiation equality.

In Tab. 6.2, we present a set of benchmark parameters used to compute the PBH fraction
as a dark matter candidate predicted by this model. We consider three distinct values of the
reheating temperature, Tre = 1, 103, and 105 GeV, assuming a matter-like background during
the reheating era. To study the dependence on the magnetic parameters, we adopt two different
values of the magnetic spectral index, nB, and examine their impact on the present-day PBH
fraction.

For each parameter set, we also compute the corresponding present-day magnetic field
strength at the 1 Mpc scale. Our results show that the PBH fraction is highly sensitive to the
magnetic spectral index, while the present-day magnetic field varies more mildly. This strong
sensitivity arises because the initial PBH abundance depends exponentially on the magnetic
parameters (as seen in Gaussian-type PDFs); thus, even a small change in nB leads to a
substantial variation in the resulting PBH abundance.
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In Fig. 6.3, we plot the PBH fractional abundance, fPBH(Mpbh), as a function of the PBH
mass Mpbh for the benchmark points listed in Tab. 6.2. For a fixed reheating temperature,
the present-day PBH abundance is extremely sensitive to the magnetic spectral index nB. We
find that PBHs can be produced within specific mass windows that allow them to account
for the entire cold dark matter (CDM) abundance. In particular, this occurs for a narrow
range of reheating temperatures, 3 × 104 GeV ≲ Tre ≲ 105 GeV. As an explicit example,
for Tre = 2 × 105 GeV and nB = 2.674, we obtain fPBH ≃ 1 for a corresponding PBH mass
Mpbh ≃ 4 × 10−16 M⊙. For this specific set of parameters, the present-day magnetic field
strength evaluated at the 1 Mpc scale is B0(1 Mpc) ≃ 1.26 × 10−22 G.

For other reheating temperatures, i.e., Tre < 104 GeV, although PBHs can be produced
over a wider mass range, they typically constitute only a fraction of the observed dark matter
abundance. Nevertheless, these scenarios remain consistent with the present-day magnetic
field strength inferred from observations. In particular, we find that within the mass range
10−12 M⊙ ≤ Mpbh ≤ 10−1 M⊙, PBHs can contribute a subdominant fraction of the present-
day dark matter abundance while still successfully explaining the observed strength of cosmic
magnetic fields.

In the right panel of Fig. 6.4, we show fPBH as a function of the PBH mass for a repre-
sentative set of reheating and magnetogenesis parameters, where we choose Tre = 103 GeV,
wre = 0, and a magnetic spectral index nB = 2.50 on super-horizon scales. Here we examine
the dependence of the PBH abundance on the collapse threshold δc. Since PBHs sourced by
magnetic fields experience an additional magnetic pressure compared to inflationary curvature
perturbations, the effective threshold may differ. However, because the exact value of δc for
magnetically induced perturbations is not known, we consider four representative values within
the range suggested in the literature.

For a fixed reheating scenario, the peak of the magnetic power spectrum—and the associated
curvature perturbation amplitude—remains unchanged, so adopting a constant δc is justified.
Moreover, within the parameter region relevant for simultaneously explaining the present-day
magnetic field strength and producing PBHs as a dark matter candidate, δc does not vary
significantly [163].

6.5 GWs from the Magnetic Field

In the magnetogenesis scenario considered here, a significant magnetic field is generated at small
scales near k ≃ kre, which can lead to PBH formation. Due to the anisotropies sourced by the
magnetic field during the radiation-dominated era, we also expect a substantial production of
secondary gravitational waves (SGWs).

In this class of magnetogenesis models, the electromagnetic field can be generated both
during inflation and during reheating, with its maximum energy density reached at the end
of reheating. Consequently, the largest magnetic-field-induced anisotropies are expected just

TH-4115_206121111



6.5. GWs from the Magnetic Field 148

after the end of reheating. Beyond this point, both the magnetic field and the background
radiation energy density dilute as a−4. As shown earlier, for wre = 0 (matter-like evolution
during reheating), although there is continuous EM field production, the generation of SGWs
from the EM field is suppressed compared to that occurring during the radiation-dominated
era (see [118] for details).

Gravitational waves (GWs) can also be produced from vacuum fluctuations of spacetime
during inflation, when the corresponding modes exit the horizon. This type of tensor fluctuation
generation is typically referred to as the primary production of GWs (PGWs), which has a
significant impact on large scales. To make this work self-contained, we briefly discuss both
PGWs and SGWs in this section. In the presence of the electromagnetic field, the anisotropic
stress component of the energy-momentum tensor can source the tensor perturbations, denoted
as hij(x, η). The equation of motion (EoM) of the tensor perturbation is governed by [117,
201,220–222,229,232–234,384]

h′′
ij(x, η) + 2Hh′

ij(x, η) − ∇2hij(x, η) = 2
M2

P
P lm

ij Tlm, (6.28)

where hij is a traceless tensor, satisfying ∂ihij = hi
i = 0. The quantity H = a′(η)/a(η)

represents the conformal Hubble parameter. The term P lm
ij is the transverse traceless projector,

given by P lm
ij = P l

iP
m
j − PijP

lm/2, where Pij = δij − ∂i∂j/∆. The term Tlm represents the
spatial part of the energy-momentum tensor of the gauge field.

We can decompose the tensor perturbation hij(x, η) in terms of their Fourier modes hλ
k(η)

as

hij(x, η) =
∑
λ=±

∫ d3k
(2π)3 e

λ
ij(k)hλ

k(η) eik·x, (6.29)

where eλ
ij(k) is the polarization tensor corresponding to the mode with wave vector k. Here λ

denotes the polarization state of the GW, which mainly depends on the nature of the source.
In this magnetogeneis model, we have generated a non-helical magnetic field, where both
polarization modes are equally amplified from the vacuum, so both polarization states of the
produced GWs will have the same contribution. In Fourier space, the equation of motion of
the tensor fluctuations is [229,233]

hλ
k

′′ + 2Hhλ
k

′ + k2hλ
k = S(k, η). (6.30)

As we have already discussed, as the magnetic field gets its maximum amplified at the end of
reheating, the maximum produced anisotropies should be after completion of the reheating.
After reheating electric field will decay immediately due to the high electrical conductivity, and
the only contribution comes from the magnetic field part. During radiation dominated era, the
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source term S(η) can be written as [221,229,231]

S(k, η) = −2 eij
λ (k)
M2

P

∫ d3q
(2π)3Bi(q, η)Bj(k − q, η). (6.31)

Now we can define the two-point correlation function of the tensor fluctuation associated with
the tensor power spectrum as

PT(k, η) =
∑
λ=±

k3

2π2 ⟨hλ
k(η)hλ∗

k′ (η)⟩δ(3)(k − k′). (6.32)

Note that in these scenarios, both primary and secondary tensor fluctuations are linearly po-
larized, which means both polarization modes have the same contribution.

Production of SGWs: After reheating, there is no further production of the magnetic field,
as the gauge field restores its conformal nature, and due to the high electrical conductivity, the
electric field decays immediately from the universe. So during a radiation-dominated era, the
only existing field is the magnetic field, which is responsible for the generation of the secondary
gravitational waves. However, the source due to the magnetic field only effectively produces
the SGWs up to the neutrino decoupling era, i.e., η = ην , because after neutrino decoupling,
they freely travel with very high kinetic energy and consequently dilute the anisotropic stress
originated due to the magnetic field [349, 350], and suppress SGW production. Therefore,
the production of the secondary gravitational waves due to the magnetic field at the time of
neutrino decoupling is [117,118,229]

P sec
T (k, ην) = 2

M4
Pk

4 ×
(∫ xν

xre
dx1

Gk(xν , x1

a2(x1)

)2

×
∫ ∞

0

dq
q

∫ 1

−1
dγF(γ, µ)P̃B(q, ηre)P̃B(|k − q|, ηre)[

1 +
(

q
k

)2
− 2γ q

k

]3/2 (6.33)

where we define the Green’s function during the radiation-dominated era as [229]

Gk(xν , x1) = θ(ην − η1)
η1

ην

sin[k(η1 − ην)] (6.34)

Here P̃B(k, ηre) = a4(η)PB(k, ηre) is the comoving magnetic power spectrum during the radiation-
dominated era. Now we can write the comoving magnetic power spectrum during radiation
radiation-dominant era as [118]

P̃B(k, ηre) = k4|β|2

8π

(
k

ke

)−2(α+n+1) (
k

kre

)
J2

α+1/2

(
k

kre

)
(6.35)
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Here we deined we define |β|2 = 22α+1Γ2(α+1/2)q1
nB

(n), where q1
nB

is defined in Eq.(6.4a). Now
utilizing this in the above Eq.(6.35), we have found that the tensor power spectrum associated
with the magnetic field at the time of the neutrino decoupling era as [118]

P sec
T (k, ην) = k4|B|4

32π2M4
P

(
k

ke

)−4(n+α+1)

x2
re

(∫ xν

xre
dx1

Gk(xν , x1)
a2(x1)

)2 ∫ umax

umin

du

u

×
∫ 1

−1
dµ

f(µ, γ)
[1 + u2 − 2uµ]3/2u

3−2(n+α)(|1 − u|)3−2(n+α)J2
α+1/2(uxre)J2

α+1/2(|1 − u|xre)

(6.36)

where we defined u = q/k as a new dimensionless variableumin = k∗/k and umax = ke/k. Here
F(γ, µ) = (1 + γ2)(1 +µ2), with γ = k̂ · q̂ and µ = k̂ − q · k̂ [222]. To solve the above integral,
we have to perform a numerical integration of the above for the entire range of u (for details,
please see [118]).

Present-day GW Spectral Energy Density ΩGWh
2: Gravitational waves (GWs) weakly

interact with matter and can freely propagate without losing their original nature after being
produced during a radiation-dominated era. The GW energy density, which scales as ρGW ∝
a−4, can be normalized by the total energy density at the production time, ρc(η). Presently,
this density parameter is given by

ΩGW(k, η) = ρGW(k, η)
ρc(η) = 1

12
k2PT(k, η)
a2(η)H2(η) , (6.37)

where ρc(η) = 3H2(η)M2
P, with the reduced Planck mass MP ≈ 2.43 × 1018 GeV.

The GW energy density follows the radiation scaling behavior, making modes within the
Hubble radius near radiation-matter equality particularly relevant. The present-day energy
density parameter ΩGW(k)h2 is then given by

ΩGWh
2(k) ≃

(
g∗,0

g∗,eq

)1/3

Ωrh
2ΩGW(k, η), (6.38)

where Ωrh
2 = 4.3 × 10−5, g∗,eq ≃ g∗,0 = 3.35, and denote relativistic degrees of freedom at

equality and today, respectively.
The spectral energy density of gravitational waves (GWs) originating from magnetic fields

and from vacuum fluctuations can be distinguished by their distinct characteristics. Depending
on whether a given wavenumber is super-horizon or sub-horizon at the end of reheating, the
resulting spectral shape will be modified accordingly.

The behavior of primary GWs in a non-instantaneous reheating scenario is well understood.
In our case, we consider a matter-like evolution after the end of inflation, with wre = 0. For
modes that re-enter the horizon before the end of reheating, the GW amplitude is diluted due
to the background expansion, resulting in a red-tilted spectrum with Ωpri

GW(f > fre) ∝ f−2.
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Here, f = 2π/k. On the other hand, modes that remain well outside the horizon at the end
of reheating exhibit a scale-invariant spectrum, since the tensor power spectrum generated
during inflation is itself scale-invariant, originating from vacuum fluctuations in a de Sitter
background. Therefore, the PGW spectrum can be expressed as [117–119,207,229]

Ωpri
GWh

2(f) ≃ Ωrh
2

6
H2

e
M2

P
×

 1 f < fre

D
(

f
fre

)−2
fre < f < fend

(6.39)

where D ≃ 6/π1/2 ≃ O(1) [117,229].
Similarly, the SGWs sourced by the magnetic field exhibit a broken power-law spectrum,

reflecting the broken power-law nature of the magnetic field itself. In analogy to the PGW
case, the spectral behavior of SGWs generated by the magnetic field can be expressed as [118]

Ωsec
GWh

2(f) ≃ Ωrh
2

6

(
He

MP

)4 ( ae

are

)2
I2(ηre, ην)

×

 A1
(

fend
fre

)4(α+1) ( f
fend

)2nB
fcmb < f < fre

A2
(

fend
fre

)2nB,2
(

f
fend

)−2nB,2
fre < f < fend

(6.40)

Here we define nB,2 = 2(α+ 1) − nB with

A1 = |B|42−4(n+1/2)

144 π2(4 − 2n)Γ4(α + 1/2) , (6.41a)

A2 = |B|4

360 π4
1

2(n+ α) − 2 , (6.41b)

Here, I(ην , ηre) is defined as [229]

I(ηre, ην) =
∫ xν

xre
dx1

sin(x1 − xν)
x1

. (6.42)

It is evident that the GW spectral index is simply twice the magnetic spectral index when the
GWs are sourced by the magnetic field. This follows from the relation Ωsec

GW(k) ∝ P̃2
B(k), with

the dominant production occurring during the radiation-dominated era. The only additional
scale dependence arises logarithmically from the factor I2(ην , ηre), since both the background
and source energy densities dilute as a−4. In Fig. 6.5, we present the present-day spectral energy
density ΩGWh

2(f) of GWs as a function of comoving frequency f (Hz) for six benchmark points
(BPs) listed in Tab. 6.2. For BP1 (red solid line) and BP2 (red dashed line), the GW spectra
exhibit nearly identical amplitudes and shapes. This similarity arises because, for a fixed
reheating temperature, a small change in the magnetic spectral index does not significantly
alter the magnetic field strength, and consequently, the corresponding GW amplitude remains
almost unchanged. However, as shown in Fig. 6.3, the PBH abundance is highly sensitive to
the magnetic spectral index. A similar trend is observed for the other benchmark points.

In Fig. 6.5, the three different colors correspond to three distinct reheating temperatures,
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Figure 6.5: In this figure, we present the present-day spectral energy density of GWs, ΩGWh
2(f)

sourced by the magnetic field, as a function of the observable frequency f (Hz) for six bench-
mark points (BPs) listed in Tab. 6.2.

Tre = 1 GeV (red), Tre = 103 GeV (blue), and Tre = 105 GeV (cyan), as listed in Tab. 6.2. Since
the GW spectral energy density scales as the fourth power of the magnetic field amplitude,
ΩGW ∝ B4, a small variation in the magnetic spectral index nB does not lead to a significant
change in the magnetic field strength (see Eq. (6.41a)). As discussed earlier, the magnetic field
amplitude is sensitive to the magnetogenesis parameter n; however, small variations in its value
do not significantly modify the resulting magnetic field strength (see Tab. 6.2). Consequently,
the corresponding change in the GW spectrum, which depends on the magnetic field amplitude,
is relatively mild, in contrast to the PBH abundance, which exhibits a much stronger sensitivity,
as also evident from Tab. 6.2.

As an explicit example, for Tre = 1 GeV and nB = 2.28, we find that the GW amplitude
at the peak frequency is ΩGWh

2(fpeak) ≃ 2.05 × 10−9, whereas for a slightly larger value
nB = 2.285, the peak amplitude decreases to ΩGWh

2(fpeak) ≃ 9.92 × 10−10. In contrast,
for the same set of parameters, the present-day dark matter abundance shows a dramatic
change: fPBH(fpeak) ≃ 7.56 × 10−4 for nB = 2.28, while for nB = 2.285 it is reduced to
fPBH(fpeak) ≃ 5.9 × 10−10.

The peak frequency of the induced GW spectrum depends sensitively on the reheating
temperature, as the peak of the magnetic power spectrum is reheating-temperature dependent.
Lower reheating temperatures correspond to a larger horizon size at the end of reheating, which
in turn shifts the GW peak toward lower frequencies. Thus, decreasing Tre moves the peak of the
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GW spectrum to smaller frequency bands. For the benchmark parameter sets considered here,
the peak amplitudes of the GW spectrum remain nearly identical. This is because achieving
PBH formation requires a comparable magnetic energy density perturbation, typically δρB/ρ ≃
0.1, across the parameter space. However, the initial PBH abundance depends exponentially
on the peak amplitude of the magnetically induced curvature perturbations, making the PBH
fraction highly sensitive to even a small shift in nB.

Therefore, if PBHs are sourced by primordial magnetic fields, an associated GW background
is always generated alongside them. Importantly, the spectral shape of these magnetically in-
duced GWs [118,221,229,231] is qualitatively different from that of GWs produced by curvature
perturbations, offering a distinct observational signature [183,209,384].

Comparison with scalar-induced GWs: In this scenario, primordial magnetic fields source
gravitational waves (GWs) through two distinct mechanisms. First, the anisotropic stress of
the magnetic field directly sources tensor perturbations. Second, the curvature perturbations
induced by the magnetic field act as a secondary source for tensor modes, giving rise to scalar-
induced gravitational waves (SIGWs). Since these two mechanisms are physically distinct, the
resulting GW spectra exhibit different behaviors across frequency ranges.

In this work, we have focused so far on the magnetic field-induced GW production. The
scalar perturbation should also induce the gravitational wave. Due to its secondary nature with
respect to the magnetic spectrum, its contribution to GW is expected to be subdominant. For
comparison, however, we provide an analytical estimate of the scalar-induced GWs, following
Refs. [215, 385]. A precise determination of the GW spectrum over the full frequency range,
including its amplitude and detailed spectral features, requires a full numerical solution of the
tensor perturbation equations, as performed in Refs. [142,167,183,190–197,384].

For our present purpose of comparison, we restrict our to the spectral range kSB,1 < k <

kSB,2, where the secondary curvature perturbations dominate over the primary one. Within
this window, the curvature power spectrum can be parameterized as [215,385]

Pζ(k) ≃ Aζ ×

 (k/kre)nIR k < kre

(k/kre)−nUV k > kre
(6.43)

Here, nIR = 2nB characterizes the infrared spectral tilt near the peak (k < kre), while nUV =
2(α+ 1) − nB denotes the ultraviolet spectral tilt (k > kre). The peak amplitude Aζ is defined
in Eq. (6.12).

We focus on the region of parameter space in which the model can simultaneously explain
the observed large-scale magnetic field strength and generate a sufficient abundance of primor-
dial black holes (PBHs) in the mass range compatible with cold dark matter. In this regime, we
consistently find nIR > 3/2 and nUV < 4. As an illustrative example, for the benchmark point
BP1 with nB = 2.28, wre = 0, and Tre = 1 GeV, we obtain nIR = 4.56 and nUV = 3.058. For
this class of parameters, the GW spectrum sourced by curvature perturbations can be written
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as [215,385]

Ωcur
GWh

2 ∝ A2
ζ ×

 (f/fre)3 f < fre

(f/fre)−4(α+1)+2nB f > fre
(6.44)

Here, Ωcur
GWh

2 denotes the present-day spectral energy density of gravitational waves sourced
by the curvature power spectrum.

Comparing Eq.(6.40) with Eq.(6.44), we find that for modes outside the horizon at the end of
reheating (f < fre), the GW spectrum sourced by the magnetic field scales as Ωsec

GW(f) ∝ f 2nB ,
whereas the scalar-induced GW spectrum behaves as Ωcur

GW ∝ f 3. For modes inside the horizon
(f > fre), both spectra follow the same scaling, Ωsec

GW ∝ f−4(α+1)+2nB . The peak amplitude of
the GW spectrum originating from the magnetic field is larger than the contribution arising
from scalar perturbations. Near the peak, the ratio of the peak amplitudes due to the magnetic
field and the scalar perturbations can be estimated as Ωmag

GW(fre)/Ωcur
GW(fre) ∼ O(102).

6.6 Conclusion

A wide range of mechanisms for primordial black hole (PBH) formation have been proposed
in the literature, including enhancements in inflationary perturbations [142, 142–147, 183, 191,
195–197,384], bubble collisions in first-order phase transitions [157,158,364,365], cosmic-string
collapse [159–161,351,366,367], and scalar-field fragmentation [386,387]. However, none of these
scenarios currently enjoys direct observational support regarding the true origin of PBHs. In
this chapter, we have explored an alternative and well-motivated pathway for PBH formation
in a mass window compatible with PBHs constituting the cold dark matter (CDM).

In our framework, primordial magnetic fields are generated through a sawtooth-type cou-
pling, which naturally yields a broken power-law magnetic power spectrum while avoiding the
usual backreaction and strong-coupling issues. This structure imprints a corresponding bro-
ken power-law feature in the induced curvature perturbation spectrum, with the peak scale
determined by the reheating dynamics. We have shown that, for a suitable choice of model
parameters and reheating temperature, the same magnetogenesis setup can both account for
the observed large-scale magnetic fields and produce sufficiently enhanced density fluctuations
to generate PBHs.

Since PBH formation is exponentially sensitive to the peak amplitude of curvature per-
turbations, and in this scenario directly linked to the peak amplitude of the primordial mag-
netic field, the model naturally predicts a sizable stochastic gravitational-wave (GW) back-
ground sourced by magnetic anisotropic stresses. The spectral shape of these secondary GWs
is governed by the magnetic spectral index, making it qualitatively distinct from the spectrum
produced by curvature perturbations [142, 167, 183, 190–197, 384]. For appropriate parameter
choices, the predicted GW signals fall within the target sensitivity of future experiments such
as LISA [335, 336], DECIGO [340–342], BBO [337–339], and SKA [334], and may also help
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explain the PTA signals reported in recent observations [41–45].
Furthermore, both the PBH mass function and the peak frequency of the induced GW

spectrum depend sensitively on the reheating temperature. Thus, a joint observation of a char-
acteristic GW peak together with a PBH mass range compatible with CDM could provide key
information about reheating and the underlying magnetic power spectrum. Multi-messenger
constraints—combining PBH abundance, GW observations, and large-scale magnetic-field mea-
surements—are therefore essential to fully test this class of magnetogenesis scenarios.

In summary, this chapter demonstrates that a unified magnetogenesis framework can si-
multaneously generate observable primordial magnetic fields, produce distinctive gravitational-
wave signatures, and provide a viable mechanism for PBH formation. This connection between
early-Universe magnetic fields and present-day dark matter abundance offers a promising target
for upcoming observational probes.
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Chapter 7

Minimal Magnetogenesis: The Role of In-
flationary Perturbations and ALPs, and Its
Gravitational Wave Signatures

7.1 Introduction

In the previous chapters, we have discussed scenarios of early Universe magnetogenesis, focusing
on mechanisms that explain the origin of large-scale magnetic fields while avoiding issues such as
strong coupling and backreaction. In many such models, the generation of significant magnetic
fields requires an additional coupling with the gauge sector, where the coupling function evolves
rapidly with time [47, 117, 118, 229, 233, 235, 237, 238, 258, 259, 262]. However, to explain the
large-scale magnetic fields observed in galaxies and clusters of galaxies [85, 388–390], as well
as those inferred in cosmic voids from γ-ray observations [248, 250, 251] or constrained by the
CMB anisotropies [245, 246, 251, 391], it is not always necessary to invoke an inflationary or
post-inflationary origin (e.g., during reheating).

Despite their significance, a consistent generation mechanism for primordial magnetic fields
(PMFs) remains elusive. Several astrophysical and cosmological models have been proposed.
Astrophysical mechanisms typically require seed fields of the order of 10−22 G, which are then
amplified by the galactic dynamo effect [392]. To explain the origin of such seed fields, cos-
mological mechanisms have been considered, including phase transitions in the early uni-
verse [393–395], magnetic monopoles [396], and breaking conformal invariance through cou-
plings to the inflaton field [47,235,237,238,258,259,262,263,275,330]. Other proposals include
signatures of multi-inflationary models [397] and cosmological vector perturbations [398].

This chapter mainly focuses on the inflationary magnetogenesis mechanism with a mini-
mally coupled electromagnetic field. We emphasize that our approach sharply contrasts with
conventional inflationary magnetogenesis scenarios involving explicit conformal breaking in the
electromagnetic sector. The electromagnetic field in four dimensions is inherently conformally
invariant, which prohibits the production of classical gauge fields from the quantum vacuum in
a conformally flat inflationary background. Therefore, non-minimal electromagnetic theories
are typically introduced to achieve non-trivial field production by explicitly breaking conformal
invariance through non-trivial gauge kinetic functions.

Such models are broadly classified into two distinct categories based on the polarization
properties of the gauge field: non-helical f1(η)FF models [47, 235, 237, 238, 258, 259, 262], and
helical f1(η)FF̃ models [264–266,315]. Apart from the well-known axion (a)–photon coupling
aFF̃ [221, 275, 275–278], most other forms of gauge kinetic functions lack robust physical
motivation and are often introduced in an ad hoc manner.
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Despite these challenges, a substantial body of work has explored explicit breaking of confor-
mal invariance in the electromagnetic sector (see [238] and references therein). However, such
approaches face several unresolved issues, including the strong coupling problem, backreaction
effects, and ultraviolet incompleteness, which complicate the construction of consistent mag-
netogenesis models. Most existing frameworks aim to generate magnetic fields of the required
strength on Mpc scales directly from inflation, motivating the present work.

In this chapter, we propose a two-stage process for the generation of large-scale mag-
netic fields. The primary objective of this approach is to formulate a minimal magnetogenesis
model within the established framework of inflation and axion electrodynamics. As discussed
earlier, due to the conformal nature of the background, the growth of electromagnetic fields
is suppressed in a conformally flat Friedmann–Lemaître–Robertson–Walker (FLRW) universe.
However, if the background deviates from conformal flatness, gauge fields can be generated
gravitationally without invoking additional non-minimal couplings.

Such possibilities have been explored in anisotropic cosmological models, such as Bianchi-
type universes [399], where the metric is not conformally flat. In these scenarios, large-scale
magnetic fields can be generated from the quantum vacuum [400]. However, they raise funda-
mental questions regarding the realization of anisotropy during inflation. Instead, we adopt the
framework proposed in [310], where conformal flatness is dynamically broken by inflationary
metric perturbations.

In the first stage of our mechanism, a minimally coupled gauge field propagates through
this perturbed background. The metric perturbations induce mixing between positive and
negative frequency modes, leading to the gravitational production of a classical electromagnetic
field from the quantum vacuum at all scales. Since this process is sourced by perturbations,
the resulting field strength is naturally Planck suppressed and proportional to the amplitude
of inflationary curvature perturbations.

In the second stage, during subsequent cosmological evolution, the generated magnetic
field interacts with a homogeneous oscillating axion background. The axion is a well-motivated
extension of the standard model, introduced to solve the strong CP problem [401], and also
arises naturally in string theory [402]. It originates from the spontaneous breaking of a global
U(1) symmetry and can remain light due to non-perturbative effects. If initially misaligned,
the axion evolves into a homogeneous oscillating field at later times, which can resonantly
amplify the pre-existing seed magnetic field. This mechanism leads to the production of a
helical electromagnetic spectrum.

We compute the power spectrum of the generated magnetic fields, considering different
scalar perturbation spectra, and analyze the relation between curvature perturbations and
magnetic field strength. The evolution of the magnetic field is followed across various cosmo-
logical epochs, including inflation, reheating, radiation domination, and matter domination.
During the matter-dominated era, after recombination, when the Universe becomes electrically
neutral, an oscillating axion field with suitable mass can excite gauge field modes at Mpc scales,
resulting in present-day magnetic field strengths consistent with observations.
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Furthermore, we compute the stochastic gravitational waves (GWs) generated by the late-
time excitation of gauge fields due to axion oscillations. These GWs can leave observable
imprints on the GW spectrum at CMB scales, potentially detectable by future experiments
such as CMB-S4 [403,404]. Since the generated magnetic fields are helical, they act as sources
of chiral GWs.

Additionally, the magnetic field spectrum exhibits a peak whose position depends on the
axion mass, leading to a distinctive feature in the GW spectrum. Such features may imprint
observable signatures on the CMB, providing a potential probe of this mechanism. A detailed
analysis of these observational imprints is left for future work.

In Section 7.3, we explore how, after the recombination epoch, the presence of ultralight
axions (ULAs) can lead to a resonant amplification of the seed gauge field generated by the
inflationary curvature power spectrum to an observationally favored value at Mpc scale. Sec-
tion 7.4 discusses the potential detection of this mechanism through the secondary gravitational
waves generated from the resonantly produced magnetic field in the homogeneous oscillating
axion background. Finally, in Section 7.5, we summarize our key findings.

7.2 First stage: Magnetogensis from curvature power spectrum

7.2.1 Generalities

In the standard scenario, the conformal flatness of the background and conformal invariance
of the electromagnetic field conspire in preventing the production of the electromagnetic field
during inflation. However, in the presence of curvature perturbations, the conformal flatness of
the background is dynamically broken, leading to the generation of primordial magnetic fields.
In this section, we explore the evolution of the gauge field in such a scenario following the
reference [310], where curvature-induced modifications to the electromagnetic action allow for
efficient field amplification. So we begin with the following equation

S =
∫
d4x

√
−g

[
M2

pl

2 R + 1
2∂

µφ∂µφ− V (φ) − 1
4FµνF

µν

]
. (7.1)

Now, finding the equation of motion for the gauge field, we arrive at,

∂ν

(
δLEM

∂∂µAν

)
= ∂ν

(
∂

√
−gFµνF

µν

∂∂µAν

)
= ∂

∂xµ
[
√

−ggαµgβνFαβ] = 0, (7.2)

To begin with, we consider the following perturbed flat FLRW metric,

ds2 = a2(η)
[
−(1 + 2Ψ)dη2 + (1 + 2Φ)δijdx

idxj
]

(7.3)
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In this background, for ν = 0, we find,

∂

∂xi
[(1 − 2Φ)(∂iA0 − ∂0Ai)] = 0, (7.4)

and for ν = i we get,

∂

∂η
[(1 − 2Φ)(∂iA0 − ∂0Ai)] + ∂

∂xj
[(1 + 2Φ)(∂jAi − ∂iAj)] = 0. (7.5)

In addition, we have considered the Coulomb gauge condition ∇⃗ · A⃗ = 0. In the limit of
vanishing anisotropic stress, we further assume Ψ = −Φ. From the above expression, it is clear
that in the presence of Φ, the gauge field should amplify itself from the vacuum sourced by the
metric perturbation. If we assume that in the asymptotic past, all the modes were well inside
the horizon and choose the well-known Bunch-Davis (BD) vacuum, we can write

Ak,λ
µ (x) −−−−→

η→−∞
A(0)k,λ

µ (x) = 1√
2k
ϵµ(k, λ)ei(k⃗·x−kη), (7.6)

where ϵµ(k, λ) is the polarization vector for gauge field. Now, after inflation starts, an inho-
mogeneous background is formed, and in the presence of a non-vanishing metric perturbation
Φ, the gauge field is excited from the BD vacuum. Therefore, in the asymptotic future, this
solution will behave as a linear superposition of positive and negative frequency modes with
different momentum and polarization. We can express this gauge field as

Ak,λ
µ (x) −−−→

η→∞

∑
λ′

∑
q

(
αλλ′

k (q, η)
ϵλ

q√
2q e

i(q·x−qη) + βλλ′

k (q, η)
ϵλ∗

q√
2q e

−i(q·x−qη)
)
. (7.7)

Here, ‘αλλ′
k ’ and ‘βλλ′

k ’ can be taken to be as the well-known Bogolyubov coefficients, and we
can easily determine the expression order by order in terms of metric perturbation. In order to
compute βλλ′

k (q, η), we expand the gauge field as Ak,λ
µ (q, η) = A(0)k,λ

µ (q, η) +A(1)k,λ
µ (q, η) + · · ·.

Here, A(0)k,λ
µ is the solution of the gauge field in the absence of perturbation. Utilizing this

with Eqs. (7.4)(7.5) (7.6), we get the equation of motion of the gauge field in Fourier space as

d2

dη2A
(1)k,λ
i (q, η) + q2A

(1)k,λ
i (q, η) = Jk,λ

i (q, η), (7.8)

where the source term Jk,λ
i (q, η) takes the following form [233,310],

Jk,λ
i (q, η) = −

√
2q
[(
iΦ′(k + q, η) + q2 − k · q

q
Φ(k + q, η)

)
ϵλ

ike
−iqη

+ (ϵλ
k · q)Φ(k + q, η)ki

k
e−iqη −iϵ

λ
k · q
q2

∂

∂η

[
Φ(k + q, η)e−ikη

]
qi

]
. (7.9)
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Detailed calculations are given in the Appendix A.2. Now, we solve the above equation using
the Green’s function method, and we can write the solution of the gauge field as

Ak,λ
i (q, η) = ϵλ

ik√
2k
δ(k − q)e−ikη + 1

2

∫ ηf

ηi

Jk,λ
i (q, η)Gq(ηf , η

′)dη′, (7.10)

where Gq(ηf , η
′) is the Greens function of Eq.(7.8). The first term of Eq.(7.10) is due to the

homogeneous part of Eq.(7.8) and can be assumed as quantum fluctuations as long as they are
inside the horizon during inflation. Now the Green’s function of the corresponding Eq.(7.8) is
Gq(ηf , η

′) = Θ(ηf −η′) sin(q(ηf − η′))/q. Utilizing this in Eq.(7.10) and compared with Eq.(7.7)
it is straight forward to obtain the Bogoliubov coefficient βλλ′

k (q, η) as,

βλλ′

k (q, η) = −
∑

i

i√
2q

∫ ηf

ηi

ϵλ∗
iqJ

k,λ
i (k + q, η′)e−iqη′

dη′. (7.11)

Where ηi and ηf are the initial time when the source is active and the final time, respectively.
Once we know the behavior of the metric fluctuation, then from the above integral we can
easily compute the total number of photons created with the comoving wave number q, and
the expression is given by Nq = ∑

λλ′
∑

k

∣∣∣βλλ′
k (q, η)

∣∣∣2. In the continuum limit, we can write
the total number of photons in terms of the power spectrum as (see detailed calculation in
appendix A.2)

Nk =
∑
λλ′

∫ d3q

(2π)3 Φ2
0(|k + q|)D(k, q), (7.12)

where we introduce

D(k, q) =
∣∣∣∣∣
∫
dη′

{(
iC ′(|k + q|η′) + q2 − k · q

q
C(|k + q|η′)

)
(ϵλ

k · ϵλ′

q ) +
(ϵλ

k · q)(ϵλ′
q · k)

q2 C(|k + q|η′)
}∣∣∣∣∣

2

.

(7.13)

Here, C(kη) can be identified as the transfer function defined as Φ(q, η) = Φ0(q)C(qη), and
C ′(qη) = dC/dη. Typically the scalar power spectrum is expressed as PΦ(k + q) = (|k +
q|)3Φ2

0(|k + q|)/2π2. As we have seen, the last term of Eq.(7.9) does not contribute to the
number spectrum due to the transversality condition of the polarization vectors.

Defining the Present-day magnetic field Strength:
Once we compute the total photon number density for the comoving wave number ‘k’, then

we can immediately compute the magnetic energy density in terms of the scalar power spectrum
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stored in the mode ‘k’ at any instant of time as

PB(k, η) = ∂ρB(η)
∂ ln(k) =

(
k

a(η)

)4

Nk(η) =
(

k

a(η)

)4∑
λλ′

∫ d3q

(2π)3

(
q

k

) 2π2PΦ(k + q)
(|k + q|)3 D(k, q)

(7.14)

here ‘a(η)’ is the scale factor defined at ‘η’. After the production of the gauge field, it evolves
adiabatically, and due to the expansion of our universe, the magnetic energy density dilutes as
a−4. If there is no additional source for the magnetic field during the subsequent evolution, we
can define the present-day magnetic field as

B0(k) =
(

k

a(η0)

)2√
Nk, (7.15)

We set a(η0) = 1 to define the present-day scale factor.

7.2.2 Generation of the magnetic field during the inflation era

In this subsection, we describe the evolution of the magnetic field power spectrum and number
density during inflation. Considering a simple slow-roll type inflation with minimally coupled
potential, one can write the solution for Φ following [405],

Φ′′ + 2
(

H − φ
′′

φ

)
Φ′ − ∇2Φ + 2

(
H′ − Hφ

′′

φ

)
Φ = 0, (7.16)

where H is the Hubble parameter with respect to conformal time η, and ′ indicates the derivative
with respect to η. It is more convenient to revert to physical time ’t’. In the sub-horizon scale,
the solution is oscillatory in time. In the superhorizon scale, considering the background
equation of motion, slow roll conditions during inflation, and rewriting in terms of physical
time, one gets

Φ ≡ −A Ḣ

H2 ∼ A

16πG

(
V,φ

V

)2
. (7.17)

Or, in terms of the curvature perturbation R,

Φ ∼
√
ϵ

2
√
k3

H

Mp

∼ ϵR, (7.18)

where ϵ is the slow-roll parameter during inflation which suppresses Φ during inflation. Further,
in terms of the equation of state, on superhorizon scales [405],

R =
2
3H

−1Φ̇ + Φ
(1 + w) + Φ (7.19)
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Despite the suppression from ϵ, one can still compute the total number of photons generated
due to inflation purely arising from the metric fluctuations ∼ Φ contribution as

Nk =
∑
λλ′

∫ d3q
(2π)3 ϵ

2Φ2
0(|k + q|)D(k, q), (7.20)

where D(k, q) is a function of the momenta and the transfer function, as previously mentioned.
Φ oscillates and decays on sub-horizon scales, and the contribution is negligible. on super-
horizon scales the behavior depends on that of ϵ, as R is roughly constant. For the simple
quadratic potential, nearly scale-invariant power spectrum, we begin with splitting the above
integral into two limit

∫ ke
k∗ dq =

∫ k
k∗ dq +

∫ ke
k dq, where the limits indicate the peak wavenumber

and the wavenumber corresponding to the CMB, and we can write Nk as

Nk ≃
∫ k

k∗

dq
q

q

k

q3

2π2 ϵ
2R2(k) × O(1) +

∫ ke

k

dq
q

q

k

q3

2π2 ϵ
2R2(k) × O(1), (7.21)

and the magnetic power spectrum takes the form,

PB(k, ηe) ≃ k3k∗

a4(ηe)
ϵ2As

ns

{(
ke

k∗

)ns
}
, (7.22)

We can further consider an ultra-slow-roll type inflationary scenario, where the enhanced
curvature power spectrum is generated due to the ultra-slow-roll phase, and the comoving
curvature power spectrum is parameterized as

PR(k) = As

(
k

k∗

)ns−1

+ A0 Exp
[
−(k − kp)2

δ × k2
p

]
, (7.23)

Here As ≃ 2.1 × 10−9 is the amplitude of the scalar curvature power spectrum observed by
Planck, and ns is the scalar spectral index [11]. Here, A0 is the amplitude of the curvature
power spectrum at peak wavenumber, and δ is the dimensionless parameter that sets the
spectral shape of the curvature near the peak. kp is the position of the peak of the curvature
power spectrum. In this case, we get two contributions to the number density - from the usual
nearly-scale invariant term in the first part in 7.23, and the PBH-type enhancement in the
second term. Hence, the total number density is of the form,

Nk ≃ ϵ2As

ns

(
k∗

k

){(
ke

k∗

)ns

+ A0ns

√
πδ

As

(
kp

k∗

)[
1 + Erf

(
kp − k

kp
√
δ

)]}
. (7.24)

As we see, the total number produced for co-moving wavenumber k scales as Nk ∝ k−1.
The energy density of the produced magnetic field per logarithmic wavenumber is defined
as ρB(k, η) = (k/a(η))4Nk(η). Or we can define the comoving magnetic energy density as
ρ̃B(k, η) = k4Nk(η). Now, at the end of inflation, the magnetic energy store per logarithmic k
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is

PB(k, ηe) ≃ k3k∗

a4(ηe)
ϵ2As

ns

{(
ke

k∗

)ns

+ A0ns

√
πδ

As

(
kp

k∗

)[
1 + Erf

(
kp − k

kp
√
δ

)]}
. (7.25)

7.2.3 Generation of magnetic field for post-inflationary evolution

As shown above, the magnetic power spectrum at any given time is proportional to the infla-
tionary scalar power spectrum. After the end of inflation, this scalar power spectrum evolves
into the curvature power spectrum, which can, in principle, influence the post-inflationary
evolution of the gauge field.

In the high-conductivity limit, however, the production of gauge fields by any source term
becomes highly suppressed. During reheating, the generation of charged particles—and hence
the development of conductivity- depends on the specific model describing how the inflaton
decays into Standard Model particles. In simple perturbative reheating scenarios, the energy
density remains largely dominated by the inflaton field for most of the duration, making the
behavior of conductivity during this phase uncertain.

If conductivity develops rapidly after inflation and is assumed to affect all comoving modes
k uniformly, then any further gauge field production would be strongly suppressed. Given
the lack of precise knowledge about the evolution of conductivity during reheating, we assume
a small but nonzero electric conductivity during this phase. Full conductivity is considered
to be established only after the inflaton has completely decayed and the universe becomes
thermalized, entering a radiation-dominated epoch.

In this section, we consider different possible inflationary spectra consistent with CMB and
explore their impact on the present-day magnetic field strength. Before we do that, we provide
a quick summary of the post-inflation evolution of the scalar perturbation Φ. For this, let us
assume that after inflation, the universe is filled with a fluid of equation of state wre, and the
energy density of the fluid evolves as H2 ∝ ρφ ∝ a−3(1+wre). For example, the reheating phase
corresponds to w = wre, radiation domination corresponds to wre = 1/3. In the linear order
in perturbation theory, the equation of motion (EoM) for Φ after inflation in Fourier space is
given by [217]

Φ′′ + 4 + 2β
1 + β

HΦ′ + k2Φ = 0, (7.26)

Here β = (1 − 3wre)/(1 + 3wre) and the solution of the above equation is well known and takes
the form [217],

Φ(k, η) = Φ0(k)2β+3/2Γ[β + 5/2](kη)−β−3/2Jβ+3/2(kη) = CT(kη)Φ0(k). (7.27)

Where the primordial part Φ0(k) is set by inflationary dynamics, and is related to the curvature
perturbation on co-moving constant energy slices, and CT(kη) is the transfer function associated
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with a given post-inflationary phase with an equation of state w.
We can now write the primordial scalar power spectrum PΦ(k) in terms of comoving cur-

vature power spectrum PR(k) as

PΦ(k, η) =
(

2 + β

3 + 2β

)2

|CT(kη)|2 PR(k). (7.28)

As long as a particular mode is outside the horizon during the phase under consideration,
namely in the kη << 1 limit (super-horizon limit), the transfer function freezes to unity
|CT(kη)|2 ≃ 1, and we have,

PΦ(k < H−1, η) ≃
(

2 + β

3 + 2β

)2

PR(k). (7.29)

It is clear that the spectrum of Φ becomes constant at the super-horizon scale and can be
directly identified with the inflationary power spectrum up to an equation state-dependent
factor. This is well known to be directly imprinted in the CMB temperature anisotropies and
yields robust constraints, particularly in the early stages of inflation. On the contrary, the sub-
horizon modes, when entering the horizon during the phase under consideration, can undergo
non-trivial evolution, and the spectrum changes according to

PΦ(k > H−1, η) ≃ 22(β+2)Γ2(β+5/2)

2π (kη)−2(β+2)PR(k). (7.30)

The value of β(wre) assumes the value in between −1/2 ≤ β ≤ 1. Hence, the comoving
power spectrum always decays after the modes’ reentry during the post-inflationary epoch.
Further, an important point to realize is that CMB temperature anisotropies do not provide
any constraint on the spectrum of those sub-horizon modes, and therefore, the later stage of
inflationary dynamics remains poorly constrained. This particular fact leads to a possibility of
modifying the later stage of inflationary dynamics that can modify the scalar power spectrum
at small scales with large amplitude [142,167,183,190–197]. Such enhancement in the curvature
spectrum causes large density perturbations and produces primordial black holes (PBH), which
is widely discussed as a potential dark matter candidate [183, 208, 209]. We will later see that
those PBH-like power spectra indeed help increase the magnetic field strength on large scales.

In this section, we, therefore, explore those different types of inflationary spectra and their
role in modifying the strength of large-scale magnetic fields. We further study the effect of
the post-inflationary era, such as reheating with the generic equation of state wre. Inflation
is governed by the slow-rolling inflaton field with a nearly constant potential. In such an
inflaton background, the curvature power spectrum assumes a power law form. For long-
wavelength modes, CMB fixes two parameters of the power law spectrum. However, as we
pointed out earlier, a high-frequency curvature power spectrum is poorly constrained, and
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Figure 7.1: In this figure, we illustrate the behavior of the curvature power spectrum for
different scenarios. In the left panel, we show how the spectral shape depends on the parameter
δ, represented by three colors. In the right panel, we demonstrate how the spectral peak shifts
depending on the peak wave number, denoted as kp, for a fixed value of δ = 0.05. In both
figures, we set the amplitude to A0 = 0.01, the scalar amplitude to As ≃ 2.1 × 10−9 , and the
spectral index to ns = 0.965.

hence, we parameterized the full inflationary spectrum in the following way [165],

PR(k) = As

(
k

k∗

)ns−1

+ A0 Exp
[
−(k − kp)2

δ × k2
p

]
, (7.31)

The first part of the spectrum is well constrained by CMB at the pivot scale k∗ = 0.05Mpc−1

with amplitude As = 2.1 × 10−9, and scalar spectral index ns = 0.9649 ± 0.0042 at 68%
CL [11]. The second part of the spectrum peaked around kp >> k∗; we parameterize by an
exponential function keeping all the essential features of the PBH spectrum studied in the
literature [183,194–196,200,208,209]. This essentially features an exponential amplification of
curvature perturbations on small scales. By properly tuning the amplitude parameter A0, one
can achieve a magnitude of the power spectrum PR(k) as high as O(10−2 − 10−1). Such a high
value is critical for PBH formation in the subsequent evolution. The width of the spectrum
is controlled by δ. To remain consistent with CMB observations, we maintain the following
constraint δ−1 ≤ ln(A0/As) throughout our analysis.

Utilizing the above curvature spectrum Eq.7.31 into the expression of magnetic power spec-
trum Eq.7.14, we find the following approximate analytic expression for the present-day mag-
netic power spectrum as:

PB(k, η0) = P inf
B (k, ηe)

(
ae

a0

)4

≃ 8π2H4
e

9

(
k

ke

)3 (
ae

a0

)4
(

2 + β

3 + 2β

)2
As

ns

(
ke

k∗

)ns−1

+ 1
2

√
πδ
A0kp

ke

(
1 + Erf

[
kp − k

kp
√
δ

])
(7.32)
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Figure 7.2: In these figures, we present the present-day magnetic field strength as a function
of the comoving wavenumber k (in Mpc−1). We consider a fixed reheating temperature of
Tre = 107 GeV, with the three different colors corresponding to different values of the equation
of state parameter during reheating: wre = 0.0, wre = 1/3, and wre = 1.0. The left panel
corresponds to a curvature power spectrum peak at kp = 1018 Mpc−1, while the right panel
shows the result for kp = 1020 Mpc−1. In both figures, we set the amplitude of the curvature
power spectrum peak to A0 = 0.1. For the slow-roll type curvature power spectrum, we use
As ≃ 2.1 × 10−9 with a spectral index of ns = 0.965.

Here, (ae/a0) takes care of the dilution factor of the magnetic energy density due to back-
ground expansion from its inflationary counterpart P inf

B (k, ηe) defined at the end of inflation.
Note that k∗ < kp < ke, and the PBH spectrum amplitude A0 ≫ As ∼ 10−9. This

immediately suggests that across all scales for k < kp, the magnetic spectrum behaves as
PB(k) ∝ A0kpk

3. The large-scale magnetic field strength is controlled by the amplitude A0

of the small-scale modification of the PBH spectrum and its peak frequency kp. For small
wavelength modes, (k > kp), as the spectrum amplitude reduces to the primordial one (see
Fig.(7.1)), the magnetic spectrum reduces to PB(k) ∝ Ask

3 with reduced amplitude. In sum-
mary, we find the present-day magnetic field strength as a function of the amplitude of the
inflationary power spectrum, as,

B0 =
√

PB(k, η0) ∝


√
A0kpk

3
2 for k < kp

√
Ask

3
2 for k > kp

. (7.33)

Whereas near the peak scale, the magnetic field strength shows a fall in strength due to the
Error function, and it exhibits a spectral break. However, the peak in the magnetic spectrum
near kp occurs only if kp ≥ Askp/ns

√
πδ. All the aforementioned features observed from the

analytic form of the magnetic spectrum are depicted in Figs. (7.2), (7.3), and (7.4).
At this stage, we provide some numerical estimates to gain insight into the magnetic field

strength defined at the comoving scale of 1 Mpc. We consider the case where the curva-
ture power spectrum is peaked at k ≃ ke. Since the post-inflationary dynamics depend on
the parameters of the inflationary model, we express all relevant quantities in terms of two
reheating parameters: the equation of state (EoS) wre and the reheating temperature Tre
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Figure 7.3: This figures show the present-day magnetic field strength, B0(k), as a function
of the comoving wavenumber k (in Mpc−1), for two different values of the equation of state
parameter during reheating: wre = 0.0 (left) and wre = 1.0 (right). In both cases, the reheating
temperature is fixed at Tre = 107 GeV. Each figure includes three curves, with different colors
representing three distinct values of the peak scale kp of the curvature power spectrum. In
both figures, we set the amplitude of the curvature power spectrum peak to A0 = 0.1. For
the slow-roll type curvature power spectrum, we use As ≃ 2.1 × 10−9 with a spectral index of
ns = 0.965.

(see Eqs. (2.70)(2.69) for the relationship between them). For a matter-dominated reheat-
ing phase with wre = 0, the magnetic field strength at the end of inflation turned out to be
Binf =

√
P inf

B (k = 1Mpc, ηe) ≃ 2.93 × 1016 G. In the radiation-dominated case with wre = 1/3,
we find Binf ≃ 4.29 × 1010 G, while for a kination-dominated era with wre = 1, the magnetic
field strength is reduced to Binf ≃ 6.25 × 104 G.

Following their production, the magnetic fields dilute as a−2 due to the expansion of the Uni-
verse. Consequently, the present-day magnetic field strength depends on the post-inflationary
evolution. Agian at 1 Mpc scale for wre = 0, we obtain B0 ≃ 3.76×10−47 G; for a radiation-like
reheating phase (wre = 1/3), B0 ≃ 3.81 × 10−45 G; and for a kination-like phase (wre = 1), the
present-day strength becomes B0 ≃ 3.94 × 10−43 G. In all these estimates, we assume that the
reheating phase ends when the background temperature reaches Tre ≃ 104 GeV.

In Fig.7.2, we have numerically plotted the present-day magnetic field strength B0(k) as a
function of the wave number k for a Gaussian-type curvature power spectrum, as defined in
Eq. (7.31). We consider three sample equations of state (EoS): wre = 0, 1/3, and 1. In both
panels, the reheating temperature of the universe is fixed at Tre = 107 GeV. The left panel
corresponds to kp = 1018 Mpc−1, while the right panel corresponds to kp = 1020 Mpc−1. The
strength of the magnetic field recovers our analytical expectation B0 ∝ k3/2 with a very mild
direct dependence on the reheating equation of state.

As discussed earlier, the cutoff wavenumber ke depends on the reheating dynamics and the
specific inflationary model under consideration (see Eq. (2.69)). In general, a higher equation of
state parameter (wre > 1/3) corresponds to a shorter duration of the reheating phase compared
to a matter-like phase (wre < 1/3) and due to this the produced magnetic field strength is
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dependent on the duration of the reheating dynamics. Since the magnetic field generated
in such mechanisms is scale-dependent, and the comoving magnetic field amplitude scales as
B0 ∝ k3/2, the total magnetic energy density is sensitive to the details of the post-inflationary
evolution. From our analysis, we find that while the magnetic field strength at large scales
does exhibit dependence on the reheating dynamics, the effect is not significant enough to
account for the present-day observed magnetic field strength at cosmological scales, but the
total magnetic energy density is strongly dependent on the reheating dynamics.

Similarly, in Fig. 7.3, we plot the present-day magnetic field B0(k) as a function of the
comoving wavenumber k for two different reheating scenarios. The left panel corresponds
to wre = 0 with Tre = 107 GeV, while the right panel corresponds to wre = 1 with Tre =
107 GeV. Three different colors indicate different values of the peak wavenumber: kp =
1018, 1019, and 1020 Mpc−1. We observe that the magnetic field strength for scales k < kp

indeed increases with the peak wave number kp, following the relation B0(k < kp) ∝ k1/2
p , as

we derived from Eq. (7.33). The dashed lines represent the contribution to the magnetic field
from the first term in the curvature power spectrum in Eq. (7.31), which enables magnetic field
generation even at scales k > kp.

The PBH-induced curvature power spectrum leads to a significant enhancement in the
magnetic power spectrum compared to the conventional inflationary scalar power spectrum.
Notably, this enhancement extends to all super-horizon modes smaller than the mode kp.
From Eq. (7.33), the total enhancement factor from the PBH-type curvature spectrum can be
expressed as (A0kpns)/(keAs), where A0 is the peak amplitude of the curvature perturbations,
As is the scalar amplitude, and ns is the spectral index constrained by CMB observations.
The maximum enhancement occurs when the peak frequency is aligned with ke (i.e., kp ≃ ke),
giving an overall enhancement factor of (A0ns)/As. For example, if A0 = 1 (the maximum
allowed curvature amplitude), ns = 0.965 (the central value from CMB constraints), and
As ≃ 2.2 × 10−9, the enhancement factor is approximately 4.4 × 108. For purely inflationary
spectrum, the magnetic field strength at 1 Mpc scale can be calculated as ∼ 10−45 Gauss.
However, PBH spectrum can enhance that value to a maximum ∼ 10−41 Gauss. This is indeed
a significant enhancement, but much below the current observational bound ∼ 10−18 Gauss.

In Fig. 7.4, we present the present-day magnetic field strength as a function of wavelength
λ, expressed in Mpc units. This plot focuses on large-scale magnetic fields, covering a range
from 10 Mpc to 0.1 Kpc. We consider three different values of the equation-of-state parameter
during reheating: wre = 0 (left), wre = 1/3 (middle), and wre = 1 (right). For each case, we
show results for two different reheating temperatures: Tre = 1010 GeV (cyan) and Tre = 1 GeV
(blue). The colored bands represent the range between the maximum and minimum magnetic
field strengths generated due to the curvature power spectrum. Solid lines correspond to mag-
netic fields sourced by the standard slow-roll-type curvature power spectrum, while dashed
lines correspond to those sourced by an enhanced curvature power spectrum. To maximize
the enhancement, we choose the peak of the curvature spectrum to lie near kp ≃ ke, as the
amplified magnetic field scales as B0 ∝ k1/2

e . The shaded vertical regions in the plot indicate
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Figure 7.4: The above figures show the present-day magnetic field strength, B0 (in Gauss), as
a function of the observable wavelength λ (in Mpc) for three different values of the reheating
equation-of-state parameter: wre = 0.0 (left), wre = 1/3 (middle), and wre = 1.0 (right). The
two shaded color bands correspond to two different reheating temperatures: Tre = 1 GeV (blue)
and Tre = 1010 GeV (cyan). Solid lines represent the magnetic field spectrum generated from
a simple slow-roll-type curvature power spectrum, while dashed lines correspond to the PBH-
type curvature power spectrum, where the peak is located near the scale ke, i.e., kp ≃ ke. In all
plots, we have fixed the maximum amplitude of the curvature power spectrum to be A0 = 1.0.
The vertical shaded regions indicate the characteristic length scales of the intergalactic medium
(IGM) and galaxy clusters.

different physical length scales. We observe that for higher reheating temperatures, the large-
scale magnetic fields sourced by the curvature power spectrum become significantly stronger.
In particular, the field strength can be enhanced by up to four orders of magnitude for larger
values of wre. Notably, in the radiation-like reheating scenario (wre = 1/3), the post-inflationary
background evolves like a radiation fluid, making the total duration of the post-inflationary
era largely independent of the reheating temperature. In contrast, for matter-like or kination-
like reheating scenarios, the duration of the reheating era depends strongly on Tre, as the
background energy density dilutes more slowly (matter-like) or more rapidly (kination-like)
compared to the magnetic field energy density. This relative dilution plays a crucial role in
determining the final magnetic field strength observed today. We find that for both wre = 0.0
and wre = 1.0, the present-day magnetic field strength depends on the duration of the reheating
era, whereas for wre = 1/3, it does not exhibit such dependence. Further, we observe a con-
trasting behavior in the dependence of magnetic field strength on the reheating temperature.
For wre < 1/3, the magnetic field strength today increases with increasing reheating tempera-
ture (see the left panel of Fig. 7.4), while for wre > 1/3, the trend reverses: the magnetic field
strength decreases with increasing reheating temperature (see the right panel of Fig. 7.4).

This opposite behavior can be understood as follows:

PB(k, η0) ∝ a4
e

a4
0

= a4
e

a4
re

a4
re
a4

0
∼ e−4Nre

T 4
0

T 4
re

=
(
π2greT

4
re

90H2
eM

2
P

) 4
3(1+wre) T 4

0
T 4

re

∼ H
− 8

3(1+wre)
e T

4−12wre
3(1+wre)

re . (7.34)

Therefore, for the radiation-like reheating phase, the present-day magnetic field turns out to
be independent of reheating temperature. Further for wre = 0, the present day magnetic field
B0 =

√
PB(k) ∝ T 2/3

re , and for wre = 1, B0 ∝ T−4/3
re . We recover all those behaviors numerically
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Figure 7.5: In the above figure, we have shown how the present-day magnetic field depends on
the reheating temperature (effectively determined by the duration of the reheating periods) for
three different values of effective equation of state wre = 0, 1/3, & 1.0 denoted by three different
colored lines. Here we consider the peak of the curvature perturbation situated near the ke to
get the maximum enhancement. In all cases, we consider the amplitude of the peak curvature
power spectrum to be A0 ≃ 1.0 in order to investigate the maximum possible enhancement of
the magnetic field due to the curvature power spectrum.

as depicted in Figs.(7.4)(7.5).In Fig. 7.4, we observe that there are no visible spectral breaks,
unlike in Fig. 7.2 or Fig. 7.3. This is primarily due to the range of scales considered in this
plot. Our focus here is on large-scale magnetic fields and understanding how their present-day
strength depends on reheating dynamics. To maximize the enhancement, we assume that the
peak of the curvature power spectrum lies at smaller scales, close to ke. Since the spectral
break in the magnetic field spectrum typically appears near the peak of the curvature power
spectrum, and this peak lies outside the range of scales shown in Fig. 7.4, the spectral break
is not visible here. However, if we were to plot the magnetic field spectrum at smaller scales,
we would observe similar spectral break features as seen in Fig. 7.2 and Fig. 7.3.

In Fig. (7.5), we plot the present-day magnetic field strength defined at the comoving scale
of 1 Mpc for three different reheating equations of state, wre = 0.0, 1/3, and 1.0, represented
by three distinct colors. As observed, in the case of matter-like reheating (wre = 0), decreasing
the reheating temperature Tre leads to a corresponding decrease in the present-day magnetic
field strength. This behavior can be attributed to the fact that, for a matter-like expansion,
achieving the same reheating temperature requires a longer duration of reheating. A lower
reheating temperature implies a prolonged reheating phase, leading to greater dilution of the
magnetic field.

Similarly, for kination-like reheating ( wre = 1 ), where the background dilutes more rapidly,
the duration of reheating required to reach a given Tre is shorter. Consequently, for a fixed
reheating temperature, changing the equation of state results in significant variations in the
present-day magnetic field strength, as illustrated in Fig. (7.5). The explicit dependence of the
magnetic field strength on the reheating temperature is given in Eq.(7.34).
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Magnetic field dominated universe: Bound on Tre: So far, we have discussed the gen-
eration of a magnetic field from the curvature perturbations. While the magnetic field produced
on large scales is generally modest in strength compared to that predicted by alternative mech-
anisms, the associated total energy density can still be substantial.

The magnetic energy density at conformal time η is given by

ρB(η) =
∫ ke

k∗

dk
k
ρB(k, η) = 8π2H4

e
9

(
ae

a

)4
(

2 + β

3 + 2β

)2
As

ns

(
ke

k∗

)ns−1

+ 1
2

√
πδ
A0kp

ke

 , (7.35)

where He is the Hubble parameter during inflation in conformal time, and ae is the scale factor
at the end of inflation. In this expression, we have taken the ultraviolet (UV) cutoff for the
magnetic field spectrum to be ke, which represents the highest comoving wavenumber that can
be excited by inflationary fluctuations.

During inflation, all perturbation modes originate in the Bunch-Davies vacuum while deeply
inside the horizon (i.e., k ≫ aH). As the Universe expands and these modes cross the hori-
zon (i.e., when k = aH), they undergo a quantum-to-classical transition and their amplitudes
become effectively frozen under adiabatic conditions. Since both metric and curvature pertur-
bations arise from inflaton field fluctuations, the largest wavenumber that can be influenced
corresponds to the maximum scale ke, which denotes the highest mode to exit the horizon
before the end of inflation.

After their production, magnetic fields evolve adiabatically, diluting as a−4 due to cosmic
expansion. In contrast, during reheating, the energy density of the inflaton field—which dom-
inates the background until reheating ends—scales as a−3(1+wre). For inflationary models with
a stiff equation of state (wre > 1/3) during reheating, the background energy density dilutes
faster than the magnetic field energy density. This leads to an effective enhancement of the
magnetic field’s fractional energy density, scaling as a3wre−1.

We define the fractional magnetic energy density at the end of reheating as δB = ρB(η =
ηre)/ρ(η = ηre), where ρ(η) is the total background energy density. Using Eq. (7.35) and the
expression for the reheating energy density, we obtain

δB(η = ηre) ≃ 8π2

27

(
He

MP

)2 ( 2 + β

3 + 2β

)2
As

ns

(
ke

k∗

)ns−1

+ 1
2

√
πδ
A0kp

ke

(Tmax

Tre

) 4(3wre−1)
3(1+wre)

. (7.36)

Here, Tmax denotes the maximum temperature of the universe, which depends on the inflation-
ary energy scale. For instance, assuming He ≃ 10−5MP, we obtain Tmax ≃ 1015 GeV.

As evident from the expression above, for reheating scenarios with wre > 1/3, the fractional
energy density increases as the reheating temperature Tre decreases. Conversely, for wre < 1/3,
the fractional energy density decreases with decreasing Tre. For instance, in the case of kination
(wre = 1), the scaling becomes δB(T > Tre) ∝ T−4/3.

To avoid a universe dominated by magnetic fields, the reheating temperature must be
bounded from below by the condition δB = 1. In Fig. (7.6), we present the minimum allowed
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reheating temperature as a function of the equation of state parameter wre, for two different
values of the peak scale of the curvature power spectrum. The gray curve corresponds to
kp ≃ ke, while the blue curve represents kp ≃ 1025 Mpc−1. For comparison, the cyan curve
shows the result obtained using a simple slow-roll type curvature power spectrum as defined
in Eq. (7.31).

We find that for wre = 1.0, in order to avoid a magnetic field–dominated universe before
the completion of reheating, the minimum reheating temperature must satisfy Tre ≳ Tmin ≃
4.3 × 108 GeV. In all cases, we consider the amplitude of the peak of the curvature power
spectrum to be A0 ∼ 0.1.

Although we have explored the possibility of post-inflationary enhancement of gauge fields,
such amplification is constrained by the conductivity of the early Universe. On small scales, it
is indeed possible to enhance the curvature power spectrum in scenarios with low conductivity.
However, in the presence of a highly conducting plasma, the post-inflationary production of
gauge fields sourced by curvature perturbations is significantly suppressed. Even with a pri-
mordial black hole (PBH)-type curvature power spectrum, the magnetic field can at most be
amplified by a factor of ∼ 105, which remains far below current observational limits.

Given that our primary objective is to account for the large-scale magnetic fields with
coherence lengths larger than 1 Mpc, this post-inflationary mechanism alone is insufficient.
Additional dynamics are required to amplify magnetic fields on these large scales. In the
following, we discuss how ultra-light axion-like particles (ALPs) can lead to further enhance-
ment of the gauge field, particularly during the Dark Ages. During this epoch, ALPs re-enter
the horizon and begin to oscillate, sourcing gauge fields efficiently through their coupling to
photons.

It is important to note that post-inflationary amplification due to curvature perturbation is
not strictly necessary for the secondary stage of gauge-field production. The same present-day
magnetic field spectrum can be achieved even in the case of a simple slow-roll curvature power
spectrum, provided that the axion-photon coupling constant is sufficiently large.

7.3 Second stage: Resonant amplification from oscillating ALPs
after photon decoupling

In our previous section, we observed that inhomogeneous metric perturbation during inflation
generates a large-scale magnetic field. However, as it is a second-order effect in perturbation,
the strength turned out to be insufficient for the current observed bound. In this section, we
therefore explore the second phase of gauge field production via ultralight Axion or Axion-like
particles (ALPs). Axion is a pseudo-Nambu-Goldstone boson, which can naturally be very
light due to the underlying shift symmetry of the system. It couples with the gauge field
via the parity-violating coupling aFF̄ term. Let us suppose the axion is initially misaligned
from its true vacuum. In that case, it can dynamically evolve into an oscillatory state, and the
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Figure 7.6: In the figure above, we plot the minimum background temperature, Tmin (in GeV),
as a function of the equation of state parameter during reheating, wre. The quantity Tmin
denotes the temperature below which the magnetic energy density exceeds the inflaton energy
density, corresponding to the shaded region in the plot. We consider two scenarios for the
curvature power spectrum, characterized by different peak scales: the gray curve corresponds
to kp = ke. Note that ke is the mode which exits the horizon at the end of inflation. The blue
curve represents kp = 1025 Mpc−1. Here the cyan line illustrates the case of a slow-roll type
curvature power spectrum. The red-shaded region marks the lower bound on the reheating
temperature, given by Tre ≃ TBBN ≃ 0.01 GeV, to ensure consistency with the Big Bang
Nucleosynthesis.

coupled gauge field can be copiously produced if appropriate resonance conditions are satisfied.
In this section, we will utilize this mechanism in the cosmological background and explore the
possibility of resonant magnetic field production at a very large scale.

However, it is important to realize that after the inflation, the universe becomes filled with
highly conducting plasma, and hence, any non-vanishing electric field propagating through
it quickly decays due to the rapid response of free charges, and the magnetic field freezes
into a constant value. The decay time scale is closely tied to the characteristic frequency of
the plasma, which determines the interplay between the charge density oscillations and field
dynamics. Any electric field mode frequency larger than the plasma frequency expressed as
ωp = (4πq2nq/mq)1/2 quickly decays within the time scale τ ∝ ω−1

p . Here, nq is the number
density of particles of charge q, and mq is its mass. In the post-inflationary universe, the
charge density is expected to be very large; therefore, production of the gauge field from any
external source, such as an oscillating axion, may always seem to remain suppressed due to
high conductivity.

Thanks to the recombination era in the early universe, the phase after the recombination,
well known as the Dark Ages of the universe, comes to our rescue. Recombination is the phase
during which neutral hydrogen and Helium are formed, and the plasma frequency becomes
negligibly small. This significantly reduces the decay timescale so that the gauge field can no
longer feel the conductivity. It is in this era that we will discuss the production of gauge fields
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due to axion-photon coupling. The Lagrangian density of the axion-photon system is given by

L = −1
2∂µa∂

µa − V (a) − 1
4FµνF

µν − α

4fa

aFµνF̃
µν , (7.37)

where α is the dimensionless coupling parameter and fa is the decay constant of the axion
field denoted as ‘a’. Here V (a) is the potential of the axion (or ALPs) fields. The potential for
axion-like particles (ALPs) is typically modeled as

V (a) = (ma fa)2
[
1 − cos

(
a

fa

)]
. (7.38)

Here, ma is the mass of the axion field. The axion is assumed to be a purely classical homoge-
neous field that rolls down to the minima of its potential. The equation of motion (EoM) for
the homogeneous mode of the axion field a and the Fourier modes of the gauge field Aλ in the
FLRW background are given by [277,406]

a′′ + 2Ha′ + a2V,a = a2α

fa

⟨E · B⟩, (7.39)

A′′
λ(k, η) +

(
k2 − λ

αka′

fa

)
Aλ(k, η) = 0, (7.40)

Here, λ denotes the polarization index of the gauge field. It is important to note that the above
two equations are valid only in the absence of photon scattering, and hence they are applicable
during the post-recombination epoch up to reionization. The term on the right-hand side of the
first equation, which describes the backreaction of a gauge field production, can be expressed
as [277]

⟨E · B⟩ = − 1
8π2

∫ dk

k

(
k
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)4 ∑
λ=±

[
1
k

d

dη

(
|
√

2kAλ|2
)]

. (7.41)

Nevertheless, we will work in the parameter regime where such backreaction is small. A detailed
study will be done in our future publication. From the homogeneous axion equation, one can
quickly realize that when the dynamical Hubble parameter becomes close to the axion mass, the
axion oscillates around its minimum, and we define the associated scale to as kosc = aoscHosc.
Since the universe is matter-dominated by this time, we also see the scale factor evolving
during this period as a(η) = aosc(η/ηosc)2 = aosc(x/xosc)2. In terms of the dimensionaless time
x = koscη, and field variable ψ = a/fa, we rewrite the above equation as ,

∂2ψ

∂x2 + 4
x

∂ψ

∂x
+ m2

a

H2
osc

(
x

xosc

)4
sinψ = 0, (7.42a)

∂2Aλ

∂x2 +
(
k2

k2
osc

− λα
k

kosc

∂ψ

∂x

)
Aλ = 0. (7.42b)
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Figure 7.7: In the left panel, we present the time evolution of the comoving magnetic field as
a function of the comoving wavenumber normalized by kosc, for a fixed value of the coupling
α = 80 and axion mass ma = 10−28 eV. The side color bar indicates the time evolution
of the comoving magnetic field, starting from x = koscη ≃ 0.1 and evolving up to x ≃ 30.
At the initial time x ≃ 0.1, all relevant wavenumbers lie outside the horizon. The initial
condition for the gauge field is set based on the inflationary production discussed earlier, which
provides the seed configuration for subsequent evolution. When we set the initial magnetic
field strength, then we simply consider a slow-roll type inflationary curvature power spectrum
with As ≃ 2.1 × 10−9 with ns ≃ 0.965. In the right panel, we show the late-time growth of
the gauge field, normalized by its initial value, as a function of the dimensionless time variable
x = koscη. This plot corresponds to α = 70, and we define the dimensionless wavenumber
k̂ = k/kosc.

As stated earlier, we assume the axion to be frozen in at ψ = 1.0 and ψ̇ = 0 until the Hubble
parameter becomes close to its mass after the recombination era. Once the condition mχ ≃ 3H
is met, the axion starts to oscillate in a neutral matter-dominated phase, leading to tachyonic
enhancement of the gauge field production. We should remember that such production can
continue to occur until the universe becomes reionized. Utilizing the entropy conservation, the
oscillation scale at present can be easily calculated to be,

kosc

a0
≃
(

43gs,∗(Tosc)
11

)1/3
T0ma

3Tosc
≃ 0.01 Mpc−1

(
ma

10−28 eV

)
, (7.43)

where Tosc is the temperature of the thermal bath when the axion starts to oscillate, and we
can express this as a function of axion mass ma as

Tosc =
(

10
gs,∗(Teq)

m2
aM

2
P

Teq

)1/3

≃ 0.28 eV
(

ma

10−28 eV

)1/3
. (7.44)

Here, g∗(Teq) ≃ gs,∗(Tosc) ≃ 3.36 represents the number of relativistic degrees of freedom at
the time of matter-radiation equality with the radiation temperature defined as Teq ∼ 0.8
eV. Note the temperature of the radiation at the time of photon decoupling is defined as
Trec ≃ 3000K ∼ 0.26 eV, and at the present time is defined as T0 = 2.7 K = 2.348 × 10−4 eV.
As pointed out earlier, after this, the universe became dominated by non-relativistic matter,
mostly with neutral hydrogen. However, subsequently, cosmic reionization began when the
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Figure 7.8: Present-day magnetic field strength B0 (in Gauss unit) as a function of the comoving
length scale λ (in Mpc). Left panel: Variation of B0 for two different values of the coupling
constant, α = 75 (blue) and α = 80 (magenta), with a fixed axion mass ma = 10−28 eV.
Right panel: Dependence of B0 on the axion mass, shown for ma = 10−28 eV (blue), 10−29 eV
(magenta) and 10−30 eV (red), with a fixed coupling constant α = 80. In both panels, solid
lines represent positive-helicity (+) modes, while dashed lines correspond to negative-helicity
(−) modes. For both spectra, we assume that the initial magnetic fields were generated during
inflation due to a slow-roll-type curvature power spectrum, characterized by As ≃ 2.1 × 10−9

and ns ≃ 0.965.

first stars formed, and early galaxies and quasars ionized most of the intergalactic medium.
The temperature of the background radiation at the onset of reionization can be estimated to
be in the range Treion ≃ 0.002 − 0.005 eV. And the time between these two distinct phases is
known as the Dark Ages. As we are particularly interested in the production of gauge fields
during the Dark Ages, the axion mass is required to lie within the range 10−28–10−31 eV.
The corresponding background temperatures at which the axion field begins to oscillate are
given by Tosc(ma = 10−28 eV) ∼ 0.28 eV and Tosc(ma = 10−31 eV) ∼ 0.003 eV, respectively.
Utilizing Eqs. (7.43) and (7.44), we can compute the corresponding wavenumbers of modes
that undergo excitation due to axion oscillations. Our analysis indicates that during the Dark
Ages, characteristic length scales in the range 1 Mpc to 103 Mpc can be excited.

Analytical Spectral behaviors of Magnetic fields:
We can rewrite the EoM of the gauge field Eq.(7.42b) in the following fashion

∂2Aλ

∂x2 + κ2Aλ = 0 , with κ =

√√√√( k2

k2
osc

− λα
k

kosc

∂ψ

∂x

)
. (7.45)

Each mode evolves with an effective, time-dependent frequency denoted by κ. This implies
that modes with long wavelengths, those satisfying the condition k/kosc < |λαψ′(x)|, can
experience exponential growth. During a matter-dominated era, the axion field ψ(x) evolves
as ψ(x) = ψ0 sin(x3)/x3, and consequently ψ′(x) ∼ 3ψ0 cos(x3)/x. Substituting this into
the instability condition, one finds the mode kmax ∼ (3αψ0kosc)/xosc, which represents the
maximum wavenumber susceptible to the instability induced by axion oscillations. Modes
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with kosc < k < kmax are unstable and can grow due to the tachyonic instability, although
this growth is limited to a finite range of frequencies determined by the dynamics of the
background expansion. Employing the WKB approximation, the gauge field solution in the
tachyonic regime, where κ2 < 0, is given by

Aλ(x) = C1√
|κ(x)|

eβc(x) , where βc(x) =
∫ x

xosc

√√√√( k2

k2
osc

)
− α

k

kosc

∂ψ

∂x′dx
′ . (7.46)

As κ > 0, the last term of the above equation is oscillatory in nature. Note that axion
is frozen until xosc, we can safely set the the initial condition at x = xosc, A(x = xosc) =
Aosc, where Aosc is the initial amplitude of the gauge field produced due to the inflationary
curvature perturbation discussed in the beginning. Now, utilizing the initial condition, we get
the approximate solution of the gauge field as

Aλ(x) = Aosc(k)
(

|κ(xosc)|
|κ(x)|

)1/2

eβc(x) . (7.47)

Here, βc quantifies the enhancement of the gauge field during axion oscillations. It is important
to note that the two polarization modes, λ = ±, experience instability at different times. As a
result, the produced electromagnetic field acquires a helical nature.

Now, utilizing the Eq.(7.32) and Eq.(7.47), we can immediately compute the spectral be-
havior of the present-day magnetic field at large scale as

B0 =
√

PB0(k) ∝ k2Aλ(x0) ∝ k3/2eβc(k,λ,α) . (7.48)

This is one of the main results of the present paper. We can also estimate the maximum
amplitude of the produced magnetic field by finding the maximum value of βc.

Fig. (7.7) illustrates the evolution of the generated magnetic field. The left panel shows
the time evolution of the comoving magnetic field spectrum as a function of k/kosc, for a
coupling constant α = 80. In this analysis, the axion mass is fixed at ma = 10−28 eV. The
color bar represents the dimensionless time variable x. As time progresses, we observe that
the magnetic field spectrum initially grows and eventually saturates, indicating the end of
significant amplification. The right panel shows the time evolution of individual magnetic field
modes as a function of the dimensionless time variable x = koscη, for a fixed coupling parameter
α = 70. It indicates the resonant growth of the gauge field in the oscillating axion background.
Once the axion oscillation amplitude reduces sufficiently, the growth ceases to exist.

To study the spectral behavior of the magnetic field, we plot the present-day field strength
B0(λ) as a function of comoving wavelength λ (in Mpc) in Fig. (7.8). The left panel shows
results for two values of the coupling parameter: α = 80 (blue) and α = 75 (magenta). Solid
lines represent the positive helicity modes (A+), while dashed lines indicate the negative helicity
modes (A−). For this plot, we fix the axion-like particle (ALP) mass at ma = 10−28 eV. As
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expected, a stronger coupling (α) leads to greater magnetic field amplification. We also observe
a difference between the two helicity modes. This is because each mode experiences instability
at different times, leading to different amplification levels.

The right panel of Fig. (7.8) explores how the magnetic field spectrum changes with the
ALP mass. Here, we vary the mass over three values: ma = 10−28, 10−29, and 10−30 eV, while
keeping the coupling fixed at α = 80. As before, solid lines correspond to A+ modes, and
dashed lines to A− modes. We find that lighter ALPs shift the peak of the magnetic field
spectrum to larger length scales. This shift occurs because lighter ALPs start oscillating later
in cosmic history, when longer wavelengths have already entered the horizon. As a result, gauge
fields with larger wavelengths are excited more efficiently..

In Fig. (7.9), we plot the present-day magnetic field strength as a function of wavelength
for the same coupling constant α = 80, using the same three values of the ALP mass. Since
these relatively light ALPs begin oscillating after photon decoupling, they preferentially amplify
gauge fields on the corresponding length scales, as shown in the figure. We also include current
observational bounds on large-scale magnetic fields for comparison. From the plot, it is clear
that for coupling values α > 70, the ALPs can boost magnetic field strengths on Mpc scales
to levels consistent with all existing constraints. Specifically, for α = 80, the maximum field
strength achieved at around 1 Mpc is B0(∼ 1 Mpc) ∼ 10−10 Gauss. Although larger values of
the coupling parameter α > 80 can be considered, they tend to produce a significant amount
of gravitational waves (GWs) at CMB scales. This may lead to a violation of current bounds
on the tensor-to-scalar ratio. The final section will discuss the gravitational wave spectrum in
detail.

Computing the Relic Density of the Axion:
The initial energy density of the axion can be approximated as

ρa(Tosc) ≃ 1
2m

2
af

2
aθ

2
i , (7.49)

where fa is the decay constant of the axion, and θi is the initial misalignment angle.
The energy density redshifts to the present day due to the expansion of the background

universe. Axions begin to oscillate when the background temperature equals Tosc, i.e., T ≃ Tosc.
For T < Tosc, the axion behaves like non-relativistic matter, and its energy density dilutes as
ρχ ∝ a−3.

Assuming that no significant entropy production occurs after reheating, which is a reason-
able approximation of the conservation of entropy, s(T )a3 = const, allows us to express the
redshift factor as

aosc

a0
= T0

Tosc

(
g∗(T0)
g∗(Tosc)

)1/3

, (7.50)

where g∗(T ) is the effective number of entropy degrees of freedom at temperature T .
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The relic density parameter Ωah
2 is define as Ωah

2 = ρa(T0)/ρcri(T0). Now utilizing
Eq.(7.50), we can find that

Ωah
2 ≃ 0.12 θ2

i

(
fa

1012 GeV

)2 (
ma

10−5 eV

)1/2
. (7.51)

As previously discussed, at early times when H ≫ ma, the axion field remains in the slow-
roll regime with ȧ ≈ 0. In this phase, the equation of state of the axion is given by wa = Pa/ρa ≈
−1, indicating that the field behaves as a dark energy component. Here, ρa and Pa represent the
energy density and pressure of the background axion field, respectively. At later times, when
H ≪ ma, the field undergoes coherent oscillations around the potential minimum, leading to
an equation of state that oscillates around zero. Consequently, the energy density follows the
scaling relation ρa ∝ a−3, which is characteristic of non-relativistic matter. This implies that
after the onset of oscillations, the axion behaves as a dark matter-like component. However,
note that in the axion mass range of our interest ma ≤ 10−28 eV, the onset of oscillations
aosc > aeq occurs much later compared to the matter-radiation equality. Therefore, axions
cannot constitute the entirety of the dark matter component of the universe. Observational
constraints from galaxy surveys place an upper bound on the relic density of axions, Ωah

2 <

0.004, for axion masses in the range 10−31 eV < ma < 10−28 eV at 95% confidence level [407].
Utilizing the abundance equation for the axion Eq.(7.51), one obtains a constraint on the axion
decay constant,

fa ≲ 9.42 × 1016 (10−28eV/ma)1/4 GeV. (7.52)

Here we assume the initial angle of misalignment θi ≃ 1. Specifically, for ultralight axions in
this mass range, we find that the maximum allowed decay constant is fa < 9.42 × 1016 GeV for
ma = 10−28 eV, and that is sub-Planckian.

In our analysis, we restrict the coupling parameter to α < 100 to ensure the generation of
sufficiently strong primordial magnetic fields while remaining within the regime where back-
reaction is under control. This choice of α, together with the corresponding values of fa, is
also consistent with the current upper bound on the axion–photon coupling, gaγ = α/fa ≪
5.8 × 10−11 GeV−1 [408]. Moreover, the resulting magnetic field strength is consistent with the
current observational constraints on large-scale magnetic fields [252–257,391].

To avoid the backreaction problem, we further restrict our analysis to the parameter region
where the total energy density of the produced gauge field always remains smaller than the
energy density of the axion field. For coupling strengths α ≳ 85, the energy density of the gauge
field becomes comparable to that of the axion, and the backreaction on the axion dynamics
can no longer be neglected. A proper treatment of this regime requires solving the full coupled
system including the backreaction effects. In that case, larger values of α can be considered.
Although the magnetic field strength at CMB scales does not change significantly, the resulting
magnetic field spectrum becomes considerably broader.
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Figure 7.9: In the figure, we have plotted the present-day magnetic field strength (in Gauss) as
a function of the length scale (λ) along with different observational bounds. Here, we consider
a fixed coupling parameter α = 80 with different colors indicating three different masses of the
axion field.

7.4 Secondary Gravitational Waves due to Magnetic Fields

The presence of primordial magnetic fields in the early universe can serve as a crucial source
of gravitational waves. Metric perturbations induce anisotropic stress associated with helical
or non-helical magnetic fields, thereby generating a stochastic gravitational wave background
(SGWB). This mechanism provides unique insights into the dynamics of axions and gauge
fields.

As discussed, in the presence of ultralight axion-like particles (ALPs), the gauge field can
be excited due to the oscillations of ALPs via a aFF̃ coupling. This excitation can significantly
contribute to the production of gravitational waves.

Considering the tensor fluctuations, the FLRW metric can be written as

ds2 = a2(η)
[
−dη2 + (δij + hij)dxidxj

]
. (7.53)

The tensor mode hij is the traceless tensor, i.e., ∂ihij = hi
i = 0. In Fourier space, the equation

of motion for the gravitational wave amplitude ‘h’, for either polarization h+ or h−, becomes
[220–222,232,234,409]:

h′′
k + 2Hh′

k + k2hk = Sλ(k, η), (7.54)

where Sλ is the source term. Here, we consider electromagnetic fields as the source term, which
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can be written as [220–222,229,232,234,409]

Sλ(k, η) = − 1
a2(η)

∫ d3q

(2π)3/2 e
ij
λ (k)

{
A′

i(q, η)A′
j(|k − q|, η)

−ϵiabqaAb(q, η)ϵicd(k − q)cAd(|k − q|, η) + . . .
}
. (7.55)

Here eij
λ (k) is the polarization tensor corresponding to the mode with wave vector ‘k’ and the

polarization index λ. ϵiab is the three dimensional flat space Levi-civita symbol. As our source
is helical so we chose circular polarization basis which can be define as eij

λ = −1
2 (ê1 ± i ê2)i ×

(ê1 ± i ê2)j, [222]. Here ê1 & ê2 are a set of mutually orthonormal basis vectors of our coordinate
system. Whereas the tensor power spectrum PT(k, η) is define as PT(k, η) = k3

2π2 |hk(k, η)|2 [117,
119, 220–222, 229, 230, 232, 234, 409]. It is convenient to express the tensor power spectrum as
the sum of two components: one arising from vacuum fluctuations and the other from source
terms. These two contributions are uncorrelated, so we write them as:

PT(k, η) = P pri
T (k, η) + P sec

T (k, η), (7.56)

where P pri
T (k, η) refers to vacuum production, and P sec

T (k, η) is due to the EM field. The
primary one is produced due to quantum fluctuations, which are well-known and near CMB
scale; the spectrum remains scale invariant (for instance, see [204–207,229]). Here, we mainly
focus on the secondary productions of the GWs due to late time dynamics, and we can write
the tensor power spectrum induced by the EM field in terms of the electromagnetic power
spectrum as [229]

P sec
T (k, η0) = 2

M4
P

∫ ∞

0

dq

q

∫ 1

−1
dµ

F(µ, β, λ)
[1 + (q/k)2 − 2µ(q/k)]3/2

×
[∫ ηf

ηosc
dη1a

2(η1)Gk(ηf , η1)PB
1/2(q, η1)PB

1/2(|k − q|, η1)
]2
. (7.57)

The resonant production of the gauge field due to the oscillating axion is typically narrowly
peaked both in time and momentum. Therefore, we perform the above integral Eq.(7.54)
within ηosc and ηf from the beginning and end of gauge field production. Beyond this point,
the magnetic field energy density dilutes as a−4 due to the expansion of the background universe.
Here Gk(η, η1) is the Green’s function associated with Eq.(7.54), and the Green’s function in
the matter-dominated phase is written as [229]

Gra
k (k, η, η1) = Θ(η − η1)

1
k

x1

x3 {−(x− x1) cos(x− x1) + (1 + xx1) sin(x− x1)} , (7.58)

where we have defined x = kη is a dimensionless variable.
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Figure 7.10: In the figure above, we present the spectrum of stochastic gravitational waves
(SGWs) induced by the magnetic field generated through the oscillation of axion-like particles
(ALPs) at late times, after recombination. The quantity ΩGWh

2 is plotted as a function of
the comoving frequency f (in Hz). The left panel illustrates the SGW spectrum for a fixed
axion mass, ma = 10−28 eV, with different colors representing various values of the coupling
parameter α. In the right panel, we explore the dependence of the SGW spectrum on the
ALP mass while keeping the coupling parameter fixed at α = 80. In both panels, the gray-
shaded region denotes the CMB bound on the tensor-to-scalar ratio. The black dotted line in
both figures is the future CMB-S4 observation of the tensor-to-scalar ratio corresponding to
r ≃ 10−4. For both spectra, we assume that the initial magnetic fields were generated during
inflation due to a slow-roll-type curvature power spectrum, characterized by As ≃ 2.1 × 10−9

and ns ≃ 0.965.

The tensor power spectrum is proportional to B4
0(k) and can be expressed as

P sec
T (k, ηf ) ∝

B4
0(k)x8

eq

M4
Pk

4a4
eq

FnB(k) × I2(k, ηosc, ηf ) , (7.59)

where I2(k, ηosc, ηf ) carry the time integral part and FnB(k) carry the momentum integral part
of the above Eq.(7.57). Here, the I2(k, ηosc, ηf ) is the oscillation average of the time integral
part. In the above, we have replaced the scale factor during the matter-dominated era as
a(η) = aeq(η/ηeq)2.

Now the dimensionless spectral energy density (SED) of secondary GWs today (i.e., at η0) is
defined as ΩGW(k, η0) = ρgw(k, η0)/3H2

0M
2
P, where H0 denotes the present value of the Hubble

parameter. We can further express the SED of SGWs in terms of radiation energy density
as [229]

ΩGWh
2 ≃ Ω0

rah
2 ΩGW(k, ηf ) , (7.60)

where Ω0
rah

2 ≃ 4.3 × 10−5, fractional radiation energy density at present time.
In Fig. (7.10), we present the present-day gravitational wave (GW) spectrum as a function

of the observable frequency f (in Hz) for two different scenarios.
In the left panel of Fig. (7.10), we illustrate the dependence of the stochastic gravitational

wave (SGW) spectrum on the coupling parameter α for a fixed axion-like particle (ALP) mass,
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ma = 10−28 eV. We observe that as the coupling strength increases, the amplitude of the GW
spectrum also increases, making it potentially detectable by future CMB experiments [404].
However, the overall shape of the spectrum remains unchanged, and in all cases, the peak
appears at the same position. This behavior arises because the peak position of the GW
spectrum is determined by the magnetic field spectrum, which, in turn, depends on the ALP
mass.

In the right panel of Fig. (7.10), we plot ΩGWh
2 as a function of f (in Hz), where different

colors represent different values of the ALP mass, which oscillates after recombination. Here,
we fix the coupling constant at α = 80. We observe that varying the ALP mass leads to
a significant shift in the peak position of the GW spectrum. This is expected, as a lower
ALP mass implies a later onset of oscillations, and only those modes that re-enter the horizon
during this period experience tachyonic instability. Additionally, we find that decreasing the
ALP mass results in a gradual decrease in the peak amplitude of the GW spectrum for the same
coupling α = 80. This effect can be attributed to the initial spectral behavior of the magnetic
field, which originates from inflationary curvature perturbations. In this study, we have also
found that the generated magnetic field exhibits a helical nature, which naturally implies the
production of helical gravitational waves (GWs). This results in an asymmetry between the
two polarization modes of the tensor power spectrum, leading to a distinctive signature in the
B-mode polarization of the cosmic microwave background (CMB). If future CMB experiments,
such as CMB-S4 [404], detect any helical features, it will serve as a clear indication of the
existence of a helical magnetic field. Moreover, such a detection could indirectly probe the
presence of ultralight axion-like particles.

Furthermore, we find that consistency with the tensor-to-scalar ratio constraints from
Planck 2018 [11] imposes a strong bound on the coupling parameter α. Specifically, we observe
that α = 80 leads to significant GW production at CMB scales, whereas values exceeding
α > 80 would immediately violate the current observational constraints on the tensor-to-scalar
ratio.

7.5 Conclusion

Observations across different astrophysical and cosmological scales indicate that our universe
is fully magnetized. However, explaining the origin of these cosmic magnetic fields remains a
significant challenge. A natural mechanism for generating such fields is highly desirable, yet
existing models often face issues such as strong coupling or backreaction. Even in cases where
these issues are circumvented, the generation of large-scale magnetic fields typically requires
non-trivial couplings with the gauge field, whose origins remain elusive.

In this chapter, we address this issue by investigating the generation of magnetic fields
across all relevant length scales from curvature perturbations. These perturbations naturally
arise from quantum fluctuations during inflation. In the presence of curvature, the spacetime
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metric exhibits deviations from perfect spatial flatness, and these metric fluctuations can break
the conformal flatness property of the background, leading to non-trivial gauge field production
at higher orders in perturbation theory. Exploiting this breaking, we first derive how curvature-
induced metric fluctuations induce gauge field production and determine their impact on the
resulting magnetic field spectrum. As expected, the resulting magnetic field strength remains
small due to the relatively small amplitude, as it was generated gravitationally. Interestingly,
we find that a primordial black hole (PBH)-type curvature power spectrum can enhance the
magnetic field strength by up to a fourth order of magnitude compared to the case with a simple
slow-roll type curvature power spectrum. For example, we consider a scale non-invariant power
spectrum with a peak frequency kp, typically associated with the formation of primordial black
holes (PBHs). For wavenumbers k < kp, the magnetic field strength becomes sensitive to the
peak frequency of the curvature perturbations, resulting in an amplification of the magnetic
field by up to four orders of magnitude, even at Cosmic Microwave Background (CMB) scales.
We found present day strength of the magnetic field follows B0 ∝

√
A0kpk

3
2 for k < kp, and

√
Ask

3
2 for k > kp. For a PBH-type spectrum, if we assume A0 ≃ 1, the maximum magnetic

field strength on the 1 Mpc scale is found to be of the order B0 ∼ 10−41 G, whereas for a
slow-roll type curvature spectrum, the corresponding strength is approximately B0 ∼ 10−45 G.
Moreover, a distinct scaling behavior emerges in the magnetic field spectrum, which follows a
power-law dependence B(k) ∝ k3/2. The total energy density associated with the generated
magnetic field is found to be substantial and may have a significant impact on the evolution of
the early universe.

Additionally, we explore the effects of the post-inflationary reheating phase on the evolu-
tion of gauge fields. Our analysis reveals that non-trivial reheating scenarios can significantly
enhance gauge field production. In scenarios where the reheating equation-of-state parameter
satisfies wre > 1/3, we find that the magnetic field can carry a significant fraction of the total
energy density. This enhancement has the potential to influence the standard predictions of
Big Bang Nucleosynthesis (BBN). In particular, we demonstrate that in kination-like reheating
scenarios with wre = 1.0 and a background temperature of T ∼ 108 GeV , the energy density of
the magnetic field can surpass that of the inflaton. Such a situation could lead to a magneti-
cally dominated universe during the post-inflationary epoch, thereby altering the dynamics of
BBN and the subsequent thermal history of the universe.

As previously discussed, the gravitationally generated magnetic fields sourced by inflation-
ary curvature perturbations are typically too weak on large scales (∼ Mpc) to meet current
observational bounds. Therefore, additional dynamics are required to further amplify these
seed magnetic fields at later times. In this context, we explore the possibility of axion-photon
coupling as a mechanism for such enhancement. Axions naturally couple to gauge fields through
the Chern-Simons term α a

fa
FF̃ , where α is the dimensionless coupling constant and fa is the

axion decay constant. When the axion field begins to oscillate, which occurs when the Hubble
parameter satisfies 3H ≃ ma (with ma denoting the axion mass), a tachyonic instability is
induced in the gauge field sector. We find that for coupling constants in the range 60 < α < 80
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and axion masses 10−31 eV ≲ ma ≲ 10−28 eV, the gauge fields originally generated by infla-
tionary curvature perturbations can be significantly amplified. As a result, the magnetic field
strength can reach values as high as B0 ∼ 10−10 G on Mpc scales.

In the final section, we analyze the generation of secondary gravitational waves (SGWs)
induced by magnetic fields in the presence of axions. Our results indicate a substantial pro-
duction of SGWs, with amplitudes potentially within the sensitivity reach of future Cosmic
Microwave Background (CMB) experiments, such as CMB-S4. To remain consistent with cur-
rent observational bounds on the tensor-to-scalar ratio, we find that the axion-photon coupling
strength must satisfy α ≤ 80. An intriguing feature of this mechanism is the natural gener-
ation of helical magnetic fields, which in turn lead to the production of helical gravitational
waves. The future detection of helical B-mode polarization in the CMB would provide com-
pelling evidence for the presence of such helical magnetic fields, thereby lending support to the
proposed amplification mechanism. Moreover, we observe that the axion mass plays a crucial
role in determining the peak frequency of the resulting gravitational wave spectrum. This
mass-dependent feature imprints a distinctive signature on the CMB power spectrum, offering
a promising observational channel to probe the existence of ultra-light axions through precision
CMB measurements.
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Chapter 8

Conclusions and Outlook

8.1 Conclusions

The magnetic field is one of the key components of our Universe. A wide range of observations
indicate that the Universe is permeated by magnetic fields on different length scales. Several
mechanisms have been proposed in the literature to explain the origin of these cosmic magnetic
fields, including scenarios with an inflationary origin [47, 235–237, 258, 259, 262–267, 270, 275,
311, 327, 328, 331, 372, 388, 389, 410], post-inflationary processes such as cosmological phase
transitions [231, 284–286], and mechanisms involving topological defects [287, 303–307, 309,
411, 412]. Astrophysical mechanisms have also been suggested; however, such scenarios face
difficulties in explaining the origin of magnetic fields in cosmic voids, which have been inferred
from high-energy gamma-ray observations [319–321].

Among the proposed scenarios, inflationary magnetogenesis is often considered one of the
most promising mechanisms for explaining magnetic fields on very large scales. Nevertheless,
most models of inflationary magnetogenesis suffer from well-known problems such as the strong
coupling and backreaction issues [235,236,238]. Furthermore, in much of the existing literature,
it is commonly assumed that the Universe becomes radiation-dominated immediately after the
end of inflation, implying that the inflaton field decays instantaneously into radiation. In such
a scenario, the conductivity of the Universe rapidly becomes very large, leading to the rapid
decay of the electric field, while the magnetic field on superhorizon scales evolves adiabatically.

Although the instantaneous reheating scenario provides a convenient approximation, in
a realistic situation the decay of the inflaton field and the subsequent thermalization of the
Universe require a finite amount of time. Since inflation and reheating are closely connected,
non-trivial reheating dynamics can leave observable imprints on several cosmological relics,
including the present-day abundance of dark matter, the spectrum of gravitational waves, as
well as the strength and spectrum of cosmic magnetic fields.

The reheating phase therefore plays a crucial role in the thermal history of the Universe.
During this epoch, the Universe transitions from a cold inflationary phase to a hot plasma
state, and all fundamental particles are produced, thereby establishing the appropriate ini-
tial conditions for Big Bang Nucleosynthesis (BBN). Because reheating occurs at very early
times and the relevant dynamics predominantly take place on very small scales, it is extremely
challenging to probe this epoch using large-scale cosmological observations such as the cosmic
microwave background (CMB). As a result, there are currently no strong observational con-
straints on the detailed dynamics of reheating, and its observational signatures remain largely
unexplored.

In this thesis, we address two main questions: how the post-inflationary dynamics during
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the reheating era can leave observable imprints on large-scale magnetic fields, and how the
dynamics of reheating may be probed through future gravitational wave observations.

In Chap. 4, we discussed the non-trivial effects of reheating dynamics on large-scale mag-
netic fields and their observational signatures in the gravitational wave spectrum. In this
chapter, we consider a simple Ratra-type magnetogenesis model with the coupling LEM ⊃
1
4f

2
1 (ϕ)FµνF

µν [316], which can generate non-helical magnetic fields [117,118,235,236,238]. To
explain the large-scale magnetic fields observed in cosmic voids, it has been shown that this
class of models typically suffers from either the strong coupling problem or the backreaction
problem.

In this work, we demonstrate that if post-inflationary energy transfer from the electric field
to the magnetic field is allowed, both the strong coupling and backreaction problems can be
alleviated, while still successfully explaining the observed large-scale magnetic fields. This
energy conversion is effective only for those modes that remain outside the horizon during the
reheating era. Moreover, the efficiency of this energy transfer crucially depends on the electrical
conductivity of the Universe during reheating, which must remain sufficiently small [117].

To illustrate this effect, we consider two extreme limiting cases. In the first scenario, we
assume vanishing electrical conductivity, whereas in the second scenario we consider infinite
electrical conductivity. In the case of zero electrical conductivity, both the electric and magnetic
fields are present during the reheating era. To avoid the strong coupling problem, we work in
the regime where the electric field dominates during inflation. In this situation, the electric
energy density on large scales can transfer its energy to the magnetic field, thereby enhancing
the large-scale magnetic field strength. The efficiency of this conversion depends on two main
factors: the initial energy difference between the electric and magnetic components on the
relevant large scales, and the duration of the reheating phase.

On the other hand, in the limit of infinite electrical conductivity, the electric field decays
almost instantaneously and is effectively erased from the Universe. As a result, no further
conversion of electric energy into magnetic energy can occur during reheating.

In the second part of this chapter, we discuss the possible detection of this class of magne-
togenesis models through gravitational wave observations. We find that the post-inflationary
dynamics not only modify the spectral behavior of the present-day gravitational wave spec-
trum but can also significantly enhance its overall amplitude, particularly in scenarios where
the reheating phase is characterized by a stiff equation of state, wre > 1/3. Interestingly,
the resulting gravitational wave spectra can intersect the projected sensitivity curves of future
detectors and may therefore be detectable by experiments such as LISA, DECIGO, and BBO.

In Chap. 5, we discussed an alternative magnetogenesis scenario in which the gauge field
production continues even after inflation. In particular, we considered a sawtooth-type cou-
pling that allows the generation of electromagnetic fields during both the inflationary and
post-inflationary phases. In the previous chapter, we assumed that the magnetic field is gener-
ated only during inflation, after which a partial conversion of electric field energy density into
magnetic field energy density may occur during reheating, while the total comoving electro-
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magnetic energy density remains conserved.
In contrast, in this scenario we consider a coupling that allows the continuous production of

electromagnetic fields during both phases. This type of model is particularly appealing because
it can simultaneously avoid the strong coupling and backreaction problems. In our previous
analysis, we found that explaining the observed large-scale magnetic fields, even after account-
ing for post-inflationary energy conversion, requires the reheating equation of state to satisfy
wre ≥ 1/3. However, if the post-inflationary evolution follows a matter-like behavior with an
average equation of state wre = 0, then even for the lowest possible reheating temperature,
Tre = 0.01 GeV, the maximum present-day magnetic field strength that can be achieved is only
B0(1 Mpc) ≃ 10−28 Gauss. This implies that, for a matter-like post-inflationary evolution with
vanishing electrical conductivity, the Ratra-type magnetogenesis model cannot successfully ex-
plain the large-scale magnetic fields.

Motivated by this limitation, we therefore investigated the sawtooth-type coupling scenario.
We find that, with an appropriate choice of the coupling parameters and reheating dynamics,
it is possible to generate a significant amount of large-scale magnetic fields, sufficient to explain
the lower bounds inferred from gamma-ray observations.

In addition, we studied the production of secondary gravitational waves generated in this
class of magnetogenesis models. Our analysis shows that these scenarios can produce a sub-
stantial gravitational wave background that may be detectable by future gravitational wave
experiments. We also find that the resulting present-day gravitational wave spectrum exhibits
notable differences compared to the previous scenario. Therefore, detecting such gravitational
wave signals and analyzing their spectral properties may provide a powerful way to distinguish
between different magnetogenesis models.

In the first two works, we discussed how primordial magnetic fields can generate a significant
amount of secondary gravitational waves (SGWs). In Chap. 6, we explore another important
consequence of the presence of primordial magnetic fields. In particular, we study an alternative
mechanism for primordial black hole (PBH) formation, in which primordial magnetic fields can
generate a significant abundance of PBHs within the mass window where they may serve as
viable dark matter candidates.

For this purpose, we consider a specific magnetogenesis model discussed in Chap. 5, which
produces an electromagnetic spectrum with a broken power-law behavior. In this model, both
the electric and magnetic spectra exhibit a peak at k ≃ kre. Here kre denotes the comoving
wavenumber that re-enters the horizon at the end of the reheating era. In this scenario, most
of the electromagnetic energy density is concentrated near this peak scale, i.e., k ≃ kre.

Since the electromagnetic field is treated as a perturbative component, it can act as a source
of density perturbations. If the magnetic energy density near the peak constitutes a few percent
of the background energy density, it can generate sufficiently large density fluctuations around
this scale. These overdensities can subsequently collapse and lead to the formation of PBHs.

Interestingly, we find that the position of the peak in the magnetic field spectrum depends
on the reheating temperature Tre. Therefore, by tuning the reheating parameters, the peak
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position of the spectrum can be shifted. Since the PBH mass is determined by the horizon
mass at the time of horizon re-entry, the mass of the resulting PBHs is directly related to
the position of this peak scale. By tuning the reheating temperature, we can produce the
PBHs within the mass window where they can be treated as a dark matter candidate. Most
interesting, we have found that tehre have specific temperature window, where we can generate
PBHs within the mass range, where it can be the entire dark matter abundance. Here, we also
discuss the possible source of detecting this PBH formation mechanism, and we have found
that the produced GWs can easily be detected by future GW experiments.

In Chap. 7, we discuss another alternative mechanism for generating large-scale magnetic
fields through the axion–photon coupling. In a flat FLRW background, the electromagnetic
field is conformally invariant in nature. Therefore, in the absence of any additional coupling to
the gauge field, electromagnetic fields cannot be efficiently generated during inflation. However,
if the spacetime metric itself is perturbed, the conformal invariance of the gauge field can be
naturally broken at higher order [233,310]. In this work, we therefore consider the production
of gauge fields sourced directly by metric fluctuations.

Since no explicit coupling is introduced by hand, the gauge field can be viewed as being
gravitationally coupled at higher order, which naturally breaks the conformal symmetry and
excites the gauge field from the vacuum. This process typically leads to a blue-tilted magnetic
spectrum, where the large-scale magnetic field scales as B0 ∝ k3/2 [233, 310]. However, this
mechanism is not very efficient in generating large-scale magnetic fields. This is because the
effect arises from second-order corrections, and the amplitude of inflationary perturbations on
large scales is extremely small.

We also investigate the effect of the post-inflationary evolution on this generation mecha-
nism, as well as how enhanced curvature perturbations can influence the production of gauge
fields. Our analysis shows that inflationary metric scalar perturbations can indeed generate
large-scale magnetic fields; however, their strength can reach at most B0 ≃ 10−40 Gauss. In
contrast, high-energy gamma-ray observations indicate that the lower bound on the large-scale
magnetic field is B0(1 Mpc) ≤ 10−17 Gauss. Therefore, this mechanism alone cannot explain
the origin of the observed large-scale magnetic fields.

To address this limitation, we consider a late-time enhancement of the magnetic field in
the presence of ultra-light axions or axion-like particles (ALPs) during the Dark Ages. During
this epoch, the Universe was predominantly filled with neutral hydrogen and helium, resulting
in a significant decrease in both the conductivity and the temperature of the cosmic plasma.
Consequently, the mean free path of photons becomes sufficiently large. If ultra-light axions
with mass ma ≤ 10−27 eV are present, they begin to oscillate during the Dark Ages.

As is well known, electromagnetic fields can couple to axions or axion-like particles through
the interaction LEM ⊃ α

fϕ
ϕFµνF̃

µν . In the presence of this coupling, the oscillation of the axion
field can transfer its kinetic energy into electromagnetic energy density, thereby enhancing the
gauge field. We find that when the coupling parameter satisfies α > 70, the oscillations of
the axion field can significantly amplify the magnetic field on length scales consistent with
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present-day observations.
We also discuss possible observational signatures of this mechanism. In particular, these

signals may be detectable through future CMB experiments such as CMB-S4 via measurements
of the B-mode polarization. In addition, we analyze the spectrum of secondary gravitational
waves produced by these magnetic fields. Interestingly, this mechanism can generate fully
helical magnetic fields, and consequently the resulting gravitational waves are also helical in
nature. Detecting such a helical signal on CMB scales would therefore provide a direct signature
of helical magnetic fields and an indirect probe of this class of magnetogenesis scenarios.

8.2 Future Outlook

Evolution of magnetic field in full MHD system during reheating: In our previous
studies, we have primarily focused on the evolution of primordial magnetic fields during the
post-inflationary era in scenarios with non-instantaneous reheating. Our analysis has demon-
strated that the dynamics of the reheating phase can leave significant imprints on both the
evolution of the magnetic field and the present-day gravitational wave (GW) spectrum. In most
of our analyses, we considered two extreme limits for the electrical conductivity of the Uni-
verse during reheating, namely vanishing electrical conductivity and extremely high electrical
conductivity.

Since our primary interest has been on large-scale modes, these scales typically remain
outside the horizon during the reheating era, and their evolution can therefore be reliably
described within linear perturbation theory. However, the evolution of modes that lie inside
the horizon during reheating remains largely unexplored. In particular, when the inflaton field
continuously decays into radiation, the plasma dynamics may significantly affect the behavior
of electromagnetic fields on subhorizon scales. Understanding this evolution requires a more
complete treatment that incorporates the full magnetohydrodynamic (MHD) dynamics of the
system. Therefore, a natural and important extension of the present work is to study the evolu-
tion of primordial magnetic fields by solving the full MHD equations during the reheating era,
with the goal of understanding how subhorizon magnetic field modes evolve in a dynamically
evolving plasma background.

Ultra light PBHs from inflationary magnetogenesis scenarios: Another promising
direction arises from the connection between inflationary magnetogenesis and primordial black
hole (PBH) formation. In this thesis, we have shown that post-inflationary magnetogenesis sce-
narios can generate PBHs under certain conditions, potentially within the mass range where
they can act as viable dark matter candidates. More generally, several inflationary magneto-
genesis models predict the significant amplification of electromagnetic fields during inflation.
If the generated electromagnetic fields become sufficiently strong, they can source additional
curvature perturbations.
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While the amplitude of curvature perturbations on CMB scales is tightly constrained by
observations, inflation naturally produces fluctuations on a wide range of scales. In particular,
if the electromagnetic field spectrum is blue tilted, the induced perturbations remain consistent
with CMB constraints on large scales while potentially becoming large on much smaller scales.
In such cases, the induced curvature perturbations at small scales can reach amplitudes as large
as PR(k >> k∗) ∼ O(0.01). When this occurs, the enhanced density fluctuations may collapse
gravitationally upon horizon re-entry, leading to the formation of ultra-light PBHs. Exploring
this connection between inflationary magnetogenesis, small-scale curvature perturbations, and
PBH formation therefore represents an exciting avenue for future investigation.
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Chapter A

Appendix

A.1 Computation of Friedmann equations

Here, we briefly describe how, from the two Friedmann equations, one can obtain the continuity
equation of the fluid. If we take the time derivative of the 2nd Friedmann equation Eq.(2.14),
we get

2HḢ = 8πGN

3 ρ̇+ 2k
a2H (A.1)

If we take the time derivative of the Hubble parameter with respect to cosmic time t, then we
have

Ḣ = ä

a
−H2 (A.2)

Now, replace the 2nd Friedmann equation in the above, and we get

Ḣ = −4πGN

3 (ρ+ 3P ) + Λg

3 −H2 (A.3)

Replace the above Eq.(A.3) in Eq.(A.1), we get

ρ̇+H(ρ+ 3P ) = 3
4πGN

H

(
Λg

3 −H2 − k

a2

)
= −2Hρ (A.4)

ρ̇+ 3H(ρ+ P ) = 0 (A.5)

A.2 Detailed calculation of gauge field generation in in-
flationary perturbed background

We first begin with the action of the background Lagrangian and then perturb the fields and
the metric,

S =
∫
d4x

√
−g

[
M2

pl

2 R + 1
2∂

µφ∂µφ− V (φ) − 1
4FµνF

µν

]
. (A.6)

Now, finding the equation of motion for the gauge field, we arrive at,

∂ν

(
δLEM

∂∂µAν

)
= ∂ν

(
∂

√
−gFµνF

µν

∂∂µAν

)
= ∂

∂xµ
[
√

−ggαµgβνFαβ] = 0, (A.7)
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Expressing the gauge field in terms of Fourier modes,

Ai =
∫ d4x

(2π)3/2 ϵ
λ
i A

λ
ke

i(k·x−kη) (A.8)

The equation of motion of the gauge field mode in the presence of the metric fluctuations in
Fourier space is governed by

Aλ′′

k + Aλ
k = 1

k2 J λ
k (x), (A.9)

Here, the prime (′) is defined as the derivative with respect to the new dimensionless variable
x = kη, and Jk,λ

i (η) is the source due to metric fluctuations. 1 Now, the solution of the
homogeneous part of the above Eq.(A.8) is

Aλ
k = C1 cos(kη) + C2 sin(kη). (A.10)

Considering two independent solutions, we can contract the Green’s function,

Gk(x, x1) = Θ(x− x1)
Aλ

k,1(x)Aλ
k,2(x1) − Aλ

k,1(x1)Aλ
k,2(x)

Aλ′
k,1(x1)Aλ

k,2(x1) − Aλ
k,1(x1)Aλ′

k,2(x1)
(A.11)

= Θ
Aλ

k,1(x)Aλ
k,2(x1) − Aλ

k,1(x1)Aλ
k,2(x)

−C1C2
= Θ(x− x1) sin(x− x1). (A.12)

Now the solution of the above equations is,

Aλ
k = Avac

k + 1
k2

∫
dx1Gk(x, x1)J λ

k (x1) = Avac
k + 1

k

∫
dη1 sin k(η − η1)Jk,λ

i (η1) (A.13)

We are assuming that metric perturbations vanish before inflation starts so that we can
define an appropriate initial conformal vacuum state. Because of the presence of the inhomoge-
neous background in the asymptotic future, this solution will behave as a linear superposition
of positive and negative frequency modes with different momentum and different polarizations,
i.e.

Aλ
k(η → ∞)

∑
λ′

∑
q

(
αλλ′

k (q, η)
ϵλ

q√
2q e

i(q·x−qη) + βλλ′

k (q, η)
ϵλ∗

q√
2q e

−i(q·x−qη)
)
, (A.14)

here αλλ′
k & βλλ′

k are the Bogoliubov coefficient to the first order in the metric perturbations.
Now comparing this expression with Eq.(A.8), it is straight forward to obtain the Bogoliubov
coefficient βλλ′

k (q, η), which is given by,

βλλ′

k (q, η) = − i√
2k
∑

i

∫ η

ηi

ϵλ∗
iqJ

k,λ
i (k + q, η1)e−ikη1dη1. (A.15)

1We use the following convention F̃ (q⃗, η) = 1
(2π)3/2

∫
d3x eiq⃗x⃗F (x⃗, η).
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Now the total number of photon created with comoving wave number ’k/a’ is defined as

Nk(η) =
∑
λ,λ′

∑
q

∣∣∣βλλ′

k (q, η)
∣∣∣2 =

∫ ke

k∗

d3q

(2π)3

∣∣∣βλλ′

k

∣∣∣2 =
∫ k

k∗

d3q

(2π)3

∣∣∣βλλ′

k

∣∣∣2 +
∫ ke

k

d3q

(2π)3

∣∣∣βλλ′

k

∣∣∣2 .
(A.16)

The electromagnetic source term Jk,λ
i is sourced by the metric fluctuations Φ and it can be

written as [310]

Jk,λ
i = −

√
2q
[(
iΦ′(k + q, η) + q2 − k · q

q
Φ(k + q, η)

)
ϵλ

iqe
−iqη + (ϵλ

q · k)Φ(k + q, η)qi

q
e−iqη

−i
ϵλ

q · k
q2

∂

∂η

[
Φ(k + q, η)e−ikη

]
ki︸ ︷︷ ︸
 .

(A.17)

Last term of the above equation does not contribute to the βλλ′
k because of the transverse con-

dition of the polarization vectors. So for the further calculations we drop this term, multiplying
this with the polarization vector and taking the modulus square, we get

∣∣∣ϵλ
k · Jk,λ′

∣∣∣2 = 2q
|Φ′(k + q, η)|2 +

(
q2 − k · q

q

)2

Φ2(k + q, η)(ϵλ′

q · ϵλ
k)2

+
(ϵλ′

q · k)2(ϵλ
k · q)2

q2 Φ2(k + q, η)
]
, (A.18)

= 4π2q

|k + q|3

PΦ′(k + q, η) +
(
q2 − k · q

q

)2

PΦ(k + q, η)
 (ϵλ′

q · ϵλ
k)2

+
(ϵλ′

q · k)2(ϵλ
k · q)2

q2 PΦ(k + q, η)
]
, (A.19)

here PΦ & PΦ′ are defined as

PΦ(k + q, η) = P i
Φ(|k + q|)C2(|k + q)η); PΦ′(k + q, η) == P i

Φ(|k + q|)C ′2(|k + q)η). (A.20)

In the above integral we kept only those therm which are contributing in the number spectrum.
Now we can write the number spectrum as

Nk =
∑
λλ′

∫ d3q

(2π)3

(
q

k

)
Φ2

0(|k + q|)D(k, q), (A.21)
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where we define

D(k, q) =
∣∣∣∣∣
∫
dη′

{(
iC ′(|k + q|η′) + q2 − k · q

q
C(|k + q|η′)

)
(ϵλ

k · ϵλ′

q )

+
(ϵλ

k · q)(ϵλ′
q · k)

q2 C(|k + q|η′)
}∣∣∣∣∣

2

. (A.22)

A.3 PBH mass if they form during the reheating era

At the time of horizon crossing k = aH, so we can write H(th) = k/a(th). Now we have to
eliminate a(th) in favour of a background quantity or a known quantity. So to do that, we
write

a

are
=
(
H

Hre

)−2/3(1+wre)
(A.23)

where we have used H ∝ a−3(1+wre)/2.
So at the time of horizon crossing, we insert the above expression for a and get

k = aH = Hare

(
H

Hre

)−2/3(1+wre)
(A.24)

= areH
1+3wre

3(1+wre)H
2

3(1+wre)
re (A.25)

k

a0
= are

a0
H

1+3wre
3(1+wre)H

2
3(1+wre)
re (A.26)

After the end of reheating, the entropy of the universe remains conserved, and we can relate
the reheating temperature and the present-day temperature through the following

areTre = aeqTeq

(
g∗,eq

g∗,re

)1/3

(A.27)

Now utilizing eq.(A.27) in the above Eq.(A.26), we get

k

a0
=
(
aeq

a0

)
Teq

Tre

(
g∗,eq

gs,re

)1/3

H
1+3wre

3(1+wre)H
2

3(1+wre)
re = T0

Tre

(
g∗,eq

gs,re

)1/3

H
1+3wre

3(1+wre)H
2

3(1+wre)
re (A.28)

Now we can replace Hre by the Tre. At the end of reheating, the reheating temperature and
the radiation energy are related as

ρra = 3H2
reM

2
P = π2gs,re

30 T 4
re (A.29)

Hre =
(
πgs,re

90

)1/2 T 2
re

MP
(A.30)
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Now we can rewrite Eq.(A.28) as

H−1 =
(g∗,eq

gs,re

)1/3
T0

k


3(1+wre)
1+3wre ( 1

Tre

) 3(1+wre)
1+3wre

H
2

1+3wrere (A.31)

Now replace the value of Hre from eq.(A.30), in the above we get

H−1 =
(g∗,eq

gs,re

)1/3
T0

k


3(1+wre)
1+3wre ( 1

Tre

) 3(1+wre)
1+3wre

(
π2gs,re

90

) 1
1+3wre

(
T 2

re
MP

) 2
1+3wre

(A.32)

= 1
MP

(
π2g∗,eq

90

) 1
1+3wre (T0

k

) 3(1+wre)
1+3wre

(
g∗,eq

gs,re

) wre
1+3wre ( Tre

MP

) 1−3wre
1+3wre

(A.33)

Whereas the PBH’s mass at the time of horizon crossing is

Mpbh = 4πγM2
PH

−1 (A.34)

= 4πγMP

(
π2g∗,eq

90

) 1
1+3wre (T0

k

) 3(1+wre)
1+3wre

(
g∗,eq

gs,re

) wre
1+3wre ( Tre

MP

) 1−3wre
1+3wre

(A.35)

Now, if we want to express the PBH’s mass in terms of solar mass units, then we have found

Mpbh ≃ 5.486 × 10−39M⊙

(
γ

0.2

)(
π2g∗,eq

90

) 1
1+3wre (T0

k

) 3(1+wre)
1+3wre

(
g∗,eq

gs,re

) wre
1+3wre ( Tre

MP

) 1−3wre
1+3wre

(A.36)

where we have used MP = 1/
√

8πG ≃ 4.31 × 10−9 kg ≃ 2.183 × 10−39M⊙, where 1M⊙ ≃
1.9985 × 1030 kg.

A.4 Post-inflationary contributions to the secondary ten-
sor power spectrum

The PMFs are expected to have been generated during inflation due to a non-conformal cou-
pling. We shall assume that the conformal symmetry of the electromagnetic action is restored
at the end of inflation. As a result, the electromagnetic modes simply oscillate post-inflation,
apart from the diluting factor that arises due to the expansion of the universe. The tensor
modes hλ

k(η) are governed by the equation (see, for instance, Refs. [220–222])

hλ′′

k + 2a
′

a
hλ

k
′ + k2hλ

k = Sλ
k , (A.37)
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where the source term Sλ
k is given by

Sλ
k (η) = − 2

M2
pl
eij

λ (k)
∫ d3q

(2π)3/2 [Ei(q, η)Ej(k − q, η) +Bi(q, η)Bj(k − q, η)]. (A.38)

The Green’s function corresponding to Eq. (A.37) satisfies the differential equation

G ′′
k(η, η1) + 2HG ′

k(η, η1) + k2Gk(η, η1) = δ(1)(η − η1). (A.39)

The Green’s function during the epochs of reheating and radiation domination can be easily
obtained to be

Gre
k (η, η1) = θ(η − η1)

πηlη1−l
1

2sin(lπ) [Jl(kη)J−l(kη1) − J−l(kη)Jl(kη1)] , (A.40a)

Gra
k (η, η1) = θ(η − η1)

η1

kη
sin[k(η1 − η)], (A.40b)

where l = (1 − δ)/2 with δ = 4/(1 + 3wre).
Evidently, at the time of decoupling of the neutrinos ην , the tensor perturbations generated

by the magnetic fields can be expressed as

hλ(k, ην) =
∫ ηre

ηe
dη1Gre

k (ηre, η1)Sk(η1) +
∫ ην

ηre
dη1Gra

k (ην , η1)Sk(η1). (A.41)

Since we have assumed that the electric fields are sub-dominant post-inflation, we find that
the tensor power spectrum [as defined in Eq. (2.195)] can be expressed as

PSEC(k, ην) = 2a8
e

M4
pl

[∫ ηre

ηe

dη1

a2(η1)
Gre

k (ηre, η1) +
∫ ην

ηre

dη1

a2(η1)
Gra

k (ην , η1)
]2

∫ ∞

0

dq
q

∫ 1

−1

dµf(µ, β)P I
B(q)P I

B(|k − q|)
[1 + (q/k)2 − 2µ(q/k)]3/2

(A.42)

≃ 2a8
e

M4
plk

4

[
C2

re(xre, xe) + C2
ra(xν , xre)

] ∫ ∞

0

dq
q

∫ 1

−1

dµf(µ, β)P I
B(q)P I

B(|k − q|)
[1 + (q/k)2 − 2µ(q/k)]3/2

, (A.43)

where we have set x = kη, and the quantities Cre(xe, xre) and Cre(xe, xν) are given by

Cre(xre, xe) = k
∫ xre

xe

dx1

a2(x1)
Gre

k (xre, x1) = kxδ
e

a2
e

∫ xre

xe
dx1x−δ

1 Gre
k (xre, x1) = xδ

e
a2

e
Cm,re(xre, xe),

(A.44a)

Cra(xν , xre) = k
∫ xν

xre

dx1

a2(x1)
Gra

k (xν , x1) = kx2
re

a2
re

∫ xν

xre
dx1x

−2
1 Gra

k (xν , x1) = x2
re
a2

re
Cra

r (xν , xre).

(A.44b)

In arriving at the final expressions above, we have made use of the following forms of the scale
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factor during the epochs of reheating and radiation domination:

a(η) =
 ae(x/xe)δ/2 for ηe ≤ η ≤ ηre,

are(x/xre) for ηre ≤ η ≤ ηeq,
(A.45)

where ηeq represents the conformal time corresponding to the epoch of radiation-matter equal-
ity.

Calculating Cre(xre, xe) and Cra(xν , xre)

Let us now compute the quantities Cre(xe, xre) and Cre(xre, xν) during the epochs of reheating
and radiation domination. During reheating, upon using the functional form (A.40a) for the
Green’s function, the indefinite integral in Eq. (A.44a) can be evaluated to be

Cm,re(x, x1) = k
∫

dx1x−δ
1 Gre

k (x, x1) = πxl

2sin(lπ)

∫
dx1x1−l−δ

1 [Jl(x)J−l(x1) − J−l(x)Jl(x1)]

= 2−2−lxlx2−2l−δ
1

{
Γ(−l)Γ[1 − (δ/2)]

Γ[2 − (δ/2)] x2l
1 J−l(x) 1F2[1 − (δ/2); 1 + l, 2 − (δ/2); −(x2

1/4)]

+ 4l Γ(l)Γ[1 − l − (δ/2)]
Γ[2 − l − (δ/2)] Jl(x)1F2[1 − l − (δ/2); 1 − l, 2 − l − (δ/2); −(x2

1/4)]
}
,

(A.46)

where 1F2(a, b, c, z) denotes the hypergeometric function. Similarly, upon substituting the
Green’s function (A.40b) during the radiation dominated epoch in Eq. (A.44b) and carrying
out the integral, we obtain that

Cra
r (xν , xre) = k

∫ xν

xre
dx1x−2

1 Gra
k (xν , x1) = 1

xν

∫ xν

xre

dx1

x1
sin(xν − x1) = 1

xν

I(xν , xre). (A.47)

For convenience, we break the above integral into two domains, i.e. k < kν and kν < k < kre.
In these cases, the integral I(xν , xre) reduces to

I(xν , xre) ≃

 [γE + ln (k/kre)] (k/kν) for k < kν ,

γE + ln (k/kre) for kν < k < kre,
(A.48)

where γE = 0.577 is the Euler’s constant.
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Contributions to the secondary tensor power spectrum

At the end of reheating, the secondary tensor power spectrum induced by the magnetic fields
can be expressed as

P λ,re
SEC (k, ηre) = 2a8

e
M4

plk
4 [Cm,re(xe, xre)]2

∫ ∞

0

dq
q

∫ 1

−1

dµf(µ, β)P I
B(q)P I

B(|k − q|
[1 + (q/k)2 − 2µ(q/k)]3/2

= 2H4
e

M4
pl

(
a2

eB
k2

e

)4 (
k

ke

)2(δ+nB−2)

[Cre(xe, xre)]2 FnB
(k), (A.49)

where FnB
(k) is defined as

FnB
(k) =

∫ ke

k∗

dq
q

∫ 1

−1
dµ (q/k)nBf(µ, β)

[1 + (q/k)2 − 2µ(q/k)](3−nB)/2

≃ 16
3nB

[
1 −

(
k∗

k

)nB
]

+ 2α
3

(ke

k

)2nB−3

− 1
 . (A.50)

In a similar fashion, the contribution to the secondary tensor power spectrum due to the
magnetic fields during the epoch of radiation domination can be expressed as

P λ,ra
SEC (k, ην) = 2a8

e
M4

plk
4
x4

re
a4

re
[Cra

r (xre, xν)]2
∫ ∞

0

dq
q

∫ 1

−1

dµf(µ, β)P I
B(q)P I

B(|k − q|
[1 + (q/k)2 − 2µ(q/k)]3/2

= 2H4
e

M4
pl

(
xre

xe

)4 ( ae

are

)4
(
a2

eB
k2

e

)4 (
k

ke

)2nB

[Cra
r (xre, xν)]2 FnB

(k). (A.51)

Lastly, the contribution due to the cross-term in the secondary tensor power spectrum can be
expressed as

P c
T,s(k) = 4a8

e
M4

plk
4 Cre(xe, xre) Cra(xre, xν)

∫ ∞

0

dq
q

∫ 1

−1

dµf(µ, β)P I
B(q)P I

B(|k − q|
[1 + (q/k)2 − 2µ(q/k)]3/2

= 4H4
e

M4
pl

(
a2

eB
k2

e

)4 (
ae

are

)2
(
k

ke

)2nB+δ−2

Cm,re(xe, xre) Cra
r (xre, xν)FnB

(k). (A.52)

We find that this cross-term is subdominant when compared to the other two terms [i.e. those
given by Eqs. (A.49) and (A.51)]. It is for this reason that, in Eq. (A.43), we have dropped
this term in the final expression for the secondary tensor power spectrum.

Spectral shape of ΩGW for k < kre and k ≫ kre

Over wave numbers such that k ≪ kre, we can consider the limit wherein xe ≪ xre ≪ 1. In
such a case, we find that the quantity Cm,re(xre, xe) simplifies to be

lim
k≪kre

Cm,re(xre, xe) ≃ 1
(1 − δ)2

 2
1 + 2δ − 2

2 − δ

1 −
(
kre

ke

)2−δ


(
k

kre

)2−δ

. (A.53)
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Similarly, when k ≫ kre, for wre > 1/3, the quantity Cm,re(xre, xe) reduces to

lim
k≫kre

Cm,re(xre, xe) ≃
√

2
π

2(1−δ)/2

(1 − δ) Γ[(3 − δ)/2]Γ[(δ − 1)/2]x−δ/2
re

{
Γ[(1 − δ)/2]

Γ(δ/2) cos [xre − (2 − δ)π/4]

− 2
2 − δ

cos [xre − δπ/4]
}
, (A.54)

whereas, for wre < 1/3, the quantity simplifies to

lim
k≫kre

Cm,re(xe, xre) ≃
√

2
π

2(δ−3)/2

(1 − δ)
Γ[(δ − 1)/2]Γ[1 − (δ/2)]

Γ[2 − (δ/2)] x−δ/2
re x2−δ

e cos [−xre + δπ/4]

≃
√

2
π

2(δ−3)/2Γ[ δ−1
2 ]

(1 − δ)(1 − δ/2)x
−δ/2
re x2−δ

e cos[xre − (2 − δ)π/4]. (A.55)

At the end of reheating, the power spectrum of secondary GWs generated due to the
magnetic fields can be parametrized as

P λ,re
SEC (k, ηre) = 2H4

e
M4

pl

(
a2

eB
k2

e

)4 (
k

ke

)2(δ+nB−2)

FnB
(k) C2(xre, xe). (A.56)

On substituting Eq. (A.53) in this expression, for k ≪ kre, we obtain that

P λ,re
SEC (k, ηre) ≃ A1

(
Ba2

e
k2

e

)4 (
He

Mpl

)4 (
kre

ke

)2(δ−2) (
k

ke

)2nB

FnB
(k). (A.57)

Similarly, on utilizing Eqs. (A.54) and (A.55), for k > kre, we obtain the following expressions

P λ,re
SEC (k, ηre) ≃ A2

(
Ba2

e
k2

e

)4 (
He

Mpl

)4 (
kre

ke

)2(δ−2) (
k

kre

)−2−|nw| (
k

ke

)2nB

FnB
(k), (A.58a)

P λ,re
SEC (k, ηre) ≃ A3

(
Ba2

e
k2

e

)4 (
He

Mpl

)4 (
kre

ke

)2(δ−2) (
k

kre

)−2−|nw| (
k

ke

)2nB

FnB
(k), (A.58b)

when wre > 1/3 and wre < 1/3, respectively. The quantities A1, A2 and A3 that appear in the
above expressions are given by

A1 = 2
(1 − δ)4

 2
1 + 2δ − 2

2 − δ

1 −
(
kre

ke

)2−δ


2

, (A.59a)

A2 = 2(3−δ)Γ2[(3 − δ)/2]Γ2[(δ − 1)/2]
π(1 − δ)2

{
Γ[(1 − δ)/2]

Γ(δ/2) cos [(k/kre) − (2 − δ)π/4]

− 2
2 − δ

cos [(k/kre) − δπ/4]
}2

, (A.59b)

A3 = 2δ−1Γ2[(δ − 1)/2]
π(1 − δ)2(1 − δ/2)2

(
kre

ke

)2(2−δ)

cos2[(k/kre) − δπ/4]. (A.59c)
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A.4.1 Computing the tensor power spectrum for k > kre:

We now turn our attention to scenarios where all relevant modes are deep inside the horizon
before the end of reheating, i.e., k > kre, which corresponds to xre > 1. In this regime, the
tensor power spectrum sourced by the magnetic field for modes k > kre can be expressed as

P sec
T (k > kre, ην) = k4|B|4

32π2M4
P

(
k

ke

)−4(n+α+1)

x2
re

(∫ xν

xre
dx1

Gk(xν , x1)
a2(x1)

)2

×
{∫ 1

umin

du

u

∫ 1

−1
dµf(µ, γ)u3−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre)

+
∫ umax

1

du

u4

∫ 1

−1
dµf(µ, γ)u6−4(n+α)J4

α+1/2(uxre)
}

(A.60)

P sec
T (k > kre, ην) = k4|B|4

32π2M4
P

(
k

ke

)−4(n+α+1)

x2
re

(∫ xν

xre
dx1

Gk(xν , x1)
a2(x1)

)2

×
{
F 3

uu(k > kre, ηre) + F 4
uu(k > kre, ηre)

}
(A.61)

where we defined

F 3
uu(k > kre, ηre) =

∫ 1

umin

du

u

∫ 1

−1
dµf(µ, γ)u3−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1) (A.62)

F 4
uu(k > kre, ηre) =

∫ umax

1

du

u4

∫ 1

−1
dµf(µ, γ)u6−4(n+α)J4

α+1/2(uxre) (A.63)

Similarly, we first perform the µ integral and rewrite the above integral as

F 3
uu(k > kre, ηre) = 8

3

∫ 1

umin

du

u
u3−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1) (A.64)

= 8
3

∫ 1

umin
duu2−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1) (A.65)

F 4
uu(k > kre, ηre) = 16

15

∫ umax

1

du

u4 u
6−4(n+α)J4

α+1/2(uxre >> 1) (A.66)

= 16
15

∫ umax

1
duu2−4(n+α)J4

α+1/2(uxre >> 1) (A.67)

From Fig. (A.1), it is evident that for k > kre, the dominant contribution arises entirely from
the first integral, i.e., F 3

uu defined in Eq. (A.65). Hence, we neglect the second integral, F 4
uu,

as its contribution is subdominant. To gain an analytical understanding of the GW spectral
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Figure A.1: In this figure, we have shown how the numerical and analytical estimate is consis-
tence with each other for a specific set of parameters.
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Figure A.2: In this figure, we have shown how the numerical and analytical estimates are
consistent for a specific set of parameters.

behavior, we now decompose the above integral into two parts as

F 3
uu(k > kre, ηre) = 8

3

{∫ kre/k

umin
duu2−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1)

+
∫ 1

kre/k
duu2−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1)

}
(A.68)

F 3
uu(k > kre, ηre) = F 3

uu,1(k > kre, ηre) + F 3
uu,2(k > kre, ηre) (A.69)

where we defined

F 3
uu,1(k > kre, ηre) = 8

3

∫ kre/k

umin
duu2−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1) (A.70)

F 3
uu,2(k > kre, ηre) = 8

3

∫ 1

kre/k
duu2−2(n+α)J2

α+1/2(uxre)J2
α+1/2(xre > 1) (A.71)

As shown in Fig. A.2, we find that the last integral provides the best fit to the full numerical
result. Therefore, we retain only the last integral for further analytical estimations. Since
we are focusing on the modes that remain inside the horizon at the end of reheating, i.e.,
k > kre, and the integration range extends from kre/k to 1, the above expression can be further
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simplified as

F 3
uu,2(k > kre, ηre) = 8

3
4
π2

1
x2

re

∫ 1

kre/k
duu1−2(n+α) (A.72)

= 8
3

4
π2

1
x2

re

1
2 − 2(n+ α)

1 −
(
kre

k

)2−2(n+α)
 (A.73)

However, as we have seen, to ensure consistency with the full numerical amplitude, we need
to include an overall numerical prefactor. We find that this prefactor is approximately 0.2.
Therefore, the final analytical expression for the integral becomes

F 3
uu(k > kre) ≃ 64

30π2
1

2 − 2(n+ α)
1
x2

re

1 −
(
kre

k

)2−2(n+α)
 (A.74)
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