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ABSTRACT

Several experimental and numerical studies have been carried out on the interaction
of laminar and turbulent natural convection in conjunction with thermal radiation
owing to its immense applications in atmospheric and geophysical research. Most of
the studies have been realized in enclosures to model various industrial applications.
These applications include the design of nuclear reactor cooling systems, furnace,
burners, buildings for safe evacuation in case of fires and combustion. Majority of
the applications listed above are significantly influenced by thermal radiation and
compressibility effects. Computation of accurate numerical simulations in such sce-
nario could be of great practical importance and remains a challenge.

In general, an incompressible flow solver based on constant density advection, zero
velocity divergence, and the Boussinesq approximation is a preferred choice for solv-
ing these class of problems. However, the use of Boussinesq assumption becomes am-
biguous for problems encompassing large temperature difference radiative-convective
heat transfer. The use of this approximation is limited to small density variations
i.e. a relative temperature difference must be less than 10 %. This issue can be
circumvented by the use of a non-Boussinesq flow solver which employs the low-
Mach number formulation in regimes where Mach number is sufficiently small (Ma
< 0.3) typical for buoyancy-driven flows. The present doctoral thesis focuses on the
development of a generic three-dimensional numerical solver using a pressure-based
approach. The solver employs a low-Mach approximation to compute combined nat-
ural convection coupled with thermal radiative heat transfer both in laminar and
turbulent regimes.

The initial advancement in the proposed solver is the development of a pure ra-
diative heat transfer model based on the finite volume method in a collocated grid
framework. Subsequently, a variable density flow solver based on low-Mach number
formulation is devised for simulating large temperature difference (non-Boussinesq)
convection. The development is further extended by coupling the flow and radiative
heat transfer solver which is then employed to simulate laminar buoyancy-induced
convection with surface and gas radiation in enclosures. Lastly, the k-ε turbulence
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x ABSTRACT

model based on Favre-averaged Navier-Stokes equations is implemented to compute
non-Boussinesq turbulent radiative-convective flows. The description of the solver
is followed by extensive validation for two and three-dimensional problems on the
hybrid unstructured grid.

The pure radiative heat transfer solver is validated for simulating surface to surface
and grey-gas radiation in absorbing, emitting and scattering medium for scenarios
pertaining to combustion chambers. The laminar low-Mach number solver is vali-
dated against benchmark works for natural convection flows inside an enclosure at
large temperature difference with variable thermo-physical properties. Furthermore,
the convection coupled with thermal radiation solver is validated against the two-
and three-dimensional problems available in the literature. Finally, the low-Mach
number framework for turbulent flows is validated against experimental and numer-
ical benchmark problems. The validation study is followed by demonstrating the
need for non-Boussinesq low-Mach number solver by showing the invalidity of the
incompressible model for convective-radiative flows.

Investigations are performed to check the validity of Boussinesq approximation which
is typically used in the radiative-convective flows. The investigations are targeted
at quantifying the deviations in the results when the Boussinesq approximation is
violated. This study demonstrates the failure of Boussinesq approximation for large
temperature difference natural convection (high Gay-Lussac number) where it is
observed that the presence of surface and gas radiation aggravates the problem.
Interestingly, the Boussinesq approximation also does not hold true in small tem-
perature difference natural convection particularly when radiative heat transfer is
dominant (small Planck number). Furthermore, the results from the present non-
Boussinesq low-Mach number solver for scenarios involving combined convection and
radiation at large temperature difference with significant radiation are verified by
performing comparisons against the results obtained using a compressible model of
OpenFOAM. The verification of low-Mach number solver is followed by presenting
three different algorithms based on a low-Mach number formulation for coupling the
flow and radiative heat transfer.

The three algorithms compute the coupled governing equations in a segregated man-
ner using the conservative form of momentum equations in conjunction with a vari-
able coefficient pressure Poisson equation. The first algorithm (Algorithm A) uses
conservation of mass and energy equation to compute density and temperature. The
Algorithm B calculates temperature while the Algorithm C computes density from
the equation of state. Furthermore, a conservative form of the continuity and en-
ergy equation is solved to obtain density and temperature for Algorithms B and
C respectively. The energy and mass conservation errors arising due to the use
of Algorithms B and C are derived concerning various non-dimensional parameters
governing the flow and heat transfer. Impact of these errors has been found signif-
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ABSTRACT xi

icant as established from several investigations over a range of Rayleigh, Prandtl,
and Planck numbers. The role of balancing of the pressure and buoyancy terms
is also emphasized for robust calculation of large density variation flows. Having
demonstrated the importance of low-Mach number model and the robustness of dif-
ferent algorithms for quasi-incompressible flows the numerical framework is applied
to simulate application problems.

The first study involves the influence of partitions on buoyancy induced convec-
tion with thermal radiation in a differentially heated cubical enclosure typical of
industrial furnace and high rise buildings. Four distinct arrangements of partitions
from the top-bottom and front-back walls are examined by adopting a symmetric
(inline) and asymmetric (offset) configuration of partitions for higher heat transfer
rates (Nusselt number). Irreversibilities associated with conduction, convection, and
radiation heat transfer with viscous dissipation are studied to investigate the role
of partitioning walls in overall volumetric entropy production. This study aims to
optimize the thermal design (higher heat transfer rates with minimum entropy pro-
duction) among all partition configurations. The offset configuration with front-back
partitions exhibits highest heat transfer rates with minimum total entropy gener-
ation. The offset design of partitions could be a preferred choice from a building
design and heat transfer point of view.

Next study discusses the buoyancy-driven turbulent natural convection with and
without the influence of thermal radiation in a differentially heated square cavity
at large temperature difference. The impact of surface and gas radiation on over-
all flow dynamics and heat transfer is discussed by performing comparisons with a
classic natural convection case at Ra = 1010. The results from the present study
reveal that the inclusion of surface and gas radiation leads to asymmetry in the flow
and heat transfer. Furthermore, the convection currents intensify, and the magni-
tude and extent of the turbulence effects primarily increase with the consideration
of thermal radiation in the simulation. This study also quantifies the deviations
between the proposed variable density low-Mach number model and popularly used
incompressible model based on Reynolds averaged governing equations. Finally, the
thesis concludes with a summary of the main findings and recommendations for
future work.
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Chapter 1

Introduction and Literature

Review

Experimental and numerical studies on coupled flow and heat transfer are vital owing

to its immense applicability in engineering, atmospheric and geophysical research.

The majority of engineering heat transfer applications are governed by conduction,

convection, and radiation. On distinguishing the three modes of heat transfer it is

realized that heat transfer by conduction transpires by the transfer of energy through

the atomic lattice via internal rotational, translational, and vibrational motion of the

molecules. The energy transfer by diffusion and bulk motion of the fluids is account-

able for heat transfer by convection due to kinetic energy transfer. In this context,

the convection currents can be self-induced, forced induced by the application of

external mechanical device and combination of both. The self-induced convection

also termed as natural convection is driven by buoyancy forces in presence of gravity.

On the other hand, forced convection is effected by applying an external flow field

or due to the pressure difference. Similarly, a mixed convection scenario includes

a combination of buoyancy and pressure forces. From the industrial point of view

making the most of buoyancy induced heat transfer is preferable owing to its cheap

expense in carrying out the process (self induced flow).

The radiative heat transfer is among the most commonly experienced modes of heat

transfer. The key stimulus to the radiative heat transfer is the electromagnetic
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2 Introduction and Literature Review

waves. The electromagnetic waves vary with wavelength and in the spectrum of

wavelength between 0.1 µm to 100 µm are responsible for inducing temperature

difference and hence termed as thermal radiations. Among the three modes of heat

transfer; conduction and convection signify a linear dependence on the temperature

difference whereas radiative heat transfer rates are proportional to the fourth power

of difference in absolute temperatures. Hence, the radiative heat transfer becomes

significant in high-temperature industrial applications. As already mentioned that

natural convective heating/cooling are preferable for industrial problems, however

in scenarios involving large temperature difference and high heat flux the role of

thermal radiation cannot be neglected. The interaction of laminar and turbulent

natural convection with thermal radiation can be observed in many industrial ap-

plications like the design of nuclear reactor cooling systems, combustion chambers,

boilers, furnace design, glass forming, industrial and building fires etc. While few

experimental investigations have been carried out to understand the complex flow

and heat transfer characteristics in such scenario, computation of accurate numeri-

cal simulations remains a challenge.

The complexities involved in the numerical analysis of radiative heat transfer vary

as per the nature of the medium. The medium can either participate i.e. ab-

sorb, emit and scatter radiation or does not participate. Radiative heat transfer in

non-participating medium is also known as the surface to surface radiation. It is

relatively easy to analyze via view factors. However, high temperature industrial

flow problems like combustion require handling carbon monoxide, soot, oxides of

nitrogen and sulfur as byproducts. The accurate prediction of these pollutants de-

mands the exact calculation of radiative heat transfer in participating media keeping

into account the effects of absorption, emission, and scattering. As radiant energy

is convected in all directions the directional dependence needs to be distinctly con-

sidered as intensity in a given direction remains unaffected by the intensity in other

direction. In addition, the participating medium also depends upon the wavelength

of the incoming radiation; hence the solution to radiative transfer equation (RTE)

requires the consideration of all directions as well as wavelength. Furthermore, it is

preferable to solve the RTE for radiation intensity rather than temperature in order

to reduce the nonlinearity of the equation. It can be seen that the dependent variable

for radiation is intensity (I), which depends on six independent variables like space,

direction, and wavelength. By making a gray medium assumption, the wavelength
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1.1 Introduction to the Fundamental Radiation Terminology 3

dependency can be neglected to reduces the complexity. Keeping into consideration

the wide applicability and the complexity involved in the numerical simulation of

coupled flow and heat transfer process, the primary focus of the present thesis is

on the development and application of numerical models for such scenario. In this

context, the basic terminology used in radiative heat transfer (Incropera et al. [1]),

introduction to numerical models for radiation (Modest [2]) and a comprehensive

literature review have been presented in the following section.

1.1 Introduction to the Fundamental Radiation

Terminology

���
�
�
�

���
���
���

���
���
���

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

θ

dΩ

A1

n

φ

dφ

θd

A2

s

X

Y

Z

polar and azimuthal angle 

−

π/2
2π< 

< −θ< 
φ< 0

0 −
−

Figure 1.1: Radiation emission from a surface of area A1 along the direction s

1.1.1 Solid angle

Figure 1.1 represents the emission of radiant energy from a surface of area A1 along

the direction s. The direction s is represented in terms of φ (azimuthal) and θ

(zenith) angles. The elemental area dA2 on the surface of hemisphere of radius r is
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4 Introduction and Literature Review

equal to r2 sin θ dφ dθ. The solid angle subtended by this elemental area dA2 when

viewed from a point on dA1 is given by

dΩ =
dA2

r2
=

(r dθ)× (r sin θ dφ)

r2
(1.1)

dΩ = sin θ dθ dφ (1.2)

1.1.2 Emissive power

The radiative heat flux or emissive power depends on temperature, wavelength, and

direction of the emitted radiation. The directional, spectral (wavelength dependent)

emissive power is the rate at which radiation is emitted from a surface in the (θ, φ)

direction per unit solid angle, wavelength dλ, and surface area.

Eλ(λ, θ, φ) =
dq

dA1 dΩ dλ
(1.3)

1.1.3 Total hemispherical emissive power

It is the rate at which energy is emitted per unit area at all wavelengths and direc-

tions.

E =

∫
∞

0

∫ 2π

φ=0

∫ π/2

θ=0

E(λ, θ, φ) sin θ dθ dφ dλ (1.4)

1.1.4 Intensity

The intensity is the rate at which radiant energy is emitted at the wavelength λ in

the ( θ, φ) direction, per unit area of the emitting surface normal to this direction,

solid angle, and wavelength interval dλ. Since the area used to define the intensity

is the component of dA1 perpendicular to the direction of radiation it is equal to

dA1 cos θ.

Iλ(λ, θ, φ) =
dq

dA1 cos θ dΩ dλ
(1.5)

From Eqs. 1.3 - 1.5 it can be seen that the directional spectral emissive power and

intensity are related by “Lambert cosine law”.
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1.2 Introduction to Radiative Exchange in a Participating Medium 5

Eλ(λ, θ, φ) = Iλ(λ, θ, φ) cos θ (1.6)

Hence total hemispherical emissive power and total hemispherical intensity can be

defined as

E =

∫
∞

0

∫ 2π

φ=0

∫ π/2

θ=0

I(λ, θ, φ) cos θ sin θ dθ dφ dλ (1.7)

I =

∫
∞

0

∫ 2π

φ=0

∫ π/2

θ=0

I(λ, θ, φ) sin θ dθ dφ dλ (1.8)

1.1.5 Irradiation

It is related to incident radiation, i.e. the radiation originating from other surfaces

by emission and reflection. The total irradiation is the rate at which radiation of

wavelength λ is incident on a surface per unit area at all wavelengths and directions.

G =

∫
∞

0

∫ 2π

φ=0

∫ π/2

θ=0

Iλ,i(λ, θ, φ) cos θ sin θ dθ dφ dλ (1.9)

For a diffuse emitter, the emitting intensity is independent of direction. In this

case, Eq. (1.7) can be integrated over all the directions to obtain a relation between

hemispherical spectral emissive power and hemispherical spectral intensity as given

below.

Eλ(λ) = πIλ(λ) (1.10)

1.2 Introduction to Radiative Exchange in a Par-

ticipating Medium

The beam of emitted radiation from a surface attenuates and augments energy while

propagating through a medium as shown in Fig. 1.2. Attenuation of energy is due

to absorption by the media, out-scattering i.e, scattering away from the direction of

travel. The augmentation of energy is due to emission from within the medium due
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6 Introduction and Literature Review

to its own temperature in addition to in-scattering of radiation from other directions

si into the direction of travel s. Changes in intensity due to absorption, emission,

in-scattering, and out-scattering are modeled as below.
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Figure 1.2: Schematics of absorption, emission, in-scattering and out-scattering of

radiant energy inside the participating media.

1.2.1 Attenuation by absorption and out-scattering

The loss of the radiant energy while propagating through the medium is due to

absorption and out-scattering. The absorption of radiant energy by the medium

is simply converted to internal energy whereas out-scattering is basically change in

direction of the radiant energy to other direction. It can also be viewed as augmen-

tation in other direction. The attenuation due to absorption and out-scattering is

expressed as,

(
dI(s)

ds

)

absorption

= −κaI(s) (1.11)

(
dI(s)

ds

)

out-scattering

= −σsI(s) (1.12)

TH-1815_136103019



1.2 Introduction to Radiative Exchange in a Participating Medium 7

where κa and σs is known as the absorption and scattering coefficient respectively.

The negative sign represents the loss of intensity. The total attenuation of the

radiation intensity is described in terms of extinction coefficient expressed as,

β = κa + σs (1.13)

1.2.2 Augmentation by emission and in-scattering

The augmentation of radiant energy by emission is due to the finite temperature

of the medium. The energy emitted by the medium is the product of material

emissivity (emissivity equals absorptivity (κa) using Kirchoff’s law) to the intensity

of the blackbody radiation. Hence, the change in intensity of radiation due to

emission is expressed as,

(
dI(s)

ds

)

emission

= κaIb (1.14)

In-scattering is defined as the augmentation of intensity due to the contribution of

scattering from all portions of the material in every direction. An integration needs

to be performed over all incoming directions, as the enhancement of the intensity in

the different direction is due to the contribution by all out-scattering rays. The out-

scattered fraction of intensity dI gets in scattered in all other directions (indicated

as s) over the total solid angle of 4π. A function Φ(si, s), called the scattering phase

function that describes the probability that a ray from one direction (si) will be

scattered into a certain other direction (s). The fraction of intensity in-scattered

along the direction (s) can be expressed as,

Φ(si, s)

4π
σsI(si)dΩi (1.15)

The in-scattering in the direction s from all incoming direction si can be obtained

by integrating over all solid angles as.

(
dI(s)

ds

)

in-scattering

=

∫

4π

Φ(si, s)

4π
σs I(si) dΩi (1.16)

For isotropic scattering equal amount of energy is scattered in all directions, Φ(si, s)

= 1
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8 Introduction and Literature Review

1.3 Introduction to Radiative Transfer Equation

and Solution Methods

The total change of intensity due to emission, absorption and scattering for a ray

travelling in the direction s over a length ds is given by the energy balance along

the direction s given by

I(s+ ds, s, t + dt)− I(s, s, t) = κa Ib(s)ds− κa I(s, s)ds− σs I(s, s)ds

+
σs

4π

∫

4π

I(si) Φ(si, s) dΩi ds (1.17)

Expanding I(s + ds, s, t + dt) using Taylor series expansion and truncating it up

to first order, we get

I(s+ ds, s, t+ dt) = I(s, s, t) +
∂I

∂s
ds+

∂I

∂t
dt (1.18)

Substituting it into Eq. (1.17), we get

I(s, s, t) +
∂I

∂s
ds+

∂I

∂t
dt− I(s, s, t) = κa Ib(s) ds− κa I(s, s) ds

−σs I(s, s) ds+
σs

4π

∫

4π

I(si)Φ(si, s) dΩi ds (1.19)

which reduces to

∂I

∂s
+

∂I

∂t

1

c
= κa Ib(s)− κa I(s, s)− σs I(s, s) +

σs

4π

∫

4π

I(si)Φ(si, s) dΩi (1.20)

where c is the speed of light, neglecting the second term on the left hand side of the

above equation we get

∂I

∂s
= κaIb(s)− βI(s, s) +

σs

4π

∫

4π

I(si) Φ(si, s) dΩi (1.21)

where β is the extinction coefficient defined in Eq. (1.13). The above equation is the

radiative transfer equation (RTE), which is a non-homogenous integro-differential

equation. In the above equation, the blackbody intensity (Ib) is obtained from the
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temperature field and is initially unknown. It is obtained by solving the full energy

equation considering all the other modes of heat transfer. Numerical solution to

RTE can be obtained by methods discussed below.

• Spherical Harmonic Method (SHM) : It is also called PN approximation where

the subscript “N” shows the term after which the spherical harmonic series is trun-

cated. The disadvantage of this method is that the lower order approximation P1

is imprecise whereas higher order approximations (P5, P7) are difficult to solve,

and also beyond this the computational efforts increase immensely. The lower or-

der approximation P1 computes accurate results for optically thick medium (optical

thickness τ >2) only. However, the results from the P1 approximation are found to

be inaccurate for optically thin medium and is unable to produce results for (τ = 0)

surface to surface radiation case.

• Monte Carlo Method (MCM) : It is a statistical integration method which in-

volves usage of random numbers based on a standard probability density function to

simulate radiation process. The transformation and rejection are basically the two

approaches used in Monte Carlo method where radiation is expressed as a bundle

of discrete energy or photons. The results obtained using MCM are considered to

have accuracy close to exact solutions owing to the statistical nature of this method.

However, the computational expense associated with the MCM method is extremely

high as it requires sampling of a large number of photons to get stable results.

• Discrete Ordinates Method (DOM) : Similar to spherical harmonic method,

DOM is also known as (SN) approximation method. It transforms the RTE into a

set of a partial differential equation to an arbitrary order of approximation “N”.

The discrete ordinates method is a direction wise representation of radiative inten-

sity where the partial differential equations are solved for a set of discrete directions

covering the total solid angle (4π). The equations are solved for each ordinate di-

rection where the angular integration is replaced by performing a summation over

quadrature. One of the major difficulty with DOM is to address ray-effect.

• Finite Volume Method (FVM) : In case of finite volume method the entire

spatial domain is discretized into a finite number of control volumes and the entire

angular domain (4π) is discretized into finite non-overlapping solid angles. The RTE
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is solved by integrating the entire equation over the control volume and solid angle.

This method is also called as the finite volume in space and direction. Conceptually

FVM method for radiation has the same philosophy for flow and hence it is easy

to solve coupled convection-radiation problems. Additionally, this method can eas-

ily handle non-orthogonal meshes which makes it applicable to engineering problems.

•Discrete Transfer Method (DTM) : It is ray tracking method where the trans-

port equation is integrated along a series of rays emanating from boundary faces.

This method is used to compute radiative heat transfer between surface without

view factor calculation. The model is found to be reasonably accurate by increasing

the computational grid and the number of rays traced.

• Lattice Boltzmann Method (LBM) : LBM model is based on mesoscopic mod-

eling as opposed to conventional CFD methods which involve macroscopic models.

LBM model uses particle density distribution function for fictitious particles and

performs streaming and collision processes to compute radiative intensity. The use

of LBM has gained popularity in the recent past owing to its ease in performing

parallel computation.

Among the above mentioned methods for numerical solutions of RTE, it is further

noted that FVM, DOM, and LBM are easily compatible with the traditional meth-

ods for fluid flow. In particular, FVM is more popular due to its ease of solving

complex geometry, conservative nature, and algorithmic simplicity. The major chal-

lenge in the numerical computations of coupled buoyancy driven flow with radiative

heat transfer for large temperature difference applications is the consideration of

compressibility effects. In general, an incompressible flow solver based on constant

density advection, zero velocity divergence, and the Boussinesq approximation is a

preferred choice for solving these class of problems. However, the use of Boussinesq

assumption becomes ambiguous for problems encompassing large temperature dif-

ference radiative-convective heat transfer. The use of this approximation is limited

to small density variations i.e. a relative temperature difference must be less than 10

%. This issue can be circumvented by the use of a non-Boussinesq flow solver which

employs the low-Mach number formulation in regimes where Mach number is suffi-

ciently small (Ma < 0.3) typical for buoyancy-driven flows. In these flow regimes,

conventional compressible solvers require preconditioning techniques whereas the
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low-Mach approximation eliminates the acoustic waves from the governing equa-

tions.

The present doctoral thesis focuses on the development of a generic FVM based

three-dimensional numerical solver for computing accurate solutions of combined

natural convection coupled with thermal radiative heat transfer both in laminar

and turbulent regimes. In this regard, an exhaustive literature survey is presented

followed by detailed research objectives in the following section.

1.4 Literature Review

The main aim of the present work is to present a robust numerical framework for

accurate simulation of coupled convection with thermal radiation at large tempera-

ture difference. In this regard, studies on the development of unified solver capable

of simulating both large and small temperature difference thermo-buoyant (laminar

and turbulent) flow coupled with radiative heat transfer are undertaken. A detailed

review of the literature on numerical methods for coupled convection and thermal ra-

diation is presented with the applicability of the convective-radiative flows in several

engineering processes.

1.4.1 Numerical methods for radiative heat transfer

A major requirement in devising a numerical method for the solution of radiative

transfer equation was to share the same philosophy as for solving fluid flow using

body-fitted irregular meshes. Pioneering work in this regard was done by Raithby

and Chui [3] who proposed FVM for solving radiative heat transfer in participating

media using an explicit method. Explicit schemes for solving RTE caused a rapid

decrease in convergence rate. To overcome this, Chui and Raithby [4] proposed an

implicit solution scheme to accelerate the convergence scheme. Using the philoso-

phy of control volume method for fluid flow Chai et al. [5] proposed an FVM for

absorbing, emitting and an-isotropically scattering media and presented the relative

ease in capturing the collimated beams. Furthermore, Chai et al. [6] presented a

blocked-off technique on a Cartesian grid for (curvilinear and inclined) geometries
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12 Introduction and Literature Review

by using a local spatial and angular grid refinement for computing accurate results.

This work was further extended by Chai et al. [7] which dealt with body-fitted grids.

The results showed good agreement when compared with the previous blocked-off-

region method presented in [6]. For more precise calculation of a complex geometry,

Chai and Moder [8] further presented a spatial multi-block method in contrast to the

single block method. In this context, the multi-blocking technique was also studied

by Talukdar et al. [9] for curvilinear grids, to deal with three-dimensional radiative

heat transfer problem with radiative and non-radiative equilibrium.

The errors arising due to the spatial and angular discretization were presented by

several researchers [10–14]. Raithby [10] highlighted that the spatial and angular

discretization caused artificial spreading and ray concentration, respectively due to

the nonoverlap of the control angles with the control volume faces. In this context,

the errors associated with the spatial and angular discretization was further sum-

marized and presented by Chai and Patankar [11]. They reported that the errors

reduced by grid refinement. Byun et al. [12] presented the prediction of radiative

heat transfer in complex geometries. The errors associated with the Cartesian grid

system in the multi-block treatment are shown, especially in the non-orthogonal

walls. Tan et al. [13] studied the ray effect and false scattering for thermal radia-

tions by comparing with four different methods (FVM, DOM, DTM, and MCM).

They observed that false scattering exists in FVM and DOM but not in DTM and

MCM. They highlighted the superiority of FVM over other methods. Hunter and

Guo [14] presented a technique for improving the anisotropic scattering in radiative

heat transfer analysis. They introduced a phase function normalization technique

and applied to three-dimensional problems involving anisotropic scattering in order

to reduce false scattering errors.

1.4.2 Unstructured grid FVM formulation for radiation

Most of the industrial problems involving radiative heat transfer require calculations

on irregular complex geometries. Many researchers [6–9, 12] treated the irregular ge-

ometries using body-fitted, blocked-off and multi-block Cartesian grids. For a com-

plex geometry generating a Cartesian grid (single or multi-block) is time-consuming

and problem like skewness is difficult to manage.
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To overcome this difficulty, Chui and Raithby [15] extended the previous work [3]

for computing radiative heat transfer on non-orthogonal meshes. They presented a

node based scheme with the treatment of control angle overlap at the boundaries

for two-dimensional cases. Further contributing to the work of Chui and Raithby

[15], Baek et al. [16] presented a three-dimensional formulation for treating non-

orthogonal meshes with a capability of handling the control angle overlap. To study

radiative heat transfer in participating media Murthy and Mathur [17] presented

a cell-based scheme on arbitrary polyhedral, unstructured meshes. Furthermore, a

pixelation technique was introduced for treating the control angle overhang. Murthy

and Mathur [18] extended the previous work for treating radiative heat transfer in

semi-transparent media. They presented the treatment of Fresnel boundaries keep-

ing into account the effects of reflection and refraction.

In this context, Raithby [19] presented a radiation model to the already existing

unstructured grid FVM code. They compared the FVM using unstructured grids

to the DOM and found the DOM method to be inconsistent in case of anisotropic

scattering and violates conservation at the walls. Based on the work of Chui and

Raithby [15], Asllanaj et al. [20] presented a new FVM for unstructured triangular

meshes using a cell vertex scheme. They used a modified exponential scheme and

marching order map for quick convergence in case of three-dimensional grids. In

this context, Gazdallah et al. [21] developed an FVM to predict three-dimensional

radiative heat transfer in a participating media and eliminated the need for a par-

ticular marching order. Kim et al. [22] used FVM on an unstructured grid for

approximating solutions on geometries with obstacles and reported a considerable

reduction in the wiggling behavior due to the blocked-off technique. Furthermore,

Kim et al. [23] introduced polygonal unstructured meshes and reported a dramatic

reduction in computational time with the same level of accuracy as obtained with

the baseline triangular meshes.

Capdevila et al. [24] presented a comparative study of four spatial numerical schemes

for higher resolution of the radiative transfer equation on three-dimensional unstruc-

tured grids. They observed that the use of a higher order scheme lead to the re-

duction in spatial error, whereas the errors in the angular discretization increased.

Lygidakis and Nikolos [25] presented an improved method for solving unstructured

hybrid grid based radiative heat transfer solver for reducing the false scattering and
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improving the accuracy. They presented a second order spatial (MUSCL) scheme

for conservation laws and second-order Runge-Kutta temporal scheme for evaluating

radiative fluxes.

1.4.3 Coupled natural convection with thermal radiation

Most of the earlier research on simulating combined buoyancy induced flow with ra-

diative heat transfer was in developing appropriate radiation models consistent with

the flow. Use of FVM, DOM, PN and LBM emerged as popular models for radiation

which could be easily coupled with traditional methods for flow. Several studies on

the influence of optical thickness, scattering albedo and Rayleigh number on com-

bined convection with thermal radiation were performed by many researchers [26–28]

using DOM in a two and three-dimensional enclosures. Yucel et al. [26] performed a

comparative study between the DOM and P1 approximation methods whereas, Lari

et al. [27] highlighted the importance of thermal radiation on flow and temperature

distribution even at room temperatures. Colomer et al. [28] studied the comparison

of a two-dimensional case with three-dimensional simulation in a long rectangular

enclosure to signify the three-dimensionality effects due to radiation. Fusegi et al.

[29] studied compartment fires considering gas/soot radiation in a three-dimensional

enclosure by using P1 approximation and a weighted sum of the grey gas model.

Due to the ease in coupling the radiation with the flow, FVM has emerged as a pop-

ular method for studying buoyancy driven flows taking into account the influence of

radiative heat transfer by several researchers [30–33]. Borjini et al. [30] performed

a three-dimensional simulation to show the sensitivity of inner spiraling flows to

radiation whereas the peripheral spiraling flow remained insensitive to it. Kumar

and Eswaran [31] studied the influence of optical thickness using a variable density

model on flow and heat transfer in a cubical enclosure, further Ming and Zhang

[32] demonstrated the convection radiation interaction in enclosures with and with-

out baffles for various Grashof and conduction-radiation parameters. Darbandi and

Abrar [33] signify the importance of compressible formulation at large temperature

difference convection coupled with thermal radiation in a two-dimensional differen-

tially heated cavity.

The inherent advantage of LBM in terms of its simplicity and massive parallelizabil-
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ity has fascinated researchers to perform coupled convection radiation studies using

LBM. Mezrhab et al. [34, 35] performed studies on convection-thermal radiation

interaction in cavities with the heated cylinder and partitions. They demonstrated

the significance of wall emissivity, Rayleigh number and temperature difference on

flow, temperature variation and Nusselt number variation. Furthermore, researchers

like [36–38] used LBM for fluid flow and radiation for predicting double-diffusive

convection, natural convection and its interaction with volumetric radiation in a

two-dimensional differentially heated enclosures.

1.4.4 Non-Boussinesq models for coupled convection with

radiation

In spite of numerous studies on combined radiation with natural convection, the

Boussinesq approximation has been widely used for accounting the density changes

due to the temperature difference. However, in the presence of significant temper-

ature differences accompanied by thermal radiative heat transfer the Boussinesq

approximation does not hold good. This issue can be circumvented by the use of

non-Boussinesq flow solvers based on a low-Mach approximation as described in the

work of Paolucci [39] and Rehm and Baum [40]. In these flow regimes, conventional

compressible solvers require preconditioning techniques as described in the works

of Turkel [41] and Paillere et al. [42]. The low-Mach approximation eliminates the

acoustic waves from the governing equations and splits the total pressure into a

spatially varying hydrodynamic pressure and time-varying but spatially invariant

thermodynamic pressure.

The use of non-Boussinesq low-Mach number formulation is mostly limited to pure

convection and reacting flows with heat transfer [43–50]. Nerinckx et al. [43] pre-

sented a coupled pressure and temperature algorithm based on Mach uniformity

for separating the acoustic and convective phenomena using predictor, corrector

method. Najm et al. [44] presented a zero Mach number model for numerical simula-

tion of unsteady combustion. Clifton et al. [45] presented a semi-implicit scheme for

numerical simulation of compressible flows using low-Mach number method. They

demonstrated the efficacy of the developed method in removing the time step re-

quirement on acoustic waves. Nicoud [46] presented a low-Mach number approxi-
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mation of Navier-Stokes equation based on finite difference method using a fourth

order accurate spatial and second order accurate temporal schemes. Sewall and

Tifti [47] presented a time-accurate algorithm for simulation of variable property

flows at large temperature difference. However, the proposed algorithm did not use

low-Mach number formulation for simulation of unsteady Poiseuille-Benard flow at

large temperature difference. Mary et al. [48] proposed an algorithm for simulating

unsteady compressible flows using fully compressible Navier-Stokes equations. They

highlighted the capability of the developed model for simulating incompressible flows

at a wide range of subsonic Mach numbers. Bouloumou et al [49] presented a low-

Mach-number approximation using a three-dimensional spectral method to simulate

buoyancy driven flows at large temperature difference. They highlighted the three-

dimensional effects compared to Boussinesq and non-Boussinesq convection beyond

Ra= 105. Kumar and Natarajan [50] presented and comparison of low-Mach num-

ber algorithms for highlighting the discrete mass conservation error for unsteady

and low Prandtl non-Boussinesq natural convection. Studies using non-Boussinesq

solver for coupled radiation-convection interaction are limited and have been carried

out only by few researchers [31, 33, 51–53].

1.4.5 Application of coupled convection with radiative heat

transfer

The contribution of radiative heat transfer is quite significant for high-temperature

engineering applications. Many researchers have studied the various applications of

radiative heat transfer like combined radiation and natural convection, combined

transient conduction and radiation, furnace design, water sprays, the design of com-

bustion chamber etc.

Yan and Li [54] studied the radiation heat transfer effects combined with the lam-

inar mixed convection inside an inclined square duct. Mahapatra et al. [55] also

studied the effects of mixed convection in a two-sided differentially heated square

cavity with radiation. They studied the effects of various parameters on fluid flow

and heat transfer inside the enclosure.

Guedri et al. [56] studied the effect of radiative heat transfer in participating me-
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dia for a square enclosure with multiple baffles and finned cylinder. They observed

that baffles augment the radiative heat flux which enhanced the mean medium tem-

perature. Hostikka and McGrattan [57] presented the modeling of radiative heat

transfer for water spray application. They developed an effective model for simulat-

ing time-dependent fire scenarios using the Mie theory for computing scattering and

absorption attributes associated with the water droplets. Ko and Anand [58] studied

the flow and radiative heat transfer in a backward facing step for steady, laminar,

incompressible flow. The variation of re-attachment length was studied for distinct

radiative parameters along with the variation of thermal penetration for different

optical thickness and scattering albedo. Abbassi et al. [59] presented a study of

radiative heat transfer in two-dimensional pyrolysis chamber and heat recuperators.

They studied the effect of diffuse and grey baffles in vertical, inclined and horizontal

position with the motivation of increasing gas residence time and heat transfer.

Moreover, many researchers have applied the coupled convective-radiative heat trans-

fer studies in three-dimensional enclosures. Adams et al. [60] performed a three-

dimensional numerical simulation with the experimental comparison on arrays of

heat protruding source between the enclosure walls and substrate. They concluded

that the wall conductance and radiation reduce the overall convective heat transfer.

Brandan et al. [61] studied natural ventilation in rooms with multiple heat source.

They highlighted the inaccuracy of water-based model and concluded that exclusion

of radiative heat transfer leads to an inaccurate prediction of temperature distribu-

tions. Martyushev and Sheremet [62] established relations for average convection

and radiation Nusselt number in a three-dimensional enclosure with a heat source

located at the base of the cavity. Their study highlighted the influence of natural

convection with surface radiation. Kolsi et al. [63] studied the influence of radia-

tive heat transfer on natural convection in a three-dimensional enclosure of variable

aspect ratio. They demonstrated three-dimensionality of the flow in the presence

of radiation and quasi-two-dimensional flow in the absence of radiation. Lei and

Patterson [64] performed a direct numerical simulation to highlight the flow devel-

opment and heat transfer in a three-dimensional shallow wedge under the influence

of solar radiation induced natural convection.

Two-dimensional studies in square and complex shaped enclosures with and with-

out the presence of partitioning walls and heated cylinders were performed by many
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researchers [65–73]. They established that thermal radiation reduces the buoyancy

assisted flow due to the increase in bulk temperature by radiation. They also high-

lighted that the effect of radiation is more perceptive to partitions due to the blockage

of radiation. Ren et al. [74] investigated heat and pollutant transfer in partitioned

enclosures with baffles at the right wall. They demonstrated enhanced heat and

mass transfer rates beyond critical values of Rayleigh numbers. Rahimi and Saber-

naeemi [75] performed experimental studies on free convection with radiation from

the ceiling surface of a room. They concluded that radiation is the dominant mode

of heat transfer from ceiling to other surfaces.

1.4.6 Turbulence radiation interaction in enclosures

The prior work in understanding the complex flow and heat transfer associated

with turbulent buoyancy-induced flows includes the experimental investigations in

a differentially heated enclosure. Researchers like [76–80] presented various bench-

mark data for statistical validation. The initial numerical investigations involved the

work of Paolucci [81] and Le. Quéré [82] who performed two-dimensional direct nu-

merical simulations in differentially heated square enclosures for Rayleigh numbers

Ra = 1010 using finite difference and a spectral method. Their work illustrated the

presence of persistent turbulence at steady state as also observed in the experiments.

Furthermore, researchers [83, 84] used a two-equation turbulence (k − ε) model for

studying natural convection in square cavities and presented reference solutions in

a standard case of Ra = 5 × 1010 and further compared the results provided by

ten different groups. They demonstrated excellent match for velocity profiles with

experiments and mentioned the improvement in the wall heat transfer by the use

of low-Reynolds number model. However, the deviations from experimental results

were expected to be due to the presence of potential three-dimensional effects. In

this regard comparison of two-dimensional and three-dimensional direct numerical

simulations were performed by [85, 86]. Their comparison highlighted a similarity

between the first order statistics whereas a substantial difference was observed for

the second order statistics at larger Rayleigh numbers. They mentioned that two-

dimensional simulations are a cheaper alternative for capturing the general flow and

heat transfer up to Ra = 1010.

Majority of the earlier studies on turbulent natural convection were carried out
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without considering the influence of thermal radiation although many engineering

applications necessitate the inclusion of these effects. Studies on turbulent natu-

ral convection in enclosures with the influence of thermal radiation were initially

performed by several researchers [87–95]. Mesyngier and Farouk [87] presented cor-

relation for Nusselt number in a single/mixture of participating gases using DO and

WSGG methods. They demonstrated the enhancement of heat transfer due to the

presence of H2O. Researchers [88–91] studied the influence of surface radiation in

many practical scenarios involving enclosures with varying aspect ratio, building

fires, liquid metal fast breeder reactor and square cavity of varying angle of inclina-

tion. They highlighted the increased turbulence and velocity at the boundary layers

due to the inclusion of surface radiation and proposed correlation for the Nusselt

number. Xamán et al. [92, 93] studied the asymmetric flow and heat transfer in

a square enclosure with glass walls, tall cavities with varying aspect ratio and wall

emissivity to derive correlations for the Nusselt number in the laminar and turbu-

lent flow regimes. In the similar lines, the influence of coupled turbulent natural

convection with surface radiation was studied by [96–99] in a differentially heated

square enclosure, a rectangular enclosure with a heat source, a square cavity with

a heated energy source, and inclined square cavity with a heat generating source.

They demonstrated the influence of wall emissivity in intensifying the convective

flows and enhancing the overall heat exchange. Shati et al. [100] studied the turbu-

lent flow and radiative heat transfer with temperature varying properties in square

and rectangular enclosures and presented empirical correlations for the Nusselt num-

ber.

It is important to note that most of the studies delineated above were carried out

solving RANS with two-equation turbulence models. However, researchers [101–

103] proposed wall models for large eddy simulations by admitting the influence of

thermal radiative heat transfer. They used the developed LES model to study the

combined convection with thermal radiation (surface and gas) in an air-filled cavity

to highlight the role of surface radiation in increasing the flow and turbulence in-

tensity. Researchers [104–107] developed a sub-grid model for radiating gases and

coupled it with a DNS model to simulate turbulent flows with radiative heat trans-

fer. The coupled DNS and the sub-grid model was used to study the transitional

and turbulent buoyancy driven flows with wall and gas radiation.

TH-1815_136103019



20 Introduction and Literature Review

The majority of the numerical investigations on understanding the turbulent natu-

ral convection flows coupled with thermal radiative heat transfer in enclosures are

constrained by an incompressible assumption based on Boussinesq approximation.

Studies on the influence of variable properties (density, thermal conductivity, viscos-

ity) in a turbulent natural convection heat transfer scenario are rare and performed

by few researchers [108–111]. The work of Amel et al. [111] presents the entropy

generation for variable density flows in turbulent plane jets. Zamora and Kaiser

[108–110] studied the radiative heat transfer effects with the influence of variable

properties on turbulent buoyancy driven flows in a square and open cavities. They

also performed the comparison of deviation in the results with an incompressible

model.

1.5 Motivation

A rigorous analysis of the literature review in the previous section reveals that in

spite of numerous studies on combined radiation with natural convection, the ma-

jority of the studies have invoked an incompressible model based on Boussinesq

approximation. The use of non-Boussinesq formulation is mostly limited to pure

convection and reacting flows with heat transfer [43–50]. There have been minimal

studies on the importance of non-Boussinesq models for studying convective heat

transfer under the influence of thermal radiation. With this motivation, a non-

Boussinesq low-Mach number formulation is presented for coupled solution of both

small and large temperature difference natural convection with thermal radiation.

Studies have been performed to explore the importance of non-Boussinesq models,

the invalidity of Boussinesq approximation and its impact on numerical results for

various scenarios concerning coupled buoyancy driven convection with thermal radi-

ation. Furthermore, three algorithms are proposed and the importance of discretely

handling the pressure and buoyancy term is emphasized with a motivation to pro-

vide a robust numerical framework for convective-radiative flows.

Many researchers [28–30] have reported that the influence of thermal radiation in

buoyancy-driven convection leads to significant three-dimensionality effects neces-

sitating genuinely three-dimensional numerical studies. However, most studies in
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the past involving coupled natural convection with thermal radiation in partitioned

enclosures [65–73] have primarily concentrated on the two-dimensional simulation

for such configurations. The influence of partitions in three-dimensional combined

convective-radiative flow has never been studied. Therefore, the topic requires im-

mediate attention and forms the basis of the present work.

From the literature survey on turbulence radiation interaction in enclosures it is

revealed that the majority of the numerical investigations on understanding the

turbulent buoyancy driven flow coupled with thermal radiative heat transfer in en-

closures are subjected to incompressible assumption. Studies on the influence of

variable properties (density, thermal conductivity, viscosity) in a turbulent natural

convection heat transfer scenario are rare and are performed by few researchers like

[108–111]. The limited research on variable density turbulent buoyancy driven flows

particularly at large temperature difference with thermal radiative heat transfer has

motivated the present study. The present work describes turbulent natural con-

vection flows coupled with thermal radiation in differentially heated enclosures at

large temperature difference considering variable temperature dependent properties.

1.6 Research Objectives

In view of these gaps in the ongoing research presented in the previous section, the

objectives of the present thesis have been framed as given below.

Solver development

The present work focuses on the development of a non-Boussinesq flow solver for

simulating three-dimensional coupled convective-radiative heat transfer on arbitrary

polygonal meshes using the ideas of low-Mach number asymptotes. A segregated

approach for solving the governing equations using a fractional step methodology

on finite-volume method is considered for handling the low-Mach number formula-

tion. The accuracy of the developed low-Mach formulation in computing combined

radiative-convective flows is investigated by performing several validation studies.

Further, the need for non-Boussinesq or low-Mach number formulation is examined

by performing studies for coupled natural convection with thermal radiation in en-
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closures over a range of Gay-Lussac, Richardson, and Planck numbers.

Implementation of robust algorithm

After presenting details of the non-Boussinesq model, three-different low-Mach num-

ber algorithms are examined for numerical computation of radiative-convective flows.

The three algorithms differ in the way they use the equation of state for computing

either the density, temperature or thermodynamic pressure. Furthermore, the en-

ergy and mass conservation errors arising due to the use of temperature and density

update algorithms is investigated by performing studies over a range of Rayleigh,

Prandtl, and Planck numbers. Investigations on the role of balancing of the pressure

and buoyancy terms are also performed for robust calculations of large temperature

difference thermo-buoyant convection with radiative heat transfer.

Role of partitions on radiative-convective flows in enclosure

The developed numerical model is used to study the influence of partitions on buoy-

ancy induced convection with thermal radiation in a differentially heated cubical

enclosure. Four distinct arrangements of partitions from the top-bottom and front-

back walls is examined by adopting a symmetric (in-line) and asymmetric (offset)

configuration of partitions. Comparative analysis of average and local Nusselt num-

ber variation at the isothermal walls with irreversibilities associated with conduction,

convection, and radiation heat transfer is studied to investigate all configurations

of partitions. This study aims at achieving optimum thermal design (higher heat

transfer rates with minimum entropy production) among all partition configurations.

Turbulence radiation interaction in non-Boussinesq flows

The computational framework is extended for considering buoyancy-driven turbu-

lent natural convection with and without the influence of thermal radiation in a

differentially heated square cavity at large temperature difference. The impact of

surface and gas radiation on overall flow dynamics and heat transfer is discussed by

performing comparisons with a classic natural convection case at Rayleigh number

Ra = 1010. This study also aims at quantifying the deviations between the proposed

variable density low-Mach number model and popularly used incompressible model.
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1.7 Overview of the Thesis

The present work is based on the development and application of low-Mach number

formulation for laminar and turbulent buoyancy induced flows coupled with radia-

tive heat transfer.

A low-Mach number formulation for laminar and turbulent natural convection flows

coupled with thermal radiation is presented in chapter 2. Furthermore, a detailed

discretization of the governing equations is presented on three-dimensional unstruc-

tured polyhedral meshes using FVM.

Chapter 3 presents a detailed validation study comprising of pure radiative heat

transfer in absorbing, emitting and scattering medium for various two-and three-

dimensional geometries. In addition, validation studies are also presented for pure

convection at large temperature difference, coupled natural convection with surface

and gas radiation. Finally, validation studies on turbulent natural convection are

presented using experimental and numerical benchmark data.

Chapter 4 describes the importance of non-Boussinesq models for simulation of cou-

pled radiative-convective flows. This is achieved by highlighting the invalidity of

Boussinesq approximation in such scenario.

After validating the proposed non-Boussinesq model, three-different low-Mach num-

ber algorithms are presented to examine their performance for simulating coupled

convection with radiation in chapter 5. The significance of energy and mass con-

servation errors arising due to the use of update based algorithm is highlighted by

performing investigations over a range of Rayleigh, Prandtl, and Planck numbers.

Chapter 6 describes the influence of partitions on buoyancy induced convection with

thermal radiation in a differentially heated cubical enclosure. Four distinct arrange-

ments of partitions from the top-bottom and front-back walls typically encountered

in an industrial furnace and high rise buildings are studied. The results from the

present work describe an offset configuration with front-back partitions as the opti-

mum thermal design (higher heat transfer rates with minimum entropy production)

among all partition configurations.
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Chapter 7 presents the turbulence radiation interaction in a differentially heated

cavity at large temperature difference. This study aims at presenting solutions for

non-Boussinesq turbulent flows under the influence of thermal radiation at high

Rayleigh number.

Finally, the work is concluded by presenting the outcomes with possible scope for

future in chapter 8.
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Chapter 2

Mathematical Formulation and

Discretization

2.1 Introduction

The development of a variable-density flow solver for simulating (laminar and turbu-

lent) combined radiative-convective flow and heat transfer is presented for arbitrary

polygonal meshes using the ideas of low-Mach number asymptotes. A segregated

approach for solving the governing equations using a fractional step methodology

is presented on finite volume method. A two-equation k-ε turbulence model is em-

ployed using Favre-averaged Navier-Stokes equations for handling the turbulent flow

regimes. The cell arrangement reflects a collocated framework, where the pressure-

velocity decoupling is tackled using momentum interpolation due to Rhie and Chow

[112]. A class of SIMPLE algorithm utilizes a face-based data structure in con-

junction with a semi-implicit method following the work of Dalal et al. [113]. The

numerical model for simulation of RTE on unstructured FVM is in accordance with

the work of Murthy and Mathur [114]. The solver has second order spatial and

temporal accuracy by employing a high-resolution scheme CUBISTA and central

differencing scheme for computation of convective and diffusive fluxes respectively.

A backward difference scheme is used for temporal discretization while the gradients

are calculated using a modified variant of Green-Gauss.
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2.2 Governing Equations

In this section, the governing equations are presented for laminar and turbulent

flows coupled with thermal radiative heat transfer. The turbulent regimes are han-

dled using the k-ε turbulence model using Favre-averaged Navier-Stokes equations.

Further, the low-Mach number formulation of laminar and turbulent Favre-averaged

Navier-Stokes equations are presented in detail.

2.2.1 Governing equations for laminar flow

The dimensional form of Navier-Stokes, energy, transient radiative transfer equation

(TRTE) and the equation of state (EOS) are presented as below.

∂ρ

∂t
+

∂ (ρuj)

∂xj
= 0 (2.1)

∂ (ρui)

∂t
+

∂ (ρuiuj)

∂xj
= − ∂p

∂xi
+

∂τij
∂xj

+ ρgi (2.2)

∂ (ρcp T )

∂t
+

∂ (ρ T cp uj)

∂xj
=

∂

∂xj

(
κ
∂T

∂xj

)
+

∂p

∂t
+

∂ (puj)

∂xj
+

∂qrj
∂xj

(2.3)

∂I (r, s)

∂t

1

c
+

∂I (r, s)

∂s
= κaIb (r)− κaI (r, s)− σsI (r, s) +

σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi

(2.4)

p = ρ r T (2.5)

In the above equations κ is the thermal conductivity, κa and σs are known as the

absorption and scattering coefficient and c is the speed of light. I(r, s) is the in-

tensity at any location r along the direction s and Φ(si, s) is the scattering phase

function. Equation (2.3) represents the energy conservation equation where the last

term represents the divergence of radiative heat flux, which can be calculated as
∂qrj
∂xj

= κa (4πIb −G). Ib represents the blackbody intensity and G is the irradiation

evaluated as G =
∫
4π
IdΩ. It can be seen that the evaluation of radiative heat

transfer source term in the energy equation Eq. (2.3) requires calculation of inten-

sity I which is obtained by solving Eq. (2.4). The first term in the LHS of Eq.
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(2.4) represents the temporal term, this term is usually neglected for obtaining the

solution to the transport equation for radiative heat transfer, as the photons propa-

gate through the speed of light. However, several applications like the short-pulsed

laser, pulsed laser in turbid media, material processing, and living tissues require

the solution to transient radiative heat transfer. In the present study, the transient

nature of radiative heat transfer is neglected. The first term on the RHS of Eq.

(2.4) represents the augmentation of radiant energy by emission, while the second

and third term represents the attenuation of energy by absorption and scattering

respectively. The last term represents in-scattering. At high temperature and low

pressure, most of the gases behave as ideal fluids governed by Eq. (2.5). Here, r is a

gas constant defined as r = R
M
, R is the universal gas constant and its value is R =

8.31 J.K−1mol−1 and M is the molecular mass (kg.mol−1).

2.2.2 Governing equations for turbulent flow

The turbulence modeling for compressible flows requires the consideration of density

fluctuations in addition to velocity and pressure fluctuations. In this context, Favre

suggested a density weighted averaging procedure unlike Reynolds averaging which

simplifies the equations.

ũi =
1

ρ̄

∫ t+T

t

ρ (x, τ )ui (x, τ ) dτ (2.6)

where ρ̄ denotes the Reynolds averaged density. According to Favre averaging

φi = φ̃i + φ
′′

i (2.7)

where φ̃i is the Favre averaged mean component and φ
′′

i is fluctuating component.

After applying the Favre averaging, the equations for mass, momentum and energy

conservation reduce to

∂ρ

∂t
+

∂

∂xj
(ρũj) = 0 (2.8)

∂

∂t
(ρũi) +

∂

∂xj
(ρũjũi) = − ∂p

∂xi
+

∂

∂xj

[
τji − ρu

′′

i u
′′

j

]
+ ρgi (2.9)
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∂
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where

τij = µ

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2

3

∂ũk

∂xk

δij

)
(2.11)

Boussinesq hypothesis is used to express the Reynolds stress tensor in terms of the

mean strain rate tensor while the fluctuation term in the energy equation is modelled

as.

−ρu
′′
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′′
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− 2

3
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3
ρkδij (2.12)

−ρcpu
′′
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∂T̃

∂xj
(2.13)

The equations for turbulent kinetic energy (k) and turbulent kinetic energy dissipa-

tion rate (ε) with RTE and EOS are defined as

∂

∂t
(ρk) +

∂

∂xj
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∂
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σk

)
∂k

∂xj

)
+ Pk +Gk − ρε (2.14)

∂

∂t
(ρε) +

∂

∂xj
(ρũjε) =

∂

∂xj

((
µ+

µt

σε

)
∂ε

∂xj

)
+ [cε1 (Pk + cε3Gk)]

ε

k

−cε2ρ
ε2

k
− cε4ρε

∂ũj

∂xj
(2.15)

∂I (r, s)

∂s
= κaIb (r)− κaI (r, s)− σsI (r, s) +

σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.16)

p = ρ r T̃ (2.17)

where
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• µeff = µ+
µt

σκ
, σκ is model constant (listed in Table 2.1).

• Pk is production of turbulent kinetic energy.

Pk =
µt

ρ

[(
∂ui

∂xj

+
∂uj

∂xi

)
∂ui

∂xj

]
=

µt

ρ
S2 (2.18)

S2 = 2SijSij, where Sij is strain rate tensor.

• Gk is a buoyancy production of turbulent kinetic energy.

Gk = g
µt

ρσT

∂ρ

∂y

• σǫ, Cǫ1, Cǫ2, Cǫ3, Cǫ4 are model constants presented in Wilcox [115]. All these

values are listed in Tables 2.1.

Table 2.1: Model constant used in k − ε model

Model cµ σk σǫ Cǫ1 Cǫ2 Cǫ4

Standard k-ε 0.09 1.0 1.3 1.44 1.92 0.33

It is important to note that the interaction between turbulence and radiation is

tackled by evaluating a time-averaged radiative source term in the energy equation

defined as

∇ · qr = κa

(
4πIb(s)−

∫

4π

I(si)dΩi

)
= 4πκaIb(s)−

∫

4π

κaI(si)dΩi (2.19)

Furthermore, turbulence moments are required in order to establish a co-relation

between absorption coefficient and radiative intensity κaIb. Traditional RANS based

models are ineffective in evaluating the correlation thus the significance of turbulent

fluctuations in radiative properties, radiative intensity, and black-body intensity

are generally neglected. The calculations are based on time-averaged variables in

order to accommodate the radiative heat transfer effects. For a gray medium with

a constant value of absorption coefficient, the turbulence radiation interaction is

evaluated as κaIb= κa
Eb

π
, where

Eb =
1

δt

∫

δt

σT 4dt (2.20)
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Furthermore,

T (x, y, z, t) = T (x, y, z, t) + T ′(x, y, z, t), T ′ = 0 (2.21)

Approximating Eb by a truncated Taylor series as

Eb ≈ Eb(T ) + T ′
dEb

dT
+

1

2
(T ′)2

d2Eb

dT
2 +O(T ′)3 (2.22)

Further, the time averaging of Eq. 2.22 gives,

Eb ≈ Eb(T ) +
1

2
(T ′)2

d2Eb

dT
2 = σT

4

[
1 + 6

(T ′)2

(T )2

]
(2.23)

Equation (2.23) is called the temperature self-correlation, the above equation signi-

fies that the turbulence-radiation interaction results in enhanced emission. However,

it has been previously shown by Mazumder and Modest [116] that turbulence ra-

diation interaction is not much significant for non-reacting flows and inclusion of

temperature fluctuations do not increase the radiative source by more than 10 %.

Along the similar lines, the influence of turbulent fluctuations on the radiative heat

transfer was neglected by Zhang et al. [101] and Ibrahim et al. [103] for study-

ing turbulent buoyancy driven flow coupled with radiative heat transfer in a square

cavity. Hence, the influence of turbulent fluctuations on radiative heat transfer is

neglected in the present study.

2.3 Low-Mach Number Formulation

The low-Mach number formulation for simulation of laminar and turbulent buoy-

ancy driven flow coupled with thermal radiative heat transfer depends upon the

decoupling of acoustic and flow velocity. A detailed formulation is illustrated by fol-

lowing the methodology presented by Paolucci [39]. The governing equations with

low-Mach number formulation are derived by considering the governing equations

for laminar flows (Eqs. (2.1) - (2.4)) and turbulent flows (Eqs. (2.8) - (2.15)).

These equations are non-dimensionalized by using reference values of l, l/U , p0, c0,

T0, and ρ0 for length, time, pressure, velocity, temperature and density, respectively.

Here, U and c0 represent the fluid speed and speed of sound. Furthermore, U2 and
ρoU4

µo
are used for rescaling the turbulent kinetic energy (k) and dissipation rate (ε),

respectively. The non-dimensional form of governing equations for conservation of

mass, momentum, and energy for laminar flows are reduced to equations as follows.
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∂ρ

∂t
+

1

Ma

∂ (ρuj)

∂xj
= 0 (2.24)

∂ (ρui)

∂t
+

1

Ma

∂ (ρujui)

∂xj
= − 1

γMa

∂p

∂xi
+

1

Re

∂τij
∂xj

+
Ma

Fr
ρgi (2.25)

∂ (ρ cpT )

∂t
+

1

Ma

∂ (ρ T cp uj)

∂xj
=

1

Pe

∂

∂xj

(
κ
∂T

∂xj

)
(2.26)

+
τ

N RePr

∂qrj
∂xj

+
γ − 1

Re

(
τij

∂ui

∂xj

)
+

γ − 1

γ

(
∂p

∂t
+

1

Ma

∂ (puj)

∂xj

)

The radiative heat transfer source term in Eq. (2.26) is obtained by solving the

RTE.

1

τ

∂I (r, s)

∂s
= (1− ω)Ib (r)− I (r, s) +

ω

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.27)

with the dimensionless EOS being

p = ρT (2.28)

The non-dimensional form of the Favre-averaged continuity, momentum, and energy

equations are reduced to equations as follows.

∂ρ

∂t
+

1

Ma

∂

∂xj
(ρũj) = 0 (2.29)

∂

∂t
(ρũi) +

1

Ma

∂

∂xj

(ρũjũi) = − 1

γMa

∂p

∂xi

+
1

Re

∂

∂xj

[
τji − ρu

′′

i u
′′

j

]
+

Ma

Fr
ρgi (2.30)

∂

∂t

(
ρcpT̃

)
+

1

Ma

∂

∂xj

(
ρcpũjT̃

)
=

γ − 1

γ

(
∂p

∂t
+

1

Ma

∂ (ũjp)

∂xj

)
+

1

Pe

∂

∂xj

(
κ
∂T̃

∂xj

)

− 1

Pe

∂

∂xj

(
ρcpu

′′

jT
′′

)
+

γ − 1

Re
τij

∂ũi

∂xj

+
τ

N Re Pr

∂qrj
∂xj

(2.31)

The equations for turbulent kinetic energy (k) and turbulent kinetic energy dissipa-

tion rate (ε) are reduced to
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∂

∂t
(ρk) +

1

Ma

∂

∂xj
(ρũjk) =

1

Re

∂

∂xj

((
µ+

µt

σk

)
∂k

∂xj

)
+

1

Ma2Re
Pk

+
1

Re Fr
Gk − Re ρε (2.32)

∂

∂t
(ρε) +

1

Ma

∂

∂xj

(ρũjε) =
1

Re

∂

∂xj

((
µ+

µt

σε

)
∂ε

∂xj

)
− Re

Ma2
cε2ρ

ε2

k

+cε1

[
1

Ma2 Re
Pk +

Ma2

Re Fr
cε3Gk

]
ε

k
− 1

Ma
cε4ρε

∂ũj

∂xj
(2.33)

Here Pk and Gk are the production of turbulent kinetic energy and buoyancy term,

respectively. These terms are expressed as

Pk = µt

((
∂ũi

∂xj
+

∂ũj

∂xi

)
∂ũi

∂xj
− 2

3

(
∂ũl

∂xl

)2
)

−MaRe
2

3
ρ k

∂ũl

∂xl

Gk = g
µt

ρσT

∂ρ

∂y
(2.34)

The Reynolds stress tensor and the turbulent heat flux are approximated using the

Boussinesq hypothesis −ρu
′′

i u
′′

j = µt

(
∂ũi

∂xj
+

∂ũj

∂xi
− 2

3
∂ũk

∂xk
δij

)
− Re

Ma
2
3
ρkδij and Reynolds

analogy −ρcpu
′′

jT
′′ = µtcp

Prt

∂T̃
∂xj

, respectively. The dimensionless parameters appearing

in the governing equations are

Ma =
U

c0
, Re =

ρ0Ul

µ0

, F r =
U2

g0l
, P e =

ρ0cp0Ul

κ0

,

γ =
cp0
cv0

, N =
κ0β

4σT 3
0

, τ = βl, β = κa + σs, ω =
σs

β
(2.35)

Since the Mach number (Ma) involved for flows in enclosures are very small, Ma

acts as a small parameter. Following the work of Paolucci [39], all variables are

expanded in terms of Ma as given below.

ui = Ma
[
u
(0)
i +Ma2u

(1)
i + o

(
Ma2

)]
, T = T (0) +Ma2T (1) + o

(
Ma2

)

ρ = ρ(0) +Ma2ρ(1) + o
(
Ma2

)
, p = p(0) +Ma2p(1) + o

(
Ma2

)

k = k(0) +Ma2k(1) + o
(
Ma2

)
, ε = ε(0) +Ma2ε(1) + o

(
Ma2

)

I = I(0) +Ma2I(1) + o
(
Ma2

)
(2.36)
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Substituting Eq. (2.36) in Eqs. (2.24)-(2.33) results in the O(1) and O(Ma2) govern-

ing conservation equations for mass, momentum, energy, RTE, EOS, and turbulent

transport k-ε equations. It is seen that the leading part of the pressure is time

dependent (∂p
(0)

∂xi
= 0) while the spatially varying (background) pressure p(1)(xi, t) is

very small in comparison to the static pressure p(0)(t). The total pressure can be

expressed as time varying spatially invariant thermodynamic pressure P (t) and spa-

tially varying hydrodynamic pressure p(xi, t). Furthermore, neglecting the O(Ma2)

terms in the mass, energy, RTE, EOS and k-ε equations and reinstating the various

scales for variables, the leading order governing equations are obtained in dimen-

sional form expressed below.

∂ρ

∂t
+

∂ (ρuj)

∂xj

= 0 (2.37)

∂ (ρui)

∂t
+

∂ (ρuiuj)

∂xj

= − ∂p

∂xi

+
∂τij
∂xj

+ (ρ− ρo) gi (2.38)

∂ (ρ cpT )

∂t
+

∂ (ρ T cp uj)

∂xj

=
∂

∂xj

(
k
∂T

∂xj

)
+

dP

dt
+

∂qrj
∂xj

(2.39)

∂I (r, s)

∂s
= κaIb (r)− κaI (r, s)− σsI (r, s) +

σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.40)

P = ρrT (2.41)

The governing equations for turbulent flows in dimensional form after low-Mach

number formulation are expressed below.

∂ρ

∂t
+

∂

∂xj
(ρũj) = 0 (2.42)

∂

∂t
(ρũi) +

∂

∂xj
(ρũjũi) = − ∂p

∂xi
+

∂

∂xj

[
τji − ρu

′′

i u
′′

j

]
+ ρgi (2.43)

∂

∂t

(
ρcpT̃

)
+

∂

∂xj

(
ρcpũjT̃

)
=

dP

dt
+

∂

∂xj

(
κ
∂T̃

∂xj

− ρcpu
′′

jT
′′

)
+

∂qrj
∂xj

(2.44)
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∂

∂t
(ρk) +

∂

∂xj
(ρũjk) =

∂

∂xj

((
µ+

µt

σk

)
∂k

∂xj

)
+ Pk +Gk − ρε (2.45)

∂

∂t
(ρε) +

∂

∂xj
(ρũjε) =

∂

∂xj

((
µ+

µt

σε

)
∂ε

∂xj

)
+ [cε1 (Pk + cε3Gk)]

ε

k

−cε2ρ
ε2

k
− cε4ρε

∂ũj

∂xj
(2.46)

P = ρ r T̃ (2.47)

∂I (r, s)

∂s
= κaIb (r)− κaI (r, s)− σsI (r, s) +

σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.48)

The dimensionless form of the governing equations for laminar and turbulent buoy-

ancy driven flows is obtained by using suitable rescaling parameters as.

x⋆
i =

x

H
, s⋆ =

s

H
, ρ⋆ =

ρ

ρ0
, u⋆

i =
ui

u0
, p⋆ =

p− P0

ρ0u2
0

, t⋆ =
tu0

H
,P ⋆ =

P

P0

,

P0 = 101325 Pa, T ⋆ =
T − Tc

Th − Tc
, ρ0 =

P0

rT0
, I⋆ =

I

I0
, I0 = σT 4

0 ,

u0 =
√
βgH(Th − Tc), k

⋆ =
k

u2
0

, ε⋆ =
µ0ε

ρ0u4
0

, µ⋆ =
µ

µ0
, κ⋆ =

κ

κ0
(2.49)

The non-dimensional form of the governing equations for laminar flow, RTE and

EOS are presented below by dropping the superscripts for preventing overloaded

symbols.

∂ρ

∂t
+

∂ (ρuj)

∂xj
= 0 (2.50)

∂ (ρui)

∂t
+

∂ (ρuiuj)

∂xj
= − ∂p

∂xi
+

√
Pr

Ra

∂τij
∂xj

+
1

Ga
(1− ρ) êy (2.51)
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∂ (ρ T )

∂t
+

∂ (ρ T uj)

∂xj

=
1√

RaPr

∂

∂xj

(
κ
∂T

∂xj

)
+

γ − 1

γ Ga

dP

dt
+

1

P l Ga
√
RaPr

∂qr
∂xj

(2.52)

P = ρ+Ga (ρT ) (2.53)

1

τ

∂I (r, s)

∂s
= (1− ω)Ib (r)− I (r, s) +

ω

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.54)

The non-dimensional form of the governing equations for buoyancy driven turbulent

flow is presented as

∂ρ

∂t
+

∂ (ρũj)

∂xj
= 0 (2.55)

∂ (ρũi)

∂t
+
∂ (ρũiũj)

∂xj
= − ∂p

∂xi
+

√
Pr

Ra

∂τij
∂xj

−
√

Pr

Ra

∂

∂xj

(
ρu

′′

ju
′′

i

)
+

1

Ga
(1− ρ) êy (2.56)

∂
(
ρT̃
)

∂t
+

∂
(
ρũjT̃

)

∂xj
=

1√
RaPr

∂

∂xj

(
κ
∂T̃

∂xj
− ρu

′′

jT
′′

)

+
γ − 1

γGa

dP

dt
+

1

P lGa
√
RaPr

∂qr
∂xj

(2.57)

∂

∂t
(ρk) +

∂

∂xj

(ρũjk) =

√
Pr

Ra

∂

∂xj

((
µ+

µt

σk

)
∂k

∂xj

)
+

√
Pr

Ra
Pk +

√
Pr

RaGa
Gk

−
√

Ra

Pr
ρε (2.58)

∂

∂t
(ρε) +

∂

∂xj
(ρũjε) =

√
Pr

Ra

∂

∂xj

((
µ+

µt

σε

)
∂ε

∂xj

)
−
√

Ra

Pr
cε2ρ

ε2

k
− cε4ρε

∂ũj

∂xj

+

[
cε1

(√
Pr

Ra
Pk +

√
Pr

RaGa
cε3Gk

)]
ε

k
(2.59)

TH-1815_136103019



36 Mathematical Formulation and Discretization

The EOS is

P = ρ+Ga (ρ T̃ ) (2.60)

The RTE is described as

1

τ

∂I (r, s)

∂s
= (1− ω)Ib (r)− I (r, s) +

ω

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.61)

−ρu
′′

i u
′′

j = µt

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2

3

∂ũk

∂xk

δij

)
−
√

Ra

Pr

2

3
ρkδij (2.62)

−ρu
′′

jT
′′ = κt

∂T̃

∂xj
. (2.63)

Pk = µt

(
∂ũi

∂xj
+

∂ũj

∂xi

)
∂ũi

∂xj
− 2

3
µt

(
∂ũl

∂xl

)2

−
√

Ra

Pr

2

3
ρk

∂ũl

∂xl
(2.64)

Gk =
µt

ρσT

∂ρ

∂y
(2.65)

The model constants used in this study are cµ = 0.09, cε1 = 1.44, cε2 = 1.92, cε3 =

tanh
(
v
u

)
, cε4 = 0.33, σk = 1.0, σε = 1.3, where êy is a unit vector in the y-direction

and various non-dimensional parameters are described as.

Pr =
ν

α
, Ra =

βTg∆TH3

να
, Ga = βT (Th − Tc), P l =

κ

4σT 3
0H

, τ = βH, ω =
σs

β
(2.66)

The buoyancy term in Eqs. (2.51), (2.56), (2.58), (2.59) does not employ a Boussi-

nesq approximation but retains a form which requires explicit calculation of density.

The calculation of density required for determining the buoyancy forces among oth-

ers is obtained by solving the continuity equation (Eq. (2.55)). Notably, for the

quasi-incompressible formulation described in the present work, the velocity diver-

gence remains non-zero. As the density variations are essentially due to temperature

difference and radiative heat transfer, the velocity divergence condition is obtained

by rearranging energy conservation equation for laminar and turbulent flows (Eq.

(2.52)), (Eq. (2.57)) respectively and using EOS (Eq. (2.53)).
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∂uj

∂xj
=

1

P

[−1

γ

dP

dt
+

Ga√
RaPr

∂

∂xj

(
κ
∂T

∂xj

)
+

1

P l
√
RaPr

∂qrj
∂xj

]
(2.67)

∂ũj

∂xj
=

1

P

[
−1

γ

dP

dt
+

Ga√
RaPr

∂

∂xj

(
(κ + κt)

∂T̃

∂xj

)
+

1

P l
√
RaPr

∂qrj
∂xj

]
(2.68)

Notably in closed enclosures, the time derivative of thermodynamic pressure, dP
dt

appears as a source term in Eqs. (2.52) and (2.57). This term is derived from

the velocity divergence condition Eq. (2.67) and Eq. (2.68) by integrating over

the volume of enclosure Υ and enforcing impervious conditions at the walls of the

enclosure.

dP

dt
=

γ

Υ
√
RaPr



Ga

∫

Υ

∇ · (κ∇T ) dΥ +
1

P l

∫

Υ

∇ · qr dΥ



 (2.69)

dP

dt
=

γ

Υ
√
RaPr



Ga

∫

Υ

∇ ·
(
(κ+ κt))∇T̃

)
dΥ +

1

P l

∫

Υ

∇ · qr dΥ



 (2.70)

The expression of thermodynamic pressure is obtained from the conservation of mass

as

P (t) =
m0∫

Υ
dΥ

1+GaT

(2.71)

where Υ represents the volume of the entire domain and m0 is the mass in the

enclosure at time t = t0.

2.4 Discretization Procedure

Now, the governing equations are discretized using the finite volume method on

three-dimensional hybrid unstructured meshes. The discretization of the transport

equations follows the work of Dalal et al. [113] whereas, the discretization of RTE

closely resembles the work of Murthy and Mathur [114]. The governing equations
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are integrated over the control volume, and the temporal term is discretized using

the second order backward difference time scheme. The discretized equation of

transport for general variable φ can be written as below.

VP
3(φ)n+1

P − 4(φ)nP + (φ)n−1
P

2∆t
+
∑

f

F n
f (φ)

n+1
f −

∑

f

F n+1
dφf = Sφ (2.72)

where φ = ρu, ρT, ρk, ρε and F n
f represents the volume flux and Sφ is the source

term. The subscript ‘P ’ refers to the cell where the solution is sought and ‘f ’ corre-

sponds to the face values. The
∑

f in the convective and diffusive term corresponds

to the summation over faces of cell P . The discrete terms, as well as the specific

details of convective and diffusive fluxes, are described below.

2.4.1 Discretization of convection fluxes

The discretization of the convective term is defined as,

∫

V

∇ · (uφ) dV =

∫

S

(uφ) · dS ≈
∑

f

(φu)f · Sf =
∑

f

Ffφf (2.73)

where Ff = uf · Sf and φ = ρ, ρu, ρT, ρk and ρε. Here, φf is the value of φ at

the center of face f . In the present work the convective term is handled using a

second order accurate high resolution scheme referred to as CUBISTA [117]. This

scheme calculates the face value of the transport variable φf using the normalization

of variable as,

φ̃f =
φf − φU

φD − φU
(2.74)

where φf= ρ, ρu, ρT and subscript ‘U’ represents the far upwind and ‘D’ represents

the downwind cells. The normalized variable at the faces of a cell is found using the

following relation.

φ̃f =





7
4
φ̃c 0 < φ̃c <

3
8

3
4
φ̃c +

3
8

3
8
≤ φ̃c ≤ 3

4

1
4
φ̃c +

3
4

3
4
< φ̃c < 1

φ̃c elsewhere
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The ambiguity regarding the calculation of far-upwind cell on unstructured meshes

is removed using the values of known upwind cell ‘C’ as,

φ̃C =
φC − φU

φD − φU
= 1− φD − φC

2(∇φ)C · n̂f

(2.75)

where n̂f is the unit face normal. It is to be noted that in the present unstructured

grid framework the subscripts ‘P ’ and ‘N ’ correspond to the owner and neighbor

cells of a face which are decided by the direction of the face normal as shown in Fig.

2.1. However, the subscripts ‘C’ and ‘D’ correspond to the upwind and downwind

cells which are decided by the flow direction.

2.4.2 Diffusive flux treatment

The discretization of the diffusive fluxes for variable Φ
(
= φ

ρ

)
where φ = ρu, ρT ,

ρk and ρε is described as

∫

V

∇ · (Γ∇Φ) dV =

∫

S

(Γ∇Φ) · dS ≈
∑

f

(Γ∇Φ · S)f =
∑

f

FdΦf

where Γ is the diffusion coefficient for momentum and energy equations. The diffu-

sive flux for momentum equations φ = ρu is given as.

∫

S

√
Pr

Ra

(
~~τ · dS

)
=

∫

S

√
Pr

Ra

(
µ[∇u+ (∇u)T]− 2

3
µ (∇ · u) I

)
· dS (2.76)

The RHS of Eq. (2.76) is rearranged to represent the diffusive terms in the x, y and

z momentum equations as.

Diffusive term in x-momentum equation

√
Pr

Ra
µf

[
∑

f

(
(∇u · S) +

(
∂u

∂x
Sx +

∂v

∂x
Sy +

∂w

∂x
Sz

))

f

− 2

3

(
∂u

∂x
+

∂v

∂y
+

∂w

∂z

)

f

Sfx

]

Diffusive term in y-momentum equation

√
Pr

Ra
µf

[
∑

f

(
(∇v · S) +

(
∂u

∂y
Sx +

∂v

∂y
Sy +

∂w

∂y
Sz

))

f

− 2

3

(
∂u

∂x
+

∂v

∂y
+

∂w

∂z

)

f

Sfy

]
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Diffusive term in z-momentum equation

√
Pr

Ra
µf

[
∑

f

(
(∇w · S) +

(
∂u

∂z
Sx +

∂v

∂z
Sy +

∂w

∂z
Sz

))

f

− 2

3

(
∂u

∂x
+

∂v

∂y
+

∂w

∂z

)

f

Sfz

]

where Sf is the face area vector. In the discretization of the diffusive terms ap-

pearing in the momentum equation, only the first term is implicitly treated while

the rest of the terms are treated in an explicit manner. For orthogonal grids, the

surface vector and the line joining adjacent cell centers are aligned whereas, for

non-orthogonal grids, they are inclined to each other. This is the basis for the

non-orthogonal component of diffusive fluxes. A detailed explanation of the non-

orthogonal implementation is shown in Fig. 2.1. The face “abc” is shared by two

neighboring tetrahedral cells P and N . The face unit normal is represented by n̂f .

Projecting the cell centers over the surface normal results in two more points P ′ and

N ′. Furthermore, the discretization of the diffusion term can be written as

O

a

b

c

a

c

b

n
f

n
f

P

N

N

Pe

g

h

i

f

d

P
N

Figure 2.1: Illustration of non-orthogonality in the grids.

(∇Φ)f · Sf = Af (∇Φ)f · n̂f = Af
(ΦN ′ − ΦP ′)

∆n
(2.77)

where ∆n is the distance between points P ′ and N ′. Using Taylor series expansion

for ΦN ′ and ΦP ′ as

φN ′ = φN +
−−→∇φN ·NN′ (2.78)

φP ′ = φP +
−−→∇φP ·PP′ (2.79)
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Further substituting Eqs. (2.78) and (2.79) in Eq. (2.77), the final equation can be

written as.

(∇Φ)f · Sf = Af
(ΦN − ΦP )

∆n
+

(∇ΦN ·NN′ −∇ΦP ·PP′)Af

∆n
(2.80)

The first part of Eq. (2.80) is the orthogonal component of diffusive fluxes while the

second part is mainly appearing due to non-orthogonality of the grids.

2.4.3 Discretization procedure for RTE

Radiative transfer equation governs the transfer of radiant energy given by,

∂I (r, s)

∂s
= κaIb (r)− (κa + σs)I (r, s) +

σs

4π

∫

4π

I (r, si)Φ (s, si) dΩi (2.81)

where I(r, s) is the intensity at any location r along the direction s, κa and σs

represent the absorption and scattering coefficient, respectively and Φ(si, s) is the

scattering phase function. Since, s= f(x, y, z) the L.H.S of Eq. (2.81) can be

expressed as

∂I

∂s
=

∂I

∂x

∂x

∂s
+

∂I

∂y

∂y

∂s
+

∂I

∂z

∂z

∂s

∂I

∂s
= ξ

∂I

∂x
+ η

∂I

∂y
+ µ

∂I

∂z

∂I

∂s
= ŝ · ∇I (2.82)

where ŝ is the unit vector along s, and ξ, η, µ are the direction cosines in the x, y, z

directions, respectively, so ŝ = ξ î + η ĵ+ µ k̂. The RTE can be written as

ŝ · ∇I = κaIb (r)− (κa + σs)I (r, s) +
σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi (2.83)

also

∇ · (̂sI) = (∇ · ŝ)I + ŝ · ∇I (2.84)
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as ŝ is constant, so ∇ · ŝ = 0, we get

∇ · (̂sI) = ŝ · ∇I (2.85)

So Eq. (2.83) can be rearranged as,

∇ · (sI) = −βI + S (2.86)

where β = (κ + σs) represents the extinction coefficient and S is a source term

defined as

S = κaIb (r) +
σs

4π

∫

4π

I (r, si)Φ (si, s) dΩi. (2.87)

The finite volume formulation of the radiative transfer equation Eq. (2.81) follows

the unstructured grid formulation of Murthy and Mathur [114]. It requires the

spatial and angular discretization of Eq. (2.81) over the control volume and control

angles as shown in Fig. 2.2. For each discrete direction ‘m’, integrating Eq. (2.81)

over the control volume and control angles results in,
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Figure 2.2: Representation of angular domain.

∫

∆Ωm

∫

V

∇ · (sIm) dV dΩ =

∫

∆Ωm

∫

V

(−βIm + Sm) dV dΩ (2.88)

where Im is the intensity in a particular direction s. Applying Gauss divergence

theorem to the above equation results in,
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∑

f

Imf AfD
m
f = (−βIm + κIb +

σ

4π

M∑

m′

Im
′

Φ̄m′m ∆Ωm′

) V ∆Ω (2.89)

where Ib is a function of cell temperature and Im is the intensities along the direction

m for a given cell. Where, Φ̄m′m is the average scattering phase function, and Dm
f

is the directional weight defined as,

Dm
f =

∫

∆Ωm

(sm · n̂f) dΩ (2.90)

where sm and ∆Ωm are the direction vector and solid angle respectively defined as,

s = sin θ sinφ î+ sin θ cosφ ĵ + cos θ k̂ (2.91)

∆Ωm =

∫

∆φ

∫

∆θ

sin θ dθ dφ. (2.92)

The final discrete form of the directional weight follows,

Dm
f = sinφm sin(0.5∆φ)(∆θ − cos 2θm sin∆θ)nfx

+cosφm sin(0.5∆φ)(∆θ − cos 2θm sin∆θ)nfy

+(0.5∆φ sin 2θm sin∆θ)nfz (2.93)

where the LHS of Eq. (2.89) is discretized by using a hybrid scheme that is a

combination of step and diamond scheme as

Imf Dm
f =

(
ImP

[
|Dm

f , 0|
]
− ImN

[
| −Dm

f , 0|
])n+1

+γ

[
Dm

f

(
VN

VN + VP
ImP +

VP

VN + VP
ImN

)]n

−γ
[
ImP [|Dm

f , 0|] + ImN [| −Dm
f , 0|]

]n
(2.94)

2.5 Pressure Gradient Calculation

In this work, in order to obtain a proper force balance between pressure and gravity,

a variant of the method first proposed by Perot [118] has been adopted. In this

approach, the centroidal quantities are calculated from the respective face centered

values. This method has been successfully applied to calculate cell centroidal values
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of pressure gradients. This approach is termed as Modified Green Gauss (MGG) and

is used for the treatment of pressure and gravity terms in this work. The pressure

gradient at the cell centroid is calculated as

(
∂p

∂xi

)

P

=
1

Vp

∑

f

(
∂p

∂n

)

f

(Xif −XiP )Af (2.95)

The above gradient calculation ensures that the recovery of velocities using cen-

troidal pressure gradients is consistent with the discretization of pressure Poisson

equation which requires normal gradients of pressure at the faces of a cell.

2.6 Source Term Discretization

The source terms appearing in the momentum equations are the pressure gradient

and buoyancy terms. Whereas, the time rate of change of thermodynamic pressure
dP
dt

and divergence of radiative heat flux are the source terms appearing in the energy

equation.

2.6.1 Radiative heat flux

The radiative heat flux vector along a direction s inside a participating medium can

be obtained by integrating the contribution of intensity from all solid angles

qr =

∫

4π

I s dΩ (2.96)

The heat flux vector qr is expressed as the product of magnitude qr and a direction

s. The radiative heat flux onto a surface element can be expressed in terms of

the incident and outgoing intensities evaluated at the surface. For a surface whose

normal is n̂, Eq. (2.96) can be expressed as

n̂ · qrs =
∫

4π

I(s) n̂ · s dΩ (2.97)

2.6.2 Divergence of radiative heat flux

The divergence of radiative heat flux is the volumetric heating rate that appears

in the energy equation. The first term of the radiative transfer equation can be

expressed as
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1

β
∇ · (̂sI) = −I(s) + (1− ω)Ib(s) +

ω

4π

∫

4π

I(si) Φ(si, s) dΩi (2.98)

Integrating the above equation over all solid angles, we get

1

β

∫

4π

∇ · (̂sI)dΩ =

∫

4π

[−I(s) + (1− ω)Ib(s) +
ω

4π

∫

4π

I(si) Φ(si, s)dΩi] dΩ (2.99)

1

β
∇ ·
∫

4π

(̂sI)dΩ =

∫

4π

[−I(s) + (1− ω)Ib(s) +
ω

4π

∫

4π

I(si) Φ(si, s)dΩi] dΩ (2.100)

Since Ib(s) is independent of direction and by using Eq. (2.96), we get

1

β
∇ · qr =

∫

4π

−I(s)dΩ+ (1− ω)4πIb(s) +
ω

4π

∫

4π

I(si)

∫

4π

Φ(si, s)dΩi dΩ (2.101)

Now for isotropic scattering the above equation can be simplified to

1

4π

∫

4π

Φ(si, s)dΩ = 1 (2.102)

1

β
∇ · qr =

∫

4π

−I(s)dΩ + (1− ω)4πIb(s) + ω

∫

4π

I(si)dΩi (2.103)

As Ω, Ωi are dummy variables and since the integration is performed over the entire

solid angle, the first and the last term of right hand side can be brought together.

Hence

1

β
∇ · qr = (ω − 1)

∫

4π

I(si)dΩi + (1− ω)4πIb(s) (2.104)

Where irradiation is defined as G =
∫
4π
I(si)dΩi

1

β
∇ · qr = (1− ω) (4πIb(s)−G) (2.105)

So finally we get

∇ · qr = κ (4πIb(s)−G) (2.106)

Equation (2.106) signifies the conservation law of radiative energy. It relates the

net heat flux in the radiative energy from the volume element to the emitted energy

and the absorbed irradiation within the volume. Interestingly, scattering does not

appear in the Eq. (2.106) as it only redirects the photons and does not affect the

net energy content of the volume.
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2.6.3 Handling of dP

dt
term

The handling of dP
dt

term is described below where the first term on the RHS of

Eq. (2.107) is computed by performing the surface integration over the boundary

faces of the enclosure while the second term is computed by performing volumetric

addition over each and every cell of the enclosure. It is important to note that the

treatment of the conduction and radiative heat transfer terms appearing in the RHS

of Eq. (2.108) are consistent with the way they are handled in the energy equation.

dP

dt
=

γ

Υ
√
RaPr



Ga

∫

Ω

∇ · (κ∇T ) dΩ +
1

P l

∫

Ω

∇ · qr dΩ



 (2.107)

dP

dt
=

γ

Υ
√
RaPr

{
Ga
∑

bf

(κ∇T )f · Sf +
1

P l

∑

NC

∇ · qr VP

}
(2.108)

Here ‘bf ’ represents the total faces of all boundaries and ‘NC’ represents the total

number of control volumes in the domain.

2.7 Pressure Velocity Coupling

The momentum interpolation approach by Rhie and Chow [112] is used to avoid the

pressure checkerboard problem on collocated meshes. Aforementioned is achieved

by first computing the auxiliary momentum by dropping the pressure gradient and

gravity terms from the momentum equations. In a fully discrete form, the auxiliary

momentum equations may be written as,

VP
3(ρu)∗P − 4(ρu)nP + (ρu)n−1

P

2∆t
+
∑

f

F n
f (ρu)

∗

f −
∑

f

F ∗

duf = 0 (2.109)

where ∗ quantities indicate auxiliary terms. On subtracting the auxiliary momentum

equations (Eq. (2.109)) from the momentum equations (Eq. (2.72)) at (n+1) level

and by taking divergence we get a variable coefficient pressure Poisson equation

(PPE). This equation reads,

2∆t

3

∑

f

(∇p

ρ

)

f

· Sf =
∑

f

F ∗

0f −
∑

f

F n+1
f +

∑

f

2∆t

3Ga

(
1− ρf
ρf

)
Sf · êy (2.110)
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Equation (2.110) represents a variable coefficient pressure Poisson equation. The

first term on the RHS of Eq. (2.110) represents the auxiliary flux which is computed

from auxiliary velocity (F ∗

0f = u∗

f · Sf) by solving the Navier-Stokes equation by

dropping the pressure and buoyancy terms Eq. (2.109). However, the second term

represents the volume flux and is obtained by using the velocity divergence condition

Eq. (2.67). As already discussed for a typical incompressible flow the velocity

divergence condition is invariably zero. Hence, using this criterion, the pressure

equation for incompressible and low-Mach number flows are represented by Eqs.

(2.111) and (2.112), respectively.

2∆t

3

∑

f

(∇p

ρ

)

f

· Sf =
∑

f

F ∗

0f +
∑

f

2∆t

3Ga

(
1− ρf
ρf

)
Sf · êy (2.111)

2∆t

3

∑

f

(∇p

ρ

)

f

· Sf =
∑

f

F0f
∗ +

∑

f

2∆t

3Ga

(
1− ρf
ρf

)
Sf · êy−

1

P

[
−1

γ

dP

dt
VP +

1√
RaPr

{
Ga
∑

f

(k∇T )f · Sf +
1

P l
∇ · qrVP

}]
(2.112)

where
(

∇p
ρ

)
f
·Sf may be evaluated in a way similar to the diffusive flux as discussed

in Section. 2.4.2.

(∇p

ρ

)

f

· Sf =
Af

ρf

(pN − pP )

∆n
+

Af

ρf

(∇pN ·NN′ −∇pP ·PP′)

∆n
(2.113)

The discrete PPE leads to a system of linear algebraic equations, which are efficiently

solved by the Krylov solver with ILU preconditioning through Lis open source li-

braries [119]. After getting the pressure field, the fluxes are corrected at the faces

using momentum interpolation defined as,

∑

f

F n+1
f =

∑

f

F ∗

f − 2∆t

3

∑

f

(∇p

ρ

)

f

· Sf +
2

3

∑

f

∆t

Ga

(
1− ρf
ρf

)
Sf · êy (2.114)

Finally, the cell centroid velocities are update as,

un+1 = u∗ − 2

3

∆t

ρ

∂p

∂xi

+
2

3

∆t

Ga

(
1− ρ

ρ

)
êy (2.115)

This fractional step approach for quasi-incompressible flows is a key feature of all

three solution algorithms to be discussed in the following chapter.
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2.8 Incompressible and Compressible Models

In this section, discussions on incompressible model based on Boussinesq approxi-

mation and compressible model of OpenFOAM is presented. The objective of pre-

senting an incompressible and compressible model is to demonstrate comparison of

various models for convective-radiative flows. The results obtained via compress-

ible model of OpenFOAM also helps in validating the developed low-Mach number

model.

2.8.1 Incompressible model

The incompressible model considers a constant density advection with zero velocity

divergence. The buoyancy term in the momentum equation ρgi, is approximated

as −ρogiβT∆T , based on a first-order Taylor-series expansion to approximate the

density in terms of temperature difference [120]. Here βT is the coefficient of thermal

expansion which is taken as
1

To

for an ideal gas. The present incompressible model

is incorporated in the in-house three-dimensional solver Anupravaha and is used for

solving the governing equations using both incompressible and quasi-incompressible

approach. In the present work, we make use of ILU preconditioner with BiCGSTAB

solver for transport equations and algebraic-multigrid-preconditioner with GMRES

solver for pressure equation using Krylov subspace methods. These iterative meth-

ods have been implemented using the open-source LIS library [119].

2.8.2 Compressible approach (OpenFOAM)

In addition to the quasi-incompressible algorithms explained earlier, studies have

also been performed using a compressible model. Independent validations are per-

formed through a compressible model of OpenFOAM implemented via BuoyantSim-

pleFoam solver [121]. BuoyantSimpleFoam is used for solving buoyancy driven com-

pressible flows coupled with thermal radiative heat transfer. It solves the Navier-

Stokes and energy equations where the computation of the convective terms is carried

out using second order linear-upwind scheme while the diffusive terms are computed

using a Gauss linear scheme with non-orthogonal correction. A GAMG solver with

DIC-Gauss-Seidel smoother was employed for solving the pressure equation while

the Navier-Stokes and energy equations are solved using PBiCG solver with DILU
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preconditioner. The radiative heat transfer was modeled using discrete ordinate

method (DOM) where the intensities were solved using GAMG solver and Symm-

GaussSeidel smoother.

2.9 Implementation of Boundary Conditions

In this section, the boundary conditions used in the present thesis are specified.

2.9.1 Boundary condition for Navier-Stokes and energy equa-

tion

Wall boundary condition

Ut = 0

Un = 0

T = specified value

∂p

∂n
=

1

Ga
(1− ρ) êy

Symmetry boundary condition

∂Ut

∂n
= 0

Un = 0

∂T

∂n
= 0

∂p

∂n
= 0

where Ut and Un are the tangential and normal components of velocity.

2.9.2 Boundary condition for radiative heat transfer

The boundary conditions for solving the RTE are implemented by assuming the

walls to be gray-diffuse. The calculation of intensity at the wall for all outgoing

direction (s · n̂ < 0) is sum of reflected and emitted intensity given as.

TH-1815_136103019



50 Mathematical Formulation and Discretization

Iw =

Reflection︷ ︸︸ ︷
1− ε

π

∫

s·n>0

I(s)s · n̂dΩ +

Emission︷ ︸︸ ︷
εσT 4

w

π
(2.116)

where Tw, ε is the wall temperature, and emissivity, respectively. Moreover, 1 − ε

represents the reflectivity and is multiplied with (Iin =
∫
4π
I s · n̂ dΩ, (s · n̂) > 0)

the summation of intensities over all incoming directions to represent the reflected

intensities.

2.9.3 Two-dimensional boundary treatment

In the present work, two-dimensional problems are solved using a three-dimensional

solver by taking a unit cell in third z direction. In this case, two boundaries per-

pendicular to the third direction are treated as symmetry (no-flux boundaries) and

the boundary conditions for intensity are implemented by treating the boundaries

as mirror boundaries. For any incident ray I on the wall the reflected ray R can be

calculated from vector algebra as.

R = I − 2(n̂f · s)n̂f (2.117)

Figure 2.3: Symmetry Boundary
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After finding the reflected ray for an incident ray the value of reflected ray is set equal

to its corresponding incident ray. However, the above method is computationally

expensive as it requires to swap through all the reflected direction to obtain the

reflected ray. From the Fig. 2.3 it is see that if the total directions are varying from

0 − Nθ then we can directly obtain a geometric relation between the incident and

reflected ray which is shown below, this method prevents unnecessary computation.

Reflected Ray = Nθ − Iincident Ray− 1 (2.118)

The direction remains unchanged for the φ direction.

2.9.4 Flux specified boundary condition

This boundary condition is required for calculating the temperature at the wall for

the case when both convective and radiative flux is involved. The flux specified

boundary condition, q0 is defined as:

qc + qr = q0 (2.119)

where qc and qr are the convective and radiative flux, respectively.

qc = −κ
∂T

∂n

qr =

∫

4π

I(r, s)s · n̂ dΩ (2.120)

where n̂ is the unit vector normal to the surface. The final form of the equation

reduces to

−κ
∂T

∂n
+

∫

4π

I(r, s)s · n̂dΩ = q0 (2.121)

The Equation (2.121) is solved iteratively to obtain the value for temperature.

2.10 Order of Accuracy Test

In this section, studies are performed to check the order of accuracy for the spatial

and temporal schemes implemented in the developed solver. The order of accuracy
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test is performed by computing discretization error which is defined as the difference

between the solution of the discretized equations φk and the original partial differen-

tial equation φexact. Here, k refers to the mesh and time level as numerical solutions

are obtained on a series of nested grids and with various values of time steps for

transient problems. The spatial and temporal discretization errors are computed

and compared with the theoretical order of accuracy. The discretization error are

expected to decrease as 1
rp
, where r is the grid refinement factor ( r = ∆xcoarse

∆xfine
)

and p is the order of accuracy. In order to evaluate discretization errors L2 and L∞

norm of errors are used

L2 normk =




N∑
n=1

|φk,n − φexact,n|2

N




1/2

(2.122)

L∞ normk = max|φk,n − φexact,n| (2.123)

2.10.1 Discretization error for convective fluxes

In the present study, three different convective schemes are used which involves

first-order upwind (FOU), a blend of first-order upwind (FOU) and central differ-

ence scheme (CDS) (Khosla-Rubin scheme with a deferred constant of 0.5), and

a second-order high-resolution scheme referred to as CUBISTA [117]. The general

convective-diffusive equation for a variable φ is defined as

∂ (φ)

∂t
+

∂ (φuj)

∂xj
=

∂

∂xj

(
D

∂φ

∂xj

)
(2.124)

In this study D = 0 is considered such that diffusive fluxes vanishes and only

the convective fluxes are addressed. The manufactured solution for this modified

equation with no diffusive contribution is defined as

φ = x3 + y3, with u = y2, v = −x2 (2.125)

To find the order of accuracy for each scheme, uniform Cartesian meshes of various

grid resolutions (∆x = 0.04, 0.02, 0.01, 0.005) are chosen. The discretization error is

computed on a particular mesh by initializing exact values of φ at the cell centroids

whereas exact velocities are specified at all the face centroids. Since the convective
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fluxes are calculated on the faces, the face average values of φf has been approxi-

mated by using different convective schemes. A convergence criterion of 10−8 has

been employed in the present study. The L∞ norms of discretization error on each

grid are plotted against different grid resolutions as depicted in Fig. 2.4.
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Figure 2.4: Order of accuracy test for different convective schemes.

Figure 2.4 shows the variation of discretization error with grid size for three different

schemes. In all cases, the errors show a decreasing trend with grid refinement, with

the slopes indicating the order of accuracy. CUBISTA scheme shows the lowest

errors with the rate of decay of errors showing a slope of 2 (on the log-log scale).

The Khosla-Rubin scheme which is obtained as an equi-blend of FOU and CDS

schemes shows an overall first-order accuracy, evident from Fig. 2.4.

2.10.2 Discretization error for diffusive fluxes

In this section, the order of accuracy test for the discretization error of the diffusive

terms is explored. The diffusive terms are discretized with a second-order central

difference scheme (CDS). A general Poisson equation has been selected for the order

of accuracy test of the diffusion term as shown below.

∇2φ = S (2.126)
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where S denotes the source term. The manufactured solution and the generated

source term for Eq. 2.126 are

φ =
cos(4πx) + cos(4πy)

4
(2.127)

S = −4π2[cos(4πx) + cos(4πy)] (2.128)

To find the order of accuracy of the diffusive scheme, uniform hexahedral meshes

with grid resolutions of ∆x = 0.04, 0.02, 0.01, 0.005 are used. Figure 2.5 shows the

L∞ error norm for the diffusive scheme for each of the meshes. From the Fig. 2.5,

it can be seen that the discretization error decreases at a rate of 2 which depicts a

second order accuracy of the diffusion term.
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Figure 2.5: Order of accuracy for diffusive scheme.

2.10.3 Discretization error for Navier-Stokes equation

In this section, both spatial and temporal discretization errors have been computed

for a Taylor-Green vortex problem. Taylor-Green vortex is an unsteady flow of

a decaying vortex, which has an exact closed-form solution of the incompressible

Navier-Stokes equations. A 0.5×0.5 domain has been selected for the computations.

The analytical solutions for velocities (u, v) and pressure (p) are given below.

u = −cos(2πx)sin(2πy)e
−8π2t
Re (2.129)
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v = sin(2πx)cos(2πy)e
−8π2t
Re (2.130)

p =
−{cos(2πx) + cos(2πy)}

4
e

−16π2t
Re (2.131)

Dirichlet boundary conditions are specified at the boundaries by providing the exact

values. The problem has been simulated for Re = 100 by using CUBISTA scheme

for the treatment of convective fluxes, CDS for diffusive fluxes and a second order

backward-difference time scheme for the discretization of the temporal term. Simu-

lations are carried out by considering uniform hexahedral and triangulated meshes

with a grid resolution of ∆x = 0.04, 0.02, 0.01, 0.005 with ∆t = 5 × 10−3 s. On

similar lines using a fixed spatial resolution of ∆x=0.005 simulations are carried out

to evaluate the temporal discretization error by using various time step values of

∆t = 10−3, 5.0 × 10−4, 2.5 × 10−4, 1.25 × 10−4. The numerical results obtained at

t = 1 s are compared with the exact solutions at that particular time instant and

are shown in Fig. 2.6.
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Figure 2.6: Instantaneous contours of velocity and pressure. Comparison between

present simulation (a-c) with exact results (d-f) for T-G vortex problems at t = 1

s: (a, d) u-velocity, (b, e) v-velocity and (c, f) pressure.
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Figure 2.7: Spatial and temporal accuracy for the T-G vortex problem. (a) Spatial

discretization error for uniform hexahedral meshes, (b) spatial discretization error

for triangulated meshes, (c) temporal discretization error.
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Numerical results are found to be in close agreement with that of the exact solutions

and can be seen in Fig. 2.6. However, from the order of accuracy test as depicted

in Fig. 2.7 it is seen that the spatial discretization error decreases at a rate of 2

for uniform hexahedral meshes as seen in Fig. 2.7(a). In the case of triangulated

meshes, the rate of decrease of discretization error is lower than the second order

(1.6) as depicted in Fig. 2.7(b). However, temporal discretization error reduces at

a rate of 2 (Fig. 2.7(c)).

2.11 Closure

In this chapter, a detailed mathematical formulation for simulation of (laminar and

turbulent) coupled radiative-convective flow and heat transfer is presented on un-

structured FVM. A non-Boussinesq pressure based low-Mach number (LMN) formu-

lation such as those adopted for large temperature difference convection by Paolucci

[39] and extended for considering radiative heat transfer is presented. Further,

a two-equation k-ε turbulence model with Favre-averaged Navier-Stokes equations

are employed for handling the turbulent flow regimes. The developed computational

model is nearly second order accurate (spatially and temporally) with a capability

of working on any arbitrary polygonal meshes. The mathematical model shows the

ability to simulate coupled convection with thermal radiation both in laminar and

turbulent regimes.
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Chapter 3

Validation Studies

3.1 Introduction

This chapter shows validation results of the proposed numerical model for the solu-

tion to coupled buoyancy-driven convection flows both laminar and turbulent with

radiative heat transfer. Detailed validation studies are performed at every stage

during the development of the solver. Firstly, the pure radiative heat transfer solver

is validated for simulating surface to surface and grey-gas radiation in absorbing,

emitting and scattering medium. The laminar low-Mach number solver is validated

against benchmark works for natural convection flows inside an enclosure at large

temperature difference. Furthermore, the convection coupled with thermal radia-

tion solver is validated against the two- and three-dimensional problems available in

the literature. Finally, the low-Mach number framework for turbulent flow is vali-

dated against experimental and numerical benchmark problems. All the test cases

presented in the validation study depict an excellent agreement with the literatures.

3.2 Validation of Pure Radiation Problems

In this section pure radiative heat transfer model based on unstructured finite vol-

ume method is validated for problems with the surface to surface and gas radiation

in different types of enclosure. Notably, in all the test cases the size of the spatial
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and angular grids have been chosen as specified in the literature unless otherwise

stated.

3.2.1 Surface to surface radiation

Surface to surface radiation problems are generally solved using surface models, in

this section surface to surface radiation problems are solved using FVM by neglecting

the RHS in the RTE i.e RTE does not contain any absorbing, emitting or scattering

terms. Three basic problems are solved which can be found in any basic heat

transfer books. Radiative heat transfer between infinite long parallel plates, between

co-centric cylinders, and in a room. In all the three problems the objective is to

calculate the heat flux at the walls, which is compared with the analytical results.

3.2.2 Infinitely long parallel plates

Figure 3.1 shows the grid used for the problem, the length of the plate is 20 m and

the width is 1 m, the plate is made infinitely long by applying symmetry condition

along the left and right boundary. The top wall is at 350 K, the bottom wall is at

300 K and the walls are assumed black. The same problem is also solved by changing

the wall emissivity as 0.8 and 0.9 for the top and bottom walls respectively.

Figure 3.1: Computational domain for parallel plates

The analytical result for the heat flux at the top and bottom walls for this problem

can be calculated by using the relation given below.

q12 =
Aσ ( T 4

1 − T 4
2 )

1
ε1

+ 1
ε2

− 1
(3.1)
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The problem is solved by discretizing the spatial domain in 30 × 10 hexahedral

grids with angular discretization of 4 × 6 in θ and φ direction respectively. Table

3.1 shows the wall heat flux for black walls and walls with different emissivity.

Table 3.1: Radiative heat flux at the wall between parallel plates

Temperature in K Wall Emissivity Analytical flux Numerical flux

T1=350.0, T2=300.0 ǫ1=1.0, ǫ2=1.0 391.58 W
m2 391.58 W

m2

T1=350.0, T2=300.0 ǫ1=0.8, ǫ2=0.9 287.71 W
m2 287.71 W

m2

3.2.3 Infinitely long co-centric cylinders

Figure 3.2 shows the grid used for the problem, the length of the cocentric cylinder

is 20 m and the inner and outer radius are 1 m and 2 m respectively. The cylinder

is made infinitely long by applying symmetry condition along the top and bottom

boundary. The outer cylinder is at 350 K and the inner cylinder is at 300 K and

the walls are black, the same problem is also solved by changing the wall emissivity

as 0.8 and 0.9 for the outer and inner walls respectively.

Figure 3.2: Computational domain for co-centric cylinders

The analytical result for the heat flux at the top and bottom walls for this problem

can be calculated by using the relation.

q12 =
Aσ ( T 4

1 − T 4
2 )

1
ε1

+ 1−ε2
ε2

(
r1
r2

) (3.2)
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The problem is solved by discretizing the spatial domain in 20 × 10 × 5 hexahedral

grids wit angular discretization of 4 × 6 in θ and φ direction respectively. Table 3.2

shows the wall heat flux for black walls and walls with different emissivity.

Table 3.2: Radiative heat flux at the wall between co-centric cylinders

Temperature in K Wall Emissivity Analytical flux Numerical flux

T1=350.0, T2=300.0 ǫ1=1.0, ǫ2=1.0 391.58 W
m2 391.58 W

m2

T1=350.0, T2=300.0 ǫ1=0.8, ǫ2=0.9 299.93 W
m2 299.93 W

m2

3.2.4 Rectangular enclosure with opening

The problem is shown in Fig. 3.3 consists of a room with all black walls. The

floor of the room is at a temperature of 318 K and all the other walls including

ceiling are at 298 K. There is a small window which is maintained at 283 K. The

same problem is computed numerically by using 12×10×4 hexahedral grid with

angular discretization of 4×20. The net heat loss by the floor is 137.39 W
m2 calculated

numerically and 137.27 W
m2 by taking a view factor as 0.058 between the floor and

window.
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Figure 3.3: Surface radiation inside a room

From the above three problems it is seen that the present method is capable of

computing surface to surface radiation.
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3.2.5 Quadrilateral enclosure containing absorbing-emitting

medium

The problem consists of a quadrilateral enclosure as shown in Fig. 3.4(a) filled with

absorbing-emitting medium. The enclosure medium is maintained at a constant

temperature Th = 100 K while the walls are at 0 K. Three different values of ab-

sorption coefficients 0.1 m−1, 1.0 m−1 and 10.0 m−1 are used in the present study

while the walls of the enclosure are assumed as black. The objective is to study the

non-dimensional radiative heat flux at the bottom wall. The study is carried out by

employing 20×20 control volumes and 2×8 control angles as also used by Chai et

al.[7].
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Figure 3.4: (a) Quadrilateral enclosure, (b) non-dimensional heat flux at the bottom

wall for κa=0.1, 1.0 and 10.0

Figure 3.4(b) represents the comparison of heat fluxes at the base of the enclosure

with Chai et al.[7]. From Fig. 3.4(b) an increment in wall heat flux is clearly

observed with increasing absorption coefficient of the medium. For κa=10.0 m−1

the radiative heat flux is close to unity, this is primarily due to the large value of

intensities incident on the wall from the neighboring hot medium. The reduction in

heat fluxes near the edges is due to side cold walls. Furthermore, the reduction in

absorption coefficient leads to a gradual decrease in heat flux due to the large extent

of the neighboring cold walls and low self-extinction of the medium.
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3.2.6 Curved enclosure containing absorbing-emitting medium

The problem consists of radiative heat transfer in an enclosure with a curved bottom

wall. The top wall is at y=1.0 m, whereas the bottom wall varies as per the following

relation

y = 0.5 [tanh(2− 3x)− tanh(2)], 0 ≤ x ≤ 10/3 (3.3)

Figure 3.5(a) represents the geometry of the problem where the bottom wall is black

and maintained at 1000 K while the other black walls are at 0 K. The medium is

kept at 0 K with a absorption coefficient of 1 m−1. The objective is to calculate

the heat flux at the top wall. The problem is solved numerically by using a spatial

discretization of 40 × 40 grid points while the angular domain is discretized into

4 × 24 control angles in the θ and φ directions, respectively following the work of

Chai et al.[7]. Figure 3.5 (b) represents the comparison of radiative heat flux at the

top wall with the results of Chai et al.[7]. The results show good agreement with

the published literature.
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Figure 3.5: (a) Curved geometry, (b) heat flux at the top wall for κa=1.0 m−1.
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3.2.7 Radiative heat transfer in a rectangular idealized fur-

nace

A three-dimensional radiative heat transfer problem is shown in Fig. 3.6. The

problem represents a idealized combustion chamber of size 4 m × 2 m × 2 m

proposed by Mengüç and Viskanta [122]. The combustion chamber is filled with a

absorbing-emitting and non-scattering medium with κa= 0.5 m−1, with a uniform

heat generation of 5.0 kW/m2. The wall boundary conditions are defined as.

X= 0 m ǫw= 0.85 Tw= 1200 K

X= 4 m ǫw= 0.70 Tw= 400 K

Rest of the walls are at 900 K with an emissivity of 0.7. The spatial domain is

discretized into 25×25×25 hexahedral cells with an angular resolution of of 4 × 20

following the work of Chai et al. [5]. This problem requires the energy equation to be

solved iteratively due to the presence of internal heat source term. The temperature

can be updated using the relation

T 4 =
1

4σ

(
qgen
κa

+G

)
(3.4)

where G is the irradiation, defined as G=
∫
4π
IdΩ and σ is the Stefan-Boltzmann

constant.
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Figure 3.6: Representation of idealized combustion chamber

Figure 3.7(a) shows the temperature variation at three different planes at X= 0.4

m, 2.0 m and 3.6 m along the center line at y = 1.0 which are compared with the
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Figure 3.7: (a) Comparison of temperature variations at planes X=0.4 m, 2.0 m and

3.6 m a y= 1 m, (b) radiative heat flux distribution along the hot and cold walls.

results of Chai et al. [5]. Heat flux distribution along the hot and cold walls is also

shown in Fig. 3.7(b), fluxes are compared with the result of Mengüç and Viskanta

[122]. Results from the present solver have a good comparison with the results of

literatures.

3.2.8 Three-dimensional kidney shaped combustion cham-

ber

A validation of three-dimensional radiative heat transfer in kidney shaped combus-

tion chamber as shown in Fig. 3.8(a) proposed by Beak et al [16]. The dimensions

of the combustion chamber are 4 m × 2 m × 2 m in X-, Y -, and Z-direction, re-

spectively. The problem consists of a combustion chamber filled with an absorbing-

emitting and non-scattering medium with a uniform heat generation of 5.0 kW/m2.

The wall boundary conditions are defined as.

X=0 m ǫw=0.85 Tw = 1200 K

X=4 m ǫw=0.70 Tw= 400 K

Rest of the walls are at 900 K with an emissivity of 0.7. The spatial domain is

discretized into 20 × 10 × 10 grids in X-, Y - and Z-direction, respectively with
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an angular resolution of 8 × 24 following the work of Beak et al. [16]. The energy

equation is solved iteratively with radiative transfer equation until a steady state is

achieved. The temperature is updated using the relation as given in Eq. (3.4)

The problem is further analyzed for κa=0.1, 1.0 and 5.0. The variation of isotherms

at the mid-plane (Z = Z0/2) for various absorption coefficient are presented in Figs.

3.8(b, c, d). Further, the radiative heat fluxes along the cold and hot walls are

shown in Fig. 3.9
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Figure 3.8: Isotherms at the mid plane z=1.0 for (b) κa=0.1, (c) κa=1.0 and (d)

κa=5.0

From Fig. 3.9 it is evident that the heat flux decreases as the extinction coefficient

increases for both hot and cold walls. The increase in extinction coefficient dimin-

ishes the mean free path which leads to an increase in total radiation absorbed by

the medium. Further, from the isotherms, it is observed that for a lower extinction

coefficient β = 0.1 m−1 the temperature is higher and more uniformly distributed
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Figure 3.9: Radiative heat flux along (a) the cold wall, (b) the hot wall.

throughout the medium. This is due to the large extent of radiation in equalizing

the temperature. As the extinction coefficient increases more and more radiation is

absorbed by the medium which leads to a reduction in the temperature gradients

near the walls. This results in a decreased heat flux at the hot and cold walls.

3.2.9 Enclosure filled with scattering medium

In this section radiative heat transfer in the pure scattering medium is discussed.

The source term in RTE does not have any contribution from absorption and emis-

sion. Figure 3.5 (a) shows the geometry of the problem. All the walls are black with

the bottom wall at 1000 K, while rest of the walls are at 0 K. The medium is at 0

K with scattering coefficient of 1.0 m−1. The objective is to calculate radiative heat

flux at the top wall. The problem is solved numerically by using a spatial resolution

of 40 × 40 grid points while an angular resolution of 4 × 24 control angles is used in

the θ and φ directions, respectively following the work of Chai et al.[7]. Figure 3.10

shows the radiative heat flux at the top wall compared with the results of Chai et

al.[7]. A similar problem considering absorbing emitting medium was discussed in

the previous section, comparing the heat flux from Fig. 3.5 shows that the heat flux

is higher in the present case considering only the scattering medium. The increase in
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heat flux is due to the far-reaching effect of radiation and negligible self-extinction

of the medium.
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Figure 3.10: Heat flux at top wall

3.2.10 Enclosure filled with absorbing emitting and scatter-

ing medium

In this section, the entire RTE considering the absorbing, emitting and scattering

medium is discussed. The validation problem discussed here is similar to the problem

discussed in section 3.2.7, the problem is now resolved including the scattering effects

with the same spatial and angular grids as previously used in section 3.2.7. The

medium has a scattering albedo ω = 0.7 and extinction coefficient of κa = 0.5 m−1.

Figure 3.11 shows the temperature variation at three different locations at X = 0.4

m, 2.0 m and 3.6 m along a line at Y = 1 m compared with the results of Truelove

[123].

3.3 Variable Density Flows at Large Temperature

Difference

In this section validation studies are presented for the developed low-Mach number

algorithm for variable density flows at large temperature difference. The developed

TH-1815_136103019



70 Validation Studies

Z (m)

T
  (

Κ
)

0 0.5 1 1.5 2
850

900

950

1000

1050

1100

Present
Truelove (1988)

X=0.4

X=2.0

X = 3.6

Figure 3.11: Temperature distribution at Y = 1 m

low-Mach number solver is validated against a simple differentially heated cavity

problem at Ga = 1.2, Ra = 106. Contribution from various researchers was collected

and published as a benchmark solution for this problem involving low-Mach number

flows. The problem is solved for Ra = 106 and Pr = 0.71. The initial temperature

of the cavity is 600 K and for a temperature difference parameter (Boussinesq pa-

rameter, ∆T
2To

=0.6) the hot and cold wall temperatures are obtained as 940 K and

260 K. At this large temperature difference, Boussinesq approximation fails to en-

counter the density variation arising due to large temperature gradients, hence this

problem serves as a perfect validation for the present algorithm. The geometry of

the problem is shown in Fig. 3.12 (a). The problem is solved by considering density

variation with constant and variable temperature dependent thermo-physical prop-

erties. The property variation is considered using Sutherland’s law. A uniform grid

size of 300×300 is employed in the present study following the work of Darbandi

and Hosseinizadeh [124] and a time step size of ∆t = 10−2 is used.

Tables 3.3 and 3.4 represent the average Nusselt number variation at the hot and

cold walls compared with the results presented by various researchers Le Quéré et

al.[125]. Furthermore, the local Nusselt number variation at the hot and cold walls is

compared with the results of Darbandi and Hosseinizadeh [124] as presented in Fig.

3.12 (b). The local and average Nusselt number values are in excellent agreement
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Figure 3.12: (a) Geometry with boundary condition, (b) Nusselt number variation

at hot and cold walls.

Table 3.3: Comparison of average Nusselt number at Ra = 106, Ga = 1.2 and

constant thermo-physical properties with Le Quéré et al. (2005).

Parameters Vierendeels and Dick Le Quéré Locke Present

Nuh 8.85 8.85 8.85 8.86

Nuc 8.85 8.85 8.85 8.86

with the literature.

3.4 Variable Density Flows at Large Temperature

Difference Coupled with Radiation

This section presents validation studies for buoyancy assisted convection with gas

radiation in a two-dimensional square enclosure differentially heated at large temper-

ature difference with significant influence of radiative heat transfer. The problem

is solved for Ra = 5 × 106, Pr = 0.71, P l = 0.02 and Ga = 0.66. The optical
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Table 3.4: Comparison of average Nusselt number at Ra = 106, Ga = 1.2 and

temperature dependent thermo-physical properties with Le Quéré et al. (2005).

Parameters Vierendeels and Dick Le Quéré Locke Present

Nuh 8.68 8.68 8.68 8.68

Nuc 8.68 8.68 8.68 8.68

thickness value of τ = 0.20 is used in the present simulation with an aim to vali-

date a non-Boussinesq combined radiative-convective heat transfer in an absorbing,

emitting medium. The basic geometry of the problem is depicted in Fig. 3.13 (a),

the problem is solved with two spatial grids (a) a uniform hexahedral mesh of size

300×300 and (b) a non-uniform tetrahedral mesh with 94696 control volumes. The

grid resolution of 300×300 and angular resolution of 1×14 has been chosen following

the work of Darbandi and Abrar [33]. The details of the non-uniform mesh has been

defined in Fig. 3.13 (b) and a time step size of ∆t = 10−2 is used in the present

simulation. Figure 3.14 (a) represents the variation of local values of convection,

and total (convection and radiation) Nusselt number along the hot and cold walls.

Figure 3.14 (b) represents the centerline velocity variations along the horizontal and

vertical mid-plane of the cavity. These results depict very good agreement with the

work of Darbandi and Abrar [33]. The average values of Nusselt number (convec-

tion, radiation and total) at the hot and cold walls are tabulated in Table 3.5 and

the values are compared with the literature. From these results, it is seen that the

present model can accurately predict non-Boussinesq natural convection with gas

radiation inside enclosures.

Table 3.5: Average convective, radiative and total Nusselt number at the hot and

cold wall for τ = 0.20: Comparison with Darbandi and Abrar (2014).

Nusselt number Nuc Nuc Nur Nur Nut Nut

Wall Hot Cold Hot Cold Hot Cold

Darbandi and Abrar (2014) 8.44 15.29 37.98 30.12 46.43 46.41

Present hexahedral mesh 8.43 15.30 37.95 31.08 46.38 46.38

Present tetrahedral mesh 8.45 15.27 37.96 31.14 46.41 46.41
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Figure 3.13: Schematic of the computational domain and mesh used in the study.
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Figure 3.14: (a) Local Nusselt number variation at hot and cold walls, (b) velocity

variation along the horizontal and vertical centerline.

3.5 Turbulent Natural Convection Inside the En-

closure

In this section, studies are performed to validate the present low-Mach number

model for simulating turbulent natural convection in a differentially heated cavity
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for two different Rayleigh numbers Ra = 1.58× 109 and Ra = 5× 1010.

Comparison at Ra = 1.58 × 109

This study consists of an experimental validation involving turbulent natural con-

vection in a cavity of dimensions 0.75 × 0.75 × 1.5 m performed by Ampofo and

Karayiannis [80]. They reported two-dimensional results at a Rayleigh number of

Ra = 1.58 × 109. The experimental benchmark data provided by Ampofo and

Karayiannis [80] has been extensively used by many researchers to validate the nu-

merical models for turbulent natural convection in the enclosure by Sharma et al.

[90], Miroshnichenko et al. [97]. The present validation study is carried out by us-

ing the experimental and numerical data using the work of Ampofo and Karayiannis

[80], Sharma et al. [90] and Miroshnichenko et al. [97].A non-uniform mesh of size

120×120 following the work of Miroshnichenko et al. [97] has been employed and a

time step size of ∆t = 10−3 is used to carry out the simulation.

Figure 3.15 (d, e) represents the comparison of centerline temperature and veloc-

ity variation at the horizontal mid-plane. Results are also presented by using an

incompressible model for solving buoyancy driven turbulent flows by using RANS

equation. The results obtained using both incompressible and quasi-incompressible

LMN model are seen to be in good agreement with the experimental results pre-

sented by Ampofo and Karayiannis [80].

Comparison at Ra = 5 × 1010

This study consists of a numerical validation of turbulent natural convection in a

differentially heated cavity performed by Henkes and Hoogendoorn [84]. They pre-

sented numerical results at Ra = 5× 1010, Pr = 0.71 using a standard k − ε model

and compared the results provided with ten other researchers. Hence, this test case

serves as an ideal problem for validation of the developed solver. A non-uniform

mesh of size 160×160 following the work of Henkes and Hoogendoorn [84] has been

employed to carry out this study. Furthermore, the grid refinement has been carried

out by using a relation for grid distribution as suggested by Henkes and Hoogen-

doorn [84]. Figure 3.16 (a-c) represents the comparison of temperature, velocity, and

the ratio of turbulent to laminar viscosity respectively with the results of Henkes

and Hoogendoorn [84]. The variations of temperature, velocity and viscosity ratio

are seen to match well with the published literature. This study demonstrates the

capability of the developed incompressible and quasi-incompressible low-Mach num-

ber solver for simulating laminar and turbulent buoyancy-driven convection coupled

with thermal radiative heat transfer in enclosures.

TH-1815_136103019



3.5 Turbulent Natural Convection Inside the Enclosure 75

X

V

0 0.2 0.4 0.6 0.8 1

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2
Quasi-incompressible
Incompressible
Ampofo and Karayiannis (2003)
Miroshnichenko et al. (2016)

X

T

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Quasi-incompressible
Incompressible
Ampofo and Karayiannis (2003)
Miroshnichenko et al. (2016)

(a) (b)

Y

N
u

0 0.2 0.4 0.6 0.8 1

50

100

150 Quasi-incompressible
Incompressible
Ampofo and Karayiannis (2003)
Sharma et al. (2007)

(c)

Figure 3.15: Validation of turbulent natural convection with the experimental results

of Ampofo and Karayiannis (2003), Sharma et al. (2007), and Miroshnichenko et al.

(2016), (a) comparison of velocity variation along the horizontal centerline, (b, e)

comparison of temperature variation along the horizontal centerline, (c) comparison

of local Nusselt number variation at the hot wall.
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Figure 3.16: Validation of turbulent natural convection in a differentially heated cav-

ity with the numerical results of Henkes and Hoogendoorn (1995), (a) temperature

variation along the vertical centerline, (b) velocity variation along the horizontal

centerline, (c) ratio of turbulent to laminar viscosity along the horizontal center

line.
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3.6 Closure

In this chapter, a detailed validation of the developed solver for simulating coupled

buoyancy-driven convection (laminar and turbulent) with the radiative transfer is

performed. A number of validation studies comprising of pure radiative heat trans-

fer, laminar natural convection flows at large temperature difference with and with-

out the influence of thermal radiation and turbulent natural convection in enclosures

is performed. All the test cases presented in the validation study depict an excellent

agreement with the published literature.
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Chapter 4

Applicability of Boussinesq

Approximation to

Radiative-Convective Flows

4.1 Introduction

In this chapter, investigations are performed to check the validity of Boussinesq ap-

proximation which is typically used in the radiative-convective flows. Incompressible

flow solver based on constant density advection, zero velocity divergence and Boussi-

nesq approximation based on a first-order series expansion of density as a function of

temperature field in the body force terms is a preferred choice for solving these class

of problems. However, in problems involving large temperature difference natural

convection and those coupled with radiation, the use of Boussinesq approximation

does not remain valid. In this chapter, the investigations are targeted at quantifying

the deviations in the results when the Boussinesq approximation is violated. Fur-

The contents of this chapter have been published as Parmananda, M., Dalal, A., and Natarajan,

G., 2018, “Critical assessment of numerical algorithms for convective-radiative heat transfer in

enclosures with different geometries”, International Journal of Heat and Mass Transfer, (available

online, DOI: https://doi.org/10.1016/j.ijheatmasstransfer.2016.12.033).
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thermore, the results from the present non-Boussinesq low-Mach number solver is

verified by performing comparisons against the results obtained using a compressible

model of OpenFOAM [121].

4.2 Validity of Incompressible Model for Radiative-

Convective Flows

In this section numerical studies have been performed to check the validity of

popularly used incompressible model based on the Boussinesq approximation for

radiative-convective flow and heat transfer in an enclosure. It is very well known

that the incompressible model is based on zero velocity divergence, however, the

low-Mach number model presented in this work uses a non-zero velocity divergence

condition presented in Eq. (4.1).

∂uj

∂xj
=

1

P

[−1

γ

dP

dt
+

Ga√
RaPr

∂

∂xj

(
∂T

∂xj

)
+

1

P l
√
RaPr

∂qrj
∂xj

]
(4.1)

From Eq. (4.1) it is evident that at large Ga (large temperature difference) and

small P l (significant radiation) the divergence of velocity has a finite non-zero value

that increases with increase in temperature difference and as radiative heat trans-

fer becomes significant. In this context, studies have been performed for combined

buoyancy driven convection coupled with thermal radiation in enclosures using an

incompressible model based on Boussinesq approximation, a quasi-incompressible

model based on low-Mach number formulation (LMN) and compressible model us-

ing OpenFOAM [121]. The first case presents radiative-convective flow and heat

transfer in an enclosure with a heated cylinder at small temperature difference with

the moderate influence of radiation where it is expected that the Boussinesq and

non-Boussinesq models would produce same results. Secondly, a similar problem

comprising of coupled convection at large temperature difference with a moderate

influence of surface and gas radiation is studied. This test case is studied with an aim

to check the validity of Boussinesq approximation at large temperature difference

in presence of radiation. In the third test case, a similar problem is solved where

the temperature difference is small however the mean temperature is high enough so

that the radiative heat transfer effects become significant. This test case depicts the
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invalidity of Boussinesq approximation for convective radiative flows with significant

influence of thermal radiation. The solutions obtained using the compressible model

of OpenFOAM are shown to agree well with the quasi-incompressible LMN model

and hence this study also presents a verification of the developed LMN model.

4.2.1 Convective-radiative flows at small temperature dif-

ference

The test problem consists of a combined convection with surface radiation heat

transfer in a square enclosure of dimension H containing a heated cylinder of radius

0.2H as depicted in Fig. 4.1 (a). The vertical walls of the enclosure are isother-

mal cold walls whereas the horizontal top, and bottom walls are adiabatic, and the

cylinder is heated at a constant temperature. The values of non-dimensional pa-

rameters governing the flow and heat transfer are Ra = 106, Pr = 0.71, Ga = 0.05.

The problem was originally solved by Mezrhab et al. [71] using an incompressible

model based on Boussinesq approximation. The given problem has been numeri-

cally simulated by employing a hybrid mesh of 41100 control volumes. The details

of the non-uniform unstructured mesh is depicted in Fig. 4.1 (b) and consists of a

combination of hexahedral and tetrahedral elements. The spatial grid size of 41100

control volumes has been considered following the work of Mezrhab et al. [71] who

have used a mesh size of 200×200. A angular resolution of 4×16 is used in the

present study for the computations of radiative heat transfer. A time step size of

∆t = 10−2 is used for arriving at steady state. Figure 4.2 represents the comparison

of temperature variation along the horizontal planes at Y = 0 and Y = H of the

square enclosure with the published work of Mezrhab et al. [71]. Table 4.1 represents

the average Nusselt number variation at the heated cylinder for the incompressible,

quasi-incompressible (LMN) and compressible model of OpenFOAM compared with

the results of Mezrhab et al. [71]. The results are in excellent agreement with the

published literature. From these results, it is seen that incompressible model are

able to capture the correct flow physics at small temperature difference with the

moderate influence of radiation.
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Figure 4.1: Schematic of the computational domain and mesh used in the present

study.
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Figure 4.2: Comparison of the temperature variation at the top and bottom walls of

the cavity using incompressible, LMN, and compressible models with the published

results of Mezrhab et al. (2008).
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Table 4.1: Comparison of average values of Nusselt number at the heated cylinder

with the work of Mezrhab et al. (2008).

Author Nuc Nur Nut

Mezrhab et al. (2008) 14.354 16.654 31.00

Present 14.410 16.626 31.040

4.2.2 Convective-radiative flows at large temperature dif-

ference

In the present study, the interest is to numerically investigate a combined radiative-

convective heat transfer inside a cavity with a heated cylinder at large temperature

difference. The geometry consists of a square cavity of length H enclosing a heated

triangular cylinder as shown in Fig. 4.3. The side of the heated cylinder is 0.2 times

the length of the square cavity. The cavity is filled with air as the participating

medium at an initial temperature of T0 = 600 K, constant air properties are eval-

uated at the initial medium temperature. The Boussinesq parameter of (∆T
2To

=0.5)

is used in the present study which leads to the hot cylinder and cold enclosure wall

temperatures as Th = 900 K, Tc = 300 K, respectively. The non-dimensional hot and

cold wall temperatures are obtained as 1 and 0, respectively while the values of other

non-dimensional parameters used in the present study are Ra = 106, Pr = 0.68,

Ga = 1 and P l = 0.0135.

The boundary conditions are given below.

Walls of square cavity: u = v = 0, T = 0

Cylinder wall: u = v = 0, T = 1

Iw (r, s) = εwIb +
1− εw

π

∫

s·n̂>0

I (r, s) s · n̂ dΩ (4.2)

where n̂ is the outward normal vector at the boundary and Nuc, Nur and Nut

are the local convective, radiative and total Nusselt number at the heated cylinder.

These are calculated from the heat flux as follows.

Nuc =
qcL

k∆T
, Nur =

qrL

k∆T
, Nut = Nuc +Nur (4.3)
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Figure 4.3: Schematic of the computational domain and mesh used in the present

study.

Where qc and qr are the convective and radiative fluxes and L is half of the perimeter

of the heated cylinder from A to B taken clockwise as shown in Fig. 4.3.

Before solving the present problem, a spatial and angular grid independent tests

were performed to obtain an optimal resolution of the spatial and angular domain.

The study considered the case of participating medium having an optical thickness

of τ = 2.0. Three different spatial grids of size 6961, 15941 and 34105 cells were

used with fixed angular size of 2 × 8. The Nusselt number values of 54.50, 53.83

and 53.80 were obtained at the hot wall between A-B (Fig. 4.3 (a)) using the quasi-

incompressible approach as shown in Table 4.2. Any grid size larger than 15941 does

not change the value of Nusselt number significantly. Nusselt number values of 53.99,

53.83 and 53.81 are obtained for an angular resolution of 2× 8, 4× 8 and 4× 16 as

seen from Table 4.2 with a fixed spatial grid of 15941. Any angular resolution larger

than 4× 8 does not change the solution significantly. Hence, an angular resolution

of 4× 8 and a grid size of 15941 are used in all simulation. Notable, this study was

performed by using non-uniform tetrahedral elements with grid clustering near the

heated cylinder and enclosure walls as depicted in Fig. 4.3 (b) and a time step size

of ∆t = 5× 10−3.

The average Nusselt number of the heated cylinder is the line-averaged value of
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Table 4.2: Average Nusselt number(total) values obtained for various spatial and

angular mesh used in the grid independence study for a square cavity containing a

heated cylinder.

Angular Grid (Nθ ×Nφ) 2×8

Spatial Grid (Nx ×Ny) 6961 15941 34105

Nusselt number (Nut) 54.50 53.83 53.80

Spatial Grid (Nx ×Ny) 15941

Angular Grid (Nθ ×Nφ) 2×8 4×8 4×16

Nusselt number (Nut) 53.99 53.83 53.81

Nu. The variation of flow and heat transfer in the square enclosure with a triangular

shaped heated cylinder is studied using quasi-incompressible LMN model. Further,

the effects of non-participating (surface to surface radiation) and the participating

gas medium are investigated. Isotherms are shown in Figs. 4.4 (a, b, c) for the

surface to surface and gas radiation with optical thickness values of τ = 2 and 5.

Isotherms and streamlines for surface radiation in Figs. 4.4 (a, d) depict that a

strong buoyancy current causes the fluid above the heated cylinder to rise up till

the top wall. The cold top wall cools the impinging hot plume and deviates it

towards the side walls. The interaction of the fluid with the side walls causes it

to cool, which further descends the fluid to the bottom of the cavity. The cold

fluid at the bottom half of the cavity again interacts with the heated cylinder and

a flow pattern comprising of two primary vortices rotating in opposite direction

symmetrically along the mid vertical plane of the cavity is formed as shown in Fig.

4.4 (d). The formation of flow pattern is assisted by sharp temperature gradients

as observed near the heated cylinder and also along the top wall of the cavity. The

temperature gradients are homogeneous near the bottom wall. This cause density

variation which actuates flow inside the cavity.

However, the inclusion of gas radiation depicts the formation of secondary vor-

tices in addition to two primary vortices, as seen in Figs. 4.4 (e, f) just above the

heated cylinder. The secondary vortices deviate the hot plume above the heated
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cylinder to rise diagonally, along the vertical axis of the cavity. The formation of

secondary vortices causes the temperature just above the heated cylinder to dip and

as a result, sharp temperature gradients are observed near the top of the heated

cylinder as shown in Figs. 4.4 (b, c). The cores of the primary vortices are located

near the top of the heated cylinder for the surface to surface radiation case seen in

Fig. 4.4 (d). The location of cores in the primary vortices indicates the presence of

strong buoyancy currents in the upper half of the enclosure. With the presence of

participating medium, the total radiation absorbed by the medium increases. The

increase in absorption of the radiation by the participating medium leads to reduced

temperature gradients near the hot and cold walls. With a reduction in the tem-

perature gradients near the hot walls, the density gradients are diminished. This

weakens the buoyancy currents in the upper half of the cavity above the heated

cylinder. The effect of participating medium as seen from Figs. 4.4 (e, f) is to push

the core of the primary vortices to the bottom half of the cavity due to weak buoy-

ancy currents above the heated cylinder. The weakened buoyancy currents above

the heated cylinder also cause the formation of secondary vortices just above the

heated cylinder for optical thickness τ= 2. Further increase in the optical thick-

ness of the participating medium to τ = 5, adds to the weakening of the buoyancy

currents. As a result of this weakening the primary vortices are yet pushed to the

bottom of the cavity and strength of secondary vortices are diminished.

The importance of using a non-Boussinesq model for coupled buoyancy driven

convection with surface and gas radiation at large temperature difference is real-

ized from the isotherms and streamlines variation depicted in Fig. 4.5 for optical

thickness τ=5 case. From Fig. 4.5 it is clearly seen that the results at all opti-

cal thickness between the different models are consistent between LMN and fully

compressible approaches. This consistency is also reflected in the isotherms and

streamlines where excellent agreement is obtained between the results of LMN and

compressible model as seen in Fig. 4.5. However, it also shows that results from

incompressible formulation are completely different from those obtained with other

two models. The secondary vorticec formed just above the heated cylinder are ac-

curately captured by the quasi-incompressible (LMN) and compressible model of

OpenFOAM. Whereas, the incompressible model depicts the formation of primary

vortex Fig. 4.5 (d) only. The implications of using an incompressible model are

briefly described from the temperature, velocity and Nusselt number variation in-

side the enclosure.
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Isotherms

(a) (b) (c)

Streamlines

(d) (e) (f)

τ = 0.0 τ = 2.0 τ = 5.0

Figure 4.4: Isotherms and streamlines inside square enclosure using quasi-

incompressible (LMN) approach for various optical thickness.

Figure 4.6 shows the velocity variation in the medium for different optical thick-

ness. In these figures, horizontal velocity variation is plotted at X = 0.2 and the

vertical velocity variation is plotted at Y = 0.8. In the case of flow visualization

using LMN approach, one can identify two different types of streamline plots as seen

in Fig. 4.4. In the case of the surface to surface radiation (τ = 0), two primary

vortices are formed as shown in Figs. 4.4 (d). The U -velocity attains its peak value

in the core region of the primary vortices. In the case of the transparent medium,

core of the primary vortex is located in the upper half of the cavity close to the
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Isotherms

(a) (b) (c)

Streamlines

(d) (e) (f)

Incompressible Quasi-incompressible Compressible

Figure 4.5: Isotherms and streamlines inside square enclosure at optical thickness,

τ = 5.0 using different models.

Y = 0.8 line as seen from Fig. 4.6(a). With the presence of gas radiation, secondary

vortices are also formed just above the heated cylinder in addition to primary vor-

tices. The role of participating medium is to decrease buoyancy currents. This

causes the core of the primary vortices to descend to the bottom half of the cavity.

This effect is reflected in the U -velocity variation where the peaks of U -velocity are

obtained at the bottom of the cavity as seen from Fig. 4.6(c). The shift of the peaks

in the velocity variation is consistent with those observed in streamlines. Similar

deviations are also observed in the case of V -velocity distribution. The formation of
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secondary vortices over the heated cylinder causes a dip in the velocity distribution

for optical thickness τ = 2, 5. However, quantitative differences in the magnitudes

of velocity and temperature distribution are observed between the Boussinesq and

non-Boussinesq models for all cases. The differences are significant in the case of

optical thickness τ = 5 as seen in Fig. 4.6(c).

Similarly, center-line temperature variations at two different locations Y = 0.2

and Y = 0.8 are plotted in Fig. 4.7 in order to understand better the variations in

isotherms already presented in Fig. 4.4. From Figs. 4.7 (b, c) it is observed that the

medium temperature in the region just above the heated cylinder is reduced. This

reduction in temperature is due to the formation of a secondary vortex. However, in

cases with absence of secondary vortices, the maximum temperature is attained in

the area above the heated cylinder as the hot gasses rise up from the heated cylinder

due to buoyancy effects (Fig. 4.7(a)). Medium temperature seems to increase with

gas radiation as more and more radiation is absorbed by the participating gases.

Radiation effects make the entire enclosure thermally active which is apparent from

the temperature plot at Y = 0.2 in Fig. 4.7. Despite the differences in mathematical

formulation between the LMN and the purely compressible approach of OpenFOAM,

their flow contours, and temperature variations are in excellent agreement as seen in

Figs. 4.4, 4.5, 4.6 and 4.7. The use of Boussinesq model shows qualitative similarities

with the non-Boussinesq models for surface radiation. However, in presence of gas

radiation, large discrepancies are observed in the results concerning streamlines,

isotherms, temperature and velocity variations.

Studies were also performed to see the differences coming from various mod-

els in terms of Nusselt number computations at the heated cylinder and top wall

of the enclosure as shown in Fig. 4.8. The variation between incompressible and

quasi-incompressible models in the convective Nusselt number is more compared to

its radiative counterpart for the heated cylinder. These differences are extensive

for τ= 5.0 case where deviations in the streamline profiles cause the discrepancy in

both the convective and radiative Nusselt number. The maximum variation in the

convective Nusselt number for the two models is around 23.60 %. For surface and

gas radiation with optical thickness τ = 2.0 the local radiative Nusselt number dis-

tribution between incompressible and quasi-incompressible approach is qualitatively

same. For higher optical thickness τ= 5.0, the maximum variation in radiative Nus-

selt number is around 15.0 %. However, quantitative analysis concerning Nusselt

number variations at the top and bottom walls of the cavities shows that even at
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Figure 4.6: Dimensionless horizontal velocity profiles along the Y -axis at X = 0.2

and vertical velocity profiles along the X-axis at Y = 0.8 for different optical thick-

ness: (a) τ = 0.0, (b) τ = 2.0, (c) τ = 5.0

low optical thickness the Nusselt number variation deviates largely from the non-

Boussinesq results as seen from Fig 4.8 (b). These deviations arise at all ranges

of optical thickness. For the transparent medium, the maximum variation in the
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Figure 4.7: Dimensionless temperature profiles along the X-axis at Y = 0.2 and

Y = 0.8 for different optical thickness: (a) τ = 0.0, (b) τ = 2.0, (c) τ = 5.0.

convective Nusselt number is around 25.0 %. From these results, it is apparent

that quasi-incompressibility effects are dominant, and LMN model is necessary as

Boussinesq approximation completely fails for these class of problems.
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Figure 4.8: Comparison of Nusselt number variation between incompressible and

quasi-incompressible LMN models. (a) Convective, radiative and total Nusselt num-

ber variation at the heated cylinder for gas radiation with τ = 2.0, (b) radiative

Nusselt number variation at the top wall for τ = 0.0, τ = 2.0 and τ = 5.0.

4.2.3 Convective-radiative flows with significant influence of

radiation

In this present test case, the validity of Boussinesq approximation is investigated in

scenarios where the radiative heat transfer effects are significant at small temper-

ature differences. A buoyancy-induced combined convective-radiative heat transfer

is simulated in a square enclosure with a heated triangular cylinder at its center.

The basic geometry of the problems is shown in Fig. 4.9 which consists of a heated

equilateral triangular cylinder inside a cold square cavity of length H . Sides of

the triangle are of length 0.2H . The non-dimensional parameters are Ga = 0.1,

Ra = 5× 106, Pr = 0.71 and P l is varied from 0.0002 to 0.2. The present problem

is solved considering absorbing-emitting medium with optical thickness 0.1. The

temperature differences are kept very small to highlight the influence of radiative

heat transfer on quasi-incompressibility effects. Further, spatial and angular grid

independence study is performed for P l = 0.2. Hybrid spatial grids (hexahedral and

tetrahedral) of size 13938, 21243, 36564 and 50921 cells with a fixed angular size
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of 4 × 16 as observed from Table 4.3 are used. The total Nusselt number values

of 6.86, 7.95, 8.21 and 8.25 were obtained at the top wall of the cavity using the

quasi-incompressible algorithm. In the same lines, using a fixed spatial grid of 36564

elements gives total Nusselt number values of 7.5, 7.95, 8.21 and 8.23 for an angular

resolution of 2×8, 4×8, 4×16 and 4×20 respectively as shown in Table 4.3. This

study shows that spatial grids of size 36564, and angular resolution of 4×16 provide

mesh independent solutions for the present study under investigation. Furthermore,

a time step size of ∆t = 5× 10−3 is used to achieve steady state solutions. Notable,

this study was performed by using a combination of non-uniform hexahedral and

tetrahedral elements with grid clustering near the heated cylinder and enclosure

walls as depicted in Fig. 4.9(b).

H

0.2 H

T c

T c

T c

T c

(a) (b)

Figure 4.9: Schematic of the computational domain and mesh used in the present

study.

Walls of square cavity : u = v = 0, T = 0

cylinder wall : u = v = 0, T = 1

Iw (r, s) = εwIb +
1− εw

π

∫

s·n̂>0

I (r, s) s · n̂ dΩ (4.4)

where n̂ is the outward normal vector at the boundary.
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Figure 4.10: (a-c) Isotherms for P l = 0.2, (d-f) isotherms for P l = 0.0002, (g-i)

streamlines for P l = 0.0002 using different models.
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Table 4.3: Average Nusselt number(total) values obtained for various spatial and

angular mesh used in the grid independence study for a square cavity containing a

heated cylinder.

Angular Grid (Nθ ×Nφ) 4×16

Spatial Grid (Nx ×Ny) 13938 21243 36564 50921

Nusselt number (Nut) 6.86 7.95 8.21 8.25

Spatial Grid (Nx ×Ny) 36564

Angular Grid (Nθ ×Nφ) 2×8 4×8 4×16 4×20

Nusselt number (Nut) 7.5 7.95 8.21 8.23

Figures 4.10 (a-c) represent the isotherms for P l = 0.2 using incompressible,

quasi-incompressible and compressible models, respectively. From the isotherm, it

is seen that the buoyancy force causes the fluid above the heated cylinder to rises

upwards from the heated cylinder. The rising hot fluid is driven towards the side

walls after interacting with the top wall. Heat transfer of the fluid due to interaction

with cold walls (top and side) causes the fluid to cool and hence it is compelled to

descend down. The heavy cold fluid at the base of the cavity again rises up upon

contact with the heated cylinder. This phenomenon leads to the formation of two

primary convection currents, which are rotating in contrary directions along the

vertical centerline of the cavity. The formation of these vortices is similar to the one

described in Fig. 4.10 (g), and no variations in the streamlines are seen between

the three models for this high value of Planck number. Isotherms variation depicts

sharp temperature gradients in the vicinity of the heated cylinder, near the top and

vertical walls of the cavity as seen in Figs. 4.10 (a-c). However, near the bottom

wall, the temperature gradients are homogeneous.

Figures 4.11 and 4.12 represent the non-dimensional temperature and velocity

distribution along the horizontal and vertical lines. These distributions confirm that

at large Planck numbers and small temperature difference all three models predict

the same results. This is because the velocity divergence reduce nearly to zero for

this particular case and the problem reduces to a simple Boussinesq convection with
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low radiative heat transfer. However, minor deviations are observed between the

Boussinesq and non-Boussinesq models as the Planck numbers are further reduced

up to 0.002 although not shown here. A major contrast between the results obtained

using Boussinesq and non-Boussinesq models can be observed as the Planck numbers

are further reduced to 0.0002. The presence of strong radiation effects causes a

decrement in temperature gradients near the top walls and increase in temperature

gradients near the heated cylinder. The decreased temperature gradients inherently

reduce the density gradients which leads to weakening of the buoyancy currents.

The diminished buoyancy force causes the core of the primary vortex to be pushed

to the bottom of the cavity as additional secondary vortices are formed just above

the heated cylinder.

From isotherm distribution in Figs. 4.10 (d-f) it is seen that the region just

above the cylinder is heated in case of an incompressible model as hot plume rises

up. However, the isotherms obtained using non-Boussinesq models depict a sharp

dip in temperature in the region just above the heated cylinder due to the formation

of secondary vortices as seen from the streamlines variation in Figs. 4.10 (h, i).

These secondary vortices are not captured by the incompressible model whereas the

non-Boussinesq models capture the secondary vortices precisely Figs. 4.10 (h, i).

The effects of the formation of secondary vortices can be better understood from

the temperature and velocity distributions. From Figs. 4.12 (a, b) it is seen that

the formation of secondary vortices above the heated cylinder causes an increase in

the medium temperatures along the side walls whereas a reduction in the medium

temperature in the region just above the heated cylinder. However, in cases with

absence of secondary vortices, the maximum temperature is attained in the area

above the heated cylinder. Similar deviations can also be observed from velocity

variations in Figs. 4.12 (c - d). Qualitative similarities in the temperature and

velocity variation can be seen in the region below the heated cylinder. However,

large differences can be observed in the region just above the heated cylinder where

the effects of buoyancy driven convection and radiation are dominant. The forma-

tion of secondary vortices causes a dip in the velocity in the region just above the

heated cylinder whereas in the absence of secondary vortices the maximum veloc-

ity is obtained in this region. The results obtained using quasi-incompressible and

compressible model match qualitatively and quantitatively and are in large contrast

with the incompressible model as seen from isotherms, velocity, and temperature

distribution. The average Nusselt number at the top wall of the heated cylinder
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Figure 4.11: Dimensionless temperature variation (a, b) and dimensionless veloc-

ity variation (c, d) along the horizontal and vertical axis at (X=0.2, Y=0.2) and

(X=0.8, Y=0.8) for P l=0.2.

is presented in Table 4.4. It is seen that deviation between the Nusselt number

obtained using Boussinesq and non-Boussinesq models is significant in the case of
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Figure 4.12: Dimensionless temperature variation (a, b) and dimensionless veloc-

ity variation (c, d) along the horizontal and vertical axis at (X=0.2, Y=0.2) and

(X=0.8, Y=0.8) for P l = 0.0002.

the convective Nusselt number and radiative Nusselt number. From the above re-

sults, it is seen that incompressible assumption gives inaccurate results for combined
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convective-radiative heat transfer in enclosures, even at small temperature difference

with significant effects of radiative heat transfer.

Table 4.4: Comparison of average Nusselt numbers at top wall of the cavity for P l

= 0.2 and 0.0002

Planck Number 0.2 0.2 0.2 0.0002 0.0002 0.0002

Model Nuc Nur Nut Nuc Nur Nut

Incompressible 6.898 1.346 8.244 6.898 5499.460 5506.358

Quasi-incompressible 6.896 1.346 8.242 5.691 5210.890 5216.581

Percentage deviation 0.02% 0.0% 0.024% 17.50% 5.24% 5.24%

4.3 Closure

In this chapter, a critical assessment of numerical algorithms and the need for non-

Boussinesq low-Mach number approximation in numerical simulation of convective-

radiative heat transfer problems is presented. For problems involving small tem-

perature difference with negligible radiation the Boussinesq approximation holds

true and the flow can be assumed to be incompressible. However, at large tem-

perature difference (Ga → ∞) and significant radiation (P l → 0) it is seen that

a velocity divergence condition gives a non-solenoidal velocity field as a result of

which true solution departs from the one predicted using the Boussinesq approx-

imation. Despite the differences in mathematical formulation between the LMN

and the purely compressible approach of OpenFOAM, their results are in excellent

agreement. However, both the models show considerable deviation with the incom-

pressible approach at large temperature difference and significant radiation. From

these results, it is apparent that quasi-incompressibility effects are dominant, and

LMN model is necessary as Boussinesq approximation completely fails for these class

of problems.
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Chapter 5

Comparison of Algorithms for

Radiative-Convective Flows

5.1 Introduction

In this chapter, three different algorithms are investigated for the numerical simu-

lation of non-Boussinesq convection with thermal radiative heat transfer based on

a low-Mach number formulation. The three algorithms compute the coupled gov-

erning equations using a conservative form of momentum equations in conjunction

with a variable coefficient pressure Poisson equation. However, the Algorithm A

uses conservation of mass and energy equation to compute density and temperature

while the Algorithms B and C calculate temperature and density, respectively from

the equation of state. Further, Algorithms B and C solves a conservative form of

the continuity and energy equation to obtain density and temperature, respectively.

The energy and mass conservation errors arising due to the use of Algorithms B

and C are derived and the significance of these errors in radiative-convective flows

is highlighted by performing investigations over a range of Rayleigh, Prandtl, and

Planck numbers. Finally, the role of balancing of the pressure and buoyancy terms is

emphasized for robust calculations of large temperature difference thermo-buoyant

convection with radiative heat transfer.
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5.2 Solution Algorithm

The solution methodology adopts a fractional step approach with a detailed discus-

sion on specific implementation of three different algorithms of interest.

5.2.1 Algorithm A

This algorithm is referred to as the discretely conservative algorithm since it solves

all transport equations. The values of density, momentum, and temperature are

obtained by solving the following non-dimensional conservation equations.

∂ρ

∂t
+

∂ (ρuj)

∂xj
= 0 (5.1)

∂ (ρui)

∂t
+

∂ (ρuiuj)

∂xj

= − ∂p

∂xi

+

√
Pr

Ra

∂τij
∂xj

+
1

Ga
(1− ρ) êy (5.2)

∂ (ρ T )

∂t
+
∂ (ρ T uj)

∂xj
=

1√
RaPr

∂

∂xj

(
κ
∂T

∂xj

)
+
γ − 1

γ Ga

dP

dt
+

1

P lGa
√
RaPr

∂qr
∂xj

(5.3)

Furthermore, the two pressures, i.e., the hydrodynamic (p) and thermodynamic

pressure (P ) are obtained using Eqs. (5.4) and (5.5), respectively.

2∆t

3

∑

f

(∇p

ρ

)

f

· Sf =
∑

f

F0f
∗ +

∑

f

2∆t

3Ga

(
1− ρf
ρf

)
Sf · êy−

1

P

[
−1

γ

dP

dt
VP +

1√
RaPr

{
Ga
∑

f

(κ∇T )f · Sf +
1

P l
∇ · qrVP

}]
(5.4)

P (t) =
m0∫

Ω
dΩ

1+GaT

(5.5)

The time rate of change of thermodynamic pressure dP
dt

is obtained from the below

equation.

dP

dt
=

γ

Υ
√
RaPr



Ga

∫

Ω

∇ · (κ∇T ) dΩ +
1

P l

∫

Ω

∇ · qr dΩ



 (5.6)
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5.2.2 Algorithm B

In this algorithm, all transport equations except the thermal energy conservation

equation are solved. The temperature is then obtained from EOS using Eq. (5.7)

as,

T n =
P − ρ

ρGa
(5.7)

Moreover, the thermodynamic pressure follows from an explicit expression as shown

in Eq. (5.8) followed by temperature update using P
n+1

as shown in Eq. (5.9).

P
n+1

=
4

3
P

n−1

3
P

n−1
+
2

3
∆t

[
γ

Υ
√
RaPr

{
Ga
∑

bf

(k∇T )f · Sf +
1

P l

∑

NC

∇ · qr VP

}]

(5.8)

T n+1 =
P − ρ

ρGa
(5.9)

5.2.3 Algorithm C

This is similar to Algorithm B, except that the continuity equation is not solved.

The density is then obtained from EOS as,

ρn+1 = P
n+1 − (ρT )n+1Ga (5.10)

while the thermodynamic pressure (P ) is obtained using the global mass conserva-

tion criteria as explained in Eq. (5.5). It may be remarked that the momentum

equations are solved conservatively for all three algorithms. The only difference

between Algorithm A and those in Algorithms B and C is that the latter two do

not satisfy all discrete conservation laws. On the contrary, while Algorithms B and

C respect the EOS, there is no attempt to enforce it for Algorithm A discretely.

Notably, the primitive variables of interest are ρ, u, v, w, p, P, T and there are equa-

tions governing these quantities. Besides, ρ, P and T are related through EOS.

Evidently, there are more equations than variables leading to an over-determined

system. The thermodynamic pressure and associated EOS are therefore the reason

for a violation in each of the algorithms. While Algorithm A violates the discrete
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EOS, Algorithms B and C commit discrete errors in the conservation of tempera-

ture and density, respectively. We shall now study the nature of these errors and

its impact and implication on numerical simulations in the following sections. For

the sake of completeness and clarity, the three algorithms are also presented side by

side in Table 5.1.

5.2.4 Discrete mass conservation error

The discrete mass conservation error appears in Algorithm C since it does not ex-

plicitly solve the continuity equation for density transport but preferably updates

density using the solution for temperature and EOS. Starting from the discrete

energy equation described as,

VP
(ρT )n+1

P − (ρT )nP
∆t

+
∑

f

(ρT )n+1
f F n

f =
1√

RaPr

∑

f

∂T

∂n
Sf +

γ − 1

γ

dP

dT

VP

Ga

+
1

P lGa
√
RaPr

∂qr
∂xj

VP (5.11)

Substituting the EOS ρT = P−ρ
Ga

in Eq. (5.11) and rearranging we get,

VP
ρn+1
P − ρnP
∆t

+
∑

f

ρn+1
f F n

f =
P

n+1 − P
n

∆t
VP +

∑

f

P
n+1

F n
f +

∑

f

P
n+1

F n+1
f −

∑

f

P
n+1

F n+1
f − Ga√

RaPr

∑

f

∂T

∂n
Sf −

γ − 1

γ

dP

dt
VP − ∂qr

∂xj

VP

P l
√
RaPr

(5.12)

The discrete form of velocity divergence condition in Eq. (2.67) is given by,

∑

f

F n+1
f =

1

P

[
Ga√
RaPr

∑ ∂T

∂n
Sf −

1

γ

dP

dt
VP +

1

P l
√
RaPr

∂qrj
∂xj

VP

]
(5.13)

Substituting Eq. (5.13) in the Eq. (5.12) and rearranging gives,

VP
ρn+1
P − ρnP
∆t

+
∑

f

ρn+1
f F n

f =

(
P

n+1 − P
n
)
VP

∆t
−
∑

f

P
n+1 (

F n+1
f − F n

f

)
− dP

dt
VP

(5.14)
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Table 5.1: Three algorithms for coupling of radiation with flow.

Algorithm A Algorithm B Algorithm C

1. Solve RTE Eq. (2.27)

to obtain intensity I.

1. Solve RTE Eq. (2.27)

to obtain intensity I.

1. Solve RTE Eq. (2.27)

to obtain intensity I.

2. Solve the continuity

equation Eq. (5.1) to

obtain density ρn+1.

2. Solve the continuity

equation Eq. (5.1) to

obtain density ρn+1.

2. Solve the energy con-

servation equation Eq.

(5.3) to obtain (ρT n+1).

3. Solve the energy

equation Eq. (5.3)

to obtain temperature

ρT n+1.

3. Compute temper-

ature from EOS Eq.

(5.7).

3. Update the thermo-

dynamic pressure using

Eq. (5.5) and dP
dt

using

Eq. (5.6).

4. Update the thermo-

dynamic pressure using

Eq. (5.5) and dP
dt

using

Eq. (5.6).

4. Calculate the ther-

modynamic pressure us-

ing Eq. (5.8), recalcu-

late temperature and dP
dt

using Eq. (5.9) and Eq.

(5.6) respectively.

4. Update density using

equation of state as de-

scribed in Eq. (5.10).

5. Find ρu∗

i by solv-

ing the provisional mo-

mentum equations Eq.

(2.109).

5. Find ρu∗

i by solv-

ing the provisional mo-

mentum equations Eq.

(2.109).

5. Find ρu∗

i by solv-

ing the provisional mo-

mentum equations Eq.

(2.109).

6. Calculate flux F ∗

f

using u∗

i and evaluate

pressure using Poisson

equation Eq. (5.4).

6. Calculate flux F ∗

f

using u∗

i and evaluate

pressure using Poisson

equation Eq. (5.4).

6. Calculate flux F ∗

f

using u∗

i and evaluate

pressure using Poisson

equation Eq. (5.4).

7. Calculate flux us-

ing the momentum in-

terpolation formula Eq.

(2.114)

7. Calculate flux us-

ing the momentum in-

terpolation formula Eq.

(2.114)

7. Calculate flux us-

ing the momentum in-

terpolation formula Eq.

(2.114).

8. Update velocity us-

ing Eq. (2.115).

8. Update velocity us-

ing Eq. (2.115)

8. Update velocity us-

ing Eq. (2.115).
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Equation (5.14) represents the discrete form of mass conservation with the non-zero

terms in the RHS representing the mass conservation error E(t) in a given cell. Each

of the non-zero expressions can be further simplified as follows. Using Taylor series

expansion the equations are simplified further,

(
P

n+1 − P
n
)
VP

∆t
=

dP

dt
VP +

∂2P

∂t2
VP∆t+O

(
∆t2
)

(5.15)

Simplifying the second term using the discrete velocity divergence condition we get,

P
n+1∑

f

(
F n+1
f − F n

f

)
=

Ga√
RaPr

∑

f

∂2T

∂t∂n
Sf∆t− 1

γ

∂2P

∂t2
VP∆t

+
1

P l
√
RaPr

∂2qrj
∂t∂xj

VP∆t +O
(
∆t2
)

(5.16)

After algebraic simplifications we get,

VP
ρn+1
P − ρnP
∆t

+
∑

f

ρn+1
f F n

f = − Ga√
RaPr

∆t
∑

f

∂2T

∂n∂t
Sf

+
γ + 1

γ

∂2P

∂t2
VP∆t− ∂2qr

∂n∂t

VP∆t

P l
√
RaPr

+O
(
∆t2
)

(5.17)

The discrete mass conservation error associated with Algorithm C in any cell at

time (t) is therefore given by

E(t) =
Ga√
RaPr

∆t C1(t) + ∆t C2(t) +
∆t

P l
√
RaPr

C3(t) (5.18)

where C1(t), C2(t) and C3(t) are functions of transients of temperature, thermo-

dynamic pressure and radiative heat transfer, respectively. One can note that for

steady state problems the time derivatives of temperature, thermodynamic pressure,

and radiative heat transfer approaches zero and hence the discrete mass conserva-

tion error vanishes at steady state if the latter is achieved. From Eq. (5.18) it is also

clear that the magnitude of these errors is functions of non-dimensional parameters

Ga, P l, Ra and Pr as well as the numerical inputs like time step ∆t. It may be

remarked that the discrete mass conservation error approaches zero as (∆t → 0,

Ga → 0, P l → ∞ and product of RaPr → ∞). The situations corresponding to

Ga → 0 and P l → ∞ represent a small temperature difference buoyancy driven flow

with negligible radiative heat transfer effects. Nevertheless, in case of problems in-

volving large temperature difference such as non-Boussinesq natural convection and
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particularly with radiation one can expect significant errors and its impact needs to

be adjudged for practical applications.

5.2.5 Discrete energy conservation error

The discrete energy conservation error appears in Algorithm B since it does not

explicitly solve the energy equation but instead updates temperature using the solu-

tion for density and EOS. Starting from the discrete continuity equation described

as,

VP
ρn+1
P − ρnP
∆t

+
∑

f

ρn+1
f F n

f = 0 (5.19)

Substituting the equation of state ρn+1 = P
n+1 − (ρT )n+1Ga in Eq. (5.19) and

rearranging results in,

VP
(ρT )n+1

P − (ρT )nP
∆t

+
∑

f

(ρT )n+1
f F n

f =
1

Ga

[
P

n+1 − P
n

∆t
VP +

∑

f

P
n+1

F n
f

]

+
1

Ga

[
∑

f

P
n+1

F n+1
f −

∑

f

P
n+1

F n+1
f

]
(5.20)

The discrete form of velocity divergence condition in Eq. (2.67) is given by,

∑

f

F n+1
f =

1

P

[
Ga√
RaPr

∑ ∂T

∂n
Sf −

1

γ

dP

dt
VP +

1

P l
√
RaPr

∂qrj
∂xj

VP

]
(5.21)

Substituting Eq. (5.21) in Eq. (5.20) and rearranging gives,

VP
(ρT )n+1

P − (ρT )nP
∆t

+
∑

f

(ρT )n+1
f F n

f =
1

Ga

[
P

n+1 − P
n

∆t
VP

]

+
1

Ga
P

n+1∑

f

(F n
f − F n+1

f ) +
1√

RaPr

∑

f

∂T

∂n
Sf

− 1

γGa

dP

dt
VP +

∂qr
∂xj

VP

P lGa
√
RaPr

(5.22)

Rearranging further results in Eq. (5.23).
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VP
(ρT )n+1

P − (ρT )nP
∆t

+
∑

f

(ρT )n+1
f F n

f − 1√
RaPr

∑

f

∂T

∂n
Sf +

1

γGa

dP

dt
VP

−∂qr
∂xj

VP

P lGa
√
RaPr

=
1

Ga

[
P

n+1 − P
n

∆t
VP

]
+

1

Ga
P

n+1∑

f

(F n
f − F n+1

f ) (5.23)

Equation (5.23) represents the discrete form of energy conservation equation with

the non-zero terms in the RHS representing the energy conservation error E(t) in

a given finite cell. Each of the non-zero expressions can be further simplified as

follows. Using Taylor series expansion we have,

(
P

n+1 − P
n
)
VP

∆t
=

dP

dt
VP +

∂2P

∂t2
VP∆t+O

(
∆t2
)

(5.24)

One can simplify the second term using the discrete velocity divergence condition

as,

P
n+1∑

f

(
F n+1
f − F n

f

)
=

Ga√
RaPr

∑

f

∂2T

∂t∂n
Sf∆t− 1

γ

∂2P

∂t2
VP∆t

+
1

P l
√
RaPr

∂2qrj
∂t∂xj

VP∆t +O
(
∆t2
)

(5.25)

After algebraic simplifications we get,

VP
(ρT )n+1

P − (ρT )nP
∆t

+
∑

f

(ρT )n+1
f F n

f − 1√
RaPr

∑

f

∂T

∂n
Sf+

1− γ

γGa

dP

dt
VP − ∂qr

∂xj

VP

P lGa
√
RaPr

=
∆t√
RaPr

∑

f

∂2T

∂n∂t
Sf

+
∂2P

∂t2
VP∆t

Ga
+

∂2qr
∂xj∂t

VP∆t

P lGa
√
RaPr

+O
(
∆t2
)

(5.26)

The discrete energy conservation error associated with Algorithm B in any cell at

time t therefore given by

E(t) =
∆t√
RaPr

C1(t) +
∆t

Ga
C2(t) +

∆t

P lGa
√
RaPr

C3(t) + O
(
∆t2
)

(5.27)
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where C1(t), C2(t) and C3(t) are functions of transients of temperature, thermody-

namic pressure and radiative heat transfer, respectively. As already discussed in

Section 5.2.4 that the time derivatives of temperature, thermodynamic pressure,

and radiative heat transfer approach zero at steady state. Hence, the discrete en-

ergy conservation error vanishes at steady state. In the same lines with the discrete

mass conservation error the discrete energy conservation error also approaches zero

as ∆t → 0, P l → ∞ and product of RaPr → ∞. However, unlike the discrete

mass conservation error, the energy conservation vanishes as Ga → ∞. Hence, even

in the Boussinesq limit as Ga → 0 Algorithm B has a finite error. Hence one can

expect Algorithm A and C to be superior to Algorithm B in the Boussinesq limit.

Aforementioned concludes that the performance of temperature update algorithm

requires further investigations for scenarios involving small temperature difference

Boussinesq convection with significant influence of radiative heat transfer.

5.2.6 Implications of mass and energy conservation errors in

a combined radiative convective heat transfer scenario

This section highlights the implications of the mass and energy conservation errors

arising due to the use of temperature update (Algorithm B) and density update

(Algorithm C) algorithms in buoyancy assisted flows with thermal radiative heat

transfer scenario. As already discussed in Sections 5.2.4 and 5.2.5 that the magni-

tude of discrete mass and energy conservation error increases as P l → 0 and product

of RaPr → 0. However, the dependence on temperature difference parameter Ga

varies for the discrete mass and energy conservation errors. The discrete mass con-

servation error increases as Ga → ∞ (highly non-Boussinesq) whereas the discrete

energy conservation error surprisingly is greater as Ga → 0 (Boussinesq limit). The

magnitude of these errors plays an important role in steady-state convergence while

performing simulations with a pseudo-transient approach. We have carried out nu-

merical studies in a 1×1 differentially heated enclosure as shown in Fig. 5.1(a),

with 200×200 uniform hexahedral grids with an angular domain of 6×20 rays. The

boundary conditions used in this study are explained as,

TH-1815_136103019



110 Comparison of Algorithms for Radiative-Convective Flows

Th Tc

Insulated

Insulated

g

H

u= v = 0

u= v = 0

u= v = 0 u= v = 0

Number of iterations
C

on
ve

rg
en

ce
 (T
)

0 5000 10000 15000
10-6

10-5

10-4

10-3

10-2

10-1

100

Algorithm A
Algorithm B
Algorithm C

(a) (b)

Figure 5.1: (a) Computational domain consisting of 1×1 differentially heated cavity.

(b) convergence rate for the three algorithms under consideration for Case 2.

Enclosure walls : u = v = 0

Isothermal wall at X = 0 : T = 1

Isothermal wall at X = 1 : T = 0

Adiabatic walls at Y = 0, 1 :
∂Tw

∂n
+

1

GaP l

∫

4π

I ŝ · n̂dΩ = 0 (5.28)

Iw (rw, ŝ) = εwIb +
1− εw

π

∫

s·n̂>0

I (rw, ŝ) ŝ · n̂dΩ

We choose four different sets of parameters which are pertinent to applications

like boiler and furnace design, solidification and melting as shown in Table 5.2 for

varying values of Ra, Pr, P l, and Ga. This study aims to understand the role played

by various parameters for flow and heat transfer in the robustness of the algorithms

based on the expression of conservation errors derived in this section.

A comparative analysis of the performance of the three algorithms for combined

convection with thermal radiation for various values of non-dimensional parameters

is summarized in Table 5.2. The following salient conclusions can be made from the

Table 5.2.
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Table 5.2: Implications of discrete mass and energy conservation errors on stability

and convergence to steady state in a two-dimensional buoyancy assisted convection

with thermal radiative heat transfer.

Case Parameters Algorithm ∆t = 100 10−1 10−2 10−3 10−4

Case 1

Ra = 105

Pr=0.71

Ga=1.2

P l =0.02

A

B

C

Stable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Stable

Stable

Stable

Stable

Stable

Stable

Stable

Stable

Case 2

Ra = 105

Pr=0.71

Ga=1.2

P l =0.0002

A

B

C

Unstable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Stable

Stable

Stable

Stable

Stable

Case 3

Ra = 103

Pr = 10−3

Ga=1.2

P l =0.02

A

B

C

Unstable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Stable

Stable

Case 4

Ra = 103

Pr = 10−3

Ga=0.01

P l =0.02

A

B

C

Unstable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Unstable

Unstable

Stable

Unstable

Stable

Stable

Stable

Stable

• It is clear that for simulating non-Boussinesq convection with strong radiative heat

transfer effects using a pseudo-transient approach, the Algorithm A is the most ro-

bust among three algorithms for scenarios including high temperature difference

natural convection with radiation.

• The values of smaller Planck number corresponds to greater radiative heat transfer

effect necessitating the use of smaller ∆t for all three algorithms. However, the time
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step required for Algorithm A is at least two orders greater than Algorithms B and

C. It is due to the energy and mass conservation errors associated with Algorithms

B and C.

• The same effect can also be seen when the product of Ra, Pr becomes smaller;

the algorithms require a further reduction of ∆t. Algorithm A remains stable at the

same ∆t = 10−1. However, Algorithms B and C would require very low time steps

to achieve steady results.

• In the Boussinesq limit, it can also be seen that Algorithm A retains its ro-

bust character. In this case it is interesting to note that Algorithm C is stable for

∆t = 10−3 whereas Algorithm B is found to be stable for ∆t one order lower than

C. In the case of Boussinesq limit for very low Ra, Pr one can see that Algorithm

C is superior to B due to the superior conservation errors of C above B as Ga → 0.

The lower time step requirement for Algorithm B may also be attributed to the use

of explicit relation for calculation of thermodynamic pressure as defined in Eq. (5.8).

Never the less in all the cases Algorithm A performs best because it allows for the

largest possible time step and takes least iterations for convergence to steady state

among all algorithms as see from the convergence history for Case 2 depicted in Fig.

5.1(b). When converged solutions are obtained, one may note that no significant

discrepancies can be observed among the three algorithms as also highlighted in

detail in the next section.

5.3 Results and Discussion

In this section, we shall discuss the three algorithms for practical problems involv-

ing both two-dimensional and three-dimensional combined natural convection with

surface and gas radiation in enclosures. In the first test case, a two-dimensional

study is performed considering a differentially heated square cavity with baffles.

The temperature difference used in this problem is small enough to be modeled

using Boussinesq assumption. This test case highlights the capability of the three

algorithms in computing small temperature difference natural convection problem
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coupled with surface radiation. The second test case consists of large temperature

difference non-Boussinesq convection with gas radiation. The participating medium

used in this test case absorbs, emits and scatters radiation. This test case serves

as an ideal problem to highlight the capability of the present three algorithms in

computing large temperature difference non-Boussinesq convection with significant

influence of thermal radiative heat transfer and the role of conservation errors on

their robustness. The third test case consists of radiative-convective heat transfer in

a square enclosure with a heated cylinder. This simulation is performed to confirm

the capability of the three algorithms to perform computations in complex scenarios

requiring the use of hybrid unstructured meshes. The results are validated against

those in published literature for all test cases.

5.3.1 Small temperature difference natural convection in a

partitioned cavity coupled with surface radiation

The first test case consists of an experimental study involving a square enclosure

with baffles from the top and bottom walls. The cavity is differentially heated, and

the participating medium consists of air and carbon dioxide. Bajorek and Lloyd [65]

initially performed this experimental study, furthermore the numerical simulations

were carried out by Han and Baek [70] where they only considered the influence

of surface radiation in their simulations. The geometry of the problem consists of

a partitioned differentially heated square enclosure of height H = 6.35 cm with

hot and cold wall temperatures (dimensional temperature) as Th = 312.1 K and

Tc = 296.6 K. The length of baffles are 0.1H and height of 0.25H as shown in

Fig. 5.2 (a). Figure 5.2 (b) represents the comparison of temperature variation

along the horizontal center line with the literature. All the algorithms compute the

same temperature difference at steady state. However, from the time step required

for achieving steady simulations in Table 5.3 it is seen that Algorithm B require

using a value of time step two order and Algorithm C requires one order smaller

than that required for Algorithm A. The implications of the time-step requirement

for convergence to steady state can be realized by analyzing the convergence rate

depicted in Fig. 5.3. From the Fig. 5.3 it can be seen that the Algorithm A requires

the minimum number of iterations while Algorithm B requires the maximum number

of iterations for convergence to steady state.
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Figure 5.2: Combined natural convection with surface radiation in a square cavity

with baffles, compared with the experimental results of Bajorek and Lloyd (1982),

(a) computational geometry, (b) comparison of non-dimensional temperature varia-

tion along the horizontal mid-plane.
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Figure 5.3: Comparison of convergence rate among the three algorithms for coupled

convection with surface radiation in two-dimensional enclosure with baffles.
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Table 5.3: Time step requirement for achieving steady state results using Algorithms

A, B and C.

Time step ∆t = 100 ∆t = 10−1 ∆t = 10−2

Algorithm A Stable Stable Stable

Algorithm B Unstable Unstable Stable

Algorithm C Unstable Stable Stable

5.3.2 Large temperature difference natural convection cou-

pled with gas radiation

This test case consists of buoyancy assisted convection with gas radiation in a two-

dimensional square enclosure differentially heated at large temperature difference

with significant influence of radiative heat transfer. The problem is solved for

Ra = 5× 106, Pr = 0.71, P l = 0.02 and Ga = 0.66 using all three algorithms. The

scattering albedo ω = 0.8 and optical thickness τ = 5.0 are used in the present simu-

lation with an aim to validate a non-Boussinesq combined radiative-convective heat

transfer by absorbing, emitting and scattering medium. Figure 5.4 (a) represents the

temperature variation inside the square enclosure. Figure (5.4) (b) demonstrates the

velocity variation (streamlines) inside the enclosure whereas, Fig. 5.4 (c) depicts the

variation of local values of convection, radiation, and total (convection+radiation)

Nusselt number along the hot and cold walls. Figure 5.4 (d) represents the center-

line velocity variations along the horizontal and vertical mid-plane of the cavity.

These results depict excellent agreement with the work of Darbandi and Abrar [33].

The average values of Nusselt number (convection, radiation and total) at the hot

and cold walls are tabulated in Table 5.4 and compared with the literature. From

these results, it is seen that all the three-algorithms can accurately predict non-

Boussinesq natural convection with gas radiation inside enclosures. However, from

Table 5.5 it may be observed that both the Algorithms B and C have to use a value

of time step ∆t which is two orders less than that needed for Algorithm A. On

comparing the convergence rate depicted in Fig. 5.5 it is clear that Algorithm A

obtains the steady state with minimum iterations.
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(a) (b)

(c) (d)

Figure 5.4: Buoyancy assisted convection coupled with gas radiation in a square

cavity: validation of the present results using Algorithms A, B and C with the

published work of Darbandi and Abrar (2014), (a) isotherms inside the square en-

closure, (b) streamlines inside the square enclosure, (c) comparison of local Nusselt

number variation along the hot and cold walls, (d) comparison of centerline velocity

variations inside the cavity along the horizontal and vertical mid-planes.
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Table 5.4: Average values of Nusselt number at the hot and cold walls: Comparison

between Darbandi and Abrar (2014), and present Algorithms A, B, and C.

Author Nuconvective Nuradiative Nutotal

Wall Hot Cold Hot Cold Hot Cold

Darbandi and Abrar (2014) 7.717 19.700 27.417 12.093 15.318 27.411

Algorithm A 7.698 19.750 27.448 12.051 15.397 27.448

Algorithm B 7.685 19.690 27.375 11.972 15.403 27.375

Algorithm C 7.697 19.713 27.410 11.978 15.432 27.410

Table 5.5: Time step requirement for achieving steady state results using Algorithms

A, B and C.

Time step ∆t = 100 ∆t = 10−1 ∆t = 10−2

Algorithm A Stable Stable Stable

Algorithm B Unstable Unstable Stable

Algorithm C Unstable Unstable Stable

5.3.3 Combined convection with surface radiation in a square

cavity enclosing a heated cylinder

The third test case consists of a combined convection with surface radiation heat

transfer in a square enclosure of dimension H containing a heated cylinder of radius

0.2H as depicted in Fig. 5.6 (a). The vertical walls of the enclosure are isothermal

cold walls whereas the horizontal walls are adiabatic, and the cylinder is heated at a

constant temperature. The values of non-dimensional parameters governing the flow

and heat transfer are Ra = 106, Pr = 0.71, Ga = 0.05. This test case is validated to

depict the capability of the algorithms in solving complicated geometries. Figure 5.6

(b) represents the comparison of temperature variation along the horizontal planes

at Y = 0 and Y = H of the square enclosure with the published work of Mezrhab et

al. [71]. Figures 5.7 (a) and (b) represent the isotherms and streamlines variation

inside the square cavity with the heated cylinder. From the isotherms in Fig. 5.7 (a)

one can see the hot fluid rising above the heated cylinder and leads to the formation
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Figure 5.5: Comparison of convergence rate among the three algorithms for coupled

convection with gas radiation in a two-dimensional square enclosure.

of two primary vortices which are symmetric about the vertical mid-plane (Fig. 5.7

(b)).

Table 5.6: Comparison of average values of Nusselt number (convection, radiation

and total) at the heated cylinder using Algorithms A, B and C with the work of

Mezrhab et al. (2008)

Author Nuc Nur Nut

Mezrhab et al. (2008) 14.35 16.65 31.00

Algorithm A 14.41 16.62 31.04

Algorithm B 14.32 16.66 30.98

Algorithm C 14.39 16.65 31.05

The isotherms and streamlines depicted in Figs. 5.7 (a) and 5.7 (b) are consistent

with the results of Mezrhab et al. [71]. Table 5.6 represents the average Nusselt

number variation at the heated cylinder for the three algorithms A, B, and C com-

pared with the results of Mezrhab et al. [71]. The results are in excellent agreement
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Th

Tc Tc

H

R=0.2H

g

qc + qr  = 0

qc + qr  = 0

u = v = 0

u = v = 0

u = v = 0

u = v = 0

u = v = 0

(a) (b)

Figure 5.6: Comparison of the present results using Algorithm A, B and C with

the results of Mezrhab et al. (2008). (a) Computational domain, (b) comparison of

temperature variation at the top and bottom walls of the cavity.

(a) (b)

Figure 5.7: Combined convection with surface radiation in a square cavity enclosing

a heated cylinder, (a) isotherms inside the enclosure, (b) streamlines inside the

enclosure.
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with the published literature. However, the time step required for achieving steady

state as shown in Table 5.7 suggests that Algorithm B requires using a value of time

step two order and Algorithm C requires one order smaller than that required for

Algorithm A similar to the observations in Section 5.3.2. The implications of the

time step requirement can be understood from the comparison of convergence rate

for the three-algorithms as shown in Fig. 5.8. From Fig. 5.8 it is seen that the

performance of Algorithm B is inferior as compared to the other algorithms as it

requires maximum number of iterations for convergence to steady state.

Table 5.7: Time step requirement for achieving steady state results using Algorithms

A, B and C.

Time step ∆t = 100 ∆t = 10−1 ∆t = 10−2

Algorithm A Stable Stable Stable

Algorithm B Unstable Unstable Stable

Algorithm C Unstable Stable Stable
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Figure 5.8: Comparison of convergence rate among the three algorithms for coupled

convection with surface radiation in a square enclosure containing a heated cylinder.
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5.4 The Balanced Force Algorithm

The studies in the previous section have categorically underlined the relation be-

tween discrete conservation errors and the time step requirement for pseudo-transient

simulations in radiative-convective heat transfer. Discussions on yet another per-

tinent numerical artifact which could hamper robustness of flow solvers for such

applications is presented. For problems involving large temperature difference non-

Boussinesq convection, it is imperative to implement the algorithms in a manner

that allows for a “balanced force approach”. This means that one should consider

the gravity and pressure forces in the Poisson equation (Eq. (2.110)) rather than

the provisional momentum equations (Eq. (2.109)) while dealing with strong body

forces involved in combined radiative-convective heat transfer. Such an approach is

very similar to those encountered in multi-phase flow simulations as depicted in the

work of Patel and Natarajan [126]. Investigations on the necessity of such implemen-

tation for robust simulations of combined radiation with convection heat transfer

problems in enclosures is presented. As mentioned earlier, in the case of a balanced

algorithm, the “provisional momentum” is computed by dropping both the pressure

and buoyancy terms from the momentum equations (as described in Section 2.7)

while for an unbalanced algorithm only the pressure term is dropped. Therefore,

the “provisional momentum” equations for the balanced and unbalanced algorithms

are given by Eqs. (5.29) and (5.30), respectively.

∂ (ρu∗

i )

∂t
+

∂ (ρu∗

iuj)

∂xj
=

√
Pr

Ra

∂τij
∂xj

(5.29)

∂ (ρu∗

i )

∂t
+

∂ (ρu∗

iuj)

∂xj
=

√
Pr

Ra

∂τij
∂xj

+
1

Ga
(1− ρ)êy (5.30)

The dropping of buoyancy term from the “provisional momentum” equation en-

sures consistent treatment of both the pressure and buoyancy term in the pressure

equation defined by Eq. (5.31).

2∆t

3

∑

f

1

ρf
(∇p)f · Sf =

∑

f

F ∗

0f −
∑

f

F n+1
f +

2

3

∑

f

∆t

Ga

(
1− ρf
ρf

)
êy · Sf (5.31)

This leads to a variable coefficient pressure equation for non-homogeneous Neumann

boundary condition. The momentum interpolation for the fluxes at “n+1”, as well
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as the update of velocities, are also suitably modified and represented in Eqs. (2.114)

and (2.115) respectively. Furthermore, it is clear that dropping of buoyancy term

from the “provisional momentum” equation leads to the appearance of buoyancy

term in Poisson equation as well as the momentum interpolation and velocity update

equations. We now look at the impact of a balanced force approach described herein

for numerical computations of non-Boussinesq flows.

5.4.1 Balanced vs. unbalanced approach: spurious currents

arising due to the unbalanced algorithm

To highlight the numerical implications of using a balanced versus unbalanced ap-

proach, we consider a square enclosure of size 1 × 1 as shown in Fig. 5.9 with a

fixed linearly varying temperature profile T (y) = Y , where Y represents the distance

along the height of the enclosure varying from 0 to 1. The density is obtained from

the equation of state ρ = P
1+GaT

and is used as the initial condition. No radiative

heat transfer effects are considered to focus purely on the balancing between pressure

and buoyancy terms. The test case is solved using Algorithm A by employing both

the balanced and unbalanced approach. The non-dimensional parameters used in

the present study corresponds to Ra=106, Pr = 0.71 and Ga = 0.66. The boundary

conditions used in the present test case are summarized below.

Enclosure walls : u = v = 0

Isothermal bottom wall at Y = 0 : T = 0

Isothermal top wall at Y = 1 : T = 1

Adiabatic walls at X = 0, 1 :
∂Tw

∂n
= 0 (5.32)

Notably, by employing a fixed temperature and density profile inside the enclosure,

there is only one way coupling between temperature and velocity, i.e., the velocity

cannot influence the temperature and hence the density. Ideally, the numerical so-

lution to the above problem must result in a pressure field which should balance

the buoyancy term without any generation of flow inside the enclosure. While the

balanced approach does lead to machine zero spurious currents, the unbalanced al-

gorithm leads to anomalous velocities of order O(10−2) as shown in Figs. 5.10 (a) -
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Figure 5.9: Computational domain consisting of 1 × 1 cavity with linear variation

of temperature and density.

(d) even after running the simulation for considerable time steps. Such spurious cur-

rents in practice could lead to numerical instability in problems where body forces

could be significant, and a discrete balance is not affected. We precisely investigate

such a scenario for a three-dimensional test case in the following section. The idea

of balanced formulation is inherently linked with the modification to momentum

interpolation and therefore also to the means of avoiding the checker boarding issue

in incompressible flows. In fact, there have been studies in the past that have con-

sidered modifications to the momentum interpolation approach when body forces

are involved (See Refs [127–129]). However, these approaches are not generic having

been restricted to structured meshes (barring Danner and Wachem [128]) and do not

discuss the interplay between pressure and buoyancy forces. In fact, studies in Choi

et al. [127] have shown the existence of spurious velocities for natural convection

case on uniform grids with a collocated framework that vanish with grid refinement

when momentum interpolation is employed. The proposed balanced force formula-

tion may be recognized as a generic modification to Rhie-Chow interpolation [112]

that clearly highlights the origin of spurious velocities as the “discrete imbalance”

between competing forces i.e pressure and buoyancy in the case of natural convective

flows.

TH-1815_136103019



124 Comparison of Algorithms for Radiative-Convective Flows

(a) Unbalanced algorithm (b)

(c) Balanced algorithm (d)

Figure 5.10: Spurious currents generated inside the cavity for the balanced and

unbalanced algorithm. Contours of u, v velocity using the (a, b) unbalanced and (c,

d) balanced formulation respectively.

5.4.2 Three-dimensional buoyancy driven flow coupled with

gas radiation

The problem consists of buoyancy assisted convection with gas radiation inside a

cubical enclosure previously studied by Kumar and Eswaran [31]. The geometry of
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the problem is described in Fig. 5.11 (a) and consists of a 1 × 1 × 1 differentially

heated cubical enclosure with dimensional temperature values of Th = 1000 K and

Tc = 500 K, the top bottom and front back walls are adiabatic. The dimensionless

parameters used in the simulations are Ra = 5 × 105, Pr = 0.71, and N = 0.1,

where N is the conduction-radiation parameter. The participating medium consists

of an absorbing, emitting gas with optical thickness τ = 1.0. The temperature dif-

ference used in this test case is large enough to be treated using a non-Boussinesq

formulation. The study is carried out using a grid size of 61 × 61 × 61 and an-

gular discretization of 6 × 8 as also used in the work of Kumar and Eswaran [31].

Figure 5.11 (b) depicts the local variation of total Nusselt number (convection and

radiation) at the hot wall of the cubical enclosure whereas Table 5.8 represents the

comparison of average values of the total Nusselt number at the hot wall with the

results of Kumar and Eswaran [31]. These results are in excellent agreement with

the published results of Kumar and Eswaran [31] and depict the capability of the

algorithm to accurately predict combined natural convection with gas radiation in

three-dimensional enclosures. Importantly, while we could compute the problem

with ∆t = 10−1 using a balanced approach, stable simulations were possible with

an unbalanced approach only for ∆t = 10−3 as shown in Table 5.9. Hence, the

use of balanced formulation enables one to obtain physically correct results with

fewer iterations and at a cheaper computational cost as depicted in Fig. 5.12. Not

surprisingly, both the methods found identical numerical solutions on convergence

to steady state. It may be embarked that one could adopt such an approach with

Algorithms B and C as well. However, since Algorithm A has been shown to be

superior in terms of robustness we have limited our study only to Algorithm A.

One can, therefore, conclude that use of a discretely conservative algorithm with

a balanced force approach contributes to the robust formulation for simulation of

convective-radiative heat transfer problems. The numerical studies in the present

work provide sufficient evidence to confirm this observation. It is recommended that

potential researchers keen on developing solution algorithms account for the role of

force balancing and discrete conservation in the design of robust and accurate flow

solvers. We believe that the presence of spurious velocities when an unbalanced for-

mulation is employed in a simple canonical problem described in section 5.4.1 could

likely trigger instabilities in case of the solution of non-linear Navier-Stokes equa-

tions in quasi-incompressible regimes studied here. This is possibly the reason why

the balanced formulation allows for larger time steps than the unbalanced counter-
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part for buoyancy-driven flows on a given mesh, without compromising on solution

accuracy. While further studies are required to establish the grid size dependence,

we speculate that for a given time step, the balanced formulation would remain sta-

ble for meshes with smaller grid resolution than the unbalanced formulation. The

observation that balanced formulation was necessary to compute accurately the tur-

bulent natural convection problems described in Chapter 7 is an indirect evidence

of the ability of the force balancing in devising robust and accurate algorithm to

solve non-Boussinesq fluid flows.

(a) (b)

Figure 5.11: Combined natural convection with gas radiation in a cubical enclosure,

(a) the computational domain, (b) total Nusselt number variation at the hot walls.

Table 5.8: Comparison of average total Nusselt number at the hot wall using a fully

balanced discretely conservative Algorithm A with Kumar and Eswaran (2010).

Author Nut

Kumar and Eswaran (2010) 62.560

Algorithm A (Balanced) 62.549
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Figure 5.12: Comparison of convergence rate among the balanced and unbalanced

algorithms for coupled convection with surface radiation in a three-dimensional cu-

bical cavity.

Table 5.9: Time step requirement for achieving steady state results for balanced and

unbalanced Algorithm A

Timestep ∆t = 10−1 ∆t = 10−2 ∆t = 10−3

Balanced Stable Stable Stable

Unbalanced Unstable Unstable Stable

5.5 Closure

In this chapter, three different algorithms are presented for the numerical simula-

tion of non-Boussinesq convection with thermal radiative heat transfer based on a

low-Mach number formulation. The three algorithms differ in the way they use EOS

for computing either of temperature, density or thermodynamic pressure. Several

numerical studies are performed to depict the capability of the three-algorithms

in computing coupled convection with thermal radiation in Boussinesq and non-

Boussinesq limits. Further, the energy and mass conservation errors arising due to
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the use of update based algorithms (B and C) are derived. The significance of these

errors in radiative-convective flows is highlighted by performing investigations over

a range of Rayleigh, Prandtl, and Planck numbers. In addition, the balancing of the

pressure and buoyancy terms is emphasized for robust calculations of large temper-

ature difference thermo-buoyant convection with radiative heat transfer. Based on

the numerical studies performed in this chapter it is reported that the conservative

algorithm A with balanced force formulation is best suited for robust computation

of convective-radiative flows and heat transfer in enclosures.
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Chapter 6

Convective-Radiative Heat

Transfer in 3D Partitioned Cavity

6.1 Introduction

In this chapter, the developed numerical framework is applied to investigate the

influence of partitions on buoyancy induced convection with thermal radiation in

a differentially heated cubical enclosure. Four distinct arrangements of partitions

from the top-bottom and front-back walls are examined by adopting a symmetric

(inline) and asymmetric (offset) configuration of partitions. Comparative analysis

of average and local Nusselt number variation at the isothermal walls and temper-

ature variation inside the enclosure is presented for all configurations of partitions

considered. Irreversibilities associated with conduction, convection, and radiation

heat transfer with viscous dissipation are studied to examine the role of partitioning

walls in overall volumetric entropy production. This study aims at achieving opti-

mum thermal design (higher heat transfer rates with minimum entropy production)

The contents of this chapter have been published as Parmananda, M., Dalal, A., and Natarajan,

G., 2018, “The influence of partitions on predicting heat transfer due to the combined effects of

convection and thermal radiation in cubical enclosures”, International Journal of Heat and Mass

Transfer, (available online, DOI: https://doi.org/10.1016/j.ijheatmasstransfer.2018.01.031).
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among all partition configurations. Finally, the importance of three-dimensional

analysis in convective-radiative flows is highlighted by depicting the significance of

non-Boussinesq effects in a three-dimensional scenario in comparison to the two-

dimensional assumption of the same problem.

6.2 Problem Description

This study presents numerical investigations on combined convective-radiative heat

transfer in a differentially heated cubical enclosure with partitions. Figure 6.1 de-

picts four distinct configurations of restricting walls where Figs. 6.1 (a) and 6.1 (b)

represent top-bottom partitions and Figs. 6.1 (c) and 6.1 (d) represent front-back

partitions. Furthermore, two sets of inline and offset configuration of partitions are

also studied. The symmetric (inline) configuration is one where the separating walls

are at the center of the cavity (X=0.5, 0.5) as seen in Figs. 6.1 (a) and 6.1 (c).

An offset configuration is one where the position of the restricting walls is adjacent

to the isothermal walls at (X=0.25, 0.75). The computational domain consists of

a cubical enclosure of height H , the length of the partitions is 0.25H and width is

0.1H . It is to be noted thatX, Y , Z and U, V,W corresponds to the non-dimensional

co-ordinates and velocity used in the present study. The left and right walls of the

cubical cavity at (X=0, 1) are isothermal whereas, the rest of the walls are adia-

batic. The study is performed by considering several non-dimensional parameters

such as Rayleigh number Ra = 106, Prandtl number Pr = 0.71, Gay-Lussac number

Ga = 1.2 and Planck number P l = 0.01. For a given physical domain, computations

are performed considering buoyancy-driven convection in the absence of radiation

(pure convection), secondly convective-radiative heat transfer with surface radiation

and lastly thermal convection in the presence of gas radiation with optical thickness

τ=0.2.

6.2.1 Grid independence study

In this section, spatial and angular grid independence tests are carried out. The

objective of this study is to achieve a minimum number of spatial and angular grids

for obtaining accurate results. The grid independence study (spatial and angular)

has been performed for a combined convection with gas radiation inside a cubical en-
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(a) (b)

(c) (d)

Figure 6.1: Schematic of the partitioned cubical enclosure: (a, b) partitions along

the top and bottom walls, (c, d) partitions along the front and back walls.

closure with partitions extruding from the top-bottom walls as shown in Fig. 6.1(a).

Four spatial grids of size 41×41×41, 61×61×61, 81×81×81 and 101×101×101 were

used with a fixed angular domain of 4×18. A suitable grid refinement was used

TH-1815_136103019



132 Convective-Radiative Heat Transfer in 3D Partitioned Cavity

near the cavity walls and also near the partitions. The total Nusselt number values

(convection, radiation) of 32.25, 34.925, 35.687 and 35.81 were obtained at the hot

and cold walls. Furthermore, for a fixed spatial grid of 81×81×81 three angular

grids of size 2 × 8, 4 × 16 and 8 × 24 gave total Nusselt number values of 32.45,

35.57 and 35.64. Based on the study a spatial resolution of 81×81×81 and angular

resolution 8×24 are used in the present work. The non-uniform mesh is generated

using a commercial grid generation software GAMBIT [130]. Figures 6.2 (a) and (b)

represent the non-uniform grids on the X−Y and Y −Z planes respectively for the

cubical enclosure with symmetric partitions along the top and bottom walls. The

point distribution in the grid ensures sufficient clustering near the walls as shown

in Fig. 6.2 (a) and (b) to capture the gradients and hence the numerical solution

accurately.

Z

Y

X

Y

(a) (b)

Figure 6.2: Details of the non-uniform grid (a, b) used for symmetric partitions

along the top and bottom walls.

6.3 Results and Discussion

In this section, studies on buoyancy induced flow with radiative heat transfer inside

the cubical enclosure with partitions are carried out. Numerical simulations con-

sidering pure thermal convection (no radiation), thermal convection coupled with
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surface radiation and participating medium of optical thickness (τ = 0.2) are car-

ried out to isolate the influence of surface and gas radiation compared to a pure

convection case. The problem is solved for the non-dimensional parameters such as

Ra = 106, Pr = 0.71, Ga = 1.2 and P l = 0.01. The Q-criterion represents the

equivalence of shear strain rate and vorticity magnitudes. A positive value of Q

signifies dominance of vorticity magnitude over the extent of strain rate and thus

indicates generation of the vortex in that region.

Q =
1

2
(WijWij − SijSij)

Wij =
1

2

(
∂ui

∂xj
− ∂uj

∂xi

)

Sij =
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
(6.1)

Where Wij is the vorticity tensor and Sij is the strain rate tensor. Isosurface of

temperature and Q values are presented for visualization of temperature distribu-

tion and flow inside the enclosures with partitions. Furthermore, the Nusselt number

distribution at the isothermal walls signifies the influence of partitions on heat trans-

fer. The values of convection, radiation and total Nusselt number are determined

as follows.

Nuc =
qcH

k∆T
, Nur =

qrH

k∆T
, Nut = Nuc +Nur (6.2)

Where qc and qr are the convective and radiative fluxes. The average Nusselt number

Nu is the area-averaged value of Nu.

6.3.1 Influence of inline and offset configuration of top-bottom

partitions

In this section discussions on buoyancy induced flow with radiative heat transfer

inside a cubical enclosure with partitions protruding from top-bottom walls are pre-

sented. Studies have been performed with two configurations of partitions along the

X-axis namely inline partitions at X = 0.5, 0.5 and offset partition at X = 0.25 and

0.75. The fundamental nature of flow and heat transfer corresponds to a buoyancy

driven flow in a differentially heated cubical enclosure. The induction of primary

flow inside the cubical enclosure is due to the interaction of the fluid with hot and
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cold walls. However, the partitions along the top and bottom walls significantly

alter the flow and heat transfer characteristics as described in the present study.

From the isosurface of temperature and Q in Figs. 6.3 (a) and (d) it is seen that

in pure convection, apparently two-dimensional nature of temperature variation is

perceived. The temperature variation exhibit centro-symmetry along the X-Y plane

at Z=0.5 as also seen from the temperature contours along the X-Y plane at Z=0.1,

0.3, 0.6 and 0.9 in Figs. 6.5 (a) and (c). The presence of large density variations aris-

ing due to significant temperature difference attributes to the minor deviations from

exact symmetry, apparent in the present work. The flow and temperature fields in

the pure convection case depict the growth of hydrodynamic and thermal boundary

layers near the vertical isothermal walls at (X=0 and 1) with thermal stratification

along the horizontal plane in the inner core of the cavity. The three-dimensionalities

associated with the flow and temperature fields can only be perceived near the end

walls at (Z=0 and 1). The three-dimensional nature of the flow fields is significant

in comparison to the temperature, and hence it is further investigated from the iso-

surface of Q as depicted in Figs. 6.3 (d) and 6.4 (d). The isosurface of Q in Figs.

6.3 (d) and 6.4 (d) represent the formation of two primary vortices near isothermal

walls at X=0.25 and 0.75. The two main vortices represent strong convection cur-

rents which are develop due to the substantial gradients of temperature near the

isothermal walls. These vortices are anti-symmetric concerning the line Y=0.5 and

Z =0.5 but exhibit symmetry along the mid-plane at Z=0.5.

With the inclusion of surface and gas radiation the symmetric nature of the flow and

temperature distribution as observed in the pure convection is deformed. An appar-

ent three-dimensionality in the flow and temperature variation has been perceived

from the isosurface of temperature and Q in Figs. 6.3 (b, c, e, f) and 6.4 (b, c, e,

f). The three-dimensional nature of temperature distribution is also demonstrated

from the contours of temperatures at various X−Y plane along Z= 0.1, 0.3, 0.6 and

0.9 as shown in Figs. 6.5 (b) and (d). The radiative exchange between the surfaces

and gas volume increases the mean temperature as indicated by the clustering of

the isosurface of temperature near the cold wall. The increase of average cavity

temperature thickens the boundary layers at the isothermal walls as compared to a

pure convection case without radiation. The combined convective-radiative effects

lead to the inward folding of the isosurface of temperature adjacent to the adiabatic
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walls. The curved isothermal surface of opposite curvature near the adiabatic top

and bottom wall indicates the dominance of convective heating and cooling at the

top and bottom walls, respectively.

Isosurface of temperature

(a) (b) (c)

Isosurface of Q

(d) (e) (f)

Figure 6.3: Isosurface of temperature and Q for inline configuration of top-bottom

partitions: (a, d) pure convection, (b, e) combined convection with surface radiation

at optical thickness τ = 0.0, (c, f) combined convection with gas radiation at optical

thickness τ = 0.20.

The increased temperature distribution due to radiative exchange also intensifies

the flow field evident from the large clustering of the vorticity values near the end

walls. The velocity fields generated in case of surface and gas radiation differ im-
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Isosurface of temperature

(a) (b) (c)

Isosurface of Q

(d) (e) (f)

Figure 6.4: Isosurface of temperature and Q for offset configuration of top-bottom

partitions: (a, d) pure convection, (b, e) combined convection with surface radiation

at optical thickness τ = 0.0, (c, f) combined convection with gas radiation at optical

thickness τ = 0.20.

mensely to a pure convection case. In general, the flow-fields consist of primary

vortices, downstream or secondary vortices, and end-wall vortices. In the case of

pure convection, the formation of primary vortices has been recognized at X=0.25

and 0.75. For radiation, the primary vortices have dominant strength in addition to

the presence of weak secondary vortices near the cold wall. Formation of secondary
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vortices along the top-bottom partitions at X = 0.6 is observed in Figs. 6.3 (e) and

(f) (inline partition case) and X=0.3, X=0.8 as seen in Figs. 6.4 (e) and (f) (offset

partition case). The flow physics in the case of combined convection with surface

and gas radiation depict multi-layer flow-structures with large vorticity values near

the end walls at (Z = 0 and 1). The formation of multi-layer flow structure signifies

sharp inward bending of the isosurface of temperature near the insulated walls with

a thin layer of fluid flowing opposite to the direction of primary flow. It indicates

increased three-dimensionality of the flow with a high concentration of the end-wall

vortices at Z= 0 and 1, respectively.

The difference in flow and temperature variation between pure convection and con-

vection with gas radiation (τ = 0.2) is explained for inline and offset partitions at

various X − Y planes inside the cubical enclosure at Z= 0.1, 0.3, 0.6 and 0.9 in

Figs. 6.5 (a - d). The temperature variation for pure convection case represents

a quasi-two-dimensional behavior as seen from Fig. 6.5 (a) where the temperature

variation at various X − Y planes at Z= 0.1, 0.3, 0.6 and 0.9 does not show any

appreciable change. The velocity variation as depicted through streamlines repre-

sents the formation of two primary vortices in each half of the cavity. However, a

secondary vortex is formed adjacent to the top partition at the center core of the

cavity. The strength of the secondary vortex diminishes near the end walls at Z= 0.1

and 0.9 due to end wall effects. The inclusion of gas radiation as shown in Fig. 6.5

(b) elevates the mean temperature distribution with increased three-dimensionality

of both temperature and flow as seen in various sections. The presence of gas ra-

diation causes three-dimensional effects not only near the end walls but also in the

center core of the cavity. The velocity distribution represents the formation of two

supplemental secondary vortices of equal strength in addition to the two primary

vortices as also seen for the case of pure convection from Figs. 6.5 (a) and (b).

However, in case of offset partitions, the formation of a single primary vortex is

observed at the center core of the cavity with one secondary vortex formed next

to the partition protruding from the top wall in case of pure convection as seen

from Fig. 6.5 (c). With the inclusion of gas radiation two secondary vortices are

formed just adjacent to the top and bottom partition but with different strength as

seen from Fig. 6.5 (d). The secondary vortex adjacent to the top partition signifies

larger strength in comparison to the one formed next to the bottom partition. The
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(a) (b)

(c) (d)

Figure 6.5: Plots of surface contours at various X − Y planes for temperature

distribution and streamlines variation at Z = 0.1, 0.3, 0.6 and 0.9 respectively in

case of partitions protruding from the top and bottom walls: (a) pure convection

case for inline partitions, (b) gas radiation case with (τ = 0.20) for inline partitions,

(c) pure convection case for offset partitions, (d) gas radiation case with (τ = 0.20)

for offset partitions.
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implications of the larger secondary vortex in offset partitions can be understood

from increased heat transfer (larger Nusselt number distribution as seen from Fig.

6.8) at the base of hot wall and top of the cold wall in comparison to the inline

partitions as seen from Fig. 6.7.

The fundamental nature of flow and heat transfer remains similar between inline and

offset configuration of partitions protruding from the top-bottom walls. However,

noticeable differences can be observed in the overall heat transfer rates as revealed

from the local distribution of Nusselt numbers in Figs. 6.7 and 6.8 and from the

average Nusselt numbers values shown in Tables 6.1 and 6.2. The offset configura-

tion of partitions in a pure convection case as described in Fig. 6.4 (a) reveals that

the hot rising fluid near the isothermal hot wall at X = 0 and the cold descending

fluid near the cold wall at X = 1 are trapped adjacent to the isothermal walls by

the partitions. The flow entrapment results in a decrease of temperature gradients

near the isothermal hot and cold walls as evident from the temperature variation

along the vertical axis at X=0.1 and 0.9 in Figs. 6.6 (a) and (b). The reduced

temperature gradients cause a decrease in the convection Nusselt number of offset

configuration as shown in Tables 6.1 and 6.2.

Reduction in convection Nusselt number can also be observed for offset configura-

tion in case of surface radiation due to the effect of flow entrapment with the role

of radiation to equalize the temperature. However, from the temperature variation

in Figs. 6.6 (a) and (b) for surface radiation case it is evident that the role of

convection in cooling the bottom wall and heating the top wall is dominant in case

of inline partitions than offset separation. It indicates stronger convection currents

for inline configuration with the cores of the primary vortices dominant near the

bottom and top wall at X = 0.25 and X = 0.75. The presence of gas radiation is

expected to cause a decrement in convection Nusselt number as gas radiation tends

to homogenize the temperature and hence the strength of buoyancy-driven convec-

tion currents are reduced.

Comparison of average values of the Nusselt number from Tables 6.1 and 6.2 between

inline and offset configuration of partitions depicts larger values of radiation Nusselt

numbers for offset configuration. It signifies that inline configuration of partitions

offers extensive blockage to radiation in comparison to offset. An inline design of
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partitioning walls separate regions of hot and cold fluid in two half of the cavity. The

temperature variation along the X-axis at (Y= 0.5, Z = 0.5) as shown in Fig. 6.6 (c)

signifies the separation of hot and cold zones due to an inline configuration of parti-

tions. Larger mean temperatures in the first half of the cavity till X=0.5 and smaller

mean temperatures in the second half are indications of extensive obstruction of flow

and heat transfer by the inline configuration. The temperature variation along the

Z-axis at (X= 0.5, Y=0.5) in Fig. 6.6 (c) shows thicker thermal boundary layer

near the end wall (Z = 0, 1) for inline partitions. It indicates that three-dimensional

nature of heat transfer is more prominent in the case of inline partitions. Figures

6.7 and 6.8 represent the local convection and radiation Nusselt number contours at

the isothermal walls in inline and offset configuration of top-bottom partitions for

gas radiation. Contours of convection Nusselt number as shown in Figs. 6.7 (a) and

6.8 (a) depict an increasing value adjacent to the vertical Y -axis at the cold wall.

The convection Nusselt number distribution at the hot walls as shown in Figs. 6.7

(c) and 6.8 (c) signifies higher values at Y=0 with a progressive decrement along the

Y -axis. The local variation of convective heat transfer represents significant heat

transfer at the top and base of cold and hot walls, respectively. In general, the values

of the convection Nusselt number at the cold wall are larger in comparison to the

convection Nusselt number values at the hot wall. The large values of convection

Nusselt number at the cold wall are an indication of the extent of radiation to equate

the temperature. In contrast to the convection Nusselt number, radiation Nusselt

numbers values are significant at the hot wall with maximum values obtained at the

center of the wall as shown in Figs. 6.7 (d) and 6.8 (d).

Convection Nusselt number distribution shows symmetry about the Y -axis whereas

the radiation Nusselt number distribution is asymmetric. The asymmetric nature

of radiation Nusselt number distribution differs for offset and inline partitions due

to variation in radiation blockage by the partitions. In the case of offset partitions

clustering of lower values of radiation Nusselt number can be observed at the bottom

of the cold wall as shown in Figs. 6.7 (b) and 6.8 (b) and the top of the hot wall

as seen in Figs. 6.7 (d) and 6.8 (d). It is due to the presence of partitions near

the top and bottom of hot and cold wall respectively. However, the radiation Nus-

selt number variation in case of inline partitions is stretched along the Z-axis with

minor clustering along the top and bottom wall as shown in Figs. 6.7 (b) and (d).

Higher values of the radiation Nusselt number distribution at offset arrangement of

restraining walls is due to small blockage of radiation in comparison to inline parti-
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Figure 6.6: Comparison of temperature variation between an inline and offset con-

figuration of top-bottom partitions: (a) temperature variation along the vertical

Y -axis at Z = 0.5 and X = 0.1, (b) temperature variation along the vertical Y -axis

at Z = 0.5 and X = 0.9, (c) temperature variation along the X and Z-axis at the

mid-plane Y = 0.5, Z = 0.5 and X = 0.5, Y = 0.5.
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Figure 6.7: Contours of the local Nusselt number variation on the hot and cold walls

for inline configuration of top-bottom partitions: (a, c) convective Nusselt number,

(b, d) radiative Nusselt number, (a, b) Nusselt number on cold walls, (c, d) Nusselt

number on hot walls.
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Figure 6.8: Contours of the local Nusselt number variation on the hot and cold walls

for offset configuration of top-bottom partitions: (a, c) convective Nusselt number,

(b, d) radiative Nusselt number, (a, b) Nusselt number on cold walls, (c, d) Nusselt

number on hot walls.
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Table 6.1: Average Nusselt number values at the hot and cold walls with an inline

configuration of top-bottom partitions.

HotWall Cold Wall

Nusselt number Nuc Nur Nut Nuc Nur Nut

Pure Convection 8.399 NA 8.399 8.399 NA 8.399

Surface Radiation 3.859 33.275 37.134 11.392 25.735 37.128

Gas Radiation 2.737 32.940 35.678 11.925 23.748 35.674

Table 6.2: Average Nusselt number values at the hot and cold walls with offset

configuration of top-bottom partitions.

HotWall Cold Wall

Nusselt number Nuc Nur Nut Nuc Nur Nut

Pure Convection 8.164 N.A 8.164 8.164 N.A 8.164

Surface Radiation 3.687 34.971 38.658 11.687 26.968 38.655

Gas Radiation 2.872 34.704 37.576 12.374 25.197 37.572

tions. The Nusselt number distribution signifies that radiation is more susceptible

to the presence of separating walls than convective heat transfer.

6.3.2 Influence of inline and offset configuration of front-

back partitions within the cubical enclosure

In this section discussion on buoyancy-driven flow in the presence of radiative heat

transfer inside a cubical enclosure with partitions protruding from front and back

walls is presented. Studies have been performed with two configurations of partitions

along the X-axis namely inline configuration at X = 0.5, 0.5 and offset configuration

at X = 0.25 and 0.75. From the isosurface of temperature and Q in Figs. 6.9 (a),

6.10 (a) and 6.10 (d) it is seen that for pure convection the two-dimensional nature

of the temperature distribution is prominent with high thermal stratification along
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the horizontal plane not only in the central core but also along the top and bottom

walls. In the case of inline partitions, the temperature and velocity distributions

depict symmetric behavior along the X-Y plane at (Z = 0.5) as seen in Figs. 6.9 (a)

and (d). However, for offset arrangement of partitions, the symmetric nature of flow

and temperature distribution is distorted as shown in Figs. 6.10 (a) and (d) due to

the asymmetric arrangement of the separating walls. The three-dimensionality of

the flow becomes prominent near the end walls (Z= 0, 1) as partitions along the

front and back walls contribute to the three-dimensionality of the flow. The funda-

mental nature of flow in pure convection case as shown in Figs. 6.9 (d) and 6.10 (d)

depicts formation of two primary vortices near hot and cold wall at X=0.25, 0.75

with end wall vortices adjacent to the partitions at Z = 0, 1. The strength of end

wall vortices is prevalent in the case of offset partitions which demonstrate increased

three-dimensionality in the overall flow and heat transfer.

The presence of surface/gas radiation adds to the three-dimensionality of the flow

and heat transfer as also observed previously in the case of partitions from the top-

bottom walls. However, the isosurface of temperature and Q in Figs. 6.9 (b, c, e,

f) and 6.10 (b, c, e, f) depict remarkable differences in the overall flow and heat

transfer. The change in sign of the curvature of the isosurface of temperature near

the top and bottom walls reveals the dominating influence of convective cooling and

heating at the bottom and top wall, respectively. The increased concentration of

curved isosurface of temperatures at the bottom wall indicates an elevated convec-

tive cooling. The enhanced cooling of the base wall due to convection has been

substantiated by the large concentration of isosurface of Q near the bottom wall

for both inline and offset partitions. Sharp bending of the isosurface of temperature

near the adiabatic front and back wall is more prominent in the present case as com-

pared to the case with partitions along the top and bottom wall. Larger curvatures

of the iso-temperature surface near the front and back wall are apparent from the

end wall vortices observed near the front and back wall in Figs. 6.9 (b, c, e, f) and

6.10 (b, c, e, f).

The influence of partitions along the front-back walls on overall heat transfer is

studied by investigating the average Nusselt number on the hot and cold wall as

shown in Tables 6.3, 6.4, and also through the local Nusselt number distribution

from Fig. 6.13. From the mean values of the Nusselt number in Tables 6.3, 6.4, it
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Isosurface of temperature

(a) (b) (c)

Isosurface of Q

(d) (e) (f)

Figure 6.9: Isosurface of temperature and Q for inline configuration of front-back

partitions: (a, d) pure convection, (b, e) combined convection with surface radiation

at optical thickness τ = 0.0, (c, f) combined convection with gas radiation at optical

thickness τ = 0.20.

is seen that the presence of inline and offset configuration of partitions has minimal

influence on the convection Nusselt number in all the three cases (pure convection,

surface, gas radiation). The independence of convection Nusselt number on inline

and offset arrangement of partitions is established from the temperature variation

along the Y -axis near the hot and cold wall at X= 0.1, 0.9 at mid-plane (Y=0.5,

Z=0.5) as shown in Figs. 6.12 (a-c). From Figs. 6.12 (a) and (b) it is evident

that the temperature variation between the inline and offset partitions is minimal
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Isosurface of temperature

(a) (b) (c)

Isosurface of Q

(d) (e) (f)

Figure 6.10: Isosurface of temperature and Q for offset configuration of front-back

partitions: (a, d) pure convection, (b, e) combined convection with surface radiation

at optical thickness τ = 0.0, (c, f) combined convection with gas radiation at optical

thickness τ = 0.20.

near the hot wall. However, the temperature field near the cold wall is marginally

higher for offset configuration. Higher temperature near the cold wall for offset con-

figuration is also seen from the temperature variation along the horizontal X-axis

at mid-plane (Y=0.5, Z=0.5) in Fig. 6.12(c). The deviations in temperature near

the cold walls between offset and inline configuration are imperceptible to influence

the average convection Nusselt number. The average radiation Nusselt numbers are

higher for offset configuration of restraining walls. The inline partitions offer larger
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interference to radiation hence isolate the hot and cold fluid in the two halves of

the cavity. These observations are consistent with the radiation Nusselt number

variations for partitions along the top and bottom walls.

In general higher values of convective and radiation, Nusselt number are obtained

in the present case with front-back partitions in comparison to the top-bottom par-

titions. The inline configuration of front-back and top-bottom partitions obstructs

radiation equally, but the enhanced radiation Nusselt number for the present case

is a consequence of increased heat transfer by convection. The temperature vari-

ation in Fig. 6.12 (c) shows the symmetric distribution of temperature along the

Z-axis for inline partitions whereas the temperature distributions are asymmetric

for offset arrangement of obstructing walls. The temperature distributions exhibit

enhanced gradients along the Z-axis for offset configuration, signifying increased

three-dimensional heat transfer for the offset configuration of separating walls.

The difference in flow and temperature variation between pure convection and gas

radiation (τ = 0.2) is briefly explained for inline and offset partitions at various

X − Y planes inside the cubical enclosure at Z= 0.1, 0.3, 0.6 and 0.9 in Figs. 6.11

(a-d). The flow and temperature variation inside the enclosure with inline partitions

represents centro-symmetry about X − Y plane at Z=0.5 as seen from Figs. 6.11

(a) and (b). The pure natural convection heat transfer as seen from Fig. 6.11 (a)

depicts quasi-two-dimensional behavior along the center core of the cavity. However,

larger deviations from the exact centro-symmetry is observed near the end walls due

to wall and partition effect. The presence of radiation increases the mean tempera-

ture inside the enclosure and also the flow along the Z direction. The streamlines

pattern in the various X − Y planes as shown in Fig. 6.11 (b) does not form a

closed loop rather it signifies spiraling flow along the Z-direction towards the side

walls. The symmetric nature of flow and temperature variation is completely lost

due to the asymmetric distribution of partitions in case of offset partitions as seen

from Figs. 6.11 (c) and (d). As observed previously for inline partitions, the off-

set partitions also signify inner spiraling flow along the Z-direction. The increased

three-dimensional behavior of flow inside the cubical enclosure with partitions along

the front and back walls is responsible for increased convective heat transfer as seen

from Figs. 6.13 and 6.14 in comparison to partitions along the top and bottom walls

as shown in Figs. 6.7 and 6.8.
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Figures 6.13 and 6.14 represent the local variation of convective and radiative Nus-

selt number at the isothermal hot and cold walls of the cubical enclosure for inline

and offset arrangement of partitions from the front and back walls. The contours of

convective and radiative Nusselt number for inline partitions are symmetric about

the vertical centerline as seen from Fig. 6.13 with maximum values of convective

Nusselt number distribution at the top (ceiling) of cold wall and bottom (floor) of

hot wall. Similar observations can also be made for the variation of the convective

and radiative Nusselt number in case of offset partitions as shown in Fig. 6.14 with

asymmetric distribution about the vertical centerline. In general, the higher value

of convective Nusselt number is obtained at the cold wall in comparison to the hot

wall for both inline and offset configuration of partitions due to the influence of ra-

diation to equalize the temperature. In contrast to the convective Nusselt number,

the radiative Nusselt number distribution depicts higher magnitudes at the hot wall

in comparison to the cold wall. For offset partitions, the radiative Nusselt number

distribution depicts clustering near the side walls due to the blockage of radiation

by the partitioning walls as shown in Figs. 6.14 (b) and (d).

The local variation of convective and radiation Nusselt number at the isothermal

walls for gas radiation in Figs. 6.13 and 6.14 represents a symmetric Nusselt number

distribution along the Y -axis in the case of inline partitions as shown in Fig. 6.13.

However, the symmetric arrangement of convective and radiation Nusselt number

variation has been entirely deformed in the event of offset configuration as seen from

Fig. 6.14. The local variation of convection Nusselt number for inline partitions as

referred in Figs. 6.13 (a) and 6.14 (c) shows enhanced convective heat transfer near

the top and bottom of cold and hot walls, respectively. The radiation Nusselt num-

ber variation for inline configuration as shown in Figs. 6.13 (b) and 6.14 (d) exhibits

larger radiative heat exchange along the mid-plane with clustering of smaller values

of the radiation Nusselt number near the front and back walls at Z= 0, 1.

In the case of offset partitions, the high convective heat transfer near the top of cold

wall and bottom of the hot wall is demonstrated in Figs. 6.14 (a) and (c). The con-

tours of convection Nusselt number exhibit asymmetry with reduced convective heat

transfer adjacent to the X-Y plane at Z=1 for cold wall and Z=0 for the hot wall.

The reduction in convective heat transfer is due to partial entrapment of hot and
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(a) (b)

(c) (d)

Figure 6.11: Plots of surface contours at various X − Y planes for temperature

distribution and streamlines variation at Z = 0.1, 0.3, 0.6 and 0.9 respectively in

case of partitions protruding from the front and back walls: (a) pure convection

case for inline partitions, (b) gas radiation case with (τ = 0.20) for inline partitions,

(c) pure convection case for offset partitions, (d) gas radiation case with (τ = 0.20)

for offset partitions.
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Figure 6.12: Comparison of temperature variation between an inline and offset con-

figuration of front-back partitions : (a) temperature variation along the vertical

Y -axis at Z = 0.5 and X = 0.1, (b) temperature variation along the vertical Y -axis

at Z = 0.5 and X = 0.9, (c) temperature variation along the X- and Z- axis at the

mid-plane Y = 0.5, Z = 0.5 and X = 0.4, Y = 0.5.

TH-1815_136103019



152 Convective-Radiative Heat Transfer in 3D Partitioned Cavity

6

9

12

15

18

21

24 30

Z

Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

15
20 25

30

35

Z
Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

(a) (b)

2

3

4
5

6
7

8

9

33

Z

Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
20

25 30

35
40

45

Z

Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

(c) (d)

Figure 6.13: Contours of local Nusselt number on the hot and cold walls for inline

configuration of front-back partitions: (a, c) convective Nusselt number, (b, d) ra-

diative Nusselt number, (a, b) Nusselt number on cold walls, (c, d) Nusselt number

on hot walls.
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Figure 6.14: Contours of local Nusselt number on the hot and cold walls for offset

configuration of front-back partitions: (a, c) convective Nusselt number, (b, d) ra-

diative Nusselt number, (a, b) Nusselt number on cold walls, (c, d) Nusselt number

on hot walls.
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Table 6.3: Average Nusselt number values at the hot and cold walls with an inline

configuration of front-back partitions.

Hot Wall Cold Wall

Nusselt number Nuc Nur Nut Nuc Nur Nut

Pure Convection 9.392 NA 9.392 9.392 NA 9.392

Surface Radiation 4.867 35.524 40.392 12.877 27.508 40.385

Gas Radiation 3.944 35.897 39.841 13.825 26.008 39.833

Table 6.4: Average Nusselt number values at the hot and cold walls with offset

configuration of front-back partitions.

Hot Wall Cold Wall

Nusselt number Nuc Nur Nut Nuc Nur Nut

Pure Convection 9.363 NA 9.363 9.363 NA 9.363

Surface Radiation 4.972 36.378 41.350 13.062 28.265 41.328

Gas Radiation 4.124 36.168 40.293 13.823 26.463 40.286

cold fluids at the partitions. Similarly, the radiation Nusselt number distribution

in Figs. 6.14 (b) and (d) demonstrates clustering of lower values of the radiation

Nusselt number near Z=1 for cold wall and Z=0 for the hot wall. The decrease in

radiation Nusselt number is a consequence of the presence of partitions acting as

partial radiation barriers.

6.4 Entropy Generation

Analysis of thermodynamic irreversibilities associated with loss of heat in a ther-

modynamic system instigates need for entropy generation. In a buoyancy-induced

natural convection coupled with thermal radiation, the local volumetric entropy

generation rates are associated with viscous dissipation, conduction, convection,
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and radiation. The velocity and temperature gradients are accountable for the en-

tropy production by conduction, convection, and viscous dissipation. On the other

hand, the long-range nature of radiation compels the radiative entropy generation

rates to be independent of the local temperature gradients. The radiation entropy

production rates are dependent on the gross temperature field of the entire system.

The entropy production rate for buoyancy-induced convection under the influence

of radiative heat transfer is shown in Eq. (6.3), following the work of Slimi [131]

SG =
k

T 2
0

[(
∂T

∂xj

)2
]
+

1

T0

[
τij

∂ui

∂xj

]
+

κ

T0

[
4πIb −

∫

4π

IdΩ

]
(6.3)

where

τij = µ

[
∂ui

∂xj
+

∂uj

∂xi
− 2

3

∂ui

∂xi

]
(6.4)

The terms on the right hand side of Eq. (6.3) represent the rate of entropy pro-

duction by convection, fluid friction, and radiative heat transfer. The dimensionless

form of Eq. (6.3) is obtained by rescaling using Eq. (2.66) as done previously for

obtaining the non-dimensional form of governing equations. The dimensionless form

of entropy generation is described in Eq. (6.5) by dropping the superscripts.

SG =

[(
∂T

∂xj

)2
]
+ φ0

[(
∂ui

∂xj
+

∂uj

∂xi
− 2

3

∂ui

∂xi

)
∂ui

∂xj

]
+ φ1

[
4πIb −

∫

4π

IdΩ

]
(6.5)

In the above equation for entropy generation, φ represents the irreversibility ratio

defined as

φ0 =
µT0 u

2
0

k (∆T )2
, φ1 =

τ I0H T0

k (∆T )2
(6.6)

The values of φ0 ≈ 10−6, φ1 ≈ 2.2 are obtained based on order of magnitude analysis

at initial condition of T0 = 600 K, µ = 5.34 × 10−5, k = 0.07 with u2
0 ≈ 1.08 and

τ = 0.20 are used for a ∆T = 720 K. Figure 6.15 represents the isosurface of en-

tropy generation for partitions protruding from the top-bottom walls. Figures 6.15

(a) and (d) correspond to the local heat transfer irreversibility (HTI), Figs. 6.15

(b) and (e) show the fluid friction irreversibility (FFI) and Figs. 6.15 (c) and (f)

express the radiative heat transfer irreversibility (RTI). The local variation of en-

tropy generation in Fig. 6.15 reveals that the heat transfer (conduction, radiation)
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is the dominant mechanism of irreversibilities. On the other hand, fluid friction

irreversibility is insignificant in comparison to heat transfer as the strength of the

convection currents are rather weak in a typical natural convection driven flow. The

dominance of entropy generation by heat transfer is also recognized from the average

and maximum values of entropy production as seen from Tables (6.5, 6.6). From

the heat transfer irreversibilities in Figs. 6.15 (a) and (d) it is observed that the

maximum entropy production by heat transfer is obtained near the base and head

of hot and cold isothermal walls, respectively. On analyzing the average entropy

production between the inline and offset configurations from Tables 6.5, 6.6 it is

observed that the mean value of entropy generation by inline configuration exceeds

that of an offset configuration of partition. The maximum value of heat transfer

irreversibilities is higher for offset configuration of top-bottom and front-back par-

titions. The offset arrangement of separating walls offers lesser obstruction to flow

and radiation. The enhanced heat transfer due to secondary obstruction increases

the temperature gradients near the isothermal walls. Higher temperature gradients

are accountable for preeminent values of irreversibility by heat transfer. The signif-

icance of entropy production by fluid friction is realized near the isothermal walls

at X=0, 1 and adiabatic front and back walls at Z= 0, 1. However, the contribu-

tion of viscous dissipation in the total entropy generation is almost negligible. The

isosurface of entropy generation by radiation reveals the appearance of maximum

entropy generation near the isothermal hot wall at X=0. Additionally, radiative

entropy production also contributes along the top wall, posterior to the partition.

Figure 6.16 depicts the entropy generation for partitions along the front and back

walls. The primary distribution of entropy production by convection, fluid friction

and radiation remain same as observed previously in the case of partitions along

the top and bottom walls. The maximum value of heat transfer irreversibilities is

obtained near the cold isothermal wall for both inline and offset configuration. It

is important to notice that these values are marginally higher than those obtained

for partitions along the top and bottom walls. This study demonstrates that in-

line configuration depicts higher values of entropy generation as compared to offset

configuration for both top-bottom and front-back partitions. Maximum entropy

production is obtained for inline configuration of top-bottom partitions.
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(a) (b) (c)

(d) (e) (f)

Figure 6.15: Isosurface of local entropy generation in an inline and offset configura-

tion of top-bottom partitions: (a, d) entropy generation due to heat transfer, (b, e)

entropy generation due to fluid friction, (c, f) entropy generation due to radiative

heat transfer at an optical thickness of τ = 0.20.

Table 6.5: Maximum and average values of entropy generation for inline and offset

configuration of top-bottom partitions.

Average values Maximum values

Entropy generation HTI FFI RTI HTI FFI RTI

Inline Configuration 11.91 8.5×10−6 6.15 590 0.0004 13.8

Offset Configuration 7.16 6.0×10−6 3.16 680 0.0004 11.80
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(a) (b) (c)

(d) (e) (f)

Figure 6.16: Isosurface of local entropy generation in an inline and offset configura-

tion of front-back partitions: (a, d) entropy generation due to heat transfer, (b, e)

entropy generation due to fluid friction, (c, f) entropy generation due to radiative

heat transfer at an optical thickness of τ = 0.20.

Table 6.6: Maximum and average values of entropy generation for inline and offset

configuration of front-back partitions.

Average values Maximum values

Entropy generation HTI FFI RTI HTI FFI RTI

Inline Configuration 8.92 8.5×10−6 3.41 606 0.0005 17.34

Offset Configuration 8.90 8.1×10−6 3.22 695 0.0005 15.93
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6.5 The Importance of Three-Dimensional Non-

Boussinesq Analysis for Convective Radiative

Heat Transfer

In this section, numerical studies are performed to highlight the importance of three-

dimensional simulations for combined convective-radiative flow and heat transfer

problems. The study is realized by comparing the non-Boussinesq effects for large

temperature difference buoyancy driven flow and heat transfer in two-dimensional

and three-dimensional enclosure coupled with thermal radiation (surface and gas).

The geometry of the problem as described in Fig. 6.17 (a, b) represents a three-

dimensional and two-dimensional differentially heated square enclosure of side H

respectively. The problem is solved for the non-dimensional parameters such as

Ra = 106, Pr = 0.71, Ga = 1.2 and P l = 0.01 for scenarios including pure con-

vection, convection with surface and gas radiation of optical thickness τ = 0.2 and

5, respectively. The problem is solved by employing an incompressible model based

on Boussinesq approximation with constant thermo-physical properties whereas the

quasi-incompressible model used herein considers the density variation based on

ideal gas law. Furthermore, the thermo-physical properties are assumed tempera-

ture dependent and computed using Sutherland law,

µ = µref

(
T

Tref

)1.5(
Tref + Ts

T + Ts

)
(6.7)

k =
µ

cpPr
(6.8)

where Tref = 273 K, Ts = 110.5 K and µref = 1.6× 10−5 kg
m·s

.

The motivation behind the study is to compare the differences in the results for

incompressible and quasi-incompressible models between a three-dimensional and

two-dimensional convection influenced by thermal radiation. Figures 6.18 (a-d) rep-

resent the iso-surface of temperature for pure convection, convection with surface

and gas radiation of optical thickness τ = 0.2 and 5, respectively. The fundamental

flow and temperature variations inside the cavity are driven by buoyancy due to the

interaction of the fluid with hot and cold walls.
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Figure 6.17: Schematic of the computational domain. (a) Three-dimensional differ-

entially heated cavity. (b) Two-dimensional differentially heated cavity.

The temperature variation for pure convection case as seen from Fig. 6.18 (a) de-

picts two-dimensional nature with the growth of boundary layers both hydrodynamic

and thermal along the vertical isothermal walls with thermal stratification along the

horizontal midplane at the center core of the cavity. With the inclusion of thermal

radiation, the two-dimensional nature of flow and heat transfer is completely dis-

torted and strong three-dimensionality can easily be perceived from the iso-surface

of temperature as seen from Fig. 6.18 (b-d). The inclusion of radiation leads to the

increased mean temperature inside the enclosure as evident from the clustering of

iso-surface of temperature near the cold vertical wall. The increased temperature

levels due to radiation reduce the temperature gradients near the walls and hence

decreases the convection currents which leads to the formation of thicker boundary

layers as compared to a pure convection case. The influence of gas radiation causes

an increased heating of the top wall due to the combined influence of buoyancy and

the role of radiation in elevating the mean temperatures. The inclusion of surface

and gas radiation causes the entire cavity to be thermally active as regions of cold

fluid are limited only to the bottom of the cold wall which influences the flow and

heat transfer immensely.
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(a) Isosurface of temperature (b)

(c) Isosurface of temperature (d)

Figure 6.18: Isosurface of temperature for natural convection flow with and without

the influence of thermal radiation. (a) pure convection, (b) combined convection

with surface radiation, (c) combined convection with gas radiation of optical thick-

ness τ = 0.2, (d) combined convection with gas radiation of optical thickness τ = 5.0.

As the optical thickness of the medium increases, a major part of the radiation is

absorbed by the participating medium and as a consequence, the temperature lev-
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Figure 6.19: Local variation of convective and radiative Nusselt number at the hot

and cold wall for three-dimensional (a, b, c, d) and two-dimensional (e, f) combined

convection with gas radiation of optical thickness τ = 0.2 using incompressible and

quasi-incompressible low-Mach number model respectively: (a) convective Nusselt

number variation at the cold wall, (b) convective Nusselt number variation at the hot

wall, (c) radiative Nusselt number variation at the cold wall, (d) radiative Nusselt

number variation at the hot wall, (e) convective Nusselt number variation at the hot

and cold walls, (f) radiative Nusselt number variation at the hot and cold walls.

els are further elevated as seen in Fig. 6.18 (c). The participating gas of optical

thickness τ = 5 attenuates most of the radiation as a consequence the flow and

temperature distribution depicts strong two-dimensional behavior with very little

three-dimensionality observed near the adiabatic walls. The isotherms in case of

combined convection with radiation case depict sharp bending near the adiabatic

walls. The curved iso-surface of temperature near the adiabatic top and bottom
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walls follow opposite curvature due to the combined effect of convection and radi-

ation. The curved iso-surface of opposite curvature depicts enhanced heating and

cooling of the top and bottom wall respectively due to convection. The influence

of surface and gas radiation on overall heat transfer is realized from the average

convective and radiative Nusselt number variation at the isothermal hot and cold

walls from Table 6.7. The Nusselt number reveals that the symmetric nature of

heat transfer in case of pure convection turns asymmetric with the inclusion of ra-

diation. The asymmetric nature of heat transfer with the inclusion of surface and

gas radiation is easily realized from the enhanced convective heat transfer at the

cold wall in comparison to the hot wall. Large convective heat transfer at the cold

wall is due to the enhanced temperature levels as a consequence of radiation to

equalize the temperature. Moreover, the radiative Nusselt number reveal enhanced

heat transfer due to radiation at the hot wall. Similar results are also obtained for

the local variation of convective and radiative Nusselt number as seen from Fig. 6.19.

Figure. 6.19 (a, b) represents the local variation of the convective Nusselt number

at the cold and hot walls respectively. It can be easily seen that large convection

heat transfer rates are obtained at the top and base of cold and hot walls due to

the interaction of the hot rising and cold descending fluid with the cold and hot

walls respectively. Figures 6.19 (c, d) represents the local variation of the radiative

Nusselt number at the cold and hot walls respectively, the variations signify larger

radiative heat transfer rates at the hot wall in comparison to the cold wall. En-

hanced heat transfer at the hot wall due to radiation is due to the attenuation of

radiation by the absorbing medium. Similar variations can also be observed from

the two-dimensional simulation of the same case as shown in Fig. 6.19 (e, f).

On comparing the average and local Nusselt number variation obtained using the

incompressible and quasi-incompressible low-Mach number model in Table 6.7 and

Fig. 6.19 it is seen that considerable deviations are obtained. The deviations are

remarkably high for convective heat transfer, specifically at the cold wall. The max-

imum deviation of 18.5% in the convective heat transfer is obtained at the cold wall

for a combined convection with gas radiation of optical thickness τ = 0.2 case. The

maximum variation in the radiative Nusselt number of 5.29% is obtained at the cold

wall for combined convection with gas radiation of optical thickness τ = 0.2 case.

Furthermore, Table 6.8 represents the deviation in the results obtained between
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Table 6.7: Average convective and radiative Nusselt number at the isothermal hot

and cold walls using incompressible and LMN model for pure convection and con-

vection with surface and gas radiation.

Geometry Hot Wall Cold Wall

Model NuC NuR NuC NuR

pure convection

Incompressible 8.683 NA 8.683 NA

Quasi-Incompressible (LMN) 9.442 NA 9.422 NA

Percentage deviation 8.03% NA 8.03% NA

Convection with surface radiation

Incompressible 4.757 49.218 11.633 42.342

Quasi-Incompressible (LMN) 4.546 50.620 14.096 41.070

Percentage deviation 4.64 % 2.75% 17.4% 3.09%

Convection with gas radiation τ = 0.2

Incompressible 3.943 47.430 12.353 39.020

Quasi-Incompressible (LMN) 3.798 48.953 15.171 37.580

Percentage deviation 3.81% 3.11% 18.5% 3.83%

Convection with gas radiation τ = 5.0

Incompressible 4.031 25.568 13.760 15.840

Quasi-Incompressible (LMN) 4.058 26.650 15.662 15.044

Percentage deviation 0.6% 4.06% 12.14% 5.29%

an incompressible and quasi-incompressible model for a combined convection with

surface radiation problem using a two-dimensional and three-dimensional analysis.

The results from Table 6.8 reveal that the deviation between the incompressible

and quasi-incompressible model increases in case of three-dimensional simulation

in comparison to the two-dimensional approximation. In case of two-dimensional

simulations, it is shown that the quasi-incompressibility effects, influence the con-
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Table 6.8: Comparison of percentage deviation between the average convective and

radiative Nusselt number at the isothermal hot and cold walls between a two di-

mensional and three-dimensional analysis obtained using incompressible and LMN

model.

Geometry Hot Wall Cold Wall

Model NuC NuR NuC NuR

Convection with surface radiation 2D analysis

Incompressible 5.702 61.849 11.204 56.346

Quasi-Incompressible (LMN) 5.757 62.449 12.404 55.780

Percentage deviation 0.9 % 0.96% 9.6% 1.01%

Convection with surface radiation 3D analysis

Incompressible 4.757 49.218 11.633 42.342

Quasi-Incompressible (LMN) 4.546 50.620 14.096 41.070

Percentage deviation 4.64 % 2.75% 17.4% 3.09%

vective heat transfer only as the deviation in the radiative Nusselt number are very

small. However, from the three-dimensional simulations, it is apparent that quasi-

incompressibility effects influence not only the convective heat transfer but also

the radiative heat transfer significantly. The deviations from incompressible results

are also shown for the local Nusselt number variation at the hot and cold walls in

Fig. 6.19. These results signify that quasi-incompressibility effects are significant

in three-dimensional combined convective radiative heat transfer scenario and in-

fluence the heat transfer due to convection and radiation both. Hence, a variable

density formulation should be a preferred choice of numerical model for accurately

simulating accidental fire and flow of air and smoke spread in buildings.

6.6 Closure

In this chapter numerical studies on the influence of partitions on buoyancy induced

convection with thermal radiation in cubical enclosures are carried out by employ-
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ing four distinct arrangements of partitions. These partitions follow a symmetric

(inline) and asymmetric (offset) configuration from the top-bottom and front-back

walls. Detailed analysis of flow, heat transfer, Nusselt number and irreversibilities

due to conduction, convection, and radiation are performed for all configuration of

partitions considered. The simulation results reveal that heat transfer irreversibility

is the dominant mechanism of entropy production. Furthermore, the offset configu-

ration with front-back partitions exhibits highest heat transfer rates with minimum

total entropy generation. The non-Boussinesq effects are highlighted for a large tem-

perature difference convective-radiative heat transfer problem in a three-dimensional

enclosure compared with a two-dimensional approximation of the same problem. It

is shown that for two-dimensional simulations, the quasi-incompressibility effects,

influence the convective heat transfer only and the deviation in the radiative Nus-

selt number are very small. However, from the three-dimensional simulations, it is

apparent that quasi-incompressibility effects influence not only the convective heat

transfer but also the radiative heat transfer significantly.
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Chapter 7

Turbulence-Radiation Interaction

in Buoyancy Driven Flows

7.1 Introduction

This chapter presents a numerical simulation of buoyancy-driven turbulent natural

convection with and without the influence of thermal radiation in a differentially

heated square cavity at large temperature difference. The impact of surface and

gas radiation on overall flow dynamics and heat transfer is discussed by perform-

ing comparisons with a classic natural convection case at Ra = 1010. The results

from the present study reveal that the inclusion of surface and gas radiation leads

to asymmetry in the flow and heat transfer. Furthermore, the convection currents

intensify, and the magnitude and extent of the turbulence effects primarily increase

with the consideration of thermal radiation in the simulation. This study also quan-

tifies the deviations between the proposed variable density low-Mach number model

and popularly used incompressible model based on Reynolds averaged governing

equations. Studies on coupled turbulent convection with thermal radiation report

that the deviations between the results obtained using a Boussinesq and low-Mach

number model grow with the increment in the optical thickness of the medium.
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7.2 Problem Description

The present study numerically investigates buoyancy driven turbulent flow with and

without the influence of radiative heat transfer (surface and gas radiation) in a dif-

ferentially heated square cavity at large temperature difference. The geometry of the

problem as depicted in Fig. 7.1 consists of a square cavity of unit size. The left and

right walls of the enclosure are differentially heated isothermal hot and cold walls re-

spectively, while the top and bottom walls are adiabatic. Simulations are performed

considering pure convection and convection with thermal radiation (surface and gas

radiation) at large temperature difference using a low-Mach number formulation.

Furthermore, investigations are performed for the set of dimensionless parameters

where Ra=1010, Pr = 0.71, Prt = 0.85, and Ga = 1.2. Here, Ga = 1.2 corre-

sponds to a non-Boussinesq convection at large temperature difference. Moreover,

simulations involving the influence of thermal radiation are performed considering

surface radiation τ = 0, convection with gas radiation of optical thickness τ = 0.2

and 1.0. This study highlights the role of thermal radiation in turbulent buoyancy

driven convection at large temperature difference. The deviations in the numerical

results between an incompressible and LMN model are presented for large tempera-

ture difference turbulent non-Boussinesq convection with and without the influence

of thermal radiation.

7.2.1 Mesh independence study

This section describes the minimum spatial and angular meshes required to accu-

rately compute turbulent buoyancy induced natural convection with thermal radia-

tive heat transfer in a square enclosure. Non-uniform hexahedral meshes are used

in the present study. Furthermore, a grid distribution suggested by Henkes and

Hoogendoorn [84] is employed to place the sufficient number of cells in the viscous

sublayer as reported in Table 7.1. This implies that the normalized distance to the

wall y+ is sufficiently low in the near wall region. To carry out the mesh indepen-

dence study, four non-uniform meshes viz. 50×50, 100×100, 200×200 and 400×400

with an angular resolution of 6 × 20 are considered in the X and Y direction. A

unit cell in the Z direction is employed as the intent is to solve a two-dimensional

problem using a three-dimensional code. The details of the non-uniform mesh used
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Figure 7.1: (a) Computational domain with boundary conditions, (b) representation

of non-uniform mesh used in the present study.

in the present study are presented in Fig. 7.1 (b) respectively.

The turbulent natural convection case at Ra = 1010 with optical thickness τ = 1

is chosen, and the average values of the Nusselt number at the hot and cold walls

are presented in Table 7.2. From the Table 7.2 it is evident that the quantitative

difference between 200 × 200 and 400 × 400 grids are negligibly small. Further

computations are carried out using 400×400 spatial grid. In the similar lines three-

angular grids of resolution 2× 12, 4× 18 and 6× 24 are used with a spatial mesh of

200× 200. Using the three angular meshes total Nusselt number values of 1495.12,

1530.45 and 1532.18 are obtained which concludes that 6×24 is the ray-independent

mesh and hence this is used for carrying out the simulations. In the present study, no

wall functions are employed. Instead, as previously employed in many investigations

[84, 88, 89], sufficiently fine grids are placed in the viscous sublayer to capture the

large gradients of mean flow quantities with Dirichlet boundary conditions for k

and ε at the walls. Sharma et al. [89] reported that the epsilon value at the walls

εw should be more than 1022 to get the grid independent solution. Hence, We use

kw = 0 and εw = 1025 at the no-slip walls in the present study.
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Table 7.1: Position of first grid point from wall.

Grid size
Non-dimensional distance of

first cell center from wall (Xp/H)

50× 50 9.256× 10−4

100× 100 8.036× 10−5

200× 200 3.881× 10−5

400× 400 1.907× 10−5

Table 7.2: Average Nusselt number at the hot and cold walls for three different grids

of size 50× 50, 100× 100, 200× 200 and 400× 400 at Ra = 1010 and τ = 1.

Grid size Hot wall Cold wall

Nuc Nur Nuc Nur

50× 50 44.888 1504.083 270.056 1279.266

100× 100 43.150 1498.275 279.141 1262.206

200× 200 40.566 1492.980 275.120 1258.410

400× 400 40.233 1491.947 274.899 1257.164

7.3 Results and Discussion

In this section, results on the flow and heat transfer in a buoyancy-driven turbulent

non-Boussinesq convection with and without the influence of thermal radiative heat

transfer are discussed. Simulations are carried out for various non-dimensional pa-

rameters like Ra=1010, Pr = 0.71, Prt = 0.85, Ga = 1.2 are used in the present

study. Ga = 1.2 corresponds to a non-Boussinesq convection at large temperature

difference. The influence of surface and gas radiation on buoyancy driven natu-

ral convection at large Rayleigh number is demonstrated by comparing with pure

convection case. The study is concluded by comparing the results between an incom-

pressible and quasi-incompressible low-Mach number formulation. Furthermore, the

deviations between the incompressible and quasi-incompressible models are quanti-

fied for the range of parameters used in the present study.
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7.3.1 Influence of surface and gas radiation on turbulent

non-Boussinesq convection

This study highlights the influence of thermal radiation (surface and gas radiation) in

a non-Boussinesq buoyancy driven turbulent flow inside a differentially heated square

enclosure at Ra = 1010. Figures 7.2 and 7.3 depict the isotherms and streamlines,

respectively, inside the square cavity for pure-convection, combined convection with

surface and gas radiation of optical thickness τ = 0.2 and 1. The streamlines for the

pure convection case depict a clockwise flow inside a primary convection cell with

the formation of two secondary cores near the isothermal walls. The flow recircula-

tions are caused due to the combined influence of viscous shear and buoyancy. The

isotherms and streamlines for classic convection case as seen from Figs. 7.2 (a) and

7.3 (a) represent a generation of thin boundary layers both thermal and hydrody-

namic adjacent to the isothermal walls. These boundary layers grow steadily along

the isothermal vertical walls and attenuate near the top and bottom of hot and cold

walls, respectively. The boundary layers adjacent to the isothermal walls represent

the zone of maximum velocity with stagnant thermal and hydrodynamic stratified

region in the center of the cavity. The moving fluid in the boundary layer interacts

with the stagnant stratified core; this causes the hot rising and the cold descending

fluid near the hot and cold walls to pull the core due to viscous shear. However,

the opposed buoyancy force causes a flow reversal of the ascending and descending

fluid near the hot and cold isothermal walls to maintain a stable stratified flow in

the center core. The stable stratified core is responsible for the reduced convection

inside the enclosure. The isotherms as seen from Fig. 7.2 (a) also exhibit a similar

variation. Furthermore, the non-dimensional temperature difference along the top

and bottom walls is of the order of 0.7 with negligible temperature gradients along

the horizontal direction just ahead of the boundary layers.

With the inclusion of surface and gas radiation, the flow and heat transfer charac-

teristics are modified substantially. Interestingly, the inclusion of surface radiation

thickens the boundary layers along the vertical and horizontal walls as seen from

Figs. 7.2 (b) and 7.3 (b). The influence of surface radiation elevates the temperature
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levels inside the enclosure. The combined influence of buoyancy in rising the lighter

fluid and that of thermal radiation to increase the mean temperature levels inside

the enclosure leads to accumulation of hot fluid in the region above the center of

the cavity. The augmentation of hot fluid in the upper half of the enclosure leads

to asymmetry in the flow and heat transfer, particularly the flow in the top of the

cavity is nearly stagnant. The increased temperature levels in the upper half of the

cavity reduces the convection currents in the region and the recirculation zone which

was observed at the center core of the enclosure for pure convection (Fig. 7.3 (a))

is pushed to the bottom (Fig. 7.3 (b)).

The recirculating flow at the bottom of the cavity diffuses a relatively hotter fluid

(temperature levels higher than average) as most of the cold fluid is restricted to the

base of the cold wall. The flow reversal which was observed for both hot and cold

walls in pure convection case as shown in (Fig. 7.3 (a)) can be only seen near the

hot wall for surface radiation case (see Fig. 7.3 (b)). Furthermore, steeper temper-

ature gradients are observed at the adiabatic top and bottom walls to consider the

thermal-radiation effects. The consideration of surface radiation has reduced the

non-dimensional temperature difference along the top and bottom walls from 0.7 to

0.3 relative to the pure convection case with reduced temperature stratification at

the center of the cavity. Streamlines considering gas radiation of optical thickness

τ=0.2 as shown in Fig. 7.3 (c) represent a multi-cellular flow field with three vor-

tices in the cavity. In addition to the primary recirculation zone at the base of the

enclosure as already observed for surface radiation case (Fig. 7.3 (b)), a secondary

convection roll is also noted in the upper half of the cavity. A small tertiary vortex

accompanies the two recirculating zones near the hot wall above the mid-plane of

the cavity. The temperature variation as seen from Fig. 7.2 (c) represents a ther-

mally active center region with negligible temperature stratification. The influence

of participating medium reduces the extent of radiative heat transfer as much of

the radiation is absorbed. However, heat transfer due to convection is significantly

increased at the adiabatic walls to compensate the reduction in the radiative heat

transfer. The sharp bending of the isotherms at the adiabatic top and bottom walls

is an implication of the increased convection inside the enclosure. The fast-moving

convection currents at the horizontal and vertical boundary layers interact with the

thermally active fluids to form primary and secondary recirculation zones inside the

cavity. The primary and secondary vortices recirculate most of the hot fluid inside
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(a) (b)

(c) (d)

Figure 7.2: Isotherms inside the square cavity at Ra = 1010 for (a) non-radiating

pure convection, (b) combined convection with surface radiation, (c) convection with

gas radiation of optical thickness τ=0.2, (d) convection with gas radiation of optical

thickness τ=1.

the enclosure. The tertiary vortex is created as a result of flow reversal along the

isothermal hot wall just outside the boundary layer due to the combined influence

of viscous drag and opposing buoyancy.
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Figure 7.3: Streamlines inside the square cavity at Ra = 1010 for (a) non-radiating

pure convection, (b) combined convection with surface radiation, (c) convection with

gas radiation of optical thickness τ=0.2, (d) convection with gas radiation of optical

thickness τ=1.

With the increase in optical thickness of the participating medium from τ=0.2 to

1.0, a unicellular flow field is recognized as depicted in Fig. 7.3 (d). The isotherms
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in Fig. 7.2 (d) represent a thermally active center core filled with hot fluid (tem-

perature levels much larger than average temperatures) with negligible temperature

gradients along the horizontal and vertical direction. The large absorption of the

thermal radiation by the participating medium had lead to a significant increase in

the mean temperature inside the enclosure. The thermal stratification previously

observed for pure convection case is completely lost. Furthermore, the convection

currents have increased drastically with an increase in optical thickness of the par-

ticipating medium. The increased convective heat transfer can be easily realized

from sharp bending of the isotherms with opposite curvature at the adiabatic top

and bottom walls. The stronger convection currents interact with the thermally

active hot fluid at the center core to form a single recirculation cell. These simula-

tion results reveal that the increment of optical thickness increases the convection

currents inside the enclosure.

7.3.2 Influence of surface and gas radiation on temperature

and velocity distribution inside the cavity

The influence of thermal radiation on temperature and velocity variation for turbu-

lent buoyancy-driven flow is explained by comparing the centerline profiles. Figure

7.4 represents the temperature and velocity variation along the horizontal and ver-

tical centerline for pure convection and combined convection with surface and gas

radiation, respectively. The temperature variation along the horizontal centerline in

Fig. 7.4 (a) depicts sharp gradients near the isothermal walls while the temperature

gradients are negligible in the region away from boundary layers at the center core.

The temperature variation for the pure convection case depicts anti-symmetric dis-

tribution along the x-axis while the inclusion of surface and gas radiation breaks

the anti-symmetry in the temperature variation. A mean temperature values of 0.4,

0.6, 0.7 and 0.75 are observed just ahead of the boundary layers for pure convec-

tion and combined convection with surface and gas radiation of optical thickness

0.2 and 1, respectively. The temperature variation along the vertical centerline in

Fig. 7.4 (b) indicates sharp temperature gradients near the bottom walls. How-

ever, the temperature gradients at the top wall are minimal in comparison to the

bottom wall. The reduced temperature gradients at the top wall are due to the
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combined influence of buoyancy and increased temperature levels due to thermal

radiation which compels the hotter fluid to accumulate at the top of the cavity.

Large temperature gradients at the bottom wall are obtained for surface and gas

radiation with optical thickness τ = 0.2 case as the recirculation vortex are forced

to the base of the cavity due to the increased temperature levels inside the enclosure.

From the vertical velocity variation along the x-axis in Fig. 7.4 (c) maximum velocity

is perceived near the isothermal hot and cold walls. The velocity variation for pure

convection and combined convection with gas radiation of optical thickness τ=1

is anti-symmetric while the surface and gas radiation case with optical thickness

τ=0.2 depicts asymmetric variation. Large velocity gradients are perceived near

the vertical walls while in the central region away from the isothermal walls the

velocity variation is almost negligible in the vertical direction. From the horizontal

velocity variation along the y-axis at midplane in Fig. 7.4 (d) it is seen that for pure

convection case the u-velocity gradients are almost negligible along the vertical axis.

However, with the inclusion of surface radiation the velocity variation depicts sharp

slopes near the bottom walls whereas in the central and upper half of the cavity

the flow is almost stagnant along the horizontal direction. With the consideration

of gas radiation with optical thickness τ=0.2 and 1, the horizontal velocity attains

its maximum value near the top and bottom walls. The simulation results depict a

significant increase in convection currents with the inclusion of thermal radiation.

In particular, the horizontal component of velocity achieves its maximum value near

the adiabatic walls with the increment in the optical thickness of the participating

medium.

7.3.3 Influence of surface and gas radiation on turbulent

viscosity variation inside the cavity

Figure 7.5 signifies the influence of surface and gas radiation on the variation of

viscosity ratio (turbulent to laminar viscosity). The viscosity ratio contours for

classic convection case in Fig. 7.5 (a) depict an anti-symmetric distribution along the

vertical mid-plane with maximum values obtained in the boundary layers adjacent

to the vertical walls. The viscosity variation for pure convection signifies dominant

mixing near the boundary layers at the isothermal walls and the region adjoining
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Figure 7.4: Influence of surface and gas radiation on temperature and velocity vari-

ation at Ra = 1010, (a, b) comparison of temperature variation along the horizon-

tal and vertical mid plane respectively, (c) comparison of vertical velocity variation

along the horizontal mid plane, (d) comparison of horizontal velocity variation along

the vertical mid plane.

the stratified core and boundary layers. However, the value of turbulent viscosity

ratio is almost negligible near the adiabatic walls and also in the center core of
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the cavity as the velocity gradients are imperceptible in this region. Notably, the

consideration of surface radiation in the simulation increases the magnitude and

extent of the turbulent viscosity field. Domains of stronger turbulent viscosity are

obtained not only near the vertical boundary layers but also in the vicinity of the

bottom wall. The variation of viscosity ratio is asymmetry with a strong inclination

to the hot wall. The highest value of the turbulent viscosity is perceived at the

base of the isothermal hot wall, and it decreases gradually along the height of the

wall. Furthermore, turbulent viscosity field is significant only near the base of the

cold wall. The preeminence of turbulent viscosity variation at the bottom wall

is because of the increased velocity gradients in the horizontal direction along the

bottom wall due to the influence of thermal radiation. As already mentioned that the

consideration of gas radiation leads to increased convection currents at the horizontal

walls and the suppression of recirculation zones towards the bottom of the cavity.

This is the basis of predominant turbulent viscosity fields near the horizontal bottom

wall in comparison to the vertical walls for combined convection with gas radiation

as seen from Figs. 7.5 (c) and (d).

7.3.4 Influence of surface and gas radiation on Nusselt num-

ber variation at the hot and cold walls

The influence of thermal radiation on overall heat transfer is discussed by analyz-

ing the Nusselt number on the hot and cold walls. Figure 7.6 represents the local

variation of convective and radiative Nusselt numbers at the hot and cold walls,

respectively for pure convection and combined convection with surface and gas radi-

ation. From the convective Nusselt number variation at the heated wall in Fig. 7.6

(a) it is seen that the values of convective Nusselt number decrease with the addition

of surface and gas radiation. The highest value of convective Nusselt number for

pure convection is perceived at the base of the heated wall, and it further decreases

with the wall height. However, at the cold wall, the variation of convective Nusselt

number is observed to increase with the inclusion of surface and gas radiation, re-

spectively. The highest value of the convective Nusselt number is remarked at the

top of the cold wall, and it decreases gradually with height. The symmetry break-

ing phenomena observed in the variation of convective Nusselt number for laminar

buoyancy driven non-Boussinesq flows at substantial temperature difference can also
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(a) (b)

(c) (d)

Figure 7.5: Influence of surface and gas radiation on viscosity ratio at Ra = 1010.

Distribution of viscosity ratio for (a) pure convection, (b) combined convection with

surface radiation, (c) convection with gas radiation of optical thickness τ=0.2, (d)

convection with gas radiation of optical thickness τ=1.

be seen in turbulent flows.

The attenuation and augmentation of convective Nusselt number with the inclusion
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Figure 7.6: Influence of surface and gas radiation on local variation of convective

and radiative Nusselt number for turbulent natural convection inside a differentially

heated square cavity at Ra = 1010. (a) Variation of convective Nusselt number at the

hot wall, (b) variation of convective Nusselt number at the cold wall, (c) variation of

radiative Nusselt number at the hot wall, (d) variation of radiative Nusselt number

at the cold wall.
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Table 7.3: Influence of surface and gas radiation on average Nusselt number for

Rayleigh number Ra=1010.

Cases considered Hot wall Cold wall

Nuc Nur Nuc Nur

Pure convection 118.886 NA 118.886 NA

Surface radiation 81.387 1859.243 176.855 1763.775

Gas radiation, τ = 0.2 43.383 1776.308 247.979 1571.495

Gas radiation, τ = 1 40.233 1491.947 274.899 1257.164

of thermal radiation at the hot and cold walls are attributed to the increase in mean

temperature levels by thermal radiation. However, higher values of radiative Nusselt

number variation can be observed at the hot wall in comparison to the cold wall as

seen from Fig. 7.6 (c) and (d). The highest values of radiative Nusselt number vari-

ation is observed for the surface radiation case. Furthermore, the values of radiative

Nusselt number decrease gradually with increase in optical thickness of the medium.

Table 7.3 represents the average values of convection and radiation Nusselt numbers

at the isothermal hot and cold walls for pure convection and combined convection

with surface and gas radiation. From the average values of the Nusselt number, it is

seen that the inclusion of surface and gas radiation induces asymmetry in the heat

transfer. The asymmetric heat transfer distribution is evident from the decreased

convective Nusselt number at the cold wall. However, at the hot wall the convective

Nusselt number values are augmented substantially. The values of radiative Nusselt

number decrease with the increment in optical thickness due to the large absorption

of thermal radiation by the participating medium.

7.3.5 Influence of variable temperature dependent thermo-

physical properties on flow and heat transfer

In this section the significance of non-Boussinesq, variable density formulation is

discussed for accurate simulation of turbulent natural convection with thermal ra-

diative heat transfer at large temperature difference. A comparative analysis of
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results obtained using an incompressible model based on Reynolds averaging of the

governing equations and a variable density low-Mach number model based on Favre-

averaging of the governing equations is performed. The differences in the results for

temperature, velocity, viscosity ratio and Nusselt number variations are presented

for a turbulent natural convection flow coupled with gas radiation. The problem

is solved at Ra = 1010, Pr = 0.71, Prt = 0.85, Ga = 1.2 and τ = 1.0 using in-

compressible and quasi-incompressible models. Figure 7.7 represents the variation of

turbulent viscosity, temperature and velocity variation along the horizontal and ver-

tical centerline respectively. From the results, it is evident that the incompressible

assumption over-predicts the temperature, velocity and turbulent viscosity varia-

tion in the center core of the cavity. It is interesting to note that the incompressible

model over-predicts the temperature gradients near the isothermal hot walls whereas

they are under-predicted near the cold walls which influences the Nusselt number

variation immensely. Figure 7.8 represents the comparison of local variation of con-

vection and radiation Nusselt number at the isothermal hot and cold walls. From Fig

7.8 it is seen that the incompressible model does not accurately predict the Nusselt

number values. From the comparison of average Nusselt number variation in Table

7.4 it is emphasized that the maximum deviation in the convective Nusselt number

between the incompressible and quasi-incompressible model is 30.83%, whereas the

radiative Nusselt number has a maximum deviation of 3.67%. Furthermore, the

differences in the Nusselt number values grow with the increase in optical thickness

of the participating gas. The comparison of the quasi-incompressible and low-Mach

number models demonstrate the inaccuracy of incompressible models for simulat-

ing large temperature difference buoyancy driven turbulent natural convection with

thermal radiative heat transfer.

7.4 Closure

In this chapter, numerical simulations of turbulent natural convection with and

without the influence of thermal radiation in a differentially heated square cavity

are presented at large temperature difference for Ra = 1010. It is shown that the

inclusion of surface and gas radiation leads to asymmetry in the flow and heat trans-

fer. Also, the convection currents intensify, and the magnitude and extent of the
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Figure 7.7: Comparison of results between incompressible and variable density low-

Mach number model for turbulent natural convection flow coupled with gas radiation

at Ra = 1010 and τ = 1.0. (a) Comparison of variation of turbulent viscosity along

the horizontal mid plane. (b) comparison of centerline temperature variation along

the horizontal and vertical mid plane. (c) comparison of center line velocity variation

along the horizontal and vertical mid plane.
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Figure 7.8: Comparison of local Nusselt number variation between incompressible

and variable density low-Mach number model for turbulent natural convection flow

coupled with gas radiation at Ra = 1010 and τ = 1.0. (a) Variation of convective

Nusselt number at the hot wall, (b) variation of convective Nusselt number at the

cold wall, (c) variation of radiative Nusselt number at the hot wall, (d) variation of

radiative Nusselt number at the cold wall.
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Table 7.4: Comparison of average Nusselt number variation between incompressible

and variable density low-Mach number model at Rayleigh number Ra = 1010.

Testcase Formulation Hot wall Cold wall

Nuc Nur Nuc Nur

Pure convection Incompressible 117.360 NA 117.160 NA

LMN 118.880 NA 118.770 NA

% deviation 1.27 % - 1.35 % -

τ = 0 Incompressible 76.860 1845.280 145.610 1775.690

LMN 81.380 1859.240 176.850 1760.380

% deviation 5.56 % 0.75 % 17.66 % 0.86 %

τ = 0.2 Incompressible 43.920 1740.320 174.530 1609.490

LMN 43.380 1776.300 247.970 1571.490

% deviation 1.25 % 0.20 % 29.61 % 2.41 %

τ = 1 Incompressible 46.600 1447.010 190.140 1303.320

LMN 40.230 1491.940 274.890 1257.160

% deviation 15.83 % 3.01 % 30.83 % 3.67 %

turbulence effects primarily increase with the consideration of thermal radiation in

the simulation. The deviations between the proposed variable density low-Mach

number model and popularly used incompressible model based on Reynolds aver-

aged governing equations are quantified. Finally, it is reported that the deviations

between the Boussinesq and low-Mach number model grow with the increment in

the optical thickness of the medium.
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Chapter 8

Conclusions and Scope for Future

Work

8.1 Conclusions

This thesis presents a unified framework for simulation of buoyancy driven flows

(laminar and turbulent) coupled with thermal radiative heat transfer in enclosures.

In this context, a detailed mathematical formulation based on FVM is presented

for the numerical computation of radiative heat transfer in conjunction with a low-

Mach number formulation for laminar and turbulent natural convection flows. Fur-

thermore, a detailed discretization of the governing equations is presented on three-

dimensional unstructured polyhedral meshes. A validation study comprising of pure

radiative heat transfer, natural convection at large temperature difference, coupled

natural convection with surface and gas radiation and turbulent natural convection

is performed. The results from the present numerical model are shown to be in

excellent agreement with that of the reported literatures. Further, it is shown that

a conservative algorithm with balancing of the pressure and buoyancy terms is best

suited for robust calculations of large temperature difference thermo-buoyant con-

vection with radiative heat transfer among the three low-Mach number algorithms

presented in this thesis. The developed mathematical model is used to study the

influence of partitions on buoyancy induced convection with thermal radiation in
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a differentially heated cubical enclosure and turbulence radiation interaction in a

buoyancy driven flow. A brief summary of the conclusions arrived from investiga-

tions carried out in each individual chapters is discussed as follows.

In chapter 4, the invalidity of the incompressible model and the need for a non-

Boussinesq model for convective-radiative flows is explored. This is achieved by

performing studies for combined buoyancy- driven convection coupled with thermal

radiation in enclosures with a heated cylinder. Studies are performed considering

large temperature difference convective-radiative flows. Coupled natural convection

with thermal radiation at small temperature difference but the mean temperatures

are high enough so that the radiative heat transfer effects become significant. Sim-

ulations are carried out by using an incompressible model based on Boussinesq ap-

proximation, a quasi-incompressible model based on low-Mach number formulation

and compressible model using OpenFOAM. The compressible model of OpenFOAM

is used with an intent to verify the results of the present low-Mach number model.

The main findings are as follows.

• The low-Mach number algorithm is found to be robust and stable for the range

of Rayleigh, Gay-Lussac and Planck number studied. The algorithm is able to pro-

vide satisfactory results over the range of parameters, agreeing well with the results

obtained from a compressible model simulated using OpenFOAM.

• Comparison of results between a Boussinesq and non-Boussinesq models show

qualitative similarities for the case of surface radiation. However, these similari-

ties tend to vanish in the presence of gas radiation, with a significant qualitative

contrast. Quantitative differences between the two models concerning local Nusselt

number variation at the top and bottom walls of the enclosure can be observed.

• The use of incompressible assumption at a high optical thickness (τ = 5.0) results

in errors up to 27 % in the convective Nusselt number and 15 % in the radiative

Nusselt number at the heated cylinder. The maximum error of 45% in the local

convective Nusselt number is encountered at the top wall.

• Significant influence of radiative heat transfer even for small temperature differ-

ences can cause the Boussinesq approximation to fail with substantial influence on

flow and Nusselt number variation.

In chapter 5, numerical studies are performed to examine the performance of three-

different low-Mach number algorithms for simulating coupled convection with ra-
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diation. Three different algorithms based on a low-Mach number formulation are

presented for tackling the non-Boussinesq effects arising due to substantial temper-

ature difference and radiative heat transfer. These algorithms are categorized as

discretely conservative and update based algorithms. The discrete mass and energy

conservation errors arising where density and temperature are obtained through the

EOS have been derived, and its implications on solving buoyancy driven flows with

radiation are discussed in details. Furthermore, the importance of balancing the

pressure and buoyancy term for robust simulations of large temperature difference

non-Boussinesq convection is presented. The important findings from this study are

discussed as follows.

• Solution to buoyancy-driven Boussinesq or non-Boussinesq convection with radia-

tive heat transfer in enclosures can be carried out using a low-Mach formulation

where one can solve all the conservation laws or choose to have density or tempera-

ture being computed from the equation of state.

• The use of approaches where the density and temperature are computed from the

EOS leads to the generation of discrete mass and energy conservation errors in the

system. These errors are functions of dimensionless quantities governing the flow

and heat transfer (Ga,Ra, Pr, P l,∆t) and approach zero as ∆t → 0. For a finite ∆t

the magnitude of these errors plays a vital role in smooth convergence and solution

to steady state using a pseudo-transient approach.

• The influence of large temperature difference (Ga → ∞) and dominance of ra-

diative heat transfer (P l → 0) have a considerable impact on the stability of such

algorithms where density or temperature is computed from EOS. However, the den-

sity update algorithm is shown to be marginally superior to the one where the

temperature is computed from the EOS for problems involving small temperature

difference (Ga → 0) and dominance of radiative heat transfer (P l → 0).

• In case of large temperature difference non-Boussinesq convection, the balancing

of pressure and buoyancy term is found to increase the robustness of the algorithm.

In particular, the unbalanced algorithm requires at least two orders lower time step

∆t for solution convergence as compared to its balanced counterpart. This is be-

cause of the spurious currents that may be generated because of a discrete imbalance

between the various terms that could affect the robustness of the solution.

• This study shows that a fully balanced and discretely conservative algorithm is

best suited for robust simulation of combined natural convection with thermal ra-

diative heat transfer in enclosures.
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In chapter 6, numerical investigations are performed on the influence of partitions

for buoyancy-induced convection with thermal radiation in a cubical enclosure at

substantial temperature differences. Studies on four distinct configurations of top-

bottom and front-back partitions have been performed at Ra = 106, Pr = 0.71,

Ga = 1.2 and P l = 0.01. The significance of position and orientation of partitioning

walls on flow physics, heat transfer characteristics and entropy generation inside the

enclosure is considered by applying a symmetric (inline) and asymmetric (offset)

arrangement of the partitions. Numerical experiments are carried out for different

class of problems considering pure convection as well as buoyancy-induced convec-

tion with surface and gas radiation. The intent is to substantiate the impact of

partitioning walls on convection and radiation heat transfer. The following are the

major conclusions derived from this study.

• The offset configuration of top-bottom partitions depicts lower values of the con-

vection Nusselt number in comparison with the inline configuration. This decrease

in the convection Nusselt number is a consequence of entrapment of hot and cold

fluid near the isothermal walls. One can observe a maximum reduction of 4.5 % in

the convection Nusselt number for the surface radiation case.

• Contrary to the convective heat transfer the offset configuration of top-bottom

partitions signifies higher radiation Nusselt number values with reference to the in-

line configuration. The inline partitions offer substantial blockage to radiation, and

hence the radiation Nusselt number diminishes. One can observe a maximum re-

duction of 5.78 % in the radiation Nusselt number for the gas radiation case.

• Both the offset and inline configuration for front-back partitions have negligi-

ble influence on the convection Nusselt number. It signifies that these partitions

do not alter the primary convection currents but merely contribute to the three-

dimensionality of the flow. Higher values of radiation Nusselt numbers are obtained

for the offset configuration as has also been observed similar to the top-bottom par-

titions.

• Partitions along the front and back walls represent higher values of convective and

radiative Nusselt numbers when compared with the top-bottom partitions. This is

true for both inline and offset configurations. Despite having the same blockage

ratio, the radiative Nusselt number for inline configuration is more significant for

front-back partitions in comparison to the top-bottom partitions owing to the en-

hanced heat transfer due to convection.
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• Irreversibilities associated with heat transfer is the predominant mode of entropy

production and those by fluid friction are mostly insignificant in the overall entropy

production.

• Higher values of total entropy production are obtained for partitions along the

top-bottom walls as compared to those along the front-back walls. The inline con-

figuration with top-bottom partitions demonstrates highest values of total entropy

generation.

• The offset configuration with front-back partitions exhibits highest heat transfer

rates as observed from the values of average Nusselt number with minimum total

entropy generation. This result may be of practical value since offset design of par-

titions could be a preferred choice for a building design and heat transfer point of

view.

• Considerable deviations are obtained in the results from an incompressible and

quasi-incompressible low-Mach number model for a three-dimensional natural con-

vection influenced by thermal radiation. The deviations are remarkably high for

convective heat transfer, specifically at the cold wall.

• The deviation between the incompressible and quasi-incompressible model in-

creases in case of three-dimensional simulation in comparison to the two-dimensional

approximation of the same problem. In case of two-dimensional simulations, it is

seen that the quasi-incompressibility effects, influence the convective heat transfer

only and the deviation in the radiative Nusselt number are very small. However,

from the three-dimensional simulations, it is apparent that quasi-incompressibility

effects influence not only the convective heat transfer but also the radiative heat

transfer significantly.

In chapter 7, the details of a computational model for obtaining numerical solutions

of turbulent buoyancy driven non-Boussinesq convection coupled with thermal ra-

diative heat transfer in enclosures are presented. The simulations are carried out

using a variable density model based on low-Mach number formulation of the Favre-

averaged governing equations, while the turbulence is modeled using a two-equation

(k − ε) method. The developed model is used to highlight the significance of ther-

mal radiation (surface and gas radiation) for buoyancy driven turbulent flows and

heat transfer in a differentially heated square cavity at large temperature difference.

The deviations in the results arising due to the use of an incompressible model are

quantified for the range of parameters studied. The following are the major findings
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of this study.

• The non-radiating pure convection case depicts anti-symmetric temperature and

velocity distribution along the vertical mid-plane with steep temperature and veloc-

ity gradients near the isothermal walls. Regions of thin boundary layers are observed

near the vertical walls with relatively stagnant and stratified temperature and ve-

locity distributions at the center core.

• The inclusion of thermal radiation increases the mean temperature levels inside

the enclosure. The combined influence of buoyancy and thermal radiation leads to

accumulation of hot fluid in the upper half of the cavity which is accountable for

the asymmetry in the flow and heat transfer.

• The increased temperature levels inside the cavity due to thermal radiation lead

to thickening of the boundary layers. The thickening phenomena are predominant

at the heated wall in comparison to the cold wall.

• To accommodate the influence of thermal radiation steeper temperature gradients

are obtained at the adiabatic walls compared to the non-radiating pure convection

case. The increase in optical thickness of the participating medium attenuates much

of the radiation, as a consequence convective heat transfer is enhanced at the adia-

batic walls to compensate the reduced radiative heat transfer. Thus the increase in

optical thickness of the participating medium augments the intensity of convection

inside the enclosure.

• Dominant effects of turbulence are limited to the region near the isothermal walls

for the pure convection case. The coupled convection with thermal radiation case

signifies increased magnitude and extent of the turbulence. The enhanced turbu-

lence effects are realized at all four walls and also in the interior of the cavity.

• The presence of thermal radiation increases the heat transfer due to convection

at the cold wall whereas higher radiative heat transfer rates are observed at the hot

wall.

• Considerable deviations are obtained in the variation of temperature, velocity,

turbulent viscosity and the local Nusselt number between the incompressible and

variable density low-Mach number models. Subsequently, the deviations are found

to increase with the increase in optical thickness of the medium. The maximum

deviation in the average convective Nusselt number between the incompressible and

quasi-incompressible model is 30.83%, whereas the radiative Nusselt number has a

maximum deviation of 3.67%.
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In a nutshell, the salient contributions of the thesis may be summarized as the

development of a low-Mach number flow solver on unstructured meshes and its

application for convective-radiative heat transfer. Salient contributions made in

this thesis are summarized below. 1. This thesis presents extensive discussions on

the circumstances in which variable-density flows can no longer be treated using

an incompressible assumption (Boussinesq approximation). This includes problems

involving large temperature difference natural convection and those coupled with

radiative heat transfer.

2. It is very well known that the Boussinesq approximation does not hold good at

large temperature difference. However, studies in the present thesis show that even

for small temperature difference, a low enough Planck number (significant influence

of radiative heat transfer) may cause the Boussinesq approximation to fail.

3. The importance of discrete conservation of mass and energy in obtaining robust

solutions of non-Boussinesq flows has been discussed in detail. Importantly, the

use of an algorithm that discretely conserves both mass and energy as opposed to

calculating either one using the EOS allows the use of a larger time step on a given

mesh without compromising on the solution accuracy. On similar lines, one may

be able to use a finer mesh for a given time step in obtaining stable and accurate

solutions for such problems.

4. A balanced force algorithm for buoyancy driven flows at large temperature differ-

ence is presented and its importance is highlighted for practical problems including

turbulent flows. It is shown that at large temperature difference buoyancy driven

flows the discrete balance between pressure and buoyancy forces allows for larger

allowable time step and therefore more cost-effective solutions for such flows. Fur-

thermore, it is seen that the balanced formulation was necessary to compute ac-

curately the turbulent natural convection problems in an acceptable turn around

times. The investigations highlight the need and ability of the force balancing in

devising a robust and accurate algorithm to solve non-Boussinesq fluid flows.

5. Applications of the flow solver for practical problems in enclosures in both laminar

and turbulent regimes have been carried out. In particular, studies have been carried

out for non-Oberbeck-Boussinesq buoyancy-driven turbulent flows in the presence

of radiation. The results from the present work may serve as an ideal test case for

benchmarking.
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8.2 Scope for Future Work

The mathematical model presented in this thesis can further be modified with an

aim to enhance the understanding of the coupled flow with radiative heat transfer

in various engineering scenario.

• Firstly, a spectral model can be easily incorporated to consider the non-grey nature

of gases. This will help in better understanding of the behavior of gases encountered

in practical scenarios like combustion, fire and smoke spread in buildings etc.

• While performing studies on turbulence-radiation interaction, the RTE Favre-

averaging is approximated by neglecting the instantaneous temperature fluctuations.

This approximation was considered by following the work of Mazumder and Modest

[116] who have previously shown that the temperature fluctuations are not much

significant for non-reacting flows. However, it will be interesting to explore the con-

tribution of these fluctuating terms in non-Boussinesq flows at large temperature

difference. The use of other turbulence models in predicting turbulence radiation

interaction can be suitably incorporated into the proposed numerical framework.

Comparison of solutions obtained with different turbulence models can be studied.

• A deeper investigation into the true connection between momentum interpolation

and force balancing with particular emphasis on natural convection problems (both

in laminar and turbulent regimes as also those with large temperature differences)

can be undertaken in the future.

• It is seen from laminar buoyancy driven flows that the inclusion of thermal ra-

diation increases the three-dimensionality of the flow. Hence, the future stud-

ies on turbulence-radiation interaction can be carried out considering the three-

dimensional effects.

• The computational expense associated with a full three-dimensional turbulence

radiation interaction study will be very high and hence a computational framework

for parallel simulations can be implemented.

• The present model can be easily coupled with a reaction model for understanding

the role of thermal radiation in reacting flows.
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‘Resolving the stratification discrepancy of turbulent natural convection in

differentially heated air-filled cavities. part iii: A full convection–conduction–

surface radiation coupling’, International Journal of Heat and Fluid Flow,

vol. 42, pp. 33–48.

[105] Soucasse L., Rivière P., and Soufiani A. (2014) ‘Subgrid-scale model for ra-

diative transfer in turbulent participating media’, Journal of Computational

Physics, vol. 257, pp. 442–459.

[106] Soucasse L., Rivière P., Soufiani A., Xin S., and Le Quéré P. (2014) ‘Tran-
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