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Abstract

From a practical and simplicity point of views, the relay feedback identification is extended

to the various fields of process control industries. The proposed techniques yield significantly

improved accuracy over the conventional relay feedback method by deriving the explicit ex-

pressions for unknown process model parameters in terms of the output limit cycle data. A

relay with hysteresis instead of an ideal relay is used in allthe identification procedures to make

the resultant system less sensitive to measurement noise. Next, the applicability of the relay

feedback is shown by identifying nonlinear processes with static nonlinearities. On-line identi-

fication and tuning are major design objectives to achieve for certain critical applications. The

modification is done by adding a relay in parallel to the controller to induce a limit cycle os-

cillation without breaking the closed-loop control. Basedon half limit cycle data, a systematic

procedure is developed to estimate a low order transfer function model. To obtain the optimum

control input variations, the controller tuning rules are derived from the time weighted integral

performance criteria. In addition, the necessary condition for the existence of the limit cycle

for unstable processes are obtained for first and second order process models. Finally, a simple

control strategy is given to induce a sustained limit cycle oscillation where the conventional

relay feedback fails for unstable processes with large timedelay. All the above benefits are

achieved at no significant incremental costs in terms of implementation resources and applica-

tion complexities. Both simulation examples and laboratory tests are furnished to illustrate the

effectiveness of the proposed approaches.
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CHAPTER 1

INTRODUCTION

1.1 Research Background

Relay feedback techniques are very appealing to perform identification of processes for control

purposes; being fast and easy to use, they can be frequently repeated for all the situations where

there is lack of knowledge about a process to build a mathematical model. Various aspects of

the relay feedback are discussed in [1–3]. Some of the distinct advantages of the relay feedback

are given below:

1. It identifies process information around the important frequency, the ultimate frequency

(the frequency where the phase angle is−π).

2. It is a closed-loop test; therefore, the process will not drift away from the nominal oper-

ating point.

3. For processes with a long time constant, it is a more time-efficient method than conven-

tional step or pulse testing. The experimental time is roughly equal to two to four times

the ultimate period.

This method has been subject of much interests in recent years and it has been field tested in a

wide range of applications.

1
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Chapter 1 Introduction

A. Process identification

In the early eighties,̊Aström and Hägglund [4] proposed the use of relay feedbackcombined

with a describing function approximation (DFA) as a simple means to determine the ultimate

gain and ultimate frequency. The key idea behind this work was that the relay experiment can be

used as a mean to automatically excite a process at its critical frequency. When combined with

the DFA, the relay proved to be a very efficient way to obtain process information that could be

directly applied to proportional-integral-derivative (PID) controller design. Since 1984, many

variations and refinements to the original method have been developed and used in a number of

applications, including auto-tuning of PID and process identification. Based on the frequency

domain describing function approach, many methods have been reported [5–13] with improved

accuracy to estimate process transfer function models. Theliterature on relay feedback appli-

cations relies almost exclusively upon the use of the DFA, which estimates a single frequency

response point based on the assumption that the relay data has a dominant first harmonic compo-

nent. A direct consequence of this limited information is that applications have been restricted

to certain control strategies (eg. PID tuning using specified gain/phase margins). Moreover,

the frequency response at the single point, the ultimate frequency, is insufficient to determine

transfer function model with three or more parameters.

While many of the relay auto-tuning methods use the DFA to a relay in their analysis, a very

few have applied the exact relay feedback expressions in time-domain analysis. Wang et al. [14]

used a time-domain approach to obtain the exact expressionsfor the limit cycle waveform for a

first order plus dead time (FOPDT) transfer function model. Wang et al. [15] proposed a mech-

anism to combine a relay plus integrator to generate a multifrequency excitation signal based

on which a step response model was identified. But, some additional test or prior knowledge

of the system is needed to enable and complete the modelling.Majhi and Atherton [16] and

Majhi [17,18] developed relay identification algorithms for the general model structure using a

state-space approach. Another improved identification algorithms using the Fourier or Laplace

transform for the relay response have been reported by Ramakrishnan and Chidambaram [9]
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and Vivek and Chidambaram [19]. Panda and Yu [20, 21] have improved auto-tuning using

shape factor of relay feedback response to estimate unknownprocess model parameters, but

requires to solve simultaneous set of equations. The enhance identification performance using

integrals of the relay response instead of the point data hasbeen achieved in [22]. However,

the method is not only iterative but also requires more data measurements for identification.

Recently in [23, 24], based on Fourier/Laplace transform ofthe relay response, a frequency

response algorithm is developed for estimating the multiple frequency response points of the

process with the help of the iterative method and suitable initial guesses.

B. Extension to nonlinear processes

When nonlinearities in processes are so severe that their linear approximations are not ac-

ceptable, nonlinear models should be considered to describe the nonlinear dynamics. For this,

block-oriented nonlinear models that consist of linear dynamic subsystem and memoryless non-

linear static functions such as Wiener, Hammerstein and Hammerstein-Wiener models have

been often used because of their simple structure [25]. These particular types of nonlinear mod-

els can describe the nonlinear dynamics of many chemical, electrical and biological processes.

Most relay based reported methods show significant improvements in identification of the linear

process models but not the nonlinear process models. Some researchers have exerted efforts in

developing relay based nonlinear process identification methods to overcome the limitations of

the linear approaches.

In [26, 27], repetitive relay tests were developed with different relay heights and dynamic

elements inserted in the control loop to determine the Hammerstein-type process. Huang et

al. [28] proposed an optimizing algorithm using optimal parameter vectors to estimate the static

nonlinearity in the Wiener-type process models. Basic conventional approach to classify and

identify nonlinear processes using two consecutive relay tests has been proposed by Huang et

al. [29]. An optimization procedure to obtain symmetric limit cycle output [27] and a nonlinear

control strategy to compensate the nonlinear dynamics [30], were presented based on a relay
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feedback test. Park et al. [31] proposed identification of Hammerstein-type processes using a

triangular input signal. Lee et al. [32] identified nonlinear process via an iterative procedure

with use of an adjustable PI controller. Sung [33] proposed an estimation method for nonlinear

static gains using a random binary signal that deactivate the effects of nonlinear gains. Jeng et

al.’s [34] method used a systematic approach to identify nonlinear processes with an integrator

in the loop. Recently, a new relay feedback method [35], has been proposed to guarantee

symmetric responses under static nonlinearity and static disturbances. It can be successfully

applied to identify nonlinear processes. A method based on least squares optimization [36] was

reported to estimate the static nonlinearity in the Wiener-type process using two step inputs

with different widths and amplitudes. The enhanced activation method [37] gave the nonlinear

process model parameters in an optimal way by solving a constrained nonlinear optimization

procedure.

For noisy environments, all previous methods [27–35,37,38] suffer from a relay chattering

since they use an ideal relay instead of a relay with hysteresis thereby limiting the practical

applicability of their techniques. Moreover, the methods require either special test signals or

iterative optimization procedures or a set of approximations to estimate the nonlinear process

model parameters.

C. On-line automatic tuning of controllers

One of the main features of the relay auto-tuning method, which probably accounts for its

success more than any other associated features, is that it is a closed-loop method [39]. How-

ever, the problem has not been fully solved that the loop mustbe opened and the process must

be disturbed to conduct the relay test [40]. The basic conventional relay feedback has several

important practical constraints, first, it has a sensitivity problem in the presence of disturbance

signals, or equivalent ones arising from varying process dynamics, nonlinearities and uncer-

tainties present in the process. An iterative solution [35,41] has been proposed for small and

constant disturbances by adjusting the relay bias until symmetrical limit cycle oscillations are
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obtained. Secondly, the conventional relay feedback is an off-line tuning method, i.e. some

information on the process is first extracted with the process under relay feedback and detached

from the controller. The information is subsequently used to commission the controller. Off-

line tuning affects the operational process regulation which may not be acceptable for certain

critical applications. Indeed, in certain key process control areas such as vacuum control, en-

vironment control, it may be too expensive or dangerous for the control loop to be broken for

tuning purposes. Therefore, the tuning under tight continuous closed-loop control (on-line) is

necessary.

In [42], an on-line iterative approach was reported for closed-loop automatic tuning of the

PID. But it has long experiment time, which may not be acceptable practically. The on-line

tuning methods [40, 43] have been proposed to make them more effective than the basic relay

auto-tuning method. The identification procedure in [40] isnot straightforward and one needs

to have prior knowledge about the system to decide about the suitable frequency response pro-

totypes. Ho et al. [44] have presented relay auto-tuning of PID compensator for desired phase

and bandwidth. The complexity of the method is apparent fromcomputing the gradient of the

quadratic criterion. The exact analytical method [45] has been proposed in which a relay is

connected in series with a controller. Recently, on-line computing rules [46] were developed by

introducing a relay with a pure time lag to find new PI and lead compensators based on specified

gain and phase margins.

Through the past decades, numerous tuning methods have beenproposed for standard con-

trollers and processes modelled as a first order transfer function [47]. A recent survey [48]

shows that the ratio of applications of PID control, conventional advanced control (feed for-

ward, override, valve position control, gain-scheduled PID, etc.) and model predictive control

is about 100 : 10 : 1. In addition, the vast majority of the PID controllers do not use deriva-

tive action. Even though the PI controller only has two adjustable parameters, it is not simple

to find good settings and many controllers are poorly tuned. In [49], the approach has been

given to look the quality of the control actions to preserve actuators from untimely attrition. In

a real plant the controlled variables must be limited both inits amplitude (saturation bounds)
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and in its dynamics (finite bandwidth of the actuators). In this context, less attention has been

paid, although in [50, 51] the index has been introduced to measure the variations in the con-

trol signal and the criteria are presented, to give an excellent trade-off between robustness and

performance.

D. Extension to cascade control systems

Cascade control is one of the most popular complex control structures that can be found in

the process industries, implemented in order to improve thedisturbance rejection properties of

the controlled system [52]. The introduction and use of an additional sensor that allows for a

separation of the fast and slow dynamics of the process results in a nested loop configuration.

Each loop has associated with its corresponding PI/PID controller. The standard conventional

approach of tuning these cascade controllers is often ineffective because it ignores strong in-

teraction between the two loops. Therefore the tuning of a cascade control system in the con-

ventional way is a fairly cumbersome and time consuming task. In view of its wide spread

application, it would be very useful to realize the auto-tuning procedure which estimates both

inner and outer process dynamics simultaneously.

In order to provide users with an effective aid in the design of the cascade control system, a

relay feedback auto-tuning technique has been proposed in [53]. It basically consists of applying

the typical relay feedback based auto-tuning to the two loops, sequentially as in the conventional

approach. Thus, the procedure is time consuming. In order toavoid the sequential nature of

the tuning procedure, a simultaneous on-line automatic tuning technique has been proposed

in [54]. However, the experiment requires prior information of the process and the ultimate

frequency used for outer loop design is based on initial ultimate frequency without considering

changes in inner loop control parameters. Some reported methods [55, 56] for auto-tuning of

cascade control are still based on an off-line relay test. Again the tuning methodology in [56]

remains the sequential in nature. In [57], the tuning rules have been proposed to tune the

primary and secondary controllers, but it has not been specified how the procedure can be
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automated. An automatic tuning method in [58] for the cascade system requires an open-loop

step test for estimation of process dynamics and command signal generator for setpoint tracking.

An iterative method based on genetic algorithm [59] has beenproposed for tuning cascade

controllers, however the on-line experiment time is very long which may not be acceptable in

practice. Recently, two-degrees of freedom design approach for a cascade control configuration

[60] is reported by introducing additional parameters thatneed to be tuned appropriately. Tuning

rules for parallel cascade control have been discussed in [61, 62] with prior information about

the process dynamics in form of FOPDT models.

E. Relay feedback for unstable processes

The relay auto-tuning method is not applicable to certain class of processes which are not re-

lay stabilizable, such as unstable processes and processeswith more than one integrator [39,63].

For these processes, relay feedback does not induce a stablelimit cycle sometimes. Again, the

conventional relay feedback test for unstable FOPDT process produces limit cycle when the

ratio of time delay to unstable time constant is less than 0.693 [64]. Although the relay auto-

tuning methods have been improved by several authors [8, 65,66], the improvements do not

overcome the constraints of an ideal relay test. In [9], a modified asymmetrical relay feedback

method was given to get improved estimates of the parametersof the FOPDT model. A step re-

sponse based identification method [67] has been provided for unstable processes using the PID

controller. This work has been further extended in the recent paper [68] by using peak values

of the closed-loop step response. The constraint of a relay feedback for unstable processes was

relaxed up to one by providing an inner feedback proportional controller during the auto-tuning

test [66, 69]. This method was further extended in [13] for identification of a unstable FOPDT

model based on the describing function analysis. The improved analytical method [70] under

relay feedback and fitting conditions of the limit cycle was reported for unstable processes with

the help of an iterative numerical algorithm.
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1.2 Motivation

While the relay feedback experiment yields sufficiently accurate results for many of the pro-

cesses encountered in the process control industry, there are some potential problems associated

with such techniques. These arise as a result of the approximations used in the development of

the procedures. Several modified relay feedback methods were reported with the improved ac-

curacy of identification, though one needs to solve simultaneously a set of nonlinear equations

or iterative algorithms. Furthermore, most reported methods are successful in identifying the

linear process models accurately but not the nonlinear process models. This motivated the re-

searchers to propose the extended method of relay feedback such that the static nonlinearity

along with linear process is accurately identified. An attempt has been made on similar lines to

derive explicit expressions for identifying cascade processes using a single relay experiment. It

would be very useful to tune the cascade control system in oneexperiment to reduce the time

of tedious sequential approach. The relay feedback fails toinduce limit cycle oscillations when

an unstable process has long time delay. This can be overcomeby using an inner PD controller

such that overall relay control is stabilized during the process identification. On the other hand,

it may be advantageous to use a relay with hysteresis so that the resultant system is less sensitive

to measurement noise.

1.3 Contributions of this Thesis

Although relay auto-tuning has been widely accepted, some problems remain open and their

solutions are sought. The thesis has investigated and contributed to the following areas.

I. Identification of linear processes using the half limit cycle data

This thesis provides, an exact analytical method for identifying a class of stable and unsta-

ble processes using a single symmetrical relay test. The exact analytical expressions for a half

limit cycle waveform induced from a relay with hysteresis test are derived. Since a relay with

hysteresis instead of an ideal relay is used for the identification, the resultant system is less sen-

sitive to measurement noise. The method achieves improved estimation accuracy by providing
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explicit expressions in terms of a half limit cycle data. Models with up to four parameters are

identified by means of a single relay experiment without solving any nonlinear equations. The

procedure to estimate the process model parameters is non-iterative and also does not present

any convergence problem.

II. Identification of nonlinear processes with monotonic static gains

The analytical method presented earlier aimed at identification of linear process models ac-

curately. The method is extended to identify nonlinear process models. These nonlinear models

are composed of linear dynamics and nonlinear static functions as blocks in series. A single

symmetrical relay test is conducted to determine the structure and then the parameters of the

block-oriented nonlinear model. The static nonlinearity block is represented by a memoryless

and monotonic function while the linear process model by a stable transfer function. The pro-

posed identification technique is simple and gives better performance than previous methods

for processes with static nonlinearity. A real-time experimental study is also included to prove

the efficacy of the procedure.

III. On-line relay auto-tuning for stable processes

The applicability of the basic relay tuning method is extended to an on-line method to tune

the controllers without breaking the closed-loop control.A relay is connected in parallel to the

controller to induce selfoscillation and then simple measurements are made only on the half

period of limit cycle output. The process dynamics is first identified by a low order transfer

function, regardless of initial conditions or possible load disturbances affecting the control loop

during identification. Aim is to achieve the optimum controlsignal variations without compro-

mising the overall performance. From the well-known integral squared time error (ISTE) index,

a new constraint is derived. Two real time experimental studies of the proposed method, one

using a process simulator and second using the DC servo position control system, are demon-

strated in this thesis.

IV. On-line identification of cascade control systems basedon half limit cycle data

An on-line identification procedure is given for the cascadecontrol system in which both

inner and outer loop process dynamics are modelled simultaneously by performing a single
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relay experiment. The relay feedback induces limit cycle oscillations without detaching the

main loop controllers. The closed-form formulas for the unknown parameters of the process

model are derived in terms of the half cycle data. Departing from the standard conventional

approach for tuning these cascade controllers, the proposed method completes the entire tuning

process in one experiment.

V. Extension of relay feedback technique for unstable processes with large time delay

The applicability of the relay feedback test is extended forunstable processes with large

time delay. The necessary conditions for existence of limitcycle oscillation are derived when a

symmetrical relay with hysteresis test is performed. Further analysis is carried out for choosing

a suitable PD controller such that a sustained oscillation (limit cycle) is obtained for an extended

value of the normalize time delay. Based on the relay inducedhalf limit cycle signal the un-

known process model parameters are estimated accurately. All the above benefits are achieved

at no further significant complexities over the conventional relay method.

1.4 Thesis Organization

The thesis is organized as follows.

Chapter 2 presents an exact analytical method to estimate the stable and unstable process

models. The time-domain expressions of limit cycle waveforms for different types of process

models are developed using a state space approach. The technique proposed in this chapter

improves the accuracy by deriving the explicit expressionsof the unknown process model pa-

rameters. Suitability of the non-iterative method in the presence of measurement noise is also

discussed and the performance is demonstrated with different examples.

Chapter 3 discusses the extended relay feedback method for modelling of nonlinear pro-

cesses which are mainly represented by Wiener or Hammerstein types. The nonlinear model

structure and its parameters are obtained from a single symmetrical relay test. Simulation ex-

amples and results from a real-time experiment show the effectiveness and assessment accuracy

of the proposed approach.
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Chapter 4 proposes the on-line relay feedback approach to re-tune PI controller without

breaking the closed-loop control. The approach uses a relayin parallel to the controller to pro-

vide oscillations within tolerance of process variable swing. From these oscillations, only half

period of limit cycle data is used to obtain the FOPDT model ofprocess dynamics. Following

the identification, the chapter also proposes the design of the PI controller to preserve the actu-

ator from the large variation of control signals. Simulation and real-time experiment for a DC

servo position control system are presented using the proposed scheme.

Chapter 5 is focused on the development of the simple on-lineprocedure for auto-tuning

of cascade control systems. The method estimates both innerand outer loop process dynamics

simultaneously by performing a single relay experiment. The relay test is performed with the

controllers in the loop and then process model parameters are obtained from appropriate explicit

expressions. Simulation examples are included to demonstrate the effectiveness of the proposed

method.

In chapter 6, the limitation of relay feedback test for obtaining a sustained limit cycle output

for unstable processes is addressed. The proposed control strategy extends the relay feedback

for unstable processes by providing a suitable inner loop PDcontroller.

Finally in Chapter 7, general conclusions and suggestions for further work are documented.
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CHAPTER 2

IDENTIFICATION OF LINEAR PROCESSES

USING THE HALF LIMIT CYCLE DATA

2.1 Introduction

Relay based auto-tuning proposed byÅström and Hägglund [4] was one of the first to be com-

mercialized for the purpose of identification and automatictuning and has remained attractive

owing to its simplicity and robustness. A number of relay based identification methods have

been proposed in the literature to obtain process models in terms of transfer functions. Several

authors [5–12,71] have used the approximate describing function (DF) method with or without

involving modified relays for estimating process transfer function models.

While many of the auto-tuning methods use the DF of a relay in their analysis, a very few

have applied the exact relay feedback expressions but involving more complexities. Wang et

al. [14] presented the time domain approach to estimate parameters of a stable first order plus

dead time (FOPDT) process model by identifying multiple points of the Nyquist curve from

a single relay test. Majhi and Atherton [16] proposed state space based exact analytical ex-

pressions for the identification of a first and second order plus dead time (SOPDT) models by

asymmetrical relay tests. Luyben [72] proposed shape factor technique to identify stable and

unstable FOPDT systems using a single relay feedback test. Relay based identification algo-

rithm to improve the frequency response has been explored in[73] for an overdamped SOPDT

model. Vivek and Chidambaram [19] presented the improved FOPDT and SOPDT identifica-

tion algorithms using the fitting conditions established from the Fourier or Laplace transform of
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the relay response. Auto-tuning method using shape factor of relay feedback response has been

reported by Panda and Yu [20, 21] to estimate unknown processmodel parameters by solving

simultaneous a set of equations. Their closed form solutions can easily be obtained from the

general analytical expressions proposed by Majhi and Atherton [16]. Lee et al. [22] used in-

tegrals of the relay response instead of the point data to enhance identification performances.

However, their method is not only iterative but also requires to handle lots of data for estimating

the SOPDT model parameters. Majhi [17] has proposed simple analytical expressions using the

amplitude, peak time and second derivative of the symmetrical limit cycle output for process

identification. Liu and Gao [70] and Liu et al. [23] proposed identification methods based on bi-

ased/unbiased relay feedback test and using some iterativemethods and suitable initial guesses.

However, the improved accuracy is achieved by considering several exact relay responses and

solving simultaneously a set of nonlinear equations for estimating the process model parame-

ters. Problems may arise in that convergence may take place to a false solution if poor initial

estimates are used while solving simultaneously the set of nonlinear equations.

This chapter presents identification methods for stable andunstable processes using a single

symmetrical relay test. The accuracy of the relay experiment is adversely affected when there

is measurement noise present in the system output and spurious switching of the relay is expe-

rienced. Therefore, a relay with hysteresis is used and a half cycle of the sustained oscillatory

output data is measured for estimating process model parameters. Next, explicit expressions

for the unknown parameters of the process model where the model can be a stable/unstable

FOPDT or SOPDT or integrating SOPDT transfer function, are derived in terms of a few crit-

ical points of the half cycle data and its first and second derivatives. Models with up to four

parameters can be identified from the half limit cycle data without solving the set of nonlinear

equations. Illustrative examples are given to demonstratethe effectiveness and merits of the

proposed identification methods.
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2.2 Analytical expressions for the limit cycle waveform

A general relay feedback system, that induces limit cycle oscillation is shown in Fig. 2.1. In

the figure,r is the reference or setpoint input ande andu are the relay input and output signal,

respectively. It is assumed that the static load disturbanceL and the random measurement noise

N appear at the process input and output, respectively.

                                                               

+

y Linear  

Process 

r         e 
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Relay 

 
u 

_ 

L

+ 

N

Figure 2.1: Relay feedback system for identification

Conventional relay experiment using an ideal relay induceschattering in the presence of noise

which is usually considered undesirable from a practical point of view [2]. In order to minimize

correlation with high frequency noise, the relay is typically implemented with a hysteresis of

width ε, which is generally set to be about two times the estimated standard deviation of the

noise. Therefore, to trigger a switch, the feedback error must move beyond the zero crossing

by a significant amount relative to the noise level. Fig. 2.2 shows the relay responses to process

output for ideal relay and relay with hysteresis, where±h is the relay amplitudes and±ε is the

hysteresis widths.

Analytical expressions in time domain are developed to represent relay responses produced

by different process models. The state-space representation of the system when the process

contains a time delayθ , is

ẋ(t) = Ax(t)+bu(t−θ) (2.1)

y(t) = cx(t) (2.2)

whereA is ann×nsquare matrix,b is ann×1 column vector andc is a row vector of dimension

14
TH-1031_08610210



Chapter 2 Identification of linear processes from the half limit cycledata

y(t) 

time 

h 

-h 

h 

-� 

-h 

 � 

ideal relay relay with hysteresis 

y(t) 

time 

time time 

u(t) u(t) 

h 

-h 

h 

-h 

Figure 2.2: System output and input signals for ideal relay and relay with hysteresis

1×n. Assume that there exists a symmetrical limit cycle output with half periodT as shown in

Fig. 2.3 that is obtained with the initial conditionx(t0). Although, the relay switches fromh to

−h at timet = t0, the delayed relay output signal in Fig. 2.3 has two different piecewise constant

input signals during a positive or negative half period of the process output. The solution of (2.1)

for the time ranget0 ≤ t ≤ t1 becomes

x(t) = eA(t−t0)x(t0)+A−1(eA(t−t0)− I)bh (2.3)

whereI is an identity matrix of the order ofA. Then for the time ranget1 < t ≤ (T + t0) where

u(t) = −h, the expression for the states becomes

x(t) = eA(t−t1)x(t1)−A−1(eA(t−t1)− I)bh (2.4)
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Figure 2.3: (a) Process inputu(t) and outputy(t) waveforms for the FOPDT model under relay
feedback, (b) plots of ln|ẏ(t)| data
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Since the limit cycle is symmetrical, it follows thatx(T + t0) =−x(t0). Thus, substitutingt = t0

in (2.3) and substitutingt = T + t0 in (2.4), one obtains the initial value of the state

x(t0) = (I +eAT)−1A−1(2eA(T−θ )−eAT − I)bh (2.5)

whereθ = t1− t0. The necessary conditions for a limit cycle using a relay with hysteresis are:

y(t0) = cx(t0) = ε; ẏ(t0) = cẋ(t0) > 0 (2.6)

Finally, the limit cycle outputy(t) for the time ranget0 ≤ t ≤ t1 can be expressed as

y(t) = ceA(t−t0)x(t0)+cA−1(eA(t−t0)− I)bh (2.7)

and for the time ranget1 < t ≤ (T + t0)

y(t) = ceA(t−t1)x(t1)−cA−1(eA(t−t1)− I)bh (2.8)

One obtains the expression forx(t1) by substituting (2.5) in (2.3) and then settingt = t1. Using

x(t1) a simple expression fory(t) for the time ranget1 < t ≤ (T + t0) can be rewritten as

y(t) = cA−1bh−2ceA(t−t1)A−1(I +eAT)−1bh (2.9)

It is to be noted that sincet0 = 0 whenε = 0, therefore the expressions (2.6), (2.7) and (2.9) can

also be used for the case of an ideal symmetrical relay.

2.3 Process identification

This section describes the procedure of finding the process model parameters from the limit

cycle waveform obtained from a single symmetrical relay test. It is assumed that the test ob-

tains a symmetrical process output and supplies half limit cycle output data. In order to avoid

misleading results caused by the transient oscillating behaviour, half cycle data measurements

are made after two stabilized cycles have elapsed. Typical transfer function models in process

control are often assumed to be the stable and unstable FOPDT, SOPDT or integrating SOPDT

models for the dynamics of a major class of processes with time delay. Therefore, the above

types of models are considered below for the development of identification procedures.
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Type 1: FOPDT Process Model

Consider a stable or unstable FOPDT process model transfer function

Gp(s) =
ke−θs

τ1s±1
(2.10)

wherek, τ1 andθ are the steady state gain, time constant and time delay of theprocess model,

respectively. Fig. 2.3 shows waveforms of the process inputand output signals when identifi-

cation test is conducted with a symmetrical relay. When the FOPDT model transfer function is

expressed in the state space form, its state equation constants become

A =
∓1
τ1

; b =
k
τ1

; c = 1 (2.11)

Since a limit cycle conditiony(t0) = cx(t0) = ε, it implies thatx(t0) = ε becausec = 1. Then

substitutingx(t0) = ε and the constants of (2.11) in (2.7), the expression ofy(t) becomes

y(t) = εe
∓

t−t0
τ1 ±kh(1−e

∓
t−t0
τ1 ) (2.12)

during the time ranget0 ≤ t ≤ t1. The first derivative ofy(t) in (2.12) with respect tot is

ẏ(t) =

(

kh∓ ε
τ1

)

e
∓

t−t0
τ1 (2.13)

Since the derivatives ofy(t) are discontinuous at timet = t1 = t0 + θ , its first derivative shall

have a large magnitude at that time. Therefore, taking natural logarithm of (2.13) one obtains

ln |ẏ(t)| = ln

∣

∣

∣

∣

kh∓ ε
τ1

∣

∣

∣

∣

∓
t − t0

τ1
(2.14)

At time t = t0, (2.14) becomes

ln |ẏ(t0)| = ln

∣

∣

∣

∣

kh∓ ε
τ1

∣

∣

∣

∣

(2.15)

Fig. 2.3(b) shows the plot of ln|ẏ(t)| for the time ranget0 ≤ t ≤ (T + t0). Initially, the time

constantτ1 of the FOPDT model is obtained from the slope of this plot. Thetime delayθ =

(t1− t0) is estimated from the measurements oft0 andt1 of y(t) and ln|ẏ(t)|, respectively. Next

the steady state gaink is estimated with the help of (2.15) which can be expressed as

k =
τ1 e(ln |ẏ(t0)|)± ε

h
(2.16)
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This shows how simply one can obtain(k,τ1,θ) from the relay response data without solving

any nonlinear equations.

Type 2: SOPDT Process Model

Consider a stable or unstable SOPDT process model transfer function

Gp(s) =
ke−θs

(τ1s±1)(τ2s+1)
(2.17)

assuming thatτ1 > τ2. When it is expressed in the Jordan canonical state space form, its state

and output equation constants can be given as

A =

[

∓ 1
τ1

0
0 − 1

τ2

]

; b =

[

1
1

]

; c =
k

τ1∓ τ2
[1 −1] (2.18)

Substitution of the above constants in (2.9), the expression for limit cycle output for the SOPDT

process model during time ranget1 < t ≤ t2 becomes

y(t) = ∓kh(1−c1 a e
∓

(t−t1)
τ1 +c2 b e

−
(t−t1)

τ2 ) (2.19)

wherec1 = 2(1+e
∓ T

τ1 )−1, c2 = 2(1+e
−T
τ2 )−1, a = τ1

τ1∓τ2
andb = ±τ2

τ1∓τ2
.

The first and second derivative ofy(t) in (2.19) with respect tot are

ẏ(t) = kh(
−c1ae

∓
(t−t1)

τ1

τ1
±

c2be
−

(t−t1)
τ2

τ2
) (2.20)

ÿ(t) = kh(
±c1ae

∓
(t−t1)

τ1

τ2
1

∓
c2be

−
(t−t1)

τ2

τ2
2

) (2.21)

Fig. 2.4 shows a typical half limit cycle data ofy(t), its first derivative ˙y(t) and second derivative

ÿ(t) plots for the SOPDT model given in (2.17). For this process model, ẏ(t) andÿ(t) plots of

the half cycle data show an appreciable change at timet = t0 + θ = t1. This can easily be

detected from the second derivative of the half cycle data and thus the time delay parameter of

the process model can be obtained from ¨y(t) asθ = (t1− t0). It may be noted thaty(t0) = ε.

Now the expressions ofy(t), ẏ(t) andÿ(t) at timet = t1 become

y(t1) = ∓kh(1−c1 a+c2 b) (2.22)
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Figure 2.4: Half cycle output and its derivatives for the SOPDT model

ẏ(t1) =
kh

τ1∓ τ2
(−c1 +c2) (2.23)

ÿ(t1) =
kh

τ1∓ τ2

(

±c1

τ1
−

c2

τ2

)

(2.24)

(2.23) can be expressed as

c1 = c2− ẏ(t1)

(

τ1∓ τ2

kh

)

(2.25)

Substitution of (2.25) in (2.24) results in

ÿ(t1) = ∓kh

(

±c2

τ1τ2
+

ẏ(t1)
khτ1

)

(2.26)

The above expression can be written as

c2 =
τ1τ2

kh

(

−ÿ(t1)∓
ẏ(t1)

τ1

)

(2.27)

Substituting the expressions forc1 andc2 in (2.22) one obtains

y(t1) = ∓(kh+ ẏ(t1)(τ1± τ2)+ ÿ(t1)(τ1τ2)) (2.28)
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If tp is the time instant at which the positive peak output of the process occurs andtp ≥ t1, then

(2.20) can be used to obtain the ratio

c1

c2
=

e−(tp−t1)/τ2

e∓(tp−t1)/τ1
(2.29)

sinceẏ(tp) = 0. Now, multiplying both sides of (2.20) bye(t−t1)/τ2, it is easy to obtain

ẏ(t)e
(t−t1)

τ2 = kh





−c1ae
∓

(t−t1)
τ1

τ1
±

c2be
−

(t−t1)
τ2

τ2



e
(t−t1)

τ2

=
kh

τ1∓ τ2

(

−c1 e
∓

(t−t1)
τ1 e

(t−t1)
τ2 ±c2

)

(2.30)

Then, differentiating (2.30) with respect to time, one gets

ÿ(t)e
(t−t1)

τ2 +
ẏ(t)
τ2

e
(t−t1)

τ2 =
kh

τ1∓ τ2

(

−c1 e
∓

(t−t1)
τ1 e

(t−t1)
τ2 (∓

1
τ1

+
1
τ2

)

)

(2.31)

The above equation at timet = tp becomes,

ÿ(tp) = −
kh

τ1τ2
c1e∓(tp−t1)/τ1 (2.32)

Now, (2.19) at timet = tp becomes

y(tp) = ∓kh(1−c1 a e∓(tp−t1)/τ1 +c2 b e−(tp−t1)/τ2) (2.33)

Substitutinga andb in (2.33) and using (2.29, 2.32), it is easy to get a linear equation of the

form

kh= ∓y(tp)− ÿ(tp)τ1τ2 (2.34)

which can be rewritten as

τ1τ2 = −
kh±y(tp)

ÿ(tp)
(2.35)

As shown in Fig. 2.4, at timet = t2 the limit cycle outputy(t2) = 0. Thus (2.19) at timet = t2

becomes

y(t2) = ∓kh(1−c1 a e∓(t2−t1)/τ1 +c2 b e−(t2−t1)/τ2) = 0 (2.36)

Further simplification of (2.36) gives

c2 e−(t2−t1)/τ2 = ∓

(

τ1∓ τ2

τ2

)

±
c1 τ1 e∓(t2−t1)/τ1

τ2
(2.37)
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(2.20) can be expressed using (2.37) as

ẏ(t2) =
kh
τ2

(±c1 e∓(t2−t1)/τ1 ∓1) (2.38)

The above equation can be rewritten as

c1 e∓(t2−t1)/τ1 = 1±
( τ2

kh

)

ẏ(t2) (2.39)

Next, substitution of (2.39) and (2.37) in (2.21) for timet = t2 gives

kh= ∓(τ1± τ2)ẏ(t2)− τ1τ2ÿ(t2) (2.40)

Putting the expression forτ1τ2 of (2.35) in (2.40), one obtains a second linear equation of the

form

τ1± τ2 = −kh

(

ÿ(tp)− ÿ(t2)

ÿ(tp)ẏ(t2)

)

±

(

y(tp)ÿ(t2)

ÿ(tp)ẏ(t2)

)

(2.41)

Finally, substituting (2.35) and (2.41) in (2.28) and rearranging the equation, the expression for

the steady state gain becomes

k =
y(t1)+ ẏ(t1)

(

y(tp)ÿ(t2)
ÿ(tp)ẏ(t2)

)

−
(

ÿ(t1)y(tp)
ÿ(tp)

)

∓h
[

1− ẏ(t1)
(

ÿ(tp)−ÿ(t2)
ÿ(tp)ẏ(t2)

)

− ÿ(t1)
ÿ(tp)

] (2.42)

The process time delayθ is estimated from the second derivative of the relay response curve

that shows an abrupt change in slope at timet = t1 (time is measured from the beginning of the

positive half cycley(t)) due to non-monotonic characteristics of the limit cycle data. Since the

relay switches at timet = t0, the time delay is calculated byθ = t1− t0. The steady state gaink

of the process model is obtained from (2.42) and the remaining parameters(τ1,τ2) of the stable

or unstable process model are estimated using the expressions (2.41) and (2.35). Thus, all the

unknown model parameters in (2.17) are obtained using the half limit cycle data.

Type 3: Integrating SOPDT Process Model

For an integrating SOPDT transfer function

Gp(s) =
ke−θs

s(τ1s±1)
(2.43)
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Here the model has three parameters(k,τ1,θ) and its state equation constants can be obtained

by assuming1
τ2

<< 1 in (2.18) of the SOPDT model. After following similar stepsas that for

the SOPDT model, the expression ofy(t) for an integrating SOPDT process model is obtained

for time ranget1 < t ≤ t2 as

y(t) = ∓kh

[

t − t1−0.5T − τ1(1−c1 e
∓

(t−t1)
τ1 )

]

(2.44)

where,c1 = 2(1+e
∓ T

τ1 )−1. The first derivative ofy(t) in (2.44) with respect tot is

ẏ(t) = ∓kh(1−c1e
∓

(t−t1)
τ1 ) (2.45)

Sinceẏ(tp) = 0 at timet = tp, the above expression gives

c1 = e
±

(tp−t1)
τ1 (2.46)

Substitutingc1 in (2.44) at timet = tp, one obtains a simple expression for the steady state gain

k = ∓
y(tp)

h(tp− t1−0.5T)
(2.47)

From similar analysis at timet = t1 for y(t) andẏ(t), it is easy to show the relations

y(t1) = ∓kh(−τ1−0.5T + τ1c1) (2.48)

and

c1 =

(

1±
ẏ(t1)
kh

)

(2.49)

Substitutingc1 of (2.49) in (2.48) and then simplifying gives

τ1 =

(

±khT−2y(t1)
2ẏ(t1)

)

(2.50)

The explicit expressions for estimating unknown parameters of process models (other than the

time delayθ ) in Type-1, 2 and 3 are summarized in Table 2.1. It is to be noted that the half

cycle data of higher order processes often assumes the form of the half cycle relay response

curve as shown in Fig. 2.4. Therefore the third or high order processes with or without time

delay are often identified by SOPDT models with an effective time delay [17]. The time delay

θ is estimated from the second derivative ofy(t) that shows a discontinuity in output at the time

t1 = t0 + θ , due to non-monotonic characteristics of the limit cycle waveform. But, we know
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thaty(t) = ε at timet0. Thus,θ = t1− t0 is obtained from the measurements oft0 andt1 of y(t)

andÿ(t), respectively.

Table. 2.1: Identification procedures for unknown parameters

Model Equations/ Plot Procedures

ke−θs

τ1s±1 Slope of plot of ln|ẏ(t)| Estimateτ1

k = τ1 e(ln|ẏ(t0)|)+ε
h Estimatek

ke−θs

(τ1s±1)(τ2s+1) k =
y(t1)+ẏ(t1)

(

y(tp)ÿ(t2)

ÿ(tp)ẏ(t2)

)

−
(

ÿ(t1)y(tp)

ÿ(tp)

)

∓h
[

1−ẏ(t1)
(

ÿ(tp)−ÿ(t2)

ÿ(tp)ẏ(t2)

)

−
ÿ(t1)
ÿ(tp)

] Estimatek

τ1± τ2 = −kh
(

ÿ(tp)−ÿ(t2)
ÿ(tp)ẏ(t2)

)

±
(

y(tp)ÿ(t2)
ÿ(tp)ẏ(t2)

)

} Estimateτ1, τ2
τ1τ2 = −

kh±y(tp)
ÿ(tp)

ke−θs

s(τ1s±1)
k = ∓

y(tp)
h(tp−t1−0.5T)

Estimatek

τ1 =
(

±khT−2y(t1)
2ẏ(t1)

)

Estimateτ1

2.4 Issue of load disturbance and measurement noise

2.4.1 Presence of load disturbance

In the presence of a static load disturbance of magnitudeL at the process input, a symmetrical

relay feedback test obtains an asymmetrical process output. In this situation, the magnitude ofL

can be obtained accurately from the measurements of the areaof the process input over a period

au =

Tp
∫

0

u(t)dt = (h+L)Tp+2hT+ (2.51)
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whereT+ andTp are the time period for the positive output of the relay and the period of the

relay output, respectively. Then, the load disturbance canbe estimated as

L̂ = −h+
au+2hT+

Tp
(2.52)

A bias ofL̂ may be added to the relay height to restore the symmetry in limit cycle output.

2.4.2 Measurement noise

In process control systems, the noises come from measuring devices, control valves, or the

process itself. In relay feedback experiments, the amplitude of the limit cycle is often corrupted

with noises which can possibly fail the test. To overcome thepossible failure, a relay with

hysteresis is considered in the proposed identification method. Generally, the width of the

hysteresis is kept atleast twice of the standard deviation of the noise [1]. Again, the effect of

measurement noise on the identified model parameters can be investigated in simulations by

introducing a normally distributed random additive noise with zero mean and varying variance,

(0,σ2
N), at the output of the process during the relay test thus making the oscillations noisy. The

noise power is quantified by SNR (Signal to Noise Ratio) in decibel (dB) which is defined as

SNR= 10log(σ2
y /σ2

N), whereσ2
y is the variance of the output signal andσ2

N is the variance of

the noise. Then, the least squares polynomial based low-pass filter known as the Saviztky-Golay

(SG) filter [74] can be used to measure the limit cycle parameters. This is well-adapted for data

smoothing and suitable for de-noising the noisy limit cycle. The advantage of this filtering

technique is that it tends to preserve features of the data such as peak height and width. The SG

filter can be represented by

ỹi(t) =
nR

∑
n=−nL

dn yi+n (2.53)

wherenL is the number of points used to the left of aith data point,nR is the number of points

used to the right and ˜y(t) is the denoised output. The filter coefficients,dn, are given by:

dn =
[

(QTQ)−1QT]

0,n+nL
(2.54)
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where,

Q =











1 · · · 0 · · · 1
−nL · · · 0 · · · nR

...
...

...
(−nL)

r+1 · · · 0 · · · (nR)r+1











(2.55)

Eqs. (2.53) and (2.54) help to compute a smooth de-noised signal for some specified degree

of the polynomialr and number of data points (span)n, wherer < n. This enables one to

accurately calculate instantaneous amplitudes from the noisy output signal. Also, instead of

numerical derivative, the required data(ẏ andÿ) can also be computed by modifying the filter

in (2.53) [75]. For example, the filtered first derivative is the convolution (2.53) divided by the

stepsize(∆t). The derivative coefficient now in (2.54) is multiplied bym!, wherem= order of

derivative. The smoothed data and the smoothed differentiation are effectively obtained from

the noisy output signal using the SG filtering technique and the results are presented in Fig. 2.5.
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Figure 2.5: Results from the SG filter
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2.5 Simulation study

Six examples studied in the recent literature are considered here to illustrate the effectiveness

and accuracy of the proposed identification method. To overcome the undesirable relay chatter-

ing caused by noisy signals, the width of the hysteresis of the relay is set to twice the standard

deviation of the noise. To show that the proposed scheme can be applied to the higher order

processes, a fifth order plus delay transfer function is considered in the last example. The first

and third examples show that the expected results are achievable irrespective of the presence of

measurement noise during the relay experiments.

Example 1:

Consider a first order processG1(s) = e−2s

(10s+1) . A relay withh= 1 andε = 0.1 in the absence of

measurement noise induces a sustained process output as shown in Fig. 2.6.
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Figure 2.6: Typical limit cycle waveforms, (a)u(t) and (b)y(t) for Example 1

From the half limit cycle data in Fig. 2.7, the required values are obtained as:t0 = 1.053,

t1 = 3.053, ln|ẏ(t0)| = −2.4078 and slop of ln|ẏ(t)| = −0.1. The explicit expressions given in

Table 2.1 givesτ1 = 10, k = 1.0 andθ = t1− t0 = 2.0 to within 10−4. For the same process,

Li et al.’s [71] method with an ideal relay gavek = 0.988,τ1 = 8.02 andθ = 2.0, Srinivasan
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Figure 2.7: Simulation results for Example 1: (a)y(t) and (b) ln|ẏ(t)|

and Chidambaram’s [9] method with an asymmetrical relay estimatedk = 1.03, τ1 = 10.3 and

θ = 2.3, whereas the method by Vivek and Chidambaram [19] gavek = 0.9467,τ1 = 9.5028

andθ = 2.0 after solving linear algebraic equations. Thus, the proposed identification technique

is found to be superior in terms of accuracy in estimation of the model parameters.

To verify the usefulness of the method under realistic conditions, the process model parameters

are estimated in the face of measurement noise. Let the process output be corrupted by Gaussian

distributed random noise of severalσ2
N such that the SNR varies from 10 dB to 25 dB. Noise

reduction using the SG filter gives a smooth half cycle data without attenuation of data features,

as shown in Fig. 2.8. The measured quantities from the denoised signal are used to estimate the

model parameters and percentage errors in these parametersdue to the noise are given in Table

2.2. Interestingly, the estimated values under observation noise of variousσ2
N become close to

the actual values in almost all the cases.
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Figure 2.8: Noisy and denoised output signals

Table. 2.2: Effects of measurement noise for Example 1

SNR (dB) % Error in
ln |ẏ(t0)| slope of ln|ẏ(t)| θ k τ1

10 0.830 0.604 5.502 −0.530 −0.578
15 −1.249 0.400 3.522 −0.310 −0.376
20 0.041 0.200 3.012 −0.140 −0.148
25 0.021 0.110 0.502 −0.050 −0.054

Example 2:

Consider an unstable processG2(s) = e−0.4s

(s−1) . Based on two different relay tests, Marchetti et

al. [8] have obtained the FOPDT model withk = 0.928,τ1 = 0.757 andθ = 0.392 and using

a biased relay test, Liu and Gao [70] have identified the FOPDTmodel withk = 1.0001,τ1 =

0.9954 andθ = 0.4. Now, relay experiment is conducted and only a half period of limit cycle

output forG2(s) is obtained with relay setting(h,ε) = (1,0). From the data plotted in Fig. 2.9,

the required values are obtained as:t0 = 0, t1 = 0.4, ln|ẏ(t0)|= 0.0001 and slop of ln|ẏ(t)|= 1.0.

The parametersk = 1.0, τ1 = 1.0 andθ = 0.4 are estimated again to within 10−4. Here, it

is observed that the same steps are applicable to an ideal relay (ε = 0) without modifying
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the identification procedure. Moreover, the identificationprocedure requires significantly less

information (analysis of half cycle data only) for obtaining accurate model parameters.
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Figure 2.9: Simulation results for Example 2: (a)y(t) and (b) ln|ẏ(t)|

Table. 2.3: Half limit cycle data for Examples 3-6

Process y(t1) ẏ(t1) ÿ(t1) y(tp) ÿ(tp) ẏ(t2) ÿ(t2)
G3 0.3448 0.0654 −0.2065 0.3566 −0.1357 −0.0977 0.0075
G4 0.5410 0.7701 −1.6143 0.8570 −0.1430 −0.5000 −0.2500
G5 8.1638 0.8508 – 12.8671 – – –
G6 0.7563 −0.0345 −0.0568 0.7668 −0.1861 −0.1781 0.0091

Example 3:

This example considers the overdamped SOPDT process widelystudied in the literature [23,71,

73] asG3(s) = e−2s

(10s+1)(s+1)
. The parameters identified by Li et al. [71] werek = 0.853,θ = 2,

τ1 = 7.416,τ2 = 1.15 by following the two relay tests. The method proposed by Ramakrishnan

and Chidambaram [73] using a single asymmetric relay feedback test gavek= 1.05,θ = 1.814,

τ1 = 9.766,τ2 = 1.271. By nonlinear programming iterative algorithm, Liu et al. [23] estimated
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Figure 2.10: Simulation results for Example 3: (a)y(t), (b) ẏ(t) and (c)ÿ(t)

k = 1.0122,θ = 2.0037,τ1 = 10.1178,τ2 = 0.992 from an unbiased relay test. Employing a

relay with parameters(h,ε) = (1,0.2), the half limit cycle data are measured by the proposed

method for estimating an SOPDT model parameters and tabulated in Table 2.3. Exact process

model withk = 1.0, τ1 = 10.0, τ2 = 1.0 andθ = (t1− t0) = (4.2525−2.2525) = 2.0 are cal-

culated to within 10−3 of these values given inG3(s) using equations listed in Table 2.1. This

clearly indicates that the proposed method gives better parameter estimation.

Like the previous studies, the identification is conducted with additive noise of various ampli-

tudes. The modelling errors after using the SG smoothing technique are given in Table 2.4.

Nyquist plots for the original process and the identified models are shown in Fig. 2.11 . It is ob-

served from the Nyquist plots in Fig. 2.11 that the presentedanalytical method for identification

computes more accurate models as compared to the methods reported in [23,71,73].
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Figure 2.11: Nyquist plots for Example 3: (a) actual process, identified model by the (b) pro-
posed method with no noise, (c) proposed method with SNR 10%,(d) Ramakrishnan et al.’s
method and (e) Liu et al.’s method

Table. 2.4: Effects of measurement noise for Example 3

SNR (dB) % Error in
k θ τ1 τ2

10 0.450 −0.015 0.530 −0.930
15 −0.390 0.081 −0.500 0.150
20 0.780 0.310 0.900 −0.130
25 −0.018 0.070 0.120 −0.060

Example 4:

In this example, an unstable processG4(s) = e−0.5s

(2s−1)(0.5s+1) studied in [70, 73] is considered.

The relay test is conducted with amplitudes(h,ε) = (1,0.2) and the measured values on the

half cycle waveform and its derivatives are shown in Fig. 2.12 and Table 2.3. Following the

identification procedure, the estimated parameters arek = 1.0, θ = 0.5, τ1 = 2.0 andτ2 = 0.5

to within 10−3. Here, the time delay parametersθ is obtained by subtractingt0 = 0.365 from

t1 = 0.865 due to hysteresis in the relay. Ramakrishnan and Chidambaram [73]’s asymmetric

relay test method estimatedk = 1.00, θ = 0.52, τ1 = 1.9999 andτ2 = 0.4837. From a biased
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relay feedback test, Liu and Gao [70] estimatedk = 1.0001, θ = 0.5051, τ1 = 1.9975 and

τ2 = 0.4988 using an iterative algorithm. This shows that the proposed method can identify an

unstable process model from relatively less amount of data without compromising accuracy and

also without any iteration.
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Figure 2.12: Simulation results for Example 4: (a)y(t), (b) ẏ(t) and (c)ÿ(t)

Example 5:

Consider the SOPDT integrating process studied by Liu and Gao [70] and Kaya [11]G5(s) =

e−10s

s(20s+1) . Liu and Gao [70] estimatedk = 0.9983, θ = 10.027 andτ1 = 19.9443 using the

Newton–Raphson iteration method and for the same process Kaya [11] derived an almost exact

SOPDT model with each parameter error within 0.1%. However,Kaya’s method requires one

to solve nonlinear equations with suitable initial guesses. By performing a symmetrical relay

test withh = 1 andε = 0.1, the limit cycle datat0 = 0.1323,t1 = 10.1325 andtp = 22.4448 are

obtained alongwith the set of data forG5(s) as listed in Table 2.3. The proposed method yields

the exact process model,k= 1.0,θ = (t1−t0) = 10.0,τ1 = 20.0 to within 10−3, indicating good

identification accuracy. It also shows the proposed identification method can obtain accurate

process model without solving any nonlinear equations and initial guesses.
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Example 6: Consider the higher order processG6(s) = e−2s

(2s+1)5 studied by Kaya and Atherton

[10] and Boiko [76]. Performing a symmetrical relay test, the quantities as shown in Table 2.3

are measured with the relay setting ofh = 1 andε = 0.3. Using the identification procedure

for the SOPDT process model, the estimated parameters of theprocess model arek = 1.0, θ =

(t1− t0) = (5.754−0.577) = 5.177,τ1 = 3.082 andτ2 = 3.081. For the sameG6(s), Kaya and

Atherton [10] ’s asymmetrical relay test estimatedk = 1.0, θ = 5.422 andτ1 = τ2 = 3.723 after

solving two nonlinear equations. Boiko [76] has identified the FOPDT model givingk = 1.0,

θ = 7.675 andτ1 = 6.641 using a piece-wise linear approximation method. Fig. 2.13 shows

the Nyquist plots of the actual process and the identified model which again indicates a good

agreement near to the critical point.
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Figure 2.13: Nyquist plots for Example 6: (a) actual process, identified model by the (b) pro-
posed method, (c) Boiko’s method and (d) Kaya and Atherton’smethod

2.6 Summary

It is shown that how simple analysis of half limit cycle data can be used for identification of

a class of processes with time delay. Models with up to four parameters can be identified by
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means of a single symmetrical relay experiment, thus allowing one to acquire more information

about the process dynamics from reasonably less amount of limit cycle data. The procedure

can be used to estimate parameters of low order process models without solving any nonlin-

ear equations and so it is free from any convergence problem unlike many relay based exact

identification methods reported in the literature. To prevent the system from oscillating at high

frequency and relay switching at wrong instants, relay hysteresis is adopted. Simulation exam-

ples illustrate the potential advantages of the proposed method.
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CHAPTER 3

IDENTIFICATION OF NONLINEAR

PROCESSES WITH MONOTONIC STATIC

GAINS

3.1 Introduction

Recently, identification method for nonlinear processes has received much attentions since most

physical systems are inherently nonlinear although in somecases they can be represented by

linear models over a restricted operating range. A wide class of nonlinear processes, called

block-oriented systems, can be modelled by interconnectedmemoryless nonlinear gains and

linear subsystems [34]. Nonlinearities may enter the system in different ways: either at the

input or at the output end or in the feedback path. A model in which the nonlinear static block

is followed by the linear dynamic block is referred to as the Hammerstein model. The Wiener

model uses the reverse order in that the nonlinear static block follows the linear dynamic block.

A number of relay feedback based methods have been reported in the literature for the pro-

cess identification [77]. Improved relay feedback methods that used a saturation relay, a preload

relay, an asymmetrical relay with state space approach and integral of the relay response are

given in [7, 12, 16, 22]. These methods are successful in identifying the linear process models

accurately but not the nonlinear process models. Luyben andEskinat [26] proposed a relay

based nonlinear auto-tuning variation test to determine nonlinear process models. Huang et

al. [28] suggested the use of relays to estimate the Wiener-type process models. Although
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their approach is simple, one needs to solve an optimizing algorithm for the optimal param-

eter vector which is used for estimating the static nonlinearity. Huang et al. [29] suggested

a method to classify and identify nonlinear processes usingtwo consecutive relay tests. Lee

and Huang [27] adopted an optimization procedure to obtain asymmetric limit cycle output for

Hammerstein-type processes. Sung and Lee [30] used a nonlinear control strategy to compen-

sate the nonlinear dynamics of the Wiener type process usinga relay feedback test. However,

their method employs an approximate sinusoidal input before carrying out the test. Park et

al. [31] proposed identification of Hammerstein-type processes using a relay feedback and a

triangular input signal. Lee et al. [32] identified nonlinear process via an optimization proce-

dure using an adjustable proportional-integral (PI) controller. Sung [33] proposed an estimation

method for nonlinear static gains using a random binary signal that deactivate the effects of

nonlinear gains. Yoneya [38] presented a method to identifythe linear part of a process using

fractional harmonic components from a limit cycle test. Jeng et al. [34] proposed a systematic

approach to identify nonlinear processes using a set of relay settings and with an integrator in

the loop. Sung and Lee [35] used the approximated sinusoidaltest signal to manipulate the

output nonlinearity and static disturbances by setting different time length of the relay output.

Park and Lee [36] have suggested a simple identification method to estimate the nonlinear static

function of the Wiener model using two step inputs with different widths and amplitudes and a

least squares optimization. The enhanced activation method reported by Je et al. [37] estimates

the process model parameters in an optimal way by solving a constrained nonlinear optimization

procedure.

Most of the above methods reported in the literature [27–35,37,38] use an ideal relay instead

of a relay with hysteresis thereby limiting the practical applicability of their techniques. More-

over, their methods require either special test signals or iterative optimization procedures or a

set of approximations to estimate the nonlinear process model parameters. To overcome these

limitations, a non-iterative approach to identifying Wiener and Hammerstein models, includ-

ing model structure and parameters, is proposed. A single symmetrical relay test is conducted

to determine the structure and then the parameters of the block-oriented nonlinear model pos-
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sessing a static nonlinearity and a linear process in cascade. No other explicit input signal is

required. A relay with hysteresis is used to prevent spurious switching of relay in the event of

output measurement noise. The method is simple and gives improved performance than several

identification methods for processes with static nonlinearity.

3.2 Modelling of nonlinear processes

Nonlinear processes are often represented in block-oriented forms as Wiener or Hammerstein

types, as shown in Fig. 3.1 (a) and (b).

y(t) u(t) v(t) 
    f (v) Gp(s) 

(a)

y(t) u(t) v(t) 
    f (u) Gp(s) 

(b)

Figure 3.1: Nonlinear process models: (a) Wiener-type and (b) Hammerstein-type

Let the process inputu(t) and outputy(t) are measurable while the internal variablev(t) is

unmeasurable. Both the process models consist of a static nonlinear function denoted byf (∗)

and a linear subsystemGp(s). It is assumed thatGp(s) is a stable process and the static nonlinear

function f (∗) is monotonic and crossing at the origin. The aim of this research is to estimate

parameters of the linear subsystem and the static nonlinearity by reconstructing the internal

variable from the available input-output data. A block diagram of relay feedback identification

of nonlinear processes is shown in Fig. 3.2.
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Figure 3.2: Structure for identification of the nonlinear process
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Huang et al. [29] presented a strategy for selecting a feasible model structure via features of ob-

served output from an ideal symmetrical relay test. They decided the model configuration based

on the positive duration,T+ and the negative duration,T− of a period of limit cycle output. When

T+ = T−, the nonlinear process is the Wiener-type otherwise it is ofthe Hammerstein-type.

But, an ideal relay without hysteresis may cause a relay chattering problem due to measurement

noise and lead to difficulties in determining the period of a stable limit cycle accurately. To

overcome this problem, a relay with hysteresis is used in this work. In the following, a criterion

for deciding the structure of a nonlinear process model is introduced.

Let the relay amplitudes be±h during a relay feedback test. Then, the area of the process input

signalau over the last stable periodTp can be expressed as

au =

t0+Tp
∫

t0

u(t)dt= |h|(T+−T−) (3.1)

The ideal relay yields a signal withT+ = T− at the output of a nonlinear process that can be

represented by Wiener-type models. However, when the relaypossesses hysteresis with widths

±ε, au becomes nonzero due to the relay switchings at±ε. As shown in Fig. 3.3, let∆+ and

∆− are time elapsed for the output to range from 0 to±ε andT ′
+ andT ′

− are time duration

of positive and negative waveforms when the output goes fromε to 0, respectively. Also the

positive and negative peak amplitudes of the output areA1 andA2, respectively.

 y(t)

A1
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tp1      t0

u(t)

t2      t4
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   - 
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!  "
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Figure 3.3: Typical relay feedback responses under a symmetrical relay with hysteresis test
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Figure 3.4: A symmetrical relay with hysteresis and its contributed area

Obviously due to the characteristics of a symmetrical relay, the output showsT ′
+ = T ′

− and

therefore (3.1) can be written as,

au = |h|(T′
+ +∆+−T ′

−−∆−)

= |h|(∆+−∆−)

< |h|∆+ , ∀ ∆+ > 0,∆− > 0 and (∆+−∆−) < ∆+ (3.2)

Fig. 3.4 shows a symmetrical relay with hysteresis and its contributed area. Solving right

triangles using trigonometry, it is found that an angle ofψ = 45◦ yields an optimum area of the

triangle. Considering the optimum condition, (3.2) is expressed in terms of the relay parameters

as

au < |h||ε| (3.3)

which gives

au

|h|
< |ε| (3.4)

When the above condition is not satisfied then the nonlinear process is of Hammerstein-type.

Thus, a relay with hysteresis test is conducted and (3.4) is used to determine the structure of

a block-oriented nonlinear model. Table 3.1 summarizes theimportant features of the limit

cycle data from a symmetrical relay with hysteresis test forstructure identification under ideal

operating condition.
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Table. 3.1: Rules for selecting a feasible model structure

Linear model Wiener model Hammerstein model

Peak Amplitudes A1 = A2 A1 6= A2 A1 6= A2

Input area au = 0 au
|h| < |ε| au

|h| > |ε|

The linear subsystemGp(s) in both types of nonlinear models is assumed to have the transfer

function

Gp(s) =
e−θs

(τ1s+1)2 (3.5)

whereθ andτ1 denote the time delay and time constant, respectively. As illustrated by Panda

and Yu [21] by quantitative classification of different model structures, the model (3.5) covers

largest parameters space for the systems studied by them especially compared to a first order

model structure that is widely practiced. Further, it is obvious that the high order processes

having multi-repetitive poles can be represented by the second order model (3.5) with less

estimation error and efforts. Here the hypothesis of unitary gain ofGp is not restrictive at all,

since the static gain of a nonlinear process model is determined by the static nonlinearity, the

gain of the linear subsystem is redundant and can be normalized to 1 [78,79].

3.3 Estimation of Wiener model parameters

Let the process dynamics for Wiener-type model expressed inthe time domain controllable

canonical form has the state and output equations

ẋ(t) = Ax(t)+bu(t−θ) (3.6)

v(t) = cx(t) (3.7)

y(t) = f (v(t)) (3.8)
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whereA is an 2×2 square matrix,b is an 2×1 column vector andc is a row vector of dimension

1×2. Also, let the static nonlinear function is approximated by a finite polynomial of the form

f (v(t)) =
m

∑
j=1

α jv
j(t) (3.9)

whereα j are constants andm is the order of the polynomial.

In Wiener-type model, the linear subsystem outputv(t) becomes symmetrical for a symmetri-

cal relay inputu(t). The typical activated process input and output signal corresponding to a

symmetrical relay with hysteresis test is shown in Fig. 3.5.
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time 
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t2            t01 t4 

T
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   -ε  
 

tp2       t3 
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θ  

h 
T

−
 

v(t)  

A2 

Figure 3.5: Input and output signals of the Wiener model under relay control

When the model transfer function (3.5) is expressed in the state space form, its state equation

constants become

A =

[

− 1
τ1

1
0 − 1

τ1

]

; b =

[

0
1

]

; c =
[

− 1
τ2

1
0
]

(3.10)

Then it is easy to obtain the analytical expression forv(t) waveform by substituting the above

state equation constants in the expression of (2.9) in section 2.2. It gives the explicit relay
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response waveform ofv(t) for time ranget1 < t ≤ t01 as

v(t) = −h

(

1−c1 c2 e
−

(t−t1)
τ1 −

c1

τ1
(t− t1) e

−
(t−t1)

τ1

)

(3.11)

wherec1 = 2(1+e
−

T+
τ1 )−1 andc2 = 1− c1 T+

2 τ1
e
−

T+
τ1 .

The first derivative ofv(t) in (3.11) with respect tot is

v̇(t) = −h

(

c1 c2

τ1
e
−

(t−t1)
τ1 +

(

t − t1
τ1

−1

)

c1

τ1
e
−

(t−t1)
τ1

)

(3.12)

3.3.1 Identification of the linear subsystem

First the time delayθ is obtained from the second derivative ofy(t) that shows a discontinuity

in output at the timet1 = t0+θ , from its zero crossing due to non-monotonic characteristics of

the limit cycle data [17]. But, we know thaty(t) = ε at timet0. Thus,θ = t1− t0 is estimated

from the measurements oft0 andt1 of y(t) andÿ(t), respectively.

Again for Wiener-type processes of which the static nonlinear gain is monotonic, the zero cross-

ing points of the activated process outputy(t) and linear block outputv(t) are always symmetric

in terms of time. Therefore, the time taken to reach from zeroto peak amplitude will be the

same for bothy(t) andv(t) as shown in Fig. 3.5. Since ˙v(tp1) = ẏ(tp1) = 0 at timet = tp1, then

from (3.12) it is easy to obtain

c2+

(

tp1− t1
τ1

−1

)

= 0 (3.13)

1−
c1 T+

2 τ1
e
−

T+
τ1 = 1−

(

tp1− t1
τ1

)

(3.14)

Substitution ofc1 in the above equation gives the expression

τ1 =
T+

ln
(

T+
tp1−t1

−1
) (3.15)

Thus the time constantτ1 can be estimated using (3.15) and the measurementsT+, t1 andtp1

made on the limit cycle output signaly(t).

43
TH-1031_08610210



Chapter 3 Identification of nonlinear processes with monotonic static gains

3.3.2 Identification of the static nonlinear gain

As shown in Fig. 3.5, the outputs attp1, tp2, t0 andt01 areA1, A2, ε and−ε, respectively. It is

now straightforward to estimate four corresponding input values using (3.11) at the above times.

These input-output pairs are fitted to estimate the order of polynomialmas well as the constants

α j ,( j = 1, ..,m) of the nonlinear function described in (3.9). To decide the order of polynomial,

one needs to know the shape characteristic off (v). Here, the shape approximation is done

through the simplified graphical method in which the secant lines between each estimated point

(p1(v1,y1), ...., p4(v4,y4)) estimate minimum orders of polynomial. The detailed justification

of this method is given in Appendix A.2. The steps are:

1. Mark the estimated input-output pairs namely,p1, p2, p3 andp4 for the time instantstp1,

tp2, t0 andt01 respectively.

2. Draw the secant line connecting each point as shown in Fig.3.6.

3. If a line crosses from Side-1 to Side-2 (or vice-versa), take a minimum order of polyno-

mial m= 4 otherwisem= 2.

Finally, the steps for determining parameters of the Wiener-type process model are summarized

below.

Step 1. Obtain the limit cycle data [T+, T−, t0, t1, tp1] as shown in Fig. 3.5. Find its second

derivative and estimate the time delayθ .

Step 2. Estimate the time constantτ1 of a linear subsystem using (3.15).

Step 3. Calculate magnitudes of the internal signalv(t) at the time instants (tp1, tp2, t0, t01) using

(3.11).

Step 4. Obtain the static nonlinear functionf (v(t)) by fitting the calculated values ofv(t) and the

process limit cycle outputy(t) at the above time instances.
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Figure 3.6: A graphical method to estimate value ofm: (a) Order of polynomialm≥ 2 and (b)
Order of polynomialm≥ 4
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3.4 Estimation of Hammerstein model parameters

Similar to the Wiener-type, the Hammerstein-type process is expressed in the Jordan canonical

state space form as

v(t) = f (u(t)) =
m

∑
j=1

α ju
j(t) (3.16)

ẋ(t) = Ax(t)+bv(t−θ) (3.17)

y(t) = cx(t) (3.18)

The constant matrix / vectors are of the form given in (3.10).Performing a symmetrical relay

test, the output of the Hammerstein-type process becomes anasymmetrical whereA1 6= A2 and

T+ 6= T− as shown in Fig. 3.7. Although the process input is symmetrical, the linear subsystem

is essentially activated by an asymmetric relay signal, sayv1 and−v2 due to combine effect of

the relay and the static nonlinear gain. One has to estimate these internal variables (v1 andv2)

for ease in obtaining the model parameters. Typical waveforms of the internal signalv(t) and

the process outputy(t) obtained from the Hammerstein-type processes under the relay feedback

are shown in Fig. 3.7.
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Figure 3.7: Input and output signals of the Hammerstein model under relay control
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The expression for an asymmetrical limit cycle output during t1 < t ≤ t01 when input is−v2

becomes

y(t) = (v1+v2) e
−

(t−t1)
τ1

(

d1 +
d1(t − t1)

τ1
+

d2

τ1

)

−v2 (3.19)

whered1 = 1−e
−

Tp−T+
τ1

1−e
−

Tp
τ1

, d2 =
Tp e

−
Tp
τ1 (1−e

−
Tp−T+

τ1 )

(1−e
−

Tp
τ1 )2

−
(Tp−T+) e

−
Tp−T+

τ1

(1−e
−

Tp
τ1 )

andTp = T+ +T−.

The proof of the above expression is given in the Appendix A.1. The first and second derivative

of y(t) in (3.19) with respect tot are

ẏ(t) = −
v1 +v2

τ2
1

e
−

(t−t1)
τ1 (d1(t− t1)+d2) (3.20)

ÿ(t) = −
v1 +v2

τ2
1

e
−

(t−t1)
τ1 (d1−

d1(t− t1)
τ1

−
d2

τ1
) (3.21)

Sinceẏ(tp1) = 0 wheny(t) is maximum, (3.20) gives

d1 (tp1− t1) = −d2 (3.22)

By using (3.22) in (3.21) att = tp1, it is easy to obtain

ÿ(tp1) = −
v1 +v2

τ2
1

d1e−(tp1−t1)/τ1 (3.23)

Combining (3.19) and (3.23) att = tp1 and using (3.22),

τ2
1 = −

v2 +y(tp1)

ÿ(tp1)
(3.24)

A similar relation can be obtained for the negative values ofthe process output (when input is

v1) as

τ2
1 =

v1−y(tp2)

ÿ(tp2)
(3.25)

Taking the ratio of (3.24) and (3.25) and further simplification gives

v1 +v2

(

ÿ(tp2)

ÿ(tp1)

)

= y(tp2)−y(tp1)

(

ÿ(tp2)

ÿ(tp1)

)

(3.26)

Likewise, the process output at timet2 is zero as shown in Fig. 3.7. The expression (3.19) at

time t = t2 gives
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(v1 +v2) e
−

(t2−t1)
τ1 (d1+

d1(t2− t1)
τ1

+
d2

τ1
) = v2 (3.27)

At t = t2, (3.20) can be expressed using (3.27) as

ẏ(t2) =
1
τ1

((v1+v2) d1 e−(t2−t1)/τ1 −v2) (3.28)

The above equation can be rewritten as

d1 e−(t2−t1)/τ1 =
1

v1 +v2
(v2 + τ1 ẏ(t2)) (3.29)

Next, substitution of (3.27) and (3.29) in (3.21) fort = t2 gives

v2 = −2 τ1 ẏ(t2)− τ2
1 ÿ(t2) (3.30)

Putting the expression forτ2
1 of (3.24) in (3.30), a linear equation of the following form

2 τ1 = −v2

(

ÿ(tp1)− ÿ(t2)

ÿ(tp1)ẏ(t2)

)

+

(

y(tp1)ÿ(t2)

ÿ(tp1)ẏ(t2)

)

(3.31)

is obtained. Following the same procedure for the negative output values during input isv1, one

obtains

2 τ1 = v1

(

ÿ(tp2)− ÿ(t4)

ÿ(tp2)ẏ(t4)

)

+

(

y(tp2)ÿ(t4)

ÿ(tp2)ẏ(t4)

)

(3.32)

Taking the ratio of (3.31) and (3.32), one gets another linear equation in terms of the measurable

limit cycle data as:

v1

(

ÿ(tp2)− ÿ(t4)

ÿ(tp2)ẏ(t4)

)

+v2

(

ÿ(tp1)− ÿ(t2)

ÿ(tp1)ẏ(t2)

)

=

(

y(tp1)ÿ(t2)

ÿ(tp1)ẏ(t2)

)

−

(

y(tp2)ÿ(t4)

ÿ(tp2)ẏ(t4)

)

(3.33)

Fig. 3.8 shows a typical limit cycle waveform and its first andsecond derivative at the end of a

relay test. From one period of the limit cycle data, the two unknownsv1 andv2 are estimated

using the expressions (3.26) and (3.33). Based on estimatedoutputs and corresponding inputs

values, the constants of the nonlinear function (3.16) are calculated. The time constantτ1 in

Gp(s) is obtained by substituting any one of the estimated value ofv1 andv2 in (3.24) or (3.25).

The second derivative plot, ¨y(t) gives the time delayθ as shown in Fig. 3.8.
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Figure 3.8: Output response and its first and second derivatives for the Hammerstein model

Finally, the steps for determining parameters of the Hammerstein-type process model are sum-

marized below.

Step 1. Obtain the limit cycle data [T+, T−, t0, t1 ] and the output data [y, ẏ, ÿ] at (tp1, t2, tp2, t4).

Step 2. Calculate the values of the internal signal (v1, v2) using (3.26) and (3.33).

Step 3. Obtain the static nonlinear functionf (u(t)) using calculated values ofv(t). It is to be

noted that one can obtain a higher order polynomial model forthe static nonlinear function

by repeating the same procedure from Step 1 with re-setting of the relay height.

Step 4. Estimate the time constantτ1 using (3.24) or (3.25) and find the time delay from measur-

ing t0 andt1 sinceθ = (t1− t0).

3.5 Simulation study

In this section, a simulation study is conducted to verify the effectiveness of the proposed iden-

tification method. Two examples having a high order linear subsystem with two different static

nonlinear gains are considered to illustrate the identification methods and compared with the

reported methods. The effect of high frequency measurementnoise is considered in Example
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1 to demonstrate robustness of the approach. The width of therelay hysteresis is set to twice

of the standard deviation of the noise to protect from the undesired relay chattering. Again the

noisy limit cycle data is effectively denoised using the SG filtering technique as discussed in

subsection 2.4.2.

To achieve better control performance, the overall estimation error should be small after com-

bining both linear and nonlinear models and it is computed byan index using the integral

squares error (ISE) criterion in time domain as

ISE=

ts
∫

0

(y(t)− ŷ(t))2 dt (3.34)

where,ts is the settling time of the transient response under a step change,y(t) andŷ(t) are the

actual and estimated process outputs.

Example 1:

Consider the Wiener-type process with the higher order linear subsystemG1(s) = e−s

(s+1)2(2s+1)3

and the static nonlinear function,f1(v) = 2(1− e−0.693v) studied by Huang et al. [28]. An

autotuning test with the relay heightsh = ±1 and hysteresisε = ±0.2 results in a sustained

process output as shown in Fig. 3.9.
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Figure 3.9: Simulation results for Example 1: (a)u(t) and (b)y(t)

50
TH-1031_08610210



Chapter 3 Identification of nonlinear processes with monotonic static gains

The measurements made on the limit cycle output yieldT+ = 8.8462, T− = 8.7790,A1 =

0.7050,A2 = −1.0747,t0 = 0.6810,t1 = 3.9823 andtp1 = 3.7933. Since the criterion (3.4)

gives 0.0842< 0.2 andA1 6= A2, the Wiener model is estimated for the nonlinear process.

Following the identification procedure described in Section 3.3, we obtain a linear subsystem

model asGp(s) = e−3.3013s

(3.1239s+1)2 and the static nonlinear function (3.9) asy(t) = 1.4556v(t)−

0.4946v(t)2 using estimated intermediate values(v1,v2) = (0.6114,−0.6114) at timetp1 and

tp2. The method reported by Huang et al. [28] uses two relay feedback tests with optimization

searching problem to identify the linear model e−3.780s

(0.308s+1)(5.295s+1) and the static nonlinearity as

y(t) = 1.410v(t)−0.464v(t)2. Now, the ISE by the proposed method is 0.7752 whereas that

by the later method is 6.8546 for a step input change. The comparison of static nonlinearity

functions and step response outputs from activated processmodels are shown in Figs. 3.10 and

3.11, respectively. It indicates the proposed identification method gives better results using a

single relay feedback test without solving any optimization problem.
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Figure 3.10: Static nonlinearity for Example 1: (a) Actual,(b) by the proposed method (no
noise), (c) by the proposed method with SNR 10% and (d) by Huang et al.’s method
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Figure 3.11: Responses under step change from -1 to 1: (a) by the actual process, (b) by the
proposed method and (c) by Huang et al.’s method
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Figure 3.12: Noisy and smooth output signals
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To verify usefulness of the identification method under realistic conditions, the process model

parameters are estimated in the face of measurement noise. Let the process output is cor-

rupted by Gaussian distributed random noise with 10 % SNR. The noise reduction using SG

filter gives smooth output signal without attenuation of data features as shown in Fig. 3.12.

The measured quantities from the de-noised output signal gives the static nonlinear model,

y(t) = 1.414v(t)−0.477v(t)2 which is compared in Fig. 3.10. It is evident that the proposed

identification scheme is robust against measurement noise.

Example 2:

Let us consider the Hammerstein-type process studied by Leeet al. [32] where the input non-

linearity f2(u) = 1.5(1−e−0.5u)|u| and the linear subsystemG2(s) = e−s

(s+1)2(2s+1)3 . First, from

a relay settings ofh = ±1 andε = ±0.1, a sustained process output as shown in Fig. 3.13

is obtained. The output measurements giveT+ = 7.6690, T− = 9.9560, A1 = 0.3753 and

A2 = −0.5805. The criterion for structure identification (3.4) yields 2.2870>> 0.1 and since

A1 6= A2, therefore the Hammerstein model is identified.

60 65 70 75 80 85 90 95 100

−1.5

−1

−0.5

0

0.5

1

time in sec

D
at

a 
fr

om
 r

el
ay

 fe
ed

ba
ck

 te
st

 

 

a
b
c
d

Figure 3.13: Simulation results for Example 2: (a)u(t), (b) y(t), (c) ẏ(t) and (d)ÿ(t)
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Using the procedure outlined in Section 3.4, the limit cycle output data are measured at dif-

ferent time instances. The estimated nonlinear static function in the operation range[−1, 1]

is v(t) = 0.2396u(t)− 0.0484u(t)2 + 0.5425u(t)3− 0.1424u(t)4, while the linear subsystem

model is Gp(s) = 1.0e−3.898s

(3.8866s+1)2 with an estimation error of 0.2189. For the same nonlinear

process, Lee et al.’s [32] optimization procedure using adjustable PI controller yieldsv(t) =

0.266u(t)− 0.038u(t)2 + 0.511u(t)3− 0.163u(t)4 andGp(s) = 1.0e−3.82s

(2.74s+1)(2.63s+1) with estima-

tion error 0.2335.

It is also evident from Figs. 3.14 and 3.15 that the proposed identification scheme obtains

comparable results with less efforts and time unlike their method [32] that requires one to solve

an optimization problem in two different stages.
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Figure 3.14: Static nonlinearity for Example 2: (a) Actual,(b) by the proposed method and (c)
by Lee et al.’s method
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Figure 3.15: Responses under step change from -1 to 1: (a) by the actual process, (b) by the
proposed method, and (c) by Lee et al.’s method

3.6 Real-time experimental study

An experimental setup using the Feedback [80] process control simulator PCS-327 and a Field

Programmable Analog Arrays (FPAA) was developed to verify the efficacy of the proposed

method. The setup is shown in Fig. 3.16.

Figure 3.16: The experimental setup
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The configuration was set with a transfer functionG3(s) = 1
(s+1)3 in the PCS, while a cascaded

nonlinear gain off3(v) = 2v(t)− v(t)2 in the FPAA. The sampling time was 10 msec. Fig.

3.17 shows the input and output signals obtained during a relay test with relay amplitudes±1

V and hysteresis 30 mV. The limit cycle data were measured asT+ = 1.720 sec,T− = 1.731

sec,A1 = 0.304 V andA2 =−0.358 V. As per the criteria in Table 3.1, the Wiener-type process

is identified.
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Figure 3.17: Experimental results after relay test

Following the identification procedure, a linear subsystemmodelGp(s) = e−1.3850s

(1.4097s+1)2 and a

nonlinear static function in the operation range[−1, 1] V as f (v) = 1.947v(t)− 1.005v(t)2

were estimated from a single relay test. The estimated process models and the actual process

outputs are compared in Fig. 3.18. The identification procedure yields an estimation error of

0.9827. The good identification performance is evident from Fig. 3.18.
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Figure 3.18: Responses under a step change: (a) by the actualprocess and (b) by the identified
models

3.7 Summary

The basic relay autotuning method is extended for gatheringmore information for modelling a

class of nonlinear processes. The extended method is not only non-iterative but also helps in

estimating all the parameters of nonlinear process models from a single symmetrical relay test.

The identification procedure having a relay with hysteresisis more acceptable in engineering

practices to overcome the relay chattering problem. The procedure does not require any addi-

tional test signal, unlike some methods proposed in the literature, and is free from convergence

problems. Furthermore, the simulation results show that the proposed identification method is

superior to some existing methods.
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CHAPTER 4

ON-LINE RELAY AUTO -TUNING FOR

STABLE PROCESSES

4.1 Introduction

On-line identification for automatic tuning of controllershas received much attention during

the last few years. This is mainly due to the fact that off-line tuning has associated implications

like affecting operational process regulation which may not be acceptable for certain critical

applications. Also, it has been reported that off-line tuning may be too expensive or dangerous

when the control loop is broken for tuning purposes, and so tuning under tight continuous

closed-loop control is necessary. One of the simplest and most robust auto-tuning techniques

for process controllers is a relay feedback method. This hasbeen subject of much interests in

recent years and it has been field tested in a wide range of applications [3, 77]. However, the

problem has not been fully solved that the loop is often opened and the process is disturbed to

conduct the relay test [40].

Schei [42] proposed an on-line iterative method for closed-loop automatic tuning of the PID

controller. The on-line experiment time by his method is very long which may not be acceptable

in practice. Tan et al. [40] have proposed an on-line tuning method which is effective against

many constraints of the basic relay auto-tuning method. Theidentification procedure by their

direct method is not straightforward and one needs to have prior knowledge about the system to

decide about the suitable frequency response prototypes. Further, their indirect controller tuning

method uses the approximate describing function analysis to obtain a first order transfer function
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model of the system. Some new results on auto-tuning have been presented by Tan et al. [43] for

identifying an equivalent PID controller using the recursive least squares algorithm. Ho et al.

[44] and Arruda et al. [81] have considered iterative methods based on specified phase margin.

But, when a static load is present during the tuning experiment, their describing function based

analysis may yield erroneous results. An on-line tuning method in which a relay is connected in

series with a controller has been proposed by Majhi [45]. Recently, Tsay [46] has proposed on-

line computing rules by introducing a relay with a pure time lag in the loop to find parameters

of proportional-integral (PI) and lead compensators basedon specified gain and phase margins.

The method requires to initiate repetitive identification tests till an acceptable gain margin is

found.

The applicability of the basic relay tuning method is extended in this chapter by an on-line

method to tune PI controllers without breaking the closed-loop control. The proposed method

is effective against many of the above mentioned constraints and also it retains the simplicity of

the original relay based method. By placing a relay in parallel with a PI controller, to use the

limit cycle oscillations induced in the steady state over a limited time span, the current process

dynamics has been modelled by a low-order transfer function. Tuning formulae have been

derived for the PI controller based on the parametric model such that it preserve the actuator

from the large variation of control signals. Results from the simulation examples and real-time

experiments are presented to show the simplicity and effectiveness of the proposed identification

and control methods.

4.2 Analytical expressions for the limit cycle waveform

Departing from the conventional relay auto-tuning method where the controller is replaced by

the relay, the proposed approach is to carry out on-line without breaking the closed-loop control

by placing the relay in parallel with the controller. Fig. 4.1(a) shows the tuning scheme in which

the relay height is increased from zero to some acceptable value when re-tuning is necessary.

Based on the induced limit cycle oscillations at the processoutput, the process dynamics is first
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Figure 4.1: (a) Block diagram of on-line tuning scheme and (b) its equivalent form
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identified by a simple transfer function model and then fine tuning of the existing PI controller

is accomplished. Let us consider a first order rational transfer function model with dead time to

approximate the process by

Gp(s) =
ke−θs

τs+1
(4.1)

This model is simple in structure, with only three model parameters. Yet, it is one of the most

common and adequate ones used, especially in the process control industries [39]. The initial

PI controller at the time of relay feedback test is

Co(s) = Kco+
Kio

s
(4.2)

whereKco andKio are its initial gains. This settings of the controller are intended primarily for

the purpose of stabilizing the process and may be based on simple a priori information about the

process. Practical applications of auto-tuning methods have been mainly to derive more efficient

updates of current or default control settings, which are already available in many cases.

If the relay of amplitude±h and hysteresis width±ε is connected in parallel withCo(s) during

the on-line tuning test, then the structure can be redrawn equivalently as shown in Fig. 4.1(b).

The fictitious transfer function model (which the relay sees) becomes

y(s)
u1(s)

=
k e−θs

τs+1+kKcoe−θs+ kKio
s e−θs

(4.3)

It is to be noted that disturbance inputL has no impact on the limit cycle output in steady state

due to the integral action of the PI controller. Cross multiplication of (4.3) and inverse Laplace

transform yields

ẏ(t) = −
y(t)

τ
+

k
τ



u1(t−θ)−Kcoy(t −θ)−Kio

t
∫

0

y(t −θ) dt



 (4.4)

Assume that the autotuning test produces a symmetrical limit cycle with half periodT which

is obtained with the initial conditiony(t0). Fig. 4.2 shows waveforms of the relay output and

process output signals when the half periodT is greater than the time delay,θ . For the time

ranget0 ≤ t ≤ t1 where the relay outputu1(t −θ) = h, the analytical expression for the limit

cycle output waveform is
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Figure 4.2: Half period of limit cycle output and relay output signals

y(t) = y(t0)e
−

t−t0
τ +k(1−e−

t−t0
τ )



h−Kcoy(t − t0)−Kio

t
∫

t0

y(t − t0) dt



 (4.5)

For the time ranget1 < t ≤ t2, whereu1(t −θ) = −h the expression becomes

y(t) = y(t1)e
−

t−t1
τ −k(e−

t−t1
τ −1)



−h−Kcoy(t− t1)−Kio

t
∫

t1

y(t − t1) dt



 (4.6)

Since the limit cycle is symmetrical, it follows thaty(t0) = −y(t2 + t0). With the help of the

general method discussed in Section 2.2 for deriving the analytical expressions of the limit cycle

output for the FOPDT model, one can simplify the above expressions (4.5) and (4.6). For time

rangest0 ≤ t ≤ t1 andt1 < t ≤ t2, the output expressions are obtained as

y(t) = εe−
t−t0

τ + kh(1−e−
t−t0

τ )
[

1−kKco+kKioτ(1+eθ/τ)
]

− k2h(t − t0)

[

(−
Kco

τ
+Kio)e

−
t−t1

τ +Kio

]

(4.7)

y(t) = y(t1)e
−

t−t1
τ −kh(1−e−

t−t1
τ ) + k2h(−

Kco

τ
+Kio)

[

(t− t1)(2e−
t−t1

τ −e−t/τ)− τ(1−e−
t−t1

τ )
]

+ k2Kioh
[

(t − t1)− τ(1−e−
t−t1

τ )(2−e−θ/τ)
]

(4.8)

62
TH-1031_08610210



Chapter 4 On-line relay auto-tuning for stable processes

4.3 On-line estimation of process model parameters

In this section, the procedure to estimate the process modelparameters with the controller in

action is discussed. This provides a high degree of robustness to the identification procedure

against external disturbances and process perturbations.Further, the approach seeks a few mea-

surement data from the half limit cycle output. Fig. 4.2 shows a half cycle waveform of the

process output under a symmetrical relay feedback test.

From the tuning test, critical instantst0 andt2 are measured at which the outputs becomeε and

zero, respectively. The time instantt1 can also be estimated using measured half cycle data [17].

The derivative of outputy(t) shall have a discontinuity in the output at the timet1 = t0+θ , from

its zero crossing due to the non-monotonic characteristicsof the limit cycle data. But, we know

thaty(t) = ε at timet0 and this fact gives the time delayθ = (t1− t0).

Now, the remaining parameters of the process model are obtained by using the limit cycle

expressions (4.7) and (4.8). These expressions can furtherbe simplified by taking values fort0

andt2 wherey(t) becomesε and zero, respectively. If we take a first order time derivative of

y(t) for the time rangest0 ≤ t ≤ t1 andt1 < t ≤ t2, then

ẏ(t) = −
ε
τ

e−
t−t0

τ +
kh
τ

e−
t−t0

τ
[

1−kKco+kKioτ(1+eθ/τ)
]

+ k2h(−
Kco

τ
+Kio)e

−
t−t1

τ (
t − t0

τ
−1)−k2Kioh (4.9)

ẏ(t) = −
y(t1)

τ
e−

t−t1
τ −

kh
τ

e−
t−t1

τ + k2h(−
Kco

τ
+Kio)

[

−
t − t1

τ
(2e−

t−t1
τ −e−t/τ)+(e−

t−t1
τ −e−t/τ)

]

+ k2Kioh
[

1− (e−
t−t1

τ )(2−e−θ/τ)
]

(4.10)

Settingt = t0 in (4.9), a simple expression is obtained as

ẏ(t0) =
kh− ε

τ
+

k2Kcoh
τ

(eθ/τ −1) (4.11)

Sincey(t2) = 0, another simplified expression is obtained using (4.10) attime t2 as

ẏ(t2) = −
kh
τ
−k2h(−

Kco

τ
+Kio)(1−2e−

t2−t1
τ +e−

t2
τ ) (4.12)

With the help of (4.11) and (4.12) the two unknown parametersk andτ of the process model

are estimated. A non-linear algebraic equation solver likeNESOLVE routine in MATLAB can
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be used to solve these equations with suitable initial guess. In practice typical ranges for the

values of the parameters are often known and it can also be obtained using simple describing

function method in which case the convergence is fast.

4.4 Optimal PI controller design

When the process transfer function is known, the parametersof the PI controller may be op-

timised by minimising an integral performance criterion [82]. In particular, time moment

weighted integral performance criteria gives a good step response with a small overshoot and

short settling time [82]. But the optimal controller by thismethod may not be sufficient to

obtain the optimum control input variations. In most PI(D) control loops valves are the only

components with moving parts and more variation in control signal has high costs in terms of

valve wear and maintenance programs. A quantitative analysis of how tuning affects valve costs

is described in [49]. In this context, less attention has been paid, although recently a different

kind of criterion in [51] has been defined to minimize the variations inu(t). Their method is

based on the integral time absolute error (ITAE) index and gives much smoother control by

some link between the controller aggressiveness and the minimum of the ITAE performance

index. However, it is shown for processes with small time delay and the relation is derived

based on ITAE index, which may not be very accurate for the initial unavoidable errors during

setpoint changes [82]. This is not the case with the time weighted ISE criterion. Therefore, the

work of [51] is extended here using the integral squared timeerror (ISTE) index to achieve the

overall smooth responses, which preserve actuators from untimely attrition.

The dynamics of a first order model (4.1) may be described in the normalized form by scaling

the Laplace variables to s/τ as

Gp(s) =
ke−θns

(s+1)
(4.13)

whereθn = θ/τ. Hence, if subsequently tunedC(s) has the normalized transfer function

C(s) = Kc +
Ki

s
(4.14)
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whereKc andKi are control gains to be determined from the tuning experiment, the velocity

form of (4.14) is given by [39]

u̇(t) = Kcė(t)+Kie(t) (4.15)

whereu(t) ande(t) are assumed to be the controller output and input, respectively. Aiming

to achieve superior control performance by optimizing error signal in such a way that it gives

minimum control output variations. An index has been definedto measure the total variation

(TV) in u(t) analytically for the controller performance [50]. If we discretize the input signal

as a sequence,[u1,u2, ...,ui, ...], then

TV =
∞

∑
i=1

|ui+1−ui | (4.16)

which should be as small as possible to minimize variations in u(t). Ideallyu(t) should be equal

to u(∞) for all t > 0, hence ˙u(t) = 0,∀ t > 0. This concept provides the following constraint

using the control law (4.15) as

K2
c (ė(t))2 = K2

i (e(t))2 (4.17)

If we represent the above constraint in time weighted integral of error signal, it gives a tight

criterion for the initial unavoidable errors during setpoint changes. Thus, (4.17) is replaced by

the following integral constraint as
(

Kc

Ki

)2 ∞
∫

0

(tė(t))2 dt =

∞
∫

0

(te(t))2 dt (4.18)

First, it turns out that the right-hand side of (4.18) is the well-known ISTE performance index

[82]

ISTE=

∞
∫

0

(te(t))2 dt (4.19)

which can be characterized with the integral control actionof the PI controller. Similarly, the

left-hand side of (4.18) introduces another performance index involving the derivative of the

error signal to characterize the proportional control action as

ISTD =

(

Kc

Ki

)2 ∞
∫

0

(tė(t))2 dt (4.20)
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The index in (4.20) is defined as weighted Integral of Squaredof Time Derivative of error signal

(ISTD). Now, the closed-loop errors after a unit step input for the FOPDT process model (4.13)

are

e(t) = k, for 0≤ t < θn

= ke−(t−θn), for t ≥ θn

(4.21)

The two performance indices (4.19) and (4.20) are simplifiedusing (4.21) and an explicit design

formula forKc is obtained as

Kc = Ki τ
(

1+2θn+2θ2
n +(4/3)θ3

n

1+2θn+2θ2
n

)1/2

(4.22)

To obtain another explicit relation for the controller gain, the concept of sluggishness index is

used which reflects how much the closed-loop reduces the measure of response time relative

to that of the open loop process [83]. If we take the average residence time of the open-loop

process as−G′(0)/G(0) = (τ +θ) [39], then for the closed-loop transfer function

T(s) =
C(s)Gp(s)

1+C(s)Gp(s)
=

ke−θns(Kcs+Ki)

s(s+1)+ke−θns(Kcs+Ki)
(4.23)

the average residence time is calculated from−T ′(0)/T(0) as 1
kKi

. Thus, by equating the aver-

age residence time for open-loop and close-loop transfer function, another explicit design rule

for setting the integral gainKi in terms of the parametric model values becomes

Ki =
1

kτ(1+θn)
(4.24)

Using (4.22) and (4.24), the new PI controller gains are calculated based on the estimated pro-

cess model parameters during the on-line relay test.

4.5 Evaluation of the tuning rules
The primary control design goal is to achieve good rejectionof load disturbance effects and

robustness with respect to model uncertainties. First, it is to be noted that a larger integral

gain usually implies less robustness in the presence of loaddisturbances and it can be defined

by an expression to measure the system performance [84]. This analysis is extended below

for the case with input disturbance. The general closed-loop transfer function from input load
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disturbanceL to outputy is,

Tyd(s) = Gp(s)(1+Gp(s)C(s))−1 (4.25)

In industrial processes, the disturbance usually occurs atlow frequency. Then the above expres-

sion can be written in the magnitude of the frequency response whereω is small as

M(Tyd( jω)) = M[Gp( jω)(1+Gp( jω)C( jω))−1]

= M[Gp( jω)(1+Gp( jω)Kc +Gp( jω)Ki/( jω))−1]

≈ M[Gp( jω)(Gp( jω)Ki/( jω))−1]

(4.26)

For any transfer functionsA andB, it is well-known thatM(AB) ≤ M(A)M(B) andM(A)−1 =

M(A) where,M(∗) andM(∗) are the maximum and minimum magnitude of transfer functions

M(∗), respectively . So, we have

M(Tyd( jω)) ≤ | jω|
M(Gp( jω))

M(Gp( jω))M(Ki)
(4.27)

It shows that the minimum value of integral gain can play an important role in the presence

of load disturbance. The relation of normalized internal gain vs time delay from the proposed

tuning method and optimum tuning methods like ITAE and ISTE for setpoint based methods

are plotted in Fig. 4.3(a). It is observed that the integral gains given by the proposed method

are almost constant, thus the closed-loop systems are very robust while others show oscillatory

responses in the presence of load disturbance since integral gains are too large specially for

small time delay processes. Also, for large time delay processes the proposed method gives

slightly largerKi resulting in the best compromise between robustness and load disturbance

rejection performance.

Next, the robustness is evaluated from the maximum value of the sensitivity function,Ms =

||(1+Gp( jω)C( jω))−1||. Reasonable values ofMs are in the range from 1.2 to 2.0 [39]. The

proposed tuning method has been applied to the different processes of the test batch given

in [39] as representative of typical industrial processes.Fig. 4.3 (b) gives the Nyquist curves of

the test processes which indicates the maximum sensitivitygain between 1.2 to 2.0. This shows

that the on-line tuning method provides robust stability against modelling error and variations

in process dynamics.
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Figure 4.3: Evaluation of the tuning method
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4.6 Simulation study

The design method has been tested on three typical processesfound in the literature. The effects

of static load disturbance during on-line relay test is discussed in this section. Measurement

noises are also introduced in Example 1 to illustrate identification robustness of the proposed

method. It is important to keep the output oscillation amplitude in the prescribed limit as per

the tolerable process variable swing. The process operatordecides values for the relay heights

that will produce a limit cycle with acceptable amplitude level. To overcome the undesirable

relay chattering caused by noisy signals, the width of the hysteresis of the relay is set to twice

the standard deviation of the noise. For ease in simulation study, the relay withh = ±0.25 and

ε = ±0.05 are taken although fairly low values of relay height couldbe used. The required

measurements undertaken for each process after on-line tuning experiments are tabulated in

Table 4.1.

Table. 4.1: Results from a single relay test and new controller setting

Process Initial controller, t0 t1 t2 ẏ(t0) ẏ(t2) Process New
Co(s) model C(s)

G1(s) 0.51+ 0.28
s 0.262 1.720 2.786 0.181 -0.1931.0e−1.458s

1.678s+1 0.632+ 0.318
s

G2(s) 0.2+ 0.02
s 0.923 11.751 17.386 0.051 -0.0551.2001e−10.828s

7.553s+1 0.446+ 0.045
s

G3(s) 0.155+ 0.033
s 1.021 17.359 21.777 0.047 -0.0491.001e−16.338s

8.120s+1 0.473+ 0.041
s

Example 1:

For a second order processG1(s) = e−s

(s+1)2 , a static load disturbanceL = 0.3 att = 20 sec enters

during the relay test. Due to the presence of the PI controller during on-line test, it is noted that

a stable symmetrical limit cycle is recovered after following the occurrence of the disturbance

signal. Whereas the basic relay methods are sensitive to static load disturbances and need to

reset the relay heights to obtain a symmetrical limit cycle.The identified transfer function model

and new PI settings obtained by the proposed autotuning procedure are given in Table 4.1.

For this process, Majhi [45] has proposed the PI controllerC(s) = 0.8640+ 0.3652/s, using

minimization of ISTE criterion and least-squares fitting, while Tan et al. [40] have proposed
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(4.4.2) Control signals

Figure 4.4: (a) Load disturbance and setpoint changes, (b) by the proposed method, (c) by
Majhi’s method and (d) by Tan et al.’s method
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the PID controllerC(s) = 0.621(1+1.111/s+0.23s) using their direct, multiple point on-line

tuning method. Additionally, the proposed method results in the desired performance in less

control signal variations with TV=1.370 while in case with Majhi and Tan et al., the values

are 2.071 and 4.152, respectively. Fig. 4.4 shows the enhanced performanceof the proposed

on-line method with good subsequent control performance.

To show the robust performance of the control design, perturbations of±20% in all the param-

etersk, τ andθ of the nominal process are assumed. The robust responses arecompared with

those of the method by Zhuang et al. [82] and robust on-line approach by Tan et al. [40] in

Figs. 4.5 and 4.6 . It is observed that the closed-loop performances are very robust by the given

method mainly due to the appropriate integral gain.
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Figure 4.5: Robust responses for +20 % perturbation ink, τ andθ (a) by the proposed method,
(b) by the ISTE and (c) by Tan et al.’s method

To verify the usefulness of the on-line identification method under realistic conditions, the pro-

cess model parameters are estimated in the face of measurement noise. Let the process output

be corrupted by Gaussian distributed random noise of several σ2
N such that the SNR varies

from 10 dB to 20 dB. Noise reduction using the SG filter discussed in subsection 2.4.2 gives a

smooth half cycle data without attenuation of data features, as shown in Fig. 4.7. The measured
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Figure 4.6: Robust responses for -20 % perturbation ink, τ andθ (a) by the proposed method,
(b) by the ISTE and (c) by Tan et al.’s method

quantities from the denoised signal give the model parameters and percentage errors in these

parameters due to the noise are given in Table 4.2. Interestingly, the estimated values under ob-

servation noise of various varianceσ2
N become close to the actual values in almost all the cases.

The identification, however, suffers to some extent accuracy problem when SNR is less than 10

dB. Process measurements usually contain a strong oscillation and therefore the SNR is usually

high enough to warrant the use of the proposed method to estimate the model parameters in the

face of output measurement noise.

Table. 4.2: Impact of measurement noise for Example 1

SNR % Error in
(dB) t0 t1 t2 ẏ(t0) ẏ(t2) k θ τ
10 −0.862 −1.212 −1.502 −0.931 −1.340 −0.391 1.282 −8.232
15 −0.541 −0.965 −1.021 −0.321 −0.789 0.652 1.028 −6.898
20 0.020 0.056 −0.053 −0.212 −0.312 0.255 −0.065 −4.342
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Figure 4.7: Noisy and denoised output signals
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Example 2:

For the large dead time processG2(s)= 1.2e−10s

(5s+1)(2.5s+1) , Zhuang et al.’s [82] basic relay autotuning

method gives optimum PI parametersKc = 0.730 andKi = 0.047 by the ISE criterion and

Kc = 0.535 andKi = 0.046 by the ISTE criterion.

Assuming no measurement noise during identification, an FOPDT model was obtained with

the use of an on-line relay test and subsequently new PI parameters estimated by the proposed

method are given in the second row of Table 4.1. The new methodpresented gives better closed-

loop responses with reasonable overshoots and short settling times for both setpoint and control

signal variations as shown in Figs. 4.8 and 4.9. Due to no constraint on Zhuang et al.’s ISTE and

ISE criteria, the control signal variations are measured as1.587 and 2.474, respectively while it

is less, 1.316, with the proposed method.
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Figure 4.8: (a) Setpoint input, Step responses (b) by the proposed method, (c) by the ISTE
method and (d) by the ISE method
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Figure 4.9: (a) Setpoint input, Control signals (b) by the proposed method, (c) by the ISTE
method and (d) by the ISE method

Example 3:

Consider the very high order process,G3(s) = 1
(s+1)20 . In Tsay method [46], the PI+lead con-

troller (0.4292+ 0.0492/s)(4.7392s+1
0.4739s+1) were taken for the setpoint response and for the same

process, Zhuang et al.’s [82] method suggested(0.473+ 0.058/s). The estimated FOPDT

model and the new PI gains are given in the third row of Table 4.1. The good identification

obtained by the proposed method is reflected by the superior controller performances, for both

the setpoint tracking and load disturbance, are given in Fig. 4.10. It is noted that the method

gives promising results with minimum experiment time of a single relay test while in the case

with [46], repetitive identification tests were required toget final PI controller till an acceptable

gain margin is found. The measure of control signal variations is also less, 2.672 whereas using

Tsay and Zhuang et al., TVs are 3.261 and 4.387, respectively.
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(4.10.1) Step responses
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(4.10.2) Control signals

Figure 4.10: (a) Setpoint and load disturbance inputs, (b) by the proposed method, (c) by Tsay’s
method and (d) by Zhuang et al.’s method
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4.7 Real-time experiments

4.7.1 Experiment setup with Analog programmable kit

The proposed on-line tuning method is tested with the help ofan experimental setup made up of

a Process Control Simulator PCS-327 from Feedback instruments [80], Anadigm AN221E04

Field Programmable Analog Array (FPAA) [85] and a personal computer. The block diagram

representation of the experiment setup is given in Fig. 4.11.

 

 

 

                                                               
Output Process 

(PCS-327) 

Control 
Signal 

FPAA 

 

Reconfigurable 
Analog PI Controller 

� �  
Setpoint 

RS-232 Computer -
Tuning 

Algorithm 

Figure 4.11: Block diagram of experimental setup

The tuning algorithm runs on a computer that also configures the FPAA dynamically using RS-

232. The variety of analogue functions like amplification, summing, differentiation, integration,

filtering, etc. were implemented in FPAA. The AnadigmDesigner-2 software provides a set of

C functions to be used for reading current PI setting and reconfiguring the chip on-line if design

parameters require to be dynamically changed. PCS-327 was configured with a transfer function

G(s) = 1
(s+1)3 . The sampling time, relay amplitudes and hysteresis settings were 50 msec,±0.2

V and 20 mV, respectively. Following the on-line tuning method, the process dynamics was

modelled by1.001e−0.782s

(2.112s+1) using half cycle output data and then the new controller parameters

were computed asKc = 0.792 andKi = 0.345. The closed-loop responses using the initial

controller, limit cycle oscillations during the on-line test and then improved responses for the

new step change, are shown in Fig. 4.12.
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Figure 4.12: Experimental results
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4.7.2 DC servo position control system

In this subsection a DC servo position control system is usedto illustrate the proposed method.

Setup is made up of a brush DC servo motor and Anadigm AN221E04FPAA kit. The photo-

graph of experimental setup is shown in Fig.4.13 .

Figure 4.13: Photograph of an experimental setup

The programmable controller is designed with the help of FPAA kit and can also be dynami-

cally configured through RS-232. The desired input references of position in degree have been

calibrated with equivalent dc voltages. To perform relay test the sampling time, relay ampli-

tudes and hysteresis settings were 16 msec,±0.17 V and±20 mV, respectively. Following the

on-line tuning method, the process dynamics was modelled by0.9937e−0.1990s

2.0926s+1 using initial settings

Kc = 6.3662,Ki = 0.550. The new controller parameters were computed asKc = 0.9445 and

Ki = 0.4391 using the proposed tuning formulas (4.22) and (4.24). The closed-loop responses

using the initial PI settings for position 90o and using the updated PI settings for the new posi-

tion of 150o, are shown in Fig. 4.14. The tracking performance is clearlyenhanced with almost

no overshoot and also reduced the control efforts to obtain the desired position.
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Figure 4.14: Experimental results
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4.8 Summary

A simple and effective on-line technique to re-tune the PI controller has been developed. Dif-

ferently from the standard relay autotuning approach, it allows the tuning of the controller in

the presence of a static load disturbance without resettingthe relay. Further, the identifica-

tion method requires only half period of limit cycle data, which significantly reduces the time

required for the autotuning test. Simulation examples and experimental study illustrate the prac-

tical applicability of the scheme to get desirable transient responses with smooth input usage.
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CHAPTER 5

ON-LINE IDENTIFICATION OF CASCADE

CONTROL SYSTEMS BASED ON HALF LIMIT

CYCLE DATA

5.1 Introduction

Cascade control helps in eliminating the effect of load disturbance and improving the dynamic

performance of a closed-loop system over a single-loop control [52]. Generally a cascade con-

trol structure is to nest one feedback loop inside another feedback loop involving the use of

primary (or master) and secondary (or slave) controllers. The standard conventional approach

of tuning these cascade controllers is often ineffective because it ignores strong interaction be-

tween the two loops. Also the widely used two-step approach is a fairly time consuming task

due to the approach being sequential in nature and problems related to master and slave signal

tracking. Thus it would be very useful to realize the automatic tuning procedure for cascade

control system in which the entire tuning process is carriedout in one experiment.

Today, the use of the relay feedback technique for estimation of the process dynamics has

been widely adopted in the process control [3]. This is an elegant yet simple experiment design

for process estimation and a large number of research work toextend its application domain

and to enhance various aspects of the conventional approachhas been reported. Relay based

methods for cascade control strategies have been publishedby Hang et al. [53], Song et al. [55]
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and Kaya et al. [56], however their procedures are based on the off-line relay test. Off-line

tuning has associated implications in the tuning-control transfer, affecting operational process

regulation which may not be acceptable for certain criticalapplications [54]. Although individ-

ual controller tuning has been automated in [53] and [56], the sequential nature of the tuning

procedure remains unchanged. Tan et al. [54] has suggested an on-line relay tuning approach

in one experiment, but the experiment requires a priori information of the process. Also, the

ultimate frequency used by them for the outer-loop design isbased on initial ultimate frequency

without considering changes to the inner-loop control parameters. Lee et al. [57] have proposed

IMC based tuning rules for the primary and secondary controllers, but it has not been specified

how the procedure can be automated. Visioli and Piazzi [58] have proposed an automatic tun-

ing method for the cascade control system but the method consists of an open-loop step test for

estimation of process dynamics and command signal generator for setpoint tracking. Sadasi-

varao and Chidambaram [59] have presented an iterative method based on a genetic algorithm

for tuning cascade controllers. The on-line experiment time by the method is very long which

may not be acceptable in practice. Alfaro et al. [60] made useof a two-degrees of freedom de-

sign approach for a cascade control configuration for smoothcontrol by introducing additional

parameters that need to be tuned appropriately. Tuning methods for parallel cascade control

are discussed in [61, 62] with the process information assumed to be known in the form of the

FOPDT model.

This chapter discusses a new method for on-line autotuning of the cascade control system

with the help of a single relay feedback test. By employing a relay in parallel to the master

controller, both inner and outer process dynamics are simultaneously identified from the re-

spective half limit cycle outputs. A set of exact and simple analytical expressions are derived

which can be used for estimating process models. Then both inner and outer controllers can

be tuned simultaneously based on the low order rational transfer function models. This method

does not require time consuming iterative calculations andalso overcomes the requirements of

the sequential conventional approach for tuning the cascade control system.
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5.2 On-line identification

The configuration of the cascade control system is shown in Fig. 5.1 where,C1 andC2 are the

master and slave controllers whileGp1 andGp2 are the outer and inner loop processes, respec-

tively. Fig. 5.1 shows the on-line tuning scheme for the cascade control system by employing a

relay in parallel with the master controller without disturbing the closed-loop control. The relay

height is increased from zero to some acceptable value when re-tuning is necessary. Based on

the induced limit cycle oscillationsy1 andy2, the process dynamics are first identified and then

fine tuning of the existing controllers are accomplished.

   

                                                      

                                                      

y1  r 
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_    

C1 

 

_

    

 y2 u1 u2 
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     C2 Gp2 Gp1 

L2 
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L1 

Figure 5.1: Structure for on-line tuning of the cascade control system

To make the cascade control effective, the following guidelines are to be incorporated.

• The inner loop should be faster than the outer loop at least byfive times and it should be

possible to have a high gain in order to regulate disturbances more effectively [39].

• In the absence of default control settings,C1 andC2 are proportional-integral (PI) and

proportional (P) type controllers, respectively. These settings are intended primarily for

the purpose of stabilizing the process during the tuning procedure. Practical applications

of autotuning methods have been mainly to derive more efficient updates of current or

default control settings, which are already available in many cases.

Let the process dynamics be represented by the first order rational transfer function model with

84
TH-1031_08610210



Chapter 5 On-line identification of cascade control systemsbased on half limit cycle data

dead time

Gpi(s) =
kie−θis

τis+1
(5.1)

where,i = 1 for the outer andi = 2 for the inner process model. Although, the transfer function

model is simple with only three model parameters, yet it is most commonly used, especially in

the process control industries [39].

5.2.1 Estimation of inner process model
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Figure 5.2: Responses from the relay test,− relay output,−− y2(t) and· · ·y1(t)

A relay autotuning test yields interesting results as shownFig. 5.2 due to faster dynamics and

higher gain of the inner loop compared to the outer loop. The outputy2 is constant at least over

a half period and acts as a constant input for the outer process during that period. Therefore, it

is possible to obtain the analytical expressions for half limit cyclesy1 andy2 (Fig. 5.3) from a

single relay test.
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Figure 5.3: Half cycle of the limit cycle outputs

Let the relay amplitudes and hysteresis widths be±h and±ε, respectively. The method to

obtain the analytical expression of a limit cycle waveform as given in Section 4.2 is used here.

The state and output expressions forGp2(s) in (5.1) are written in the time domain controllable

canonical form as

ẋ2(t) = λx2(t)−k2λu2(t −θ2)

y2(t) = x2(t)
(5.2)

where,λ =−1/τ2. The relay switches fromh to−h at timet = t0 due to hysteresis and provides

two different piecewise constant input signals during a half period of the inner process output.

The solution of (5.2) fort ≥ t1 where the input signalu2(t − t1) = −h can simply be

y2(t) = y2(t1)e
λ (t−t1)−k2h(1−eλ (t−t1)) (5.3)

Similarly, the solution for the inner loop transfer function

T2(s) =
Y2(s)
U1(s)

= Gp2C2(s)[1+Gp2C2(s)]
−1 (5.4)

is obtained for the inner process output. During an on-line relay testC2(s)= Kc2 and substitution
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of Gp2(s) in (5.4) gives

T2(s) =
k2Kc2e−θ2s

τ2s+1+k2Kc2e−θ2s (5.5)

The static load disturbance is neglected during the analysis. With the help of (5.3) and using

the limit cycle analysis given in Section 4.2, the output expression fromT2(s) is derived. The

expression ofy2 for t ≥ t1 is obtained as

y2(t)= y2(t1)e
λ(t−t1)−k2Kc2h(1−eλ(t−t1))+(k2Kc2)

2hλ
[

(t − t1)(2eλ(t−t1)−eλ(t−t0))+ λ−1(1−eλ(t−t1))
]

(5.6)

The first order time derivative ofy2(t) becomes

ẏ2(t)= y2(t1)e
λ(t−t1)λ +k2Kc2heλ(t−t1)λ +(k2Kc2)

2hλ
[

eλ(t−t1) −eλ(t−t0) +(t − t1)(2eλ(t−t1)λ −eλ(t−t0)λ )
]

(5.7)

It is straightforward to calculate the steady state gaink2, sinceT2(0) = k2Kc2/(1+k2Kc2) from

(5.5). This can be simplified fork2 as

k2 =
T2(0)

(1−T2(0))Kc2
(5.8)

If the constant amplitude ofy2 is denoted byhy2, then the inner loop gainT2(0) = hy2/h. Then,

(5.8) becomes

k2 =
1

Kc2

(

hy2

h−hy2

)

(5.9)

It is evident from Fig. 5.3 that the time derivative ofy2 shows an abrupt change in slope att = t1

(time is measured from the beginning of the positive half cycle output) due to non-monotonic

characteristics of the limit cycle waveform [17]. But, the relay switches at timet0 due to the

hysteresis and this fact is used to find the time delayθ2 = (t1− t0).

Next, substitution oft = t1 andθ2 = (t1− t0) in (5.7) results in

ẏ2(t1) = λy2(t1)+k2Kc2hλ +(k2Kc2)
2hλ (1−eλθ2) (5.10)

Using the Pade approximation ofeλθ2 = (2+λθ2)/(2−λθ2), (5.10) can be written in a poly-

nomial equation form as

aλ 2+bλ +c = 0 (5.11)
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where,

a = y2(t1)θ2+k2Kc2hθ2+2(k2Kc2)
2hθ2

b = −2y2(t1)−2k2Kc2h− ẏ2(t1)θ2

c = 2ẏ2(t1)

(5.12)

Because ofa> 0 andc< 0 for the positive half period, there exists only one solution for τ2 > 0

and that is

τ2 =
2a

b+
√

(b2−4ac)
(5.13)

Thus, all the parameters of the inner process modelGp2(s) can be estimated using the explicit

expressions (5.9) and (5.13) and the measurements oft0, t1, hy2, y2(t1) andẏ2(t1).

5.2.2 Estimation of outer process model

If the peak amplitude ofy1 occurs at timet = tp, the expression for the limit cycle output for

Gp1(s) with a constant input ofhy2 can be written fort ≥ tp as

y1(t) = y1(tp)e
λ1(t−tp)−k1hy2(1−eλ1(t−tp)) (5.14)

where,λ1 = −1/τ1. First derivative of the above expression gives

ẏ1(t) = λ1y1(tp)e
λ1(t−tp) +λ1k1hy2eλ1(t−tp) (5.15)

Sincey1(t2) = 0, (5.14) becomes

k1hy2

y1(tp)+k1hy2
= eλ1(t2−tp) (5.16)

which upon simplification yields

τ1 = −
t2− tp

ln
(

k1hy2
y1(tp)+k1hy2

) (5.17)

Next, substitution oft = t2 in (5.15) and the use of (5.16) gives

k1 = −
τ1ẏ1(t2)

hy2
(5.18)

In principle, (5.17) and (5.18) explicit expressions can beused for estimation of the unknowns

τ1 andk1 from the measurements oftp, t2, y1(tp) andẏ1(t2).
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The time delayθ1 is estimated using the half cycle output fory1 and its first derivative data as

was done for the inner process model. It should be noted that the measurement of peak timetp

for y1 gives an effective total delay with respect to the timet0 as shown in Fig. 5.3. Thus,θ1 is

calculated asθ1 = tp− t1 = tp− t0−θ2.

In practice, the estimation of ˙y2(t1) andẏ1(t2) by taking numerical derivatives will be sensitive

to measuring noise. Therefore, the data to compute ˙y2(t1) and ẏ1(t2), are denoised first by

using the Savitzky-Golay smoothing filter discussed in subsection 2.4.2. Then ˙y2 at t = t1 is

estimated by taking three or more values ofy2 starting from the time instantt1, separated by a

small sampling interval, from the half limit cycle databaseduring a relay test. These data are

then fitted to a straight line. The slope of this line is then taken as the estimate of ˙y2 at t = t1.

Similarly, ẏ1(t2) is estimated using the database ofy1.

5.3 Tuning of controllers

After estimating the parametric models of inner and outer processes from a single relay test, the

tuning rules are employed to update the current settings ofC1 andC2 without any additional test.

Unlike the traditional sequential approach, the proposed method is to tune the primary and sec-

ondary controllers simultaneously. It is also necessary toconsider the effect of new secondary

controller while designing the primary controller. Let thesubsequently tuned controllersC2 and

C1 have the transfer function form

C2(s) = Kc2(1+1/Ti2s) (5.19)

C1(s) = Kc1(1+1/Ti1s+Td1s) (5.20)

The objective of simultaneous parameter tuning forC1 andC2 is to achieve widespread industrial

acceptance for good disturbance rejections. As per the ultimate transfer function models of

inner and outer processes, the tuning rules are tabulated inTable 5.1. Detailed procedures for

development of the tuning rules are available in [50]. With the current setting of the secondary
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Table. 5.1: Tuning rules for cascade controllers

C2 C1

Kc2 Ti2 Kc1 Ti1 Td1

0.5τ2
k2θ2

τ2
0.5τ1

k1(θ1+θ2)
τ1 θ2

controllerC2(s), the inner closed-loop transfer functionT2(s) becomes

T2(s) =
0.5e−θ2s

θ2s+0.5e−θ2s (5.21)

Ti2 = τ2 due to fast dynamics of the inner loop. When the delaye−θ2s is approximated with

1−θ2swithout loss of generality, then

T2(s) =
e−θ2s

θ2s+1
(5.22)

An apparent controlled process seen by the primary (master)controllerC1 is

G11(s) =
k1e−(θ1+θ2)s

(τ1s+1)(θ2s+1)
(5.23)

Now, C1(s) is tuned using this apparent second order process modelG11(s) instead ofGp1(s)

while taking into account the updated inner loop control parameters. Thus, simultaneous tuning

of the primary and secondary controllers are done with the PID setting ofC1 given in Table 5.1.

The tuning rules are designed to effect damped responses by the cascade controllers.

5.4 Simulation study

The proposed method has been tested on typical processes available in the relevant literature.

The effects of noise and disturbance are also discussed. It is important to keep the output

oscillation amplitude in the prescribed limit as per the tolerable process variable swing and to

decide values for the relay heights that produce a limit cycle with acceptable amplitude level.

The choice ofh is dictated by the physical constraints on the manipulated variable, as well as
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Table. 5.2: Identified models and controller settings from half limit cycle data

Example Loop Initial Identified Index New
controllers models IG controllers

1
Inner 0.19 0.997e−0.104s

0.101s+1 2.8×10−3 0.487(1+ 1
0.101s)

Outer 0.02(1+ 1
2s)

0.999e−1.481s

1.635s+1 2.0×10−2 0.516(1+ 1
1.633s +0.105s)

2
Inner 0.01 3.05e−3.057s

13.108s+1 3.5×10−4 0.703(1+ 1
13.108s)

Outer 0.1(1+ 1
100s)

10.01e−72.444s

68.814s+1 3.0×10−3 0.046(1+ 1
68.810s +3.057s)

the allowed deviation in the measured output. The choice ofε depends on the measurement

noise level. With a largeε, the adverse effect of noise for a relay feedback is avoided,generally

ε is set to twice the standard deviation of the noise. For ease in simulation study, a relay of

amplitudeh = ±0.5 andε = ±0.05 is used although fairly low values of relay height could be

used. The estimated models and controller settings for boththe examples are tabulated in Table

5.2.

Again, the performance is evaluated by measuring an estimation error index using the integral

of absolute error (IAE) criterion for each of the process models by

IG =

ωc
∫

0

∣

∣

∣

∣

Gp( jω)−G( jω)

Gp( jω)

∣

∣

∣

∣

dω (5.24)

whereG( jω) is the actual process andGp( jω) is the identified model. Onlyω ∈ [0,ωc], where

ωc is the phase crossover frequency of the process, are considered since that is most important

for controller design.

Example 1:

Consider the cascade system discussed in [53] and [55] withG1(s) = e−s

(s+1)2 andG2(s) = e−0.1s

0.1s+1.

A step load disturbanceL1 = 0.1 att = 20 sec enters during the relay test. Due to the presence of

the PI controller during the on-line test, a stable symmetrical limit cycle appears automatically

after an initial transient following the occurrence of the disturbance signal. But the basic relay
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methods [53, 55] are sensitive to static load disturbance and need to reset the relay height to

obtain a symmetrical limit cycle output.

From the on-line relay test, the half cycle output signals are obtained as shown Fig. 5.4 and the

required measurements(t0, t1, tp, t2)=(1.418,1.519,3.001,4.206)and(hy2 = y2(t1),y1(tp), ẏ2(t1),

ẏ1(t2)) = (0.079,0.069,−1.876,−0.049) are performed from a single relay experiment.
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Figure 5.4: Half cycle outputs

The identified transfer function models, estimation errorsand new PI/PID settings for the sys-

tem are given in Table 5.2. A new setpoint change follows att = 60 sec and an inverse load

disturbance of 0.5 occurs in the intermediate process output att = 90 sec. For this system, the

setpoint performances are compared with that obtained by the method proposed by Hang [53]

and Song [55]. Fig. 5.5 shows the enhanced performance of theproposed on-line method even

in the presence of the static load disturbance.
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Figure 5.5: (a) Load disturbance and setpoint changes, Process output by (b) proposed method,
(c) Song et al.’s method and (d) Hang et al.’s method

To verify the usefulness of the on-line identification method under realistic conditions, the pro-

cess model parameters are estimated in the face of measurement noise. Let the process output

be corrupted by Gaussian distributed random noise of variance 0.02 which give approximately

absolute SNR value of 20 dB. Then, the noise reduction using the Saviztky-Golay filtering gives

a smooth half cycle data without attenuation of data features, as shown in Fig. 5.6. The mea-

sured quantities from the denoised signal give the estimated modelsGp1(s) = 1.01e−1.472s

1.586s+1 and

Gp2(s) = 0.992e−0.106s

0.109s+1 with estimation errors of 6.3× 10−2 and 7.0× 10−3, respectively. The

small values indicates the proposed on-line identificationscheme is robust against the measure-

ment noise.
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Figure 5.6: Noisy and denoised output signals
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Example 2:

Let us consider the cascade system [58,59] that exhibits a significant high-order and nonminimum-

phase dynamics withG1(s) =
10(−5s+1)

(30s+1)3(10s+1)2 e−5s andG2(s) = 3
13.3s+1e−3s. The measurements

of (t0, t1, tp, t2) = (25.078,28.135,100.578,149.734) and(hy2 = y2(t1),y1(tp), ẏ2(t1), ẏ1(t2)) =

(0.0148,0.0963,−0.0023,−0.0022) are obtained from a single relay experiment. The esti-

mated process models, estimation errors and new PI/PID settings for the system are given

in Table 5.2. Using Visioli et al.’s method [58], both the primary and secondary controllers

C1(s)=0.11(1+ 1
0.162.8s) andC2(s)=1.52(1+ 1

9.41s +2.18s), respectively are obtained from the

open-loop step test and command signal generator for setpoint tracking. Sadasivarao and Chi-

dambaram’s method [59] suggestsC1(s)=0.126(1+ 1
84.595s + 31.811s) andC2(s)=1.516(1+

1
5.44s +0.055s) for the cascade control system. The good identification withless computational

efforts obtained by the proposed method is reflected by the superior controller performances, as

shown in Fig. 5.7.
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Figure 5.7: (a) Setpoint input, Process output by (b) proposed method, (c) Visioli et al.’s method
and (d) Sadasivarao et al.’s method

To illustrate the robustness to parameter variations, assume that the time delay of the inner

process is actually 20% larger and its time constant 20% smaller, i.e. G2(s) = 3e−3.6s

10.6s+1. Visioli
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et al.’s method cannot yield a bounded output and similarly Sadasivarao and Chidambaram’s

method is highly sensitive to the modelling errors which makes the system unstable. However,

the responses by the proposed method as given in Fig. 5.8 showrobust performances for the

perturbed system.
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Figure 5.8: Perturbed system responses by (a) proposed method and (b) Visioli et al.’s method

5.5 Summary

A simple on-line technique for the automatic tuning of the cascade control systems has been

developed to tune both the controllers simultaneously. Exact analytical expressions are derived

for estimating process model parameters in terms of a few measurements made on half limit

cycle outputs. This significantly reduces the time requiredfor the relay test. The method gives

the robustness against static load disturbances during therelay experiment, unlike the basic

relay methods that requires to reset the relay height to obtain a symmetrical limit cycle output.

Low estimation errors and the satisfactory performances shown in simulation study indicate the

usefulness of the proposed technique.
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CHAPTER 6

EXTENSION OF RELAY FEEDBACK

TECHNIQUE FOR UNSTABLE PROCESSES

WITH LARGE TIME DELAY

6.1 Introduction

The conventional relay feedback has become a widely accepted approach to system identifi-

cation in process control. However, it has been shown that unlike stable processes, unstable

FOPDT process under relay feedback produces limit cycle only when the ratio of time delay

(θ ) to unstable time constant (τ1) is less than 0.693 [63, 86]. Many relay based techniques for

stable processes have been presented in the literature, buta few methods have been discussed

for an unstable FOPDT process. Kavdia and Chidambaram [65] have proposed an identifica-

tion method for an unstable FOPDT process, but they did not suggest a satisfactory method for

choosing the gain of the forward proportional (P) controller to make the system stable. Park et

al. [66] have suggested an improved relay feedback method toobtain the ultimate data set using

the describing function approach, but this yields erroneous results as the normalized dead time

θn(= θ/τ1) approaches 0.693. Ananth and Chidambaram [67] presented a step response based

identification method for unstable processes using the PID controller. Majhi and Atherton [69]

proposed an exact analytical method based on a single relay feedback test and the constraint was

relaxed up toθn < 1.2 by adding an internal proportional-derivative (PD) feedback. Marchetti et

al. [8] have proposed a modified autotune variation method for unstable processes by using two

97
TH-1031_08610210



Chapter 6 Extension of relay feedback technique for unstable processes with large time delay

different unbiased relay tests. By using a single biased/unbiased relay feedback test, Liu and

Gao [87] have presented an iterative algorithm for identifying the FOPDT model parameters.

However, the constraint of their method is still the same asθn < 0.693.

It is often desirable to extend the applicability of the relay feedback test for unstable pro-

cesses with large time delay. This chapter presents: (i) thenecessary conditions for the existence

of limit cycles when a relay with hysteresis test is performed, (ii) a strategy to induce a sustained

oscillation of the process output forθn < 2, and (iii) a non-iterative method to estimate process

dynamics information. The proposed stabilization conceptis simple and also it retains the sim-

plicity of the original relay feedback method. Again, a relay with hysteresis instead of an ideal

relay is used to give the robust solution from a practical point of view so that the resultant

system is less sensitive to measurement noise.

6.2 Necessary condition for existence of limit cycles

                                                         

y Unstable  

Process 

r = 0   

+ 
� 

Relay 

 
u 

_ 

e 

Figure 6.1: Conventional relay feedback structure

In this section, the conditions under which relay control can stabilize an open-loop unstable

process are obtained using the exact analytical state-space method discussed in Chapter 2. We

consider the process to be relay-stabilized if the output ofthe feedback process is bounded for

all t > 0. Let the relay amplitudes be±h and hysteresis widths be±ε during a relay feedback

test. Consider an unstable first order model as

Gp(s) =
ke−θs

τ1s−1
(6.1)

whereτ1 > 0. Using the analytical expression derived in Section 2.3, the explicit state equation

at timet = t1 is written as

y(t1) = A1 = εe
θ
τ1 −kh(1−e

θ
τ1 ) (6.2)
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whereA1 is the positive peak amplitude. It can be expressed as

e
θ
τ1 =

(

kh+A1

kh+ ε

)

(6.3)

This gives a boundary condition as

θ
τ1

= ln

(

kh+A1

kh+ ε

)

(6.4)

Similarly, the expression ofy(t) can also be written for time ranget1 ≤ t ≤ T as

y(t) = kh(1−c1e
t−t1
τ1 ) (6.5)

using the analysis given in Section 2.2. Att = t1 we obtain the peak amplitude

A1 = kh(1−c1) = kh−2kh/(1+e
T
τ1 ) (6.6)

After simplification we obtain

τ1 = T ln

(

kh+A1

kh−A1

)−1

(6.7)

which gives one of the necessary condition for the limit cycle

kh> A1 (6.8)

Using the relations (6.8) and (6.4), the condition for the existence of a limit cycle can be written

as

θn < ln

(

2kh
kh+ ε

)

(6.9)

This result is consistent with the findings for first order processes in [88] using the graphical

and bifurcation analysis. When we substituteε = 0 for an ideal relay case, the condition is

θn < ln(2) or θn < 0.693 (6.10)

which is the similar condition given in [16]. The relation (6.9) depends on the parametersh and

ε and plotted in Fig. 6.2 assumingk = 1, givingθn < 0.693. It is the maximum value ofθn for

a limit cycle exist asε decreases to zero. The range ofθn is enlarged maximum up to 0.693 for

any value ofh, as indicated by Fig. 6.2.
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Figure 6.2: Relation ofh, ε andθn for an unstable process

Similarly, the necessary condition for an unstable SOPDT process model can also be obtained

using the state space analysis. Let us take an unstable SOPDTmodel by

Gp(s) =
ke−θs

(τ1s−1)(τ2s+1)
(6.11)

The state and output equation constants are

A =

[

λ1 0
0 λ2

]

; b =

[

1
1

]

; c =
kλ1λ2

λ1−λ2
[1 −1] (6.12)

whereλ1 = 1/τ1 andλ2 = −1/τ2 are the eigenvalues ofA. If the amplitude of the output at

time t1 is A1, then the expression ofA1 using (2.7) can be shown to be

A1 = ceAθ x(t0)+cA−1(eAθ − I)bh (6.13)

When we determine the condition for existence of a limit cycle, the solution forT → ∞ is

examined. Also the constraint includes the case with an unstable time constantλ1, a positive
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constant andλ2 a negative one and then (6.13) is solved by taking the value ofT. (6.13) becomes

A1 = εeλ1θ −
λ1

λ2
(kh+ ε)eλ1θ +(eλ1θ −1)kh (6.14)

Further simplification of (6.14) gives

kh+A1 = (kh+ ε)

(

1−
λ1

λ2

)

eλ1θ (6.15)

But we know the conditionkh> A1 and by adding inequalities one gets the constraint for the

existence of a limit cycle for the SOPDT model as

eλ1θ < a

(

2kh
kh+ ε

)

(6.16)

wherea = τ1/(τ1+ τ2). Simplification of (6.16) gives

θn < ln

(

a
2kh

kh+ ε

)

(6.17)

(6.17) is the necessary condition for existence of limit cycles for second order unstable pro-

cesses.

6.3 Relay feedback system with PD controller

We have seen that under relay control the unstable process does not always experience a limit

cycle, only exists forθn < 0.693. This constraint can be relaxed by incorporating an additional

PD controller [69] as illustrated in Fig. 6.3. Also it has been shown that a PI-PD controller

design can provide excellent control performances for unstable processes. Let us derive the

limit cycle equation when the PD controller is connected in an inner feedback loop during a

relay feedback experiment. The dynamics of an unstable process may be described by the

normalised form transfer function model

Gp(s) =
ke−θns

s−1
(6.18)

Hence, if the PD controller in Fig. 6.3 has the normalised transfer function

C(s) = Kc +Kds (6.19)
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Figure 6.3: Relay feedback system with inner PD controller

whereKc andKd denote the proportional and derivative gains of the controller, the closed-loop

transfer function of the feedback control system (which therelay sees) is given by

y(s)
u1(s)

=
k e−θns

s−1+k(Kc+Kds)e−θns (6.20)

Assume that the relay test induces a limit cycle output with ahalf periodT by use of suitable

choice of PD gains and the relay amplitude and hysteresis width of ±h and±ε, respectively.

With hysteresis, relay switches at timet = t0 wheny(t0) = ε. The state and output expressions

for (6.20) in the time domain controllable canonical form can be written as

ẋ(t) = x(t)−k(u1(t −θn)−Kcy(t−θn)−Kdẏ(t −θn))

y(t) = x(t)
(6.21)

The method explained in Section 4.2 is used to derive the solution of the state equation (6.21).

At time t = θn+ t0 the peak amplitude of the output isA1 and the solution is obtained as

A1 = εeθn −kh+kheθn +k2hKce
θn −k2hKcθn−k2hKdθn (6.22)

Now, (6.22) can be expressed as

θn = log

(

A1 +kh+k2hKcθn+k2hKdθn

kh+ ε +k2hKc

)

(6.23)
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Chapter 6 Extension of relay feedback technique for unstable processes with large time delay

(6.23) shows thatθn is a function of(Kc,Kd) and vice versa. However, the process model

parametersτ1 and θ may not be known a priori for setting initial PD gains. Guidelines for

initial settings of PD gains is discussed in the following section which considers guaranteed

stability of the closed-loop relay control system.

6.4 Existence of sustained oscillations

The closed-loop characteristic equation from (6.20) becomes

F(s) = (s−1)+(kc+kds)e−θns = 0 (6.24)

wherekc = kKc andkd = kKd are assumed to be nonnegative. Aim is to obtain a pair(kc,kd)

such that it gives a sustain oscillation during relay feedback test. If the process is delay-free i.e.

θn = 0; the characteristic functionF(s) is an algebraic polynomial which has a finite number of

zeros. Forθn > 0; the characteristic functionF(s) is a quasi polynomial which has an infinite

number of zeros. In [89], it has been shown thatF(s) can be represented by independent ofθn

using the D-partition technique which gives

F ′(s) = (k2
d−1)s2+(1−k2

c) = 0 (6.25)

Detailed procedure for D-partition boundary technique is available in [89]. By solving (6.25),

a pair of complex conjugate pure-imaginary zeros can be written as

s= ±ω, ω =

√

−
(1−k2

c)

(1−k2
d)

(6.26)

and the D-partition boundaries atω = 0 and∞ givekc = 1 andkd = 1, respectively. Now, (6.24)

must satisfy following two equations simultaneously:

−1+kccos(θnω)+ωkdsin(θnω) = 0

ω −kcsin(θnω)+ωkdcos(θnω) = 0
(6.27)

The simple empirical relationship forθn obtained using (6.27) is

θn = ω−1tan−1
(

ω(kc +kd)

kc−kdω2

)

(6.28)
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Figure 6.4: Maximum stability boundaries by: 1. Proposed method, 2. Majhi’s method and 3.
Park’s method

Analysis of (6.23) and (6.28) for the existence of a sustained oscillation results in the stability

boundaries as shown in Fig. 6.4 which are obtained with the help of extensive simulation study

and [89]. It is observed that the initial PD setting of(kc,kd) = (1,0.95) can stabilize the relay

control system up toθn ≤ 1.95. Fig. 6.4 also shows the limitation of other reported methods.

The stability condition ofkc ≥ 1 andθn−1 < kd < 1 for given arbitraryθn < 2 is in agreement

with [90].

6.5 Improved identification

In this section, to show the usefulness of the proposed stabilization technique, simple describing

function (DF) analysis is used for identifying the process model parameters. We place the relay

in tandem with the unstable process with inner PD controllerto generate limit cycle output. The

relay induces a permanent oscillation of the process outputand the frequency and amplitude of

the oscillation are used to identify an equivalent transferfunction model of the processes using
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Chapter 6 Extension of relay feedback technique for unstable processes with large time delay

the DF analysis [86]. The describing function specifies the change in the amplitude and phase

of the fundamental component of the relay output with respects to its input assumed to be a

pure sine wave. In DF analysis, the self-oscillation of the overall feedback system is of interest

for estimation of the critical point (ultimate gain and ultimate frequency). Further, the relay is

replaced with its equivalent DF and a self-sustained oscillation of amplitude,A1 and frequency,

ωc are measured from the output. It is assumed thatk is known a priori and initial setting of

PD controller is(Kc,Kd) = (1/k,0.95/k). For Fig. 6.3, a relay with hysteresis induces the limit

cycle output at frequencyωc when

Gp( jωc)[Dr +C( jωc)] = −1 (6.29)

where

Dr =
4h

πA2
1

(
√

A2
1− ε2− jε) (6.30)

is the DF of the relay with hysteresis. The proof of the above expression is given in the Appendix

A.3.

Now, substitution ofGp( jωc) andC( jωc) in (6.29) gives

ke− jωcθ

jωcτ1−1
(α + jβ ) = −1 (6.31)

where

α =
4h

πA2
1
(
√

A2
1− ε2)+Kc

β = ωcKd −
4hε
πA2

1

ωc = π/T

(6.32)

By equating the real and imaginary parts of both side of (6.31), one obtains explicit expressions

for τ1 andθ as

τ1 =

√

k2(α2+β 2)−1
ωc

θ =
tan−1(β/α)+ tan−1(ωcτ1)

ωc

(6.33)
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6.6 Simulation study

Five processes, as tabulated in Table 6.1, are considered here. Assumingk is known or obtained

by the method in [16]. Initially, setting an inner PD controller (Kc,Kd)= (1/k,0.95/k) the relay

experiment is performed to obtain the limit cycle parameters like half periodT and positive

peak amplitude of the outputA1. Then, the unknown process model parametersτ1 andθ are

estimated using the explicit expressions in (6.33). As shown in Figs. 6.5 and 6.6, the Nyquist

plots for the second order unstable processes in Examples 1 and 2 and the corresponding iden-

tified models illustrate the accuracy of the method near to the critical point. From the third

example the conventional relay feedback method does not yield a limit cycle oscillation. It can

be observed from Table 6.1 that the method not only yields a limit cycle forθn ≥ 1.2 but also

helps to estimate accurate model parameters.

Table. 6.1: Results with the relay setting(h,ε) = (0.1,0.01)

Example Process Measured values Estimated
(T,A1) (τ1,θ)

1 e−0.1s

0.1s2+0.9s−1 (0.572,0.017) (1.281,0.281)

2 e−0.5s

(0.5s+1)(2s−1) (2.089,0.044) (2.499,1.005)

3 e−0.8s

s−1 (1.065,0.345) (0.999,0.799)

4 e−1.2s

s−1 (1.914,1.017) (0.999,1.199)

5 e−1.9s

s−1 (11.208,33.338) (1.000,1.900)
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Figure 6.5: Nyquist plots for the process in Example 1 : (a) actual process, (b) proposed method
and (c) Marchetti et al.’s method [8]
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Figure 6.6: Nyquist plots for the process in Example 2 : (a) actual process, (b) proposed method
and (c) Majhi’s method [86]
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6.7 Summary

General conditions are given for the existence of limit cycle for the unstable time delay pro-

cesses under relay control. The proposed control strategy helps stabilise relay control system

for unstable processes havingθn up to 1.95. In addition, a relay with hysteresis is used to re-

duce chattering problem in the event of measurement noise unlike the reported methods that

are based on an ideal relay and where applicability is restricted toθn < 1.2. The non-iterative

algorithm estimates exact model parameters(τ1,θ) using only half cycle data of limit cycle

output.
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CHAPTER 7

CONCLUSIONS ANDFUTURE WORK

7.1 Conclusions

Many research work on modifying the relay feedback auto-tuning method have been reported in

recent years. Still there is much room for further improvement and extensions of such methods.

In this thesis, several new results are obtained that improve the accuracy of identification, relay

analysis, auto-tuning and cascade control. Briefly, the results are summarized as follows:

A. Identification of linear processes from the half limit cycle data

A class of processes with time delay is analyzed under relay feedback. The time-domain

based explicit expressions for output limit cycle waveformare derived to identify the unknown

process model parameters accurately. The method acquires more information about the process

dynamics from only half limit cycle data. The procedure is not only simple but also obtains

the process model parameters without solving any nonlinearequation or optimization problem

unlike many relay based methods reported in the literature.

B. Identification of nonlinear processes with monotonic static gains

Apart from linear processes, the relay feedback approach can also be used for identifying

nonlinear processes having static nonlinear gain. The extended approach can be used success-

fully to estimate the structure of nonlinear model and its parameters from a single symmetrical

relay test. The analysis of a limit cycle waveform is shown byconsidering a hysteresis in the

relay test, which may prevent the relay control from oscillating at high frequency and relay

switching at wrong instants. The real-time laboratory experiment shows the practical applica-

bility of the proposed method.
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C. On-line relay auto-tuning for stable processes

The on-line relay method is presented to remove the effects of static load disturbances by

the continuous action of the integral controller in the loop. The procedure allows the relay auto-

tuning under tight continuous closed-loop control and estimates the process dynamics from the

measured half cycle output. The PI controller can then be tuned based on the parametric model

such that it preserves the actuator from the large variationof control signals and gives robustness

with respect to process parameter variations. The application of a DC servo position control is

experimentally tested by the proposed method. The experiment time for the auto-tuning test and

performance of the transient response with less control signal variation prove its effectiveness.

D. On-line identification of cascade control systems based on half limit cycle data

The on-line relay method is extended for the auto-tuning of the cascade control system. The

time-domain analysis for half cycle outputs is given to estimate the process model parameters.

The approach reduces the time required for the relay test by simultaneously identifying both the

inner and outer process dynamics. The improved results of the procedure is also proved with

respect to measurement noise and process perturbation.

E. Extension of relay feedback technique for unstable processes with large time delay

The necessary condition for the existence of a limit cycle, when a relay with hysteresis test

is performed, is developed. A simple control strategy usingan inner PD loop is given with a

suitable choice of PD gains such that the relay test producesa sustained oscillation for unstable

processes with large time delay. The method not only stabilizes relay control systems for the

normalize time delay up to 1.95 but also estimates the model parameters accurately.

7.2 Suggestions for Further Work

Following the design methods described in this thesis, a number of possible directions for ex-

tensions to this work are discussed below:
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• It is natural and interesting at this point to see if the proposed relay analysis can be ex-

tended to other class of processes like underdamped and nonminimum phase. In addition,

the limit cycle analysis with residual motion is important to be addressed in the design

aspect.

• In the presented work, a relay with hysteresis is consideredto overcome the problem

due to measurement noise in a relay control system. Again themeasured noisy limit

cycle is successfully denoised using the described filtering technique. The results may

be improved by inserting a low-pass filter in the feedback path. The analysis of the relay

feedback together with the filter dynamics needs further investigation.

• The relay method is used to identify nonlinear processes with static nonlinearity. Study

of nonlinear processes with other kind of nonlinearities such as discontinuous, dead zone

and memory type, will be an interesting and useful area of research.

• It will be interesting if a general method for the on-line automatic tuning of stable, inte-

grating and unstable processes can be proposed.

• Using the proposed on-line approach for the series cascade structure, the analysis for the

parallel cascade structure may be carried out.

• There has been some work in the thesis about the existence andstability of limit cycles

for unstable processes in relay feedback systems. Similar investigations may be carried

out for processes with more than one integrator.

• Exact analytical methods for identification may be carried out for a multivariable system.
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APPENDIX A

SUPPLEMENTARY MATERIALS

A.1 Detailed derivation of the expression (3.19)

A set of exact expressions of limit cycle output is derived toevaluate the process model parame-

ters from measurements performed on a stable cycle under an asymmetrical relay test [16]. Let

the Hammerstein-type process be subjected to an asymmetrical relay feedback when the input

amplitudes arev1 and−v2. Fig. A.1 shows waveforms of the input and output signals ofGp(s)

under the relay control.
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Figure A.1: Hammerstein model: Input and output signals ofGp(s) under relay control
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Appendix A

For the time ranget0 ≤ t ≤ t1, where input isv1, the state equation becomes

x(t) = eA(t−t0)x(t0)+A−1(eA(t−t0)− I)bv1 (A.1)

For the time ranget1 < t ≤ t01, where input is−v2, the state equation is

x(t) = eA(t−t1)x(t1)−A−1(eA(t−t1)− I)bv2 (A.2)

For the time ranget01 < t ≤ t3, where input is−v2, the state equation is

x(t) = eA(t−t01)x(t01)−A−1(eA(t−t01)− I)bv2 (A.3)

For the time ranget3 < t ≤ t4, where input isv1, the state equation is

x(t) = eA(t−T+−t1)x(t3)+A−1(eA(t−T+−t1)− I)bv1 (A.4)

Sincex(Tp + t0) = x(t0) for a selfoscillation condition, use of Eqs. (A.1 to A.4) yields an

expression for the initial state

x(t0) = (I −eATp)−1(eA(Tp−t1)g1v1−eA(Tp−T+)g2v2−eA(Tp−T+−t1)g3v2+g4v1) (A.5)

where

g1 = A−1(eA(t1−t0)− I)b (A.6)

g2 = A−1(eA(T+−t1)− I)b (A.7)

g3 = A−1(eA(t3−t01)− I)b (A.8)

g4 = A−1(eA(Tp−T+−t1)− I)b (A.9)

The conditions for limit cycle requirey(t0) = −y(t01) = ε; which can be written as

cx(t0) = −cx(t01) = ε (A.10)

The state equationx(t1) is obtained by puttingt = t1 in (A.1) and then using (A.5). Finally, the

output expression for an asymmetrical limit cycle waveformduringt1 < t ≤ t01 using (3.18) and

(A.2) becomes

y(t) = (v1 +v2) e
−

(t−t1)
τ1 (d1+

d1(t− t1)
τ1

+
d2

τ1
)−v2 (A.11)
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whered1 = 1−e
−

Tp−T+
τ1

1−e
−

Tp
τ1

and d2 =
Tp e

−
Tp
τ1 (1−e

−
Tp−T+

τ1 )
(

1−e
−

Tp
τ1

)2 −
(Tp−T+) e

−
Tp−T+

τ1
(

1−e
−

Tp
τ1

) . Likewise, the output

expression for the time ranget3 < t ≤ t4 when the input isv1 becomes

y(t) = v1− (v1 +v2) e
−

(t−t1)
τ1 (e1 +

e1(t− t1)
τ1

+
e2

τ1
) (A.12)

wheree1 = 1−e
−

T+
τ1

1−e
−

Tp
τ1

ande2 =
Tp e

−
Tp
τ1 (1−e

−
T+
τ1 )

(

1−e
−

Tp
τ1

)2 − T+ e
−

T+
τ1

(

1−e
−

Tp
τ1

) .

A.2 Shape characteristics of functionf (v)

It is assumed that the static nonlinear functionf (v) is continuous and monotone and therefore it

can be illustrated by two possible shapes: concave up and concave down as shown in Fig. A.2.

By definition, f (v) is concave up if all of the tangents to the curve are below the graph of f (v)

and similarly, f (v) is concave down if all of the tangents to the curve are above the graph of

f (v). The function can be approximated by second order polynomial if it is either concave up

or concave down and so all the tangent lines appear on one of the side off (v) curve. In case of

function having both type of shapes like concave up and down (Fig. A.2.3), the approximation

is carried out with minimum fourth order of polynomial sincetangents appear on both sides of

f (v).

Concave Up 
f(v) 

v 

(A.2.1)

Concave Down 

f(v) 

v 

(A.2.2)

Concave Up and Down 
f(v) 

v 

(A.2.3)

Figure A.2: Shape characteristics of functionf (v)
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A.3 Detailed derivation of the expression (6.30)
Let e(t) = A1sin(ωt) = A1sin(ϕ), whereA1 is the peak amplitude andω is the fundamental

frequency of the relay input signal. Due to hysteresis in a relay, the output of a relayu(t)

takes the value+h or −h according to whethere was greater thanε or less than−ε on the last

occasion when|e| > ε. The output of the relay is then

u(ϕ) =



























−h 0 < ϕ < ϕ0

h ϕ0 < ϕ < π +ϕ0

−h π +ϕ0 < ϕ < 2π

(A.13)

whereϕ0 = sin−1(ε/A1). The describing function is obtained by considering only the principal

harmonic of the relay output signal. Therefore, the relay isapproximated by a gain of

Dr =
1

πA1

2π
∫

0

u(ϕ)(sinϕ + j cosϕ)dϕ =
1

πA1
(b1+ ja1) (A.14)

wherea1 =
2π
∫

0
u(ϕ)cosϕ dϕ andb1 =

2π
∫

0
u(ϕ)sinϕ dϕ. The solution of these constants are

obtained using (A.13).

a1 =

ϕ0
∫

0

−hcosϕ dϕ +

π+ϕ0
∫

ϕ0

hcosϕ dϕ +

2π
∫

π+ϕ0

−hcosϕ dϕ

= −4hsinϕ0

(A.15)

Similarly,

b1 =

ϕ0
∫

0

−hsinϕ dϕ +

π+ϕ0
∫

ϕ0

hsinϕ dϕ +

2π
∫

π+ϕ0

−hsinϕ dϕ

= 4hcosϕ0

(A.16)

Substitutinga1 andb1 in (A.14) one gets

Dr =
4h

πA1
[cosϕ0− j sinϕ0]

=
4h

πA1
[cos(sin−1 ε/A1)− j sin(sin−1 ε/A1)]

=
4h

πA1
[
√

1− (ε/A1)2− jε/A1] (A.17)

The simplification gives the DF of a relay with hysteresis as (6.30).
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