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Abstract

Introduction (Chapter 1)

In this chapter we discuss the idea of a derivation map over a ring (we

only consider rings that are commutative, with unity). We will see that the

set of all derivation maps over a ring forms a module, called the module of

derivation. Then we discuss the concept of Kähler differential, and we discuss

the relation between module of derivation and module of Kähler differentials.

For a field k, a commutative k-algebra A and an A-module M , we discuss the

A-module isomorphism Derk(A,M) ∼= Homk(ΩA/k,M). Where Derk(A,M)

is the module of k-derivations from A to M , and ΩA/k is the corresponding

module of Kähler differentials. We then discuss certain results related to Der

and Ω.

Ring of Invariants (Chapter 2)

In this chapter we discuss the concept of ring of invariants of k[X1, . . . , Xn],

k being an algebraically closed field, under the action of a finite subgroup

vii
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viii

of GL(n,k), and we discuss some results, that help us to compute the ring

of invariants. We discuss some known results of Hilbert and Noether for

invariant subrings of finite sub-groups of general linear groups in the non-

modular case (i.e. when characteristic of k is zero or coprime with the order of

the group). Then we also discuss Molien’s formula and compute the Hilbert

series of certain rings of invariants. We use these results to calculate the

rings of invariants of dihedral groups.

Next, we discuss the concept of pseudo-reflections, we discuss a result by

Shepherd and Todd for the rings of invariants [ST54] under the action of

finite groups generated by pseudo-reflections.

Module of Derivations of Certain Rings of Invariants

(Chapter 3)

Our motivation to study the generators of the module of derivations of ring

of invariants comes from a result of Gurjar and Wagh [GW08]. They have

proved that the module of derivations of the ring of invariants obtained by the

linear action of a finite cyclic subgroup of GL(2,C) on C[X, Y ], is minimally

generated by 4 elements.

Here we use the following notations: Let k denote an algebraically closed

field of characteristic 0. Let G be a finite cyclic subgroup of GL(m,k) of

order n. Let R = k[X]G = k[X1, . . . , Xm]G be the ring of invariants obtained

by the linear action of G on k[X] = k[X1, . . . , Xm].

We give and upper bound for µ(DerR). We also give an algorithm to obtain

TH-2054_11612312



ix

an explicit generating set of the module of derivations.

Module of Derivation of Certain Quotient Rings (Chap-

ter 4)

In this chapter we consider the ring R = k[X1,...,Xn]
〈f+1〉 , where k is an alge-

braically closed field of characteristic zero and f ∈ k[X1, . . . , Xn] be a quasi-

homogeneous polynomial. We give an explicit computation for the generators

of DerR, using computation of certain syzygy module.

An Alternative Approach Using the Theory of Projec-

tive Modules (Chapter 5)

In this chapter we study the module of derivations of the smooth hypersur-

faces, given by R = k[X1,...,Xn]
〈f+1〉 , where f ∈ 〈 ∂f

∂X1
, . . . , ∂f

∂Xn
〉 ⊂ k[X1, . . . , Xn].

For a smooth hypersurface R of dimension n − 1, using a result by A. A.

Suslin [Sus77], it can be shown that DerR is free of rank n− 1.

We compute a generating set for DerR using well known properties of pro-

jective modules.
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x

Computing a Minimal Generating Set for DerR for a

Special Case (Chapter 6)

In this chapter we study the special case when n = 3 and f is quasi-

homogeneous, i.e. we consider the ring

R =
k[X, Y, Z]

〈f + 1〉
.

It is known that DerR is free of rank 2 [Sus77]. We give an explicit construc-

tion of a minimal generating set for DerR, consisting of two derivations.
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Chapter 1

Introduction

The goal of this thesis is to study the module of derivations of certain rings.

The module of derivations and the module of differentials play an impor-

tant role in commutative algebra and algebraic geometry. They are analo-

gous to the tangent bundles and cotangent bundles of manifolds. Zariski-

Lipman conjecture asserts that the freeness of module of derivation implies

non-singularity of a variety. Thus the study of the module of derivations is

closely related to the study of singularity.

In this thesis we give an algorithmic way to compute generating sets of the

module of derivations for certain rings.

The thesis is divided into two parts. In the first part of the thesis we study

the module of derivations of certain rings of invariants. The motivation for

this work comes from a result by R. V. Gurjar and V. Wagh [GW08]. They

have proved that, for a finite cyclic subgroup G of GL(2,C) the module of

1
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CHAPTER 1. INTRODUCTION 2

derivations of the ring of invariants is minimally generated by 4 elements.

We have generalized this result.

Let k be an algebraically closed field of characteristic zero and f ∈ k[X]

be such that f ∈
〈
{ ∂f
∂Xi

: 1 ≤ i ≤ n}
〉

, let R = k[X]
〈f+1〉 . In the second part

of this thesis we study the module of derivations of this ring. We discuss

two different approaches to study this module, one is computational and the

other uses theory of projective modules.

1.1 Notations and Assumptions

Throughout this thesis we assume:

• All rings are commutative with unity. Usually rings are denoted by A,

B or R, S, T etc.

• The base field of a polynomial ring (denoted by k) is an algebraically

closed field of characteristic zero. In some results the base field is the

field of complex numbers C.

• All modules considered in this thesis, are finitely generated.

• For a ring R we denote the minimal number of generators of an R-

module M by µ(M). It is defined as the minimum of the cardinal

numbers of all R-generating sets of M .

• For a natural number n, let k[X1, . . . , Xn] denote the ring of polynomi-

als in n variables X1, . . . , Xn, with coefficients in the base field k. For

TH-2054_11612312



CHAPTER 1. INTRODUCTION 3

simplicity we sometime denote it by k[X].

1.2 Derivations and Differentials

Definition. Let A be a ring and M be an A-module. A derivation from A

to M is a map D : A→M satisfying the following:

1. D(a+ b) = Da+Db,

2. D(ab) = bDa+ aDb (Leibniz rule).

The set of all derivations from A to M is written as Der(A,M).

Properties of Module of Derivations:

1. Der(A,M) becomes an A-module in a natural way, with D+D′ and aD

defined as (D + D′)a = Da + D′a and (aD)b = a(Db) for all a, b ∈ A

and D,D′ ∈ Der(A,M).

2. If A is a k-algebra via a ring homomorphism f : k → A, we say that

D : A → M is a k-derivation or a derivation over k, if D ◦ f = 0.

D ◦ f = 0 is equivalent to say that D is k-linear. It can be easily

verified using the fact that D(1) = 0; which follows from Leibniz Rule.

The set of all k-derivations from A to M is written as Derk(A,M),

which is an A-sub-module of Der(A,M).

Viewing A as Z-algebra we have Der(A,M) = DerZ(A,M).

TH-2054_11612312



CHAPTER 1. INTRODUCTION 4

3. If D ∈ Der(A,M) by repeated use of Leibniz Rule, one can see that

D(an) = nan−1Da

Thus if A is of characteristic p, D(ap) = 0 for all a ∈ A

4. If D ∈ Der(A,A) then we have a Leibniz formula for powers of D,

Dn(ab) =
n∑
i=0

(
n

i

)
DiaDn−ib

If A has characteristic p, then this reduces to Dp(ab) = Dpa+Dpb

Example. Let S = k[x, y]. Observe that ∂
∂x

is a derivation from S to itself.

Also this derivation is k[y]-linear. So ∂
∂x
∈ Derk[y](k[x, y],k[x, y])

Definition. Let MA denotes the category of A-modules, we have a co-variant

functor M 7→ Derk(A,M) from MA to itself, which turns out to be a repre-

sentable functor. In other words, there exists a unique A-module ΩA/k and

unique derivation map dA/k ∈ Derk(A,ΩA/k) with the following universal

property;

For any A-module M and any D ∈ Derk(A,M) there exists a unique A-linear

map f : ΩA/k →M such that D = f ◦ dA/k

This A-module ΩA/k is called, the module of Kähler Differentials of A

over k.

Properties of Module of Kähler Differentials:

1. From the definition it easy to see that Derk(A,M) ∼= HomA(ΩA/k,M),

where the isomorphism is an A-module isomorphism.

TH-2054_11612312



CHAPTER 1. INTRODUCTION 5

2. ΩA/k is generated as an A-module by {dA/k(a) : a ∈ A}

3. If A is generated as an k-algebra by the subset U ⊂ A then ΩA/k is

generated as an A-module by {dA/ka : a ∈ U}

Indeed for any a ∈ A there exists n ∈ N so that f ∈ k[x1, x2, . . . , xn]

and a1, a2, . . . , an ∈ U such that a = f(a1, a2, . . . , an). Again we can write

dA/ka =
∑n

i=1
∂f
∂xi
|(a1,a2,...,an)dA/kai, hence the result follows.

Example. If A = k[x1, x2, . . . xn] then by the property mentioned above we

can say that, ΩA/k = AdA/kx1 + . . .+ AdA/kxn

Proposition 1 (First Fundamental Exact Sequence). A composite k
f→ A

g→

B of ring homomorphisms leads to an exact sequence of B-module,

ΩA/k ⊗A B
α−→ ΩB/k

β−→ ΩB/A −→ 0

where α(dA/ka⊗ b) = bdB/kg(a) and β(dB/kb) = dB/Ab

Proposition 2 (Second Fundamental Exact Sequence). Consider the case

k
f→ A

g→ B when g is onto, set ker(g) = m so B ∼= A/m and ΩB/A = 0,

then we get an exact sequence

m/m2 δ−→ ΩA/k ⊗A B
α−→ ΩB/k −→ 0

Throughout this thesis we shall be dealing with the module of k-derivations

from a finitely generated k-algebra R to itself, i.e. Derk(R,R). This module

is generally denoted as DerkR or DerR whenever there is no ambiguity about

the base field k.

TH-2054_11612312



CHAPTER 1. INTRODUCTION 6

1.3 Derivations of Graded Rings

Definition (Quasi-homogeneous Algebra). Let R = k[X1, . . . , Xn] be a poly-

nomial ring over a field k. Let ω = (ω1, . . . , ωn) be a vector of positive in-

tegers. The ω-degree of a monomial Xα = Xα1
1 · · ·Xαn

n is defined to be the

sum
∑n

i=1 αiωi. Let Rd denote the vector space generated by all monomials

Xα such that ω- deg(Xα) = d. Then R =
⊕

d≥0Rd is a graded algebra. This

graded algebra is called as weighted polynomial algebra with respected to the

weight vector ω. Further, the elements of Rd are called as quasi-homogeneous

polynomials of ω-degree d.

Proposition 3. Let R = k[X1, . . . , Xn] be a graded k-algebra. Let f ∈

k[X1, . . . , Xn] be a weighted homogeneous polynomial for the weight vector

ω = (ω1, . . . , ωn) ∈ Nn. Then

n∑
i=1

ωiXi
∂f

∂Xi

= ω- deg(f) · f.

Remark 1 (Euler Derivation). Let f ∈ k[X1, . . . , Xn] be a homogeneous

polynomial with respect to the standard grading (i.e. all Xi’s have weight 1),

then
n∑
i=1

Xi
∂f

∂Xi

= deg(f) · f

The derivation given by the tuple (X1, . . . , Xn), i.e.

δ0 =
n∑
i=1

Xi
∂

∂Xi

is the Euler derivation for the ring k[X1,...,Xn]
〈f〉 .

Remark 2. Let f ∈ k[X1, . . . , Xn] be a quasi-homogeneous polynomial with

weight vector ω = (a1, . . . , an), then the derivation δ0 =
n∑
i=0

aiXi
∂

∂Xi

is the

TH-2054_11612312



CHAPTER 1. INTRODUCTION 7

Euler derivation for the ring
k[X1, . . . , Xn]

〈f〉
with respect to the weight vector

ω.

Remark 3. Let f ∈ k[X1, . . . , Xn] be a quasi-homogeneous polynomial. Then

f ∈
〈
∂f

∂X1

, . . . ,
∂f

∂Xn

〉
⊂ k[X1, . . . , Xn].

A converse of this statement was proved by Kyoji Saito.

Theorem 4 (Saito [Sai71]). Suppose f ∈ k[X1, . . . , Xn] is a non-constant

polynomial and has an isolated singularity at (0, . . . , 0). If f ∈
〈

∂f
∂X1

, . . . , ∂f
∂Xn

〉
then f is quasi-homogeneous.

In Chapter 4, we study the module of derivations of certain hypersurfaces,

related to the polynomials which are k[X]-linear combination of its partials,

i.e. f ∈
〈

∂f
∂X1

, . . . , ∂f
∂Xn

〉
.

TH-2054_11612312
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Chapter 2

Ring of Invariants

2.1 Introduction

In this chapter we discuss the concept of ring of invariants of k[X1, . . . , Xn],

where k is an algebraically closed field, under the action of a subgroup of

GL(n,k), we also discuss some results, that help us to compute the ring

of invariants. We give proofs of some fundamental results of Hilbert and

Noether for invariant subrings of finite sub-groups of general linear groups

in the non-modular case (i.e. when characteristic of k is zero or coprime

with the order of the group). Then we also discuss Molien’s formula and

compute the Hilbert series of certain rings of invariants. We use these results

to calculate the ring of invariants of dihedral groups. Details of these theories

can be found in [NS02].

Then we discuss the concept of pseudo-reflections, we will state a result by

9
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CHAPTER 2. RING OF INVARIANTS 10

Shephard and Todd for the rings of invariants under the action of finite

groups generated by pseudo-reflections.

2.2 Theorems of Hilbert and Noether

Definition. Let k[X] = k[X1, . . . , Xn] be a polynomial ring over k in n

indeterminates, and G < GL(n,k). The ring of invariants of G is the ring:

k[X]G = {f ∈ k[X] : M(f) = f ∀M ∈ G}

where any M ∈ G acts on the indeterminates linearly by the rule:

(X1, . . . , Xn)t 7→M(X1, . . . , Xn)t

This action extends to all f ∈ k[X] so that f 7→ M(f) is an automorphism

of k[X].

Proposition 5. For a finite subgroup G of GL(n,k) the ring k[X]G has

transcendence degree n over k.

Proof. We know that, trdegk k[X] = n. Hence, it suffices to show that

X1, . . . , Xn are algebraic over k[X]G.

For i = 1, . . . .n, we define:

Pi(t) :=
∏
g∈G

(t− g(Xi))

We note that, all the coefficients of Pi(t) is in k[X]G. As Pi(Xi) = 0, Xi

is integral over k[X]G for i = 1, . . . , n. Hence k[X] and k[X]G have same

transcendence degree over k.

TH-2054_11612312



CHAPTER 2. RING OF INVARIANTS 11

Definition. Let R be a ring, G be a finite group of automorphisms of R such

that |G| is invertible in R. Let S = RG be the ring of invariants of G acting

on R. Consider the map ρ : R → S, such that ρ(r) = 1
|G|
∑
g∈G

g(r). One can

see

(i) ρ is S-linear,

(ii) ρ|S = ids.

ρ : R→ S is called the Reynolds operator of the pair S ⊂ R.

Proposition 6. Let S be a subring of a ring R and ρ : R→ S be a Reynolds

operator. Then,

(i) IR ∩ S = I for all ideals I of S.

(ii) If R is Noetherian then so is S.

Proof. (i) Let
n∑
i=1

airi = a ∈ S where a1, . . . , an ∈ I and r1, . . . , rn ∈ R.

Then a = ρ(a) =
n∑
i=1

ρ(ri)ai ∈ I.

(ii) Let I1 ⊂ I2 ⊂ . . . be an ascending chain of ideals in S. Then InR = In+1R

for some n, as R is Noetherian. Hence

In = InR ∩ S = In+1R ∩ S = In+1 = . . . .

Thus S is Noetherian.

Theorem 7 (Hilbert’s Finiteness Theorem). Let G be a subgroup of GL(n,k)

acting linearly on k[X] = R, let S = RG. Suppose that there is a Reynolds

operator ρ : R→ S. Then S is a finitely generated k- algebra.

TH-2054_11612312



CHAPTER 2. RING OF INVARIANTS 12

Proof. Let M be the maximal ideal of S generated by homogeneous elements

of positive degree. Since R is Noetherian MR has finitely many generators.

Let these be homogeneous elements f1, . . . , fs ∈ M .

We claim that, S = k[X]G = k[f1, . . . , fs]. Let f ∈ S be homogeneous of

degree d. We apply induction on d: if d = 0, f ∈ k. Suppose d > 0, then

f ∈ M . Hence there exists g1, . . . , gs ∈ R such that f = g1f1 + . . . +

gsfs. Applying ρ we get, f = ρ(g1)f1 + . . . + ρ(gs)fs. We may assume that

gis are homogeneous. Then deg ρ(gi) = deg(gi) = deg f − deg fi < deg f .

Since ρ(gi)s have degree smaller than that of f , by induction hypothesis

ρ(g1), . . . , ρ(gs) ∈ k[f1, . . . , fs]. Hence f ∈ k[f1, . . . , fs].

Corollary 8. Let G be a finite subgroup of GL(n,k) acting linearly on k[X].

Suppose that char k - |G|. Then k[X]G is a finitely generated k-algebra.

Theorem 9 (Noether’s bound). Let G ⊂ GL(n,k) be a finite subgroup of

order g such that char k - |G|, then k[X]G is generated by atmost
(
n+g
n

)
invariants of degree atmost g.

For the proof one can see chapter 2 of [NS02].

Theorem 10 (Molien’s Theorem). Let G be a finite subgroup of GL(n,C)

acting linearly on R = C[X]. Let C[X]Gi denote the vector space generated

by all homogeneous invariants of degree i.

If we define,

H
(
C[X]G, λ

)
:=

∞∑
i=0

dimC[X]Gi λ
i

then,

H
(
C[X]G, λ

)
=

1

|G|
∑
M∈G

1

det(I − λM)
.

TH-2054_11612312



CHAPTER 2. RING OF INVARIANTS 13

Proof. Let g := |G|. The Reynolds operator ρ : R → RG is a C-linear map.

Hence it induces a linear map,

ρ|Ri
= ρi : Ri → Ri

where ( )i denotes elements of degree i. Clearly ρi
2 = ρi. Thus 0 and 1 are

the only eigenvalue of ρi. Thus rank(ρi) = tr(ρi) = dim(RG)i.

Therefore,

H
(
C[X]G, λ

)
=
∞∑
i=0

dim
(
RG
)
λi =

∞∑
i=0

tr(ρi)λ
i =

1

g

∑
M∈G

(
∞∑
i=0

trM |Ri
λi

)
We now prove that

∞∑
i=0

trM |Ri
λi =

1

det(I − λM)
.

Since C is algebraically closed and each M has finite order, M can be di-

agonalized. Let v1, . . . , vn be a basis of R1 consisting of eigenvectors M |R1 :

R1 → R1, and λi be the eigenvalue corresponding to vi.

The set

{
vα1
1 · · · vαn

n |
n∑
j=1

αj = i

}
is a basis of Ri consisting of eigenvectors of

M |Ri
: Ri → Ri and M(vα1

1 · · · vαn
n ) = λα1

1 · · ·λαn
n vα1

1 · · · vαn
n .

Thus

trM |Ri
=

∑
α1+...+αn=i

λ1
α1 · · ·λnαn .

Hence

∞∑
i=0

trM |Ri
λi =

n∏
j=1

1

(1− λjλ)

=
n∏
j=1

λj
−1

(λj
−1 − λ)

=
detM−1

det(M−1 − λI)
=

1

det(I − λM)
.

TH-2054_11612312



CHAPTER 2. RING OF INVARIANTS 14

Therefore H
(
RG, λ

)
= 1
|G|
∑

M∈G
1

det(I−λM)

2.3 Computing Ring of Invariants Under the

Action of a Dihedral Group

The dihedral groupD2n is the group of symmetries of a regular n-gon centered

at the origin. As a subgroup of GL(2,C), it is generated by,

ρ =

cos 2π/n − sin 2π/n

sin 2π/n cos 2π/n

 , r =

1 0

0 −1


Thus D2n = {riρj|i = 0, 1; j = 1, 2, . . . , n− 1}. The matrix ρ is diagonal-

izable with eigenvalues λ = e2πi/n and λ−1 = λ. Hence det(1 − ρit) =

(1−λit)(1−λ−it). The reflections rρi are all diagonalizable with eigenvalues

1 and −1. Hence det(1 − rρit) = (1 − t)(1 + t) = (1 − t2). By Molien’s

theorem we have,

H
(
C[x, y]D2n , t

)
=

1

2n

{
n

1− t2
+

n−1∑
i=0

1

(1− λit)(1− λ−it)

}

We now calculate the sum

n−1∑
i=0

1

(1− λit)(1− λ−it)

We consider the cyclic group Cn generated by ρ. The matrix of ρ can be

diagonalized and its diagonal form is diag (λ, λ−1). We haveλ 0

0 λ−1

x
y

 =

 λx

λ−1y

 .

TH-2054_11612312



CHAPTER 2. RING OF INVARIANTS 15

Hence monomials xayb are mapped to monomials (λx)a(λ−1y)b. Applying

the Reynold’s operator on xayb we get:

1

n

n−1∑
i=0

λi(a−b)xayb.

Therefore the monomial xayb is an invariant if and only if (λix)a(λ−iy)b =

λi(a−b)xayb = xayb, i.e. if and only if n|a− b. Write a = na1 + r1, b = nb1 +s1

where 0 ≤ r, s ≤ n − 1. As a − b = n(a1 − b1) + (r1 − s1), we must have

r1 = s1. Therefore invariant monomials are xnaynb(xy)c where 0 ≤ c ≤ n− 1

and a, b ∈ N. Thus

C[x, y]Cn =
n−1⊕
i=0

C[xn, yn](xy)i.

Hence

H
(
C[x, y]Cn , t

)
=

n−1∑
i=0

t2i

(1− tn)2
.

Therefore

1

n

n−1∑
i=0

1

(1− λit)(1− λ−it)
=

1 + t2 + t4 + . . .+ t2n−2

(1− tn)2
.

We substitute the above expression into the Molien series of D2n,

H
(
C[x, y]D2n , t

)
=

1

2n

{
n(1 + t2 + . . .+ t2n−2)

(1− tn)2
+

n

1− t2

}
=

1

(1− tn)(1− t2)

Hence the Molien series is the Hilbert series of a polynomial algebra with

generators of degree 2 and degree n. The matrices in D2n are orthogonal

hence they preserve f = x2 + y2. Now we look for degree n invariant. The

vertices
(
cos 2πp

n
, sin 2πp

n

)
are permuted by the action of the matrices in D2n.
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Let θ = 2π
n

, then for p = 0, 1, . . . , n− 1 we have

ρ(x cos pθ + y sin pθ) = (x cos θ − y sin θ) cos pθ + (x sin θ + y cos θ) sin pθ

= x cos (p− 1)θ + y sin (p− 1)θ

r(x cos pθ + y sin pθ) = x cos (−pθ) + y sin (−pθ)

Hence h =
n−1∏
p=0

(x cos pθ + y sin pθ) is an invariant of degree n. Moreover the

invariants f and h are algebraically independent by the fact that

det

fx fy

hx hy

 =

∣∣∣∣∣∣2x 2y

hx hy

∣∣∣∣∣∣ = 2(xhy − yhx) 6= 0

In order to conclude that C[x, y]D2n = C[f, h], we use the fact that if S ⊂ S ′

are graded sub-algebras of C[x, y] with the same Hilbert function then S = S ′.

Thus we can compute ring of invariants of D2n using Molien’s theorem.

Theorem of Shephard and Todd

Definition (Pseudo-reflection [NS02]). A linear automorphism s : V −→ V

of a finite dimensional vector space V over a field k is called a pseudo-

reflection if

i. it has finite order.

ii. it leaves a co-dimension 1 subspace pointwise fixed.

The subspace of co-dimension 1, pointwise fixed under s is called hyperplane

of s.
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The subspace Im(I − s) of V is therefore of dimension 1. It is called the

direction of s.

Definition (Pseudo-reflection Group [NS02]). If a finite group G has a rep-

resentation

ρ : G ↪→ GL(n,k)

such that ρ(G) is generated by pseudo-reflections, then G is called a pseudo-

reflection group.

H. S. M. Coxeter in [Cox34] based on his classification of real reflection groups

i.e., Coxeter groups has observed that the invariants of such a real Coxeter

representations are always a polynomial algebra.

Later G. C. Shephard and J. A. Todd [ST54] observed the same phenomenon

for k = C based on a list of all examples of finite complex pseudo-reflection

groups.

Theorem 11 (Shephard-Todd [ST54]). Let G < GL(m,C) be a finite sub-

group acting linearly on the polynomial ring T = C[X1, . . . , Xm] and let

R = TG be the ring of invariants. Then G is generated by pseudo-reflections

if and only if R = TG is a polynomial ring.

C. Chevalley in [Che55] provided a proof of H. S. M. Coxeter’s observation.

J.-P. Serre in [Ser68] noticed that C. Chevalley’s proof was adequate to handle

all non-modular cases.

Chevalley’s proof of Shephard-Todd’s theorem is discussed below.
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CHAPTER 2. RING OF INVARIANTS 18

Throughout this discussion, let V be a finite dimensional vector space over

the field k, we denote by k[V ] the graded algebra of polynomial functions

on V , which is defined to be the symmetric algebra on V ∗, the dual of V .

In other words the homogeneous component of k[V ] of degree m is Sm(V ∗),

the m-th symmetric power of V ∗. Sm(V ∗) is the quotient of
⊗

m V
∗ by the

subspace spanned by all elements of the form w1⊗· · ·⊗wm−wσ(1)⊗· · ·⊗wσ(m),

as σ ranges over all permutations of {1, . . . ,m}.

If z1, . . . , zn ∈ V ∗ is a basis, we also denote k[V ] by k[z1, . . . , zn]. The

elements of k[z1, . . . , zn] are just homogeneous polynomials in the linear forms

z1, . . . , zn with coefficients in k. A monomial is an element which may be

written as a product of the basis elements for V ∗, so after rearranging terms

it has the form z1
k1 · · · znkn .

Let G be a finite group and ρ : G ↪→ GL(n,k) a representation of G over

k. Then, via ρ, G acts on the left of the vector space V = kn. This action

induces an action on the algebra of the polynomial functions k[V ] on V . This

induced action arises from the left action of G on V ∗ defined by

(g · z)v = z(ρ(g)−1v)

for g ∈ G, z ∈ V ∗ and v ∈ V ; and its extension to Sm(V ∗) for m ∈ N0. These

fit together to give a left G-action on k[V ] by algebra automorphisms. By

definition the ring of invariants is the fixed sub-algebra

k[V ]G := {f ∈ k[V ] : g · f = f ∀ g ∈ G} .

Theorem 12 (Corollary 3.1.5, [NS02]). Let G ↪→ GL(n,k) be a faithful

representation of a finite group G. If the characteristic of k does not divide
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the order of G and k[V ]G = k[f1, . . . , fn], such that deg (fi) = di for i =

1, . . . , n; then |G| = d1 · · · dn and |s(G)| =
∑n

i=1(di−1). Where s(G) denotes

the set of all pseudo-reflections in G.

For a pseudo-reflection group G we will discuss the fact that k[V ]G is a

polynomial algebra using some well known results as follows:

Theorem 13 ([Ser68]). Let A be a finitely generated commutative graded

connected algebra over a field k. If k has a finite global dimension d, then

A ∼= k[z1, . . . , zd], where z1, . . . , zd are indeterminates.

Corollary 14. Suppose A is a graded sub-algebra of the graded polynomial

algebra k[h1, . . . , hn]. If the algebra k[h1, . . . , hn] is free as an A-module, then

A = k[f1, . . . , fk] with f1, . . . , fk a regular sequence in k[h1, . . . , hn] such that

k ≤ n.

Before proving the theorem of Shephard and Todd we will state four lemmas.

Proofs can be found in [NS02].

Lemma 15. Let ρ : G ↪→ GL(n,k) be a representation of a finite group G

over the field k. Then the following map is a zero map:

Tor
k[V ]G

1

(
k,TrG

)
: Tor

k[V ]G

1 (k,k[V ]) −→ Tor
k[V ]G

1 (k,k[V ]) ,

where TrG : k[V ]→ k[V ]G is the transfer homomorphism given by TrG(f) =∑
g∈G g · f for f ∈ k[V ].

Lemma 16. Let ρ : G ↪→ GL(n,k) be a representation of a finite group G

over the field k. If |G| is invertible in k, then

Tor
k[V ]G

1 (k,k[V ])G = 0
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Lemma 17. Let ρ : G ↪→ GL(n,k) be a representation of a finite group

G over the field k. Suppose ρ(G) is generated by pseudo-reflections. Then

Tor
k[V ]G

1 (k,k[V ])G = 0 if and only if Tor
k[V ]G

1 (k,k[V ]) = 0

Lemma 18. Let A be a commutative graded connected algebra over a field k

and M a positively graded A-module. Then the following are equivalent:

i. M is a free A-module.

ii. M is a projective A-module.

iii. M is a flat A-module.

iv. Tor1A(k,M) = 0.

Theorem 19 (G. C. Shephard- J. A. Todd, C. Chevalley). Let V be a finite-

dimensional vector space over the field k and ρ : G ↪→ GL(V ) a repre-

sentation of a finite group G. Assume that |G| is relatively prime to the

characteristic of k. Then the following are equivalent:

i. G is generated by pseudo-reflections.

ii. k[V ]G is a polynomial algebra.

Proof. Suppose that ρ is a pseudo-reflection representation. Since |G| ∈ k∗, it

follows from Lemma 16, that Tor
k[V ]G

1 (k,k[V ])G = 0. Since ρ(G) is generated

by pseudo-reflections, applying Lemma 17, we obtain Tor
k[V ]G

1 (k,k[V ]) = 0.

Therefore k[V ] is a flat k[V ]G module, and hence k[V ]G is a polynomial

algebra by Lemma 18 and Corollary 14.
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Conversely, suppose k[V ]G is a polynomial algebra, with polynomial gener-

ators f1, . . . , fn of degrees d1 ≤ . . . ≤ dn. Let H ≤ G be the subgroup of

G generated by s(G), the set of pseudo-reflections in G. By previous argu-

ment k[V ]H is a polynomial algebra. Choose generators h1, . . . , hn for k[V ]H

and let their degree be e1 ≤ . . . ≤ en. Of course, fi ∈ k[h1, . . . , hn] for

i = 1, . . . , n. By Theorem 12 we have,

|G| = d1 · · · dn|s(G)| =
n∑
i=1

(di − 1)

|H| = e1 · · · en|s(H)| =
n∑
i=1

(ei − 1)

We claim that di ≥ ei for i = 1, . . . , n. For i = 1 this is clear. Assume that

ei ≤ di for i = 1, . . . ,m and consider fm+1. If dm+1 < em+1, then fm+1 must

be a polynomial in h1, . . . , hm, and hence f1, . . . , fm+1 ∈ k[h1, . . . , hm] would

be algebraically independent, which is not possible. Therefore di ≥ ei for

i = 1, . . . , n as claimed.

Since G and H have the same pseudo-reflections, we obtain from theorem 12

that
n∑
i=1

(di − 1) =
n∑
i=1

(ei − 1)

and it follows that di = ei for i = 1, . . . , n. But then |G| = d1 · · · dn =

e1 · · · en = |H|. So H = G, and hence G is generated by pseudo-reflections.
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Chapter 3

Module of Derivations of Rings

of Invariants

Our motivation to study the generators of the module of derivations of ring

of invariants comes from a result of Gurjar and Wagh [GW08]. They have

proved that the module of derivations of the ring of invariants obtained by the

linear action of a finite cyclic subgroup of GL(2,C) on C[X, Y ], is minimally

generated by 4 elements.

Throughout this chapter we use the following notations: Let k denote an

algebraically closed field of characteristic 0. Let G be a finite cyclic subgroup

of GL(m,k) of order n. Let R = k[X]G = k[X1, . . . , Xm]G be the ring of

invariants obtained by linear action of G on k[X] = k[X1, . . . , Xm]. DerR

denotes the module of k-derivations of R.

Remark 4. In view of Theorem 11, it suffices to consider only those finite

22
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subgroups of GL(m,k), which do not contain (non-trivial) pseudo-reflections.

Justification: Note that for any g ∈ G and a pseudo-reflection ρ ∈ G, the

element gρg−1 is also a pseudo-reflection. Thus, the subgroup generated by

pseudo-reflections, say N , is a normal subgroup in G. Thus, following The-

orem 11, the ring of invariants k[X]N is a polynomial ring, say k[Y1, . . . , Yr];

and k[X]G ∼= (k[X]N)G/N ∼= k[Y1, . . . , Yr]
G/N

Thus we will assume that, G does not contain a pseudo-reflection.

Remark 5. As G is a finite cyclic group of order n, it can be easily seen

that there exists a diagonal element in GL(m,k) such that,

G ∼=

〈

ωα1 0 . . . 0

0 ωα2 . . . 0

...
...

...
...

0 0 . . . ωαm


〉
,

where ω is a primitive n-th root of unity and αi’s are non-negative integers

less than n, with gcd(α1, . . . , αm, n) = 1. We denote this generator by σ.

Justification: Note that for some j, if dj = gcd(α1, . . . , αj−1, αj+1, . . . , αm, n) >

1, then σ
n
dj is a (non-trivial) pseudo-reflection.

Further note that if gcd(α1, . . . , αm, n) = d > 1 then σ
n
d = I, which contra-

dicts the assumption that the o(σ) = o(G) = n. Therefore αi’s are such that

gcd(α1, . . . , αm, n) = 1 and dj = 1 for each j, 1 ≤ j ≤ m.

By this observation and Lemma 22, it suffices to consider only the finite

cyclic subgroups of GL(m,k), generated by diagonal elements.
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Let G be as above and R = k[X]G be the ring of invariants. We give a bound

on the minimal number of generators of DerR, in terms of order of the group

G and the number of variables in the polynomial ring k[X].

In section 3.1, we find a k-algebra generating set for the ring of invariants

R = k[X]G. We also recall some well-known results.

Section 3.2 contains the main theorem, giving a bound on µ(DerR). This re-

sult generalizes the result in [GW08] to higher dimensions, covering the cases

of all finite cyclic subgroups of GL(m,k), which do not contain a pseudo-

reflection.

In section 3.3, we give an algorithm to compute an explicit generating set of

DerR.

3.1 Some Well-Known Results

In this section we find a generating set (as k-algebra) for the ring of invari-

ants R = k[X]G. Then we further explore the relation between k[X]G and

the group G, by showing the isomorphism of the rings of invariants of the

subgroups conjugates to G.

Lemma 20. For a polynomial f , invariant under G-action, all the monomi-

als appearing in f are invariant under G-action.
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Proof. Writing

f =
∑

γ∈(N∪{0})m
γ 6=0

cγX
γ

and using σ(f) = f , we get,

σ(f) = σ

 ∑
γ∈(N∪{0})m

γ 6=0

cγX
γ

 =
∑

γ∈(N∪{0})m
γ 6=0

cγX
γ = f.

Note that σ is a k-linear operator over k[X] and for a monomial m(X) =

aγX
γ ∈ k[X] (where aγ ∈ k) the action of σ is as follows:

σ (m(X)) = ωαγaγX
γ = ωim(X) for 0 ≤ i ≤ (n− 1)

Therefore each monomial appearing in f , is an eigenvector corresponding to

the eigenvalue ωi of σ for some i such that 0 ≤ i ≤ n− 1.

Since all monomials are k-linearly independent, f lies in the eigenspace cor-

responding to the eigenvalue 1. Thus it can be easily seen that R is the

eigenspace corresponding to the eigenvalue 1.

This gives us a generating set (over k) for the ring of invariants.

Corollary 21. The ring of invariants, R = k[X]G is generated (as k-algebra)

by the following monomials:{
Xβ =

m∏
i=1

Xi
βi :

m∑
i=1

αiβi ≡ 0 (mod n)

}
Lemma 22. Let η ∈ GL(m,k) be an element of finite order and σ = τ−1ητ

be the diagonalization of η. If G = 〈σ〉 and G′ = 〈η〉. Then k[X]G ∼= k[Y ]G
′

as k-algebra, where Y = τ(X).
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Proof. For p(X) ∈ k[X]G, we have σ(p(X)) = p(X). Now, τ induces a

natural automorphism of k[X], such that τ(p(X)) = p(Y ) for all p(X) ∈

k[X].

Now,

η(p(Y )) = (τστ−1)(p(Y ))

= (τστ−1)τ(p(X))

= τ(p(X))

= p(Y )

Thus, p(Y ) is invariant under η, i.e. p(Y ) ∈ k[Y ]G
′
.

Conversely, for any q(Y ) ∈ k[Y ]G
′
, we have

η(q(Y )) = q(Y )

=⇒ (τστ−1)(q(Y )) = q(Y ),

=⇒ σ(τ−1q(Y )) = τ−1q(Y )

=⇒ σ(q(X)) = q(X).

Thus, q(X) ∈ k[X]G. This completes the proof.

The next lemma will be used in the proof of the main theorem.

Lemma 23 ([DW18]). For m,n ∈ N and a1, . . . , am, b ∈ Z, the congruence,

a1x1 + . . .+ amxm ≡ b (mod n)

with gcd(a1, . . . , am, n) = d and d | b, has exactly d ·n(m−1) solutions in Znm.
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Proof. We will show this using induction on m.

For m = 1, note that solving the congruence ax ≡ b (mod n) is equivalent

to solve the diophantine equation ax − ny = b for x, y ∈ Z. This equation

has solutions if and only if d = gcd(a, n) divides b.

Let (x0, y0) be a solution, then all other solutions of this equation will be of

the form

x = x0 +
tn

d
y = y0 +

ta

d
, for t ∈ Z.

Note that, varying t ∈ Z, we will get all incongruent solutions modulo n. For

any α ∈ Z there exists β ∈ Z such that,

α ≡ β (mod d).

i.e. d | (α− β).

Therefore, n | n
d

(α− β).

i.e.
αn

d
≡ βn

d
(mod n).

Hence, x0 +
αn

d
≡ x0 +

βn

d
(mod n).

Further, note that for any γ, δ with γ 6≡ δ (mod d), we have,

x0 + γ
n

d
6≡ x0 + δ

n

d
(mod n).

Thus the congruence ax ≡ b (mod n) has exactly d incongruent solutions

modulo n, namely

x = x0 +
tn

d
y = y0 +

ta

d
, 0 ≤ t ≤ d− 1.
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Now assume that the result is true for m = k − 1 for some k > 1, i.e. the

congruence

a1x1 + . . .+ ak−1xk−1 ≡ b (mod n)

has exactly dk−1 · nk−2 incongruent solutions modulo n, where

dk−1 = gcd(a1, . . . , ak−1, n)

.

Consider the congruence,

a1x1 + . . .+ akxk ≡ b (mod n) (a)

such that dk = gcd(a1, . . . , ak, n) | b. Now, congruence (a) can be re-written

as,

a1x1 + . . .+ ak−1xk−1 ≡ b− akxk (mod n) (b)

For a fixed xk, congruence (b) will have a solution if and only if

dk−1 | (b− akxk),where dk−1 = gcd(a1, . . . , ak−1, n)

if and only if

akxk ≡ b (mod dk−1). (c)

Since dk = gcd(ak, dk−1) and dk | b, congruence (c) will have a solution.

Rewriting congruence (c) as

akn

dk−1
xk ≡

bn

dk−1
(mod n),
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we have exactly gcd

(
akn

dk−1
, n

)
number of incongruent solutions modulo n.

Thus, by the induction hypothesis, congruence (a) will have exactly

dk−1n
k−2 · gcd

(
akn

dk−1
, n

)
= dkn

k−1

number of solutions which are incongruent modulo n.

The next lemma is used in the proof of Theorem 25.

Lemma 24. Let A = k[X] = k[X1, . . . , Xm], G a finite cyclic subgroup of

GL(m,k), and R = AG. Assume that G is generated by a diagonal matrix

σ and that G does not contain any non-trivial pseudo-reflections. Then the

following hold:

i. Each k-derivation δ : R → R extends uniquely to a k-derivation D :

A→ A.

ii. Consider the map ε : DerkR→ DerkA, δ 7→ D where D is the unique

extension of δ. Then ε is an injective homomorphism of R-modules

and

Im ε = {D ∈ DerkA|D ◦ σ = σ ◦D} .

The σ that occurs in D ◦ σ = σ ◦D is the automorphism of A induced by the

matrix σ.

Proof. Let n = o(G) and let ω be some primitive nth root of unity. Then
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G = 〈σ〉 where:

σ =


ωα1 0 . . . 0

0 ωα2 . . . 0

...
...

...
...

0 0 . . . ωαm


for some α1, . . . , αm ∈ {0, 1, . . . , n− 1}. The fact that σ has order n implies

that

gcd(α1, . . . , αm, n) = 1 (3.1)

and the fact that G does not contain non-trivial pseudo-reflections implies

that

for each i ∈ {1, . . . ,m}, we have gcd(α1, . . . , αi−1, αi+1, . . . , αm, n) = 1

(3.2)

To prove (i), consider an arbitrary δ ∈ DerkR. Then δ has a unique extension

to a derivation δ′ : K → K, where K is the field of fractions of R. Since

char k = 0, δ′ has a unique extension to a derivation δ′′ : L → L where

L = k[X] is the field of fractions of A.

There exist f1, . . . , fm ∈ A and g ∈ A \ 0 such that δ′′(Xi) = fi
g

for all i.

Moreover, we may choose f1, . . . , fm and g so that

gcd(f1, . . . , fm, g) = 1 in A. (3.3)

To prove (i), it suffices to show that g is a unit of A (if g is a unit then

δ′′(A) ⊆ A, so δ′′|A : A→ A extends δ). We first observe that:

for each i ∈ {1, . . . ,m} we have g|Xi
n−1fi in A. (3.4)

Indeed, we have Xi
n ∈ R, so R 3 δ(Xi

n) = δ′′(Xi
n) = nXi

n−1 fi
g

, so

Xi
n−1fi ∈ gR ⊆ gA, proving equation 3.4.
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Let p be an irreducible element of A such that p|g in A. By equation 3.3, we

may choose j such that p - fj. We have g|Xj
n−1fj in A by equation 3.4, so

p|Xj
n−1fj in A. As p - fj we obtain p = Xj (upto multiplication by a unit).

This argument shows that g is a monomial. So it suffices to show that Xi - g

for all i.

By contradiction suppose that some Xi|g. Without loss of generality, we

may assume that X1|g. It follows from equation 3.4 that X1|fi for all

i > 1: so equation 3.3 implies that X1 - f1. Since equation 3.2 implies

that gcd(α2, . . . , αm, n) = 1 it follows from the Lemma 23 that there exist

β2, . . . , βm ∈ N such that
m∑
i=2

αiβi ≡ −α1 (mod n). So we see that there

exist β1, . . . , βm ∈ N such that β1 = 1, βi > 0 for all i, and
m∑
i=1

αiβi ≡ 0

(mod n). Then the monomial M =
m∏
i=1

Xi
βi belongs to R and consequently

R 3 δ(M) = δ′′(M) =
m∑
i=1

∂
∂Xi

(M)fi
g

.

Then
m∑
i=1

∂

∂Xi

(M)fi gR ⊆ gA

Since X1|g and X1|fi for each i > 1, we get X1| ∂
∂X1

(M)f1 = X2
β2 · · ·Xm

βmf1,

so X1|f1, a contradiction. This shows that no Xi divides g, so g is a unit and

hence (i) is proved.

Proof of (ii): Clearly ε : DerkR→ DerkA is a homomorphism of R-modules.

Let us now assume that δ ∈ ker ε D = ε(δ) = 0, then D(r) = 0 for all r ∈ R.

Thus δ = D|R = 0, which shows that ε is injective.

We note that the derivation σδ− δσ is 0 in R. Since the extension δ 7→ D is

unique. Thus for all D ∈ Im ε, we must have σD = Dσ.
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Conversely, for D ∈ DerkA, satisfying σD = Dσ we see that:

σD(r) = Dσ(r) = D(r) for all r ∈ R.

Thus D(R) ⊆ R. Hence δ = D|R ∈ DerkR is the pre-image of D.

3.2 Main Theorem

Theorem 25. Let G ≤ GL(m,k) be a finite, cyclic subgroup of order n and

R = k[X]G. Then

µ(DerR) ≤ m(1 + nm−2).

Proof. In view of Remark 4, Remark 5 and Lemma 22 it suffices to prove the

result when

1. σ is diagonal.

2. G does not contain a non-trivial pseudo-reflection.

We observe that the action of σ on ∂
∂Xi

is as follows.

σ

(
∂

∂Xi

)
σ−1 =

1

ωαi
· ∂

∂Xi

.

Let δ ∈ DerR be a derivation. By Lemma 24 δ induces a derivation of the

polynomial ring k[X1, . . . , Xm], which is invariant under the action of G. We

denote this derivation by the same notation δ.
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Writing,

δ =
m∑
i=1

fi(X)
∂

∂Xi

,

it is easy to see that,

f1(ω
α1X1, . . . , ω

αmXm) = ωα1f1(X)

f2(ω
α1X1, . . . , ω

αmXm) = ωα2f2(X)

...

fm(ωα1X1, . . . , ω
αmXm) = ωαmfm(X)

(3.5)

Further, each monomial appearing in the above fi’s, also satisfies the cor-

responding equation. Suppose, Xβ = X1
β1 · · ·Xm

βm ∈ k[X] is a monomial

appearing in fj.

Then

ωαβXβ = ωαjXβ, (3.6)

where αβ =
∑m

i=1 αiβi. Thus we can assume that fi’s are monomials.

Now we solve the equation (3.6) for β, using the following congruence:

m∑
i=1

αiβi ≡ αj (mod n) for 1 ≤ j ≤ m

Clearly, gcd(α1, . . . , αm, n)|αj, guaranteeing existence of a solution; and we

see that the following is a solution (for β = (β1, . . . , βm)),

(0, . . . , 1, . . . , 0). jth position (3.7)

Thus, Xj
∂

∂Xj

is in DerR.

TH-2054_11612312



CHAPTER 3. DER OF RINGS OF INVARIANTS 34

For a fixed j, let γ = (γ1, . . . , γm) be any other solution for β. Note that it

suffices to consider 0 ≤ γi ≤ n − 1 for each 1 ≤ i ≤ m. For if γi > n, then

writing γi = nq + r with 0 ≤ r < n, we have,

Xi
γi = (Xi

n)q ·Xi
r, and Xi

n ∈ R.

Consider the following two cases:

Case 1: γj > 0:

Note that (0, . . . , 1, . . . , 0) and γ are both solutions for β. Thus, subtracting

the two congruences, we get

α1γ1 + . . .+ αj(γj − 1) + . . .+ αmγm ≡ 0 (mod n).

Therefore the monomial,

X1
γ1 · · ·Xj

γj−1 · · ·Xm
γm ∈ R.

And hence,

(X1
γ1 · · ·Xj

γj · · ·Xm
γm)

∂

∂Xj

=
(
X1

γ1 · · ·Xj
γj−1 · · ·Xm

γm
)
Xj

∂

∂Xj

.

Thus, the monomial obtained from the solution γ = (γ1, . . . , γm) is an R-

multiple of Xj
∂

∂Xj

.

Case 2: γj = 0:

Then by Lemma (23),

α1γ1 + . . .+ αj−1γj−1 + αj+1γj+1 + . . .+ αmγm ≡ αj (mod n)
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has exactly nm−2 number of in-congruent solutions modulo n.

(recall: dj = gcd(α1, . . . , αj−1, αj+1, . . . , αm, n) = 1 ).

Thus, for each j, we have 1+nm−2 number of solutions for β; and these solu-

tions generate all other solutions for the corresponding β. Hence, the solution

set for the system of equations (3.6) is generated by m(1 + nm−2) number of

solutions. Note that any other solution will be an R-linear combination of

these solutions.

Therefore

µ(DerR) ≤ m(1 + nm−2).

3.3 Generating Set for the Module of Deriva-

tions

The following algorithm gives an explicit generating set for DerR.

Input:

• m,n ∈ N

• α1, . . . , αm ∈ Z, with 1 ≤ αi < n and gcd(α1, . . . , αm, n) = 1 and

dj = 1 for 1 ≤ j ≤ m

• ω ∈ C, a primitive nth root of unity.
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Notations: G ∼=

〈

ωα1 0 . . . 0

0 ωα2 . . . 0

...
...

...
...

0 0 . . . ωαm


〉
< GL(m,k), with o(G) = n.

R = k[X1, . . . , Xm]G.

Output: A generating set of DerR.

Initialize the set M ← 0.

for j = 1 to m. do

Solve the following congruence for γ = (γ1, . . . , γm):

α1γ1 + . . .+ αmγm ≡ αj (mod n),

Compute Sj =
{
γ : αγ ≡ αj (mod n)

}
Set M := M

⋃{
Xγ ∂

∂Xj

: γ ∈ Sj
}

end for

return M

From the proof of Theorem 25, it follows that the module generated by the

set M , obtained at the end of the above algorithm, is equal to DerR. A

generating set for DerR smaller than M can be obtained by computing the

reduced Gröbner basis for M (with respect to some monomial ordering).

3.4 Example

The following version of Nakayama’s Lemma for graded rings is important

in calculating a (homogeneous) minimal generating set.
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Lemma 26. If M is a finitely-generated positively graded module over a

graded ring R and the images of elements m1, . . . ,mn of M in M/R+M

generate M/R+M as an R/R+-module, then m1, . . . ,mn also generate M as

an R-module.

Example 1:

In the following example, we compute an explicit generating set for DerR:

Let ω be a 20-th primitive root of unity. Consider

G =

〈
ω3 0 0

0 ω7 0

0 0 ω13


〉
,

By Theorem 25 we can see that

µ(DerR) ≤ 3 + 3 · 203−2 = 63.

Using computer algebra systems Sage [Sag16] and Singular [DGPS18], we

find a generating set for DerR:

B =

{
X3

∂

∂X3

, X2
∂

∂X2

,X1
∂

∂X1

,

X1
2X2

∂

∂X3

, X1X3
8 ∂

∂X2

,X1
3X3

6 ∂

∂X2

,

X1
5X3

4 ∂

∂X2

,X1
7X3

2 ∂

∂X2

,X2
9 ∂

∂X1

,

X1
9 ∂

∂X2

, X3
11 ∂

∂X1

,X1X2
10 ∂

∂X3

,

X1
11 ∂

∂X3

, X3
19 ∂

∂X2

, X2
19 ∂

∂X3

}
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It can be easily seen that no proper subset of B can generate DerR. Thus

B is a minimal generating set for DerR (by Nakayama’s lemma for graded

rings).

Hence µ(DerR) = 15 ≤ 63.

Example 2:

Let ω be a 30-th primitive root of unity, we consider

G =

〈
ω2 0 0

0 ω3 0

0 0 ω5


〉
,

(Note that for each i, gcd(αi, n) > 1. However σ satisfies the conditions as

mentioned earlier.)

By Theorem 25 we can see that

µ(DerR) ≤ 3 + 3 · 303−2 = 93.

Using computer algebra systems Sage [Sag16] and Singular [DGPS18], we

find a generating set for

B =

{
X1

∂

∂X1

, X2
∂

∂X2

, X3
∂

∂X3

,

X1X2
∂

∂X3

, X2
4X3

4 ∂

∂X1

, X2
9X3

∂

∂X1

,

X1
4X3

5 ∂

∂X2

, X1
9X3

3 ∂

∂X2

, X1
14X3

∂

∂X2

}
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It can be easily seen that no proper subset of B can generate DerR. Thus

B is a minimal generating set for DerR (by Nakayama’s lemma for graded

rings).

Hence µ(DerR) = 9 ≤ 93.

3.5 Remarks

In case of m = 2, the equality is attained (and is independent of n). In

[GW08], it is proved that, for a finite cyclic subgroup of GL(2,k), µ(DerR) =

4. In this case the bound is independent of n, the order of the group.

In view of Theorem 25, the following natural question can be asked:

Question. Let G < GL(m,k) be a finite subgroup acting on k[X1, . . . , Xm].

Let R be the ring of invariants. Then does there exist a (universal) bound

for the minimum number of generators of DerR?

TH-2054_11612312



Part II

40

TH-2054_11612312



Chapter 4

Module of Derivations of

Certain Quotient Rings

4.1 Introduction

Let k be an algebraically closed field of characteristic zero. Let f be a

polynomial in k[X1, . . . , Xn]. For the ring R = k[X1,...,Xn]
〈f+1〉 , the module of

Kähler differentials (ΩR/k) has the following free presentation:

R
φ−→ Rn → ΩR/k → 0

where the map φ is represented by the Jacobian matrix J = [ ∂f
∂X1

. . . ∂f
∂Xn

].

Now by applying Hom(−, R) functor to the above sequence, we get the fol-

lowing left-exact sequence:

0 −→ Hom(ΩR/k, R) −→ Hom(Rn, R)
ψ−→ Hom(R,R),

41
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where ψ is the map represented by the transpose of J . Thus we get kerψ ∼=

Hom(ΩR/k, R) ∼= DerR. It is easy to see that kerψ = syzR

(
∂f
∂X1

, . . . , ∂f
∂Xn

)
.

Thus to find DerR is equivalent to find syzR

(
∂f
∂X1

, . . . , ∂f
∂Xn

)
.

4.2 Computation of Syzygy Module

As mentioned in the introduction, computing DerR is equivalent to compute

certain syzygy module. In this section, we discuss a method for computing

syzygy module. We recall the notations from [KR00, §2.3].

Definition (Syzygy / syzygy module). Let R be a ring, M an R-module,

and G = (g1, . . . , gs) a tuple of elements of M .

a. A syzygy of G is a tuple (f1, . . . , fs) ∈ Rs such that f1g1+. . .+fsgs = 0.

b. The set of all syzygies of G forms an R-module which we call the (first)

syzygy module of G and we denote it by syzR(G ) or by syzR(g1, . . . , gs).

Definition (σ-degree, σ-leading form). Let m be a non-zero element of a

Tn〈e1, . . . , er〉-graded module, and let m =
∑

µ∈Tn〈e1,...,er〉mµ be the decompo-

sition of m into its homogeneous components. The term

max
σ
{µ ∈ Tn〈e1, . . . , er〉|mµ 6= 0}

is called σ-degree of m, and the homogeneous component of m of this degree

is called σ-leading form of m.

The following result provides a method to compute σ-degree and σ-leading

form:
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Lemma 27 ([KR00, Proposition 2.3.5]). Let f1, . . . , fs ∈ P , and m =∑s
j=1 fjεj ∈ P s be a non-zero element in the free module.

Let

degσ,G (m) := max
σ
{LTσ(figi)|1 ≤ j ≤ s, fjgj 6= 0}

and

LFσ,G (m) :=
s∑
j=1

fjεj

where:

fj =


0 if fj = 0 or LTσ(fjgj) <σ degσ,G (m)

cjtj if LTσ(fjgj) = degσ,G (m) such that

LMσ(fjgj) = cjtjLMσ(gj)

Definition (Lifting of an element). An element m ∈ P s is called a lifting of

an element m ∈ P s if we have LFσ,G (m) = m.

The following proposition provides a tool to compute the σ-degree and the

σ-leading form of an element of a module. In section 5.3, we use this result

to compute a generating set of DerR.

Theorem 28 ([KR00, Proposition 2.3.7]). For a monomial ordering σ we

have LMσ(gj) = cjtjeγj , where cj ∈ k, tj ∈ Tn and γj ∈ 1, . . . , r. For all

1 ≤ i, j ≤ s we define tij =
lcm(ti,tj)

ti
. Then, we have:

a. For 1 ≤ i < j ≤ s and γi = γj, the element

Σij =
1

ci
tijεi −

1

cj
tj,iεj ∈ P s

is a syzygy of LMσ(G ) and is homogeneous of σ-degree degσ,G (Σij) =

lcm(ti, tj)eγi
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b. syz(LMσ(G )) = 〈Σij : 1 ≤ i < j ≤ s, γi = γj〉.

The following theorem provides a method to compute a generating set for the

syzygy module using lifts of a generating set of syzygies of leading monomials.

Theorem 29 ([KR00, Proposition 2.3.11]). Let {m1, . . . ,mt} be a homoge-

neous system of generators for the module syz(LM(G )) and let m1, . . . ,mt ∈

syz(G ) be elements such that LF(mi) = mi for 1 ≤ i ≤ t, then {m1, . . . ,mt}

is a system of generators of syz(G ).

4.3 Computation of DerR

Theorem 30. For R = k[X1,...,Xn]
〈f+1〉 , where f is a homogeneous polynomial of

degree m; µ(DerR) ≤
(
n
2

)
, and DerR is generated by the regular generators.

Proof. From the discussion above, we know that DerR ∼= syzR

(
∂f
∂X1

, . . . , ∂f
∂Xn

)
.

In order to compute the syzygy module syzR

(
∂f
∂X1

, . . . , ∂f
∂Xn

)
, we will first

compute syzk[X]

(
∂f
∂X1

, . . . , ∂f
∂Xn

, f + 1
)

; then we will take the projection of

the first n components of the generators of this Syzygy module onto Rn.

Now, let G =
(

∂f
∂X1

, . . . , ∂f
∂Xn

, f + 1
)

. With respect to local lexicographic

ordering σ, we get the leading terms of G as follows:

LTσ(G ) =

(
LTσ

(
∂f

∂X1

)
, . . . ,LTσ

(
∂f

∂Xn

)
, 1

)
.

According to the Theorem 28 of the previous section a homogeneous(with

respect to degσ,G ) generating set for syzk[X](LTσ(G )) is given by the following
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Σi,j’s:

Σ1,2 =

(
LTσ

(
∂f

∂X2

)
,−LTσ

(
∂f

∂X1

)
, 0, . . . , 0

)
...

Σn−1,n =

(
0, . . . ,LTσ

(
∂f

∂Xn

)
,−LTσ

(
∂f

∂Xn−1

)
, 0

)
and,

Σ1,n+1 =

(
1, 0, . . . , 0,−LTσ

(
∂f

∂X1

))
...

Σn,n+1 =

(
0, 0, . . . , 1,−LTσ

(
∂f

∂Xn

))
Lifting these generators to syzk[X](G ), we get Σ̃i,j’s:

Σ̃1,2 =

(
∂f

∂X2

,− ∂f

∂X1

, 0, . . . , 0

)
...

Σ̃n−1,n =

(
0, . . . , 0,

∂f

∂Xn

,− ∂f

∂Xn−1
, 0

)
and,

Σ̃1,n+1 =

(
f + 1, 0, . . . , 0,− ∂f

∂X1

)
...

Σ̃n,n+1 =

(
0, 0, . . . , f + 1,− ∂f

∂Xn

)
By the theorem 29 we can say that {Σ̃i,j : 1 ≤ i < j ≤ n + 1} forms a

generating set for syzk[X](G ).

The projection of first n-components of the first
(
n
2

)
generators Σ̃i,j, 1 ≤ i <
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j ≤ n, onto Rn, are following Σ̂i,j’s:

Σ̂1,2 =

(
∂f

∂X2

,− ∂f

∂X1

, 0, . . . , 0

)
...

Σ̂n−1,n =

(
0, . . . , 0,

∂f

∂Xn

,− ∂f

∂Xn−1

)
The projection of the first n components onto Rn, of the rest of the Σ̃i,j gives

0.

Thus a generating set for syzR(G ) is given by

{Σ̂i,j ∈ Rn : 1 ≤ i < j ≤ n}

i.e. DerR is generated by the regular generators:{(
∂f

∂X2

,− ∂f

∂X1

, 0, . . . , 0

)
, . . . ,

(
0, . . . , 0,

∂f

∂Xn

,− ∂f

∂Xn−1

)}

Hence, µ(DerR) ≤
(
n
2

)
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Chapter 5

An Alternative Approach

Using the Theory of Projective

Modules

5.1 Introduction

In this chapter we study the module of derivations of the smooth hypersur-

face, given by R = k[X1,...,Xn]
〈f+1〉 , where f ∈ 〈 ∂f

∂X1
, . . . , ∂f

∂Xn
〉 ⊂ k[X1, . . . , Xn]. As

a special case, when f + 1 is irreducible, the result coincides with the special

case of Bavula’s result [Bav10, Theorem 1.1] applied to a principal prime

ideal. The proof given here uses computations of a syzygy module using a

result of unimodular rows, to get an explicit generating set for DerR.

For a smooth hypersurface R of dimension n − 1, using a result by A. A.

47

TH-2054_11612312



CHAPTER 5. ALTERNATIVE WAY TO COMPUTE DER 48

Suslin [Sus77], it can be shown that DerR is free of rank n− 1.

5.2 Some Useful Results

In this section, we recall some well-known results which are used in the proof

of the main result.

Definition. Let A be a commutative ring with unity. For r ≥ 1 we say

(a1, . . . , ar) ∈ Ar is unimodular of length r if there exists bi ∈ A for 1 ≤ i ≤ r

such that,
r∑
i=1

biai = 1

We denote the set of all unimodular vectors of length r over the ring A by

Umr(A).

Lemma 31. Let v = (v1, . . . , vr) ∈ Umr(A), and f : Ar → A be an A-linear

map given by ei 7−→ vi, where {ei}ri=1 is the canonical basis for Ar. Then

ker(f) is generated by the set,

{vjei − viej|1 ≤ i < j ≤ r}

Proof. Since, v ∈ Umr(A), there exists w1, w2, . . . , wr ∈ A such that,

r∑
i=1

viwi = 1

We define, the following two A-linear maps,

g : A −→ Ar by g(1) =
r∑
i=1

wiei
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and,

θ : Ar −→ ker(f) by θ(x) = x− gf(x)

We note that θ is identity on ker(f), hence θ is surjective. Thus, ker(f) is

generated by {θ(ei)}ri=1. Now,

θ(ei) = ei − gf(ei)

= ei − g(vi)

=
r∑
j=1

vjwjei −
r∑
j=1

viwjej

=
r∑
j=1

wj(vjei − viej)

Now, since (vjei− viej) ∈ ker(f) for 1 ≤ i < j ≤ r, our assertion follows.

Lemma 32. For R = k[X1,...,Xn]
〈f+1〉 , such that f ∈ 〈 ∂f

∂X1
, . . . , ∂f

∂Xn
〉, DerR is

stably free R module of rank n− 1.

Proof. As discussed in section 4.1, we have the following exact sequence:

0 −→ DerR −→ Rn J−→ R (5.1)

Again, we see that:

f (= −1 in R) ∈ 〈 ∂f
∂X1

, . . . ,
∂f

∂Xn

〉

hence,

J =

(
∂f

∂X1

, . . . ,
∂f

∂Xn

)
∈ Umn(R)

there exists g1, . . . , gn ∈ R such that
∑n

i=1
∂f
∂Xi

gi = 1. Hence, the sequence

(5.1) is right exact:

0 −→ DerR −→ Rn J−→ R −→ 0
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Also, we have the map ξ : R → Rn given by 1 7−→ (g1, . . . , gn). Hence the

above sequence splits and DerR⊕R ∼= Rn. Thus DerR is stably free of rank

n− 1.

Remark 6. It is known that, if A is an affine algebra of dimension d over an

algebraically closed field, then each stably free module whose rank is greater

than or equal to d is free [Sus77]. Thus, in view of the above lemma we see

that DerR is free of rank n− 1.

The next lemma is used in the proof of Theorem 37 .

Lemma 33. Given a homogeneous polynomial f of degree m in k[X, Y, Z],

there exists an automorphism of k[X, Y, Z], say τ , such that at least one of

the three pure powers (Xm, Y m or Zm) does not appear in τ(f).

Proof. Assuming f has all the three pure powers, f can be written as:

f(X, Y, Z) = c0X
m + c1X

m−1Y + . . .+ cm−1XY
m−1 + cmY

m + Zh(X, Y, Z),

where h is a homogeneous polynomial of degree m− 1.

For α ∈ k, consider the transformation τ given by
X

Y

Z

 7→


1 α 0

0 1 0

0 0 1



X

Y

Z

 .
Thus,

τ(f) =f(X + αY, Y, Z)

=c0(X + αY )m + c1(X + αY )m−1Y + . . .

+ cm−1(X + αY )Y m−1 + cmY
m + Zg(X + αY, Y, Z).
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Note that the coefficient of Y m in the above equation is:

c0α
m + c1α

m−1 + . . .+ cm−1α + cm

Since, k is algebraically closed, choose α to be a root of

c0t
m + c1t

m−1 + . . .+ cm−1t+ cm ∈ k[t].

Thus the coefficient of Y m in τ(f) is 0.

5.3 Computation of DerR

Definition (Regular derivations). Let S = k[X1,...,Xn]
〈g〉 . For 1 ≤ i < j ≤ n,

derivations ∆ij of the form ∆ij =
∂g

∂Xj

∂

∂Xi

− ∂g

∂Xi

∂

∂Xj

are called regular

derivations of S.

Theorem 34. For R = k[X1,...,Xn]
〈f+1〉 , such that f ∈

〈
∂f
∂X1

, . . . , ∂f
∂Xn

〉
, DerR is

generated by the regular derivations.

Proof. From the discussion above, we know that

DerR ∼= syzR

(
∂f

∂X1

, . . . ,
∂f

∂Xn

)
.

We note that, (
∂f

∂X1

, . . . ,
∂f

∂Xn

)
∈ Umn(R)

Hence, using Lemma 31, we can say that, DerR is generated by,{
∂f

∂Xj

∂

∂Xi

− ∂f

∂Xi

∂

∂Xj

|1 ≤ i < j ≤ n

}
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Corollary 35. If R = k[X1, . . . , Xn]/〈f + 1〉 and f is quasi-homogeneous of

degree m ≥ 1, then DerR is generated by the regular derivations.

Proof. If f is quasi-homogeneous, then there exists α1, . . . , αn ∈ N, such that

α1X1
∂f

∂X1

+ . . .+ αnXn
∂f

∂Xn

= mf.

Thus f ∈ 〈 ∂f
∂X1

, . . . , ∂f
∂Xn
〉.

Corollary 36. For R = k[X1,...,Xn]
〈f+1〉 , such that f ∈

√
〈 ∂f
∂X1

, . . . , ∂f
∂Xn
〉, DerR is

generated by the regular derivations.

Proof. We note that, for m ∈ N, fm is a unit in R. Thus(
∂f

∂X1

, . . . ,
∂f

∂Xn

)
∈ Umn(R)

Hence our assertion follows.
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Chapter 6

Computing a Minimal

Generating Set for DerR for a

Special Case

6.1 Introduction

In this chapter we study the special case when n = 3 and f is quasi-

homogeneous, i.e. R = k[X,Y,Z]
〈f+1〉 . In this case, we give an explicit construction

of a minimal generating set for DerR, consisting of two derivations.

As discussed above, we see that for a quasi-homogeneous polynomial f ∈

k[X, Y, Z], Der
(

k[X,Y,Z]
〈f+1〉

)
is generated by the regular derivations ∆1,∆2,∆3,

where ∆1 = (0,− ∂f
∂Z
, ∂f
∂Y

), ∆2 = (− ∂f
∂Z
, 0, ∂f

∂X
) and ∆3 = (− ∂f

∂Y
, ∂f
∂X
, 0). As R

is a smooth hypersurface, DerR is a free k[X]-module of rank 2.

53
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In order to prove the following result for quasi-homogeneous case it suffices

to prove the result when f ∈ k[X, Y, Z] is homogeneous of degree m. Also,

in view of Lemma 33, we will assume (without loss of generality) that, Zm

does not appear in f .

The computation of a minimal generating set of DerR is described in the

next section.

6.2 Main Result

Theorem 37. For R = k[X,Y,Z]
〈f+1〉 , where f is a homogeneous polynomial, min-

imal generating set for DerR can be computed explicitly.

Proof. As discussed above, the module of derivations DerR is free of rank 2

and Der(R) = 〈∆1,∆2,∆3〉.

Hence, the set {∆1,∆2,∆3} is R-linearly dependent. More precisely,

∂f

∂X
∆1 −

∂f

∂Y
∆2 +

∂f

∂Z
∆3 = 0.

Note that if one of the partial derivatives is a unit in R, say ∂f
∂X

; then ∆1

can be written as an R-linear combination of ∆2 and ∆3. Thus Der(R) =

〈∆2,∆3〉.

Consider the general case, where all the three partial derivatives are non-unit

in R.

Claim: There exists an R-automorphism of R3, which takes (∆1,∆2,∆3) 7→
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(η1, η2, η3) such that there exists an R-linear relation of ηi’s, with at least one

of the coefficients of ηi’s a unit in R.

That is to find an invertible 3× 3 matrix over R, say A, such that
∆1

∆2

∆3

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33



η1

η2

η3


and there exists g1, g2, g3 ∈ R, such that at least one of them is a unit and

g1η1 + g2η2 + g3η3 = 0.

Now,

∂f

∂X
∆1 −

∂f

∂Y
∆2 +

∂f

∂Z
∆3 = 0

implies:

∂f

∂X
(a11η1 + a12η2 + a13η3)−

∂f

∂Y
(a21η1 + a22η2 + a23η3)

+
∂f

∂Z
(a31η1 + a32η2 + a33η3) = 0

i.e., (
a11

∂f

∂X
− a21

∂f

∂Y
+ a31

∂f

∂Z

)
η1 +

(
a12

∂f

∂X
− a22

∂f

∂Y
+ a32

∂f

∂Z

)
η2

+

(
a13

∂f

∂X
− a23

∂f

∂Y
+ a33

∂f

∂Z

)
η3 = 0

As f is a homogeneous polynomial in k[X, Y, Z], we know that X ∂f
∂X

+Y ∂f
∂Y

+

Z ∂f
∂Z

= mf = −m in R.

Thus, choosing a11 = X, a21 = −Y and a31 = Z makes the coefficient of η1 a

unit in R. Thus it suffices to find a 3× 3 invertible matrix over R with the
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first column: 
X

−Y

Z


Now, we can write f = PX + Q ∈ k[X, Y, Z], where Q is a homogeneous

polynomial in k[Y, Z] of degree m. We also note that, Y divides Q (since,

Zm does not appear in Q ).

Consider:

A =


X Q

Y
0

−Y P 0

Z 0 1


Thus det[A] = PX +Q = f , a unit in R.

Also, 
η1

η2

η3

 = A−1


∆1

∆2

∆3



i.e,


η1

η2

η3

 =


−P Q

Y
0

−Y −X 0

PZ −QZ
Y

1




∆1

∆2

∆3


Hence, a minimal generating set for DerR can be given as,

{η2, η3} = {−Y∆1 −X∆2, PZ∆1 −
QZ

Y
∆2 + ∆3}
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