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Abstract

Passport option is a financial derivative with the contingent claim being
dependent on the value of a trading account. The valuation of the passport
option can be obtained through the solution of a nonlinear backward pricing
partial differential equation (PDE). In this thesis, we examine the numerical
approaches to pricing the passport option, by solving the pricing PDE for both
the symmetric case as well as the non-symmetric case.

A general introduction and description of the passport option, both the-
oretical and numerical, along with the pricing PDE and the holder’s optimal
trading strategy for European passport option is presented. In the symmetric
case (when the cost of carry is identical to the risk-free rate), it is observed that
the pricing PDE becomes linear parabolic for which a closed form solution exists.
The absence of the same in the non-symmetric case motivated the focus on the
numerical approaches as presented in this thesis.

A radial basis function approach, along with grid refinement in spatial direc-
tion is proposed for European type passport option. The scheme which is first
and second order accurate in time and space, respectively, is numerically pre-
sented for both the symmetric and non-symmetric case. Next, we consider a three
time level scheme that is amenable for non-smooth payoffs and does not produce
oscillation for larger time steps (especially in case of Greeks for the symmetric
case, which are also derived in the thesis). This scheme is second order accurate
in both time and space. Numerical results using three time level scheme for both
the cases are presented. We then undertake the numerical valuation of Ameri-
can passport option using three time level schemes with the resulting discretized
system of inequalities being solved using the Brennan-Schwartz algorithm and

projected successive over-relaxation (PSOR) method.
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Finally, we present the higher order compact (HOC) schemes, for both Eu-
ropean and American style passport options, with second and fourth order ac-
curacy in time and space, respectively. However, basic numerical approach was
able to achieve only second order accuracy in space, which was then improved up
to third order in space by making use of grid stretching near the zero accumu-
lated gain, giving higher order compact scheme with grid stretching (HOCGS).
The numerical results using HOC and HOCGS schemes for European (both the

cases) and American (non-symmetric case) passport options are presented.
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Chapter 1

Introduction

1.1 Brief background

Financial markets in general and derivative markets in particular, have under-
gone significant growth both in terms of volume as well as the variety of derivative
products that are traded in such markets. The valuation of financial derivatives
involves several mathematical and computational complexities, which in turn has
led to significant amount of work in the area of mathematical finance. Trading
of derivatives serve a wide variety of financial requirements, especially hedging,
arbitrage and speculation and are usually executed through an exchange or over
the counter, with the latter typically taking place between large financial insti-
tutions [1]. This thesis will focus on one of the most widely analyzed financial
derivative, namely, options. An option is a derivative which gives the holder or
buyer of the option the right but not the obligation to buy or sell the underlying
security on or before a pre-determined future date for a pre-specified price, with
the obligation being assigned to the writer or seller of the option. Depending on
whether the holder of the option has right to buy or sell the asset, the option is
classified as being call or put respectively. The pre-determined future date on
which the option can be exercised (classified as European) or before which the
option is exercised (classified as American) is called the expiration date. The
pre-specified price, which could be fixed or could be dependent on the asset price
movement of the underlying security during the duration of the option, is called
the strike price. Since an option confers a right without obligation on the holder,
with a corresponding obligation without right for the writer, the holder has to
pay a premium to the writer of the option for the leverage resulting from this

arrangement. In the parlance of financial derivatives, this premium is referred
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CHAPTER 1 2

to as the price or value of the option. Clearly, the price of an American option
will at least be the price of a European option.

In this thesis, the thrust of the work is on numerical approaches to the
pricing of a particular option, namely, the passport option. This option belongs
to a specific category of the financial derivatives, namely, an option on actively
managed funds and was designed by Hyer et al. [2] at the Bankers Trust in
1997. While traditional financial derivatives typically have stocks or bonds as
the underlying security, the more exotic ones can potentially include trading
accounts as the underlying. The accumulated wealth of a trading account which
is the result of gains and losses incurred by the securities of the trading account
can by itself be treated as the underlying security of the option on this trading
account. Clearly, the payoff or contingent claim, in this case, would be the
accumulated gain value.

Passport option, which belongs to the class of trading account dependent
option serves the purpose of protecting the underlying trading account, wherein
the holder pays a premium to the writer, in exchange of being compensated for
any loss incurred by the trading account, while retaining the profits made by
the trading account [3,4]. Such an arrangement clearly offers greater flexibility
in terms of hedging the managed portfolios against adverse events, as compared
to a standardized derivative on an index-linked portfolio. However, in order to
limit the exposure risk of writers of such option, limitations on trading strategies
for the trading account such as caps, floors and barriers are usually put in place.
Thus the arrangement also serves the additional purpose of retaining a reasonable
price level for the options.

Hyer et al. [2] at the time of designing and pricing passport option, considered
a trading account (as the underlying) whose value was contingent on a traded
security, modelled using the geometric Brownian motion (GBM). They demon-
strate the existence of a risk-free hedging strategy with the optimal strategy
being determined by a stochastic control problem. The arbitrage-free price of
the passport option is ascertained using the strategy of maximizing the wealth,
resulting in the Hamilton Jacobi Bellman (HJB) equation. The solution of the
HJB equation, which is a backward partial differential equation (PDE) provides
the price of the passport option. In order to analytically price the passport op-
tion for the symmetric case (when the risk-free rate is identical to the cost of the

carry), the HJB equation is transformed to a heat equation, which is then solved

Numerical Method for Pricing Passport Option Ph.D. Thesis
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CHAPTER 1 3

for by making use of the Green’s function [2]. However, no analytic solution
exists when the symmetric restriction is removed and consequently numerical
results for this non-symmetric case was presented.

Andersen et al. [3] also examined the problem of valuation of passport option.
While their model was motivated by [2], it is slightly different in that they consid-
ered the payoff function to be dependent on the gain from an investment strategy
as opposed to the uninvested wealth accruing interest at a specific rate [5]. They
established that the price of a passport option is the solution to a Markov control
problem, by making an appropriate change to the numeraire. They derived a
nonlinear PDE for the asset deflated option price and presented a closed form
pricing formula for the symmetric case making use of Laplace transformation.
The absence of closed form solution in the non-symmetric case, prompted them
to resort to numerical PDE approaches using mixed implicit/explicit finite dif-
ference scheme and in particular they used the Crank-Nicholson scheme in actual
implementation for determination of the passport option price. They further car-
ried out the numerical study of several extensions of the passport option, namely,
American exercise, discrete passport option and non-convex price function.

Nagayama [6] studied more generalized passport option and developed a nu-
merical algorithm for the non-symmetric case, in addition to presenting an ex-
plicit formula for the valuation problem in the case when the risk-free rate is
zero. In a technical report, Chan [7] presented a linear complementarity for-
mulation to the problem for American passport option, wherein the optimal
stopping time problem was decomposed into several variational inequality for-
mulations. This problem was numerically approached using the Crank-Nicholson
scheme and complementarity solver PATH (due to Dirkse and Feris [8]). Ahn
et.al. [9] considered the pricing problem for passport option with the underlying
trading account consisting of multiple assets, with the pricing problem being re-
duced to HJB equation. They also included discrete constraints for the problem
which requires the solution to a linear complementarity problem. The utility
aspect (in case of both the holder and seller) of trading a passport option and
the gains made through the sale of passport option was also examined, with all
these aspects being numerically illustrated. In a subsequent article [10], the au-
thors, studied several exotic extension of the passport option, namely, chooser,
barrier, smooth trader, reset, double stake, magic portion and switch passport

option, with the corresponding HJB pricing equation along with the boundary

Numerical Method for Pricing Passport Option Ph.D. Thesis
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CHAPTER 1 4

conditions being presented, which could potentially be solved using numerical
methods.

Henderson and Hobson [11] making use of Tanaka’s formula and the Sko-
rokhod Lemma derived a simplified approach to pricing passport option by asso-
ciating it with the price of lookback option. They further obtained the optimal
strategy for a wide class of price processes. Subsequently, they [12] considered the
problem by taking stochastic volatility into account with the volatility process
being modeled through an autonomous stochastic differential equation (SDE).
In [12], it was shown that the optimal strategy will remain unaffected, provided
the Brownian motions, driving the asset pricing GBM model and the one in the
volatility SDE, are independent of each other. The models used for numerical
illustration were the ones due to Hull and White [13] and Stein and Stein [14].
The importance of this work lay in that the optimal strategy is unaffected by
the variations in model specifications.

Shreve and Vecer in their article [15] proposed a broader class of option
rather than just the passport option and introduced the concept of “options on
traded account”, wherein the restrictions on the trading strategy adopted by the
option holder were removed, thereby allowing for the position taken by the holder
to be arbitrary. The resulting optimal strategy was determined using Hajek’s
mean comparison theorem [16]. It turned out that the strategy reduces to that of
passport option as a particular case. This enabled the option price to be reduced
to a function of single non-temporal variable as opposed to a function of two non-
temporal variables. Delbaen and Yor [17] applied the martingale theory and the
theory of Bessel processes to price the passport option. They also discussed
the discrete version of the passport option and established that the price of the
passport option on two different norms on a continuous martingale are equal.

Finite element method using collocation approach was used in the numerical
implication of the pricing problem in the thesis of Topper [4]. The resulting
system of the nonlinear equation was solved using Newton’s method along with
finite difference methods for the purpose of time integration, both American
and exotic types. Numerical methods for nonlinear equations in the option
pricing problems are discussed by Pooley in his thesis [18]. In particular, the
thesis examines trader compensation strategy making use of passport option.
The problem of pricing passport option using a jump-diffusion model (which

addresses some of the drawbacks of GBM) for the underlying traded security was

Numerical Method for Pricing Passport Option Ph.D. Thesis
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CHAPTER 1 5

considered by Baojun and Yang in [19] where the pricing equation was obtained
along with several other results including uniqueness of viscosity solution of
the related HJB equations. Subsequently, [20] used the dynamic programming
principle (DPP) to derive nonlinear pricing equation. Kampen [21] considered
a multivariate passport option in order to ascertain the optimal strategy, which
turned out to be dependent on correlations of returns as well as Greeks. The
interested reader may refer to [5,22] for a comprehensive review on passport
option in both discrete (binomial) and continuous time setting, wherein it is
observed that the optimal strategy for passport option for both these models are

identical and that the binomial model converges to the continuous time model.

1.2 The passport option

We begin with the formulation of pricing problem for European passport option
[2-4], with the underlying trading account comprising of a traded security, whose

price process is assumed to follow the GBM,
dS(t) = uS(t)dt + o S(t)dW (), (1.2.1)

where p and o are the drift and volatility respectively. Further, W (t) is the
Wiener process under the risk-neutral measure P*. The cost of carry which is
deducted (added) from the trading account when the option trader takes a long
(short) position on the asset is denoted by v, which results in the following

modified asset pricing model,
dS(t) = (u—)S(t)dt + oS (t)dW (t). (1.2.2)

Under P*, u = r, where 7 is the risk-free rate. Further, we consider a bond or
a money-market account, whose price B(t), at time ¢, for every unit investment
is B(t) = €. The trading strategy for the option holder is an adapted process
{u(t)}o<t<r [3]. Let T is the expiration of the option and 0 = tp < t; <
ty--- <ty =T be the instances at which the option holder changes strategy. If
u(t) € [—1,1] is the trading position of the holder at time ¢, then wu(¢;) denotes
the position initiated at time ¢; and held up to the next change in position at
time ¢;41. The resulting gain for the trader for these two consecutive time points

is w(t;)[S(tix+1) — S(t;)]. Consequently the accumulated gain over the [0, 7] is

N-1
w(T) =3 ulti)[S(tis1) — S(t:)]-
1=0
Numerical Method for Pricing Passport Option Ph.D. Thesis
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In the continuous time setup, the accumulated gain at time t is

w(t) = / u(r)ds(r),

or equivalently
dw(t) = u(t)dS(t) with w(0) = 0.

For a European passport option, the payoff is

[w(T)]* = max(w(T),0).

One can now use a hedging argument [2,4] to obtain the following Black-Scholes

type pricing PDE for the passport option value V(S(t),t, w(t))

oV vV OV 1, ., (0%V 0 L2 0PV

with the final condition

The transformation z = w/S [2,4] then results in the following PDE

ov . ov 1, ., 0%
5—{—(11 —x)(r—'y)%—f—é(u —9:)202@ = v, (1.2.3)

where u* is the optimal holding strategy for the holder and is given by

0 _, 0%

u*(z,t) = sign ((r — )5 —ao 8x2> (1.2.4)

with v(x,t) being the transformed option price. The proof for the optimal hold-
ing strategy is as follows [3]. Applying the HJB equation [23] we obtain,

v ov 1 0%
el — — )=+ =(h—2)%0? = — =0
s {56 - o)
The supremum is attained at h = u*(z(t),t). Taking
B ov 1 ,0% oo o 1 45 ,0%
Cl—(r—'y)%, 02—50' @, Cg—a—x(r—’y)%+§x0'@—’yv,
the problem reduces to
sup {Cs+ h(Cy — 22C5) + h*Ca} = 0.
he[—-1,1]
Ph.D. Thesis
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2
v
Since — > 0, this expression represents the upward parabola with the sup at

0x?
the end points of the domain. Thus h =1 or —1. It is easy to see that,
2
w*(2(t), t) = sign (Cy — 22C5) = sign ((7‘ — ) 32 - x022;2)> .
Then the instantaneous hedge ratio, A [2—4] is given by,

ov LoV ov

A= — = f—x)—.

8S+u e =v+(u x)ax

The equivalent formulation of the pricing PDE is given by

ov ov 5 0%V ov 5 0%
— —x(r— )&EJr (1+ )J—-I—u ((rv)waza $>—’yv

ot 822 B 972
w v, 1o, 2 20% 9 0% _
= g Mg, T E)en '(T N =5 ga2| =

with the final condition
v(z,T) = [z(T)]".

. {—1, itz <0
sign(x) =

1, if z > 0.

Note that

Further, the pricing equation for European passport option, in the symmetric

case of r = vy is given by the following linear parabolic PDE [3]

ov 1 9%
1 202 = 9.
&t SO+l =, (125)
with the final condition
v(z,T) = [z(T)]*. (1.2.6)

In this case, the optimal holding strategy is

u*(z(t),t) = —sign(z(t)) = —sign(w(t)).

The analytic solution for the above linear parabolic PDE is [3]:

v(z,t) = e T8 |2t 4 %[dU\/T —t+ 1N (d)

- %(1+|$’)N(d— \/T—t)-i—%am "(d)| (1.2.7)
with | (1 2])
n(l+|x

d=— — + ovVT (1.2.8)

where N and N’ denote the cumulative and density function of the normal

distribution respectively.

Numerical Method for Pricing Passport Option Ph.D. Thesis

TH-1713_ 126123010



CHAPTER 1 8

1.3 Outline of the thesis

The thesis has been arranged into six chapters as briefly outlined below. The
literature review and problem background along with the problem formulation
have been presented in the introductory Chapter 1. In Chapter 2, we describe
the radial basis function approach using a mesh refinement algorithm to price
European passport option, both for the symmetric and the non-symmetric case.
In Chapter 3, we derive three Greeks, namely, Delta, Gamma and Theta for
the symmetric case. We also present the three time level scheme for pricing the
European passport option as well as the Greeks for both the cases. Chapter 4
describes the formulation for American passport option problem as a sequence of
linear complementarity problem using three time level scheme with the numerical
implementation being carried out using Brennan-Schwartz and projected succes-
sive over-relaxation (PSOR) algorithm. Chapter 5 dwells upon HOC schemes
with grid stretching near zero accumulated gain for numerical valuation of both
European and American passport option. Finally, the concluding chapter sum-
marizes the work carried out in this thesis along with the roadmap for future

work.

Numerical Method for Pricing Passport Option Ph.D. Thesis
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Chapter 2

Pricing of European passport
option using radial basis
function

In this chapter, we will seek the solution to the pricing problem in case of Eu-
ropean passport option as outlined in Section 1.2 of Chapter 1, by using radial
basis functions (RBF's) and point interpolation method (PIM) [24]. RBFs, which
are typically functions of distance variables [25] offers several advantages, such as
easier implementation and dimensionality independence [26,27]. It has been seen
that globally supported RBFs are accurate, converge exponentially, are applica-
ble to problems in higher dimension and are meshless. However, it does have its
share of disadvantages including ill-conditioned interpolating matrix and results
becoming dependent on the choice of shape parameters, which potentially leads
to increased computational costs for large scale problems in particular [25]. Fur-
ther, PIM involves the functional evaluation at a specified point in the domain
through approximation by interpolation at the scattered nodes [28-30]. The
shape function used in case of PIM is the Kronecker delta function, which makes
it amenable for the imposition of the boundary condition [31]. Despite its effi-
ciency, this approach could lead to singularities, in the event that the scattered
nodes spacing is inconsistent with the order of the polynomial. This problem
of singularity was resolved in [29], by using the local radial point interpolation

method (LPRIM) which makes use of RBF for interpolation.
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2.1 Radial basis function

A function ¢ : R™ — R is said to be radial if there exists a function ¢ : [0,00) — R
such that ¢(x) = ¢(||z||), where || - || is some norm on R" [32]. In order to use
PIM [28,29,31], a real-valued function f(z) is sought to be approximated at some
& € [Tmin, Tmax] through interpolation of functional values at the points (nodes),
namely, Tpin = 21 < 22 < -+ < Tp < Tptl = Tmax. Consequently, we will use
the radial basis point interpolation (RBPI) method, wherein the interpolating
function comprises of a combination of polynomials and RBFs. If frppra(x)

denotes the interpolating function for f(z), then [31],

n+1 m+1
frepiv(z) = Ai(z)a;i + Y Bj(z)b;. (2.1.1)
il =1

Here the functions A;(z) is the RBF and Bj(z) = 2/71,j = 1...,m + 1. The

m—+1
j=t -

goal is to ascertain the unknown coefficients {a;}*' and {b;} For the im-
plementation purpose in our problem, we use m = 1 [31]. Choices for the RBF
A;(z) include polyharmonic spline, thin plate splines, multiquadric, inverse mul-
tiquadric and Gaussian [25,31-33]. Examples for these commonly used RBF’s
are listed in Table 2.1 [25], where [£] is the largest integer less than or equal to
k and c is a positive constant known as the shape parameter. Also the column
with the header “CPD order (m)” in Table 2.1 denotes the m-order conditionally

positive definite functions.

RBF's o(x) CPD order (m)
Polyharmonic spline {:zilrl;(r), : E § [k/2] +1

Thin plate splines r2In(r) 2

Multiquadric (P +A* k>0k¢N (k] +1

Inverse Multiquadric (rP+c)*k>0k¢N 0

Gaussian 67(2;) 0

Table 2.1: Commonly used globally-supported RBF’s and their order with r =
| — z;] [25].

The choice of the latter three RBFs, namely, multiquardic, inverse mul-
tiquardic and Gaussian are less desirable, since they could result in an ill-

conditioned system resulting from their dependence on a free shape parame-

Numerical Method for Pricing Passport Option Ph.D. Thesis
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ter [31]. Unfortunately, a systematic protocol for determining the values of the
shape parameter was not found in literature. Consequently, the approach for
methods and algorithms for determining the appropriate shape parameter often
becomes contingent on the specific problem under consideration. In our case, we
will use the polyharmonic spline, using the argument (after [31]), that does not

have any free shape parameter, with the specific choice of the RBF A;(x) being
Ai(z) = (z —x)*log (|lz — =), i =1,2,...,n+ 1.
Enforcing the interpolation condition(at the nodes),
frepiv(zi) = fx), i=1,2,...,n+1

in equation (2.1.1) results on (n + 1) linear equations in n + m + 2 unknowns,
namely, {a;}7+! and {bj}’]ﬂ:ﬁl. Further, the following additional (m + 1) condi-

tions required to obtain unique solution are imposed [31].

n+1
Y a;iBj(z:) =0, j=1,2,...,m+1. (2.1.2)
=1

Evaluating (2.1.1) at = z; along with (2.1.2) gives,

— —
R P a U
N A (2.1.3)
PT O| |b 0
with . §
Ai(z)  As(z) Ansa(21)
Ai(z2)  As(x2) Apyi(22)
Al(xn+1) AQ(.’I,'n+1) ooy 9.0 An+1(xn+1>
Bl(l‘l) Bg(xl) e e Bm+1(l‘1)
B1 (332) BQ(IL’Q) e e Bm+1(372)
Bl (-’En+1) BQ(CCnJrl) e e Bm+1(xn+1)
Numerical Method for Pricing Passport Option Ph.D. Thesis
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3 = [a17a27"'7an+1}—r7 (216)
b o= [b1,b2, ..., bma] (2.1.7)
U = [u,us,..ytngt]” = [f(@1), f@2), .oy fl@nsn)]T (2.1.8)

and 0 is a m + 1 dimensional zero vector. Also O is a (m+1) x (m+ 1) zero

matrix. Defining

R P
G = , (2.1.9)
Bt O
the coefficients {a;}7*! and {bj};”:ﬁl can be obtained from equation (2.1.3) as
follows,
d U
a
=G4 (2.1.10)
b 0
Using equation (2.1.1) and (2.1.10) we get
i
frepiu(e) = [RT (@) PT@)IGT ||, (2.1.11)
0
where R (z) = [A;(z) ... Anﬂ(:c)] and P (z) = [Bl(:c) Bm+1(m):|'
Now equation (2.1.11) can be written in the form
n+1
frepiv (@) = wigi(x), (2.1.12)
i=1

where
n+1 m+1

dr(z) =D A@)Gii+ > Bi@)Griig e k=1,2,...,n+1.  (21.13)
i=1 j=1

Note that Gl_k1 is the (i, k)-th element of matrix G—1. Tt is easy to see that the
shape function defined by (2.1.13) satisfies the Kronecker property.

2.2 Numerical implementation for the symmetric case

Recall that the valuation PDE for the European passport option in the symmetric
case (r = ~) is given by equation (1.2.5). The boundary conditions at the
boundaries, Tyin = —exp(40\/T) and Tmax = exp(40\/T) along with the final

condition are as follows [4]:

0(Tmin, t) = 0, (2:2.1)

Ux(l'maXa t) = eir(Tit)p (222)

v(z,T) = max(z,0). (2.2.3)

Numerical Method for Pricing Passport Option Ph.D. Thesis
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Equation (1.2.5) can be rewritten as

ov 0%
where
1
Alz) =5 (1+ 1z[)? 2.

The uniform discretization is now carried out as follows. The time interval [0, T']
is discretized into N uniform subintervals (/N + 1 temporal nodes) each with
length At = T/N with k-th temporal grid point being ¢, = (k — 1)At, k =
1,2,... N+1. Accordingly, we define v*(z) = v(z,t),k = 1,2,..., N41. Thus,

the temporal semi-discretization of (2.2.4) using the §-method results in

< [0+ - @) + A @)
+ (1= 0)A(2)ok (2) — 180T (z) — 4(1 — 01" (x) = 0. (2.2.5)

Note that # = 0, # = 1/2 and 6 = 1 lead to backward, Crank-Nicholson and
forward schemes respectively. Substituting § = 0 in equation (2.2.5) results in

the following backward scheme:

1 1

Ktvkﬂ(az) = —A(z)vk (z) + <E o 7) P (). (2.2.6)
For the spatial discretization, we proceed with the RBPI discretization. Accord-
ingly, spatial domain (Zin, max) is divided into M uniform subintervals (M + 1

Tmax — Lmin

spatial nodes) of length Az = with the i-th spatial grid point being,
i = Tmint+(1—1)Az, i =1,2,..., M+1. Accordingly, the RBPI approximation
of v¥(x) [31] is given by

M+1

vkpprr(®) = Y Noj(x),k =1,2,..., (N +1). (2:2.7)
=1

Substituting (2.2.7) in (2.2.6) we get

1 M+1 62 M+1 1 M+1
a7 | 2 e = —Awg | X M| +(5+) [ X M@
j=1 j=1 J=1

2.2.8

k E oAk k T - = — ( )

We now define A" = [)\1, A5 ... /\M+1} and ;= (z;) where ¢ (z) = [¢1(x),
d2(x) ... ppr+1(x)]. Then we rewrite equation (2.2.8) in terms of the newly

defined vectors as

1= k1 _ [~ k 1 "t k
5 U @A = —A@) 2 |0 @A+ (55 47 ) [¢ @A (229
Numerical Method for Pricing Passport Option Ph.D. Thesis
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Further, the discretized version of the boundary conditions given in (2.2.1)
— —

and (2.2.2) is given by ¢ (z1)AF = 0 and ¢, (zar41)A* = e 77T for k =

1,2,...,N + 1. The scheme (2.2.9) at the interior points along with the bound-

ary conditions can be written in the compact matrix form as

Aitcblz\’f+1 + HY = <73(D2<I>1) + (Alt + 7> Dy + c1>2> AF, (2.2.10)
where
0 0 0 0o |
d1(x2)  Pa(x2) ... ... oOm(x2) Dumyr(x2)
@1: )
d1(war) P2(xnr) oo oo dm(zn) Om1(wa)
0 0 0 0
H’f:[o,o,...,e—“T—fk) o
P = diag(0, —A(z2), —A(z3),...,—A(xr),0),
0 0 0 0
2 (d1(@)  La(da(@2) .. .. La(om(x2)  Zz(baria(a2))
D?®, = :
2 (d1(em) Zx(dal@n) - - Zx(omlen) Zz(omai(zu))
0 0 0 0
[ si@) d@) o bmla) brra(z1) |
0 0 0
Dy =
0 0 0
8 3 3 9
EEI TR A 12 G VAR R - Y COVRR DI - VAR COVRRD]

Further, (2.2.10) can be written as

AANF = BAFL 4 HF

Numerical Method for Pricing Passport Option Ph.D. Thesis
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where

A

1
— ;.

B At

P(D2<I>1) + < !

At

+7> D) + Dy,

The contingent claim or payoff for the passport option is non-smooth and hence

a refined mesh is used near the mesh point zero (corresponding to the zero

accumulated gain) in order to improve the computational efficiency. Let the

spatial mesh points be stored as an array x of length . Algorithm 1 outlines the

method used for mesh refinement near the mesh point “zero”.

Algorithm 1 Algorithm for mesh refinement near the mesh point zero

procedure MESH REFINEMENT

if mm is even
set dxg = Ax
fori=1tol/2 do
x(l+mm—i)=xz(l+1—1)
end for
kk =1
repeat until kk =4
dl‘l = deo
for i = 1tomm do
z (Mt +i-1)
end for
ckk +— kk+1
: d:UO — dxq
: end repeat
. else
. set drg = Ax
fori=1tol/2 do

— = =
Netw P

I S e T e Tl
S © ® N D U W

end for

ckk=1

: repeat until kk =4

: dl‘l = ﬁﬂdl'o

for i = 1tomm do
T (% + z) —2dxg + idxy

end for

c kk <« kk+1

: dwo +— drq

: end repeat

: end procedure

N N NN NN

W oW NN N
2 S © ® 3

—2dxg + idxy

z(l+mm+1—14)=z(l+1—1)

mm = number of mesh refinement points

Numerical Method for Pricing Passport Option
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Spatial steps (M) with Temporal Steps (V)

3 refinement points 25 50 100 200 400 800 1600

50 5.3524 5.3735 5.3840 5.394 5.5605 7.2547 13.1400
100 12.3706  12.4011  12.4170  12.4250  12.4290 12.4311 12.4321
200 13.5543  13.5798  13.5925  13.5989  13.6020  13.6036  13.6044
400 267.4509 208.7102 186.7632 177.1704 172.6748 170.4974 169.4257

Table 2.2: Even odd average value of the European passport option with S(¢) =
100,7 = 0,7 = 0,0 = 30%,T —t = 1 and w(t) = 0 with 3 refinement points.

Spatial steps (M) with Temporal Steps (V)

4 refinement points 25 50 100 200 400 800 1600
50 13.1587 13.1876 13.2021 13.2094 13.2130 13.2148 13.2157
100 13.0971 13.1265 13.1412 13.1486 13.1523 13.1541 13.1550
200 13.0833 13.1128 13.1275 13.1349 13.1386 13.1405 13.1414
400 13.0801 13.1096 13.1244 13.1317 13.1354 13.1373 13.1382

Table 2.3: Even odd average value of the European passport option with S(¢) =
100,7 = 0,7 = 0,0 = 30%,T — t = 1 and w(t) = 0 with 4 refinement points.

We now present the numerical results for the RBPI method detailed in equa-
tion (2.2.5)—(2.2.10). For the purpose of illustration and comparison, several
different numbers of refinements points in the spatial direction are used. The
model parameter used in this symmetric case (r = «) are the ones used in [3]
(during the implementation using Crank-Nicholson implicit method), namely,
S(t) =100, r =0,7v=0,0 =30%, T —t =1 and w(t) = 0. The computation
was implemented using MatLab™ . In Table 2.3, the results for the European
passport option are presented with 4 refinement points for several different sets
of number of spatial and temporal grid points. While the computation was car-
ried out in case of both M and M + 1 number of spatial grid points, the result
presented in Table 2.3 are the averaging of option prices obtained using M and
M + 1 spatial grid points for several different temporal grid points. Similar
averaged values of option prices for the same set of spatial and temporal grid
points with 3,5 and 6 refinement points are presented in Table 2.2, 2.4 and 2.5
respectively. It is interesting to note that the results obtained for 3,5 and 6

refinement points are further away from the analytical solution of 13.1381 as

Numerical Method for Pricing Passport Option Ph.D. Thesis
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Spatial steps (M) width Temporal Steps (V)

5 refinement points 25 50 100 200 400 800 1600
50 13.0327 13.0622 13.0770 13.0844 13.0881 13.0900 13.0909
100 13.0650 13.0945 13.1092 13.1166 13.1203 13.1222 13.1231
200 13.0752 13.1047 13.1195 13.1269 13.1306 13.1324 13.1333
400 13.0781 13.1075 13.1223 13.1297 13.1334 13.1352 13.1362

Table 2.4: Even odd average value of the European passport option with S(¢) =
100,7 = 0,7 = 0,0 = 30%,T —t = 1 and w(t) = 0 with 5 refinement points.

Spatial steps (M) with Temporal Steps (N)

6 refinement points 25 50 100 200 400 800 1600
50 13.0440 13.0735 13.0882 13.0956 13.0993 13.1012 13.1021
100 13.0679 13.0974 13.1121 13.1195 13.1232 13.1251 13.1260
200 13.0760 13.1054 13.1202 13.1276 13.1313 13.1331 13.1341
400 13.0783 13.1078 13.1225 13.1299 13.1336 13.1355 13.1364

Table 2.5: Even odd average value of the European passport option with S(¢) =
100,7 = 0,7 = 0,0 = 30%,T —t = 1 and w(t) = 0 with 6 refinement points.

compared to the case when 4 refinement points were used. This apparent dis-
crepancy can be attributed to the extent to which the interpolation matrix G
(given by equation (2.1.9)) is ill-conditioned (which is determined by using Mat-
Lab™ ’s inbuilt reciprocal condition number rcond(G)). The matrix G is said to
be well-conditioned (ill-conditioned) depending on whether rcond(G) is near to
1.0 (0). The rcond(G) for 3,4, 5 and 6 refinement points in case of several spatial
steps are tabulated in Table 2.6. We note that rcond(G) is dependent only on
the number of spatial steps and not contingent on the number of temporal steps.
Accordingly, the results presented in Table 2.6 are only for N = 50, with similar
trends being obtained for other values of N. It is observed that for refinement 3,
rcond (G) is quite close to zero which suggest that either the interpolation matrix
G is singular or ill-conditioned, which leads to the non-convergence of solution.
Further, inaccurate result are also observed in case of M = 800 for refinements
3,4, 5 and 6 due to the rcond (G) being close to zero. Also, rcond(G) values for
4 refinement are larger as compared to 3,5 and 6 refinement, which is suggestive

of better results in case of 4 refinement. In particular, we observe that in the

Numerical Method for Pricing Passport Option Ph.D. Thesis
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Spatial steps

Refinement 3

Refinement 4

Refinement 5

Refinement 6

50

100
200
400
800

1.2360370e-23
2.3576136e-20
4.9717853e-21
4.1343007e-21
6.6849856e-21

1.4591501e-10
4.7155679e-12
1.4989538e-13
4.7244502e-15
1.4800087e-16

9.7688699e-12
3.1632510e-13
1.0065644¢-14
3.1740150e-16
9.9423207e-18

7.6735077e-13
2.4896555e-14
7.9305516e-16
2.4994231e-17
7.7672310e-19

Table 2.6: Reciprocal condition number of matrix G for » = ~ case with N = 50

case of M = 400 and N = 1600 with 4 refinement points, the option price is
13.1382 which is very close to the analytic value of 13.1381 as compared to the
numerical value of 13.1387 as reported in [4] and 13.1371 based on the algorithm
in [3].

The exponential growth in the condition number of the interpolation matrix
could lead to numerical instabilities resulting in inaccurate results. Such instabil-
ities can be remedied through the usage of pre-conditioner or more appropriate

basis in the approximation space [34].

2.3 Numerical implementation for the non-symmetric
case

Recall that the valuation PDE for the European passport option in the non-
symmetric case (r # 7) is given by equation (1.2.3), with final and boundary
conditions being the same as in the symmetric case and given by equation (2.2.1)—
(2.2.3). Equation (1.2.3) can be written as
2
% = A(x)gg;} + B(w)% + v,
where A(z) = —3(u* — 2)?02 and B(z) = —(u* — 2)(r — 7). We use the same

temporal discretization as used in the case r = in Section 2.2 over [0,T]. The

(2.3.1)

temporal semi-discretization of (2.3.1) using the §-method results in

1

Kt ’Uk—H(l’)

—oF(2)| = 04 (2)vk (@) + (1 — 0) A% (2)f (2) + 0BF (2)vf ™ (2)

+ (1= 0)B* (x)u(x) + 700" (2) + (1 = O)v* ().
(2.3.2)

Substituting € = 0 in equation (2.3.2) results in the following backward scheme,

1 1
— o) = AF (@) (2) + B (2)of (2) + | — + v ) vF (). (2.3.3)
At At
Numerical Method for Pricing Passport Option Ph.D. Thesis

TH-1713_ 126123010



CHAPTER 2 19

As done previously, the RBPI approximation

M+1

v%BPIM<$) = Z A";¢](x>7k = 1727' . 7N+ 17
j=1

after being substituted in (2.3.3) results in

1|2 o2 M+1 9 M+1
~ > M) | = Ak(x)@ > Noja)| + Bk(x)% > Noy(a)
j=1 j=1 J=1
1 M+1
+ <At + ’y) > Neo()] (2.3.4)
=\

Equation (2.3.4) can be rewritten in the vector form as

s e <o w0 [ o]
B (é +7> [Z (x)Ak} - (2.3.5)

Further, the boundary conditions are given as,
_)

o
Y (x)A* =0 and o, (zpq)AF =T E =12 ... N+1.

The scheme (2.3.5) at the interior points along with the boundary conditions

can be written in the compact matrix form as

1 1
Kt@ﬂ\’f“ +H" = (Pk(D2<I>1) + Q¥ (D®y) + <At o8 'y) Dy + <1>2> A*. (2.3.6)
where,
0 0 e 0 0
¢r(z2)  ga(x2) ... ... dm(®2)  daria(w2)
= | | ERE
o1(zm) d2(zm) oo oo Om(Tm) Pmr(Tar)
0 0 e e 0 0
Numerical Method for Pricing Passport Option Ph.D. Thesis

TH-1713_ 126123010



CHAPTER 2 20

H" = 0,0,... ,e—T(T—tﬂ !
PF = diag(0, A¥(x), A¥(z3), ..., A¥(xar),0),
oF = diag(O,Bk(xg),Bk(xg), . ,Bk(xM),O),

0 0 0 0
Z(dr1(22)  Zx(da(@)) oo oo Dp(om(22))  r(daria(a2))
D?®, = ' :
2 (dilen) (b)) oo oo m(bulan) Ls(darer(@ar))
0 0 0 0
[ 0 0 0 0 ]
D(p1(m2)  B(a(m2) oo oo Elom(z2) 2 (dm1(z2))
Do, = )
2 (p1(znr) 2 (d2(zar) .. 2 (on(znr)  Ldarsr(@n))
I 0 0 0 0 |
i (1) P2(x1) dn(xr) drr1(x1) -
0 0 0
by =
0 0 0
_C%le(xM+1) Loolami1) - om(Tari) %¢M+1($M+1)_

Further (2.3.6) can be written as

ANF = BAMT 4+ HE,
where
1
A = PHD2®,)+ QF(Dd)) + (At + 'y> By + Py,

1
B = —&,.
At !

Numerical Method for Pricing Passport Option Ph.D. Thesis

TH-1713_ 126123010



CHAPTER 2 21

Using the RBPI approximation in (1.2.4) we obtain,

8 M+1 82 M+1
@) =sen | (=215 | S M) | =o' | 30 Moo

(2.3.7)
At 2 =
(e = sign (=) [ 2 4 )] A% = io? [ 25 ] 22),
i=1,2,... M+1. (2.3.8)

We now present the numerical results for the RBPI method detailed in equation
(2.3.2)—(2.3.8) for the non-symmetric case. The model parameters used in this
non-symmetric case of r # « are the ones used in [3], namely, S(t) = 100,r =
5%,y = 4.5%,0 = 30% and T —t = 2. The computation was implemented using
MatLab™ . The computation was carried out for several mesh sizes as well as
refinement points, as was done in the case r = . However, we present here only
the results for the accumulated gains W (t) = [20,10,0, —10, —20] since results
available in [3] and [4] are only for this set of accumulated gains. The option price
computed for M = 200, N = 200 for the above @ (t) and refinement 4 in spatial
direction are presented in Table 2.7. It is seen that the values tabulated in Table
2.7 are very close to those reported in [3] and [4]. Also, the results for refinement
3, 5 and 6 are presented in Table 2.8. Finally, the reciprocal condition number,
rcond(G) for all the four refinements with N = 50 are tabulated in Table 2.9.
Based on rcond(G) reported in Table 2.9, we observe that in case of refinements

3,5 and 6, the interpolation matrix G is either singular or ill-conditioned.

2.4 Conclusion

In this chapter, we solved the pricing problem for the European passport option
using the radial basis function for both the symmetric and non-symmetric case.
To solve the problem numerically we used the radial basis point interpolation
in spatial direction and backward finite difference scheme in temporal direction.
The numerical scheme is first order accurate in time and second order accurate
in space. We also presented an algorithm for the grid refinement in the spatial

direction near zero accumulated gain, in order to improve the numerical results.
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w(t) Andersen et al. [3] Topper [4] RBPI with mesh (200 x 200) and
4 refinement points

20 28.2277 28.2249 28.2360

10 22.3741 22.3734 22.3755

0 17.4323 17.4423 17.4298

—10 13.5100 13.5113 13.5121

—20 10.4261 10.4293 10.4381

Table 2.7: Price of the European passport option with S(¢) = 100,r = 5%,y =
4.5%,0 =30% and T — t = 2.

w(t) 3 refinement 4 refinement 5 refinement 6 refinement
points points points points

20 22.236879 28.236001 28.230911 28.230726

10 16.425990 22.375512 22.369428 22.369911

0 11.509562 17.429765 17.416672 17.418147

—10 7.479582 13.512093 13.506332 13.506436

—20 4.294891 10.438097 10.433186 10.432745

Table 2.8: Price of the European passport option with mesh size (200 x 200),
S(t) =100,r = 5%,y =4.5%,0 =30%, T —t =2 .

Spatial steps

Refinement 3

Refinement 4

Refinement 5

Refinement 6

50

100
200
400
800

1.5415e-34
9.4060e-21
3.8161e-22
1.4434e-21
8.3666e-24

5.3224e-10
3.6459¢-12
1.1589¢-13
3.6524e-15
1.1436e-16

3.5980e-10
2.4452e-13
7.7811e-15
2.4540e-16
7.6707e-18

5.9290e-13
1.9241e-14
6.1299e-16
1.9362e-17
6.1316e-19

Table 2.9: Reciprocal condition number of matrix G for r # v case with N = 50.
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Chapter 3

Pricing and estimates of
Greeks for European passport
option using three time level
scheme

In this chapter, we examine the numerical approach for the symmetric case and
the non-symmetric case for European type passport option using three time level
scheme. In addition to solving the pricing equation for both the cases, we also
evaluate the first and second derivative of the option value, that is, the Delta,
Gamma and Theta for symmetric case [35]. This evaluation is critical in case of
passport option, since the optimal holding strategy depends upon the Greeks,
namely, Delta and Gamma. It has been noticed that widely applied numeri-
cal schemes such as Crank-Nicholson scheme is not very suitable for the pricing
problem under consideration unless a large number of appropriate time steps
are used for the numerical implementation, in absence of which small oscillatory
errors in the solution could arise from the non-smooth initial data. This partic-
ular concern would be addressed in this chapter by using a three time level finite
difference scheme, wherein one can use larger time steps (i.e., lesser number of
time points) while ensuring the accuracy of the solution to the valuation PDE
along with the evaluation of the Greeks, namely, Delta, Gamma and Theta. The
analytic value of the Greeks are also derived in this chapter.

Numerical PDE problems with discontinuous or non-smooth initial data have
several numerical approaches, formulated with the goal of effective dampening
of the oscillation that is typical of such problems. A list of 14 such difference

schemes is presented in the book of Richtmyer and Morton [36]. In case of non-

23
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smooth initial data, the authors recommended the application of schemes 9, 11
and 13 (see pp. 189—191 of [36]). Recall that the diffusion term for the passport
option pricing PDE (both symmetric and non-symmetric case) is non-smooth.
Accordingly, we will make use scheme 9 (as noted above), which is akin to a three
time level version of the Crank-Nicholson scheme. Note that both the spatial

and temporal accuracy of the three time level scheme is of second order.

3.1 Three time level scheme for the symmetric case

We seek to solve the backward valuation PDE (1.2.5) for the European pass-
port option in the symmetric case along with the boundary conditions (2.2.1-
2.2.2) and final condition (2.2.3). Defining a new temporal variable 7 =T — ¢,
equation (1.2.5) can be rewritten as

ov 0*v
o~ A@g5s — (3.1.1)

where
A(z) = % (1+ |z|)? o2.

The spatial domain discretization is the same as the one in Section 2.2 in Chapter
2. Further, the time interval [0,7] is discretized into N uniform subintervals
(N + 1 points) each of length Am = % Accordingly, the grid point (mi,Tf )
is defined by x; = @min + (¢ — 1)Az, ¢ = 1,2,...,M + 1 (as in Chapter 2)
and Tf = —1DA7, j=1,2,...,N + 1. Consequently, we let vg denote the
approximate value of v(z, ;) at the above discretization point (:L‘Z',Tf ) Thus,

three time level scheme [36-38] applied to the PDE (3.1.1) yields,

., € . 1 A
3 v -] r 1 v =y — A(z;) vy = 2] v — it
2 Am 2 An ‘ (Ax)? i

(3.1.2)

and can be written as
. . 3 . 1.
Awp (v} + 014 - <2A<xi>p +5+ 7A71> o 7= 2] + 0] (313)
AT

1
(Az)?
quired at two preceding time levels in order to numerically evaluate the value

where p = Since we now have three time levels, so information is re-

at the current time level. Clearly, this approach cannot be applied when one

evaluates the value at time level j = 2, since information is available from only
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one preceding time level, namely 7 = 1. Accordingly, for this scenario we make

use of the Crank-Nicholson scheme [36,37] given below,

7

1 1 ;
—5A(i)p p (v +ol7) + <1 +57Am +pA(xz-)) vl ™!
= 1A(;zc')p (vj + v ) +(1- 1 AT — pA(zy) ) v! (3.1.4)
2 ? i+1 i—1 2’7 1P ¢ i° T

3.2 Three time level scheme for the non-symmetric
case

The pricing PDE in this case is given by equation (1.2.3) along with the boundary

and final condition being given by (2.2.1)-(2.2.3). Now equation (1.2.3) can be
rewritten as,

ov ov 0%v

En + A(z,u )81‘ + B(x,u )@ = yv. (3.2.1)

where A(z,u*) = (u* — z)(r — ) and B(z,u*) = ;(u — 2)%0?. Using, 7y =T — t,

equation (3.2.1) can be rewritten as

v v o 0%
o = A(z,u )811 + B(x,u )@ — Y. (3.2.2)

The discretization for the PDE (3.2.2) using three time level finite difference
scheme [36-38] is given by

\ : ’ i
3 ol o] - ”J__ o — A(z;, (u*)ith) o -y,
2 ATy 2 ATy v v 2Azx

) j+1 _9 j+1+vj+1
+B(xla (U*)zﬂ) < ol (ALL’) > - z]+17 (323)

and can be written as
1 L4 i .
(304 (o 1) = 8 (o 1) ) o
3 #\j+1 j+1
tlgt yAT 4 2pB (xi, (u®)] ) v
1 , . . 1.
+ <2qA (ZL‘Z', (u*)ZH) —pB (mi, (u*)i“)) vzjjll = 21}5 — ! 1, (3.2.4)

A A
Ale and ¢ = A—Tl In order to move from time level j = 1 to
x T

where p =

7 = 2, we use the following Crank-Nicholson scheme instead of three time level
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scheme [36, 37] (for reasons similar to the symmetric case), which is given as

follows,
(<0 o) = 38 (1) ) 2
+ (1 + %yAﬁ + pB (xi, (u*)i“)) vf“
A (o 0)]7) = g8 (o (007) ) 27
)

(]./4 (wia (U*)ngl

+ (—iqA (% (U*)gH) + %plg (% (U*)gH)) %\ (3.2.5)
(

The option value (resulting from solving the valuation PDE) at initial time level
7, is denote by 5)1, which is turn is used to evaluate 5}2 at time 72. The
procedure for calculating 32 for both the symmetric and the non-symmetric
case is illustrated in Figure 3.1. The implementation is done by first applying

A
Crank-Nicholson scheme with A7y — %, and subsequent use of three time level

AT

| ATy 1 -2 ;
scheme with A — e and Am — 5 Once v is determined, the values

3
form v~ onwards are determined by using three time level scheme. Finally, the

optimal holding strategy given in (1.2.4) is discretized as follows,

+1 i+l j+1 +1 .+l
(r — ) Vi — Vi) o2 v — 2 v
2Ax ' (Ax)? '

(3.2.6)

To discretize the Neumann boundary condition (2.2.2), we used the second order

(u*)g+1 = sign

central difference approximation for v,.

3.3 Valuation of Greeks: Delta, Gamma and Theta

Recall that analytic solution of the European passport option for the particular
symmetric case of r =y = 0, due to Andersen et al. [3] (see Appendiz B of [3])

is,

o) = + M) = (14 DN () = VP + [ Nea)du, (33.)
0
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2AT

.................................................................. 3 TTL

2
Figure 3.1: Procedure to calculate v

with
(4t lel) 1

and the integral in (3.3.1) being explicitly represented by,

5 [ N etu))du = BT — NG+ 2OV N (o) P+ N (2(0)
0

(3.3.3)
Here 7 = 0(T — t) and v(z,t) = f(x,7), where v(z,t) is the analytic solution
of (1.2.5) for r = v = 0. Also, N’ denotes the density function of the nor-
mal distribution. We will now further simplify the solution (3.3.1) given above.

Accordingly, from (3.3.2) we obtain,
e HIVT — (1 4 |z)).

Using this expression in (3.3.3) and the substituting the resulting expression in

(3.3.1) we obtain the solution as,
fla, 1) = a" + N(a(r) = A+ DN (2(7) = V7T) + % [2(T)VT = 1] N(2(7))
b S DN () — VD) + SN (7)),

which can be further simplified to obtain,

£l 1) = 45 [T + 1] N () = (1+ A (o(r) V) + 5 VAN (o).
(3.3.4)
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For the non particular symmetric case, that is 7 = v # 0, we note that if v(z,t)
is the solution to equation (1.2.5) when r = v = 0, then v(z,t)e~"T=? is the

solution to equation (1.2.5) when r =y # 0, i.e.,
v(a,t) = e T |zt 4 %[z(f)ﬁ + 1N (2(7))
S DN () — V) + VN ()] (335)

where, as before,
T = 02(T —t).

As for the Greeks, we first consider the particular case r = v = 0 and derive
the Delta (A) and Gamma (I') when > 0, z < 0 and & = 0 in Subsections
3.3.1, 3.3.2 and 3.3.3 respectively. The expression for Theta (©) in this case is
derived in Subsection 3.3.4. Eventually, the Greeks for the non-particular case

of r =~ £ 0 is given in Subsection 3.3.5.
331 Aand! forr=v=0 (Case 1: z > 0)

In this case, from equation (3.3.4) and (3.3.2) we obtain

fEm) = o+ sEEVE INGE) = 50+ DN () = V7 + 5 VTN (7))

z(t) = ——ln(l\/-;in) + %\/?
Differentiating the above equations with respect to x, we obtain
0 1 , 0 1 -0
A= 8—£ ~ 11 5[2(7')\5—1- 1INV (z(r))£ + <2ﬁ&i> N (z(7))
— SO DN (alr) — V) 0% — LN ((r) =) + 2N (7)) o

(3.3.6)

0z 1

5 = _7(1 O (3.3.7)

Differentiating equations (3.3.6) and (3.3.7), again, with respect to x, we obtain,

PP 1 (‘%)gmzm) + STV + TN (:(7) <8>2

T 022 2 ox ox
b SEVT NGNS + (5v755 ) Metr)
NG (;) (2(r)) — g (a(7) — VT O
Numerical Method for Pricing Passport Option Ph.D. Thesis
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2
-5+ aN e - v ()
22 yA
AN ()~ VDS~ LN (a(r) — V) O
VA 2 22
# VNG (52) + VA o (339
AN (3.3.9)
022~ (1 +22yr 5
In addition,
N ((r)) = \/Le L2 (3.3.10)
N"(2(1)) = —2(T)N'(2(7)), (3.3.11)
N (x(7)) = ((5(7))% = DN (2(7)). (3:312)

3.32 Aand! for r=v=0 (Case 2: z <0)

In this case, from equation (3.3.4) and (3.3.2) we obtain,
fam) = Sl VE A ING) = 5~ DN (e(r) — V7) + 2 V7N (=())
 In(l-2) 1
Z(T) = — \E + 5\/?

Proceeding as in Case 1 (z > 0), we obtain,

:@:%[z(r)ﬁ+ N (2(7 ))gz + (;f—> N(2(1))

ox
A= OWN(elr) ~ VRO 4 LN ()~ V)
+ %ﬁN”(z(T))%. (3.3.13)
= P A (Z) ¢ s ) (2
b ST NGNS + (V7o ) M)
307 (Z) N+ et - D
oo v (Z)
I L R Y
+ %\E " (2(7)) <§;> + 5\5 ”(z(T))g;. (3.3.14)
Numercal Mthad for Pricing Passpot Optio PhD. Thes
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Here,
0z 1
- = - 3.1
or -2/ (3:3.15)
2
1
0 = — (3.3.16)

022 (1— )27
and N (z(7)), N"(2()) and N"”(2(7)) are the same as in the case when x > 0
(i.e, (3.3.10), (3.3.11) and (3.3.12) respectively).

3.3.3 Aand ! forr=~=0 (Case 3: x =0)

In order to study the behaviour of equation (3.3.4) around = = 0, we first observe
from (3.3.2) and (3.3.4)

2(T) = =T — NG + oW + O(a3). (3.3.17)

and

f0,7) = <i¢+%)/\/<%ﬁ> Y <_1ﬁ> + 1 /<1ﬁ> _

which can be further simplified to,

1 1 1 1 1
f(0,7) = (1 + 7') N (—\/?> + =VTN! <;\/F) —=. (3.3.18)
4 2 2 2 2
We will now introduce the following notations,
1 _ =l 2 3
Then,
22
52 = = + O(x?’), (3.3.20)
2
af = —k;’ + ‘% +0(a%), (3.3.21)
22
(aB)? = =+ O(xz3). (3.3.22)
Consider,
1 1 2 1 1.2 _ 142
—z(a+p)?  _ —za° ,—5B% ,—ap
me \/ﬂe e e
1 2
= N(a) <1 —~ §ﬂ2 +O(x3)> (1 B+ (ag) + O( 3))
= N'(a) 1—x—2+0( %) 1+‘ ‘—37—2+—2+O( %)
- or O\ 2 4 g YV
_ W Jo| _2* o 3
= N'(«a) <1 + 5 3 27_) + O(x°) (3.3.23)
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Similarly,

\/%eé(aw)? _ \/12?(5%&26%26&6
- N(o) (1 _ %52 + O(:c3)> (1 +ap+ @ 25) + O ))
= Nla )<1—;Cj+0( )> (1—|§|+f+x82+0(g;3)>
= N(o) ( — ‘;’ - ?’f - ;j) +0(2%). (3.3.24)

We will now derive the expression for N (z(7)),

NGE) = — / 5t

1 e
= N(a)+— / e 2t dt. (3.3.25)
27
(0%
Using the transformation ¢ = « + y, the integral term in (3.3.25) can be written
as
a+p
1
Pt = /e ()’ gy, 3.3.26
= / — dy (3:3.26)

which upon expansion (using integration by parts), gives,

8 B
0 0

5~
3

(3.3.27)
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Using (3.3.17) to (3.3.22) and (3.3.23) we obtain
B
1 1 2 , lz| 2?2 2? || x?
- 5 (@t+y)? gy, — L A
[ (25 -5-5) (o)
0
/ x| 2?2\ (VT ol | 2 3
+N(a) (1 2—8—27> <4—3\f—0—6\f)+0(x)
_ _lal e KAy 3
= _\ﬁN( )+ 4\ﬁN (@) + O(x?) (3.3.28)

Substituting this integral value in (3.3.25) we obtain

N((F) =N (;f> |\le' ( f) + %N’ (;ﬁ> + 0@, (3.3.29)
We will now derive.the expression 68 M(Z(F) — +/7)

2(1) =T
1 1,2
N(z(1) —T1)= — / e 2 dt
(:(r) - V) = o=
—oo
7
_ 142
= — e 2" dt
V2T /
—0o0
—a —a+p
1 142 1 / _1
— S e 2 dt -|— — e 2 dt
V2 V2T
—00 —a
*OH'B
N(=a) + — / —2t gt (3.3.30)
=N(—a)+ — e . .3.
V2T
—Q
Using the transformation ¢ = —a+y, the integral term in (3.3.30) can be written
as
) —a+p 1 B
_lt2 i —1(—Oc+ )2
— e2dt=— [ e 2 Y dy. 3.3.31
V2T V2T 0/ Y ( )
—a

which upon expansion (using integration by parts) gives
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= 12 Bemz (o404 1252 <—;‘ + §> e 30t L 0@GB).  (3.3.32)
V 4T \V 4T

Using (3.3.17) to (3.3.22) and (3.3.24), we obtain

B
1 (a2 lz| 322  2? E
- 7 (—aty) — N 2 2 e
\/ﬂ/e v N(a)<1 2 778 27)( ﬁ+2ﬁ>
0
2 2 2 2
+N/(a>x<1_!w‘+3m_w)(_ﬁ_m+x)+O<x3)

T 2 8 2T 4 3T 6T
L2 A - E A @) + 0
(- 5L+ 2 ) = Zan (@) + O
s 3 e s 00
-~ Llvta)+ Eoaria) + o) (3339

Substituting this integral value in (3.3.30) we obtain

N(a(r) = v/7) = N (—%ﬁ) . %/\/’ (%ﬁ) T j’””fi/w G\/F) +0().
(3.3.34)

Finally, we derive the expression for N’(z(7)) (using (3.3.17) and (3.3.23))

N'(a()) = e 3 C0"
T
- \/1_6_;(0‘_'_[3)2
27
(122 3
= <1+ 5 s " 3 N'(a) + O(z?). (3.3.35)

Substituting (3.3.17), (3.3.29), (3.3.34) and (3.3.35) in (3.3.4) we get

| el R

oo ol ) (i)
n jj;/\/’ (;%)] 4L (1 N ;) N (;ﬁ) O,

which can be further simplified to

fla,7) =%+ <ir— 12 +”12+1>/\/<1ﬁ)

2 2 2
(3T () ()
)G D 6

Numerical Method for Pricing Passport Option Ph.D. Thesis
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2

+ f<1+|x|—f”8—27>/\/’( f>+0(x3)

:x++<ir—‘;’+f+l>1\/<;ﬁ>
(gt e ()
(55 (e (1) (B ) (3

(b BBy (1) oy

16 47
=x+—% |§|+<ir+xj+1>/\f<%ﬁ)
< \F+2f;> < \f>+0( °). (3.3.37)

Using (3.3.37) and (3.3.18) we get

1 |z 1 22 1
f(:c,T)—f(O,T)—x"'—i—fﬂL <47'+4+1>N(2\ﬁ>

(e (347) - (i) (5]

- VTN (3v7) + 3+ 0

:x+_'§+f/\/(1f> 2}/\/’(1\F>+0( )

which can be written as

f(x,T)=f(0,T)+x+%2N (;ﬁ) N’( f) +0(2%). (3.3.39)

2 2VT
From (3.3.39) we can conclude that
af 1
A= =5 (3.3.40)
02 fy, i 1 I~ A
r = i 5N <2ﬁ> + FN (2\5) . (3.3.41)

334 Oforr=v=0

In order to determine the expression for Theta, we differentiate (3.3.4) with

respect to t to obtain,

of 0z or , 0z
A = VNG 4\f()/\/’(())a 2()fN(())at
1, 0z 1 , 1 o7
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1, or " 0z
+4\7N( 2(7 ))EJF \fN( ))875'
where
or 9
Er
0z In(1+|z]) 1
o 2T ( T * 2> '
Upon further simplification, we get,
_of or 1 82 1 o7
0=% = (375 + o5 ) NGO+ (35 + gy )G
1 ; 0z 1 or
- SN CE - v (5 - 55
o o (In(1+ ]w\) ,
= SN T (P ) e
o? In(1+z]) 1Y,
+ 4\f( + |z]) (f = §)N(z(7) — /7). (3.3.42)
3.3.5 A,T"and © for r =~ #0
In this case (r = v # 0), we have
v(z,t) = e 7T f(z, 7). (3.3.43)

Accordingly, we have the Delta, Gamma and Theta for the case r = vy # 0 as,

A = gx ) gi (3.3.44)

Do % - —7<T—t>gjj;, (3.3.45)

e = g;} = yvu(x,t) + eV(Tt)g—{, (3.3.46)

where g, ﬁ and g are the A, I" and © for the case r = v = 0, and have
oz’ 0x? ot

already been derived. The results can now be summarised in the Table 3.1

3.4 Numerical results

In this section, we present the numerical implementation of the valuation of
passport option as well as estimation of Greeks. For the symmetric case, in case
of the particular scenario of r = v = 0, we present the results using the scheme

in Section 3.1. The parameter values are the same as given in Section 2.2 of
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Greek r=v=0 r=v%#0
Delta (A) Eq. (3.3.6) (Case when = > 0) Eq. (3.3.44)

Eq. (3.3.13) (Case when z < 0)
Eq. (3.3.40) (Case when z = 0)
Gamma (I") Eq. (3.3.8) (Case when z > 0) Eq. (3.3.45)
Eq. (3.3.14) (Case when z < 0)
Eq. (3.3.41) (Case when z = 0)
Theta (©) Eq. (3.3.42) Eq.(3.3.46)

Table 3.1: Greeks for the symmetric case when r = ~

Chapter 2. While the simulations were run in MatLab™ for several M (spatial)

and N (temporal) steps, the results presented here are only for M = 800 and

N = 40.

w Analytic Crank-Nicholson Crank-Nicholson Three time Three time
Error level level Error

-20 5.887568 5.886602 0.000966 5.886739 0.000829

-10 8.880836 8.879462 0.001374 8.879995 0.000841

-5 10.830686 10.829025 0.001660 10.829716 0.000970

-2 12.169565 12.167987 0.001578 12.169685 -0.000120

-1 12.646019 12.648500 -0.002481 12.645709 0.000310

0 13.138099 13.129705 0.008394 13.136881 0.001218

1 13.646019 13.648500 -0.002481 13.645709 0.000310

2 14.169565 14.167987 0.001578 14.169685 -0.000120

5 15.830686 15.829025 0.001660 15.829716 0.000970

10 18.880836 18.879462 0.001374 18.879995 0.000841

20 25.887568 25.886602 0.000966 25.886739 0.000829

Table 3.2: Price of the European passport option with S(¢t) = 100,r = 0,y =
0,0 =30%, T —t =1, M = 800, N = 40.

In Table 3.2, we have presented the values of the passport option for various

values of accumulated gain (w).

We compared these values with the ones ob-

tained using Crank-Nicholson scheme [3] and three time level scheme for several

values of w € [—20,20]. While the value of the passport option obtained by both

the schemes is fairly accurate in comparison to the analytic values, it is observed
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that for the three time level scheme, the error was 10~* as compared to 1072 in
Crank-Nicholson scheme for values of w except w = —20, 20 when it was 1072,
Further, near w = 0, it was observed to be 10™3 with a somewhat lesser error in
case of the three time level scheme. The error plot for Crank-Nicholson scheme
and three time level scheme are shown in Figure 3.2 and Figure 3.3 respectively.
It is interesting to observe that in case of Crank-Nicholson scheme (Figure 3.2)
sharp oscillating errors occur near w = 0. But such oscillating errors were not
observed for three time level scheme (Figure 3.3). This clearly illustrates the
advantage of the three time level scheme over Crank-Nicholson scheme, particu-
larly, for estimating values near the w = 0, for larger time steps.

We now analyze the values for the Greeks that are tabulated in Tables 3.3-3.5.
The values of A, given in Table 3.3 shows that the error using three time level
has the order 1073, except at w = 0. More interestingly, it was observed that for
the Crank-Nicholson scheme with values of w = —2,—1,1 and 2, the error was
10~%, which was significantly more than an order of 10~3 for the corresponding
w values using three time level scheme, again highlighting better result using
three time level scheme near w = 0. This advantage is more clearly observed
when we analyze Table 3.4 for the I' values for w € [—5, 5] with three time level
scheme error being of the order 10=2 but the error going up to 10® using the
Crank-Nicholson scheme. Finally, for © values (Table 3.5) it is observed that in
the range w € [—2, 2] the order is 10~ using three time level scheme in contrast
to the order ranging from 10~! to 10! using Crank-Nicholson scheme. The plots
for all the three Greeks are given in Figures 3.4, 3.5, 3.6, 3.7, 3.8 and 3.9.

Finally, for the non-symmetric case of r # -, we use the parameters values
given in Section 2.3 of Chapter 2 (as before), for M = 800 and N = 40. The
tabulated results for the option price using the Crank-Nicholson scheme and
three time level schemes are given in Table 3.6. Further, the results from [3] and
[4] for w = —20, 10,0, 10 and 20 are tabulated for the purpose of comparison.
We also present the values of Greeks for this (non-symmetric) case using the
Crank-Nicholson scheme and three time level scheme in Table 3.7 and Table 3.8.
Note that in both the Tables we have presented the results for several additional

values of w, namely, for w € [—5, 5], similar to the symmetric case.
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w Analytic Crank-Nicholson Crank-Nicholson Three time Three time
Error level level Error
-20 24.697278 24.698551 -0.001273 24.702788 -0.005510
-10 35.700396 35.701400 -0.001004 35.704551 -0.004155
-5 42.433492 42.440953 -0.007461 42.435855 -0.002363
-2 46.874930 47.017061 -0.142131 46.878546 -0.003616
-1 48.421288 48.246636 0.174652 48.423557 -0.002269
0 50.000000 50.000000 -0.000000 50.000000 -0.000000
1 51.578712 51.753364 -0.174652 51.576443 0.002269
2 53.125070 52.982939 0.142131 53.121454 0.003616
5 57.566508 57.559047 0.007461 57.564145 0.002363
10 64.299604 64.298600 0.001004 64.295449 0.004155
20 75.302722 75.301449 0.001273 75.297212 0.005510

Table 3.3: Delta (A) for the European passport option with S(¢) = 100,r =
0,v=0,0 =30%,T —t=1, M =800, N = 40.

w Analytic Crank-Nicholson Crank-Nicholson Three time Three time
Error level level Error

-20 94.397786 94.397796 -0.000010 94.399427 -0.001641

-10 126.276343 126.298902 -0.022559 126.251732 0.024611

-5 143.055007 144.664243 -1.609236 143.018580 0.036426

-2 153.004559 212.785939 -59.781380 152.960696 0.043863

-1 156.260608 -23.632573 179.893182 156.216298 0.044311

0 159.473995 485.870330 -326.396335 159.431300 0.042695

1 156.260608 -23.632573 179.893182 156.216298 0.044311

2 153.004559 212.785939 -59.781380 152.960696 0.043863

5 143.055007 144.664243 -1.609236 143.018580 0.036426

10 126.276343 126.298902 -0.022559 126.251732 0.024611

20 94.397786 94.397796 -0.000010 94.399427 -0.001641
Table 3.4: Gamma (I') for the European passport option with S(¢) = 100, =
0,vy=0,0=230%,T —t=1, M =800, N = 40.
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TH-1713_ 126123010



CHAPTER 3

39

w Analytic Crank-Nicholson Crank-Nicholson Three time Three time
Error level level Error
-20 -6.116977 -6.116672 -0.000304 -6.116917 -0.000059
-10 -6.875747 -6.874837 -0.000910 -6.874321 -0.001426
-5 -7.097317 -7.092456 -0.004860 -7.095469 -0.001848
-2 -7.163367 -6.997160 -0.166208 -7.160927 -0.002440
-1 -7.173065 -7.762702 0.589637 -7.170778 -0.002287
0 -7.176330 -6.081327 -1.095002 -7.174409 -0.001921
1 -7.173065 -7.762702 0.589637 -7.170778 -0.002287
2 -7.163367 -6.997160 -0.166208 -7.160927 -0.002440
5 -7.097317 -7.092456 -0.004860 -7.095469 -0.001848
10 -6.875747 -6.874837 -0.000910 -6.874321 -0.001426
20 -6.116977 -6.116672 -0.000304 -6.116917 -0.000059

Table 3.5: Theta (©) for the European passport option with S(t) = 100,r =
0,v=0,0 =30%,T —t=1, M =800, N = 40.

w Anderson et al. [3] Topper [4] Crank-Nicholson ~ Three time level
—20 10.4261 10.4293 10.427921 10.432338
-10 13.5100 13.5113 13.508944 13.514268
0 17.4323 17.4423 17.435007 17.442783
10 22.3741 22.3734 22.371212 22.377016
20 28.2277 28.2249 28.225034 28.230189

Table 3.6: Price of the European passport option with S(¢) = 100,r = 5%,y =
4.5%,0 = 30%,T —t =2, M = 800, N = 40.
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w Price Delta Gamma Theta

-20 10.427921 27.140605 68.246932 -4.115058
-10 13.508944 34.770677 84.645747 -4.195941
-5 15.357117 39.215016 90.190765 -4.176121
-2 16.578253 42.132478 81.283541 -4.206566
-1 17.004120 43.060747 75.290057 -4.206532
0 17.435007 44.135347 176.527558 -3.743239
1 17.886694 45.255233 81.927855 -4.137834
2 18.344259 46.249159 89.108106 -4.097518
5 19.778059 49.407580 98.823492 -3.930423
10 22.371212 54.245622 91.933461 -3.703986
20 28.225034 62.507636 73.750364 -3.129258

Table 3.7: Price and Greeks for the European passport option with S(¢) =
100,7 = 5%,y = 4.5%,0 = 30%,T —t = 2, M = 800, N = 40 using the Crank-
Nicholson scheme.

w Price Delta Gamma Theta

-20 10.432338 27.147470 68.237007 -4.114607
-10 13.514268 34.776898 84.712313 -4.195143
-5 15.362458 39.235528 93.695734 -4.162591
-2 16.582578 42.130158 99.264913 -4.115419
-1 17.008325 43.131283 101.143554 -4.094907
0 17.442783 44.148715 103.030651 -4.072198
1 17.891299 45.191969 104.928401 -4.045941
2 18.348975 46.247610 106.229700 -4.017377
5 19.783762 49.391745 102.135086 -3.916951
10 22.377016 54.242598 91.990209 -3.702919
20 28.230189 62.503378 73.681949 -3.128569

Table 3.8: Price and Greeks for the European passport option with S(t) =
100,7 = 5%,y = 4.5%,0 = 30% and T —t = 2, M = 800, N = 40 using three
time level scheme.
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Figure 3.2: Error plot of price for the European passport option with S(¢) =
100, = 0,7 = 0,0 = 30%,T —t = 1, M = 800, N = 40 using the Crank-
Nicholson scheme.
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Figure 3.3: Error plot of price for the European passport option with S(¢) =
100,7 = 0,7 = 0,0 = 30%,T —t =1, M = 800, N = 40 using three time level
scheme.
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Figure 3.4: Delta (A) for the European passport option with S(t) = 100, =
0,v =0,0 =30%,T —¢t =1, M = 800, N = 40 using the Crank-Nicholson
scheme.
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Figure 3.5: Delta (A) for the European passport option with S(¢) = 100,r =
0,v=0,0 =30%,T —t =1, M = 800, N = 40 using three time level scheme.
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Figure 3.6: Gamma (I') for the European passport option with S(t) = 100,r =
0,y =0,0 =30%,T —¢t =1, M = 800, N = 40 using the Crank-Nicholson
scheme.
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Figure 3.7: Gamma (I") for the European passport option with S(¢) = 100,r =
0,v=0,0 =30%,T —t =1, M =800, N = 40 using three time level scheme.
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Figure 3.8: Theta (©) for the European passport option with S(¢) = 100,r =
0,y =0,0 =30%,T —¢t =1, M = 800, N = 40 using the Crank-Nicholson
scheme.
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Figure 3.9: Theta (O) for the European passport option with S(¢) = 100,r =
0,v=0,0 =30%,T —t =1, M =800, N = 40 using three time level scheme.
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3.5 Conclusion

In this chapter, we considered the problem of pricing and estimation of the
Greeks for the European passport option and solved it numerically using three
time level scheme for the larger time steps, for both the symmetric and non-
symmetric case. The numerical scheme is second order accurate in both temporal
and spatial direction. We also derived the analytic value of three Greeks, namely
Delta, Gamma and Theta, in the symmetric case. Finally, we observe three time
level scheme giving better results as compared to the classical Crank-Nicholson
scheme, near the zero accumulated gain, for the large time steps. The advantage
of the three time level scheme is more evident when we numerically evaluated

the Greeks, particularly Gamma and Theta near the zero accumulated gain.
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Chapter 4

Pricing of American passport
option using three time level
scheme

In this chapter, the problem of pricing American passport option is considered.
American options are more flexible than Furopean options since they can be
exercised at any time on or before the expiration date of T'. For American
passport option, the holder has the choice of liquidating the trading account
and retaining the accumulated gain at any time on or before the expiration
T [7]. The rule for such early pre-expiration exercise of an American option is
the maximization of the conditional expected value (under P*) of the discounted
payoff [39]. Accordingly, for the (z,¢) domain, the region of continuation or
holding (when the option is not exercised) is determined by v(z,t) > 2T and the
region of stopping or exercise (when the option is exercised) is determined by

v(z,t) = 2t [39,40]. Therefore the option value v(z,t), satisfies the following,

Lv(z,t) = yo(z,t),v(z,t) >zt for (z,t) € R,

where )

Lo(z,t) = % + (u* —z)(r — ’y)% + %(u* — x)zaQ%.
Also Re = {(z,t) € R x [0,T] : v(z,t) > zt}
and R, = {(z,t) € R x [0,T] : v(z,t) = z"} are the continuation and stopping
region respectively. The spatial domain [Zmin, Tmax| has the boundary conditions
U(Zmin, t) = 0 and v(Tmax, t) = Tmax for all ¢ € [0,T] [7]. Thus, the complemen-

tarity problem for the value v(x,t) of American passport option for the domain

46

TH-1713_ 126123010



CHAPTER 4 47

R = {(x7t) € [xminvxmax] X [O,T]} is given by

(Lo(z,t) = yo(x, 1)) - (v(z,t) — 2T) =0,

Lo(x,t) < yv(x,t) and v(z,t) > zT,

v(z,T) =z, for all 2 € (Tmin, Tmax),

V(Zmin, t) = 0 and v(Zmax, t) = Tmax for all ¢t € [0,T].

(4.0.1)

Using the transformation 7 =T — ¢, the above complimentary problem for the

domain, R, = {(z,7) € [Tmin, Tmax] X [0, 1]} becomes,

(Lrv(@,7) = yo(2,7)) - (v(2,7) —27) =0,
< >wih

Lrv(z,7) < ~vyv(x,7) and v(z,7) > T, (4.0.2)

v(z,0) = 27, for all € (Tmin, Tmax)

V(Zmin, 7) = 0 and v(Tmax, T) = Tmax for all 7 € [0, T1.

where

v N ov 1, , 0%
Lov(z,T) = = + (u* —z)(r — fy)% + §(u — a:)202$.

4.1 Numerical implementation

The discretization in the spatial and temporal direction are the same as already
given in Chapter 2 and Chapter 3, i.e., ; = Tpin+ (i—1)Az (i =1,2,..., M+1)
and 77 = (j—1)AT (j =1,2,...,N+1), with Az = w and At = %
We will use the Crank-Nicholson and three time level scheme [36-38] as discussed
in Chapter 3 to discretize the problem (4.0.2). As done previously v(x,7) at the
grid point (xl-, I ) is denoted by vf .

4.1.1 Crank-Nicholson scheme
The discretization of (4.0.2) using Crank-Nicholson scheme is as follows

Fori=2,3,....M, j=1,2,...,N
(€ = 300] +e™) - (o] ~ ) =0,

. . 1 )
(Lro)] < 3] + 0] ™) and o] > 2, (4.1.1)
1 .
v; :xj,forz: 1,2,...,M+1,
’U{ =0 and “g\/.[+1 = Tpax for j =1,2,..., N + 1.
Numerical Method for Pricing Passport Option Ph.D. Thesis
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where
. 4 B I T it
(‘CTU)g — i i + 5(7‘ - 'Y) ((u*)_g o xz) [ i+1 1—1 + i+1 i—1

2Ax 2Azx

) [ 2t o2 s
' (Az)? (Az)?

(4.1.2)

In order to represent (4.1.1) in the matrix form, we define, Vi= [U%, Ug, e ,U%AT

with the initial value vector (payoff vector) being given by V! =11 = [, 21, ... ,xL]T.
Let A7 and B’ be tridiagonal matrices with lower diagonal entries (al)g, (bl)g,
diagonal entries (az)g , (bg)g and upper diagonal entries (ag)g, (bg)g respectively,

being given by

p j q j
()] = ~Eo*(ad? + 2~ )od,
. A .
(a)i = 1+ 357 + S0’ (o)),
()] = =G0’ (0])? = 3(r =)o,
p j q j
(b1)! = 2o?(0d)? ~ L(r ~ 7)o,
YAT p ;
(b2)] =1 — 5 502(04)2,
p j q j
(b3); = J0%(a)* + 7 (r — ),
4 4
. n AT AT . o
where of = ((u*)! — x;), p = Ao and ¢ = N Using the above notation,
(4.1.1) can now be written as sequence of linear complementarity problem as
follows
For j=1,2,....N
(ATVITY _ BiVi — gd) (VI —TI) = 0, (4.1.3)
ATyt > BivVi +gj7
V7>,
where
i— o0 b ol gy it ]
g ) 7"'7( S)MUMJrl (a3)MUM+1 :

4.1.2 Three time level scheme

As observed in Chapter 3, the coefficient of the diffusion term for (4.0.2) being

non-smooth, we will use Scheme 9 [36] (pp. 190), which is essentially a three
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time level scheme. The discretized version of (4.0.2) using three time level finite

difference scheme [35-37] (as discussed in Chapter 3) can be written as,

Fori=2,3,....,M, j=2,3.....N
<(QTv)j+1 - 'yvgﬂ) . (v?“ — x*) =0.

i 1
(Qw){“ < ’vaﬂand u{“ >af (4.1.4)

vl =af, fori=1,2,..., M +1
v{:()andvgml:mmaxforjzl,Q,...,N+1.

i 2 AT 2 AT

j+1 41
Vir1 — Vi1
2Ax

where

+ (=) (@) - =)

j+1 i+, g+l
+ l 2 ( *)j A 2 Uzq—l F 21}3’ + Ug-i-l
g7 W)~ (Ao

(4.1.5)

Defining the tridiagonal matrix €7 with lower diagonal entries (cl)g , diagonal

entries (CQ)g and upper diagonal entries (03)g being given by

. p . q .
()] = 2o+ £(r =)ol

2 (3
.3 ;
(@)] = 5 + A7 + po(ad)?,
. p . q .
()] = ~2o?(ad)? = L~ e,

we can write (4.1.1) as sequence of linear complementarity problem as follows

Forj=2,...,N
. . . .
(CIVItt —ovi 4 QVJ—l — ) (VI 1) =0,

L Nl ]
CIVItL > oyd 51/]*1 + h, (4.1.6)
Vj-‘rl > H’
where
, o
hi = [0, 0., —(es)l olfl,

However, for reasons already justified in Chapter 3, we will use the Crank-
2 1
Nicholson when estimating the value v using v as discussed in Figure 3.1.

Further, the discretization of u* is same as equation (3.2.6) in Chapter 3.
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The discretized pricing problem will now be solved through both the scheme
outlined, using the Brennan-Schwartz algorithm [41,42] and the PSOR method
[40,43]. i.e., using the four algorithms (outlined below). Hence Algorithm (2)
and Algorithm (4) is used to solve linear complementarity problem (4.1.3) using
the Brennan-Schwartz algorithm and the PSOR method respectively. Brennan-
Schwartz algorithm is used to solve the matrix form of linear complementarity
problem arising from the implicit discretization of linear complementarity prob-
lem. This algorithm is analog of Thomas algorithm for solving the system of
linear equations. The main idea here is to transform the tridiagonal system to
a lower bidiagonal system and then solving this system by imposing the early
exercise condition. PSOR is the variation of SOR obtained by incorporating the
early exercise condition. Analogously, Algorithm (3) and Algorithm (5) are used
to solve the linear complementarity problem (4.1.6) using the Brennan-Schwartz
algorithm and the PSOR method respectively. We note that the implementation
of Algorithm (4) and (5) requires the over-relaxation parameter w to lie between

0 and 2. For the purpose of this work, it is chosen to be w = 1.5.

Algorithm 2 Crank-Nicholson Brennan-Schwartz Algorithm

1: procedure START
2 Vi1
3 for j=1,2,...,N do
4: oJ — BIVi + g’
5 ((fg)jl — (CQ)%
6 ()] + (@)1
7 for k=3,4,...,M do
8: (d2)t_q « (a2)i. — (a3)]_, <(Ea1]?‘;1 )
d2)y_o
- . " J
o @) (@, - @ ()
10: end for
11: v« max (2T (q))g””)
. M My (a2)§w—1
12: fork=M-1,M—2,...,2do
A Y g, g+l
13: v] + max | 2, W)
14: end for
15: Vith «vi
16: end for

17: end procedure
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Algorithm 3 Three Time Level Brennan-Schwartz Algorithm

1:
2
3
4
5:
6
7
8
9:

10:

11:
12:

13:

14:
15:

procedure START
Vel
V2 < Calculated as discussed in Section (4.1.2) using Algorithm (2)
for j =2,3,...,N do

®J ¢ 2VI — VIt 4 i

(G2)] = (c2)y
(@)1 + ()
for k=3,4,...,M do

(@ (el = ey ()

2
o ! . )
(@)1 < (@)1 = () 5 | lj)k
(CQ)k_Q

end for :
o H\J

1}‘]7\;—1 < max x&, (?)JJ-”*I

(CQ)M—l

. SV (w7 gt
fork=M—-1,M —2,...,2 doviﬂ%ma}c(xz,%%)
2)k—1
end for

end for

16: end procedure

Algorithm 4 Crank-Nicholson PSOR Algorithm

1:
2
3
4:
5:
6
7
8

®

10:
11:
12:
13:
14:
15:

procedure START
vien
for j=1,2,...,N do

v+20
VIithy
repeat o .

o) BV + ¢

fori=2,3,...,M do

1 M M
: -l o ilwa
I o, — Z AR VI — Z A V7

Al

i1 k=2,k>1 k=2k<i
Jj+1lv+1 + Jj+1,v v+1 Jj+1,v
Viiy —max |z, V7 +w (I -V
end for
v+rv+1

until ||[VITLv L yithy) ) < Tolerance, Tolerance = 1075
ViHL AL+l

end for

16: end procedure
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Algorithm 5 Three Time Level PSOR Method

1: procedure START

2 Vel

3 V2 < Calculated as discussed in Section (4.1.2) using Algorithm (4)

4 for j =2,3,...,N do

5: v+« 20

6 VIthy o 11

7 repeat

8 P 2V — %VH + h?

9 fori=2,3,...,M do
1 , M . M T

10: R ek o o] | - Z CLVITH Z RV
i k=2,k>i k=2,k<i

11: Vijjll’yﬂ — max (wj, szjll'/ +w (F;’fll = VZJ_+11”)>

12: end for

13: vi<v+1

14: until ||V yithy) ) < Tolerance, Tolerance = 107°

15: IZARRSRCARan

16: end for

17: end procedure

4.2 Numerical results

The numerical results using both the Crank-Nicholson and three time level
scheme for the European and American passport option are illustrated here.
The spatial domain chosen for the numerical simulation is [Zmin, Zmax] = [—4, 4]
with expiration T' = 2 [7]. The model parameters chosen are the same as used
in Chapter 2 and Chapter 3 [3,4,7] for the non-symmetric case. Note that we
do not present the results for the symmetric case since the values of American
passport option is the same as European option for the symmetric case. In the
absence of any known analytic solution for American passport option, we com-
pared our results to that of [3,4,7] using a smaller grid size of 200 x 25. The
implementation was carried out using Algorithms 2-5. The results for the option
price along with the comparative percentage difference from the results in [3,4,7]
are tabulated in Table 4.1.

Finally, the value of American passport option for the range (0.5% —50%) of
volatilities o are illustrated in Figure 4.1, where it is clearly observed that the

prices increase as a result of the increase in the volatility using Algorithms 2-5.
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Table 4.1: Comparison of values of two-year European and American passport
option for S(t) = 100,r = 5.0%, v = 4.5%, 0 = 30%, using a 200 x 25 grid.

w -20 -10 0 10 20
Andersen et al. [3] European 10.4261 13.5100 17.4323 22.3741 28.2277
Grid: 800 x 100 American 10.6031 13.7776 17.8418 23.0050 29.1764
Topper [4] European 10.4320 13.5135 17.4438 22.3760 28.2295
Grid: 400 x 800 American 10.6150 13.7902 17.8668 23.0298 29.2135
Chan [7] European 9.8227 13.1341 17.3495 22.5645 28.6424
Grid: 200 x 25 American 9.9953 13.4065 17.7788 23.2348 29.8568

European 10.3844 13.4585 17.3819 22.3106 28.1623

% (3] 0.40 0.38 0.29 0.28 0.23

% [4] 0.46 0.41 0.35 0.29 0.24
Algorith 3 % [7] -5.72 247 -0.19 113 1.68

American 10.5972 13.7701 17.8457 23.0092 29.1957

% [3] 0.06 0.05 -0.02 -0.02 -0.07

% [4] 0.17 0.15 0.12 0.09 0.06

% [7] -6.02 2.71 -0.38 0.97 2.21

European 10.4022 13.4791 17.4046 22.3342 28.1859

% (3] 0.23 0.23 0.16 0.18 0.15

% [4] 0.29 0.25 0.22 0.19 0.15
Algorithm 3 % (7] -5.90 -2.63 -0.32 1.02 1.59

American 10.6040 13.7785 17.8550 23.0186 29.2044

% [3] -0.01 -0.01 -0.08 -0.06 -0.10

% [4] 0.10 0.08 0.07 0.05 0.03

% (7] -6.09 -2.77 -0.43 0.93 2.19

European 10.3844 13.4585 17.3819 22.3106 28.1623

% (3] 0.40 0.38 0.29 0.28 0.23

% [4] 0.46 0.41 0.35 0.29 0.24
Algorithm 4 % [7] -5.72 -2.47 -0.19 1.13 1.68

American 10.5720 13.7422 17.8161 22.9795 29.1675

% (3] 0.29 0.26 0.14 0.11 0.03

% [4] 0.41 0.35 0.28 0.22 0.16

% [7] -5.77 250 0.21 1.10 2.31

European 10.4022 13.4791 17.4046 22.3342 28.1859

% (3] 0.23 0.23 0.16 0.18 0.15

% [4] 0.29 0.25 0.22 0.19 0.15
Algorithm 5 % [7] - 5.90 -2.63 -0.32 1.02 1.59

American 10.5940 13.7673 17.8430 23.0064 29.1927

% (3] 0.09 0.07 -0.01 -0.01 -0.06

% [4] 0.20 0.17 0.13 0.10 0.07

% (7] -5.99 -2.69 -0.36 0.98 2.22
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Price

-30 -20 -10 0 10 20 30 40
Accumulated Gain

(a) Algorithm 2

Price

-30 -20 -10 0 10 20 30 40
Accumulated Gain

(c) Algorithm 4

Price

Price

0
—40

-30 -20 -10 0 10 20 30 40
Accumulated Gain

(b) Algorithm 3

-30 -20 -10 0 10 20 30 40
Accumulated Gain

(d) Algorithm 5

Figure 4.1: Price of an American passport option with S(¢) = 100,r = 5.0%,~ =
4.5% and T — t = 2 for o = 5% — 50%, using a 200 x 25 grid.

4.3 Conclusion

In this chapter, we considered the problem for pricing American passport option
using three time level scheme. The discretization of the pricing PDE naturally
leads to a sequence of linear complementarity problems, the solution to which
is obtained using the Brennan-Schwartz algorithm and PSOR method. The ad-
vantage of three time level scheme as compared to the classical Crank-Nicholson
scheme in case of European passport option was detailed in the preceding chap-
ter and the similar advantage was observed for the American passport option in

this chapter.
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Chapter 5

Higher order compact schemes
in pricing of passport options

In this chapter, we seek to obtain more precise and accurate solution for the
pricing PDE (1.2.3) on a compact stencil through higher order compact (HOC)
schemes. Taking into account the specific type of PDE for the passport option,
we focus on those HOC schemes, for which the coefficient of the PDE need not
be smooth [44-47]. We considered a set of fourth order HOC schemes for solving
the equation (1.2.3) with the boundary and final conditions as given in (2.2.1)—
(2.2.3) to obtain the price for passport option (both European and American).

Equation (1.2.3) can be written as

ov OV 02
a—i—fl(%u )%—FB(.T,U)

<

= v, (5.0.1)

[\

Q

X

where A(z, u*) = (u* — z)(r —v) and B(z,u*) = 3 (u* — z)2%02%,

5.1 The higher order compact schemes

We present the compact difference schemes both for the interior as well as the
boundary points, following the approach in [44]. Accordingly, let At denote the
uniform temporal mesh size with the m-th time point being t" = mAt, m =
0,1,...,N, where N is the number of temporal intervals and At = % For the
spatial uniform mesh, we consider M spatial points x; = Tmin + (j — 1)Az, j =

Tmax — Tmi
1,2,..., M, with the mesh size being Az = = 2

(M —1)
of v(z,t), vy(x,t), vap(x,t) and u*(z,t) at the point (x;,¢™) are denoted by

. The approximation

v, (V)]s (vz)]" and (u®)]" respectively. We note that the temporal semi-

discretization of equation (5.0.1) using the Crank-Nicholson implicit method

95
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(CNIM) is given by,

m+1 _ oM

vj = J +A(xj,(u*)m+1>

+1 +1
(vaw) T + (vm)}”] _ [M (5.1.1)

5 (a5, ()] [ 5 5

We now construct the fourth-order approximation for the term (v;)7" and (vzz)7"-

5.1.1 The interior points

We first consider all the interior points (z;,t™), where j = 3,4,...,M — 2 and

m =0,1,...,N — 1. The following compact schemes [46,47] are used to derive

e

a fourth-order approximation to (vz)]

vt =t
e S (5.1.2)

a1(ve) 4y 4 b1(ve)]" + c1(ve)jig = 5AL

where the coefficients a1, b; and c¢; have to be determined. In order to determine
these coefficients, Taylor series expansion for the terms (v;)7, ; and (vz)7" | about

the point (x,t™) is carried out as follows.

)3
(Vaza)] & %(vmm);" + O((Az)Y).

(5.1.3)

Similarly, the Taylor series expansion for the terms vji; and vj”; about the

(Az)?

(0)fi1 = (02)] & A(v5)}' + =5

point (z;,t™) are given by

(Aa)?

n, (Az)?

? 2
Using (5.1.3) and (5.1.4) in (5.1.2) leads to

vt = vy £ Az(vg) (V)] £ (Veza)]" + O((Ax)Y). (5.1.4)

” 3 (Az)?
(al + bl ¥ Cl)(vx)j + (al - Cl)A$(Uxx)j + (al 14 Cl) 9 (U:L‘a:x)j
X 3 X 2
+(a1 — cl)ﬁ(vmm)gl +0((Az)Y) = (v2) ] + M(vm);«” + O((Ax)b).

6 6

Comparing the corresponding coefficients of (Az)?, (Ax)!, (Az)? and (Ax)3 on
both sides, we get,

1
a1 +bi+ci=1, a1 —c1 =0, a1—2|—61 :6.

On solving the above linear system of equations, we get,

1 b 2
al =C = - 1= =-
6’ 3
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Substituting these values in (5.1.2) we obtain

1 1 3 [vih — ot
HO )+ e = 5 [ TR0,

j=34,....M -2, m=0,1,...,N —1. (5.1.5)

Now we will derive fourth-order approximation to (v4;)7" on the lines of (v,)7

J J
as follows [46,47],

m 9, m m
Vit — 25 o

(Az)? ’

a2(vxz)ﬁ1 + bZ(Ua:x);n + CQ(Umx)?_l = (516)

where the coefficients ao, by and cs have to be determined. In order to determine
these coefficients, Taylor series expansion for the terms (vy)7%; and (ves)]y

about the point (x;,t™) is carried out as follows.
m m m (A'r)Q m (Ax)?) m 4
(Vzz)ji1 = (Vaa)}' £ AZ(Vgaa)]" + " (Vaaaa)]' + (Vazaza)j +O((A2)7).
2 6
(5.1.7)

Using (5.1.4) and (5.1.7) in (5.1.6) leads to

(ag + by + 02)(vm)§~n + (a2 — c2) Az (Vzer) (A;E)Q
(An)?

6

7+ (a2 +c2)

)4
(Vowzzz)j + O((Az)*) = (Ve )] + %(U:ﬂxmx);n + 0((Az)Y).

('U:ma:w)gn

+(a—c)

Comparing the corresponding coefficients of (Ax)?, (Az)!, (Az)? and (Ax)3 on
both sides we get

as + Co 1
+byg+cog=1 —Ccy = = .
as 5 + o , ag—ca =0, 5 1

On solving the above linear system of equations, we get

by = —.

a2202:1_27 6

Substituting these values in (5.1.6) we obtain,

1 1 6 [vji — 20" + vy
ﬁ(vxx)ﬂl + (Ua:a:)gn + E(Uxx)ﬁl = 5 (ASL‘)Q )
j=34... M—-2 m=0,1,...,N —1. (5.1.8)

5.1.2 The boundary points

We next consider the fourth order approximation to (vy)5", (vae)y', (Ve)iy_1

and (vgz)7y_, near the actual boundary points x1 and 7. At the left boundary
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(1,t™) we have the Dirichlet boundary condition, v(x1,t™) = 0. The following
compact schemes are used to derive a fourth-order approximation to (v)5" for
m=0,1,...,N —1,

1
di(vz)5" +e1(vg)y' = Az (fivl* + qrvy' + hvg'), (5.1.9)

where the constants, di,e1, f1,¢1 and h; have to be determined. Note that v]"
is the known boundary condition. Multiplying both sides of (5.1.9) with Az, we
get

diAz(vg)y' + e1Ax(vg)5" = (fro]* + g1vy" + hivg') . (5.1.10)

By Taylor series expansion of each of the terms about the point (z1,t™), we get

o = o+ @) + B yp+ B0+ o(an),
o = o+ aa)n)p + EE e+ P20y oA,
00 = (07 + (An) el + B 07+ O((AD)),
(0205 = (07 + 2AD) o) + o 0+ O((AD))

Substituting these expansions in (5.1.10) and after simplification we get,

(Az)®
2

(Vaza)1"

(dy + e1)(Az)(ve) T + (di + 2e1)(Az)*(Vge) " + (dy + deq)
+O((Az)") = (fi + g1 + h1)oi* + (g1 + 2h1) (Az) (v)T"

+ (g1 +40) B 07 + (01480 B ()p + OB, (5111)

6
Comparing the corresponding coefficient of (Az)°, (Az)!, (Ax)? and (Az)? on
both sides, we get,

+ 4h dy + 4e + 8h
fitgi+h1 =0, di+er = gi+2hy, dl-l-2€1=g1 5 T, 5 L9 5 L

which gives,
dy =2e1, fi=-e1/2, g1=—2e1, h1=(5/2)e;.
The value of e; being free, we choose e; = 2 which gives,
di=4, e1=2, fi=-1, ¢gp=-4, hy=5.

Substituting these values in (5.1.9) we obtain,

1
4(vg)y' +2(vg)5" = Ar (=" — 4vg" + 5v3") . (5.1.12)
T
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The following compact schemes are used to derive a fourth-order approximation
to (vge)y' for m=0,1,...,N —1,

(Vaz )y + k(Vgz)5 = (k1vi" + kovy' + ksvg® + kav)" + ksvl' + kevg')

(5.1.13)

where the constants k, ki, ks, k3, k4, k5 and kg are constants to be determined.

1
(Az)?

By Taylor series expansion of each of the terms about the point (x1,t™), we get,

m m m Ax)? m Az)3 m Az)? m
vy =o' + (Az)(vs)] +( 2) (Ve )T +( 6) (Vaza)1" + ( 24> (Vewza)T
(Aﬂ?)5 m 6
+ 120 (Vazaza)1’ + O((A)),
m m 2Ar)? m . (2Az)3
o = o + AP + 250 ) + P )y
2Az)? m - (2A7)° m
( 24) (Vaaaa )1 +%(vmmm)l +0((Ax)"),
Lo . (3Ax)? . (3Ax)3 m
o = o + A + S ey 2
3Az)? m o (BAz)° m
( 24) (Vazzz)T +%(vmmx>1 +O((A$)6):
m m . (4Ax)? m o (4Az)3 m 4Az)? m
vg' = 1" + (4A7)(vz)] +( 9 ) (Vo2)T "‘%(Uzzx)l +%(Umm)l
4Ax)? m
(12())(Uxmm)1 —|—O((Aaz)6),
- m m 5Ax)? m 5Az)3 m 5Ax)4 m
vg' = 1" + (5A7)(vs)] +( 9 ) (Vo2)7 +( 6 ) (Vaza) +( 24) (Vowzz )1
5Ax)>
( 120) (Vowzzz)l” + O((Am)G),
Azx)? Az)3
(V22)5" = (Vaa)T" + (AZ) (Vawa)]" + ( 2 : (Vozaa)1" + ( 6 ) (Vawaez)]" + O((Az)Y),
m » . (2A1)? . (2Ax)3 .
(Vaz)3" = (Va2)T" + (2A2) (Vyz2)7 +( 9 ) (Vawwa )T +( 6 ) (L1 +O((A$)4)~
Substituting these expansions in (5.1.13) and after simplification we get
(1 + k) (vz)" + (1 + 2k) (A2) (vaaz)T" + (1 + 4k) (Vazaa)'+
(A:‘L‘)g m 4 1 m
(14 8k) == (vrwaaa) " + O((A2)") = (ka + ka + ks + ka + ks + ko) ok
1 m
+ (ko + 2k3 + 3kq + 4ks + 5]?6)@(%)1
1
+ (kg + 2%k3 + 3%ky + 4%k5 + 5%6)5(%)?
A
+ (k2 + 23k + 33Ky + 43ks + 53k6) (&) (Vaaa)1"
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[\

(Az)
24
Ax)
120

+ (kg + 2%z + 3%kq + 4%ks + 51k¢)

(Ua;a:xz)gn

w

—~

+ (kg 4 2°ks + 3%ky + 4%ks + 5°kg) (Vawzzz) T + O((Az)Y).

Comparing the corresponding coefficients of (Az)~2, (Ax)~!, (Ax)°, (Az)!,
(Ax)? and (Ax)3 on both sides, we get,

ki4+ ko +as+ kg + ks + ke =0,

ko + 2ks + 3ky + 4ks + 5ke = 0,
ko 4+ 22ks + 3%ky + 42ks + 5%ke = 2+ 2k,
ko + 23ks + 33ky + 43ks + 5%kg = 6 + 12k,
ko + 2%ks + 3%y + 4%ks + 51ke = 12 + 48k,
ko + 2°ks + 3°kg + 4°ks + 5°kg = 20 + 160k.

The value of k£ being free, we choose k = % to obtain

19 v 19 11 13 1

1 247 3 127 4 67 5

Substituting these values in (5.1.13) we obtain,

1 1 19 7 19 11 13 1
(028 + 50 =z (53 = 157~ T3F + GoF — 3408 + 15
(5.1.14)

At the right boundary (zps,t™) we have the Neumann boundary condition,

—r(T—t™) .

ve(xpr, t™) = e The following compact schemes are used to derive

a fourth-order approximation to (vg)4;_,

da(ve)f_o + e2(ve)—q + folve) iy = goui_1 + hgv]\"j,z) ,  (5.1.15)

Al
(Az)
where the constants ds, ea, fa, go and ho are to be determined. Multiplying both
sides of (5.1.15) by Ax we get

daAx(v3)j7_o + €283 (va)§_1 + foAw(va)i; = (920871 + hovlif_y) . (5.1.16)

By Taylor series, expansion of each of the terms about the point (zas,t™), we

get,
m m m (A.T)2 m (Ax)?) m 4
var—1 = vir — (Az)(ve)3r + 9 (Vaa)nr — T(U:c:c:c)M + O((Az)"),
m m o (2082)2 L (202)° m
Vpr—2 = Uy — (2Az)(vg) 3 + 9 (Vo)1 — (Voza) s + O((A:c)4),
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(Aa)?

(V) h—1 = (V)3 — (Az)(vea)ir + 9 (Vowa)r + O((Aw)3),
(2Ax)?

(V) hi—2 = (V)i — (2A2)(vaa) iy + B

Substituting these expansions in (5.1.16) and after simplification we get

(ot ) () s — 0+ e2) (B2 o)y + (3 +e0) B )

(Vawa)hr + O((Ax)g)-

T 2
FO(AR)") = g2+ ha)ofy — 2+ 20) D)0y + (02 + 412 B ()
~ (g2 + 8ha) (Ag)B (vawa) 3y + O((Az)). (5.1.17)

Comparing the corresponding coefficients of (Az)Y, (Az)!, (Az)? and (Azx)3 on
both sides, we get,

g2+4hy 4dytex g2+ 8h
2 7 6

g2+he =0, fotdotes = —go—2hy, —2da—es =
which gives
dy = —(5/12)hy, fo=h1/12, ga = —ha, ea=—(2/3)hs
The value of ho being free, we choose hy = —12 to obtain
do=5, er=8, fo=—1, go=12, ho=—12.
Substituting these values in (5.1.15) we obtain,
5(vz) Ty 54 8(ve)T 1 = (vo)iy + Al (12v7_; — 120%;_,) . (5.1.18)

The following compact schemes are used to derive a fourth-order approximation

to (chc)n]\}[—lv

d3(vm)T/l—2+e3(Um)M—1Jrrxf?u(vx)nj\}l = W (QSUM—l i hSUM—Q) , (5.1.19)

where the constants ds, es, f3, g3 and h3 are to be determined. Multiplying both
sides of (5.1.19) by (Az)? we get

d3(A$)2(UM)TJ—2 + 63(Ax> (Vaz) -1 + f3Az(va) (93UM 1+ havyr_ 2)

(5.1.20)
By Taylor series expansion of each of the terms about the point (zps, "), we get
m m m Azx)? m Ax)3

i1 = ot - B + S gy - B () +O((89))

U2 = vir — (282)(va)r + T(”m)M T 6 (Ua:m)M +0((Az)Y),
(Vo) 11 = (Vaa) i — (A2)(Vgza) iy + O((Ax)Q),
(Voa) -2 = (Vza)3r — (2A2) (Vaaa) 3y + O((A$)2)~
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Substituting these expansions in (5.1.20) and after simplification, we get,

F3Az(v2) 5 + (ds + e3)(A2)*(vza) 3y — (2d3 + €3)(A2)* (Vaza) 3y + O((Az)?)

= (g3 + h3)vir — (g3 + 2h3)(Az)(v2) 7 + (93 + 4h3) (Vza )01

2
Ag) (Vaza)Ts + O((Az)Y). (5.1.21)

w

—

— (g3 + 8h3)

Comparing the corresponding coefficient of (Az)?, (Az)!, (Ax)? and (Az)? on
both sides, we get,

+4h + 8h
g3+h3 =0, f3=—g3—2h3, dz+ez= 9373’ 2d3+€3:¥-
which gives,
d3 = _(1/3)h37 €3 = (11/6)h’37 f3 = _h35 g3 = —hs3.
The value of hsg being free we choose hy = 1 to obtain
d3:—(1/3), 63:11/6, f3:—1, g3:—1.
Substituting these values in (5.1.19) we obtain,
(—4) (Vex) br—2 + 22(Vea) 3p—1 = E(v )ir + 4 (=120, + 12077 _,)
xx ) M —2 zxr)M—1 Az x )M (A{II)2 M-—1 M-2) -
(5.1.22)

Thus the set of schemes, consisting of (5.1.1), (5.1.5), (5.1.8), (5.1.12), (5.1.14),
(5.1.18) and (5.1.22) has the overall order of O <(At)2 + (Ax)4>.

5.1.3 Matrix form

We now introduce a few notations prior to representing the numerical scheme

(5.1.1) in the matrix form. At the time level t"*,m =0,1,..., N — 1, we have

— T
(0)™ = (u;”,...,u]\"},l) ,
- T
(0)™ = ((va)3", - - (v2)11)
_ T
(Uxm)m = (('Umx)éna ceey (UJMU)?]’\”/[—I)
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_1 % -
1 10 1
A= : (5.1.23)
1 10 1
I —4 22
[_7/24 —19/24 11/12 —13/48 1/24 0 0 ]
6 —12 6
B= :
—12 6
L 6 _6—
(5.1.24)
_4 5 -
1 4 1
D= , (5.1.25)
1 4 1
- 5 8_
__4 . -
-3 0 3
E = (5.1.26)
-3 0 3
I ~12 12|
= 19 12
m _ m .0, — (v, 1.2
(C) (24(A$)2U1 707 707 Az (U ) (5 7)
ﬁ 1 T
(F)™ = <_A v, 0,...,0, (vx)’]\}[> (5.1.28)
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TH-1713_ 126123010



CHAPTER 5 64

Using these notations, the schemes in (5.1.8), (5.1.14) and (5.1.22) can be written

as

2 -
A(Upe)™ = —= B(@0)™ m 1.2
(Vrz) L (@)™ +(C) (5.1.29)
Similarly, the schemes in (5.1.5), (5.1.12) and (5.1.18) can be written as
D(7,)™ = EE@) + (F)™. (5.1.30)

The invertibility of matrices A and D shows the solvability of (5.1.29) and

(5.1.30) which can be proved using the Gerschgorin Theorem [48]. Simplify-

ing (5.1.29) and (5.1.30) we obtain
2

(Vpe)™ = ( A:6)214—13(17)7” + A7Y(C)™. (5.1.31)
(7)™ = Aixp—lE(a)m + D (F)™. (5.1.32)
Using (5.1.31) and (5.1.32) in the CNIM (5.1.1) we obtain,
@ —@" L gntip-ip [ )m+1 @™
+ 587D (B4 ()] 4+ o R (@ + ()]
1Rm“A (©+ +(©)™)] = 3 (@™ + &™), (5.1.33)

where R and S are diagonal matrices given by
S Z diag(att, oMt L amtly) a§”+1 :A<xj,(u*);”+1>,

R = ding (B, 5B, A = B (4 ) Y) L (5.0.30)

Upon further simplification, (5.1.33) becomes

[<1 + %) —¢S™ ' DT'E — pR™T A~ 13] (7)™
[<1 _ ’7;“) I+ §qu+1D—1E +pRerlA—lB] (7)1
At [

Sm-l—lD [(F_w')m-&-l + (Fu’)m + %Rmﬂ-lA—l (C_v’)m-H + (Cf')m):| ,
(5.1.35)

A
where I is the identity matrix of size (M —2) x (M —2), p = TE = Ay
The discretization of u* in (1.2.4) using the HOC schemes is

= sien (52 [+ 007 = Go0® [0 4 7] )
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which upon further simplification using (5.1.31) and (5.1.32) results in

()" = sign (“ ) p-1g @t + @] + LW p Byt 4 (]

2Azx 2
~ o L A B @t @] - T gt [(G)WH n (c“)m}
(Ax)? 2 ’
(5.1.37)
where
(W) = ()5, @)F—1) T,
and T is diagonal matrix given by
T = diag(xa,x3,...xp—1)- (5.1.38)

Note that the compact stencil was used only in the spatial direction with Crank-
Nicholson scheme being used for temporal discretization. Accordingly HOC

scheme would mean HOC scheme in space and Crank-Nicholson scheme in time.

5.2 Grid stretching

The improved convergence observed for HOC scheme as compared to the Crank-
Nicholson scheme is somewhat limited near the zero accumulated gain. Con-
sequently with the goal of improving upon the convergence rate in addition to
reduction in maximum error arising from the final condition being non-smooth,
we need to a grid stretching transformation [49,50] and derive the HOC schemes
with grid stretching (HOCGS). The aforesaid transformation using the trans-
formed coordinate y € [0, 1] is given by

z=¢(y) = 2sinh(62y +ca(l—y)+k, (5.2.1)

where £ is the stretching parameter, ¢; = sinhfl(é (Zmin—Fk)), c2 = sinh ™ (€(Zmax—
k)) and k is the stretched coordinate (which for our problem is k = 0 i.e., near
the zero accumulated gain), Using the transformed variable V' (y,t) = v(z,t), the

equations (1.2.3),(1.2.4),(2.2.1),(2.2.2) and (2.2.3) can be rewritten as,

ov ov 0*V
— 4+ A — +B N = 2.2
T (y,U)aer (y,U)ayQ WV, (5.2.2)
" . ov 0*V
u* (3 1) = sign (P(y)ay - @(y)ayz> , (5.2.3)
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V(0,t) = 0, (5.2.4)
V,(1,t) = J(1)e T, (5.2.5)
V(y,T) = max(¢(y),0). (5.2.6)
with
* _ (’LL* - ¢(y))(r B 7) o 1 ut — 20_2 H(y)
Aly,u") = 70) 5 (" = 9(y)) TW)* (5.2.7)
o 2,52
B(y,u") = ;% (5.2.8)
T — o? H
P(y) = (J(y)v) + f}?;))gy), (5.2.9)
0.2
Qy) = % (5.2.10)
J(y) = Z—‘yb E g A cosh(eay + 1 (1 — ), (5.2.11)
2 Co— ¢ 2
H(y) = g—yf = (Z—Ei sinh(coy + e1(1 — ), (5.2.12)

In order to discretize (5.2.2) and (5.2.3) over the transformed domain [0, 1], we

use Ay = , y; = (U —1DAy, j=1,2,...,M with At being the same as

M—-1
previously defined. The temporal semi-discretization of (5.2.2) using the CNIM
is as follows,

Vi

J J o ymel

g A (@)

(Vyy);ﬁH + (Vi)
2

+1
it v
2

+ B (yj, (u*);ﬂl) (5.2.13)

The fourth order approximation to V,, and V, (similar to that of v, and vg,)

are as follows,
2

(V)™ = wA—lB(V')m +ATYC, )™, (5.2.14)
S SN, PR,
(V)" =5, P LE(V)™ + D7 (Fy)™. (5.2.15)

where the matrices A, B,D, E are same as given in (5.1.23) — (5.1.26) and
- 19 12 ’
Cos)" = | =——V",0,...,0,— (V)]
( gs) <24(Ay)2 1 Y ’ 7Ay( y)M) ’

T \m 1 m m g
(ng) :<_Ayvl ,0,...,0,(Vy)M) .
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Using (5.2.14) and (5.2.15), equation (5.2.13) can be written as,

(V')m—&-l _ (V')m

gmtlp-1p [ )l m}
Az +3ay (V)" + (V)
Lamiip-1 [ 7 1 v -1 Ayt (7
—gmt+lp [ F < m+ F < m:| B [ m+ m
+38 (Fo™ 4 ("] + 50 (7)™ 4 (7)
1 - - .
+ 5RerlAfl [(Cgs)m+1 + (Cgs>m>:| ; [(V)erl } (5.2.16)
where S and R are diagonal matrices given by
Sm+1 _ dlag( m—+1 Ong_l, an]\}[+11)7a;n+1 A (yj’(u*)?m—&-l)’
Rerl i dlag( m—i—l’Bm—i—l’ — m—i—l) 5m+1 B (yj’ (U*)T+1> )
Upon further simplification, (5.2.16) becomes
1 -
[(1 . %At> I— qusmHD—lE = lem“A_lB] (V)™
A 1
[(1 = 72t> I+oqS™D'E +p1Rm+1A_lB] V)mtt
At g = At - —
ST [(Fp )™+ (Fpo)™ | + SR™AT [(Go )™ + (Go)™)
(5.2.17)
: . . . : t At
where [ is the identity matrix of size (M —2)x (M —2), p1 = 5 and q1 = Ay
Y Yy

The discretization of u*(y, t) using HOC is as follows

*\ M : 1 m 1 m
(u) = sign (2P<yj> [V + ()] = 500 [V + <v;,y>ﬂ> ,
(5.2.18)
which upon further simplification, by using (5.2.14) and (5.2.15) results in

7 s ([P s
# 5PD [(Fm s (] = 504 (Gt + (Gm] ).
(5.2.19)
where
()" = (@5 W)
and P and Q are diagonal matrices given by
P = diag(P(y2),P(y3), ... P(ym-1)),
Q = diag(Q(y2), Qy3), - -- Qyrmr—1))-
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The pricing for American passport option is exercised through the following re-
sult which takes into account the fact that the American option can be exercised

on or before the expiration date.

Proposition 5.2.1. [3] The price of an American passport option, v(z,t) sat-
isfies (1.2.8)-(1.2.4) on the continuation region denoted by R, where R =
{(z,t) e Rx [0,T) : 9(x,t) > max(z,0)}, subject to the free boundary condition

and terminal condition,
v(z,t) > max(z,0), V(z,t) € R° (5.2.20)

and

v(z,T) = max(z, 0). (5.2.21)

In order to determine the value of the American passport option numerically,

the following early exercise condition
i)\i,j = maX(vi,ja max(a:, O))a (5222)

where v; j is the solution of (5.1.35) and (5.2.17) in case of and HOC and HOCGS

schemes respectively, is used.

5.3 Numerical results

The HOC and the HOCGS schemes derived in Sections 5.1 and 5.2 will be
numerically illustrated in this section along with a comparative analysis involving
both HOC and HOCGS as well as the CNIM. We will portray the advantages
offered by the HOC scheme over CNIM along with even better results being
obtained from the usage of HOCGS scheme.

We first look at the case r = v (symmetric) and use the analytic solution
(available in this case) for the purpose of comparison. The parameters used are
same as given in Section 2.2 of Chapter 2 [3]. As before, the simulation carried
out in MatLab™ were for several values of M and N with the results being
presented (in Table 5.1) for M = 800 and N = 800 only. It is observed that
the HOC scheme offer slight improvement over CNIM scheme. The HOCGS
scheme which includes grid stretching results in even more improved results, in
terms of the values obtained being closely matched to the analytic values. These

improvements are further evident from the log-log plot of the maximum error
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versus M for each of the three scheme as illustrated in Figure 5.1. While the pre-
sentation in Figure 5.1 is only for M = 800. Evidently, while marginal maximum
error reduction was seen for HOC scheme, significant reduction happened when
HOCGS scheme was used. Table 5.2 lists the maximum error and the rate of
convergence for all the three schemes. Further, both CNIM and HOC attain only
second order convergence during numerical implementation while HOCGS was
able to reach close to third order convergence (numerically). While this reflects
that numerical implementation using HOCGS is unable to attain the theoretical
fourth order accuracy, it still does indicate significantly better accuracy when
compared to the HOC scheme and CNIM.

The existence of analytic solution being precluded in the r # v (non-symmetric)
case, it becomes imperative to specify an alternate approach to calculate maxi-
mum error and the rate of convergence for this case. Accordingly, the maximum
error and rate of convergence are computed using the double-mesh principle [51].
Let UM (2;) and U?M(x;) be the approximate numerical solutions in the com-
putational domain [Zyin, max] obtained with M and 2M mesh intervals respec-

tively. Also let

ﬁM:{xel :xmin+(i_1)h, 1= 1,2,...,M}.
Tmax — Tmin
M -1
determined by the double-mesh differences

where h = . The maximum error and the rate of convergence are

EM = max |[UM(z;) — UM (2;)], (5.3.1)
$i€§M
and o
FE

The numerical results for the European and American passport option for
this case, using the parameter values in Section 2.3 of Chapter 2 [3] for all the
three schemes for various accumulated gains are illustrated in Table 5.3 and 5.7
respectively.

Further, the log-log plot of the maximum error as given by (5.3.1) versus M
(for European option), are presented in Figure 5.2. Finally, the maximum error
and the rate of convergence for this case using three schemes are given in Table
5.4 and Table 5.8 respectively. Also, the maximum error and rate of convergence

for several grid stretching parameter & and M are presented in Table 5.5 and

Numerical Method for Pricing Passport Option Ph.D. Thesis

TH-1713_ 126123010



CHAPTER 5

70

Table 5.6 for the symmetric and non-symmetric case respectively (for European

option).
w Analytic CNIM HOC HOCGS
-20 5.887568 5.886553 5.886658 5.887572
-10 8.880836 8.879288 8.879603 8.880844
-5 10.830686 10.828835 10.829259 10.830680
-2 12.169565 12.168752 12.169237 12.169553
-1 12.646019 12.644768 12.645272 12.646016
0 13.138099 13.135937 13.136459 13.138079
1 13.646019 13.644768 13.645272 13.646016
2 14.169565 14.168752 14.169237 14.169553
5 15.830686 15.828835 15.829259 15.830680
10 18.880836 18.879288 18.879603 18.880844
20 25.887568 25.886553 25.886658 25.887572

Table 5.1: Price of the European passport option with S(¢) = 100, r =0, v = 0,

o=30%,T —t=1, M =800 and N = 800 with £ = 13.

Spatial CNIM CNIM HOC HOC HOCGS HOCGS
nodes €error order €error order €rror order

21 3.203367 - 2.442399 - 0.568289 -

41 0.873704 1.874372 0.651655 1.906119 0.144473 1.975826
81 0.216691 2.011507 0.163756 1.992564 0.028900 2.321656
161 0.054095 2.002059 0.040994 1.998047 0.004692 2.622644
321 0.013519 2.000502 0.010252 1.999559 0.000673 2.800841

Table 5.2: Maximum error and rate of convergence for the European passport
option with S(t) = 100, r =0, v =0, 0 = 30%, T —t = 1 and N = 800 with

€=13.

5.4 Conclusion

In this chapter, we presented the HOC scheme for pricing both the European and

American passport option. The HOC scheme when numerically implemented

is second order accurate in space direction. This was improved upon by the

Numerical Method for Pricing Passport Option

TH-1713_ 126123010

Ph.D. Thesis



CHAPTER 5 71
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Figure 5.1: Log-log plot of the maximum error against M for the European
passport option with S(¢) =100, r =0,y =0, 0 =30%, T —t = 1 and N = 800
with £ = 13.
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Figure 5.2: Log-log plot of the maximum error against M for the European
passport option with S(t) = 100, r = 5%, v = 4.5%, 0 = 30%, T —t = 2 and
N = 800 with £ = 13.
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w CNIM HOC HOCGS

-20 10.428911 10.430595 10.430803
-10 13.509960 13.512246 13.512163
-5 15.357743 15.360405 15.360103
-2 16.577444 16.580551 16.579883
-1 17.003622 17.006314 17.006092
0 17.439919 17.440792 17.442332
1 17.886523 17.889334 17.889046
2 18.343627 18.347030 18.346170
5 19.778782 19.781776 19.781271
10 22.372380 22.374982 22.374694
20 28.226310 28.228299 28.228294

Table 5.3: Price of the European passport option with S(t) = 100, r = 5%,

N =45%, 0 =30%, T —t =2, M =800 and N = 800 with ¢ = 13.

Spatial CNIM CNIM HOC HOC HOCGS HOCGS
nodes error order error order error order

21 3.692374 - 2.904958 - 0.429031 -

41 1.218312 1.599666 0.871569 1.736830 0.153247 1.485222
81 0.279163 2.125705 0.194817 2.161497 0.035894 2.094036
161 0.053758 2.376550 0.033796 2.527194 0.004895 2.874414

Table 5.4: Maximum error and rate of convergence for the European passport
option with S(¢) = 100, r = 5%, v = 4.5%, 0 = 30%, T —t = 2 and N = 800

with ¢ = 13.

application of grid stretching near the zero accumulated gain giving the HOCGS

scheme which has third order accuracy in the spatial direction.
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I3 M=21 M=41 M=81 M=161 M=321

1 0.858980 0.217465 0.054529 0.013642 0.003411
1.981842 1.995687 1.998968 1.999916

2 0.393637 0.099603 0.024972 0.006247 0.001562
1.982607 1.995885 1.999085 2.000152

3 0.262586 0.059071 0.014811 0.003705 0.000926
2.152258 1.995776 1.999125 2.000421

4 0.316357 0.072677 0.013157 0.002502 0.000625
2.121981 2.465625 2.394758 2.000752

) 0.360326 0.084606 0.015630 0.002408 0.000456
2.090476 2.436402 2.698680 2.400214

6 0.397625 0.094951 0.017826 0.002774 0.000391
2.066148 2.413170 2.684078 2.827118

7 0.430080 0.104107 0.019807 0.003108 0.000439
2.046534 2.394007 2.671740 2.822355

8 0.458848 0.112334 0.021614 0.003417 0.000485
2.030222 2377773 2.661075 2.817996

9 0.484714 0.119814 0.023278 0.003704 0.000527
2.016338 2.363740 2.651695 2.814002

10 0.508230 0.126679 0.024823 0.003973 0.000566
2.004303 2.351414 2.643332 2.810328

11 0.529804 0.133029 0.026266 0.004226 0.000604
1.993717 2.340450 2.635792 2.806933

12 0.549744 0.138940 0.027622 0.004465 0.000639
1.984296 2.330594 2.628933 2.803781

13 0.568289 0.144473 0.028900 0.004692 0.000673
1.975826 2.321656 2.622644 2.800841

14 0.585628 0.149675 0.030111 0.004909 0.000706
1.968147 2.313491 2.616842 2.798089

15 0.601915 0.154587 0.031261 0.005115 0.000737
1.961136 2.305983 2.611457 2.795503

Table 5.5: Maximum error and rate of convergence of the European passport
option for various values of ¢ and M, with S(¢) = 100, r = 0%, v = 0%,

0c=30%,T —t=1and N = 800.
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13 M=21 M=41 M=81 M=161

1 0.658137 0.143690 0.026107 0.006971
2.195429 2.460436 1.905090

2 0.252002 0.059186 0.014014 0.003056
2.090101 2.078355 2.197110

3 0.269837 0.077166 0.013052 0.002396
1.806046 2.563666 2.445724

4 0.303693 0.090864 0.016459 0.002862
1.740837 2.464800 2.523634

) 0.329496 0.101962 0.019449 0.003191
1.692228 2.390271 2.607718

6 0.349808 0.111354 0.022124 0.003498
1.651409 2.331468 2.661031

7 0.366531 0.119434 0.024553 0.003767
1.617722 2.282261 2.704571

8 0.380658 0.126579 0.026782 0.003973
1.588455 2.240695 2.753014

9 0.393092 0.132907 0.028847 0.004180
1.564453 2.203930 2.786737

10 0.403794 0.138755 0.030772 0.004379
1.541075 2.172835 2.812973

11 0.413034 0.143960 0.032579 0.004546
1.520596 2.143658 2.841175

12 0.421538 0.148877 0.034282 0.004724
1.501543 2.118600 2.859329

13 0.429031 0.153247 0.035894 0.004895
1.485222 2.094036 2.874414

14 0.436074 0.157517 0.037426 0.004989
1.469064 2.073388 2.907113

15 0.442243 0.161376 0.038886 0.005182
1.454413 2.053086 2907717

Table 5.6: Maximum error and rate of convergence of the European passport
option for various values of £ and M, with S(¢t) = 100, r = 5%, v = 4.5%,
o=30%,T —t=2and N = 800.
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w CNIM HOC HOCGS
-20 10.612413 10.614219 10.613976
-10 13.787373 13.789847 13.789170
-5 15.700414 15.703318 15.702323
-2 16.967035 16.970438 16.968990
-1 17.410351 17.413314 17.412324
0 17.864595 17.865597 17.866500
1 18.330000 18.333108 18.332004
2 18.806809 18.810562 18.808815
) 20.306628 20.309958 20.308561
10 23.027069 23.030020 23.028786
20 28.551988 29.213696 29.212595

Table 5.7: Price of the American passport option with S(t) = 100, r = 5%,

N =45%, 0 =30%, T —t =2, M = 800 and N = 800 with ¢ = 13.

Spatial CNIM CNIM HOC HOC HOCGS HOCGS
nodes €error order error order error order

21 3.692747 - 2.864784 - 0.003617 -

41 1.238479 1.576126 0.859610 1.736673 0.004003 -0.146441
81 0.284755 2.120778 0.186518 2.204366 0.000790 2.341362
161 0.054978 2.372786 0.029594 2.655934 0.000110 2.841505

Table 5.8: Maximum error and rate of convergence for the American passport
option with S(¢) = 100, r = 5%, v = 4.5%, 0 = 30%, T —t = 2 and N = 800

with ¢ = 13.
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Summary and future work

6.1 Summary of the results

The results of this thesis with some important observations are briefly described
below:

The radial basis function approach was used to determine the price of the Euro-
pean passport option for both the symmetric and non-symmetric cases, with grid
refinement being used near the zero accumulated gain in order to improve the
accuracy. Further, improvement in the numerical option price and the Greeks
was accomplished using three time level scheme for larger time steps for both
the cases. The three time level scheme was then applied to price the American
passport option with the corresponding discretized system being solved using
the Brennan-Schwartz algorithm and the PSOR method. Finally, higher order
compact schemes are applied to obtain the price for both the European and
American Passport option with greater accuracy. In conclusion, the advantages
and disadvantages of the methods proposed in the thesis are summarized in the

Table below:
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Scheme Advantage

Diadvantage

RBPI Better accuracy because of fully
implicit scheme with non smooth
payoff

TTL Spurious oscillations free and
works well for the Greeks in case
of larger time steps without loss
of accuracy

HOC Better accuracy upto third order

Difficult to choose the appropriate
shape parameter and optimal value
for mesh refinement points

Similar to classical Crank-Nicholson
scheme for smaller time steps.

Unable to achieve the fourth order
accuracy and difficult to handle the
non smooth coefficients

6.2 Future work

The possible extensions of the works carried out in this thesis are presented

below:

1. Pricing of passport option with jump-diffusion

The jump-diffusion models, which are an extension of the GBM were in-
troduced in order to address the shortcomings of the latter model, such as
non-normal properties of asset returns and volatility smile. The price of the
option would typically lead to an extension of the Black-Scholes type equa-
tion, except that in this case, one will arrive at partial integro-differential
equation. The problem for the risk-neutral pricing will be solved using the
application of Fourier transform and the numerical implementation will be

accomplished using the Fast-Fourier Transform.

. Pricing of passport option with stochastic volatility

In the formulation of the passport option problem, we assumed that the
volatility, o of the asset price is constant. In reality, a more accurate
representation of the asset volatility would be through a separate SDE for
the volatility. In particular, we will implement the passport option pricing
making use of the Heston model [52]. Under this model the asset price (in

the risk-neutral world) is assumed to be governed by the SDE:

dS(t) = rS(t)dt + /o (£)SE)dWi (L),
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where the risk-free rate r is constant and the volatility o(t) satisfies the
SDE:

do(t) = (a — bo(t))dt + o1/ o(t)dWa(t).

The parameters a,b,o; are constants and Wi(t) and Wa(t) are Wiener

process with correlation p € (—1,1).

3. Pricing of passport option using Monte-Carlo simulation

In the real financial markets, especially with the advent of high-frequency
trading, one has to resort to more efficient methods, even at the cost of
some loss of accuracy. One of the classical and most widely used method is
the Monte Carlo simulation. This method is based on simulation of a large
number of realizable paths of the underlying asset. The resulting option
price, however, is not unique but lies in a confidence interval, whose length
is proportional to the sampling variance and inversely proportional to the
number of simulations. This interval has to be shrunk in order to achieve
more accurate pricing. One could resort to larger number of simulations,
which in turn means that the method becomes less efficient defeating the
very purpose of resorting to Monte-Carlo simulation. Thus one must make
use of variance reduction techniques such as antithetic, control variates
and stratified sampling. We propose to study the passport option using
the Monte-Carlo approach as well as examine various efficient variance

reduction techniques for the same.

4. Improvements in accuracy of the methods

Some modifications such as exponential time differencing scheme (which
very strict error tolerance), which have been observed to improve the ac-
curacy of several higher order methods will be explored. In addition other
classes of high accuracy methods, in particular, some spectral methods in
spatial direction combined with higher order time integration schemes in

the temporal direction is another possible direction of future work.
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