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ABSTRACT

In this thesis an attempt has been made to study higher order of convergence for time
dependent problems. A diverse collection of finite element algorithms for time depen-
dent problems have gained importance in the literature because of its high applicability.
However, there still lies a challenge to design higher order accurate and computation-
ally efficient methods for PDEs posed in the complicated geometries, especially for time
dependent problems with general polygonal meshes. In practice, allowing arbitrary
shape in a finite element partition provides a convenient flexibility in both numerical
approximation and general mesh generation such as hybrid meshes, polygonal and poly-
hedral meshes and meshes with hanging nodes. More recently, the weak Galerkin finite
element methods (WG-FEMs) has attracted much attention in the field of numerical
PDEs. The objective of this thesis is to design and analyze higher order convergence of
weak Galerkin finite element approximations to the true solutions for time dependent
problems on polygonal meshes. The mathematical analysis of higher order convergence
for time dependent problems with polygonal meshes adds more challenge than one could
imagine. At first, we describe a systematic numerical study on WG-FEMs for second
order linear parabolic problems by allowing polynomial approximations with various
degrees for each local element. Convergence of both semidiscrete and fully discrete
WG solutions are established in L>°(L?) and L*(H') norms for a general WG ele-
ment (Py(K), P;(0K), [PZ(K)r), where k > 1, j > 0 and [ > 0 are arbitrary integers.
Fully discrete schemes are based on backward FEuler and Crank-Nicolson time discretiza-
tions. Here, we assume that the true solution u satisfies full regularity assumptions i.e.
u € HY(0,T; H**1(Q)). Next, we proceed to discuss the WG algorithm to the parabolic
problems, when the solution v € L2(0,T; H*(Q))NH (0, T; H*~1(Q)). Such regularity
holds where forcing function f € L*(0,T; H*"*(€)) and initial function u° € H*(Q2) for
some k > 1. Optimal order error estimates in L?(L?) and L*(H') norms are shown to
hold for both the spatially discrete continuous time and the discrete time weak Galerkin
finite element schemes. This allows using the discontinuous piecewise polynomials on
finite element partitions with the arbitrary shape of polygons having certain shape reg-

ularity. Further, we explore the L? error convergence of weak Galerkin finite element

xi
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approximations for homogeneous parabolic equation with non-smooth initial data using
polygonal meshes. We analyze the weak Galerkin finite element methods for second or-
der linear parabolic problems with L? initial data, both in a spatially semidiscrete case
and in a completely discrete case based on the backward Euler method. We establish
optimal L? error estimates of order O(h?/t) for semisdiscrete scheme. Subsequently, the

results are extended for fully discrete scheme.

Our next focuss is to describe WG-FEMs for solving wave equation using the WG
finite element space (Py,(K), Pr(OK), [Pr_1(K)]?), k > 1. We propose both semidiscrete
and fully discrete schemes to numerically solve the second-order linear wave equation.
For sufficiently smooth solutions, optimal order error estimate in the L°°(L?) norm is
shown to hold as O(h**! + 72), where h is the mesh size and 7 the time step. In our
last problem, we design and analyze the WG-FEMs to approximate a general linear
second order hyperbolic equation with variable coefficients on polygonal meshes. The
convergence analysis is carried out for the semidiscrete and fully discrete weak Galerkin
approximations. The fully discrete scheme can be reinterpreted as an implicit second-
order accurate Newmark scheme that is unconditionally stable. Optimal order error

estimates in L>°(L?) and L>°(H') norms are shown to hold for both the schemes.

Finally, we describe and analyze several numerical experiments to establish the ef-
ficiency of WG-FEMs in scientific computing. Our numerical results broadly cover the
scope of various applied problems under one umbrella, including discontinuous coeffi-
cients, variable coefficients and meshes with hanging nodes, aiming to fill the gap in

existing literature.

xii
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Introduction

The objective of this thesis is to design and analyze higher order WG-FEMs for time
dependent problems on polygonal meshes. Numerical solutions of time-dependent prob-
lems draw significant attention in various fields of applied sciences, engineering and
medicines like acoustics, fluid mechanics, astrophysics, aerodynamics, and high inten-
sity focused ultrasound etc. This chapter is introductory and includes a description of
the problems, some notations, and preliminary material. It also includes a brief survey
of the relevant literature and motivation behind the current study. The chapter-wise

description of the thesis is reported in the last section of this chapter.

1.1 Problem Description

In this section, we introduce time dependent problems which are to be studied in this
thesis. It also contains a brief overview on the occurrence of these problems and their

applications in the fields of science and engineering.
Linear Parabolic IBVP: We consider linear parabolic equation of the form

ur — V- (a(z)Vu) = f in Q x (0,7], (1.1.1)
with initial and boundary conditions
u(z,0) =u’ inQ; u=0 on dQ x (0,T], (1.1.2)

where Q C R? is a convex polygonal domain with boundary 9. We assume that
the coefficient matrix o = (v (2))ax2 € [L(Q)]¥ is symmetric and uniformly positive
definite in 2. The initial function u° : © — R and the forcing function f : Qx[0,7] — R
are assumed to be smooth functions in their respective domains of definition, and 7' is

the finite terminal observation time.
Numerous physical problems of significant interest are modeled by the parabolic

problems in science and engineering such as modeling of heat conduction in composite

1
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CHAPTER 1. Introduction 2

materials [84], thermodynamics and elasticity [46], moisture transport problems in soil
[109], heat conduction problems in different mediums [112], homogeneous fluid flow in

fissile materials such as soil and rock [11], Penne’s bio-heat model [98] etc.
Second Order Linear Wave Equation: Let 2 C R? be a convex polygonal domain

with boundary 0€2. In €2, we consider following wave equation
u(x,t) — V- (a(z)Vu(z,t)) = f(z,t) in Q x (0,7], (1.1.3)
with initial and boundary conditions
u(z,0) = u’(z), w(x,0) =12)in Q; and u(z,t) =00on N x (0,T].  (1.1.4)

We assume that the coefficient matrix o = (@;())2x2 € [L°(Q)]*° is symmetric and
uniformly positive definite in €. The initial functions {u°,v°} and the load term f are
assumed to be smooth functions in their respective domains of definition, and 7" is the

finite terminal observation time.
The wave equation is a primary archetype of a hyperbolic partial differential equa-

tions, and models propagation of various types of waves like elastic waves [50], sound
waves in a gas or fluid [51], wave equation in cosmology [87], or electromagnetic waves
[55]. In addition to the above applications, modeling of wave equations is also important
in acoustics and hydrodynamics. Applications are readily found in geophysics [66], the
prediction of earthquakes and other seismic activity often relies on numerical simulations

of wave equations [83].
General Linear Second Order Hyperbolic Equation: Let ) be a convex polyg-

onal domain in R? with boundary 99Q. In Q, we consider following general linear second

order hyperbolic equation
yuy — V- (aVu) — V- (BVuy) + ouy = f(z,t) inQ x (0,7T], (1.1.5)
with initial and boundary conditions;
u(z,0) = u’, uy(z,0) = 0% in Q; u(z,t) = 0on 9Q x (0,7T]. (1.1.6)

We assume that the coeflicient matrices o = (;;())ax2 and 5 = (5;;(x))ax2 are in
[L>°(2)]?*2, which are symmetric and uniformly positive definite in Q. The damping
coefficients v = y(z) and o = o(x) are non-negative real valued functions defined on €.
The initial data {u",v°} and the forcing term f are assumed to be smooth functions in

their respective domains of definition, and 7' is the finite terminal observation time.
Equation (1.1.5)-(1.1.6) represents a type of hyperbolic equation which is widely

applicable in fields like acoustics, fluid mechanics, astrophysics, aerodynamics such as

TH-2866_176123101



CHAPTER 1. Introduction 3

airplanes, helicopters, and high intensity focused ultrasound by appropriate selection
of the coefficients [56, 74]. Upon changing o := o(x,t) and v := ~y(z,t) in equation
(1.1.5), it represents a linearized Westervelt’s equation, which has several applications
including treatment of kidney and bladder stones via thermal therapy [63], ultrasound
cleaning and sonochemistry [24]. When o = 0, the equation (1.1.5) describes the wave
propagation phenomena of actual vibration through a viscoelastic medium representing
a viscoelastic wave equation [81]. For instance, during the heat conduction in memory
materials [53], and propagation of sound through viscous media [103]. Equation (1.1.5)
is also known as dual-phase-lag (DPL) bio heat model problem. Although Maxwell-
Cattaneo law (cf. [116]) has taken care of thermal relaxation time, the validity of the
thermal wave model becomes debatable in view of the fast-transient response with micro-
structural interaction effects [113]. In order to consider the effect of micro-structural
interaction in the fast transient process of heat transport, a phase lag for temperature
gradient, 7p, which is absent in the Maxwell-Cattaneo model, has been introduced in
[113, 128, 129]. The corresponding model is called the dual-phase-lag (DPL) model.
Mathematically, DPL model is described by a time-dependent equation [128, 129]

2 oT oT

qucﬁ = kEV?T + TT/{V2E — wpppp T — (Tywpppcy + pc)a
Jdq dq

+ ((.prbeTa + Qmet + let + Tq gget + Tq aet)(t ),

where p, ¢, k are the density, specific heat and thermal conductivity of skin tissue, re-
spectively; pp, ¢y are the density and specific heat of blood, wy is the blood perfusion
rate; T, and 7" are the temperatures of arterial blood and skin tissue respectively; ¢et
is the metabolic heat generation in the skin tissue and geyt is the heat source due to

external heating, and 7, is defined as the thermal relaxation time.

1.2 Preliminaries

1.2.1 Basic notation

In this section, we shall introduce some basic notations, function spaces and preliminary
materials to be used in this thesis. All functions considered here are real valued. For
the purpose of introducing notations, we assume €2 to be a convex polygonal domain
in R? (d-dimensional Euclidean space) and 9 denote the boundary of Q. For z =
(x1,22,...,2q) € Q, set de = dxy...dxy. Further, let a = (aq,...,a4) be an d-tuple

with non-negative integer component and denote the order of v as || = oy +an+. . .+aq.
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CHAPTER 1. Introduction 4

Then, by D“¢, we shall mean the ath derivative of ¢ defined by
olelg

1% ... 0z, .

D% =
¢ 0
By support of a function ¢, denoted by supp(¢), we mean the closure of all points x
with ¢(z) # 0, i.e.,

supp(¢) = {z € Q : ¢(z) # 0}.

For any nonnegative integer m, C™(€)) denotes the space of functions with continuous
derivatives upto and including order m in Q. C*(Q) is the space of all C™(Q2) func-
tions with compact support in Q and Cg°(€2) is the space of all infinitely differentiable

functions with compact support in 2.
Now we introduce the following function spaces which we shall refer frequently. For

any domain M C Q C RY, d =2, 3, with 1 < p < oo, LP(M) denotes the linear space

of equivalence classes of measurable functions ¢ on €2 such that ||¢||»(ar) < 00, where

ollery = (/Mld)(x)!pdw> , 1<p<oo,

|l Loy = esssup |o(x)| < oo.
rzeM

When p = 2, L*(M) is a Hilbert space with respect to the inner product

(P, )M = /M o) (x)d.

For simplicity of notation, we write the norm || - || 2 ) of L*(M) by || - || and remove

the subscript M whenever M = ().
We now introduce the notion of Sobolev spaces. For each integer £ > 0 and real

number p with 1 < p < oo, W*P(M) denotes the standard Sobolev space of functions
with their distributional derivatives of order up to k in the Lebesgue space LP(M), i.e.

WEP(M) = {¢ € LP(M) : D¢ € LP(M) for 0 < |a| < k}.

The spaces W#*P(M) are Banach spaces endowed with the norm

1
P
[Nk prt = < Z ||Da¢||1£p(/v()> , 1<p<oo,

0<|a| <k
|Ollkoont = max [[D°G()l|z=(m), =00,
also, the semi-norm on W*?(M) is defined as

[Bleprt = D 1D oiry-

|a|=k
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CHAPTER 1. Introduction 5

When p = 2, we write H*(M) for W#?(M) with the norm || - ||2,m = || - ||[x.0 and the
semi-norm |- g2 m = |- [k.m. For simplicity of notation, we skip the subscript M in the
norm and inner product notation when M = €.

The space H*(M) is a Hilbert space with natural inner product defined by

(6, 0)ent = / DAGD dz, 6,1 € HY(M).

0<||<E
The Sobolev space HE () is defined as the closure of C§°(Q2) with respect to the norm

||k = ||#|k,2- This result is true under some smoothness assumption on the boundary

09Q. For a complete discussion on Sobolev spaces, (see Adams and Fournier [1]).
We shall also use the following space-time function spaces in our error analysis. For

1 < p < oo, we also define the standard Bochner spaces LP(J;3), where B is a real
Banach space with norm || - ||z and J = [0,T], consisting of all measurable functions
¢ : J — B for which

1

T
ollore = ([ lewlk)” <oo for 1<p<cs
0

@l Loo,rs) = ess sup |[@(t)|ls < oo for p = oo.
te[0,T

We denote by H™(0,T;8), 1 < m < oo, the space of all measurable functions
¢ : J — B for which
1
2
< Q.
B

When no risk of confusion exists, we shall write L?(B) for L*(J; B), L°°(B) for L>°(J; B)
and H™(B) for H™(J; B). Furthermore, C(0,T; B) is defined as the space of continuous

functions ¢ : [0, 7] — B with norm ||¢||c,r;p) = maxcp,r [¢(t)| < oo. For a complete

d(t)
ot

|9 (07,5 = (

discussion on Sobolev Spaces, one may refer to Adams and Fourier [1], Dautray and

Lions [33] and Evans [45].
Further, H=™(f2) denotes the space of all bounded linear functionals on HJ*(2). For

a functional f € H~™(), its action on a function ¢ € H*(2) is denoted by (f, ¢), which
represents the duality pairing between H~™(2) and H]"(2). The negative Sobolev norm

is defined as

flom= sup 9

. (1.2.1)
opcH () |Pllm

Now we shall recall some important inequalities for our subsequent use [54].
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Young’s inequality: For a,b > 0 and u > (0, the following inequality holds
po*
ab < — 4+ —
20 2
An important consequence of the Young’s inequality is the Holder’s inequality. The

discrete version of Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ be such that % + % = 1. Then, for any real

numbers a;,b; e R,i =1,2,--- d,

imibi‘ < (Zdjlaip>(zd:biq>;.

i=1 =1 =

S =

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz
inequality in RY.

The integral analogue of Holder’s inequality is as follows: Let p > 1 and ¢ be such
that ]la + % = 1. Then, for any measurable functions ¢, : Q — R

oYl 1) < llolle@ Y]l Lo

For p = q = 2, the above inequality is known as the Cauchy-Schwarz inequality.
Poincaré inequality: Let € be a bounded open domain in R?. Then there exists

a positive constant C' = C'(€2) such that
Igll < ClIVgll Yo € Hy(2).

In view of the Poincaré inequality, ||V (-)|| defines a norm on H} ().
Next we state without proof, the following continuous version of Grownwall’s lemma

[101].
Lemma 1.2.1 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-
negative continuous function on its interval to < t < to + a. If a continuous function

F(t) has the property

F(t) <G(t) + /tF(s)H(s)ds for t € [to, to + al,

to

/G )exp[/tH(T)dT]ds fort € [to, o + al.

In particular, when G(t) = C' a non-negative constant, we have

then

F(t) < Cexp

/ H(s)ds] fort € [to, to + al.

9u or u, or v interchangeably to

For our notational convenience, we will be using 3
denote the first order time derivative of u with respect to t. Similar notions are used

for higher order time derivatives.
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1.3 Background and Motivation

This section briefly explains the existing relevant literature including our contributions

with the rationale behind present study.
The modeling of partial differential equations (PDEs) has become a prime topic

in science and engineering. Its application ranges from simulating the aerodynamics
of large aircraft to modeling of atoms on a quantum mechanic level. For example,
quantum physics problems are described by the Schrédinger equation, electromagnetic
fields involve the Maxwell equations, incompressible gases and fluids are given by the
Navier-Stokes equations, and stresses and deformations in a structure are discussed by
the Cauchy-Navier equations, to name a few. The analytic solution to these PDEs is
often difficult to derive, rather, numerical methods are applied to capture the solution
behavior. In this thesis, we emphasize on the fundamental time-dependent problems
like heat equation, wave equation and extending it to second order general hyperbolic

equations.
Various numerical methods exist in literature which are designed for numerical ap-

proximation of such kind of problems. In practice, a discretization procedure such as
finite difference methods (FDMs) and finite element methods (FEMs) are adapted. For
many years, Finite difference methods (FDMs) has been known as the most practical
and dominant numerical algorithm for solving PDEs appeared in various scientific fields,
which approximates the PDEs on a uniform grid and its implementation is very efficient
on simple geometries. The alignment of the grid points with sharp material interfaces
and boundaries of the domain decides the precision of this method. There are wide
range of articles available to solve parabolic problems using FDMs [40, 97, 107]. The
hyperbolic equations, particularly for nonlinear conservation laws the finite difference
methods has been continuously playing a significant role till now, initiated with work
by, e.g., Friedrichs, Lax, and Wendroff. There exists an ample amount of work for the

same, see [75], and references therein.
However, unstructured meshes offer more flexibility as it shows alignment with many

complex geometries and thus, can be used with finite element methods. In the last few
decades, tremendous progress has been made in the development of improved finite ele-
ment methods for different class of problems and has become an active research area for
applied mathematicians. The ability of this method to solve a wide class of problems
with complicated structures in a simple and systematic way facilitates its use over other
numerical procedures in different fields of science and engineering. In this thesis, we

have described efficient and accurate finite element methods for time dependent prob-
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lems. A diverse collection of finite element algorithms have been stated in the literature
for time dependent problems. Numerical methods applied for parabolic equations based
on finite element framework can be mainly grouped into standard conforming FEMs,
mixed FEMs and discontinuous Galerkin (DG) methods. The finite element approxima-
tions of linear parabolic equations using these methods have been extensively studied,
references [18, 21, 22, 23, 39, 95, 104, 106, 111] includes the list of citations. It is chal-
lenging to obtain a higher order of convergence for parabolic problems under the low
regularity of the exact solution. In classical finite element methods, the error analysis
for parabolic equations under low regularity of solution have been investigated and can
be traced back in [21, 110]. The standard finite element methods for parabolic problems
with non-smooth initial data have been studied broadly so far, an extensive literature
for the same can be obtained from [85, 111]. Numerical methods to accurately simulate
hyperbolic problems are constantly being developed and applied with increasing levels
of sophistication. Nevertheless, the accuracy and consistency of these methods are often
poorly understood. Dupont [41] initiated the derivation of a priori error estimates for
continuous Galerkin approximations and discrete time schemes of the wave equation
which was further explored by Baker [7]. Multi-step methods for the time discretiza-
tion of second-order hyperbolic equations was analyzed by [49]. A two-step high-order
accurate approximations for second-order hyperbolic equations were developed in [9].
A priori error estimates for the classical finite element approximation of Westervelt’s
quasi-linear strongly damped wave equation with linear elements have been discussed
in [94]. Also, a high order discontinuous Galerkin (DG) method for the Westervelt’s
equation has been carried out in [4]. It is worthwhile to note that only the semi-discrete
scheme has been discussed in [4, 94]. The fully discrete scheme error analysis is still
unexplored. A substantial amount of research on a priori and a posteriori error esti-
mates in the design of standard conforming finite element methods for the hyperbolic
equations is available in literature (e.g., [8, 48, 73] and references therein). Standard
continuous (conforming) Galerkin methods show restrictions on mesh and discretization
as it does not easily assist hanging nodes for local mesh refinement. Also, if explicit
time stepping is subsequently employed, the mass matrix must be inverted at each time
step which arises from the spatial discretization, contributing towards a major drawback
in terms of efficiency. The standard Galerkin approximation of the second-order wave
equation can also be interpreted as mixed discretization of the first order system. We
refer to [29, 59] and references therein for broad analysis of mixed finite element meth-
ods for wave propagation problems. Pani et al. [96] discussed a mixed finite element

formulation for the strongly damped wave equation. However, there still lies a challenge
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to design higher order accurate and computationally efficient methods for PDEs posed
in complicated geometries, especially for time-dependent problems with general polyg-
onal meshes. Discontinuous Galerkin (DG) methods can be used for different types
and shapes of irregular non-matching grids, and for locally varying polynomial order.
Since their inception DG-FEMs have become popular in solving hyperbolic equations
among the research community. In the last few decades several discontinuous finite ele-
ment methods for solving the wave equation have been discussed in the literature, e.g.
the penalty DG method (PDG) (cf. [52]), the local DG (LDG) (cf. [28]), the hybrid
DG (HDG) (cf. [27]), hybrid high-order (HHO) method (cf. [17]). It is worthwhile to
note that rigorous error analysis for the discontinuous Galerkin fully discrete scheme

(space-time discretization) to general hyperbolic equation is still open.
More recently, the weak Galerkin finite element methods (WG-FEMs) has gained

attention in the field of numerical partial differential equations. The WG-FEMs refers
to the numerical algorithms for differential equations which are derived from weak for-
mulations of the problems by replacing the involved differential operators by its weak
forms and adding parameter free stabilizers [122]. The WG method in [122] has many
new features including symmetric positive definite formulation, fewer unknowns and,
more importantly, allowing the use of general meshes such as hybrid meshes, polygonal
and polyhedral meshes and meshes with hanging nodes. In practice, allowing arbitrary
shape in a finite element partition provides a convenient flexibility in both numerical
approximation and mesh generation. Especially, we have fewer elements, and we could
evaluate integrals and solve the resulting linear systems in more expedited manner [64].
However, one disadvantage is that instead of integrals of polynomials on the reference
element, we may have to evaluate integrals of rational functions [133]. Unlike classical
finite element method, the WG-FEM is applicable for unstructured polygonal meshes
making it more suitable for complex geometry usually appeared in real life problems.
In fact, WG formulation is a natural extension of conforming finite element formula-
tion when nonconforming elements are used. In [122], a weak Galerkin method was
introduced and analyzed for second order elliptic equations based on a discrete weak
gradient arising from local RT ([102]) or BDM ([16]) elements. Due to the use of the RT
and BDM elements, the weak Galerkin finite element formulation of [122] was limited
to classical finite element partitions of triangles (d = 2) and tetrahedral (d = 3). A
computational study of the weak Galerkin method for second-order elliptic equations
has been carried out in [89]. In [123], a WG-FEM was developed for the second order el-
liptic equation in mixed form. The use of stabilization for the flux variable in the mixed
formulation is the key to the WG mixed finite element method of [123]. The resulting
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WG mixed finite element schemes turned out to be applicable for general finite element
partitions consisting of shape regular polytopes, and the stabilization idea opened a new
door for weak Galerkin method. Considering the application of WG method, various
PDEs arising from the mathematical modeling of practical problems in sciences uses
the concept of weak derivatives. There exists vast literature on such PDEs; for e.g.,
elliptic equation [76, 80, 91, 120, 121, 123], parabolic equation [34, 35, 77, 132, 135],
hyperbolic equation [2, 58, 88, 125, 131]. Hybrid high-order (HHO) method is closely
related to WG finite element method as the reconstruction operator in the HHO method
corresponds to the weak gradient in WG methods [17, 38]. The only difference between
HHO and WG methods lies in the choice of the discrete unknowns and in the pattern of
stabilization. However, the links between HHO and WG methods are not fully explored
yet, nevertheless they share something in their roots (cf. [12, 25]). It is noteworthy that
WG, HHO and HDG are based on different devising viewpoints, and also use somewhat

different analysis techniques.
For understanding the dynamics of nature the time evolution equations (which of-

ten leads to parabolic PDEs) are considered. In this thesis, our aim is to analyze the
parabolic problems (1.1.1)-(1.1.2) in a different way. At first, we analyze a system-
atic numerical study on weak Galerkin finite element method for second order linear
parabolic problem with variable coefficient by allowing polynomial approximations with
various degrees for each local element. The goal of this study is to explore all possible
combinations of polynomial functions in the reconstruction of the underlying differen-
tial operators. The preciseness and computational complexity of the corresponding WG
scheme is influenced by the selection of such polynomials. Convergence of both semidis-
crete and fully discrete WG solutions are established in L>°(L?) and L*(H") norms for
a general WG element (Py(K), P;(0K), [PZ(K)]z), where k> 1, 7 > 0 and [ > 0 are
arbitrary integers. The fully discrete space-time discretization is based on a first order
in time Euler scheme and second order in time Crank-Nicolson scheme. The results for
parabolic equation with variable coefficient are particularly useful because it demon-
strates the robustness of the WG-FEMs with various combinations of polynomials in
the numerical scheme and it fills a gap in existing literature. Here, we have assumed
the regularity of the solution is very smooth, but we are well aware of the fact that the
rate of convergence of the finite element approximation depends on the smoothness of
a solution. Under the low regularity solution of parabolic problems, the higher order
convergence analysis has remained a major part of the mathematical study up to the
present day. Our second problem is devoted to study the weak Galerkin finite element

approximations of second order linear parabolic equation under the low regularities of
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the solution. Optimal order error estimates in L*(L?) and L?(H") norms are shown to
hold for both the spatially discrete continuous time and the discrete time weak Galerkin
finite element schemes, which allow using the discontinuous piecewise polynomials on
finite element partitions with the arbitrary shape of polygons with certain shape regu-
larity. The fully discrete scheme is based on first order in time Euler method. We have
derived O(R¥*1) in L%(L?) norm and O(h*) in L?(H') norm when the exact solution
u € L*0,T; H*1(Q)) N HY(0, T; H*1(Q)), for some k > 1. Notably, the solutions of
parabolic problems have the smoothing property that is for positive time ¢, the solution
is sufficiently smooth even when the initial data are not H' regular. Useful numerical
schemes are also expected to have an analogous smoothing property, which results in
obtaining the optimal order convergence for positive time under data of low regularity.
An attempt has been made in this thesis to study the convergence analysis with lesser
regularity assumption on the initial data. Our concerned is to study the convergence of
weak Galerkin finite element approximations for homogeneous parabolic equation with
L? initial data using polygonal meshes, both in a spatially semidiscrete case and in a
completely discrete case based on the backward Euler method. In this work, assuming
initial data in L?, we have shown the convergence of WG finite element solution to the
true solution at an optimal rate in L? norm on WG finite element space (P, Py, Pg).
Subsequently, the results are extended for fully discrete scheme. Finally, the numeri-
cal experimentation confirms our theoretical convergence results and efficiency of the

scheme for above described problems.
The higher order methods have become popular in recent years for investigating the

wave propagation phenomena and is acting as an effective approach for solving a wide
range of hyperbolic problems. We describe the WG-FEMs for second-order linear wave
equation (1.1.3)-(1.1.4), where we have reported both semidiscrete and fully discrete
schemes. The fully discrete space-time finite element discretizations can be revised as
the Crank-Nicolson discretization of the reformulation of the governing equation in the
first-order system. For sufficiently smooth solutions, optimal order error estimate in
the L>(L?) norm is shown to hold as O(h*™' + 72), where h is the mesh size and 7
the time step. Our last problem is provoked by numerous applications of nonlinear
hyperbolic problems in medicine and industry. A general linear second-order hyper-
bolic equation was introduced in [119] which includes different types of damping. Lim
et al. [78] concerned an accurate and efficient numerical algorithm for solving viscous
and nonviscous wave equations. To investigate the solvability of these problems wtih
high order of convergence in general mesh, we design and analyze the WG-FEMs to ap-

proximate a second order general linear hyperbolic equation (1.1.5)-(1.1.6) with variable
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coefficients on polygonal meshes. The convergence analysis is carried out for the semi-
discrete and fully discrete weak Galerkin approximations. The fully discrete scheme
can be reinterpreted as an implicit second-order accurate Newmark scheme. Optimal
order error estimates in L>°(L?) and L*(H') norms are shown to hold for both the
schemes. The main aspect of our proof is the use of a non-standard projection operator
instead of the usual elliptic projection. Several numerical experiments are performed in
a two-dimensional setting that illustrates our theoretical convergence findings. These
experiments confirms the robustness, reliability and accuracy of the proposed method.
Thus, this thesis intends to enhance the numerical analysis of time dependent problems

with polygonal meshes.

1.4 WG Discretization for Elliptic Problems

In this section, we shall briefly introduce WG-FEMs for the elliptic problem and review
the definition of the weak gradient operator and its discrete analog to better understand

the weak Galerkin algorithm for time-dependent problems.
Let 2 C R? be a convex polygonal domain with boundary 9. In 2, we consider

the following linear elliptic problem
-V - (aVu) = f in Q, (1.4.1)

with Dirichlet boundary conditions
u=0 on Jf. (1.4.2)

We assume that the coefficient matrix o = (@v;;())2x2 € [L®(Q)]* is symmetric and
uniformly positive definite in 2. The load term f is assumed to be smooth functions in

their respective domains of definition.
For some hg > 0 and h € (0, hyl, let T}, be a partition of the domain 2 consisting of

polygons in two dimension satisfying a set of conditions specified in [123]. Denote by
Fp, the set of all edges in T, and let FP = F,\0N be the set of all interior edges. For
every element K € Ty, we denote by |K| the measure of K and by hy its diameter and
mesh size h = maxge7; hi for Tp.

The key in weak Galerkin methods is the use of weak derivatives in the place of strong
derivatives in the variational form for the underlying partial differential equations. Thus,
it is essential to introduce a weak version for the gradient operator. Weak gradient
operators and its discrete version were introduced in [123]. Let K be any polygonal
domain with interior K° and boundary K. A weak function on the region K refers to
a pair of scalar valued functions v = {vg, v} such that vy € L*(K) and v, € L*(0K).
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Note that v, may not be necessarily related to the trace of vy on K. Denote by V(K)

the space of weak scalar valued functions on K; i.e.,
V(K) = {v = {vo,n} : vp € L*(K),v, € L*(OK)}. (1.4.3)

Define a space
H(div,K) ={a:q € [L*(K)]?, V-qe L*(K)}.
For any weak function v = {vg, vp}, its weak gradient V,v is defined (interpreted)

as a linear functional on H(div, K) whose action on each q € H(div, K) is given by

(Vuwv,q)x = —/

vV - qdK + / upq - nds, (1.4.4)
K

oK
where n is the unit outward normal to 0K.
For any given integer k& > 0, denote Px(K) the space of polynomials of total degree

k or less on the element K € T;,. Analogously, for any given integer j > 0, P;(e) denotes
the space of polynomials of total degree j or less on the edge e € F,. On each element

K € Tp,, define the following local weak finite element space
V(k, j, K) = {on = {vo, v} : vo € Pu(K), vy € P;j(OK)}. (1.4.5)

A global weak finite element space V), is constructed by patching local space V(k, j, K)

through a common value of v, on all interior edges
Vi = {vn = {vo, v} : vnlx € V(k,j, K), [vn]e =0, Ye € F7}. (1.4.6)

Here, [vp]. = [vp] denotes the jump of v, € V = [[ s V(k, j, K) across an interior edge
e € F). Denote by V} the subspace of V, consisting of all finite element functions with

vanishing boundary value
Vi = {un € Vi : vylaq = 0}. (1.4.7)

Next, we introduce a discrete weak gradient operator, denoted by V,,, is defined as

the unique polynomial (V,v;) € [P;(K)]? that satisfies the following equation
(Vwon, q)x = —/ vo(V - Q)dK+/ v(a-n)ds Vq € [P(K)]%, (1.4.8)
K oK

where n is the unit outward normal to 0K and [ > 0 is prescribed non-negative integer.
By applying the divergence theorem to the first term on the right-hand side of (1.4.8),

we arrive at

(vah, Q)K = (VUO, Q)K + (vp —vo,q-n)ox Vq € [PZ(K)]z- (1-4-9)
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Using the discrete weak gradient operator V,, we define the bilinear map A, :
Vi, x V, = R by

Aw(uh, "Uh) = Z (akuh, vah)K + S(Uh, Uh) Vuh, Vp € Vh. (1.4.10)
KeTy

Here, S(+,-) is known as stabilizer, which is a semi-positive definite bilinear form defined
on Vj, X Vy,. Stabilizer S(-, -) is often chosen in such a way that it fits well into the theory

and implementation of the WG numerical scheme. For examples (cf. [121]):

Example 1.4.1. (Projected Element-Boundary Discrepancy) For v, = {vo,vp} € Vp,
the continuity of v, can be measured by the quantity vy, —volox for each element K € T,

The projected element-boundary-discrepancy method is based on the following stabilizer

S(un, vp) = Z hic (Qum (s — uolox), Qo (Vs — volak)) ok, (1.4.11)

KeTy,
where Q,, : L*(OK) — P, (0K) is the usual L*- projection operator and m = max{j,[}.
Example 1.4.2. (Element-Boundary Discrepancy) The element-boundary-discrepancy

method is based on the following stabilizer
S(uh, 'Uh) — Z h;(1<ub — U0|3K, Vp — UO|8K>8K- (1.4.12)
KeTy
Notation (-,-)sx denotes the L? inner product on K and accordingly, we write
(Yo = > (1 )er (1.4.13)
ecOK

where (-, ), denotes the L? inner product on e € Fj,.
In the WG methods, the polynomial degree and the stabilizer must be chosen so that

the bilinear form A, (-,-) is coercive with respect to the semi-norm || - ||y, (cf. [121])
defined by
1
londlin = (D2 (IVvollie + bzt llvo = wl3e)) " vn = {vo,uw} € Vi (14.14)
=

More precisely, there exist constants C; > 0 & C5 > 0 such that for any v, € V), the

following inequality holds true
Cillonlln < Awlvn, vn) < Collvall3 - (1.4.15)

The coercivity inequality (1.4.15), for both the stabilizers on weak Galerkin space
(Pe(K), P;(OK), [Pi(K)]?), is stated below (cf. [121]).
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Lemma 1.4.1. Assume thatl > k—1 and m = max{j,l}. Then the coercivity inequality
(1.4.15) holds true.

In fact, V) is a normed linear space with respect to discrete H' norm || - ||1 4. For
simplicity, we shall only verify the positive length property for || - ||1,,. Assume that
lwp]l1n = 0 for some wy, = {wg,wp} € VY. Tt follows that Vwy = 0 on each element
K € 7T, and w, = wg on 0K. It follows that wy = constant on every K € 7T,. This,
together with the fact that w, = wy on 0K and w, = 0 on 02, implies that wy = 0 and
wy = 0.

The weak Galerkin finite element approximation for (1.4.1)-(1.4.2) is to find u, =
{ug, up} € VY such that

Aw(un, o) = (f,v0) You = {vo, v} € VY, (1.4.16)

where the bilinear map A, (-, ) is as defined in (1.4.10).
The following result deals with the existence and uniqueness of the WG solution uy,.

Theorem 1.4.1. For each h € (0, ho), there exists a function u;, € VY satisfying (1.4.16).

Proof. For a given element K € {7}, }o<n<ng, let {¢o;: i =1,2,..., No} be a set of basis
functions for Pp(K) and {¢p; : i = 1,2,..., Ny} be a set of basis function for Py(e).

Then every vy, = {vg, vp} € {VP }o<n<n, can be written as

No N,
vnlk = { > doitoi Y db,j¢b,j}a
i=1 j=1

where dy;,dy; are the coefficient functions for 1 < ¢ < Ny and 1 < j < N,. For
1 S 7 S No -+ Nb, we write QEUZ = {QZBO,Z', ngﬂ‘} with

ng,izﬁbo,i for1<i< Ny & ng,i:()for No+1<17< No+ Ny,
Gpi =0 for 1<i< Ny & i = Pvin, for No+1<i<Ny+ Ny,

and similarly to capture the unknown coefficient functions, we define
Czi’h = doﬂ' for 1 S 1 S No & CZZ'JL = db,z’—No for No +1 S 1 S N() + Nb.

Then, we seek our WG solution uy, = {ug,u;} € V) such that

No+Ny { No+Np No+Ny

ule = Y dinin =19 Y dindos Y dj,hggb,j}7 K €T
i=1 i=1 =1
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Now, set v, = ng,h, j=1,2,...,Ng+ N, in (1.4.16) to obtain

N0+Nb ) ) ) )
Aw( Z i Pi s ¢j,h> = (f,¢05), 7=1,...,No+ Nj.
i=1

We can rearrange the above equations as

No+Ny

Z dAi,hAw((ii,ha éj,h) = (fa (50,]')7 j = 17 cee 7NO + Nb-
=1

On each element K, the local stiffness matrix Ag associated with the bilinear map
Ay, (+,-) defined by (1.4.10) can thus be written as a block matrix

Aoo Aoy
Ay = ’ il (1.4.17)
Ao Abp
where Ay is a No x Ny, Aoy is a Ng x Ny, Apo is a Ny X Ny, and Ay is a Ny X N,
matrices. More precisely, these matrices are given by

Ao = [Auw(doy, Poi)iligy Aop = [Aw(Poys Poi)klij
Avo = [Aw(@bjs P0i)klijs Abp = [Aw(Pb, Obi) ki

where ¢, 7 are the row and column indices, respectively.
Then, for our WG solution, we need to find unknown vector dj, = [dy 1, . - -, dngsny.n) "

such that
Agdy, = F, (1.4.18)
where the source vector is given by
Fx =[F1,..., Fygen)s Fy = (f.djn)k, 1<4,j < No+ Ny

It is easy note that

1(F, 0im)| < 1 FMdjnll & [Aw(Dins din)| < Clldinllinllbinllin:

Now, the existence of the solution u; € V) follows from the coercive property of the

bilinear map A, (+, ). This completes the rest of the proof. O
Let K be an element with e as an edge. For any function ¢ € H'(K), the following

trace inequality holds true [123]

lelle < Clhi'llellk + hxllVelk)- (1.4.19)

The usual L%-inner product can be written locally on each element as follows

(vah, wah) = Z (vah, wah)[(, Wh, Vp € Vh. (1.4.20)

KeTy,
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1.5 Organization of the Thesis
The proposed contents of the thesis are as follows:

Chapter 1 contains the description of the problems, notations and preliminary
materials to be used in the thesis. It also provides a brief survey on the relevant literature
concerning the problems and their numerical solutions. Further, motivations for the

present study is also discussed.
In Chapter 2, we describe a systematic numerical study on weak Galerkin finite

element method for second order linear parabolic problem with variable coefficient by
allowing polynomial approximations with various degrees for each local element. Con-
vergence of both semidiscrete and fully discrete WG solutions are established in L>(L?)
and L>*°(H') norms. The fully discrete space-time discretizations are based on back-
ward Euler and Crank-Nicolson schemes. Numerical experiments are reported to justify
the robustness, reliability and accuracy of the WG finite element method. Results and

findings of this Chapter are communicated in [35, 69].
Chapter 3 is devoted to study the weak Galerkin finite element approximations of

second order linear parabolic problems in two-dimensional convex polygonal domains
under the low regularities of the solutions. Optimal order error estimates in L?(L?) and
L?*(H') norms are shown to hold for both the spatially discrete continuous time and the
discrete time weak Galerkin finite element schemes, which allow using the discontinuous
piecewise polynomials on finite element partitions. The fully discrete scheme is based
on first order in time FEuler method. Results and findings of this Chapter are published
in [34].

In Chapter 4, we analyze the weak Galerkin finite element methods for second order
linear parabolic problems with L? initial data, both in a spatially semidiscrete case and
in a completely discrete case based on the backward Euler method. We have established
optimal L? error estimates of order O(h?/t) for semisdiscrete scheme. Subsequently, the
results are extended for fully discrete scheme. The error analysis has been carried out on
polygonal meshes for discontinuous piecewise polynomials in finite element partitions.

Results and findings of this Chapter are communicated in [71].
In Chapter 5, we describe WG-FEMs for solving hyperbolic problems using the WG

finite element space (Py(K), Pr(0K), [Pr_1(K)]?), k > 1. We propose both semidiscrete
and fully discrete schemes to numerically solve the second-order linear wave equation.
For the time discretization, we have used implicit second order Newmark scheme. For
sufficiently smooth solutions, optimal order error estimate in the L°°(L?) norm is shown
to hold as O(h**! + 72), where h is the mesh size and 7 the time step. Results and

findings of this Chapter are communicated in [43].
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In Chapter 6, we design and analyze the WG-FEMs to approximate a second
order general linear hyperbolic equation with variable coefficients on polygonal meshes.
The proposed method has numerous assets, including the support for higher order of
accuracy and general polygonal meshes. The convergence analysis is carried out for
the semidiscrete and fully discrete weak Galerkin approximations. The fully discrete
scheme can be reinterpreted as an implicit second-order accurate Newmark scheme that
is unconditionally stable. Optimal order error estimates in L°>°(L?) and L>(H") norms
are shown to hold for both the schemes. Results and findings of this Chapter are

communicated in [70].
Finally, in Chapter 7, we discuss the critical evaluation of the results reported in

above. This chapter concludes with a brief discussion on the possible extensions and

future scopes of the research work done in this thesis.
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A Systematic Study of Weak Galerkin Finite Element

Methods for Second Order Parabolic Problems

This chapter provides a systematic study for the weak Galerkin (WG) finite element
method for second order parabolic problems (1.1.1)-(1.1.2) by exploring polynomial ap-
proximations with various degrees for each local element. Convergence of both semidis-
crete and fully discrete WG solutions are established in L? and H' norms assuming full
regularity of the true solution for a general WG element (Py(K), P;(0K), [Pi(K )}2),
where £ > 1, j > 0 and [ > 0 are arbitrary integers. The fully discrete space-time
discretizatios are based on backward Euler and Crank-Nicolson schemes. Our results
extend the numerical analysis of WG methods for elliptic problems [J. Sci. Comput., 74
(2018), 1369-1396] to parabolic problems with variable coefficients. Numerical experi-
ments are reported to justify the robustness, reliability and accuracy of the WG finite

element method.

2.1 Introduction
To begin with, let us first recall the second order linear parabolic problem of the form
u— V- (aVu) = f inQx(0,7], (2.1.1)
with initial and Dirichlet boundary condition
u(z,0) =u’(z) inQ; u=0 on dN x (0,77, (2.1.2)

where Q C R? is a convex polygonal domain with boundary 9. We assume that

the coefficient matrix o = (v (2))ax2 € [L(Q)]¥ is symmetric and uniformly positive

Some parts of this chapter are under review in Numer. Methods Partial Differential Equations and

FEzxamples and Counterexamples.
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CHAPTER 2. Systematic Study of WG-FEMs for Parabolic Problem 20

definite in Q. The initial function u" : Q@ — R and the forcing function f : 2x[0,T] — R
are assumed to be smooth functions in their respective domains of definition, and 71" is

the finite terminal observation time. For the higher regularity of the solution to the

parabolic problem (2.1.1)-(2.1.2), we refer [45, 72, 86].
The objective of the present work is to propose a systematic framework of WG-FEMs

for second order linear parabolic equations by using polynomials of various degrees in
the weak finite element space. Finite element approximations of linear parabolic equa-
tions have been studied extensively, [111] contains a comprehensive list of references.
The classical finite element methods based on conforming finite element discretization
have limitations in practical computation. The conforming finite element space is re-
stricted to piecewise polynomials with prescribed continuity that ensures conformity
and stability of the corresponding weak formulation, which is often very difficult to
implement, particularly for problems in high dimensions and/or on general polytopal
partitions. In scientific computing, higher order of convergence is always one of the
major research goals, because high order methods are more accurate. Although con-
forming finite element methods have simple formulations with many fewer unknowns,
however, construction of conforming finite element spaces of any orders would be either
challenging or impossible. Keeping in mind the applicability of numerical methods of
higher order with polygonal meshes, recent attempts have been made to develop certain
technologies which make the use of polygonal meshes, for instance, see [14, 30, 117] for
virtual element methods, [5, 18, 19, 25, 26| for discontinuous Galerkin methods. Due
to the use of discontinuous approximation functions, WG-FEMs are highly flexible in
construction of finite element spaces of any orders with the price of more degrees of
freedom and more complex formulations. Unlike classical finite element method, the
WG-FEMs is applicable for unstructured polygonal meshes making it more suitable for
complex geometry usually appearing in real life problem. A typical local WG element
is of the form (Py(K), P;(0K), [PZ(K)f), where k > 1 is the degree of polynomials in
the interior of the element K, 7 > 0 is the degree of polynomials on the boundary of K,
and [ > 0 is the degree of polynomials employed in the computation of weak gradients
or weak first order partial derivatives. The accuracy and the computational complexity
of the corresponding WG scheme is significantly impacted by the selection of such poly-
nomials. The goal of this study is to explore all possible combinations of polynomial
functions in the reconstruction of the underlying differential operators. Our results are
intended to extend the weak Galerkin analysis in [121] for elliptic problems to linear
parabolic equations with polygonal meshes and variable coefficients. It is worth to note

that only discrete H' norm error estimates are established in [121]. The error analysis
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reported in this chapter shows that the WG finite element solutions approximate the
true solutions with an optimal order in L°°(L?) and L*(H') norms. The results for
parabolic equation are particularly useful because it demonstrates the robustness of the
WG-FEMs with various combinations of polynomials in the numerical scheme and it
fills a gap in existing literature. Finally, theoretical convergence results are validated

for several combination of the polynomial spaces.
The rest of the chapter is organized as follows. In Section 2.2, we recall the definitions

of weak gradient with its discrete analogs in suitable polynomial spaces and derive an
error equation. Section 2.3 is devoted to the optimal order error estimates of semidiscrete
WG-FEMs algorithm. In Section 2.4, a backward Euler and Crank-Nicolson schemes
are described along with a priori error bounds in L®(H"') and L>(L?) norms. Section
2.5 focuses on some numerical results that confirm the convergence theory developed in

earlier section with concluding remarks.
2.2 Semidiscrete Approximation

This section deals with spatially discrete scheme for the parabolic problem (2.1.1)-

(2.1.2).
Let 75, be the finite element discretization of €2 as described in Chapter 1. Based on

the discretization 7, for k > 1, we recall following weak Galerkin finite element space
Vi ={v={vo,w}: v|xg € V(k,j,K), [v]e =0, Ve € F}}. (2.2.1)

Here, [vp]e = [vp] denotes the jump of v, € [[xor V(k,j, K) across an interior edge

e € Fp and V(k, j, K) is the local weak Galerkin space as defined in (1.4.5).
Denote by VJ the subspace of V, consisting of all finite element functions with

vanishing boundary value
V;? = {’U EVy: 'Ub|ag = 0} (2.2.2)

Next, we recall a discrete weak gradient operator, denoted by V,,, is defined as the

unique polynomial (V,v) € [P/(K)]? that satisfies the following equation

(Vwv,a)x = —/

KUO(V -q)dK +/ v(q-n)ds Yq € [P(K)]?, (2.2.3)

oK

where n is the unit outward normal to 0K
For each element K € 7T, and edge e € Fj, operators Qf) : L*(K) — Py(K) and

Q% : L*(e) — Pj(e) are the usual L projections. Denote by Q, the L? projection onto
the weak finite element space Vj, such that Qulx = {QY, Q? }. In addition to Qj, let
Qi : [LA(K)]? — [Pi(K))* be an another local L? projection.
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A time-dependent weak function vy, : [0,T] — V), is written as v, (t) := {wvo(¢), vs(t)}
and subsequently we define vy, (t) := {v((t), v, (t)}, where ‘7’ denotes the time derivatives.
For simplicity, we use v, = {vo, vy} for v, (t) and v = {vg, vy} for vy (t).

The continuous-time weak Galerkin finite element approximation to (2.1.1)-(2.1.2)

can be obtained by seeking u;, = {ug, up} : [0, T] — V) satisfying following equation
(Uht,?]o) + Aw(uh, Uh) = (f, 1}0) Yoy, € V}?, (224)

where uy,(0) € V) is a suitable approximation of the initial function «°. The bilinear
map A, (-, -) is as that defined in (1.4.10). Well-posedness of the scheme (2.2.4) can be
verified from the fact that weak finite element space Vy is a normed linear space with

respect to the triple norm |||-[|| defined as (see, Lemma 1.4.1)

llvalll = v/ Aw(vn, vr), v € Vy.

As a standard procedure in finite element method, we split our error into two com-

ponents using an intermediate operator. We write
u—up = (u— Qpu) + (Qpu — up).
For simplicity, we introduce the following notation
en(t) :={eo(t), en(t)} = up(t) — Quu(t), t € 0,7). (2.2.5)
Then e, satisfies following error equation which is crucial for our later analysis.

Lemma 2.2.1. Let e, be the error as defined in (2.2.5). Then, for allv, = {vy, vy} € V.,

we have
(ent, v0) + Aw(en, vn) = li(u,vp) + lo(u, vp) + l3(u, v) + S(Qpu, vp), (2.2.6)
where bilinear forms l1(-,-), la(+,+) and l3(-,-) are given by

li(u,vp) = Z (@l(a@lVqu)—onu,Vv()) ,

KeTy, K
lo(u,vy) = Z (Q(aQ,VQu) — aVu) - n, v, — vo)ax,
KeTy,
Is(u,vp) = Z (Qhu — QRu, Qy(aV,v) - 1) ok
KeTy,
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Proof. For any v, = {vg, vy} € V), we test equation (2.1.1) against vy on each element
K € T, to obtain

(fivo) = (u,v0) = Y (V- (aVu),v)x

KeTy

= (Qpuy,vg) + Z (aVu, Vug) g — Z (aVu-n,vg)ox

KeTy, KeTy
= (Quu)evo) + Y (aVu, Voo)g — Y (aVu-n v — vphorx,  (22.7)
KeTy, KeTy,

where we have used the divergence theorem and the fact that

Z (aVu-n,vp)or = 0.

KeTh

Combining (2.2.4) and (2.2.7), we have

(s vo) + Aw(un,vn) = ((Quu)r,vo) + Y (aVu, Vug)x

KeTy

— Z (aVu -n,vy — vp)ok- (2.2.8)
KeTh

Then integration by parts together with the identity (1.4.9) and the definition of @
operator yields

(V4 Qnu, V)i

= (VuQhu, Qi(aVyv))k
(VQkU Qi(aV U)) +(Qu — Qu, Qu(aVy,v) - n)ax
(@UeQUTR)), Vur)) -+ (L — O, QT ) - mox
(@U@ (VQR). Tu0) )+ (Q)u = Q. (V) - o
+(vy, — v, Qu(aQi(VQRu)) - m) o,

so that

Au(Qnu,vp) = Z (aVwQnu, Vo) . + S(Qnu, vp)

KeTh,
= > (QOQ(VQ). Vu)) + Y (@~ Qhu QulaV.) - mox
KeTy, KeTy,
+ Z {0y — vo, Qu(aQu(VQRu)) - m)ax + S(Qnu, vn),
KETh,
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and hence,

((Qnu)e, vo) + Aw(Qnu, vy)
= (Quu)vo) + Y (Q(aQUVQL)), Veo))

KeTy
+ Z (Qbu — Qu, Qi(aV,v) - Yok
KeTy
+ ) (v — vo, Qui(aQu(VQhu)) - n)ox + S(Qpu, vi). (2.2.9)
KeTy

Subtracting (2.2.8) from (2.2.9) leads to desire result. [
Next, for a shape regular weak Galerkin discretization 7y, we recall following crucial

estimates for the bilinear maps [y, Iy and I3 from literature [121].

Lemma 2.2.2. Let 0 = mun{l + 1,k}. Assume that v € H°(Q) N H}(Q) then the

following estimate holds true
|11 (u, 0n)| < CR[[ull o l|vnlln Yon € V5,

where C'is a positive constant depending on ||a|;11.00-the element wise WH norm of

the coefficient matrix o.

Lemma 2.2.3. Under the assumptions of Lemma 2.2.2, for all v, € V}, we have
|2 (u, )| < CA? ||ullogrf|on 1.

Lemma 2.2.4. Let k, j, 1 be the non-negative integers that define the weak finite element
space Vy,. Set s = min{k,j} and assume that s > 1. In addition, assume that u €
H*TH(Q) N Hy(Q) then the following estimate holds true

[l3(u, va)| < CR|lullsallonllin Yon € V.
In the case j > 1, we have

|l3(u,vh)] < C’thquHthHl,h Yo, € V}? (2210)

2.3 Error Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme (2.2.4). Op-

timal order of convergence in both L°°(L?) and L*(H") norms are established.
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2.3.1 Error estimates with projected element-boundary-discrepancy

Here, convergence results for the semidiscrete weak Galerkin approximation based on

projected element-boundary-discrepancy are presented.
For our convenience, following result is borrowed from [121].

Lemma 2.3.1. Assume that
S(up, vp) Z B (O (up — uolox), Qm (Vs — volox))ox,
KeTh

where Q,, : L*(OK) — P (0K) is the usual L*- projection operator and m = max{j,l}.
The following results hold true:

(a) Assume that the solution of (2.1.1)-(2.1.2) is so regular that u € H*(Q)N H(Q)
and 7 > 1, then
[S(Quu, Quu)| < CR*lulliy.

(b) Assume that the solution of (2.1.1)-(2.1.2) is so reqular that u € H*™(Q) N H}(Q)
and j <1, then

|S(Quu, Quu)| < Ch*||ullS,,
where s = min{k, j }.

The convergence results for the stabilizer with projected element-boundary-discrepancy

can be summarized as follows.

Theorem 2.3.1. Let k., j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(up, vp) Z hi (O (up — uolox), Qm (Vs — volox))ox,

KeTh

where Q,, : L*(0K) — P, (0K) is the usual L* projection operator and m = max{j,[}.

Then the following error estimates hold true:

(a) For j < I, set s = min{k,j} and assume s > 1. Assume that the solution of
(2.1.1)-(2.1.2) is so reqular that uw € H**1(Q) N H(Q). Then

s+ [ el s < (Jea@) 42 [ fuliads), 231
[ lew®lds + len(o
< C(lenO)F + len O + 7 [l s) 2.3.2)

TH-2866_176123101



CHAPTER 2. Systematic Study of WG-FEMs for Parabolic Problem 26

(b) For j > 1, assume that the solution of (2.1.1)-(2.1.2) is so regular that u €
H*Y Q)N HL(). Then

t t
lewtF + [ lenlacs < C IO + 12 [ uliads). @33
t
| tewolFds + e,

t
< C(len O + len(@[ + 0 [ Jul},ds). (2.3.4)
0
Proof. Set v, = e, in the error equation (2.2.6) to obtain

——llea(®)[1? + Awlen, en) < |li(u, en)| + lla(u, en)| + [Is(u, en)] 4 |S(Qnu, en)].-

Then by integrating from 0 to ¢ and using the coercive inequality (1.4.15), we have

1 t t t
Slen(IF + € [ lenliads < [ it enlds+ [ fa(uca)lds
0 0 0
t t
+/ |13(u,eh)|ds+/ |S(Qru, ep)|ds
0 0
= Il+[2+[3+]4. (235)

For the terms I; and I, we first observe that ¢ = min{l + 1,k} = k. Then, we apply

Lemma 2.2.2 and Lemma 2.2.3 to have
t
L h< Ch’“/ lallesallen]|onds. (2.3.6)
0

Assume that j < [ and s = min{k, j}, so that Lemma 2.2.4 and Lemma 2.3.1 yields

t
I3, I4 S Chs/ ||U,||8+1||6h||17hd8. (237)
0

Combining (2.3.5)-(2.3.7), we have following L*(L?) norm and L*(||-[|) norm error

estimates

t t
lewl+ [ lenli s < C{len@IF + 1 [ Jullias ). (238)

In the last inequality, we have used the standard Young’s inequality.
Next, we differentiate (2.2.6) with respect to ¢ and then set v, = ey, in the resulting

equation to have

1d
§E||6ht(7f)||2 + Ay (ents ent) < [l1(u, ene)| + |la(u, ent)| + [I3(u, ent)| + |S(Qnu, ent)|.
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Arguing as in (2.3.8), we note that

t t
lewe P + [ Nlenlads < C(len@ +12 [ ulZads). (239

Next, we set v, = ep; in the error equation (2.2.6) and arguing as in (2.3.8), we

obtain following error estimate

t t
| e+ leno) 120 < C(hen(O + eI+ [l i),

Here, we have used the estimate (2.3.9).
Part (b) can be realized in a similar manner. We omit the details. This completes

the rest of the proof. [
Next, we derive an optimal order of estimate for e;, in L? norm, the basic idea applied

is to use elliptic projection. For v € H*(Q) N HI(Q)}, we define
fo=-V-(aVv) in Q.
Clearly, f, € L*(Q2). Define Ry, : H*(Q) N H} (Q) — VP by
Aw(Riv,vp) = (fo,vn) Yo, = {vo, v} € VY, v € H*(Q) N Hy(Q). (2.3.10)
It is easy to observe from the definition of elliptic projection and equation (2.2.4) that
(unt, vp) + Aw(un — Rpu,vp) = (fyon) + (V- (aVu),vh) = (ug, vp), (2.3.11)

for all vy, = {vg, vy} € V). Here, we have used equation (2.1.1).

Remark 2.3.1. From the identity (2.3.11), for u,(0) = Ruu®, it is easy to see that

(ene(0),vn) = (un(0) — Qrut(0),vn)
= (ue(0) — Qpue(0), v) Yon = {vo, v} €V},

which implies
lene (0)]] < [us(0) = Qrus (0)]| < ChAMJus(0)][5, 0 <A < k. (2.3.12)

Here, we have used standard approximation properties for L? projection (see, Lemma
4.1 1in [123]). Again, from the equation (2.1.1) it follows that

lue(0)Ix < C (e llnsz + 1 ) (2.3.13)
Combining estimates (2.3.12) and (2.5.13), we obtain

leneO)I < CRA (|1’ Iare + 1 flarrsmyy), 0 A< R (2.3.14)

TH-2866_176123101



CHAPTER 2. Systematic Study of WG-FEMs for Parabolic Problem 28

In view of (2.3.10), we observe that R,v is the WG finite element approximation of

the elliptic problem with exact solution v € H?(Q)N HJ () satisfying following equation
-V - (aVv) = f, inQ. (2.3.15)

Then the error p, := Quv — Ryv satisfies following error equation (see, Lemma 4.1 in
[121])

A (po, wn) = li(v, wy) + la(v, wy) + l3(v, wn) + S(Qpv, wy), (2.3.16)

for all wy, € V).
Further, following discrete H' norm error estimates for Ry, hold true [121].

Lemma 2.3.2. Let k,j, and | be the non-negative integers with [ > k — 1 that define

the weak finite element space Vy,. Assume that

S(un,vn) = Y b (Qum (s — oo ), vy = volox))ox
KeT,

where Q,, : L*(0K) — P,,(0K) is the usual L* projection operator and m = max{j,[}.

Then the following error estimates hold true:

(a) For j <, set s = min{k, j} and assume s > 1. Forv € H*"(Q) N H(Q), we have

|Qrv — Ryvll1n < CR®||0||s41- (2.3.17)

(b) For j > 1 and v € H**Y(Q) N H}(Q). Then

1Qnv — Ruv|l1n < CR¥||v]|gs1- (2.3.18)

Next, the error e, = up, — Qpu is expressed in terms of standard p and 6 as
en(t) = up(t) — Quu(t) = 0(t) — p(t), (2.3.19)

where p := Qpu — Rpu and 6 := u, — Rpu.
For 6 € V), we note that (cf. [36])

(s, v1) + Ay (0, v1) = (pr,v1) Yo € V. (2.3.20)
For v, = 0 in (2.3.20), we have

(6, 0) + 1I61I° < Nl N6l
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which leads to

t t t
WW+AHWW$SW®W+CAHm%k+CAHW%&

A simple application of Grownwall’s inequality yields

t t
017 < (10O + [ lnlias) = [ s, (23.21)
0

where we have used the fact that 6(0) = u,(0) — Rpu(0) =

Remark 2.3.2. To best of our knowledge, optimal error estimates in L* norm for elliptic

problems on general WG finite element space
2

with arbitrary non-negative integers {k, j, I} have not been established earlier. Article
[121] is only concerned about the discrete H' morm convergence. Therefore, we can not

use optimal convergence results directly for the term p; in the L? norm.

Next, for the L? norm error estimate, we now consider the following auxiliary prob-
lem: For every t € (0,77, find 2(t) € H}(Q) N H*(Q) such that

-V - (aVz(t)) = pe(2). (2.3.22)

Then, we may define z;(t) := {zo(t), 2(t)} € V? as the solution to following discrete
elliptic problem

Aw(zn(t),vn) = (ps(t),vn) Yo, € V), t€[0,T). (2.3.23)

Clearly, zj is the weak Galerkin finite element approximation to z and satisfies following
estimates (cf. [121])

12 = znllin < Chllzlla < Chl|pd]l- (2.3.24)

Here, we have used the standard a priori estimate for elliptic problem and the WG space
(Pr(K), P;(0K), [PI(K)]2) with k, j and | > k — 1 are non-negative integers.
Setting v, = p; in (2.3.23) and further using identity (2.3.16), we have

I

= Aw(zha pt)
= U(ug, zn) + lo(ug, z) + l3(ug, 2n) + S(Qruy, 21). (2.3.25)

||Pt
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Hence, integrating (2.3.25) from 0 to 7', we arrive at following estimate

T T T
/ HPtH2d3 < / l1(uy, zp)ds +/ lo(uy, 2p)ds
0 0 0

T T
+/ lg(ut,zh)ds+/ S(Qpuy, zp)ds
0 0

We now estimate each term separately. For the term I;, we use the definition of L?
projection and the fact that Vzy € [Pr_1(K)]* C [P,(K)]? to have

> (@) — aVu, Vz)

KeTy

’ll(utyzh” s

K ‘

IN

Z (anVqut — aVuy, Vz())K‘

KeTy

IN

Z (anVqut - onqut, Vz())K‘

KeTy

D

KeTy
— 111 —|—112. (2327)

(aV qut — aVuy, Vzo> K'

Now, we use approximation properties for L? projections to have

Ly = )

(QZVqut — VO u, (o — @)Vz())K‘

KeTy,
< Chllafie Y (@zVqut—Vqut,VZo) ‘
KeTy, K
< Chllalhee Y CPHVQYudllr 1]V 20l
KeTy
< CPM2|al|y ool fuellx rollzn 15 (2.3.28)

for some non-negative integer \; < [. Here, & is the average of a on each element

KeT,.
Next, for the term I;5, we have following estimate. For the proof, we refer to Ap-

pendix.

Lz < O a0l luel gl el (2.3.29)
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for some non-negative integer Ay < k. Set A = min{\; + 1, Ay} and combine above
estimates (2.3.27)-(2.3.29) to obtain

T
I < C’||oz\|2,ooh)‘+1/ llwe|laxtllpellds, 0 <A<k, (2.3.30)
0
Then, following the lines of proof for the Lemma 4.3 in [121], we obtain
T
L < Claflat® [ Julls = alhads
0
T
< CHaHm,ooh”l/ [urlaallpellds, 0 <A<k (2.3.31)
0

In the last inequality, we have used (2.3.24).
For j <l and s = min{k, j}, Lemma 4.4 in [121] yields

%
l3(ug, 2) < Ch5||ut||s+1< > HOéVthH%()

KeTy

D=

< ChS“utHs+1< > HO‘H%N(K)vazhH%{>

KeTh
< O ||lugllsrrChlledlz.o0 ][ 2 1.0

< Ol allzeolluellssallpell- (2.3.32)
Similarly, for j > [, we obtain
I(ut, zn) < CR* o0 | ellisa [l el (2.3.33)
Combining estimates (2.3.32)-(2.3.33), we have

s T .
Ch* ™ Hlallz,00 fo Nuellssalloellds — for j <1,

&
A

(2.3.34)

CH* oo fo N[uelleiallpelids, for 5 > 1.

Here, s = min{k, j}.
Again, for the term I, we apply Lemma 4.5 and Lemma 4.7 in [121] to have

S(Qnug, 2zn) = S(Quut, zn — Qpz) + S(Qnur, Qnz)

< CW|urllssallzn — Qnzlhn
+ > hi (Qu(Quy — Qjur), Qn(QRz — QF2))ax
KeTy
< CR M udllssalzll2 + OB lwi]l2Ch 2]
< CR M ugllsiallpell (2.3.35)
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with j <l and s = {k, j}. Proceeding similarly, for j > I, we obtain
S(Qnus, zn) < CRH|ug|lgsallpell- (2.3.36)
Combining estimates (2.3.35)-(2.3.36), we have

Ch [ [ugllsallpellds for j < 1,
Iy

IA

(2.3.37)
CHM [ unlliallpelds - for j > 1
with s = min{k, j}.
Substituting estimates for [; (1 <17 <4) in (2.3.26), we obtain
. Ch2ED [T w2, ds for j <1,
ol < [ lllPds < (23.3%)
’ Ch2®HD [ g2, for j > 1.
Remark 2.3.3. In the previous estimate (2.3.39) for ||p||, we have assumed that u €

HY(H**Y) oruw € HY(H*?). In fact, following estimates can be derived in a similar

fashion
Oh2 (s+1) ||u'”s+1 fOT’j < l:

lp@)|* < (2.3.39)
OOl forj > 1.
We omit the details.

Finally, use estimate (2.3.39) in (2.3.21) to obtain following L°(L?) norm error

estimate.

Theorem 2.3.2. Let k, j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(un,vn) = Y b (Qum (s, — oo ), (Vs — volox))ox,
KeT,

where Q,, : L*(0K) — P (0K) is the usual L* projection operator and m = max{j,(}.

Then the following error estimates hold ture:

(a) For j < I, set s = min{k,j} and assume s > 1. Assume that the solution of
(2.1.1)-(2.1.2) is so regular that uy € H*1(Q) N HE (). Then

t
len()])* < Ch2<s+1)/ g |2, dt. (2.3.40)
0
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(b) For j > 1, assume that the solution of (2.1.1)-(2.1.2) is so regular that u; €
H*Y Q)N HL(Q). Then

t
Jea@)IP < CHED [l (2.3.41)
0

We assume following convergence results for the semidiscrete weak Galerkin approx-

imation with the stabilizer based on element-boundary-discrepancy.

Theorem 2.3.3. Let k, j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(un,vn) = Y i (uy — uolox, vy — volox )ox -
KeT,

Then, we have following error estimates

1
2

T
len@ + Rllen(®)]l1n < Chs“(/o !Iut\|§+1dt> : (2.3.42)

where s = min{k, j}.

2.4 Error Analysis for the Fully Discrete Scheme

This section is devoted to the extension of spatially semidiscrete a priori error analysis
to the fully discrete approximations. First order backward Euler and second order

Crank-Nicolson schemes are applied for the temporal discretization.
We, now, turn our attention to some discrete time weak Galerkin procedures. First,

we divide the time interval J = [0, T| into M equally spaced subintervals I,, = (t,_1, t,],
n=12,...,M with to = 0, and tjy = T and 7 = t,, — t,_1, the time step. For a
sequence {w"}M - C L?(Q), we define

Wt — w1 W+ w1

et S TP S V7
T 2

Also, for a continuous mapping ¢ : [0, 7] — L*(2), we define ¢" = ¢(.,t,), 0 < n < M.

The fully discrete weak Galerkin finite element approximation to the problem (2.1.1)-
(2.1.2) for backward Euler scheme is defined as: Let U} = Rpu’ and U = {U}, U} €
VP be the fully discrete solution of u at ¢ = ¢,, which we shall define through the following

scheme

(0:U7 vp) + AU vp) = (f*,0) Yo, €V, n=1,2,..., M. (2.4.1)
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The Crank-Nicolson scheme can be defined through the following scheme: Let Uy =
Ryu’ and U = {UF, U} € V) be the fully discrete solution of u at ¢ = t,. Then, seek
a solution U}* € V) such that

[un

0:U o) + Au(Up "2 0p) = (f77%,0) Yon € V), n=1,2,... M. (2.4.2)

2.4.1 Error analysis for backward Euler scheme

This section is devoted to optimal pointwise-in-time error estimate in L? norm and
discrete H' norm for the fully discrete approximation given by backward Euler scheme
(2.4.1). Convergence results for the fully discrete weak Galerkin approximation with

the stabilizer based on projected element-boundary-discrepancy are reported.
For fully discrete error estimates, we now split the errors at t = ¢,, as follows

u" —Up =u" — Qpu" + Qpu" — U}
We denote our error as
e =Up — Opu™ = {ep, €p }-
Further, using standard p and 6, error e” can be separated as
e"=0"+p", (2.4.3)

where 0" = U} — Rpu™ and p" = Rpu" — Qpu™.
For 6", we have the following error equation

(0-0",v9) + Ap(0",v) = —(0;Rpu" — uy',vp)
= —(w",v0) Yo = {vg, v} € V2, (2.4.4)

where w" = 0, Rpu™ — uy. For simplicity of the exposition, we write w" = R} + Rj,
where R} = 0, Rpu™ — 0;u™ and Ry = 0;u" — uj.
Set v = 0" in (2.4.4), we have

(0-0",0") + Ay, (6",6") < [lw"||[|6"]-
Then using the positivity of A,(:,-), we obtain
10" < 110"~ + 7llw™ ]I,

where we have used the fact that 8° = Uy — Ryu® = 0. Hence, we have

6" <7 | <7 ORI+ 7Y IR (2.4.5)
j=1 j=1 j=1
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For the term R{, it is easy to verify that

) tj
TR = / (Rpus — uyg)ds,
tji—1

which together with estimates (2.3.39) leads to the following

) CROD () wll2,1ds)” for j <1,
Y IR < (2.4.6)
j=1 1
Ch"‘“(fOT ||ut||z+1ds) * forj> 1.

Now, for the term Ro, we use Taylor’s series expansion to have

n b
> IR <07 [ uelas. (247
j=1 ;
Finally, estimates (2.4.5)-(2.4.7) together with (2.3.39) leads to following L? norm

error estimates.

Theorem 2.4.1. Let k,j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(un, vn) Z hic (Qum (s — ook ), Om (Vs — volak))ox,
KeT,,

where Q,, : L*(0K) — P (0K) is the usual L* projection operator and m = max{j,l}.

Then the following error estimates hold true:

a) For 7 < [, set s = minik,j; and assume s > 1. ssume that the solution o
For j [ in{k,J d 1. A hat th luts f
(2.1.1)-(2.1.2) is so reqular that uy € H*H(Q) N HY(QY). Then

T
WW2SCOﬂHD+ﬂ>/ (2 + Nl ) . (2.4.8)
0

(b) For j > 1, assume that the solution of (2.1.1)-(2.1.2) is so regular that u, €
HMHQ) N HL(Q). Then

T
e < € (5047 [ (Il + ) . (2.49)
0

Next, setting v, = —70,0" in (2.4.4), we have

7)|0:6"|* + Au (07, 0" — 0"71) < 7llw"|[[10-6"]) (2.4.10)
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which yields

Tl0.071 + 1% — |||~

IN

Crllw"|*

Cr(IRYI* + IR311). (2.4.11)

IN

From (2.4.6), we note that

. tj
TR < 7'5(/
t.

3i— 1

[SIES

(Rhut . Ut>2dt>
so that following estimates hold true

y Chs+D) f |wl|2qds  for j <1,
Y IRIIP < (2.4.12)
j=1

Ch2(k+1) fOT |we|l7qds forj > 1.

Again, we know that

o — Tt ; 1 (%
R% = — 'U,‘Z = ——/ (S — tj,l)uttds.
T T Ji
Hence, we have
312 1 & | 2 Yo,
Ry)* < = (s —tj_1)7ds ug,ds
T t]'_l tj—l

tj
< CT/ u,ds,
tj—1

which integration over €2 yields

t
IRi|P < O / sl Pds. (2.4.13)
ti—1

Now, estimates (2.4.11)-(2.4.13) together with (2.3.39) leads to following discrete H*

norm error estimates.

Theorem 2.4.2. Let k, j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(un,vn) = > hi (Qum(wy, — olox), Qun(vs — volox))ox

KeTy

where Q,, : L*(0K) — P,,(0K) is the usual L* projection operator and m = max{j,[}.

Then the following error estimates hold true:

TH-2866_176123101



CHAPTER 2. Systematic Study of WG-FEMs for Parabolic Problem 37

(a) For j < I, set s = min{k,j} and assume s > 1. Assume that the solution of
(2.1.1)-(2.1.2) is so regqular that u; € H**1(Q) N H (). Then

T
lle”I” < ¢ (n2 +7%) / (el + Nl . (2.4.14)

(b) For j > 1, assume that the solution of (2.1.1)-(2.1.2) is so reqular that u, €
HM(Q) N HLY(Q). Then

12 < O h2* 4 72 ¢ 2 2) dt 2.4.15
lle™ " < i e[ =+ [ ||” ) dt. (2.4.15)
0

We assume following convergence results for the fully discrete weak Galerkin approx-

imation with the stabilizer is based on element-boundary-discrepancy.
Theorem 2.4.3. Let k,j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(up, vp) = Z hi* (up — uolox, Vo — Volor)ox -
KeTh,

Then, we have following error estimates

T
elP < c(r2ern +72) / (el + ) (2.4.16)
0

T
lle"l < c(n*+7) / (el + Nl (2.4.17)

where s = min{k, j}.

2.4.2 Error analysis for Crank-Nicolson scheme

Here, we describe the optimal order of convergence in L? norm for the Crank-Nicolson

scheme (2.4.2) with the stabilizer based on projected element-boundary-discrepancy.
At t = t,, for the Crank-Nicolson scheme, we define the fully discrete error as

ey == Uy — Qpu™, which can be further expressed in terms of standard p™ and 6" as
e, =Uy — Qpu" :=0"+p", (2.4.18)

where 0" := U]! — Rpu™ and p" := Rpu" — Qpu”.
For 6™, we have the following error equation
(0,07, v0) + Ap (07" 2,0) = —(0-Rpu™ —uy 2, vp)
= —(w",v9) Yv = {vo, v} €V}, (2.4.19)
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where w" = 0, Rpu™ — u; 2.
For the sake of brev1ty, we express w" = W' + Wy, where W' = 0, Rpu" — 0;u"

and Wy = 0,u"™ — u, :
Set v = 0"~ 2 in (2.4.19), we have

(0,6™,072) + A, (0"72,0"73) < [lw"][[|6" 2.

Then using the positivity of A,(+,), we obtain

1 n||2 n—1 2> 1( n n—1 ) n
- _ & )
(12 = o) < 5 (e + o) e
Which imply that
™1 < 16"l + 7 flw"l-

Now, summing over n with the fact that §° = U? — R,u’ = 0, we have
lomf <7 flw’ < TZ ARSI (2.4.20)
=1 =1 i
For the term Wf , it is easy to verify that

; tj
TW] = / (Rpus — uyg)ds,
ti—1

which together with estimate (2.3.39) leads to the following

1
) Ch<s+1>( ST ||ut||§+1ds> for j < I,
Y W < (2.4.21)
j=1

1

CRL ([l 1ds)® for j > L

Now, for the term W,, we use Taylor’s series expansion to have

TZ HWgH < 07'2(/ ||utttH2d5> ! (2.4.22)
=1 Q

Finally, estimates (2.4.20)-(2.4.22) together with (2.3.39) leads to following L? norm

error estimates.

Theorem 2.4.4. Let k, j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that
S(up, vn) Z Wi (Qum(us — wolox ), Qs — volak)) ok,
KeTy,

where Q,, : L*(0K) — P,,(0K) is the usual L* projection operator and m = max{j,[}.

Then the following error estimates hold true:
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(a) For j < I, set s = min{k,j} and assume s > 1. Assume that the solution of
(2.1.1)-(2.1.2) is so regqular that u; € H**1(Q) N H (). Then

T
H%HSOQW*+#)A (Iellssn + el ) . (2.4.23)

(b) For j > 1, assume that the solution of (2.1.1)-(2.1.2) is so regular that u, €
HML(Q) N HL(Q). Then

€L
H%HgCQﬁ“+#)/ (el + e ) . (2.4.24)
0

We assume following convergence results for the discrete time weak Galerkin approx-

imation with the stabilizer which is based on element-boundary-discrepancy.

Theorem 2.4.5. Let k,j, and | be the non-negative integers with | > k — 1 that define

the weak finite element space Vy,. Assume that

S(un,vn) = Y b, — uolox; v — volox )ox-
KeTs,

Then, we have following error estimates

T
el < C(heH +72) / (s + ) . (2.4.25)

where s = min{k, j}.

2.5 Numerical Experiments

In this section, we will explore the results of computations for the parabolic problems
(2.1.1)-(2.1.2) in Q x J, where Q@ = (0,1) x (0,1) and J = [0, 1] with selected values
on the degree of polynomials in the weak Galerkin finite element space. The coefficient
matrix o is given by identity matrix I, the load function f, initial data «° and the

Dirichlet boundary value are selected in such a way that exact solution is
u = exp(—t) sin(7zx) sin(7y).

Triangular meshes are used in these experiments. We have done uniform partitioning
of the domain into n x n sub rectangles which is followed by dividing each rectangular
element by the diagonal line with mesh size h = 1/n, where n is any non-negative
integer. Further, we set 7 = O(h?™!), where 7 is selected according to Theorems 2.4.1
- 2.4.3 (for backward Eluer scheme), whereas, we set 7 = O(h"), where 7 is selected
according to Theorems 2.4.4 - 2.4.5 (for Crank-Nicolson scheme) so that optimal order

of convergence is maintained.
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WG Solution With k=2, j=1, I=0 WG Solution With k=3, j=2, I=1

Figure 2.5.1: Plots of the WG approximations at time ¢ = 1 for the method of projected
element-boundary-discrepancy with h = 1/32.

Let U}' be the weak Galerkin solution defined by (2.4.1) or (2.4.2). Then, we have
calculated the fully discrete error U}’ — Qpu™ with respect to triple bar norm and the

L? norm at final time 7" = 1.
Recall that the stabilizer for the method of projected element-boundary-discrepancy

is given by

S(up,vp) = Z e (Qom (s — wolox ), Qum (Vs — volox ))orx,
KeTy,
where m = min{j,{}. For different values of & (1 < k < 4), j (0 < j < 4) and
[ (0 <1 < 4), we have implemented the corresponding backward Euler WG scheme
(2.4.1) and Crank-Nicolson scheme (2.4.2) for the problem (2.1.1)-(2.1.2). The rate
of convergence for each combination is reported in Table 2.5.1, where NI means the
corresponding WG scheme is unstable or not consistent. The convergence order for
each particular combination is indicated in the form n/m, where n stand for the order
of convergence in the triple bar norm and m for the order of convergence in the L? norm.
For example, 2/3 would mean that the method is convergent at the rate of h? in the
triple bar norm and A?® in the L? norm. For [ < k — 1, the method works poorly. This

is an observation from the computation. For instance, we refer to Figure 2.5.1.
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Table 2.5.1: Order of convergence with the stabilizer based on projection

EL=1 17=0|g=1]153=2|7=3 j:4

1=3| 0 | 1/2 | 2/3 | 4/5 | 4/5
I=4| 0 | 1/2 | 2/3 | 3/4 | 4/5
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The method of element-boundary-discrepancy is based on the selection of stabilizer
S(up,vp) = ZKGTh hl}l<ub—uo\3K, vb—vo|3K>aK. For all the valuesof k = 1,2...,4,5 =
0,1,...,4,and | = 0,1,...,4, we have implemented both fully discrete schemes. The
order of convergence for each combination is listed in Table 2.5.2. Table 2.5.2 suggest
that the WG algorithms corresponding to the case of | = k — 2 and j < k are solvable.
For | = k—2 with 5 > k and [ < k — 2, the method is solvable but not consistent.
At present, we do not have mathematical justification. This is an observation from the

numerical experiments, which is illustrated in Figure 2.5.2.

WG Solution With k=3, j=4, I=1 WG Solution With k=3, j=3, I=1

K

0

)
)

Figure 2.5.2: Plots of the WG approximations at time ¢ = 1 for the method of element-
boundary-discrepancy with h = 1/32.

Concluding Remarks

In this chapter we have conducted a systematic study for the WG-FEMs with local
elements (Py(K), P;(0K), [Pi(K )]2) For all values of k, j and [, we have established
a theoretical framework for the convergence and error estimates in the triple bar norm

and standard L? norm. The results are summarized as follows.

1. For the method of projected element-boundary-discrepancy, we have the following

results:

(a) For [ > k — 1 and j > [, the corresponding WG scheme is stable and the

convergence order of k in the triple bar norm and %k + 1 in L? norm.
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Table 2.5.2: Order of convergence with the stabilizer based on element-boundary

EL=1 17=0|g=1]153=2|7=3 j:4

=21 0 | 1/2 | 2/3 | 3/4 | NI
I1=3| 0 | 1/2 | 2/3 | 3/4 | 4/5
I=4| 0 | 1/2 | 2/3 | 3/4 | 4/5
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Exact Solution
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Figure 2.5.3: Exact solution at ¢t = 1.

(b) For I > k — 1 and j < [, the corresponding WG scheme is stable and has
convergence order of s = min{k,j} in the triple bar norm and s + 1 in L?

norm.

(c) For [ < k — 1, the corresponding WG scheme is either unstable or not con-

sistent.

2. For the stabilizer with element-boundary-discrepancy, the following results hold

true:

(a) For [ > k — 1, the corresponding WG scheme is stable and the convergence

order of s = min{k, j} in the triple bar norm and s + 1 in L? norm.

(b) For I = k — 2 and j < k, the corresponding WG scheme is stable and the

convergence order of s = min{k, j} in the triple bar norm.

(c) For | =k —2 with j > k and [ < k — 2 the corresponding WG scheme is

solvable but not consistent.

Tables for Computational Results for Backward Euler Scheme

Here, we demonstrate some detailed numerical results for a set of selected values of k, j
and [. These results will support the rate of convergence reported in Section 2.4. The
numerical results are organized as follows. Tables 2.5.3-2.5.4 illustrate the table index
numbers for the set value of (k, j, 1), and the rest of the tables show the corresponding
numerical results. For example, Table 2.5.3 points to the table index numbers when
the stabilizer S(un, vn) = > ey R Qo (wy — oo ), Qu(vp — v0|aK)>aK was employed
in the numerical scheme. This table has a fixed value of k£ while j and [ are varying.
The entry of the table at (k,j,l) = (2,1,2) has value Table 2.5.7, which means the
computational results for (k,j,1) = (2,1, 2) should be found in Table 2.5.7.
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Table 2.5.3: Table of computations with projection based stabilizer

k=2 j=0 j=1 Jj=2 Jj=3 j=4

[ =1 | Table 2.5.5 Table 2.5.6

=2 Table 2.5.7  Table 2.5.8

[=3 Table 2.5.9

=4 Table 2.5.10
k=3] j=0 j=1 j=2 j=3 j=4
=2 Table 2.5.11 Table 2.5.12

=3 Table 2.5.13 Table 2.5.14

=4 Table 2.5.15
k=4 j=20 i — 1 =2 j=3 j=4
=3 Table 2.5.16 Table 2.5.17

=4 Table 2.5.18 Table 2.5.19

Table 2.5.4: Table of computations with element boundary based stabilizer

k=2|j=0 7=1 j=2 j=3 j=4
=1 Table 2.5.20

[=2 Table 2.5.21

[ =3 Table 2.5.22

=4 Table 2.5.23
k=3|j=0 = e j=3 j=4
=1 Table 2.5.24

=2 Table 2.5.25

=3 Table 2.5.26

=4 Table 2.5.27
k=4|j=0  j=1 j=2 j=3 j=4
[=2 Table 2.5.28 Table 2.5.29

1=3 Table 2.5.30

=4 Table 2.5.31
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Table 2.5.5: Orders of convergence for k =2,7 =0,l=1

lle”ll

Order

le” |

Order

1/4
1/8
1/16
1/32

8.122260e-01
8.458429e-01
8.547738e-01
8.570361e-01

-5.850856e-02
-1.515296e-02
-3.813233¢e-03

9.918705e-02
1.024692e-01
1.030492¢-01
1.031780e-01

-4.696613e-02
-8.143834e-03
-1.801845e-03

Table 2.5.6: Orders of convergence for k =2,5j =1,1=1

lle™

Order

le™ |

Order

1/4
1/8
1/16
1/32

7.169166e-02
1.805445e-02
4.522790e-03
1.131375e-03

1.989451e4-00
1.997070e+-00
1.999136¢+-00

6.189540e-03
7.725189e-04
9.652195e-05
1.208548e-05

3.002190e+00
3.000641e+00
2.997582¢+00

Table 2.5.7: Orders of convergence for k =2,j =1,1 =2

lleml

Order

le” |

Order

1/4
1/8
1/16
1/32

1.652606e-01
8.483399e-02
4.268569¢-02
2.137580e-02

9.620281e-01
9.908899¢-01
9.977740e-01

1.071478e-02
2.906554e-03
7.421362e-04
1.862606¢-04

1.882220e4-00
1.969554e+-00
1.994361e4-00

Table 2.5.8: Orders of convergence for k =2,j =21 =2

lle™ I

Order

le” |

Order

1/4
1/8
1/16
1/32

9.067179e-03
1.342686e-03
2.412130e-04
5.269517e-05

2.755532e+00
2.476743e+00
2.194565e+00

5.671533e-04

3.809727e-05  3.895979e+00
2.851774e-06  3.739756e+00
2.672112e-07  3.415807e+00

Table 2.5.9: Orders of convergence for k =2,j =3, =3

h

lleml

Order

Order

le” |

1/4
1/8
1/16
1/32

2.196970e-03
1.269027e-03
3.153325e-04
7.873437e-05

2.033948e+00
2.008777e+00
2.001809e+00

1.247593e-04

1.449317e-05  3.105703e+00

1.767677e-06
2.227589e-07

3.035446e+00
2.988299e+00
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Table 2.5.10: Orders of convergence for k = 2,5 =4,1 =4

h ™ I Order lle™ || Order
1/4 | 5.196970e-03 6.863976e-04
1/8 | 1.269027e-03 1.974641e+00 | 8.241034e-05 3.046438e+00
1/16 | 3.153325e-04 1.993420e+00 | 1.012732¢-05 3.024572e+00
1/32 | 7.873437¢-05 1.998177e+00 | 1.328450e-06 2.930437¢+00
Table 2.5.11: Orders of convergence for k =3,j =1,1 =2
h ™I Order lle™ || Order
1/4 | 1.670987e-01 1.040284e-02
1/8 | 8.570960e-02 9.631714e-01 | 2.830643e-03  1.877776e+00
1/16 | 4.311791e-02 9.911696e-01 | 7.233917e-04 1.968281e+00
1/32 | 2.159118e-02 9.978453e-01 | 1.815894e-04 1.994097e+00
Table 2.5.12: Orders of convergence for k = 3,7 =2,1 =2
h ™I Order lle™|| Order
1/4 | 9.201438e-03 6.734277e-04
1/8 | 1.164020e-03 2.982744e+00 | 4.245300e-05 3.98758e+00
1/16 | 1.459683e-04 2.995389e+00 | 2.659047e-06 3.986885e+00
1/32 | 1.8226353e-05 2.998617e+00 | 1.733472e-07 3.939173e+00
Table 2.5.13: Orders of convergence for k = 3,7 =2,1 =3
h ™ I Order lle™ || Order
1/4 | 2.461944e-02 6.907415e-04
1/8 | 6.266297e-03 1.974113e+00 | 8.841892e-05 2.965719e+00
1/16 | 1.572490e-03 1.994563e+00 | 1.106445e-05 2.998423e+00
1/32 | 3.935074e-04 1.998588e+00 | 1.452128e-06 2.929691e+00
Table 2.5.14: Orders of convergence for k = 3,7 =3,1l =3
h le™ (I Order lle™ ]| Order
1/4 | 8.712987e-04 4.796983e-05
1/8 | 6.345320e-05 3.779402e+00 | 1.581963e-06 4.922340e+-00
1/16 | 5.576660e-06 3.508220e+00 | 5.637939e-08 4.810404e+00
1/32 | 6.010600e-07 3.213821e+00 | 5.462454e-09 3.367547e+00
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Table 2.5.15: Orders of convergence for k = 3,5 =4,l =4

h [Ile™ I Order lle™|] Order
1/4 | 4.710535e-04 8.416242e-06
1/8 | 5.781054e-05 3.026486e+00 | 4.870973e-07 4.110894e+00
1/16 | 7.207176e-06 3.003827e+00 | 2.990930e-08 4.025544e+00
1/32 | 9.014070e-07 2.999184e+00 | 5.234687¢-09 2.514419e+00
Table 2.5.16: Orders of convergence for k =4, =2,1 =3
h el Order lle™|] Order
1/4 | 2.476214e-02 6.646780e-04
1/8 | 6.298864e-03 1.974973e+00 | 8.522381e-05 2.963327e+00
1/16 | 1.580428e-03 1.994777e+00 | 1.067046e-05 2.997635e+00
1/32 | 3.954779¢-04  1.998646e+00 | 1.405669¢-06 2.924293e+00
Table 2.5.17: Orders of convergence for k =4,5 = 3,1 =3
h lle™ |l Order l|le™|] Order
1/4 | 9.038281e-04 5.853914e-05
1/8 | 5.715505e-05 3.983096e+00 | 1.849952e-06 4.983842¢+00
1/16 | 3.583032e-06 3.995628e+00 | 5.818479e-08 4.990701e+00
1/32 | 2.251702e-07  3.992093e+00 | 5.232165¢-09 3.475162e+00
Table 2.5.18: Orders of convergence for k =4,j =3,l =4
h lIle™ I Order lle™|| Order
1/4 | 2.705839-03 6.050703e-05
1/8 | 3.475762e-04 2.960675e+00 | 3.841695e-06  3.977288e+00
1/16 | 4.380892e-05 2.988033e+00 | 2.399965¢-07  4.000658e+000
1/32 | 5.491110e-06 2.996055e+00 | 1.574981e-08  3.929607e+00
Table 2.5.19: Orders of convergence for k =4,j =4,l =4
h ™l Order lle™|| Order
1/4  7.096378e-05 3.364898e-06
1/8 2.503060e-06 4.825318e+00 7.897632e-08  5.412998e+00
1/16 1.067160e-07 4.551845e+00 2.586304e-09  4.932456e+00
1/32  2.247061e-08 2.247665e+00 1.980236e-10 3.707147e+00
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Table 2.5.20: Orders of convergence for k =2,5 =1,1 =1

lle™l

Order

le” |

Order

1/4
1/8
1/16
1/32

2.476214e-02
6.298864¢-03
1.580428e-03
3.954779e-04

1.438592e+-00
1.174826e4-00
1.051661e+-00

6.436302e-03
1.118485e-03
2.386911e-04
5.674560e-05

2.524686e-+00
2.228330e-+00
2.072564e+00

Table 2.5.21: Orders of convergence for k =2,j = 2,1 =2

el

Order

le”|

Order

1/4
1/8
1/16
1/32

9.067179e-03
1.342686e-03
2.412130e-04
5.269517e-05

2.755532e+00
2.476743e+00
2.194565e+00

5.671533e-04
3.809727e-05
2.851774e-06
2.672112e-07

3.895979e-+00
3.739756e+00
3.415807e+00

Table 2.5.22: Orders of convergence for k =2,7 =3,l =3

lle™ll

Order

le” |

Order

1/4
1/8
1/16
1/32

5.196970e-03
1.269027e-03
3.153325e-04
7.873437e-05

2.033948e+00
2.008777e+00
2.001809e-+00

1.247593e-04
1.449317e-05
1.767677e-06
2.227589e-07

3.105703e+00
3.035446e-+00
2.988299e-+00

Table 2.5.23: Orders of convergence for k =2,j =4,1 =4

lle™ll

Order

le” |

Order

1/4
1/8
1/16
1/32

5.276425e-02
1.342498e-02
3.371586e-03
8.439626¢-04

1.974641e+-00
1.993420e4-00
1.998177e+00

6.808492¢-04
8.241034e-05
1.012732e-05
1.328451e-06

3.046438e+00
3.024572e+00
2.930436e+00

Table 2.5.24: Orders of convergence for k =3,5 =1,l =1

h

lle™ll

Order

le”]

Order

1/4
1/8
1/16
1/32

1.235269¢-01
4.253941e-02
1.808968e-02
8.601552e-03

1.537953e4-00
1.233633e+-00
1.072498e+-00

1.485070e-02
2.061305e-03
3.432200e-04
7.111218e-05

2.848901e-+00
2.586353e+00
2.270965e+00
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Table 2.5.25: Orders of convergence for k = 3,5 =2,1 =2

lleml

Order

lle™|] Order

1/4
1/8
1/16
1/32

1.048823e-02
1.866607e-03
4.035579e-04
9.652462¢-05

2.490281e+00
2.209570e+00
2.063807e+00

7.276300e-04

6.014785e-05 3.596620e+00
6.163514e-06  3.286688e+00
8.686333e-07  2.826934e+00

Table 2.5.26: Orders of convergence for k =3,7 =3, =3

lle™

Order

le™ |

Order

1/4
1/8
1/16
1/32

8.712987e-04
6.345320e-05
5.576661e-06
6.010604e-07

3.779402¢e+00
3.508220e+00
3.213820e+00

4.796983¢-05
1.581963¢-06
5.637940e-08
5.462806e-09

4.922340e+00
4.810404e+00
3.367454e+00

Table 2.5.27: Orders of convergence for £k =3,j =4,l =4

lleml

Order

le” |

Order

1/4
1/8
1/16
1/32

4.710535e-04
5.781054e-05
7.207176e-06
9.014071e-07

3.026486e+00
3.003827e+00
2.999183e+00

8.416242e-06
4.870973e-07
2.990930e-08
5.234441e-09

4.110894e+00
4.025544e+00
2.514487e+00

Table 2.5.28: Orders of convergence for k =4, =21 =2

lle™ I

Order

lle™|] Order

1/4
1/8
1/16
1/32

1.659611e-02
2.746179e-03
5.644401e-04
1.323725e-04

2.595348e+00
2.282533e+00
2.092217e+00

1.913745e-03

1.336710e-04  3.839640e+-00
1.117750e-05  3.580018e+00
1.258791e-06  3.150486e+00

Table 2.5.29: Orders of convergence for k =4,5 = 3,1 =2

h

lleml

Order

lle™|| Order

1/4
1/8
1/16
1/32

1.475717e-02
1.839962¢-03
2.298950e-04
2.881565e-05

3.003668¢+00
3.000629e+00
2.996050e+00

1.880159¢-03

1.154356e-04  4.025694e+00
7.199269e-06  4.003094e+00
6.649049e-07  3.436630e+00
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Table 2.5.30: Orders of convergence for k =4,7 =3,l =3

h lIle™ Il Order lle™ || Order
1/4 | 1.036100e-03 6.412737e-05
1/8 | 9.113811e-05 3.506965e+00 | 2.618642e-06 4.614049e+00
1/16 | 9.779329¢-06 3.220247e+00 | 1.323056e-07 4.306873e+00
1/32 | 1.166344e-06 3.067742e+00 | 9.121470e-09  3.858464e+00
Table 2.5.31: Orders of convergence for k =4, =4,l =4
h lIle™ I Order lle™ || Order
1/4 | 7.096379e-05 3.3648980e-06
1/8 | 2.503069¢-06 4.825313e+00 | 7.895302¢-08  5.412998e+00
1/16 | 1.067212e-07 4.551780e+00 | 2.582612e-09  4.934091e+00
1/32 | 2.247073e-08 2.247728e+00 | 1.988624e-10  3.698988e+00

Tables for Computational Results for Cranck-Nicolson Scheme

Here, we have provided numerical results for some combinations of weak Galerkin spaces
in Tables 2.5.32-2.5.36. Interested individuals can draw their conclusions by reading
these numerical results.

Table 2.5.32: Order of convergence with projection based stabilizer.

(PU(K), Po(OK), [Po(K)]") (Po(K), Po(0K), [Po(K)]°)
h lerll Order lerl] Order

1/2 2.168718e-01 - 1.208324e+00 -

1/4 | 5.240178e-02 2.049154e+00 | 1.837478e+00 -6.047200e-01
1/8 | 1.307873e-02 2.002393e+00 | 2.008965¢+00 -1.287254e-01
1/16 | 3.268995e-03 2.000100e+00 | 2.049637e+00 -2.891566e-02
1/32 8.171921e-04 2.024246e+00 | 2.059648e+00 -7.029334e-03
1 / 64 | 2.042943e-04 2.000027e+00 | 2.062140e+00 -1.745005e-03
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Table 2.5.33: Order of convergence with projection based stabilizer.

(Po(K), P1(OK), [Pi(K)]) (P3(K), P2(0K), [Pa(K)])

h

ek

Order

ek

Order

1/2
1/4
1/8
1/16
1/32
1/64

4.742297e-02
6.114685e-03
7.700643e-04
9.641000e-05
1.205529¢-05
1.470435e-06

2.955236e+00
2.989227e+00
2.997724e+00
2.999516e+00
3.035351e+00

1.011605e-02
6.690979e-04
4.238467e-05
2.657405e-06
1.662053e-07
1.072824e-08

3.918285e+00
3.980603e+00
3.995453e+00
3.998980e+00
3.953481e-+00

Table 2.5.34: Order of convergence with projection based stabilizer.

(Pa(E), P1(OK), [Pa(K)]") (Pa(K), P3(0K), [P5(K)]")
h len]] Order lex]] Order

1/2 2.501580e-01 - 1.758334e-03 -

1/4 | 7.047045e-02 1.827749e+00 | 5.825571e-05 4.915665e+00
1/8 1.815161e-02 1.956921e+00 | 1.847714e-06 4.978586e+00
1/16 | 4.572101e-03 1.989168e+00 | 5.7959655e-08  4.994549e+00
1/32 | 1.145178e-03  1.997286e+00 | 1.792593e-09  5.014929e-+00
1 / 64 | 2.864292e-04 1.999321e+00 | 6.003574e-11  4.900082e+00

Table 2.5.35: Order of convergence with element-boundary based stabilizer.

(PUK), POK), [Po(K)]°)

(Po(K), PL(OK), [Py(E)]")

h

ek

Order

ek

Order

1/2
1/4
1/8

1/16

1/32

1/64

1.999280e-01
4.949678e-02
1.242308e-02
3.109217e-03
7.774973e-04
1.943859e-04

2.014074e+00
1.994312e4-00
1.998400e+-00
1.999642e4-00
1.999914e4-00

4.423827e-02
6.474764e-03
1.117428e-03
2.373067e-04
5.638894e-05
1.390757e-05

2.772396e+00
2.534646e+00
2.235357e+00
2.073269e+00
2.019542e+00
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Table 2.5.36: Order of convergence with element-boundary based stabilizer.

(P3(K), PL(OK), [Pi(K)]") (P3(K), P3(0K), [Pa(K)])

h legl Order legl Order
1/2 1.123773e-01 - 1.003671e-02 -
1/4 | 1.476136e-02 2.928453e+00 | 6.621477e-04  3.921989e+00
1/8 | 2.061161e-03 2.840297e+00 | 4.189261e-05 3.982386e+00
1/16 | 3.432408e-04 2.586164e+00 | 2.625530e-06  3.996015e+00
1/32 | 7.108107e-05 2.271684e+00 | 1.641935e-07 3.999140e+00
1/64 | 1.672330e-05 2.087606e+00 | 1.027354e-08 3.998391e+00
(Pu(K), P1(OK), [Pi(K)]°) (Pa(K), Ps(OK), [Ps(K)]")
h legl Order legl Order
1/2 | 8.853779e-01 - 1.998017e-04 -
1/4 | 4.968041e-01  8.336163e-01 | 3.355287e-06 5.895988e+00
1/8 | 2.556154e-01  9.587023e-01 | 5.483753e-08 5.935128e+00
1/16 | 1.287233e-01  9.897016e-01 | 9.517105e-10  5.848496e+00
1/32 6.447653e-02  9.974272e-01 | 2.047374e-11  5.538676e+00
1/64 | 3.225264e-02  9.993569e-01 | 5.401416e-13  5.244293e+00
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Error Estimate in WG-FEMs for Parabolic Equations

Under Low Regularity Assumptions

In the previous chapter, we have carried out the convergence analysis for sufficiently
smooth solution to the parabolic problem (1.1.1)-(1.1.2) with respect to L*°(L?) and
L>(H") norms. This chapter is devoted to L?(L?) norm and L?*(H') norm error analy-
sis when the exact solution u € L(0,T; H*1(Q)) N HY(0,T; H*=(Q)), for some k > 1.
More precisely, we consider the weak Galerkin finite element approximations of sec-
ond order linear parabolic problems (1.1.1)-(1.1.2) in two dimensional convex polygonal
domains under the low regularities of the solutions. Optimal order error estimates in
L*(L?) and L?*(H') norms are shown to hold for both the spatially discrete continu-
ous time and the discrete time weak Galerkin finite element schemes. We have derived
O(h**1) in L?(L?) norm and O(h*) in L?(H') norm for finite element partitions with
the arbitrary shape of polygons with certain shape regularity. The fully discrete scheme
is based on first order in time Euler method. Numerical experiments are reported for

several test cases to justify our theoretical convergence results.

3.1 Introduction

To begin with, let us first recall the second order linear parabolic problem of the form
u — V- (aVu)=f inQx(0,7T], (3.1.1)
with initial and Dirichlet boundary condition

u(z,0) =u’(z) inQ; u=0 ondQ x (0,7, (3.1.2)

This chapter published online in Appl. Numer. Math. 162: 81-105, 2021.
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where Q C R? is a convex polygonal domain with boundary 9. We assume that
the coefficient matrix o = (v;())2x2 € [L(Q)]¥ is symmetric and uniformly positive
definite in 2. The initial function u° :  — R and the forcing function f : Qx [0, 7] — R
are assumed to be smooth functions in their respective domains of definition, and 7' is

the finite terminal observation time.
The objective of this work is to study the convergence of weak Galerkin finite ele-

ment methods for linear parabolic equations under low regularity of the solutions with
polygonal meshes. The classical finite element approximations of linear parabolic equa-
tions have been studied extensively, [111] contains a comprehensive list of references. It
is known fact that the order of convergence of finite element approximations depends
on the smoothness of a solution. Under the low regularity of solutions, the convergence
analysis has remained a major part of the mathematical study up to the present day.
To derive optimal O(h*™) (k > 1) in the L? norm for WG-FEM, the minimum regular-
ity assumption on u should be u € H'(0,T; H*1(Q)) (for instance, see [35, 77, 132]).
In this chapter, we indeed have shown the convergence of WG finite element solution
to the true solution at an optimal rate in both the L*(H') and L?(L?) norms for the
WG finite element space (Py(K), Pp(0K), [Pr1(K )]2) under the assumption that
we L20,T; H*(Q)) N HY(0,T; H*~1(2)). The key element of our proof is the use of
L? projection instead of the usual elliptic projection. To best of our knowledge, WG-
FEM for the parabolic equation under low regularity has not been studied earlier. Our
results are intended to enhance the numerical analysis of linear parabolic equations with
polygonal meshes under low regularity assumptions. Classical finite element methods

for parabolic problems under low regularity can be traced back in [20, 21, 110].
We recall following regularity result for the initial boundary value problem (3.1.1)-

(3.1.2) (see, [86], p. 287, Theorem 2.10).

Theorem 3.1.1. Assume that f € L*(0,T; H*Y(Q)) and ¢ € H*(Q) for some k > 1.
Then the solution of (3.1.1)-(3.1.2) satisfies

we LA0,T; H¥(Q) n HY(0,T; H(Q)).

The remaining part of this chapter is organized as follows. In Section 3.2, we re-
view the definitions of weak gradient with its discrete analogs in suitable polynomial
spaces and derive an error equation. Section 3.3 is devoted to the optimal order error
estimates of semidiscrete WG-FEM algorithm. In Section 3.4, a backward Euler scheme
is proposed and optimal a priori error bounds in L?(H') norm and L?(L?) norm are
established. Section 3.5 focuses on some numerical results that confirm the convergence

theory developed in earlier section.

TH-2866_176123101



CHAPTER 3. Error Estimates in WG-FEMs Under Low Regularity 56

3.2 Semidiscrete Approximation

This section deals with spatially discrete scheme for the parabolic problem (3.1.1)-

(3.1.2).
Let 75, be the finite element discretization of ) as described in Chapter 1. Based on

the discretization 7y, for k > 1, we define following weak Galerkin finite element space
Vi = {on = {vo,w} : vnlx € V(k,k— 1,K), [va]. =0, Ve € Fp, K € T,}. (3.2.1)

Here, [vs)c = [vp] denotes the jump of v, € [[xcr V(K k — 1, K) across an interior
edge e € Fp) and V(k,k — 1, K) is the local weak Galerkin space as defined in (1.4.5).
Denote by V? the subspace of V, consisting of all finite element functions with vanishing

boundary value
V;? = {Uh EVy: UblBQ = 0} (3.2.2)

For each v, = {vg, v} € Vi, we recall its discrete weak gradient (V,vp,) € [Pr_1(K)]?
that satisfies the following equation

(Vwon, @)k = —/

KUU(V : q)dK+/ vy(q - m)ds Vq € [Pp_1(K))?, (3.2.3)

oK

where n is the unit outward normal to K.
For each element K € Ty, and edge e € Fy, operators Qo : L*(K) — Pi(K) and

Qy : L*(e) — Pi(e) are the usual L? projections. For any ¢ € H'(K), we write
Qnd = {Qod, Qpo}. In addition to Qy, let Qy : [L*(K)]?* — [Pr_1(K)]? be an another

local L? projection. For the L? projections, we have following results (Lemma 4.1, [123]).

Lemma 3.2.1. Let T;, be a finite element partition of Q0 satisfying the shape reqularity
assumption as specified in [123]. Then, for v € H*1(Q), we have

S™ (o= Qooll + 1190 = Qulik) < CH**|olR,
KeTy,

> (IV0 = QU + 3V (Vo - Qu(Vo)IlE) < Ch*uliE,..

KeT,

The following identity will be frequently used in our analysis (cf. [121])

Vo(Qro) = Qu(Ve) Vo € H'(K). (3.2.4)
Further, for ¢ € H'(K), we use definitions of L? projections Qg and Q; to have
1Qop — Quollze = (Qo¢ — Quo, Qud — Qud)ax

= (Qop — Qv9, Qod — P)ox
< [|Qo¢ — Quollox |Qod — dllax (3.2.5)
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Now, we recall the bilinear map A,, : V2 x V) — R given by
Aw(wh,vh) = Z (Odewh, vah)[( + S(wh,vh) th, Vp, € V,? (326)
KeTy,
Here, for wy, = {wo, wy}, vy, = {vo, v} € VY, the stabilizer S(-,-) is defined as
S(wp,vp) = Z h (wo — wy, vo — Vb) ok (3.2.7)
KeTy,

The finite element space V! is a normed linear space with a triple-bar norm given
by (cf. [121])

lloall® = > a2 Vawnli + 3 hi llvo — v ll3a = Auwl(ons vn). (3.2.8)

KeTy, KeTy,

Further, the following Poincafe-type inequality holds true (cf. [90])
leoll < Cllwnlll, vn = {vo, v} € Vi (3.2.9)
For any ¢ € H} (), it is easy to notice that

1813, = IIVeli = Vg™ (3.2.10)

KeTy

Remark 3.2.1. For any ¢ € H*1(Q), Lemma 3.2.1 and inequality (3.2.5) yield fol-

lowing discrete H* norm error estimate

l@ns =0l = 3 (IV(Quo— &)k + hil Qo0 — Qi3 )

KeTy,
< CE*6IRa +C > i 1Qog — 13k
KeTy
< ol + 0 Y (Ri21Qod = 9l + I9(Qus - )%
KeTy
< Ch*||oll7,,- (3.2.11)

For a time dependent weak function vy, : [0, 7] — V7, we write vy,(t) := {vo(¢), vs(t)}
and wvp(t) = {v)(t),v,(t)}. For simplicity, we use v, = {vg,vp} for v,(t) and vy =
{vg, vy} for vp(t).

The semidiscrete weak Galerkin finite element approximation to (3.1.1)-(3.1.2) is
defined as follows: Find wy, : [0,T] — V) satisfying both u;(0) = Qnu’ and following

equation

(Uht,vo) + Aw(uh,vh) = (f, 1}0) Vi}h = {Uo, Ub} c V;? (3212)
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We now split our semidiscrete error u —uy, using L? projection )y, as an intermediate

operator. We write
u—up = (u— Qpu) + (Qnu — up).
For our convenience, we define

en = {ep, e} = up — Qpu. (3.2.13)

Error ej is characterized in the following result, which is key for our convergence

analysis.

Lemma 3.2.2. Suppose error ey, is defined by (3.2.13). Then, for all vy, = {vg,vp} € VY,

we have
(ent, vo) + Aw(en, vn) = li(u, vp) + la(u, vy) + S(Qru, vp), (3.2.14)

where bilinear forms l1(-,-) and ls(+,-) are given by

li(u,vp) = Z ((aVu — Qp(aVu)) - n,vy — vp)ox,
KeTy

lo(u,vp) = Z (aQpn(Vu) — Qp(aVu), Vyur) k-

KeTy,

Proof. For any vy, = {vg, v} € V5, we test equation (3.1.1) against vy on each element
K € T, to obtain

(fyvo) = (ug,vo) — Z (V- (aVu),v)k

KeTy,

= (ug,v9) + Z (aVu, Vg g — Z (aVu-n,vg)ax
KeTh, KeTh

= (w,vg) + Z (aVu, Vg) g — Z (aVu-n,vg — V)oK, (3.2.15)
KeTy, KeTy,

where we have used the divergence theorem and the fact that
Z (aVu - n,v)arx = 0.
KeTy,

Then integration by parts together with definition (1.4.9) for weak gradient and L?
projection Qj yield

(Qn(aVu), Vyor)k = —(vo, V- (Qn(aVu)))k + (vp, Qn(aVu) - n)yx

= (Vu, Qu(aVu)) g — (vg — vy, Qn(aVu) - n)gx
= (Vvg,aVu)g — (vg — vp, Qp(aVu) - n)sik. (3.2.16)
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Combining (3.2.15), (3.2.16) and (3.2.4), we have

(frvo) = (Quu,v0) + Y (Qu(a@Vu), Vion)k

KeT,
+ Z (vg — vy, (Qn(aVu) — aVu) - n)gg
KeT,
= (Qnug,vo) + Z (aQn(Vu), Vyor)k — lo(u,vp) — 1y (u, vg)
KeT,
= ((Qnu)t,v0) + Z (V4 Quu, Vuv) i — la(u,vp) — i (u, vp). (3.2.17)
KeT,

Adding S(Qnu, vs) to both sides of the above equation gives

(Qru)t, vo) + Aw(Qru, vy) = (f,v0) + Li(u, vy) + la(u, vp) + S(Qru, vy).  (3.2.18)
Subtracting (3.2.12) from (3.2.18) leads to desire result. [

Lemma 3.2.3. Assume that T;, is shape reqular discretization of ). Then, for u €
H*Y(Q) and v, = {vo, vp} € VY, we have

i, vn)l - < Cllallioo) 2 lullksallonl,
[la(u, vn)| - < Cllllo0) B Hlulles floall,

S(Qnu,v)| < CR*|ullprafllvall,

where C(||al|koo) s a positive constant depending on ||c|k.oo-the element-wise W™

norm of the coefficient matriz a.

Proof. For first estimate, we use trace inequality (1.4.19) and Lemma 3.2.1 to have

(w0l <Y llaVa = Qu(aVa)llax|lvo = vsllax

KeTy,
< (Y hxllaVu—QuaVu)ld)” (Zh 1||vo—vb||m<>
KeTy KeTy,
< C(Z (\Iavu—@h(avu)\|K+h HV(aVu—@h(aVu))HK)>
KeTy,
x ( >~ (It Vvl + bzl - vbnzK)>
KeTy,
< Cllalboc) B lullesllonl (3.2.19)
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Let a be the average of a on each element K € 7. Then, we have (see, page 2118
in [123])

Then, using the definition of Qj, operator, Lemma 3.2.1 and estimate (3.2.20), we obtain

o (u,v)| = ‘ Y (aQu(Vu) - aVu, kuh),{‘

KeTy,
= ‘ Z (Qn(Vu) — Vu, (a — @)vah)K‘

KeTy,
% Z ‘(Qh(VU) — Vu, (o — @)vah)K‘

KeTy,
< Chllalliee Y |(@n(Vu) — Vu, Vyun)x|
KeTy,

< O(lledllsco) W lullgsa llonll (3.2.21)

Using the definition of @), operator and trace inequality (1.4.19), we obtain

|S(Qnru,vp)| = ‘ > hiH(Qou — Quu,vo — Ub)aK‘

KeTy,
= ‘ Z hi (Qou — u,vo — Ub>8K}
KeTh
1 1
2 2
< ( > hKlquu—uH%K) ( > bl —vbu%K)
KeTy, KeTy
3
< ( > (hidlQou — ul + 1V(Qou - u>||%()) vl
KeTh
< Chfullisllenll. O (3222)

3.3 Semidiscrete Error Analysis

This section deals with the error analysis for the spatially discrete scheme (3.2.12).

Optimal order of convergence in both L?*(L?) and L?*(H') norms are established.

Theorem 3.3.1. Let u € L*(0,T; H*1(Q)) be the solution of (3.1.1)-(3.1.2) and uy, be
the solution of (3.2.12). Then, we have

T 1

(f 1o itpr) < ([ i)
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Proof. By letting v, = €5, in (3.2.14), we have

1d

5@(607 eo) + [lenlll” = li(u, en) + la(u, ) + S(Qnu, ex).

By integration over the time period [0, t], we get

1 t t t t
Sleo®I?+ [ llenlias < [ it elids + [ iatwelds + [ 18(@Quaenlas.
0 0 0 0

Here, we have used the fact that e,(0) = 0. It then follows from Lemma 3.2.3 that

t t t
SlealP+ [ lenlids < o [ ulfads +5 [ ewlPas. 33)
Hence, we have
t t
leol)+ | lenll®ds < €n* [ ul s (332)
Now, triangle inequality, Lemma 3.2.1, estimates (3.2.11) and (3.3.2) lead to desire

result. O

Remark 3.3.1. Theorem 3.3.1 is analogous to Theorem 4.2 in [132]. It is worth to note
that Theorem 4.2 in [132] is derived under the assumption that the coefficient matriz o

s piecewise constants with respect to the finite element discretization.

Next, for the L? norm error estimate, we now consider the following auxiliary prob-
lem: For every t € (0,71, find 2(¢) € H3(Q) N H*(2) such that

—V - (aVz(t)) = en(t). (3.3.3)
Then, we may define 2, (t) € VP as the solution to following discrete elliptic problem
Aw(zn(t),v1) = (en(t),vn) Yo, € V), t € (0,T). (3.3.4)
Setting v, = 2, in (3.3.4) and using the estimate (3.2.9), we obtain
llznlll < Cllenl- (3.3.5)

Clearly, zj, is the weak Galerkin finite element approximation to z and satisfies following
estimates (see, Theorem 4.10 in [121])

1Qnz — zullin < Chllz]|2. (3.3.6)
Now, we combine estimates (3.2.11) and (3.3.6) to obtain

|z = zullin < |z = Quzllin + [|Qrz — znllin < Chllz]l2 < Chllen|. (3.3.7)
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Here, we have used the standard a priori estimate for elliptic problem.
Setting v, = e in (3.3.4) and further using identity (3.2.14), we have

lenl> = Aw(zn en)

= li(u,zn) + lo(u, 2n) + S(Qru, z1) — (ent, 2n)- (3.3.8)
Differentiating (3.3.4) with respect to ¢, we obtain
Aw(th,Uh) = (eht,vh) VU}L (& V;?

Thus, we have

1d

éaAw(Z}“ Zh) = Aw(zht, Zh) S5 (eht7 Zh)>

which together with (3.3.8), we arrive at

1d
||€hH2 — ll(ua Zh) 4 12(% Zh) + S(Qh% Zh) - §£Aw(2h7 Zh)- (3~3~9)

Hence, integrating (3.3.9) from 0 to 7" we obtain

T 1 . T T
| leallds 4 S@IP < [ it zlds + [ izl
0 0 0
T 1 .
+/ |S(Qhu,zh)|ds+§|||zh(0)||| . (3.3.10)
0
Taking t — 0, it now follows from (3.3.4) that

26O = A(24(0), z(0)) = (en(0), 21(0)) = 0

and hence, estimate (3.3.10) reduces to

T T T T
/ ||eh||2d5§/ |l1(u,zh)|d8—|—/ l2(u, zh)|ds+/ |S(Qru, zp)|ds.  (3.3.11)
0 0 0 0

Arguing as in (3.2.19) and using estimate (3.3.7), we obtain

3
[ (u, z)] - < C(||O‘||k,00>hk||u||k+l< > itz — Zb”?)K)

KeTy,

D=

IN

C(lledllioo) A fullisr ( > htll(zo = 2) = (2 — Z)H&)

KeTy
< Cllledlmee)h* lullksallzn = 2l

< Cllelioe) A" ullrrallenl. (3.3.12)
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Similarly, we have

|S(Qnu, zn)| < CthquJrl( > hitll(z0 = 2) = (2 — Z)H§K>

KeT,
< Ch*|lullesillze — 2l

< Ch*™Mullegrllen]l- (3.3.13)

For ls(u, zp,), we use Lemma 3.2.3 to have

[la(u, 2n)] < Cllltlluoo) ™ lullalll 2l

< Ollallioo)h™ Hlullis llenll. (3.3.14)

Here, we have used the estimate (3.3.5).
Now, we use the estimates (3.3.12)-(3.3.14) in (3.3.11) to have

T T
/ lenl?ds < ChQ(k“)/ lJullf 1 ds. (3.3.15)
0 0
Thus we have proved the following optimal L?(0,T; L*(€2)) norm estimate.

Theorem 3.3.2. Let u € L*(0,T; H**1(Q)) be the solution of (3.1.1)-(3.1.2) and uy, be
the solution of (3.2.12). Then, we have

T % T %
(] tu—wnlpar)” < onr ([ puliade)”

Remark 3.3.2. In literature, concerning the convergence of WG-FEM for parabolic
problems, O(h**Y) with respect to L* norm is derived under the assumption that u €
HY(0,T; H*(Q)) (see, e.g., Theorem 4.6 in [132] and Theorem 4.4 in [77]). In The-
orem 3.3.2, we indeed have proved O(h¥Y) order error estimates under low reqularity
assumption u € L*(0,T; H*1(Q)). We note that the assumption uw € L*(0,T; H*((Q)),
foru® € HX(Q) and f € L*(0,T; H*Y) (cf. Theorem 2.10 in [86]), is essentially leads to
u € HY0,T; H*Y(Q)). In this work, it is implicitly assumed that u € L*(0,T; H*(Q))N
HY(0,T; H*=1(Q)).

3.4  Fully Discrete Scheme

We now turn our attention to fully discrete scheme based on first order backward time
discretization. We have extended the classical finite element error analysis technique
(cf. [20, 110]) to WG-FEMs with low regularity. It is worth to note that the algorithms

presented in [20, 110] are only valid for linear finite elements with triangular meshes.
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Optimal order error estimates in L?(L?) and L?*(H') norms are shown to hold even if
the solution u € L2(0,T; H*1(Q)) N HY(0,T; H()).

First we divide the time interval J = [0,7] into M equally spaced sub intervals
I, = (ty_1,t,), n = 1,2,..., M with t, = 0, and tjy = T and 7 = t,, — t,,_1, the time

step. For a sequence {w"}_, C L*(Q), we define

Also, for a continuous mapping ¢ : [0, 7] — L*(2), we define ¢" = ¢(.,t,,), 0 < n < M.

Further, for a given Banach space B and some function ¢ € L*(0,7T;B), we write

i & / " eyt (3.4.1)

With the above notation, we now introduce the fully discrete weak Galerkin fi-
nite element approximation to the problem (3.1.1)-(3.1.2): Let U? = Qpu® and U}’ =
{Ug, U} € V) be the fully discrete solution of u at t = ¢,, which we shall define through

the following scheme
(3, UF, vn) + Aw (U, vn) = (f “yvn) Yo €V, n=1,..., M. (3.4.2)

Here, f " is defined as in (3.4.1).
For our convenience, we define a piecewise constant function Uy - in time by

U (z,t) =Ul(z) Vtel,, n=1,2,..., M. (3.4.3)

As a standard error analysis trick, an intermediate operator @, : (0,7] — V) is
introduced and defined as

Qrlr, =Q; ={Q, @'}, n=1,2,... .M, (3.4.4)

where . .
Qy == | Qoudt and Q, == [ Qudt, n=1,... M.
T JI, T JI,

It is easy to notice from the definition of L? projection that

and hence,
n

Q-

We now present the main results of this section in the following theorems.

=Quu", n=1,2,..., M. (3.4.5)
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Theorem 3.4.1. Suppose u and Uy, are the solutions of (3.1.1)-(3.1.2) and (3.4.2),
respectively. Then, for u € L*(0,T; H**(Q)) N HY(0,T; L*(2)), we have

1
T 2
</ e = Uh’THZdt) < C(r 4+ WY {llull 2o, zsmm ) + el 22 @) } -
0

Theorem 3.4.2. Suppose u and Uy, are the solutions of (3.1.1)-(3.1.2) and (3.4.2),
respectively. Then, for u € L*(0,T; H*1(Q)) N HY(0,T; HY(Q)), we have

N

T
( / |||u—Uh,T|||2> < O(r + 1) {lull o siioy + ez} -
0

The proofs of the above theorems require some preparations. For the Theorem 3.4.1,
we appeal to parabolic duality. A backward problem is considered as follows: Find
2 = {20, 2z} € V) such that

(=0,21,vp) + Aw(z2 7Y 0) = (@, — Ul vp) Yo, €V), 1<n < M, (3.4.6)

with 2 = 0.

Regarding the stability of z}', we have the following result.

Lemma 3.4.1. For z} satisfying (3.4.6), we obtain

M M
max |27+ D llo-zxl < € 7@ - URlP.
n=1 n=1

1<n<M
Proof. Setting v, = —70,2} in (3.4.6), we have

T = n— n " n

T 0n 22+ Aule 2 — 25) < CrI@) < Ul (3.4.7)

It is easy to verify that

7_2

Aug g =) = TALO0.5)
1 1
—=Au(28, 28) + = Au(z 207,
2 2
This combine with (3.4.7) yields
l anQ_lA n o.n lA n—1 _n—1 <C _"_UnQ
SO — SR ) + B A < O - DR

and then summing over n from n = to n = M yields

M M
S rlor P+ Az 2 ) <CY QS U, 1<I< M -1
n=lI n=1

Finally, coercivity of the bilinear map A, (-, ) leads to desire result. [
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Remark 3.4.1. Note that 2,71‘_1 € V) can be recognized as a weak Galerkin approzimation

to "1 € H*(Q) N H}(Q) satisfying following elliptic equation
V- (aVz" N = (Q, —Up) + 0.2}
Then, arguing as in (3.3.7), we obtain
1" =27 e < CR{IQY = Ul + 10-2311

which together with Lemma 3.4.1 yields
M M
Dol =R < ony {I@F - UnlP + l10-11%}
n=1 n=1
M
< on*) Q- Upl”
n=1

Proof of Theorem 3.4.1. Choose vy, = 7(Q. — Up) € V; in (3.4.6) to have

Q. = Url”? = 7(-0:4,Q, = Up) + 7 Au(z7",Q, = Up)
= r(—aTz;;,@T” —u") + 7(=0-2p,u" — Uy))
+7Aw(z,’2_1,@f - Up).

From equation (3.2.18), for all v, = {vg, v} € V) and 1 < n < M, we obtain

(0" vp) + 771 Ay (Qru, vp)dt

In

= (7“7 Uh) + ll(ﬂnv Uh) + l2(ﬂn7 Uh) ~ S(QTna Uh)~
Using the definition (3.2.6) for the bilinear map A, (-, ), we obtain

| Au(Qru,vp)dt = 7'1/ Z(avahu,vh)Kdt

In In Ke’j'h

= Z (™' | V,Qunudt,vy)k

KeT, In

+ Z Qo — @y 0 — Vb)ox-

KeTy

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)
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Again, using the identity (3.2.4), we arrive at

Vthudt =

In

@h(Vu)dt

In

= Qh</InVudt>
- Qh<V(/Inudt>)

= Q. Vu" =7V,Qu" = va@:,

which together with (3.4.11) yields

7_—1
In

A (Qpu, vp)dt = Z(avw@Tnavh)K

KeTy
- n - n
+ Z (Qo — Qp ,v0 — Vp)ax
KeTy
n

- Aw(@q— ) Uh)'

Using (3.4.12) in (3.4.10), we obtain

(O-u", vp) + Ay (@Tn

7vh) = (7n7vh) + ll(ﬂnvvh) i ZQ(Enavh) +S(@Tn7vh)'

(3.4.12)

(3.4.13)

Now setting v, = 2"~ ! both in (3.4.2) and (3.4.13), then subtracting one from another,

we obtain

(0-(u" = Up), 25~ ") + Au(@; = U 2371 =

which together with (3.4.9) yields

M
> Tlle; = Ui
n=1
M M
= 7(=0:2,Q," —u") + ) _th(@", ")
n=1 n=1
M M
—I-ZTlg(ﬂn,zh_l) + ZTS(QTn,zZ_l)
n=1 n=1

M
=S @ - U + 0w — U, 7Y )
n=1

L+ L+ 13+ 14+ Is.

L™, 227" + LE”

)
(3.4.14)

(3.4.15)
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We now estimate each term separately. For the term [;, we use Cauchy-Schwarz

inequality, Lemma 3.2.1 and Lemma 3.4.1 to have

M M
L] < Y or(=0m, Q. —m") + Y 7= 04T — )
n=1

n=1
M M
< D Tllo QS a4 Y ozl Er - u
n=1 n=1
1
M 2
< (quazw)
n=1
P i A
M 2 M 2
; (zTn@:—wuz) +<ZTW_W>
n=1 n=1
3 1
M 3
< ZTH&ZW)
n=1
_ ) b
M 2 M 2
« <Z7'h2(k+1)”ﬂn”i+1) +<ZT2 I ||ut||2dt>
n=1 n=1 n
< C(r+ WY (Null agreey + luell22))

1

X (Zfl@f - U;zuz) P (3.4.16)

n=1

Here, we have used following facts

1 1 3
[a s < = [ Tlesade < = ([ fulityide)’ (3.4.17)
T JI, T2 NJI,
and
T|a" — u"|]? < 7'2/ ||e ||t (3.4.18)
I,

For the estimate (3.4.18), we first note that |u(t) — u"[> < (t, — tn1) [; |wl?dt, t €
I, = (tp_1,1ty], so that
/ lu(t) — u"?dt < 72/ lug|*dt, t € I, = (tn_1,tn]. (3.4.19)
I"l I’VL

Now, the estimate (3.4.19) and definition (3.4.1) yield

=1 n|2 1 n|2 2

u™ —ut < = | |u(t) —u"Fdt <71 | |uldt.

T

In In

Then integrating over 2 leads to estimate (3.4.18).
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Arguing as in (3.3.12) and using estimate (3.4.8), it now follows that

I, <

IN

IN

IN

IA

<

M

Y lrh(@" )|

3
{CTthEnHkH( Z hicllzg ™" = Zl?_IH%K) }

n=1
M

D

n=1

M

D

n=1

S

{om'fnwnm x ( S () - (e z”—1>||%K)

KeTy

I
—

KeTh

> CrhFamksallzp ™ = 2 Hlw
n=1

M 1 M 1
CRH (Dol ) " (Do rllen™ = =1,

= n=1
v !
Ch’f+1||u|\L2(Hk+1)(ZTHQT —U;;||2) . (3.4.20)
n=1
For I3, we use Lemma 3.2.3 and Lemma 3.4.1 to have
M M
I < Y @™z < Y O [ e ||| 277
n=1 n=1
k+1lM —n|2 %M n—lQ%
< enttird (Y rlenig)” (Il IP)
n=1 n=1
1 M 1 9 i
1 D 2 2
< Chk+1rz<z:17'||u I7:) (MOS%%_IH\ZHM
A 3 /T 2\ 3
1 _n 2 2
< chk+172(n§:;T||u I20)" (= jma [=411)
M !
e O XL (4.21)
n=1

Arguing as in (3.3.13) and using the fact that @Tn = @Qpu"™, we obtain

I

IN

M

ZTS(@:»ZZ_l) < Ch ZTHﬂnHkHHZZ_l — 2" M1

n=1 n=1

1

M 1M 1
CRE( ™l ) (D7l = = 2)

n=1 n=1

[

M 1
ol o' —ur2) 3.4.22
]| L2 prmey ZTHQT wll ) (3.4.22)

n=1
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In the last inequality, we have used estimate (3.4.8).
For the term [5, use the following identity

M M
> (60— Gn1)én = drrbar — P00 — > b1 (&n — En1)s
n=1 n=1
with ¢, = 2}l and &, = uv" — U}, to obtain
M
I = S r{O et = U+ O - U, 5
n=1
= —(2,u—UD)=~(2u’—Quu’) =0. (3.4.23)

By simple calculation, it follows that

T
/ |w — U ||dt
0

T T —n T —n
<c / ||u—a”||2dt+/ @ —Q; ||2dt+/ 13— Un, |t
0 0 0

M
< O Pl ge@y + 3o {rla" = @112 + @) - UW})
n=1
M
< O 2 lluell3 ey + R2EVullfs ggrsaay + > 7@ — U,?|]2>. (3.4.24)

n=1

Now, we combine the estimates (3.4.15)-(3.4.24) to derive the desired result. This

completes the rest of the proof. 0
For discrete H' norm estimate, like in L? norm estimate, we consider an another

auxiliary problem: For 1 <n < M, find w} € V}’ such that
(=0,wy, vp) + Aw(wi ™ vn) = Au(Q, — UP, vp) Yo € VY, wit = 0. (3.4.25)
The following lemma is concerned about the stability of w, satisfying (3.4.25).

Lemma 3.4.2. Suppose w} satisfy (3.4.25). Then, we have

M M
1%sz1||2+;T\Hw21m2 < ;TH@S—WW (3.4.26)
and
M M - )
S rloplEae < S 7@ - vl (3.4.27)
n=1 n=1
hold true.
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Proof. Inequality (3.4.26) can be obtained by setting v, = w}'"" in (3.4.25) and using

the standard arguments. We omit the details.
Using the definition of w} in (3.4.25), we obtain

o, wy,
Jrutlvey = s 4 O
$eHL(Q) 1011
87— n?
— s > ket (O-wi, Qno) i 640
SEHL(Q) 91
RN R A
X sup l@nel ¢ £0%. (3.4.28)
semi@ | 2l
Then, use the fact that [|-|| norm and discrete H' norm are equivalent to have
l@ndll” < ClQndlis = € 3 (IVQuelk + ki IQod — Quelizi)
=
< O ) (IV(Qud = d)llx + Vol + hi'1Qud — dll5x)
KeT;,
< C ) (I8l + hidllQod = llic +11V(Qod — 9))
KeT;,
< Y 6 (3.4.20)
KeT,

Additionally, here, we have applied error estimates for the L? projection (e.g., see Lemma

4.1in [123]). This with (3.4.26) and (3.4.28) gives (3.4.27). O
Proof of Theorem 3.4.2. Set v, = 7(Q — UP) in (3.4.25) to obtain

M o ” M - M -
Yorll@l =uls = Doty Q. = U + > T AL (wp T Q" = Ur)
n=1 n=1 n=1
M M
¥ ZT(_aTwZ>@Tn o un) + ZT(—@TUJZ,U" - U;LL)
n:lM n=1
+> T A (wp Q" = Up)
anl M
— ZT( GTwZ,QTn—u”)—l—ZTll(u”,wZ )
n=1 n=1
M M
+ Z Tl?(u n? w2_1> + Z TS(QT vwz_l)
n=1 n=1
M
- ZT{(@Twh,u” Up) + (0-(u" = Up) wh_l)}. (3.4.30)
n=1
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Further, arguing as in equation (3.4.23), we obtain

M

> r{ @rwp w = U + @ = Up),wip ) } =0,

n=1
which together with (3.4.30) leads to following equation

M M

M
SR v = Y Ao @ - e+ @t wp )
n=1

n=1 n=1

M M
+ Z (@™, wy ) + Z 7S(Q.", wih)
n=1 n=1

= ]II+IIQ+]_[3+II4

For the term I, we first observe that

n

(0w, Q, —u™)
= > r(—0wp, Q) —u")k
KeTp,
<7 > owplla- Q) — vtk
KeTp

<ty HaTwZHH*l(K){H@Tn —u"|,x +[T" - U"||1,K}'

KeTy

Arguing as deriving (3.4.18), we can deduce

van—wm2sflnv%ww.

(3.4.31)

(3.4.32)

Now, use the fact that Q. = Quu" and Lemma 3.2.1 together with estimate (3.4.32)

to have

- n n 1 n 1 —n
r(=0uf, Q" — u") < 730 e { R e + Tllwl 2 rmion )

and hence,
M
L = > (-0, Q" —u")
n=1

=

IN

n=1

I

IA

c<7+hk>(zr>|@f—vsu|2)

n=1

X (IIUI|L2(m+1<Q)> + ||ut||L2(H1<Q)>>-

M
C(T + hk) (ZTH@TUJZH%I(Q)) (||U||L2(Hk+l(Q)) + ||Ut||L2(H1(Q)))

(3.4.33)
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Here, we have used Lemma 3.4.2 and the estimate (3.4.17).
For the second term in (3.4.31), we use Lemma 3.2.3, Lemma 3.4.2 and the estimate

(3.4.17) to have

M

I, = ZTll(u ,wi™h
n=1 y
< CH Yl flep |
n_Jt[ 1 M ) 1
< ert (X rimm i) (30 rllles )
n=1 n=1
v N
S Chk||u||L2(Hk+l(Q))(ZTH‘Q:L_U}?H‘> . (3434)
n=1

Similarly, we arrive at

Il; = Zleu ,wi™h

M
< CRYY il e fl[wh |
n_]lw 1 M , 1
2 y 2
< Cn (3wl )" (0 rlllen )
n=1 ; n=1 %
—n 2
n=1
and
M
I = > 78
n=1 y
< WY rlla el wr |
n_JL 1 M ) 1
2 _ 2
< ent (o rma) (30 i)
n=1 n=1
v N
n=1
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Again it is easy to verify that

T
/0 = U |12 pdt

T T —n T 0 9
sc</ ||u—a"||ihdt+/ ||a"—QT||ihdt+/ Q7 = Un-|l dt)
0 0 0
T M —-n -_n 2
0(/0 IV —a")Pde+ > {rla" - Q] 1, + (@) - url })
n=1

M
< c(#ﬂutn;(m» 1l o gpeancay + D 7I[@F — Uﬁ\lf) -
n=1

IN

Finally, Theorem 3.4.2 follows immediately from above inequality and estimates (3.4.33)-
(3.4.36). O

Remark 3.4.2. Theorems 3.4.1-3.4.2 are the extensions of Theorems 4.8-4.9 in [152].
It is worth to note that Theorems 4.8-4.9 in [132] have discussed the convergence of fully
discrete solution under the assumption that w € H*(0, T; H*(Q))NH?(0,T; L*(2)). In

our proofs, we have ensured the same optimal order convergence under the assumption
that solution v € L?(0,T; H*1(Q)) N H*(0,T; H()).

3.5 Numerical Section

In this section, we will explore the results of computations for the parabolic problem
(3.1.1)-(3.1.2) in Q2 x J, where Q C R? and J = [0,1]. To test the flexibility of the WG
method, parabolic problems are solved on finite element partitions with different kinds of
configuration, including triangular mesh, rectangular mesh, and polygonal mesh. While
the Examples 3.5.1-3.5.3 deal with discontinuous solutions with smooth coefficients,
Example 3.5.4 is carried out for discontinuous solutions with discontinuous coefficients.
Example 3.5.5 compares the use of different meshes with discontinuous solution. Higher
order numerical methods that work well for problems with low regularity in the solution
has remained a major part of the mathematical study up to the present day. It is
worthwhile to note that the numerical examples presented in [77] and [132] assume

sufficiently smooth solutions.
Let Uy - be the weak Galerkin solution defined by (3.4.3). Then, we have calculated

the following error

en:=Q, —Un, =Quu" — Uy,
with respect to average triple-bar norm and the L? norm. More precisely, the errors are
presented with respect to L?(J; [||-||) and L*(J; L?(Q2)) norms through tables and error
plots for the WG space (Pi(K), Pr(0K), [Pk_1(K)]2) with time step 7 = O(hF*1).
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Example 3.5.1. Consider the problem (3.1.1)-(3.1.2) in Q x J = (0,1)? x J. Numerical

solution is compared with the following exact solution

exp(—t) sin(27zx) sin(2my), if = < 0.5,
u(z,y,t) =
exp(—t) sin(mx) sin(my) sin(wx + 7y — t), otherwise.

The right-hand side f and initial condition u® are determined from the choice for u and

the variable diffusion-coefficient

1 xy
o =

vy z?y? +1
Here, we can easily see that both u and wu; are discontinuous along the line x = 0.5. We
have used triangular mesh in this Example. First, we uniformly partition the domain
into n X n sub rectangles and then divide each rectangular element by the diagonal line
with a negative slope. The mesh size is denoted by h = 1/n. The errors with respect
to L?*(H"') norm and L?(L?) norm for linear and quadratic WG spaces are reported in
Table 3.5.1 and Table 3.5.2, respectively. Figure 3.5.1, for £k = 1 and k = 2, shows that
the rate of convergence are O(h*) and O(h¥*1) with respect to L?(H') norm and L?(L?)

norm, respectively.

Table 3.5.1: Order of convergence for k = 1 with time step 7 = 1074

h L2(J; |ler D Order L3(J; |lenl) Order
1/4 | 1.406842¢+-00 1.821684e-01
1/8 | 7.143323e-01  9.777931e-01 | 4.766399e-02 1.934301e+00
1/16 | 3.565919e-01  1.002321e+00 | 1.199687e-02 1.990242e+00
1/32 | 1.781393e-01 1.001268e+00 | 3.003124e-03 1.998122e+4-00

Example 3.5.2. For our second numerical Example in (0,1)? x J, we select the data

appearing in (3.1.1)-(3.1.2) by setting the exact solution as

exp(—t) sin(27z) sin(27y), if = < 0.5,
u(x7 y7 t) =
t? cos(t) sin(mz) sin(my), otherwise,
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Table 3.5.2: Order of convergence for k = 2 with time step 7 = 1074

h L2(J; ler ) Order L2(J; |len) Order
1/4 | 5.680487e-01 4.952508e-02
1/8 | 1.534120e-01 1.888603e+00 | 6.476731e-03  2.934822e+00
1/16 | 4.136305e-02 1.890997e+00 | 8.243902¢-04 2.973867e+00
1/32 | 1.255650e-02 1.719908e+00 | 1.082086e-04 2.929513e+00

o 5 10
log(1/h) log(1/h)

Figure 3.5.1: Log-log plots for WG-spaces (Py, P, [730}2) (left) and (Pa, P, [731}2)
(right) in Example 3.5.1

and the diffusion-coefficient
10

01

o =

In this Example, we have used uniform rectangular mesh. The errors with respect to
L?*(H') norm and L?(L?) norm for different WG spaces are reported in Table 3.5.3, Table
3.5.4 and Table 3.5.5. It is clear from Figure 3.5.2 that we have achieved optimal order
of convergence in both L?(H') norm and L?*(L?) norm, which confirm the theoretical

prediction as proved in Theorem 3.4.1 and Theorem 3.4.2.

Table 3.5.3: Order of convergence for k = 1 with time step 7 = 1074

h | L2(J;]||exll) Order L3(J; |lenl) Order
1/4 | 5.470442e-01 6.927764e-02
1/8 | 2.755674e-01 9.892519e-01 | 1.758557e-02  1.977998e+00
1/16 | 1.379793e-01  9.979536e-01 | 4.408994e-03 1.995871e+00
1/32 | 6.901197e-02 9.995333¢-01 | 1.100828e-03 2.001861e+00
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Table 3.5.4: Order of convergence for k = 2 with time step 7 = 1074

h

L2(J; flexll)

Order

L2(J; |lenll)

Order

1/4
1/8
1/16
1/32

1.037132e-01
2.630818e-02
6.600814e-03
1.651862¢-03

1.979016e+-00
1.994795e4-00
1.998551e+-00

8.752664e-03
1.102222e-03
1.378105e-04
1.742393e-05

2.989307e+00
2.999658e-+00
2.983543e+00

Table 3.5.5: Order of convergence for k = 3 with time step 7 = 107

h

L2(J; llexll)

Order

L2(J; [leall)

Order

1/4
1/8
1/16
1/32

1.337790e-02
1.701945e-03
2.137171e-04
2.678218e-05

2.974595e+00
2.993410e-+00
2.996357e+00

9.695897e-04
6.148203e-05
3.867133e-06
3.927503e-07

3.979138e-+00
3.990829e-+00
3.299580e+00

2|
—*—2.Error

—==0(h?)
—+—H-Error

-—-0o(hY)

5 10
log(L/h)

15 20 25 30

—*— 1% Error
——-o(®)
10 | ——nLError

—=-0(h?)

5

5 10

log(1/h)

15 20 25 30

log(1/h)

Figure 3.5.2: Log-log plots for WG-spaces (771,731, [730}2) (top left), (732,772, [771}2) (top
right) and (P, Ps, [772]2) (bottom) in Example 3.5.2.
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Example 3.5.3. For our third numerical Example, we consider the problem (3.1.1)-
(3.1.2) in (0,1)? x J. The right-hand side f and initial data u° are determined from the

choice for u given by
exp(—t)zy(z — 1)(y — 1)(z — 0.5), if z <0.5,

u(z,y,t) =
t? cos(t) sin(wz) sin(my), otherwise

and the diffusion coefficient
10
0 1

In this Example, we have used polygonal meshes. A typical polygonal mesh is presented
in Figure 3.5.3 for h = ¢. The L?(H') norm and L*(L?) norm errors for various h are

reported in Tables 3.5.6-3.5.8. Figure 3.5.3 shows the order of convergence in both L?

o =

and H' norms which consolidates our theoretical findings.

Table 3.5.6: Order of convergence for k = 1 with time step 7 = 1074

h L2(J; |l|lexll) Order L3(J; | len]]) Order

1/4
1/8
1/16
1/32

1.590247e-01
8.144667¢-02
4.095904e-02
2.050872¢-02

9.653229¢-01
9.916739¢-01
9.979441e-01

1.864766e-02
4.800009¢e-03
1.208733e-03
3.030617e-04

1.957885¢4-00
1.989541e4-00
1.995813e+-00

Table 3.5.7: Order of convergence for k = 2 with time step 7 = 1074

h

L2(J; flenll)

Order

L2(J; [lenl)

Order

1/4
1/8
1/16
1/32

3.044458e-02
7.795970e-03
1.960830e-03
4.912277e-04

1.965385e+-00
1.991264e+-00
1.997001e+4-00

2.553227e-03
3.262544e-04
4.110424e-05
5.435414e-06

2.968253e+00
2.988638e+00
2.918825e+00
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Table 3.5.8: Order of convergence for k = 3 with time step 7 = 107

he | L2(J; fleall) Order L2(J; [lenll) Order
1/4 | 3.938913¢-03 2.849781e-04

1/8 | 5.046945¢-04  2.964315e+00 | 1.822870e-05 3.966568¢-+00
1/16 | 6.351037¢-05  2.990346e+00 | 1.167715¢-06  3.964451e-+00
1/32 | 8.030599¢-06  2.983413e+00 | 1.199279e-07  3.283449¢+00

101 F T

102F S

4 |=—*—L%Error
—==0o(h’)
—+—H-Error

—==0(h?)

—*—2.Error
—==0(h?)
0% |——nlError
—=-ohh)

5 10 15 20 25 30 5 10 15 20 25 30
log(1/h) log(1/h)

——L2.Error
——-oh%)
10° —+—H-Error

-—-0(h%)

5 10 15 20 25 30 \
log(1/h) —

Figure 3.5.3: Log-log plots for WG-spaces (731,771, [770]2) (top left), (73’2,772, [731]2)
(top right) and (733,733, [732}2) (bottom left) in Example 3.5.3, with a polygonal mesh
(bottom right).

Example 3.5.4. This test problem arises from the modeling of heat transfer in biolog-
ical media with discontinuous coefficients. More precisely, we have considered Pennes
model (cf. [98]), which is described by a differential equation of parabolic type. In this

Example, we consider following parabolic equation
ou, — V- (aVu) = f (3.5.1)

in 2 x J, where = (—1,1) x (0,1) and J = [0,1]. Coeflicient functions o and « are

positive and piecewise constants, which correspond to the Pennes model, are given by
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(cf. [31])
(4.08,0.0052) in x <0,

(0,a) =
(3.06,0.0021) in z > 0.

We select f and initial data u° by setting the exact solution as

t? cos(t) cos(mz) sin(ry) if x <0,
u(z,y,t) =
tsin(2mz) sin(my) if © > 0.

In biological system, it is natural to have heterogeneity in the underlying medium
as properties of biological media vary between different layers. Normally, problems in-
volving heterogeneity in the underlying media are referred to as interface problems.
Since the solution and coefficients are discontinuous across the line x = 0, the per-
formance of WG-FEMs depends on the quality of underlying finite element partition
(cf. [92]). Our numerical results are based on the uniform triangular meshes for k£ = 1
and k£ = 2 such that grid line exactly follow the line z = 0. The errors with respect
to L2(H') norm and L?(L?) norm for linear and quadratic WG spaces are reported in
Table 3.5.9 and Table 3.5.10, respectively. Figure 3.5.4 indicates desirable rates of con-
vergence for this parabolic problem with discontinuous coefficients. The proposed fully
discrete scheme can be easily extended for the numerical approximation of parabolic
interface problems. To the best of our knowledge, L?(L?) norm and L?*(H') norm error
estimates of WG-FEMs for parabolic interface problems under the solution regularity
u € L*0,T; H*1(Q)) N HY(0,T; H(R)) are missing.

100F

5 10 15 20 25 30 5 10 15 20 25 30
log(1/h) log(1/h)

Figure 3.5.4: Log-log plots for WG-spaces (731,771, [770}2) (top left) and (772,772, [771}2)
(top right) in Example 3.5.4.

TH-2866_176123101



CHAPTER 3. Error Estimates in WG-FEMs Under Low Regularity 81

Table 3.5.9: Order of convergence for k = 1 with time step 7 = 1074

h L3(J;lenll)  Order | L%*(J;|les]])  Order
1/4 | 2.93129e400 4.65798e-01
1/8 | 1.33587e+00 1.13376 | 1.02728e-01 2.18088
1/16 | 6.71807e-01  0.991661 | 2.54458e-02 2.01333
1/32 | 3.34983e-01  1.00396 | 6.26613e-03 2.02178

Table 3.5.10: Order of convergence for k = 2 with time step 7 = 107°

h | L*(J;||lexll) Order | L*(J;|len]])  Order
1/4 | 7.95396e-01 5.11442e-02
1/8 | 1.92958e-01 2.04339 | 6.35741e-03  3.00806
1/16 | 4.79256e-02 2.00942 | 8.04763e-04 2.98180
1/32 | 1.12038e-02 2.09680 | 9.17893e-05 3.13217

Example 3.5.5. Present numerical Example compares the effect of triangular mesh,
rectangular mesh, and polygonal mesh. For this purpose, we consider the IBVP (3.1.1)-
(3.1.2) in (0,1)? x J with the exact solution

t? cos(t) sin(27z) sin(my) if = < 0.5,
A

te~ " sin(mz) sin(mry) Otherwise.

The right-hand side f and initial condition «° are determined from the choice for u
and the diffusion-coefficient

Convergence results for k = 1 with respect to both L?(H"') norm and L?(L?) norm for
the triangular mesh, rectangular mesh and polygonal mesh are presented in Table 3.5.11,
Table 3.5.12 and Table 3.5.13, respectively. In practice, allowing arbitrary shape in a
finite element partition provides a convenient flexibility in both numerical approximation
and mesh generation. Especially, we have fewer elements and we could evaluate integrals
and solve the resulting linear systems in more expedited manner (cf. [64]). However,

one disadvantage is that instead of integrals of polynomials on the reference element, we
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may have to evaluate integrals of rational functions (cf. [133]). It would be challenging
to develop weak Galerkin solver using polygonal meshes for parabolic equation with
weak Galerkin space (Py(K), P;(0K), [PZ(K)]2), where £ > 1, 7 > 0 and [ > 0 are

arbitrary integers.

Table 3.5.11: Convergence with & = 1 and time step 7 = 10~* on triangular mesh

h L3(J; lenll) Order L23(J; |lexnl) Order
1/4 | 3.047318e-01 3.565084e-02
1/8 | 1.384530e-01 1.138144e+00 | 8.077301e-03 2.141991e+00
1/16 | 6.528944e-02 1.084474e+00 | 1.896970e-03 2.090177e+00
1/32 | 3.161147e-02 1.046401e400 | 4.580316e-04 2.050178e+00
1/64 | 1.554168e-02 1.024306e+00 | 1.124297e-04 2.026424e+00
1/128 | 7.704123e-03 1.012439e+00 | 2.784458¢e-05 2.013555e+00
Table 3.5.12: Convergence with k = 1 and time step 7 = 10~% on rectangular mesh
h L2(J; |lexll) Order L3(J; |lexnl]) Order
1/4 | 7.766676e-02 3.298235e-02
1/8 | 3.763046e-02 1.045396e+00 | 9.699506e-03 1.765711e+00
1/16 | 1.870251e-02 1.008669e+00 | 2.530535e-03 1.938469e+00
1/32 ] 9.339713e-03 1.001782e+400 | 6.395063e-04 1.984412e+00
1/64 | 4.668508¢-03 1.000417e+00 | 1.603105e-04 1.996090e+00
1/128 | 2.334088e-03 1.000102e+00 | 4.010480e-05 1.999022e+00

Table 3.5.13: Convergence with k¥ = 1 and time step 7 = 10~* on polygonal mesh

h L3(J; lenll) Order L3(J; |lenl) Order
1/4 | 1.23242e+00 1.80416e-01
1/8 8.00726e-01  0.622113e+4-00 | 7.95315e-02 1.181729e+-00
1/16 | 3.75299e-01  1.093268e+00 | 1.79971e-02 2.143761e+00
1/32 | 1.88814e-01  0.991074e+00 | 4.52827e-03  1.990732e+00
1/64 9.4442e-02  0.999465e+00 | 1.14796e-03 1.979887e+00
1/128 | 4.67715e-02 1.013798e+00 | 2.80293e-04 2.034064e+00
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Weak Galerkin Finite Element Methods for Parabolic

Problems with L? Initial Data

In the previous chapter, we have discussed the convergence of WG-FEM for the parabolic
problem (1.1.1)-(1.1.2) when the true solution u € L(0,T; H*1(Q))NH(0, T; H*(Q)),
for some k > 1. Such regularity demands source function f € L2(0,T; H*"1(Q)) and
initial data u® € H*(2). For the non-smooth initial data, it is not straight forward to
extend the error analysis techniques presented in the previous chapters. The main goal
of this chapter is to analyze the weak Galerkin finite element methods for second order
linear parabolic problems with L? initial data, both in a spatially semidiscrete case and
in a completely discrete case based on the backward Euler method. We have established
optimal L? error estimates of order O(h?/t) for semisdiscrete scheme. Subsequently, the
results are extended for fully discrete scheme. The error analysis has been carried out on
polygonal meshes for discontinuous piecewise polynomials in finite element partitions.
Finally, numerical experiments confirm our theoretical convergence results and efficiency

of the scheme.

4.1 Introduction
To begin with, let us first recall the second order linear parabolic problem of the form
u— V- (aVu) = f inQx(0,7], (4.1.1)
with initial and Dirichlet boundary condition
u(z,0) = u’(z) inQ; u=0 on dN x (0,77, (4.1.2)

where Q C R? is a convex polygonal domain with boundary 9. We assume that

the coefficient matrix o = (v (2))ax2 € [L®(Q)]¥ is symmetric and uniformly positive

This chapter is under review in Numer. Algorithms.
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definite in Q. The initial function u" : Q@ — R and the forcing function f : 2x[0,T] — R
are assumed to be smooth functions in their respective domains of definition, and 71" is

the finite terminal observation time.
The standard weak formulation of the problem (4.1.1)-(4.1.2) is stated as follows:

Find u : [0,00) — H}(Q) such that

(us,v) + A(u,v) = (f,v) Yo e Hy(Q), and (4.1.3)
u(0) = u° in Q,

where A(-,-) is a bilinear form on H}(Q2) x H}(Q) and given by
A(u,v) = / aVu - Vudz.
Q

Classical finite element methods for parabolic problems with non-smooth initial data
have been studied broadly so far, an extensive literature for the same can be obtained
from [85, 100, 111]. We are well aware of the fact that the higher order of convergence of
finite element approximations depends on the higher smoothness of the true solutions,
which demands higher regularity of the initial functions. The main concern of this
work is to study the convergence of weak Galerkin finite element approximations for
homogeneous equation with non-smooth initial data using polygonal meshes. The error
analysis is highly motivated by the fact that the solutions of parabolic problem have the
so-called smoothing property (cf. [85]). That is, the solution is smooth for positive time
t, even when the initial data are not H' regular. In previous chapter, we have shown
the convergence of WG finite element solution to the true solution at an optimal rate in
L*(L?) norm under the assumption that u € L*(0,T; H**(Q))n H'(0,T; H*1(Q2)). In
the case of piecewise linear WG-FEM (i.e., k = 1), the optimal error estimate requires
the initial value to be in H' (see, Theorem 3.3.2) and for L? initial data error analysis in
Theorem 3.3.2 leads to sub-optimal order of convergence in L?(L?*) norm (see, Remark
4.2.1). In fact, optimal L>°(L?) error estimate in [35] for linear weak Galerkin elements
demand initial data u® € H3(Q) (see, Remark 4.2.3). In this work, assuming initial data
in L?, we have shown the convergence of WG finite element solution to the true solution
at an optimal rate in L? norm on WG finite element space (P;, P1, P3) (see, Theorem
4.2.2 and Theorem 4.3.1). The non-smooth data error analysis heavily depends on the
newly derived optimal L? norm error estimates with smooth initial data u € H} N H?
(see, Lemma 4.2.9 and Lemma 4.3.1). The obtained results intend to enhance the
numerical analysis of linear parabolic equations on polygonal meshes with non-smooth
initial data. To best of our knowledge, on the smoothing property of the WG-FEM for

the parabolic equation has not been studied earlier.
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We end this section with the following existence and uniqueness result for the problem

(4.1.3) (see, [45], p. 378, Theorem 3).

Theorem 4.1.1. Assume that f € L*(Q) and u° € L*(Q). Then the solution of (4.1.3)
satisfies
u € L*(0,T; Hy(Q)) N H(0,T; H(Q)).

The rest of this work is organized as follows. Section 4.2 is concerned with the error
analysis of semidiscrete WG finite element algorithm. In Section 4.3, backward Euler
scheme is proposed and optimal a priori error bounds in L>(L?) norm is established.
Section 4.4 discusses several numerical Examples which demonstrates the robustness of
the WG-FEMs.

4.2 FError Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal
order of convergence in L>(L?) norm is established when the initial data of the solution

is non-smooth.
Let V}, be the weak Galerkin finite element space defined by (3.2.1) based on the finite

element discretization T;, of 2 as described in Chapter 1. For each v, = {vg,vp} € Vp,
we recall its discrete weak gradient (V,uvj,) € [Pr_1(K)]? that satisfies the following

equation

vo(V - q)dK + /aK vp(q-n)ds Vq € [Pr_1(K)]. (4.2.1)

(Vwvn a)x = —/

K

Next, we recall the bilinear map A, (+,-) on Vj, X V;,, which is defined as follows

Aw(wh,vh) = Z (akuh,vwvh)K + S(wh,vh) Ywy, vp, € Vg, (4.2.2)

KeT,

where the stabilizer is as defined in (3.2.7). More precisely, for wy, = {wo,wp}, vy =
{vo,vp} € V, the stabilizer S(-,-) is defined as

S(wh, Uh) = Z hI_(1<U)0 — Wy, Vg — Ub>8K- (423)

KeTy,
For each element K € Tp, Qo and @, are the usual L? projection operators onto
Pr(K) and Pr(0K), respectively. We shall combine @y with @, by writing @, =

{Qo, Qy}. More precisely, for w € H'(K), we have Q,w = {Qow, Qyw}.
We recall following crucial approximation properties for local projections ()y. For

details, we refer to (Lemma 4.1, [123]).
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Lemma 4.2.1. Let T}, be a finite element partition of Q0 satisfying the shape reqularity
assumption as specified in [123]. Then, for v € H*Y(Q), we have

5™ (o = Qoo + W19 (0 - Quu)lik) < CRED ol
KeTy,

Recall that the weak finite element space V) is a normed linear space with a triple-bar

norm given by (cf. [121])
lloall® = >~ lla2 Vuonli + D hic'llvo — vsllds = Aw(vn, vn). (4.2.4)

KeTy KeTh

A time-dependent weak function vy, : [0, 7] — V}, is written as vj,(t) := {vo(t), vp(t)}
and subsequently we define vy, (t) := {v((t), v, (t)}, where ‘7’ denotes the time derivatives.
For simplicity, we use v, = {vo, vy} for vy(t) and vy = {v},v;} for vy (t). It is easy to
note from the definition of weak gradient (1.4.4) that (V,vp,)" = V05 and (V,up)|i=0 =

Vwvr(0) for all v, € V.
The semidiscrete weak Galerkin finite element approximation for (4.1.1)-(4.1.2) is to

find up,(t) = {ug(t),up(t)} € VP satisfying uy(0) = {Qou’, Qp(Qou®)} such that
(Uht, U()) + Aw(uh,vh) = (f, ’Uo) Vvh = {’U(),’Ub} € Vg, t > 0, (425)

where the bilinear map A, (-, ) is as defined in (4.2.2).
The following result deals with the existence and uniqueness of the WG solution uy,.

Theorem 4.2.1. For each h € (0, hyl, there exists a function uj, € C*(0,T;V)) satisfy-
ing (4.2.5).

Proof. For a given element K € {7h}o<h<ng, let {00 : i =1,2,..., No} be a set of basis
functions for Py(K) and {¢p; : i = 1,2,..., Ny} be a set of basis function for Py(e).

Then every v, = {vg, vp} € {V} }o<h<n, can be written as

No Ny
Uplk = { Zdo,i(t)¢0,i> Zdb,j(t)¢b,j}a
i—1 j=1

where do;, dp; : (0,7] — R are the coefficient functions for 1 <i < Ny and 1 < j < N,
For 1 <i < Ny + N, we write gzgi,h = {qgoﬂ», 92352} with

ng,i:¢0,i for1<i:< Ny & éo,iZUfOT No+1 <4< Ny + Ny,
QZB(,,Z‘:O for 1§Z§N0 & ng,i:(bb,ifNo for No+1§i§N0+Nb,

and similarly to capture the unknown coefficient functions, we define

Cii,h = doﬂ' for 1 S 7 S NQ & dAiyh = db,i—Ng for Ng —+ 1 é 7 S NO + Nb-
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Then, we seek our semidiscrete solution u;, = {ug, up} € Vy such that

No+Np . ) No+Ny A No+N;
unl = Y di,h(t>¢i,h:{ > din(t)dos, Z ¢bg} K €.
=1 =1 7=1

Now, set v, = ngSM, j=1,2,...,Ng+ N, in (4.2.5) to obtain

No+Ny No+Np R . .
< Z d ¢0 iy ¢0 j) w < Z di,h(t)¢i,hu ¢j,h>
i=1

:(f7¢0,j)7 .]:17"'7N0+Nb'

We can rearrange the above equations as

No+Np, No+Np

Z d ¢017¢0] Z dzh ¢zh;¢]h>
= (f7¢0,j)7 ] :17"-7N0+Nb-

On each element K, the local stiffness matrix Ag associated with the bilinear map
Ay (-, ) defined by (4.2.2) can thus be written as a block matrix

Ao A
A= |00 70 (4.2.6)

Avo App
where Agg is a No X No, Aop is a No X Ny, App is a Ny x Ny, and App is a Ny x N,
matrices. More precisely, these matrices are given by

Ao = [Aw(Pojs ®0.) ki Aop = [Aw(o, Poi)ilij
Apo = [Auw(nj, 00.0) ki Avp = [Aw(Poj, Pvi) i

where 7, j are the row and column indices, respectively.
We denote by

Czh,o = [021711(0), . 762N0+N;,,h(0)]T

the components of given initial approximation uy(0). Then, for our semidiscrete solution,

we need to find unknown vector dy,(t) = [dy4(t), . . ., dny+n,n ()] such that

Cred! (1) + Agdy(t) = Fx(t) for t € (0,T),
AK h()A kdn(t) = Fr(t) (0,77 (427)
dn(0) = dp,

where the coefficient matrix C is given by

Cx = 1[Cjil, Cji= (dsj,h,égi,h)lo 1<, < Nog+ N
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and the source vector is given by
FK:[F17"'7FN0+N17]7 Fj:<f7(5j,h>K7 1§Z7]§N0+Nb

For all t € J = (0,71, it is easy note that

[(Dis Din)] < N Ginlllldjnlls 1(F @) < NFIdjnll &
\Au(Dins D)) < CllGinllinlldinllin.

Furthermore, for any v € RY+" \ {0}, we have

No+Ny
v Cxv = (9,0)g >0, 0= Z V;iPo,;-

i=1
Hence, the matrix Ck is invertible for all ¢ € J and the equation (4.2.7) can be restated

as

dy (1) + Cic Axedy(£) = Ci Fie(8),

Now, the existence of the solution w, € C'(0,T;V}) follows from the standard ODE

theory. This completes the rest of the proof. [J
We have adopted following few results from [85] to state some a priori bounds for

the solution u satisfying (4.1.3) under appropriate regularity assumptions on the initial

data u" and source function f.

Lemma 4.2.2. Let u satisfies (4.1.1). If u® € L*(Q) and f € L*(Q), then

oo+ [ uas < (1l + [ i)

Moreover, when u® € Hy(Q) and f € L*(Q), we have

t t
@)1+ [ ol + Ju(e) By < (1l + [ 1fe)IPds).
Lemma 4.2.3. Let u satisfies (4.1.1) with f = 0, and let 0 < i,j5,s < 2. If 0 <
s+27—1 <2, then
u
ot
Further, if 0 < s+ 27 —i—1<2, then

/tﬁi Hu
0

. 2
1550| < Clehg;

s

2
2 )| 9 < 2y
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In the following Lemmas, we have proved basic stability results for the weak Galerkin

solution wy, satisfying (4.2.5).

Lemma 4.2.4. Assume that uy, is a solution of (4.2.5). Let f € L*(Q) and u® € L*(Q2)
with initial approzimation up(0) = (Qou®, Qp(Qou’)), then

t t
HW@W+AWMQSCQW®W+AHNMWQ- (4:28)
Proof. Taking vy, = uy, in (4.2.5), we get
=—llun(@®)1? + Aw(un, un) = (f, un).

Now, integrate the above equation with respect to ¢ to obtain

t t
slun O+ [ Auun,un)ds = G017 + [ (Fuwis

Then, Young’s inequality and (1.4.15) leads to
1 ! 1 !
Sl ®F + [ Nultsds < Gluw@)P+C, [ 1#)Fds

+aw£nm@Wm

for some v > 0. Finally, suitable v > 0 and (3.2.9) yield desired result. O

Lemma 4.2.5. Assume that uy, is a solution of (4.2.5). Let f =0 and u° € L*(Q) with
initial approzimation up(0) = (Qou®, Qp(Qou’)), then

t
tllun(t)IIE +/ lluns||*ds < Cllun(0)[I*. (4.2.9)
0

Proof. Setting v, = up; in (4.2.5), we get

1d
Jana(t) 2 + 5 Au ) = 0.

Multiplying above equation by ¢, we obtain
1d

lund(®)? + 5

1
{tAw(un(t), un(t))} = S Aw(un, un).
Then, integrate above equation over [0, ] to get
t t
2 2
lunt)n+ [ slun)lPds <€ [ a2 s
0 0

which together with estimate (4.2.8) yields (4.2.9). O
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Lemma 4.2.6. Assume that uy, is a solution of (4.2.5). Let f =0 and u® € H}(Q) N
H?*(Q) with suitable initial approzimation uy(0) € VY, then

t
e +/0 sl pds < Cllune(0)]. (4.2.10)

Eurther, if ug € L*(Q) and f = 0 with u,(0) = (Qou’, Qp(Qou®)), then

t
£ |une (£)]* +/ 5 |[uns i nds < Cllun(0)]1*. (4.2.11)
0
Proof. We differentiate (4.2.5) with respect to time ¢ to obtain
(untt, vp) + Ay (upg, vp) = 0.

Now, set v, = uy; in the above equation to have

1d
Eauuht”z + A (Unt, Une) = 0. (4.2.12)

Integrating above equation from 0 to ¢ and applying (1.4.15), we arrive at (4.2.10).
In the case u® € L?(Q), like earlier, we multiply (4.2.12) by ¢* and obtain

1d
§£{t2||uht”2} + tQAw(Uhta uht) = t||uht||27

which upon integrating over [0, ¢] leads to

t t
2| |2 +/ 82 A (Ups, Ups ) ds :/ s||uns ||*ds.
0 0

Now, apply the coercive property (1.4.15) to obtain

t t
2| e |2 +/ 52Huh5|]ihds < C’/ 5| uns||*ds. (4.2.13)
0 0

Finally, estimates (4.2.9) and (4.2.13) lead to desire result. [
For the error analysis, we split our semidiscrete error e;, = u—wuy, into two components

using an intermediate operator. We write

en=u—up:=(u—Qupu)+ (Qnu — up).

The following estimate for e, is derived over the time interval [0,¢], which is very

imperative for our further analysis.

Lemma 4.2.7. Let v’ € H} ()N H*(Q), r € {1,2} and f =0, then

t
/ len||?ds < Cth? ||u||?. (4.2.14)
0
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Proof. To derive L* error estimate over the time interval [0,¢], we recall the following

estimate from earlier work (cf. [34], Theorem 3.2)

t t
/ HethdsgChz”/ | w||2ds. (4.2.15)
0 0

Now, apply Lemma 4.2.3 with ¢ =0 = j and s = r in the above estimate to have

t t
[lenleas < crr [ jzas

0 0
< Cth*|W°|2. O

Remark 4.2.1. For u® € L*(Q) and f = 0, let u solves (4.1.1)-(4.1.2). Then, from the

Lemma 4.2.2, we have u € L*(0,T; H' (). As as consequence, we obtain

t t
/ leal2ds < th/ ul|2ds. (4.2.16)
0 0

Here, we have used (4.2.15) with r = 1. Finally, a priori estimate in Lemma 4.2.2
yields

t
/ leall2ds < CR2|[u|P% (4.2.17)
0

Clearly, L*(L?) error estimate (4.2.17) is not optimal for non-smooth initial data u°.
The rest of section is devoted in deriving optimal L>(L?) norm estimate for the WG

finite element approximation with u® € L?(Q).

Next, we have applied elliptic projection to derive optimal L? error estimates. For
w € H*(Q) N HLQ)}, we define

fw=—-V-(aVw) in Q.
Now, define &, : H*(Q2) N H} () — V) by
Aw(Enw,vy) = (fu,v0) Yo, = {vo, v} € V). (4.2.18)
It is easy to observe from the definition of elliptic projection and equation (4.2.5) that
(unt, 1) + Aw(up — Epu,vp) = (f,vn) + (V- (aVu),v) = (ug, vp), (4.2.19)

for all v, = {vg, vy} € V). Here, we have used equation (4.1.1).
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Remark 4.2.2. Foru® € HJ(Q)NH*(Q) and f = 0 with u,(0) = Eu°, identity (4.2.19)
yields

(une(0),vn) = (w(0),va) Vo, = {vo,vs} € Vy,
which implies
lune ()| < e (0]} < Clle][- (4.2.20)

Hence, apriori estimate (4.2.10) reduces to

t
lamel? / luns s < Cll|2 (4.2.21)

We can derive following lemma from the Chapter 2 (see, proof of Theorem 2.3.2 and
Remark 2.3.3) directly. We omit the details.

Lemma 4.2.8. Forv € HY(0,T; HMY(Q) N HE(Q)), 0 < X < k, we have

1Qnv — Env|| + h||Qrv — Evlin < CRvllazr and
t t
| (10 = Qo + (Quo = ) JF)ds < €O |2 a3 pas.
0 0

Corollary 4.2.1. For v° € H;(Q) N H*(Q) and f =0, Lemma 4.2.3 and Lemma 4.2.8
yield
lu = Quull +|Qnu — Epull < Ch?|lullz < CR*||u’]2  and
t t
|5 (1= @ualP + 1 (@u - &) JP)ds < vt [ ulfds < Cheuc]
0 0

Remark 4.2.3. Theorem 3.1.2 in [35] and Lemma 4.2.1, for the weak Galerkin space
(Pu(K), P1(OK), [Po(K)]?). yields

I(w = un) ()] < Ch4<|\ﬂ\|§ +/D HUtHSdﬁ), (4.2.22)

which demands v € H*(0,T; H*(Q))). Again, due to Theorem 2.10 in [86], solution
uw e HY(0,T; H*(Q)) provided initial data u® € H3(Q). Thus, for u® € H}(Q) N H(Q),
we can not directly use estimate (4.2.22).

Next result illustrates optimal L>°(L?) norm error estimate for the semidiscrete ap-

proximation on linear weak Galerkin space (P1(K), Pi(0K), [Po(K )}2) with u® €
H () N H?(Q).
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Lemma 4.2.9. Ifu’ € H}(Q) N H*(Q) and f =0, then
llen(t)]| < CR*{|u®|s. (4.2.23)
Proof. First, we split our error into three components and we write
en=u—up=(u—Qupu) + (Qru — Eu) + (Epu —up) == p+n+E, (4.2.24)

where p :=u — Qpu, n:= Qpu — Epu and € := Epu — uy,.
According to the definition of projection &,u, we have

(&, vn) + Aw(& vn) = (Epug, vn) + Aw(Ent, vi) — (Une, vi) — Aw(un, vr)
= _(Ut,Uh) - (ptuvh>'

Choose v, = £ to have

1d
S IR + AuE8) = ~(1, ) — (51,). (4.225)
Multiplying (4.2.25) by t, we get
d
5 LR} + 406, 6) = ~4(1,€) = 800, ) + 5 €] (4.2.26)

Integration of (4.2.26) over [0, ¢] yields

fgt __t _t thd
sl + [t eds = - [ stm&as = [ s(oneyas+ 5 [ 1elPas

Next, standard inequality and positive definiteness of A,(-, ) lead to

t t t
Sl < e [ sl + oy + ¢ [ jelPas. (4.227)
Now, from (4.2.24) and estimate (4.2.27), we have

tllenl|”

IN

C(tloll* + tlnll* + €]

t t
wmﬁﬂww%+cémWw+oASMWW+wmm&

IN

IN

t
Ct(llpl* + lInll*) + C/O (Il + 5[l 1) ds

t t
+0 [ (ol + o) ds + € [ lenlias. (1.228)
0 0
Finally, Lemma 4.2.7 and Corollary 4.2.1 yield
tlea(®)|* < Cth¥|lu’]3. O

Next, we proceed for the error analysis with non-smooth initial data.
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Lemma 4.2.10. Ifu’ € L? and f = 0. Then, fort > 0, we have

h
len ()] < OmHuOH. (4.2.29)

Proof. We first recall the estimate (4.2.28)
t
tleall* < Ct(llpl* + tllnl*) +C/0 (Il + 5[l 1) ds

t t
+0/ (HpH2+82HptH2)ds+C/ llen|?ds. (4.2.30)
0 0

Then apply Lemma 4.2.8 with A = 0 to arrive at
tenl? < CHefalt+ ot [ (Rl + o ulf)ds +€ [ flealPas.
Then, using Lemmas 4.2.2-4.2.3 and estimate (4.2.17), we obtain
tllenll < Ch[lu’]*.

This completes the rest of proof. [
To obtain optimal L°>°(L?) norm error estimate, we now use parabolic dual argument

considering a backward problem. For fixed ¢ > 0 and g € L*(Q), define w : [0,¢) —
Hy(92) by
(6, ws) = Alp,w) = 0 Vo€ Hy(Q), s<t,
w(t) = g, (4.2.31)

and define wy, = {wo, wy} : [0,t) = V) by

(v, Whs) — Aw(vp, wp) = 0 Yo, = {vg, v} € V), s <t,
Then, by construction, we have
d
%{(u,w) — (up,wp)} = (fyw —wp). (4.2.33)

Integrating above from 0 to ¢ and setting €; := w — wy,, we obtain
(u(t), w(t)) = (un(t), wn(t)) = (u”,w(0)) = (un(0), wn(0))
t
+/ (f,én)ds. (4.2.34)
0

Further, if u;(0) = (Qou’, Qy(Qou’) and g, = (Qog, Qs(Qog)), we arrive at following
crucial identity

t
0

(en(t),9) = (uo,éh(o))+/(f,éh)d8. (4.2.35)
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Lemma 4.2.11. Ifu® € L? and f =0, then
len(t)]|—2 < Ch?||u’]|. (4.2.36)
Proof. From the equation (4.2.35) with f = 0, we have
(en(t), 9) = (u”, &4(0)).
Thus, applying estimate (4.2.23) to the backward error é,(t) yields
[(en(t), 9) < CR2[[W’|llgll2 g € Hy () N H* ().

Then, definition (1.2.1) with m = 2 leads to desire estimate. [
Now, we are in a position to discuss the main result of this section.

Theorem 4.2.2. Let u be the solution of (4.1.1)-(4.1.2) and u, € Vy be the solution
of (4.2.5). Assume that u® € L*(Q) and f = 0, then there is a positive constant C
independent of h such that
h2
len(®)]| < CTHUOH, t > 0. (4.2.37)

Proof. Integrating the equation (4.2.33) from ¢/2 to t and using the fact g5, = (Qog, Qp(Q09)),

we get

VAN

(o) |
ALl 12
)

Applying estimate (4.2.36) for the terms |[e; (%

2

w(p)] <o

()

Further, using estimate (4.2.29) for the terms Heh <%)

LS Ch?||g||- (4.2.39)

and Héh(%> ||, we get

ko<t « @] <cfut 2w

Again, Lemma 4.2.3 gives us

J(3)], < Tl e [ (3,

Finally, g = ep(t) and estimates (4.2.38)-(4.2.41) lead to desire result. [

C
< =gl (4.2.41)
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4.3 Error Analysis for the Fully Discrete Scheme

In this section, we have extended the classical finite element error analysis technique [85]
to WG-FEMs with L? initial data for first order backward time fully discrete scheme.
It is worth to note that the algorithms presented in [85] are only valid for linear finite
elements with triangular meshes. Optimal order error estimates in L>(L?) norm are

shown to hold even if the initial data is in L*(9).

First, we divide the time interval J = [0,T] into M equally spaced sub intervals
I, = (ty_1,tn], n =1,2,..., M with ty = 0, and ty = T and 7 = t,, — t,,_1, the time
step. For a continuous mapping x : [0, 7] — L*(2), we define x" = x(.,,). Then, for a

sequence {w"}M - C L*(Q), we define

We now introduce the fully discrete weak Galerkin finite element approximation to
the problem (4.1.1)-(4.1.2). Let U = (Qou’, Qp(Qou®)) and U} = {UF,Uj'} € V) be
the fully discrete solution of u at t = t,,, which we have defined through the following

scheme
(8,UP, v0) + Aw(UP, vp) = (f*,v0) Yop = {vo, v} € VY, n>1, (4.3.1)

where .
n 1

T = [ f(e bt (4.3.2)

tn—1

We now present the main result of this section in the following theorem.

Theorem 4.3.1. Suppose u and U} be the solution of (4.1.1)-(4.1.2) and (4.53.1), re-
spectively. In addition, assume that initial data u® € L*(QY) and f = 0. Then, we have

n ! ha+ 71
07— < oD sy (433

n

To prove the above theorem, following preparations are required. Similar to (1.2.1),

we have used the following discrete negative norm

Illosp = sup ),
00, EVY lonll1n

Remark 4.3.1. By differentiating (4.2.5) with respect to t for f =0, we obtain

(Unets v) + Aw(tns, vi) = 0 Vo, = {vg, v} € V.
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Now, apply continuity and coercivity properties of Ay (-,-) to have
(untt; vn) < Cllunellupllvallie Yon = {vo, v} € V3,
which yields

sup (Uhtt> Uh)

< Clluntll1,n,
00, EVY [[on][1,n

so that we obtain

vnet]|—1.n < Cllunellin. (4.3.4)

Now, for the fully discrete error analysis, we split our error into two components

using semidiscrete solution as follows
Up —u" = (U —up) + (uy —u"). (4.3.5)

The rest of the section is devoted in analyzing error bounds for the first component
in (4.3.5).

Lemma 4.3.1. If f =0 and v° € Hy () N H*(Q), then we have
lu, = Ul < C7||une(0)]-
Proof. Setting t = t,,11 in (4.2.5), we obtain
(3Tuz+1, Uo) 1 Aw(uzﬂ,vh) = (Cn+17 Uo) \V/Uh = {’Uo, Ub} € V}?,

where ("1 = O,uptt — uptt.

Let " = ull — U € V), then it is easy to note that
(0:6™ 1 vg) + Ay (€7 vp) = (¢ v) Yop, = {wo, v} € VP, (4.3.6)

with % = 0.
Set v, = £ in (4.3.6) and apply Young’s inequality with suitable v > 0 in the
right hand side to obtain

€™M + 27 Au (€71, €71 + 1€ — €71

= [[€"I1* + 27(¢", €M)

< 1€ + CorlIC I+ CO)TIE™

< 1€ + CorlIC Iy + C()T AW (7, €7, (4.3.7)
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Note that, in the above estimate, we have used following fact

(061,671 = (I = €")%) + - €+ — €71

Then, we sum (4.3.7) over n from 1 to [ so that

I+1
I P < Or Y TP 1STSM -1 (4.3.8)
m=1
Now, by Taylor’s theorem
LA [
SRS —/ (8 — tm_1)Unss(S)ds. (4.3.9)
7 tm—1
Hence
2 T [ 2
I < [ Tl s (4:3.10)
tm—1

Thus, combining (4.3.4) and (4.3.8), we get

ti+1
e < om [ ()l uds. (43.11)
0
Now, apply (4.2.10) leads us to

lE*H 1 < Clune(0)]*. O

Let {F7/})L, c Wy, and {2}, C V) be the solution of the discrete time backward

problem
(vo, Orzp,") — Aw(vn, Z;T_l) = (vo, F'™) Vo, = {vo, 0} € V}?v (4.3.12)

with 27 = 0.

Regarding the stability of 2}, we have the following result.

Lemma 4.3.2. For z}* satisfying (4.3.12), we obtain

M M

i I o+ S0P < € 3 ol

Proof. Setting v, = 70,2} in (4.3.12) and applying Cauchy-Schwarz inequality, we have
7025 1* + Aw(ey ™ = 2, 2p ™) < |02 | F™ .

Next, applying Young’s inequality for suitable v > 0, we arrive at

N0z I* + Al ™ = 20, 2071 < Curlloezy|I* + C)rl| F71.

TH-2866_176123101



CHAPTER 4. WG-FEMs for Parabolic Problems with L? Initial Data 99

Now, selecting v > 0 appropriately leads us
(|0, 2712 + Aw (27 = 2t 2 < Cr||F™))2 (4.3.13)
It is easy to verify that
72
Azt — 20 2l = EAw(aTz,T, Orzp)
1 1 1 me
—5Aw(a, 2) + S Az .
2 2
This combine with (4.3.13) yields

1 1
Tl10:2 1P = 5 AW 2 + SAw(zr ™ 20 < Cr|lF™P,

2

and then summing over m from m = [ to m = M yields

M M
SO0 AR+ Auleh LAY <O ST Tl FmE 1 <1< M -1
m=l m=l

This completes the rest of proof. [

Lemma 4.3.3. If f =0 and u° € L*(Q), then we have

71/2
lup — Ul < CtWHUh(O)II-

Proof. We multiply (4.3.7) by t,4+1 = t,, + 7 to obtain
tapa |€TH < tall€ )1 4 TIER P + Crtnan 12, - (4.3.14)

Sum (4.3.14) over n from 1 to [ with 1 <[ < M — 1 to have

l

l
tall€P < Y TIEP Ot IS
n=1

n=1
l

l l
= D 7l P+ NP+ Ol
n=1 n=1

n=1
l l
= > 7l P+ NI

n=1 n=1

I+1 "
m—1 m

+C Dt (4.3.15)

m=2
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In order to estimate 3.0 _ 7[|€™||?, let {z7"}M_, € V2 be the solution of (4.3.12)
with F™ = ™. Set vy, = €™ in (4.3.12) to obtain
lE™I* = (€™, 0r2") — Auwl€™, 2 7)
== 87'(57 zh)m - (aTgm’ Z}T_l) - Aw(fma Z}T_l)
= 0.(&2)™ — (¢ z Y. (4.3.16)

Here, we have used (4.3.6). Since 2}/ = 0, we obtain by summing (4.3.16)

M M
SorlemP==> " rCm grh.
m=1 m=1

Now, apply Cauchy-Schwarz inequality and then Young’s inequality to have

M M
SoAlEmF < YTl -aallzr
m=1 m=1
M
< s I e S G
m=

L 2
< Cogmas I+ CON (2 7lC"-1n)
m=

where v is a suitable positive real number. It then follows from Lemma 4.3.2 with
F™ = &™ that

M M 9
Sorlenr < e Xl l-n)
m=1 m=1 o 7—2 ;
< OB+ O( 2 ) (a7 )
m=2 ™M= m=2

M
< CPUCIPn+C Y 2 I

m=2
In the last term, we have used that
i 72 B l 72 B f: 1 < 7T_2
—tn g A rim—1)2 = (m—-1)2 7 6
Hence, it follows from (4.3.15) that
M
fa[€* < CTICHZ 1+ C Yt all™ 12 (4.3.17)
m=2
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for 1 <1< M — 1. Now from (4.3.9) to get

2

1,h

)
PRI = | [ sunals)ds
OT
< 7 / 2 etnan ()21 ndls

0

Cr [ Huns(s) s
0
< O7llun(0)|. (4.3.18)

IA

Here, we have used estimate (4.2.11) and estimate (4.3.4). Also, from (4.3.10),

tm
)
Bl < G [ )P uds

tm—1

T

tm
[ Sl s

tm—1

IA

IA

tm
er [ luns) s
tm—1

Hence,

M an
S AL < Cr [ una(e) s
- < C7||un(0)|>. (4.3.19)
Now, combining estimates (4.3.17)-(4.3.19), we obtain
o llET? < Crllun(0)])?, 1<1< M -1, (4.3.20)

which completes the rest of the proof. [
Like earlier, we use parabolic duality argument for the optimal L? norm error es-

timate with non-smooth data. For any fixed ¢, > 0 (1 < n < M) and any function
Yy € VY, define wy(s) € V) to be the continuous time weak Galerkin solution of the

backward problem
(v, Whs) — Aw(vp, wp) =0 Yo, = {vg, v} € VY, s < t, (4.3.21)

with wh(tn) = ¢h-
Let {W™}" _, C V) be the solution of discrete time backward problem

(vo, W) — A (v, W) =0 Vo, ={vo,u} € V), 1<m<n, (4322

with W = oy,
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Now, from the discrete analogue of (4.2.33), we have (see, Appendix)
O-{ (un, wn) — (Up, Wp)}™ = 0. (4.3.23)
Sum (4.3.23) over m from 1 < m < n, we obtain
(€, ) = (n(0), wn(0) — W), (43.24)
Also, by Lemma 4.3.1 applied to wp(t,,) — W} with time reversed, we get
(€™, vn) < llun(0)[[llwn(0) = Wil < C7llun(0)[[[lwne(ta)]l- (4.3.25)

Lemma 4.3.4. If f =0 and u° € L*(Q), then

. 4 Crt
lur = Ul < <= llun(0)]] (4.3.26)

Proof. Summing (4.3.23) over m = g+ 1,...,n with ¢ = [n/2] and setting ¢, = ", we

obtain

1€"12 = (&% wi) + (Uy, (wp, — Wi)?)
= — (&%, (wn = Wi)?) + (&%, wi) + (ug, (wp, — Wp)?).

Next, apply Cauchy-Schwarz inequality to obtain
€11 < €N Caom = W)L+ (1€ it} + [l Cewn — W)l (4.3.27)

Now by Lemma 4.3.3, we obtain

C 1/2
(wp — W) < =

[[wn (tn)]l-

1/2

In the above relation, multiplying and dividing by (¢, —t,)"/*, we get

Crl/?

_ q i
[ (wn, — W) < (tn _tq)1/2‘

|wh (tn) I
Here, we have used the fact that

(tn_tQ)l/QI(t_”_l)l/Qz(L_1>1/2<\/§_

t/? tq [n/2] B
Now, we multiply and divide t}/ 2, we have
C’t}/27'1/2 Crl/? n
[[(wn — W) < 7z lwn ()]l < —75=11€7 11 (4.3.28)
/ /

P
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Here, we have used the fact that

1/2 n 1/2
(b=t )12 (= [n/2]> < V2.

It follows by (4.3.25) with time reversed and (4.2.11) that

C
(&%, wi) < C7llun(0)][||lwne () || < t—THUh(O)IIHS"IL (4.3.29)
and
C
(i, (wn — Wi)?) < COT [lwn () | June () | < t—THuh(O)HHf"H- (4.3.30)

Now, estimates (4.3.28)-(4.3.30) together with (4.3.27) leads to

n Crl/2 Cr Cr
€7 < 7 €71 + <= llun(O)l] < ——lua(0)l]. O3 (4.3.31)

4.4 Numerical Section

In this section, we have tested various numerical Examples for the parabolic problem
(4.1.1)-(4.1.2) in Q x J, where Q C R? and J = (0,7]. Finite element partitions
with different kinds of configurations like triangular, rectangular and polygonal meshes
are used for solving parabolic problems to confirm the flexibility of WG method. These
numerical results demonstrate that the scheme is robust and accurate. All computations

are carried out using the MATLAB software.
For a given finite number of successive iterations (indexed by i), let e; be the error

corresponding to the L>(L?)-norm on the i-th iteration, and h; is corresponding mesh
size. Then expected order of convergence (EOC) can be defined by
€i+1 hit1
EOC(e;) = log ( )/log ( )
€ h;
Let U}’ be the weak Galerkin solution defined by (4.3.1). Then, we have calculated

the following error

ep = Qpu(x,t,) — U}
at final time ¢, = T with respect to L?>-norm for the linear WG space of the form

(Pi(K), Pi(OK), [Po(K)]").

Example 4.4.1. Non-smooth data with triangular mesh: This Example is derived
from (cf. Exercise 3.7, page 171, [6]). Consider the problem (4.1.1)-(4.1.2) in Q X J,
where Q = (0,2) x (0,2). The exact solution of the given problem defined as
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ey QOOZ {1+ U= oD esp{-m(E D)
X sin(me) sin(‘jﬂTy),

with initial data

50 if y <1,
0 otherwise.

The right-hand side f cab be evaluated from the exact solution u and the diffusion-

coefficient

Triangular mesh is used in this Example, which is depicted in Figure 4.4.1. The domain
is uniformly partitioned into n x n sub rectangles in such a way that each rectangular
element is further divided into two triangles using a diagonal line with negative slop,
where the mesh size is h = 1/n. The errors with respect to L>(L?) norm for linear WG

space is reported in Table 4.4.1 at final time 7" = 1.

09 09

08 08

07 07

06 0.6

05 05

04 04

03 03

02 0.2

01 01

Figure 4.4.1: An initial triangular mesh with h» = 1/2 (left), and its refinement with
h =1/8 (right).

Example 4.4.2. Non-smooth data with polygonal mesh: We consider a second
order parabolic equation on a two-dimensional domain €2 x .J, where Q = (0,1) x (0,1)

for which the exact solution possesses non smooth initial data. The Example discussed
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here is extracted from [15]

ut—iAu = 0 in QxJ,

12
u = 0 on 00 x J, (4.4.1)
u(z,y,0) = u° in Q.

We select the data appearing in (4.4.1) by setting the exact solution,

(20 +1)2 4 (25 +1)2
12 }

8 o0
u(z,y,t) = = Z cicj exp{—m’t
irj=0

x sin(mz(2i + 1)) sin(ry(25 + 1)),

where

(—=1)@/2(25 + 1)~ if i is even,
C; =

(—1)#1/2(2; 4+ 1)~ otherwise,

with initial data

1if 1/4 <z,y < 3/4,
0 otherwise.

In this Example, we have used polygonal meshes. A typical polygonal mesh and
its refinement is depicted in Figure 4.4.2. The errors with respect to L°°(L?)-norm for
linear WG space is represented in Table 4.4.1 at final time 7" = 1. We have achieved
optimal order of convergence in L>°(L?)-norm, which confirms the theoretical prediction

as proved in Theorem 4.3.1. This can be observed from Table 4.4.1.

Figure 4.4.2: An initial polygonal mesh (left), and its refinement (right).
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Table 4.4.1: The history of L>(L?) error convergence with time step 7 = h?.

Example 4.4.1 (Triangular mesh) Example 4.4.2 (Polygonal mesh)
h lenl] EOC lenll EOC

1/4 | 7.127644e-01 - 3.303126e-03 -

1/8 | 1.762327e-01 2.015943e+00 | 8.109071e-04 2.026224e+00
1/16 | 4.407500e-02  1.999450e+00 | 2.021031e-04 2.004445e¢+00
1/32 | 1.102763e-02  1.998837e+00 | 5.049565e-05 2.000861e+00
1/64 | 2.757641e-03  1.999617e+00 | 1.262222¢-05 2.000194e+-00
1/128 | 6.894597e-04 1.999896e+00 | 3.155453e-06  2.000047e+00

Example 4.4.3. Non-smooth data with rectangular mesh: In the following Ex-
(0,1) x (0,1). We select the data appearing in (4.1.1)-(4.1.2) by

setting the exact solution, which we have taken from [6] as

ample, we choose (2 =

M +0°
12

u(z,y,t )

400 Z {1 — cos( )}{1 — cos( )}GXP( (

1,]= 1
x sin(imx) sin(j7y),

with initial data
100 if z,y <1/2,
0 otherwise,

and diffusion-coefficient
1/12 0

0 1/12

o =

In this Example, we have used rectangular mesh as shown in Figure 4.4.3. The errors
with respect to L°°(L?)-norm for linear WG space is reported in Table 4.4.2 at final
time 7' = 1.
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0.9

0.8

0.7

0.6

0.5

04

0.3

0.2

0.1

Figure 4.4.3: An initial rectangular mesh with » = 1/2 (left), and its refinement with

h=1/4 (right).

Table 4.4.2: L>°(L?) error convergence with time step 7 = h?.

h

lex |

EOC

1/4
1/8
1/16
1/32

1/64

1/128

3.915363e+00

8.092984e-01

1.893695¢-01

4.647979e-02

1.156529e-02

2.887895e-03

2.274402e+-00

2.095468e-+00

2.026528e+00

2.006802e+00

2.001711e+00

Example 4.4.4. Comparison among smooth data and non smooth data: We

consider a two dimensional heat transfer equation with homogeneous boundary condi-

tions. The solution of model problem represents the temperature distribution in a thin

rectangular plate. Temperature distribution of the insulated edges of plate is kept zero.

(P7)

(

\

uy —aAu=0 in Q x J,

u(z,0) = u’,

u(z,t) =0

in €,

on 0 x J,

where a denotes the thermal diffusivity and © = (0,1) x (0,1).
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Here, we would check the behavior of given solution with smooth and non-smooth
data. For non-smooth data, we have opted the same exact solution, diffusion coefficient
«, and initial data u° as given in Example 4.4.3, whereas for the smooth data, we have

taken exact solution from (cf. Exercise 3.7, page 171, [6]) as

1600 i sin(imx) sin(jry)

.2 .2
u('I? Y, t) - T2 X exp(—ﬂ'2t(l A
i,j=o0dd

1] 3

)

with initial data «° = 100, and the thermal diffusion-coefficient

0 1/3

The uniform triangular mesh is used as taken in Example 4.4.1. The error with respect
to L>(L?) norm for linear WG space is represented in Table 4.4.3 at final time 7' = 1.
We have obtained optimal order of convergence in L°°(L?) norm as shown in Table 4.4.3.
Figure 4.4.4 show the temperature distribution in the plat at ¢ = 1 for smooth initial
data. Further, Figure 4.4.5 and Figure 4.4.6 shows the temperature distribution in the
plat at various time level ¢ = 0.01, 1, 5, 10 with a fix time step 7 = 0.002, when
initial data is non-smooth. It can be demonstrated from the Figures 4.4.5 - 4.4.6 that
when time ¢ increases, then solution decays to zero. Here, we can observe from Table
4.4.3 that when non-smooth initial data u° appeared in (P*), it’s convergence behavior

is same as smooth initial data, and we have achieved optimal rate of convergence in
L>®(L?*)-norm.

0.05

05 \\\«/// 05

00

Figure 4.4.4: WG solution plot (left), exact solution plot (right) at ¢ = 1 in Example
4.4.4 for smooth initial data.
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Table 4.4.3: The history of L>(L?) error convergence with time step 7 = h?%.

Smooth data Non-smooth data
h lex | EOC lenll EOC

1/2 | 6.929241e-01 - 1.435194e+-00 -
1/4 | 2.222611e-01 1.640442e+00 | 3.429445e-01  2.065199e+00
1/8 | 4.778263e-02 2.217698e+00 | 8.387519¢e-02  2.031659e+-00
1/16 | 1.124189¢-02 2.087601e+00 | 2.085701e-02  2.007712e+00
1/32 | 2.763636e-03 2.024246e+00 | 5.207374e-03  2.001905e+00
1/64 | 6.879407e-04 2.006212e+00 | 1.301416e-03 2.000474e+00
1/128 | 1.717990e-04 2.001562e+00 | 3.155453e-04  2.044163e+00

Example 4.4.5. Non-smooth data on rectangular mesh with Hanging nodes:
In this Example, we solve the same problem as in Example 4.4.2 on rectangular mesh
with hanging nodes in the finite element partition. The initial mesh is shown as in Figure
4.4.7 (Left). The mesh on the right in Figure 4.4.7 is generated by uniform refinement
procedure. It should be pointed out that the initial mesh has a hanging nodes A, B, C'
and D. For the finite element partition 7, with hanging nodes, we notice that the WG
algorithm is still hold on this refinements. The errors with respect to L°(L?) norm for
linear WG space is reported in Table 4.4.4 at final time 7" = 1.
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Figure 4.4.5: WG solution plot (top left), exact solution plot (top right) at ¢ = 0.01 and
WG solution plot (bottom left), exact solution plot (bottom right) at ¢ = 1 in Example

4.4.4 for non-smooth initial data

Table 4.4.4: L°°(L?) error convergence with time step 7 = h?%

h lex BEOC
1/4 3.918887e-01 -
1/8 1.554516e-01 1.333979e4-00
1/16 4.764673e-02 1.706016e+-00
1/32 1.271481e-02 1.905868e+-00
1/64 3.234341e-03 1.974966e+-00
1/128 7.590261e-04 2.091250e+00
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- o ~ IS o » S

Figure 4.4.6: WG solution plot (top left), exact solution plot (top right) at ¢ = 5 and
WG solution plot (bottom left), exact solution plot (bottom right) at ¢ = 10 in Example

4.4.4 for non-smooth initial data.

1 1 T
1 1 I T I [
09 09 ! ! ! !
1 1
1 1 1 ]
08 08 ' ' Fr=-r -~~~ Ml
(o F==r==-=- - -
07 07 1 1 1 1
1 1 1 1
1 1 1 1
06 06 f f f f
1 1 L 1T
0.5 0.5 1 1
1 1 1 1
1 1 1 1
04 0.4 N N
1 1 1 1
03 03 1 1 1 1
) [ [ 1 1
02 02 ! ! ! !
1 1 [~~r="|7~ "7 1777
1 1 1 1
01 0.1 ] 1 1 1
1 1 1 1
0 0 1 L
0 0.2 0.4 0.6 0.8 1 0 0.2 04 06 0.8 1

Figure 4.4.7: An initial rectangular mesh with Hanging nodes (left), and its refinement

(right).

TH-2866_176123101



L? Estimates of WG-FEMs for Second-Order Wave

Equations with Polygonal Meshes

This chapter is devoted to the a priori error analysis in WG-FEM for the linear wave
model problem (1.1.3)-(1.1.4). Typical semidiscrete and fully discrete schemes are pre-
sented for a finite element discretization with polygonal meshes. The fully discrete
space-time finite element discretizations is based on implicit second order Newmark
scheme. For sufficiently smooth solutions, optimal order error estimate in the L>°(L?)
norm is shown to hold as O(h**! + 72), where h is the mesh size and 7 the time step.
An extensive set of numerical experiments are conducted to demonstrate the robustness,

reliability, flexibility, and accuracy of the proposed method.

5.1 Introduction

To begin with, let us first recall the second order wave equation. Let Q C R? be a

convex polygonal domain with boundary 9€2. In 2, we consider following wave equation
u(x,t) — V- (a(z)Vu(z,t)) = f(z,t) in Q x (0,7], (5.1.1)

with initial and boundary conditions
u(z,0) = u’(z), u(z,0) = v(z) in Q; and u(z,t) =0o0n 92 x (0,T], T < 0o(5.1.2)

We assume that the coefficient matrix a = (ay;(2))axa € [L2(Q)]? is symmetric and
uniformly positive definite in 2. We are well aware of the fact that the rate of con-

vergence of finite element approximations depends on the ‘smoothness’ of a solution.

This chapter is under review in Appl. Numer. Math.
112
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Throughout this analysis, coefficient «, initial functions {u® v} and the load term f
are assumed to be sufficiently smooth in their respective domains of definition so that
solution u belongs to desired Sobolev space. For the related regularity results, we refer
to [45, 82]. Additional regularity assumptions were made throughout this Chapter to

carry out the convergence analysis.
The present work is aimed to analyze weak Galerkin finite element method for

second-order linear wave equation, where we have reported both semidiscrete and fully
discrete schemes. The fully discrete space-time finite element discretizations can be
revised as the Crank-Nicolson discretization of the reformulation of the governing equa-
tion in the first-order system, as in Baker [7]. The error estimates in L? norm are new
(see, Theorem 5.2.1 and Theorem 5.3.1), which are based on the use of the Ritz projec-
tion. Both the algorithm and error estimates are discussed for variable coefficient, while
most existing work (see, [58]) assumed piecewise constant coefficients. An enormous set
of numerical illustrations have been considered and described for the establishment of
the efficient WG method in scientific computing. These experiments suggest that the
WG scheme is the decisive and efficient numerical technique to examine such type of
problems. For the relevant literature on the numerical study to hyperbolic problems,

we refer to Section 1.3.
The rest of the chapter is divided as follows. In Section 5.2, we discuss the weak

Galerkin finite element discretization and described the error estimates for the semidis-
crete scheme. The error analysis for the fully discrete scheme is reported in Section 5.3.

Section 5.4 focuses on numerical examples.

5.2 Error Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal

order of convergence in L°°(L?) norm is established.
Let V}, be the weak Galerkin finite element space defined by (3.2.1) based on the

finite element discretization 7, of 2 as described in Chapter 1. For each v, = {vg,v,} €
Vi, recall its discrete weak gradient (V,v,) € [Pr_1(K)]? that satisfies the following

equation

(Vwvn q)x = —/

(V- q)dK + / w(q - n)ds Yq € [Pri(K)]2. (5.2.1)

oK

Next, we recall the bilinear map A, (-, -) on V, X V;,, which is defined as follows

Ay (wp,vp) = Z (akuh,vwvh)K + S(wp,vp) Ywp, vy € Vy, (5.2.2)

KeTy,
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where the stabilizer S(-,-) is given by

S(wp,vy) = Z Rt (wo — wy, Vo — Vp)oxk - (5.2.3)

KeTy
For each element K € T, denote by Qg the usual L? projection operator from L?(K)
onto Pr(K) and by Qp the L? projection from L*(e) onto Py(e) for any e € Fj,. We
shall combine Qo with @y by writing Q, = {Qo, @s}. In addition to Qp, let Q, be an

another local L? projection from [L?*(K)]? onto [Py_1(K)]*.
We recall following crucial approximation properties for local projections @5, and Qy,.

For details, we refer to (Lemma 4.1, [123]).

Lemma 5.2.1. Let T}, be a finite element partition of Q) satisfying the shape reqularity
assumption as specified in [123]. Then, for v € H**1(Q), we have

> (Il - Qoollie + b3V = Qu)liE) < Ch*2Iloll,,

KeTy

> (IVo = Qu(Vo) % + B 9(Vo - @u(Vo)lik) < Ch*[ol,.
KeTy,

Next, we derive an optimal order of error estimate in L?-norm, the basic idea applied
is to use elliptic projection as in [126]. For v € X = H}(Q) N H?(2), we define

fi =-V-(aVw).
Clearly fr € L*(Q). Define &, : X — V) by

Aw(Envs dn) = (fys dn) Yo € V. (5.2.4)

Next, for our convenience, we recall following crucial result. For more details, we

refer to Lemma 4.2.8.

Lemma 5.2.2. For v € H}(Q) N H*(Q), there exists a constant C such that

1Qnv — Envl| < CR*||v] |41,
1Qpv — Epvl| < CR* o).

A time-dependent weak function vy, : [0, 7] — V), is written as vy, (t) := {vo(t), vp(t)}
and subsequently we define vy, (t) := {v((¢), v;(t)}, where ‘7’ denotes the time derivatives.
For simplicity, we use vy, = {vo, vy} for v, (t) and vy, = {vf, v} } for vp(t).

The continuous-time weak Galerkin finite element approximation to (5.1.1)-(5.1.2)

is defined as follows: Find uj, = {ug,up} : [0,T] — V? satisfying

(whtt, vo) + Aw(n, vi) = (f,v0) Yop = {vo, v} € Vy, (5.2.5)
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with u,(0) = Qpu® and up(0) = Qp°. Well-posedness of the scheme (5.2.5) can be
verified from the fact that weak finite element space Vy is a normed linear space with

respect to the triple norm |||-||| defined as

ol = v/ (on, 0n), vn = {0, s} € V0.

As a standard procedure in finite element method, we split our error e, = u;, — Qxu

into two standard components p and 6 using following relation
en(t) = un(t) — Quu(t) == 0(t) + p(t),

where 6 = uy, — Eyu and p = Eyu — Qpu. From Lemma 5.2.2, we already have bound for

p(t). So, we only need to bound 6(t).
Next, using the definitions of projection operators &, and Qy,, we arrive at following

important identity

(Out, &n) + Aw(8, o1)

= (tnets Pn) + Aw(Un, ¢n) — (Ent)r, dn) — Aw(Enu, ¢n)

= (f, on) — ((En)us; o) + (V- (@Vu), dn)

= (s, o) — ((Entt)et, o)

= (Qnuw, ¢n) — ((Ent)ut, dn)

= ((Qnw)u, on) — ((Enw)u, 1) = —(puts bn) (5.2.6)

for all ¢y, € V).
Now, for some suitable £ € (0,7, we define

3
0(.,t) = / 0(.,s)ds, 0<t<T.
t
Clearly, we observe that
0(6) =0 and 6, = —0(.,t), t € [0,T]. (5.2.7)

Now, set ¢, = 0 in (5.2.6), integrate between 0 to ¢ with respect to the variable ¢ to

obtain

3 . . R 3 .
_A (Qta et)ds + (Ht(f), 0(5)) - (Qt(())? 9(0)) + Aw<97 Q)ds

0

o A )
= [ (s = (29606 + (0).0(0)
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Using (5.2.7), we have

[ Aty —o.0.00) - [ L4 0.0
o 2dt e o 2dtTNT
¢ R
=~ [ (00t + ((0).600))
0
Since 6 is continuous in the time variable, we select £ such that ||0(€)|| = maxo<i<7 ||0(1)]].

Then observe that e (0) = 0, which together with Young’s inequality gives

%He(g)H? + %Aw(é(o), 0(0))
| ) 5 ¢
&
< S100)1 + g 1@ [ 1ol

0<t<T

1
< 18I + 16 IVT llpell 2z

1 2 1 2 , € 2

< 10O + - NOEON" + 5T lpellz2(z2). (5.2.8)

for some € > 0. Again, it follows from [36] that
pr = Epuy — Qpiy.
Then, as a consequence of Lemma 5.2.2, we obtain
pell < CR* e |41 (5.2.9)
Now, combine estimates (5.2.8)-(5.2.9) to obtain
162 < CRHD (024, + e
Thus we have proved the following optimal L>°(L?) norm estimate.

Theorem 5.2.1. Let u and uy, be the solutions of problems (5.1.1)-(5.1.2) and (5.2.5),
respectively. Assume that the solution of (5.1.1)-(5.1.2) is so reqular that u, € H*(Q)N
H(Q2). Then there exists a constant C' such that

i) = @l < O {1 s+l + aellzzreen )t € 0,71,
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5.3 Error Analysis for the Fully Discrete Scheme

In this section, we are now going to formulate a fully discrete weak Galerkin finite
element scheme to approximate the solution of the problem (5.1.1)-(5.1.2). Optimal a

priori error estimate in L>°(L?) norm is derived.
We first divide the time interval J = [0, T] into N equally spaced subintervals by the

following points
O=to<ti <..<TIn=T

with ¢, = nr, 7 = % being the time step. Let I,, = (¢,_1,t,] be the n-th subinterval.

For a sequence {y"}_; C L*(Q), we define

n=0

|

n+l _ n 1
8T’Yn:u and 'yn+ :5(’yn+1—{—’yn), n=01,...,N—1.
T

Also, for a continuous mapping ¢ : [0, 7] — L?(Q), we define (" = (., t,), 0 <n < N.

Then the fully discrete weak Galerkin finite element approximation to the problem
(5.1.1)-(5.1.2) is defined as follows: Find U™ = {Uy, U} € V} such that

O,U" =p™2 for n=0, 1,...,N —1 (5.3.1)
and
(0,0", o) + Au (U2, 65) = (f42,0) Yobr € VY, (5.3.2)

with U% = Q,u® and p° = Q,0°.
The following Lemma gives the existence and uniqueness of the fully discrete solution

U™ of u™ in terms of the auxiliary variable p™.

Lemma 5.3.1. There erists a unique sequence {U™}N_, € V? and a corresponding
unique sequence {p"}N_, C V2 which satisfies (5.3.1)-(5.5.2).

Proof. From (5.3.1), we have

Un+1 — %(pn+1 +pn> T Un. (533)
Using (5.3.3) in (5.3.2), we get
Au (", dn) = F'(¢n) You € V3, (5.3.4)

where A, 7 is the bilinear form given by

2
Ay (wp,vp) = (wp, vp) + %Aw(wh,vh) Ywy, vy, € V,?
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and F" is the linear functional given by

2
‘Fn<vh) = (pn’ Uh) - %Aw(pna Uh) - TAUJ(Un?Uh) + T(fn+§>vh) vvh € Vi(z)

Due to the positive definiteness of bilinear form A,,, there exists uniquely defined
p"tt € VY satisfying equation (5.3.4) and subsequently U™*! exists uniquely for n =

0,1,..., N — 1. This completes the rest of the proof. [J
Later on, we will need the following results. The proofs involve the use of Taylor’s

series and standard arguments, and therefore, details are omitted.

Lemma 5.3.2. For any v € H?(J; L*(2)), we have

1 tn+1
Ham"—4£+ﬂﬁf;cT§/' orse] 2t (5.3.5)
tn

In order to compute the error between U™ and u”, we first establish the error £" :=

U" — &, for 1 <n < N. To do so, first we introduce following notations
Pri=p" — &y and 0" = u" — Epu”.

Now, for the error £", we have the following result.

Lemma 5.3.3. Let u and U™ be the solutions of Problem (5.1.1)-(5.1.2) and (5.3.1)-
(5.5.2), respectively. Assume that w € H'(J; H*1(Q)) N H*(J; L2()). Then, we have

n |2 2(k+1) 012 .
max €7 < O ([l + ol Zaesscay)

+C7—4(”uttttui2(L2(Q)) + \’Uttt\’%2(L2(Q))>-

Proof. For each ¢y, = {¢o, ¢p} € V7, combining scheme (5.3.2) with the definition of &,

we have

(8- P", o) + Au (€72, 6)

= (29", d0) + Au(U™2, 6y) — (0,801, b)) + (V - (aVu"*2), o)

— {(0:0", d0) + Au(U™3,81) — (F773,00) ) + (w2, ) — (DrEnti?, )

— (up"?, do) — (D, o)

— (W — Ol Bl — O, Epl, o). (5.3.6)

I nti . .
Writing w™ := 0,;u} — uy, °, we have the following error equation

(0:P", o) + Aw(E"2, 61) = (8,0 — W™, o) Yo € VY. (5.3.7)
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It is easy to observe that

1

8T€n = Pn+% + 8777n - U:JFQ - 0_n7 (538)
where ¢ := 0,u" — u?+§. Substituting n = 0 in (5.3.8) and rearranging, we derive
8,60 = PO 4 %ano +om° —nE — o, (5.3.9)

Further, for 1 <n < N — 1, we can easily derive

n n—1
n _ 0 i k T k n n+3 n
0E" =P+ 5 Y 0P Y 0P 40"~ — 0" (5.3.10)
k=0 k=0
Now, we define a sequence {a"}Y_, such that o’ = 0 and
n—1
o =7y &, 1<n<N
k=0

Then, we note that

1
af = 575% (5.3.11)
and
- n n—1
nt+i _ k+3 k+1
. 25{25 by e } | <n<N_1 (5.3.12)

Next, using the identities (5.3.7), (5.3.9) and (5.3.11), we get for each ¢;, € V)
(9:€°, 60) + Au(a?, 6)
= (PO + 87'770 - 771&5 - an ¢O + Z{ 87'7307 ¢0) + Aw(géa ¢h)}

2 (87'7715 (’UO? ¢O)

= (P"—n, o) + (0,1 = 0° ——w , %0)-

= (P° +0.n° —77 — %, o) +

Further, using the fact that

(PO - n?7¢0> - (pO - ghu? - Ug +ghu?7¢0) - (thb - ¢’ ¢0) =0

we arrive at

(0:€°, o) + Aw(a2, ) = (3o — 0° — %w ¢0) Von € V. (5.3.13)
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Similarly, for any ¢, € VP and 1 <n < N — 1, from (5.3.7), (5.3.10) and (5.3.12), we
have

(aTé-n’ ¢0) + Aw(an+%7 ¢h)

n n+i n
=P+ 0" —n, 2 —0" o) +

3
,_.

T @ 60) + AulE )

i
o

+% > {(0:P* 60) + Au(€2, 1)}
k=0

3
—

= (P + 0" = > — 0™, o) +
T n
+7§j£:<87n5'_ﬁuk7¢0)
k=0
4 n—1
n n+3
= (P + 00" —n, =", ¢0) + ( O-ny +7'Zar77ta¢0

n n—1
r T
—(5 Zwk D) Zwk, %o).-
k=0 k=0

Then, using the identity

(87775 — wku ¢0)

N | 2
i
o

n—1

T n o 1
SO T Ot = =]
k=0

and the fact that (P° —n?, ¢g) = 0, we drive
(0:", o) + Aw(OéH%, ¢n) = (0" — 0" — —w — TZUJ ,gbg (5.3.14)

for all ¢, € V). Now, for the sake of brevity, we define

o-n — 0¥ — Zw° for n = 0,
ot — o™ —Twh =71y Owk+2 forl<n<N-1.
Then, combining the identities (5.3.13) and (5.3.14), we get
(0,€", ) + Au(@™F2, ) = (€",¢0), 0<n< N —1 (5.3.15)
for all ¢, € V). Then, substituting ¢, = d,a" = WTHTL in (5.3.15) we obtain

2 1
1 = 1™l + [fla™*HII” = o™ = 2 (e, €72).
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Now, summing over n =0to [l — 1,1 <[ < N, we get

-1

€0 =N + [l [ = oI = Z £13). (5.3.16)

n=0

Next, using Young’s inequality on the right hand side of (5.3.16) and the fact that
H|Oél|H > 0, we obtain

-1 -1
n d n+i
1€ < ||€0H2+4TTZH6 H2+ﬁ2‘|§ 2|7
n=0

< ||é"°l|2+4TTZ||€”H2 5 max [|¢"[|?,

2 0<n<N

which implies

max [|€°]° < 2(|€%)° + 8T Y _ [le"|I*. (5.3.17)

0<n<N

Now, we shall estimate €. For the estimation of €”, use triangle inequality and Cauchy-

Schwarz inequality to have

7'2 L 7'2 &
le"® < H@m”||2+|\0”||2+—|\ wkll2+—|| Wt
4 4
k=0
N-1

10" [1* + [lo™ |* + 3NH Zw’“l\2
k=0

T N-1
< o+ o + 5 (71 D2 wHIP)
k=0

Summing both sides of the above equation from n = 0 to n = N —1 and then multiplying

IA

the resultant by 7, we obtain
N—-1 N-1 N-1
Y NP < D Mo P47y lon?
n=0 n=0 n=0
N1 /m N-1
+7 —(T wh 2) . 5.3.18
> (513 5319

Using Lemma 5.3.2, we have

k112 3 tk-H 2
uwugcT/ s,
tk
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Hence,

N-1

7Y MFIP < Ot usal| gz o) (5.3.19)
5=0

Analogously, we can derive

N-1
T Z ||‘7k||2 < OT4||uttt||%2(J;L2(Q))' (5.3.20)
k=0
and
N-1
T Z HﬁkHz < CHntH%Q(J;B(Q)) < ChQ(k—H)HUtHLZ(J;HkH(Q)), (5.3.21)
k=0

where for the last inequality we have used Lemma 5.2.1 and Lemma 5.2.2.
Using estimates (5.3.19)-(5.3.21) in (5.3.18), we get

N—-1
T Z Je"]? < C<T4|lutttt||%2(J;L2(Q)) + T4||“ttt||%2(J;L2(Q))

n=0

R | 25, J;HW(QD) . (5.3.22)
Further, use (5.3.22) in (5.3.17) to obtain

o, 1€”)1> < 2“50”2 + C<7—4”utttt“%2(];L2(Q)) + 7—4HutttH%2(J;L2(Q))

LR, H%Q(J;HWQ)Q . (5.3.23)

Finally, a simple application of Lemma 5.2.2 proves Lemma 5.3.3. [J
Now, we are in a position to state the main result of this section.

Theorem 5.3.1. Let u and U™ be the solutions of Problem (5.1.1)-(5.1.2) and (5.3.1)-
(5.8.2), respectively. Assume that u € H'(J; H*1(Q)) N HA(J; L*(Q)). Then, we have

max |[u" — U"|| < C(u®, u) (R*H + 72,
0<n<N
where é(uo, u) = HUOHkJA + HUHLOO(HIH—I(Q)) i+ HutHLQ(Hk+1(Q)) + Hu|]H4(L2(Q)).
Proof. Applying triangle inequality to
u' —=U" =u" — Qupu" + Qpu" — Epu” + Epu — U,
followed by Lemma 5.2.1, Theorem 5.2.1 and Lemma 5.3.3 leads to
= U2 < R0 (R + By + o e
"‘07'4(”“##”%2@2(9)) + Huttt“%Q(L?(Q)))'

This completes the rest of the proof. [
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Remark 5.3.1. For the time discretization, the simplest scheme consists of using the
classical leapfrog scheme with three time levels. The fully discrete numerical solution to
the wave equation (5.1.1)-(5.1.2) is then defined by finding the sequence {U"}N_, € VP
such that

(5ttU",vh) + AU™, o) = (f"on) Yo, € V), n=1,2,...,N — 1,

where

Un—l—l — U™ + Un—l
2 4

5ttUn =

T

This scheme yields a second-order accuracy in time direction which is generally not
sufficient for a higher-order finite element method. As a stability constraint, the scheme
requires to choose T = O(h). Although Crank-Nicolson type scheme is implicit in nature,
but, we do not have stability restriction on mesh parameters. It is found in [65] that
the implicit procedure results in less dispersive solutions than the explicit one, which s

advantageous for the numerical solution in very oscillatory media.
It would be interesting to extend the results presented in Chapter 5 to a more general

Newmark scheme

(6ttUn,Uh) aF .Aw(Un’e”y, ’Uh) = (fn’a”y,vlﬂ Yy, € V,?,

where
B Un+1 —oUun Unfl
8ttUn - B) i 9
T
1 1
umtr = guntt ¢ (5 — 20 + 7) U™ + (5 +6— 7) Ut

Here, v, 0 > 0 are free parameters. Above scheme reduces to explicit when 6 = 0 and

=3

5.4 Numerical Section

In this section, we shall illustrate several numerical Examples to validate the theoret-
ical results for the hyperbolic problem (5.1.1)-(5.1.2) in Q x J, where Q@ C R? and
J = (0,1]. To test the flexibility of the WG method, hyperbolic problems are solved on
finite element partitions with different kind of configurations, including triangular, rect-
angular, and polygonal meshes. In Example 5.4.1 and Example 5.4.2, smooth solutions
with smooth coefficient and non-smooth coefficient are discussed, respectively. Example

5.4.3 and Example 5.4.4 explain the singularity of the solutions with convex domain
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and non-convex domain, respectively. Further, H-shaped domain is discussed in Exam-
ple 5.4.5. We have verified our theoretical results for anisotropic problem in Example
5.4.6 and singularly perturbed problem with boundary layers in Example 5.4.7. At last,
in Example 5.4.8, a second-order wave equation has been considered with degenerate

diffusion coefficients.
Let U™ be the weak Galerkin solution defined by (5.3.1) and (5.3.2). Then, we have

calculated following error
en = Quu(x,ty) — UY

at final time ¢y = T with respect to L?-norm. More precisely, the errors are presented

with respect to L?-norm through tables and error plots for the WG space
(Pr(K), Pe(OK), [Pr-1(K)])

with time step 7 = O(h*).

We try to understand the behavior of true errors obtained in Theorem 5.3.1 on
different meshes with uniform time steps and have observed experimental order of con-
vergence (EOC) for each quantity of interest. The EOC is defined as follows: For a
given finite sequence of successive runs (indexed by i), the EOC of the corresponding

sequence of quantity of interest e(z) (L? error) itself is a sequence defined by
log (e(i +1)/e(0))
log (h(z’ +1) /h(z’))

where h(i) denotes the mesh size of the run i.

EOC(e(i)) =

(5.4.1)

Example 5.4.1. Smooth solution with smooth coefficient: This example is taken
from [52]. Consider the problem (5.1.1)-(5.1.2) in  x J, where Q = (0, 1)?. Numerical

solution is compared with the following exact solution
u(z,y,t) = t*sin(rw) sin(7y).

The right-hand side f, initial condition u° and v° are determined from the choice for
u and the diffusion-coefficient a = I. The above solution explains our all theoretical
regularity assumptions. In this Example, triangular mesh is used. We have done uniform
partitioning of the domain into n x n sub rectangles which is followed by dividing each
rectangular element by the diagonal line with a negative slope, where the mesh size is
h = 1/n. The L*norm errors for linear, quadratic, and cubic WG spaces at final time
T =1 are reported in Tables 5.4.1-5.4.2, which shows that the rate convergence of the
order O(h**1) in L? norm for k =1, 2, 3.
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Table 5.4.1: Example 5.4.1. The history of L? error convergence on triangular mesh

k=1, 7=h k=2 1=Ah?
h ||€h|| EOC H€h|| EOC
1/2 |3.160843e-01 - 1.110369e-01 -

1/4 [1.023902e-01 1.626232e+-00 | 1.592060e-02 2.802072e+-00
1/8 |2.839685e-02 1.850275e+00 | 2.025394e-03 2.974621e+00
1/16 |7.311000e-03 1.957590e+00 | 2.551498e-04 2.988786e+00
1/32 [1.841533e-03 1.989161e+00 | 3.191920e-05 2.998848e+00
1/64 |4.612530e-04 1.997277e+00 | 3.990720e-06 2.999703e+00

1/128|1.140937e-04 2.015339¢+4-00 | 4.702395¢-07 3.085182¢+-00

Example 5.4.2. Smooth solution with non-smooth coefficient: We consider the
following IBVP

(

Yuy — V- (BVu) = f in Q x J,

w(x,0) =u®,  w(z,0) =" in Q,

u(z,t) =0 on N x J,

\
where © = (0,1)?. The data appearing in the above problem are selected by setting the

exact solution as
u(z,y,t) = t* exp(—t) sin(mz) sin(my)
and the coefficients, which are discontinuous along the circle 2% + y? = 1/4, are given
by
(1,1500)  in 2% +y? < 1/4,
(10,3000) else.

(7. 8) =

A large variation in the coefficients is a common occurrence in study of acoustic wave
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Table 5.4.2: Example 5.4.1. The history of L? error convergence on triangular mesh

k=3, 7=~h%
h lenl] EOC
1/2 | 2.689181e-02 -
1/4 1.793403e-03 3.906395e+00
1/8 1.137499e-04 3.978763e+00
1/16 7.133565e-06 3.995098e+00
1/32 4.461914e-07 3.998889¢+00
1/64 2.738926e-08 4.025981e+-00

propagation through heterogeneous media in geophysical prospecting (cf. [10]). Our
numerical results are based on the uniform triangular meshes for £k = 1 and k£ = 2, and
polygonal mesh for k = 1.The errors with respect to L? norm for different WG spaces
at final time 7" = 1 are reported in Tables 5.4.3-5.4.4. These tables also suggest that we
have achieved optimal order of convergence in L? norm, which confirm the theoretical

prediction as proved in Theorem 5.3.1.

Example 5.4.3. Low regular solution with convex domain: We consider a hy-
perbolic equation on a two-dimensional domain, for which the exact solution possesses
a corner singularity in spatial direction. The Example discussed here is extracted from
[127] with minor modifications. For simplicity, we take Q = (0,1)? and let the exact

solution be given by
u(z,y,t) = t* exp(—t)zy(l — z)(1 — y)r 217,
where r = \/m and v € (0,1] is a constant. Clearly, we have
u€ Hy(Q)NC>®(J; H75(Q)) and u ¢ C°(J; H(Q)),

where ¢ is a positive real number. The elements; (771,771, [770]2), along with uniform

triangular meshes are used for numerical discretization. This Example is numerically
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Table 5.4.3: Example 5.4.2. The history of L? error convergence on triangular mesh

k=2,

T = h?

el

EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32
1/64

1/128

1.104800e-02

2.861880e-03

7.058120e-04

1.742732e-04

4.278779e-05

1.087677e-05

2.630438e-06

1.948749e4-00

2.019608e+00

2.017933e+00

2.026079e+00

1.975949¢+-00

2.047875e+00

2.691773e-03

3.396372e-04 2.986491e+-00

4.077137e-05 3.058366e-+00

5.004021e-06 3.026397e+-00

6.194159e-07 3.014108e+-00

7.425173e-08 3.060412e+-00

1.037842e-08 2.838837e+00

Table 5.4.4: Example 5.4.2. The history of L? error convergence on polygonal mesh

k=1, 17=h
h lex EOC

1/2 1.175354e-02 -

1/4 3.194154e-03 1.879590e+00
1/8 7.995092e-04 1.998247e+00
1/16 1.987951e-04 2.007832e+00
1/32 4.934780e-05 2.010225e+00
1/64 1.224992e-05 2.010214e+00
1/128 2.839435e-06 2.109096e+00
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testified with v = 1/2 and 7 = 1/8. Table 5.4.5 represents the order of convergence in
L?norm. Note that L? error act similarly as anticipated by theory in theorem 5.3.1;
i.e., the L? error converge with rate given by O(h7™!), which decays when ~ tends to 0.
This happens because of the low regularity of the solution u. Also, we have used higher
order polynomial approximations reported in Table 5.4.6, but the accuracy is only about
order O(h'™), which is as expected due to low regularity of the solution. Figure 5.4.1

represents the WG solution and exact solution at final time.

025 02 025 02
B 0.5 B 0.15
’ 0.1 ’ 0.1
. 005 005
_ 1
/ 05

-
05 ™ ey
\/// 05
0
0 o

Figure 5.4.1: Surface plots for WG solution (left) and exact solution (right) at final time

ty =1 in Example 5.4.3.

Example 5.4.4. Singular solution with non-convex domain: In this Example,
which is adopted from [52], we consider the two-dimensional hyperbolic equation on the
L-shaped domain ©Q = (0,1)%\ [1/2,1)%. The source term f, initial data u” and v° are

determined from the choice of u and diffusion coefficient a, where
u=t’r"sin(yh), v € (0,1] & a=1.

Although wu is smooth in time (and can even be integrated exactly in time), it has a
spatial singularity at the origin, such that u € C°°(J; H**7(2)). Therefore, this Example
helps in proving the sharpness of the regularity assumptions of our theoretical results.
We do not anticipate the order of accuracy O(h'**) for L? error in this Example. Indeed,
in Table 5.4.7, we have observed the order of accuracy 1 + v in L? error for v = 1/4
and v = 2/3 along with uniform rectangular meshes. Figure 5.4.2 (bottom left) shows
that the accuracy of L? error decreases to 1, when ~ tends to zero. On the other hand,
when the value of v increases to 1, the WG method produces better convergence rates

and accuracy (bottom right of Figure 5.4.2).
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Table 5.4.5: Example 5.4.3. Orders of convergence for £ = 1 with time step 7 = h

v=1/2

v=1/8

lenll

EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32

1/64

1/128

1.169748e-01

4.690373e-02

1.609453e-02

5.694236e-03

2.021886e-03

7.173313e-04

2.541346e-04

1+0.318423e+00

14-0.543132e4-00

1+0.498996e+00

14-0.493801e+-00

1+0.494990e+00

1+0.497047e+00

3.324833e-01

1.695260e-01

0.9717751e+4-00

7.547393e-02 1+0.167456e+00

3.451423e-02 1+0.128787e+00

1.584318e-02 14-0.123329e+00

7.273297e-03 1+4-0.123181e+00

3.336602e-03 14-0.124230e+00

Table 5.4.6: Example 5.4.3. Orders of convergence for k = 2 with time step 7 = h?

y=1/2

vy=1/8

el

EOC

len

EOC

1/2
1/4
1/8
1/16
1/32

1/64

8.011995e-02

2.524920e-02

8.846819e-03

3.116419e-03

1.100946e-03

3.803752e-04

140.665924e4-00

1+0.513007e+-00

1+0.505270e+00

140.501146e4-00

1+0.533248e+-00

0.2737947e4-00

1.131524e-01

5.190337e-02

2.375428e-02

1.089435e-02

5.0018327e-03

140.274828e+-00

1+0.124367e+00

140.127640e4-00

1+0.124608e+00

140.123051e4-00
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Table 5.4.7: Example 5.4.4. Orders of convergence for £ = 1 with time step 7 = h

y=1/4 v=2/3
h lenl EOC lenl EOC
1/2 19.100011e-03 - 7.645603e-03 -

1/4 |5.155180e-03  0.8198457e+00 |3.833580e-03  0.9959379¢-01
1/8 |2.237644e-03 140.204042e+00 | 1.343874e-03 1+0.512295e+00
1/16 1 9.445873e-04 1+40.244224e+00 | 4.409452¢e-04 1+0.607726e+00
1/32(3.976334e-04 1+0.248245e+00 | 1.420867e-04 1+40.633828e+00

1/64|1.672416e-04 1+0.249505e+4-00 | 4.535879e-05 1+4-0.647318e+00

Example 5.4.5. Smooth solution with H-shaped domain: To demonstrate the
efficiency and robustness of the weak Galerkin methods on a non-convex H-shaped
domain, we consider the wave equation (5.1.1)-(5.1.2) with constant speed a = I in a
computational domain € x J, where ) consists of two (0.3 x 2) rectangles connected
by a narrow 0.4 x 0.15 channel. The data appearing in the problem (5.1.1)-(5.1.2) are

selected by setting the exact solution as
u(z,y,t) = t* exp(—t) sin(wx) sin(7y).

The order of convergence for L? error at the final time T is evaluated for the linear WG
space (P1(K), P1(0K), [Po(K )}2) based on uniform rectangular mesh with mesh-size
h = 1/n, where n = 2,4,8,16,32,64. An initial mesh is depicted in figure 5.4.3. A
circular wave is initiated in the left region, which propagates outward until it affect on
the right boundary. Then, a fraction of the wave creates a hole in the channel and
produces a spherical outgoing wave as it approaches the opposite right field. Further
reflection occurs when the wave moves back and forth in and out of the channel, latter
generating several circular waves in the left and right domains. In Figure 5.4.4, contour
plots of the numerical solution are shown at different times ¢ = 0.25,1. Finally, we

verified that the L? error which we have obtained in theorem 5.3.1 achieved second-
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Figure 5.4.2: Contour plots for exact solution (top left), WG solution (top right) at time
t = 1, and log-log plot of the L? norm versus the mesh size at time ¢ = 1 (bottom) in

Example 5.4.4.

order of convergence in L?-norm. In Figure 5.4.5, we follow the rate of convergence with

various mesh levels and time step 7 = h at ¢t = 0.25,0.5, 1.

Example 5.4.6. An anisotropic problem: This Example is governed by differential
equation which has arisen from modeling of fluid flow in porous media with anisotropic
permeability. The Example discussed here is selected from [79] (Example 2) with minor
changes. We consider a two-dimensional linear hyperbolic problem with an anisotropy,

which is given by following equation
uy — V- (aVu) = f in (0,1)* x (0,7], T < oo,
with suitable initial and boundary conditions. The permeability tensor a is given by

A2 0
a= for A #0,
0 1

A2 : 1, which is the ratio of two positive eigenvalues of the 2 x 2 permeability tensor a,
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Figure 5.4.3: Initial mesh with h =1/2
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Figure 5.4.4: Contour plots for exact solution at t = 0.25 (top left) and at ¢ = 1 (bottom
left), WG solution at ¢ = 0.25 (top right) and at t = 1 (bottom right) in Example 5.4.5.

is the anisotropy for this test Example. The exact solution for this Example is given by

(x — ) 2;(.0 D) )

where (z.,9.) = (0.5,0.5) and 0% = 1. The load function f and initial data u°, v° can

be calculated appropriately.

u(z,y) = t* exp(—t) exp (

In order to apply the weak Galerkin method on an anisotropic problem, the rectan-
gular mesh was formed by dividing the domain into A?n x n sub-rectangles with mesh
size h = 1/n. Two case with A = 3 and A = 9 were tested, the results for the same with

optimal order of accuracy is shown in Tables 5.4.8 . The numerical experiment suggests
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Figure 5.4.5: Log-log plot of the L? norm versus the mesh size at different time levels

10°

—&— Final time t =0.25
— & —Final time t =0.50 3
— & —Finaltime t=1
——-om?

in Example 5.4.5.

that the weak Galerkin method can be easily used to handle anisotropic problems and

meshes.

Table 5.4.8: Example 5.4.6. Orders of convergence for k = 1 with time step 7 = h

A=3

A=9

leall

leall

EOC

1/2
1/4
1/8
1/16
1/32

1/64

4.672784e-02

8.900946e-03

2.581968e-03

5.811225e-04

1.539353e-04

3.788106e-05

2.392252e+00

1.785487e+-00

2.151557e+00

1.916518e+-00

2.022776e+00

4.088648e-02

1.057090e-02

2.550441e-03

6.144093e-04

1.538812e-04

3.840375e-05

1.951526e4-00

2.051279e+00

2.053475e+00

1.997383e+-00

2.002497e+00

Example 5.4.7. Singularly perturbed problem with boundary layers: Consider

the following singularly perturbed 2D hyperbolic equation

uy —eAu = f in (0,1)* x (0,1].
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This Example is considered with different values of ¢, which is motivated by the Exam-
ples in [32]. The initial data u°, v° and the load function f are selected by setting the

exact solution as
u(z, y,t) = t* exp(—t)p(x)p(y),

where ¢(s) = my + mas + exp(—=2), my = —exp(—1/¢), my = —1 —m;. The test

£

problem has two boundary layers along x =1 and y = 1.
The L? error and order of convergence for WG solution U™ at the final time ¢y = 1

are evaluated for linear elements on uniform rectangular meshes with A = 1/n, which
are illustrated in Table 5.4.9. Here, we observed that the order of convergence in L?
norm is of second-order in time for both ¢ = 1 and € = 107!, Figure 5.4.6 shows that
when ¢ = 1071 <« h , the numerical solutions do not indicate factitious oscillations

near the boundary layers x = 1 and y = 1.

Table 5.4.9: Example 5.4.7. Orders of convergence for £ = 1 with time step 7 = h

e=1 e=10"10
h el EOC lenll EOC
1/2 | 1.208067e-03 - 7.331059e-03 -
1/4 | 4.307413e-04  1.487807e+00 | 2.103734e-03 1.801070e+00
1/8 | 1.161648e-04 1.890649¢+00 | 5.430122¢-04 1.953895e+00
1/16 | 2.981440e-05 1.962092e+00 | 1.368221e-04 1.988683e+00
1/32 | 7.502611e-06 1.990545e+00 | 3.427194e-05 1.997202e+00
1/64 | 1.879151e-06 1.997312e+00 | 8.571266e-06 1.999448e+00

Example 5.4.8. Degenerate diffusion coefficient: In the following Example, we
have considered the diffusion coefficient a, which is singular at certain domain points.

In the present case, the mixed finite element method may not be applicable due to
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Figure 5.4.6: Contour plots for WG solution (top left), exact solution (top right) at

101 F
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Error
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t =1 for ¢ = 1071% and log-log plot of the L? norm versus the mesh size at time t = 1

(bottom) in Example 5.4.7.

the degeneracy of diffusion coefficient (cf. [89]). We consider the following hyperbolic

problem in a two-dimensional domain = (0,1)?

ug — V- (BVu) = f in Qx (0,7], T < o0, (5.4.2)

with initial and boundary conditions given by (5.1.2).
The data appearing in the above problem was selected for the exact solution

u(z,y,t) = exp(—t) sin(t?) sin(rx) sin(my)

with the diffusion coefficient § = zy, which leads to degeneracy at the origin. For the
finite element partitions, we have used triangular and rectangular uniform meshes with
mesh size h = 1/n. When the diffusion coefficient matrix a in equation (5.1.1) is not
uniformly positive definite on the given domain, we observed that the WG approxima-
tion for linear polynomial has optimal order of convergence in L?-norm at final time
T = 1, however, the L? error does not achieve its optimal order upon using the higher
degrees of polynomials. The results for the same are represented in Tables 5.4.10-5.4.11.

Interestingly, the numerical experiments in [89] for degenerated elliptic problems with
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linear elements show that the weak Galerkin method converges with a rate of O(h'??)

in L2-norm. The theory for observed convergence behavior still needs to be explored in

the future.

Table 5.4.10: Example 5.4.8. Order of convergence for £ = 1 with time step 7 = h

Triangular mesh

Rectangular mesh

len

EOC

el

EOC

1/2
1/4
1/8
1/16
1/32

1/64

1/128

4.601996e-02

1.939664e-02

5.306794e-03

1.334486¢-03

3.313538e-04

8.225470e-05

2.045350e-05

1.246453e+4-00

1.869894e+-00

1.991556e+-00

2.009840e+00

2.010202e+00

2.007750e+00

4.556321e-02

1.788823e-02

4.896286¢-03

1.244662e-03

3.109424e-04

7.748119e-05

1.875632e-05

1.348859¢4-00

1.869251e+-00

1.975933e+-00

2.001035e+00

2.004729e+00

2.046469¢+00
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Table 5.4.11: Example 5.4.8. Order of convergence on triangular mesh

k=2, T=Ah? k=3, 7=h3
h el EOC lexl EOC

1/2 | 2.917535e-02 - 2.480945e-02 -

1/4 |1.211002e-02 1.268548e+00 | 1.217084e-02 1.027460e+00

1/8 |5.354976e-03 1.177250e+00 | 5.538107e-03 1.135964e+00
1/16 | 2.142023e-03 1.321906e+00 | 2.222993e-03 1.316889e+00
1/32 | 8.184210e-04 1.388059e+00 | 8.902596e-04 1.320205e+00
1/64 | 3.112014e-04 1.394995e4-00 | 3.520743e-04 1.338346e+00
1/128 | 1.200837e-04 1.373836e+00 | 1.382716e-04 1.348375e+00
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WG-FEMs for General Linear Second Order
Hyperbolic Equation with Variable Coefficients on

Polygonal Meshes

This chapter is concerned with a priori error analysis of weak Galerkin finite element
approximations to a general linear second order hyperbolic equation (1.1.5) with variable

coefficients on polygonal meshes.
The convergence analysis is carried out for the semidiscrete and fully discrete weak

Galerkin approximations. Following Baker [7], Crank-Nicolson scheme is applied for
the temporal discretization after reformulating the governing equation as first-order
system. Optimal order of convergence in L°°(L?) norm is derived for the fully discrete
solution. Several numerical experiments are performed in a two-dimensional setting that

illustrates our theoretical convergence findings.

6.1 Introduction

To start with, let us first recall the general linear second order hyperbolic equation. Let
Q) be a convex polygonal domain in R? with boundary 9. In €, we consider following

general linear second order hyperbolic equation
yuy — V- (aVu) — V- (BVuy) + ouy = f(z,t) inQ x (0,7], (6.1.1)
with initial and boundary conditions;

u(z,0) = u’, uy(z,0) = 0% in Q; u(z,t) = 0on IQ x (0,7T]. (6.1.2)

This chapter is submitted for publication. in IMA J. Numer. Anal.
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We assume that the coefficient matrices o = (a;j(x))ax2 and f = (5;j(x))2x2 are in
[L>(Q)]**2, which are symmetric and uniformly positive definite in Q. The damping
coefficients 7 = v(x) and 0 = o(x) are non-negative real valued functions defined on (.
The initial data {u’(x),v°(z)} and the forcing term f are assumed to be smooth func-
tions in their respective domains of definition, and 7" is the finite terminal observation
time. For the related existence and uniqueness results for the problem (6.1.1)-(6.1.2),

we refer to [118, 119].
Equation (6.1.1)-(6.1.2) is provoked by numerous applications of nonlinear hyperbolic

problems in medicine and industrial fields like acoustics, fluid mechanics, astrophysics,
aerodynamics, and high intensity focused ultrasound by appropriate selection of the
damping coefficients. As a model, we consider following Westervelt’s quasi-linear wave
equation

(1 = 2ku)uy — Au — bAu, = 2ku; (6.1.3)

with acoustic pressure w. In (6.1.3), the constant ¢ denotes the speed of sound, b is the
sound diffusivity, and k = B,/A, A = oc? is the bulk modulus, g is the mass density and
B the coefficient of nonlinearity of the medium. For more detailed discussion, we refer
to [4, 93, 94] and references therein. Although substantial work has been dedicated to
their analytical studies [47, 93] and their numerical treatment via finite element proce-
dure (cf. [4, 47, 60, 61, 94, 108] just to name a few), rigorous error analysis for finite
element methods of nonlinear acoustic phenomena is still largely unexplored in the lit-
erature. Recently, a priori error estimates for the classical finite element approximation
of Westervelt’s quasi-linear strongly damped wave equation (6.1.3) with linear elements
have been discussed in [94]. Then, a high-order discontinuous Galerkin (DG) method
for the equation (6.1.3) has been carried out in [4]. It is worthwhile to note that only
the semidiscrete scheme (space discretization) has been discussed in [4, 94]. The fully
discrete scheme (space-time discretization) error analysis is still open. A priori error

analysis in [94] for the equation (6.1.3) heavily depends on a linearized problem

Y(z, t)uy — V- (aVu) = V- (BVuy) + o(z, t)uy = f(x,t), in Qx(0,7], T < oo,
u =0, on 00 x (0,71, (6.1.4)
(u, u) = (u®,0°), on €2 x {t=0}.

Upon changing o := o(z,t) and v := v(z,t) in equation (6.1.1), it represents a lin-
earized Westervelt’s equation, which has several applications including treatment of
kidney and bladder stones via thermal therapy, ultrasound cleaning and sonochemistry.

When ¢ = 0, the equation (6.1.1) describes the wave propagation phenomena of actual
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vibration through a viscoelastic medium representing a viscoelastic wave equation [81].
For instance, during the heat conduction in memory materials [53], gas diffusion [134],
propagation of sound through viscous media [103]. Upon ¢ # 0, Lim et al. [78] con-
cerned an accurate and efficient numerical algorithm for solving viscous and nonviscous
wave equations. In this study, attention is restricted to assume the coefficient v(z) = 1
for all x € Q. There are plenty of literature available for the convergence analysis for
the general linear second order hyperbolic equation via finite element algorithm (cf.
[13, 57, 62, 73, 96] just to name a few). Recently, WG-FEM for the viscoelastic wave
equation has been discussed in [125]. Convergence analysis has been carried out for both
semidiscrete scheme and fully discrete scheme in H' norm. The fully discrete scheme is

based on backforward Euler scheme.
In this chapter, we concentrate on developing and analyzing a WG finite element

method for the general linear second order hyperbolic equation with variable coefficients.
The main aspect of our proof is the use of a non-standard elliptic type projection oper-
ator instead of the usual elliptic projection. The error estimates in energy norm and L?
norm are new (see, Theorem 6.2.3, Theorem 6.2.2 and Theorem 6.3.1). More precisely,
we have achieved O(h*) and O(h*!) for the WG space (Py(K), Pr(0K), [Pr_1(K)]?)
in energy norm and L? norm, respectively. Further, semidiscrete error analysis have
been extended for a fully discrete scheme. The fully discrete space-time finite element
discretizations can be reinterpreted as the Crank-Nicolson discretization of the refor-
mulation of the governing equation in the first-order system, as in Baker [7]. Both
algorithms and error estimates are discussed for variable coefficient. It is worth to note
that only H' norm error estimate has been discussed in [125]. The L? analysis with
variable coefficients adds more challenge than one would imagine (see, Chapter 2), and
this work fills a gap in existing literature. Several numerical experiments have been re-
ported and described in order to establish the efficiency of the WG method in scientific
computing. Our obtained results intent to enhance the numerical analysis technique
of the general linear hyperbolic equations. To best of our knowledge, the WG finite
element method for the general linear second order hyperbolic equation with variable

coefficients has not been illustrated yet.
To conclude the introduction, we describe the lineup of this chapter. In Section

6.2, we recall the weak Galerkin discretization and concern to the error estimates of
semi discrete WG-FEMs algorithm. Further, in Section 6.3, a Newmark second order
scheme is proposed and optimal a priori error bounds in L*(H') norm and L*(L?)
norm are established, whereas, section 6.4 discusses several numerical examples which
demonstrates the robustness of the WG-FEMs.
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6.2 Error Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal

order of convergence in L°°(L?) norm and L*(H"') norm are established.
Let V), be the weak Galerkin finite element space defined by (3.2.1) based on the finite

element discretization T, of €2 as described in Chapter 1. For each v, = {vg,vp} € Vp,
recall that the discrete weak gradient (V,vp,) € [Pr_1(K)]? satisfies following equation

(Vuvna =~

KUO(V-q)dK+/ w(q-n)ds Vg € [Pri(K)]% (6.2.1)

oK
Using the weak function defined by (1.4.3), we define a bilinear map B : V;, x V, — R,

which is being consider in this work as
B(wh,vh) = Z (th,vh)K A W, Vp, € V. (622)
KeTy,
Next, for the WG approximation, we define bilinear maps A, ,, : Vi, XV, = R (r = 1, 2),

involving discrete weak gradient operator V,,, by

Aljw(wh, Uh) = Z (avwwh, vah)K == S(wh, Uh), A Wh, Uy, € Vh (623)
KeTy
and
A27w(wh7 Uh) = Z (ﬁvwwh, vah)K + S(wh, Uh), th, Vp € Vh, (624)
KeTy,
where the stabilizer S(+,-) is defined as
S(UJ;L, Uh) = Z h[}1<w0 — Wy, Vg — Ub>8K- (625)
KeTy

For any v, € V), the energy norm is defined as
2 -
llonll* =Y~ IVawonlii + D hitllvo — vsll3x- (6.2.6)
KeTy KeTy
In (cf. [90], Lemma 7.2), it can easily proved that for (r = 1,2), there exist constants
0.,0% > 0 such that

allonll® < Avw(on, vn) < o*l|onll> Von € Vi (6.2.7)

For each element K € Ty, denote by Qg the usual L? projection operator from L?(K)
onto Py (K) and by Qy the L? projection from L?(e) onto Py(e) for any e € F;,. We shall
combine Qo with @, by writing 9 = {Qo, Qs}. In addition to Qp, let Qj be another
local L? projection from [L?(K)]? onto [Py_1(K)]%

We recall following crucial approximation properties for local projections Q; and
Qp,. For details, we refer to (cf. Lemma 4.1, [123]).
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Lemma 6.2.1. Let T}, be a finite element partition of Q0 satisfying the shape reqularity
assumption as specified in (cf. [123]). Then, for v € H*1(Q), we have

> (Il = Quollk + WV = Qulik) < Ch* ol
KeTy,

> (IV0 = Qu(Vo) 3 + W V(Yo - Qu(Vo)liE) < Ch* ol

KeTy

A time-dependent weak function vy, : [0,T] — V), is written as v, (t) := {vo(t), vs(t)}
and subsequently we define v),(t) := {v{,(t), v, (¢)}, where ‘7’ denotes the time derivatives.
For simplicity, we use v, = {vo, vy} for vp(¢) and vj, = {v(, v} } for v}, (). Similar remarks
hold for other higher order time derivatives.

The continuous-time weak Galerkin finite element approximation to (6.1.1)-(6.1.2)

is defined as follows: Find wj, = {ug,up} : [0,T] = V satisfying

(u/éa (b(]) =+ Al,w(uha ¢h) + AQ,w(“%a ¢h) + B(U;L, ¢0) = (f7 (b())a (628)

for all ¢, = {¢o, dp} € V), where u;(0) = Qnu’ and ) (0) = Q,v° are approximations
of the initial functions u° and v°.
The following result deals with the existence and and uniqueness of the WG solution

up,. The basic technique is borrowed from [94].

Theorem 6.2.1. For each h € (0, ho), there exist a function u, € C*(0,T; VY satisfying
(6.2.8).

Proof. For a given element K € {7}, }ocn<ng, let {¢o;: i =1,2,..., Ny} be a set of basis
functions for Py(K) and {¢y; : i = 1,2,...,N,} be a set of basis function for Py(e).

Then every vy, = {vo, vp} € {V} }o<n<n, can be written as

No N,
Uplk = { Zdo,i(t)cbo,z‘, Zdb,j(t)¢b,j}a
i=1 Jj=1

where do;, dp; : (0,7] — R are the coefficient functions for 1 <i < Ny and 1 < j < N,
For 1 <1 < Ny + N, we write (gi,h = {¢20,i7 éb,i} with

ng,z‘ZQbo,i for1 <i< Ny & ng,iZOfOT No+1 <7< No+ Ny,
Gpi =0 for 1<i< Ny & &= pin, for No+1<i< Ny+ N,

and similarly to capture the unknown coefficient functions, we define

Cii,h = doﬂ' for 1 S 7 S NQ & dAiyh = db,i—Ng for Ng + 1 é 7 S NO + Nb-
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Then, we seek our semi-discrete solution wuy, = {ug,u,} € VY such that

No+Ny R No+Ny A No+N,
uplg = Y dz’,h<t)¢i,h:{ > din(t)dos, Z ¢bg} K €T
i=1 =1 7=1

Now, set v, = ¢jp,j =1,2,..., Ng+ N, in (6.2.8) to obtain
N()-i-Nb N0+Nb R R R
( Z A}, ()i, b, h) + Al,w< > din(t)din, %)
i=1

No+Np No+Ny
+A2,w< Z d;, m,m) +B( Z d}) m,m)
a (fangj,h)v ] - ]-7--'7N0+Nb~

We can rearrange the above equation as

No+Np No+Ny X A 1
Z d” n(t )((bzh; %h Z dip(t) A (Dins Din)
zTVi-f—Nb - No+N,

+ Z d ( )AQw ¢Zh7¢jh Z ¢zh7¢]h>

i=1 =1

(f7¢jh) jzlv"'7N0+Nb-

On each element K, the local stiffness matrix A, x (r = 1, 2) associated with the

bilinear maps A, ., (-, -) defined by (6.2.3)-(6.2.4) can thus be written as a block matrix

Aoo A
A= |70 70 (6.2.9)

Ao Abp
where A is a Ny x Ny, Agp is a Ng x Ny, Ay is a N, X Ny, and Ay, is a N x N
matrices. More precisely, these matrices are given by

AO,O = [Ar,w((bo,ja ¢O,i)K]i,j7 AO,b = [Ar,w(¢0,ja ¢b,i)K]i,j

Abo = [Arw(Dbj, 00.i) k)i Abp = [Arw(Pvjs Obi) iijs

where 7, j are the row and column indices, respectively.
We denote by

CZh,O - [dl,h<0)7 <o 7CZN0+Nb,h(0)]T

and

Czh,l = [Cill,h(o)a s >dA]<fo+Nb,h(0)]T7
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the components of the given initial approximation u,(0) and wuj,(0) respectively. Then,

for our semi-discrete solution, we need to find unknown vector

~

dh@) = [dl,h(t>7 cee 7CZN0+Nb7h<t)}T7 te (07 T]

such that

Cred)(t) + A1 gdn(t) + Ag e d) (t) + Brd) (t) = Fy(t) 62.10)

dp(0) = dpo, and d)(0) = dj.;.
The coefficient matrices are given by
Cx = [Cijl,  Cij = (Din, Din),
Bk =Bisl, Big = B(din d3n);
and the source term is given by
Fu=[F,...,Fngin), Fy = (f,5n),

with 1 SZ,] S N0+Nb.
Note that the matrices and right-hand side vectors all are well-defined. Since

[(Bis i) < Bl dinlls 1B(bins B3| < dinlllidinll,
[Ar k(@i @) < Clidinllpll@snllin and [(F;d5m)| < [ fIHIsnll

forallt € J = (0,7] and (r = 1, 2).
Furthermore, for any v € RY+V \ {0}, we have

No+Ny

UTCKU = (@,@)K > O, U= Z vigzgo,i.
i=1
Hence, the matrix Ck is invertible for all ¢t € J and the equation (6.2.10) can be restated
as:
d(t) + C' Avcdn(t) + it Az ied) (1) + Ci' Bied) (t) = Ci' Fic (t)
dy(0) = dpo, and d;(0) = dp;.

Now, the existence of the solution w, € C?(0,T;V}) follows from the standard ODE
theory. This complete the rest of the proof. [
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As a standard procedure in finite element method, we split our semi-discrete error

u — uy, using Qp, projection as an intermediate operator defined as
u—up = u— Qupu+ Qpu — uy.
For our convenience, we define
en = {eo, ep} = up — Qpu.

Error e, is characterized in the following result, which is key for our convergence analysis.

Lemma 6.2.2. For all ¢, = {¢q, dp} € VY, we have

(6;27 ¢0) + Al,w(efw ¢h) + A2,w(e;u ¢h> + B(el}w ¢0)
= (1 (u, dn) + lo(u, dn) + B(Qpu' — v, o) + l3(', dp) + La(t, d3)
+S8(Qnu, ¢n) + S(Qn', o), (6.2.11)

where bilinear forms (;(-,+), 1 = 1,2,3,4 are given by

Glu,dn) = Y {((@Vu—Q(aVu)) - n,do— ¢,

KeTy,

b(u,dn) = Y (aQu(Vu) — Qu(aVu), Vudn)k,

KeTh

ls(u,dn) = D ((BVu—Q(BVu)) 1,0 — $)y

KeTh

lilu,dn) = D (BQu(Vu) — Qu(BVu), Viudn)k.

KeTy

Proof. On each element K € Ty, for ¢, = {¢o, dp} € VY, we test equation (6.1.1) against

¢ to arrive at

(fido) = (u" o) — Z (V- (aVu), do)x — Z (V- (BVU), do) i + B(u', ¢o)

KeTy, KeTy,
= (W, ¢0)+ D> (aVu, Vo) — > (aVu-n,do)ox
KeTy KeTy
+ 3 (BVU, Vo) — > (BVu-n,éo)ax + B(u', ¢y)
KeTy KeTy,
= (", 00) + Y (aVu, Vo) — Y (aVu-n, ¢ — d)ax
KeTy, KeTy,
+ Z (BVu’, V¢O)K — Z <6VU -1, ¢0 — ¢b>8K + B(U,, qbo) (6212)
KeTy, KeTy,
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Here, we have used the divergence theorem and the fact that

Z (aVu -1, ¢b>8K =0 and Z <5Vu -1, ¢b>8K =0.

KeTy, KeTy,

Then integration by part together with definition (1.4.5) for weak gradient and L?
projection Qj, yields

(Qu(aVu), Vuon)k = —(¢0, V- (Qu(aVu)))x + (dp, Qu(aVu) - n)s
T (Vd)o, @h(avu))K - <¢0 — Oy, Qh(avu) : n>8K
= (Véo,aVu)g — (o — ¢p, Qp(aVu) - n)sg. (6.2.13)

As a consequence of (6.2.13), we get
(Qu(BVY), Vudn)k = (Vo, BVU )k — (do — ¢, Qu(BVU) -m)o.  (6.2.14)
Combining (6.2.12), (6.2.13) and (6.2.14), we have

(frvo) = (u',¢0)+ Y (Qu(@Vu), Vudn)k + B, o)

KeTh
+ > (Qu(BVY), Vudn)k + D (do = 6b, (Qu(aVu) — aVu) - n)ax
KeTy, KeTy,
+ Z (Po — &, (Qu(BVU) — V) - n) ok
KeTh
= (Quu", o) + Z (V4 Onu, Vudn)x + B(Qnt', ¢o)
KeTh
—B(Qntt — 1/, ¢o) — (1(u, ) + Y (BVwQntt, Vudn)
KeTi
_62(/“7 ¢h> s 63(/&/7 ¢h> = €4(U/, ¢h) (6215)

Adding §(Qpu, ¢p) and S(Qpu', ¢p) to both sides of the above equation leads to

(Qnu”, o) + Ay (Qnu, o) + AZ,w(Qhu/; én) + B(Qpt', o)
= (f. do) + Ci(u, dn) + Lo(u, ¢p) + L3(u', dn) + La(u', 4)
+ B(Qhu' — u', ¢0) + S(Qhu, gbh) + S(Qhu', th) (6216)

Subtracting (6.2.16) from (6.2.8) leads us to desire result. [
We recall following crucial estimates for the bilinear maps ¢;, + = 1,2,3,4 and

stabilizer term S(-,-) from earlier work (cf. [34]).
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Lemma 6.2.3. Assume that Ty, is shape reqular discretization of computational domain

Q. Then, for u € H*1(Q) and ¢, € Vy, we have

1w, o) < Clllallioe) b [ullisillénll, (
(6w, dn)| < Clllallioe) B Hlull sl nll, (
[€a(u dn)] < C[1Blloo)B* 1l llnll, (6.2.19
[Ca(u, o)l < CIBlkoo) " Hlullesilldnlll, (
[S(Qnu. én)| < ChFJullksallgnll, (
where C(||lallko0) and C(||Blkeo) are a positive constant depending on || - ||keo the

element-wise W5 norm of the coefficient matriz o and 3.
By letting v, = €}, in (6.2.11), we have

1d 1d | )
Slebl2+ 5 llenll” + lehll + bl = a(u, ) + au, €})

+B(Quu' —u',e) + la3(u', e) + La(u, ;) + S(Qnu, e) + S(Qnu, €),).

By integration over the time interval [0, t], we get
1 t 2 1 2 ¢ 1 1 2
§H66H2 +/0 llexllds + 5 lleall +/0 lepl*d < 5llea () + 5 lllen(0)I"s
t t t t
+/ 101 (u, €")|ds +/ 0o (u, €")|ds +/ [05(u', e},)|ds —|—/ [0s(u', e,)|ds
0 0 0 0

t t t
+ / B(Quid — ', e})|ds + / S(Qnu, €))|ds + / S(Quat, el )ds.
0 0 0

6.2.17
6.2.18

6.2.20
6.2.21

It then follow from Lemma 6.2.1 and the estimates (6.2.17)-(6.2.21) together with

Young’s inequality for some appropriate v > 0 leads to
1 ! 2 2 . ! 2
2 2
leoll + [ el as +llenl+ [ lelds <, [ e

t t
+Cy [ NeglPds+ oM [ (Jull + 112 ),
0 0

Here, we have used the fact that e;(0) = up,(0) — Qnu’ = 0. As a consequence, we have

e, (0) =0.
We can rearrange the above equation as

t
lenll < €82 [ (s + o'l ) as. (6.2.22)
0

Finally, Lemma (6.2.1) together with the estimate (6.2.22) leads us to the following

point wise L>(0,T; H'(Q)) convergence result.
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Theorem 6.2.2. Let u € HY(0,T; H**1(Q)) be the solution of (6.1.1)-(6.1.2) and u;, €
H?(0,T;VY) be the solution of (6.2.8). Then, we have

T 1

2

o= wnlln < ([ (s + Il fas)
0

To get an optimal order of error estimate in L? norm, we define a non-standard
projection operator, which is crucial for our later error analysis. For z € H'(0,T; X),
where X = H}(Q) N H?(Q), define &, : X — V) by

Avw(Enz, 1) + Asw((Enz)'s d1) = (f2, 00) Yon = {0, b} € W, (6.2.23)
with (€,2)(0) = Q2% € V) and
f. ==V - ((aV2) + (8VZ)).

Note that &£,z can be recognized as the WG finite element approximation solution applied
to following IBVP

—V - (aVz) =V - (V) =f, in Qx(0,T], (6.2.24)

with boundary condition z(z,t) = 0 on 9Qx (0, T] and initial condition z(z,0) = 2% in Q.

Remark 6.2.1. Note that error bounds for the projection operator &, satisfying equation
(6.2.23) with constant coefficients have been established using WG method in H' norm
and L? norm, (see, cf. [37]). A limitation of this article is the use of constant coefficients
which do not occur in some applications. Here, we cannot import those results directly.
We need to bound the error ¢, := Qpu — Eyu in both energy norm and L* norm with

variable coefficients, which is illustrated in the next lemma.

Lemma 6.2.4. Let u € H*(0,T; H*1(Q)) be the solution of (6.1.1)-(6.1.2). Let Eyu €
HY(0,T;VY) be the WG solution of the equation (6.2.24). Then, there exists a constant
C such that

I Qnu — Epull| < Chk“uHHl(O,T;H’“H(Q))a (6.2.25)
|| Qhu — ghU” S Ohk+1||U,||H1(07T;Hk+1(9)). (6226)

Proof. Following the analysis used to derive (6.2.16), we obtain

Al,w(ghua ¢h) + AQ,w((Qhu)ta ¢h> = (.fua ¢0) + gl (u7 ¢h) + g?(“? ¢h)
+ S(Qnu, ¢n) + S(Qn, ¢p) + 3(u, dn) + La(u', ¢p), (6.2.27)

for all ¢, = {o, b} € VY.
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Now, subtracting (6.2.23) from the above equation, we arrive at following error

relation for (,
Al,w((u(t)7 ¢h) + A2,w(<&(t)7 ¢h) = gl (U, (bh) + €2<u7 ¢h> + €3<ula (bh)
+ S(Qnu, o) + S(QhU/7 on) + 54(1/, on), on), t € (0,T]. (6.2.28)
Finally, setting ¢, = ¢, in (6.2.28) and then standard analysis leads to following estimate
G < CUICLON + R allFgr 0 1041 0)
= Ch%Hu”ifl(Qt;HkH(Q))' (6.2.29)

Here, we have used the fact that (,(0) = 0.
For the estimate (6.2.26), we define a dual problem that seeks a solution w €

HY(0,T; H*(2)) such that
~V - ((aVw) = (BVW')) = ¢, in Q (6.2.30)
and w(r) = 0 for some 7 € J = (0,7]. Assume that there exists a unique solution
w € H'(J; H*(Q)) such that (cf. [3])
||z (r.m20)) < CllCullL2(s2@)- (6.2.31)
Multiply the equation (6.2.30) by (., we get
(G G) = (= V- ((aVw) — (BVW')), ¢). (6.2.32)

Next, arguing as in (6.2.15), we obtain

GG = Y {(@VuQuw, Vull)x — (B0 Quw', VGl |

KeT,
—li(w,G,) — ba(w, ¢) + (W', ) + La(w', ¢, (6.2.33)

where the bilinear maps /;(-, ) are as defined in Lemma 6.2.2.
Now, integrate equation (6.2.33) in [0, 7] to obtain

1 T
SO = 3 [ {(aVa@un Tullhi — (9700w, Vs

KeTh

e, ds+ [t cds— [ o, yds + [ !, ¢)d
[ otwcds+ [t cis = [t Gas+ [ s
=Y [ {-aVuQu!, Vb - (57.@u', Vull)icHs

0

KeTy

+ Z(avahw,VwCu)K(O)—/ £1(w,g;)ds+/ O3(w', ¢)ds.
0 0

KeTy

- / Cty(w, C)ds + / "y, C)ds.
0 0
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In the above, we have applied the facts that (V,un(t)) = Vv, () and V,up(t)]i=0 =
V. (0) for v, € VP, and ¢,(0) = 0. Further, using bilinear maps (6.2.3)-(6.2.4), we can

rearrange the above equation as follows

%HCU(T)HQ: / (= Ay (Co Q') — A (CLy Q') Yels + / S(Gur Quu')ds
0 0
S ,7 ! d - ’g 9 Q/L d é ,7 ’l/L d - g ’ 'l," d
= [t quunas = [ et cas+ [yt — [ eatw.as
ly(w',¢)d
+/0 W, ¢)ds

Next, using the error equation (6.2.28), we obtain

Sle P = / 02 (u, Q') ds—/ ta(ud, Q') ds—/ O, Q)

_/0 2(u ,Qhw)ds_/o (Qhu,Qhw)ds—/O S(Qnu/, Quu')ds

+ [ 8w Qs+ [ S s = [ afw, s

+ /0 !, Vs — /0 o(w, C1)ds + /O ", C)ds. (6.2.34)

Now, we apply trace inequality (1.4.19) and Lemma 6.2.1 to obtain

£1(u, Q) = | 3 {(@Vu ~ Qu(@Vu)) - n, Qov’ — Quuw') x|

KeT

< Z laVu — QuaVu) ok ||Qow’ — Quu'||ax

KeT,
< C’( Z hillaVu — Qh(avu)HaK> ( Z hi|Qow’ — Quu' ||dK>
KET, KeTh

< c( > (l0Vu— Qu(aVu)lk + hk |V (@Vu - @hmw))nK))

KeTy

X < > hlQow’ — wa/H?)K)

KeTy,

1/2
< Cllalleo)h* [ullsr ( > bl Qow’ —w'|[% + IIV(Qow'—w’)Hi>
KeTy,
< C(llallkoo) P lullerihllw -
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Using the definition of Q; operator and Lemma 6.2.1, we obtain

62w, @)l = | Y (0Qu(Tu) — aVu, Vi Q)i

KeTy,

= ’ Z (Qn(Vu) — Vu, (a — a)V, Qhw/)K’
KeTy,

< Z ’(Qh(Vu) —Vu, (a — @)V, Qhw')K’

KeTy,
< Chllalie Y ‘(Qh(Vu) —Vu,Vthw')K‘
KeTy

< Ollellioe) ™ Hlullisa |w']l2-

Here, & is the average of a on each element K € 7.
Similar arguments yield

|43 (u', Quu')|
[la(u, Quu')|
|S(Qnu, Quu')|
|S(Qnu, Quu')|

IN

OBl o) 1t s ]
< CUlIBlkeo)h e e 1|2
CRH lullisa w2

R [ e[|,

IAIA

IN

and hence,

/ 01 (u, Qhw')ds+/ O3(u, Qhw')ds—i—/ O (u, Qpw')ds
0

0 0
—l—/ Oy(u, Qhw')ds+/ S(9nu, Qhw’)ds—l—/ S(Quu', Qpw')ds
0 0 0
< C'thHuHHl(HkH)||w||H1(H2) < Chk+1||U||H1(ch+1)HCUHLQ(LQ). (6235)

In the last inequality, we have used the a priori estimate (6.2.31). For the other last six

terms appearing in equation (6.2.34), we use Lemma 6.2.3 to have

[62(w, G| + 12w, G < Cllalliee)A(l[wll2 + [[w )N

which together with estimate (6.2.25) yields
| . cds+ [ eatw s <l (Jullusns

0 0
><||<uHL2<L2>>. (6.2.36)

As a consequence, we get
|t cods+ [ eatw,Ghds < €l (Jullinns
0 0

XHCuHL2(L2)>, (6.2.37)
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and
/ S(Qhw, C;)dS + / S(Qhw', (;)ds < Chk+1HUHHl(H’““)HCUHLQ(LQ)‘ (6238)
0 0

Combining the estimates (6.2.34)-(6.2.38) and further using Young’s inequality, we ob-

tain
1
§HCu(T)H2 < CollGullzy + C@R SV ull3n iy, (6.2.39)

for some v > 0.
Now, we select T such that ||(,(7)|| = maxeo 1 | (¢)]] so that ||§u|]%2(L2) < T ¢u(1))?

and subsequently estimate (6.2.39) reduces to
1
SIG@IP < CTIGIP + COPED lulf iy (6.2.40)
Thus, for suitable v > 0, we obtain
16 (M1 < CRPED [l 3 s (6.2.41)

This completes the rest of the proof. [

Remark 6.2.2. A modification in the dual problem that seeks a solution w € H'(J; H*(Q))
such that

V- ((aVw) — (BVW")) = ¢, in Q,

u

with w(T) = 0 leads to following estimate

T
1o rioy = / 1(Qu — Enu)'|2dt
0
CRPD Nl 3 0,101 ) (6.2.42)

IA

We omit the details.

Next, to obtained optimal error estimate in L? norm, we split our error e, = up— Quu

into two standard components ( and € using following relation
en(t) = up(t) — Quu(t) = 0(t) + Cu(t),

where 0 = uj, — Epu. From Lemma 6.2.4, we already have bound for ((t). We only need
to bound 0(t).
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Now, using the definition (6.2.23) for the projection operator &, and semidiscrete

approximate (6.2.8), we arrive at

(9” Cbo) + Al,w(ev th) + AQ,w(elv ¢h) + 6(9/7 QSO)

62uh
= (5 90) + Avatn, 6n) + Azt 1) + B, 6o)
82€hu ’ ,
(S 90) = A€ty 6n) = Asul(En)' én) = B((E) o)

= (1.00) — (522 60) = (V- (aVu), 60) — (=7 - (3V4), )

—B((Ehu)’, Qbo)

Further, equation (6.1.1) and L? projection @, yields following important identity

(0", ¢0) + A1w(0, on) + Az (0, 0n) + B(8', ¢)
2 2
= (Q Gbo) = <M 9250) — B((Enu)', o) + B(u', ¢o)

o2’ o2’
2
( 9 (Qu— Eyu), 60) — B((Ewu) o) + B(Qw), )

((Qhu) —u 7¢0)
(;2( Cu)s ¢o> — B(C,, $0) — B((Qnu)' = ', ¢0) Yon = {¢o, dv} € V3,

which can be rearranged as

d

dt(
B9, 60) = (¢ d0) + (Co ) — L B(Car d0) + Blen, )
+t(7¢0_dt ur ¥0 wr Y0 dt uy Y0 €h, Pg

— B((Qunu) — ', ¢o) Vou = {do, pp} €V, t>0. (6.2.43)

d
0, o) — (0", ) + 2 A2u(0, dn) = Azu(0, &h) + Avw(0, on)

Now, for 0 < ¢ < T', we define
3
0(.,t) = / 0(.,s)ds, 0 <t<T.
t

Then, clearly 6(€) = 0 and 89 — —0(.,1), 0 < t < T. Now, substituting ¢, = 6(t) € V?

in (6.2.43) and making some rearrangement, we get

1d d . 4
5%(9’ 0) + aAQ,w(a 0) + A2,w(9a 0) 9 thl w(e 0) %B(e 0)
d d
+B(9’ 0) = E(_eim ) (€u7 9) - d_B<€hv ) (Cua )
—B((Qnu) — ', 0). (6.2.44)

TH-2866_176123101



CHAPTER 6. WG-FEMs for General Linear Hyperbolic Equation 154

Integrating (6.2.44) from 0 to &, and using the fact that 6(¢) = 0 and (0) = 0, we derive
IO + 34100000 + [ IolPas + / o]
< (400,000 + Be0).60) ~ [ (€005~ [ 86000
- /0E B((Qnu) —u',0)ds

Applied Cauchy-Schwarz inequality, Lemma (6.2.4) together with the fact that e,(0) =
0, €,(0) =0 and Al,w<é<0), 6(0)) > 0, yields

1 9 ¢ 9 C e
SO+ [ leiras+ [ polias
0 0
£ 3 3
< / 1CN18)]1ds + / ICl16]ds + / I(Quu) — w/[[[8]ds.  (6.2.45)

Since 6 is continuous in the time variable, we select & such that ||0(€)|| = maxo<i<7 [|0(t)||.
Then observe that [|0(0)|| < £[|6(€)]|, which together with Young’s inequality for some

appropriate v > 0, leads us to

10+ [ oias + [ 1eiPas < as ool [ (1 + il
+ (@) = /| ) dt
< NOEIVTLNC zacuy + 1 Gullagesy + ()’ = w3z }
< G + CONT (I Baqea) + NGulEze) + Q) — o E2(zn)).
We can restate the above equation
103 wz2) < C(ICIE2qm) + IGulaguey + 1(Qu) = sy ) (6:2.46)
Then, from the estimate (6.2.42), we obtain
1G22y < CRMHlull g oy @) (6.2.47)

Finally, using the estimates (6.2.47) in (6.2.46) together with Lemma (6.2.1) leads us to

the following optimal error estimate for the semi-discrete solution (6.2.8).

Theorem 6.2.3. Let u and uy, be the solutions of Problem (6.1.1)-(6.1.2) and (6.2.8),
respectively. Assume that u € L*(J; H**1(Q)) and % € L*(J; H¥*(Q)). Then, there is

a constant C such that

] < R (ull ey + o o)
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6.3 Error Analysis for the Fully Discrete Scheme

In this section, we describe a fully discrete weak Galerkin finite element scheme to
approximate the solution of the problem (6.1.1)-(6.1.2). We have derived an optimal a

priori error estimate in L>(L?) norm.
We first divide the time interval J = [0,7T] into N equally spaced sub intervals by

the following points
O=to<ti <..<TIn=T

with ¢, = n7, 7 = % being the time step. Let I,, = (t,_1,t,] be the n-th sub-interval.
For a sequence {y"})_, C L*(Q), we define
n+l _ n 1
A= i A and 7”4'% = 5(771—1-1 +4"), n=0,1,...,N — 1.
T
Also, for a continuous mapping v : [0, T] — L*(Q2), we define ¢" = ¢(.,,), 0 <n < N.

Then the fully discrete weak Galerkin finite element approximation to the problem
(6.1.1)-(6.1.2) is defined as follows: Find U" = {U}, U} € V} such that

O, U™ =p™2 for n=0, 1,...,N —1 (6.3.1)
and
(annv ¢0) + B(pn—i_%v ¢0) + A17w<Un+%7 gbh) + AQ,w<pn+%7 ¢h)
= (™2, ) Yon = {0, v} € VY, (6.3.2)

with U° = Qpu® and p° = Q;,0°.
For the well-posedness of the fully discrete scheme (6.3.1)-(6.3.2), we have the fol-

lowing result in terms of the auxiliary variable p™.

Lemma 6.3.1. There exists a unique sequence {U"}N_, C V) and a corresponding
unique sequence {p"}N_, C VP satisfying (6.3.1)-(6.3.2).

Proof. From (6.3.1), we have
-

Un+1 —
2

(p"tt +p") + U™ (6.3.3)
Using (6.3.3) in (6.3.2), we get

2
T T
(p"*, o) + §B(Pn+17 $o) + Z-ALw(an, én)
-

+5 A2 (" 0n) = F(0n) Yon = {o, &} €V, (6.3.4)
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where, F" is the linear functional given by

T 7'2 T
fn(¢h) = (pn’ ¢0) - EB(pna ¢0) - ZAl,w(pna ¢h) - §A2,w(pna ¢h)
—TA17w(Un, th) + T(fn—i_%? ¢0) VQbh = {¢07 ¢b} € V}? (635)

Due to the positive definiteness of the bilinear forms A; ,,, As,., and B, there exists
uniquely defined p"™!' € VP satisfying equation (6.3.4) and subsequently U™ exists
uniquely forn =0,1,... , N — 1. [J

Later on, we will need the following results. The proofs involve the use of Taylor’s

series and standard arguments, and therefore, details are omitted.

Lemma 6.3.2. For any v € H3(J; L*(2)), we have

1 tn+1
180" — o2 2 < o / orse] 2t (6.3.6)
tn

Further, we need following stability result for the semidiscrete solution.

Lemma 6.3.3. For any t € (0,71, let up, satisfy (6.2.8). Then, we have

/HW n@+/mw WEds < & (1 By + 1 o

o+ 1 s ey )
Proof. Differentiating (6.2.8) twice with respect to time ¢ and substitute ¢, = u}’(t), we

have
() + Al ) Al 1)+ B ) = (1, )
We can restate the above equation as

th <|| ///||2 —I—Al w(u%,u%)) +A2,w(u”’ ///) +B( /I:/’ Z/) _ (f”,u”’).

Now, integrate the above equation with respect to time from 0 to ¢t and apply Cauchy

Schwarz inequality, we get

1 t
2?4 wMW+/wwww+/mwmw
" 2 1 //I 1
SO + Sl O) + 5 |m §)[%ds + wwws

We can rearrange the above equation as

[ eas + [ i Eas < © (o + g o)e
+ /0 t [ f”(s)||2ds>. (6.3.7)
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Now, we need to bound ||u(0)||? and ||u}/(0)||* in equation (6.3.7). To this end, taking
t — 0" in (6.1.1), it follow that

()1 < € (I llse + 1 O)llngs + 1l (6:3.8)

and

1" (©)x < € (I lxea + 14/ O)llass + Ll (6.3.9)

Next, we differentiate (6.2.8) with respect to time ¢ and using the definition of &,
operator (6.2.23). Then, setting ¢ — 0% to have

(uy (0), @0) = —Ava(u(0), 1) = Az (u(0), 1) — B(u(0), ¢o) + (f(0), ¢o)
= —A1w(Ent(0), n) — Azw(Ent”(0), 1) — B(Exu"(0), ¢o) + (f(0), do)
= (V- (aVu'(0), ¢n)) + (V- (BVU(0)), én) — B(Ewu"(0), ¢0) + (f'(0), ¢0)

Now, applying the Cauchy Schwarz inequality together with the estimate (6.3.8) in the

above equation with A = 2, and we obtained

e/ )1 < € (Il + NNy + 11l ) (6:3.10)

In the previous estimate, we have used the fact that (cf. [105], Proposition 7.1)

sup o)z < C(@)||v]lm (s Yv € H'(J; B), (6.3.11)

0<t<

for any Banach space B.
As a consequence of estimate (6.3.10) together with standard inverse inequality,

estimate (6.3.9) with A = 2, and the fact that ||ul[z2x) < Ch|lul|2,x, we obtain

[y’ (O)|I| < CR7Ju) (0)]) < C(”U/OHHG(Q) + 0|5 ) + ”fHHQ(J;HQ))- (6.3.12)

Again, we are differentiating (6.2.8) thrice with respect to time ¢ and substitute
on = up"(t), we get

(u/}il/lj /};//)+.A1w<ulf;/7u/};//)+A2’w< lf;//7 lf;//) _"_B( /};//7 /};//) — (f///)ulf;//)'
Then, it follows from (6.3.7) that
[ ras + [ Rds < ¢ (o + g o
t
+ / I f”’(s)||2ds>. (6.3.13)
0
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Here, the term |[||u}’(0)|| can be bound using the estimate (6.3.12). To the bound ||u}”(0)||
and in equation (6.3.13), we follow the step from (6.3.8)-(6.3.12), and we get

i )1 < € (el sy + 10 oy + 1 irmncan ) - O

In order to compute the error between U™ and u”, we first established the error for
" i=up —U", for 1 <n < N. To do so, we have the following result.

Lemma 6.3.4. Let u and U™ be the solutions of problem (6.1.1)-(6.1.2) and the WG
approzimation (6.5.1)-(6.3.2), respectively. Then, we have

a3 e
n|2 < 4( "2 "2 )
e * < ort( [ Pacs [ i
Proof. Substitute t = t,, and t = ¢, in (6.2.8) and then add to have

(Orulty, do) + Blugy 2, o) + Avw(un 2, é1) + As(ury 2, ép)

= ("2, 60) + (W, d0) Vo = {0, &u} € V), (6.3.14)
where w" := O:uj, — uZ;: :
Now, subtracting (6.3.2) from (6.3.14), we have
(0P, d0) + B(P"™2, 60) + Avu(€"2, 81) + Azu(P™2, 1)
= (", ¢o) Vén = {0, ¢} € Vi, (6.3.15)
with P" := up, — p™.
From (6.3.1), it is easy to observe that

ntl ntl
0,8" =P+ Orup — uthQ = P54 o, o = O-up — uh:”, (6.3.16)
so that
n—1 n—1 n—1 n—1
1
"= Tzank = TZPk+5 —i-TZozk & P = TZ@TPk
k=0 k=0 k=0 k=0

Here, we have used the fact that ¥ = u) — U° = Q,u® — Quu® = 0 and P° = uj), — p° =

Qp? — @’ = 0.
Hence, applying the above relations it follows that

n n—1
n o __ k k n
08" = (kzzoam +kZ:oaTP ) +a”, (6.3.17)

n n—1 n n—1
e %(Zpk+§ +Zpk+§> + % <Zo/f +ZO/“>, (6.3.18)
k=0 k=0

(I
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Now, we define a sequence {s"}_, such that s° = 0 and

s"—Tnzlg’“%, n=12..N-1,
k=0
so that
1 T " 1 ol 1
s"tz = 3 <Z£k+2 + Z£k+2>' (6.3.19)

Hence, apply the identities (6.3.17)-(6.3.19) leads us to

(6:€7, do) + B(gnJr%’ o) + Al,w(SnJr%, o) + Az,w(§n+%; oy
: % Z {(@Pk, d0) + B(P*2, ¢) + Az (P*F2, 1)
k=0

—_

3

AL 00} + 23 (0P, 60) + BIPHE, 6)

N

N

+A2,w(Pk+%7 d)h) + Al,w(€k+ ) (bh)} + (Oén7 ¢0)

n n—1 n n-1
+gB(Zak + Zak7¢o) A %Az,w<zak +Zak,¢h>,
k=0 —0 k= k=0

for any ¢, = {¢o, o} € V.
Using (6.3.15), for 1 <n < N — 1, we derive

(D™, o) + BE™2, 60) + Apan(€772, ) + Arw(sF7, 1)
= (R, ¢o) + B(R5, o) + Az,u(R3, dn), (6.3.20)

where

n—1 n—1
Ry = %w”%—T;wqua” & Ry = %a"+7;ak.

Substituting ¢, = 5”*5 = 0,;s" in (6.3.20) and making some rearrangements, we arrive

at

(§n+17 én—H) + 2TB(§7L+%,§”+%) + 27A27w(§n+%’ fn-i-%)
AL (5" 8T = (€7, 67) + Apw(s”, 8™) + 27 (R}, €72)
+ 20 B(RS, €775) + 27 Ay (RS, €772).
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Next, using Cauchy-Schwarz inequality, together with coercivity (6.2.7), we obtain

1 1 2
(et +2rent P 4 e et 4+ (s 5
< (€,€7) + Avals”, ") + 2rRENIE™ ) + 273 e

1
+2r (IR (||

Now, applying the Young’s inequality with appropriately selecting v > 0 in the above

relation, leads us to

(€7, 6741 o Auu (57 87H) S (€757 + Avu (s, 57)
+Cw)r(IRGIP + IRGIE+ IRI).  (6.3.21)

Summing (6.3.21) fromn =1ton=1—1 with 2 <1 < N, we obtain

2<n<N

-1
max €] < IE'1P + [[|s*|I* + C@)r Y (IRF1° + IIR31°)- (6.3.22)
n=0

For estimation of the terms ¢! and s', we note that

1 1
sl = g%:_g P _ 0
2 7

Now, putting n = 0 in the error equation (6.3.15) and using the above identities, we

have

2 — 1 1 1 1

ﬁ(& 7¢0) bt ;B(é. 7¢0) + ;AQ,’LU<§ 7¢h) + ;Al,w(s 7¢h)

2

= (wo, ¢0) + ;(Oéo, ¢0) + B(Oéo, ¢0) + Agjw(OéU, ¢h> V(bh S V}? (6323)

Substituting ¢, = £ = ; in (6.3.23) together with coercivity (6.2.7), we obtain
2 72
IEE + (M < 5 (@0, +7(a®, ) + F B0, €) + mhzu(a, s").
Next, use Cauchy-Schwarz and Young’s inequality to have
2 1 0|2 24 T 0((2
I+ I < T+ Gl + (2 + Tl
+C €102 + 7 o]l + co|lls I

Now, selecting v > 0 appropriately leads us to

€112+ I [I” < & (=11 + 720 I). (6:3.24)
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Combining (6.3.22) and (6.3.24), we have

-1
max [¢"]2 < (712 + 72| + 7 D0 (IREI2 + I501%)) - (6.3.25)
n=0

1<n<N

Now, we shall estimate both terms 3} and R5. For the estimation of RY, use triangle

inequality and Cauchy-Schwarz inequality to have

2 n—1
n T n n
IR:12 < (5l I+ 72 S )

n—1

< o(% ||w”||2+72NZ|rwk||2+Hoﬂu)
n—1

< O(Twl 47 3 I + o).
k=0

Then, using Lemma 6.3.2, we obtain

tn41 T
R o A L Ry A
tn 0

tn+1
o / |yu'"\|2dt> (6.3.26)
tn

The following estimate for R% is achieved using the same technique as used for deriving

Ry
tnt1 T
(el ol B A Ry R A (6:3:27)
tn 0

Finally, using (6.3.26)-(6.3.27) in (6.3.25), we obtain

T T
max_ €] < Gt ( / 2 2dt + / Al dt) 0
1<n<N 0

Now, the following Theorem state the optimal L>(L?) error result.

Theorem 6.3.1. Let u and U™ be the solutions of a general linear second order hyper-
bolic equation (6.1.1)-(6.1.2) and the weak Galerkin approximation (6.53.1)-(6.3.2), re-
spectively. Assume that u® € HS(Q)NHL(Q), 0 € HS(Q)NH(Q) and f € H3(J; H*(Q)).
Further, Assume that u; € L?(0,T; H*1(Q)), then we have

max_[[u" — U”|| < Cu )(th +72),

0<n<N

N

where C(u) = C{HUOH?{e(Q) + 101y + 1 sz (@) + |Iutlliz(m+1(9))} :
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Proof. Applying the triangle inequality to
u"—=U"=u" —up +up —U",
followed by Theorem 6.2.3, Lemma 6.3.3 and Lemma 6.3.4 leads to desire result. [

6.4 Numerical Section

This section is devoted to documentation of numerical results that demonstrate the per-
formance of the weak Galerkin method. We shall illustrate various types of numerical
examples to validate the theoretical convergence results for the general linear second
order hyperbolic equation (6.1.1)-(6.1.2) in Q x J, where Q C R? and J = (0,1]. To ex-
amine the flexibility and efficiency of the WG method, equation (6.1.1)-(6.1.2) is solved
on finite element partitions with different kind of configurations, including triangular,
rectangular, and polygonal meshes. In example 6.4.1 and example 6.4.2, we have dis-
cussed smooth solutions with smooth coefficient for higher order of convergence using
uniform triangular and rectangular meshes, respectively. In example 6.4.3 and example
6.4.4, we have verified our theoretical results for smooth solutions with discontinuous
coefficients. Further, in the example 6.4.5, we have shown that the WG algorithm is
valid on a rectangular mesh with hanging nodes. At last, in example 6.4.6, we have

verified the weak Galerkin algorithm for linearized Westervelt’s equation.
Let U™ be the weak Galerkin solution defined by (6.3.1) and (6.3.2). In order to

illustrate the convergence history of the WG approach in term of the discetization error,

we have calculated following error

en = Qupu(z,t,) —U"

at final time ¢, = T with respect to energy norm and L?norm. More precisely, the
errors are reported with respect to energy norm and L2-norm through tables and error
plots for the WG space
(Pe(K), Pr(OK), [Pe-1(K)J)
with time step 7 = O(h*).
We recall the EOC formula from (5.4.1)
i h;
EOC(e;) = log (6 +1)/log ( hH)'

€ i
Example 6.4.1. Smooth solution with smooth coefficient: Consider the problem
(6.1.1)-(6.1.2) in 2 x J, where Q = (0,1) x (0, 1). Numerical solution is compared with

the following exact solution

u = exp(—t) sin(mwz) sin(wy) sin(rz + 1y — t),
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with coefficients selected as 0 = zy + 1 and

4,2
Bl y) = i HA = afz,y)
oty +1 5
The load term f, initial data and boundary data are determined from the choice for u.
Here, we have done uniform partitioning of the domain into n x n sub rectangles which
is followed by dividing each rectangular element by the diagonal line with a negative
slope, where the mesh size is h = 1/n. the initial mesh and its refinement is depicted
in Figure 6.4.1. The L>®(H"')-norm and L*°(L?)-norm errors for linear, quadratic, and
cubic WG spaces at final time 1" = 1 are reported in Table 6.4.1, Table 6.4.2 and Table
6.4.3 respectively, which shows that the rate of convergence O(h*) in energy norm and

O(R*1) in L2-norm.

Figure 6.4.1: An initial triangular mesh for A = 1/2 (left), and its refinement for h = 1/8
(right) in Example 6.4.1.

Example 6.4.2. Smooth solution with smooth coefficient: In this example, we
consider the problem (6.1.1)-(6.1.2) in Q x J, where Q = (0,1) x (1,2). Numerical
solution is compared with the following exact solution

2

u(z,y,t) = y exp(—t) sin(mx) sin(my).

The given data are extracted from the true solution u(z, y, t) with coefficients « = I =
and ¢ = 1. Here, we have done uniform partitioning of the domain into n x n sub
rectangles with the mesh size is h = 1/n as shown in Figure 6.4.2. The order of
convergence for the WG spaces k = 1,k = 2 and k = 3 are reported in Table 6.4.4,
Table 6.4.5 and Table 6.4.6, respectively. It showed that we have obtained optimal order

of accuracy in energy norm and L? norm.
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Table 6.4.1: The history of convergence for k¥ = 1 in Example 6.4.1 with 7 = h.

llenll EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32

1/64

5.300783e+00 -

3.265425e+00 6.989345e-01

1.644638e+4-00 9.895008e-01

8.196299e-01 1.004726e+00

4.093588e-01 1.001607e+-00

2.046177e-01 1.000435e+00

1.225644e4-00

3.990989%-01

1.004111e-01

2.494270e-02

6.222854¢e-03

1.554877e-03

1.618722e+4-00

1.990828e4-00

2.009229e-+00

2.002969e-+00

2.000776e+00

Table 6.4.2:

The history of convergence for k = 2 in Example 6.4.1 with 7 = h?.

llenll EOC

lenll

EOC

1/2
1/4
1/8
1/16
1/32

1/64

3.930725e+00 =

1.313912e4-00 1.580926e+-00

3.479775e-01 1.916803e+00

8.840514e-02 1.976792e+00

2.247328e-02  1.975920e4-00

0.427014e-03 2.049980e+00

6.743611e-01

1.146874e-01

1.494999e-02

1.880920e-03

2.355679e-04

3.002644e-05

2.555815e+00

2.939490e+00

2.990634e+00

2.997224e+00

2.971837e+00

Example 6.4.3. Smooth solution with discontinuous coefficients: In this exam-

ple, we intend to describe the weak Galerkin algorithm for discontinuous coefficients and

concerned with higher order of convergence. To do so, we extract this example from [42]

with some modification. We consider the following IBVP

Uy — aAu — BAuy + ouy = f(z,t) inQ x J,

(6.4.1)
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Table 6.4.3: The history of convergence for k = 3 in Example 6.4.1 with 7 = h3.

llell

EOC

len EOC

1/2
1/4
1/8
1/16
1/32

1/64

3.488819¢-01

2.549791e-02

1.682029¢-03

1.111836e-04

1.783426e-05

2.170264e-06

3.774288e+00

3.922105e+00

3.919187e+00

3.029996e+00

3.038708e+00

4.539509e-01 -

6.380849e-02 2.830716e+-00

8.305679e-03 2.941578e+00

1.082756e-03 2.939390e+00

1.642762e-07 4.000133e+00

1.002437e-08 4.034540e+00

09

08

07

06

05

04

03

02

0.1

Figure 6.4.2: An initial rectangular mesh for h = 1/2 (left), and its refinement h = 1/4

(right) in Example 6.4.2.

where Q = (—1,1) x

(—1,1) and J = (0,1]. The exact solution is same as considered in

Example 6.4.2. The finite element partitioning is taken as triangulation for this example.

Then, we select the data appearing in the above problem from the choice of u with the

following physical coefficients, which we select from [115] to mark the significance of our
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Table 6.4.4: The history of convergence for k£ = 1 in Example 6.4.2 with 7 = h.

lleall

EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32

1/64

1.431993e-01

8.870199e-02

4.654081e-02

2.354612e-02

1.180758e-02

5.908106e-03

6.909856e-01

9.304701e-01

9.830072e-01

9.957759e-01

9.989455¢-01

3.150822e-02

1.058595e-02

2.830319¢-03

7.193964e-04

1.805937¢e-04

4.519507e-05

1.573578e+-00

1.903113e4-00

1.976106e+-00

1.994039e4-00

1.998511e+-00

Table 6.4.5: The history of convergence for k = 2 in Example 6.4.2 with 7 = h?.

llell

EOC

el

EOC

1/2
1/4
1/8
1/16
1/32

1/64

7.852199e-02

2.350025e-02

6.193307e-03

1.571053e-03

1.740421e4-00

1.923894e4-00

1.978978e+-00

2 3.942429e-04 1.994575e+-00

9.865421e-05

1.998632¢e+-00

1.212402e-02 -

1.547427e-03 2.969925e+00

1.792455e-04 3.109862¢+00

2.162321e-05 3.051284e+-00

.674470e-06  3.015256e4-00

3.333852e-07 3.003991e+-00

model problem.

(o,

5.0)= (L.0..02)

E

(1.2 x 10'2,1.2 x 1074, 1.44 x 10%) if y < 22,

(1.2 x 10'2,1.6 x 107%,1.96 x 10%) if y > 2°.
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Table 6.4.6: The history of convergence for k = 3 in Example 6.4.2 with 7 = h3.

llexl EOC

len EOC

1/2

1/4

1/8

1/16

1/32

1/64

2.564515e-02 -

3.664079e-03 2.807163e+00

4.777053e-04 2.939257e+00

6.043065¢-05 2.982768e+00

7.577334e-06 2.995518e+-00

1.006832¢-06 2.911867+00

3.440849e-03 -

2.340275e-04 3.878014e+-00

1.469980e-05 3.992809e+00

9.179877e-07 4.001178e+-00

5.735284e-08 4.000537e+-00

3.570521e-09 4.005658e+-00

Dual-phase-lag (DPL) model is being commonly used in the study of heat trans-
port in metallic films during ultra-fast laser heating [99, 114]. Here Cg represents the
equivalent thermal wave speed, ar denotes the equivalent thermal diffusivity and «. is
the electron thermal diffusivity of the material. Our numerical results are based on the
uniform triangular meshes for k = 1, k = 2, and £ = 3 at final time T = 1. It is clear
from Table 6.4.7 - Table 6.4.9 that we have achieved optimal order of convergence in

both L? and H! norms, which consolidates our theoretical findings in Theorem 6.3.1.

Example 6.4.4. Smooth solution with discontinuous coefficient: In this exam-
ple, we apply the WG algorithm on the thermal wave model of bio heat transfer. To do
this, we extract this example from [42] with the modification. We consider the problem
(6.4.1) in Q x J, where Q = (=1,1) x (=1,1) and J = (0, 1]. The exact solution is same

as in Example 6.4.2.
The set of physical coefficients that corresponds to the thermal wave model of bio

heat transfer is given by

(0.4325, 2.31 x 1074, 2.7199 x 107%) if = <0,
(0,8,0) =
(0.6050, 3.39 x 1074, 7.5520 x 107%) if z > 0.
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Table 6.4.7: The history of convergence for k£ = 1 in Example 6.4.3 with 7 = h.

llell

EOC

el EOC

1/2
1/4
1/8
1/16
1/32

1/64

7.199183e-01

6.378199e-01

3.643214e-01

1.720768e-01

8.321841e-02

4.130842¢-02

0.174683e+00

0.807937e+00

1.082158e+-00

1.005901e+-00

1.010466e+00

5.992461e-03 -
1.533555¢-03 1.966268e+00
3.849478e-04 1.994144e+-00
9.632205e-05 1.998725e+-00
2.408562¢-05 1.992948e4-00

6.102753e-06 1.980639e+-00

Table 6.4.8: The history of convergence for k = 2 in Example 6.4.3 with 7 = h2.

llell

EOC

EOC

leall

1/2
1/4
1/8
1/16

1/32

1/64

5.495252e-03

1.526038e-03

3.994701e-04

1.085833e-04

2.738173e-05

6.845041e-06

1.848394e+-00

1.933631e+-00

1.879285e+-00

1.987516e+4-00

2.000082e+00

1.533907e-03 -

9.632145e-05 3.993211e+00

6.021723e-06 3.999609e+-00

3.763639¢e-07 3.999976e+00

2.840531e-08 3.727895e4-00

2.301433e-09 3.625556e4-00

Our numerical results are based on the uniform rectangular mesh; see Figure 6.4.2 and

polygonal meshes; see Figure 6.4.3 for linear WG space. To support the fact that our

numerical algorithm is consistent, the physical coefficients for the thermal wave model

of bio heat transfer are chosen. The results are clearly reported in Table 6.4.10 and

Table 6.4.11.
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Table 6.4.9: The history of convergence for k = 3 in Example 6.4.3 with 7 = h3.

h llexl EOC len EOC

1/2 |5.808203e-02 - 3.849604e-04 -

1/4 19.464643e-03 2.617472e+00 | 6.021732e-06 5.998388e+00
1/8 |1.327746e-03 2.833569e+00 | 1.409964e-07 5.416448e+00
1/16|1.729794¢-04 2.940307e+00 | 3.842533¢-09 5.197456e+00
1/32{2.461127e-05 2.813209e¢+00 | 1.520771e-10 4.659182e+00

1/64|3.173622¢-06 2.955116e+00 | 8.571124¢-12 4.149174e+00

Figure 6.4.3: Initial polygonal mesh with 16 elements (left), with its refinement (right)
in Example 6.4.4.

Example 6.4.5. Smooth solution on rectangular mesh with hanging nodes: In
this example, we intend to describe the weak Galerkin algorithm on rectangular mesh
with hanging nodes and concerned with higher order of convergence. We solve the
problem (6.1.1)-(6.1.2) in Q = (0,1)? with exact solution

u(w,y,t) = t* exp(—t) sin(4rz) sin(4ry).

The initial mesh is as shown in Figure 6.4.4 (Left). The mesh on the right in Figure
6.4.4 is generated by uniform refinement procedure. It should be pointed out that the
initial mesh has a hanging nodes A, B, C' and D. Here, we notice that the WG algorithm
is still hold on these refinements for the finite element partition 7; with hanging nodes.
The errors with respect to energy norm and L*°(L?) norm for k = 1 and k = 2 WG
spaces are reported in Table 6.4.12 and Table 6.4.13 at final time 7" = 1.
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Table 6.4.10: EOC on polygonal mesh in Example 6.4.4 with 7 = h.

llenll EOC

lenl BEOC

1/4
1/8
1/16
1/32
1/64

1/128

1.529574e-01 -

1.092285e-01 4.857806e-01

5.655569e-02  9.496055e-01

2.847330e-02  9.900624e-01

1.425905e-02 9.977315e-01

6.953621e-03 1.036041e+00

9.394611e-05 -

4.498886e-05 1.062266e+00

1.226609¢-05 1.874893e+00

3.133530e-06 1.968814e+00

7.876408¢-07 1.992179e4-00

2.015728e-07 1.966236e+-00

Table 6.4.11: EOC on rectangular mesh in Example 6.4.4 with 7 = h.

h llell EOC el EOC

1/4 [1.053425e-01 - 5.267267e-02 -

1/8 19.135125e-02 2.055908e-01 [4.072098¢-02 3.712824e-01
1/16 [4.017812e-02 1.185014e+00 | 1.781938e-02 1.192325e+00
1/32 1.906449¢-02 1.075522e+00 | 5.321198e-03 1.743624e+00
1/64 |9.458835e-03 1.011154e+00 | 1.395924e-03 1.930530e+00

1/128{4.723998e-03 1.001654e+00 | 3.561065e-04 1.970840e+00

Example 6.4.6. Smooth solution with variable coefficients: In this example, we
numerically verified that the equation (6.1.1)-(6.1.2) can be easily extended to following
linearized Westervelt’s equation with variable coefficients.

Y(x, )" =V - (aVu' + fVu) + o(x, t)u’ = f(x,t) inQ x (0,7T], (6.4.2)
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Table 6.4.12: The history of convergence for £ = 1 in Example 6.4.5 with 7 = h.

llenl

EOC

len

EOC

1/2

1/4

1/8

1/16

1/32

1/64

5.930691e-01

1.496784e-01

2.159354e-01

1.117858e-01

5.640954e-02

2.827087e-02

1.232606e+-00

8.412975e-01

9.498628e-01

9.867256e-01

9.966230e-01

3.517309e-01

3.868829¢-01

4.662808e-02

1.249606e-02

3.182036e-03

7.992421e-04

6.163031e-01

1.682595e+-00

1.899726e+-00

1.973451e+4-00

1.993246e+-00

Table 6.4.13: The history of convergence for & = 2 in Example 6.4.5 with 7 = hZ.

lleall

EOC

el

EOC

1/2
1/4
1/8
1/16
1/32

1/64

4.372093e-01

1.506811e-01

4.637199e-02

1.123354e-02

2.763521e-03

6.875541e-04

1.536825e4-00

1.700173e+-00

2.045441e+00

2.023233e+00

2.006962e+00

2.890906e-01

5.849087e-02

9.985819¢-03

1.190625e-03

1.452761e-04

1.802853e-05

2.305238e-+00

2.550258e-+00

3.068162e-+00

3.034849¢+00

3.010443e+00

where 2 = (0,1) x (0,1). It is worth to note that only semi-discrete error analysis has

been discussed in [94] and its provides a scope for the generalization of these works to

higher order of accuracy methods. The source term appearing in the above problem is
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09 09

07 07

06 0.6

1
1
1
1
1

05 05
1
1
1
1
1

03 03
02 02

01 01

Figure 6.4.4: An initial rectangular mesh with Hanging nodes (left), and its refinement

(right).

selected by setting the exact solution as
u = exp(—t) sin(rz) sin(wy) sin(rz + 1y — t),

with coefficients choosing as o = x?y + t, and v = ayt>.
The coefficient matrices are selected as

1 22y 1 Ty
Bla,y) = and o(z,y) =
%y xy’+1 vy 2?2 +1
Here, we have implemented the equation (6.4.2) with linear and quadratic weak Galerkin
approximation space at final time 7' = 1. It is clear from Tables 6.4.14-6.4.15 that we
have obtained optimal order of convergence in both L? and H* norms. Here, we have a

future scope to explore these observations by mathematical analysis tools.
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Table 6.4.14: The history of convergence for £ = 1 in Example 6.4.6 with 7 = h.

h

llenll

EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32
1/64

1.328119e4-00
8.105636e-01
4.097090e-01
2.048214e-01
1.030327e-01
5.204751e-02

7.123875e-01
9.843259e-01
1.000233e+-00
9.912643¢e-01
9.852012e-01

1.821328e-01
6.035559e-02
1.535190e-02
3.642146e-03
1.052915e-03
2.711302e-04

1.593431e+-00
1.975070e+-00
2.075556e+00
1.790399¢e+-00
1.957331e+4-00

Table 6.4.15: The history of convergence for k = 2 in Example 6.4.6 with 7 = h2.

h

llenll

EOC

leall

EOC

1/2
1/4
1/8
1/16
1/32

9.662629¢-01
3.252471e-01
8.811055e-02
2.713964e-02
7.326731e-03

1.570879e+-00
1.884150e+-00
1.698913e4-00
1.889160e+-00

8.386915e-02
1.615244e-02
2.172036e-03
3.325462e-04
4.552291e-05

2.376388e+00
2.894632e+00
2.707421e+00
2.868890e+00
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Conclusions and Extensions

In this thesis, we have considered recently developed higher order weak Galerkin finite
element methods for the time dependent problems on polygonal meshes . We believe
that the work in this thesis could be a first step, but a crucial step for the error analysis
of the WG-FEMs for time dependent problems with complex geometry. Our aim is to
derived a priori error estimates in suitable norms for the weak Galerkin approximation
solution that appeared in the WG formulation. Moreover, the theoretical results are

supported by numerical experiments.

7.1 Critical Review of the Results

In the following, we highlight the critical review of the results obtained in each chapter.
In Chapter 2, we have described a systematic numerical study on WG-FEMs for sec-

ond order linear parabolic problems by allowing polynomial approximations with various
degrees for each local element. Our results are intended to extend the numerical analysis
of WG-FEMs for elliptic problems [J. Sci. Comput., 74 (2018), 1369-1396] to parabolic
problems. This article is only concerned about the discrete H' norm convergence. To
best of our knowledge, optimal error estimates in L? norm for elliptic problems on gen-
eral WG finite element space (P(K), P;(0K), [Pi(K )]2) with arbitrary non-negative
integers {k, j, [} have not been established earlier. Therefore, first we developed an a
priori bound to obtain optimal convergence in the L? norm. Thereafter, we have derived
both semidiscrete and fully discrete error estimates established in L°>°(L?) and L>(H")
norms for a general WG element (Py(K), P;(0K), [P;(K)]Q), where £ > 1, j > 0 and
[ > 0 are arbitrary integers. The fully discrete space-time discretization is based on the
first order backward Euler and second order Crank-Nicolson schemes. At the end of this
chapter, we have performed various numerical experiments that justify the robustness,
reliability and accuracy of WG-FEMs.
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In previous chapter, we noticed that to derive optimal O(h**1) (k > 1) in the L?
norm for WG-FEMs, the minimum regularity assumption on the exact solution u is
that u € H(0,T; H*"1(2)). In chapter 3, we proceed to discuss the WG algorithm to
the parabolic problems, when the solution u € L*(0,T; H**(Q)) N HY(0,T; H*1()).
Such regularity holds where forcing function f € L*(0,7; H*~1(£2)) and initial function
u® € H*(Q) for some k > 1. The error estimates in L>(H') norm are derived for variable
diffusion coefficient «, while most existing work (except [121]) assumed piecewise con-
stant diffusion. Thereafter, we have discussed optimal order error estimates in L?(L?)
norm for both the spatially discrete continuous time and the discrete time weak Galerkin
finite element schemes with variable coefficient. In existing literature, the optimal L2
error convergence results of WG-FEMs for parabolic problems are derived under the
assumption that u € H'(0,T; H*(Q)) (see, e.g., Theorem 4.6 in [132] and Theorem
4.4 in [77]). Here, we have proved O(h**!) order error estimates indeed the true so-
lution of the given problem (3.1.1)-(3.1.2) is in L2(0,7; H**1(Q)). The fully discrete
scheme is based on first order in time Fuler method. The numerical experiments are

comprehensive and the results support the theory very well.
In Chapter 4, we have developed WG-FEMs for solving linear parabolic equations

with non-smooth initial data on polygonal meshes. The optimal order of convergence in
the L°°(L?) norm is proved in both semidiscrete and full-discrete WG schemes for linear
WG space (see, Theorem 4.2.2 and Theorem 4.3.1). We have also derived stability
of the semidiscrete solution and established some estimates which played crucial role
to proving the optimal convergence rate. The error analysis is highly motivated by
the fact that the solutions of parabolic problem have the so-called smoothing property
(cf. [85]). That is, the solution is smooth for positive time ¢, even when the initial
data are not H' regular. In chapter 3, we have proved the convergence of WG finite
element solution to the true solution at an optimal rate in L?*(L?) norm under the
assumption that u € L2(0,T; H*Y(Q)) N H*(0,T; H*1(Q)). In the case of piecewise
linear WG-FEM (i.e., k = 1), the optimal error estimate requires the initial value to
be in H! (see, Theorem 3.3.2). In this chapter, we have shown the convergence of WG
finite element solution to the true solution at an optimal rate in L? norm on WG finite
element space (Py, Py, PZ) (see, Theorem 4.2.2 and Theorem 4.3.1) with L? initial
data. The L*(L?) norm error analysis heavily depends on the newly derived optimal
L? norm error estimates with smooth initial data «® € H} N H? (see, Lemma 4.2.9 and
Lemma 4.3.1) with parabolic duality argument. Finally, numerical results are reported

to confirm our theoretical convergence finding.
In chapter 5, we have analyzed an optimal order of convergence in L*(L?) norm
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for the second-order wave equation on arbitrary polygons or polyhedral meshes. We
have developed both semi-discrete and fully discrete WG schemes, and studied their
associated error analysis. The fully discrete space-time finite element discretizations can
be revised as the Crank-Nicolson discretization of the reformulation of the governing
equation in the first-order system, as in Baker [7]. Numerical examples have been
demonstrated using various degrees of polynomials in the WG spaces. Our numerical
results cover the broad scope of various applied problems under one umbrella, including
discontinuous coefficients, singularly perturbed, the flow of fluid in porous media with
anisotropy and the low regular problem with non-convex domain. These experiments
suggest that the WG scheme is the decisive and efficient numerical technique to examine

such type of problems.
In last chapter, we described WG-FEMs for general linear second order hyperbolic

equation with variable coefficients on polygonal meshes. The discretization in space
using the weak Galerkin method and in time, we have applied the implicit second order
Newmark scheme. At first, we derived a result for the well-posedness of weak Galerkin
scheme (see, Theorem, 6.2.1). Next, we have established optimal order of convergence
with respect to L®(H"') norm and L*(L?) norm (see, Theorem 6.2.3, Theorem 6.2.2
and Theorem 6.3.1). For the L>°(H"') norm error estimate of the semidiscrete solution,
the splitting technique has been used, where the L? projection @, of the exact solution
has used to split the error into two parts. In fact, apart from the standard error splitting
technique, the newly derived error equation (6.2.2) is also critical. The L*(L?) norm
error analysis is based on a non-standard elliptic type projection operator instead of the
usual elliptic projection. To get optimal error in L°>°(L?) norm, first we established a
priori bounded for non standard elliptic projection (see, Lemma 6.2.4). Finally, we have
achieved O(h*) and O(h*™!) for the WG space (Py(K), Pr(0K), [Pr_1(K)]?) in energy
norm and L? norm, respectively. We have also proved stability of the semidiscrete
solution which is very crucial to prove the optimal convergence rate of the fully discrete
solution (see, Lemma 6.3.3). Several numerical experiments are performed in a two-

dimensional setting that illustrates our theoretical convergence findings.

7.2 Extensions and Remarks

In this section, we have mentioned some potential extensions of our findings. Here, we
are briefly proposing some unexplored problems which can be considered as future scope
of the thesis work.

TH-2866_176123101



CHAPTER 7. Conclusions and Extensions 177

WG-FEMs for Westervelt’s Equation: We can extended the weak Galerkin algo-

rithm to following linearized Westervelt’s equation with variable coefficients
Yz, )u" + o(x, t)u’ = V- (eVu' + Vu) = f(x,t) inQ x (0,7T],

where 2 C R? is a bounded and convex domain. It this thesis, we have numerically
verified the above equation in Example 6.4.6. The extension of this theory with high
order of accuracy on polygonal mesh can be extend as future work for the Westervelt’s

quasi-linear acoustic wave equation
" = V- (az)Vu(z, t) + B(z) Vi) = y(u?)” in (0,T] x Q. (7.2.1)

This is widely used to simulate high-intensity focused ultrasound fields generated by

medical ultrasound transducers.

Stabilizer Free Weak Galerkin (SFWG) Methods: The stabilization term is one of
the major complexity of the WG-FEMs and other discontinuous Galerkin finite element
methods. This term is often used in finite element formulation with discontinuous
approximations to implement the connection of discontinuous functions across element
boundaries, which makes their implementation and analysis difficult. As an alternative
approach to overcome the programming difficulties without compromising the order
of accuracy, Ye and Zhang [130] developed a stabilizer free weak Galerkin (SFWG)
finite element method for solving a second order elliptic equation on polytopal meshes.
This method is much simpler than the standard WG-FEMs with fewer coefficients and
high orders of accuracy on polytopal/polyhedral meshes. Recently, we have analyzed
SFWG finite element methods for the second-order Sobolev equation [68]. The main
aspect of our proof is the use of a non-standard elliptic type projection operator that we
have discussed in chapter 6 instead of the usual elliptic projection. We have obtained
convergence rates two orders higher than the optimal convergence rates in the triple bar
norm and L2-norm. More precisely, we have achieved supercloseness property for the
WG space (P(K),Pri1(0K), [Pry1(K)]?) in energy norm and L? norm. We proceed
further to study the supercloseness property for the SFWG finite element methods that
can be applied to solve the second order wave equation. An unconditionally stable second
order Newmark scheme is adopted to analyze the fully discrete scheme, whereas the
spatial discretization is analyzed by the SFWG algorithm. From this method, we have
obtained a convergence rate which is two orders higher than the optimal convergence
rate in L*°(L?) norm for the corresponding SFWG solution [67]. We can extend the
SFWG methods to the general linear hyperbolic problems (6.1.1)-(6.1.2), which have
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many applications in medical sciences. Further, we would like extend the stabilizer free
WG algorithms for the following Cahn-Hilliard equation with non-smooth initial data
(cf. [44, 124))

u — A(—Au+d(u)) =0 z€QCR? ¢t>0,

together with appropriate boundary conditions.

Mixed WG-FEMs for Interface Problems: The present work can be extended to

solve a typical two-dimensional (2D) elliptic interface problem

q+AVu = 0 inQ
V-q = f inQ
u = 0 on 0f
[u] =ulo, —ulo, =%, [@a-n]=q-m+q-n, = —¢ alongT,

where Q2 = U Qy, ' = Q; Ny, and n; and ny, denote unit outward normal of 2y
and 9. The coefficient function 5(z) is assumed to be positive and piecewise constant
across I, i.e., B(x) = B for z € Q, k = 1,2. Across the interface I', the source function

f € — R can be singular. Jump functions ¢ : I' -+ R and ¢ : I' = R are given.
Although different finite element algorithms are developed for elliptic interface prob-

lems, surprisingly, there has been much less research on mixed finite element methods

for interface problems with non-homogeneous jump conditions.

Weak Galerkin Solver with Polygonal Meshes: The only omission in the scope
of this thesis is a numerical investigation to develop weak Galerkin solver for parabolic
equation on polygonal meshes using weak Galerkin space (P (K), P;(0K), [P/(K )}2)
with arbitrary non-negative integers {k, j, [}. In practice, allowing arbitrary shape in a
finite element partition provides a convenient flexibility in both numerical approximation
and mesh generation. Especially, we have much less elements and we could evaluate
integrals and solve the resulting linear systems in more expedited manner. However, one
disadvantage is that instead of integrals of polynomials on the reference element, we may
have to evaluate integrals of rational functions. It would be very interesting to develop
weak Galerkin solver for PDEs with weak Galerkin space (Px(K), P;(0K), [P(K)] 2),
where k£ > 1, j > 0 and [ > 0 are arbitrary integers, for polygonal meshes.
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Appendix

Proof of Identity (4.3.23.) For any fixed ,, > 0 (1 <n < M) and any function v, € V7,
define wy,(s) € V) to be the continuous time weak Galerkin solution of the backward

problem
(vo, Whs) — Aw(vp,wp) =0 Yo, = {vg, 0} € VY, s < ty, (7.2.2)

with wy,(t,) = ¥p. Assume that wuy is a solution of (4.2.5). Then, for f = 0 and due to
(7.2.2), we obtain

d
ds
Next, we apply MVT to have

, tm) — (up, vp)(tme d
(s 00)fn) = (s 00t ) _ 0, )10 € (s ),

and subsequently, we arrive at

(un(s), wn(s)) = (uns(s), wn(s)) + (un(s), wns(s)) = 0, s <ty

O, { (uny wn) Y™ = - (up, wn) s = 0. (7.23)

ds
Let {W™} _, C V) be the solution of discrete time backward problem
(vo, W) — A (vp, W) =0 Vo, = {vg, v} € V), 1 <m < n,
with W}" = 1)y,. Then, it is easy to verify that
O-(Up, Wi)™ = 0. (7.2.4)
Finally, combine (7.2.3)-(7.2.4) to have
O (up,wp) — (Up, Wp,)}™ = 0.
189
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Estimate for 1y = ¥ ccr g(vggut ~ VY, aVzo>.
Statement. Let z, be the weak Galerkin finite element approximation to (2.3.22) in the

WG space (P1(K), Po(0K), [PO(K)]Q). Then, we have
Ly < CR* ey ocl[uelngall el (7.2.5)

for some non-negative integer A\ < k.
Proof. After adding and subtracting Vz, we can rewrite the term [ as

Ly = Z (V(qut L ut),oz(Vzo > Vz))K

KeTy

2 Z (V(qut — ut),aVz>

KeTy,
= I, +d. (7.2.6)

K

For the term I{,, we have

il < ) lallexlV(Qkur — unllxlIV (2 = 20) I x
=0

< C ) lalsxhigllulrgsschzl.x
KeTh

1 1
2 2
< O ol Y el ) (2 12l

KeTy KeTy
< O aloo il ot ll 2l (7.2.7)

where X\, < k. Here, we have used standard approximation property for L? projection

and apriori estimate (2.3.24).
To estimate %, we first integrate by parts to obtain

7, = Z (V(qut—ut),aVz)

K
KeT,

= - Z (Q,gut —uy, V- (aVz))K + Z <Q2ut —u, aVz - n>8K.
KeTn KeT;,
Now, use the fact that .- (vp,aVz - n)sx = 0 to arrive at

o= =Y (Qu-w, V- (av2)

KeTy,

+ > (Qhur — e — Q(QRur — w),aVz - m),
KeTy,
= L1+ Ly (7.2.8)

K
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For the term L, we have
L] < C Y Qe — x|V - (aV2)||x
KeTy,
< O hE bk IV - (@V2)k
KeTh
< Cllafleoh® ™ fluelxg1ll el (7.2.9)

Next, for the term Ly, we use the definition of L? projection Q% to obtain

L, = Z {x — QZX, (aVz — @Vz0> ‘D)oK

KeTh

= Z (x — Qbx, (aVz — aVzo) ‘MoK

KeTy

+ Z (x — %X (aVZO . dVZO) ‘n)ox = Ly + L3, (7.2.10)

KeTy,
where x := QYu; — uy.
Now, using the trace inequality (1.4.19), we observe that

>l = € (ARMINIP + hucl VI )

KeTy KeTy

< C 7 (R BBl e + orch3 el 1.
KeTy,

< CRP Y w3, k- (7.2.11)

KeTh

Then, for L}, we use stability of L? projection Q% to obtain

1/2 1/2
L < (zuxngK) (znav<z—zo>uzK)
KeTy, KeTy,
< O3 |Juy|x, 1

1/2
x ( Y (v (z = z0)lli + bV - (aV(z — Zo))l!i)) :

KeTy

Then, use the fact that Vz, is piece-wise constants to have

> (h& V(e = )l + |V - (¥ (= = ) [%)

KeTy,

< Y (lallexhi hiclzl5x + hellV - (@V2) 5 + hi|[V - (aV20) [7)
KeTy

< Clladhech D (I2l5.4 + lleellz + 1V 20l%)

KeTy,
< Olledlsoh (1215 + lloel® + 1zalli ) < Cllallcohlloll.
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Hence, we have
L3l < Cllalliech™ lullxe1 Lol (7.2.12)

For L2 , we first observe that

> e —@)Valix

KeTy
<C Y (hidle - allZ kI V20llE + hxllV - (@ = @)Vz0) )
KeTy
<Y (hxllol wul V2ollk + hrlVa: Vzoll3)
KeTy
< Chllal? o 3 IV20l% < Chllal? wllzll? (7.2.13)

KeTy,

Then, as an immediate consequence of estimates (7.2.11) and (7.2.13), we obtain

|31 < Cllodlooh® el g1l el (7.2.14)
Now, use estimates (7.2.12) and (7.2.14) in (7.2.10) to have

|La| < Cllolyooh® el xg1l el (7.2.15)
Next, we use estimates (7.2.9) and (7.2.15) in (7.2.8) to obtain

| 15| < Cllall oo™ ]| xg 1l el (7.2.16)

Finally, estimates (7.2.6)-(7.2.7) and (7.2.16) leads to desire estimate.
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