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HDPE = high-density polyethylene 

LDPE = low-density polyethylene 

LLDPE = linear low-density polyethylene 

MPIV = microscopic particle imaging velocimetry 

PBD = polybutadiene 

PC = polycarbonate 

PDMS = polydimethylsiloxane 

PEPDM = poly-ethylene-propylene-diene-monomer 

PEVA = poly(ethylene-vinyl) acetate 

PI = polyisoprene 

PIB = polyisobutylene 

PP = polypropylene 

PR-DNS = particle-resolved direct numerical simulation 

PS = polystyrene 

PTFE = polytetrafluoroethylene 

PVC = polyvinylchloride 

SFA = surface force apparatus 

TMAC = tangential momentum accommodation coefficient 
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Nomenclature 

b, C1, C2 = slip coefficient, dimensionless 

Cd = total drag coefficient, dimensionless 

Cdf = friction drag coefficient, dimensionless 

Cdp = pressure drag coefficient, dimensionless 

Cp = specific heat, JKg
-1

K
-1

 

d = diameter of sphere, m 

FD = drag force, N 

h = convective heat transfer coefficient, Wm
-2

K
-1

 

I2 = second invariant of the rate of deformation tensor, s
-2

 

k = thermal conductivity, Wm
-1

K
-1

 

Kn = Knudsen number, dimensionless 

l = mean free path of gas molecules 

Lr = wake length, m 

ls = slip length, m 

Ls = slip length, dimensionless 

Lslam = slip length for laminar layer, m 

Lsturb = slip length for turbulent layer, m 

   = temperature jump length, dimensionless 

m = power-law consistency index, Pa.s
n
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n = power-law behavior index, dimensionless 

Nu = Nusselt number, dimensionless 

Nuavg = average Nusselt number, dimensionless 

p = pressure, dimensionless 

Pe = Peclet number, dimensionless 

Pr = Prandtl number, dimensionless 

R = sphere radius, m 

Re = mean slip Reynolds number, dimensionless 

Re = Reynolds number, dimensionless 

R∞ = domain radius, dimensionless 

T = temperature, K 

To = temperature of power-law liquid, K 

Ts = temperature of sphere surface, K 

Uo = free stream velocity, ms
-1

 

us = slip velocity, ms
-1

 

V = velocity vector, ms
-1

 

vr = r-component of velocity, dimensionless  

vθ = θ-component of velocity, dimensionless 

vϕ = ϕ-component of velocity, dimensionless 

We = Weissenberg number, dimensionless 
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Greek symbols 

β = slip coefficient, m (Pas)
-1

 

εij = rate of strain tensor, s
-1

 

ϒ = heat capacity ratio, dimensionless 

θS = separation point, degree  

Πε = second invariant of the rate of strain tensor, s
-2

 

Φ = Volume fraction of spheres, dimensionless 

η = dynamic viscosity of fluid, Pa s 

ρ = density of fluid, kg m
-3

 

Ω = angular velocity, rad s
-1

  

σv = tangential momentum accommodation coefficient (TMAC), dimensionless 

σT = thermal accommodation coefficient, dimensionless 

τ = extra stress, Pa 

λ = slip parameter, dimensionless 

 = shear rate, s
-1 

c = critical shear rate, s
-1 
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ABSTRACT 

Fluid Flow in contact with solid particles occur in numerous applications such as fixed and 

fluidized bed reactors, pneumatic conveying, nuclear reactors, sedimentation, sewage sludge, 

coal combustion, airborne dynamics and suspension flows. On the other hand, velocity slip along 

the solid surface can arise in the case of aerosols, flow through porous materials, suspension, 

capillary flows, polymer flow through extruders and flow along smooth solid surfaces. Thus, the 

momentum and heat transfer from spheres can be affected by velocity slip at the fluid-solid 

interface as well as rheology of surrounding continuous liquid and adjacent spheres. Thus, in the 

present work, the momentum and heat transfer phenomena of a single spherical particle and 

those of assemblages of spheres in Newtonian and power-law liquids with linear velocity slip 

boundary condition at the fluid-solid interface are numerically analyzed. The effect of the 

velocity slip at fluid-solid interface is studied by the use of linear velocity slip model. While the 

effect of volume fraction of spheres in assemblages is deliberated by the use of free surface cell 

model. The flow behavior and heat transfer phenomena of single solid spheres and assemblages 

of spheres in Newtonian and power-law fluids are studied using a finite difference method based 

simplified marker and cell (SMAC) semi implicit algorithm. For computational simplicity 

sphere-in-sphere type computational domain has been chosen. Thus the governing continuity, 

momentum and energy equations are considered in spherical coordinates. The convective terms 

being discretized using the quadratic upstream interpolation for convective kinematics (QUICK) 

scheme; while the diffusive and non-Newtonian terms discretized using central differencing 

scheme. Further, the velocity slip effects on the streamline patterns, iso-vorticity contours, drag 

coefficients, surface vorticity, surface pressure, surface viscosity, isotherm contours, surface 

Nusselt number and average Nusselt number of single sphere and of assemblages of spheres in 
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Newtonian and power-law fluids are extensively deliberated as functions of the Reynolds 

number, slip parameter, power-law index, Prandtl number and volume fraction of spheres. In 

summary, in the case of single sphere at Re ≤ 20, there is no flow separation for all slip 

parameters and power-law indices in the present range of investigation. Regardless of value of 

the Reynolds number, there is no flow separation for all values of power-law index provided the 

slip parameter is ≤ 1. For λ ≥ 5 and Re > 20, the recirculation wake length increases with 

increasing Reynolds number and slip parameter. Further, a crossover Reynolds number (at Re ≈ 

5) is found on Cd versus Re curve for all values of the power-law indices; however, this 

crossover Reynolds number is found to be weak function of the slip parameter. Regardless of the 

values of the slip parameter, below this crossover Reynolds number, the drag coefficients 

increased with the decreasing power-law indices, while the opposite trend is observed above this 

crossover Reynolds number. Furthermore, the drag coefficient of spheres in an assemblage 

increased with increasing slip parameter and/or volume fraction of spheres. The thermal 

boundary layer becomes thinner with increasing Reynolds number and/or Prandtl number and/or 

decreasing power-law indices. The average Nusselt number increases with increasing Reynolds 

number and/or Prandtl number and/or volume fraction of spheres and/or decreasing slip 

parameter and/or power-law index. Finally, on the basis of present numerical results, several 

correlations for Cd and Nuavg of single and multiple spherical particles in Newtonian and power-

law fluids with velocity slip at the interface are proposed. 
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Chapter 1 

INTRODUCTION 

1.1. Background 

The fluid flow in contact with solid surface is most common phenomena in environment such as 

desertification and air pollution, and also in industries like in fluidization, sedimentation, 

pneumatic conveying, polymer processing, etc. The choice of appropriate boundary conditions at 

the fluid-solid interface to analyze the flow phenomena may satisfy the most of these practical 

applications. The boundary conditions at the fluid-solid interface vary from ideal to non-ideal, 

i.e., no-slip to slip and in case of temperature constant wall temperature/wall flux to temperature 

jump. The most commonly used boundary condition at the solid surface is „no-slip‟. The no-slip 

boundary condition at a fluid-solid interface states that the fluid molecules adjacent to the surface 

of the solid acquire the same velocity as that of the solid surface velocity. The tangential and 

normal components of the fluid velocity at the fluid-solid interface are zero if the non-porous 

solid is not moving, i.e., the no-slip means that the relative velocity between the fluid and the 

solid is zero at the point of contact. The fluid flow may then acquire various types of non-zero 

velocity field away from the solid surface depending on the nature of flow. The natural basis for 

the no-slip boundary condition is that the interaction potential between the fluid and solid keeps 

the fluid molecules bound to the solid interface. This obstructs fluid movement along the 

interface and prevents the fluid molecules from adopting a velocity that is different from the 

solid surface [1‒4]. Perhaps Bernoulli [4] first suggested that for a fluid flowing along a solid 

surface the fluid velocity at the solid surface must be the same as that of the surface and 

gradually vary when moving away from the surface into the fluid. Afterward, the no-slip 
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boundary condition was enunciated by Coulomb [5] though no convincing explanation was 

presented. Stokes [6] while reviewing various fluid-solid interactions referred to Coulomb‟s 

experiments and clarify that this experiment only partially justify the no-slip condition. The 

reliability of the no-slip boundary condition is often subjected to following factors [6–7].  

1. Comparisons between experiments and theoretical solution of fluid flow problems with 

the use of the no-slip boundary condition.  

2. The nature of the physical surface.  

3. The rheological behavior of the fluid flowing along solid surface.  

4. The interactions between fluid and solid surfaces.  

All these factors are given by Stoke [6–7] but overall justification for the use of the no-slip 

condition is mainly based on the comparison between theoretical and experimental results.  After 

abundant controversy in the 19
th

 century, the no-slip boundary condition became accepted 

because it fitted most physically observed behavior depending on availability of sophisticated 

equipment available till then [8‒9]. This fact holds true in most of the macroscopic experiments, 

i.e., the use of the no-slip boundary condition is reliable. In fact, the no-slip boundary condition 

cannot be derived from the principles of fundamental physics. This is an assumption based on the 

experimental observations of fluid flows over solid surfaces.  

Although this might be a good assumption for many macroscopic systems, there have 

been tenacious doubts for a century about the validity of the no-slip boundary condition. In the 

traditional flow analysis, at the point of fluid-solid contact the velocity continuity is enforced 

along the fluid-solid interface but in case of some macroscopic and many microscopic systems 

the discontinuity of the velocity at the fluid-solid interface arises due to the breakdown of the 
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local thermodynamic equilibrium between the solid surface and adjacent fluid. Therefore, use of 

no-slip boundary condition is questionable for the cases of polymer solutions and melts, complex 

fluids, gas flows, flows over lyophobic surfaces and flows in micro and nano channels [10–15]. 

Figure 1.1 represents the no-slip and velocity slip boundary conditions at the fluid-solid 

interface. It is well-known that many highly non-Newtonian liquids and/or complex fluids such 

as polymer melts/solutions show effective slip at the surface of solid due to reduction in the 

viscosity of the fluid layer close to the solid surface resulting from compositional variation or 

shear thinning [16].  

 

Figure 1.1 Schematic representations of (a) no-slip and (b) velocity slip boundary conditions at 

te fluid-solid interface. 
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Several complex/non-Newtonian fluids, do not obey no-slip boundary condition such as 

polymer melts and solution [17–22, 23–27], suspensions [28–33], dispersions [34–36], gels [37–

41], colloidal dispersions [42–43], pastes [44–45], and foams [46–48]. In case of polymer 

melts/solutions, several polymer melts/solutions obey slip boundary condition for example high-

density polyethylene (HDPE) [16, 19–20, 49], linear low-density polyethylene (LLDPE) [50], 

fluoropolymer (FEP) [51], polyisoprene (PI) [52], polybutadiene (PBD) [18, 53–54], 

polydimethylsiloxane (PDMS) [22 55], polystyrene (PS) [56–57], polycarbonate (PC) [58], 

polyisobutylene (PIB) [59–60], polypropylene (PP) [61–63], poly(ethylene-vinyl) acetate 

(PEVA) [64], polyvinylchloride (PVC) [65–67], polyethylene–propylene–diene-monomer 

(PEPDM) and other rubbers/elastomers [23–25, 68]. The slip mechanism on account of polymer 

melts is due to the first layer of adsorbed macromolecules on the solid surface offering 

discontinuity of velocity at the interface. The slip condition is also found in the cases of gels such 

as hydroxypropyl guar gel [37], microgels of deformable particles [38–40], skin/hair care gels 

[69], viscoplastic hydrogel [41], and gels of colloidal particles [33]. Further in the case of pastes 

as well, significant level of slip has been observed, for examples potato pastes [44], starches 

[45], mayonnaise [70], polytetrafluoroethylene (PTFE) pastes [71–72], bread dough [73], and ice 

cream [74]. Numerous researchers by various experimental approaches showed persuasively that 

variety of Newtonian liquids can also slip over the surfaces of solids [75–85].  

Furthermore, recent simulations [86–87] and experiments [88–89] presented that if 

smooth surfaces are partially wetted then low-viscosity fluids can slip over those surfaces. In 

case of rough surfaces as well fluid particles can be trapped into the pocket of the rough solid 

surface causing fluid slip [92]. Earlier, it was assumed that the slip over smooth surfaces is 

constrained to situations where the solid surface was incompletely wetted by the fluids, but 
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recent experimental studies demonstrate that this is not so. The fluid slip can also occur in cases 

where smooth solid surfaces are wetted completely by the fluid [91–92]. The shear-dependent 

slip was reported in many experiments [93–102]. A few possible reasons for the fluid slip over 

solid surface are surface roughness [103–104], roughness-induced dewetting on hydrophobic 

surfaces [105–106], dissolved gases [107–109], and wetting properties of solid [110]. It is 

possible to make fluid to slip over solid surface by modifying surface properties so that to reduce 

the drag. Schnell [111] treated a glass surface with vapors of dimethyldichlorosilsne to measure 

slip; and thus made glass surface becomes water repellant causing water slippage over the glass 

surface. Several such successful modifications of solid surface have been performed 

experimentally by many researchers [94, 102, 112].  

The amount of slip in a given system can be quantified by a number of parameters, but 

the most commonly quoted parameter across the literature is slip length which is based on 

Navier‟s slip model [113] who first relate a linear slip velocity to the wall shear stress in the form 

of      (
  

  
), where Ls is the slip length that can be interpreted as the fictitious distance into 

the surface to the point where the no-slip boundary condition is satisfied. This slip length is 

believed to be dependent on temperature, pressure, normal stress, molecular parameter, types of 

fluids, surface properties and the characteristic of the fluid-solid interface. Several non-linear slip 

models have also been proposed especially for non-Newtonian fluid flows, for instance, the slip 

velocity is approximated by power law equation i.e. us = Ls (
  

  
)
 

, where m is the power law 

exponent [20]. There are number of experimental methods, indirect and direct, available to 

measure the velocity slip at the solid surface such as fluorescence recovery [75, 77], surface 

force apparatus (SFA) [78, 80], atomic force microscopy (AFM) [93, 95–97], sedimentation 
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[76], streaming current [114], particle image velocimetry [81], pressure drop versus flow rate 

[102, 112], fluorescence cross-correlations [115]. However the traditional method to measure the 

wall slip is by the use of Mooney plots [116–118] rather than by direct observation and 

measurement. In the recent past molecular dynamics simulations have also been widely used 

[86–87, 119–126] to investigate the fluid slip over solid surfaces especially for the cases where 

experimental measurements are very difficult [127]. The molecular dynamics are also applied for 

the sake of validating experimental results or vice-versa [121]. The advantage of molecular 

dynamics is that it can be used to deal with extreme conditions such as high shear rates [125]. 

Other simulation and numerical methods have also been employed to investigate slip such as 

Lattice Boltzmann method [110], direct numerical simulation [117] and large eddy simulation 

[120]. Some of these approaches have been used to overcome the limitations of molecular 

dynamic simulations such as dealing with low shear rates and large system sizes [110] because 

molecular dynamic simulations are usually limited to molecular level.  

1.2. Slip Mechanism 

Slip is a varied phenomenon with different fluid and solid properties and it diverges depending 

on the surrounding conditions and flow system. The fluid-solid interaction can be influenced by 

a number of dynamic and static factors that stimulate the slip. There is no single general concept 

to describe slip phenomena in all situations though, there are numerous phenomena suggested to 

elucidate slip mechanism in certain conditions and flow systems. Some of them are discussed 

here. In the case of flow of polymers, slip is due to the first monolayer of macromolecules which 

adsorbed on the solid surface. Molecular chains form loops and adsorbed on the solid surface at 

abundant locations. The adsorbed chains are also warped with chains in the bulk. Under the 

impact of flow, the following circumstances can happen: (i) desorption/detachment of the chains 
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from the solid induces to weak slip. This is stated as adhesive/true slip. This occurs when the 

solid surface is covered with low surface energy polymer-based coatings or other low surface 

energy coating such as fluoropolymers [58, 84–85, 128–129] (ii) partial chain unraveling from 

the bulk of chains, which are strongly adhere on the solid surface that also causes weak slip. This 

is defined as cohesive slip. This is the more typical phenomena of slip in polymer melts flow past 

the metallic surfaces and is of concern to polymer processing [16-17, 20, 53–54, 130–133]. For 

this situation, interfacial rheological slip laws are required to pretend the respected processes 

[134–139]; (iii) under heavy fluid flow and because of orientation of chain loops adhered on the 

solid in the directions of flow abrupt unraveling arises that indicates the transition of weak slip to 

strong slip [140]. For the instance of polymer solutions, the slip velocity has been accounted to 

rely upon polymer adsorption [25], polymer concentration and wetting properties of the surface 

and the type of polymer molecules [26–27]. Polymer solutions and suspensions exhibit behaviors 

that co-exist with the no-slip boundary condition [23–27].  This is because of a formation of very 

thin low-viscosity layer on the surface due to the movement of the solid particles (suspensions) 

or solute (polymer solutions) away from the surface that is of entropic origin which is defined as 

apparent slip. The slip layer may vary between 0.1 and 2 μm or higher, depending on the particle 

size and concentration. Also in the case of suspensions, the apparent slip depends on 

concentration [31, 141], temperature [30, 142], particle size [30–31] and wetting properties of 

the wall [143]. In case of gel, microgel, colloidal gel/glasses and paste i.e. concentrated 

dispersion of soft particles exhibits a generic slip phenomena in which slip resulted from balance 

between osmatic forces and non-contact elastohydrodynamic interaction between the squeezed 

particle and solid surface. In the case of gels, slip velocity depends on the surface energy of the 

wall (hydrophilic versus hydrophobic surfaces) [144], surface roughness [37–40], and shear 
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history because many of these fluids reveal thixotropic behavior [69]. Similar slip mechanisms 

have been discussed for the colloidal gels/glasses elsewhere [42–43].  

In the case of gases, the mean free path is commonly longer than the molecule size, so 

there will be interaction of gas molecules with the surface without involving another gas 

molecule. Therefore, this interaction can be treated as a simple reflection. If gas molecules have 

some momentum along the solid surface and an incident gas molecule simply sticks to the wall, 

then all of its tangential momentum is transferred to the wall. This is defining as „stick‟ or the 

no-slip condition. At the other extreme, assumed that an incident molecule undergoes specular 

reflection and bouncing off from solid surface with no change in its tangential momentum, then 

the gas molecules experience true slip. While specular reflection is characterized as the balance 

of well-defined angles of incidence and reflection, the key part of the interaction is that the 

surface particle force is always perpendicular to the surface, so the wall cannot change the 

tangential momentum of the colliding molecules. This situation will be always if the surface is 

perfectly flat and rigid, though this is an ideal case [120, 140]. In real systems revealing Knudsen 

slip, there only some fraction of gas molecules will undergo specular reflection [150]. 

It is valuable to recognize three distinct circumstances for a boundary slip since the 

dynamics of fluids at the interface present at different length scales. 

1.2.1. Molecular slip 

True slip at the molecular level occurs, when the fluid molecules are effectively sliding on the 

solid surface if the viscous force between fluid molecules at the interface is stronger than that of 

molecules of the fluid and solid. Molecular slip refers to the prospect of utilizing hydrodynamics 

to force liquid molecules to slip against solid surface. Such concept necessarily involves large 
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forces. In case of gases, the gas-wall interactions were divided into two processes: incidence and 

reflection. In kinetic theory, Maxwell established two classical reflection models, i.e., the 

diffusive and specular models. In the diffusive model, gas molecules are adsorbed near the wall 

for a long time and totally forget the incident information. After that, these molecules are 

desorbed and re-emitted to the half space above the wall. The tangential momentum is 

completely lost and the normal momentum changes to fixed values related to the wall 

temperature in diffusive reflections. In the specular model, where gas molecules experience 

direct elastic collisions with the wall without adsorption which results in molecular slip at the 

fluid-solid interface. In case of liquid, at the ground state the configuration of the atoms in the 

first liquid layer at the wall has a lower energy than any other configuration. Therefore, the 

diffusion of the atoms from the bulk into and out of the first liquid layer will be biased. On the 

other hand, in the absence of a ground state, the arrival and departure of liquid atoms at the solid 

surface are unbiased. The dynamics of the number of atoms can be made equivalent to a random 

walk by determining the change in number of atoms in the bulk and first layer of liquid. This 

random walk of atoms at solid surface results in to true slip at fluid-solid interface. 

Most recent studies have stated that molecular slip (true slip) decreases with increasing 

fluid-solid interactions [87, 123], density of liquid and wall [145–146], whereas increases with 

increasing pressure [87]. The roughness is also found to strongly influence the molecular slip 

[119, 146–149]. Lichter et al. [150] studied the facts of the molecular slip mechanism and 

showed that slip at low shear rates arises by localized defect propagation and changes to slipping 

of entire molecular layers for larger rates. This is true for liquid repellant surfaces [11], but might 

also hold, under particular situations, for lyophilic surfaces [75]. If the sizes of the liquid 

molecules are of equivalent size to the cavities or pockets on the solid surface, then the 
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molecules can trapped in the cavity/pocket on the surface. If molecules size is much larger or 

much smaller cavities on surface then fluids can slide on the surface. This is true for two solids 

sliding along each other [151], but simulations show that it might also hold for liquids on solid 

surfaces [149, 152]. 

1.2.2. Apparent slip 

Apparent slip occurs in a thin layer of low viscosity liquid which forms on the smooth surface of 

solid or in regions of higher shear stress beside of the ridges and peaks of rough solid surfaces 

[153]. However, experiments [154–155] and simulations [150] have revealed that the viscosity of 

simple fluids is in close agreement with the bulk value down to very small separations. This 

occurs when a thin layer of fluid molecules is strongly bound to the surface of solid and the 

velocity gradient adjacent to the surface is so high then the fluid molecules beyond this layer 

seem to slide on the solid surface. The thickness of this layer can be large or as small as a single 

monolayer which is known as a stagnant layer. At room temperature and pressure, there are 

always residual dissolved gases in the liquid. Also at the critical levels of shear stress may be 

cavitation induces in the liquid and produces gas bubbles which may adhere to the surface and 

form a layer at the surface onto which the liquid can slip [78, 80, 98–109]. At a critical value of 

shear rate, a microscopic surface roughness can favor the formation of a layer of turbulent flow 

at the interface, even if the overall flow is laminar and therefore viscosity of this layer is different 

with respect to the bulk liquid [156]. The nature example is the shark-skin effect [157]. 

Arrangement of liquid molecules at surface of solid decreases the friction between adjacent 

layers of liquid and consequently enables the sliding of one layer over other. The arrangement of 

molecules is robust so closer the molecules are on to the solid surface only [119, 158]. 
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1.2.3. Effective slip 

Effective slip is for the cases where molecular or apparent slip at a complex heterogeneous 

surface is estimated by averaging an appropriate measurement over the length scale of the 

experimental apparatus [111, 159–160]. In other words, instead of attempting to solve equations 

of motion at the size of the individual pattern or corrugation, it is suitable to assume the macro-

scale fluid motion on the size larger than the characteristic length of corrugation or the thickness 

of the channel by utilizing effective boundary conditions that can be implemented at the 

imaginary smooth surface. Such an effective condition replicates the actual one along the 

heterogeneous surface. It completely describes that the flow at a real surface and can be utilized 

to solve intricate hydrodynamic problems without complicated calculations. Such an approach is 

supported by a statistical diffusion arguments theory of heterogeneous porous materials, and has 

been acceptable for the situation of Stokes flow over a broad class of surfaces [159–161]. For 

anisotropic surfaces effective slip depends on the direction of flow and is generally a tensor. 

Effective slip also depends on the typical length scales of the system. The example of such a 

heterogeneous system is composite super-hydrophobic surfaces, where a gas layer is steady with 

a rough solid surface texture. For these cases effective slip lengths are frequently very large 

compared to the value of effective slip length on smooth solid surfaces, similarly that observed 

for wetting surface, when the surface is rough and heterogeneous then the contact angle can be 

dramatically enhanced [159]. 

1.3. Development of Slip Models 

The concept of the slip boundary condition at the fluid-solid interface was first suggested by 

Navier [113] based on the knowledge of the dissipative kinetic energy of the external friction and 

external friction force between fluid (A) and solid surface (B) which is delineate as FAB = ʋu, 
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where ʋ = external viscosity, u = tangential fluid velocity component over solid surface. From 

Navier‟s various formulations of fluid dynamics he was able to formulate slip boundary 

condition, i.e., ʋv = 2μdn and simplified in the form of 
s

u
u

n
 

 
  

 
. Next, trying to compare 

the model of external and internal viscous flow with Girard‟s experiments, Navier has arranged 

three analytical solutions for different flows in open channels and in pipes [11]. In these 

solutions, he considered both viscous coefficients μ and ʋ and defined the slip length ls as a ratio 

of fluid viscosity (μ) to external viscosity (ʋ). Navier has also proposed the first closure for the 

slip length for flow of water over glass as equal ls = μ/(0.0023ρ) where ρ and μ  are density and 

viscosity of water respectively. This was verified by Hemholtz and Von Piotrowski [162]. The 

first closure on external friction of a rarefied air over a glass was determined by Kundt and 

Warburg [163] in the form of ls =   ⁄  = 0.7122l where l, is the mean free path of gas molecules 

at actual pressure. The first systematic experimental study reporting the external viscosity for 

liquids and gases has been made by Wiedemann [164], who also invented technical devices 

allowing for measurement of ν and ls. Whetham [165] made several other systematic and critical 

experimental studies. Later on dimensionless slip length (      ⁄ ) propoed by Navier, 

Maxwell [166] interpreted slip length in terms of dimensionless mean free path of molecules, 

2 v
s

v

L Kn




 
  
 

where σv is the tangential momentum accommodation coefficient (TMAC). It 

depends on the type of fluid and solid surface. The coefficient σ has been calculated for various 

materials by fitting the experimental data to the simulation results [167]. TMAC is defined as the 

fraction of gas molecules reflected diffusively from a solid surface in rarefied gas microflows. 

Beskok and Karniadakis [168] proposed a model of a two-parametrical dimensionless slip 
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length, which strongly depends on rarefaction and pressure, 
2

1

v
s

v

Kn
L

bKn





 
  

 
where b is the 

slip coefficient, which is an empirical parameter to be determined either experimentally or from 

linearized Boltzmann or DSMC data. To et al. [169] extended Beskok and Karniadakis‟s model 

for different range of Knudsen number and a constant acceleration gradient in the boundary layer 

in the form of 
2

1v
s

v

Kn
L Kn

Re






   
    

  
. Here, λ is slip parameter which accounts for the 

differences between the idealized conditions used to derive the slip model and the realistic ones. 

Thompson and Trojan [146] proposed the dimensionless slip length for shear flow of liquid as 

function of shear rate i.e. 

0.5

1o

s s

c

L L






 
  

 
. Where   

  is classical rate-independent slip length, 

  and    are the shear rate and critical shear rate respectively. Thompson and Trojan [172] 

suggested that close to a critical shear rate the boundary condition can significantly affect flow 

behavior at macroscopic distances from the wall. They also proposed the slip length for 

turbulence layer,             (      )
     where    is the second invariant of the surface 

deformation rate,   is an intermittency time. After the transition from laminar to layer turbulence, 

enhancement of the external friction may be observed. Numerous values of the slip length and 

the methods of their determination have been reported [3, 37]. Fitting the experimental results, 

with the theoretical results based on slip models, it is often necessary to hypothesize various 

dependency of the slip coefficient on the Knudsen number, and the geometry of a channel [59, 

61]. Loyalka [170] based on Bhatnagar Gross Krook (BGK) kinetic theory proposed a slip length 

 
2

1 0.1871v
v

v







 , and results are exact for σv→0. Loyalka et al. [171] also presented one 
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more slip length model  
2

1 0.1621v
v

v







 , and results are accurate for σv value varies from 0 

to 1. Maurer et al. [172] performed helium and nitrogen flow experiments in shallow micro-

channel at Knudsen number, Kn = 0.8 and 0.6 respectively and developed slip length model that 

is 
2

1 6 v

v

Kn




 
 

 
and

2

2
1 6 12v

v

Kn C Kn




 
  

 
. Myong [173] proposed a gaseous slip model 

4 Pr

P

w Kn P


 
 

 
, based on the langmuir adsorption isotherm. Fichman and Hetsroni [174] 

presented the correction factor for Maxwell equation for 1-D plane and tubular isothermal and 

incompressible flow as function of Knudsen number,  2 31 6 18 4Kn Kn Kn   . Lilley and sader 

[175] presented slip length, 
1 1

1
2 LKn 

 
 

 
 in Knudsen layer. Whereas, Xue and Fan [176] put a 

step forward and presented a high-order slip expression replacing Kn by tanh(Kn) of Maxwell 

slip length i.e. 
2

tanhv
s

v

L Kn




 
  
 

. Bahukudumbi et al. [177] developed new higher order slip 

length model,  1 0.586421.2977 0.71851tan 1.17488Kn   which accurately predicts the velocity 

distribution and shear stress in a wide range of Knudsen number (Kn ≤ 12), and it is valid for low 

subsonic flows with Mach number ≤ 0.3.  

Also various second order velocity slip models have been proposed which are applicable 

at high value of Knudsen number. Generalized form of second order velocity slip model can be 

written as follows and Table 1.1 represents the expression of the second order slip coefficients 

that have been discovered by various researchers. 
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2
2

1 2 2
(1.1)s w

s s

u u
u u C Kn C Kn

n n

   
     

    
 

Table 1.1 Expressions for second order slip coefficients reported in the literature 

Authors Slip coefficient 1, C1 Slip coefficient 2, C2 

Beskok and Karniadakis 

[168] 

1 v

v






 0.5 

Aubert and Colin [172] 
1 v

v






 9/8 

Karniadakis and Beskok 

[178] 

1 v

v






      

1 v

v






  

Jie et al. [179] 
1 v

v






 

1 Rev

v Kn






  

Lockerby et al. [180] 
1 v

v






 

 Pr 19

4



 


 

Ng and Liu [181] 1.15 Kn 0.25Kn
1.35 

Wu [183] 

3 23 3(1 )2 3
;

3 2

v w w

v

f f

Kn





  



 

 4 2

2

1 2
1

4
w wf f

Kn

 
  

 
; 

1min 1
,wf Kn

 
  

 

 

1.4. Effect of Parameters on Velocity Slip 

Direct experimental evidence supported by analytical and computational solutions indicate that 

several factors affect the magnitude of slip. Although the primary mechanism of slip is not 

completely resolved but factors that revealing apparent effect on measured slip has been 

acknowledged. Among the most scrutinized factors are lyophobic surfaces along with that 

surface coating and roughness. Shear stress is one of the controversial parameter which is open 
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up more paths to potential applications. Several other factors that affect the slip are temperature, 

pressure, viscosity, dissolved gases, molecular weight and molecular structure. Some of them are 

discussed here. 

1.4.1. Surface wettability 

Slip is an interfacial phenomenon and so interfacial parameters are imperative. The interfacial 

parameter most comprehensively concerted in the literature is the surface wettability. The 

preliminary assumption that the slippage is only occur on the low wettability solid surface due to 

the weaker fluid-solid molecular attraction. Tentatively, slip has been broadly stated on surfaces 

that have a low surface wettability [11]. Substantial slip expected over the 

hydrophobic/lyophobic surface [11, 14, 79, 88]. After some experimental studies demonstrated 

that slip is likewise present on entirely wetted surfaces at very high shear stress [146]. The 

surface wettability contacting with a liquid droplet can be measured by the contact angle and 

high contact angle indicate the weaker fluid-solid interaction. Thus the friction reduces and 

liquid can slip over the solid surface. Slip has been computed for systems in complete wetting 

[61, 93, 83] and partial wetting [94–98, 100–102]. The amount of slip has usually been found to 

be increasing with contact angle due to the weaker fluid-solid intermolecular attraction. Voronov 

et al. [184] studied a dimensional analysis based on data from molecular dynamic simulations 

and concluded that distinctive fluid-solid combination did not get same slip lengths even with 

having comparable contact angles, as evident in their earlier work (Voronov et al. [124]). From 

their results demonstrated that slip lengths may not always increase with contact angle but the 

relative molecular weight of the fluid and solid should also be considered. Based on experiments 

and simulation studies, one can conclude that the wetting and non-wetting surface slippage is 
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widely accepted but also it depends on the other factors and slip phenomena may be a molecular 

or apparent slip. 

1.4.2. Surface roughness 

The effect of surface roughness on the slip length is debatable in the literatures because it has 

been accounted for that the surface roughness reduces or enhances the slip of fluid over solid. In 

fluid mechanics, the argument is that surface roughness increases viscous dissipation as the fluid 

flows over surface irregularities, which turns to increase the resistance to flow and reduce slip 

[122, 185–189]. Other researchers have claimed that surface roughness limit the fluid-solid 

contact and prevent the fluid from penetrating into the valleys, which can enhance the magnitude 

of slip [93, 149, 190]. Hocking [190] discussed the solution of the Navier-Stokes equation for 

grooves of finite and infinite depth. He concluded that the effect of surface irregularities 

introduces an effective slip coefficient that is proportional to their depth. Wantanabe et al. [191] 

used the Cassie model of surface roughness to argue that the surface tension of the fluid prevents 

penetration into fine grooves on the surface of a wall, reducing the contact area. The lower 

contact area raised the free surface energy at the interface, causing the onset of slip at lower 

shear rates. Thompson et al. [146] studied molecular dynamic simulations of a Newtonian fluid 

over a corrugated surface. They declared that slip is precise by the extent to which the fluid fills 

the solid surface due to corrugations in the surface energy of the solid. In experiments [119, 147] 

and molecular dynamic simulations [125, 148–149,], it is observed that surface roughness 

suppressed slip. An inevitable effect of the surface roughness is the changing of wettability of 

surface. If there are trapped gases in the gaps between the rough surfaces, then the interaction 

between the liquid and solid surface reduces and slip can enhance.  
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1.4.3. Shear rate 

A few experiments [78, 80, 134, 93, 96–97, 99, 101] and molecular dynamic simulations [125, 

192–195] discovered shear-dependent slip. The slip length is a nonlinear function of the shear 

rate. It will be easy to understand how shear stress influences the fluid-solid interface boundary 

condition when analogy of solid material considered. When the shear force applied to solid at 

low shear rates the molecular bonding within the solid material is capable to endure the strain 

force and the bulk material holds together. As the shear force increases, the molecular bonding is 

ultimately overcome and results in a shear failure of the solid. The same analogy has been 

considered for a solid-liquid interface in case of slip. If the shear rate continues to increase 

finally something within the system must fail. This could be a failure of the no slip boundary 

condition assumption. Slip has also been experimentally reported to increase with shear rate, 

rather than remain as a constant. A variety of SFA and AFM lubrication experiments have 

reported shear dependent slip lengths [78, 80, 96, 99]. Thompson et al. [86] provided molecular 

dynamics simulations to quantify shear rate dependent slip boundary condition. They found that 

the slip length is independent to the shear stress at low value shear stress, but increases rapidly 

with the shear stress above critical value of shear stress. The experimental results of Ulmanella 

and Ho [196] from nano-channel flow measurements to hint at a limiting value of slip velocity at 

high shear rates. 

1.4.4 Absorption of surfactant on solid surface 

Adsorption of surfactants will diminish the solid−liquid surface vitality by adsorbing on the 

surface. The surfactant can likewise have a high two dimensional diffusivity along an interface 

thus they are a sensible decision when endeavoring to persuade slip. Zhu and Granick [85] used 

surfactant in slip experiments of organic solution and observed the enhancement of the slip 
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length. Henry et al. [96] observed that if surface covered with surfactant then the slip is 

independent of surface wettability and also observed the similar magnitude of slip on 

hydrophobic and hydrophilic surfaces. Various researchers have contended that slip might be 

brought on by a gas crevice or nano-bubbles nucleating on the surface of solid [12, 14, 107]. 

However, recollect that surfactant at a solid−liquid interface can avert velocity transfer from the 

liquid phase to the gas phase. The surfactant particles can deliver a Marangoni diffusive back 

pressure that balances the shear stress at the interface and immobilizes the liquid−gas interface. 

In the vicinity of surfactant, nanobubbles at the solid-fluid interface might be relied upon to carry 

on more such as deformable solids or inflatables, with zero fluid velocity at the gas-liquid 

interface. Under these conditions, the accumulation of surfactant can be expected to eliminate 

any apparent slip on the solid-fluid interface [197].  

1.4.5 Dissolved gases 

The magnitude of slip depends on the quantity and type of dissolved gas. The group of E. 

Charlaix at the University of Lyon reports that slip experiments on hydrophobic surfaces 

performed in a clean room environment lead to much smaller slip lengths than similar 

experiments performed in contact with air, with results that are reproducible and agree with 

molecular dynamic simulations. A similar result is observed in the sedimentation study of 

Boehnke et al. [76] there is no-slip in vacuum conditions but slip observed only when the liquid 

is in contact with air. It is also revealed that the type of dissolved gas matters. Granick et al. 

[198] performed experiment on tetradecane saturated with CO2 which is consistent with no-slip 

but significant slip observed when saturated with argon whereas the opposite behavior is 

observed for water.  
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1.4.6 Temperature and pressure 

Temperature and pressure [14, 110, 155, 199–202] also have an influence on the degree of slip 

either through a change in the properties of solid surface and/or fluid, or by changing the nature 

of fluid-solid interaction. Temperature and pressure can also affect another phase which 

contributes in the slip of fluids such as a thin film of gas or a dissolved species or nanobubbles 

accumulated on the surface [200, 203]. The surface wettability is usually depend on temperature, 

and the temperature may also have an effect on the molecular collision frequency, and therefore 

on the momentum exchange between the solid surface and the fluid. The molecular dynamics 

simulations based work due to Guo et al. [201] stated that the slip length usually decreased with 

increasing temperature. Based on Lauga et al.‟s model for the slip length, the slip may be 

inversely proportion to temperature [204]. However, Choi et al. [205] verified that high shear 

rates generated viscous heating and increases the slip length. Tretheway et al. [199] observed that 

the slip decreases with the increasing pressure. This is due to that an increasing pressure might 

decrease the sizes of the surface trapped bubbles. The pressure gradient dependence slip length 

proposed by Ruckenstein et al. [14] based on equilibrium thermodynamics.  

1.4.7 Viscosity 

Apparent slips are supposed to arise in a thin layer of liquids with low viscosity adjacent to 

smooth solid surface or in regions of higher shear beside to the crests and edges of a rough solid 

surface [205]. From the Navier-Stokes equations it is known that the velocity gradient in the flow 

field is a function of the solution viscosity. By reducing the viscosity in regions of high shear 

stress, the hydrodynamic drag may be reduced because of the greater velocity gradient. This may 

be thought of as providing an apparent slip. In many flow profiles, the shear stresses are greatest 

near the solid-liquid interface. If a fluid is shear-thinning non-Newtonian, it can show a reduction 
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in viscosity in these high shear regions. This can also result in the apparent slip. Craig et al. [82] 

reported that the slip length increases with increasing liquid viscosity. Based on molecular 

dynamics simulations Lichter et al. [122] presented linear dependence of the slip length on the 

viscosity of liquid, which is in agreement with the experimental results. 

1.5. Velocity Slip along the Surface of Spherical Particles  

Most of the aforementioned details are often restricted to cylindrical solid walls or/and flat 

plates; however, a few researchers have also investigated the effect of slip velocity on the surface 

of solid particles in the limit of zero Reynolds number [206–209]. It is not exaggeratory to 

mention that the flow past solid particles occur in numerous applications such as fixed and 

fluidized bed reactors, pneumatic conveying, nuclear reactors, sedimentation, sewage sludge, 

coal combustion, airborne dynamics and suspension flows. Furthermore examples includes 

particulate matters in a smog, coal liquification, polymer processing, catalytic cracking, paint, 

paper pulp, aluminium powders in combustion chambers, mixing processes in chemical 

engineering, and heavy materials separation in nuclear engineering. Thus Basset [210] derived an 

analytical solution for the slip flow past a solid spherical particle translating in infinite fluid at 

low Reynolds numbers and generalized stokes law for the drag force. Keh and Chen [211] 

generalized Faxen‟s law to calculate slip velocity on a surface of spherical particle. Faltas and 

Saad [214] studied the Stokes flow past assemblages of slip spherical particles-in-cell with a 

linear slip boundary condition at the interface in conjunction with Happel [215] and Kuwabara 

[216] boundary conditions at the cell fictitious surface. Atefi et. al. [217] numerically studied 3-

D steady viscous fluid flow past stationary suspended spherical particle with slip condition at 

low to moderate Reynolds numbers and discussed the effect of slip on wake length, flow 

separation and drag coefficient at Reynolds number in the range of 0.1 ≤ Re ≤ 200.  
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Along with the momentum transfer phenomena, heat transfer phenomena is also 

important because in most of the aforementioned processes, fluid dynamics combined with heat 

transfer plays an important role in the effectiveness of their performance. Temperature 

distributions play important roles in the fluid-solid interaction. Temperature distribution and flux 

between particle and fluid are known to affect many chemical reactions, for example fluidization 

in pharmaceutical process. Also in the petroleum, mineral and chemical industries, the heat 

transfer between catalyst particle and reactants is decisive for the stable chemical reaction. 

Therefore, an adequate knowledge of the rate of heat transfer from particles to fluids is a 

prerequisite for the understanding characteristics of system. In fluidized and packed bed, the rate 

of heat transfer between the particles and fluid is influenced by a large number of variables like 

efficiency of fluid slip, solid and fluid properties, distribution of particles, temperature, fluid 

flow rate as well as boundary conditions. The most common boundary condition for energy 

equation is constant wall temperature or constant wall flux. Experimental observations show that 

the temperature of a fluid at a surface may not equal to the surface temperature. The difference is 

known as temperature jump and is determined by the heat flux normal to the surface. Based on 

the analogy of slip flow, Poisson suggested that the temperature jump can be described by 

        (
  

  
), where    is temperature jump length. Smoluchowski [218] experimentally 

confirmed this hypothesis and proposed an equation for 
2 2

1 Pr

T

T

T

Kn



   
   

   
. A general 

temperature jump condition for rarefied multicomponent gas flows is also described by Zade et 

al. [219]. Gokcen and MacCormack [220] proposed a temperature jump condition both to 

simplify the smoluchowski jump condition, and to yield the correct heat transfer in free 

molecular flow in the limiting case of very large Knudsen numbers. Some researchers 
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investigated the effect of slip velocity and temperature jump on the heat transfer from a sphere in 

a low Reynolds number flow [221–223]. Vasudeviah and Balamurugan [224] obtained an 

analytical expression for the mean Nusselt number, where Re < 1 and Pr of O(1). They 

considered slip velocity boundary condition in their calculations and neglected the temperature 

jump.  Most of the literatures of heat transfer in slip flow past solid are available for the flow 

over single spherical particle where Re < 1, rotating sphere, particle motion under rarefied 

condition, microfluidic and nanofluidic systems [225–231]. There is very less number of 

literature on momentum and heat transfer study for slip flow of Newtonian and non-Newtonian 

fluid past single particle as well as assemblages of particles. Therefore, the main aim of this work 

is to numerically study the momentum and heat transfer phenomena of the Newtonian and non-

Newtonian power law fluids flow past single and assemblage of solid spherical particles with a 

linear slip boundary condition at the solid-fluid interface. 

1.6. Outline of Thesis 

This dissertation work dealing with the numerical investigation of momentum and heat transfer 

phenomena of single and assemblages of spherical particles in Newtonian and power-law fluids 

with linear velocity slip boundary condition at the fluids-solid interface is organized into seven 

chapters as follows:  

 Chapter 1 gives the background of the research highlighting the importance of the fluid-

particle flow as well as velocity slip boundary condition. Some specific applications 

which involve particle-fluid flow are revised. The mechanism of slip flow, various slip 

models, and parameters that affect the slip boundary condition are also discussed in this 

chapter.  
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 Chapter 2 deals with literature available for single and assemblage of spherical particles 

in Newtonian and non-Newtonian fluids. Reviews relevant theories and previous work 

closely related to the scope of this study. The objectives are also given in this chapter. 

 Chapter 3 deals with problem statement and mathematical formulation for the momentum 

and heat transfer phenomena of single and assemblages of spherical particles in 

Newtonian and non-Newtonian fluids. This chapter also presents the underlying 

assumptions, field equations, appropriate boundary conditions and the dimensionless 

parameters associated with the present study. Further this chapter also presents the post 

processing of results to infer the values of the derived parameters like drag coefficients, 

Nusselt numbers, streamlines, concentration contours, etc. as functions of pertinent 

kinematic and rheological parameters. 

 Chapter 4 deals with the numerical methodology for studying momentum and heat 

transfer phenomena of single and assemblages of spherical particles in Newtonian and 

non-Newtonian fluids. This chapter also presents discretization of governing equations 

and boundary conditions.  

 Chapter 5 presents choice of numerical parameters by means of domain and grid 

independence studies. Further this chapter also presents the reliability and accuracy of 

present numerical solver by comparing present results with literature counterparts. 

 Chapter 6 deals with results and discussion of different cases considered in this study. To 

be specific, the momentum transfer behavior of single particle in unconfined Newtonian 

and power-law fluids is investigated; whereas the associated heat transfer phenomenon 

also has been investigated. Finally the drag and heat transfer phenomenon of assemblages 
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of spherical particles in Newtonian and power-law fluids are studied. The streamline 

patterns, vorticity contours, surface pressure distribution, surface vorticity distribution, 

drag coefficient, drag ratio, isotherm contours, surface Nusselt number and average 

Nusselt number for wide range of Reynolds number, Prandtl number, volume fraction, 

power-law indices and slip parameter are delineated and discussed in details.  

 Chapter 7 summarizes the major findings of this dissertation work along with the possible 

scope for future work. 
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Chapter 2 

LITERATURE REVIEW 

The literatures on the momentum and heat transfer phenomena of spherical particles in 

Newtonian and non-Newtonian fluids with no-slip boundary condition at the solid-fluid interface 

have been thoroughly reviewed in several books [232−234]. Neto et al. [235] reviewed 

experimental investigations of hydrodynamic boundary conditions for the Newtonian fluid flow 

in contact with solid surface and found evidence for slip of Newtonian liquid at solid-fluid 

interface by number of techniques which are suitable for the study of flow phenomena near 

interfaces. Sochi [236] reviewed the experimental as well as theoretical studies of non-

Newtonian liquids slip at the fluid-solid interface, its mechanism and parameter affecting the slip 

flow. Lauga et al. [237] presented the view of the usage of slip boundary condition to explain the 

motion at a solid-liquid interface. They gave emphasize on to distinguish between continuum slip 

at a liquid-solid interface, microscopic slip at the individual molecules level and apparent slip at 

the complex and heterogeneous boundaries. Colin [238] and Kandlikar et al. [239] presented a 

review on heat transfer in microchannels, concentrating on rarefaction effects in the slip flow 

regime. Colin [238] compared numerical and analytical models available in literatures for 

various heat transfer conditions and microchannel geometries. Thus this chapter presents brief 

recount of analogous literature for the case of slip flow of Newtonian and non-Newtonian fluids 

past spherical particle as well as flow through micro-channel. However, the literature on the 

momentum and heat transfer phenomena of assemblages of spherical particles in non-Newtonian 

fluids is virtually non-existent even in the creeping flow regime, let alone for intermediate to 

large Reynolds numbers. 
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2.1 Flow Phenomena 

2.1.1 Newtonian fluids 

The concept of velocity slip boundary condition at solid-fluid interface was first advised by 

Navier [113]. Thereafter several models have been suggested to improve the prediction of the 

non-equilibrium regions near the solid boundaries with continuum methods. Basset [210] first 

obtained an analytical result for the slip flow past a spherical particle in infinite fluid medium 

with linear velocity slip boundary condition at solid-fluid interface at low Reynolds numbers (Re 

 1) and obtained following correlation for drag coefficient on sphere in the creeping flow limit: 

12 2

Re 3
dC





 
  

 
  (2.1) 

 Allen [240] studied the freely falling sphere in the viscous fluids and obtained following 

expression for limiting velocity of sphere freely falling in the viscous fluid in the limit of infinite 

slip (λ→0) to no-slip (λ→∞). He used this expression to calculate velocity of solid sphere and 

fluid sphere in viscous fluid 

22 3

9 2

s l R
V gR

R

   

  

   
   

  
            (2.2) 

Padmavathi et al. [207] obtained the solution to Stokes equation for an incompressible flow of 

viscous fluid past a spherical particle with mixed no-slip (λ→0) and infinite slip (λ→∞) 

boundary conditions. They presented the Faxen‟s law for the torque and drag on the surface of 

sphere for all value of λ. Takata et al. [241] investigated the flow of the rarefied gas over a solid 

sphere on the basis of the linearized Boltzmann (LBM) equation for the hard-sphere molecules 

with the diffuse reflection condition. Keh and Chang [31] analytically studied the Faxen relation 

for a solid sphere in an unbounded Stokesian flow for the case where the surrounding fluids slip 
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at the surface of the solid particle. They obtained analytical equations for the hydrodynamic 

torque, force and stress-let on the particle. Keh and Shaiu [242] theoretically examined the 

motion of spherical particles and circular cylindrical particles in unbounded fluid with linear 

velocity slip at solid-fluid interface at small Reynolds number (0  Re  1). They also suggested 

following correlation for drag exerted on sphere for slip parameter in the range of 0  β  ∞.  

 
2

2 212 1 2 3 1 2 9 1 2
1 Re Re log Re 0 Re

Re 1 3 8 1 3 40 1 3
dC

  

  

        
         

         

        (2.3) 

Barber and Emerson [243] derived an analytical solution for rarefied gas flow past an unconfined 

sphere in creeping flow range with linear velocity slip boundary condition at solid-fluid interface 

and obtained the following total drag formulae for Kn  1. It contains pressure drag, skin-friction 

drag and normal stress drag.  

Total drag 
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1 4
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 

              (2.4) 

Where σv thermal momentum accommodation coefficient. Keh and Huang [244] investigated a 

combined analytical-numerical solution for the Stokes flow caused by a rotating spheroidal rigid 

particle in viscous fluid with slip at fluid-solid interface. Wen and Lai [245] theoretically 

investigated the flow passing a solid sphere moving in micro-tube with linear velocity slip 

boundary condition at solid-fluid solid in the slip flow regime (0.01  Kn  0.1). In this, two 

cases have been studied. Case ӏ is for a sphere moving along the centerline, though case ӏӏ for a 

sphere moving parallel to the centerline of a micro-tube. Meigounpoory et al. [246] numerically 

studied the lift and drag forces acting on a rotating spherical particle suspended in uniform flow 

of Newtonian liquid. They assumed that the velocity slip is directly proportional to the tangential 
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shear stress at surface of sphere and analyzed the effect of slip in range of Reynolds number, 0.1 

 Re  100, angular velocity, 0  Ω  1, slip number, 10
-5

  λ  10
5
. Using similar slip 

boundary condition, Atefi et al. [217] analyzed 3‐D steady Newtonian fluid flow past a 

stationary solid spherical particle at low and moderate Reynolds numbers (0.1 ≤ Re ≤ 200) for 

infinite slip (λ→0) to no-slip (λ→∞) at the interface. Swan and Khair [247] investigated the 

hydrodynamic of a slip-stick boundary condition on a sphere whose surface was partitioned into 

no-slip regions and finite slip regions. They first analyzed the translational velocity of a sphere 

because of the force density on particle surface and then the rotational velocity and the response 

to an ambient straining field of a stick-slip sphere. Willmott [248] stated the dynamic resistances 

of a solid sphere in an infinite medium of Newtonian fluid at Re→0 with inhomogeneous 

velocity slip boundary condition by treating boundary condition as perturbation for a 

homogeneous sphere and assumed the slip length is much smaller than radius of sphere. Luo and 

Pozrikidis [249] studied the motion of a sphere in unbound linear flow and near the plane of a 

wall with velocity slip boundary condition on both the surfaces particle as well as the wall at 

Re→0. An exact solution is derived using the singularity method, and provided analytical 

expressions for the torque, force, and stress-let in the form of the slip coefficients by simplifying 

the Stokes–Basset–Einstein law. Moshfegh et al. [250] studied the 3-D incompressible slip flow 

over a aerosol particle by solving Navier-Stokes equation. They used the first order linear slip 

boundary condition at gas-particle interface and obtained expression for slip correction factor in 

slip flow regime as a function of Reynolds number (0  Re  1) and Knudsen number (0.01  

Kn  0.1). Further they extended their study in the range of Reynolds number, 0.125  Re  20 

and proposed the following correlation for drag, but it is accurate only for Reynolds number 

close to zero [251].  
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Feng [252] numerically investigated the hydrodynamics of flow around a sphere in presence of 

interface slip and in the range of Reynolds number, 0  Re  75. He developed a following 

correlation for drag coefficient based on numerical results in range of infinite slip (λ→0) to no-

slip (λ→∞). 
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dC

 

  

  
   
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    (2.6) 

Datta and Singhal [253] deliberated the uniform velocity slip flow of viscous fluid over a solid 

sphere with a source at its centre under Stokes approximation at range of low Reynolds number. 

The matched asymptotic expansions method is used to generate the inner and outer solutions 

pertaining to the problem. The effects of slip boundary condition on streamlines pattern and drag 

force are discussed thoroughly. Ashmawy [254] analyzed the rotational motion of an 

axisymmetric body in the Newtonian fluid using analytical and numerical techniques. He 

employed a linear approximation for the density functions and also applied the collocation 

technique to satisfy the linear velocity slip boundary condition at the solid-fluid interface. He 

obtains the numerical results for the special cases of prolate, prolate spheroid, and oblate Cassini 

oval and oblate spheroid by using singularity method.  Later on Ashmawy [255−257] extended 

his work to the unsteady rotational motion of a slip sphere, unsteady stoke flow of 

incompressible couple stress fluid around rotating sphere and drag on a slip sphere moving in a 

couple stress fluid. Chang and Keh [258] examined the problem of slow slip flow of Newtonian 

fluid past a slightly deform rigid spherical particle. Further they also studied the rotation of a 

solid spheroidal particle in viscous fluid with velocity slip boundary condition at the solid-fluid 

interface in the limit of zero Reynolds number [259]. Niazmand and Anbarsooz [260] a 
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numerical analysis performed to recognize the effect of rarefaction on the flow phenomena of a 

micron-sized spherical particle in the slip flow regime at the range of intermediate Reynolds 

numbers (1 ≤ Re ≤ 50).  They applied Maxwell‟s velocity slip boundary condition at the interface 

to analysis the effect of slip and proposed the following correlation based on numerical results. 

2

2

27.979 63.722 207.029 2.893ln(Re)

1 0.097 0.656ln(Re) 0.456ln (Re)
d

Kn Kn
C

Kn

  


  
          (2.7) 

Varet et al. [261] analyzed the free falling sphere in the viscous fluid and investigate the effect of 

the velocity slip boundary conditions at the solid-fluid interface. Lee and Keh [262] analytically 

and numerically investigated creeping flow caused by the translation and rotational motion of a 

sphere in the viscous fluid within a spherical cavity and established a general solution to Stokes 

equations from fundamental solutions in two spherical coordinate system based on both the 

cavity and particle.  

In case of multiple particles, Hocking [263] analyzed the effect of velocity slip on the 

motion of a spherical particle closed to wall and on the two adjacent spheres using lubrication 

theory. He considered Maxwell slip flow approximation to prove that when gap is small between 

surfaces then the resisting forces are logarithmically dependent on gap between the approaching 

surfaces and contact can be attained in a finite time. Reed and Morrison [206] presented an 

analysis of continuum-slip flow of the motion of two solid spheres and motion of a solid sphere 

normal to a wall and examined the effect of the spherical particle interaction with other particle 

and with plane wall in continuum-slip flow regime in the limit of infinite slip and no-slip at 

Re→0. Datta and Deo [264] obtained the solution to the Stokes flow past randomly and 

homogeneously distributed cylinders/spheres with slip velocity boundary condition at solid-fluid 

interface. They used particle-in-cell model to handle multi-particle system and implement 
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Kuwabara boundary condition at cell surface. Faltas and Saad [214] investigated the 

axisymmetric Stoke flow of an incompressible Newtonian fluid past an assemblage of slip 

spheres using combined analytical-numerical method. They also applied particle-in-cell models 

to study the multi-particle system. Happel and Kuwabara boundary condition was applied at the 

cell surface whereas linear velocity slip of Basset-type boundary condition was applied at the 

fluid-solid interface. Using similar slip boundary condition, they extended their work to the 

steady axisymmetric flow of Newtonian fluid confined in two eccentric spheres which rotate 

about an axis joining their centers with different angular velocities [265]. Ghosh et al. [266] 

experimentally examined the effect of the particle concentration on the apparent slip length for 

the flow of suspensions of the colloidal hard spheres through micro-channels. They measured 

apparent slip length by extrapolating the velocity profiles to zero and this analysis made by 

systematic variations of particle volume fraction (0.03  Φ  0.42) and Peclet number (2  Pe  

50). Sahu et al. [267] and Ghosh et al. [268˗270] studied the velocity slip flow in the plane and 

slippery channel. 

In case of fixed and fluidized bed, Subramanian [271] carried out experiments in a 

circulating fluidized bed to measure the total pressure drop and axial pressure profile in the 

extensive range of the operating conditions. He developed a slip velocity model by considering 

the effect of all hindrance such as particle-wall, particle-particle and particle agglomeration. 

Palani et al. [272] experimentally investigated the slip between the phases in liquid-solid 

circulating fluidized bed and discussed the variation of slip velocity with solids velocity, 

superficial liquid velocity, bed voidage and particle size and density. They proposed following 

empirical correlation of slip velocity. 
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Tenneti et al. [273] used well-resolved particle-resolved direct numerical simulation (PR-DNS) 

based on the particle-resolved Reconcilable Immersed Boundary Method continuum solver to 

simulate the Navier-Stokes equations and obtained the drag force in gas-solid flows in the wide 

range of flow parameters (0.1 ≤ Φ ≤ 0.5; 0.01 ≤ Rem ≤ 300). They also suggested a drag law as a 

function of Φ and Rem. Mehrabadi et al. [274] also used particle-resolved direct numerical 

simulation (PR-DNS) to compute the drag force on fixed particle assemblies as well as freely 

evolving suspension over the intermediate range of particle volume fraction, 0.1 ≤ Φ ≤ 0.35 and 

the mean slip Reynolds number, 0.01 ≤ Rem ≤ 50. 

2.1.2 Non-Newtonian fluids 

Moosaie and Atefi [275] analyzed the Stokes flow of micropolar fluids past a rigid sphere based 

on the theory of Cosserat continua. A linear velocity slip boundary condition was applied on the 

solid-fluid interface and obtained following expression for drag coefficient in range of infinite 

slip (λ→0) to no-slip (λ→∞).  
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                      (2.9) 

Sherif et al. [276] performed a combined analytical-numerical solution for the axisymmetric 

Stokes flow caused by the translating motion of a solid sphere in micropolar fluid perpendicular 

to a plane wall at the random position from the wall. A linear, Basset type velocity slip boundary 

condition has been used at the fluid-solid interface. Kalyon and Malik [277] provided an 

analytical solution for the axial annular incompressible flows of Hershel−Bulkley, Bingham 

TH-1736_126107007



34 
 

plastic, power-law, and Newtonian fluids with non-linear slip and no-slip boundary condition at 

one or both the surface of annulus in creeping flow regime. Ansari et al. [278] experimentally 

and numerically studied the capillary flow of the HDPE melt and examined the effect of 

temperature and pressure on viscosity, and effect of slip velocity on capillary flow. They 

concluded the effects of wall slip are significant for HDPE flow compared to viscous heating. 

Ferras et al. [279] presented analytical solutions for both Newtonian and non-Newtonian fluids 

with velocity slip boundary conditions in Poiseuille and Couette flows using the Navier‟s linear 

and non-linear slip condition. Further Ferras et al. [280] numerically and analytically studied the 

flow of viscoelastic fluid flows through axial and helical annular with linear and non-linear 

Navier‟s slip condition. Mallik [281] developed a mathematical model to study the blood flow 

through an atherosclerotic artery with slip velocity at wall and power-law fluid model used to 

account blood phenomena. Tang and Kalyon [137] experimentally and numerically studied the 

time-dependent compressible flow of poly (dimethyl siloxane) in circular tube with pressure 

dependent slip at the wall. They determined parameters of pressure-dependent wall slip and shear 

viscosity of the PDMS using combinations of steady torsion, small-amplitude oscillatory shear, 

and squeeze flows which employed to predict the time-dependent flow behavior of the PDMS in 

circular tube. Housiadas [282] analytically investigated the effect of slip at the wall for 

viscoelastic fluids flow in channel/slits and circular tubes with non-linear velocity slip boundary 

condition at solid-fluid interface. Khan and Mahmood [283] investigated the effect of the slip 

boundary condition on the flow of third order fluid over inclined plane by using perturbation 

method and developed expressions for average film velocity and volume flux. Allende and 

Kalyon [284] revealed the influence of the slip at the wall slip for the migration of spherical 

particles in the transverse flow direction in Poiseuille flow. Although numerous studies have 
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been made on the rheological behavior of polymer solutions, relatively little work has been done 

on concentrated suspensions. Such concentrated suspensions are usually non-Newtonian and 

exhibit various degrees of plasticity, dilatancy and/or thixotropy. Several researchers proposed 

that wall slip of suspensions is due to the formation of a slip layer between the bulk flow and the 

wall. Green [285] identified a thin slip layer of a pure polymeric fluid in the flow of suspensions 

under a microscope whereas Bingham [286] suggested that slip arises from a lack of adhesion 

between the shearing surface and the material. Yilmazer and Kalyon [287] obtained the ratio of 

the thickness of slip layer thickness to the particle diameter to be 0.06 for the 60% volume of 

ammonium sulfate particles in suspension. Whereas Soltani and Yilmazer [289] determined the 

ratio of the thickness of slip layer to the particle diameter for glass beads and Aluminium 

particles suspended in polybutadiene as 0.04 and 0.07, respectively. Kalyon [30] measured slip 

layer thickness in the range of 2- 30 µm for KCI particles suspension (61.9% by volume) in the 

capillary flow. The ratio 0.09 of the mean slip layer thickness over the harmonic mean particle 

diameter (≈121 μm) was obtained. For shear thickening solutions, a slip layer thickness about 

100 µm at low shear rates, and 50-60 µm at high shear rates, was determined using Microscopic 

Particle Imaging Velocimetry (MPIV) [285]. Ellahi [290] examine the significances of the slip at 

the surface of the plates for the flows of an Oldroyd 8-constant fluid. The governing non-linear 

problems are solved by using homotopy analysis method (HAM). Sunarso et al. [291] 

implemented numerical simulation to investigate the influence of slip at the wall for flow of 

Newtonian and non-Newtonian fluids in micro and macro channels with power-law velocity slip 

boundary condition at the interface. They observed that the slip introduces different vortex 

growth for the flow in micro channel as compared to that in macro channel. 
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2.2 Heat Transfer 

2.2.1 Newtonian fluids 

Taylor [292] analytically investigated the influence of velocity slip and temperature jump on the 

heat transfer from a sphere to fluid at low Reynolds number slip flow and for small and large 

Peclet number. Mikami et al. [293] obtained the experimental results on the conductive heat 

transfer from a solid spherical particle to pure gases and their mixtures and also obtained its 

analytical solution. They obtained the following correlation for Nusselt number based on their 

analytical results which is in good agreement with experimental data that in range of Knudsen 

number 0.016  Kn  0.8 for various mixtures of hydrogen, helium and nitrogen gases. 
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            (2.10) 

Finally, the rate of heat transfer predicted by Eq. (2.10) also agrees well with the predictions 

obtained using the expression recently derived by Feng and Michaelides in the limit Pe → 0. 

Kavanau and Drake [294] experimentally and analytically studied the overall heat transfer from 

sphere to rarefied gas in subsonic flow in the presence of temperature jump boundary condition 

at intermediate Reynolds number (1.7  Re  124). Using the method of matched asymptotic 

expansions, Vasudeviah and Balamurugan [224] acquired an analytical solution for convective 

heat transfer from a sphere to viscous incompressible fluid with mixed slip-stick boundary 

conditions at Reynolds number Re < 1 and Pr of O(1). Here, they neglected the temperature 

jump but considered velocity slip boundary condition in their calculations. Strom and Sasic [223] 

investigated the effects slip flow on heat transfer for the motion of small particles in rarefied 

flow and obtained the suitable framework as a generic multiphase DNS method for rarefied 

flows. Mohajer et al. [221] carried out a 3D numerical simulation of slip flow past an unconfined 
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stationary spherical particle with variable properties of gas and Knudsen number (0.01  Kn  

0.1). They explored the effects of three variables Reynolds number, Knudsen number and 

temperature difference between the ambient and particle on heat transfer from a sphere to fluid in 

slip flow regime. It was observed that the velocity slip and temperature jump affect the heat 

transfer in reverse ways. Anbarsooz and Niazmand [295] numerically investigated the heat 

transfer characteristics of slip flow over an isolated solid sphere at intermediate Reynolds 

numbers (0  Re  50) for Prandtl numbers in the range of 0.7  Pr  7.0. They solved Navier–

Stokes and energy equations by a control volume technique in conjunction with the linear 

velocity slip and temperature jump boundary conditions. Also for the limiting case of Re→0, 

derived an analytical solution for the average Nusselt number in slip regime and proposed 

following expression. 
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Hashizume and Kimura [296] experimentally studied the heat transfer characteristics in solid-

liquid fluidized bed. They observed that the heat transfer coefficient is function of the slip 

velocity between liquid and the particles and proposed a correlation for Nusselt number based on 

their experimental data.  

Colin [238] and Kandlikar et al. [239] presented a review on convective heat transfer in 

microchannels, concentrating on rarefaction effects in the slip flow regime. Numerical and 

analytical models are compared for various heat transfer conditions and microchannel 

geometries. Convection heat transfer in circular and non-circular microchannels has been studied 

by several researchers over the years [297−302]. In these studies, the influence of velocity slip 

and temperature jump at the solid surface is considered. The main finding was that velocity slip 
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and temperature jump has reverse effects on the rate of heat transfer. The velocity slip tends to 

increase the heat transfer rate whereas the temperature jump tends to decrease it. Ozturk [303] 

analytically investigated the steady laminar flow and heat transfer of an electrically conducting 

viscous fluid between two parallel plates with a velocity slip and temperature jump boundary 

condition is in the presence of a transverse magnetic field. Ozturk [303] discussed the influence 

of Hartmann number, Brinkman number and Knudsen number on the temperature and velocity 

distribution and on the heat transfer characteristics. Sircar [304] derived an analytical solution for 

fully developed, immiscible two-phase (gas and liquid) flow between parallel plates with 

velocity slip and temperature jump boundary condition and obtained the velocity field, 

temperature distribution and Nusselt number in flow regime. The influence of the thermal 

accommodation coefficients and Knudsen number on the velocity and temperature profiles, and 

overall temperature rise at the lower plate and the reduction of the shear stress due to the gas 

layer were also examined. Niazmand [305] studied the rarefaction effects in simultaneously 

hydrodynamically and thermally developing 3-D micro flows in rectangular channels for Kn ≤ 

0.1 based on a control-volume numerical approach. The effects of velocity slip, thermal creep 

and temperature jump on the momentum and heat transfer phenomena are examined in detail. EI-

Nahhas [306] studied the nonlinear flow of Newtonian fluid in a microchannel between two 

parallel plates and analyzed the effects of velocity slip, viscous dissipation, and temperature 

jump at the surface of solid. The homotopy analysis technique is used to obtain analytic 

approximations for this problem. Yazdi et al. [307] studied the convective heat transfer of the 

slip flow past horizontal solid surface within the porous media with constant heat flux boundary 

conditions. They assumed the fluid is a continuum, but employs a slip boundary condition on the 

wall. Ambethkar and Srivastava [308] numerically investigated 2-D incompressible viscous fluid 
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flow and heat transfer at moderate Reynolds number with velocity slip boundary conditions at 

the interface. Rana et al. [309] numerically investigated the flow phenomena and heat transfer 

characteristics of a rarefied gas confined in a bottom heated square cavity with velocity slip and 

jump boundary condition by solving NSF equations. Boutebba and Kaabar [310] studied heat 

transfer between heated tungsten wire and surrounding rarefied gas (N2) with low pressure 

boundary slip at the interface. 

2.2.1 Non-Newtonian fluids 

Ahmad et al. [311] designed the stationary and moving thermocouple experiment to analyze the 

heat transfer between the fluid and a particle in tube flow using water and carboxymethylcelluse 

(CMC) solution. Analyzed the effect of fluid temperature, viscosity and fluid-to-particle slip 

velocity on heat transfer rate and obtained following correlation for Nusselt number for particle 

in CMC solution. 
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         (2.12) 

Barkhordari and Etemad [312] performed numerical investigation to study flow behavior and 

temperature profile of non-Newtonian liquids in circular micro-channels. The flow is considered 

to be steady, axisymmetric, incompressible, laminar, slip and power law model is used to 

characterize the behavior of the non-Newtonian fluid. Mahmoud [313] analyzed the effects of 

slip and heat generation on the flow of a power-law fluid over a continuously moving surface. 

Power-law slip model is used to account the influence of slip at moving surface. Prasad et al. 

[314] numerically analyzed the flow behavior and heat transfer characteristics of Casson fluid 

from a permeable isothermal solid sphere in the presence of velocity slip and temperature jump 

boundary condition. Gaffar et al. [315] studied the nonlinear steady boundary layer flow and heat 
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transfer from an isothermal sphere to incompressible non-Newtonian liquid in the presence of 

hydrodynamic and thermal slip condition. The dimensionless conservation equations are solved 

numerically with appropriate boundary conditions using a second-order accurate implicit finite 

difference Keller-box method. The influence of dimensionless parameters, namely power law 

index (n), Velocity slip (Sf), Prandtl number (Pr), Weissenberg number (We), thermal jump (ST), 

and dimensionless tangential coordinate (ξ ) on velocity and temperature field in the boundary 

layer regime are investigated in detail.  

Therefore, based on literature review, it can be concluded that very less information is 

available on the momentum and heat transfer studies for the cases of the power-law fluid flow 

past a spherical particle with linear velocity slip boundary condition at fluid-solid interface. 

Whereas no literature available on momentum and heat transfer studies for power-law fluid flow 

past assemblages of spherical particle with linear velocity slip boundary condition at fluid-solid 

interface. These literature gaps are set as objectives of present work.  

2.3 Objective of Thesis 

The objectives of work are decided based on literature review and the application of slip flow 

and fluid-solid particles contact in various industries like chemical, polymer, pharmaceutical 

industries as well as in micro and nano scales. The objective is to study the effect of linear 

velocity slip boundary condition on momentum and heat transfer of Newtonian and power-law 

fluid flow past solid particles. Here, power law model is selected because most of polymer 

solutions and melts, agro- and food related products, and crude oil i.e. heavy as well as blended 

crude oil exhibits the power-law behavior.  Therefore, the present dissertation is targeted to 

numerically explore the following objectives over the wide range of dimensionless parameters:  
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 Effect of linear velocity slip boundary condition on momentum transfer phenomena of a 

solid spherical particle in Newtonian and power-law fluids. 

 Effect of linear velocity slip boundary condition on heat transfer phenomena of a solid 

spherical particle in Newtonian and power-law fluids. 

 Effect of linear velocity slip boundary and volume fraction of particles on momentum 

transfer phenomena of an assemblage of spherical particles in Newtonian and power-law 

fluids. 

 Effect of linear velocity slip boundary and volume fraction of particles on heat transfer 

phenomena of an assemblage of spherical particles in Newtonian and power-law fluids. 
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Chapter 3 

PROBLEM STATEMENT AND DESCRIPTION 

The present dissertation includes numerical study on momentum and heat transfer phenomena of 

single and multiple spheres in Newtonian and power-law fluids with velocity slip at the interface. 

This chapter presents the physical description and mathematical representation of the present 

problems. Further it should be noted that the momentum and heat transport phenomena are 

obtained using suggested approach. 

3.1. Momentum and Heat Transfer of Single Spherical Particles 

Consider a rigid spherical particle of radius, R, in an infinite medium of power law fluids flowing 

with a uniform velocity Uo and temperature To. The flow is assumed to be steady and 

axisymmetric along the surface of spherical particles. Because of the axisymmetry along the 

azimuthal direction (ϕ), the velocity component in the azimuthal direction (vϕ) and derivatives 

with respect to ϕ are zero. Assume that this non-Newtonian power-law fluid experiences slippage 

while flowing along the surface of the sphere. This slippage is considered to be linear, i.e., slip 

velocity at the surface of solid is proportional to the shear stress as: r V   . This can be 

represented in terms of a dimensionless form as slip parameter λ (λ = βR/ηapp), where β is slip 

coefficient, ηapp-apparent viscosity. The infinite slip sphere (i.e., spherical bubble) and no-slip 

sphere (i.e., solid sphere) can be achieved from the present study by setting λ  0 and λ  ∞, 

respectively.  

In the case of the heat transfer, consider the transfer of energy between heated spheres (at 

Ts) to surrounding infinite expanse of non-Newtonian power-law fluids at temperature of To (< 
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Ts) with velocity slip at the interface. The temperature gradient is assumed to be moderate so that 

the physical properties and rheological constants of fluids are remaining unaltered. The viscous 

dissipation, reaction and dissolution of spheres in the fluid are absent in this work. It is also 

assumed that the temperature gradients exist between the surface of the spheres and the 

surrounding fluids only or in other words the Biot number is very small to neglect the 

temperature gradients inside the spheres. In this numerical study, for computational simplicity a 

sphere-in-sphere domain is considered as shown in Figure 3.1.  

 

 

Figure-3.1: Schematic representation of the flow domain of a single spherical particle in power-

law fluids 

3.2. Momentum and Heat Transfer of Assemblages of Spherical 

Particles 

Consider steady flow of an unbounded non-Newtonian power-law fluid with a uniform velocity 

Uo and temperature To past assemblages of spherical particles (of radius R) with velocity slip 

conditions at the fluid-solid sphere interface as shown in Figure 3.2 (a). This multi-particle 
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system is converted in to a simple single particle system as shown in Figure 3.2 (b), yet 

considering the effects of volume fraction of spherical particles using free surface cell model. 

According to cell model, all the spheres of equal size and equidistant from each other so that the 

effect of neighboring particles on the motion of the surrounding fluid can be nullified along the 

dotted line indicating the size of the computational domain, i.e., R∞. The value of R∞ is indicative 

of the relation between the size of the spheres and the volume fraction of the spheres, i.e., from 

volume fraction considerations one can obtain that   3
1

 
R

R
 where Φ is the volume fraction 

of the spherical particles in the assemblage containing both fluid and spheres. Thus a complex 

multi-particle system is converted into a simple single particle system including the effects of the 

volume fraction of the spherical particles. For instance, the system in the limit of Φ  0 indicate 

the single particle system with R∞  ∞ wherein the particles are infinitely away from each other 

and do not exert any influence on each other. Further, here also a linear velocity slip boundary 

condition is applied on fluid-solid interface. The results obtained with limits of zero and infinity 

slip numbers would correspond to those of fully slip spherical bubbles and no-slip solid spherical 

particles, respectively. The power-law type non-Newtonian fluid considered in this study is 

assumed to be incompressible and the size of the spheres is constant because of no dissolution 

and/or reaction between the spheres and the surrounding fluid. For heat transfer analysis, 

consider the energy transfer from heated sphere to surrounding infinite media of power-law fluid 

and thermo-physical properties of power-law fluids are assumed to be independent of the 

temperature difference Ts – To, i.e., the temperature gradient between the solid sphere and the 

outer fluid is in the moderate range. Also assumed that the spheres are maintained at constant 

temperature TS and there is no temperature gradient within the sphere, i.e., the Biot number is 
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negligible. The flow is assumed to be axisymmetric and particle-in-cell flow domain is chosen as 

shown in Figure 3.3. 

 

Figure 3.2 Schematic representation of the flow past an assemblage of spherical particles 

 

Figure 3.3 Schematic representation of the flow domain of assemblages of spherical particles in 

power-law fluids 
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Finally, in the view of cell model, the two problems of single and multiple spheres are 

dissimilar only in terms of the boundary condition at R∞. Thus the governing equation and 

boundary conditions for these problems are presented together in the following section.  

3.3. Governing Equations  

The continuity, momentum and energy equations describe the transfer characteristics of these 

problems; and are considered in spherical coordinates. Over the range of conditions spanned in 

this work, the flow is assumed to be axisymmetric and a sphere-in-sphere computational domain 

is chosen. Thus a spherical coordinate system (r, θ, ϕ) with its origin located at the center of the 

sphere is employed and the polar axis (θ = 0
o
) is directed along the direction of flow. Due to 

axisymmetry the velocity component in the ϕ- direction (vϕ) and derivatives with respect to ϕ are 

zero. In order to obtain fully converged velocity, pressure and temperature profiles, segregated 

approach has been used, i.e., first momentum equations are solved for fully converged velocity 

and pressure profiles, and then the so-obtained velocity profile is used as input to solve the 

energy equation. Assuming the flow to be incompressible, the final non-dimensionalized 

governing equations of continuity, momentum and energy equations in their conservative forms 

as: 

 Continuity equation 
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 r – component of momentum equation 
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      (3.2) 

  - component of momentum equation 
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


 
 
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                   

       
     

       

     (3.3) 

 Energy equation         

       

 2 2

2 2

2

1 1 2 1
sin

sin

1
sin

sin

r

T T
r v T v T r

t r r r Pe r r r

T

r

 
 


  

       
              

    
   

   

                   (3.4) 

In equations (3.1) - (3.4), velocity terms are scaled using free stream velocity oU , radial 

coordinate r using spherical particle radius R , pressure using 2

oU , components of rate of 

deformation tensor by  /oU R , viscosity by a reference viscosity   ( 1)
/

n

ref om U R


 , stress 

components by  /ref oU R , temperature difference (T-To) by (Ts-To) and  time by  / oR U . 

Further, although the main interest is to obtain the steady state solution, the transient terms are 

retained in equations (3.2) – (3.4) because the false-transient scheme is used here to obtain the 

steady state solution.  

For an incompressible liquid, the components of the extra stress tensor are related to the 

rate of deformation tensor as follows: 
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2 ;     where i, j = r, , ij ij   
 

          (3.5)   

The non-dimensional power-law viscosity is given by: 

( 1) / 2

2

n




 

  
   

            (3.6) 

Where, Пε is second invariant of rate of deformation tensor which can be expressed in terms of 

velocity components and their derivatives e.g., see Bird et al. [307]. 

The dimensionless numbers appearing in above equations are defined as follows: 

 Reynolds number: 
 (2 ) 2

Re

nn

oU R

m

 

          (3.7) 

 Prandlt number: 

1

0Pr
2

n

pC U
m

k R



 
  

 
         (3.8) 

 Peclet number: 0 (2 )
Re Pr

U R
Pe

k
           (3.9) 

where, ρ is the density of the fluid, m is the power-law fluid consistency index, n is the power-

law behavior index and k is the thermal conductivity. (here n = 1 for Newtonian; n > 1 for shear 

thinning fluid; n < 1 for shear thickening fluids).  

3.4. Boundary Conditions 

The boundary conditions for single and assemblages of spherical particles differ from each other 

only pertaining to one of the boundary conditions at the cell boundary and all other boundary 

conditions are identical in both cases as given below: 

 At the outer cell boundary (r = R∞): 

cos ; sin ; 0rv v T                           ← For single sphere      (3.10) 
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cos ; 0 ; 0r rv T                              ← For assemblages of spheres   (3.11) 

 Along the axis of symmetry ( = 0, π): 

0v  ;    0rv







;       0

T







                   (3.12) 

 Along the surface of slip sphere (r = 1, θ = 0, π):  

0rv  ;      r v              (3.13) 

Suffice it to add here that for the case of single sphere, the outer cell boundary condition should 

obey the uniform velocity field due to the imposed unbounded nature of the flow (Eq. 3.10). On 

the other hand for the case of assemblages of spheres the normal velocity component along the 

cell boundary is same as that of the free stream velocity (Eq. 3.11); however, the zero shear 

stress condition (Eq. 3.11) indicates the non-interacting nature of the cells within the frame work 

of the free surface cell model [137]. Equation (3.12) is simply a statement of the axisymmetric 

flow condition; while equations (3.13) refer to linear slip velocity along the surface of spheres.  

Finally equations (3.1) – (3.4), subject to the boundary conditions outlined in equations 

(3.10) – (3.13) provide the theoretical framework to map the entire computational domain (1 ≤ r 

≤ R∞) in terms of the primitive variables, i.e., vr, v, p and T.  

3.5. Streamlines and Vorticity Profiles 

Further insights about the detailed flow kinematics can be gained from the streamlines, vorticity 

and isotherm contours around the sphere. The vorticity in spherical coordinates can be calculated 

as follows:  

1 r
r

v v v

r r r

 




 
  
 

           (3.14) 

The stream function in spherical coordinates can be calculated using the following expression: 
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 
2

2

2 2

sin 1
sin

sin
rE r

r r


  
  

  

   
   
   

        (3.15) 

where the stream function is related to velocity components as follows: 

2

1 1
  ;   

sin sin
rv v

r r r


 

  

  
 

 
          (3.16) 

Suffice it to add here that the vorticity and streamline profiles are computed from the fully 

converged velocity profiles as a post-processing procedure to display results, and not as primary 

means of solution (through stream function – vorticity formulation). The “primitive variable” 

approach for solving velocity components directly is used. Finally, the isotherm contours are 

plotted from the temperature field obtained by solving the energy equation. 

3.6. Individual and Total Drag Coefficients 

Once the fully converged velocity and pressure profiles are known, individual and total drag 

coefficients can be evaluated as follows: 

Total drag coefficient is defined as: 

2

2 d
d dp df

o o p

F
C C C

U A
                         (3.17) 

The pressure component (Cdp) is evaluated as: 

 
0 1

2 sin 2dp
r

C p d


 


                                   (3.18) 

and the frictional component (Cdf) is evaluated as: 

2
2

0
1

2
sin sin 2

Re

n

r
df

r

v v v
C d

r r r


    





      
             

                              (3.19) 
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3.7. Local and Average Nusselt Numbers of Spheres 

Once the fully converged temperature profile is known, by equating the rates of heat transfer by 

conduction and by convection at the surface of the particle, the local Nusselt number (Nuθ) can 

be seen as follows 

 

1

2
2

r

h R T
Nu

k r




 
     

           (3.20)  

where h is the convective heat transfer coefficient and k is the thermal conductivity, respectively. 

Therefore, by using the fully converged temperature profile, the temperature gradient can be 

evaluated at the surface of the sphere and substituted in equation (3.17) to obtain the local 

(surface) Nusselt number along the surface of the sphere as function of θ-coordinate.  

The average Nusselt number, which is useful in real engineering applications, is 

evaluated by integrating the local Nusselt number along the surface of the sphere; and is given as 

0

1
sin

2
avgNu Nu d



   
 

                 (3.21) 

It should be noted that the numerical integration of the local Nusselt number is carried out along 

the curved spherical surface of particles, thus the local (surface) Nusselt number is multiplied by 

“sinθ” to account for spherical coordinates over which the temperature profile is obtained.   

Finally the dimensional considerations of governing momentum and energy equations 

and the boundary conditions discussed above suggest that the isotherm contours and the local 

and average Nusselt numbers of the spheres in power-law fluids with velocity slip at the fluid-

solid interface are functions of the Reynolds number (Re), Prandtl number (Pr), Peclet number 

(Pe), dimensionless slip number (λ) and the dimensionless flow behavior index (n) of the power-

law fluids. 
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Chapter 4 

NUMERICAL METHODOLOGY  

4.1. SMAC Solver 

Concisely, the non-dimensional momentum equations segregated from continuity equation, 

subject to the boundary conditions (as described in previous chapter) have been numerically 

solved on a sphere-in-sphere type concentric spherical computational domain. The momentum 

and energy transfer equations are solved using a segregated approach. A finite difference method 

based implicit simplified marker and cell (SMAC) method has been implemented on a staggered 

grid arrangement in spherical coordinates. This algorithm is a modified version of explicit solver, 

namely, marker and cell (MAC) method developed by Harlow and Welch [312] for free surface 

flows. The modifications in MAC method are to bring in the non-Newtonian power-law fluid 

viscosity and the semi-implicit formulation. Before implementing the SMAC method using a 

finite difference method based approach, the governing partial differential equations are 

converted in to a set of difference equations by using following differencing schemes. The 

forward time stepping differencing scheme for temporal and pressure force terms; quadratic 

upstream interpolation for convective kinematics (QUICK) scheme due to Leonard [313] for 

convective terms and a second order central differencing scheme for the viscous and non-

Newtonian terms are adopted. The final steady-state solution is obtained by using a false-

transient time stepping method and this is why the time-dependent terms are retained in the 

momentum equations. This procedure involves three steps: in the first step, the non-Newtonian 

viscosity equation is used to evaluate the dimensionless non-Newtonian viscosity field over the 

entire flow domain using the previous time-step values of the velocity field. In the next step, the 
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unknown velocity field is predicted using the previous time-step pressure field. Finally, the 

pressure field is corrected using the predicted velocity field which is further used to correct the 

velocity field.  For the next time-step calculations, the sums of the predicted and corrected 

velocity fields are used as new values of the velocity field. This sequence is continued until the 

final steady state velocity and pressure fields satisfy the continuity equation. The stopping 

criterion for simulations is fixed as the maximum difference of any quantity between the two 

consecutive time-steps divided by the time step (Δt) should be below 10
-3

. The fully converged 

steady velocity and pressure profiles are used to evaluate individual and total drag coefficients as 

functions of pertinent dimensionless parameters. Further fully converged velocity field is used as 

input to the energy equation and similar iterative approach as used to obtain velocity and 

pressure fields is adopted to obtain fully converged final steady temperature profile in the entire 

computational domain. The convergence criterion used for the steady temperature field is 

defined as the maximum difference between temperatures of two successive iterations divided by 

the time step (∆t) is ≤ 10
-6

. Finally this dimensionless temperature field is used to evaluate the 

local (along the surface of the sphere) and average (integrated over the entire surface of the 

sphere) Nusselt numbers as detailed below. 

4.2. Staggered Grid Arrangement 

The convergence of predictor-corrector kind of solvers is poor on normal collocated grids. The 

collocated grid may also cause checkerboard velocity-pressure distribution. To overcome this 

problem the staggered grid system is used in this work. Another important advantage of a 

staggered grid is that the transport rates across the faces of control volume can be computed 

without interpolation of velocity components. The computational domain is divided into a 

number of cells, which are shown in Figure 4.1 as a two-dimensional section of a sphere. This 
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figure shows a spherical staggered grid arrangement for a 2-D axisymmetric spherical 

computational flow domain, where the dependent variables (vr(i,j), vθ(i,j) and p(i,j)) with same 

indices staggered to one another. In this arrangement, the scalars are located at the center of the 

cell, whereas, velocity vectors will be located at the center of the cell faces to which they are 

normal. Thus, the location of the velocity components are at the center of the cell faces to which 

they are normal and the grid points for the pressure and temperature are at the center of the cell. 

In such an arrangement, the pressure difference between the two adjacent cells is the driving 

force for the velocity component located at the interface of these cells during the numerical 

iterations. Thus the pressure-velocity corrections are directly related to each other, and the 

pressure-velocity iterative loops converge quickly. As shown in Figure 4.1 cells are labeled as 

(i,j), where i and j denote the cell number as counted in θ- and r - directions respectively. The 

pressure is defined at the center of the cell and is denoted by p(i,j). The r-component velocity of 

cell (i,j) is defined at the cell face in r-direction i.e., at the center of the cells (i,j) and (i,j+1), and 

is denoted by vr(i,j+1/2). The θ-component velocity of cell (i,j) is defined at the cell face in θ-

direction i.e., at the center of the cells (i,j) and (i+1,j), and is denoted by vθ(i+1/2,j). In a 

staggered grid arrangement, velocities are not defined at the cell centers, so whenever needed 

these are calculated by interpolation. 
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Figure 4.1 Two dimensional staggered grid arrangement in spherical coordinate system. 

All computations are performed in half-domain assuming the axisymmetry in ϕ-direction, i.e., vϕ 

= 0 and no variables depend on ϕ-coordinate. Figure 4.2 shows the physical and computational 

domains appropriately divided into many small cells (or grids). The domain with solid lines 

represent the physical domain, whereas, the domain enclosed by dashed lines represents the 

computational domain. The cells with dashed lines also serve as boundary cells or fictitious cells. 

A solid line denoted by “s” represents the interface between spherical particle and outside 

continuous fluid flow field. Two dashed lines along θ-direction on the either side of θ = 0 and θ 

= π serves as fictitious cells for computations. When we solve for the continuous flow field, the 

dashed line denoted by (s-1) serves as the boundary for the continuous fluid flow field.  
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Figure 4.2 Grid arrangement in computational domain. 

4.3. Discretization of Governing Equations 

The diffusive and non-Newtonian terms of r- and θ- momentum equations have been discretized 

by second order central difference scheme. But convective terms have been discretized using the 

QUICK scheme for better accuracy and to avoid numerical instabilities. In convective schemes, 

each convective term is divided as two parts; a variable and a coefficient depending on which 

component of momentum equation is considered. Then, the coefficient will be averaged and the 

convective scheme will be employed on the variable term depending on whether the coefficient 

is positive or negative. For example, in the r-momentum equation the variable is vr and 

coefficient can be vθ or vr depending on the term being discretized. Similarly, in θ-momentum 

equation the variable is vθ and coefficient can be vθ or vr.  
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The r- and θ-components of momentum equations, respectively, can be written as follows: 

     rv p
CONVR DIFF R NON R

t r

 
      

 
                    (4.1) 

     
1v p

CONV DIFF NON
t r

   


 
      

 
                   (4.2) 

4.3.1. Discretization of r-component of momentum equation 

Since for r-component of momentum equation (i, j+1/2) is the centre of the vr-control volume, 

the convective term of equation (4.1) can be discretized as follows: 

22 2

2

( sin )( )1 1

sin

rr
v v vv r

CONVR
r r r r

 

 

 
   

      

     2 22 2

, 1 ,

2 2

1/2 1/2
( , 1/2)

1 ravg rup ravg rupr i j i j

j j
i j

v v r v v rv r

r r r r



 


 
 

   

 

where 

 
   , 1 / 2 , 3 / 2

, 1
2

r r

ravg

v i j v i j
v i j

  
   

 
   , 1 / 2 , 1 / 2

,
2

r r

ravg

v i j v i j
v i j

  
  

if vravg(i,j+1) ≥ 0 then 

3 3 1
( , 1) ( , ) ( , 1)

8 4 8
rup r r rv v i j v i j v i j      

else 

3 3 1
( , ) ( , 1) ( , 2)

8 4 8
rup r r rv v i j v i j v i j      

if vravg(i,j) ≥ 0 then 

3 3 1
( , ) ( , 1) ( , 2)

8 4 8
rup r r rv v i j v i j v i j      

else 

TH-1736_126107007



58 
 

 
3 3 1

, ( , 1) ( , ) ( , 1)
8 4 8

rup r r rv i j v i j v i j v i j      

 

 

   
1/2, 1/2 1/2, 1/2

1/2, 1/2

sin sinsin1

sin sin

rup avg rup avgi j i jr

j ii j

v v v vv v

r r d

 


 

   

   



 
 

 
 

( 1/ 2, ) ( 1/ 2, 1)
( 1/ 2, 1/ 2)

2
avg

v i j v i j
v i j  


   
    

( 1/ 2, ) ( 1/ 2, 1)
( 1/ 2, 1/ 2)

2
avg

v i j v i j
v i j  


   
    

If vθavg (i+1/2,j+1/2) ≥ 0 then  

3 3 1
( 1, ) ( , ) ( 1, )

8 4 8
rup r r rv v i j v i j v i j      

else 

3 3 1
( , ) ( 1, ) ( 2, )

8 4 8
rup r r rv v i j v i j v i j      

if vθavg (i-1/2,j+1/2) ≥ 0 then  

3 3 1
( , ) ( 1, ) ( 2, )

8 4 8
rup r r rv v i j v i j v i j      

else 

3 3 1
( 1, ) ( , ) ( 1, )

8 4 8
rup r r rv v i j v i j v i j      

 
22

1/2, 1/2

( 1 / 2, 1) ( 1/ 2, 1) ( 1/ 2, ) ( 1 / 2, )

16 ji j

v i j v i j v i j v i jv

r r

   



         
 

 
 

, 1/2

( , 1) ( , )

i j

p p i j p i j

r r

     
          

The non-Newtonian term of equation (4.1) can be discretized as follows:
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where 
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4.3.2. Discretization of θ-component of momentum equation 

Since for θ-component of momentum equation (i+1/2,j) is the centre of the vθ-control volume, 

diffusive term of equation (4.2) can be discretized as follows: 

2

2 2 2

2 1 1 1 2
( sin

sin

n

rv v
DIFF r v

Re r r r r r


 
 

   

        
              
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2 2

1/2, 1/2 1/2, 1/22

2 2

1/2,

1 1 i j i j

ji j

v v
r r

r rv
r

r r r r r

 

    



     
                             

 
 

 

where 

 2 2

1/2
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( 1 / 2, 1) ( 1 / 2, )
j

i j

v v i j v i j
r r

r r

  


 

       
       
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1/2, 1/2
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j
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r r
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  


 

       
       

 

1, ,
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1 1
( sin ) ( sin )
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ji j
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v
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 



 
   


   




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 
 

 

where 

3/2 1/2
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sin sin

i i

i j i

v i j v i j
v  


 


   
 

 

       
          
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   
 

       
          
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v v i j v i j

r r 

      
           

 

   
2

( 1, 1 / 2 ( 1, 1/ 2)) ( , 1 / 2) ( , 1 / 2)2

2

r r r r

j

v i j v i j v i j v i j

r 

           
        

 

( 1, ) ( , )
( 1 / 2, )

2

i j i j
i j

 


  
      

Similarly, other terms of r-momentum and θ-momentum equations as well as continuity 

equation, energy equations, Poisson's equation for pressure correction, vorticity equation, and 

vorticity transport equation are being discretized. 
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4.4. SMAC-Implicit Algorithm 

The major difficulty encountered in obtaining the solution of incompressible fluid flow using 

primitive variables based momentum equation is the non-availability of any obvious equation for 

calculating the pressure field. SMAC-semi implicit scheme is implicit for diffusion and non-

Newtonian terms while explicit in convective term (pressure terms are explicit in predictor step 

but in combined predictor-corrector scheme pressure terms are implicit). An advantage of the 

SMAC-semi implicit scheme over SMAC-explicit (which is explicit in convective and diffusion 

terms) scheme is that one can use larger values of time-step. This numerical scheme mainly 

consists of three steps, velocity prediction, pressure correction and finally velocity correction. 

All these steps are solved by the Gauss-Seidel iteration procedure. In the first step, we assume 

the pressure field at the (ts)
th

 time-step and “predict”' the velocity field at the (ts+1)
th

 time-step by 

using the Gauss-Seidel iterations. In the second step, this predicted velocity field is used to solve 

the Poisson's equation which yields pressure correction. This pressure correction is then used to 

calculate the velocity corrections. Finally, all the predictor and corrector quantities are added to 

estimate the modified velocity and pressure field for the next time-step. These steps are repeated 

until a fully converged steady-state solution is obtained. The predictor and corrector equations 

used in this work are derived below. 

4.4.1. Velocity prediction 

Consider r- and θ- components of momentum equation in the following form: 

   , 1/2 , 1/2 , 1/2
, 1/2, 1/2

[ ] (4.3)r
i j i j i j

i ji j

v p
CONVR DIFFR NONR

t r
  



    
          
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   1/2, 1/2, 1/2,
1/2,1/2,

1
[ ] (4.4)i j i j i j

i ji j

v p
CONV DIFF NON

t r

   


  


    
          

 

Discretizing the above equations we get 

   
     

11
1 1

, 1/2 , 1/2 , 1/2
, 1/2

, 1/ 2 , 1/ 2 ss s

s s s

tt t
t t tr r

i j i j i j
i j

v i j v i j p
CONVR DIFFR NONR

t r


 

  


    
               

(4.5)

 

   
     

11
1 1

1/2, 1/2, 1/2,
1/2,

1/ 2, 1/ 2, 1 ss s

s s s

tt t
t t t

i j i j i j
i j

v i j v i j p
CONV DIFF NON

t r

    



 

  


    
       

      (4.6) 

where the superscript (ts) represents the current time-step at which the variable values are known 

and (ts+1) indicates the next time-step at which the variables are unknown. Here the convective 

term is explicit while the diffusion, non-Newtonian and pressure terms are implicit. The pressure 

at the (ts+1)
th

 step is unknown and there is no equation for pressure which can be used to obtain 

it. So we assume an approximate pressure field at the (ts+1)
th

 time-step by its previous time-step 

value. Therefore here we predict velocity field vr* and vθ* at the (ts+1)
th

 time-step by using an 

assumed pressure field (and obviously will not satisfy continuity). Hence equations (4.5) and 

(4.6) lead to give prediction equations which can be written as follows: 

    
     

1*
* *

, 1/2 , 1/2 , 1/2
, 1/2

, 1/ 2 , 1/ 2 ss

s

tt
tr r

i j i j i j
i j

v i j v i j p
CONVR DIFFR NONR

t r



  


    
               

(4.7)

 

   
     

*
* *

1/2, 1/2, 1/2,
1/2,

1/ 2, 1/ 2, 1 ss

s

tt
t

i j i j i j
i j

v i j v i j p
CONV DIFF NON

t r

    
  



    
       

      (4.8)  

where vr* and vθ* are predicted velocities. In Eq. 4.7 and Eq. 4.8, all variables are at (ts)
th

 time-

step  are known, while variables with an asterisk (*) are unknown. Thus Eq. 4.7 and Eq. 4.8 are 

solved to get vr* and vθ* by using Gauss-Seidel iterations. In Eq. 4.7, [DIFFR]* is a function of 

vr* only, but [NONR]* is function of vr* and vθ*. So to predict vr*, the value of vθ*, which is 

unknown is required. So for computations, vθ* is lagged to vθ
ts
. But in Eq. 4.8, where too 
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[DIFFθ]* and [NONθ]* are functions of both vr* and vθ*, however, there is no need of lagging 

here, since vr* is computed before predicting vθ*, since in the prediction-step usually first vr* will 

be predicted before predicting vθ*. (It may be noted that, this kind of lagging is not required in 

case of Newtonian calculations, since [NONR]* and [NONθ]* drops to zero for the case of 

Newtonian fluids). 

4.4.2. Velocity correction 

In order to estimate the velocity corrections at (ts+1)
th

 time-step, the velocity correction should 

be added to the velocity prediction to count as final values for the next time-step calculations. In 

this section, the formulation of the velocity correction equations is presented. Subtracting Eq. 4.7 

and Eq. 4.8 from Eq. 4.5 and Eq. 4.6 respectively we get expressions for the velocity correction 

which can be written as: 

 
 

   
//

/ /

, 1/2 , 1/2
, 1/2

, 1/ 2r

i j i j
i j

v i j p
DIFFR NONR

t r  


  
                

(4.9)

 

 
   

//
/ /

1/2, 1/2,
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1/ 2, 1
i j i j

i j

v i j p
DIFF NON

t r

  
  



  
      

      (4.10)  

where 
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     
/ 1 *

, 1/2 , 1/2 , 1/2

st

i j i j i j
DIFFR DIFFR DIFFR



  
   

     
/ 1 *

1/2, 1/2, 1/2,

st

i j i j i j
DIFF DIFF DIFF  



  
   

     
/ 1 *

, 1/2 , 1/2 , 1/2

st

i j i j i j
NONR NONR NONR



  
   

     
/ 1 *

1/2, 1/2, 1/2,

st

i j i j i j
NON NON NON  



  
   

In all above expressions, primed variables indicate correction quantities. Eq. 4.9 and Eq. 4.10 can 

be solved using Gauss-Seidel iterations but the difficulty is the non-availability of pij
/
; the 

pressure corrector. Therefore, before calculating the velocity correction, pressure correction 

should be known which can be obtained as explained below. 

4.4.3. Pressure correction 

The quantities vr
ts+1

 and vθ
ts+1

, the velocity components at (ts+1)
th

 time-step, must satisfy the 

continuity equation i.e.,  

   1 12

2

sin1 1
0

sin

s st t

rr v v

r r r

 

 

 
 

 
 

         (4.11)  

where vr
ts+1

 and vθ
ts+1 

are given as: 

1 * / ,st

r r rv v v

              1 * /stv v v  


            (4.12)  

From the continuity equation  

1 * / * /. . . 0 . .stV V V V V


        

Now by expanding the term /. ,V  we get 
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.
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rr v v
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 
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 
  
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Here /

rv  and /v  given by Eq. 4.9 and Eq. 4.10 respectively. Thus by using Eqs. 4.9 and Eq. 4.10; 

and considering these two equations only for Newtonian case we get: 

   
/ /

/ // 2

2 , 1/2 1/2,
, 1/2 1/2,

1 1 1
. sin

sini j i j
i j i j
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r r r r r
 
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 
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               
                                  

 

By simplifying the right hand side term of the above expression and writing in conservative 

from, the resulting expression can be represented as: 

 
/

2 / 2 /. 2
.

Re

nV
p V

t


    


          (4.13) 

where the operator 
2 is given by 

2 2

2

1 1 sin

sin
r

r r r r r



  

      
     

      
        

Since we know that 
* /. .V V   and by making use of this expression in Eq. 4.13, we get 

 
*

2 / 2 *. 2
.

Re

nV
p V

t


    


        (4.14) 

Eq. 4.14 is solved for 
/

,i jp with appropriate boundary conditions and using the predicted velocity

*V . Then with the resultant pressure correction, Eq. 4.9 and 4.10 are solved for /

rv  and /v  

respectively. (In the Eq. 4.14, the viscosity and power-law index terms appear because the radial 

distances have been normalized using the radius of the drop, however, this term would have not 

appeared in the pressure corrector equation if the radial distances were normalized using the 
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diameter of the fluid sphere). Finally we get the corrected velocity and pressure fields by 

1 * 1,st

r r rv v v

   1 * 1stv v v  


   and 

1 * /st

ij ij ijp p p

  . The Eq. 4.10 is for Newtonian case only, 

however, in the present study, the similar equation has been used for non-Newtonian systems to 

avoid further complications. However, this is justified since the Eq. 4.14 ensures that the velocity 

field satisfies the continuity equation, which is the same for both Newtonian and non-Newtonian 

flows. The momentum equations ensure that the correct non-Newtonian solution is obtained.  

Finally, the fully converged velocity and pressure fields can be used to evaluate the 

derived quantities such as the individual and total drag coefficients, streamlines and vorticity 

contours, distributions of viscosity, pressure, vorticity and tangential velocity on the surface of 

the drop, etc., as discussed in the previous chapter as functions of the pertinent dimensionless 

parameters.  

4.5. Segregated Algorithm for Heat Transfer 

In the numerical study of heat transfer problems, sometimes scalars like temperature are solved 

along with the momentum equations. However, how the solutions of the flow equations and the 

energy equations are sequenced is determined by the kind of flow and heat transfer problem 

being solved. In this work, it is assumed that the flow field is steady and independent of the 

temperature being solved. Such situations would arise in steady forced convective problems, say, 

when the temperature field is not strong enough to cause substantial changes in the density so as 

to affect the flow by buoyancy. In such cases, the momentum equations can be solved 

independent of temperature equations. Thus, in this study, the steady velocity field in the entire 

flow domain is obtained by numerically solving the momentum equations segregated from the 

energy equation. Therefore the fully converged velocity field was used as the input for the 
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energy equation to obtain the temperature field by using a time-stepping procedure applied to the 

continuity equation. Because an implicit scheme is used each time-step solution is obtained by 

Gauss-Seidel iterations. The temperature profile in the continuous phase is obtained with a 

similar implicit algorithm which uses the QUICK and second order central differencing schemes, 

respectively, for the convective and diffusive terms of the energy equation. After obtaining the 

steady temperature field for the continuous phase, one can readily calculate the values of the 

local and average Nusselt numbers, as explained in the previous chapter as functions of pertinent 

dimensionless parameters. 
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Chapter 5 

CHOICE OF NUMERICAL PARAMETERS 

The optimum domain size and grid of sufficient resolution are most important in momentum and 

heat transfer phenomena of unbounded flow past solid objects. Thus in this chapter, numerical 

details such as optimum domain, and optimum grid have been carried out. Also validity and 

reliability of solution methodology are established for momentum and heat transfer phenomena 

of unconfined spherical particle and assemblages of spherical particles in Newtonian and power-

law liquids. The effect of domain size on flow behavior is more significant at small values of the 

Reynolds number because of domination of viscous forces in comparison with convection forces. 

Thus, the effect of domain size has been carried out at small Reynolds number for two extreme 

values of slip parameter. Whereas the effect of grid is predominant at large values of Reynolds 

numbers because of domination of convection forces. Thus, the effect of grid size has been 

carried out at large value of Reynolds number for two extreme values of slip parameter. In case 

of heat transfer study, the heat transfer problem is solved using a segregated approach. In other 

words, the momentum equations are solved first to obtain the fully converged velocity and 

pressure fields and then the energy equation is solved to obtain the fully converged temperature 

field in the entire computational domain using the already fully converged velocity field as input. 

However, the detailed domain (at small Reynolds number) and grid (at large Reynolds number) 

independence studies have also been carried out at extreme value of slip parameter and Prandlt 

number. 
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5.1. Drag Behavior of Unconfined Single Sphere in Power-law 

Fluids with Velocity Slip at the Interface 

5.1.1. Domain and grid independence study 

Table 5.1 presents the effect of domain size on the total drag coefficient of a single sphere in 

shear thinning (n = 0.5), Newtonian (n = 1) and shear thickening (n = 1.6) fluids at Re = 0.1. To 

check the effect domain, three values for dimensionless R∞ has been chosen viz. R∞ = 100, 150, 

200 for two extreme values of the slip parameter. It can be seen from this table that the domains 

of size 150 and 200 produce Cd values very close to each other, thus the domain of size R∞ = 150 

has been chosen as optimum domain in this work. Because the size of the domain is 150 times 

the radius of the sphere, having uniform fine grid in the entire unbounded computational domain 

would be computationally very expensive. Thus in the radial direction a logarithmic stretching, 

i.e., lny r  is considered where “r” is the dimensionless radial coordinate. Because of this 

logarithmic stretching or transformation of radial direction is to ensure clustering of the grids 

near the surface of the sphere where the gradients are strong. Further due to this logarithmic 

transformation, the size of grid gradually becomes coarser as fine grid is not required far away 

from the sphere surface where the gradients are not fine. Thus by the use of this logarithmic 

transformation of radial direction ensure the accuracy of the near surface kinetics such as the 

local and average Nusselt numbers with sufficient accuracy but with limited CPU time and 

processor memory. 

For this optimum domain (i.e., for R∞ = 150), a detailed grid independence study has 

been carried out for the case of shear thinning (n = 0.5), Newtonian (n = 1) and Shear thickening 

(n = 1.6) fluids flow past a single sphere at Re = 200 for two extreme values of slip parameter 
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and presented in Table 5.2. In order to check the effect of grid, three grids viz. 90×200, 90×240, 

120×200 are used and it can be seen from this table that all grids produce almost identical results. 

However, because of large computational time required by grids 90×240 and 120×200, a 

moderately fine grid i.e., 90×200 has been chosen for Re > 1. Since the effect of convection force 

is very small for the case of Re ≤ 1, a slightly coarse grid, i.e., 60×150 has been used.  

Table 5.1 Effect of domain size on Cd of single smooth sphere at Re = 0.1 

Domain (R∞) 

n = 0.5 n = 1 n = 1.6 

λ = 0.01 λ = 100 λ = 0.01 λ = 100 λ = 0.01 λ = 100 

100 213.368 342.157 159.193 245.712 90.585 170.842 

150 212.853 340.418 160.998 259.680 88.822 162.229 

200 212.521 341.363 159.043 252.455 86.268 160.082 

 

Table 5.2 Effect of grid size on Cd of single smooth sphere at Re = 200.  

Grid (θ- × r-) 

n = 0.5 n = 1 n = 1.6 

λ = 0.01 λ = 100 λ = 0.01 λ = 100 λ = 0.01 λ = 100 

90 × 200 0.153 0.461 0.207 0.794 0.343 1.191 

90 × 240 0.150 0.425 0.204 0.798 0.343 1.190 

120 × 200 0.152 0.435 0.205 0.810 0.341 1.182 

 

5.1.2. Validation 

Tables 5.3 and Table 5.4 presents the comparison of present values of total drag coefficients on 

solid spheres (λ→∞) with no-slip condition and on spherical bubbles (λ→0) with fully slip 
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condition in Newtonian fluids at different Reynolds numbers and the present results are found to 

be in good agreement with literature results [314, 315, 316−321]. Table 5.5 shows a comparison 

of present Cd values of an unconfined single slip sphere in Newtonian fluids at Re = 0.1 for 

different values of the slip parameter (λ) with analytical solution of Basset [210]; and the two 

values are in good agreement with each other with a maximum relative difference being within 

±4.5%. Similarly Table 5.6 shows a comparison of present Cd values of unconfined single slip 

spheres in Newtonian fluids with λ = 1 at Re = 10 – 200 with the numerical results of Atefi et al. 

[217]. Here too the agreement between two values is satisfactory. However, in such numerical 

studies, discrepancies of such order of magnitude are not at all uncommon and are often because 

of the differences in the solution method, domain and grid, etc. Therefore, on the basis of our 

previous experience and the present comparisons, the present solver is believed to be reliable and 

accurate to within ±4-5%.  

Table 5.3 Comparison of Cd of no-slip solid spheres (λ→∞) in Newtonian fluids.  

Re Present 

Song et al. 

[315] 

Dhole et al. 

[314] 

Tripathi et al. 

[316] 

LeClair et al. 

[317] 

1 27.708 26.673 26.13 27.15 27.37 

10 4.344 4.313 4.281 4.26 4.337 

20 2.739 2.748 2.692 - 2.736 

100 1.094 1.083 1.062 1.08 1.096 

200 0.779 - 0.744 - 0.772 
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Further in this work, Table 5.7 presents the comparisons of the present drag coefficients of 

spheres in Newtonian fluids with varying degree of slip (λ = 0, 0.1, 1, 5, 10, 50, ∞) at the 

interface with those of Feng [252] and Murthy and Kumar [322]. Here too the reliability of this 

solver is found to be satisfactory as the maximum absolute relative error is within 5% compared 

to those of Feng [252]. 

Table 5.4 Comparison of Cd of fully slip spherical bubble (λ = 0) in Newtonian fluids.  

Re Present 

Brabston and 

Keller [318] 

Ryskin and 

Leal [319] 

Feng and 

Michaelides [320] 

Dhole et al. 

[321] 

1 17.174 17.59 17.5 17.57 - 

10 2.392 2.350 2.43 2.441 2.464 

20 1.397 1.362 1.41 1.404 1.434 

100 0.374 - 0.38 0.379 0.383 

200 0.206 0.197 0.22 0.206 0.212 

 

Table 5.5: Comparison of Cd of unconfined single slip spheres in Newtonian fluids at Re = 0.1. 

λ Basset [210] Present 

0.1 162.58 163.620 

1 180 183.366 

5 210 217.532 

10 221.54 230.726 
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Table 5.6: Comparison of Cd of unconfined single slip spheres in Newtonian fluids at λ = 1. 

Re 

Atefi et al. [217] Present 

λ = 1 

10 2.86 2.921 

50 0.87 0.864 

100 0.51 0.500 

200 0.28 0.285 

 

Table 5.7: Comparisons of present total drag coefficients of spheres in Newtonian fluids for 

different values of Reynolds and slip numbers. 

 

 

Slip 

parameter 

(λ) 

Murthy 

and 

Kumar 

[322] 

Feng 

[252] 

Present Feng 

[252] 

Present Feng 

[252] 

Present Feng 

[252] 

Present 

                  Re = 1 Re = 10 Re = 50 Re = 100 

0 - 17.6 17.174 2.37 2.392 0.676 0.666 0.391 0.374 

0.1 - 18.1 17.513 2.42 2.498 0.698 0.692 0.406 0.387 

1 19.28 20.0 19.757 2.88 2.921 0.860 0.864 0.515 0.500 

10 23.08 25.1 25.026 3.86 4.027 1.360 1.387 0.904 0.911 

∞ - 27.4 27.708 4.30 4.344 1.560 1.584 1.075 1.094 
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5.2. Average Nusselt Number of Unconfined Single Sphere in Power-

law Fluids with Velocity Slip at the Interface 

5.2.1. Domain and grid independence study 

Table 5.8 and Table 5.9 presents the effect of domain size on the average values of Nusselt 

number of a single sphere in Newtonian (Table 5.8), shear thinning (Table 5.9) and shear 

thickening (Table 5.8) fluids at Re = 0.1 for extreme value of slip parameter and Prandlt number. 

From tables it can be seen that for either extreme values of the Prandtl number and dimensionless 

slip parameter, the average Nusselt number at Re = 0.1 is unaffected (maximum absolute relative 

error within 1%) by varying the size of the domain from R∞ = 100 to R∞ = 200 via R∞ = 150. 

Thus the domain of size R∞ = 150 has been chosen in the present study.  

Table 5.8: Effect of domain size on Nuavg of spheres in Newtonian fluids with slip velocity at the 

interface at Re = 0.1.  

Domain size (R∞) 

λ = 0.01 λ = 100 

Pr = 1 Pr = 100 Pr = 1 Pr = 100 

100 2.1196 3.6431 2.1173 3.2366 

150 2.1196 3.6541 2.1191 3.2707 

200 2.1194 3.6433 2.1172 3.2894 

 

Whereas Table 5.10 and Table 5.11 presents the effect of grid size on the average values of 

Nusselt number of a single sphere in Newtonian (Table 5.10),  shear thinning (Table 5.11) and 

shear thickening (Table 5.11) fluids at Re = 200. Similarly from these tables, it can be observed 

that for the optimum domain size of R∞ = 150, the average Nusselt number is almost identical 
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(maximum absolute relative error within 1%) by all three grids tested for either extreme values 

of the Prandtl number and the dimensionless slip number at Re = 200. Therefore grid size 90 × 

200 (in θ- × r-) is found to be optimum and is used in the present study. 

Table 5.9: Effect of domain size on Nuavg of spheres in power-law fluids with slip velocity at the 

interface at Re = 0.1.  

Domain 

(R∞) 

n = 0.5 n = 1.6 

λ = 0.01 λ = 100 λ = 0.01 λ = 100 

 Pr = 1 Pr = 100 Pr = 1 Pr = 100 Pr = 1 Pr = 100 Pr = 1 Pr = 100 

100 2.121 4.105 2.120 3.681 2.119 3.203 2.117 3.100 

150 2.076 4.104 2.075 3.665 2.118 3.183 2.118 3.071 

200 2.071 4.104 2.068 3.671 2.118 3.165 2.117 3.064 

 

Table 5.10: Effect of grid size on Nuavg of spheres in Newtonian fluids with fluid slip velocity at 

the solid-fluid interface at Re = 200. 

Grid 

λ = 0.01 λ = 100 

Pr = 1 Pr = 100 Pr = 1 Pr = 100 

90 × 200 15.4601 152.9411 11.7861 75.0432 

90 × 240 15.4252 151.7997 11.6227 74.3022 

120 × 200 15.3576 152.050 11.5880 74.2264 
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Table 5.11: Effect of grid size on Nuavg of spheres in power-law fluids with slip velocity at the 

interface at Re = 200.  

Grid  

(θ- × r-) 

n = 0.5 n = 1.6 

λ = 0.01 λ = 100 λ = 0.01 λ = 100 

 Pr = 1 Pr = 100 Pr = 1 Pr = 100 Pr = 1 Pr = 100 Pr = 1 Pr = 100 

90 × 200 16.080 157.904 13.845 98.804 15.212 150.964 10.409 60.359 

90 × 240 15.744 156.045 13.553 98.708 15.088 148.208 10.225 58.386 

120 × 200 15.676 156.001 13.459 96.310 15.049 149.345 10.259 59.791 

 

5.2.2. Validation 

Table 5.12 shows a comparison of the present values of Nuavg of the spherical particle in 

Newtonian fluids with the literature results for the cases of the slip numbers of λ = 0.01 (fully 

slip spherical bubbles) and λ = 100 (no-slip spherical particles) over a wide range of the 

Reynolds and Peclet numbers. From this table it can be seen that the results obtained by the 

present solver for two extreme limits of the slip numbers are in good agreement with their 

literature counterparts; and thus the results obtained for other intermediate values of slip numbers 

between these two limits would be reliable and accurate to within ±4-5%. Finally, the reliability 

and accuracy of the present numerical solver is established and can be safely used to produce 

new results of the forced convective heat transfer phenomena of spheres in Newtonian fluids 

with interface slip over wide range of the Reynolds, Prandtl and slip numbers.  
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Table 5.12 Comparison of present values of Nuavg of infinite slip and no-slip sphere in 

Newtonian fluids. 

  

Feng and Michaelides [323] Present 

Re Pe λ = 0 λ = ∞ λ = 0.01 λ = 100 

 

1 2.354 2.315 2.374 2.341 

1 10 3.778 3.33 3.781 3.312 

 

50 6.482 4.869 6.352 4.879 

 

100 8.482 5.865 8.432 5.852 

      
100 100 11.223 7.695 11.189 7.948 

 

1000 32.441 15.946 31.896 17.042 

      
200 200 15.851 9.951 15.893 10.527 

 

Table 5.13 presents analogous comparison of present Nuavg values with literature values but in 

power-law (both shear-thinning and shear-thickening) fluids at Pe = 1000 (i.e., Re = 100 and Pr 

= 10). It can be seen from this table that the results obtained by the present solver for two 

extreme limits of slip number are in good agreement with literature values; and thus the results 

obtained for other intermediate values of the slip number between these two limits are believed 

to be reliable and accurate to within ±2-3%. 

 

 

TH-1736_126107007



78 
 

Table 5.13 Comparison of present values of Nuavg of infinite slip and no-slip spherical particles 

in Newtonian and power-law fluids at Pe = 1000. 

n = 0.8 n = 1 n = 1.6 

Dhole et al. 

[324] 

(λ = 0) 

Present 

(λ = 0.01) 

Dhole et al. 

[324] 

(λ = 0) 

Present 

(λ = 0.01) 

Dhole et al. [324] 

(λ = 0) 

Present 

(λ = 0.01) 

27.247 27.393 32.717 31.205 25.055 23.841 

Song et al. 

[325] 

(λ = ∞) 

Present 

(λ = 100) 

Song et al. [325] 

(λ = ∞) 

Present 

(λ = 100) 

Song et al. [325] 

(λ = ∞) 

Present 

(λ = 100) 

14.437 14.28 15.983 16.825 12.051 12.075 

 

5.3. Drag Behavior of Assemblages of Spherical Particles in Power-

law Fluids with Velocity Slip at the Interface 

5.3.1. Grid independence study 

According to the cell model, the size of the computational domain in the case of assemblages of 

spheres or cylinders is fixed for a given value of the volume fraction of the dispersed phase as 

per the expression R∞ = Φ
-1/3

, hence the domain independence study is not applicable in the case 

of assemblages of spheres. However a detailed grid independence study has been carried out by 

checking the effect of grid size on the drag coefficients of assemblages of spheres of volume 

fraction 0.1 in power-law fluids of fluid behavior index n = 0.6, n = 1 and n = 1.6 for either 

extremes of the slip parameter and presented in Table 5.14. From this table it can be realized that 

TH-1736_126107007



79 
 

grids 60 × 30 and 90 × 60 produce the values of drag coefficients almost identical to each other; 

and hence grid 60 × 30 has been chosen for all other calculations involved in this study.  

Table 5.14 Effect of grid size on Cd of assemblages of spheres at Re = 200 in power-law fluids.  

Grid size 

(θ- × r-) 

λ = 0.01 λ = 100 

n = 0.6 n = 1 n = 1.6 n = 0.6 n = 1 n = 1.6 

30 × 30 0.211 0.298 0.504 0.871 1.468 2.377 

60 × 30 0.210 0.300 0.511 0.892 1.505 2.439 

60 × 60 0.211 0.302 0.497 0.981 1.438 2.370 

90 × 60 0.211 0.301 0.506 0.989 1.494 2.374 

 

5.3.2. Validation 

The comparison of motion of single spheres in Newtonian and non-Newtonian fluids is 

presented; hence the validations of assemblages of spheres in Newtonian and power-law fluids 

are only presented herein. Table 5.15 presents a comparison of present values of drag 

coefficients of assemblages of spheres in Newtonian fluids at Re = 0.1 for λ→0 and λ→∞ with 

the analytical Cd values of Gal-Or and Waslo [326] for swarms of bubbles and assemblages of 

solid spheres, respectively; and the comparison between two results is excellent. Table 5.16 

presents a comparison of present values of Cd/Cd,0 (where Cd,0 is total drag coefficient of an 

unconfined sphere in Newtonian fluids) with the analytical results of Faltas and Saad [214] at Re 

= 0.1 for different values of the volume fraction and the agreement between two results is 

satisfactory. However, the discrepancies of this order of magnitude are not at all uncommon in 

numerical studies of this kind; and are often ascribed to numerical artifacts such as the grid, 
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solution algorithm, etc. Thus, based on the validation shown in Table 5.15 and Table 5.16 the 

present solver is believed to be reliable and accurate to within ± 4 – 5%. 

Table 5.15 Comparison of Cd of assemblages of spheres of no-slip and infinite slip at fluid-solid 

interface at Re = 0.1 with analytical results due to Gal-Or and Waslo [326]. 

Φ Present (λ→0) Fully slip bubbles Present (λ→∞) No-slip solid spheres 

0.1 288.343 298.60 752.327 746.59 

0.2 378.111 385.36 1356.310 1353.58 

0.3 478.981 484.02 2425.921 2432.35 

0.4 605.288 607.92 4507.936 4539.68 

0.5 776.271 775.57 8991.742 9097.76 

 

Table 5.16 Comparison of Cd/Cd0 of assemblages of spheres at Re = 0.1. 

Φ 

Present Faltas and Saad [214] Present Faltas and Saad [214] 

λ = 1 λ = 10 

0.1 2.005 2.086 2.612 2.712 

0.3 3.792 3.893 6.802 7.075 

0.5 7.382 7.546 18.850 19.636 
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Here comparison between power-law fluids, n = 0.6 and n = 1.6 for infinite slip (λ  0) and no-

slip (λ→∞) are presented. Table 5.17 shows a comparison of present values of drag coefficients 

of assemblages of spheres in shear thinning fluid for λ→0 with Gummalam and Chhabra [327] 

and Chhabra [328] for swarms of bubble in shear thinning fluid and the present results are 

accurate within ± 2%. Whereas Table 5.18 and Table 5.19 represents a comparison of present 

values of drag coefficients of assemblages of spheres in shear thickening fluid for λ→0 and 

λ→∞ with Kishore et al. [329, 330] for swarms of full slip bubbles and assemblage of no-slip 

solid spheres in shear thinning fluids and shear thickening fluids and the present results are 

accurate within ± 1‒4%. Table 5.20 represents a comparison of present values of drag 

coefficients of assemblages of spheres in shear thinning fluid for λ→∞ with Dhole et al. [331] 

assemblage of no-slip solid sphere in shear thinning fluids and present results are satisfactory. 

Table 5.17 Comparison of Cd of assemblages of spheres infinite slip at fluid-solid interface 

(λ→0) for n =0.6 and Φ = 0.1 

Re 

Gummalam and Chhabra 

[327] 

Bubble 

Chhabra [328] 

Bubble 

Present 

(λ→0) 

1 21.264 ‒ 21.611 

50 ‒ 0.686 0.685 
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Table 5.18 Comparison of Cd of assemblages of spheres infinite slip at fluid-solid interface 

(λ→0) for n =1.6 and Φ = 0.1. 

Re 

Kishore et al. [329] 

Solid sphere 

Present 

(λ→∞) 

1 48.225 49.137 

100 0.916 0.874 

200 0.535 0.511 

 

Table 5.19 Comparison of Cd of assemblages of spheres no-slip at fluid-solid interface (λ→∞) 

for n =1.6 and Φ = 0.1. 

Re 

Kishore et al. [330] 

Solid sphere 

Present 

(λ→∞) 

1 145.68 146.382 

100 3.383 3.318 

200 2.430 2.439 

 

Table 5.20 Comparison of Cd of assemblages of spheres no-slip at fluid-solid interface (λ→∞) 

for n = 0.6. 

Re 

Dhole et al. [331] 

Solid sphere 

Present 

(λ→∞) 

 Φ = 0.4 Φ = 0.5 Φ = 0.4 Φ = 0.5 

1 131.113 208.606 134.218 214.613 

100 3.363 – 3.533 ‒ 
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5.4. Average Nusselt Number of Assemblages of Spheres in Power-

law Fluids with Velocity Slip at the Interface 

5.4.1. Grid independence study 

The effect of the grid on the average Nusselt number of the assemblages of spheres in Newtonian 

and power-law fluids for volume fraction of dispersed phase Φ = 0.1 at Re = 200 for extreme 

values of slip parameter has been presented in Table 5.21 and Table 5.22. It can be seen from 

this tables that grids of 60 × 30 and 90 × 60 produce almost same values of average Nusselt 

number except for the case of λ = 100 and Pr = 50. The reason may be ascribed to convergence 

difficulty of present solver for extremely finer grids for large values of Peclet numbers and slip 

parameters. Furthermore the CPU time for convergence with the grid 90 × 60 is several folds 

larger than that with the grid 60 × 30. Thus the moderately fine grid 60 × 30 has been chosen for 

all other computations.  

Table 5.21 Effect of grid size on Nuavg of assemblages of spheres of Φ = 0.1 at Re = 200 

Grid size (θ- 

× r-) 

λ = 0.01 λ = 100 

 Pr = 1 Pr = 50 Pr = 1 Pr = 50 

30 × 30 18.6477 227.0813 13.9693 67.4344 

60 × 30 18.4539 209.0477 13.8302 68.5843 

90 × 60 18.4891 209.1867 13.7711 60.2986 
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Table 5.22 Effect of grid size on Nuavg of assemblages of spheres of Φ = 0.1 at Re = 200 

Grid  

(θ- × r-) 

n = 0.5 n = 1.6 

λ = 0.01 λ = 100 λ = 0.01 λ = 100 

 Pr = 1 Pr = 50 Pr = 1 Pr = 50 Pr = 1 Pr = 50 Pr = 1 Pr = 50 

30 × 30 19.306 122.681 15.358 70.946 18.225 118.712 12.818 69.673 

60 × 30 18.657 120.319 15.006 70.241 18.065 116.519 12.695 67.358 

90 × 60 18.349 119.845 15.103 69.747 18.014 116.035 12.648 67.059 

 

5.4.2. Validation 

Table 5.23 Comparison of present values of Nuavg with literature values for different volume 

fractions at λ→∞ (no-slip solid spheres) 

Re Pe Φ = 0.1 Φ = 0.5 

  Pfeffer and Happel 

[332] 

Present Pfeffer and Happel 

[332] 

Present 

1 

10 4.103 4.294 9.634 9.734 

50 6.251 6.535 11.143 11.165 

100 100 - - 13.657 13.235 

 

Table 5.23 represents a comparison of the present values of average Nusselt numbers of the 

assemblages of no-slip spheres (λ→∞) of volume fractions Φ = 0.1 and Φ = 0.5 at Re = 1 and Re 

= 100 with the analytical results of Pfeffer and Happel [332]; and here too the agreement 

between two values is excellent. Therefore, on the basis of present comparisons, it can be 

concluded that the present solver is reliable and accurate within ±4-5% of deviations. 
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Chapter 6 

RESULTS AND DISCUSSIONS 

6.1. Momentum Transfer Study of a Single Spherical Particle in 

Newtonian Fluids 

The range of the pertinent dimensionless parameters considered Cd for delineating their effects 

on the flow and drag behavior of a spherical particle in Newtonian fluids with velocity slip at the 

interface are: Re = 0.1, 1, 10, 20, 50, 100, 200 and λ = 0.01, 0.1, 1, 2, 5, 10, 50, 100.  

6.1.1. Flow pattern 

Figure 6.1 shows the effect of slip parameter on streamline (upper half) and iso-vorticity (lower 

half) contours around a single spherical particle in Newtonian fluids at Re = 1. In this figure 

maximum and minimum values of stream function and iso-vorticity are depicted. The difference 

between values of any two consecutive streamlines and iso-vorticity contours is 0.1. It can be 

observed from this figure, the streamline are remain symmetric around a single spherical particle 

without any flow separation at all values of slip parameters. Indeed the difference in streamline 

patterns are indistinguishable by changing the slip parameter from one value to other indicating 

the effect of slip number on streamlines is insignificant at Re = 1. The iso-vorticity is also 

uniformly distributed around the sphere in the radial direction for all values of the slip parameter; 

but as the value of the slip parameter gradually increases, more amount of vorticity contours are 

created around the sphere because the surface of the sphere gradually turns into finite slip surface 

from infinite slip surface. Figure 6.2 shows the effect of slip parameter on streamlines (upper 

half) and vorticity (lower half) contours around a single spherical particle at Re = 200. The 
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maximum and minimum values of stream function and iso-vorticity are displayed in the figure. 

The difference between values of any two consecutive streamlines and iso-vorticity contours is 

0.1. It can be observed from this figure that there is no flow separation and the streamlines are 

attached to the surface of the sphere for the value of slip parameter λ ≤ 1. 

 

Figure 6.1 Streamlines (upper half) and vorticity contours (lower half) around a sphere in a 

Newtonian fluid at Re = 1 for different values of λ. 

 

Figure 6.2 Streamlines (upper half) and vorticity contours (lower half) around a sphere in 

Newtonian fluid at Re = 200 for different values of λ. 
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Hence for small values of slip parameter, the flow pattern is similar to the case of infinite slip 

flow past spherical bubble. A recirculation wake appears at the rear end of the sphere and the 

flow is separated as the value of the slip parameter increases to λ = 5. Because of increasing slip 

parameter, immobility of fluid on the surface of sphere increases which lead to increase in 

vorticity which ultimately lead to flow separation at the rear end of the sphere. The size of the 

recirculation wake increases with increasing the value of slip parameter. From the iso-vorticity 

contours, for all values of slip parameter the vorticity is being carried away in the flow direction; 

however a small void is appeared at the rear end of the sphere at Re = 100 for λ ≥ 5 which is 

because of the formation of recirculation wake. Further increasing the value of slip parameter the 

size of this void increases because the amount of vorticity being generated increases with slip 

parameter. 

6.1.2. Surface pressure distribution 

Figure 6.3 presents the effects of Reynolds number and slip parameter on the distribution of 

pressure coefficient (Cp) along the surface of a spherical particle in Newtonian fluids. At Re = 

0.1, regardless the values of slip parameter, the pressure coefficient is maximum at the front 

stagnation point, as one traverses from front stagnation point it gradually decreases to a 

minimum value at rear stagnation point. Whereas for Reynolds number, Re ≥ 10, irrespective 

values of slip parameter, as one traverses from front stagnation point to rear stagnation point, the 

value of the pressure coefficient is maximum at the front stagnation point and it gradually 

decreases to a minimum value at around equator of the spherical particle and again gradually 

increases at the rear stagnation point of the sphere because of pressure recovery. For all values of 

Reynolds number, at the front stagnation point of the sphere the value of pressure coefficient 

decreases with decreasing slip parameter whereas the reverse trends observed at rear stagnation 
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point of the sphere. Further for Re ≥ 20, the minimum value of pressure coefficient at around 

equator decreases with the decreasing slip parameter. Further the difference between pressure 

coefficient values at front and rear stagnation point increases with the increasing slip parameter. 

 

Figure 6.3 Surface pressure coefficient distributions along the surface of a sphere in Newtonian 

fluids at different Reynolds number and slip parameter. 

6.1.3. Surface velocity distribution  

Figure 6.4 shows the influence of Reynolds number and slip parameter on the distribution of 

tangential velocity (vθ) along the surface of the slip sphere in Newtonian fluids. There is no flow 

separation at Re ≤ 20 for any value of slip parameter. Thus at all values of the slip parameter as 

one traverses along the surface of sphere the tangential velocity is zero at front stagnation point 

and the tangential velocity gradually increases to some maximum value at around equator of the 

sphere and again gradually decreases to zero value at the rear stagnation point.  
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Figure 6.4 Surface velocity distributions along the surface of a sphere in Newtonian fluids at 

different Reynolds number and slip parameter. 

However, the maximum value of tangential velocity at around equator is large for λ = 0.01 and 

because of decrease in slip (or increasing immobility) the tangential velocity decreases as the 

value of slip parameter increases. Further similar effects on tangential velocity are observed at 

Re ≥ 20 for λ ≤ 5 because of no flow separation in this range of Reynolds number and slip 

parameter. Because of presence of recirculation wakes (for λ ≥ 5), in the rear end of the slip 

sphere, the tangential velocity exhibits a secondary curve. The size of the secondary curve 

increases with the increasing slip parameter. 

6.1.4. Surface vorticity distribution 

Figure 6.5 shows the variation of the surface vorticity at different value of Reynolds number and 

slip parameter for Newtonian fluid. For the range of Reynolds number 0.1 ≤ Re ≤ 20 and slip 
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parameter 0.01 ≤ λ ≤ 1, the surface vorticity around sphere increases from zero value at front 

stagnant point to a certain large value at around equator and then gradually decreases to its zero 

value at the rear stagnation point.  

 

Figure 6.5 Surface vorticity coefficient distributions along the surface of a sphere in Newtonian 

fluids at different Reynolds number. 

Whereas for range Reynolds number 50 ≤ Re ≤ 200 and slip parameter 5 ≤ λ ≤ 100, the surface 

vorticity around slip sphere increases from zero value at front stagnant point to a certain large 

value at around equator, then gradually decreases until the point of flow separation. At the rear 

end because of flow detachment a secondary wake form and negative value at the point of flow 

separation and finally recovers to its zero value at the rear stagnation point. The surface vorticity 

exhibits complete fore and aft symmetry for all values of slip parameter λ. For all values of the 

Reynolds number, the surface vorticity value is maximum for λ = 100 because of less degree of 
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fluid slip at solid surface and it is minimum for λ = 0.01 due to the maximum degree of fluid slip 

at solid surface. For intermediate values of λ, the vorticity distribution is in the interim of the two 

vorticity curves for the case of λ = 0.01 and λ = 100. 

6.1.5. Drag phenomena 

Figure 6.6(a) presents the combined effects of the Reynolds number (Re) and slip parameter (λ) 

on pressure drag coefficients (Cdp), friction drag coefficient (Cdf), drag ratio (Cdp/Cdf) and total 

drag (Cd) of a single sphere in Newtonian fluids. For all values of λ, the value of pressure drag 

coefficient decreases with the increasing Reynolds number. Figure 6.6(b) presents the combined 

effects of Reynolds number and slip parameter on friction drag coefficient (Cdf) of a sphere in 

Newtonian fluid. Here too, regardless of values of the slip parameter, the friction drag coefficient 

decreases with the increasing Reynolds number. Figure 6.6(c) presents the effect of Reynolds 

number and slip parameter on drag ratio of a sphere in Newtonian fluid. For all values of λ, the 

value of pressure drag coefficient increases with the increasing Reynolds number. Figure 6.6(d) 

shows the combined effects of the Reynolds number and slip parameter on the total drag 

coefficient (Cd) of unbounded sphere in Newtonian fluid. Qualitatively trends are similar to the 

friction drag coefficient trends (Figure 6.6(a-b)); For Newtonian fluids, as the value of the slip 

parameter decreases the drag coefficient decreases because the slipping nature of particle surface 

increases with decreasing slip parameter and this slippery behavior reduces the resistance for 

fluid to flow past slip sphere of small λ value.  

From the engineering applications view point, a correlation for the Cd of a sphere in 

Newtonian fluids can be very useful in real life applications and thus on the basis of present 

numerical simulations following form of the empirical correlation is found to be suitable:  
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0.237 0.31

0.9

18
1 0.279 0.167dC

Re
               (6.1) 

The above equation reproduces the present numerical simulations with an average error of 

±8.08% which rises to a maximum of 22.81% for extreme values of the slip parameter. 

 

Figure 6.6 Pressure drag coefficients (Cdp), friction drag coefficient (Cdf), drag ratio (Cdp/Cdf) 

and total drag (Cd) of a single sphere in Newtonian fluids at different values of slip parameter. 

6.2. Momentum Transfer Study of a Single Spherical Particle in 

Power-law Liquids 

The values of the present pertinent dimensionless parameters consider to delineate their effects 

on the flow and drag behavior of a single spherical particles in power-law liquids with velocity 

slip at the interface are: Re = 0.1, 1, 10, 20, 50, 100, 200, n = 0.5, 0.6, 0.8, 1, 1.2, 1.4, 1.6, and λ 

= 0.01, 0.1, 1, 2, 5, 10, 50, 100.  
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6.2.1. Flow patterns 

Figure 6.7 shows the streamline (upper half) and iso-vorticity (lower half) contours around a 

single sphere with varying dimensionless slip parameter in a shear-thinning power-law liquids of 

n = 0.5 at Re = 100. In this figure maximum and minimum values of stream function and iso-

vorticity are shown. The difference between values of any two consecutive streamlines is 0.1 and 

similarly difference between values of any two consecutive iso-vorticity contours is also 0.1. It 

can be seen from this figure that for slip parameter λ ≤ 1, there is no flow separation and the 

streamlines are attached to the surface of the sphere. Thus for small values of slip parameter, the 

flow pattern is similar to the case of fully-slip flow past a spherical bubble. As the value of the 

slip parameter increases to λ = 5, a recirculation wake appears at the rear end of the sphere and 

the flow is separated. Because of increasing slip parameter, the surface immobility increases 

which leads to increased vorticity which eventually separates the flow in the rear of the slip 

sphere. Further increase in slip parameter, the size of the recirculation wake increases; and for λ 

= 100, the size of the recirculation wake is close to that of no-slip flow past a sphere in a power-

law fluid of n = 0.5. From the iso-vorticity contours, it can be seen that the vorticity is being 

carried away in the flow direction for all values of slip parameter; however, for λ ≥ 5, a small 

void is formed in the rear end of the sphere which is because of the formation of recirculation 

wake. The size of this void increases with the increasing slip parameter because the amount of 

vorticity being generated increases with λ. Figures 6.8 and Figures 6.9 shows the streamline 

(upper half) and iso-vorticity (lower half) contours around a single slip sphere in a Newtonian (n 

= 1) and in a shear-thickening power-law liquids of n = 1.6 at Re = 100 for different values of the 

slip parameter. In these Figures as well, the minimum and maximum values of the stream 

function and iso-vorticity contours are shown. The difference between values of two consecutive 
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stream functions is 0.1 and the difference between two consecutive iso-vorticity contours is 0.1. 

Qualitatively similar behaviors in flow patterns are observed as in the case of n = 0.5 (Figure 

6.7); however, the size of the recirculation wake decreases with the increasing power-law index 

for a given value of slip parameter.  

 

Figure 6.7 Streamlines (upper half) and vorticity contours (lower half) around a sphere in a 

power-law fluid of n = 0.5 at Re = 100 for different values of λ. 

The effects of slip parameter (λ), power-law index (n) and Reynolds number (Re) on the length 

of recirculation wake (Lr) and flow separation angle (θs) are summarized in Figures 6.10 and 

Figures 6.11. It can be seen from Figures 6.10 that for all values of the power-law index, the 

size of the recirculation wake increases with the increasing slip parameter (i.e., towards no-slip 

condition) and/or with the increasing Reynolds number; however, increase in the size of 

recirculation wake is very small for the case of λ = 5 as Re increasing from Re = 100 to Re = 200. 

For a given value of slip parameter, the recirculation wake length shows mixed behavior with 

respect to power-law index; however, for a given value of Reynolds number, the recirculation 

wake length decreases with the increasing power-law index. Further the separation angles in 

Figure 6.11 are measured from the rear stagnation point; and for all values of power-law indices, 
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this angle increases with the increase in Reynolds number and/or slip parameter except for the 

case of λ = 5. 

 

Figure 6.8 Streamlines (upper half) and vorticity contours (lower half) around a sphere in a 

Newtonian fluid (n = 1) at Re = 100 for different values of λ. 

 

Figure 6.9 Streamlines (upper half) and vorticity contours (lower half) around a spheres in a 

power-law fluid of n = 1.6 at Re = 100 for different values of λ. 
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Figure 6.10 Recirculation length (Lr) versus Re for various combinations n and λ. 

  

Figure 6.11 Separation angle (θs) versus Re for various combinations of n and λ. 

TH-1736_126107007



97 
 

6.2.2. Surface pressure distribution 

Figure 6.12 presents the distribution of pressure coefficient (Cp) along the surface of a smooth 

sphere in power-law liquids at Re = 50 for different values of slip parameter. For a given value of 

power-law index, regardless of values of slip parameter, the pressure coefficient is maximum at 

the front stagnation point, as one traverse from front stagnation point it gradually decreases to a 

minimum value at around equator of the sphere and as one traverses to rear stagnation point it 

increases because of pressure recovery. The maximum value of pressure coefficient at front 

stagnation point decreases with decreasing slip parameter; whereas the value of pressure 

coefficient at rear stagnation point increases with decreasing slip parameter, and the minimum 

value of pressure coefficient at around equator, decreases with the decreasing slip parameter. 

Further the difference between pressure coefficient values at front and rear stagnation point 

increases with the increasing slip parameter.  

 

Figure 6.12 Surface pressure coefficient distribution along the surface of a sphere in power-law 

liquids at Re = 50. 
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6.2.3 Surface velocity distribution  

Because of imposed slip velocity boundary condition along the surface of a smooth sphere, 

certain amount of slip velocity exists for a given value of slip parameter. Thus Figure 6.13 

shows the distribution of tangential velocity (vθ) along the surface of the sphere in power-law 

liquids at Re = 20 for different slip parameters. At Re = 20, there is no flow separation for any 

combination of power-law index and the slip parameter. Thus, for all combinations of the slip 

parameter and the power-law index, the tangential velocity is zero at front stagnation point, and 

as one traverses along the surface of sphere, the tangential velocity gradually increases to some 

maximum value at around equator of the sphere and again gradually decreases to zero value at 

the rear stagnation point. However, the maximum value of tangential velocity at around equator 

is large for λ = 0.01 and because of decrease in slip (or increasing immobility) the tangential 

velocity decreases as the value of λ increases. Further the tangential velocity decreases with the 

increasing power-law index due to increasing the apparent viscosity. Figure 6.14 shows the 

similar effects on tangential velocity but at Re = 200. Because of presence of recirculation wakes 

(for λ ≥ 5), in the rear end of the slip sphere, the tangential velocity exhibits a secondary curve. 

The size of the secondary curve increases with the decreasing power-law index and/or with the 

increasing slip parameter.  
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Figure 6.13 Surface velocity distribution along the surface of a sphere in power-law liquids at Re 

= 20. 

 

Figure 6.14 Surface velocity distribution along the surface of a sphere in power-law liquids at Re 

= 200.  
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6.2.4. Surface viscosity distribution 

Figure 6.15 represents the viscosity distribution along the surface of a smooth sphere in power-

law liquids at Re = 20 for different slip parameters. For shear-thinning fluids (n < 1), for small 

values of slip parameters (i.e., λ ≤ 1), from front stagnation point to equator of sphere the 

viscosity gradually increases to attain a local maximum and again it gradually decreases as one 

traverses to rear stagnation point. However, for moderate to large values of slip parameter (i.e., λ 

= 5 – 100), from front stagnation point to equator the viscosity decreases and again it drastically 

increases to some maximum value at rear stagnation point. For shear-thickening fluids (n > 1) 

opposite trends are observed.  

 

Figure 6.15 Surface viscosity distribution along the surface of a slip in power-law liquids at Re = 

20. 
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Figure 6.16 Surface viscosity distribution along the surface of a sphere in power-law liquids at 

Re = 200.  

Figure 6.16 shows the effect of power-law index and slip parameter on the viscosity 

distribution along the surface of the sphere at Re = 200. For λ ≤ 1 (Figures 6.16(a-b)), for shear-

thinning fluids (n < 1), the trends are similar as in the case of Re = 20; however, for shear-

thickening fluids (n > 1), trends are opposite compared to the cases of shear-thinning fluids. 

Further, for moderate to large values of slip parameters, i.e., for λ = 5 – 100, unlike in the case of 

Re = 20, both for shear-thinning (n < 1) and shear-thickening (n > 1) fluids, a secondary curve is 

present in the case of Re = 200 because of the presence of recirculation wake in the rear end of 

the sphere. 

6.2.5. Drag phenomena 

Figure 6.17 presents the combined effects of the Reynolds number (Re), power-law index (n) 

and slip parameter (λ) on pressure drag coefficients (Cdp) of a single smooth sphere in power-law 
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fluids. For all values of n and λ, the value of pressure drag coefficient decreases with the 

increasing Reynolds number. For λ = 0.01 – 1, for all values of the Reynolds number, as the 

power-law index increases the value of the pressure drag coefficient decreases. However, for slip 

parameter λ = 5, though for Re < 50, the trends are same as in the case of λ ≤ 1; but for Re ≥ 50, 

the effect of power-law index is almost insignificant. Further for slip parameter λ ≥ 10, the Cdp 

versus Re curve exhibit a crossover Reynolds number at Re ≈ 50, i.e., below this crossover 

Reynolds number the Cdp decreases with the increasing power-law index but a reverse trend is 

observed above this crossover Reynolds number.  

Figure 6.18 presents the combined effects of Re, n and λ on friction drag coefficient (Cdf) 

of a single smooth sphere in power-law liquids. Here too, regardless of values of the power-law 

index and the slip parameter, the friction drag coefficient decreases with the increasing Reynolds 

number. For λ ≥ 1, the Cdf versus Re curves exhibit a crossover Reynolds number which 

increases with the increasing slip parameter. Below this crossover Reynolds number, the value of 

Cdf decreases with the increasing power-law index and reverse trend is observed for Reynolds 

number greater than crossover Reynolds number. Figure 6.19 shows the combined effects of the 

Reynolds number, power-law index and the slip parameter on the total drag coefficient (Cd) of 

unbounded single smooth sphere in power-law liquids. Qualitatively trends are similar to the 

friction drag coefficient trends (Figure 6.18); however, the crossover Reynolds number does not 

increase with the slip parameter. For Newtonian fluids, as the value of the slip parameter 

decreases the drag coefficient decreases because the slipping nature of particle surface increases 

with decreasing slip parameter and this slippery behavior reduces the resistance for fluid to flow 

past slip sphere of small λ value.  
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Figure 6.20 shows the combined effects of slip parameter (λ), power-law index (n) and 

Reynolds number (Re) on normalized drag coefficient, i.e., ratio between total drag coefficient of 

a sphere in power-law liquidss (of different values of n) and total drag coefficient of a sphere in 

Newtonian fluids (n = 1). For all values of slip parameters and shear-thinning fluids (n < 1), the 

normalized drag coefficient decreases with the increasing Reynolds number; on the other hand, 

for shear-thickening fluids (n > 1) reverse trends are observed. For all values of slip parameters, 

the normalized drag coefficient versus Reynolds number behavior exhibits a crossover Reynolds 

number with respect to the power-law index of the liquids. This crossover Reynolds number is 

almost independent of the slip parameter.  

 

Figure 6.17 Effects of Re, n and λ on pressure drag coefficient (Cdp) of a single sphere. 
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Figure 6.18 Effects of Re, n and λ on friction drag coefficient (Cdf) of a single sphere. 

 

Figure 6.19 Effects of Re, n and λ on total drag coefficient (Cd) of a single sphere. 
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Figure 6.20 Ratio between Cd of the sphere in power-law liquids and in Newtonian liquids. 

From the engineering applications view point, a correlation for the Cd of a smooth sphere 

in power-law liquids can be very useful in real life applications and thus on the basis of present 

numerical simulations (344 data points) following form of the empirical correlation is found to 

be suitable:  
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         (6.2) 

The above equation reproduces the present numerical simulations with an average error of 

±9.56% which rises to a maximum of 29.97% for extreme values of the power-law index and the 

slip parameter. 
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6.3. Heat Transfer Study of a Single Spherical Particle in Newtonian 

Fluids 

The following ranges of dimensionless parameters are considered to discuss the heat transfer 

phenomena of a single sphere in Newtonian fluids with fluid slippage at the interface: Re = 0.1, 

1, 10, 20, 50, 100, 200; Pr = 1, 10, 50, 100 and λ = 0.01, 0.1, 1, 5, 10, 50, 100.  

6.3.1. Isotherm contours 

Figure 6.21 presents the isotherm contours around a single sphere at Re = 1 when Pr = 1 (above 

the central line) and Pr = 100 (below the central line) for different values of the slip parameter. 

In this figure the values of the isotherm contours on the surface of sphere is 1 (i.e., the 

dimensionless temperature is 1 at the sphere surface) and in the free stream is zero (i.e., the 

dimensionless temperature at the free stream is zero). The difference between any two 

consecutive isotherm contours in Figure 6.21 is 0.1. For Re = 1 and Pr = 1, because of 

domination of conduction mode of heat transfer compared to convection, the isotherm contours 

are diffused in the radial direction rather than being convected in the flow direction. Further in 

this case the rate of the heat transfer is very small that the dimensionless temperature of 0.2 

values is very far away from the location of sphere. This trend for Re = 1 and Pr = 1 is consistent 

with the literature observations and is unaffected by the value of the dimensionless slip 

parameter. Indeed for all values of the dimensionless slip parameter, the isotherm contours are 

qualitatively almost similar for each value of slip parameter when Re = 1 and Pr = 1. This may 

be due to the negligible effect of slip velocity at such small Prandtl numbers. At these conditions 

the thermal boundary layer is thick and independent of the slip parameter. However, for the same 

Re = 1, but when the Prandtl number increases to 100 (below the central line), the significant 
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contribution of convective heat transfer can be seen and sufficient numbers of isotherm contours 

are close to the sphere surface indicating the boundary layer has become thinner with increasing 

Prandtl number. Further the dimensionless temperature of 0.1 value is also in the close proximity 

of sphere indicating the rate of heat transfer has significantly increased even at Re = 1 by the 

increase of Prandtl number to 100. Figure 6.22 presents the isotherm contours around spheres 

for different values of the slip parameter when Pr = 1 (above the central line) and Pr = 100 

(below the central line) but at Re = 20. Here too the values of isotherm contours at either extreme 

are depicted in the figure and the difference between any two consecutive isotherm contours is 

0.1. Because of increasing the Reynolds number to 20, the contribution from convective flow is 

has also increased though both the diffusion and convection are not of the same order of 

magnitude. Because of this increasing contribution of convection flow, the isotherm contours are 

carried away in the flow direction for both values of the Prandtl numbers, however, for Pr = 100 

more number of isotherm contours are clustered near the particle surface indicating thinning of 

thermal boundary layer. By comparing with Re = 1 (Figure 6.21), in the case of Re = 20 (Figure 

6.22), more numbers of isotherm contours are clustering near the sphere for both values of the 

Prandtl number because of decreasing boundary layer thickness due to increased Reynolds 

number. Figure 6.23 shows the isotherm contours in the vicinity of heated single sphere for 

different values of the slip parameter when Pr = 1 (above the central line) and Pr = 100 (below 

the central line) at Re = 100. In this figure also the limiting values of the isotherm contours are 

depicted and the difference between any two consecutive isotherm contours is 0.1. At Re = 100, 

the convection forces dominate the flow compared to the viscous forces, thus for both values of 

the Prandtl numbers the isotherm contours are carried in the flow direction and more numbers of 

isotherm contours clusters around the sphere. However, unlike in the cases of Re = 20 (Figure 
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6.22) and Re = 1 (Figure 6.21), at Re = 100 a recirculation wake of significant size occurs for all 

λ > 1; and thus because of the presence of this recirculation wake in the streamlines, the isotherm 

contours in the rear of the sphere are distorted and sucked towards the sphere as seen in Figure 

6.23(c) and Figure 6.23(d). 

 
Figure 6.21 Isotherm contours around a single sphere at Re = 1 when Pr = 1 (upper half) and Pr 

= 100 (lower-half). 
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Figure 6.22 Isotherm contours around a single sphere at Re = 20 when Pr = 1 (upper half) and 

Pr = 100 (lower-half). 

 

Figure 6.23 Isotherm contours around a single sphere at Re = 100 when Pr = 1 (upper half) and 

Pr = 100 (lower-half). 
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6.3.2. Local Nusselt number 

Figure 6.24 presents the variation in values of the Nusselt number along the surface of the 

sphere at Re = 20 for different values of the Prandtl numbers as function of slip parameter. As 

discussed previously at Re = 20, for all values of the slip parameter the recirculation wake did 

not appear in the rear end of the sphere. Therefore, as one traverses from the front stagnation 

point to the rear stagnation point, the values of the local Nusselt number gradually decreases 

from its maximum value at the front stagnation point to some minimum value at the rear 

stagnation point. For Pr = 1 (Figure 6.24(a)), a crossover distribution of local Nusselt number 

with respect to slip parameter is observed at around θ ~ 130-135°, it moves to around θ ~ 150° 

and θ ~ 165° as the value of Prandtl number increases to 10 (Figure 6.24(b)) and 50 (Figure 

6.24(c)), respectively; however, it disappears for Pr = 100 (Figure 6.24(d)). Figure 6.24 shows 

the variation of local Nusselt number for different values of the Prandtl number and slip 

parameter but at Re = 200. At Re = 200 the convection forces are predominant in the 

hydrodynamics thus significant recirculation wakes in the rear of slip spheres are observed at Re 

= 200 when λ > 1 and the size of this wake increases with the increasing slip parameter. 

Accordingly the variation in local Nusselt number is qualitatively similar to the case of Re = 20 

up to the point of separation, i.e., the value of Nusselt number gradually decreases from the front 

stagnation point to the point of flow separation.  
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Figure 6.24 Local Nusselt number distribution along the surface of a single sphere at Re = 20 for 

different Pr and λ. 

However, in the recirculation wake zone, the local Nusselt number increases from the point of 

flow separation to the rear stagnation point because of adverse pressure gradients in the wake 

region. Further it is observed that as the value of the slip parameter increases the value of the 

Nusselt number decreases at any location from the front stagnation point to the point of flow 

separation. However, in the remaining portion of sphere surface, i.e., from the point of flow 

separation to rear stagnation point a reverse trend is observed because of the adverse pressure 

gradients in the recirculation wake region.  
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Figure 6.25 Local Nusselt number distribution along the surface of a single sphere at Re = 200 

for different Pr and λ. 

Figure 6.26 presents the local Nusselt number distribution along the surface of a sphere of 

different slip parameter at Re = 50 as function of Prandtl number; and qualitatively similar trends 

can be seen as in the case of Figure 6.25. However, regardless the value of the slip parameter, 

the local value of Nusselt number increases with the Prandtl number in both zones i.e., before 

and after the point of recirculation wake formation. 
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Figure 6.26 Local Nusselt number distribution along the surface of a single sphere at Re = 50 for 

different Pr and λ. 

6.3.3. Average Nusselt number 

Figure 6.27 shows the combined effects of the Reynolds number and slip parameter on the 

average Nusselt number versus Peclet number variations of a single sphere in Newtonian liquids. 

Regardless the values of the Reynolds number and the slip parameter, the value of the average 

Nusselt number is approximately two when Peclet number is order of 1 which indicates the rate 

of heat transfer is dominated by conduction under these conditions. Further regardless the values 

of the Reynolds number and slip parameter, the average Nusselt number increases with the 

increasing Peclet number because of increasing contribution from the convection. Because of the 

same reason, regardless the value of the slip parameter, the values of the average Nusselt number 

increases with the increasing Reynolds number. On the other hand, as the value of the slip 

parameter increases the values of average Nusselt number decreases for all value of Peclet 
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number > 1 because of increasing boundary layer thickness with the increasing slip parameter 

(i.e., from infinite slip to completely no-slip condition). In summary, the average Nusselt number 

increases with the increasing Reynolds/Prandtl numbers and/or with the decreasing slip 

parameter.  

 

Figure 6.27 Average Nusselt numbers of a single sphere in Newtonian fluids with velocity slip 

at the interface. 

Finally, the following simple predictive correlation for the average Nusselt number of 

single slip sphere in Newtonian fluids with velocity slip at the interface is developed on the basis 

of present numerical results.  

0.505 0.431 0.052 0.0230.869Re Pr 1.418PravgNu            (6.3) 

This correlation reproduces the present numerical results (196 data points) with an average error 

of ±9.82% which rises to a maximum of ±36.36% for extreme cases.  
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6.4. Heat Transfer Study of a Single Spherical Particle in Power-law 

Fluids 

In this work the following range of dimensionless parameters are considered to explore the heat 

transfer behavior of spheres in unconfined power-law fluids with velocity slip at the interface: Re 

= 0.1, 1, 10, 20, 50, 100, 200; Pr = 1, 10, 50, 100; λ = 0.01, 0.1, 1, 5, 10, 50, 100; and n = 0.5, 

0.6, 0.8, 1, 1.2, 1.4, 1.6. 

6.4.1. Isotherm contours 

Figure 6.28 shows the distribution of isotherm contours in the vicinity of sphere with fluid-

slippage at the interface in power-law liquids of n = 0.5 at Re = 20 for Pr = 1 (above the central 

line) and Pr = 100 (below the central line) at different values of the dimensionless slip 

parameter. The minimum and maximum values of isotherm contours are depicted in the Figure 

and the difference between two consecutive isotherms is 0.1. For the case of Re ≤ 20, the flow 

separation or recirculation wake in the rear of the sphere is not observed regardless the values of 

the power-law index and the slip parameter. Therefore, in Figure 6.28 (for Re = 20 and all values 

of the Prandtl numbers), the distortion of isotherm contours are not seen for any value of the slip 

parameter. In the case of Re = 20 and Pr = 1 (upper half), irrespective of the values of the of slip 

parameters, the isotherm contours are diffused around the sphere with only little convection in 

the flow direction because of large contribution from the conduction mode of heat transfer and 

with little contribution from the convection mode of the heat transfer. On the other hand, for the 

case of Re = 20 and Pr = 100 (lower half), for all values of the slip parameters, the isotherm 

contours are clustering close to the surface of the sphere and rapidly moving in the flow 

direction. This is because of large contribution of the convection mode of heat transfer and small 

but negligible contribution from the conduction mode of heat transfer. In other words, Peclet 
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number is 20 and 2000 respectively in the upper and lower halves of the spheres since the 

Reynolds number is 20. That is by increasing the Peclet number from 20 (for Re = 20 and Pr = 1) 

to 2000 (for Re = 20 and Pr = 100), the momentum transfer by molecular mechanisms started 

dominating than the heat conduction. Furthermore, for both values of the Prandtl number, the 

isotherm contours slowly move towards the sphere surface with gradual increase of the slip 

parameter.  

Figure 6.29 shows the isotherm contours around a sphere with fluid slippage at the 

interface in power-law liquids of n = 0.5 at Re = 100 for Pr = 1 (above the central line) and Pr = 

100 (below the central line) as function of the dimensionless slip parameter. Here too minimum 

and maximum values of isotherm contours are depicted and the difference between any two 

consecutive isotherm contours is 0.1. At Re = 100 and n = 0.5, a significant size of recirculation 

wake is formed in the rear end of the spheres with fluid-slippage at the interface when λ ≥ 5 and 

it increased with the slip parameter [6]. Therefore, for λ = 5 (Figure 6.29(c)) and λ = 10 (Figure 

6.29(d)) at both values of the Prandtl numbers, the isotherm contours in the rear end of the 

sphere with slipping interface are distorted and sucked towards the sphere because of the adverse 

pressure gradients experienced by the sphere due to the formation of the recirculation wake. 

With the increasing slip parameter the magnitude of slip reduces thus the distortion of isotherm 

contours increases with the slip parameter. Furthermore, the degree of distortion and suction of 

isotherm contours towards the sphere is higher in the case of Pr = 100 because of domination of 

the convection. On the other hand, for λ ≤ 1, the thermal boundary layer is thinner and the 

isotherm contours are undistorted for both values of the Prandtl number because of the fluid slip 

and due to absence of recirculation wake for λ ≤ 1 respectively. By comparing Figure 6.28 and 

Figure 6.29, it can be seen that the thermal boundary layer becomes thinner with the increasing 
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Reynolds and/or Prandtl numbers and/or with the decreasing slip parameter; and thus the rate of 

heat transfer increased with decreasing λ and/or increasing Re and/or Pr.  

Figure 6.30 and Figure 6.31 shows the isotherm contours in the vicinity of a single 

sphere with varying degree of surface slip at Re = 20  and Re = 100 respectively when Pr = 1 

(above the central line) and Pr = 100 (below the central line) but in shear-thickening fluids of n = 

1.6. The difference between any two consecutive isotherm contours is 0.1 and their minimum 

and maximum values are depicted in Figures. For a given combination of the slip parameter (λ ≥ 

5) and Reynolds number (Re > 20), the size of the recirculation wake in the rear of the sphere in 

power-law fluids decrease with the increasing power-law index, i.e., the size of recirculation 

wake is larger for shear-thinning fluids (n < 1) followed by Newtonian (n = 1) and shear-

thickening fluids (n > 1). This is because of the apparent viscosity of power-law fluids which 

increases with the increasing power-law index for a given amount of shear-rate. Further the 

trends of isotherm contours of slip spheres in shear-thickening fluids (Figure 6.30 and Figure 

6.31) for different combinations Re, Pr and λ are qualitatively similar as in the case of shear-

thinning fluids (Figure 6.28 and Figure 6.29). However, the degree of distortion of isotherm 

contours in the case of shear-thickening fluids is small because of the reduced recirculation size 

by increasing the value of the power-law index for a given combination of the Reynolds number 

and the slip parameter. Furthermore the boundary layer becomes thicker as the fluid rheology 

changes from shear-thinning to shear-thickening nature for all possible combinations of the Re, 

Pr and λ.  

In order to discuss the effect of power-law fluid rheology on the isotherm contours 

around sphere with velocity slip at the interface, the isotherm contours in Figure 6.32–Figure 

6.36 are plotted depicting either extreme values of the power-law index in the upper halves and 
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lower halves of the spheres for different combinations of the Reynolds, Prandtl and slip numbers. 

For instance, Figure 6.32 depicts the isotherm contours around spheres in power-law liquids of n 

= 0.5 (upper half) and n = 1.6 (lower half) at Re = 10 and Pr =1 for different values of the slip 

parameter. Regardless the values of the slip parameters, for the case of shear-thinning fluids (n = 

0.5), the isotherm contours are carried in the flow direction for a longer distance than in the case 

of shear-thickening fluids (n = 1.6). This is because of increasing apparent viscosity with the 

increasing power-law index. Similarly Figure 6.33 shows the isotherm contours around spheres 

in power-law liquids of n = 0.5 (upper half) and n = 1.6 (lower half) at Re = 10 but when Pr = 

100 for different values of the slip number. Qualitatively similar trends are seen as in Figure 

6.32 but the distance that isotherm contours carried in flow direction in shear-thinning fluids is 

slightly large compared to the case of the shear-thickening fluids. This may be ascribed to the 

reason that at large Prandtl numbers, the convective heat transfer is predominant compared to 

conduction heat transfer; and thus the rheology of fluid plays a little role. Figure 6.33 shows the 

isotherm contours around spheres with slip velocity at the interface for Re = 200 and Pr = 1 in 

power-law liquids of n = 0.5 (upper half) and n = 1.6 (lower half) for different values of the slip 

parameter. At Re = 200, when λ > 1, recirculating wake appeared in the rear end of the sphere for 

both the cases of shear-thinning and shear-thickening fluids but for λ ≤ 1, no such recirculation 

wakes appeared. Because of this reason, for λ > 1, isotherm contours are distorted for both the 

cases of shear-thinning (n = 0.5) and shear-thickening (n = 1.6) fluids. However the isotherm 

contours are carried forward in the flow direction for slightly large distance in the case of shear-

thickening fluids (n = 1.6) than in the case of shear-thinning fluids (n = 0.5) which is a reverse 

case when compared to Re = 20; and the effect of fluid rheology on isotherm contours is found to 

be less significant for λ ≤ 1. In other words, the isotherm contours are strongly sucked towards 
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the sphere due to which the rate of heat transfer is large in shear-thinning fluids than in shear-

thickening fluids when the slip parameter is greater than unit. Similarly Figure 6.35 shows the 

isotherm contours around a sphere with slip velocity at the interface in power-law liquids of n = 

0.5 (upper half) and n = 1.6 (lower half) at Re = 200 but for Pr = 100; and qualitatively similar 

trends are seen as in Figure 6.34 but in the case of Pr = 100 at Re = 200 a thermal void is found 

in the rear end and its size is significantly larger for the case of shear-thinning fluids compared to 

shear-thickening fluids provided the slip parameter λ > 1. 

 

Figure 6.28 Isotherm contours around a sphere for n = 0.5 and Pr = 1 (upper half) and Pr = 100 

(lower half) at Re = 20. 
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Figure 6.29 Isotherm contours around a sphere for n = 0.5 and Pr = 1 (upper half) and Pr = 100 

(lower half) at Re = 100. 

 

Figure 6.30 Isotherm contours around a sphere for n = 1.6 and Pr = 1 (upper half) and Pr = 100 

(lower half) at Re = 20. 
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 Figure 6.31 Isotherm contours around a sphere for n = 1.6 and Pr = 1 (upper half) and Pr = 100 

(lower half) at Re = 100. 

 

Figure 6.32 Isotherm contours around sphere with velocity slip in power-law liquids of n = 0.5 

(upper half) and n = 1.6 (lower half) at Re = 10 and Pr = 1. 
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Figure 6.33 Isotherm contours around sphere with velocity slip in power-law liquids of n = 0.5 

(upper half) and n = 1.6 (lower half) at Re = 10 and Pr = 100. 

 

Figure 6.34 Isotherm contours around sphere with velocity slip in power-law liquids of n = 0.5 

(upper half) and n = 1.6 (lower half) at Re = 200 and Pr = 1. 
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Figure 6.35 Isotherm contours around sphere with velocity slip in power-law liquids of n = 0.5 

(upper half) and n = 1.6 (lower half) at Re = 200 and Pr = 100. 

6.4.2. Surface Nusselt number 

Figure 6.36 presents the variations in the local Nusselt numbers along the surface of the sphere 

with interface fluid-slippage in power-law liquids of n = 0.5 at Re = 20 for different values of the 

Prandtl numbers and slip parameters. The thermal boundary layer is thin at the front stagnant 

point and it gradually thickens as one traverse to the rear stagnation point along the surface of the 

sphere. Because of this reason the local Nusselt number is maximum at front stagnation point 

and as one traverses along the surface of spherical particle the local Nusselt number gradually 

decreases up to the rear stagnation point provided the recirculation wake is absent. If the 

recirculation wake is occurring then the local Nusselt number decreases from its maximum value 

at the front stagnation point to a minimum value at the point of flow separation, and then again 

gradually increases to a certain intermediate value at the rear stagnation point. Thus for the 
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Prandtl number of unit and slip parameters (Figure 6.36(a)), the local Nusselt number gradually 

decreases from its maximum value at the front stagnation point to a minimum value at the rear 

stagnation point because the flow separation or formation of recirculation wake is absent at Re = 

20. For Pr = 10, 50, 100 (Figure 6.36(b) – Figure 6.36(d)), except for the cases of λ = 50 and λ 

= 100, the local Nusselt number trends are qualitatively similar as in the case of Pr = 1 with only 

difference being is increase in the value of the local Nusselt number with the increase in Prandtl 

number. For λ = 50, 100 when Pr ≥ 10 (Figures 6.36(b) – Figure 6.36(d)), the surface Nusselt 

number increases for a short distance from the front stagnation point to a position around θ ~ 45
o
 

and then again it gradually decreases up to rear stagnation point as in the case of other values of 

the slip parameter. Furthermore, for a fixed value of the Prandtl number, as the value of the slip 

parameter increases the local Nusselt number decreases because of increasing boundary layer 

thickness as the slippage of fluid along the surface of sphere decreases. This indicates that for a 

given value of the Reynolds and Prandtl number, the rate of heat transfer decreases with the 

increasing slip parameter regardless of the values of the power-law index.  

Figure 6.37 shows the variations in the local Nusselt number of a single sphere with 

fluid-slippage at the interface in power-law liquids of n = 0.5 for different values of the Prandtl 

number and slip parameter but at a larger value of the Reynolds number, Re = 200. Regardless of 

the value of the Prandtl number, when λ ≤ 1, the local Nusselt number variations in the case of 

Re = 200 (Figure 6.37) are qualitatively similar to the case of Re = 20 (Figure 6.36) because of 

absence of recirculation wake when λ ≤ 1 even at Re = 200. However, for λ ≥ 5, the local Nusselt 

number decreases up to the point of flow separation in the rear half of the sphere and then it 

gradually increases because of distortions seen in the isotherm contours due to the flow 

separation. Furthermore, by comparing Figure 6.36 and Figure 6.37, it can be seen that the local 
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Nusselt number increased with the Reynolds number for all values of the slip parameters and the 

Prandtl numbers.  

Figure 6.38 and Figure 6.39 shows the effects of the slip parameter on the Nusselt 

number along the surface of the sphere for different values of Prandtl number in power-law 

liquids of n = 1.6 at Re = 20 and Re = 200, respectively. Qualitatively similar trends are seen as 

in the case of shear-thinning fluids of n = 0.5 (Figures 6.36 and Figure 6.37), but as the power 

law index increased to n = 1.6, the local value of the Nusselt number decreased because of 

increased boundary layer thickness due to increased apparent viscosity of the shear-thickening 

fluids. Furthermore, unlike the case of shear-thinning fluids (Figures 6.36 and Figure 6.37), the 

local rise in surface Nusselt number of the sphere (from front stagnation point to around θ ~ 45°) 

is absent in the case of shear-thickening fluids (Figures 6.38 and Figure 6.39) for all values of 

the slip parameter.  

Figures 6.40 – 6.43 show the effect of the power-law fluid behavior index (n) on the 

variations in local (surface) Nusselt numbers of the sphere with velocity slip at the interface at Re 

= 50 for Pr = 1, 10, 50, 100 respectively. In the case of Re = 50 and λ ≤ 10, flow recirculation 

wake is not found in the rear of the sphere regardless the nature of the power-law fluid 

considered. Therefore for all values of the power-law index, slip parameters and Prandtl 

numbers, the local Nusselt number gradually decreases as one traverses along the surface of the 

sphere from the front stagnation point to the rear stagnation point. However, for given 

combination of the power-law index and Prandtl number, the local values of Nusselt number 

along the surface of the sphere decreases with the increasing slip parameter which indicates 

reduction in the rate of heat transfer with increasing slip parameter. Further for a fixed 

combination of the slip number and the Prandtl number, as the value of the power-law index 

TH-1736_126107007



126 
 

increases, the local values of the Nusselt number along the surface of the sphere decreases 

indicating the rate of heat transfer is higher for shear-thinning fluids followed by Newtonian and 

shear-thickening fluids. Finally, for a given combination of the slip parameter and the power-law 

fluid behavior index, the local values of the Nusselt number along the surface of the spheres 

increases as the value of the Prandtl number increases indicating increased rate of heat transfer 

due to increased contribution from the convective heat transfer. 

 

Figure 6.36 Effect of slip parameter λ on the surface Nu around slip sphere for n = 0.5 at 

different values Prandtl number Pr and at Re = 20. 
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Figure 6.37 Effect of slip parameter λ on the surface Nu around sphere for n = 0.5 at different 

values Prandtl number Pr and at Re = 200. 

 

Figure 6.38 Effect of slip parameter on the surface Nu around sphere for n = 1.6 at different 

values Prandtl number and at Re = 20. 
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Figure 6.39 Effect of slip parameter λ on the surface Nu around sphere for n = 1.6 at different 

values Prandtl number Pr and at Re = 200. 

 

Figure 6.40 Effect of power-law index on local Nusselt number of sphere in power-law fluids 

with velocity slip at the interface for Re = 50 and Pr = 1. 
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Figure 6.41 Effect of power-law index on local Nusselt number of sphere in power-law fluids 

with velocity slip at the interface for Re = 50 and Pr = 10. 

 

Figure 6.42 Effect of power-law index on local Nusselt number of sphere in power-law fluids 

with velocity slip at the interface for Re = 50 and Pr = 50. 
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Figure 6.43 Effect of power-law index on local Nusselt number of sphere in power-law fluids 

with velocity slip at the interface for Re = 50 and Pr = 100. 

6.4.3. Average Nusselt number 

Figure 6.44 and Figure 6.45 shows the variations in the average Nusselt numbers of the sphere 

with interface velocity slip in power-law liquids of n = 0.5 (Figure 6.44) and n = 1.6 (Figure 

6.45) at different values of the slip parameters and Reynolds numbers. The average Nusselt 

number increases with the increase in the Peclet number regardless of the values of the slip 

parameter, power-law index and the Reynolds numbers because of increasing contribution of 

convection mode of heat transfer with the increasing Peclet number. Further irrespective of the 

values of the Reynolds number, Peclet number and the power-law index, the average Nusselt 

number decreases with the increase in the slip parameter. This is due to the reduction in 

magnitude of the fluid slip over the surface as the value of the slip parameter increases. The 

average Nusselt number increases with the increasing Reynolds number for all values of the 
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power-law index and the slip parameters. Figure 6.46 presents the effects of the power-law 

index on the average Nusselt numbers of a single sphere at Re = 50 (where both the viscous and 

convection forces are of comparable order to each other) for different values of the slip 

parameters and the Prandtl numbers. As the power-law index decreases the thermal boundary 

layer becomes thinner, hence the average Nusselt number increases with decreasing power-law 

index for all values of the Peclet numbers, Reynolds numbers and the slip parameters. The 

apparent viscosity of the fluid around the surface of sphere decreases with the decreasing power-

law index (n) resulting in steep velocity gradients which in turn enhances the heat transfer rate 

from a sphere to surrounding fluid. Therefore, the average Nusselt number is higher for shear-

thinning fluids followed by the Newtonian and shear-thickening fluids. Finally, the rate of the 

heat transfer from the surface of a single sphere to the surrounding power-law liquids increased 

as the slip parameter decreased and/or Reynolds/Prandtl number increased and/or power-law 

index decreased. Though the results of average Nusselt numbers presented in Figures 6.44–

Figure 6.46 are self-explanatory both qualitatively and quantitatively, developing an empirical 

correlation on the basis of the present numerical results would be useful in new applications 

involving slip flow past heated spheres. Thus the following form for the empirical correlation is 

found to be suitable:  

0.586 0.468 0.051 0.039

0.065 0.17 0.143

0.566Re Pr 0.825Pr
1avgNu

n n




             (6.4) 

The above correlation reproduces the present numerical results (1176 data points) with an 

average error of ±7.1% which rises to a maximum of ±34.5%. This correlation is valid for the 

entire range of present conditions, i.e., 0.1 ≤ Re ≤ 200, 0.5 ≤ n ≤ 1.6, 0.01 ≤ λ ≤ 100 and 1 ≤ Pr ≤ 

100. However, its fit with the present numerical values of the average Nusselt number is 

excellent when Pr < 50 for all values of the Reynolds number, slip number and the power-law 
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index, but it under predicts the numerical values with approximately 25% error for the cases 

when Pr > 100; Re = 50–200; λ = 0.01–1 and λ = 50–100 for all values of the power-law index.  

 

Figure 6.44 Variation of average Nu of sphere with velocity slip at the interface in power-law 

fluids of n = 0.5 at different values Reynolds number. 
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Figure 6.45 Variation of average Nu of sphere with velocity slip at the interface in power-law 

fluids of n = 1.6 at different values Reynolds number. 

 

Figure 6.46 Variation of average Nu around a sphere for different values of slip parameter and 

power-law index at Re = 50. 
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6.5. Momentum Transfer Study of Assemblages of Spherical 

Particles in Newtonian Fluids 

The values of the present pertinent dimensionless parameters consider delineating their effects on 

the flow and drag behavior of assemblages of spherical particles in Newtonian fluids with 

velocity slip at the interface are: Re = 0.1, 1, 10, 20, 50, 100, 200, Φ = 0.1, 0.2, 0.3, 0.4, 0.5 and λ 

= 0.01, 0.1, 1, 2, 5, 10, 50, 100.  

6.5.1. Flow phenomena 

Figure 6.47 represents streamlines (upper half of the circle) and vorticity (lower half of the 

circle) contours in a cell of assemblages of slip spheres of volume fraction 0.1 at Re = 0.1 for 

different values of the slip parameter. In this figure maximum and minimum values of stream 

function and iso-vorticity are depicted. The difference between values of any two consecutive 

streamlines is 0.1 and similarly difference between values of any two consecutive iso-vorticity 

contours is also 0.1. Regardless of the value of slip parameter, the streamlines exhibit fore and 

aft symmetry; and the detachment of the fluid is not observed. Similar effects of slip parameter 

on the vorticity contours are also observed. Thus, at such small Reynolds number, the effect of 

slip parameter on both streamlines and vorticity contours are seem to be small; and the steady 

attached flow is observed for all values of the slip parameter. Figure 6.48 shows the effect of 

slip parameter on streamlines (upper half) and vorticity contours (lower half) in a cell of 

assemblages of spheres of volume fraction 0.1 at Re = 200. In this figure also maximum and 

minimum values of stream function and iso-vorticity are depicted. The difference between values 

of any two consecutive streamlines is 0.1 and similarly difference between values of any two 

consecutive iso-vorticity contours is also 0.1. For λ ≤ 5 (Figure 6.48(a-c)), the streamline 

TH-1736_126107007



135 
 

patterns indicated that the flow is still steady and attached even at Re = 200; however, the 

vorticity contours are being carried away along the flow direction because of the domination of 

the convection force at Re = 200. However, as the slip parameter increases to λ = 10 (Figure 

6.48(d)), a small recirculation wake is observed at the rear end of the spheres in the cell; and the 

size of the recirculation wake increases as the slip parameter increases further to λ = 50 (Figure 

6.48(e)) and λ = 100 (Figure 6.48(f)). Because as the value of the slip parameter increases, the 

fluid slip at the solid surface decreases; and thus the amount of vorticity that can be created 

around the sphere increases with increasing slip parameter. Qualitatively similar trends observed 

for other combinations of the Reynolds number, slip parameter and volume fraction of spheres. 

Therefore, the detachment of the flow is found to be strongly influenced by both the volume 

fraction and the fluid slip on the surface of spheres.  

 

Figure 6.47 Streamlines and iso-vorticity contours in assemblages of spheres of volume fraction 

0.1 at Re = 0.1 for different values of λ. 
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Figure 6.48 Streamlines and iso-vorticity contours in assemblages of sphere of volume fraction 

0.1 at Re = 200 for different values of λ. 

6.5.2. Surface pressure coefficients 

Figure 6.49 shows the effect of slip parameter on distribution of pressure coefficient along the 

surface of a representative sphere in cells of volume fractions Φ = 0.1, 0.3, 0.5 at Re = 100.  

Regardless of the value of the volume fraction, at front stagnation point, the value of the pressure 

coefficient is minimum for λ = 0.01 and maximum for λ = 100; whereas at the rear stagnation 

point, the trends are opposite. For intermediate values of the slip parameter, the pressure 

coefficient lies within these two limiting values both at the front and the rear stagnation points. 

The reason for this trend can be ascribed to the degree of the fluid slip at the solid surface, i.e., 

the recovery of the pressure is large in the case of more slipping spheres (small λ) and it is poor 

in the case of spheres with small degree of slippage (large λ). For small value of λ, there is no 

flow separation and wake formation at the rare end of the spheres, hence less pressure drop and 
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large recovery of pressure at rare end of the spheres. Therefore, it can be concluded that for fixed 

values of the Reynolds number and the volume fraction, the assemblages of spheres with large 

slippage (decreasing λ) offer less pressure drop whereas the assemblages of spheres with less 

slippage (increasing λ) offer more pressure drop during their sedimentation in an unconfined 

Newtonian liquid.  Figure 6.50 shows the effect of volume fraction of spheres on the surface 

pressure coefficient along the surface of a representative sphere in cells at Re = 50 for different 

values of the slip parameter. For all volume of the slip parameter, the value of the pressure 

coefficient at the front stagnation point is maximum for Φ = 0.5 and it is minimum for Φ = 0.1; 

and for intermediate values of the volume fraction, the value of the pressure coefficient lies 

between these two limits. However, at the rear stagnation point, the value of the pressure 

coefficient is maximum for Φ = 0.5 and minimum for Φ = 0.1 only when λ ≤ 1 (Figure 6.50(a-

b)); but when λ > 1 (Figure 6.50(c-f)), opposite trends are observed. This concludes that during 

settling of slip spheres, larger the volume fraction higher is the pressure drop; and it is 

significantly affected by the slip parameter.  

 

Figure 6.49 Distribution of pressure coefficient along the surface of sphere at Re = 100. 
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Figure 6.50 Distribution of pressure coefficient along the surface of sphere at Re = 50. 

6.5.3. Surface vorticity distribution 

Figure 6.51 shows the effect of the slip parameter on the distribution of the vorticity along the 

surface of a representative spheres in cells of volume fraction Φ = 0.1, 0.3, 0.5 at Re = 100. In 

general, the vorticity along the surface of spherical object increases from zero value at front 

stagnation point to a certain large value at around θ = 50° - 70°, then again gradually decreases 

until the point of flow separation (in case of flow detachment) and finally forms a secondary 

wake in the rear end before relaxing at rear stagnation point with zero value. This secondary 

wake does not exist for the case of attached flow without any recirculation wake; and here too 

similar trends are observed. Briefly, for all values of the volume fraction, the surface vorticity 

value is maximum for λ = 100 and it is minimum for λ = 0.01. For intermediate values of λ, the 

vorticity distribution is in the interim of the two vorticity curves for the case of λ = 0.01 and λ = 
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100. For all values of the volume fraction and the slip parameter, there is no secondary wake 

formation in the vorticity curve because of the absence of the recirculation wake at Re = 100.  

 

Figure 6.51 Distribution of vorticity along the surface of sphere at Re = 100. 

 

Figure 6.52 Distribution of vorticity along the surface of sphere at Re = 50. 

Figure 6.52 shows the effect of the volume fraction of the spheres on the distribution of 

the vorticity along the surface of the representative sphere in cells at Re = 50 for different values 
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of the slip parameter; and qualitatively similar trends are observed as in the case of Figure 6.51. 

Here too there is no secondary wake formation in the rear end of the representative sphere 

because there is no flow detachment for all values of the slip parameter at Re = 50. However, 

regardless of values of the slip parameter, the vorticity increases with the increasing volume 

fraction because of increased hindrance from neighboring slip spheres. 

6.5.4. Drag phenomena 

Figure 6.53 represents drag coefficients of spheres of varying volume fraction for different 

values of the Reynolds number and slip parameter. For all values of the slip parameter and 

volume fraction, the characteristic drag curve is recovered, i.e., the total drag coefficient 

decreases with the increasing Reynolds number. For any combination of the Reynolds number, 

and slip parameter, as the volume fraction of spheres decreases, the total drag coefficient 

decreases because of decreasing hindrance from neighbor spheres. Furthermore, for fixed values 

of the Reynolds number and volume fraction, the drag coefficient decreases with the decreasing 

slip parameter because of increasing fluid slip along the surface of the sphere. Therefore, it can 

be concluded that the drag on assemblages of spheres in Newtonian fluids decreases (thus settles 

easily) with the decreasing volume fraction and/or decreasing slip parameter and/or increasing 

Reynolds number. However, it is often required to know the hindrance effect because of 

neighboring particles in such multiple particle systems. Thus, Figure 6.54 shows the combined 

effects of the Reynolds number, slip parameter and the volume fraction on the ratio between the 

drag coefficients of assemblages of spheres (Cd) to the drag coefficient of unconfined single slip 

sphere (Cd0) in Newtonian fluids. For all values of the slip parameter and the volume fraction, the 

hindrance effect is severe at small Reynolds number. However, for λ ≤ 1 (Figure 6.54(a-b)), as 

the value of the Reynolds number increases, the ratio Cd/Cd0 exhibits a local minimum which 
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increases with the increasing volume fraction of the spheres.  For λ = 5 (Figure 6.54 (c)), this 

local minimum disappears for the volume fractions less than 20%; however, for λ > 5 (Figure 

6.54 (d-f)), there is no such local minimum for all values of the volume fraction. Thus, for small 

values of slip parameter (λ ≤ 1), the effect of hindrance is small at intermediate Reynolds number 

for all volume fractions. However, for λ > 5, the hindrance effect decreases with the increasing 

Reynolds number and/or with the decreasing volume fraction.  

Figure 6.55 shows the combined effects of the Reynolds number, slip parameter and 

volume fraction of spheres on the ratio between the pressure and the friction drag coefficients. 

For all values of the slip parameter and the volume fraction, as the value of the Reynolds number 

increases the Cdp/Cdf ratio increases; however, the effect of the Reynolds number is insignificant 

up to Re = 10; but for all values of the Reynolds number, this ratio increases with the increasing 

volume fraction except for λ = 0.01.  Furthermore, for fixed values of the Reynolds number and 

the volume fraction, as the value of the slip parameter increases, the ratio between the pressure 

and the friction drag coefficients increases. Thus, it can be concluded that for all values of the 

slip parameter and the volume fraction, the relative contribution from pressure and friction drag 

coefficients is unaffected by the increase in the Reynolds number up to Re = 10; however, for Re 

> 10, the relative contribution increases with the Reynolds number and the volume fraction. 

Finally, with the increasing slip parameter (decreasing slippage) and/or with the increasing 

volume fraction and/or with the increasing Reynolds number (Re > 10), the relative contributions 

from pressure to friction drag coefficients increases.  
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Figure 6.53 Total drag coefficients of assemblages of spheres in Newtonian fluids. 

 

Figure 6.54 Ratio of total drag coefficients of assemblages of spheres to that of an unconfined 

single sphere. 
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Figure 6.55 Ratio of pressure to friction drag coefficients of assemblages of spheres. 

6.6. Momentum Transfer Study of Assemblages of Spherical 

Particle in Power-law Fluids 

The values of the present pertinent dimensionless parameters consider to delineate their effects 

on the flow and drag behavior of assemblages of spherical particles in power-law fluids with 

velocity slip at the interface are: Re = 0.1, 1, 10, 20, 50, 100, 200, n = 0.6, 0.8, 1, 1.2, 1.4, 1.6, Φ 

= 0.1, 0.2, 0.3, 0.4, 0.5 and λ = 0.01, 0.1, 1, 2, 5, 10, 50, 100.  

6.6.1. Flow pattern 

Figure 6.56 shows the streamlines (above the central line cutting each sphere in two halves) and 

vorticity contours (below the central line cutting each sphere in two halves) around a target 

sphere in an assemblage of spheres of volume fraction 0.1 in a shear-thinning fluid of power-law 

index (n) = 0.6 at Re = 0.1 for different values of the slip number (λ). In this figure maximum 
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and minimum values of stream function and iso-vorticity are depicted. The difference between 

values of any two consecutive streamlines is 0.1 and similarly difference between values of any 

two consecutive iso-vorticity contours is also 0.1. Because at such small value of Reynolds 

number, only the viscous terms are dominant leaving behind the convective terms, the 

streamlines are closely following the curvature of the sphere without any flow separation 

regardless the values of the slip parameter. Indeed the difference in streamline patterns are 

indistinguishable by changing the slip parameter from one value to other indicating the effect of 

slip number on streamlines is negligible at such small Reynolds number. The vorticity is also 

diffused around the sphere in the radial direction for all values of the slip parameter; but as the 

value of slip parameter is gradually increasing more amount of vorticity is created around the 

sphere as its surface gradually turns into no-slip surface from infinite slip surface. Further for λ = 

1, a small void along the surface of slip sphere is observed size of which is gradually increased 

with the increasing slip parameter. Similarly, in Figure 6.57, streamlines and vorticity contours 

are shown at Re = 200 when Φ = 0.1 and n = 0.6 for different values of the slip parameter. Here 

also the maximum and minimum values of stream function and iso-vorticity are depicted. The 

difference between values of any two consecutive streamlines is 0.1 and similarly difference 

between values of any two consecutive iso-vorticity contours is also 0.1. The difference in 

parameters used in Figures 6.56 and Figure 6.57 is the difference in the value of the Reynolds 

number. At large value of Reynolds numbers the convective forces are dominative compared to 

the viscous forces and there is possibility of flow separation depending on the degree of the 

velocity slip at the interface. For slip parameter λ ≤ 5 (Figure 6.57(a-c)), the streamlines are 

following the curved surface of the sphere without any flow separation. But for λ = 10 (Figure 

6.57(d)), the surface of the sphere is close to no-slip behavior and a small recirculation wake is 

TH-1736_126107007



145 
 

observed in the rear of the sphere. The size of this recirculation wake is increased as the value of 

the slip parameter is further increased to λ = 50 (Figure 6.57(e)) and λ = 100 (Figure 6.57(f)) 

because of decreased slip nature of the spheres. The vorticity is also carried away in the flow 

direction at Re = 200 for all values of the slip parameter; and gradually more vorticity is created 

as the value of the slip parameter is gradually increased. The size of the vorticity void is also 

increased gradually with the slip parameter because of decreased slippage of the fluid at fluid-

solid interface. Figures 6.58 and Figure 6.59 shows the streamlines and vorticity contours 

around a sphere in assemblages of Φ = 0.1 at Re = 0.1 and Re = 200 respectively but in shear-

thickening fluids of n = 1.6. In this figures also maximum and minimum values of stream 

function and iso-vorticity are depicted. The difference between values of any two consecutive 

streamlines is 0.1 and similarly difference between values of any two consecutive iso-vorticity 

contours is also 0.1. In the case of shear-thickening fluids, at Re = 0.1 (Figure 6.58), the 

streamlines and iso-vorticity contours are depicting qualitatively almost similar trends as in the 

case of shear-thinning fluids (Figure 6.56) for identical value of  the slip parameter but with only 

one major difference. The difference is that each vorticity contour display a kind of small kink 

around the equator line vertically moving away from the sphere and its intensity decreases as the 

sphere gradually becomes no-slip sphere with gradual increase in the slip parameter. At Re = 

200, the major differences in streamlines contours in shear-thinning fluids (Figure 6.57) and 

shear-thickening fluids (Figure 6.59) is substantial reduction in the size of the recirculation wake 

in the case of shear-thickening fluids, in fact, for λ = 10, no recirculation wake is found in the 

case of n = 1.6 (Figure 6.59) whereas it is of considerable size in the case of n = 0.6 (Figure 

6.57). Similarly in the vorticity contours as well the size of vorticity void is substantially 

increased in the case of shear-thickening fluids. Qualitatively similar trends are observed for 
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other combinations of the parameters, hence are not repeated; however briefly they can be 

summarized as below. The size of the recirculation wake behind spheres decreased with the 

decreasing slip parameter (i.e., increasing fluid slippage at the interface), decreasing Reynolds 

number, increasing volume fraction of particles and increasing power-law index of the fluid. In 

other words, in the case of the shear-thinning nature of fluids, the fluid slippage effects are 

nominal at the interface whereas reverse is true for the case of the shear-thickening fluids for 

identical combinations of the Reynolds number and particles volume fraction. 

 

Figure 6.56 Streamlines (upper half) and vorticity (lower half) contours in assemblage of 

spheres of volume fraction = 0.1, n = 0.6 at Re = 0.1. 
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Figure 6.57 Streamlines (upper half) and vorticity (lower half) contours in assemblage of 

spheres of volume fraction = 0.1, n = 0.6 at Re = 200. 

 

Figure 6.58 Streamlines (upper half) and vorticity (lower half) contours in assemblage of 

spheres of volume fraction = 0.1, n = 1.6 at Re = 0.1. 
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Figure 6.59 Streamlines (upper half) and vorticity (lower half) contours in assemblage of 

spheres of volume fraction = 0.1, n = 1.6 at Re = 200. 

6.6.2. Surface pressure distribution 

From the steady fully converged pressure field obtained in the complete computational domain 

the pressure along the surface of the spheres is extracted for various combinations of the 

Reynolds number, volume fraction of spheres, slip parameters and the power-law index; and are 

discussed here. The surface pressure coefficient is in general maximum at the point on the solid 

object where the first fluid particle hits the solid object, i.e., at front stagnation point, and this 

pressure coefficient gradually decreases to a minimum value at around the equator point and 

then again gradually increases indicating the pressure recovery depending the values of the 

pertinent parameters. Figure 6.60 shows the distribution of surface pressure coefficient around 

spheres in assemblages of different volume fractions at Re = 100 in shear-thinning fluids (n = 

0.6) (Figure 6.60(a-c)) and shear-thickening fluids (n = 1.6) (Figure 6.60(d-f)). In the case of 
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shear-thinning fluids and volume fraction 0.1 (Figure 6.60(a)), in the front half of the sphere 

the local pressure coefficient value increases with the increasing slip parameter. But in the rear 

half of the sphere crossover trends in local pressure coefficient values are observed for slip 

parameter > 5 because of flow separation occurred due decreasing slippage effect; however, for 

slip parameter < 5 there is no such crossover because of no recirculation wake formed for low 

values of the slip parameter. As the value of the volume fraction increased to 0.3 (Figure 

6.60(b)) and 0.5 (Figure 6.60(c)), no such crossover trends in the rear half of the sphere are 

observed because of no recirculation wake formation for any value of the slip parameter even at 

Re = 100. In the case of shear-thickening fluids (Figure 6.60(d-f)), such crossover is not 

observed for any combination of the particle volume fraction and slip parameter but the pressure 

recovery is poor i.e., the difference between the pressure coefficient values at front and rear 

stagnation points is much larger than in the case of shear-thinning fluids (Figure 6.60(a-c)). 

This indicates that the pressure drag coefficient would be much larger in the case of shear-

thickening fluids than in the case of shear-thinning fluids. Figure 6.61 shows Surface pressure 

coefficient on the assemblage of spheres of volume fraction = 0.1 in shear thinning (n = 0.6) 

(Figure 6.61(a-c)) and shear thickening (Figure 6.61(d-f)) fluids at different values of 

Reynolds number. As the Reynolds number increases, there is significant recovery of pressure 

in the rear half of the sphere because of recirculation wake formation. Other trends are similar 

as that observed in Figure 6.60(a-c) (n = 0.6) and Figure 6.60(d-f) (n = 1.6).As well 

qualitatively similar trends are observed for other combinations of the Reynolds number, 

power-law index, volume fraction and slip parameter. 
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Figure 6.60 Surface pressure coefficient on the surface of particles in assemblage in shear 

thinning fluid (n = 0.6) (a ‒ c) and shear thickening (n = 1.6) (d ‒ f) at Re = 100. 

 

Figure 6.61 Surface pressure distribution on the spheres at different value of Reynolds number 

for volume fraction = 0.1, n = 0.6 (a ‒ c) and n = 1.6 (d ‒ f). 

TH-1736_126107007



151 
 

6.6.3. Surface vorticity distribution 

The vorticity along the surface of the sphere is extracted from the vorticity contours obtained in 

the entire computational domain by solving equation (3.21) using the fully converged velocity 

profile for different combinations of the dimensionless numbers involved in this work. The 

vorticity is in general zero at the front stagnation point, then it increases to a maximum value at 

around the equator, then gradually falls to zero value at the rear stagnation point provided if there 

is no recirculation wake formation in the rear of the sphere. In the case of recirculation wake 

formation, the surface vorticity change its slope or sign at the flow separation point and forms a 

secondary curve between the point of flow separation and the rear stagnation point. Similar 

trends are seen in Figures 6.62 presents the distribution of the surface vorticity around sphere in 

assemblages of different volume fractions at Re = 100 in shear-thinning fluids (n = 0.6) (Figure 

6.62(a-c)) and shear-thickening fluids (n = 1.6) (Figure 6.62(d-f)). In the case of shear-thinning 

fluids and volume fractions of 0.1 (Figure 6.62(a)), secondary curves due to the presence of 

recirculation wakes are seen only for slip parameters > 10; however in the case of volume 

fractions 0.3 (Figure 6.62(b)) and 0.5 (Figure 6.62(c)), no such secondary curves are seen even 

for slip parameters > 10 because of no recirculation wake formation even at Re = 100 when 

volume fraction > 0.2. But in the case of shear-thickening fluids (Figure 6.62(d-f)), no matter 

whatever is the value of the volume fraction of present range of conditions, there is no secondary 

curve because of no recirculation wake formation for any value of the slip parameter. However 

for slip parameter < 1, around the equator the primary vorticity curve loses its smoothness 

because of kink seem in vorticity contours in shear-thickening fluids (Figure 6.58 and Figure 

6.59). Qualitatively similar trends are seem for other combinations of the pertinent dimensionless 

parameters. Figure 6.63 shows surface vorticity distribution on the assemblage of spheres of 

TH-1736_126107007



152 
 

volume fraction = 0.1 in shear thinning, n = 0.6 (Figure 6.63(a-c)) and shear thickening, n = 1.6 

(Figure 6.63(d-f)) fluids at different value of Reynolds numbers. Qualitatively similar trends 

observed as in Figure 6.62(a-c) (n = 0.6) and Figure 6.62(d-f) (n = 1.6). This figure represent 

the effect of Reynolds number on surface vorticity distribution, it can be seen from Figure 6.63 

vorticity increases around the spheres in assemblages with increasing Reynolds number.  In 

summary the local value of the vorticity increases with the increasing slip parameter, with 

increasing particle volume fraction, with the increasing Reynolds number but with the decreasing 

power-law index.  

 

Figure 6.62 Surface vorticity distribution on the spheres in assemblage in shear thinning fluid (n 

= 0.6) (a ‒ c) and shear thickening (n = 1.6) (d ‒ f) at Re = 100. 
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Figure 6.63 Surface vorticity distribution on the spheres at different value of Reynolds number 

for volume fraction = 0.1, n = 0.6 (a ‒ c) and n = 1.6 (d ‒ f). 

6.6.4. Surface viscosity distribution 

For non-Newtonian fluids the viscosity varies from point to point in the entire computational 

domain according to the local shear stress – shear rate combination. The viscosity in the entire 

domain is obtained by substituting the final steady velocity field in equation (3.7) and then its 

values along the surface of the spheres is extracted for different combinations of dimensionless 

numbers; and a few details are presented herein. Figure 6.64 shows the distribution of viscosity 

of shear-thinning fluids of n = 0.6 (Figure 6.64(a-c)) and of shear-thickening fluids of n = 1.6 

(Figure 6.64(d-f)) at Re = 20 for different values of the volume fraction of spheres and slip 

parameter. In the case of shear-thinning fluids and volume fraction of Φ = 0.1 (Figure 6.64(a)), 

for slip parameter, λ ≤ 1, the local value of viscosity at the front stagnation point is minimum, 

then it gradually increases to a local maximum value at around equator and finally it decreases 

TH-1736_126107007



154 
 

gradually to attain a minimum local value at the rear stagnation point. But in the case of slip 

parameter > 1, from a maximum local value at the front stagnation point, the surface viscosity 

gradually decreases to a minimum value at around equator and then finally reaches a local 

maximum value at the rear stagnation point. The other difference is that for slip parameter < 1, 

the local maximum value at the equator forms a relatively sharp peak at around equator; whereas 

for slip parameter > 1, there is no local minimum at around the equator, i.e., the change in 

surface viscosity is smooth between two end points. As the particle volume fraction gradually 

increases, there is no much change in the case of slip parameter < 1 but for slip parameter > 1 the 

smooth curve slightly become flatter; however, for λ = 1, surprisingly the surface viscosity is 

more or less constant like of a Newtonian fluid. In the case of shear-thickening fluids, 

qualitatively opposite trends are seen compared to the cases of shear-thinning fluids for all values 

of the slip parameter except for slip parameters of 5 and 10. Qualitatively similar trends are seen 

for other combinations of the Reynolds number, power-law index, and volume fraction and slip 

parameter with only differences in local minimum or local maximum values at different 

locations along the surface of the spheres. Figure 6.65 shows the effect of power-law index and 

slip parameter on the viscosity distribution for different value of volume fraction spheres in shear 

thinning (n = 0.6) (a ‒ c) and shear thickening (n = 1.6) (d ‒ f) fluids at Re = 200. For λ ≤ 1, for 

shear-thinning fluids (n = 0.6) and shear-thickening fluids (n = 1.6) the trends are similar as in 

the case of for shear-thinning fluids (n = 0.6) (Figure 6.64(a-c)) and shear-thickening fluids (n = 

1.6) Figure 6.64(d-f) at Re = 20. However, for moderate to large values of slip parameters a 

secondary curve is appears at the rear end of spheres of volume fraction Φ = 0.1 for shear-

thinning (n = 0.6) and shear-thickening (n = 1.6) fluids at Re = 200, because of presence of 

recirculation wake in the rear end of the sphere. 
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Figure 6.64 Surface viscosity distribution on the slip sphere at different value of volume fraction 

of dispersed phase at Re = 20 for n = 0.6 (a ‒ c) and n = 1.6 (d ‒ f). 

 

Figure 6.65 Surface viscosity distribution on the slip sphere at different value of volume fraction 

of dispersed phase at Re = 200 for n = 0.6 (a ‒ c) and n = 1.6 (d ‒ f). 
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6.6.5. Surface velocity distribution 

Since along the surface of the sphere, the linear slip velocity boundary condition is used here in 

this study, the interface possesses some amount of tangential velocity varying with slip 

parameter, Reynolds number, volume fraction of spheres and the power-law index. The 

tangential velocity along the surface is extracted from the same velocity component obtained in 

the entire computational domain and is presented here as function of pertinent parameters. The 

surface velocity is zero at the front stagnation point and it gradually increases along the surface 

up to equator and then it gradually decreases to zero value at the rear stagnation point. The 

maximum surface velocity at around equator is large for small values of the slip parameter (i.e., 

large fluid slippage) and it decreases with the increasing slip parameter, i.e., with the decreasing 

fluid slippage at the surface. However, except the stagnation points, the local values of the 

surface velocity are strong functions of not only the slip parameter but also of the Reynolds 

number, particle volume fraction and the power-law index of the fluids. Figure 6.66 shows the 

effect of slip parameter on the distribution of surface velocity at Re = 20 for different values of 

the slip parameter and the particle volume fraction in the assemblages in shear-thinning fluids of 

n = 0.6 (Figure 6.66(a-c)) and shear-thickening fluids of n = 1.6 (Figure 6.66(d-f)). Some 

observations from this figure include that the local value of the surface velocity decreases with 

the decreasing slip parameter, decreasing volume fraction and increasing power-law index. 

Qualitatively similar trends are observed for other values of the Reynolds number but the local 

value of the surface velocity increases with the increasing Reynolds number.  
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Figure 6.66 Surface velocity distribution on the surface of particles at Re = 20, n = 0.6 (a-c) and 

n = 1.6 (d-f). 

6.6.6. Drag coefficient 

The velocity and pressure profiles along the surface of the spheres are substituted in equations 

(3.17) and (3.18) to obtain the pressure and friction drag coefficients; and the summation of both 

values is the total drag coefficients. The individual and total drag coefficients and the ratio 

between both individual drag coefficients are evaluated for different combinations of the 

Reynolds number, slip parameter, volume fraction of spheres and the power-law index of the 

fluids; and are delineated here. Figure 6.67 presents the drag coefficients of assemblages of 

spheres in shear-thinning fluids of n = 0.6 with velocity slip at the interface for different values 

of the slip parameter, particle volume fraction and the Reynolds numbers. Regardless the values 

of the slip parameter and volume fraction, the characteristic drag curve, i.e., decreasing drag 

coefficient with increasing Reynolds number is observed. For fixed combination of the Reynolds 

number and volume fraction, the drag coefficient increases with the increasing slip parameter 
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because of decreasing fluid slippage at the interface results in decreasing settling rate of particle. 

For any combination of the Reynolds number and the slip parameter, the drag coefficient is 

found to increase with the increasing volume fraction because of increasing hindrance from the 

neighboring particles.  

 

Figure 6.67 Total drag coefficients of the assemblage of particles in shear thinning fluid (n = 

0.6). 

Figure 6.68 shows the drag coefficients of assemblages of spheres in shear-thickening fluids of n 

= 1.6 with velocity slip at the interface; and qualitatively similar trends are seen as in the case of 

shear-thinning fluids of n = 0.6 (Figure 6.67); however, regardless the values of the Reynolds 

number, slip parameter and the volume fraction, the drag coefficient increases with the 

increasing power-law index because of increasing apparent viscosity of the fluid. Figure 6.69 

presents the ratio between pressure and friction drag coefficients of assemblages of spheres in 

shear-thinning fluids of n = 0.6 with velocity at the fluid-solid interface for different values of 
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the Reynolds number, slip parameter and the particle volume fraction. Regardless the values of 

the slip parameter and volume fraction of particles, the drag ratio is found be independent of the 

Reynolds number up to Re = 10 and thereafter it increases with Reynolds number. For all 

combinations of the slip parameter and the Reynolds number, the drag ratio increases with the 

holdup except for the case of λ = 0.01 for which mixed trends are observed with respect to 

holdup. Further the drag ratio increases with the increasing slip parameter irrespective of the 

combination of the Reynolds number and the particle volume fraction.  

 

Figure 6.68 Total drag coefficients of the assemblage of particles in shear thickening fluid (n 

=1.6). 
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Figure 6.69 Total drag coefficients of the assemblage of particles in shear thinning fluid (n = 

0.6). 

 

Figure 6.70 Total drag coefficients of the assemblage of particles in shear thickening fluid (n = 

1.6). 
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Figure 6.70 shows the drag ratio of assemblages of spheres in shear-thickening fluids of n = 1.6 

for different combinations of the Reynolds number, slip parameter and the volume fraction; and 

though qualitatively similar trends are seen as in the case of shear-thinning fluids but following 

differences are also noteworthy. For slip parameter > 1, the effect of Reynolds number on drag 

ratio is seems to be less in shear-thickening fluids as compared to shear-thinning fluids. The 

mixed trends of drag ratio with respect to the particle volume fraction is found to be significant 

even up to λ = 1 in the case of shear-thickening fluids. 

6.7. Heat Transfer Study of Assemblages of Spherical Particles in 

Newtonian Fluids 

In this work the following range of dimensionless parameters are considered to explore the heat 

transfer behavior of assemblages of spheres in Newtonian fluids with velocity slip at the 

interface: Re = 0.1, 1, 10, 20, 50, 100, 200; Pr = 1, 10, 50, 100; λ = 0.01, 0.1, 1, 5, 10, 50, 100; 

and Φ = 0.1, 0.2, 0.3, 0.4, 0.5. 

6.7.1. Isotherm contours 

Figure 6.71 and Figures 6.72 shows the isotherm contours around assemblages of spherical 

particles of volume fraction Φ = 0.1 in Newtonian fluids for Pr = 1 (upper half) and Pr = 100 

(lower half) at Re = 0.1 and Re = 100, respectively. In this figures the maximum and minimum 

values of isotherm contours are depicted and the difference between values of any two 

consecutive isotherm contours is 0.05. At the small values of Reynolds and Prandtl numbers, i.e., 

Re = 0.1 and Pr = 1, the isotherm contours are uniformly distributed around the spherical 

particles for all values of slip parameter λ. However, depending on values of Prandtl number and 

Reynolds number, isotherm contours may be carried in the flow direction due to convection 
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effects. Thus at Pr = 100 (lower half) and Re = 0.1 (Figure 6.71), these isotherm contours are 

partially carried away in the flow direction, but at Pr = 100 (lower half) and Re = 100 (Figure 

6.72), a large amount of isotherm contours are carried away in the flow direction and the thermal 

boundary layer becomes thinner. On the other hand, unlike the case of a single spherical particle, 

the distortion in these contours is almost negligible for both values of Reynolds numbers, 

because of no flow recirculation (for Re = 0.1) and negligible flow recirculation (for Re = 100) 

for the case of assemblages of spheres. The thickness of the thermal boundary layer has 

increased with an increasing slip parameter for all Reynolds numbers and thus the rate of heat 

transfer decreased with an increasing slip parameter λ. However, the thermal boundary layer 

thickness has decreased with an increasing Reynolds number to improve the rate of heat transfer.  

 
Figure 6.71 The isotherm contours for Φ = 0.1 with Pr = 1 (upper half) and Pr = 100 (lower 

half) at Re = 0.1. 
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Figure 6.72 The isotherm contours for Φ = 0.1 with Pr = 1 (upper half) and Pr = 100 (lower 

half) at Re = 100. 

6.7.2. Surface Nusselt number 

Figure 6.73 and Figure 6.74 shows the effect of Prandtl number Pr on the surface Nu around 

assemblages of spherical particles of volume fractions of dispersed phase of Φ = 0.1 and Φ = 0.5, 

respectively, in Newtonian fluids at Re = 100 for different slip parameters (λ). For a small value 

of Prandtl number Pr = 1, there is less change in the value of the Nusselt number along the 

surface of the particle. This is due to the fact that at such a small value of Prandtl number, the 

thermal boundary layer is relatively thick and the thermal diffusion is the main mode of heat 

transfer with little contribution from convection. As the value of the Prandtl number increased, 

the value of the Nusselt number increased at the front stagnant point because of thinning of the 

boundary layer due to the increased contribution of convective heat transfer in the front part, 

whereas the value of the Nusselt number at the rear end remained almost unaltered. Therefore the 
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expected the rate of heat transfer increases with an increasing Prandtl number; though, similar 

trends are observed for all values of the slip parameter.  

 

Figure 6.73 Effect of Pr on the surface Nu for Φ = 0.1 at Re = 100 and different slip parameters. 

Figure 6.75 and Figure 6.76 show the effect of the slip parameter λ on the surface Nu around the 

assemblages of spherical slip particles of volume fraction Φ = 0.1 in Newtonian fluids at Re = 

0.1 and Re = 100, respectively, for different values of Prandtl number and slip parameter. As the 

value of the slip parameter increases, the value of the Nusselt number at the front stagnant point 

decreases whereas it is almost constant at the rear end. Therefore the overall heat transfer rate 

decreases as the value of slip parameter increases for all values of Φ. For all values of Prandtl 

number and slip parameter as one traverses from the front stagnant point to the rear end the local 

value of Nusselt number decreases, however for Pr = 1 as the value of slip parameter increases 

the local value of Nusselt number at the front stagnant point decreases, whereas at the rear end it 
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increases and thus there is a crossover of the local value on the top of the particle surface. In 

Figure 6.77 and Figure 6.78, qualitatively similar effects are observed for other values of the 

volume fraction of the spheres and the Reynolds numbers. 

 

Figure 6.74 Effect of Pr on the surface Nu for Φ = 0.5 at Re = 100 and different slip parameters. 
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Figure 6.75 Effect of λ on surface Nu for Φ = 0.5 at different Pr when Re = 0.1. 

 

Figure 6.76 Effect of λ on surface Nu for Φ = 0.5 at different Pr when Re = 100. 
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Figure 6.77 Surface Nu at Re = 0.1 and Pr = 100 for different values of Φ. 

 

Figure 6.78 Surface Nu for Φ = 0.2 at Re = 200 for different values of Prandtl numbers. 
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6.7.3. Average Nusselt number  

Figure 6.79 and Figure 6.80 shows the variation of the average Nusselt numbers for Newtonian 

fluid flow past the assemblages of spheres of volume fraction of Φ = 0.1 and Φ = 0.5, 

respectively, for different Reynolds and Peclet number at various values of the slip parameter. 

The average Nusselt number increased with an increasing Peclet number at all Reynolds 

numbers, slip parameter and volume fraction of dispersed phases. However for small values of 

Pe there is a small effect of slip parameter (small λ) on the average Nusselt number. Further the 

average Nusselt number decreases with the increase in the slip parameter at all Reynolds 

numbers, Peclet numbers and volume fraction of spheres. This is due to the fact that the 

convection near the particle surface decreases as the particle surface approached the no-slip 

boundary condition for λ  ∞ (no-slip). These characteristics can also be clearly observed in 

Figure 6.81. 

 
Figure 6.79 Average Nusselt numbers of assemblages of the spheres at different values of Re for 

Φ = 0.1. 
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Figure 6.80 Average Nusselt numbers of assemblages of the spheres at different values of Re for 

Φ = 0.5. 

 

Figure 6.81 Average Nusselt numbers of assemblages of the spheres at Re = 100 for different 

values of volume fraction of smooth slip spheres. 

Finally, it is useful to develop a simple predictive correlation based on the present 

numerical results for average Nusselt number which can be used to estimate the rate of heat 
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transfer from assemblages of slip spheres in new applications. The following expression was 

found to be satisfactory to correlate the present numerical results:  

  0.621 0.562 0.063 0.0029 0.521exp 0.5 0.385 10.381 43avgNu Re Pr Pr               (6.5) 

The above equation reproduces the present numerical results with an average error of ±10.29% 

which rises to maximum of ±53.96 %. 

6.8. Heat Transfer Study of Assemblages of Spherical Particles in 

Power-law Fluids 

In order to delineate the effects of the Reynolds number (Re), the Prandtl number (Pr), slip 

parameter (λ) and the power-law index (n) on the isotherm contours and on the Nusselt numbers 

(Nu), the following ranges are considered: Re: 0.1, 1, 5, 10, 20, 50, 100, 200, Pr: 1, 10, 100, 

1000, λ = 0.01, 0.1, 1, 5, 10, 50, 100; Φ = 0.1, 0.2, 0.3, 0.4, 0.5 and n = 0.6, 0.8, 1.2, 1.4, 1.6.  

6.8.1. Isotherm contours 

Figure 6.82 shows the isotherm contours around assemblages of spherical particles of volume 

fraction Φ = 0.1 in shear thinning fluid, n = 0.6 for Pr = 1 (upper half) and Pr = 100 (lower half) 

at Re = 0.1. In this figures the maximum and minimum values of isotherm contours are depicted 

and the difference between values of any two consecutive isotherm contours is 0.05. At the small 

value of Reynolds and Prandtl number, i.e., Re = 0.1 and Pr = 1, the isotherm contours are 

uniformly distributed around the spherical particles for all values of slip parameter λ. However, 

depending on values of Prandtl number and Reynolds number, isotherm contours may be carried 

in the flow direction due to convection effects. Thus at Pr = 100 (lower half) and Re = 0.1, these 

isotherm contours are uniformly carried away in the flow direction. Figure 6.83 shows the 

isotherm contours around assemblages of spherical particles of volume fraction Φ = 0.1 in shear 
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thinning fluid, n = 0.6 for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 100. Here also 

the maximum and minimum values of isotherm contours are depicted and the difference between 

values of any two consecutive isotherm contours is 0.05. At Re = 100 and Pr = 1, a large amount 

of isotherm contours are carried away in the flow direction because of enhance the convection. 

As Prandtl number increases to 100, again large number of isotherm contours carried away in the 

direction of flow and coming closer to spheres. On the other hand, not at all like the account of a 

single particle, the distortion in these contours is almost negligible for both values of Reynolds 

numbers, because of no flow recirculation (for Re = 0.1) and negligible flow recirculation (for Re 

= 100) for the case of assemblages of spheres. The thickness of the thermal boundary layer has 

increased with an increasing slip parameter for all Reynolds numbers and thus the rate of heat 

transfer decreased with an increasing slip parameter λ. However, the thermal boundary layer 

thickness has decreased with an increasing Reynolds number and the rate of heat transfer 

enhance. Figure 6.84 and Figure 6.85 shows the isotherm contours around assemblages of 

spherical particles of volume fraction Φ = 0.1 in shear thickening fluid, n = 1.6 for Pr = 1 (upper 

half) and Pr = 100 (lower half) at Re = 0.1 and Re = 100 respectively. In this figures the 

maximum and minimum values of isotherm contours are depicted and the difference between 

values of any two consecutive isotherm contours is 0.05. Similar trends have been observed for 

shear thickening fluid as in the case of shear thinning fluids (Figure 6.82 (Re = 0.1) and Figure 

6.83 (Re = 100)). Except, for fixed values of the Reynolds numbers, Prandtl numbers and slip 

parameter, the thermal boundary layer becomes thicker for shear thickening fluid as compared to 

that of shear thinning fluid. Hence, the rate of heat transfer is dominant in shear-thinning fluids 

followed by the Newtonian and shear-thickening fluids. In other words, the rate of heat transfer 

from the slip sphere to the surrounding power-law fluid decreases with the increasing power-law 
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index (n). Furthermore, at fixed slip parameter values and Reynolds number, the degree of 

distortion of isotherms increases with the decreasing power-law index. Further, the thermal 

boundary layer become thicker with the increasing slip parameter and decreasing Prandtl number 

for fixed values of the Reynolds numbers and power-law index, hence the heat transfer rate 

decreases with the increasing slip parameter and decreasing Prandtl number.  

 

Figure 6.82 Isotherm contours around assemblages of spheres (Φ = 0.1) in power-law fluid (n = 

0.6) for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 0.1. 
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Figure 6.83 Isotherm contours around assemblages of spheres (Φ = 0.1) in power-law fluid (n = 

0.6) for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 100. 

 

Figure 6.84 Isotherm contours around assemblages of spheres (Φ = 0.1) in power-law fluid (n = 

1.6) for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 0.1. 
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Figure 6.85 Isotherm contours around assemblages of spheres (Φ = 0.1) in power-law fluid (n = 

1.6) for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 0.1 (a-d) and Re = 100 (e-h). 

6.8.2. Surface Nusselt number 

Figure 6.86 shows the variation of surface Nusselt number around assemblage of spheres (Φ = 

0.5) in shear thinning fluid (n = 0.6) at Re = 0.1. At small value of Reynolds number Re = 0.1 

and Prandtl number Pr = 1, there is much less transmutation in the Nusselt number value along 

the surface of the spheres. This is due to the fact that at low value of Prandtl number, the thermal 

boundary layer is comparatively thick and mode of heat transfer is through thermal diffusion 

with minute impact of convection. The thermal boundary layer is thin at the front stagnant point 

and it gradually thickens as one traverse to the rear stagnation point along the surface of the 

sphere. Because of this reason the surface Nusselt number is maximum at front stagnation point 

and as one traverses along the surface of spherical particle the surface Nusselt number gradually 

decreases up to the rear stagnation point provided the recirculation wake is absent. Similar trends 
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observed here also because there is no flow separation at the rear end of spheres. As the value of 

Prandtl number from 1 to 100 surface Nusselt number increases at the front point due to the more 

convection than diffusion whereas at rear end it remain almost intact. Therefore, the heat transfer 

rate increases with increasing Prandtl number. Similar trend are observed for all values of 

Prandtl number. As the value of slip parameter increases the surface Nusselt number at the front 

stagnant point gradually decreases whereas reverse trends observed at the rear end of spheres. 

Figure 6.87 shows the variation of surface Nusselt number around assemblage of spheres (Φ = 

0.5) in shear thinning fluid (n = 0.6) at Re = 100. Here, similar trends observed as in case of Re = 

0.1 (Figure 6.86) with respect to Prandtl number but at Re = 100 as the value of slip parameter 

increases the surface Nusselt number decreases at the front stagnant point as well as at the rear 

end of spheres.  

 

Figure 6.86 Surface Nusselt number around assemblage of spheres (Φ = 0.5) in power-law fluid 

(n = 0.6) at Re = 0.1. 
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Figure 6.87 Surface Nusselt number around assemblage of spheres (Φ = 0.5) in power-law fluid 

(n = 0.6) at Re = 100. 

 

Figure 6.88 Surface Nusselt number around assemblage of spheres (Φ = 0.5) in power-law fluid 

(n = 1.6) at Re = 0.1. 
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Figure 6.89 Surface Nusselt number around assemblage of spheres (Φ = 0.5) in power-law fluid 

(n = 1.6) at Re = 100. 

Figure 6.88 and Figure 6.89 represents the variation of surface Nusselt around assemblages of 

spheres of volume fraction, Φ = 0.5 in shear thickening fluids (n = 1.6) for different values of 

Prandtl number Pr and slip parameter λ at Re = 0.1 and Re = 100 respectively. Qualitatively 

similar trends are seen as in the case of shear-thinning fluids of n = 0.5 (Figure 6.86 and Figure 

6.87), but as the power law index increased to n = 1.6, the local value of the Nusselt number 

decreased because of increased boundary layer thickness due to increased apparent viscosity of 

the shear-thickening fluids. Further for a fixed combination of the slip number, Prandtl number 

and volume fraction of spheres, as the value of the power-law index increases, the surface values 

of the Nusselt number along the surface of the sphere decreases indicating the rate of heat 

transfer is higher for shear-thinning fluids followed by Newtonian and shear-thickening fluids. 

Finally, for a given combination of the slip number, power-law fluid behavior index and volume 
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fraction of spheres, the values of the Nusselt number along the surface of the spheres increases as 

the value of the Prandtl number increased indicating increased rate of heat transfer due to 

increased contribution from the convective heat transfer. 

6.8.3. Average Nusselt Number 

Figure 6.90 shows the variation of the average Nusselt numbers of volume fraction of spheres, 

Φ = 0.1 in shear thinning fluid (n = 0.6) at different Reynolds numbers and slip parameters. The 

average Nusselt number increases with the increase in the Peclet number regardless the values of 

the slip parameter and Reynolds numbers because of increasing contribution of convection mode 

of heat transfer with the increasing Peclet number. Though for small values of Peclet number 

there is insignificant effect on the average Nusselt number for small value of Reynolds number 

(Re = 0.1). Further irrespective of the values of the Reynolds number and Peclet number the 

average Nusselt number decreases with the increase in the slip parameter. This is due to the 

reduction in magnitude of the fluid slip over the surface as the value of the slip parameter 

increases. The average Nusselt number increases with the increasing Reynolds number at values 

of the Peclet number and the slip parameters. Finally the average Nusselt number increases with 

increasing Peclet number and Reynolds numbers while average Nusselt number decreases with 

increasing slip parameter at given values of volume fraction of sphere and power-law index. 

Whereas Figure 6.91 presents the variation of the average Nusselt numbers of volume fraction 

of spheres, Φ = 0.5 in shear thinning fluid (n = 0.6) at different Reynolds numbers and slip 

parameters. Qualitatively, similar effect of slip parameter, Reynolds number and Peclet number 

on average Nusselt number observed as in case of Φ = 0.1, except magnitude of average Nusselt 

number for Φ = 0.5 is greater than that of Φ = 0.1 at given values of  Peclet number, Reynolds 

number, slip parameter and power-law index. Thus, the average Nusselt number increases with 
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increasing volume fraction of spheres regardless the values of Peclet number, Reynolds numbers 

and slip parameter. Figure 6.92 and Figure 6.93 represents the variation of the average Nusselt 

numbers of volume fraction of spheres, Φ = 0.1 (Figure 6.92) and Φ = 0.5 (Figure 6.93) in shear 

thickening fluid (n = 1.6) at different Reynolds numbers and slip parameters. Here, also similar 

trends of average Nusselt number observed along with Peclet number, Reynolds number and slip 

parameter as in case of volume fraction of spheres, Φ = 0.1 (Figure 6.90) and Φ = 0.5 (Figure 

6.91) in shear thinning fluid (n = 0.6), except the magnitude of average Nusselt number is less 

for shear thickening fluid (n = 1.6) compared to shear thinning fluid (n = 0.6) due to thickening 

of fluids. Thus, the average Nusselt number decreases with the increasing power-law index at all 

values of the Peclet number, Reynolds number and the slip parameters. Figure 6.94 presents the 

effects of the power-law index on the average Nusselt numbers of volume fraction of spheres Φ 

= 0.1 at Re = 20. As the power-law index decreases the thermal boundary layer becomes thinner, 

hence the average Nusselt number increases with decreasing power-law index for all values of 

the Peclet numbers, Reynolds numbers and the slip parameters. The apparent viscosity of the 

fluid around the surface of spheres decreases with the decreasing power-law index (n) resulting 

in steep velocity gradients which in turn enhances the heat transfer rate from a slip sphere to 

surrounding fluid. Therefore, the average Nusselt number is higher for shear-thinning fluids 

followed by the Newtonian and shear-thickening fluids. Finally, the rate of the heat transfer from 

the assemblage of spheres to the surrounding power-law fluids increases as decreasing the slip 

parameter and/or increasing Reynolds/Prandtl number and/or decreasing power-law index and/or 

increasing volume fraction of spheres.  
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Figure 6.90 Average Nusselt numbers of volume fractions of spheres Φ = 0.1 in power-law 

fluid (n = 0.6) with velocity slip at the interface. 

 

Figure 6.91 Average Nusselt numbers of volume fractions of spheres Φ = 0.5 in power-law 

fluid (n = 0.6) with velocity slip at the interface. 
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Figure 6.92 Average Nusselt numbers of volume fraction of spheres Φ = 0.1 in power-law 

fluid (n = 1.6) with velocity slip at the interface. 

 

Figure 6.93 Average Nusselt numbers of volume fraction of spheres Φ = 0.5 in power-law 

fluid (n = 1.6) with velocity slip at the interface. 
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Figure 6.94 Average Nusselt numbers of assemblages of spheres of Φ = 0.1 at Re = 20 for 

different values of power-law index. 

Finally, a simple predictive correlation has been developed based on the present numerical 

results of average Nusselt numbers which can be used to evaluate the rate of heat transfer from 

assemblages of spheres to power-law fluids in new applications. The following expression is 

found to be adequate to reproduce the present numerical results (Data points: 5880):  

  0.617 0.569 0.0562 0.5645exp 0.447 1.401 0.4195 11.033avg nNu Re Pr           (6.6) 

The above expression reproduces the present numerical results with an average error of 

±9.99% and maximum error of ±59.85 %. 
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Chapter 7 

CONCLUSIONS AND FUTURE SCOPE 

7.1. Conclusions 

7.1.1. Momentum transfer of single slip spheres in Newtonian and power-law 

fluids 

The flow and drag behavior of unconfined single solid spheres in Newtonian and power-law 

fluids with velocity slip at the interface have been studied. The flow patterns indicate that for all 

values of the power-law index, there is no flow separation for λ ≤ 1 and/or Re ≤ 20. However, for 

all values of the power-law index, in the case of λ ≥ 5 and/or Re > 20, a recirculation wake in the 

rear of the sphere appears and its size increases with the increase in the slip parameter and 

Reynolds number. For all values of power-law indices, the flow separation angle increases with 

the increase in Reynolds number and slip parameter except for the case of λ = 5. Regardless of 

values of the power-law index and the Reynolds number, the difference between Cp values at 

front and rear stagnation point increases with increase in the slip parameter. Regardless of values 

of the power-law index, the surface tangential velocity decreases with the increase in the slip 

parameter and because of presence of recirculation wake (for Re > 20 and λ ≥ 5) in the rear end 

of the sphere the tangential velocity exhibits a secondary curve. The size of this secondary curve 

increases with decrease in the power-law index and/or with the increase in the slip parameter. 

The normalized drag coefficient exhibits a crossover Reynolds number with respect to the 

power-law index; and it is almost independent of the slip parameter. Finally, a simple predictive 

correlation for the total drag coefficient of a single sphere in power-law fluids with slip velocity 

at the interface is proposed. 
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7.1.2. Heat transfer from single slip sphere to Newtonian liquids 

The isotherm contours and the local and average Nusselt numbers of a single sphere in 

Newtonian fluids with fluid-slippage at the interface are numerically obtained. The convection of 

isotherm contours increases with the increasing Reynolds/Prandtl numbers whereas they 

decrease with the slip parameter. At Re = 20, the local Nusselt number distribution has displayed 

a crossover with respect to slip parameter when Pr = 1 at θ ~ 130-135° which gradually moves 

toward the rear stagnation point as Prandtl number increases and finally disappears at Pr = 100. 

At Re > 20 and λ > 1, it is observed that as λ increases the value of Nusselt number decreases at 

any location between the front stagnation point and the point of flow separation. However, in the 

remaining portion of sphere surface, i.e., between the point of flow separation and rear stagnation 

point a reverse trend is observed. For Re > 20 and λ > 1, irrespective of the values of the slip 

parameter, the local value of the Nusselt number increases with the Prandtl number in both zones 

i.e., before and after the point of flow separation. The average Nusselt number decreases with the 

slip parameter regardless the values of the Reynolds and Prandtl numbers. Finally a simple 

predictive correlation for the average Nusselt numbers of a single sphere in Newtonian fluids 

with slip velocity at the interface is proposed. 

7.1.3. Heat transfer from single slip sphere to power-law liquids 

The heat transfer phenomena between a single spherical particle with fluid-slippage due to 

apparent slip at the interface and power-law fluids are analyzed in terms of the isotherm contours 

and local and average Nusselt numbers for the wide ranges of the pertinent dimensionless 

parameters. For slip parameter λ ≤ 1, regardless the values of Reynolds and Prandtl numbers, as 

one move along the surface of the sphere from the front stagnation point to the rear end, the 

value of surface Nusselt number gradually decreases. For λ ≥ 5 and Re > 20, rise in the values of 
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local Nusselt numbers in the rear end of the sphere observed because of the formation of the 

recirculation wakes. As the value of the slip parameter increases the magnitude of slip over 

surface of spherical particle reduces, hence the rate of heat transfer decreases at all the values of 

the Reynolds and Prandtl numbers and the power-law fluid behavior index. However, at the 

small value of the Peclet number, the effect of the slip parameter on the surface and average 

Nusselt numbers is insignificant. As the value of the Peclet number increases, the average value 

of the Nusselt number increases at all the values of Re, n and λ due to enhancing the convection. 

However, for small values of Peclet numbers, the average Nusselt number is almost constant 

regardless the values of the slip parameter. As the value of the power-law index decreases, the 

thickness of the thermal boundary layer decreases thus enhancement in the rate of heat transfer is 

observed with decreasing power-law index. Finally on the basis of present numerical results a 

simple predictive correlation for the average Nusselt numbers of spheres with velocity slip at the 

interface in power-law liquids was developed. 

7.1.4. Momentum transfer of assemblages of slip spheres in Newtonian fluids 

The hydrodynamics of assemblages of the spheres has been numerically investigated using a 

finite difference method based simplified marker and cell algorithm implemented on staggered 

grid in spherical coordinate system. The detachment of flow can be delayed by decreasing the 

value of the slip parameter and/or by increasing the value of the volume fraction of the spheres. 

For fixed values of Reynolds number and volume fraction, the assemblages of spheres with large 

slippage (small λ) offer less pressure drop whereas the assemblages of spheres with less slippage 

(large λ) offer more pressure drop during their sedimentation in an unconfined Newtonian fluid. 

The total drag coefficients of assemblages of the spheres in Newtonian fluids decreases (thus 

settle easily) with the decreasing volume fraction and/or decreasing slip parameter and/or 
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increasing Reynolds number. For λ ≤ 1, the effect of hindrance is small at intermediate Reynolds 

number for all volume fractions; however, for λ > 5, the hindrance effect decreases with the 

increasing Reynolds number and/or with the decreasing volume fraction.  

7.1.5. Momentum transfer of assemblages of slip spheres in power-law fluids 

The effects of the Reynolds number, volume fraction of spheres, slip parameter and power-law 

index on the flow and drag behavior of assemblages of spheres in power-law liquids with 

velocity slip at the fluid-particle interface have been numerically investigated over wide range of 

dimensionless parameters. The size of the recirculation wake behind spheres decreases with the 

decreasing slip parameter (i.e., increasing fluid slippage at the interface), decreasing Reynolds 

number, increasing volume fraction of particles and increasing power-law index of the fluid. The 

local value of the vorticity increases with the increasing slip parameter, with increasing particle 

volume fraction, with increasing Reynolds number but with the decreasing power-law index.  In 

the case of shear-thickening fluids, the pressure recovery is poor i.e., the difference between the 

pressure coefficient values at front and rear stagnation points is much larger than in the case of 

shear-thinning fluids. The local value of the surface velocity decreases with the decreasing slip 

parameter, decreasing volume fraction of particles, decreasing Reynolds number and increasing 

power-law index. The total drag coefficients of the spheres in assemblages in power-law fluids 

decreases with the increasing Reynolds number, decreasing slip parameter, decreasing volume 

fraction and decreasing power-law index. The ratio between pressure and friction drag 

coefficients increases with increasing slip parameter, increasing volume fraction, increasing 

Reynolds number and decreasing power-law index. However, the effect of Reynolds number on 

drag ratio is small up to Re = 10 in case of shear-thinning fluids but for shear-thickening fluids it 
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is almost independent up to Re = 50 – 100 depending on the value of the slip parameter. Further 

for slip parameter λ < 1, the volume fraction shows mixed trends on the drag ratio. 

7.1.6. Heat transfer from assemblages of slip spheres to Newtonian fluids  

The heat transfer characteristics of assemblages of smooth spheres in Newtonian fluids are 

obtained over wide ranges of dimensionless parameters, namely, Re, Pr, λ and Φ. Irrespective of 

the values of Re, λ, Pr and Φ, as one traverses from the front stagnation point along the surface 

to the rear end, the value of Nusselt number at the surface of the particle decreases. As the value 

of the slip parameter increases, the rate of heat transfer decreases for all values of Re, Pr and Φ. 

However, for small values of Pe, the effect of λ on the local and average Nusselt number is very 

weak and the heat transfer coefficient is almost constant. As the value of the volume fraction of 

the spheres increases, the heat transfer coefficient also increases for all values of the Reynolds 

and Prandtl numbers and slip parameter. As the value of the Peclet number increases, the average 

value of the Nusselt number also increases for all values of Re, λ and Φ. However, for small 

values of Peclet numbers, the average value of the Nusselt number is almost constant for all 

values of the λ for a fixed value of Φ. As the value of the Prandtl number increases, the thermal 

boundary layer decreases thereby enhancing the rate of heat transfer. Finally based on the present 

numerical results a simple predictive correlation has been developed which reproduces the 

present numerical results with an average error of ±10.29%. 

7.1.7. Heat transfer from assemblages of slip spheres to power-law liquids  

The values of the convective heat transfer coefficients for assemblages of spheres in power-law 

fluid have been obtained for wide ranges of the dimensionless parameters, namely, Re, Pr, n, λ 

and Φ. Irrespective of the values of Re, λ, n, Pr and Φ, as one traverses from the front stagnation 
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point along the surface to the rear end, the value of Nusselt number at the surface of particle 

decreases. As the value of the slip parameter increases, the rate of heat transfer decreases for all 

values of Re, Pr, n and Φ. However, for small values of Pe, the effect of λ on the local and 

average Nusselt number is very weak and the heat transfer coefficient is almost constant. For low 

Prandtl numbers Pr ≈ 1, the heat transfer is mainly due to the thermal diffusion. As the value of 

the volume fraction Φ increases, the heat transfer coefficient also increases for values of the 

Reynolds number Re ≤ 50, all value of the Prandtl number and the slip parameter. As the value 

of the Peclet number increases, the average value of Nusselt number also increases for all values 

of Re, λ, n and Φ. However, for small values of Peclet numbers, the average values of Nusselt 

number are almost unchanged for all values of the λ for a fixed value of Φ. As the values of 

Prandtl number increases, the thermal boundary layer decreases thereby enhancing the rate of 

heat transfer, whereas as values of power-law index increases thermal boundary layer increases. 

7.2. Scope for Future Work 

 Using the similar linear velocity slip boundary condition one can study the 

momentum and heat transfer phenomena for different geometries like cylinder, 

spheroid, etc. in power law fluids. 

 Several slip models are available like power-law, Maxwell‟s, and second-order 

slip models; using these models, one can analyze effect of slip on the momentum 

and heat transfer characteristics. 

 The heat transfer problems can be analyzed using temperature jump boundary 

condition along with velocity slip. 
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