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Abstract

The primary goal of the thesis is to study class number of the ring of integers of a

number field and related arithmetical properties.

The first part of the thesis provides a solution to a classical problem posed by

Dirichlet in “Une propriété des formes quadratiques a déterminant positif”. Dirich-

let asked whether exist infinitely many real quadratic fields with 1 as relative class

number. It has been shown in the thesis that Q(
√
m) will always have 1 as relative

class number for the conductor 3, whenever m is a prime of the form 3 (mod 4). The

thesis also provides a necessary and sufficient condition for a real quadratic field to

have relative class number 1. Moreover, the thesis contains significant generalization

of the continued fraction approach of A. Furness and E. A. Parker towards relative

class number. Using this approach, the thesis also shows the existence of another

infinite family of real quadratic fields with relative class number 1 with an odd prime

dividing the discriminant as conductor.

The thesis also shows a simple relation between the fundamental unit of a real

cubic field and its class number. It shows that the fundamental unit of a real cubic

field must satisfy certain congruences if the class number is not divisible by 3. As a

consequence of the methods employed, one can obtain classes of real cubic fields of

v
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vi Abstract

the form Q( 3
√
m) which have class number not divisible by 3. The latter is in agree-

ment with a classical result of F. Gerth stated in terms of the discriminant of the

cubic fields. The approach also yields an elementary proof for certain congruence

properties satisfied by the fundamental unit of a real quadratic field of odd class

number which were recently proved by Z. Zhe and Q. Yue.

The final part of the thesis gives a construction for an unramified quadratic ex-

tension of a biquadratic field from a non-torsion point on a suitable elliptic curve.

Using the duplication formula, this result also extends the construction for an infi-

nite family of biquadratic fields starting from a non-torsion point on the curve. In

particular, every field of this biquadratic family has even class number.
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1
Introduction

The main theme of the thesis is class number of the ring of integers in a number

field and related arithmetical properties. A number field is a finite extension of the

field of rational numbers Q, and the integral closure of the rational integers in the

number field is called its ring of integers. A detailed definition of ideal class group

of a number field is given in the next chapter. The order of the ideal class group

is defined to be the class number of the number field. Loosely speaking, the class

number of a number field describes the deviation of its ring of integers from being

a principal ideal domain, or equivalently in this context, a unique factorization do-

main. The idea of ideal class group had appeared in the theory of quadratic forms

even before the term ‘ideal’ was properly defined. The importance of class group

1
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2 Introduction

became more prominent when mathematicians such as Kummer worked towards

the solution of the Fermat’s Last Theorem and observed that the main hindrance is

the failure of unique factorization in the ring of integers of an arbitrary number field.

Gauss was the first to formalize the definition of class group for quadratic number

fields. Using the language of binary quadratic forms, Gauss proved in Disquisitiones

Arithmeticae (Gauss [1966]) that the class number h(d) of quadratic number fields

K = Q(
√
d) is finite. For d < 0, he conjectured that

h(d) → ∞ as d→ −∞,

a result first proved by Heilbronn (Heilbronn [1934]). The Disquisitiones also con-

tains tables of binary quadratic forms with small class number which can be viewed

as tables of imaginary quadratic fields of small class number. Gauss conjectured

that his tables were complete. The problem of finding an effective algorithm to

determine all imaginary quadratic fields with a given class number h is known as

the Gauss class number h problem. The important milestones in this problem was

obtained by Heegner (Heegner [1952]), Stark (Stark et al. [1967], Stark [1971] &

Stark [1972]) and Baker (Baker [1971]). The general Gauss class number problem

was solved completely by Goldfeld-Gross-Zagier (Goldfeld [1976], Goldfeld [1985],

Gross and Zagier [1986]). The last and final conjecture of this famous book is known

as class number one problem for real quadratic fields. Gauss conjectured that there

are infinitely many real quadratic fields with class number one. In contrast to the

conjectures about imaginary quadratic fields described above, this conjecture is still

open.

Motivated by Gauss’ class number one problem, many people started asking simi-

lar questions regarding real quadratic fields, and in some cases number fields with

higher degrees. In (Dirichlet [1856]), Dirichlet gave some applications of a formula

for the ratio of the class number of a quadratic integral domain in a real field to
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3

the class number of the whole integral domain consisting of all algebraic integers in

that field, with the principal objective of showing that this ratio takes many values

(such as 1) infinitely often. That ratio is known as the relative class number of a

number field. Recently Amanda Furness and E. A. Parker proved the existence of

a particular class of real quadratic fields with relative class number 1 (Furness and

Parker [2012]).

Several mathematicians have also studied ideal class group of a number field by us-

ing arithmetic tools from elliptic curve and the fundamental unit of a number field.

T. Honda used elliptic curves to construct infinitely many quadratic fields (both real

and imaginary) with class number divisible by 3 (Honda [1960], Honda [1968]). A.

Sato gave a geometric interpretation of Honda’s work and also extended his results

for 5 and 7 (Sato et al. [2011]). R. Soleng gave a construction of quadratic fields

from the points of an elliptic curve such that a subgroup of the ideal class group

becomes isomorphic to the torsion group of the curve. Soleng’s work also gives a

divisibility criteria for the class number of those number fields (Soleng [1994]). In

(Lemmermeyer [2013]), points on an elliptic curve have been used to discuss the par-

ity of the class number of certain pure cubic fields. In recent work of Z. Zhang and

Q. Yue (Zhang and Yue [2014]), the parity of the class number of a real quadratic

field has been related to congruence properties satisfied by its fundamental unit.

The first part of the thesis gives affirmative answers to the question posed by Dirich-

let on relative class number of real quadratic fields as mentioned above (see Dirichlet

[1856]). We also provide a list of congruence properties satisfied by the fundamental

unit of a cubic field whose class number is not divisible by 3. Moreover, we give a

simpler proof for the main results in (Zhang and Yue [2014]) for real quadratic fields.

Motivated by the results mentioned in the previous paragraph relating class number

of number fields and points on an elliptic curve, we give an explicit construction of

TH -1518_11612308



4 Introduction

an unramified quadratic extension of a biquadratic field from a non-torsion point

of an elliptic curve. After presenting the necessary preliminaries in Chapter 2, the

main results of the thesis have been organized in the following chapters as follows.

Chapter 3 : Relative class number and continued fractions

Chapter 4 : Real quadratic fields with relative class number 1

Chapter 5 : Fundamental unit and the class number

Chapter 6 : A construction for unramified quadratic extension

Chapter 2 contains the fundamental ingredients needed for the latter chapters. It

contains the relevant definitions and results that are to be used throughout the the-

sis. The first part of the chapter briefly discusses the preliminaries concerning class

number and class group of a number field. The second part of that chapter briefly

covers the basic notions associated with an elliptic curves.

Chapter 3 explores relative class number of real quadratic fields using continued

fractions. In (Furness and Parker [2012]), the relative class number of Q(
√
m) was

investigated using continued fraction in the special case when it has a diagonal form.

In Chapter 3, we extend that result and show that there exists a conductor f of

relative class number 1 whenever the continued fraction of
√
m is non-diagonal of

period 4 or 5. We further show that there exists an infinite family of real quadratic

fields with relative class number 1 with an odd prime dividing the discriminant as

conductor. In particular, it gives an affirmative answer to Dirichlet’s question on rel-

ative class number. We also show there will be infinitely many real quadratic fields

with any power of 2 as relative class number if there are infinitely many Mersenne

primes. The content of Chapter 3 has been published in (Chakraborty and Saikia

[2015]).
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Chapter 4 contains a a characterization of real quadratic fields with relative class

number 1 through an elementary approach considering the cases when the funda-

mental unit has norm 1 and norm −1 separately. When the fundamental unit has

norm −1, we further show that if d is a quadratic non-residue modulo a Mersenne

prime f then the conductor f has relative class number 1. We also show that if the

fundamental unit has norm −1 and f is a sufficiently large Sophie Germain prime of

the first kind such that d is a quadratic residue modulo 2f + 1, then the conductor

2f + 1 has relative class number 1. The results of this chapter have been published

in (Chakraborty and Saikia [2014]).

In Chapter 5, we examine congruence relations satisfied by the fundamental unit of

a pure cubic field with a power integral basis and relate them to the class number

of the number field. As one of the consequences, we show that all real cubic fields

Q( 3
√
m) where m is an integer congruent to 2, 4, 5 or 7 modulo 9 have class number

divisible by 3. Our approach also yields in an elementary way the congruence rela-

tions for the fundamental unit of a real quadratic field of odd class number obtained

earlier by Z. Zhang and Q. Yue in (Zhang and Yue [2014]). These results have been

published in (Chakraborty and Saikia [2016a]).

The results in Chapter 6 are inspired by the work of R. Soleng, A. Sato and most no-

tably F. Lemmermeyer. We give a construction for everywhere unramified quadratic

extensions of an infinite family of biquadratic fields by using a non-torsion point on

a suitable elliptic curve. In particular, each biquadratic field in the infinite family

will have even class number. The extensions are constructed such that their relative

discriminant becomes an ideal square and consequently any prime ideal above an

odd prime remains unramified. Then the crucial step is to show that any prime

above 2 cannot ramify in the constructed quadratic extension. The results of this

chapter have been communicated (Chakraborty and Saikia [2016b]).
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2
Background

This chapter describes certain basic notions concerning ideal class groups of number

fields which will be used through the thesis. It also includes the basic theory of

elliptic curves needed for the later part of the thesis.

2.1 Class number and the fundamental units of a

number field

We start this section with notion of algebraic numbers and some of their properties.

All the topics mentioned in this section can be found in (Stewart and Tall [2015]).

7
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8 Background

Definition 2.1.1. A complex number α is said to be algebraic if it satisfies a non-

zero polynomial with coefficients in Q.

The set of algebraic numbers A is a subfield of the complex field C. The degree

[A : Q] is not finite.

Definition 2.1.2. A number field is a subfield K of C such that [K : Q] is finite.

The following result is often useful for computations on number fields.

Result 2.1.3. If K is a number field then K = Q(θ) for some algebraic number θ.

The choice of θ is not unique.

Example 2.1.4. Q(
√

2, 3
√

5) = Q(
√

2 + 3
√

5).

If K = Q(θ) is a number field then there exist several distinct embeddings (i.e.,

injective ring homomorphisms) σ : K → C. For instance, K = Q(i) has two such

embeddings, one that fixes i and the other one that takes i to −i.

The following theorem describes the different types of monomorphisms a number

field may have.

Theorem 2.1.5. Let K = Q(θ) be a number field of degree n over Q. Then there are

exactly n distinct embeddings σi : K −→ C (i = 1, 2, ..., n). The element σi(θ) = θi

are the distinct zeros in C of the minimum polynomial of θ over Q.

The following is the definition of discriminant of a number field which comes from

considering a number field as vector space over Q.

Definition 2.1.6. Let K = Q(θ) is a number field of degree n, let {α1, α2, ..., αn} be

a basis of K (as a vector space over Q). The discriminant of this basis is defined to be

∆[α1, ..., αn] = {det[σi(αj)]}2

.

TH -1518_11612308



2.1 Class number and the fundamental units of a number field 9

It can easily be proved that the discriminant of any basis for K = Q(θ) is rational

and non-zero. If all K-conjugates of θ are real, then the discriminant of any basis

is positive.

Definition 2.1.7. A complex number θ is said to be an algebraic integer if there is

a monic polynomial p(t) with integer coefficient such that p(θ) = 0.

Using the following result it can be proved that the ring of algebraic integers, denoted

by B is a subring of A, the field of algebraic numbers.

Result 2.1.8. A complex number θ is and algebraic integer if and only if the additive

group generated by all powers 1, θ, θ2, ... is finitely generated.

For any number field K, OK = K ∩ B is said to be the ring of integers of K.

Because it can easily be proved that for any α ∈ K, there always exists c ∈ Z such

that cα ∈ OK , the following results follows as a corollary.

Result 2.1.9. If K is a number field then K = Q(θ) for an algebraic integer θ.

The ring OK of integers of K is an abelian group under addition. A Z-basis for

(OK ,+) is called an integral basis for K (or OK). If it exists, the order of the

integral basis of a number field is same as the order of the Q-basis of that field. The

following theorem asserts the existence of integral basis for each number field.

Theorem 2.1.10. Every number field K possesses an integral basis, and the additive

group of OK is free abelian of rank n equal to the degree of K.

Definition 2.1.11. Let K be a number field of degree n and let σ1, ..., σn be the

embeddings K −→ C. Then for any α ∈ K, the norm is defined as

NK(α) =
n∏
i=1

σi(α),

and trace

TK(α) =
n∑
i=1

σi(α).

TH -1518_11612308



10 Background

The following result describes the structure of the ring of integers of a quadratic

number field Q(
√
d).

Theorem 2.1.12. Let d be a square-free rational integer. Then the integers of

Q(
√
d) are:

Z[
√
d], if d ̸≡ 1( mod 4),

Z[
1 +

√
d

2
] if d ≡ 1( mod 4).

From the above theorem the following result follows immediately.

Result 2.1.13. If d ̸≡ 1 (mod 4) then Q(
√
d) has an integral basis of the form

{1,
√
d} and discriminant 4d.

If d ≡ 1 (mod 4) then Q(
√
d) has an integral basis of the form {1, 1+

√
d

2
} and dis-

criminant d.

As mentioned in the previous section and as also can be seen from the factorization

of 6 in Z[
√
−5], we know that unique factorization does not hold for the elements of

a ring of integer of a number field but the following few results assert that unique

factorization does hold for ideals in the ring of integers of number field. We first

briefly describe fractional ideals. The idea of the definition comes from the fact

that every ideal in OK for a number field K can be seen as (finitely generated)

OK-submodule of OK .

Definition 2.1.14. A finitely generated OK-submodule γ of K is called a fractional

ideal of OK . Equivalently, an OK-submodule γ of K is called a fractional ideal of

OK if there exists some non-zero c ∈ OK , such that cγ ⊆ OK .

While the ideals in OK clearly form a semigroup with the whole ring as identity, the

existence of an inverse fails for all other ideals. One of the main motivations behind

defining fractional ideals is to enlarge the set of ideals in a way so that each ideal

becomes invertible in the enlarged set. The following theorem asserts that group

TH -1518_11612308



2.1 Class number and the fundamental units of a number field 11

structures can indeed be defined on the set of fractional ideals of a ring of integer of

a number field.

Theorem 2.1.15. The non-zero fractional ideals of OK form an abelian group under

multiplication. Moreover, every non-zero ideal of OK can be written as a product of

prime ideals, uniquely up to the order of the factors.

The above theorem implies that the prime factorization in OK is unique if all the

ideals of OK are principal. In order to measure how far prime factorization fails in

OK or equivalently, how far ideals of OK are from being principal ideals, we define

the following.

Definition 2.1.16. Let F be the group of fractional ideals under the multiplication.

The set of principal fractional ideals P is a subgroup of F . The class group of OK

is the quotient group

H = F/P .

The class number h = h(OK) is defined to be the order of H.

Result 2.1.17. Using lattice theory and Minkowski’s bound it can be proved that

the class number h = h(OK) of a number field is always finite.

A finitely generated abelian group A is isomorphic to Ators ⊕ Zt for some integer t

where Ators is the finite subgroup of torsion elements of A (i.e. of elements of finite

order). The number t is uniquely determined by A, and is called the rank of A. The

following theorem explicitly describes the structure of the unit group of a number

field.

Theorem 2.1.18. The group of units in a number field K is finitely generated of

rank r + s− 1 where r denotes the number of real embeddings of K and 2s denotes

the number of non-real complex embeddings.

Example 2.1.19. For example for a real quadratic field, the rank is 2 + 0 − 1 = 1

and for an imaginary quadratic field it is 0 + 1 − 1 = 0.

TH -1518_11612308



12 Background

Definition 2.1.20. A set of units {u1, ..., ur+s−1} is called a fundamental system of

units if it forms a basis for the group of units modulo torsion.

It follows that the group of units of a real quadratic or real cubic number field is of

rank 1. The free part of the group of units in such a field has a unique generator

which is bigger than 1. That unit is called the fundamental unit. The fundamental

unit is a key ingredient of our work to be described later.

2.2 Elliptic curves

In this section we briefly describe the fundamentals of elliptic curves needed for the

later chapters. Throughout this section we denote by K a perfect field, K̄ a fixed

algebraic closure of K, GK̄/K the Galois group of K̄/K. All the results mentioned

here can be found in (Silverman [1986]). We start with the definition of affine and

projective space over which elliptic curve is to be defined.

Definition 2.2.1. Affine n-space (over K) is the set of n-tuples

An = An(K̄) = {P = (x1, ..., xn) : xi ∈ K̄}.

Similarly, the set of K-rational points of An is the set An(K) = {P = (x1, ..., xn) ∈

An : xi ∈ K}. Assuming K̄[x] is a polynomial ring in n variables we give the

definition of an affine algebraic set as following.

Definition 2.2.2. For each ideal I ⊂ K̄[x], the following subset of An can be

associated,

VI = {P ∈ An : f(P ) = 0 for all f ∈ I}.

An (affine) algebraic set is any set of the form VI . If V is an algebraic set, the ideal

of V is given by

I(V ) = {f ∈ K̄[x] : f(P ) = 0 for all P ∈ V }.

TH -1518_11612308



2.2 Elliptic curves 13

By Hilbert basis theorem, all the ideals in K̄[x] and K[x] are finitely generated. For

an algebraic set V , an ideal I(V/K) is defined to be

I(V/K) = {f ∈ K[x] : f(P ) = 0 for all P ∈ V } = I(V ) ∩K[x].

Then V is said to be defined over K if and only if

I(V ) = I(V/K)K̄[x].

Definition 2.2.3. An affine algebraic set V is said to be an (affine) variety if I(V )

is a prime ideal in K̄[x].

If V is defined over K, it is not enough to check that I(V/K) is a prime ideal in

K[x] for V to be an affine variety as indicated by the example of the ideal (x21−2x22)

in Q[x1, x2].

Definition 2.2.4. Let V is a variety defined over K. then the affine coordinate ring

of V/K is defined by

K[V ] =
K[x]

I(V/K)
.

The ring K[V ] is an integral domain. Its quotient field is denoted by K(V ) and is

called the function field of V/K. Similarly K̄[V ] and K̄(V ) can also be defined.

Definition 2.2.5. Let V be a variety. The dimension of V , denoted by dim (V ),

is the transcendence degree of K̄(V ) over K̄.

Example 2.2.6. The dimension of An is n, since K̄(An) = K̄(x1, ..., xn).

When studying a geometric object, it is natural to be interested about the “smooth-

ness” of the object. The following definition clarifies that concept for varieties.

Definition 2.2.7. Let V be a variety, P ∈ V , and f1, ..., fm ∈ K̄[x] a set of gener-

ators for I(V ). Then V is nonsingular (or smooth) at P if the m× n matrix( δfi
δxj

(P )
)
1≤i≤m,1≤j≤n

has rank n − dim (V ). If V is nonsingular at every point, then V is said to be

nonsingular (or smooth).

TH -1518_11612308



14 Background

Another characterization of smoothness, in terms of the functions on the variety V ,

is as follows.

Result 2.2.8. Let V be a variety and for each point P ∈ V , an ideal MP of K̄[V ]

is defined to be as follows;

MP = {f ∈ K̄[V ] : f(P ) = 0}.

Then a point P ∈ V is nonsingular if and only if

dimK̄MP/M
2
P = dimV.

Definition 2.2.9. The local ring of V at P , denoted by K̄[V ]P , is the localization

of K̄[V ] at MP . In other words,

K̄[V ]P = {F ∈ K̄(V ) : F = f/g for some f, g ∈ K̄[V ] with g(P ) ̸= 0}.

If F = f/g ∈ K̄[V ]P , then F (P ) = f(P )/g(P ) is well defined. The functions in

K̄[V ]P are said to be regular (or defined) at P .

Next we define projective space which loosely speaking is the addition of “points of

infinity” to the affine space.

Definition 2.2.10. Projective n-space (over K), denoted by Pn or Pn(K̄), is the set

of all (n+ 1)-tuples

(x0, ..., xn) ∈ An+1

such that at least one xi is nonzero, modulo the equivalence relation

(x0, ..., xn) ∼ (y0, ..., yn)

if there exists a λ ∈ K̄∗ such that xi = λyi for all i. An equivalence class

{(λx0, ..., λxn) : λ ∈ K̄∗}

is denoted by [x0, ..., xn] and the individual x0, ..., xn are called homogeneous coor-

dinates for the corresponding point in Pn. The set of K-rational points in Pn is the

set

Pn(K) = {[x0, ...xn] ∈ Pn : all xi ∈ K}.
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2.2 Elliptic curves 15

Before define projective algebraic set a definition for the well defined functions (in-

dependent of choice of homogeneous coordinates) on a projective space is needed.

Definition 2.2.11. A polynomial f ∈ K̄[x] = K̄[x0, .., xn] is homogeneous of degree

d if

f(λx0, ..., λxn) = λdf(x0, ..., xn) for all λ ∈ K̄.

An ideal I ⊂ K̄[x] is said to be homogeneous if it is generated by homogeneous

polynomials.

Just like affine space, to each homogeneous ideal I a subset of Pn can be associated

by the following set

VI = {P ∈ Pn : f(P ) = 0 for all homogeneous f ∈ I}

The definition of projective algebraic set now as follows;

Definition 2.2.12. A (projective) algebraic set is any set of the form VI for a

homogeneous ideal I. If V is a projective algebraic set, the (homogeneous) ideal of

V , denoted by I(V ), is the ideal of K̄[x] generated by

{f ∈ K̄[x] : f is homogeneous and f(P ) = 0 for all P ∈ V }.

V is said to be defined over K, denoted by V/K, if its ideal I(V ) can be generated by

homogeneous polynomials in K[x]. If V is defined over K, then the set of K-rational

points of V is the set

V (K) = V ∩ Pn(K).

A projective algebraic set is called a (projective) variety if its homogeneous ideal

I(V ) is a prime ideal in K̄[x].

It can be easily seen that Pn contains many copies of An. Using the fact we give the

analogues of dimension and smoothness as defined in the case of affine space.
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Definition 2.2.13. Let V/K be a projective variety and choose An ⊂ Pn such that

V ∩ An ̸= ∅. Then the dimension of V is defined as the dimension of V ∩ An.

Definition 2.2.14. Let V be a projective variety, let P ∈ V , and choose An ⊂ Pn

with P ∈ An. Then V is nonsingular (or smooth) at P if V ∩An is non-singular at

P .

The local ring of V at P , denoted by K̄[V ]P , is the local ring of V ∩ An at P . A

function F ∈ K̄(V ) is regular (or defined) at P if it is in K̄[V ]P .

In the context of elliptic curves, a curve means a projective variety of dimension

one. The following will be a few definitions which will be needed to define an elliptic

curve.

Definition 2.2.15. The divisor group of a curve C, denoted by Div (C), is the

free abelian group generated by the points of C. Thus a divisor D ∈ Div (C) is a

formal sum

D =
∑
P∈C

nP (P )

where nP ∈ Z and nP = 0 for all but finitely many P ∈ C. The degree of D is

defined by

deg (D) =
∑
P∈C

nP .

Example 2.2.16. Suppose C is a smooth curve and f ∈ K̄(C)∗. Then div(f) is a

divisor associated to f defined by

div(f) =
∑
P∈C

ordP (f)(P ).

Definition 2.2.17. A divisor D ∈ Div(C) is said to be principal if it has the form

D = div(f) for some f ∈ K̄(C)∗. Two divisors are equivalent, written D1 ∼ D2 if

D1 −D2 is principal.

The divisor class group (or Picard group) denoted by Pic(C), is the quotient of

Div(C) by its subgroup of principal divisors.
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Definition 2.2.18. Let C be a curve. The space of (meromorphic) differential

forms on C, denoted by ΩC , is the K̄-vector space generated by the symbols of dx

for x ∈ K̄(C), subject to the usual relations:

(i) d(x+ y) = dx+ dy for all x, y ∈ K̄(C).

(ii) d(xy) = xdy + ydx for all x, y ∈ K̄(C).

(iii) da = 0 for all a ∈ K̄.

Definition 2.2.19. Let ω ∈ ΩC . The divisor associated to ω is

div (ω) =
∑
P∈C

ord P (ω)(P ) ∈ Div (C).

Definition 2.2.20. The canonical divisor class on C is the image in Pic(C) of

div(ω) for any nonzero differential ω ∈ ΩC .

We can put a partial order on Div(C) by the following way.

Definition 2.2.21. A divisor D =
∑

P∈C nP (P ) is positive, denoted by D ≥ 0 if

nP ≥ 0 for every P ∈ C. Similarly for any two divisors D1, D2, D1 ≥ D2 implies

that D1 −D2 is positive.

By the following definition we will be able to associate a divisor D ∈ Div(C) to a

set of function in K̄(C)∗.

Definition 2.2.22. Let D ∈ Div(C). We associate to D the set of functions

 L(D) = {f ∈ K̄(C)∗ : div(f) ≥ −D} ∪ {0}.

The set  L(D) is a finite-dimensional K̄-vector space, and its dimension is denoted

by ℓ(D).

The following is the celebrated Riemann-Roch theorem that also defines the genus

of a curve.
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Theorem 2.2.23. Let C be a smooth curve and let KC be a canonical divisor on

C. Then there is an integer g ≥ 0, called the genus of C, such that for every divisor

D ∈ Div(C),

ℓ(D) − ℓ(KC −D) = deg D − g + 1.

Elliptic curves are curves of genus one with a specified base point. The following

theorem shows that every elliptic curve can be written as a locus in P2 of a cubic

equation with only one point, the base point, on the line at ∞.

Theorem 2.2.24. Let E be an elliptic curve defined over K.

(a) There exists functions x, y ∈ K(E) such that the map

ϕ : E → P2, ϕ = [x, y, 1],

gives an isomorphism of E/K onto a curve given by a Weierstrass equation

C : Y 2 + a1XY + a3Y = x3 + a2x
2 + a4X + a6

with coefficients a1, ..., a6 ∈ K and satisfying ϕ(⃝) = [0, 1, 0]. The functions x and

y are called Weierstrass coordinates for the elliptic curve E.

(b) Conversely, every smooth cubic curve C given by a Weierstrass equation as

in (a) is an elliptic curve defined over K with the base point ⃝ = [0, 1, 0].

The following composition law for an elliptic curve E is often referred to as the

known as “Geometric group law”. It can be proved that this geometric group law

coincides with the “algebraic group law” originating from the Picard group of the

curve.

Result 2.2.25. Let P,Q ∈ E, let L be the line through P and Q (if P = Q, L be

the tangent line to E at P), and let R be the third point of intersection of L with

E. Let L/ be the line through R and ⃝. Then L/ intersects E at R,⃝, and a third

point. The third point is denoted by P ⊕Q.
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2.2 Elliptic curves 19

The addition of two points on an elliptic curve E given by a Weierstrass equation

can be described in terms of their co-ordinates as follows.

Result 2.2.26. Let E be an elliptic curve given by a Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

(a) Let P0 = (x0, y0). Then

−P0 = (x0,−y0 − a1x0 − a3).

(b) Now suppose P3 = P1 + P2 with Pi = (xi, yi) for all I = 1, 2, 3. Let y = λx + ν

denote the chord through P1 and P2 when these two points are distinct, and the

tangent to E if P1 = P2. Then the coordinates of the point P3 = P1 + P2 are given

by

x3 = λ2 + a1λ− a2 − x1 − x2,

y3 = −(λ+ a1)x3 − ν − a3.

We conclude this section with the “Mordell-Weil Theorem” which is one of the most

important results concerning elliptic curves. It describes the group structure for the

K-rational points on an elliptic curve for any number field K.

Theorem 2.2.27. Let K be an number field and E be an elliptic curve defined over

K. Then the set of K-rational points E(K) form a finitely generated abelian group.
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3
Relative Class Number and Continued

Fractions

A. Furness and E.A. Parker (Furness and Parker [2012]) investigated relative class

number of a real quadratic field Q(
√
m) by considering the continued fraction rep-

resentation of
√
m. They proved the existence of a conductor f for a real quadratic

field Q(
√
m) such that the relative class number Hd(f) is one whenever

√
m has a di-

agonal continued fraction representation. In this chapter, we extend their approach

to real quadratic fields Q(
√
m) where

√
m has a non-diagonal representation of pe-

riod 4 and 5. We further show the existence of an infinite family of real quadratic

fields of relative class number 1, which answers a classical question of Dirichlet.

21
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22 Relative Class Number and Continued Fractions

3.1 Introduction

A real quadratic field K is of the form Q(
√
m) = {a + b

√
m | a, b ∈ Q} for some

square-free natural number m. The discriminant d of K is m if m ≡ 1 mod 4,

otherwise d = 4m. The ring OK of integers of K is {a + b1+
√
m

2
| a, b ∈ Z} in the

former case, and in the latter case, OK = {a + b
√
m | a, b ∈ Z}. By Dirichlet’s

Unit Theorem, the units of OK are given by ±ξim (i ∈ Z) where ξm is called the

fundamental unit. The relative class number of K for a conductor f is the ratio

Hd(f) of the class numbers of Of = Z + fOK and OK . Dirichlet obtained a nice

formula for the relative class number (see Cohn [1962]).

Result 3.1.1. (Dirichlet [1856]) Let θ(f) be the smallest positive integer such that

ξ
θ(f)
m ∈ Of and ψ(f) = f

∏
q|f

(
1 −

(
d
q

)
1
q

)
, where

(
d
q

)
denotes the “Kronecker residue

symbol” of d modulo a prime q. Then the relative class number for conductor f is

given by

Hd(f) =
ψ(f)

θ(f)
. (3.1)

The Kronecker residue symbol
(
d
q

)
is the same as the Legendre symbol when q is an

odd prime. For q = 2 and d odd,
(
d
q

)
is 1 if d ≡ ±1 mod 8 and −1 if d ≡ ±3 mod

8. θ(f) always divides ψ(f) as the relative class number is always an integer (see

Cohn [1962]). We will always write the fundamental unit of OK as

ξm = α0 + β0
√
m, 2α0, 2β0 ∈ Z.

It is well-known that ξ3m ∈ Z[
√
m] and when m ̸≡ 5 mod 8, α0 and β0 are integers

(Mollin [1995]). For the rest of the chapter, we will use the following notation:

β̃0 = β0, α̃0 = α0 if ξm ∈ Z[
√
m], β̃0 = 2β0, α̃0 = 2α0 if ξm ̸∈ Z[

√
m].

If β̃0 is divisible by a prime q, then θ(q) = 1. When the square-free integer m does

not divide β̃0, there exists a prime q dividing m such that β̃0 is not divisible by q.

Taking f = q in Dirichlet’s formula, we find that ψ(q) = q and θ(q) ̸= 1 is a factor
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of ψ(q). Hence θ(q) = ψ(q) = q, and Hd(q) = 1. Throughout this chapter we will

use this approach to find out real quadratic fields with relative class number one.

3.2 Continued fraction approach

When m is a square-free positive integer, we know that its continued fraction is

periodic of the form (Niven et al. [2008])

n+
1

a1 + 1
···+ 1

ar+
1

2n+ 1
a1+···

, where n = [
√
m], ai = ar+1−i.

We denote it as
√
m = ⟨n, a1, a2, ..., ar, 2n⟩.

Let x = ⟨a1, a2, ..., ar, 2n⟩. Then, m = ⟨n, x⟩ = n + x−1. The i-th convergent of the

continued fraction of x is defined to be as

hi
ki

= a1 +
1

a2 + 1
···+ 1

ai+1

.

The following recurrence relations are satisfied by hi and ki:

h0 = a1, k0 = 1, h1 = 1 + a1a2, k1 = a2,

hi = aihi−1 + hi−2, ki = aiki−1 + ki−2,

hiki−1 − hi−1ki = (−1)i−1.

(3.2)

It is well known that nhr−1 + hr−2 + hr−1

√
m is the fundamental unit ξm of Q(

√
m)

except in the case m ≡ 5 (mod 8), when it equals ξ3m (Mollin [1995]). Hence hr−1

is always a multiple of β̃0 . If m > hr−1 then m > β̃0 and there is a prime factor p

of m which does not divide β̃0 and then by Dirichlet’s formula, p is a conductor of

relative class number Hd(p) = 1 as in that case θ(p) = ψ(p) = p. In this section,

we will prove that if
√
m has period 4 or 5, then m does not divide hr−1, and hence

β̃0. We begin by the following lemma, which completely generalizes an analogue in

(Furness and Parker [2012]) for the diagonal case
√
m = ⟨n, a, · · · , a, 2n⟩.
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Lemma 3.2.1. m = n2 + kr
hr−1

, and in particular, hr−1 divides kr

Proof: Note that
√
m =< n, x >= n+ x−1 where

x = ⟨a1, a2, ..., ar, 2n⟩, x =
hr+1

kr+1

=
xhr + hr−1

xkr + kr−1

=⇒ x−2(hr−1)+x
−1(hr−kr−1)−kr = 0.

We use Euler’s formula (Davenport [1999]) for the partial quotients hi and ki of x,

and using the fact that ai = ar+1−i we obtain

kr−1 = [a2, a3, ..., ar] = [ar, ar−1, ..., a2] = [a1, a2, ..., ar−1] = hr−2. (3.3)

On substituting in the quadratic equation and solving for x−1, we obtain

x−2(hr−1) + x(hr − hr−2) − kr = 0

⇒x−2(hr−1) + x(2nhr−1) − kr = 0

⇒x−1 = −n+

√
n2 +

kr
hr−1

, as x > 0.

Hence,
√
m = n + x−1 =

√
n2 + kr

hr−1
=⇒ m = n2 + kr

hr−1
. �

Next, we obtain a bound on the coefficients appearing in the continued fraction of
√
m. We will later need this bound in the proof of theorem 3.2.3 and 3.2.4.

Proposition 3.2.2. Let
√
m = ⟨n; a, b, · · ·⟩ be a continued fraction of period at least

3. Then ab < 2n.

Proof: Let [
√
m] = n so that m = n2 + t, t ≤ 2n. Then

√
m = n+

√
m− n = n+

1
√
m+n

m−n2

= n+
1

2n+(
√
m−n)
t

, 0 <
√
m− n < 1.

Now, the next coefficient a in the continued fraction of
√
m is given by

2n = ta+ r1, 0 < r1 < t. (3.4)

r1 = 0 would imply that
√
m has continued fraction ⟨n; a, 2n⟩ of period 2. Now,
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√
m = n+

1
ta+(

√
m−(n−r1))
t

= n+
1

a+ 1
t(
√

m+(n−r1))

m−(n−r1)
2

.

Now, the last denominator is

m− (n− r1)
2 = (m− n2) + 2nr1 − r21 = t+ (ta+ r1)r1 − r21 = t(1 + ar1),

and the numerator is

t(
√
m+ (n− r1)) = t(2n− r1 +

√
m− n).

Now, the next coefficient b in the continued fraction of
√
m is given by

2n− r1 = (1 + ar1)b+ r2, 0 ≤ r2 < 1 + ar1. (3.5)

As r1 ≥ 1, we deduce from the last equality that 2n > ab. �

3.2.1 When
√
m is a continued fraction of period 4

Here we show the existence of a prime divisor p of m that does not divide β̃0, so

that the relative class number for p is 1. As m is square-free, it is enough to show

that m does not divide hr−1 where r is the period of the continued fraction for
√
m.

Theorem 3.2.3. (Chakraborty and Saikia [2015]) If
√
m = ⟨n, a, b, a, 2n⟩,

then m does not divide h2.

Proof: We have r = 3 and

hr−1 = [a, b, a] = a2b+ 2a, hr−2 = [a, b] = ab+ 1 = kr−1, kr−2 = [b] = b.

By (3.2), we have

hr−1kr−2 − kr−1hr−2 = (−1)r−1 =⇒ k2r−1 ≡ (−1)r−1 ( mod hr−1). (3.6)
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By lemma (3.2.1),

2nkr−1 + kr−2 = kr ≡ 0 ( mod hr−1)

⇒2n ≡ 2nk2r−1 ≡ −kr−1kr−2 ≡ −ab2 − b ( mod hr−1)

⇒2na ≡ −a2b2 − ab ≡ ab ( mod hr−1)

⇒2na = l(hr−1) + ab, where l ∈ N as 2n > b by proposition 3.2.2

⇒2n = l(ab+ 2) + b ≥ ab+ b+ 2

⇒4n2 > (ab+ b+ 2)2 = a2b2 + 4ab+ 4 + 2ab2 + 4b+ b2 > 4a2b+ 8a = 4hr−1 for b > 3

⇒m > n2 > hr−1 for b > 3

When b = 1, hr−1 = ⟨a, 1, a⟩ = a2 + 2 ≤ (n− 1)2 + 2 < n2 < m, as a ≤ n− 1. Here

we are using the fact that in 2n = ta+ r1 (3.4), t is at least 2 as otherwise,

m = n2 + t = n2 + 1 =⇒
√
m = ⟨n, 2n⟩ (of period 1).

When b = 2, hr−1 = ⟨a, 2, a⟩ = 2a2 + 2a < 2m just like the above case. Now, if m

divides hr−1, then that means hr−1 = m. But then m = hr−1 = 2a(a + 1) will not

be square free as 4 divides 2a(a+ 1).

When b = 3 we use (3.5) to obtain

t =
2n− r1

a
>

2n− (r1 + r2)

1 + ar1
= b.

Here, b = 3 implies t ≥ 4. Therefore,

a =
2n− r1

t
≤ 2n− 1

4
=
n

2
− 1

4
=⇒ a ≤ n− 1

2

as a is an integer. Now,

hr−1 = 3a2 + 2a ≤ 3

4
(n− 1)2 + (n− 1) ≤ n2 < m

unless n = 1, but then
√
m =

√
2 or

√
3 is of period strictly less than 3. �
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3.2.2 When
√
m is a continued fraction of period 5

The existence of a conductor of relative class number 1 can be proved by the following

approach.

Theorem 3.2.4. (Chakraborty and Saikia [2015]) If
√
m = ⟨n, a, b, b, a, 2n⟩,

then m > h3.

Proof: Recall that
√
m =

√
n2 + kr

hr−1
when

√
m = ⟨n, a1, a2, ..., ar⟩ where, ai =

ar+1−i, and hi
ki

denotes the i-th convergent. Here, r = 4. Now,

hr−1 = h3 = [a, b, b, a] = (ab+ 1)2 + a2, kr−2 = [b, b] = b2 + 1,

hr−2 = [a, b, b] = ab2 + a+ b = kr−1.

k2r−1 ≡ (−1)r−1 = −1 (mod hr−1) (as in 3.6).

Now,

kr = 2nkr−1 + kr−2 ≡ 0 (mod hr−1), by lemma 3.2.1

=⇒ 2n ≡ −2nk2r−1 ≡ kr−1kr−2 ≡ (ab2 + a+ b)(b2 + 1) (mod hr−1)

⇒ 2na ≡ (a2b2 + a2 + ab)(b2 + 1) ≡ −(ab+ 1)(b2 + 1) (mod hr−1)

⇒ 2na(ab+ 1) ≡ −(ab+ 1)2(b2 + 1) ≡ a2(b2 + 1) (mod hr−1)

⇒ 2n(ab+ 1) ≡ a(b2 + 1) (mod hr−1) as gcd(a, hr−1) = 1

=⇒ 2n(ab+ 1) = lhr−1 + a(b2 + 1) = l((ab+ 1)2 + a2) + a(b2 + 1).

By proposition 3.2.2, 2n > ab and hence l must be a positive integer. We now

claim that l must be even from parity considerations in the last equality. When a

is even or a, b both are odd, hr−1 is odd and hence l must be even. If a is odd

and b is even, hr−1 is even but a(b2 + 1) is odd which is ruled out by the equality
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2n(ab+ 1) = lhr−1 + a(b2 + 1) mentioned above. Now

2n(ab+ 1) = l.hr−1 + a(b2 + 1) ≥ 2
(
(ab+ 1)2 + a2

)
+ a(b2 + 1)

⇒2n ≥ 2(ab+ 1) +
2a2 + a(b2 + 1)

ab+ 1
.

⇒4n2 ≥ 4(ab+ 1)2 + 4(2a2 + a(b2 + 1)) +
(2a2 + a(b2 + 1)

ab+ 1

)2

⇒4n2 > 4(ab+ 1)2 + 4a2 = 4.hr−1.

⇒m > n2 > hr−1. �

Thus there exists prime f such that f divides m but does not divide hr−1 as m is

square-free. Hence Hd(f) is 1 by the formula of Dirichlet. Thus we can ascertain the

existence of a conductor of relative class number 1 for a real quadratic field Q(
√
m)

when
√
m is represented by a continued fraction of period 4 or 5 (as well as for all

diagonal numbers as proved in (Furness and Parker [2012])). The following result

as already mentioned also comes out in the proof.

Corollary 3.2.5. There does not exist square free positive integer m such that
√
m

= ⟨n, a, b, b, a, 2n⟩ and a is odd and b is even.

3.3 Affirmative answer to Dirichlet’s question

In this section we give a construction for an infinite family real quadratic fields

of relative class number 1. Thus, it gives an affirmative answer to the classical

question of Dirichlet on existence of infinitely many real quadratic fields of relative

class number 1.

Theorem 3.3.1. There exists infinitely many square-free product m of two con-

secutive integers such that Q(
√
m) has relative class number 1 for a suitable prime

conductor p dividing m.

Proof: If m is a square-free integer of the form n2 + n then it follows that
√
m =

⟨n, 2, 2n⟩. Here, hr−1 = 2. Now, m = n2 + n must have an odd prime factor p
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for n > 1 as m is the product of two consecutive integers. Since p does not divide

2 = hr−1, we must have Hd(p) = 1.

Next, we show that there exist infinitely many n such that m = n2 +n is square-

free. Let N be a sufficiently large natural number. If we sieve out all the integers

between 2kN + 1 to (2k+ 2)N which are divisible by squares of some prime, we will

be left with more than N square-free integers as

∑ 1

p2
< 0.4522474200 · · · < 1

2

(see Finch [2003]). Thus, at least two of those square-free integers will be consec-

utive. Hence there exist infinitely many square free positive integers of the from

m = n2 +n. For each such m, Q(
√
m) has relative class number 1 for any odd prime

divisor of m as the conductor. �

3.4 Mersenne primes and relative class number

We conclude the chapter by relating Mersenne primes to relative class number of a

real quadratic field.

Theorem 3.4.1. If there are infinitely many Mersenne primes, then there exist in-

finitely many real quadratic fields with any given power of 2 as relative class number.

Proof: Suppose m > 6 is an integer which is twice a Mersenne prime. In other

words, let m = 2(2p − 1) where p = 2k − 1 is a prime. Then, m is square free and

we have

m = (2k)2 − 2 = (n+ 1)2 − 2,
√
m = ⟨n, 1, n− 1, 1, 2n⟩, hr−1 = n+ 1 = 2k.

As ξm ∈ 2iOK for all 0 ≤ i ≤ k, θ(2i) = 1. Now,

ψ(2i) = 2i
(

1 −
(d
p

)1

p

)(
1 −

(d
2

)1

2

)
= 2i.
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Therefore Hd(2
i) = 2i. If we assume that the number of Mersenne primes is infi-

nite, there will be infinitely many primes of the form 22k−1 − 1, and hence we can

demonstrate infinitely many real quadratic fields with any power of 2 as relative

class number. �
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4
Real Quadratic Fields with Relative Class

Number 1

Motivated by Gauss’ class number one problem for real quadratic fields in Disqui-

sitiones Arithmeticae (Gauss [1966]), Dirichlet (Dirichlet [1856]) posed the question

whether there exist infinitely many real quadratic fields with relative class number

one. Though Dirichlet could not find an answer to it, he obtained a very useful

formula for the relative class number of a number field in terms of the fundamental

unit. We have already introduced the notion of relative class number and the for-

mula of Dirichlet in the previous chapter (3.1). A. Furness and E.A. Parker provided

a partial answer to Dirichlet’s question in (Furness and Parker [2012]) for those real

31
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32 Real Quadratic Fields with Relative Class Number 1

quadratic fields Q(
√
m) where

√
m has a special continued fraction representation

(Furness and Parker [2012]) which we have generalized in the previous chapter. In

this chapter, we give a necessary and sufficient condition for a real quadratic field

to have relative class umber one for some conductor. We also prove that Q(
√
m)

will always have 1 as relative class number for the conductor 3, whenever m is a

prime of the form 3 (mod 4). It is to be noted R.A. Mollin (Mollin [2013]) also has

shown the existence of infinitely many real quadratic fields of class number 1, but

our approach is completely different and moreover we provide a characterization.

We use the same notations as in the previous chapter. In particular, we continue to

write the fundamental unit of OK as

ξm = α0 + β0
√
m, 2α0, 2β0 ∈ Z.

It is well-known that ξ3m ∈ Z[
√
m], and when m ̸≡ 5 (mod 8) α0 and β0 are inte-

gers (Mollin [1995]). For the rest of this chapter, we continue to use the following

notation:

β̃0 = β0, α̃0 = α0 if ξm ∈ Z[
√
m], β̃0 = 2β0, α̃0 = 2α0 if ξm ̸∈ Z[

√
m].

We first restate Dirichlet’s formula (3.1) here, as it plays a key role in this chapter.

Result 4.0.2. (Dirichlet [1856]) Let θ(f) be the smallest positive integer such that

ξ
θ(f)
m ∈ Of and ψ(f) = f

∏
q|f

(
1 −

(
d
q

)
1
q

)
, where

(
d
q

)
denotes the “Kronecker residue

symbol” of d modulo a prime q. Then the relative class number for conductor f is

given by

Hd(f) =
ψ(f)

θ(f)
. (4.1)

Now if we consider m = 1817 and f = 2. As 1817 ≡ 1 mod 8, we find that

Hd(2) = 1. But m divides β̃0 in this case (see Stephens and Williams [1988]).

Hence, non-divisibility of β̃0 by m is only a sufficient condition for existence of f

such that Hd(f) = 1 but it is not a necessary condition. Throughout this chapter,
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we will mostly consider prime conductors f = p, and try to determine the smallest

exponent θ(p) that takes the fundamental unit ξm of Q(
√
m) into the order Op of

conductor p.

4.1 Powers of ξm in Op

The fundamental unit ξm = α0 + β0
√
m has norm either 1 or −1, and accordingly,

we have ξ−1
m = α0 − β0

√
m or ξ−1

m = −(α0 − β0
√
m). In the following two sections

we assume that ξm has norm 1. The result of the next two propositions will be used

later in this chapter to prove the main theorem.

Proposition 4.1.1. If ξm has norm 1, then ξm
p−
(

d
p

)
2 ∈ Op for any odd prime p not

dividing m.

In fact, we obtain the following sharper result.

Proposition 4.1.2. Let p be an odd prime not dividing m. If 2s divides p−
(
d
p

)
and ξm

p−
(

d
p

)
2s−1 ≡ 1 (mod p) then ξm

p−
(

d
p

)
2s ∈ Op.

We prove the above propositions by considering congruence. The main idea of the

proof lies in the following lemma.

Lemma 4.1.3. ξm
p−
(

d
p

)
≡ 1 (mod p) for any odd prime p not dividing m.

Proof: We have modulo pOK

ξpm ≡ αp0 + βp0m
p−1
2
√
m ≡ α0 +

(m
p

)
β0
√
m = (α0 + β0

√
m)

(
m
p

)
= ξ

(
m
p

)
m .

As ξm is a unit and
(
d
p

)
=

(
m
p

)
, it follows that ξ

p−
(

d
p

)
m ≡ 1 mod pOK . �

Proof of proposition (4.1.1): Let ξ
p−
(

d
p

)
2

m = α1+β1
√
m. Then ξ

−
p−
(

d
p

)
2

m = α1−β1
√
m.

Now,

2β1
√
m = ξ

−
p−
(

d
p

)
2

m

(
ξ
p−
(

d
p

)
m − 1

)
∈ pOK .
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34 Real Quadratic Fields with Relative Class Number 1

When
(
m
p

)
= −1, pOK is a prime ideal. As m is not divisible by p,

√
m does not

belong to pOK . Therefore, 2β1 ∈ pZ. This implies β1 ∈ pZ as p is odd. Hence,

ξ
p−
(

d
p

)
2

m = α1 + β1
√
m ∈ Z + pOK = Op.

When
(
m
p

)
= 1, pOK splits as a product ℘1℘2 of two prime ideals. As m is not

divisible by p,
√
m ̸∈ ℘i and therefore, 2β1 ∈ ℘i, (i = 1, 2). Therefore, 2β1 ∈ pZ,

and ξ
p−
(

d
p

)
2

m ∈ Op in this case too. �

Proof of proposition (4.1.2): Let p −
(
d
p

)
= l2s and ξlm = αl + βl

√
m. Then ξ2lm =

(αl
2 +mβl

2) + (2αlβl)
√
m. From (ξ2lm−1) ∈ pOK we conclude that 4(αl

2 +mβl
2−1)

and 4αlβl are in pZ, noting that αl and βl can be half integers when m ≡ 5 mod 8.

If p divides 2βl we are done with our proof. If not, then p must divide 2αl from the

second condition. But p also divides 4(αl
2 + mβl

2 − 1). Hence 4mβl
2 ≡ 4 mod p.

On the other hand, ξlm has norm 1 as ξm has norm 1. Therefore 4(αl
2 −mβl

2) = 4

and 4mβl
2 ≡ −4 mod p. This means p divides 8 which is a contradiction. Therefore

we have our desired result. �

4.2 Fundamental unit of norm −1

In this section we assume that the fundamental unit ξm = α0 + β0
√
m of Q(

√
m)

has norm −1, and obtain information about the relative class number for odd prime

conductors that do not divide m. We prove that if d is a quadratic non-residue

modulo a Mersenne prime f , then the conductor f has relative class number 1.

We also show that if f is Sophie Germain prime such that d is a quadratic residue

modulo 2f + 1, then the conductor 2f + 1 has relative class number 1. Note that

we now have ξ−1
m = −(α0 − β0

√
m). We start with the following lemma.

Lemma 4.2.1. ξm
p−
(

d
p

)
≡

(
d
p

)
(mod p) for any odd prime p not dividing m.
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Proof:

ξpm ≡ αp0 + βp0m
p−1
2
√
m ≡ α0 ± β0

√
m ≡

(d
p

)
ξ

(
d
p

)
m mod pOK ,

As ξm is a unit in OK , the lemma follows. �

Proposition 4.2.2. If p is an odd prime not dividing m then p ≡ 1 mod 4 if and

only if ξm
p−
(

d
p

)
2 ∈ Op.

Proof: We can assume that the fundamental units ξm ∈ Z[
√
m], as the argument is

similar for the case 2ξm ∈ Z[
√
m ] for an odd prime p. First assume that p ≡ 1 mod

4 and
(
d
p

)
=

(
m
p

)
= 1. Now ξ

p−1
2

m = α1 + β1
√
m has norm 1 as p−1

2
is even, so its

inverse is ξ
− p−1

2
m = α1 − β1

√
m. By lemma (4.2.1)

2β1
√
m = ξ

p−1
2

m − ξ
− p−1

2
m = ξ

− p−1
2

m (ξp−1
m − 1) ∈ pOK .

From 2β1
√
m ∈ pOK it follows that 2mβ1 =

√
m · 2β1

√
m ∈ pOK . Hence, 2mβ1 ∈

pZ, so p | β1, since 2m is invertible modulo p.

Now let p ≡ 1 mod 4 and
(
d
p

)
=

(
m
p

)
= −1, so pOK is a prime ideal. Now

ξ
p+1
2

m = α2 +β2
√
m has norm −1 as p+1

2
is odd, so α2

2−mβ2
2 = −1. By lemma (4.2.1)

ξp+1
m + 1 =

(
ξ

p+1
2

m

)2
+ 1 ∈ pOK =⇒ α2

2 +mβ2
2 + 1 + 2α2β2

√
m ∈ pOK .

If p does not divide β2 then p divides α2 and mβ2
2 = 1 + α2

2 ≡ 1 mod p contradicts(
m
p

)
= −1. Hence, p | β2 and ξ

p+1
2

m ∈ Op.

We now assume that p ≡ 3 mod 4 and
(
d
p

)
=

(
m
p

)
= −1 so that ξp+1

m ≡ −1 mod pOK

(from 4.2.1). Now ξ
p+1
2

m = α2 + β2
√
m has norm 1 as p+1

2
is even, so α2

2 −mβ2
2 = 1.

If ξ
p+1
2

m ∈ Op, then

p | β2 =⇒ −1 ≡ ξp+1
m ≡ α2

2 ≡ 1 mod pOK =⇒ p = 2.

Next we assume that p ≡ 3 mod 4 and
(
d
p

)
=

(
m
p

)
= 1 so that ξp−1

m ≡ 1 mod pOK .

Now ξ
p−1
2

m = α2 + β2
√
m has norm −1 as p−1

2
is odd, so α2

2 − mβ2
2 = −1. Now
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ξp−1
m = α2

2 +mβ2
2 + 2α2β2

√
m ≡ 1 mod pOK , so p divides 2α2β2. If ξ

p−1
2

m ∈ Op then

p | β2 =⇒ 1 ≡ ξp−1
m ≡ α2

2 ≡ −1 mod pOK =⇒ p = 2. �

Now we get the following corollaries.

Corollary 4.2.3. (i) If p ≡ 1 mod 4 is an odd prime not dividing m, then the

relative class number for conductor p is not 1.

(ii) If p ≡ 3 mod 4 is an odd prime not dividing m, then the relative class number

for conductor p is odd.

Proof: If p ≡ 1 mod 4 not dividing m, then 4.2.2 implies that ξm
p−
(

d
p

)
2 ∈ Op. So,

θ(p) ≤ p−
(

d
p

)
2

= ψ(p)
2

. And hence Hd(p) = ψ(p)
θ(p)

≥ 2 always.

For the proof of the second part of the above corollary, we notice that whenever

the relative class number of a real quadratic field Q(
√
m) is even for some prime

conductor p, then θ(p) will always divide
p−
(

d
p

)
2

as

ψ(p)

θ(p)
=
p−

(
d
p

)
θ(p)

= 2k for some integer k .

So if p ≡ 3 mod 4 and the relative class number of Q(
√
m) is even for the conductor

p, then θ(p) divides
p−
(

d
p

)
2

. But this implies that ξm
p−
(

d
p

)
2 ∈ Op and hence p ≡ 1

mod 4 as well, a contradiction. Hence the relative class number will always be odd

for primes p ≡ 3 mod 4. �

Proposition 4.2.4. When Q(
√
m) has fundamental unit of norm −1 the relative

class number for conductor 3 must be 1.

Proof: If the fundamental unit of Q(
√
m) has norm −1 then −1 will be a quadratic

residue modulo any odd prime dividing d. Hence only odd primes dividing m must

be of the form 4k+ 1. In particular, 3 can not divide m, and ψ(3) = 2 or 4. By the

second part of the above corollary, Hd(3) is odd. The only odd factor of 2 or 4 is 1,

hence Hd(3) = 1. �
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Corollary 4.2.5. There are infinitely many real quadratic fields of relative class

number 1 for the conductor 3.

Proof: If m is a prime which is congruent to 1 mod 4, it is an easy exercise to

show that the fundamental unit of Q(
√
m) has norm −1. By Dirichlet’s theorem on

primes in arithmetic progression, there are infinitely many such primes m. Hence

the corollary follows from proposition (4.2.4). �.

Proposition 4.2.6. Let Q(
√
m) be a real quadratic field with fundamental unit ξm

of norm −1. If d is a quadratic non-residue modulo a Mersenne prime f , then the

relative class number for conductor f is 1.

Proof: Let ξm = α0 + β0
√
m. Suppose there exists a Mersenne prime f = 2p− 1 for

some prime p such that
(
d
f

)
= −1. Now,

ψ(f) = f
(

1 −
(d
f

) 1

f

)
= 1 + f = 2p.

By corollary (4.2.3), Hd(f) is an odd divisor of 2p, hence it must be 1. �

A prime f is said to be a “Sophie Germain prime of the first kind” if 2f + 1 is also

a prime. We deduce the following result.

Proposition 4.2.7. Let Q(
√
m) be a real quadratic field with fundamental unit

ξm of norm −1. If d is a quadratic residue modulo 2f + 1 where f is sufficiently

large Sophie Germain prime of the first kind then the relative class number for the

conductor 2f + 1 is 1.

Proof: Let ξm = α0 +
√
mβ0. Suppose f is Sophie Germain prime such that d is a

quadratic residue modulo the prime 2f + 1 and 2f + 1 does not divide α̃0β̃0. Then,

ψ(2f + 1) = (2f + 1)
(

1 −
( d

2f + 1

) 1

2f + 1

)
= 2f.
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38 Real Quadratic Fields with Relative Class Number 1

Now, 2f + 1 does not divide 2mα̃0β̃0 implies ϕ(f) ̸= 2. By proposition (4.2.2),

2f + 1 ≡ 3 (mod 4) ⇒ θ(f) ̸= f ⇒ θ(f) = 2f.

Therefore,

Hd(2f + 1) =
ψ(2f + 1)

θ(2f + 1)
= 1. �

The following corollary follows directly form the previous two propositions.

Corollary 4.2.8. Suppose Q(
√
m) has only finitely many prime conductors of rel-

ative class number 1. Then

(i) there are only finitely many Mersenne primes with d as quadratic non-residue.

(ii) there are only finitely many Sophie Germain primes of the first kind with d as

quadratic residue.

4.3 A criterion for non-existence of conductor of

relative class number 1

The main result of this section is the following criterion for non-existence of a con-

ductor f for which the relative class number of Q(
√
m) is 1. As before, we have

ξm = α0 + β0
√
m as the fundamental unit and d is the discriminant of Q(

√
m).

We notice that ξm must have norm 1 as in proposition (4.2.4) we already saw that

Hd(3) = 1 for all Q(
√
m), when the fundamental unit of Q(

√
m) has norm −1.

Theorem 4.3.1. (Chakraborty and Saikia [2014]) There does not exist any

conductor f for which the relative class number of Q(
√
m) is 1 if and only if

(i) m divides β̃0 and

(ii) if m is odd then m ̸= 1 mod 8 and β̃0 is an even integer.

Proof: We first prove the sufficiency. If p is an odd prime dividing m, then p

divides β̃0 . Then ξm ∈ Op and θ(p) = 1. But

ψ(p) = p

(
1 −

(d
p

)1

p

)
= p > 1.
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If p is an odd prime not dividing m then by proposition (4.1.1) we have ξ
p−
(

d
p

)
2

m ∈ Op.

Therefore, θ(p) ≤ p−
(

d
p

)
2

. Now by the formula (4.1) of Dirichlet,

ψ(p) = p
(

1 −
(d
p

)1

p

)
=⇒ Hd(p) =

ψ(p)

θ(p)
≥ 2.

The only remaining prime is p = 2 when m is odd. Under the given conditions,

ψ(2) = 2(1 −
(
d
2

)
1
2
) = 3 or 2 (when d ≡ −3 mod 8), and θ(2) = 1 as β̃0 is even.

Therefore, Hd(2) > 1. For any non-prime conductor f , our theorem follows from

the fact that Hd(g) divides Hd(f) if g divides f (see Cohn [1962]).

Conversely, suppose there does not exist any f with Hd(f) = 1. Any prime q

that divides m but does not divide β̃0 will give Hd(q) = ψ(q)
θ(q)

= 1. Hence m must

divide β̃0. Also, Hd(2) ̸= 1 implies that

ψ(2) = 2

(
1 −

(d
2

)1

2

)
= 2 or 3,

and hence m must be of the form m ̸≡ 1 mod 8 if m is odd. In that case, θ(2) = 1

and hence β̃0 must be an even integer. �

We end this chapter with the following example which agrees with Theorem 4.3.1.

Example: Consider m = 46. It is well known that β0 = 3588 (Davenport [1999])

which is divisible by 46. Hence Q(
√

46) does not have relative class number 1 for

any conductor.
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5
Fundamental Unit and the Class Number

5.1 Introduction

Dirichlet’s unit theorem asserts that the group of units in the ring of integers of

a pure cubic or real quadratic field is of rank one, and the smallest unit > 1 is

referred to as the fundamental unit. In this chapter, we consider a pure cubic field

K = Q( 3
√
m) with a power integral basis where m denotes a natural number. It

is well-known that Q( 3
√
m) has a power integral basis if and only if m is square-

free and m ̸≡ ±1 modulo 9 (see Lemmermeyer [2013]). Let ξm = x + yt + zt2,

where t = 3
√
m ∈ R, be the fundamental unit of K. In this chapter we investigate

divisibility and congruence properties of x, y and z with respect to the prime 3 and

41
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42 Fundamental Unit and the Class Number

relate it to the class number of Q( 3
√
m), which we denote by hm. As a consequence,

we deduce the following results, the first of which agrees with an old result of Gerth

(Gerth et al. [1976]) in a simpler way.

Theorem 5.1.1. (Chakraborty and Saikia [2016a]) Let K = Q( 3
√
m) be a

pure cubic field with a power integral basis (i.e., m square-free natural number and

m ̸≡ ±1 mod 9). If 3 does not divide hm, then m must be either p or 3p for some

prime p.

It follows from the above theorem that for any square-free composite number m ≡

2, 4, 5 or 7 (mod 9), the class number of Q( 3
√
m) is divisible by 3. When m = 3p is

a square-free integer for some prime p and 3 does not divide hm, we show that the

fundamental unit satisfies the congruences given in the theorem below.

Theorem 5.1.2. (Chakraborty and Saikia [2016a]) Suppose m = 3p where p

is any prime other than 3. Let ξm = x+ yt+ zt2 be the fundamental unit of the field

K = Q(t) (t = 3
√
m). If 3 does not divide hm then x2 ≡ 1 mod 27p and y ≡ z ≡ 0

mod 3.

For the case m = p ̸≡ ±1 mod 9 where p is prime, we have the analogous relations

given by theorem 5.2.8 and more precisely, by propositions 5.2.6 and 5.2.7.

Our approach is to exploit the ramified primes in the extension. We apply the

same approach to study congruence relations satisfied by the fundamental unit of a

real quadratic field of odd class number. An immediate consequence of our approach

is the classically well-known result that a real quadratic field with discriminant

having more than or equal to three prime factors has even class number (see corollary

5.3.2). If K = Q(
√
d) is a real quadratic field of odd class number, then it is well-

known that d has to be of the form d = p, d = 2p or d = p1p2 where p1, p2 are primes

congruent to 3 modulo 4. Let ξd = x + y
√
d be the fundamental unit of K. Using

our approach, we can prove in an elementary way the following congruences which

were given in (Zhang and Yue [2014]).
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5.2 Divisibility of Class Number by 3 43

Theorem 5.1.3. (Chakraborty and Saikia [2016a]) Let ξd = x+ y
√
d > 1 be

the fundamental unit of the field Q(
√
d) of odd class number. Then

1. If d = p with p ≡ 3 mod 4, then x ≡ 0 mod 2. More precisely, if p ≡ 3 mod 8,

then x ≡ 2 mod 4 and if p ≡ 7 mod 8 then x ≡ 0 mod 4.

2. If d = 2p with p ≡ 3 mod 4, then y ≡ 0 mod 2 and x+ y ≡ 3 mod 4.

3. If d = p1p2 with p1 ≡ p2 ≡ 3 mod 4, then x ≡ 3 mod 4 and y ≡ 0 mod 4.

In the third part of the above theorem when d = p1p2 ≡ 5 mod 8, we know that

ξ3d ∈ Z[
√
d] but we may not have ξd ∈ Z[

√
d]. In that case, the congruences are

satisfied by x and y where x+ y
√
d = ξ3d.

5.2 Fundamental Unit of real cubic fields with

class number not divisible by 3

In this section, K denotes a pure cubic field Q( 3
√
m) of class number not divisible

by 3. We first observe that the norm of the fundamental unit ξm is the product

(x + yt + zt2)(x + ζ3yt + ζ23zt
2)(x + ζ23yt + ζ3zt

2) where the first factor is ξm itself,

which is bigger than 1 and the next two factors are complex conjugates of one

another. Therefore, the product must be positive and we have

NormK/Q(ξm) = x3 +my3 +m2z3 − 3mxyz = 1. (5.1)

We first observe certain divisibility relations between ξm and ξ2m in the following

lemma.

Lemma 5.2.1. Suppose K = Q( 3
√
m) is a pure cubic field where m is not a multiple

of 3. Also suppose ξm = x+ yt+ zt2 ∈ Z[t] denotes the fundamental unit of K and

ξ2m = x1 + y1t+ z1t
2. Then 3 divides y, z if and only if 3 divides y1, z1.
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Proof. We have

x1 + y1t+ z1t
2 = (x+ yt+ zt2)2 ⇒ x1 = x2 + 2myz,

y1 = mz2 + 2xy, z1 = y2 + 2xz.
(5.2)

If 3 divides y, z, it is clear from the above expressions that 3 divides y1, z1. Now

suppose 3 divides y1 = mz2 + 2xy and z1 = y2 + 2xz. If 3 divides x as well, then 3

has to divide both y and z since 3 - m. Then 3 would divide each of x, y, z, which

leads to a contradiction by (5.1). Therefore 3 does not divide x, and hence x2 ≡ 1

mod 3. Now we consider the norm of ξ2m to obtain

NormK/Q(ξ2m) = x31 +my31 +m2z31 − 3mx1y1z1 = 1. (5.3)

As 3 | y1 and 3 | z1, we find that x31 ≡ 1 mod 3. Therefore,

x2 + 2myz = x1 ≡ x31 ≡ 1 mod 3 ⇒ 1 + 2myz ≡ 1 mod 3.

So 3 must divide 2myz and hence yz as 3 - m. Using 3 | y1 or 3 | z1 in (5.2), it is

now easy to conclude that 3 | yz implies 3 | y and 3 | z.

The next lemma follows from the assumption that 3 does not divide the class number

of Q( 3
√
m). We will use this result throughout this chapter.

Lemma 5.2.2. Let q ̸= m be a prime that ramifies in K = Q( 3
√
m). If 3 - hm then

either ξm or ξ2m can be written as α3

q
for some α ∈ K.

Proof. As q ramifies in K, we have qOK = ℘3 where ℘ is a prime ideal in the ring

OK of integers in K. Thus ℘ gives an element of order dividing 3 in the class group

of K. As the class number is not divisible by 3, ℘ must be principal. In other words,

there exists an element α ∈ OK such that ℘ = αOK . Therefore, qOK = ℘3 = α3OK ,

and there is a unit u in OK such that uq = α3. We know that u = ±ξjm for some

integer j. If 3 | j, it would imply that either 3
√
q ∈ K or 3

√
−q ∈ K which leads to

a contradiction as q ̸= m. Hence the unit u can be taken as ξjm for either j = 1 or

j = 2 by modifying the element α suitably, and the lemma follows.
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Now we are in a position to prove the following lemma, which is a crucial step in

our proof of theorem 5.1.1

Lemma 5.2.3. Let K = Q( 3
√
m) be a pure cubic field with a power integral basis

(i.e., m is square-free and m ̸= ±1 mod 9). If the class number of K is not divisible

by 3, then m is either a prime or a multiple of 3.

Proof. Suppose m is not a prime. We want to show that m must be a multiple of 3.

Let ξm = x+ yt+ zt2 (t = 3
√
m) be the fundamental unit of K. As the class number

of K is assumed to be coprime to 3, lemma 5.2.2 is applicable for such m with

ramified primes 3 and p. We have ξim = β3

p
, ξjm = α3

3
where i, j ∈ {1, 2}. We may

assume that both i = j = 1. For all the other three cases, the following argument

still works because of lemma 5.2.1.

Substituting β = a1 + b1t+ c1t
2 in ξm = β3

p
, we find that

p(x+ yt+ zt2) = (a31 +mb31 +m2c31 + 6ma1b1c1)+

3t(a21b1 +mb21c1 +ma1c
2
1) + 3t2(a1b

2
1 + a21c1 +mb1c

2
1).

(5.4)

As p ̸= 3, it follows that y and z are divisible by 3.

Now we substitute α = a+ bt+ ct2 in ξm = α3

3
and obtain

x =
a3 +mb3 +m2c3 + 6mabc

3
, y = a2b+mb2c+mac2,

z = ab2 + a2c+mbc2.

(5.5)

Then 3 divides (a2b+mb2c+mac2) and (ab2 + a2c+mbc2), consequently 3 divides

(a3 −mb3)c. Suppose 3 divides c, then from the expression of y, we can say that 3

divides either a or b. Then from the expression of x and using the fact that x ∈ Z,

we can say 3 divides each of a, b, c as 3 does not divide m. But then, 9 divides

a3 +mb3 +m2c3 + 6mabc and hence 3 divides x along with y and z. Then the norm

of the unit ξm would be divisible by 3, which is a contradiction. Therefore 3 divides

a3 −mb3.
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If m ≡ 1 (mod 3), then a3 −mb3 ≡ 0 (mod 3) implies that a ≡ b (mod 3) and

also from the expression of x, we can say that (2a3 + c3) ≡ 0 (mod 3) and hence

a ≡ c ≡ b (mod 3). So now using the fact that if a ≡ b (mod 3) then a3 ≡ b3 (mod

9), we can say that (a3 + mb3 + m2c3 + 6mabc) ≡ a3(m2 + 7m + 1) ≡ 0 (mod 9)

which in turn implies that x is divisible by 3, again contradiction as y and z are

divisible by 3.

Suppose m ≡ 2 (mod 3). Using the same procedure as above we get a ≡ c ≡ −b

(mod 3). So, (a3 + mb3 + m2c3 + 6mabc) ≡ a3(m2 − 7m + 1) ≡ 0 (mod 9) always

when m ≡ 2 (mod 3) and hence x is again divisible by 3, a contradiction. Therefore

m ≡ 0 mod 3.

The following corollary is immediate from the above lemma.

Corollary 5.2.4. For any composite number m ≡ 2, 4, 5 or 7 (mod 9), the class

number of Q( 3
√
m) is divisible by 3.

Now we prove theorem 5.1.1 with the help of lemma 5.2.3. Let K = Q( 3
√
m) be a

field with a power integral basis having class number coprime to 3. Suppose m is

not a prime. By lemma 5.2.3, m must be divisible by 3. We want to show that

m = 3p for some prime p. Suppose m is divisible by two distinct primes p and q

other than 3. Then, 3, p and q all ramify in K, and so does 3p. By lemma 5.2.2

there exist α, β ∈ K such that either α3

3
= β3

3p
or (α

3

3
)2 = β3

3p
or α3

3
= (β

3

3p
)2. But

these identities imply that a cube root of p or 9p belongs to Q( 3
√
m), which is not

possible as m ̸= p, 9p. Hence the only possibility is m = 3p where p is a prime.

�

We now discuss some congruence relations for the fundamental unit of K = Q(t),

where t = 3
√
m and m is a prime p ̸≡ ±1 mod 9 or m = 3p for any prime p ̸= 3. We

begin by considering m = 3p where p is a prime and prove theorem 5.1.2.
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Proof of theorem 5.1.2: By lemma 5.2.2, we know that ξjm can be expressed as α3

3

and as β3

p
for some j ∈ {1, 2} and α, β ∈ K. If ξm = β3

p
, then y ≡ z ≡ 0 (mod 3)

follows directly from (5.4). If ξ2m = β3

p
, then y1 ≡ z1 ≡ 0 (mod 3) follows similarly.

Using (5.2), we now have y1 = 3pz2 + 2xy ⇒ xy ≡ 0 (mod 3).

If x ≡ 0 (mod 3) then from 5.2 we have x1 ≡ y1 ≡ z1 ≡ 0 (mod 3), a contradiction

from the norm equation (5.3) of ξ2m. Hence 3 divides y. Now z1 ≡ 0 (mod 3) implies

3 divides z and hence we again get y ≡ z ≡ 0 (mod 3).

Putting α = a+ bt+ ct2 in ξjm = α3

3
and taking norm, we obtain

NormK/Q(α)3 = 33NormK/Q(ξjm)

⇒ NormK/Q(α) = a3 +mb3 +m2c3 − 3mabc = 3.
(5.6)

By (5.5), either x or x1 is a3+mb3+m2c3+6mabc
3

which equals 3+9mabc
3

by (5.6). As m is

divisible by 3, 3 must divide a. Hence either x or x1 is 1 + 3mabc. As m = 3p, we

have either x or x1 is congruent to 1 (mod 27p). But x1 = x2 + 2myz ≡ x2 (mod

27p) because m = 3p and y ≡ z ≡ 0 (mod 3). �

Corollary 5.2.5. If the fundamental unit ξm = x+yt+zt2 of Q(t), (t = 3
√

3p where

p is a prime other than 3) is such that 3 - y or 3 - z or 27p - (x2 − 1) then the class

number of K is divisible by 3.

Now we consider the necessary congruence relations satisfied by the fundamental

unit of K = Q( 3
√
p) when the class number is not divisible by 3. We assume that

p is a prime ̸≡ ±1 mod 9 so that K has a power integral basis, and p ̸= 3 so that

both 3 and p ramifies in K. Note that lemma 5.2.2 is applicable with q = 3.

Proposition 5.2.6. Let ξm = x + yt + zt2 be the fundamental unit of K = Q( 3
√
p)

where p is a prime ≡ 4 or 7 mod 9. If 3 - hp then x2 ≡ 1 mod 3p and one of the

following must hold:

(i) x ≡ 1 mod 3 and y + z ≡ 0 mod 3. (ii) x ≡ 2 ≡ y mod 3, z ≡ 0 mod 3. (iii)

x ≡ 2 ≡ z mod 3 and y ≡ 0 mod 3.
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Proof. By lemma 5.2.2, we have either ξm = α3

3
or ξ2m = α3

3
.

In the case ξm = α3

3
, we substitute α = a + bt + ct2 and using (5.5) and then

(5.1) we obtain

x =
a3 +mb3 +m2c3 + 6mabc

3
=
NormK/Q(α) + 9mabc

3
=

3 + 9pabc

3

⇒ x ≡ 1 mod 3p.

(5.7)

As in (5.6), NormK/Q(α) = 3 and hence a3 + pb3 + p2c3 − 3apbc ≡ 0 (mod 3). Since

p ≡ 1 (mod 3), we get a3 + b3 + c3 ≡ 0 (mod 3). Hence a ≡ b ≡ c (mod 3) or 3

divides exactly one of a, b, c and the other two are non equivalent mod 3. In the

first case, we find using (5.5) that y = a2b + pb2c + pac2 ≡ a3 + b3 + c3 ≡ 0 mod 3.

Similarly z = ab2 + a2c + pbc2 ≡ 0 mod 3. In the second case, it can be easily seen

that y ≡ −z ̸≡ 0 mod 3.

If ξ2m = α3

3
, then (5.2), (5.5) and (5.7) imply that

x1 = x2 + 2pyz = 1 + 3pabc, y1 = pz2 + 2xy = a2b+ pb2c+ pac2,

z1 = y2 + 2xz = ab2 + a2c+ pbc2.
(5.8)

As p ≡ 1 mod 3, just as above we have y1 ≡ z1 ≡ 0 (mod 3) or y1 ≡ −z1 ̸≡ 0 (mod

3). In the former case, lemma 5.2.1 implies that y ≡ z ≡ 0 mod 3 and x2 ≡ 1 mod

3p. Considering the norm of ξm modulo 3 , we find that x3 ≡ 1 mod 3. By (5.8) we

also have x2 ≡ 1 mod 3, so x ≡ 1 mod 3.

Now suppose y1 ≡ −z1 ̸≡ 0 mod 3. Then 3 - x, otherwise z2 ≡ y1 ≡ −z1 ≡ −y2

mod 3 leads to a contradiction. Hence x2 ≡ 1 mod 3, and by (5.8) we have yz ≡ 0

mod 3 giving x2 ≡ 1 mod 3p. Now, either y ≡ 0 mod 3 or z ≡ 0 mod 3, but both

can not hold in view of lemma 5.2.1. Let y ≡ 0 mod 3. Considering the norm of ξm

mod 3, we find x3 + z3 ≡ 1 mod 3. Therefore, x + z ≡ 1 mod 3. Now y1 + z1 ≡ 0

mod 3 gives z + 2x ≡ 0 mod 3, i.e., x ≡ z mod 3. Consequently, x ≡ z ≡ 2 mod 3.

The case z ≡ 0 ̸≡ y mod 3 is similar.

For the other primes p such that Q( 3
√
p) has power integral basis, we have p ≡ 2, 5

mod 9 and we get the following analogues statement as in proposition 5.2.6.

TH -1518_11612308



5.2 Divisibility of Class Number by 3 49

Proposition 5.2.7. Let ξm = x + yt + zt2 be the fundamental unit of K = Q( 3
√
p)

where p is a prime ≡ 2 or 5 mod 9. If 3 - hp then x2 ≡ 1 mod 3p and one of the

following must hold:

(i) x ≡ 1 mod 3 and y − z ≡ 0 mod 3.

(ii) x ≡ 2 ≡ −y mod 3, z ≡ 0 mod 3.

(iii) x ≡ 2 ≡ z mod 3 and y ≡ 0 mod 3.

Proof. By lemma 5.2.2, we again have either ξm = α3

3
or ξ2m = α3

3
.

As in the previous proposition, when ξm = α3

3
, we substitute α = a + bt + ct2

and using (5.5) and then (5.1) we obtain

x =
a3 +mb3 +m2c3 + 6mabc

3
=
NormK/Q(α) + 9mabc

3
=

3 + 9pabc

3

⇒ x ≡ 1 mod 3p.

(5.9)

As in (5.6), NormK/Q(α) = 3 and hence a3 + pb3 + p2c3 − 3apbc ≡ 0 (mod 3).

Since p ≡ 2 (mod 3), we get a3 + 2b3 + c3 ≡ 0 (mod 3). Hence a ≡ −b ≡ c

(mod 3) or 3 divides exactly one of a, c and the other two are equivalent mod

3 or 3 divides b and a ≡ −c mod 3. In the first case, we find using (5.5) that

y = a2b+pb2c+pac2 ≡ −(a3+2b3+c3) ≡ 0 mod 3. Similarly z = ab2+a2c+pbc2 ≡ 0

mod 3. In the second and third cases, it can be easily seen that y ≡ z ̸≡ 0 mod 3.

If ξ2m = α3

3
, then (5.2), (5.5) and (5.9) imply that

x1 = x2 + 2pyz = 1 + 3pabc, y1 = pz2 + 2xy = a2b+ pb2c+ pac2,

z1 = y2 + 2xz = ab2 + a2c+ pbc2.
(5.10)

As p ≡ 2 mod 3, just as above we have y1 ≡ z1 ≡ 0 (mod 3) or y1 ≡ z1 ̸≡ 0 (mod

3). In the former case, lemma 5.2.1 implies that y ≡ z ≡ 0 mod 3 and x2 ≡ 1 mod

3p. Considering the norm of ξm modulo 3 , we find that x3 ≡ 1 mod 3. By (5.10)

we also have x2 ≡ 1 mod 3, so x ≡ 1 mod 3.

Now suppose y1 ≡ z1 ̸≡ 0 mod 3. Then 3 - x, otherwise −z2 ≡ y1 ≡ z1 ≡ y2 mod

3 leads to a contradiction as it would then demand 3 to divide each of x, y and z
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and hence ξm. Hence x2 ≡ 1 mod 3, and by (5.10) we have yz ≡ 0 mod 3 giving

x2 ≡ 1 mod 3p. Now, either y ≡ 0 mod 3 or z ≡ 0 mod 3, but both can not hold in

view of lemma 5.2.1. Suppose y ≡ 0 mod 3. Considering the norm of ξm mod 3, we

find x3 + z3 ≡ 1 mod 3. Therefore, x+ z ≡ 1 mod 3. Now y1 − z1 ≡ 0 mod 3 gives

2(z2 − xz) ≡ 0 mod 3, i.e., x ≡ z mod 3. Consequently, x ≡ z ≡ 2 mod 3. The

case z ≡ 0 ̸≡ y mod 3 is similar and results into x ≡ 2 ≡ −y mod 3. And hence the

proof follows.

The following theorem now follows directly from the previous two propositions.

Theorem 5.2.8. Let ξm = x + yt + zt2 be the fundamental unit of K = Q( 3
√
p)

where p is a prime ̸≡ ±1 mod 9. Suppose 3 - hp. Then x2 ≡ 1 mod 3p and one of

the following must hold.

(i) x ≡ 2 mod 3, and 3 divides either y or z but not both.

(ii) x ≡ 1 mod 3 and 3 | (y + z) if p ≡ 1 mod 3; 3 | (y − z) if p ≡ 2 mod 3.

5.3 Real quadratic fields with odd class number

In this section we apply our approach to obtain congruence relations for the fun-

damental unit of a real quadratic field of odd class number. These relations were

shown in (Zhang and Yue [2014]). Our approach yields the same congruences in

an elementary way. First we state an obvious analogue of lemma 5.2.2 for the real

quadratic case.

Lemma 5.3.1. Let ξd = x+ y
√
d > 1 be the fundamental unit of Q(

√
d).

1. If d = p or 2p where p is a prime congruent to 3 mod 4, then 2ξd = ud
2 for some

ud ∈ OK.

2. If d = p1p2, where p1 and p2 are two distinct primes congruent to ≡ 3 mod 4,

then p1ξd = ud
2 for some ud ∈ OK.
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The following result is classically known, but we can also deduce it from the

second relation in lemma 5.3.1.

Corollary 5.3.2. If K = Q(
√
d) is a real quadratic field with discriminant having

at least three prime factors then the class number of K is even.

Proof. Suppose K = Q(
√
d) is the real quadratic field under question. The given

condition implies that at least 3 distinct rational primes p, q and r ramify in K.

Hence both p and pq ramify in K, but none of them is a square in K. If ξd denotes

the fundamental unit of K and the class number of K is not divisible by 2, then we

can write ξd = α2

p
= β2

pq
by lemma 5.3.1. Then

√
q ∈ K, a contradiction.

We conclude by showing that the congruence relations stated in theorem 5.1.3 follow

directly from lemma 5.3.1.

Proof of theorem 5.1.3: Let us first consider the cases d = p or d = 2p where p is

a prime congruent to 3 mod 4. By considering the norm of the fundamental unit

ξd = x+ y
√
d ∈ Z[

√
d], we have x2− dy2 = ±1. By lemma 5.3.1, 2ξd = ud

2 for some

ud = a+ b
√
d ∈ Z[

√
d]. Hence, 2x = a2 + db2 and y = ab ∈ Z.

When d = p ≡ 3 mod 4, we have 2x ≡ a2 + 3b2 mod 4, so a and b have same

parity. But if both a, b are even then x and y are even as well, contradicting parity

in the norm equation x2 − dy2 = ±1. Hence both a and b are odd, so a2 ≡ b2 ≡ 1

mod 8. When p ≡ 3 mod 8, we further have 2x ≡ a2 + 3b2 ≡ 4 mod 8. When p ≡ 7

mod 8, we have 2x ≡ a2 + 7b2 ≡ 8 mod 8, giving x ≡ 0 mod 4.

When d = 2p with p ≡ 3 mod 4, then 2x ≡ a2+2b2 mod 4, hence a must be even,

say a = 2a1. Then y = 2a1b is even, hence x must be odd. We have 2x = 4a21 +2pb2,

hence x = 2a21 + pb2, where b must be odd. Now x + y ≡ 2a21 + 3b2 + 2a1b =

2a1(a1 +b)+3b2. As b is odd, either a1 is even or a1 +b is even. Therefore, x+y ≡ 3

mod 4.

Finally d = p1p2 where p1 and p2 are two distinct primes congruent to 3 mod 4.

When d ≡ 1 mod 8, we still have ξd = x + y
√
d ∈ Z[

√
d], and OK = {a

2
+ b

2

√
d |

TH -1518_11612308



52 Fundamental Unit and the Class Number

a, b ∈ Z, a ≡ b mod 2}. By applying lemma 5.3.1 with the ramified prime p1, we get

p1(x+ y
√
d) = (a

2
+ b

2

√
d)2, which gives 4p1x = a2 + db2 and 4p1y = 2ab for integers

a, b ∈ Z of same parity. As y ∈ Z, one of a or b must be even, hence both are even,

say a = 2a1, b = 2b1 and y itself is even. Now p1x = a21 + db21 ⇒ 3x ≡ a21 + b21. As

y is even, x must be odd. So a1 and b1 have different parity and a21 + db21 ≡ 1 mod

4. Consequently, 3x ≡ 1 mod 4 ⇒ x ≡ 3 mod 4, and 3y ≡ 2a1b1 ≡ 0 mod 4 so that

4 | y. When d = p1p2 ≡ 5 mod 8, we view the second relation in lemma 5.3.1 as

pξ3d = α2ξ2d = β2 = (a
2

+ b
2

√
d)2 for some β ∈ OK , where a and b are integers of same

parity. Letting ξ3d = x + y
√
d we then proceed as before to obtain 4p1x = a2 + db2,

4p1y = 2ab and similarly conclude that x ≡ 3 mod 4 and y ≡ 0 mod 4. �

5.4 Examples

We illustrate our results with the following lists. We use the computation in (Wada

[1970]) for the fundamental unit of purely cubic fields, and use SAGE (Stein [2014])

for the computation of the class number. The list in Table 1 below shows that if

m = p ̸≡ ±1 mod 9 or m = 3p where p is a prime, then the class number hm of

K = Q( 3
√
m) must be divisible by 3 as stated in theorem 5.1.3.

Table 5.1: m ̸= p, 3p, m ̸≡ ±1 mod 9 & m square-free

m 14 22 30 34 38 42 58 60 65

hm 3 3 3 3 3 3 3 3 18

m 66 74 77 78 85 86 92 94 95

hm 6 3 3 9 3 3 3 3 3

Next, we consider examples for theorem 5.1.2 where m = 3p is square-free. In Table

2 we give a list of integers m for which the fundamental unit ξm = x+ yt+ zt2 does
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not satisfy the congruences in theorem 5.1.2, so that hm must be divisible by 3.

Table 5.2: m = 3p, where p ̸= 3 is a prime

m x2 mod 27 x2 mod p y mod 3 z mod 3 hm

21 17052 ̸≡ 1 17052 ̸≡ 1 618 ≡ 0 224 ≡ 0 3

39 5292 ̸≡ 1 5292 ̸≡ 1 156 ≡ 0 46 ̸≡ 0 6

57 14609682 ̸≡ 1 14609682 ≡ 1 379620 ≡ 0 98641 ̸≡ 0 6

Then in Table 3 we consider examples for theorem 5.1.2 where m = 3p is square-free

and 3 - hm. We verify that the fundamental unit ξm = x + yt + zt2 indeed satisfies

the congruences in the theorem 5.1.2.

Table 5.3: m = 3p, where p ̸= 3 is a prime and 3 - hm

m hm x2 mod 27 x2 mod p y mod 3 z mod 3

6 1 1092 ≡ 1 109 ≡ 1 60 ≡ 0 33 ≡ 0

15 2 54012 ≡ 1 5401 ≡ 1 2190 ≡ 0 888 ≡ 0

33 1 152706740741292≡1 152706740741292≡1 4760876269140≡0 1484279131362≡0

Finally we consider examples for proposition 5.2.7 where m = p ≡ 2 or 5 mod 9

and 3 - hm in the Table 4 below. We verify that when hm is not divisible by 3, the

fundamental unit ξm = x + yt + zt2 of norm 1 satisfies the congruences in theorem

5.2.8, or more precisely, in proposition 5.2.7.
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Table 5.4: m = p where p is a prime ≡ 2 or 5 mod 9

m hm x mod 3 x2 mod 3p y mod 3 z mod 3

2 1 1 ≡ 1 1 ≡ 1 1 ≡ 1 1 ≡ 1

5 1 41 ≡ 2 412 ≡ 1 24 ≡ 0 14 ≡ 2

11 2 89 ≡ 2 892 ≡ 1 40 ≡ 1 18 ≡ 0

23 1 2166673601 ≡ 2 21666736012 ≡ 1 761875860 ≡ 0 267901370 ≡ 2
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6
A Construction for Unramified Quadratic

Extension

6.1 Introduction

As we stated earlier, the class group of a number field K measures how far its ring

of integers is from having unique factorization into irreducible elements. While the

class group is defined as the quotient of the group of all fractional ideals of K by the

subgroups of principal fractional ideals, it can also be viewed as the Galois group of

the maximal unramified abelian extension of K by class field theory.

Soleng (Soleng [1994]) gave a construction of families of quadratic number fields

55
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from an elliptic curve having ideal class group isomorphic to the torsion group of the

curve. A. Sato constructed quadratic number fields with class number divisible by

5 from elliptic curves in (Sato et al. [2011]). Lemmermeyer (Lemmermeyer [2013])

showed a method for constructing unramified quadratic extension of cubic fields

using points on suitable elliptic curves. Drawing our inspiration from (Lemmermeyer

[2013]), we explicitly construct a quadratic unramified extension for each biquadratic

field in an infinite family which originates from a non-torsion rational point on a

suitably chosen elliptic curve.

The genus field of Q(
√
a,
√
b) has been discussed in detail by Ouyang Yi and

Zhang Zhe (Ouyang and Zhang [2014]), Sunghan Bae and Qin Yue (Bae and Yue

[2011]) and Qin Yue (Yue [2010]) when at least one of a and b is a prime of the

form 1 mod 4. Our results give quadratic unramified extension of infinitely many

biquadratic fields Q(
√
r,
√
m) where, if m is suitably chosen, both r and m will be

composite or none of r and m will be a prime congruent to 1 mod 4. In 6.3.2, we

apply our construction for infinitely many biquadratic fields Q(
√
ri,

√
3) where ri’s

are square-free composite numbers. As a consequence, we in fact get an alternative

and constructive proof for existence of infinitely many biquadratic fields of even class

number Our main result can be stated as follows.

Theorem 6.1.1. (Chakraborty and Saikia [2016b])

Let m ̸= 0, 1 be a square-free integer which is divisible by 3 if it is positive. Let

P0 =
(
r0
t20
, s0
t30

)
be any non-torsion point of the elliptic curve y2 = x3 +m such that r0

is odd and non-square. Let
(
ri
t2i
, si
t3i

)
= 2iP0 for each natural number i. Then the bi-

quadratic field Ki = Q(
√
ri,

√
m) has an everywhere unramified quadratic extension

Ki(
√
βi), where βi is either ±(si + t3i

√
m) or 3(si + t3i

√
m).

We will identify the precise form of βi later (see (6.8)). When r0 is a square and t0

is even, our construction gives an unramified extension of the quadratic field Q(
√
m)

but for the extension to be non-trivial we need to add an additional condition, for

example, 0 < s < m (6.3.3). In order to prove theorem 6.1.1, we carefully associate
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a non-torsion point P with a suitable element β in a biquadratic field K. We show

that β generates the square of a fractional ideal. Then the extension K(
√
β)/K

is unramified at all finite primes other than those lying above 2. If we can choose

β ≡ 1 modulo 4, then the primes above 2 are also unramified in K(
√
β)/K. Finally

we consider the infinite primes and show that K(
√
β)/K is a quadratic extension

which is unramified everywhere. These steps will be completed in §2. In §3, we

show that the biquadratic fields Ki obtained from the multiples 2iP0 of the initial

non-torsion point P0 are all distinct for distinct values i = 1, 2, · · · .

6.2 Unramified quadratic extension from a non-

torsion point

We fix the following notation for the rest of the chapter. For any square-free integer

m ̸= 0, 1, we consider the elliptic curve

Em : y2 = x3 +m. (6.1)

By P we denote an arbitrary non-torsion rational point on Em. Clearly, P can be

written as P =
(
r
t2
, s
t3

)
where r, s and t are integers with gcd(r, t) = 1 = gcd(s, t).

We may take s and t to be positive as we can replace P by its inverse −P on Em.

On substitution, we find that

s2 = r3 +mt6. (6.2)

If s is not coprime to m then by (6.2) any common prime factor p will also divide r

and hence m will be divisible by p2. Therefore gcd(s,m) = 1. Similarly gcd(r,m) =

1.

Lemma 6.2.1. Consider the duplication formula for the point P = ( r
t2
, s
t3

) on y2 =

x3 +m:(
r(2P )

t(2P )2
,
s(2P )

t(2P )3

)
= 2P =

(
r(9r3 − 8s2)

(2st)2
,
27r6 − 36r3s2 + 8s4

(2st)3

)
(6.3)
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Suppose m is square-free and r is odd. If 3 - s, the fractions on the right hand side

of (6.3) are already in their reduced form. When s = 3s′ the fractions on the right

hand side above reduces to(
r(2P )

t(2P )2
,
s(2P )

t(2P )3

)
= 2P =

(
r(r3 − 8s′2)

(2s′t)2
,
r6 − 12r3s′2 + 24s′4

(2s′t)3

)
. (6.4)

Proof: As m is square-free, it is clear from (6.2) that r and s are coprime, else the

square of their common divisor will divide m. From the duplication formula (6.3) it

is clear that the numerator r(9r3 − 8s2) of x(2P ) is odd as r is odd. Now if p is a

common prime divisor of t and the numerator r(9r3 − 8s2) of x(2P ), then p divides

9r3 − 8s2 as r and t are coprime. But s2 = r3 + mt6 implies p also divides r3 − s2,

and hence p divides 9r3−8s2−8(r3−s2) = r3 which contradicts the fact that r and

t are coprime. If p is a prime divisor of s and the numerator of x(2P ), then p has to

divide 9r3 − 8s2 as r and s are coprime. Then, p has to divide 9r3 and hence 9 as p

can not divide both r and s. So the only possibility for a common prime divisor of

of the numerator and the denominator of x(2P ) is p = 3 and in that case 3 divides

s.

The y-coordinate 27r6 − 36r3s2 + 8s4 of 2P in (6.3) is odd as r is odd. If p is a

common prime divisor of t and 27r6 − 36r3s2 + 8s4, then p also divides r3 − s2 from

(6.2). Hence p divides 27r6 − 36r3s2 + 8s4 − 27r3(r3 − s2) + 9s2(r3 − s2) = −s4,

which contradicts the fact that s and t are coprime. If p is a common prime divisor

of s and 27r6 − 36r3s2 + 8s4 then p must divide 27r6. But r and s are coprime, so

p = 3 can be the only common prime divisor of the numerator and the denominator

of y(2P ), and in that case 3 divides s.

Therefore, when 3 - s the fractions on the right hand side of (6.3) are in their

reduced form. If s = 3s′, then we can cancel 32 for the x(2P ) and 33 for the y(2P )

and obtain the reduced form give in (6.4). �

From the duplication formula, it is also clear that if r(P ) is odd, t(2P ) must be

even and hence s(2P ) must be odd. Hence from now on, we assume t = t(P ) to
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be even and s = s(P ) is odd without any further loss of generality. We make the

following assumption on the co-ordinates of the point P =
(
r
t2
, s
t3

)
.

Assumption 6.2.2. (i) r is odd (ii) r is a non-square (iii) t is even.

It can be seen from the duplication formula that if r = r(P ) is odd, so is r(2P ).

If r is a non-square and gcd(r, s) = 1, then r(2P ) is also a non-square. Thus our

assumption 6.2.2 holds for 2P if it does for P .

If we allow r to be a square, then our construction gives an unramified quadratic

extension of the quadratic field Q(
√
m) under an additional condition (0 < s < m).

We illustrate this point in example (6.3.3) later.

For such a point P satisfying our assumption 6.2.2, we associate a biquadratic

extension K and an element α as follows:

K = Q(
√
r,
√
m), α = s+

√
mt3 ∈ K. (6.5)

As t is even, we note that

α ≡ s modulo 4. (6.6)

The following lemma is crucial for the proof of the main theorem.

Lemma 6.2.3. Let P =
(
r
t2
, s
t3

)
be a non-torsion point of the elliptic curve Em

satisfying our assumption 6.2.2 with t even. Then α and its conjugate ᾱ over Q(
√
r)

generate coprime ideals in the ring OK of integers in K. Moreover, there exists an

ideal a in OK such that ⟨α⟩ := αOK = a2.

Proof: Note that we have

NK/Q(
√
r)(α) = αᾱ = (s+

√
mt3)(s−

√
mt3) = s2 −mt6 = r3. (6.7)

Now, suppose there exists some prime ideal p in OK such that p appears in the

prime factorization of both the ideals ⟨α⟩ and ⟨ᾱ⟩. Then α + ᾱ = 2s ∈ p. But r3 =

NK/Q(
√
r)(α) ∈ ⟨α⟩ ⊂ p and r is odd under our assumption 6.2.2. Therefore, 2 ̸∈ p
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and we must have s ∈ p. Similarly, 2
√
mt3 = α− ᾱ ∈ p implies either t ∈ p or m ∈

p. Hence either both s and t belong to p or both s and m belongs to p. But then it

will contradict the fact that s is coprime to both m and t. Hence α and ᾱ generate

coprime ideals in OK .

Now α.ᾱ = NK/Q(
√
r)(α) = (r

√
r)2 implies ⟨α⟩ = a2 for some ideal a in OK .

�
For our subsequent argument, we need m to be divisible by 3 when m > 0 and

s ≡ 3 modulo 4. We can deduce a corollary of the above lemma in the case when the

integer m is a positive multiple of 3. The corollary will be needed in §3 for showing

that at each stage of duplication of a non-torsion point we indeed get a unramified

quadratic extension of a biquadratic field.

Corollary 6.2.4. With the same notation as in the previous lemma, the element

3α = 3(s +
√
mt3) generates the square of an ideal in the ring of integers of K =

Q(
√
m,

√
r) if m is divisible by 3.

Proof: If 3 divides the square-free integer m, then 3 generates the square of a prime

ideal in Q(
√
m), and hence it generates the square of an ideal in Q(

√
m,

√
r). As

α generates the square of some ideal by the previous lemma, the corollary follows.

�
For the biquadratic extension K = Q(

√
r,
√
m) associated with the non-torsion

point P , we want to construct a quadratic extension unramified at all finite as well

as infinite primes of K. We consider the extension

K(
√
β), where β =


α if s ≡ 1 modulo 4

−α if s ≡ 3 modulo 4 and m < 0

3α if s ≡ 3 modulo 4 and m > 0.

(6.8)

Observe that β ≡ 1 modulo 4 in view of (6.6). We first deal with the finite primes.

Lemma 6.2.5. The extension K(
√
β) over K = Q(

√
r,
√
m) is quadratic and un-

ramified at all finite primes.
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Proof: First we prove that K(
√
β) is indeed a quadratic extension of K. Let us

show it explicitly for β = α. The cases β = −α or 3α are analogous. If possible,

first assume that
√
α = a+ b

√
m where a, b ∈ Q. By comparing coefficients of

√
m,

we get a2 +mb2 = s and 2ab = t3. Hence,

r3 = s2 −mt6 = (a2 +mb2)2 − 4a2b2m = (a2 −mb2)2

implies that r is a square, which is a contradiction. Now consider
√
α = a +

√
mb

where at least one of a and b is in Q(
√
r)−Q, say a = u+ v

√
r where u, 0 ̸= v ∈ Q.

Comparing coefficients of
√
m in Q(

√
r), we still obtain 2ab = t3 which means that

b must be a rational multiple of the conjugate of a, i.e., b = kā = k(u − v
√
r) for

some k ∈ Q. Then,

a2 +mb2 = s =⇒ 2uv
√
r(1 −mk2) = 0.

But 1 −mk2 ̸= 0 as m is a square-free integer and k is a rational number. If u = 0

then 2ab = t3 will force r = 1. Therefore we can conclude that Q(
√
r,
√
α) is indeed

a quadratic extension of K.

As β ≡ 1 mod (4), any prime over 2 in K is unramified in K(
√
β)/K. By lemma

6.2.3 and corollary 6.2.4, we know that ⟨β⟩ = a2, hence no other finite primes can

ramify in this extension. �
Now we consider whether the infinite primes can ramify in K(

√
β)/K.

Lemma 6.2.6. The infinite primes do not ramify in K(
√
β)/K.

Proof: If m < 0 then the infinite prime already ramifies in the extension K =

Q(
√
m,

√
r) over Q. If m > 0, then α = s +

√
mt3 > 0 as s and t are positive

integers and
√
β is real. �

Thus, in this section we have explicitly constructed an everywhere unramified

quadratic extension of a biquadratic field that we associate with a non-torsion ratio-

nal point on the elliptic curve Em where the co-ordinates of the point satisfy certain

mild conditions. Note that we need m to be divisible by 3 only in the case when
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s ≡ 3 modulo 4. As long as we have s ≡ 1 modulo 4 for the point P =
(
r
t2
, s
t3

)
that

satisfies our assumption 6.2.2, the field Q(
√
m,

√
s+

√
mt3) becomes an unramified

quadratic extension of Q(
√
m,

√
r).

6.3 The Construction for an Infinite Family

In this section we show that we can start with a non-torsion point P0 and repeat

the procedure of the previous section for each multiple Pi = 2i(P0) =
(
ri
t2i
, si
t3i

)
. It

follows from the duplication formula (6.4) that if si−1 is divisible by 3, then si ≡ 1

modulo 4, and otherwise si ≡ 3 modulo 4 from (6.3). Just as in (6.5), we associate

with Pi a biquadratic extensions Ki and element αi in Ki:

Ki = Q(
√
ri,

√
m), αi = si +

√
mt3i ∈ Ki. (6.9)

We obtain an everywhere unramified quadratic extension K(βi) (where βi = ±αi or

3αi as in (6.8)). We now show that the biquadratic fields Ki’s are all distinct as i

varies over natural numbers.

Lemma 6.3.1. Suppose the initial non-torsion point P0 on Em is such that

(a) r0 is square-free and t0 is even.

(b) If r0 ≡ 1 mod (4), then r0 has a prime factor p ̸≡ 1, 3 mod (8).

Then the extensions Q(
√
ri) are distinct for distinct values of i.

Proof: First assume that 3 - si−1. From the duplication formula (6.3), we have

ri = ri−1(9r
3
i−1 − 8s2i−1). Hence is follows that ri is odd for all i if r0 is odd. As

gcd(ri−1, si−1) = 1, hence gcd(ri−1, 9r
3
i−1 − 8s2i−1) = 1, and hence ri is not a square

if ri−1 is not a square. Moreover, if r0 ≡ 3 mod 4 then 9r30 − 8s20 ≡ 3 modulo 4 and

hence is not a square. Now suppose r0 ̸≡ 3 mod 4. If 9r30 − 8s20 is a square then

−2 will be a quadratic residue for any p dividing r0 and hence r0 will only have

prime factor congruent to 1 or 3 modulo 8, contradicting our assumption (b). As

ri is a multiple of r0, this argument ensures that 9r3i − 8s2i is never a square. ri is
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obtained form ri−1 by multiplying with a coprime integers, So new prime factors

of odd exponent get introduced at each step when we pass from ri to ri+1 and the

result follows.

When 3 | si−1, the same argument works by replacing (9r3−8s2) with (r3−8s′2)

where s
′

= s
3

as in (6.4). �

Example 6.3.2. Suppose we choose our curve to be y2 = x3 + 3. Now assuming P0

= (1, 2) we find that 2P0 is
(−23

16
, 11
64

)
. From the duplication formula (6.3) we find

that 22P0 = (2540833
882

, 4050085583
883

), and hence using our results we can conclude that

Q(
√

2540833,
√

3,
√
β) is an unramified quadratic extension of Q(

√
2540833,

√
3),

where β = 4050085583 + 883
√

3.

From the duplication formula (6.3) we see that 23 ̸≡ 1, 3 (mod 8) is always a

divisor of the numerator of the x-coordinate of 2iP0 for i > 0. We can conclude that

the infinite family of biquadratic fields Ki = Q(
√
ri,

√
3) obtained from the rational

points 2iP0 of the elliptic curve y2 = x3 + 3 has an unramified abelian quadratic

extension given by Ki(
√
βi) for each i > 0. �

Next we consider examples of ( r
t2
, s
t3

) on y2 = x3 + m where r is a square but

0 < s < m. Then by our construction, L = Q(
√
m,

√
s+ t3

√
m) is unramified over

K = Q(
√
m, and if 0 < s < m then s + t3

√
m can not be a square in K so that L

is a quadratic unramified extension of K. �

Example 6.3.3. Considering the point (3
2

4
, 133

8
) on y2 = x3 + 265, we find that

133 < 265 and hence Q(
√

265,
√

133 + 8
√

265) is a quadratic unramified extension

of Q(
√

265). �
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7
Future Work

The main focus of our recent work is related to the theme of Chapter 6. We have

been studying the relation between the point on an elliptic curve and the class num-

ber of the number field generated by that point.

In (Vaughan [1984]), T. P. Vaughan gave a definition of semi-cube. With the help of

semi-cube she gave a necessary and sufficient condition for a quadratic field Q(
√
m)

to have an abelian unramified cubic extension. As a consequence, she obtained a

characterization for the field Q(
√
m) to have class number divisible by 3. Keeping

her work in mind, we are trying to relate divisibility of the class number of a real

quadratic field by 3 to existence of a point of infinite order on a suitable elliptic curve.

65
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66 Future Work

For any totally real number field k and for any prime number p, the Iwasawa invari-

ants λp(k) and µp(k) capture the growth of the p-part of the class number as we go

along the tower of fields in the cyclotomic Zp-extension of k. While the invariant

µp(k) is shown to be 0 for any abelian extension k of Q, Greenberg conjectured that

Iwasawa invariant λp(k) vanishes when k is totally real (Greenberg [1976]). The

vanishing of these invariants implies that the p-part of the class number stabilizes

eventually as we go along the tower of fields in the cyclotomic Zp-extension of k. For

a totally real number field k of finite degree and a real cyclic extension K/k of degree

p, a necessary and sufficient condition has been given for vanishing of λp(K)(Fukuda

et al. [1997]). Inspired by that result, we are working towards a construction of an

infinite family of bi-quadratic fields with λ2-invariant zero. Furthermore, we are

trying to obtain certain easily verifiable consequences of Greenberg’s conjecture in

terms of the coordinates of points on a suitable elliptic curve.
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