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ABSTRACT

We study prototype of a pseudospin-1 fermionic a-73 model, which smoothly interpolates be-
tween graphene (o = 0) and a dice lattice (o = 1). For a € [0 : 1], the band structure features
a flat band at zero energy separating two linearly dispersive Dirac cones. We explore persistent
charge and spin transport in an «-71% quantum ring (QR) analytically in presence of a mag-
netic field, and systematically examine how different spin-orbit couplings (SOC) (both Haldane
and Rashba types) impact Aharonov-Bohm oscillations and persistent currents in the spin and
charge sectors. We also include (topological) defects to assess spintronic applications of our
ring setup. We broaden our perspectives and examine an a-73 system as an electron pump, a
gedanken experiment contemplated by Laughlin to demonstrate quantum Hall effect. Interest-
ingly, the Fano factor reveals distinct transport regimes, demonstrating ballistic, Poissonian and
diffusive behaviour for different values of «. Next, to shed light on the topological properties,
we consider phases and phase transitions therein solely impacted by the electron-phonon cou-
pling in the spin-orbit coupled a-T5 bulk and ribbon systems. Our model demonstrates multiple
topological phase transitions shown via the presence (or absence) of chiral and helical edge
modes in semi-infinite ribbon geometries which are further evidenced by computing the Z and

Zo invariants.
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dislocation parameter k7, are depicted for (a) « = 0.5 and (b) a = 1, with a
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m = 0 (green curves), and m = 1,2 (blue curves), are presented. The Rashba
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Chapter 1

Introduction

1.1 General Perspectives on Research in 2D Materials

REcent advancements in nanotechnology have enabled researchers to fabricate and manu-
facture low-dimensional nanoscale or mesoscale structures, with high control, which are promis-
ing new nano-electronic devices with remarkable characteristics, including high performance,
high speed data transfer rate, and other novel properties. In addition parallel efforts have been
performed to improve computational power, increase transmit rate, and data storage. Over
the last two decades the development in fabrication techniques provides the possibility to ex-
perimentally realize mesoscopic dimensions. The well-known techniques are the molecular
beam epitaxy (MBE), lithography technique [1-4] which are widely used in the fabrication of
nano-structured materials. A familiar example is realization of a two dimensional electron gas,
2DEG (a thin layer of charges) at the interfaces of two semiconducting heterostructures, such
as, GaAs/GaAlAs, where the mean free path of electrons are measured to be about 10 pm and
hence justifies the term ‘mesoscopic transport’. The miniaturization of devices has sparked
tremendous excitement, extending beyond a single area of interest and being recognized as a

multidisciplinary field of research.
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Fabrication of micro and nano sized structures such as quantum dots, wires, and rings has made
it possible for physicists to examine new ideas in electronic devices. These small size devices
act as artificial atoms with spectra and shell structures similar to those of real atoms [5]. In this
thesis we have chosen quantum rings (one of the systems under focus) for two main reasons.
First, quantum rings (QRs) display interesting phenomena, such as persistent currents [6—10]
which are not found in dots or wires. The basic difference between the ring geometry and
a quantum dot is the excluded central disk region wich confines the electron in a ring to a
narrow channel. This compact, periodic geometry can allow dynamics not found in any other
low dimensional systems [11]. Second, it has been possible to experimentally create extremely
small rings. These nano rings can be fabricated either by dry etching [12] or by MBE techniques
to foster self assembled InGaAs/GaAs rings with the size of ~ 30 nm [13].

Furthermore, earlier in the 1980s and 1990s, the Aharonov-Bohm (AB) effect and the persis-
tent currents were observed in metallic rings (e.g., Au, Cu) [8, 9, 14] and GaAs-based two-
dimensional electron gas systems [15-18]. In 1999, Morpurgo et al. [19] provided experimental
evidence of the spin Berry phase by interpreting peak splitting in Fourier spectra of AB oscilla-
tions. The spin Berry phase, linked to spin-orbit interactions, became a focus of both theoretical
and experimental studies. Fuhrer et al. [20] in 2000s used an atomic force microscope to fabri-
cate quantum rings on AlGaAs/GaAs surfaces, resolving addition energy spectra and magnetic
field-dependent oscillations [21]. Lorke et al. [13, 22, 23] created few-electron quantum rings
from self-assembled InAs dots, studying their quantum states using far infrared and capacitance
spectroscopy. Warburton et al. [24] analyzed single InAs QRs via photoluminescence, revealing
singlet-triplet splitting and other spectral features. Yang et al. [25] observed interference effects

due to the spin Berry phase in AB conductance oscillations.

Recently, the most promising material of the century, graphene [26-28] has garnered significant
attention in the study of QR systems, both theoretically and experimentally [29-31]. This is
mainly due to its unique properties, such as the involvement of linearly dispersive ‘massless’
Dirac fermions [32, 33], possible topological phases originating from the violation of time re-
versal symmetry (TRS) [34], the manifestation of AB oscillations in the presence of a magnetic
field [29-31, 35, 36] etc. In the graphene QR, the persistent currents are induced by the break-
ing of TRS [35]. Additionally, the confinement of electrons in the ring structure leads to the
controlled lifting of valley degeneracy in the presence of a magnetic field [37]. Studies have
also shown evidence of broken valley degeneracy [38] and an interplay between valley polariza-
tion and electron-electron interaction [37] in graphene QRs. Numerous investigations have been
conducted in recent years to understand the microscopic details of graphene QRs under external

magnetic fields, with and without invoking spin-orbit interactions [39—46]. It is demonstrated
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that a graphene QR has potential application in future optoelectronic [47] and interferometric

[48] devices.

The persistent current is a current flowing around a ring which is constant in time and which
is not driven by an external power source. As such, it is a thermal equilibrium property of the
ring system. While persistent currents are usually associated with superconductors, quantum
mechanics allows, for such a current to exist in resistive materials as well. In QRs, we can
have same persistent currents too despite their origin being different. Theoretically, persistent
currents in QRs have been known for some time [49, 50] and they have also been measured
experimentally using SQUIDs [51]. For the persistent current in a ring of resistive material to
be measurable, the ring must be at low temperature (< 1 K) and small (< 1 gum). Further, the
violation of the surface inversion symmetry may induce a special type of spin-orbit coupling
(SOC), which is known as the Rashba spin-orbit coupling (RSOC) [52]. The RSOC originates
due to an effective electric field originating from the potential gradient across the interface [53,
54]. The RSOC has great importance in the emerging field of spintronics for fabricating novel
devices at very small length scales and is very central to our discussion. The possibility of
being able to tune the RSOC strength by an external gate voltage or other techniques offers
an additional significance [55, 56]. Recently, in Ref. [57] it is shown how a double gated
structure and a solid electrolyte surrounding the gates have been used to obtain an enhanced
RSOC strength. A large number of devices have been proposed based on spin-orbit interaction,
for example, the spin field effect transistor [58], and several spin interference based devices
[59, 60]. In two dimensional systems, owing to its surface inversion asymmetry, RSOC is found
to have large values and hence produces unignorable effects in quantum transport. Since we are
going to be interested in conductance properties of two dimensional lattice systems, the RSOC
will be an important component for most of our studies. The inversion symmetry is broken inside
the plane, leading to asymmetric spin branches. The separation of the spin branches results in
distinct velocities of the two spins, leading to a spin persistent currents. We shall discuss them

in details in the latter chapters.

Additionally, defects exist almost in every material and could be a central topic of further re-
search. Defects appear due to imperfections in material growth processes, which are almost
inevitable and they are especially robust against small perturbations. Further, there are kinds of
defects where the arrangement or configuration of the defects cannot be smoothly transformed
into a simple or uniform state without a phase transition. These one is called topological defects.
The relevance of such defects to spintronic applications has sparked interest in topological de-
fects on the dynamics of the (spinful) carriers [61, 62]. The interaction of the topological defect

with the carriers in a spin-orbit coupled environment leads to impact on the spin dynamics, and
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thus could aid in designing spintronic devices through dislocation engineering [63]. Although
spintronic research has predominantly focused on defect-free materials, however, defects, due
to their ability to couple with the magnetic moments could prove their utility in design of spin-
tronic devices. Furthermore, curvature, which has been proposed as a tool for enhancing elec-
tronic nanodevice design, complements the prospects of defects in applications, such as, device

fabrication etc [64].

Let us also include a distinct but related to the one dimensional QR and talk about a two dimen-
sional Corbino disk with a finite width (as opposed to the ring) with an external field threading
the system. A Corbino disk was contemplated to show quantized Hall effect and gained rel-
evance after the discovery of the quantum Hall effect in 2D MOSFET structures [65]. It was
shown in Ref. [66] that in the rectangular geometry, with the characteristic sizes much larger
than the electron magnetic length, the quantized Hall current may be expressed as the differ-
ence between diamagnetic currents flowing along the two edges (see also Ref. [67]). When
in a state of thermodynamic equilibrium the chemical potential of these edges is the same, the
edge currents cancel each other and the total one caused by the applied external magnetic field is
zero. However, the annular geometry of the Corbino disk represents a practical realization of the
cylinder geometry suggested by Laughlin for the gedanken experiment explaining quantum Hall
effect. The sizes of the disk in Ref. [68] are assumed to be macroscopic, i.e., its inner and outer
radii along with the width of the ring strongly exceeds the electron magnetic length. Further,
recent studies have extensively investigated various quantum transport phenomena in graphene
Corbino disks as well, both experimentally [69—72] and theoretically [73—75]. The edge-free
geometry of the disk enables transport studies via evanescent waves in nanoscale graphene sys-
tems [76]. At zero magnetic field, the conductance of ultraclean ballistic disks as a function
of the carrier concentration [71] aligns well with the basic mode-matching analysis described in
Ref. [77]. Further, in presence of a non-zero magnetic field, periodic (approximately sinusoidal)
magnetoconductance oscillations have been predicted [78, 79], yet experimental confirmation of
this intriguing quantum interference phenomenon is still lacking. Recently, the authors of Ref.
[75] demonstrated that a Corbino graphene disk, when pierced by a current carrying solenoid,
can exhibit Aharonov-Bohm type conductance oscillations. They also found that these oscilla-
tions are more pronounced in the presence of an electrostatic potential, which breaks cylindrical
symmetry and introduces mode mixing. In this thesis, in latter chapter we will present one such
annular geometry, that is the Corbino disk which is contemplated by Laughlin as an electron
pump that shows generation of radial (Hall) current as the enclosed flux quantum changes. The
undergoing studies in the applications of graphene Corbino disks are replaced by a-73 disks

which align well with the focus of this thesis.
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Let us provide a brief note on the quantum Hall effect and its relation to topology. In 1879,
Edwin Hall conducted the first experiment that demonstrated the existence of moving charges in
metals [80]. A century later, during the 1980s, significant advancements occurred in the field of
transport and topological studies with the discovery of the integer quantum Hall effect by Klaus
von Klitzing [65] and fractional quantum Hall effect by Tsui, Stormer, and Gossard [81]. Unlike
the classical Hall effect, which shows a linear dependence on the magnetic field, Klitzing [65]
observed that Hall conductivity exhibits quantized plateaus measured in units of (e2/h) across
a wide range of magnetic fields. This quantization arises from the discretization of the energies
of the cyclotron orbits into macroscopically degenerate flat bands known as the Landau levels
(LLs) [82, 83]. Immediately following these discoveries, researchers recognized that Hall quan-
tization has topological implications. Specifically, the conductance is facilitated by modes that
are localized at the edges of the sample while the bulk remains perfectly insulating. This distinct
behavior of the ‘bulk’ and ‘edge’ modes had not been observed before and marks the inception of
what we now refer to as topological insulators (TIs). In 1982, the connection between the quan-
tized Hall conductance and the topology was elucidated by Thouless, Kohmoto, Nightingale,
and den Nijs. This connection can be characterized by a topological invariant, known as TKNN
invariant [84], for example, Chern number is one of the TKNN invariant. The Chern number
corresponds to the quantized value of Hall conductivity, o, in units of €*/h (5, = Ce?/h,
C being the Chern number). Furthermore, these topological states can be understood by the
bulk-boundary correspondence, which means that the properties of the boundary modes can be
derived from the behavior of the bulk states. In addition to the Hall effect induced by magnetic
fields, researchers have attempted to observe similar phenomena in the absence of magnetic
fields, which is referred to as the quantum anomalous Hall effect (QAHE). This effect relies
solely on the breaking of TRS in the system [85—-88] which yields a transverse (Hall) current.
The concept of QAHE was first introduced by Haldane [34] in a two-dimensional honeycomb
lattice (a paradigmatic model for graphene), where a complex next-nearest-neighbor (NNN)
hopping equivalent to a threaded flux through the honeycomb plaquette (also known as Haldane
flux) breaks the TRS. In this model, the properties of the electronic bands are associated with a
topological invariant called the Chern number [89-92]. The topology of a band is often char-
acterized by different quantities, including the Berry phase, Berry connection, Berry curvature,
and the previously mentioned Chern number all leading to identical description. This topolog-
ical invariant can take a non-zero value when TRS is broken, resulting in quantized plateaus in
the anomalous Hall conductivity, and can be perceived via the presence (or absence) of chiral
edge modes in semi-infinite geometries, such as ribbons. Further, incorporating the real spin
degrees of freedom of the electrons, and without violating the TRS, the conventional (charge)

Hall conductivity becomes zero. However, in this scenario, the spin Hall conductivity remains
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non-zero. Such systems are characterized by a topological invariant known as the Zs invariant,

which leads to the emergence of helical (instead of chiral) edge modes in a nanoribbon.

Following Haldane’s pioneering research in 1988 [34], there has been a significant interest
in identifying comparable topological phases within various two-dimensional model systems.
These include structures such as the Lieb lattice [93—-95], checkerboard lattice [96], and Kagomé
lattice [97-99], buckled lattice [100], acoustic systems [101], as well as the dice lattice, among
others [102, 103], etc. Notably, experimental implementations of the Haldane model have been
successfully demonstrated in two-dimensional honeycomb configurations, such as Fe-based fer-
romagnetic insulators like XFe2(POy4)2 , where X can be K, Cs, or La [104], the interface be-
tween the two trivial ferromagnetic insulators EuO and GdN [105] etc. Moreover, advancements
in cold atomic systems that facilitated formation of optical lattices created by standing-wave
laser beams [106-108]), have opened up new avenues for exploring these intriguing non-trivial
topological phases. Examples include optical honeycomb [109] and dice lattices [110], which

further enrich the study of topological phenomena.

It is of general interest to assess the role of interactions on the topological features. In partic-
ular, electron-electron interaction is of interest, however due to lack of any credible formalism,
other than large scale numarics, the progress is limited. Nevertheless, other kinds of interac-
tion may be included. For example, the electron-phonon (e-ph) interaction has been proven to
deliver promising discoveries in solids [111-113] starting from the inducing superconductiv-
ity [114-116], transport in 3D materials [117], low-dimensional polaronic effects [118-121],
charge density wave [122—124] formation in solids to the Fermi-polarons in ultracold gases
[125-127], Peierls transition [128—130], topological signatures in novel systems [131-133] etc.
More recently, Bose polaron [134—136], phonon-induced Floquet topological phases [137, 138],
and several others have been actively investigated. In a polar or ionic crystal, when an electron
propagates through the lattice, it distorts the structure of the lattice. As a result, a net polariza-
tion potential arises due to the interaction between the electron and the oscillating lattice, which
can lead to the trapping of the electron. The quasiparticles generated from this interaction are
characterized as electrons dressed with phonon clouds, commonly referred to as polarons. De-
pending on the strength of the e-ph interaction, the polarons can be self-trapped (strong coupling
limit) or delocalized (weak coupling limit). In a tight binding system, the electron is found to
be strongly bound to its own lattice site, and that electron can participate in forming the polaron
by interacting with the onsite phonons. Therefore the radius of the polaron in such narrow-band
systems is short-ranged and does not spread over extended region in the lattice. The polarons in

such systems are often called as the ‘small polarons’ or the Holstein polarons [139, 140]. The
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polaron formation in tight binding systems can be realized through an interaction between the

“extra” fermionic impurity and the phonons in the system.

Let us now put all these physical phenomena in a single thread for putting things in perspective
for this thesis. Thus, we should be talking about prototype systems (or materials) where these
phenomena can be observed. Graphene is one such material consisting of a single layer of car-
bon atoms arranged in a honeycomb lattice, as illustrated in Fig. 1.1(a). Since the experimental
discovery of graphene in 2004 [141] by Novoselov and Geim, as a two-dimensional crystal, a
novel area of research has emerged [142]. For low-energy, the tight binding Hamiltonian can be
effectively expressed as H = hvpS - k, or more generally the Dirac-Weyl equation with pseu-
dospin S = 1/2, pseudospin here means sublattice degrees of freedom. Further, in the low-energy
spectrum, the electrons act like a two-dimensional gas of massless Dirac fermions, following a
relativistic linear dispersion relation (F = hvgk), although the Fermi velocity (vp ~ 10%m /s)
is much small than (103 times) the speed of light [143]. This unique behavior has earned a term
‘pseudorelativistic’ and enabled studies of various transport phenomena, including Klein tunnel-
ing (perfect transmission through potential barriers) [144—146], quantum interference phenom-
ena localized within the material (capabilities that traditional electron systems cannot achieve)
[147] etc. Furthermore, graphene exhibits an unconventional quantum Hall effect [148-151],
characterized by a half-integer spacing in the Hall quantization. This phenomenon is a direct

consequence of the unusual Berry phase of 7 found in graphene.

(a) Graphene (@ = 0) (b) Dice (a = 1)

(¢)a-T (0 < ax < 1)

Figure 1.1: The figure depicts the «-T3 lattice at the center, (c), flanked by the graphene
honeycomb lattice (its o = 0 limit) on the left, (a) and the dice lattice (its o = 1 limit) on the
right, (b). In the graphene lattice, each unit cell contains two atoms located at sites A (blue)
and B (red), connected by a hopping parameter ¢. In the a-75 and dice lattices, an additional
site C' (green) is located at the center of each hexagon and connected with the B sites only.
For the dice lattice, site C'is connected to the B sites via the hopping parameter ¢, while in the
a-Tj lattice, the connection is governed by a variable hopping parameter at. Notably, there is
no hopping between the A and C sites in any of the lattices.
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On the other hand, there exists an interesting variant of the honeycomb structure of graphene
with T3 symmetry, usually known as the dice lattice, as shown in Fig. 1.1(b) [152-155]. Here,
the honeycomb lattice is augmented by an extra site located at the center of each hexagon. Three
inequivalent sites in a unit cell effectively introduce an enlarged subspace spanned by pseudospin
S =1 fermion. It can be described by the same Dirac-Weyl Hamiltonian as graphene in this
enlarged subspace. On the experimental font, it has been argued that a particular arrangement
of three counterpropagating pairs of laser beams can produce an optical dice lattice [156] in the
cold atomic environment. It has further been proposed that a dice lattice can be fabricated in a
heterostructure of cubic lattices, namely, SrTiO3/SrIrOs/SrTiO3 [157] along the (111) direction.
A number of studies [158—160] have explored the properties of general pseudospin S lattices,
arising from the generalized Dirac-Weyl Hamiltonian, and provide insights into lattices with

pseudospin S = 1/2, 1 and beyond.

Recently, proposal for a more generalized two-dimensional Dirac material, called the a-T7% lat-
tice [161] emerged. A unit cell of the a-T5 lattice comprises of three non-equivalent lattice sites
as shown in Fig. 1.1(c). The hopping strength between the A and B sites is ¢, while the sites B
and C are connected through a hopping strength «t. The strength of o may be considered as a
tunable parameter and it demonstrates a smooth changeover with the variation of the parameter
a from graphene (o = 0) (Fig. 1.1(a)) to the dice lattice (o« = 1) (Fig. 1.1(b)). The elec-
tronic dispersion of the a-T3 lattice with o« = 1/ v/3 can be realized in a Hg;_,Cd,Te quantum
well corresponding to a certain critical doping [162]. Within the nearest-neighbor tight-binding
framework, the low-energy spectrum of the a-T5 lattice near a particular valley, governed by the
Dirac-Weyl Hamiltonian with an enlarged pseudospin (S > 1/2), comprises of three bands, with
two dispersive bands (linearly dispersing in momentum) and a zero-energy flat band. All the six
band-touching points (the so called Dirac points) in the first Brillouin zone lie on the flat band.
Due to the «-T3 lattice’s crystal structure allows it to exhibit so many noteworthy characteristics,
it has been the subject of extensive research recently [163—169]. When it is perfectly flat, due
to the zero group velocity, the presence of a dispersionless flat band in the «-7T5 may not con-
tribute to electronic transport, but it can offer intriguing physics for quantum transport [170-172]
and topology. A good number of physical quantities, such as the Berry phase-dependent direct
current (DC) Hall conductivity [163], dynamical optical conductivity [163], magneto-optical
conductivity, the Hofstadter butterfly [164, 173], Berry-phase modulated valley-polarized mag-
netoconductivity [174], the photoinduced valley and electron—hole symmetry breaking [175] in
the o-T3 lattice have been studied recently. Further, other properties, such as the conductivity
[166, 176], super-Klein tunneling [177-179], gap generation and flat band catalysis [180, 181],

non-linear optical response [182], topological phase transition [183—186], electronic and optical
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properties under radiation [187, 188], Weiss oscillations [174], zitterbewegung [189], plasmons
[190, 191], Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction [192, 193], minimal conduc-
tivity [166], spin-Hall phase transition [186], and the thermoelectric performance of a nanorib-
bon [194] of «-T3 lattice have also been explored. Moreover, nontrivial topology [195, 196],
the diamagnetic [197] (at a = 0) to paramagnetic [152, 153] (at o = 1) transition in the orbital
magnetic responses of the lattice have also been reported. Furthermore, recently a number of
studies have been done on the a-T35 lattice using Blonder—Tinkham—Klapwijk (BTK) formalism,
for example, an a-T5 NS [198], NIS junction [199], pure cross Andreev reflections in supercon-
ducting hybrid junctions [200]. Interesting physics can also arise from the «-T3 lattice in the

presence of time periodic external radiations [172, 201, 202] etc.

Motivated by the above scenario, we wish to explore the transport and topological aspects of
pseudospin-1 «a-T3 crystal lattices. We shall study both charge and spin persistent currents in
QRs made with o-T3 lattice with various SOCs and in presence of external magnetic field and
defects. Later, we will see how the e-ph coupling is intimately related to topological phases of

matter, which in turn affects the conducting properties and the edge modes of the system.

In the following, we shall provide brief descriptions of the essential ingradients (which may be

systems, formalism, or phenomena) that have extensively discussed in the thesis.

1.2 Quantum Ring

A quantum ring is a nanostructure in which electrons are confined in a ring like geometry, allow-
ing unique quantum effects to dominate their behavior. The ring will be assumed to be strictly
one dimensional and has a static potential variation. There is typically a desired radius to width
ratio for quantum rings to observe quantum interference effects and ensure well defined quan-
tized energy levels. To observe quantum effects such as the Aharonov-Bohm (AB) effect, the
radius (R) of the ring must be on a mesoscopic scale, meaning it should be large enough to al-
low an electron to encircle it coherently, but small enough that quantum coherence is maintained
[203]. The width (W) of the ring, which is the distance between the inner and outer edges, must
be narrow enough to ensure that the electron wavefunctions primarily circulate along the ring
without occupying a large cross sectional area. This confinement strengthens quantized energy
levels and reduces unwanted scattering effects. If the ring is too wide relative to the radius,
multiple electron paths can interfere in complex ways, making the quantum interference effects
harder to interpret. A narrower width generally ensures a more straightforward single mode

electron transport around the ring. For clear quantum effects, the radius to width ratio is often
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set to be higher (R > W). This ratio provides a balance where, the electrons are confined to
the ring path with minimal cross sectional area interference and the phase coherence around the
ring is preserved for clearer AB oscillations and energy quantization. An electron traversing the
ring behaves exactly like an electron in a periodic structure, where the potential variation in one
period is the same as that in one circuit around the ring. The schematic representation of an

ideal one-dimensional (1D) ring is illustrated in Fig. 1.2.

W

Figure 1.2: A schematic of an ideal one-dimensional quantum ring, characterized by a radius
R that is much larger than its width W (R > W).

1.3 Aharonov-Bohm Effect

In classical mechanics, a charged particle is not influenced by the electromagnetic fields in re-
gions where the fields are zero. For a long time, it was assumed the same held true in quantum
mechanics. However, in 1959, Aharonov and Bohm [204] conceptualized that the vector po-
tential can affect the quantum behavior of a particle even in regions where the field is absent.
This remarkable finding indicates that the potentials are more fundamental than the fields, a

phenomenon commonly referred to as the Aharonov-Bohm effect.

To illustrate this effect, we consider a modified double-slit-like experiment, as shown in Figure
1.3. In this experiment, a beam of coherent charged particles (charge ¢) is emitted from a source
region (A). The beam is split into two parts, which then recombine after passing through the slits.
A detector is placed in region B to measure the resulting interference pattern. Additionally, a
long solenoid containing a constant magnetic flux is placed behind the middle wall, ensuring

that each part of the beam passes on opposite sides of the solenoid [205].
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A B
Source Interference
region region

Figure 1.3: Sketch of the setup for the Aharonov-Bohm effect. In order for the magnetic
field to approximately vanish outside the solenoid, we take the solenoid to be very large in the
direction perpendicular to the image plane. Image taken from Ref. [205].

We are all familiar with the results of the double-slit experiment, while let us express the calcu-

lation more clearly as a path integral. We can present it as follows,

Z iS/h — Z eiS/h | Z (iS/h

paths paths, slitl paths, slit2 (1 1)

eikLl + eikLg

where S represents the action, L; and Ly are the path lengths through the two respective slits to
any point being measured on the output screen, and k denotes the wavevector of the incoming

wave.

The Lagrangian of a charged particle in a general electromagnetic (EM) field is given by,

L= +q( A-V) (1.2)

where m, ¢, and 7 are mass, charge, and velocity of the particle respectively, whereas A and
V' denote the vector and scalar potentials respectively. When there is no EM field present, we
return to the original double-slit experiment, and we refer to the action in this scenario as Sp.

Introducing a magnetic field into the Lagrangian can alter the action by,
S%So+q//f~?dtzso+q//f~dlq. (1.3)

Now returning to the double-slit experiment, in the presence of the vector potential the proba-

bility amplitude to find the particle at some point on the detector is proportional to [206],

So g [ 2 7 So g [ 2 &
Z ea?p(zh—i—zh/A-dl)—i— Z exp(zh+zh/A~dl>. (1.4)

paths, slitl paths, slit2
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The physically important quantity is the difference in accumulated phases between the two paths.

This is given by,

e$p<2q A-dl — [fodl_))c:exp(m?{f_l‘-dl_)), (1.5)
h slitl slit2 h

where the integral is taken over a loop that traverses forward through slit 1 and then returns

backward through slit 2.

Using Stoke’s theorem, we can write the exponent in Eq. (1.5) as,

iq - ~ 1q - ~ 1q
W xoar=u a§=1 45 =Y, .
B pAd=5 [ (V< A)-as h/mB a8 = Lo, (1.6)

where &, is the flux enclosed in the loop. Thus, there is a measurable relative phase shift
between the two paths given by %‘ICIDQHC. This phase shift leads to a change in the interference
pattern observed on the screen. It is important to note that although the original Lagrangian may
not appear particularly gauge invariant, the final result (after integrating around the complete

path) is indeed gauge independent.

An important point regarding the AB effect is that if ¢, is an integer multiple of the elemen-
tary flux quantum ®( (= h/q), then the phase shift becomes an integer multiple of 27 and is

effectively equivalent to having no phase shift at all.

1.4 Persistent Currents

The persistent current studied in this thesis is an equilibrium property of the system. It occurs
in mesoscopic systems, like a ring or a loop, where the wave function is phase coherent around
the loop. The magnetic flux through the ring induces a phase in the wave function due to the
AB effect as discussed earlier. When there is a magnetic flux threading the ring, it can affect the

energy levels of the system.

We consider the simplest possible model for the 1D ring into which an electron of mass m and
charge —e is revoling around. We parametrize the ring by the coordinate v and circumference
L, as shown in Fig. 1.4. The time-independent Schrédinger equation for the Hamiltonian H=

P2 /2m is,
w2,
2m du?

= €enn 1.7
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with the wavefunction v,, subjected to the boundary condition,

Un(u+ L) =y (u). (1.8)

The eigenfunctions and eigenenergies indexed by integer n are,

Pp(u) = \/15 exp <2m’nu) and

en = 5 =5n’. (1.9)

L

B : out of plane

Figure 1.4: A perfect one-dimensional ring. The figure shows the orientation relative to an
applied magnetic field of a perfect, one-dimensional ring of radius /27 to which a particle
with charge -e is confined. The applied magnetic field B is parallel to the Z direction and points
out of the plane. The vector potential A chosen in the text is tangent everywhere to the ring and
parallel to the cylindrical unit vector 0.

Now, let us consider the effects of an external magnetic field B to the system. We choose the
coordinates so that the ring lies in the xy-plane and is centered at the origin. We assume that the

magnetic field B = B# is parallel to the z-axis.

In the presence of a magnetic field, the Hamiltonian becomes H = (5 — ¢gA)2/2m, where A is
the vector potential of the magnetic field satisfying B =V x A. Further, we shall use q=—e

throughout the thesis.

For B = BZ, we can writ = —g

(yz — zy). Defining cylindrical coordinates (r, ) and

e
corresponding unit vectors (7, §) satisfying,

r=rcosl, y=rsinb, r:\/m, 0 = tan"'(y/z),

A (1.10)
7 =cosfz +sinfy, and 6 = —sinfz + cosby.
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—3 15 0 1.5 3
® /D,

Figure 1.5: Eigenenergies of a perfect one-dimensional ring. The figure shows the first few
eigenenergies €,. The dashed line marks the point & = 0.

We can write A = Brf/2. Confined to » = L/2m along the ring, we can also write A = ®6/L
where ® = 772 B is the flux enclosed by the ring. The coordinate u = L# /2 follows the ring
in a circle about the origin, and thus the derivative d/du, which is everywhere tangent to the
ring, is always parallel to 6. Thus, in the presence of B, the 1D time-independent Schrodinger
equation parametrized by u becomes,

1 L d ¢

The eigenfunctions v, are again given by Eq. (1.9) with the eigenenergies now,

1 27rh+<I>2
“Tom\ L "L

h2 P \?
:W(“@O)’

where we have introduced the flux quantum ®, = h/e. The energies €, are plotted as a function

(1.12)

of flux ® in Fig. 1.5. The eigenenergy ¢, of the n'" eigenstate is parabola. Further, the energy

spectrum is symmetric under both ® — —® and & — ® + .

The persistent current is discussed using an idealized Aharonov-Bohm flux ¢ threading the ring
but not penetrating the linewidth of the ring itself. It is possible to attain all of the results
given here for the 1D, perfect ring using this idealized flux. We now find the current associated
with each eigenstate. A particle moving at velocity v around a ring of circumference L makes

one round trip in time At = L/v. If the particle has charge —e, then the average current,
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the charge passing any given point of the ring per unit time averaged over one period, is ¢ =
—e/At = —ewv/ L. The velocity of such a charged particle in a magnetic field can be written as
v = (p + eA)/m. Then, for the system we are considering, the velocity vy, associated with the

n'h eigenstate as given in Eq. (1.9) satisfies,

(p+eA)

vatn() = Ly ()
_ ;( _ m% n %) (\Eexp(mmz)) (1.13)
_ miR <n + i))%(u),
yielding a current given by,
in=—Su
' L :ﬁ P (1.14)
= 2amEe ( i @)

We note that in terms of the energy ¢, given in Eq. (1.12) the current ¢,, may be written as,

Oep,
in = — 1.15
This is the definition of the persistent current. We shall revisit it later and extensively use it in

our calculations.

1.5 Topological Defects

A topological defect (TD) is a disruption or an irregularity in the crystalline order or structure
of a material arrangement, which gives rise to broken symmetries. These defects are essentially
misaligned regions in an otherwise ordered system and often form during fabrication. TDs, as
the name suggests are stable, meaning their effect cannot be removed or modified by continu-
ous transformations of the surrounding order without drastically modifying (such as cutting or
tearing) them. TDs can vary depending on the dimensionality and nature of the system, here the
primary types of TDs observed in various fields, including condensed matter physics are listed

in Table 1.1.

As our system is purely 1D and posseses crystalline symmetry, screw dislocation is one of the
natural types of TD may present in our system, we will elaborate this in a later chapter of the
thesis. Further, in the framework of geometric theory of defects [207, 208], elastic deformations

induced by topological defects in continuous media are described using a metric. These theory
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Dimension Defects Example Description
0D Point defects Monopoles In spin systems
Vortices In superfluids
1D Line defects . . . .
Screw dislocation In crystalline materials
Domain walls In ferromagnetic materials
2D Surface defects . . . .
Grain boundaries | In polycrystalline materials
Textures In skyrmions
3D Vol defect
olme detects Solitons Soliton in field theory

Table 1.1: Example of different topological defects in different dimensions.

bears a resemblance to the theory of three-dimensional gravity. Within this geometric formal-
ism, the continuous elastic medium is represented as a Riemann—Cartan manifold, where the
curvature and torsion are associated with disclinations and dislocations, respectively, present in
the medium. Consequently, the Burgers vector (measures the magnitude and direction of dis-
location) and the Frank angle (the angle that characterizes the orientation of the Burgers vector
relative to the dislocation line) are respectively analogous to torsion and curvature. The impact
of topological defects on the quantum dynamics of electrons/holes in a crystal has been explored
in various physical scenarios [61, 62]. Theoretical descriptions of quantum dynamics within a
medium containing dislocations have been undertaken for quite some time. For instance, Kawa-
mura [209] and Bausch, Schmitz, and Turski [210, 211] investigated the scattering of a single
particle within dislocated media using a distinct approach. They demonstrated that the equation
describing the scattering of a quantum particle by a screw dislocation follows the AB form. The
AB effect has also been explored using the Katanaev—Volovich approach in media with a dis-
location, as seen in Refs. [212, 213], and in the presence of dislocations, as observed in Refs.
[62,214]. In Ref. [215], Aurell probed deeper into the influence of dislocations on the properties
of quantum dots. More recently, the study of the impact of topological defects in mesoscopic
systems has been conducted in Ref. [63], particularly with regard to a quantum dot in presence

of a dislocation.

1.6 Corbino Disk

The Corbino disk was proposed by O. M. Corbino, an Italian physicist, in 1911. He designed
this disk-shaped geometry to study electrical conductivity and magnetic field effects in mate-

rials, specifically to investigate the influence of a magnetic field on radial current flow in a
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Figure 1.6: A Corbino disk with inner radius R; and outer radius R, subjected to an external
magnetic field B oriented perpendicular to the plane of the disk.

circular conductor. A Corbino disk is a circular, ring-shaped electronic device as shown in Fig.
1.6 used to study the electrical properties of materials in the absence of edge currents, which
makes it distinct from other common geometries. It consists of a conductive disk (or a thick
ring) with a central circular electrode and an outer circular electrode. This design means that
current flows radially across the ring, creating a unique current path compared to straight-line
or rectangular geometries. When a magnetic field is applied perpendicular to the disk, circular
currents and radially dependent magnetoresistance effects arise. Because the edges of the disk
are circular rather than linear, this setup avoids the influence of edge states that are present in
other geometries, like the Hall bar. In a Corbino disk, resistance changes as a function of the
applied magnetic field, giving insight into the magnetoresistance of the material. This can reveal
information about carrier mobility, density, and scattering mechanisms. Magnetoconductance
and magnetoresistance oscillations can also be observed, especially in high-mobility materials

such as graphene or 2DEGs in semiconductors.

The Corbino disk geometry is often used to study the quantum Hall effect (QHE) without inter-
ference from edge currents. Generally, in systems that show QHE, quantized Hall conductance
is observed in a planar geometry. Analogously, this disk system is also an ideal candidate for
investigating the Hall voltages as the external field threading the vacant region in changed by the
flux quantum. In graphene-based systems, the Corbino disk is particularly useful for examining
the unique properties of the Dirac fermions, as well as phenomena like magnetoconductance

oscillations, and AB-type effects etc.
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Figure 1.7: Coherent transport through a system with two leads, each with multiple propagat-
ing states.

1.7 Landauer-Buttiker Formula

This section provides an overview of the Landauer approach, which is an important technique in
the physics of mesoscopic systems. The Landauer-Biittiker approach treats electron transport as
a barrier transmission problem [216-219] . In this framework, ohmic contacts are considered
as reservoirs that inject and collect current, with the assumption that inelastic scattering occurs
exclusively. A schematic representation of this concept is shown in Fig. 1.7. The measured
conductances can be expressed as functions of the transmission probabilities at the Fermi level

between the reservoirs.

The conduction in a macroscopic (2D) conductor is given by the Ohm’s law as,
G=— (1.16)

where A is cross section area of a conductor of length L having the conductivity of o. This
implies that as A — 0, G — 0, indicating that conductance vanishes in narrow conductors.
Conversely, G — oo for very small conductors (as L — 0). These behaviours stem from
the assumption that conductivity is uniform along the length of the conductor, a concept that
breaks down at atomic scales where Ohm’s law cease to hold. The failure in Ohm’s law has
been experimentally validated in quantum point contacts and atomic-sized wires, leading to the

development of the Landauer formula [220, 221] to address these limitations which takes the

1Although in 1981 Fisher and Lee [216] were the first to derive the Landauer-Biittiker formula, it has become
widespread practice in the literature to refer to a later article from 1985, co-authored by Biittiker and Landauer [217]
(hence the name).
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form,
92 2
G = %MT (1.17)

where 1" represents the average probability of an electron to be injected from one end and trans-

mitted to the other end of the conductor and M is the number of the transverse modes.

When current flows between two leads having electrochemical potential differences 141 and po at
zero temperature, there is no qualitative distinction between current and voltage probes. Biittiker
proposed that all probes can be treated equivalently [222, 223]. In the linear response regime,

the aforementioned equation (Eq. (1.17)) takes on the following form,

2
I = WT[MI - ILLQ]. (118)

Here T'(= |T|?) is the product of the transmission probability per mode 7" at the Fermi energy

and the number of modes M. By combining all the terminals (labelled by a and b) we get,

2e — —

Io="5"> [Tm—aﬂa — T |- (1.19)
b

These arrows tell us that there is a backward electron transfer from the second subscript, that is,

a note to the first one, that is b note (we shall drop them afterwards). We can rewrite Eq. (1.19)

in the form (with V; = p;/e),

Iy =) [GaVa — GapV3) (1.20)
b
where ) )
2e° __ 2e
Gra = —Tpo = — |Tial?. 1.21
b Lo A |The | (1.21)

To ensure that the current becomes zero when the values of the chemical potential are equal

[224], the transmission coefficient G satisfy the sum rules as follows,

Y Gu=) G (1.22)
b a

Therefore, Eq. (1.20) becomes,
Io=> Gau[Va— V). (1.23)
b

This is the Landauer- Biittiker formula for the conductance of a system. When the coupling

to the leads is strong and the electrons can be treated as noninteracting (using a single particle
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Hamiltonian) the Landauer-Biittiker formalism becomes a highly effective tool for understand-

ing quantum transport phenomena [225-227].

1.8 Topological Considerations

Topology is a branch of mathematics that examines quantities of a system that remain invariant
under continuous transformations, such as twistings, bending, stretching, cutting, and gluing.
Tearing, however, is not allowed. These quantities are referred to as topological invariants,
which are quantities associated with topological space that take on discrete values (usually nor-
malized to be integer-valued) that do not change under continuous deformations of the space.
One way to determine if two spaces are topologically equivalent to each other is to compare
the values of these invariants. A classical example, one can transform a single hole donut into
a coffee cup, but the number of holes (which is one in this case) remains the same, which is a
topological invariant. Such invariants play a crucial role in distinguishing topological and trivial

phases.

Topology in condensed matter physics is an emerging field that explores how certain properties
of the materials remains unchanged under smooth deformations. These are robust even in pres-
ence of impurities or disorders. By deformations, one implies how the energy levels of a system
changes under tuning of certain external parameters (e.g., an electric field). If the number of
the energy levels below the Fermi level remain unaltered due to this deformation process, then
the resultant system and the original one belong to the same topology class. If certain energy
band (or bands) cross the Fermi level then the topological properties are disturbed, however if
the resultant system still possesses a spectral gap, then the system has undergoing a topological

phase transition.

In condensed matter systems, the role of topology first came into light after the discovery of
integer quantum Hall effect [65]. As already stated, the plateaus are associated with topological
invariants known as the Chern numbers [228, 229]. In this section, we shall see computation of
such topological invariants from the band properties. However, we begin form Berry phase for

a better understanding of the topological invariants.

1.8.1 Berry phase

In 1984, Michael Berry [230] introduced the concept of the Berry phase, which is a phase dif-

ference that occurs when a non-degenerate energy eigenstate of a quantum system experiences
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adiabatic evolution along a closed path in parameter space. As the system reverts to its initial
state, an extra phase emerges in conjunction with the dynamical phase, this geometrical phase,
now known as the Berry phase or Berry-Pancharatnam phase. This phase holds importance in
numerous physical systems, particularly in solid-state physics [231-233], due to several key
characteristics, such as, its gauge invariance, which allows it to be measured experimentally via
quantum interference experiments [234], its geometric aspect can be described as a line inte-
gral of the Berry curvature (analogous of Gaussian curvature in topology) across the surface
encircled by the closed path, and finally it has relevance in differential geometry and gauge field
theories [235]. Significantly, integrating the Berry curvature across closed surfaces yields topo-
logical values referred to as Chern numbers, which are fundamental to phenomena such as the
quantized Hall plateaus observed in the quantum Hall effect [84, 231]. The closed surface is the

first Brillouin zone (BZ) in our case.

1.8.2 Mathematical formulation of Berry phase

We shall follow the formalism presented in Refs. [231, 236, 237] to derive the Berry phase.
We consider a physical system with the Hamiltonian H (R) that is dependent on time via a set
of parameters represented by vector R = (R, R, R3, ...) where R; = R(t). Along a closed
path C in parameter space, the parameters R(t) vary slowly, causing the Hamiltonian to evolve
adiabatically in time. One can obtain the instantaneous wavefunctions |n(R)) of H(R), which

serve as the orthonormal basis, by digonalizing H (R) at each point R as,

H(R)[n(R)) = ex(R)[n(R)). (1.24)

According to the adiabatic theorem of quantum mechanics [238], a system that is initially pre-

pared in one of its eigenstates, |n(R(0))), will remain an instantaneous eigenstate of the Hamil-
tonian H (R) during the adiabatic evolution in parameter space. Consequently, the only degree
of freedom of quantum state is its phase which need not be zero. Here, we require that the
basis function’s phase be single-valued and smooth along path C in the parameter space [231].

Therefore, after time ¢ the wavefunction will be in the state,

() = eV n(R)) (1.25)
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having acquired a phase (). The evolution of the wavefunction can be described by the time-

dependent Schrodinger equation,

0
ihg U(t) = H(R)Y(1) (1.26)

substituting Eq. (1.25) in Eq. (1.26) and taking the scalar product with |n(R)) on both side and
using the orthonormality (n(R)|n(R)) = 1, we find,

en(R) —ih(n(R)|—[n(R)) = h—~(t). (1.27)

The phase 7(t) can be obtained by integrating Eq. (1.27) with respect to time as,

~y(t) = :1/0 en(R(t))dt! —z’/o (n(R(t")) %|n(R(t’))>dt’, (1.28)

where the first term is the usual dynamical phase factor, and the second term is a geometric

phase known as the Berry phase. The Berry phase is given as,

68— /O (n(R(t)) %]n(R(t’)))dt’. (1.29)

For a closed path, R(t) parametrizes a cyclic, adiabatic process. The chain rule for derivatives

use to eliminate the explicit time dependency of Eq. (1.29), and we get,
P8 = —i j{m(R)vayn(R)) -dR. (1.30)
C

We shall use this expression to compute Berry phase. The quantity in the integrand is known as

the Berry connection which is denoted by A4, that is,
A =i(n(R)|Vgr|n(R)). (1.31)

One can also compute the curl of A, which can be denoted by 2, and is known as the Berry

curvature,

Q=VxA. (1.32)
In a condensed matter system, the Bloch wave vector of a Hamiltonian is used to compute Berry

connection, which further helps to compute the Berry phase and the Berry curvature [239]. The

calculations of Berry curvature are illustrated in the next section.
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1.8.3 Berry curvature

Berry curvature can be viewed as a representation showing how much the ground (the wavefunc-
tion of a quantum system) twists or changes as one move in different directions. It describes how
the wavefunction of the system changes when specific parameters, like the position or momen-
tum of a particle, are altered. Let us consider a 2D parameter space, so that we have vectors
|Wy) as a function of A\ = (A;, A,). Then the definition of the Berry connection in Eq. (1.31)
naturally generalizes to that of a 2D vector A(\) = (A, A,) via,

Au(N) = i(0,0,0,) (1.33)

where 0, = 0/0\,, and the Berry phase expression of Eq. (1.30) can be written as a line integral

around the loop, i.e.,

B = }[A-dA (1.34)

Then the Berry curvature () is simply defined as the Berry phase per unit area in (Az, A,)
space. Thus, we can think as Berry connection = vector potential and Berry curvature = mag-
netic field. In a continuum framework, it becomes just the curl of the Berry potential as shown

in Eq. (1.32).

Now we show the Berry curvature for a 2D system whose band structure lies in the k,, - k, plane.

Therefore, the Berry curvature is a function of %, and k, which is given by,

0A, A

QZ[VXA]Z:@k T
x Y

(1.35)

Since A is independent of k., only z-component of {2 is non-zero. Now, using Eq. (1.33) we

can simplify the above expression as,

L 0A,  0A,
T Ok, Ok,
=g <wk>|f,€ywk>> Sy
2
= z’<82x\1u(k)‘£/%(k)> + z‘<\1u(k)'(%faky\1’x(k)> — [ +—y] (1.36)

) ) ) ) o2 o2
=i W (K)| W (k) ) — i Wy ()| (k i -
Z<8km A )‘aky A )> Z<aky M) gy, Tl )> lusing o ok, = O,k

=Tm Y (VU(K)|Tx(k)) x (T (k)|[VTA(K)).
NA#A
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Last line is obtained via inserting a complete set of states, namely, -, ¥ (k)){ ¥y (k)| = L
Now, to calculate (U (k)| V¥, (k)), we begin with,

H(R)|¥x(k)) = Ex|¥x(k))
= VIH(R)| ¥, (k))] = V[EA| T, (k))]

= VH|U,(k)) + H|VU,(k)) = VEA|U)(k)) + E,|VUA(K)) (137)
= (Un(k)|[VH|UA(k)) + (x (k) |[H|VUL(k)) = Ex(Px(k)|[VTA(K))
L T
Therefore, from Eq. (1.36) we get,
20 =i Y <\IIA(k)\VH\\I/,\/((?A>_><E</\\I/J),\2/(k)]VH\\I!A(k)>' 138)

N#£

The summation includes all the eigensolutions except for the one with the degeneracy. The
advantage of the summation formula is that it can be evaluated under any choice of gauge since
the wave function involved does not undergo any differentiation. This property is particularly

useful when performing numerical computations.

1.8.4 Chern number (Z invariant)

The Chern number provides understanding into the topological features of materials and sup-
ports the categorization of phases that are not explained by traditional symmetry breaking. In
a condensed matter system, the Chern number relates to a specific band, and if it is non-zero,
the system is referred to as a Chern insulator or a topological insulator. The Chern insulator ex-
hibits topological characteristics, including quantized Hall conductivity, non-zero edge current,
and so on. Nevertheless, in order to attain these non-trivial phases, it is essential to break the
TRS and ensure that there must be a gap in the dispersion spectrum to prevent any degeneracy
(as degeneracies can lead to divergences in the Berry curvature as shown in Eq. (1.38)). In the
quantum Hall effect, the Hall conductivity is quantized in units of e /h, and is directly propor-
tional to the Chern number of the occupied bands. The quantization is due to the topological
attributes of the system, with the Chern number being a fundamental parameter in detailing this
effect. Further, systems having non-zero Chern number exhibit robust edge states as a result of
the bulk-boundary correspondence. This principle asserts that the topological characteristics of
the bulk (Chern number) determine the presence of conducting states along the edges, which are

protected even in presence of impurities or defects. The Chern number is defined as a sum of
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the Berry curvature for a system residing on a torus. In a 2D system, the BZ exhibits a toroidal
geometry, as the momenta possess periodicity (say, 27), making k, equivalent to k, + 27, and
k, equivalent to k, + 27. Consequently, the integration of Berry curvature over the first BZ

provides the Chern number as,

c-L / / Q2 (k) dk,dk, (1.39)
2 BZ

where Qi‘(k) can be obtained from Eq. (1.38). We have used Eq. (1.39) to compute Chern

numbers in all of the systems we considered.

1.8.5 Z, topological invariant

This section covers the calculation of a different topological invariant referred to as the Zo
invariant, which characterizes the quantum spin Hall (QSH) phase of a system. In contrast to
the Chern insulators, these systems exhibit quantized spin Hall conductivity and spin-filtered
edge currents in a ribbon geometry, whereas the charge sector conductivity disappears. For a
spin Hall insulating phase to arise, TRS must be preserved in the system. We discuss these

non-trivial phases in more detail later in the context of the Kane-Mele model.

To describe the topological properties of this system, the Wannier charge centers (WCCs) (which
is known as the center of charge in a unit cell) are employed. The electronic ground state
in periodic crystalline solids is naturally described by extended Bloch functions |t,k), or the
cell-periodic versions |u,) = e~ T|i),1), labeled by the band n and crystal momentum k.
Further, the WCC can be thought of as the expectation value of the position operator for a basis
represented by Wannier functions (WFs). These WFs are a set of orthogonal functions indexed
by a lattice position, say R, w,, (r — R) = (r|W,,(R)), and maximally localized about that point
with respect to all relevant spatial dimensions, which can be obtained from the Bloch states by

a Fourier transformation as,

V

Wa(R)) = @i /B ) e R yh) dlk, (1.40)

where d and V' represent the dimensionality of the k-space and the volume of the real space
primitive unit cell respectively, and the integral is taken over the first BZ. On the other hand, a
convenient strategy for a 2D QSH may be to construct a “hybrid Wannier functions” (HWFs),

which are localized along one direction, say along & (Wannier like in 1D), and delocalized along
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the other directions, namely, ¢ and £ (Bloch like in 2D) [240, 241] which read as,

T/ax ]
(WH (Ry, iy, b)) = oo / e~ heRear |y dk,. (1.41)

(271-) —7/ag
Here, a; is the lattice constant along the = direction. Thus, the HWF can be thought of as a WF
of a 1D system, coupled to the external parameters k, and k.. With the help of the evolution

of HWFs around a closed loop in the BZ, the adiabatic, unitary evolution of the occupied Bloch

bands can be described.

A geometric interpretation in terms of the Zak phase [242] can be given to illustrate WCCs. To

do this, a Berry potential is introduced for the lattice periodic part of the Bloch functions as,
An (k) = i (unk| Victink) - (1.42)

In 1D, WCCs can be redefined in terms of Berry potential using the transformations between
Wannier and Bloch representations of Ref. [243] as,
10y

- 71'/0«1 g 71'/(11
SNCD) /,r/az (sl O i) b = 15 5 / g, Anlhs) dks (1.43)

Similarly, for our 2D system, we can construct the hybrid WCC (HWCC), which can be repre-
sented as the expectation value of the position operator, X, with respect to the HWFs (see Eq.

(1.41)) as,
(T (kys ko)) = WH(Ry, ky, k)| X|WH (R, ky, k). (1.44)

By the modern theory of polarization [244-246], the HWCC can be interpreted in terms of the
Berry phase, ¢2 (ky, k) as,

_ bplky k) 1 [T

(n(ky, k) = 5. =/ Ay (kg ky, k) dE,, (1.45)

where we have taken a, = 1 without any loss of generality.

Since our 2D model lies in the x-y plane, we can define a k-vector in the momentum space as
k = ki)li)l + kBQ by and characterize the Zs invariant by employing the hybrid Wannier trans-
formation along by and studying its evolution as a function of the remaining momentum, that is

kI;Q, where by and bg are the reciprocal lattice vectors and are given as,

(1.46)
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Therefore, we can now compute the HWCC in the direction a; as a function of kin’ which can be

mathematically formulated as (r,, 4, (k; )) = (W (R,,, kb2)|X\Wf (Ray, ky,)), and assumes

b2
a form,
onky) 1 ;
(rnan )y = 2% = o f Al by )k, (1.47)

with Alr)tl (ki)l ) kz}Q) = 7’<unk’ﬁ |unk>

The interpretation of the Z invariant in terms of the HWCC goes as follows. It is defined as
the number of individual HWCC crossed by an arbitrary line traversing half the BZ, modulo
2 [246]. If the line intersects an even (odd) number of HWCCs while traversing through half the

BZ, the Z5 invariant is zero (non-zero), assuring a topologically trivial (nontrivial) phase.

1.9 Topological Insulators

The concept of a topological insulator (TI) has appeared in the condensed matter physics rel-
atively recently, that is around the first decade of the 21st century. Topological insulators are
a new class of materials which are characterized by a bulk band gap like an ordinary band in-
sulator (see Fig. 1.8(a)), while have protected conducting states at their edge in the case of
two-dimensional TI or at the surface for three-dimensional TI (see Fig. 1.8(b)) The most impor-
tant feature of TI is that its behavior is independent of its specific geometry and the conductive
edge (surface) states in a TI are topologically protected that results in characteristic energy bands
that continuously connect the bulk conduction with those of the valence bands. The existence
of topological phases in TIs depends on various symmetries, such as time-reversal symmetry,
chiral symmetry, and particle-hole symmetry. This relationship gives rise to a classification
framework, often referred to as the “periodic table of topological insulators and superconduc-
tors”, as outlined in Appendix A. For example, the time-reversal symmetry is represented by the
operator O, with ©% = 41 represent the presence of TRS, while ©2 = 0 implies the absence of
TRS. The topological phases in each symmetry class are denoted by the invariants Z, Zg, and
zero, correspondingly, the TIs can be classified into a Z (Chern insulator) or Zs index insulators.

The Chern number, C is actually a Z invariant and is used widely in this thesis.

Our work is based on two different class of systems. One is the class A (see Appendix A) Hal-
dane model [34], which is characterized by the non-zero Chern number that denotes chiral edge
modes. The two-dimensional system that shows quantum Hall state, belongs to this symmetry
class. The other one we have studied is the Kane-Mele model [248] which belongs to class AIl

(see Apendix A) symmetry and has odd (even) Zs topological invariant. This in turn implies the
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Figure 1.8: Schematic diagram of comparison between (a) a trivial insulator and (b) a topo-
logical insulator. The surface states of a trivial insulator are insulating, whereas those of a
topological insulator are metallic and are protected by topological invariants. Figure courtesy
Ref. [247].

presence of the helical edge modes in a system with open boundaries and demonstrates quantum

spin Hall phase.

1.10 Spin-Orbit Coupling

Spin-orbit coupling (SOC) refers to the interaction between the spin of a particle and its orbital
motion, resulting in shifts in energy levels due to the interplay between the spin of electron
and the magnetic field produced by the nucleus. In this section, we present a straightforward
derivation of SOC. Since electric and magnetic fields transform under Lorentz transformations
between inertial frames [249], an electron that moves through the electric field of the nucleus
experiences a magnetic field from its own frame of reference. The interaction between the

electron’s spin and this magnetic field arising from its orbital motion can be expressed as,

Hipy = —fi - B (1.48)
where ji = —gu 5S is the magnetic moment of the self rotating electron with g, gyromagnetic
ratio and p g, Bohr magneton,

Hin = gupS - B. (1.49)
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. s 1 ExT =, . . 1 .
Since B = SRy S E is related to the electric potential ,5 is Thomas correction factor

and /1 — v2/c? is the relativistic factor, the energy corresponding to interaction term gives,

I E x ¥ =
SO = 5 55
guB202\/1—02/02
geh Exu o . = O eh
= 5 -0 (puttmg S=—and up = —)
8mec 1/1_)_1)2/02 2 2m (1.50)
geh Exv - .
" dme2 V1—v2/c2 7 (withg =2)
eh -
=——-50-p V
4m?2c? PV

where m. is the effective electron mass, ¢ denotes the velocity of light, o is the Pauli spin matrix,
p is the momentum, and Eis given by E = —VV, where V is the electric potential. From the
above expression it is understood that if a charged particle moves through a potential gradient,

then SOC emerges. In crystals, the above form may be approximated by,
Hso = CsoL - S (1.51)

where (g0 is the interaction strength, L represents the orbital angular momentum operator and S
denotes the spin angular momentum operator [250]. The corresponding energies of this Hamil-
tonian are non degenerate. Hence, the SOC leads to the formation of energy sub levels that
exhibit different energies depending on the orientation of the total angular momentum vector.

This phenomenon is known as fine structure splitting.

There are different types of SOC depending on its orgin, such as, impurities in the conduction
layer, which serve as a primary source of SOC in metallic systems. Absence of crystal inversion
symmetry, wherein an electron experiences an asymmetry in the crystal potential due to the lack
of bulk inversion symmetry. This can lead to spin splitting in the conduction band and is referred
to as the Dresselhaus spin-orbit interaction [251, 252]. Lack of surface inversion symmetry in
the confinement potential of electrons, which can occur in a quantum well or a heterostructure.
When the motion of an electron is confined to two dimensions, such as in quantum wells, an
asymmetric confinement potential can give rise to another type of SOC known as the Rashba

spin-orbit coupling (RSOC) [52]. This will be explained in more detail in the following section.
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1.10.1 Rashba spin-orbit coupling

In solids, quasi-free electrons are largely unaffected by the strong attraction of the nuclei of
their host atoms. Nevertheless, these electrons can still encounter electric fields or potential
gradients as a result of internal effects. When subjected to a strong electric field or potential
gradient, the phenomenon of SOC can arise. If a potential gradient occurs across an interface
due to structural inversion asymmetry, it leads to the formation of a specific type of spin-orbit
coupling referred to as Rashba spin-orbit coupling, named after its discoverer, E. I. Rashba [52].
The significance of RSOC cannot be overstated, it provides a unique opportunity to manipulate
the asymmetry in the confinement potential through electrostatic methods. This means that we
can finely tune the strength of RSOC by adjusting an external gate voltage, making it a versatile
tool in semiconductor technology. Additionally, the strength of RSOC varies with the crystal
composition in quantum wells and is largest in narrow-gap III-V semiconductors like InAs and

InGaAs etc. In the following, we shall delve deeper into RSOC using a continuum model.

The Rashba Hamiltonian for a two-dimensional electron gas (2DEG) can be described via the

following form [52],

HR:/\R(Exﬁ)-é (1.52)
where A\p = — ngn@fg is the strength of the RSOC, & is a vector of Pauli spin matrices, E =
—VV is electric field along 2 direction, and p = —ihV is the momentum operator. In the

absence of any Zeeman coupling and elastic scattering, the total Hamiltonian is given by,

2 2 2
o . DPrtDp
H:QP—m+)\R(axﬁ)-z:%+/\R(ampy—aypx). (1.53)

The energy spectrum of the Hamiltonian yields the form [253, 254],

h%k?
E(k) = — £ ArhlK| (1.54)
2m
where k| = (/k2 + 14:5 is the modulus of electron momentum and the =+ sign refers for two

different spin-filtered bands. The associated wavevectors of the Hamiltonian corresponding to

the bands are given by,

et(kzzt+kyy) 1

E—— 1.55
v V2 +ie~ (129

where ¥ = tan~!(k, /k,). From Eq. (1.55) it is easily understood the spin states are orthogonal
to the direction of motion. When an electron traverses in the x-direction, the spinor component

of the wavevector assumes the form (1, %), implying that the spin- and spin-| are entangled in

TH-3611_196121109



Chapter 1: Introduction 31
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Figure 1.9: (a) Three-dimensional energy spectrum of 2DEG with Rashba Spin-Orbit Coupling
(RSOC) included. (b) Fermi energy contours presented in the k, — k,, plane. (c) Energy spectra
for a free electron without the influence of either RSOC or Zeeman energy. The energy spectra
for an electron subjected to a magnetic field (Zeeman splitting) are shown in (d), while (e)
depicts the energy spectra in the presence of RSOC. Figure courtesy Ref. [254].

the y-direction. In contrast, when the electron moves along the y-direction, the wavevectors take
the form (1, +1) , indicating that the spin-1 and spin-|, states are confined within the x-direction

(see Fig. 1.9).

Fig. 1.9(a) depicts the three dimensional energy spectra corresponding to Eq. (1.54). While Fig.
1.9(b) demonstrates the Fermi energy with the spin states. In Figs. 1.9(c)-1.9(e), the spectra
of the 2DEG are shown as a function of k, while k; is taken at zero. Fig. 1.9(c) is related to
the case A = 0, where there is no splitting of energy between the spins, that is, the bands are
degenerate and coincide with each other. The degeneracies are lifted in presence of an external
magnetic field, B and the splitting is known as the Zeeman splitting and the gap separating spin-
1 and spin-| bands is equal to gup B (see Fig. 1.9(d)). The case with non-zero Ap is shown in

Fig. 1.9(e), where the spin degeneracy is lifted except at k, = 0, however, it does not open any

gap.

1.11 Anomalous Hall Conductivity

The anomalous Hall effect (AHE) is a phenomenon that occurs in certain materials where an
electric current produces a transverse voltage (perpendicular to the current) even without an

external magnetic field, resulting in what is known as anomalous Hall conductivity. The term
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‘anomalous’ is used to differentiate it from the original Hall effect (or conductivity), which is
caused by the presence of a magnetic field. The AHE typically manifests in ferromagnetic and
other materials having strong SOC, and it is influenced by the material’s intrinsic electronic
structure and magnetic properties. Anomalous Hall conductivity is observed to be non-zero
when the system possesses a non-zero Chern number. In our studies, to understand topological
properties of an a-T35 model we have not incorporated any external magnetic field (unlike the
transport studies pertained in QR), allowing us to focus solely on anomalous Hall conductivity.
To compute it, we first obtain the Berry curvature, Q7 (k, k) of a system using Eq. (1.38), and

then use the formula as given by [231, 255],

o0 dkydk,
U Ep(ka, k)] Q0 (o, k 1.56
o= 5a 0 [ T b)) 2k (1.56)

where E,,(ky, k) denotes the electronic energy of the nth band and og = €?/h. f[E] is the

Fermi-Dirac distribution function which reads as,

1
FIE] = 1+ e(E—EFr)/kpT

(1.57)

where Er is the Fermi energy, kp is the Boltzmann constant, and 7 is the temperature. It should
be noted that the integration is carried out over the occupied states only, that is, only the states
below the Fermi level, Er are taken into account and the summation in Eq. (1.56) is taken over

all the bands therein.

1.12 Haldane Model

The Haldane model is a fundamental concept in condensed matter physics, proposed by physi-
cist F. Duncan M. Haldane in 1988 [34]. It describes a two-dimensional honeycomb lattice
model of electrons, similar to graphene, which consists of two sublattices (A and B). Each
unit cell contains two atoms, and each atom on a sublattice is connected to three nearest neigh-
bors from the opposite sublattice as shown in Fig. 1.10. This model includes a complex next-
nearest-neighbor (NNN) hopping between atoms on the same sublattice, which is crucial for
understanding topological phases of matter, particularly the quantum Hall effect. The complex
phase in NNN hopping introduces a chiral motion that mimics the effect of an external magnetic
field and breaks time-reversal symmetry, even without a net magnetic flux passing through the
lattice. This chiral hopping term breaks the TRS and causes non-zero Hall conductivity, which
is essential for the formation of topologically protected edge states. However, it maintains the

inversion symmetry. The Hamiltonian governing the system in the presence of such hopping
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can be expressed as follows,

H=—[tY cej+ty Y ecle; + h.c.] + MY gicle; (1.58)
(4.3 (@.9)) i
where first term is the electron hopping between the A and B sites with the real nearest-neighbor
(NN) hopping amplitude ¢. The summation of (7, j) runs over the NN sites with indices i and j,
and cjy j (ci,j) is the creation (annihilation) operator of electrons on the corresponding A and B
sites denoted by ¢ and j indices, respectively. The second term is the complex NNN hopping of
electrons ((7, j)) (double angular brackets denote the NNN hopping are to distinguished from
the single ones that stand for NN hopping) between A-B-A or B-A-B representing the spin-
orbit coupling proposed by Haldane with the hopping amplitude ¢; and phase ¢;;. The phase
¢;j acquires a positive (negative) value when the electron hops in the anticlockwise (clockwise)
direction depending on the orientation of the two nearest neighbour bonds and can be computed
from the relation of sgn(d;, x dj;).. Here d;;, is a vector that connects site 7 to its NN site 7.
The term e? breaks the TRS since it flips the direction of the hoppings. The last term is the
staggered onsite potential (also known as Semenoff mass M) that differs between sublattices.

&; takes values +1 and —1 depending on the A and B sublattices respectively.

Figure 1.10: Two-dimensional honeycomb lattice model of electrons with two sublattices A
(blue dot) and B (red dot). The direction dependent complex NNN hopping are shown by the
corresponding arrows. For NNN hopping in the clockwise (counter-clockwise) direction ¢ is
negative (positive).

In the absence of the complex hopping term, the model features Dirac points (gapless points) in
its band structure located at the corners of the BZ. When the complex hopping is introduced, it
opens a gap at the Dirac points, leading to insulating behavior in the bulk while allowing con-
ductive states at the edges. The model exhibits nontrivial topological properties, characterized
by a non-zero Chern number. By tuning parameters such as the phase ¢;;, staggered potential
M, and hopping amplitudes ¢ and ¢, the model can transition between topological and trivial

insulating phases. Due to the nontrivial Chern number, the system supports edge states that
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are protected by topology, making them robust against certain types of disorder and imperfec-
tions. The Haldane model is one of the first theoretical frameworks to demonstrate a QAHE,
where quantized Hall conductance is observed without the need for an external magnetic field.
The QAHE arises from intrinsic magnetism within the system along with the complex hopping

terms.

We will thoroughly explore this model to study the transport as well as the topological properties

of our o-T3 lattice in this thesis.

1.12.1 Phase diagram: Chern number

We introduce the onsite potential M to explore the interplay between topological phases gov-
erned by M and the Haldane flux ¢. Consequently, we derive the Chern number phase diagram
in the M-¢ plane, as illustrated in Fig. 1.11. The region enclosed by the blue curves in the ¢ > 0
domain corresponds to the C' = +1 phase, while the analogous region in the ¢ < 0 domain rep-
resents the C' = —1 phase. Areas outside the blue boundary indicate the trivial insulating regime
with C' = 0. Notably, a semi-metallic phase exists between the trivial and non-trivial regimes,

demarcated by the blue curve. The equation describing these boundary curve are given by,

Mty = £3V3sin ¢ (1.59)
Ne)
C=0
o |
S
~ O |
S
C‘f|3,
Ne)

-7 —x/2 0 w/2 o«
¢

Figure 1.11: The phase diagram of the Haldane model is illustrated, where the blue boundary
regions for ¢ > 0 and ¢ < 0 are denoted as C' = +1 and C' = —1 phases, respectively, the
area outside this boundary represents a trivial insulating phase with C' = 0.
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1.13 Kane-Mele Model

The generation of spin currents is a subject of significant interest in solid state systems. Ref.
[256] have demonstrated that the spin-Hall effect can be observed in doped semiconductors in
the presence of the SOC, where a spin current flows perpendicular to an applied electric field.
Kane and Mele [257] proposed that at sufficiently low energies a single plane of graphene could
exhibit the QSH effect owing to an energy gap generated by the SOC. This model extends the
Haldane model via incorporating spin-orbit coupling and time-reversal symmetry, providing the
first theoretical description of QSH insulator. The SOC introduces a coupling between the spin
of the electrons and their orbital motion, resulting in a complex hopping term between NNNs.
This SOC term effectively breaks the spin symmetry while preserving time-reversal symmetry.

The tight binding Hamiltonian for the Kane-Mele model on a honeycomb lattice is given by,

H=|- tz(i,j)a C;[(,—Cja +iAso Z((i,j))a Vi]-(:;(rzcja + iR Z(i.j)o c:.ro(c_r' X ljzj) CECjg +he | F A, &cjdcw
(1.60)
where the first term is the NN hopping which was already discussed in Haldane model. Here

T

the operator c; . consists of two spinors. The second term represents the NNN hopping with the
quantity ¢;; is replaced by 5v;;. This means that the flux is taken to be 7 /2, and the magnitude
of v;; follows the same rule described by ¢;; in the Haldane model (see the description of Eq.
(1.58)). It may be noticed that a z-component of the Pauli matrix, o, is added in the NNN
hopping term which represents the real spin degree of freedom of electrons. Due to this o, term
the flux takes opposite signs corresponding to the two different spins, namely, + /2 for 1-spin
and —7 /2 for | -spin. This term is now called the intrinsic spin-orbit coupling term as it couples
the electron spin o, with the chirality of the electron v;; with the strength Aso. The third term
is the NN Rashba spin-orbit coupling term with the strength Agr. Further, ¢ = (0, 0y,0)
denotes the Pauli matrix vector and ﬁij is the unit vector that connects the site ¢ to its NN site j
(direction is from site ¢ to site ;). The last term is the staggered sublattice potential as discussed
in Eq. (1.58). For A\ = 0, the Kane-Mele Hamiltonian can be written as a sum of Haldane
Hamiltonian of two different spins, that is,

T
Hyxwn = HITIaldane(d) = +7) + Hﬁaldane(¢ == ) (1.61)

il
2 2
For the quantum spin Hall effect to occur, the requirement is of the presence of gapless edge
states which are able to conduct, although the bulk remains insulating. Kane and Mele has
shown spin-filtered metallic edge states are present in their model. They have shown that the

gapless edge states are present irrespective of the Rashba term and are robust against disorder
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or any perturbation that preserves the TRS which ensures that edge states for spin-1 and spin-
J electrons propagate in opposite directions, creating a helical edge state configuration. Thus
these gapless edge states characterize a novel topological state which is distinct from an ordi-
nary insulator. It has a profound impact on shaping the research on transport properties and
topological materials and potential applications in electronics and quantum technologies which

we will explore in details in this thesis.

5L, "
- )‘V/))\SO :

Figure 1.12: The phase diagram of the Kane-Mele model is depicted, with the colored re-
gion indicating the spin Hall phase characterized by Zo = 1. In contrast, the white region
corresponds to the trivial insulating phase, where Zo = 0.

1.13.1 Phase diagram: Z, invariant

Despite the similarity of the bands for each spin to the Haldane model, they exhibit unique be-
havior. Due to the complex next-nearest-neighbor (NNN) hopping phases of ¢ = +m/2 and
—m/2 for 1- and |-spins, respectively, the spins acquire opposite masses at the Dirac points.
This results in spin-dependent Chern numbers, denoted as C,,, with (s = +1 and C} = —1.
The total Chern number, ZV:T’ " C, = 0, is conserved due to time-reversal symmetry. How-
ever, the difference between the Chern numbers is non-zero, indicating the presence of another
topological invariant known as the Zs invariant. Such systems are classified as Zy topological
insulators. The difference between the Chern numbers for spin-1 and spin-|. electrons is given
by Cs = Cy — C| = 2. The Z; invariant can be calculated using Cs/2 mod 2, which equals
1 [258, 259]. When the staggered sublattice potential A, and Rashba spin-orbit coupling (SOC)
AR are introduced, the previous method of computing the Zo invariant becomes inapplicable.
The Rashba term couples the spin and sublattice degrees of freedom, making it impossible to
calculate C and C'| separately. Instead, we employ the method outlined in Sec. 1.8.5 to compute

the Zo invariant for various values of A\p and Av, as shown in Fig. 1.12. The region enclosed
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by the curve (shaded in blue) corresponds to a Zy invariant of 1, while it vanishes outside this
region. Thus, the system exhibits a non-trivial spin Hall insulating phase (Zo = 1) within the

curve and transitions to a trivial insulating phase (Zy = 0) outside.

1.14 Lang-Firsov Transformation

Let us consider the classical canonical transformation applied to systems with strong electron-
phonon (e-ph) coupling of the Holstein type. This approach was introduced by Lang and Firsov
[260] to systematically explore the perturbation theory related to the mobility of small-radius
polarons. They successfully captured a significant portion of the short-range e-ph interactions,
allowing them to gather infinite series for the transformed operators during the Hamiltonian
transformation. The authors [260] simplified the Hamiltonian of the system by restricting the

contribution of the e-ph interaction to the local electron variables as,

1
H = Z eal am + Z tgajnJrgam + Z hwi <bltbk + 2) + Z heoady o (U xcbh + Upn xcx)
m m,g k m,k
(1.62)
where a,Tn (an,) are operators of creation (annihilation) of an electron at a site m, blT( (by) are
creation (annihilation) operators of a phonon with quasi momentum kK, € is the ground state
electron energy, the parameter ¢, characterizes the hopping energy from site g to m and vice

versa, Uy, i 1s the e-ph interaction parameter and wy is the phonon mode frequency.

According to the Lang-Firsov transformation (LFT), the canonical transformation H=eSHe™S

of the Hamiltonian (1.62) with the unitary operator .S in the form,

S =" alam (Unxbl — Up i), (1.63)
m,k
leads to a new Hamiltonian,
- 1 .
H= %: al am(e—A) + Zk: B (bltbk + 2) + % Tngtyty s gm (1.64)

which describes the energy of polarons, lattice oscillators, and their residual interaction. Here,

A = 3", hwg|Up, k|? is the polaron shift of the atomic energy of the ground states of charge car-

*

mmtg k)] is the renormalization of the hopping

riers and Tm’g = exp [Zk(bltAm,erg,k —bkA
integral, it depends on the strength of the e-ph coupling, Ay, 119k = Uk — Up4gk. In the

transformed Hamiltonian, the contribution characterizing the interaction of electrons at different
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sites through the exchange of virtual phonons is discarded, since it is less than the Coulomb

correlations of electrons not taken into account in the original model.

1.15 «-T3 Structure

The crystal structure of o-T5 lattice is depicted in Fig. 1.13(a). The a-Tj5 lattice is defined as a
special honeycomb like structure with sublattices A (blue) and B (red) occupying the hexagonal
vertices and there is an additional inequivalent site present at the center (C' sublattice) of each
hexagonal honeycomb lattice (HCL) of graphene structure. That additional C' site is connected
only with one of the two sublattices A or B sites of the honeycomb lattice. Further, a unit cell
of the a-T3 lattice consists of three inequivalent lattice sites. Two of these, usually known as
rim sites (A and C sublatices), both the rim sites are connected to the three nearest neighbors
(NNs) thus has the coordination number 3. The remaining lattice site is called a hub site (B
sublattice), and is connected to six NNs, providing a coordination number of 6. This config-
uration creates a bipartitite lattice structure with two distinct types of sites. The lattice can be
thought as a variant of the HCL of graphene. The center atom C' is connected with B sublattices
via hopping amplitude denoted as ait, while the hopping amplitude between sublattices A and
B is represented as t. Here « is a dimensionless real parameter that denotes the ratio of the
hopping amplitudes. The a-T3 model exhibits an o« — 1/« duality. With the continuous tuning
of the parameter v € [0 : 1], the a-T3 lattice provides an interpolation between the honeycomb
structure of graphene (o« = 0) and the dice lattice (a« = 1). For a = 0, the atoms at site C' are
uncoupled from the atoms at site B, and we recover a lattice analogous to the honeycomb lattice
of graphene with an inert C sublattice. For o = 1 the hopping parameter between the A and B
sites is identical to that of the hopping parameter between the B and C' sites, and we recover the

dice lattice.

The Bravais lattice vectors for the lattice are shown in Fig. 1.13(b). They are given as,

ay; = g(_\/gﬁ 3)7
p (1.65)
az = 5(\/57 3)

where a is the lattice constant, as indicated in Fig. 1.13(a) and the magnitude of the lattice

vectors are |a; | = |ag| = v/3a. The bond length between two atoms is measured as a = 1.42A.
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(a)
(b)

Figure 1.13: (a) Real space lattice structure of a-T3 lattice with sublattices A (blue), B (red),
and C (green). The lattice translation vectors are a; and as. The hopping between sublattice A
and B is t and between B and C' is at, where a is the lattice constant. (b) Hexagonal Brillouin
zone of the «-T3 lattice and the reciprocal lattice vectors are by and bs. Two inequivalent points
in the Brillouin zone are K and K’.

The nearest neighbour vectors that point to the A sites from the B sites can be written as,

61‘=(0,—a)=—(31§a2>,

53 = 5(V3.1) = 6 + aa, (1.66)
o = SV =6t +a

in terms of the original lattice parameters, as well as the Bravais lattice vectors. Similarly, the

nearest neighbour vectors that point to the C' sites from the B sites take the form,

6? = _51A7
59 — —sh, (1.67)
05 = —o5.

In the reciprocal space, the lattice translation vectors are denoted by,

2 1 1

=5 (- 1)
w5 ()

The first Brillouin zone (FBZ) of the reciprocal lattice is bounded by the planes bisecting the

(1.68)

vectors to the nearest reciprocal lattice points. The six points are located at the corners of the
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FBZ where only two are of importance, that are, K and K’ . They are called Dirac points
(generally known as valleys), owing to the Dirac-like low energy dispersion of the electrons,

and their coordinates in the reciprocal space are given by, K= (4—“ 0) and K' = ( — 34%, 0),

3v/3a’
respectively, as depicted in figure 1.13(b).

1.15.1 Tight binding Hamiltonian of the «o-T3 lattice

A simple tight-binding model can be utilized to characterize the properties of the lattice. A tight-
binding model assumes that electrons are tightly bound to their respective atoms and allowed to

hop from site to site via a hopping parameter.

We can write a tight-binding Hamiltonian for the a-T3 lattice using the nearest neighbour vectors
in Egs. (1.66) and (1.67), which does not consider spin and the onsite interaction between

electrons, is expressed as [161],
H=-t Z (b;flan_H;.A + h.c.) —at Z (b:rlcn_H;p + h.c.)
A n (5ic,n

=—t Z (b,];an+5i1x + achn+5i0 + h.c.)

A
4 ,5].[0,71

(1.69)

where n indexes over all of the N lattice sites in the lattice (the B sites). Here h.c. stands for
Hermitian conjugate. (a', bl ¢t) and (a, b, ¢) are the creation and the annihilation operators at
A, B, C sites respectively. Thus, for example, bj1 creates an electron at the sublattice site B
located at » and a,, oA annihilates an electron at one of the nearest neighbour A sites with the

index n + 5iA.

All the creation and annihilation operators can be transformed to momentum space, for example,

bIL ik.nbf(v

|
=— ) e
/N
, o (1.70)
Intst = /N Y e O gy,
k/

These transformations will allow us to write the Hamiltonian in terms of the momentum space
operators and we can diagonalize the Hamiltonian to calculate the energy dispersions. Substi-

tuting Eq. (5.16) in Eq. (1.69) and using,

1 ,
Sl gy, (1.71)
k
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the Hamiltonian can now be transformed as,

H=—t> (fRblax +hc)—atd (fKbiex + h.c). (1.72)
k k

The unit cell of a-T3 lattice consists of three sublattices A, B, and C, therefore it will be useful

to express the Eq. (1.72) in terms of a spinor U1 = (aL, bL, CL) as,

H=) UHK)WU. (1.73)
k

Now the Hamiltonian in the momentum space is given as,

0 f(k) 0
H(k) = | f*(k) 0 f(k) tan ¢ (1.74)
0 f*(k)tan 0

where o = tan @ and f(k) = —t(1 + e’*'@1 4 ¢ika2) Rescaling the Hamiltonian by cos ¢, we

get the momentum space Hamiltonian for the a-73 model as,

0 f(k)cosgp 0
H(k) = [ f*(k)cos ¢ 0 F(K)sing | - (1.75)
0 f(k)sing 0

1.15.2 Band structure of the o-73 lattice

The energy eigenvalues of the Hamiltonian in Eq. (1.75) consist of three distinct bands and are
given by,
e =0,£|f(k)| (1.76)

where

|f(k)| = t\/?) + 4 cos <3a2k:y> cos (ﬁgkx) + 2cos (V3aky). (1.77)

The energy dispersion described above (see Eq. (1.76)) is the same as that of the conduction
and valence bands in graphene, in addition the a-T3 lattice features an extra band, specifically,
a dispersionless flat band that intersects the other two bands at the Dirac points located at K=
( An 0) and K' = ( — 47;a, 0) in the Brillouin zone. A schematic of the three bands of the

3v/3a’ 3v/3
«-Ty lattice is shown in Fig. 1.14. All three bands are present for the full range of o # 0.
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% (onduction band

Flat band

Valence band

Figure 1.14: The band structure of the a-T5 lattice, which consists of conduction band, valence
band, and zero energy flat band.

1.15.3 Low-energy Hamiltonian of the «o-Tj lattice

The low energy Hamiltonian of the a-T3 lattice can be obtained by expanding f (k) upto first

order in momenta about the Dirac points K = (3%(1, 0) and K’ = ( — 3%(1, 0) such that

k — k + K(K') and [k| < |K(K’)| and given by,

PO+ K) = 20 (ki) = hop (ke + i),
3at (1.78)
fk+K')= 7(—/% + iky) = hop(—ky + iky).
where the Fermi velocity vy is given by vp = 321; Combining those two we can write the
linearized version of f(k) as,
f(k) = hop(Cky + iky) (1.79)

where ¢ = +1 is the valley index for K (4-1), and K’ (—1) valleys respectively. The momentum
k is now measured from the Dirac points (K, K’) in the two dimensional Brillouin zone. We will
use this convention whenever we are working in the low-energy approximation throughout the

thesis.

Finally, at low-energies, the tight binding Hamiltonian in Eq. (1.75) becomes,

0 f(k)cosyp 0
H(k) = [ f*(k)cos 0 f(k)sing | = hveS - k. (1.80)
0 f*(k)sine 0
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Dirac cone

Figure 1.15: Low-energy dispersion of the a-T3 lattice near a single K point. The cones
representing the linearly dispersing valence and conduction bands, along with a dispersionless
flat band at zero energy intersecting the Dirac point. Figure courtesy Ref. [161].

The x and y components of the pseudospin operator S associated with the «-T3 lattice are given

by,
0 cosp 0 0 Cos 0
Se=C|lcosp 0 sing and S, =—i| —cosyp 0 singp |, (1.81)
0 sin 0 0 —sinep 0

respectively. This linearized version of the o-73 Hamiltonian (Eq. (1.80)) known as Dirac-
Weyl Hamiltonian with pseudospin-S and the low-energy dispersion around the Dirac points
becomes,

ex = 0, Hhop|K|. (1.82)

Two linearly dispersing bands (Dirac cones) with energy i s = shvrk, where s = %1 cor-
responds to the conduction and valence band respectively. These bands intersect with a dis-
persionless flat band with zero energy, as illustrated in Fig. 1.15. Notably, the energy band
structure is independent of «. The low-energy excitation in the «-73 lattice obeys relativistic
energy dispersion and exhibits massless fermionic behavior similar to graphene (S = 1/2),
while are theoretically characterized by the generic Dirac-Weyl Hamiltonian [155, 158] with
pseudospin-S.
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1.15.4 Low-energy eigenfunctions of the a-Tj; lattice

The low-energy eigenvectors of the low-energy Hamiltonian can be obtained from Eq. (1.80)

associated with each of the three eigenvalues. For the flat band, the wavefuction is,

sin ek
|Wo) = 0 . (1.83)

— cos ek

For the other two bands, the wavefunctions are,

cos @ei‘z’k
1
Ws) = NG s ; (1.84)
sin e~k

with s = =1 for the conduction and the valence band, respectively. Here, ¢y is the angle
associated with momentum k in two dimensional Brillouin zone such that f(k) = |f(k)|e!?x
with f(k) given in Eq. (1.79). Throughout the study of a-T3 lattice we will use the low energy
Hamiltonian in Eq. (1.80) and corresponding eigenfuctions (Eqgs. (1.83) and (1.84)).

1.15.5 Berry phase of an «o-Tj lattice

We follow the method prescribed in Ref [161] to determine the Berry phase for the a-T5 lattice.
The Berry phase in the a-75 lattice continuously changes with the parameter cv. To compute
the Berry phase we begin with Eq. (1.30) and utilize the wavefunctions for the conduction and
the valence bands in K valley from Eq. (1.84). Since the momentum k is considered to be a

parameter in the two-dimensional Brillouin zone, we can write,

‘ Cos cpei‘i’k
P8 = —z‘fé(n(R)|VR|n(R)>-dR = —;?{: (cos e 5 sin cpei‘z’k) Vk 5 -dk.
sin e "1k
(1.85)
After taking the derivative we obtain,
. i cos e Vi py
¢E = —;}é (cos pe 5 sin <pei¢k> 0 - dk, (1.86)

—18in gpeﬂd’k Vikox
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Figure 1.16: The Berry phase of the a-T3 lattice is a function of «, decreasing steadily with
increasing « and approaching zero as o — 1.

which may further be simplified to acquire a form,

oR = —%('COSQ @ —isin® p) jgdqbk. (1.87)

The integral over ¢y comes out to be 27, therefore the Berry phase is obtained as,
P2 = 7 cos 2. (1.88)

Similarly, the Berry phase for the K’ valley introduce a negative sign (since the K’ valley is
left-handed we get ffc d¢y = —2m). Therefore, in general the Berry phase for the Dirac cones
atthe K (( = 1) and K’ (¢ = —1) valleys can be expressed as,

B 1—a?

in terms of the original parameter . This expression shows a continuous variation as a function
of . It is non-topological [176], indicating that the Berry phase changes smoothly as the lattice
is deformed from one limiting case to another. Specifically, it transitions from graphene, where
qﬁﬁ = (' to the dice lattice, where qﬁﬁ = 0 as the parameter « is varies from O to 1. Furthermore,
for the flat band at both the K and K’ valleys, using the wavefunction given in Eq. (1.83), a

similar analysis yields a Berry phase of,

B 1—a?
boc = —2Cmcos2p = —2(m 12 ) (1.90)

The variation of the Berry phase as a function of « is depicted in Fig. 1.16.
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1.16 Organisation of the Thesis

The main objective of this thesis lies in studying the transport and topological properties of
a-T3 lattice systems within the framework of a tight-binding model in the presence of an exter-
nal magnetic field, SOC (intrinsic and Rashba), topological defects, and studying topology in
presence of e-ph couplings. In the following, we present a more elaborate plan of the thesis by
including a description of the various problems that have been tackled in the form of different
chapters of the thesis. We proceed with a brief description in the context of each one by one.

We have a total of eight chapters in the thesis. We organize the thesis as follows.

In chapter 2, we consider a quantum ring of a certain radius which is built from a sheet of the -
T3 lattice and solve for its spectral properties in presence of an external magnetic field. We also
calculate the persistent current which exhibits quantum oscillations as a function of the magnetic
field with a period of one flux quantum. We have also explored the effect of a staggered mass
term (that breaks the sublattice symmetry) in the Hamiltonian. In presence of the field, each of
the flat band levels becomes dispersive. Finally, we also see the effect of the mass term on the

behaviour of the persistent current, which shows periodicity of one flux quantum.

In chapter 3, we conduct a study of different persistent currents in a spin-orbit coupled a-T3
fermionic QR. In particular, we have considered effects of Haldane-like intrinsic (ISOC) and
Rashba spin-orbit couplings (RSOC) that are both inherent to two dimensional quantum struc-
tures and yield interesting consequences. It is noted that the flat bands demonstrate dispersive
behaviour, and hence is able to contribute to the transport properties only for finite ISOC. More-
over, RSOC yields spin-split bands, thereby contributing to spin-resolved currents. The charge
and the spin-polarized persistent currents are hence computed in presence of these spin-orbit
couplings. The persistent currents in both the charge and the spin sectors oscillate as a function
of the magnetic field with a period equal to the flux quantum, although they now depend upon
the spin-orbit coupling parameters. Interestingly, the ISOC distorts the current profiles, owing
to the distribution of the flat band caused by it, whereas RSOC alone preserves the flat band and
hence a perfect periodicity of the current characteristic is maintained. Further, we have explored
the role played by the parameter « in our entire analysis to enable studies while interpolating

from graphene to a dice lattice.

In chapter 4, we investigate the effect of a topological defect, such as a screw dislocation in
an a-7T3 AB QR and scrutinized the effects of an external transverse magnetic field and RSOC

therein. The screw dislocation yields an effective flux which reshape the periodic oscillations
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in the persistent current in both charge and spin sectors, with a period equal to one flux quan-
tum. Moreover, they suffer a phase shift proportional to the degree of dislocation, and include
scattering effects due to the dislocation present in the system. Such tunable oscillation of the
spin persistent current highlights applications of our system as potential spintronic devices. Ad-
ditionally, the presence of the distortion induces a chirality effect, giving rise to an additional

chiral current even in the absence of an external field.

In chapter 5, we investigate an «-13 lattice in the form of a Corbino disk, characterized by inner
and outer radii, threaded by a tunable magnetic flux. Our results reveal periodic Aharonov-
Bohm oscillations in the conductance, reminiscent of the utility of the Corbino disk as an elec-
tron pump. Further, these results are strongly influenced by parameters, such as, doping level,
ratio of the inner and outer radii, magnetic flux, and . Additionally, complex quantum in-
terference effect resulting in the possible emergence of higher harmonic modes and split-peak
structures in the conductance, become prominent for smaller o values and larger ratios of the
radii. Further, the Fano factor reveals distinct transport regimes for the carriers, transitioning
from Poissonian to pseudo-diffusive for a < 1, and from ballistic to pseudo-diffusive at the dice
limit (o« = 1). Thus, this setup serves as a fertile ground for studying the generation of quantum
Hall current and Aharonov-Bohm oscillations in a flat band system, alongwith demonstrating

intricate appearance of higher harmonics in the electron transport.

In chapter 6, we present impelling evidence of topological phase transitions (TPTs) induced by
e-ph coupling in an «-T5 Haldane-Holstein model. The e-ph coupling has been incorporated
via the Lang-Firsov transformation which adequately captures the polaron physics in the high
frequency (anti-adiabatic) regime, and yields an effective Hamiltonian through zero phonon
averaging at 7' = 0. While exploring the signature of phase transitions driven by polaron and
its interplay with the parameter .. The topological insulator characterized by edge modes, finite
Chern number, and Hall conductivity, and the system undergoes a spectral gap closing transition.

Further, the critical coupling strength depends upon a.

In chapter 7, we propose the occurrence of a QSH and a TPT driven by e-ph coupling in a
pseudospin-1 fermionic system on an «-T73 lattice. Our model is formulated in the spirit of the
Kane-Mele model modified by the Holstein Hamiltonian (accounting for the e-ph interaction). It
is shown that the system possesses topologically nontrivial phases up to a critical e-ph coupling,
and are characterized by the helical QSH edge states along with a non-zero Zy invariant for a

certain range of a.

We conclude in chapter 8 by summarizing the important results obtained in our thesis. We also

include a brief outlook on the possible extension of the thesis work.
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Chapter 2

Persistent Current in an o-153

Quantum Ring

WE examine a quantum ring with a specific radius constructed from a sheet of the a-T53
lattice and analyze its spectral properties in the presence of an external magnetic field. The
energy spectrum includes a conduction band, a valence band, and a zero-energy flat band, each
characterized by discrete energy levels that correspond to the angular momentum quantum num-
ber. Additionally, we calculate the persistent current, which displays quantum oscillations as a
function of the magnetic field, with a periodicity of one flux quantum occurring at a particular

Dirac point.

2.1 Introduction

Electronic properties of lower dimensional materials (two and below) with various geometries
have continued to fascinate the scientific community over the years. Among such structures
quantum rings (QRs) are widely celebrated due to their enormous potential in device applica-
tions. Previously QRs have been realized in semiconductor materials by growing quantum dots

and then transforming them to ringlike structures [13], depleting a two-dimensional electron gas
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using the electric field effect or local oxidation techniques [18, 20, 262-264], atom manipula-
tion [265] by cryogenic scanning tunneling microscopy to assemble individual atomic rings on a
semiconductor surface [266], etc. The QRs can be employed for implementing logic gate func-
tions [267, 268], have the possibility for designing and controlling propagation of electrons in
a tunable periodic potential [266], QR structures have more advantages in applications of LED

devices and laser diodes [269, 270], spin filters [271], etc.

Recently we have witnessed a tremendous quest for the practical device applications of graphene
QRs [29, 30, 40, 41]. Graphene QRs have also been synthesized by thermal hydrolysis process.
Also, graphene QR has a great potential for electronic field-effect transistors, hybrid solar cell
devices, optoelectronic devices [47], and graphene-based electron interferometer [48]. Further-
more, lots of studies have been done in recent years to understand the microscopic details of the
graphene QR in presence of an external magnetic field with and without spin-orbit interactions

[28, 35-39, 4245, 272-275].

Motivated by the above prospects of the quantum ring, we study the electronic properties of an
ideal QR made with «-T3 lattice in this chapter. Before going into more complicated systems,
we intend to see how the energy spectrum evolves as we migrate from graphene (o = 0) to dice
lattice (o« = 1) for a bare a-T5 QR. Further, to obtain the analytical expressions for the energy
levels and wavefunctions, we first derive the closed ring Hamiltonian by performing the proper
coordinate mapping for an «-T3 lattice. However, to exploit the symmetry of the system, we
shall resort to cylindrical coordinates which involve certain subtleties in constructing a Hermi-
tian Hamiltonian and we shall follow the approach of Meijer [203]. Using such a Hamiltonian,
it is possible to describe several aspects of the a-T3 QR without the additional complications
coming from the edge effect and without having the problem of the finite width of the QR. Ad-
ditionally, the inclusion of an external magnetic field would facilitate studies on the evolution
of the spectral properties, the persistent current, and the interplay of the Aharonov-Bohm effect
therein. With such a motivation, we consider an a-73 ring in presence of external magnetic field
and study various properties as a function of «, which is a parameter in this chapter. Finally,
we have also studied the effect of a mass term (distinct for the three sublattices) on the spectral

properties and the features of the corresponding persistent current.

The chapter is organized in the following way. In Sec. 2.2 we discuss the formalism of the a-13
ring. The energy spectra are discussed in Sec. 2.3 and the persistent current in Sec. 2.4. In
Sec. 2.5, we discuss the effect of a mass term on the energy spectra as well as on the persistent

current of the ring. We summarize our results in Sec. 2.6.
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B,z

>

Figure 2.1: A schematic diagram of the a-T3 ring of radius R subjected to a transverse mag-
netic field B = ByZz. The structure of the a-T5 lattice is depicted in the zoomed portion. A,
B, and C lattice sites are shown by blue, red, and green dots, respectively.

2.2 o-T5 QR Formalism

We consider a ring of radius R, in the z-y plane, made from the a-T3 lattice as depicted in
Fig.2.1. The geometric structure of the a-T3 lattice is shown in the zoomed portion of Fig.
2.1. A unit cell contains three inequivalent lattice sites, namely, A, B, and C. The sites A and
B form the honeycomb structure (graphene) with the nearest neighbour hopping parameter ¢.
The central site C' is connected with only the three surrounding B sites via hopping at where

O0<a<l.

Additionally, the ring is also subjected to a perpendicular magnetic field B = ByZ, where By is
a constant. In the vicinity of a particular valley (K or K’) characterized by the index ( that can
take values +1, the low energy excitations in the a-73 lattice can be described by the following

Dirac-Weyl Hamiltonian,
H = vp((mp Sy + m,Sy), 2.1)

where v is the Fermi velocity and 7, and , are the components of the canonical momentum
operator defined via w = p+eA, where p denotes the in-plane mechanical momentum operator
and A is the vector potential. Here, z and y components of the pseudospin operator .S associated

with the o-T3 lattice are given by,

0 cosp 0 0 cos 0
Sz=]cosp 0 sing and Sy = —i| —cosyp 0 sing |, (2.2)
0 sin ¢ 0 0 —singp 0
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respectively, with tan ¢ = «, implying that a tunability for graphene to dice lies in the parameter
. The third, namely, the z-component of .S can be directly obtained from the commutation

relation [S,, Sy| = i95..

Further, in general, the vector potential A corresponding to a uniform magnetic field B is given
by A = %(B x 1), where r is the position vector. Since B = B2, we choose A in the
symmetric gauge as A = By(—yZ + xy). For our problem it the more convenient to write A in

the polar coordinates (r,6) as A = %rBoé.

We can rewrite the Hamiltonian in Eq. (2.1) using Eq. (2.2) as,

0 {¢(pz +€As) —i(py + eAy)} cos @ 0
HE=vr | {Ce +eda) tilpy + e} cosg 0 {Cps + eAs) = i(p, + Ay }sineo
0 {{(pe + eAs) +i(py + eAy)}sing 0

(2.3)

Now we transform vg (p, + €A, — ip, — ieA,) into the polar coordinates (r, §) using the trans-

formations as follows,

vp(pe + €Ay — ipy —ieAy)

B L0 eBoyy o, 0 eBox
_UF<_m8x_ 2 —I—zhay—z 5 )

B . 0 sinf 0 eBgrsinf . 0 cosB 0O .eBgrcos
—UF[—Zh(COSQaT— " %)— 5 —h(smﬂaT%—rag)—zQ}
10 ieBQT

= h?m[—i(cos@—isin@)jr — (cos@—isinﬁ);% -5

(0089 - isinﬁ)]

24)

To derive the third line from the second line of the above equation, we have used x = r cos 6,

y = rsind, 8% = COSQ% — Siﬂe%, and 8% = sin@% + Cofe%. Similarly, vp(p, + €Ay +

ipy + ieA,) becomes hvp eie(—i% + %% + %Br) " The components of the vector potential

2h
A, =0and Ay = %.

Therefore, the Hamiltonian in cylindrical coordinates becomes,

HS = vp(p + eA) eyt - Seyts (2.5)
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with p = (pr,ps), A = (4, Ag) and S = (S, Sp), where p, = —ih%, po = —ih%%, and the

pseudospin components takes the form,

0 e " cos 0 0 —ie™ cos 0
Sr=|e?cosp 0 e ®sinp |, and Sg = | ie? cos ¢ 0 —ie" ¥ sin
0 e sin ¢ 0 0 ie? sin o 0

(2.6)

After doing the transformations the final Hamiltonian at the two valleys (say K and K’) in the

polar coordinates assumes a form,

—i .9 10 _ icB
0 e 150(77,{07 — 55— “art)cosp 0
H¢ = hop 6%9(71'(% + %% + —i“"fh‘?T) cos @ 0 e*ice(fz{% — %% — LQBh? )sing |-
0 eice(fiC% + %% + ”‘2'%) sin ¢ 0

2.7)

The Hamiltonian H¢ in Eq. (2.1) commutes with the z-component of the total angular momen-
tum operator defined as: J, = L, + 5., where L, = —ih% is the orbital angular momentum
operator and .S, is the pseudospin operator (see Appendix B for details). This makes it feasible
to use the total angular momentum to be a good quantum number to characterize the energy
levels. In polar coordinates, the eigenstates of Eq. (2.7) are given by,

xi(r)e?
D 0) = | xa(r)e™ 2.8)

x3(r)e'?

where w, m, and q are the angular momentum labels and ;s denote the amplitudes correspond-
ing to the three sublattices. Moreover, we consider a strictly one-dimensional (1D) ring of radius
R such that the radial part is frozen in the eigensolution [26, 38, 203, 276]. For the sake of the
hermiticity of the Hamiltonian in ring geometry, one should make the replacements » — R and
% — —%. These replacements are also obvious because the radial momentum vanishes in the

strict 1D limit (see Appendix C for details).
Further, solving HS4(r, ) = E1(r,6) at K valley ({ = 1), we obtain,

- 0 10 ieByr

—i6 a2y imf _ w6
hvpe™ cos @ 5 T 798 o )xa(r)e Exa(r)e
1 ByR ; ;
= ihvp cos go(ﬁ - % - 6%)XQ(R)@Z(’“*DG = Ex1(R)e™? (2.9)
w 1
= —Ex1(R) — z—RF (m+ 68— §)X2(R) cosp =10
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with the condition w = (m — 1). Where 5 = % can be expressed as = /Py with

® = 7 R%By being the magnetic flux threading the ring and ® = h/e the quantum of magnetic

flux. Further,

. 10 e B, . . 0 10 e B, . .
hope” cos @(—ia + ~50 “32;7”))(1(7”)6“”0 + hope~ " sin Ap(—ig i ZPQHOT )Xg(r)clqe = EXQ(T)CW”G
= ihwp cos (p(% + % + Cg%R)Xl (R)ei(w+1)9 + thvp sin (p(% — % — eg%R)Xg(R)ei(q—l)O _ EXQ(R)eime
.hUF 1 ,th 1 .
= z?(m + 56— §)X1(R) cos o — Exa(R) — z?(m + 5+ §)X3(R) sinp =0 (2.10)

with the condition w = m — 1 and ¢ = m + 1. Finally one gets,

, 0 190 ieByr ~ ,
B 0 ; s - Y imb _ E iq0
vpe' sin p( Urw + 90 o )x2(r)e xs(r)e
. : m  eBoR i(m+1) inf
4 = 2.11
= ihvp sin ¢(2R + I +— )x2(R)e Exs(R)e (2.11)
h 1 .
= Z%Un + 6+ §)X2(R) singp — Ex3(R) =0
with the condition ¢ = m + 1. Similarly, at the other valley K’ (( = —1) the conditions are

w =m + 1 and ¢ = m — 1. Combining them, we obtain the following conditions that should
be valid, namely,

w=m-—C and ¢g=m+ (. (2.12)

Thus, the eigenstates of H ¢ can be obtained as,

X1 (R)el(m_oe
P(R,0) = | ya(R)e™ |, (2.13)
X3 (R)ei(m-FC)@

where the integer m is the only independent total angular momentum quantum number (w and ¢
depends on m through Eq. (2.12)). Therefore, the Hamiltonian corresponding to an ideal a-T53

ring is given by,

0 —i(m—l—ﬁ—%)cosgp 0
hop | : :
HfingZ? z(m+5—%)cos<p 0 —z(m—i—ﬁ—i—%)smgp

0 i(m+5+%)sin<p 0

(2.14)
We obtain the energy spectrum as,
me me hop |

Egp =0 and E> = i?Am(a,/B). (2.15)
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Here, Afn(a, ) is defined as,

1—a?

The energy spectrum in Eq. (2.15) of the a-T3 ring consists of a zero energy flat band, Epy,

alongwith a number of discrete levels in the conduction band, E; and the valence band, E_.

The normalized wavefunctions corresponding to E" Cata particular valley are obtained as,

F(m+ 8- %) cos ¢ e Y
iAS, . (2.17)
:t(m + B8+ %) sin ¢ e'<?

esz

V(R 0) = ToAC

Additionally, we obtain the wave function associated with EFmLC as,

im6

AC

m

U (R, 0) = (2.18)

It is interesting to note that that the flat band contains infinite number degenerate levels [see Eq.

(2.18)], that is, any value of the quantum number m yields a valid solution.

2.3 Energy Spectra of a QR

2.3.1 Without magnetic field (B, = 0)

The energy levels as function of ring radius R for a = 0 (i.e. graphene), « = 0.5, and o =1
(i.e. dice lattice) at both the K and K’ valleys of o-T3 quantum ring are shown in Fig. 2.2, with
—5 < m < —1 (red curves), 1 < m < 6 (blue curves), and m = 0 (green curves). Further,
for nonzero values of «, there are three energy bands with the zero energy flat band (as shown
by the cyan lines in Fig. 2.2) and the dispersive valence and conduction bands. In the absence
of the external magnetic field (By = 0), the energy branches of the valence and conduction
band at both the valleys have 1/R dependency and approach £ — 0 for very large radii as
can be seen from Eq. (2.15). However, the scenario for large radii depends on the m values.
Certain degeneracies are present which we shall discuss in the following paragraph. Moreover,
we observe E¢(m) = E~¢(—m) as it should be, since energy levels are even in m at zero

magnetic field.
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Figure 2.2: The energy levels of the a-T5 quantum ring (QR) are shown as a function of the
ring radius R in the absence of an external magnetic field (By = 0). The energy levels are
categorized by the angular momentum quantum number m, withm = —5, ..., —1 (red), m = 0
(green), and m = 1, ..., 5 (blue). The plots are presented for three values of «, namely, « = 0
(a,b),a = 0.5 (c,d), and @ = 1 (e, f). The two columns represent the energy levels in the two
distinct valleys, namely, the K valley (left column) and the K’ valley (right column). Quantum
numbers corresponding to specific energy levels are labeled for clarity.

Again, the zero field energy spectra at the K valley for different values of « are shown in Fig.
2.3 in a different context, that is, we shall see the m dependence of the energy levels. One can
easily verify the results of the graphene quantum ring by setting o = 0 in Egs. (2.15) and (2.16).
In this case, A$, depends on the valley as A, = |m — ¢/2|. Thus, at the K valley, the energy

levels with m = 0 and m = 1 are degenerate, and so are levels with m = 2 and m = —1,
m = 3 and m = —2,... Similarly, the energy levels withm = 0 and m = —1, m = 1 and
m = —2, m = 2 and m = —3,... are degenerate at the K’ valley which also can be realized in

Fig. 2.2(a) and (b). However, in the other limit (o = 1), Agn becomes valley independent, as
AS, = /m2+1 /4. Therefore, the energy level with m = 0 is nondegenerate and the levels
corresponding to m = +1, 42, ... are degenerate at both the valleys (see Fig. 2.2(e) and (f)).
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Figure 2.3: Zero magnetic field energy levels of the a-T5 ring as a function of the quantum
number m for (a) a = 0, (b) a = 0.5, and (c) a = 1 at K valley. Here, we consider R = 50
nm. The a = 0 case in (a) represents the quantum ring made of graphene, that is without an
atom sitting in the center of the hexagon. The flat band is missing in this case.

Furthermore, at an intermediate value of « in the range [0 : 1], say, « = 0.5, all the energy levels
are nondegenerate (see Fig. 2.2(c) and (d)). Here, only the m = 0 level is valley independent,

while all the other levels depend on the valley in a complicated manner according to Eq. (2.16).

2.3.2 With magnetic field (B, # 0)

Now, let us discuss the case when the «-T5 ring is threaded by a perpendicular magnetic flux.

In this case, we find AS, = |m + 8 — (/2| and AS, = V(m+pB)2+1/d4fora =0anda = 1,

respectively. In the case of a graphene ring (o = 0), it is understood that the energy levels with
m=—-fFandm=1—-8,m=2—Fandm=-1—-—8,m=3—Fandm = -2 — (,...
at the K valley, and that withm = —fandm = —1 -8, m =1— Fand m = -2 — (3,
m = 2 — B and m = —3 — B3,... at the K’ valley are degenerate for /3 to be an integer. In
the other limiting case, that is, a = 1, A%z does not depend on the valley index (. Here, for
integer value of 3, the energy level with m = —f is nondegenerate and the energy levels with
m = +1—,4+2— 3, ... are degenerate. For intermediate value of o, no such degeneracy exists.
These facts are clearly shown in Fig. 2.4. When 3 deviates from being an integer, all the energy

levels becomes nondegenerate for all values of a.
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Figure 2.4: The energy levels of the a-T5 ring at K valley as a function of the quantum number
m for (a) « = 0, (b) @« = 0.5, and (¢) @« = 1 when the magnetic field is such that § = +4.
Here, we consider R = 50 nm. The a = 0 case in (a) represents the quantum ring made of
graphene, that is without an atom sitting in the center of the hexagon. Thus, the flat band is
missing here.

The band gap tuning with magnetic field of this type of systems can attract a lot of attention in
the absorption and emission spectra studies, where the lowest energy gap results in strong signal
in experiments. Stimulated by this, let us define the energy gap, AES at a particular valley ¢
given by, AES = E_TC — E™°. The minimum value of AF at the K valley is plotted as a
function of 5 in Fig. 2.5. AF oscillates periodically with 3 with the oscillation period being
B = 1. This happens since the minimum magnetic field required to transfer an electron from
one angular momentum state to the subsequent angular momentum state is such that 8 = 1. For
o = 0 (Fig. 2.5(a)) and o = 1 (Fig. 2.5(c)), AFE is symmetric about 5 = 0. However, AFE is
not symmetric about 8 = 0 for an intermediate value, such as, a = 0.5 (Fig. 2.5(b)). Also note

that the energy gap at 3 = 0 (zero magnetic field) is independent of «.

In order to ascertain the size dependence of the energy eigenvalues of the ring, let us discuss
how they depend on the radius, R. It is clear from Eq. (2.16) that Agn is independent of R
in the absence of the magnetic field which leads to the 1/R-dependence of the energy levels
irrespective of the value of o as mentioned earlier. The above scenario is altered significantly in
the presence of a magnetic field. In Fig. 2.6, we have shown the R-dependence of a few energy
levels for both valleys considering By = 5T for a few values of «, namely, « = 0 (Fig. 2.6(a)
and (b)), « = 0.5 (Fig. 2.6(c) and (d)), and a« = 1 (Fig. 2.6(e) and (f)). Comparing the left

and the right panels of Fig. 2.6 we conclude that all the energy levels become valley dependent
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Figure 2.5: The minimum value of the energy gap AE = E7' — E™ at the K valley as a
function of 3 for (a) « = 0, (b) @ = 0.5, and (¢) a = 1. Here, we consider R = 50 nm.

(except at o = 1) in presence of the magnetic field. Further, for « = 0 the energy branches
with m = 0 and m = —1, -2, ..., —5 (negative m values) touch each other at the Fermi level,
while the band gap between the branches with m = 1,2, 3 (positive m values) increases with
increasing m for the K valley. On the other hand at the K’ valley, the energy branches with
m = —1, =2, ..., —b (negative m values) touch each other at the Fermi level, while the band gap
between the branches with m = 0 and m = 1, 2, 3 (positive m values) increases with m. It is
observed that in presence of magnetic field, the relation between the angular momentum label
m at K and K’ valley can be thought as mys = mg — 1 that is, the role played by m = 0 at K
valley is now played by m = —1 at K’ valley. While for the o # 0 cases it is clear that at both
the valleys the band gap increases with m = 0 and m = 1, 2, 3 (positive m values) with increase
in the angular momentum quantum number m. However, the band gap between the branches
with m = —1,—2,..., —5 (negative m values) decreases with the increase of m. This features
can be confirmed via Fig. 2.7 where we have shown the band gap energy as a function of the
total angular momentum quantum number m. It is observed that at both the valleys the band gap
increases as we increase the value of m from negative to positive value for all non zero values
of a. For av = 0 that is, graphene at K valley there is a band touching upto m = 0 and band gap
increases with increasing m (Fig. 2.7(a)), while at K’ valley, the band touching happens upto
m = —1 and then the band gap increases with the increase in m (Fig. 2.7(b)). Furthermore,
form Fig. 2.6 we can also observe that each of the levels show a non-monotonic behaviour as

a function of the radius R. In the limit of small R, all the energy levels vary inversely with R.

TH-3611_196121109



Chapter 2: Persistent Current in an a-T5 QR

60

\\/

¢

4
o
0’:‘0

a=0.5

20

40

60 0

20

R(nm)

40

60

Figure 2.6: The energy levels of the a-T5 quantum ring (QR) are shown as a function of
the radius R in the presence of an external magnetic field, By = 5T. The energy levels are
categorized by the angular momentum quantum number m, withm = —5, ...,

(green), and m = 1,

—1(red),m =0
2,3 (blue). The plots are presented for three values of o, namely, « = 0

(a,b),a = 0.5 (c,d), and @ = 1 (e, f). The two columns represent the energy levels in the two
distinct valleys, namely, the K valley (left column) and the K’ valley (right column). Quantum
numbers corresponding to specific energy levels are labeled for clarity.

On the other hand, the energy scales as, £/ ~

criteria of R being “large” depends on m which can be understood in the following way.

levp BoR|/2, in limit of large R. However, the

The energy level attains an extremum (minimum for conduction band and maximum for valence

band) at a particular value of R, namely R = Ry, which can be obtained by setting,
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Figure 2.7: Energy gap for different angular momentum quantum number for a magnetic field
By = 5T (a) for K valley, and (b) for K’ valley.

Using Eq. (2.15) and Eq. (2.19), we find Ry as,

i
1-o? 1
Ry = \f2l0 <m2 - mCT _'_%2 + 4) > (2.20)

where [g = \/W is the magnetic length. For a fixed By, Ry mainly depends on m, ¢
and . In the two limiting cases, namely, o = 0 and o = 1, we have Ry = lpy/2m — C
and Ry = v2lp(m? + 1/4)Y/4, respectively. For a given magnetic field, Ry scales with m
as, Ry x \/W when m is large enough. This feature is shown in Fig. 2.8(a) where we
present the radius dependence of a few positive energy levels with relatively large m, namely,
m = —50, —40, —30, —20, —10, 10, 20, 30, 40, 50 at K valley for « = 0.5 and By = 5T. It is
clear that the condition, for which one can consider R being “large”, depends on m explicitly.
More specifically, for an arbitrarily large value of R, we can always find a value of m which
corresponds to the energy minimum. The scaling of the minimum energy with m depends on
the sign of m also. For instance, F,,;, < 1/ \/W when m is negative. On the other hand,
for positive m, we have E,,;, < /m. These scaling features of F,,;, are depicted in Fig.
2.8(b) and Fig. 2.8(c). Therefore, the low energy states at the K valley are actually the states
characterized by large negative m values. It is also worthy to mention here that by reversing
the sign of either the valley index ¢ or the magnetic field B, one can have E,,;, « 1//m for

m > 0 and E,,;, x /|m| for m < 0. The results for other values of « are not shown here. We
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have confirmed that other non zero values of « yield qualitatively similar results.
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Figure 2.8: (a) Dependence of energy levels on the radius R of the a-T3 ring at K valley
considering large m values. We consider By = 5T and a = 0.5. (b) Minimum value of the
energy as a function of m considering m > 0. Here, we find F,,;,, ~ v/m. (¢) Minimum value
of the energy as a function of m when m < 0. In this case, we obtain E,,;, ~ 1/ \/W .

The energy levels as function of the external magnetic flux () are shown in Fig. 2.9 at both the
K and K’ valleys for a QR with o = 0 (Figs. 2.9(a) and (b)), a = 0.50 (Figs. 2.9(c) and (d)),
and o = 1.00 (Figs. 2.9(e) and (f)) for —5 < m < —1 (red curves), 1 < m < 5 (blue curves),

and m = 0 (green curves). For o = 0, the magnetic flux dependency of the spectra appears as,

E = ihv—F(

¢
- 5)

(2.21)
which implies that the energies are linearly dependent on the external magnetic flux 5 (Figs.
2.9(a) and (b)). However, it is clear that, at any finite 3, ES # E~¢. Thus, the valley degeneracy
is lifted. For o = 0.5 the magnetic field dependency of the spectra can be obtained as,

2.2
g

2
E_R2

[(m+5+ g)z sin? o + (m + f — 5)20052 Lp] =0 (2.22)
as shown in Figs. 2.9(c) and (d). Here also it is observed that, at any finite 3, ES # E~¢, again
with the valley degeneracy being lifted. For o = 1 the relation can be express as,

ﬁ%% ¢ )2 0
2R? 2

¢

E2 — 5)2 + (m

{(m + 8+ + 8- (2.23)
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Figure 2.9: Energy levels as function magnetic flux /3 for (a, b) « = 0, (¢, d) « = 0.5, and
(e, f) @ = 1 quantum ring with the total angular momentum quantum number —2 < m < —3
(red curves), 1 < m < 3 (blue curves), and m = 0 (green curves). Since the energy levels are
periodic with respect to the magnetic flux, the calculations are confined to the regime —1 <
B<1

as depicted in Figs. 2.9(e) and (f). Hence, we can find that, at any finite 3, ES = E—¢. Here, the
valley degeneracy is protected. Thus, for nonzero o we can see that the energy has a hyperbolic

dependence on the applied magnetic flux with minima at,

B=-m-— g(sin2 @ —cos’p) = —m + g cos 2¢p (2.24)
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and a gap of,

AE=E, - E_

_ 2hwp
R
hvp

= ——sin?2
Rmcp

\/(m+ﬂ+g) sin? o + (m + B — C) 2cos? ¢ (2.25)

Therefore, the energy gap increases with o, For a = 0 the spectra are gapless, for a = 0.5
magnitude of the spectral gap is 0.8 =F er , and for o = 1 that is, for a dice QR the gap is “’F . We

summarize these results in table 2.1.

« AFE | valley degeneracy
0 0 broken

0.5 | 0.8 broken

1 MTF protected

Table 2.1: Summary of «, AFE, and valley degeneracies in presence of magnetic field.

2.4 Persistent Current

We consider the behaviour of the persistent current in the a-73 ring. The persistent current is the
equilibrium current flowing along the angular direction in a QR when threaded by a magnetic
flux. A proper knowledge of the current aids in quantifying the energy spectrum near the Fermi
energy. This current can be calculated using the relation, j,,) = hv F[\IITS ] (weseth=1
for the rest of the chapter). Using this definition, the radial and the angular currents are further
obtained as j, = vp[¥TS, U] and jp = vr[UTSyW], respectively. Here, S, and Sy are given in
Eq. (2.6). The radial current can be calculated using Eq. (2.17) as,

(Gr)c = vr[¥' S

0 e~ cos @ 0 (m+p6— %) cos e~
) LFeun@ T . ) ¢
= (Jr)c = \fAC e cos 0 e~Wsing 1A,
0 €' sin 0 0 (m+p + ) sin pet?
zAm cos pe —if
. v o
= (Jr)c = 71; <(m + 8- —) cospet®  —iAS, —(m+p + ) sin pe “9 (m+8—%)cos?p— (m+ 8 + )sin? o
205,
iAS, sin et
= W W-ﬁ- LAC (m )singp — LAC (m ) sin 4
'VVL
= (jr)c =0.

(2.26)
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Thus, for the case of an ideal ring we have vanishing radial current j, = 0. Further, the angular

current becomes,

(o) = vr[¥'Spy]

) 0 —ie ¥ cos o 0 (m+p— %) cos e~
) ,UFezm() " ) )
= (Jo)e = — \/iAC YT | jet? cos @ 0 —je~ sin ¢ iAf,,
" 0 —ie'¥ sin 0 0 —(m+ B+ §) sin e
AS, cos pe~ i
. (Ja . . . . . P X .
= (jo)c = SAL? <(m+,37 %) cospe™®  —iAS, 7(m+ﬁ+%)sm<pe’6> i(m+p— %)cos%ﬁ+z(m+5+ %)stgp
" —Ag,l sin pe??

= (Jo)c = Zg <(m+ﬁ—%)cosQw-i-(m-&-B—O-%)sinzup).

m

(2.27)
Thus, we calculate the angular current at a particular valley as (writing (jg)¢ = j¢,
. (ya 1-— a2
= 2 — 2.28
The total angular current is composed of the contributions from the two valleys, namely,
J = JK +Jjk'- (2.29)

The expression for the persistent current given in Eq. (2.28) can also be obtained using the
following definition, namely, j = — Zm,c g—g within the framework of the linear response
theory, where the sum runs over all the occupied states. In Fig. 2.10, we show variation of the
persistent current with 8 for different values of «. The persistent current is periodic in 8 with
a period, 5 = 1. However, the oscillation pattern of the current corresponding to o« = 0 is
completely different than that for « = 1. Furthermore, the individual contributions arising from
different valleys are exactly equal and opposite in both the graphene and dice lattice, that is,
a = 0 and o = 1 (see Fig. 2.10(a) and (c)) which causes the total persistent current to vanish.
The persistent current also vanishes at individual valleys when 5 = 0 (no magnetic field) for
a = 1. The case for an intermediate « that is, 0 < a < 1 is more interesting. Here, the
currents from individual valleys do not compensate each other which results in a nonvanishing
total persistent current. It is also noteworthy that the current at a particular valley does not vanish
even when [ is equal to zero, which gives rise to a total nonvanishing current corresponding to
zero magnetic flux as illustrated in Fig. 2.10(b). So the opposite chirality of the electrons at the

other valley is indispensable.
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Figure 2.10: Persistent current as a function of 5 = ®/®. (a) column for o = 0, (b) column
for « = 0.5, and (c) column for &« = 1. Similarly, first row is for K valley, second row for
K’-valley, and the third one is for the total of the two valleys.

2.5 A Staggered Mass in the o-T; Lattice

The mass of Dirac fermions in graphene is a fascinating subject that bridges various domains of
physics. It encompasses phenomena such as the quantum Hall effect [34, 257], quantum trans-
port, and practical applications like bandgap engineering in graphene-based devices [277]. In
pristine graphene, Dirac fermions are massless [142, 150]. However, they can acquire different
types of masses depending on the symmetry-breaking mechanisms that disrupt the equivalence
between the two carbon atoms in the hexagonal unit cell (A and B atoms). For instance, an
inversion symmetry-breaking potential, characterized by an energy shift of +4 on the A atoms
and —4 on the B atoms [278-280], introduces a perturbation (do) that opens a bandgap of
E, = |26] [281, 282]. Interestingly, the mass term (&) can take either positive or negative val-
ues, depending on the sign of the potential energy applied to one sublattice. A spatial variation
in the sign of § gives rise to intriguing phenomena, including the formation of domain walls

where § vanishes. At these domain walls, a topologically protected one-dimensional conducting
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channel, hosting Weyl fermions as midgap states, can emerge. Such channels are thought to

arise due to lattice mismatch between graphene and h-BN [283].

In this section, we explore the effect of the staggered mass induced by an inversion-symmetry-
breaking potential in the a-753 lattice. Similar to graphene, the a-T5 lattice possesses a hexag-
onal structure but features three sublattices (A, B, and C atoms). We investigate how this
staggered mass impacts the persistent current in the a-75 lattice, highlighting its resemblance to

graphene while emphasizing the unique effects introduced by its lattice structure.

2.5.1 Formalism

In this section, we are interested to see the effect of staggered mass term [180, 284] on the low

energy spectrum of the a-T5 ring,

6 0 O
M=10 0 0]. (2.30)
0 0 —¢

Note that M can be thought to break the sublattice symmetry by including a different onsite
potential at each of the A, B, and C sublattices. Now, following the same procedure as stated

in Sec. 2.2 the effective Hamiltonian for the a-73 ring in presence of an external magnetic flux

becomes,
o —i(m+ B — %) COs 0
hv
Hy = =5 | i(m+ B — §) cos g 0 —i(m+ B+ §)sing |, (2.31)
0 i(m+ B+ §)sing —&0

where 6y = Rd/(hvr). The energy eigenvalues are obtained as,

PmC 1 3Qcm 3 2mn
m( 1
EpS =24 3 cos [3 cos (2 c c 3 | (2.32)

where n = 0, 1, and 2 are associated with the conduction band, the (distorted) flat band, and the

valence band, respectively. Here,

P _ fi%%

=T (4 047)
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and

1 —a?

1+ a?

hQU%
Q%l = 6 R2

[m+p7+ 1}~ cmt5)|.

The normalized wavefunctions can be written in the form,

—ih%(m + 56— %)(E,TC + 8) cos p e~ P
UPC(R,0) = NS e™? Eme? _ 52 , (2.33)
i"E (m 4 B+ %)(E,TC — §) sin g ei¢?

NC: 1

2402 2 )
\/ A (B +6)2 (m4 8- §)2 cos? p+ (BN —6)2 (me+5+§ ) " sin? o] +(B" —62)2

2.5.2 The energy spectrum

Without magnetic field (5) = 0)

For graphene (o« = 0), as previously mentioned, the onsite potential introduces a bandgap of
magnitude |29 (which will be discussed in detail in the next section). However, the other features
remain largely unchanged. Our primary focus is on the a > 0 cases. In Figs. 2.11 and 2.12,
we have shown the radius dependence of the zero field energy levels at both valleys for o = 0.5
and a = 1, respectively. We have considered two different values of the mass term, namely,
0 = 50meV and 6 = 100meV. Typically, we consider 6 < ¢ (¢ is taken as 1eV"). The effect
of the mass term in the energy spectrum is mainly two fold. Firstly, it introduces gap(s) in
the spectrum that is, gap between the conduction band and the flat band and that between the
flat band and the valence band. Secondly, it makes the flat band (n = 1) dispersive that is, a
nonzero group velocity is now associated with each of the levels and hence all will contribute
to the transport properties of the system. We shall see it later. The energy levels having small
m values corresponding to n = 0, n = 1, and n = 2 merge to values equal to ¢, 0, and —4,
respectively in the limit of large R as evident from Figs. 2.11 and 2.12. This merging of the
levels is also true for large m in the case of & = 1, which we shall discuss in the next paragraph.
In the small R limit, the energy levels belonging to n = 0 and n = 2 are inversely proportional
to R irrespective of a (o« = 0.5 and 1). However, the levels associated with n = 1 deviate
significantly from the 1/R dependence for both values of «. For a given n value, the energy

levels at the K valley are related to those at the K’ valley as "9 = E,™%) Thus, the
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Figure 2.11: Zero field energy levels as a function of radius R for « = 0.5 at both valleys
considering § = 50meV and § = 100 meV'.

scenario is identical at the other valley except that m reverses its sign. When a = 1 (Fig.
2.12), we have E(T]n +0 —Ey m(+0 gt a particular valley ¢ which is in direct contrast to the
earlier results obtained corresponding to § = 0 (see Sec. 2.3.1). In the flat band (n = 1),

we find that the level with m = 0 remains flat with zero energy, and the other levels satisfy
EI”HC) = —Efm(JrC). In the case of @ = 0.5 (Fig. 2.11), the above mentioned features are
absent. In addition, the m = 0 level in the flat band is no longer flat. It shifts down towards
negative energy at small values of R. By inspecting both Figs. 2.11 and 2.12, one can also
comment that all the energy levels are non-degenerate for all values of o except for o = 0 and
this can be attributed to the presence of the mass term . Thus, the staggered mass is an important
quantity to consider. Here, we would like to point out some features of the zero field energy
spectrum in the limit of large m. In the case of a = 1, we have Agn ~m, P,% ~ h%%mz / R?,

and Q5, ~ —Ch2v%dm/ R? when m is large. Let us now define a quantity Z¢ such as,

3Q% |3

76 = 2=m [ 2
orS \| P,

(2.34)
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For large m, we obtain Z¢ ~ —3v/3C R§/(2hvrm?). Considering typical values of the param-

0 =50 meV 0 = 100 meV

100

f: '_'n:lM
n=2

A\ 0

0 25 50 75 100 0 25 50 75 100
R (nm) R (nm)

Figure 2.12: Zero field energy levels as a function of radius R for o = 1 at both valleys
considering § = 50 meV and 6 = 100 meV.

eters: R = 200 nm, 6 = 50meV, and m = 30, one can verify that 3v/3C RS/ (2hwpm) < 1.
Therefore, we have Z¢ — 0 when m is sufficiently large. From Eq. (2.32), we find the energy

levels when R is large enough,

24 ™ 2mn
It is now obvious from Eq. (2.35) that Eg)nC — 4, E;nc — 0, and E;nc — —4. In other words,
the levels with large m belonging to n = 0, n = 1, and n = 2 also merge at values d, 0, and —,
respectively for large R corresponding to o« = 1. However, the scenario is different for « = 0.5.
In this case, one obtains Z¢ ~ 9v/3RJ/(10hvrm) for large m. For the parameter values chosen

earlier, we have Z¢ < 1. It is now straightforward to obtain the energy spectrum in limit of large
R as,

20 2mn
me ., 2 =
E; NG cos (190 3 ), (2.36)
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where 1 depends on R, §, and m explicitly as g = % cos™H(Z9).
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Figure 2.13: Finite field energy levels at K valley as a function of R in presence of the mass
term § = 50 meV for (a) a = 0.5 and (b) a = 1. Here, we consider By = 5T.

With magnetic field (B, # 0)

In Fig. 2.13, we show the R dependence of the energy levels having small m values at the K
valley in presence of a magnetic field, where we have chosen, By = 5T. The qualitative features
of the energy spectrum deviate significantly from the zero magnetic field case. Here, all the
energy levels are non-degenerate for all values of . Unlike the By = 0 case, one observes
that, E" # —E; ™, E" # —E] ™, and a distortion of the m = 0 flat band energy level for
a = 1 (Fig. 2.13(b)). In addition, the levels in the n = 1 band merge with zero energy at large
values of R. However, this is not the scenario for intermediate values of a, namely, a = 0.5
(Fig. 2.13(a)), where the levels in the dispersive flat band do not merge to zero energy at large
R. The energy levels in the conduction band as well as in the valence band depend on R in a
similar fashion as in the case of § = 0 (see Fig. 2.6). The energy levels as a function of the
external magnetic flux are shown in Fig. 2.14 for a quantum ring with a particular radius and
mass, namely, R = 10 nm and § = 50meV. We consider three different vales of «, namely,
a =0, a=0.5,and a = 1 for both the K and the K’ valleys. It can be observed that for o = 0,

at both the valleys we can find that ETHO = —ET(+C), here ‘4’ and ‘—’ refers the conduction
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Figure 2.14: The energy levels of the a-T3 quantum ring (QR) are shown as a function of
the magnetic flux 8 for three values of «, namely, (a, b) « = 0, (¢, d) « = 0.5, and (e, f)
o = 1. The total angular momentum quantum numbers are represented as follows, for o = 0,
m = 0 (green curves), m = 1 (blue curves), and m = —1 (red curves). For the valence and
conduction bands at « > 0, m = —1,—2 (red curves), m = 1,2 (blue curves), and m = 0
(green curves). For the distorted flat band, m = 0 (cyan curves), m = 1, 2, 3 (yellow curves),
and m = —1,—2, —3 (black curves). The two columns represent the two distinct valleys,
namely, the K valley (left column) and the K’ valley (right column). An onsite potential of
0 = 50meV is taken here. Since the energy levels are periodic with respect to the magnetic
flux, the calculations are confined to the regime —1 < 3 < 1.

and valence bands correspondingly. Further, the magnetic flux dependency of the spectra can be

rewritten as,

[(m+8— %)2 +6°] =0. (2.37)

E? — g
R
Unlike the massless case (0 = 0) the energies are no longer linearly dependent on the external
magnetic flux (3, rather they follow hyperbolic dependency on the applied flux (Figs. 2.14(a)
and (b)). For nonzero o we can see that the energy deviates from their hyperbolic dependency

on the applied magnetic flux. These situations are significantly alters from their without mass
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counterpart. Moreover, for any value of o # 0, Egnf (n) —EZ”T’(I) (n), the valence-conduction
band symmetry is broken due to the mass term. However, for any «, there is no valley degen-
eracy present. Thus, it leads to non-zero valley current we shall discuss them in the subsequent

subsection.

2.5.3 Persistent current

Here, we study the effect of the mass term on the behaviour of the persistent current. The

persistent current at a particular valley and at a particular band now acquires the following form,

. 1— 2 Egncl_ 2
35 = 20 ME NG (B — ) | (m 4 GBS + o+ )1y - 0 B

1+a2 2 2 14«2

The persistent current at a particular valley is calculated from the contributions from the con-

duction band (n = 0) and the distorted flat band (n = 1) as,
je =0+ (2.39)

The total angular current comprising of contributions from both the valleys is given by, j =
Jk + jkr. It is worthy to mention that the distortion of the energy levels in the flat band gives
rise to finite persistent current unlike the case corresponding to no mass term (6 = 0). In
Fig. 2.15, we show the variation of the persistent current with 3 considering § = 50 meV
corresponding to a ring radius ® = 10 nm. The introduction of the mass term completely
changes the oscillation pattern of the persistent current from the case of § = 0 (see Fig. 2.10).
The currents at different valleys are no longer equal and opposite which result in a nonvanishing
total persistent current for all values of «. Further, the current at a particular valley, as well as
the total current oscillates periodically in 5 with the periodicity 8 = 1. Here, the total persistent

current at 5 = 0 (no magnetic field) is zero for all values of a # 0.

2.6 Summary

In summary, we have investigated the properties of an a-T5 QR. Particularly, we are interested
in the behavior of the energy spectrum, the persistent current and the size dependencies of the
spectral features as one interpolates between graphene (« = 0 and the dice lattice (v = 1).
Ignoring the radial dependence of the ring allows to overlook the boundary effects. We list

a number of observations in the following. Confinement of the carriers in the ring leads to
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Figure 2.15: Persistent current as a function of 5 = ®/®;. (a) column for o = 0, (b) column
for « = 0.5 and (c) column for « = 1. Similarly, first row is for K valley, second row for
K’-valley, and the third one is for the total of the two valleys. Here, we have considered the
mass term § = 50 meV and the radius R = 10 nm.

energy quantization characterized by the angular momentum quantum number m. As a result,
we obtain discrete levels corresponding to both the conduction and the valence bands. However,
the flat band consists of a huge number of zero energy degenerate levels which is insensitive
to an applied magnetic field. In the zero field case, all the energy levels in the conduction or
the valence band depend inversely on the radius (R) of the ring independent of values of .
Furthermore, there is a degeneracy in the energy levels corresponding to o« = 0. However, for
an intermediate value of «, namely, 0 < a < 1, the energy levels become non-degenerate.
Interestingly, this degeneracy is restored in the case of @ = 1 except for m = 0 level. It is also
found that the valley degeneracy is broken for all values of « such that o # 1. When the ring
is subjected to a perpendicular magnetic field, the energy levels follow a substantial deviation
from their typical 1/ R-dependence. In the large R limit the energy level scales as F ~ R, while
at small R, it still behaves as 1/R. The minimum energy gap between the conduction and the
valence bands oscillates periodically as a function of the magnetic flux ® with a period equal
to one flux quantum ®y. We also calculate the persistent current which exhibits ®( periodic

oscillations at individual valleys, reminiscent of the Aharonov-Bohm oscillations. The total
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persistent current comprising of both the valley vanishes for both « = 0O and @ = 1 as a
consequence of exact compensation of the contributions from two valleys. But when 0 < o < 1,
the total current is nonzero and it undergoes @ periodic oscillations. Interestingly, we observe a
nonzero persistent current at zero magnetic field. We have also discussed the effect of staggered
mass term in the energy spectra. In absence of the magnetic field, the mass term makes the
flat band dispersive in the small R limit except for the m = 0 band corresponding to oo = 1. A
magnetic field alters the situation significantly by making all the levels in the flat band dispersive
for all values of « # 0. With the mass term, the persistent current is again periodic with a period
of one flux quantum, but the oscillation pattern is completely different from the previous case
(zero mass). However, there is a finite contribution coming from the distorted flat band in the

persistent current. Finally, the total current is non-zero for all values of «.
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Chapter 3

Persistent Currents in the Spin-Orbit
Coupled a-75 Quantum Ring: Effects

of Intrinsic and Rashba terms

WE have investigated the properties of a spin-orbit-coupled a-T5 pseudospin-1 fermionic
quantum ring in detail. Our study includes the energy spectrum, persistent currents in both
the charge and spin sectors, and their dependence on size. Furthermore, these properties are
influenced by the spin-orbit couplings, the magnetic field, and the lattice parameter o. By
tuning these parameters, we can manipulate the persistent currents, making them a controllable

physical measurement in our system.

3.1 Introduction

Motivated by the promising prospects of the quantum rings (QRs), in this chapter we present
analytical results for the energy levels of an ideal ring of pseudospin-1 a-75 lattice. We consider

the bare Dirac Hamiltonian, augmented by either the intrinsic or the Rashba spin-orbit coupling

77
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(SOC) terms or both. Specifically, we may focus on the Kane-Mele model on a ring which
can be considered as two copies of the Haldane model with different Haldane fluxes for the
two spins. The Haldane term is often referred to as the intrinsic SOC (ISOC). While studying
topology, we shall call it as the Haldane term, for now, we continue denoting it as ISOC. In
addition, we may consider the Rashba SOC which obeys all the symmetries that a parent a-73
ring has can be controlled by an external electric field [257] that breaks the mirror symmetry
with respect to the a-T5 plane, while the intrinsic coupling can be enhanced through edge heavy-
atom functionalization [285]. The above discussion can be extended for an a-73 QR in presence

of an external magnetic field and study the behaviour of the persistent currents.

We start by obtaining a ring Hamiltonian of radius R in polar coordinate. We handle subtleties
regarding the hermiticity of the Hamiltonian and exclude additional complexities arising from
the edge effects for the finite QR. Consequently, we obtain the analytical expressions for the
energy spectrum and the corresponding wave functions as a function of the ring radius and an
external magnetic field. Particularly, motivated by our studies in Chapter 2, we intend to see how
the energy spectrum evolves as we approach the dice limit (o« = 1) starting from the graphene
(o = 0). Further, the inclusion of an external field would facilitate studies on the evolution
of the spectral properties, the persistent current, and the interplay of the Aharonov-Bohm (AB)
effect. Notably, we can tune the charge persistent currents, valley currents, and spin equilibrium
currents via the parameters, «, the strength of the Rashba, and the intrinsic SOCs, allowing an
interplay of these parameters and measurable quantities such as the currents in the spin, charge,

and valley sectors.

A brief note on the choice of the spin-orbit coupling parameters will add a motivation to the
results presented below. Through tight-binding calculations, it has been demonstrated that the
numerical magnitude of ISOC is approximately 10 to 20 times smaller than that of RSOC [286].
Moreover, recent research has indicated that in cases where the both couplings are present and
have comparable magnitudes, a mixing of the radial states occur. Conversely, when one of
these couplings dominates, the system exhibits non-overlap of the radial states [287]. Several
investigations have been conducted on the pseudospin-1 «-73 and dice lattices, utilizing an
ISOC strengths within the range varying between 0.01¢ and 0.1¢ [102, 103, 186], and RSOC
strengths within a range of roughly 0.1¢ to ¢ [157, 288, 289]. Additionally, the typical value for
the nearest-neighbor hopping parameter in graphene is ¢ = 2.7eV [290]. In our calculations, we
shall adopt t = 1eV everywhere, and to explore the effects of ISOC and RSOC, we shall employ
two distinct sets of parameter values, namely, ISOC to have values 0.05¢, 0.1¢, and RSOC to be
0.5t, 0.8t. However, other values of ¢, 5\, and Ap, for example, lower values of ¢, 5\, and A\ have

been considered by us, and found that they do not significantly alter the qualitative nature of our
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results. Instead, they mainly introduce minor quantitative difference, and hence have skipped

presenting them in the thesis.

The organization of this chapter is as follows. In Sec. 3.2, we discuss the various properties
of pseudospin-1 a-75 QR in presence of intrinsic SOC including the energy spectrum and the
persistent currents. Similar results for the Rashba SOC are given in Sec. 3.3. In Sec. 3.4,
we present the results for a Hamiltonian along with both the intrinsic and the Rashba SOCs
including the energy spectrum as well as the persistent currents of the ring. We summarize our
results in Sec. 3.5. To give a structure to the preceding discussion we have included results
in the absence and presence of an external magnetic field for each of the cases in different
subsections. The energy level diagrams are presented as a function of the radius of the QR in
presence and absence of the external field. Physical quantities such as the persistent currents are

also investigated as a function of the external flux.
(a) By (b)
& & &

— LA

Figure 3.1: (a) Schematic diagram of the a-75 QR of radius R subjected to a perpendicular
magnetic field B = ByZ. (b) Lattice structure of the «-T3 lattice. Here, A, B, and C lattice
sites are shown by red, blue, and green dots respectively. The dashed arrows represent the
hopping among the next nearest neighbouring (NNN) atoms, such as B-A-B or C-B-C or
A-B-A or B-C-B. é; and é5 are the lattice unit vectors.

3.2 Pseudospin-1 o-73 QR with ISOC

We consider a ring of radius R, in the -y plane, made from the pseudospin-1 a-T3 lattice as
depicted in Fig. 3.1(a). The a-T3 lattice structure is schematically shown in Fig. 3.1(b). The
hopping energy between the A and B sites is ¢, while the hopping energy between the sites B
and C is at. Including the intrinsic spin-orbit coupling, the o-T3 lattice Hamiltonian is given by

[34, 186],

TH-3611_196121109



Chapter 3: Persistent Currents in the Spin-Orbit Coupled o-T5 QR 80

QA
H = ZthC]a—FZOéthCk:a‘F Z Z/”C O'ZC]U/—Fﬁ Z Vikcjaozckgx 3.1

(ig) (ik) V3 (i {(ik))oo’

where c;r’ ; . (Cijk) is the creation (annihilation) operator of electrons on the corresponding A,
B, and C' sites denoted by 7, 4, and k indices, respectively. The first term is the electron hopping
between the A and B sites, while the second one is that between the B and C sites. The summa-
tions of (i) and (ik) run over the nearest neighbour (NN) sites A-B (B-C). The third term is
the next nearest neighbour (NNN) hopping of electrons ((ij)) (double angular brackets denote
the NNN hopping are to distinguish from the single ones that stand for NN hopping) between
A-B-A or B-A-B representing the spin-orbit coupling proposed by Kane and Mele in graphene
[257], A is the SOC strength. v;; (v;) = 1 for the NNN hopping to be anticlockwise and v
(vir) = —1 (depending on the orientation of the two nearest neighbour bonds the electron tra-
verses in going from site j to ¢) if it is clockwise with respect to the positive z axis (which is
perpendicular to the lattice xy plane), o, 0, and ¢’ are the real spin Pauli operators. The last
term describes the SOC due to the introduction of the central C' atoms into the graphene lattice,
that is, the C-B-C' and B-C-B NNN hoppings are feasible (A-C-A and C-A-C are neglected).
a is the corresponding SOC strength (similar to at), so that putting o« = 0 reproduces all the

results for graphene.

In the Bloch representation, the above lattice Hamiltonian can be transformed into a continuum
one. Therefore, the total low-energy Hamiltonian around the Dirac points are governed by a

pseudospin-1 Dirac-Weyl Hamiltonian of the form,

0 (Cpa — ipy) cos 0 cos ¢ 0 0
H(o) = hvr (Cpz +ipy) cos @ 0 (Cps —ipy) sing *CUS\ 0 siny — cos 0
0 (Cpe +ipy) singp 0 0 0 —sing
3.2)

where tan ¢ = «, p, and p, donate the in-plane mechanical momentum operator, { = =1,
representing the K (K') valley index, A = A/ cos ¢, and fivp = v/3at/2 cos @, while o denotes
the real spin degrees of freedom. The Hamiltonian in Eq. (3.2) can be expressed in the polar

(7, 0) coordinates as,

—CoAcosp hvpe_w(—iC% - %%)cosap 0
H(o) = hvpew(—i(;% 71"809) Ccos CoX(cos ¢ — sin ) hvpe’w(—z{% - %%) sin ¢
0 hvpew(—ig“% 1(?9)smcp CoAsin g

(3.3)
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The eigenstates of H are obtained as,

Xlo (T)ei(mfg)e

v, (’I”, (9) = X20 (’r')eime s (3.4)
ng(r)ei0n+<)9

where the integer m labels the orbital angular momentum quantum number and ;,s denote the
amplitudes corresponding to the three sublattices. We follow the earlier approach employed for
an ideal one dimensional quantum ring by freezing the radial part, » = R in the eigensolutions.

Therefore, the Hamiltonian corresponding to an ideal «-73 ring is given by,

hop ¢

—Caj\cosgo —i~g-3Cosp 0
H(o) = ZMTF(m — %) cos  Col(cosp — sin p) —im’TF(m + %) sin ¢ (3.5)
0 i%(m%— %)singp Codsing

The energy eigenvalues are obtained as,

ElG(n) =24/ —g cos [; cos 1 (;’g _1?;> _ 27;”] (3.6)

where n = 0, 1, and 2 are associated with the conduction band (CB), the (distorted) flat band
(dFB), and the valence band (VB), respectively. Here P and () are given by,

22 <y B2l
P= ?sin2cp— 2 — RQF{NQSiHQcvaM%OSng]

and

CO’S\

< h2v?
Q= Tsin2tp[/\2(cos<p —sing) + —L

R2

(M2cosg0— NQSingo)]

respectively. The normalized spinor wavefunctions are given by,

—im’TFM(Eg?U — (oAsin <p) cos p e~ 0
\I’nm,g (R, 0) = N’g,o‘ e’ (EZLU + CUS\ cos Lp) (Egna — Caj\ sin gp) , 3.7
i}’”’TFN(Eéﬂ + CoXcos @) sin g ’f

Ne

with

1
NTCL’U - 2,2 2 2 2 2’
h . . - -
\/ RUZF {MQ (EZ"U—(J/\ sin <p) cos2 p+N?2 (Eg"a—i-Ca/\ cos go) sin? w} + (Eg‘a—&-(a)\ cos cp) (Eg‘g —(oAsin gp)
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where M = (m — %) and N = (m + %) One can easily verify that, when there is no SOC,
that is, A = 0, the eigenvalues of Eq. (3.6) can be directly simplified onto the eigenvalues of the
parent a-713 QR with one zero energy mode (as discussed in Chapter 2). When A # 0, we get
three energy bands for one kind of spin. The energy dispersions around the Dirac points (K or

K') for a particular value of « (intermediate to graphene and dice), namely, o = 0.4 are plotted

in Fig. 3.2.
100 (b)K' valley
50
N
O
£
= YF
55
L3
—50
—100H | ,
M ! i
0 50 1000 100
R (nm) R (nm)

Figure 3.2: The spin-resolved band structures Egnn(n) vs R of the a-T3 quantum ring for the
(a) K valley and (b) K’ valley in absence of an external field. n = 0, 1, and 2 denote the CB,
dFB, and VB respectively. The solid and the dashed lines in each panel are for spin-1 and
spin-J. bands respectively. The parameters are taken as A =0.05t,t = 1eV, and o = 0.4. For
the VB and CB, the angular momentum quantum numbers are chosen as m = 0 (green curves),
m = —1, —2 (red curves) and m = 1,2 (blue curves). For the dFB, the corresponding values
are m = 0 (cyan curves), m = —1, —2 (black curves) and m = 1,2 (yellow curves). These
values and notations will be consistently used in the subsequent figures of this section.

3.2.1 Without magnetic field (B, = 0)

The energies as a function of ring radius R at the K valley is shown in Fig. 3.2(a) and the
same at the K’ valley is presented in Fig. 3.2(b) with m = 0 (green curves), m = —1,—2
(red curves) and m = 1,2 (blue curves) for the valence and the conduction bands. Further,
for distorted flat bands with m = 0 (cyan curves), m = —1, —2 (black curves) and m = 1,2
(yellow curves). It is seen that for n = 1, the original dispersionless flat band is no longer
flat, instead, it becomes distorted. That is, a non-zero group velocity may be associated with

this band electrons. Hence, the n = 1 band electrons will start contributing to the transport
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properties of the system. Moreover, the n = 1 band shifts away from the band center (£ = 0)
and the bands for opposite spin species move in opposite directions (as indicated by dashed and
solid lines in each panel), resulting in formation of spin polarized bands. However, it is worth
noting that the spin polarizations for the K and K’ valleys are opposite. This certainly implies
that the time-reversal symmetry remains unchanged. The spin-valley splitting of the a-75 band
structure bears resemblance to those observed in transition metal dichalcogenide materials, such
as, MoS» [291], where the two valleys exhibit opposite spin splitting, while the system overall
maintains a time-reversal symmetry. This intriguing spin-valley dependent band structure can be
experimentally observed through spin-valley selective circular dichroism [292], a phenomenon
in which the responses of the left and the right handed circularly polarized lights differ. For the
graphene (o = 0) or the dice lattice (« = 1), the energy bands retain the spin and the valley
degeneracy, thatis, B¢, = Egz witho = —o and ( = —( in Eq. (3.6), because the particle-hole

symmetry remains invariant, although the inversion symmetry is broken.

(a) a =0.5,\ = 0.05t (b) & =1,A = 0.05t
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Figure 3.3: The energy dispersion in absence of magnetic field as a function of R at the
K valley of the a-T5 quantum ring corresponding to the o and ISOC values (a) « = 0.5,
A =0.05t, (b) @ = 1, A = 0.05¢, (¢) @ = 0.5, A = 0.1¢,and (d) @ = 1, A = 0.1t and t = 1eV’
are shown. The indices n = 0, 1, and 2 denote the CB, dFB, and VB respectively.

In Fig. 3.3, we present the energy bands at a particular valley (say, K valley) and for 1-spin

TH-3611_196121109



Chapter 3: Persistent Currents in the Spin-Orbit Coupled o-T3 QR 84

only, by considering two different cases, namely, « = 0.5 and a = 1, corresponding to two
values of the ISOC term, namely, A = 0.05¢ and A = 0.1¢. The purpose is to observe how the
band structure changes with « and responds to the SOC parameter A. Let us first discuss the
a = 0 (graphene) case [28]. In this scenario, there is no n = 1 band (distorted flat band) for
all values of m (as (distorted) flat band comes for o # 0 only), while all the branches of CB
(n = 0) and the VB (n = 2) display a 1/R dependence in the small radius limit, whereas, the
energies marge at some values, namely, E¢ , — + for large radii (see Fig. 3.4(a)). Notably,
the criterion for large R differs for different values of m. Additionally, the branches are two-
fold degenerate with m = (0,1), (2, —1), (3, —2) and so on. It is worth mentioning that all the
energy levels are non-degenerate for all values of «, except for o = 0. Further, at the K valley,
as we increase «, the distortion increases in the limit of small radius. However, in the large R
limit, some interesting features emerge as stated in the following. In the range 0 < ae < 0.5, the
dFB (n = 1) shifts away from the band center towards the CB (n = 0), and this shift increases
with a. The n = 1 bands merge to a value a and the n = 0 band merge to (1-— 04)5\ at the
large R limit. On the other hand, for « to be in the range 0.5 < o < 1, the shift decreases with
increasing . Again, the n = 1 bands merge to a value (1 — a)Acos ¢ and the n. = 0 band
merge at o) cos ¢ in the large R limit. While the energy levels corresponding to n = 2 merge
at —\ cos  in the limit of large R, irrespective the value of . We summarize the results in
Table 3.1. More details are shown Fig. 3.4 where we depict the results for varies values of a.
However, at the K’ valley, the dFBs shift towards the VB (n = 2) and the bands corresponding

to n = 0 merge to a value )\ cos  at the large R limit (see solid curves in Fig. 3.2(b)).

0<a<05 05<a<l

Bands | Marging energy | Marging energy

n=20 a\ a5\cosg0
n=1 (1—a)X (1 —a)Xcosg
n =2 —;\cosgo —5\c08g0

Table 3.1: Summary of different marging energy values for distinct bands at large radii in
absence of magnetic field.

In Figs. 3.3(a), (c) we show the results for a = 0.5 with A = 0.05t and \ = 0.1¢, respectively.
Inside the dFB (n = 1), the degree of distortion increases with increasing )\ and the bands char-
acterized by m = 0 (cyan curves) and m = 1,2, .. (yellow curves) exhibit large distortion. In
contrast, the energy bands with m = —1, —2, ..(black curves) remain nearly dispersionless. In

addition, we find the following interesting results for the dice lattice « = 1 (see Figs. 3.3(b),
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Figure 3.4: Evolution of the spin-T and K valley energy dispersion as a function of R of the
a-T3 QR for different values of ov. The parameters are taken as A = 0.05¢ and ¢t = 1eV. Panels
(a), (b), (c), and (d) denote = 0, 0.3, 0.6, and 0.9 respectively.

(d)). In the limit of small radii, all the branches of VB and CB vary as 1/R. Further, the branches
are non-degenerate. Inside the n = 1 dFB, we find the level with m = 0 remains flat at £/ = 0.
From Eq. (3.6), it may be noted that the other levels satisfy, £, (1) = —E *(1). Further, we
have E7 (0) = —E *(2) which are in direct contrast to the results for the bare case (A = 0).
Here, only the 1-spin and the K valley band structures are plotted, moreover, others for the |-

spin and the K’ valley are essentially the same.

3.2.2 In presence of magnetic field (B # 0)

Persistent equilibrium currents provide valuable information about the energy spectrum of a sys-
tem near the Fermi energy. Although such currents are typically small and are detected through
the magnetic moment they generate [293], some recent experiments have shown promising re-

sults by employing dense arrays of rings on a cantilever, which enhances the magnetic signal

TH-3611_196121109



Chapter 3: Persistent Currents in the Spin-Orbit Coupled o-T5 QR 86

and allows for both current measurements and the use of the setup as a sensitive magnetome-
ter. The Corbino disk geometry, which can be fabricated with high precision using innovative
techniques [294] involving nanoparticle manipulation and hydrogenation of open bonds, is par-

ticularly suitable for studying persistent currents. We study that in a later chapter.

To study the persistent currents and the effects of the magnetic field on the energy spectra, we
include a magnetic flux threading the ring in the transverse direction, (B = ByZz, where By is a

constant). This is incorporated in the Hamiltonian in Eq. (3.5), which assumes a form,

—(oAcos EURF( —%—F%)COSQ@ 0
H®(0) = z’h’%(m—§+ )cosap (oA(cosgo—singp) h”F(m—b—C—i- )singp
0 i%(m—l—%—i—%)sin@ Codsinp

(3.8)
where ® = TR2By is the magnetic flux, and ®; is the usual flux quantum. Owing to the

magnetic field present, the modifications to the spectra can be written as,

m,P _ / PCD 1 1 3Qq> 3 2m™n
EC:U (n) =2 —? COS |:3 COS ﬁ _Piq) - T (39)

where n =0, 1, and 2 described earlier. Here, the quantities Py and Q¢ are denoted by,

22 < W2}
Py = ?sin2§0—)\2 2

|:Nq> sin? o + M3 cos 4

and

)\ h2 2
Qo = %sm&p A2 (cos p — sin @) + RT;F

(M(% cos p — N2 sin gp)]

with Mg = (m + & — §), No = (m + & — §). Thus the quantities M and N include @,

namely the flux.

The normalized spinor wavefunctions for the up and down spin are given by,

—i "8 Mg, (Em’<I> — (osing) cospe ¢
WS (R,60) = NGZ ™ | (BT + Coheos o) (BT — CoAsing) |, (3.10)
h%Nq, (Em + (oA cos ) sin p e’

with,

Nig = !
\/52 2 |:]v12 (Em d)fgov\ sin L/J) cos? <,9+N2 (Em d)+§0')\ cos cp) sin? cpj| +(Em (I)JrCa'/\ cos <,0) (Em ‘bf(o’)\ sin <p)

2
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Figure 3.5: The energy spectra as a function of ring radius R of the a-T3 quantum ring at K
Yalley in presence of extqrnal magnetic field of B0~: 5T for (a) « = 0.5, = 0.05t,(b)a =1,
A=0.05¢,(c)a=0.5,A=0.1t,and (d) o =1, A = 0.1t and t = 1eV taken. n = 0,1, and 2
denote the CB, distorted FB, and VB respectively.

The qualitative features of the energy spectrum deviate significantly from the case correspond-
ing to zero magnetic field. In contrast to the By = 0 situation, we observe that all energy levels
are non-degenerate for all values of . Additionally, we find that Eglf(l) # —E_’g“’q)(l),
EZL(’;D(O) # —E_’;”’CD(Q), where the number inside the parenthesis denotes n = 0,1,2. Fur-
thermore, there is distortion of the m = 0 flat band energy level for « = 1. In addition, the
flat band energy levels merge with zero energy at large values of R. However, this is not the
scenario for intermediate values of a. As @ # 0, the zero energy modes merge at some finite
(positive) energy values depending upon the value of « in the large R limit. Again, each of the
levels of the VB and CB exhibits a non-monotonic behaviour as a function of the radius R. The
energy levels attain an extremum for a given value of the quantum number m (minimum for
the conduction band and maximum for the valence band) at a particular value of R. However,
positions of these extrema depend on the value of m. For a particular m, in the limit of small R,
all the energy levels vary inversely as 2. On the other hand, the energy scales as, 2 ~ R in the
limit of large R. More detailed results are provided in the Fig. 3.5.
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Figure 3.6: Energy Ey’ ’f (n) as a function of external magnetic flux ®/®, at K valley for
different values of o with R = 10 nm. Plots in the upper panel are for 1-spin and the lower
panel are for |-spin bands. The parameters are taken as A = 0.05¢ and ¢t = 1eV.

The energy levels as a function of the external magnetic flux are shown in Fig. 3.6 and Fig. 3.7
for a quantum ring with a particular radius and ISOC value, namely, R = 10 nm and A = 0.05¢.
We consider two cases, for a particular valley (say, K valley) with both 1- and |- spins, and
for a particular spin (say 7-spin) involving both the K and the K’ valleys. It can be observed
that for « = 0 at K valley, Ef?f(n) = Ef?f)(n) (see Fig. 3.6(a)), thus it will possess zero
spin current (we shall discuss it later). From Fig. 3.6, it is observed that for non-zero o, we
get, E;?f(o) = —Ef?f(?), ng(Q) = —E;?f(O) and for the distorted flat band, we have
By f(l) = —Ey f)(l). Moreover, for any intermediate « (0 < « < 1), for the 1-spin, the
n = 1 bands are shifted towards n = 0 CBs, while the |-spin bands are shifted towards the

n = 2 VBs, as discussed earlier. For the dice case (o« = 1), the n = 1 bands are equally spaced

from both the CBs and VBs.

Moving on to Fig. 3.7, we observe following the interesting aspects. For any value of « such
that o < 1, E?Tq)(n) # ETﬁ(n) since the time reversal symmetry (TRS) is broken by the

external magnetic field. However, for the dice lattice we can see E?Tq)(n) = ETﬁ(n) for all
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Figure 3.7: Energy EZLT’CI) (n) as a function of external magnetic flux ®/® for 1-spin bands
for different values of o with R = 10 nm. Plots in the upper panel are for K valley and the
lower panel are for K’ valley. The parameters are taken as A\ = 0.05¢ and ¢t = 1eV.

the bands, thus it leads to zero valley current (we shall discuss later). Also, for any intermediate
a (0 < a < 1) the T-spin bands of the n = 1 bands are shifted towards n = 0 bands (CBs),
while the |-spin bands are shifted towards the n = 2 bands (VBs) in the K’ valley as discussed
earlier. Again for the dice case (« = 1), the n = 1 bands are equally spaced with respect to the

CBs and VBs for both the valleys.

3.2.3 Persistent currents

Charge persistent current

Let us delve into the topic of persistent currents. The persistent current is the equilibrium current
that flows along the angular () direction in a QR when threaded by a magnetic flux. This current
can be calculated using the relation, j,(,) = hvp[\IlTSx(y)\I'] (we set h = 1 for the rest of the

chapter), where S, , denote the x and y components of the pseudospin operator. Using this
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Figure 3.8: The charge persistent currents as a function of external magnetic flux ®/®, for
1-spin bands are shown. Upper row is for the K valley, middle row is for the K’ valley, and the
lower row shows the valley current. Here we have considered A= 0.05¢,t =1eV,and R = 10
nm. We have shown results for three different o values, namely, « = 0,0.5 and 1.

definition, the radial and the angular currents are further obtained as j, = vp[\IJTST\II] and
jo = vp[¥TSyW], respectively. Here, S, and Sy are given by S, = S, cosf + Sy sin @ and
Sp = —Szsin @ + Sy cos 0, respectively. Along a particular direction (r = R) of the a-T3 ring,
although the radial current vanishes (as proved in the previous chapter), we can calculate the
angular current at a particular valley as well as for a particular spin. The analytical expression

for the charge persistent current is derived as follows,

hv 2
(v

n,o

7P (n) + (oA cos p) (ng(n) — (ohsing) x

jrCL =2vp (o

G.11)
[Mq> (Eg'ff(n) — (oAsin ) cos® o + No (Eg'?f(n) + CoAcos ¢) sin® @} )
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The net persistent current at a particular valley is calculated by considering the contributions
from the valence band (n = 2) and the distorted flat band (n = 1) via, jo = jszz + jszl.
It is worthy to mention that the distortion of the energy levels in the flat band gives rise to a
finite persistent current. From Fig. 3.7 it is observed that the low-energy state comprises of
different m values for a range of the scaled flux, ®/®. Using this low-energy state from Fig.
3.7, we illustrate the variation of the persistent currents as a function of ®/®, with A = 0.05¢
and R = 10 nm in Fig. 3.8. The inclusion of the spin-orbit coupling term alters the oscillation
pattern of the persistent current compared to bare (A = 0) case. In the upper panel of Fig. 3.8
we display the persistent current due to the 1-spin at the K valley, while in the middle panel,
we show the same at the K’ valley. The currents at different valleys are no longer equal, except
for the cases o = 0 and v = 1. Moreover, the persistent current at a specific valley oscillates
periodically with ®/®, with the periodicity /P, = 1. Though the oscillation pattern varies

with the parameter «, the oscillation period remains independent of «. Additionally, we observe

a finite persistent current at a specific valley when ® = 0 (no magnetic field) for all values of «.

We further introduce a quantity called the valley current as,

j=7Je(C=1)—jo(¢=-1) (3.12)

where ¢ denotes the valley index. In this context, we find that the persistent current correspond-
ing to the two extreme cases (&« = 0 and o« = 1) are equal, resulting in zero valley current
for graphene and the dice lattice. However, for an intermediate value of « (say, o = 0.5), we
observe an oscillatory valley current with the oscillation period of ®/®y = 1. Furthermore, the

oscillation pattern of the valley current depends on the parameter c.

Equilibrium spin current

Now, we turn our attention to calculation of the equilibrium spin currents. We define the equi-

librium spin current as,

js = jS(o =1) — j5(c = —1) (3.13)

where 0 = £1 denotes 1- and |-spins. As mentioned earlier, for non-zero «, the spin resolved
energy levels are not the same within a range of flux in unit of ®/®, thus potentially leading
to passage of spin currents. To investigate this, we first calculate the persistent current for both
the T-spin and |-spin bands at a particular valley, using the same procedure as mentioned above.
In the upper panel of Fig. 3.9, we show the persistent current for {-spin, while in the middle

panel, we show the same for |-spin at the K valley. We observe that both the 1-spin and |-spin
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persistent currents oscillate with ®/®( with a periodicity of ®/®, = 1 for all values of a.
Thus, this result is distinct from the valley current. Additionally, the currents corresponding to
different spins are no longer equal, except when o = 0. The latter yields a zero spin current
(js) for a = 0. Further, for non-zero o, we observe oscillatory equilibrium spin currents with
the oscillation period of ®/®, = 1. However, the oscillation pattern of the equilibrium spin

currents are affected by the value of o, as shown in the lower panel of Fig. 3.9.
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Figure 3.9: The persistent currents as a function of ®/®, are shown. Plots in the upper
row are for the 1-spin, middle row for the |-spin of K valley, and the bottom row contain
the equilibrium spin currents (calculated using Eq. (3.13)) at the same valley. Here we have
considered A = 0.05¢, t = 1eV, and R = 10 nm. We have shown for three different o values,
namely, & = 0,0.5 and 1.

3.3 Pseudospin-1 a-73 QR with RSOC

Here we consider the system to have Rashba SOC. The corresponding Hamiltonian can be writ-

ten as, H = Hy + Hp, where Hy is the tight-binding term, and H g is the Rashba spin-orbit
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coupling term. We write the Hamiltonian as,

H==Y(n0telcio = Yiinye 0tchytho = X ii) o0 INRCL (Dij * @)oo Cior = X ikyoar 10ARCY (Dt + #)oorcior + (m.)

(3.14)
where the first and second terms and the notations have described earlier in Sec. 3.2. Further, the
Rashba SOC induced by electric fields due to a gradient of the crystal potential [157, 288, 289].
Where ¢ = (0, 0y, 0-) is the Pauli matrix vector, ﬁij (Dik) is the unit vector along the direction
of the cross product Eij X 75 (Eik X Ty ) of the electric field Eij (E}k) and displacement 77;
(%) for the bond ij (ik). AR is the strength of Rashba SOC between the A and the B sites while
aAr is that between the B and the C' sites. Here we ignore the complex NNN hopping (ISOC =

0). In momentum space, the Hamiltonian of the «-T3 lattice becomes,

0 —ty 0 0 —IAR Yy 0
—tyxk 0 —atyy  IARYK— 0 TOAR Y4
- 0 —atk 0 0 —TOARYK— 0 5.15)
0 —IAR Vi 0 0 —tyy 0
IARYk+ 0 IOARY_  —I% 0 —aty;
0 —TQAR Y+ 0 0 —atyk 0

where we have defined v, = 1 + etk 4 etk and Yt = 1+ eilk1£2m/3) 4 cilk2E4n/3)  Ryrther,
the components are along the axes indicated in Fig. 3.1(b) as k; = E.éi. The annihilation
operator basis is (C1kt, €2k, €3kt Cik|, C2k|, €3k ). In the vicinity of a Dirac point (namely, K),

the Hamiltonian corresponding to an ideal a-75 ring is given by,

0 —i(m + %) cos pes 0 0 7ATR(m + %) cos pes 0
i(m+ %) cospe T 0 —i(m — %)sin ves ”\%(m - %)cos e 0 7)‘7‘1(771 + %) singpe™ 3
1 — ho 0 i(m—3)sinpe™ 3 0 0 7%“(771, - %) singpe™ 3 0
0 A—[‘(m - %)Loa pe 3 0 0 i(m — %)cos¢e’% 0
—)‘TF‘(m + 1) cos ve T 0 )‘T“(m - %) sinpe?  —i(m — 1) cos pes 0 i(m+ %) sinpe 5
0 7%(771 + 1) sin e 0 0 —i(m+ 1) singpes 0
(3.16)
where tan ¢ = o and hvp = % cos . The eigenstates of the ring Hamiltonian can be obtained
as,
XlT(R>ei(m+1)0
im6
xar(R)e™
i(m—1)8
X3 (R) ez(m
(RO = | T (3.17)
Xli(R)ez(mfl)G
im6
Xay(R)e™
X3¢(R)€i(m+l)9
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where the integer m labels the orbital angular momentum quantum number and y;’s denote the
amplitudes corresponding to the three sublattices. Here, we investigate the behaviour at a given
value of radius 7, namely 7 = R, such that the radial dependence is frozen in the eigensolutions.

Finally, we obtain the energy spectrum as,

Ei=0
2
. E 9 ].*052 AiR
EQ_mz\/(1+4m 4m1+a2)(1+ tg) (3.18)
] A% 1 - a2 Xy 1-a?
Bs=r\|(1+4m2)(1+ 2B )y am(Z8 + ——
5 ”2\/( At ) TAmGe i)

where x = +1 is the particle-hole index and € = 'L“’TF. F is the zero energy flat band, s is the

T-spin energy band and F5 is the }-spin band respectively.

3.3.1 Without magnetic field (B, = 0)

The energy spectra at the K valley in presence of Rashba SOC are expressed in Eq. (3.18).
Fig. 3.10 displays the energies as a function of the ring radius, R, for various values of a and
Ar. One can easily verify the results of the a-T3 quantum ring without the RSOC term by
setting Ar = 0 in Eq. (3.18). Here, we have considered two scenarios, namely, Ar = 0.5¢ and
Ar = 0.8t corresponding to o = 0.5 and 1 (since our results align with the existing findings
for graphene (o = 0), we intentionally exclude the o = 0 cases from subsequent discussions).
We have plotted only the m = —1, 0, and 1 bands represented by red, green, and blue curves,
respectively. When Ar = 0, the system exhibits three bands, with one being totally flat band.
However, with a non-zero A\ the original three bands split into six spin-split bands, including
two non-dispersive flat bands and four dispersive bands as described by Eq. (3.18). From Fig.
3.10, it is evident that all the energy branches have a 1/R dependence and approach £ — 0
for very large values of the radii, irrespective of the value of «. Additionally, the dispersive
bands remain non-degenerate, in contrast to the case of the pseudospin-1 «-73 QR without
SOC. Moreover, the dispersive 1-spin and |-spin bands split as well. Specifically, for m = 0,

the energies are given by,

Ke A2 K€ 221 — a2
Ey=—4/1+ & d E3=—/1+£ ) 3.19
2=\t and Bs= oty (3.19)

It can be observed that the 1-spin energy band, F» is independent of «, while the |-spin band,

F’5 has a dependency on . Consequently, the splitting between the m = 0 bands (green curves
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in Fig. 3.10) increases with increasing values of . Whereas, the splitting between the bands
with m = —1 (red curves in Fig. 3.10) and m = 1 (blue curves in Fig. 3.10) decreases as
« increases. Furthermore, the energy splitting decreases with the increase of |m/| values for all
values of «. In addition to that, the energy splitting increases with A increasing. An intriguing

observation is that for o« = 1, that is, the dice lattice, the energies are obtain as,

A2 A2
By = % (L+dm?)(1+5f) and By = “26\/1 +d4m? + 4m L (3.20)

Thus, F» is a even function of m, making it two-fold degenerate with m = +1, +2, £3, .... etc.
On the other hand, the E3 band is an odd function of m, resulting in it being non-degenerate as

illustrated in Figs. 3.10(b) and 3.10(d).

100 (a) a =05, g =05t| [ (b) a =1,z = 0.5t

E(meV)

—-100
100

(¢)a=0.5 g =08t

E(meV)

—100

600
R(nm) R(nm)

60

Figure 3.10: The energy levels in the absence of an external field with m = —1 (red curves), 0
(green curves), and 1 (blue curves) of the a-T3 quantum ring as a function of ring radius R in
presence of only RSOC are shown. (a) for « = 0.5, A\g = 0.5¢, (b) fora = 1, Agp = 0.5¢, (¢)
for « = 0.5, A\g = 0.8t, and (d) for o = 1, Ag = 0.8¢. We have taken ¢t = 1eV . In the insets,
we show the zoomed version for the same
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3.3.2 In presence of magnetic field (B # 0)

Now let us discuss the case when the pseudospin-1 a-73 ring is threaded by a perpendicular

magnetic field B = ByZz. The spectrum of the system is modified by the field flux as follows,

E(®)=0

1— 2 )\2 %
Ey(D) = /{2{ [1 +4(m+ B)% — 4(m + 5)1+ZQ] (1 - tﬁ)} (3.21)
l-«

22 2\ \ 3
)+4(m+5)(t§+1+a2>}

where 3 = ®/®( with ® = 7R?By is magnetic flux through the ring and ® is the usual flux

&1—0[2
t2 14 a?

E3(®) = m;{ [144(m + B)?] (1 +

quantum. The Zeeman coupling has been neglected at small enough values of the field. The
addition of a magnetic field, represented by a U(1) minimal coupling with flux ® threading the
ring, breaks the time reversal symmetry allowing for the emergence of persistent charge currents

[6] which we shall discuss later.

In Fig. 3.11, we show the dependence of a few energy levels on the ring radius, R, considering
By = 5T for the two aforementioned cases i.e., A\g = 0.5t with a = 0.5,1, and A\gp = 0.8¢
with @ = 0.5, 1. Each level exhibits a non-monotonic behaviour as a function of the radius R.
The energy levels attain an extremum (minimum for conduction band and maximum for valence
band) at a particular value of R. However, the positions of these extrema depend on the values
of m, a and Ap explicitly. In the limit of small R, all the energy levels vary inversely with
R. On the other hand, the energy scales as, ' ~ |R| that is in limit of large R. Additionally,
for a fixed magnetic field and for large m, the extrema points depend on R as R x /|m]|
irrespective of cv. Thus, the concept of large radii differs for different values of m. Consequently,

for negative values of m, the extrema points of the energy exhibit a scaling behaviour, namely,

Eypin o< 1/+/|m], resulting in a diminishing of the spectral gap with increasing |m|. Conversely,
for positive values of m, the energy extrema scales as, F,,;, o« /m. Furthermore, from Eq.
(3.21), it is evident that in presence of a magnetic field, the energy splitting between the bands
of the m = 0 level as well as the m # 0 levels decreases with the increase in the values of the
parameters « and Ar. Again, from Eq. (3.21) it is noted that for o < 1, there are two points
where the spin bands cross each other as a function of R form = 0and m = —1, -2, —3, ... etc.

bands, whereas there is only one band crossing point for m = 1,2, 3... values. These crossings
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Figure 3.11: Energy levels with m = —1 (red curves), 0 (green curves), and 1 (blue curves) of

the a-T5 quantum ring as a function of ring radius R in presence of an external magnetic field
of magnitude By = 5T (a) for « = 0.5, Ag = 0.5¢, (b) for « = 1, Ag = 0.5¢, (c) for a = 0.5,
Ar = 0.8t,and (d) forao = 1, Ag = 0.8t and t = 1eV taken.

obey the following equation,

2
[1+4(m+B)*+4(m+p)] —8(m—|—5)1+32 =0

(3.22)

$1-a
t2 1+ a?

Ak >
— [1+4(m+8)°—4(m+5)] -

Eq. (3.22) can be checked against the plots shown in Figs. 3.11(a) and 3.11(c).

Now, for the dice lattice case (o = 1), the above mentioned condition requires m + 5 = 1/2,
which implies that along the radius R, the band crossing point occurs at R = V21, (% —m),
where [g = \/m is the magnetic length. Consequently, there is only one band crossing
point for m = 0 and m = —1, —2, —3, .. etc. bands. Furthermore, band crossing is prohibited
for m to be positive as there are no real values of R for m > 0, indicating that the corresponding

spin bands do not cross each other as illustrated in Figs. 3.11(b) and 3.11(d) by the blue curves.

The energy levels as a function of the external magnetic flux (8 = ®/®) are depicted in Fig.
3.12 for a quantum ring with R = 10 nm, considering different cases, namely, (a) a = 0.5,

Ar = 0.5t, (b)) a =1, A\p = 0.5¢, (¢) @ = 0.5, Ap = 0.8¢, and (d) « = 1, Ap = 0.8¢. The
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Figure 3.12: Energy levels as function of external magnetic flux ®/®, for (a) for a = 0.5,
Ar = 0.5¢, (b)fora =1, A\g = 0.5¢, (¢) fora = 0.5, \g = 0.8¢,and (d) foraa = 1, Agp = 0.8¢
with R = 10 nm are shown. We have taken ¢ = 1eV/, and total angular momentum quantum

numbers are denoted by m = —1, —2 (red curves), m = 0 (green curves), and m = 1,2 (blue
curves).
curves are represented by red, green, and blue colors corresponding to m = —1, m = 0, and

m = 1, respectively. The magnetic field dependence of the energy spectra become evident when

we rewrite Eq. (3.21) as,

B2 — S [1 4 a(m+ B — 4(m + B) -] (14 2y — (323)
9 4 m m 1+a2 t2 = U, .
and
2 A2 1 — a2 A, 1—a?
E2- S (144 2)(1 4+ 2R 4 R —0. (324
3 4[( +4(m+B)%)(1+ 22 1+a2)+ (m—i—ﬁ)(tg +1+a2)} 0 (3.24)

Thus, the energies display a hyperbolic dependence on the applied magnetic field, exhibiting

extrema at the flux values given by,

o 1/1—a?
. —m+ 2<1 +a2> (3.25)
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for 1-spin band E5, which is independent of the strength of the Rashba coupling, but depends

on the values of m and the parameter .. For the dice lattice (¢ = 1), the extrema occur at

q% = —m. However, the extrema for the |-spin band E3 occur at
)‘?2 1—a?
R b e (3.26)
q)() 2 1+ & 1-a2 )’ '
t2 1+a?

showing a dependency on the strength of Rashba SOC, o and m. For the dice lattice (v = 1),

. A2 . .
the extrema are obtained at q,% =—-—m— %t—§ The energy gaps at the extrema points are given

2eq A2 2eq
AEy,= ——\/1+ 22 and AE;=
2= 1 2Vt ST I L2

Therefore, it is observed that for a fixed value of Rashba coupling, the energy gaps for both

by,

(3.27)

the spin bands increase with increase in «. However, the minimum energy gap for both the
spin bands is independent of m. Also the |-spin bands, namely, E'3 have lower energy than the
T-spin bands (F2). The 1-spin E5 and |-spin E'3 bands are illustrated in the Fig. 3.12(a). For
the dice lattice case, and for Ar = 0.5t, the energy gaps are obtained as, AFy =~ 74 meV and
AFE3 ~ 64 meV (witht = 1 eV) which can be verified from the Fig. 3.12(b). Furthermore,
from Fig. 3.12 it is evident that Eo(m) # Es(—m) and E3(m) # Es(—m), indicating the

existence of finite spin currents.

3.3.3 Persistent currents

Charge persistent current

The charge persistent current in the low-energy state can be calculated using the linear response

oF

m.k 63 (the other definition, namely, hvp VAKRV yields identical results),

formula, jo = — )
where the sum refers to all (and only) the occupied states (for the valence band (x = —1)) and the
m values are chosen carefully to perform the summation. Since the current is periodic in ®/®
with a period of 1 (that is ® = ®g), we restrict the discussion to the window —1 < ® /Py < 1.

The analytical form for the charge current is,

2 22 2

by ®\_1-a? ® 2R 1—

e <1+%>[2<m+$0>—1+32}_6%2 2t 1+ F 152+ (G + 1522)
JQAr = T 20, Zum E2() 29, Zm E3(®) :
(3.28)
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Figure 3.13: The charge persistent currents as a function of external magnetic flux for the low-
energy state for (a) « = 0.5, A = 0.5¢, (b) a = 1, Ag = 0.5¢, (¢) a = 0.5, Ag = 0.8¢, and
(d) @ = 1, Ag = 0.8t are shown. The ring has a radius, R = 10 nm and ¢t = 1eV taken.

The spin branches closest to the Fermi energy exhibit non-monotonic behaviour, resulting in
two distinct contributions to the charge current coming from the 1-spin and -spin components.
Since we are calculating the current contributions arising from the low-energy states, it is clear
from Fig. 3.12 that for a certain range of ®/®, only one energy state labelled by a particular
value of m is present. Hence, the sum in Eq. (3.28) comprises of only one value of m. We
have computed the current taking the contributions from both the spin branches and the results
are depicted in Fig. 3.13 for (a) « = 0.5, Ag = 0.5¢, (b) @« = 1, Agp = 0.5¢, (¢) a = 0.5,
Ar = 0.8t, and (d) « = 1, Agp = 0.8, for a particular ring radius, namely, R = 10 nm.
The asymmetric structure of the spectral features between the two spin branches allows for the
possibility of a net spin current, as we shall see below. For all values of «, the persistent currents
oscillate periodically with ®/®, with a periodicity of ®/®y = 1. Fig. 3.13 illustrates that the
persistent currents can be tuned by adjusting the parameter « for a fixed value of the Rashba
coupling (Ag). Moreover, the charge persistent currents can be manipulated via \r for a fixed
a, since the Rashba parameter can be controlled by a gate voltage. In contrast, the intrinsic
spin-orbit coupling () cannot be tuned by applying external fields. However, experimental
evidence has shown that the intrinsic spin-orbit coupling strength can still be manipulated via

carbon hybridization technique and may contribute in tuning the charge persistent current [295].
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Equilibrium spin current

We shall now study equilibrium spin currents. In contrast to the formalism for obtaining the
charge current, one can obtain the spin currents by accounting for distinct velocities for different

spin branches. Thus, we define equilibrium spin current as,

js = jo(t) —je(). (3.29)

We have calculated the equilibrium spin currents following the procedure discussed earlier.
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Figure 3.14: The equilibrium spin currents as a function of external magnetic flux for (a)
a=05 A =050 a=1,Ag=0.5t()a=0.5 g =0.8tand (d) o =1, A\p = 0.8¢
are shown. The ring has a radius of R = 10 nm and ¢t = leV taken.

The peculiar separation of the spin branches results in velocity differences between the two
spin projections, giving rise to a spin current, as shown in Fig. 3.14. The figure illustrates a
significant spin current for small values of the flux, which can be attributed to the large charge

current originating from a single spin branch.

The striking feature is that the magnitude as well as the pattern of the spin currents depend
upon the parameters « and the strength of the Rashba coupling (Ar). We present results for
(@ a =05 A g =05, b)) a=1 A g =05t (c)a = 0.5, \p = 0.8, and (d) o = 1,
Ar = 0.8t for a ring of radius, R = 10 nm. The presence of the Rashba coupling breaks
inversion symmetry (in addition to the o, symmetry) in the plane even for small Ar. The

symmetry breaking determines the spin labelling of the energy branches that take part in yielding
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the spin currents. Additionally, the spin currents exhibit periodic behaviour with ®/®, with a

periodicity equal to one flux quantum.

3.4 Pseudospin-1 a-73 QR with ISOC in Addition with RSOC

We add the Rashba SOC term to the Hamiltonian in Eq. (3.1) of the pseudospin-1 fermionics.
Thus, we are dealing with a Kane-Mele Hamiltonian with a Rashba term for pseudospin-1 a-73

QR. The resulting Hamiltonian is,

i\ QA
H=t cjacjg + at Z clTac/w + ﬁ Z I/Z'jCZ-LUO'ZCjJ/ + % Z Vikcjaazckg/
(i5) (ik) ({ig))oo’ ((ik))oo’

+)\R Z icgg(f)ij : 53)00’?70’ + Oé)\R Z icZU(‘Dik . 5:)00’0160’ + (hc>

(ij)yoo’ (ik)oo’

(3.30)

All the terms and notations have described earlier in Sec. 3.2 and Sec. 3.3. Thus, in the vicinity

of a Dirac point (namely, K), the Hamiltonian corresponding to an ideal a-T3 ring is given by,

~Xcosy ~ie(m + 3) cos e 0 0 7#(m +1) cosped 0
ie(m + 1) cos ve T A(cos ¢ — sin ) —ie(m — &) sin e's ‘ATH(m — 1) cos e 0 7#(’” +Lysin peF
e 0 ie(m — %) sin e~ Asing 0 7#(771 - %) sin e~ 0
0 FATHO” —3)cos g% 0 Acos g ie(m — 1) cos e T 0
—SGE(m + §) cos pe T 0 A (m — L)sinpes  —ie(m — 1) cospes —M(cos ¢ — sin ) ie(m + L) sinpe™
0 _ifk(m + %) sin e s 0 0 —ie(m + %) singpes —Xsing

(3.31)

The eigenstates of the ring Hamiltonian can be obtained as,

X11(R)elm+1)?
Xat(R)e™”
Xs1(R)el(m=1?
X1y (R)eitm=1°
Xay(R)e™?
Xau(R)eitm+10

(R, 0)

(3.32)

We have described all the terms and the notations earlier.

3.4.1 Without magnetic field (B, = 0)

The electronic energy spectra at the K valley as a function of the ring radius R of the system, via

varying both A\ and Ag, have been obtained via numerical diagonalization of Eq. (3.30) and are
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shown in Fig. 3.15. When both the Rashba coupling (Ar) and the intrinsic spin-orbit coupling
(\) are considered, the energy bands for spin-1 and spin-| states become distinguishable for any
value of m. Consequently, in this case we get pairs of conduction (n = 0), distorted flat (n = 1),
and valence (n = 2) bands, one for each spin. In Fig. 3.15, we have plotted the energy spectra
for two different o values, namely, o = 0.5 (Fig. 3.15(a)) and a = 1 (Fig. 3.15(b)) withm =0
(green curves), 1 (blue curves), and —1 (red curves). The parameters used in the calculations
are A\ = 0.05¢ and Ar = 0.5¢. Notably, the energy levels are now non-degenerate for all values
of a. It is worth mentioning that for all values of «, and for small radii, all the branches of
the VB and CB vary as 1/R. Within the CB and VB, the energy splitting between the spin

bands corresponding to a specific m value increases with « in the range namely, 0 < o < 0.5.

50

E(n)(meV)

0 20 40 600 20 40 60
R(nm) R(nm)

Figure 3.15: The energy spectra as a function of the ring radius R of the a-T5 quantum ring

at K valley for (a) « = 0.5, and (b) @ = 1. n = 0,1, and 2 denote the CB, distorted FB, and

VB respectively. The parameters are taken as A = 0.05¢, Ar = 0.5¢, and ¢t = 1eV. Our results

with —5 < m < 5 are shown, here positive values of m are shown by red curves, m = 0 shown
by green curves, and negative values are shown by red curves.

However, as « increases within the range 0.5 < a < 1, the energy separation between the spin
bands decreases. Additionally, regardless of the value of «, the energy separation diminishes as
the magnitude of m (|m|) increases. Within the distorted n = 1 band, the degree of distortion
increases as « increases in the small radius limit. A finite gap exists between the 1- and |-spin
bands of the m = 0 band. This gap increases with « in the range 0 < o < 0.5, while it
decreases in the range 0.5 < o < 1. This non-monotonicity is an interesting feature of our
study. Furthermore, the energy separation between the 1- and |-spin bands decreases as v and

|m| increases. Moreover, certain spin bands intersect at a particular value of the radius of the
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ring, as depicted in Fig. 3.15(a). As we increase «, the crossing point gradually shifts towards
larger values of R. In the limit « = 1, the |-spin band of m = 0 remains flat at zero energy,
and the spin bands converge at large values of R as shown in Fig. 3.15(b). Furthermore, in
the regime of large radii, we observe intriguing features in the energy spectra, which we shall

discuss below.

As we increase « in the range 0 < o < 0.5, a distinct separation between the spin branches of a
specific band (VB, dFB, or CB) becomes evident, and this separation becomes more prominent
as « increases. Specifically, the 1-spin bands of the distorted flat band (n = 1) migrate away
from the band center (£ = 0) and move closer to the 7-spin bands of the conduction band
(n = 0). The 1-spin energy bands of n = 1 band (distorted FB) merge to a value of o, while
the 1-spin bands of the n = 0 band converge to a value given by (1 — a)j\ in the limit of large R.
It is important to note that the specific criteria for considering I? as "large" vary, in a sense they
depend upon the value of m. Conversely, the |-spin bands of n = 1 shift towards the |-spin
bands of n = 2 (VB). Again they merge to a value —a) and —(1—- a)S\ respectively. For more
detailed information, we present the same results for different values of « in Fig. 3.16. Fig.
3.15(a) illustrates the results for « = 0.5 where 1T-spin bands of n = 0 and n = 1 merge to a
value /2, while the | -spin bands merge to ) /2. Additionally, the |-spin bands corresponding
to n = 0 merge to a value X cos  in the large R limit, while the 1-spin bands of the n = 2 merge
to — A cos  as depicted in Fig. 3.15(a). For example, to quote some numbers, corresponding to
a = 0.5, the 7-spin branches of the VB (n = 2) merge to a value —45 meV, while the |-spin
branches of the CB (n = 0) merge at 45 meV. These results match very well with our analytic

results discussed above.

For the range 0.5 < a < 1, as we increase «, the separation between the spin branches for a
specific band (VB, dFB or CB) diminishes, eventually leading to spin-mixed bands at « = 1. In
contrast to the previous scenario, in the current case, here the 1-spin bands of the distorted flat
band (n = 1) merge together at a value (1 — ), while the |-spin bands merge to —(1 — &)
in the limit of large R. On the other hand, the 1-spin and the |-spin branches of the n = 0
band merge to o cos o and A cos o respectively, while the 1-spin and the |-spin branches of the
n = 2 band merge to — X cos @ and —a\cos o respectively. Fig. 3.15(b) displays the results for
the @ = 1 case where the spin bands corresponding to the n = 1 band merge together at zero
energy and the spin bands of the n = 0 and n = 2 merge to +A /\/2 respectively, which are in

accordance with the aforementioned explanations. We summarize the results in the Table 3.2.
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Figure 3.16: Evolution of the energy spectra as a function of ring radius R of the a-73 quantum
ring at K valley in presence of both the ISOC and RSOC terms together for (a) o = 0.2, (b)
a = 04, (c) a = 0.6, and (d) « = 0.8. The parameters are \ = 0.05t, Ag = 0.5t, and
t =1eV.n = 0,1, and 2 denote the CB, distorted FB, and VB respectively.

0<a<05b 0 <a<l
Bands | Spin-resolved bands | Marging energy | Marging energy
n=>0 T-spin (1—a)X a\ cos
n= J-spin A cos %) A cos P
n= T-spin al (1—a)A
n= J-spin —a\ —(1—a)A
n = T-spin — X cos %) —Xcos %)
n= J-spin —(1—a)A —aXcos g

Table 3.2: Summary of different marging energy values of different spin branches at large radii
in absence of magnetic field.

3.4.2 In presence of magnetic field (B, # 0)

Now, let us consider the case when the ring is subjected to a perpendicular magnetic field. The

field significantly alters the above scenario. In Fig. 3.17, we show the dependence of several
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energy levels on the ring radius (R) for two cases namely, @« = 0.5 and o = 1, assuming a
magnetic field strength of By = 5T. Each level exhibits a non-monotonic behaviour as a function
of R. Notably, the energy levels of the CB (n = 0) and VB (n = 2) attain inflection points
(minimum for CB and maximum for VB) at specific values of R. However, the locations of these
points depend on the values of m, «, 5\, and AR, as shown in Fig. 3.17. In the limit of small R,
all the energy levels vary inversely with R. On the other hand, the energy scales approximately
linearly with Rz, in the limit of large R. It is worth mentioning that the criteria for considering R
as "large" differ for different values of m. Furthermore, within the CB (n = 0) and VB (n = 2)
for a particular value of m and «, the energy splitting between the spin branches decreases as R
increases before reaching the inflection points. However, after reaching these points, the energy
splitting between the spin bands increases with R (see Fig. 3.17(a)). Additionally, the energy
splitting between the bands decreases as |m| increases, for all values of . Moreover, for a
specific |m/| value, the energy splitting decreases as « increases, and eventually, the spin bands

merge at the extremum point in the limit of & = 1 as shown in the Fig. 3.17(b).
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Figure 3.17: The energy spectra as a function of ring radius R of the o-T3 quantum ring in
presence of an external magnetic field of By = 5T at K valley for (a) « = 0.5, and (b) a = 1.
n = 0, 1, and 2 denote the CB, distorted FB, and VB respectively. The parameters are taken as
X = 0.05t, \g = 0.5¢, and t = 1eV. m values are taken from —5 to 5 and positive values of
m are shown by red curves, m = 0 shown by green curves, and negative values are shown by

red curves.

Let us briefly discuss the behaviour of energy levels within the dFB (n = 1) considering to the
choice of parameters m, R, and «. In the small R limit, and for a specific value of m, increasing

« results in a greater degree of distortion within the dFB. Additionally, for a fixed value of «,
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Figure 3.18: Evolution of the energy spectra as a function of ring radius R of the a-73 quantum
ring at K valley in presence of external magnetic field of By = 5T considering both the ISOC
and RSOC terms together for (a) @ = 0.2, (b) @ = 0.4, (¢) @ = 0.6, and (d) « = 0.8. The
parameters are taken as A = 0.05¢, A\ = 0.5¢, and t = 1leV. n = 0,1, and 2 denote the CB,
dFB, and VB respectively.

, within

the distortion also increases with |m| increase. Now, focusing on a fixed value of |m
the range of 0 < « < 0.5, an increase in « leads to an increase in the separation between the
spin-1 and spin-] bands. However, within the range of 0.5 < a < 1, the splitting between the
spin bands decreases as « increases. Moreover, for a particular o value, in the small R limit,
the energy separation increases with increasing |m|. On the other hand, in the large R limit, the
spin-1 and spin-}. bands with different m values merge with each other, resulting in spin-split
energy bands, which happens for any value of a. However, in the large R limit, the splitting
between the spin bands increases as « increases in the other range, that is, 0 < o < 0.5, while
the separation between the bands decreases as o increases within the range of 0.5 < « < 1. For

more detailed information, we provide Fig. 3.18, which includes results for additional « values.

In Fig. 3.17(a), we illustrate the case for & = 0.5. Here, for a fixed |m|, the energy splitting
between the spin bands increases as R increases. The energy separation between the spin bands

increases as |m| increases in the small R limit. The 1-spin bands of n = 1 shift towards the
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T-spin bands of n = 0, and as m increases in the negative direction, they also move closer to
each other. Similarly, the |-spin bands shift towards the |-spin bands of the n = 2, and as
negative values of m increases, they move closer to each other. In Fig. 3.17(b), we depict the
case for @ = 1. Here, the separation between the spin bands of m = 0 and negative values of
m decreases with increasing R. Further, at a certain radius (inflection points), they touch each
other. Subsequently, the band gap increases, leading to the emergence of spin-separated bands
in the large R limit. However, for positive values of m no band touching occurs. Furthermore,
the bands of the distorted FB with m = 0 shift towards the bands of CB with m = 0, and as the
negative values of m increases, the shifting points move further apart. Conversely, the spin-J
band of the distorted FB with m = —1 shifts towards the bands of VB with m = —1, and as m

increases towards the negative values, the shifting points also move further apart.
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Figure 3.19: Minimum value of the conduction band energy levels and maximum value of
the distorted flat band energy levels of the ring as a function of the quantum number |m| for
a = 0.5 and o = 1. Here, we consider the ring radius R = 10nm, A= 0.05t, A\ = 0.5¢,
t = 1eV, and the magnetic field is By = 5T.

Notably, it is observed that there always exists a finite gap between the lowest point of the CB
and the highest point of the dFB. The same holds true for the highest point of the VB and the
lowest point of the dFB. Consequently, these energy levels will never mix with each other, even
when R and |m| attain very large values. To verify this, in Figure 3.19, we have depicted the
minimum energy of the CB and the maximum energy of the dFB as a function of the quantum
number |m| for both & = 0.5 and o = 1. The results reveal a distinct gap between the minimum

of the CB and the maximum of the dFB. Additionally, for o = 0.5, the minimum energy of the
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CB, and for a = 1, the maximum energy of the dFB exhibits a behaviour that scales as 1/4/|m]|.
Notably, the maximum energy of the dFB for a = 0.5 and the minimum energy of the CB for

a = 1 remain approximately constant.

3.4.3 Persistent current

Charge persistent current
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Figure 3.20: The charge persistent current as a function of external magnetic flux for the low-

energy states in presence of both the ISOC and RSOC terms for (a) o = 0.5 and (b) o = 1.

The radius of the ring is 10 nm and the parameters are taken as A = 0.05¢, Ar = 0.5¢, and

t=1eV.
From Fig. 3.17, it is evident that the presence of an external field in this case causes the flat
band to no longer remain flat, which in turn contributes to the transport properties of the system.
To investigate the impact of the distorted flat band, we calculate the persistent currents. The
charge persistent currents in the low-energy state can be determined using the linear response
definition, jo = — >, g—g, where the summation is over the low-energy occupied states only.
We confined our discussion in the range —1 < ®/® < 1, where the occupied states exist in
the valence band and the distorted flat band. We follow the same procedure as stated in Secs.
3.2 and 3.3. The persistent currents then obtained as a combination of contributions from the
valence band (n = 2) and the distorted flat band (n = 1) as, jo = jg?:l + jgf?. It is noteworthy
that the distortion of the energy levels in the flat band gives rise to finite persistent currents, in

contrast to the case of Rashba SOC (in Sec. 3.3). In Fig. 3.20, we demonstrate the variation of
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the persistent currents with ® /®, for A = 0.05t, A\ = 0.5¢, and R = 10 nm corresponding to
two different cases, namely a = 0.5 (Fig. 3.20(a)), and o = 1 (Fig. 3.20(b)). The introduction
of X and \p completely changes the oscillation pattern of the persistent currents from the case
of \ # 0, Agp = 0 (see Fig. 3.8) and A=0,\p # 0 (see Fig. 3.13). Furthermore, the currents
exhibit periodic oscillations in ®/®( with the periodicity ®/®y = 1. The period of oscillation
remains insensitive to the value of a. However, the oscillation pattern varies for different «
values. Moreover, the charge persistent currents can be manipulated by Ar, which is tunable via

an external.

In many case, we have excluded the plots for graphene (o = 0), as the results are known, which
in some other cases, we have included them so as to underscore how the scenario evolves with

the value of a.

Equilibrium spin current

Finally, we consider the equilibrium spin currents. We define the equilibrium spin currents as
in Eq. (4.20), which combines charge current contributions from different spin-split labels. We
have calculated this taking into account of the low-energy states of the separate spin branches.
In this case, the inversion symmetry is broken inside the plane, leading to asymmetric spin
branches. The peculiar separation of the spin branches results in velocity differences between the
two spins, leading to a spin current, as illustrated in Fig. 3.21. We have consider two cases, o =
0.5 (Fig. 3.21(a)) and o = 1 (Fig. 3.21(b)), corresponding to the parameter values A = 0.05¢,
Ar = 0.5, and R = 10 nm. The figures depict a large spin current for small fluxes, which can
be attributed to the large charge currents originating from the individual spin branches. These
currents oscillate periodically in ®/®, with the periodicity ® = ®,. Furthermore, the pattern
of oscillation varies for different o values, while the oscillation period remains independent
of the values of . The Rashba coupling originates from the broken inversion symmetry in
the plane, and determines the spin labelling of the energy branches participating in the spin
current. Additionally, the intrinsic SOC term makes the flat band dispersive, allowing it to
contribute to the equilibrium spin currents. Furthermore, the equilibrium spin currents can also
be manipulated by Rashba coupling and ISOC, as they are tunable via external field and edge

functionalization.
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Figure 3.21: The equilibrium spin current as a function of external magnetic flux for the low-
energy states considering both the ISOC and RSOC terms for (a) o = 0.5 and (b) @ = 1. Again
the ring radius is 10 nm and the parameters are taken as A = 0.05¢, A\ = 0.5¢, and t = 1eV.

3.5 Summary

In this chapter we have thoroughly examined the electronic properties of the a-75 QR in pres-
ence of an external magnetic field, including the effects of Rashba and intrinsic spin-orbit cou-
plings separately, as well as their combined effects. The key observations from our analyses

include the following.

When only intrinsic spin-orbit coupling is present A # 0, Ap = 0) and in the absence of a
magnetic field, the flat band becomes dispersive for small ring radii, except for the m = 0
band corresponding to o = 1 (dice limit). At large radii, the energy levels in the valence
band (VB) and the conduction band (CB) converge to specific energy values determined by
the parameters X and . The introduction of the magnetic field makes all the levels in the
flat band dispersive at all finite values of « (o # 0). The energy levels in the VB and CB
display significant deviations from their typical R dependence. The persistent currents exhibit
d( periodic oscillations at the individual valleys, resembling Aharonov-Bohm oscillations. The
valley currents, derived by combining charge current contributions from the two valleys, exist
only for intermediate to graphene (pseudospin-1/2) and dice lattice (pseudospin-1), 0 < a < 1,
while in the limiting cases that is, « = 0 and @ = 1, they vanish. Equilibrium spin currents

obtained from combining the charge current contributions from different spin labels also exist
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for all values of a@ # 0 (pseudospin-1 system) and exhibit ®q periodic oscillations, with the

oscillation pattern depending on « and .

As a second scenario, we have considered only Rashba spin-orbit coupling present \ =0,
Ar # 0). The inclusion of Ar leads to six bands in the spectrum, including two non-dispersive
flat bands and four dispersive spin-split VB and CB. The flat band consists of a large number
of degenerate levels at zero-energy, which are insensitive to the applied magnetic field. In the
absence of a magnetic field, all the energy levels in the CB and VB exhibit inverse dependence on
the ring radius R, and are independent of .. Interestingly, the 1-spin energy levels corresponding
to o = 1 is two-fold degenerate, except for the m = 0 level. However, the |-spin bands are non-
degenerate for all values of av. When the ring is subjected to a perpendicular magnetic field, the
energy levels deviate significantly from their typical R dependence, displaying a 1/ R behaviour
for small R and R behaviour for large R. The persistent currents show ®( periodic oscillations,
with distinct patterns for different « and A values. We derived equilibrium spin currents, by
combining the charge current contributions from different spin branches which display the same

periodic behaviour.

As a final case, we have considered the effects of both spin-orbit couplings, namely, A # 0 and
Ar # 0. In the absence of a magnetic field, all the flat bands become dispersive for small ring
radii, except for the m = 0 |-spin band corresponding to o = 1. The introduction of a magnetic
field leads to all the levels of the flat band becoming dispersive for all o # 0, with the VB and
CB behaving with the ring radius R similar to the previous cases. Further, the persistent currents
exhibit ®( periodic oscillations with a pattern distinct from the previous cases. The equilibrium
spin currents are non-zero as well for all values of o and display similar periodic behaviour
with a distinct oscillatory pattern. The parameters «, A, and Ay are tunable in our work (),
AR are experimentally tunable too), the persistent currents can be controlled by varying these

parameters.
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Chapter 4

Effects of Screw Dislocation in a
Rashba Spin-Orbit Coupled «o-T5

Quantum Ring

HAving studied the role of intrinsic and Rashba spin-orbit coupling, we resort to explore
imperfection in a quantum ring. With such a motivation, we investigate the effect of a topologi-
cal defect, such as a screw dislocation in an a-75 Aharonov-Bohm quantum ring and scrutinize
the role of an external transverse magnetic field therein in this chapter. The screw dislocation in-
troduces an effective flux that reshapes the periodic oscillations in the persistent current in both
charge and spin sectors, with a period of one flux quantum. Moreover, these currents demon-
strate a phase shift proportional to the degree of dislocation. Further, we have ascertained the
role of scattering effects due to the dislocation present in the system. Such tunable oscillation of
the spin persistent current highlights applications of our system as potential spintronic devices.
Additionally, the presence of the distortion induces a chirality effect, giving rise to an additional

chiral current even in the absence of an external field.
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4.1 Introduction

A myriad of physical phenomena is induced by dislocations in experiments. For instance,
the time-reversal symmetry-breaking superconducting state along the (110) lattice direction in
SroRu0y [296], the influence of screw dislocations on the mechanical response of complex lay-
ered materials [297, 298], etc. Further, the interplay between real-space topological lattice de-
fects and the reciprocal space topology of energy bands, may result in one-dimensional topolog-
ical modes bound to screw dislocations in three-dimensional topological insulators. Dislocation-
induced helical modes [299], geometry-induced charge separation on a helicoidal ribbon [300,
301], and other phenomena further highlight the diverse effects produced by dislocations. More-
over, recent studies on position-dependent mass Schrodinger particles in space-like screw dis-
locations [302], as well as the application of quantum dots with screw dislocations in nonlinear
optical [303], and magneto-optical specifications [304], have garnered significant attention in

the scientific community dealing with quantum ring (QR) based devices.

Driven by the exciting possibilities offered by QRs, this study focuses onto the impact of a
topological defect positioned at the center of the a-73 QR, in presence of a Rashba spin-orbit
coupling (RSOC). The interplay of RSOC and topological defect on the energy spectra and
transport will comprise of the important discussions made in this chapter. The inclusion of this
topological defect is achieved in the Hamiltonian through a geometric route. Furthermore, our
analyse involve into the dynamics of a charged particle constrained to navigate a QR with a
fixed radius, all the while being influenced by the presence of this topological defect. Addition-
ally, we incorporate the Rashba SOC term, which does not violate any of the symmetries of the
parent a-73 ring. Notably, this term can be manipulated using an external electric field [257]
or adding heavy adatoms, etc. that effectively breaks the mirror symmetry with respect to the
a-T3 plane. This discussion underscores the necessity for a comprehensive investigation into
the behaviour of an a-73 QR with Rashba SOC and topological defect. To further elucidate the
controllability of persistent currents, we incorporate an external magnetic field into our analyse.
These explorations have sparked substantial research activity, particularly in the context of po-
tential applications within the emerging field of spintronics. An intriguing avenue for further
investigation involves the combination of Rashba SOC with dislocation in an a-73 QR to exam-
ine various properties. At the theoretical level, it is imperative to gain a deeper understanding of
the cumulative effects of a robust electric field from SOC, confinement, and disorder potentials,
such as the topological defect considered by us. These factors directly impact charge transport

and the spin-related attributes of electrons.
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This chapter is structured as follows. In Section 4.2, we present the model incorporating a
topological defect. Section 4.3 provides an overview of the electronic properties of the system.
The discussion of the persistent currents are presented in Section 4.4. The Burgers currents,
including explicit formulas, is presented in various sub-sections of Section 4.6. Finally, our

findings are summarized in Section 4.7.

(a)

Dislocation line or Screw axis

-

Burgers circuit Dislocation plane

Burgers vector, b* L 44
B
o C

Figure 4.1: (a) Schematic diagram of a screw dislocation. Dislocation line, dislocation plane,
Burgers circuit, and Burgers vector have shown in the figure. A counter-clockwise rotation is
combined with a translation along the z-axis, resulting in a helical or spiral distortion. (b) A
schematic diagram of the a-T5 ring of radius R subjected to a transverse magnetic field B =
Bz and a screw dislocation. (c) Lattice structure of the «-T3 lattice is shown in the zoomed
portion. Here, A, B, and C lattice sites are shown by black, blue, and red dots respectively.
Hopping amplitude between the A and B sublattice is ¢, while between B and C'is at. Black
arrows labelled by é; and é, indicate the two translational vectors of the «-T5 lattice. The
lattice is subjected to a screw dislocation.

4.2 o-T;5 QR with Screw Dislocation in Addition with RSOC

In this section we shall investigate the dynamics of particles in a medium with a screw dislo-
cation along the z direction as shown in Fig. 4.1. Before going to the details, let us briefly
discuss the screw dislocation. A screw dislocation is a type of linear crystallographic defect or
a dislocation within a crystal lattice. Dislocations cause disruptions in the regular arrangement
of atoms in a crystal structure. Particularly, a screw dislocation is characterized by a helical or
spiral distortion of the atomic planes around a central axis, known as the dislocation line. The
dislocation line refers to the line along which the atomic arrangement in a crystal lattice is dis-
rupted or distorted in a helical fashion. A dislocation plane is a theoretical surface or a plane that

represents the boundary between two regions of a crystal lattice with different arrangements of
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atoms. The dislocation plane is parallel to the dislocation line with the atomic planes on one side
of the dislocation line are displaced relative to the planes on the other side. This displacement
imparts a twisting or a screw-like distortion to the crystal lattice. Understanding the effects of
screw dislocation is crucial in analysing and predicting the behaviour of materials, especially in
the context of mechanical properties, deformation, and plasticity, however, they are not under
focus in our work. The Burgers vector, denoted as b* (see Fig. 4.1), represents the magnitude
and direction of the lattice distortion associated with a dislocation. The Burgers circuit is a
closed path around a dislocation line, and it is chosen in such a way that it encloses the dislo-
cation and returns to the same lattice plane. The Burgers circuit provides information about the
Burgers vector by examining the net translation of the crystal lattice around the dislocation. The

displacement of the lattice planes along the Burgers circuit is equal to the Burgers vector.

In this case, the three-dimensional geometry of the medium, is characterized by non-trivial
torsion which is identified with the surface density of the Burgers vector. Thus, the Burgers
vector can be viewed as flux of torsion. The screw dislocation is described by the following

metric, in cylindrical coordinates,
ds? = gijdz'dy’ = dr® + (dz + ndf)? + r*do>. 4.1)

Using usual notations, where » > 0, 0 < 6 < 27, and —o0 < z < 00, and 7 is a parameter
related to the Burgers vector b* by n = b%/2w. A screw dislocation on a crystal surface is
illustrated in Fig. 4.1. The illustration depicts a continuous warping of the surface as the growth
front advances in the anti-clockwise direction. This process results in the generation of a helix
with a specific pitch through accretion. The growth spirals (or helices) are readily observed and
have been experimentally found in many crystals. They can be measured precisely by multiple
beam interferometry [305, 306]. In fact, several Burgers vectors may be found on a single crystal

surface.

Further, when we make a measurement of a physical vector quantity, we require the components
of the vector in the original flat space (the laboratory coordinates). For example, the expectation

value of the momentum is obtained by using the momentum operator,

= —ihV = —ihé;(70; = —ihé; 0",

? . , (4.2)
<pl> = <w‘ﬁz|¢>7l =T,Y,%,
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where (% = §% is the flat-space metric, and 1/ is the wave function. If the wave function on the
constrained surface is given, we transform the momentum operator as follows [307, 308],

ox' 9

p' = —ihd' = —ihg"
P ! - Tk Oxv

= —ihd"z'0,,. 4.3)

The coordinate indices in the curved space are given by the Greek letters (i, /), and the curved
space coordinates are denoted by z#, with (% being the covariant derivative in the curved space.
Concisely, the momentum operators for the metric given in Eq. (4.1) can be written in vector
form as,

p* = —ih cos@a— . %—i— ey
0 cosf O mncosf O ]

Y — —ih|sinf— 9
p ZSln8T+r80 r 0zl

0 sinf 0 nsind 8]

(4.4)

* = —ih .
p “ r2 0z r2060

We shall use these momenta to study the Rashba spin-orbit coupled Aharonov-Bohm a-T5 ring

in presence of a topological defect.

Now, we consider that the a-T3 quantum ring system includes Rashba SOC. The corresponding
Hamiltonian can be written as, H = Hy + Hp, where Hj is the tight-binding term, and Hp, is

the Rashba spin-orbit coupling term. We write the Hamiltonian as [309],

=t e ot Z dere—inn S (D Doy —iorr S el (i 8)oorcior + (h)

(ij)o (ijyoc’ (ik)oo! 45)
where o =1, |, spin indices and 4, j, and k are labels for the sites corresponding to A, B, and C
sublattices respectively. The first term is the electron hopping between the A and B sites, while
the second one is that between the B and C' sites. The summation of (ij) ((ik)) runs over the
nearest neighbour sites of A-B (B-C'). Further, the Rashba SOC induced by electric fields due
to a gradient of the crystal potential [157, 288, 289], where ¢ = (0, 0y, az) is the Pauli matrix
vector, D; ; y (D;y) is the unit vector along the direction of the cross product § X T (Elk X Tik)
of the electric field Eij (Eik) and displacement 77; (7;,) for the bond ij (ik). AR is the strength
of Rashba SOC between the A and the B sites, while a\g is that between the B and the C sites.
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In momentum space, the Hamiltonian of the a-T3 lattice becomes,

0 —t 0 0 —IAR Yy 0
—tyi 0 —atyy  IARYK— 0 TOAR Y4
" 0 —atyk 0 0 —IQARYk— 0 4.6)
0 —IARYp_ 0 0 —ty 0
IAR YK+ 0 IOARY_  — P 0 —atyy
0 —IOAR Yk+ 0 0 —atyk 0

where 7. = 1 + €1 + 2 and .y = 1 4 e!1E27/3) 4 pilkeF47/3)  The components are
along the axes indicated in Fig. 4.1(c) as k; = k - &. Our basis for writing this Hamiltonian
is (Ciit, Cakt, C3kts Ciky, €2k C3ky). In the vicinity of a Dirac point (namely, K), and taking
the momentum correction (4.4) due to screw dislocation into account, the Hamiltonian (4.6)

corresponding to an ideal a-75 ring is given by,

0 —i(m — kn+ 1) cos e 0 0 —%(m —kn+ 1) cos ve’s 0
i(m —kn+ 1) cospe™ ¥ 0 —i(m —kn— 3)sinpeT  AR(m —kn — 1) cos peT 0 —22(m — kn + §) sinpe™ 5
Hrg = 3 0 i(m — kn — 1) sinpe T 0 0 —22(m — kn — 1) sin ;nm% 0
0 A (m — kn — §) cos pe™ T 0 0 i(m —kn— %) cospe™ % 0
22 (m — kn + 3) cospe™ T 0 28 (m —kn — L) sinpe®  —i(m —kn — 1) cospeT 0 i(m —kn+ 1) sinpe™ %
0 —2%(m — kn + 1) sinpe 0 0 —i(m — kn+ L) sinpeT 0

4.7)
where tan = « and hvp = 3at/2cos . The eigenstates of the ring Hamiltonian can be
obtained as,

X1t (R)e”
x21(R)
U(R.6) = X‘”’TER;‘JZ it @8
X1, (R)e™
X2y (R)
xa,(R)e

where the integer m labels the orbital angular momentum quantum number, k is the momentum

along the z direction and ;s denote the amplitudes corresponding to the three sublattices. Here,
we investigate the electronic behaviour of the ring at a given value of radius r, namely r = R,
such that the radial part is rendered frozen in the eigensolutions. To account for the hermiticity

of the Hamiltonian in ring geometry, we made the replacements » — R and % — —ﬁ and
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obtain the energy spectrum as,

=0

Ezsz 1+4(m—kn)2—4(m—kn)ﬂ 1—1—& ’
2 14 a? t2 (4.9)
1
€ 2 /\2Rl—oz2 )\%z 1—a? 2
E3-ﬁ2{[1+4(m—kn) }<1+tzl—|—a2> —l—4(m—k:77)<t2+1+a2

where k (= £1) is the particle-hole index and € = MTF. E is the zero energy flat band, E» and

FE3 correspond to the energies for the 7-spin and |-spin bands respectively. The energy spectra
at the K valley in presence of Rashba SOC and screw dislocation are expressed in Eq. (4.9).
Further, the scattering effects due to the presence of screw dislocation are included as follows.
In fact, the phase shift suffered by a particle incoming with a momentum & and scattered with
angular momentum quantum number m by a screw dislocation may be derived as follows. The
detailed calculations are provided in Appendix D. The resulting phase shifts can be expressed

as [310-312],

o) == (14 55271 = ) = = (1 + ol = o). @10
™ 2

This alteration in phase, induced by the presence of the screw dislocation, will have implications
for the transport properties of the system. A detailed discussion on such effects will be presented

in the subsequent sections.

4.3 Discussion on the Energy Spectrum

4.3.1 Without magnetic field (B) = 0)

In Figs. 4.2(a) and (b) we illustrate the energies as a function of the ring radius, R, for various
values of « at fixed Ar and k7 values. In this case, we have considered a particular value for
the RSOC and screw dislocation, namely, A = 0.5¢ and kn = 0.3 corresponding to o =
0.5 and 1, and plotted only the m = —1, 0, and 1 bands represented by red, green, and blue
curves, respectively. When Ap = 0, the system exhibits three bands, with one being a flat
band. However, with a non-zero A the original three bands split into six spin dependent bands,
including two non-dispersive flat bands and four dispersive bands as described by Eq. (4.9).
From Fig. 4.2, it is evident that all the energy branches have a 1/R dependence and approach

E — 0 for very large radii, irrespective of the value of o. Additionally, the dispersive bands
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a=0.5,\g = 0.5t a =1, g = 0.5t

100 (a) kn=10.3

(b) kn = 0.3

o0

E(meV)
o

—50

—100

Figure 4.2: The spin-split energy spectra in the absence of a magnetic field for the a-75 AB
ring are depicted as a function of the ring radius, R, for quantum numbers m = 0 (green
curves), m = 1 (blue curves), and m = —1 (red curves) in the presence of a topological defect
with a magnitude of k7 = 0.3 are presented in panels (a) for « = 0.5 and (b) for « = 1. The
Rashba coupling parameter is all the while set at A = 0.5¢. The flat band is represented using
the cyan color, and this convention will be maintained throughout the rest of the chapter.

remain non-degenerate, in contrary to the case of the pseudospin-1 a-75 QR without SOC. The
scenario involving a topological defect arises when we implement the transformation which
renormalized the angular momentum quantum number, m via m’ — (m — kn). Consequently,
upon examining Eq. (4.9), it becomes apparent that, unlike the situation where kn = 0, all the
energy levels for both 1-spin and |-spin states, including the m = 0 bands, become dependent
on the parameters o and A\r. Hence, the splitting between the spin-split bands hinges on the
presence of dislocations in the system, the parameter «, and the strength of the Rashba coupling,

AR, as dictated by Eq. (4.9). Furthermore, for a = 1, that is,for the dice lattice, the energies are

given by,
KE A2
By = S5\ + 40m — kn)?)(1 + 55 (4.11)
and
K€ \2
B3 = —\/1+4(m — kn)2 + 4(m — kn)=L£ (4.12)

2 12’
It is worth noting that F»> and E3 are non-degenerate, in contrast to the case that deals without
screw dislocation (Chapter 3, Sec. 3.3.1). Additionally, the quantum number m undergoes a

shift that depends on 7, which is associated with the Burgers vector. This shift is a manifestation
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of the Aharonov-Bohm effect, akin to what is observed in the context of a one-dimensional

quantum ring penetrated by a magnetic flux [20].

The energy levels as a function of the strength of the screw dislocation are presented in Fig. 4.3
for two distinct cases, namely, « = 0.5 and o = 1 (dice lattice). Moreover, Eq. (4.9) makes it
clear that the dispersive energy levels exhibit a hyperbolic dependence on the screw dislocation.
It is important to note that the energy spectrum depends on the Burgers vector, b*> = 271, as

well as the radius, R of the ring, and hence associated with the geometry of the system.

10 a =05 g = 0.5t a=1 =05t

20 -
N
. («) (t
S
—20 1 i
_40 T T

1 0 1 -1 0 1
kn kn

Figure 4.3: Energy levels in the absence of a magnetic field, as a function of the screw dislo-
cation parameter k7, are depicted for (a) & = 0.5 and (b) a = 1, with a fixed ring radius of
R = 50 nm. The energy levels corresponding to different total angular momentum quantum
numbers, namely m = —1, —2 (red curves), m = 0 (green curves), and m = 1, 2 (blue curves),
are presented. The Rashba coupling parameter remains constant at A\g = 0.5¢.

Additionally, there are spin resolved energy extrema, with maxima in the valence bands and
minima in the conduction bands. The positions of these extrema are determined by the strength

of dislocation as follows. For the 1-spin bands, the extrema are found at,

1/1-a?
kn—m — = 4.13
=Ty <1 + az) (+-13)
which is independent of \r. For the dice case (v = 1), the extrema occur at kn = m. However,

for the |-spin bands, the extrema occur at,
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1 & + 1—a?
kn:m—|—2<tg/\21+ai>. (4.14)
1+ 13az

The expression above shows a dependency on A and hence we shall observe an interplay be-
tween the dislocation and RSOC. In fact, this interplay gives rise to interesting consequences as
we shall see later. Furthermore, for each value of m, a band crossing point exists for o < 1.
However, in the case of @ = 1, no band crossings occur, instead, the bands touch each other at

certain specific k7 values, depending upon the parameter Ag.

a=0.5\g = 0.5t a =1, g = 0.5t
20
10 A1 1
I—
3
g0
)
\
~10 1 i
_20 T T T T T T
b* (in unit of a) b* (in unit of a)

Figure 4.4: The energy spectra as a function of the Burgers vector in absence of magnetic field
(a) for & = 0.5 and (b) for « = 1. The quantum number m ranges from —1 to 1. Positive
values of m represented by blue curves, m = 0 depicted by green curves, and negative values
by red curves. The Rashba coupling parameter remains constant at A\ = 0.5¢.

The energy levels as a function of the Burgers vector, b* (in unit of the lattice constant) in the
absence of a magnetic field are shown in Figs. 4.4(a) for = 0.5 and (b) for « = 1. For a
particular value of «, increasing b* results in a linear increase in the conduction band energy
levels corresponding to negative m values and a linear decrease in the energy levels for the
positive values of m. Additionally, for & < 1 (here a = 0.5), the energy level of the 1-spin in
the m = 0 band increases, while that for the |-spin level decreases. Moreover, when o = 1,
the energy levels associated with the m = 0 bands decrease as b* increases (shown in green
curves in Fig. 4.4(b)). In the valence band, an opposite trend is observed where the energy
levels for negative m decrease linearly, while the energy levels for positive m increase linearly.

Furthermore, for o < 1, the |-spin energy level of the m = 0 band increases, while that for the
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T-spin level decreases. With increase in «, the energy difference between the spin-split bands
diminishes (see Figs. 4.4(a) and (b)). However, it is worth noting that the m = 0 bands remain
as the low-energy bands in the absence of a magnetic field. The scenario in presence of the

magnetic field is described later.

4.3.2 With magnetic field (B, # 0)

Now let us discuss the case when the a-T3 ring is threaded by a perpendicular magnetic field
B = ByZz. The only non-zero component of the vector potential is Ag = Byr/2. Notice that,
in the non-Euclidean metric of the dislocation, the vector potential that produces the uniform
magnetic field is identical to the flat space (Euclidean) potential vector. The spectrum of the

system is modified by the field as follows,

Ei(®)=0

Eo(®) = we 1+4(m—k +3)2—4( —k +g)1;a2 1+ﬁ :
AP =Ry Mg L W 2

1
E3(®) = H;{[1+4(m kn + 3)2} <1+ A%l_zz) +4(m — kn + (;%) (Atz% + 112‘2)}2

(4.15)
where ® = 7 R? By is magnetic flux through the ring and ® is the usual flux quantum (= h/e).
The Zeeman coupling has been neglected at small enough values of the field. The addition of a
magnetic field, represented by a U(1) minimal coupling with flux ¢ threading the ring, breaks
the time reversal symmetry allowing for the emergence of persistent charge currents [6] which

we shall discuss later.

Referring to Equation (4.15), we find that all of the previously discussed (in Chapter 3, Sec.
3.3.2) characteristics remain unaltered, except we may consider that m as an effective quantum
number, let us call it as m’ with m’ — (m — kn) which has a shift in the m values by an
amount of k7. The results are visually represented in Figs. 4.5(a) and (b), where we show the
dependence of a few energy levels on the ring radius, R, considering By = 3T for the two
aforementioned cases that is, & = 0.5 and 1 with A = 0.5¢ and the parameter k7 set to a
modest value, namely, k1 = 0.3. Again, for the case of o = 1, the band crossing points emerge

at R = v/2lp\/ 3 — (m — kn), signifying a shift to the right as depicted in Fig. 4.5(b).

Furthermore, the conditions for the extremal points now becomes,

o 1/1—a?
%_—(m—kn)+2<1+a2> (4.16)
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Figure 4.5: The energy spectra as a function of the ring radius R of the a-T5 quantum ring
under the influence of an external magnetic field with a strength of By = 3T at the K valley are
presented in panels (a) for a = 0.5 and (b) for o = 1, we introduce a screw dislocation with a
magnitude of kn = 0.3. The parameters used in these calculations are A\p = 0.5¢ and t = 1eV.
The quantum number m ranges from —2 to 2, with positive values of m represented by blue
curves, m = 0 depicted by green curves, and negative values by red curves.

for 1-spin band E, the extrema points are independent of the strength of the Rashba coupling,

but depends on the values of m and the parameter . However, the extrema for the |-spin band

FE3 occur at,
P 1 % + 170‘2
_ - . t 1+«
ot (m — kn) 5 o ) 4.17)
0 1+ =2
t2 1+a?

showing a dependency on the strength of Rashba SOC (Ar), o and m. Thus, we can conclude
that the location of the extremal points are also modified due to m’ — (m — kn), resulting in
a displacement of these extremal points by an amount equal to k7 in the positive direction, as

illustrated in Figs. 4.6(a)-(d).

The energy gaps at the extrema points, that is, the minimum values of the gaps between the

valence and the conduction bands are given by,

2ex A2
AEy = ——_\/14+ £
2= 12V e
v (4.18)
2 1- 5k
AE3:1 6a2 )\2t4 2’
TN # D
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Figure 4.6: The energy levels as functions of the external magnetic flux ®/®, with a fixed
ring radius of R = 10 nm, maintain the same conventions for the quantum number m as in
the previous plots. We explore various combinations of «, Ag, and k7 as follows: (a) a = 0.5,
Ar = 0.5t,and kn = 0.3, (b) @ = 1, Agp = 0.5¢, and kn = 0.3, (¢) a« = 0.5, Agp = 0.8¢, and
kn=0.3,and (d) « = 1, A\g = 0.8¢, and kn = 0.3.

It is important to note that the energy gaps at these extremal points, as per Eq. (4.18), are
not influenced by the presence of the topological defect (kn), their dependencies solely rely on
the parameters a and Ar. To demonstrate this, we have considered two values of Ar, namely,
Ar = 0.5t and A\p = 0.8t. The energy gap values for the o = 1 case are presented in the

respective figures (see Fig. 4.6).

In this particular scenario, we are dealing with a one-dimensional quantum ring in the presence
of a screw dislocation and Aharonov—Bohm flux. The energy spectrum displays a parabolic de-
pendence on the Burgers vector, similar to its dependence on the magnetic flux. Upon analysing
our findings, we could infer that a particle within a space featuring a topological defect behaves
similarly to a particle in a Euclidean space in the presence of an effective magnetic flux thread-
ing the ring. This effective flux arises from a combination of two contributions, the first is of a
topological nature stemming from the topological defect, while the other is due to the magnetic
flux ®. By adjusting the magnetic flux as an external fine-tuning parameter to counterbalance
the topological contribution introduced by the defect, we can nullify the Aharonov—Bohm effect

in the ring. In such cases, the energy spectrum resembles that of a particle moving in a quantum
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ring in a space devoid of any magnetic flux. This is a very important result. Conversely, it pro-
vides a clue how the effects of a topological defect can be totally or partially compensated by an
external field with regard to the observation of the AB effect. Further consequences on the spin

and charge currents are elucidated below.

100 0[:0.57)\R:O.5t o = 1,/\R:O5t
m=—10 me=—10
50 h
prr— m=—3
_ . (@By=3T B (b) By = 3T
< - m = —6
8}
£ 0
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—50 i
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0 0.5 1 0 0.5 1
b* (in unit of a) b* (in unit of a)

Figure 4.7: The energy spectra as a function of the Burgers vector in presence of magnetic
field of By = 3T (a) for & = 0.5 and (b) for & = 1. The quantum numbers are shown in the
plots. Positive values of m represented by blue curves, m = 0 depicted by green curves, and
negative values by red curves.

The energy levels as a function of the Burgers vector in presence of a magnetic field of By = 3T
are illustrated in Fig. 4.7(a) for o« = 0.5 and (b) for & = 1. The plots show a deviation from the
previous scenario corresponding to zero magnetic field. In this case, the energy levels of both
the conduction and the valence bands remain nearly unchanged as a function of . Notably, the
m = 0 bands no longer represent the lowest energy states, instead, the negative m bands possess
lower energy than the m = 0 bands in presence of the magnetic field. These bands contribute
significantly to the transport properties of the system. As the quantum number m becomes
more negative, the energy difference between the valence and the conduction bands decreases.
Specifically, for m = —6, the system exhibits the minimum spectral gap. Subsequently, the
gap between the conduction bands and valence bands increase with |m/|, as illustrated in Figs.
4.7(a) and (b). Additionally, as « increases, the energy difference between the spin-split bands
for negative m decreases, while that for the m > 0 bands increases. Thus, a screw dislocation,
among other things, presents distinct spectral properties in presence and absence of an external

magnetic field.
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4.4 Persistent Currents

4.4.1 Charge persistent current

The charge persistent current in the low-energy state can be calculated using the linear response
formula, jo = — Zm . g—g, where the sum refers to all (and only) the occupied states (for the
valence band (x = —1)) and the m values are chosen carefully to perform the summation. Since
the current is periodic in ®/® with a unit period (that is & = @), we restrict the discussion to

the window —1 < ®/®(, < 1. The analytical form for the charge current is obtained as,

A2 _ 2 P p P .
P ) A Dbz g 2m b ) (0 ) (G i)
@20 £ Es(®) 2B £ E3(®)

(4.19)

The spin branches closest to the Fermi energy exhibit non-monotonic behaviour, resulting in
two distinct contributions to the charge current coming from the {-spin and |-spin components.
Since we are calculating the current contributions arising from the low-energy states, it is clear
from Fig. 4.6 that for a certain range of ®/®, only one energy state labelled by a particu-
lar value of m is present. Hence, the sum in Eq. (4.19) comprises of only one value of m.
Furthermore, based on the observations in Fig. 4.6, we can discern that the low-energy states
when @ = 0.5 encompass both the spin bands. Consequently, in our current calculations, we
considered contributions from both the spin branches. In contrast, for the o = 1 scenario, the
low-energy state exclusively comprises the |-spin branches, and thus, we only have accounted
for the contributions from the |-spin to compute the persistent current. The outcomes of these
calculations are depicted in Fig. 4.8 for both o = 0.5 and o = 1, considering various combina-

tions of Ar and k7, all the while maintaining a fixed ring radius of R = 10 nm.

To solely observe the effects of screw dislocation here we have also depicted the results of
without dislocation (k7 = 0). The asymmetric spectral features between the two spin branches
allows for the possibility of a net spin currents, as we shall see below. For all values of «, the
persistent currents oscillate periodically with ®/®g, with a periodicity of ®/®; = 1. Figs.
4.8(a) and (b) illustrate that the persistent currents can be tuned by adjusting the parameter «
for a fixed value of the Rashba coupling (Agr). Moreover, the charge persistent currents can be
manipulated via A, for a fixed a, (see Figs. 4.8(a), (¢) and (e)) since the Rashba parameter can
be controlled by a gate voltage. Further, it is worth noting the presence of a kink in the current
profile when o« < 1. This kink arises because different spin bands contribute to the current, as
indicated by the distinctions denoted by 1 and | for their respective spin bands. However, this

kink phenomenon is absent for the dice lattice (o« = 1), as evident in Figs. 4.8(b), (d), and (f).
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Figure 4.8: The charge persistent currents are plotted as functions of the external magnetic
flux, considering the low-energy states without accounting for the topological defect, in panels
(a) for @« = 0.5 and (b) for « = 1, with A\g = 0.5¢. In panels (c¢) and (d), the same currents
are presented in the presence of the screw dislocation term kn = 0.3, fora = 0.5and o = 1
respectively. Panels (e) and (f) highlight the impact of the Rashba SOC as we increase the Ag
parameter to 0.8¢, while keeping kn = 0.3 fixed for o = 0.5 and 1 respectively. In panels (a)
and (b), the labels 1 and | denote the currents from the corresponding spin bands. In panels
(¢) and (d), the phase shift is represented by the blue arrows. Here, a.u. refers to arbitrary unit
where we have considered h = e = vp = 1.

The reason being, in this case, only the |-spin bands contribute to the current, as mentioned

earlier.

Furthermore, the topological defect plays a pivotal role in the behaviour of the charge current.
As illustrated in Figure 4.8, we can observe that, for a fixed value of Ap, the screw dislocation
induces a phase shift in the current, regardless of the specific value of a. For example, every
point of the current profile is shifted by the same amount as the strength of the topological defect
as shown in the middle panel of Fig. 4.8. However, the topological defect does not influence the
current profile itself. A desired shift in the current profile may be achieved via the controllable
parameter k7. Further, the Rashba coupling, A plays a role as well. The depth in the kink of
the current profile decreases with the increasing Ar (see bottom panel of Fig. 4.8). This can

be understood from the lower panel of Figure 4.6, as the increase in Ap results in a decrease
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in the 1-spin contribution in the low-energy state which occurs within a certain range of ®/®.

However, the overall oscillation period remains unaltered.

In summary, we can manipulate the persistent current profile by fine-tuning the Rashba coupling,
and we have the ability to shift the phase of the current to suit our specific applications by

adjusting the strength of the topological defect.

4.4.2 Equilibrium spin current

We shall now study equilibrium spin currents. In contrast to the formalism for obtaining the
charge current, one can obtain the spin currents by accounting for distinct velocities for different

spin branches. Thus, we define equilibrium spin current as,

Js =jo() —jo()- (4.20)

We have calculated the equilibrium spin currents following the procedure discussed earlier. The
peculiar separation of the spin branches results in differences of the velocities between the two
spin projections, giving rise to a spin current, as shown in Fig. 4.9. The figure illustrates a
significant spin current for small values of the flux, which can be attributed to the large charge

current originating from a single spin branch.

The striking feature is that the magnitude as well as the pattern of the spin currents depend
upon the parameters « and the strength of the Rashba coupling (Ar). We present results for
a = 0.5, and o = 1 with different values of A\r and topological defect kn for a ring of radius,
R = 10 nm. The presence of the Rashba coupling breaks inversion symmetry (in addition
to the o, symmetry) in the plane even for small A\p. The symmetry breaking determines the
spin labelling of the energy branches that take part in yielding the spin currents. Additionally,
the spin currents exhibit periodic behaviour with ®/®, with a periodicity equal to one flux
quantum, irrespective the value of a.. This implies that the spin transport is insensitive to tuning
of the A-C hopping. Similar to the case of charge persistent current, we also notice a phase shift
introduced by the topological defect. The magnitude of this phase shift precisely corresponds to
the strength of the defect.

To gain further insights, we present a color plot illustrating the equilibrium spin current (js) as
a function of the strength of Rashba SOC and the topological defect in Fig. 4.10. The color map
allows us to observe the interplay between these two parameters at a specific value of the mag-
netic flux, namely, ®/®y = 0.3. Further, we have considered the angular momentum quantum

number fixed at m = 0, which is most relevant for the flux used here. The observed behaviour
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Figure 4.9: The equilibrium spin currents are plotted as functions of the external magnetic
flux, considering the low-energy states without accounting for the topological defect, in panels
(a) for &« = 0.5 and (b) for & = 1, with Ag = 0.5¢. In panels (c¢) and (d), the same currents
are presented in the presence of the screw dislocation term kn = 0.3, fora = 0.5 and a = 1
respectively. Panels (e) and (f) highlight the impact of the Rashba SOC as we increase the Ar
parameter to 0.8¢, while keeping kn = 0.3 fixed for & = 0.5 and 1 respectively. In panels (c)
and (d), the phase shift is represented by the blue arrows.

reveals that the spin persistent current oscillates between negative and positive values as we tune
the strength of the topological defect for a fixed value of Ag. For o < 1 (see Figure 4.10(a)),
we observe a significant variation as a function of the defect in the spin persistent current for all
values of A\g (in unit of ¢). In contrast, for « = 1 (as depicted in Figure 4.10(b)), the variation
is less pronounced for small values of Ap, whereas it becomes more significant as we increase
AR. Furthermore, the color map suggests that to achieve the maximum spin persistent current
for a spintronic device, one requires a high value of Ar and the strength of the topological de-
fect to have close to 0.5. The role played by Ag is known in literature, while that due to the
topological defect and their interplay are less studied. It is also worth noting that the results are
presented for a value /Py = 0.3, however the qualitative nature of the plot remains consistent
for other magnetic flux values and angular momentum quantum numbers (m). In practical appli-

cations, by fine-tuning external parameters such as magnetic flux, dislocation, and the strength
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Figure 4.10: The equilibrium spin currents are plotted as functions of the strength of the
Rashba SOC and the topological defect, considering a fixed magnetic flux, ®/®, = 0.3, and
angular momentum quantum number m = 0, panels (a) for « = 0.5, and (b) for o = 1.

of the Rashba SOC, one can tailor the spin current to suit specific device requirements. How-
ever, we have to note that the qualitative characteristics of the plot remain consistent even if
AR/t > 1, that is, achieving maximum spin persistent current necessitates high values of \p
and the strength of the topological defect (kn). Further, the detailed behaviour of the plots may
vary depending on the quantum number m. As we increase the values of A\g/t, different m

values start contributing to the spin current.

These findings underscore the potential of a-T5 quantum rings as key components for spintronic
applications, where we can manipulate the performance of the devices by adjusting both the

strength of the Rashba coupling and that of the topological defect.

4.5 Dipole Moment of the Ring: Applications to Spintronics

Continuing with the aforementioned studies, we now can compute the induced dipole moment
of the o-T3 ring. This is attributed to the persistent currents flowing in the charge and spin
sectors circulating around the ring. By defining the induced dipole moment as the product of
the charge current density (j¢) or the spin current density (js) and the area of the quantum ring,
denoted as i, we may get useful information. In Figure 4.11, we illustrate the dipole moments

for various scenarios, namely, 1-spin charge current for v = 0.5 (Fig. 4.11 (a)), T-spin charge
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current for & = 1 (Fig. 4.11 (b)), J-spin charge current for « = 0.5 (Fig. 4.11 (¢)), and }-spin
charge current for « = 1 (Fig. 4.11 (d)). Additionally, in Figure 4.11 (e) and (f), we display
the total spin dipole moment for o« = 0.5 and « = 1, respectively. The parameters A\p = 0.5¢
and kn = 0.3 are held constant throughout. It is apparent from Figure 4.11 that the dipole
moments originating from different spin branches are neither uniform nor equivalent, instead,
they exhibit oscillatory behavior with a period of ®. Such charge and spin dipole moments have
the prospects of inducing spin torque in the ring system, a key aspect in the realm of spintronic
devices. Moreover, the ability to manipulate both the charge and spin persistent currents, along
with the dipole moments, through parameters such as «, ®, and A, coupled with modulation
by the degree of dislocation (k7), highlights the system’s controllability. This opens up avenues

for tailored applications in spintronics.
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Figure 4.11: The induced dipole moments are plotted as function of the external magnetic flux,
panels (a) for o« = 0.5, -spin current, (b) for &« = 1, 1-spin current, (¢) for & = 0.5, J-spin
current, (d) for & = 1, J-spin current, (e) for @ = 0.5, total spin current, and (f) for o = 1,
total spin current. The other parameters are taken as Az = 0.5¢ and kn = 0.3.
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4.6 Burgers Currents

4.6.1 Formalism

In general the Hamiltonian of the system in a screw dislocated medium given in Eq. (4.1) can

be represented in the form,

H= 2m1\/§( —ihd; — Ai) /99" (—ihd; — A;) (4.21)
where A, (1 = 0, x,y, z) denote the components of the gauge field. The non-Abelian potential
A captures the effects (including the spin-orbit coupling) if one makes the following identi-
fications where Ay = —T%thaT“ and A;,q4 is the screw dislocation induced vector potential
(contained in the spatial coordinates z,y, z). B® is the external magnetic field and 7% = S%/2
are the generators of the SU(2) group corresponding to the spin-1 operator. The external mag-
netic field is in the z-direction. Further, even in absence of an external magnetic field, the screw

dislocation effectively acts as an artificial gauge field that gives rise to a pseudo-magnetic field,

Bs = (V x A;), perpendicular to the a-T3 lattice plane.

Following the formalism of Refs. [167, 313-315], due to this effective field F;o = 9; Ag— 0y A;—
i[A;, Ao), there is a dissipative current j{" which is conjugate to the effective field. Calculating

the time derivative of the expectation value of H (given in Eq. (4.21)) we find that,

G = [ ariers, (422)
Armed with a gauge invariant Hamiltonian and the variational definition of ji, we are ready to
calculate the equilibrium charge and spin currents induced by the screw dislocation. Following
the same technique as earlier in the presence of an external magnetic field, one naturally expects
an orbital response in the form of a diamagnetic current. This current is given by the derivative
of the energy E[A?](= (H)) with respect to A¢. As E[A¢] is gauge invariant, it can depend

only on the effective gauge field, namely,
Fij = 0jA; — 0;A; — il A, Ajl. (4.23)

A particular form of the invariant is determined by the symmetry of a particular system. Firstly,
we assume that the external magnetic field is zero, i.e., Ag = 0. Since in the absence of A

the system is rotationally invariant, the first spin-orbit (SO) correction to the energy must be
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proportional to tr(F;;F;;) that is,

YR

Fso — % / dr FL Fe (4.24)

where ) is a constant (on dimensional grounds A ~ pg -2 /m, where pp is the Fermi momentum

and D > 1 is the dimension of space). Thus, the current due to the effective field yields,

a d0Eso

== (4.25)

We may define the current induced by the screw dislocation as the Burgers current which can

be expressed as, jp: = — ‘Siszo. Further, the induced spin current, which we may define as the
Burgers spin current, can also be written as, jg= = jp=(T) — jp=({). Eq. (4.23) is precisely
the Yang-Mills magnetostatic equation. Intuitively, the results are analogous to the case of an
external magnetic field. However, there is a difference in the spatial distribution of the currents

induced by the screw dislocation.
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Figure 4.12: Burgers current as a function of the Burgers vector induced by the topological
screw dislocation in absence of external magnetic field. Upper panel: corresponds to 1-spin (a)
for & = 0.5 and (b) for &« = 1. Lower panel: corresponds to |-spin (¢) for & = 0.5 and (d) for
a = 1. The Rashba spin-orbit coupling parameter is taken as Ap = 0.5¢.
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4.6.2 Burgers charge current

In Fig. 4.12, we depict the Burgers current for different spin sectors as a function of the Burgers
vector corresponding to the lowest energy level of the valence band in the absence of an external
magnetic field for o = 0.5 (refer to Figs. 4.12(a) (-spin) and (c¢) ({-spin), and for a = 1
(Figs. 4.12(b) (1-spin) and (d) (}-spin)). These plots correspond to a fixed value of the Rashba
spin-orbit coupling, namely, Ap = 0.5¢. Equation (4.9) reveals that even in the absence of an
external magnetic field, there exists an effective field due to the topological defect represented by
the screw dislocation. This effective field contributes to the generation of Burgers current. For
the scenario without an external magnetic field and o = 0.5 (refer to Fig. 4.12(a) and (c)), the
Burgers current steadily decreases with an increase in the Burgers vector. Moreover, for a = 1
and only for the 1-spin branch (Fig. 4.12(b)), the Burgers current undergoes a sign change at
an approximate value of b* ~ 0.4 (in unit of the lattice constant). This change in sign (can be
interpreted as a back flow) of the current is attributed to the behaviour of the energy spectrum.
Since the spectral properties undergo a change in slope and the current being proportional to that,
a sign change occurs. One can clearly see that the variation in the 1-spin Burgers current, jp- 1,
and the |-spin Burgers current, j,- | with respect to b* are strikingly dissimilar and opposite in
nature, rather than being equal and opposite, in the o = 0.5 scenario. These currents depict
two circulating spin currents moving in opposite directions within the ring, potentially resulting
in a chirality effect even without an external magnetic field. However, for a = 1, the situation
significantly altered. Here, the chirality persists up to a certain threshold of screw dislocation
(b* ~ 0.4), beyond which both spin (1 and | ) currents align in the same direction. Summarizing,
the manifestation of the chiral current induced solely by the screw dislocation offers valuable

insights with implications for future technological advancements.

Additionally, in Fig. 4.13, we depict the Burgers current as a function of the Burgers vector
corresponding to the lowest energy level of the valence band in presence of an external magnetic
field for o = 0.5 (refer to Figs. 4.13(a) (1-spin) and (c¢) (J-spin) and o = 1 (refer to Fig. 4.13(b)
(T-spin) and (d) (J-spin)). In the presence of an external magnetic field, the bands corresponding
to negative quantum number, and in particular m = —6 bands emerge as the lowest energy
states, and these remain nearly constant with the Burgers vector. These plots are presented for a
fixed value of the Rashba spin-orbit coupling (Ar = 0.5¢). In the presence of a magnetic field,
the sign-change feature of the Burgers current is observed for o = 0.5 only for the | -spin branch
(refer to Fig. 4.13(c)), while there is a steady decrease in the Burgers current for o« = 1 (refer

to Fig. 4.13(d)). Here, chirality persists only for « = 0.5 up to a certain threshold of screw
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dislocation (b* ~ 0.5), beyond which both spin currents align in the same direction. However,

for o = 1 there is no chirality present in the system.
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Figure 4.13: Burgers current as a function of the Burgers vector induced by the topological
screw dislocation in presence of an external magnetic field of By = 3T. Upper panel: corre-
sponds to T-spin (a) for &« = 0.5 and (b) for & = 1. Lower panel: corresponds to |-spin (c¢) for
a = 0.5 and (d) for & = 1. The Rashba spin-orbit coupling parameter is taken as Ag = 0.5¢.

4.6.3 Burgers spin current

The Burgers spin current as a function of the Burgers vector for the scenarios mentioned above
are illustrated in Fig. 4.14. The presence of the Rashba spin-orbit coupling in the system results
in spin-split energy branches, leading to the emergence of Burgers spin current defined as the
difference in Burgers current between the two spin branches. In the absence of an external
magnetic field, we observe an initial increase in the Burgers spin current with the Burgers vector.
Beyond a certain maximum value, it decreases for any value of a.. Notably, the Burgers vector
corresponding to the maximum Burgers spin current increases with higher values of a. For
a = 1, the maximum of jg;- occurs at b* ~ 0.4 (in unit of the lattice constant) (refer to
Fig. 4.14(b)). Since the Burgers vector signifies the amount of screw dislocation in the system,

maximizing the Burgers spin current would require large screw dislocations, and the behaviour
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is more for large values of a. Moreover, the presence of an external magnetic field eliminates
this upturn in jg -, as depicted in Figs. 4.14(c) and (d), where the Burgers spin current steadily

decreases with increasing b°.

CY:O5,/\R:05t Oé:].,)\R:O.E)t

? o %
= o] =
z
/<
iy
g (¢)By = 3T N1 (d)By=3T

© 4 o

0 015 1 0 015 1
b* (in unit of a) b* (in unit of a)

Figure 4.14: Burgers spin current as a function of the Burgers vector induced by the topological
screw dislocation. Upper panel: in absence of external magnetic field (a) « = 0.5 and (b)
a = 1. For a = 0.5 maximum Burgers spin current occurs at b ~ 0.15 (in unit of lattice
constant) and for @ = 1 maximum Burgers spin current occurs at b* ~ 0.4 (in unit of lattice
constant). Lower panel: in presence of external magnetic field of By = 3T (¢) « = 0.5 and (d)
a = 1. The Rashba spin-orbit coupling parameter is taken as Az = 0.5¢.

4.6.4 Burgers dipole moment

Another interesting contribution to the dipole moment may come from the chiral current in the
spin sector which arise even in the absence of an external magnetic field. The dipole moment, as
expected, shows a non-monotonic behaviour (shown in Fig. 4.15) as a function of the strength
of the dislocation (i.e. b*) which hints towards an efficient ‘operating region’ for our system to

yield large spin torque.
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Figure 4.15: Burgers dipole moment as a function of the Burgers vector induced by the topo-
logical screw dislocation in absence of external magnetic field are shown. Here (a) for & = 0.5
and (b) for « = 1. The other parameters are taken as A\p = 0.5¢ and kn = 0.3.

4.7 Summary

In summary, we have conducted a comprehensive investigation of the properties of Rashba spin-
orbit coupling in the context of an a-73 pseudospin-1 fermionic Aharonov-Bohm quantum ring,
considering the presence of a special type of topological defect. Our exploration covered aspects
such as the energy spectrum, persistent currents, their dependencies on (Rashba) spin-orbit cou-
pling, screw dislocations, and magnetic fields. Even without the influence of an external mag-
netic field, the screw dislocation causes the degeneracy of the dice lattice to lift, although other
aspects remain unchanged. Under the influence of a perpendicular magnetic field, the energy
levels deviate significantly from their usual R-dependence, showcasing behaviours of 1/R for
small R and R for larger R. The presence of the topological defect introduces an effect, ef-
fectively emulating a magnetic flux traversing the ring. This effective flux is the result of two
contributions, one stemming from the topological nature of the defect and the other from the

external magnetic flux.

The spin-split energy bands corresponding to different quantum number (m) exhibit distinct
characteristics as a function of the Burgers vector in presence and absence of an external mag-
netic field. In the absence of an external magnetic field, the bands associated with quantum

number m = 0 represent the lowest energy states. Additionally, the energy levels demonstrate a
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nearly linear increase (or decrease) as a function of the Burgers vector. On the other hand, in the
presence of an external magnetic field, the bands corresponding to negative quantum number

emerge as the lowest energy states, and these remain nearly constant with the Burgers vector.

Furthermore, the persistent currents in both the spin and charge sectors exhibit periodic oscil-
lations with a periodicity of ®, featuring distinct patterns corresponding to different « and Ar
values. Notably, the presence of a topological defect shifts the phase of current oscillation by
an amount equal to the strength of the defect. We have also derived equilibrium spin currents
by combining the charge current contributions from different spin branches, underscoring the
potential utility of our system in spintronic applications. Equilibrium spin currents are present
for all o values, with a ® = ®( periodic behaviour. Similar to the charge persistent current, the
presence of a topological defect shifts the phase of the oscillations in the spin current profile by

an amount proportional to the defect.

The Burgers current exhibits an almost linear decrease with the Burgers vector, both in the
presence and absence of an external magnetic field. However, without the external field, these
current undergoes a sign change for « = 1, whereas in the presence of the external magnetic
field, this sign change occurs for oo = 0.5 at specific values of the Burgers vector. Additionally,
the presence of distortion in the o-T3 lattice induces a chirality effect within the system, giving
rise to an additional chiral current even in the absence of an external magnetic field. Moreover,
in the absence of an external magnetic field, the Burgers spin current initially increases with an
increase in the Burgers vector. After attaining a maximum, the current decreases with further
increase in b* for all values of «. However, this phenomenon disappears in the presence of an

external magnetic field.

In conclusion, by adjusting the parameters «, kn, ®, and Ar, we have comprehensively shown
the ability to manipulate the persistent currents, rendering them as controllable features in our
system. To emphasize the role of the o-75 ring system in spintronic devices, we have computed
the induced dipole moment of the ring. Particularly, the contribution of the Burgers spin current

yields useful information on the prospects of it being used for spintronic applications.
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Chapter 5

Conductance Properties of o-75

Corbino Disks

IN this work, we investigate an a-T3 lattice in the form of a Corbino disk. Through analytic
solutions of the stationary Dirac-Weyl equation, we compute the transmission probability of the
carriers and hence obtain the conductance features for 0 < a < 1 which allows ascertaining the
role of the flat band, alongwith scrutinizing the transport features from graphene to a dice lattice.
Our results reveal periodic Aharonov-Bohm (AB) oscillations in the conductance, reminiscent

of the utility of the Corbino disk as an electron pump.

5.1 Introduction

Two-dimensional (2D) Dirac materials owing to their massless fermionic dispersion and high
electronic mobility have prospects providing the building block for future electronic devices.
The striking electronic properties can be modified by nanostructuring and patterning, such as,
manufacturing nanoribbons [316], nanorings [29], junctions [317], quantum dots (QDs) [318],
QD arrays [319, 320]. Therefore, the transport properties heavily depend on the design of the

geometry, its edge shape [321, 322] etc. Here, we present one such annular geometry called as
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the Corbino disk which is contemplated by Laughlin as an electron pump that shows generation

of radial (Hall) current as the enclosed flux quantum changes.

Recent studies have extensively investigated various quantum transport phenomena in graphene
Corbino disks, both experimentally [69-72, 323] and theoretically [73-75, 77, 78, 324, 325].
The edge-free geometry of the disk enables transport studies via evanescent waves in nanoscale
graphene systems [76]. At zero magnetic field, the conductance of ultraclean ballistic disks as
a function of the carrier concentration [71] aligns well with the basic mode-matching analysis
described in Ref. [77]. Further, in presence of a non-zero magnetic field, periodic (approxi-
mately sinusoidal) magnetoconductance oscillations have been predicted [73, 78], yet experi-
mental confirmation of this intriguing quantum interference phenomenon is still lacking. Re-
cently, the authors of Ref. [75] demonstrated that a Corbino graphene disk, when pierced by
a current carrying solenoid, can exhibit Aharonov-Bohm (AB) type conductance oscillations.
They also found that these oscillations are more pronounced in the presence of an electrostatic
potential, which breaks cylindrical symmetry and introduces mode mixing. Furthermore, Refs.
[326, 327] explored the effects of mass and wedge disclination on a graphene Corbino disk, re-
vealing that the mass term can conspire to eliminate tunneling effects by creating points of zero

transmission.

In recent years, a number of properties of lower-dimensional systems in the «-T3 lattice have
been investigated as discussed earlier. However, an «-73 Corbino disk and its transport prop-
erties are yet to be explored. Thus, studying the electronic properties of the «-T5 Corbino disk
presents an intriguing opportunity of examining the transmission coefficients and hence elec-
trical conductance in presence of a threaded magnetic field or a solenoid. We will follow the
Corbino disk setup proposed for graphene in Ref. [75]. Following a general introduction of
the model, we have outlined a solution with a view to obtain the transport features of the a-T53

Corbino disk.

The chapter is organized as follows. In Sec. 5.2, we introduce the a-7% model, discuss the
method of mode-matching analysis for the system as shown in Fig. 5.1 and solve the eigenvalue
problem for the a-T3 Corbino disk. Next, in Sec. 5.3, the numerical computations of the
transmission, conductance oscillations, and Fano factor are presented in Sec. 5.4. A comparison
between graphene and a-T35 Corbino disk is discussed in Sec. 5.5 The conclusions of the results

are given in Sec. 5.6.
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Figure 5.1: Schematic of an a-T3 Corbino disk with inner radius R; and outer radius Ra,
connected by two electrodes as shown by thick black circles. A voltage source (V') drives the
current (/) through the disk. A long solenoid, carrying the current I,, generates the flux @
piercing the annular regime. The coordinate system is also shown. The structure of the a-T3
lattice is depicted in the zoomed portion. A, B, and C sub lattice sites are shown by blue, red,
and green dots, respectively. The hopping between the A and B sublattice is ¢ and between the
B and C'is at.

5.2 Formalism

Let us begin by considering a Corbino disk with an a-73 lattice geometry, and characterized
by an inner radius R; and outer radius R which are connected by two electrodes. A current-
carrying long solenoid (to eliminate edge effects) penetrates the inner area of the disk, yielding

a magnetic flux ®; threading the annular region.

Further, in the vicinity of a specific valley (say, the K -valley), the low energy excitations in the

a-T3 lattice can be described by the following Dirac-Weyl Hamiltonian

H = vp(mySy + mySy) + U(r), (5.1)

where v is the Fermi velocity and 7, and , are the components of the canonical momentum
operator defined via m = p+ e A. Here, p denotes the in-plane mechanical momentum operator

(—ih(0y, 0y)) and the vector potential A. Here, the components of the pseudospin-1 operator S
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associated with the a-T3 lattice are given by

0 cosp 0 0 —1%COS 0
Se=]cosp 0 sing and S, = |icosy 0 —ising
0 sin ¢ 0 0 1sin @ 0

with tan ¢ = a. The z-component of S can be directly derived from the commutation relation
[Sz,Sy] = iS.. Due to the circular symmetry, we adopt the symmetric gauge for the vector
potential, expressed as

A= (A, Ay = % (—T% T%) . (5.2)
We consider the case of a disk with an annular region pierced by a long solenoid, generating a
flux ®. Additionally, we assume that the electrostatic potential energy U () depends only on the
radial distance, 7 = /22 4 y2. Specifically, U (r) = 0 within the disk region (R; < r < Ry)
and U(r) = Us (will be set to infinity) outside this area. The Hamiltonian in equation (5.1)
commutes with the z-component of the total angular momentum operator, defined as J, =
L,+S,, where L, = —ih% is the orbital angular momentum operator, and .S, is the pseudospin
operator. The energy eigenfunctions at a particular valley (namely, K valley) can therefore be

chosen as eigenstates of J,, as

meA(T)ei(mfl)G
Um(r,0) = | xmp(r)e™ |, (5.3)

vac(r)ei(erl)H

where m is an integer, the three spinor components (A, B, C) correspond to the sublattice de-

grees of freedom, with (r, #) denotes the coordinates. The Dirac equation now can be written as

Hyp (r)Xm (1) = Exon (7). where Xm(r) = [Xm,a(r), Xm,5(r); Xm,c(r)]", and

m-l g e 0 0
Hm(r) = —ihwp S0, + U(T) + ﬁ’UFSy 0 % + % 0 . 5.4
m ed
0 0 4 ed

For a piecewise-constant potential energy U (r) and in presence of a bias voltage, which implies
a varying electron concentration (called as doping later) such that the electron energies satisfy
E > U(r), the eigenfunctions of H,,(r) (equation 5.4) for the incoming waves (propagating

from r = 0) and outgoing waves (propagating from r» = o0) are, up to a normalization constant,
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given by
—icos pxi(kr)
Xigc = Hy(m) (k’l“)
—isin pxo(kr)
where

—icos pxs(kr)
and y2' = H, () (kT) (5.5)
—isin pxq(kr)

v(m)=m+ By’ (5.6)
2) (2) (2)
X1/2(kr) = Hy(m)_l(kr) HV(m)"'l(kr) + V(m)HV(m)(kr)
" W W kro (5.7)
x3/4(kr) = Hu(m)_l(kr) HV(m)""l (kr) + V(m)HV(m)(kr)
i kr ’

g (p) is the Henkel function of the first and second kinds, and k = |E — U(r)|/(hvr). The

solution for the Eq. (5.4) pertaining to the disk area can be represented as

X%) = Amxmc(kpr) + B

m

mX%t<kFT),

Ri<r< Ry (58)

with A,, and B,, being arbitrary constants, and the Fermi wave vector is given by kp =

|El/(hvr).

The heavily doped (large bias voltage) «-T3 leads are modeled via taking the limit of U (r) =

Us — Foo forr < R; or r > Ry. The corresponding wave functions in different regimes can

be expressed as

' COS , coS ¢
+ikoor FikooT
V=5 1 |+ —a| 21|, <R (5.9)
m \/77 m \/; 9 .
sin ¢ sin ¢

@ e:l:ikoor cosy
Xm =tm7ﬁ 1 , >Ry (5.10)

sin ¢

where we introduced reflection (transmission) amplitudes ry, (t,,) and koo = |E—Uso|/(hvp) —

oo. To proceed with the computation, we recall some useful formulae of the Hankel functions,
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namely,
HY2 (k) = 2iHY?(kr), HY2(kr) = [H2 (kr)]". (5.11)

The mode-matching conditions, xg)(Rl) = ng)(Rl) and xgg)(Rg) = Xg,%)(Rg), enforcing the

continuity of the wave functions at R, for the B sublattice [328],
1 d
Xgn?B(Rl) = Xin?B(Rl) (5.12)

and for the A and C sublattices,

(1)

€08 PX\ )4 (R1) + sin px'y) o (R1) = cos px'y)

LA(R1) +sinox\ D (Ry). (5.13)

Similarly, at Ro, for B sublattice,

Xi (B2) = X (R2) (5.14)
and for the A and C sublattices,
cos QOXS?A(RQ + sin goxf?‘;l?c(Rl) = cos gpxg?A(Rl) 4+ sin QOX?(Z?C(Rl)- (5.15)

Hence, we find the transmission probability for the mth mode to be given by

S GRS
Toom = o™ = GG R 7o ® ) @ ® o 10
(kR1)(kR2) (9% 12 4+ (D) 12+ [D5) 17+ D) ]2
where v(m) is given by Eq. (5.6) and
DYy = I, (kR2) — HY) (k)] cos 2.
o0 =mH) (kR)H)  (kRy) + HY) o (kRo)H) (kB
Ol = I (kR HD, ) (kRy) = Hy (kR HL ) (k)]

1
o\ = (1+v(m) (kR - kR) cos 2pTmH () (kR1)H (), (kRo) — HY) (kRa)HS) | (kRy),

_ v(m)?eos® 2 O

(5)
o v(m)+1

2) _ g ()
v(m) — (kRy)(kRy) (kRo)H ' \(kRy) HV(m)(kRQ)Hl/(m)+l(kR1)]'

v(m)
(5.17)
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Figure 5.2: The transmission 7}, (,,,) (m = 0, 1, 2) as a function of the doping parameter, kr 1
for a radii ratio Ry /Ry = 5, ®/Py = 1/2, for (a) « = 0.1, (b) « = 0.5, and (¢) a = 1.

5.3 Transmission and Conductance Properties

We study the transmission T, ;) (m = 0,1,2), the conductance G, and the Fano factor F'
numerically for the a-73 Corbino disk with an annular region at the center (R; < r < Rsg)
and threading a flux through it as shown in Fig. 5.1. We show our results as a function of a
dimensionless quantity, kr R;, which essentially controls the electron doping (through k). Fig.
5.2 represents the transmission as a function of kr R; for three different values of a, namely,
a =0.1,0.5,and 1 in Figs. (a), (b), and (c) respectively, for a particular width of the a-T3 disk
denoted by Ry/R; = 5 and for a certain flux ®/®; = 1/2. The transmission characteristics
are shown for three different values of the angular momentum quantum number (corresponding
to J,) m, namely, m = 0, 1, and 2 each represented by different color as shown in the figure
(see Fig. 5.2). We observe that the transmission strongly depends upon m, o, and the value
of the magnetic flux. The transmission curves show a sharp increase for small values of kr R;.
In Fig. 5.2(a), for &« = 0.1 (low values of «) the curves display oscillatory behaviour before
they converge toward a saturation. This indicates that a small non-zero value of « introduces
additional effects, possibly interference or resonance phenomena. The transmission for m = 0

(blue curve) increases more rapidly, while for m = 1 and m = 2, the oscillations are more
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Figure 5.3: (The transmission 7),(,,) as a function of the doping krR; for a radii ratio
Ry/Ry =5, ®/P¢ = 1/2, and for different values of « (different colors correspond to differ-
ent values of a) for (a)m = 0, (b)m = 1, and (c)m = 2. (d) Showing the transmission 7,,,,)
as a function of the doping kr R; for a radii ratio Ro/R; = 5, for a fixed value of the angular
momentum quantum number, m (namely, m = 0), for a particular value of « (say, o = 0.5),
and for different & /® ratio as shown by different colors in the plot.

gradual, and they converge slower than the m = 0 case. In Fig. 5.2(b) for « = 0.5, the
oscillatory behaviour becomes slightly more prominent compared to o« = 0.1 (Fig. 5.2(a)).
The curves for larger doping saturate, however the oscillations for higher m values (especially
m = 2) are more discernible. This suggest that the effect of increasing « is to minimize these
oscillations, while still maintaining the overall trend of increasing transmission with doping. In
Fig. 5.2(c), for @ = 1, the transmission smoothes compared to the lower values of c. While
some oscillations are still visible, particularly for m = 1 and m = 2, they are less pronounced.
For m = 0, the transmission reaches its saturation faster than for m = 1 and m = 2 curves.
As « increases, the transmission for a particular m value increases which is shown in Figs.
5.3 (a), (b), and (c¢) for m = 0, 1, and 2 respectively for « = 0.1, 0.5, and 1. However, as
« increases, the transmission curves become less oscillatory, particularly for higher m values.
The saturation of transmission occurs for large kr R, indicating that large doping eventually
results in a maximum transmission that does not significantly change with further increases in

krR;. The saturation occurs due to the fact that the energy levels nearly form a continuous
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spectrum at large doping. Further, we have a full transmission (Klein tunneling) for larger o
with m = 0. Larger the magnetic flux, the transmission decreases as shown in Fig. 5.3(d) for

a fixed m and for particular o (namely, & = 0.5). Fig. 5.4 shows the transmission 7,,(,,) as

T (m)

200 20

10 10 10
RQ/Rl R2/R1 RQ/Rl

Figure 5.4: The transmission 7, v(m) (m =0, 1, 2, 3) as a function of radii ratio Ry /R, for the
doping kp Ry =1, /Py = 1/2, (a) for & = 0.1, (b) for & = 0.5, and (c) for a = 1.

a function of the ratio of the outer and inner radii, namely, R2/R; for a fixed doping value,
namely, kp Ry = 1, with ®/®¢ = 1/2 for « = 0.1, 0.5, and 1. The transmissions are plotted for
three different values of m(= 0, 1, 2). The transmission curves exhibit an oscillatory behaviour
as Ry /R, increases. The curves corresponding to m = 0 (blue lines) show largest transmission
and are characterized by more prominent oscillations, with the transmission reaching close to
1 (complete transmission) at specific (lower) values of Ry/R;. As « increases, the amplitudes
and the frequency of these oscillation decrease. For 0 < a < 1 and higher m values the
transmission at Ry /Ry ~ kpR; is forbidden which is evident due to occurance of a singularity
at that value of doping. Higher m values demonstrate much smaller transmission values and
fewer oscillations. As « increases, higher m curves exhibit more pronounced oscillations. The
oscillatory behaviour suggests that increasing o enhances the resonance effects. For o = 1, the
transmission oscillations smoothen, particularly for m = 0, where the transmission reaches a

nearly constant value after some initial oscillations. For higher values of m and all values of
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a, the transmission decreases exponentially. We notice that the amplitudes of these oscillation

decreases when the ratio R/ R; is increased and further they depends on the value of «.

Now we compute certain physical quantities related to the transmission coefficient. The con-

ductance at the linear-response level is calculated via the Landauer-Biittiker formula [217, 220]

G=<==g0 Y, Tym) (5.18)

I
4 m==+1,£2,...

where the conductance quantum go = 4e2/h, with the factor 4 accounting for the spin and
valley degeneracy, and the summation is performed over all the modes. In addition, the particle-
hole symmetry, T, (,,)(—krR1) = T, () (krR1) allows us to limit the discussion only positive

values of kg R, that is, kR > 0. Our numerical results are presented in the Fig. 5.5.

The asymptotic properties of the Hankel functions [329] in Eq. (5.16) lead to T,,(,,,) ~ 1 for
kpRy—v(m) > 1, with v(m) given by Eq. (5.6), or to T,,(,,y = 0 for v(m) —kp Ry > 1. With
these, the conductivity can be approximated as G ~ 2gokr R for kpR; > 1 and Ry > R;.

— B/Dy=0 O/Dy=05 —— O/Py=1
2 .
(a)ae =0.1 (b)ar = 0.5 (c)a=1
S .
g J
O
O
1 11 1
0 . 0 . 0 .
< A 0.0 0.5 § 0.0 0.5 4 0.0 0.5
0 5 10 0 5 10 0 5 10
krR; krRy krR;

Figure 5.5: Conductance G as a function of the doping kp R; for the radii ratio Ry /Ry = 5.
Different lines corresponding to & = 0 (blue line), & = 1/2 (orange line), and ¢ = 1 (green
line) ® is measured in unit of ®. Different plots correspond to (a) o = 0.1, (b) @ = 0.5, and
(¢) a = 1. In the insets, zoomed in views are shown.
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Let us put the ongoing discussion in perspective by mentioning some of the interesting results
in graphene, and their relevance to those for the a-75 Corbino disk. Previously, the conductance
quantization with steps of 4e?/h was predicted for a graphene strip with a moderate aspect
ratio (width/length < 1) [330-333]. Quantization in unit of 862/ h was theoretically found in
a bipolar junction in graphene, which exhibits the Goos-Hanchen effect [334]. The absence of
conductance quantization observed in a graphene Corbino disk [77, 78] highlights the role of
the evanescent modes, which decay slowly with distance (following a power law) and remain
significant far from the Dirac point, illustrating a striking consequence of angular momentum
conservation [75, 77, 78, 326, 327]. A similar behaviour in the conductance profile is also

observed here for the a-T5 Corbino disk as we see below.

®/D) = 0.5

Glgo]

0 2 4 6 8 10
krRy

Figure 5.6: Conductance G as a function of the doping kr Ry = 1 for the radii ratio Ry /Ry =
5and /P, = 0.5. Different lines corresponding to o = 0.1 (blue line), « = 0.5 (orange line),
and o = 1 (green line).

Fig. 5.5 shows the conductance G[go] as a function of doping (kpR;) for /Py = 0, 0.5,
and 1 with the same « values as earlier, namely, 0.1, 0.5, and 1 in Figs. 5.5(a), (b), and (c)
respectively. It is evident that the conductance G increases with increase in doping, showing
nearly step like behaviour as a function of kr R;. However, the sharpness of the steps diminishes
as « increases. This suggests that conductance is (nearly) proportional to doping for higher
values of . Additionally, for higher kr Ry, all the three curves for ® /@, = 0, 0.5, and 1 overlap
significantly, showing very little dependence on the flux enclosed by the «-75 disk. This also
suggests that, except at very low doped regimes, the conductance becomes independent of the

magnetic flux. In contrast, for very low krR; values, the differences between the curves for
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different ® values are somewhat noticeable (see insets of Fig. 5.5), with even those becoming
somewhat unnoticeable for larger . Furthermore, the ®/®y; = 0 and ®/P; = 1 curves are
same, reminiscent of the AB effect in this disk-like geometry. Moreover, Fig. 5.6 shows that
increasing « leads to higher conductance at any doping level. When o« = 1 (dice lattice), the

conductance is most sensitive to the magnetic flux and demonstrates large conductance.

—— kpRy=0.1 kpRi =02 —— kpRi =05
\/\/\/\/\/\ AN
(a)a=0.1 (b)a=10.5 (c)a=1
E _
S
0
-
O ) T T T T T T
0 4 0 4 0 4

2 2 2
D /Dy D /Dy D/Pg

Figure 5.7: Conductance G as a function of the flux piercing the annular region (®/®) for
the radii ratio Ro/R; = 5. The doping varies from krR; = 0.1 to 0.5 and specified for each
lines on the plot. (a) for « = 0.1, (b) for « = 0.5, and (¢) for o = 1.

The structure of the Egs. (5.6), (5.16), and (5.18) leads to a perfectly periodic functional de-
pendence of G(®) at any arbitrary level of doping. In Figs. 5.7, 5.8, and 5.9, we show the
conductance G[go] as a function of the magnetic flux. It is clearly evident that the conductance
oscillations are of the AB type with an oscillation period of one flux quantum, ®3. The am-
plitudes of these oscillations depend on krR;, a, and the Ry/R; ratio. These results align
well with the previously studied results for graphene [75, 326, 327]. The oscillations depict the
quantum interference effects on the electron transport in mesoscopic disk structures, where the
flux @ through the disk modulates the conductance due to the AB effect. Here, the phase of the
electronic wavefunction is affected by the presence of the magnetic flux (or the line integral of
the vector potential), even if the electron travels through a region where the magnetic field is
zero. The different panels illustrate the evolution of conductance oscillations with increasing o.

As « increases, the oscillations become less pronounced (a general trend seen throughout), and
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the amplitudes of the oscillations decrease for a particular value of kr R, (here, kpR; = 0.5)
as shown in Fig. 5.8. This suggests that « influences certain aspects pertaining to the system
geometry (or equivalently, the symmetry of the underlying a-73 lattice), which in turn affects
the quantum interference pattern. Further, increasing « softens the oscillations. The data points
in each plot of Fig. 5.7 represent different doping levels (krR;). Doping affects the Fermi
wavelength of the electrons, and consequently has implications on their interference pattern.
Higher doping tends to reduce the prominence of the conductance modulation, as seen from the

diminished oscillations corresponding to larger values of krR;.

krR; = 0.5
[N
— a=0.1
a=20.5
— a=1
&
G
0 1 2 3 4 5
o/,

Figure 5.8: Conductance G as a function of the doping kr Ry = 1 for the radii ratio Ry /Ry =
5and /P, = 0.5. Different lines corresponding to o = 0.1 (blue line), « = 0.5 (orange line),
and a = 1 (green line).

Fig. 5.9 illustrates the conductance G[go] as a function of the flux ®/®, with kpR; = 0.5
(moderate doping), while varying the ratio of the radii R2/R; (we have considered two limits,
namely the thin limit (Re /Ry = 5) and the thick limit (Ry/ Ry = 25)), for different values of the
hopping parameter «v. For a particular value of «, as R/ Ry increases (as shown by the different
curves in the plot), the amplitudes of the oscillations decrease. Additionally, for cases where
a < 1, there is a noticeable phase difference between different radius ratios. However, when
a = 1, the oscillations are in phase for both values Ry/R;. Increasing the outer radius, Ro,
expands the effective area of the disk region, which subsequently alters the interference patterns

in the system.
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Figure 5.9: Conductance G as a function of the flux piercing the annular region (®/®) for
doping kr Ry = 0.5. The radii ratio taken as, Ro/R; = 5 (thin limit) and 25 (thick limit), and
specified for each lines on the plot with (a) for o = 0.1, (b) for & = 0.5, and (¢) for o = 1.

The o = 0 (graphene) case, as discussed in the Refs. [75, 326, 327], demonstrates the conduc-
tance oscillations to be more regular, with a uniform amplitude and frequency with no asymme-
try produced due to the absence of the central atom', yielding ideal AB oscillations. With the
inclusion of the central atom (« # 0) especially for small values of «v and large Ry /R ratio, the
oscillations cease to be smooth and become irregular (see Fig. 5.9(a)). Instead, one can observe
a double peak (or humps) in the conductance profile for each oscillation cycle, implying that

there is an interference between different periodicities or frequencies.

This multi-harmonic contribution to the conductance oscillation may occur due to the availabil-
ity of multiple pathways for the electrons contributing to the interference phenomena, such as
the electron can traverse in both clockwise and anticlockwise paths around the flux. The hop-
ping parameter « introduces a generic asymmetry in the system due to different coordination
numbers for different sublattice sites, while @ = 0 represents a fully symmetric case. Even an

infinitesimal value of « disturbs this symmetry, resulting in mixing of different modes leading

"Even with the central atom present, the a-T5 lattice is still bipartite. As shown in Fig. 5.1, A, B, and C' atoms
represent the three basis sites of a unit cell. The coordination number is 3 for the A and C' sublattices, while it is 6
for the B sublattice. The coordination number of one subset of sites is distinct than the other. We refer to this as an
asymmetry.
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to interference between them. As a result, we see a single peak turning complex and eventually
evolving into a double-peak (split-peak) feature. Further, large Ry /Ry implies larger area of the
disk with larger number of sites and hence larger number of modes being involved. This may
lead to different effective path lengths, resulting in a phase difference between them. This phase
difference could result in a constructive interference at any two points within a single oscillation

cycle, thereby producing the double-peak pattern.

Another possibility is that a larger outer radius (or larger Ro/R;) induces higher harmonic
contributions to the conductance oscillations. These higher harmonics have shorter periods and
may interfere with the fundamental AB oscillation periods to produce the observed double-
hump structure. Further, the magnetic flux enclosed by different electron paths in the system
could also vary due to large disk area, causing the effective flux experienced by electrons to
differ depending on their paths. This difference can lead to superposition of more than one
oscillation frequencies, producing two peaks within a single oscillation period. This behaviour
is typical in mesoscopic systems where the geometry and the confinement phenomenon conspire

to yield complex interference effects between electron paths.

As « increases, the double-peak feature in the conductance oscillations gradually disappears,
even at thick limit. Further, as « increases, the system becomes progressively more asymmetric
[157]. This larger asymmetry is likely to disrupt the coherent interference between different
electron paths that produces the double-peak feature at lower values of c. In the more asymmet-
ric case (or a thick disk), the phase difference between the paths becomes more pronounced, and
the interference effects that once contributed to the double-peak may cease to exist. Instead, the
system possibly favours a more uniform interference pattern with regular AB-like oscillations.
At higher a, the interference from the higher harmonics diminishes or the additional modes be-
come weaker such that they no longer constructively interfere with the primary oscillations. As
a result, the primary modes (fundamental AB oscillations) begin to dominate, and the conduc-
tance oscillations tend to have more uniform periodicity. This simplifies the oscillation pattern
and eliminates the double-peak structure. However, even at high Ry /Ry, the same feature dis-
appears for all values of a.. This implies that the effect of increasing « is strong enough to
suppress the complex (repeated) interference effects, regardless the size of the system. Further,
the symmetry with respect to the direction of the flux has the consequence that the conductance

is symmetric, that is, G(—®) = G(P).

We study the magnitude of conductance oscillations AG. It is defined as the difference between

G(®p/2) and G(0) as [75, 327]

AG = G(P/2) — G(0). (5.19)
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Figure 5.10: Magnitude of the conduction oscillations, AG = G(®(/2) — G(0), depicted as
a function of the doping for selected values of « (specified for each line). Black dashed line
shows the actual AG = 0. (a) for Ry/R; = 10 and (b) for Ry/ Ry = 15.

Fig. 5.10 shows the magnitude of the conductance oscillations AG as a function of the doping
kr Ry for two different radii ratios, namely Ro/R; = 10 (see Fig. 5.10(a)) and Re/R; = 15
(see Fig. 5.10(b)). The absolute values of AG are relatively large not only in small vicinity
of the charge neutrality point (zero doping), but also at larger doping. This means that for low
Fermi wave vectors, the conductance oscillations are strong and more sensitive irrespective the
value of «, signaling the importance of transport via the evanescent waves. This feature has a
similarity to that in graphene [75, 327]. Notice that AG (Eq. (5.19)), is governed by only a
few modes for which kp Ry ~ v(m) (see Eq. (5.6)) and thus T;,,’s are neither ~ 0 nor ~ 1. A
systematic growth of AG with the ratio Ry /Ry is visible for kp — 0 for o < 1 cases, which is
consistent with the corresponding results for graphene as shown in Refs. [75, 77, 78, 327]. AG
shows oscillates around the zero value (black dashed line). Positive or negative values indicate
increase or decrease in the conductance relative to the flux-free state. As kg R; increases, the
oscillations gradually dampen, becoming smaller and more stable at large kr R for all values
of a. This suggests that at higher values of Fermi energy, the quantum interference effects
diminish. Further, the geometry (the ratio of radii) has a strong influence on the oscillation
magnitudes, with larger ratios damping the oscillations more quickly. This implies that changing

the geometry (tuning the disk region) of the system alters the sensitivity of the conductance to
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the external magnetic flux, doping, and a.

For each values of the Ry /Ry ratio, there is a unique series of discrete doping values where AG
crosses the zero line, resulting in G(®;) being constant (that is equal to G[0]). Moreover, for
a given R /Ry, increasing « leads to an increase in the number of nodes. As shown in Fig.
5.10(a), for Ry/R; = 10, & = 0.1 has only one node, while & = 0.5 and 1 exhibit 3 and 6
nodes, respectively. Similarly, for Ry/R; = 15, the number of nodes increases to 3, 6, and
7 corresponding to o« = 0.1, 0.5, and 1, respectively (see Fig. 5.10(b)). For example, when
Rs/Ry = 10 and 15, the nodes of AG correspond to certain specific values of (krpR1)ag=o are
listed in table 5.1.

Ry/R; =10
o | Ist | 2nd | 3rd | 4th | Sth | 6th | 7th
0.1 049 | - - - - - -
05| 040 | 400 | 482 | - - - -
1 [0.172 | 043 | 0.775 | 1.455 | 2.074 | 5534 | -

o Ist 2nd 3rd 4th Sth 6th 7th
0.1 | 0.56 | 3.55 | 5.00 - - - -
0.5 10467 | 1.028 | 1.46 | 3.014 | 5.00 | 8.445 -

1 | 0.174 | 0.504 | 0.701 | 1.251 | 1.796 | 3.194 | 8.149

Table 5.1: Values of kr Ry for which AG = 0 for R2/R; = 10 and Ry /Ry = 15.

Prior to the first node, for @ < 1, we have AG < 0, however, for « = 1, AG > 0. Beyond
that, the sign of AG alternates with growing values of krR; for each node, as indicated in
Figs. 5.10(a) and (b). It is also visible in Fig. 5.10 that the occurance of the nodal points is
irregular, as one can expect since AG can be regarded as originating from the behaviour of the
Bessel function. For example, the typical separation between the first node of AG for o = 0.1
(see Table T) can be approximated as AkpR; ~ 0.5, which corresponds to R; ~ 80 nm,
(nearly consistent with the results of graphene [75]), to the energy interval of AE;/kp ~ 50K
(with the Boltzmann constant k). In turn, the conductance oscillations should be observable in

comparable or higher temperatures then the standard AB effect in graphene rings [29, 335].
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5.4 Fano Factor

In general, the electrical current through nanostructures exhibits time-dependent fluctuations
due to the discrete nature of electric charge [336]. These fluctuations, known as the shot noise,
and the ratio of the shot noise power to the average electrical current is known as the Fano factor
[337]. The Fano factor assumes universal values depending on the electronic transport regime
in tunnel junctions, such as, it corresponds to a Poissonian noise with F' = 1 [338], for diffusive
transport, it is ' = 1/3 [339, 340], and in ballistic transport, F' = 0 [336]. With the rise of
graphene electronics, it was found that the conductivity of a graphene strip reaches its minimum
at zero bias condition, causing the shot noise power to peak. Further, Ref. [341] demonstrated
that the Fano factor for a graphene strip is 1/3, matching the value for a diffusive transport. This
result stems from the non-classical transport in graphene, governed by the Dirac equation, and
has been experimentally verified in Refs. [342, 343]. Further, it was conceived that the energy

of the Fano factor peaks track the locations of the Dirac points in the Brillouin zone [344].

In our case, the dominant contribution to the conductance fluctuation is due to the external
magnetic flux. It would be interesting to explore how the conductance of an a-73 disk responds

to the external flux by examining the Fano factor, which defined as the following ratio,

Zm [Ty(m)(l - Tu(m))] .

F =
Zm Tu(m)

(5.20)

where ) = denotes the sum over all conducting modes and T}, ,,,) is the transmission probability
as defined in Eq. (5.16) The results obtained so far can be numerically analyzed under suitable
choices for the physical parameters. The results are shown in Fig. 5.11 with two different
values of the flux, namely, ®/® = 0.5 (see Fig. 5.11(a)) and 1 (see Fig. 5.11(b)). Similar to
the strip geometry [341], the conductance minimum at krR; — 0 corresponds to a maximum
(for @ < 1) or a minimum (for & = 1) value for the Fano factor, F'. Further, F' acquires
high values near krR; — 0, which decreases sharply followed a series of oscillations as krR;
increases. The amplitudes of the oscillations diminishes as « increases, and the curves for higher
« (towards the dice limit) tend to flatten more. The black dashed line corresponds to F' = 1/3,
which denotes a value, where the transport is fully diffusive. Our results shows that for all
« and higher krR;, we obtain the Fano factor assuming values closer to the diffusive limit.
However, for the small kxR, and o < 1, we get F' ~ 1 that underscores a Poissonian transport
regime [338] dominated by independent tunneling events, with either little or no correlation
between the electron transmissions. The above result (£ ~ 1) contrasts with the regime where

F' < 1, which denotes diffusive (or sub-Poissonian) transport, where the electron correlations or
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scattering play a more significant role. Small values of kr R; mean that the size of the system
is smaller compared to the Fermi wavelength, thereby leading to a regime where the quantum

effects dominate, and the transport is primarily dominated by random tunneling events.

—
— a=0.1 — a=0.1
a=0.5 a=0.5
—_a=1 —_— a=1
OQ— p
(@)
(a) ®/®y = 0.5

4 6 8 10 0 2 4 6 8 10
kFRl kFRl

Figure 5.11: Fano factor F' as a function of the doping kr R; for the radii ratio Ro/R; = 10
and (a) for ®/®, = 0.5 and (b) for &/Py = 1 (P being the threaded flux). Different lines
corresponding to o = 0.1 (blue line), « = 0.5 (orange line), and o« = 1 (green line). The black
dashed line denotes diffusive transport regime.

Further, different flux ratios threaded, for example ®/®y = 0.5 with a < 1, the system is likely
to be weakly coupled, which contributes to the random (uncorrelated) nature of the transport.
However, this is not the case for a = 1, where the Fano factor changes from F' ~ (0 to nonzero
values with increasing krR;. This indicates a departure from the ballistic regime to a pseudo-
diffusive transport (F' — 1/3) for large values of krR; as shown in Fig. 5.11(a). Moreover,
for & /Py = 1, we observe a transition from Poissonian transport (F' ~ 1) to a pseudo-diffusive
regime with increasing doping, for all values of «, as shown in Fig. 5.11(b). These results
differ from those in graphene, where transport is ballistic in high-purity, mesoscopic samples
[141, 345] and diffusive or pseudo-diffusive when disorder and impurities come into play [341,
346-348]. Here, by tuning the doping level and the external flux, we can modulate the transport

properties and the correlations between electrons involved in the transport process.

The magnetic flux alters the phase of the electronic wavefunctions via the AB effect. At ®/Py =

0.5, phase interference can either enhance or suppress the transport channels, depending on the
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value of a.. For @ = 1 and low doping, transport suppression is significant, resulting in nearly
a noiseless transport (F' ~ 0). In contrast, other values of « lead to a larger noise due to the
following reasons. This happens because, when o = 1, the path lengths between the A to B
and A to C sublattices are equal, causing the flat band to become localized and preventing it
from carrying current. As a result, the transport is dominated by the Dirac cones, which exhibit
ballistic behavior, similar to that of graphene. When o < 1, the differing path lengths between
the A to B and A to C sublattices diminish flat-band the localization, causing higher fluctuations
in the current due to less coherent transport. This leads to higher noise levels and the Fano factor

approaches the Poissonian limit.

5.5 Comparison Between Graphene and a-73 Corbino Disks

While studies on graphene Corbino disks exist in literature, its generalization in terms of an
a-T4 structure has so far been ignored. In this section, we compare and contrast the properties
of a graphene and the a-73 Corbino disks, thereby emphasizing the highlights of our work.
In a particular setup, the magnetoconductance studies of a graphene Corbino disk in presence
of a uniform magnetic field reveals conductance oscillations with the flux threading the disk
area (denoted by ®,) with a period of &5 = %ln(%) (where R,,: and R;, are the outer
and inner radii of the disk), the result clearly differs from the usual oscillations with one flux
quantum. Additionally, at low but finite doping, these oscillations persist upto a limit of |®4| <
®7%% beyond which the oscillatory behaviour vanishes and the conductance gets suppressed. In
addition to observation of diffusive transport, ballistic transport has also been observed in this
graphene Corbino disk configuration [73, 78]. In an alternate scenario, when the disk subjected
to a solenoidal magnetic potential (similar to our setup), the graphene Corbino disk configuration
exhibits smooth Aharonov-Bohm type conductance oscillations in the ballistic transport regime,

and the conductance displays step-like features with increasing doping [75, 327, 349, 350].

Moving to the a-T3 Corbino disk, where an additional atom is located at the center of each
hexagon connected via tunable hopping with one of the neighbours possesses a zero-energy
flat band that may play a decisive role in shaping the transport characteristics. Enroute to the
perfect dice limit (o = 1), in contrast to graphene (o« = 0), the step-like conductance feature
diminishes as « increases. In certain parameter regime, namely, the ‘thick’ disk limit (large
Rs/Ry) and small values of «, higher harmonic contributions emerge in the conductance profile.
The physical explanations of which are provided in the preceding section. It turns out that the
presence of the zero-energy flat band significantly alters the transport characteristics compared

to graphene. This result may be counter intuitive as the carriers pertaining to the flat band have
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zero velocity and should have negligible role in transport. Finally, a statistical analysis yields the
Fano factor to vary with both o and the magnetic flux, indicating emergence of distinct transport
characteristics. These differences open up possibilities for fabricating novel transport devices in
flat-band systems, such as hydrodynamic electron magnetotransport and enhanced (and tunable)

thermoelectric properties of the a-75 Corbino disk.

5.6 Summary

We have studied the «-T3 lattice in the form of a disk with inner radius 1?1 and outer radius Ro,
subjected to a magnetic flux ® which perceived as an electron pump by Laughlin and should
demonstrate quantum Hall effect at the low temperature. Utilizing the unique geometry of the
Corbino disk, we have conducted analytical calculations leading to exact solution to the sta-
tionary Dirac equation. Also, we determined the transmission probability of an electron with a
given value of angular momentum tunneling through the a-75 Corbino disk. Further, we have

computed a few relevant physical quantities, such as, the conductance G and the Fano factor F'.

Our numerical results were expressed in terms of the doping level kr Ry, ratio of the outer to
inner radii R/ R, magnetic flux ®, and «. The conductance as a function of the magnetic flux
threading the disk shows periodic oscillation of the AB kind. However, the oscillation patterns
and the amplitudes hugely depend upon the system parameters («, kr R; etc.). Additionally, we

observe higher harmonic modes at lower « values and larger radii ratio.

Notably, away from the charge-neutrality point (kp R; = 0), the conductance oscillations exhibit
a substantial magnitude. Regardless of the value of «, these oscillations are strong and highly
sensitive, highlighting the role of the evanescent waves in the mechanism leading to electron
transport. Moreover, the conductance oscillates around zero, reflecting the influence of the
geometry, magnetic flux, doping, and «v. We have also computed the Fano factor, which reveals
distinct behavior for « < 1 (a-T3) and o = 1 (dice). For o < 1, the transport shifts from
Poissonian to pseudo-diffusive as the doping increases. In contrast, for & = 1, the Fano factor

transitions from the ballistic regime to pseudo-diffusive transport at large kr R;.
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Chapter 6

Chern Insulating Phase of an o-75

Haldane-Holstein Model

IN this chapter, we present impelling evidence of topological phase transitions induced by
electron-phonon (e-ph) coupling in an a-73 Haldane-Holstein model. The e-ph coupling has
been incorporated via the Lang-Firsov transformation which adequately captures the polaron
physics in the high frequency regime, and yields an effective Hamiltonian through zero phonon
averaging at T = 0. We explore the signature of phase transitions driven by polaron and its

interplay with the parameter o.

6.1 Introduction

The study of topology in multiband systems has emerged as one of the fundamental areas that
has reshaped the overall scenario of modern condensed matter physics [110, 195, 351-358].
With the advent of two-dimensional (2D) graphene-like materials, immense interest has been
drawn to studying electronic and transport properties in honeycomb lattices and its variants
[141, 143]. However, the role of many-body correlations like electron-electron and electron-

phonon interactions in inducing the topological phase transition in an «-T73 lattice has been
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largely unnoticed. The previous proposals of topological phase transition are mainly in non-
interacting systems (single-particle picture) where the topology is solely described by the prop-
erties of the electronic bands [102, 183, 186, 359] or by other external means [184, 360]. Nev-
ertheless, attempts were made to investigate the topological phase transitions driven by many-
body interactions in the past [96, 288, 361-370], most of which are devoted to explaining the
effects of electronic correlations on the topological phases of matter. On the contrary, the role
of electron-phonon (e-ph) interaction in such contexts has been scarce. We shall include the
‘polaron’ physics in a non-trivially gapped system. Breaking the time reversal symmetry (TRS)
via complex next nearest neighbour (NNN) hopping is a starting point for our study. Specifi-
cally, we demonstrate that this polaronic ‘impurity’ moving in an a-73 lattice and interacting
with the lattice vibrations, gives rise to the non-trivial spectral gap arising due to the polarons

formed in a Haldane (Chern) insulator.

Since the parent a-7% possesses non-trivial topology, it remains to be seen whether the polarons
aid or hinder the topological phases. If yes, whether these transitions are accompanied by the
conventional wisdom, such as (dis)appearance of conducting edge modes, abrupt change in the
topological invariant, the behaviour of the anomalous Hall conductivity etc. This interaction-
driven topology may serve to connect the correlated phenomena in physics with topology. There
are a few studies which describe the importance of e-ph coupling in determining the nontrivial
phases in the Haldane Chern insulator [371, 372], graphene nanoribbons [373], topological su-
perconductivity [374], and in other two-dimensional materials [370, 375-377]. Cangemi et al.
[371] have proposed a topological quantum transition in a Haldane Chern insulator driven by
the e-ph coupling, where they have shown the system undergoes a nontrivial to trivial transition
with increasing e-ph coupling strength, where the average number of fermions shows a sharp
discontinuity at the transition point indicating a topological transition. Along the same line,
Camacho et al. [372] have investigated a phonon-induced transverse Hall effect through the
“composite Berry phase” and shown the conductance jumps from zero to a finite value, where
the latter is evidently accompanied by a nonzero Chern number. Using a diagrammatic tech-
nique in the continuum Dirac model, Pimenov [375] have reported a similar observation as in
Ref. [372]. These studies largely encourage looking for systems that exhibit a nontrivial phase

and possible phase transitions upon suitably tuning the strength of the e-ph coupling.

However, there is hardly any study revealing the effects of e-ph interaction in a multi-band a-1%
system in the presence of a topological gap. Particularly, how the presence of a flat band, lying
in between the conduction and the valence bands is impacted and whether it reveals emergence
of a topological transition. Therefore, in this study, we aim to explore the role of e-ph coupling

in stimulating the nontrivial topological phases in the a-73 lattice (see Fig. 6.1), which may
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provide a fruitful prescription to understand the interaction-driven topology in other multi-band

systems.

Figure 6.1: The schematic diagram of an a-T5 lattice is shown, where the blue, red, and green
circles represent the sublattices A, B, and C sublattices, respectively. The nearest neighbour
(NN) hopping strength between A and B sublattices (solid black line) is ¢, while it is ¢’ = at
between B and C sublattices (solid red line). The NNN hopping between A-B-A (dashed blue)
or B-A-B (dashed red) is Ae’®#, while through C, it is X' e!®s* between B-C-B (dashed red)
and C-B-C (dashed green). Here \' = a\ and the phase ¢;; (—¢;;) denotes the clockwise
(anticlockwise) direction. The figure is repeated for the convenience of our ongoing discussion.

The chapter is organized in the following manner. In Sec. 6.2, we describe our system and
present the model Hamiltonian of a polaronic «-T3 lattice under the framework of the Haldane
model modified by a Holstein term accounting for the e-ph coupling. In Sec. 6.2.1, we show
the polaron formation in our system employing the Lang-Firsov technique, which works well
for the high-frequency (anti-adiabatic) optical phonons. Sec. 6.2.2 deals with the momentum
space representation of the model Hamiltonian. Sec. 6.3 is devoted to studying the topological
phase transition driven by polarons, where we present our numerical results of the bulk and
edge spectra in Sec. 6.3.1 and Sec. 6.3.2, respectively. In Sec. 6.4, we present the topological
transitions induced by polaron via numerically computing the polaronic Chern number and the
Berry curvature. Further support of the above, such as the quantized Hall plateaus below the
critical value of e-ph coupling obtained in Sec. 6.5, also signifies the topological transition
driven by e-ph interaction in our system. Finally, in Sec. 6.6, we conclude our results and

briefly summarize our findings.
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6.2 Haldane-Holstein Model for o-73 Lattice

We formulate our system in the spirit of a tight-binding Haldane-Holstein Hamiltonian, which

18 written as,
A 4 al -
H = |-t clei — at clep — 2 ePiicle, — 22 ikl e —|—H.C.]
[ %J uzmjk 3\/§<%> H 3\/52 ]k

+M Z CZTSZCZ- + hwg [Z (bgbi + ;) + Aeph Z czci(bj- + bl)] , 6.1)
where different notations appearing in the first four terms have been introduced earlier and hence
skipped. The fifth term of Eq. (6.1) is the Samenoff mass term, M is the mass, and .5, is the z-
component of the pseudospin-1 matrix. The effects of the phonon modes are incorporated in the
sixth and the seventh terms. The sixth term is the total onsite energy of the phonons denoted by
the phononic creation (annihilation) operators, b;-r(bi) of site ¢ and the last term of this modified
Haldane model is the Holstein term that describes the onsite coupling between electrons and the
longitudinal optical (LO) phonons with a coupling strength A.,, fiwp being the energy scale of

phonons with a dispersionless LO frequency, wy.

6.2.1 Polaronic Hamiltonian: Lang-Firsov approach

The quasiparticles formed by the interaction between a bosonic lattice field (a phonon) and a
fermionic charge carrier (an electron) undergo emission and absorption of virtual phonons by
the electrons at 7' = (. Owing to such an interaction, a net polarization potential is generated in
which the electrons may get trapped. These quasiparticles dressed with virtual phonon clouds
are known as polarons. For a tight-binding system, the size of a polaron is usually less compared
to the lattice constant and is known as a small Holstein polaron. Here, we have only considered
the onsite e-ph interaction, and neglecting the interactions of electrons with the NN and NNN
site phonons, these being weak enough. To study the effects of the e-ph coupling, we first

employ the much celebrated Lang-Firsov transformation (LFT), namely,
H = el He R, 6.2)
where the generator of the transformation is given by [260],

R=Xepn »_ clei(b] — by). (6.3)
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This is a coherent transformation of a displaced harmonic oscillator that eliminates the phonon
degrees of freedom and transforms the Hamiltonian into an effective electronic Hamiltonian. We
must assert that this unitary transformation works well in the high-frequency (non-adiabatic)
regime, meaning the LO frequency of the phonons is much larger than the other electronic
parameters of the system, that is, when wy > ¢,t/, A\, \', M and Aeph- The LFT transforms the

total Hamiltonian (6.1) as (see Appendix E for the derivation),

o T ol Xi—X;] e elXi—Xel| — ihi [X:i—X;] bjk ot o o[ Xi—Xk]
H = t{Zcic]e J+achcke J ’C} 3f{z et J(‘ce +QZ@2 7k(apk6 k
{(@.9)) ((G.k)) (6.4)
+ Z c;(MS; — ephhwofza)ci + hwo Z bzbia
where I3 is a 3 x 3 identity matrix. The X-terms in the exponent contain the phonon operators
as,

Xi = Aepn (b — b)), (6.5)

where ¢ being the site index. At this stage, to eliminate the phonon degrees of freedom, one can

obtain a zero-phonon average (at 7' = 0), which reads for the exponents as,
0]eXi=Xilj0) = e e, (6.6)

The quantity in RHS of Eq. (6.6) is known as the Holstein reduction factor which causes the band
narrowing. The last term in Eq. (6.4) becomes zero after zero-phonon averaging. Therefore, in
the transformed Hamiltonian (6.4), all the parameters are modified by the e-ph coupling and the

effective Hamiltonian becomes,

Hepy = (O[H|0) = —& [Z cle; +aZc ck} S [ Z é%icle; + a Z ewsjkcfck]

+ Z cl(MS, ephm)ozg)cl, (6.7)
where the reduced Holstein and Haldane amplitudes are renormalized as,
F=teh and A= Ae Verh. (6.8)

It is clear from Eq. (6.7) that the signatures of polaron in our system are captured through ¢
and )\, with both containing Acp,. As the e-ph interaction modifies system parameters, it will
be interesting to see how polaron induces a topological phase transition at certain critical e-
ph coupling strength. To investigate the same, we need to transform the Hamiltonian (6.7) to
the momentum (k) space and calculate the band structures along with the relevant topological

properties.

TH-3611_196121109



Chapter 6: Chern Insulating Phase of an o-T3 Haldane-Holstein Model 168

6.2.2 The continuum o-73 Haldane-Holstein Hamiltonian

The modified k-space version of an «-T3 lattice in the presence of e-ph interaction can be ob-
tained by Fourier transforming the effective Haldane-Holstein Hamiltonian (6.7) in a tri-atomic

sublattice basis as,

~ ~ 22Tm fx
H(k) = —1 (hy Sy + hyS,) — ASZH + MS, — A2 hwols, (6.9)
3v/3 cos g
with
0 cosp O 0 cosp 0 1 0 0 —Cosy 0 0
Se=v|cosp 0 singp|,Sy=—i]—-cosp O sing [ ,S: =10 0 0 |,S.n= 0 cosp—sing 0 |,
0 sing 0 0 —sinp 0 00 -1 0 0 sing

(6.10)
where ¢ = tan~! a. Specifically, S,y arises due to the presence of the NNN Haldane term.
The parameter v(= +1) denotes the valleys K and K’ located at K= (47/3+v/3a,0) and K’ =
(—47/3v/3a,0). The polaronic contributions to Eq. (6.9) enter through #, A (defined in Eq.
(6.8)) and the last term in Eq. (6.9). h, hy, and f, in Eq. (6.9) are given as,

3 3 3
he =Y cos(kd;), hy=) sin(kd;), and f, =) elka, 6.11)
=1 =1

i=1

where the coordinates of the NN and NNN sites are,

dy = (V3a/2,a/2), a1 = (v/3a/2,3a/2),
dy = (—V3a/2,a/2), az = (—V3a/2,3a/2),
ds = (0, —a), az = (v/3a,0),

a being the lattice constant. Henceforth, we shall use the k-space Haldane-Holstein Hamiltonian

in Eq. (6.9) extensively for the rest of the chapter.

To obtain the low-energy limit of the above Bloch Hamiltonian, we must expand Eq. (6.9) in
the vicinity of the Dirac points K and K’ and linearize it which takes the form of a pseudospin-1

Dirac-Weyl Hamiltonian for the polaronic a-73 lattice as,

M= N2 (vge —igy) cosp 0 —cosyp 0 0
H(q) = hiy | (vge +igy) cosp =2l (Vqe — iqy) sinp | — Cﬁ:w 0  cosp—sing 0
0 (vge +igy) sing  —M — Azphhwo 0 0 siny

(6.12)
with oy = 3at/2cos ¢ and g = (¢, qy) = k — K or (k — K).
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It is well known that the Dirac-Weyl Hamiltonian (6.12) represents two dispersive bands, namely
the valance band (VB) and the conduction band (CB), along with a dispersionless flat band (FB)
for graphene (v = 0) and dice (o = 1) lattices, and a distorted FB for 0 < o < 1. In our case,

all of these are modified by the polaronic factors through  and A defined in Eq. (6.8).

6.3 Polaron Induced Topological Features in an o-T3 Lattice

6.3.1 Bulk spectral properties

In our study, all the energy parameters are taken in units of ¢, which is set to unity. Further, we
fix a = 1 (lattice constant), ¢;; = 7/2 (the Haldane flux) and /& = 1, for convenience. Before
delving into the specifics of the e-ph interaction, let us briefly explore the bare Haldane a-T53
lattice. In the absence of e-ph interaction and the mass term, and solely due to the breaking of
the time-reversal symmetry by the Haldane term, the original zero-energy FB may get distorted.
Additionally, the electronic band structure experiences valley splitting. Fig. 6.2 illustrates the
low-energy bands for various values of o within the first BZ. The red, green, and blue colours
denote the CB, the distorted FB (dFB) and the VBs, respectively. In three-band systems, there
can be two distinct band gaps at the Dirac points: the gaps between (i) the CB and the distorted
FB (Aff/ K,), and (ii) the distorted FB and VBs (AEJ{K/) at the K/K’ points. We consider three
distinct values of «, at and either sides of a gap closing scenario. The middle band exhibits no
dispersion at o« = 0 (not depicted here), but it gets more dispersive with increasing oe. We see
a mild dispersive nature of the FB at & = 0.4 as shown in Fig. 6.2(a). In Fig.6.2(b), where
a = 0.5, the distorted FB now connects with the VB by closing the gap between them at the K
valley, while in the other valley (K’), the distorted FB connects to the CB. With further increase
in «, the gap re-opens, as depicted in Fig. 6.2(c) for & = 0.6. In case of « = 1 (not shown
here), the spectral gap attains its maximum value, and the distorted FB regains its dispersionless
behaviour. Notably, at & = 0.5 one finds that, Alff £ 0, but Aff = 0, and further Af} =0,
whereas AE} #0.

Let us include e-ph interaction in the ongoing discussion. We set the mass as M = 0.05¢, NNN
hopping as A = 0.1¢, and the phonon-frequency as wy = 3t which is greater than ¢, M, A for
the non-adiabatic condition to be valid. In order to study the topological phases and transitions
therein, we first present the bulk spectrum of the a-7% system for a few chosen values of « in
Fig. 6.3 and examine the closing and opening of bulk gaps at the valleys via tuning the e-ph
interaction strength A.pp,. As the bulk properties vary with the parameter o, we segregate them

into two classes of «, namely, (i) 0 < a < 0.6 (from close to the bare graphene to moderate
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Figure 6.2: The bulk band structures with energy E (in the units of t) of the bare Haldane model
are shown as a function of dimensionless momenta, k, (multiplied by the lattice constant) at
k, = 0 for various values of a: (a) @ = 0.4, (b) & = 0.5, and (c¢) @ = 0.6. The red, green,
and blue colours represent the CB, the dFB and the VBs, respectively. Bands are no longer
symmetric under the exchange of valleys (K and K’). The Haldane term is taken as A = 0.1¢.

a cases), (i) 0.6 < a < 1 (from moderate o to Dice lattice). The purpose of making such
distinctions will be clear in a moment. First of all, in Fig. 6.3, we show the bulk energy bands
for lower « values, namely, for « = 0.1, a = 0.2 and o = 0.3. As expected, we get three
different spectra, namely the VB (shown in blue), the dFB (in green), and the CB (in red) as
a function of the dimensionless momentum k. a (k, is set to be zero). The FBs are dispersive
(especially for @ > 0 cases) due to the presence of the NNN hopping A and M. Further, we
notice a semi-Dirac dispersion, i.e., linear along k, and quadratic along the &, direction. The
variations of the bands are shown in three different regimes of A, i.e. when Ao, < A. (left
panel), at Acp;, = A (middle panel) and then when A.,;, > A. (right panel), where ). is the
critical e-ph coupling strength at which the gap closes (Agf = 0). These critical points (\.) for

different o values are listed in Table 6.1.

Let us consider the av = 0.1 case (Figs. 6.3(a-c)). As mentioned earlier, the mass term lifts the
valley degeneracy. Also, the overall band spectrum is shifted vertically down as we increase
Aepn, further (the dFB not being at E' = 0). Interestingly, at the two valleys, K and K', the e-ph
interaction makes the behaviour of the dFBs contradictory (which otherwise looks symmetric
when A, = 0 (see Fig. 6.2)), especially when A, = A.. We clearly notice that in the A, <
A regime (Fig. 6.3(a)), the dFB almost touches the CB at both the K and K’ valleys. Although,
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Figure 6.3: Plots of polaronic bulk band structure with energy F (in the units of ¢) for lower
« values are shown as a function of dimensionless momenta, k, (multiplied by the lattice
constant) at k, = 0. (Left column) The dispersions are plotted in the Acp, < A, regime for (a)
a=0.1,(d) a =0.2,and (g) a = 0.3, at A.p;, = 0.3. (Middle column) Those are plotted at
the critical Acpp, (= A¢) for (b) o = 0.1, A\, = 0.49, (e) & = 0.2, A\, = 0.48, and (h) a = 0.3,
Ac = 0.47. (Right column) The same are shown in the A.pn > A regime for (¢) o = 0.1,
(f) o =10.2, and (i) & = 0.3, at A¢pr, = 0.6. The red, green, and blue colours represent the
CB, the dFB and the VBs, respectively. The parameters are taken as A = 0.1¢ and M = 0.05¢.
Further, ¢ and \ values are modified as £ and A as mentioned in the text. The Chern number, C
(calculated in Sec. 6.4) corresponding to each band (however, ill-defined for those exhibiting
zero bulk gap) is shown. The values of A\, are mentioned in Table 6.1.

a=20.2 a=0.1

a=20.3

a prominent gap between VB and dFB is maintained in the A.p, < A. regime. However, as

soon as App, reaches a critical value, i.e., when A, = A = 0.49, the dFB touches the VB

(Fig.6.3(b)) at one of the valleys (K) and the band gap closes (Agf = 0), while at the other

valley (K’), the spectrum remains gapped (Agf # 0). The band gap re-opens and the gap

persists if we further increase A.,;. Beyond M. (Acpn, > Ac), the behaviour of the dFB is almost

similar at both the valleys (Fig. 6.3(c)), especially for larger values of a.. Therefore, both for

Aeph < Ac and Agpp, > A, the spectrum remains gapped, implying it to be an insulator, and at

Aeph = Ac the bands touch, signifying a semi-metallic (S M) behaviour.

Now, we need to compute the topological properties for different A.,; regimes to confirm the

topological nature of the phase, which we shall show in the later sections (6.3.2 and 6.4). This
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Figure 6.4: Plots of polaronic bulk band structure with energy E (in the units of ¢) for interme-
diate «v values are shown as a function of dimensionless momenta, k, (multiplied by the lattice
constant) at k, = 0. (Left column) The dispersions are plotted in the Acp, < A, regime for (a)
a =04, (d) a=0.5and (g) @ = 0.6, at Ay, = 0.3. (Middle column) Those are plotted at
the critical Acpp, (= A¢) for (b) o = 0.4, A\, = 0.46, (e) o = 0.5, A\ = 0.45, and (h) a = 0.6,
Ac = 0.43. (Right column) The same are shown in the A.pn > A regime for (¢) o = 0.4,
(f) o = 0.5, and (i) & = 0.6, at A¢pp, = 0.6. The red, green, and blue colours represent the
CB, the dFB and the VBs, respectively. The parameters are taken as A = 0.1¢ and M = 0.05¢.
Further, ¢ and ) values are modified as £ and \ as mentioned in the text. The values of \. are

mentioned in Table 6.1.

a=05 a=04

a=0.6

phenomenon of band closing and opening at the Dirac points may give rise to a topological

phase transition that is solely caused by tuning the e-ph interaction strength. This is the central

result of this chapter. Smaller values of « in the range [0.1 : 0.3] demonstrate similar behaviour

(Fig. 6.3) with different A\.s (listed in Table 6.1).

The intermediate « cases (0.4 < a < 0.6) are shown in Fig. 6.4 where we observe the same

phenomena, except that one notices for « = 0.6 case, the dFB and the VB nearly touch each

other even when A, < A. (the values of A, are mentioned in Table 6.1) region (can be seen

clearly if we zoom in Fig. 6.4(g)). This feature persists for larger values of « (o > 0.6) and it

needs to be addressed carefully. To do so, we plot the band structure in Fig. 6.5 for a = 0.7,

where it is clearly shown that the VB and the dFB touch each other below a certain critical value,
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« Ac

0.1 | 0.49
0.2 | 048
0.3 | 047
0.4 | 0.46
0.5 | 045
0.6 | 043

Table 6.1: Table of \. points for « in the range 0.1 < o < 0.6.

a | A | Ay
0.7 | 0.28 | 0.43
0.8 | 0.20 | 0.44
0.9 | 0.26 | 0.39

Table 6.2: Table of \., and A, points for higher values of a.

namely, \., = 0.28 which may describe a SM phase in the A.p, < A, regime (Fig. 6.5(b)),
and will hold even when A, = 0 (Fig.6.5(a)). Then, in the vicinity of A, = A, the gap
between VB and dFB opens for the first time (can be seen clearly in the inset of Fig. 6.5(c)),
signalling an insulating behaviour, and the gap stays intact in the A¢; < Agpp < A¢, rEgime (can
be seen clearly in the inset of Fig. 6.5(d)) up to a second critical point, namely, A., = 0.43, at
which the gap closes (Fig. 6.5(¢e)), referring to a re-onset of a SM phase. The bulk spectrum is
gapped beyond A, (Fig.6.5(f)). For other large values of «, namely, &« = 0.8 and o = 0.9,
the scenario is a bit more interesting. Unlike o = 0.7, for a = 0.8, we observe in Fig. 6.6(a-b)
that the bulk bands remain gapped (can be seen clearly in the insets of Fig. 6.6) in A.p, < A¢,
regime (including A.,;, = 0), signifying an insulating (not SM as for « = 0.7) phase till
Aeph = Ae; = 0.2, where the dFB and VB touch each other for the first time (Fig. 6.6(c)) and
the insulating to the SM transition takes place. As we tune A, above )., we observe the
same phenomena as it is shown for a = 0.7 case (Fig. 6.5), thatis, in A, < Agpp < Ag, regime
(Fig. 6.6(d)), the dFB and VB remain gapped (can be seen clearly in the insets) denoting an
insulating phase till Acp;, = e, = 0.44 at which the system again shows a SM (Fig. 6.6(e))
nature and for Acpr, > A, (Fig. 6.6( f)) it behaves like an insulator, alike it does for v = 0.7 case.
Similar observations hold for o = 0.9 (not shown here). The values of A, and A, for 0.7, 0.8,
and 0.9 are listed in Table 6.2. We wish to mention that for 0.8 < « < 1, this feature of multiple
phase transition becomes more prominent as we approach the dice lattice (o« = 1). Therefore,

for higher « cases (o > 0.6), we encounter two situations, one is for 0.6 < a < 0.8 and another

TH-3611_196121109



Chapter 6: Chern Insulating Phase of an a-T3 Haldane-Holstein Model 174

)\eph =0 )\eph < )‘C1

- 0 T - 0 T - 0 ™

Figure 6.5: Plots of polaronic bulk band structure with energy E (in the units of ¢) for « = 0.7
are shown as a function of dimensionless momenta, k, (multiplied by the lattice constant) at
ky = 0 for (CL) )\eph =0, (b) >\eph < )‘01 ()\eph = 0.2), (C) )\eph = )‘61 = 0.28, (d)
)‘01 < )\eph < )\02 ()\eph = 0.35), (6) Aeph = )\02 = 0.43, and (f) )\eph > )\52 ()\eph = 0.6).
The red, green, and blue colours represent the CB, the dFB and the VBs, respectively. In the
insets, a zoomed in view of the regions near the band minima (Dirac) point is shown. The
parameters are taken as A = 0.1¢ and M = 0.05¢. Further, ¢ and A values are modified as t and
A as mentioned in the text. The values of Ac, and ., are mentioned in Table 6.2.

is for 0.8 < a < 1. In the former case, we get two critical A, points, namely A;, and A.,,
below (even when A, = 0) and above which the system remains semi-metallic and insulating
respectively. In between ., and A.,, it behaves like an insulator. So, the system undergoes an
S M -insulator-S M -insulator transition in the former case, while in the latter case, the system
inherits an insulator-S M -insulator-S M -insulator transition. The nature of the gap (topological
or trivial), will be ascertained in Sec. 6.3.2 and Sec. 6.4. Hence, the band topology in our study
is substantially modified by the polaron formation, which is influenced by two factors, namely,
the renormalized amplitudes ¢ and A (Eq. (6.8)) and the interplay between M S, and )\gphhwo
(last two terms of Eq. (6.9)). The former causes the band narrowing and the latter is responsible
for the competitive effects between the mass term and the polaron shift energy. Moreover, these

polaronic markers make the variations of the band spectra (especially those of the dFB and the
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VBs) different for different ranges of a.. Specifically, for higher values of «, the correlation
between M, o and A.,, becomes stronger, giving rise to multiple phase transitions. In the case
of the dice lattice (&« = 1), the flat band remains flat without any distortion and there is no
occurrence of band gap closing phenomena for all values of the e-ph coupling A, (not shown
here). It is worth mentioning that the values of \. are different for different « cases (see Table
6.1 and Table 6.2), which ensures that we shall have a phase transition for all o values between

a = 0to 1, albeit with different A, values.
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Figure 6.6: Plots of polaronic bulk band structure with energy E (in the units of ¢) for & = 0.8
are shown as a function of dimensionless momenta, k, (multiplied by the lattice constant) at
ky = 0 for (a) Aepp = 0, (b) Aeph < Ay Aepn = 0.15), (¢) Aepn = Ae; = 0.2, (d)
)‘01 < )\eph < )\62 ()\eph = 0.35), (6) )\eph = )‘Cz = 0.44, and (f) )\eph > )\62 ()\eph = 0.6).
The red, green, and blue colours represent the CB, the dFB and the VBs, respectively. In the
insets, a zoomed in view of the regions near the band minima (Dirac) point is shown. The
parameters are taken as A = 0.1t and M = 0.05¢. Further, ¢ and \ values are modified as ¢ and
A as mentioned in the text. The values of A\, and )., are mentioned in Table 6.2.
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6.3.2 Edge modes of a semi-infinite a-73 ribbon

In this section, to provide support to the topological properties, we discuss the edge state char-
acteristics of a semi-infinite a-7% ribbon in the presence of e-ph coupling. In order to envisage
whether the bulk band gap is topologically nontrivial, we inspect the crossings of the edge modes
between CB and VB through the dFB. The ribbon geometry that exhibits zigzag edges is con-
sidered here [194]. Thus, it is infinite along the z-direction, while finite along the y-direction,
breaking the translational symmetry along one direction (£, in this case), while the same is pro-
tected along the other direction (k,). We have taken the width of the nanoribbon as N = 37,
which satisfies the condition of width NV = 3¢ + 1 (g is an integer), and ensures both the edges
are composed of A and C sublattices only. The nontrivial topological signatures are reflected
in the edge state spectra, and the details depend upon the values of a. We begin by referring to
Fig. 6.7, where we show the edge states for lower « values (o« = 0.1 and o = 0.2 marked on

the right edge). As stated above in Sec. 6.3.1, the bulk gap closes at a critical A, and it remains

A > A

A ph < /\lj .

0.1

k.oa

Figure 6.7: Energy spectra (in units of ¢) of the edge states are shown for a zigzag edged semi-
infinite ribbon as a function of dimensionless momenta, k, (multiplied by the lattice constant)
of @ = 0.1 for (a) Aepr = 0.3 Aepr < Ac), (B) Aeph = Ac = 0.49, and (¢) Aepr, = 0.6
(Aeph > Ae), and of @ = 0.2 for (d) Aepn, = 0.3 Mepn < Ae), (€) Aepn, = Ac = 0.48, and (f)
Aeph = 0.6 (Aepn, > Ac). Other parameters are the same as those in Fig. 6.3. The values of A,
are mentioned in Table 6.1.

gapped as long as to Acpp, < Ac and Agpp, > Ac. We wish to ascertain the existence of edge states
that distinguishes a topologically nontrivial phase from a trivial one in both scenarios. Below
a critical \., Figs. 6.7 (a) and (d) display a prominent set of edge states traversing from CB to

VB through dFB (and vice versa) for « = 0.1 and o = 0.2, respectively for the A, < Ac
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regime. We notice that a pair of edge states emerge from different valleys in the bulk, gather at
the dFBs and hence cross over to the CBs. By looking at the slope of the edge states, that is,
OFE /0k, which is a measure of the velocity of the electron, we infer that the flow of the edge
currents is counterpropagating, as it should be. These edge states are the chiral edge states of
a Chern insulator, appearing in the regime of A\.,;, < A.. The nature of the edge states for the
a = 0.2 case are distinct, in the sense that they are crossing the dFB at different points. It is also
visible in Figs. 6.7 (b) and (e) that these chiral edges persist up to A.,, = A. and disappear be-
yond that. These are presented in Figs. 6.7 (¢) and (f), that for values above )., the edge states
completely disappear and bulk spectra become gapped, signifying the transition of the system
to a trivial phase. The critical values of A, corresponding to the transitions for the @ = 0.1
and a = 0.2 cases are listed in Table 6.1. Therefore, in a-T5 systems (with smaller o values),
one can generate topological insulating phases via only tuning A, for a particular value of «

below a certain ., beyond which the system goes into a trivial insulating phase.

,\,[‘;, < ’\'\

E/t

Figure 6.8: Energy spectra (in units of ¢) of the edge states are shown for a zigzag edged semi-
infinite ribbon as a function of dimensionless momenta, k., (multiplied by the lattice constant)
of a = 0.7 for (a) Aepr, = 0, (D) Aepr = 0.2 Aepn < Acy)s (€) Aepn = Ae; = 0.28, (d)
Aeph = 0.35 (A, < Aepn < Aey)s (€) Aeph = Ae, = 0.43, and (f) Aepn = 0.6 (Aepn > Acy).
Other parameters are the same as those in Fig. 6.5. The values of A., and )., are mentioned in
Table 6.2.

Next, let us study the characteristics of the edge states for higher o values, and as a specific case,
consider o = 0.7, presented in Fig. 6.8. In reference to its bulk properties displayed in Fig. 6.5,
we shall examine the edge states for different regimes of A.p;. As discussed in Figs. 6.5(a-b),
the bulk dFB and VB remain in contact with each other for the A.,, S A¢, region, we notice
its signature in Figs. 6.8(a-b), where a pair of counterpropagating edge states emerge near each

K valley, passing through the dFB for the Acp, S A, regime. However, in this regime of Acpp,
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Aeph =0 Acpte < N

Figure 6.9: Energy spectra (in units of t) of the edge states are shown for a zigzag edged semi-
infinite ribbon as a function of dimensionless momenta, k, (multiplied by the lattice constant)
of a = 0.8 for (a) Aepr = 0, (b) Aepr = 0.15 (Aepn < Acy)s (€) Aepn = A, = 0.2, (d)
)\eph =0.35 ()\cl < )\eph < )\02), (6) )\eph = )\02 = 0.44, and (f) )\eph =0.6 ()\eph > )\52).
Other parameters are the same as those in Fig. 6.6. The values of A., and )., are mentioned in
Table 6.2.

the notion of the edge states is not important as the system does not have any bulk gap, inferring
it to be a usual semi-metal. The edge states connecting the VB and CB through the dFB are
gapped till Ao, = A¢, at which the edge states at one K valley touch for the first time (can
be seen clearly if we zoom in Fig. 6.8(c)), thereby generating a conducting edge mode. In the
intermediate region (see Fig. 6.8(d)), that is, for Ac; < Aepn, < Ac,, the system clearly exhibits
the presence of edge states indicating a topologically nontrivial (Chern insulating) phase. It
is evident in Fig. 6.8(d) that the edge states are counterpropagating, and they cross the dFB at
the two edges for A¢; < Acpn, < Ac,. Therefore, for o = 0.7, there seems to be a re-entrant
mechanism to the SM phase, which may be achieved entirely by tuning the e-ph coupling
strength. Around Acpr, = A, the edge states start fading out (shown in Fig. 6.8(e)) at one K
valley and is completely disappear above \., (see Fig.6.8(f)). Undoubtedly, the Aepp, > Ac,
region refers to a trivial insulator with no sign of edge states. As suggested in the discussion
of the bulk spectra (Sec. 6.3.1) that multiple phase transitions (insulator-SM -insulator-SM -
insulator) can occur for a > 0.7, we explicitly plot the edge states for « = 0.8 in Fig. 6.9 which
ascertains whether the insulating phases are topological. In Fig.6.9(a) we notice that in the
absence of e-ph coupling, a pair of prominent edge states cross the dFB at the K or the K’ valley,
signifying a topologically nontrivial Chern insulating phase (unlike for « = 0.7 where it is a
SM phase), which remain intact in the Acp, < A, regime (Fig. 6.9(b)) till A¢pp = A¢,. At this

value, one pair of edge states becomes gapped at one valley, while in the other valley it remains
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gapless (Fig. 6.9(c)). However, such as for the o > 0.7 case, it is vividly seen in Figs. 6.9(d-f)
that the counterpropagating edge states resurface in the A.; < Ao < Ac, regime, persist up to
Aeph = Ac, and completely vanish beyond A,. So, for v = 0.8 as well, the re-entrant scenario
to the SM phase still holds (also true for &« = 0.9, not shown here). To confirm that the edge
modes indeed correspond to a Chern insulating phase, we compute the topological properties
and discuss them for each of the regions of A, (as indicated above) in the following section
(Sec. 6.4). The phase transition points, namely A., and A., for & = 0.7,0.8 and 0.9 are listed
in Table 6.2.

6.4 Berry Curvature and Chern Number

To ascertain the topological signatures in the a-75 induced by the e-ph coupling, we numerically
compute the topological ingredients, namely, the Berry curvature and the Chern number. We also
obtain the phase diagram containing the Chern number and e-ph coupling strength. In a usual
a-T4 lattice, due to the TRS breaking NNN Haldane term, the system exhibits a nonzero Chern
number. The onsite Samenoff mass term that breaks the valley degeneracy also plays a crucial

role in opening of a band gap at high symmetry Dirac points.

However, our main aim is to investigate how e-ph interaction mediates a nonzero Chern number
in the system for a fixed set of other system parameters, namely, A and M. We expect that
there should exist an interplay between the mass term and the e-ph coupling. Therefore, we may

achieve a topological transition only by tuning the strength of e-ph coupling, Acpp.

The Chern number (C') can be calculated as,

1
C= // Q(ky, ky)dkydky, (6.13)
2 BZ

where Q(k,, k) is the Berry curvature of our system expressed as,

Qky, ky) = —2i3m[<8w(§:’ ky) 8w(§;, y) >] (6.14)
T Y

where 1) (k, k) refers to the eigenstate of the modified Haldane model, which is the polaronic
bulk band and Jm denotes the imaginary part. The topological phase transition is character-
ized by a topological invariant. In our study, it is the (polaronic) Chern number, C, displayed
in Eq. (6.13). In order to calculate so, we first compute the Berry curvature, Q(k;, k,) using

Eq. (6.14) corresponding to the VB and integrate it over the entire BZ. We plot Q(k,, k) in
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Figs.6.10-6.12 and C' in Fig. 6.14 to investigate the topological phase transition explicitly me-
diated through the e-ph coupling.
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Figure 6.10: The Berry curvature corresponding to the VB is presented for lower « values in
different regimes of A.pp. (Left column) Those are plotted in the Acpp, < A. regime for (a)
a=0.1,(d) a=0.2and (9) « = 0.3, at Acpr, = 0.3. (Middle column) At the critical A.pp
(= Ao) for (b) @ = 0.1, A, = 0.49, (e) & = 0.2, A, = 0.48, and (h) @ = 0.3, A, = 0.47.
(Right column) The same are shown in the A, > A regime for (¢) o = 0.1, (f) o = 0.2,
and (i) o = 0.3, at Aepp, = 0.6. Other parameters are mentioned in Fig. 6.3. The values of A,
are mentioned in Table 6.1.

In Fig.6.10, we show the Berry curvatures in three different regions of Acpp, i.€., Aepp < A,
Aeph ~ Ae (‘~ sign refers to values close to it, but not at it), and Acp, > Ac in left, middle
and right panels, respectively for smaller values of o, namely, @ = 0.1, & = 0.2, and @ = 0.3
(marked on the right edge). It is generally true that a nonzero Berry curvature is a direct con-

sequence of a nontrivial topology present in the system. The corresponding values seen to be
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concentrated at the high symmetry points, K and K’. However, the change in the concentra-
tion of the Berry curvatures shown by colourmaps in Figs. 6.10-6.12 sets the precursor for any
topological transition happening in the system. For o = 0.1 (Fig. 6.10(a)), we clearly observe
that below the critical \. (i.e., A¢pp, < A regime) the Berry curvatures are equally distributed
in the six corners of the hexagon which defines a topologically nontrivial phase with a nonzero
Chern number. But as Ay, is increased, the concentration changes. As the Berry curvature is
singular at the critical point, we plot it in the vicinity of the critical point (A¢pn ~ Ac) shown
in Fig. 6.10(b). Interestingly, as A, approaches \., we notice a clear distinction in the con-
centration of the Berry curvatures at K and K’ points. At the K point, the concentrations are
predominantly higher compared to those at the K’ point. This observation can also be explained
via Fig. 6.3(b) where at \.p,;, = A, we see a sharp mismatch in the behaviour of the bulk bands
at K and K’ points, where at one K point, the dFB and VB touch each other, while they remain
gapped at the K’ point, displaying the contrasting effects of the e-ph coupling on the dFB at
two valleys. For other o values (o« = 0.2 and o = 0.3) that are plotted in Figs.6.10 (e) and
(h), the distinction between the Berry curvatures at K and K’ points is much more prominent.
In Fig. 6.10(c), we show that the Berry curvatures above the critical e-ph coupling strength are
almost equal and opposite at K and K’ points thereby cancelling each other resulting in a topo-
logically trivial phase with a zero Chern number. Hence, till the critical A, the system remains
in the topologically nontrivial phase exhibiting a nonzero Chern number. We wish to mention
that we have also observed almost similar variations of the Berry curvature by varying the e-ph

coupling for the intermediate range of «, namely, o = 0.4, 0.5, and 0.6 (not shown here).

Further, to show the variations of the Berry curvature of « = 0.7, we plot Fig.6.11 that can
be explained with the help of the bulk and edge spectra displayed in Fig. 6.5 and Fig. 6.8, re-
spectively. Let us first look at Figs.6.11 (a) and (b) which is for Aepp, = 0 and Aepp, < Acy,
respectively. In this regime, as we have discussed, the spectral gap between the dFB and VB
vanishes even at A\, = 0, and remains so till Acp, = A, manifesting the presence of chiral
edge states (see Figs. 6.8(a-b)) at the boundaries. However, in this regime, the Berry curvature
shows singular behaviour as there is no bulk gap, and consequently, the Chern number is ill-
defined. But as we tune )., further, a bulk gap opens up for the first time at around Acp, ~ A,
(see Fig. 6.5 (¢)), where we see that the concentrations at the K points start behaving differently
than that at K’ points and are shown in Fig. 6.11(c). Beyond )., , this signature is much more
noticeable (can be seen in Fig.6.11(d)) and the edge states are prominent (see Fig. 6.8(d)) in
Aer < Aeph < Ag, regime. In the vicinity of Aoy, = A, , the bulk gap closes and high values for
the Berry curvature are noted (see Fig. 6.11(e)). Finally beyond A., (Fig. 6.11(f)), the variation

of the Berry curvature is reminiscent of Figs.6.10 (¢), (f) and (i) enunciates the onset of a
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Figure 6.11: The Berry curvature corresponding to the VB is presented for o« = 0.7 in different
regimes of Aepp, for (a) Aepn, = 0, () Aepn < Ay (Aepn = 0.2), (¢) Aeph ~ Ac; (Aepn = 0.26),
(d) )‘61 < )\eph < )\02 ()\eph = 0.35), (6) >\eph ~ )\02 (>\eph = 0.41), and (f) )\eph > )\C2
(Aepn, = 0.6). Other parameters are mentioned in Fig.6.5. The values of A., and A, are
mentioned in Table 6.2.

trivial insulating phase.

The Berry curvature plots for « = 0.8 are displayed in Fig. 6.12. Although the variations in
the Acpr, < A, regime (Fig. 6.12(b)) may look similar to those for & = 0.7 showing higher
values of the Berry curvatures even for A\, = 0 (Fig.6.12(a)), but with the support of the
findings of Fig. 6.6 and Fig. 6.9 described in Sec. 7.3 and 7.5 respectively, it is ensured that in
the 0 < Ay < Ag, regime, they may correspond to some topological phase (unlike the usual
S M phase for o = 0.7) with conducting edge modes (see Figs. 6.9(a-b)) associated with higher
Chern numbers. The observations of Figs. 6.12(c- f) are almost same as « = 0.7 case. However,
a noticeable dissimilarity with the o = 0.7 variation in the Berry curvature can be observed for
the Ac;, < Aepn < Ac, regime (Fig. 6.12(d)), where the disparity between the concentrations
of the Berry curvature at two valleys is much more significant compared to that for a = 0.7.
This makes the variation of Fig. 6.12(d) distinguishable from Figs. 6.12(a-b) denoting different

topological phases.

To confirm the topological phase transition induced by the polaronic interaction in the system,

we numerically compute the Chern number, C' using Eq. (6.13) and examine the variation with
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Figure 6.12: The Berry curvature corresponding to the VB is presented for o = 0.8 in different
regimes of Acpp, for (a) Aepn, = 0, () Aeph < Ay (Aeph = 0.15), (€) Aeph ~ Aey Nepr =
0.18), (d) Ae; < Aeph < ey (Aepn = 0.35), () Aepn ~ Ay (Aepn = 0.42), and (f) Aepn >
Ay (Aepn = 0.6). Other parameters are mentioned in Fig. 6.6. The values of A\, and A., are
mentioned in Table 6.2.

the e-ph coupling strength, \.,;. Before going into the intricacies of the e-ph interaction, let
us take a moment to briefly examine the topological phase transition of the bare Haldane a-T73
lattice. In Fig. 6.13, we illustrate how a Haldane term on an o-73 lattice renders the system a
Chern insulating phase, that is characterized by a nonzero Chern number. Tuning the parameter
«, a topological phase transition occurs at « = 0.5. This transition alters the Chern number of

the VB (CB) from C' = —1(1) to a larger Chern number, C' = —2(2).

Now let us examine the dependency of the Chern number on « in the presence of the e-ph
interaction. Fig. 6.14 displays the variations of the Chern number as a function of A.,;,. Here,
we display the variations of C' separately in two diagrams for lower to intermediate values
of @ (« = 0.1,0.2,...,0.6) (see Fig.6.14(i)) and larger values of a (v = 0.7,0.8,0.9) (see
Fig.6.14(ii)). Starting from the & = 0.1 case and shifting towards to the intermediate values,
such as o« = 0.6, we notice that C' = —1 up to a critical ., at which C' abruptly falls to C' = 0
showing a sharp discontinuity. Therefore, for lower to intermediate cases of « (Fig. 6.14(1)), the
system initially behaves like a Chern insulator designated by a nonzero Chern number until the e-
ph coupling reaches a certain critical value, A. (A.’s are listed in Table 6.1) at which the system

undergoes a topological transition accompanied by the closing of the bulk gap and emerging
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Figure 6.13: Chern number, C' as a function of « for the bare (without e-ph coupling and mass
term) Haldane model of an «-T3 lattice.

signatures of the edge states. While, beyond ., the system ceases to host edge states which is
a typical signature of a trivial insulator for which C' = 0. We display a zoomed in picture of
the transition points in the inset (a) of Fig.6.14(7) and (¢7). In the inset (b) of Fig. 6.14(7), we
depict the variation of the critical A\, with respect to «, illustrating a nearly linear decrease with

increasing o.

It is understood by now that such variations at higher « values are in contrast to those at lower
values of «.. Let us first consider the variation corresponding to ov = 0.7 which is represented
via a solid blue line in Fig. 6.14(i7). Unlike the lower « values, there exist two transition points,
namely, A, and )., for higher « values (listed in Table 6.2). Below the former, the system
inherits a conventional SM phase (where C' is ill-defined), and above the latter, the system
becomes a trivial insulator. Understandably, the A.; < Acpp, < Ac, region is our main interest
for « = 0.7, where we find that the Chern number is fixed at C' = —1 that underscores the
emergence of a topologically nontrivial insulating phase, driven entirely by the e-ph coupling.
As expected, beyond \.,, C' becomes zero confirming the onset of a trivial phase. Thus, the
e-ph coupling favours a transition from a semi-metal to a topological insulator, and to a trivial
insulator for o = 0.7. However, the 0 < A, < A, regime becomes interesting for v > 0.7
as described earlier in the findings of Figs.6.9 (a) and (b) that the conducting edge modes
exist (specifically for 0.8 < a < 1) in that regime of A, indicating a topologically nontrivial
insulating phase. In Fig. 6.14(i7), we plot C' as a function of A, for & = 0.8 denoted by the
solid orange line, where higher Chern number, namely, C' = —2in 0 < Aoy, < A¢, regime is

noted, confirming emergence of a distinct (other than C' = —1) topological phase. Nevertheless,
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Figure 6.14: The Chern number, C' corresponding to the VB as a function of e-ph coupling
strength, A, for (2) lower to intermediate o values (0 < « < 0.6) is shown, while in the inset
(a) a zoomed in picture of the transition regions, and in the inset (b), the variation of \. as a
function of « is shown. In (4¢), the variations of C' for larger a values (0.6 < o < 0.9) are
shown. The inset (a) represents a zoomed in picture of the transition regions, while the insets
(b) and (c), respectively, display the variations of A., and )., as a function of «. The values of
. are mentioned in Table 6.1 and 6.2.

as we tune Ay, further, the scenario becomes exactly the same as o = 0.7, that is, C' changes
from C = —2to C = —1 at Ay, = A, signifying a distinct topological phase (owing to
different values of the Chern number) that persists in the ., < Acpp < A¢, regime, which
finally vanishes beyond A.,. A similar observation is also shown for o = 0.9 (marked by the
solid green line). Therefore, for the 0.7 < o < 1 regime, the system undergoes a transition
from one topological phase (C' = —2) to another (C = —1) and hence transits to a trivial
(C = 0) phase, purely mediated all the while by the e-ph coupling. The emergence of |C| = 2
topological phase in an «-T3 is a familiar phenomenon obtained by others [102, 184, 186] in
the absence of e-ph interaction. For our case, the results completely match with those in Ref.
[186] corresponding to A, — 0 and M — 0 (shown in Fig.6.13). Moreover, due to the e-ph
interaction, we obtain a |C| = 2 topological phase for lower values of Ay, even at Agpp, = 0
(in 0 < Aepn < A, regime) for 0.8 < o < 1, that is for « values close to the dice lattice limit
(a = 1). As earlier, in the inset (b) and (c) of Fig. 6.14(iz), we show the variation of the critical
Ae, and A, respectively as a function of . We observe that \., initially decreases and then
increases with increasing o, whereas an opposite trend is observed for A.,, namely, it increases

first and hence decreases with increasing . We should mention that the findings of Chern
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number plots are completely consistent with those of bulk and edge spectra for different regimes
of Acpp. As stated in Sec. 6.3.1, although we have shown a few cases of a, it is also important
to note that this kind of transition can occur for any value of @ (0 < a < 1). Therefore, it
seems robust that the polaron formation in a-73 lattices induces a topological phase transition

generated solely due to the presence of e-ph coupling.
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Figure 6.15: The topological phase diagram based on the Chern number (C) corresponding to
the VB in the A.p, — « plane. The nonzero C corresponding to the teal region is denoted as
C = —1, while the yellow region represents the vanishing Chern number (C' = 0), signifying a
topologically trivial phase. The grey region denotes the S M phase for 0.65 < « < 0.75, while
the deep purple region stands for a distinct topological phase with C' = —2 for 0.75 < a < 1.
Other parameters remain the same as mentioned in Fig. 6.3.

So far we have discussed the topological transitions for different a-T3 lattices taking discrete
values of « in the range [0 : 1]. A phase diagram is hence computed in the \.,, — « plane
to show the exact locations of different (topological/S M /trivial) phases in the parameter space.
The phase diagram containing the Chern number (C') corresponding to the VB, in the parameter
space defined by e-ph interaction (A7) and « for fixed values of A and M, is depicted in
Fig. 6.15. It is evident that the teal area represents a topological phase of the system with a Chern
number as C' = —1 in the Ay, < A¢ regime for 0 < o < 0.65 and in the A, < Agpp < A,
regime for 0.65 < a < 1. Furthermore, for 0.65 < o < 0.75 regime, there exists an SM
region (where C' is ill-defined due to the closing of the bulk band gap) denoted by the grey
colour corresponding to Ay, values in the 0 < Ao, < A¢ regime, signifying that the system
behaves like a conventional semi-metal. While in the same regime of A.,, an a-T3 lattice with

0.75 < a < 1 exhibits a distinct topological phase with C' = —2 (the deep purple region).
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The yellow region denotes a trivial phase with C' = 0 for all values of o (0 < a < 1) above
their respective critical A\, points (listed in Table 6.1 and 6.2). It may be noted that varying the
parameters A and M can significantly alter the phase diagram. However, we do not show them

here for brevity.

6.5 Anomalous Hall Conductivity

In this section, we numerically compute the polaronic Hall conductivity using the following

expression,

e? dkdky . .,
Oy = m;/ y FOB] 4 )k, ky), (6.15)

where ¢2 /h = o¢ is the scale in which o, is measured, E,Zx ky is the energy band with the band
index v = —1,0 and +1 corresponding to the VB, dFB and the CB, respectively, f denotes
the Fermi-Dirac distribution function: f(E) = [1 + ¢(F=Fr)/ksT]=1 [ and T being the
Fermi energy and the absolute temperature, respectively, Q(k,, k,) being the Berry curvature.
Fig. 6.16 display the variations of the polaronic Hall conductivities at " = 0 as a function of E'y
for different values of e-ph interaction strength, A,y for o = 0.1 (see Fig.6.16(a)), o = 0.3
(Fig.6.16(b)), o = 0.7 (Fig. 6.16(c)), and o« = 0.8 (Fig. 6.16(d)).

As shown in Fig. 6.16(a), the Hall conductivity (o, ) is plotted as a function of the Fermi energy
(Ey) for Aepr, = 0.3,0.4 and 0.5 marked by solid blue, black and red colours, respectively. It
is observed for oo = 0.1, the Hall conductivities initially increase and show tiny plateaus (can
also be seen in Fig. 6.16(b) and Fig. 6.16(c) for & = 0.3 and o = 0.7, respectively), which are
quantized at a value e?/h for the Aeph < Ac regime. In other words, these quantized plateaus
occurring at |Cle?/h (here, |C| = 1) presented in Fig.6.16(a) re-confirm that up to a critical
e-ph coupling A\, = 0.49, the system behaves like a topological insulator. Beyond the critical
Ac (denoted by solid red), it becomes a trivial insulator with o, = 0 (that is, C' = 0). Similar
observation is noted in Fig. 6.16(c) for o = 0.7 where the plateaus at values |C|e?/h exist for

Aeph values that are in the Ao, < Aepp < Ac, regime.

In a scenario where \.,;, = 0 = M, the Hall conductivity shows plateaus (but with small kinks
on the plateaus due to the presence of the dFB) as long as the Fermi level lies in between the
bulk gap. However, in our case (with A.,;, # 0 and M # 0), the nature of the Hall conductivity
deviates significantly as there exists a cumulative effect arising from the interplay of the three
parameters, namely the Fermi energy (&), the mass term (M) and the e-ph coupling strength
(Aepn)- The reason for the plateaus to become tinier can be explained with the help of the bulk

spectra, which are mainly affected by M and Ay, for different « values. It is understandable
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Figure 6.16: The Hall conductivity, o, as a function of Fermi energy, Ey is presented for
various values of a: (a) @ = 0.1, (b) @ = 0.3, (¢) @ = 0.7, and (d) a = 0.8 for different \pp,
values that are shown in the inset. Other parameters are the same as mentioned in Fig. 6.3.

that a significant width of the plateau is dependent on how accurately we fix the Fermi level in
the bulk gap. As discussed in Sec. 6.3.1, the individual bulk bands shrink due to the Holstein
factor (Eq. (6.8)), and the whole band structure shifts vertically down by the polaron shift
energy (/\gphhwo). Due to the band narrowing caused by the Holstein factor, the gap between
the distorted (because of the Haldane term, \) FB and VB decreases, makes it difficult for
the Fermi level to lie ‘properly’ in between the bulk gap, making the plateaus less prominent,
especially for higher values of A.,;. Additionally, we find that the increase in 0, as a function
of Ky can be explained as follows. As observed in Sec. 6.3.1, M breaks the valley degeneracy
and the interplay between M and A, renders contrasting behaviour of the bulk bands at two
valleys, that is, well-gapped at one valley and almost gapless at the other for A, < M. As By
is increased, it is possible that at one valley, £y may lie well in the gap, while it may lie in the
CB as well at the other valley, which will contribute to higher o,,. The unusual behaviour of
the Hall conductivity due to the presence of a dFB has also been reported by Singh [378] (in
the absence of e-ph coupling). Certainly, all of the above discussions become unimportant for

Aeph > Ac, where we have a trivial insulator.
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Interestingly, for o = 0.8, the quantized (tiny) Hall plateaus in Fig. 6.16(d) are located at €2 /h
(where, |C] = 1) and 2¢2/h (where, |C| = 2) for A, < Aeph < A¢y (shown for App, = 0.3
and 0.4, denoted by solid blue and black, respectively) and 0 < A, < A¢, regimes (shown for
Aeph, = 0.1, denoted by solid green), respectively, confirm existence of two distinct topological
insulating phases with a nonzero o, (also true for any a in 0.75 < o < 1 regime), while these
plateaus vanish beyond \.,, ascertaining emergence of a trivial insulating phase (C' = 0) with
0zy = 0. Thus, the polaronic Hall conductivity ensures that the system undergoes a transition
from a nontrivial insulating phase with quantized plateaus at |C|e?/h in the Aeph S Ac regime

to a trivial insulating phase with zero Hall conductivity in the A, > A regime.

6.6 Summary

To summarize, we have studied the effect of e-ph interaction on inducing a topological phase
transition in a Haldane-Holstein model on an o-73 lattice. The NN and the complex NNN
Haldane hopping amplitudes get renormalized by the Holstein reduction factor showing the
signature of polaron formation in the system. The cases of our study are majorly divided into
two scenarios, namely lower to intermediate o (0 < o < 0.6) and higher (0.6 < « < 1) values
of a. With the help of the effective Hamiltonian in k space, we have computed the bulk and
the edge spectra where it is observed that for the first case, as we increase the e-ph coupling
strength A.pp,, the bulk gap between the distorted flat and valance bands closes at a critical
coupling strength, namely \. at one K valley and re-opens beyond \.. This feature explains
that the system is characterized by two distinct insulating states below and above A, = Ac.
Consequently, the conducting edge modes emerge in the Ac,p, < A regime, which are preserved
up to Aepp, = Ac, and disappear for A, > A, signifying a topologically nontrivial to trivial
phase transition. In the second case, we encounter a different scenario where the distorted flat
and valance bands in the bulk remain gapless for the 0.65 < o < 0.75 regime and gapped
for 0.75 < a < 1, till Ay, reaches a first critical value, namely ., and become gapped
till \.,, assumes another critical value, namely \., where similar gap closing transition takes
place. The explicit emergence of conducting edge modes in the A, < Agpp < A¢, regime
both for 0.65 < a < 0.75 and 0.75 < a < 1, and also in 0 < A,y < A, regime for
0.75 < a < 1 that traverse through the dFB around the K and K’ valleys makes the latter
case more intriguing. It indicates that for 0.65 < a < 0.75 (0.75 < a < 1), the system re-
enters from a conventional (topological) SM phase (in the A.p, < A, regime) to a (another)
topological one (in the A;; < Acpp < Ac, regime) upon tuning the e-ph coupling strength. The

above discussions for both the cases, either with a unique ). or with two A.s, namely A, and
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Acy» strongly indicate possibilities of inducing topological phase transition via e-ph coupling
in an «o-T3 Haldane-Holstein model. Furthermore, we have numerically computed the Berry
curvature and the topological invariant, namely the (polaronic) Chern number (C'), for different
values of a. In our study, the evidence of a discontinuous change in C from |C| = 1to |C]| =0
for 0 < a < 0.75 regime, and from |C| = 2to |C| = 1 and finally to |C| = 0 for 0.75 S a < 1
regime exhibiting a jump in the C' vs A, diagram at different critical values of the e-ph coupling
for different values of « directly confirms the topological phase transition solely caused by the
e-ph interaction, while interpolating o between corresponding lattice structures of graphene to a
dice lattice. More specifically, the system under investigation possesses a topological insulating
phase accompanied by |C'| = 1 or |C'| = 2 (depending on the range of «) below certain critical
values of the e-ph coupling strength, and becomes a trivial insulator (C' = 0) above the critical
point. We, furthermore, incorporate the above observations in a phase diagram plotted for C' in
the Acpp, — o plane. To confirm such phases, and phase transitions from one phase to another, we
have calculated the Hall conductivity for a few values of « (both small and large) as a function
of Aepn- The existence (vanishing) of Hall plateaus at |C|e? /h below (above) a certain critical
¢ for a particular value of « further substantiates the evidence of topological phase transitions
induced by e-ph coupling in our a-7% Haldane-Holstein model. We wish to motivate that our
study may serve as a powerful tool for understanding the interaction-driven topology in novel

quantum systems.
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Chapter 7

Polaron Induced Phase Transitions in

an o-15 Quantum Spin Hall System

IN this chapter, we investigate the effects of Holstein polarons arising from the electron-
phonon (e-ph) coupling on the quantum spin Hall phase (and phase transition therein) of a
pseudospin-1 fermionic a-T3 lattice. The parameter o and the e-ph coupling strength Acpp,
have an interesting interplay, which demonstrates that at smaller values of «, there is a single
transition from a topological to a trivial phase as a function of A.,;, while the larger o values
host two gap closing transitions, namely, trivial-topological-trivial transitions, accompanied by
a narrow semi-metallic phase in between. These results are confirmed via computing the Zo

invariant.

7.1 Introduction

The discovery of symmetry-protected topological phases has stimulated enormous attention,
where a continuous phase transition is possible between states with the same underlying symme-
try but different topology [89, 91, 379, 380]. The nontrivial features of the topological insulators

(TIs) are characterized by a d-dimensional insulating bulk and a (d — 1)-dimensional gapless
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surface or edge which are topologically robust against disorder. These TIs are classified into
several categories, each of which is designated by a distinct topological index. One of them is
the Chern insulator, where the topological invariant known as the Chern number (C') hosts chiral
edge modes. Unlike the Chern insulators, which validate the breaking of time reversal symme-
try (TRS), there exists another class of TIs, called the Zy topological insulators, also commonly
known as the quantum spin Hall (QSH) insulators, which endorse helical edge states protected
by the TRS [91, 248]. In contrast to the Chern insulators, these QSH insulators, characterized
by a Zy invariant [244, 245, 248, 259, 381-384] (which takes values 0 or 1 denoting equiva-
lently “Zso-even” (trivial) or “Zo-0dd” (topological) insulators) demonstrate a zero (charge) Hall
current, while carry a quantized spin Hall current owing to two counter-propagating (left and
right mover) edge channels for two opposite spins per edge. Moreover, the role of spin-orbit
coupling (SOC) that preserves TRS becomes important for a QSH insulator. As TRS is pre-
served, one can associate a Zo invariant with the Kramers pairs [248, 259, 381-383] that are
formed by the occupied states at the Dirac points across the Brillouin zone (BZ). A prototypi-
cal model for such Zs insulators was proposed by Kane and Mele [257] in their seminal paper,
where they have considered equal and opposite Haldane flux for the up and down spins of the
particles, and thus this spinful version of the Haldane model restores the TRS in the system. In
accordance with the TRS, the spinful bands add up to a net zero Chern number (contributing
zero charge Hall current), with them being equal and opposite for up (C) and down-spin (C))
bands. However, a spin dependent Chern number, namely C,, (or the difference between C'4 and
(') may act as an effective topological invariant giving rise to a finite spin Hall conductivity
[89, 91, 248, 257, 385, 386]. Nevertheless, for a more realistic Zy TI, this picture fails upon
the inclusion of an extrinsic SOC, for example, the Rashba SOC (RSOC). Although it protects
the TRS, it mixes the spins, destroying the conservation of the z component of the spin. There-
fore, Zo invariant becomes necessary for such mixed spin systems to encode the topological

characterization.

In continuation of the study in the previous chapter on Chern insulator, here we shall take the
effect of polaronic physics induced via the electron-phonon (e-ph) coupling in a spin Hall in-
sulator. Conventionally, the e-ph interaction leaves the parent symmetries of the system and
hence the topological properties unaltered, therefore making it possible to treat the electronic
and phononic degrees of freedom independently. Here, we come up with a scheme which yields
that if the polarons are formed in a tight binding system by local lattice distortion [112, 113],
then the electron and phonon degrees of freedom become correlated and this strong e-ph cou-
pling significantly affects the band topology [371], which may induce a gap closing transition

at the Dirac points. As phonons are intrinsically present in a real crystal, the motivation behind
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incorporating e-ph interaction effects in our model is to see how a nontrivial phase and its rel-
ative transitions can be engineered solely through the interaction between the fermionic charge

carriers and the lattice vibrational modes.

The remainder of the chapter is structured as follows. In Sec. 7.2, we describe the e-ph coupling
and the corresponding model Hamiltonian of our system are given in Sec. 7.2.1, formulated
under the framework of the Kane-Mele model with the Rashba coupling modified by a Holstein
term accounting for the e-ph coupling. The polaron formation in our system is employed in
Sec. 7.2.2 through the Lang-Firsov technique. Sec. 7.3 deals with the numerical analysis of
the bulk gap closing transitions indicating a plausible occurrence of topological phase transition
(TPT). Hence, Sec. 7.4 and Sec. 7.5 respectively describe the formulation of the Zy invariant
and the edge states. Furthermore, a phase boundary is presented in Sec. 7.7 that summarizes our
results for the TPT interpolating between graphene and a dice lattice. Finally, we conclude with

a description of our main findings in Sec. 7.8.

Figure 7.1: The schematic model of an «-T3 lattice is shown, where the blue, red, and green
circles represent the sublattices A, B, and C, respectively. The NN hopping strength between
A and B sublattices (solid black line) is ¢, while it is ot between B and C' sublattices (solid red
line). The NNN hopping strength between A-B-A (dashed blue) or B- A-B (dashed black) is A,
while through C, it is e\ via B-C-B (dashed red) and C-B-C (dashed green). v;; = —1(+1)
denotes the clockwise (anticlockwise) direction of hopping. The unit vector ﬁij pointing per-
pendicular to the NN bonds represents the direction of RSOC. The coordinates of the NN sites
are d; = (v/3a0/2,a0/2), d2 = (—v/3ag/2,a0/2) and dz = (0, —ay), while those of the
NNN sites are a3 = (v/3a0/2,3a0/2), az = (—v3a0/2,3a0/2) and ag = (v/3ao,0), ao
being the distance between two neighbouring atoms.
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7.2 Quantum Spin Hall Effect via Polarons in an o-73 Lattice

In this section, we discuss the TPT mediated through e-ph coupling in a pseudospin-1 fermionic
system on an «-13 Kane-Mele (KM) QSH insulator. We schematically represent an a-T3 lat-
tice in Fig. 7.1 (this figure is intentionally repeated in each chapter to provide convenience to
readers). A typical hexagonal unit cell of an a-T3 lattice constitutes A (blue) and B (red) lattice
sites constructing a regular honeycomb lattice with nearest-neighbour (NN) hopping strength ¢
between them and an additional C' (green) atoms placed at the center of each hexagon connect-
ing to only B atoms (hopping between C and A atom is forbidden) via a hopping strength o
(o € [0 : 1]). Therefore, the two limiting cases of our study are the results for graphene (« = 0)

and dice (o« = 1) lattices. We introduce our model Hamiltonian as follows.

7.2.1 Rashba coupled Kane-Mele-Holstein Hamiltonian

In order to study the effects of the e-ph coupling on an a-73 QSH insulator of Kane-Mele type
[186, 309] in the presence of a Semenoff mass [179, 387] and the RSOC [157], we model our
system under the framework of a tight-binding Kane-Mele-Holstein Hamiltonian, which can be

written as H = Hgwm + Hr + Ham + Hep with,

I za)\
= —tz CigCjo—al Z CinCho— 3\/3 Z Vijc;rgazcjgl Z ujkc O :Cko'
ij))oo!

(ij)o ((jk))oo’
(7.1a)
HR = —i)\R Z C;-rg([)ij . 5')00/63'01 — iOé)\R Z C}O(Djk : &)gglckol, (7.1b)
(ij)oo’ (ik)oo’
Hvm = MYl S.cio, (7.1¢)

1o

Hep = huwp [Z(bTb + ) +ch Cio (] +b)] (7.1d)
i

where Hgwm, Hr, Ha and Hep, respectively represent the Hamiltonian for the bare Kane-Mele

model, RSOC, Semenoff mass and e-ph interaction present in the system. c;ra(cw) denotes the

creation (annihilation) operator for electrons corresponding to A, B, and C sublattice with i,

j, and k indices, respectively and o, is the z-component of the Pauli spin matrix, o and o’

are the up (1) and down (J) spin indices, respectively. The descriptions of the first two terms
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(Hxm and Hg) appear elsewhere and hence are not repeated for brevity. Further, the inclusion

of the Semenoff mass (M) breaks the sublattice (inversion) symmetry, which is written in Eq.

1 0 O
(7.1c), where S, = |0 0 0 is the z-component of the pseudospin-1 matrix. Since,
00 -1

the staggered mass term .S, is well known for generating a non-zero Berry phase and hence
a nontrivial topology of the valence band in an «-T3 lattice system (unlike a certain U term
considered in the Hamiltonian of Ref. [387] that entails a distinct flat band topology) which
correspondingly leads to the formation of edge states in our system, we restrict ourselves to
the inclusion of only S, in our Hamiltonian. The effect of e-ph coupling is represented by
the Holstein Hamiltonian [139] written in Eq. (7.1d), where the first term signifies the total
phononic onsite (at site 7) energy in terms of the creation (annihilation) operators, bj(bi) of the
longitudinal optical (LO) phonons which oscillate with a dispersionless LO frequency, wg and
interact with the electrons with a coupling strength g ((= \/m )), denoted by the second
term of Eq. (7.1d). To obtain an effective electronic Hamiltonian that characterizes the bulk and

edge spectra and the suitable topological invariant of our system, we proceed as follows.

7.2.2 Effective electronic Hamiltonian - Lang-Firsov transfor-

mation

Intending to investigate the effects of the (small) ‘Holstein polaron’ on the spectral properties,
we first decouple the electron and phonon degrees of freedom by employing the well-known
Lang-Firsov transformation (LFT) [260]. This is a coherent state transformation of a displaced
harmonic oscillator that captures the polaron physics adequately well in the high-frequency
(anti-adiabatic) regime, meaning the LO frequency of the phonons (highest energy scale) is
much larger than the other parameters of the system, namely, when wg to be much greater than
t,t', A, N, Ar, Ny, and M [371, 377]. In this limit, the electrons are unable to follow the
motion of the phonons perfectly (due to the rapid motion of the phonons), leading to an anti-
adiabatic coupling between electrons and phonons [112, 113]. Thus, electronic densities at the
lattice sites are left undisturbed. In a tight binding (narrow-band) lattice (where the electrons are
tightly bound to their host sites), due to the strong coupling between the electrons and phonons,
the polarons get confined to a particular site and do not spread over to the neighbouring sites.
In general, the size of the polaron, 7, is related to the electronic parameters as ), ~ aot/ g% hw
[388]. Hence, for a strong coupling (g> > 1) and high frequency (hwgy > t) limit, the size of
the polaron shrinks owing to the strong localization effects satisfying r, < ag, which implies

that the size of the polaron becomes smaller than the lattice constant leading to the formation of
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the small Holstein polaron [112, 113]. Due to this strong confinement effect of the polarons at
the same site where the electrons are bound, the onsite strength of the e-ph interaction becomes
much stronger compared to those at the neighbouring sites. Therefore, the couplings between
the electrons with the phonons belonging to the NN and NNN sites are negligibly small as the
e-ph interaction is weaker on the neighbouring sites, and hence they can possibly be neglected.

The LFT with S being the generator of the transformation can be expressed as,
H=eHe S, S=g> clciod] —by), (1.2)

which transforms the total Hamiltonian as,

(i,j)o (g.k)o (i,

toa Y vkl Uzckafe[Xj_Xk}] _iAR[ > Cza(f?z'j'5)00/%’6%_&]

({4,k))oo’ (i,4)o0’
+ a > o (Djk - )oorcrorel Xkl] +3 el (MS. — g*hwols)cis
(J,k)oo’ io
+ hwo Y blbi, (7.3)

where the X;s in the exponent contain the phonon operators of the i-th site as X; = g(bj —b;)
and I3 is a 3 x 3 identity matrix. In the last step, we neglect the constant ‘1/2’ factor in the onsite

phonon energy term.

During the formation of the polarons, the electrons undergo continuous emission and absorption
of virtual phonons at 7" = 0. While the slow electrons with energy less than the longitudinal
optical phonons cannot emit real phonons. Hence, virtual processes do not require any conserva-
tion of energy. At 7' = 0, while the real phonons are absent, the lattice still possesses a non-zero
energy (quantum mechanically) known as zero-point energy owing to which the formation of
virtual phonons (which are associated with the quantum fluctuations of the lattice) takes place,
even when there are no thermal excitations [112, 113]. Thus, slow electrons can emit and ab-
sorb virtual phonons at 7" = 0, and one would expect that they constitute a cloud of phonons
surrounding the electron forming a polaron. Hence, the presence of virtual phonons induces an
e-ph interaction effect, which significantly renormalizes the electronic band structure, even at

zero temperature. Hence, to obtain an effective electronic Hamiltonian by eliminating phonon
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modes from our system, we perform a zero-phonon averaging at 7' = 0, which results in,

Her = (0|H|0)

= 'E|:Z CIO_C]'O- +a
(

(ij)o

A
S ] 2| T v 0 X vl
3V3 L,

Jk)o i,j))oo’ ((4,k))oo’
— ZS\R|: Z C;-rg(f)ij . E)Jalcjc,/ + « Z C;r-g(Djk . &)aaxckar]
(i,j)oc’ (4,k)oo!
+ Y (MS. — gPhwols)ciq, (7.4)

(1o

where the hopping amplitudes are renormalized by the Holstein reduction factor, namely,
(0]eXi=Xil)0y = e 9 (7.5)

via,

t= te_gQ, A= /\6_92, AR = )\36_92. (7.6)
The last term of Eq. (7.3) drops out due to zero-phonon averaging. Within such an anti-adiabatic
(fwo > t, ', \, X', A, N, M, and g) decoupling scheme, the electronic and phonon modes do
not affect each other any longer because the fast LO phonons possess larger energy gap between
different phononic excitations than the electronic hopping strengths so that the phonons easily
follow the electronic motion without altering their distributions. It is evident from Eq. (7.4)
that the phonon degrees of freedom are removed from the system and the polaronic signatures
are well inculcated through the Holstein factors (Eq. (7.6)) in the modified electronic hopping
strengths, £, ), and A\g which gives rise to the band narrowing effect and also through the polaron
shift energy —g?hwy (last term of Eq. (7.4)). As these polaronic factors significantly influence
the bands, one can tune the band topology accompanied by a bulk gap closing transition via

changing the e-ph interaction strength.
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7.2.3 Kk-space polaronic Hamiltonian

In the continuum limit, the Fourier transformed Hamiltonian can be obtained in a spinful tri-

atomic sublattice basis, that is, in (A4 By Cy A By C|) basis as,

oy (k)

py (k)

Pz (k)
p22 (k)

P32 (k)

Vorny (k)

0 0 722, (k) 0
PR k) A2k 0 4Z3(k)
Pk 0 k0

0 p;}a/ (k) péga’ (k) 0

pi)’go-/ (k) pg)':;)o'/ (k)

I

7.7)

where p-blocks stand for the NN and NNN hopping (for bare KM model) elements, while ~-

blocks refer to the RSOC terms which can be explicitly expressed as,

11

paa(a’a/)

12
paa(a’a’)

p<272a(0’0’) (k) =

(k) = M — g’wo

2 k
g wo 3\/5

2ATm( fi)
3v3

cos ¢,

(k) = —#(h¥ — ih¥) cos p = [p?,i(afaq(k)] :

2XIm( fi) (cosp — sinp)

Pi?}(a/g/)(k) = *E(hlé - Zhly() sing = [Pﬁ(gw)(k)} )

pg’i’(o”o”) (k) =-M - 92w0 + 3\/3

and

Voor(K) =
2000 = ihatcosp = [ k)
'yg?;, (k) = iS\Ruk sinp = [73/20(1()

2E2,(K) = —iAgusin g — [fym }
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where o (¢’) stands for the up (down) spin index, and ¢ = tan~! . The ij components of
the p,,-block differ only by a relative sign in ) terms to those of the Po'o-block, while the i3
components of the 7,,/-block are complex conjugate to the ji components of the v,/ ,-block.

The reduced hopping strengths (Holstein amplitudes), namely, #, A, and Ap are expressed in
Eq. (7.6) in terms of g(= \/Aepnt/wo). Rk, h’; and fx in Eq. (7.8) and u and v, in Eq. (7.9) are

given as

3 3
=S cos(ledy), bl =3 sin(kds), fi= Y e, (7.10a)
i=1 i=1 X

uk(vg) = —e thyao 4 {Cos(ﬁgo ) F ﬁsin(x/ggo y)]e & 0, (7.10b)

where the NN d-vectors and the NNN a-vectors have been mentioned in the caption of Fig.7.1.

7.3 Bulk Spectra and Gap Closing Transitions

To study the spectral properties of the QSH «-T3 lattice, we Fourier transform Eq. (7.4) to

the momentum (k) space. Subsequent discussions simplify that we shall divide the Eq. (7.7)

by the NN hopping strength, ¢ (all the parameters will be renormalized in the units of ¢) and

use the same as our model Hamiltonian for the rest of the chapter. Therefore, we introduce
_ gPwo

a dimensionless parameter (renormalized e-ph coupling strength) as Aepp, = “5 which we

henceforth call the e-ph coupling constant for our system.

For convenience, we consider ag = h = 1. To perform the numerical analysis for the topological
phase transition in a Kane-Mele a-T3 lattice in the presence of RSOC, we fix the hopping
strengths as t = —2.7 eV, A = 0.1¢, A\r = 0.02¢, and the Semenoff mass as M = 0.02¢. The
rationale behind choosing these values is inspired by the corresponding quantities in graphene
[257]. Our system having similar structure as the hexagonal graphene lattice (for o = 0), we
keep the ratios of these essential parameters fairly similar to Ref. [257], so that at « = 0, the
system lies within the well known QSH phase. We also set the LO frequency of the phonons,
wo as wo = 3t > t, at, A\, N, Ag, N, and M (for anti-adiabaticity to be valid).

The distinction of an a-T3 lattice from bare graphene (o« = 0) lies in the appearance of the flat
band (FB) for a # 0, thus justifying pseudospin-1 fermions. Hence, the role of FB needs to
be ascertained carefully in the context of TPT. A conventional a-T3 lattice is identified with a
dispersionless FB at zero-energy for graphene (a = 0) and dice (o = 1) lattices and a distorted
FB (dFB) for 0 < o < 1 along with two dispersive bands, namely the conduction and the

valence bands which touch each other at the Dirac cones located at K = (27/3+/3ag, 27 /3a0)
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and K’ = (—27/3v/3aq, 27 /3ag). For our case, due to the presence of the intrinsic SOC (KM)
term, the FB becomes largely dispersive, while the valley degeneracy is preserved due to the
TRS present, unlike the o-7% Haldane lattice. The dFB favours the transport of the system as
the band electrons are associated with a non-zero group velocity. As the bulk band properties
are different for different values of «, we segregate the whole range of @ € [0 : 1] into two
regimes, namely (7) the lower to intermediate (0 < o < 0.5) and (¢7) intermediate to higher
(0.5 < a < 1.0) values and present the spectral properties for a particular o from each of the
two regimes. The results for lower values of « are close to those of bare graphene (o = 0),
while those for higher o agree with the dice (v = 1) lattice. Therefore, we encompass the entire

range of « interpolating between the graphene and the dice lattice.

(a))\eph =0 (b))\eph < )\C

kan

Figure 7.2: The bulk band structures with energy F (in units of ¢) are shown as a function
of dimensionless momenta, k, (multiplied by ag) at k, = 27 /3ag for @« = 0.2. The red,
black, and blue colours represent the CB, the dFB and the VBs, respectively. In (a) and (b) the
dispersion is plotted in the 0 < Acpp < Ac regime at Agpp, = 0 and Agpp, = 0.5, respectively,
where the bulk is gapped. (c) The plot is shown at the critical Ae,, = Ac = 1.95 where
the bulk gap closing between the dFB and the VB occurs. (d) The same is shown in the
Aeph > Ac regime at A, = 2.2 where the spectrum is again gapped. The parameters are
taken as A = 0.1¢, M = 0.02t and Az = 0.02¢.

At first, let us consider the bulk spectra for @« = 0.2 which are presented in Fig.7.2. The
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spectra are plotted as a function of dimensionless momentum, k. aq (ky is fixed at 3277;), where
the solid and the dotted lines represent those for two different spin subbands belonging to the
Kramer’s pair, respectively. We denote the conduction band (CB), distorted flat band (dFB) and
the valence band (VB) by the red, black and blue colours, respectively. One may notice that the
dispersions of the bands are of semi-Dirac type, which means they are linear along k,, while
quadratic along the k, direction. The low energy spectrum of the Hamiltonian (7.7) obeys the
Dirac-Weyl dispersion, which can be achieved by linearizing Eq. (7.7) in the vicinity of the
two valleys K and K'. As the RSOC breaks the spin-degeneracy, the bulk bands are split for
the 1-spins and the |-spins giving rise to six distinct bands (three for each spin orientation).
However, we cannot distinguish them as 1" or |-spin bands as the spin-polarization is lost due to
the presence of RSOC. Hence, we call them Kramer’s pair of subbands as the TRS is preserved
even upon inclusion of the RSOC. The bulk bands corresponding to each of the Kramer’s pairs
cross each other only at the M (0,27 /3ap) point, resulting in a zero splitting. Moreover, the
TRS validates identical behaviour of the bulk bands at the two valleys, namely K and K. To
investigate the different topological phases and the TPT therein mediated via polaron, we must
vary the e-ph coupling (\.,4) and examine possible gap closing transitions at Acpp, = Ac, Ae
being the e-ph coupling at the TPT. The different regimes of A, are entitled as 0 < Acpp, < Ac
(before the transition), A, = A (at the transition) and A, > Ac (beyond the transition). We
can clearly see from Fig. 7.2(a) that the bulk bands are gapped at both valleys when App, = 0,
which implies that the system for small «, for example, & = 0.2 behaves as an insulator in
the absence of e-ph coupling. Further, as \.,, increases, the overall spectrum shifts downward
(because of the polaronic shift energy —g?fiwp), and the dFB is no longer fixed at £ = 0 in
the Aepp < Ac regime (Fig. 7.2(b)). However, the gap in the spectrum still remains intact. As
Aeph Teaches a critical value, namely A, = A = 1.95, we find that the bulk gap between the
dFB and the VB closes (shown in Fig.7.2(c)) at both the valleys, which indicates a bulk gap
closing transition. Beyond, Acp, = Ac (i.,e.,in Agpp, > A, regime), there exists a noticeable gap
in the bulk spectrum (shown in Fig. 7.2(d)). Hence, for the lower values of «, the bulk bands are
gapped in the 0 < A, < Acand Agpp > A regimes, resulting in an insulating behaviour, while
at Aepp, = A they are gapless, implying a semi-metallic (SM) point. The explicit dependence
of the band gap, AE on )y, is shown in Fig. 7.5. It should be mentioned here that the gapless
condition of the Hamiltonian and the corresponding values of o and the e-ph coupling strength,
Aeph at which the VB and the dFB touch each other are obtained numerically via tuning these
values with high degree of precision. We diagonalize the Hamiltonian (expressed in Eq. 7.7) to
obtain the band energy and then plot the variations of the bands by tuning A, for different cases
of a. As shown in Fig.7.5 for « = 0.2 (a representative for the lower regime case), @ = 0.52

(a representative for &« € [0.51 : 0.54]), and @ = 0.7 (a representative for the higher regime
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case) marked by solid blue, solid green, and solid black, respectively the band gap (between VB
and dFB), namely A F, and hence the touching of the bands (A E being zero) are observed very
carefully imposing high precision conditions (within an accuracy of 10~ or lower (in limit of
t)) in the numerical algorithm by which we have computed these critical points, namely A, A, ,
and A.,. Similarly, the transition point(s) for any value of « in range [0 : 1] can be obtained
which are listed in Table 7.1. The explicit dependence of AE on Ay, ascertains that for the
lower values of « the system hosts two distinct insulating phases (exhibiting a finite gap, AF)
for 0 < Aepn, < Ac and Agpp, > Ac, Whereas for the higher values of « there exist three distinct
insulating regions for 0 < Acpn < A¢ps Ae; < Agph < Acys and Ay > Ac, accompanied by an
SM phase (AE = 0) for a € [0.51 : 0.54] in the 0 < Agpp < A, regime. As our system is
modeled by the Kane-Mele Hamiltonian, one of the gapped phases may carry the signature of a

QSH insulating phase.

To ascertain whether a certain gapped phase corresponds to a topological one, we calculate the
topological invariant, namely the Zo invariant, in the subsequent section. Therefore, a TPT
is possible for an a-73 QSH lattice solely induced by the e-ph coupling, which is one of the
pivotal points of this chapter. We must specify that similar findings hold true for the other

values of a in the 0 < a < 0.5 range (however, not shown here). The scenarios become

a Ao ge | Aer | Az | Ger | Geo
0.1 | 1.97 | 0.81 - - - -
0.2 | 1.95 | 0.81 - - - -
0.3 | 1.92 | 0.80 - - - -
04 | 1.90 | 0.79 - - - -
0.5 | 1.90 | 0.79 - - - -

0.52 - - 1.00 | 1.88 | 0.57 | 0.79
0.6 - - 1.28 | 1.85 | 0.65 | 0.78
0.7 - - 1.46 | 1.82 | 0.69 | 0.78
0.8 - - 1.60 | 1.78 | 0.73 | 0.77
0.9 - - 1.67 | 1.73 | 0.75 | 0.76

Table 7.1: Table of transition points, namely A, corresponding to the bare e-ph coupling

strengths at the transitions, namely g., related as A\, = %, for different v cases. While g, is
always less than 1, \. acquires values greater than 1 due to scaling by wq /.

contrasting for intermediate to higher values of a (0.5 < o < 1.0) which are shown in Figs. 7.3
and 7.4. While deriving the band spectra for the intermediate v values, we come across a very

interesting observation in the 0.51 < « < 0.54 regime where the bulk band gap is zero even
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(a))‘eph =0 <b)/\eph < Ay (C))‘eph = A

—-10.5

—14.5

—14.6

- 0 ™

Figure 7.3: The bulk band structures with energy F (in units of ¢) are shown as a function
of dimensionless momenta, k, (multiplied by ag) at k, = 27 /3ap for & = 0.52. The red,
black, and blue colours represent the CB, the dFB and the VBs, respectively. In (a) and (b) the
dispersion is plotted in the 0 < Acpp < Ac regime at Agpp, = 0 and Mg,y = 0.5, respectively,
where the bulk gap is zero. (c) The plot is shown at the critical Aepr, = Ac; = 1.00 where the
bulk gap between the dFB and the VB is seen. (d) The same is shown in the A¢, < Aepn, < Ag,
regime at \.,;, = 1.2 where the spectrum is sufficiently gapped. (e) The bulk closing transition
ocecurs at Aepp, = Ao, = 1.88. (f) Again the spectrum becomes gapped in the A, > A,
regime at \.p, = 2.2. The parameters are kept the same as those in Fig. 7.2.

when \.,;, = 0, which corresponds to an SM phase of the o-T3 lattice. Earlier studies suggest
that a TPT in the vicinity of a = 0.5 [186] exists in the absence of any interaction, supported
by a gap closing transition in the bulk spectra of the «-T3 lattice. We present the variations
for « = 0.52 as a sample case in this regime of « in Fig.7.3(a). Here, the dFB becomes
more distorted (as it should be) for larger values of ow. The SM phase for @ = 0.52 remains
unchanged for Acpp, < Ay (Fig.7.3(b)) up to Aepr, = A¢; = 1, where we observe a very small
gap (may be zoomed in for better visualization) for the first time between the dFB and the VB,
shown in Fig.7.3(c). Consequently, in the A, < Aepn < Ac, regime (Fig.7.3(d)), a noticeable
gap appears in the bulk spectrum which closes again at A, = Ac, = 1.88 (Fig. 7.3(e)), beyond
which the dFB and the VB are again gapped referring it to an insulating state (Fig. 7.3(f)). The

gapless/gapped conditions can also be observed in Fig.7.5. Similar observations are true for
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any value of « in the range [0.51 : 0.54] where the system undergoes an S M -insulator-insulator
transition as the e-ph coupling is enhanced. As pointed out earlier, we shall investigate the

topological characterizations of these phases later by computing the Z, invariant.

(a))‘ezvh =0 <b)/\6ph < A (C))\Eph = Ay

Figure 7.4: The bulk band structures with energy F (in units of ¢) are shown as a function
of dimensionless momenta, k, (multiplied by ag) at k, = 27/3ag for « = 0.7. The red,
black, and blue colours represent the CB, the dFB and the VBs, respectively. In (a) and (b) the
dispersion is plotted in the 0 < Acpp < Ac regime at Agpp, = 0 and Mg,y = 0.5, respectively,
where the bulk is gapped. (¢) The plot is shown at the critical A, = e, = 1.46 where the
bulk gap between the dFB and the VB is closed. (d) The same is shown in the A., < Acpp <
Ac, Tegime at A, = 1.70 where the spectrum is sufficiently gapped. (e) Again bulk closing
transition occurs at Acpp, = A, = 1.82. (f) The spectrum becomes gapped in the Acpn > A,
regime at Ao, = 2.2. The parameters are kept the same as those in Fig. 7.2.

However, for higher range of a (0.6 < « < 1.0), the existence of the SM phase for the
Aeph < A¢, regime is not certain. To clarify that, we present the results for « = 0.7 as a
sample case of the higher o regime. Interestingly, for « = 0.7, a band gap is again seen
between the dFB and the VB (Fig.7.4(a)) for Apr, = 0 as well as in the App, < A, region
(Fig. 7.4(b)) till Acpp, becomes A.; = 1.46 (Fig.7.4(c)). Beyond this value the system enters into
another gapped phase in the \.; < Acpr, < A, (Fig.7.4(d)) and finally remains gapped in the
Aeph > Ac, regime (Fig. 7.4( f)) accompanied by a gap closing transition at A¢pp = Ae, = 1.82

(Fig.7.4(e)). As mentioned earlier, the variation of the gap with )., can be seen in Fig.7.5.
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The findings of « = 0.7 are also valid for any value of « in range 0.6 < o < 1.0, albeit
with different ., and \.,. It is to be noted that as we sufficiently increase «, the difference
between A, and A, reduces, merging into a single transition point, as observed for the lower
a (0 < a < 0.5) regime, especially for 0.9 < a < 1.0 (close to the dice lattice). Hence,
for 0.6 < a < 1.0, the system facilitates a re-entrant mechanism to multiple insulating phases
accompanied by two gap closing transitions mediated through e-ph coupling, while the lower
(0 < a £0.5)  values show an insulator-insulator transition. The bulk gap closing phenomena
can be explained by the two main artefacts of our study: one is the polaronic effects which
results in the narrowing of bands (Eq. (7.6)), and the other can be seen from the matrix elements
of p-block (Egs. (7.8)) which demonstrates the interplay between the three quantities, namely
the parameter « (that accounts for the behaviour of the dFB), the Semenoff mass M (that acts
as a staggered sublattice potential) and the e-ph coupling parameter \.p;,. Furthermore, these
factors affect the dFB and the VB and thereby manipulate the gap between them, predominantly
for higher values of «, which gives rise to a more complex nature of transition in this regime of
a (namely, 0.5 < a < 1.0). Thus, we may encompass various (topologically different) kinds of
nontrivial phases and the relative phase transitions induced by the e-ph coupling for all values
of v in range [0 : 1], albeit with different transition points (the values of A.s listed for each «
value in Table 7.1). The data contained therein can be broadly divided into two categories: (7)
lower « cases with one gap closing point, namely \. and (i7) intermediate to higher « cases
accompanied by two transition points, namely A., and \.,. Some of the spectral properties are

similar to the ones obtained in the context of a Haldane-Holstein model.
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Figure 7.5: The band gap, AFE (in the units of ¢) as a function of the e-ph coupling, \.,, for
a = 0.2, « = 0.52 and o = 0.7 is shown. The parameters are kept the same as those in
Fig.7.2.
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The plausible topological invariant to characterize a QSH phase (exhibiting a topological gap in
the bulk spectrum) is the Z invariant [244, 245, 248, 259, 382—-384] (especially, when spins are
mixed), which we discuss below. Hence, to confirm the existence of a spin-mixed QSH phase in
our system, we consider the evolution of the Wannier charge center (WCC) that determines the

7 invariant.

7.4 7, Invariant: Evolution of the Wannier Charge Center

In this section, we study how the evolution of the Wannier charge center (WCC) (which is known
as the center of charge in a unit cell) in different regimes of \.,, that indicate topologically triv-
ial or non-trivial characteristics for different values of «.. As discussed earlier, the notion of the
Chern number fails (being odd under TR) for a TR invariant (TRI) QSH insulator, and the topo-
logical properties are guaranteed both by the evolution of WCCs and the surface/edge energy
spectra. The relevant discussions on mathematical construction of the WCC are presented in
Chapter 1 Sec. 1.8.5. Since our 2D model lies in the z-y plane, we can define a general k-vector
in the momentum space as k = kini)l + k:i32 by and characterize the Z, invariant by employ-
ing the hybrid Wannier transformation [244, 245, 384] along b, and studying its evolution as
a function of the remaining momentum, that is k:52, where by and bg are the reciprocal lattice
vectors and are given as by = (— \/2§7;0, 3%) and by = (\/257;0 , 3%) The hybrid WCC (HWCC)
in the direction a; can be mathematically represented in terms of the Berry phase <Z5n(k1;2) as

[244, 245, 384],

an(ki, ) 1 P
(rnan () = 252 = oo A% G by, a.1
with A;bll(kl;l, ki) = —i(unk|6%\unk) being the Berry connection. The above definition is
b1

valid only when the bulk spectra exhibit a finite gap as the Berry connection is ill-defined for a
gapless situation. The interpretation of the Zs invariant in terms of the HWCC goes as follows. It
is defined as the number of individual HWCC crossed by an arbitrary line traversing half the BZ,
modulo 2 [384]. If the line intersects an even (odd) number of HWCCs while traversing through
half the BZ, the Zy invariant is zero (non-zero), assuring a topologically trivial (nontrivial)
phase [384]. For a TRS-preserved system, the WCCs obey all the symmetries that are found in
the energy bands. Particularly, the existence of the Kramers doublets at the two TRI momenta in
the BZ also leads to a double degeneracy in the WCCs. Here, we consider only the first half of
the BZ ([0, 7/a]) as the TRS imposes the behaviour of the WCCs and the surface energy bands

to be identical to those in the other half of the BZ. To envisage the existence of nontrivial phases
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followed by a TPT, we thoroughly investigate the evolution of the HWCCs represented in Eq.

(7.11) for different regimes of A}, vis-a-vis the bulk spectra presented in Sec. 7.3.
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Figure 7.6: The evolution of the HWCCs in terms of the Berry phase ¢ (scaled by 7) is shown
as a function of dimensionless momenta, k;_ for a = 0.2 in different regimes of A, namely ()
Aeph = 0 and (b) Aepr, < Ac (Aepn = 0.5) where the arbitrary line (dashed blue) cuts through
odd number of HWCCs referring to a Zs-odd topological insulator, while (¢) describes the
Aeph > Ac regime (Aepp, = 2.2) where the line crosses even number of HWCCs denoting a
Zso-even trivial insulator. The parameters are kept the same as those in Fig. 7.2. The values of
A. are mentioned in Table 7.1.

We present the evolution of the HWCC:s for three values of «, one in the lower regime (o = 0.2),
one corresponding to the special case at & = 0.52, and the other in the higher regime (o = 0.7)
of a. Consider a 2D Zs-insulator in the x-y plane whose evolution of the HWCCs as a function
of the momentum, ki)Q is displayed in Fig. 7.6, Fig.7.7, and Fig.7.8 for « = 0.2, « = 0.52,
and o = 0.7, respectively. In Fig. 7.6, we plot the variations of Zy for o = 0.2 in the regimes
0 < Aepr < Ac and Agpp, > A where the bulk shown in Figs. 7.2 (a), (b) and (d) possesses a
finite gap between VB and dFB. It is clearly visible from Figs.7.6(a) and (b) that for a = 0.2,
the arbitrary (dashed blue) line in the half-BZ cuts through odd (one) number of HWCCs in the
0 < Aepn < Acregime, which makes the Zg invariant non-zero. For a TRS-preserved system, the
non-zero Zy invariant demonstrates that an HWCC switches its TRI partner as k:l;2 evolves from
0 to 7/a, and consequently the TR polarization changes sign. Alternatively, it describes that one
HWCC jumps from one unit cell to the other (often referred to as TR polarization pumping),
signifying a finite conduction on the surface or the edges, which is a typical signature of a Zo-
odd topological (QSH) insulator. However, for A.,;, > Ac (Fig.7.6(c)), the line crosses even
(two) number of HWCCs implying no conduction along the edges, which proclaims a trivial

(Zy-even) insulator. These findings are a direct consequence of the bulk band spectra found in
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(Fig.7.2). Although we only show the results for & = 0.2, the above observations hold for any
value in range 0 < a < 0.5. Therefore, it is confirmed that in the lower regime of «, the system
undergoes a topological-trivial transition induced by the e-ph coupling. It is worth mentioning
that studying the variations of the Zy invariant as a function of A, for o = 0.52 needs special
attention as the bulk spectrum is gapless in the A.p, < A, regime even at Ay, = 0 (unlike the
other values of « not in the range [0.51 : 0.54] where it is gapped). Therefore, for o = 0.52, the
Zsg invariant is ill-defined for A, < A, (including at A, = 0) which allows us to compute the
Zs invariant only for A\.; < Acpn < A¢, and Acpr, > A¢, where the bulk is gapped (Figs. 7.3(d)
and (f)) denoting the two insulating regions. Fig.7.7(a) reveals that the arbitrary line passes
though odd (one) number of HWCCs in the A¢; < Agpn < A, Tegime which demonstrates a
topologically nontrivial insulating phase, while we notice an even (two) number of crossings in
the HWCCs in the A.pp, > Ac, regime (Fig. 7.7(b)) which confirms the insulating phase in this

regime of A, to be a trivial one.
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Figure 7.7: The evolution of the HWCC:s (in terms of the Berry phase ¢) is shown as a function
of dimensionless momenta, k;_ for v = 0.52 in different regimes of Acps, namely (a) A;, <
Aeph < Acy (Aepn = 1.2) where the arbitrary line (dashed blue) cuts through odd number of
HWCCs referring to a Zo-odd topological insulator, and (b) Acpn, > Acy (Aepn = 2.2) where
the same crosses even number of HWCCs denoting a Zy-even trivial insulator. The parameters
are kept the same as those in Fig. 7.3. The values of A., and \., are mentioned in Table 7.1.

As suggested by the variations of the bulk spectra, the scenario becomes more interesting in
the higher regime (0.6 < o < 1.0) of o where the system accompanies two bulk gap closing
transitions at A\, and A, (for ). values see Table 7.1), associated with three gapped phases for
0 < Aeph < Aeps Aoy < Aeph < Aeys and Agpp, > Ae, (see Fig.7.5). We evaluate the results
for « = 0.7 as a representative case for the 0.6 < a < 1.0 regime whose bulk spectra are

discussed in Fig.7.4. Fig.7.8(a) is plotted for & = 0.7 in the regime 0 < App, < Ac, (Where
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the bulk spectra are widely gapped and are represented in Figs. 7.4(a) and (b)). They display an
even (two) number of crossings in the HWCCs refereeing to a non-topological phase, while the
gapped phase (see the bulk spectrum in Fig. 7.4(d)) in the \;; < Aepn < A¢, regime denotes a
topological one (accompanied by finite conduction along the edges) as the line intersects through
only one HWCC, shown in Fig. 7.8(b). Hence, for higher o (0.6 < o < 1.0) cases, nontrivial
topological phases emerge in the A\.; < Acpn < Ac, Tegime solely by the e-ph coupling as we
moderately tune A.p, beyond Acpp, = Ay (till Agp, = Ac,), which are otherwise absent in range
0 < Aeph < Acy. As expected, the regime Ap, > A, describes a trivial phase (Fig.7.8(c))
for the higher o cases. All the other o cases in range 0.6 < o < 1.0 show similar results
as that for « = 0.7, albeit with different A\;, and A\., (not shown here). Thus, the evolution
of the HWCCs ascertains that the system for higher values of o (0.6 < o < 1.0) facilitates

trivial-topological-trivial TPT upon suitably varying the strength of the e-ph interaction, Acpp.
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Figure 7.8: The evolution of the HWCC:s (in terms of the Berry phase ¢) is shown as a function

of dimensionless momenta, ki;2 for @ = 0.7 in different regimes of A¢pp, namely (a) 0 <

Aeph < Aey (Aepn, = 0) where the arbitrary line (dashed blue) cuts through even number of
HWCCs denoting a Zs-even trivial insulator, (b) Ae; < Aepn < Ae, (A = 1.65) where it
crosses odd number of HWCCs signifying a Z,-odd topological insulator, and (¢) Aepn > A,
(Aepn = 2.2) where the same intersects even number of HWCCs referring a trivial insulator.

The parameters are kept the same as those in Fig. 7.4. The values of ., and )., are mentioned
in Table 7.1.

In order to support the evidence of a TPT mediated through polaronic interactions, we also study
the variations of the edge spectra of an o-7% semi-infinite zigzag ribbon, which we discuss next.
We expect the Zy-odd topological phases (accompanied by an odd number of HWCCs crossings)

to exhibit a pair of helical QSH edge modes per edge of the 2D a-T5 lattice, with them vanishing
for the topologically trivial phases.
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7.5 Edge State Properties

This section is devoted to studying the effect of e-ph coupling on the edge state characteristics
of a semi-infinite o-73 ribbon with zigzag edges [194]. In our case, the nanoribbon is infi-
nite (protecting translational symmetry) along the z-direction, while finite along the y-direction
(breaking the translational symmetry). We have constructed zigzag edges with the termination
consisting of A-B sublattices. It is useful to mention that the topology in our system being
robust topological non-triviality persists regardless of the kind of termination used for the con-
struction of the ribbon. Thus, similar scenario should persist for an armchair ribbon as well.
Here, we investigate the appearance (vanishing) of the edge states in different regimes of Acpp,
for the same three « cases as earlier, whose bulk spectra and Zs invariant are inspected in Sec.
7.3 and Sec. 7.4, respectively. The distinction between a topological and non-topological phase
relies on the crossings of the edge modes between CB and VB through the dFB. We look for a
direct correspondence between the evolution of HWCCs (Zs invariant) and the edge states. Con-
ventionally, if an arbitrary line intersects the HWCCs an odd number of times in the half-BZ, the

Fermi level also crosses an odd number of edge states per edge during this half-BZ evolution.
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Figure 7.9: Edge state spectra (in units of ¢) of a zigzag semi-infinite ribbon for o = 0.2
are shown as a function of dimensionless momenta, k, for (a) Acpr, = 0, (b) Aepn, = 0.5
(0 < Aeph < Ac), and (€) Aepr, = 2.2 (Aepn, > Ac). We consider a as a = V/3a, throughout.
Other parameters are the same as those in Fig.7.2. The values of A\, are mentioned in Table
7.1.

We begin by referring to Fig. 7.9(a), where we vividly notice the emergence of two pairs of the
edge states traversing from the VB to CB through the dFB at \.,;, = 0 for o = 0.2. These are
helical QSH edge states of a Z5 topological insulator protected by TRS, which counterpropagate
for two different Kramer’s subbands with a velocity, v = 0F/0k (slope of the bands and 7 is
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set to unity). However, we cannot distinctly designate them as the 1-spin or the |-spin bands as
the spins are mixed by the presence of the RSOC. These helical modes continue to persist in the
0 < Aeph < Ac regime, displayed in Fig. 7.9(b). Therefore, for 0 < App < A¢, an energy lying
between the dFB and the VB (the ‘so called’ Fermi level) intersects the edge states odd (one)
number of times per edge for a particular spin component (giving rise to two in total) and in an
argument with an odd crossing in HWCCs (non-zero Zs invariant) during the half-BZ evolution.
We can reconcile this by the concept of TR polarization pumping [259]. TR polarization pump-
ing is defined as follows. As one unit of spin corresponding to one subband of the Kramer’s pair
is pumped relative to that of the other subband along the edge while HWCCs evolve through
half-BZ, giving rise to a finite conduction along the two edges. The existence of these helical
edge modes in the 0 < M.y, < A regime directly corresponds to the gapped (topologically
nontrivial) phase in the bulk (Figs.7.2(a) and (b)) for which the Zz invariant is found to be
(odd) non-zero (Fig.7.6(a) and (b)) clarifying the system to be a Zs topological insulator. As
anticipated earlier, both by the bulk diagrams and the Zo invariants, beyond Ac,;, = A, these
edge states disappear (Fig. 7.9(c)) completely (even cut in the HWCCs in Fig. 7.6(c)), inferring
the system to be a trivial insulator. It is evident by the bulk spectra (Fig.7.3(b)) that there is

(@) 0 < Aeph < Agy () Aey < Aeph < Ay () Nen 3 s

0 /é o/ T /¢ 'ZTF/“;I

Figure 7.10: Edge state spectra (in units of ¢) of a zigzag semi-infinite ribbon for o = 0.52 are
shown as a function of dimensionless momenta, k; for (a) Acpr, = 0 (0 < Aepr < Aey), (D)
Aeph = 1.2 (Ae; < Aeph < Aey)s and (€) Aepn, = 2.2 (Aepn, > Ac,). Other parameters are the
same as those in Fig. 7.3. The values of A., and A., are mentioned in Table 7.1.

an SM point at « = 0.52 for the 0 < A.pp < A, (including A.pp, = 0 shown in Fig.7.3(a))
regime which also reflects in the edge spectrum, presented in Fig.7.10(a). The concept of edge
states is, therefore, not so important for this regime of Ay, as the bulk bands are gapless. How-
ever, as we tune Ay, further, the two pairs of the helical edge states emerge which traverse
from the dFB to the VB (Fig.7.10(b)) and thus yield the signature of a topological QSH insu-

lator (also seen through an odd number of cut in HWCCs shown in Fig. 7.6(a)). Nevertheless,
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the vanishing of edge states in the A.,;, > A¢, (Fig.7.10(c)) confirms this phase to be a trivial
insulator. For a specific case of higher «v value, say o = 0.7, it is shown in Fig.7.11(a) that
although edge states exist in the 0 < Ay, < A, regime (where the bulk is gapped represented
in Fig. 7.4(a) and (b)), however, a total of four pairs appear, which essentially implies two pairs
of ‘copropagating’ edge modes along a particular edge. Each of the two pairs may be denoted
by the two spin orientations (they are infact superposition of 1 and | states), giving rise to a
possibility of backscattering between the same spin states, which destroys the robustness of a
topological phase. Consequently, the ‘Fermi level’ crosses them eight times which manifests a
non-topological phase with zero conduction along edges (also confirmed by an even cut in the
HWCCs (Fig.7.8(a))). Interestingly, the gapped spectrum in the Ao, < Acpr, < A, regime
comprises of two pairs of helical edge states (Fig. 7.11(b)) which carries a trait of a Zo QSH in-
sulator characterized by an odd number of crossing in the HWCCs (Fig. 7.8(b)). As these edge
states are susceptible to the e-ph coupling, we further enhance \.,;, and find that they entirely
vanish (agreeing with an even cut in the HWCCs (Fig. 7.8(b))) for Acpn, > A, (Fig.7.11(c))
where the system behaves as a trivial insulator. We want to assert that the results for lower
(0 < a < 0.5) and higher (0.6 < « < 1.0) values of « are identical to those for « = 0.2 and
a = 0.7, respectively. We do not show all of them here for brevity. Hence, the evolution of the
HWCCs giving rise to a Z9-odd (even) invariant consistent with the emergence (vanishing) of
the edge states corroborates that a pseudospin-1 fermionic system, such as, an «-T3 lattice goes
through a topological-trivial and a trivial-topological-trivial phase transition for the 0 < o < 0.5
and 0.6 < a < 1.0 regimes, respectively, with an intervening S M -topological-trivial transition

occurring at a = 0.52.
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Figure 7.11: Edge state spectra (in units of ) of a zigzag semi-infinite ribbon for o = 0.7 are
shown as a function of dimensionless momenta, k; for (a) Aepr, = 0 (0 < Aepr < Aey), (D)
Aeph = 1.65 (Ae; < Aeph < Acy), and (¢) Aepr, = 2.2 (Aepn, > Ac,). Other parameters are the
same as those in Fig. 7.4. The values of )., and )., are mentioned in Table 7.1.

TH-3611_196121109



Chapter 7: Polaron Induced Phase Transitions in an o-15 Quantum Spin Hall System 213

7.6 Spin Hall Conductivity

(a)a =10.2 (b)a = 0.7

)\eph =0.5
Aeph = 2.3

<
_
v ©
S —
S
10 ]
S
=}
o‘ T T T T T T
—4 -2 0 2 4 —4 -2 0 2 4
Ey/t Eg/t

Figure 7.12: The spin-Hall conductivity, 0, (in the units of e?/h) as a function of the Fermi

energy, Ey (in the units of ¢). (a) For o = 0.2, the results are presented for Ao, = 0.5

(0 < Aepn < Ac regime) and Aepp, = 2.3 (Aepr, > Ac regime). (b) For o = 0.7, the results

are shown for A¢pp, = 0.7 (in the 0 < Acpp < Ac regime) and Aepp, = 2.3 (in thedep, > Ac

regime). In both cases, Ar has been set to zero.
It is now important to discuss the prospects of investigating the transport properties of our sys-
tem. Although various proposals exist on investigating the transport properties of an a-T5 lattice
[163, 164, 173, 182, 360, 378, 389-392], one may study the anomalous spin Hall conductivity
to detect the topological phases for a spin-orbit coupled a-T3 lattice. To detect the topologi-
cally trivial/nontrivial phases, we present observations on anomalous spin Hall conductivity for
o = 0.2 and a = 0.7 in Fig. 7.12. The other parameters are fixed as A = 0.1¢, M = 0.02¢.
The spin Hall conductivity, o, in the plot is defined as 0y = 04y + — 04y . It is clear from the
above picture that for 0 < A, < A. regime (blue curve) the conductivity initially increases,
reaches a plateau and finally falls as we increase the Fermi energy, E'y. To have a nonzero o,
the Fermi level should be suitably placed in between the valance and the flat bands (where the
bulk spectrum is gapped). The finite spin Hall conductivity for our case is expected since the
TRS is preserved in our model, which also manifests in zero “charge” conductivity and a finite
“spin” Hall conductivity. Therefore, the fall in o, for higher E; suggests that as the Fermi
level does not lie inside the gap, the conductivity diminishes. The more intriguing feature of

the spin Hall conductivity can be derived from the plateau where it is quantized at 2¢2/h that
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carries the signature of a TRS protected topological spin Hall phase. The factor “2” is coming
from the pair of helical (conducting) edge modes obtained in our system (where the Z5 invari-
ant is nonzero accompanied by an odd cut in WCC). As expected, the conductivity vanishes
throughout the range of E for the e-ph coupling A.,;, > A (Zo invariant being zero), which
determines a trivial (insulating) phase with zero spin Hall conductivity. Thus, the topological in-
variant, namely the Zs invariant for our system captures these features adequately and confirms
a direct correspondence with the Hall conductivity measurements. We should also assert that
similar observations hold true for other values of « (only two are shown here). Hence, the topo-
logical nature of the phases for different regimes of o and Ay, for our system can be detected

by the measurement of spin Hall conductivity.

7.7 The Phase Boundary

At this stage, it may be a good idea to depict all the distinct phases, namely, the topological,
SM, and the trivial phases in the form of a phase diagram which encapsulates our findings
in different regimes of e-ph coupling (Acpp,) for all values of « in the range [0 : 1]. To do
the same, we show the Zo invariant in the a-A.p, plane, presented in Fig.7.13. The phase
boundaries are basically the coordinates of the critical transition points A\. which demarcate
the topological characteristics of the phases for different combinations of « and A.,,. In the
figure, the black boundary denotes that below a critical A, (see Table 7.1 for A, values), the
system with lower values of @ (0 < a < 0.5) possesses a Zy-odd topological phase which
ceases to exist above values of A\, where the system acquires a Zo-even trivial phase. Beyond
« = 0.5, there exists a narrow region (for 0.51 < a < 0.54) where the system behaves like S M
accompanied by a gapless dispersion (Zz being ill-defined) below a certain A, marked by the
blue line. Above )., , it enters into a Zy-odd topological phase (the region between the blue and
black boundaries) which remains unaltered till \.,, reaches another critical point ., beyond
which the system becomes an ordinary (Zs-even) insulator. As encountered in the preceding
subsections, the higher o cases demonstrate two bulk closing transitions at A., and \.,, which
are shown by red and black boundaries, respectively in Fig. 7.13 as a function of o (however, no
gap closing transition occurs beyond o = 0.99 marked by the dotted green line). The regions
enclosed by these boundaries of the phase diagram reveal that our system, for higher o values
(0.54 < o < 0.99) acts as a trivial insulator below A.,, = A, (region beneath the red curve)
which is designated by the Zs-even region, while it shows the fingerprints of a topological
insulator in the \.; < A¢pn < A, regime, labeled by the Zo-odd region. It is obvious that for

Aeph > Ac, the system turns out to be a trivial (Z2-even) insulator for any value of « in the range
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Figure 7.13: The phase boundary of Z, invariant in the o — A.pp, plane. Various phases with
even (trivial) and odd (topological) Zs values and an SM phase are shown.

0.54 < a < 0.99. It is also evident from Fig. 7.13 that as we increase «, the A, values (black
line) decrease in the range 0 < o < 0.5, and also the difference between A., and A., (width of

the region bounded by the red and black curves) diminishes for 0.5 < oo < 0.99.

Let us now comment on plausible experimental realizations of these (topological) phases via
tuning the e-ph interaction strength A.,;. By engineering the uniaxial [393] and biaxial [394]
strain effects in graphene-like hexagonal lattices, the strength of the e-ph coupling can be sub-
stantially enhanced which may show up in resonance and phonon softening effects of the optical
phonon modes in the Raman spectroscopy experiments [395, 396]. In analogy to the substrate
effects in graphene, similar mechanism to induce the effect of e-ph coupling in the «-T3 lattice
is possible via mounting it on a hexagonal boron nitride (h-BN) or SiOy substrate where the
surface optical phonons can interact with the electrons giving rise to polaronic effects [397] that

eventually impact the topological bandstructure and transport signatures [398].

7.8 Summary

To conclude, we study the effects of e-ph interaction to induce TPT in a pseudospin-1 fermionic
system on an «-13 lattice. We formulate our model Hamiltonian in the spirit of the Kane-
Mele model modified by the Holstein term accounting for the e-ph interaction and also include

the effects of RSOC. The Lang-Firsov approach is employed to obtain the effective electronic
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Hamiltonian, which is used later on throughout the study to compute the spectral and topolog-
ical properties. As we tune the e-ph coupling, the system shows a topological-trivial insulator
transition for 0 < o < 0.5 and a trivial-topological-trivial transition for 0.54 < a < 1.0 asso-
ciated with an S M -topological-trivial transition for 0.51 < « < 0.54. The formation of these
topologically distinct phases is accompanied by bulk gap closing transitions at critical e-ph cou-
pling strengths, namely A., A.,, and A.,. Nevertheless, there exists a gap in the bulk spectra
below (topological) and above (trivial) A, for 0 < a < 0.5, while for 0.54 < « < 1.0, the
same sustains in Agpp < A¢, (trivial), Ae; < Agpp < A, (topological), and Acpp, > Ac, (trivial)
regimes, whereas it provides similar scenarios for 0.51 < a < 0.54 in the last two regimes of
Aeph- Hence, apart from executing a TPT, the e-ph interaction has been able to generate topo-
logically nontrivial phases in the \.; < Acpp < Ac, regime for intermediate to higher range of
a (0.5 < a < 1.0), which are already present for lower range of a (0 < o < 0.5) in the ab-
sence of e-ph coupling. These nontrivial phases induced by polarons are the QSH phases of an
a-Tj lattice protected by TRS. The signature of the topological (trivial) phase is assured by the
emergence (disappearance) of the QSH helical edge modes characterized by a non-zero (zero)
Zs invariant (or equivalently an odd/even number of crossings in HWCCs evolving through the
half-BZ). Finally, we summarize our findings for TPT in the form of a phase diagram which
certifies that an a-T% lattice hosts QSH phases and relative transitions caused solely by the e-ph

coupling.
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Chapter 8

Conclusions and Future Prospects

8.1 Summary of the Chapters

Studies of physical properties of different systems have been drawing a wide attention in the
Condensed matter community due to their possible future applications in fabricating nano-
electronics devices. Since the discovery of graphene (pseudospin-1/2) in 2004, the fermions
which can be governed by the relativistic Dirac-Weyl Hamiltonian with much lower velocity
gained a lot of attention due to its unconventional electronic properties. On the other hand,
higher pseudospin fermions which may be paraphrased as multi-band systems are found to have
similar space group symmetry of the honeycomb structure and hence possess similar behaviour
as that of graphene. One of such pseudospin-1 2D material is known as a-73 lattice, which
can interpolate between graphene and the dice limits at the two extreme cases, namely, O and 1.
Further, the study of topological properties in systems has been a fascinating area of research
among the scientific community. It all started with the discovery of quantum Hall effect in elec-
tron gas and hence in graphene and its derivatives. However, gained importance after Haldane’s
groundbreaking work on a complex and chiral next neighbour hopping inducing topological
phases in the honeycomb lattice without an external magnetic field. The spin-orbit coupling
(SOC) is the main ingredient here to produce their own magnetic fields through internal interac-

tions between the spin and orbital degrees of freedom. In 2D materials due to the confinement
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of the electrons within a layer thereby violating the inversion symmetry, the SOC plays a signif-
icant role. Additionally, in such a 2D scenario, the Rashba spin-orbit coupling (RSOC) becomes
salient and hence cannot be ignored. The ability to tune the strength of RSOC using an external
field provides an additional boost to the exploration of tunable spintronic devices. Motivated
by above we have extensively studied transport and topological properties of a-73 ring and rib-
bon systems respectively in presence of an external magnetic field that threads the plane of the
ring perpendicularly (for transport properties) and the spin-orbit couplings (for transport and
topological properties). An elaborate introduction is enclosed in the first chapter where various
ingredients of the thesis and topological invariants to characterize the topological phase have
been included. It also shows a detailed explanation of the method to compute those invariants

and the calculation of Hall conductivity.

In the second chapter, we have studied the electronic properties of a quantum ring (QR) build
from a sheet of an a-T3 lattice. With the help of proper coordinate mapping onto a ring geom-
etry we solve its spectral properties in absence and presence of an external magnetic field. In
the absence of an external field, the energy spectra consist of conduction band (CB), valence
band (VB), and an infinitely degenerate zero energy flat band (FB), with the CB and VB being
conditionally degenerate. The degeneracy of the CB and VB very much depends on the value
of «. The inclusion of an external magnetic field hugely changes the nature of the CB and VB,
while the FB remains flat. These non-monotonicity in the energy bands leads to the generation
of persistent current, which circulates within the ring without any dissipation and exhibits quan-
tum oscillations as a function of magnetic flux with period of one flux quantum. Further, we
studied the electronic properties as well as persistent current of the massive (of the form 9.5,)

a-T5 QR, focusing particularly on the non-trivial role of the distorted flat band (dFB).

The third chapter deals with the spin-orbit coupled a-73 QR in presence of an external per-
pendicular magnetic field. In particular, we have considered effects of intrinsic (ISOC) as well
as Rashba spin-orbit couplings (RSOC) that may both be inherent to two dimensional quantum
structures and yield interesting transport consequences. Further, it is noted that the flat bands
demonstrate dispersive behavior, and hence is able to contribute to the transport properties only
for finite ISOC. Moreover, the RSOC yields spin-split bands, thereby contributing to the spin-
resolved currents. The charge and the spin-polarized persistent currents are hence computed
which exhibit oscillatory behaviour as a function of the magnetic flux with a period equal to the
flux quantum, as they should be; although they now depend upon the SOC parameters. Inter-
estingly, the ISOC distorts the current profiles, owing to the distribution of the flat band caused

by it, whereas RSOC alone preserves the flat band and hence a perfect periodicity of the current
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characteristic is maintained. Further, we have explored the role played by the parameter o in

our entire analyse.

In the fourth chapter, we investigate the effect of a topological defect, such as a screw dislo-
cation in an a-73 QR and scrutinized the cumulative effects of an external transverse magnetic
field and Rashba spin-orbit coupling therein. The screw dislocation yields an effective flux
which reshapes the periodic oscillations in the persistent current in both charge and spin sectors.
Moreover, they suffer a phase shift that is proportional to the degree of the dislocation, and in-
clude scattering effects due to the dislocation present in the system. Such tunable oscillation of
the spin persistent current again highlights applications of our system in presence of a topolog-
ical defect as potential spintronic devices. Additionally, the presence of the screw dislocation
induces a chirality effect, giving rise to an additional chiral current even without of an exter-
nal field, suggesting two spin currents moving in opposite direction within the ring. The chiral

current may hold important applications to spintronics.

In the fifth chapter, the study focuses on the a-T5 lattice configured as a Corbino disk, exploring
its behavior under magnetic flux and its demonstration as a prototype of quantum Hall bar at
low temperatures. Analytical solutions to the stationary Dirac equation were derived, enabling
the determination of the electron transmission probability with angular momentum through the
disk. Key physical quantities, such as conductance and the Fano factor were computed. The
results indicate that conductance oscillates periodically with the magnetic flux, influenced by
parameters such as the doping level and the ratio of the inner and outer radii, with notable
sensitivity to these parameters. Additionally, conductance oscillations are more pronounced
away from the charge-neutrality point (high doping), highlighting the significance of evanescent
waves in the electron transport phenomena. The Fano factor shows differing behaviors for o < 1
and o = 1 (dice), indicating a shift from Poissonian to pseudo-diffusive transport as doping
increases for & < 1, while it transitions from ballistic to pseudo-diffusive for « = 1 at high

doping.

The next chapter, that is, sixth chapter is based on the electron-phonon (e-ph) coupled a-T3
lattice, incorporating the Haldane term and distinct onsite potentials for different sublattices.
We specifically focus on the topological properties, that is, the evolution of the electronic band
properties and hence the topological characteristics associated with them. By considering the
non-adiabatic high frequency longitudinal optical phonon, we achieve tunable dispersion be-
haviour. In our study, we observe a topological phase transition from a Chern insulating regime
to a trivial insulating phase as the strength of the e-ph coupling is tuned beyond a certain critical
value. Additionally, we investigate the evolution of the Berry curvature, which supports our

observed phase transition induced solely by the e-ph coupling. Furthermore, we have explored
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the behavior of the edge modes, which are localized states at the edges of the nanoribbon. Our
findings indicate the existence of chiral edge modes as long as the non-trivial phase is main-
tained. Finally, our calculations of anomalous Hall conductivity demonstrate the existence of
quantized plateaus, although narrow, below the critical e-ph coupling limit. The subsequent

complete vanishing of these plateaus further supports the observed topological phase transition.

Finally, we focus on the other class of topological insulators, specifically the quantum spin
Hall (QSH) insulators. In the seventh chapter, we explored the topological properties of these
spin Hall insulators using the electron-phonon (e-ph) coupled Kane-Mele model on the a-T5
lattice. Our analysis of the spin-resolved band dispersions revealed a band closing phenomenon
at specific points in the Brillouin zone. In this context, the Chern number is zero due to time-
reversal symmetry. We calculated the Zs topological invariant by examining the evolution of
the hybrid Wannier charge center, which appropriately characterizes the topological properties
of the system. We identified edge states in a ribbon geometry, which exhibit helical modes in the
topological phase. Although the system shows no charge Hall conductivity, it possesses a finite
spin Hall conductivity. We observed a quantized plateau at 2¢2/h for the non-trivial phase. This
plateau disappears for the trivial phase due to a phase transition occurring at Acp, = Ac. Finally,
we presented a comprehensive phase diagram that encompasses all possible phases in the o —
Aeph Plane. This demonstrates that the system undergoes a topological phase transition from a
QSH insulator to a trivial insulator at the critical e-ph coupling, supported by our computations

of the helical edge modes, the Zo invariant, and the spin Hall conductivity.

8.2 Future Prospects

There are numerous avenues for exploration in the study of thermoelectric effects such as the
Seebeck, Nernst, and Peltier effects within a-T73 ring, disk, and nanoribbon systems. The in-
fluence of the (distorted) flat band on thermoelectric and thermal transport coefficients is likely
to be of interest in future theoretical and experimental studies. Additionally, the role of optical
probes in these ring or disk geometries presents an intriguing area of research. In this context,
the vector potential of incident photons couples with the band electrons through Peierls’ cou-
pling. The scenario becomes more complex in the presence of an external magnetic field, which
causes the kinetic energy of the carriers to transform into macroscopically degenerate Landau
levels. Consequently, the magneto-optical (MO) transport properties of these systems will at-
tract considerable attention. Many fascinating MO phenomena could be discovered, including

giant Faraday rotation, gate-tunable magnetoplasmons, and non-linear transport driven by light
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radiation. Furthermore, the transport study of an a-73 quantum dot within a Josephson junction

could be a captivating area of study in the near future.

This thesis examines the zero-temperature Hall conductivity for the a-73 model. The ther-
moelectric Hall effect (transverse response) in the presence of a magnetic field presents an
interesting phenomenon. Additionally, interaction effects such as long-range and short-range
interactions can be investigated by introducing an on-site Hubbard interaction term in a Kane-
Mele model. Electron correlation effects may play a crucial role in topological phase transitions.
Moreover, the behavior of surface modes, band deformation, the effects of spin-orbit coupling,

and magnetic fields need deeper scrutiny for flat band topological insulators.

The role of spin-orbit coupling (SOC) in multi-band or flat-band systems represents an excit-
ing frontier in condensed matter physics, particularly in its potential application to spintronics
and spin-torque technologies. The unique interplay between SOC and the (dispersive) flat-band
properties in these systems may unlock new mechanisms for controlling spin dynamics, offer-
ing opportunities to design innovative devices with enhanced efficiency and functionality. This
area presents a broad spectrum of research possibilities, ranging from theoretical modeling to
experimental validation, aiming to harness the intriguing properties of flat bands for practical

applications.

Moreover, the analytic frameworks developed in this thesis for multi-band systems lay a foun-
dation for extending these studies to other complex lattices, such as the kagome lattice, kagome
rings, and ribbon structures. These systems, known for their exotic electronic properties, in-
cluding flat bands and unconventional magnetic phenomena, present an avenue for deeper ex-
ploration. Understanding the interplay of geometry, symmetry, and electronic correlations in
these lattices could provide insights into emergent phases of matter and novel quantum phenom-
ena. This line of inquiry promises to contribute significantly to the broader understanding of

multi-band systems and their applications in future quantum and nanoscale technologies.
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Appendix A

Classification of Topological Insulators

and Superconductors

Symmetry d
AZ © = 1I 1 2 3 4 5 7 8
A 0 0 0 0 Z 0 Z 0 Z 0 Z
Alll 0 0 1 Z 0 Z 0 Z 0 Z 0
Al 1 0 0 0 0 0 Z 0 Zy Zy Z
BDI 1 1 1 Z 0 0 0 Z 0 Zs Zo
D 0 1 0 Zs Y/ 0 0 0 Z 0 Zo
DIII -1 1 1 Zy Zy Z 0 0 0 Z 0
All -1 0 0 0 Zs Za Z 0 0 0 Z
Cll -1 -1 1 Z 0 Zy Zy Z 0 0 0
C 0 -1 0 0 Z Za Zo Z 0 0
CI 1 -1 1 0 0 Z 0 Zy Zo Z 0

Table A.1: The table displaying the classification of topological insulators and superconduc-
tors is outlined. The ten symmetry classes are represented using the Altland-Zirnbauer notation
[261]. This classification is influenced by time-reversal symmetry (TRS), particle-hole sym-
metry, and chiral symmetry, which are indicated by the operators ©, =, and II, respectively. A
designation of +1 indicates the presence of symmetry, while O signifies its absence; these val-
ues are derived from squaring the operators. The variable d represents the system dimension,
and the topological invariants are Z and Zo, which recur in intervals of d 4 8. This information
is sourced from Ref. [89].
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Appendix B

Justification of |J,, H| = 0

The Hamiltonian is H = hvp [(px +eAy)S: + (py + eAy)Sy] and J, = L, + S,. We shall
now compute [J,, H| = [L,, H| + [S,, H].

Now,

(L., H] = hvp [(:L’py — YPz); {1S2(pe + €Az) + Sy(py + eAy)}]

- hUF{ [(@py = ypz), Sa(pa + eAs)] } + { [(zpy — ypa), Sy(py + €Ay)] } .

Taking the first term we get,

[(lipy - yp:c)v Sx(p:c + eAx)]

= [xpyvsxpx] + [xpyaesxAx] - [ypma Sxp:z:] - [ypxaesxA:c] (B.2)

ehzBS,
— ihSup, + zeth S, '

Similarly, the second term becomes,

[(xpy - Z/Pz)v Sy(py + eAy)}

iehyB.S
= —ihSyp, + L y2 Y.

(B.3)
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Also,
[S., H]
- th [SZ7 {Sac(px + eAx) + Sy(py + eAy)}]
= hUF{ [527 Swpr] + [Sm Sypy] + [SZ, eSxAx] + [527 esypy]} (B.4)

= ith{Sypx — Sppy +eApSy — eAny}
eyBS, ea:BSx}

= ith{Sypx — Szpy — 5 5

Finally, we obtain,
[J27H} = [LZVH] + [527H]

jeheBS7 . iehyB ‘ , ichyBS:  ichzBS:
:mF{msﬂg+ — —M+%+M7Mf e y{éﬁf ie ch/éV}

=0.
(B.5)
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Appendix C

Justification of the Substitution

g0 o 1
or * 2R

The problem of the non-hermiticity of the quantum ring Hamiltonian appears when the 2D
Hamiltonian contains a term linearly proportional to the momentum. To bypass such an ambi-
guity, the substitution % — —ﬁ is necessary as mentioned earlier. However, there is a nice
argument in support of that substitution. This is based on the appropriate form of the radial

momentum operator in 2D.

Note that the operator P, = 2 is not hermitian i.e. yall # P,. Therefore, the radial momentum

operator can be written in the symmetric form,

1 1/1 1
_1 oLl 1
pr = 5(Pr+P)) 2<Tr ptp rr>. (C.1)

Let us examine the action of p, on a differentiable function of r, say, g(7). One obtains,

ih | g Ty |0 1
= -S|+ ()| = —ih| -+ o | g(r).
prg(r) 2 [87‘ + r ] M ar + 2r 9(r)
Therefore, the radial momentum operator in 2D is identified as
0 1
— —inl =+ =), 2
pe= i+ 5,) €2)

For the case of a 1D quantum ring, the radial motion is essentially frozen, that is, p, = 0.

Therefore, the substitution 8@ — —ﬁ is justified.
T
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Appendix D

Phase Shift Due to Scattering

The scattering of an electron by a screw dislocation is analogous to the scattering by an Aharanov-
Bohm flux, (8 in the quantum ring. The same is applicable to any gauge field, such as the one
that we have in our system, namely, the field arising due to the screw dislocation. Let us elabo-
rate it as follows. Consider an incident plane wave with a wave vector k propagating along the
z-direction and is parallel to the external magnetic flux. The wave undergoes a phase shift due
to the presence of the Aharonov-Bohm flux. In polar coordinates, the scattering phenomenon in

two dimensions is described by the Schrodinger equation [310-312],

[82 10

1,0
ara+rar+ﬁ(ae+iﬂ)2+k2]¢(’"):0‘ (D.1)

The general solution of Eq. (D.1) is given by,
e .
P(r) = Z ame’meJ‘erm (kr) (D.2)
m=—o00

where Jj,,4(kr) is the Bessel function. Prior to scattering, we have to match the incoming
wave (before scattering) with the incoming asymptotic polar component of the solution. Let the

incoming wave is,

[ 1 ° 4 o .
Vine ~ Z (_Z-)mezmeefzkrezmﬂ’ﬂezﬂ'/ll. (D.3)
2nkr  —~

The polar component of the incoming wave which is useful for our purpose, is given by,

oo
(wmc)@ ~1/3 1k: Z 1, €0 ¢TIk il MBI/ 2 i /4 B0 (D.4)
wkr
m——
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where 6y, is the angle of propagation. The matching condition requires that,
A = e MABIT/2 =180k (D.5)

The same is true for the outgoing wave as well which is expressed as,

ikr

1 - _\m imb jikr ,—imn /2 —im/4 e
Pour \/%’ﬂ"m;@o( iyremietreTm BT 4 f(9) = (D.6)

Again, the polar component of the outgoing wave is,

[ 1 > A , , A
(d}out) P ~ 27rk”r Z elmae’Lk‘T6_1‘m+ﬂ‘77/26—17r/4e—1/86k . (D.7)
m=—o00

The outgoing wave is the superposition of the incoming (unscattered) wave and of the one with
a scattering amplitude f(¢). The phase shift, d,,, in the scattering is obtained by comparing the

two outgoing plane waves of Eqgs. (D.6) and (D.7) and has a form,

b=~ (1m+51 ®s8)

B in Eq. (D.8) contains the scattering effects. For the screw dislocation, we have used 5 = kn

in our calculations.
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Appendix E

Derivation of the Modified
Haldane-Holstein Hamiltonian for an

«-15 Lattice

Here we briefly derive the major steps to obtain the Hamiltonian (Eq. (7.3) of Sec. 7.2.2) mod-
ified by the e-ph coupling, employing LFT via the generator of the transformation mentioned
in Eq. (6.3). The transformed Hamiltonian in Eq. (7.2) can equivalently be expressed by the

Baker—Campbell-Hausdorff formula as,
~ 1 1
H = e'He R =H+ R H]+ il (R H] + (R [R[R A + ... (BD)

Let us label the terms of Hamiltonian (6.1) as H(1), %) ... etc. for the first till the seventh term
of Hamiltonian (6.1), respectively. Now, we transform each individual term as in the following.
Combining the NN ({(...)) terms that are symbolized as H®M and H?) we can calculate the

commutator for H12) = 11 4+ 1) 4,

R,H1D)] = [)\ephch-ci(b;r —bi), [t > chey—at > c},ck/]]
i (@.3") (' k")

jl7k/

- —<1+a>t2c1ci+(s[xeph[<b§—b»—(bLg—bm)]] E2)
7,0
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and consequently the successive commutators can be obtained as,

[RRHD)) = —(1+a)t Y cleis[Xi — Xivs],
2,0

(R, [R, [R,HID)) = —(1+ o)t Y elers[Xi — Xigs)”.
,0

(E.3)

where X; = )\eph(bg — b;) and ¢ is the NN index, that is, j = i + d. Therefore, collecting terms
in Eq. (E.2) and Eq. (E.3) and using Eq. (E.1) the NN terms are transformed as,

1

- 1
HID = —(1+a)t) cleirs [1 + X0 = Xips] + 51X — Xits]” + T Xivol” +
0, ’ )
= —(1+a)t c;rci_H; elXi—Xivs] (E.4)
0

The NNN (({...))) Haldane terms denoted by H(®) and H(*) can be transformed in a similar
fashion with the NNN index, 7 as,

?:[(34) — ,(1 + a)g:\/g Z CICi+n e[Xi—Xi+?7]ei¢i,i+n’ (E.5)
2]

while the onsite mass term, 7—[(5)(5 > ; c;rM S, ¢;) remains unchanged by the transformation,
that is,

HO =" clMS.c;. (E.6)

The phonon energy, 76 (= hwo 3", bl-t b;) and the e-ph interaction term, H(7 (= Aepnfiwo > c;r Ci (bZT+

b;)) can respectively be transformed by Eq. (E.1) as,

2

HO = hwy Y [b;rbz- — Aepnclei(b] +b;) + Azphcjci] : (E.7)

A0 = 3 el 0] +0) - 2\l (E8)

where in Eqs. (E.7) and (E.8), we have used the identity, namely n? = ni(= c;[c,-) for the

fermionic number operator. Hence, performing a sum of Eqs. (E.4)-(E.8), we obtain Eq. (7.3).
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