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Abstract

The main theme of the thesis revolves around pseudospectra of matrix pencils and matrix
polynomials and their applications in perturbation theory.

More specifically, first, we develop a general framework for defining and analyzing
pseudospectra of matrix pencils and matrix polynomials. The framework so developed
unifies various definitions of pseudospectra of matrix pencils proposed in the litera-
ture. We dispel the perception that there are many nonequivalent ways of defining
pseudospectra of matrix pencils/polynomials and put the analysis of pseudospectra of
matrix pencils/polynomials on the same footing as that of matrices.

Second, we analyze various properties of backward error functions associated with
matrix pencils/polynomials. We introduce a notion of critical points of backward er-
ror functions and show that a critical point is a multiple eigenvalue of an appropri-
ately perturbed pencil /polynomial. We now show that common boundary points of the
components of pseudospectra of a matrix pencil/polynomial are critical points. We
show that a minimal critical point can be read off from the pseudospectra of ma-
trix pencils/polynomials. Hence a solution of Wilkinson’s problem for matrix pen-
cils/polynomials can be read off from the pseudospectra of matrix pencils/polynomials.
Given a diagonal pencil with distinct eigenvalues, we provide a simple procedure for the
construction of nearest defective pencils.

Third, we provide various pseudospectra inclusions for matrix pencils and show that
pseudospectra inclusions can be gainfully used for analyzing stability of eigendecompo-
sitions. We introduce analogues of various notions of separation of matrices to the case
of matrix pencils and show their utility in analyzing stability of eigendecompositions.
We show that the separations such as sep,sep, and gsep can be defined and analyzed
on the same lines as that of matrices.

Fourth, we present a general framework for the sensitivity analysis of eigenvalues of
matrix pencils and matrix polynomials. We lay bare the big picture that lies behind

the notion of sensitivity of eigenvalues of matrix pencils/polynomials. We show that
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our treatment unifies various measures of sensitivity of simple eigenvalues of matrix

pencils/polynomials proposed in the literature.

TH-0557_02612304



Contents

List of Figures viii
List of Tables ix
1 Introduction 1
1.1 Introductjdul . . . .00 . NN . . . . . . . W A L L 1
1.2 Prelimigliries . /S . TN . . . . . . . . W VL 3
1.2.1 [ Generalized eigenvalue problem| . .come. . . . . . o0 T L )
1.2.2  Polynomial eigenvalue problem . . . . .. ... ... ... . ... 8
1.2.3 Subharmonic functions . . . . . . . ... ... ... 11

2 On pseudospectra, critical points and multiple eigenvalues of matrix
pencils 13
2.1 “Intro@ilict1ofNGG———— . . [ . (. . . . . . 13
2.2 Prelimiparies . . . . . 0 . S0 oo L e e e 15
2.3 A framework for pseudospectra of matrix pencils . . . . . ... ... ... 17
2.4 Critical points and multiple eigenvalues . . . . . . .. .. .. ... ... . 24
2.5 Wilkinson’s problem for matrix pencils . . . . . .. ... ... 33
2.6  Diagonal Deficils| . e . . . . . . . . . e gy L L. ... L. 36

3 On pseudospectra, critical points and multiple eigenvalues of matrix
polynomials 47
3.1 Introduction . . . . . . . ... 47
3.2 Preliminaries . . . . . . . . . . .. 48
3.3 A framework for pseudospectra of matrix polynomials . . . . . . . . . .. 49
3.4  Properties of pseudospectra of polynomial . . . . ... ... ... .. .. 55
3.5 Critical points and multiple eigenvalues . . . . . . . ... ... ... ... 59
3.6  Wilkinson’s problem for matrix polynomials . . . . . ... ... ... .. 71

4 Pseudospectra inclusions, stability of eigendecompositions and separa-
tion of matrix pencils 73

TH-0557_02612304

Vil



4.1 Introduction/ . . . . . . . . ...
4.2 Localization of pseudospectra of matrix pencils . . . . . . . . ... ...
4.3 Separation of pencils . . . . ... ... Lo L
4.4 Geometric separation and stable eigendecompositions . . . . .. . .. ..
4.5 Lower bounds of geometric separation . . . . . . . . .. ... ... .. ..

4.6 Numerical examples/. . . . . . . ... ... L

5 Sensitivity Analysis of Eigenvalues
o.1 Introduction . . . . . . . . ..
0.2 Preliminaries .-#4% 4.5 0 TRV 0 b P oo oo
5.3 Condition Number| . . . . . . . . . .. . . oo
5.4 Sensitivity of simple eigenvalues of a matrix . . . . ... ... ... ...
5.5 Sensitivity of simple eigenvalues of matrix pencils . . . . .. ... .. ..

5.6  Sensitivity of simple eigenvalues of matrix polynomials . . . . . . . . ..

References

TH-0557_02612304

viii

73
74
83
90
96
97

100
100
103
105
107
109
112

119



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

4.1
4.2

4.3

TH-0557_02612304

Contour plot of A.(L) showing that the components containing Ay and s
coalesce for.e =3 8OFIRC10~F 4N, | 0 Blepm . oL
The left and right figures show coalescence of components of A (L) cor-
responding to the pencil given in (a) and (b), respectively. . . . . . . ..
Contour plots of A.(L). The components coalesce at z, for € := 0.145278.
For € := 0.145278, A (L) is multiply connected and consists of entire
complex plane except for the shaded region.| . . . . . . .. ... .. ...
Surface plot of the map (z,y) — n(x + iy, L) showing the evolution of
components of A((L)f . . . oo oo oL 0L n el
Plot of A.(L) on the Riemann sphere S for the pencil L given in Exam-
ple 2.6.10 showing the coalescence of components. . . . . . .. . .. ...

Plot of A.(L) on S showing coalescence of components.| . . . . .. .. ..

Contour plot of A.(L) showing coalescence of components. . . . . . . ..
Plot (a) shows that the components of A, (L) coalesce for € = 4.6266 x 10~
giving gsep = 4.6266 x 10~°. Plot (b) shows that the components coalesce
for e = 4.2765 x 10~ giving gsep = 4.2765 x 10™°. . . . . . . ... ...
Plot (a) shows that the components of A (L) coalesce for € = 4.4139 x 10~
giving gsep = 4.4139 x 10~°. Plot (b) shows that the components coalesce
for € = 5.1642 x 10™° giving sep, = 5.1642 x 107>, . . . . . . ... ...

ix

46



List of Tables

4.1 The table gives values of gsep and various lower bounds for the pencils
given in Examples 4.6.1,14.6.2 and 4.6.3. . . . . .. . ... ... ..

TH-0557_02612304



Chapter 1

Introduction

1.1 Introduction

Eigenvalue problems for matrix pencils and matrix polynomials, respectively, are com-
monly referred to as generalized and polynomial eigenvalue problems. The generalized
and polynomial eigenvalue problems occur in many scientific applications (see, for exam-
ple, [32], 135, 28, 29, 306, 45| 14] and the references therein). The sensitivity and perturba-
tion analysis of generalized and polynomial eigenvalue problems play an important role
in the accuracy assessment of approximate solutions of these problems and their impli-
cations in the numerical simulation of the underlying scientific problems. Pseudospectra
provide a powerful framework for numerical analysis of scientific problems that crucially
depend on solution of eigenvalue problems (see, [47] and the references therein).

Sensitivity and perturbation analysis of generalized as well as polynomial eigenvalue
problems have been studied extensively over the years [40, 43, 16} 42, 39, 17, 26, 46, 18|
14]. The pseudospectra of matrices have been studied extensively covering both the the-
ory as well as the applications (see, for example, [47, 2, 3,21]). Similarly, the pseudospec-
tra of matrix pencils and matrix polynomials have been studied covering theoretical as
well as practical aspects (see, for example, [38, 22, (19, 30, 45, 25, 20, 10, 11), 31), 147, 12]).
However, the theoretical framework for defining and analyzing pseudospectra of matrix
pencils/polynomials is not as developed as their matrix counterpart. For example, sev-
eral pseudospectra, that is, several nonequivalent definitions of pseudospectra of matrix
pencils have been proposed in the literature over the years [38, 22) [19, 130, 45, 25, 20,
10, 11, 47]. In fact, there is a perception that, unlike the pseudospectra of matrices,
there are several ways one could define pseudospectra of matrix pencils and matrix
polynomials. So, one may ask: How do these pseudospectra differ from one another? Is
it possible to develop a theoretical framework for pseudospectra of matrix pencils and
matrix polynomials on the same lines as that of matrices?

The main theme of this thesis revolves around pseudospectra of matrix pencils and

matrix polynomials. First, we develop a general theoretical framework for defining and
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analyzing pseudospectra of matrix pencils/polynomials. We show that our framework
not only demystifies the definition of pseudospectra of matrix pencils/polynomials but
also unifies various pseudospectra proposed in the literature. Our theoretical framework
for pseudospectra of matrix pencils/polynomials parallels that of the matrices. Thus
we show that the pseudospectra of matrix pencils/polynomials are defined as uniquely
as their matrix counterpart.The crux of the matter is that we equip the space of pen-
cils/polynomials with a norm and define pseudospectra in the abstract setting of Banach
spaces of pencils/polynomials and show that various pseudospectra proposed in the liter-
ature correspond to appropriate choices of the norm on the space of pencils/polynomials.

Next, with a view to analyzing properties of pseudospectra, we analyze various prop-
erties of backward error functions associated with matrix pencils/polynomials. We an-
alyze the level curves of backward error functions and boundaries of pseudospectra.
Specially, we analyze the evolution of pseudospectra components and study their points
of coalescence. To that end, we introduce a notion of generic and nongeneric critical
points of the backward error functions. We show that a generic/nongeneric critical point
is a multiple eigenvalue of an appropriately perturbed pencil/polynomial. We now show
that common boundary points of the components of pseudospectra of a matrix pen-
cil/polynomial are critical points. We show that points of coalesce of pseudospectra
components are in fact critical points of the associated backward error function. Hence
we show that a minimal critical point, that is, the critical point at which the associated
backward error function has the smallest value among all the critical points, can be read
off from the pseudospectra of matrix pencils/polynomials. The consequence of having
a minimal critical point is that it provides a solution to Wilkinson’s problem for ma-
trix pencils/polynomials. Given a regular matrix pencil/polynimial L having distinct

eigenvalues, let
d(L) := inf{||AL|| : L + AL has a multiple eigenvalue},

where ||| is a norm on the space of pencils/polynomials. Then determining d(L) and a
pencil/polynomial AL such that that L+AL has a multiple eigenvalue and d(L) = ||AL||
is widely known as Wilkinson’s problem. We provide a general scheme for constructing
AL so that L + AL has a specified eigenvalue. Then we show that a minimal critical
point is a multiple eigenvalue of the pencil/polynomial L+ AL. This is how we construct
a solution to Wilkinson’s problem.

Pseudospectra inclusions provide a powerful geometric framework for perturbation
analysis of eigenvalues and eigendecompositions of matrices [3]. With a view to analyz-
ing perturbation of eigenvalues and eigendecompositions of matrix pencils, we develop a
general framework for obtaining pseudospectra inclusions for matrix pencils. Indeed, we

obtain various pseudospectra inclusions for matrix pencils and show that pseudospectra
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inclusions can be gainfully used for analyzing stability of eigendecompositions. Next, var-
ious notions of separation of matrices such as sep, sep, and gsep have been introduced in
the literature for analyzing stability of eigendecompositions of matrices [40), 43, 48], 15] 13].
We develop a theoretical framework for defining various notions of separation of matrix
pencils. We define analogues of various notions of separation of matrices to the case
of matrix pencils. We show that the framework so developed for defining and analyz-
ing separation of matrix pencils parallels that of the matrices. We analyze stability of
eigendecompositions of matrix pencils. We characterize stability of eigendecompositions
of matrix pencils and show that separations of matrix pencils play an important role in
obtaining sufficient condition for stability of eigendecompositions.

Finally, we consider the issue of sensitivity of eigenvalues of matrix pencils and
matrix polynomials. Like the pseudospectra, several measures of sensitivity of eigen-
values of matrix pencils and matrix polynomials have been proposed in the litera-
ture [40, [43], 142,139, 17, 26, 46, 36, 18]. We show that the theoretical framework developed
for analyzing pseudospectra of matrix pencils/polynomials is also a natural framework
for analyzing sensitivity of eigenvalues of matrix pencils/polynomials. We define a gen-
eral measure of sensitivity of eigenvalues which unify various measures of sensitivity
of eigenvalues proposed in the literature. Most importantly, we analyze the geometry
of ill-conditioning of eigenvalues of matrix pencils/polynomials. We show that for each
simple eigenvalue of a matrix pencils/polynomials there is a dual pencil /polynomial that
determines the sensitivity of the eigenvalue. Indeed, we provide a whole new perspective
to understanding sensitivity analysis of eigenvalues of matrix pencils/polynomials.

For simplicity of presentation, first we analyze matrix pencils and then matrix polyno-
mials. Our theoretical framework for pseudospectra, critical points, multiple eigenvalues
and Wilkinson’s problem for matrix pencils are presented in Chapter-2. The analogues
of these results for matrix polynomials are presented in Chapter-3. Pseudospectra in-
clusions, stability analysis of eigendecompositions and analysis of various notions of
separation of matrix pencils are presented in Chapter-4. Finally, sensitivity analysis of

eigenvalues of matrix pencils and matrix polynomials are presented in Chapter-5.

1.2 Preliminaries

We use standard notation such as C" and C™*" to denote the vector space of n-tuples
(x1,...,2,),2; € C, and the vector space of m-by-n matrices with real or complex
entries. Given a matrix A € C"*", we denote the spectrum of A by A(A) which is given
by

A(A) :={X € C:rank(A — \I) < n}.

TH-0557_02612304 3



Let A € A(A). Then there are nonzero vectors x € C" and y € C" such that Az = \x
and y*A = A\y*. We say that z is a right eigenvector and y is a left eigenvector of
A corresponding to A. For convenience, we say that (A, y,x) is an eigentriple of A if
A € A(A) and y and z, respectively, are left and right eigenvectors of A corresponding
to A.

Let N(A) denote the null space of A, that is, N(A) := {x € C" : Az = 0}. We denote
the dimension of N(A) by dim N(A). Let A € A(A). Then g(\) := dim N(A — XI) is
called the geometric multiplicity of A and m(X) := dim N((A — AI)") is called the
algebraic multiplicity of A. If m(\) = 1 then A is said to be a simple eigenvalue of A.
If g(A\) = m(A) then A is said to be semi-simple. If m()\) > g(\) then A is said to be
defective.

The singular value decomposition (SVD) of a matrix A € C™*" is given by A =
UXV*, where U € C™*™ and V € C™*" are unitary and > € C"™*" is a diagonal matrix
with nonnegative diagonal entries (appear in descending order of magnitude). We denote
the smallest singular value of a matrix A € C"*" by oyin(A).

Let p:= (p1,...,pn)T € RY and A(p) € C™*". Suppose that o(p) is a singular value
of A(p). Then there exists unit right and left singular vectors v(p) € C™ and u(p) € C™,

respectively, such that A(p)v(p) = a(p)u(p), (A(p)) u(p) = a(p)uv(p).

Theorem 1.2.1. [/4] Let p € RY and A(p) € C™*™. Suppose that Re[A(p)] and Im[A(p)]
are real analytic matriz valued functions of p in some neighborhood B(0) of the origin.
Let o be a simple nonzero singular value of A(0) with associated unit right and left
singular vectors v € C" and u € C™, respectively. Then there exists a simple nonzero
singular value o(p) of A(p) which is a real analytic function of p in a neighborhood N'(0)
of the origin such that o(0) = o and

Gg;f) . [u* ((’)glzf))poy} .

We now briefly consider vector and matrix norms to be used in the subsequent

development.
Definition 1.2.2. A function ||-|| : C* — R is said to be norm on C*(or a vector norm)
if || - || satisfies the following conditions:

e [z =0 2=0.
o ||azx| = |al||z|| for « € C and x € C™.
o llz+yl <llzll +llyll for =,y € C™.
Let || - || be a norm C". Define || - || : C* — R by
[yll« == sup{[y"2| : x € C", [lx]| = 1},

TH-0557_02612304 A



Then it is easy to see that || - ||. is a norm and is called the dual norm of the norm || - ||.
It follows that for z,y € C", we have |y*z| < ||z| [|y]]+.
For 1 < p < oo, the Holder’s p-norm on C”" is given by

x|, := (2?21 |l2,;|P)V/P, for 1 < p < oo,
' maXlSjgn "%]’7 fOr p = OO.

It is easy to see that || - ||, is dual norm of || - ||,, where p~' + ¢! = 1.

For w := (wy,...,w,) € R" and = := (z1,...,x,) € C", we define

[ ]lwp = [[(wrzs, - wn) |-

Then || - |lw, is a seminorm on C". It follows that || - ||, defines a norm if and only if

each components of w is nonzero.

Now we consider matrix norm, that is, norm on C"*". Let ||-|| be norm on C". Define
I € — R by
[A[]:= sup{|[[Az] - & € C, |[z[| = 1}.
Then | - || is a norm on C™*™ and is referred to as induced operator norm or the subor-
dinate norm. The subordinate norm induced by the 2-norm || - ||, on C" is referred to

as the spectral norm or the 2-norm on C"*". We denote the spectral norm on C"*" by
|| - [|2. Thus

|All2 := max ||Az]|s.
[|lz|l2=1

The Frobenius norm on C™*™ is denoted by ||- || » and is given by || A||r := (traceA* A)'/2,

The spectral and the Frobenius norms have the following useful properties
o [|Uz]ly = |lzll2 if UU = I,
o [UAV*|lor = |Allor HUU =1 =V*V
o [[AB|2r < [|All2pl Bll2.r,

where U* denotes the conjugate transpose of U.

1.2.1 Generalized eigenvalue problem

Let A € C"*" and B € C™™. Then L(z) := A — 2B is commonly referred to as matrix
pencil and the eigenvalue problem Az = ABz, that is, L(A)z = 0, is called a generalized
eigenvalue problem. We consider both homogeneous and nonhomogeneous n-by-n pencils
of the form L(ec,s) :== ¢cA — sB and L(z) := A — zB. So, a pencil L is a linear (resp.,
affine) map from C? (resp., C) to C*™". We denote the set of n-by-n matrix pencils
(either homogeneous or nonhomogeneous) by L(C™ ™). A pencil L € L(C"*") is said to
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be regular if det(L(\)) # 0 for some A € C. The spectrum of a regular nonhomogeneous
pencil L, denoted by A(L), is given by

A(L) = {A € C: det(L()\)) = 0}

Let A € A(L). Then there exists nonzero u,v € C" such that L(A)v = 0 and «*L(\) = 0,
where u* denotes the conjugate transpose of u. The vectors u and v are called left and
right eigenvectors, respectively, of L corresponding to A. We refer to (A, u,v) as an
eigentriple of L. Note that if L(A\)v; = 0 and L(A2)ve = 0 with A; # Ay then v; and
v are linearly independent. It is possible for L to have an infinite eigenvalue which
is not included in A(L). However, the case of an infinite eigenvalue can be resolved by
considering A(L) as a subset of C, := C U {o0}, the one-point compactification of C,
and putting oo in A(L) whenever det(B) = 0.

A more convenient setup to deal with an infinite eigenvalue is to consider the ho-
mogeneous pencils L. Thus, when L is homogenous, that is L(c,s) := cA — sB, the

spectrum A(L) is given by
A(L) := {(c,5) € C*: (c,s) # 0 and det(L(c, s)) = 0}.

An infinite eigenvalue of L, if any, is then represented by (0, 1). Normalizing (¢, s) € A(L)
as |c|?+|s|? = 1, we often identify A(L) as a subset of the unit sphere S' := {(c,s) € C*:
lc|*+|s|> = 1}. However, for computational purposes, further restricting ¢ to be real, s to
be complex and with the normalization ¢®+|s|*> = 1, the spectrum A(L) can be identified
with a subset of the Riemann sphere S := {(z,y,2) € R : [x]*+ |y|*+ |2|> = 1}. In such

a case, an infinite eigenvalue of L is represented by the north pole (0,0, 1) of S.

Definition 1.2.3. Consider a pencil L(z) := A — zB. For nonsingular matrices X and
Y, let A=Y*AX and B = Y*BX. Then the pencil A— zB is called equivalent to A—zB
and, X andY are called equivalent transformations. Further, if (A, y,x) is an eigentriple
of A— 2B then (\,Y 1y, X~'x) is an eigentriple of A— \B.

A regular pencil L(z) := A—2zB is said to be diagonalizable if there exists nonsingular
matrices X and Y such that Y*AX = diag(«;) and Y*BX = diag(3;), where diag(«;)
is the diagonal matrix with diagonal entries aq,...,a, (may or may not be distinct).
In such a case (a/f;,Ye;, Xe;) is an eigentriple of L, where e; is the i-th column of
the identity matrix I € C"*™. By convention, «;/3; = oo when a; # 0 and §; = 0.
Hence 3B; = 0, if any, corresponds to infinite eigenvalues of L. Now, by considering
the homogeneous pencil L(c,s) = cA — sB, we see that (f3;,«;) is an eigenvalue of L
and hence ((0;, «;),Ye;, X;) is a homogeneous eigentriple of L, that is, eigentriple of
the homogeneous pencil L(c,s) = cA — sB. If a pencil L € L(C"*") has n distinct

eigenvalues then it has n-independent eigenvectors and hence is diagonalizable [§].
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Definition 1.2.4. A regular pencil L € L(C™™) is said to be simple if it has n distinct

eigenvalues.

Let L € L(C™ ™) be a regular pencil given by L(z) = A — zB. Suppose that B is
nonsingular and that L has n linearly independent eigenvectors. Let v; be an eigenvector
of L corresponding to an eigenvalue \;, that is, L()\;)v; = 0. Set V' := [vy,v9,...,0y]
and diag()\;) := diag(A1, A2, ..., An). Then we have AV = [\ Bvy, \oBua, ..., A\, Bu,] =
BVdiag()\;). This shows that (BV) 1AV = diag()\;). Setting U = ((BV)~!)*, we have
U*BV =1 and U*AV = diag()\;). Let u; := Ue;. Then it follows that (\;, u;,v;) is an
eigentriple of L such that

U:AU]‘ = 5@])‘1 and U,:BUJ' == 6ij

where 6;; = 0 if 7 # j. It follows that

Liz)'=Y Z“_“A (1.1)

i=1
If the matrices A and B are real symmetric then the left and right eigenvectors are the
same.

We say that a regular pencil L € L(C"*") is defective if it has fewer than n linearly
independent eigenvectors. Obviously, a defective pencil is not diagonalizable. However,
there are invertible matrices X and Y such that we have the Kronecker Cannonical Form
(KCF)

Y 'L(A)X = diag(J — M, I — AN),
where J — A\ = diag(J; — AL;), I — AN = diag(l; — AN;),
Aot 0 1
4y and N;=| =
a1 P
by 0

The block N; corresponds to an infinite eigenvalue of multiplicity k;, where k; is the size
of N;.

A pair of subspaces X and ) is called deflating subspaces of L if ) = AX — BX
and rank())) = rank(X). They are generalization of invariant subspace for the standard
eigenvalue problem A — AI. Note that ) is an invariant subspace of Aif Y =AY — Y
that is AY C ).

The generalized Schur decomposition of matrix pencils are computationally more
useful than (KCF). Given a regular matrix pencil L € L(C™*"), there exists unitary
matrices U and V' and upper triangular matrices S and 7" such that the Schur decom-
position

L(z)=U"(S -1V
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holds. Computation of Schur decomposition of a matrix pencil is a well-posed problem
and can be computed stably. An important fact is that we can always choose a Schur

decomposition of L satisfying

Ll L12

ULV:{O L

] and A(Ly) NA(Ly) =0,
where the pencils L; and Ly are in Schur upper triangular form. A decomposition of L
of the form

L O

-1 "y
Y LX—[O L,

is called an eigendecomposition of L. Equivalently, an eigendecomposition of L can be

specified by a disjoint partition of the spectrum A(L).

1.2.2 Polynomial eigenvalue problem

m

Consider a matrix polynomial of degree m given by L(z) := Y " 2'A;, where A; €
C™*™. Then the eigenvalue problem L(\)z = 0 is referred to as a polynomial eigenvalue
problem. We consider both homogeneous and nonhomogeneous polynomials of the form
L(c,s) ==Y it ™ 's'A; and L(z) == > 1" 2*A;, where A; € C™" for ¢ = 0,1,...,m.
We denote the set of n-by-p matrix polynomials of degree < m (either homogeneous or
nonhomogeneous) by L,,(C"*P).

A matrix polynomial L € IL,,,(C™*") is said to be regular if det(L(\)) # 0 for some
A € C. The spectrum of a regular nonhomogeneous polynomial L, denoted by A(L), is
given by

A(L) :={)\ € C: det(L(\)) = 0}.

It is possible for L to have an infinite eigenvalue. However, the case of an infinite
eigenvalue can be resolved by considering A(L) as a subset of C,, := C U {oc}, the
one-point compactification of C, and adding oo to A(L) whenever det(A,,) = 0, where
L(z) :=>1",2"A;.

A more convenient setup to deal with an infinite eigenvalue is to consider the homo-
geneous form of the polynomial L. Thus, when L is homogenous, the spectrum A(L) is
given by

A(L) := {(c,5) € C*: (c,s) # 0 and det(L(c, s)) = 0}.

An infinite eigenvalue of L, if any, is then represented by (0,1). As in the case of matrix
pencils, normalizing (¢, s) € A(L) as |c[*+ |s|* = 1, we often identify A(L) as a subset of
the unit sphere S' := {(c, s) € C?: |c|*+ |s|* = 1}. Further, for computational purposes,
restricting ¢ to be real, s to be complex and with the normalization ¢* + |s|?> = 1, the

spectrum A(L) can identified with a subset of the Riemann sphere S := {(z,y, z) € R? :
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|z|* + |y|*> + |2|*> = 1}. In such a case, an infinite eigenvalue of L is represented by the
north pole (0,0,1) of S.

Definition 1.2.5. Let Ly, Ly € L,,(C*™™) be regular matriz polynomials. Then L

and Lg are said to be equivalent if there exists unimodular matrix polynomials E, F €
L,,(C™*™) (that is, det(E(z)) and det(F(z)) are nonzero constants for all z € C) such
that Ly(z) = E(2)La(2)F(z) for all z € C.

The standard way of solving a polynomial eigenvalue problem is to linearize the
polynomial to a pencil and solve the corresponding generalized eigenvalue problem. For
a given polynomial L, there are infinitely many linearizations and they can have widely

varying eigenvalue condition numbers.

Definition 1.2.6. Let L € L,,(C"*") a matriz polynomial of degree m. Then an mn-

by-mn pencil X — 2Y is said to be a linearization of L if there exists unimodular matriz

polynomial E, F € L,,(C"*™) such that {LE)Z) I 0 ] = E(2)(X = 2Y)F(2) for all
n(m—1)
z e C.

We have the following result which will be useful for our purposes.

Theorem 1.2.7. [253] Consider the linearization Cy(z) := X — 2Y of the regular poly-

nomial L(z) := Y7 2 A;, where

[0 -1 0 Wy -1 0 O=-]

U O 0 0 —I 0
X: . . . . andY: E . .

0 9 I 0 0 I\

Ay A At ] 00 0 —Ap]

Then we have

L(z)'=[I 0 0 0] Cr(z)"' [0 0 0 ",

where T represents the transpose of the block matriz [I 00 0} e Cvmn [ e

C™*™ 4s the identity matriz and 0 € C™*™ is the zero matrix.

Let A € C™*" and B € CP*?. Then the Kronecker product of A and B denoted by
A ® B is given by the mp-by-ng block matrix

an B aimB
AR B = :

a1 B A B

Let A, B,C and D are matrices of appropriate sizes such that one can form the matrix
products AC and BD. Then we have (A® B)(C ® D) = AC ® BD.
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Theorem 1.2.8. Let L € L,,(C™™) be regular matriz polynomial given by L(z) :
Somo 2 Ap Let (N u,v) be an eigentriple of L. Set A := [1 A

the linearization Cy(z) := X — 2Y of L(z), where

[0

0

0
Ao

-1 0
0 —I
0

Ay

0 | -1 0
0 0 -1

: and Y = | :
—1I 0 0
Am—l_ | 0 O

/\m_l] T . Consider

(A1 + Mg+ -+ A" 1A4,,) u
(Ag + Az + -+ + A" 24, ) u
Set w := : . Then (A, w, A ® v) is an eigentriple of Cy,
(Am—1 + AAn)*u
u

and
wY(A®v) = —u0.L(\v,

where 0,L(X) is the derivative of L evaluated at .

Proof: We have

A -1 0 ... 0 S = ] 0]
0 AN -1 ... 0 v 0
CLA)A®v)=|0 0 X . : Mo | = |0
: : 1 —7 : :
[ Ao A1 Ay Am—1+ My _/\m_lv_ 0,
Now,
_(A1+)\A2+...+)\m—1Am)*u_ *TAI =1 0 0 i
(Ag+ Az 4+ 324, )| |0 M =T 0
w*Cp(\) = : Q™ )\ 1
(Ap1+ AAL ) u I, L —1
L & 4 "o, Vi A A1+ A
u () NA) 0]
i=0 0
(A = Ay = = AT A XA NP A+ AT AL+ AN
| ut( A=Ay = = NPT A Ay R A e AT A, Ag) |
: 0
L U*(_Am—l - /\Am + Am—l + )\Am) _ o

Hence (A, w, A®v) is an eigentriple of Cy,. Let e, be last column of the identity matrix

I € C™*™_ Then we have
CL(z)(A®I) =e, ®L(2). (1.3)

TH-0557_02612304 10



Now, differentiating (1.3) w.r.t z and evaluating at A, we have
O.CLAA) AR )+ CL(N)[(A® )] = e ® . (L(N)). (1.4)
Now, multiplying on the left by w* and on the right by v =1 ® v in (1.4), we have
—w'YARI(1®v)+wCL(\)0.(A@D|(l®v) =w" (e, ®I.LN))(1®0v).
—_——
Since w*Cr(\) = 0, we have
—wYARN1®v)=w" (e, LAN))1®v) = —-wYARv) = w'e,®I,L(\v).

Note that w*(e,, ® 0,L(A\)v) = v*0,L(X)v. This shows that —w*Y (A ® v) = v*0,L(\)v.

Hence the result follows. B

1.2.3 Subharmonic functions

Let z € C and r > 0. Unless otherwise stated, B(z,r) and B[z, r| will always denote the

open and closed discs of radius r centered at z, respectively. Thus
B(z,r) ={weC:|lw—z|<r}and Blz,r] :={w e C: |w—z| <r}.

Set R* := RU{—o0c}. Let U be open subset of C and D be a domain, that is, a connected
open subset of C. A function f : U — R* is said to be subharmonic on U if it is upper

semicontinuous on U and satisfies the mean inequality

2T
fla) < o= [ Fotre)
0

for all closed discs Blzo, 7] C U.

Theorem 1.2.9. (E. Vesentini, [5], pp. 52-53) Let A be complex Banach algebra.
Let f: D — A be analytic. Then z — || f(2)]| and z — log ||f(2)| are subharmonic on
D.

Theorem 1.2.10. ([5], page-174) Let U C C be open. Then we have the following.
(a) If o1 and ¢y are subharmonic on U then ¢y + ¢ is subharmonic.
(b) If ¢ is subharmonic on U and « is positive number then a.¢ is subharmonic on U.
(¢) If ¢1 and ¢y are subharmonic on U then max(¢p1, o) is subharmonic on U.

(d) If ¢ is subharmonic on U and if f is real, convex and increasing function on R

then f o ¢ is subharmonic on U.
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Theorem 1.2.11. ([5], page-175) Let ¢y and ¢ be two positive functions such that

log ¢1 and log ¢o are subharmonic on an open set U. Then log(o1 + ¢2) is subharmonic

on U.

Subharmonic functions satisfy the maximum principle.

Theorem 1.2.12. /37] (o) (Maximum principle) Let f be a subharmonic function
on D. If there exists a € D such that f(z) < f(a) for all z € D. Then f(a) = f(z) for
all z € D.

f(2)

on C. In particular, if f is subharmonic on C and is bounded above then f must be

(b) If the map f : C — R* is subharmonic and lim sup

zZ—00 1

< 0, then f is constant

constant.
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Chapter 2

On pseudospectra, critical points
and multiple eigenvalues of matrix
pencils

We develop a general framework for defining and analyzing pseudospectra of matrix
pencils. The framework so developed unifies various definitions of pseudospectra of
matrix pencils proposed in the literature. We introduce and analyze critical points of
backward errors of approximate eigenvalues of matrix pencils and show that each critical
point is a multiple eigenvalue of an appropriately perturbed pencil. Finally, we show
that common boundary points of the components of pseudospectra of a matrix pencil
are critical points. We show that a minimal critical point can be read off from the
pseudospectra of matrix pencils. Hence a solution of Wilkinson’s problem for matrix

pencils can be read off from the pseudospectra of matrix pencils.

2.1 Introduction

This chapter deals with three main issues, namely, pseudospectra of matrix pencils,
critical points of backward errors and multiple eigenvalues of matrix pencils. Given a
regular matrix pencil L(z) = A — zB, one may ask, how to define the e-pseudospectrum
of L? Pseudospectra of matrices are well known and have been studied extensively
over the years (see, [47] and the references therein). By contrast, there is a perception
that, unlike the pseudospectra of matrices, there are several (nonequivalent) ways to
define pseudospectra of matrix pencils. Indeed, various definitions of pseudospectra of
matrix pencils have been proposed in the literature over the years (see, for example, [38|
22, 19, 30, 20, 25, 45]). This raises some natural questions: In what ways all these
pseudospectra of matrix pencils differ from one another? Is it possible to put the analysis
of pseudospectra of matrix pencils on the same footing as that of matrices?

To address these questions, first, we demystify the definition of pseudospectra of ma-
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trix pencils. We develop a general framework for defining and analyzing pseudospectra
of matrix pencils. The crux of the matter is that, like the pseudospectra of matrices, the
pseudospectra of pencils are determined by the geometry of the space of pencils, that
is, by the choice of a norm on the space of pencils. Thus we endow the space of pencils

with a seminorm/norm |-|| and define the e-pseudospectrum of L by

ALy = |J AML+AL),
IAL|I<e
where A(L) is the spectrum of L. We show that various pseudospectra of matrix pencils
proposed in the literature correspond to various choices of norms on the space of pencils.
Thus we show that our framework unifies various definitions of pseudospectra of matrix
pencils considered in the literature. Consequently, we show that the pseudospectra of
matrix pencils are defined as uniquely as the pseudospectra of matrices.

Next, we consider the issue of critical points of backward errors of approximate
eigenvalues of matrix pencils. For illustration, consider a matrix A € C"*" and, for
A € C, define n(A) := omin(A — AI), where omin(A — AI) is the smallest singular value
of A — Al. Then n()\) is the backward error of A when \ is treated as an approximate
eigenvalue of A. If n(\) is simple then 7 is real analytic in a neighbourhood of A\ and
Vn(A) = —v*u, where u and v, respectively, are normalized left and right singular vectors
of A— A corresponding to n(A) [44]. Thus if A is a point of extremum of 7 then —v*u =
Vn(A) = 0. Such a A is said to be a generic critical point of 1. Consequently, defining
AA = —p(N)uv*, it follows that v and v, respectively, are left and right eigenvectors
of A+ AA corresponding to A and that ||[AA|l2 = n(\). Since u*v = 0, by a result of
Wilkinson [50], A is a multiple eigenvalue of A + AA. As rank(A+AA - X)) =n—1,
A is in fact a defective eigenvalue of A + AA. This shows that a generic critical point
A of 1 is, in fact, a defective eigenvalue of a matrix which lies on the boundary of the
n(A)-neighbourhood of A. On the other hand, when A is such that n(\) is multiple then
A is said to be a nongeneric critical point of 7. In such a case, it is easy to construct
AA such that ||[AA|l; = n(A) and X is a multiple eigenvalue of A + AA of geometric
multiplicity at least 2 (see, [2]). Thus a critical point (either generic or nongeneric) of n
is a multiple eigenvalue of a matrix whose distance from A is equal to n(\). A minimal
critical point of n, that is, a critical point at which n takes the smallest value among
all the critical points, is of special interest. When A is simple and A is a minimal critical
point of 7, then n(A) is the Wilkinson’s distance [49, 50, 2], that is, n()) is the distance
from A to the nearest matrix having a multiple eigenvalue. When A is simple, it is
shown in [2] that a minimal critical point of 1 can be read off from the pseudospectra
of A.

Our next goal is to generalize these results to the case of matrix pencils. We endow

the space of pencils with weighted Hélder’s p-norm ||-||,, (defined in section 3). Given a
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regular matrix pencil L(z) = A — 2B and A\ € C, we denote by 7, ,(), L) the backward

error of A as an approximate eigenvalue of L, that is,
Nwp(A, L) := inf{||AL||,,, : det(L(X\) + AL(\)) = 0}.

Then we show that if X is a critical point of 7, , then there exists a pencil AL such that
IAL|lwp = mwp(A, L) and that A is a multiple eigenvalue of L + AL. Indeed, when A is

a generic critical point of 7, ,, defining
AA = —ny,(A\ L) (V1H) (1, A) w* and AB := 1y, ,(A\, L) (V2 H) (1, X) uv”,

we obtain the desired pencil AL(z) := AA — zAB, where u and v, respectively, are
normalized left and right singular vectors of L(\) corresponding to the smallest singular
value omin(L(X)), H(z1,22) = [[(21,22)|lw-1,4, (V:H)(1,)) is the partial gradient of H
evaluated at (1,)\) and p~' + ¢~! = 1. When X is a nongeneric critical point of 7,,,,
we show that a similar construction for AL holds. Thus we show that if A is a critical
point (either generic or nongeneric) of 7,,, then A is a multiple eigenvalue of a pencil
which lies on the boundary of the 7, ,(A, L)-neighbourhood of L. We show that certain
critical points of 7, , can be read off from the pseudospectra of L. More specifically, we
show that common boundary points of the components of pseudospectra of L are critical
points of 7,, ,. In particular, when L is simple (that is, has distinct eigenvalues) we show
that a minimal critical point of 7,,, can be read off from the pseudospectra of L. Hence
we show that the distance from L to the nearest pencil having a multiple eigenvalue can

be read off from the pseudospectra of L.

2.2 Preliminaries

We consider nonhomogeneous (resp., homogeneous) pencils of the form L(z) = A — zB
(resp., L(c,s) := cA — sB), where A, B € C"". A pencil L is said to be regular if
det(L(A)) # 0 for some A € C. The spectrum of a regular nonhomogeneous pencil L is
given by

A(L) :={\ € C: det(L(N\)) = 0}.

It is possible for L to have an infinite eigenvalue which is not included in A(L). However,
the case of an infinite eigenvalue can be resolved by considering A(L) as a subset of C,
the one-point compactification of C, and putting oo in A(L) whenever det(B) = 0.

A more convenient setup to deal with an infinite eigenvalue is to consider a homoge-

neous form of the pencil L. Thus, when L is homogenous, A(L) is given by

A(L) :={(c,s) € C*: (¢, s) # 0 and det(L(c, s)) = 0}.
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An infinite eigenvalue of L, if any, is then represented by (0, 1). Normalizing (¢, s) € A(L)
as |c|*+|s|* = 1, we often identify A(L) as a subset of the unit sphere S' := {(c,s) € C?:
|c|>+|s|? = 1}. However, for computational purposes, further restricting ¢ to be real, s to
be complex and with the normalization ¢?+|s|* = 1, the spectrum A(L) can be identified
with a subset of the Riemann sphere S := {(z,, 2) € R?: |z]*> + |y|* + |2|*> = 1}. In such
a case, an infinite eigenvalue of L is represented by the north pole (0,0, 1) of S.

Pseudospectra of matrices and matrix pencils play an important role in analyzing
and understanding systems governed by matrices and matrix pencils [47]. We now briefly
review various definitions of pseudospectra of matrix pencils proposed in the literature.
Let L(z) := A — zB be an n-by-n regular pencil. Then, unlike the e-pseudospectrum of
a matrix, the e-pseudospectrum A (L) of L has been defined in several (nonequivalent)
ways in the literature (see, for example, [38, 22, [19, 30, 25]). A brief survey of various
definitions of A(L) is as follows.

e Riedel [38]: Suppose that B is positive definite and that B = F*F. Then Riedel
defined A, (L) by

AdL) :={A€C: omn((FYAF = XI) <€} = A((F*)AF™).
Here A ((F*)"*AF~1) is the 2-norm e-pseudospectrum of the matrix (F*)"1AF L.

e Dorsselaer [19, 20]: For a regular pencil L(\) = A — AB, Dorsselaer defined
Ac(L) by
A(L) = {AeC:omn(LN) <€}
= {AeC:det(A+AA—-AB)=0and ||[AA]2 < €}
e Frayssé et al. [22]: For an induced operator norm || - || on C**", Frayssé et al.

defined A(L) by

A(L) == {AeC:det(A+AA—-XNB+ AB)) =0 and ||AA] < ae, |AB]| < fe}
= {AeC: L) Ml(a+]218) = €}

where o and 8 are nonnegative numbers and |[L(\)7!|| = oo whenever A is an

eigenvalue of L.

e Lavallée et al. [30]: Considering homogeneous form of L, that is, L(c,s) =
cA — sB, Lavallée et al. defined A (L) by

Ad(L) = {(c,s) € C*\ {0} : det(c(A+ AA) — s(B+ AB)) =0 and
IAAJ; + [ABIJ; < €'}

= {(c, s) € C*\ {0} : opin(cA — sB) < ey/|c]2 + |s|2} :
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e Higham et al. [25], 45]: For an induced operator norm || - || on C**™, Higham
et al. defined A (L) by

Ad(L) = {(c,s) € C*\ {0} : det(c(A+ AA) — s(B+ AB)) =0 and
|AA]l < ae, [AB| < fe}
= {(c.5) € C*\{0} : [L(c,s) | (alel + Bls|) = €'},

where v and (3 are nonnegative numbers.

So, one may ask: Which definition of the pseudospectrum of L is the most natural one
and hence to be chosen? As we shall see in the next section, each definition of A (L)
mentioned above is as natural as it possibly could be. As for which definition of A (L)
is to be chosen, the answer would mainly be determined by the context in which the
pseudospectrum is employed. For illustration, consider the problem: Given a full rank

pencil L(z) := A — 2B, where A, B € C™*"| solve the minimization problem
min {||A — Aol|% + || B — Bo||5 : rank(A4g — A\By) < n}.
Ao,Bo,

This problem was formulated and solved by Boutry et al. in [13] where it was shown
that the pseudospectrum A.(L) as defined by Lavallée et al. [30] provides an appropriate

framework for analyzing this minimization problem.

2.3 A framework for pseudospectra of matrix pen-
cils

There is a perception that, unlike the pseudospectra of matrices, there are several
nonequivalent ways in which one could define pseudospectra of matrix pencils. In-
deed, various definitions briefly reviewed in the previous section lend credence to such
a perception. The crux of the matter is that the definitions of pseudospectra of matrix
pencils proposed so far in the literature are ad hoc in nature. We now develop a general
framework for a systematic analysis of pseudospectra of matrix pencils. We show that
the pseudospectra of matrix pencils are defined as uniquely as those of matrices.

We begin with the definition of the e-pseudospectrum of a matrix A € C**". Given
anorm || - || on C™™, the e-pseudospectrum A (A) of A is given by [47]

Ac(A) = J{A(A+ AA): AA € C and ||AA| < €} (2.1)

Needless to mention that the pseudospectrum of a matrix is determined by the geometry
of the space C™*™. Therefore the first step towards defining pseudospectrum is to choose

a norm on C"*™. A priori the same should be true for matrix pencils as well. So, the
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first step towards defining pseudospectra of matrix pencils systematically is to choose a
norm or a seminorm on the space of pencils.

We consider both homogeneous and nonhomogeneous n-by-n pencils of the form
L(c,s) :== ¢A — sB and L(\) := A — AB. So, a pencil L is a linear (resp., affine)
map from C? (resp., C) to C"*". We denote the set of n-by-n matrix pencils (either

homogeneous or nonhomogeneous) by L(C"*™). Obviously L(C"*") is a vector space.

Definition 2.3.1. Let ||-|| be a norm on IL(C™*™). Then for a regular pencil L € IL(C"*™),
we define the e-pseudospectrum A (L) of L by

AdL) = | {A(L + AL) : AL € L(C™") and || AL|| < ¢}.

We mention that Definition 2.3.1 is a natural generalization of (2.1) to the case
of matrix pencils. Consequently, the pseudospectrum of a matrix pencil is defined as
uniquely as that of a matrix. We show that various definitions of pseudospectra consid-
ered in section 2 correspond to different choices of the norm/seminorm ||-|| on the space
of pencils IL(C™*™).

Note that the pseudospectrum A (L) of a pencil L as defined above is a natural
generalization of the pseudospectrum A (A) of matrix A.

More generally, we now define weighted pseudospectrum. First, we define the action
of R? on L(C™"). Define R? x L(C™") — L(C™"), (w,L) — w ® L by (w ® L)(2) =
w1 A—wyzB, where w := (wy, we) and L(z) := A—2zB. Obviously the map (w, L) — wOL
is bilinear and v ® (w ® L) = w ® (v ® ). Note that w acts as a linear map L — w ® L
on L(C™™). We say that L € L(C™") is a w-null pencil if w ® L = 0. The action of
w is said to be injective if w ® L = 0 = L = 0 for all L € L(C"*"). Obviously the
action of w is injective if and only if all the components of w are nonzero. We define
w™' = (w; ', wy ") with the convention that w;' = 0 if w; = 0. Note that if one of the
components of w are equal to 0 then w™' ® (w ® L) = L holds only for certain pencils.

Finally, if all the entries of w are nonnegative then we say that w is a weight vector.

Definition 2.3.2. Let ||-|| be a norm on L(C"*") and L € L(C™*") be regular. Then
for a weight vector w € R?, we define the e-pseudospectrum A (L) of L by

A(L) = | JIA(L + AL) : AL € L(C""),w ™' © (w® AL) = AL and [Jw ® AL|| < ¢}.

We mention that w™! ® (w® AL) = AL is an admissibility condition on the pertur-
bation pencil AL. For example, if AL(z) = AA — zAB then the admissibility condition

implies that AA = 0 whenever the component w; of w is 0.

Definition 2.3.3. Let L € L(C™") and w € R? be a weight vector. Then L is said to
be w-admissible if w ® (w ® L) = L.
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Assumption: Given a weight vector w, unless stated otherwise,
all perturbations of a pencil L € L(C™*") will be assumed

to be w-admissible.

The importance of w-admissible perturbation can be seen as follows. Suppose that
AL is w-admissible and L(z) = A — zB. Then if the component w; of the weight vector
w is 0 then A remains unperturbed when L is perturbed to L + AL.

We show that the pseudospectra considered in section 2 follow from Definition 2.3.1
and correspond to appropriate choices of weight w and the norm ||-|| on the space of
pencils L(C™™). To that end, first we define the Hélder’s p-norm on L(C™*™) which we
refer to as the pencil p-norm. Let || - || be a norm on C"*". For 1 < p < oo, we define
Il : L(C*") — R by

Tl := 1ICHALL 11BID ],

where L(z) := A—zB or L(c, s) := cA—sB and ||- ||, is the Holder’s p norm on C2. Then
it is easily seen that ||-||, is a norm. We denote the space L(C™*™) when equipped with
the norm ||-||, by LP(C™*™, || - ||). This notation emphasizes the fact that (C**", | -||) is
the base space from which the norm |||, is built up.

More generally, let w € R? be a weight vector. Then we define the weighted Holder’s

p-norm/seminorm |-|,, : L(C**™) — R by
10w = flw© L.

Obviously, ||| defines a seminorm on L(C"*™). Note that |||, defines a norm if and

only if all the entries of w are nonzero. We denote the space L?(C"*"™) when equipped
wp by L2 (C™™ ||-|)). Tf L € L2 (C™, ||-||) is a w-admissible

with the norm/seminorm |||

pencil then it follows that

LI < MLl p 1 M1,
IL(e;s)l < MLflwpll(c; )llw-1.q, (2.2)

where p~' + ¢! = 1. When 1 < p < oo, another choice of p-norm/seminorm on L(C"*")
is given by ||L|lw, := (w1 || A|]P +w.|| B|[P)Y/P. We, however, will not have occasion to use
this norm/seminorm.

Now consider the special case L2 (C™*™, || - ||r). For Ly, Ly € L2 (C™" || - || r), define

(Ly, Ly),, := w} trace(A5A;) + w3 trace(B;By),

where Ly (\) := A; — AB; and Ly(\) := Ay — ABy. Then (-, ), defines an inner product

whenever the action of w is injective. Thus L2 (C™*", || - ||r) is a Hilbert space whenever
w acts injectively. For the rest of the chapter, we consider only the space L2 (C™"*" || -||)
for appropriate choices of w, p and the norm || - || on C™*™,
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Let L € L2 (C™ " || - ||) be a regular pencil. Then e-pseudospectrum is a set valued
map from L2 (C™*™ ||]|) to C or C%. The crux of the matter is that the e-pseudospectra of
L are completely determined by the geometry of the space L2 (C™*™, ||-||). Consequently,
a regular pencil L have different e-pseudospectrum for different choices of w, p and ||-|| on
C™*™, Said differently, from the viewpoint of pseudospectra, the same pencil L becomes a
different object for different choices of w, p and ||-|| on C**™. There is nothing new in this
observation and the same conclusion holds for e-pseudospectrum of a matrix. The reason
behind emphasizing this obvious fact is to set the priorities in proper order: that (a) the
geometry of the space of pencils determines the pseudospectra and therefore, in order
to define pseudospectra, first it is necessary to define a norm/seminorm on the space of
pencils and that (b) the pseudospectra of a pencil get automatically specified once the
space to which the pencil belongs is specified. This lays the mathematical foundation
for defining and analyzing pseudospectra of matrix pencils. Various pseudospectra of
matrix pencils proposed in the literature (reviewed in section 2) are ad hoc in nature
because of the lack of clearly defined norms/seminorms on the space of pencils. The
introduction of the space L2 (C™*", || - ||) not only brings out the big picture associated
with pseudospectra but also it helps in simplifying notation for the pseudospectra of
matrix pencils. Since the pseudospectrum of a pencil is determined by the geometry of
the space to which the pencil belongs, for a regular pencil L € L2 (C™™ || - ||), we can
afford to denote the e-pseudospectrum of L simply by A (L) without having to specify
w,p and || - || or showing the dependence of A.(L) on w,p and || - ||.

To proceed further, consider a regular pencil L € L2 (C™*™, || - ||). Then by Defini-
tion 2.3.2, the e-pseudospectrum A (L) of L is given by

A(L) := | JIA@ +AL) : AL € L2 (€™, || - ) and JALfup < €} (2.3)

Now, we provide a characterization of A.(L). To that end, for z,¢, s € C, we define the

backward errors (recall that all perturbations are w-admissible)

Nup(#:L) = f{JALL,, : 2 € A(L + AL)}
Nwp(c,s,L) = Inf{||AL|lw, : (c¢,s) € A(L + AL)}.
Then obviously the following result holds.

Corollary 2.3.4. Let L € L, (C™™,[| - ||) be a regular pencil. Then we have

A(L) = {z€C:nyu(z,L) <€}, when L is nonhomogeneous
A(L) = {(c;8) € C*\ {0} : nuplc,s, L) < €}, when L is homogeneous.

The following result determines the backward error function 7,, when C™*" is

equipped with a subordinate matrix norm.
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Proposition 2.3.5. Consider the space L2 (C™*" || - ||) corresponding to a subordinate
matriz || - || on C**". Let L € LE (C™*",[| - ||) be a regular pencil. Then we have

: L)z }
wp(A, L) = min cx e C" )y < ||L|lwps
mo0 L) = in { [l

[ |L(e, s)z]| }
wp(C, s, L) = min cx € C" 3y <Ll w.p,
n 710( ) HfU”:l { H(C> S)Hw—l,q ||| |” P

where p~1 4+ ¢! = 1.

Proof: First note that if A € A(L + AL) then there exists x such that ||z|| = 1 and
L(A\)z + AL(A)z = 0. Since AL is w-admissible, we have |[L(\)z| = [[AL(A\)z| <
JALA)|| < |ALJlwpll (1, A)|lp-1.4, where p~' 4 ¢=! = 1. This shows that
) LMz
a0 2 uin Lo A(>|?w”1,q'

For the reverse inequality, choose € C" such that ||z|| = 1. Then there is a (func-
tional) y € C" such that ||y||p = 1 and y*x = 1, where || - ||p is the dual norm of
the norm || - || on C". Now set r := L(\)z and define £ : C* — C" by Ez := (y*z)r.
Then E € C™", Ex = r and ||E|| = |lyllollr]l = ||7]|. Set a := ||(1, A)]|sy-1,4, Where
p~ !+ ¢! = 1. Now we define pencil AL(z) := AA — zAB as follows. If p # 1 then

define e 4l h
A=Y E g Ap = Y SN E
al al
where sign(z) = z/|z| for z # 0 and sign(0) = 0. When p = 1, define
witE o 0, if @ = wy!
AA = . ol a1 and AB := w2_1 sign()\) E F 1
0, if @ =wy!|A| o , ifa=wy Al
Then it is easy to see that L(A\)z + AL(\)z = 0 and
[LA)z]
IALlw, = lIrll/a = 77—
' 1L A1,
Now the desired result follows by taking minimum over all = such that ||z| = 1. The
proof is similar for homogeneous pencil. B
When C**™ is equipped with either the spectral norm || - || or the Frobenius norm

|- ||, it turns out that the backward error 7, , and the e-pseudospectrum A(L) remain

the same for both the norms. Indeed, we have the following result.

Proposition 2.3.6. Let L € L2 (C™*" || - ||2) be reqular. Set na(\, L) := 1y p(A, L) and
A2(L) := A (L). Now considering L as an element of L2(C™" || - ||r), set np(\,L) :=

Nwp(N\, L) and AF(L) := A (L). Then we have
min L(A
L) = e L) = 7 A1) = AT (L)
) w™lq
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where p~t +q¢~ ! = 1. Similar results hold when L is considered as a homogeneous pencil.

Proof: Let u and v be unit left and right singular vectors of L(\) corresponding to the
smallest singular value oy, (L(X)) of L(X). Now set o := [|(1, A)||,-1, and define

_wl_q Umin(L(/\)) uv” and AB = wQ_q Umin(L()‘» Slgn()‘) |)\|q71 uv” )

of of

AA =

Here it is assumed that p # 1. For p = 1, AA and AB can be constructed as in the proof
of Proposition 3.3.5. Now consider the pencil AL(z) := AA — 2AB. By construction we
have L(A)v+AL(A)v = 0. Since AA is a rank one matrix, the spectral and the Frobenius
norms of AA are the same. The same is the case for AB. Consequently, | AL||,,, is the
same for the spectral and the Frobenius norms on C"*". By construction, we have

Umin(L(A))
ALY, = 22

is similar. W

. Hence the result follows. The proof for the homogeneous pencil

We are now ready to show that various pseudospectra defined in section 2 follow from
(2.3) for appropriate choices of w,p and the norm || - || on C**™. To that end, consider
a regular pencil L € L2 (C™™ || - ||).

e Riedel [38]: Suppose that L(\) := A — AB and that B is positive definite. Con-
sider B = F*F. Recall from section 2 that A((L) := {2 € C: oy ((F*)TAF™!) <
¢}. Equivalently,

A(L) = {z€C:det(A+ F*AAF — zB) =0 and |AA|» < €}
= {z€C:det(A+ F*AAF — 2B) =0, ||(F*) ' (F*AAF)F |, < ¢}
= {2€C:det(A+G —2B) =0and ||(F*)'GF™||; < ¢}

Now for X € C™" define || X||p := |[[(F*)"' X F~!||5. Then |-|| g defines a norm on
C™*™. Consequently, considering the space ILE (C™*™_||-||5) for the choice w = (1,0)

and p = 2 (any p will do the job), we obtain from (2.3) the pseudospectrum A.(L)
defined by Riedel.

e Dorsselaer [19]: Again, considering the space L2 (C™™ || - ||2) for the choice
w = (1,0) and p = 2 (or any p for that matter), we obtain from (2.3) the pseu-
dospectrum A (L) defined by Dorsselaer.

e Frayssé et al. [22]: Next, considering the space L2 (C"*™ || - ||) for the choice
w = (o™, 371, p = oo and a subordinate matrix norm || - || on C"*", we obtain

from (2.3) the pseudospectrum A.(L) defined by Frayssé et al..

e Lavallée et al. [30]: Considering homogeneous form of L, that is, L(c,s) =
cA — sB, and the space LE (C"" || - ||2) for the choice w = (1,1) and p = 2, we
obtain from (2.3) the pseudospectrum A.(L) considered by Lavallée et al..
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e Higham et al. [25, [45]: Considering the homogeneous pencil L(c,s) = cA —
sB and the space L2 (C™ " || - ||) for the choice w = (a™!,37!), p = co and a
subordinate matrix norm || - || on C**", we obtain from (2.3)) the pseudospectrum
A (L) defined by Higham et al..

We mention that homogeneous form of pencils and their pseudospectra provide a
natural setting for dealing with a pencil having an infinite eigenvalue. An alternative
approach to resolving an infinite eigenvalue of a pencil L € L2 (C™™ || - ||) given by
L(\) = A— AB is to consider the reverse pencil revL(A) = B — AA. Note that oo is an
eigenvalue of L if and only if 0 is an eigenvalue of revL. More precisely, in the space

Co := CU {00}, the following spectral mapping holds:
A(revL) = (A(L)) ' := {1/A € C. : A € A(L)}.

Now, notice that 7, ,(\, L) = 9y ,»(1/A, revL). Consequently, the following pseudospec-
tral mapping holds:

Ac(revL) = (A(L)) ™" i= {1/A € Co : A € A (L)},

This shows that the image of the component of A (revL) containing the eigenvalue 0 of

! is precisely the component of A (L) containing an infinite

revL under the map z +— 2z~
eigenvalue of L. Thus for a pencil L having an infinite eigenvalue, adding oo to A (L)
whenever 7, ,(0, revL) < €, we obtain the e-pseudospectrum of L in C.

Next, let L € L2 (C™™, || - ||) be a regular pencil, where || - || is a subordinate matrix

norm on C™*™. Then it can be checked that A.(L) has the following properties:

e The pseudospectrum A, (L) consists of at most n components and each component

contains at least one eigenvalue of L.

e Suppose that L is block diagonal, that is, L = diag(Li, L) and that the subordi-
nate matrix norm ||-|| satisfies ||diag( Ay, A2)|| = max(||A1]], ||Az||) for diag(A;, As) €
C™™. Then we have A (L) = A (Ly) U A (Ly).

For the rest of the chapter, we consider only the spectral norm || - |2 on C"*", that
is, we consider only the space LE (C™™, || - |[2). In this case, recall that we have
Omin(L(A)) omin(L(c, 5))
Nwp(A, L) = ———=——— and ny,(c,s,L) = ——————=. (2.4)
' 1L M) g ' (¢, 8) |14

We often identify C with R? and treat the map A — n,,,(A, L) as a function from R? to
R. As a consequence, we often identify A (L) as a subset of R%. Then it follows that

O (L) C {(z,y) € R® : nyy(z + iy, L) = ¢},

where 0A.(L) is the boundary of A.(L). The next result shows that JA.(L) is a real

algebraic curve.
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Proposition 2.3.7. Let L € L (C™*", || ||2) be a regular nonhomogeneous pencil. Then
the boundary OA:(L) of Ac(L) is embedded in a real algebraic curve when p/(p — 1) is

either an integer or p = oo.

Proof: First, suppose that p = 1. Then €||(1, z+iy)]||,-1 o is a singular value of L(z+iy)
if and only if Zy(z,y) := (L(z + iy)*L(z + iy)) — (el|(1, 2 + iy)|lw-1.00)*] is singular.
Hence OA (L) C Ty, := {(x,y) € R? : det(Z(z,y)) = 0}. Now it is easy to check that
'y is an algebraic curve.

Next, suppose that p # 1. Then we have OA (L) C {(z,y) € R? : op(z + iy, L) =
€|[(1, 2 4+ 1y)||w-1,4} Note that €|[(1, z + iy)||,-1 4 is a singular value of L(z + dy) if and
only if Z,(x,y) := (L(z + iy)*L(z + iy))? — (el|(1, © + iy)||w-1,4)??] is singular. Hence
IA (L) C T, = {(z,y) € R? : det(Z,(x,y)) = 0}. Since ¢ = p/(p — 1) is an integer, it
is easy to see that I', is a real algebraic curve. Indeed, if ¢ = p/(p — 1) is even then it
follows that det(Z,(z,y)) is a polynomial. On the other hand, if ¢ is odd then it follows

that det(Z,(z,y)) = (V22 4+ y?)t(z,y) + r(x,y) for some nonzero polynomials t(x,y)
and r(z,y). Hence in either case I'; is an algebraic curve. This completes the proof. B

It would be interesting to know if JA.(L) is embedded in an algebraic for the case
when p/(p — 1) is not an integer. In such a case, A, (L) is at least a real analytic curve
whenever 0 ¢ 0A(L). We mention, however, that for all most all practical purposes, the
values of p that matter are p = 1,2, 0o, and for these cases dA(L) is an algebraic curve.

For a homogeneous pencil L(c, s), the boundary dA (L) is embedded in a projective

curve. Indeed, for the special case when L € L2 (C™" || - ||2), we have
OA(L) C {(z,y,2) € R\ {0} : opmin(L(z,y +i2))? = € (w; x® + w3 % (y* + 22))*}
C {(z,y,2) €R*: Q(z,y,2) = 0} = V(Q),

where Q(z,y, z) = det(L*(z, 7 + iy)L(z, v + iy) — Ie3(w; 2 + wy *(y* + 2?))). On the
other hand, treating A (L) as a subset of the Riemann sphere S C R?, we have

OA(L) CV( Q) NV(x?+y?+ 22— 1),

where V' (f) denotes the algebraic variety of the polynomial f.

2.4 Critical points and multiple eigenvalues

For a regular matrix pencil L € L2 (C™ ™ || - ||2), we now investigate the functions
C — R,z — ny,p(z,L) and C* — R, (¢, s) — nu,(c,s,L). To that end, the gradients
of the maps €2 — R, (6,5) — [(c,5)|up and € — R,z > (1, 2)sp will play an
important role. We identify C with R? and express the gradient V(||(1, 2)||w,p) as a

complex number. Then we have the following result.
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Proposition 2.4.1. Let hy, ,(A) == |[(1, A)||wp for A€ C and 1 < p < 0.

(a) If 1 <p < oo then hy,, is differentiable on C and

wh M| AP~2
hop(N) = 2= —.
V 7p( ) hwm()\)pil
(b) If p=1 then hy, is differentiable on C\ {0} and Vh, () = u|)§\|)\ for A # 0.

(¢) If p = 0o then hy,, is differentiable on C\ {z € C : |z| = wy/ws} and

0, when || < wy/wa,
Vhyp(A) = %ﬁ’ when |A| > wy /w,.

Proof: The proof follows from the fact that V(|A|P) = pA|AP~2. B

Next, we analyze the gradient of the map C* — R, (¢, s) — ||(c, $)||w,p- First, we
define the partial gradients V.(||(c, s)|lw,p) and V(||(¢, 5)|lw,p). We define the partial
gradient V.(||(¢, s)||wp) to be the gradient of the map C — R, ¢+ ||(¢, s)|w,p treating s

as constant. The partial gradient V(|| (¢, s)||wyp) is defined similarly. Then the gradient

of the map (¢, s) — ||(c, s)||wp When exists is given by

Ve, )llwp) = (Velll(e, )llwgp), Vs(ll(c; 8)llwp)) € C*

The gradient and the partial gradients of the map (¢, s) — ||(¢, $)|lw,p are given in the

following result.

Proposition 2.4.2. Let H, ,(c,s) = ||(¢,5)||lwyp for (¢,s) € C* and 1 < p < oo. Then

we have the following.

(a) If 1 <p< oo then Hy, is differentiable on C* and

whe|cP~2 whs |s[P~2
V. H, y°) — T dVsH, ) o 2—
(b) If p =1 then V. Hy,(c, s) exists for ¢ # 0, Vi Hy, (¢, s) exists for s # 0 and are
given by
VeHy (e, s) = % and Vs Hy p(c, s) = ulj—z‘s
c s

In particular, Hy,,(c,s) is differentiable at (c, s) if c¢s # 0.

(¢) If p = oo then H,, is differentiable on C?\ {(c,s) : wi|c| = wa|s|} and we have

(O, %) ., when wi|c| < wels],
VH,,(c,s) =
(wlc 0) . when wi|c| > wsls|.

el
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Proof: The proof is easy and follows from the fact that V(|z|?) = pz [z[P72. B

Note that the gradient VH, ,(c,s) is an element of the dual space of (C2,|| - [lwyp)
and the dual space of (C?, || - ||w,) is the space (C%, || - ||4-1,4), where p~' +¢~' = 1. The

next result shows that VH, ,(c, s) is a unit vector in (C2, || - ||,-1,4)-

Lemma 2.4.3. Let H, ,(c,s) := ||(¢,3)|lwyp for (¢,s) € C2 Then we have
(Ve Hup(c,s), Vs Hup(c, s)|lw-14 =1

and

¢ (VeHug(©.9)) + 8 (Vo (€)) = Hu(c,5),
where p~1 4+ ¢! = 1.

Proof: First suppose that 1 < p < co. Then by Proposition 2.4.2, we have

||VHw,p(c’ S)Hw*l,q = ||(w1_1|vc Hw,p(ca 5)|> w2_1|vs Hw,p(ca 5)|)||q
1
= s (Bl + s
1

- H, (e, s)pt (wf]el? + wg‘3|p>l/q =1

The proof is similar for the case p = 1 and p = oo. The rest of the proof follows from
the Proposition 2.4.2. W

Next, we analyze differentiability of 7,,(A, L) and n,,(c, s, L). Again, we treat

Nwp(A, L) as a function from R? to R and express its gradient as a complex number.
Theorem 2.4.4. Let L € L2 (C™™, || - ||2) be a regular pencil and 1 < p < oo.

(a) Suppose that L is given by L(X\) = A— AB. Suppose also that omm(L(N)) is simple.
If the gradient V(||(1,A)||w-1,,) exists then the gradient Vn,,(\, L) exists and is
given by

w BY + 1A L) V(I (1, ) [o-1,4)

1L M) [ g 7
where u and v are unit left and right singular vectors of L(\) corresponding to
Omin(L(A)) and p~' + ¢~ = 1.

Vi p(A, L) = —

(b) Next, suppose that L is given by L(c, s) = cA—sB, where (c,s) € C*\{0}. Suppose
that omin(L(c, s)) is simple and that V.(||(c, s)||w-14) and V(||(c, $)||w-1,4) ezist.
Then V. nyp(c, s, L) and Vsny,(c, s, L) exist and are given by

\% n (C S L) = urAv — nva(cv S, L) Vc (”(C, S)Hw—17q)
c'lw,p < ||(C, S)wal’q 9
Valwp(c,s,L) = W BU A up(e 5, L) Vi (1(¢,8) lw1.4)

s 'fw,p )< H(C, S)Hw—l’q )
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where u and v are unit left and right singular vectors of L(c, s) corresponding to
Omin(L(c, 8)) and p™' +¢71 = 1.

Proof: Let A = z + iy and g(\) := omin(L(X)). Since g(\) is simple, it is shown by
Sun [44] that g is real analytic at (z,y) and Vg(\) = (Re(u*9,L(A\)v), Re(u*0,L(\)v)).

Writing the gradient as a complex number, we have Vg(\) = —(u*Bv). Now, setting
f(A) = ||(1,A)]Jp-1,, and using the fact that n,,(\, L) = g(A)/f(A) and V(g/f) =
fVg—gVf

2 , the desired result follows. The proof is similar for 7, ,(c,s). B
Now we construct a matrix pencil with a specified eigenvalue. We denote the gradient
of the map C — R, z — ||(1, 2) ||, evaluated at A by V(|[(1, A)||w,p)-

Theorem 2.4.5. Let L € L2 (C™*" || - ||2) be a regular pencil given by L(z) := A — zB.
Let X € C. Consider the SVD L(\) = UXV* and set w := U(:;n —m + 1 : n) and
v:=V(,n—m+1:n), where m is the multiplicity of omin(L()\)). For (c,s) € C?, define
Hy,(c,s) = |[(¢,s)||wyp. With the convention that a partial gradient of Hy,, at (1, ) is

0 f it does not exist, we define

AA = =0y (AN L) (Ve Hy-1,4)(1, A) wv™ and AB := 0y, ,(A\, L) (Vs Hy-1 ) (1, A) uwv™
and consider the pencil AL(z) = AA — zAB, where p~' +q ' = 1. Then we have

(@) [AL{lwp = 70p(A L).

() (L(A) + AL(\))o = 0 and w*(L(A) + AL())) = 0.

() v (B + AB)v = u*Bv + 1y (A, L) V(|| (1, M) ||w-1.4) Im, where I,,, € C™™ is the

tdentity matriz.

In particular, if omin(L(X)) is simple and V(||(1, A)||w-14) ezists then we have

W (B + AB)o = w Bo 4 1y 0\ L)V M) = — (1A 1.4 Vg (0, B).

Proof: By Lemma 2.4.3, we have [|[((V.Hy-1,4)(1,N), (Vs Hy-14)(1,A)|lwp = 1. Con-

sequently, we have

IALflw, = [[(AA[2, |ABl2)l|wp
= NupAD)(I(Ve Hu1,0) (1L, A)], ([(Vs Hu=1,4) (1 A) D
= nw,p()"L>'

Next, we have

(L()‘) + ALO‘))“ = Umin(LO‘))u - nw,p()" L)((VC Hw_17q)(1> >‘) + A (Vs Hw‘l,q)uv )‘))u
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The proof of (c) follows from the fact that (Vs Hy-1,)(1,A) = V([|(1,A)]Jw-14)-
Finally, when owyin(L())) is simple and the gradient V(J|(1,A)||,-1,) exists, the desired

result follows from Theorem 2.4.4. W

A few comments about the results in Theorem 2.4.5, especially the case p = 1 and

p = 00, are in order.

1. Recall that for a weight vector w = (w1, ws), w™! = (w; ', w;y ") with the convention
that wj_1 = 0if w; = 0. So for example, if w; = 0 then (V. H,-1,)(1,\) = 0. Hence
by Theorem 2.4.5 we have AA = 0 which conforms with the fact that w; = 0 means
A remains unperturbed. Similarly, when wy = 0, we have (Vi H,-1,)(1,A) =0

and hence AB = 0. Thus B remains unperturbed.

2. Suppose that wjwy # 0 and p = oo. Then ¢ = 1 and we have the partial gradients
(VeHy-11)(1,A) = wi' and (Vg Hy-11)(1,A) = wy 'A/|A]. This shows that the
partial gradient (Vs H,-11)(1,\) does not exist for A = 0. Hence by convention
(Vs Hy-11)(1,X) = 0 for A = 0. Consequently, when A = 0 by Theorem 2.4.5, we
have AA = —wi My oo (A, L) uv* and AB = 0. Hence B remains unperturbed.

3. Next, suppose that wjwy # 0 and p = 1. Then ¢ = oo and by Theorem 2.4.2, we
have

wy '

RY

(0, > , when |\ > ws/wy,
((Vc Hw—l,OO)<17)‘)7 (vs Hw—l,OO)<17)‘>> =

(wi', 0),  when |A| < wa/ws.

This shows that when |A| > ws/w;, by Theorem 2.4.5 we have AA = 0 and
AB = w; "1y 1 (), L) sign(\) uv*. This shows that A remains unperturbed. On the
other hand, when |\| < ws/wy, by Theorem 2.4.5, AA := —w; 1,1 (\, L) uv* and

AB :=0. So, in this case, B remains unperturbed.

Finally, when |A| = wse/w;, the partial gradients of H,-1 o, do not exist at (1, ).
Consequently, by Theorem 2.4.5, we have AA = 0 and AB = 0. This shows
that when |\ = ws/wy, Theorem 2.4.5 does not provide a perturbed pencil
for which A is an eigenvalue. This problem can be fixed as follows. Instead
of setting the partial gradients of Hy,-1 at (1,A) to 0 (as they do not ex-
ist), we redefine (V. Hy-1)(1,A) and (Vs Hy-1.5)(1, A), respectively, as limits
of (Ve Hy-100)(1,2) and (Vi Hy-10)(1,2) as 2 — X. We can approach A either
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from inside the disk |z| < ws/w; or from outside the disk |z| > wy/w;. For the
first case, we have (V. Hy-150)(1,2), (Vs Hy-100)(1,0)) = (w;',0). Hence by
Theorem 2.4.5, we have AA 1= —w] 1,1 (A, L) uv* and AB := 0. For the sec-
ond case, we have (V. Hy-1,00)(1,A), (Vs Hy1,50)(1, X)) = (0,05 ' A/|A]). Hence
by Theorem 2.4.5, we have AA := 0 and AB := w; '1,,1(\, L) sign(\) uv*. To sum
up: when || = ws/wy, we can either perturb A or B and construct the pencil
AL(z) := AA — zAB as outlined above.

The following result generalizes Theorem 2.4.5 to homogeneous pencils.

Theorem 2.4.6. Let L € LP (C"*" ||-||2) be a regular pencil given by L(c, s) = cA—sB.
Let (A, ) € C*\{0}. Consider the SVD L(\, ) = UXV* and set u :=U(:,n—m+1:n)
and v =V (;,;n—m+1:n), where m is the multiplicity of omn(L(A, p)). For (c,s) € C?,
define Hy,(c,s) == |[(¢c,s)||wp. With the convention that a partial gradient of H,, at
(X, ) s 0 if it does not exist, we define

AA = =y (N, 1, L) (Ve Hy—14) (A, ) wo®, AB = 0y p(A, g, L) (Vs Hy—1,4) (A, 1) uv™
and consider the pencil AL(c, s) = ¢cAA — sAB, where p~' + ¢! = 1. Then we have
(@) [[ALjlwp = 1wp(A, p; L).

(b) (L, p) + AL, p))v = 0 and u*(L(A, u) + AL(A, 1)) = 0.

() u(A+ AA)v = u*Av — Ny p (A, o, L) (Ve Hyp—1 4) (A, ) L.

(d) w(B+ AB)v =u*Bv+ 1y p(\, 1, L) (Vs Hy-1 0) (A, 1) I,

where I,,, € C™*™ 4s the identity matriz.
If omin(L(A, 1)) is simple and (V. Hy-14) (A, 1) and (Vs Hy-1 4) (A, 1) exist then

uW(A+AA)Y = wAV — Nyp(A, 1, L) (Ve Hy-14) (A, 1)
= Hu1 (A 1) Verpop(As p, L),

u(B4+AB)v = u'Bv+nup\ 1, L) (Ve Hy-1,)(A, 1)
= —Hu1g(A 1) Vi p(A, 1, 1),

Remark 2.4.7. We mention that when p = 1, the partial gradients of H, -1 do not
exist at (X, p) if wo|A| = wr|p]. In such a case, instead of setting the partial gradients of
Hyy-1 oo in Theorem [2.4.6] to 0, they should be redefined as limits of (Ve Hy-1 oo(2,y),
Vs Hy100(2,y)) as (x,y) — (A, ). As we have seen in the case of Theorem 2.4.5, this
will provide us with two choices of the perturbed pencil AL by letting (z,y) approach
(A, ) from inside and from outside the region {(z,y) € C? : wo|z| < wyly|}.
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Now we define the notion of generic and nongeneric critical points of the map z —

Nwp(z, L) and (¢, s) — (e, s, L).

Definition 2.4.8. Let L € L2 (C™" || - |l2) be a regular pencil. Then X\ € C is said
to be a generic critical point of Ny p(2, L) if omin(L(N)) is simple and Vn, ,(A\, L) = 0.
If omin(L(X)) is multiple then X\ is said to be a nongeneric critical point of n,,(2,L).
If the multiplicity of omin(L(X)) is m then X is said to be a nongeneric critical point of
multiplicity m. A complex number is said to be a critical point of ny, (2, L) if it is either
a generic or a nongeneric critical point of Ny (2, L). Critical points of n,,(c, s, L) are

defined similarly.

We now show that critical points of 7,,(z,L) are multiple eigenvalues of nearby
pencils. To that end, we state a result due to Wilkinson [50] that provides a necessary

and sufficient condition for an eigenvalue of a matrix to be multiple.

Theorem 2.4.9 (Wilkinson, [50]). Let A € C"*" and A € A(A). Then X is a multiple
eigenvalue if and only if there exists a pair of left and right eigenvectors of A corre-
sponding to A which are orthogonal, that is, there exists nonzero vectors y and x such
that y*A = \y*, Ax = Az and y*x = 0.

Similar result holds for matrix pencils as well (see, for example, [12]). More specifi-
cally, A € C is a multiple eigenvalue of a regular pencil L(z) = A— 2B if and only if there
exists left and right eigenvectors y and = of L corresponding to A such that y*Bx = 0.
We provide an elementary proof of this result.

Suppose that y and = are normalized left and right eigenvectors of L corresponding
to the eigenvalue A, that is, y*L()\) = 0 and L(A)z = 0. Note that if y*Bx = 0 then
y*Axr = 0. In contrast, y*Axr = 0 does not necessarily imply that y* Bz = 0. However,
if 0 is a multiple eigenvalue of A (and hence of L) then it turns out that there exists

normalized vectors y and z such that y*Ax = 0 = y*Bx = 0.

Theorem 2.4.10. Let A € C be an eigenvalue of a regular pencil L(z) = A — zB.
Then X is a multiple eigenvalue of L if and only if there exists normalized left and right
eigenvectors y and x of Li corresponding to A such that y*Bx = 0.

Further, oo is a multiple eigenvalue of L if and only if there exists normalized left

and right eigenvectors y and x of L corresponding to oo such that y*Ax = 0.

Proof: Suppose that A € C is a multiple eigenvalue of L. Then the result follows from
Schur decomposition of L.

Conversely, suppose that y*Bx = 0. Let z ¢ A(L). Observe that A is a multiple
eigenvalue of L if and only if A is a multiple of L(z)7'L(\). Since L(z)7'L(\) = T —
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(A —2)L(2)7'B, it follows that A is a multiple eigenvalue of L if and only if (A — 2)7! is
a multiple eigenvalue of L(z) ! B.

Now y*Bx = 0 = y* Az = 0 and hence y*L(2)z = 0. Set w := L(z)*y. Then we have
w*L(z)7'B = (A — 2)'w*, L(z)7'Bx = (A — 2) "'z and w*z = y*L(z)z = 0. Hence
by Theorem 2.4.9, (A — 2)~! is a multiple eigenvalue of L(z)~!B. Consequently, X is a
multiple eigenvalue of L.

Finally, oo is a multiple eigenvalue of L(z) = A — zB if and only if 0 is a multiple

eigenvalue of B — zA. Hence the result follows.

For a homogeneous pencil L(c, s) = ¢A — sB, the above result states that (A, u) # 0
is a multiple eigenvalue of L if and only if there exists left and right eigenvectors y and
x of L corresponding to (A, ) such that (y*Ax, y*Bz) = 0.

The following result shows that critical points of 7, ,(z, L) are multiple eigenvalues

of nearby pencils.

Theorem 2.4.11. Let L € L2 (C™™ || - ||z) be a regular pencil. Let L be given by
L(2) :== A—zB. For X € C, construct the pencil AL as in Theorem 2.4.5. Then we have
IAL||lwp = nwp(A, L). If X is a generic critical point of ny (2, L) then X is a defective
eigenvalue of L+ AL. On the other hand, if A is a nongeneric critical point of 1y, ,(z, L)
of multiplicity m then X\ is a multiple eigenvalue of L + AL of geometric multiplicity m.

Proof: By Theorem 2.4.5, we have ||AL|lw, = nwp(A, L), L(A)v + AL(A)v = 0 and
u*(L(A) + AL(X)) = 0. If X is a generic critical point then we have Vn, (A, L) = 0.
Hence by Theorem 2.4.5, we have u*(B+AB)v = —||(1, A\)|lw-1.4V7w, (), L) = 0. Conse-
quently, by Theorem 2.4.10, A is a multiple eigenvalue of L + AL. Since by construction
rank(L(\) + AL(X)) = n — 1, it follows that \ is a defective eigenvalue of L + AL.

When A is a nongeneric critical point of multiplicity m, by Theorem 2.4.5, we have
(L(A) + AL(A))v(:,4) =0, u(:,7)*(L(A) + AL(A)) = 0 for j = 1 : m. Hence the result
follows. W

Obviously similar result holds for a homogeneous pencil. Indeed, we have the follow-

ing result for a homogeneous pencil whose proof follows from Theorem 2.4.6.

Theorem 2.4.12. Let L € L2 (C"*" ||-||2) be a regular pencil given by L(c, s) := cA—sB.
For nonzero (A, ) € C2, construct the pencil AL as in Theorem [2.4.6. Then we have
IAL|lwp = Dwp(A, i, L). If (X, i) is a generic critical point of ny,(c, s, L) then (X, u) is
a defective eigenvalue of L + AL. On the other hand, if (A, 1) is a nongeneric critical
point of Ny ,(c, s, L) of multiplicity m then (A, p) is a multiple eigenvalue of L + AL of

geometric multiplicity m.

Thus we see that critical points of the function z — 1, ,(z, L) are multiple eigenvalues
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of appropriately perturbed pencils. Although determining all critical points of 7, ,(z, L)
is a nontrivial task, it turns out that some critical points of 7, ,(z,L) can be read off
from the pseudospectra of L. More precisely, we now show that common boundary points
of components of pseudospectra of L are in fact critical points of 7, ,(z, L).

Let L € L2 (C™ ™ || - ||2) be a regular pencil. Then recall that for a sufficiently small
¢, the pseudospectrum A (L) consists of at most n components. As e grows gradually,
the components of A.(L) became large in size and some of them coalesce with other
components. The following result shows that the points of coalesce of components of

A (L) are actually critical points of 7.

Theorem 2.4.13. Let L € LI, (C*", || - [|2) be a regular pencil. Suppose that two com-
ponents of A(L) coalesce at p as € — §. Then ny,,(pu, L) = 0. Further, p is either a

nongeneric critical point of 1, (2, L) or the following holds:
(a) If 1 <p<ooandp/(p—1) an integer then 1 is a generic critical point of Ny -
(b) If p= oo then p is a generic critical point of 1y, provided that p # 0.

(¢) If p=1 then p is a generic critical point of 1y, provided that |p| # we/ws.

Proof: Recall that 0As(L) C I' := {2z € C : n,,(2,L) = 0}. Consequently, we have
Nwp(pt, L) = 6. Now, if o (L(p)) is multiple then p is a nongeneric critical point of 7, ,.
On the other hand, if oy, (L(p)) is simple then by Proposition 2.4.1 and Theorem 2.4.4]
Nwp(z, L) is differentiable in a neighbourhood N, of p for 1 < p < co. Since p lies on the
common boundary of two components, in view Proposition 2.3.7 the curve I'N\V,, consists
of two arcs intersecting at p. Hence by Implicit Function Theorem V1, , (1, L) = 0. When
p = 00, Nwp(2,L) is differentiable for p # 0 and when p = 1, 1,,,(2, L) is differentiable
for || # we/wy. Hence the result follows. A

We mention that when p/(p—1) is not an integer, the boundary JA.(L) is an analytic
curve whenever 0 ¢ JA. (L) and the common boundary points of the components are
singular points of the analytic curve. Hence, as long as these singular points are isolated,
the conclusion in Theorem 2.4.13(a) holds even when p/(p — 1) is not an integer. Our
guess is that these singular points (arising out of coalescence of components of A (L))
are always isolated irrespective of p/(p — 1) being an integer or not. For all most all
practical purposes, however, the values of p that one really cares about are p = 1,2 and
oo. For these values of p, Theorem 2.4.13 holds.

The above result shows that common boundary points of components of pseudospec-
tra of L are critical points of 7, ,(), L). Consequently, by Theorem 2.4.11] we conclude
that common boundary points of components of pseudospectra A(L) are in fact mul-
tiple eigenvalues of appropriately perturbed pencils whose distance from L is equal to

€.
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Note that if L € L2 (C™™ || - ||2) is a regular pencil and has n distinct eigenvalues
then Theorem 2.4.11 provides a pencil having a multiple eigenvalue whenever a critical
point of 7, ,(z,L) is available. A minimal critical point of 7, ,, that is, the critical
point at which 7,,, takes the smallest value among all the critical points, is of special
interest and Theorem 2.4.13 tells us where to look for it. This brings us to Wilkinson’s

problem for matrix pencils.

2.5 Wilkinson’s problem for matrix pencils

Given a matrix A € C"*" having n distinct eigenvalues, the problem of determining AA
having smallest norm such that A + AA has a multiple eigenvalue is widely known as
the Wilkinson’s problem. It is shown in [1] that a solution of Wilkinson’s problem can
be constructed from the pseudospectra of A. Wilkinson’s problem for matrix pencils can
be stated as follows.

Wilkinson’s problem: Let L € L2 (C"*" ||-||2) be a regular pencil having n distinct

eigenvalues. Define
d(L) := inf{||AL||,, : AL € LE (C"*", || - ||2) and L + AL has a multiple eigenvalue}.

Then determine AL € L? (C™™ || - ||2) such that L + AL has a multiple eigenvalue and
that JAL] = d(L).

We now show that a solution of Wilkinson’s problem can be constructed from
the pseudospectra of matrix pencils. For simplicity we consider the space of pencils
L2 (C™™ || |l2)- So, let L € L2 (C™, || - ||2) be a regular pencil having n distinct eigenval-
ues. Recall that A.(L) consists of at most n components and each component contains
at least one eigenvalue of L. Since L has n distinct eigenvalues, for sufficiently small
¢, Ac(L) consists of n components. Let #(A.(L)) denote the number of components of
A (L). Then if € is such that #(A(L)) = n then obviously we have d(L) > e. Thus, in
view of Theorem 2.4.13], it is now clear that d(L) can be read off from the pseudospectra
of L. Indeed, let § be such that #(Ac(L)) = n when € < § and #(A(L)) < n — 1 when
¢ > 0. Then we have d(L) = 6. Note that at least two components of A (L) coalesce as

€ — 0.

Theorem 2.5.1. Let L € L2(C"™" | - |l2) be a regular pencil having n distinct eigen-
values. Let #(Ac(L)) denote the number of components of Ac(L). Let 6 > 0 be such that
#(A (L)) =nife<d and #(A(L)) <n—1if e > 9. Then we have d(L) = 4.
Let v be a common boundary point of two components of As(L). Consider the singular
value decomposition L(pu) = UXV* and set o, := X(n,n). Then we have
On
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If o, is multiple then set v :==U(:;n—1:n),v:=V(,n—1:n) else set u := U(:
,n), v:=V(:,n). Define

wy 2oy, uv* o nwy 2o, uv*

AA = ——— — , = — —
(w12+w22|,u\2) (w12+w22|u|2)

and consider the pencil AL(\) = AA — AAB. Then d(L) = ||AL|lw2 = Nuwe(p, L).
Further u is a multiple eigenvalue value of L + AL of geometric multiplicity 2 when o,

is multiple and p is a defective eigenvalue of L + AL when o, is simple.

Proof: Since at least two components of A (L) coalesce at p as € — 6, by Theorem 2.4.13,
p is a critical point of 7, 2(z, L). Hence d(L) = d. Now the desired results follow from
Theorem 2.4.11. W

Recall that an infinite eigenvalue of L, if any, can be treated at par with finite
eigenvalues by considering homogenous form of L. We now present an analogue of
Theorem 2.5.1/ for homogeneous pencils. For this purpose, we normalize eigenvalue
(¢,s) € A(L) so that |s|? + |¢|*> = 1. Hence we consider A (L) as a subset of S'. Then we

have the following.

Theorem 2.5.2. Let L € L2 (C™" || - |l2) be a regular homogeneous pencil having n
distinct eigenvalues. Let #(Ac(L)) denote the number of components of A(L). Let § > 0
be such that #(A(L)) = n ife < § and #(A(L)) < n—1ife > 0. Then we have d(L) = 6.

Let (A, 1) € S' be a common boundary point of two components of As(L). Consider
the singular value decomposition L(\, ) = UXV* and set o, := X(n,n). Then we have

VW AR + wy 2

d(L) o 77w,2()‘7 22 L)

If 0, is multiple then set w = U(:,n—1:n),v:=V(,n—1:n) else set u:= U(:
,n), v:=V(:,n). Define
Awy 2o, uww* niwy 2o, uv*

AA = ——— — , AB:= — —
(wi A+ wy?|pf?) (w2 AP + wy?|uf?)

and consider the pencil AL(c,s) = ¢cAA — sAB. Then d(L) = ||AL|ly2 = nw2(p, L).
Further (X, ) is a multiple eigenvalue value of L+ AL of geometric multiplicity 2 when

on s multiple and (X, 1) is a defective eigenvalue of L + AL when o, is simple.

We mention that a solution of Wilkinson’s problem has been provided in [12] for the
case when L € Lo°(C™*" || - ||2). We now show that the solution provided in [12] follows
from Theorem 2.4.11 and Theorem 2.4.13| for p = oo. Indeed, let § be the smallest

value for which at least two components of A.(L) coalesce at p. Then 7, o (p, L) =
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Omin(L(1))/(wi + |plwy ') = 8. By Theorem [2.4.13, y is a critical point of 1, (2, L).
Now, for p = oo, the pencil AL(z) := AA — zAB in Theorem 2.4.11! is given by

*

AA e O e Lur® o sign(p) ws e (1, L) v
(wi '+ wy ) (w4 wy )

9

satisfies || ALy 00 = Mw,co(t; L) and p is a multiple eigenvalue of L + AL.

We illustrate our result by considering a simple example. Consider the pencil

E(z)+=

o O W
S NN O

0 1
Of —z210
1 0

o NN O

1
1
1

Then A(L) = {0.3333,1.0000,0.2500}. For w := (1,1), figure 2.1/ shows that the com-
ponents of A.(L) containing the eigenvalues A\; := 0.2500 and A, := 0.3333 coalesce as
e — 3.8071 x 10~*. Hence by Theorem 2.5.1, we have d(L) = 3.8071 x 10~%.

0.025 v —
50:3.8071>< 10

0.02f

0.015F
0.01F
T | A,=0.3333]

0 Jo Xk s <+

Y-axis

-0.005¢f

-0.01f

—0.015f

-0.02}F

-0.025 . . — .
0.24 0.26 0.28 0.3 0.32 0.34

X-axis

Figure 2.1:  Contour plot of A.(L) showing that the components containing Ay and Ao
coalesce for € := 3.8071 x 1074
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2.6 Diagonal pencils

Now we consider the special case when L is a diagonal pencil or L is unitarily equivalent
to a diagonal pencil and explore the possibility of determining solution of Wilkinson’s
problem for L without resorting to the pseudospectra of L.

Wilkinson’s problem for a normal matrix has an elegant solution that involves only
eigenvalues and eigenvector of the matrix. More precisely, for a normal matrix the

following result holds.

Theorem 2.6.1. [1] Let A € C™" be normal having distinct eigenvalues Ay, ..., A,.
Then d(A) := min,g; Mi;)‘jl. Suppose that \; and X\; are such that |\, — \j|/2 = d(A).
Now define

(A =)

N — A; .
" (x; — z;)(z; + ;)" and A" .= A — M("El £} (2 — z;)",

4

A =A-—

where x; is a normalized eigenvector of A corresponding to \;. Then A" and A" are
defective and d(A) = ||A — A'||a = ||A — A"||a = |\ — Ajl/2.

So, it is natural to ask: Is there an analogue of Theorem 2.6.1 for matrix pencils which
are unitarily equivalent to diagonal pencils? We provide an affirmative answer to this
question. We mention, however, that unlike Theorem 2.6.1, the solution of Wilkinson’s
problem even for a diagonal pencil turns out to be quite nontrivial. We proceed as
follows.

Let T denote the unit circle in C, that is, T := {z € C : |z| = 1}. Given z,y € C,
define ¢ : T — R by ¢(w) := ||z — wy||2. Then the following result is easy to check.

Proposition 2.6.2. For w € T, we have

VI3 + 11913 - 216, 9)] < aw) < 3/ llel3 + Iyl + 21z, o),
where (x, y) = y*.

For a complex number z € C, recall that sign(z) := ﬁ
2

by definition z sign(z) = |z|. The following result plays an important role in determining
d(L).

if z # 0 and sign(0) := 1. Then

Proposition 2.6.3. Let z,y and q(w) be as above. Define wyay = —sign((y, x)) and

Wiin = sign((y, x)). Then Wpax, Wmin € T and we have

maxq(w) = qwns) = /Il + 913 + 21 . o)

ming(w) = g(wmn) = /23 + lyl3 - 2|z, 9)]
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In particular, if ||z]la = 1 = ||y|l2 and cos(0) = |(z, y)| for 0 < 0 < /2, then we
have

q(Wmax) = 2 cos(0/2) and q(wym) = 2sin(6/2).

Proof: The desired results follow from the fact that

g(w) = ||z —wyll2 = \/qug +[lyll3 — 2Re({z, y)w). W

Next, we define the notion of departure, denoted by Dep(x,y), between points x
and y in C?. We define Dep : C*> — R by

ly" Jz|

Dep(z,y) := , (2.5)
Vi3 + [yl + 2 [z, y)]
0 -1 T s
where J := 1 0 and y* is the transpose of y. It follows that

ly" Ja|
Dep(z,y) < ———— 2.6
S P 20

for w € T. If z and y are normalized unit vectors in C? then we have
1 7
Dep(z,y) = 5 ly* Jz| sec(0/2),

where 0 < 6 < 7/2 and is given by cos(f) := |[(z, y)|. For x := (ay,3) € C? and

y = (an, 32) € C?, we also write Dep(z,y) as Dep(ay, B1; s, B2). In such a case, we have

’%52 - 06251|
Ve, B3+ [[(az, B2)I12 + 2 [{(e1, 1), (02, B2))]

and for normalized (o, §1) and (az, fB2),

Dep(alaﬁl; 042752) =

1
Dep(ay, Bi; ag, B2) = 3 |18z — B sec(6/2).
For ready reference, we list some essential properties of Dep(z,y).
e Obviously, Dep(z,y) is symmetric, that is, Dep(z,y) = Dep(y, x).

e We have Dep(z,y) = 0 <= =z = y in CP!, the complex project line, that is,
x = ty for some t € C. Equivalently, Dep(aq, £1;, a2, 02) =0 <= «a1/01 = o/
in Cy := CU {oo}.

e We endow C,, with chordal metric as follows: For (ay, 1), (aa, 32) € C?,

‘04152 - 04251’

chord(f1/ay, o/ az) := (a1, B1)]l2ll (a2, Ba) |2
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Then we have

Dep(ay, Bi; a, B2) < %\/H(Oéla51)||2||(042752)H2 chord(8y/a, B2/ a).

In particular, for (ay, 1), (g, B2) € St :={z € C?: ||z||s = 1}, we have

1

Dep(ay, Bi; oz, B2) = %Chord(ﬁl/abﬁz/%) sec(f/2) < 2

Chord(ﬁl/ab 62/042)7
where 0 € [0, /2] is given by cos(f) := |a; @ + 31 Bs|.
e We have Dep(tz,ty) = |t| Dep(z,y) for t € C.

We have already demonstrated that weighted norm on the space of pencils present no
extra difficulty in obtaining results. Therefore, for simplicity, we consider w := (1,1)
and denote the L2 (C™™ || - ||2) by L*(C™™, || - ||2). Also, we denote the corresponding
norm ||Jly.2 on L2(C™ " || - ||2) be |||l2. Note that the perturbation analysis of pencils
in L2(C™™ | - ||2) then corresponds to absolute perturbations of matrix pencils.

Let L € L*(C™™,| - ||2) be a regular pencil having n distinct eigenvalues. We
refer such a pencil as simple pencil. Since d(L) is invariant under unitary equivalence
transformation of L, without loss of generality, we assume that L is diagonal and is given
by L(z) := diag(a;) — Adiag(3;) or L(c, s) := cdiag(a;) — s diag(5;).

Proposition 2.6.4. Let L € L*(C™™ | - |l2) be a regular pencil given by L(\) :=
diag(a;) — Adiag(5;). Set x; == (B;, ;) for j = 1:n. Then A(L) = U, Ac(z;), where
Ac(zj) =42 € C: |oj — 205| < €||(1,2)|l2}. Further, Ac(x;) N Ac(z;) = O if and only if

a; +way )
——= 18 a common boundary point of
Bi +w B;

€ < Dep(z;,z;). If e = Dep(z;, z;) then z, :=
Ac(z;) and Ac(xj), where w = sign((x;, ;)).
Next, consider the homogeneous form of L, that is, L(e, s) = cdiag(a;) — s diag(f5;).
Then we have A(L) = Up_ Ac(x;), where Ac(x;) = {(c,s) € S' : |ca; — s6;| < €}
Further, A(x;) N Ac(z;) = 0 if and only if € < Dep(z;,x;). If € = Dep(x;, x;) then
(Cw, Sw) s a common boundary point of Ac(z;) and Ac(x;), where
) o + way
c i + wa; 2
Proof: The fact that A(L) = U}_; A(r;) is easy to check.
Next, note that if Ac(x;) N Ac(x;) # 0 then there is a complex number z € C such
that |o; — 20;| = |a; — 20;]. Hence a; — 20; = t(o; — 23;) for some t € T. Consequently,

o; — ta
we have z = ————2. Then by (2.6) we have
Bi — t5; =
e= 1o 20l _ Jouly — oyl Dep(zi, ;).
1L 2)ll2 o — ta2
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On the other hand, we have |o; — 2,0;| = |o; — 2,0;| and W = Dep(x;, z;).
y Aw ) || 2

Hence the results follow. The proof is similar for homogeneous pencils. B
This shows that if L(z) := diag(a;) — z diag(/3;) is a simple pencil then
d(L) > rlr17£1jn Dep(x;, x;).
The following result shows that the equality holds.

Theorem 2.6.5. Let L € L?(C™*™ |- |]2) be a simple pencil given by L(z) := diag(o;) —

zdiag(f;). Set xj :== (B}, ;) for j =1:n. Then d(L) = min;«; Dep(x;, z;). Suppose that
a; +w oy
Bi+wpB;
Set U := [e;, €] and V := [sign(a; — zy0;)€;, sign(o; — zw0;)e;], where e; is the j-th

Dep(x;, xj) = ming Dep(xy, x;). Let w := sign((z;, ;) and z, :=

column of the identity matriz of size n. Define

D - =D i
_DB@uZ)) prypn g A — Ze DR T;)
11, 20) 2 (1, 2)l2

and consider the pencil AL(z) := AA — z AB. Then we have ||AL||s = d(L) and z, is
a multiple eigenvalue of the pencil L + AL of geometric multiplicity 2.

AA = uv*

Proof: Since |0 — 2,0;| = |a; — 20;| = Dep(x;, x;) ||(1, 2)]|2, it is easy to check that
(L(zw) +AL(2,))V = 0 and U*(L(z,) + AL(2,)) = 0. Hence z, is a multiple eigenvalue
of L + AL. Consequently, we have ||AL[|s = Dep(z;, z;) > d(L). On the other hand, by
Proposition 2.6.4 we have d(L) > Dep(x;, ;). Hence the desired result follows. W

The above construction just provides a nearest pencil having a multiple eigenvalue.
We now show how to construct a pencil AL such that L + AL is defective and that
IJAL|2 = d(L). We proceed as follows. Recall from Theorem 2.6.5 that L(z) :=

diag(a;) — z diag(;) is a simple pencil, z; := (6;, ), x; := (5}, ), w := sign({z;, x;)),
a; +way

2y .= — and d(L) = Dep(x;, ;). Then we have
i — 23| = |o; — 2uB5] = Dep(zi, ;)| (1, 2u)[|2
and
||(1 p )||2 _ \/szH% + H%H% + 2’<xi7 ‘TJH _ sz + wxjHQ
Y |Bi + wp;] |8; + wp)|
Note that a; — 2,0; = —w(a; — 2,0;). Hence sign(a; — z,0;) = —w sign(a; — 2,0;).

Note also that e, and egsign(ay — 2,0k) are left and right singular vectors of L(z,)

corresponding to |ay — 2,0k, for k =1, j. For t € (0,1), we define

u:=te; + V1 —t2e; and v := (te; — V1 — t2 we;)sign(o; — 2,5;).
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Then it is easily checked that u and v are unit left and right singular vectors of L(z,)

corresponding to |a; — 2z,3;|. Now we determine ¢ such that u and v satisfies

Z ‘ai - Z'wﬁi|

u*Bv + =0.
11, z0) 113
This gives t*3; — (1 — *)wp; + W = (. Consequently, we have
)y ~Fw 2
2(83. N — (3 - 7 1|2 oy
(5 + wB;) = (1, z0)[I5(5i + w;) : (Bi + Zwes) _ (B + wB,) — [lill5 + [(@i, z))] :
11, 2z0) |13 (B: + wB)I(L, zw) I3

which gives

sl M,

2. _ Nlill + [, =)

and 1 — % :=
|; + w13 || + w13

Thus, we have the following result.

Theorem 2.6.6. Let L € L*(C™" || -||2) be a simple pencil given by L(z) = diag(a;) —
zdiag(B;). Let x;,xj, w and z, be as in Theorem 2.6.5. Set

_I5 B [wa el

t:
i + wazl2
and define u := te; + 1 — 12 e; and v := (te; — V1 — 12 we;j)sign(a; — 2,,0;). Further,
define
D 1y ] _’LUD iy ]
AA = _ Dep(zi, z;) w* and AB = 22— P L) p(zi, 7;) uv*
1L, 2w)l2 (1, 2w) |2

and consider the pencil AL(z) := AA — 2z AB. Then |AL|j; = d(L) = Dep(z;, z;) and
Zw 18 a defective eigenvalue of the pencil L + AL.

Proof: Note that by construction v and v are unit left and right singular vectors of L(z,)

corresponding to o := |a; — 2,;|. Also, by construction u and v are unit left and right
ZwO

=0,
11, 2013
by Theorem 2.4.11, z, is a multiple eigenvalue of L + AL. Note that rank(L(z,) +

AL(z,)) = n — 1. Consequently, z, is a defective eigenvalue L + AL. By construction,

eigenvectors of L+ AL corresponding to the eigenvalue z,,. Since u*Bv +

we have ||AL||s = Dep(z;, z;). Hence the proof. B

For completeness, we now derive the homogeneous version of Theorem 2.6.6.

Theorem 2.6.7. Let L € L*(C™*™, ||-||2) be a simple pencil given by L(c, s) = cdiag(a;)—
sdiag(B;). Set x; := (B, a;) for j :=1:n. Then we have

d(L) = min Dep(z;, x;).

i#j
Let z; and x; be such that Dep(x;, ;) = d(L). Set w := sign((x;, z;)) and define
i DR it way
s + w2 s + wal2
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Then (cu, Sw) € S* and |cya; — $wBi] = |cwa; — swBj| = Dep(x;, x;). Next, set

b VI3 + [, 2)]
i + wajll2

and define u 1= te; ++v'1 —t2 e; and v := (te; — V1 — t? we;)sign(cy,0; — S05;). Further,
define

AA = —¢, Dep(z;, xj) uwv* and AB := 5, Dep(z;, x;) uv*
and consider the pencil AL(c, s) := ¢cAA — s AB. Then ||AL|ly = d(L) and (cy, Sw) s a
defective eigenvalue of the pencil L + AL.

Proof: By construction, we have

: |2 ) |2
|Cw|2+|3w|2 . |ﬁl+wﬁ]| + ’al—;—wa]‘ . W
|; + waz; |3

This shows that (cy, s,) € S*. Now

Colli — Swli = fi + wp; are==di twe; o w(aiB; = a;Bi)
U @t wa)lle @t wzy)ll "zt eyl

Consequently, we have

_ |5 — 055 B la; 5; — 0. 55
1@ +wzs)lla /sl + ;]2 + 2] (w4, 25) |)

|cwss — 5] = Dep(z;, z;).

Similarly, we have that |c,a; — s,0;] = Dep(x;, ;). Hence

|Cwai - 5wﬁi| = |Cwaj = Swﬁj| = Dep(xi, Ij)'

By construction, v and v are unit left and right singular vectors of L(c,, s,) cor-
responding to the smallest singular value Dep(z;,x;). Also, by construction, we have

(L(cw, Sw) + AL(cy, Sw))v = 0 and u*(L(cy, Sw) + AL(Cw, Sw)) = 0. We now show that
u*Av — ¢,Dep(x;, ;) = 0 and u*Bv + §,Dep(z;, z;) = 0.

Now, we have

u*Av — ¢, Dep(z;, z;) = [t2(ai + wa;) — waj] sign(c,; — Swfi) — CulCwti — Swlil

= sign(c,a; — Sufi) [[t2(ozi + wa;) — waj] — y(cya; — swﬁi)} )

IMM%+@@m%q
i + wa; 3

Since |cy|? 4 [sw|? = 1, we have [t?(q; + way) — wa] — G (Cpy; — Suw3i) = t2(a; + way) —
=0

(0 + W) + 54 (Swi + TuBi) = (i + way) [tz -1+

TH-0557_02612304 41



This shows that u* Av—¢,Dep(z;, z;) = 0. Similarly, we have v* Bv+35,Dep(z;, z;) =
0. Hence by Theorem 2.4.11, (¢, Syw) is a multiple eigenvalue of L + AL. Note that
rank(L(cy, $w) + AL(¢y, sy)) = n — 1. Hence (cy, i) is a defective eigenvalue. This

completes the proof. B

We mention that it is easy to derive analogues of the above results when L €
L2 (C™ || - ||2). Indeed, define the weighted scalar product on C? by

<$7 y>w = wlegl * wngng for T,y € CQ'
Then [{z, Y)w| < |Z|lw2 |U]lwe- Now for z,y € C?, define

|$2y1 = 961?/2| '
20215 + MYl2 - o + 21, y)w—1]) 2

Dep,,(z,y) := 0

Then we have the following result.

Theorem 2.6.8. Let L € L2 (C™", ||||2) be a simple pencil given by L(c, s) = cdiag(a;)—
sdiag(3;). Set x; := (B;, a;) for j :=1:n. Then we have
d(L) = min Dep,,(z;, x;).
i#]
Let x; and x; be such that Dep,,(x;,z;) = d(L). Set e := sign((z;, x;),~1) and define
Bi + eB;

= and S, :=
|l eyl ‘

a; + eq;
i + exjll-12

Then (ce, se) € S* and |ceai; — 58] = |cectj — s5;] = Dep,,(x;, x;). Neat, set
o e
= [l 4 el .2

and define u := te; + V1 — 12 e; and v := (te; — V1 — t2 ee;)sign(cecy; — s.53;). Further,
define

c_ewl_2 Dep(x;, x;) 3_6w2_2 Dep(x;, x;)

AA = — w* and AB =

[(ces Se)[lw-1,2 [(ces se)llw-1.2
and consider the pencil AL(c,s) := ¢AA — s AB. Then |AL|,2 = d(L) and (c., s.) is
a defective eigenvalue of the pencil L + AL.

uv™

We now illustrate Wilkinson’s problem by considering a few simple examples. For

simplicity, we assume that w := (1,1) and denote n,2(z,L) by n(z,L).

Example 2.6.9. Let L(z) := A — zB be a diagonal pencil given by

(a) 4 = {_10“ 14(:2@}’3:: {162 (1)]
I R |
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Then for (a) we have d(L) := 0.3878, z, := 0.1628 4 2.7905¢ and for (b) we have
d(L) := 0.5628, z,, := 1.1564 4 0.9877i. Figure 2.2/ shows the coalescence of components

of A(L). H
10A=([—1+i;1+2i]) , B=diag([1/2; 1]), €0=0.3878 5A=diag([1+2i; 2+i]), B=diag([1; 2]) 8020.5627
8 \
6
% ZW
" /\\A
0
-10 =15} 0
X-axis X-axis

Figure 2.2: The left and right figures show coalescence of components of A (L) corre-
sponding to the pencil given in (a) and (b), respectively.

The pseudospectra plot of a matrix pencil L in C could be quite difficult to analyze
when L has an infinite eigenvalue or when all the eigenvalues of L are finite but “infin-
ity” enter into the pseudospectrum before the coalescence of two components. This is

illustrated by the following example.

—0.2+0.3¢ 0

Example 2.6.10. Consider L(z) := A — 2B, where A := 0 0.3 — 09| &0

d

0 0.2
Theorem 2.6.6, we have d(L) := 0.145278 and z,, := 5.9567 — 1.0175:. Figure 2.3/ shows

the contour plots of A (L) and the point of coalescence of components. The evolution of

B = {0’1 0 } . The eigenvalues of L are given by \; := —2+4 3¢ and Ay := 3/2 —i. By

the components of A (L) is quite interesting in this case. Note that for sufficiently small
¢, the components of A.(L), are bounded regions in C containing the eigenvalues \; and
Ay in their interiors. As e grows gradually to 0.145278, the component containing Ao
remains trapped in a bounded region of the complex plane. By contrast, as e — 0.145278,
the component containing \; expands very fast engulfing the entire complex plane except
for a small bounded region before coalescing with the component containing Ay at z,,.
Indeed, for € := 0.145278, the pseudospectrum A (L) is multiply connected and consists
of entire complex plane except for the shaded region. Note that oo enters into the
component of A (L) containing A; before it coalesces with the component containing A,

at z, for € := 0.145278. The dynamics of the evolution of the components of A (L) is
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better captured by the surface plot of the map (z,y) — n(x + iy, L). Figure 2.4/ clearly

shows the evolution of the components of A (L). B

A=diag([-0.2+0.3i;0.3-0.2i]) B = diag([0.1;0.2]), £,=0.145278

6F

Y-axis

-6} \ /
-6 -4 -2 0 2 4 6
X-axis

Figure 2.3: Contour plots of A (L). The components coalesce at z, for e := 0.145278.
For € := 0.145278, A (L) is multiply connected and consists of entire complex plane
except for the shaded region.

For cases such as this, contour plots of A.(L) in the complex plane is inefficient and
can be potentially confusing if not interpreted properly. The best way to overcome such
problem as well as the case when L has an infinite eigenvalue is to consider homogeneous
form of L and plot A.(L) on the Riemann sphere S := {(z,y,2) € R*: 22 +y* + 2% = 1}.
Indeed, by considering the homogeneous pencil L(c,s) = ¢A — sB, we can restrict ¢
to be real and s to be complex. Then the north pole (0,0, 1) of S represents co. Note

that each point (z,y,2) € S, except the north pole (0,0, 1), can be associated with a
T — 1y

complex number w := . It is easily seen that this correspondence is one-to-one

—z
TAw T w

L w? YA )
represented by the south pole (0,0, —1) of S.

Now consider once again the pencil L given in Example 2.6.10. Considering homoge-

and xr = . Further, it follows that the eigenvalue 0 of L is

neous form of L, Figure 2.5 shows the plot of A (L) on the Riemann sphere S. Note that
as € grows gradually, the component of A (L) containing the (unnormalized) eigenvalue
(0.1, —0.2 + 0.37) expands and contains (0,0, 1) before coalescing with the component
containing the (unnormalized) eigenvalue (0.2, 0.3 — 0.27) at (cy, Sy) for € := 0.145278,
where the point (¢, s,,) is given by Theorem 2.6.7.

Finally, we consider an example of a pencil for which oo is an eigenvalue.
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Surface Plot

I
Ig‘!\\\
;{'o‘o“%\\x :

Figure 2.4: Surface plot of the map (z,y) — n(x + iy, L) showing the evolution of
components of A (L).

Example 2.6.11. Consider the pencil L(z) = A — 2B, where A := diag(3,1 + ¢) and
B := diag(0, 2). Figure 2.6/ shows the plot of A.(L) on the Riemann sphere S and the
coalescence of the components of A (L) for ¢ := 1.2381. By Theorem 2.6.7, we have
d(L) :=1.2381. W
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Z-axis

X-axis

Figure 2.5: Plot of A.(L) on the Riemann sphere S for the pencil L given in Exam-
ple 2.6.10 showing the coalescence of components.

:II=D'1 776,0.8923,1.2324

Z-axis

1]

05
Y-axis

W.avie

Figure 2.6: Plot of A.(L) on S showing coalescence of components.
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Chapter 3

On pseudospectra, critical points
and multiple eigenvalues of matrix
polynomaials

We develop a general framework for defining and analyzing pseudospectra of matrix
polynomials. The framework so developed parallels the well developed framework for
pseudospectra of matrices. We show that the pseudospectra of matrix polynomials well
known in the literature follow as special cases from our framework. We also analyze
critical points of backward errors of approximate eigenvalues of matrix polynomials and
show that each critical point is a multiple eigenvalue of an appropriately perturbed
polynomial. Finally, we show that common boundary points of the components of
pseudospectra of a matrix polynomial are critical points. In particular, we show that
a minimal critical point can be read off from the pseudospectra of matrix polynomials.
Hence a solution of Wilkinson’s problem for matrix polynomials can be read off from

the pseudospectra of matrix polynomials.

3.1 Introduction

We further developed the framework introduced for defining and analyzing pseudospectra
of matrix pencils to the case of matrix polynomials. We define the pseudospectra of
regular matrix polynomials in the general framework of normed /seminormed linear space
of matrix polynomials. We show that our framework for analyzing pseudospectra of
matrix polynomials parallels the well developed framework that exists for analyzing
pseudospectra of matrices. The crux of the matter is that, like the pseudospectra of
matrices, the pseudospectra of matrix polynomials are determined by the geometry of the
normed /seminormed space of polynomials, that is, by the choice of the norm/seminorm
on the space of polynomials. We show that the pseudospectra of matrix polynomials

well known in the literature correspond to appropriate choices of norm/seminorm on the
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space of polynomials.

Next, we consider critical points of backward errors of approximate eigenvalues of
matrix polynomials and analyze their significance. We equip the space of polynomials
with a weighted Hoélder’s p-norm/seminorm |||, (defined in section [3.3). Given a
regular matrix polynomial L(z) = >1" 2'A; and A\ € C, we denote by 7,,,(A, L) the

backward error of A as an approximate eigenvalue of L, that is,
Nwp(A, L) = inf{||AL||,,,, : det(L(X\) + AL(\)) = 0}.

Then we show that if A is a critical point of 7,,, then there exists a polynomial AL such
that ||AL|lwp = nwp(A, L) and that A is a multiple eigenvalue of L + AL. Indeed, when

A is a generic critical point of 1, ,, setting

AA; = —1y (A L) (Vi N)(L, A, ..., A7) wo”

m

and defining AL(z) = Y 7" 2’AA; we obtain the desired polynomial, where u and
v, respectively, are normalized left and right singular vectors of L()\) corresponding
to the smallest singular value opmin(L(X)), N(21,22,...,2m) = [[(21,22,- -, 2m) |lw-1,4,
(ViN)(1,A,...,A\™) is the partial gradient of N evaluated at (1,\,...,\™) and p~' +
¢! = 1. When ) is a nongeneric critical point of 7,, ,, we show that a similar construction
for AL holds. Thus we show that if A is a critical point (either generic or nongeneric)
of 7y, then A is a multiple eigenvalue of a polynomial which lies on the boundary of
the 7, (X, L)-neighbourhood of L. We show that certain critical points of 7, , can be
read off from the pseudospectra of L. More specifically, we show that common boundary
points of the components of pseudospectra of L are critical points of 7,,,. In particular,
when L is simple (that is, it has distinct eigenvalues) we show that a minimal critical
point of n,, can be read off from the pseudospectra of L. Hence we show that the
distance from L to the nearest polynomial having a multiple eigenvalue can be read off
from the pseudospectra of L. Thus we show that a solution of Wilkinson’s problem for

matrix polynomials can be read off from the pseudospectra of the polynomials.

3.2 Preliminaries

We consider nonhomogeneous (resp., homogeneous) polynomials of the form L(z) =

Z 2'A; (vesp., Lic, s) = Z ™ 's'Ay), where A; € C™*™. A polynomial L is said to be

1=0 i=
regular if det(L(\)) # 0 for some A € C. The spectrum of a regular nonhomogeneous
pencil L is given by

A(L) :={\ € C: rank(L(\)) < n}.
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It is possible for L to have an infinite eigenvalue. However, the case of an infinite
eigenvalue can be resolved by considering A(L) as a subset of C.,, the one-point com-
pactification of C, and adding oo to A(L) whenever rank(A,,) < n.

A more convenient setup to deal with an infinite eigenvalue is to consider the homo-

geneous form of the polynomial L. Thus, when L is homogenous, A(L) is given by
A(L) :={(c,s) € C* : (¢, s) # 0 and rank(L(c, s)) < n}.

An infinite eigenvalue of L, if any, is then represented by (0, 1). Normalizing (¢, s) € A(L)
as |c|? + |s|?* = 1, we often identify A(L) as a subset of the unit sphere S! := {(c, s) €
C? :|c|?+|s|* = 1}. Further, for computational purposes, restricting c to be real, s to be
complex and with the normalization ¢ + |s|> = 1, the spectrum A(L) can be identified
with a subset of the Riemann sphere S := {(z,y,2) € R : |x]? + |y|*+ |2|> = 1}. In such
a case, an infinite eigenvalue of L is represented by the north pole (0,0, 1) of S.

The pseudospectra of matrix polynomials have been developed and studied system-
atically by Higham and Tisseur [25, 45]. Further analysis of pseudospectra of matrix
polynomials has been undertaken by Lancaster et al. [31, 12]. Let L(z) := > ", 2'A; be
an n-by-n regular polynomial. Then for a subordinate matrix norm || - || on C"*", the

e-pseudospectrum A (L) as defined in [45] is given by

A(L) = {)eC:det(L()) +AL(\) = 0 and A4 < eap, kb =0,1,...,m}

. {)\ eC: L)Y (Zai|/\|i) > e‘l},

where o are non-negative scalars. On the other hand, considering homogeneous form

of L, the e-pseudospectrum as defined in [25] is given by

Ad(L) = {(c,s) € C*\ {0} : det(L(c,s) + AL(c,s)) =0 and [|AA| < axe}

= {(C, s) € C\ {0} + |L(e, s) 71l (Z @kICIm‘k|8|k> > 6‘1}-

3.3 A framework for pseudospectra of matrix poly-
nomials

We now develop a general framework for defining and analyzing pseudospectra of matrix
polynomials. We show that the pseudospectra of matrix polynomials can be treated at
par with pseudospectra of matrices and matrix pencils.

We consider both homogeneous and nonhomogeneous polynomials of the form L(c, s) :=
Yoo is' Ay and L(z) = Y " 2'A;, where 4; € C™ for i = 0,1, ..., m. We denote
the set of n-by-n matrix polynomials of degree < m (either homogeneous or nonhomo-

geneous) by L,,(C™™). Obviously L,,(C"*") is a vector space.
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Definition 3.3.1. Let ||-|| be a norm on L,,(C"*™). Then for a regular polynomial L €
L,,(C™™), we define the e-pseudospectrum A.(L) of L by

AdL) = {AML + AL) : AL € L,,(C™") and [ AL < €}.

Note that the pseudospectrum A.(L) of a polynomial L as defined above is a natural
generalization of the pseudospectrum A (A) of matrix A.

More generally, we now define weighted pseudospectrum. First, we define the action
of R™™! on L,,(C™*"). Define R™*! x L,,(C"") — L,,(C*”"), (w,L) — w® L by (w®
L)(2) = >t w;2’ Aj, where w := (wo, wi,. .., wy) and L(2) := Y7 (27 A;. Obviously
the map (w,L) — w ® L is bilinear and v ® (w ® L) = w ® (v ® L). Note that w acts a
linear map L — w ® L on L,,(C*™™). We say that L € L,,,(C™") is a w-null polynomial
if w®L = 0. The action of w is said to be injective if w ® L = 0 = L = 0 for all
L € L,,(C™™). Obviously the action of w is injective if and only if all the components of
w are nonzero. We define w™! := (wy ', w;!, ..., w ) with the convention that w;l =0
if w; = 0. Note that if some components of w are equal to 0 then w™' @ (w ® L) = L
holds only for certain polynomials. Finally, if all the entries of w are nonnegative then

we say that w is a weight vector.

Definition 3.3.2. Let ||-|| be a norm on L,,(C*™™) and L € L,,,(C"*") be regular. Then
for a weight vector w € R™™ we define the e-pseudospectrum A (L) of L by

AL) = AL +AL) : AL € L,,(C*"),w ™' © (w® AL) = AL and [w ® AL| < ¢}.

We mention that w™ ® (w ® AL) = AL is an admissibility condition on the per-
turbation polynomial AL. For example, if AL(z) = >~ 2*AA; then the admissibility

condition implies that AA; = 0 whenever the j-th component of w is 0.

Definition 3.3.3. Let L € L,,(C™") and w € R™"" be a weight vector. Then L is said
to be w-admissible if w ' ® (w ® L) = L.

Assumption: Given a weight vector w, unless stated otherwise,
all perturbations of a polynomial L € L,,(C™*") will be assumed

to be w-admissible.

The importance of w-admissible perturbation can be seen as follows. Suppose that
AL is w-admissible and L(z) = Y /" 2"A;. Then if the j-th component of the weight
vector w is 0 then A; remains unperturbed when L is perturbed to L 4+ AL.

We show that the pseudospectra considered in section 2 follow from Definition 3.3.2
and correspond to appropriate choices of weight w and the norm ||-|| on the space of
polynomials L,,(C™"*"). To that end, first we define the Hélder’s p-norm on L,,(C™**")
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which we refer to as the polynomial p-norm. Let ||| be a norm on C**™. For 1 < p < oo,
we define |-||, : L,,,(C™"™) — R by

Tl == 1 Aoll, - - s [[AmID s

where L(z) := 1" 2/ A;j or L(c,s) := > " 's'A; and || - ||, is the Holder’s p norm
on C™'. Then it is easily seen that |||, is a norm. We denote the space L,,(C™*")
when equipped with the norm ||-||, by L?, (C"*", || -||). This notation emphasizes the fact
that (C™™, || - ||) is the base space from which the norm ||-||, is built up.

More generally, let w € R™" be a weight vector. Then we define the weighted

Hoélder’s p-norm/seminorm |||, : L (C**") — R by
L]y := [l © L,

Obviously, ||-[|lw, defines a seminorm on L,,(C"*"). Note that ||-||,, defines a norm
if and only if all the entries of w are nonzero. We denote the space LP (C™*") when
equipped with the norm/seminorm ||-||.,, by L7, ,(C*™*, || - ||). If L € L, (C™", [ - ||)

is a w-admissible polynomial then it follows that

L < Tl p (LA, - A o1,
ILle; )l < ILllupll(c™ ™ s, oy 8™)lu-1q, (3.1)

where p=t4-¢*

= 1. When 1 < p < oo, another choice of p-norm /seminorm on L,,(C"*")
is given by [|Lllwy = (wollAol[P + wi]|A1]|P + ... 4+ wp||An|?)/P. We, however, will
not have occasion to use this norm/seminorm.

Now consider the special case L, ,(C™",| - ||p). For Ly, Ly € L2 (C™", || - ||r),
define

m
(L, Lo). := Y w? trace(BfA,),
=0
where Li(A) := >~ N'A; and Lo(\) := >_7", A'B;. Then (-, -)1, defines an inner product
whenever the action of w is injective. Thus L2, ,(C**",||-||r) is a Hilbert space whenever
w acts injectively. For the rest of the chapter, we consider only the space IL?  (C™*" ||-||)
for appropriate choices of w,p and the norm || - || on C™*™,

We emphasize that in order to define pseudospectra of a matrix polynomial L &
L,,(C™*™), first it is necessary to define a norm/seminorm on L,,(C"*™) so as to measure
the magnitude of perturbations of L. There is nothing new in this observation and the
same conclusion holds for e-pseudospectrum of a matrix. However, the importance of this
fact has not been emphasized enough in the literature while dealing with pseudospectra
of matrix polynomials. As a consequence, the pseudospectra of matrix polynomials as
defined in the literature are ad hoc in nature.
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The e-pseudospectra of regular polynomials in L  (C™" || - ||) can be thought of
as a set valued map from L2  (C™" || - ||) to C or C* The crux of the matter is
that the e-pseudospectrum of L € P  (C™" |- ||) is determined by the geometry of
the space b  (C™™ || - ||). Consequently, the same polynomial L will have different
e-pseudospectrum for different choices of w,p and || - || on C"*". Said differently, from
the viewpoint of pseudospectra, the same polynomial L becomes a different object for
different choices of w,p and || - || on C*™*". Thus the pseudospectra of a polynomial
get automatically specified once the space to which the polynomial belongs is specified.
This helps in simplifying notation for pseudospectra of matrix polynomials. For regular
polynomial L € IL?  (C™*™ |- ||), we can afford to denote the e-pseudospectrum of L
simply by A (L) without having to specify w,p and || - || or showing the dependence of
Ac(L) on w,p and || - |.

Now, consider a regular polynomial L € IL?  (C™*" || - ||). Then by Definition [3.3.2,
the e-pseudospectrum A (L) of L is given by

AL) 3 U{A(L +AL) : AL € L7 (C™", || - ||) and [|AL[lwp < €}. (3.2)

We now provide a characterization of A (L). To that end, for z,¢,s € C, we define the

backward errors (recall that all perturbations are w-admissible)

Nwp(2, L) = Inf{||AL||w,: 2 € A(L+ AL)} and
Nwp(c, s, L) = Inf{||AL|lw, : (¢, s) € A(L + AL)}.

Then obviously the following result holds.
Corollary 3.3.4. Let L € L2 (C™™ || -||) be a regular polynomial. Then we have

A(L) = {z€C:nyp(z, L) <€}, if L is nonhomogeneous
A(L) = {(c,8) € C*\ {0} : nuplc, s, L) <€}, if L is homogeneous.

The following result determines the backward error function 7,, when C™" is

equipped with a subordinate matrix norm.

Proposition 3.3.5. Consider the space Lt  (C™" || ||) corresponding to a subordinate
matriz norm || - || on C™". Let L € LE  (C™" || -||) be a reqular polynomial. Then we
have
: L)z }
wp(A, L) = min cx e C"p < ||Lf|w.p,
moa0 L) = uin { L Ll
. IL(c, s)z }
wp(C, s, L) = min e C" )y < ||L|lwsps
gty = i R [0

where p~1 + ¢! = 1.
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Proof: First note that if A € A(L + AL) then there exists  such that ||z|| = 1 and

LAz + AL(A)z = 0. Since AL is w-admissible, we have |[|[L(\)z| = [|JAL\)z|| <
JALA)|| < JALJlwpll (1, A, ooy A™)||p-1,4, where p~' + g1 = 1. This shows that
L]

wp(A, L) > min .
(A, L) lzl=1 [ (1, A, o, A™)|[-1 4

For the reverse inequality, choose x € C" such that ||z|| = 1. Then there is a (func-
tional) y € C™ such that |ly||p = 1 and y*z = 1, where || - ||p is the dual norm of the
norm | - || on C". Now set r := L(\)x and define F : C* — C™ by Ez := (y*z)r. Then
E e Cv" Ex =rand |E| = |ylpllrll = ||I7|l. Set @ := [|[(1, A, ..., A")||s-1,4, Where
pl4+q¢g =1 Forl<p< oo, define
w; 4sign(\) AV E

ad

Z/|z|, if = # 0 and sign(0) = 0. When p = 1, define AA; :=

AAZ =" —

fort=0:m,

where sign(z) =
w; ! sign(N) B

5 and AA; = 0 for i # jif a = wj_l\)\j]. Consider the polynomial
AL(z) := """ 2'AA;. Then we have L(A\)z + AL(A)z = L(\)z — Ex = 0 and

el
”(17 )‘a te 7)‘m)Hw_17q

ALy = [l7(l/a =

Now the desired result follows by taking minimum over all x such that ||«|| = 1. Hence
the proof. B

We mention that Proposition 3.3.5/ has been considered in [45] for the special case
when p = oo.

When C**™ is equipped with either the spectral norm || - ||2 or the Frobenius norm
|- || 7, it turns out that the backward error 7, , and the e-pseudospectrum A (L) remain

same for both the norms. Indeed, we have the following result.

Proposition 3.3.6. Let L € L7, (C™", ||-[|2) be regular. Set ny(\, L) := 1y (N, L) and
AZ(L) := A(L). Now considering L as an element of ¥ (C™", |- ||p), set np(\, L) :==
Nwp(A, L) and A (L) := A (L). Then we have

BOVD) = (L) = gl and A2(L) = AT(L)

where p~t + ¢~ = 1. Similar results hold when L is considered as a homogeneous poly-

nomial.

Proof: Let u and v be unit left and right singular vectors of L(\) corresponding to the
smallest singular value owin(L(A)). Now set o := [[(1, A, ..., A™)|[p-1, and for 1 < p <

oo, define

—q . : i i(q—1) *
AA, = ~w; omin(L(A)) sign(A') [A| w0 m.

ol
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where sign(z) := Z/|z|, if z # 0 and sign(0) = 0. Now consider the polynomial AL(z) :=
oo 2'AA;. Then by construction, we have L(A)v + AL(A)v = 0. Since AA; are of
rank one matrix, the spectral and the Frobenius norms of AA; are same. Consequently,

IAL|l,.p is the same for the spectral and the Frobenius norms on C"*". Now, we have

m Omin L(A
ALy = (S uf 47yt = ZunlEO),
'_1 min L())) si )\J *
When p = 1, the result follows by defining AA; := i (L(Y)) sign(A) uv and

o
AA; =0fori # j,if a = wj_1|/\j|. For homogeneous polynomial, the result follows by
setting a == [[(A™, X1, ..., ™| -1, and defining

w; ! Tmin (LA, 1)) sign(A7=4p?) [A| D01 |00 qu*
_ ~
07 i (L, 2)sign (™o

i # jif @ = w; A"/ | when p = 1. Hence the proof. B

AAZ =

, 1=0:m

when 1 < p < o0, and AA; = — and AA; := 0 for

We are now ready to show that the pseudospectra defined in section 2 follow from (3.2)
for appropriate choices of w, p and the norm || - || on C™*™.

e Tisseur and Higham [45]: Considering a polynomial L(z) = Y/ 2*A4; and the
space L2, ,(C™™ | - ||), for the choice w := (ag"', oy, ..., a,l), p = oo and a
subordinate matrix norm || - || on C"*™, we obtain from (3.2), the pseudospectrum
A (L) defined by Tisseur and Higham.

e Higham and Tisseur [25]: Considering the homogeneous polynomial L(c, s) =

m
Z ¢"~'s' A; and the space L2, (C™™, ||-||), for the choice w := (ag ' a1, ..., anl),
i=0
p = oo and a subordinate matrix norm || - || on C"*", we obtain from (3.2)), the

pseudospectrum A, (L) defined by Higham and Tisseur.

We mention that homogeneous polynomials and their pseudospectra provide a natural
setting for dealing with a polynomial having an infinite eigenvalue. An alternative
approach to resolving an infinite eigenvalue of a polynomial L € LY  (C™*™, || - [|) given
by L(\) = Y77 A'A; is to consider the reverse polynomial revL(\) = A™L(1/X). Note
that oo is an eigenvalue of L if and only if 0 is an eigenvalue of revL. More precisely, in

the space Cy, := CU {00}, the following spectral mapping holds:
A(revL) = (A(L)) ™' :={1/A € C, : A € A(L)}.

Now, notice that 7, ,(\, L) = 17,,(1/A, revL). Consequently, the following pseudospec-
tral mapping holds:

Ac(revL) = (A(L))™" := {1/A € Coo : A € A (L)}
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This shows that the image of the component of A.(revL) containing the eigenvalue 0 of

revL under the map z — 27!

is precisely the component of A (L) containing an infinite
eigenvalue of L. Thus for a polynomial L having an infinite eigenvalue, adding oo to

A (L) whenever 7, ,(0,revL) < ¢, we obtain the e-pseudospectrum of L in Cq.

3.4 Properties of pseudospectra of polynomial

Let L € L, ,(C™", || - |) be a regular polynomial. Then it is easy to check that the
pseudospectrum A (L) has the following properties.

e The map € — A.(L) is monotone increasing, that is, if € < 6 then A (L) C As(L).

e The pseudospectrum A (L) consists of at most mn components and each compo-

nent contains an eigenvalue of L. Further, we have A (L*) = A (L)".

e If L is block diagonal, that is, L = diag(Lj, Ls) and the norm ||- || on C"*" satisfies
[ diag( Ay, Az)|| = max([[Ay[], [[As]]) then Ac(L) = Ae(L1) U Ac(Ly).

The next result shows that A.(L) does not have isolated points.

Proposition 3.4.1. Suppose that A(L) is bounded subset of C. Then A.(L) is compact

and does not have isolated points. Thus A.(L) consists of nontrivial components.

Proof: It is obvious that A.(L) is compact. So, suppose that \ is isolated point of
Ac(L). There is an open set U C C and a matrix polynomial AL(A) = """ XA A; with
IAL|lwp = Mwp(A, L) < € such that A(L) N U = {A\} and A € A(L + AL). Let AL,
be such that ||AL,, — AL|,, — 0 and ||AL,,||w, < [|AL||wp- Then for all large m, we
have A ¢ A(L + AL,,) and A(L + AL,,) NU # () which contradicts that A is an isolated
of Ac(L). W

Theorem 3.4.2. Let L(z) = A — 2B be a regular pencil. Then the function z — L(z)™!
is analytic on C\A(L). In particular, if 2o € C\A(L) and |z—z| < ||L(20) ' B||~". Then

-1 V(L) B L)) an L)1 I L(20) "]
L) = | D=0 () B Lo and 1) £

Proof: For z; € C\ A(L) we have

(A—2B) = (A—2%B)[I— (2 —2)(A— 2B)'B]

= (A—2B)™" = [I—(2—2)(A—2B)'B] YA - %B)™"
= L(z)™" = [I—(2—20)L(z20) 'B] 'L(z)™"

Z(z — 20)F(L(2) ' B)* | Li(20) 7.

1=0

I
1
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This shows that L(z)™! is analytic on {z € C: |z — 2| < ||L(20)"*B||"'} and

TG
2 — ] [T20) ]

)7 < 7= n

Now we prove the following proposition.

Proposition 3.4.3. Let L(z) := A — 2B be a regular pencil. Then the functions z —
|IL(2)7Y| and z — log||L(z)~|| are subharmonic on C\ A(L).

Proof: By Theorem 3.4.2, the map z — L(z)~! is analytic. Hence by Theorem [1.2.9)
z+— ||L(2)7Y and z — log ||L(2)~!|| are subharmonic. M

For a regular matrix polynomial we have the following.

Theorem 3.4.4. Let L(z) := Y " 2'A; be a regular polynomial. Then the functions
2z ||[L(2)7Y| and z — log ||L(2)7Y| are subharmonic on C\ A(L).

Proof: By Theorem 3.4.2 and Theorem 1.2.7, the function z +— L(z)~! is analytic
on {z € C: |z— 2| < |[(X —2Y) Y| '}. Hence by Theorem 1.2.9, the functions

z+— ||L(2)7!| and z — log ||L(z)~!|| are subharmonic. W

Proposition 3.4.5. For 1 < p < oo and a weight vector w € R™FL, the functions

2= |[(L, 2,00, 2")||lwyp and z —log ||(1, 2, ..., 2™)||wp are subharmonic on C.

Proof: First, we show that z — log ||(1, 2, ..., 2™)||w,p is subharmonic. Without loss of

generality assume that w; # 0 for j =0 : m.
p

First, assume that 1 < p < oco. Then the map z — w!z? is analytic for i =
0,1,...,m. Hence by Theorem 1.2.9, z — w?|z|? and z — log(w!|z|?) are subharmonic
for i = 0,1,...,m. Consequently, by Theorem [1.2.3, we have z — log (3 /" (w!|z|"))
is subharmonic which implies that 2 ~ log([|(1,z,...,2™)||% ;) is subharmonic. This
shows that z — log(||(1,2,...,2™)||lw,) is subharmonic.

Next, assume that p = oo. Since z — w;z’ is analytic, by Theorem 1.2.9, z — w;|z|’

and z — log(w;|z|") are subharmonic on C for i = 0,1, ..., m. By Theorem [1.2.10(c)
z — max(log(wp), log(w1]z]), . . ., log(wm,|z|™))

is subharmonic. Further, we have

max(log(wy), log(wy|z]), ..., log(w,|z|™)) = log(max(wy, w1 |z|, . . ., wm|z|™)).
Consequently, z — log(]|(1,z,...,2™)|lweo) is subharmonic.
Now for 1 < p < oo, let h(z) := ||(1,2,...,2™)|lw,p- Then h(z) = ee=)_ Since e*

is positive, convex and increasing and log(h(z)) is subharmonic, by Theorem 1.2.10(d),
h(z) is subharmonic. W

The next result shows that 1/n,, ,(z, L) is subharmonic.
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Theorem 3.4.6. Let L € b (C™™ || - []2) be a reqular matriz polynomial. Then the
functions z — 1/n,,(2,L) and z — —logn,,(z,L) are subharmonic on C\ A(L) for
I<p<o

Proof: By Theorem 3.4.4 and Proposition [3.4.5, the functions z + log||L(z)'|| and

! = 1, are subharmonic. Now by The-

z — logl|l(1,2,...,2™)|lw-14, where p~! + ¢~
orem 1.2.10(a), z — log||L(z) ! + log(||(1, z,...,2™)|lw-1,) is subharmonic. Hence
z +— 1og(1/nw (2, L)) is subharmonic. Next, we show that z +— 1/n, ,(z,L) is subhar-
monic. So let h(z) = 1/n,,(2,L). Then h(z) = €'8("(*))_ Since e® is positive, convex and
increasing and log(h(z)) is subharmonic, by Theorem 1.2.10(d), h(z) = 1/ny (2, L) is

subharmonic. This completes the proof. B

For the rest of the chapter, we consider only the spectral norm || - |2 on C"*", that
is, we consider only the space P (C™" || - [|2). In this case, recall that we have
O'mm(L()\)) Umin(L<C7 S))

Nwp(A, L) = = and 7y p(c, s, L) = = . (3.3)
P (L, Ay A7) |1 4 P |(c™, em=ts, ..., s™)||w-14
We often identify C with R? and treat the map A — 1, ,(), L) as a function from R? to
R. As a consequence, we often identify A (L) as a subset of R?. Then it follows that

OA(L) C {(z,y) e R*: Nwp(T + iy, L) = €},

where OA (L) is the boundary of A.(L). It is shown in [12] that OA(L) is an algebraic
curve when p = oo. The next result shows that 0A.(L) is a real algebraic curve when

p/(p — 1) is an integer or p = oc.

Proposition 3.4.7. Let L € L}, (C™ " {|-[|2) be a regular nonhomogeneous polynomial.
Then the boundary OA.(L) of A(L) is embedded in a real algebraic curve when p/(p—1)

1S an integer or p = 00.

Proof: We have A (L) C {(z,y) € R?* : op(z + 1y, L) = €||(1,z + iy,...,(z +
iy)"™)||w-1 4} First, suppose that p = 1. Then note that €||(1, z+iy, ..., (z+1Y)™)|lw-1.00
is a singular value of L(x + iy) if and only if Z(z,y) := (L(zx + iy)*L(z + iy)) —
(e|(1, x + iy, ..., (x + iy)™)||w-1.00)*] is singular. Hence OA (L) C T, := {(z,y) € R?:
det(Zoo(z,y)) = 0}. Now it is easy to check that I, is an algebraic curve.

Next, suppose that p # 1. Then €||(1, z + iy, ..., (x + iy)™)|lw-1,4 is a singular value
of L(x + dy) if and only if Z,(z,y) := (L(z + iy)*L(z + iy))? — (e||(1, z + iy, ..., (x +
i)™ ||w-1,4)%1 is singular. Hence OA(L) C I, := {(z,y) € R* : det(Z,(z,y)) = 0}.
Since ¢ = p/(p—1) is an integer, it is easy to see that I'; is a real algebraic curve. Indeed,
if g = p/(p —1) is even then it follows that det(Z,(x,y)) is a polynomial. On the other
hand, if ¢ is odd then it follows that det(Z,(z,y)) = (v/22 + y?)t(x,y) +7(x, y) for some
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nonzero polynomials ¢(z,y) and 7(x,y). Hence in either case I', is an algebraic curve.

This completes the proof. Il

If OA (L) does not pass through the origin 0 € C then it can be shown that dA (L)
is a real analytic curve for all 1 < p < cc.

For a homogeneous polynomial L(c, s), the boundary 0A(L) is embedded in a pro-
jective curve. Indeed, for the special case when L € L2 (C™" || - ||2), we have for

non-zero (z,y,z) € R3

OA(L) C {(as,y, 2) €R?: o (L(z, y + 42))? = € (Z w[sz(m_i) (v + z2)Z> }
C {(z,y,2) €R?: Q(m,y,2) =0} = V(Q),

where Q(z,y, 2) 1= det (L*(z, = + iy)L(z, z + iy) — €2 (31" w; *x* ™9 (y* + 22)") ) . Now,
treating A (L) as a subset of the Riemann sphere S C R?, we have

OA (L) Cc V(Q) NV (z® + > + 22 — 1),
where V (f) denotes the algebraic variety of the polynomial f.

Theorem 3.4.8. Let L € L%, (C™™, || -||2) be regular and U C C be open. Then either
Nwp(2, L) is non-constant on U or if (2, L) =6 for all z € U then As(L) = C.

Proof: The proof follows from Proposition 3.4.7 when p/(p — 1) is an integer or p = oc.
Indeed, if 7, ,(2,L) =d for all z € U then U C I' := {z € C : ny (2, L) = 0}. Since I is
an algebraic curve, we must have As;(L) = C.

For the general case, suppose that 7, ,(z,L) = ¢ for z € U. Let U be the closure
of U. Then we have U N A(L) = (). Indeed, if U contains an eigenvalue A € A(L) then
d = Nwp(A, L) = 0. Consequently U C A(L) which is impossible. Now, if possible,
suppose that As(L) # C. Then U is a component of As(L) not containing an eigenvalue
of L which is not possible. Hence the proof. B

As a consequence, we have the following result which shows that the only local

minimizers of 7, , are eigenvalues of L.

Theorem 3.4.9. Let L € L2 (C™" || - ||) be regular. Let i € C be a local minimum
of Nwp(2,L). Then either pn € A(L) or As(L) = C, where § := 1y, (1, L).

Proof: Since p is a local minimizer, there is an open set U such that y € U and that
Nwp(tt, L) < My p(z, L) for all z € U. Note that if u is an eigenvalue then obviously wu is
a local minimizer of n,,,(z,L).

Now suppose that p is not an eigenvalue of L. Then y is a maximum of 1/, ,(z, L)
on U. Since 1/n,,,(z,L) is subharmonic on U, by maximum principle, 1/n,,,(z,L) is

constant on U. Consequently, by Theorem 3.4.8, we have As(L) =C. B
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3.5 Ciritical points and multiple eigenvalues

For a regular matrix polynomial L € P, (C™*" || -||2), we now investigate the functions
z > Nyp(2,L) and (¢, s) — nwp(c, s,L). To that end, the gradients of the maps C* —
R, (¢,s) — ||[(c™ ™ s, 8™ ||wp and C — R,z — [|(1,2,...,2™)||w, will play an
important role. We identify C with R? and express the gradients as complex numbers.

Then we have the following result.

Proposition 3.5.1. Let hy ,(2) := ||(1,2,...,2™)||wp for z€ C and 1 < p < 0.

Doy fw]z|z| P2
P p(2)P 7

(2) If p=1 then hy, is differentiable on C\ {0} and Vh,1(z) = > 0 iw;z|z|""2 for
z # 0.

(3) Let D := {z € C: hyeolz) = wj|z?| = w;|z"| for some i # j}. Then hy o is
differentiable on C\ D and is given by Vhyoo(z) = jw;z|z["72, if j is such that

huealZ) 38 wj|zj|.

(1) If 1 < p < oo then hy,y is differentiable on C and Vhy,,(2) :=

Proof: The proof follows from the fact that V(JA[?) = pA |A[P~2 and the chain rule
V(goh)(A) =Vg(h(X)Vh(A). B

Next, we analyze the gradient of the map C* — R, (¢, s) — ||(¢™, ™ s, ..., 8™) |lwp-
We define the partial gradient V. (|[(¢™, ¢™ s, ..., 8™)||lwyp) to be the gradient of the
map C — R, c— [[(¢™, ™ s, ..., s™)|wyp treating s as constant. The partial gradient

Vs(|[(c™ ™ s, s )||w7p) is defined similarly. Then the gradient of the map (¢, s) —

(™, ™ s, ..., 8™)|lwp when exists is given by

VI e s, ™M lup) = (Velll(€™, - 8™ llws), Vs(le™,- -, s™)llwp)) € C*.

mml

The gradient and the partial gradients of the map (¢, s) — ||(c Syovoy 8"™)||w,p are

given in the following result.

Proposition 3.5.2. Define H,, : C* — R by Hy,p(c,s) = ||(c™, ™ s, ooy 8™)||wps
where 1 < p < o0.

(1) If 1 < p < oo then the partial gradients V.H,, and VsH,, exist on C* and are
given by

m—1

3 m = gyufelefm v spe
7=0

VeHy (e, s) =

Hyp(c, s)P1 ’

ij§8|5|jp—2|c|(m—j)p
VsHyp(c,s) = =1 )

Hy, (¢, s)p1
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(2) The partial gradient V .H,, 1(c, s) exists when ¢ # 0 and the partial gradient VsH,, 1 (c, s)

exists when s # 0 and are given by

—_

VeHyi(e,s) = (m — j)ch|c|m_j_2|s|j7

J

ViHya(c,s) = ijjs|s\j_2|c\(m_j).
j=1

(3) Let D :={(c,s) € C*\ {0} : Hyoo(c,s) = wjle|™]s|? = w;|c|™"|s|" for some
i # j}. Then V. Hy, o and V Hy, « exist on (c,s) € C*\ D and are given by

3

I
=)

VeHy oo(c, ) = (m — j)ch|c|m_j_2|s|j, if wj|c|m_j|8|j = Hyo(C,8),
V #l00 (C M= jsz|s|j_2|c|m_j, if wj|c|m_j|s|j = H, (¢, s).

Proof: Suppose that 1 < p < oo. Since Hyp(c,s) = (372, wh|e|m7P|s|P)!/P and

V(|c[P) = pc|e[P~2, by the chain rule of derivative we have

>—‘

m—
(m = ) w] el 975}
=0

V.Hy,,(e,s) = /

Hy, ,(c,s)P1

ZjU’? s |S’jp—2 ‘C|(m—j)p
VsHyp(c,s) = =

H,,(c,s)P~1

The proof is similar for the case p = oco.

Next, we analyze the gradient of the map C™™' — R,z — ||z||w,. First, we define
the partial gradients V;(]|z|/,,). We define the partial gradient V;(||z||w,) to be the
gradient of the map C — R, z; — ||(20,- .., 2m)||w,p treating 2o, 21, ..., Zi—1, Zit1, - - - s Zm
as constants. Then the gradient of the map C"™! — R, z — ||z||,,, when exists, is given
by

Vl2llwr) = (Vollzllwps Villzlwp: - Vinllzllo,p) € ™

Proposition 3.5.3. Define N, : C™™ — R by Ny ,p(2) == ||(205- - s 2m) |lwp, where
1 <p<oo.

(1) If 1 <p < oo then Ny, is differentiable on C™' and

wh zz|zz|p 2

viNUhP(Z) = N (Z)
w’p

, fori=0:m.

(2) If p=1 then V; Ny ,(2) exists for z; # 0 and is given by

ViNup(z) = 228

|Zz'| '
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In particular, N, is differentiable at (zo, 21, ..., 2m) if z; # 0 for j =0:m.

(3) Let D := {z € C™ . N, oo(2) = wj|z;| = wilzi] for some i # j}. Then Ny oo is

differentiable on C™ '\ D and VN, ~(2) = (0, ... ,wj%, 5 0), if wi|zi]| = Nyoo(2).
<j

Also let D; == {z € C™ . wj|zj| = wy|z]| for some j # i}. Then V;Ny (2) exists for

z € C™\ D; and

0, if wilzi] < Nyool(z),
Vi pro(Z) =

2 .
wij, Zf ’LUl‘ZZ’ :Nw,oo(z)'

E

Proof: The proof is easy and follows from the fact that V(|z;[?) = pz;|2[P~2 B

Note that the gradient VN, ,(z) is an element of the dual space of (C™" ||+ |lwp)
and the dual space of (C™*!, || -]|,,,) is the space (C"™*, ||+ ||,-1,), where p~ ! +¢~1 = 1.

The next result shows that VN, (20, 21, - - - , 2m) is a unit vector in (C™ 1 || - || ,-1,4).

Lemma 3.5.4. Let z := (20,21, -+, 2m) € C™"™ Ny (2) i= ||2]|wp and p™' + ¢~ = 1.
Suppose that V;N,, ,(2) exists for i =0,1,...,m. Then

[ J ||(V0Nw7p(2)7 Vle’p(Z), 500 ) vaw,p<Z))||w_1,q = 1L
g (ZOVONw,p(z> Zivin,p<Z) +ot vame,p(Z» = Nw,p(z)~

Proof: For 1 < p < oo, by Proposition 3.5.3, we have

H(VONw,p(z)a lew,p(Z)7 (A C © 7vaw,p<Z))Hw—1,q

1 _ _ iy _ - 1/
= O (wgq 9 20[PI79 4 wPT 2 [P - wPITY 2, P q) q
w,p
il
= Tt ll? b+t wh ) = 1
w?p

The proof is similar for p = oco. R

The next result shows the relation between gradients of N, ,, Hy,, and Ay, .

Lemma 3.5.5. Let Ny, ,, H,,, and h,,, be as above. Then we have the following.

(@) > 3 N (Vi Nup) (LA, A™) = Vhy,(N).

7=1

m—1

Z m —j) ¢ i-1si (V; Nyyp) (<™ " s, 8™) = VeHy (¢, s).
7=0

j cm=isi=1 (V; Ny ) (€™, ¢ ls, . ™) = ViHyp(c, 8).

||M3
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Proof: Suppose that 1 < p < oo and set 2, := (1, \, ..., A\"), ze := (™, ™ s, .., s™).
Then by Proposition 3.5.1 and Proposition 3.5.3, we have

noo__ mogawl ML NN NP2
S VT (Y Nyy)(e) = 2 i

j=1 h’va()\)pil
Wl NP2
_ 2]71] j | | ZVhwp(A)
P p(A)P 7
Next, by Proposition 3.5.2l and Proposition 3.5.3 we have
m—1 Zm_l(m — 5\ aP (m=J4)p=2 | ¢|ip
N ) — .]) w; € |C| |S|
(m —j) cm=I1sT (Vj Nyp)(2es) = o .
=0 g Hyp(c, s)P~!
= V.H,,(cs).

Finally, we have

m
St oI 5T ¢ o] e i)
J

N e TS (V; Nup)(2e) =

Jj=1

H,,(c,s)P~1

m
Zj w? s ’s|jp—2 ’C‘(m—j)p
7=1

N Hyp(c, )P~ = VaHu,(c;5).

The proof is similar for p = co. W

Let p := (p1,...,pn)T € RY and A(p) € C™ ™. Suppose that o is a singular value of
A. Then there exists unit right and left singular vectors v € C" and u € C™, respectively,

such that Av = ou and A*u = ov.

Theorem 3.5.6 (Sun, [44]). Let p € RY and A(p) € C™". Suppose that Re[A(p)]
and Im[A(p)] are real analytic matriz valued functions of p in some neighborhood B(0)
of the origin. Let o be a simple nonzero singular value of A(0) and v € C" and u € C™
be the corresponding unit right and left singular vectors, respectively. Then there exists
a simple nonzero singular value o(p) of A(p) which is real analytic function of p in a
neighborhood N (0) of the origin such that o(0) = o and

() )

Next, we analyze differentiability of 7, ,(\, L) and n,,(c,s,L). Again, we treat

Nwp(X, L) as a function from R? to R and express its gradient as a complex number.

Theorem 3.5.7. Let L € Ly, ,(C™" || - |l2) be a regular polynomial and 1 < p < oo.
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(a) Suppose that L is gwen by L(z) = >_1",2'A;. Suppose also that omm(L(N)) s
simple. If the gradient Vh,-1 ,(2) exists at X then the gradient Vn, ,(\, L) exists
and 1s given by

w* O, L(A)v — 1y p (A, L) Vhy-1 4(N)

ho—1.4(N) ’

Vnuwp(A, L) =

where u and v are unit left and right singular vectors of L(\) corresponding to
Omin(L(N)) and p~t 4+ ¢! = 1. Here 9.L()\) denotes derivative of L(z) evaluated
at .

(b) Neat, consider homogeneous form of L giwen by L(c,s) = >0 ™ 's'A;, where
(c,s) € C*\ {0}. Suppose that omin(L(X, 1)) is simple and partial gradients of

H,-1 4 exist. Then the partial gradients of 0., exist and are given by

wOL(A, 11)v = 1w p(A, 1 L) (Ve

wal,q(/\a 0] ’
(
)

& nw,pO‘a 2 L) =

w*OsL(A, 1)v — 0w p(A, o1, L) (Vg Hy-1 g ) (A, o
oLy = OTOY ~ ay(0 . 1) O 1)

where u and v are left and right singular vectors of L(c, s) corresponding to omin(L(A, 1))

and p~ ! +q7 1 =1.

Proof: Let A = x + iy and g()) := opmin(L(N)). Since g(A) is simple, by Theorem 3.5.6,
g is real analytic at (z,y) and Vg(\) = (Re(u*0,L(\)v), Re(u*0,L(\)v)). Writing the

gradient as a complex number, we have Vg(\) = u*9,L(\)v. Now, using the fact that
h-1.g(NVg(A) = gA) Vg1, (X
V(g(N)/hw-14(N) = oY) }(L )1 ()\()2) A%, and 7,,,(A, L) = g(\) /huy-1 4(N),
wT 7q

the desired result follows.

Next, set g(\, 1) = Omin(L(A, p)). Since g(\, p) is simple, by Theorem [3.5.6, ¢
is real analytic at (A, ) and Vg(A, u) = (Veg(A, 1), Vsg(A, 1)). Writing the gradient

as a complex number, we have Veg(\ pn) = u0.L(A p)v. Now, using the fact that

c )\7 v )\, VC Hw—l, )\’

T (900 o1l ) — a0V 1) = 900 10V ) Out) g
Hwilaq(A7 /"L)

Nwp(As 1, L) = g(A, 1)/ Hy—1 4(A, 1), the desired result follows. Il

Now we construct a matrix polynomial with a specified eigenvalue.

Theorem 3.5.8. Let L € L,  (C™" |- |l2) be a regular polynomial given by L(z) :=
Yoo 2'A;. Let X € C. Consider the SVD L(\) = USV*. Suppose that k is the mul-
tiplicity of omin(L(N)). Set u :==U(G,n—k+1:n) andv:=V(,n—k+1:n). For
z € C™H define Ny p(2) := ||2]|wp- With the convention that a partial gradient of N,
at (1, \,...,\™) is 0 if it does not exist, we define

AA; = =1y p(A L) (Vi Ny-1) (1, A, ., A uv®
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and consider the polynomial AL(z) := Y 1" 2'AA;, where p~t 4+ ¢+ = 1. Then we have

(@) ALA) = =nwp(A, L)hy-1 4(X) uv*.

(b) D.AL(N) = —1wp(A\, L) Vi1 () uv™.

(€) JALflwp = 10,p(X, L).

(d) (L(A) 4+ AL(M))v = 0 and u* (L(X) + AL(X)) = 0.

(e) u* (O,L(A\) + 0, AL(\))v = u* 9, L(A\)v + u*0,AL(\)v

= u* . LA = N p(A, L) Vhy1,,00) I,
where I, € CF** is the identity matriz.
If omin(L(X)) is simple and the gradient Vhy,-1 4(\) exists then we have
u*(Q:L(A) + .ALA)v = w*(0:L(A\)v — 0up(A, L) Vhg-1 ,(X)

hyy=1,4(A) V1 (A, L).

Proof: (a) Consider the polynomial AL(z Z AA;z" and set 2, := (1, ),...,A™).

=0

Nk

Then we have AL(A) = —1,,(A, L) Y (ViNy-1,) (21) uv* A" By Lemmal3.5.4, we have

Il
=)

7

Z N (ViNy-14) (22) = Ny-1,4(20) = hy-14(A). Hence
=0
AL(N) = =1y p(A, L) hy—1 (AN uv™.
(b) Now, 0,AL()\) = Z i AANTE = —ny (), L ZZ ViNy-1,4)(22) X! By Lemma
i=1 =1

3.5.5, we have 0, AL(A) = 1y, (A, L) Vhy-1 ,(Nuv*.

(¢) We have |ALJluw, = [|(IAA], [AA], .., A4, =
nw,p()\,L)H(VONw_lyq(z,\), ViNy-14(20), - -, Vme_gq(z)\))”w’p. By Lemma 3.5.4, we
a(20), ViN,-1 ,(20), - - -, vawflg(Z)\))pr = 1. Consequently, we have
|”AL”|wp ﬁwp(/\ L).

(d) Next, by (a) we have (L(A) + AL(A))v = L(A)v + AL(AN)v = opin(L(A))u —
N p( A L) hup=1 4 (At = Tpin (L(A) ) u—0min (L(A))u = 0. Also u* (L(A) + AL()N)) = w*L(X\)+
U AL(N) = 0min (L(A))v* =1y p(A, L) hyy-1 o (A)0*

= 0. Hence A is an eigenvalue of L+AL.
(e) By (b) we have u*(0,L(X\) + 0,AL(X))v = w*0,L(A)v — nyp(A, L) V-1 4(N).
Finally, when o, (L(X)) is simple, the desired result follows from Theorem 3.5.7/ (a). W
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A few comments about the results in Theorem [3.5.8, especially the case for p = 1 and

p = 00, are in order. Set z := (1, A,..., A™).

U= (wyt,wit, .. wt)

1. Recall that for a weight vector w := (wog, w1, ..., wy,), W™ -

with the convention that wj_1 = 0 if w; = 0. So for example, if w; = 0 then
Vi Ny-14(2x) = 0. Hence by Theorem 3.5.8 we have AA; = 0 which conforms with

the fact that w; = 0 means A; remains unperturbed.

2. Now suppose that p = co. Then ¢ = 1 and Vo Ny-1(25) = wy ' and V; Ny-11(2))

A
= wi_ll)\q' Recall that, for ¢ = 1 : m, the partial gradient V; N,-11(2)) does
not exist when A = 0. Hence by convention V; Ny-1,(2y) = 0 when A = 0.
Consequently, when A = 0 by Theorem 3.5.8, we have A4y = —wy 'y 00 (A, L) uv*

and AA; =0 for ¢ = 1 : m. Thus A; remains unperturbed for j =1 : m.

3. Finally, suppose that p = 1. Recall that D; := {z € C™ : N,1.(2) =
w; ' |z| = w; " |z for some j # i}. Then the partial gradient V;N,-1 . (2,) does
not exist if z, € D;. Hence by Theorem 3.5.8, we have AA; = 0. Thus The-
orem [3.5.8 does not provide us with a nonzero perturbed polynomial AL such
that A € A(L + AL). This problem can easily be fixed by redefining AA; as
AA; == —ny1 (N, L) sign(A) uwv* and AA; = 0 for j # i. This choice of AA; cor-
responds to defining V,;Ny-1 oo(22) := lim, .y V;Ny-1 o(2,) for j = 0 : m, where
z, = (1, p,..., ™) is such that 2, ¢ D; and Ny-1 (2,) = w; '|p|'. This shows
that if Ny-1(22) = w; '|A[* = -+ = w; '|\]** then anyone of the matrices Aj,
j € {i1,i2,...,ix}, can be perturbed by AA; := —n, 1(\, L) sign(\)uv* and each
such choice will provide us with a perturbation AL such that A € A(L + AL).

The following result generalizes Theorem 3.5.8 to the case of homogeneous matrix

polynomials.

Theorem 3.5.9. Let L € LE,  (C™" || - []2) be a regular polynomial given by L(c, s) =
Yo, cmis' Ayl Let (A, p) € C*\ {0}. Consider the SVD L(\, ) = USV* and set u :=
U(,n—k+1:n)andv =V (,n—k+1:n), where k is the multiplicity of omm(L(A, p)).
For z € C™, define Ny ,»(2) = ||2|lwp and Hyp(c,s) := Ny (™ ¢ s, .., s™). With

the convention that a partial gradient of Ny, at z is 0 if it does not exist, we define

AA; = =1y p(A, 11, L) (Vi Ny—1 o) (A™, XL oo pm) wo™,

and consider the polynomial AL(c,s) = > "%, ¢ 's'"AA;, where p~* 4+ ¢~ = 1. Then we
have
(a) AL, 1) = = p(A, g, L) Hy—1 4 (A, p)uv®.
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(b) a?AL()‘v :u) = _nwm(/\’ 22 L) (VC Hw*%q)@‘» :u)uv
(¢) OsAL(A, 1) = =1 p(A, 4, L) (Vs Hym14) (A, p)uv
(d) |AL]lwp = nwp(A, 1, L).

(e) (L(A, pn)+ AL\, p)v =0 and u*(L(A, u) + AL\, p)) = 0.

(f) u” (OL(A, p) + O AL(A, ) v = w*OL(A, v — 1 p(A, g, L) (Ve Hy=10) (A, 1) Iy

(9) u* (OL(A, p) + O;AL(A, 1)) v = wOL(A, 11)v — 1w p(A, 11, L) (Vs Hy=1,0) (A, 1) I,

where I, € CF*¥ is the identity matriz.
If omin(L(c, 5)) is simple, (Ve Hy-14) (A, 1) and (VsHy-14) (A, 1) exist then we have

u” (O L(A, ) + O:ALA, p)) v = uw LA, p1)v — 1w p(A, 11, L) (Vs Hym1,) (A, 1)
= Hy-1,4(A 1) Vinup(A, 1, L),

u (OL(A, p) + O AL, p)) v = w'OL(A, p)v = Nup(A, 1, L) (Ve Hy-1,6) (A, 1)
= Hy14(A 1) Venwp(A, 1, L).

Proof: (a) Set 2y, := (\™, AX™ *u,..., u™) and consider the polynomial AL(c, s) =

Z Cm_iSiAAi' Then AL(A7 H) o, _nUJ,p(A7 M, L) Z )\m_ilum vl Nw*l,q(zku) uv®. By Lemma

=0 =0
3.5.4, we have Z N U™ NNy o (20) = Hy1,4(\, ). Hence

=0

AL, 1) = = p(A, pt, L) Hy—1 4 (A, p)uw

(b) Now, Q. AL\, 1) = —1w (A 1, L) Y (m—i) A"’ VN1 4(25,)uv*. By Lemma

7

3

Il
o

3.5.5, we have

m—1

M

— DN ViNg—1 g(2) = VeHyu-1,4(A, ).

=0

Hence . AL\, 1) = = p(A, g, L) (Ve Hyp-14) (A, p) uv®.

(c) Similarly, we have O;AL(A u) = —nwp(\, 1, L ZZ NPT VN1 g (2a,) uv™.

=1
m—1

By Lemma 3.5.5, we have Zz’)\m_i,ui_l ViNy-14(2an) = (VsHy-14) (A, p). Hence

i=1

OsALA, 1) = = p(A, 11, L) (Vs Hy—1,4) (A, o) wo™.
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(d) Next, we have

IAL[, = [[(1AAll, [AA, .. [AALD],.,
nw,p(/\a s L)H(Vo Nw—17q(2>\u), Vl wal,q(z)\u% ey vaw—lﬂ(Z)\H))H

w,p’

By Lemma [3.5.4, we have ||[(Vo Ny-14(2a0), - - -, Vme—lyq(Z)\M))pr = 1. Consequently,
we have [| ALl p = 9uwp(A, g, L)

(e) By (a) we have (L(\, 1) + AL\, u))v = L\, u)v + AL\, 1)v = oin(L(A, p))u —
N p(As 4, L) Hyp=1 (A, ) = gin (L(A, 1))t — Omin(L(A, ) )u = 0. Similarly, u*(L(A, p)
+AL, 1)) = 0min (LA, 1)) =1 p (A, gty L) Hyy-1 4 (A, )v* = 0. Hence A is an eigenvalue
of L + AL.

(f> NOW7 U*<80L()\7 ,LL) it aCAL<)‘7 M))U = u*aCL()\v ,LL)U + U’*acAL<)\7 :U’)v By (b) we have
OL(A, 1) = —Nwp(A, 11, L) (Ve Hy-1 ) (A, ) uv*. Hence w*(0.L(A, p) + O.AL(A, p))v =
u*(acL()‘7 :u))v r nw,p()‘7 K, L)(vc Hw*l,q)(>“ NJ) I

(g) Again u*(OsL(A, p) + OsAL(, p))v = u*0;L(A, p)v +u*0sAL(A, p)v. By (c) we have
OsL(A, 1) = =N p(A, 1, L) (Vs Hy—1 4) (A, ) uv*. Hence w*(9sL(A, 1) + 0;AL(X, p))v
= u*(OsL(A, w)v = M p(As 1, L) (Vs Hy1,0) (A 1) L.

Finally if o (L(A, 1)) is simple, V. Hy-1 (A, 1) and Vi H,,-1 ,(A, i) exist then from

Theorem 3.5.7, we have

u (O L(A, 1) + O,ALA, p)) v = uwOL(A, 11)v — 1 p(A, 1, L)
= Hy14(\, 1)V nup(A, 1, L)
u* (0L, p) + OAL(A, ) v = w OL(A, 11)v — 0w p (A, o, L) (Ve Hy1 4) (A, 1)
= Hy14\ )Venup(A 1, L). B

(vs wal,q) ()" M)

)

Remark 3.5.10. Recall that zy, := (A", X" 'u, ..., 1u™). Now suppose that p =1 and
that Ny-1.0o(2p,) = w; | N0 | = ... = w; |\ pu'|. Then the partial gradient
ViNy-1 0(2x,) does not exist for j € {iy,...,ix}. Consequently, Theorem [3.5.9 does
not provide us with a nonzero polynomial AL such that (A, pu) € AL + AL). How-
ever, as in the case of monhomogeneous polynomials, perturbing anyone of the ma-
trices Aj,j € {i1, ... ik}, by AA; = —ny1 (A, pu, L) sign( A" p? )yuv* and leaving the
other matrices unperturbed we obtain a polynomial AL such that (A, p) € A(L + AL).
Fori € {iy,... i}, the perturbed matriz AA; as defined above corresponds to defining
ViNu—100(22n) = Ime ) ViNu—1.00(Zes), where zegs := (™, ¢ s, ..., s™) is such

that Ny-1,00(2es) = w; ™ 7's'| and w; ' ¢™ 57| < N1 o0(205) for j # .
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Now we define the notion of generic and nongeneric critical points of the map z —

Nwp(z, L) and (¢, s) — (e, s, L).

Definition 3.5.11. Let A € C. Then X is said to be a generic critical point of 1y, if
Omin(L(A)) is simple and Vny, (A, L) = 0. If omin(L(X)) is multiple then X is said to be
a nongeneric critical point of Ny . If the multiplicity of omin(L(N)) is k then p is said to
be a nongeneric critical point of multiplicity k. A complex number is said to be a critical
point of 1, if it is either a generic or a nongeneric critical point of n,,,. Critical points

of Nwp(c, s, L) are defined similarly.

We now show that critical points of 7,,, are multiple eigenvalues of nearby polyno-
mials. To that end, we state a result that provides a necessary and sufficient condition
for an eigenvalue of a matrix polynomial to be multiple. Let A be a simple eigenvalue of
a regular polynomial L. Then A is a multiple eigenvalue of L if and only if there exists
left and right eigenvectors u and v of L corresponding to A such that «*0,L(A\)v =0. A
proof of this result can be found, for example, in [12]. We provide a simple proof of this
fact.

Given a regular polynomial L(z) = Y/ 2" A;, consider the pencils Cy,(z) := X —2Y
and Cg(c, s) := cX — sY, where

D -/ e Wi [ L Y 0
D 0 (] . 0
Xe=" (A TR R — y
0 0 . U B ()
Ay A o Ay 0 0 ... 0 =A,

Note that Cy, is a linearization of L. Then we have the following.

Theorem 3.5.12. Let L(z) = Y., 2" A; be reqular and A € A(L). Then X is a multiple
eigenvalue if and only if there exist left and right eigenvectors u and v of L corresponding

to A such that u*0,L(X\)v = 0.

; (A + XAy + -+ A1 A, ) o]
o (Ag + A+ -+ + A" 24,,) u
Proof: Let Z := ) and W := : . Then it
)\m;lv (Am—l + )\Am)*u
u

is easy to see that W*Cr()\) = 0 and Cr(A\)Z = 0. Hence X is an eigenvalue of Cy,(2)
and W and Z are left and right eigenvectors corresponding to A\. Then by Theorem
2.4.10, X is a multiple eigenvalue of Cy,(2) if and only if W*Y Z = 0. By Theorem [1.2.8|
we have W*Y Z = —u*0,L(A)v. Hence A is multiple eigenvalue of L(z) if and only if
w0, L(AN)v=0. 1

The homogeneous version of Theorem 3.5.12/is as follows.
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Theorem 3.5.13. Let L(c, s) = Zcm_isiAi regular and (co, so) € A(L). Then (co, So)
is a multiple eigenvalue if and onlz if there exist left and right eigenvectors u and v of

L corresponding to (co, so) such that (u* 0.L(co, so) v, u*OsL(co, s9)v) = 0.

Proof: For (c,s) € C*\ {0}, set A := s/c when ¢ # 0 and p := ¢/s when s # 0. Then
L(c,s) = ¢™L(A) when ¢ # 0 and L(c, s) = s"revL(u) when s # 0, where revL is the
reversal of L, that is, revL(z) = 2"L(1/2). Let w and v be left and right eigenvectors of

L corresponding to (cg, So). Then taking partial derivatives of L(c, s), we have
u*0.L(co, s0)v = —c" 2spu*O\L(A\o)v, u*sL(co,s0)v = " tu*O\L(\o)v
when ¢y # 0, and
u*9.L(co, So)v = sgl_lu*ﬁurevL(,uo)v, u*0srevL(cy, so)v = —s?_Qcou*ﬁurevL(uo)v

when sy # 0. Note that oo is a multiple eigenvalue of L(z) if and only if 0 is a multiple

eigenvalue of revL(z). Hence the desired result follows from Theorem 3.5.12.1

The following result shows that critical points of 7, ,(z, L) are multiple eigenvalues

of appropriately perturbed polynomials.

Theorem 3.5.14. Let L € L2 (C™™ || - ||2) be a regular polynomial given by L(z) :=
Yoo Z'A;. For A € C, construct the polynomial AL as in Theorem 3.5.8. Then we have
IAL|lwp = Nuwp(A L). If X is a generic critical point of Ny p,(2,L) then X is a defective
eigenvalue of L+ AL. On the other hand, if A is a nongeneric critical point of 1y, ,(z, L)
of multiplicity k then X is a multiple eigenvalue of L + AL of geometric multiplicity k.

Proof: By Theorem 3.5.8, we have ||AL|,, = Nwp(A, L), L(A)v + AL(A)v = 0 and
u*(L(A) + AL(X)) = 0. If X is a generic critical point then we have Vn, (A, L) =
0. Hence by Theorem 3.5.8, we have u*d.(L(\) + AL\)v = hy1,(A\)V 7u,(\, L) =
0. Consequently, by Theorem 3.5.12, X\ is a multiple eigenvalue of L + AL. Since by
construction rank(L(\) + AL(A)) = n — 1, it follows that A is a defective eigenvalue of
L+ AL.

When ) is a nongeneric critical point of multiplicity k, by Theorem 3.5.8, we have
(L(A) + AL(M))v(:, ) = 0, u(:, )" (L(A) + AL(X)) = 0 for j = 1 : k. Hence the result
follows. W

Obviously similar result holds for a homogeneous polynomial. Indeed, we have the

following result for a homogeneous polynomial whose proof follows from Theorem 3.5.9.

Theorem 3.5.15. Let L € LY, (C™",[|-[]2) be a regular polynomial given by L(c, s) :=
Yol ™ is' A For nmonzero (\,pu) € C2?, construct the polynomial AL as in Theo-
rem[3.5.9. Then we have |AL|wp = Nwp(A, g, L). If (A, 1) is a generic critical point of
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Nwp(c, s, L) then (X, i) is a defective eigenvalue of L+ AL. On the other hand, if (X, p1)
is a nongeneric critical point of n,,(c, s, L) of multiplicity k then (X, 1) is a multiple

eigenvalue of L + AL of geometric multiplicity k.

Thus we see that critical points of the function z +— n,,,(z, L) are multiple eigenval-
ues of appropriately perturbed polynomials. Although determining all critical points of
Nwp(z, L) is a nontrivial task, it turns out that some critical points of 7, ,(z, L) can be
read off from the pseudospectra of L. More precisely, we now show that common bound-
ary points of components of pseudospectra of L are in fact critical points of 7, ,(z,L).

Let L € P, (C™™ ||-|l2) be a regular polynomial of degree m. As e grows gradually,
the components of A (L) became large in size and some of them coalesce with other
components. The following result shows that the points of coalescence of components of

A (L) are actually critical points of 7.

Theorem 3.5.16. Let L € L, (C™", |- |2) be a regular polynomial. Suppose that two
components of A(L) coalesce at ju as € — 6. Then ny,,(p, L) = 6. Further, p is either a
nongeneric critical point of Ny (2, L) for 1 < p < oo or the following holds:

(a) If 1 <p< oo andp/(p—1) is an integer then u is a generic critical point of Ny .
(b) If p= o0 then p is a generic critical point of 1y, provided that pu # 0.

(¢) If p = 1 then p is a generic critical point of My, provided that (1,u,...,u") €

C™\ D, where D := {z € C"*' 1 w; 2| = w; || for some i # j}.

Proof: Recall that 0As(L) C I' := {z € C : n,,(z,L) = 0}. Consequently, we have
Nwp(t, L) = 6. Now, if oyin (L(1e)) is multiple then y is a nongeneric critical point of 7, .
On the other hand, if oyin (L(p)) is simple then by Proposition 3.5.3 and Theorem 3.5.7,
Nwp(z, L) is differentiable in a neighbourhood N, of 1 for 1 < p < oco. Since p lies on
the common boundary of two components, in view Proposition [3.4.7, the curve I' NN,
consists of two arcs intersecting at ;. Hence by Implicit Function Theorem Vn,, (1, L) =
0. When p = o0, 1y,(2,L) is differentiable for y # 0 and when p = 1, n,,(2,L) is
differentiable at yu if (1, p, ..., u™) € C™\ D. Hence the result follows. B

This shows that common boundary points of components of pseudospectra of L are
critical points of 7, ,(A, L). Consequently, by Theorem [3.5.14/ we conclude that com-
mon boundary points of components of the pseudospectrum A (L) are in fact multiple
eigenvalues of appropriately perturbed polynomials whose distance from L is equal to e.

Note that if L € Lb (C™" | - [|2) is a regular polynomial and has mn distinct
eigenvalues then Theorem 3.5.14 provides a polynomial having a multiple eigenvalue

whenever a critical point of 7, ,(z, L) is available. A minimal critical point of 7, ,,
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that is, the critical point at which 7, , takes the smallest value among all the critical
points, is of special interest and Theorem '3.5.16 tells us where to look for it. This brings

us to Wilkinson’s problem for matrix polynomials.

3.6 Wilkinson’s problem for matrix polynomials

Given a matrix A € C™*™ having n distinct eigenvalues, the problem of determining AA
having smallest norm such that A + AA has a multiple eigenvalue is widely known as
Wilkinson’s problem. It is shown in [1] that a solution of Wilkinson’s problem can be
constructed from the pseudospectra of A. Wilkinson’s problem for matrix polynomials
can be stated as follows.

Wilkinson’s problem: Let L € IL?  (C"*" || - [[2) be a regular polynomial having

n distinct eigenvalues. Define
d(L) := inf{|] AL, : AL € LY, (C™", || - ||2) and L + AL has a multiple eigenvalue}.

Then determine AL € L7, (C™", || - ||2) such that L + AL has a multiple eigenvalue
and that |AL],, = d(L).

We now show that a solution of Wilkinson’s problem can be constructed from the
pseudospectra of matrix polynomials. We consider the space of polynomials I}, , (cm |-
|2) and assume that p/(p — 1) is an integer or p = co. So, let L € LZ  (C", | - [[2) be
a regular polynomials having mn distinct eigenvalues. Recall that A.(L) consists of at
most mn components and each component contains at least one eigenvalue of L. Since
L has mn distinct eigenvalues, for sufficiently small €, A.(L) consists of mn compo-
nents. Let #(A.(L)) denote the number of components of A.(L). Then if € is such that
#(Ac(L)) = mn then obviously we have d(L) > €. Thus, in view of Theorem [3.5.16, it is
now clear that d(L) can be read off from the pseudospectra of L. Indeed, let 6 be such
that #(A(L)) = mn when € < 0 and #(A(L)) < mn — 1 when ¢ > §. Then we have
d(L) = 4. Note that at least two components of A (L) coalesce as ¢ — 4.

Theorem 3.6.1. Let L € L,  (C™", |- [|2) be a regular polynomial having mn distinct
eigenvalues. Let #(A(L)) denote the number of components of Ac(L). Let 6 > 0 be
such that #(A(L)) = mn if € < 6 and #(A(L)) < mn — 1 if ¢ > 6. Then we have
d(L) = 6. Let pu be a common boundary point of two components of As(L). Consider the
SVD L(p) = UXV* and set o := 3(n,n). Then we have

g

sy e wTr,q

If o is multiple then set u :==U(:, n—1:n) andv =V (;,; n—1:n) else set u:=U(:,n)
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and v =V (:,n). Define

*

w; * o sign(p’) [p“ v

AAZ =
s sy )y

fori=0:m,

where sign(z) :=z/|z| if z # 0 and sign(0) = 0. Now consider the polynomial AL(z) =
Yoo 2 AA;. Then d(L) = [|ALlwyp = Nwp(p, L). Further p is a multiple eigenvalue
value of L + AL of geometric multiplicity 2 when o is multiple and p is a defective

eigenvalue of L + AL when o is simple.

Proof: Since at least two components of A (L) coalesce at p as € — ¢, by Theorem 3.5.16),
@ is a critical point of 7, ,(z,L). Hence d(L) = d. Now the desired results follow from
Theorem 3.5.14. A

We mention that Boulton et al. [12] provided a solution of Wilkinson’s problem for
matrix polynomial. Their analysis corresponds to the case p = co and their solution of
Wilkinson’s problem follows from Theorem 3.6.1/ by setting p = oo.

Recall that an infinite eigenvalue of L, if any, can be treated at par with finite eigen-
values by considering homogenous form of L. We now present analogue of Theorem [3.6.1
for homogeneous polynomials. For this purpose, we normalize eigenvalue (¢, s) € A(L)
so that |c|* + |s|* = 1. Hence we consider A.(L) as a subset of S'. Then we have the

following.

Theorem 3.6.2. Let L € L7 (C™" |-||2) be a reqular homogeneous polynomial having
mn distinct eigenvalues. Let #(A(L)) denote the number of components of A.(L). Let
d > 0 be such that #(Ae(L)) = mn if e < § and #(A (L)) < mn —1 if ¢ > 5. Then
we have d(L) = 6. Let (A, ) € S' be a common boundary point of two components of
As(L). Consider the singular decomposition L(A, pu) = ULV™* and set o := ¥ (n,n). Then

we have
o

IO A ) [l g
If o is multiple then set uw :=U(:;,n—1:n) andv =V (;, n—1:n) else set u :=U(:, n)
and v :=V (:,n). Define

d(L) = nwp(A, p, L) = 4.

wi_q o SlgH(Amil,uZ) |/\|(m7i)(q71) |M|i(q71) uv*

AAl = -
H(/\m7 )‘m_lluﬂ to 7/’Lm)||?y*17q

fori=0:m

and consider the polynomial AL(c, s) = >"1" ¢ s’ A;. Then d(L) = |AL[lwp = 7wp(A, i, L).
Further (X, ) is a multiple eigenvalue value of L+ AL of geometric multiplicity 2 when
o is multiple and (A, p) is a defective eigenvalue of L + AL when o is simple.
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Chapter 4

Pseudospectra inclusions, stability
of eigendecompositions and
separation of matrix pencils

We investigate pseudospectra inclusions for matrix pencils and show that pseudospectra
inclusions can be gainfully used for analyzing stability of eigendecompositions. We
introduce and analyze various notions of separation of matrix pencils and show their

usefulness in analyzing stability of eigendecompositions.

4.1 Introduction

We investigate pseudospectra inclusions, continuous evolution of eigendecompositions
and various notions of separation of matrix pencils. Given a regular matrix pencil L
such that Y 'LX = diag(Ly, Ly) for some nonsingular matrices X and Y, our first aim

is to derive pseudospectra inclusions of the form
Ac(L) C Mgy (Ln) U Ao (L)

for some strictly increasing function ¢. We provide various choices of ¢.

Various notions of separation of matrices such as sep, sep, and gsep play important
roles [3, 43, (15, [48] in perturbation analysis of eigenvalues and eigendecompositions. We
provide a general framework for defining various notions of separation of matrix pencils
such as sep,sep, and gsep. We show that these separations possess similar properties
as those possess by their matrix counterparts. Further, we show that the conceptual
foundations of these separations are the same as those of their matrix counterparts.
Hence these separations of matrix pencils can be analyzed and handled with the same
ease as their matrix counterparts.

Next, given a regular pencil L, we analyze continuous evolution of its eigende-

compositions. By an eigendecomposition of L. we mean a decomposition of the form
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L = Ydiag(Ly,...,L,)X !, where A(L;) N A(L;) = 0 for i # j and X and Y are non-
singular matrices. Thus X', Y and L; can be thought as functions of L. An eigende-
composition of L is said to evolve continuously on an open set U containing L if X!, Y
and L; are continuous on U. Continuous evolution of eigendecompositions of matrix
pencils has been investigated by Demmel et al. in [16]. We investigate conditions for
continuous evolution of eigendecompositions of L on a given open ball centred at L. We
show that a sufficient condition for continuous evolution of eigendecompositions of L can
be read off from the pseudospectra of L. Further, we show that for an appropriate norm
a necessary and sufficient condition for continuous evolution of eigendecompositions of

L can be read off from the pseudospectra of L.

4.2 Localization of pseudospectra of matrix pencils

For simplicity, throughout this chapter, we consider the space of pencils L2 (C™*" || - ||)
and assume that each components of w is nonzero. This makes LE (C"*"/||-]|) a normed
space. We further assume that the norm || - || on C"*™ a subordinate norm and has the
property that,[[diag(Ay, As)|| = max(| sl [[4s]).

First, we consider pseudospectra of scalar pencils which will be used in the subsequent

development.

Proposition 4.2.1. Let L € L2 (C,| - |) be a scalar pencil given by L(z) := o — z0.
o — 20|

Then the pseudospectrum of L is given by A (L) :={(z € C: T s < ¢€}. Now
» 2 ) lw=1,q
considering the homogeneous form L(c, s) := ca — sf3, the pseudospectrum is given by
lcae — s
A (L) := {(c,s) e C*\f0}: ——— <€,
1(e, $)llw=1,q

We now consider pseudospectra of diagonal and block diagonal pencils which will be

crucial in the later development. We have the following result whose proof is immediate.

Theorem 4.2.2. Let L € L2 (C™™,|| - ||) be a reqular pencil. Suppose that L is block
diagonal and is given by L = diag(Ly, Ls). Then we have A(L) = Ac(Ly) U A (Ly).

In particular, suppose that L is a diagonal pencil and is given by L := diag(L;),
where each L; is a scalar pencil. Then we have A (L) = U A (L;).

Let L € L2 (C™", || - ||) given by L(z) = A — 2B and X € C™". Then XL and LX
denote the pencils given by XL(z) = XA — 2XB and LX(2) = AX — 2BX. Then for

the backward error function 7, ,(2, L) we have the following.

Theorem 4.2.3. Let L € L2 (C™*" || - ||) be reqular. Then for AL € L2 (C™" || -||) we
have

Mo p(A L) = [ALJlwp < uwp(A L+ AL) < 945 (A, L) + [[AL[lw p-
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Let X and 'Y be invertible matrices in C"*™ and cond(X,Y) := || X || ||Y]]. Then

Nwp(A, L)

< DN Y TILX) < cond(Y, X)nw.,(\, L).
Cond<X’Y)—n,p<7 )—COH(J )77 ,p(7 )

Stmilar result hold for homogeneous matrix pencils.

Proof: We have

Top\L+ AL) = inf{[|Gllo,: A € A(L + AL + G)}
= inf{(AL+G) — ALJu, : A € A(L + AL + G)}.

This gives 7y (A, L + AL) < 1y ,(A, L) + || ALl and 7, ,(A, L+ AL) > 1, ,(A, L) —
IAL] . Hence the result follows.

Next, we have

NwpN, Y T'LX) = inf{||AL[l,,: A € A(Y 'LX + AL)}

inf{]AL]lwp : A € A(L+YALX 1)}
inf{|][Y 'Y ALX ' X|,,: A € AL + YALX 1)}
cond(Y, X)nw (A, L) (4.1)

I

IN

and

nwW(A?L) = nw,p()\,YY_lLXX_l)
Y IX 0 p(A, Y LX) = cond (X, V)i (A, Y LX), (4.2)

N

Hence the desired result follows. l
Now we have the following Bauer-Fike type inclusion theorems for pseudospectra.
Theorem 4.2.4. Let L € LE (C™™ || - ||) be reqular. Then we have the following.
(a) Let X, Y € C™" be non-singular. Set ki := [| X ||V | and ry := [|[Y ||| X||. Then
Ad(L) C Aye (YTILX) and A (Y 'LX) C Ay, (L).
(b) Let k :=inf{||[Y ||| X]| : Y! LX = diag(Ly, Ly)}. Then we have
Ac(L) € Ape(Ly) U Ape(La).

(c) Let X and Y be non-singular such that Y 'LX = diag(Ly, Lo). Let X := [X1 X,]
and (Y1) := [Y1 Ya] be conformal partitions. Set r := || X1||[|Y7"|| + || Xa||[|Y5||. Then
we have

AG(L) g AKG(Ll) U AI{€<L2)'
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(d) Let X and Y be non-singular such that Y 'LX = diag(Ly, ...,Ly). Let X :=
(X1 - Xy] and (Y7U)* = [YVi - V)] be conformal partitions. Set ¢;(e) =
KX 1Y;*[le. Then we have

Ac(L) C Uj_ Ay, 0 (Ly)-

Proof: Without loss of generality we prove the results for non-homogeneous pencils.
The proof of (a) follows from the fact that 1, ,(A, Y LX) < ||V 7| || X|| 7w, (A, L) and
Bup L) < IV IX | (A Y LY),

By (a), we have that A (L) C A (Y 'LX), where x = ||[Y || || X||. Now from Theorem
4.2.2, we have A (Y 'LX) = A, (Ly) U Age(Lg). Thus A(L) C Aue(Ly) U Ay (Lo).
Next, we have L(z) = Ydiag(L;(2), L2(2)) X! = L(2)7! = Xdiag(Ly(2)™!, La(2) )Y !
= XL (2)7'Yy + XoLo(2)71Y5 = [IL(2) 7| < max([|La (2) 7| [T (2) DX 1Y) +
| X2 ||1Y5H]) = max(||L1(2) 71|, [|[L2(2) " !||)&. Hence the proof follows .

Finally, L(2)™" = 0, X;L;(2) 'Y} = |IL(z) 7| < e masc {|XGII1[Y5 [T (=) 7" This
implies that A.(L) C Ay,((L), where ¢;(e) = k|| X,|| [|Y;]. ®

For the special case when L is simple, we have the following result.

Corollary 4.2.5. Let L € L2 (C*™™,| - ||) be given by L(z) = A — 2B or L(c,s) =
cA — sB. Suppose that Y*AX = diag(a;) and Y*BX = diag(f3;). Set y; := Ye; and
x; = Xe;. Then («;/Bs, yi, ;) is an eigentriple of L(z) = A — 2B and ((5;, i), ys, T;) 1
an eigentriple of L(c, s) = cA — sB. Further, we have

Ae(L) € UL Awe(Ly) and Ac(L) C Uy Apy,e (L),
where L;(2) = oy — 206; or L(c, s) = ca; — s3; and k= ||Y*||| X, #: := || ||||ws -
If L(z) = A — 2B is diagonalizable and B is non-singular then we can choose X

and Y such that Y*BX = I and Y*AX = diag(A1, ..., \,). Consequently, we have the

following special case.

Corollary 4.2.6. Let L € L2 (C™", || - ||) be given by L(z) = A — zB. Suppose that
B is non-singular. Let'Y and X be such that Y*BX = I and Y*AX = diag()\;). Let
y; = Ye; and x; := Xe;. Then (N, z;,y;) is an eigentriple of L. Further, we have

AE(L) - U?:lAI%(Li) and AE(L) - U’?:lAnRiE<Li)7
where L;j(2) = z — N\, k= [|[Y*|| || X|| and K; = ||z || ||y:|-

To obtain further inclusions for pseudospectra, we need the following result.
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Lemma 4.2.7. /28, 2] Let {Il M} € C™ ™ where I; and Iy are the identity matrices

0 I
of size k and n — k, respectively, and M € C*>*=%)  Then
L M B 1 ) 1 5
[ 2| = e g+ g+ anag,

We now generalize this result and obtain the following.

Lemma 4.2.8. Let Z = [aél ﬁ]\?] e C™ ™ where I and Iy are the identity matrices of
2

size k and n — k, respectively, M € C**"=k) and o, 3 are nonzero positive real numbers.

Then

Om(Z) = \/(0‘2 62+ 1 MI3) + \/(0422 B+ [MIE)® — 475"

%mmz¢W“ﬂMWM@—¢€+m+MMW—mw{
cond(Z) 4 ‘;m((g)) _ @@+ 52+ M3 + \/(20;2; B+ IMI3)° = 4o

Omax(Z)0min(Z) = a3, where owin(Z) and omax(Z) are the smallest and the largest sin-

nd

gular values of Z, respectively.

Proof: We have || Z||5 = p(Z*Z), where

p(Z*Z) = sup [x* y*} AVA {x] czeRF ye R”_k} . Now,
lI(zy)ll2=1 Y

- nerf] Sl aPh ]
o Ly T )
aM* x4 (8 + M* M)y
= |zl + Byl + az* My + ay*™M*y + ay* Mz + y* M* My
= o |lzll3+ B [lyl; + 2 Re(ez* My) + [lyl3|M]3.

Note that there exists vectors x and y such that ||z||s = 1 = ||y||2 and 2*My = | My||s =

z Y * * * x
|M||2. Let (x1,29) = {E,E} Then |[(z1,22)]2 = 1 and [z} 23] Z Z[ 1} =

X2
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{o® lzll3 + 8% lle2l3 + 20lj]l2[|M ]2 [[22]l2 + [|l22]|2]| M]3} Consequently, we have

p2°2) = P 1{02 213 + 6% lyll3 + 2allz )21 M 12 lyll2 + lylI5122]15}
z,Y)2=

oo, bt
olMla 103+ 5

(02 + B2+ | M[3) + /(a® + 52 + [[M]3)? — 40?52

2
B (o a1 VA s VTl
2
o2+ 32+ | M|3) + /(a2 + 52 + || M]|3)? — 40232
i%amzzwm=¢< 4 M) + T T MY = e
r 1 1 |e™' L —atMpT?
Now, we have o (2) = =Y where Z7! = 0 511, . Thus
2
Umax<Z_1) = \/_ 3
V(@ + 82 + [MI3) = /(@2 + B + [MZ) — 4a?F
Therefore, we have
2 2 MI2) — 2 2 M2 — 40232
%M@:¢m+ﬁ+HM)V%+ﬁ+HM) oM -

From (4.3) and (4.4) we have owin(Z)omax(Z) = a3. Hence the proof. W
Now, we have the following result which will be useful in deriving pseudospectra

inclusions.
Theorem 4.2.9. Set P :=+/1+ ||Z1]]3, Q :== /1 + || Z2]|3 and let

Lz [V o Loz Qv o
X.— |:O [2] |: O P_1/2 ,Y.— 0 [2 0 P_1/2 . Th@n

(P+Q)++/ (P+Q)2—-4P/Q y (P+Q)++/(P+Q)2—4P/Q
1X1ls = @7y Eran/ Xy = Cren/e |

(P+Q)++/(P+Q)?—4Q/P - (P+Q)+/(P+Q)*—4Q/P
1Yl = \/ v 2 YTl = \/P/Q\/ v 3 and

- V(P+Q)2—4Q/P
cond(X) = m (P+Q) \/(I;UrQ)2 4P/Q’ cond(Y) = P/Q(P+Q)+ (P+Q)?—4Q/P

- 2

Further, we have cond(Y, X) = cond(X,Y) = y/cond(X)cond(Y) < P+ Q.

Q1/2]1 P—1/2Z2
0 P12,

_ . \/ -
P~12Z,, by Lemma 4.2.8 we obtain cond(X) = /Q/P (Pt (Z+Q)2 4P/Q, 1 X =
\/W\/ (PrQey/(PRQP AP g |11, = \/ (P+Q)+V/(P+Q)?*—4P/Q

2

Proof: We have X = { } . Then for a = Q1/2,ﬁ = P12 M =
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Q1/2[1 P—1/2Z1
0 PY2],

JPTQP-1Q/P =
Cond(Y) _ P/Q(P+Q)+ (1;+Q)2 4Q/P7||Y||2 _ (P+Q)+\/([-2>+Q)2 1Q/P nd

Iyl = \/ID/—Q\/(P+Q) +VIPHQP —d0/P

Similarly, for Y = [ ] , by Lemma 4.2.8 we obtain

Again by Lemma [4.2.8, we have 0,in(X)0max(X) = 0min(Y)omax(Y) = a8 = \/> =
1 X2 [[Y 72 = IY]l2 | X7Y|2 = cond(Y, X) = cond(X,Y). Now

cond(X,Y) = +/cond(X,Y)cond(Y, X)
= VIX YT 1Y =22 11X
= /cond(X)cond(Y).

Now we show that cond(X,Y) < P+ Q. We have

cond(X,Y) = \/(P+Q)+\/(P+Q)2_4Q/P\/(P+Q)+\/(P+Q)2—4P/Q

2 2
_ (P+Q+ /PTQP I[P (P+Q)+/(PTQF—1P/Q
B 4 4
(P+Q) P+Q P+Q
< = /3
< 9 == 1 + 1 +Q
Hence the proof. B
Let L € L2 (C™ ™, ||-||2) be a regular pencil given by L = 161 L122 , where L, Lo, Lo

are pencils of size m,n —m and m x n — m, respectively, and A(L;) N A(Ly) = (. Now,

consider the Sylvester operator
S : men—m X men—m SN L;z}(cmxn—m7 H . H)

defined by S(Z,Zs) := L1Zy; — ZLy. Then as we shall see, S(Z,Z;) = —Ljy has
a unique solution. So let Z; and Z; be unique solution of S(Z;,Z;) = —Ljs. Set

P:= /14 |Z|? and Q := /1 + || Z5]|?. Define

. Q1/2[1 [)—1/222 . Q1/2]1 P—l/ZZ1
X = [ 0 P12, and Y := 0 P12y, (4.5)
Then we have Y 'LX = diag(Ly, Lo).
Theorem 4.2.10. Let L € L2 (C™*" || - ||2) be a regular pencil given by L = {Iél 11:12]
2

where A(Ly)NA(Ly) = 0. Let Zy and Zy be solution of the generalized Sylvester equation

lel - ZQLQ = —L12. Set P := \/ 1 + ||Z1 |2 and Q \/ 1 + ||ZQ |2 Deﬁne

o \/(P+Q)+\/(P+Q)2—4Q/P\/(P+Q)+\/(P+Q)2—4P/Q
1-— 9 9
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and k9 := P+ Q. Then we have
Ae(L) g Aﬁle(Ll) U Anle(L2) g Ange(Ll) U ARQE(L2)'

Proof: Defining X and Y as in (4.5), we have Y "'LX = diag(L;, Ly). By Theorem 4.2.9,
we have cond(X,Y) = k1 < ky. Hence the result follows from Theorem 4.2.4. W

A Aw , where A; € C™*™ A, € Clr—m)x(n—m)
0 A,

Set R(z) := |[(A—2I)7 |2, Ri(2) :=||(A1—=2I)7Y|2 and Ry(z) := ||(A2 —21)!||2. Then
the following holds.

Now, consider the matrix A :=

Proposition 4.2.11. [2/] Let ai5 := ||A12]la, rm(2) := min (R1(z), R2(2)) andry(z) ==
max (Ry(z), Ra(2)). Then we have

IR () < \/ 1+ 200 (6 (22 + 912+ avgtin().

Then we have following pseudospectra inclusion. Recall that hy, ,(2) = [|(1, 2)||wp-

Ll L12

Theorem 4.2.12. Let L € LE (C™" || - ||2) be given by L := {0 I
2

} , where A(Ly) N
A(Ly) = 0. Set gi(€) =€y /1 + Eand w = ILi2)lwp- Then for all e > 0 we have
€
Ag(L) C Agl(e)(Ll) U Agl(e)(L2)-

Proof: Without loss of generality, we consider L to be nonhomogeneous. So, let
rar(A) = max ([[La(A) 7, Lo (A)7HD , 7a(A) = min ([Ly(A) 7], [L2(A) ) - Then by
Proposition 4.2.11),

L) < a1+ sz (o, (2 47 + L) )
1 1 .
Now, (JJLA)7]) > m gives

—GQhw_f o <O <1 + ”L”(A;”"’m“) ((Laa ) 2 (V2 + 4)17 4 ||L12()\)Hrm()\)>)
X Mlrar()

<t (1 1)

BtV ()P
At T g e (02 1 )Y

(T )IPrar (02 + 42 + ||L12<A>||rM<A>)) < ru()*+

2 9 4
K g (V) () . Thus we have

2 2
1 K2 -1 g(N)?rar(N)?
. >\ 2 1 w—,q
GQhurl,q()‘)z TM( ) ( " 2

< 2,

a2y ) 7+ 4)

TH-0557_02612304 30



For simplicity of notations, set d := hy-14(A), 7 = ra(A) and recall that x =
IALj2wp- Then we have

1 2d2 2 d 3
@—7’]2\4 <1+KJ 2TM> S E;M_ (\/52(127’]2\4—'—4). (46)

Now two choices arise, namely.

1 2422 1 2422
(a)@—r@(l—i—,{6 2TM)2()and(b) -7 <1+H TM)SO.

eqz M 2
1 K2d%r2, 0\ 2
Now under the case (a) squaring both sides of (4.6) we get aq T i1+ 5 -
2 K2d%r2 k2d%r$ i 2 K2
§d27"]2\4<1+ 2M>§ 4M(/{2d2rj2\/[+4):>—€4d4+rﬁ4——62d2%/1—6—2T%4§O:>
15\ K2 1 K 1 K
) <= (4] ) 2
we have . .
2 K 2 K
{TM (1-2)- _d] [TM (1+2) - _d] =0 (4.7)
Case-I: Let k < €. Then either
9 K 1 9 K 1
" (1 s E) = €2d? and 1 (1 o E) e €2d?
or
9 K 1 9 K 1
v (1_E) > a0 and 1y, 1—1—;) < o
1 1
In the first case we have ———— < ryd < ——— and in the second case, we
e/ 1+ k/e R 1—k/e
1 1
have ———— < ryyd < ———, which is not possible.

e/1—kle ™ e/ 1+ K/e

€
1
Case-1II: Let k > €. Then {T?M (1 - E) — Q—d} < 0. Hence from (4.7) we have
€

1
T e/1+k/e

_ _ 1 9 k2d?r3,
Next consider the case (b). In this case, we have ap ™ 1+ 5 <0

which gives ry(2)? > . We now show that for all ¢ > 0, we have

> .
k2d? — e2d? (1 + k/e)
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2 I€2

K . .
Indeed, —1 + 1 +2€—2 2 m 1mphes that 1 2 |:1 +

2 2

. ) 2/.2 =
e2<1+§~>} Wi
—2xK3 KA

€2(k +¢€) * €2(e + k)

5 <0 = K+ 2e >0 which is obviously true. Hence we have

12
—14+4/1+25 |
2> € > for all e > 0.

TM(Z) - /€2d2 - €2d2(1 + /1/6)
1 1
em - gl(e)

AE(L> & Agl(ﬁ) (Ll) U Agl(ﬁ) (LQ) for all e.

This shows that ry;d >

. Consequently, we have

For L € L? (C™ ™ || - ||), we have the following pseudospectra inclusion.

Theorem 4.2.13. Let L € L2 (C™*" || - ||2) be given by L = [I(J)l 111112} , where A(Ly) N
2

A(Ly) = 0. Let (Z1,7Z5) be the solution of the generalized Sylvester equation Ly Z; —
e+Ve2+4dek
ZoLy = —Lns. Set ¢(c) = e(1 + ||Za]| + | Z2]]) and f(e) := 5

IL12]lwp. Then we have

, where Kk :=

(@)Ac(L) € Age) (L) U Ago(Li2), (B)Ac(L) € Agie)(Ln) U A g (La)-
Proof: Without loss of generality, assume that L is nonhomogeneous. For A € C, set
d(A) == max (L (A)7HJ, [L2(A)7]]) . Then

_ Li(A)™! —Li(\)'Lip(A)Ly(M)7?

L_1(>‘) 0 L2(>\)—1

Consequently, we have

L7 ) < max (L (A) 7 L))+ [ L) Lua(A) La(A) 7
Since L1(>\)Zl — ZQLQ()\) = —ng(/\), we have

|Li(A) 7 Lo Lo 7| = || La(N) ™" (ZeLio(A) — Ly (X)Z1) Lo(A) 7|

< d) (1Za]] + 11Z2]))
and [[L(A) 7 < d(A) + dN) (1Za]| + [|Z2]]) = d(X) (1 + [|Zo]] + | Zo]])-
Now, [[LA) 7! = (hw-1,4(A)e)™" gives (hwfl,q(kl)E)*1 < ||L(A)*11II < A1+ [|1Za ]| +

1Z2]]) = d(N)o(e) = d(A)hy-14(A) = R TAES ARG Hence A (L) C
Ag(e) (L) U Ay (L)

Next, we have |[L(\)7Y| < d()\) + d()\)%hwq,q()\) = ! < d()) hy-1.4(N) +
(A(A) hy-1,4(N))?*k. Now, set d'(A) = d(A)hy-14(A). Then ed’(N\) + exd'(A)2 =1 > 0

e+ VET 4 2 1
which implies that d'(y) > — V& TR _ = AWyt (V) =
26K e+ Ve +4dek ’ f(€)

Thus AG(L) - Af(e) (Ll) U Af(e) (Lg) |
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4.3 Separation of pencils

Various notions of separation of matrices such as sep, sep, and gsep have been introduced
in the literature [43 48, 15, [3] for perturbation analysis of eigenvalues and invariant
subspaces of matrices. To deal with perturbations of matrix pencils, the notions of
separation such as dif and dif have been introduced in the literature [40, 43| 16]). We
mention, however, that dif and dif, are defined when the norm involved is either the
spectral norm or the Frobenius norm.

We now introduce and systematically develop various notions of separations such as
sep, sep, and gsep for matrix pencils. Our separations are defined for any norm and are
natural generalizations of separations of matrices. We show that dif is a special case of
sep and relate dify with sep,. For a special choice of norm, we show that dif = V2 sep \-

First, we define the separation sep between two pencils. To that end, we briefly
review the definition of the separation sep between matrices. Given A € C™*™ and
B € C™" consider the Sylvester operator T : C"™*" — C"™*" X +— AX — XB. Then
the separation of A and B, denoted by sep(A, B), is given by [43]

sep(A, B) = Join I'T(X)]
It is well known that sep(A, B) = 0 if and only if A(4) N A(B) # 0. Consequently, T
is invertible if and only if sep(A, B) # 0. We now generalize the notion of separation to
the case of matrix pencils. We proceed as follows.

We define the left action of C™*™ on L2 (C™*" || - ||). The left action of C™*" on
L2 (C™™ || - ||) is the map

Crm ) L (€™, |- [}y — L5, |- ), (X, L) - XL

given by XL(z) = XA — zX B, where L(z) := A — 2B. Then it is easy to check that
IXL)lwp < [|X]| IL]lwyp. Similarly, the right action of C™** on ILE (C™™, || -||) is the map

L5 (C™ ]| - ]l) x €% — LE(C™, - ), (L, Y) = LY

given by LY (z) := AY — zBY, where L(z) := A — zB. Then again it is easily seen that
LY o p < Wl (1]

Now, we define generalized Sylvester operator. Let Ly € L? (C™ ™, || - ||) and Ly €
L2 (C™™ || - ||). We define the generalized Sylvester operator as

S:C"x C™" — ]Li((cmxn, H . H), (Zl,ZQ) — L1Z1 — ZQLQ.

Then it follows that S is linear. Further, when L; and Ly are regular pencils, it is easy

to see that S is injective if and only if A(L;) N A(Ly) # 0.
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It is well known that Sylvester operator plays an important role in block diagonalizing

a matrix. Similarly, generalized Sylvester operator plays an important role in block

diagonalizing a matrix pencil. Indeed, L be a regular pencil given L = { 0 L
2

I Z nxn | Z|
0 I}EC and Y = [O 7|
Y 'LX = diag(Ly, Ly). Then we have

I 2] [Li L] [l 2] _[Li 0]_ [Li LiZi—ZLo+ L] _ [Li 0
0 I ][0 Lyflo I]7]0 Ly~ |0 L, “lo Ly

X = [ € C™" be nonsingular matrices such that

This shows that Ly 71 — ZsLy = —Lyo, that is, S(Z1, Zs) = —Ljs. Thus, when the spectra
of Ly and Ly are disjoint, the generalized Sylvester equation S(Z;, Z3) = —Ljs has a
unique solution and hence L is block diagonalized by X and Y.

Now consider L; € L2 (C™™ | -||) and Ly € L2 (C™ " || - ||). In order to define
separation of L; and Ls, we need a norm on the product space C™*"™ x C™*™. So, let

I llproa be a norm on the product space.

Definition 4.3.1. Let Ly € L2 (C™ ™, || - ||) and Ly € L2 (C™™, || - ||) be regular. Let

I-llproa be @ norm on the product space C™*™ x C™*". Consider the operator
S:C x C™ — LE(C™" |- D, (21, Z2) — Ly Zy — ZoL.
Then the separation of Ly and Ls, denoted by sep(Ly, Ls), is defined by

sep(Li, Lp) := min{[|S(Z1, Zo)llwp = [1(Z1, Z2)lproa = 1}-

Note that the sep(Lj, Ls) as defined above is a natural generalization of the separa-
tion sep(A, B) of matrices. Further, as in the case of separation of matrices, we have
sep(Ly, Lo) = 0 if and only if A(L;) N A(Ly) = 0, that is, S is invertible if and only if
sep(Ly, Ly) # 0.

For our purpose, we consider [|-||proa to be the norm ||(Zy, Zo) |, == ||([|Z1]], || Z2]])]]»
where || - || is the norm on C"™*" (same as the norm on C"*") and || - ||, is the Holder’s
norm on C2. More precisely, for all practical purposes, the special cases when r = 1,2, co
are all that that one really cares about. We denote sep(Ly, Ly) by sep™(Ly, Ly) when

the product norm is ||-[|,. Now observe that

15(Zy; Za)llwp < allwp (12001 + 1 L2llwp 1220 < [1(Z2; Z) e 1 s T2l p) 5

where r~! 4 s7! = 1. This shows that for r=! + s7! = 1, we have

Sep(r)(LhLQ) < ||<|||L1”|w,pv |||L2|”w,p)||8'

The following result shows that sep is a Lipschitz continuous function.
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Proposition 4.3.2. Let ALy, Ly € L2(C™™ | -||) and ALy, Ly € L2(C™", | - |]).
Suppose that L; and L; + AL;,© = 1,2, are reqular. Then we have

sep"”)(L; + ALy, Ly + ALy) < sep™(Ly, L) + || (| ALt [Jup, | ALo ) |5,
sep”)(Ly + ALy, Ly + ALy) > sep”(Ly, L) — [|[(JAL1 Jlwp, |ALsJlwy)lls,

where 1~ + 571 = 1.

Proof: Consider the generalized Sylvester operators S(Z;, Z3) = Ly Z; — Z3Ly and
AS(Zl, ZQ) = Alel—ZQALQ. Then (8+A8)<Zl, ZQ) = (L1+AL1)Zl—ZQ(L2+AL2)
Now, [[(§ + AS)(Z1, Zo)|lwp = 15(Z1, Zo)wp — 1AS(Z1, Zo)lwp = NS(Z1, Z2) |y —
|(Z1, Z2)||r || (| ALy [|uwp > | ALzl p)|ls- Hence taking minimum, we have

sep”) (Ly + ALy, Ly + ALy) > sep™ (Ly, Ly) = [|(1ALiflwp, JALs L)
Next, we have

IS+ AS8) (41, Zo)llwp < [18(Z1, Zo)llwp + I1AS (21, Z2) ||
< 118(21; Z2)llwp + 1(Z1; Zo) I (ALl p s | ALz ]l p) -

Again taking minimum, we have
sep”) (Ly + ALy, Ly + ALy) <sep”(Ly, Ly) + [[(JAL1 [l p, AL [l p) s
This completes the proof. W

The next result shows the influence of equivalence of transformations of L; and L, on
sep (Ly, Ly). Recall that if X, Y € C™ " are nonsingular matrices then cond(X,Y) :=
||X71|| ||Y|| and Cond(X) = ||X|| ||X—1H‘

Proposition 4.3.3. Let Ly € LL(C™™, | - ||) and Ly € LE(C™", | - ) be regular
pencils. Also, let Y1, X7 € C™™ and Y3, Xo € C™™" be nonsingular matrices. Set

a; = cond(Y7, X7)cond(Xs), £y := cond(Ys, X3)cond(Y7),
ay = cond(Xy,Y))cond(Xs), By := cond(Xs,Ys)cond(Y7).

Then we have

sep(Ly, Ly)

< sep (V'L Xy, Yy Lo X,) < (L L)
max (g, 2) < sep” (Vi Li Xy, Yy Lo Xs) < max(ar, B1) sep™” (L, L)

Proof: We have sep (Y, 'Ly X1, Y5 'LoXy) = min{||(Y; 'L1X1)Z1 — Zo(Yy 'LoXo)|lwp
I(Z1, Zs)||» = 1}. Now consider S(Z1, Z3) := Ly Z; — ZLy. Then we have
(Y Ly X1) 2y — Zo(Yy Lo X)) = Vi 'S(X0 20 X5 Y, YiZ, Yy )Xo,
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Now using the fact that
(X205, YiZoYy D)l < max ([ X[ [ X2, IValHY2 IDI(Z, Z2)l-

and that

IS(X12:X5 ", iZoYy lwy _ IS(X1 20 X5, iZoYy llwy 1K 20 X5, YiZoYy )l
1(Z1, Z2)|l» (X1 2:X57", YiZaYy )|, I(Z1, Zs)] ’

taking minimum over (Z;, Z3), we have
sep!) (Y, 'Li Xy, Yy 'LoX5) < max(aq, B1)sep” (Ly, Ly).

Finally, using the fact that sep™ (L, Ly) = sep™ (V1Y 'Li X1 X!, VoY, Lo Xo X5 ),
the other inequality follows. This completes the proof. B

Now we relate sep™ (Ly, Ly) with the notion of separation of pencils proposed by
Stewart [40} 43] and has been used extensively by Demmel et al. [16]. Given L;(z) =
A; — 2B;,1 = 1,2, the notion of separation of L; and Ly denoted by dif(A;, Ay; By, B)
was first introduced by Stewart [40]. More precisely, dif(A;, Ay; By, Bs) is given by

dlf(Al,Ag, Bla Bg) = mln{m(AlZl — ZQAQ, BlZl —_ ZQBZ)Hloo . H’(Zl, ZZ)”’OO = 1},

where ||(X,Y)|loo := max(||X]||r, [|[Y||#). This shows that for the special case when
=(1,1), Ly € L(C™™ || - ||r) and Ly € L (C™™, || - ||r), we have

Sep("o) (Ll, Lg) = dlf(Al, Ag; Bl, Bg)
On the other hand, dif is defined in [43] b
dlf(Al, AQ; Bl; Bg) = m1n{|ﬂ(A1Z1 — ZQAQ, BlZl ZQBQ)MQ m(Zl? ZQ)MQ = 1}

where [|(X,Y)|2 := (| X||% + |Y]|%)"/2. Again this shows that for the special case when
= (L,1), Ly € L, (C™™, || - || ) and Ly € LE(C™", || - || p), we have

Sep )(Lleg) dif(Al,AQ;BhBQ).

This shows that our definition of sep(Lj, Ly) not only generalizes the notion of separation
sep(A, B) of matrices to the case of pencils but also it unifies the notion of separation
dif that exists for matrix pencils. The main advantage of our approach is that the
separation sep of matrices and the separation sep™ of matrix pencils can be handled at
equal ease. The crux of the matter is that conceptually there is no difference between
the separation sep of matrices and the separation sep) of matrix pencils. Our abstract

approach to defining sep”) makes this fact clear.
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Next, we introduce the notion of sep, for matrix pencils. The notion of sep, for
matrices is well known and has been studied extensively in ([3], also see [15, 48]). The
notion of sep, was introduced by Varah [48] and was subsequently modified by other
researchers [3, [15]. Briefly, for A € C"™*" and B € C"*", the sep, is given by [3]

sep, (A, B) := min{e : A(A) N A(B) # 0}.

Then sep, (A, B) is the smallest value of ||AA| and ||AB|| such that A+AA and B+AB
have a common eigenvalue. We now generalize the notion of sep, to the case of matrix

pencils.

Definition 4.3.4. Let Ly € L2 (C™*™ || -||) and Ly € L2 (C™™,|| - ||). Then define
sep, (L, Ly) := min{e : A(Ly) N A (Ly) # 0}.

Evidently, if € < sep,(Lj,Ls) then the e-pseudospectra of Ly and Ly are disjoint.
Hence A(Ly+AL;)NA(Ly+ALs) = 0 whenever max (|| AL [lwp, | ALz |lw,) < sepy(Li, La).
The next result shows that sep,(Li, Ls) is indeed the smallest value of ||ALy||,, and
|ALs|| ., for which Ly + ALy and Ly + AL5 have a common eigenvalue.

Theorem 4.3.5. Let Ly € L2 (C™™ || -||) and Ly € LE (C™ ™ || - ||) be reqular. Then
there exists ALy € L2 (C™™ || - ||) and ALy € L2 (C™", || - ||) such that | AL, =
|||AL2|”w7p — sep)\(Ll, Lg) and A(Ll -+ ALl) N A(L2 aF ALQ) 7é @

Proof: Without loss of generality, we outline the proof for nonhomogeneous pencils.
Let € := sep, (L, Ly). Then by the definition there exists zg € A (L;) N 0A(Ls). Since
29 € OAc(Ly), there exists ALy such that zp € A(L+ AL;) and [|AL{|wp = 7wp(20, L1).
Again since zyp € 0A(Ly), there exists ||ALs|lwp = Mwp(20,La) = €. This implies there
exists AL; and AL, such that 2o € A(L; + AL;) N A(Ly; + ALy) and ||AL; |y, =
| ALzl p = sepy (L, Ly). W

We provide a characterization of sep, (L, La).

Proposition 4.3.6. Let Ly € L2 (C™™ || - ||) and Ly € LE (C™" || - ||). Then we have

sep, (L1, LZ) = irzlf{max(nw,p(za L), nw,p(zv L2))}'
Stmilar result holds for homogeneous pencils.

Proof: Let ¢ := min{e : A (L;) N A (Ly) # 0}. If € < ¢ then A (L;) N A(Ly) =
(. Let z € C. Then either z € A(L;) or z € A(Lg) or z ¢ A (L;) U A(Lg). This
shows that max(n,,(z, L), nwp(2z, L)) > € = inf,{max(ny, (2, L1), nw,(z,La))} > €.
Since this is true for any € < . It follows that inf,{max(n, ,(z,L1), Ny (2, L2))} > €.
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Conversely, let € > €. Then A (Ly) N Ac(Ly) # 0. Let z € A(Ly) N A(Lg). Then
max(1y p(2, L), Mwp(z, La)) < € = inf . {max(ny, (2, L1), 7wp(z, L2))} < €. Since € >
€o is arbitrary, we have inf,{max(n, (2, L1), nwp(z,L2))} < €. Hence the proof. A

verbatim proof holds for homogeneous pencils. W

The next result shows the effect of equivalence transformations on pencils on sep,.
Recall that for nonsingular matrices X, Y € C**", cond(X,Y) := || X! ||Y||. Then we

have the following.

Proposition 4.3.7. Let Ly € L2 (C™™ | - ||) and Ly € LE(C™ " || - ||). Also, let
X1,Y1 € C™™ and Xy,Ys € C™". Set ky := cond(Y, Xy), Ky := cond(Ys, X3), k3 1=
cond(X1,Y)) and ky := cond(Xs, Ys). Then we have

sep (L, L)

max(Ra, #a) < sep, (V) 'Ly X1, Yy Lo Xo) < max(ky, k) sepy (L, Ly).

Proof: Recall that for nonsingular matrices X,Y € C™" and a; := cond(X,Y’) and
ay := cond(Y, X), by Theorem 4.2.4(a), we have

Ad(L) C Appe (Y TILX) and A (Y 'LX) C Ay, (L).

Now using this fact to the pencils L; and Ls, the desired result follows. Alternatively,
the proof follows from Proposition 4.3.6. l

The following result shows that a small perturbations in L; and Ly induces a small

change in sep, (L;, Lo).

Proposition 4.3.8. Let ALy, Ly € L2 (C™™ || - ||) and ALy, Ly € LE(C™™ | - |]).
Then for 1 < s < oo, we have

sepa(Ln + ALy, Ly + ALy) < sepy(Lu, Lo) + [(|ALflwp, [ALz]lwp)lls,
sepy(Ln + ALy, Ly + ALy) > sepy(Ly, Lo) — [[([AL[lwp, [[AL2]lwp)lls-

Proof: Set t := ||(|| ALy||wps [|ALsflwyp)||s- Then the proof follows from the fact that
for all €, we have the inclusion A._;(L;) C Ac(L; + AL;) C Acye(Ly), 0 = 1, 2.
Alternatively, by Proposition 4.2.3/ and Proposition 14.3.6, we have

sepy(Ly + ALy, Ly + ALy) < igf {max (nup(z,L1), nuwp(z, L))} +1¢
< sepy(Ly, L) +¢.

On the other hand, we have

sep, (L + ALy, Ly + ALy)

Vv

igf { max (nw,P(Z> Ll)’ 77va(2’ LQ))} —t
sepy(Ly, Ly) —¢.

V
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The proof is similar for homogeneous pencils. B

For diagonal pencils we have the following result.

Proposition 4.3.9. Let L € L2 (C™™ || - ||) and G € LE (C™ " || -||) be block diagonal
pencils given by L := diag(Ly, ..., Lg) and G := diag(Gq, ..., Gy). Then we have

sep, (L, G) = minsep, (L;, G;).
17]

Proof: We have sep, (L, G) := min{e : A.(L) N A(G) # 0}. Since L and G are block
diagonal, by Theorem 4.2.2, we have A (L) = Ui A(L;) and A(G) = Ui_A(G;).
Now A (L) NA(G) = (U Ac(L;)) N (USZ;Ac(Gy)). This shows that A(L) N A(G) #
0 = Ac(L;) NA(Gy) # 0 for some i and j. Hence the result follows. H

Now we establish relationship between sep and sep,. To that end, recall that S(Z;, Z5) :=
L,Z, — Z5Ly and the product norm ||(Z1, Zo)|» := ||(||Z1|l, || Z2]) ||, for 1 <7 < 0.

Theorem 4.3.10. Let Ly € L2 (C™™ || - ||) and Ly € L2 (C™ " || - ||). Then for r—' +
s7t =1, we have
Sep(T) (Ll, LQ) S 21/5 sepA(Ll, LQ)

In particular, we have following special cases

sep, (L, Ly), when r = 1,

sep™ (L, Ly) < { 2sepy (L, La), when r = 0o,

V2 sep, (L1, Ly), when r = 2.
Proof: By the definition of sep,(L;, Ly) there exist AL; and AL, such that A(L; +
ALl) N A(LQ + ALQ) 7é @ and |||AL1|||w’p = |||AL2|||w7p = sep/\(Ll, LQ) Since A(L1 +
AL;)NA(Ly+ ALs) # (. Hence there exists (71, Z2) # 0 such that (S+AS)(Z1, Z3) :=
(Ly + ALy)Z; — Z5(Ly + ALy) is singular. This implies (S + AS)(Z1, Z2) = 0. Then
we have [|5(Z1, Zo)|wp = IAS(Z21, Z2)|lwp = |AL1Zy — ZoALs||wy < (| Z1]| | AL v+
1Z2[[ | AL flwp < [1(Z1, Zo) Nl | (N AL i ps | ALl p)|ls, Where 77 + 571 = 1. Thus,

15 Tl

z2zle |[(Z1, Z2) |l
Since ||AL1|lwp = [|ALz|lw,p = sep, (L1, L2), we have sep (Ly, Ly) < 2Y¢sep, (L, Lo).

Hence the results follow. H

sep(T) (Ll, LQ) =

< [(HALlluwp, I ALs )]s

We mention that for matrices A and B, it is well known that sep(A, B) < 2sep, (A4, B).
In Theorem 14.3.10, we have generalized this relationship to the case of matrix pencils.
Finally, we mention that with a view to analyzing stability of eigendecomposition of
matrix pencils, Demmel et al. [16] introduced a notion of separation which is denoted
by Dif,. More precisely, Dify is defined by
Dify(Ly,Lo) := inf  {(0min(L1(c, 5))> + omin(La(c, 8))2) 1.

f2+s[2=1
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We now show that Dify (L, Ly) = ﬂsepA(Ll,LQ) for the special case when w :=
(1,1) and Ly € L2 (C™™ ||-||r) and Ly € L2 (C™*™, ||| ). First, note that n,,2(c, s, Ly) =

gmin(L1(c5)) Honce we have
l[(c,5)ll2

Dify(Ly, Ly) = llzJirrllfP1{(0min(L1(c,s))2+amin(L2(c,s))2)1/2}

< V2 min  max(omin(Li(c, s)), omin(La(c, 5)))

le[?+]s[?=1

= \/§sep)\(L1,L2).

On the other hand, it is immediate that sep, (L, Ly) < Dif)(Ly, Ly). Now it follows
that Dify (L, Ly) = min‘c‘z+|s|z:1{\/\HALl\HEJ’Q + ALy |12 5 : (c,5) € A(Ly + ALy) N
A(Ly + ALy)}. By Theorem 4.3.5, there exists AL; and ALy such that [|ALq|,2 =
AL 2 = sepy (L, L) and that L; + AL; and Ly + ALy have a common eigenvalue.
This shows that Dify (L, Ly) = v/2sep, (L, La).

4.4 (Geometric separation and stable eigendecompo-
sitions

We now define the geometric separation of eigenvalues of matrix pencils. The notion of

geometric separation of eigenvalues of matrices was introduced in [2, 3].

Definition 4.4.1. Let L € L2 (C™" || - ||) be regular and A be a nonempty subset of
A(L). Then the geometric separation of A from the rest of A(L), denoted by gsep(A), is
the smallest value of € for which a component of A.(L) containing an eigenvalue from A

coalesces with a component containing an eigenvalue from A(L) \ A.

Equivalently, let  be such that if € < ¢ then each component of A (L) either intersects
A or A(L) \ A but not both and if ¢ > ¢ then there is a component of A (L) which
intersects A as well as A(L) \ A. Then we have gsep(A) = 6. In other words, gsep(A) =
min{e : A.(L) has a component A s.t. ANA# 0 and AN (A(L)\ A) # 0}.

It is evident that if € < gsep(A) then the (right and left) spectral projections of L
associated with A vary continuously when L is perturbed to L + AL and ||AL|,, < e.

The notion of successor introduced by Wilkinson [50), 51] is a convenient tool for
describing the evolution of eigenvalues of matrices. We now describe the notion of
successors of eigenvalues of matrix pencils. Let L € L2 (C™*™,|| - ||). We say that z € C
is an e-successor of A € A(L) if there is a matrix pencil AL with ||AL|,, < € such
that z € A(L + AL) and A — z as L — L+ AL. If A is a component of A, (L) which
isolates an eigenvalue A from the rest of A(L) then each z € A is an e-successor of .
The successors of eigenvalues of homogeneous pencils are defined similarly. Note that if

A is a nonempty subset of A(L) and € < gsep(A) then the set of successors of eigenvalues
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belonging to A remains disjoint from the set of successors of the eigenvalues belonging
to A(L) \ A as L is perturbed to L + AL and ||AL],, < €.

Definition 4.4.2. We say that z ( resp, (¢, s)) is a common successor of two eigenvalues
A1 and Ag (resp., (c1,s1) and (c2,$2)) of L if z (resp., (¢,s)) is a successor of both A\

and Ay ( resp., (c1,51) and (ca, s9)).

The following result shows the effect of equivalence transformation of pencils on the
gsep.
Corollary 4.4.3. Let L € L2 (C* " || - ||) be regular and A be a non-empty subset of
Ac(L). For nonsingular matrices X,Y € C"*", set cond(X,Y) := || X! ||Y|. Then

gsep(A, L)
cond(X,Y)

Proof: The proof follows from Theorem 4.2.4(a). B

< gsep(A, Y 'LX) < cond(Y, X)gsep(A, L).

The following result shows that a small change in L results a small change in gsep.

Proposition 4.4.4. Let L € L2 (C"*", || - ||) be regular and A be a nonempty subset of
A(L). Let AL € L2 (C™ " || - ||) be such that |AL||,, < gsep(A,L). Then there is a
subset A" of A(L + AL) such that the total algebraic multiplicity of A’ is the same as
that of A and that

gsep(A, L) — [JAL|l, < gsep(A’, L + AL) < gsep(A, L) + | ALl p-

Proof: Since ||AL|,, < gsep(A, L), the ||AL]|,, ,-successors of A remain disjoint from
the ||AL||, -successors of A(L) \ A. Hence the total algebraic multiplicity of A’ is the
same as that of A. Now for ¢ := ||AL||,.p, we have A._(L) C A(L+ AL) C A+(L).

Hence the result follows. B

The following result relates gsep with 7, ,(z, L).

Proposition 4.4.5. Let L € L2 (C™™ || -||) and A be a nonempty subset of A(L). Let G
denote the set of closed curves in C\ A(L) with the following property: IfT € G then T
isolates A from the rest of A(L) and either T' is a closed curve or finite union of disjoint
closed curves. Then we have

A) = sup min 1,,5(\, L).
gsep(A) = sup min i,(A, L)

Proof: Suppose that € < sup r/{ulr} Nwp(A, L). Then there is a curve I' € G such that
FeG A€

Nwp(A, L) > € for all A € I". This shows that each component of A (L) either intersects

Aor A(L) \ A, that is, € < gsep(A). Hence we have

supmin 7, (A, L) < gsep(A).
Teq A€l
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Next, if possible, suppose that the above inequality is strict. Then minyep 7y,,(A, L) <
gsep(A) for all T' € G. Set € := gsep(A). Consider 2 := {z € C: n,,(z,L) < €}. Then
the closure of Q is equal to A(L). Note that each component of Q) either intersects A
or A(L) \ A but not the both. Let U be the union of components of 2 which intersects
with A. Then OU € G and sup,cyy Nwp(2, L) = € = gsep(A), a contradiction. Hence the
proof.

We now consider a simple example to illustrate gsep and coalescence of components.

1 1
= O O 0 - (1) 0 0
0 = 0 0 0 —= 0 0
Example 4.4.6. Let A = 0 ‘65 S and B = 0 ‘65 1 o |- Con-
e V2 A
Ll = 0 0 0 —-=%

sider the pencil L(z) = A — zB.

Y-axis

Figure 4.1:  Contour plot of A(L) showing coalescence of components.

We have A(L) = {—i,—1,7,1}. Figure 4.1, shows that contour plots of A (L) for
various values of €. For ¢y = 0.0126, A.(L) consists of 4 components as shown by the
inner most contours in Figure 4.1. As e grows gradually, the components enlarge and
coalesce for ¢ = 0.1862. Thus we have gsep = 0.1862. For ¢ = 0.2089 the components

of A¢(L) overlap and form a single multiply connected component. l
Now we analyze stability of eigendecompositions of matrix pencils.

Definition 4.4.7. Let L be a regular pencil. Then by an eigendecomposition of L we

mean a decomposition of the form
Y 'LX = diag(Ly, ..., L), where A(L;) NA(L;) =0 fori # j
and X,Y are invertible.
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Equivalently, an eigendecomposition of L can also be specified by a partition of the

spectrum A(L) of the form
A(L) = UL Ay, where Ay N A =0 for i # 5. (4.8)

We analyze continuous evolution of eigendecompositions of matrix pencils. More
precisely, given an eigendecomposition L = Ydiag(Ly,...,L,,)X ', we investigate the
largest open ball in L2 (C™*" || -||) on which X ', ¥ and L; vary as continuous functions
of L. To that end, for L € L2 (C™™, || - ||), we define

B(L, €) :={G € LL,(C"", || - ) - IL = Gllwp < €}

Let A be a nonempty subset of L and I" be a rectifiable closed curve which isolates A
from the rest of A(L). Then the left and the right spectral projections associated with
L and A are given by

1 1
Py := ——— [ BL(2) 'dz and Py := ———
2m Jp 2m Jr

L(z) ' Bdz,

where L(z) := A — zB.

Definition 4.4.8. Let L € L2 (C**" ||-]|) be regular. We say that an eigendecomposition
of L of the form (4.8) is e-stable if the spectral projections associated with L and A; vary

continuously when L varies in B(L, €) for all j =1 :m.

Obviously, (4.8) is e-stable if and only if an eigenvalue from A; and an eigenvalue
from A; do not move simultaneously and coalesce when L varies in B(L, €) for all i # j.
In particular, if the set of e-successors of A; remain disjoint form the set of e-successors
of A; for all ¢ # j then (4.8) is e-stable. Consequently, if € < min; gsep(A;), then (4.8)
is e-stable. Thus a sufficient condition for e-stability of an eigendecomposition of L can
be read off from the pseudospectra of L.

Note that in order to analyze e-stability of eigendecomposition of L of the form (4.8)),
it is enough to consider an eigendecomposition of the A(L) = A; U Ay, where Ay and A,

are disjoint.

Proposition 4.4.9. Let L € L2 (C™ " || - ||) be of the form L := diag(Ly, Lo) with
A(Ly) N A(Ly) = 0. Then the eigendecomposition A(L) = A(Lq) U A(Lg) is e-stable if
and only if € < gsep(A(Ly)).

Proof: We have A (L) = A.(L;) U A.(L2). Hence gsep(A(Ly)) = min{e : 0A(Ly) N
OA(Ly) # 0}. For € := gsep(A(Ly)), let zp € OA(L1) N dA(Lz) be a common bound-
ary point. Then there are AL; and AL, with ||ALi|lw, = 7wp(z0,L1) = € and
IALs|lwp = Mwp(z0,La) = € such that zy € A(L; + AL;) N A(Ly + ALy). Taking
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AL := diag(AL;, AL,) we see that two eigenvalues from A(L;) and A(Ly) coalesce
at 29 as L — L 4+ AL. Hence the result follows. The proof is similar for homogeneous

pencils. W

Let A; be a component of A (L) containing an eigenvalue A\; € A(L). Then each
point in A is an e-successor of A\;. As the size of the € increases the component increases
in size and coalesce with another component A, containing another eigenvalue Ay of
A (L) and form a bigger component Ajs. If the value of € is such that the component A;
and A, just coalesce then the set of points in Ay which forms the common boundary
of Ay and A, is the set of common successors of A\; and A\y. We now show that common

successors are the points where eigenvalues of L coalesce.

Let L € L2 (C™™ || - ||2) and recall that h,,(2) = |[(1, 2)||wp and Hyp(c,s) ==
(¢, $)|wyp- Further, ViH,, ,(A, ) and VoH,, (A, pt) denote the partial gradients of H,,
evaluated at (\, ).

Theorem 4.4.10. Let L € L2 (C™", || - ||2) be regular and p~' +¢q~* = 1. Let A be a
component of A.(L). Then each A € A U OA is an e-successor of some eigenvalue in

A= AL)NA. Set 7 := oin(LN). Then nyp(A,L) = h;(k)
w1 q

value for which X is an n,, (A, L)-successor of an eigenvalue in A. Let the multiplicity of

< € 1s the smallest

T be m. Let U and V be n X m matrices whose columns are orthonormal left and right

singular vectors of L(\) corresponding to T, respectively. Define

AA = =1y p(A\ L) (Vi Hy-1 ) (L, A\) UV* and AB = 1, (A, L) (Vo Hy-1,4) (1, \) UV™

and consider the pencil AL(z) :== AA — zAB. Then an eigenvalue in A moves to A as

L — L + AL. Svmilar result holds for homogeneous pencils.

Proof: By our construction 7, ,(A, L) is the smallest value of ||AL||,, such that A is
an eigenvalue of L + AL. Suppose that A is not a common boundary of the components
of Ac(L). Then evidently an eigenvalue from A; C A(L) moves to A as L — L + AL.
Suppose that A is a common boundary point of two components of A (L). Let {\,} €
A be 1y, (A, L)-successors of an eigenvalue in A such that A\, — A. Let 7, := omin(L(Ay)).

Then 7,,(An, L) = HT—ELI/\) < e. Since [|[L(A) — L(\,)|| — 0 as n — oo, for suffi-
w1\ N

ciently large n, L(\,,) has exactly m singular values, 7,1, ..., Th.m, counting multiplicity,

of which 7, is a member such that each 7,, ; — 7 asn — oco. Set D, := diag(7,1, - - -, Tnm)-

Let U, and V,, be n-by-m matrices whose columns are orthonormal left and right sin-
gular vectors of L(\,,) corresponding the singular values in D,,. Then L(\,)V,, = U,D,
and L(\,)*U, = V,D,. Set AA, := —ny (M, L) (Vi Hy-1,)(1,N,) UV, and AB,, :=
Nhw,p(An, L) (Vg Hw*%q)(lv An) UnVi.

TH-0557_02612304 94



Then
Tn

Hy-14(1,),)
Now we show that ||AL, — AL|l,, — 0 as n — oo. Set T'(A) := y/L(\) L*(\). Since
L(A\)V = 7U, P := UU* is the projection associated with 7'(\) and 7. Similarly, P,, :=
U,U; is the spectral projection associated with T'(\,) and {7, 1,...,T,m}. Note that

|||ALn”|w,p = = nw,p()‘m L) < nw,p()‘a L)=e

|P,, — P|| — 0 as n — oo. Now we have
UV =U, (L) U, D) = U,DE U (L(N,) Y =U,D U (L)Y (4.9)

Hence T(A\y)? UpU* = L)L) Uy Us = LA VD UE = U,D2 U* = T(\,)? Py, =
U,D2U* = (T(\) Pp)? = UpD2U* = T(A\)P,, = UpD,U~. Since V, = L(\)"U,D,
and T'(\,)P,, = P, T(\,), by (4.9), we have

= T(A\)Po(L(X) )" = T(HP(LA) )
= TNUU*(LO)™H* = tUU*(L(AN) D™

Since LAV = 7U = V* = 7U*(L(A\)™Y)* and T(\)U = 7U, we sce that U,V* — UV*

as n — oco. Consequently, we have ||AL,, — ALy, — 0asn — oco. B

The following result characterizes e-stability of eigendecompositions of a regular pen-

cl L e L2(C™ | - |l2).

Theorem 4.4.11. Let L € L2 (C™*" || - ||2) be regular. Then an eigendecomposition of
L of the form A(L) = Ay U Ay is e-stable if and only if € < gsep(Ay).

Proof: Let € := gsep(A). Without loss of generality assume that L is nonhomo-
geneous. Then there are at least two components A; and Ay of Q = {z € C :
Nwp(z,L) < €} containing eigenvalues from A and A(L) \ A, respectively, such that
0A1 N O0Ay # 0. Let A € 0A; N OA,y. Set AA = —ny (A, L)(V1Hy—1,) (1L, UV,
AB = 1y, (A, L) (VaH-1,4)(1, \)UV*, where columns of U and V' are orthonormal left
and right singular vectors of oy, (L(A)). Then ||AL|w, = Mwp(A, L) and by Theorem
2.4.11, A is a multiple eigenvalue of L + AL. To prove the result we show that an eigen-

value from A and an eigenvalue from A(L)\ A move simultaneously and coalesce at z as
L —- L+ AL.

Since A is a boundary point of A;, by Proposition [4.4.10, an eigenvalue in A moves
to z as L - L+ AL. But z is also a boundary point of A hence by Proposition 4.4.10,
an eigenvalue in A(L)\ A moves to z as L — L+ AL. This shows that L — L+ AL, two
eigenvalues from A and A(L)\ A moves simultaneously and coalesce at z. This completes
the proof. W
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The above result shows that a lower bound of gsep provides a sufficient condition
for e-stability of eigendecompositions of matrix pencils. We now derive lower bounds of

gsep along the way we establish relationship between gsep and sep,.

4.5 Lower bounds of geometric separation

Let L € LE(C™™, | - ||) be regular. Then result provides a general framework for

obtaining lower bounds of gsep.

Theorem 4.5.1. Let L € LE (C™ ™ ||-||) be regular and X andY be nonsingular matrices

such that Y 'LX = Iél I(J)} , where A(Ly) N A(Ls) # 0. Set Ay := A(Ly). If there
2

exists a strictly increasing function ¢ such that Ac(L) C Age)(Li) U Age(L2), then
¢~ (sepy (L, Ly)) < gsep(A1) and sepy (L, Ly) < é(gsep(Ar)).

Proof: Note that € < gsep(A1) if Ay (L) and Agy)(Lo) are disjoint. But Ay (Lq)
and Ag()(L2) remain disjoint if and only if ¢(e) < sepy(Li,Ls). This shows that as
¢ is strictly increasing, we have € < gsep(A;) whenever € < ¢ !(sep, (L1, Ly)). Hence
¢~ !(sep, (L1, Ly)) < gsep(A1) and sep, (L1, L) < ¢(gsep(A1)) . W

Now we have the following bounds which gives the upper bound of € for the stability

of eigendecomposition of matrix pencil.

Theorem 4.5.2. Let L € L2 (C™*", ||-||) be regular and X and Y be nonsingular matrices
such that Y 'LX = diag(Ly,Ly), where A(Ly) N A(Ly) # 0. Let X = [X;, X3 and
(Y=1* := [V3,Y5] be conformal partitions of X and (Y ™1)*. Set ry == ||[Y 7Y | X and
ko = || Xa|| 1Y) + I X2l 1Y5']. Set A := A(Ly). Then we have

sepy (Ll,Lg) sepy (Ll,Lg)

(a) gsep(A) > - (b) gsep(A) > o

Proof: By Theorem 4.2.4 (b), we have ¢(e) = k1€ for the first bound and by Theorem
4.2.4 (c¢), we have ¢(€) = kqe for the second bound. Hence the results follow from
Theorem 4.5.1. W

For the rest of this section, we assume that L is of the form

Ly Lo
L._[O LJ, (4.10)

where A(L;) N A(Ly) = 0. Then we have the following bounds.

Theorem 4.5.3. Let L € L2 (C™" || -|2), k1 and ko be as given in Theorem 4.2.10. Set
A :=A(Ly). Then we have

nBrLe) ) guep(ay) > <P Le)

(a) gsep(A) > - -
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Proof: By Theorem 4.2.10/ we have ¢(€) = ;e for the first bound and ¢(€) = kqe for

the second bound. Hence the results follow from Theorem 4.5.1. W
Next, we have the following lower bound for gsep.

Theorem 4.5.4. Let L € L2 (C™*",||-||2) and k be as in Theorem4.2.12. Set A := A(L),

1

sep, := sep, (L1, Lo) and sep := sep™ (Ly, Ly). Then for r=' 4+ s71 =1, we have

2sep3 2172/5 sep?
K+ /K2 +dsep? (k4 /K2 + 41 Ussep?)

gsep(A;) >

Proof: By Theorem 4.2.12, we have ¢(e) = e4/1 + F Since ¢ is strictly increasing
\ 3

2¢?

r K+ VK2 + 4e2’

Since ¢! is increasing, second inequality follows from Theorem 4.3.10. W

on [0 co) and ¢~ (e) the first inequality follows from Theorem 4.5.1.

Next, we have the following lower bounds.

Theorem 4.5.5. Let L € L2 (C™*" || - ||) be given by (4.10). Let Ly Zy — ZyLy = —Lys.
Set k = ||Lia||lw, and A := A(Ly). Then we have

Sepi(L17 LQ)
K+ Sep)\(Lla LQ) ’

(b) gsep(A) > sep, (L1, L)

a) gsep(A) > ’
(a) gsep(A) > ~ 1+ ||Za]l2 + [|Z4]]2

Ve 44
Proof: By Theorem 4.2.13(b), we have ¢(e) = w
2

ing on [0 00) and ¢! (e) = j_ , then the first bound follows from Theorem 4.5.1.
€+ K

Now by Theorem 4.2.13(a) we have ¢(e) = e(1 + ||Z1|| + ||Z2]|). Hence the second
bound follows from Theorem 4.5.1. W

. Since ¢ is strictly increas-

4.6 Numerical examples

We now present some numerical examples to illustrate gsep, sep, and various bounds

discussed above. We consider regular pencil L € L2 (C™™ || - ||2) of the form L =

I(J)1 I£12 , where Ly(z) := Ay — 2By, La(2) 1= Ay — 2B3, Lia(z) == Az — 2B12 and
2

A(Ly) N A(Ly) = 0. Also, we consider only absolute perturbation, that is, w := (1,1)
and the space L2 (C™*", || - ||2). For the following examples, A; and B; remain the same
and we only vary the matrices Ajo and Bjs. Therefore for all these examples, we have
A(Ly) = {0.05} and A(Ly) = {—0.05}. Table 4.1l gives the values of gsep and its various
lower bounds for these pencils. For these examples, the table shows that the lower

bounds provide good estimates of gsep.
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0.1 4 20 -0.2 3 100

Example 4.6.1. Consider A;:= | 0 0.1 5 |,Ay:= 0 —-0.2 50 |,
0 0 0.1 0 0 -0.2
[2 30 10 4 6 20
By:=10 2 50|,By:= |0 4 40|,
0 0 2 0 0 4

[2.2857 x 1072 —2.3547 x 1072 —6.8279 x 1072

Ay = 193914 x 1072 —9.6719 x 1072 —2.8049 x 107! | and
| 2.8585 X 1071 —2.9443 x 1071 —8.5382 x 107!
[1.2606 x 107! —4.6007 x 10~! 7.0963 x 1073

By = [1.8156 x 107! —6.6259 x 107! 1.0235 x 1072

| 1.4481 x 1071 —5.2845 x 1071 8.1625 x 1073

Figure [4.2(a) shows a portion of the contour plots of A.(L) for various values of e.
This shows that components coalesce for € := 4.6626 x 10~?. Hence gsep = 4.6626 x 10°.
Next, we replace A5 and Byy by the following matrices.

9.5013 x 10~' 4.8598 x 107! 4.5647 x 107!
Example 4.6.2. Consider A5 = [2.3114 x 107! 8.9129 x 10~! 1.8504 x 102
6.0684 x 107! 7.6209 x 10~' 8.2141 x 10!

4.1027 x 1071 3.5287 x 10! 1.3889 x 10!
By = [8.9365 x 107! 8.1317 x 10~% 2.0277 x 10~*
5.7891 x 1072 9.8613 x 1072 1.9872 x 10!

The figure 4.2(b) shows a portion of the contour plots of A (L) for various values of €.

It shows that the components coalesce for € := 4.2765x 10~ giving gsep = 4.2765x 1077.
Now we choose A5 and Bjs as follows.

Example 4.6.3. Consider

—149 —50 —154 1 5x 107t 3.333 x 1071
A= 1537 180 546 | and Bio= | 5x 107" 3333 x 107! 25x 107!
—27 -9 =25 3.333 x 107 2.5 x 107! 2 x 107!

Then figure/4.3(a) shows a portion of the contour plots of A.(L) for various values of €.
It shows that the components coalesce for € := 4.4139 x 1072 giving gsep = 4.4139x 1077,
On the other hand, figure 4.3(b) shows a portion of the contour plot of A (diag(Ly, Ly))
for various values of e. In this case, the components coalesce for € := 5.1642 x 1075 giving
sep, = 5.1642 x 107°.
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ginary

0.01
T T T T I | | I %
| | x 0.008 gsep =4.2765% 107°
| | /f’; | 0.006
/ :
:::"\'1@ | :
-0.02f V -
- 0
V I
-0.025F :
= -
/'/; ~0.006
-0.03f /: -
7 4 _0008

-0.01
-5 5 10 20
Real -3

-0.035 2 " " " " "
-0.01 OUOB 0006 0004 0002 0 0.002 0.004 0.006 0.008 0.01

(a) (b)

Figure 4.2: Plot (a) shows that the components of A (L) coalesce for € = 4.6266 x 10~°
giving gsep = 4.6266 x 107°. Plot (b) shows that the components coalesce for ¢ =

4.2765 x 1072 giving gsep = 4.2765 x 107°.

gsep=4.4139 x10™°

-0.015f

L Y-axis

~0.035 " " " " " " " "
-0.01 -0.008 -0.006 -0.004 —)((1002_ 0 0.002 0.004 0.006 0.008 0.01
—axis

(a)

Figure 4.3: Plot (a) shows that the components of A (L) coalesce for ¢ = 4.4139 x 10~°
giving gsep = 4.4139 x 107%. Plot (b) shows that the components coalesce for ¢ =

5.1642 x 10~ giving sep, = 5.1642 x 1075.

Example 4.6.1 4.6.2 4.6.3
gsep 4.6266 x 1077 | 4.2765 x 1072 | 4.4139 x 107
Theorem 4.5.4 3.2613 x 10712 | 1.18118 x 1077 | 3.2612 x 10~ *?
Theorem 4.5.5(a) | 3.2613 x 107 | 1.18115 x 107Y | 3.2613 x 10~*2
Theorem 4.5.5(b) | 3.15349 x 107! | 4.3259 x 10~1* | 2.8989 x 102

Table 4.1: The table gives values of gsep and various lower bounds for the pencils given
in Examples 4.6.1, 4.6.2 and 14.6.3.
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Chapter 5

Sensitivity Analysis of Eigenvalues

We develop a general framework for the sensitivity analysis of eigenvalues of matrix
pencils and matrix polynomials. We show that our treatment unifies various measures
of the sensitivity of simple eigenvalues of matrix pencils and matrix polynomials proposed
in the literature. We propose a general measure of the sensitivity of simple eigenvalues
in an abstract framework of Banach spaces of matrix polynomials and show that various
measures of the sensitivity of simple eigenvalues proposed in the literature follow from

our general measure as special cases.

5.1 Introduction

Let A € C"*". Let A be a simple eigenvalue of A and, y and x, respectively, be left and

right eigenvectors of A corresponding to A, that is,
Ax = Ar and y*A = \y*.

We refer to (A, y,x) as simple eigentriple of A. Having chosen a norm || - || on C", in
this setup, we treat y as a functional on C™ and hence ||y|| would always mean the dual
norm, that is, ||y|| := sup{|y*z| : v € C™ and ||z|| = 1}. We, often, consider normalized
eigentriple (A, y,x) of A so that ||z|| = 1 and ||y|| = 1. Tt is well known [52] that the
sensitivity of A to small perturbations in A is measured by the condition number
oty o ]
|y

Now, consider a matrix pencil L(z) := A — zB, where A, B € C**". Then L is said

to be regular if det(L(z)) # 0 for some z € C. The spectrum A(L) of a regular pencil L

is given by
A(L) :={z € C: det(L(2)) = 0}.
It is possible for L to have an infinite eigenvalue. However, the case of an infinite

eigenvalue can be resolved by considering A(L) as a subset of C.,, the one-point com-

pactification of C, and adding oo to A(L) whenever det(B) = 0. An alternative approach
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to resolving an infinite eigenvalue of L is to consider the reverse pencil revL given by
revL(z) := B—zA. Then oo is an eigenvalue of L if and only if 0 is an eigenvalue of revL.
Yet another approach is to consider the homogenous form of L, that is, L(c, s) := cA—sB.

Then defining the homogeneous spectrum A(L) by
A(L) := {(c,s) € C*\ {0} : det(L(c,s)) = 0}

it follows that an infinite eigenvalue of L(z) = A— 2B is represented by (0, 1). Note that,
in this case, A(L) is a subset of the projective space CP'. Normalizing the eigenvalues
(¢,s) € A(L) as |c|* + |s]* = 1, the spectrum A(L) can be considered as a subset of the
unit sphere S' := {(¢,s) € C?: |¢|* + |s|* = 1}.

Let A be a simple eigenvalue of a regular pencil L(z) = A — zB and y, z, respectively,
be left and right eigenvectors of L corresponding to A, that is, L(A)z = 0 and y*L(\) = 0.
As before, we refer to (\,y,z) as a simple eigentriple of the pencil L. Similarly, when
L is homogeneous and (¢, s) € A(L), we consider a homogeneous eigentriple ((c, s),y, x)
of L, that is, L(¢,s)r = 0 and y*L(¢,s) = 0. How to measure the sensitivity of a
simple eigenvalue A (or (¢, s)) to small perturbations in the pencil L? In other words,
how to define the condition number cond(A, L) of a simple eigenvalue A of L? Unlike
the condition number of a simple eigenvalue a matrix, for a simple eigenvalue of a
matrix pencil more than one condition number has been proposed in the literature. Let
((A\, 1), y,x) be a simple (homogeneous) eigentriple of L. Then Stewart [41, 42] defined
cond (A, i, L) by

|2 [lyll2
cond(\, u, L) :=
Vi VIy*Az]? + Jy* Bz ]?

and showed that cond(\, i, L) measures the sensitivity of (A, 1) to small perturbations

in L when the magnitude of a perturbation AL(c,s) := ¢AA — sAB is measured by
I[AA, AB]||5. Dedieu [17] considered cond(A, p, L) as defined above but measured the
magnitude of a perturbation AL(c,s) := cAA — sAB by ||[AA, AB]||r. For a simple
(nonhomogeneous) eigentriple (A, y,x) of L, Higham et al. [26] defined cond(\, L) by

A
cond(x, L) := 1] ||y|L|£%;| 1)

and showed that cond(A, L) measures the sensitivity of A to small perturbations in L
when the magnitude of a perturbation AL(z) := AA — zAB is measured by
max(|AA|l/a, ||AB||/B) with the convention that |AA| = 0 (resp., |AB|| = 0) when
a =0 (resp., 5 =0). Here we have considered only the absolute change in A.

Finally, consider a matrix polynomial L(z) = > 2'A;, where 4; € C"*™. A poly-
nomial L is said to be regular if det(L())) # 0 for some A € C. The spectrum of a

regular polynomial L is given by
A(L) :={\ € C: det(L(\)) = 0}.
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Again, it is possible for L to have an infinite eigenvalue. However, the case of an infinite
eigenvalue can be resolved by considering the reverse polynomial revL(z) = 2™L(1/2).
Then oo is an eigenvalue of L if and only if 0 is an eigenvalue of revL. An alternative
approach is to consider the homogeneous form of L, that is, L(c, s) := >, st A,

Then considering the homogeneous spectrum A(L) given by
A(L) := {(c,s) € C*\ {0} : det(L(c, s)) = 0} c CP*

it follows that an infinite eigenvalue of L(z) := » 7" A;27 is represented by (0,1). Let
(A, y,z) be a simple eigentriple of L, that is, A is simple, L(A)x = 0 and y*L(\) = 0.
Again one may ask: How to define the condition number cond(\, L) of A so as to measure
the sensitivity of A to small perturbations in L? As in the case of matrix pencils, more
than one condition number of A has been proposed in the literature [46, 18]. For a simple
eigentriple (A, y,x) of L, Tisseur [46] defined cond(\, L) by

2 lyll 325 o5l AV
cond(\, L) := oLVl

and showed that cond(\, L) measures the sensitivity of A to small perturbations in L
when the magnitude of a perturbation AL(2) := Y 7" AA;27 is measured by
max(||AA||/ao, - -, ||AA|l /) with the convention that ||[AA;|| = 0 whenever a; = 0.
Here a;’s are nonnegative weights and 9,L(\) is the derivative of L(z) evaluated at .
On the other hand, considering a simple eigentriple ((\, i), y,x) of the homogeneous
form of L, Dedieu et al. [18] defined cond(\, p, L) by

cond(, p. L) o= N0 i) e o gl
s ly* (mOL(A, 1) — AOL(A, pw))x|

and showed that cond(\, u, L) measures the sensitivity of (A, 1) € A(L) to small per-
turbations in L when the magnitude of a perturbation AL(c, s) := Z;nzo AA;cm T80 s
measured by [|[Ag, -+, An]||lr. Here 0.L(A, 1) and 0;L(A, 1) are the partial derivatives
of L(c, s) evaluated at (A, u). For the special case of quadratic polynomials of the form
L(z) := Az? + Bz + C, Nichols et al. [36] defined cond(\, L) by

LA M) Iz [ly*All2 [lx]l2

_ ¢
cond(\, L) := |y*0.L(A)z|

and showed that cond(\, L) measures the sensitivity of A to small perturbations in L of
the form AAL(z) := A(AAz? + ABz + AC) when the magnitude of the perturbation is
measured by ||[AA, AB, AC|s.

This raises a natural question: What is it that makes these various measures of
sensitivity of eigenvalues differ from one another? What is the big picture? With a view

to answering these questions, we develop a general framework for sensitivity analysis
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of eigenvalues. We provide a general measure of sensitivity of eigenvalues from which
various measures of sensitivity considered above follow as special cases. Our analysis not
only provides a unified treatment of the sensitivity analysis of eigenvalues but also makes
the heart of the matter, so to speak, easy to understand and adds a new perspective to

sensitivity analysis of polynomial eigenvalue problems.

5.2 Preliminaries

Let X and Y be Banach spaces and U be an open subset of X. A function f: U — Y is
said to be (Fréchet) differentiable at € U if there exists a bounded linear transformation
A, : X — Y such that

i I h) = @) — Ahl

0.
IR|—0 1A

When f is differentiable at z, we write D f(z) = A, and refer to D f(x) as the derivative
of f at x. The derivative D f(z) is also referred to as the gradient of f at x and is denoted
by V f(x). Note that Df(z) : X — Y is a bounded linear transformation. If D f(x) exists
for all x € U then f is said to be differentiable on U. Further, if f is differentiable and
D f(x) is continuous in z for all x € U then f is said to be continuously differentiable on
U or simply f is C' on U. Next, let u € X be a unit vector, that is, ||u|| = 1. For x € U
and t € R, define

D.f(z) := lim fla+tu) = fz)

t—0 t
if the limit exists. Then D, f(z) is said to be the directional derivative of f at € X in
the direction u. If Df(x) exists then it follows that D, f(z) = Df(z)u.
Let (X*, || - ||+) be the dual space of a Banach space (X, || - ||), that is, X* is the set

of bounded linear functionals on X and ||z*||. := sup{|z*(x)| : ||z]| = 1}. Then ||.||. is
called the dual norm of || - ||. Consider the cartesian product X™ := X x --- x X. For
r € X define ||z, :== [(|z1]], - - -, [[ml])]|p, where || - ||, is the Holder’s p-norm on C™

and 1 < p < oco. Then ||-[|, defines a norm on X™. We denote the space (X™, ||-||,) by
(X, || |), where || - || is the norm on X. Then the dual space of ¢2 (X, || - ||) is given
by the following result.

Theorem 5.2.1 ([33]). We have (¢2,(X, ||-|))* = €2 (X*, |||l+), wherep™*+q¢ 1 =1. In
particular, if F € (2 (X, ||-|])* then there is a unique x* := (27, ..., x}k,) € €2 (X*, ||-]|+)
such that ||F|| = lz*[lg and for x:= (21, ..., zm) € (X, |- ]]),

F(z) =xi(z1) + - + 2 (zm).

Now consider C"*™ and define (-, -) : C"*™ x C"*™ — C by (X, Y) := trace(Y*X).
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Then (-, -) defines an inner product on C"*" and || X||r := 1/(X, X) is the Frobenius
norm on C"*™. For a fixed Y € C"*" the map X — (X, V') is a linear functional on C"*".
On the other hand, if F' is a linear functional on C"*™ then (by the Riesz representation
theorem) there exists a unique Z € C™*" such that F(X) = (X, Z). Now, let || - || be a

norm on C™™. Then || - ||« : C™*"™ — R given by
V][« := sup{|[(X, V)| : X € C"" and || X]| =1}

defines a norm and is referred to as the dual norm of || - ||. For X, Y € C"*" we have
(X V) < [IXIHIY ) and (€ - [)* = (©*", ]| - [l). Thus, by Theorem [5.2.1, we

have the following.

Theorem 5.2.2. We have (/2,(C™" || - ||))* = 4,(C™" || - ||.), where p™* + ¢! =1
and || - ||« is the dual norm of the norm || - ||. In particular, if F is a functional on
e (C™>™ || - ||) then there is a unique Z = (Zy,...,Zn) € L2 (C™ || - ||«) such that
|\Fl = 1Zl; and for X := (Xi,...,X;) € £(C™" || - ), we have

F(X) = (X1, Z)) 4+ + (Xmy Zn).

Now we consider a few special norms on C"*". Note that C"*" is a Hilbert space
when equipped with the Frobenius norm || - ||s. Hence (C**",|| - ||#)* = (C™*™, || - ||F)-
Next, we consider Schatten p-norm on C"*". For X € C"™" let 0¢1(X) > ..., > 0,(X)
denote the singular values of X. Then, for 1 < p < oo, the Schatten p-norm of X is
given by

[ X1 se := (a2 (X), ..., on(X))lps

where ||- ||, is the Holder’s p-norm on C™. Note that the Schatten 2-norm is the Frobenius
norm on C™*" that is, || X||s2 = ||X||2, and the Schatten co-norm is the spectral norm
on C™*" that is, || X||s~ = || X||2. It is easy to see that the dual norm of the Schatten
p-norm is the Schatten ¢g-norm. More precisely, we have the following result whose proof

is easy.
Theorem 5.2.3 ([6]). We have (C™™, |.||s»)" = (C™*", ||.||sa), where p™t + ¢~ = 1.

Since the spectral norm on C"*" is the Schatten oo-norm, we have the following

result whose proof is immediate.

Corollary 5.2.4. We have (C*", || - [|]2)* = (C™", [| - [[s1). Consequently,
(L (C - M12))" = (ELC - ls0)),

where pt + ¢t =1 and || - ||2 is the spectral norm on C™*™.
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5.3 Condition Number

Generically, a solution of a problem is a function of the given data. Thus for a given data
a, the solution S of a problem is given by S = f(a) for some function f. If the problem
is well-posed at a then f is well defined and is continuous in a small neighbourhood of a.
Thus, solving the problem for a given data a amounts to computing f(a). For numerical
computation of f(a), it is of great importance to know how sensitive the solution S
is to small perturbations in the data a. We therefore discuss the issue of sensitivity of
solutions of a problem to small perturbations in the data in a formal abstract setting.

Let X and Y be Banach spaces. Let BL(X,Y) denote the Banach space of all
bounded linear transformations from X to Y. For an open set U C X and k € N, let
C*(U,Y) denote the space of k times continuously differentiable functions from U to Y.
For a € X and k € N, let C*(X,Y’) denote the space of terms of k times continuously
differentiable Y-valued functions at a, that is, C*(X,Y) is the set of equivalence classes
of Y-valued functions which are k£ times continuously differentiable in a neighbourhood of
a. More specifically, for a € X, let F, denote the family of open subsets of X containing
a. Then C*(X,Y) is the quotient space given by

CHX,Y) := ( U ¢t Y)) / ~,

where the relation ~ is defined as follows: f ~ g if fjy = gjy for some U € F,,.
Now treating X as the space of data and Y as the space of solutions, a problem
can often be stated by an implicit relation between data and solutions. Thus a general

format of a problem is:

Given a € X, find S € Y such that G(a, S) =0,
where G : X XY — Z and Z is a Banach space.

If a solution exists uniquely and depends smoothly on the data then S = f(a) for some
f € C*(X,Y) and an appropriate k € N. We, therefore, define the solution bundle
M(X,Y) by

M(X,Y) = (J(C(X.Y) x {a}) = [J{(f.a) : f € Co(X.V)}. (5.1)

acX aeX
We now define the condition operator and condition number as follows.

Definition 5.3.1. The map D : M(X,Y) — BL(X,Y),(f,a) — Df(a) is called the
condition operator, where D f(a) is the derivative of f at a. Suppose that S = f(a) is a
solution of the problem G(a,S) = 0 and that f € C}(X,Y). Then cond(f,a) := ||Df(a)||
is called the condition number of the solution S = f(a), where || - || is the operator
norm on BL(X,Y).

TH-0557_02612304 105



For the special case when Y = C, we have BL(X,C) = X*, the dual space of X.
Hence in such a case Df(a) € X* and hence cond(f,a) = |[|Df(a)|x-. If f € C*}(X,Y)

then by Taylor’s theorem, we have

fla+h) = f(a) +Df(a)h+ O(|A[%), (5-2)
where || - ||x denotes the norm on X. Hence for sufficiently small ||h||x, we have
fla+h) =~ f(a) + Df(a)h and || f(a+ h) — f(a)|ly < cond(f,a)||h| x,

where || - ||y denotes the norm on Y. This shows that the condition operator D f(a)
provides an important geometric insight into the sensitivity of S = f(a) at a. On the
other hand, cond(f,a) := ||Df(a)| quantifies the worst effect that a small change in a

can have on the solution S = f(a). When the changes in a is measured relative to ||.S||y,

IDf(a)]

the condition number is then given by cond(f,a) := sl
Y

Alternatively, a structured approach to defining cond(f,a) is as follows. Suppose
that S = f(a) is a solution of G(a, S) = 0 and that f € C1(X,Y). Let u € X be a unit
vector and ¢t € R. Then the directional derivative D, f(a) of f at a in the direction of u
is given by

D.f(a) :=lim flattu) = f(a)‘

t—0 t

Evidently, the sensitivity of the solution S = f(a) to small perturbations in a in the
direction of u, that is, the sensitivity of S = f(a) relative to the perturbation a + tu for

small ¢ is measured by [|D,f(a)||y.

Definition 5.3.2. Let w € X be a unit vector. Then the map D, : M(X,Y) —
Y,(f,a) — Dyf(a) is called the partial condition operator, where D, f(a) is the
directional derivative of f at a in the direction of u. Suppose that S := f(a) is a solution
of G(a,S) = 0 and that f € CHX,Y). Then cond,(f,a) := ||D.f(a)|ly is called the

partial condition number of the solution S = f(a) relative to u.

Now the sensitivity of S = f(a) relative to small perturbation in a in the direction of
u measured by cond,(f,a). Hence the sensitivity of S = f(a) relative to small arbitrary

perturbations in a is measured by sup cond,(f,a).
flullx=1

Proposition 5.3.3. Suppose that S = f(a) is a solution of G(a,S) = 0 and that
f € Cy(X,Y). Then we have supj, -, cond,(f,a) = [[Df(a)| = cond(f,a).

Proof: Since f € C}(X,Y), we have D,f(a) = Df(a)u. Consequently, we have
SUD|jy( y=1 cONdy (f, @) = supy, =1 [Duf(a)lly = [[Df(a)|| = cond(f, a). Hence the proof.
|
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When f € C*(X,Y) and ¢t € R is small, by Taylor’s theorem, we have
fla+tu) = f(a) + D, f(a)t + O(|t]?). (5.3)

Hence f(a + tu) ~ f(a) + Dy f(a)t and || f(a + tu) — f(a)|ly < cond,(f,a)|t| for small
te R

5.4 Sensitivity of simple eigenvalues of a matrix

The sensitivity analysis of simple eigenvalues of matrices has been studied extensively
over the years. We briefly review the sensitivity of a simple eigenvalue of a matrix
A e C". Let || - || be a norm on C"*". Then for X := C"*" and Y := C, we have
D : M(C™", C) — (C™" || - |)*, (f, A) — Df(A). Thus for f € C}(C™" C), we have
Df(A) € (C™™,| - |)*. Since (C™™, || - ||)* = (C™™,|| - ||+), there is a unique matrix
K(f,A) € (C"|| - ||+) such that Df(A)H = (H, K(f,A)) for all H € (C™",| - ||)
and that ||Df(A)|| = ||K(f,A)||«. Hence cond(f, A) = [|K(f, A)||«. This shows that
K(f,A) is the matrix that represents the functional Df(A) and K : M(C"*",C) —
(C™™ || - l+), (f, A) — K(f,A) is the matrix version of the condition operator D :
M(C™",C) = (€0, |- )%, (f, A) — DF(A).

Definition 5.4.1. Let f € C4(C™ " C) and Df(A) be the derivative of f at A. If there
is a matriz K(f, A) € C™" such that Df(A)Y = (Y, K(f,A)) for all Y € C"*" then
K(f,A) is said to be the condition matriz of (f,A).

Let (A, y,x) be a simple eigentriple, that is, Az = Az, y*A = \y*. We often write A
as A(A) and treat A as a function of A. Now defining G : C™*" x C — C by G(A4, s) :=
det(A—sI), we see that A is a solution of G(A4, s) = 0. Since A is simple, it is well known
that there is an open set U C C™*" such that A € U and that A : U — C, A A(A) is
a smooth function. For sufficiently small t € C and H € C"*", it is well known [27, [34]
that A\(A + ¢tH) is holomorphic and that

*

MA +tH) = MA) + ZH% o). (5.4)

yrx

Indeed, let p(t, z) := det(A + tH — zI) and consider the algebraic variety V(A, H) :=
{(t,2) € C?: p(t,2z) = 0}. Let ¢ be the reduced polynomial of p. Then V (A, H) = V (q),
where V' (q) is the algebraic variety of the polynomial ¢. Then following [4], we say that
(to, A(to)) € V(A, H) is a multiple point of V (A, H) if A(ty) is a multiple root of ¢(tg, z).
If ¢ = qiqa. .. qm is the prime factorization of ¢ then V' (¢) = U™,V (¢;). Consequently,
(to, A(to)) is a multiple point of V(A, H) only when (o, A(to)) € V(g;) NV (g;) for some
i # j or/and (to, A(fo)) is a multiple point of V' (g;) for some j. Now by Bézout’s theorem
it can be shown [4] that the set of ¢ € C for which A(¢) is a multiple eigenvalue of A+tH
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is at most a finite set. Consequently, A(¢) is holomorphic on C \ F' for some finite set
F cC.

Recall that gsep(\) is the smallest positive number for which the component of
A (A) isolating A from the rest of A(A) coalesces with another component of A.(A)
when € — gsep(A). Now let € < gsep(A). Then A (A) has a component Ay which isolates
A from the rest of A(A). Then evidently, for all [t| < ¢/||H||, we have A(t) € Ay. Tt is

also evident that the spectral projection

P(t) := —i, (A+tH — 21)"'dz
211 Jon,
is holomorphic on {t € C : |t| < €/||H]||}. Thus (5.4) follows from the power series
expansion of \(A +tH) = trace((A +tH)P(t)).
We now summarize these results in the following theorem. We mention that for a
subordinate norm || - || on C"*", we have ||uv*|| = ||u|| [|[v]|« and ||uv*||. = ||u||«||v]], where

|| - ||« is the dual norm of the norm | - ||.

Theorem 5.4.2. Let A € C"*" and (\,y,x) be a simple eigentriple of A. Let H € C™*™.
(a) Then there is a finite set F C C and an eigenvalue \(A + tH) of A+ tH such that
MA+tH) is simple and N(A+tH) is holomorphic for allt € C\ F. Further, for small

|t|, we have
y* Hx

yrx

MA+tH) = \A) + t+ O(|t]).

Furthermore, we have A\ € C3(C™" C) and for sufficiently small | H||, we have

7
MA+H) = X(A) + ==+ O(|HIP).
(b) The condition matriz K (X, A) € (C", | - |l+) of (A, A) is given by K(X, A) = yf :
Ty
Further, for H € (C™", || -|[), we have
*H * N
DAAVH = (H, K(\, A)) = L% 10 cond(n, 4) = [|K (0, A = 1921
yr |y
Hence |(NA+ H) — MA)| < cond(\, A)||H|| + O(||H||*) for sufficiently small || H||.
For a subordinate norm || - || on C™" we have cond(\, A) = ly"]). = Il iyl
ed [ed

where ||y« is the dual norm of the norm ||z|| on C™.

(c¢) Suppose that |H|| = 1. Then the partial condition operator Dy : M(C"*", C) —
C, (A, A) — DyA(A) and the partial condition number condy (X, A) are given by

y*Hx
yrx

ly Hz| _
|yl
Hence for small |t|, we have |N(A+tH) — XM(A)] < condg(\, A)|t| + O(|t]?).

Dy A(A) =

— (H, K(\, A)) and condg (), A) = [(H, K(A A)).
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(d) For a subordinate norm || - || on C™™, choose u,v € C" such that ||ul| = 1, ||v|« = 1,
y*u = ||y|l« and v*z = ||z||. Now define H := uv*. Then ||H|| = ||u|| ||v]|« =1 and

cond(\, A) = [(H, K(\, A))| = | KX, A)||, = cond(), A).

YT , it follows from (a) that (H, K(\,A)) = £H2 —
r*y

Proof: Defining K(\, A) := Tz
DA(A)H for all H € (C™™ || - ||). Consequently, we have cond(\, A) = ||[K(\, A)||. =

llyz*||«/|y*z|. For a subordinate norm || - || on C™*™, we have ||yz*||. = ||z ||y||«. Finally,

when ||H|| = 1, we have
y*Hx
DuA(A) = DAA)H = (H, K(\ A)) = ——.
YT

Hence the desired results follow. B

We now extend these results to the case of matrix pencils and matrix polynomials.

5.5 Sensitivity of simple eigenvalues of matrix pen-
cils

Let L € L(C™™) be regular. Then for H € L(C"*™), consider the algebraic variety
V(L,H) := {(¢,2) € C? : det(L(z) + tH(z)) = 0}. Then for ¢ € C, the eigenvalues of
the perturbed pencil L+ ¢tH evolve in V(L, H). Let ¢(¢, z) be the reduced polynomial of
det(L(2) + tH(2)). Then V(L,H) = V(q). Let (to, A(to)) € V(L,H). Then (¢, A(t)) is
said to be a multiple point of V (L, H) if A(ty) is a multiple root of ¢(to, z). Again, con-
sidering irreducible components of V (L, H) and invoking Bezout’s theorem for the plane
algebraic curve V' (q), it is easy to see that there are at most a finite number of multiple
points of V (L, H). Consequently, finite eigenvalues of L + tH evolve holomorphically on
C except for a finitely many points. In particular, a simple eigenvalue of L + tH,t € C,
evolves holomorphically for all but finitely many t € C.

Now consider the space of pencils L? (C™*™, || - ||) and assume that each component
of w is nonzero. Then |||, is @ norm and hence L2 (C**", || -||) is a normed space. Now
suppose that L € L2 (C™*" || - ||). Let (A\,y,x) € C x C" x C" be a simple eigentriple
of L, that is, A is a simple eigenvalue of L, y and x are left and right eigenvectors of LL
corresponding to A. Thus we have L(A)z = 0 and y*L(A) = 0. We often write A as A(L)
and treat A\ as a function of L. Then in view of the discussion above, there is an open
set U C LP (C™" || - ||) containing L such that the map A : U — C, L +— A(L) defines a

smooth function.

Theorem 5.5.1. Let L € L2 (C™*" || - ||) be a regular pencil given by L(z) = A — zB.
Let (\,y,z) be a simple eigentriple of L. For H € LP (C™ " || - ||), consider the one
parameter family of pencils L + tH, t € C. Then there is a finite set F C C and an
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eigenvalue A(L + tH) of L + tH such that \(L + tH) is simple and holomorphic for all
t € C\ F. Further, we have
y"HN)z

ML +tH) = A\L) + Wt + O(|t)?)

for small |t|. Furthermore, we have A € Cf (L2 (C™*™,|| - ||), C) and

y*H(\)x

AML+H)=X\L)+ Bz

+ O((IH]l..»)°)

for sufficiently small |H||p-

* TN
Proof: We only need to show that A(L 4+ tH) = A(L) + %t + O(|t|?) for small

|t]. Set A(t) := A(L+tH). Let x(t) be a right eigenvectors of L+tH corresponding to A(t).
Then under appropriate normalization, we have z(t) = x + z1t + O(?). Also, we have
At) = X+ at + O(t?). Now y*(L + tH)(A\(¢))z(t) = 0 gives a = y*H(\)z/y* Bz + O(t).

Hence the result follows. W

We mention that the first order perturbation expansion of A(L+tH) in Theorem 5.5.1
is well known (see, for example, [43, 42]). We have stated this result in a form that will
be useful for our purpose.

Recall that (X, V) := trace(Y*X) defines an inner product on C"*". Also recall that
L(C™™) is the vector space of pencils (without a norm) of size n. We have already seen
that (, ), : L(C™™) x L(C™*™) — C defined by

(L, Lo)p, := (Ay, By) + (Ay, By)

is an inner product on L(C™"), where L;(z) = A; — zB; or Li(¢c,s) = cA; — sB;.
Consequently, if F' : L(C™") — C is a linear functional then there is a unique G €
L(C™™) such that F(X) = (X, G)y, for all X € L(C"*"). Finally, recall that the action
of R? on L(C™") is the map R? x L(C"™*") — L(C"™"),(w,L) — w ® L given by
(w®L)(2) = w A — zwy B, where L(z) = A — 2B.

Theorem 5.5.2. Consider the space LE (C™*" || - ||). Suppose that both the components
of w are nonzero. Then (L (C™™, || - |))* = (LY . (C™™, || - |[)), where p~ +¢* =1

and || - ||« is the dual norm of the norm || - | on C™*™.
Proof: Note that L2 (C™™ | - ||) is a normed space, that is, |||lwp 1S & norm. Let
F L2 (C™™ || -|) — C be linear. Then we have already seen that there exists a unique

pencil Y such that F(X) = (X, V)L = (X1, Y1) + (Xy, Ys), where X(2) = X; — 2X,
and Y(z) = Y7 — 2Y5. Since F(X) = (X, V)L = (woO X, w oY) and | X|w, =
lw® X, = [[(wi || X1 |l, w2|| X2y, the desired result follows from Theorem 5.2.2. W
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Definition 5.5.3. Let f € CL(LE(C™" ||-||),C) and Df(L) be the derivative of f at L.
If there is a matriz pencil K(f, L) € L _ (C™", ||-||.) such that D f(L)Y = (Y, K(f,L))L
for allY € L2 (C*™™ || - ||) then K(f,L) is said to be the condition pencil of (f,L).

Let L € L2 (C™™,||-||) be regular and (A, y, z) be a simple eigentriple of L. Then X €
CL(L& (C™™ ||-]]), C) and there is a unique condition pencil K (A, L) € LE _, (C™™, ||-|.)
such that DA(L) = (X, K(\, L))y, for all X € L2 (C™™ || -||). Hence cond(\, L) =
|IDAL)|| = || K (X, L)||y-1,4- Further, for H € L2 (C™" || - ||) with |H||,,, = 1, we have
DuA(L) = (H, K(\,L))L. Now suppose that H(z) = H; —zH;. Then by Theorem 5.5.1]
we have DgA(L) = % = (Hy, yr*/a) + (Hy, Nyz*/a) = (H, K(\ L)), where
a := y*Bz. This shows that the condition pencil K (A, L) is given by

x X *
KO\, L)(z) = L2 2207
y*Bx
Consequently, we have

(1, M) w1 g [ly2* |l
|y* B| ’

cond(A, L) = [[K(A, L) [lp-1,4 =

where p~! + ¢~! = 1. When the norm || - || on C"*" is a subordinate norm, we have

L Mg 2=l 1L Ml 9l

cond(\, L) =
v |y* Bl |y* Bz|

Now we summarize these results in the following theorem.

Theorem 5.5.4. Let L € L2 (C™™, | - ||) be a reqular pencil given by L(z) := A — 2B.
Suppose that both components of w are nonzero. Let (\,y,z) be a simple eigentriple of
L.

(a) The condition operator D : ML (L, (C™", | - ||), C) — (LE(C™™, || -])))*, (\, L) —
DA(L) is given by DA(L)X := (X, K(\,L))L for X € L2(C™" || - ), where K(\,L) €
LI (C™ " || -|l.), pt + ¢ ' =1, is the condition pencil given by

yr* — zAyz*
yv'Br

K(\L)(2) =

The condition number cond(X, L) is given by

1L, M) lwo1q g™l

cond(A, 1) = [K(A L)l = F= 2 p

When the norm || - || on C™*™ is a subordinate norm, we have

L M) wo-rg Iyl 1 M llw-1.q [yl llz]]
ly* Bz | ly* B|

cond(\, L) = It
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Hence we have |\(L + AL) — A\(L)| < cond(\, L) ALl wp + O((JAL || »)?)-
(b) Let H € L2 (C™" || -||) be such that |H|w, = 1. Then the partial condition operator

Dg : M(LE (C™™ || - ||), C) — C, (A, L) — DuaA(L) and the partial condition number
condg (A, L) are given by
DA (L) = yHNz = (H, K(\, L)), and condg(\, L) = [y HNa] = |(H, K(\,L))|.

y*Bx
Hence for small |t|, we have |\N(L + tH) — A\(L)| < condg (X, L)[t] + O(|¢[?).

ly* B|

(¢) For a subordinate norm || -|| on C"*™, choose u,v € C" such that ||u|| =1, ||v||. = 1,

y'u = |lyll« and v*zx = ||z||. Now define

Hy 2= V(I M Targ) " and Hy = Va(I(L A1) u0®

and consider the pencil H(z) := Hy — z2Hy, where p~* + ¢~ = 1. Here V;(|[(1,\)]|w-1,4)
is the partial gradient of the map C* — R, (21, 29) — ||(21, 22)||w-1,4 evaluated at (1,X).
Then we have |H|,, =1 and

condg (A, L) = [(H, K(\,L))L| = [[K(\,L)||p-1,4 = cond(), L).

Proof: We only need to prove (c). First note that ||Hy|| = [Vi(||(1,\)|/s-1,)| and
[Ha|| = [Va([[(1, A)[lw-1,¢)[- Hence [[Hlfwp = [[(V1 (11, A)llw-10), V2(l[(1, A)llw-2.0))llewp-
By Lemma 2.4.3, we have ||(V1(]|(1, A)||w-1, ) Vao(I|(1, M]lw-1,) |l wp = 1. Hence [|H||w,p =

1. Now condg(\, L) = |(H, K(\,L))L| = | ()\) |. Again by Lemma 2.4.3, we have

[y HA)z| = ([Va(ll(1, )lw-1,6) + AVz(II(LA)Huﬂ,q)l)llyll*IIJL’II = [ Ml gllyll Izl

Hence the result follows. B

Remark 5.5.5. For the case when one of the components of w is 0, the results in
Theorem 5.5.4 still hold. However, in such a case, these results are valid only for the

w-admissible perturbation of L.

5.6 Sensitivity of simple eigenvalues of matrix poly-
nomials

Following similar arguments as those employed for matrix pencils, it is easy to obtain
analogues of Theorem 5.5.4 for matrix polynomial. Recall that L,,(C"*") is the vector

space (without a norm) of matrix polynomials of degree at most m. We have also seen
that (, )r : L, (C"*"™) x L,,(C"*") — C defined by

<L17 L2>]L = <A07 BO> + - F <Am7 Bm>
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is an inner product on L,,(C™*"), where Li(z) = Y 1" 2'A; and Ly(z) = Y ", 2'B;.
Consequently, if F' : L,,(C"*") — C is a linear functional then there is a unique G €
L, (C™™) such that F'(X) = (X, G)L for all X € L(C"*"). Again recall that the action
of R™*! on L,,(C™") is the map R™"! x L,,,(C"™*") — L,,(C™"), (w, L) — w® L given
by (w©L)(z) =Y., z'w; A;, where L(z) = > 2*A;. Now consider the normed space
of polynomials IL?  (C™*" || - [|). Then we have the following.

Theorem 5.6.1. Consider the space b, ,(C™" || - ||). Suppose that each component of

w is nonzero. Then (L2, ,(C™" | - |))* = (LL . (C™™ |- ||.)), where p~* + ¢ ' =1
and || - ||« is the dual norm of the norm || - | on C™*™.

Proof: The proof is similar to that of Theorem 5.5.2. B

We now define condition polynomial.

Definition 5.6.2. Let f € Cy (L%, ,(C™",||-),C) and Df(L) be the derivative of f at
L. If there is a matriz polynomial K(f,L) € L7 (C™" [ -|.) such that Df(L)Y =

(Y, K(f,L))v for all Y € L& (CY™ || -|) then K(f, L) is said to be the condition
polynomial of (f,L).

Let L € L, (C™" | - ||) be regular. Let (A,y,=) be a simple eigentriple of L. As
before we write A as A(L) and treat A as a function of L. Now following similar arguments
as those given for matrix pencils, it follows that there is an open set U C L%, (C™",||-||)
containing L such that the map A : U — C, L — \(L) defines a smooth function. Indeed,

we have the following result.

Theorem 5.6.3. LetL € LD, (C™" [|-||) be reqular. Let (\,y,x) be a simple eigentriple
of L. ForH € Lt (C™" ||-][), consider the one parameter family of matriz polynomials
L+tH, t € C. Then there is a finite set F' C C and an eigenvalue A(L +tH) of L +tH
such that A(L 4+ tH) is simple and holomorphic for all t € C\ F. Further, we have

y H\)z

AL + tH) = A(L) — TR e

t+O(t]?)

for small [t|. Furthermore, we have X € Cf, (L&, ,(C™™ || - |), C) and

y"H(A)z 2
AML+H) =\L) - O((IH]
L+ 1) =30 - ZEOE L ol
for sufficiently small |H||,,p. Here O\L(X) is the derivative of the polynomial L(z) eval-

uated at \.

Proof: The proof is similar to that of Theorem 5.5.1. Indeed, set A(t) := AL +
tH) = A+ at + O(t?) and z(t) = x + a1t + O(t?) be an associated right eigen-
vector. Now L(A(#)) = L(\) + o, L(A\)at + O(#?). Hence y*L(A(t)) = y*O L(A\)at +
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Ot = y*L(A(1))z(t) = y* O \L(N)zat + O(t?). Similarly, H(A(t)) = H(A\) + O(¢).
Hence y*"H(A(t))z(t) = y*H(N)z 4+ O(t). Now y*(L(\(t))z(t) :LtH()\(t))m(t) =0

. ) N . __yHWz )
aty* LNz + ty*H(N)x + O(t*) = 0. This shows that a = S OLNT + O(t). Con
y"H(\)x

sequently, we have A\(t) = A — SOLOE + O(#*). Hence the result follows. W

We mention that the first order expansion of A(¢) is well known [46, [18].

Now, let L € L7 (C™", [ -||) be a regular polynomial and (\,y,z) be a simple
eigentriple of L. Then A € Cf (L, (C*™ | - ||), C) and there is a unique condition
polynomial K'(A\,L) € L7 o (C™" || - [|,) such that DA(L) = (X, K(A, L))y for all
X el ,(C™" -]). Hence cond(A, L) = [[DA(L)|| = [|K(X, L)[|-1,4- Define K(\, L) €

Lt (C - []) by
KO\ L)(z2) = iz’f( where K; = —— Y& _
7 = ) Yy oL(\a
Then by Theorem 5.6.3, we have
y"H\)z
DN\LH=-——++—=(H, K(\,L
( ) y*a/\L<)\)l’ < ) ( ) )>L

for all H € ILZ, , (C™™, | - ||). Indeed, suppose that H(z) = > ™" 2'H;. Then

y"H(N)x

—m = —((Hy, yz*Ja) + (Hy, Ayz*/a) - - -+ (Hp, Xmyz*/a)) = (H, K(\, L)),

where a := y*O\L(\)z. In particular, for H € L2  (C™" || - [|) with [[H[,,, = 1, we

have DH)\(L) = <H7 K<)\? L)>L =5 _y:l”/‘;I):II(a/(\))\fx

Thus, we have

1A, - Al g [y

cond(A, L) = [[K(A, L) -1, = ly*O\L(\)z| 7

where p~! + ¢~! = 1. When the norm || - || on C"*" is a subordinate norm, we have

LA A g [yl

cond(\, L) = oL

Theorem 5.6.4. Let L € L2, (C™™ || - ||) be regular and p~' + q~' = 1. Suppose that
each component of w is nonzero. Let (\,y,x) be a simple eigentriple of L.

(a) The condition operator D : M (L5, ,,(C™™, || - ||), C) — (L5, ,(C™™, [|-]))*, (A, L) —
DA(L) is given by DA(L)X := (X, K(\, L)L for X € L% (C™" [|-]]), where K(\, L) €

L’fn’w,l(C”X", | - ||+) is the condition polynomial given by
KO\ L)(2) = Xm: Ky and K, = — YT
=m0 gL
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The condition number cond(\, L) is given by
LA A™) o1 [y

cond(A, L) = [ KA, L)l 4 =

[y OrL(A)z|
When the norm || - || on C™*" is a subordinate norm,
A A g [yl
cond(\, L) = : )
M v BL (e

Hence we have |[A\(L + AL) — A(L)| < cond(\, L)||AL]|, + (9((|||AL|||w7p)2).

(b) Let H € L (C™" || - |) be such that |H|,, = 1. Then the partial condition
operator Dy : M(L?, , (C™" || - ||), C) — C, (\, L) = DuA(L) and the partial condition

number condg (X, L) are given by

_ yHWz _ |y HMN)z|
r TOEF (H, K(\, L))y and condg(\,L) = TENTOER

Hence for small |t|, we have |N(L + tH) — A(L)| < condg(\, L)[t| + O(|t[?).

D A(L) =

c) For a subordinate norm || - || on , choose u, v € such that ||u|| = 1, [|[v]l« = 1,
F bordi (C - (S h th 1 1

y*u = ||yl and v*z = ||z||. Now define

Hi =~V x - N foorg) ™, i =0,1,...,m,

and consider the polynomial H(z) := >0 2'H;. Here V;(||(1, A, ..., \™)|lu-1,4) is the
partial gradient of the map C™ — R, (20,21, -, 2m) — |[(20, 21, -+ 2m) lw-1,4 cvalu-
ated at (1, A, ..., \"™). Then we have |H|,, =1 and

condg (A, L) = [(H, K(A,L))| = | K(\, L)||ly-1, = cond(A, L).

Proof: We only need to prove (c). Note that ||H;|| = |V,(]|(1, A, ..., A™)][w-1,4)| and
FElap = (V011X .0) s Tl Aoy X)) g By Lemmal3.5.2,
we have [|(Vo([[ (1, Ay s A™)luw1.g)s 5 Vi ([I(1 Ao ooy A™) [fu1,9)) | p = 1. Hence [[Hfw =

*H(A
1. Now condg(\, L) = |(H, K(\,L))r| = | rHN

T(/\)’ By Lemma [3.5.4, we have
yroaL(A)x

[y HA)z| = (IZY%(H(LA,...,)\m)|\w-1,q)|> [yl
=0
= A A o gyl

Hence the result follows. H
For most practical purposes one is only interested in knowing cond(\, L). The crux

of the matter is that when L € L7, (C™ ", || - ||) and A is a simple eigenvalue of L, the

sensitivity of A is measured by

cond(\,L)=sup |lim AL +¢AL) = \(L)

ALy ,=1 0 t
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The sensitivity analysis of eigenvalues of matrix pencils for the case when some
components of w are zero (which corresponds to some coefficients of the matrix polyno-
mials remaining unperturbed) follows from Theorem [5.6.4 when the perturbations are
restricted to be w-admissible.

We mention the similar results holds for homogeneous pencils and homogeneous ma-
trix polynomials. Indeed, let L € L2 (C™*", ||-||) be regular and ((A, i), y, ) be a simple
eigentriple of L. Now for H € L2, (C™™ |||}, let (A(¢), u(t)) := (ML+tH), u(L+tH))
be the eigenvalue of L + tH such that (A(¢), u(t)) is the best approximation of (A, i),
that is, (A(t) — A, pu(t) — p) is orthogonal to (A, u). Then it is easily seen that the maps
t — (A(t),u(t)) and H — (ML + H), u(L + H)) are smooth functions. Now writing
At) = X+ ait + O(t?), u(t) = p+ ast + O(t?) and z(t) := = + x1t + O(t?), where x(t)
is a right eigenvector of L 4+ tH corresponding to (A(t), i(t)), and arguing on the same
lines as in Theorem 5.6.3, a little calculation shows that

sy W + o),
Y (EOL(A, p) = AOL(A, p))x
Ay H(A, p)x

N S o).
y*(ROLN, p)) — AL\, p))zx +0()

Now define K'(\, 1, L) € LI -, (C™™, | - ||.) by

K\ p,L)(e, s) == Zcm_isiKi, where K; := ——— s A :
pary (" (EOL(A, 1)) — ADL(A, p))x)*
Then it follows that for H € L7  (C™*™ || - ||), we have
DA, S S ) — (H KO L),
Y (HOL(A, 1)) = ADL(A, )z
M H, p)x
Du(LH = - YD) = (H, AK(A 1, L)y

y*(EOL(A, 1)) = XOL(A, )z

Consequently, the individual sensitivity of A and p are measured by |p| [| K (A, , L) [lw-1 4
and |A| | (A, g, L) || w-1,4, respectively. This shows that

L + tAL). u(L + tAL)) — (ML), (L
cond\, L) =  sup lim (ML + tAL), u(L + tAL)) — (ML), (L)) |2
AL}y, p=110 (A )2
™, A s s ™)l glly |l
|y* (AOL(A, 1) — AISL(A, )]

= KA L)lw-rq =

Finally, for a subordinate norm || - || on C**", choose u,v € C" such that |ju|| = 1,

lv]l« = 1, y*u = ||ly||+ and v*x = ||z||. Now define

Hy = =V, N foosg) wv®, i=0,1,...,m
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and consider H(c, s) := > 7" ¢™'s'H;, where V;(|[(A™, XL, .., 1) ||l w-1,4) 1 the par-
tial gradient of the map C™"' — R, (20, 21, ..., 2m) — [[(20, 21, - -, Zm) |lw-1,4 €valuated

at (A™, Ay, ... ™). Then we have ||H],, = 1 and
[(A(L + tH), p(L + tH)) — (A(L), p(L)) |2

condnhnl) = i (TONE) A
_ y*H()\,,Li)x |
y*(ﬂacL(/\v FL)) - /\asL(/\v M))I‘

= [(H, KO, g, L))w| = KA g, L)1
LA™, A gy oy ™) o gyl
|y* (0L, 1) — ASL(A, )|

= cond(\, p, L).

Note that various condition numbers discussed in the introduction of this chapter

follow as special cases by choosing appropriate norms and weights.
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Conclusion

We have developed a general framework for defining and analyzing pseudospectra of
matrix pencils and matrix polynomial that unifies various definitions of pseudospectra
of matrix pencils and polynomials proposed in the literature. We have shown that
pseudospectra of matrix pencils/polynomials can be analyzed on the same lines as those
of matrices.

We have undertaken a detailed analysis of backward error functions associated with
matrix pencils and matrix polynomials. We have introduced a notion of critical points
of backward errors of approximate eigenvalues of matrix pencils and shown that each
critical point is a multiple eigenvalue of an appropriately perturbed pencil. We have
shown that a minimal critical point can be read off from the pseudospectra of matrix
pencils/polynomials. Further, we have shown that a solution of Wilkinson’s problem
for matrix pencils/polynomials can be read off from the pseudospectra of matrix pen-
cils/polynomials. Further, for a diagonal pencil we have provided a simple procedure
for the construction of nearest defective pencils.

We have derived various pseudospectra inclusions for matrix pencils and have shown
that pseudospectra inclusions provides a powerful geometric framework for analyzing
stability of eigendecompositions. We have introduced analogues of various separation
of matrices to the case of matrix pencils and have shown their power and usefulness in
analyzing stability of eigendecompositions.

Finally, we presented a general framework for the sensitivity analysis of eigenvalues
of matrix pencils and matrix polynomials which lay bare the big picture that lies behind
the notion of sensitivity of eigenvalues. We have shown that our treatment unifies
various measures of the sensitivity of simple eigenvalues of matrix pencils and matrix

polynomials proposed in the literature.
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